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Volume 2009, Article ID 379059, 13 pages

On Throughput-Fairness Tradeoff in Virtual MIMO Systems with Limited Feedback,
Alexis A. Dowhuszko, Graciela Corral-Briones, Jyri Hämäläinen, and Risto Wichman
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Radio resource management (RRM) techniques such as
admission control, scheduling, subcarrier allocation, channel
assignment, power allocation, and rate control are essen-
tial for maximizing the resource utilization and providing
quality of service (QoS) in wireless networks. In many
cases, the performance metrics (e.g., overall throughput)
can be optimized if opportunistic algorithms are employed.
However, opportunistic RRM techniques always favor advan-
taged users who have good channel conditions and/or low
interference levels. The problem becomes even worse when
the wireless terminals have low mobility since the channel
conditions become slowly varying (or even static), which
might lead to long-term unfairness. The problem of fair
resource allocation is more challenging in multihop wireless
networks (e.g., wireless mesh networks and multihop cellular
networks). This special issue addresses some fairness issues
and solutions in using RRM techniques in modern wireless
communication systems.

We received an overwhelming response to our call for
paper of this special issue. From the large number of high
quality submissions we received, we have selected sixteen
papers grouped in six subtopics, namely, (1) fairness of RRM
in WiMAX networks, (2) fairness of RRM in OFDM/OFDMA
systems, (3) fairness of RRM in CDMA/UMTS systems, (4)
fairness of RRM in MIMO systems, (5) fairness of RRM
in multihop and mesh networks, and finally (6) fairness of
multiuser resource allocation.

In the first group, three papers address the fair resource
management in WiMAX networks.

The first paper titled “Fair adaptive bandwidth and
subchannel allocation in the WiMAX uplink” by A. Morell,
G. S. Granados, and J. L. Vicario proposes an uplink
scheduling mechanism for mobile WiMAX networks. The
scheduling mechanism implements a dynamic bandwidth
allocation solution in a network utility maximization frame-
work. The problem is decomposed into two subproblems,
namely, a flow allocation subproblem and a subchannel
allocation subproblem. To solve the optimization problem,
the authors apply the mean value cross-decomposition
method, which results in an implementation-friendly solu-
tion. The second paper titled “Fairness and QoS guarantees

of WiMAX OFDMA scheduling with fuzzy controls” by C.
L. Chen et al. proposes a fuzzy control-based scheduling
mechanism for WiMAX. The objective of the proposed
scheduling mechanism is to provide delay and jitter control
for real-time connections, and throughput control for non-
real-time connections. The scheduling method provides
intra- and interclass fairness with QoS guarantees, and it
has low implementation complexity. With intraclass fair-
ness, the connections within the same class achieve equal
degree of QoS. With interclass fairness, the connections
with QoS requirements achieve their demands and those
without QoS requirements equally share the remaining
resources.

The third paper titled “CDIT-based constrained resource
allocation for mobile WiMAX systems” by F. Brah, J.
Louveaux, and L. Vandendorpe addresses the problem of
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subchannel assignment and power allocation for mobile
WiMAX systems. The authors consider a fast fading envi-
ronment, where the transmitter has only the channel distri-
bution information (CDI) instead of the full instantaneous
channel state information. The objective is to maximize
the ergodic weighted sum rate under long-term fairness,
minimum data rate requirement, and power budget con-
straints. The authors formulate the problem as a nonlinear
stochastic constrained optimization problem and provide an
efficient analytical solution based on Lagrange dual decom-
position framework. For the proposed CDIT-based resource
allocation framework, the trade-off between reduction in
computational complexity and performance degradation is
analyzed.

The papers in the second group consider the fair resource
allocation in OFDM/OFDMA systems.

The first paper titled “Cross-layer resource scheduling
for video traffic in the downlink of 4G wireless multicar-
rier networks” by F. Bokhari et al. presents a cross-layer
scheduling scheme which is designed for packet scheduling
and resource (subcarrier) allocation in the downlink of
4G wireless multicarrier networks. The authors propose an
adaptive method for parameter selection which integrates
packet scheduling with resource mapping. The performance
of the proposed scheme is compared to that of the Round
Robin and the Score-Based schedulers, considering varying
interference and network loading conditions in a multicell
environment. The authors further analyze the proposed
scheme with different fairness indices available in the liter-
ature in order to quantify the achieved fairness as compared
to the reference schemes.

The second paper titled “Busy bursts for trading-off
throughput and fairness in cellular OFDMA-TDD” by B.
Ghimire, G. Auer, and H. Haas proposes a decentralized
interference management algorithm for OFDMA operating
in TDD cellular systems. Interference aware allocation of
time-frequency slots is accomplished by letting receivers
transmit a busy burst (BB) in a time-multiplexed minislot,
upon successful reception of data. A link adaptation method
using BB signaling is proposed, where the transmission
format is dynamically adjusted based on the channel condi-
tions.

The third paper titled “A fair opportunistic access scheme
for multiuser OFDM wireless networks” by C. Gueguen and
S. Baey proposes a new access scheme for efficient support
of multimedia services in OFDM wireless networks. Access
to the medium is granted based on a system of weights that
dynamically accounts for both the experienced QoS and the
transmission conditions. This new approach enables the full
support of multimedia services with the adequate traffic and
QoS differentiation while maximizing the system capacity
and keeping a special attention on fairness.

In the third group, three papers investigate the fair
resource management in CDMA/UMTS networks.

The first paper titled “Decentralized utility maximiza-
tion in heterogeneous multi-cell scenarios with interference
limited and orthogonal air-interfaces” by Ingmar Blau et
al. treats the problem of resource allocation in terms of

optimum air-interface and cell selection in cellular multi-air-
interface scenarios. The adopted model applies to arbitrary
heterogeneous scenarios, where the air-interfaces belong to
the class of interference limited systems like UMTS or to a
class with orthogonal resource assignment such as TDMA-
based GSM or WLAN. The performance of the dynamic
algorithm is then evaluated for a heterogeneous UMTS/GSM
scenario.

The second paper titled “Joint throughput maximiza-
tion and fair uplink transmission scheduling in CDMA
systems” by C. Li and S. Papavassiliou studies the opti-
mal scheduling for uplinks of a code division multiple
access wireless system while satisfying the quality of ser-
vice requirement and maintaining fairness among users.
The throughput maximization problem is formulated as a
multiconstraint optimization problem and then expressed
as a weighted throughput maximization problem under
power and QoS weight constraints that nicely relate the
fairness. The authors use the concept of power index
capacities to convert the problem under investigation to a
binary knapsack problem, and then the optimal solution is
obtained through a global search mechanism using a two-
step approach.

The third paper titled “Spatial and temporal fairness
in heterogeneous HSDPA-enabled UMTS networks” by A.
Mader and D. Staehle investigates spatial and temporal
fairness aspects in HSDPA-enabled UMTS networks for
different link level scheduling schemes. Spatial fairness refers
to the spatial distribution of perceived data rates among
users while temporal fairness refers to the long-term time-
average user throughput. A flow-level simulation that is used
for this study considers traffic dynamics for both QoS flows
and best-effort (or elastic) flows. The impact of network-
wide interference and multipath propagation effects is also
considered.

In the fourth group, three papers address the fair resource
management in multihop and mesh networks.

The first paper titled “Outage probability versus fairness
trade-off in opportunistic relay selection with outdated
CSI” by J. L. Vicario et al. analyzes the performance
of opportunistic relay selection in a decode and forward
cooperative relaying wireless network. In order to achieve
global balance in terms of performance and tradeoff, a
relay selection strategy has been proposed based on max-
normalized SNR criterion. The tradeoff in terms of system
performance (outage probability) versus fairness (relay node
power consumption) among relays is studied for different
relay selection strategies using portfolio theory. The impact
of availability of accurate channel state information on the
performance is also investigated.

The second paper titled “Cross-layer optimal rate
allocation for heterogeneous wireless multicast” by A.
Mohamed and H. Alnuweiri addresses the problem of
rate allocation for heterogeneous multicast sessions over
multihop wireless networks. The problem is formulated
as a nonlinear optimization problem with an objective
to optimizing resource allocation while providing system-
wide fairness for end-to-end multirate multicast flows.
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Based on primal-dual and pricing methods, the problem
is decomposed into subproblems, which are easier to solve
in a modular structure. The authors propose an iterative
algorithm to solve the problem in a distributed ad hoc
network environment with asynchronous computations.

The third paper titled “A novel approach to fair routing in
wireless mesh networks” by J. Matti, H. Määttä, and T. Braysy
proposes a novel centralized routing algorithm for wireless
mesh networks. The proposed scheme can assure fairness,
leads to a feasible scheduling, and does not collapse the
aggregate network throughput with a strict fairness criterion.

The papers in the fifth group address the problem of
fairness in RRM for MIMO systems.

The first paper in this group titled “On throughput-
fairness trade-off in virtual MIMO systems with limited feed-
back” by A. A. Dowhuszko et al. investigates the performance
of channel-aware scheduling algorithms designed for the
downlink of a wireless communication system. The study
focuses on a two-transmit antenna cellular system, where the
base station can only rely on quantized versions of channel
state information to carry out scheduling decisions. Virtual
MIMO system selects at each time instant a pair of users
that report orthogonal (quantized) channels. Closed-form
expressions for the achievable sum-rate of three different
channel-aware scheduling rules are presented using an
analytical framework.

The second paper titled “Throughput versus fairness:
channel-aware scheduling in multiple antenna downlink”
by E. A. Jorswieck, A. Sezgin, and X. Zhang studies the
trade-off of using four channel-aware scheduling algorithms
using majorization theory for a space-time coded multiple
antenna downlink system, where TDMA-based scheduling
is employed and spatial diversity is exploited. The scaling
laws of average sum rate and of average worst case delay
are derived. The impact of user distributions on the system
performance and the average worst case delay are analyzed.

The papers in the last group deal with the problem of
multiuser fair resource allocation.

The first paper titled “Optimal and fair resource allo-
cation for multiuser wireless multimedia transmissions” by
Z. Guan, D. Yuan, and H. Zhang proposes an optimal
and fair strategy for multiuser multimedia radio resource
allocation based on copetition, a mixture of cooperation and
competition. The copetition strategy is formulated as sum
utility maximization under constraints from both APP and
PHY and is shown to be effective to allocate power among
multiple video users.

The second paper titled “Performance analysis of SNR-
based scheduling policies in asymmetric broadcast ergodic
fading channels” by J. Perez et al. analyzes the performance
of SNR-based scheduling algorithms in broadcasting ergodic
fading channels by exploiting multiuser selection diversity.
At each fading state, the base station transmits to the user of
the highest SNR. By arranging weights to users according to
a specific scheduling policy, QoS or fairness can be achieved.

We hope the readership will find the papers in this special
issue useful for their research. Finally, we would like to
thank the authors of all submissions, the reviewers for their

enormous help with the review process, and the editorial staff
of EURASIP JWCN for their support during all phases of this
special issue.

Mohamed Hossam Ahmed
Alagan Anpalagan

Kwang-Cheng Chen
Zhu Han

Ekram Hossain
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In some modern communication systems, as it is the case of WiMAX, it has been decided to implement Demand Assignment
Multiple Access (DAMA) solutions. End-users request transmission opportunities before accessing the system, which provides an
efficient way to share system resources. In this paper, we briefly review the PHY and MAC layers of an OFDMA-based WiMAX
system, and we propose to use a Network Utility Maximization (NUM) framework to formulate the DAMA strategy foreseen in
the uplink of IEEE 802.16. Utility functions are chosen to achieve fair solutions attaining different degrees of fairness and to further
support the QoS requirements of the services in the system. Moreover, since the standard allocates resources in a terminal basis
but each terminal may support several services, we develop a new decomposition technique, the coupled-decompositions method,
that obtains the optimal service flow allocation with a small number of iterations (the improvement is significant when compared
to other known solutions). Furthermore, since the PHY layer in mobile WiMAX has the means to adapt the transport capacities
of the links between the Base Station (BS) and the Subscriber Stations (SSs), the proposed PHY-MAC cross-layer design uses this
extra degree of freedom in order to enhance the network utility.

Copyright © 2009 Antoni Morell et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction

The wireless community has recently directed much atten-
tion on a variety of topics related to Worldwide Interop-
erability for Microwave Access (WiMAX) technologies as
a broadband solution. Two different standards are under
this commercial nomenclature: the IEEE 802.16 [1], with its
extension to mobile scenarios IEEE 802.16e [2], and the ETSI
HiperMAN [3]. Operating in the range of 2 GHz to 11 GHz,
WiMAX enables a fast deployment of the network even in
remote locations with low coverage of wired technologies,
such as the Digital Subscriber Loop (DSL) family, and it can
be used, among others, for wireless backhaul or last-mile
applications.

The IEEE 802.16 standards family provides manufactur-
ers with basically four different physical (PHY) layers [4].
Two of them are based on single carrier transmissions and
use Time Division Multiple Access (TDMA) whereas the
other two are based on multicarrier modulations and use
either TDMA or Orthogonal Frequency Division Multiple
Access (OFDMA). Within the multicarrier subgroup, the

WirelessMAN Orthogonal Frequency Division Multiplexing
(OFDM) uses a 256-point Fast Fourier Transform- (FFT-)
based OFDM modulation together with a TDMA scheme
to deploy a Point-to-Multipoint (PMP) subnetwork in the
frequency range from 2 GHz up to 11 GHz in Non-Line-of-
Sight (NLOS) propagation conditions. This PHY layer has
been accepted for fixed WiMAX applications, and it is often
termed as fixed WiMAX. Finally, WirelessMAN OFDMA
exploits the multicarrier principles to implement a more
flexible OFDMA access scheme. As in WirelessMAN OFDM,
it is intended for NLOS PMP applications in the 2 GHz–
11 GHz range. However, it uses a variable-size FFT ranging
from 128 up to 2048 subcarriers. This PHY layer has been
accepted for mobile WiMAX applications, and it is usually
termed mobile WiMAX.

Concerning network topology, the basic configuration
is PMP with a Base Station (BS) serving many Subscriber
Stations (SSs). Not with standing, there is also a mesh
mode available where SSs can be linked directly to the
BS or routed through other SSs. This last mode is out
of the scope of this paper, where we consider the design
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of appropriate scheduling mechanisms in uplink using the
WirelessMAN OFDMA PHY layer and a PMP network. The
conceived scheduling mechanism is based on a Demand
Assignment Multiple Access (DAMA) strategy that imple-
ments a Dynamic Bandwidth Allocation (DBA) solution
(where bandwidth is understood as rate in a wide sense).
Jointly with flow allocation, we consider the adjustment
of the transmission parameters of the OFDM system, and
hence, the joint approach proposes a cross-layer interaction
between PHY and Medium Access Control (MAC) system
layers.

Previous works related to Radio Resource Management
(RRM) in WiMAX networks address a variety of scenarios,
from PMP to mesh, from TDMA to OFDMA access types,
and distinguishing single channel or multichannel networks,
most of them from a physical (PHY) layer perspective,
where the goal is to properly configure the transmission
parameters. At the best of our knowledge, two main
approaches are found in literature, namely: (i) formulate
the problem in a mathematical optimization framework and
(ii) develop heuristic algorithms. In the sequel, we briefly
review some of the works. In [5], the author proposes
an heuristic solution for the case of a single cell OFDMA
WiMAX network that maximizes the network sum-rate
under some fairness considerations by means of performing
subcarrier and power allocation. The authors in [6] analyze
how concurrent transmissions boost performance in mesh
type networks by proposing an interference-aware routing
and scheduling mechanism. In [7], the reader can find a
discussion about the advantages of a multichannel network.
Finally, [8] contributes with a mathematical optimization
solution that falls into the Network Utility Maximization
(NUM) framework, where a distributed optimal solution to
the established NUM problem is obtained using a convex
decomposition approach. The authors extend in [9] their
original work to generic OFDMA mesh networks, and the
contributions in [10–12] are within the same context. A
common feature in the last three references is that they split
the global rate control and resource allocation problem into
independent and smaller subproblems in order to alleviate
the complexity of the solution at the expenses of a certain
loss in optimality.

Our work follows the NUM framework to define the
underlying optimization problem as in [8] but modifies the
formulation in order to exactly fit the DAMA process that
is envisaged for the WiMAX uplink. The problem is then
decomposed (without any loss in optimality) using the Mean
Value Cross (MVC) decomposition method [13]. It allows to
separate the original joint problem into a flow optimization
problem (given fixed link capacities) and a radio resource
optimization problem (given fixed values of transmission
rates). The latter results in a linear program that can be
solved centrally at the BS, whereas a distributed solution that
uses the novel proposed coupled-decompositions method is
applied to the former.

The rest of the paper is organized as follows. Section 2
describes the system model. Section 3 reviews the MVC
decomposition technique and introduces the novel coupled-
decompositions method, whereas Section 4 solves the pro-

posed joint problem in Section 2. Finally, Section 5 gives
some numerical results, and Section 6 ends the paper with
the conclusions.

2. System Model

Let us consider a PMP OFDMA WiMAX network as depicted
in Figure 1, where a number of SSs share a subset of the
subchannels in the system. A subchannel in WiMAX is
made up of some of the system subcarriers and lasts for
several OFDM symbols in time. There exist different ways
to gather subcarriers into subchannels, which depend on the
permutation types (see in [4] a good review on WiMAX
aspects). In this work, we assume that the transmitting power
per subchannel as well as the set of subcarriers that form it
is given. Therefore, the different powers are not variables of
our allocation problem. Furthermore, each terminal allocates
the amount of power at each subchannel among the inner
subcarriers in order to optimize the transmitting rate. This
assumption can be found in [14], where the authors take into
account intercell interference to constrain the subchannel
transmitting powers. Note that one interesting extension is
then the inclusion of subchannel power allocation but it is
beyond the scope of this paper. In our framework, given a
specific allocation of subchannels to terminals {ρi} (top left
part of the figure), each terminal is able to transmit at a
rate ci(ρi), which is the sum of the rates that the SS attains
in its active subchannel subset (the subset allocated to the
terminal).

We further assume (as described in the IEEE 802.16 stan-
dard documents) that each terminal negotiates the resource
allocation for all traffic flows that go through it, that is, it
jointly requests transmission opportunities for the ongoing
connections without doing it on a flow basis. The advantage
of this procedure is that signaling is reduced, specially when a
significant number of connections have to be managed. The
disadvantage is that, depending on the particular mechanism
used to find the solution of the problem, it may not be
optimal. In that sense, solutions derived from distributed
optimization do not sacrifice optimality. The price to pay is
the time required to get the solution, and therefore, we are
interested in techniques that converge fast. In Figure 1, the
rate of the jth flow at the ith SS is labeled as rij .

The IEEE 802.16 standard defines five different schedul-
ing services that will provide Quality of Service (QoS) differ-
entiation among the multiple traffic types. These services are
[4] (i) the Unsolicited Grant Service (UGS) (ii) the real-time
Polling Service (rtPS) (iii) the non-real-time Polling Service
(nrtPS) (iv) the Best-Effort (BE) service, and (v) the extended
real-time Polling Service (ertPS). Let us model the DAMA
solution implemented in the WiMAX uplink by means of a
convex program [15] where the different scheduling services
are mapped using three parameters: the minimum rate that
has to be allocated to the connection (the jth flow at the ith

terminal) or mi
j , the rate requested or d

j
i , and the priority

of the service or pij . The desired QoS degree of each service

depends then on both mi
j and pij . For example, the UGS

that needs a constant rate can be requested just by plugging



EURASIP Journal on Wireless Communications and Networking 3

Terminals

Su
bc

h
an

n
el

s

ρ1 ρ3 ρ5

c1(ρ1)

c3(ρ3)

c5(ρ5)

C

BS

SS1 SS2 SS3 SS4 SS5

r1
1 · · · r1

i · · ·r1
N1 r3

1· · · r3
j· · · r3

N3 r5
1· · ·r5

k· · ·r5
N5

Figure 1: Reference model.

that rate into mi
j and fixing dij = mi

j regardless the value of

pij . Another example is the ertPS that can be requested with

some amount of mi
j for the fixed allocation part and some

dij > mi
j for the variable rate part. The value pij is then used

to prioritize this flow against other competing connections.
In summary, the cross-layer system model used to char-

acterize the DBA part of WiMAX, including PHY and MAC
layer issues, responds to the following convex optimization
problem in maximization form [15, Section 4.1.3]:

max
{rij},Γ

N∑

i=1

Ni∑

j=1

Ui
j

(
rij ; p

i
j

)

s.t.
N∑

i=1

Ni∑

j=1

rij ≤ C,

Ni∑

j=1

rij ≤ ci
(
ρi
)
, i = 1, . . . ,N ,

mi
j ≤ rij ≤ dij , ∀i, ∀ j,

Γ1 � 1,

ρi � 0, i = 1, . . . ,N ,

(1)

where Ui
j(r

i
j ; p

i
j) is the function that measures the utility

perceived by the connection when the rate rij is allocated.

The function has pij as a parameter. Furthermore, Γ =
[ρ1, . . . , ρN ] collects the subchannel allocation per user (ρi),
and the symbols � and � stand for component-wise non-
strict inequalities. Finally, ci(ρi) = ρTi ci, where ci contains
the achievable rates of SSi at each possible subchannel, and
C is the rate at which the BS can transmit. Note that in
principle the allocation variables within each vector ρi should
take the integer values 0 and 1 so that a given subchannel is
completely allocated to a certain SS, whereas the constraint
Γ1 � 1 forces that no more than one terminal gets the
subchannel. As it has been done in other works in literature
[16], we relax the integer constraints to ρki ≥ 0, which
allows us to represent the problem as a convex one (easy to

solve). Once the solution of the relaxed problem is found,
a suboptimal solution to the original problem (with integer
constraints) is obtained by means of employing rounding
algorithms. However, in the WiMAX scenario and taking
into account that an allocation is kept during several time-
slots, real-valued allocation variables have sense in practice
(by time sharing of subchannels). Indeed, if we consider that
the allocation lasts for T time slots, then it is possible to use
values in Γ with a granularity of 1/T .

Not with standing, the problem in (1) itself does not
guarantee a fair allocation of resources. Fortunately, such

distribution can be attained by means of employing adequate
utility functions, and a general formulation for fairness
was introduced in [17] under the nomenclature of (p,α)-
proportional fairness. A feasible rate vector r† (i.e., it attains
the generic network constraints Ar† � c) is said to be (p,α)-
proportionally fair (where p = [p1, . . . , pN ′]T and α are
positive real numbers) if, given any other feasible rate vector
r‡, it holds that

N ′∑

i=1

pi
r
‡
i − r†i(
r†i
)α ≤ 0, ∀r‡ s.t. r‡i ≥ 0, Ar‡ � c. (2)

Accordingly, the utility functions that accomplish this fair-
ness criterion are [17]

Ui
(
ri; pi,α

) =

⎧
⎪⎪⎨
⎪⎪⎩

pi log
(
ri
)
, α = 1,

pi
r(1−α)
i

1− α , α /= 1.
(3)

The reader can find in Figure 2 the plots of Ui(ri; pi,α) for
α = 0.1, α = 1, and α = 3 (equal pi value).

Let us fix p = [1, . . . , 1]T and move from α → ∞ to
α = 0. With α → ∞, the solution is said to be max-min fair
[18, Section 6.5], and it is not possible (given feasibility, i.e.,
Ar � c) to increase any rate in the network, say r j , without
decreasing another rate rp < rj . On the other hand, when
α → 0, the flow allocation problem leads to a max sum-
rate approach, and therefore, it drastically favors the users
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Utility versus rate (different degrees of fairness)
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Figure 2: Different degrees of fairness (α) in the definition of utility
functions.

with better links (it is then unfair). Intermediate solutions
allow a certain decrease in rp at the expenses of a greater
increase in r j depending on α. Note that in Figure 2 the
bigger the α value is, the higher the increase in r j will be in
order to compensate a utility loss in rp. A common adopted
solution in literature is α = 1, and it was termed by Kelly
[19] as proportional fair. Moreover, this solution coincides
with the Nash Bargaining one, and therefore, it accomplishes
the recognized, axioms in game theory [20] of linearity,
irrelevant alternatives and symmetry [21].

We can conclude that there is no unique criterion to
define fairness but a series of them are explicitly character-
ized with the utility functions in (3). Furthermore, some
flows can be prioritized over the others within a specific fair-
ness framework (fixed by α) by particular adjustment of the
scale thanks to the parameters {pi}. In general, proportional
fairness (α = 1) provides a reasonable trade-off between
fairness and resource utilization (network throughput).

3. Decomposition in Convex Programming

Decomposition techniques are used to break down a given
optimization problem into a number of smaller problems,
usually termed the subproblems. The most used decompo-
sition methods in communications literature and in relation
to convex optimization are primal and dual decompositions
[22, 23]. It is usual to employ these decomposition tech-
niques as a tool to obtain distributed solutions to some
problems, as it is the case in Network Utility Maximization
(NUM) problems [24, 25]. The formulation in (1) is an
adaptation of the classical NUM to match the DBA problem
in OFDMA WiMAX. Recently, Palomar and Chiang provided
an exhaustive review on primal and dual decompositions

applied to the classical NUM and extensions of it [26]. In par-
ticular, they proposed multilevel decomposition approaches
to split the problem into different and coupled subsets of
variables (e.g., link powers and transmission rates). However,
the problem in primal and dual decompositions is that, in
general, they converge slowly and that an adaptation step
size has to be fixed by the user. So motivated, we base our
work in two distinct decomposition techniques: the Mean
Value Cross (MVC) decomposition [13] and the proposed
novel coupled-decompositions method. In the following, we
briefly review the former and describe the latter.

3.1. Mean Value Cross Decomposition. Consider the follow-
ing problem formulation from [13]:

min
x,y

c(x) + e(y)

s.t. A1(x) + B1(y) ≤ b1,

A2(x) + B2(y) ≤ b2,

x ∈X,

y ∈ Y,

(4)

where c : Rn1 → R, e : Rn2 → R, A1 : Rn1 → Rm1 ,
B1 : Rn2 → Rm1 , A2 : Rn1 → Rm2 , and B2 : Rn2 → Rm2

are convex functions. The sets X and Y are also convex and
compact. It is further assumed that strong duality holds.

Construct now the partial Lagrangian function of the
problem (4) as

L(x, y,μ) = c(x) + e(y) + μT
(

A1(x) + B1(y)− b1
)

(5)

and minimize it over the variable x, including the constraints
that have not been taken into account in the Lagrangian
definition, to obtain the function K(y,μ) as follows:

K(y,μ) =min
x

L(x, y,μ)

s.t. A2(x) ≤ b2 − B2(y),

x ∈X,

(6)

which is convex in y and concave in μ [13].
FromK(y,μ), the method defines the primal and the dual

subproblem by fixing either the primal variable y or the dual
variable μ. After some manipulations, the primal subproblem
turns into

p(y) =min
x

c(x) + e(y)

s.t. A1(x) ≤ b1 − B1(y),

A2(x) ≤ b2 − B2(y),

x ∈X

(7)

and the dual subproblem into

d(μ) = min
x,y

c(x) + e(y) + μT
(

A1(x) + B1(y)− b1
)

s.t. A2(x) + B2(y) ≤ b2,

x ∈X,

y ∈ Y.

(8)
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Finally, the method is completed by passing filtered
versions of the primal and dual variables between the primal
and dual subproblems, as it is summarized in the following
algorithm.

Take starting points μ0 � 0 and y0 ∈ Y and let k = 1.

Repeat

(1) Let μk = (1/k)
∑k−1

i=0 μ
k−1 = (1/k)μk−1 + ((k −

1)/k)μk−1 and compute d(μk) as in (8). Get yk

as the inner minimizer of d(μk).

(2) Let yk = (1/k)
∑k−1

i=0 yk−1 = (1/k)yk−1 + ((k −
1)/k)yk−1 and compute p(yk) as in (7). Get μk

as the inner Lagrange multiplier of p(yk).

(3) k = k + 1.

Until p(yk)− d(μk) < ε.

Further details on the MVC decomposition method can be
found in [13].

3.2. Coupled-Decompositions Method. Let us consider now
the following problem formulation:

min
{x j},y

J∑

j=1

f j
(

x j
)

s.t. x j ∈X j , j = 1, . . . , J ,

hj
(

x j
) ≤ yj , j = 1, . . . , J ,

1Ty ≤ c,

y ∈ Y, Y = Y1 × · · · ×YJ ,

(9)

where 1 is a column vector with all J entries equal to
one, and the subset Y is the cartesian product of J convex
one-dimensional subspaces that include the minimum and
maximum values of the variables {yj}, and thus, it is convex.
We consider that μ is the dual variable associated to the
coupling constraint 1Ty ≤ c. In the sequel, we briefly
describe the algorithm that we propose in order to solve
(9). However, the interested reader can find in [27, 28] an
extended and well-reasoned version of it.

The technique intertwines the primal and dual sub-
problems that are obtained when classical primal and dual
decompositions [22, Section 6.4] are applied to (9). In
primal decomposition, the J subproblems appear when y is
fixed. Note that under this assumption the problem is fully
decoupled. Similarly, in dual decomposition we can relax
the coupling constraint 1Ty ≤ c (constructing a partial
Lagrangian of the problem with dual variable μ), and J
subproblems are defined (the problem fully decouples again)
for a fixed value of μ. In both classical strategies, the succes-
sive updates of y and μ are driven by the primal and dual
master problems. In the coupled-decompositions method,
the result of the primal subproblems is transformed using
a redefined dual master problem, the dual projection, and
plugged to the dual subproblems. Similarly, the output of the
dual subproblems is transformed using the primal projection
and fed to the primal subproblems. A flow diagram of the

Primal projection

min
ŷ

‖y0 − ŷ‖2

s.t. 1T ŷ ≤ c

ŷ ∈ Y

Dual projection

min
μt+1

(μt − μt+1)2

s.t. μt+1 ∈ {λ′t01
, ..., λ

′t
0M }

Primal subproblems

min
x j ,y j
y j∈Y j

h j (x j ) ≤ y j

f j(x j)
Dual subproblems
min
x j ,y j
y j∈Y j

h j (x j ) ≤ y j

f j(x j) + μyj

ŷ y0 λt0 μt+1

Figure 3: Flow diagram of the coupled-decompositions method.

method is depicted in Figure 3. The algorithm starts with
μ0 = 0 and iterates as follows: dual subproblems → primal
projection → primal subproblems → dual projection →
dual subproblems.

Since primal and dual subproblems are extensively ana-
lyzed in literature (its formulation appears in Figure 3), let
us now detail the novel parts. Notwithstanding, a complete
iteration is revisited during the proof of the method. On
one hand, primal projection is pretty similar to the primal
master problem in primal decomposition. Assuming that y0

is constructed with the output of the J dual subproblems, the
primal projection solves the following optimization problem:

min
ŷ

∥∥y0 − ŷ
∥∥2

s.t. 1T ŷ ≤ c,

ŷ ∈ Y,

(10)

with the only particularity that the constraint 1T ŷ ≤ c
must be attained with equality when the last update of
the Lagrange multiplier is μ > 0. This is in accordance
with the Karush-Kuhn-Tucker (KKT) conditions for convex
problems [15, Section 5.5] (see more details in [27]). On
the other hand, the dual projection takes the output values
from the primal subproblems λt0 and selects the values
within λt0 that have been obtained with primal variables ŷ j
not in the boundary of Y j . Let us collect this subset in
λ′t0 . The motivation is that the nonselected values do not
directly impact on the value of μ (it can be seen from the
KKT conditions of the problem; see more details in [27]).
Thereafter, the μ update is found as

μt+1 = arg

⎧
⎨
⎩

min
μt+1

(μt+1 − μt)2

s.t. μt+1 ∈ {λ′t01
, . . . , λ′t0M

}

⎫
⎬
⎭ , (11)

which updates μ with the value within λ′t0 that is closer to the
previous μ value.

Proof of the method: See the appendix.
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4. Proposed Solution

Our solution uses a combination of both decomposition
techniques. First, an MVC decomposition is applied, mak-
ing it possible to split the joint problem into one flow
or bandwidth allocation subproblem and one subchannel
allocation subproblem. The latter depends on variables that
are available at the BS, and thus, it is not necessary to
explore distributed computations in order to solve it. On the
contrary, the former is distributed among the BS and the SSs
in order to be standard-compliant (the BS allocates aggregate
bandwidth to the SSs and these decide the final allocation to
flows and services). In this case, we use a two-level coupled-
decompositions strategy.

First, let us consider the problem in (1) and identify
rates with x and subchannel allocation variables with y in
the MVC decomposition formulation in (4). Rewriting the
original joint problem as

max
{rij},{ρi}

N∑

i=1

Ni∑

j=1

Ui
j

(
rij ; p

i
j

)

Ni∑

j=1

rij ≤ ρTi ci, i = 1, . . . ,N ,

{rij} ∈R,

{ρi} ∈ S,

(12)

where R = {rij | mi
j ≤ rij ≤ dij} and S = {ρi | Γ1 �

1, ρi � 0}, we can define the primal subproblem of the MVC
decomposition method as

max
{rij}

N∑

i=1

Ni∑

j=1

Ui
j

(
rij ; p

i
j

)

Ni∑

j=1

rij ≤ ρTi ci, i = 1, . . . ,N ,

{rij} ∈R

(13)

for fixed values of {ρi} and the dual subproblem as

max
{rij},{ρi}

N∑

i=1

Ni∑

j=1

Ui
j

(
rij ; p

i
j

)−
N∑

i=1

γi

( Ni∑

j=1

rij − ρTi ci

)
,

{
rij
} ∈R,

{
ρi
} ∈ S

(14)

for fixed values of the Lagrange multipliers {γi} that
are associated to the constraints that couple rates with
subchannel allocation variables in (12). Note that the two
subsets of variables are fully decoupled in (14), and thus, the
maximization in {ρi} can be done independently solving the
following linear program:

max
{ρi}

N∑

i=1

γi ·
(
ρTi ci

)

{ρi} ∈ S.

(15)

The joint problem is then solved as follows.

Choose a feasible subchannel allocation {ρ0
i } and let

k = 1.

Repeat

(1) Let ρki = (1/k)
∑k−1

i=0 ρ
k−1
i , for all i.

(2) Solve (13) using {ρki } and get the dual variables
{γi}.

(3) Let γki = (1/k)
∑k−1

i=0 γ
k−1
i , for all i.

(4) Solve (15) using {γki } and get updated primal
variables {ρi}.

(5) k = k + 1.

Until convergence.

Since (15) is solved at the BS, the remaining issue is to
find the solution of (13). In order to avoid excessive DBA-
realted signaling in the subnetwork and to restrict ourselves
to the standard, we propose to solve it using a two-level
coupled-decompositions strategy. Note that we can rewrite
(13) as

max
{yi}

N∑

i=1

Ui(yi)

N∑

i=1

yi ≤ C,

yi ≤ ρTi ci, i = 1, . . . ,N ,

Mi � yi � Di, i = 1, . . . ,N ,

(16)

where Mi =∑Ni
j=1m

i
j , D

i =∑Ni
j=1d

i
j , and

Ui
(
yi
) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
{rij}

Ni∑

j=1

Ui
j

(
rij ; p

i
j

)

s.t.
Ni∑

j=1

rij ≤ yi,

mi
j ≤ rij ≤ dij .

(17)

Note also that the dual Lagrange variable γi corresponds to
the constraint yi ≤ ρTi ci in (16). Therefore, we apply the
coupled-decompositions method to solve (16) at the upper
layer (BS), and we use it again at the lower layer (at each SS)
to solve (17) when it is required by the upper layer.

The iterations of the resulting two-level flow allocation
algorithm and the involved signaling are summarized in the
following list as well as in Figure 4.

(1) The dual variable μt (associated to
∑N

i=1y
i ≤ C) is

spread through the network, reaching each connec-
tion.

(2) Each connection computes the allocation given μt

by means of solving the inner dual subproblems
(the constraints in mi

j and dij can be obviated if
desired without affecting convergence). The SSs and
the BS get their own allocations by aggregation of the
allocations below them.
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Figure 4: 2-level flow allocation algorithm.

(3) The BS corrects the previous allocations (primal
projection) to attain

∑N
i=1y

i ≤ C and yi ≤ ρTi ci, i =
1, . . . ,N .

(4) The corrected allocations are used by the SSs to
perform inner iterations (within each SS) of the
coupled-decompositions method in order to obtain
new candidates γi.

(5) Finally, the BS updates the value of the dual variable
to μt+1 using the dual projection and the previous γi
values.

Intuitively, the multilayer coupled-decompositions strat-
egy tries to find a consensus on the price μ that has to be
paid for sharing the transport capacity C of the BS. Often,
primal variables are interpreted from a resource-oriented
perspective whereas dual variables take the role of prices
to be paid to use the resources [15, Section 5.4.4]. All
CIDs participate in principle in finding such optimal value.
However, the price of the connections within a particular SS
may be distinct from the global price μ if, for example, its link
capacity is small (hence forcing the price to locally increase).
In these occasions, local prices γi that differ from the optimal
and global consensus price μ are found.

Other works in literature [10–12] study a similar problem
within generic mesh OFDM networks. In general, they search
for suboptimal but affordable solutions, which are based on
decoupling the joint problem into independent optimization
programs that manage only a subset of the variables without
looking at the others. In this work, we suggest (for the
particular PMP WiMAX case) the derivation of the joint
optimal rate and subchannel allocation (under fairness
considerations), and we propose a distributed scheme that
achieves it. Moreover, the numerical results in the next
section show the practical interest of the mechanism in
terms of the number of iterations (i.e., directly related to

the amount of signaling). As a matter of fact, the proposed
method (possibly with extensions) can be used in other
scenarios to speed up the computation of optimization
problems or subproblems, either in optimal or suboptimal
decoupling approaches.

5. Numerical Results

Let us consider the network setup depicted in Figure 5 with 4
SSs and 9 connections (CIDs) in total. We choose logarithmic
utility functions (α = 1),

Ui
j

(
rij ; p

i
j

) = pij log
(
rij
)
. (18)

Other policies balancing the solution towards the max-sum-
rate or the max-min-fair designs can be implemented by
fixing other α values using the same algorithm (as discussed
later). We fix all requests to 100 kbps (requests are emitted in
WiMAX in terms of bytes of information but we transform
them to rates taking into account the time basis) and all the
minimum granted rates to 1 kbps. All connections have the
same priority pij = 1. The available number of subchannels
is 7, all of them to be shared among the 4 SSs. We consider
the following transport capacities (in kbps) per subchannel
(10 kHz of bandwidth) and user (given one realization of
flat-fading Rayleigh subchannels that have 10 dB of SNR in
mean):

[
c1, c2, c3, c4

] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

31.49 18.58 4.07 15.69
34.31 13.19 29.84 24.55
4.62 37.91 13.37 34.80

20.54 50.62 38.91 30.92
34.32 22.96 27.38 48.95
39.21 0.01 32.39 25.97
22.10 23.69 47.14 3.86

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (19)
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Figure 5: Setup of the network under test.

Note that depending on the scheduling length (i.e., the
number of contiguous time slots in time that are allocated
in a single allocation phase, which fixes the granularity of
the ρi values) and on the channel characteristics (coherence
time), it is reasonable to consider which values of ci may
be really achieved within each allocation phase (mid-term
values seem reasonable) so that one may resort to robust
designs in order to compute them. The output rate capacity
of the BS is 200 kbps, and the initial subchannel allocation is
Γ = [I4×4, 04×3]T achieving the link capacities [c1, c2, c3, c4] =
[31.49, 13.19, 13.37, 30.92].

Figure 6 shows the evolution of the subchannel allo-
cation variables when we apply the proposed method,
achieving new link capacities [c1, c2, c3, c4] = [89.39, 86.83,
60.44, 49.23]. In order to accelerate the convergence to the
solution, we have used instantaneous values of {γi} instead of
the time-average that is proposed in the MVC decomposition
method, averaging only the primal (allocation) variables.
This solution has been derived by other authors [8] using
a different approach (which validates it), and it is specially
relevant in the first iterations where the {γi} values show
abrupt changes and very high values. Note that in the figure
the final allocation is completely different from the initial one
(only SS1 keeps using subchannel 1) but the solution still
needs to be rounded to accommodate a practical scheduling
implementation, which has its implications also in terms of
convergence to the optimal solution because it may have
sense to truncate the algorithm after some iterations and
round that solution.

In Figure 7, we plot the resulting flow allocation per
connection (that correspond to the CIDs ordered from
left to right in Figure 5) and the final link capacity once
the subchannel allocation has been obtained for the four
scenarios specified in Table 1. The objective is to show how
fairness considerations impact in the final allocation. The
first Scenario is the same as in Figure 6, whereas Scenario
2 evaluates a different allocation scheme (with fairness
parameter α = 0.1). In the next two scenarios, we study
the effect of different priorities using again a proportional
fairness approach (α = 1). The difference between Scenarios
3 and 4 is that Scenario 3 fixes the same requested rate for
all the connections (100 kbps), whereas Scenario 4 has two
possible requests (10 kbps and 100 kbps).

Evolution of subchannel allocation
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Figure 6: Evolution of some subchannel allocation variables ρmi .

We notice in the results of Scenario 1 that link capac-
ities have been adjusted (with the subchannel allocation
mechanism) in order to provide a similar allocation to all
connections. In Scenario 2, the allocation scheme favors
the best channels so that each subchannel is assigned to
the SS that experiences the maximum achievable rate at
that subchannel. Therefore, SS1 gets subchannels 1, 2, and
6; SS2 gets subchannels 3 and 4; SS3 gets subchannel 7;
SS4 gets subchannel 5. The corresponding link capacities
are [c1, c2, c3, c4] = [105.02, 88.54, 47.15, 48.95]. The final
rate allocation is limited by the outcoming rate at the
BS (200 kbps) so that SSs 3 and 4 limit their ongoing
connections to a lower rate than the connections in SSs 1
and 2, which share the remaining transport capacity. When
prioritized traffic flows appear, as in Scenario 3, granted rates
are balanced toward services depending on their priority
values. Accordingly, it can be seen that subchannel allocation
provides more link capacity to SSs 3 and 4. In Scenario
4, we further modify the requested rates with respect to
Scenario 3 and the highest priority services in Scenario 3,
(the ongoing connections of SS4) reach their requests. As
expected, remaining resources (remember that the BS can
manage no more than 200 kbps) are redistributed in order to
allocate more rate to services in SS3 (with priorities equal to
3) than to services within SS1 and SS2 (with priorities equal
to 1), while subchannel allocation favors the link BS-SS3 as
well.

Finally, our last result analyzes the efficiency of the novel
coupled-decompositions method (used to solve the flow
allocation subproblem) in terms of convergence speed. For
that purpose, we extend Scenario 1 to 20 SSs with 5 ongoing
connections on each. The mean received SNR is 15 dB, and
each ongoing connection in SSs 1–15 requests 100 kbps,
whereas each connection in SSs 16–20 requests 10 kbps. The
transport capacity at the BS is now increased to 1200 kbps.
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Table 1: Scenario description.

Scenario number Service priorities pij Fairness scheme α Requested rate dij Granted rate mi
j

1 All equal to 1 1 All equal to 100 kbps All equal to 1 kbps

2 All equal to 1 0.1 All equal to 100 kbps All equal to 1 kbps

3
1 for services in SS1, SS2

3 for services in SS3 1 All equal to 100 kbps All equal to 1 kbps

5 for services in SS4

4
1 for services in SS1, SS2

3 for services in SS3 1 100 kbps for services in SS1–SS3 All equal to 1 kbps

5 for services in SS4 10 kbps for services in SS4

We plot in Figure 8 the evolution of the dual variable μ,
that is, negotiated between the BS and the SSs when we
use both our novel proposed method and a classic dual
decomposition approach using the same 2-layer architecture.
Remember that classical decomposition methods need to
adjust the value of the step size of the gradient-based update.
In this particular case, we have found that a setup with
α(t) = 0.5/t at the highest level (i.e., between the BS
and the SSs) and α(t) = 0.005/

√
t at the lowest (i.e.,

between SSs and connections) provides a satisfactory trade-
off between convergence and speed. However, the need of a
good adjustment is in practice an obstacle of the method,
and it is not easy to find a step providing that good trade-
off. On the contrary, one of the important advantages in
the coupled-decompositions method is that any user-defined
step is completely avoided. The other important advantage is
in the number of iterations required. As shown in the figure,
the novel technique converges in 5-6 iterations, contrary
to the dual decomposition strategy (both obtain the same
optimal solution), which needs more than 250 iterations.
This drawback of dual decomposition appears in other
works in literature, for example, in the numerical results of
[10], where it is used to obtain a distributed solution that
optimizes power and rate allocation within a mesh OFDM
network.

6. Conclusions

In this work, we have proposed an algorithm that imple-
ments the DAMA mechanism foreseen in the IEEE 802.16
WiMAX standard. Initially, we have introduced our system
model, which considers both flow and subchannel alloca-
tions in a cross-layer approach. Some PHY and MAC-layer
aspects of WiMAX that are relevant to our work have been
briefly reviewed as well as how to translate a series of fairness
definitions into a convex optimization framework. All this
has led us to formulate a network utility maximization
problem.

Since the standard fixes that resources should be
requested and granted in a terminal basis but we should
consider several traffic flows within each SS (may be with
different QoS requirements), we have proposed a distributed
solution to the original convex optimization problem in
order to fulfill these requirements while keeping the opti-
mality in the allocation. Furthermore, we have explored

the usage of our novel proposed coupled-decompositions
algorithm and a recently proposed MVC decomposition
method applied to distinct parts of the problem with the
goal of achieving a more practical design than with classical
primal and dual decompositions.

Results show that it is possible to find a solution to
the flow allocation subproblem with very few iterations and
without the manual setup of any parameter, as opposite to
a classical dual decomposition. The last statement applies
also to the subchannel allocation subproblem, which is
able to give a good approximation to the solution within
a reasonable number of iterations. Finally, we have shown
with an example that our strategy is able to attain a fair
distribution of resources and to support QoS by means of
traffic prioritization.

Appendix

A. Proof of Convergence of the
Coupled-Decompositions Method

First of all, we assume that strong duality [15, Section
5.2.3] holds, which is usually verified in convex programs,
so that the optimal primal variables attain the optimal
dual variables when plugged into the subproblems and vice
versa. In the following, the superscript t indicates iteration
number although we omit it in some irrelevant occasions.
Equivalently, the objective value of the problem is the
same regardless it is solved directly (primal version) or by
maximizing the dual function (dual version) [15, Section
5.2]. We will prove that

λt0 = 1μt
t→∞−→ λ∗ = 1μ∗, (A.1)

where the relation λt0 = 1μ is found by the application of
the KKT conditions (see more details in [27]) and μ∗ is
the optimum value of the dual Lagrange variable. In the
following, we review a complete iteration of the method.

Let us consider that μt < μ∗ (the proof is similar if μt >
μ∗) and recall the result in [28, Lemma 1], where it is shown
that the primal variable ŷ j at the jth subproblem (primal or
dual) is a decreasing function of λt0 j . This fact together with

λt0 = 1μt forces

ŷ j
(
λt0
) ≥ y∗j , ∀ j, (A.2)
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Figure 7: Three different allocation examples.

where equality is attained only when y∗j ∈ bd Y j (boundary
of the subset) and therefore 1T ŷ > c.

In the primal projection, it is verified that

ŷ j = y0 j − kj , kj ≥ 0, ∀ j (A.3)

thanks to the lemma below.

Lemma 1. Given the optimization problem in (10), its optimal
solution can be expressed as ŷ∗ = y0 − k with k � 0.

Proof. See Section B.
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Figure 8: Evolution of μ value in the flow allocation subproblem.
Comparison between a classical dual decomposition strategy and
the proposed coupled-decompositions method.
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Figure 9: Example of the situation before dual projection.

Applying the relationship between the primal and dual
variables of the subproblems to the previous ŷt value, it is
fulfilled that

λt0 j ≥ λtj , ∀ j. (A.4)

Furthermore, given that ŷt is not the optimal value, it is
verified that some of the λt0 j values are λt0 j ≤ λ∗j whereas the

remaining ones are λt0 j ≤ λ∗j , since it holds that 1T ŷ = c. In
other words, some of the ŷ j values attain ŷ j ≥ y∗j whereas
the rest verify ŷ j ≤ y∗j . An example depicting the situation
before dual projection can be found in Figure 9.

Consider now that λ′t0 contains a single element. Note
that a null vector is not possible since we assume that
the coupling constraint is active. Then we can prove the
following lemma.

Lemma 2. Let a primal point ŷ attain 1T ŷ = c and ŷ ∈ Y. Let
also λ′0 be a vector containing the dual translation (computed
by primal subproblems) of the values in ŷ that verify ŷ ∈ int Y
(interior of the subset). Then, if the vector λ′0 is in fact a scalar,
it is verified that

λ′0 ≤ λ′∗ = μ∗, (A.5)

where λ′∗ is the optimum value of λ for the selected position in
λ′0 (i.e., equal to μ∗).
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Proof. Using Lemma 1, we can state that all the values within
ŷ except the kth element accomplish ŷi ∈ inf Yi (i /= k).
Therefore, it holds that ŷk < ŷ∗k = y∗0k = y∗k . Applying
the relationship between subproblems (remember that both
in primal and dual subproblems, primal variables are a
decreasing function of dual variables and ŷ(λ∗0 ) = y∗), we
reach the desired result.

Finally, we update μt+1 using (11). Collecting all the
results obtained up to this point, we have that

μt+1 > μt (A.6)

since every value in λ′t0 verifies λ′t0i > μt. Furthermore, it is
also true that

μt+1 < μ∗ (A.7)

since the value λ′t0i closer to μt (dual projection) accomplishes
λ′t0i < λ′∗i = μ∗, which is derived from Lemma 2 and
the discussion preceding it. Figure 9 provides a graphical
explanation. We can finally conclude that

μt < μt+1 < μ∗. (A.8)

The proof ends showing by contradiction that μt cannot
tend to a value smaller than μ∗. Assume that there exists a
value μ� where successive iterations converge. Then μ� is a
stationary point of the method. In other words, a complete
iteration of the method starting from μ� returns exactly the
same value. This enforces in the primal projection that ŷ =
y0(μ�), otherwise the values in λ′0 would increase and so the
update in μ (dual projection). Given the relationship between
primal and dual subproblems, we see that the previous
equation is only attained if μ� = μ∗ since a lower value
μ� < μ∗ would obtain a primal point y0(μ�) from dual
subproblems such that 1Ty0(μ�) > c.

Before concluding this section, we want to note that it is
possible to substitute the primal projection by the projection
into 1Ty = c and the method still converges (it can be
similarly proved). It is a more practical option since the
projection can be analytically computed as [15, Section 8.1]

ŷ
t = yt0 +

(
c − 1Tyt0

)
1

J
. (A.9)

B. Proof of Lemma 1

First, note that a point ŷ = y0 − k with k � 0 is feasible
since it attains both 1T ŷ ≤ c and ŷ ∈ Y (assuming that
the intersection is not empty). Then, we have to proof that
a point that does not accomplish the equation ŷ = y0 − k for
positive values in k cannot be optimal for problem (10).

We proof this last result by induction. Assume a certain
vector k, called k� that attains 1T(y0 − k�) = c and k� �
0. Construct now a new vector k† from k� by fixing its lth
element k†l to −a with a > 0 and distributing the difference
|k�
l − k†l | among the rest of elements in k† so as to attain the

equality coupling constraint. In other words,

k†i =
{
−a, i = l

k�
i + εi, i /= l, εi > 0

,
∑

i

k†i = 1Ty0 − c. (B.1)

Let us introduce some results from majorization theory
[29] that we need to complete the proof. First, let the
components of x ∈ Rn be ordered in decreasing order and
express it as

x[1] ≥ · · · ≥ x[n]. (B.2)

Then, it is said [29, 1.A.1] that a vector y majorizes a vector
x (which we denote by y�Mx), x, y ∈ Rn if

k∑

i=1

x[i] ≤
k∑

i=1

y[i], k = 1, . . . ,n− 1,

n∑

i=1

x[i] =
n∑

i=1

y[i].

(B.3)

From the definition above and the construction process of
k†, we can state that k†�Mk�.

Second, a real-valued function φ on a set A ⊆ Rn is called
Schur-convex if [29, 3.A.1]

y�Mx on A =⇒ φ(y) ≥ φ(x). (B.4)

And third, a function φ(x) = ∑ig(xi), where g is convex,
is Schur-convex [30, Corollary 3.1].

With those results in hand, we want to compare ‖y0− ŷ‖2

for k = k� and k = k†. Let us rewrite the quadratic norm as

∥∥y0 − ŷ
∥∥2 = ∥∥y0 − y0 + k

∥∥2 =
∑

i

k2
i (B.5)

and consider φ(k) =∑ k2
i , which is a Schur-convex function.

Finally, since k†�Mk�, we have

∥∥k†
∥∥2 ≥ ∥∥k�∥∥2

, (B.6)

and thus, any solution where one element within k is negative
is not optimal (since the problem is convex and has a single
solution). The proof ends by induction of this result to an
arbitrary number of negative elements in k.

Notation

Ui(ri; pi,α): Utility achieved when entity i transmits at
rate ri. The utility is parameterized by a
priority pi (entity-dependant) and a shape
factor α (common to all utilities)

N : Number of SSs
Ni: Number of active connections at the ith SS
rij : Rate of the jth ongoing connection at the ith

SS
mi

j : Minimum guaranteed rate to the jth
ongoing connection at the ith SS
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dij : Requested rate of the jth ongoing
connection at the ith SS

C: Maximum outgoing rate at the BS
ρi: Subchannel allocation vector at the ith SS
ci: Achievable rates at the ith SS (includes all

subchannels)
ci(ρi): Maximum outgoing rate at the ith SS
Γ: Subchannel allocation matrix:

Γ = [ρ1, . . . , ρN ]
R: Feasible rates subset: R = {rij|mi

j ≤ rij ≤ dij}
S: Feasible allocations subset:

S = {ρi|Γ1 � 1, ρi � 0}
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1. Introduction

IEEE 802.16 standard (WiMAX) [1, 2] is one of the
most popular standards for fixed and mobile broadband
wireless access systems to provide last mile access. Due to
various users with diverse QoS requirements and wireless
communication technologies, the resource scheduler plays
an important role to provide fairness and QoS guarantees.
As summarized in [3], a resource scheduler in wireless
multimedia networks needs to possess the following features:
efficient link utilization, delay bound, low implementation
complexity, throughput, scalability, and fairness.

For WiMAX and OFDMA systems, various scheduling
algorithms have been proposed for achieving QoS guar-
antees. For example, Liu et al. [4] proposed a priority-
based scheduler which assigns each connection a priority
updated according to QoS parameters and channel state
and then assigns time slots to connections according to the
order of priority values. The method has low implementa-
tion complexity because the scheduler simply updates the
priority of each connection per frame and allocates time
slots to the connection with the highest priority. However,
it does not consider fairness and jitter issues which are
important metrics for real-time applications. To maintain

low implementation complexity under considering fairness
and jitter, we use the priority-based scheduling scheme for
initial priority assignment and afterward, the proposed a
fairness and QoS guaranteed scheduling approach with fuzzy
controls (FQFC) mechanism takes care of the scheduling
job using fuzzy control approach. Many algorithms have
been proposed to deal with the fairness problem, and can
be briefly divided into two categories. The first category
is to reduce the resource allocation problem into an
optimization problem. Based on the optimization theory,
for example, [5, 6] have good performance on spectrum
efficiency and system utilization. They formulate the cross-
layer optimization problem to maximize the average utility
of all active users subject to certain constraints. However,
in addition to implementation complexity, these methods
still suffer some problems. To achieve optimal spectrum
efficiency, the optimization approaches may, on the other
hand, fail to provide QoS guarantees. Moreover, the relation
between traffic specifications and network state is uncer-
tain. Uncertainty and dynamics in mobile environment
make exact modeling of objective function and constraints
impossible when performing the optimization steps. In
this paper, the FQFC adopts fuzzy control technique to
deal with the modeling problem. The reason we use
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fuzzy control is to tackle uncertainty and dynamics in
wireless communication environment. Among soft com-
puting methods, inference based on probability theory is
also widely used for modeling uncertainty and dynamics.
However, the controller based on probability must rely on
statistical observations to perform inference. Correctness
of statistical information is based on the law of large
number. In case that gathering large amount of statistic
information in short time is difficult, it will be infeasible.
Moreover, inference based on probability usually assumes
some specific probability model for result of feedback
observation to follow. As shown in [7], a single model usually
fails to represent the behaviors of dynamic environments
such as mobile wireless networks with sudden bursts or
changes.

The second category is a utility-based scheduler. A
utility function is a measure of relative satisfaction from
users’ requirements. The schemes in [8, 9] apply utility
functions to maximize the total utility of all connections.
Utility-based optimization approaches did guarantee QoS
of some connections but also starve others. On the other
hand, some approaches such as [10, 11] propose utility-
fair bandwidth adaptation schemes for multiclass traffic in
wireless networks. Rather than achieving resource fairness,
the bandwidth adaptation schemes make sure that all
connections can obtain similar utility values to achieve
the so-called utility fairness. These schemes are effective
in both achieving utility fairness and increasing network
resource utilization. However, the utility-fair schemes may
fail to provide QoS guarantees since it does not consider the
priority of the connections.

In this paper, our objective is to provide efficient control
for both QoS and fairness guarantees of WiMAX OFDMA
scheduling. For QoS guarantees, we address the problem
of head-of-line (HOL) delay and jitter control for real
time applications and throughput control for nonreal-time
applications. The FQFC scheduler assigns each connection a
priority and TXOP, and adjusts them according to channel
quality, QoS requirements, and service classes. Due to uncer-
tainty and dynamics of the environment, it is difficult to find
out the mapping between priority and QoS requirements.
For fuzzy inference, it is the simplest way to model a
complex system when there is few and uncertain information
available. In the field of controller design, fuzzy controller is
one of the most popular approaches. Moreover, fuzzy control
has been widely used in researches on communication
networks such as [7, 12–17]. However, there are few articles
talking about using fuzzy control for WiMAX. In this paper,
the FQFC model is developed for WiMAX OFDMA systems
and is proved that both fairness and QoS are guaranteed.
Other fuzzy control methods [14–17] may be proved to
achieve certain degree of QoS. However, fairness is seldom
assured in these and state-of-the-art approaches. Then,
we define two types of fairness including intraclass and
interclass fairness. To achieve intraclass fairness, we set up
a reference goal to each connection according to the QoS
requirements, and make the connections achieve the goal by
priority scheduling and TXOP allocation. If each connection
can achieve its QoS requirement, intraclass fairness is

guaranteed. For achieving interclass fairness, the FQFC does
not allocate superfluous resources out of what required.
Compared to state-of-the-art methods, connections of high-
priority classes release more resources to lower priority
ones. Thus, the FQFC makes the connections without QoS
requirements evenly share the remaining resources. Based
on the priority scheduling and TXOP allocation methods,
the FQFC provides both intraclass and interclass fairness
with QoS guarantees and featuring low implementation
complexity.

This paper is organized as follows. In Section 2, we intro-
duce background including network configuration, MAC
QoS, PHY resource allocation, and fairness descriptions.
Section 3 describes the FQFC mechanism and depicts the
design of the fuzzy controllers for each service class. In
Section 4, we investigate the mechanism performance of QoS
and fairness through simulations. Finally, we conclude the
paper in Section 5.

2. Background

2.1. Network Configuration. WiMAX specifies two commu-
nication modes which form different topologies—point-to-
multipoint (PMP) and mesh modes. In PMP mode, a base
station (BS) centrally allocates downlink (from BS to SS) and
uplink (from SS to BS) resources to subscriber stations (SSs).
All SSs are only allowed to communicate with a BS. In mesh
mode, SS can act as a router to assist its neighbor to relay
data. In the 802.16 standard, this mode is optional and is
not discussed in this paper. Hence, we focus on proposing
a downlink scheduling algorithm to provide QoS guarantees
in PMP mode.

IEEE 802.16 WiMAX PHY adopts the orthogonal
frequency-division multiple access (OFDMA) technology
based on OFDM modulation. The OFDMA technology
allows multiple users transmitting packets at the same
OFDMA symbol via different subchannels, such that wireless
resources are utilized ultimately.

2.2. Scheduling Services in MAC Layer. IEEE 802.16 MAC
protocol is connection-oriented; each connection is assigned
a connection ID (CID) and a single scheduling service deter-
mined by a set of QoS parameters. Four scheduling services
in the 802.16 standard are supported: unsolicited grant
service (UGS), real-time polling service (rtPS), nonreal-
time polling service (nrtPS), and best effort (BE). The
UGS supports real-time constant bitrate data streams, such
as voice over IP (VoIP) without silence suppression. The
QoS parameters of UGS service are minimum reserved
traffic rate, the tolerated jitter, maximum latency, and
request/transmission policy. The rtPS supports real-time
variable-rate data streams, such as MPEG video or VoIP
with silence suppression. The QoS parameters of rtPS are
maximum latency, request/transmission policy, minimum
reserved traffic rate, and traffic priority. The nrtPS supports
delay-tolerant variable-rate data streams, such as FTP. The
QoS parameters of nrtPS are minimum reserved traffic
rate, request/transmission policy, and traffic priority. The
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BE supports best-effort data streams. The QoS parameter
is request/transmission policy. In IEEE 802.16e [2], an
additional service class called extended real-time polling
service (ertPS) has superior efficiency than both UGS and
rtPS. It supports real-time variable-rate data streams, such
as VoIP with silence suppression. The QoS parameters
of ertPS are minimum reserved traffic rate, maximum
latency, request/transmission policy, and the tolerated jitter.
Hence, considering the QoS requirements of the four class
services, we calculate the reference goal as traffic specification
(TSPEC) according to these QoS parameters.

2.3. Resource Allocations in PHY Layer. IEEE 802.16 OFDMA
system defines two types of subcarrier permutations, dis-
tributed subcarrier permutation and adjacent subcarrier per-
mutation. The former permutation type includes partially
and fully used subcarriers (PUSC and FUSC) which are
pseudo-randomly selected and grouped into subchannels,
while the later includes adaptive modulation and coding
(AMC), and only adjacent subcarriers are clustered to
form subchannels. Dispersing noise and interference in
fast changing environment, the PUSC and FUSC modes
are suitable for mobile networks. For AMC mode, the
BS allocates appropriate subchannels for connections with
larger SNR to enhance system performance, and it is suitable
for fixed or low mobility environment. To support mobile
WiMAX, the FQFC scheduling and allocation are based on
distributed subcarrier permutation.

In OFDMA, the basic allocation unit is a slot that
composes of one subchannel along with an OFDMA symbol,
such that the resource allocation becomes a two-dimensional
problem. By using the distributed subcarrier permutation,
all subchannels are the so-called equally adequate for all
SSs [18], and our resource allocation is based on Raster
algorithm [18], in which the frame is filled row by row, from
left to right and from top to bottom, and efficiently reduces
the burst numbers.

2.4. Fairness. In wireless networks, the fairness definition is
not straightforward. As described in [19], a fair resource
allocation usually does not produce equal connection data
rate because the diverse connections also suffer from diverse
channel conditions, network states, and dynamics. The
dynamics result from mobility and time-variant traffic spec-
ifications (TSPECs). Moreover, WiMAX needs to provide
QoS guarantees for four classes of scheduling services.
Therefore, for fairness, it is necessary to consider QoS
guarantees for different class connections. We define two
types of fairness described as follows.

(i) Intraclass fairness: the connections within the same
class achieve equal degree of QoS.

(ii) Interclass fairness: the connections with QoS require-
ments achieve exactly their demands, and those with-
out QoS requirements equally share the remaining
resources.

Hence, our objective is to achieve both intraclass and
interclass fairness.

Actions

Controlled
process

Defuzzifier

Fuzzy controller

Fuzzy
inference

engine

Fuzzy
rule base

Conditions

e, e′
Fuzzifier

Figure 1: A general architecture of a fuzzy controller.

2.5. Fuzzy Controller. Classical controller requires model-
ing of the physical reality. This is significant in control
problems; however, it is difficult or even impossible to
construct precise mathematical models. The difficulty may
result from time-variant system behaviors, dynamics, and
uncertainty in mobile wireless communication environment.
Fuzzy controllers perform well under these circumstances.
A general fuzzy controller consists of four components: a
fuzzifier, a fuzzy rule base, a fuzzy inference engine, and a
defuzzifier. The interconnections among these components
and the controlled process are shown in Figure 1. The
fuzzifier maps crisp input into appropriate fuzzy sets to
express uncertainties. The fuzzy inference engine uses the
fuzzified measurements to evaluate the fuzzy implication
results. Finally, the defuzzifier deals with confliction of
fuzzy implications and transforms the fuzzy implication
results back to the crisp output. Two conditions are usually
monitored by the controller: error e and the derivative of the
error e′. With e and e′, the fuzzy controller issues control
actions.

3. Design of the Proposed Scheduling
Mechanism

In this section, we describe the scheduling mechanism for
multiple connections with various QoS requirements. The
FQFC scheduler assigns two variables with fuzzy inference
values for each connection with CID i, that is, the priority
Pi and the maximum number of packets TXOPi that
connection i can transmit in a frame duration. The FQFC
scheduler first initializes the two variables based on the
characteristics of connections and adjusts them, respectively,
by two fuzzy controllers to adapt to the dynamics of
system. As shown in Figure 2, the priority controller adjusts
Pi according to channel quality, QoS requirements, and
service classes. With the priority, the FQFC decides the
transmission order of connections. The TXOP controller
adapts TXOPi according to transmission rate and the queue
length difference between two contiguous transmissions of
the MAC layer.

3.1. Controller Design for ertPS & rtPS. Unlike the UGS class
having the highest priority that constant bandwidth can be
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Figure 2: The proposed scheduling mechanism.

achieved by allocating fixed number of slots [1], the two
service classes, rtPS and ertPS, that both support the real-
time variable bit-rate data streaming require efficient and
effective control to achieve QoS guarantees and fairness. A
real-time connection of these two classes usually has two
QoS specifications, maximum allowable latency (deadline)
and jitter. The FQFC control for real-time connections
comprises three steps: (1) set up goal delay and tolerable
range, (2) adjust priority according to recent HOL delay,
and (3) adjust TXOP according to the jitter requirement.
The main idea is that the FQFC maintains the delay and
jitter of each connection below the delay and jitter goals,
respectively. First, we set the goal delay and the tolerable
range. Figure 3 shows the control mechanism for real-
time connections. Goal delay controller determines goal
delay and tolerable range bounded by the lower and upper
bounds. Then, the priority controller decides transmission
order of connections, and the TXOP controller decides
the number of transmitted packets to maintain the jitter.
We describe the design of the three controllers as fol-
lows.

3.1.1. Goal Delay Controller. The purpose of the goal delay
controller is to control delay and jitter within a tolerable
range. If the delay exceeds the tolerable range, the FQFC
increases the priority. If the delay is below the tolerable range,
the FQFC decreases the priority. As shown in Figure 2, to
avoid packet dropping, the goal delay is below the deadline.
Since system load and transmission rate affect HOL delay
obviously, we use them to decide the goal delay. Due to
uncertainty and that the TSPEC changes rapidly in mobile
WiMAX environment, we cannot use exact formulation to
represent the goal delay. Therefore, we divide the delay space
into three parts and use fuzzy sets S (small), M (medium),
and L (large) to represent these three parts, respectively.
Then, we decide which part that the goal delay belongs to
according to the system load and transmission rate. The
goal delay controller selects a goal delay and sets its upper
and lower bounds to form a tolerable range for control.
We denote gi(t), g

up
i (t), and g low

i (t) as the goal delay of
connection i in the tth frame and its upper and lower bounds,
respectively. The goal delay controller uses triangular and
trapezoidal membership functions as shown in Figure 4. The
fuzzy input variables are system load (SL) and transmission

H
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L
de
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y

(m
s)

Deadline

Upper bound

Goal delay

Lower bound

Time (ms)

Figure 3: Control mechanism for real-time connection.

rate (TR), and the output function is the goal delay (GD).
The fuzzy sets of SL, TR, and GD are defined as follows:

T(SL) = {Low, Medium, High} = {L, M, H},
T(TR) = {Fast, Medium, Slow} = {F, M, S},
T(GD) = {Small, Medium, Large} = {S, M, L}.

According to system load, the controller decides the goal
delay g load

i (t) by the following fuzzy rules.

(R1) If system load is L, then g load
i (t) is S.

(R2) If system load is M, then g load
i (t) is M.

(R3) If system load is H, then g load
i (t) is L.

The following controller uses normalized data rate with
respect to the transmission rate in the highest modulation
mode to decide the goal delay gTX

i (t).

(R1) If transmission rate is F, then gTX
i (t) is S.

(R2) If transmission rate is M, then gTX
i (t) is M.

(R3) If transmission rate is S, then gTX
i (t) is L.

Using Mandamni implication and the centroid defuzzi-
fier, we obtain the outputs, g load

i (t) and gTX
i (t). Considering

system load and transmission rate, the final goal delay is

gi(t) = g load
i (t)×w1 + gTX

i (t)×w2, (1)

where w1 and w2 are the weighting factors of system load and
transmission rate, respectively.
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Figure 4: Membership functions of fuzzy sets for goal delay.

With goal delay gi(t) and required jitter ji(t), we define
g

up
i (t) and g low

i (t) as the upper and lower bounds of the
tolerable range, where g

up
i (t) = gi(t) + ji(t)/2 and g low

i (t) =
gi(t)− ji(t)/2.

3.1.2. Priority Controller for Real Time Services. Figure 5
shows the control system including the priority controller,
the WiMAX system plant, and the delay observer. The delay
observer detects the HOL delay di(t). Then, the priority
controller compares it with the delay requirement gi(t), and
adjusts priority Pi(t). If ei(t) = di(t) − gi(t) is around zero,
the control system is stabilized around the requirement.

In our design, we denote negative, zero, and positive
forces with fuzzy singletons S, M, and L. The control actions
of these singletons at the conclusion parts of fuzzy rules are
as follows:

S: Pi(t) = Pi(t − 1)− δi(t),

M: Pi(t) = Pi(t − 1),

L: Pi(t) = Pi(t − 1) + δi(t),

where δi(t) is the priority influence of connection i in the tth
frame. The priority controller must confirm that the HOL
delay will not exceed the deadline. Hence, it adapts δi(t)
according to the time duration between goal delay and the
deadline. LetDi be the deadline,ΔDi be the guard time before
the deadline, PrtPS be the maximum priority of real-time
connections, and tframe be the frame duration. Then, we have

δi(t) = PrtPS(
Di − ΔDi − gi(t)

)
/tframe

. (2)

Rdelay

gi(t)

Error

ei(t)
Controller

Priority

Pi(t)
Plant

Odelay di(t)
Observer

Figure 5: The block diagram of the control system for HOL delay.

As we can see in (2), when the goal delay is closer to the
deadline, the adaptation force of the priority is larger. We
depict the priority initialization and controlled direction as
follows.

(a) Priority Setting. When the connection is in an initial stage
or the HOL delay is below g low

i (t), the priority controller
assigns the connection a priority according to channel
quality, QoS requirement, and service classes. For a real-time
connection i, the priority Pi(t) in the tth frame is assigned by
(3) which was proposed in [4]:

Pi(t) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

PrtPS × ri(t)
Rmax
i

× 1
Fi(t)

, if Fi(t) ≥ 1, ri(t) /= 0,

PrtPS, if Fi(t) < 1, ri(t) /= 0,

0, if ri(t) = 0,
(3)

where PrtPS is the maximum priority of real-time connec-
tions, Rmax

i is the data rate of connection i in the highest
modulation mode, and ri(t) is the data rate of connection i in
the tth frame. ri(t)/Rmax

i is the normalized data rate and the
connection with high received SNR results in higher priority.
Fi(t) is the delay requirement indicator:

Fi(t) = Di − ΔDi − di(t) + 1, (4)

where Di is the deadline, ΔDi is the guard time before
the deadline, and di(t) denotes the HOL delay. If Fi(t) �
1, the larger Fi(t) denotes the higher satisfaction of delay
requirement, which causes lower priority. If Fi(t) < 1, the
HOL delay has been over the guard time of deadline. The
connection should get resources immediately to avoid packet
losses. Hence, the priority is set as PrtPS. When ri(t) is zero,
the connection i is under deep fading and should not be
scheduled.

(b) Priority Controller. Let the controller action be the
priority Pi(t). One of the input ei(t) is the difference between
the actual value of the observed HOL delay di(t) and the
desired value gi(t), that is, ei(t) = di(t) − gi(t). The universe
of ei(t) is [−gi(t),Di(t) − gi(t)]. The variable ei(t) has three
linguistic values N, E, and P which represent fuzzy concepts
“Negative,” “Equal,” and “Positive,” respectively. The fuzzy
sets N, E, and P are characterized by the membership
functions shown in Figure 6.
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The other input of the controller is the difference between
two errors, which is defined as e′i (t) = ei(t) − ei(t − 1).
Substituting ei(t) = di(t) − gi(t) to e′i (t), we obtain e′i (t) =
di(t)− di(t − 1). The universe of e′i (t) is [−di(t − 1),Di(t)−
di(t − 1)]. The linguistic values of e′i (t), N′, E′, and P′

also representing fuzzy concepts “Negative,” “Equal,” and
“Positive,” respectively, are characterized by the membership
functions as shown in Figure 7, where a = −di(t − 1), b =
g low
i (t)−di(t−1), c = gi(t)−di(t−1), d = g

up
i (t)−di(t−1),

and e = Di(t)−di(t−1). Sign of these values constitutes four
cases as shown in Figure 7. The membership functions are
time-variant and change along with the variable di(t − 1).

We consider four cases to design the fuzzy rule base as
follows.

Case 1. If HOL delay is too large, that is, di(t − 1) > g
up
i (t),

the priority should be increased with the large (L) step.

Case 2. If g
up
i (t) > di(t − 1) > gi(t), maintaining priority at

the median (M) level is fine.

Case 3. If gi(t) > di(t − 1) > g low
i (t), maintaining priority at

the median (M) level is fine.

Case 4. If HOL delay is too small, that is, di(t − 1) < g low
i (t),

the priority should be decreased with negative decrement (S).

Therefore, expanding the above cases with changing rate
e′i (t), we have the linguistic inference rules

(R1) If ei(t) is P and e′i (t) is P′, then Pi(t) is L,

(R2) If ei(t) is P and e′i (t) is E′, then Pi(t) is M,

(R3) If ei(t) is P and e′i (t) is N′, then Pi(t) is M,

(R4) If ei(t) is E and e′i (t) is P′, then Pi(t) is M,

(R5) If ei(t) is E and e′i (t) is E′, then Pi(t) is M,

(R6) If ei(t) is E and e′i (t) is N′, then Pi(t) is M,

(R7) If ei(t) is N and e′i (t) is P′, then Pi(t) is M,

(R8) If ei(t) is N and e′i (t) is E′, then Pi(t) is M,

(R9) If ei(t) is N and e′i (t) is N′, then Pi(t) is S.

Using Mandamni implication and the centroid defuzzifier,
we obtain the control action responding each HOL delay
di(t).

The priority controller makes the delay fall in the
tolerable range which is below the deadline. Hence, each
connection in the real-time class achieves the QoS speci-
fication, while intraclass fairness is guaranteed. When the
delay is below the tolerable range, the controller decreases the
priority for releasing the resources. This scheme guarantees
the jitter and interclass fairness at the same time.

(c) Priority Adaptation for Fairness. For making the connec-
tions within the same class achieve equal degree of QoS,
the priority controller adapts Pi(t) by further considering
the packet loss rate. All connections should receive the same
packet loss rate. To compensate the packet losses in the tth
frame, we define the loss rate as lossi(t) and the scaling by

Pi(t) =

⎧
⎪⎪⎨
⎪⎪⎩

Pi(t), if lossi(t) = 0,

Pi(t)×max
(

λ

− log (lossi(t))
1
)

, if lossi(t) > 0,

(5)

where λ is a constant to normalize the loss rate according to
the predefined precision. According to (5), if the connection
drops packets due to out of the deadline, the priority
controller allocates more resources by increasing the priority
for achieving intraclass fairness. Even if all connections are in
an extremely bad environment, they will suffer the same loss
rate.

3.1.3. TXOP Controller. The TXOP controller initiates the
TXOP based on frame duration tframe and packet interval of
the ith connection tpi as (6)

TXOPi(0) =
⌈
tframe

tpi

⌉
. (6)

According to deficit round robin [20], the TXOP increases
as the number of packets in a queue increases. Let Qi(t)
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Figure 8: Control mechanism for nrtPS connection.

denote the number of packets in queue i in the tth frame.
The controller stores the bounded difference DCi(t) =
Qi(t)�Qi(t − 1) = max(Qi(t) − Qi(t − 1),−1) in the deficit
counter of connection i in the tth frame. Then, we addDCi(t)
to TXOPi(t)as follows:

TXOPi(t) = max
(
TXOPi(t − 1) +DCi(t), 0

)
. (7)

To avoid burst transmission, TXOP has an upper bound in

TXOP
up
i (t) =

⌈
di(t)− g low

i (t)
tpi

⌉
. (8)

3.2. Controller Design for nrtPS. The nrtPS connection
supports delay-tolerant variable-rate data streams and guar-
antees minimum reserved rate. The control mechanism
for nrtPS connections can be divided into three steps: (1)
setting up minimum reserved rate and an upper bound,
(2) adjusting the priority according to average throughput
of nrtPS connections and the required jitter of real-time
connections, and (3) adjusting TXOP of nrtPS connections
according to the required jitter. Figure 8 shows the control
mechanism for nrtPS connection.

If the average throughput is lower than minimum
reserved rate, the priority controller raises the priority to
increase the throughput. Moreover, the controller needs to
prevent large jitter from over-high priority. Besides, if the
average throughput exceeds the upper bound, the controller
decreases the priority to release the resource. We depict the
controller design as follows.

3.2.1. Priority Controller. The priority controller in nrtPS
class is easier than in the real-time class. The QoS require-
ment is only to guarantee the minimum reserved rate. Hence,
we do not use fuzzy control and simply use the priority-based
scheduler for nrtPS connections. Let Ti(t) denote the average
throughput of connection i in the tth frame, and let Ri(t)
denote the instantaneous data rate of connection i in the tth

frame. The average throughput in the tth frame is usually
estimated over a time constant tc using moving average as

Ti(t+1)=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
1− 1

tc

)
× Ti(t) +

1
tc
× Ri(t), if i = i∗,

(
1− 1

tc

)
× Ti(t), if i /= i∗,

(9)

where i∗ means connection i is scheduled in the tth frame.
For an nrtPS connection i, the priority Pi(t) in the tth

frame is defined as

Pi(t) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

PnrtPS − δi(t), if Fi(t) ≥ 1, ri(t) /= 0,

PnrtPS, if Fi(t) < 1, ri(t) /= 0,

0, if ri(t) = 0,

(10)

where δi(t) is the priority decrement, PnrtPS is the maximum
priority of nrtPS connection, and Fi(t) is the throughput
requirement indicator which is the ratio of average through-
put with respect to the minimum reserved rate Tmin

i

Fi(t) = Ti(t)

Tmin
i

. (11)

If Fi(t) � 1, the throughput requirement is satisfied, and the
controller decreases the priority to release resource. When
Fi(t) < 1 implying that the average throughput is less than
the minimum reserved rate, the connection should get more
resources immediately to achieve the requirement. Hence,
at this time, the priority is set to the maximum PnrtPS. The
priority decrement δi(t) is further defined as

δi(t) = k × TXOPi(t)× Lpacket

T
up
i − Tmin

i

, (12)

where Lpacket is the packet length, T
up
i is the upper bound

of Ti(t) which is the maximum sustained rate in the traffic
specification, and k is a constant representing system load.

3.2.2. TXOP Setting. For nrtPS, the FQFC sets TXOPi(t)
according to the throughput upper bound T

up
i as

TXOPi(t) =
⌈
T

up
i × tframe

Lpacket

⌉
. (13)

3.2.3. TXOP Adaptation for Fairness. For intraclass fairness,
all nrtPS connections should have the same throughput ratio
of average throughput with respect to minimum reserved
rate. Via setting the upper bound T

up
i in (13), we control the

average throughput within the range between the minimum
reserved rate and the upper bound, and we make the
throughput ratio of all nrtPS connections the same. For
interclass fairness, the average throughput will not exceed the
upper bound. Hence, we can release more resources to the
connections without QoS requirements.
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3.3. Controller Design for BE

3.3.1. Priority Setting. For a BE connection i, the priority
Pi(t) in the tth frame is defined as

Pi(t) =
⎧
⎨
⎩
PBE, if ri(t) /= 0,

0, if ri(t) = 0,
(14)

where PBE is the maximum priority of BE connection. All BE
connections have the same priority. For intraclass fairness,
we adopt the round robin scheduling for BE connections.

3.3.2. TXOP Setting. For fair resource allocation, the FQFC
sets the TXOPi(t) according to the frame duration tframe and
the packet interval of the ith connection tip as (14):

TXOPi(t) =
⌈
tframe

tip

⌉
. (15)

In this paper, we also perform priority adaptation.
Therefore, the overhead, especially the complexity, will be
slightly higher than that of the priority-only method. Since
in centralized PMP mode, all traffic flows are managed by
base stations which have much more powerful computing
ability than SSs, the additional computation overhead will
not give any sensibly negative effect. Moreover, the proposed
controllers do not use any control/management packets for
fairness and QoS purposes. There is no additional network
overhead caused by the proposed FQFC.

4. Evaluations and Simulation Results

We first introduce intraclass and interclass fairness criteria
and then according to these criteria, we evaluate the perfor-
mances of the fairness.

4.1. Fairness Criteria. The descriptions of fairness indices are
as follows.

4.1.1. Intraclass Fairness Index. Intraclass fairness means that
the connections within the same class achieve equal QoS
guarantees. Because the connections in different service
classes have different QoS requirements, we define respective
intraclass fairness indices for real-time, nrtPS, and BE classes.

(a) Real-Time Connection. A connection belonging to the
real-time class requires strict maximum allowable latency
(deadline) and the tolerated jitter. Packet loss occurs when
packet delay is out of the deadline. Hence, we use loss
rate and jitter to evaluate the intraclass fairness of real-time
connections. We define a real-time indicator IRT,i as

IRT,i =
⎧
⎨
⎩

1, if jitteri > jittertolerated,

lossi, if jitteri ≤ jittertolerated,
(16)

where lossi, jitteri, and jittertolerated are the loss rate, jitter, and
the tolerated jitter of connection i, respectively. If the jitter
is larger than the tolerated jitter, the connection does not

achieve QoS guarantees and we set the real-time indicator
to one. Otherwise, we set the real-time indicator as the loss
rate. Then, we utilize the real-time indicator to compute
the real time fairness index. If the real-time indicators of
all connections are closer to each other, the better intraclass
fairness is achieved. We define the real-time fairness index
FIRT as the standard deviation of the real-time indicators of
all rtPS connections as follows:

FIRT =

√√√√√ 1
NRT − 1

NRT∑

j=1

(IRT, j − IRT,avg)2, (17)

whereNRT is the number of connections in the real time class,
and IRT,avg is the average real-time indicator. Thus, a smaller
value of FIRT represents better intraclass fairness of the real-
time class.

(b) nrtPS Connection. A connection belonging to the nrtPS
class requires minimum reserved rate. Hence, we use the
average throughput to evaluate the intraclass class fairness of
nrtPS connections. We define a nrtPS indicator InRT,i as

InRT,i = Ti
Tmin
i

, (18)

where Ti and Tmin
i are the average throughput and mini-

mum reserved rate of connection i, respectively. Then, we
introduce the throughput indicator to compute the nrtPS
fairness index. The nrtPS fairness index FInRT is defined
as the standard deviation of the throughput indicator of
connections in the same nrtPS class as follows:

FInRT =

√√√√√ 1
NnRT − 1

NnRT∑

j=1

(InRT, j − InRT,avg)2, (19)

where NnRT is the number of connections in nrtPS class, and
InRT,avg is the average nrtPS indicator. Similar to the FIRT, a
smaller FInRT value represents better intraclass fairness of the
nrtPS class.

(c) BE Connection. A connection belonging to BE requires
no QoS metrics. We introduce the average throughput to
compute the BE fairness index. The BE fairness index is
defined as the standard deviation of the average throughput
of connections in the same BE class i as follows:

FIBE =

√√√√√ 1
NBE − 1

NBE∑

j=1

(Tj − Tavg)2, (20)

where NBE is the number of connections in BE class, and
Tavg is the average throughput in the BE class. Smaller FIBE

represents better intraclass fairness of the BE class.

4.1.2. Interclass Fairness Index. According to the definition of
interclass fairness, the interclass fairness has two folds: (1) the
connections with QoS requirements achieve the demands;



EURASIP Journal on Wireless Communications and Networking 9

(2) the connections without QoS requirements equally share
the remaining resources.

For the first fold, we introduce a requirement indicator
IR,i to show the degree of the connection close to the demands
as

IR,i = e−k|xi−Gi|, (21)

where k is a tunable parameter which determines the
tolerable range. xi and Gi are the average state and the
QoS goal of class i, respectively. In the real-time class,
the average state is the mean loss rate, and its goal loss
rate is zero. In the nrtPS class, the QoS parameter is the
average throughput, and the goal is the minimum reserved
rate. The smaller the difference between the average state
and the QoS goal is, the larger requirement indicator is.
When the mean allocated resources for a class are away
from the requirement, no matter above or below the goal,
the requirement indicator decreases. When the allocated
resources reach the requirements exactly, not only the QoS
is guaranteed but also the remaining resources are most
preserved at the same time.

The BE class has no QoS requirement. For the second
part, we introduce Jain’s fairness index [21] as the BE fairness
index:

IBE =
(∑n

i=1Ti
)2

(
n ·∑n

i=1T
2
i

) , (22)

where n is the number of connections without QoS require-
ments. The index equals to one indicates perfect fairness in
the class without QoS requirements. Then, we utilize the
requirement indicator IR,i and the BE fairness index IBE to
define the interclass fairness index as follows:

FI = α×
m∑

i=1

IR,iwi + β × IBE,

m∑

i=1

wi = 1,

α + β = 1.

(23)

In (23), m is the number of classes with QoS requirements,
and wi is the weighting factor of class i, which determines the
importance of the class. α and β are the weighting factors of
the classes with and without QoS requirements, respectively.
In contrast to the indices of intraclass fairness, a larger FI
value indicates better interclass fairness.

4.2. Simulation Configuration. The parameters used in this
simulation are listed in Table 1, where OFDM FFT size
represents the number of subcarriers an OFDMA symbol
composes. The packet length is 1024 bits, and the maximum
priority of each service class is PrtPS = 1.0 and PnrtPS = 0.8,
and for best effort, PBE = 0.6. The weighting factors wi, α, β
in (23) are all 0.5. Each connection uses a fixed modulation.
The FQFC allocates fixed number of time slots to UGS

connections. The FQFC adopts persistent resource allocation
[1, 22, 23] for UGS service because it has the highest
priority. We focus on the performance of real-time, nrtPS,
and BE connections. Besides, in our survey, the priority-
based scheduler was proposed only for WiMAX OFDM PHY
[4]. FQFC outperforms many state-of-the art schedulers
for WiMAX OFDM PHY. To present the improvement by
FQFC, we modify the priority-based scheduler in [4] to work
with WiMAX OFDMA PHY by using the Raster algorithm
and regard it as the priority-only scheduler. Then, FQFC
fuzzy controllers further improve the fairness and QoS
performance of the priority-only scheduler. There are four
simulation scenarios as follows.

(i) Scenario 1. We set 20 real-time connections. The
QoS requirements of real-time connection are the
loss rate, deadline, and required jitter. The traffic
rates of connections are 8 connections in 1 Mbps,
10 connections in 500 kbps, and 2 connections in
250 kbps. This scenario is to verify the guarantees
of maximum latency, the tolerated jitter, and the
intraclass fairness in real-time class. It is difficult
to find out the mapping between priority and QoS
requirements. We prove that the FQFC can efficiently
control the delay.

(ii) Scenario 2. We set 10 real-time connections and
10 nrtPS connections. The QoS parameter of nrtPS
connection is the minimum reserved rate. The traffic
rates are 2 real-time connections in 1 Mbps, 8 real-
time connections in 500 kbps, 5 nrtPS connections
in 1 Mbps, and 5 nrtPS connections in 500 kbps.
This scenario is to verify the guarantees of minimum
reserved rate and fair resource allocation of the FQFC
scheme.

(iii) Scenario 3. We set 10 real-time connections, 10 nrtPS
connections, and 10 BE connections. BE connection
has no QoS requirement. The traffic rates are 1 real-
time connection in 1 Mbps, 9 real-time connections
in 500 kbps, 3 nrtPS connections in 750 kbps, 2 nrtPS
connections in 500 kbps, 5 nrtPS connections in
1 Mbps, and 10 BE connections in 100 kbps. This
scenario is to verify the fair resource allocation of
FQFC.

(iv) Scenario 4. In this scenario, we simulate the wireless
link degrades. This will cause the modulation to
change. The experiment is designed to test the
robustness of the FQFC whether it can efficiently
track the goal delay when the channel quality
degrades. The simulated network consists of 1 BS and
10 SS (numbered from 1 to 10). In the downlink,
each SS with number i (i = 1 ∼ 10) has 1 real-time,
1 nrtPS, and 1 BE connection with CID i, 10 + i,
20 + i, respectively. The connections from SS1 to
SS5 apply with QPSK modulation, and connections
from SS6 to SS7 apply with 16-QAM modulation.
All the other connections initially adopt 64-QAM
modulation. This is for simulating the different
channel conditions.
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Table 1: Simulation parameters.

Parameter Value

System bandwidth 10 MHz

Frame duration 5 ms

OFDMA FFT size 1024

Number of subchannels 30

Number of OFDMA symbols for DL 28
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Figure 9: Delay and jitter performances of real-time connections in
priority-only scheduler.

4.3. Performance Evaluation for Fairness and QoS Guarantees

4.3.1. Scenario 1: Intraclass Fairness and QoS Guarantees of
Real Time Connections. We compare the FQFC with the
priority-only scheduler [4]. The QoS is in terms of average
delay, delay jitter, and packet loss rate. As illustrated in
Figure 9, although the priority-only scheduler controls delay
of connection to be below the deadline, it cannot guarantee
tolerant jitter. Under the same simulation conditions, FQFC
guarantees both delay and jitter requirements as shown in
Figure 10. The average delay is close to the goal delay. The
result also shows that it is useful by controlling the HOL delay
in the tolerable range to guarantee the required jitter.

For intraclass fairness evaluation, from Figure 10, we can
see that the jitter of the connections using FQFC is still
smaller than the tolerated jitter in Figure 9. Figure 11 shows
the delay outage probabilities of the FQFC and the priority-
only scheduler. The FQFC disperses the outage probability
for intraclass fairness. Moreover, as summarized in Table 2,
the intraclass fairness index of the FQFC is much lower than
the one of the priority-only scheduler and is almost near to
zero. Hence, the FQFC guarantees the intraclass fairness for
real-time connections.

4.3.2. Scenario 2: Intraclass Fairness and QoS Guarantees of
Real-Time and nrtPS Connections. For QoS evaluation, we
introduce the throughput indicator defined as the ratio of the
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Figure 10: Delay and jitter performances of real-time connections
in FQFC.
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Figure 11: Average outage probability of rtPS connections.

Table 2: Intraclass fairness index.

FQFC Priority-only

Scenario 1 Real-time 0.000131 0.504639

Scenario 2
Real-time 0 0.489360

nrtPS 0.012748 0.081995

Scenario 3
Real-time 0 0.502625

nrtPS 0.003088 0.107002

BE 6.686637 84.312975

average throughput with respect to the minimum reserved
rate. In Figures 12 and 13, even adding nrtPS connections,
the FQFC still guarantees the delay and jitter specifications of
real-time connections. Then, we evaluate nrtPS connections
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Figure 12: Delay and jitter performances of real-time connections
in priority-only scheduler.

by throughput indicators. Figure 14 shows that all nrtPS con-
nections with FQFC control keep their throughput indicators
almost the same about 1.15. The result means that the FQFC
guarantees minimum reserved rate. For the connections with
priority-only-based scheduler [4], the throughput indicators
of the last four nrtPS connections are higher than the others
since priority-only-based scheduler provides more resources
to the connections using high-bitrate modulation. The FQFC
focuses on making the connections of the same class achieve
the equal degree of QoS. As illustrated in Table 2, for nrtPS,
the intraclass fairness index of the FQFC is close to zero
which is much lower than the one of the priority-only
scheduler. Hence, the FQFC also guarantees the intraclass
fairness for the connections of the nrtPS class.

4.3.3. Scenario 3: Intra- and Interclass Fairness and QoS
Guarantees of All Classes. For QoS evaluation, Figures 15, 16,
and 17 show that the FQFC guarantees the delay and jitter of
real-time connections as well as guarantees the throughput
of nrtPS connections. Even for users with diverse QoS
requirements, the FQFC still provides QoS guarantees. For
BE connections, although they have no QoS requirement,
the remnant resources should be fairly allocated to all BE
connections. In Figure 18, BE connections under FQFC
control obtain throughputs and are not starved.

For intraclass fairness evaluation of the BE class, we
compare the FQFC with the priority-only scheduler regard-
ing average throughput. Figure 18 shows that the average
throughputs of all BE connections under the FQFC control
are nearly the same. The priority-only scheduler provides
more resource to the last four BE connections since they
employ higher rate modulation. Table 2 shows that the
intraclass fairness index of the FQFC is close to zero,
which is much lower than the one of the priority-only
scheduler. For every real-time connection, FQFC sets the
goal delay below the deadline for a certain distance in
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Figure 13: Delay and jitter performances of real-time connections
in FQFC.
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Figure 14: Average throughput/minimum reserved rate of nrtPS
connections.

terms of the tolerable jitter. Since the goal is for prior-
ity and TXOP controllers to follow, intraclass fairness is
achieved when real-time connections have almost the same
loss rate and jitter performances based on the intraclass
fairness criteria. For nrtPS connections, the FQFC control
algorithm maintains their ratios of throughput achievement
over minimum reserved rate as close to 1 as possible.
Again, as long as BE connections can evenly share the
remained resources from real-time and nrtPS connections,
intraclass fairness of BE connections is achieved. Hence,
the FQFC guarantees the intraclass fairness for the BE
classes.

For interclass fairness evaluation, in Figure 17, the
throughput indicator of the FQFC is lower than the one of
the priority-only scheduler since the FQFC always preserves
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Figure 15: Delay and jitter performances of real-time connections
in the priority-only scheduler.
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Figure 16: Delay and jitter performances of real-time connections
in FQFC.

resources for lower priority classes. This causes the BE
connections get more resources. For interclass fairness
comparison, the FQFC outperforms priority-only scheduler
as shown in Figure 18. Table 3 shows that the interclass
fairness index of the FQFC is close to one. Hence, in
addition to intraclass fairness, the FQFC also guarantees the
interclass fairness. For priority-only scheduler, every real-
time connection grabs as many channel resources as possible.
Though delays can be lower than the deadlines, delay and
jitter differences among connections are not maintained. For
nrtPS connections, the differences of throughput ratios are
not controlled in priority-only scheduler. The differences
of channel resources grasped by the BE connections are,
therefore, obvious.
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Figure 17: Average throughput/minimum reserved rate of nrtPS
connections.
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Figure 18: Average throughput of BE connections.

Table 3: Interclass fairness index.

FQFC Priority-only

Scenario 3 0.994669 0.677405

4.3.4. Scenario 4: Link Degradation. In this scenario, we
evaluate the robustness of the FQFC against wireless link
degradation. At the 4.0th second, the wireless link from BS
to SS3 degrades, and the PHY layer adaptation mechanism
changes the modulation over this link from 64-QAM to
QPSK. At the 6.0th second, this link recovers to 64-QAM.
Figures 19 and 20, respectively, show the PDU delay of real-
time connection 3 and the average throughput of nrtPS con-
nections 13 in SS3, where the link degradation occurs at the
4.0th second. Figure 20 also shows the average throughput
of nrtPS connection 13 which is an external connection
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Figure 19: PDU delay of real-time connection 3.

out of SS3. Figure 21 shows the average throughput of BE
connections 23 and 25. The simulation shows that

(i) when the link degradation occurs, the FQFC adjusts
the goal delay and the tolerable range according to
the updated modulation. The FQFC continues to
make the delay of real-time connection 3 fall in the
tolerable range as shown in Figure 19. Hence, the
FQFC can efficiently control the delay according to
the goal delay and the tolerable range;

(ii) the service curves of nrtPS connections 11 and 13
in Figure 20 distinguish a throughput drop from the
4.0th second to the 6.0th second, whereas FQFC
still maintains the throughput to meet the QoS
requirements. The service curves of BE connections
23 and 25 in Figure 21 also distinguish a throughput
drop from the 4.0th second to the 6.0th second.
The resources are released to guarantee the QoS of
real-time connection 7 as shown in Figure 19. For
intraclass fairness in nrtPS connections and BE con-
nections, all nrtPS connections keep almost the same
resource usage ratio. For interclass fairness, nrtPS
and BE connections release resources to guarantee
the QoS of real-time connections. Hence, the FQFC
guarantees both QoS and fairness even in case that
wireless link degrades.

5. Conclusions

A fairness and QoS guaranteed scheduling approach with
fuzzy controls FQFC algorithm is proposed for WiMAX
OFDMA systems. Different from the utility-fairness, new
fairness and QoS evaluation criteria in terms of loss rate,
jitter, and throughput are proposed for different classes.
The proposed FQFC scheme controls the delay, jitter,
and throughput QoS parameters efficiently providing both
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fairness and QoS guarantees. Rather than using hard com-
putation approaches such as utility-based optimizations, we
use fuzzy controller to perform scheduling and resource
allocations to resolve mapping among priority, transmission
opportunity, and QoS requirements. The proposed FQFC
scheme provides both intra- and interclass fairness guaran-
tees in addition to QoS guarantees while implementation is
with low complexity.
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1. Introduction

The mobile version of the Worldwide Interoperability for
Microwave Access (mobile WiMAX) is one of the solutions in
the competition for wireless broadband applications in chal-
lenging mobile environments [1, 2]. The mobile WiMAX air
interface is based on orthogonal frequency division multiple
access (OFDMA) for improved performances in multipath
environments. One of the future aspects of OFDMA is the
subchannelization which allows to group a total number of
subcarriers into subsets of subcarriers called subchannels [3].
The major advantage of subchannelization is the provision
of frequency diversity. A byproduct of the subchannelization
is that the need for knowledge of radio channel quality is
reduced from per-subcarrier to per-subchannel resolution
and resources are allocated on per-subchannel basis. There
are three types of subchannelizations, namely, adaptive mod-
ulation and coding (AMC), partially used subchannelization
(PUSC), and fully used subchannelization (FUSC). With
AMC, the subchannels are composed of contiguous groups

of subcarriers. With both PUSC and FUSC, the subchannels
are composed of distributed subcarriers. For PUSC, the set of
used subcarriers, that is, data and pilots, is first partitioned
into subchannels, and then pilot subcarriers are allocated
within each subchannel. For FUSC, the pilot tones are
common for all subchannels and are allocated first and then
the remaining subcarriers are divided into data subchannels.
In general, AMC is well suited for stationary, portable, and
low mobility applications, whereas PUSC and FUSC are the
best alternatives for mobile applications. We employ FUSC
in this work. This method uses all the subchannels and
employs full-channel diversity by distributing the allocated
subcarriers to subchannels using a permutation mechanism.
Thanks to the frequency diversity provided by the FUSC,
the performance degradation due to fast fading in mobile
environments is minimized.

Mobile WiMAX aimed at delivering broadband mobile
services ranging from real-time interactive gaming, VoIP, and
streaming media to nonreal-time web browsing and simple
file transfers. Users have channels of different quality. With
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classical best effort transmission, unfair resource allocation
can lead to starvation of some users in bad channel
conditions. Therefore, the achievement of fairness among
users while satisfying users’ minimum rate requirements is
an important issue.

Most of the previous works on OFDMA resource allo-
cation have considered only the case where instantaneous
channel state (CSI) is available at the transmitter and
various algorithms based on instantaneous CSI have been
developed [4–14]. In [4], adaptive subcarriers assignment
to minimize the total transmit power is investigated. The
authors presented a heuristic algorithm, the so-called Hun-
garian algorithm, based on constructive assignment and
iterative improvement. Following the Hungarian approach,
[5] proposed an iterative algorithm for power minimization
and bit loading. The algorithm is considered as suboptimal
for adaptive modulation. To reduce the computational com-
plexity, [6] proposed low complexity and computationally
efficient bandwidth and power allocation algorithms to solve
the problem of minimizing the total power consumption
under bit error rate and transmission rate constraints.
In [7], the performance of bandwidth-constrained power
minimization and power minimization schemes in terms of
outage probability and packet error rate under user data
rate satisfaction are compared. It is shown that, in severe
shadowing environment with both frequency selective and
flat fading, the former scheme outperforms the later. Fairness
issues in a wireline multiaccess channel have been taken
into account in [8, 9]. The authors introduce the concept
of balanced capacity to characterize the multiuser channel
performance with total power constraints in [8] and they
extend the concept to individual power constraints in [9].
This concept of balanced capacity is closely related to the one
presented in [10] where a low complexity suboptimal algo-
rithm that maximizes the sum capacity while maintaining
proportional fairness among the users data rate is developed.
In [11], suboptimal resource grids and power allocation
algorithms to maximize the total throughput under user’s
data rate requirement are presented. Rate-power allocation
algorithms for expected mutual information maximization
based on partial channel knowledge have been developed
in [13]. In [14], the authors investigated the impact of
imperfect channel information on OFDMA-based systems
under fairness and minimum rate constraints. Instantaneous
resource allocation strategies are suitable for quasistatic
or slow fading environments. However, when the channel
variations are fast, the transmitter may not be able to adapt
to the instantaneous channel realization. Hence, CSI-aware
resource allocation is not suitable for environments with
high mobility.

When the channel state can be accurately tracked at
the receiver, the statistical channel model at the transmitter
can be based on channel distribution information feedback
from the receiver. We refer to knowledge of the channel
distribution at the transmitter as CDIT. Power allocation for
ergodic capacity maximization in relay networks based on
CDIT under high SNR regime has been studied in [15].

This paper addresses CDIT-based resource allocation
strategies for mobile WiMAX in all SNR regimes. The goal

is to adaptively assign subchannels and distribute the total
power to users with the objective to maximize the ergodic
weighted-sum rate under tunable long-term fairness, mini-
mum data rate requirements, and a total power constraint.
This constrained optimization problem is formulated as an
infinite dimensional stochastic problem. To efficiently solve
the problem, we propose an analytical method based on the
Lagrange dual decomposition framework. The remainder of
this paper is organized as follows. In Section 2, the system
model considered is described and the ergodic weighted-sum
rate is derived. The problem of multiuser resource allocation
based on CDIT is formulated in Section 3 and a solution
guideline is given. In Section 4, some simulation results are
presented. Finally, conclusions are drawn in Section 5.

2. System Model

Throughout the paper, we consider a single cell downlink
WiMAX communication from a base station (BS) to K
mobile user terminals, over a realistic frequency-selective
fast fading channel with total bandwidth B. The BS splits
up the downlink bandwith into different subchannels. Then
the data to be transmitted to different mobile user terminals
are amalgamated using downlink FUSC. After the downlink
subchannelization, the resulting frequency domain OFDMA
symbols are converted into time domain OFDMA symbols
using inverse FFT. Then a cyclic prefix is added to each
symbol to provide immunity against multipath propagation.
Finally the signal undergoes frequency upconversion before
it is transmitted from the base station to the user terminals.
We assume that the user terminal has perfect CSI to perform
coherent detection, but there is no fast feedback link to
perfect the CSI to the base station. Hence, the base station
has only channel distribution information (CDI), but no
knowledge of the instantaneous channel realizations. Assum-
ing that the receiver employs a maximum ratio combiner
(MRC), the effective SNR of user k atmth subchannel is given
by

γk,m = 1
ΓkNσ2

n

N−1∑

n=0

gk,m(n). (1)

In (1), N is the number of distributed subcarriers per-
subchannel, gk,m(n) is the channel gain of user k at subcarrier
n of mth subchannel, which is the product of the distance
attenuation and the fast fading gain, σ2

n is the noise variance,
Γk is referred to as SNR gap related to the required bit
error rate of user k (BERk) and is approximated as Γk ∼=
− ln(5 BERk/1.5) for QAM modulations [10]. We assume
a Rayleigh channel model. Hence γk,m is a central chi-
squared (χ2) distributed random variable with two degrees
of freedom and with probability density function (pdf)

Tγk,m

(
γk,m

) = 1
γk,m

e−γk,m/γk,m , (2)

where γk,m is the mean of the γk,m distribution.
Each user is adaptively assigned a number of different

subchannels to send and receive data. An indicator ρk,m is



EURASIP Journal on Wireless Communications and Networking 3

used to represent whether the mth subchannel is assigned
to user k. Note that in a single cell OFDMA system, each
subchannel can be assigned to at most one user at any time,
that is,

∑K
k=1ρk,m ∈ {0, 1} for all m. Due to the consideration

for the reduction of the signaling overhead in WIMAX, the
power is equally distributed across subcarriers within each
subchannel. We assume the duration of the transmission
codewords is long enough to undergo all channel realiza-
tions. We further assume perfect CDIT, thereby allowing
to take the expectation over the distribution. The ergodic
weighted-sum rate of the multiuser system is defined as

Uγ = Eγ

{ K∑

k=1

1

R
αf
k

M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

)
}

, (3)

where γ = [γT1 , . . . , γTK ]
T

with γk = [γk,1, . . . , γk,M], pk,m

denotes the power allocated to the user k on subchannel m,
Eγ{·} represents the statistical expectation with respect to γ,
Rk is user k’s average data rate so far at the allocation time,
and α f is a tunable fairness parameter. Setting α f to 1 results
in the proportional fair allocation. For α f = 0, this results in
maximum throughput allocation. The average user rates Rk
are updated according to

Rk(t + 1) =
(

1− 1
τc

)
Rk(t) +

1
τc
rk(t), (4)

where rk(t) is the rate allocated to user k at time t and τc is
the parameter that controls the latency of the system. This
way, we consider both current rate as well as rates given to
the users in the past, what is suitable for long-term fairness
evaluation.

3. CDIT-Based Constrained Resource
Allocation

3.1. Formulation of the Problem. The issue is how to adap-
tively assign the M subchannels to the K users and distribute
the total power budget Ptot in order to maximize the ergodic
weighted-sum rate (3) while satisfying user’s minimum
rate and system fairness requirements under a total power
constraint. Mathematically, this constrained optimization
problem is formulated as

f ∗ = max
ρk,m,pk,m

Eγ

{ K∑

k=1

1

R
αf
k

M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

)
}

,

subject to

Eγ

{ M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

)
}
≥ Rk,

Eγ

{ K∑

k=1

M∑

m=1

ρk,mpk,m

}
≤ Ptot.

(5)

The first constraint in (5) is for the user’s specific minimum
data rate demand. We assume that appropriate admission
control is performed such that the minimum data rates Rk

are feasible. The second constraint is system limitation on
transmits powers.

Note that the optimization problem (5) involves both
continuous variables pk,m and boolean variable ρk,m. Such
an optimization problem is neither convex nor concave with
respect to (ρk,m, pk,m).

3.2. Solution Based on Lagrange Dual Decomposition. We can
solve problem (5) using the Lagrange dual decomposition
framework. Following the approach in [12], we relax ρk,m to
be ρk,m ∈ [0, 1]. Then ρk,m can be regarded as time-sharing
factor. Thanks to the linearity property of the expectation,
the Lagrangian function of the primal problem (5) can be
expressed as

Lγ
(
pk,m, ρk,m, λk,μ

)

=
K∑

k=1

M∑

m=1

Eγk,m

{
ρk,m

R
αf
k

log2

(
1 + pk,mγk,m

)}

+
K∑

k=1

λk

M∑

m=1

Eγk,m

{
ρk,mlog2

(
1 + pk,mγk,m

)}

− μ
K∑

k=1

M∑

m=1

ρk,mpk,m −
K∑

k=1

λkRk + μPtot,

(6)

where λk and μ are Lagrangian multipliers. Let p∗k,m and ρ∗k,m
denote the optimal solution of (6). We first investigate the
problem for fixed values of λk and μ. By Karush-Kuhn-Tucker
(KKT) first optimality condition [16], ρ∗k,m and p∗k,m should
satisfy the following:

∂Lγ
∂pk,m

∣∣∣∣
pk,m=p∗k,m

⎧
⎨
⎩
< 0, p∗k,m = 0,

= 0, p∗k,m > 0,
(7)

∂Lγ
∂ρk,m

∣∣∣∣
ρk,m=ρ∗k,m

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

< 0, ρ∗k,m = 0,

= 0, 0 < ρ∗k,m < 1,

> 0, ρ∗k,m = 1.

(8)

For a nonzero power allocation and ρ∗k,m ∈ (0, 1), we
obtain from (7) and (8)

ρ∗k,mEγk,m

{
R

(−α f )
k + λk

ln 2
· γk,m

1 + p∗k,mγk,m
− μ
}
= 0, (9)

Eγk,m

{
R

(−α f )
k + λk

ln 2
· ln

(
1 + p∗k,mγk,m

)− μp∗k,m

}
= 0. (10)

We deduce from (9) that p∗k,m has to satisfy the following
condition:

ρ∗k,mEγk,m

{
γk,m

1 + p∗k,mγk,m
− μ ln 2

Ak

}
= 0, (11)

where Ak = R
(−α f )
k + λk.

When ρ∗k,m = 0, the value of pk,m is undefined, and any
value can be taken without any influence on the objective
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function or on the constraints. On the other hand, for any
other positive value, ρk,m vanishes out of the expression and
we get

Eγk,m

{
γk,m

1 + p∗k,mγk,m
− μ ln 2

Ak

}
= 0. (12)

We can use the pdf of the SNR distribution (2) to transform
(12) into

∫∞

0

(
γk,m

1 + p∗k,mγk,m
− μ ln 2

Ak

)
· 1
γk,m

e−γk,m/γk,mdγk,m = 0, (13)

which is equivalent to

μ ln 2
Ak

p∗2
k,mγk,m − p∗k,mγk,m

+ exp
(

1
p∗k,mγk,m

)
E1

(
1

p∗k,mγk,m

)
= 0,

(14)

where

E1(x) =
∫∞

1

e−tx

t
dt (15)

is the exponential integral function of x [17].
Equation (10) is equivalent to

Eγk,m

{
Ak
μ ln 2

ln
(
1 + p∗k,mγk,m

)− p∗k,m

}
= 0. (16)

Using the pdf (2), (16) can be transformed into

∫∞

0

(
Ak
μ ln 2

ln
(
1 + p∗k,mγk,m

)− p∗k,m

)

· 1
γk,m

e−γk,m/γk,mdγk,m = 0,

(17)

which is finally equivalent to

Ak
μ ln 2

exp
(

1
p∗k,mγk,m

)
E1

(
1

p∗k,mγk,m

)
− p∗k,m = 0. (18)

From (14) and (18), we derive

p∗k,m =
[
Ak
μ ln 2

− 1
γk,m

]+

, (19)

where [x]+ = max(0, x). The expression (19) is in the
form of multilevel water-filling power allocation with cut-off
subchannel SNR (μ ln 2)/Ak below which we do not transmit
any power, and above which we transmit more power when
γk,m is higher. The important difference is that, in contrast
to the CSIT-based allocation where the p∗k,mdepends on the
instantaneous channels realizations, the optimal allocation
here is dependent on the mean of the channel distribution,
and thus needs to be computed only when the statistics of
the channel has changed.

We have from (8) and (18) that

ρ∗k,m =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, if Gk,m
(
p∗k,m

)
> 0,

∈ (0, 1), if Gk,m
(
p∗k,m

) = 0,

0, if Gk,m
(
p∗k,m

)
< 0,

(20)

where

Gk,m
(
p∗k,m

) = Ak
μ ln 2

exp
(

1
p∗k,mγk,m

)
E1

(
1

p∗k,mγk,m

)
− p∗k,m.

(21)

Due to the exclusive subchannel assignment constraint
in OFDMA, we can conclude that for each subchannel m, if
Gk,m are all different, then only the user with the largest Gk,m

can use that subchannel. In other words,

ρ∗k∗m,m = 1, ρ∗k,m = 0, ∀k /= k∗m, (22)

where

k∗m = arg max
k

Gk,m
(
p∗k,m

)
. (23)

Substituting (19) into the Lagrange function (6) and thanks
to the exclusive subchannel assignment constraint, we obtain
the following per-subchannel dual problem:

g∗ = min
λk ,μ

L∗γ
(
λk,μ

)
, (24)

where L∗γ (λk,μ) is the dual function given by

L∗γ (λk,μ) = Eγk,m

⎧
⎨
⎩R

(−α f )
k log2

⎛
⎝R

(−α f )
k + λk
μ ln 2

γk,m

⎞
⎠

⎫
⎬
⎭

+ λkEγk,m

⎧
⎨
⎩log2

⎛
⎝R

(−α f )
k + λk
μ ln 2

γk,m

⎞
⎠

⎫
⎬
⎭

− λkRk − μ
⎛
⎝R

(−α f )
k + λk
μ ln 2

− 1
γk,m

⎞
⎠ + μPtot.

(25)

Next we turn to the optimization of the dual function (25)
over μ and λk. First we consider the optimization over λk for
μ fixed to find. We differentiate (25) with respect to λk and
set the derivative to 0 to obtain

∂L∗γ
∂λk

∣∣∣∣
λk=λ∗k

= log2

⎛
⎝R

(−α f )
k + λk
μ ln 2

γk,m

⎞
⎠− Rk = 0. (26)

The optimum λ∗k is derived from (26) as follows:

λ∗k (μ)= 2Rk
μ ln 2
γk,m

− 1

R
(α f )
k

. (27)

If some of the individual rate constraints are exceeded, the
corresponding λk is equal to zero.
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Substituting (27) into (25) we obtain

L∗γ (μ) = max
λk

L∗γ (λk,μ) = Rk

R
(α f )
k

− 2Rkμ
γk,m

+
μ

γk,m

+ μPtot.

(28)

We next consider the optimization of L∗γ (μ) over μ. The
function L∗γ (μ) can be shown to be a convex function of
μ, which can then be minimized via a one-dimensional
search with geometric convergence. The optimal values μ∗

correspond to the ones that satisfy the total power constraint
(with equality).

We can conclude that, ifGk,m are all different, then a given

subchannel m is exclusively assigned to the user k̃∗m satisfying

k̃∗m = arg max
k

Gk,m
(
p̃∗k,m

)
, (29)

where p̃∗k,m is the optimal power allocation given by

p̃∗k,m =
[
R

(−α f )
k + λ∗k
μ∗ ln 2

− 1
γk,m

]+

, if k = k̃∗m,

= 0, if k /= k̃∗m.

(30)

3.3. Relative Duality Gap. The relative duality (optimality)
gap which indicates how far we are from the optimal value
can be expressed as

d∗ = g∗ − f ∗

f ∗
≥ 0, (31)

where f ∗ > 0 and g∗ > 0 given in (5) and (24) are
the optimal values of the primal and dual problems. The
inequality follows from the positivity of f ∗ and the weak
duality theorem [18].

Without the minimum rate constraints in (5), problem
(5) becomes a standard convex optimization problem, and
then the duality gap is zero. Due to the nonlinearity of the
minimum rate constraints, the convexity of problem (5) does
not hold. However, the nonconvex optimization problem (5)
for the investigated OFDMA-based WIMAX system fulfills
the time-sharing condition as defined in [19]. Then when
the power constraint is met tightly, that is, with equality, the
duality gap is zero, and thus solving the dual problem (24)
also solves the primal problem (5).

3.4. Instantaneous Resource Allocation Based on CSIT. In
order to assert the relevance of our approach, it was decided
to compare it to the instantaneous allocation based on partial
CSIT and to the instantaneous allocation based on perfect
CSIT.

3.4.1. Resource Allocation Based on Partial CSIT. Assuming
that partial channel state information is available at the
transmitter in the form of an estimate of the SNR, it has been
shown that resources can be optimally allocated based on this
partial CSIT (see, e.g., [13, 14]). Let γk,m and γ̂k,m denote

the real and the estimated subchannel SNR. For Rayleigh
fading channels, γk,m conditioned on γ̂k,m is a noncentral
chi-squared distributed random variable with two degrees of
freedom [13, 14]. Its probability density function (pdf) can
be approximated to a Gamma function as

Tγk,m

(
γk,m | γ̂k,m

) ≈ βα

Γ(α)
γ(α−1)
k,m e−βγk,m . (32)

In expression (32), α = (γ̂k,mγ
−1
e/n + 1)

2
/(2γ̂k,mγ

−1
e/n+1) and β =

α/(γ̂k,m+γe/n) are the shape parameter and the rate parameter
of the Gamma pdf, respectively, where γe/n is the ratio of
the subchannel estimation error variance to the background
noise variance. Γ(x) is the Gamma function of x.

Under the partial CSIT assumption, the optimization
goal is to maximize the expected weighted-sum rate instead
of the ergodic weighted-sum rate. In [14], the problem has
been formulated as

max
pk,m,ρk,m

Eγ

{ K∑

k=1

M∑

m=1

ρk,m

R
αf
k

log2

(
1 + pk,mγk,m

) | γ̂k,m

}
, (33)

subject to

Eγ

{ M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

) | γ̂k,m

}
≥ Rk,

K∑

k=1

M∑

m=1

pk,m ≤ Ptot.

(34)

Using the pdf (32) and applying the KKT optimality
conditions, it has been shown in [14] that the optimal power
allocation p∗k,m is the solution of

βα

Γ(α)

∫∞

0

γαk,m

1 + p∗k,mγk,m
e−βγk,mdγk,m −

μ ln 2
Ak

= 0. (35)

Also by KKT optimality conditions, it has been shown in [14]
that a given subchannel m is exclusively assigned to the user
k∗m satisfying

k∗m = arg max
k

AkGk
(
p∗k,m

)
, (36)

where

Gk
(
pk,m

) = βα

Γ(α)

∫∞

0
γ(α−1)
k,m log2

(
1 + pk,mγk,m

)

× e−βγk,mdγk,m − μpk,m.

(37)

3.4.2. Resource Allocation Based on Perfect CSIT. Under the
unrealistic perfect CSIT assumption, instead of maximizing
the ergodic or the expected weighted-sum rate, the optimiza-
tion goal is to maximize the instantaneous weighted-sum rate

max
pk,m,ρk,m

K∑

k=1

1

R
αf
k

M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

)
, (38)
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subject to

M∑

m=1

ρk,mlog2

(
1 + pk,mγk,m

) ≥ Rk,

K∑

k=1

M∑

m=1

pk,m ≤ Ptot.

(39)

From the KKT optimality conditions, the optimal power
allocation, solution of (39) is given by

p̃∗k,m =
[
Ak
μ ln 2

− 1
γk,m

]+

. (40)

This is a multilevel water-filling power allocation with cut-
off subchannel SNR (μ ln 2)/Ak . The difference between (40)
and (19) is that the power allocation in (40) depends on the
instantaneous subchannel SNR γk,m while the one in (19)
depends on the mean of the SNR distribution γk,m.

We also deduce from KKT optimality conditions [14]
that a given subchannel m is exclusively assigned to the user

k̃∗m (ρk̃∗m,m = 1, ρk,m = 0 for k /= k̃∗m) satisfying

k̃∗m = max
k

Ak
(
log2

(
1 + p∗k,mγ̂k,m

)− μp∗k,m

)
. (41)

3.5. Feedback Reduction and Complexity Analysis. First,
thanks to the subchannelization, the need for knowledge of
radio channel quality in mobile WiMAX is reduced from
per-subcarrier to per-subchannel resolution and resources
are allocated on per-subchannel basis. Second, under CDIT-
based allocation, instead of feeding back the instantaneous
channel coefficients to the transmitter, the users simply feed
back the mean of the subchannel SNR distribution. Putting
these two facts together, the amount of feedback required for
the resource allocation reduces significantly.

Using a dual decomposition framework, the opti-
mization problem has been reduced to a per-subchannel
optimization, and the computational complexity has been
significantly decreased.

Since the optimal λ∗k and μ∗ depend on the mean of the
subchannel SNR distribution and not on the instantaneous
values, they need to be computed only when the statistic of
the channel has changed. We need to run the line search
to compute for μ∗. This is followed by the computation
of KM values of multipliers λ∗k (27) and power allocation
values p̃∗k,m (30). We assume the line search to require Iμ
iterations. The computation of λ∗k and p̃∗k,m requires O(KM)
operations. The overall complexity order for the CDIT-based
resource allocation is thus O(KMIμ). Since Iμ is just constant
independent of K and M, the complexity is O(KM). Once
μ∗, λ∗k , and p̃∗k,m have been determined, we do not need to
update them as long as the statistics of the fading channel
remains the same.

Both expressions (19) and (40) are in the form of
multilevel water-filling power allocation with cut-off sub-
channel SNR (μ ln 2)/Ak . Thus, the complexity in term of
water filling is the same. The main difference between (19)
and (40) is the amount of feedback required to perform
resource allocation. Recall that, for the CSIT-based scheme,

the allocation is performed after each OFDM symbol period.
Let Ns be the number of OFDM symbol periods after which
the CDIT-based resource allocation is performed. Then a
rough estimation tells us that the complexity of the CDIT-
based allocation is reduced by 1/Ns compared to the perfect
CSIT scheme.

3.6. Tradeoff Analysis. In the tradeoff analysis, we vary the
constraints, and see the effect on the maximized weighted-
sum rate. We define a relaxation coefficient ηq for the
minimum rate constraint and replace the minimum rate
requirement Rk by (1− ηq)Rk to form a perturbed problem.
When ηq = 0, this reduces to the original problem (5). By
increasing ηq, the minimum rate constraints are relaxed. We
can also vary the fairness parameter α f . Setting α f to 0 results
in the maximum throughput allocation. For α f = 1, this
results in the proportional fair allocation. The relaxation of
the constraints leads in general to an improvement of the
optimal objective. The tradeoff curves are found by solving
the perturbed problem for many values of ηq and α f .

4. Simulation Results

To illustrate the performance of the proposed resource
allocation method, we perform simulations for a three-users
mobile WiMAX system with bandwidth divided into M = 8
subchannels. The subchannels are formed using the FUSC
which is suitable for mobile applications. The FFT size of
the OFDMA is 512 points. The performance is evaluated in
multipath channel environments modeled as a tapped delay
line with six taps as specified in the ITU M.1225 Vehicular
A channel model [20]. We consider a scenario where user
2 is every time closer to the base station than users 1 and
3 and the relative mean SNR difference between user 2 and
users 1 and 3 is −5 dB and −3 dB, respectively, while the
minimum data rate demand of user 3 is higher than the one
of users 2 and 1 (R3 > R2 > R1). The target bit error rate
is set to 10−3 (without channel coding). The performances
are evaluated using simulations over 10 000 instances of
independent channel realizations. For all the simulations, the
total power is set to Ptot = KM.

In Figure 1, the performance of the proposed adaptive
resource allocation is compared to those of optimal resource
allocation based on perfect CSIT, resource allocation based
on partial CSIT and a uniform power allocation. The result
shows that the proposed adaptive resource allocation brings
significant gain over resource allocation based on partial
CSIT with higher estimation error. We can observe that
when γe/n is small, that means the effect of the estimation
error is less dominant than the one of the background
noise, the optimization under partial CSI is closed to the
one under perfect CDIT. For very low estimation errors, the
partial CSIT-based scheme outperforms the perfect CDIT
scheme. The weighted-sum rate degrades quickly as the
estimation error grows, especially for high SNRs. The highest
weighted-sum rate is obtained with perfect CSIT but the
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Figure 1: Maximized weighted-sum rate versus mean SNR for dif-
ferent resource allocation schemes and fairness parameter αf = 0.

321

User number (k)

0

0.5

1

1.5

2

2.5

3

3.5

4

R
at

e
p

er
u

se
r

(b
ps

/H
z)

Perfect CSIT
Perfect CDIT
Uniform-CDIT
Minimum rate requirements (Rk)

Partial CSIT (γe/n = −8 dB)
Partial CSIT (γe/n = −5 dB)
Partial CSIT (γe/n = 0 dB)

Figure 2: Users rates for different resource allocation schemes,
mean SNR of 15 dB and fairness parameter αf = 0.

difference in terms of performance is not so significant
compared to the difference of complexity between CDIT-
based and CSIT-based allocation schemes. The proposed
method outperforms the uniform power allocation.

Figure 2 shows the user’s rate for different allocation
schemes when the users minimum data rate demands are
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Figure 3: Tradeoff between maximized weighted-sum rate and
fairness requirement for different resource allocation schemes and
mean SNR of 15 dB.

constrained to R3 = 2R2 = 3R1 and the fairness parameter
α f is set to 0. We observe that under optimal allocation based
on perfect CDIT, the need of all users in terms of data rate is
satisfied. This is neither the case under allocation based on
partial CSIT with high estimation error nor under uniform
allocation where the high data rate demand of user 3 is not
satisfied.

Figure 3 illustrates the tradeoff between the maximized
weighted-sum rate and the fairness constraint when the
minimum rate demand is relaxed to (1 − ηq)Rk with 0 ≤
ηq ≤ 0.8. The average user rates are updated according
to (4) with τc = 20. The maximum weighted-sum rate is
achieved when α f = 0 which is very unfair. We can see
that, as the fairness constraint is enforced, the weighted-
sum rate decreases. For α f = 1, the allocation is strictly fair
but inefficient in terms of sum rate. Looking at the solution
obtained for different values of α f , the system designer may
then make a choice about the configuration he considers to
be the most appropriate.

The tradeoff between reduced complexity and perfor-
mance degradation of the proposed CDIT-based resource
allocation in comparison with the perfect CSIT allocation is
shown in Figure 4. Adapting the transmission strategy to the
short-term channel statistics, that is, reducing Ns increases
the performance but also increases the complexity. However,
if the transmission is adapted to the long-term channel
statistics, that is, for larger Ns, the complexity decreases
significantly but with a penalty on the performance. For
a CDIT-based allocation with a distribution taken over 16
OFDM symbol periods, the complexity is reduced by 93.75%
while the performance degradation in terms of weighted-
sum rate is less than 15%.
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Figure 4: Tradeoff between reduced complexity and performance
degradation of the CDIT-based allocation compared with the
perfect CSIT.

5. Conclusion

In this paper, we have presented a resource allocation method
that maximizes the ergodic weighted-sum rate of a multiuser
mobile WiMAX while satisfying user’s specific minimum rate
demand and system fairness requirement for a given power
budget. Though this is originally a nonlinear optimization
problem, the problem can be reformulated as a Lagrangian
dual problem. From this, a method has been proposed to
efficiently solve the problem. The proposed method can find
the optimal solution with significant lower computational
complexity than the optimal CSIT-based allocation schemes.
In fading environments, even with CDIT only, adaptive
resource allocation strategies provide performance gain for
OFDMA systems. Since user mobility is the principal driving
force for mobile WiMAX, CDIT-based resource allocation
strategies are of particular interest. These methods can be
applied to other mobile OFDMA-based wireless systems such
as Long Term Evolution (LTE) or High-Speed Downlink
Packet Access (HSDPA).
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1. Introduction

The approaching fourth-generation (4G) wireless commu-
nication systems, such as the Third-Generation Partnership
Project’s Long Term Evolution (3GPP LTE) [1] and the IEEE
802.16 standards family (e.g., [2]), are projected to provide a
wide variety of new multimedia services, ranging from high
quality voice to other high-data-rate wireless applications.
Another notable 4G wireless effort is the WINNER project,
which aims to develop an innovative concept in radio access
in order to achieve high flexibility and scalability with
respect to data rates and radio environments [3]. Concepts
developed in the WINNER project are applicable to evolving
4G standards due to common system considerations such as
orthogonal frequency-division multiple access- (OFDMA-)
based air interface, and support of relays and multiple-
antenna configurations.

Unlike wireline networks, wireless resources are scarce.
The data-rate capacity that a radio-frequency channel can

support is limited by Shannon’s capacity law. Moreover, due
to the time-varying nature of wireless channel, radio resource
management, especially packet scheduling and resource
allocation, is crucial for wireless networks. Traditionally,
the research on packet scheduling has emphasized QoS
and fairness issues, and opportunistic scheduling algorithms
have focused on exploiting the time-varying nature of the
wireless channels in order to maximize throughput. This
segregation between packet scheduling and radio resource
allocation is inefficient. As fairness and throughput are
reciprocally related, an intelligent compromise is necessary
to obtain the required QoS while exploiting the time-
varying characteristics of the wireless channel. Therefore,
it is important to merge the packet scheduling and the
resource allocation to design a cross-layer scheduling scheme
[4].

A number of scheduling schemes in the literature analyze
physical- (PHY-) and MAC-related design issues by assuming
that all users are backlogged, that is, all users in the system
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have nonempty buffers. However, it is shown in [5] that
this assumption is not always correct, since the number of
packets in the buffers can vary significantly, and there is a
relatively high probability that the buffers are empty. For
example, in time-slotted networks, the packets in the queues
are aggregated into time slots. Consequently, empty queues
and partially filled time slots will affect the system per-
formance. Furthermore, these non-queue-aware scheduling
algorithms lack the capability to provide required fairness
among user terminals (UTs). Hence, it becomes necessary to
consider queue states in scheduling and resource allocation
[6].

In recent years, some schemes have considered inte-
grating packet scheduling and radio resource scheduling
into queue and channel aware scheduling algorithms. In
[7], a weighted fair queuing (WFQ) scheduling scheme is
proposed, where the largest share of the radio resources
is given to the users with the best instantaneous channel
conditions in a code division multiplexing (CDM-) based
network. Another example of a queue- and channel-aware
scheduling algorithm is the modified-largest weighted delay
first (M-LWDF) algorithm, where priorities are given to
the users with maximum queuing delays weighted by
their instantaneous and average rates [8]. The associated
decision metrics in these schemes are based on the com-
bination of the delay and instantaneous channel rates.
Finding an optimal metric based on these parameters is
difficult due to varying requirements for different service
classes.

In this paper, we present a scheduler which comprises
packet scheduling and resource mapping taking both queue
and channel states into account. In the first level of schedul-
ing (packet scheduling), users to be served are selected based
on the token bank fair queuing (TBFQ) algorithm, consid-
ering fairness and delay constraints among users. Although
TBFQ was originally proposed for single-carrier time-
division multiple access (TDMA) systems [9], it has been
modified in this study by introducing additional parameters
that adaptively interact with the second level of scheduling
(resource mapping). These parameters take into account the
network loading and the user channel conditions. Based
on these parameters, the second-level scheduler assigns
resources to the selected users in an adaptive manner that
exploits the frequency selectivity of the OFDMA air inter-
face. The modified combined scheduling scheme is called
ATBFQ.

The performance of ATBFQ is studied in the con-
text of the WINNER wide-area downlink scenario and is
compared to that of the SB scheduling algorithm (which
was the baseline scheduling scheme in WINNER) [10]
and the RR scheme by extensive simulations. The rest
of this paper is organized as follows. In Section 2, the
ATBFQ algorithm is described in detail, along with its
parameter selection. Methods of fairness assessment are
addressed in Section 3. The system model and the sim-
ulation parameters are presented in Section 4. Simulation
results are provided in Section 5, followed by conclusions in
Section 6.

2. ATBFQ Scheduling Algorithm

2.1. Original TBFQ Algorithm. The TBFQ algorithm was
initially developed for wireless packet scheduling in the
downlink of TDMA systems [9, 11], and was later modified
for wireless multimedia services using uplink as well. Its
concept was based on the leaky-bucket mechanism which
polices flows and conforms them to a certain traffic profile.

A traffic flow belonging to user i is characterized by the
following parameters:

λi: packet arrival rate,

ri: token generation rate,

pi: token pool size,

Ei: counter that keeps track of the number of tokens
borrowed from or given to the token bank by flow i.

Each L-byte packet consumes L tokens. For each flow i, Ei is
a counter that keeps track of the number of tokens borrowed
from or given to the token bank. As tokens are generated at
rate ri, the tokens overflowing from the token pool (of size
pi bytes) are added to the token bank, and Ei is incremented
by the same amount. When the token pool is depleted and
there are still packets to be served, tokens are withdrawn
from the bank by flow i, and Ei is decreased by the same
amount. Thus, during periods when the incoming traffic rate
of flow i is less than its token generation rate, the token
pool always has enough tokens to serve arriving packets, and
Ei increases and becomes positive and increasing. On the
other hand, during periods when the incoming traffic rate
of flow i is greater than its token generation rate, the token
pool is emptied at a faster rate than it can be refilled with
tokens. In this case, the connection may borrow tokens from
the bank. The priority of a connection in borrowing tokens
from the bank is determined by the priority index (Pi), given
by

Pi = Ei
ri
. (1)

By prioritizing in this manner, we ensure that flows
belonging to UTs that are suffering from severe interference,
and shadowing conditions in particular, will have a higher
priority index, since they will contribute to the bank more
often.

2.2. ATBFQ Algorithm. In this study, the TBFQ algorithm,
originally proposed for single carrier TDMA systems, is
improved by introducing adaptive parameter selection and
extended to suit the WINNER multicarrier OFDMA systems
[12]. The motivation behind this modification was to
incorporate the design and performance requirements of
the scheduler in 4G networks into the original scheme. In
such networks, the utilization of the resources and hence
the performance of the network can be enhanced by making
use of the multiuser diversity provided by the multiple
access scheme being used. Also, such networks support users
with high mobility. Therefore, in order to make use of the
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Figure 1: Overview of the proposed cross-layer scheduling opera-
tion.

channel feedback, faster scheduling (at a much smaller time
scale) is required. Another requirement is the ability to
maintain fairness and provide a minimum acceptable QoS
performance to all users.

The basic time-frequency resource unit in OFDMA is
denoted as a chunk. It consists of a rectangular time-
frequency area that comprises a number of subsequent
OFDM symbols and a number of adjacent subcarriers.
Packets from the traffic flows are exclusively mapped on to
these chunks based on QoS requirements obtained from the
higher radio link control (RLC) layer along with the channel
feedback received from the physical layer. The channel
feedback comprises signal-to-interference plus noise ratio
(SINR) which is measured in the downlink portion of the
frame j at the UTs, as shown in Figure 1. This feedback is then
provided to the BS in the uplink duration of the frame j + 1
and can be utilized for scheduling purposes at the MAC layer
in the downlink of the next frame, j + 2. The frame duration,
as mentioned in WINNER [13], is 0.6912 milliseconds. The
feedback is valid for two frame durations, which is less than
the coherence time for mobile speeds of up to 100 km/hr.

Like TBFQ, the ATBFQ scheduling principle is based
on the leaky-bucket mechanism. Each traffic flow i is
characterized by a packet arrival rate λi, token generation
rate ri, token pool size pi, and a counter Ei to keep track of
the number of tokens borrowed from or given to the token
bank. Each L-byte packet consumes L tokens. As tokens are
generated at rate ri, the tokens overflowing from the token
pool are added to the token bank, and Ei is incremented by

the same amount. When the token pool is depleted and there
are still packets to be served, tokens are withdrawn from the
bank by flow i, and Ei is decremented by the same amount.
A debt limit di is set as a threshold to limit the amount a
UT can borrow from the bank. It also acts as a measure
to prevent malicious UTs (transmitting at unusually high
transmission rates) from borrowing extensively. The packets
are then queued in subqueues in a per-flow queuing (PFQ)
manner such that each subqueue belongs to a particular flow,
as shown in Figure 1.

The operation of the ATBFQ scheduler is shown by the
flowchart shown in Figure 2. This can be summarized by the
following steps, which are executed each time the scheduler
is invoked at the beginning of the frame.
Step 1. At the scheduler, information is retrieved from the
higher layer about all active users using the getActiveUsers()
function. An active user is defined as a backlogged queue
which has packets waiting to be served.
Step 2. Based on this list of active users, a priority is
calculated according to the index given by (1). The highest-
BorrowPriority() function is called to calculate this for all
active users Nact. This function then returns the user i with
the highest priority given by

i∗
(
tk
) = arg max

1≤i≤Nact

(
Pi
)
. (2)

Step 3. Using the borrowbudget() function, a certain budget
is calculated for the priority user i∗ which depends on the
token counter E∗i , and the debt limit d∗i , and is given by
E∗i −d∗i . E∗i keeps track of how much the user has borrowed
or given to the bank. The debt limit d∗i keeps track of how
much a user can further borrow from the bank in order to
accommodate the burstiness of the traffic over the long term.
Step 4. If the calculated budget is less than the bank size,
resources are allocated to the user i using the maxSINR()
function. This is the second level of scheduling, and deals
with allocation of chunk resources to the selected user i. This
allocation is based on the maximum SINR principle, where
the chunk j with the best SINR is given to the selected user
[14] and can be expressed by

j∗
(
tk
) = arg max

1≤ j≤Nchunks

(
γi j
(
tk
))

, (3)

where γi j is the SINR of the selected user i in chunk j. This is
the most opportunistic of all scheduling algorithms for time-
slotted networks. This means that the adaptive modulation
and coding (AMC) policy maximally exploits the frequency
diversity of the time-frequency resource, where a chunk is
allocated to only one user and a user can have multiple
chunks in a scheduling instant.
Step 5. The resourceMap() function determines the amount
of bits that can be mapped to the chunk depending on the
AMC mode used.
Step 6. Each time a chunk resource is allocated, the update-
Counter() function is called. This function updates the bank,
the counter Ei, and the allocated budget.
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Scheduler

\\ Every time the scheduler is invoked the following
functions are executed

active users[] = getActiveUsers();
While (Bank> 0&& Chunks<totalChunks)

i = highestBorrowPriority(active users[]);
budgeti = borrowBudget(i);
While (budgeti <Bank )

chunkID = maxSINR (i,SINR );
numBits = resourceMap(chunkID,i)
update SINR;
sendChunk(chunkID, i);
UpdateCounter(numBits, i);
if(budget<BPSK 0.5 )

update active users;
Break;

End if
End While
If (active users == NULL)

Break;
End While
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Figure 2: Flowchart of scheduling operation.

The selected user i gets to transmit as long as (1) its queue
remains backlogged and (2) the allocated budget is less than
the total bank size and more than the number of bits that can
be supported with the lowest AMC mode (binary phase-shift
keying (BPSK) rate-1/2, considered in this study). If either
of these conditions is not satisfied, the user is classified as
nonactive. A new priority is calculated on the updated active
users, and Steps 1–6 are repeated. This procedure is repeated
until there are no chunk resources available or there are no
active users.

2.3. ATBFQ Parameter Selection. The performance of the
ATBFQ scheduler depends on its parameters that define the
debt limit, the burst credit (BC), and the token generation
rate. The token generation rate is critical to the extent to
which the burstiness of the UT traffic can be accommodated.
A UT in its burst mode transmits more data in a short
interval of time than its actual statistics, and hence, requires
more resources in order to maintain a certain QoS level. The
debt limit is set to −5 MB. The token generation rate should
be large enough to handle instantaneous bursty traffic. In
simulations, this generation rate has been considered three
times larger than the average packet arrival rate.

The burst credit for flow i (BCi) determines the amount
of bits selected user i∗ can receive in a frame. While this
quantity was a fixed value in TBFQ, it is adaptive in ATBFQ.
In a cellular network, the user loading level in terms of active
users per sector is highly dynamic, due to the ON and OFF
characteristics of the bursty traffic. It is observed through
simulations that for low-loading cases, a higher value for BCi

performs better, as shown in Table 1. On the other hand,
for high-loading conditions, a lower value for BCi is desired
as it exploits multiuser diversity, as shown in Table 2. It is
further seen that for both low- and high-loading conditions,

BCi should be adapted per user basis in order to obtain
high spectral efficiency. For UT i, this adaptive value can be
formulated as

BCi =
ηi(bits/sec /Hz)×M(Hz · sec)×Nchunks

Nact
, (4)

where ηi is the past spectral efficiency, Nchunks is the number
of available chunks, M is the amount of time-frequency
resources in a chunk, and Nact is the number of active UTs
in that particular scheduling frame. ηi is a moving average
which is updated each time by averaging over the past 100
transmissions of user i.

3. Fairness Study

Opportunistic scheduling algorithms aim to provide high
throughput for UTs having good channel conditions (closer
to the BS), and consequently, experience a degraded perfor-
mance. In such cases, the overall throughput of the system is
maximized but the fairness amongst UTs is greatly affected.
Therefore, it is essential to design a performance metric that
is an appropriate indicator of the fairness. One such index is
the Jain’s fairness index proposed in [15]. This fairness index
is bounded between zero and unity, and has been widely
used [16, 17]. If a system allocates resources to n contending
UTs such that the ith user receives an allocation xi, then this
fairness index fI(x) is given by

fI(x) = [
∑n

i=1xi]
2

n
∑n

i=1x
2
i

, (5)

where xi ≥ 0. This index measures the equality of UT
allocation x. If xis are equal for all UTs, then the fairness
index is 1 and the system is 100% fair, and vice versa. In this
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Table 1: Burst credit for ATBFQ for low loading (8 users).

Burst credit Queuing delay Packets dropped Throughput Spectral efficiency

(BC) (sec) (per frame) (Byte per frame) (bits/sec/Hz)

BC = 1000 0.025 4.36 815.4 2.37

BC = 5000 0.017 0.76 1473.3 2.05

BC = 10000 0.015 0.42 1546.6 1.98

Adaptive BC 0.012 0.30 1551.1 2.34

Table 2: Burst credit for ATBFQ for high loading (20 users).

Burst credit Queuing delay Packets dropped Throughput Spectral efficiency

(BC) (sec) (per frame) (Byte per frame) (bits/sec/Hz)

BC = 1000 0.044 3.19 2299.4 2.09

BC = 5000 0.036 3.98 2094.0 1.88

BC = 10000 0.033 4.00 2090.4 1.87

Adaptive BC 0.038 2.01 2497.1 2.29

paper, the allocation metric “x” is defined as the ratio of UT
throughput and queue size, and is given by

xi = TP(t1,t2)
i

Q(t1,t2)
i

, (6)

where TP(t1,t2)
i is the transmitted throughput in bits for UT i

during the time interval [t1, t2] andQ(t1,t2)
i is the total number

of packets arriving in the queue for UT i during (t1, t2). In
simulations, (t1, t2) is chosen to be equal to 16 frame time
durations.

In (6), the throughput is normalized to avoid ambiguity
since the throughput alone as a metric does not provide an
insight into the overall fairness.

Another method of fairness assessment, proposed in
WiMAX standard [18], is determined by the normalized
cumulative distributive function (CDF) of throughput per
UT. The normalized UT throughput with respect to the
average throughput, T̃i for UT i, is expressed by

T̃i = Ti
(1/n)

∑n
j=1Tj

, (7)

where Ti is the instantaneous throughput of UT i in a
particular frame, and n is the total number of UTs. As stated
in [18], the CDF of this normalized throughput should lie
to the right of the coordinates (0.1, 0.1), (0.2, 0.2), and (0.5,
0.5).

The results using both of these fairness assessment
methods are discussed in detail in Section 5.

4. System Model and Simulation Parameters

ATBFQ is studied in the wide-area downlink scenario. To
reduce the simulation complexity, the bandwidth is reduced
to 15 MHz from the original 45 MHz. The chunk dimension
is given as 8 subcarriers by 12 OFDM symbols or 312.5 kHz×
345.6 microseconds. The frame duration is defined as 691.2
microseconds, that is, there are a total of 96 chunks per
frame.

BS 1

BS 2

BS 3

BS 4

BS 5

BS 6

BS 7

Sec 1

Figure 3: Network layout.

The network layout under investigation is shown in
Figure 3. Each cell in the network has three sectors. A
frequency reuse factor of 1 in each sector (all resources are
used in each sector) is assumed. The UTs are uniformly
placed in the central sector.

Time- and frequency-correlated Rayleigh channel sam-
ples obtained from power delay profile for the WINNER wide
area scenario are used to generate the channel fading. The
user speed is defined as 70 km/hr, and the intersite distance
is 1 km. The following exponential path-loss model has been
used [19]

PL = 38.4 + 35.0 log10(d)[dB], (8)

where PL is the path loss in dB, and d is the transmitter-
receiver separation in meters.

The average thermal noise power is calculated with
a noise figure of 7 dB. We have considered independent
lognormal random variables with a standard deviation of
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8 dB for shadowing. Sector transmit power is assumed to be
46 dBm, and chunks are assigned fixed equal powers.

The interference is modeled by considering the effect of
intercell interference and intracell interference on the sector
of interest in the central cell (denoted as sector 1 in BS 1). For
this purpose, the interference from the first tier is taken into
account. In this case, for a link of interest in sector 1 in BS 1,
the interference will comprise 18 (6 BS × 3 sectors) intercell
and 2 intracell links.

The SINR obtained for chunk j of user i can be expressed
by

SINRi, j =
P1,1

signal i, j

(Pinter i, j + Pintra i, j) + Pnoise i, j
, (9)

where P1,1
signal i, j denotes the desired signal power in sector

1 in BS 1, and Pnoise,i is the noise power. For the given
layout in Figure 3, intracell interference Pintra,i, j , and intercell
interference Pinter,i, j are given by the following expressions:

Pintra i, j =
3∑

s=2

Ib=1,s
j XI ,

Pinter i, j =
7∑

b=2

3∑

s=1

Ib,s
j XI ,

(10)

where Ib,s
j is the interference power for chunk j from sector s

in BS b. XI has a binary value defined by

XI =
{

1, x ≤ AF,

0, x > AF,
(11)

where x is a uniform random variable defined over [0, 1], and
AF (activity factor) is defined as a probability for a particular
interfering link to be active. For example, AF of 1 denotes
a high level of interference where all the links are active
interferers (100% interference).

Adaptive modulation with block low-density parity-
check (B-LDPC) code is used. Thresholds for transmission
schemes are determined assuming a block length of 1704 bits
and 10% block error rate (BLER) as shown in Table 3 [13]. A
chunk using quadrature phase-shift queueing (QPSK) rate-
1/2 can carry 96 information bits. This is based on the
initial transmissions, that is, hybrid automatic repeat request
(HARQ) retransmissions are not considered. Real-time video
streaming traffic is used in this study. Two interrupted
renewal process (IRP) sources are superimposed to model
user’s video traffic in the downlink transmission as indicated
in [20]. The average packet rate of one UT is 1263.8 packets
per second. The resulting downlink data rate for each user is
1.92 Mbps.

The performance of the ATBFQ algorithm is compared
to that of the RR and the SB algorithms. The SB algorithm
was proposed in [10], and was modified to the WINNER
multicarrier OFDMA system for this work. It is a variation
of the proportional fair (PF) algorithm which is the most
widely adopted opportunistic scheduling algorithm [21].
The SB scheduler selects user i in slot k with the best score,

Table 3: Lookup table for AMC modes and corresponding chunk
throughput.

AMC mode SINR (dB) Chunk throughput (bits)

BPSK 1/2 0.2311 ≥ SINR > −1.7 48

BPSK 2/3 1.231 ≥ SINR > 0.231 72

QPSK 1/2 3.245 ≥ SINR > 1.231 96

QPSK 2/3 4.242 ≥ SINR > 3.245 128

QPSK 3/4 6.686 ≥ SINR > 4.242 144

16QAM 1/2 9.079 ≥ SINR > 6.686 192

16QAM 2/3 10.33 ≥ SINR > 9.079 256

16QAM 3/4 14.08 ≥ SINR > 10.33 288

64QAM 2/3 15.6 ≥ SINR > 14.08 384

64QAM 3/4 SINR > 15.6 432

where the score is calculated based on the current rank
of the user’s SINR among its past values in the current
window {γi(tk), γi(tk−1), . . . , γi(tk−W+1)}, where γi(tk) is the
SINR value of a user at time instant k, and W is the window
size. The corresponding score for the user i is given by

si
(
tk
) = 1 +

W−1∑

l=1

1{ri(tk)<ri(tk−l)} +
W−1∑

l=1

1{ri(tk)=ri(tk−l)}Xl, (12)

where Xl are i.i.d. random variables on {0, 1} with Pr(x =
0) = Pr(x = 1) = 0.5.

Packets are scheduled on a frame-by-frame basis at the
start of every frame. Any packet that arrives at current frame
time will have to wait at least until the start of the next frame.
As video streaming has the most stringent delay requirement,
packets are dropped if they experience a delay in excess of 190
milliseconds. The simulation parameters are summarized in
Table 4; most of them are taken from the WINNER baseline
simulation assumptions [13].

5. Simulation Results

The performance results are classified into four categories:
(1) average user statistics, (2) performance of the cell-edge
users, (3) effect of varying user loading and interference
conditions, and (4) fairness analysis. Furthermore, the results
are compared to the SB and RR algorithms. The window
size plays an important role in the performance of the SB
algorithm [10]. The performance of ATBFQ has been studied
with different window sizes in the WINNER context [22, 23].

5.1. User Performance. Figure 4 shows the CDF of the packets
dropped per frame for low and high loading, respectively.
These curves indicate the opportunistic nature of SB, since
it tends to favor the users with good channel conditions.
Consequently, a higher drop rate, even at low loading, is
observed for SB.

The CDF of average user throughput per sector (mea-
sured in bytes per frame) for 8 and 20 user loading
cases is shown in Figure 5. ATBFQ performs better for the
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Table 4: Summary of simulation parameters.

Parameter Used value/model

Scenario Wide area DL (frequency adaptive)

Channel model WINNER C2 channel

Shadowing Independent lognormal random variables (standard deviation 8 dB)

Sector Tx antenna 120◦ directional with WINNER baseline antenna pattern

UT receive antenna Omnidirectional

Intersite distance 1000 m

Signal bandwidth 15 MHz (i.e., 48 chunks which is 1/3rd of the baseline assumptions)

Mobility 70 km/hr

Sector Tx power 46 dBm

Scheduler Adaptive Token Bank Fair Queuing, score based, and round-robin

Interference model brute force method (central cell is considered with interference from the 1st-tier)

Antenna configuration Single-in-single-out (SISO)

Coding B-LDPCC

AMC modes BPSK (rate 1/2 and 2/3), QPSK (rate 1/2, 2/3, and 3/4), 16QAM (rate 1/2, 2/3, and 3/4),
and 64QAM (rate 2/3 and 3/4)

AMC thresholds With FEC block of 1728 bits and 10% BLER

Frame duration 0.6912 ms (scheduling interval)

Traffic model 1.9 Mbps 2IRP model for MPEG video

Packet size 188 Bytes

Packet drop criterion Delay ≥ 0.19 sec

Simulation time 60 sec

Simulation tools MATLAB and OPNET
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Figure 4: CDF of packets dropped per user per frame.

lower loading case, whereas SB achieves marginally higher
throughput at higher loading. For the high loading case, it is
observed that the CDF curve for ATBFQ has a steeper slope
indicating better fairness, since users are served with similar
throughput. Note that this is not true for SB. As ATBFQ
attempts to maintain fairness, it tries to serve cell-edge users
with poor channel conditions as compared to those located
closer to the BS. Therefore, ATBFQ also utilizes more chunks.
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On the other hand, SB aims to maximize the throughput
while being fair in the opportunistic sense.

5.2. Cell-Edge User Performance. Figure 6 shows the packet
transmit ratio (defined as the transmitted packet per total
packets generated) versus distance from BS for 20 users per
sector. It can be observed that as the distance increases, the
packet transmit ratio for SB decreases, that is, the number of
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dropped packets increases. This can be further visualized by
the quadratic-fitted curves for both algorithms, which show
their respective trends with the varying distance. As SB tries
to maximize the throughput, the cell-edge users are affected,
and suffer packet losses. ATBFQ, on the other hand, is fair
in nature and shows enhanced performance for the cell-
edge users. If a cell-edge user is suffering from poor channel
conditions, ATBFQ gives it priority to transmit in the next
scheduling interval. By assigning priorities in such a manner,
ATBFQ considerably improves the spectral efficiency for the
cell-edge users, as shown in Figure 7.

5.3. Varying User Loading and Interference Conditions.
Performance indicators such as average dropped packets,
average UT throughput, and average UT queuing delay have
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been considered in evaluating ATBFQ by comparison with
the reference SB and RR schemes.

Figures 8, 9, and 10 show the performance results
for average UT queuing delay, average packets dropped
per frame, and the total sector throughput, respectively,
in varying loading conditions for ATBFQ, SB, and RR.
The curves are plotted for two different AFs of 0.5 and
0.7 to model moderate and high interference situations,
respectively. ATBFQ outperforms the reference SB and RR
algorithms in terms of the above-mentioned performance
parameters for all loading conditions when the AF is 0.5.
In this case, the UTs experience better channel conditions
resulting from low interference. Hence, fewer chunks are
utilized to transmit data as compared to the number of
chunks utilized for a higher AF. Consequently, RR performs
better than SB at lower loading levels.

For low-to-medium loading with an AF of 0.7, it
is observed again that ATBFQ outperforms the reference
schemes in terms of all observed parameters. This trend
changes as network loading increases to 20 UTs per sector.
In this case, SB outperforms ATBFQ and RR in terms of
average UT queuing delay, average packets dropped per
frame, and the total sector throughput, respectively. This is
due to the fact that SB is opportunistic in nature, whereas
ATBFQ is fairness aware. As the number of UTs increases, SB
takes advantage of the multiuser diversity to achieve higher
throughput.

5.4. Fairness Analysis. The CDF of the Jain’s fairness index
given by (5) is shown in Figure 11. These curves represent
network loading of 20 UTs per sector with an AF of 0.7. It
is observed that ATBFQ achieves better fairness compared to
SB and RR. Figure 12 shows the CDF plot of the normalized
throughput given by (7) for 20 UTs per sector with an AF
of 0.7. By normalizing the throughput, the performance of
the cell edge users represented by the tail of the throughput
CDF curve is enhanced. It is again observed that a higher
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normalized throughput is achieved for ATBFQ compared
to that in SB, and the curve lies to the right of the above-
mentioned coordinates.

6. Conclusion

In this paper, the performance of the ATBFQ scheduling
algorithm with adaptive parameter selection is investigated
in the context of the 4G WINNER wide-area downlink
scenario. It is a queue- and channel-aware scheduling
algorithm which attempts to maintain fairness among all
users. Performance of ATBFQ is presented with reference to
the SB and RR schedulers. Being an opportunistic scheduler
belonging to the proportional fair class, SB aims to maximize
throughput by making use of multiuser diversity while trying
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to maintain fairness. However, this comes at a certain cost,
since the cell edge users in this scheme, suffering from poor
channel conditions, are more severely affected. Also, due to
the bursty nature of the traffic, such users experience higher
queueing delays, resulting in a higher number of packet
dropping.

Contrary to SB, ATBFQ is a credit-based scheme which
aims to accommodate the burstiness of the users by assigning
them more resources in the short term, provided that long-
term fairness is maintained. For lower to medium loading,
ATBFQ provides higher throughput, lower queuing delay,
and a lower number of packets dropped as compared to SB
and RR. At high loading, ATBFQ still outperforms SB and
RR with regard to the queuing delay and packet dropping,
however, with a slight degradation in the sector throughput.
This is because ATBFQ attempts to satisfy users with poor
channel conditions by assigning more resources, even with a
lower chunk spectral efficiency. An overall improvement of
the performance of cell-edge users is observed in terms of
spectral efficiency and packet-dropping ratio for ATBFQ as
compared to SB and RR.

The observed throughput, queuing delay, and packet
dropping rate clearly indicate the superiority of the ATBFQ
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algorithm. This apparent improvement in the fairness per-
formance of the ATBFQ algorithm based on these perfor-
mance parameters is further validated by evaluating the
fairness indices available in the literature.
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1. Introduction

Orthogonal frequency division multiplexing (OFDM) has
been selected as a radio access technology for a number of
wireless communication systems, for instance, the wireless
local area network (WLAN) standard IEEE 802.11 [1], the
European terrestrial video broadcasting standard DVB-T [2],
and for beyond 3rd generation (B3G) mobile communica-
tion systems [3]. In OFDMA, the available resources are
partitioned into time-frequency slots, also referred to as
chunks, which can be flexibly distributed among a number of
users who share the wireless medium. Provided that channel
knowledge is available at the transmitter, resources can be
assigned to users with favourable channel conditions, giving
rise to multiuser diversity [4].

Interference management is one of the major challenges
for cellular wireless systems, as transmissions in a given cell
cause cochannel interference (CCI) to the neighbouring cells.

Full-frequency reuse where the transmitters are allowed an
unrestricted access to all resources causes high CCI, which
particularly impacts the cell-edge users [5–7]. Although CCI
can be mitigated by traditional frequency planning, this
potentially results in a loss in bandwidth efficiency due to
insufficient spatial reuse of radio resources. Fractional fre-
quency reuse (FFR) [4–6, 8] addresses this issue by realising
that in the cellular networks CCI predominantly affects users
near the cell boundary. FFR typically involves a subband with
full-frequency reuse that is exempt from any slot assignment
restrictions. The allocation of the remaining subbands is
coordinated among neighbouring cells, in a way that the
users in the given cell are denied access to subbands assigned
to the cell-edge users in the adjacent cells. To this end, in
[5] a user is classified as a cell-edge user based on the path
loss to the desired base station (BS). This approach ignores
the fact that the channel attenuation of the desired and
the interfering signals is uncorrelated, and therefore fails to
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exploit interference diversity. Moreover, frequency planning
results in a hard spatial reuse of the available resources. As
a result, it cannot cater for the dynamic traffic and load
across different sites. Furthermore, in systems where BSs
are dynamically added in an uncoordinated manner, such
as home base stations [9], reconfigurable frequency reuse
planning may prove to be increasingly cumbersome.

The busy-signal concept [10–16] has been identified
as an enabler for decentralised and interference aware
slot assignment. Receiver feedback informs a potential
transmitter about the instantaneous CCI it causes to the
“victim” receivers, which enables the transmitter to take
appropriate steps to avoid interference, such as deferring its
own transmission to another chunk. Early works [10, 11] rely
on dedicated frequency-multiplexed channels that carry nar-
rowband busy tones for channel reservation. As the protocol
requires the transceivers to listen to the out-of-band busy
tones whilst transmitting, complex RF units are required due
to additional filters and duplexers involved. This drawback
is avoided in [12–14], where time-multiplexed busy bursts
(BBs) serve as a reservation indicator for a reservation-based
medium access control (MAC) protocol. By transmitting an
in-band BB in an associated minislot following a successful
transmission, two important goals are accomplished [13, 14].
First, the transmitter of its own link is informed whether or
not the data is successfully received. Second, at the same time
potential transmitters of the competing links are notified
about ongoing transmissions, so that these transmitters can
take appropriate steps to avoid interference. Therefore, both
slot reservation and channel sensing tasks are accomplished.
Furthermore, interference diversity is exploited, in the way
that competing links may spatially reuse the same slot, given
the interfering links are sufficiently attenuated.

None of the busy tone-based MAC protocols [11–14]
allow for dynamic resource allocation where multiple users
share a set of parallel frequency slots of a broadband
frequency-selective radio channel, such as the 100 MHz
channel of the WINNER (Wireless world Initiative New
Radio, www.ist-winner.org) TDD mode [17].

By extending the BB concept to OFDMA [15, 16],
the channel reciprocity of TDD [18] is exploited for
decentralised interference management such that the chunks
can be dynamically assigned on a short-term basis thereby
ensuring a soft spatial reuse of chunks among cells. This
concept termed BB-OFDMA works in a completely decen-
tralised fashion and is therefore applicable to self-organising
networks, which may consist of cellular as well as ad hoc
network topologies.

The attainable system throughput of BB-OFDMA is
sensitive to the selected interference threshold [15, 16]. In
this paper, it is demonstrated how the interference threshold
can be tuned to tradeoff system throughput to enhance cell-
edge user throughput, thereby enhancing fairness. Moreover,
by using a variable BB power that takes into account the
quality of the intended link, a favourable tradeoff between
system throughput and fairness is achieved. A variable BB
power exhibits the further advantage that the sensitivity of
the selected interference threshold on the performance is
mitigated. Finally, BB-OFDMA with variable BB power is the
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Figure 1: Frame structure for OFDMA-TDD with BB signalling.

basis for a novel receiver-driven link adaptation algorithm.
System-level simulations demonstrate a significant improve-
ment both in terms of fairness and total system throughput
of BB-OFDMA, compared to the system with full-frequency
reuse, where attempts to avoid interference are not made.

The remainder of the paper is arranged as follows.
Section 2 describes the air interface of WINNER-TDD. The
allocation of radio resources among the competing user
population is discussed in Section 3. Section 4 introduces
the BB signalling mechanism and its variants as well as
the proposed link adaptation algorithm. The considered
Manhattan grid deployment scenario and the system level
simulator are introduced in Section 5, and the simulation
results are discussed in Section 6. Finally, the conclusions are
drawn in Section 7.

2. System Model

A time-frequency slotted OFDMA-TDD air interface based
on the WINNER-TDD mode [8] is implemented, as illus-
trated in Figure 1. A chunk comprises of nsc subcarriers and
nos OFDM symbols and represents a resource unit that can
be allocated to one out of U users located in cell q. Successive
downlink (DL) and uplink (UL) slots, each of which contains
NC chunks, constitute a frame. A chunk with frequency index
1 ≤ n ≤ NC at frame k is denoted by (n, k). The transmit
power of user ν at chunk (n, k) is denoted by Td

ν,q[n, k].
The transmitted signal of chunk (n, k) propagates

through a mobile radio channel. The corresponding channel
gain Gν,q[n, k] comprises radio effects such as distance-
dependent path loss, log-normal shadowing as well as
channel variations due to frequency-selective fading and
user mobility [19]. While channel variations of Gν,q[n, k]
between adjacent chunks in time and frequency are taken
into account, fluctuations within a chunk are neglected. This
approximation is justified as long as the chunk dimensions
are significantly smaller than the coherence time and fre-
quency [20].
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The received signal power of user ν can be expressed as

R̃d
ν,q[n, k] = Rd

ν,q[n, k] + Id
ν,q[n, k] +N , (1)

where N is the thermal noise power. Both the received signal
powers of the intended and the interfering links, denoted
by Rd

ν,q[n, k] = Td
ν,q[n, k]Gν,q[n, k] and Id

ν,q[n, k], may vary
significantly between different chunks, as elaborated in more
detail in Section 4. The achieved signal-to-interference-plus-
noise ratio (SINR) at chunk (n, k) is in the form

γν,q[n, k] =
Rd

ν,q[n, k]

Id
ν,q[n, k] +N

. (2)

3. Multiuser Resource Allocation

Provided that only one user per cell transmits on a given
chunk, the base station (BS) may flexibly assign chunks to
users, such that the intracell interference is avoided. How-
ever, as chunks may be simultaneously accessed by adjacent
cells, CCI is encountered. Multiuser resource allocation is
carried out by a score-based scheduler [21] variant, which
distributes the 1 ≤ n ≤ NC chunks among 1 ≤ ν ≤ U users
served by the BS in cell q. Assuming that the channel gains
Gν,q[n, k] are available at BSq, the score for user ν at chunk
(n, k) is computed as

sν,q[n, k] = 1 +
NC∑

�=1

Υ{Gν,q[n,k]≤Gν,q[�,k]} + εν,q[n, k], (3)

where the Boolean operator Υx ∈ {0, 1} is set to 1 or
0 when the condition x is true or false, respectively. The
parameter εν,q[n, k] ∈ {0,∞} indicates whether or not user ν
is granted access to chunk (n, k). For interference aware and
reservation-based MAC protocols such as BB-OFDMA (see
Section 4.4), setting εν,q[n, k] → ∞ ensures that user ν in
cell q is denied access to chunk (n, k). This effectively avoids
radiation of CCI from cell q to any neighbouring cells that
use the same chunk (n, k).

Score based multiuser scheduling with reservation
assigns chunk (n, k) to user ν if either a reservation indicator
was set in the previous frame, βq[n, k − 1] = ν, or the score
given by (3) is minimised

aq[n, k] =
⎧
⎨
⎩

arg min
ν
sν,q[n, k], βq[n, k − 1] = 0,

βν,q[n, k − 1], otherwise.
(4)

In case εν,q[n, k] → ∞ for all users, cell q leaves chunk (n, k)
unassigned in (4). The user ν that is assigned chunk (n, k)
transmits data to its intended receiver. The set of chunks n ∈
{1, . . . ,NC} at time k, for which aq[n, k] = ν are denoted by
Aν,q. Allocated chunks aq[n, k] = ν whose achieved SINR
γν,q[n, k] exceeds the target Γ, such that

bq[n, k] =
⎧
⎨
⎩

ν, aq[n, k] = ν and γν,q[n, k] ≥ Γ,

0, otherwise
(5)

represent the set of successfully allocated chunks of user ν,
denoted by Bν,q ⊆Aν,q [15].

For BB-OFDMA chunks with bq[n, k] /= 0 are reserved
and protected from interference at the next frame k + 1 by
setting the reservation indicator to βq[n, k] = bq[n, k] in
(4). When the SINR target is not met, γν,q[n, k] < Γ, the
reservation indicator is reset to βq[n, k] = bq[n, k] = 0.
These chunks Aν,q \ Bν,q are released in a way that user ν
is prohibited access in the next slot k+ 1 by setting εν,q[n, k+
1] → ∞. Subsequently, chunk (n, k + 1) is assigned to other
users by (4).

In a cellular OFDMA system without interference pro-
tection, there is no restriction for accessing any chunks, so
εν,q[n, k] = 0 ∀n, k in (3) for all users in the cell. Moreover,
no reservation indicator is set, βq[n, k] = 0 ∀n, k in (4),
irrespective of bq[n, k] in (5).

4. Busy Burst Signalling

Interference management using busy burst (BB) signalling
[13, 14] establishes an exclusion region around active
receivers. An exclusion region defines an area around an
active receiver in cell q, where potential transmitters in
adjacent cells p /= q must not transmit, so that excessive
CCI by close-by interferers is mitigated. In the context
of OFDMA, the exclusion regions are to be established
individually for each chunk (n, k) [15]. In BB-OFDMA, an
MAC frame is divided into data slots and BB minislots as
illustrated in Figure 1. The BS transmits data in slot “Data
DL.” Provided that the SINR target for an allocated chunk
(n, k) is met, the intended mobile station (MS) transmits
a BB in the associated minislot “BB UL” at uplink chunk
(n, k). This reserves chunk n of “Data DL” for the next frame
k + 1. Likewise, for uplink data transmitted by the MS in
slot “Data UL,” the BB is transmitted by the intended BS in
the downlink minislot “BB DL.” In summary, BB-OFDMA is
described by the following protocol.

(1) All potential transmitters must sense the BB associ-
ated to the data chunk (n, k) prior to transmission.

(2) Transmitters are prohibited to access chunks where a
BB is detected above a given threshold.

The resulting BB signalling overhead amounts to 6.7%, as
2 OFDM symbols out of 30 OFDM symbols per frame are
used for BB signalling. However, instead of dismissing BB
signalling as overhead, the BB minislots may be utilised to
convey the feedback and control information. Hence, BB
signalling may serve as an alternative control channel.

To exemplify the principle of BB-enabled interference
avoidance in cellular system, a typical downlink and uplink
interference scenario is illustrated in Figure 2. In the down-
link shown in Figure 2(a), MS1 has transmitted a BB after
successful reception from BS1. As BS2 detects a strong BB
from MS1, BS2 cannot spatially reuse this chunk with BS1.
In the uplink shown in Figure 2(b), BS1 has transmitted a
BB after successful reception from MS1. While MS2 is denied
access to this chunk, as it detects a strong BB from BS1,
MS3 is located outside the exclusion region of BS1, and may
therefore simultaneously access this chunk with MS1.
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BS1 MS1 MS2
BS2

MS3

Desired signal
Link (s) not admitted (cause excessive CCI)
Interfering signal

(a) Downlink

BS1 MS1
MS2 BS2

MS3

Desired signal
Link not admitted (cause excessive CCI)
Interfering signal

(b) Uplink

Figure 2: BB signalling applied to cellular system. The arrows depict the direction of desired and interfering signals and their relative strength
is indicated by their width. The strength of BB signal is indicated by the darkness of the shade around the vulnerable receiver.

4.1. Two Competing Links. To mathematically describe BB-
enabled interference avoidance, let x = (ν, q) define a
transmitter or receiver (either BS or MS) of user ν within
cell q. With this notation, the channel gain of the intended
link at chunk (n, k) becomes Gx[n, k] = Gν,q[n, k]. The
channel gain of an interfering link, between transmitter
y = (μ, p) of user μ located in an adjacent cell p /= q
and receiver x, is denoted by Gyx[n, k]. In case two links
compete for resources, the CCI between transmitter y
and receiver x amounts to Id

x [n, k] = Gyx[n, k]Td
y [n, k].

(The term Id
x [n, k] is equivalent to the CCI Id

ν,q[n, k] as
defined in (1). While the notation Id

x [n, k] is preferred for
intercellular interference management, the latter is used
for intracell resource allocation. The same rule applies for
related quantities that denote transmitted and received signal
powers.) Likewise, Tb

x [n, k] and Ib
y [n, k] = Gxy[n, k]Tb

x [n, k]
are the transmit power of the BB transmitter x (data receiver)
and the interfering BB power received at data transmitter y
(BB receiver), respectively.

Exploiting TDD channel reciprocity [18], transmitter y
can ascertain Id

x [n, k], the potential amount of interference
it causes to an existing link x, by measuring Ib

y [n, k] at the
associated BB minislot [13]. Applying the channel reciprocity
property of TDD, Gyx[n, k] = Gxy[n, k], yields

Id
x [n, k] = Ib

y [n, k] ·
Td

y [n, k]

Tb
x [n, k]

. (6)

The maximum CCI Id
x [n, k] that a candidate transmitter

y may cause to an active receiver x is determined by the
interference threshold Ith, which is constant and known
to the entire network. When Id

x [n, k] < Ith, transmitter y
is located outside the exclusion range of x. Provided that
Tb

x [n, k] is known to the candidate transmitter y, (6) enables
y to verify whether Id

x [n, k] < Ith by invoking the threshold
test [13, 14]

Ib
y [n, k] ·

Td
y [n, k]

Tb
x [n, k]

≤ Ith. (7)

In case Td
y [n, k] = Tb

x [n, k], condition (7) reduces to

Ib
y [n, k] ≤ Ith. (8)

By tuning Ith, the maximum CCI Id
x [n, k] in (2) is adjusted,

which determines the size of the exclusion range around
active receivers.

4.2. Extension to Multiple Cells. In a multicell scenario,
signals from multiple links superimpose at the receiver. The
total interference at data receiver x amounts to

Id
x [n, k] =

∑

z∈T
z /= x

Td
z [n, k] ·Gzx[n, k], (9)

where T is the set of simultaneously active transmitters.
Likewise, the received BB at the data transmitter (BB
receiver) y yields

Ib
y [n, k] =

∑

z∈R
z /= y

Tb
z [n, k] ·Gzy[n, k], (10)

where R is the set active receivers (BB transmitters).
Unlike the case when two links compete for resources,

Ib
y [n, k] is no longer equivalent to Id

x [n, k] in the threshold
test (8). This is because in (9) the interference powers from
multiple transmitters T add up. Consequently, the total CCI
at data receiver x may exceed the tolerable threshold such
that Id

x [n, k] > Ith, although the BB power (10) observed
by the individual interferers y ∈ T is below the threshold,
Ib

y [n, k] ≤ Ith. On the other hand, in (10) the interfering
BB powers from multiple simultaneously active receivers
observed at y ∈ T add up. It is, therefore, possible that
Ib

y [n, k] > Ith, so that link y is prohibited from accessing
chunk (n, k), although its individual CCI contribution,
Td

y [n, k] ·Gyx[n, k] would be below Ith. Note that the former
effect partly compensates the latter. Moreover, in many
cases the interference is dominated by one strong interfering
source. Therefore, the threshold test (8) provides a good
approximation to the level of interference potentially caused
to the active receivers.
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4.3. Initial Access in Contention. Initial access of unreserved
slots in BB-OFDMA is carried out in contention. During
contention, two or more transmitters from adjacent cells
may access chunk (n, k) simultaneously. As a result, one
or several links may encounter a collision on chunk (n, k),
where the SINR target is not met. To reduce the occurrence of
simultaneously accessed chunks in contention, a p-persistent
chunk allocation procedure is applied to BB-OFDMA, where
chunk (n, k) in cell q is accessed with probability p. Denoting
the outcome of the p-persistent chunk allocation with
the binary random variable χq[n, k] ∈ {0, 1}, the access
probability yields P(χq[n, k] = 1) = p. The impact of p on
the system performance is investigated in Section 6.1.

4.4. Decentralised Chunk Reservation with BB Signalling. The
BB-OFDMA protocol enables a link x = (ν, q) to contend
for a chunk once it is ensured that the CCI caused to the
coexisting links y in the neighbouring cells is below a given
threshold (8). Prior to accessing chunk (n, k), transmitter
x = (ν, q) listens to the associated BB minislot. Whether a
user ν within cell q may contend for chunk (n, k) in (4) is
controlled by

εν,q[n, k] =
⎧
⎨
⎩

0, Ib
ν,q[n, k] ≤ Ith and χq[n, k] = 1,

∞, otherwise.
(11)

Chunks, where aq[n, k] = ν in (4), are allocated to user
ν. Those chunks where the achieved SINR is above a
required SINR target, γν,q[n, k] ≥ Γ, are reserved by setting
the reservation indicator βq[n, k] = ν in (4), and are
subsequently protected from CCI by BB broadcast. The BB
broadcast from the intended data receiver is observed as
a surge in the received BB power [14], which effectively
notifies the transmitter that the data of chunk (n, k) has been
correctly received. User ν then reserves chunk n in the next
frame k + 1 by setting bq[n, k + 1] = ν in (5). On the other
hand, if the transmitter does not detect a BB surge, it is
understood that the SINR target was not met due to high
CCI. These chunks are released by a reset of the reservation
indicator to βq[n, k] = 0 and setting εν,q[n, k] → ∞, so that
chunk (n, k + 1) may be assigned to other users.

4.5. Balancing System Throughput and Fairness. Cell-edge
users are particularly affected by CCI for two reasons. First,
the desired signal levels Rd

x[n, k] are, on average, much
weaker compared to users in close vicinity to the desired BS
due to relatively low channel gains on their intended links
Gx[n, k]. Second, cell-edge users suffer from high CCI in
the downlink, or cause high CCI to the adjacent cells in the
uplink.

By tuning the interference threshold Ith in (8), the
amount of CCI Id

x [n, k] caused to the receiver of a preestab-
lished and coexisting link x = (ν, q) is adjusted. Lowering
Ith enforces a larger exclusion region around a vulnerable
receiver. This enables cell-edge users to meet their SINR
target Γ with a greater likelihood. On the other hand, by
augmenting Ith, the number of simultaneously served links
increases, giving rise to an enhanced system throughput.

However, the cell-edge users are less likely to maintain
their SINR target as interference protection is gradually
eliminated. The chunks are released where the SINR target
is not met, which means that these chunks are no longer
reserved. Since the cell-centre users are less exposed to CCI,
the chunks released by the cell-edge users are likely to be
reallocated to the cell-centre users. As the allocation of the
resources is shifted from the cell-edge users towards the cell-
centre users, fairness is compromised. Hence, by adjusting
Ith, system throughput is traded off for fairness.

A common measure to quantify fairness is Jain’s fairness
index [22], defined by

F =
∣∣∣
∑U

ν=1

∣∣Bν,q
∣∣
∣∣∣

2

U
∑U

ν=1

∣∣Bν,q
∣∣2 , (12)

where U is the number of users in a given cell q. The user
throughput |Bν,q| accounts for the number of successfully
transmitted/received bits by user ν, as defined in (5). A
fairness index of F = 1 represents a perfectly fair system
where all users achieve the same throughput. On the other
extreme, a fairness index of 1/U represents an unfair system
where one user is served while all other users starve. We
note that the fairness definition (12) is a relative measure,
which ignores the absolute achieved throughput per user. To
this end, a good fairness index F may coincide with poor
spectrum utilisation. For instance, a system where two users
achieve 1 Mbps and 2 Mbps would result in a poorer fairness
index than a system where both users achieve only 0.5 Mbps.
When analysing fairness, the fairness definition (12) should
therefore be considered jointly with user throughput results.

(1) Consequences for the Downlink. In the downlink, MSs at
the cell edge are exposed to high CCI from transmitters in
adjacent cells (see Figure 2(a)). Note that the CCI observed at
a given cell (cell 1 in Figure 2(a)) is independent of the user
distribution in adjacent cells (cell 2 in Figure 2(a)), assuming
a constant transmit power Td

x [n, k]. This implies that if BS2

lies within the exclusion region of MS1, resources reserved by
MS1 cannot be spatially reused by any of the links in cell 2.
However, if Ith is increased such that BS2 is located outside
the exclusion region of MS1, all links in cell 2 qualify for
a spatial reuse of the resources reserved by MS1. However,
the SINR target at MS1 is less likely to be met. Should the
SINR target at MS1 not be met, this would cause the chunk
allocated to MS1 to be released and reallocated to another
user served by BS1- possibly a user that is located closer to the
the serving BS1. Therefore, the cell-edge throughput would
suffer.

(2) Consequences for the Uplink. In the uplink, the trans-
mitters (MSs) are distributed uniformly over the coverage
area of the BS (see Figure 2(b)). Unlike the downlink, the
CCI at the tagged BS depends on which MS transmits in
the adjacent cell. To this end, the CCI observed at BS1 in
Figure 2(b) depends on whether MS2 or MS3 transmits to
BS2. Suppose that in cell 2 both MS2 and MS3 contend with
MS1 in cell 1 for chunks (n, k) and (n′, k). In case MS2 and
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Figure 3: Busy burst with interference tolerance signalling (BB-
ITS) in the downlink. The ovals represent the exclusion region
formed with BB-ITS.

MS1 simultaneously access chunk (n, k), while MS3 and MS1

simultaneously access chunk (n′, k), the SINR at BS1 tends
to be superior on chunk (n′, k) due to the lower CCI caused
by MS3. While MS2 causes excessive CCI to BS1, MS1 and
MS3 may share chunk (n′, k), although both users might be
located near the cell boundary. Thus the uplink benefits from
interference diversity due to the distributed location of mobile
users. As a result, the degradation of performance at the cell
edge at high Ith in uplink mode is less severe compared to the
downlink.

4.6. Interference Tolerance Signalling via Busy Bursts. With
fixed power BB signalling, the same level of interference
protection is given to all links, disregarding the quality of
the intended link. In case two receivers MS1 and MS2 with
respective channel gains G1 > G2 are exposed to the same
interference, as illustrated in Figure 3, the SINR target Γ is
more likely met for MS1 than for MS2. By allowing MS1 and
MS2 to transmit a BB with variable power, the individual
amount of interference that can be tolerated by MS1 and
MS2 is signalled to candidate transmitters in adjacent cells.
Exclusion regions of different size are effectively formed
around MS1 and MS2, as illustrated in Figure 3.

For busy burst with interference tolerance signalling (BB-
ITS), the objective is that a given SINR target, γx[n, k] ≥ Γ,
is maintained for an active receiver x. This means that the
maximum allowable interference depends on the intended
link quality Rd

x[n, k]. Let I tol
x [n, k] denote the interference

limit, for which the SINR (2) approaches γx[n, k] = Γ. Then
the tolerable interference at receiver x is upper bounded by

Id
x [n, k] ≤ I tol

x [n, k] = Rd
x[n, k]
Γ

−N. (13)

Adjusting the tolerable interference level (13) implies that
larger exclusion regions are formed for links with weak
desired signal levels Rd

x[n, k] and vice versa.
To signal the variable interference tolerance level I tol

x [n, k]
of a victim receiver x to candidate transmitters y in adjacent
cells, the BB transmit power Tb

x [n, k] is adjusted, such that
the simple threshold test Ib

y [n, k] ≤ Ith in (8) is retained.
Hence no additional information for channel sensing is
required for BB-ITS. The received BB power approaches
a fixed threshold, Ib

y [n, k] = Ith, if the CCI approaches

Id
x [n, k] = I tol

x [n, k]. Inserting Id
x [n, k] = I tol

x [n, k] and
Ib

y [n, k] = Ith into (6) yields the variable BB power Tb
x [n, k] =

Td
y [n, k] · Ith/I tol

x [n, k]. Assuming that Td
y [n, k] is fixed and

denoted by Td, the BB transmit power is adjusted as follows
[23]:

Tb
y [n, k] = min

(
Ith · Td

Rd
x[n, k]/Γ−N ,Tb

max

)
, (14)

where Tb
max is the maximum BB transmit power. The min

operator ensures that Tb
x [n, k] ≤ Tb

max. Note that when
Rd

x[n, k]/Γ < N , we get γx[n, k] < Γ. In this situation,
the chunk is released and no BB is transmitted. Therefore,
it is ensured that Tb

x [n, k] in (14) always has a positive
value. We note that Ib

x [n, k] = Tb
y [n, k] · Gxy[n, k] and

Tb
max = Td

y [n, k] = Td
x [n, k]. It can be checked by plugging

(14) into (8) that the threshold test (8) effectively checks
if Id

y [n, k] ≤ I tol
y [n, k], regardless of the threshold used, as

long as the BB transmit power is not clipped. In this paper,
we choose Ith = −90 dBm because the probability of BB
transmit power being clipped was found to be lower than
0.05 for the given deployment scenario with Γ = 11.3 dB
used. Furthermore, with this threshold, the received BB
at the intended transmitter (the lower bound of which is
approximated by Ith · Γ) remains well above the noise floor
−117.8 dBm, such that it can be reliably detected.

4.7. Link Adaptation with BB Signalling. Receiver feedback
based on BB-ITS (see Section 4.6) allows for receiver-driven
link adaptation, where the chosen transmission rate is
adapted to the instantaneous channel conditions. Let M =
{1, . . . ,M} be the set of supported modulation schemes.
Associated to each modulation scheme m ∈ M is an SINR
target Γ = Γm that must be achieved to satisfy a given frame
error rate (FER).

Provided that the channel response does not change
between successive frames, changes in Γm may be signalled
from receiver to transmitter through (14), since any fluctua-
tion in received BB power Rb

x[n, k] = Gx[n, k]Tb
x [n, k] is due

to a change of Γm in (14). In summary, BB-ITS serves two
important objectives. First, by adjusting the SINR target Γm,
the receiver implicitly signals to the transmitter through BB-
ITS that the transmission format should be changed; second,
by varying the BB power Tb

x [n, k] in (14), the size of the
exclusion region around the active receiver is adjusted, so
that the required SINR target Γm is met in successive frames.

Link adaptation with BB-ITS is carried out in two phases:
the contention phase, where the link is established and the
link adaptation (LA) phase, where the receiver adjusts its
transmission format to the current channel conditions.

Contention Phase. In contention, multiuser chunk allocation
is carried out as described in Section 4.3. To contend for an
unreserved chunk (n, k), transmitter x = (ν, q) initially uses
the modulation scheme with the lowest spectral efficiency
mx[n, k] = 1. Chunks that satisfy γx[n, k] ≥ Γ1 are reserved
in the next frame k + 1 by BB signalling (see Section 4.4),
where the transmit power Tb

x [n, k] in (14) is set using Γ = Γ1.
Then the transmission proceeds to the link adaptation phase.
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Link Adaptation Phase. The objective of the link adaptation
phase is to select the modulation scheme mx[n, k] ∈ M for
chunk (n, k), which yields the highest spectral efficiency, for
which γx[n, k] ≥ Γmx[n,k] holds. By utilising BB-ITS link,
adaptation is accomplished without any explicit feedback.
The receiver executes the following algorithm.

(1) Calculate the achieved SINR γx[n, k] at chunk (n, k).

(2) Increment the number of bits per symbol based on
γx[n, k]

mx[n, k + 1] =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

mx[n, k] + 1, γx[n, k] ≥ Γmx[n,k]+1,

mx[n, k] < M,

mx[n, k]− 1, γx[n, k] < Γmx[n,k],

mx[n, k], otherwise.

(15)

(3) If mx[n, k + 1] ≥ 1, adjust the BB power (14) using
the SINR target Γ = Γmx[n,k+1] and transmit the BB.

(4) If mx[n, k + 1] < 1, terminate the link adaptation
phase and return to the contention phase.

The transmitter senses the BB minislot associated to chunk
(n, k). In order to determine the modulation scheme
mx[n, k+1] requested by the receiver, the transmitter executes
the following algorithm.

(1) Measure the busy signal power received from the
intended data receiver Rb

x[n, k] and compute the
difference to the BB power received from intended
data receiver in the preceding slot, ΔR = Rb

x[n, k] −
Rb

x[n, k − 1].

(2) The modulation format is adjusted based on ΔR as
follows:

m̂x[n, k + 1] =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

m̂x[n, k] + 1, ΔR ≥ IthΔΓm − ε,
m̂x[n, k]− 1, ΔR < IthΔΓm−1 + ε,

m̂x[n, k], otherwise,

(16)

where ΔΓm = Γm − Γm+1, m = m̂x[n, k]. The constant
ε > 0 introduces a detection margin to enhance the
robustness towards estimation errors in R̂b

x[n, k] due
to channel variations and noise.

(3) If m̂x[n, k + 1] ≥ 1, transmit data on chunk (n, k + 1)
using the new modulation scheme m̂x[n, k + 1].

(4) If m̂x[n, k + 1] < 1, terminate the link adaptation
phase and return to the contention phase.

Estimation errors due to channel variations and noise may
cause detection errors, so that m̂x[n, k] /=mx[n, k]. Mismatch
between the selected modulation schemes at transmitter
and receiver can be mitigated if the transmitter announces
m̂x[n, k] together with payload data on chunk (n, k).

Manhattan deployment scenario

0

500

1000

1500

2000

2500

y-
co

or
di

n
at

e
(m

)

0 500 1000 1500 2000 2500

x-coordinate (m)

BS
MS

Figure 4: Manhattan grid urban microcell deployment.

4.8. Benchmark System. Full-frequency reuse with adaptive
score-based chunk allocation (ASCA) is considered as the
benchmark system. This means that neither chunk reserva-
tion nor interference avoidance mechanisms is in place. In
order to maintain a fair comparison, the same fair scheduling
algorithm (3) as in BB-OFDMA is applied. With ASCA, the
score-based scheduler assigns chunk (n, k) to user ν whose
score (3) is minimised

aq[n, k] = arg min
ν
sν,q[n, k]. (17)

Chunk allocation for ASCA (17) corresponds to (4) by
setting the reservation indicator to zero, βq[n, k] = 0, and
by allowing a cell to access all chunks, which is achieved by
setting εν,q[n, k] = 0 for all n, k in (3).

5. Manhattan Grid Deployment

An urban microcell deployment with a rectangular grid
of streets (Manhattan grid) as defined in scenario B1 in
WINNER [17] is considered, where antennas are mounted
below the rooftop. The deployment scenario consists of
building blocks of dimensions 200 m × 200 m, interlaced
with the streets of width 30 m, forming a regular structure
called the Manhattan grid, as shown in Figure 4. The network
consists of 11 × 12 building blocks (72 BSs). However, the
performance statistics are collected only over the central core
of 3× 3 building blocks (6 BSs), so as to reduce edge effects.

On average U = 10 MSs are served by one cell, uniformly
distributed in the streets and moving with a constant velocity
of 5 km/h. BSs are placed in the middle of the street
canyons with an inter-BS distance of 4 building blocks, as
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depicted in Figure 4. Distance dependent path loss, log-
normal shadowing, and frequency selective fading are taken
into account, as specified in [24], channel model B1. While
the effect of user mobility on the channel response due to
the Doppler effect is taken into account, movement of users
along the streets is not considered during the duration of one
snapshot. Links where transmitter and receiver are located on
the same street are modelled as line-of-sight (LoS) channels,
with significantly lower path loss attenuation than nonline-
of-sight (NLoS) links [24]. WINNER channel models B1-
LOS and B1-NLOS [24] are used to model the LoS and
NLoS channels, respectively. MSs are connected to the BS
with the least path loss. A network synchronised in time and
frequency is assumed.

The traffic in the system is modeled as a burst of
100 protocol data units (PDUs) whose interarrival time is
exponentially distributed. A PDU of 112 bit is assumed,
which is the smallest unit of data that can be transmitted in
one chunk. The average offered load per user Lu is adjusted
by the interburst duration. It is considered that the arrival
times for different users are independent. The maximum
number of chunks that a user can be assigned in a given
slot is the total number of available chunks in a frame. The
simulation parameters are summarised in Table 1.

A 3/4-rate convolutional code and the SINR targets Γm
for a given modulation scheme m are selected to attain a
packet error ratio of 10−2 per PDU, given in Table 2. For non-
adaptive modulation, we consider a 16-QAM constellation
withm = 4 and a corresponding SINR target of Γ4 = 11.3 dB.
For link adaptation, the modulation schemes m ∈ M are
chosen based on the achieved SINR targets Γm.

6. Results and Discussion

The performance of BB-OFDMA and the benchmark system
(ASCA) are evaluated in terms of user and system through-
put. User throughput is defined as the number of successfully
received bits per user per unit time. A transmission is
considered successful if the SINR target Γ is met at the
receiver. The system throughput is defined as the aggregate
throughput of all users per cell.

6.1. Collisions Based on Access Probability. The likelihood of
achieving the SINR target during the initial access in con-
tention is depicted in Figure 5 for m = 4 with Γ4 = 11.3 dB,
where m is the number of bits per symbol. The cell-edge
region suffers from collisions (SINR target not met) both
in the uplink (Figure 5(a)) and the downlink (Figure 5(b)).
Decreasing the access probability p substantially reduces the
occurrence of collisions, since the probability of simultane-
ous access of chunks in contention reduces (see Section 4.3).
In the downlink, cell-edge users suffer from weaker desired
signal power and at the same time experience strong CCI.
Furthermore, the users located at the street crossings at d =
115 m are exposed to strong LoS interference from BSs in
the perpendicular streets. In the uplink, however, these users
cause CCI to the neighbouring cells; which may impact either
users at the cell-edge or users closer to the intended BS.

Table 1: Simulation parameters.

Parameters Value

Carrier centre frequency 3.95 GHz

System bandwidth B 89.84 MHz

No. of subcarriers (SCs) 1840

Subcarriers spacing Δ f 48.8 kHz

OFDM symbols/frame 2nos 30

OFDM symbol duration Tsym 22.48 μs

Frame duration 0.6912 ms

No. of chunks/frame NC 230

Chunk size nsc × nos 8 (freq.) × 15 (time) = 120

PDU size 112 bits

Access probability p 0.3

No. of sectors/cell 1

No. of users/cell U 10

Tx power/chunk Td 16.4 dBm

Antenna gain 0 dBi

Noise level/chunk N −117.8 dBm

No. of snapshots 500

Snapshot duration 75 ms

User load Lu 30 Mbps

Table 2: Look up table for modulation scheme.

Modulation, No. of link PDUs per slot Achieved SINR γ (dB)

No transmission m = 0 −∞ < γ < 2.2

BPSK m = 1 2.2 ≤ γ < 5.2

QPSK m = 2 5.2 ≤ γ < 9.1

Cross 8-QAM m = 3 9.1 ≤ γ < 11.3

16-QAM m = 4 11.3 ≤ γ < 14.4

Cross 32-QAM m = 5 14.4 ≤ γ < 16.6

64-QAM m = 6 16.6 ≤ γ < 19.5

Cross 128-QAM m = 7 19.5 ≤ γ < 22.5

256-QAM m = 8 22.5 ≤ γ <∞

Consequently, the SINR target is met with less likelihood
at street crossings and the cell edge in the downlink mode
compared to the uplink mode.

6.2. Setting the Threshold for Fixed Power BB Signalling. The
impact of the choice of interference threshold on the mean
system throughput is shown in Figure 6 for fixed 16-QAM
modulation with m = 4. It is seen that for lower values
of Ith, the amount of allocated resources (Set A) and the
achieved throughput (Set B) are approximately equal. This
is because at low Ith, larger exclusion regions around active
receivers are enforced. Thus, CCI is mitigated at the expense
of spatial reuse. By increasing Ith, the system throughput
gradually improves until the maximum is reached. However,
increasing Ith introduces additional links that cause more
CCI to the existing links. As a result, some of the links
(mainly cell-edge users) are less likely to meet the SINR
target. Although it is desirable to maximise the spectral
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Figure 5: Probability of meeting the SINR target Γ = 11.3 dB
in contention for different access probabilities p, as a function
of the BS-MS distance d. At d = 115 m, links are exposed to
strong LOS interference from cells in perpendicular streets, which
causes collisions in the downlink, while at d = 345 m, the MSs are
connected to BSs in a perpendicular street due to better channel
gains.

efficiency, it may be necessary to maintain a fair distribution
of resources to all users. Achieving a balance between
maximising spectral efficiency and enhancing fairness is
addressed in Section 6.3.

6.3. Impact of Interference Threshold on Fairness. Figure 7
shows the average user throughput versus distance d from
the serving BS. It is observed that the performance of
BB-OFDMA is sensitive to the chosen threshold Ith. The
system throughput is maximised for Ith = −75 dBm in the
downlink and for −85 dBm in the uplink (see Figure 6).
However, these thresholds severely affect cell-edge user
throughput. Increasing interference protection by lowering
Ith enhances user throughput at the cell edge at the expense
of system throughput. In the uplink (Figure 7(a)), the cell
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Figure 6: Mean system throughput versus Ith for BB-OFDMA with
16-QAM modulation using fixed BB transmit power. The mean
system throughput is maximised for Ith = −85 dBm in the UL and
Ith = −75 dBm in the DL.

edge throughput (measured at d = 420 m from the desired
BS) improves from 1.5 Mbps (Ith = −85 dBm) to 3.08 Mbps
(Ith = −95 dBm), an approximately onefold increase,
whereas in the downlink (Figure 7(b)), user throughput
increases from 267 kbps (Ith = −75 dBm) to 2.9 Mbps
(Ith = −90 dBm), an approximately tenfold increase. At
d = 115 m, MSs are exposed to LOS interference from BSs
in perpendicular streets in the downlink. Consequently, high
CCI compromises throughput for these users. In the uplink,
MSs located at street crossings at d = 115 m transmit, so that
these users are not exposed to LOS interference. Hence the
uplink throughput of ASCA is not affected at d = 115 m.
For BB-OFDMA, however, MSs located at street crossings
are exposed to strong BB signals from BSs in perpendicular
streets, which reduces the number of chunks such users can
compete for, causing a drop of throughput for users located
at street crossings.

Fairness is numerically quantified using Jain’s fairness
index (12). The cdf of the fairness distribution is presented in
Figure 8(a) for the uplink and Figure 8(b) for the downlink.
Applying the interference threshold that maximises system
throughput, Ith = −75 dBm in the downlink and−85 dBm in
the uplink, results in median fairness index of F = 0.56 and
0.66, respectively. Increasing the interference protection by
lowering Ith improves fairness, as this enables cell-edge users
to meet their SINR target. To this end, using Ith = −95 dBm
in the uplink and −90 dBm in the downlink, approximately
22% of system throughput, is traded off for median fairness
indices of F ≈ 0.72. In the uplink, the median fairness index
can be further improved to 0.78 by setting Ith = −100 dBm.
However, the improved fairness significantly degrades system
throughput (see Figure 6).

On the other hand, with BB-ITS, median fairness indices
of ≈0.7 are achieved. The corresponding average uplink
and downlink user throughputs at the cell edge amount to
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Figure 7: Mean user throughput versus distance from the serving
BS, d, for BB-OFDMA with 16-QAM modulation for differ-
ent interference thresholds Ith. For comparison, results for full-
frequency reuse without interference protection termed ASCA are
also included. Note that at d = 115 m, links are exposed to strong
LOS interference (data in downlink, BB in uplink) from cells in
perpendicular streets, which compromises throughput, while at d =
345 m, the MSs are connected to the BS in a perpendicular street due
to better channel gains.

2.57 Mbps and 2.99 Mbps, respectively. The corresponding
reduction in system throughput compared to the respective
optimal thresholds with fixed power BB is only 1% in the
uplink and 8% in the downlink. Note that BB-OFDMA
with fixed BB power requires a 22% reduction in system
throughput for a comparable performance at the cell edge.
In light of this, BB-ITS results in a better tradeoff between
system throughput and fairness.

For comparison, the median fairness resulting from
ASCA is F = 0.79 in the uplink and 0.59 in the downlink.
The corresponding average user throughputs at the cell edge
are 2.278 Mbps and 208 kbps, respectively. This means that
ASCA is more fair in the uplink compared to the downlink.
The reason is that in the downlink cell-edge users are
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Figure 8: Cumulative distributive function (cdf) of Jain’s fairness
index (12) for BB-OFDMA compared to full-frequency reuse with-
out interference avoidance (ASCA) both with 16-QAM modulation.

exposed to high CCI, while in the uplink cell-edge users
cause high CCI to adjacent cells. Hence the detrimental
effects of interference on the uplink tend to be more equally
distributed among all users.

6.4. Comparison between BB-OFDMA and ASCA. Figures
9(a)–9(d) depict the cumulative distribution function (cdf)
of the user throughput and the system throughput. The
results shown in Figures 9(a)-9(b) demonstrate that BB-
enabled interference avoidance exhibits a gain in median
system throughput of up to 50% compared to ASCA, both
in uplink and downlink. Using a modulation format of m =
4 bits per symbol and a 3/4-rate convolutional code, the
upper bound on system throughput achieved in an isolated
cell (CCI free system) is 111.8 Mbps. With Ith = −85 dBm in
the uplink and −75 dBm in the downlink, a median system
throughput of about 90% and 85% of the upper bound (CCI
free system) is achieved.

Figures 9(c)-9(d) show the cdf of the user throughput
for BB-OFDMA and ASCA. When fairness is the primary
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Figure 9: Cumulative distributive function (cdf) of system throughput and user throughput for BB-OFDMA with fixed BB power and BB-
ITS. The performance for full-frequency reuse without interference protection termed ASCA is included for comparison. BB-ITS results in
a favourable tradeoff between fairness and system throughput both in uplink and downlink.

concern, Ith = −95 dBm in the uplink and Ith = −90 dBm
in the downlink are preferable. Then the 10%-ile of the
achieved user throughput amounts to 1.48 Mbps in the
uplink (see Figure 9(c)) and 1.42 Mbps in the downlink (see
Figure 9(d)). In contrast, ASCA fails to deliver any downlink
throughput to more than 20% of the users. In the uplink, the
10%-ile of the user throughput of BB-OFDMA is improved
by 40% compared to ASCA. With these uplink and downlink
thresholds of Ith = −95 dBm and −90 dBm, the median
system throughput of BB-OFDMA is still 15% and 18%
higher than that achieved with ASCA (see Figures 9(a)-9(b)).

The results of BB-OFDMA with variable BB power,
termed BB-ITS, are also included in Figures 9(a)–9(d). With
BB-ITS, the lower 10%-ile of user throughput achieved is
1.04 Mbps in uplink and 1.416 Mbps in downlink (see Fig-
ures 9(c)-9(d)), at a modest degradation in system through-
put (see Figures 9(a)-9(b)) compared to BB-OFDMA
with fixed threshold that maximises the respective system
throughput. BB-ITS, therefore, not only avoids the need for
tuning the interference threshold so as to match a certain
interference scenario (e.g., in uplink or downlink), but
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Figure 10: Cdfs of system and user throughputs for BB-ITS and ASCA with LA. In the DL, the users that are located at the cell-edge benefit
whereas in the UL the users that are located closer to their desired BS benefit.

also achieves a preferable compromise between maximising
system throughput and maintaining fairness.

6.5. Link Adaptation with BB-Signalling. Figures 10(a)-10(b)
compare the system and user throughput achieved by per-
forming link adaptation (LA) with BB-ITS and ASCA. Both
BB-ITS and ASCA utilise the same link adaptation algorithm
presented in Section 4.7; the only difference is that for ASCA
interference protection is omitted. The results shown in
Figure 10(a) reveal that BB-ITS with link adaptation attains
an improvement of 50% (uplink) and 13% (downlink) in
median system throughput compared to ASCA with link
adaptation. Furthermore, Figure 10(b) shows that the BB-
ITS outperforms ASCA by a factor of 2.75 in terms of the
lower 10%-ile of the downlink user throughput. On the other
hand, the cell-edge user throughput of BB-ITS and ASCA
in the UL is comparable, while significant improvements of
up to 70% are observed for higher percentiles of the user
throughput in Figure 10(b).

By performing link adaptation with BB-ITS, the cell-edge
users benefit in the downlink, whereas the users that are
closer to their desired BS benefit in the uplink. The reason
for this opposite trend for the uplink and the downlink
is elaborated in the following. Due to the specific point-
to-multipoint structure in the downlink, the CCI observed
by the cell-edge users is dominated by the interference
originating from the closest BS. When a chunk is assigned
to a cell-edge user in the downlink, interference tolerance
signalling enforces that this chunk cannot be spatially reused
by the closest BS in an adjacent cell. By ensuring that, this
dominant interferer does not access this chunk, the achieved
SINR is greatly improved, potentially enough to meet the
higher SINR target(s), thus allowing for the higher-order
modulation schemes. In the uplink, on the other hand, the

chunks assigned to the cell-edge users are more likely to be
reused in the adjacent cells due to the distributed location of
the MSs transmitters (see Section 4.5). Consequently, it is less
likely that a more spectrally efficient modulation scheme can
be used by the cell-edge users. Furthermore, in the uplink,
the distance between the MSs (transmitters) and the victim
BSs (receivers) in neighbouring cells is larger for the cell-
centre MSs than the cell-edge users. Hence the cell-centre
users are more likely to be located outside the exclusion range
of BSs receivers (BB transmitters). This results in a larger
number of chunks that are available to be spatially reused
for the cell-centre users. Lastly, the cell-centre users also
benefit from higher SINRs as a result of which throughput
is particularly boosted by performing link adaptation.

7. Conclusions

In this paper, the busy signal concept for decentralised and
self-organised interference aware medium access has been
applied to OFDMA-TDD systems operated in Manhattan
grid deployment scenarios. An exclusion zone around victim
receivers is established by means of receiver feedback in the
form of time-multiplexed busy bursts (BBs), wherein no
active transmitter from an adjacent cell may be located. BB
enabled interference avoidance exhibits impressive gains in
system and user throughputs compared to the benchmark
system, with full-frequency reuse without interference avoid-
ance, both in the uplink and the downlink. The impact
of the BB specific threshold parameter that controls the
interference imposed on coexisting links in neighbouring
cells has been studied.

By adjusting this threshold parameter, the system benefits
from flexible operation of either achieving high system
throughput or enhanced fairness in terms of cell-edge
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user throughput. A onefold (uplink) and tenfold (down-
link) improvement in average cell-edge user throughput
is achieved at a reduction in system throughput of about
22% (≈20 Mbps/cell) in both cases. BB-enabled interference
avoidance is therefore particularly powerful in enhancing
downlink cell-edge user throughput, since in the downlink
high interference is coupled with low-desired signal levels,
resulting in poor average SINRs at the cell edge. In the uplink,
on the other hand, cell-edge users cause high CCI, so that
the detrimental effects of uplink interference are distributed
more equally among all users, giving rise to interference
diversity.

By allowing each receiver to signal the amount of
interference it can tolerate, by using a variable busy burst
power, an even better tradeoff between system throughput
and fairness is achieved. Especially in the downlink, a tenfold
improvement has been achieved at the cost of only 8%
reduction in maximum system throughput. Furthermore,
this scheme also alleviates the need to adjust the BB threshold
parameter. The latter property is particularly important for
self-organising wireless networks, as the optimum choice
of the BB threshold is sensitive to changes in the network
topology, and may not be known a priori.

Finally, link adaptation has been combined with busy
burst-enabled interference avoidance, where changes in the
transmission format are implicitly signalled to the trans-
mitter by virtue of a variable BB power. BB signalling
with link adaptation attained a superior performance than
the benchmark system with link adaptation, both in terms
of system throughput and user throughput. Due to the
particular interference scenario, the cell-edge users achieved
larger gains in the downlink whereas the cell-centre users
benefitted more in the uplink. Consequently, larger gains
in system throughput in the uplink mode were achieved
compared to the gains achieved in the downlink mode.
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Université Pierre et Marie Curie (UPMC) - Paris 6, Laboratoire d’Informatique de Paris 6 (LIP6),
104 avenue du Président Kennedy, 75016 Paris, France

Correspondence should be addressed to Cédric Gueguen, cedric.gueguen@lip6.fr

Received 2 July 2008; Revised 13 December 2008; Accepted 1 February 2009

Recommended by Zhu Han

We propose a new access scheme for efficient support of multimedia services in OFDM wireless networks, both in the uplink and
in the downlink. This scheme further increases the benefits of opportunistic scheduling by extending this cross-layer technique to
higher layers. Access to the medium is granted based on a system of weights that dynamically accounts for both the experienced
QoS and the transmission conditions. This new approach enables the full support of multimedia services with the adequate traffic
and QoS differentiation while maximizing the system capacity and keeping a special attention on fairness. Performance evaluation
shows that the proposed access technique outperforms existing wireless access schemes and demonstrates that choosing between
high fairness and high system throughput is no more required.

Copyright © 2009 C. Gueguen and S. Baey. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

1. Introduction

Providing mobile multimedia transmission services with an
adequate QoS is very challenging. In contrast with wired
communications, wireless transmissions are subject to many
channel impairments such as path loss, shadowing, and
multipath fading [1–4]. These phenomena severely affect the
transmission capabilities and in turn the QoS experienced
by applications, in terms of data integrity but also in terms
of the supplementary delays or packet losses which appear
when the effective bit rate at the physical layer is low. The past
decades have witnessed intense research efforts on wireless
digital communications. Among all the studied transmission
techniques, IOrthogonal Frequency Division Multiplexing
(OFDM) has clearly emerged for future broadband wireless
multimedia networks (4G systems) and is already widely
implemented in most recent wireless systems like 802.11a/g
or 802.16. The basic principle of OFDM for fighting the
effects of multipath propagation is to subdivide the available
channel bandwidth in subfrequency bands of width inferior
to the coherence bandwidth of the channel (inverse of the
delay spread). The transmission of a high-speed signal on
a broadband frequency selective channel is then substituted

with the transmission on multiple subcarriers of slow speed
signals which are very resistant to intersymbol interference
and subject to flat fading. This subdivision of the overall
bandwidth in multiple channels provides frequency diversity
which added to time, and multiuser diversity may result
in a very spectrally efficient system subject to an adequate
scheduling.

MAC protocols currently used in wireless local area
networks were originally and primarily designed in the wired
local area network context. However, conventional access
methods like Round Robin (RR) and Random Access (RA)
are not well adapted to the wireless environment and provide
poor throughput. Much interest has recently been given
to the design of scheduling algorithms that maximize the
performance of multiuser OFDM systems. Opportunistic
scheduling techniques take advantage of multiuser diver-
sity by preferably allocating the resources to the active
mobile(s) with the most favourable channel conditions at
a given time. This technique was explored first in single
carrier communications [5]. More recently, opportunistic
scheduling has been exploited in multicarrier systems [6, 7].
These schemes are derived from the maximum signal-to-
noise ratio (MaxSNR), also known as maximum carrier
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Figure 1: Tradeoff between overall throughput and fairness.

to interference ratio (MaxC/I), technique which allocates
the resource at a given time to the active mobile with the
greatest SNR. Dynamically adapting the modulation and
coding allows then to always make the most efficient use of
the radio resource and come closer to the Shannon limit.
This maximizes the system capacity of an information theory
point of view. However, it assumes that the user with the
most favourable transmission conditions has information to
transmit at the considered time instant. It does not take into
account the variability of the traffic and the queuing aspects.

Pure opportunistic scheduling does not take into account
the delay constraints of the flows to convey and suffer of
a lack of fairness. References [8, 9] introduce opportunistic
schemes coupled with a system of quota. This improves fair-
ness but reduces the efficiency of utilization of the multiuser
diversity with prejudice on system throughput. Proportional
fair (PF) algorithms have recently been proposed to incorpo-
rate a certain level of fairness while keeping the benefits of
multiuser diversity [10–14]. The basic principle is to allocate
resources to a user, when its channel conditions are the most
favourable with respect to its time average. In these schemes,
fairness consists in guaranteeing an equal share of the total
available bandwidth to each mobile, whatever its position or
channel conditions.

However, performance analysis of PF-based protocols
has shown that fairness issues persist since these algorithms
do not ensure an equal throughput [15, 16]. The main
issues are fairness considering mobiles with unequal spatial
positioning, different traffic types, or different QoS tar-
gets. PF scheduling does not take into account the delay
constraints and is not well adapted to multimedia services
which introduce heterogeneous users, new traffic patterns
with highly variable bit rates and stringent QoS requirements
in terms of delay, and packet loss. Recently, [17] proposed
the multimedia adaptive OFDM proportional fair (MAOPF)
algorithm, an evolution of the classical PF that considers
multimedia services. The principle of the MAOPF is to share
the total available bandwidth among users proportionally to
their bit rate requirement. Although this enables the coexis-
tence of applications with unequal bit rates, heterogeneous
QoS requirements are still not well supported. Moreover, the
MAOPF allocates all OFDM subcarriers to the same mobile.
This does not fully take advantage of the multiuser diversity
and has a negative impact on the system capacity.

Mobile 1
Access point

Mobile 1 Mobile k

· · ·· · ·

Mobile 1 Mobile k Mobile K

· · · · · ·

Coverage zone

Figure 2: Allocation of radio resources among the set of mobiles
situated in the coverage zone of an access point.

This paper proposes a new MAC protocol for efficient
support of multimedia services in multiuser OFDM wireless
networks. This protocol, which we call the “Weighted Fair
Opportunistic (WFO)” protocol, applies cross-layer design
concepts taking into account both the OFDM physical
layer specificities (transmission conditions) and the higher
layer constraints (traffic patterns, QoS constraints). Physical
layer information are used in order to take advantage of
the time, frequency, and multiuser diversity and maximize
the system capacity. Higher layer information are exploited
in a weighted system that introduces dynamic priorities
between flows for ensuring the same QoS level to all mobiles.
This result in an efficient scheme which guarantees the
differentiated QoS constraints (data integrity and delay
targets) of heterogeneous traffic flows like those generated by
multimedia applications. Additionally, this bandwidth man-
agement avoids trading capacity for fairness as illustrated in
Figure 1.

The paper is organized as follows. Section 2 provides a
detailed description of the system under study. Section 3
introduces the QoS management principle embodied in
the proposed protocol. Section 4 describes the integrated
scheduling algorithm. In Section 5, we present a detailed per-
formance evaluation through a simulation study. Section 6
concludes the paper.

2. System Description

We focus on the proper allocation of radio resources among
the set of mobiles situated in the coverage zone of an access
point (see Figure 2). We consider a centralized approach.
The packets originating from the backhaul network are
buffered in the access point which schedules the downlink
transmissions. In the uplink, the mobiles signal their traffic
backlog to the access point which builds the uplink resource
mapping.

We assume that the physical layer is operated using
the structure described in Figure 3 which ensures a good
compatibility with the OFDM-based transmission mode of
the IEEE 802.16-2004 [18, 19]. The total available bandwidth
is divided in subfrequency bands or subcarriers. The radio
resource is further divided in the time domain in frames.
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Each frame is itself divided in time slots of constant duration.
The time slot duration is an integer multiple of the OFDM
symbol duration. The number of subcarriers is chosen so
that the width of each subfrequency band is inferior to the
coherence bandwidth of the channel. Moreover, the frame
duration is fixed to a value much smaller than the coherence
time (inverse of the Doppler spread) of the channel. With
these assumptions, the transmission on each subcarrier is
subject to flat fading with a channel state that can be
considered static during each frame.

The elementary resource unit (RU) is defined as any
(subcarrier, time slot) pair. Each of these RUs may be
allocated to any mobile with a specific modulation order.
Transmissions performed on different RUs by different
mobiles have independent channel state variations [20].
On each RU, the modulation scheme is QAM with a
modulation order adapted to the channel state between the
access point and the mobile to which it is allocated. This
provides the flexible resource allocation framework required
for opportunistic scheduling.

The system is operated using time division duplexing
with four subframes: the downlink feedback subframe, the
downlink data subframe, the uplink contention subframe, and
the uplink data subframe. The uplink and downlink data
subframes are used for transmission of user data. In the
downlink feedback subframe, the access point sends control
information towards its mobiles. This control information is
used for signalling to each mobile the RU(s) which have been
allocated in the next uplink and downlink data subframes,
the modulation order selected for each of these RUs and
the recommended emission power in the uplink. In the
uplink contention subframe, the active mobiles send their
current traffic backlog and information elements such as
QoS measures and transmit power. The uplink contention
subframe is also used by the mobiles for establishing their
connections. This frame structure supposes a perfect time
and frequency synchronization between the mobiles and the
access point as described in [21]. Therefore, each frame
starts with a preamble used for synchronization purposes.
Additional preambles may also be used in the frame.

3. The WFO Protocol QoS Management
Principle

The crucial objective of the WFO protocol is to fully support
multimedia transmission services, including the widest range
of services: VoIP, videoconference, email, and file transfer.
This requires the coexistence of delay sensitive flows as well
as non-real-time traffic with looser delay constraints but
with tight data integrity targets. In order to deal with the
various and heterogeneous QoS requirements of multimedia
services, the WFO protocol relies on a generic approach of
QoS management.

We define a service flow as a traffic stream and its QoS
profile, in a given transmission direction. A mobile may have
multiple service flows both in the uplink and the downlink.
An application may also use several service flows enabling
for instance the implementation of Unequal Error Protection
schemes in the physical layer. Each service flow possesses its
own transmission buffer. In the following, index k is used to
designate a given service flow among the set of service flows
to be scheduled in a given transmission direction.

The QoS profile is defined as the set of parameters that
characterizes the QoS requirements of a service flow mainly
in terms of data integrity and delay. In the following, data
integrity requirements are specified by a bit error rate (BER)
target, which we denote by BERtarget,k for service flow k.
Delay requirements are specified at the packet level. We
assume traffic streams are organized at the MAC level in
blocks of bits of constant size that we call packets. The packet
delay is defined as the time between the arrival of the packet
in the transmission buffer and the time of its reception by the
mobile or the access point. This delay is roughly equal to the
packet waiting time in the service flow transmission buffer
neglecting the transmission and propagation delays.

Adequately specifying the delay requirements is challeng-
ing. We believe that the meaningful constraint is a limitation
of the occurrences of large delay values. By analogy with
the concept of outage used in system coverage planning,
we define the concept of delay outage. A service flow k is
in delay outage when its packets experience a delay greater
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than a given application specific threshold denoted Tk. We
define the packet delay outage ratio (PDORk) experienced
by each service flow k as the percentage of packets that
do not meet the delay threshold Tk in the total number of
packets transmitted. The experienced PDOR value is tracked
all along the lifetime of the service flows; at each transmission
of a packet of service flow k, the total number of packets
whose delay exceeded the delay threshold Tk divided by
the total number of packets transmitted since the beginning
of the connection is computed. Additionally, we define the
packet delay outage ratio target, denoted PDORtarget, as the
maximum ratio of packets that may be delivered after the
delay threshold. This characterizes the delay requirements of
any service flow in a generic approach. Figure 4 illustrates
an example cumulative distribution of the packet delay of
service flow k at a given time instant. The objective of the
WFO protocol is to regulate the experienced PDOR along
the lifetime of the service flow such as its value stays below
the PDOR target. This ensures the satisfaction of the delay
requirements at a short-time scale.

In the WFO protocol, QoS management is organized
in two parts: data integrity management and delay man-
agement. Data integrity is guaranteed by the physical layer
mainly by adapting the modulation scheme and the transmit
power to the mobile specific channel state. This is achieved
considering each service flow independently. Delay manage-
ment is performed considering all service flows jointly and
scheduling the packets according to their distance to the
PDOR target. Fairness is provided by guaranteeing the same
level of satisfaction of delay constraints to all service flows,
that is, guaranteeing the same PDOR to all service flows.
The joint satisfaction of the delay constraints relies on the
dynamics of the traffic streams that are multiplexed. Data
integrity and delay management are integrated using the
WFO scheduling algorithm.

4. The WFO Scheduling Algorithm

The core of the WFO protocol is its scheduling algorithm.
This scheduling is performed during the uplink data trans-
mission phase. The scheduler, located in the access node,
grants RUs to each service flow as a function of

(i) its QoS profile (BER target, delay threshold, and
PDOR target),

(ii) its currently experienced QoS (BER and PDOR),

(iii) its traffic backlog,

(iv) its channel state.

The QoS profile is signaled in the connection establishment
phase. In the uplink, the currently experienced PDOR and
the traffic backlog (buffer occupancy) are signaled by the
mobile in the contention subframe. The experienced BER
is tracked directly by the access node. Reciprocally, in
the downlink, the currently experienced PDOR and the
traffic backlog are calculated by the access node, and the
experienced BER is signaled.

Additionally, knowledge of the channel state is supposed
to be available at the receiver [22]. The current channel
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Figure 4: An example of packet delay CDF and experienced PDOR.

attenuation on each subcarrier and for each mobile is
estimated by the access node based on the SNR of the
signal sent by each mobile during the uplink contention
subframe. Assuming that the channel state is stable on a
scale of 50 milliseconds [23], and using a frame duration
of 2 milliseconds, the mobiles will transmit their control
information alternatively on each subcarrier so that the
access node may refresh the channel state information once
every 25 frames.

The WFO scheduling algorithm relies on weights that
set the dynamic priorities for allocating the resource. These
weights are built in order to satisfy two major objectives:
system throughput maximization and fairness as explained
below.

4.1. System Throughput Maximization. The WFO maxi-
mizes the system throughput in a MAC/PHY opportunistic
approach. Data integrity requirements of the service flows
are enforced considering each service flow independently
adapting the modulation scheme and the transmit power to
the mobile specific channel state. At each scheduling epoch,
the scheduler computes the maximum number of bits mk,n

that can be transmitted in a time slot of subcarrier n if
assigned to service flow k, for all k and all n. This number
of bits is limited by two main factors: the data integrity
requirement and the supported modulation orders.

The bit error probability is upper bounded by the symbol
error probability [6], and the time slot duration is assumed
equal to the duration Ts of an OFDM symbol. The required
received power Pr(q, k) for transmitting q bits in an RU while
keeping below the data integrity requirement BERtarget,k of
service flow k is a function of the modulation type, its order,
and the single-sided power spectral density of noise N0. For
QAM and a modulation orderM on a flat fading channel [1],

Pr(q, k) = 2N0

3Ts

[
erfc−1

(
BERtarget,k

2

)]2

(M − 1), (1)

whereM = 2q, and erfc is the complementary error function.
Pr(q, k) may also be determined in practice based on BER
history and updated according to information collected on
experienced BER.
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Figure 5: α and β calibration.

The transmit power Pk,n of service flow k on subcarrier
n is upper bounded to a value Pmax which complies with the
transmit power spectral density regulation:

Pk,n ≤ Pmax. (2)

Given the channel gain ak,n experienced by service flow k on
subcarrier n (including path loss and Rayleigh fading),

Pr(q, k) ≤ ak,nPmax. (3)

Hence, the maximum number of bits qk,n of service flow
k which can be transmitted on a time slot of subcarrier n
while keeping below its BER target is

qk,n ≤
⎢⎢⎢⎣log2

⎛
⎝1 +

3Pmax × Ts × ak,n

2N0
[
erfc−1

(
BERtarget,k/2

)]2

⎞
⎠

⎥⎥⎥⎦ . (4)

We further assume that the supported QAM modulation
orders are limited such as q belongs to the set S =
{0, 2, 4, . . . , qmax}. Hence, the maximum number of bits mk,n

that will be transmitted on a time slot of subcarrier n if this
RU is allocated to the service flow k is

mk,n = max
{
q ∈ S, q ≤ qk,n

}
. (5)

MaxSNR-based schemes allocate the resources to the
flows which have the greatest mk,n values. This bandwidth
allocation strategy maximizes the bandwidth usage efficiency
but suffers of a significant lack of fairness. In order to provide
fairness while preserving the system throughput maximiza-
tion, a new parameter is introduced which modulates this
pure opportunistic resource allocation.

4.2. Fairness Support. The second major objective of the
WFO is to provide fairness, that is, guaranteeing the same
PDOR to all service flows as explained in Section 3. This is
achieved by extending the above cross-layer design to higher
layers. A new weighted fair (WF) parameter is introduced

based on the current estimation of the PDOR of service flow
k:

WFk = f
(
PDORk

)
, (6)

where f is a strictly positive and monotonically increasing
function. The WFO scheduling principle is then to allocate
a time slot of subcarrier n to the mobile k which has the
greatest WFO parameter value WFOk,n with

WFOk,n = WFk ×mk,n. (7)

Based on the PDOR, the WF parameters directly account
for the level of satisfaction of the delay constraints for an
efficient QoS management. The PDOR is more relevant
and simpler to use than the service flow throughput, the
buffer occupancy, or the waiting time of each packet to
schedule which would introduce a great complexity in
the scheduling algorithm. The WFO parameters introduce
dynamic priorities that delay the flows which currently easily
respect their delay threshold to the benefit of others which go
through a critical period.

Our studies on the algorithm performance have shown
that a polynomial function f suits well

f (x) = 1 + βxα. (8)

The exponent parameter α allows being more sensitive and
reactive to PDOR fluctuations which guarantees fairness at a
short-time scale. β is a normalization parameter that ensures
that WFk andmk,n are in the same order of magnitude. Given
that PDORk has an order of magnitude 10−2, β should be set
to 102α. With this choice, WFk is always in the same order of
magnitude as mk,n and allows to manage both fairness and
system throughput maximization.

By extensive simulations, we analyzed the influence of the
value of the pair (α, β) on the performances of the WFO
scheduling scheme and adequately tuned f (x). Figures 5(a)
and 5(b) illustrate the calibration study. Here, half mobiles
are close to the access point and the second half, twice
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Figure 6: WFO scheduling algorithm flow chart.

other farther. All mobiles run a same application with same
delay and BER requirements as described in Section 5.1.
Figure 5(a) represents the overall PDOR (computed on
all transmitted packets) obtained for different values of α
coupled with a β value of 102α as defined above. A cubic
exponent suits well offering sufficient reactivity to PDOR
fluctuations. Hence, in the following α is assumed to be equal
to 3. Figure 5(b) shows the WFO performances obtained for
each β value when α is set to 3. It confirms that when β is too
small, the weighted parameter has no influence and fairness
is lost. On the contrary, if β is too high, mk,n looses weight
in the scheduling, and the system throughput maximization
decrease. Good values for β range between 105 and 106. In
the following, β is taken equal to 106.

Additionally, Figures 5(a) and 5(b) show the potential of
the WFO. Indeed, when α or β equals zero, the function f is
constant and mk,n only has influence in the scheduling. With
this setting, the WFO behaves as the MaxSNR yielding unfair
performances. In contrast, the adequate tuning of α and β
brings the wanted fairness.

The dynamic priorities introduced by the WFO algo-
rithm evolve as a function of the specific channel condi-

tions and currently experienced QoS of each service flow
in a cross-layer higher layers/MAC/PHY approach. This
result in a well-balanced resource allocation which keeps
a maximum number of service flows active across time
but with continuously low traffic backlogs. Preserving this
multiuser diversity allows to continuously take a maximal
benefit of opportunistic scheduling and thus maximize the
bandwidth usage efficiency. Additionally, this also achieves a
time uniform fair allocation of the RUs to the service flows
ensuring the required short term fairness [24, 25].

4.3. Global WFO Scheduling Algorithm Description. The
WFO scheduling algorithm is detailed in Figure 6. The
scheduling is run subcarrier by subcarrier and on a time slot
basis for improved granularity. In the allocation process of
a given time slot, the priority of a service flow with respect
to another is determined by the magnitude of its WFO
parameter. All service flows are scheduled simultaneously in
a single run of the algorithm, whatever their QoS profile is.
QoS differentiation is achieved by means of the WFO param-
eters. Service flows with low delay constraints like best effort
traffic are qualified with a quite high delay threshold. As a
result, their PDOR is always very small compared to other
low latency traffic whose priority increases dramatically as
soon their smaller delay threshold is not respected. In the
following, we describe the proposed scheduling algorithm
step by step.

Step 1. The scheduler refreshes the current PDORk and
buffer occupancy BOk values of each service flow k and com-
putes themk,n, WFk, and WFOk,n parameters for each service
flow and each subcarrier. Then, n and t are initialized to 1.

Step 2. For subcarrier n, the scheduler selects the service flow
k with the greatest WFOk,n value.

Substep 2.1. If the virtual buffer occupancy (we define the
virtual buffer occupancy as the current buffer occupancy of
service flow k minus the number of bits already allocated
to this service flow) of service flow k is positive, the
schedulers go to Substep 2.2. Else, if all virtual buffers are
null or negative, the scheduler goes to Step 3. Otherwise, the
scheduler selects the next service flow k with the greatest
WFOk,n value and restarts Substep 2.1.

Substep 2.2. The scheduler allocates time slot t of subcarrier
n to service flow k with a capacity mk,n bits, removes mk,n

bits of its virtual buffer, and increments the value of t. If t
is smaller than the maximum number tmax of time slots by
subcarrier, go to Substep 2.1 for allocating the next time slot.
Else, go to next substep.

Substep 2.3. Increment the value of n. If n is smaller than
the maximum number nmax of subcarriers, go to Step 2 for
allocating the time slots of the next subcarrier. Otherwise, go
to Step 3.

Step 3. All virtual buffers are empty; or all time slots of all
subcarriers are allocated and the scheduling ends.
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5. Performance Evaluation

In this section, we compare the proposed weighted fair
opportunistic scheduling with the Round Robin (RR),
MaxSNR, PF, and MAOPF schemes implemented with
subcarrier by subcarrier allocation. Performance evaluation
results are obtained using OPNET discrete event simulations.

In the simulations, we assume 128 subcarriers and 5 time
slots in a frame. The channel gain model on each subcarrier
considers free space path loss and multipath Rayleigh fading
[4]. We introduce a reference distance dref for which the free
space attenuation equals aref. As a result the channel gain is
given by

ak,n = aref ×
(
dref

dk

)3.5

× α2
k,n, (9)

where dk is the distance to the access point of the mobile
owning the service flow k, and α2

k,n represents the flat fading
experienced by this service flow k if transmitted on subcarrier
n. In the following, αk,n is Rayleigh distributed with an
expectancy equal to unity.

The maximum transmit power satisfies

10log10

(
PmaxTs
N0

× aref

)
= 31 dB. (10)

The BER target is taken equal to 10−3. With this setting,
the value of mk,n for the mobiles situated at the reference
distance is 6 bits when α2

k,n equals unity.
We assume all mobiles run the same videoconference

application. This demanding type of application generates a
high volume of data with high sporadicity and requires tight
delay constraints which substantially complicates the task of
the scheduler. Each mobile has only one service flow with a
traffic composed of an MPEG-4 video stream [26] and an
AMR voice stream [27].

The problem we are studying is quite different with
the sum-rate maximization with water filling for instance.
The purpose of the scheduler proposed in this paper is
to maximize the traffic load that can be admitted in the
wireless access network while fulfilling delay constraints.
This is achieved by both taking into account the radio
conditions but also the variations in the incoming traffic. In
this context, we cannot for instance assume that each mobile
has some traffic to send at each scheduling epoch. Traffic
overload is not realistic in a wireless access network because it
corresponds to situations where the excess traffic experiences
an unbounded delay. This is why, in all our simulations,
the traffic load (offered traffic) does not exceed the system
capacity. In these conditions, the offered traffic is strictly
equal to the traffic carried over the wireless interface and all
mobiles get served sooner or later. The bit rate sent by each
mobile is equal to its incoming traffic. Fairness in terms of bit
rate sent by each mobile is rigorously achieved. The purpose
of the scheduler is to dynamically assign the resource units to
the mobiles at the best time in order to meet the traffic delay
constraints. This is why we adopted the PDOR as a measure
of the fairness in terms of QoS level obtained by each mobile.

Table 1: First scenario setup.

Group Distance dk Delay threshold Tk Data rate

1 2 dref 80 ms 80 Kbps

2 3 dref 80 ms 80 Kbps

Four simulation scenarii were used in the performance
evaluation. In the first scenario, we analyzed the behavior of
the schedulers when mobiles occupy different geographical
positions. The second scenario examines the performance
of the schedulers when mobiles have heterogeneous bit rate
requirements. QoS differentiation is evaluated in the third
scenario. The fourth simulation scenario considers mobiles
with both heterogeneous geographical positions, bit rate, and
QoS requirements.

5.1. First Scenario: Influence of the Distance on the Schedulers
Performances. In wireless networks, it is well known that
the closest mobiles to the access point generally obtain
better QoS than mobiles more distant thanks to their higher
spectral efficiency. In order to study the influence of the
distance on the scheduling performances, a first half of
mobiles are situated close to the access point and a second
half 1.5 farther. The other parameters are identical for all the
mobiles as described in Table 1. The total number of mobiles
sets the traffic load.

First we focus on the fairness provided by each sched-
uler. Figures 7(a), 7(b), 7(c), and 7(d) display the overall
PDOR for different traffic loads considering the influence
of the distance on the scheduling. The classical RR fails
to ensure the same PDOR to all mobiles. Actually, the RR
fairly allocates the RUs to the mobiles without taking in
consideration that far mobiles have a much lower spectral
efficiency than closer ones. Moreover, the RR does not
take benefit of multiuser diversity which results in a bad
utilization of the bandwidth and in turn, poor system
throughput. Consequently, an acceptable PDOR target of 5%
is exceeded even with relatively low traffic loads. Based on
opportunistic scheduling, the three other schemes globally
show better QoS performances supporting a higher traffic
load. However, MaxSNR, PF, and MAOPF still show severe
fairness deficiencies (in this context where all mobiles have
an equal source bit rate, the MAOPF and PF perform
the same scheduling). Close mobiles easily respect their
delay requirement while far mobiles experience much higher
delays and go past the 5% PDOR target when the traffic load
increases. In contrast, the WFO provides the same QoS level
to all mobiles whatever their respective position. The WFO is
the only one to guarantee a totally fair allocation. This allows
to reach higher traffic loads with an acceptable PDOR for
all mobiles. Additionally, looking at the overall PDOR for all
mobiles at different traffic loads shows that, besides fairness,
the WFO provides a better overall QoS level as well.

Observing the mean buffer occupancy in Figure 8(a),
the WFO clearly limits the buffer occupancy to a same and
reasonable value whatever the position of the mobile. This
allows to stay under the PDOR target for any traffic load.
With its system of weights, the WFO dynamically adjusts the
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Figure 7: Measured QoS with respect to distance.
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Figure 9: Perceived QoS with different allocation schemes.

relative priority of the flows according to their experienced
delay. With this approach, sparingly delaying the closer
mobiles, the WFO builds on the breathing space offered by
the easy respect of the delay constraints of the closer mobiles
(with better spectral efficiency) for helping the farther ones.
The WFO interesting performance results are corroborated
in Figures 8(b) and 8(c), where the overall values of the mean
packet delay and jitter obtained using the WFO are smaller.

We then had a look at the QoS satisfaction level that
each mobile perceives across the lifetime of a connection.
We divided the connection of each mobile in cycles of five
minutes and measured the PDOR at the end of each cycle.
Figure 9 shows the CDF of end cycle PDOR values for a traffic
load of 960 Kbps, using, respectively, the MaxSNR, the PF,
and the WFO schemes (RR performances are not presented
here since they are not able to support this high traffic
load). We also estimated the mobile dissatisfaction ratio. We
checked if at the end of each cycle the delay constraint is
met or not. We then computed the mobile dissatisfaction
ratio defined as the number of times that the mobiles are
not satisfied (experienced PDOR≥ PDORtarget) divided by
the total number of cycles (cf. Figure 10).

Highly unfair, MaxSNR fully satisfies the required QoS of
close mobiles at the expense of the satisfaction of far mobiles.
Indeed, only 54.5 percents of these latter experience a final
PDOR inferior to a PDOR target of 5% (cf. Figure 9(a)).
Unnecessary priorities are given to close mobiles which easily
respect their QoS constraints while more attention should
be given to the farther. These inadequate priority manage-
ment dramatically increases the global mobile dissatisfaction
which reaches 23% as shown in Figures 9(a) and 10(a).

PF brings more fairness and allocates more priority to
far mobiles. Compared to MaxSNR, PF offers a QoS support
improvement with only 12.8% of dissatisfied mobiles (cf.
Figures 9(b) and 10(a)). Fairness is still not total since the
farther mobiles have a lower spectral efficiency than the
closer ones due to path loss. All mobiles do not all benefit
of an equal average throughput despite they all obtain an
equal share of bandwidth. This induces heterogeneous delays
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Figure 11: Bandwidth usage efficiency.

and unequal QoS. This fairness improvement compared to
MaxSNR indicates however that some flows can be slightly
delayed to the benefit of others without significantly affecting
their QoS.

The WFO was built on this idea. The easy satisfaction of
close mobiles (with better spectral efficiency) offers a degree
of freedom which ideally should be exploited in order to help
the farther ones. WFO allocates to each mobile the accurate
share of bandwidth required for the satisfaction of its QoS
constraints, whatever its position is. With WFO, only 0.8
percents of the mobiles are dissatisfied (cf. Figures 9(c) and
10(a)). Additionally, compared to Figures 9(a), 9(b), and 9(c)
exhibits superimposed curves which proves the WFO high
fairness, included at short term.

Figure 10 shows that the WFO brings the largest level
of satisfaction. Indeed, for a tight PDOR target of 5% (see
Figure 10(a)), the dissatisfaction ratio with a high traffic load
of 1120 Kbps is equal to 18% with the WFO versus 29.7%
with the best of the other scheduling schemes. If we set the
PDOR target to 10%, the dissatisfaction ratio with a high
traffic load of 1120 Kbps is 0% with the WFO versus 13.8%
with the best of the other scheduling schemes (PF).

We finally studied the system capacity offered by the
four scheduling algorithms. Figure 11(a) shows the average
number of bits carried on a used subcarrier by each
tested scheduler under various traffic loads. As expected,
the nonopportunistic Round Robin scheduling provides a
constant spectral efficiency, that is, an equal bit rate per
subcarrier whatever the traffic load since it does not take
advantage of the multiuser diversity. The three other tested
schedulers show better results. In contrast with RR, with the
opportunistic schedulers (MaxSNR, PF, WFO), we observe
an interesting inflection of the spectral efficiency curve when
the traffic load increases. The join analysis of Figures 11(a)
and 11(b) shows that the spectral efficiency of opportunistic
scheduling is an increasing function of the number of active
mobiles, thanks to the exploitation of this supplementary

multiuser diversity. Consequently, MaxSNR, PF, and WFO
increase their spectral efficiency with the traffic load, and
the system capacity is highly extended compared to networks
which use classical scheduling algorithms. With these three
schedulers, all mobiles are served even at the highest traffic
load of 1280 Kbps.

The performance of the four schedulers can be further
qualified by computing the theoretical maximal system
throughput. Considering the Rayleigh distribution, it can
be noticed that α2

k,n is greater or equal to 8 with a
probability of only 0.002. In these ideal situations, close
mobiles can transmit/receive 6 bits per RU while far mobiles
may transmit/receive 4 bits per RU. If the scheduler always
allocated the RUs to the mobiles in these ideal situations,
an overall efficiency of 5 bits per RU would be obtained
which yields a theoretical maximal system throughput of
1600 Kbps. Comparing this value to the highest traffic
load in Figure 11(a) (1280 Kbps) further demonstrates the
good efficiency obtained with the opportunistic schedulers
that nearly always serve the mobiles when their channel
conditions are very good. This result also shows that the
WFO scheduling has slightly better performances than the
two other opportunistic schedulers. Keeping more mobiles
active (cf. Figure 11(b)) but with a relatively lower traffic
backlog (cf. Figure 8(a)), the WFO scheme preserves mul-
tiuser diversity and takes more advantage of it obtaining a
slightly higher bit rate per subcarrier (cf. Figure 11(a)).

In the results described above, the traffic load was
varied by increasing or decreasing the number of mobiles
in the system, which modified the multiuser diversity. This
exhibited the opportunistic behavior of the schedulers and
especially their ability to take advantage of the multiuser
diversity brought with the increase of the number of mobiles.
We also studied below the ability of each scheduler to take
profit of the multiuser diversity brought by a given number
of users. In Figure 12, we provide complementary results
obtained in a context where the traffic load variation is done
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Figure 12: Performances of schedulers with fixed multiuser diversity.

Table 2: Second scenario setup.

Group Number of
mobiles

Distance Delay threshold Data rate

1 9 1.6 dref 80 ms 80 Kbps

2 3 1.6 dref 80 ms 240 Kbps

through just increasing the mobile bit rate requirement and
keeping a constant number of users (10 mobiles). The results
in Figure 12(a) show that, like above, the WFO outperforms
the other scheduling schemes. With its weighted algorithms,
the WFO dynamically adjusts the mobiles priority and
ensures a completely fair allocation. WFO is the only one
which allows to reach higher traffic loads with an acceptable
PDOR for all mobiles. Additionally, even if the traffic load
increases without variation in the number of mobiles, the
WFO keeps more mobiles active across the time than the
other schemes and takes better advantage of the multiuser
diversity. The analysis of Figure 12(b). confirms that WFO
maximizes the average bit rate per subcarrier.

5.2. Second Scenario: Performance with Heterogeneous Bit Rate
Sources. In this simulation scenario, mobiles are divided in
two groups that differ only by their data rate as described in
Table 2.

The four opportunistic scheduling strategies provide
the same bandwidth usage ratio of 82% (RR performances
are not reported here and in the following because its
poor performances do not support the tested configura-
tions). However, delay management considerably differs.
Figure 13(a) shows the overall ratio of packets delivered after
the threshold time, respectively, in Group 1, Group 2, and
globally. The results show that the MaxSNR and the PF easily
respect the delay constraints of low bit-rate mobiles but fail
for the second group of mobiles. In contrast, the MAOPF
and the WFO schemes provide fairness with an equal and

Table 3: Third scenario setup.

Group Number of
mobiles

Distance Delay threshold Data rate

1 7 2.7 dref 80 ms 80 Kbps

2 7 2.7 dref 250 ms 80 Kbps

moderate ratio of packets in delay outage whatever the
source bit rate. The overall PDOR obtained with the MAOPF
and the WFO is smaller than with the two other schemes.
Here, the two multimedia oriented schedulers provide fair
QoS management and better QoS support. Regarding the
perceived QoS, Figures 13(b) and 13(c) show that the WFO
outperforms the other schedulers including the MAOPF
which do not directly manage the PDOR fluctuations.

5.3. Third Scenario: Performance with Heterogeneous Delay
Constraints. We then studied the influence of heterogeneous
delay requirements on the scheduling performances. In this
simulation scenario, mobiles are divided in two groups that
differ only by their delay requirements (cf. Table 3).

In this context where all mobiles have an equal source
bit rate, the MAOPF and PF perform the same scheduling.
Figure 14 clearly shows that the WFO outperforms the three
other schemes ensuring fair QoS support and provides the
largest QoS satisfaction level. This is processed with the WFO
weighted system which dynamically controls the delay in
a generic manner by monitoring the distance to the delay
threshold thanks to a continuous and efficient regulation of
the PDOR. This provides full QoS differentiation.

As explained above, the sum of incoming traffics of the
mobiles is inferior to the system throughput. In this context,
the traffic of each mobile is served sooner or later, and the
bit rate sent by each mobile is equal to its incoming traffic.
Fairness is absolute in terms of bit rate sent by each mobile.
High-delay-sensitive mobiles are not served more often than
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Figure 13: Measured QoS with heterogeneous sources in terms of bit rate.
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Figure 14: Measured QoS with heterogeneous sources in terms of delay requirement.
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Figure 15: Overall PDOR.

other mobiles but earlier. It is only the time instant at which
each high-delay-sensitive mobile and background mobile is
served that differs. The purpose of the tested schedulers is to
set dynamic priorities between the different types of traffics.
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Figure 16: Mobile dissatisfaction when PDORtarget = 5%.

5.4. Fourth Scenario: Global Scheduling Performances Analysis.
So far, we have analyzed the behavior of the schedulers in
simple contexts considering one criterion at a time for better
understanding its influence on the performances. In order to
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Figure 17: Mobile dissatisfaction when PDORtarget = 10%.

Table 4: Fourth scenario setup.

Group Number of
mobiles

Distance Delay threshold Data rate

1 2 2 dref 80 ms 80 Kbps

2 1 2 dref 80 ms 160 Kbps

3 2 2 dref 250 ms 80 Kbps

4 1 2 dref 250 ms 160 Kbps

5 2 2.4 dref 80 ms 80 Kbps

6 1 2.4 dref 80 ms 160 Kbps

7 2 2.4 dref 250 ms 80 Kbps

8 1 2.4 dref 250 ms 160 Kbps

corroborate the good results of the WFO, we study in this
section the performance of the tested protocols in a more
general context. Eight groups of mobiles are considered here
as described in Table 4.

Figures 15, 16, and 17, respectively, show the overall
packet loss ratio and the dissatisfaction ratio with a PDOR
target set to 5% and 10% for each group of mobiles and on
the right, for all groups. MaxSNR provides a very poor QoS
in groups 2, 5, and 6, that is, when delay requirements are
stringent and the path loss or the source bit rate is high.
This result confirms that MaxSNR severely lacks fairness
in realistic scenarii. Mobile position has less consequences
on fairness with PF. However, PF still shows deficiencies
for mobiles with high data rate and tight delay threshold
(groups 2 and 6). In comparison with PF, MAOPF brings
more fairness between mobiles with heterogeneous data rate.
Groups 2 and 6 experience less difficulties but at the expense
of the satisfaction of groups 1 and 5. Globally, MaxSNR, PF,
and MAOPF provide comparable performance results, each
of them penalizing selectively some of the groups of mobiles.
In contrast, WFO performs an efficient multiplexing and
jointly manages all the mobiles so that they are all satisfied in
a same proportion whatever their respective QoS constraints,
positions, or data rate specificities. WFO allows to respect
the delay thresholds in equity for all mobiles and satisfy the
largest number.

6. Conclusion

In this paper, we propose a new MAC protocol for wireless
multimedia networks, called “weighted fair opportunistic
(WFO)” protocol. This access scheme operates on top of an
OFDM-based physical layer and shows a good compatibility
with the existing 802.16 standard. Full support of evolved
multimedia services and QoS differentiation is enabled with
the introduction of generic QoS attributes. Based on a
system of weights, the WFO scheduling introduces dynamic
priorities between the mobiles according to their transmis-
sion conditions and the delay they currently experience in
a higher layers/MAC/PHY cross-layer approach. With its
well-balanced resource allocation, the WFO scheme keeps
a maximum number of service flows active across time but
with relatively low traffic backlogs. Preserving the multiuser
diversity, it takes a maximal benefit of the opportunistic
scheduling technique for maximizing the system capacity.
Simulation results show that the WFO outperforms other
wireless OFDM-based scheduling schemes providing effi-
cient QoS management. Fairness is ensured whatever the
mobile position, the bit rate, or the delay constraints and
without never sacrificing system capacity.
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1. Introduction

In today’s wireless scenarios, new radio access technologies
(RATs) are emerging at frequent intervals. Although oper-
ators quickly introduce new wireless systems to the market
they still have a strong interest in exploiting their legacy
systems. Consequently, scenarios where an operator is in
charge of multiple air interfaces with overlapping coverage
are a common business case. Dense urban environments in
Europe, where users are often in the coverage of a cellular
TDMA-based GSM and CDMA-based UMTS systems, serve
as a good example. In this case, if services are offered
independently of the radio access technology and terminals
support multiple wireless standards, the operator has the
freedom to assign users to a cell and air interface of its choice.

Over the last years there has been growing interest
in academics and industry in which way these degrees of
freedom should be used and how users should be assigned

in heterogeneous wireless scenarios to exploit resources
more efficiently, incorporate fairness, and increase reliability.
Established concepts include load-balancing, service-based,
and cost-based strategies. Load-balancing strategies assign
users such that overload situations are avoided in one RAT
as long as there are resources left in a collocated radio system
[1]. More advanced approaches are service-based strategies
which select an RAT also in dependence of the requested
service type [2]. These strategies exploit the fact that one
wireless technology might be better suited to support a
certain service-class than another one due to different
granularities of distributable resources, different coding, and
modulation schemes. However, both approaches neglect the
fact that also the position and corresponding channel gain
of a user influence the efficiency of an RAT supporting a
service request. Reasons include different carrier frequencies
and corresponding channel models of RATs, base station
positioning, different interference situations and sensitivity
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to it. A concept that considers all earlier mentioned factors,
like the system load, service class, interference situation,
characteristics of the RAT, and users’ positions, is the cost-
based approach, introduced and analyzed in [3, 4]. There, it
was observed that all characteristics can be bundled together
in one cost parameter per user and RAT which suffice to
calculate a close to optimum assignment that maximizes
the total number of supportable voice users under static
conditions. Alternative approaches can be found in [5] and
references therein.

In this paper, we analyze in which way users of dif-
ferent service classes should be assigned in a heteroge-
neous scenario, thereby extending ideas from [3, 4]. Users
request either a fixed minimum data rate, for example,
as needed for voice services, or unconstrained best-effort
(BE) data services. We formulate the user assignment
as a utility maximization problem which is constrained
by the resources (such as power or bandwidth) of the
individual base stations (BSs) as well as users’ minimum
data rate requirements. The utilities represent quality of
service (QoS) indicators of the BE users and, by choosing
appropriate utility functions, give operators the freedom to
tune the operation point of the heterogeneous system. It
is important to note that although our model holds for
general concave utility functions we will adopt the concept
of α-proportional fairness introduced in [6] which allows to
variably shift the operation point between maximum sum
throughput, proportional fairness up to max-min fairness
by a single, parameterizable utility function. Related work
on utility maximization in nonheterogeneous interference
limited systems was carried out in [7–9], where the generally
nonconvex utility maximization problem was turned into
a convex representation (or supermodular game) using
specific techniques. The major difference to the approach
taken in this paper is that we consider a heterogeneous
scenario where the user-wise utilities are a function of the
individual link rates; this practical assumption significantly
complicates the analysis and neither of the approaches in
[7–9] can be applied. Based on the convex formulation and
by using structural properties, we present a decentralized
algorithm that solves the optimization problem for static
scenarios and derive simple assignment rules using the dual
representation of the utility problem. The insights gained
from the static setup are then adapted to dynamic scenarios
and we design a distributed protocol which requires minimal
information exchange between users and BSs and still
achieves considerable performance gains. Most importantly,
both algorithms allow operators to arbitrarily tune the
fairness-throughput tradeoff online without any system
changes. Although we cannot guarantee the convergence of
the simplified algorithm in the dynamic scenario we observe
a close to the global optimum operation in case a sufficient
number of users requests service and the variation of the
channel gains due to mobility is low. This is verified by the
derivation of an upper bound and comparison to simulation
results. Still, also for low service request rates and stronger
channel variations due to mobility and fading considerable
gains in terms of throughput and sum utility are obtained in
comparison to a load-balancing strategy.

Investigation area
Movement area

Transceiver
Main transmission

direction

Figure 1: Playground with 40 GSM and 40 UMTS directional
transceivers (collocated).

The paper is organized as follows: after the introduction
of the system model and the utility concept in Section 2,
we will formulate the optimization problem in Section 3.
Algorithms that solve the problem in a decentralized way
for static and dynamic scenarios are presented in Section 4.
There, also the upper performance bound for the dynamic
scenario is derived. In Section 5, we eventually evaluate the
performance of the dynamic algorithm by comparing it
to a load-balancing approach. We conclude the paper in
Section 6.

Notations. In this work bold symbols denote vectors or
matrices, calligraphic letters sets, and | · | the cardinality of a
set. The transpose of a vector is (·)T , xm is the mth element
of x, and E(·) is the expectation. The summation over sets is
defined as X =∑nXn = {x : x =∑nxn, xn ∈Xn}.

2. System Model

We consider a wireless scenario in the down-link direction
where multiple RATs with partly overlapping coverage are
arranged in an area called playground. The set of RATs A =
Aorth ∪ Ainf thereby consists of two subsets: in RATs with
orthogonal resources a ∈ Aorth time or frequency slots or
subcarriers are assigned explicitly and users connected to one
BS do not interfere with each other. In interference limited
RATs a ∈ Ainf all users share the same bandwidth and
the power constitutes the distributable resource. Each RAT
a ∈ A consists of a set of base stations m ∈ Ma and one
operator is assumed to control the set of all base stations
M = ⋃

a∈AMa. An exemplary scenario with one cellular
UMTS system belonging to the interference limited class and
one cellular GSM/EDGE air interface of the orthogonal class
is depicted in Figure 1.
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Since commercial wireless systems usually operate on
individual frequency bands, we assume that signals of dif-
ferent RATs are orthogonal to each other and no intersystem
interference takes place. Users can be affected by intra- and
intercell interference within one radio technology, however.

The set of users I can be divided into two subsets
and users are equally distributed on the playground; users
i ∈ Iv request a voice service with guaranteed data rate
and have priority to BE users i ∈ Ib who do not have
any QoS guarantees. Furthermore, it is assumed that the
user equipment is able to cope with all RATs and the
service requests are independent of the technology giving the
operator the freedom to choose a cell and a RAT for each user
that is best suited from its perspective.

Next we will describe the two classes of RATs that are
covered in our scenario in more detail.

2.1. Orthogonal RATs. For the class of orthogonal systems
we assume a fixed transmission power per BS and that the
bandwidth, in terms of time or frequency slots, respectively,
is the resource continuously distributable between users.
Since commercial TDMA systems like GSM/EDGE usually
have low frequency reuse factors we will assume constant
intercell interference for this class of systems. The signal to
interference and noise ratio (SINR) of user i and a BS m of
this class

βi,m =
gi,mPm
ηm + Im

∀m ∈Ma, a ∈Aorth, (1)

thus depends on the channel gain gi,m, the BS power Pm,
the constant intercell interference Im, the thermal noise ηm,
and is independent of the assigned resource. The amount of
bandwidth assigned to user i by BS m is denoted by ti,m. It is
limited by the total, distributable bandwidth per BS Tm and
the constraint

∑

i∈I

ti,m = tm ≤ Tm ∀m ∈Ma, a ∈Aorth. (2)

Due to the orthogonality of the users’ signals and since the
bandwidth is the distributable resource the relation between
a user’s data rate Ri,m and the assigned resource is linear for
this class of RATs:

Ri,m = Ri,mti,m. (3)

Here, Ri,m := f (βi,m) denotes the link rate per time or
frequency slot between user i and base station m where
f (β) is a positive, nondecreasing SINR-rate mapping curve
corresponding to the coding and transmission technology of
the RAT a ∈Aorth. By substituting (3) into (2) the achievable
rate region of each individual BS m ∈ Ma results in an I-
dimensional simplex, limited by the positive orthant and a
hyperplane:

Rm =
{

Rm :
∑

i∈I

Ri,m
Ri,m

≤ Tm, Ri,m ≥ 0∀i ∈ I

}
, (4)

where Rm is the i-dimensional vector with entries Ri,m. Since
the rate assignment in one cell does not influence the feasible

rate region of neighboring cells the feasible rate region of the
whole RAT results in the convex polytope

Ra =
∑

m∈Ma

Rm, a ∈Aorth. (5)

2.2. Interference Limited RATs. We assume that all users share
the same bandwidth and that resources are distributed in
terms of assigned power for BSs in interference limited air
interfaces like UMTS m ∈ Mb, b ∈ Ainf. The power of each
BS is limited by a sum constraint

∑

i∈I

pi,m = Pm ≤ Pm ∀m ∈Mb, b ∈Ainf, (6)

where pi,m is the power that BS m assigns to user i ∈ I.
Users are sensitive to intracell and intercell interference in
interference limited systems and the SINR between BS m ∈
Mb, b ∈Ainf and user i ∈ I is given by

βi,m =
gi,mpi,m

ρgi,m
∑

j /= i p j,m +
∑

n /=m gi,nPn + ηinf

m,n ∈Mb, b ∈Ainf, i, j ∈ I,

(7)

with ρ the orthogonality factor which accounts for a reduced
intercell interference. In this class of systems all links of one
BS share a limited power budget and are impaired by the
power assigned to other users in the air interface. A well-
known model for the link rate of these systems is given in
[10]:

Ri,m =Cb log
(
1 +Dbβi,m

)

=Cb log

(
1+Db

gi,mpi,m
ρgi,m(Pm−pi,m)+

∑
n /=m gi,nPn+ηinf

)
.

(8)

There, the positive constants Cb,Db parameterize the system
characteristics such as bandwidth, modulation, and bit-error
rates. In (8), a user’s data rate is in general neither convex
nor concave in p (index omitted). Therefore, also the feasible
rate region is not convex, which in turn will be a requirement
to obtain a convex representation of the utility maximization
problem in Section 3. However, assuming that all BS transmit
with fixed transmission power and that the SINR of all links
is not too high we can approximate the data rate by

Ri,m = Cb log

(
1 +Db

pi,m
Ii,m − ρpi,m

)

≈ Δb
Ii,m

pi,m

=: Ri,mpi,m,

(9)

with

Ii,m =
ρgi,mPm +

∑
n /=m∈Mb

gi,nPn + ηinf

gi,m
. (10)
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Figure 2: UMTS resource-rate mapping: quality of linear approxi-
mation (9).

The approximation in (9) represents the first order Taylor
expansion for p = 0 if one chooses Δb = CbDb. Clearly,
this approximation holds only for low data rates and since
we are interested in a good approximation for typical rates of
the UMTS system, it turns out to be practical to use a higher
slope Δb > CbDb. Indeed we plotted the rates in (9) over p/I
for UMTS in Figure 2 and chose Δb so that it intersects the
real rate curve at the origin and 100 kbit/s which covers the
range of rates that are typically assigned to users in UMTS
in our scenario quite well. Obviously, this is only a model,
but works fine for the problem at hand. We refer also to the
discussion in Section 5.

By solving the approximation in (9) for p and substitu-
tion into (6) the achievable rate region of BS m ∈Mb can be
represented by

Rm =
{

Rm :
∑

i∈I

Ri,m
Ri,m

≤ Pm, Ri,m ≥ 0∀i ∈ I

}
. (11)

Since all BS are assumed to transmit with Pm = Pm,
the intercell interference is independent of the resource
assignment and the achievable rate region of the whole RAT
results in

Rb =
∑

m∈Mb

Rm, b ∈Ainf, (12)

which is a convex polytope as for the orthogonal RAT.
Our approach stands in clear contrast to [8] where a

convex feasible rate region for interference limited RATs was
obtained with the posynomial transform and assuming R ≈
C log(Dβ). The posinomial approach has the advantage that
also the BS sum transmission power Pm can be optimized.
However, the corresponding rate approximation is only valid
for high SINR and does not hold in our scenario. The linear
structure of our approximation will further lead to simple
assignment rules in Section 3.

2.3. Utility Concept and α-Proportional Fairness. Instead
of maximizing a fixed metric like the system throughput,
we will formulate the optimization problem in terms of
utility functions, which relate assigned resources, system
parameters as the SINR or the data rate to benefits such
as revenues, fairness or user satisfaction. More precisely,
we focus our investigations on utility functions which are
concave, strictly increasing and dependent on the user’s data
rate in the following form:

U =
∑

i∈Ib

ψi

⎛
⎝
∑

m∈M

Ri,m

⎞
⎠ . (13)

Without loss of generality ψi in (13) is given by

ψαi
(
Ri
) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

wi log
(
Ri
)
, if α = 1,

wi

1− αR
1−α
i , otherwise.

(14)

Utilities defined by (13) and (14) correspond to the well-
established weighted α-proportional fairness [6], and are
from special interest for operators since they ensure flexible
tuning of the system fairness in a wide range. A rate
allocation R∗ is said to be α-proportional fair, if for any
feasible allocation R

∑

i∈Ib

Ri − R∗i
R∗

α

i
≤ 0 (15)

holds [6]. The parameter α in (14) hereby tunes the fairness-
throughput tradeoff; for α = 0 the system throughput will
be maximized, which might result in assignments where
only very few users are served and which is quite unfair.
A selection α = 1 leads to proportional fairness which is
equivalent to assigning equal shares of resources to all users
in our scenario. For α → ∞ the assignment converges to the
max-min fairness, where all users will be assigned equal data
rates and the overall system throughput will be low [6].

Note that the definition of the utility in terms of the sum
of a user’s link rates in (13) is more relevant for practical
application than, for example, the sum utilities of individual
links U = ∑

i

∑
mψ(Ri,m) used in [7, 9]. It turns out that

it is exactly this so-called nonseparable utility formulation
that leads to the desired characteristic that most users will
establish only a single link, as will be shown in Section 3. By
contrast, the separable utility in [7, 9] will favor multilink
operation and therefore the results cannot be applied to our
model. This follows from the concavity of ψ and the Jensen’s
inequality; assume a user is assigned a certain sum rateRi that
can be split between two links Ri,m and Ri,n, Ri = Ri,m + Ri,n.
Then, it is beneficial in terms of the separable sum utility to
activate both links because ψ(Ri,m) + ψ(Ri,n) ≥ ψ(Ri).

3. Problem Formulation

Having the system model and the utility concept introduced,
we now present the formal problem formulation. We want
to find the user assignment in a heterogeneous multicell
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scenario that maximizes the sum utility of all BE users under
the constraint that all voice users are assigned at least a
minimum data rate Rmin,i. Based on the earlier presented
assumptions, the problem can be formulated as

max
R

∑

i∈Ib

ψi

⎛
⎝
∑

m∈M

Ri,m

⎞
⎠ ,

subject to
∑

i∈I

Ri,m
Ri,m

≤ Γm ∀m ∈M,

∑

m∈M

Ri,m ≥ Rmin,i ∀i ∈ Iv,

Ri,m ≥ 0 ∀i,m ∈ I, M,

(P1)

with Γm denoting available resources, Γm = Pm ∀m ∈
Mb, b ∈ Ainf or Γm = Tm ∀m ∈ Ma, a ∈ Aorth,
respectively. Problem (P1) consists of a concave objective
over linear constraints and is therefore convex. Consequently,
a variety of ready-to-use algorithms exists to solve it [11].
However, neither give these algorithms insights into the
problem structure nor do they give a hint to a decentralized
solution. We therefore develop a different approach based
on duality [11, 12]; instead of solving (P1) directly we
transform it into an alternative problem which is known
to have the same solution as (P1) but can be solved in
a decentralized way. To obtain an expression for the dual
transform the Lagrangian function of (P1) is needed, which
has the following form:

L(R, λ,μ,σ) =
∑

i∈Ib

ψi

⎛
⎝
∑

m∈M

Ri,m

⎞
⎠

−
∑

m∈M

λm

⎛
⎝
∑

i∈Ib

Ri,m
Ri,m

− Γm
⎞
⎠

+
∑

i∈Iv

μi

⎛
⎝
∑

m∈M

Ri,m − Rmin,i

⎞
⎠

+
∑

i∈I

∑

m∈M

σi,mRi,m.

(16)

Here λ, μ, σ are nonnegative dual parameters. Next, we
introduce the dual function of (P1) which is defined as [11]

g(μ, λ,σ) = max
R

L(R,μ, λ,σ). (17)

Due to nonnegativity of the dual parameters one observes
that (17) is always larger than or equal to the solution of (P1).
Therefore, minimizing the unconstrained dual function over
the dual parameters

min
μ,λ,σ≥0

g(μ, λ,σ) = min
μ,λ,σ≥0

max
R

L(R,μ, λ,σ)
︸ ︷︷ ︸

inner problem

(18)

yields an upper bound on the original optimization problem
(P1) and is called the dual problem of (P1). Furthermore,

by convexity of (P1) and since Slater’s conditions [11]
hold, the bound is tight and (18) and (P1) have the same
solution. Our motivation to use the dual formulation is the
possibility to decouple the optimization problem into an
inner maximization problem over the primal variables R
and an outer minimization over the dual parameters which
will be called outer loop further on. Additionally, the dual
problem allows to exploit structural properties which will
greatly simplify the algorithm design. The inner problem
can be solved by each base station individually as we will
see shortly. In addition, there exists a very limited number
of degrees of freedom for the selection of meaningful dual
parameters in the outer loop. To be more precise, only λ
has to be optimized iteratively in the outer minimization. A
rate allocation R(λ) that maximizes the inner problem can
be calculated directly for a given λ independently of σ and μ.
Before we go into the details the KKT conditions are given,
which are necessary and sufficient for the optimum solution
of (P1) (or equivalently (18))[11] and will be exploited later:

∂L(R∗,μ∗, λ∗,σ∗)
∂Ri,m

= 0 ∀m, i ∈M, I, (19)

λ∗m

⎛
⎝
∑

i∈I

R∗i,m
Ri,m

− Γm
⎞
⎠ = 0 ∀m ∈M, (20)

μ∗i

⎛
⎝Rmin,i −

∑

m∈M

R∗i,m

⎞
⎠ = 0 ∀i ∈ Iv, (21)

σ∗i,mR
∗
i,m = 0 ∀i,m ∈ I, M. (22)

Here (·)∗ denotes the variables at the optimum.

3.1. Inner Problem. Rearranging terms in (16) results in the
following:

L(R,μ, λ,σ) =
∑

i∈Ib

ψi

⎛
⎝
∑

m∈M

Ri,m

⎞
⎠

+
∑

i∈Iv

∑

m∈M

Ri,m

(
σi,m − λm

Ri,m
+ μi

)

+
∑

i∈Ib

∑

m∈M

Ri,m

(
σi,m − λm

Ri,m

)

+
∑

m∈M

λmΓm −
∑

i∈Iv

μiRmin,i.

(23)

From (23), one observes that (17) is only finite if and only if

σi,m − λm
Ri,m

+ μi = 0 ∀m, i ∈M, Iv, (24)

λm
Ri,m

> σi,m ∀m, i ∈M, Ib, (25)

and hence it follows that (24) and (25) are necessary condi-
tions to obtain a meaningful solution in (18). Furthermore,
the first KKT condition (19) has to hold for any rate
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assignment that solves (17) which after substituting (24) into
(23) simplifies to

∂L
∂Ri,m

= ψ′i

(
∑

m∈M
Ri,m

)
+ σi,m − λm

Ri,m
= 0 ∀m, i ∈M, Ib.

(26)

Here, ψ′i (x) = ∂ψ′i (x)/∂x and (26) are necessary and
sufficient conditions for the maximum of the Lagrangian
function which is independent of the voice users. Although
the optimization of the dual parameters is formally per-
formed in the outer problem, one observes already here that
only certain σ can lead to the optimum solution of (P1).
More precisely, for a given λ only one element σi,m can be
chosen freely for each user i so that (26) is not violated. All
other elements σi,n,n /=m result directly from σi,m by (26).
This is shown in the following example: assume one element
σi,m and λ are given for user i from the outer loop. Then, for
the rate assignment that maximizes the inner problem ui :=
ψ′i (
∑

m∈MRi,m) = (λm/Ri,m) − σi,m has to hold (from (26)).
Since (26) is a necessary condition also for all n /=m it follows
that σi,n = ui(σi,m) + (λm/Ri,n), n /=m which is therefore
uniquely determined by σi,m. This observation reduces the
degrees of freedom to select meaningful σ to one scalar
element per user in the outer loop. From (26), it further
follows that σi,m = 0 can only hold for m ∈Mopt,i(λ), with

Mopt,i(λ) =
{
m′
i ∈M : m′

i = arg min
m

λm
Ri,m

}
. (27)

This is a direct consequence of the nonnegativity of the dual
parameters and ui based on (26). Having σi,m = 0, however,
is a necessary condition for R∗i,m > 0 since for any optimum
rate assignment of (P1) the last KKT condition (22) has to
be fulfilled. Therefore, regardless of the outer optimization
we can already state here that σi,n > 0∀n /∈Mopt,i, i ∈ Ib
and only rate assignments

Ri,m

⎧
⎪⎨
⎪⎩

≥ 0 ∀m ∈Mopt,i(λ),

= 0 else
(28)

have to be considered as solution for (P1). Furthermore,
setting σi,m = 0 m ∈ Mopt,i if possible is required to allow
for assignments with Ri,m > 0. Only if the maximum slope of
the utility function ψ′(0) is smaller than minm(λm/Ri,m) this
will result in σi,m > 0∀m ∈ Mopt,i then so that (26) is not
violated. In this case user iwill not be assigned any resources.
The KKT conditions lead to similar optimality conditions for
the voice users; from (24) as well as the argumentation above
it follows that

μi = min
m

λm
Ri,m

∀i ∈ Iv, (29)

and that (28) is also a necessary condition for the voice users.
It is noted here that for a given λ the solution of (17) is
uniquely determined (see proof of Theorem 1 in Section 4).
However, the corresponding rate assignment might not be
unique. Multiple optimum rate assignments can exist in the

rare case when ∃{m,n ∈ M, m /=n : λm/Ri,m = λn/Ri,n} and
therefore |Mopt,i(λ)| > 1. For all other users it follows by (26)
and the discussions on σ that the rate assignment

Ri,m(λ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ′−1
i

(
λm
Ri,mi

)
if ψ′i,m(0) >

λm
Ri,m

,

m ∈Mopt,i(λ), ∀i ∈ Ib,

Rmin,i if m ∈Mopt,i(λ), ∀i ∈ Iv,

0 else
(30)

maximizes the inner problem and solves (17). In this case, the
rate assignment is unique and only depends on λ. In (30),
ψ′−1 is the inverse of the derivative of the utility function
with ψ′(ψ′−1(x)) = x.

Equation (30) gives some valuable insights to the opti-
mum cell/RAT selection of users and the corresponding
resource assignment. First, it can be shown that almost all
users are assigned to exactly one BS since |Mopt,i| = 1 in
general. Second, this BS can be determined independently
by each user if λ is known and under the assumption that
each user i can measure Ri.m∀m ∈ M. Both characteristics
rely on the linear connection between the data rate and the
assigned resources and on the user based utilities and greatly
simplify the distributed solution of (P1). In contrast, one
would obtain that R∗i,m > 0 ∀i,m ∈ I, Mb, b ∈ Ainf under
the high SINR assumption in [7, 9], which implies that all
users have active connections to all BSs in the interference
limited air interface. Third, the maximum slope of the utility
function ψi(0) defines a threshold which can be tuned to
switch off BE users with low Ri,m, as will be described in
Section 5.

3.2. Outer Problem. Since for μ (24) has to hold, λ and
formally σ are the only dual parameters that have to be
considered in the outer optimization. In order to minimize
the dual (17), clearly all entries of σ have to be as small
as possible and chosen in a way that (26) holds. Therefore,
σi,m′

i
= 0 ∀{i,m′

i : i ∈ Ib,m′
i ∈Mopt,i(λ), λm′

i
/Ri,m′

i
≤ ψ(0)}.

A subgradient approach can be applied to minimize the dual

over λ [12]. Assume for a given λ̂

R̂ = arg max
R

L(R, λ̂) (31)

is the solution of inner problem, obtained by (30). Then, the
following holds for the dual function [12]

g(λ)≥L(R̂, λ)=L(R̂, λ̂)+
∑

m∈M

(
λm − λ̂m

)
⎛
⎝Γm −

∑

i∈I

R̂i,m
Ri,m

⎞
⎠ ,

(32)

where the last equation is obtained by adding and subtracting

the terms
∑

m∈Mλ̂m(Γm −
∑

i∈I(R̂i,m/Ri,m)) to L(R̂, λ̂) and
the assumption that σi,mRi,m = 0∀i,m ∈ I, M. Further,
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it can be shown from (32) that the vector ν, with νm =
(Γm −

∑
i∈I(R̂i,m/Ri,m)) is a subgradient.

A descriptive explanation of the subgradient approach

is as follows: for a given λ̂ /= λ∗ the rate assignment R̂
might either violate the feasible rate region constraint or
will not exploit all available resources. Both cannot be
optimal since the first case is not feasible and in the
latter case the assignment of more resources to any BE
user would increase the sum utility. Then, the subgradient
gives the direction how λ should be updated so that the
resource constraints are less violated or more resources are
assigned. At the global optimum of (P1), all entries of
the subgradient will be zero and all resource constraints
are met with equality. The subgradient will be used in
the decentralized algorithm, which will be presented in
Section 4.

4. Algorithm

We will now present two decentralized algorithms for
(P1) in a static and dynamic scenario, respectively. In
the static setup, all user requests and channel gains are
assumed to be fixed, while in the dynamic one the requests
and user mobility are subject to stochastic processes.
The static algorithm hereby serves as motivation for the
dynamic one which is adapted for practical applications with
the advantage of requiring almost no signaling informa-
tion.

4.1. Static Scenario. Based on the optimality conditions of
the inner problem and the subgradient of the outer loop in
Section 3, we are able to formulate the static Algorithm 1,
where l denotes the index of the iteration, δ(l) is the step
size, and ε a constant for the stopping criteria. The algorithm
consists of an iterative procedure where in each cycle at first
all BSs broadcast the BS weights λm to all users. Then, each
user i evaluates λm/Ri,m for all BSs and sends an assignment
request (and the corresponding Ri,m or Rmin,i) to a BS m′

i ∈
Mopt,i. Next, each BS m individually calculates the rate
assignment for all users that sent an assignment request to
it. The rate assignment hereby depends on λm and might lie
either inside, on, or outside the feasible rate region of BS
m and thereby either under exploit, meet with equality or
violate the resource constraint. Correspondingly, BS m will
update λm using the subgradient and the cycle starts again by
broadcasting the updated BS weight. Although Algorithm 1
might not converge to the optimum rate assignment in case
∃{m,n ∈ M,m /=n : λ∗m/Ri,m = λ∗n /Ri,n} and therefore
results in |Mopt,i(λ

∗)| > 1, we can formulate the following
theorem.

Theorem 1. Assume that for the series liml→∞δ(l) =
0, lim supl→∞

∑
lδ(l) = ∞ holds and that a feasible allocation

for the voice users exists, then Algorithm 1 converges to the
optimum dual weights λ∗. In case |Mopt,i(λ

∗)| = 1∀i ∈ I the
corresponding rate assignment of Algorithm 1 is also optimal.
In case ∃i ∈ I : |Mopt,i(λ

∗)| > 1 an optimum rate assignment

that solves (P1) can be obtained by solving the set of linear
equations:

∑

m∈Mopt,i

R∗i,m = ψ′−1

(
min

{
min
m

λ∗m
Ri,m

,ψ′i(0)

})
, ∀i ∈ Ib,

∑

m∈Mopt,i

R∗i,m = Rmin,i, ∀i ∈ Iv,

∑

i∈I

R∗i,m = Γm, ∀m ∈M.

(33)

Proof. In Section 3.1, it was shown that steps (3) and (4)
of Algorithm 1 maximize the inner problem of (18) in case
|Mopt,i(λ)| = 1∀i ∈ I. Step (5) corresponds to an update of
λ in direction of the negative subgradient which was derived
in Section 3.2. Since (P1) is a convex optimization problem
and Slater’s condition holds, it is proven in [12] that the
dual problem (18) has the same solution as (P1). Further,
it is shown in [12] that dual subgradient algorithms like
Algorithm 1 converge to the global optimum for the given
step-width constraints. The proof can be extended to the case
where ∃i ∈ I : |Mopt,i(λ)| > 1 by observing the fact that
the maximum of the inner problem is independent of the BS
mi ∈ Mopt,i which is selected by user i in step (3) (however,
it clearly matters for complying with the feasible rate region
constraints); from (26) it follows that

Ri =
∑

m

Ri,m = ψ′−1

(
λm
Ri,m

− σi,m
)

︸ ︷︷ ︸
ζi

∀m, i ∈M, Ib (34)

is necessary and sufficient for the maximization of the inner
problem and that by (21)

∑
m∈MRi,m = Rmin,i ∀i ∈ Iv holds.

Substituting this into the Lagrangian (23) together with (24)
results in a dual function

g(λ) =
∑

i∈Ib

ψ
(
ψ′−1(ζi

))−
∑

i∈Ib

ζiψ
′−1(ζi

)

+
∑

m∈M

λmΓm −
∑

i∈Iv

μiRmin,i,
(35)

which is independent of the actual BS selection of the users.
Therefore, Algorithm 1 will converge to the optimum λ∗ and
to the maximum utility also if ∃i ∈ I : |Mopt,i(λ)| > 1.
The optimum rate assignment of users that are in multilink
operation results then from λ∗ by solving the set of KKT
conditions which reduce to (33) since λ∗m > 0∀m ∈M, μi >
0∀i ∈ Iv for any nontrivial solution.

4.2. Dynamic Scenario. In a dynamic scenario where users
and service requests follow stochastic mobility and traffic
models, respectively, applying Algorithm 1 might be a good
choice from a theoretic perspective. Practically, however,
the procedure is too expensive, since, having the optimum
user assignment at any point in time, it would have to
be executed any time a user’s channel gain or interference
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(1) Each BS initializes λm, νm = 1∀m ∈M, l = 0.
while !((ν(ν)T > ε)||(l < lmax)) do

(2) Each BS broadcasts λm to all users.
(3) Each user i ∈ I evaluates Mopt,i(λ) with (27) and announces an assignment request to
m′
i (λ) ∈Mopt,i(λ). If |Mopt,i(λ)| > 1 it picks one BS of the set randomly.

(4) Based on the assignment requests each BS calculates the rate assignment that maximizes its
sum utility and that fulfills the voice user’s rate constraints corresponding to (30).

(5) Each BS evaluates its sub-gradient component νm = (Γm −
∑

i∈I(Ri,m/Ri,m)) and
updates its dual weight λm(l + 1) = λm(l)− δ(l)νm; l = l + 1.

end while
(6) Assign users to m′

i (λ
∗) with Ri,m corresponding to (3), (4).

Algorithm 1: Decentralized utility maximization.

situation changes (and therefore R) and in case a service
request arrives or leaves the system. Each execution thereby
might trigger reassignments of a whole set of users and
a considerable amount of signaling information would
have to be exchanged between users and BSs in each
iteration. ( It is noted here that higher utilities might
be obtainable in the dynamic scenario by exploitation of
mobility information or, e.g., under the fluid assumptions
[13].) We therefore suggest the following adaptation of
Algorithm 1 to a dynamic procedure which can be split
into two almost independently operating parts, the cell/RAT
selection of users and the resource assignment inside each
BS.

A user’s heterogeneous cell/RAT selection procedure is
described in Algorithm 2(a). It is similar to the one in the
static setup; the BSs broadcast λ and each user selects a
BS m ∈ Mopt,i. However, unlike in Algorithm 1 where all
users directly update their cell/RAT selection if λ is updated
the selection is only triggered once at the beginning of
a service request or if the user would be dropped from
the air interface where it is currently assigned to. For the
selection, only local information (Ri,m can be measured
or estimated for all BSs by a user) and the BS weights
λ are needed similar to the static procedure. After a user
selected a cell/RAT or in case that the request, the channel
or the interference situation changed, an update of the
resource assignment will be triggered in the corresponding
base station. Thereby, the triggers are independent for each
BS and no information from neighboring cells is needed
for the resource assignment. Also, contrary to the static
Algorithm 1, the resource update will not trigger the cell/RAT
selection of users and users stay assigned to their current
BS in general. Only in case a user cannot be supported
by a BS anymore and no intrasystem hand-over is possible
the user will execute Algorithm 2(a) again leading to a
possible intersystem hand-over. The resource assignment in
a cell will be updated following the iterative procedure in
Algorithm 2(b). Algorithm 2(b) maximizes the sum utility
of the BS over all BE users that are assigned to it and
assures that all voice users comply with their minimum
rate requirement. Thereby, the rates will be assigned in
a way that all available resources are exploited and that
the resource constraint of the BS is met with equality

before λ is broadcasted again. This stands in clear contrast
to the static algorithm where λ is updated based on the
subgradient.

Since in Algorithm 2 each user only actively selects a
RAT/cell once at its call setup and it does not trigger
reassignments of other users in general almost no signaling
information has to be exchanged between users and BSs. The
simplicity of Algorithm 2 however, comes at the cost of its
optimality. The influence of new users on λ, mobility, and
the restriction that users stay in the actual air interface if
possible lead to situations where a user j might find itself
assigned to a BS m /=Mopt, j(λ). Wrong assignments will lead
to deviations of λ and it cannot be guaranteed that the
procedure approaches to λ∗, which would be the optimum
weights for the current request and channel situation in the
static scenario. Since Algorithm 1 is difficult to implement in
our simulation tool, we will derive a simple upper bound.
The bound allows us to evaluate the maximum degradation
of an assignment obtained with the dynamic procedure from
the optimum solution of (P1). Since the bound overestimates
(P1), it is also an upper bound for Algorithm 1 and could be
used to evaluate the quality of the static Algorithm 1, which
might be nonoptimal in case |Mopt,i(λ

∗)| > 1.

4.3. Utility Bound. Assume that the dynamic algorithm
approaches λ+ and a rate assignment Rε at a certain point in
time. Then, there exists a corresponding dual function g(λ+)
which is an upper bound on (P1):

g
(
λ+) = max

R
L
(

R, λ+) = L
(

R+, λ+) ≥ L
(

R∗, λ∗
)

≥ L
(

Rε, λ+) =
∑

i∈Ib

ψi

⎛
⎝
∑

m∈M

Rεi,m

⎞
⎠ .

(36)

Therefore, the deviation to the global optimum of a rate
assignment Rε can be bounded by the difference of L(R+, λ+)
and L(Rε, λ+)

ΔL =
∑

i∈Ib∩Iε

ψi
(
R+
i,m

)− ψi
(
Rεi,m

)

−
∑

m∈M

λ+
m

⎡
⎣
∑

i∈Iε

(
R+
i,m − Rεi,m
Ri,m

)⎤
⎦ ,

(37)
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(a) Cell/RAT Selection of user i.

(1) User i measures the channels and evaluates Ri,m for all BS/RATs in its vicinity
(2) Based on the broadcasted λ user i evaluates Mopt,i(λ) with (27) and sends an assignment

request to m ∈Mopt,i.
(b) Resource Assignment of BS m.

(1) Initialize νm, l = 1 if not initialized: λm = 1
while |νm| > ε do

(2) For all users i that are assigned to BS m set Mopt,i = m and calculate Ri,m with (30)
(3) BS m evaluates its sub-gradient νm = (Γm −

∑
i∈I(Ri,m/Ri,m)) and updates its dual weight

λm(l + 1) = λm(l)− δ(l)νm; l = l + 1
end while
(3) Assign users Ri,m corresponding to (2) and broadcast updated λm

Algorithm 2

with Iε = {i ∈ I,m′
i /∈Mopt,i(λ

+)}. Only the rates R+ are
needed for the evaluation of the bound which can be easily
calculated by (30).

5. Simulation Results

In this section, the performance of Algorithm 2 will be
evaluated by comparing it to a load-balancing algorithm.
We therefore employ Alcatel-Lucent’s C++ based MRRM-
Simulator which is an event driven simulation environment
for heterogeneous wireless scenarios. It supports cellular
UMTS/HSDPA, GSM/EDGE air interfaces, a WiMAX hot-
spot, and different service classes such as VoIP, streaming,
circuit-switched voice and best-effort data services. For the
simulations we consider a 2-RAT scenario consisting of a cel-
lular GSM/EDGE and UMTS air interface with 42 BSs each.
The BSs of both RATs are arranged as indicated in Figure 1;
on each site there are 3 BSs with directional antennas of
both RATs collocated with the distance between sites being
2400 m. All RAT specific parameters are listed in Table 1.
Equally distributed inside the rectangular movement area
(see Figure 1), there are users that are moving corresponding
to the pedestrian mobility model in [14] with 3 km/h and
randomly requesting services based on a Poisson process
with exponentially distributed service duration with a mean
of 120 seconds. For voice services a constant data rate of
12.2 kbit/s is required while no minimum requirements for
best-effort services exist.

The load-balancing strategy and Algorithm 2 differ only
by the cell/RAT selection procedure which are triggered at a
call setup or at an intersystem hand-over request. All other
mechanisms like intrasystem hand-overs and the triggers
themselves correspond to the standards and stay untouched.
Both algorithms perform the resource assignment inside a
BS corresponding to Algorithm 2(b) so that the sum utility
of each BS is maximized. In case of load balancing a new user
that requests service or an intersystem hand-over performs
the cell/RAT selection as follows: at first it short-lists one
BS of each air interface where the one with the strongest
pilot signal that could accept the call in the users vicinity is
selected. Usually, these are the closest UMTS and GSM BSs

Table 1: Simulation parameters.

Pmax,UMTS = 20 W

Pmax,GSM = 15 W

Time slots GSM Tm = 21

Antenna pattern: Sector 90◦ [14]

Path-loss GSM [dB] , r distance in m: L = 132.8 + 38 lg(r − 3) [15]

Path-loss UMTS [dB] : L = 128.1 + 37.6 lg(r − 3) [14]

Rate-SINR mapping UMTS: Cb = 1.4e9 Db = 1e − 3

Thermal noise GSM, UMTS: −100 dBm

Intercell interference GSM: −105 dBm

Orthogonality factor UMTS: ρ = 0.4

to the user. Then, the user sends the request to the BS with
the lower load value. Hereby, the load values are obtained
by signaling and are defined as lv,m, lb,m in case of a voice or
best-effort requests, respectively:

lv,m =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑

i∈Iv

ti,m
Tm

∀m ∈Ma, a ∈Aorth,

∑

i∈Iv

pi,m
Pm

∀m ∈Mb, b ∈Ainf,

lb,m = Ei∈Ib

(
1
Ri,m

)
∀m ∈M

(38)

For the UMTS air interface the used normalized resource-
rate mapping curve and the linear approximation corre-
sponding to (9) are shown in Figure 2. The slope of the
linear approximation is chosen so that it intersects the real
rate mapping curve at the origin and at 100 kbit/s, which
corresponds to Δb = 1.53e6 bit/s. For the GSM air interface,
the envelope of the coding and modulation corresponding
to [15] serves as SINR-rate mapping with the additional
requirement from the standard that voice users are not able
to share a time slot with other users. As utility curve, a shifted
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version of the α-proportional fair curve with α = 1/2 is used,
which is a more throughput oriented metric:

ψ(Ri) =
√

Ri
bit/s

+ 1000−
√

1000. (39)

The shifting operation leads to a finite slope of the curve at
the origin which is essential to enable switching off users.
Otherwise, a user in a deep fade might be assigned almost
all resources, if limx→ 0ψ′(x) = ∞.

In the simulation scenario, there are in average 10 voice
service call setup requests per second inside the movement
area which corresponds to approximately 36 active voice
users and a voice traffic load of 440 kbit/s per cell area in
average. Additionally, a varying number of BE users request
service. For the simulation statistics, only the investigated
cells (see Figure 1) are considered. In Figure 3, the through-
put of the BE users based on the real SINR-rate mapping
and the approximation is shown over the average number of
active BE users. As can be observed, Algorithm 2 achieves up
to 30% more throughput compared to load-balancing. The
real and approximated rates match pretty well in the region
for low user request rates, but also at high load the deviation
is small compared to the gain. The sum utility per cell area
and the upper bound are shown in Figure 4. The utility gain
of Algorithm 2 compared to load-balancing is also almost as
large as of the throughput because of the low curvature of
ψ. The distance to the bound is of special interest; at high
call arrival rates the distance is almost zero, indicating that
Algorithm 2 performs close to optimum and no significant
gains could be achieved by using Algorithm 1 instead. At
lower rates this is different. Here, the dynamic procedure
pays the price for its simplicity in terms of performance loss.
The main reason for the loss results from the fluctuation of λ.
At low request rates a user’s call setup or service termination
has a great impact on the resource allocation of the other
users in the cell and therefore leads to strong variations of
λ over time. The fluctuation of λ directly influences the set
of optimum BSs Mopt of users and therefore often leads to
the case that users find themselves assigned to a currently
nonoptimal BS. In this case, the dynamic algorithm looses
performance since the cell selection is only allowed once
per user in general. Higher utility values could be obtained
here by allowing users to perform intersystem hand-overs
so that each user would be assigned to Mopt again. This
characteristic is also reflected in the looseness of the bound.
Unlike to low request rates, if the average number of users in
a cell is high the influence of a single-user arrival or departure
from a cell on λ is diminishing and a user’s optimum BS
hardly changes during the service time. In this case the
performance is almost optimal and the bound gets very tight.
The tightness also indicates that the influence of the users
pedestrian mobility and therefore the variation of R (and on
Mopt) is negligible in this scenario.

For the heterogeneous UMTS GSM/EDGE system the
following interpretation of the optimum assignment strategy
can be given. One observes that R is a monotonically
increasing function of a user’s SINR for both air interfaces.
Therefore, for a given λ the optimum cell/RAT selection
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Figure 3: BE throughput with and without linear approximation
(9) without slow fading.

mopt,i = arg minmλm/Ri,m(βi,m) reduces to an SINR thresh-
old. This threshold depends on the air interface and the
service type through R(β) and on λ which can be interpreted
as the load situation of the BS. The threshold characteristic
can be observed in Figure 5, where the BE user assignment
in terms of the selected RAT is shown by color shades;
Algorithm 2 assigns users to UMTS that are in the red
area close to the BSs and users in the blue area to GSM.
The border of both areas is characterized by the threshold
SINR of each RAT which has a lobe pattern because of the
directional antenna characteristics. The pattern looks very
regular in Figure 5 due to equal average loads in each cell
of an air interface (and therefore equal λ for BSs of one
RAT) and collocated sites of UMTS and GSM BSs. However,
Algorithm 2 will also flexibly adapt itself to the optimum
configuration in case of arbitrary, not necessary collocated,
BS positioning and varying load situations without any
change in configuration of the algorithm. The optimum area
pattern will then of course look different. Contrary to the BE
users Algorithm 2 will assign almost all voice users to UMTS
in the presented scenario. This is due to the fact that time-
slot sharing is not possible in GSM for voice users. Therefore,
the maximum slot rate of a voice user is much lower than
in UMTS. Thus, a much lower λ of the GSM BS compared
to the λ of the UMTS BS would be required to make GSM
attractive for an assignment. This instance might suggest that
also the major part of the gain of Algorithm 2 is based on the
low effectivity of voice in GSM, which is not avoided in load
balancing. Simulations however show that also for pure BE
traffic gains of more than 20% are obtained.

So far slow fading has not been active in the simulations
to demonstrate that the utility bound can be tight and to
visualize the assignment policy of Algorithm 2 qualitatively.
In Figure 6, the sum utility and the bound is shown for
the scenario above however this time with slow fading
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Figure 4: Sum utility U = ∑i∈Ibψi(Ri) and upper bound U + ΔL
without slow fading.
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Figure 5: RAT assignment of BE users without slow fading: 1 →
100% assigned to UMTS 0 → 100% assigned to GSM.

corresponding to [14] in both air interfaces with a variance
of 6 dB. Considering load balancing, the slow fading does
hardly influence the performance. For Algorithm 2 however
the users’ mobility in connection with the slow fading has a
nonnegligible impact. Now, even small changes in position
can result in large channel gain and therefore R differences
which lead to more wrongly assigned users and looseness
of the bound. Nevertheless, still a gain of approximately
20% is achieved. Similarly the performance of Algorithm 2
decreases and the bound gets less tight without slow fading
in case the velocity is increased. For completeness, it is
noted here that in case users do not change their position
the tightness of the bound under slow fading is similar to
Figure 4.

The observations made in Section 3 and in the simula-
tions open up the way for even more simplified algorithms
that might be interesting for practical applications. For given
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Figure 6: Sum utility and upper bound with slow fading 6 dB.

scenarios fixed base station weights λ or service dependent
SINR, channel or even distance thresholds could be applied
for the cell/RAT selection or as triggers for intersystem hand-
overs. Additionally, in case users are subject to strong channel
variations, for example, by mobility or fading during a
service request updating the cell/RAT selection and therefore
executing Algorithm 2(a) at more frequent intervals is an
option to improve the performance and get close to the
optimum again.

6. Conclusions

In this paper, we developed an optimization framework for
wireless heterogeneous multicell scenarios. Having derived
the feasible rate regions for air interfaces with orthogo-
nal resource assignment and a convex approximation for
interference limited radio access technologies we introduced
a convex utility maximization problem formulation for
heterogeneous scenarios. We gained general insights on
the problem solution and derived simple assignment rules
that lead to the global optimum by exploiting the dual
problem formulation. These observations were then used
to develop decentralized algorithms for static scenarios
and then simplified for dynamic settings. Although the
simplifications came at the cost of the optimality still high
gains in comparison to a simple load-balancing algorithm
were obtained and close to optimum performance could be
shown by simulations based on a duality bound.
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1. Introduction

The continuous growth in traffic volume and the emergence
of new services have begun to change the structure and
requirements of wireless networks. Future mobile commu-
nication systems will be characterized by high throughput,
integration of services, and flexibility [1–5]. With the
demand for high data rate and support of multiple quality of
service (QoS), the transmission scheduling plays a key role in
the efficient resource allocation process in wireless systems.
The transmission scheduling determines the time instances
that a mobile user may receive service, as well as the resources
that should be allocated to support the requested service, in
order to make the resource distribution fair and efficient.

The fundamental problem of scheduling the users trans-
mission and allocating the available resources in a realis-
tic uplink code-division multiple-access (CDMA) wireless

system that supports multirate multimedia services, with
efficiency and fairness, is investigated and analyzed in this
paper. A transmission scheduling method which achieves
the maximum system throughput under the constraints
of satisfying certain users QoS requirements and main-
taining throughput fairness among them is provided and
evaluated.

1.1. Related Work and Motivation. A class of scheduling
schemes, namely, the opportunistic scheduling schemes,
has been proven to be an effective approach to improve
the system throughput by utilizing the multiuser diversity
effect [6, 7] in wireless communications. Specifically, for
a system with many users that have independent varying
channels, with high probability there is a user with channel
much stronger than its average SNR requirement. Therefore,
the system throughput may be maximized by choosing
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the user with “relatively best” channel for transmission at
a given slot. However, some fairness constraints must be
imposed on the scheduling policies to ensure the fair resource
allocation.

It has been shown in [8] that scheduling users one-by-
one can result in higher system throughput for high data
rate traffic in the CDMA downlink. However, this work
does not exploit the time-varying channel conditions. In
[7, 9], a high-speed data rate scheme (HDR) is introduced,
where the base station schedules the downlink transmission
of a single user at a given time slot with the data rates
and slot lengths varying according to the specific channel
condition. In [10–12], a transmission scheduling scheme for
multiple users, which considers both the channel condition
and queueing delay/length, is proposed and shown to be
throughput optimal if it is feasible. However, the fairness
issue is not explicitly addressed in that work. In [13–15],
a framework for opportunistic scheduling that maximizes
the system performance by exploiting the time-varying
channel conditions of wireless networks is presented. Three
categories of scheduling problems—the temporal fairness,
utilitarian fairness, and minimum-performance guarantee
scheduling—are studied and optimal solutions are given.

Although the downlink transmission assignment is
important for several applications, the efficient uplink
transmission scheduling plays an important role as well,
especially with the prevailing of multimedia communica-
tions and applications. It has been argued that the downlink
scheduling method is not suitable to be applied to the uplink
transmission scheduling, where simultaneous transmissions
may result in higher throughput [16, 17]. The uplink
transmission scheduling problem is more complicated and
requires further consideration of additional elements to
make the corresponding scheduling policies feasible [18].
The achievable throughput in such a case depends not only
on the service access time, but also on the transmission pow-
ers and the corresponding users interference. In addition,
multiple users can be scheduled simultaneously to transmit
in the same time slot, which is a major difference from
the wireline and TDMA-like scheduling schemes, making
the respective scheduling processes either inapplicable or
inefficient in the CDMA environment. The simple temporal
fairness scheduling, where the main resource to be shared is
the time, fails to provide rational fairness in this case. As a
result, the throughput optimal and fair uplink transmission
scheduling problem needs to jointly consider multiple factors
such as access time, transmission power, channel conditions,
and number of users to be scheduled at the same time.
Heuristic approaches to address the problem of short-term
fairness and demonstrate the tradeoff between fairness and
throughput under some special cases have been introduced
in [19–21].

Furthermore, how to maximize the throughput of uplink
CDMA system was first analyzed in [16]. The sole purpose
of uplink throughput maximization can be achieved by
choosing the “best” K users in terms of their received power,
when they transmit at their maximum power. However, such
throughput maximization does not consider fairness, that is,
the equal opportunity for all users to receiving service despite

their channel conditions. Therefore, among the objectives
of our approach in this paper is to identify the actual
“best” users that should transmit in order to maximize the
throughput, when the fairness constraints are introduced
and respected.

In [22], several scenarios of scheduling uplink CDMA
transmission with voice and data services are analyzed.
With the number of voice users and their corresponding
transmission rates fixed, that work attempted to maximize
the throughput of data service. It was shown that when the
synchronization overhead is reasonable, a smaller number
of simultaneous transmission users achieve higher system
throughput and at the same time lower the average transmis-
sion power. However, in this case the achievable throughput
is affected by the “weakest link.” Therefore, this approach
can be regarded only as a static analysis that considers the
relationship between the performance and the number of
users chosen for transmission. The problem of identifying
the actual set of users to transmit based on their channel
conditions, which may reduce the impact of the “weakest
link”, has not yet been investigated and is one of the main
objectives of our paper.

In addition, the problem of uplink CDMA scheduling is
further complicated by the fact that the conventional concept
of capacity used in the wireline networks, for example, total
bandwidth of the physical media, is not directly applicable in
the CDMA systems. In this case, the actual system capacity
is not fixed and known in advance, since it is a function of
several parameters such as the number of users, the channel
conditions, and the transmission powers.

Therefore, in summary the main contributions of this
paper are as follows. (1) Jointly consider the factors of
channel capacity, number of users and their interference,
transmit power, and fairness requirements. (2) Formulate an
optimization problem that stresses the fairness requirement
under time-varying wireless environment and proves the
existence of an optimal solution based on all constraints. (3)
Exploit the power index concept and power index capacity,
as a novel and effective way, to treat the fairness issue in
the transmission scheduling policy under the considered
uncertain and dynamic environment. (4) Devise a scheduling
policy that achieves throughput fairness among the users and
optimal system throughput under certain constraints.

1.2. Paper Outline. The rest of the paper is organized
as follows. In Section 2, the system model that is used
throughout our analysis is described, and the problem
of the uplink scheduling in CDMA systems is rigorously
formulated as a multiconstraint optimization problem. It
is demonstrated that this problem can be expressed as a
weighted throughput maximization problem, under certain
power and QoS constraints, where the weights are the
control parameters that reflect fairness constraints. Based
on the concept of power index capacity, this optimization
problem is converted into a simpler linear knapsack problem
in Section 3.1, where all the corresponding constraints are
replaced by the users power index capacities at some
certain system power index. The optimal solution of the
latter problem is identified in Sections 3.2 and 3.3, while
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in Section 3.4, a stochastic approximation method is pre-
sented in order to effectively identify the required control
parameters. Section 4 contains the performance evaluation
of the proposed method, along with some numerical
results and discussion, and finally Section 5 concludes the
paper.

2. System Model and Problem Formulation

In this paper, we consider a single cell DS-CDMA system
with B(k) backlogged users at time slot k. The users
channel conditions are assumed to change according to some
stationary stochastic process, while the uplink transmission
rate is assumed to be adjustable with the variable spreading
gain technique [23]. Each user i is associated with some
preassigned weight φi according to its QoS requirement. In
the following for simplicity in the presentation, we omit
the notation of the specific slot k from the notations and
definitions we introduce. Let us denote by ri the transmission
rate of user i in the slot under consideration. We assume
that the chip rate W for all mobiles is fixed, and hence the
spreading gain Gi of user i is defined as Gi = W/ri. Let
us also denote by γi the required signal-to-interference and
noise ratio (SINR) level of user i, by hi the corresponding
channel gain, and by pi the user i transmission power at a
given slot, which, however, is limited by the maximum power
value pmax

i . Therefore, the received SINR γ′i for a user i is
given by

hi piGi

α
∑B(k)

j=1, j /= i h j p j +Wη0

= γ′i , i = 1, 2, . . . ,B(k), (1)

where η0 is the one-sided power spectral density of additive
white Gaussian noise (AWGN), and α determines the
proportion of the interference from other users received
power. Without loss of generality in the following, we assume
α = 1. Obviously, to meet the SINR requirement, the received
SINR γ′i has to be larger than the corresponding threshold
γi, that is, γ′i ≥ γi. In the following, we assume perfect
power control in the system under consideration, while
users are scheduled to transmit at the beginning of every
fixed-length slot. The objective of the optimal scheduling
policy Q∗ is to find the optimal number of allowable
users and their transmission rates, which achieves the
maximum system throughput while maintaining the fairness
property.

2.1. Problem Formulation. Let R(k) = ∑B(k)
i=1 ri(k) denote

the total throughput in slot k. Our objective function is to
maximize the expectation of R(k) by selecting the optimal
transmit power vector (p1, p2, . . . , pB(k)) and transmit rate
vector (r1, r2, . . . , rB(k)), that is,

maxE

(B(k)∑

i=1

ri

)
(2)

subject to specific SINR, maximum transmit power, and
fairness constraints as follows:

hi piGi
∑B(k)

j=1, j /= i h j p j +Wη0

≥ γi, for i = 1, 2, . . . ,B(k),

pi ≤ pmax
i , for i = 1, 2, . . . ,B(k),

ri
φi
= r j
φj

for 1 ≤ i, j ≤ B(k),

(3)

where ri = E(ri) denotes the mean throughput of user i in
the corresponding backlogged period. It has been shown in
[15, 24] that the above-constrained optimization problem
can be considered as equivalent to the following problem
(4), where Z is the minimal value among all ri/φi, that is,
Z = mini{ri/φi}. In (4), we transform the objective function
(2) into finding the optimal transmit powers and rates that
maximize the minimal normalized average rate Z. Therefore,

max Z,

s.t. Z ≤ ri
φi

, 1 ≤ i ≤ B(k),

hi piW/ri
∑B(k)

j=1, j /= i h j p j +Wη0

≥ γi i = 1, 2, . . . ,B(k),

pi ≤ pmax
i , 1 ≤ i ≤ B(k).

(4)

Apparently, the solution of the above problem will finally
make Z = ri/φi for 1 ≤ i ≤ B(k) since one can always
reduce its throughput for the benefit of other users in order
to maximize Z. With the constraint Z = ri/φi, the objective
function then is generalized to

max
B(k)∑

i=1

wiri, (5)

where wi is an arbitrary positive number. Here the crucial
observation [24] is that the optimal scheduling policy will be
the one that maximizes the sum of weighted throughputs and
equalizes the normalized throughput. The maximization of
mean-weighted rate in (5) is obtained by the maximization

of the weighted rate in every slot, that is, max
∑B(k)

i=1 wiri
for every slot k. In conclusion, to obtain the optimal
uplink throughput while keeping fairness, we must solve the
following problem:

max
B(k)∑

i=1

wiri, (6)

s.t.
hi piW/ri

∑B(k)
j=1, j /= i h j p j +Wη0

≥ γi, i = 1, 2, . . . ,B(k), (7)

pi ≤ pmax
i , 1 ≤ i ≤ B(k). (8)

The fairness constraint, that is, ri/φi = r j /φj , is
represented by the choice of wi. By adjusting the value of
wi, the user will get more or less opportunities to transmit
data, and hence the corresponding normalized throughput is
balanced. As we discuss later in this paper, the value of wi can
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be approximated by a stochastic approximation algorithm,
which has already found its application in [14, 15] under
similar situations. Note that since we assume perfect power
control in the CDMA system under consideration, only the
equality case of (7) is considered here.

The following Proposition 1 states that the optimal
solution is achieved when a user either transmits at full power
or does not transmit at all.

Proposition 1. The optimal solution that maximizes the
weighted throughput of problem (6) is such that

pi(k) ∈ {0, pmax
i

}
, for i = 1, 2, . . . ,B(k). (9)

Proof. In order to minimize the multiple access interference,
users transmit with the minimum required power to meet
the required threshold γi. Therefore, we consider the equality
case of constraint (7). To maintain exactly the threshold γi for
user i, the achievable transmit rate is represented as

ri(k) = hi piW

γi
(∑B(k)

j=1, j /= i h j p j +Wη0

) . (10)

The objective function then becomes

Z =
B(k)∑

i=1

wiri =
B(k)∑

i=1

wihiW

γi

pi
∑B(k)

j=1, j /= i h j p j +Wη0

. (11)

Differentiating twice with respect to the transmit power
of a user m, we obtain

∂2Z

∂p2
m
= 2

B(k)∑

i=1,i /=m

wihiW

γi

pih2
m(∑B(k)

j=1, j /= i h j p j +Wη0

)3 . (12)

Since wi is positive number, obviously (12) is nonnegative,
while the objective function is a convex function of pm.
Hence, the optimal solution of this problem is that the
transmit power obtains the value of its boundary, that is,
either 0 or pmax

i .

In Section 3, the corresponding optimization problem
is transformed to an equivalent problem of a simpler
form, which facilitates the identification of the optimal
solution. However, in the following we first introduce
the concept of power index capacity which is used to
represent the corresponding constraints, under the problem
transformation.

2.2. Power Index Capacity. It has been shown in [25] that by
solving the constraints (7) and (8), the following inequality
must be satisfied if there exists a feasible power assignment
p = [p1, p2, . . . , pB(k)] that meets the QoS requirements:

B(k)∑

i=1

gi ≤ 1− η0W

min1≤i≤B(k)
{
pmax
i hi

(
Gi/γi + 1

)}

= 1− η0W

min1≤i≤B(k)
{
pmax
i hi/gi

} ,

(13)

where

gi =
γi

γi +Gi
(14)

is defined as the power index of user i [26]. Relation
(13) is the necessary and sufficient condition such that a
power and rate solution is feasible under constraints (7) and
(8) [25].

Let us regard
∑

igi as the actual system load, which is the
sum of power indices assigned to all backlogged users, while
we assume that there is a target system load ψ. It should be
noted that ψ here is not fixed but has value 0 ≤ ψ < 1.
The meaning and motivation for the definition of the target
system load ψ are that the system will attempt to provide the
appropriate scheduling in order to make the actual system
load

∑
gi reach the target load (however, it serves as an upper

bound and cannot be exceeded). For an arbitrarily selected
ψ in the range of 0 < ψ < 1, there exist two possible cases
concerning the relationship between the actual system load∑
gi and the target system load. When considering small

values for the target system load ψ, the system can easily
make the actual system load

∑
gi reach the target load under

consideration, that is,
∑
gi = ψ. On the other hand, when

ψ is large, especially when it approaches to 1, it may be
impossible for the actual achievable system load

∑
gi to reach

ψ due to the limitation imposed by (13). Let us assume that
in time slot k the maximum system load this system can
achieve based on all users channel states and all possible
user schedulings is ψ∗ = max(

∑
gi). We will now consider

the two cases mentioned above, that is, 0 < ψ ≤ ψ∗ and
ψ > ψ∗.

2.2.1. Target Load Is Less than or Equal to Maximum System
Load. If we assume 0 < ψ ≤ ψ∗, then the system load can
achieve the target load,

∑
igi = ψ. Therefore, (13) can be

rewritten as follows:

min
1≤i≤B(k)

{
pmax
i hi
gi

}
≥ η0W

1− ψ , gi ≤ ψ,

therefore
pmax
i hi
gi

≥ η0W

1− ψ ∀i, 1 ≤ i ≤ B(k).

(15)

For each individual user, there is a limitation on the
maximum power index that it can reach, given by (15)

gi ≤ (1− ψ)
pmax
i hi
η0W

, gi ≤ ψ. (16)

2.2.2. Target Load Is Larger than Maximum System Load. If
the target load is larger than the maximum system load, that
is, ψ > ψ∗, it means there will be no feasible transmission
power solution in (7) and (8) to achieve this target load and
therefore the relationship in (15) does not hold any more.
In this case, we simply apply the power index restriction of
(16) to each user. The consequence is that the final achieved
system load becomes

∑
igi < ψ∗ < ψ since gi ≤ (1 −

ψ)pmax
i hi/η0W < (1− ψ∗)pmax

i hi/η0W .
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In fact, unless all possible transmission user sets are
searched, it is unknown in advance whether or not the actual
system load

∑
gi can reach the chosen ψ. Therefore, applying

(16) to the case ψ > ψ∗ unifies the definition of the power
index range, within which a user can be assigned a feasible
power index without knowing the value of ψ∗. One key
principle and rule regarding the algorithm proposed in this
paper is to assign to an individual user a power index that is
less than or equal to its power index capacity. In the power
index assignment algorithm described in Section 3.2, the
situation where

∑
gi < ψ may occur. However, it should be

noted here that as proven by Theorem 1 later in the paper, the
global optimal solution must be the one satisfying

∑
gi = ψ.

The target load range where ψ > ψ∗ is then not possible
to be the optimal solution. The intentionally introduced
restriction of (16) in the case of ψ > ψ∗ allows the algorithm
to rule out such values of ψ due to the fact that

∑
gi < ψ in

this case.

2.2.3. Definition of Power Index Capacity. Hence, given the
system load ψ the maximum possible power index gi a user
can accept in (15) is determined by the maximum transmit
power pmax

i and the channel gain hi.

Definition 1. In a CDMA system with B(k) backlogged users
at time slot k, given the target system power index ψ, the
maximum power index that does not violate (13) for a single
user whose channel gain is hi is defined as the power index
capacity (PIC) πi(hi,ψ) of this user.

From (15), it can be easily found that the PIC of user i is

πi
(
hi,ψ

) = min
{

(1− ψ)
pmax
i hi
η0W

,ψ
}
. (17)

Note that in (17) the power index capacity is limited by the
target system power index. This is reasonable since a power
index capacity that is greater than ψ will have no practical
meaning and application. Furthermore, since our focus in
this paper is to find an optimal scheduling policy as well
as the optimal system load ψ, the value of ψ in (17) is not
determined in advance.

Intuitively, the power index represents the relationship
between the transmission power and the corresponding
interference that is caused to other users. If we considered
that the total system power index is fixed to ψ, larger
power index gi for user i indicates that it has relatively
higher signal-to-interference ratio compared to the other
users with smaller power index, while at the same time it
causes more interference to them. Accordingly, users with
high-power indices may lower their transmission power to
reduce the interference they may cause, which in turn means
that they will have smaller power index to limit the intracell
interference of the system, and therefore satisfy (13) that
guarantees the existence of a feasible transmission power
solution.

3. Problem Transformation and
Optimal Solution

3.1. Problem Transformation. The corresponding constraints
in terms of the power index can be represented as follows:

max Z =
B(k)∑

i=1

wi fr
(
gi, γi

)
, (18)

B(k)∑

i=1

gi ≤ ψ, (19)

gi ≤ πi(hi,ψ), 1 ≤ i ≤ B(k), (20)

0 ≤ ψ < 1. (21)

Note that in the objective function we represent the rate
ri = fr(gi, γi) as a function of power index gi, where

fr
(
gi, γi

) = gi
1− gi

W

γi
, (22)

which converts the power index into transmission rate and
can be easily derived from (14) by replacing Gi with W/ri.

In the following, let V = {v1, v2, . . . , vi, . . .} denote
the set that contains all the power and rate vec-
tors that satisfy constraints (7) and (8) and vi =
{p1,i, p2,i, . . . , pB(k),i, r1,i,r2,i, . . . , rB(k),i}. The elements pj,i and
r j,i represent the transmit power and rate of the jth user in
the ith vector. Similarly, we define another set V′ containing
the power and rate vectors v′i that satisfy constraints (19),
(20), and (21). By definition, it is obvious that any power and
rate vector vi ∈ V is feasible. However, since in constraint
(21), ψ may take a value, that is, close to 1 , the required
transmit power could also accordingly become larger than
maximum allowable transmit power pmax

i if we simply look
at the result from (15). The following proposition states that
if perfect power control is assumed, for any rate (or power
index) vector that satisfies constraints (19), (20), and (21),
there always exists a feasible transmit power vector.

Proposition 2. If the power index assignment for all B(k)
backlogged users satisfies constraints (19), (20), and (21), there
always exists a feasible transmit power assignment, that is,
pi < pmax

i for 1 ≤ i ≤ B(k).

Proof. Let vector g = {g1, g2, . . . , gB(k)} be the power index
vector that satisfies constraints (19), (20), and (21). Denote
ψ = ∑B(k)

i=1 gi the sum of all power indices in vector g.
From the definition of power index capacity, the power index
capacity of each user is πi(hi,ψ) and gi ≤ πi(hi,ψ). Based on
Definition 1 and (17), we have the following relation:

ψ ≤ 1− η0W · πi
(
hi,ψ

)

pmax
i hi

≤ 1− η0W · gi
pmax
i hi

. (23)

Hence, for any user i, the transmit rate may be chosen within
range

pmax
i

gi
πi
(
hi,ψ

) ≤ pi ≤ pmax
i , (24)
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which still satisfies the above inequality and proves this
proposition. The power control of the CDMA system will
choose the minimal transmit power, that meets the required
SINR.

The following proposition proves that the two sets V
and V′ contain the same elements, which means that (19),
(20), (21) and (7), (8) impose the same constraints over our
problem.

Proposition 3. Any vector vi ∈ V is also included in set V′,
while any vector v′i ∈ V′ is also included in set V.

Proof. Suppose that vi ∈ V, and therefore it satisfies
constraints (7), (8). It is apparent that pj,i ≤ pmax

j . Since, as
shown earlier, constraints (7), and (8) can also be represented
by (13) [25], vi also satisfies (13). Using function (22),
we can convert the rate vector {r1,i,r2,i, . . . , rB(k),i} into the
corresponding power index vector {g1,i, g2,i, . . . , gB(k),i}. Let

ψ = ∑B(k)
j=1 gj,i. For a feasible power and rate vector, with

known ψ (0 ≤ ψ < 1 [25]), we can find each user power
index capacity πj(hj ,ψ). Since vi satisfies (13), based on
Proposition 2 and the definition of power index capacity, we
conclude that gj,i ≤ πj(hj ,ψ). That means that the assigned
powers and rates in vi also satisfy the constraints (19), (20),
and (21). Therefore, vi ∈ V′.

Let us consider vector v′i = {p′1,i, p
′
2,i, . . . , p

′
B(k),i, r

′
1,i,r

′
2,i,

. . . , r′B(k),i} ∈ V′. As before, the rate vector part can
be converted to corresponding power index vector

{g′1,i, g
′
2,i, . . . , g

′
B(k),i}. Let ψ = ∑B(k)

j=1 g
′
j,i and hence g′j,i ≤

π′j(hj ,ψ) due to constraints (19), (20), and (21). Note that

for the case where ψ′ >
∑B(k)

j=1 g
′
j,i, π

′
j(hj ,ψ) ≥ π′j(hj ,ψ

′).
Based on the previous discussion, we can easily conclude
that the power vector is feasible. Therefore,

ψ ≤ 1−
η0W · g′j,i
p′j,ih j

, (25)

which satisfies (13), for user j, 1 ≤ j ≤ B(k). Therefore,
v′i ∈ V.

The above proposition shows that the optimal solution
can also be obtained with the new constraints since they
define the same solution set. Please note that, as mentioned
before, the fairness constraints in the original problem are
replaced by parameters w′i s. The choice of the proper values
of w′i s that maintain fairness is discussed in detail later in this
paper.

Among the new constraints, the right-hand sides of
inequalities (19) and (20) are not fixed values, but are
functions of the selected target system load ψ. Hence,
whether or not the final solution is feasible also depends
on the choice of ψ. For any value of ψ ∈ [0, 1), there could
be many feasible solutions among which one will be the
optimal. Moreover, there must exist an optimal system load
ψ∗ that can achieve the overall best solution. It is natural
to regard the objective Z as the function of system load ψ,
Z = F(ψ), and thus Z is the local optimal result at some
specific ψ. The maximum Z is achieved when ψ = ψ∗. The

ultimate objective of the proposed method is to find this
optimal ψ∗ and the optimal power index assignment vector
under it.

In Sections 3.2 and 3.3, we propose a two-step approach
to solve the optimization problem (17)–(20). More specif-
ically, in the first step (Section 3.2), we assume a fixed ψ
and then given that fixed parameter ψ we propose a simple
method (greedy algorithm) trying to find the optimal set
of users to receive service. However, this optimality is not a
global optimality. In general, as mentioned before, ψ could
get any value within the interval [0, 1). The global optimal
solution can be obtained when parameter ψ is chosen to be
the optimal one ψ∗. The actual objective of the second step
of our approach (Section 3.3) is to find this optimal ψ∗, by
which the global optimal set of users that will be scheduled
to receive service can be identified.

3.2. Greedy Algorithm for a Given System Load. Before
obtaining the best system load, we first discuss how to find
the local best solution. Assuming that the value of ψ ∈ [0, 1)
is known, the right-hand sides of (19) and (20) can be
determined. Combining the two constraints together, we can
express the optimization problem (18) by replacing gi with
πi(hi,ψ)xi, 0 ≤ xi ≤ 1 as follows:

maxZ =
B(k)∑

i=1

wi fr
(
πi
(
hi,ψ

)
xi, γi

)
,

s.t.
B(k)∑

i=1

πi
(
hi,ψ

)
xi ≤ ψ, 0 ≤ xi ≤ 1.

(26)

Note that (26) is a nonlinear continuous knapsack
problem with the xi taking continuous values between 0 and
1. In general, solving this type of problem is proven to be
difficult or even impossible in some cases [27]. However,
Proposition 1 limits the transmit power of a user i, to
either pmax

i or 0 for the optimal solution. This condition
provides a possible method to solve the above nonlinear
knapsack problem. Without loss of generality, we suppose
that the optimal solution is when the first K users transmit
at their maximum power, pi = pmax

i , 1 ≤ i ≤ K .
The optimal system load is ψ∗ = ∑K

i=1gi. The following
theorem states that the power index of an individual user
is equal to its power index capacity under ψ∗, that is,
gi = π(hi,ψ∗).

Theorem 1. Let the optimal solution allow K users to transmit
at their maximum power and the system achieves the system
load ψ∗. The power index that an individual user received
in this case is equal to its power index capacity, that is, gi =
π(hi,ψ∗).

Proof. For those users whose transmit powers are zero,
the corresponding power index capacities are also zero.
Therefore, their power indices are zero as well. Without loss
of generality, we assume that theK users under consideration
are identified as follows: 1 ≤ i ≤ K . Based on Proposition 1,
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we have

hi p
max
i Gi

∑B(k)

j=1, j /= ih j p j +Wη0

= γi, for 1 ≤ i ≤ K. (27)

Performing some manipulations in theseK equations, we
have

hi p
max
i

gi

(
1−

K∑

i=1

gi

)
=Wη0, for 1 ≤ i ≤ K. (28)

Letting ψ∗ =∑K
i=1gi, we obtain gi as

gi =
hi p

max
i

(
1− ψ∗)

Wη0
. (29)

From the definition of power index capacity, we find that gi =
π(hi,ψ∗).

With reference to the optimal solution of problem (26),
we can prove the following theorem.

Theorem 2. The optimal solution of the constrained optimiza-
tion problem (26) can be obtained by solving the following
linear 0-1 knapsack problem:

maxZ =
B(k)∑

i=1

wi
W

γi

πi
(
hi,ψ

)

1− πi
(
hi,ψ

)xi,

s.t.
B(k)∑

i=1

πi
(
hi,ψ

)
xi ≤ ψ, xi = {0, 1}.

(30)

Proof. Since fr(x, γi) = (W/γi)(x/(1 − x)) for user i, we
present the objective function of (26) as follows:

maxZ′ =
B(k)∑

i=1

wi
W

γi

πi
(
hi,ψ

)

1− πi
(
hi,ψ

)
xi
xi. (31)

Based on Proposition 1, we know that the optimal
solution is achieved when the transmit power of a user i is
either pmax

i or 0. According to Theorem 1, in terms of power
index that means that users are assigned either their power
index capacity or 0 for the chosen system load ψ. In the above
relation (31), the solution for xi is either 1 or 0. Therefore,
we can modify (31) as follows without changing the final
optimal solution:

maxZ =
B(k)∑

i=1

wi
W

γi

πi
(
hi,ψ

)

1− πi
(
hi,ψ

)xi, (32)

where xi = {0, 1}.

Instead of solving for the optimal solution of the above
integer knapsack problem (30), which is in principle NP-
hard, we utilize a greedy algorithm (GA) in order to obtain
an approximate solution. Let Za denote the result achieved
by the approximate solution, while Z and Zc denote the
corresponding results of the optimal solutions for the integer

and continuous knapsack problems, respectively. It has been
proven that Za ≤ Z ≤ Zc [28]. Furthermore, let

αi �
W

γi
(
1− πi

(
hi,ψ

)) , (33)

which is a constant value for an individual user. Let us further
suppose that all backlogged users are sorted in descending
order according to wi(k)αi, that is, wi(k)αi ≥ wj(k)αj , for
i < j. If it is not the case, these values can be sorted in
O(nlogn) time through an efficient procedure. Thus, the
optimal continuous solution of problem (30) is given by

xi = 1, for i < s,

xj = 0, for j > s,

xs =
ψ −∑i<sπi

(
hi,ψ

)

πs
(
hs,ψ

) .

(34)

An algorithm that finds the critical point s within O(n)
time in a system with n users is provided in [28]. Based
on solution (34), the greedy algorithm (GA) obtains the
approximate solution U as follows:

U = max
{
U1,U2

}
, (35)

where

U1 =
⎧
⎨
⎩
xi = 1, for i < s,

xj = 0, for j ≥ s,

U2 =
⎧
⎨
⎩
xi = 1, for i = s,

xj = 0, for i /= s.

(36)

It has been shown in [28] that in worst case Za/Z = 1/2.
Let Z represent the result that corresponds to the integer
solution of (32) when ψ is assigned a value from [0, 1),
and Z∗ be the result when ψ = ψ∗. From the definition
of ψ∗, we know that Z∗ is the maximum value among all
Z, that is, Z∗ = maxψ{Z}. Based on Proposition 1 and
the analysis in the previous subsection, it is easy to find
that ψ∗ = ∑

iπi(hi,ψ∗)xi, xi = {0, 1}. Therefore, when
the optimal system power index ψ∗ is chosen, Za = Z =
Zc = Z∗. Since Za ≤ Z ≤ Z∗ and the equality Za = Z∗

holds only when ψ = ψ∗, and the optimal solution can be
obtained.

3.3. Optimal System Load. As we discussed in the last
subsection the optimal solution of problem (26) depends
on the selected system load ψ. Relation (17) shows that the
power index capacity increases as ψ decreases. At the first
point when πi = ψ, the power index capacity reaches its
largest value and then it decreases linearly following the value
of ψ. Although a smaller value of ψ may increase the single
user power index capacity at some range, the finally achieved
objective function could be low due to the small system load
ψ. On the other hand, setting large ψ reduces the individual
user power index capacity as (17) indicates. The consequence
of smaller power index capacity is that more users are
required to share ψ, and probably a small objective function
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should be used due to the concavity of function fr(x, γi) that
converts the power index to throughput. Therefore, whether
or not the objective function reaches its maximum value
depends not only on the value of the system load ψ, but also
on how it is shared among the candidate users. There must
exist an optimal value of system load ψ∗ that can achieve the
maximum weighted rate.

Let the power index vector g denote the optimal solution,
which can be found through the method described in the
previous section for a given specific value of ψ. Apparently,
g is a function of ψ. The objective function (18) is the sum
of individual weighted rates that are obtained from g using
function fr(x, γi). Therefore, Z can also be regarded as a
function of ψ. Let FZ(ψ) be the function that gives the
maximum value of the sum of weighted rates at ψ. Then the
original optimization problem can be rewritten as follows:

maxZ = FZ(ψ),

s.t. 0 ≤ ψ < 1.
(37)

The optimal solution ψ∗ of the above problem and its
corresponding power index assignment by (34) with ψ = ψ∗

provides the final optimal solution of (18).
Problem (37) is a simple unconstrained maximization

problem that searches for the maximum Z within the interval
[0, 1). The disadvantage of (37) is that it does not have an
explicit expression. Hence, algorithms that rely on the first-
or second-order derivatives will not be applicable in this case.
Therefore, the searching process depends on the result of
(34). Note that every time when a new value of ψ is chosen,
the order of wi(k)αi may be different from that of previous
ψ.

The time of calculating the best result for a newly chosen
ψ, including the time of reordering the users (if needed),
is easily obtained as O(n log n) + O(n) = O(n log n) if n
is assumed to be large enough. Moreover, there are many
possible local maximum points within the range 0 ≤ ψ < 1.
The final optimal ψ must be a global best value. Although
in [29] many searching algorithms on how to locate the
minimum/maximum solution within a range are described,
to make these algorithms effective there must be only one
extreme point in the specified range. However, in general
it is not possible to know the range which contains only
the global optimal value. Thus, an exhaustive search within
[0, 1) would be needed. However, the following proposition
provides a lower bound ψ0 with respect to the searching
range instead of 0 in order to restrict the corresponding
feasible searching range.

Proposition 4. The lower bound of the feasible searching range
is given by

ψ0 = min
1≤i≤B(k)

(
ζi

1 + ζi

)
, where ζi � pmax

i
hi
η0
W. (38)

Proof. With the decrease of the target system load ψ,
the individual power index, provided by (14), will keep
increasing till ψ reaches the point ψi for user i, that is (1 −
ψi)σi = ψi. With respect to user i, if ψ ≤ ψi its power index

πi(hi,ψ) = ψ. ψi is given by ψi = σi/(1 + σi), which varies
with different users since their σi are not likely the same.
Let ψ0 be the minimum among all ψi’s. Once ψ < ψ0 all
backlogged users will have the same power index capacities
πi(hi,ψ) = ψ. Define a small increment Δψ and let ψ′ =
ψ+Δψ < ψ0. Apparently, for all users their power indices will
all have small increment Δψ such that πi(hi,ψ′) = ψ + Δψ.
Maintaining the previous power index assignment and giving
Δψ to any backlogged user will help increase the objective
function (18). We hence can keep adding Δψ to ψ till it
reaches ψ0 = Δψ + ψ, which proves this proposition.

Since the optimal ψ can reside between ψ0 and 1, we need
to calculate a series of sample values after every interval Δψ.
Apparently, the smaller the Δψ, the more samples we get and
thereby the more accurate is the obtained result. On the other
hand, it also increases the required computational time and
power.

Therefore, in practice we only use reasonably small Δψ in
order to reduce the corresponding computational power and
complexity, while still obtain a good approximation of the
optimal solution. It should be noted though that in theory
when Δψ becomes infinitely small the above methodology
can be used to find the optimal solution. Specifically, there
exists an algorithm with complexity of O(n4 log n) that guar-
antees the finding of the optimal solution, however its high
complexity limits its applicability for real-time computations
and can be used only for benchmarking purposes. Let us
assume that the order in (34) is known and fixed. Under this
condition, there are only B(k) possible results satisfying the
optimal condition in Proposition 1, that is, try the maximum
transmission power in the fixed order with number of users
from 1 to B(k). The maximum result is the optimal one.
For any two users in the possible system load range from
(0, 1), their order of wi(k)αi will change at most three times.
Therefore, there are totally 1.5B(k)(B(k) − 1) order changes
for B(k) users. Every order change requires first the sorting
operation and then the comparison operation that have
complexity ofO(n log n) andO(n), respectively, which makes
the overall complexity of this method O(n4 log n).

The optimal algorithm is described as follows.
(1) Find the m points of target system load, x1 < x2 <

· · · < xm, between [0, 1), where the users change their orders
in wi(k)αi. Such points represent actually any point that for
any two users i and j, wi(k)αi = wj(k)αj , which is,

wj(k)
(
1− πi

(
hi,ψ

)) = wi(k)
(
1− πj

(
hj ,ψ

))
. (39)

Based on the definition of power index capacity in (17),
the above equation will have at most three solutions.

(2) Once the order is fixed, sort all B(k) users by wi(k)αi
in descending order. The value αi can be calculated using any
number between [xl, xl+1) since the order will be the same
within this range.

(3) Perform B(k) rounds of calculation of objective
function (6). In round i, let the largest i users transmit with
their largest transmit powers.

(4) Compare the result of round (i + 1) to that of round
i. If the result in round (i + 1) is less than round i, then stop
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the calculation. In that case, the result of round i is the best
result in this order between xl and xl+1.

(5) The largest result obtained in step (4) is the global
optimal solution.

Once the order is fixed in the range [xl, xl+1) at step (2),
the method provided in Section 3.2 that finds the best local
solution can be applied here, which will provide the largest n,
1 ≤ n ≤ B(k), users with this fixed order. The only difference
is that the target system load is not provided directly by a
specific known value ψ, but lies within a specific range. Based
on Proposition 1, according to which the users allowed to
transmit will use their maximum transmission power, we
perform B(k) rounds of calculation in step (3) and compare
the results to find the optimal n users.

3.4. Fairness Conditions. As mentioned before, fairness is
controlled by the vector w = {w1,w2, . . . ,wB(k)}. When
changing the values of wi, we are actually pursuing a set of
optimal fixed values w∗ = {w∗1 ,w∗2 , . . . ,w∗B(k)} that balance
the rate of users with varying channel conditions and hence
keep fairness. Since we do not know in advance the exact
distribution of the channel conditions, and the number of
users may also change, it is difficult to obtain vector w∗ in
advance. Therefore, a real-time algorithm is required that is
capable of converging wi toward w∗i , while maintaining the
asymptotic fairness. Stochastic approximation algorithm has
been proven to be effective in estimating such parameters.
Note that this algorithm has been implemented in [14, 15]
in order to solve similar problems. Generally, the stochastic
approximation algorithm is a recursive procedure for finding
the root of a real-value function f (x). In many practical
cases, the form of function f (x) is unknown. Therefore,
the result with the input variable x cannot be obtained
directly. Instead, the observations of the results, sometimes
with noise, will be taken. It has been proven that the root of
f (x) can be estimated with the observation Yn = f (xn) by
the following procedure:

xn+1 = xn − εnYn, (40)

where εn > 0, εn → 0. We can simply let εn = 1/n. In most
situations, the value of f (xn) may not be directly available,
but instead the f (xn) + en, where en is the observation noise.
In this case, the above approximation approach still applies,
with the observed value replaced by Yn = f (xn) + en. The
convergence of xn to the root requires E(en) = 0.

Here, we define our function f (w) = { f (w1), f (w2), . . . ,
f (wB(k))} as follows:

f
(
wi
) = E

[
ri(n)

]

E
[∑

j r j(n)
] − φi∑

jφ j
, (41)

whose root w∗i will make f (wi) = 0 which satisfies the
fairness condition (3). The noise observation Yn in our case
is:

Yn = ri(n)

E
[∑

j r j(n)
] − φi∑

jφ j
. (42)

It is easy to prove that the mean of noise E[en] =
E[ f (wi) − Yn] = 0. Therefore, the value of w∗i is then
recursively obtained by

wi(n + 1) = wi(n)− Yn
n
. (43)

However, Yn need to know the mean of total system
throughput E[

∑
j r j(n)]. We use a smoothed value R(n) to

approximate E[
∑

j r j(n)] and update R(n) as follows:

R(n) = R(n− 1)β + (1− β)
∑

j

r j(n− 1), (44)

where β is the smooth factor which determines how the
estimated R(n) follows the change of actual achieved system
throughput. In the remaining of the paper, throughout the
performance evaluation of our approach, the value β = 0.999
is chosen. The numerical results presented in Sections 4.2.2
and 4.2.3, with respect to the convergence of wi’s and the
achievable fairness, demonstrate that such a method is very
effective in approximating the optimal values of w∗i and
therefore controlling and maintaining fairness.

4. Performance Evaluation

In this section, we evaluate the performance of the proposed
method in terms of the achievable fairness and through-
put, via modeling and simulation. Furthermore, to better
understand the performance of the proposed scheduling
algorithm-in the following we refer to as throughput max-
imization and fair scheduling (MAX-FAIR)—we compare it
with the maximum throughput (MAX) scheme [16], which
achieves the maximum total uplink throughput by allowing
only the best k users in terms of their received power to trans-
mit, and with the HDR algorithm [7, 9], which is a single
user scheduling algorithm. The principles and operation of
HDR basically refer to a proportional fair scheduling scheme,
which can be used in the uplink scheduling to demonstrate
the one-at-a-time proportional fair scheduling. Following
the HDR principles the transmission of a single user at a
given time slot is scheduled, with the data rates and slot
lengths varying according to the specific channel condition.
In the MAX scheme parameter, k is determined by iteratively
comparing the throughput of best i users, 1 ≤ i ≤ N , where
N is the total number of users. The throughput achieved by
MAX scheme is regarded as the upper bound throughput
in the uplink CDMA scheduling. On the other hand, since
HDR achieves temporal fairness, we consider it here to
mainly observe the difference between temporal fairness and
throughput fairness and their corresponding advantages in
specific cases.

4.1. Model and Assumptions. Throughout our numerical
study, we consider a single cell DS-CDMA multirate system
with multiple active users. All active users are continuously
backlogged during the simulation and generate packets with
average size of 320 bytes. The maximum transmission power
is assumed the same for all users, that is, pmax

i = 2 Watts,
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while the system chip rate is W = 1.2288 × 106chip/s as
defined in IS-95 and the required SINR is γi = 8 dB for
data service, the same for all users. The transmission time
is divided into 1 millisecond equal length slots, which is the
algorithm scheduling interval, while the simulation lasts for
1.7× 105 slots.

To study the impact of the channel condition variations
on the system throughput and fairness performance, we
model the channels through an 8-state Markov-Rayleigh
fading channel model [30]. According to this model, the
channel has equal steady-state probabilities of being in any
of the eight states. We also assume that the coherent time is
much larger than the length of a time-slot, hence the channel
state is assumed to be constant within a time slot. At the
beginning of each time slot, the channel model decides to
transit to a new state, which can only be itself or one of its
neighbor states, that is, from state s to s, s+ 1, or s−1. Table 1
summarizes the state transition probabilities for all the eight
states.

Furthermore, four different cases with respect to the
ranges of the average SNRs that are assigned to the various
users are considered. Specifically, Table 2 presents the corre-
sponding ranges and lists the assignment of the average SNRs
for each user for a seven-user scenario, under all these cases.
The four different cases represent four different scenarios
with respect to the SNR as follows (from top to bottom):
large SNR range with low SNR users, low SNR, middle
SNR, and high SNR. In the next subsection, we evaluate the
performance of MAX-FAIR, MAX, and HDR methods under
all four cases and compare their corresponding achieved
throughput and fairness.

In most of the numerical results presented in the next
subsection, unless otherwise is explicitly indicated, all users
are assumed to have the same weight. Such a scenario
allows us to better understand and compare the achievable
performances of the various scheduling schemes, when users
have different channel conditions. However, the operation
and effectiveness of the proposed MAX-FAIR policy is
also demonstrated in an environment, where users present
different weights.

4.2. Numerical Results and Discussion. The numerical results
presented in Sections 4.2.1 and 4.2.2 refer mainly to the
impact of some of the parameters associated with the pro-
posed MAX-FAIR algorithm on its operation and achievable
performance and allow us to obtain a better understanding
of its operational characteristics and properties. Then in
Sections 4.2.3 and 4.2.4, comparative results about the
achievable throughput and fairness of the MAX-FAIR, MAX
and HDR algorithms are presented.

4.2.1. Finite System Power Index Samples. Figure 1 shows the
sensitivity of the weighted throughput achieved by the MAX-
FAIR algorithm as a function of the number of samples used
to obtain these values. The last point in the horizontal axis
corresponds to the optimal value. It should be noted that
in the vertical axis, the depicted weighted throughputs are
normalized over the optimal value. Moreover, the different
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Figure 1: The impact of number of samples on the weighted
throughput (MAX-FAIR).

curves provided in this figure correspond to different
combinations of the SNR ranges and the number of active
users. As can be seen, the more samples we choose, the
closer is the obtained maximum value to the optimal value,
which clearly presents the tradeoff between the accuracy
and the required computational power, as discussed before
in Section 3.3. For instance, we observe that in the cases
with small SNR range (e.g., [0,1] dB), even 20 samples are
sufficient to get satisfactory results, while for the cases with
larger SNR range (e.g., [−3,3] dB), more samples may be
required.

Furthermore, as it can be observed from this figure, for
the case of [0,1] dB, the larger the number of active users
in the system, the less sensitive is the achievable maximum
result to the number of samples (i.e., the slope of the
corresponding curve becomes smoother as the number of
active users increases). On the other hand, when there are
users with high SNR values (e.g., [−3,3] dB), the increasing
number of active users makes the achieved throughput drop
slightly for small number of samples. This difference in the
system behavior is closely related to a different number of
simultaneously served users, under different SNR ranges and
channel conditions, as depicted by the different observed
service patterns in Figure 2.

Specifically, in Figure 2, we present the probabilities of
the number of simultaneously served users in each schedul-
ing cycle. For this experiment, we consider 40 backlogged
users in the system and perform 200 trials. In each trial,
users are randomly assigned the SNRs in the designated
SNR range, following the 8-state model [30] described in
Section 4.1. We observe that when there are users having
high SNR values, for example, in the cases of [−3,3] dB and
[2,4] dB, only a small number of users (at most 2 in this
experiment), are served concurrently. However, in the case
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Table 1: Channel state transition probability.

s = 1 s = 2 s = 3 s = 4 s = 5 s = 6 s = 7 s = 8

ps,s 0.9304 0.8419 0.8170 0.8216 0.8349 0.8590 0.8945 0.9616

ps,s−1 0 0.069 0.0879 0.0894 0.0876 0.0777 0.0637 0.0384

ps,s+1 0.0696 0.0891 0.0951 0.089 0.0775 0.0633 0.0418 0

Table 2: Simulation cases with different SNR(dB) distribution.

1 2 3 4 5 6 7

Case: [−3, 3] −3 −3 −3 0 0 0 3

Case: [−4,−2] −4 −4 −4 −3 −3 −3 −2

Case: [0, 1] 0 0 0 1 1 1 1

Case: [2, 4] 2 2 2 3 3 3 4

that all users have small SNR values, for example, in the case
of [−4,−2] dB, the number of simultaneously served users
increases significantly (it is distributed between 4 and 17 in
our case as can be seen by Figure 2). Such user distribution
indicates that in the case that a single user cannot consume all
the system resources (e.g., the case where users have low SNR
values), more users will be scheduled simultaneously in order
to achieve a more efficient resource utilization and as a result
increase the total system throughput. This also demonstrates
the advantage of our proposed scheduling algorithm over the
one-by-one scheduling algorithms that have been proposed
in literature. As a result, with respect to Figure 1, for the
case of [0,1] dB, multiple users are scheduled to reach the
maximal throughput. Increasing the number of active users
enables the system to schedule more available candidates
to achieve higher throughput, and therefore the achievable
result is less sensitive to the number of samples. However, for
the case [−3,3] dB at most only 1 or 2 users are scheduled
for simultaneous transmission. In the following experiments
and numerical results, we adopt the accuracy of 100 samples,
which is sufficient to reach 95% of the optimal-weighted
throughput.

4.2.2. Parameter Convergence by Stochastic Approximation.
As described in Sections 2.1 and 3.4, parameters wi’s are
used to represent the fairness constraints in our optimization
problem formulation. Figure 3 shows the dynamic change
of parameters wi’s as the system and time evolve , for two
different cases that correspond to two different SNR ranges.
A seven-user scenario is considered, while for demonstration
purposes for each case the corresponding values of only
two representative users are presented—one user with strong
channel and one user with weak channel. As mentioned
before, all the users are assigned the same weight in order
to more clearly demonstrate the influence of the channel
conditions on wi’s. It can be seen by this figure that the
converged values ofwi’s have the effect of compensating users
with the weak channels and reducing the priority of users
with strong channels in the scheduling policy. In fact, the
converged values of wi’s will make both users (weak and
strong) to gain proper system resources and therefore achieve
fair throughput. Please note that it is the relative values ofwi’s
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Figure 2: The service pattern under different channel conditions
(i.e., SNRs) (MAX-FAIR).

that control the priority of accessing the system resources,
and not their absolute values. Furthermore, it should be
noted that the lower the average SNR of a weak user, the
larger the gap between the weak user and a strong user, which
has negative impact on the achievable system throughput, as
we will see in the following subsection.

4.2.3. Throughput and Fairness Performance. Figure 4 shows
the average throughputs of all the users under the MAX-
FAIR, MAX, and HDR methods, for a seven-user scenario
where the average SNR range is [−3,3] dB and the cor-
responding average SNR assignments to the seven users
are as shown in Table 2. In order to better demonstrate
the tradeoff between the computational complexity and the
achievable throughput of MAX-FAIR approach, we obtained
the corresponding results under two different cases with
respect to the number of power index samples (i.e., 20
and 100 samples). As observed in this figure the MAX-
FAIR with 100 power index samples achieves slightly higher
throughput, however it requires five times the computational
power of the MAX-FAIR with 20 power index samples.

When compared to other two scheduling schemes, MAX-
FAIR presents the best throughput-fairness performance
(balances the achievable throughput of all users) despite
the variable channel conditions of the different users,
which indicates that the fairness is well maintained under
the proposed scheduling algorithm. As mentioned before
in the paper, the main objective of HDR is to achieve
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temporal fairness. Therefore, under HDR scheduling each
user throughput is closely related to its channel conditions.
That is why in Figure 4 we observe that users 1, 2, and 3 have
smaller throughput than users 4, 5, and 6, while user 7 has the
largest throughput under the HDR scheme. Under the MAX
algorithm, user 7 consumes most of the system resources
and achieves much higher throughput than the rest of the
users due to the fact that the objective of MAX algorithm
is to achieve the highest possible total system throughput,
without however considering the fairness issue. In Figure 5,
we further measure and evaluate the fairness performance by
the standard deviation of the average throughput under all
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the four different SNR cases. Among the three algorithms,
MAX-FAIR algorithm has the smallest deviation for all the
different cases under consideration, while the corresponding
values change only slightly from case to case. We also find
that in general the standard deviation increases as the SNRs
become higher. This happens because small fluctuation of
wi results in larger throughput change, if all the users have
higher SNR levels.

Figure 6 compares the corresponding average system
throughputs of the three algorithms under evaluation, for
the different SNR ranges (cases). As we expected, MAX-FAIR
outperforms HDR in most cases due to the simultaneous
scheduling of multiple users, as has been demonstrated
in Figure 2, and consequently results in higher resource
utilization. However, in the case of SNR range of [−3,3] dB,
MAX-FAIR achieves slightly lower throughput than the
HDR. The reason of that resides in the different fairness
criteria considered and satisfied in these two algorithms,
namely, the throughput fairness and temporal fairness. If
we examine again Figure 3, we notice that users that have
low average SNR (−3 dB) (e.g., users 1, 2, and 3) finally
converge to a high wi, which enables them to have equal
opportunity to transmit under the MAX-FAIR scheduling
policy. Due to their weak channel conditions, their aver-
age throughputs will be low and hence the total system
throughput will become lower because of the satisfaction of
the throughput fairness constraint. However, as explained
before since access time is not the only resource to be
shared among the users in these systems, considering
throughput fairness instead of temporal fairness is more
meaningful in these systems and environments, despite
the slightly lower total throughput that can be achieved
in some cases under this consideration. One possible
alternative solution is to relax the fairness constraint if
the QoS permits it. Our experiments have demonstrated
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that after relaxing fairness to 85% of its original require-
ment, the MAX-FAIR catches up and outperforms the
HDR.

In order to obtain a more in-depth understanding of
the MAX-FAIR fairness operation, in Figure 7, we present
the achieved average throughputs for all the seven users
under MAX-FAIR scheme, for a scenario where the SNR
range is assumed to be [−3,3] dB, and the users are
assigned different weights. The different weights can be
considered as the mapping of different QoS requirements.
In this scenario, users 1 and 4 have weight 1, users 2
and 5 have weight 2, while users 3, 6, and 7 have weight
4. Figure 7 demonstrates that the MAX-FAIR successfully
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schedules the transmissions and distributes the resources
so that the various users achieve throughput according to
their corresponding assigned weights. Specifically users with
weights 2 and 4 obtain, respectively, two times and four
times the throughput achieved by users with weight 1. In this
figure, we also present (on the right-hand side vertical axis)
the converged values of parameters wi’s. Here, the different
values of wi’s reflect both the channel condition variations
and the weight differences. Please note that the relationship
between wi and weight is not linear due to the nonlinearity
between the allocated resources and throughput.

4.2.4. Number of Users. Figure 8 shows the achieved total
system throughput under MAX and MAX-FAIR algorithms
as a function of the number of backlogged users, for the
case where the users SNRs are located within [0,1] dB
range. Please note that as mentioned before MAX algorithm
provides the maximum uplink transmission throughput
without considering the fairness property, and therefore
is assumed to provide the upper bound throughput in
uplink scheduling. From this figure, we can clearly observe
the great advantage of the proposed MAX-FAIR approach
and its ability to achieve very high throughput, while still
maintaining fairness. When the number of backlogged users
reaches a certain level, for example, 35 in this experiment,
the throughput becomes flat for both MAX-FAIR and MAX,
which means that the chances of improving the throughput
by opportunistic scheduling with multiple users have been
fully utilized.

5. Conclusions

In this paper, the CDMA uplink throughput maximization
problem, while maintaining throughput fairness among the
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various users, was considered. It was shown that such a prob-
lem can be expressed as a weighted throughput maximization
problem, under certain power and QoS requirements, where
the weights are the control parameters that reflect the
fairness constraints. A stochastic approximation method
was presented in order to effectively identify the required
control parameters. The numerical results presented in
the paper, with respect to the convergence of the control
parameters and the achievable fairness, demonstrated that
this method is very effective in approximating the optimal
values and therefore controlling and maintaining fairness.
Furthermore, the concept of power index capacity was used
to represent all the corresponding constraints by the users
power index capacities at some certain system power index.
Based on this, the optimization problem under consideration
was converted into a binary knapsack problem, where the
optimal solution can be obtained through a global search
within a specific range.

The performance of the proposed policy in terms of
the achievable fairness and throughput was obtained via
modeling and simulation and was compared with the perfor-
mances of other scheduling algorithms. The corresponding
results revealed the advantages of the proposed policy over
other existing scheduling schemes and demonstrated that
it achieves very high throughput, while satisfies the QoS
requirements and maintains fairness among the users, under
different channel conditions and requirements.
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1. Introduction

Mobile network operators continue to deploy the High-
Speed Downlink Packet Access (HSDPA) service in their
existing Universal Mobile Telecommunication System
(UMTS) networks. From the users perspective, the HSDPA
promises high data rates (up to 14.4 Mbps with Release
5) and low latency. From the perspective of an operator,
HSDPA is hoped to play a key role for the much longed for
breakthrough of high-quality mobile data services. From a
technical perspective, HSDPA introduces a new paradigm
to UMTS; instead of adapting the transmit power to the
radio channel condition in order to ensure constant link
quality, HSDPA adapts the link quality to the radio channel
conditions. This enables a more efficient use of scarce
resources like transmit power, channelization codes, and also
hardware components.

The basic principle of the HSDPA is to adapt the
link to the instantaneous radio channel condition using
adaptive modulation and coding (AMC). HSDPA employs a
shared channel, the High-Speed Downlink Shared channel

(HS-DSCH), which is used by all HSDPA users. With a
shared channel, radio resources are occupied only if a
transmission occurs, which enables a more efficient transport
of bursty traffic. In each transport time interval (TTI), the
scheduler located in the NodeB decides about the users
to be scheduled and about their data rate. The scheduling
decision can be either on behalf of channel quality indicator
(CQI) reports from the user equipments (UE) to enable
opportunistic scheduling schemes which use the air interface
more efficiently, or simple nonopportunistic schemes like
round-robin can be used which shares the resources time fair
among the users.

An important aspect of HSDPA systems is the perceived
fairness of the connection metrics between the users. This
is in contrast to pure UMTS Release ’99, where the circuit-
switched design of the radio bearers guarantees equal
Quality of Service (QoS) properties of all users of the same
service class [1]. However, since in HSDPA the theoretically
achievable data rate depends on the channel condition,
the actual achieved data rates depend on user location,
number of users, interference, scheduling discipline, and in
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integrated networks also on the number of dedicated channel
(DCH) connections. In this work, we distinguish between
two fairness aspects. Spatial fairness refers to the spatial
distribution of the perceived data rates within a cell or sector.
Temporal fairness refers to the long-term time-average user
throughput [2].

Our contribution is twofold: first, we propose a flow-
level simulation framework which takes on the one hand
physical layer aspects, scheduling disciplines, interference,
and radio resource management schemes into account, but
also allows for simulation of large networks due to its
analytical approach. Second, we investigate the impact of
three well-known scheduling disciplines, namely round-
robin, proportional fair, and Max C/I on the spatial user
distribution and on the system and user performance. One
of our main findings is that Max C/I scheduling, although
providing sum-rate optimal rate allocations in static system
scenarios, performs worse than proportional fair scheduling
if traffic dynamics are considered.

The remaining of this article is organized as follows:
in the next section, we motivate our work and give an
overview of the current literature. In Section 3, we give a
brief overview of the HSDPA. In Section 4, we explain radio
resource sharing between DCH and HSDPA connections and
formulate a model for the calculation of NodeB transmit
powers. In Section 6, a physical layer abstraction model for
the HSDPA is proposed which enables the calculation of
the average throughputs per flow for different scheduling
disciplines. Simulation scenarios and numerical results are
presented in Section 7, followed by a conclusion in Section 8.

2. Motivation and Related Work

The focus of this work is the impact of elastic flows on the
system performance. We have to distinguish between QoS
flows which require a fixed bandwidth, as for voice calls over
DCH transport channels, and “best-effort” or elastic flows
which adapt their bandwidth requirements to the currently
available bandwidth. Such a flow may be an FTP transfer or
the combined elements of a web page including inline objects
such as embedded videos, that may be transmitted in parallel
TCP connections. A flow can be loosely defined as a coherent
stream of data packets with the same destination address [3].
An important distinction between the two types of flows is
that QoS flows typically follow a time-based traffic model,
which means that the user wants to keep the connection for a
certain time span. In contrast, elastic flows are volume-based,
that is, the user is satisfied as soon as a certain data volume is
transmitted. An effect in this context which is that of spatial
inhomogeneity, which has been mentioned in [4] for systems
without AMC, and has been further investigated in [5, 6]
for pure single-cell HSDPA systems. Users with bad radio
conditions experience lower data rates than users with better
radio conditions, leading to a spatial unfairness, which we
define as the discrepancy between location-dependent user
arrival probabilities and the observed residence probabilities
in steady state. We investigate this effect in Section 7.1 for
different scheduling disciplines in a multicell scenario, that

is, with consideration of other-cell interference, and with
location-dependent arrival rates.

A related point is the system performance and fairness
of the perceived data rates under different scheduling
regimes. In the literature, a large number of fundamental
works investigate the tradeoff between fairness and system
capacity in a wireless systems with opportunistic scheduling.
Examples can be found in [2, 7–10], where in [7] the
concept of multiuser diversity (MUD) in downlink direction
has been investigated, motivated by the findings in [11]
for the uplink direction. For HSDPA systems, research
mainly concentrated on variations of the proportional fair
scheduler developed for the 1xEV-DO system [12]. Different
approaches exist to include QoS constraints on delay or
data rate into the scheduling decision [13–17]. The fairness
of different schedulers in HSDPA systems is investigated in
[18, 19]. Both works conclude that Max C/I provides the
highest system throughput. We compare user and system
throughput for round-robin, Max C/I, and proportional
fair scheduling. The results show that on the one hand, as
expected the two channel-aware schemes clearly outperform
round-robin scheduling, but on the other hand, proportional
fair scheduling leads to a higher time-average throughput
than Max C/I scheduling. We discuss this result in detail in
Section 7.2.

Statistically valid results for integrated UMTS networks
require long simulation runs or analytical approaches. An
intuitive example is the DCH blocking probability; a DCH
user which is located far from the antenna is subject to strong
interference from surrounding NodeBs, he may therefore
require a very high transmit power. If this user additionally
has a long call time, the influence on the blocking probability
is significant. Since such events occur not very often with
reasonable loads, long simulation runs are required. The
results in this work are therefore generated with a simulation
framework based on [20, 21], that uses analytic methods
to approximate the effects of the physical layer and the
scheduling discipline on flow level. This allows for accurate
and time-efficient simulations of large UMTS networks.

3. System Description

We consider a UMTS network where HSDPA and DCH
connections share the same radio resources, namely transmit
power and channelization codes. The core of the HSDPA is
the HS-DSCH, which uses up to 15 codes with spreading
factor (SF) 16 in parallel. The HS-DSCH enables two types
of multiplexing; time multiplex by scheduling the subframes
to different users, and code multiplex by assigning each user
a nonoverlapping subset of the available codes. The latter
requires the configuration of additional High-Speed Shared
Control Channels (HS-SCCHs). Throughout this work we
assume that only one HS-SCCH is present, hence consider
time multiplex only.

In contrast to dedicated channels, where the transmit
power is adapted to the propagation loss with fast power
control and thus enabling a more or less constant bit rate,
the HS-DSCH adapts the channel to the propagation loss
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Figure 1: Schematic view of the HSDPA transport channel.

with AMC. The UE sends CQI values to the NodeB. The
CQI is a discretization of the received signal-to-interference
ratio (SIR) at the UE and ranges from 0 (no transmission
possible) to 30 (best quality). The scheduler in the NodeB
then chooses a transport format combination (TFC) such
that a predefined target BLER, which is often chosen as 10%,
is fullfilled if possible. The TFC contains information about
the modulation (QPSK or 16QAM), the number of used
codes (from 1 to 15), and the coding rate resulting in a certain
transport block size (TBS) that defines the information bits
transmitted during a TTI. A number of tables in [22] define
a unique mapping between CQI and TFC. This means that
with an increasing CQI, the demand on code resources is also
increasing. This leads to cases where a high CQI is reported
to the NodeB, but the scheduler has to select a lower TBS due
to lacking code resources. A schematic view of the HSDPA
functionality is shown in Figure 1.

4. Sharing Code and Power Resources between
HSDPA and DCH

A key issue of the radio resource management in HSDPA
enhanced UMTS networks is the sharing of code and power
resources between DCHs, signaling channels, common chan-
nels, and finally channels required for the HSDPA, namely,
the HS-DSCH and the HS-SCCH. The signaling channels
and common channels mostly require a fixed channelization
code and a fixed power as for the pilot channel (CPICH)
or the forward access channel (FACH). The DCHs are
subject to fast power control which means that their power
consumption depends on the cell or system load that
determines the interference at the UE. The general level of
power consumption depends on the processing gain and the
required target bit-energy-to-noise ratio (Eb/N0) of the radio
access bearer (RAB).

The HSDPA requires code and power resources. Codes
are the channelization codes that are generated according to
the orthogonal variable spreading factor (OVSF) code tree.
The number of codes that is available for a certain spreading

factor (SF) is equal to the spreading factor itself. A 384 kbps
DCH occupies an SF 8 channelization code. Accordingly,
the maximum number of parallel 384 kbps users per sector
is theoretically 8. In practice, only 7 parallel 384 kbps users
are possible since the signaling and common channels also
require some code resources. Let us introduce an SF 512 code
as the basic code unit. Then, a DCH i with SF k occupies
ci = 512/k code resources. An HSDPA code with SF 16
requires cHS = 32 code resources. Let CDCH be the total
code resources occupied by all DCHs, CCCH be the resources
occupied by signaling and common channels, and, CHS =
nHS · cHS be the total number of code resources used by the
HSDPA where nHS is the number of SF 16 codes allocated
to the HS-DSCH. The total number of code resources is
equal to Ctot = 512. We consider adaptive code allocation
[23, 24], which is illustrated in a simplified view (pilot and
control channels are omitted) in Figure 2 for both transmit
power and channelization codes. We further assume that the
codes are always optimally arranged in the code tree, and
that no code tree fragmentation occurs. The number of codes
available for the HSDPA is then

nHS =
⌊
Ctot − CCCH − CDCH

cHS

⌋
. (1)

Accordingly, the transmit power Tx,tot consists of a
constant part TCCH for common and signaling channels, a
part TDCH for DCHs, and a part THS for the HS-DSCH. Let
T∗ be the target transmit power at the NodeB. Then, the HS-
DSCH power with adaptive power allocation is

THS = T∗ − TCCH − TDCH, (2)

whereT∗HS is the power reserved for the HS-DSCH, and TDCH

is the total DCH power averaged over some period of time.

5. Calculation of Downlink Transmit Powers

We define a UMTS network as a set L of NodeBs with
associated UEs, Mx. A DCH connection k corresponds to a
radio bearer at NodeB x ∈ L with data rate Rk and code
resource requirements ck. Since the power consumed by the
DCH connection is subject to power control, the received
Eb/N0 εk fluctuates around a target-Eb/N0 value ε∗k , which
is adjusted by the outer-loop power control such that the
negotiated QoS parameters like frame error rate are fulfilled.
A common approximation for the average Eb/N0 value is

εk = W

Rk
· Tk,x · dk,x

W ·N0 + Ik,oc + αi · Tx,tot · dk,x
, (3)

where the orthogonality αk describes the impact of the
multipath profile for DCH k, dk,x is the average path gain
between NodeB x and UE k, W is the system chip rate, and
N0 is the thermal noise density. We assume perfect power
control, that is, the mean Eb/N0 value meets exactly the
target-Eb/N0 such that εk = ε∗k . The mean transmit power
requirement of a DCH connection follows then as

Tk,x =
ε∗k · Rk
W

·
(
W ·N0 + Ik,oc

dk,x
+ αk · Tx,tot

)
. (4)



4 EURASIP Journal on Wireless Communications and Networking

Time Time
Tr

an
sm

it
p

ow
er

C
h

an
n

el
iz

at
io

n
co

de
s

THSDPA

Tnon-HSDPA

Tmax Cmax

CHSDPA

Cnon-HSDPA

Adaptive radio resource allocation

Figure 2: Adaptive radio resource management scheme.

The average other-cell interference comprises the
received powers of surrounding NodeBs such that
Ik,oc = ∑

y∈L\x Ty,tot · dk,y. The total NodeB transmit
powers can be calculated with an equation system over all
NodeBs. For that reason, we follow [25] and define the load
of NodeB x with respect to NodeB y as

ηx,y =
∑

k∈Mx

ωk,y ,

with ωk,y =
ε∗k · Rk
W

·

⎧
⎪⎨
⎪⎩

α, if L(k) = y,
dk,y

dL(k), k
, if L(k) /= y.

(5)

After some algebraic modifications, this allows us to formu-
late the total DCH transmit power in a compact form as

Tx,DCH =
∑

y∈L

ηx,y · Ty,tot. (6)

In this equation, we neglect the thermal noise since in a
reasonable designed network its impact on the transmit
power requirements is minimal. Note also that the equation
includes the case y = x for the own-cell interference. For the
total transmit power we introduce the boolean variable δy,HS

indicating whether at least one HSDPA flow is active in cell
x. The total transmit power at NodeB x is then

Tx,tot = δx,HS · T∗x +
(
1− δx,HS

)

·
(
Tx,CCH +

∑

y∈L

ηx,y · Ty,tot

)
.

(7)

This equation states that if the HS-DSCH is active, the total
transmit power is equal to the target power. Otherwise, it
consist only of the DCH transmit power and the transmit
power for common channels. Introducing the vectors

V[x] = δx,HS · T∗x +
(
1− δx,HS

) · Tx,CCH, (8)

and matrix

M[x, y] = (1− δx,HS
) · ηx,y (9)

leads to the matrix equation

T = V +M · T ⇐⇒ T = (I −M)−1 ·V , (10)

which provides the transmit powers of all NodeBs in the
system. The matrix I is the identity matrix, and T is the
vector of NodeB transmit powers Tx. The DCH and HSDPA
transmit powers are then calculated with (6) and (2).

6. HSDPA Physical Layer Model

Consider an HS-DSCH with power THS = ΔHS ·Ttot and nHS

parallel codes allocated to the HS-DSCH. Accordingly, the
SIR at UE i for a RAKE receiver with perfect maximum ratio
combining is equal to

γi = ΔHS ·
∑

p∈P

Ttot · di,p,x

W ·N0 + Ioc,i +
∑

r∈P \pTx,tot · di,r,x
,

(11)

where di,p,x is the instantaneous propagation gain of signal
path p ∈ P . The UE measures the SIR and maps it to the
maximum CQI with a transmission format that achieves a
frame error rate of 10%. In [26] the following relation of SIR
and CQI q is given:

q = max
(

0, min
(

30,
⌊

SIR[dB]
1.02

+ 16.62
⌋))

. (12)

The CQI-value q defines the maximum possible TBS
v(q), that can be transmitted in one TTI. It also defines the
number of required parallel codes nHS(q). If the number of
available codes nHS is less than nHS(q), the scheduler selects
the maximum possible TBS value according to nHS. This
means that an optimal usage of resources is only possible
if the transmission format according to the reported CQI
utilizes all available codes. If too few code resources are
available, power resources are wasted, and if too few power
resources are available, the CQI is too small to utilize all
available codes. The reported CQI value depends essentially
on the multipath profile, the users’ location, the available
HS-DSCH power, and the other-cell power. The number of
codes required for a certain CQI value depends on the CQI
category.

Above equations give the CQI and TBS for a concrete
instance of the propagation gains in particular of the
multipath component power. For a simplified simulation
and evaluation of the HSDPA performance, an approximate
model for the HSDPA bandwidth similar to the orthogo-
nality factor model for DCH is required. The orthogonality
factor [27] is used to determine the signal-to-interference
ratio for a DCH i as

γi = W

Ri
· Tx · dx,i

Ii,other + α · Ii,own
, (13)

where W/Rk is the processing gain, Ii,other is the other-
cell interference, and Ii,own = Tx,tot · dx,i is the own-cell



EURASIP Journal on Wireless Communications and Networking 5

interference. The orthogonality factor α specifies the part of
the power received from the own cell that contributes to the
interference due to multipath propagation. It captures the
impact of the multipath profile in a single value between 0.05
and 0.4 depending on the multipath profile. For a deeper
discussion of the orthogonality factor model please refer to
[28–30] and the references therein.

Actually, the values γk, Iown, and Iother are mean values
averaged over the short-term fading. More precisely, we
should write (13) as

E[γi] = W

Ri
· Tx,i · dx,i

E
[
Ii,other

]
+ α · E[Ii,own

]

= W

Ri
· Tx,i

Tx,tot
· 1
E
[
Ii,other

]
/E
[
Ii,own

]
+ α

.

(14)

The orthogonality factor model is not applicable to the
HSDPA since it only yields the mean SIR. However, for the
evaluation of the average HSDPA data rate of a UE at a
certain location, the distribution of the reported CQI values
is required. The essential assumption of the orthogonality
factor model is that the mean normalized SIR, that is, the last
fraction in (14), is a function of the ratio Σ of average other-
cell received power and average own-cell received power (or
short other-to-own-cell power ratio)

Σi =
E
[
Ii,other

]

E
[
Ii,own

] =
∑

y /= x Ty,tot · dy,i

Tx,tot · dx,i
. (15)

In [20], the orthogonality factor model is enhanced to
yield not only the mean but also the standard deviation of
the SIR in decibel scale as a function of Σi. Assuming that
the distribution of the SIR follows a normal distribution that
is entirely characterized by its mean and standard deviation,
the distribution of the reported CQI values, pCQI(q), is
obtained from the cumulative density function (CDF) of
the distribution of the SIR. Truncating the CQI distribution
according to the available codes for the HS-DSCH yields the
distribution of the TBS as

pTBS(v) =

⎧
⎪⎪⎨
⎪⎪⎩

pCQI(v(q)), if v(q) < v∗,
30∑

q=v∗
pCQI(q), else,

(16)

where v∗ is the maximum allowed TBS according to the
available code resources. Accordingly, we denote the CDF of
the CQI and TBS values with PCQI(q) and PTBS(v).

The physical layer abstraction model gives also insights
into the impact of system parameters like multipath channel
profile, number of available codes and, UE category. Figure 3
shows the gross data rate, that is, the throughput a single UE
would achieve, depending on the other-to-own-interference
ratio for the ITU Vehicular A, Pedestrian A, and Vehicular
B multipath propagation models. A profile with a strong
dominating path, like in Pedestrian A, enables indeed very
high data rates up to 13 Mbps. In contrast, profiles with a
relatively strong second path, like Vehicular A and Vehicular
B, lead to significantly lower data rates due to a higher
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Figure 3: Gross data rate for different channel profiles.
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Figure 4: Gross data rates for different UE categories.

intersymbol interference. In fact, with these two models,
it is sufficient to provide five SF 16 codes for the HS-
DSCH. Figure 4 shows the gross data rates for different UE
categories, which reflect the capability for 16QAM, number
of parallel codes and, interscheduling time. Interesting is
that UEs without QAM 16 support (categories 11 and 12)
have significantly lower data rates than UEs with QAM 16,
although the transport block sizes are identically (categories
1–6).

6.1. Scheduling. The scheduler in the NodeB has a large
influence on the user-level and system-level performance of
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the HSDPA. Several proposals exist for HSDPA scheduling,
from which we considered three of the most common
schemes. The channel-blind round-robin scheme selects
users consecutively for transmission. The MaxTBS-scheduler
chooses always the user with the currently best possible
TBS, including restrictions due to code resources. Finally,
the proportional fair scheduler selects the user which
has the proportionally best TBS in relation to its past
throughput.

Channel-aware schedulers like MaxTBS and propor-
tional fair benefit from multiuser diversity [7]. With an
increasing number of users in a cell, the probability to
see at least one user with good radio conditions also
increases. If “strong” users are favored by the scheduler,
the aggregated cell throughput increases. Exploitation of
multiuser diversity is therefore in the end beneficial for the
overall system capacity, also because reduced transmission
times for volume-based users leads to longer time periods
where the HS-DSCH is switched off—which in turn reduces
interference.

6.1.1. Round-Robin Scheduling. The round-robin scheduler
selects the users consecutively for transmission. In a suf-
ficiently long time interval, the probability that a user k
is selected is therefore approximately 1/|M|. Round-robin
is a channel-blind scheduling discipline, which means that
the average throughput of each mobile depends only on
its channel condition and the number of users in the
cell, but not on the channel conditions of other users.
Consequently, the cell throughput does not benefit from
multiuser diversity. However, round-robin is robust and does
not suffer from any convergence issues like proportional fair
scheduling in some cases [31], and it is easy to implement
due to its simple principle. Round-robin is an allocation-
fair scheduling discipline in the sense that, to every user, the
same amount of radio resources in terms of codes and power
are allocated. This approach is often sufficient to prevent
starvation of users at the cell edge.

6.1.2. MaxTBS Scheduling. With MaxTBS (or Max C/I)
scheduling, the user with the currently best TBS is scheduled.
This scheduling discipline maximizes the sum-rate capacity
(in our context the cell throughput) given the saturated case,
that is, all users have at least one packet to transmit [32, 33].
If two or more users have the maximum possible TBS, a
random user out of this set is selected with equal probability.
In contrast to round-robin scheduling, the throughput of
a user depends not only on its own location, but also
on the location of the other users. In [6], this scheduling
discipline is modeled as a priority queue, where locations
closer to the NodeB have higher priority than locations
farther away. However, it is also possible to calculate the
average throughput directly from the TBS distributions of
the users. In this work we use the formulation we developed
in [21]. MaxTBS strongly favors the user with the best
channel quality. This implicates that users with weak radio
conditions are penalized and perceive on average very low
data rates, leading to unfair rate allocations. We show in the

next section how this behavior negatively affects the average
throughput if traffic dynamics are considered.

6.1.3. Proportional Fair Scheduling. Proportional fair (PF)
scheduling is a scheduling discipline which has been devel-
oped for the 1xEv-DO-system in the downlink [12]. The
basic principle is to allocate each user proportional to its link
quality and its past throughput. This is achieved by selecting
the user that has the best instantaneous relative throughput
over its past throughput, which is often calculated with
a sliding window approach. However, different versions of
PF scheduling exist. The most fundamental difference is
the way how the past throughput is calculated. The first
variant updates the past throughput every scheduling period
regardless whether the user has been scheduled or not, the
second variant updates the past throughput only if the user is
indeed chosen for transmission. The difference between both
versions is that in the first case the mean throughput of a user
is proportional to its channel quality only, while in the second
case it is also related to the generated traffic. In [31, 34]
it is argued that both variants approximately lead to the
same results in case of statistically identical fades and infinite
backlogs. The second assumption is reasonable during the
interevent time, while the first assumption is contradicted by
the fact that the shape of the CQI distribution depends on the
level of received other-cell interference. A direct formulation
of the flow-average throughput and a comparison between
both variants can be found in [21].

7. Flow-Level Performance Results

UMTS networks are dynamic systems because of the mutual
dependency among the transmit powers of different cells.
This means that a well-designed performance evaluation
has to consider networks with a reasonable size in order
to capture these effects and their impact on flow-level
performance properly. We consider two different types of
networks: a 19-NodeB hexagonal layout with a NodeB
distance of 1.2 km, and an irregular layout with 22 NodeBs
which is generated from a Voronoi tessellation. The network
areas are partitioned into area elements with an edge length
of 25 m. Figure 5 shows the irregular network with antenna
locations (dots) and arrival cluster centers (stars). In the
hexagonal layout, user arrive according to a homogeneous
Poisson process such that arrival rates are equal for all area
elements. In the irregular network, users arrive according to
a clustered Poisson process as described in [25] and shown in
Figure 6; the total arrival rate λ f in an area element f results
from the superposition of circular clusters with constant
arrival rates. In the irregular network therefore not only the
layout but also the arrival process is heterogeneous.

Results are generated with a time-dynamic simulation
which considers the HSDPA data traffic of a user as a flow
with a certain data volume. The network area is discretized
into a set of area elements with an edge length of 25 m.
The time axis is divided in interevent times. We assume that
between two events the users stay roughly within an area
element.
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Figure 5: Irregular network layout. Dots indicate NodeB (antenna)
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Figure 6: Inhomogeneous arrival densities. Darker colors indicate
higher probability of arrival.

We consider two types of events: arrival events, that is,
the arrival of a new user into the system, and departure
events, which may occur if an HSDPA user has received
all its data or if the call time of DCH user is reached.
On arrival of a new user, admission control for DCH and
HSDPA is performed. The admission control for DCH
connections is threshold-based. An incoming connection
is blocked if the total transmit power including the new
connection exceeds the target transmit power, or if the
available code resources are not sufficient. For this purpose,

the required transmit power is calculated at the serving
NodeB under the worst-case assumption that all NodeBs
transmit with the target power in order to prevent possible
outage. For the HSDPA, we assume a count-based admission
control which restricts the maximum number of concurrent
connections to a fixed value. If the incoming connection is
admitted into the system, the call time or the data volume,
depending on the user type, is calculated according to the
respective distribution parameters. We assume exponentially
distributed call times with mean E[T] = 120 s for DCH users
and exponentially distributed flow sizes with mean volume
E[V] = 100 KB for HSDPA users. The arrival rate of the
DCH users is determined from the offered DCH code load
defined as

ρc =
∑

s∈S

λs
μs
· cs
Ctot

, (17)

where μs = 1/E[Ts], and the index s denotes the service class
of the radio bearer.

On each event, the system variables are recalculated
if necessary. If the event is generated by a DCH arrival
or departure, HSDPA code resources in the relevant cells
are decreased or increased according to the DCH code
requirements. Additionally, the total transmit powers are
updated for all NodeBs in order to capture the new inter-
ference situation. Transmit power recalculation is also done
if the HS-DSCH is switched on or off because of HSDPA
user arrivals or departures. In all cases, the data volume
transmitted by HSDPA users within the past interevent
time is subtracted from their remaining data volumes. New
HSDPA data rates are calculated, taking the new radio
resource and interference situation into account. Finally, the
expected departure times of the HSDPA users are updated
according to the remaining data volumes and data rates.

7.1. Volume-Based Traffic Model and Spatial Fairness. As
mentioned before, an important distinction between QoS
and elastic flows is that QoS flows typically follow a time-
based traffic model, which means that the user wants to
keep the connection a certain time span, for example, for the
time of a conversation. In contrast, elastic flows are volume-
based, that is, the user leaves the system as soon as a certain
data volume is transmitted. In reality, the user behavior is
a mixture between both models, depending on factors like
user satisfaction, pricing models, type of content. However,
the two models can be seen as the extremes of the actual user
behavior.

A time-based traffic model implicates that the number of
currently active users is independent of the perceived data
rates. Moreover, the spatial distribution of the number of
users is corresponding to the spatial arrival process; if users
arrive with arrival rate λ, the number of concurrently active
users in steady-state follows according to Little as λ/μ, if no
blocking occurs.

A volume-based traffic model means that users stay
in the system until their service demands are fullfilled.
Therefore, the number of active users depends on the
assigned data rates. In HSDPA systems, the data rate depends
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on the channel quality, which means that users with low
average channel qualities stay longer in the system than
those with good channel qualities. Since the average channel
quality is dominated by the other-cell interference, users
at the cell edges stay longer in the system than users in
the center of the cell. This implies that the spatial arrival
process and the spatial steady state distribution are not
directly related anymore, a fact that complicates planning
of HSPDA networks significantly. One reason is that Monte
Carlo methods [35] now have to estimate the spatial user
population for every snapshot, which is difficult without
knowledge of the the currently ongoing flows. With round-
robin scheduling, a direct formulation of the mean transfer
time was found in [5, 24], since in that case the data rates
of the users only depend on the number of users and their
position, but are otherwise independent of each other.

We now clarify the effect of spatial heterogeneity with
some example scenarios. Figure 7 shows the arrival proba-
bility and the residency probability versus the distance to
the antenna for cell number 2 from the irregular scenario.
The arrival probability describes the probability that a user
arrives in this cell at a certain point, while the residence
probability reflects the spatial distribution of the users in the
cell in steady state. The spiky shape of the curves is due to the
discretization of the cell area into area elements. It is obvious
that arrival and residence probabilities are not equal, and that
the magnitude of the deviation depends on the scheduling
discipline. MaxTBS scheduling shows the highest deviation,
since users close to the antenna leave the system much earlier
than users farther away. An interesting result is that residence
probabilities with proportional fair scheduling fir slightly
better to the arrival probabilities if compared to round-robin
scheduling. We will see later that this effect comes from the
fact that the proportional fair scheduler favors users on the
cell edges.

Figure 8 shows the corresponding ratio between arrival
and residence probability in the same cell. With time-based
users, the ratio would be equal to one at all distances. With
volume-based users and MaxTBS-scheduling, the probability
to meet a user at the cell edge is four times higher than the
arrival probability at the same location.

The deviation of arrival and residence probabilities is
the result of spatial unfairness regarding the data rate
allocation. This is demonstrated in Figure 9, which shows
the average user throughput depending on the distance
to the antenna. MaxTBS-scheduling favors strongly user
in the cell center, and thus shows the highest degree of
unfairness. Proportional fair and round-robin scheduling
lead to more balanced results. The difference between round-
robin and proportional fair reflects the scheduling gain due
to multiuser diversity. Note that the gain of the proportional
fair scheduler over the round-robin scheduler is nearly
independent of the distance.

Finally, in Figure 10, the same statistic for the center cell
of the homogeneous scenario is shown, but in a scenario with
a higher DCH load of ρc = 0.6. Here, the lack of resources
leads to low throughputs, such that the aforementioned
favoring of user at the cell edge with proportional fair
scheduling is clearly visible. This is caused by the higher
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variance of the TBS distribution of users which experience
more other-cell interference than users close to the antenna,
see also [36] for a discussion of this effect.

7.2. Impact of Scheduling Disciplines. We now investigate
the impact of different scheduling disciplines on the overall
performance of the network. We consider the homogeneous
scenario with hexagonal cell layout and increase the offered
DCH load from 0.1 to 0.8.
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Figure 11 shows the resulting time-average cell and user
throughput versus the offered DCH load. As expected, the
channel-aware scheduling disciplines lead to better results
than the channel-blind round-robin discipline, regardless
of the DCH load. However, with higher DCH load,
the difference between the scheduling disciplines becomes
smaller, since the lack of code resources prevents an efficient
exploitation of multiuser diversity. An interesting result is
that proportional-fair scheduling leads to higher throughput
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curves than MaxTBS-scheduling, which is at a first glance
counter intuitive. MaxTBS-scheduling maximizes cumulated
data rates (the sum-rate) for a static scenario, that is, for a
fixed number of ongoing flows and consequently also during
any interevent time [32]. This also means that MaxTBS-
scheduling always leads to a higher cell throughput than
proportional-fair scheduling if we consider the same snap-
shot for both schedulers, reflecting the well known tradeoff
between system capacity (defined as cell throughput) and
fairness of data rate allocation (see, e.g., [10]).

However, this unfairness means that in cases where
the differences between the average channel conditions are
large, the MaxTBS scheduler has a strong tendency to
overproportionally favor the best user, such that the data
rates of the remaining UEs are very low. These users stay
very long in the system which is then reflected in the
time-average cell and user throughput. With proportional-
fair scheduling the data rate of users with good channel
conditions is lower, however this is compensated with lower
sojourn times of users with bad channel conditions. Note
that in principle this also holds for round-robin scheduling,
but channel-blindness overweights this effect such that the
average throughput is indeed lower.

In the literature, some numerical results seem to con-
tradict the results presented here. In [37, 38], the system
throughput for round-robin, proportional fair and Max C/I
(i.e., MaxTBS) is shown, and it is concluded that Max C/I
scheduling provides the highest average cell throughput.
However, the results apply to static scenarios with persistent
data flows for a fixed number of users. In such a scenario,
MaxTBS scheduling is optimal, but it is not comparable with
the flow-level throughput in system with traffic dynamics.
In [19], users arrive according to a Poisson process and
request 100 KB of data, which is incidentally the same
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average amount of data as in our scenario. However, users
are dropped from the system if they stay longer than 12.5
seconds in the system, such that the time-average user
sojourn time is reduced. So, in fact this study employs
a mixture between time-and volume-based traffic model.
Consequently, the results show a small performance gain
for Max C/I scheduling. Similarly, in [18] users are dropped
from the system if their throughput is lower than 9.6 kbps.
It is not clear over which time span the throughput is
measured, but the dropping of low-bandwidth users skews
the time-average throughput to the benefit of the Max C/I
scheduler.

Figure 12 shows the CDF of the user and cell throughputs
for an offered DCH load of ρc = 0.4. The CDF of the MaxTBS
scheduler confirms the time-average throughput curves; a
large portion of the probability weight is on very low data
rates, but in the same time the higher quantiles, for example,
for 0.8, are higher than for proportional fair and round-robin
scheduling. In terms of fairness, it is remarkable that the
shape of the curves for Round-robin and proportional-fair
are similar with exception of a small peak for low data rates
for the proportional fair scheduler. Also note the stair-like
shape of cell-throughput CDF for low data rates, which is
caused by preemption from DCH connections.

Figure 13 exemplarily demonstrates the behavior of the
three schedulers for scenario with three users which have
fixed data volumes and Σ-values of −20 dB, −10 dB, and
0 dB. The figure shows the remaining total data volume
versus time. Figure 14 shows the corresponding data rates.
With MaxTBS scheduling, the first and second users leave
the system faster than with the other disciplines (indicated
by the vertical dashed lines), but the remaining data volume
of the “worst” user with Σ = 0 dB is so large that in total, the
proportional-fair scheduler needs less time to transport the
whole data volume. Note that it depends on channel profile
and cell layout how large the advantage of the proportional-
fair scheduler is and whether it exists at all.

8. Conclusion and Outlook

We investigated spatial and temporal fairness aspects of
integrated HSDPA-enhanced UMTS networks on flow level.
Results have been generated with a flow-level simulation
which considers the network-wide interference situation
and its impact on DCH transmit powers and HSDPA data
rates. The latter are calculated with a physical layer abstrac-
tion model which considers code resources, multipath-
propagation, HS-DSCH transmit power, and different
scheduling disciplines.

The numerical results have been generated within two-
network scenarios: a homogeneous scenario with hexagonal
cells and equal arrival rates over the whole space, and an
inhomogeneous scenario with irregular-shaped cells and
location-dependent arrival densities. An expected result is
that the shared-bandwidth approach of the HSDPA transport
channel leads to spatial user residence probabilities which
are different to the corresponding arrival probabilities. The
degree of unfairness depends on the employed scheduling
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discipline; “greedy” scheduling disciplines like MaxTBS
lead to a high unfairness, while channel-blind round-robin
scheduling and proportional fair scheduling show similar
results. However, proportional-fair scheduling has a nearly
constant relative gain in terms of throughput over round-
robin scheduling independent of the distance to the antenna
and of the arrival densities.

A further objective of this paper is to understand the
flow-level performance of different scheduling disciplines.



EURASIP Journal on Wireless Communications and Networking 11

3500

3000

2500

2000

1500

1000

500

0

To
ta

lc
el

lb
it

ra
te

(k
bp

s)

0 2 4 6 8 10 12 14
Time (s)

MaxTBS
Proportional-Fair
Round-Robin

Figure 14: Corresponding cell throughput versus time.

The comparison between round-robin, proportional fair,
and MaxTBS scheduling showed that, remarkably, propor-
tional fair scheduling has a slight performance gain in
terms of average cell and user throughput. The reason is
that although MaxTBS-scheduling maximizes the sum rate
within a static scenario, traffic dynamics, and the high
unfairness of the data rate allocation with MaxTBS favors
in the end proportional fair scheduling. This shows that the
consideration of traffic dynamics is a crucial point of the
performance evaluation of shared bandwidth systems, and
it encourages further investigations of the relation between
physical layer parameters and flow-level performance.
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1. Introduction

Cooperative diversity has been shown to be an efficient
way to combat wireless impairments using low-complexity
terminals [1–4]. Basically, these schemes allow for the
exploitation of spatial diversity gains without the need of
multiantenna technology. Different spatial paths are pro-
vided by sending/receiving the information to/from a set of
cooperating terminals working as relays. By doing so, most of
the advantages of multiple-input multiple-output (MIMO)
techniques [5] can be extracted while keeping the complexity
of the individual terminals reduced. Indeed, the benefits
captured by cooperative communications are well extended
in the research community, and standardization groups
are considering the inclusion of cooperative techniques in
practical systems. For instance, the IEEE 802.16j Relay Task
Group [6] is involved in the incorporation of relaying
mechanisms in the standard adopted by the new wireless
system WiMAX [7].

Among the set of cooperative techniques, opportunistic
relay selection (ORS) is a useful strategy for practical
implementation [8]. This is because ORS is a low-complexity

strategy consisting only in activating the best relay (in
accordance to a given performance metric). Apart from
the inherent simplicity of the proposed technique, this
strategy avoids the need of synchronization (needed by most
distributed space-time coding schemes) and reduces the
power consumption of the terminals.

When ORS is implemented in a real system, however,
there may exist a delay between the instants when the
selection process is encompassed and the actual transmission
of data from the selected relay takes place. In other words, the
channel state of the selected relay considered at the selection
decision can substantially differ from the actual one and, as a
result, system performance is affected.

Besides, in an ORS scheme only the best relay is allowed
to cooperate with the source. If channel conditions are
not statistically equal for all relays, ORS may be unfair
among relays. That is, relays with the worst channel
conditions are never selected, and all the cooperation is
performed by a reduced set of relays. This can induce a
negative effect in the network behavior as one (or more)
relay(s) can waste all the battery energy for the sake of
cooperation.
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Contributions. In this paper, we concentrate our efforts on
the analytical study of the behavior of ORS based on decode
and forward protocol in a realistic situation where the
channel state information (CSI) available at the selection
procedure is outdated. More specifically, we derive the exact
expression for the outage probability, which is defined as
the probability where the instantaneous capacity is below a
target value. In order to improve the fairness of ORS, we
adopt a fair relay selection strategy where the relay with the
largest normalized SNR is selected for relaying the source’s
information. Furthermore, we explore the existing trade-
offs in terms of system performance versus fairness among
relays when different relay selection strategies are adopted.
To do so, we propose an analysis tool inspired by mean
versus standard deviation plots adopted in modern portfolio
theory [9, 10]. In particular, we adapt such representation to
the proposed ORS scenario by illustrating the gain in terms
of system performance versus the difference among relays
in terms of power consumption. As shown in the paper,
this kind of representation is quite useful to quantify what
the performance versus fairness trade-off of the proposed
relaying strategy is.

Relation to Prior Work. The study of the impact of outdated
CSI on ORS has been addressed by few works. For instance, it
was shown in [11] that a selection relaying mechanism based
on localization knowledge can outperform an opportunistic
scheme with instantaneous information. Although it was not
explicitly discussed, the reason for that is that available CSI
was subject to delays. As a consequence, the selection scheme
proposed in [11] may work better when decisions are made
based on location information instead of instantaneous but
outdated CSI (localization variations are considerably slower
than those induced by the wireless channel). In this work,
we shed some light into this issue by providing an analytical
study of the behavior of ORS when CSI is outdated.

Concerning the fairness analysis of cooperative strategies,
some studies deal with this topic in literature. In [12,
13] cooperation protocols based on power rewards were
proposed for energy-constrained ad hoc networks in order to
attain a fair situation where all the nodes run out of energy
simultaneously. With the same objective in mind, a relay set
selection protocol was proposed in [14]. In particular, the
authors of that work proposed a multistate energy allocation
method, where in each state a different set of relays are
selected until these relays run out of energy. The fairness
nature of the proposed strategy comes from the fact that
the same energy is allocated to all the nodes of the active
set, being this energy optimized with the aim of minimizing
outage probability. In [15–17], cooperative schemes based on
ORS with amplify and forward were adopted. The authors
in [15] focused the study on the comparison of round
robin with centralized and distributed ORS-based selection
strategies. Clearly, better performance was achieved with
the ORS strategies while preserving fairness in the temporal
domain. In that case, nonetheless, fairness was assured due to
the i.i.d channel modeling of the proposed scenario. In [16], a
power saving technique was proposed, where transmit power
at the relays was minimized according to SNR constraints.

By doing so, a good balance between the diversity gain and
fairness of battery usage was obtained but complexity and
signaling requirements of the system were increased with
the proposed power allocation method. On the other hand,
the authors in [17] proposed a selection scheme based on
the selection of the relay with the best weighted SNR aimed
at improving the fair behavior of ORS (measured by the
percentage of power consumption). In our work, we also
consider a selection scheme based on weighted SNR but,
as discussed later, different considerations must be adopted
in the proposed scenario based on decode and forward
protocol, and different conclusions are drawn. Besides, we
propose a fairness analysis tool inspired in portfolio theory
to facilitate the study of the existing trade-offs in terms of
system performance versus fairness among relays in a realistic
scenario where available CSI is subject to delays.

Organization. The corresponding system model is presented
in Section 2. In Section 3, a closed-form expression for the
outage probability of the proposed relay selection mecha-
nism is derived, and some numerical results are provided to
evaluate the performance of different relay selection schemes.
After that, the fairness of the different relaying strategies is
illustrated in Section 4 by using outage probability versus
standard deviation of the power consumption plots. Finally,
in Section 5, the summary and conclusions of this paper are
presented.

2. System Model

Consider a wireless network where one mobile unit (source)
sends information to the base station (destination). In order
to improve system performance, a cooperative mechanism is
considered. In particular, an ORS strategy is adopted in a sce-
nario with K mobile units of the network working as relays.
In Figure 1, we present an example of the proposed scenario.
Notice that we have considered a parallel relay topology [18]
where relays are linearly placed halfway between the source
and the destination, in a segment of length d, where d is also
the distance of the source-destination link. It is worth noting,
however, that the main results obtained in this paper depend
on the relay selection mechanisms but not on the specific
relay arrangement.

2.1. Signal Model. For the sake of notation simplicity, we
define an arbitrary link A-B between two nodes A and B.
Node A can be the source (A = S) or the kth relay (A = k),
while node B can correspond to the kth relay (B = k) or to the
destination (B = D). With this model in mind, the received
signal in the link A-B can be written as follows:

rB = hA,BxA + nB, (1)

where xA ∈ C is the transmitted symbol from node A with
power PA = E[|xA|2], nB ∈ C is AWGN noise with zero mean
and variance σ2

n (independent of the value of B), hA,B ∈ C
is the channel response between nodes A and B modeled as
hA,B ∼ CN(0, σ2

A,B) (Rayleigh fading), being σ2
A,B the channel

strength depending on the simplified path-loss model [19],
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Figure 1: Scheme of the proposed relaying strategy.

σ2
A,B = (λc/4πdo)

2(dA,B/do)
−μ, with λc standing for the carrier

wave-length, do is a reference distance, dA,B is the distance
of the link A-B, and μ is the path-loss coefficient (being μ
= 3 in this work). We assume a block-fading channel where
the channel response remains constant during one time-slot
and that the different channels (for changing A or B) are
independently distributed. Concerning power allocation, we
consider that total transmit power of the system, P, is evenly
distributed among the source and the selected relay, k∗, that
is, PS = Pk∗ = 0.5P. We denote by γA,B = PA|hA,B|2/σ2

n the
instantaneous signal-to-noise ratio (SNR) experienced in the
link A-B in a given time-slot and by γA,B = PAσ

2
A,B/σ

2
n its

long-term average. Also, we define γ̂A,B as the SNR employed
by the relay selection mechanism, which can differ from the
actual SNR SNR γA,B but both of them have the same long-
term average E[γ̂A,B] = E[γA,B] = γA,B (further details can be
found in Section 2.3).

Finally, it is worth pointing out that one of the main
scopes of this work is to show the impact of outdated CSI on
relay selection decisions, and, for the sake of mathematical
tractability, we will be considering the capacity of a single
carrier system. The study can be easily extended to OFDM by
applying the same analysis to each subcarrier simultaneously,
and, hence, it is applicable to WiMAX on a subcarrier per
subcarrier basis.

2.2. Relaying Mechanism. In this work, we consider a half-
duplex two-hop decode and forward (DF) protocol as relay-
ing strategy. When using half-duplex DF, the transmission is
divided in two time-slots. In the first time-slot, the source
transmits the information to the relays, which attempt to
demodulate and decode this information. In the second
time-slot, the relays encode again the information and
retransmit it to the destination [4]. In an ORS scheme,
only the best relay is allowed to cooperate with the source.
More specifically, the subset of relays able to decode the
information is named as the decoding subset DS, and, from

that subset, the relay with the best relay-destination channel
quality retransmits the information (see Figure 2).

Unlike other approaches, the scheme proposed in this
work selects the relay with the largest normalized SNR
instead of the largest absolute SNR because of practical
considerations. In other words, the selected relay k∗ is such
that:

k∗ = arg max
k∈DS

{
γ̂k,D

E
[
γ̂k,D

]
}
= arg max

k∈DS

{
γ̂k,D

γk,D

}
. (2)

The reason why we propose this selection strategy is due
to the fairness introduced in the selection procedure as all
relays will be chosen with the same probability. Thus, the
power consumption of the different terminals is uniformly
distributed, while diversity gains can still be efficiently
extracted. This can help to improve the acceptance by the
different users of cooperation mechanism since all of them
contribute to common welfare with the same amount of
battery. Notice that this strategy was also presented in [17]. In
that paper, however, it was shown that the benefits provided
by the largest normalized SNR in terms of fairness were not
significant. It is then worth recalling that a different scenario
based on amplify and forward was presented, and, for that
reason, different conclusions were drawn (further details in
Section 4.1). If the selection were based on the absolute SNR,
some users may be reluctant to participate since they may
experience battery consumption faster than the average.

Notice that the relay selection approach makes its
decision based on the estimated version of the SNR, γ̂k,D.
Concerning the accuracy of this estimate, it will depend
on the way that CSI is provided. Here, we discuss two
methodologies according to the adopted duplexing mode,
that is, frequency (FDD) or time (TDD) division duplexing.

(i) FDD: since uplink and downlink channels operate at
different frequency bands, feedback mechanisms are
required. First of all, relays belonging to the decoding
subset send a signalling message to the destination
(i.e., BS) indicating that they are able to relay the
message. This signalling message can be, for instance,
a pilot sequence used by the BS to estimate the
instantaneous SNRs of the different relays. Once the
different SNRs are estimated, the BS selects the relay
with the best quality and broadcasts this decision via
a selection command (only log2K bits required).

(ii) TDD: in the case that channel reciprocity between
the uplink and downlink holds, each of the relays
is able to know its own CSI. TDD: in the case that
channel reciprocity between the uplink and downlink
holds, each of the relays is able to know its own CSI.
With this information, a possible selection strategy
is that proposed in [20]. Those relays belonging to
the decoding subset start a timer. The timer of each
relay adopts as initial value a parameter inversely
proportional to its instantaneous SNR. Then, the
timer that first expires is that belonging to the best
relay. In order to avoid collision, this relay signals
its presence to the rest of relays via a flag packet
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Figure 2: Cooperative communications scheme based on ORS with DF.

before the relaying procedure is started (further
details about strategies to avoid collision can be
found in [20]). Clearly, channel reciprocity holds
in TDD when the time coherence of the channel
is higher than the time difference between uplink
and downlink time slots. In the opposite case, the
methodology adopted for the FDD case should be
considered as well. With this information, a possible
selection strategy is that proposed in [20]. Those
relays belonging to the decoding subset start a timer.
The timer of each relay adopts as initial value a
parameter inversely proportional to its instantaneous
SNR. Then, the timer that first expires is that
belonging to the best relay. In order to avoid collision,
this relay signals its presence to the rest of relays via
a flag packet before the relaying procedure is started
(further details about strategies to avoid collision can
be found in [20]).

As can be observed in both strategies, there exists a time
delay, TD, between decision and relay transmission instants
that may affect system performance.

2.3. Modeling of CSI Delay. We consider that the SNR
estimates available at the selection procedure were obtained

from a channel state, ĥk,D, which differs from the actual
channel response at the relay retransmission instant, hk,D,

due to the effect commented above. Indeed ĥk,D is an
outdated version of hk,D, that is, these two random variables
are samples of the same Gaussian process. Then, hk,D

conditioned on ĥk,D follows a Gaussian distribution [21]:

hk,D | ĥk,D ∼ CN
(
ρkĥk,D,

(
1− ρ2

k

)
σ2
k,D

)
, (3)

where parameter ρk (with 0 ≤ ρk ≤ 1) is the correlation

coefficient between ĥk,D and hk,D (degree of CSI accuracy),

having different expressions according to the channel model.
Under the assumption of Jakes’ model, for instance, the
correlation coefficient takes the value ρk = Jo(2π fdkTDk ),
where fdk stands for the Doppler frequency, TDk is the delay
mentioned in the previous subsection, and Jo(·) denotes the
zero-order Bessel function of the first kind.

From the above discussion, it is straightforward to show
that the actual SNR, γk,D, conditioned on its estimate, γ̂k,D =
Pk|ĥk,D|2/σ2

n , follows a noncentral chi-square distribution
with 2 degrees of freedom, whose probability density func-
tion (pdf) takes the following expression [21]:

fγk,D|γ̂k,D

(
γk,D | γ̂k,D

)

= 1
γk,D

(
1−ρ2

k

) e−(γk,D+ρ2
k γ̂k,D)/γk,D(1−ρ2

k)I0

⎛
⎝2
√
ρ2
kγk,Dγ̂k,D

γk,D

(
1−ρ2

k

)

⎞
⎠ ,

(4)

where I0(·) stands for the zero-order-modified Bessel func-
tion of the first kind, and one should take into consideration
that the long-term average of γ̂k,D is equal to E[γ̂k,D] =
E[|ĥk,D|2]Pk/σ2

n = E[|hk,D|2]Pk/σ2
n = γk,D.

3. Outage Probability Analysis

In this section, we analyze the behavior of the proposed
relay selection strategy in terms of outage probability. To do
so, we first obtain an analytical expression for the outage
probability. After that, we show some numerical examples
where the proposed fair strategy is compared to other
existing relay selection strategies.

3.1. Analytical Expression of the Outage Probability. The
outage probability is defined as the probability where the
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instantaneous capacity of the system is below a predefined
value R. Since we consider a two-hop DF scenario, we should
start the analysis by studying the decoding subset DS, that
is, the subset of relays that are not in outage in the source-to-
relay link:

DS = {k : log2(1 + γS,k) ≥ 2R} = {k : γS,k ≥ 22R − 1}. (5)

Note that we have considered that outage in the first hop
occurs when instantaneous capacity is lower than 2R (as it
will do in the relay-to-destination link). By doing so, the
resulting end-to-end spectral efficiency is R as the proposed
two-hop scheme requires two time-slots to transmit the
information from the source to the destination.

By defining now DSl as an arbitrary decoding subset
with l relays, we can easily compute its probability as [8]
follows:

Prob(DSl) =
∏

i∈DSl

Prob(γS,i ≥ y)
∏

j /∈DSl

Prob(γS, j < y)

=
∏

i∈DSl

exp
(
− y

γS,i

) ∏

j /∈DSl

(
1− exp

(
− y

γS, j

))
,

(6)

where the second equality comes from the Rayleigh fading
assumption, and y has been defined as y = 22R−1 for the sake
of notation simplicity. With this last expression, the outage
probability of ORS can be written as follows [8]:

Pout(y) =
K∑

l=0

∑

DSl

Prob(outage |DSl)Prob(DSl), (7)

where the second summation is over all the possible decoding
subsets DSl (i.e., the

( K
l

)
possible subsets of l relays taken

from the K relays). As for Prob(outage | DSl), this is the
probability where the selected relay is in outage conditioned
on the fact that the decoding subset is DSl. In [8], this
probability was solved by assuming an ideal scenario with
an absolute SNR selection. Our contribution here is to
adapt the outage expression to a (realistic) scenario with
outdated CSI and a max-normalized SNR strategy. Indeed,
the only term in (7) affected by these two particularities is
Prob(outage | DSl). This is because a node belongs to the
decoding subset if it has perfectly decoded the information,
which is independent of CSI delays and relay selection
decisions. Conversely, Prob(outage | DSl) depends on the
relay selection accuracy, and this clearly depends on both
ρk and how the relay has been selected. When l = 0, that
probability is clearly equal to 1 as there are no active nodes to
relay the transmission. For l > 0, we should first define Ak,DSl

as the event where relay k is selected (i.e., k∗ = k) under the
assumption that the decoding subset is DSl. By doing so, we
can re-rewrite Prob(outage |DSl) as follows:

Prob(outage |DSl)

=
∑

k∈DSl

Prob(γk,D < y |Ak,DSl )Prob(Ak,DSl )

=
∑

k∈DSl

∫∞

0
Fγk,D|γ̂k,D (y | γ̂k,D)

× fγ̂k,D|Ak,DSl
(γ̂k,D |Ak,DSl ) dγ̂k,D Prob(Ak,DSl )

= 1
l

∑

k∈DSl

∫ y

γk,D=0

∫∞

γ̂k,D=0
fγk,D|γ̂k,D (γk,D | γ̂k,D)

× fγ̂k,D|Ak,DSl
(γ̂k,D |Ak,DSl ) dγk,D dγ̂k,D,

(8)

where F(·) stands for the cumulative density function
(CDF), Prob(Ak,DSl ) is equal to 1/l due to the fairness
property of the proposed relay selection strategy (i.e., all the
normalized estimated SNRs have the same statistics), and
fγk,D|γ̂k,D (γk,D | γ̂k,D) is given by (4). Note that fγ̂k,D|Ak,DSl

(γ̂k,D |
Ak,DSl ) can be easily computed since this relay selection
problem is statistically equivalent to the scheduling problem
observed in a multiuser broadcast channel with indepen-
dently distributed Rayleigh fading channels and a max-
normalized SNR scheduler. More specifically, the following
equation can be obtained [22]:

fγ̂k,D|Ak,DSl

(
γ̂k,D |Ak,DSl

)

= l
exp

(− γ̂k,D/γk,D

)

γk,D

(
1− exp

(
− γ̂k,D

γk,D

))l−1

.
(9)

By plugging (9) and (4) into (8), we obtain an integral
equation already solved in a previous work by the authors
related with multiuser diversity and delayed CSI [21] (details
are omitted for brevity):

Prob(outage |DSl)

=
∑

k∈DSl

l−1∑

m=0

(
l − 1
m

)
(−1)m

m + 1

×
(

1− exp

(
− y(m + 1)

γk,D

(
1 +

(
1− ρ2

k

)
m
)
))

.

(10)

Finally, by introducing (10) along with (6) in (7), the outage
probability can be written as follows:

Pout(y) =
K∏

j=1

(
1− exp

(
− y

γS, j

))

+
K∑

l=1

∑

DSl

∑

k∈DSl

l−1∑

m=0

(
l − 1
m

)
(−1)m

m + 1

×
(

1− exp

(
− y(m + 1)

γk,D

(
1 +

(
1− ρ2

k

)
m
)
))

×
∏

i∈DSl

exp

(
− y

γS,i

)
∏

j /∈DSl

(
1− exp

(
− y

γS, j

))
,

(11)

where the first term is related to the case that the decoding
subset is an empty set (i.e., l = 0).
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Finally, it is worth noting that although the analysis has
been carried out from an information theoretic point of
view, it can be readily extended to a practical scheme with
adaptive coding and modulation (e.g., a WiMAX system).
Notice that the expression derived in this section evaluates
the probability of having instantaneous SNR lower than a
specified value given by the Shannon capacity, y, and this
value can be set equal to the different SNR thresholds of the
adaptive coding and modulation modes.

3.2. Numerical Evaluation. As far as numerical evaluation is
concerned, special attention has been paid to carry out a fair
comparison in a realistic scenario. It has been considered
the wireless scenario presented in Section 2 with a parallel
relay topology as shown in Figure 1, where the distance of
the source-to-destination link is d = 100 meters, the carrier
frequency is set to fc = 3.5 GHz (in close alignment with the
commercial WiMAX equipments deployed in the European
Community), the target rate is R = 1 bits/seg/Hz, and the
number of relays is K = 5. In order to obtain the outage
probability of the proposed system, we adopt Monte Carlo
simulation, where in each realization the different channels
(hS,k, hk,D, and ĥk,D) are modeled as described in Sections 2.1
and 2.3. Finally, we define system SNR as the average received
SNR of the single-hop scheme. For each value of system SNR,
the cooperative schemes use the same total power P as that
needed by the single-hop scenario to achieve this SNR value.
By doing so, we are fairly evaluating the advantage of using
cooperation as the total transmit power of the system is kept
constant. Besides, for the sake of benchmarking, we compare
the outage probability of the proposed cooperative scheme
with that obtained without cooperation and the following
relay selection strategies.

(i) Round robin. This strategy is theoretically the fairest
strategy as it is based on iteratively selecting the
different relays of the decoding subset.

(ii) Conventional ORS (max SNR). Clearly this technique
does not care about fairness among relays as it selects
the relay with the maximum absolute SNR.

As observed in Figure 3, the outage probability expres-
sion derived in the previous subsection completely agrees
with the simulation results. It is also observed that the
proposed max-normalized SNR strategy is able to extract
the diversity gains of the cooperative system as results
corresponding with ρ = 1 are quite overlapped with those
obtained with the (outage optimal) max SNR scheme.
However, performance of both strategies is quite sensitive to
the value of ρ. Outage performance is significantly affected
when ρ moves away from 1. In particular, one can observe
that only a slight improvement can be obtained by using
ORS-based cooperation with respect to a direct transmission
strategy when ρ = 0.5. Apart from that, it is also observed
that the gap between the max-normalized and max SNR
strategies becomes wider for decreasing values of ρ. This is
because the higher SNR peaks generation capability of the
conventional ORS strategy compensates more efficiently the
CSI uncertainties.
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Figure 3: Outage probability versus system SNR for the different
communication strategies and values of ρ. For the max-normalized
SNR strategy, symbols are associated with the simulated results
whereas lines correspond to the theoretical expression. (K = 5 relays,
R = 1 bit/s/Hz, d = 100 m).

As for the round-robin strategy, it is clearly observed
that this is not a useful technique in terms of outage
probability as better performance can be obtained without
cooperation. This is mainly due to the fact that better
results can be obtained by concentrating total power and
transmission time in a single-hop communication instead
of dividing them between the source and a relay terminal
that has been selected (data link layer) without CSI (physical
layer) considerations. It is then emphasized the need of
adopting cross-layer strategies in the design of cooperative
communication systems.

4. Fairness Analysis

In the previous section, we have explored the performance
of the different transmission techniques in terms of outage
probability. Nonetheless, this analysis has been performed
without considering the fairness among selected relays; this
last issue is important to improve the acceptance by the
different users of cooperation mechanisms. In this section,
we concentrate our efforts on the study of the fairness
behavior of the different relay selection mechanisms, and
we show that there exists a trade-off in terms of system
performance versus fairness among relays. To do so, we use
a graphical representation based on modern portfolio theory
that helps to easily quantify such trade-off.

4.1. Fairness Criterion. In this work, we measure the fairness
among relays in terms of the percentage of power con-
sumption used for relaying purposes. This metric was also
adopted in [17] but, here, some differences are observed as
we consider a scenario based on decode and forward where
the power used by the selected relays remains constant. In
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the proposed scenario, in particular, the power consumption
destined to cooperation purposes is originated by the
following mechanisms.

(1) Receiving procedure. In the first time-slot of the
decode and forward procedure, the receiver circuitry
of each relay consumes power to receive the signal
and to measure the SNR in order to estimate if the
relay is able to decode signal.

(2) Relay selection mechanisms. According to the relay
selection strategies presented in Section 2.2, relays
belonging to the decoding subset dedicate battery
power to the following actions:

(i) FDD: battery power is mainly used to transmit
the signaling message to the destination indi-
cating that the relay is able to retransmit the
information.

(ii) TDD: power consumption is mainly caused by
the internal timing procedure and, in the case
of the best relay, by the transmission of the flag
packet to the rest of relays.

(3) Decoding and retransmission procedure. Once the
relay selection procedure is finished, the selected
relay decodes/encodes the source’s information and
retransmits it to the destination. Clearly, this is the
most power demanding mechanism where the fair
behavior of the relay selection strategy plays a crucial
role.

As will be commented in the next subsection, we study
the fairness by analyzing the standard deviation of power
consumption among relays (adopting a similar approach
than that presented in [17]). Therefore, mechanism (1)
described above does not affect the standard deviation
measure as all the relays perform that procedure. Basically,
differences among relays will be observed in mechanisms
(2) and (3). However, because mechanism (2) is carried out
by all the relays in the decoding subset and the involved
power consumption can be neglected in comparison with
that destined to (3), we focus our study in the analysis of the
decoding and retransmission procedure. In such a procedure,
a fix amount of power is consumed when it is executed.
On one hand, decoding and encoding the source’s message
always need the same power budget. On the other hand,
the proposed scenario considers that selected relays transmit
with the assigned constant power P∗k = 0.5P. As a result,
computing the amount of percentage of power allocated
to each relay is equivalent to obtaining the percentage of
time where each relay is active. In such circumstances, the
standard deviation of the percentage of power consumption
of the different relays is obtained in this work by computing
the standard deviation of the fraction of time periods where
relays are activated for relaying the source’s information. For
that reason, we propose the use of the max-normalized SNR
strategy as all the relays in the decoding subset will be chosen
with the same probability. As commented previously, the
behavior of the proposed strategy could be quite different
when a different relaying protocol is adopted (see, e.g., [17]).

4.2. System Performance versus Fairness Trade-offs Representa-
tion. As observed in Section 3.2, the fair behavior provided
by the max-normalized SNR and round-robin strategies
penalizes system performance (specially for decreasing values
of ρ in the former case). Therefore, it seems that there
exists a trade-off in terms of the degree of fairness among
the different relays and its impact in terms of system
performance. In this section, we are devoted to show the
existence of such a trade-off with the help of an analysis
tool inspired by means versus standard deviation plots
adopted in modern portfolio theory [9, 10]. This kind of
representation is used in financial market theory with the
aim of assessing the existing trade-offs in terms of the
expected profit (mean) versus the possible risk (standard
deviation) when a possible investment is considered. In
this work, we adapt such representation to the proposed
wireless scenario based on cooperative communications
by illustrating the gain in terms of system performance
(outage probability) versus the difference among relays in
terms of power consumption (standard deviation of the
percentage of power consumption). By doing so, we can
easily quantify what the performance versus fairness trade-
off of the different relaying strategies is.

Before analyzing the behavior of the different relaying
schemes, it is worth mentioning that this portfolio-based
representation is also adopted in several works related with
the design of resource allocation mechanisms in wireless
networks. More specifically, Bartolome introduced this
methodology in the wireless communications community
to study the degree of fairness of the MIMO Broadcast
Channel with zero-forcing transmit beamforming when
different bit allocation techniques are adopted [23]. By
using the mean versus standard deviation plots, trade-offs in
terms of global rate versus fairness among users were easily
showed. Then, it was proved that this approach facilitates
the design and comparison of different resource allocation
algorithms according to the desired degree of fairness. This
technique can also be found in studies about the comparison
of optimum versus zero-forcing beamforming [24], design
of fair algorithms in a context where an orthogonal linear
precoding is adopted [25, 26], and the study of the robustness
of multiuser systems against CSI imperfections [27].

In Figure 4, the outage probability versus the standard
deviation of the power consumption of the different relays is
represented for the relay selection mechanisms discussed in
the previous section, where each point in the plot of the ORS-
based cooperation mechanisms (max-norm SNR and max
SNR) is related with a different ρ (with ρ = {0.1, 0.5, 0.8, 1}).
We start the analysis by considering a scenario with system
SNR equal to 10 dB. Although the consideration of the
direct transmission could not make sense here, we have
included the outage probability of this case in order to assess
if system performance gain obtained with a cooperative
strategy justifies the battery consumption of the terminals
for relaying purposes. Notice that the standard deviation
of the direct transmission case is set equal to 0. Besides,
it is also worth noting that the standard deviation of the
ORS-based mechanisms does not depend on parameter ρ
as relay selection decisions are independent of the level of
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CSI inaccuracy. In other words, the standard deviation of
the power consumption depends on the degree of fairness
applied by the ORS-based schemes on the relay selection
procedure, but for a given degree of fairness, it is only the
outage probability that depends on the quality of the channel
estimate but not the power consumption distribution.

As observed in the figure, the highest standard deviation
is obtained with the max SNR strategy. Clearly, it is observed
how the good performance results of the conventional
ORS strategy are attained at the expense of a considerable
reduction in terms of fairness. Indeed, the standard deviation
observed in that case amounts to approximately 13%,
resulting in a faster battery consumption of those relays with
better channel conditions. Concerning the max-normalized
SNR and round robin strategies, the fairer behavior of
these strategies is reflected by the lower standard deviation
obtained in these cases (1.6% and 2%, resp.).

Surprisingly, the fairest cooperative strategy is the max-
normalized SNR strategy instead of the round robin one. The
round robin scheme iteratively selects the different relays of
the decoding subset. In the case of low and medium system
SNRs, the probability that the decoding subset has all the
relays of the system is reduced. In these circumstances, relays
closer to the source have a higher probability to be able to
retransmit the signal and, thus, to belong to the decoding
subset. Then, the power consumption of these relays in
relaying procedures is higher than that used by the rest of
relays. When the rest of relays are in the decoding subset, the
relay selection mechanism selects them iteratively without
taking into account that these relays have not been activated
for too long, and some actions should be adopted in order
to compensate this situation. In the max-normalized SNR
strategy, however, relays are selected when their SNRs are in
their own peaks, and, then, some compensation actions are
implicitly carried out by the selection strategy.

The origin of this last effect is clarified by analyzing
in Figure 4 results corresponding to a scenario with system
SNR equal to 20 dB. As observed, the standard deviation of
both the round robin and max-normalized SNR strategies
is quite similar. In that case, the decoding subset has the
K relays of the system with a high probability, and, then,
the problems reducing the fair behavior of these strategies
are alleviated. In the figure, one can also observe that the
conventional ORS strategy is less fair when the system SNR is
increased. This is because in the low- and mid-SNR regimes
situations where the decoding subset is only formed by the
worst relays can happen. In those cases, the relay selection
mechanism will activate a subset of relays that never will be
chosen when all the relays of the system are in the decoding
subset. In order to extend such analysis, we also present
a graphical representation where the SNR dependance of
the system is clearly reflected (see Figure 5). As observed
in the figure, when the SNR of the system is increased,
the fairness of the round robin and max-normalized SNR
strategies is improved, whereas the system becomes less
fair in the max SNR case due to the reasoning discussed
above.

As for the existing trade-offs in terms of system per-
formance versus fairness, one can easily assess the behavior
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of the different strategies thanks to the proposed represen-
tation. More specifically the following conclusions can be
drawn.

(i) The best performance results are obtained with the
conventional ORS strategy. However, the fairness of
the system is considerably penalized.

(ii) An appropriate strategy to exploit cooperative diver-
sity while keeping a good performance versus fair-
ness trade-off is the max-normalized SNR strategy.
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Indeed, it is shown that this strategy can present a
better fairness behavior than that provided by round
robin.

(iii) For low ρ values and high system restrictions in terms
of outage probability, conventional ORS strategy
could be the most appropriate strategy. For high ρ
values, however, it is clear that more benefits are
obtained with max-normalized SNR as similar results
are obtained in terms of outage probability but the
fairness among relays is substantially improved.

(iv) The round robin strategy is not useful for exploiting
cooperation benefits.

Finally, one can also notice that the proposed represen-
tation helps to assess the viability of using a cooperative
technique as direct transmission results have also been
included in the figures. In particular, one can observe in
Figures 4 and 5 that it could be better to use a direct
transmission when the SNR is high and/or CSI is not
accurate enough (low ρ values). This is because, similar
outage probability results can be obtained without destining
battery power to cooperation purposes.

5. Conclusions

In this work, we have studied the impact of outdated CSI
in cooperative systems. The analysis has been carried out in
terms of the trade-off of outage probability versus fairness
of the system. To do so, an analytical expression has been
obtained for the outage probability of an ORS scenario,
whereas the difference among relays in terms of power
consumption has been considered as a fairness measure
and obtained by means of simulations. In order to assure
a good balance in terms of performance versus fairness,
we have proposed a relay selection strategy based on the
max-normalized SNR criterion. The proposed strategy has
been compared with existing relay selection strategies with
the help of an analysis plot inspired in modern portfolio
theory. In particular, we have represented the existing trade-
offs of the different relaying mechanisms by plotting the
outage probability versus the standard deviation of the power
consumption. It has been shown that the max-normalized
SNR guarantees a good performance versus fairness trade-
off when available CSI is sufficiently accurate. When CSI is
not accurate enough, however, direct transmission could be
a better strategy.
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1. Introduction

The one-hop broadcast characteristic of the MAC layer in
wireless ad hoc networks has triggered the use of multicast
communication scheme as one of the natural strategies
that can multiply the overall network throughput with very
limited overhead. This is because multicast packets are
forwarded once to reach all the multicast members in the
neighborhood using a single transmission, and this effect
increases even more in multihop ad hoc networks.

Heterogeneous multicast, also called multirate multicast,
is an efficient mode of data delivery for many multimedia
applications, especially those operating in real time such as
audio/video teleconferencing and TV broadcasting. In mul-
tirate multicast, the receivers of a multicast group are offered
service at different rates commensurate with their capabilities
(e.g., processing power limitations) or based on their local
network conditions (e.g., surrounding wireless link states).

Therefore, multirate schemes have a great advantage over
unirate multicast (or homogeneous multicast) in adapting
to diverse receiver requirements and heterogeneous network
conditions.

The simplest way of attaining multirate multicast is by
frame dropping. In this approach, intermediate nodes in
a multicast tree may drop data frames to lower the rate
for the downstream nodes. Another way is by hierarchical
encoding or layered streaming which is particularly suitable
for audio/video traffic. In this approach, the sender provides
data in several layers organized in a hierarchy. Receivers
subscribe to the layers cumulatively to provide progressive
refinement [1]. This means that the receiver can only choose
from a discrete set of data rates on each link. Another method
of attaining multirate multicast which is particularly suitable
for overlay multicast [2] is stream adaptation through
transcoding [3] using intermediate media gateways, thus
allowing the receivers to choose their streaming rates from
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a broader continuous range. We assume that the network has
one or more of these capabilities.

In this paper, we present an optimal resource allocation
algorithm for heterogeneous multicast over wireless ad hoc
networks. Multirate multicast has a distinct advantage com-
pared to unirate multicast especially for optimal resource
allocation. This is because unirate multicast techniques are
often unable to efficiently allocate network resources for
multicast groups that have some congested group members
(receivers). For such multicast groups, unirate multicast
techniques tend to allocate rates based on the most congested
receivers potentially wasting significant network resources.
On the other hand, multirate multicast allows the rate to
change for designated tree members to accommodate the
congested receivers downstream. Hence, it provides more
flexibility in allocating rates across the multicast tree such
that the overall network resource utilization is maximized
(see the example in Section 2). Our heterogeneous multicast
solution has the following key features.

(i) It guarantees optimal resource utilization while pro-
viding system-wide fairness for end-to-end multirate
multicast flows.

(ii) It guarantees steering the entire network toward
the optimal point in real time, and hence reacts
robustly to network conditions (e.g., mobility and
route changes) as they occur.

(iii) It is based on primal-dual and pricing methods
which facilitate the decomposition of the resource
optimization problem into subproblems that are
easier to solve in a modular structure.

(iv) For network deployment, we design a cross-layer
framework that utilizes a measurement-based tech-
nique for MAC-layer channel capacity estimation,
and a light-weight network HELLO protocol for con-
structing contention domains to allow for allocating
resources across end-to-end multicast sessions.

(v) This cross-layer solution also works in a truly dis-
tributed network environment, with limited over-
head, and with no synchronization requirements
between node calculations.

The problem of resource allocation for unicast flows has
been investigated before in [4–6]. In these works, common
pricing mechanism has been used whereby each network
resource calculates a price that represents the relationship
between the load on the network resource and the capacity
that it can offer. Resource allocation for multirate multicast
in wired networks has been studied in [7, 8]. An iterative
algorithm based on subgradient techniques [9] has been
employed to account for the nondifferentiability of the pri-
mal problem. The authors in [2] proposed an overlay strategy
for allocating resources over a multirate multicast tree by
considering each link as a point-to-point unicast session.
Rates are then allocated across each unicast session such that
the aggregate utility across all unicast sessions is maximized.
The problem of optimal and fair resource allocation has been
widely studied in the context of wired networks. Among

these studies (e.g., [2, 4, 5, 7, 8]), price-based methods
have shown to be effective in achieving a decentralized
solution for rate allocation. The location-based contention,
time-varying wireless channel characteristics, and multirate
multicast in one-hop broadcast wireless medium represent
both challenges and opportunities which we addressed in our
model.

The remainder of this paper is organized as follows.
In Section 2, we explain the terminology used for hetero-
geneous multicast and formulate the optimization prob-
lem. The approach for multirate multicast is presented in
Section 3. We present our distributed asynchronous algo-
rithm for heterogeneous multicast in Section 4. We provide
the simulation results in Section 5 and finally, we conclude
this paper in Section 6.

2. Model and Problem Formulation

2.1. Model and Notations. Table 1 highlights the notations
used by the model. We consider a wireless ad hoc network
consisting of a set of nodes V spread over a wireless space,
each with a specific transmission range and interference
range. We exploit the protocol model explained in [10] and
leveraged in [6] for wireless packet transmission. In this
model, the transmission from node i is successfully received
by node j (i, j ∈ V) if (1) the distance between the two nodes
is no more than a certain range (i.e., transmission range), and
(2) for all other nodes k ∈ V simultaneously transmitting
over the same channel, the distance between j and k is more
than a specific range (i.e., the interference range). For some
protocols which require acknowledgment from j to i (e.g.,
IEEE 802.11 MAC), node i is also required to be interference
free at the time of sending the acknowledgment.

We model the wireless ad hoc network as a directed graph
G = (V ,E), where E is the set of wireless “virtual” links
produced as a result of nodes located within the transmission
range of each other. Each wireless link e ∈ E has two end
nodes i and j (i.e., e = {i, j}). The network is shared by a
set of M end-to-end multicast groups. Each multicast group
m has a unique source node sm, a set of receivers Rm =
{rm1, rm2, . . .}, and uses a subset of wireless links Em and a
subset of nodes Vm for either receiving or relaying traffic.
Note that Rm ⊆ Vm.

We further divide the multicast tree nodes into gateway
nodes and relay nodes as shown in Figure 1. Gateway nodes
are the nodes that have rate control capabilities through
one of the methods explained before, such as layered
transmission, transcoding and frame dropping. Relay nodes
on the other hand merely forward data frames without
performing any rate change. We use υi to denote a gateway at
node i. If υi is a member of multicast tree m, hence denoted
by υmi, then υi can control the rate of the downstream nodes.

A fundamental difference between the unicast and mul-
ticast cases is the fact that one-hop broadcast may be used
to transfer traffic from one sending node to one or more
receiving nodes. To capture this notion, the one-hop data
transmission from one sending node i to a set of receiving
nodes J ⊆ Vm within the multicast flow m along one or
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Figure 1: Multirate multicast network model.

more wireless links (branches) is referred to as a multicast
subflow ofm or fmi. Each multicast subflow uses one or more
branches bmi j from one sending node i to a set of receiving
nodes J ⊆ Vm, that is, fmi = {bmi j : ∀bmi j = {i, j} j ∈ J},
with a cardinality Kmi equal to the number of branches of
fmi. We also define an active wireless link ai j ∈ E to be the
wireless link that carries traffic from at least one multicast
group, and A ⊆ E is the set of all active links. Also, aiJ
refers to the aggregated multicast subflow from node i and
is represented by the set of active links ai j ∀ j ∈ J that
are used by one or more multicast subflows fmi ∀m ∈ M
simultaneously.

For simplicity, we will assume that a packet is successfully
transmitted over a multicast subflow fmi if (1) the packet
reaches all receiving nodes J on all the branches bmi j ; (2)
acknowledgments (using the notation of IEEE 802.11 MAC
standards) have been transmitted successfully from all these
receiving nodes back to the sending node i [11]. Based on
this assumption, the protocol model can be extended for
multicast subflows as follows: the traffic from two different
subflows on a group of active wireless links contend if either
the sending node or any of the receiving nodes of one subflow
are within the interference range of the sending node or any
of the receiving nodes of the other subflow.

The multicast subtree starting from gateway node υ and
ending at either a terminal node or another gateway node is
denoted by Tυ. In Figure 1, Tυm1 starts at node 1 and ends
at the set of nodes {4, 5, 10}, and Tυm5 starts at node 5 and
ends at the set of nodes {6, 7}. This set of terminal nodes for
subtree Tυ is denoted by Iυ.

Each multicast subtree Tυ has a rate xυ (expressed in
bits/s) which is allowed to vary within the rate interval
Iυ = [wυ,Wυ] [5], and I is the set of all such intervals. Fυ
denotes the set of multicast subflows that belong to subtree
Tυ.Υm = {υm1, υm2, . . .} is the set of all gateway nodes that are
members of group m, and Υ is the set of all gateway nodes
on all multicast trees ∀m ∈ M. Each multicast group has
at least one gateway node (i.e., group source is considered a
gateway node) to control the rate to the downstream nodes.
We use the notation πm(υ) to indicate the parent gateway
node of gateway node υ by going upstream toward the source
of group m (e.g., υm1 = π(υm4)). Note that the source node
has no parent gateway node (i.e., π(υm1) = ∅).

Also, note that for one multicast group m, any gateway
node in the path between the source node and any receiver
node may control the transmission by reducing the rate on
this path to improve the overall network resource utilization
(see the example in Section 2). Therefore, the rate that a
gateway node is using for transmission at any given time
must be greater than or equal to the maximum rate of
all downstream gateway/receiver nodes. For example, in
Figure 1, the rate used by υm1 for transmission must be
greater than or equal to the maximum rate used by any of the
gateway nodes υm4, or υm5. This adds a set of new constraints
to the resource allocation problem which can be formulated
by the following linear inequalities:

xυ ≤ xπm(υ) ∀υ ∈ Υm : πm(υ) /=∅ ∀m ∈M, (1)

where xυ is the rate used by the gateway node υ, and xπm(υ) is
the rate used by parent gateway of gateway node υ across the
multicast group m.

To model the contention between the active wireless
links, we use a contention domain mechanism [12] by
forming a logical contention graph Gc = (Vc,Ec). Each
vertex in Gc corresponds to the aggregated multicast subflow
aiJ which carries the traffic from one or more subflows
simultaneously. A link between two vertices indicates that
the traffic on the two aggregated subflows contend with
each other. A complete subgraph in Gc is referred to as a
clique. A maximal clique is the clique that is not part of
any other clique. This clique represents the maximal set of
active wireless links that contend with each other. This means
that only one “subflow” within this clique may transmit
a packet at a time [6]. Therefore, the sum of the rates
over the maximal clique cannot exceed the channel capacity
achieved by using a particular scheduling mechanism in the
MAC layer (e.g., IEEE 802.11 DCF). The following inequality
formulates these set of constraints:

∑

υ:(Fυ∩Vq
c ) /=∅

xυ ≤ cq, ∀q ∈ Q, (2)

where q is a maximal clique in the set of all maximal cliques
Q, cq is the achieved channel capacity for clique q based on
the scheduling discipline used in the MAC layer, and V

q
c ⊆ A

are the set of vertices in Gc that belong to clique q.
Next we present an example to illustrate the above

notation and highlight the main difference between unirate
and multirate multicast with respect to allocating rates in
an ad hoc network. Figure 2 shows an example of an ad
hoc network where there are 8 nodes connected through
wireless links. The network contains 2 sessions m1, m2 where
m2 has a traffic with fixed rate 800 kbps. Session m1 uses
node 1 as the group source, and the receiving nodes are
5, 6, whereas m2 uses node 7 as the group source, and the
receiving node is 8. The aggregated subflows are represented
by one node in the contention graph as shown in Figure 2(b).
Assume that the channel capacity is 1 Mbps, which means
that the aggregate rate for each maximal clique cannot exceed
1 Mbps. In this case, the rate on subflow fm4 cannot exceed
200 Kbps because the traffic on that subflow contends with
fm7 and hence they both exist in the same maximal clique.



4 EURASIP Journal on Wireless Communications and Networking

Table 1: Notations used by heterogeneous multicast model.

Vm Set of ad hoc nodes on a multicast group m

Em Set of virtual wireless links used by a multicast group m

sm Source node for a multicast group m

Rm Set of receivers on a multicast group m

υmi Gateway on node i controlling downstream nodes on multicast group m

fmi Subflow starting on node i on multicast group m

aiJ Set of active wireless links branching from node i to set of nodes J

Tυmi Multicast subtree starting at gateway node υmi
xυ Rate used by gateway node υ

xπm(υ) Rate used by parent gateway of gateway node υ

q Maximal clique in the set Q

Cq Estimated channel capacity for clique q

Λm(υ) Set of all children gateways of gateway node υ along multicast group m

pq Price for utilizing resources on clique q

p′υ Price due to forwarding traffic by gateway node υ

λυi Total price incurred by subflow fυi on all cliques

λυ(i) Accumulated price for subtree Tυ at node i

πυ(i) The parent node of node i along subtree Tυ
B Configurable time window for rate and price calculations

Using unirate multicast, we cannot assign a rate to group
m1 higher than 200 Kbps because one of the receivers in this
multicast session is congested. This means that using unirate
multicast we allocate the rate based on the most congested
receiver. On the other hand, multirate multicast using node 4
as a gateway node can make the rate allocation more efficient
because, in this case, the rate used by source node 1 is allowed
to exceed 200 Kbps provided that gateway node 4 will adjust
this rate to 200 Kbps before forwarding the traffic to the
downstream nodes. It can be shown that the rate used by
source node 1 can be increased to 333 Kbps in this case.

2.2. Mathematical Formulation. First, we assign a utility
function Uυ(xυ) for each gateway node on every multicast
group m ∈ M to measure the degree of service satisfaction
based on assigning a specific rate xυ to that gateway node.
An example of a logarithmic utility function to achieve
intersession proportional fairness is given in Section 5. The
utility function also serves as a network-wide efficient
tool for achieving certain fair allocation behavior (e.g.,
proportional fairness, max-min fairness) as shown in [4].
The optimization problem is to find the set of rates assigned
to all gateway nodes for all multicast groups such that the
aggregated utility function of all gateway nodes is maximized.
This can be formulated with the following modified set of
constraints:

(P): maximize
∑

υ∈Υ
Uυ(xυ)

subject to
∑

υ:(Fυ∩Vq
c ) /=∅

xυΓqυ ≤ cq, ∀q ∈ Q,

xυ≤xπm(υ), ∀υ∈Υm : πm(υ) /=∅ ∀m∈M,

xυ ∈ Iυ, ∀υ ∈ Υ,
(3)
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(a) An example of a multirate multicast ad hoc network
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Figure 2: Example for resource allocation in unirate and multirate
multicast.

where Γqυ represents the number of multicast subflows which

belong to both clique q and the subtree Tυ. Throughout the
rest of the paper, we will make the following assumptions to
facilitate the solution for the primal problem (P).
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Assumption 1. There exists at least one vector x̃ ∈ I such that∑
υ∈(F∩Vq

c )x̃υ ≤ cq ∀q ∈ Q and x̃υ ∈ Iυ (i.e., which means∑
υ∈(F∩Vq

c )w̃υ ≤ cq ∀q ∈ Q).

Assumption 2. On the interval Im, all the utility functions
Uυ ∀υ ∈ Υ are increasing, strictly concave, and twice
continuously differentiable.

Note that if we restrict each multicast group to have only
one gateway (source) node, then the constraints in (1) will be
eliminated and problem (P) will reduce to unirate multicast.

3. Solution Approach

Solving the resource allocation problem (P) with a cen-
tralized approach requires the knowledge of the utility
functions and the knowledge of all contention domains and
multicast groups, which is impractical. Instead we propose
a decentralized scheme that minimizes the coordination
between networks nodes and adapts robustly to network
changes. The key to our solution is the use of the duality
theory [13] which suggests solving the dual problem by
introducing additional dual variables called prices using the
same notation as in [4, 6, 8].

The first step is to define the Lagrangian function
L(x, p, p′) for the optimization problem (P) as follows:

L(x, p, p′) =
∑

υ∈Υ
Uυ
(
xυ
)

+
∑

q∈Q
pq
(
cq − xυΓqυ

)

+
∑

υ∈Υ
p′υ
(
xπm(υ) − xυ

)

=
∑

υ∈Υ

[
Uυ
(
xυ
)−xυ

(
∑

q∈Q
pqΓqυ+p′υ−

∑

υ′∈Λm(υ)

p′υ′

)]

+
∑

q∈Q
pqcq,

(4)

where Λm(υ) is the set of all children gateway nodes of node
υ (if any) along multicast session m. Vectors p = (pq ∀q ∈
Q) and p′ = (p′υ ∀υ ∈ Υ) are two vectors of Lagrange
multipliers. Γqυ represents the number of multicast subflows
that belong to subtree Tυ and clique q simultaneously. Again
we notice that the first term of (4) is separable in xυ, and this
entails

max
xυ∈Iυ

∑

υ∈Υ

[
Uυ
(
xυ
)− xυ

(
∑

q∈Q
pqΓqυ + p′υ −

∑

υ′∈Λm(υ)

p′υ′

)]

=
∑

υ∈Υ
max
xυ∈Iυ

[
Uυ
(
xυ
)− xυ

(
∑

q∈Q
pqΓqυ + p′υ −

∑

υ′∈Λm(υ)

p′υ′

)]
.

(5)

Which means that this objective function can be divided
into |Υ| separate subproblems. Each subproblem for subtree
Tυ can be solved locally if the values of clique prices pq ∀q :
(Fυ ∩Vq

c ) /=∅, gateway forwarding price p′υ, and all children

gateway forwarding prices p′υ′ ∀υ′ ∈ Λm(υ) are known. The
objective function of the dual problem then becomes

D(p, p′)

= max
xυ∈Iυ

L(x, p, p′)

=
∑

q∈Q
pqcq

+
∑

υ∈Υ
max
xυ∈Iυ

[
Uυ
(
xυ
)− xυ

(
∑

q∈Q
pqΓqυ + p′υ −

∑

υ′∈Λm(υ)

p′υ′

)]
,

(6)

and the dual problem (D) for the primal problem (P) as
explained in [13] can then be defined as follows:

(D): min
p≥0
p′≥0

D(p). (7)

Equation (7) suggests that to find the optimal rates in
a decentralized fashion, we need to find the optimal prices
p and p′ by solving the constraint-less problem (D). In the
following, we will see that p′ can be calculated locally at each
gateway node and p can also be calculated locally for each
contention domain, hence decentralized solution for end-to-
end optimal rates is possible as will be discussed later.

3.1. Interpretation of Prices. Consider Pυ(Tυ) as the profit of
the subtree Tυ which can be defined as follows:

Pυ
(
Tυ
) = Uυ

(
xυ
)− xυ

(
∑

q∈Q
pqΓqυ + p′υ −

∑

υ′∈Λm(υ)

p′υ′

)
.

(8)

This profit represents the difference between the utility
that subtree Tυ gains by having rate xυ (i.e., Uυ(xυ)) minus
the summation of prices (denoted by Ũ(xυ)) that this subtree
has to pay for gaining such transmission rate, which is
defined as

Ũ
(
xυ
) =

∑

q∈Q
pqΓqυxυ + p′υxυ −

∑

υ′∈Λm(υ)

p′υ′xυ. (9)

This summation of prices is divided into three compo-
nents:

(i)
∑

q∈QpqΓqυxυ which can be interpreted as the total
price for utilizing resources on all cliques ∀q ∈
Q such that Fυ ∩ V

q
c /=∅. In this case, pq can

be interpreted as the price per unit bandwidth
consumed at clique q.

(ii) p′υxυ is the price that subtree Tυ must pay to the
parent subtree of the same group in order to have
traffic with rate xυ forwarded to it. In this case, p′υ
is the price per unit bandwidth for forwarding traffic
to subtree Tυ.

(iii)
∑

υ′∈Λm(υ)p
′
υ′xυ is the total revenue that subtree Tυ

gains by forwarding traffic with rate xυ to all children
subtrees with each term p′υ′xυ indicating the revenue
for forwarding traffic to subtree Tυ′ such that υ′ ∈
Λm(υ).
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Note that at optimality, p′υ = 0 if xυ < xπm(υ) since p′υ
indicates the price when the constraints (1) are violated or
the maximum possible rate is used (i.e., xυ = xπm(υ)). This
means that a subtree Tυ′ is not charged for using rate xυ if
this rate is less than the rate at parent gateway node πm(υ).

For pq we can, similarly, define the price for one subflow
fυi ∈ Tυ as the total price for consuming bandwidth on all
maximal cliques q ∈ Q as follows:

λυi =
∑

q:( fυi∈Vq
c ) /=∅

pq. (10)

Moreover, we can also define the aggregated price for
subtree Tυ as a result of consuming bandwidth on all
maximal cliques q ∈ Q as follows:

λυ =
∑

q:(Fυ∩Vq
c ) /=∅

pqΓqυ. (11)

A crucial aspect of our solution is how to calculate the
individual subtree clique prices λυ ∀υ ∈ Υ in a decentralized
way given the prices of the individual maximal cliques
pq ∀q ∈ Q. To facilitate presentation, we introduce the
following new terms:

(1) πυ(i): the parent node of node i along subtree Tυ;

(2) λυ(i): the accumulated price for subtree Tυ at node i.

Note that, along subtree Tυ, there is no parent node for
the gateway node υ, that is, πυ(υ) = ∅, and the accumulated
price at the υλυ(υ) = 0. We can then define the accumulated
subtree price recursively as follows:

λυ(i) = λυ
(
πυ(i)

)
+ λυπυ(i)

Kυπυ(i)
∀i ∈ Tυ, (12)

where Kυπυ(i) is the cardinality of subflow fυπυ(i).

Theorem 1. If Iυ defines the set of terminal nodes for subtree
Tυ, then the subtree clique price can be calculated as follows:

λυ =
∑

i∈Iυ

λυ(i). (13)

Proof is given in Appendix A.

3.2. Aggregated Subtree Price Calculation. In Section 4 we will
explain the iterative method for calculating both clique price
pq (hence subflow price from (10)) and the forwarding price
for each gateway node p′υ. In order to calculate the total price
defined by (9) at any gateway node υ, we need to calculate
the accumulated price on each branch recursively using (12)
until we hit either a terminal node or another gateway node
υ′ ∈ Λm(υ). Each gateway node υ′ ∈ Λm(υ) subtracts
the forwarding price p′υ′ from the accumulated price to get
the net price for the branch leading to that gateway node.
Children gateway nodes and terminal nodes which are part
of Tυ then send the net price value back to node υ to calculate
the subtree aggregate price per unit bandwidth λ(Tυ) by
simply aggregating all net branch prices and the forwarding
price p′υ as follows:

λ
(
Tυ
) = λυ + p′υ −

∑

υ′∈Λm(υ)

p′υ′ . (14)

4. Optimal Resource Allocation for
Heterogeneous Wireless
Multicast (ORAHWM)

We present a distributed iterative algorithm that solves the
primal problem (P) by applying the gradient projection
method [13] to the dual problem (D). This implies that
the clique prices pq(t + 1) ∀q ∈ Q and forwarding prices
p′υ ∀υ ∈ Υ are calculated iteratively as follows:

pq(t + 1) =
[
pq(t)− α∂D

(
p(t)

)

∂pq

]+

,

p′υ(t + 1) =
[
p′υ(t)− α∂D

(
p′(t)

)

∂pυ

]+

,

(15)

where α > 0 is the gradient step-size. Since Uυ ∀υ ∈ Υ
are concave functions,D(p, p′) is continuously differentiable
and the gradients for D(p, p′) with respect to p and p′ are
defined as follows:

∂D(p, p′)
∂pq

= cq −
∑

υ:(Fυ∩Vq
c ) /=∅

xυ(t)Γqυ, q ∈ Q, (16)

∂D(p, p′)
∂p′υ

= xπm(υ)(t)− xυ(t)υ, πm(υ) ∈ Vm. (17)

Substituting in (15) we get the supply and demand
equations for calculating p and p′ as follows:

pq(t + 1) =
[
pq(t)− α

(
cq −

∑

υ:(Fυ∩Vq
c ) /=∅

xυ(t)Γqυ

)]+

, (18)

p′υ(t + 1) = [p′υ(t)− α(xπm(υ)(t)− xυ(t)
)]+

. (19)

We calculate the subtree aggregate price λ(Tυ, t + 1)
defined by (14) at time (t + 1) using the clique, and
forwarding price values from (18) and (19) as explained in
Section 3.2. Finally, the transmission rate used by gateway
node υ at time (t + 1) is calculated as follows:

xυ(t + 1) = [U ′
υ

(
λ
(
Tυ, t + 1

))]Wυ

wυ
. (20)

In order to prove the convergence of the algorithm described
by (15)–(20), we define the following new terms. Let Yυ =∑

q∈QΓqυ indicate the number of subflows in subtree Tυ,
and Y = maxυ∈ΥYυ + |Λm(υ)| − 1υ indicate the maximum
summation of subflows in Tυ plus number of children
gateway nodes in Λm(υ) ∀υ ∈ Υ, where 1υ = 1 if πm(υ) /=∅,
and zero otherwise. Let Z = maxq∈Q

∑
υ∈ΥΓqυ be the number

of subflows in the most congested clique q ∈ Q, and γ =
maxυ∈Υγυ indicate the upper bound on all−U ′′

υ (xυ) ∀υ ∈ Υ.
We can obtain the following convergence result, the proof of
which is in Appendix B.

Theorem 2. For step-size values of α that satisfy the inequality
0 < α < 2γ/YZ, starting from any initial rate x(0) (xυ ∈
Iυ ∀υ ∈ Υ), clique prices p(0) ≥ 0 ∀q ∈ Q, and forwarding
prices p′(0) ≥ 0 ∀υ ∈ Υ, the sequence of vectors x(t) =
(xυ(t), υ ∈ Υ) converges to the unique optimal solution of
problem (P).
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4.1. Synchronous Versus Asynchronous Computations. Equa-
tions (15)–(20) assume that the price and rate iterations are
performed at time t = 1, 2, 3, . . ., which implies that the
price and rate calculations happen at the same time using a
synchronous computation scheme. Such synchronization is
however difficult to attain in a distributed network environ-
ment where nodes do not have any global synchronization
clock. Practically speaking, asynchronism inevitably happens
for price and rate calculations at any node because the node
may not have the exact current value of the rate, the clique,
or the forwarding price. Instead, it receives a sequence of
recent values at different time instances. Therefore, the node
will use a weighted average of these values in estimating the
price or the rate at any given time. For example, for node i to
calculate pq(t + 1) from (18), it needs all the rates xυ(t) ∀υ :
(Fυ∩Vq

c ) /=∅, at exactly time t. However, because node imay
not have the rates at time t, it keeps the rate values at times
(t − B) ≤ t′ ≤ t, where B is a configurable time window
for rate and price calculations. Then, it estimates the rates at
time t using the following weighted average:

x̂υ(t) =
t∑

t′=t−B
b
q
i (t′, t) xυ(t′) with

t∑

t′=t−B
b
q
i (t′, t) = 1. (21)

This asynchronous mechanism is general and allows for
deploying any estimation policy for the rates or prices. The
simulations in Section 5 show that our algorithm attains
convergence using some popular update policies such as

(i) latest instant estimation: only the last received value
for xυ(τ) for some τ ∈ [t − B, . . . , t], is used to
estimate x̂υ(t), that is, b

q
i (t′, t) = 1 if t′ = τ and 0

otherwise;

(ii) latest average estimation: only the average over the
latest k received values is used for estimation, that is,
b
q
i (t′, t) > 0 for t′ = τ − k + 1, . . . , τ and 0 otherwise.

The details for the asynchronous algorithm for hetero-
geneous wireless multicast are shown in Algorithm 1. In
order to understand the association of this algorithm with
the network architecture, we assume that each node i in the
network has zero or more multicast subflows fυi ∀υ ∈ Υ
depending on the traffic passing by this node. Even though
the algorithm suggests that the clique procedure at clique q
can be performed by a designated node from that clique
(i.e., clique master), in our simulations we perform the clique
procedure at each node i separately for all cliques that have
fυi ∩ V

q
c /=∅. The subflow procedure is performed by each

node i that has one or more multicast subflows fυi ∀υ ∈ Υ
by simply calculating the accumulated prices at the branches
of fυi based on the accumulated price at i. Finally, active
gateway nodes (i.e., gateway nodes that have traffic from one
or more multicast groups passing by them) perform the
subtree procedure by calculating the optimal rate xυ(t + 1)
based on the aggregated prices for this subtree.

The estimation of the price and rate values at time t

(i.e., x̂υ(t), p̂q(t), λ̂υ(i, t) and p̂′i (t)) from the received values
at time instances in the range (t − B) ≤ t′ ≤ t may follow
any policy such as the latest instant estimation or the latest

average estimation as explained before. The support for these
different update policies demonstrates the versatility of our
asynchronous algorithm. The following theorem illustrates
the convergence of this model (detailed proof is given in
[14]).

Theorem 3. For step-size values of α that are sufficiently small,
starting from any initial rate x(0) (xm ∈ Im ∀m ∈ M)
and clique prices p(0) ≥ 0 ∀q ∈ Q, every accumulation
point (x∗; p∗) of the sequence (x(t); p(t)) generated by
the asynchronous Algorithm 1 (ORAWHM) is primal-dual
optimal.

4.2. Time-Varying Network Environment. So far, we assume
that the cliques achieved capacity and the set of group
utility functions are not functions of time (i.e., they do
not change with time). However, due to online calculation
and subproblem decomposition, it can be shown that our
solution will work in the case when these quantities change
with time.

For example, the clique capacity may be time-varying
depending on the scheduling discipline used at the MAC
layer. In this case, (16) will be the same except the current
clique capacity cp(t) is used in place of the constant capacity
cp. For deploying our algorithm in a real network, we
account for the time-varying channel capacity by using
a bandwidth management mechanism for estimating the
channel capacity based on [15]. In general, if the change in
the environment parameters is relatively slow, our solution
can track the changes in the optimal rates based on changing
these quantities with time. This is shown in our experimental
evaluation discussed in Section 5.

4.3. Cross-Layer Architecture for ORAHWM. Figure 3 depicts
the cross-layer architecture of ORAHWM showing the main
procedures and the interaction of ORAHWM with the
different layers including MAC, routing, and transport layers.
In this architecture, we use the common IEEE 802.11 DCF as
the MAC protocol with multicast extensions as presented in
[11]. Multicast ad hoc on demand distance vector (MAODV)
[16] is used to provide a distributed routing scheme for the
multicast sessions. We also use UDP with rate control in the
transport layer to minimize the communication overhead
through avoiding the excessive feedback packets used by
other transport protocols (e.g., TCP).

We use the channel capacity estimator to measure
the channel capacity in real time in the MAC layer. For
this purpose, we devise a cross-layer mechanism which
combines the multicast aware MAC protocol (MMP) [11]
with a bandwidth management mechanism for measuring
the channel capacity based on [15]. For details about this
mechanism, please refer to [17]. We also use the HELLO
packets for conveying the clique price information in the
routing layer. The information from channel capacity esti-
mator and HELLO packets jointly establish the requirements
to calculate the dual gradient for clique prices described by
(16). To construct the contention domains, we allow the
price information to be broadcasted as part of the HELLO
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Clique procedure (by clique q): At times t ∈ Tq
(1) Receive rates xυ(t′) from all subtrees Tυ where Fυ ∩Vq

c /=∅

(2) Update clique price as follows

pq(t + 1) =
[
pq(t)− α

(
cq −

∑

υ:(Fυ∩Vq
c ) /=∅

x̂υ(t)Γqυ

)]+

, ∀q ∈ Q

(3) Send pq(t + 1) to all nodes of group m such that Fm ∩Vq
c /=∅

Subflow procedure (by subflow fυi): At times t ∈ Ti
m

(1) Receive prices pq(t′) from maximal cliques q where fυi ∩Vq
c /=∅

(2) Calculate the subflow price (per hop price) λυi as follows

λυi(t + 1) =
∑

q:( fυi∩Vq
c ) /=∅

p̂q(t)

(3) Calculate the accumulated price on each branch bυi j ∈ fυi

λυ( j, t + 1) = λυ(i, t) + λυi(t + 1)
Kυi

(4) Forward λυ( j, t + 1) to all children subflows of fυi, if no children, send λυ( j, t + 1) to υ.

Subtree procedure (by gateway υ): At times t ∈ Tυ
(1) Receive the net prices λυ(i, t′)− p′i (t

′) from all terminal nodes of Tυ (i.e.,∀i ∈ Iυ),
and all children gateway nodes∀i ∈ Λm(υ) // (note: p′i = 0 ∀i ∈ Iυ).

(2) If πm(υ) /=∅ // (i.e., υ /= sm)
(i) Receive rate xπm(υ)(t′′) from parent subtree of Tυ
(ii) Calculate the next forwarding price p′υ(t + 1) as follows:

p′υ(t + 1) = [p′υ(t)− α(x̂πm(υ)(t)− xυ(t)
)]+

Else p′υ(t + 1) = 0
(3) Calculate the next subtree aggregate price λ(Tυ, t + 1) as follows:

λ
(
Tυ, t + 1

) = p′υ(t + 1) +
∑

i∈(Im∪Λm(υ))

(
λ̂υ(i, t)− p̂′i (t)

)

(4) Calculate the next subtree rate as follows:

xυ(t + 1) = U ′−1
υ

(
λ
(
Tυ, t + 1

))

(5) Send xυ(t + 1) to all cliques q where Fυ ∩Vq
c /=∅

Algorithm 1: ORAHWM: asynchronous distributed algorithm.
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packets to all neighboring nodes within 3 hops away. Such
multihop protocol-based scheme in calculating the maximal
cliques is proven to work when the interference range is
greater than or equal to the transmission range, given that
nodes within the same interference range are reachable to
each other through multihop communication, as shown in
[6]. Feedback packets from the terminal nodes and gateway
nodes can be used to convey the rate and accumulated
price information which are used by the subtree procedure to
calculate the dual gradient for forwarding prices described by
(17) and the aggregated subtree price in (14) and hence the
next subtree rate described by (20).

5. Simulation Results

In all our experiments, we use the utility functions Uυ(xυ) =
gυ ln(xυ) xυ > 0 for imposing proportional fairness [4]
amongst the multicast groups, where gυ is the differentiation
gain for gateway node υ, that is, xυ(t) = gυ/λυ(t). The default
transmission and interference ranges are 250 m and 550 m,
respectively. We implemented all the simulations using
nanosecond-2 simulator. Unless otherwise stated, we use the
latest instant estimation for asynchronous calculations.

5.1. Effect of Time-Varying Wireless Channel. In this exper-
iment, we study the effect of time-varying wireless channel
on the speed of convergence for our algorithm ORAHWM.
we deployed our algorithm in a real network that uses
multicast aware IEEE 802.11 DCF MAC scheduler [11] with
a bandwidth management mechanism for measuring the
channel capacity (i.e., channel capacity estimator in Figure 3)
based on [15] and (MAODV) [16] for routing. We take
as an example the network in Figure 4 with 3 multicast
sessions as shown in Figure 4(a) and the corresponding
contention graph as shown in Figure 4(b) . We use equal
differentiation gains, that is, gυ = 1 ∀υ ∈ M. However,
we start each of these sessions in a different time to test
the ability of our algorithm to track network changes. The
start times of sessions m1,m2,m3 are 20, 40, 60 seconds,
respectively, and the initial rates xυ(0) ∀υ ∈ M are selected
from a uniform distribution in the range 50–250 kbps. We
have fixed all the other parameters including the step-size,
and we measured the rate of each multicast session against
time. Figure 5 shows the result using a time-varying channel
capacity realized by the MAC scheduler. From this figure,
we observe that although the MAC channel capacity (i.e.,
the basic rate of sending data in IEEE 802.11 DCF) is
set to 1 Mbps, the achieved channel capacity changes with
time and does not go above 800 Kbps. Nevertheless, our
algorithm continuously tracks the change in channel capacity
and provides proportional fairness amongst all the multicast
sessions based on the current available channel capacity. We
also notice that the algorithm spends less than 2 seconds to
achieve the optimal rates every time a new multicast session
is added, which is deemed reasonable. However, intuitively,
this convergence speed is affected by the number of hops that
each multicast session spans and hence it may decrease in
larger networks as we will see in the following experiments.
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Figure 4: Effect of time-varying wireless channel.
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Figure 5: Convergence for time-varying channel capacity using
IEEE 802.11 DCF scheduling.

5.2. Convergence in Random Network for Unirate Multicast.
In this experiment, we study the convergence behavior of our
algorithm ORAHWM with respect to both calculated rate
and throughput in a randomly generated wireless network
as shown in Figure 6. This network consists of 30 nodes
deployed randomly over the 1000 × 1000 m2 wireless space.
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Figure 6: Random wireless network with 30 nodes.

Table 2: Multicast traffic pattern.

Session Source/gateway Receivers

m1 υ10 r11, r12, r13, r14

m2 υ22 r16, r17, r18, r19

m3 υ34 r26, r27, r28, r29

We started 3 multicast sessions m1,m2, and m3 at time 20
seconds, each with one source and gateway node υmi and
four receivers as shown in Table 2 using α = 10−8. The
differentiation gain for all the three sessions is gυ = 1 ∀υ ∈
M).

Figure 7 shows the calculated rates and receiver through-
put of each multicast session with time. From these results,
we observe that our algorithm attains convergence with
satisfactory speed even in relatively large-scale networks. We
also observe that the throughput achieved by each receiver
on all sessions follows the calculated rates fairly well, which
confirms the correctness of the calculated rates. Note that
the optimal calculated rates are different for each session
depending on the size of the multicast tree and how much
resources each session consumes from the total network
resources. If this discrimination based on tree topology is
undesirable, it can be compensated using different differen-
tiation gains (gυ) on each session, which will be discussed
in the next experiment. We also observe that the time spent
by the algorithm to achieve full optimality is almost 35
seconds in such large fully distributed network. However,
after 5 seconds only, the rates start to approach optimal point
gradually. This indicates that, although the algorithm may
not have enough time to achieve full optimality especially
in large-distributed environments, it will always attempt
to approach optimal point and follow network changes
concurrently and satisfactorily.
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Figure 7: Convergence of ORAHWM in large random networks.

5.3. Effect of Changing Differentiation Gains on the Calculated
Rates and Aggregate Utility. In these experiments, we study
the effect of changing the differentiation gains on the
calculated rates for unirate and multirate multicast sessions.
We consider the small topology shown in Figure 8. Two
sessions m1 and m2 are sharing this network with source
and receiver nodes as shown in Figure 8. we consider 3 cases
where we change the differentiation gain and show the effect
on the calculated rates in each case. Case 1 is the unirate
multicast where we use one gateway/source node for each
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Figure 8: Effect of changing differentiation gains on the calculated
rates and aggregate utility.

multicast group, and we use equal differentiation gains for
both sessions (i.e., gυ11 = gυ24 = 5). For both cases 2 and 3,m1

gateway node 4 for rate control and the differentiation gain
gυ24 is set to. Case 2 uses differentiation gains gυ11 = 3, gυ14 =
2 whereas case 3 uses gυ11 = 4, gυ14 = 1. In all cases we start
both multicast groups at t = 20 seconds, we fix all the other
parameters including α = 3 × 10−7, and we set the channel
capacity for all maximal cliques to 1 Mbps.

Figure 9 shows the calculated rates and the aggregated
utility for the 3 cases. We notice that for case 1 (unirate),
as expected, our algorithm ORAHWM will discriminate
against session m1 because it uses more wireless links
and hence utilizes more network resources. This happens
because for unirate, ORAHWM deals with each session
as one entity regardless of how large this session is and
how many links it uses. Multirate with additional gateway
nodes can reduce this effect by providing more flexibility
to assign more priority to some parts of the tree which
in turn affects the aggregate utility of the entire system.
This is depicted by the results in Figures 9(b) and 9(c). We
notice that by increasing the differentiation gain for Tυ11 ,
we can increase the aggregate utility (shown in Figure 9(d)).
Therefore, assigning differentiation gains to different parts of
the multicast trees is a crucial aspect of this algorithm and
may call for a mechanism to assign these differentiation gains
in real time in order to maximize the overall aggregate utility.
For example, multicast subtrees which serve large number of
uncongested receivers will be assigned higher differentiation
gains, while multicast subtrees with fewer congested receivers
will be assigned lower differentiation gains.

5.4. Effect of Time-Varying Channel and Mobility on the
Convergence of ORAHWM. In these experiments, we study

the effect of changing network conditions including chang-
ing capacity and node mobility on the convergence of our
algorithm ORAHWM. We consider the same topology and
multicast sessions shown in Figure 8, and we use the gυ11 =
4, gυ14 = 1.

First we study the effect of measuring the real capacity
on each clique using the MAC layer channel capacity
estimator as explained in Section 4.3. Figure 10 shows the
result of using a time-varying channel capacity realized by
the MAC scheduler IEEE 802.11 DCF with channel data
rate 1 Mbps. From this figure, we observe that although the
achieved channel capacity changes with time, our algorithm
continuously tracks the change in channel capacity fairly well
and provides proportional fairness amongst all the multicast
sessions based on the current available channel capacity.

We also study the impact of mobility and route changes
on the convergence of our algorithm by generating a mobility
pattern where node 2 moves from position 1 to position 2
as shown in Figure 8(a) with average speed of 3 m/s and
pause time 20 seconds. Figure 11 shows the rates calculated
by our algorithm with time. The figure shows 3 different
regions depending on the change of routes resulting from
the node mobility. In region 1, only node 6 is receiving
traffic for both multicast sessions. As expected in this case,
our algorithm converges to the same rates of case 3 in the
previous experiment. As node 2 moves to region 2, the routes
for which are shown by Figure 8, both receivers at nodes 5,
and 6 become active for session m1 and the optimal rates
converge to the same values, after some transient period,
despite the route changes. When node 2 moves to region 3,
both the receivers at node 6 and node 4 become inactive for
session m1 and session m2 can now use the whole channel
for its traffic. Therefore, the optimal rate for m2 in this case
is 1 Mbps whereas the capacity is divided amongst the 3
subflows f11, f12, and f13 for m1.

5.5. Effect of Using Multirate on the Total Throughput for
Multicast Flows. In this experiment we study the effect of
using gateway nodes for rate control as part of a multicast
group. Consider Figure 12 which shows two multicast groups
m1 and m2 sharing an ad hoc network on 11 nodes as
shown in Figure 12. m1 uses gateway/source node 1 (i.e.,
υ11), and has 3 receivers, namely, r7, r8, and r9 while m2

uses gateway/source node 6 (i.e., υ26) and has two receivers,
namely, r10 and r11. Here, to study the impact of using
multirate multicast we consider two cases. Case 1 is the
unirate multicast with equal differentiation gains for both
multicast groups (i.e., gυ11 = gυ26 = 3). For case 2, m1 uses
an additional gateway node at 4 (i.e., υ14) for rate control. In
this case, we set gυ11 = 2, gυ14 = 1 so the total differentiation
gain is similar to case 1, and we set gυ26 = 3.

Figures 13 and 14 show the calculated rates and receiver
throughput for cases 1 and 2, respectively. We notice that
in each case convergence is attained, and the throughput
achieved by all receivers on each group tracks the calculated
rates appropriately. Comparing the two figures, we notice
the effect of using gateway node υ14 for m1 which lowers
the optimal rate on the subtree Tυ14 (i.e., xυ14 ) allowing the
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Figure 9: Effect of changing differentiation gains on the calculated rates and aggregate utility.

other rates xυ11 and xυ26 to increase drastically. This happens
because we set the differentiation gain gυ14 = 1 giving this
subtree lower priority based on our knowledge that this
subtree has only one receiver (r9), and the surrounding
area has traffic load more than for example, Tυ11 and we
used υ14 to give us the flexibility of setting xυ14 accordingly.
Such knowledge can either be communicated between the
receivers and gateway nodes or tuned manually by an
administrator.

To study the effect of this heterogeneity within m1

we measure the aggregate utility and the total throughput
achieved by each group for cases 1 and 2. Figures 15 and 16

show the results for these measurements. We see from
Figure 15 that the aggregate utility achieved for case 2 is
better as a result of using gateway node υ14 because both
rates xυ11 and xυ26 increased significantly by reducing xυ14 .
This increase in rates caused the overall throughput achieved
by both multicast groups to increase drastically (i.e., ≈30%)
as shown in Figure 16.

6. Concluding Remarks

In this paper we have presented the resource optimization
algorithm for the case of multirate multicast (ORAHWM)
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over multihop ad hoc networks. We have introduced the
notion of gateway nodes used to control the rates for
multirate multicast groups and provided the optimization
model that realizes the optimal rates used by each gateway
node in order to maximize the overall aggregate utility
for the entire system. We also discussed the cross-layer
architecture that can be used for deploying this algorithm in
real networks. We proposed a mechanism for calculating the
subtree price based on the branch accumulated price which
allows the calculation to occur in a totally distributed and
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Figure 12: Multirate multicast network topology.
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Figure 13: Case 1 (unirate): calculated rate and throughput without
using gateway node υ14.
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Figure 14: Case 2 (multirate): calculated rate and throughput using
gateway node υ14 for rate control on m1.

asynchronous way. Utilizing the flexibility of using gateway
nodes across the multicast trees, ORAHWM is expected to
increase the aggregate utility of the system and boost the
overall throughput achieved by each multicast group by as
high as 30% provided that the differentiation gains are set
appropriately.

Appendices

A. Proof of Theorem 1

Proof. Assume that Iυ(h) is the set of all nodes i ∈ Tυ such
that the depth of i is h, and H is the maximum depth of the
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Figure 16: Total throughput for each multicast group for cases 1
and 2: th1 is total throughput for m1, th2 is total throughput for m2.

subtree Tυ. Now it is easy to recognize that

λυ = λυυ +
∑

i∈Iυ(1)

λυi + · · · +
∑

i∈Iυ(H−1)

λυi, (A.1)

where λυυ is the clique price for subflow fυυ ∈ Fυ branching
from the gateway node υ. Next, we proceed by induction
based on H as follows.

(i) For H = 1,

∑

i∈Iυ

λυ(i) =
∑

i∈Iυ(1)

λυ(i) = Kυυ × λυυ
Kυυ

= λυ. (A.2)
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(ii) For H = 2,

∑

i∈Iυ(2)

λυ(i) =
∑

i∈Iυ(2)

λmυ/Kmυ + λmπυ(i)

Kmπυ(i)

=
∑

i∈Iυ(1)

λυυ/Kυυ + λυi
Kυi

× Kυi

= λυυ +
∑

i∈Iυ(1)

λυi = λυ.

(A.3)

Notice that if fυi /∈Fυ, then λυi = 0.

(iii) Assume that for H = n− 1,
∑

i∈Iυ(n−1)

λυ(i) = λυ = λυυ + · · · +
∑

i∈Iυ(n−2)

λυi, (A.4)

(iv) Hence, for H = n,

∑

i∈Iυ(n)

λυ(i) =
∑

i∈Iυ(n−1)

λυ(i) + λυi
Kυi

× Kυi

= λυυ + · · · +
∑

i∈Iυ(n−1)

λυi = λυ,
(A.5)

therefore the result follows.

B. Proof of Theorem 2

The proof follows the same way as [4, Theorem 1]. We
define Λ̃ to be the set of gateway nodes that have Λm(υ) /=∅.
Then the vector of forwarding prices p′ is defined as p′ =
(p′υ,∀υ ∈ Λ̃). First we prove the following lemma.

Lemma 1. If û,u = (p, p′) are any two (|Q| + |Λ̃|) × 1
feasible system price vectors, that is, û,u ≥ 0, then based on
Assumptions 1 and 2,∇D satisfies the Lipscitch condition

∥∥∇D(û)−∇D(u)
∥∥

2 ≤
YZ

γ
‖û− u‖2. (B.1)

Proof. From (15), we have∇D = Ĉ−Γ̂x, where Ĉ is the (|Q|+
|Λ̃|) × 1 capacity vector with ĉi = 0 ∀i ∈ Λ̃, and Γ̂ is the
(|Q| + |Λ̃|)× |Υ| constraints matrix.

Let (∂x/∂u)(u) denote the |Υ|×(|Q|+ |Λ̃|) matrix whose
(i, j) element (∂xi/∂uj)(u) is

∂xi
∂uj

(u) =

⎧
⎪⎪⎨
⎪⎪⎩

Γ̂ ji
U ′′
i

(
xi(u)

) , if U ′
i

(
Wi
) ≤ uj ≤ U ′

i

(
wi
)
,

0, o.w.
(B.2)

If we define βi(u) as follows:

βi(u) =

⎧
⎪⎨
⎪⎩
− 1
U ′′
i

(
xi(u)

) , if U ′
i

(
Wi
) ≤ uj ≤ U ′

i

(
wi
)
,

0, o.w,
(B.3)

then (∂xi/∂uj)(u) in matrix form can be written as

[
∂xi
∂uj

(u)
]
= −B(u) Γ̂T , (B.4)

where B(u) = Diag(βi(u); i ∈ Υ) is the diagonal matrix with
diagonal elements βi(u). Hence,

∇2D = −Γ̂
[
∂xi
∂uj

(u)
]
= Γ̂B(u) Γ̂T . (B.5)

Now from [18, Proposition A.25(e)] and knowing that
∇2D = Γ̂B(p) Γ̂T is symmetric (i.e., ‖Γ̂B(p) Γ̂T‖1 =
‖Γ̂B(p) Γ̂T‖∞), then we have

∥∥Γ̂B(u) Γ̂T
∥∥

2 ≤
∥∥Γ̂B(u) Γ̂T

∥∥
∞

= max
j

∑

j′

[
Γ̂B(u)Γ̂T

]
j j′

= max
j

∑

j′

∑

i

βi(u)Γ̂ jiΓ̂ j′i

= max
j

∑

i

βi(u)Γ̂ ji
∑

j′
Γ̂ j′i,

(B.6)

where
∑

j′ Γ̂ j′i represents the sum of subflows in each

maximal clique j′ ∀ j′ : (Fi ∩ V
j′
c /=∅) plus the number

of children gateway nodes for each subtree Ti, which is by
definition ≤ Y . Then we have

∥∥Γ̂B(u) Γ̂T
∥∥

2 ≤
YZ

γ
. (B.7)

From [19, Theorem 9.19] we have for (B.7)

∥∥∇D(û)−∇D(u)
∥∥

2 ≤
YZ

γ

∥∥û− u∥∥2, (B.8)

hence the result follows.

Proof. (Theorem 2) from Lemma 1, the dual objective func-
tion D is lower bounded and ∇D is Lipschitz. Then, limit
point u∗ of the sequence {u(t)} generated by the gradient
projection algorithm for the dual problem is dual optimal
provided that 0 < α < 2γ/YZ (see [18, Proposition 3.4]).

Let {u(t)} be a subsequence converging to u∗. Since
U ′
i (xi) is defined on a compact interval [wi,Wi], it is

continuous and one-to-one (because of the strict concavity
of Ui(xi)). Thus, its inverse is continuous (see [19, Theorem
4.17]) and hence from (20), x(u) is continuous. There-
fore, limt→∞ x(t) = x(u∗) and that proves the result of
Theorem 2.
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1. Introduction

Wireless mesh network (WMN) [1] has recently appeared
as a promising technology, which can increase coverage
area and capacity of existing wireless networks. With the
help of of-the-shelf wireless mesh routers, large, previously
possibly unreachable, areas can have wireless access to, for
example, the Internet. As these routers are becoming less
expensive, the introduction of multiple radios to each router
is becoming economically possible. multiradio concept with
multiple noninterfering channels can significantly improve
the overall network capacity, thus current WMN research has
been concentrated to multiradio WMN.

In wireless networks, users or subscribers can experience
unfairness depending on their location in the network.
Users with multiple hops to destination are given less
bandwidth than those with fewer hops. The unfairness
stems from the shared wireless medium and unfair net-
work protocols that are designed to maximize network
capacity, that is, the aggregate throughput or do not take
into account the fairness at all. Maximizing capacity and
ensuring fairness are contradictory requirements and usually
maximizing capacity has been preferred [2]. Unfairness is
also present in multihop multichannel WMN. Users with

multiple hops can be completely starved, while capacity, in
terms of throughput, is maximized. This is naturally not
fair, especially if the users pay the same amount for the
service.

Usually routing in WMN has been seen from the point
of view of the mesh routers (e.g., in [3]). As they are,
mesh routers do not generate traffic, they only forward
traffic of users and other routers. Thus, routing should be
seen from the point of view of the users, who are also the
paying customers. In addition, subscribers can be unevenly
distributed in the network; the number of subscribers
registered to a mesh router can vary significantly. This is
neglected in most of capacity and routing studies, where one
user per router is assumed (e.g., in [4]). Therefore, as the
number of subscribers per router increase, so should its share
to the limited network capacity. As discussed above, there is
a need for a new or improved routing protocol or algorithm,
which takes into account the special characteristics and
applications of WMN as well as the distinct needs of users.

The rest of this paper is organized as follows. In Section 2
some related studies are discussed briefly. Section 3 presents
needed concepts and definitions. Section 4 presents the
SAFARI algorithm and shows simulation results. Section 5
interprets the simulation results and draws conclusions.
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Figure 1: Hybrid wireless mesh network architecture.

2. Related Work

Fairness in medium access control (MAC), scheduling and
network layer has been studied to some extent (e.g., [5–7]).
These papers observe fairness in the different layers of the
protocol stack and propose their solutions. However, fairness
is a cross-layer problem, and thus MAC-layer solutions are
useless if higher layer protocols are unfair. This is not true
vice versa; an ideal transport protocol can enforce fairness
even if the underlying MAC protocol is unfair [7].

Several papers have appeared that have taken linear
programming (LP) approach to routing and fairness. One
of the benchmark paper in LP-based routing, with several
linear constraints, is presented in [8]. The paper addresses
two interrelated questions: what is the maximum throughput
capacity of an arbitrary (ad hoc) network with given source-
destination pairs can this maximum throughput capacity be
achieved by jointly routing packets and scheduling transmis-
sions?

The authors devise an LP formulation that maximizes
aggregate rates and incorporates any requirements that can
be modeled as linear constraints. The paper provides a
proof that using their LP formulation, all needed packet
transmissions can be feasibly scheduled and that their
solution to the maximum concurrent flow problem is a
constant factor away from the optimal. The problem in their
proposed scheme is that the authors use an infinitesimally
divisible flow model for data transmission. This means that
data packet can be divided into pieces and transmitted along
all possible paths between source and destination, which
lead to very complex receiver structures and possibly to a
long delay between the arrival of the first and the last data
segment. In addition, storing and updating of all possible

routing paths leads to large routing tables and network
overhead.

In [3], optimized routing in WMN is considered with
fairness constraints. The paper points out that past work
can be categorized into two different strategies: heuristic
and optimization problem. Heuristic methods lack the
theoretical foundation to analyze how well the method
is working, while optimization problems can be far too
complex in practise or make too much simplified assump-
tions. The paper inspects and analyzes optimal routing with
uncertain traffic demand and fairness constraints, thus the
authors end up with a stochastic maximum concurrent flow
optimization problem. Unfortunately, their LP-formulation
seeks to maximize scaling factor δ, which defines the fraction
of traffic that can be transmitted for each flow, instead of
guaranteeing fairness.

In [4], a topology control algorithm (TCA) and a new
routing metric suitable for WMN, namely, collision domain
(CD), are presented. The term topology control refers to
any set of network operations that lead to a connected
topology, for example, node placement, channel assignment,
power control, and routing. It is shown that the proposed
TCA performs better than conventionally used metrics, that
is, hop count and interference, in the terms of minimum
collision domain. On the other hand, the paper makes
simplified assumptions such as one user per router, absolute
fairness is said to be enforced and only one radio per router
is assumed.

Our work is mainly based on the work by Malekesmaeili
et al. [4] and Kumar et al. [8]. From [4], the topology
control concept and collision domain routing metric are
taken as baseline for routing with modifications. From
[8], linear programming-based approach to rout and rate
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maximization are adopted with modifications to constraints
and routing path selection. The essence of this work is to
develop a fair subscriber-aware routing algorithm for WMN,
in which the positions of subscribers are taken into account
in order to ensure fairness without crippling the network
performance. The algorithm is called Subscriber Aware Fair
Routing in WMN (SAFARI).

3. Preliminaries

In this section, basic definitions and concepts are introduced
and explained. We consider multiradio WMN modeled as a
graph G = (V, E), where V is the set of nodes and E the set of
wireless links (edges). Each link e ε E has a certain amount
of data to send, x(e), and each e has a set of interfering links
I(e), which is based on the transmitter-receiver (Tx-Rx)
model [8].

3.1. Network Model. We consider WMN comprising of mesh
users, mesh routers, and mesh gateway routers. Mesh users
can be mobile and nomadic with stringent power constraints,
mesh routers are considered to be stationary without power
constraints, and mesh gateway routers are similar to mesh
routers except that they have gateway properties, that is, they
can connect to an external network. Our network model is
illustrated in Figure 1.

3.2. Fairness. In the context of wireless networks, fairness
means that every user receives a fair share of the network
resources (e.g., time and frequency), taking into account
user’s service requirements. Different services can have very
different requirements, for example, voice calls have strict
delay requirements and relatively low data rates, while file
downloading has high bandwidth and low delay require-
ments. These different requirements should be taken into
account, when designing a fair network protocol.

It is important to notice that assuring fairness is a cross-
layer problem, since unfairness occurs in MAC (e.g., channel
access and scheduling) and transport layers (e.g., congestion
control). Current network protocols (e.g., IEEE 802.11)
ensure user fairness only on one-hop communication or seek
to maximize aggregate throughput of the network [4].

Three popular definitions of fairness are absolute, max-
min, and proportional fairness. Absolute fairness is defined
as equal rates among all users, max-min fairness is enforced
if no user can increase its rate without decreasing some other
users’ smaller rate at the same time, and a set of allocated
rates is proportionally fair if any other feasible rate allocation
results in zero- or negative-aggregate change.

In this work, we use a simple fairness index λ ε [0, 1]:

λ = min(R)
max(R)

, (1)

where R is the set of user rates, R = {r1, r2, . . . , r|Nu|}, where
Nu is the number of users. When λ = 0, some user’s rate
are allowed to starve and when λ = 1, absolute fairness
is enforced. Together with linear programming-based rate
allocation, our fairness index enforces proportional fairness

when λ > 0 and also satisfies quality of service (QoS)
requirements if minimum allowable rate is set to QoS
threshold.

3.3. Collision Domain. In the work in [9], WMN capacity
has been addressed in form of a bottleneck collision domain
(BCD). In order to get a formal definition of BCD, we need
to first define CD and the corresponding CD load. CD of
link e(i, j), Ce, is the set of wireless links E, which need to
be silent due to the shared nature of the wireless medium,
when link e(i, j) ε E is active. The link e itself is also included
in Ce, since it also contends over the medium. Indices i and j
are the transmitting and receiving nodes, respectively. More
formally, Ce is defined as

Ce = e + I(e), (2)

where I(e) is the set of edges interfering with edge e, for all
e ε E.

Each link e(i, j) for all i, j εV has a certain amount of
data to send, x(e), and all the data is accumulated in the
collision domain. Thus, CD load of link e is defined as

Cl(e) = x(e) +
∑

f εI(e)

x( f ), (3)

where x( f ) is the amount of data on link f ε E.
BCD is the collision domain that has the most data to

forward in an arbitrary topology, thus limiting the capacity of
the network. More formally, BCD of a network Cb is defined
as

Cb = max
(

Cl
)
, (4)

where Cl is the set of CD loads, that is, Cl = {Cl(1),
Cl(2), . . . ,Cl(n)}, n = |E|·|E| is the number of edges in the
network.

In Figure 2, collision domain of a link 4 → 3 is
illustrated with the two shaded circles. In other words,
collision domain of a link 4 → 3 is the set of links included
or intersecting the two shaded circles. The consideration of
collision domain models the performance degradation of
multihop communication in contrast to single-hop, thus it
captures essential properties of MAC protocol without actu-
ally making assumptions of the used MAC-layer protocol.

The technology-dependent link capacity (theoretical
maximum throughput (TMT)) is calculated in [10], and it
was used in [9] to assess link capacity, which is also limiting
the network capacity since the accumulated traffic of a link
cannot exceed the link capacity. In Figure 2, the total load of
the collision domain C4→ 3 is 20 U since it is the accumulated
traffic of links 7 → 6, 9 → 5, 5 → 4, 6 → 4, 4 → 3, 3 → 2
and 2 → 1, where U is the amount of data that mesh user
transmits and it is same to all users (Figure 2) for simplicity
of notation. Thus, the throughput per node Gm is bounded
by Gm ≤ TMT/20 [9]. Note that this is not necessarily the
BCD of the network. The above calculation needs to be done
to every link in order to find the BCD.

Cl can be used as a cumulative routing metric, combined
with Tx-Rx model, it reflects wireless interference, it takes
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Figure 2: Illustration of collision domain of link 4 → 3.

into account network congestion in a certain area and models
MAC-layer collisions since interfering nodes are not allowed
to transmit simultaneously. The BCD can be used to estimate
the maximum number of users in a network with a fixed data
rate since if each user transmits at rate r, then Cb = m·r,
where m ε Z+, and the link bandwidth is L, the throughput
per node Gm will be bounded by Gm ≤ L/m [9]. Thus, the
number of users the network can support is

Nu = Gm

Rn
≤ L

mRn
, (5)

where the required data rate for each user is Rn.

3.4. Routing Metrics. A good routing metric for WMN is
aware of network topology, takes into account network
characteristics, and is isotonic [11]. Isotonicity means that
the order of path lengths of two paths is preserved if they are
appended or prefixed by a common third path. An isotonic
metric assures loop-free routing, simple implementation,
and minimum weight paths using Dijkstra’s algorithm.

Proposed routing metrics for WMN are hop count,
distance, weighted cumulative expected transmission time
(WCETT), and CD. Hop count is used in AODV [12],
but it fails to address WMN characteristics and network
congestion. Distance-based metric is usually used with
modified Dijkstra’s algorithm and it suffers from same things
as hop count-based metric. WCETT was proposed by Draves
et al. [13] and it is a combination of loss rate with a priori-
known packet loss probability, bandwidth, and interference
of a link. Unfortunately, WCETT is not isotonic as shown
in [11]. CD was proposed as a routing metric by [4], which
is an excellent choice since it models wireless interference,
MAC layer collisions, and is isotonic. Based on the above
discussion, CD is used in this work as a routing metric.

3.5. Linear Programming. LP is a mathematical optimization
method that seeks to optimize (i.e., minimize or maximize)
a linear objective function subject to equality and inequality

constraints. In our work, we are using LP to maximize
the user rates with capacity and fairness constraints with a
selected path. Our LP is modified from [8] and is formulated
as follows:

max
∑

iεV

ri subject to, (6)

x(e) +
∑

f εI(e)

x( f ) ≤ TMT ∀e ε E, (7)

ri ≥ λrj ∀i, j εV, i /= j, (8)

Rn ≤ ri ≤ Rm, (9)

where ri is the rate of user i and TMT is the theoretical
maximum throughput (i.e., physical data rate a link can
transmit [10]), Rn is the minimum required rate, and
Rm is the maximum feasible rate. However, (7) is the
capacity constraint, (8) is the fairness constraint, and (9)
is constraining the rates. Solving this optimization problem
leads to a rate allocation R = {r1, r2, ..., r|Nu|} that can be
feasibly scheduled, as shown later on.

The obtained rate allocation is dependent on the random
positions of the users. Thus, the obtained aggregate through-
put varies significantly with different user positions and there
is a need for statistical processing. For this reason, standard
deviation, σ , is introduced as

σ =

√√√√√ 1
N

N∑

k=1

(
zk − z

)2
, (10)

where N is the number of random drop of users to the
network area, the kth rate allocation, zk is the sum of user
rates on kth random drop:

zk =
|Rk|∑

l=1

Rk(l), (11)
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where Rk is the rate allocation of kth random drop of users,
and z is the average of all rate allocations with certain number
of users:

z = 1
N

N∑

l=1

zl. (12)

3.6. Channel Assignment. The main purpose of any channel
assignment (CA) algorithm is to minimize interference,
maximize aggregate throughput, as well as capacity or
fairness. The assignment of radios and channels to mesh
nodes is far from trivial. In [14], it is proved that simply
assigning first channel to the first node and second channel
to second node, and so forth, is far from optimal.

In [15], a taxonomy of CA schemes is presented and a
new CA algorithm, called mesh-based traffic and interfer-
ence aware channel assignment (MeshTiC), is introduced
and evaluated. The MeshTiC assigns channels to links in
decreasing order based on a link’s rank

Rank(i) = A(i)
H(i)·Nr(i)

, (13)

where A(i) is the aggregate traffic that traverses through a
certain node i, H(i) is the minimum number of hops from
node i that needs to be done in order to reach a gateway, and
Nr(i) is the number of radios in node i. MeshTiC has been
chosen here since it takes into account the traffic load on
links, can be modified to incorporate interference, and has
low complexity.

4. Proposed Algorithm: SAFARI

Next, the centralized SAFARI algorithm is explained in
detail, pseudocode and simulation results are presented.
The SAFARI algorithm uses CD as a cumulative routing
metric, assigns channels to links using a modified version
of the MeshTiC algorithm, and uses a linear programming
framework to assign rates to users taking into account
capacity, fairness, and rate constraints, see (6), (7), (8), (9).

MeshTiC algorithm is modified such that in (13), A(i)
is estimated by using CD of link i based on the initial
geographical positions of users and H(i) is estimated as
distance to the nearest gateway. This way CA is fixed until
user positions change dramatically, and channels can be
assigned before routing and rate allocation.

Next, a high-level pseudocode of the SAFARI algorithm is
presented in Algorithm 1. In Table 1, the used abbreviations
in the pseudocode are explained. In Algorithm 1, on line 1,
necessary network information is collected, that is, router,
gateway router, and user positioning V, and the set of wireless
links E. This serves as a basis for the whole algorithm to
work. The positions of routers and gateways are easy-to-
obtain since they are stationary, and they are handled by a
centralized entity. The positions of users can be obtained
by multilateration or simply modeling the position by the
routers the user can reach.

On line 2, link weight matrix G is calculated based on
the initial positions of users, CD and Tx-Rx models. The

(1) Collect network information: V and E.
(2) Compute initial estimate of G.
(3) Assign channels to E, update G accordingly.
(4) Solve best known paths using G and FW.
(5) for k = 1 to |S| do
(6) For user k, choose the router from which the

best known path
(7) to any gateway is shortest.
(8) Connect to this router.
(9) end for
(10) Sort users such that users in low CD regions are

routed first.
(11) Store the order in Snew.
(12) for k = 1 to |Snew| do
(13) Calculate paths from Snew(k) to all gateway

routers using FW.
(14) Choose optimal gateway router and select the

corresponding path.
(15) Update G.
(16) end for
(17) Solve the LP-problem in order to find optimized

rates.

Algorithm 1: SAFARI.

Table 1: Abbreviations used in the pseudocode.

Abbreviation Explanation

CD Collision domain

E Set of edges

FW Floyd-Warshall’s algorithm

G(i, j)
A graph representing Cl
on each link for all i, j εV

S Set of mesh users (i.e., sources)

Snew

New routing order based on

to which router each user is

connected to

V Set of all nodes in the network

G ultimately determines the routing path selection and it is
modified several times in SAFARI so that it always reflects
the current network condition. The first calculation of G
does not take into account CA, since the used MeshTiC CA
algorithm needs an estimate of the traffic demand and it is
estimated using CD based on the initial positions of users.

On line 3, channels are assigned using modified MeshTiC
and G is updated to match CA. Channels can be now assigned
to E, since we have an estimate of traffic in the network.
G needs now to be updated to match CA. In other words,
the Tx-Rx model takes into account the CA, that is, links
interfere only if links are within the interference range and
use the same channel.

On line 4, the best known paths are solved using G and
FW’s algorithm. In this context, the best-known paths are
the “shortest” paths to gateways and they are used in the
determination of the best router for each user to attach to
(lines 6–8). Modified FW is used, since it can be made to
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incorporate CD metric and performs necessary routing with
relatively short time, that is, running time of FW is O(|V|3).
The determination of the router each user attaches to is
decided now by simply selecting the router from which the
path to any gateway is “shortest”. With this kind of router
selection, the randomness of user positions is diminished
and overall network throughput is increased, since in most
cases, the router selection procedure leads to smaller number
of hops for user to reach destination.

The routing order is decided on line 10. Low CD areas,
that is, links and corresponding nodes with low Cl are routed
first since these areas are usually at the border of a network,
thus their routing is essential. This comes from the fact that
when the users are far away from gateways, the number of
hops increases. Now, if far away users are routed last, their
number of hops increases even more. Keep in mind that
as the number of hops increase, the capacity constraints
become stricter and the throughput decreases while delay
increases. Thus, the aggregate number of hops in the network
should be minimized, and routing far-away-users first is one
way to do it.

On lines 13–15, every user is routed in the decided order
to the best gateway and G is updated to reflect current
network condition. Each user is routed individually using
FW’s algorithm and the best gateway is selected according
to cumulative CD metric. The main reason for using FW
is that even a large number of gateways does not increase
running time of the algorithm. This is the final routing path
selection. After every user’s routing, G is updated according
to and along the chosen path.

Line 17 executes LP-problem, which allocates the highest
possible rates subject to capacity and fairness constraints.
Solving the LP-problem (6), (7), (8), (9), optimal rate
allocation with chosen paths is performed.

The original contributions of SAFARI are as follows.

(1) Positions of users are taken into account in

(i) CA by traffic load estimation with the help of
CD,

(ii) determination of which router each user atta-
ches to.

(2) Determination of routing order.

The positions of users are taken into account in CA so
that in the rank calculation (13), the traffic load is estimated
with CD. In addition, the positions of users help to determine
the router each user attaches to. This is determined by
finding the best-known paths to the best gateways using FW’s
algorithm with CD estimated by user positions. With our
router selection scheme, the number of users attached to each
router is not random, as in cases where simply the closest
router is chosen, but determined by considering transmit
powers, available gateways, and other users’ positions.

4.1. Feasibility of the Algorithm. When comparing the
SAFARI algorithm to any wireless network routing algo-
rithm, several similarities and differences arise. Every routing

algorithm needs to collect network information, at least V
and E, in order to be able to route data from source to
destination. Also, every routing algorithm should have at
least an estimate of link weights, that is, hop count, distance,
interference, bandwidth, or CD, in order to compute G.
Finally, every routing algorithm needs a path selection
algorithm (e.g., Dijkstra or FW). These properties are
also implemented in SAFARI, and thus there is no extra
complexity in that regard.

There are a few factors that increase SAFARI’s complexity
compared to, for example, a simple distance-based routing
algorithm. The calculation of best-known paths and the
following router selection for each user increases complexity
compared to algorithms where simply the closest or the
farthest router is selected. Sorting users so that low CD
regions are routed first increases complexity only slightly
since all the necessary information is already calculated and
stored in G. The biggest factor increasing complexity is
the recursive path selection with FW and updating G. This
recursion is done because it allows the routing algorithm
to adapt to changing traffic conditions. In addition, rate
allocation by LP-problem solving increases the complexity
and running time especially with a large number of users.
Based on the above discussion, it can be stated that the
performance gain of SAFARI, as shown later, comes with the
cost of increased complexity. Nevertheless, this increase in
complexity is not too great to make SAFARI infeasible for
practical implementation since FW’s algorithm is the most
complex with a running time proportional to O(|V|3). Thus,
SAFARI can be solved in polynomial time.

Since SAFARI’s rate allocation is based on the LP-
formulation by Kumar et al. [8], it can be shown that
this rate allocation leads to feasible scheduling. The feasible
scheduling of SAFARI is formalized in Theorem 1.

Theorem 1. The LP formulation (6), (7), (8), (9) (i.e.,
rate allocation) used in the SAFARI algorithm results in a
stable schedule, that is, flows are given enough transmission
opportunities in a finite period of time. In addition, the rate
allocation is a constant factor away from the optimal solution
to the corresponding flow problem.

The proof of feasible scheduling in a TDMA-based
system is based on [8, Lemma 1]. The intuition behind the
proof is that link flows can only be scheduled in finite time
if there are enough transmission opportunities for each flow,
that is, there is enough bandwidth on the link. The detailed
proof is available in [8].

Lemma 1. A sufficient condition for link flow stability,

∀ e ε E, x(e) +
∑

f ε I≥(e)

x( f ) ≤ TMT, (14)

where I ≥ (e), is a subset of edges in I(e) which are greater than
or equal to e in length.

4.2. Simulations. The simulations are performed using MAT-
LAB software version R2007b. In Table 2, the most important
simulation parameters are presented. The communication
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Table 2: Simulation parameters.

Parameter Value

Communications range 20
√

50 m

Interference range 40
√

50 m

Link capacity (TMT) 43 Mbps

Number of radios 1, 3 and 12

Number of users 1–20

N 750

Rn 0 Mbps

Rm 3 Mbps

Step size λ 0.1

Step size users 1

Topology Figure 3

range is fixed and set to 20
√

50 m, since routers are 100 m
and 20

√
50 m apart as shown in Figures 3(a) and 3(b).

Thus, most of the routers can reach eight other routers.
The interference range is fixed and set to 40

√
50 m, which

is twice the communication range. The number of users
in simulations varies between 1–20. This choice allows the
observation of the effect of number of users on throughput
and fairness, and keeps simulation times bearable. Number
of random drop of users, N , into the simulation area is set
to 750, since the achieved throughput varies significantly
with different user positions. Users are dropped following a
uniform distribution into the simulation area. The step size
of λ is set to 0.1 and it defines the incremental value λ is given
in simulations. This choice allows for observing the tradeoff
between throughput and fairness. The step size of users is
set to the minimum (i.e., one) in order to observe the effect
of users on throughput. Link capacity is set to 43 Mbps, as
one of the options for link capacity defined and calculated
in [10], and is assumed to be constant. The lower and upper
bounds for user rates, Rn and Rm, respectively, are set such
that total starvation of users is enabled and that user rates
have a realistic upper bound enabled by the physical layer
data rate.

In the simulations, it is assumed that each user has the
same QoS requirement and the corresponding data rate is
tried to achieve with limitations from the LP constraints. The
number of routers is kept relatively low since when there is
too many routers leads to very long simulation times. On
the other hand, using only a few routers is not practical,
since then the routing algorithm is tied to only a couple of
possible paths. In the simulations, defined numbers of users
are dropped uniformly into an area covered by a certain
predefined topology (e.g., Figures 3(a) and 3(b)), are allowed
to exceed this area by 100 m, and routed to destinations
using the algorithm in question. This is done several hundred
times since the distribution of users has a significant effect on
performance.

There are three algorithms that are used throughout the
following simulations. The first one implements SAFARI
algorithm and is referred to as SAFARI in the following.
The second one implements the TCA proposed in [4] and
is referred to as CD metric in what follows. The third one
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Figure 3: Two reference topologies used in simulations.

is a simple distance-based algorithm that uses Dijkstra’s
algorithm, and is referred to as distance metric in what
follows.

The following simulation results are obtained in a 7 × 7
grid topology with four gateways and 45 routers as shown
in Figure 3(a) (see [4]), and a 7 × 7 grid topology with one
gateway and 48 routers as shown in Figure 3(b), where red
circles are gateways and green diamonds are routers.

4.2.1. Comparison. In Figures 4–6 and Table 3, comparison
of the three used routing schemes by illustrating routing
paths, corresponding throughputs, and BCD are presented
with 30 users, 12 channels, and λ = 1. The red circles
are gateways, green diamonds routers, blue dots users, red
lines router-to-router routing paths, and blue lines user-to-
router hops. Figure 4 shows how each user, using SAFARI,
selects the best router for itself and how two paths, for two
different users, are separated at a node in order to avoid
congestion on that link. In other words, the two users are
guided now along noninterfering paths. It is obvious that
using SAFARI leads to higher transmit powers on users, see
the blue lines, while the number of hops is diminished. The
increased transmit power can be unwanted in some scenarios
but if power consumption is not a crucial issue, higher data
rates are achieved.

Figure 5 shows the corresponding routing paths with
the same user positions. Now, users are connected to the
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Figure 4: Routing done with SAFARI.
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Figure 5: Routing done with CD metric.

nearest router and are then routed using CD as a metric.
It is obvious that using CD metric leads to lower power
consumption while the number of hops is increased. Similar
to SAFARI, CD metric also guides users to noninterfering
paths. The main difference between these two schemes is that
with CD metric, the number of hops is greater, thus finding
noninterfering paths is harder. This is shown so that a fewer
number of noninterfering paths are selected.

Figure 6 illustrates the path selection with distance metric
scheme. It can be seen that also this scheme selects the nearest
router for each user to attach to. Then, the paths are selected
blindly without considering CA and link congestion. This
leads to shorter paths than using CD metric scheme but some
links are heavily congested, and thus limiting the network
capacity. The distance metric scheme is the simplest scheme
while worst on the performance, as seen later on.

Table 3 shows the achieved throughput and BCD using
SAFARI, CD metric, and distance metric schemes with the
shown user positions in Figures 4–6. SAFARI achieves
almost twice as much throughput than the two others and
has significantly lower-average BCD. CD metric performs
slightly better than distance metric. As mentioned before, this
performance gain comes with the cost of increased transmit
power and algorithmic complexity.

Figures 7–9 show the average traffic distribution on each
gateway and router using the three models with topology
shown in Figure 3(a), 12 channels, λ = 1, 20 users, and 1000
random drop or users. The traffic distribution is obtained so
that the number of users attached or passing a router/gateway
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Figure 6: Routing done with distance metric.

Table 3: Corresponding-achieved throughput and BCD from
Figures 4–6.

Algorithm Throughput (Mbps) BCD (Mbps)

SAFARI 5.584 2.45

CD metric 2.972 3.7

Distance metric 2.687 5.5

is summed up in each random drop, and after 1000 drops, it
is divided by the number of users and number of random
drops. Horizontal axis shows the router/gateway indices as
presented in Figure 3(a). It can be seen that using SAFARI
in Figure 7, some routers are used rarely, especially the ones
far away from gateways. This is due to the fact that SAFARI
selects routers to users so that routers close to gateways are
preferred. This location-dependent router starvation should
be taken into account in the deployment of routers, that
is, sometimes network deployment cost can be reduced by
deploying less routers. Another remark is that besides the
starved routers, SAFARI performs load balancing to some
extent, that is, traffic is divided evenly among routers that
are at equivalent network positions (e.g., routers next to
gateways).

In Figure 8, the same traffic profile is presented with CD
metric. This scheme performs load balancing, which is shown
especially in gateways, indices 1–4, as the number of users per
gateway is equal in the long run. With CD metric, routers are
not starved in any location and the traffic is divided smoothly
among routers. This is another advantage of CD as a routing
metric, it inherently performs load balancing. The difference
to SAFARI, which also uses CD as a metric, is the router-
selection procedure and routing order, which disables full-
load balancing among routers.

In Figure 9, the traffic profile using distance metric model
is shown. It is obvious that this model fails to achieve load
balancing, which is shown in uneven gateway utilization and
heavy congestion in some routers. This illustrates the effect
of using blind distance-based routing and not taking into
account network condition.

These results show that SAFARI is superior to the two
other schemes with this topology, number of users, λ, and
number of channels. Next, the performance of SAFARI is
shown in scenarios where several parameters are changed.
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Table 4: Average number of hops using the three simulation models.

Algorithm
1 gateway, 1 gateway, 4 gateways, 4 gateways,

1 channel 12 channels 1 channel 12 channels

SAFARI 2.08 2.25 1.43 1.43

CD metric 2.48 2.65 1.85 1.91

Distance metric 2.48 2.48 1.86 1.84

Table 5: Percentage of starved users.

Algorithm
1 gateway, 1 gateway, 4 gateways, 4 gateways,

1 channel 12 channels 1 channel 12 channels

SAFARI 0.820 0.464 0.401 0.148

CD metric 0.910 0.554 0.631 0.290

Distance metric 0.913 0.628 0.640 0.337
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Figure 7: Traffic distribution among routers with SAFARI scheme.
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Figure 8: Traffic distribution among routers with CD metric
scheme.

4.2.2. Number of Hops and Starved Flows. First, the average
number of hops users need to make in order to reach a
gateway, and the percentage and positions of starved users
are observed in topologies presented in Figures 3 with 1 and
12 channels, λ = 0, 20 users, and 1000 random drops. In
Table 4, the average number of hops users need to make
in order to reach a gateway are presented. It can be seen
that SAFARI has the lowest number of hops in all the four
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Figure 9: Traffic distribution among routers with distance metric
scheme.

simulated cases, on the average approximately 0.5 hops less
than the other simulation cases. With one channel, the CD
metric and distance metric have the same number of hops,
while with 12 channels, the CD metric has more hops. This
stems from the fact that CD metric avoids congested areas,
which inevitably leads to more hops. In addition, the number
of hops is lower with 4-gateway case, since now there is a
gateway closer to more users than in 1-gateway case (see
Figures 3(a) and 3(b)).

In Table 5, the percentage of starved users (i.e., when
ri = 0 bps) are presented with the same parameters as in
Table 4. It is obvious that severe unfairness occurs especially
with low number of channels and gateways. Blocking 90%
of users in order to maximize the aggregate throughput is
very unfair and noneconomical to service providers as users
will not tolerate such blocking percentages. The SAFARI has
the lowest percentage in all the cases, even though it only
guarantees reasonable performance with 4 gateways and 12
channels with 14.8 % blocking rate. CD metric is better than
distance metric and they both have a poor performance in all
the four cases. The results in Table 5 points out why λ = 0
is not a good choice even though it maximizes the aggregate
throughput.
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Table 6: Average distance in meters to gateway of starved users.

Algorithm
1 gateway, 1 gateway, 4 gateways, 4 gateways,

1 channel 12 channels 1 channel 12 channels

SAFARI 307 307 199 205

CD metric 321 327 237 236

Distance metric 322 318 240 246
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Figure 10: Throughput versus number of users with 1 channel and
λ = 1.
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Figure 11: Standard deviation versus number of users with 1
channel and λ = 1.

In Table 6, the average distance to nearest gateway of
starved users are presented. One should know that the maxi-
mum distance to a gateway is 400

√
2 ≈ 566 m since users are

allowed to be dropped 100 m outside the routers. It is obvious
that the starvation distance does not depend on the number
of channels rather it depends on the availability of gateways
nearby. SAFARI has the lowest starvation distance value in
all the cases, which means that users that are far away are

not that easily starved. CD metric and distance metric have
starvation distances of same magnitude.

4.2.3. Effect of Number of Channels. Next, the number of
channels is limited to one in order to see how the three
considered models perform in a single-channel environment.
Naturally, there is no need for a CA in this case and all links
that are within each other’s interference range interfere with
each other.

Figure 10 shows how throughput behaves as a function
of number of users in a network defined by Figure 3(b), with
one channel and λ = 1. It can be seen that when there is
only a few users in the network, all of the users can transmit
at their peak rate. After 2-3 users, the network becomes
crowded and all the users rates need to be constrained, which
results in a steady decrease in the overall throughput. As
the number of users grow, the throughput starts to saturate.
SAFARI achieves the best performance when the number of
users is greater than two, and CD metric is slightly better than
distance metric.

In Figure 11, the standard deviation (see (10)) of the
three models is plotted in the same case as in Figure 10.
In these simulations, the standard deviation measures the
variation in the aggregate throughput between each random
drop of users. It is apparent that all the three models have a
large standard deviation when compared to the correspond-
ing throughput. This reflects the fact that user positions
have a significant effect on the throughput, thus taking
into account the user positions can lead to performance
gain. The standard deviation of CD metric and distance
metric are almost identical conforming the superiority of
CD to distance as a path metric. SAFARI has the highest
standard deviation, which can be explained by considering
the following two cases.

(1) Users are positioned so that it can be exploited, for
example, near gateways or far away from each other,
thus using SAFARI leads to high throughput.

(2) Users are poorly positioned, for example, forming
clusters, and taking into account their positions, does
not lead to a significant performance gain.

Figure 12 plots throughput as a function of the fairness
index (1) with 1 channel, 20 users, and in the topology
shown in Figure 3(b). This simulation result points out
the tradeoff between throughput and user fairness. When
λ = 0, some users are allowed to completely starve and
other users, who are usually near gateways, are given the
whole bandwidth. This leads to high throughput but is very
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Figure 12: Throughput versus farness index with 1 channel and 20
users.

unfair and undesirable. When the fairness index increases,
the throughput decreases, which stems from the fact that
now user rates are restricted to or near the smallest user rate.
In addition, in this simulation scenario, SAFARI achieves
the highest throughput, it can provide consistently twice as
much throughputs than the other two models, which achieve
throughput of same magnitude. It should be pointed out
that since throughput saturates quickly as fairness index
increases, even a relatively low fairness criterion is able to
lower the overall throughput; but as pointed out earlier, cases
with low λ are unfair and most of the attention should be
focused near λ = 1.

Standard deviation, in the same simulation case as in
Figure 12, is presented in Figure 13. As expected, the highest
standard deviation occurs with λ = 0, since with this fairness
index value, the aggregate throughput is also highest, and CD
metric and distance metric cases have a very similar standard
deviation curves. SAFARI has again the highest standard
deviation which stems from the above enumerated reasons.

Figure 14 plots the average BCD with respect to the
number of users with 1 channel, λ = 1, and in a topology
illustrated in Figure 3(b). Now, rate allocation is not used
since user rates are fixed beforehand. Using (5), it is obvious
that the average BCD should be as low as possible in order to
have maximum number of users in a network. Considering
this fact, the SAFARI is once again the best one and CD
metric the second best. SAFARI’s dominance starts show with
4 users, and CD metric starts to outperform distance metric
after ten users. Average BCD versus fairness index is not
plotted here since with fixed equal user rates (i.e., λ = 1),
the BCD versus fairness index plot would be meaningless.

In the following, the results presented in Figures 10–14
are referred to as baseline simulation set. Next, the number of
channels is increased to 12 and the corresponding results as
in the baseline simulation set are presented in Figures 15–19.
Once again, SAFARI achieves the best performance measured
in throughput and average BCD. Now, the performance gain
compared to distance metric is almost 100% and compared
to CD metric it is approximately 40% (see Figures 15-16).
One should notice that with increasing number of channels,
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Figure 13: Standard deviation versus farness index with 1 channel
and 20 users.
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Figure 14: BCD versus number of users with 1 channel and λ = 1.

CD metric starts to outperform distance metric. This stems
from the fact that with many channels, CD metric can
choose noninterfering paths for different flows, which leads
to smaller CD loads on links, thus throughput increases.

It can bee seen by comparing Figures 15-16 to Figures
10, 12, that using 12 channels instead of one results in
500% throughput increase when λ = 1. This shows the
benefit of multiradio concept (i.e., with increasing cost
comes increased performance). One should notice that even
though the number of orthogonal channels is increased from
one to 12, the throughput is not increased with the same
ratio. This stems from the fact that 12 channels does not
result in empty I(e), that is, some links still interfere with
each other which leads to strict capacity constraints and
lower throughput enhancement.

Figures 17 and 18 point out that the higher throughputs
of SAFARI and CD metric, in Figures 15 and 16, compared to
distance metric come with the cost of increased σ . One might
notice that the standard deviations of SAFARI and CD metric
fluctuate somewhat, while distance metric results in smooth
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Figure 15: Throughput versus number of users with 12 channels
and λ = 1.
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Figure 16: Throughput versus fairness index with 12 channels and
20 users.

curves. The fluctuation illustrates the significant effect on
user positions within the network, even averaging over 750
random drop of users (Table 2) it cannot completely average
the achieved throughput.

Figure 19 shows that SAFARI has the lowest average BCD,
and CD metric increases gap to distance metric. This result
reassures the benefit of CD as a routing metric compared to
simple distance-based metric. Comparing Figures 14 and 19,
it is clear that increasing the number of channels from one to
12 decreases the average BCD to one third with SAFARI and
CD metric. Distance metric case does not decrease its average
BCD as much as the others.

5. Conclusions and Summary

The simulation results show that the proposed routing algo-
rithm SAFARI outperforms CD and distance-based routing
algorithms in terms of the increased network throughput
and the number of admitted users. The performance gain
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Figure 17: Standard deviation versus number of users with 12
channels and λ = 1.
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Figure 18: Standard deviation versus fairness index with 12
channels and 20 users.

comes mainly from the fact that users positions are taken
into account instead of neglecting them, as in the CD and
distance-based routing. The information of user position is
exploited in the CA and in the selection of the best router to
each user to attach to. The second factor that contributes to
the performance gain is the routing order. By first routing the
users in low CD regions (i.e., usually users far away from the
gateways), shorter paths are obtained and which leads to less
strict capacity constraint and fairness is easier to achieve. The
CD metric is shown to be a suitable metric for WMN and its
inherent capability to avoid congested areas in the network
is a very useful quality. In addition, SAFARI’s LP-based rate
allocation leads to user rates that can be scheduled.

The performance gain comes with the cost of increased
complexity, transmit power, and statistical variation of the
achieved throughput. The increase in complexity can be
remarkable when compared to a simple hop count-based
routing with fixed rates. Factors effecting the complexity are
the router selection procedure, LP-based rate allocation, and
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Figure 19: BCD versus number of users with 12 channels and λ = 1.

the recursive calling of FW’s algorithm and CD estimate
update in the final routing phase. The increased complexity
and the need for more transmit power can be too much for
some systems or users. Nevertheless, SAFARI can be solved
in polynomial time. If the increased complexity of SAFARI is
too much for a system, CD metric-based routing can be used
with reasonable performance. An estimate of the CD of each
link can be obtained by a centralized entity or by spectrum
sensing at each node.

The scientific contribution of this work is the developed
SAFARI algorithm. The novelty of SAFARI comes from the
usage of the information of user positions in CA, router
selection, and routing. Another new feature is the routing
order selection that is based on the network congestion
so that users in low-congestion areas are routed first. This
routing order selection leads to higher throughput, mainly
since users in low-congested areas are usually at the edge of a
network and thus routing them first leads to shorter routing
paths on the average.

Since our rate allocation is based on the one proposed in
[8], the assigned rates can be feasibly scheduled. On a more
widespread scope for future research, the overall feasibility
and practicality of SAFARI needs to be investigated in more
detail.
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1. Introduction

The deployment of multiple transmit (Tx) antennas at
the base station (BS) has emerged as an effective way for
improving the overall throughput in a wireless commu-
nication system. This is because multiuser multiple-input
multiple-output (MIMO) downlink systems offer multiple
channel directions to send independent information streams
to multiple users simultaneously within the same resource
block, capitalizing the so-called spatial multiplexing gain [1].
However, resource allocation in multiuser MIMO systems
is not a trivial task because users should be selected taking
into account not only their spatial compatibility, but also
their individual channel strengths [2]. The construction of
optimal schedulers in terms of throughput makes imperative
the investigation of the sum-rate upper bound that can
be achieved in this situation. However, such a myopic
approach is not enough for real-life wireless applications

if the scheduler does not share common channel resources
fairly among all the participating users as well. Based on
this, intensive research has been carried out in the past few
years to study the interaction between these two conflicting
goals and design fair channel-aware scheduling rules for
delay-constrained data connections. In this context, this
work provides an analytical framework for quantifying the
throughput gain of different multiuser scheduling strategies
in MIMO downlink channel with different types of partial
channel state information (CSI) in the transmitter. The use
of a well-known fairness performance metric, Jain’s fairness

index [3], is also suggested as a simple way to evaluate
the short-term fairness that is traded off at the expense of
additional throughput gain.

Recent theoretical results show that the optimal
transmission scheme in an MIMO downlink channel is dirty

paper coding (DPC) [4], but it faces serious implementation



2 EURASIP Journal on Wireless Communications and Networking

issues in practical systems due to its high complexity,
especially when the number of participating users is large.
Linear beamforming (LBF) is a suboptimal strategy in
which each user stream is multiplied independently by a
beamforming weighting vector for transmission through
multiple antennas. Despite its reduced complexity, LBF
achieves a large portion of DPC capacity and exhibits
the best tradeoff between complexity and performance
[5]. In particular, a simpler strategy based on zero-forcing
beamforming (ZFBF) has been shown to be optimal in terms
of sum capacity in the limit of a large number of users [6].
All these capacity results rely on the assumption that perfect
CSI is available at the transmitter. However, this condition
is hard to satisfy in practical systems, particularly when
frequency-division duplex (FDD) is implemented because in
practice mobiles report their channel estimates to the BS via
a rate-constrained reverse channel.

One of the simplest approaches to reduce feedback
overhead involves each user quantizing his instantaneous
vector channel according to a finite collection of vectors
(beamformer codebook) that is maintained at both extremes
of the link [7]. After selecting the optimal quantization
vector, receiver feeds back the corresponding codeword index
through a B-bit (per user) reverse channel at the beginning of
each transmission block. This feedback is used to capture the
channel direction information (CDI), and was first considered
for point-to-point MIMO channels in [8, 9]. System sum-
rate capacity with only CDI is bounded as the number of
users increases because channel quality information (CQI)
is not available in transmission to exploit multiuser diver-
sity and obtain the double-logarithmic growth in system
throughput with the number of users [10]. Based on this,
both CDI and CQI feedbacks are necessary if we want to
achieve both multiplexing and multiuser diversity gains at
the same time. As expected, we later show that CQI should
be the channel magnitude in low Tx power regime, while
it should be proportional to the signal-to-interference power
ratio (SIR) when Tx power is high.

Limited feedback techniques have already been consid-
ered in 3G cellular standards, where two antenna schemes
have been emphasized so far due to implementation con-
straints. In 3G Partnership Project (3GPP), closed-loop (CL)
transmit-diversity (TD) techniques come in two classes:
quantized phase information (mode 1) and direct channel
quantization (mode 2) [11]. The quantized phase algorithm
uses a fixed number of bits to quantize phase angles to
perform equal gain beamforming at the transmitter. The
direct channel quantization allocates a fixed number of bits
for the gain and phase of each channel entry separately,
as opposed to more sophisticated vector quantization tech-
niques that quantize gain and phase jointly. Our motivation
is to study the performance when combining channel-
aware scheduling rules with ZFBF prefiltering in case of
practical (commercial) beamformer codebook designs. Note
that this principle is equivalent to virtual MIMO concept for
the uplink of a time-division multiple-access (TDMA)-based
cellular system, where many users with only one Tx antenna
transmit independently to the BS on the same resource block.
Our analysis reveals that in the presence of 3GPP physical

layer signaling, the additional multiuser diversity gain that
is obtained at the cost of relegating fairness considerations
over short time scales is quite important. However, it was
also observed that the implementation of simpler scheduling
procedures, such as the one presented in [12], offers a
good balance between implementation complexity, short-
term fairness, and system sum-rate performance. Although
we concentrate on the two CL techniques in the FDD mode
of the wideband code division multiple access (W-CDMA)
downlink, a similar procedure can be used to extend the
analysis to other FDD MIMO systems with limited feedback.

The rest of the paper is organized as follows: Section 2
introduces the system model, presents the feedback model
for CDI and CQI, and describes the scheduling strategies
and spatial prefiltering technique that will be analyzed.
Section 3 studies the statistics of desired signal energy and
mutual interference, proposes a probability distribution
approximation for them, and derives an accurate closed-
form expression for the achievable rate per user when BS
simultaneously transmits to a pair of semiorthogonal users
without exploiting multiuser diversity. Section 4 extends the
analysis when channel norm CQI or SIR CQI is available in
transmission to perform user selection. Section 5 introduces
the criterion that is used to carry out the fairness study of
the different schemes over short-time scales. Section 6 ana-
lyzes the performance of the different scheduling strategies,
quantifying the different tradeoffs between throughput and
fairness that they provide. Finally, conclusions are drawn in
Section 7.

2. System Model

The system consists of a single BS with Mt = 2 Tx antennas
and K active user equipments (UEs) with single-element
antennas. In case of flat fading and rich scattering, the
channel gain from a Tx antenna t to a UE k is described by a
zero-mean circularly symmetric complex Gaussian random
variable (RV) hk,t , for t = 1, . . . ,Mt and k = 1, . . . ,K .
We assume that all UEs are homogeneous and experience
independent fading, and that they have a low-rate, reliable,
and delay-free feedback channel to the BS.

A block fading channel model is employed, that is,
channels remain constant during each block of transmitted
symbols, and channels between temporally separate trans-
mission blocks are independent. Transmitted codewords
of fixed rate span multiple independent fading blocks;
therefore, when the number of blocks is large, the system is
able to achieve nonzero ergodic capacity. Note that instead of
fixed rate codes, high-speed downlink packet access (HSDPA)
[13] exploits variable rate coding, where the BS selects
modulation and coding scheme according to CQI reports.
However, it has been shown in [14] that both fixed rate
and variable rate coding strategies achieve the same capacity
when channel variation satisfies a compatibility assumption
meaning that the input distribution that maximizes mutual
information is the same regardless of the channel state. We
note that block fading channels with constant Tx power
satisfy this compatibility assumption.
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In our system model, the signal received by a user k is

rk = hkx + nk, k = 1, . . . ,K , (1)

where x ∈ CMt×1 is the transmitted vector signal from the BS
antennas containing information symbols of selected users,
hk ∈ C1×Mt is the channel gain vector, and nk is zero-mean
complex additive white Gaussian noise with power N0. In
order to facilitate the analysis, the channel and noise entries
are normalized to have unit variance. The average power
constraint of the input signal implies that E{x†x} ≤ P,
where P is the total Tx energy per channel use, (·)† denotes
Hermitian transpose, and E{·} denotes expectation. As with
HSDPA, we do not consider the possibility of employing fast
power control mechanisms at the BS; thus, P remains fixed.
Since the noise has unitary variance, P takes on the meaning
of total Tx signal-to-noise power ratio (SNR).

As the number of participating users grows, the introduc-
tion of user selection mechanisms enables the BS to choose
up to Mt out of K mobiles to use the channel. In this context,
S is the set that contains the indices of selected UEs at
any given time. Transmit vector x is related to information
symbols {si : i ∈ S} via linear beamforming; that is, x =∑

i∈S wisi, where Tx weights {wi : i ∈ S} are appropriately
selected according to BS spatial prefiltering technique and

quantized versions of channel states {ĥi : i ∈ S} available
in transmission. Based on this, rewriting (1) in a more
convenient way, it is possible to observe that received signal

rk =
(

hkwk
)
sk︸ ︷︷ ︸

dk : Desired Signal

+
∑

l∈S, l /= k

(
hkwl

)
sl

︸ ︷︷ ︸
qk : Mutual Interference

+ nk︸︷︷︸
Noise

, k ∈ S (2)

is actually composed by three different parts. Active user
set S is chosen according to the implemented scheduling
policy and will ideally try to provide a reasonable tradeoff
between throughput and fairness according to quality-of-
service requirements of the supported application.

2.1. Feedback Model for Channel Direction Information and
Channel Quality Information. The feedback scheme assumes
that each UE has perfect CSI in reception, and each of them
quantizes the normalized channel vector h̃k = hk/‖hk‖ to a
unit norm Mt-dimensional vector ĥk, which is selected from
a common quantization codebook C = {c1, . . . , c2B}, where
B refers to the number of reported CDI bits per mobile user.
Each UE quantizes its channel vector to the codeword that
forms the minimum angle to it, or equivalently

ĥk = arg max
ci∈C

cos2∠
(

h̃k, ci
) = arg max

ci∈C

∣∣h̃kc†i
∣∣2
. (3)

Note that only the index i needs to be reported because
quantization codebook C is known to both transmitter and
mobile users a priori.

Narula et al. noticed in [7] that CL beamforming is
invariant to the channel being multiplied by e jϑ for any phase
angle ϑ. Therefore, it can be assumed that the first coefficient

ĥk,1 of channel vector ĥk is real, and without loss of

generality, CDI feedback solution can be fully characterized
by (Mt − 1) complex coefficients. More precisely, when
focusing on 2 Tx antennas, CDI feedback is composed

by a single complex coefficient ĥk,2 = α̂ke− jφ̂k , where α̂k
and φ̂k are quantized magnitude and phase of the weight
applied in the second Tx antenna. Specifically, in W-CDMA
mode 1 CL TD solution, only phase information of the
feedback weight is quantized with 2 bits (i.e., the magnitude
remains constant), while in mode 2 both magnitude and
phase are independently quantized with 1 bit and 3 bits,
respectively [11]. In both cases, uniform quantization is
applied for phase information. In mode 2, the stronger
channel receives 6 dB more power than the weaker one.
Even though CL TD mode 2 was later removed from the
specification with the motivation of simplifying the 3GPP
standard, we also consider this feedback mode in order to
quantify performance gain when the amount of reported
CDI grows.

In addition to the CDI, each user feeds back a CQI that is
used at BS for scheduling purposes. In this work, we consider
two different definitions for CQI:

Q
(

hk
) = ∥∥hk

∥∥2
,

Q̆
(

hk
) = E

{∣∣dk
∣∣2}

E
{∣∣qk

∣∣2}

=
∣∣hkwk

∣∣2

∑
l∈S,l /= k

∣∣hkwl

∣∣2 ,

(4)

that are proportional to the selected users channel norm and
SIR, respectively. Channel norm CQI is suitable for noise-
limited communication systems, such as those that employ
TDMA schemes or spatial multiplexing strategies with
imperfect CSI at the transmitter in low-SNR regions. Note
that this is the CQI definition that W-CDMA specification
contains. On the other hand, SIR CQI does a better job in the
presence of interference-limited systems, such as those that
implement spatial multiplexing policies with imperfect CSI
at the transmitter in high Tx power regimes. We assume that
the CQI is reported to the BS without quantization; however,
previous works have already observed that the number of
bits for CQI quantization can be kept relatively low with an
appropriate CQI feedback design [15, 16].

2.2. Scheduling Strategies. Seeking a reasonable balance
between throughput and fairness, a scheduler achieving
proportional fairness (PF) criterion was first proposed in
[17]. This PF scheduler selects at each time slot the user
with the highest transmission rate relative to its current
average throughput. In the classical version, the average rate
is tracked by an exponential window with time constant
tc. The proper selection of parameter tc allows to control
the maximum starvation period (i.e., the maximum time
between two successive service offerings) for the packet
scheduling scheme. The combination of PF scheduler along
with ZFBF precoding has been proposed in [6] as a natural
alternative to provide an equal share of common resources
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among users in a space-division multiple-access (SDMA)
system with multiuser diversity. Even though important
results on tradeoffs between throughput and fairness have
been reported, no closed-form formula for sum-rate per-
formance has been provided since PF algorithm is hard to
analyze. Keeping this in mind, we will study the behavior
of simpler schemes that will allow us to derive closed-
form expressions for the performance of ZFBF-PF when
tc is tuned to maximize system throughput or fairness,
respectively.

Optimal user set solution in terms of throughput
demands an exhaustive search over all possible groups
with up to Mt out of K members at a time, taking into
account their spatial compatibility and CQI. In order to
avoid this search in the presence of many users, suboptimal
semiorthogonal user selection (SUS) procedure was used
instead as an accurate approximation for ZFBF-PF upper
bound, see [6, 10]. On the other hand, we use pure orthogonal
round-robin (ORR) scheme proposed in [12] as a simple
lower bound for ZFBF-PF when CSI is not taken into account
to perform scheduling. We note that the idea behind pure
ORR scheme is simple. Select both, primary and secondary
users in round-robin (RR) taking into account their spatial
compatibility. Since primary user is selected according to
its waiting time at the BS, all active users will have an
explicit guarantee to be scheduled at least one time in a
round.

2.3. Zero-Forcing Beamforming Scheme. Let Ĥ(S) =
[ĥTπ(1), . . . , ĥTπ(|S|)]

T
be the concatenated unit norm quantized

vectors of selected users in set S = {π(1), . . . ,π(|S|)}, where
(·)T denotes vector transpose. The ZFBF matrix is given by
the pseudoinverse of the channel as

W(S) = Ĥ(S)+ = Ĥ(S)†
[

Ĥ(S)Ĥ(S)†
]−1

, (5)

where Tx weight wπ(i) ∈ CMt×1, obtained by normalizing the
ith column of W, represents Tx weight for user π(i). In ZFBF,
Tx weights satisfy orthogonality criterion in transmission;

that is, ĥ jwi = 0 for i, j ∈ S, j /= i. Even though ZFBF
is not the optimal choice among all possible LBF schemes,
we focus on it because its analytical simplicity enables to
obtain closed-form expressions for achievable sum-rate that
are asymptotically optimal as the Tx power grows. Note that
when the number of users K is large and the codebook
contains orthogonal codewords (such as W-CDMA CL
modes), W(S) = Ĥ(S)†.

3. Achievable Rate per Beam without
Exploiting Multiuser Diversity

This section derives a closed-form expression for the achiev-
able rate per user (beam) when BS simultaneously transmits
to a pair of spatial-compatible UEs (i.e., semiorthogonal
in terms of their quantized CDI) without considering CQI
reports to perform scheduling. The derived expression is
used in Section 6 to quantify the actual system throughput
of pure ORR and hybrid ORR proposals as well.

3.1. Probability Distributions of Desired Signal and Mutual
Interference. Following the model (2) we construct two RVs,

Xk =
∣∣hkwk

∣∣2
, Yk =

∣∣hkwl

∣∣2
. (6)

Here, the first RV gives the desired signal energy while the
second RV represents the contribution of mutual interfer-
ence due to simultaneous transmission. In these equations,
wk = ĥ†k is the Tx weight vector that maximizes received

energy for user k (i.e., the best Tx weight), while wl = ĥ†l is
the Tx weight vector that minimizes received energy of the
same user (i.e., worst Tx weight). In the coming sections,
we deduce usable formulae for achievable rates in different
cases based on modeling the distributions of Xk and Yk,
denoted by fx(x) and fy(y), by chi-square (χ2) distribution
approximations. To justify this claim, we use Nakagami’s
distribution [18]

f (γ) = 1
Γ(F )

(
F

G

)F

γF −1e−(F /G)γ (7)

as an accurate approximation to model the signal energy
behavior of our RVs, where Γ(·) denotes the Gamma
function and

G = E{γ}, F = G2

E
{

(γ − G)2} (8)

represent the so-called SNR gain and fading figure, respec-
tively. Note that the SNR gain provides information on the
coherent combining gain, whereas the fading figure indicates
the degree of signal variation. If F ∈ N, then f (γ) is
the normalized χ2-distribution with r = 2F degrees of
freedom. If we select Tx weights randomly, then there is
neither coherent combining power gain (i.e., G = 1), nor
Tx diversity gain (i.e., F = 1). On the other hand, in the
presence of unquantized Tx weights, full Tx beamforming
gain is achieved (i.e., G = 2 and F = 2).

According to the analysis presented in Appendix A.2, the
first-order corrected version when approximating fx(x) by an
χ2-distribution with 4 degrees of freedom is given by

fx(x) ≈
(

2
Gx

)2

xe−(2/Gx)x
(
b2x2 + b1x + b0

)
,

b0 = 2
(
E
{
X2
k

}

G2
x

− 1
)

, b1 =
2
(
1− b0

)

Gx
, b2 = −

2
(
1−b0

)
(
3G2

x

) .

(9)

Similarly, Appendix A.1 derives the first-order corrected
version when fy(y) is approximated by an exponential
distribution (i.e., χ2-distribution with 2 degrees of freedom).
In this case,

fy(y) ≈
(

1
Gy

)
e−(1/Gy)y

(
a2y2 + a1y + a0

)
,

a0 =
E
{
Y 2
k

}
(
2G2

y

) , a1 =
2
(
1− a0

)

Gy
, a2 = −

(
1− a0

)
(
2G2

y

) .

(10)
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3.2. Probability Distribution Approximations with Determin-
istic Codebook Design. Let us assume that CDI codebook is
selected using a deterministic design with fixed number of
bits to quantize the gain and phase portions of each channel
independently, see Section 2.1. Then, each weight vector
admits an orthogonal counterpart. Hence, for any weight wk,
there exists a weight wl such that w†

kwl = 0. Note that while
beams are orthogonal in transmission, the orthogonality is
lost in the receiver because Tx weights are selected based

on quantized versions of actual channel direction h̃k. After
working out (6), we arrive at

Xk =
∣∣w1,k

∣∣2∣∣hk,1
∣∣2

+
∣∣w2,k

∣∣2∣∣hk,2
∣∣2

+ 2
∣∣w1,k

∣∣∣∣w2,k
∣∣∣∣hk,1

∣∣∣∣hk,2
∣∣ cosϕk,

Yk =
∣∣w2,k

∣∣2∣∣hk,1
∣∣2

+
∣∣w1,k

∣∣2∣∣hk,2
∣∣2

− 2
∣∣w1,k

∣∣∣∣w2,k
∣∣∣∣hk,1

∣∣∣∣hk,2
∣∣ cosϕk,

(11)

where ϕk = ∠(hk,1) − ∠(hk,2) + φ̂k is the phase difference
between both channel gains after applying the corresponding
Tx weight vector. Let us denote by Zk the sum of Xk and Yk.
Then, we find by (11) that

Zk = Xk + Yk =
∣∣hk,1

∣∣2
+
∣∣hk,2

∣∣2
(12)

follows an χ2-distribution with 4 degrees of freedom and
mean E{Zk} = 2.

The SNR gains and fading figures for both W-CDMA
CL TD modes are derived analytically in Appendix B, see
Table 1. According to these results, fading figures Fx ≈ 2
and Fy ≈ 1 in the both CL TD methods. This indicates
that the shapes of distributions fx(x) and fy(y) are close
to χ2-distribution with rx = 4 and ry = 2 degrees of
freedom, respectively. ( A similar procedure can be used to
compute both SNR gains and fading figures when the BS is
equipped with more than two Tx antennas, with the only
difference that mutual interference would become the sum
of (Mt − 1) i.i.d. RVs in this situation.) It has already been
observed in [12] that these approximations greatly simplify
the computation of closed-form expressions for achievable
sum-rate. However, in order to have a better distribution
fitting, we propose to use the first-order correction for
χ2-distribution approximation, as detailed in Appendix A.
Coefficients ai and bi for both CL TD feedback modes
have been derived analytically based on the first two raw
moments of RVs Xk and Yk. These moments are computed
in Appendix B, and coefficients are presented in Table 2.

3.3. Achievable Rate for Spatial Multiplexing with CDI and
No CQI. When BS applies SDMA to simultaneously serve a
pair of UEs that report orthogonal CDI codewords (no CQI),
the achievable rate per user when Tx power is evenly divided
between both users (i.e., P/2) is

Ck(P) = E
{

log2

(
1 +

(1/2)PXk
(1/2)PYk +N0

)}
(13)

= log2(e)
[
E
{

loge
(
Zk +N ′

0

)}− E{loge
(
Yk +N ′

0

)}]
,

(14)

Table 1: SNR gains and fading figures in case of CL TD mode 1
and 2.

(a) SNR gains

Mode 1 Mode 2

Gx 1 +

√
1
2

1.3 + 1.6 sin
π

8

Gy 1−
√

1
2

0.7− 1.6 sin
π

8

(b) Fading figures

Mode 1 Mode 2

Fx 1.9104 1.9919

Fy 0.7714 0.6816

Table 2: Coefficients for first-order correction χ2-approximation
with CL TD mode 1 and 2.

(a) fx(x) approximation

Mode 1 Mode 2

b0 1.0469 1.0041

b1 −0.0549 −0.0043

b2 0.0107 0.0007

(b) fy(y) approximation

Mode 1 Mode 2

a0 1.1481 1.2336

a1 −1.0116 −5.3265

a2 0.8634 15.1827

whereN ′
0 = 2N0/P. Based on the fact that Zk is χ2 distributed

with 4 degrees of freedom (Gz = 2),

E
{

loge
(
Zk +N ′

0

)} =
∫∞

0
loge

(
z +N ′

0

)
ze−z dz. (15)

At this stage, we use the relation derived in Appendix C

∫∞

0
loge(γ + c)β(βγ)ne−βγ dγ = n!

[
loge(c) + eβc

n∑

i=0

Ei+1(βc)

]
,

(16)

where En(z) represents the exponential integral function of
order n, see (5.1.4) of [19]. After combining (15) and (16),
we obtain

E
{

loge
(
Zk +N ′

0

)} = loge
(
N ′

0

)
+ eN

′
0
[
E1
(
N ′

0

)
+ E2

(
N ′

0

)]
.

(17)
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To compute the latter expectation in (14), we use approxima-
tion (10) and formula (16), that is,

E
{

loge
(
Yk +N ′

0

)}

≈
∫∞

0
loge

(
y +N ′

0

)( 1
Gy

)
e−(1/Gy)y(a2y

2 + a1y + a0
)
dy

= (2a2G
2
y + a1Gy + a0

)[
loge

(
N ′

0

)
+ eN

′
0/Gy E1

(
N ′

0

Gy

)]

+
(
2a2G

2
y+a1Gy

)
eN

′
0/Gy E2

(
N ′

0

Gy

)
+
(
2a2G

2
y

)
eN

′
0/Gy E3

(
N ′

0

Gy

)
,

(18)

where coefficients ai and SNR gain Gy depend on the number
of bits assigned to report CDI to the transmitter (see Tables 2
and 1). Replacing (17) and (18) in (14), final approximation
to estimate the achievable rate per beam with only CDI
feedback is obtained.

3.3.1. Low-SNR Regime. Assume that Tx power is small.
Then, after applying Taylor series expansion in (13), we find
that

Ck(P) ≈ log2(e)
1
2
P

N0
E
{
Xk
}

, P� N0. (19)

Hence, achievable rate of an individual user decays linearly
with Tx power in a low-SNR regime.

3.3.2. High-SNR Regime. As expected, proposed SDMA
scheme admits an interference-limited behavior in high Tx
power regime since reported CDI is not perfect. A formula
for this upper bound is obtained from expression of Ck(P),
given by (14) combined with (17) and (18), as follows. First,
we write all exponential integral functions of order n > 1 in
terms of E1(z) using recursive relationship (5.1.14) of [19],
that is,

En+1(z) = 1
n

[
e−z − zEn(z)

]
, n = 1, 2, . . . . (20)

Then, we let P grow and apply approximation for E1(z) that
is valid for small z values, that is,

E1(z) ≈ −ε0 − loge(z) z −→ 0. (21)

Here, ε0 = 0.5772 . . . is Eulers’ constant. After these
preparations, we find that all terms containing logarithm of P
vanish, and we are able to compute the final limit when P →
∞. It turns out that asymptotic formula admits expression in
terms of SNR gain and fading figure as

lim
P→∞

Ck(P) ≈ log2(e)

[
3Fy + 1

4Fy
− loge

(
Gy
)
]
. (22)

According to this formula, asymptotic upper bounds are
equal to 3.3211 and 5.1223 bps/Hz for CL TD modes 1 and 2,
respectively.

3.4. Achievable Rate for Single User Transmission with CDI
and No CQI. For comparison purposes, we also introduce a
single user approach (or TDMA scheme), where all Tx power
is assigned to a single user in RR fashion. In this situation,
achievable rate becomes

CTDMA(P) = E
{

log2

(
1 +

PXk
N0

)}

= log2(e)

[
E

{
loge

(
Xk +

N0

P

)}
− loge

(
N0

P

)]
.

(23)

Here, we could use first-order corrected distribution fx(x)
according to (9), but from Table 2 we find that b0 ≈ 1 and
b1, b2 ≈ 0 for both CL TD feedback modes. Hence,

E
{

loge

(
Xk +

N0

P

)}
≈
∫∞

0
loge

(
x +

N0

P

)(
2
Gx

)2

xe−(2/Gx)x dx

(24)

and we can apply relation (16) to derive the final closed-form
expression

CTDMA(P) ≈ log2(e)e(2N0)/(PGx)

[
E1

(
2N0

PGx

)
+ E2

(
2N0

PGx

)]
,

(25)

where SNR gain Gx depends on the number of bits used for
CDI quantization, see Table 1.

3.4.1. Low-SNR Regime. Applying Taylor series expansion in
(23), we arrive to an approximation that resembles the one
presented in (19). Based on this, it is possible to conclude
that achievable rate admit linear dependence on Tx power
when SNR is low.

3.4.2. High-SNR Regime. Rewriting E2(·) in (25) using
recursive formula (20) and considering approximation (21),
we see that

CTDMA(P) ≈ log2(e)

[
1− ε0 − loge

(
2N0

PGx

)]

≈ log2

(
P

N0

)
+ log2

(
Gx
)
, P
 N0.

(26)

Thus, achievable rate increases logarithmically with the Tx
power when SNR is high. As expected, the use of CL TD
provides an additional logarithmic SNR gain in this case.

4. Achievable Rate per Beam When
Exploiting Multiuser Diversity

When the number of active users is large, there exist with
high probability more than one user reporting any given
CDI codeword. In this situation, the best strategy in terms
of throughput is to select the UE with the best CQI among
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all users with identical CDI. In this section, we extend the
previous analysis to a scenario where the BS exploits users
CQI to reap multiuser diversity gain. Derived expressions are
used in Section 6 to quantify the actual system throughput of
ZFBF-SUS and hybrid ORR proposals as well.

4.1. Alternative RVs to Study the Effect of CQI Feedback.
According to the model introduced in Section 2.1, each UE
feeds back a quantized version of its CDI selected from a
common codebook. Thus, we construct the following two
RVs:

X̃k =
∣∣h̃kwk

∣∣2 = 1
‖hk‖2

∣∣hkwk

∣∣2 = Xk
Zk

,

Ỹk =
∣∣h̃kwl

∣∣2 = 1
‖hk‖2

∣∣hkwl

∣∣2 = Yk
Zk
.

(27)

In our model both, channel direction h̃k and channel
magnitude ‖hk‖ are independent. Therefore, Tx weight
vector wk (and wl) does not depend on the channel strength.
Thus, it is possible to conclude that both X̃k and Ỹk are
independent with respect to Zk. This property will be useful
when deriving performance behavior for the different SDMA
schedulers that will be analyzed.

4.2. Achievable Rate for Spatial Multiplexing with CDI and
Channel Norm CQI. In this part, we analyze the effect
of exploiting multiuser diversity when CQI reports are
proportional to the channel norm (i.e., Q(hk) = ‖hk‖2 =
Zk). The procedure consists of selecting the user with the
largest channel norm among all the users that report a given
CDI codeword. The analysis that we apply here is similar
to the one already employed in Section 3.3. However, the
main difference is found in the modeling of the desired
signal and mutual interference, that become Z(n)X̃k and
Z(n)Ỹk, respectively, with Z(n) = maxi=1,...,nZi. Based on these
considerations, the achievable rate per beam when there are
n users reporting the same CDI codeword is

CNorm
(n) (P) = E

{
log2

(
1 +

(1/2)PZ(n)X̃k

(1/2)PZ(n)Ỹk +N0

)}
(28)

= log2(e)
[
E
{

loge
(
Z(n) +N ′

0

)}− E{loge
(
Z(n)Ỹk +N ′

0

)}]
,

(29)

where Z(n) is the largest order statistic of n independent
and identically distributed (i.i.d.) χ2 RVs with 4 degrees of
freedom (Gz = 2). Based on this, the probability distribution
function (PDF) of Z(n) becomes

fz(n) (z) = ∂

∂z

[
Fz(n) (z)

] = n
[
Fz(n−1) (z)

]
fz(z), (30)

where Fz(n) (z) is the corresponding highest cumulative distri-
bution function (CDF) given by

Fz(n) (z) =
n∑

k=0

(−1)k
⎛
⎝
n

k

⎞
⎠ e−zk(1 + z)k. (31)

At this stage, combining PDF expression (30) along with
relation (16), we are now able to compute

E
{

loge
(
Z(n) +N ′

0

)} =
∫∞

0
loge

(
z +N ′

0

)
fz(n) (z)dz

=
n∑

k=1

(−1)k+1

⎛
⎝
n

k

⎞
⎠

k∑

l=1

Lk,l
(
N ′

0

)
,

Lk,l
(
N ′

0

) =
[

(k − 1)!
(k − l)!

l

kl

]

×
{[ l+1∑

m=1

Em
(
kN ′

0

)
ekN

′
0

]
+ loge

(
N ′

0

)
}
.

(32)

We now compute the approximation for the distribution
of the resulting mutual interference Z(n)Ỹk. Firstly, based on
the fact that RVs Zk and Ỹk are independent, we have that

E
{
Z(n)Ỹk

} = Gy

Gz
E
{
Z(n)

} = Gy

2
E
{
Z(n)

}
,

E
{
Z2

(n)Ỹ
2
k

} = E
{
Y 2
k

}

E
{
Z2
k

}E
{
Z2

(n)

} = E
{
Y 2
k

}

6
E
{
Z2

(n)

}
,

(33)

where the statistics of Yk are computed in Appendix B and
first two raw moments of RV Z(n) can be derived analytically
based on the PDF information presented in (30) (see [20]):

E
{
Z(n)

} =
n∑

k=1

[
(−1)k+1

⎛
⎝
n

k

⎞
⎠

k∑

l=1

⎛
⎝
k

l

⎞
⎠ l(l + 1)!

kl+2

]
,

E
{
Z2

(n)

} =
n∑

k=1

[
(−1)k+1

⎛
⎝
n

k

⎞
⎠

k∑

l=1

⎛
⎝
k

l

⎞
⎠ l(l + 2)!

kl+3

]
.

(34)

When dealing with numbers of users that can be handled in
realistic scenarios, it is possible to observe that Fz(n) ỹ ≈ 1.
However, in order to show that this fading figure does not
grow indefinitely with n, the following asymptotic upper
bound for Fz(n) ỹ is derived:

lim
n→∞Fz(n) ỹ = lim

n→∞
E2
{
Z(n)Ỹk

}

E
{
Z2

(n)Ỹ
2
k

}− E2
{
Z(n)Ỹk

}

=
3G2

y

2E
{
Y 2
k

}− 3G2
y

,

(35)

based on the fact that E2{Z(n)}/Var{Z(n)} → 0 as n grows.
We note that according to this formula, asymptotic upper
bounds for this fading figure are equal to 1.8838 and 1.5509
for CL TD modes 1 and 2, respectively.
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At this stage, we use (10) to approximate fz(n) ỹ(u) in order
to compute

E
{

loge
(
Z(n)Ỹk +N ′

0

)}

≈
∫∞

0
loge

(
u +N ′

0

)
(

1
Gz(n) ỹ

)
e−(1/Gz(n) ỹ

)u

× [a(n)
2 u2 + a(n)

1 u + a(n)
0

]
du

≈ [2a(n)
2 G2

z(n) ỹ
+ a(n)

1 Gz(n) ỹ + a(n)
0

]

×
[

loge(N
′
0) + eN

′
0/Gz(n) ỹ E1

(
N ′

0

Gz(n) ỹ

)]

+
[
2a(n)

2 G2
z(n) ỹ

+ a(n)
1 Gz(n) ỹ

]
eN

′
0/Gz(n) ỹ E2

(
N ′

0

Gz(n) ỹ

)

+ 2a(n)
2 G2

z(n) ỹ
eN

′
0/Gz(n) ỹ E3

(
N ′

0

Gz(n) ỹ

)
,

(36)

where Gz(n) ỹ = E{Z(n)Ỹk} and coefficients a(n)
i are derived

analytically based on the first two raw moments of RV Z(n)Ỹk
according to

a(n)
2 =

2E
{
Y 2
k

}
E
{
Z2

(n)

}− 6G2
yE

2
{
Z(n)

}

3G4
yE4
{
Z(n)

} ,

a(n)
1 =

−4E
{
Y 2
k

}
E
{
Z2

(n)

}
+ 12G2

yE
2
{
Z(n)

}

3G3
yE3
{
Z(n)

} ,

a(n)
0 = 1

3

E
{
Y 2
k

}
E
{
Z2

(n)

}

G2
yE2
{
Z(n)

} .

(37)

Replacing (32), (36), and (37) in (29), the final closed-form
approximation to estimate the achievable rate per beam with
CDI and channel norm CQI feedback is obtained.

4.2.1. Low-SNR Regime. Applying Taylor series expansion in
(28) when the Tx power is low,

CNorm
(n) (P) ≈ log2(e)

1
2
P

N0
E
{
Z(n)}E

{
X̃k
}

= E
{
Z(n)

}

E
{
Zk
} Ck(P) P� N0.

(38)

The asymptotic behavior of the largest order statistic of n
i.i.d. χ2 RVs with 2Mt degrees of freedom has been reported
in [15] to be

E
{
γ(n)

}
� loge(n) + loge

[
nMt−1

(
Mt − 1

)
!

]
+ ε0, (39)

where notation cn � dn denotes asymptotic equivalence,
defined as limn→∞(cn/dn) = 1. Based on this, multiuser
diversity gain in case of channel norm CQI and Mt = 2 is
given by

CNorm
(n)

Ck
≈ E

{
Z(n)

}

E
{
Zk
} � loge(n) +

1
2
ε0 P� N0. (40)

4.2.2. High-SNR Regime. A scheduler that relies on channel
norm CQI to perform user selection has always the same
asymptotic behavior, which does not depend on the number
of active users. This is because SIR feedback is not considered
for scheduling purposes; therefore, both the desired signal
and mutual interference tend to grow with the same propor-
tion as Tx power increases. So, we conclude that the upper
bound for any smart scheduling scheme in this situation is
identical to the one already obtained in Section 3.3.

4.3. Achievable Rate for Spatial Multiplexing with CDI and SIR
CQI. The effect of exploiting multiuser diversity when users
reports are proportional to the received SIR is analyzed in
this part. The procedure consists of scheduling the user with
the largest SIR CQI

Q̆
(

hk
) = Xk

Yk
= Zk − Yk

Yk
= Zk

(
1− Ỹk

)

ZkỸk
= 1− Ỹk

Ỹk
, (41)

which reduces to select the user that minimize Ỹk. Based on
this, the achievable rate per beam when there are n users
reporting the same CDI codeword and SIR CQI is given by

CSIR
(n) (P) = E

{
log2

(
1 +

(1/2)PZk
[
1− Ỹ(1)

]

(1/2)PZkỸ(1) +N0

)}

= log2(e)
[
E
{

loge
(
Zk +N ′

0

)}

− E{loge
(
ZkỸ(1) +N ′

0

)}]
,

(42)

where Ỹ(1) = mini=1,...,n Ỹi. We now need to find out an
approximation for the distribution of the mutual interfer-
ence ZkỸ(1). Thus, we first study the behavior of RV Ỹ(1).

According to [9, 21], the CDF Fỹ(y) for any well-
designed codebook satisfies Fỹ�(y) ≥ Fỹ(y) for 0 ≤ y ≤ 1,
where

Fỹ�(y) =
⎧
⎨
⎩

2B yMt−1, 0 ≤ y< 2−B/(Mt−1),

1, y ≥ 2−B/(Mt−1)
(43)

represents quantization error CDF when quantization cell
upper bound (QUB) approach is employed as a performance
upper bound for any CDI codebook design. Based on this, it

is possible to observe that the CDF of RV Ỹk = 1 − |h̃kwk|2
in case of Mt = 2 (and both CL TD feedback modes) will
be upper bounded (in all its range) by the CDF of a uniform
RV in [0, 2−B]. Since the kth-order statistic of n uniformly
distributed RVs in [0, 1] is Beta distributed according to

fu(k) (u) = n!
(k − 1)!(n− k)!

uk−1(1− u)n−k, 0 ≤ u ≤ 1,

(44)

the following expressions for the first two-ordered raw
moments result:

E
{
U(k)

} = k

n + 1
,

E
{
U2

(k)

} = k(k + 1)
(n + 1)(n + 2)

.

(45)
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Taking into account that RVs Zk and Ỹk are independent, it is
possible to lower bound the first two raw moments of mutual
interference ZkỸ(1) as

E
{
ZkỸ(1)

} = GzE
{
Ỹ(1)

}
� 2

(
1

2B

)[
1

(n + 1)

]
,

E
{
Z2
k Ỹ

2
(1)

}
� 6

(
1

4B

)[
2

(n + 1)(n + 2)

]
,

(46)

where these approximations are asymptotically tight as n
grows. According to these results, we see that fading figure
Fzỹ(1) ≈ (n + 2)/(2n + 1), which is still close to 1 for both CL
TD feedback modes when dealing with numbers of users that
can be handled in realistic scenarios.

Using first-order corrected version presented in (10) to
approximate fz ỹ(1) (u) by an exponential distribution with

parameter Gzỹ(1) = E{ZkỸ(1)}, it is possible to see that

E
{

loge
(
ZkỸ(1) +N ′

0

)}

≈
∫∞

0
loge

(
u +N ′

0

)
(

1
Gzỹ(1)

)
e−(1/Gzỹ(1)

)u

× [ă(n)
2 u2 + ă(n)

1 u + ă(n)
0

]
du

≈
[

2ă(n)
2 G2

zỹ(1)
+ ă(n)

1 Gzỹ(1) + ă(n)
0

]

×
[

loge
(
N ′

0

)
+ eN

′
0/Gzỹ(1)E1

(
N ′

0

Gzỹ(1)

)]

+
[

2ă(n)
2 G2

zỹ(1)
+ ă(n)

1 Gzỹ(1)

]
eN

′
0/Gzỹ(1)E2

(
N ′

0

Gzỹ(1)

)

+ 2ă(n)
2 G2

zỹ(1)
eN

′
0/Gzỹ(1)E3

(
N ′

0

Gzỹ(1)

)
,

(47)

where coefficients ă(n)
i are derived analytically based on the

first two raw moments of RV ZkỸ(1):

ă(n)
2 = (4B−2) (n− 1)(n + 1)2

(n + 2)
,

ă(n)
1 = −(2B−1) (n− 1)(n + 1)

(n + 2)
,

ă(n)
0 =

(
3
2

)
(n + 1)
(n + 2)

.

(48)

Replacing (17), (47), and (48) in (42), final closed-form
approximation to estimate the achievable rate per beam with
CDI and SIR CQI feedback is obtained.

4.3.1. Low-SNR Regime. Schedulers that rely on SIR CQI to
perform user selection do not provide any multiuser diversity
gain when Tx power is low. This is because they do not
consider channel norm information to carry out decisions.

4.3.2. High-SNR Regime. Because the reported SIR CQI is
not perfect, the achievable rate still has an interference-
limited behavior in this situation. However, the correspond-
ing asymptotic upper bound grows logarithmically with the
number of users. The closed-form expression for this upper
bound is obtained replacing SNR gain and fading figure
approximations in (22). After some manipulations, final
expression

lim
P→∞

CSIR
(n) (P) ≈ log2(e)

(
n + 3/2
n + 2

)
+ log2

[
2B(n + 1)

]
(49)

results, which reduces to B + log2(n) when the number of
participating users is large. Therefore, multiuser selection
policy based on SIR CQI provides a logarithmic increase in
limiting achievable rate [10]. This is in contrast to previous
findings, where system rate improvement due to multiuser
diversity effect was only by a factor of a double logarithm
with respect to the number of users.

5. Short-Term Fairness: Concepts and
Performance Metric

Fairness in wireless networks indicates how equally radio
resources are allocated among mobile users. Fairness should
always be evaluated within a window in time. Those schedul-
ing algorithms that obtain high fairness over a relatively
short-time window are denoted as short-term fair, while the
algorithms that obtain high fairness over an infinite-time
window are denoted as asymptotically fair. The provision of
short-term fairness characteristics for any multiuser diversity
scheme is important because networking protocols usually
have timers at different protocol layers that interact with
each other in an unpredictable manner. An expiration of
a timer is a bad event for an end-to-end connection. Such
an event is usually interpreted as an indicator of congestion
and loss of connectivity [22]. Thus, short-term fairness is
always desirable for any packet scheduling procedures that
reap multiuser diversity gain.

Several measures of fairness have been introduced in
literature. Perhaps the simplest indicator is the so-called
Jain’s fairness index (JFI), introduced in [3] and used in
recent papers such as [23] to characterize fairness behavior
over a finite horizon:

Fk(W) = E2
W

{
Rk
}

EW
{
R2
k

} = E2
W

{
Rk
}

E2
W

{
Rk
}

+ Var
{
Rk
} , (50)

where Rk is an RV that describes the amount of resource
allocated to user k, EW{Rk} is the expectation calculated
within a time window of length W (time slots), and Var{Rk}
is the corresponding variance.

Jain’s fairness index has several properties that makes
it a suitable fairness measure. For example, the index is
continuous and bounded between zero and unity. Moreover,
JFI does not depend on the amount of the shared resource
and on the number of participating users. The boundedness
of JFI aids intuitive understanding of the fairness index.
Even though an ideal fair distribution of common resources
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would result in an index of 1, values above 0.95 are typically
considered to indicate excellent fairness properties.

Resource allocation can be measured either in terms of
the number of time slots assigned to a given user (within a
window), or in terms of the throughput that was experienced
by the user in these allocated time slots. However, here we
only focus on the latter definition since achieving time-
slot fairness in the presence of time-varying channels does
not necessary imply a fair allocation of throughput in
the assigned time slots. Throughput fairness curves for
the different scheduling procedures introduced so far are
presented in Section 6.3 with the goal of quantifying the
short-term fairness performance that is sacrificed at the
expense of obtaining additional multiuser diversity gain in
our virtual MIMO system sum rate.

6. Performance Evaluation:
Throughput-Fairness Behavior in
Virtual MIMO

The actual virtual MIMO system sum rates for three different
scheduling procedures and two CQI definitions are studied
in this section based on intermediate results derived in
Sections 3 and 4. The schedulers select at each time a pair
of users that report orthogonal CDI codewords and differ
with respect to their usage of CQI in scheduling decisions.
Note that in those situations where scheduler fails to find
a set of semiorthogonal users, the BS may either schedule
transmission to a single user or resign the channel use
at that time instant. Even though the former approach is
most reasonable for a real-world system implementation,
in this work we focus on the latter since we want to
provide a representative characterization for TDMA and
SDMA schemes when they work independently, leaving aside
complex interactions between them that makes sum rate
performance difficult to analyze.

6.1. Virtual MIMO System Sum Rate with CDI and No CQI.
In this part, we consider the case of scheduling a pair of
semiorthogonal users when no CQI is available at BS to
perform user selection. We work on a simple case, known as
pure ORR scheduler [12], where both primary and secondary
users are selected in RR. Note that the performance in this
case is equivalent to the one observed in case of PF scheduler
when window size is tuned to optimize short-term fairness
(large throughput tracking window). As expected, achievable
sum rate is given by

CORR(P) = 2Ck(P), (51)

where closed-form approximation for Ck(P) was derived in
Section 3.3. Virtual MIMO system sum rate for pure ORR
scheme is analyzed in Section 6.3. However, we now focus
on analyzing the throughput behavior of an individual user
when its selection does not take into account CQI reports.

Figure 1 shows the achievable rate (per beam) for pure
ORR scheme when the CDI is represented by CL TD modes
1 and 2. The curves correspond to analytical approximation
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Figure 1: Achievable rate per beam for two-antenna mode 1 and
2 in the presence of Rayleigh fading and constant Tx power. Solid
curves refer to TDMA-RR when total Tx power is normalized to
P/2. Dashed curves refer to achievable rate per beam for spatial
multiplexing with no CQI, and dash-dotted curves represent the
asymptotic upper bound behavior presented in (22). In all cases,
point values (“∗”) were simulated to verify the analytical results.

(51) (dashed curves) along with its corresponding asymp-
totic upper bounds (dash-dotted lines). The achievable rate
for TDMA-RR is also included in these plots (solid lines). To
make a fair comparison, Tx power in case of TDMA-RR is
equal to the power per beam in case of pure ORR scheduling.
As expected, the achievable rate for both TDMA-RR and
pure ORR tends to be identical as Tx power decreases.

6.2. Virtual MIMO System Sum Rate with both CDI and CQI.
Simple hybrid ORR proposals, known as ORR-Norm and
ORR-SIR depending on the type of CQI that mobiles report,
were introduced in [12] as improved versions of pure ORR
scheme. These hybrid schedulers guarantee a certain degree
of fairness by selecting the primary user according to its
waiting time in transmission and exploit multiuser diversity
in the selection of the secondary semiorthogonal user. Thus,
achievable sum rate in this situation is now given by

CORR
CQI (P,K)

= Ck(P)

+
K−1∑

n=1

{[(
K − 1
n

)
(
2−B

)n(
1− 2−B

)K−n−1
]
CCQI

(n) (P)

}
.

(52)

The first term in (52) represents the achievable rate for the
primary user selected in RR (Section 3.3), while the second
term approximates the achievable rate for the secondary user
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Figure 2: Achievable rate per beam for two-antenna mode 1 and 2
in the presence of Rayleigh fading and constant Tx power. Dashed
curves refer to achievable rate per beam for spatial multiplexing
with channel norm CQI and different number of users reporting
identical CDI (n = 1, 2, 4, 8). Dash-dotted curves represent
the asymptotic upper bound behavior presented in (22). In all
cases, point values (“∗”) were simulated to verify the analytical
results.
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Figure 3: Achievable rate per beam for two-antenna mode 1 and
2 in the presence of Rayleigh fading and constant Tx power. Solid
curves refer to TDMA-RR when total Tx power is normalized to
P/2. Dashed curves refer to achievable rate per beam for spatial
multiplexing with SIR CQI and different number of users reporting
identical CDI (n = 1, 2, 4, 8). In all cases, point values (“∗”) were
simulated to verify the analytical results.
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Figure 4: Virtual MIMO system sum-rate for two-antenna mode
1 (K = 16) and mode 2 (K = 64) in the presence of Rayleigh
fading, constant Tx power, and channel norm CQI. Solid curves
with stars (“�”) refer to TDMA-RR, while solid lines with triangles
(“�”) correspond to TDMA-BUS. Dashed curves with circles (“◦”),
dashed curves with squares (“�”) and dashed curves with diamonds
(“�”) refer to pure ORR (ZFBF-PF throughput lower bound),
ORR-Norm and ZFBF-SUS (ZFBF-PF throughput upper bound),
respectively. Dash-dotted curves represent the asymptotic upper
bound presented in (22). In all cases, point values (“∗”) were
simulated to verify the analytical results.

selected according to the channel norm CQI (Section 4.2)
and SIR CQI (Section 4.3).

Throughput upper bound for ZFBF-PF scheme is
achieved when users instantaneous rates are not normalized
by their average throughput before performing selection
(small throughput tracking window). This is equivalent to
choosing the set of users that maximize sum rate at each
time slot without considering short-term fairness issues. It
has already been observed in Section 2.2 that SUS procedure
provides a simple way to obtain a set of semiorthogonal users
with large CQI. Based on this, achievable sum rate in this
situation can be represented by

CSUS
CQI(P,K)

� CCQI
(K) (P)

+
K−1∑

n=1

{[(
K − 1
n

)
(
2−B

)n(
1− 2−B

)K−n−1
]
CCQI

(n) (P)

}
.

(53)

The first term in (53) represents the achievable rate of
the user with the best CQI among all active users, while
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Figure 5: Virtual MIMO system sum-rate for two-antenna mode 1
(K = 16) and mode 2 (K = 64) in the presence of Rayleigh fading,
constant Tx power, and SIR CQI. Solid curves with stars (“�”) refer
to TDMA-RR, while solid lines with triangles (“�”) correspond to
TDMA-BUS. Dashed curves with circles (“◦”), dashed curves with
squares (“�”) and dashed curves with diamonds (“�”) refer to pure
ORR (ZFBF-PF throughput lower bound), ORR-SIR and ZFBF-
SUS (ZFBF-PF throughput upper bound), respectively. In all cases,
point values (“∗”) were simulated to verify the analytical results.

the second term approximates the achievable rate of the
user with the largest CQI among all users that satisfy
orthogonality criterion (with respect to the first selected
user). Note that final closed-form expression in this case
is actually a tight upper bound because now independence
assumption between ordered statistics of individual users
rates in both terms is no longer valid. Virtual MIMO system
sum rates for both hybrid ORR and ZFBF-SUS (both CQI
definitions) are analyzed in Section 6.3. We now focus on the
achievable rate of an individual user when its selection takes
advantage of CQI reports.

Figures 2 and 3 show the achievable rate (per beam)
when users are selected based on channel norms CQI and
SIR CQI, respectively. These curves correspond to analytical
approximations (29) and (42) (dashed curves), along with
their simulated point values (“∗”). Again, it is observed that
the proposed approximations follow simulated values well
for different numbers of users in both CL TD modes. As
expected, the use of SIR CQI instead of channel norm CQI
provides a better performance at high-SNR regimes.

6.3. Tradeoff Analysis of Throughput and Fairness in Virtual
MIMO Systems. We are now ready to analyze the interaction
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Figure 6: Virtual MIMO system throughput fairness index for two-
antenna mode 1 (K = 16) and mode 2 (K = 64) in the presence
of Rayleigh fading, constant Tx power (P = 5 dB), and channel
norm CQI. Solid curves with stars (“�”) refer to TDMA-RR, while
solid lines with triangles (“�”) correspond to TDMA-BUS. Dashed
curves with circles (“◦”), dashed curves with squares (“�”) and
dashed curves with diamonds (“�”) refer to pure ORR (ZFBF-
PF fairness upper bound), ORR-Norm and ZFBF-SUS (ZFBF-PF
fairness lower bound), respectively.

between overall system throughput and short-term through-
put fairness that the different channel-aware scheduling
procedures introduced so far are able to provide. In this
context, Figures 4 and 5 present the actual virtual MIMO
system sum rate for pure ORR, hybrid ORR-CQI, and ZFBF-
SUS schemes when both channel norm CQI and SIR CQI are
exploited, respectively. These curves correspond to analytical
approximations (51), (52), and (53), along with their
simulated point values (“∗”). In addition, performances of
TDMA-RR and TDMA-BUS (i.e., the TDMA scheme that
selects the user with the highest channel gain at each time)
are also included for the sake of comparison. To complement
these plots, Figures 6 and 7 show the short-term fairness
behavior for these schemes when using the fairness index
introduced in (50) as a performance measure for different
time-window horizons.

When analyzing these curves, it is straightforward to
observe that, as expected, those schemes that reap higher
multiuser diversity gain require a larger window size to
achieve a certain degree of throughput fairness. Even though
interesting tradeoffs between throughput and fairness can be
reported when comparing these figures, perhaps the most
important conclusion to highlight is that the simultaneous
transmission to a set of smartly selected users provides
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Figure 7: Virtual MIMO system throughput fairness index for two-antenna mode 1 (K = 16) and mode 2 (K = 64) in the presence of
Rayleigh fading, constant Tx power (P = 15 dB), and SIR CQI. Solid curves with stars (“�”) refer to TDMA-RR, while solid lines with
triangles (“�”) correspond to TDMA-BUS. Dashed curves with circles (“◦”), dashed curves with squares (“�”) and dashed curves with
diamonds (“�”) refer to pure ORR (ZFBF-PF fairness upper bound), ORR-SIR and ZFBF-SUS (ZFBF-PF fairness lower bound), respectively.
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Figure 8: Required window size to achieve short-term throughput fairness with two-antenna mode 1 in the presence of Rayleigh fading,
constant Tx power, and both CQI definitions. Curves with circles (“◦”), stars (“�”) and squares (“�”) refer to pure ORR, TDMA-RR and
ORR-CQI, respectively. In all cases, dash-dotted curves represent a fairness index of 0.8, solid lines correspond to a fairness index of 0.9, and
dashed curves refer to a fairness index of 0.95.

a better performance both, in terms of throughput and
fairness, when compared to an analogous TDMA scheme.
For example, when comparing TDMA-RR and pure ORR
schemes, it is noticed that the latter provides as much
as 15% (35%) more throughput in case of CL TD mode
1 (mode 2) without affecting considerably the short-term
fairness degree that the former provides. Similar results

are obtained when comparing TDMA-BUS with ZFBF-SUS,
but in this situation some throughput gain is traded off
with an increase of the short-term fairness. It is impor-
tant to highlight that the amount of CDI feedback does
not impact considerably on the fairness of the schemes
introduced so far if the ratio between the total number of
users and the number of CDI codewords remains constant;
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however, it actually has a direct effect on the multiuser
diversity gain that these scheduling procedures provide ,
particularly when dealing with SIR CQI in high Tx power
region.

Finally, Figure 8 shows the window size that is required
to attain a certain level of short-term fairness as a function
of the number of users in case of CL TD mode 1 with

channel norm CQI (P = 5 dB) and SIR CQI (P = 15 dB),
respectively. In these figures, dash-dotted curves represent
a fairness index of 0.8, solid lines correspond to a fairness
index of 0.9, and dashed curves refer to a fairness index of

0.95. Only TDMA-RR, pure ORR, and ORR-CQI schemes

are included. This is because both ZFBF-SUS and TDMA-
BUS do not provide acceptable fairness levels within practical
window sizes. According to these curves, the time window
that is required to achieve a certain degree of fairness grows
linearly with the number of users. As expected, the slope
of the curves depends not only on the requested fairness
level, but also on the scheduling scheme. Note that both Tx
power and CQI definition have a weaker effect on fairness
performance. In all cases, pure ORR is the scheme with
the best behavior. Note that the gap between TDMA-RR
and ORR-CQI tends to grow as required level of fairness
increases; however, for fairness levels up to 0.9, performance
difference between these two schemes is almost negligible.
We highlight that similar behavior is observed in case of CL
TD mode 2.

7. Conclusions

In this paper, we investigated the tradeoff between maximiz-
ing system throughput and achieving throughput fairness
in virtual MIMO downlink systems with quantized chan-
nel direction information and different types of channel
quality information in the transmitter. We proposed a
new theoretical approach to derive closed-form approxima-
tions to quantify throughput performance when combining
different scheduling rules with zero-forcing beamforming.
The short-term fairness analysis of the different schemes
was performed using Jain’s fairness index as performance
metric. The advantages and disadvantages of the different
schemes were highlighted by visualizing our closed-form
expressions.

In our proposed theoretical model both desired signal
energy and mutual interference in reception are modeled
with first-order corrected versions of chi-square distribu-
tions, with characterization parameters obtained based on
the first two raw statistics of these signals. The derived
expressions were validated using existing 3GPP physical
layer signaling structures. Our analysis revealed that simple
scheduling procedures allow to reap a large fraction (in the
order of 80%) of the sum-rate performance that greedy
scheduling provides. This overall throughput performance
was obtained without affecting considerably the optimal
short-term fairness behavior that the end user would per-
ceive.

Appendices

A. Error Correction

When approximating a generic distribution f (γ) (with
unknown closed-form formula) by a χ2-distribution with r
degrees of freedom and mean η, the error

ε(γ) = f (γ)− 1
Γ(r/2)

(
r

2η

)r/2
γr/2−1e−[r/(2η)]γ (A.1)

results. We shall express this error in terms of the raw
moments E{γn} and the generalized Laguerre polynomials

L(α)
k (u) = u−αeu

k!
∂k

∂uk
(
e−uuk+α)

=
k∑

i=0

⎛
⎝
k + α

k − i

⎞
⎠ (−u)i

i!
.

(A.2)

These polynomials are orthogonal over the entire real line
with respect to the weighting function uαe−u; therefore,

∫∞

0
uαe−uL(α)

k (u)L(α)
l (u)du = (k + α)!

k!
δkl, (A.3)

where δkl is the Kronecker delta function. The orthogonality
property stated above is equivalent to saying that if γ is a χ2-
distribution with r degrees of freedom and mean η, then

E
{
L(α)
k (βγ)L(α)

l (βγ)
} =

⎧
⎪⎪⎨
⎪⎪⎩

(k + α)!
α!k!

, k = l,

0, k /= l
(A.4)

with α = r/2 − 1 and β = r/(2η). Hence, the error can be
written as a series

ε(γ) = β

α!
(βγ)αe−βγ

[+∞∑

k=2

C(α)
k L(α)

k (βγ)

]
. (A.5)

Series starts with k = 2 because moments of ε(γ) of order
up to 1 are null. In following sections, we show how can

coefficients C(α)
k be expressed in terms of the (known) raw

moments of γ.

A.1. First-Order Correction for Exponential PDF Approxi-
mation. Let us first concentrate on the first-order error
corrected version for f (γ) when fading figure F ≈ 1. This
approximation is obtained retaining the first nonzero term
of the sum in (A.5), that is,

f (γ) ≈ β

α!
(βγ)αe−βγ

[
1 + C(α)

2 L(α)
2 (βγ)

]
. (A.6)

Since in this case the exponential distribution (i.e., χ2-
distribution with r = 2 degrees of freedom) is the most
suitable approximation, we have that α = 0 and β = 1/η.
It follows from (A.2) that

L(0)
2 (βγ) = 1

2

[
(βγ)2 − 4(βγ) + 2

]
. (A.7)
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Therefore, we only need to determine C(0)
2 . In order to do so,

we have that
∫∞

0
L(0)

2 (βγ)ε(γ)dγ

=
∫∞

0
L(0)

2 (βγ)βe−βγ
∞∑

k=2

[
C(0)
k L(0)

k (βγ)
]
dγ

= C(0)
2

∫∞

0
L(0)

2 (βγ)L(0)
2 (βγ)βe−βγ dγ

+
∞∑

k=3

C(0)
k

∫∞

0
L(0)

2 (βγ)L(0)
k (βγ)βe−βγ dγ.

(A.8)

Orthogonality property introduced in (A.4) states that
integral in the first term equals 1, while all integrals in the
sum are null. Based on these considerations, it is possible to
see that

∫∞

0
L(0)

2 (βγ)ε(γ)dγ = C(0)
2 . (A.9)

Following an alternative analysis, that is, replacing L(0)
2 (βγ)

by expression (A.7), we also have that
∫∞

0
L(0)

2 (βγ)ε(γ)dγ = 1
2

∫∞

0
(βγ)2ε(γ)dγ − 2

∫∞

0
(βγ)ε(γ)dγ

+
∫∞

0
ε(γ)dγ.

(A.10)

The last two integrals vanish because the moments of ε(γ) of
order up to 1 are null. Therefore,
∫∞

0
L(0)

2 (βγ)ε(γ)dγ

= 1
2

[∫∞

0
(βγ)2 f (γ)dγ −

∫∞

0
(βγ)2βe−βγ dγ

]

= β2

2

[
E
{
γ2}− 2

β2

]
.

(A.11)

Combining (A.9) and (A.11),C(0)
2 = (1/2)β2E{γ2}−1 results.

Replacing it in (A.6), final first-order corrected expression
when fitting f (γ) as an exponential RV with parameter β−1 =
E{γ} results as follows:

f (γ) ≈ βe−βy
(
a2γ2 + a1γ + a0

)
,

a2= 1
4
β4E

{
γ2
}− 1

2
β2, a1=−β3E

{
γ2
}

+2β, a0= 1
2
β2E

{
γ2
}
.

(A.12)

A.2. First-Order Correction for χ2-Distribution with Four
Degrees of Freedom PDF Approximation. In this section, we
work on the first-order error corrected version for f (γ)
when fading figure F ≈ 2. Again, this approximation is
obtained retaining the first nonzero term of the sum in (A.5)
considering α = 1 and β = 2/η. Note that now the most

suitable χ2-distribution to approximate f (γ) should have
r = 4 degrees of freedom. Therefore, approximation

f (γ) ≈ β2γe−βγ
[
1 + C(1)

2 L(1)
2 (βγ)

]
(A.13)

results. One more time, it is possible to derive from (A.2) that

L(1)
2 (βγ) = 1

2

[
(βγ)2 − 6(βγ) + 6

]
. (A.14)

Keeping in mind that we need to obtain C(1)
2 , it can be

observed that

∫∞

0
L(1)

2 (βγ)ε(γ)dγ

=
∫∞

0
L(1)

2 (βγ)β2γe−βγ
∞∑

k=2

[
C(1)
k L(1)

k (βγ)
]
dγ

= C(1)
2

∫∞

0
L(1)

2 (βγ)L(1)
2 (βγ)β2γe−βγdγ

+
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k=3

C(1)
k

∫∞

0
L(1)

2 (βγ)L(1)
k (βγ)β2γe−βγdγ.

(A.15)

According to the orthogonality property introduced in (A.4),
the integral in the first term is now equal to 3, while all the
other integrals inside the sum remain null. Based on this, we
find that

∫∞

0
L(1)

2 (βγ)ε(γ)dγ = 3C(1)
2 . (A.16)

As an alternative approach, we now replace L(1)
2 (βγ) by

expression (A.14). Therefore,

∫∞

0
L(1)

2 (βγ)ε(γ)dγ = 1
2

∫∞

0
(βγ)2ε(γ)dγ − 3

∫∞

0
(βγ)ε(γ)dγ

+ 3
∫∞

0
ε(γ)dγ.

(A.17)

The last two integrals vanish because the moments of ε(γ) of
order up to 1 are null. Therefore,

∫∞

0
L(1)

2 (βγ)ε(γ)dγ

= 1
2

[∫∞

0
(βγ)2 f (γ)dγ −

∫∞

0
(βγ)2β2γe−βγ dγ

]

= β2

2

[
E
{
γ2}− 6

β2

]
.

(A.18)

Combining (A.16) and (A.18), we are able to arrive at C(1)
2 =

(1/6)β2E{γ2} − 1. Replacing this value in (A.13) allows us
to conclude that the first-order error corrected version when
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approximating f (γ) with a χ2-distribution with 4 degrees of
freedom, and parameter β−1 = (1/2)E{γ} is equal to

f (γ) ≈ β2γe−βγ
(
b2γ

2 + b1γ + b0
)
,

b2 = 1
12
β4E

{
γ2}− 1

2
β2,

b1 = −1
2
β3E

{
γ2} + 3β,

b0 = 1
2
β2E

{
γ2}− 2.

(A.19)

B. SNR Gains and Fading Figures for W-CDMA
Closed-Loop Transmit-Diversity Modes

Let us first compute the SNR gains when the best/worst Tx
weight is selected for transmission. Working on (11) taking

into account that |w1,k| =
√

1− α̂2
k and |w2,k| = α̂k,

E
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Xk
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)
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(B.1)

result, where |hk|(1) and |hk|(2) are the first- and second-
order statistic of two i.i.d. Rayleigh RVs with mean E{|hk|} =√
π/4, respectively. Similarly, in case of second-order raw

moments,

E
{
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k

}

= (1− α̂2
k

)2
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result. In this situation, RV ϕk is uniformly distributed on
[−π/2Np ,π/2Np), where Np is the number of bits used to
quantize phase angles. Therefore, E{cosϕk} = (4/π) sin(π/4)
and E{cos2ϕk} = 1/2 + 1/π in case of CL TD mode 1, and

E{cosϕk} = (8/π) sin(π/8) and E{cos2ϕk} = (1/2)+
√

2/π in
case of CL TD mode 2. Similarly, α̂k =

√
0.5 and α̂k =

√
0.2

for both CL TD modes 1 and 2, respectively. Single raw
moments and product raw moments of the order statistics
of RV |hk| are obtained by using recurrence relations (13.4)
and (13.7) of [24]. Replacing all these results, we find that
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√
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√
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assuming CL TD mode 1, and

Gx = 1.3 + 1.6 sin
(
π

8

)
,
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considering CL TD mode 2. Combining these raw moments
in (8), fading figure expressions

Fx = 3/2 + 2
√

1/2
1/2 + 1/π +

√
1/2

, Fy = 3/2− 2
√

1/2
1/2 + 1/π −√1/2

,

(B.5)

result assuming CL TD mode 1, and

Fx

= 2.97 + 4.16 sin(π/8)− 1.28
√

1/2
−0.07 + 3.84(1/6 + 1/π) sin(π/8) + 1.28(1 + 1/π)

√
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,
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= 1.77− 2.24 sin(π/8)− 1.28
√

1/2
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√
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(B.6)

considering CL TD mode 2.

C. Useful Closed-Form Expression

Our aim is to compute the integral

Ln(β, c) =
∫∞

0
loge(γ + c)β(βγ)ne−βγ dγ,

n = 0, 1, . . . ; β > 0; c > 0.

(C.1)
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Let us use formula (8.356.4) of [25] and integrate (C.1) by
parts. Then, we find that

Ln(β, c) = n!loge(c) +
∫∞

0

Γ(n + 1,βγ)
γ + c

dγ. (C.2)

Here, we have by (6.5.3), (6.5.2), (6.5.13), and (6.5.11) of
[19] that

∫∞

0

Γ(n + 1,βγ)
γ + c

dγ = n!
n∑

k=0

1
k!

∫∞

0

(βγ)ke−βγ

γ + c
dγ. (C.3)

Then, by using (3.383.10) of [25] and (6.5.9) of [19], we
obtain

∫∞

0

(βγ)ke−βγ

γ + c
dγ = k!eβcEk+1(βc). (C.4)

After combining the last three formulas, we get the desired
result:

Ln(β, c) = n!

[
loge(c) + eβc

n∑

k=0

Ek+1(βc)

]
,

n = 0, 1, . . . ; β > 0; c > 0.

(C.5)
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Wichman, “Outage probability analysis of practical multiuser
scheduling schemes with limited feedback,” in Proceedings of
the 65th IEEE Vehicular Technology Conference (VTC ’07), pp.
1036–1040, Dublin, Ireland, April 2007.

[21] S. Zhou, Z. Wang, and G. B. Giannakis, “Quantifying the
power loss when transmit beamforming relies on finite-rate
feedback,” IEEE Transactions on Wireless Communications, vol.
4, no. 4, pp. 1948–1957, 2005.

[22] S. S. Kulkarni and C. Rosenberg, “Opportunistic scheduling
policies for wireless systems with short term fairness con-
straints,” in Proceedings of IEEE Global Telecommunications
Conference (GLOBECOM ’03), vol. 1, pp. 533–537, San
Francisco, Calif, USA, December 2003.

[23] V. Hassel, M. R. Hanssen, and G. E. Øien, “Spectral efficiency
and fairness for opportunistic round robin scheduling,” in
Proceedings of IEEE International Conference on Communica-
tions (ICC ’06), vol. 2, pp. 784–789, Istanbul, Turkey, June
2006.

[24] N. Balakrishnan and C. Rao, Eds., Handbook of Statistics 16:
Order Statistics: Theory & Methods, Elsevier, Amsterdam, The
Netherlands, 1998.

[25] I. Gradshteyn and I. Ryzhik, Table of Integrals, Series, and
Products, Academic Press, New York, NY, USA, 2007.



Hindawi Publishing Corporation
EURASIP Journal on Wireless Communications and Networking
Volume 2009, Article ID 271540, 13 pages
doi:10.1155/2009/271540

Research Article

Throughput versus Fairness: Channel-Aware Scheduling in
Multiple Antenna Downlink

Eduard A. Jorswieck,1 Aydin Sezgin,2 and Xi Zhang3

1 Communications Laboratory, Faculty of Electrical Engineering and Information Technology,
Dresden University of Technology, D-01062 Dresden, Germany

2 Department of Electrical Engineering & Computer Science, Henry Samueli School of Engineering,
University of California, Irvine, CA 92697, USA

3 ACCESS Linnaeus Center, Royal Institute of Technology, SE-100 44 Stockholm, Sweden

Correspondence should be addressed to Eduard A. Jorswieck, jorswieck@ifn.et.tu-dresden.de

Received 1 July 2008; Accepted 23 December 2008

Recommended by Alagan Anpalagan

Channel aware and opportunistic scheduling algorithms exploit the channel knowledge and fading to increase the average
throughput. Alternatively, each user could be served equally in order to maximize fairness. Obviously, there is a tradeoff between
average throughput and fairness in the system. In this paper, we study four representative schedulers, namely the maximum
throughput scheduler (MTS), the proportional fair scheduler (PFS), the (relative) opportunistic round robin scheduler (ORS),
and the round robin scheduler (RRS) for a space-time coded multiple antenna downlink system. The system applies TDMA based
scheduling and exploits the multiple antennas in terms of spatial diversity. We show that the average sum rate performance and the
average worst-case delay depend strongly on the user distribution within the cell. MTS gains from asymmetrical distributed users
whereas the other three schedulers suffer. On the other hand, the average fairness of MTS and PFS decreases with asymmetrical
user distribution. The key contribution of this paper is to put these tradeoffs and observations on a solid theoretical basis. Both
the PFS and the ORS provide a reasonable performance in terms of throughput and fairness. However, PFS outperforms ORS for
symmetrical user distributions, whereas ORS outperforms PFS for asymmetrical user distribution.
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1. Introduction

The optimal strategy for maximizing the sum capacity with
perfect channel state information (CSI) of a cellular single-
input single-output (SISO) multiuser channel is to allow
only the user having the best channel conditions in terms
of SNR to transmit at each time slot (TDMA). This result
in [1] has induced the notion of multiuser diversity [2],
that is, the achievable capacity of the system increases with
the number of the users. The corresponding scheduling
policy is called maximum throughput scheduler (MTS). Sub-
sequently, TDMA-based channel-aware scheduling schemes
which consider temporal fairness [3] or stringent rate
constraints under energy efficiency [4] are developed.

A major disadvantage of MTS is its unfairness toward
users at the cell edge. On the other hand, the most fair
but channel unaware scheduler is the round robin scheduler

(RRS) [5], that is, all transmissions take place in a strict
numerical order. The MTS and RRS leave room for various
channel aware schedulers that lie in between these two. In
order to increase the fairness for users at the cell edge, the so-
called proportional fair scheduler (PFS) can be applied. The
PFS weights the instantaneous transmission rates by their
averages to find the best user and achieves equal activity
probability for all users [6]. Yet another scheduler, which is
referred to as opportunistic round robin scheduling (ORS),
was introduced in [7]. It is a combination of the RRS and
MTS. The comparison of different schedulers with respect
to different performance criteria is a highly viable research
area. For instance, in [8], the throughput guarantee violation
probability is approximated and simulated for different
schedulers in different channel models. The asymptotic
throughput of channel-aware schedulers is analyzed in [9].
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In order to quantitatively measure the impact of the
scheduler on the fairness, different measures are proposed in
the literature [10–12]. The Jain fairness index (JFI) defined
in [10], also known as the global fairness index (GFI)
[13], provides a single number between zero and one that
measures the fairness even for resource scheduling in finite
windows. The average fairness defined in [11] is developed
from an information theoretic point of view. The worst-case
delay as it is used in, for example, [12] measures the average
number of transmissions needed until all users were active at
least m times.

Obviously, there exists a tradeoff between average
throughput and average fairness [14]. In this paper, we
study this tradeoff for the four scheduling algorithms MTS,
RRS, PFS, and ORS. The main novelty lies in the systematic
approach to this problem using majorization theory. This
tool helps understanding the impact of user distributions
within the cell on the system performance and on the average
worst-case delay. The application of majorization theory
allows to analytically and qualitatively assess the advantages
and disadvantages of the four channel-aware schedulers. The
contributions of the paper are as follows.

(1) In Section 2.5, closed form expressions for the four
scheduler for arbitrary nonsymmetrical user distri-
butions are derived.

(2) The impact of the user distribution on the average
sum rate is analyzed in Section 3, and it is shown that
the average sum rate is increased with asymmetrical
user distributions for MTS. For all other schedulers
(RRS, PFS, and ORS), it decreases.

(3) Different fairness measures and their properties are
discussed in Section 4. Furthermore, we study the
impact of the user distribution and its connection to
the service probabilities.

(4) The asymptotic performance for high SNR or large
number of users is analyzed in Section 5.

(5) In Section 6, the sum rate of MTS, RRS, and PFS
under a fixed rate constraint is derived, and the
impact of user distributionis characterized.

(6) In Section 7, we illustrate the theoretical results with
numerical single-cell multiuser simulations.

The paper is concluded in Section 7. Parts of the results for
single-antenna transmitter are presented without proofs in
[15]. The impact of interferer locations on the downlink
performance of the system is studied in [16].

2. System Model and Preliminaries

In this section, we present the system model, the channel
model, the measure of the user distribution based on
majorization, the high-SNR performance measures, and the
four scheduler. Our approach to the cross-layer analysis of
these scheduling algorithms is physical layer oriented.

2.1. System Model. In the signal model, there are K mobile
users which are served by a base station in downlink
transmission. The base station has multiple antennas (nT),
the mobiles have one antenna each. Denote the channels to
the users as h1, . . . , hK . The base applies an OSTBC [17, 18]
in order to exploit spatial diversity without spatial feedback
overhead. Spatial feedback contains information about the
spatial signatures of the user channels, whereas channel
quality information contains scalar values . The data stream
vectors d1, . . . , dK of dimension 1 × M of the K users are
weighted by a power allocation p1, . . . , pK and added before
they come into the OSTBC as x̂1, . . . , x̂M . The output of the
OSTBC is a vector x = [x1, . . . , xnT ] of dimension 1 × nT
(compare to system model in [19]). The code rate is given by
rc =M/nT . Note that the framework can be extended also to
other code classes [20].

Each mobile first performs channel matched filtering
according to the effective OSTBC channel. Afterward, the
received signal at user k of stream n is given by

yk,n = ak

K∑

l=1

xl,n + nk,n, 1 ≤ n ≤M, (1)

with fading coefficients αk = a2
k = ‖hk‖2/nT , transmit stream

n intended for user l as xl,n and noise for stream n as nk,n.
There are M parallel streams for each mobile. However, all
streams have the same properties in terms of ak and noise
statistics. Therefore, we restrict our attention without loss of
generality to the first stream n = 1 and omit the index in the
following. Let pk be the power allocated to user k within one
block, that is, pk = E[|xk|2]. We assume a short-term power
constraint, that is,

∑K
k=1 pk ≤ P. The noise power at the

receivers is σ2. The transmit power is distributed uniformly
over the nT transmit antennas, and each data stream has an
effective power pk/nT . We incorporate this weighting into the
transmit SNR given by ρ = P/nTσ2.

The mobiles feed back their scalar channel quality
indicators, that is, their fading coefficient a1, . . . , aK to the
base and we assume these numbers are perfectly known at
the base station. As such, the base has perfect information
about the channel norm but not about the complete fading
vectors.

2.2. Channel Model. The channel vectors h1, . . . , hK are
modeled as independently zero-mean complex Gaussian
distributed vectors with covariance matrix ckI in rich
multipath environment. The variance ck depends mainly on
the distance of the user to the base, and it is called average
channel power. Therefore, the fading coefficients α1, . . . ,αK
are independently χ2-distributed with nT complex degrees of
freedom weighted by the average channel power c1, . . . , cK ,
that is, using independent standard χ2

nT -distributed random
variables w1, . . . ,wK , the fading coefficients are expressed as
αk = ckwk.

2.3. Measure of User Distribution. The distance of the mobile
k to the base station is determined by the average channel
power ck. In the following, we refer to the vector of average
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channel powers c = [c1, . . . , cK ] as the user distribution. In
order to guarantee a fair comparison between different user
distributions, we constrain the sum variance to be equal to
the number of users, that is,

∑K
k=1ck = K . Without loss

of generality, we order the users in a nonincreasing way
according to their fading variances, that is, c1 ≥ c2 ≥ · · · ≥
cK . The constraint regarding the sum of the fading variances
verifies that we compare scenarios in which the channel
carries the same average sum power. We need the following
definitions [21].

Definition 1. For two vectors x, y ∈ Rn, one says that the
vector x majorizes the vector y and writes x � y if

∑m
k=1xk ≥∑m

k=1yk form = 1, . . . ,n−1 and
∑n

k=1xk =
∑n

k=1yk (note that
sometimes majorization is defined by the sum of the smallest
m components [22]).

The next definition describes a function Φ which is
applied to the vectors x and y with x � y.

Definition 2. A real-valued function Φ defined on A ⊂ Rn

is said to be Schur convex on A if from x � y on A follows
Φ(x) ≥ Φ(y). Similarly, Φ is said to be Schur concave on A if
from x � y on A follows Φ(x) ≤ Φ(y).

Majorization is a useful tool to study the impact
of vectors which can be partially ordered. The common
monotony properties of scalar functions correspond to the
Schur-convex property of vector functions. The reason for
the term “Schur-convex” instead of “Schur-monotone” is
that every symmetric and convex vector function is Schur-
convex. Majorization is a large and active area of research in
linear algebra, with entire books [21] devoted to its theory
and application.

It is worth mentioning that majorization induces only a
partial order on vectors with more than two components,
that is, not all possible vectors can be compared with each
other. This is due to the fact that vectors with more than two
components cannot be totally ordered. However, a sufficient
number of vectors can be compared. Also, the extreme cases
can be used for comparison with any other vector. For more
information about this measure of user distribution and its
application see [23, Section 4.2.1].

2.4. High-SNR Measures S∞ and L∞. The quantitative
performance is analyzed using the high-SNR offset concept
from [24]. Denote by C(ρ) the average throughput as a
function of the SNR. The two high-SNR measures are
introduced as follows:

S∞ = lim
ρ→∞

C(ρ)
log(ρ)

,

L∞ = lim
ρ→∞

(
log(ρ)− C(ρ)

S∞

)
.

(2)

The measures S∞ and L∞ are referred to as high-SNR
slope and the high-SNR power offset, respectively. At
high SNR, the average throughput behaves like C(ρ) =

S∞((ρ[dB]/3dB)−L∞) +O(1). For convenience, these high-
SNR measures are defined in 3 dB units. For further discus-
sion, see [24, Section 2]. These two high-SNR measures are
useful if two systems are compared which differ either in their
multiplexing gain, that is, the slope of the average throughput
curve at high SNR, or which have equal S∞ but are shifted at
high SNR.

2.5. Types of (Channel Aware) Scheduling. Since the base
station has only partial CSI in form of the channel norm, we
restrict all scheduling strategies to TDMA-based scheduling.
From the single-antenna downlink, it is well known that if
perfect CSI is available at the base station, the sum rate is
maximized by single-user transmission to the best user only
[1], that is, TDMA achieves the sum capacity. This result
leads to the notion of multiuser diversity and the concept
of opportunistic communication [2]. This scheduler is called
MTS, and the achievable average sum rate is given by

RMT
sum = E

[
log

(
1 + ρ max

1≤k≤K

∥∥hk
∥∥2

)]
. (3)

Note that the average sum rate of the MTS can be written in
integral representation as

RMT
sum =

∫∞

0

ρ

1 + ρt

[
1−

K∏

k=1

(
1− Γ

(
nT ,

(
t/ck

))

Γ(nT)

)]
dt, (4)

using the incomplete gamma function Γ(a, z) =∫∞
z exp(−t)ta−1dt. The case with single-antenna base

and symmetrically distributed users (c = 1) is studied in
[25]. The MTS is unfair from a user perspective because
mobiles at the cell edge have less probability to be served.

The opposite type of scheduler is the round robin
scheduler (RRS). It is not channel aware but it minimizes the
average worst-case delay, that is, the average time until every
user has been served at least once. The average sum rate is
given by

RRR
sum = E

[
1
K

K∑

k=1

log
(
1 + ρ‖hk‖2)

]

= E
[

1
K

K∑

k=1

log
(
1 + ρckwk

)
]
.

(5)

Note that (5) can be rewritten for nT = 1 in closed form as

RRR
sum =

1
K

K∑

k=1

Ei
(

1,
1
ρck

)
exp

(
1
ρck

)
, (6)

where the exponential integral is given by Ei(a, x) =∫∞
1 exp(−tx)t−adt.

These two schedulers are the two most extreme cases.
The MTS maximizes the average sum rate, whereas the
RRS minimizes the average worst-case delay. A compromise
between the two is the proportional fair scheduler (PFS)
[2]. For the analysis, we use the so-called relative SNR
scheduler. The user is served which has the highest ratio of
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the instantaneous rate to average rate. Hence, the achievable
sum rate is given by

RPF
sum = E

[
log

(
1 + ρ

∥∥hk∗
∥∥2)]

with k∗ = arg max
1≤k≤K

∥∥hk
∥∥2

ck
.

(7)

In reality, the average transmission rate is updated from
transmission interval to transmission interval. Here, we use
the ergodic formulation of the scheduler (let the window
length tc → ∞). Note that (7) can be rewritten as

RPF
sum =

1
K

K∑

k=1

E
[

log
(

1 + ρck max
1≤l≤K

wl

)]
, (8)

because the scheduling probability of all users is equal to 1/K .
For nT = 1, (8) can be rewritten in closed form as

1
K

K∑

k=1

K∑

l=1

(−1)l−1

⎛
⎝
K

l

⎞
⎠Ei

(
1,

l

ρck

)
e(l/ρck). (9)

Another interesting channel-aware scheduler is proposed
in [7]. The one-round version [26] of the relative oppor-
tunistic round robin scheduler (ORS) guarantees the same
average worst-case delay as the RRS but exploits a certain
amount of multiuser diversity. It consists of K rounds and
initializes the set of available users S with S = {1, . . . ,K}.
Within each step, the relative best user maxk∈S(‖hk‖2/ck) out
of the set of available users is picked and removed from the
set. After K steps, it is guaranteed that all users were active at
least once.

For our analysis, we need the representation in the
following lemma.

Lemma 1. The average sum rate of the ORS (13) can be
written as

ROR
sum =

∫∞

0

[
1− 1

K2

K∑

n=1

K∑

i=1

(
1− Γ

(
nT ,

(
t/ci

))

Γ(nT)

)n]

· ρ

1 + ρt
dt.

(10)

Proof. The CDF of the relative ORS is derived for nT = 1 in
[27, Equation (6)] and is given by

P(t) = 1
K2

K∑

n=1

K∑

i=1

(
1− e−(t/ci)

)n
. (11)

For general nT > 1, it reads

P(t) = 1
K2

K∑

n=1

K∑

i=1

(
1− Γ

(
nT ,

(
t/ci

))

Γ(nT)

)n
. (12)

We use the integration by parts rule
∫ b
a f (x)g′(x)dx =

| f (x)g(x)|ba −
∫ b
a f

′(x)g(x)dx. Now, identify f (x) = log(1 +
ρx) and g(x)′ = p(x), respectively, with the pdf of the
relative ORS p(x). Choose carefully g(x) = P(x) − 1 to
assure existence of the first part. Then, we obtain finally the
representation in (10).

The sum rate performance for nT = 1 can be further
simplified as in [27, Equation (8)] to obtain the closed form
expression

ROR
sum =

1
K2

K∑

n=1

n
K∑

i=1

n−1∑

j=0

⎛
⎝
n− 1

j

⎞
⎠ (−1) j

· e
((1+ j)/ci)

1 + j
Ei
(

1,
1 + j

ci

)
.

(13)

With the sum rate expressions in (4), (5), (8), and (10),
we are now ready for the analysis of the user distribution c in
the next section.

3. Analysis of Sum Rate Performance

In this section, we analyze the impact of the user distribution
on the sum rate performance of the four scheduler. One
main question is whether the standard assumption about
a symmetric user distribution, which is made often for
simplification, leads to an upper or lower bound on the real
system throughput. First, we present the theoretical results,
and then we discuss their meaning in the paper context.

3.1. Schur-Convexity and Schur-Concavity Properties. The
following result is provided in [28] for nT = 1 and
restated and proved here for nT > 1. It states that a more
asymmetrical user distribution increases the average sum
rate with MTS.

Theorem 1. Let c and d be two different average user powers.
The average sum rate of the MTS is Schur-convex with respect
to user powers c and d, that is,

c � d =⇒ RMT
sum(c) ≥ RMT

sum(d). (14)

The proof can be found in [28, Theorem 1] for the single-
antenna nT = 1 case. We present in Appendix A the more
general proof for convenience.

The impact of the user distribution on the performance
of the RRS is analyzed in the next result.

Theorem 2. The average sum rate of the RRS is Schur-concave
with respect to the vector of average user powers c, that is,

c � d =⇒ RRR
sum(c) ≤ RRR

sum(d). (15)

Proof. Define the average sum rate as a function of c as

RRR
sum(c) = 1

K

K∑

k=1

E
[

log
(
1 + ρckwk

)]
, (16)

and check Schur’s condition [23] directly

∂RRR
sum(c)
∂c1

− ∂RRR
sum(c)
∂c2

= E
[

ρw1

1 + ρc1w1

]
− E

[
ρw2

1 + ρc2w2

]
≤ 0.

(17)
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The impact of the user distribution on the performance
of PFS is derived analogously in Theorem 3.

Theorem 3. The average sum rate of the PFS is Schur-concave
with respect to the vector of average user powers c, that is,

c � d =⇒ RPF
sum(c) ≤ RPF

sum(d). (18)

Proof. Start from the representation in (8) and check Schur’s
condition

∂RPF
sum(c)
∂c1

− ∂RPF
sum(c)
∂c2

= 1
K
E
[

ρc1max1≤l≤Kwl

1 + ρc1max1≤l≤Kwl

]

− 1
K
E
[

ρc2max1≤l≤Kwl

1 + ρc2max1≤l≤Kwl

]
≤ 0.

(19)

Finally, the impact of the user distribution on the sum
rate performance of ORS is characterized in the next result
which is proved in Appendix B.

Theorem 4. The average sum rate of the ORS is Schur-concave
with respect to the vector of average user power c, that is,

c � d =⇒ ROR
sum(c) ≤ ROR

sum(d). (20)

3.2. Discussion of Schur Properties. Let us restate the results
from the last section in words. The sum rate of MTS improves
with more asymmetrically distributed users. The sum rate
of RRS, ORS, and PFS decreases with more asymmetrically
users. Hence, the four results indicate that the common
assumption about symmetrically distributed users leads to
the following.

(1) A lower bound to the sum rate performance of MTS.

(2) An upper bound to the sum rate performance of RRS,
ORS, and PFS.

This implies that a correct analysis even in terms of the
sum rate does always require assumptions on the user
distribution. In conclusion, there is only one scheduler which
improves for asymmetrically distributed users, namely, the
MTS. The average sum rates of the other scheduler, PFS,
ORS, and RRS, decrease with more asymmetrically dis-
tributed user.

4. Fairness Analysis

In this section, the fairness properties of the four schedulers
are analyzed. First, the average worst-case delay is proposed
as a proper physical layer motivated delay measure. The
impact of the service probabilities of the users on the worst-
case delay is studied. Then, two other common fairness
measures are reviewed, namely, Jain’s fairness index and the
dispersion. It is shown that all three measures are Schur-
convex functions with respect to the service probabilities of
the users. Finally, the connection between user distribution
and service probability and delay is discussed.

4.1. Analysis of Average Worst-Case Delay. In order to capture
the fairness of the different scheduler, the average worst-case
delay is considered. The average worst-case delay E[Dm,K ]
measures the average number of transmissions that are
needed until all K users have been active at least m times.
We define D1 = E[D1,K ].

The two most fair schedulers are the RRS and ORS. Both
have an average worst-case delay of mK because all users are
guaranteed to be active within a block of K transmissions.
Especially, it takes K transmissions until every users has
transmitted exactly once, that is,

DRRS
1 = DORS

1 = K. (21)

The PFS normalizes the users channels. Therefore, the
probability that user k being active is, independently of k,
1 ≤ k ≤ K , equal to 1/K . Especially, it is independent of the
user distribution c. The result from [29] applies for m = 1:

DPFS
1 = K

∫∞

0
1− (

1− exp(−x)
)K
dx. (22)

Note that (22) can be written as

DPFS
1 = K

(
Ψ(K + 1) + γ

)
, (23)

with the Ψ-function [30, 6.3] and Euler’s constant γ [30,
6.1.3].

The analysis of the MTS is more difficult. Rewrite the
average worst-case delay [12, Section 3.3] without dropping
probability as

DMTS
1 = n

∫∞

0

(
1−

K∏

k=1

(
1− Γ

(
m,dkt

)

Γ(m)

))
dt. (24)

For m = 1, the expression in (24) says how many packets
are transmitted on average until every user has at least
transmitted one. The coefficients dk in (24) are related to the
probability that user k is chosen πk = dk/K . For the MTS, we
prove the following result.

Theorem 5. The average worst-case delay E[D1,K ] is Schur-
convex with respect to d, that is,

d1 � d2 −→ DMTS
1 (d1) ≥ DMTS

1 (d2). (25)

Proof. In order to check Schur’s condition, [23] consider

∂E
[
D1,K

]
(d)

∂d1
− ∂E

[
D1,K

]
(d)

∂d2

= n
∫∞

0

K∏

l=3

(
1− exp

(− dlt
))
g
(
t,d1,d2

)
dt,

(26)

with g(t,d1,d2) = t exp(−d2t)(1 − exp(−d1t)) −
t exp(−d1t)(1 − exp(−d2t)) ≥ 0 for all d1 ≥ d2, and
t ≥ 0. It follows that the integral in (24) is greater than or
equal to zero.

Theorem 5 formally states the intuitive fact that the
average worst-case delay grows if some users are less frequent
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active on average. If the probability that user k is active is
equal to 1/K , independently of k, then the expression in
(24) is minimized. Note that a similar analysis has been
performed in the different context of birthday matching in
[31].

4.2. Jain’s Fairness Index and Dispersion. In [10], a quanti-
tative measure of fairness is introduced. It is called Jain’s
fairness index (JFI) or global fairness index (GFI) [13].
Define xk as the amount of a resource that is distributed to
user k. Then, JFI is defined as [10, Equation (2)]

JFI =
(
(1/K)

∑K
k=1 xk

)2

(1/K)
∑K

k=1 x
2
k

. (27)

Let us specialize this general definition to the case in which
one resource is one transmission. The JFI is averaged over L
transmissions [27]

JFI(L) = EL
(
(1/K)

∑K
k=1 xk

)2

EL(1/K)
∑K

k=1 x
2
k

. (28)

Denote by πk the probability that user k is active within L
transmissions, then xk = πkL. Collect π = [π1, . . . ,πK ]. Let
L → ∞ to obtain the long-term average JFI as

JFI =
(
(1/K)

∑K
k=1 πk

)2

(1/K)
∑K

k=1 π
2
k

. (29)

Note that
∑K

k=1πk = 1, and hence (29) leads to the dispersion
of p:

Dsp(π) = 1
∑K

k=1π
2
k

. (30)

Interestingly, this measure of fairness is closely related to
majorization theory. The function in (30) is symmetric and
concave in π and therefore Schur concave [23, Proposition
2.8]. A function is called symmetric if the argument vector
can be arbitrarily permuted without changing the value of
the function.

Corollary 1. The dispersion is a Schur-concave function of the
vector π, that is,

π1 � π2 =⇒ Dsp
(
π1

) ≤ Dsp
(
π2

)
. (31)

4.3. Connection of User Distribution, Service Probability, and
Delay. From the results in the last sections, it follows that
the impact of the user location on the different fairness
measures depends on the resulting service probability vector
π. Therefore, we have to map the user distribution vector c
to the service probability vector π. The concrete mapping
depends on the chosen scheduler. For PFS, the service
probabilities of all users are equal to πk = 1/K and thus
independent of c.

In order to apply majorization theory to the analysis
of the average worst-case delay as a function of the user

distribution, we have to transfer the partial order for user
distributions to the partial order for probability that a user
k is picked.

Define the vector of probabilities that user k is picked π
as a function of the user distribution c, that is,

πk(c) = Pr
[
ckwk ≥ max

l /= k
clwl

]

=
∑

π∈P \k

∫∞

aπK−1=0

∫∞

aπK−2=aπK−1

· · ·

·
∫∞

ak=aπ1

K∏

k=1

anT−1
k e−(ak/Γ(nT )ck)

ck
da.

(32)

The RHS in (32) contains all possible disjunct events, that
is, all permutations, such that ckwk ≥ cπ1wπ1 ≥ cπ2wπ2 ≥
· · · ≥ cπK−1wπK−1 . The sum over all probabilities, that is,
integrals with certain limits, gives the probability that user
k is picked.

Unfortunately, the next result is an impossibility result.
It shows that it is not possible to say that if c � d then
automatically π(c) � π(d).

Corollary 2. The mapping from the vector of user distributions
to the vector of service probabilities is not order preserving with
respect to the partial order majorization.

Proof. We provide a counterexample. Consider the user
distribution vectors c= [5, 3, 2]T and d= [4, 4, 2]T and nT =
1. The resulting activity probabilities computed according
to (32) are given by π(c) = [0.6428, 0.1786, 0.1786]T and
π(d) = [0.4167, 0.4167, 0.1666]T . Majorization cannot be
used to compare these two vectors because π1(c) > π2(d) but
π1(c) + π2(c) < π1(d) + π2(d).

Even though the connection between user distribution
and service probability is not order preserving with respect
to the partial order of majorization, it does not imply
that the average worst-case delay is not a Schur-convex or
Schur-concave function of the user distribution. Due to the
complicated dependency of the average worst-case delay and
the user distribution via (32), the following observation is
stated as a conjecture.

Conjecture 1. The average worst-case delay of MTS as a
function of the user distribution is Schur-convex, that is, c �
d ⇒ E[D1,K (c)] ≥ E[D1,K (d)].

5. Asymptotic Characterizations

In this section, we characterize the average sum rate of the
different scheduling schemes for high SNR or for a large
number of users. The scaling laws of the schemes are derived
as a function of the user distribution. These results provide
more quantitative but closed form expressions for the sum
rate performance of the four schedulers.
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5.1. High-SNR Behavior. The high-SNR slope S∞ as defined
in (2) for all four scheduling schemes is equal to one because

S∞ = lim
ρ→∞

∫∞
0 log(1 + ρx)pdf (x)dx

log(ρ)

=
∫∞

0
lim
ρ→∞

log(1 + ρx)
log(ρ)

pdf (x)dx

=
∫∞

0
pdf (x)dx = 1.

(33)

It is allowed to swap integration and limit by applying the
dominated convergence theorem. In general, any TDMA
scheme could have at most a high-SNR slope of one. The
high-SNR power offset is different for the four schedulers.
It is derived in the following result.

Theorem 6. The high-SNR power offset is characterized for
four cases as follows.

(1) For MTS, the high-SNR power offset is bounded from
below and above by

γ + log
(
Γ(1 + nT

)1/nT )−
K∑

k=1

(−1)k−1

⎛
⎝
KnT

k

⎞
⎠ log(k)

≥ L∞
MT ≥ γ − log

(
KnT

)
.

(34)

For nT = 1, the lower bound in (34) is equal to the
lower bound result in [23, Theorem 2].

(2) For RRS, the high-SNR power offset as a function of the
user distribution is given by

L∞
RR (c) = 1

K

K∑

k=1

−Ψ(
nT

)− log
(
ck
)
. (35)

For nT = 1, we obtain the closed form expression
(compare to [15])

L∞
RR (c) = 1

K

K∑

k=1

γ − log
(
ck
)
. (36)

(3) For PFS, the high-SNR power offset as a function of the
user distribution is given by

L∞
PF (c) = −Ψ(

nT
)− 1

K

K∑

k=1

K∑

l=1

(−1)l−1

⎛
⎝
K

l

⎞
⎠ log

(
l

ck

)
.

(37)

(4) For ORS, the high-SNR power offsets as a function of
the user distribution is given by

L∞
OR (c) = 1

K2

K∑

n=1

n
K∑

k=1

n−1∑

j=0

⎛
⎝
n− 1

j

⎞
⎠ (−1) j

1 + j

·
(
γ + log

(
1 + j

ck

))
.

(38)

The proof of Theorem 6 follows similar lines as in
[32, Theorem 2] and is, therefore omitted. Note that the
Schur convexity of (36) can be directly observed and this
approves the result in (15). However, in (37) and (38), the
Schur convexity cannot be directly observed because of the
alternating sum.

The high-SNR power offsets fulfill the following inequal-
ity chain:

L∞
MT ≤ {

L∞
PF, L∞

OR} ≤ L∞
RR. (39)

The order of PFS and ORS depends on the user distribution
and number of antennas at the base station scenario. Note
that the average worst-case delay does not scale with the SNR.

5.2. Scaling with Number of Users. First, consider the case in
which the users are symmetrically distributed, that is, c = 1.
The scaling behavior with K → ∞ for fixed SNR ρ can
be easily shown by considering a simple upper and lower
bounds on the average sum rate. The average sum rate of RR
does not scale with K at all.

Corollary 3. For symmetrically distributed users c = 1, the
average sumrates of MTS, PFS, and ORS scale for large K with
log(K), that is,

lim
K→∞

RMT
sum(K)

log(K)
= lim

K→∞
RPF

sum(K)
log(K)

= lim
K→∞

ROR
sum(K)

log(K)
= 1.

(40)

The case in which the users are not symmetrically
distributed is discussed in the numerical results section. The
scaling of the average worst-case delay with the number of
users is also of interest and is thus studied in Corollary 4. It
follows directly from (21) and (23).

Corollary 4. For symmetrically distributed users, the average
worst-case delay scales linearly with K for RRS and ORS. For
MTS and PFS, it scales as K log(K), that is,

lim
K→∞

DRRS
1 (K)
K

= lim
K→∞

DORS
1 (K)
K

= 1,

lim
K→∞

DMTS
1 (K)

K log(K)
= lim

K→∞
DPFS

1 (K)
K log(K)

= 1.

(41)

The case in which the users are not symmetrically
distributed is discussed also in the numerical results section.
Note that the scaling law for MTS and PFS in (41) is the
best case as shown in Theorem 5, the case in which the users
are symmetrically distributed offers the lowest average worst-
case delay.

6. Fixed Rate Allocation and Long-Term
Power Constraint

In this section, we consider a certain communication
scenario which leads to a slightly modified performance
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function on the physical layer. Usually, the traffic is divided
into classes (see, e.g., traffic classes in [33]) which require
a certain SNR level to guarantee successful delivery of the
user contents. In the following, we study the behavior of the
sum rate under fixed rate allocations for the three schedulers
(MTS, RRS, and PFS) as a function of the user distribution
for comparison with the sum rate behavior from the last
section.

Let us assume that we have only one fixed transmission
rate R0 available, and each scheduled user obtains its
information packet with that rate. Therefore, a certain SNR
is needed for successful transmission. Denote the long-term
sum transmit power constraint at the base station as P	 , that
is,

Ea1,...,ak

[ K∑

k=1

pk
(
a1, . . . , ak

)
]
≤ P	. (42)

We consider the three schedulers MTS, RRS, and PFS. The
power allocation at the base station for all three schedulers is
channel inversion under the long-term power constraint.

Theorem 7. The achievable sum rate for fixed rate transmis-
sion of the RRS is given by

RRR
sum, f x =

1
K

K∑

k=1

log
(

1 +
ρP	

E
[(

1/ckwk
)]

)
. (43)

The achievable sum rate for fixed rate transmission of the
MTS is given by

RMT
sum, f x = log

(
1 +

ρP	
E
[(

1/max1≤k≤K ckwk
)]

)
. (44)

Finally, the sum rate for fixed rate transmission of the PFS
is given by

RPF
sum, f x =

1
K

K∑

k=1

log
(

1 +
ρP	

E
[(

1/ckmax1≤k≤K wk
)]

)
. (45)

Proof. We will use one framework to derive the achievable
sum rate for fixed rate transmission [34]. Denote the
instantaneous channel power of the scheduled user as ζ .
Then, the instantaneous achievable rate is log(1 + ρζ p(ζ))
with power p(ζ) allocated. This instantaneous rate should be
equal to the fixed rate R0 under the average power constraint
in (42). We solve

R0 = log
(
1 + ρζ p(ζ)

)
(46)

for p(ζ) and normalize the constant cP with respect to the
long-term power constraint to obtain the optimal power
allocation

p(ζ) = cP
ζ
= P	

ζ

1
E[1/ζ]

. (47)

Equation (47) is simply channel inversion with long-term
power constraint, that is,

E
[
p(ζ)

] = P	E
[

1
ζ

]
1

E[1/ζ]
= P	. (48)

Inserting (47) into (46) yields

R0 = log
(

1 + ρ
P	

E[1/ζ]

)
. (49)

Then expressions in (43), (44), and (45) follow when we use
the effective channels ζ after scheduling.

The impact of the user location on the sum rate
performances is characterized in the following corollary.

Corollary 5. The sum rate of RRS with fixed rate constraint is
Schur concave with respect to c. The sum rate of PFS with fixed
rate constraint is Schur concave with respect to c.

The sum rates with fixed rate constraint and long-term
power constraint for RRS and PFS show the same behavior
as the sum rate with short-term power constraint.

Proof. We verify indirectly Schur’s condition for the RRS and
PFS and thereby leave the expectation unsolved. Both sum
rates RPF

0 and RRR
0 can be written as functions of the user

distribution c

ψ(c) = 1
K

K∑

k=1

log
(

1 +
ρckP	
E[x]

)
(50)

for some random variable x. The function in (50) is
symmetric with respect to c. The sum of concave functions
in ck is Schur-concave (see, e.g., [23, Proposition 2.7] or [21,
3.C.1]).

Regarding the impact of the user distribution on the
MTS sum rate with fixed rates, we observe that the behavior
depends on the number of antennas and number of users.
We leave this for future research.

7. Numerical Simulations

In this section, we present illustrations which validate and
explain the theoretical results from the last sections. The
performance for the case with symmetrically distributed
users c = 1 is compared to the case with asymmetrically
users. For the asymmetrically user distribution, we choose
the exponential decaying model

ck = exp(−tk), and normalize
K∑

k=1

ck = K. (51)

For K = 20 and t = 0.2, we obtain the user distribution

c = [3.6930, 3.0236, 2.4755, 2.0268, 1.6594, 1.3586,

1.1123, 0.9107, 0.7456, 0.6105, 0.4998, 0.4092,

0.3350, 0.2743, 0.2246, 0.1839, 0.1505, 0.1232,

0.1009, 0.0826].

(52)

In the numerical simulations, for each data point, 100 000
Monte Carlo runs are performed to compute the averages.
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Figure 1: Average sum rate, worst-case delay, and dispersion for
K = 20 symmetrically and asymmetrically distributed users.

7.1. General Results. In Figure 1, the average sum rate, the
average worst-case delay, and the dispersion are shown for
the four studied schedulers. In Figure 1(a), the users are
symmetrically distributed, that is, c = 1, whereas in Figure
1(b), the users are asymmetrically distributed according to
the model in (51) with t = 0.2. The results in Figure 1
illustrate the following observations. The average sum rate
of MTS increases with more asymmetrically distributed
users (compare to (14)), while the average sum rate of
all three other schedulers decreases (compare to (15),
(18), and (20)). However, PFS outperforms ORS for the
symmetrical scenario, whereas it is the other way round
for the asymmetrical scenario. Another observation is that
the average worst-case delay is more differentiated than
the dispersion. This underlines that the average worst-
case delay is better suited for fairness analysis than the
JFI-based dispersion. Finally, the average worst-case delay
for the asymmetrical scenario of the PFS and ORS tends
to grow without bound. Therefore, taking the tradeoff
between fairness and average sum rate into account, the
PFS and ORS perform reasonable well. PFS is advantageous
in symmetric scenarios whereas ORS performs better in
asymmetric scenarios.
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Figure 2: Average sum rate and worst-case delay versus number of
users for symmetrically distributed users.

7.2. Scaling with Number of Users. In Figures (2) and (3),
we show the average performance of the four scheduling
algorithms for symmetrically distributed as well as asymmet-
rically distributed users. The derived scaling laws in (40) and
(41) are confirmed. The interesting observation is that for the
asymmetrical case, PFS outperforms OFS for a small number
of users, whereas it is the other way round for large number
of users.

The average worst case delay for MTS and PFS
increases with asymmetrical user distribution as predicted
in Theorem 5. As soon as a single ck approaches zero, the
average worst-case delay approaches infinity. The round-
based schedulers RRS and ORS are robust against the
asymmetrical user distribution.

The main observation in this section is that for practical
scenarios in which fairness is important as well as users are
randomly distributed within the cell, ORS clearly outper-
forms PFS. Note that the results presented here hold for a
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Scaling with number of users (assymetrical with t = 0.2)
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Figure 3: Average sum rate and worst-case delay versus number of
users for asymmetrically distributed users.

static scenario in which we place the users only once inside
the cell and simulate the small-scale fading. Mobility as well
as traffic models is left for further research.

7.3. Multiple Antenna Case—OSTBC. The application of
OSTBC yields to a tradeoff between the code rate and the
number of degrees of freedom of the channel gain. The code
rate rC decreases with the number of antennas, whereas the
number of degrees of freedom of the χ2 distributed channel
gain increases. For an OSTCB with nT transmit antennas, it
is shown in [35] that the maximum achievable code rate is
given by

rC(nT) =
⌊(
nT + 1

)
/2

⌋
+ 1

2
⌊(
nT + 1

)
/2

⌋ . (53)
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Figure 4: Average sum rate/worst-case delay tradeoff, nT =
{1, 2}; K = 4; SNR = 20 dB.

The code rate rC(nT) starts at rC(1) = rC(2) = 1 and
decreases to limnT →∞ rC(nT) = 1/2. Therefore, we restrict the
numerical simulations to the case nT = 2.

In Figure 4, the achievable average sum rate versus
average worst-case delay tradeoff is shown for a two antenna
BS with four users at SNR = 20 dB for the four schedulers.
The PFS is operated at ten window length operating
points tc= 2k, k = 1, . . . , 10. The RRS has lowest delay,
whereas the MTS has largest delay but best performance.
The closure of the convex hull of all operating points
gives the achievable sum rate/delay region. The dashed
line shows the single-antenna case. It can be observed
that two antennas increase average sum rate as well as
decrease the average worst-case delay significantly. Note that
no additional (spatial) feedback is required to achieve this
gain.

8. Conclusions

In this paper, we proposed an approach to analyze qualita-
tively the tradeoff between system throughput and fairness
in a multiuser multiple antenna downlink transmission
system. Four representative (three of them channel aware)
schedulers were studied for different user distributions
using majorization theory. The sum rate of MTS improves
with asymmetrical user distribution, whereas the sum rate
of all other schedulers improves with symmetrical user
distribution. MTS and RRS serve as upper and lower bounds
on throughput and lower and upper bounds on worst-
case delay, respectively. The throughput-delay tradeoff of
the four schedulers is characterized; if fairness as well as
performance is important, the optimal choice will depend
on the user distribution and the number of users. Finally, the
gain of using multiple antennas without increased feedback
overhead at the base station is illustrated.
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Appendices

A. Proof of Theorem 1

Proof. In the proof, we verify Schur’s condition directly.
Therefore, we need the first derivative of RMT

sum with respect
to c1 and c2 given as

∂RMT
sum

∂c1
=

∫∞

0

ρt

1 + ρt

K∏

k=3

(
1− Γ

(
nT ,

(
t/ck

))

Γ
(
nT

)
)

·
(

1− Γ
(
nT ,

(
t/c2

))

Γ
(
nT

)
)

(tnT−1/c1
)

c2
1Γ

(
nT

) exp
(−t
c1

)
dt,

∂RMT
sum

∂c2
=

∫∞

0

ρt

1 + ρt

K∏

k=3

(
1− Γ

(
nT ,

(
t/ck

))

Γ
(
nT

)
)

·
(

1− Γ
(
nT ,

(
t/c1

))

Γ
(
nT

)
)

(tnT−1/c2
)

c2
1Γ

(
nT

) exp
(−t
c2

)
dt.

(A.1)

Define the two functions

f (ρ, t, c) = ρt

1 + ρt

K∏

k=3

(
1− Γ

(
nT ,

(
t/ck

))

Γ
(
nT

)
)

,

g(t, c1, c2) =
(

1− Γ
(
nT ,

(
t/c2

))

Γ
(
nT

)
)(
t/c1

)nT−1

c2
1Γ

(
nT

) exp
(
− t

c1

)

−
(

1− Γ
(
nT ,

(
t/c1

))

Γ
(
nT

)
)(
t/c2

)nT−1

c2
2Γ

(
nT

) exp
(
− t

c2

)
,

(A.2)

in order to express the difference of the first derivatives of the
sum rate of the MTS as

∂RMT
sum

∂c1
− ∂RMT

sum

∂c2
=

∫∞

0
f (ρ, t, c)g(t, c1, c2)dt. (A.3)

The following properties of the functions f and g are easily
verified; f is monotonic increasing from zero to one. The
function g is g(t = 0) = 0, has one zero at t∗ : g(t∗) = 0, and
is negative for all t < t∗ and positive for all t > t∗. Therefore,
we can lower bound (A.3) by using the zero t∗ as

∂RMT
sum

∂c1
− ∂RMT

sum

∂c2
≥ f (ρ, t∗, c)

∫∞

0
g
(
t, c1, c2

)
dt. (A.4)

Finally, the integral in (A.4) can be computed in closed form
∫∞

0
g
(
t, c1, c2

)
dt = 1

2
1

c1c2Γ
(
1 + nT

)√
π

·
{

2
√
πΓ

(
nT + 1

)[
c2 − c1

]
+ Γ

(
nT + 1/2

)
4
nT
(
c1

c2

)nT

·
[
c1·2F1

(
nT , 2nT ; 1 + nT ;−

(
c1

c2

))

− c2·2F1

(
nT , 2nT ; 1 + nT ;−

(
c2

c1

))]}
,

(A.5)

where 2F1(a, b; c; z) is the Gauss hypergeometric function
[30, Chapter 15]. For single-antenna BS, we set nT = 1 to
obtain

G
(
c1, c2, 1

) = 0, (A.6)

which is in perfect agreement with the result and its
proof in [28]. Since, the function G(c1, c2,nT) is monotonic
increasing with nT , this implies that

∂RMT
sum

∂c1
− ∂RMT

sum

∂c2
≥ f (ρ, t∗, c)G

(
c1, c2,nT

) ≥ 0, (A.7)

which verifies Schur’s condition for Schur convexity.

B. Proof of Theorem 4

Proof. The proof is similar to the proof in Appendix A. The
difference is that we have two sums in the integral instead
of the product. Starting from the representation in (10), the
difference of the first partial derivatives with respect to c1 and
c2, respectively, is computed

∂ROR
sum

∂c1
=

∫∞

0

ρ

1 + ρt

1
K2

·
K∑

k=1

(
1− (

Γ
(
nT , t/c1

)
/Γ

(
nT

)))k
ktnT exp

(− t/c1
)

Γ
(
nT

)− Γ(nT , t/c1
)
cnT+1

1

dt,

∂ROR
sum

∂c2
=

∫∞

0

ρ

1 + ρt

1
K2

·
K∑

k=1

(
1− (

Γ
(
nT , t/c2

)
/Γ

(
nT

)))k
ktnT exp

(− t/c2
)

Γ
(
nT

)− Γ(nT , t/c2
)
cnT+1

2

dt.

(B.1)

Define the two functions

φ(ρ, t) = ρ

1 + ρt
,

γ
(
t, c1, c2, k,nT

)

=
(
1− (

Γ
(
nT , t/c1

)
/Γ

(
nT

)))k
ktnT exp

(− t/c1
)

Γ
(
nT

)− Γ(nT , t/c1
)
cnT+1

1

−
(
1− (

Γ(nT , t/c2
)
/Γ

(
nT

)))k
ktnT exp

(− t/c2
)

Γ
(
nT

)− Γ(nT , t/c2
)
cnT+1

2

,

(B.2)

in order to rewrite the difference of the first derivatives as

Δ = ∂ROR
sum

∂c1
− ∂ROR

sum

∂c2

= 1
K2

K∑

k=1

∫∞

0
φ(ρ, t)γ

(
t, c1, c2, k,nT

)
dt.

(B.3)

The properties of the functions φ and γ are as follows. φ is
monotonic decreasing with respect to t, and γ has similar
properties as the function g in the proof in Appendix A.
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γ(t = 0) = 0, it has on zero at t∗ : g(t∗) = 0, it is negative for
all t < t∗ and positive for all t > t∗. Therefore, we obtain an
upper bound on Δ in (B.3) as

Δ ≤ 1
K2

K∑

k=1

φ(ρ, t∗)
∫∞

0
γ
(
t, c1, c2, k,nT

)
dt = 0, (B.4)

because
∫∞

0 γ(t, c1, c2, k,nT)dt = 0. This verifies Schur’s
condition for Schur concavity and completes the proof.
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1. Introduction

Radio resource allocation (RRA) for multimedia services
has drawn a lot of attention because of its capability of
offering an efficient way to handle the resources. In previous
research, much attention has been paid to system efficiency
improvement, that is, maximizing system utility [1–8]. It
is shown that the Nash Bargaining Solution (NBS), a well-
defined notion in game theory, can be used to maximize
the sum of Peak Signal-to-Noise Ratios (PSNRs) in rate
allocation for collaborative video transmissions [1]. Optimal
resource allocation for multiuser wireless transmissions is
studied in [2] from an information theoretic perspective, and
it is shown that sum rate maximization (SRM) is suboptimal
when taking video quality into account. This work has
been extended to joint power and subcarrier allocation for
mutiuser video transmission in multi-carrier systems [3].
In [4], Application (APP), MAC, and Physical (PHY) layers
are jointly optimized using Cross-Layer Design (CLD) for
streaming video delivery in a multiuser wireless environ-
ments, and two objective functions are introduced, that is,
minimizing the sum of mean square error (MSE) of all video
users, maximizing the sum of PSNRs. As a continuous work

of [4, 5] proposed an application-driven cross-layer opti-
mization strategy and discussed the challenges in CLD for
multiuser multimedia services. Two Layering, as Optimiza-
tion Decomposition (LOD) methods, dual decomposition
and gradient projection-based decomposition, are used in
[6, 7] for downlink utility maximization (DUM) assuming
utility functions at APP layer are concave, increasing, and
differentiable. The maximization of weighted sum of data
rates in cross-layer resource allocation is addressed in [8],
and an improved conjugate gradient method under given
power constraint is presented as well.

In the work mentioned above, all the resource allocation
methods try to maximize the global utility function. There
are also several resource allocations that run in a distributive
way, for instance, ReSerVation Protocol (RSVP) was used to
allocate bandwidth among multiple multimedia streams over
internet based on the Traffic SPECifications (TSPECs) [9];
air time fairness allocates transmission time proportionally
to TSPECs to eliminate the passive impact of cross-layer
strategies employed in different transmitters [10]. Propor-
tional fairness was introduced [11] to allocate resources
based on users’ rate requirements, and further applied to rate
controlling [12]. In [1], the Kalai-Smorodinsky Bargaining
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Solution (KSBS) was used to allocate rates amongst multiple
video users such that the utility achieved by each user is
proportional to the maximum utility achievable.

Both maximization based and distributive policies work
in a competitive way as explained by the following two
examples. Utility maximization can actually be viewed as a
process in which all users compete for resources according
to the criteria that the Highest Quality Improvement the
Highest Possibility Resources (HQIHPR) [2]. Using KSBS,
users compete for resources to make efficient use of the
resource and achieve higher utility. The disadvantage of
these competitive policies is that they do not consider user’s
quality of service (QoS) satisfication degree, meaning that
they are not suitable for multimedia services. To address
this disadvantage, we propose an optimal and fair policy for
multimedia resource allocation, which introduces a judicious
mixture of competition and cooperation, such that user’s
QoS satisfication degree is taken into account. The idea
behind this judicious mixture is Co-opetition, a concept
from economic [13]. Co-opetition has been employed in
decentralized resource management [14] and collaborative
multimedia resource allocation in our preliminary work
[15]. It is shown that co-opetition can provide better tradeoff
between system efficiency and fairness.

Main contribution of this paper relies on the proposal
of a novel co-opetition strategy for RRA in multimedia
services, which is both optimal and fair. In this paper,
optimal represents sum utility maximization (SUM) subject
to the constraints on individual utility. It is worth to mention
that the value of optimal sum utility might be smaller
than that achieved by the unconstrained SUM, due to the
constraints. Fair is defined to describe that, compared to
unconstrained SUM, our strategy can result in fairer resource
allocation. The additional fairness from our strategy comes
from the individual utility constraint. Recall that the uncon-
strained SUM allocates resources in a competitive way, which
has no constraint on individual utility. Our co-opetition
strategy suggests a judicious mixture of competition and
cooperation in resource allocation. We formulate the co-
opetition strategy mathematically and solve it efficiently
using LOD method. This mathematical formulation would
help to get a better insight into the essential of competition
and cooperation behaviors of users in RRA. We apply our
strategy to wireless resource allocation for multiuser video
transmissions and evaluate its performance by comparing
with existing competition based mechanisms.

The rest of this paper is organized as follows. In Section 2,
we formulate the co-opetition strategy, and in Section 3 we
implement it by employing LOD method. In Section 4, we
apply the co-opetition strategy to power allocation amongst
multiple video users together with numerical results for
performance evaluation. Conclusion is drawn in Section 5.

2. Problem Setup

We consider RRA over a downlink transmission with N
users. We assume that the resource available at PHY layer
is denoted by X . Denote R ⊂ RN

0,+ as the rate region

achievable at PHY layers, and assume that R is convex and
compact. Convexity assumption means that time-sharing
mode is enabled at PHY layer. Let Un(rn), rn ∈ R0,+ denote
the user n’s utility function, which is assumed to be concave,
increasing, and differentiable. An example of utility is PSNR
for video services [16]. Each user has a minimum desired
rate, denoted by r0n, which should be at least guaranteed.
That means

rn ≥ r0n, (1)

otherwise, user n would not be served. A competition strat-
egy should be employed to develop our co-opetition strategy.
In this paper, we focus on optimization-based strategy, that
is, sum utility maximization (SUM). Investigation based
on distributive and competition-based strategies will be
accommodated in our future work. For SUM, system utility
function U : RN

0,+ → R0,+ is defined as

U
(
�r
) =

N∑

n=1

Un(rn), (2)

where �r = (r1, . . . , rN ). Hence, SUM can be written as

max
�r∈R

U
(
�r
)
, s.t. rn ≥ r0n. (3)

To allow co-opetition, we first define the notion of
satisfied user. A user is called satisfied user if its achieved QoS
is above or equal to predefined QoS threshold, Uth. Then the
basic idea of co-opetition can be described as follows. During
the process of RRA, in which all users compete for resources
to achieve SUM, users who have achievedUth stop competing
temporarily, until all resources have been allocated or all
users have been satisfied. Denote rate required by user n to
achieve Uth with rn,th, and denote �rth as (r1,th, . . . , rN ,th). We
distinguish the following two cases.

(1) If �rth ∈ R, co-opetition allocates resources such that
the minimum utility of all users is Uth, that is, Un ≥
Uth,∀n.

(2) If �rth /∈R, co-opetition allocates resources such that
the maximum utility of all users is Uth, that is, Un ≤
Uth,∀n.

Thus, our co-opetition strategy reads

max
�r∈R

U
(
�r
)
,

s.t. rn ≥ r0n,

Un ≥ Uth, ∀n, if �rth ∈R,

Un ≤ Uth, ∀n, if �rth /∈R.

(4)

Introducing Uth provides better tradeoff between system
efficiency and fairness. For example, for video services in
which PSNR is chosen as a QoS metric, Uth can be set
corresponding to PSNR = 35 dB, above which user could
achieve good video quality and user’s video satisfaction
degree increases very slowly as PSNR increases. In this
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case, rate, which can translate to resources at PHY layer,
is more important to unsatisfied users. In the following,
we investigate how the LOD method is used to solve (4)
efficiently.

3. LOD Method

LOD is a well-defined technique for network utility maxi-
mization (NUM) by decomposing the NUM into a set of
subproblems coupled with each other. Each subproblem is
associated with a protocol layer, in which it can be solved
separately [17].

3.1. Rewrite Co-opetition Strategy. We assume it is known
whether �rth can be achieved or not. In the case of �rth ∈ R,
Un ≥ Uth translates into rn ≥ rn,th, and Un ≤ Uth translates
into rn ≤ rn,th otherwise. We also assume that

rn,th > r0n (5)

always satisfies. Then constraints in (4) can be rewritten as

�rth ≤ �r ≤ ∞, if �rth ∈R,

�r0 ≤ �r ≤ �rth, if �rth /∈R,
(6)

where �r = (r1, . . . , rN ),�r0 = (r01, . . . , r0N )( In the case of
�r0 /∈R, total resource available cannot guarantee all users the
minimum resource required, and some users will deny to be
served. In this paper, we assume the minimum resource of all
users can be always guaranteed, that is,�r0 ∈R.) . We observe
that, no matter �rth ∈ R or not, the constraint has the same
form of

�rlow ≤ �r ≤ �rupp, (7)

with �rlow = (rl1, . . . , rlN ),�rupp = (ru1, . . . , ruN ). Hence, (4) can
be rewritten as

max
�r∈R

U
(
�r
)
, s.t. �rlow ≤ �r ≤ �rupp. (8)

3.2. Dual Decomposition. To solve (8) with LOD, (8) is firstly
modified by introducing an additional variable �s, then the
primal function (8) reads

max
�s

U
(
�s
)
,

s.t. �rlow ≤�s ≤ �r,

�r ≤ �rupp,

�r ∈R.

(9)

After introducing the Lagrangian factors

�λ =(λ1, . . . , λN )T,

�λ′ =(λ1′ , . . . , λ′N )T,
(10)

the Lagrangian function of (9) is written as

L
(
�s,�r,�λ,�λ′

)
= U

(
�s
)

+
(
�λT,�λ′T

)
⎛
⎝
�r −�s
�s−�rlow

⎞
⎠ (11)

with �λ ≥ 0,�λ′ ≥ 0. Thus, the dual function is

g
(
�λ,�λ′

)
= sup

�s
L
(
�s,�r,�λ,�λ′

)
, (12)

The maximization in (9) can be solved by searching the

optimum �λ and �λ′ such that the dual function is minimized,
that is,

min
�λ,�λ′

g
(
�λ,�λ′

)
. (13)

Based on the analysis afore, (12) can be decomposed into
two subproblems as

g
(
�λ,�λ′

)
= gA

(
�λ,�λ′

)
+ gP

(
�λ
)

, (14)

where

gA

(
�λ,�λ′

)
= max

�s

(
U
(
�s
)

+
(
�λ′T −�λT

)
�s−�λ′T�rlow

)
, (15)

gP

(
�λ
)
= max
�r∈R,
�r≤�rupp

�λT�r. (16)

For given �λ and �λ′, the above two-maximization can be
solved independently at APP layer for (15) and at PHY
layer for (16). So far, we have transformed the original
maximization, (8), into its dual problem.

3.3. Solving (13), (15) and (16). As mentioned above, for

each fixed �λ and �λ′, (15) and (16) have to be solved. Denote
G(�s) as the item to be maximized in (15), that is,

G
(
�s
) = U

(
�s
)

+
(
�λ′T −�λT

)
�s−�λ′T�rlow. (17)

Then G(�s) is continuous and differentiable, and further
denote S0 as set of�s = (s1, . . . , sN ) such that

S0 =
{
�s
∣∣∣∣∣
∂G
(
�s
)

∂sn
= 0, n = 1, . . . ,N

}
. (18)

Then (15) can be solved via efficiently selecting the optimum
�s∗, such that

�s∗ = arg max
�s∈S0

G
(
�s
)
. (19)

Maximization of (16) refers to weighted sum rate maxi-
mization (WSRMax) at constraint of maximizing individual
rate for certain PHY layer setup.�r ∈R is a general constraint
usually corresponding to given power or bandwidth.�r ≤ �rupp

can be translated into individual constraint. Recall that, R is
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1. Original optimization

2. Determine whether all users can be satisfied or not

Dual decomposition

3. LOD method

Outer iteration: subgradient method

gA gPλn, λ′n

APP layer
optimization

PHY layer
optimization

Inner iteration

Figure 1: Illustration of the implement of co-opetition strategy.

assumed to be convex and compact, thus the domain of (16),
denoted with R′,

R′ =R ∩
{
�r
∣∣∣�r ≤ �rupp

}
, (20)

is also convex and compact. WSRMax over R′ is a well-
researched problem and there are many efficient solutions for
a wide range of PHY layer setups [3, 8, 18].

Hereafter, we assume that for each �λ and �λ′, (15) and

(16) can be solved efficiently. Then the optimum �λ and �λ′
can be determined, for example, using either sub-gradient
method, cutting plane method or ellipsoid method [19]. In
Section 5, we would show how to solve (13), (15) and (16)
more concretely through power allocation.

3.4. Determining Whether �rth ∈ R or Not. Note that is �rth

not necessarily achievable. Whether �rth ∈ R or not can be
determined by userwisely computing the minimum resource
required to achieve �rth. Fortunately again there are several
solutions available for different scenarios. For example, in
[20] a generic procedure, CLARA, was presented for cross-
layer resource minimization subject to a set of constraints
on the overall QoS. [21] proposed an iterative algorithm
which monotonically converges to the unique allocation
with optimal sum power efficiency. This is actually another
hot topic as opposed to utility maximization in this paper,
namely, cost minimization to achieve certain QoS.

3.5. Summery of LOD Method. In this Section, we have
mapped our co-opetition strategy, (4), to a standard con-
strained optimization over convex domain, that is, (8).
Moreover, importantly, through applying the LOD, many
well-researched solutions are available which make our
co-opetition strategy more applicable. Finally, since the
resource allocation in this paper can be formulated as
a convex optimization, the LOD method has worst-case
polynomialtime complexity [17]. It will be shown that the
LOD method converges within limited iterations. Figure 1

is a brief description to apply the co-opetition strategy.
We investigate how co-opetition can be applied to power
allocation in detail.

4. RRA Using Co-Opetition

In this Section, we first describe the system scenario, and
then illustrate the co-opetition strategy in detail. Finally,
numerical results are presented for performance evaluation
through comparing with competition-based strategy.

4.1. System Setup. We consider downlink N-user video
transmission in a cell with a base-station (BS) which acts
as the central spectrum manager (CSM). At APP layer, users
transmit same or different video sequences. We choose PSNR
as user’s utility as it is the only widely accepted video QoS
metric and choose the rate-distortion (RD) model proposed
in [16] to describe user’s average RD behavior as this model
applies well to the state-of-the-art video encoder [22]. Then
user’s utility can be defined as

Un(rn) = 10 log
2552(rn − R0n)

D0n(rn − R0n) + μn
, (21)

where R0n,D0n and μn are sequence parameters, which are
dependent on video sequence characteristics, such as spatial
and temporal resolution, delay constraints as well as the
percentage of INTRA coded macro-blocks [1, 16]. D0n is the
minimum rate that should be at least guaranteed for user n,
therefore in this work we assume that rn > R0n.

At PHY layer, the BS has limited transmit power, Ptot.

Let �P = (P1, . . . ,PN ) represent the power allocated to all the
users, thus we have

∑N
n=1Pn ≤ Ptot. Each user is assumed

to experience an AWGN channel, whose capacity, Cn(Pn), is
given by

Cn(Pn) = B · log2

(
1 +

Pn
σ2

n,n

)
, (22)

where B and σ2
n,n denote bandwidth available and receiver

noise power, respectively.
It is assumed that private information of each user,

including R0n,D0n,μn, σ2
n,n, are sent to CSM, where power

allocation is made. Then CSM sends back the decision of
power allocated to each user. Note that, more complicated
PHY layer setups can also be taken into account, such as
multicarrier and multiple antennas systems over Rayleigh
fading channels. However, employing simple PHY layer setup
would help to highlight the focus of this paper, investigating
optimal and fair criteria for RRA. It is worth mentioning
that the co-opetition strategy can be easily extended to other
scenarios.

4.2. Co-Opetition Strategy.

4.2.1. CO-opetition Formulation. According to the common
sense in the field of video signal processing, the PSNR
threshold can be set to different values, such as 40 dB,
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35 dB, or 32 dB, representing perfect, good and acceptable
video quality, respectively. The PSNR threshold can also be
set dynamically according to the total resources available,
the number of users, and so forth. As an illustration, we
choose QoS threshold as PSNR = 35 dB corresponding to
good video quality, that is, Uth = 35 dB in (4). Denote
�Pth as (P1,th, . . . ,PN ,th) representing power required by users
to achieve PSNR of 35 dB. Using co-opetition strategy, if

sum(�Pth) ≤ Ptot( sum(�Pth) means calculating the sum of

all members in �Pth, i.e.,
∑N

n=1Pn,th.) , the lower and upper
bounds of achievable PSNR are set at Ulow = 35dB and
Uupp = ∞, respectively, and Ulow = −∞ and Uupp = 35 dB

otherwise. Correspondingly, when we have sum(�Pth) ≤ Ptot,
lower and upper bounds of rates are �rlow = (r1,th, . . . , rN ,th)
and �rupp = ∞, respectively, and �rlow = (R01, . . . ,R0N) and
�rupp = (r1,th, . . . , rN ,th) otherwise. In this paper, it is easy
to calculate Pn,th, rn,th corresponding to PSNR threshold, for
both (21) and (22) are invertible and monotonic increasing

functions. Thus, given PSNR threshold, sum(�Pth) ≤ Ptot or
not can be easily determined, and consequently, both�rlow and
�rupp are known.

Given each user’s utility definition in (21) and (22),
system utility writes

Us

(
�P
)
= 10

N∑

n=1

log
2552(Cn(Pn)− R0n)

D0n(Cn(Pn)− R0n) + μn
, (23)

where Cn(Pn) refers to as rn. We assume that capacity
approaching channel codes is employed at PHY layer. Then
our co-opetition strategy writes

max U s

(
�P
)

,

s.t.
N∑

n=1

Pn ≤ Ptot,

�rlow,≤ �C ≤ �rupp

(24)

where �C = (C1(P1), . . . ,CN (PN )). Note that (24) has the
same form as (8). The first constraint on the sum of the
power (24) corresponds to �r ∈R in (8).

4.2.2. The Implement of Co-opetition. Using LOD, maximiza-
tion of (24) can be decomposed into

max
�c

N∑

n=1

10 log
2552(cn − R0n)

D0n(cn − R0n) + μn

+
N∑

n=1

((
λ′n − λn

)
cn − λ′nrn,low

)
(25)

where �c = (c1, . . . , cN ), and

max B
N∑

n=1

λnlog2

(
1 +

Pn
σ2

n,n

)
,

s.t.
N∑

n=1

Pn ≤ Ptot

Pn ≤ Pn,upp, ∀n

(26)

where Pn,upp is defined as the upper bound of transmit power
of user n corresponding to rn,upp.

The optimum variable of (25), �c∗ = (c∗1 , . . . , c∗N ), can be
obtained by simply making the partial derivative ofgA and let
it equal to 0,

D0n(cn − R0n)2 + μn(cn − R0n)− 10μn(
λn − λ′n

)
ln10

= 0, ∀n.
(27)

Then we have

c∗n = R0n +

√
μ2
n + 4D0n · tmp− μn

2D0n
, (28)

where tmp = 10μn/(λn − λ′n).
As mentioned in Section 3.3, (26) can be solved at PHY

layer by the weighted sum rate maximization with thecon-
straints of total and individual power. Note that Cn(Pn) in
(22) is concave and increasing with respect to Pn, thus the
item to be maximized in (26) is also concave increasing. The
domain of (26) is formed by two linear inequalities, each
of which forms a convex domain together with Pn ≥ 0,∀n.
Thus the domain of (26) is also convex, and (26) is accessible
to conventional convex optimization techniques, such as
feasible direction method and projected gradient method.
In this paper the feasible increasing direction method is
employed (see the Appendix for details).

So far, given fixed �λ,�λ′, two subproblems, (25) and (26),
have been solved. We denote the optimal values of them

with g∗A (�λ,�λ′) and g∗P (�λ), respectively. In the following, the

optimum �λ,�λ′, denoted by �λ∗,�λ′∗, will be determined such

that the sum of g∗A (�λ,�λ′) and g∗P (�λ) is minimized, that is,

(
�λ∗,�λ′∗

)
= arg min

�λ,�λ′
g∗A
(
�λ,�λ′

)
+ g∗P

(
�λ
)
. (29)

Note that, the dual function might not be differentiable or, in
other words, (29) is not accessible to classical computational
method, such as steepest descent method. In this paper we
employ the sub-gradient method, which applies to both
differentiable and nondifferentiable dual functions. Much
like the feasible increasing direction method, sub-gradient

method also searches the optimal �λ and �λ′ iteratively. The
main iteration writes

⎛
⎜⎝
�λk+1

�λ′k+1

⎞
⎟⎠ =

⎛
⎜⎝
�λk

�λ′k

⎞
⎟⎠− αk�gk, (30)
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Table 1: test video sequences (videoID, video type, temporal level (TL), frame rate).

ID Video sequence μ D0 R0

1 Foreman (CIF, TL = 4, 30 Hz) 5232400 0 0

2 Coastguard (CIF, TL = 4, 30 Hz) 6329700 4.3 0

3 Mobile (CIF, TL = 4, 30 Hz) 38230000 1 44040

4 Foreman (QCIF, TL = 4, 30 Hz) 2653300 0 19614

5 Foreman (CIF, TL = 4, 15 Hz) 2760000 1 20720

6 Foreman (CIF, TL = 2, 30 Hz) 4610000 3 55080
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Figure 2: Plot of individual PSNRs achieved by the co-opetition,
NBS SP. User 1: Foreman (CIF, TL= 4, 30 Hz), user 2: Mobile (CIF,
TL = 4, 30 Hz).

where αk is the step-size which can be set as constant, and

�gk denotes the sub-gradient at (�λk,�λ′k). Note that, �P =
(P1, . . . ,PN )T at (�λk,�λ′k) rightly forms a sub-gradient, so the
sub-gradient can be obtained almost without any cost.

4.3. Numerical Results. In this subsection, the proposed co-
opetition strategy (co-opetition) is evaluated by comparing
with the strategy proposed in [1], which allocates resources
using the Nash bargaining Solution of Same bargaining
Power (NBS SP). For the sake of comparison, we use the
same test sequences as those in [1], and we list the parameters
in Table I for reader’s convenience.

4.3.1. Comparison in Terms of Individual PSNR. In this
experiment we focus on individual PSNRs in the case of
two users. At APP layer, user 1 transmits Foreman sequence
of CIF resolution at 30 Hz, and user 2 transmits Mobile
sequence of CIF resolution at 30 Hz. At PHY layer, we set the
bandwidth to B = 250 kHz, and let the receiver noise power
to be σ2

n,1 = 50 and σ2
n,2 = 1 for user 1 and user 2, respectively.

1: Set k = 1 and Pkn = 0, ∀n, Precision ε = 10−4

Repeat:
2: Determine∇gkP using(A.1)

3: Determine �dk according (A.4) and(A.5)
4: Determine αk using(A.6)

5: Compute �Pk+1 using(A.8)

Until: |(∇gkP)T �dk| ≤ ε.

Algorithm 1: Feasible increasing direction method.

Total transmit power Ptot varies from 50 to 800. Figure 2
shows the individual PSNRs achieved by these two schemes.
If NBS SP is employed, user 1 can achieve higher PSNR that
user 2 or, in other words, it is very hard for user 2 to achieve
satisfying video quality (PSNR ≥ 35). In the case of Ptot ≥
200, user 1 can always be satisfied. Note in this case, user 1’s
video satisfaction degree increases very slowly as the PSNR
increases, but significantly for user 2. Taking this observation
into account, co-opetition imposes individual constraint
on each user (see (4)). For example, with Ptot = 200,
which can not satisfy two users simultaneously, co-opetition
decreases user 1’s PSNR to 35 dB, and consequently, user
2’s PSNR achieves an improvement about 1 dB. If have
350 ≤ Ptot ≤ 650, user 2’s PSNR is improved such that
user 2 is just satisfied. Note, in these two cases, co-opetiton
keeps user 1 satisfied, while user 2 either be satisfied or
achieve much QoS improvement. It is worth to mention
that, under a given total transmit power constraint, NBS SP
can achieve higher total PSNR of two users than that in co-
opetition. This is because the NBS SP maximizes the sum
of PSNRs without taking the individual PSNR constraints
into account. The co-opetition works in quite a different
way. It maximizes the sum of PSNRs under the constraints
of individual PSNR. Therefore, the co-opetition is not only
optimal ( As stated in Section 1, in this paper the optimal
means sum utility maximization under certain constraints,
differing from unconstrained optimization.) , but also fairer
than NBS SP. This argument is further verified with other
experiments

4.3.2. Comparison in Terms of the Number of Satisfied
Users and Minimum PSNRs. We study a more complicated
scenario with nine users, each transmitting a sequence ran-
domly selected from Table 1. They also experience different
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Figure 3: Plot of the number of satisfied users (a) and minimum PSNRs (b) achieved by co-opetition and NBS SP in the case of nine users.
Id of sequences transmitted are 3, 6, 1, 3, 5, 1, 3, 2, 2, respectively. These sequences are randomly selected from Table 1. Bandwidth B is set
to 400 KHz for all users, and the receiver noise power are set to 16, 7, 5, 1, 19, 12, 24, 12, 11, respectively, again by random generation.

500 1000 1500 2000 2500 3000

Total transmit power, Ptot

3

4

5

6

7

8

9

N
u

m
be

r
of

sa
ti

sfi
ed

u
se

rs

Co-opetition
NBS SP

32 dB 34 dB 36 dB

(a)

500 1000 1500 2000 2500 3000

Total transmit power, Ptot

22

24

26

28

30

32

34

36

M
in

im
u

m
P

SN
R

(d
B

)

Co-opetition
NBS SP

32 dB 34 dB 36 dB

(b)

Figure 4: Plot of the number of satisfied users (a) and minimum PSNRs (b) achieved by NBS SP and adaptive co-opetition. System setup is
the same as that of Figure 3. 32 dB, 34 dB, and 36 dB refer to PSNR thresholds corresponding to different Ptot.

receiver noises randomly generated from 0 to 25. Figure 3
shows the number of satisfied users and the minimum
PSNRs achieved by NBS SP and co-opetition. We observe
that, the co-opetition always outperforms the NBS SP. For
example, in the case of Ptot = 1250, co-opetition can make
all users satisfied, but only 6 users satisfied by NBS SP.
With respect to the minimum PSNR, which is an important
criteria evaluating system in the worst case, improvement of
around 6 dB can be achieved when Ptot ≥ 200. Note that,
NBS SP can only make minimum PSNRs from about 25 dB

to 29 dB, corresponding to poor video quality, while above
32 dB for co-opetition leading to acceptable video quality.
Recall that, the co-opetition implies a judicious mixture
of competition and cooperation. Through competition,
the best system efficiency can be achieved. However, pure
competition, for example, NBS SP, might make very high
PSNRs for some users, for example, users transmitting
simple video content or having good channel quality, but low
PSNRs for the others. This disadvantage is eliminated by co-
copetition through introducing cooperation among users.
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Figure 5: Plot of individual PSNRs and average PSNR. User 1:
Foreman (CIF, TL = 4, 30 Hz), user 2: Mobile (CIF, TL = 4, 30 Hz).
(a): Ptot = 200 and (b): Ptot = 500.

Again, this experiment indicates that co-opetition provides
a good tradeoff between system efficiency and fairness.

4.3.3. Adaptive Co-opetiton Strategy. In previous experi-
ments, the threshold PSNR is fixed to be 35 dB. In order
to consider more fairness in resource allocation, adaptive
threshold can be employed. As an illustration, we present
a simple method to set the threshold PSNR. More optimal
and fair scheme for determining the threshold PSNR will be
investigated in our future work. We employ PSNR = 32 dB,
34 dB and 36 dB to represent acceptable, good and very good
quality, respectively. Denote resources required by the three

levels with Ra,Rg ,Rv, then threshold PSNR, PSNRth, can be
determined as follows

PSNRth = 32 dB, if Rtot < Rg ,

PSNRth = 34 dB, if Rg ≤ Rtot ≤ Rv,

PSNRth = 36 dB, if Rg ≤ Rtot ≤ Rv,

(31)

where Rtot is denote as total resources available.
Same system setup as that in previous experiment is used.

We observe from Figure 4(a) that, co-opetition employing
adaptive PSNRth still outperforms the NBS SP. Moreover,
adaptive PSNRth is more concerned with fairness than that
using fixed threshold. For example, in the case of low
resource, for example, Ptot ≤ 500, PSNRth = 32 dB is selected.
Consequently, an improvement of about 3 dB and 2 dB can
be achieved for the minimum PSNRs compared to NBS SP
and co-opetition using fixed threshold (see Figure 3(b)),
respectively. Note, these improvements are significantly
important for users having low PSNRs. Although these
improvements come from further decreasing the maximum
achievable PSNR, it can provide fairer resource allocation.
For instance, in Figure 4(a), it is very easy for all users to
achieve similar quality level using co-opetition. Moreover,
PSNRth can also be set to a very high level, for example, 36 dB
in the case of Ptot > 2500. An important advantage of this
is that all users can be guaranteed high video quality, but
cannot by fixed PSNR threshold and NBS SP.

4.3.4. Optimality Verification. Our co-opetition is also opti-
mal. As stated in Section 1, optimal means sum utility
maximization (SUM) under individual constraints. The
optimality is verified by experimental analysis in the case
of two users. Results of two examples of them are shown
in Figure 5(a) and Figure 5(b). System setup is the same as
that in Figure 2. The optimal average PSNRs are achieved
by exhaustive search. Recall that the LOD method consists
of inner and outer iterations. In each inner iteration, the
power allocation is initiated corresponding to (R01,R02) for
Figure 5(a) and (r1,th, r2,th) for Figure 5(b). In the outer

iteration, the values of �λ and �λ′ are initialized randomly.
Figures 5(a) and 5(b) show the results of outer iterations.

From these two figures, we can see that our strategy is
optimal under individual constraints. In Figure 2, Ptot = 200
cannot satisfy two users simultaneously. Therefore the PSNR
of user 1 is pegged at the threshold PSNR = 35 dB. The
optimal average PSNR can be achieved after 14 iterations. In
Figure 5(b), Ptot = 500 can make satisfying PSNR for both
the two users. We observe that, user 2’s PSNR has only little
fluctuation, and converges to the threshold. At the optimal
power allocation, both the two users’ PSNRs are above or
equal to the threshold. All these coincide with the results in
Figure 2.

4.3.5. Summarization. To summarize, threshold PSNR plays
importantly in adaptive/nonadaptive co-opetition strategies.
It provides radio resource allocation (RRA) with more
flexible tradeoff between system efficiency and fairness
among users.
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5. Conclusion

In this paper, we have presented an optimal and fair co-
opetition strategy for multiuser multimedia RRA. Following
contributions and conclusions have been made and drawn

(1) We formulate the co-opetition strategy as sum utility
maximization under constraints from both APP and
PHY layers. APP layer constraints imply that co-
opetition takes the QoS satisfaction degree into
account in RRA.

(2) We show that the co-opetition strategy can be
implemented efficiently through applying the LOD
method. Therefore the co-opetition strategy can
easily apply to real time multimedia services.

(3) We apply the co-opetition strategy to power alloca-
tion among multiple video users. Numerical results
indicate that co-opetition can result in an improved
number of satisfied users and significant improve-
ment in minimum PSNRs as well. A simple method
for adaptively determining threshold PSNR is also
presented, such that fairer resource allocation can be
achieved.

(4) We conclude that co-opetition, that is, mixture of
cooperation and competition, is more applicable to
multiuser multimedia RRA than pure competition
based strategy. Co-opetition strategy is not only
optimal, but also fair.

Our future work is to design more feasible co-opetition
strategy for different system setups, including multicarrier
and multiple antennas systems. We also wish to extend our
preliminary work to future heterogenous network, in which
users not necessarily run in a collaborative way.

Appendix

Feasible Increasing Direction Method

Feasible Increasing direction method iteratively searches the

optimum variable, �P∗ = (P∗1 , . . . ,P∗N ), by in each iteration
selecting a feasible increasing direction and update step size.

Denote �Pk = (Pk1 , . . . ,PkN ) as power allocation in the kth

iteration, then �Pk satisfies the constraints in (26). Denote
�dk ∈RN , αk as the direction and step size employed in the kth

iteration, then �dk,αk and �Pk+1 can be determined as follows.
Denote gP(�P) as the item to be maximized in (26), then

the gradient of gP(�P) at �Pk, denoted with∇gkP , writes

∇gkP =
(
∂gkP
∂P1

, . . . ,
∂gkP
∂PN

)T

, (A.1)

where

∂gkP
∂Pn

= Bλn(
σ2

n,n + Pn
)

ln 2
. (A.2)

If �Pk is strictly feasible, that is,

N∑

n=1

Pn < Ptot

Pn < Pn,upp, n ∈ {1, . . . ,N}
(A.3)

then set

�dk = ∇gkP. (A.4)

Otherwise, denote I(�Pk) as set of indexes of active con-
straints, for example, if Pn = Pn,upp, 1 ≤ n ≤ N , then

n ∈ I(�Pk). 0 ∈ I(�Pk) refers to
∑N

n=1Pn = Ptot. Then �dk
can be obtained by solving following maximization through
linear programming,

max
(
∇gkP

)T �dk

s.t. dn ≤ 0,∀n ∈ I
(
�Pk
)

,

N∑

n=1

dn ≤ 0, if 0 ∈ I
(
�Pk
)

− 1 ≤ dn ≤ 1, n ∈ {1, . . . ,N}.

(A.5)

If (∇gkP)T �dk = 0, then �Pk is optimal. Otherwise, compute
αk by solving following one-dimension maximization,

max φ
(
αk
)
= gP

(
�Pk + αk �dk

)

s.t. 0 ≤ αk ≤ αmax,
(A.6)

where

αmax =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+∞,

if
N∑
n=1

dn ≤ 0, dkn ≤ 0, ∀n,

min

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ptot−
N∑
m=1

Pkm
∑N

m=1 dm
,
Pn,upp− Pkn

dkn

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

,

if 0,n /∈I
(
�Pk
)

,

min

{
Pn,upp− Pkn

dkn

}
,

if 0 ∈ I
(
�Pk
)
, n /∈I

(
�Pk
)
.

(A.7)

Given �dk and αk, �Pk+1 can be set as

�Pk+1 = �Pk + αk �dk. (A.8)

Then the feasible increasing direction method can be sum-
marized in Algorithm 1.
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1. Introduction

It is well known that the capacity region of broadcast ergodic
fading channels is achieved by superposition coding at the
transmitter and successive interference cancellation at the
receivers (SC-SIC). Using SC-SIC, the transmitter transmits
simultaneously to all users using multiresolution coding,
and the receivers perform successive decoding. Although
optimum in terms of capacity, SC-SIC is complex, and it is
not necessarily the best method to use in practical systems
because decoding and channel estimation errors can degrade

its performance significantly [1].

More feasible are the orthogonal TDMA strategies based
on users opportunistic scheduling, where a single user is
selected to be transmitted at each fading state. Once a user is
selected, the transmitter allocates all the available resources
to him (bandwidth and power) utilizing a code adapted
to the channel state. Since the channels between the base
station and the users usually fade independently, this scheme
effectively exploits the multiuser diversity inherent to the

broadcast (BC) channel (see, e.g., [2] and references therein).

Opportunistic scheduling is commonly used in modern

wireless standards as IS-856 (also called CDMA 2000 1xEV-
DO), mobile WIMAX, and HSPA [3–5].

In multiuser diversity, the resulting long-term users’
rates are determined by the specific scheduling policy. Many
criteria have been proposed to schedule the users. Among
them, we focus on the so-called SNR-based scheduling
policies where the user with the highest weighted signal-to-
noise ratio (SNR) is selected to be transmitted. A particular
case is the so-called “absolute SNR-based scheduling” (ASS)
[6], where the user with the highest channel gain at
each channel state is selected. It is well known that ASS
maximizes the overall throughput (sum-rate) [2]. Although
ASS achieves the sum-rate, it favors users who have good
average channel conditions producing quite different indi-
vidual users’ rates in asymmetric broadcast channels. On
the other hand, the “normalized SNR-based scheduling”
(NSS) schedules the users according to the instantaneous
channel gain normalized by its own average [6, 7]. NSS
strategy favors users with poor average channel conditions
and penalizes advantaged users producing similar users’ rates
but at expense of a lower overall throughput. In fact, there is
a tradeoff between maximizing the overall throughput and
achieving throughput fairness. Other common scheduling
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criterion is based on the instantaneous achievable rates
instead on the SNR. In this case the base station transmits to
the user with the highest normalized achievable rate [2, 8, 9].
Since the achievable rate is monotonically increasing with the
SNR, both scheduling criteria are interchangeable. Further,
in BC channels the power constraint at the base station is
usually based on the maximum power rather than the long-
term average power. Therefore, we assume that the transmit
power is constant.

Some performance analyses of opportunistic scheduling
can be found in the technical literature. In [6, 7] closed-form
expressions for the achievable rates using ASS and NSS are
derived. In [10] analytical expressions for the sum-rate of
BC channel are derived using ASS and considering different
adaptive power allocation strategies. All these performance
analyses are restricted to specific scheduling algorithms.

In this work we derive a general closed-form expression
for the rates achievable by any SNR-based scheduling
algorithm. It generalizes other expressions proposed in the
technical literature that are restricted to a single specific
scheduling strategy (e.g., ASS and NSS). Each scheduling
algorithm is parameterized by a set of weights assigned
to the users, so the user with the best weighted channel
is selected at each channel fading state. There is a point-
to-point correspondence between the scheduling weights
and the boundary points of the achievable rates region.
The derived expression explicitly describes this relationship.
The expression is a simple function of the channel fading
parameters, the transmitted power, and the scheduling
weights. With the help of this function we solve some
interesting inverse problems. For example, the computation
of the minimum required transmit power and the optimum
scheduling strategy to achieve a given users’ rates. Other
problem considered is the computation of the optimum
scheduling preserving a given relationship among the users’
rates for a given transmit power. These inverse problems are
formulated as systems of nonlinear equations involving the
derived expression.

The rest of the paper is organized as follows. Section 2
shows the BC ergodic channel model. Section 3 presents
the parametrization of the SNR-based scheduling policies,
where the ASS and the NSS are particular cases. In Section 4
we derive the closed-form expression for the achievable
users’ rates as a function of the channel fading statistics, the
transmit power, and the scheduling algorithm. In Section 5
we pose the inverse problems as set of nonlinear equations
involving the derived expression. Simulation results are
presented in Section 6. Finally, conclusions are drawn in
Section 7.

2. Channel Model

A narrowband broadcast channel with K users is considered.
We assume that the transmitter and receivers have a single
antenna. The transmitter is subject to an average power
constraint denoted by P. We assume independent and iden-
tically distributed (i.i.d.) AWGN noise at the Rx antennas,
with single-sided power spectral density denoted by N0 for

all users. The receivers’ bandwidth is denoted by B, so the
noise power at the receivers is BN0. The baseband-equivalent
channel response between the transmitter and the kth user
is denoted by hk, k = 1, . . . ,K . We assume that the hk are
independent and differently distributed (i.d.d.) zero-mean
circularly symmetric complex Gaussian (ZMCSCG) random
variables. Then, the channel power gains gk = |hk|2 will
be exponentially distributed with cumulative distribution
functions (c.d.f.) given by

Fk(x) = 1− exp

(
− x

gk

)
, x ≥ 0, (1)

where gk denotes the average power gain for the kth user
channel: gk = E{gk}. The probability density functions
(p.d.f.) will be

fk(x) = exp
(− x/ gk

)

gk
, x ≥ 0. (2)

We assume, without loss of generality, that the channel
is normalized so gT1 = K , where g = [g1, g2, . . . , gK ]T and
1 is the all-ones vector of size K . Under this normalization,
the SNR averaged for all users and fading states will be ρ =
P/BN0. Note that the average SNR and the transmit power
are interchangeable.

3. SNR-Based Scheduling

The SNR-based scheduling strategies can be parameterized
by a set of normalized weights associated with the users, so
the system selects the user with the highest weighted channel
response.

The set of all possible weight vectors is the subset in RK

given by

Sw =
{

w = [w1w2 · · ·wK
]T | ws > 0, wT1 = K

}
. (3)

Then, at each channel state, the system selects the user
according to arg maxs{ηs}, where ηs = wsgs.

In particular, the ASS and the NSS algorithms correspond
to w = 1 and w = a1 · / g, respectively, where a is a
normalization factor to fulfill the constrain of (3), and ·/
denotes elementwise division.

Different scheduling weights lead to different achievable
users’ rates. Therefore, there is a one-to-one correspondence
between all the possible weight vectors and the points on the
boundary of the rates region. The achievable rates using ASS
and NSS are two of such points.

4. Achievable Rates

Let us define the following effective channel gain for the sth
user:

g∗s =
⎧
⎨
⎩

0, ηs < η−s

gs, ηs > η−s,
(4)
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where η−s = maxk /= s{wkgk}. The p.d.f. of g∗s can be expressed
as follows:

f ∗s (x) = Prob
{
ηs < η−s

}
δ(x) + fs(x)F̃−s

(
xws

)
, (5)

where δ(x) is the Dirac delta function, fs(x) is given by (2),
and F̃−s(x) is the c.d.f. of η−s given by

F̃−s(x) =
K∏

k /= s
Fk

(
x

wk

)

=
K∏

k /= s

[
1− exp

(
− x(

gkwk
)
)]

.

(6)

This expression can be expressed as follows:

F̃−s(x) =
∑

i∈S
ci
(
1− is

)
exp

(− xqT i
)
, (7)

where S is the set of binary words of length K , ci = (−1)iT1,
is denotes the sth component of the vector i, and q =
[(g1w1)−1(g2w2)−1 · · · (gKwK )−1]T . From (7) and (2), the
second term of (5) reduces to

fs(x)F̃−s
(
xws

) = −
∑

i∈S ciis exp
(− xwsqT i

)

gs
. (8)

The rate for the sth user will be the rate of the effective
point-to-point channel with channel gain g∗s . Then, for
a given channel distribution g, scheduling vector w and
average SNR ρ, the achievable rate by the sth, user will be

Rs
(

g, w, ρ
) =

∫∞

0
log2(1 + ρx) f ∗s (x)dx

=
∫∞

0
log2(1 + ρx) fs(x)F̃−s

(
xws

)
dx.

(9)

Substituting (8) in (9), this can be expressed as follows:

Rs
(

g, w, ρ
) = −

∑

i∈S, i /= 0

ci
is exp

(
wsqT i/ρ

)

wsgs
(

qT i
)

ln 2
E1

(
wsqT i
ρ

)
, (10)

where E1(·) denotes the exponential-integral function of
the first order [11]. Equation (10) explicitly provides the
coordinates of the boundary point of the rates region relative
to the scheduling vector w, for a given channel distribution g
and average SNR ρ. It has some interesting properties.

(i) Rs(g, w, ρ) is always a continuous strictly increasing
function of ρ, for any g and w. It is demonstrated
from (9) that the log function is continuous strictly
increasing and that f ∗s (x) is positive and continuous.
Therefore, for a given channel distribution g, the
boundaries of the rates region for different values of
ρ never overlap.

(ii) For any g and ρ the rates region is convex.
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Figure 1: Ergodic rates’ regions for a two-users channel when
g1/ g2 = 3 dB.
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Figure 2: Ergodic rates’ regions for a two-users channel when
g1/ g2 = 10 dB.

(iii) Rs(g, w, ρ) is continuously differentiable in the con-
vex region Sw. The derivatives with respect to w are

∂Rs
∂wk

=
∑

i∈S, i /= 0

ciisikws

w2
kgsgk ln 2

[
exE1(x)(x − 1)− 1

x2

]
,

∂Rs
∂ws

=
∑

i∈S, i /= 0

ciis
gs ln 2

(
is
gsws

− qT i

)[
exE1(x)(x − 1)− 1

x2

]
,

(11)

where x = wsqT i/ρ.

5. Inverse Problems

With the help of expression (10), it is easy to solve some
interesting inverse problems.

Problem 1. Given a channel distribution go objective rates
vector Ro = [Ro1R

o
2 · · ·RoK ]T , to find the minimum required

average SNR (or transmit power) and the scheduling vector
to achieve such rates, this problem can be formulated as
follows:

R
(

go, w, ρ
)− Ro = 0, s.t. w ∈ Sw, ρ > 0, (12)

where

R
(

go, w, ρ
) = [R1

(
go, w, ρ

) · · ·RK
(

go, w, ρ
)]
. (13)
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Considering the constrain wT1 = K , the expression (12)
is a system of K nonlinear equations with K unknowns.
Since R(go, w, ρ) is one-to-one and continuous, there will be
a unique solution.

Problem 2. Given a channel distribution go and an average
SNR ρo, to find the maximum achievable rates preserving
a given relationship among the users’ rates as well as the
scheduling vector to achieve such rates, this problem can be
formulated as follows:

R
(

go, w, ρo
)− aro = 0, s.t. w ∈ Sw, a > 0, (14)

where a is a scale factor to be determined, and r0 is any vector
fulfilling the desired relationship among the users’ rates.
Considering the constrain wT1 = K , expression (14) is a
system ofK nonlinear equations withK unknowns including
a. Again, it has a unique solution (w∗, a∗) which provides the
required scheduling strategy and the maximum achievable
rates R = a∗ro.

Other similar problems can be formulated. Due to the
properties of R(g, w, ρ) (see Section 3), all these problems are
well suited to be solved by using conventional gradient-based
iterative algorithms. For each problem, the Jacobian matrix
can be easily obtained from (11).

6. Numerical Results

Expression (10) gives the achievable users’ rates for a given
broadcast channel distribution, defined by g, for a given
weight vector w and for a given average SNR ρ. By varying
w in (10), we obtain the boundary points of the rates
region. As examples, Figures 1 and 2 show the rates regions
for a two-users broadcast channel where g1/ g2 = 2 and
g1/ g2 = 10, respectively. The different curves correspond to
different values of average SNR, or equivalently to different
transmit powers. The figures also show the points that give
the maximum sum-rate, which is achieved using ASS.

Figures 3 and 4 show the individual users rates, as a
function of the average SNR, for a 10-users channel using
NSS and ASS, respectively. The average channel gains are
linearly distributed according to gk = ak, k = 1, . . . ,K ,
where a = 2/(K + 1) is a constant determined by the channel
normalization and K = 10.

Figure 3 shows that the NSS algorithm is not totally fair
in terms of rates (it is strictly fair in terms of channel access
time). The fair scheduling vector can be obtained solving
Problem 2 for ro = 1. Figure 5 shows the optimum weights
and the resulting individual rate for different values of
average SNR. The optimum scheduling vector changes slowly
with the average SNR, especially in the high-SNR regime.
We have used a conventional iterative Gauss-Newton method
to solve (14). Figure 6 shows the convergence of the users’
weights for ρ = 10 dB. Starting at w0 = 1, the algorithm finds
the solution after only 4 iterations. To reduce the number of
iterations, the starting weights can be heuristically chosen as
a function of the average channel gains by assigning higher
weights to the worse users’ channels. For example, w0 = 1·/g
would be a better starting point.
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Figure 3: Individual rates for the 10-users channel using NSS.
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Figure 4: Individual rates for the 10-users channel using ASS.
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Figure 5: Optimum weight vectors for fair scheduling in the 10-
users channel and individual rate.
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Figure 6: Convergence of the weight vectors for fair scheduling in
the 10-users channel using a conventional Gauss-Newton method.
The average SNR is ρ = 10 dB.
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Figure 7: Optimum weights and achievable rates for the two groups
of users. The first five curves correspond to the first five users.

Now, assume that we are interested in achieveing differ-
ent users’ rates in the same asymmetric channel. The users
are divided in two groups; so the objective rates for the
first group double the rates for the second. The first group
comprises the users from one to five and the second group
from six to ten. To obtain the required scheduling vectors,
we solve (14) for rok = 2, k = 1, . . . , 5 and rok = 1, k =
6, . . . , 10. Figure 7 shows the achievable individual rates and
the scheduling weights to obtain such rates relationship. The
convergence to the optimum weights, using a conventional
Gauss-Newton algorithm, is depicted in Figure 8 when the
average SNR is ρ = 10 dB. After 5 iterations, the algorithm
finds the optimum weights.
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Figure 8: Convergence of the weight vectors in the 10-users channel
using a conventional Gauss-Newton method. The average SNR is
ρ = 10 dB.
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Figure 9: Mininum required average SNR and optimum scheduling
weights to achieve the objective rates in different channels deter-
mined by the parameters Δ.

As example of Problem 1, we compute the minimum
average SNR to achieve the following set of rates Rok =
k/K , k = 1, . . . ,K . Again, we consider a 10-users channel but
now the average channel gains are given by gk = a for k =
1, . . . , 4 and by gk = aΔ, for k = 5, . . . , 8, where a = 2/(Δ +
1). Note that the users are grouped in two sets. In each set
the channels are identically distributed. The ratio between
the average channel gains of the two sets is determined by
the parameter Δ. Figure 9 shows the required average SNR
to achieve the objectives rates Rok = k/Kbps/Hz and the
optimum scheduling weights, as a function of Δ. Note that as
the average channel gains diverge (Δ increases), the required
SNR increases.



6 EURASIP Journal on Wireless Communications and Networking

7. Conclusions

In this paper we studied the performance of the multiuser
selection diversity, in broadcast ergodic fading channels,
under different SNR-based scheduling schemes. At each
fading state, the base station transmits to the user with
the highest weighted SNR. By assigning the weights to the
users, the base station can arrange the users according to a
prescribed quality of service or degree of fairness. Each set of
weights corresponds to a specific scheduling policy. We have
derived a closed-form expression for the achievable users’
rates as a function of the scheduling weights, the transmit
power, and the channel fading statistics. With the help of
this expressions, we show how to obtain the optimum (in
terms of transmit power) scheduling policy to achieve a
prescribed set of users’ rates. Also, given a transmit power,
we obtain the scheduling policy that maximizes the overall
throughput preserving a given relationship among the users’
rates.
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