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Scheduling is one of the active areas of discrete optimization
that plays a crucial role in manufacturing and service indus-
tries and is probably its driving force today. The scheduling
theory is developed largely by researchers in management
science, industrial engineering, and operations research.
There is still a lively interest in classical models incorporating
new features that reflect modern industrial processes. The
new scheduling problems arising from practical production
processes have spawned a new area in scheduling field.

The main objective of this special issue is to present
the original research articles on new theory development,
innovative modelling and analysis, and novel applications
in the field of scheduling. All authors were encouraged to
focus on scheduling games, multiagent scheduling, mul-
ticriteria scheduling, supply chain scheduling, scheduling
with batching, scheduling with variable processing times,
coordinated scheduling with production and transportation,
scheduling under resource constraints, and scheduling in
flexible manufacturing and service systems.

The special issue received high-quality submissions. All
of them were peer-reviewed according to high standards of
this journal. The accepted papers represent excellent work
that spans across a wide variety of cutting edge scheduling
problems and applications.

In the paper entitled “Genetic Algorithm and Its Perfor-
mance Analysis for Scheduling a Single Crane,” X. Xie et al.

study a single crane scheduling problem arising in the cold-
rolling material warehouse in an iron and steel enterprise.
One overhead crane is used to perform all the transportation
and shuffling operations. Since the problem is shown to be
NP-hard, a genetic algorithm (GA) is proposed.They identify
some analytical properties which enable them to develop
an effective heuristic algorithm as initial solutions of the
GA. They further analyze its performance from the worst-
case point of view. To evaluate the average performances,
a numerical test compared with some existed methods is
carried out and its results show the good quality of the
proposed algorithm.

In the paper entitled “Robust Proactive Project Schedul-
ing Model for the Stochastic Discrete Time/Cost Trade-
Off Problem,” H. Li et al. consider the project budget
version of the stochastic discrete time/cost trade-off problem
(SDTCTP-B) from the viewpoint of the robustness in the
scheduling. By modeling the activity time and cost using
interval numbers, they propose a proactive project schedul-
ing model for the SDTCTP-B based on robust optimization
theory. They convert their model into its robust counterpart
using a form of the mixed-integer programming model.
Extensive experiments are performed on a large number
of randomly generated networks to validate their model.
Simulation is used to analyze the impact of different project
network parameters on the schedule stability.
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In the paper entitled “A Local Search Algorithm for
the Flow Shop Scheduling Problem with Release Dates,”
T. Ren et al. discuss the flow shop scheduling problem to
minimize the makespan with release dates. By resequencing
the jobs, a modified heuristic algorithm is obtained for
handling large-sized problems. Moreover, based on some
properties, a local search scheme is provided to improve
the heuristic to gain high-quality solution for moderate-
sized problems. A sequence-independent lower bound is
presented to evaluate the performance of the algorithms. A
series of simulation results demonstrate the effectiveness of
the proposed algorithms.

In the paper entitled “A Study on the Enhanced Best
Performance Algorithm for the Just-in-Time Scheduling
Problem,” S. Chetty and A. O. Adewumi propose a new local
searchmetaheuristic algorithm to solve the just-in-time (JIT)
scheduling problem. This algorithm is called the enhanced
best performance algorithm (eBPA). The currently problem
setting is the allocation of a large number of jobs required
to be scheduled on multiple and identical machines which
run in parallel. The due date of a job is characterized by a
window frame of time rather than a specific point in time.
The performance of the eBPA is compared against tabu search
(TS) and simulated annealing (SA). The results show that
eBPA performs competitively well with both TS and SA in
terms of best and average fitness values.

In the paper entitled “Optimal Control Problem of
Converter Steelmaking Production Process Based on Oper-
ation Optimization Method,” J. Zhang provides a dynamic
operation optimization method for operating a converter to
solve an optimal control problem. The classification method
is based on the use of clustering. A real-time multiobjective
operation optimizationmodel is built by taking theminimum
deviation between the actual data and the reference data
by the optimal control indicator as objective function. DE
(differential evolution) with improved strategy is used to
solve the proposed model for obtaining the set values of each
operating variable, which is beneficial for further control.
Simulation of actual production data shows the feasibility and
efficiency of the proposed method. That proves the proposed
method solves the optimal control problem of converter
steelmaking process as well.

In the paper entitled “AHybrid Algorithm for the Permu-
tation Flowshop Scheduling Problem without Intermediate
Buffers,” X. Liu et al. deal with the permutation flow shop
scheduling problemwithout intermediate buffers and present
a hybrid algorithm based on the scatter search and the
variable neighborhood search. A variable neighbourhood
based on the notion of job-block is developed, and the
neighbourhood size can adaptively change according to the
construction of the job-block. Extensive experiments on
benchmark problems are carried out, and the results show
that the proposed hybrid algorithm is powerful and compet-
itive with the other powerful algorithms in the literature.

In the paper entitled “A DE-Based Scatter Search for
Global Optimization Problems,” K. Li and H. Tian develop
a hybrid scatter search algorithm for continuous global opti-
mization problems by incorporating the differential evolution
algorithm to act as the new solution generation method.

This hybrid algorithm is called a DE-based SS algorithm
(SSDE). Tomake the proposed hybrid algorithmmore robust
for different kinds of optimization problems, an adaptive
selection mechanism is developed for multiple mutation
strategies. A population reinitialization method is also used
to help the algorithm to get out from local optimums. The
computational results based on benchmark test problems
show that the proposed SSDE is competitive or superior to
some state-of-the-art algorithms in the literature.

In the paper entitled “Modelling and Optimizing an
Open-Pit Truck Scheduling Problem,” Y. Chang et al. address
a special truck scheduling problem in the open-pit mine with
different transport revenue consideration. A mixed-integer
programming model is formulated to define the problem
clearly and a few valid inequalities are deduced to strengthen
the model. Some properties and two upper bounds of the
problem are proposed. Based on these inequalities, prop-
erties, and upper bounds, a heuristic solution approach
with two improvement strategies is proposed to resolve the
problem. The numerical experiment demonstrates that the
proposed solution approach is effective and efficient.

In summary, the eight papers represent some of the
latest and most promising research results on scheduling
problems and applications. This special issue demonstrates
the theoretical and practical importance of further studies on
scheduling problems and applications.
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This paper studies a single crane scheduling problem arising in the cold-rolling material warehouse in an iron and steel enterprise.
A set of coils stored in two levels are needed to be picked up and transported to designated positions. If a required coil is at the upper
level, it can be picked up right away and transported to its designated position (transportation operation). A required coil at the
lower level cannot be picked up until all its blocking coils at the upper level are moved to other positions (shuffling operation). One
overhead crane is used to perform all the transportation and shuffling operations. Our problem is to schedule the crane operations
so as to all required coils retrieve to their designated positions in the shortest possible time (makespan). Since the problem is shown
to be NP-hard, a genetic algorithm (GA) is proposed.We identify some analytical properties which enable us to develop an effective
heuristic algorithm as initial solutions of the GA.We further analyze its performance from the worst-case point of view. To evaluate
the average performances, a numerical test comparedwith some existingmethods is carried out and its results show the good quality
of the proposed algorithm.

1. Introduction

In iron and steel enterprises, cold rolling is the last main stage
of production process that produces final steel products with
customer required dimension, surface finish, mechanical
properties, and so forth. The materials used in the cold-
rolling process are steel coils from hot rolling. These coils
are stored in the cold-rolling material warehouse and are
retrievedwhen they are required according to the cold-rolling
production plan. Usually one area in warehouse is served by a
single bridge crane. Please see Figure 1 with three rows as an
example.The crane moves along the track over the area while
its pickup device (hoist) can move along the crane bridge. In
this way, the hoist of the crane can reach any position in the
area. From here onwards, we will refer to the hoist position
of the crane simply as the crane position. In each area, coils
are stored in rows. According to technological requirements,
the coils may be stored in at most two levels. Any coil stored
at the upper level must be supported by two coils at the lower

level. When a coil is required, it can be retrieved directly if
it is stored at the upper level or stored at the lower level and
not being blocked by coils at the upper level. If it is stored
at the lower level and there is one or two coils at the upper
level blocking it, the blocking coils have to be shuffled to other
empty positions in the area before the required coil can be
retrieved. The retrieval of all required coils and the shuffling
of all blocking coils are performed by the overhead crane.

Throughout the paper, picking-up of a required coil and
moving it to its designated place will be called a crane
transportation operation. Picking-up of a blocking coil and
moving it to an empty position will be called a crane shuffling
operation. In either a transportation operation or a shuffling
operation, the coil concerned needs to be lifted up from its
current position, moved to another position, and then
dropped off. The whole process is considered as a loaded
move for the crane. After the crane drops off a coil, the
empty crane can move to another coil to perform the next
loadedmove.We explore the single crane scheduling problem
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Figure 1: Coil storage in an area of steel coil warehouse.

to determine the sequence for transportation and shuffling
moves and to decide the positions that the blocking coils
should be shuffled to. The objective is to minimize the mak-
espan, that is, the time by which the retrieval of all required
coils is completed.

Effective solution of this scheduling problem helps to
achieve better use of the expensive overhead crane and
provide better logistics support for the steel production proc-
ess. Similar problems also exist in other warehouses, such
as material and product warehouses for hot-galvanizing and
acid-rolling operations and stack yards at container termi-
nals, but have not received much research attention. One
apparent reason for this phenomenon is the difficulty asso-
ciated with the simultaneous consideration of interrelated
transportation and shuffling operations.

Up to date, research on related crane scheduling problem
has been mainly on different contexts, such as quay crane
scheduling problem (QCSP) and yard crane scheduling
problem (YCSP) in container terminal to determine a sort
of crane operational planning for improving the efficiency of
the terminal, and hoist scheduling problem (HSP) in electro-
plating line by optimizing hoist movements to minimize the
production cycle. There is a rich literature on these various
crane scheduling problems. Interested readers may refer to
Steenken et al. [1], Stahlbock and Voß [2], and Bierwirth and
Meisel [3] for surveys in container terminal and Lee et al. [4],
Hall et al. [5], and Crama et al. [6] for surveys in HSP system.
However, the amount of researches on crane scheduling in
steel coil warehouses is relatively small. Zäpfel and Wasner
[7] investigated a single crane scheduling problem in a distri-
bution center of steel coils to store incoming coils and retrieve
coils required by customers. The problem is viewed as a coil
shop scheduling problem and formulated as a nonlinear inte-
ger programming model which is hard to solve. Local search
based heuristics is proposed and tested through computation.
Rei et al. [8] considered a single crane scheduling problem to
store and retrieve steel items with known arrival and retrieval
dates tominimize the number of cranemovements.The items
are stacked one on top of another in a similar way to container
stacking. Simulation based heuristics is proposed to solve the
problem. Most related to our problem studied is researched
by Tang et al. [9], but they proposed a heuristic algorithm
with worst-case performance analyzed without using genetic
algorithm for solving the problem. Xie et al. [10] further

studied the multicrane scheduling problem in steel coil
warehouse and still they did not propose genetic algorithm.

Moreover, the problem studied here concerns material
handling activities in warehouses and may be viewed as one
of the warehousing operation management problems. There
is a rich literature on various warehousing operationmanage-
ment problems. Interested readers may refer to van den Berg
and Zijm [11] for a discussion of warehousing systems and
a classification of warehouse management problems and de
Koster et al. [12] for a review of studies on warehouse design
and control issues. Research on these, order picking involves
only retrieving products from the storage area in response
to specific customer orders. Ratliff and Rosenthal [13] solved
the problem of routing order pickers, considering horizontal
travel time and as a special case of the traveling salesman
problem (TSP), in a linear computation time in terms of the
number of aisles and the number of pick locations. Ascheuer
et al. [14]modeled the picker route problem, considering both
horizontal and vertical travel times, as an online asymmetric
TSP. Kim et al. [15] solved an order picking problem using
an intelligent agent-based model where there are separated
storage areas each having a dedicated picker, and goods are
stored at multiple locations and the picking location of the
goods can be selected dynamically. Petersen and Aase [16]
examined the effect of picking, storage, and routing using a
simulation model based on the operations of a distribution
center. Rei et al. [8] presented a situation where a stacking
crane delivers all items for a client order in a steel stacking
warehouse to minimize the number of movements (total
delivery and reshuffling or shifting operations). Petersen
and Aase [16] examined the effect of picking, storage, and
routing using a simulation model based on the operations of
a distribution center. They took entities (goods or parts) and
resources (storage area and order pickers) as intelligent agents
which cooperate with each other so as to fulfill individual and
whole system goals. However, these order picking problems
do not involve shuffling decisions which is a main concern in
our problem.

Research involving shuffling activities is usually on con-
tainer handling problems. Kim and Hong [17] mentioned
a branch and bound procedure and presented a heuristic
for determining the storage positions for shuffled containers
during retrieving a given sequence of export containers to
minimize the number of shuffles needed. Wan et al. [18]
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Figure 2: Top view of an area in steel coil warehouse.

developed a linear integer programming model for the con-
tainer retrieval and shuffling problems and presented heuris-
tics for handling container storage and retrieval dynamically.
Y. Lee and Y. J. Lee [19] presented a three-phase heuristic for
retrieving containers in a given sequence to minimize the
weighted sum of the number of container movements and
the crane’s working time. Given the storage configuration and
a sequence of containers to be retrieved, Lee and Hsu [20]
proposed an integer programming model for premarshalling
containers with minimum number of marshalling move-
ments so that the required containers can be retrieved later
without shuffling. Lee and Chao [21] solved larger instances
of the problem by neighborhood search heuristics. Avriel et
al. [22] studied a ship stowage planning problem tominimize
the number of shuffles needed in unloading at destination
terminals. At a more aggregated level, Zhang et al. [23] assign
storage spaces in the yard for incoming containers to balance
theworkloads of cranes in different blocks in each period.The
problem under our consideration has its own features which
makes the existing models are not able to be applied to our
problem directly. The stacking of coils is different from that
of containers or other flat items. These problems are easier
than ours as coils are placed on top of each other in stack and
therefore one required coil may be blocked by only one coil.

The paper is organized in the following way.The problem
is described and formulated in Section 2. In Section 3, we
develop anMILP to describe our problem in detail. Section 4
is devoted to develop a genetic algorithm with worst-case
performance analysis. Computational results are reported in
Section 5 comparing the solutions with those given by the
MILPmodel and the genetic algorithm. Some conclusions are
finally given in Section 6.

2. Problem Statement and Notation

In the section, we unify the problem notation which is pro-
posed by Tang et al. [9] and the problem studied here is
described as follows. Consider a warehouse area with𝑁 posi-
tions served by one bridge crane. The area is arranged into 𝑅

rows. Each row can store at most two levels of coils.The lower
and upper levels are called levels 1 and 2, respectively. There
are 𝑃𝑙 storage positions at level 𝑙 in each row. Obviously 𝑃2 =
𝑃1−1, due to the special stacking structure. Let 𝑃 be the set of
all positions in the area. Each position 𝑘 ∈ 𝑃 can be identified
uniquely by its row-level-position coordinates (𝑟𝑘, 𝑙𝑘, 𝑝𝑘). In
the rest of the paper, we may refer to a position using its
number or its coordinates, whichever beingmore convenient.
Figure 2 shows a top view of an area where large and small
patterned circles represent coils at lower and upper positions,
respectively, and an empty circle indicates an empty position.
The number in a circle is the number for that position at that
level in that row.

There are𝑁0 coils stored in the warehouse area. The coils
are numbered in such a way that the set of coils required to
be retrieved and moved to their designated places is Ω𝑡 =
{1, 2, . . . , 𝑛}. For convenience of expression, the required coils
are also called target coils. Let Ω𝑏 = {𝑛 + 1, 𝑛 + 2, . . . , 𝑛 + 𝑏}
be the set of all blocking coils and let Ω𝑏𝑖 be the set of coils
blocking target coil 𝑖 (𝑖 ∈ Ω𝑡). Then set Ω𝑜 = {𝑛 + 𝑏 + 1, 𝑛 +
𝑏 + 2, . . . , 𝑁0} includes other coils in the area. Each coil 𝑖 has
a known initial storage position 𝑜𝑖.

To perform a loaded move, the time needed for the crane
to lift up or drop off a coil is 𝜇 (this can be easily extended
to situations with different lift-up and drop-off times). For
loaded moves, the crane traveling speeds along the track and
along the bridge are V1 and V2, respectively. Similarly, the
empty crane speeds in the two directions are 𝜆1 (𝜆1 ≥ V1)
and 𝜆2 (𝜆2 ≥ V2), respectively. As all the positions are known
in advance, and the distance between positions 𝑘 and 𝑞 in the
two directions, 𝑑1

𝑘𝑞
and 𝑑2

𝑘𝑞
(𝑘, 𝑞 ∈ 𝑃), is also known. Then

the time for a loaded move between positions 𝑘 and 𝑞 can be
calculated by 𝑡𝑘𝑞 = max{𝑑1

𝑘𝑞
/V1, 𝑑

2

𝑘𝑞
/V2} + 2𝜇 and that for an

empty move between positions 𝑘 and 𝑞 can be calculated by
𝑒𝑘𝑞 = max{𝑑1

𝑘𝑞
/𝜆1, 𝑑

2

𝑘𝑞
/𝜆2}. Here, the traveling time satisfies

the triangular inequality. Considering that a position can also
be represented by its coordinates, each move time can be
denoted in two ways: 𝑡𝑘𝑞 ≡ 𝑡𝑟𝑘𝑙𝑘𝑝𝑘,𝑟𝑞𝑙𝑞𝑝𝑞 , 𝑒𝑘𝑞 ≡ 𝑒𝑟𝑘𝑙𝑘𝑝𝑘,𝑟𝑞𝑙𝑞𝑝𝑞 .
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Figure 3: Side view of a row in steel coil warehouse.

Our problem is to determine the retrieval sequence of the
target coils and to decide the positions that the blocking coils
should be shuffled to with the objective of minimizing the
time by which the retrieval of all target coils is completed.
Although a blocking coil may be shuffled to any empty
position, to avoid further shuffling, we do not allow any
blocking coil to be shuffled to a position that blocks another
target coil.

According to their positions, the target coils in Ω𝑡 may
be categorized into four classes as described below. A side
view of a row shown in Figure 3 can help understand the
classification.The grid circles in the figure represent the target
coils.

Class 1.These are the target coils located on level 2 (e.g., coils
1 and 5 in Figure 3) or located on level 1 but not blocked by
other coils (e.g., coil 2 in Figure 3). Let Ω1 denote the subset
of coils in this class.

Class 2. These are the target coils located on level 1 and only
blocked by other target coils (e.g., coil 6 in Figure 3). Let Ω2
denote the subset of coils in this class.

Class 3. These are the target coils located on the lower level,
each of which is blocked by one nontarget coil (e.g., coil 3
blocked by coil 10, coil 7 blocked by coil 13, and coil 9 blocked
by coil 14 in Figure 3). LetΩ3 denote the subset of coils in this
class and letΩ

3
denote the set of the nontarget coils blocking

the coils inΩ3.

Class 4. These are the target coils located on the lower level,
each of which is blocked by two nontarget coils (e.g., coil 4
blocked by coils 11 and 12 and coil 8 blocked by coils 13 and
14). Let Ω4 denote the subset of coils in this class and let Ω

4

denote the set of the coils blocking the coils inΩ4.
According to the above definitions, we have Ω𝑡 = Ω1 ∪

Ω2 ∪ Ω3 ∪ Ω4. Note that some blocking coils may block two
target coils simultaneously, for example, coil 13 blocks both
coil 7 and coil 8. In addition, a blocking coil such as 13 and 14
may belong to bothΩ

3
andΩ

4
. Hence, it is possible thatΩ

3
∩

Ω


4
̸= Ø. The number of the blocking coils is thus 𝑏 = Ω



3


+


Ω


4


−

Ω


3
∩ Ω


4


. It is clear from the above classification that

coils in Ω1 can be retrieved directly and those in Ω2 can also
be retrieved directly after retrieving the ones in Ω1 blocking
them. In order to retrieve a coil inΩ3 orΩ4, the coils blocking
it need to be shuffled first to other positions.

For easy reference, we summarize all the notations
mentioned above in the Notations Section. Some further
notations will be defined later when needed.

3. Mathematical Formulation

To present our problem more clearly, in this section, we
continue to use a mixed integer linear programming (MILP)
model proposed by Tang et al. [9].

3.1. Problem Parameters

3.1.1. Input Data

(𝑟𝑜𝑖
, 𝑙𝑜𝑖
, 𝑝𝑜𝑖

) is the initial position of coil 𝑖 (𝑖 ∈ Ω𝑡 ∪
Ω𝑏 ∪Ω𝑜). With this information we can also work out
the indicator 𝑋0

𝑖𝑟𝑙𝑝
, for every 𝑖, 𝑟, 𝑙, 𝑝, which equals 1,

if the initial position of coil 𝑖 is (𝑟, 𝑙, 𝑝) or otherwise
equals 0.That is,𝑋0

𝑖𝑟𝑜𝑖
𝑙𝑜𝑖
𝑝𝑜𝑖
= 1, all other𝑋0

𝑖𝑟𝑙𝑝
= 0. Note

that each 𝑋0
𝑖𝑟𝑙𝑝

is a known parameter, rather than a
variable, representing the fact whether coil 𝑖 is initially
at position (𝑟, 𝑙, 𝑝).
(𝑟𝑑𝑖
, 𝑙𝑑𝑖
, 𝑝𝑑𝑖

) is the designated place of target coil 𝑖 (𝑖 ∈
Ω𝑡).
(𝑟0, 𝑙0, 𝑝0) is the initial position of the crane.
𝑡𝑟𝑙𝑝,𝑟𝑙𝑝 is the time needed for loaded move from
position (𝑟, 𝑙, 𝑝) to position (𝑟, 𝑙, 𝑝).
𝑒𝑟𝑙𝑝,𝑟𝑙𝑝 is the time needed for empty move from
position (𝑟, 𝑙, 𝑝) to position (𝑟, 𝑙, 𝑝).
𝑀 is a large positive number.

3.1.2. Decision Variables. One has the following:

𝑋𝑖𝑟𝑙𝑝 = {
1, if coil 𝑖 is shuffled to position (𝑟, 𝑙, 𝑝)

0, otherwise,

for 𝑖 ∈ Ω𝑏

𝑍𝑖𝑗

=

{{

{{

{

1, if the loaded move for coil
𝑖 is the 𝑗th loaded move

0, otherwise,

for 𝑖 ∈ Ω𝑡 ∪ Ω𝑏, 𝑗 = 1, 2, . . . , 𝑛 + 𝑏

𝑆𝑗 = the starting time of the 𝑗th loaded move,

for 𝑗 = 1, 2, . . . , 𝑛 + 𝑏

𝐶𝑗 = the completion time of the 𝑗th loaded move,

for 𝑗 = 1, 2, . . . , 𝑛 + 𝑏.

(1)
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3.2. Mathematical Model. The problem can be formulated as
the following model:

Minimize 𝐶𝑛+𝑏 (2)

Subject to ∑

𝑖∈Ω𝑡∪Ω𝑏

𝑍𝑖𝑗 = 1, 𝑗 = 1, 2, . . . , 𝑛 + 𝑏

(3)

𝑛+𝑏

∑

𝑗=1

𝑍𝑖𝑗 = 1, 𝑖 ∈ Ω𝑡 ∪ Ω𝑏 (4)

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑘𝑗 ≤

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑖𝑗, 𝑘 ∈ Ω𝑏𝑖, 𝑖 ∈ Ω𝑡 (5)

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑖𝑗 ≤

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑘𝑗 +𝑀(1 − 𝑋𝑘𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖
) ,

𝑘 ∈ Ω𝑏, 𝑖 ∈ Ω𝑡 ∪ Ω𝑏, 𝑘 ̸= 𝑖

(6)

𝑅

∑

𝑟=1

2

∑

𝑙=1

𝑃𝑙

∑

𝑝=1

𝑋𝑖𝑟𝑙𝑝 = 1, 𝑖 ∈ Ω𝑏 (7)

∑

𝑖∈Ω𝑏

𝑋𝑖𝑟𝑙𝑝 ≤ 1 − ∑

𝑖∈Ω𝑜

𝑋
0

𝑖𝑟𝑙𝑝
,

𝑟 = 1, 2, . . . , 𝑅, 𝑝 = 1, 2, . . . , 𝑃𝑙, 𝑙 = 1, 2,

(8)

2∑

𝑖∈Ω𝑏

𝑋𝑖𝑟2𝑝 ≤ ∑

𝑖∈Ω𝑜

𝑋
0

𝑖𝑟1𝑝
+ ∑

𝑖∈Ω𝑏

𝑋𝑖𝑟1𝑝

+ ∑

𝑖∈Ω𝑜

𝑋
0

𝑖𝑟1(𝑝+1)
+ ∑

𝑖∈Ω𝑏

𝑋𝑖𝑟1(𝑝+1),

𝑟 = 1, 2, . . . , 𝑅, 𝑝 = 1, 2, . . . , 𝑃2

(9)

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑖𝑗 ≤

𝑛+𝑏

∑

𝑗=1

𝑗𝑍𝑘𝑗

+𝑀(2 − 𝑋𝑖𝑟1𝑝 − 𝑋𝑖𝑟1(𝑝+1)

−𝑋𝑘𝑟2𝑝) ,

𝑘 ∈ Ω𝑏, 𝑟 = 1, 2, . . . , 𝑅,

𝑝 = 1, 2, . . . , 𝑃2, 𝑖 ∈ Ω𝑏,

(10)

𝐶𝑗−1 +

𝑅

∑

𝑟=1

2

∑

𝑙=1

𝑃𝑙

∑

𝑝=1

𝑒𝑟𝑙𝑝,𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖
𝑋𝑘𝑟𝑙𝑝

≤ 𝑆𝑗 +𝑀(2 − 𝑍𝑖𝑗 − 𝑍𝑘(𝑗−1)) ,

𝑗 = 2, . . . , 𝑛 + 𝑏, 𝑘 ∈ Ω𝑏,

𝑖 ∈ Ω𝑡 ∪ Ω𝑏, 𝑘 ̸= 𝑖,

(11)

𝐶𝑗−1 + 𝑒𝑟𝑑𝑘
𝑙𝑑𝑘
𝑝𝑑𝑘
,𝑟𝑜𝑖
𝑙𝑜𝑖
𝑝𝑜𝑖

≤ 𝑆𝑗 +𝑀(2 − 𝑍𝑖𝑗 − 𝑍𝑘(𝑗−1)) ,

𝑗 = 2, . . . , 𝑛 + 𝑏, 𝑘 ∈ Ω𝑡,

𝑖 ∈ Ω𝑡 ∪ Ω𝑏, 𝑘 ̸= 𝑖,

(12)

∑

𝑖∈Ω𝑡∪Ω𝑏

𝑒𝑟0𝑙0𝑝0,𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖
𝑍𝑖1 ≤ 𝑆1 (13)

𝑆𝑗 +

𝑅

∑

𝑟=1

2

∑

𝑙=1

𝑃𝑙

∑

𝑝=1

𝑡𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖 ,𝑟𝑙𝑝
𝑋𝑖𝑟𝑙𝑝

≤ 𝐶𝑗 +𝑀(1 − 𝑍𝑖𝑗) ,

𝑗 = 1, 2, . . . , 𝑛 + 𝑏,

𝑖 ∈ Ω𝑏,

(14)

𝑆𝑗 + 𝑡𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖 ,𝑟𝑑𝑖 𝑙𝑑𝑖𝑝𝑑𝑖
≤ 𝐶𝑗 +𝑀(1 − 𝑍𝑖𝑗) ,

𝑗 = 1, 2, . . . , 𝑛 + 𝑏, 𝑖 ∈ Ω𝑡,

(15)

𝑆𝑗, 𝐶𝑗 ≥ 0, 𝑗 = 1, 2, . . . , 𝑛 + 𝑏, (16)

𝑋𝑖𝑟𝑙𝑝 ∈ {0, 1} ,

𝑖 ∈ Ω𝑏, 𝑟 = 1, 2, . . . , 𝑅, 𝑝 = 1, 2, . . . , 𝑃𝑙,

𝑙 = 1, 2,

(17)

𝑍𝑖𝑗 ∈ {0, 1} ,

𝑖 ∈ Ω𝑡 ∪ Ω𝑏, 𝑗 = 1, 2, . . . , 𝑛 + 𝑏.

(18)

The objective (2) in the model is to minimize the mak-
espan. Constraints (3) guarantee that the crane performs a
loaded move for one coil at a time. Constraints (4) guarantee
that the retrieval of each target coil and the shuffling of each
blocking coil are performed only once. Constraints (5) ensure
that, before retrieving a target coil, its blocking coils must be
shuffled. Constraints (6) ensure that if a blocking coil 𝑘 is
shuffled to a position (𝑟, 𝑙, 𝑝) which is initially occupied by
another coil 𝑖, coil 𝑖 must be moved away before shuffling
𝑘. Constraints (7) guarantee that a blocking coil must be
shuffled to only one position. Constraints (8) ensure that a
blocking coil cannot be shuffled to positions occupied by
other coils that are not moved during the whole operation.
Constraints (9) ensure that a blocking coil can be shuffled to a
level-2 position only if both positions beneath it are occupied
by coils always being there or being shuffled to there. Note
that the value of ∑

𝑖∈Ω𝑜
𝑋
0

𝑖𝑟1𝑝
+ ∑
𝑖∈Ω𝑏

𝑋𝑖𝑟1𝑝 in (9) can be at
most 1 as position (𝑟, 1, 𝑝) can only hold at most one coil.
Similarly, the value of∑

𝑖∈Ω𝑜
𝑋
0

𝑖𝑟1(𝑝+1)
+∑
𝑖∈Ω𝑏

𝑋𝑖𝑟1(𝑝+1) can also
be at most 1. Constraints (10) ensure that the shuffling of a
blocking coil to a level-1 positionmust be done before another
blocking coil is shuffled to a position above it. Note that at
most one of 𝑋𝑖𝑟1𝑝 and 𝑋𝑖𝑟1(𝑝+1) in (10) can be 1, since coil 𝑖
can only be shuffled to one position. Constraints (11) and (12)
ensure that there is enough time for the empty move of the
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crane between the completion time of the (𝑗 − 1)th loaded
move and the start time of the 𝑗th loaded move. The two sets
of constraints are for the cases where the (𝑗 − 1)th loaded
move is for a blocking coil and for a target coil, respectively.
Constraint (13) ensures that the first loaded move can start
only after the empty crane reaches the starting position of
the loaded move. Constraints (14) and (15) state that between
the start and completion times of a loaded move, there must
be enough time for the crane to perform the move. The
two sets of constraints are for the loaded moves of blocking
coils and target coils, respectively. Constraints (16)–(18) are
nonnegativity and binary constraints on the variables.

Note that the problemdefinition assumes that each block-
ing coil will be shuffled to a position that is not blocking
other target coils; that is, a blocking coil needs to be shuffled
only once during the process of retrieving all the target coils.
This is in line with what is observed in practice. The above
model is developed under this assumption. Extension of the
model to include the case where each blocking coil is allowed
to be shuffled more than once will need more variables to
represent the positions of the blocking coils after each target
coil is retrieved. Interested readers are referred to Wan et al.
[18] for the method of modeling such a shuffling problem in
a container yard environment.

4. The Proposed Genetic Algorithm and
Performance Analysis

Since our problem is NP-hard in the strong sense (see Tang
et al. [9]) and the fast growth of the solution timewith the size
of the instance remains themajor drawback ofMILP, a genetic
algorithmpresented offers, in contrast, a reasonable comprise
in terms of computational burden and solution quality. A
genetic algorithm is a well-known metaheuristic approach
inspired by the natural evolution of the living organisms that
works on a population of the solutions simultaneously. It is
a randomized optimization technique that draws it inspira-
tion from the biological science. Specially, it uses the idea that
genetics determines the evolution of any species in the nature
world. Integer strings are used to encode an optimization
problem and these strings are subject to combinatorial oper-
ations called reproduction, crossover, and mutation, which
improve these strings and cause them to “evolve” to an opti-
mal or nearly optimal solution.

4.1. The Proposed Genetic Algorithm. Genetic algorithms
(GAs) have been used extensively in combinatorial optimiza-
tion problems, such as sequencing and scheduling problems.
GA is a well-known metaheuristic approach inspired by the
natural evolution of the living organisms that works on a
population of the solutions simultaneously. The exploration
process is performed both by a genetic operator, namely,
crossover, and another genetic operator, namely, mutation.
The trade-off between these two processes is controlled by the
parent selection and offspring acceptance strategies. A single
iteration is called a generation. The individuals of the new
generation are obtained from the individuals of the previous
one by applying reproduction and mutation procedures.

Part one

3 5 4 2 1 6 8 9 7

Part two

Figure 4: Chromosome representation.

4.2. Genetic Operations Design and Chromosome Representa-
tion. As we know, GA starts with a population of individuals
and each solution is called a chromosome consisting of
genes that represent the decision variables. The chromosome
representation used in this paper demonstrates each coil
in the schedule as a gene in the chromosome. The total
number of decision variables plays a significant role in the
computational time. Problemwithmore variableswill require
longer computation time. In the mathematical formulation
presented in Section 3, the total number of decision variables
is 2(𝑛𝑁 + 𝑛

2
). In the paper we define a chromosome to

have two parts. The first part represents the sequence of the
shuffled coils and the required coils, and the second part
represents the shuffled positions for each shuffled block coils
correspondingly. A GA chromosome encoding is depicted as
in Figure 4. This chromosome represents our problem with 3
required coils and 3 shuffled coils. As indicated in the first part
of the chromosome, there are six loadedmoves (numbered 1–
6). Coils 1, 2, and 3 are the required coils and coils 4, 5, and
6 are the shuffled ones. The second part of the chromosome
indicates that empty positions 8, 9, 7 are for the shuffled
coils 4, 5 and 6 correspondingly. This chromosome encoding
approach can reduce the number of decision variables.

4.3. Initial Solution Procedure. It is a well-known fact that
the structure of the initial population plays an essential role
in determining the efficiency of GAs (Goldberg [24]). How-
ever, most GA implementations in the literature employs
randomly generated populations for initiation. To generate
the random solutions for the initial population, we consider
the following steps.

Step 1. Transport all coils belonging toΩ1 andΩ2, by choos-
ing coil with the minimal (𝑒𝑟0𝑙0𝑝0,𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖 − 𝑒𝑟𝑜𝑖 𝑙𝑜𝑖𝑝𝑜𝑖 𝑟𝑑𝑖 𝑙𝑑𝑖𝑝𝑑𝑖 ) as the
first coil and the left |Ω1| + |Ω2| − 1 coils are in arbitrary
sequence. Go to Step 2.

Step 2. If there are enough positions for coils in Ω
3
∪ Ω


4

to be shuffled without making coils in Ω2 and Ω3 to be
blocked, shuffle the blocking coils one by one according to the
following principle: choose one coil with the nearest distance
from crane current position and shuffle it to the nearest
position. Else, go to Step 3.

Once all the blocking coils in Ω


3
∪ Ω


4
are shuffled

completely, then go to Step 1.

Step 3. Compare the two distances created by (3.1) and (3.2)
for choosing the nearest one to perform. If two distances are
equal, then choose the coils inΩ1∪Ω2 prior to coils inΩ



3
∪Ω


4
.

If there is no shuffled position for any one coil inΩ
3
∪Ω


4
, go

to Step 1 for transporting current coils in Ω1 ∪ Ω2. Once all
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coils in Ω are transported to the designated place, stop. One
has the following:
(3.1) the total distances from crane current position to one

coil inΩ
3
∪Ω


4
and then to its nearest shuffledposition;

(3.2) the total distances from crane current position to one
coil inΩ and then to the designated place.

4.4. Arithmetic Crossover. It is important to maintain the
feasibility of the newly generated offspring for the problem at
hand.Thus, we use the arithmetic crossover (AC) operator to
explore the solution space and maintain the feasibility of the
newly generated offspring simultaneously. The AC produces
a new offspring as complimentary linear combination of the
parents as follows.

Offspring = 𝜆 × Parent 1 + (1 − 𝜆) × Parent 2, where 𝜆 is
a randomly generated number within an interval from 0 to
1. Thus, each gene value (i.e., allele) in the newly generated
offspring is obtained. To increase the effect of the parent with
better fitness, we set the parent with better fitness to Parent 1.
The AC guarantees that the generated offspring will remain
feasible if its parents are feasible. Since values in genes are
integer values, the rounded of gene value (offspring) must be
considered as a true value.

4.5. Parent Selection Strategy. Parent selection is important in
regulating the bias in the reproduction process. The parent
selection strategy means how to choose the chromosomes in
the current population that will create offspring for the next
generation. Generally, it is better that the best solutions in
the current generation have more chance for being selected
as parents for creating offspring. The most common method
for the selectionmechanism is the “roulette wheel” sampling,
in which each chromosome is assigned a slice of a circular
roulette wheel and the size of the slice is proportional to the
chromosome’s fitness.

4.6. Offspring Acceptance Strategy. Weuse a semigreedy strat-
egy to accept the offspring generated by the genetic operators.
In this strategy, an offspring is accepted for the new genera-
tion if its fitness is less than the average fitness of its parent(s).
This strategy reduces the computational time of the algorithm
and leads to amonotonous convergence toward the optimum
solution neighborhood.

4.7. Stoppage Rules. We use two criteria as stoppage rules: (1)
maximum number of elapsed generation that is a common
criterion and (2) standard deviation of the fitness value
of chromosomes in the current generation. This parameter
implies the degree of diversity or similarity in the current
population in terms of the objective function value. If this
criterion reduces below an arbitrary constant, say 𝜀, then the
algorithm is stopped.

4.8. Performance Analysis. Let the schedule derived from the
genetic algorithm be 𝜎𝐻. A lower bound LB of the problem
can be derived from the following two bounds: for the

convenience of expression, we will refer to the distance
between crane initial position and coil 𝐽𝑖 as 𝑑

0

𝑖
, the distance

between coil 𝐽𝑖 and its designated place as 𝑑𝑖, and the distance
between coils 𝐽𝑖 and 𝐽𝑗 as 𝑑𝑖𝑗. Let 𝜆 = min{𝜆1, 𝜆2} and V =
min{V1, V2}. Consider

LB1 = min
𝐽𝑖∈Ω𝑡

{(𝑑
0

𝑖
− 𝑑𝑖)}

𝜆
+ (V + 𝜆)

𝑛

∑

𝑖=1

𝑑𝑖

𝜆V
+ 𝑛4𝜇,

LB2

=

[𝑛min𝐽𝑖∈Ω𝑡 {𝑑𝑖} + (

Ω


3


+

Ω


4


)min𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏 {𝑑𝑖𝑗}]

V

+ 4𝜇 (𝑛 +

Ω


3


+

Ω


4


) ,

(19)

where LB = max{LB1, LB2}.
LB1 is the optimal objective value if all the required coils

are inΩ1 andΩ2.The rationale for LB2 is that we consider the
minimal sum of transporting and shuffling times.

As a single crane must transport all the required coils
to designated place and shuffle all the blocking coils, the
makespan depends on crane performing sequence.The aimof
the algorithm is tominimize crane transporting and shuffling
distance as soon as possible. Since the algorithm includes all
the possible cases, we analyze the worst-case performance in
the following three cases.

Case 1 (Ω = Ω1 ∪ Ω2). In this case, all the required coils are
in Ω1 and Ω2, and we can get the optimal scheduling 𝜎∗ by
applying Step 1 of the algorithm and the objective valuewhich
is equal to optimal objective value𝐶max(𝜎

∗
). Hence, we derive

𝐶max (𝜎
𝐻
) = 𝐶max (𝜎

∗
) = LB1

= min
𝐽𝑖∈Ω𝑡

{(𝑑
0

𝑖
− 𝑑𝑖)}

𝜆
+ (V + 𝜆)

𝑛

∑

𝑖=1

𝑑𝑖

𝜆V
+ 𝑛4𝜇.

(20)

Case 2 (𝑁0 − 𝑛 ≥

Ω


3


+

Ω


4


). In this case, there are

enough positions for all the blocking coils inΩ
3
∪Ω


4
shuffled

without making coils in Ω2 ∪ Ω3 blocked. According to
Step 2, before transporting all the required coils, we first
shuffle all the blocking coils. The objective value of the
scheduling 𝜎𝐻 cannot be larger than the following expression
where the sum of the first two items is the longest time for
shuffling all the coils and the sum of the last three items is the
shortest time for transporting all the required coils

𝐶max (𝜎
𝐻
) ≤ max
𝐽𝑖∈Ω𝑡

{𝑑
0

𝑖
}

𝜆

+ (4𝜇 + max
𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆
+ max
𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

V
)
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× (

Ω


3


+

Ω


4


)

+min
𝐽𝑖∈Ω𝑡

{(𝑑
0

𝑖
− 𝑑𝑖)}

𝜆

+ (V + 𝜆)
𝑛

∑

𝑖=1

𝑑𝑖

𝜆V
+ 𝑛4𝜇.

(21)

Case 3 (𝑁0 − 𝑛 < |Ω


3
| + |Ω



4
|). In this case, as there

are not enough positions for all the blocking coils in Ω
3
∪

Ω


4
shuffled without making coils in Ω2 ∪ Ω3 blocked, one

blocking coil may be shuffledmore than once. For the sake of
decreasing shuffling time as much as possible, the crane may
shuffle and transport coils alternately. Thereby, themakespan
𝐶max(𝜎

𝐻
) for completing all required coils always satisfies the

following expression where the first item is the maximal time
for crane empty move from its initial position, the second
and third items are the maximal time for shuffling coils and
transporting all required coils, respectively, and the forth item
is the sum of loading and unloading time:

𝐶max (𝜎
𝐻
) ≤ max
𝐽𝑖∈Ω𝑡

{𝑑
0

𝑖
}

𝜆

+ ( max
𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆
+ max
𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

V
)

× (

Ω


3


+

Ω


4


)

+ ( max
𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆
+max
𝐽𝑖∈Ω𝑡

{𝑑𝑖}

V
)𝑛

+ 4𝜇 (

Ω


3


+

Ω


4


+ 𝑛) .

(22)

TogetherwithCase 2 above and𝐶max(𝜎
∗
) ≥ LB ≥ LB1, we

get oneworst-case performance bound combinedwith |Ω3| ≤
𝑛 and |Ω4| ≤ 2𝑛,

[𝐶max (𝜎
𝐻
) − 𝐶max (𝜎

∗
)]

𝐶max (𝜎
∗
)

≤

[𝐶max (𝜎
𝐻
) − 𝐶max (𝜎

∗
)]

LB2

≤ (max
𝐽𝑖∈Ω𝑡

{𝑑
0

𝑖
}

𝜆

+ (4𝜇 + max
𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆
+ max
𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

V
)

× (

Ω


3


+

Ω


4


) )

× (

[𝑛min𝐽𝑖∈Ω𝑡 {𝑑𝑖} + (

Ω3


+

Ω4


)min𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏 {𝑑𝑖𝑗}]

V

+ 4𝜇 (𝑛 +

Ω


3


+

Ω


4


))

−1

≤
𝐷/V + (4𝜇 + (2𝐷) /V) 3𝑛

𝑛𝑑/V + 4𝜇𝑛
≤
𝐷 + 12𝜇𝑛V + 6𝐷𝑛

𝑛𝑑 + 4𝜇𝑛V

≤
7𝐷𝑛 + 12𝜇𝑛V
𝑛𝑑 + 4𝜇𝑛V

≤
3 (𝐷 + 4𝜇V)
𝑑 + 4𝜇V

+
4𝐷

𝑑
≤
7𝐷

𝑑
.

(a)

TogetherwithCase 3 above and𝐶max(𝜎
∗
) ≥ LB ≥ LB2, we

get the other worst-case performance bound combined with
|Ω3| ≤ 𝑁 and |Ω4| ≤ 2𝑁,

[𝐶max (𝜎
𝐻
) − 𝐶max (𝜎

∗
)]

𝐶max (𝜎
∗
)

≤

[𝐶max (𝜎
𝐻
) − 𝐶max (𝜎

∗
)]

LB2

≤ ({max
𝐽𝑖∈Ω𝑡

{𝑑
0

𝑖
}

𝜆

+ [ max
𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆

+

(max𝐽𝑖∈Ω𝑡 {𝑑𝑖} −min𝐽𝑖∈Ω𝑡 {𝑑𝑖})
V

] 𝑛

+ [

[

max
𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏

{𝑑𝑖𝑗}

𝜆

+

(max𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏 {𝑑𝑖𝑗} −min𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏 {𝑑𝑖𝑗})

V
]

]

× (

Ω


3


+

Ω


4


) })

× (

[𝑛min𝐽𝑖∈Ω𝑡 {𝑑𝑖} + (

Ω


3


+

Ω


4


)min𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏 {𝑑𝑖𝑗}]

V

+ 4𝜇 (𝑛 +

Ω


3


+

Ω


4


))

−1

≤
(4𝑛 + 1)𝐷/V + 3𝑛 (𝐷 − 𝑑) /V

𝑛𝑑/V + 4𝜇𝑛
≤
(7𝐷𝑛 + 𝐷) /V
𝑛𝑑/V + 4𝜇𝑛

≤
8𝐷𝑛

𝑛𝑑 + 4𝜇𝑛V
≤
8𝐷

𝑑
.

(b)

Hence, max{(a), (b)} is the worst-case performance bound.

Theorem 1. For any schedule 𝜎𝐻 of our problem generated
by the genetic algorithm, it provides the worst-case perfor-
mance guarantee, where 𝐷 = max𝐽𝑖 ,𝐽𝑗∈Ω𝑡∪Ω𝑏{𝑑

0

𝑖
, 𝑑𝑖𝑗, 𝑑𝑖}, 𝑑 =

min𝐽𝑖,𝐽𝑗∈Ω𝑡∪Ω𝑏{𝑑
0

𝑖
, 𝑑𝑖𝑗, 𝑑𝑖},

[𝐶max (𝜎
𝐻
) − 𝐶max (𝜎

∗
)]

𝐶max (𝜎
∗
)

≤ 8
𝐷

𝑑
. (23)
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Table 1: The performance for smaller scale instances.

Problem ARD (%)
𝑅 𝑃1 𝑈(𝑁0) 𝑛 MILP Sequential approach Heuristic algorithm Modified heuristic GA

V
1
= 1

V2 = 2
𝜆1 = 2

𝜆2 = 4

𝜇 = 2.5

2 3
0.5

2
2.93 2.93 5.33 5.33 2.93

0.7 3.52 3.52 3.52 3.52 3.52
0.9 5.50 5.50 6.34 6.17 5.54

3 3
0.5

3
4.74 4.90 5.97 5.97 4.74

0.7 5.31 5.31 6.05 6.05 5.31
0.9 4.99 5.22 6.58 6.47 5.16

3 4
0.5

5
5.06 5.48 7.35 7.35 5.18

0.7 4.32 4.54 7.31 7.16 5.22
0.9 8.05 9.12 11.20 11.68 8.34

3 5
0.5

6
4.70 5.06 9.73 9.60 4.70

0.7 5.53
{2} 6.13 7.88 8.74 6.01

0.9 9.25
{10}

12.03
{4} 14.69 13.04 11.74

V1 = 1
V2 = 2
𝜆1 = 2

𝜆2 = 4

𝜇 = 5

2 3
0.5

2
1.80 1.80 3.30 3.30 1.80

0.7 2.12 2.12 2.12 2.12 2.12
0.9 3.29 3.29 3.79 3.69 3.32

3 3
0.5

3
3.00 3.00 3.65 3.65 3.00

0.7 3.25 3.25 3.70 3.70 3.25
0.9 3.13 3.13 3.95 3.89 3.36

3 4
0.5

5
3.14 3.39 4.55 4.55 3.14

0.7 2.64 2.83 4.48 4.39 2.64
0.9 4.82

{1} 5.50 6.71 6.99 5.29

3 5
0.5

6
2.92 3.14 6.06 5.97 2.92

0.7 3.42
{2} 3.93 4.88 5.39 3.89

0.9 6.42
{10}

7.32
{3} 9.51 7.96 7.26

Note that this ratio only bounds the performance for the
potential worst case. This bound correlates with the distance
parameters.

5. Computational Experiments

To test the performances of the proposed GA, the computa-
tional experiments used the methods which were provided
by Tang et al. [9]. These methods are MILP, sequential
approach, heuristic algorithm, and modified heuristic. For
each problem setting, 10 problem instances were solved.
Different set of problem instances were generated, each of
which is characterized by the number of rows𝑅 in the storage
area, the number of storage positions 𝑃1 at the lower level
in each row (𝑃2 = 𝑃1 − 1 positions at the upper level), the
space utilization 𝑈, and the number of target coils 𝑛. The
possible positions for designated places are at one end of
the rows (near position 1 of each row). For each instance,
the number of designated places is generated randomly from
1 to 𝑅, and their positions are randomly selected from the
potential positions. The designated place for each target coil
is then randomly chosen from these selected positions. The
distance of two adjacent positions in the same row (As shown
in Figure 2, the two adjacent positions in the same row
are defined by the respective positions of two contact coils

located at different level in the same row) is 1 and the distance
between two adjacent rows is 2. The crane traveling speeds
for loaded and empty moves in the two directions are V1 =
1, V2 = 2, 𝜆1 = 2, 𝜆2 = 4. The time for lifting up and dropping
off a coil is 𝜇 = 2.5. To test the effect of 𝜇 that is not related
to distance, we doubled its value and solved the problem
instances again. The corresponding results are shown in the
lower part of Tables 1 and 2.

A time limit of 10 hours was set to solve the MILP of each
instance. In case an optimal solution was not obtained within
the time limit, the best feasible solution was recorded. {⋅} the
number in the brackets indicates the number of instances
in the group for which the MILP models were not solved
to optimality within their time limit. These algorithms were
implemented using Visual C++ and ran on a PC with a
2.33GHz Pentium CPU and 1G RAM. The MILP models of
the instances were solved using CPLEX version 11.0 on a PC
with the same configuration. We use the lower bound LB, as
a basis to compare the solution quality. For a solution with
a makespan of 𝐶max, the quality is measured by its relative
deviation from the LB, (𝐶max − LB)/LB ∗ 100%.

From Tables 1 and 2 we can make the following observa-
tions.

For most of the smaller instances, GA can obtain an
optimal solution. Although the computation time of GA is
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Table 2: The average computational time for smaller scale instances.

Problem Avg. CPU time
𝑅 𝑃1 𝑈(𝑁0) 𝑛 MILP Sequential approach Heuristic algorithms GA

V1 = 1
V
2
= 2

𝜆1 = 2

𝜆2 = 4

𝜇 = 2.5

2 3
0.5

2
0.002 0.016 0.000 0.000

0.7 0.025 0.014 0.000 0.000
0.9 0.025 0.021 0.000 0.000

3 3
0.5

3
0.036 0.021 0.000 0.000

0.7 0.043 0.024 0.000 0.000
0.9 0.169 0.048 0.000 0.001

3 4
0.5

5
5.508 0.953 0.000 0.000

0.7 23.426 1.580 0.000 0.000
0.9 5684.544 27.935 0.002 0.002

3 5
0.5

6
83.014 6.170 0.000 0.000

0.7 8217.837 10.973 0.002 0.003
0.9 36000.000 1090.988 0.003 0.005

V
1
= 1

V2 = 2
𝜆1 = 2

𝜆2 = 4

𝜇 = 5

2 3
0.5

2
0.023 0.010 0.000 0.000

0.7 0.031 0.008 0.000 0.000
0.9 0.047 0.020 0.000 0.000

3 3
0.5

3
0.037 0.020 0.000 0.000

0.7 0.051 0.002 0.000 0.000
0.9 0.127 0.045 0.000 0.001

3 4
0.5

5
4.704 0.858 0.000 0.000

0.7 40.274 1.543 0.000 0.000
0.9 7377.501 23.781 0.002 0.002

3 5
0.5

6
76.869 6.003 0.000 0.000

0.7 9213.951 10.712 0.002 0.003
0.9 36000.000 1262.419 0.003 0.005

a little longer than that of the heuristic algorithms, the ARD
of GA is smaller than that of the MILP. As problem size or
the space utilization increases, the GA solution time taken
for problems with 90% space utilization is longer than those
for lower (50%) and (70%) space utilizations. This may be
because for very high space utilization there are fewer empty
slots for the shuffled coils and so is the number of iterations,
and for low space utilization, there are fewer blocking coils,
which also helps reducing search time.

From the results in Table 3, we can see that the results of
the GA continued the trend shown for the smaller problems.
As the problem size increases, the ARD to LB increases
steadily. Therefore, looking at the trend of ARD in Tables 1
and 3, we can see that the GA solution may be not far
from optimal. The ARD for the GA is very similar to that
of the heuristic algorithm and the modified heuristic. The
computation time of the GA increases with the problem
size. However, it only takes a fraction of a second to solve a
problem with over 100 target coils. Even a problem with 800
coils can be solved within half a minute. Since in practice it
is rare for the problem size to reach 𝑛 = 100, the proposed
GA is capable of generating good solutions within very short
time. Therefore they are suitable for practical use.

6. Conclusions

To conclude, the contributions of this paper are as follows.
Unlike the previous related literature, the purpose of our
study is to shed light on this practical problem through

some theoretical analyses. The problem is formulated as an
MILP model. As the strongly NP-hard nature, we develop a
genetic algorithm for producing good and quick approximate
solutions for practical applications. The performance of this
algorithm has been demonstrated efficiently and effectively
which is related with some problem parameters. It provides
a solution for improving the efficiency of the cranes and
output of the production in warehouse of the iron and steel
enterprise. These contributions can be used for enterprise to
achieve a more efficient productivity in warehouse manage-
ment and utilize expensive facilities.

Note that our study is fit for solving single crane schedul-
ing problem for picking up required coils in warehouse of
the steel enterprises. Further research may consider applying
other well-known population-based metaheuristics such as a
memetic algorithm to solve our problem involving other sim-
ilar shuffle and reshuffling processes in steel plate warehouse
and in container terminalswhile considering implementation
details.

Notations

𝑁: The number of all positions in the warehouse
area being considered

𝑃: The set of all positions in the area
𝑅: The number of rows in the area
𝑙: Index of levels; 𝑙 = 1 and 𝑙 = 2 represent the

lower and upper levels, respectively
(𝑟𝑘, 𝑙𝑘, 𝑝𝑘) : The row-level-position coordinates for 𝑘 ∈ 𝑃
𝑁0: The number of all stored coils in the area
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Table 3: Computing results of the heuristic algorithms for larger scale instances.

Problem ARD (%) Avg. CPU time
𝑅 𝑃1 𝑈(𝑁0) 𝑛 Heuristic algorithm Modified heuristic GA Heuristic algorithms GA

3 6
0.5

10
11.09 11.09 11.00 0.000 0.000

0.7 12.69 13.34 11.90 0.003 0.005
0.9 11.87 12.83 12.07 0.002 0.003

5 6
0.5

16
12.92 12.96 12.66 0.000 0.000

0.7 10.62 11.35 10.37 0.003 0.005
0.9 13.11 13.62 13.09 0.000 0.002

10 6
0.5

33
18.54 18.68 17.89 0.005 0.005

0.7 16.25 16.50 16.14 0.004 0.005
0.9 15.66 17.23 15.30 0.007 0.010

15 6
0.5

50
23.47 23.47 23.00 0.006 0.006

0.7 21.54 21.72 21.21 0.015 0.018
0.9 20.41 21.05 19.99 0.015 0.020

20 6
0.5

65
26.57 26.68 26.18 0.003 0.003

0.7 24.78 24.98 24.54 0.015 0.018
0.9 23.03 24.22 22.91 0.021 0.030

20 11
0.5

130
26.17 26.18 26.02 0.060 0.071

0.7 27.48 27.98 27.19 0.109 0.132
0.9 22.49 23.84 22.00 0.153 0.169

50 26
0.5

800
34.60 34.54 34.52 6.572 7.121

0.7 33.00 32.92 32.73 19.647 23.409
0.9 31.33 31.75 30.90 32.838 35.117

Ω𝑡: The set of target coils (required to be
retrieved and moved to their designated
places), Ω𝑡 = {1, 2, . . . , 𝑛}

Ω𝑏: The set of blocking coils, Ω𝑏 = {𝑛 + 1, 𝑛 +
2, . . . , 𝑛 + 𝑏}

Ω𝑏𝑖: The set of coils blocking target coil 𝑖 (𝑖 ∈
Ω𝑡)

Ω𝑜: The set of other coils, Ω𝑜 = {𝑛 + 𝑏 + 1, 𝑛 +
𝑏 + 2, . . . , 𝑁0}

Ω1: The subset of target coils located on level
2 or located on level 1 but not blocked by
other coils

Ω2: The subset of target coils located on level 1
and only blocked by other target coils

Ω3: The subset of target coils located on level 1,
each of which is blocked by one nontarget
coil

Ω


3
: The set of the nontarget coils blocking the

coils inΩ3
Ω4: The subset of target coils located on level 1,

each of which is blocked by two nontarget
coils

Ω


4
: The set of the coils blocking the coils inΩ4

𝜇: The time needed for the crane to lift up or
drop off a coil

V1 and V2: The crane traveling speeds along the track
and along the bridge, respectively

𝜆1 and 𝜆2: The empty crane traveling speeds along the
track (𝜆1 ≥ V1) and along the bridge (𝜆2 ≥
V2), respectively

𝑑
1

𝑘𝑞
and 𝑑2

𝑘𝑞
: The distance between positions 𝑘 and 𝑞
along the track and along the bridge,
respectively

𝑡𝑘𝑞 and 𝑒𝑘𝑞: The time for a loaded move and for an
empty move, respectively, between posi-
tions 𝑘 and 𝑞, 𝑡𝑘𝑞 = max{𝑑1

𝑘𝑞
/V1, 𝑑

2

𝑘𝑞
/V2} +

2𝜇, 𝑒𝑘𝑞 = max{𝑑1
𝑘𝑞
/𝜆1, 𝑑

2

𝑘𝑞
/𝜆2}. They can

also be denoted in another way: 𝑡𝑘𝑞 ≡

𝑡𝑟𝑘𝑙𝑘𝑝𝑘,𝑟𝑞𝑙𝑞𝑝𝑞
, 𝑒𝑘𝑞 ≡ 𝑒𝑟𝑘𝑙𝑘𝑝𝑘,𝑟𝑞𝑙𝑞𝑝𝑞 .
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We study the project budget version of the stochastic discrete time/cost trade-off problem (SDTCTP-B) from the viewpoint of the
robustness in the scheduling. Given the project budget and a set of activity execution modes, each with uncertain activity time
and cost, the objective of the SDTCTP-B is to minimize the expected project makespan by determining each activity’s mode and
starting time. By modeling the activity time and cost using interval numbers, we propose a proactive project scheduling model
for the SDTCTP-B based on robust optimization theory. Our model can generate robust baseline schedules that enable a freely
adjustable level of robustness. We convert our model into its robust counterpart using a form of the mixed-integer programming
model. Extensive experiments are performed on a large number of randomly generated networks to validate our model. Moreover,
simulation is used to investigate the trade-off between the advantages and the disadvantages of our robust proactive project
scheduling model.

1. Introduction

In project management, the project duration can usually be
shortened by allocating more resources to critical activities.
The number of resources tends to be discrete, such as the
numbers of workers and machines. These resources are usu-
ally treated as nonrenewable resources and measured by cap-
ital (or cost), resulting in the discrete time/cost trade-off
problem (DTCTP) [1]; Harvey and Patterson [2] and Hin-
delang and Muth [3] first proposed the DTCTP, which is a
special case of the multimode resource-constrained project
scheduling problem [4].

In the deterministic DTCTP, each activity has multiple
execution modes that are characterized by specific time and
cost combinations. In terms of the types of the objective func-
tion, theDTCTP can be divided into three versions: the dead-
line problem (DTCTP-D), the budget problem (DTCTP-B),
and the time/cost trade-off curve problem (DTCTP-C). In the
DTCTP-D, given a set of modes and a project deadline, the
objective is tominimize the total project cost by specifying for
each activity an execution mode. In the DTCTP-B, a project
budget is given and the objective is to determine the modes

that minimize the project makespan. In the DTCTP-C, the
goal is to determine the Pareto curve that minimizes the
project cost and makespan simultaneously.

Once the mode of each activity is determined, we can
determine the baseline schedule 𝑆𝐵 = (𝑠1, 𝑠2, . . . , 𝑠𝑛) by cal-
culating the earliest start time of each activity in accordance
with the critical path method (CPM).

However, during project execution, due to consider-
able uncertainties, the optimal baseline schedule which is
obtained based on a deterministic environment and complete
information may deviate from our expectations or even
become unfeasible. Possible sources of uncertainties may be
a shortage of machineries, a delayed delivery of materials, the
absence of workers, fluctuations in the exchange rates, and so
forth [5, 6]. As a consequence, issues such as schedule delays
and/or budget overruns may occur and project time and cost
objectives will be threatened. Therefore, there is a pressing
need for new procedures for the DTCTP under uncertainties
to obtain project schedules which are insensitive to disrup-
tion.

Recent studies have paid more attention to the stochastic
DTCTP (SDTCTP), which accounts for uncertainties by
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treating the time and cost of activities as stochastic vari-
ables, with the objective of optimizing the expected project
performance. As early researchers in the field, Gutjahr et al.
[7] presented a stochastic branch-and-bound procedure to
solve the DTCTP deadline problem based on the assumption
that the times of each activity are mutually independent ran-
dom variables. Laslo [8] used the fractal method to construct
time/cost curves for a single activity of stochastic duration.
Cohen et al. [9] implemented a robust optimization to solve
the time/cost trade-off problem. Ke et al. [10] used chance-
constrained programming and dependent-chance program-
ming to model the stochastic DTCTP; the authors designed
an intelligent algorithm to search the quasi-optimal schedules
while balancing the project duration and cost. Klerides and
Hadjiconstantinou [11] proposed a path-based two-stage sto-
chastic integer programming approach to decide how and
when to execute each activity to minimize the project dura-
tion or cost using realized activity durations. Ma et al. [12]
studied the stochastic time-cost-quality trade-off problem
where the activity durations are uncertain and developed a
hybrid genetic algorithm.

However, the above-mentioned research papers primarily
focused on optimizing the system performance in an average
sense and these prior approaches cannot guarantee the
performance of the baseline schedule during a single project
execution.Therefore, determining a robust baseline schedule
under uncertainty is increasingly attracting the attention of
scholars. To achieve a robust baseline schedule, the use of
robust optimization is a natural choice. Robust optimization
can determine a solution with certain robustness by opti-
mizing the worst-case performance of the system. Although
robust optimization has been used to solve some classic
project scheduling problems [13, 14], little effort has been
applied to the study of the SDTCTP. To the best of our knowl-
edge, Hazır et al. [6] is the only research article that combines
the SDTCTP and the robust optimization approach. Hazır et
al. propose three robust optimization models, in which cost
uncertainty ismodeled via intervals for the SDTCTPdeadline
problem. The aim of their model is to minimize the effect of
unexpected events on project performance. The limitations
of their models are that the activity cost is still assumed to be
deterministic and that only the parameters in the objective
function are subject to uncertainty (i.e., the parameters in the
constraints are deterministic).

To the best of our knowledge, addressing both time- and
cost-uncertainty and applying robust optimization in solving
the SDTCTP-B have not been taken into account in both the
project scheduling and the robust optimization literature.The
contributions of this paper are as follows.

(1) We proposed a proactive scheduling model for the
SDTCTP budget problem (SDTCTP-B) based on
robust optimization theory. Our model uses interval
numbers to model the uncertain time and cost of
the activities that can follow any type of probability
distribution.The objective of our model is to generate
a stable baseline schedule that can account for some of
the uncertainties during project execution to ensure,

to the extent possible, that each activity begins at their
respective planned start time.

(2) We conducted a detailed experimental analysis for
our proposed model. We used experimental design
to randomly generate a large number of instances
to validate our model. In addition, robust optimiza-
tion improves the schedule stability at the cost of
prolonging the project duration. Therefore, we used
simulation to investigate the trade-off between the
advantages and the disadvantages of robust opti-
mization. Specifically, we analyzed the impact of the
number of activities, the network order strength, and
the number of modes on the schedule stability by
using discrete systems simulation.

This paper is organized as follows. Section 2 provides
a description of the SDTCTP. In Section 3, we use interval
numbers to model the uncertain parameters and present a
proactive model to solve the SDTCTP-B based on robust
optimization. Considering the nonlinear characteristics of
the proposed model, we converted our model into its robust
counterpart, which has the form of a mixed integer linear
programmingmodel, and used the branch-and-cut algorithm
to solve the model. In Section 4, we present the experimental
results. Finally, Section 5 concludes the paper.

2. Problem Description

The stochastic discrete time/cost trade-off problem can be
described as follows. A project network 𝐺 = (𝑁,𝐴) is
represented in the activity-on-node format, where the set of
nodes 𝑁 denotes the activities 𝑁 = {1, 2, . . . , 𝑛} and the
set of directed arcs 𝐴 represents the finish-start, zero-lag
precedence relations𝐴 ⊆ 𝑁×𝑁. The nodes are topologically
numbered from the single-start node 1 to the single-terminal
node 𝑛, 𝑛 = |𝑁|, where nodes 1 and 𝑛 represent two
dummy activities. The duration and cost of activity 𝑖 are
random variables, denoted as 𝑑𝑖𝑚 and 𝑐𝑖𝑚, respectively. For
activity 𝑖, 𝑀𝑖 represents the set of its modes. Each activity
𝑖 (𝑖 = 1, . . . , 𝑛) has |𝑀𝑖| modes, which are characterized by
a duration-cost pair (𝑑𝑖𝑚, 𝑐𝑖𝑚), 𝑚 = 1, . . . , |𝑀𝑖|. The duration
𝑑𝑖𝑚 of an activity 𝑖 ∈ 𝑁 is a discrete, nonincreasing function
of the amount of the single nonrenewable resource (𝑐𝑖𝑚)
committed to it; that is, if 𝑘 < 𝑙 (𝑘, 𝑙 ∈ 𝑀𝑖), then, for the
expected duration and cost, we have 𝐸(𝑑𝑖𝑙) < 𝐸(𝑑𝑖𝑘) and
𝐸(𝑐𝑖𝑙) > 𝐸(𝑐𝑖𝑘). We assume that the dummy activities 1 and
𝑛 have only one execution mode of zero duration/cost.

Given the project budget𝑅, the objective of the SDTCTP-
B is to minimize the expected project makespan by assigning
a mode 𝑚𝑗 (𝑗 = 1, . . . ,𝑀𝑖) to each activity and determining
the start time 𝑠𝑖 of each activity. If we substitute the random
duration and cost of the activities by their most likely values
𝑑𝑖𝑚 and 𝑐𝑖𝑚, respectively, for the above problem, the SDTCTP
will become the deterministic DTCTP. For DTCTP-B, we
have the following integer programming model:

minimize 𝑠𝑛 (1)
subject to ∑

𝑚∈𝑀𝑖

𝑥𝑖𝑚 = 1 ∀𝑖 ∈ 𝑁 (2)
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𝑠𝑖 + ∑

𝑚∈𝑀𝑖

𝑑𝑖𝑚𝑥𝑖𝑚 ≤ 𝑠𝑗 ∀ (𝑖, 𝑗) ∈ 𝐴 (3)

∑

𝑖∈𝑁

∑

𝑚∈𝑀𝑖

𝑐𝑖𝑚𝑥𝑖𝑚 ≤ 𝑅 (4)

𝑠𝑖 ≥ 0 ∀𝑖 ∈ 𝑁 (5)

𝑥𝑖𝑚 ∈ {0, 1} ∀𝑚 ∈ 𝑀𝑗, ∀𝑖 ∈ 𝑁, (6)

where 𝑠𝑖 and 𝑥𝑖𝑚 are decision variables. 𝑥𝑖𝑚 are 0-1 variables
that determine whether a mode of an activity is selected.
The objective function (1) minimizes the start time of the
dummy end node 𝑛, which is equivalent to minimizing the
project makespan. Equation (2) ensures that for each activity
only one execution mode is selected. Equation (3) defines
the precedence relationship constraints for the activities.
Equation (4) ensures that the total project cost does not
exceed the budget 𝑅. Equation (5) ensures that the start
time of each activity is nonnegative. The budget problem of
DTCTP is strongly NP-hard [1, 15, 16].

Faced with the uncertainty in the duration and cost
of each activity, the baseline schedule generated by the
above deterministic model is not expected to be executed as
determined, thereby resulting in failure to achieve the desired
project objective. When the uncertainty is considered, we
notice that the uncertain parametersmainly affect constraints
(3) and (4). Therefore, in the following section, we model
the uncertain parameters as interval numbers and develop
a proactive scheduling model for the SDTCTP-B based on
robust optimization, thereby obtaining a robust baseline
schedule.

3. The Proactive Scheduling
Model for SDTCTP-B

3.1. Modeling Uncertain Parameters as Interval Numbers. In
practice, it is usually easier for decision-makers to estimate
the range and themost likely value of the duration and cost of
activities rather than their probability distribution.Therefore,
we use interval numbers to model the uncertain duration
and cost of the activity. For mode 𝑚, let 𝑑𝑖𝑚 and 𝑐𝑖𝑚 be the
most likely value of the activity duration 𝑑𝑖𝑚 and cost 𝑐𝑖𝑚,
respectively; 𝑑𝑖𝑚 and 𝑐𝑖𝑚 take a value in the interval [𝑑𝑖𝑚, 𝑑𝑖𝑚]
and [𝑐

𝑖𝑚
, 𝑐𝑖𝑚], respectively (i.e., 𝑑

𝑖𝑚
< 𝑑𝑖𝑚 < 𝑑𝑖𝑚, 𝑐𝑖𝑚 <

𝑐𝑖𝑚 < 𝑐𝑖𝑚). We define the maximum deviation of the activity
duration and cost as 𝑑𝑖𝑚 = max{𝑑𝑖𝑚 − 𝑑𝑖𝑚, 𝑑𝑖𝑚 − 𝑑𝑖𝑚} and
𝑐𝑖𝑚 = max{𝑐𝑖𝑚−𝑐𝑖𝑚, 𝑐𝑖𝑚−𝑐𝑖𝑚}, respectively, which represent the
maximum difference between the planned activity duration
and cost and the actual activity duration and cost that can be
tolerated by the decision-makers.

3.2. The Proactive Scheduling Model. For each activity 𝑖, we
introduce a parameter Γ𝑖, which is not necessarily an integer,
that takes on a value in the interval [0, |𝑀𝑖|]. Γ𝑖 is used
to adjust the robustness of our model (i.e., the level of
conservatism of the solutions). For each activity 𝑖, we assume
that ⌊Γ𝑖⌋ modes take on the values at their upper bounds of
𝑑𝑖𝑚, 𝑐𝑖𝑚, the value for one mode can deviate (Γ𝑖 −⌊Γ𝑖⌋)𝑑𝑖𝑚 and
(Γ𝑖 − ⌊Γ𝑖⌋)𝑐𝑖𝑚, and the remaining |𝑀𝑖| − ⌊Γ𝑖⌋modes are set to
their most likely values of 𝑑𝑖𝑚, 𝑐𝑖𝑚.

Our proactive scheduling model for SDTCTP-B based on
robust optimization [17, 18] is as follows:

(Model 1) minimize 𝑠𝑛 (7)

subject to 𝑠𝑖 + ∑

𝑚∈𝑀𝑖

𝑑𝑖𝑚𝑥𝑖𝑚

+ max
{𝑆𝑖∪{𝑡𝑖}|𝑆𝑖⊆𝑀𝑖 ,|𝑆𝑖|=⌊Γ𝑖⌋,𝑡𝑖∈𝑀𝑖\𝑆𝑖}

{

{

{

∑

𝑘∈𝑆𝑖

𝑑𝑖𝑘𝑥𝑖𝑘 + (Γ𝑖 − ⌊Γ𝑖⌋) 𝑑𝑖𝑡𝑖
𝑥𝑖𝑡𝑖

}

}

}

≤ 𝑠𝑗 ∀ (𝑖, 𝑗) ∈ 𝐴

(8)

∑

𝑖∈𝑁

∑

𝑚∈𝑀𝑖

𝑐𝑖𝑚𝑥𝑖𝑚 + ∑

𝑖∈𝑁

max
{𝑆𝑖∪{𝑡𝑖}|𝑆𝑖⊆𝑀𝑖 ,|𝑆𝑖|=⌊Γ𝑖⌋,𝑡𝑖∈𝑀𝑖\𝑆𝑖}

{

{

{

∑

𝑘∈𝑆𝑖

𝑐𝑖𝑘𝑥𝑖𝑘 + (Γ𝑖 − ⌊Γ𝑖⌋) 𝑐𝑖𝑡𝑖
𝑥𝑖𝑡𝑖

}

}

}

≤ 𝑅

(2) , (5) , (6) .

(9)

The above model introduces the uncertain parameters into
the deterministic DTCTP model and is able to generate
robust solutions. 𝑆𝑖 is a subset of𝑀𝑖, and themodes belonging
to 𝑆𝑖 take on the worst case values. The cardinality of 𝑆𝑖 is
determined by Γ𝑖 : |𝑆𝑖| = ⌊Γ𝑖⌋. In addition, the objective
function (7) is a deterministic function rather than an expec-
tation function. Therefore, the time-consuming expectation
calculation is avoided.

Our model has two primary advantages. The first advan-
tage is that the robustness level of the obtained schedule can
be freely adjusted. The greater the value of the parameter
Γ𝑖, the higher the level of robustness is. If Γ𝑖 = 0, the
model will become the deterministic DTCTP model. The
second advantage is that, although the proposed model is
nonlinear, it can be easily reformulated as an equivalent linear
mixed-integer programming (MIP) model according to
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the robust optimization theory [17, 18]. To obtain the
equivalent MIP model, we first let 𝑔(x, Γ𝑖) =

max{𝑆𝑖∪{𝑡𝑖}|𝑆𝑖⊆𝑀𝑖 ,|𝑆𝑖|=⌊Γ𝑖⌋,𝑡𝑖∈𝑀𝑖\𝑆𝑖}{∑𝑘∈𝑠𝑖 𝑑𝑖𝑘𝑥𝑖𝑘 + (Γ𝑖 − ⌊Γ𝑖⌋)𝑑𝑖𝑡𝑖𝑥𝑖𝑡}.
𝑔(x, Γ𝑖) means that we need to determine a subset {𝑆𝑖 ∪

{𝑡𝑖} | 𝑆𝑖 ⊆ 𝑀𝑖, |𝑆𝑖| = ⌊Γ𝑖⌋, 𝑡𝑖 ∈ 𝑀𝑖 \ 𝑆𝑖} that includes
⌊Γ𝑖⌋ + 1 elements, such that ∑

𝑘∈𝑠𝑖
𝑑𝑖𝑘𝑥𝑖𝑘 + (Γ𝑖 − ⌊Γ𝑖⌋)𝑑𝑖𝑡𝑖

𝑥𝑖𝑡 is
maximized.Therefore, we introduce ⌊Γ𝑖⌋+1decision variables
𝑧𝑖𝑘, 0 ≤ 𝑧𝑖𝑘 ≤ 1, 𝑘 ∈ 𝑀𝑖. Given a vector x∗, 𝑔(x∗, Γ𝑖) equals the
objective function value of the following linear programming:

𝑔 (x∗, Γ𝑖) = maximize ∑

𝑘∈𝑀𝑖

𝑑𝑖𝑘𝑥
∗

𝑖𝑘
𝑧𝑖𝑘

subject to ∑

𝑘∈𝑀𝑖

𝑧𝑖𝑘 ≤ Γ𝑖

0 ≤ 𝑧𝑖𝑘 ≤ 1 ∀𝑘 ∈ 𝑀𝑖.

(10)

The constraints of problem (10) ensue that the resulting
optimal objective function value is equivalent to 𝑔(x∗, Γ𝑖).
It is clear that the linear programming problem (10) has an
optimal solution with ⌊Γ𝑖⌋ of decision variables taking on the
value of 1 and the remaining Γ𝑖 − ⌊Γ𝑖⌋ taking on the value 0.

The dual of problem (10) is

minimize Γ𝑖𝑧𝑖 + ∑

𝑘∈𝑀𝑖

𝑝𝑖𝑘

subject to 𝑧𝑖 + 𝑝𝑖𝑘 ≥ 𝑑𝑖𝑘𝑥
∗

𝑖𝑘
∀𝑘 ∈ 𝑀𝑖, ∀𝑖 ∈ 𝑁

𝑝𝑖𝑘 ≥ 0 ∀𝑘 ∈ 𝑀𝑖

𝑧𝑖 ≥ 0 ∀𝑖 ∈ 𝑁,

(11)

where 𝑧𝑖 and 𝑝𝑖𝑘 are dual variables. According to strong
duality, because problem (10) has an optimal solution, then
problem (11) also has an optimal solution, and their optimal
values are the same. In addition, 𝑔(x∗, Γ𝑖) equals the objective
function value of problem (11).

Similarly, the “max” part of (9) can be converted to the
following linear programming model:

minimize Γ𝑖𝑦𝑖 + ∑

𝑘∈𝑀𝑖

𝑞𝑖𝑘

subject to 𝑦𝑖 + 𝑞𝑖𝑘 ≥ 𝑐𝑖𝑘𝑥
∗

𝑖𝑘
∀𝑘 ∈ 𝑀𝑖, ∀𝑖 ∈ 𝑁

𝑞𝑖𝑘 ≥ 0 ∀𝑘 ∈ 𝑀𝑖

𝑦𝑖 ≥ 0 ∀𝑖 ∈ 𝑁.

(12)

Then we can obtain the equivalent mixed-integer linear
optimization model of Model 1 by substituting (11) and (12)
into it:

minimize 𝑠𝑛

subject to ∑

𝑚∈𝑀𝑖

𝑥𝑖𝑚 = 1 ∀𝑖 ∈ 𝑁

𝑠𝑖 + ∑

𝑚∈𝑀𝑖

𝑑𝑖𝑚𝑥𝑖𝑚 + Γ𝑖𝑧𝑖 + ∑

𝑘∈𝑀𝑖

𝑝𝑖𝑘 ≤ 𝑠𝑗

∀ (𝑖, 𝑗) ∈ 𝐴

𝑧𝑖 + 𝑝𝑖𝑘 ≥ 𝑑𝑖𝑘𝑥𝑖𝑘 ∀𝑘 ∈ 𝑀𝑖, ∀𝑖 ∈ 𝑁

∑

𝑖∈𝑁

∑

𝑚∈𝑀𝑖

𝑐𝑖𝑚𝑥𝑖𝑚 + ∑

𝑖∈𝑁

(Γ𝑖𝑦𝑖 + ∑

𝑘∈𝑀𝑖

𝑞𝑖𝑘) ≤ 𝑅

𝑦𝑖 + 𝑞𝑖𝑘 ≥ 𝑐𝑖𝑘𝑥𝑖𝑘 ∀𝑘 ∈ 𝑀𝑖, ∀𝑖 ∈ 𝑁

𝑝𝑖𝑘 ≥ 0 ∀𝑘 ∈ 𝑀𝑖

𝑧𝑖 ≥ 0 ∀𝑖 ∈ 𝑁

𝑞𝑖𝑘 ≥ 0 ∀𝑘 ∈ 𝑀𝑖

𝑦𝑖 ≥ 0 ∀𝑖 ∈ 𝑁

𝑠𝑖 ≥ 0 ∀𝑖 ∈ 𝑁

𝑥𝑖𝑚 ∈ {0, 1} ∀𝑚 ∈ 𝑀𝑗, ∀𝑖 ∈ 𝑁.

(13)

3.3. Example. We use an example project network in Figure 1
to illustrate our model. Activities 0 and 5 are dummy activi-
ties. Activities 1 and 2 have only one mode. Activities 3 and 4
have twomodes.We assume that the project budget is𝑅 = 75.

Table 1 lists all the possible mode combinations for the
different values of Γ. The first column lists the Γ values. The
second and third columns indicate the selected modes for
activities 3 and 4. The column labeled “Total cost” shows
the total project cost given the chosen activities modes. The
column labeled “Makespan” represents the objective function
value (i.e., the project makespan).The column labeled “Feasi-
ble” reveals whether the given mode combination is feasible,
given the budget constraint of 75.

As shown in Table 1, when Γ = 0, all the modes use
their most likely values and we have two solutions with the
makespan of 13. When Γ = 1, the model is a robust model
and we have three solutions with the makespan of 13. Among
the three solutions, two of them are the same as the case of
Γ = 1 and the third one (the corresponding row in Table 1
is bold) can be regarded as a robust solution. For the robust
solution, because the duration of activity 4 takes on theworst-
case value, thiswill result in a lower probability of delaying the
project if activity 4 is disrupted by uncertain factors. When
Γ = 2, all modes use their worst-case values and we have one
solution with the makespan of 15.Themaximum Γmakes the
project schedulemost robust, at the price of accepting a larger
project makespan.

4. Computational Experiments

We have randomly generated a large number of problem
instances to validate our model. Section 4.1 describes how
to generate these instances. Next, the optimization results
with different parameters settings are reported in Section 4.2.
Section 4.3 describes the use of simulation to investigate
the impact of different project network parameters on the
schedule stability.The experiments were conducted inMatlab
version R2010b and run on an Intel Core i5 2.40GHz portable
computer underWindows 7.We usedMatlab to call the built-
in branch-and-cut algorithm of CPLEX 12.4 to solve the MIP.
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Figure 1: The example project network.

Table 1: Computations for the example problem.

Γ
Mode Total cost Makespan Feasible

Activity 3 Activity 4

0

1 1 86 7 No
1 2 77 9 No
2 1 74 13 Yes
2 2 65 13 Yes

1

1 1 86 7 No
1 1∗ 89 7 No
1 2 77 9 No
1 2∗ 80 10 No
1∗ 1 90 9 No
1∗ 1∗ 93 9 No
1∗ 2 81 9 No
1∗ 2∗ 84 10 No
2 1 74 13 Yes
2 1∗ 77 13 No
2 2 65 13 Yes
2 2∗ 68 13 Yes
2∗ 1 78 15 No
2∗ 1∗ 81 15 No
2∗ 2 69 15 Yes
2∗ 2∗ 72 15 Yes

2

1∗ 1∗ 93 9 No
1∗ 2∗ 84 10 No
2∗ 1∗ 81 15 No
2∗ 2∗ 72 15 Yes

∗This mode uses the worst-case value.

4.1. Data Generation and Settings. RanGen [19], which can
generate strongly random networks in the activity-on-the-
node format, was used to construct 180 test instances using
the parameter settings in Table 2. RanGen mainly uses two
parameters to define the network structure: network size (𝑁)
and order strength (OS).Network size𝑁 specifies the number
of activities in the project network. Order strength OS is

Table 2: Parameter settings.

Parameters Value
Number of activities (|𝑁|) 10; 20; 30
Order strength (OS) 0.3; 0.5; 0.7
Number of modes (|𝑀𝑖|) 4; 8
Most likely activity duration Uniformly drawn from [1, 50]
Most likely smallest activity cost Uniformly drawn from [1, 10]
Activity cost slope Uniformly drawn from [1, 8]
Ψ Uniformly drawn from [0.1, 1]
𝜃 0.5

the number of precedence relations divided by the theoret-
ical maximum number of the precedence relations in the
network. Order strength describes the network density. The
larger theOS value, the higher the network density.Herroelen
and De Reyck [20] demonstrated that OS is better than other
commonly used measures (e.g., network complexity, which
is adopted in PSPLIB [21]) when describing the network
topology.

Specifying 3 settings for the number of activities, 2
settings for the number of execution modes, and 3 settings
for OS, we generated 10 problem instances for each of the 3 ×
2 × 3 parameter settings, resulting in 180 instances in total.

We also need to generate themost likely value of duration
and cost for each activity. In DTCTP, the types of cost func-
tions can be linear, convex, concave, or random. We study
the random case, which is more general. Following Demeule-
meester et al. [19], the modes of an activity were generated in
the following way. First, the number of modes |𝑀𝑖|was deter-
mined according to the modes parameter listed in Table 2.
Next, |𝑀𝑖| different numbers were randomly chosen from the
discrete uniform distribution [1, 50] to form the durations
that are sorted in ascending order (𝑑𝑖𝑚, 𝑑𝑖(𝑚−1), . . . , 𝑑𝑖1). To
determine the costs, starting with the normal duration mode
𝑑𝑖𝑚, its corresponding cost 𝑐𝑖𝑚 is randomly chosen from the
discrete uniform distribution [1, 10]. By randomly choosing
a slope 𝑠 from the discrete uniform distribution [1, 8],
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we can calculate the cost of the next mode as 𝑐𝑖(𝑚−1) = 𝑐𝑖𝑚 +
𝑠(𝑑𝑖𝑚−𝑑𝑖(𝑚−1)), and we repeated this stepwise procedure until
the mode of maximum cost was reached.

Ourmodel deals with uncertain data, so we generated the
maximum deviation of activity duration and cost by letting
𝑑𝑖𝑚 = 𝜓𝑑𝑖𝑚 and 𝑐𝑖𝑚 = 𝜓𝑐𝑖𝑚, where 𝜓 ∼ 𝑈[0.1, 1]. In addition,
the project budget was calculated by 𝑅 = 𝑅min + 𝜃(𝑅max −
𝑅min), where𝑅min = ∑𝑖min𝑚{𝑐𝑖𝑚},𝑅max = ∑𝑖max𝑚{𝑐𝑖𝑚}, and
𝜃 = 0.5.

4.2. Experimental Results. The parameter Γ𝑖 represents the
level of robustness of our model. To study the impact of
different Γ𝑖 on solutions, we set 5 different values for Γ𝑖 :
Γ
(𝑗)
= 𝜂𝑗/(|𝑁| × |𝑀𝑖|), where 𝜂𝑗 = 0, 0.25, 0.5, 0.75, 1 and

𝑗 = 0, 1, 2, 3, 4.We see that the value of Γ𝑖 is quite small, which
is because we find that even a slight deviation of Γ𝑖 has a high
impact on the schedule stability (see next section). Note that
our model becomes the deterministic DTCTP model when
Γ
(0)
= 0. We solved the 180 problem instances for each Γ𝑖

with a CPU time limit of 300 seconds; the results are listed in
Table 3.The column “|𝑁|” represents the number of activities,
“OS” represents the order strength, and “|𝑀|” represents the
number of modes. Columns “Avg,” “Min,” and “Max” provide
the average, minimum, and maximum objective function
values, respectively.The column “%” shows the percentage of
problems solved optimally.

The results in Table 3 demonstrate that, with the increase
of order strength, the objective function value (i.e., the project
makespan) increases, while the number of modes exhibits
a contrary behavior. The reason for this behavior is that a
higher order strength value means that more precedence
relationships are involved, resulting in a longer project
duration.Moremodes providemore choices for the durations
of the activities, thusmaking it possible to shorten the project
duration.

Small problem instances (|𝑁| = 10) can be solved
optimally within 300 seconds. An increase of the number
of activities decreases the percentage of problem instances
solved optimally. We also observed that the larger the value
of Γ𝑖, the lower the percentage of problem instances solved
optimally. Γ𝑖 reflects the trade-off between the robustness and
the optimality of the solution. A larger Γ𝑖 results in a more
stable schedule at the cost of a prolonged project duration. In
addition, compared with the deterministic model (Γ(0) = 0),
due to the introduction of many auxiliary variables, solving
the robust optimization model takes more time, thereby
resulting in less optimal solutions. Accordingly, a smaller Γ𝑖
is accompanied by a lower computational requirement.

4.3. Impact of Different Factors on the Schedule Stability.
Robust optimization improves the schedule robustness at the
expense of prolonging the project duration.Therefore, we are
interested in the trade-off between the advantages (improved
schedule stability) and the disadvantages (increased project
duration) of robust optimization. Specifically, from the view-
point of stability cost, we use simulation to investigate the
impact of project network structure parameters (i.e., the
number of activities, the order strength, and the number of
modes) on the schedule stability.

4.3.1. Simulation Design. We use the stability cost 𝐶𝑅 to
measure the schedule stability. 𝐶𝑅 is defined as the weighted
sum of the expected absolute difference between the planned
and the actually realized activity start times [22, 23]:

𝐶𝑅 = ∑

𝑖

𝑤𝑖𝐸 (s𝑖 − 𝑠
𝐵

𝑖
) , (14)

where 𝑠𝐵
𝑖
is the planned start time of activity 𝑖 in the baseline

schedule, s𝑖 is a random variable indicating the actual start
time of activity 𝑖, and 𝑤𝑖 represents the cost-per-time unit
incurred by the situation that the actual start time is later than
the planned time for activity 𝑖, with 𝑤𝑖 > 0. The value of 𝑤𝑖
reflects how difficult it is to change a baseline schedule or how
important it is to start an activity on time. The more robust a
schedule, the smaller the corresponding stability cost.

It is not realistic to use a full factorial experiment to ana-
lyze the impact of different factors on the schedule stability
[24]. Instead, we focus on the main effect of different factors.
When we study the impact of one factor on the average
stability cost, we keep the other factors fixed at a certain level.

The simulation strategy is as follows. (1) The weights
𝑤𝑖 are drawn from a uniform distribution 𝑈[1, 4]. (2) The
activity mode is determined by the solutions of our proactive
scheduling model. (3) The activity duration is drawn from
the triangular distribution TRIA(𝑎, 𝑚, 𝑏), where 𝑎 = 𝑑

𝑖𝑚
,

𝑚 = 𝑑𝑖𝑚, and 𝑏 = 𝑑𝑖𝑚. Note that because our model
can deal with any kind of distribution, we can also draw
the activity duration from other distributions. (4) We use a
railway scheduling policy to determine the activity of actual
start time s𝑖. In railway scheduling, the actual start time is
always later than or equal to the planned start time (as is the
case with train timetable, flight scheduling, etc.). Therefore,
on the condition that the precedence relationship is already
satisfied, s𝑖 is calculated according to

s𝑖 = {
s𝑖 if s𝑖 ≥ 𝑠𝐵𝑖
𝑠
𝐵

𝑖
otherwise,

(15)

where 𝑠𝐵
𝑖
is the start time of activity 𝑖 obtained by solving our

proactive scheduling model.
For each instance in our data set, the number of simu-

lation replications is set to 100. Note that the stability costs
mentioned in the following are always the average value.

4.3.2. Impact of the Number of Activities. Figure 2 shows the
impact of the number of activities on the average schedule
stability cost, while the other two factors are fixed (OS = 0.5,
|𝑀| = 4). In Figure 2, the 𝑥-axis represents Γ. There are two
𝑦-axes. The 𝑦-axis on the left shows the stability cost and
the one on the right indicates the objective function value
(i.e., project makespan). For the legend in Figure 2, the letters
“s” and “o” in brackets mean that the corresponding lines
correspond to the stability cost and the objective function
value, respectively. Note that since we cannot find optimal
solutions for most instances with |𝑁| = 30 within our time
limit, the results for data set |𝑁| = 30 will not be included in
this subsection to ensure the validity of the analysis.
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Figure 2: Impact of the number of activities on the schedule stability
(OS = 0.5, |𝑀| = 4).

For each robustness level Γ, with the increase in the num-
ber of activities, the stability cost increases. In other words,
the larger the number of activities, the more unstable the
schedule.

We see that although the actual difference between Γ(0)

and Γ(4) is small, it is already sufficient to heavily reduce the
stability cost when Γ changes from Γ(0) to Γ(4). For |𝑁| = 10,
it is interesting that the impact of Γ on the schedule stability
cost becomes very weak when Γ is equal to or greater than
Γ
(2). However, the impact of Γ on the objective function value

is still positive. This means that for small scale project, it is
not necessary to use a high value for Γ, as this will not reduce
the schedule stability cost significantly. Instead, a high value
for Γ will prolong the project duration in this case.

4.3.3. Impact of the Order Strength. Figure 3 indicates the
impact of the order strength on the average schedule stability
cost, while the other two factors are fixed (|𝑁| = 20, |𝑀| =
4). The impact of the order strength on the stability cost is
dependent on the robustness level Γ. When Γ is low, the order
strength has a positive impact on the stability cost. However,
this impact becomes weak with the increase of Γ. We may
conclude that whenwe choose a relatively high value for Γ, we
could pay little attention to the density of the project prece-
dence relations due to the weak impact of the order strength.

An interesting finding is that when Γ increases, the
magnitude of increase in the objective function value (i.e.,
project duration) for different order strength is basically the
same. However, the magnitude of the corresponding changes
in the schedule stability cost is much greater, especially when
the level of the order strength is high (i.e., OS = 0.7). In other
words, when the density of the project is high, the stability
of a schedule can be heavily enhanced by using our proactive
model and the corresponding loss in the project duration is
quite small.

4.3.4. Impact of the Number of Modes. Figure 4 gives the
impact of the number of modes on the average schedule
stability cost, while the other two factors are fixed (|𝑁| = 20,
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Figure 3: Impact of the order strength on the schedule stability
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Figure 4: Impact of the number of modes on the schedule stability
(|𝑁| = 20, OS = 0.5).

OS = 0.5). The results shown in Figure 4 are not uncommon.
For each robustness level Γ, with the increase in the number of
modes, the stability cost increases. In other words, the more
modes an activity can choose, themore unstable the schedule
becomes.

Moreover, in most cases, for any factor (the number
of activities, the order strength, or the number of modes),
Figures 2, 3, and 4 also reveal that a larger robustness level
Γ results in a smaller stability cost and this is at the cost of
prolonged project duration.This further confirms our results
of Section 4.2 that the greater the robustness level Γ is, the
more stable the baseline schedule is.

5. Conclusions

In this paper, we presented a proactive scheduling model for
the project budget version of the stochastic discrete time/cost
trade-offproblembased on robust optimization theory. Com-
putational experience on the randomly generated problem
dataset validated our model. We also used simulation to
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analyze the impact of different project network parameters
on the schedule stability.

From the experiments in the stochastic time/cost trade-
off environment, we conclude that (1) a larger value of the
robustness level parameter Γ leads to a more stable baseline
schedule. However, the schedule robustness is improved at
the expense of prolonging the project duration. Therefore,
whether or not to adopt robust optimization depends on the
decision-makers’ preference. However, we recommend to use
our approach when the density of the project precedence
relations is high (i.e., the order strength is high). Because
in this case, the loss on the project duration for obtaining a
robust schedule is quite small. (2) Both the project duration
and the schedule robustness are very sensitive to Γ. Even
a slight increase in Γ is already sufficient to obtain an
enough robust schedule. (3) In our proactivemodel, the order
strength has a positive impact on the projectmakespan, while
the number of modes has a negative impact. (4) In most
cases, with the increase in the number of activities, the order
strength, and the number of modes, the schedule stability
decreases. However, when Γ is relatively high, the impact
of the order strength on the schedule stability cost becomes
weak. This means that we can ignore the factor of the order
strength when we use a high value for Γ. (5) For small scale
projects, it is easy to generate a quite stable schedule with a
small Γ. However, for relatively large scale projects, we have
to increase Γ to make the resulting schedule robust enough.
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Dynamic operation optimization has been utilized to realize optimal control problem for converter. The optimal control indicator
is determined via current state of converter smelting production process, and the set values of operation variable would control
converter production. Relationship between various operating variables, current temperature, and carbon content is constructed
through operation analysis of a great deal of actual production data; then, the dynamic optimal control indicator is derived from
historical excellent smelting data; finally, the dynamic operation optimization model is built by taking the minimum deviation
between the current data—molten steel temperature and carbon content—and optimal data which are determined by the optimal
control indicator as objective function. DE (differential evolution) with improved strategy is used to solve the proposed model for
obtaining the set values of each operating variable, which is beneficial for further control. Simulation of actual production data
shows the feasibility and efficiency of the proposed method. That proved that the proposed method solves the optimal control
problem of converter steelmaking process as well.

1. Introduction

Theoptimal control of converter steelmaking plays an impor-
tant role in ensuring the steel quality.

The optimal control problem is considered in a dynamic
system or amovement process.The optimal control indicator
should be gotten when the motion transferred from an initial
state to a specified goal state.

The general view of a converter is shown in Figure 1.
Converter smelting production and the main control stage
are shown in Figure 2. A certain amount of solid scrap and
desulphurization molten iron is poured into the furnace.
Then, oxygen (F011) is blown into the furnace through the
lance which is entered from the top of furnace. The auxiliary
materials, such as limestone and dolomite (F001–F007), are
added. At the same time, the mixture of nitrogen and argon
(F012) is blown from the bottom to stir the molten iron.
Hot metal surface contacted with oxygen would formmolten
bath. The elements, such as carbon, silicon, and manganese,
should be removed when it reached the 85% of blowing cycle,
and molten steel temperature and component information
would be sampled by a sublance. According to the deviation
values between the information and target end point, the

amount of deputy auxiliary materials and oxygen could be
evaluated. The dynamic blowing stage would start. At the
end of the stage, the sublance would take a sample again. If
the temperature and composition requirements achieved our
preaimed values, take an alloying treatment of steel or tap
steel. Otherwise, it has to continue blowing till it meets the
requirements.

One of the optimal control problems in BOF (basic
oxygen furnace) steelmaking process is how to set the control
variable values and make the dynamic optimal control indi-
cator be the best one. In order to solve this optimal control
problem, the dynamic operation optimization method is
introduced in BOF steelmaking process control.

The operation optimization for iron-steel smelting pro-
cess is to conduct an in-depth study of the production process
based on the mathematics and physics statistics. It could
figure out the input-output relations by analyzing and sum-
marizing the relationship between operating parameters and
product control indicators and optimize the production pro-
cess according to these input-output relations. In otherwords,
aiming at enhancing the technology and performance with
the existing technical process and production equipment, the
operation optimization for iron-steel smelting process is to
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Figure 2: Converter steelmaking production and main control stage.

keep the production process in an optimal operation state
by setting or adjusting production process parameters when
any changes happen to the environment variables or product
control indicators indicated by the real-time information
monitoring system. Consequently, the inner quality would
be increased, and the cost and energy consumption are
decreased. Operation optimization for the converter smelting
process shows great theoretical and practical meanings for
improving the production operation management.

The concept of real-time operation optimization was
proposed in the 1950s and was first used in the ethylene
production in the 1980s. An improved real-time operation

optimization method is proposed by Marlin and Hrymak
[1]. And Yip and Marlin [2] used the method to improve
whole production efficiency. Peters et al. [3] presented a real-
time operation optimization control method in the chemical
production batch control process; this method is also appli-
cable to nonlinear systems. Adetola and Guay [4] proposed a
mix real-time operation optimization and prediction control
method to solve nonlinear chemical system. Alvarez and
Odloak [5] proposed an improved method based on the
Adetola method to strengthen the stability and decrease the
uncertainty. de Souza et al. [6] used real-time optimization
method to directed model predictive control for control
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accuracy. The ethanol amine reaction process was optimized
using operation optimization concept [7]. Wellons et al.
[8] proposed the offline nonlinear optimization operating
system applied in Mobil Oil Corp. in Beaumont and Texas
Refinery. Eliceche et al. [9] proposed an operation optimiza-
tion method to optimize the material inputting of ethylene
production. Petracci et al. [10] proposed an optimal operation
method to improve an ethylene plant utility system. Shao
et al. [11] applied the operation optimization to improve the
production efficiency and stability in the production process
of acetaldehyde. Lu [12] proposed a dynamic operation
optimization scheme to improve the overall efficiency of
production, in which operating variables can be determined
from a particular point in prediction in time domain, and the
point would not be a steady point. Bonvin and Srinivasan
[13] would focus on the dynamic operation optimization
problem of uncertain factors to the uncertainty of model
parameters, which reduced the computational complexity
of model. Biegler [14] presented a new model of dynamic
operation optimization to enrich the means of control in
the petrochemical field, and the achievement has aroused a
great concern among the industries. Tang et al. [15] studied
an integrated charge batching and casting width selection
problem arising in the continuous casting operation of the
steelmaking process and developed a column generation-
based branch-and-price solution approach to obtain optimal
solutions. Tang et al. [16] present a mathematical model,
based on the just-in-time idea, for solving machine conflicts
in steelmaking-continuous casting production scheduling in
the computer integratedmanufacturing system environment.
Tang et al. [17] constructed a novel integer programming for-
mulation with a separable structure and developed a solution
methodology combining Lagrangian relaxation, dynamic
programming, and heuristics.

In the iron and steel smelting production process, data
analysis methods also played a key role. Wu et al. [18] pro-
posed a real-time detection model based on thermodynamic
equilibrium and the improvement of gas analysis model to
give an online prediction of the temperature in converters.
Wen et al. [19] proposed a neural network model to forecast
the endpoint station of converter based on radiation informa-
tion and image information. Xu et al. [20] proposed a model
of basic oxygen furnace (BOF) endpoint prediction based
on spectrum information of the furnace flame with support
vector machine to predict the BOF steelmaking endpoint
temperature and carbon content value. Han et al. [21] used
support vector machine algorithm to predict the amount of
required oxygen of the converter production ensuring the
control of converter smelting.

Operators have accumulated considerable experiences in
the control of converter production operations and made
great achievements. However, due to many factors, such
as various production process constraints, characteristics of
high temperature, short cycle in smelting process, and the
speed and complexity in physical and chemical reaction, real-
timedetection information is difficult to obtain accurately. So,
it is difficult to establish the optimal control model.

To solve the above optimal control problem, an operation
optimization method in BOF steelmaking process is pro-
posed. In this method, the time and weight of adding lime-
stone, dolomite, and other auxiliary materials, the amount of
blowing oxygen, bottom blowing gas at each moment, and
the control mode of oxygen lance are regarded as control
variables. First, a large number of actual steel production
data are collected which would be used to create a dynamic
phase reference data repository. With data analysis method,
a forecasting model of furnace temperature and carbon
content of the liquid steel is established. Next, cluster analysis
on the reference furnace information base is performed.
Determine reference value control movements by detecting
temperature in the oven and carbon content of the molten
steel. In addition, based on the requirements for the smelting
production process constraints, an optimization model is
built tominimize the deviation between the actual data (oven
temperature and carbon content of the molten steel) and the
reference data, which is composed by dynamic value. Finally,
intelligent optimization algorithm is used to solve the model
and get the best value of the control parameter. The method
in this paper can grasp the situation of BOF steelmaking
process intuitively and comprehensively. Figure 3 shows the
operation optimization method in BOF steelmaking process.

The rest of the paper is organized as follows. First, the
data analysis method is briefly described in Section 2. Next,
Section 3 introduced the real-time predictive method. The
dynamic operation optimizationmodel based on data analyt-
ics is introduced in Section 4.Then, in Section 5, an improve-
ment DE algorithm is proposed to solve the dynamic opera-
tion optimizationmodel. In addition, in order to demonstrate
the effectiveness of the proposed algorithm in the actual prob-
lem, a lot of experiments have been done. Comparable results
with other methods are shown in Section 6. Finally, conclu-
sions of the work and future work are presented in Section 7.

2. Getting Data and Establishing
Elite Furnace Data Set

In this paper, the data are collected from the real iron and steel
plant.The flame analyzer and the flue gas analyzer need to be
installed on the steel converter. Flame temperature and com-
position of flue gas are measured.The throwing probe is used
to detect temperature and carbon content in the molten steel.
The time interval of measuring is 15 seconds. The operator
could judge a better result, by virtue of his/her experiences,
ranging from the actual temperature of the furnace, which
is measured by flame analyzer, to temperature of the flue
gas analyzer. In three months, a total of 1200 experiments
are done, and data are obtained from 380 furnaces. We have
deleted some abnormal data from the obtained data.

The temperature and carbon content value will be rec-
ognized and written into the data set, and then the most
matching converter information will be selected to be the
target value including the input condition, the actual tapping
temperature, and the carbon content of the liquid steel. An
elite furnace date set would be established by these data.
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Figure 3: The operation optimization method in BOF steelmaking process.

3. Real-Time Predictive Model

3.1. The Predictive Algorithm. To verify the objective of the
problem, a PSO (particle swarm optimization) algorithm
would be used to optimize the parameters and root mean
squared error would be the statistical evaluation index. The
process of optimizing the LSSVM (least squares support vec-
tor machine) [22] parameters with IPSO (improved particle
swarm optimization) is described as follows.

Step 1. Data preparation: training sets and testing sets are,
respectively, represented as train data and test data.

Step 2. Initialization: generate the initial position and velocity
of each particle randomly (𝛾 and 𝜎 are the parameters for
LSSVM). Set the related parameters of IPSO method, and
then perform the training process from Steps 3 to 7.

Step 3. Determine the number of iterations.

Step 4. Fitness evaluation: this paper used the fitness function
to evaluate the quality of each particle, and it must be calcu-
lated before searching for the optimal values of the LSSVM
parameters.
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Step 5. Termination condition checking: if the stopping crite-
rion satisfies themaximum iterations, go to Step 7. Otherwise,
go to Step 6.

Step 6. Particle update: update the velocity and position value
of each particle according to (1), and then generate the new
particles; go to Step 3:
V𝑖𝑑 (𝑡 + 1) = 𝑘 ∗ (𝑤V𝑖𝑑 (𝑡) + 𝑐1𝑟1 (𝑝𝑏𝑒𝑠𝑡𝑑 (𝑡) − 𝑥𝑖𝑑 (𝑡))

+ 𝑐2𝑟2 (𝑔𝑏𝑒𝑠𝑡𝑑 (𝑡) − 𝑥𝑖𝑑 (𝑡)))

+ 𝑐3𝑟3 ((
𝑝𝑏𝑒𝑠𝑡𝑑 (𝑡) ∗ 𝑔𝑏𝑒𝑠𝑡𝑑 (𝑡)

(𝑝𝑏𝑒𝑠𝑡𝑑 (𝑡) + 𝑔𝑏𝑒𝑠𝑡𝑑 (𝑡))
) − 𝑥𝑖𝑑 (𝑡)) ,

𝑥𝑖𝑑 (𝑡 + 1) = 𝑥𝑖𝑑 (𝑡) + V𝑖𝑑 (𝑡 + 1) .

(1)
Step 7. Stop the training procedure: obtain the optimized
parameters 𝛾 and 𝜎.

3.2. Prediction Model and Correction Formula. Because the
temperature and carbon content of outputs are changed in a
dynamic process, inputs are regarded as a dynamic variable.
Besides, input variables include the weight of the molten steel
(Hin1), adding weight of the scrap (Hin2), the content of the
blowing oxygen in the reaction process (O(𝑡)), the content
of bottom blown gas in the reaction process (N(𝑡)), carbon
content of themolten steel at previous time (SC(𝑡)), the height
of the oxygen lance at the current moment (𝑉1(𝑡)), the height
of the molten pool at the current moment, flue gas flow in
the reaction process (GF(𝑡)), the level of carbon monoxide in
the reaction process (CO(𝑡)), the level of carbon dioxide in
the reaction process (CO2(𝑡)), the temperature of the molten
steel at previous time (𝑇(𝑡)), and extra seven kinds of supple-
mentary materials (H𝐼(𝑡)). The number of input variables is
seventy and the number of output variables is only one.

The molten steel temperature prediction model is given
as follows:
𝑌


𝑇
(𝑡 + 1)

= LSSVM1 {𝑇 (𝑡) , SC (𝑡) ,H𝐼 (𝑡) ,N (𝑡) ,O (𝑡) ,

GF (𝑡) ,CO (𝑡) ,CO2 (𝑡) , 𝑉1 (𝑡) ,Hin1,Hin2} .

(2)
The carbon content of molten steel prediction model is

given as follows:

𝑌


C (𝑡 + 1)

= LSSVM2 {𝑇 (𝑡) , SC (𝑡) ,H𝐼 (𝑡) ,N (𝑡) ,O (𝑡) ,

GF (𝑡) ,CO (𝑡) ,CO2 (𝑡) , 𝑉1 (𝑡) ,Hin1,Hin2} .

(3)
The current temperature estimation model is given as

follows:
𝑇 (𝑡) = LSSVM1 {𝑇 (𝑡 − 1) , SC (𝑡 − 1) ,H

𝐼
(𝑡 − 1) ,N (𝑡 − 1) ,

O (𝑡 − 1) ,GF (𝑡 − 𝑐) ,CO (𝑡 − 𝑐) ,

CO2 (𝑡 − 𝑐) , 𝑉


1
(𝑡 − 1) ,Hin1,Hin2} .

(4)

The current carbon content estimation model is given as
follows:
SC (𝑡)

= LSSVM2 {𝑇 (𝑡 − 1) , SC (𝑡 − 1) ,H
𝐼
(𝑡 − 1) ,N (𝑡 − 1) ,

O (𝑡 − 1) ,GF (𝑡 − 𝑐) ,CO (𝑡 − 𝑐) ,

CO2 (𝑡 − 𝑐) , 𝑉


1
(𝑡 − 1) ,Hin1,Hin2} ,

(5)

where 𝑇(𝑡−1) is the temperature of molten steel in time 𝑡−1;
SC(𝑡 − 1) is the carbon content of molten steel in time 𝑡 − 1;
H
𝐼
(𝑡 − 1), N(𝑡 − 1), O(𝑡 − 1), and 𝑉



1
(𝑡 − 1), respectively, are

the amount of blowing oxygen, lance mode, the amount of
bottom blowing gas, and bottom blowing mode at time 𝑡 −

1. GF(𝑡 − 𝑐), CO(𝑡 − 𝑐), and CO2(𝑡 − 𝑐) are, respectively, the
amount of flow of flue gas and CO and CO2 content in flue
gas at time 𝑡 − 𝑐. 𝑐 is the corresponding time delay correction
parameter.

By comparing flue gas flow rates, CO and CO2 of flue
gas with the values are specified by the optimization control
indicator. If relative error 𝑒(𝑡) is less than 6%, skip the
error correction; otherwise, start the error correction: the
correction value ofmolten steel temperature is given as𝑌

𝑇
(𝑡+

1) = 𝑌


𝑇
(𝑡+1)×[1+𝑟11×𝑒(𝑡)].The correction value of molten

steel’s carbon content is given as 𝑌


C (𝑡 + 1) = 𝑌


C(𝑡 + 1) × [1 +

0.5 × 𝑟12 × 𝑒(𝑡)], where 𝑟11 and 𝑟12 are two random numbers
in [−1.0, 1.0].

4. Dynamic Operation Optimization Model

4.1. The Dynamic Optimal Control Indicator Value. The opti-
mal temperature indicator is current molten steel temper-
ature optimal heating rate. The current dynamic optimum
decarburization indicator is the optimal decarburization rate.

By comparing current temperature and carbon content
of molten steel, the addition of hot metal and scrap, the
aim temperature, and carbon content of molten steel, the
most similar furnace set as reference furnace would be
selected from the elite furnace data set. Current molten steel
temperature optimal heating rate of reference furnace is (𝑇(𝑡+

1) − 𝑇(𝑡))/Δ𝑡. The optimal decarburization rate is (SC(𝑡) −

SC(𝑡 + 1))/Δ𝑡. And the reference data are

𝑇 (𝑡 + 1) − 𝑇 (𝑡) =

1

∑

𝑗=1

(𝑇𝑗 (𝑡 + 1) − 𝑇𝑗 (𝑡)) ,

SC (𝑡) − SC (𝑡 + 1) =

1

∑

𝑗=1

(SC𝑗 (𝑡) − SC𝑗 (𝑡 + 1)) .

(6)

4.2. Dynamic Operation Optimization Model for Optimal
Control Problem. To minimize the deviation between the
current temperature of the liquid steel and the reference
value decided by the optimization control indicator and
minimize the deviation between the current carbon content
and the reference data, we establish the multiobjective real-
time operation optimization model.
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Optimization objective is as follows:

Min (𝑌


𝑇
(𝑡 + 1) − 𝑌𝑇 (𝑡 + 1))

2

,

Min 𝜉 (𝑌


C (𝑡 + 1) − 𝑌C (𝑡 + 1))
2

,

(7)

Constraints are the following:

𝑌𝑇 (𝑡 + 1) = 𝑇 (𝑡 + 1) , (8)

𝑌C (𝑡 + 1) = SC (𝑡 + 1) , (9)

𝑌


𝑇
(𝑡 + 1) = 𝑌



𝑇
(𝑡 + 1) × [1 + 𝑟11 × 𝑒 (𝑡)] , (10)

𝑌


C (𝑡 + 1) = 𝑌


C (𝑡 + 1) × [1 + 0.5 × 𝑟12 × 𝑒 (𝑡)] , (11)

H𝐼 (𝑡)min ≤ H𝐼 (𝑡) ≤ H𝐼 (𝑡)max , (12)

N (𝑡)min ≤ N (𝑡) ≤ N (𝑡)max , (13)

O (𝑡)min ≤ O (𝑡) ≤ O (𝑡)max , (14)

𝑉1 (𝑡)min ≤ 𝑉1 (𝑡) ≤ 𝑉1 (𝑡)max , (15)

𝑌


𝑇
(𝑡 + 1) = LSSVM1 {𝑇 (𝑡) , SC (𝑡) ,H𝐼 (𝑡) ,

N (𝑡) ,O (𝑡) ,GF (𝑡) ,CO (𝑡) ,

CO2 (𝑡) , 𝑉1 (𝑡) ,Hin1,Hin2} ,

(16)

𝑌


C (𝑡 + 1) = LSSVM2 {𝑇 (𝑡) , SC (𝑡) ,H𝐼 (𝑡) ,

N (𝑡) ,O (𝑡) ,GF (𝑡) ,CO (𝑡) ,

CO2 (𝑡) , 𝑉1 (𝑡) ,Hin1,Hin2} ,

(17)

𝑇 (𝑡) = LSSVM1 {𝑇 (𝑡 − 1) , SC (𝑡 − 1) ,

H
𝐼
(𝑡 − 1) ,N (𝑡 − 1) ,O (𝑡 − 1) ,

GF (𝑡 − 𝑐) ,CO (𝑡 − 𝑐) ,CO2 (𝑡 − 𝑐) ,

𝑉


1
(𝑡 − 1) ,Hin1,Hin2} ,

(18)

SC (𝑡) = LSSVM2 {𝑇 (𝑡 − 1) , SC (𝑡 − 1) ,H
𝐼
(𝑡 − 1) ,

N (𝑡 − 1) ,O (𝑡 − 1) ,

GF (𝑡 − 𝑐) ,CO (𝑡 − 𝑐) ,

CO2 (𝑡 − 𝑐) , 𝑉


1
(𝑡 − 1) ,Hin1,Hin2} ,

(19)

where the dynamic operation optimization model is built by
taking the minimum deviation between the actual data (oven
temperature and carbon content of the molten steel) and the
reference data by the optimal control indicator as objective
function (7). When 𝑌



C (𝑡 + 1) ≤ 𝑌C(𝑡 + 1), 𝜉 = 0, if not
𝜉 = 𝑒
𝑌


C (𝑡+1)−𝑌C(𝑡+1). In constraint (13) the carbon contentmust
not surpass the strict requirement value; N(𝑡)min, N(𝑡)max,
respectively, represent minimum andmaximum the feed rate
of the auxiliary material and the allowable value; N(𝑡)min and

N(𝑡)max, respectively; in constraint (12) the bottom blown
gas flow must not surpass the strict requirement value, a
bottom blown gas flow rate, and the minimum certain value
of the maximum certain value; in constraint (14), O(𝑡)min
and O(𝑡)max are the minimum allowed lance oxygen flow
value and the maximum allowable flow rate; in constraint
(15) the lance mode must not exceed the strict requirement
value; constraint (10) shows the correction value temperature
and carbon content of molten steel; in constraints (8) and
(9), 𝑌𝑇(𝑡 + 1) is the current molten steel temperature value
and 𝑌C(𝑡 + 1) is the current molten steel carbon content
value determined by dynamic optimization control indices;
constraints (16) and (17) show the relationship between the
state variables; constraints (18) and (19) are the current
temperature and carbon content estimation equation. The
time and weight of adding limestone, dolomite, and other
auxiliary materials, the amount of blowing oxygen, bottom
blowing gas at eachmoment, and the control mode of oxygen
lance are regarded as control variables.

5. The Proposed Optimization Algorithm

5.1. Differential Evolution (DE). There are several versions
of DE algorithm [23]. Based on the difference between the
fitness values of individuals, Tang et al. [24] proposed a novel
IDE algorithm with an individual-dependent mechanism to
set control parameters and choose mutation operators for
each individual in different stages of the searching process.
Tang et al. [25] proposed an improved differential evolution
algorithm with a real-coded matrix representation for each
individual of the population, a two-step method for generat-
ing the initial population, and a new mutation strategy. The
algorithm we proposed in this paper is based on the version
of DE/best/2/bin. The algorithm is presented as follows.

In every generation of DE, a population of 𝑛𝑝 candidate
solutions is maintained, where each solution can be seen
as a control vector in a 𝐷-dimensional continuous search
space. The population is evolved and improved generation
by generation. In generation 𝐺, we denote the 𝑖th individual
of the population as 𝑋𝑖,𝐺, 𝑖 = 1, . . . , 𝑛𝑝. Through the
mutation operator and crossover operator, a new population
is generated, the individual of which is called trial vector. A
selection operator is used to decide which one to get into the
next generation, parent or offspring. The evolution process
moves on until a termination criterion is met. The details are
presented as follows.

Mutation. In the version of DE/best/2/bin, the mutation
operation can be described as follows: the two weighted
differential vectors obtained from the current population
are added to the third vector which is the best individual
having the best fitness value. At generation 𝐺, through
the perturbation of four individuals selected randomly and
the best individual 𝑋Best,𝐺, the mutation individual 𝑉𝑖,𝐺 is
generated as follows:

𝑉𝑖,𝐺 = 𝑋Best,𝐺 + 𝐹 ∗ (𝑋𝑟1 ,𝐺
− 𝑋𝑟2 ,𝐺

) + 𝐹 ∗ (𝑋𝑟3 ,𝐺
− 𝑋𝑟4 ,𝐺

) ,

(20)
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Table 1: The training set and the testing set for multistage temperature models and carbon content models.

Temperature Carbon content
Stage/∘C The training set The testing set Stage/% The training set The testing set
1540–1560 100 10 0.30–0.20 100 10
1560–1580 100 10 0.20–0.10 100 10
1580–1600 100 10 0.11-0.10 100 10
1600–1620 200 10 0.10-0.09 100 10
1620–1640 200 20 0.09-0.08 100 10
1640–1660 100 10 0.08-0.07 100 10
1660–1680 100 10 0.07-0.06 100 10
1680–1700 100 10 0.06-0.05 100 10
1700–final 40 10 0.05-0.04 100 10

0.04–final 60 10

where 𝑖 = 1, . . . , 𝑛𝑝 and the randomly selected indices 𝑟1, 𝑟2,
𝑟3, and 𝑟4 belong to the integer set {1, . . . , 𝑛𝑝} and satisfy the
expression 𝑟1 ̸= 𝑟2 ̸= 𝑟3 ̸= 𝑟4 ̸= 𝑖. In addition, 𝐹 is the scale
factor and 𝐹 ∈ [0, 1].

Crossover. After the mutation operation, the trial individual
𝑈𝑖,𝐺+1 = (𝑢1,𝑖,𝐺+1, . . . , 𝑢𝐷,𝑖,𝐺+1) is generated from the target
individual 𝑋𝑖,𝐺+1 = (𝑥1,𝑖,𝐺+1, . . . , 𝑥𝐷,𝑖,𝐺+1) and the muta-
tion individual 𝑉𝑖,𝐺+1 = (V1,𝑖,𝐺+1, . . . , V𝐷,𝑖,𝐺+1) through the
crossover operation described as follows:

𝑢𝑗,𝑖,𝐺+1 =
{

{

{

V𝑗,𝑖,𝐺+1, if rand𝑗 ≤ CR or 𝑗 = 𝑘,

𝑥𝑗,𝑖,𝐺+1, otherwise,
(21)

where 𝑗 = 1, . . . , 𝐷, 𝑘 is a random vector’s index, and 𝑘 ∈

{1, . . . , 𝐷}. In addition, the crossover rate 𝑐𝑟 is in the interval
[0, 1].

Selection. In a competitionway relying on the fitness value, we
select one between the target individual and trail individual,
which will survive and get into the next generation. For
the minimization problem, the selection rule is expressed as
follows:

𝑋𝑖,𝐺+1 =
{

{

{

𝑈𝑖,𝐺+1, if 𝑓 (𝑈𝑖,𝐺+1) < 𝑓 (𝑋𝑖,𝐺) ,

𝑋𝑖,𝐺, otherwise,
(22)

where 𝐹 and 𝑐𝑟 are the control parameters and affect the
performance of the algorithm largely.

5.2. Modified Differential Evolution. To increase the diversity
of the population, we modify the mutation scheme. In our
modified DE, we add a random factor 𝑅 subject to uniform
distribution to increase the diversity and 𝑅 ∈ [0, 1], so the
mutation individual can be rewritten as follows:

𝑉𝑖,𝐺 = 𝑋Best,𝐺 + 𝐹 ∗ (𝑋𝑟1 ,𝐺
− 𝑋𝑟2 ,𝐺

)

+ (𝐹 + 𝑅) ∗ (𝑋𝑟3 ,𝐺
− 𝑋𝑟4 ,𝐺

) .

(23)

The steps are given as follows.

Step 0. Set 𝑘 = 1.

Step 1. Generate the initial population 𝑛𝑝 = 400.

Step 2. Initialization of parameters: set the current number of
iterations.

Initialize the variation factor 𝐹 = 0.7 and cross factor 𝑐𝑟 =
0.2. Set the maximum number of iterations as 𝐺max = 100.
Set the current iteration number as 𝐺 = 0.

Step 3. Evaluation of the initial population is given as follows.
The solution of best fitness is the current best solution

𝑋Best.

Step 4. Mutation and crossover are demonstrated as follows.
Use the mutation operator to get test vectors 𝑈𝑖,𝐺+1:

𝑢𝑗,𝑖,𝐺+1 =
{

{

{

V𝑗,𝑖,𝐺+1, if rand𝑗 ≤ 𝑐𝑟 or 𝑗 = 𝑘,

𝑥𝑗,𝑖,𝐺+1, otherwise,
(24)

where rand𝑗 is a random number in [0, 1].

Step 5. Generate a new population using population evalua-
tion.

Update 𝑋𝑖:

𝑋𝑖,𝐺+1 =
{

{

{

𝑈𝑖,𝐺+1, if 𝑓 (𝑈𝑖,𝐺+1) < 𝑓 (𝑋𝑖,𝐺) ,

𝑋𝑖,𝐺, otherwise.
(25)

Compare a new solution 𝑋𝑖,𝐺+1 with the best solution
𝑋best; if 𝐽(𝑋best) > 𝐽(𝑋𝑖,𝐺+1), then update 𝑋best = 𝑋𝑖,𝐺+1.

Step 6. If 𝐺 < 𝐺max, return to Step 4 and set 𝐺 = 𝐺 + 1;
otherwise, stop iteration and output the optimal solution
𝑋best.

Step 7. If 𝑘 < 𝑛, return to Step 1 and set 𝑘 = 𝑘 + 1; otherwise,
stop.
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Table 4: Comparable results for the minimum function values of
some algorithms.

Model DE/best/2/bin jDE SaDE
1 0.0053 0.0053 0.0053
2 0.0135 0.0136 0.0138
3 0.0174 0.0175 0.0176
4 0.0080 0.0080 0.0080
5 0.0072 0.0073 0.0073
6 0.0082 0.0083 0.0083
7 0.0083 0.0084 0.0084
8 0.0093 0.0093 0.0096
9 0.0050 0.0051 0.0051

6. Simulations and Discussion

To illustrate the proposedmethod, the real industrial data are
used for evaluating the performance of dynamic operation
optimizationmodel, and they are, respectively, obtained from
experiment and engineering application. In this paper, the
experiment is to dynamically set the value of each operating
variable for the dynamical control of the temperature and car-
bon content in the molten steel. The method is coded in C++
and run on a PC with 2.83GHz CPU (Core 2) and 3.25GB
memory using Windows XP operating system (32-bit).

6.1. The Result of Dynamic Prediction. The experiments of
temperature and carbon content are done after clustering.
Table 1 shows the training set and the testing set for temper-
ature and carbon content models. We established dynamic
models of temperature and carbon content by the final output
parameters 𝜎, 𝛾, and 𝛼𝑖, 𝑖 ∈ [0, 1, . . . , 𝑁], of IPSO-LSSVM.
After establishing the model of temperature and carbon con-
tent, new 10 furnace data are regarded as the dynamic testing
data set. Though dynamic temperature and carbon content
models have some difficulties in the accuracy for whole
furnaces, themodel only depends on data instead of time.The
model still shows the adaptive capability. In order to demon-
strate the superiority, this paper compares IPSO-LSSVM
with KPSO-LSSVM and SPSO-LSSVM [26, 27]. Tables 2 and
3, respectively, show comparable results for three kinds of
performance indices. We can find that the predicted error of
IPSO-LSSVM is lower than that of the other two methods,
and results show that IPSO-LSSVMhas a better performance.

6.2. The Result of Optimal Control Problem. In this section,
the proposed DE/best/2/bin is compared with some evolu-
tionary algorithms in the literature, such as jDE in [28] and
SaDE in [29].The population size of the other two algorithms
is set to 400 for 𝐷 = 100 in jDE and SaDE.

Theultimate convergence values of these three algorithms
for the dynamic optimal control problem of BOF steelmaking
process are given inTable 4.After comparing the convergence
value with the other two methods, we can find that the
error is comparatively closed between jDE and SaDE. The
error of DE/best/2/bin is lower than that in the other two

Table 5: The information of the current practical production.

State variables Value
The hot iron weight 152460 kg
Scrap 23437 kg
Sublance temperature 1610∘C
Sublance carbon content 0.054%
Aim temperature 1666∘C
Aim carbon content (product) 0.11%
Aim carbon content (actual) 0.03%
Off-gas flow 39Nm3/min
CO content of off-gas 33.8%
CO2 content of off-gas 56.4%
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Figure 4: Dynamic curves between the actual temperature and the
target temperature.

methods, and results show that DE/best/2/bin has a better
performance.

The information of the current practical production is
given in Table 5, from which we can find out that the
temperature of molten steel should be heated up from 1610∘C
to 1666∘C. The carbon content of molten steel should be
declined from 0.054% to 0.03%.

Results of comparing between operating variables values
of DE/best/2/bin with target value can be seen in Figures 6–
8 and Table 6. Figure 4 shows the target temperature and the
actual value decided by operating variables values. Figure 5
shows the target carbon content and the actual value decided
by operating variables values. The 𝑥-axis is blowing time;
0 represents the dynamic control starting moment which
is the time getting the measurement results from sublance.
Figure 9 shows the comparison between detection actual off-
gas flow and reference value of flue gas. Figure 10 shows the
comparison between detection actual CO and CO2 content
of flue gas and reference value. Table 7 shows the results for
ARE, RMSE, and MAX of temperature and carbon content.
Table 8 shows the endpoint value of temperature and carbon
content. The experiment demonstrates that the performance
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Table 6: The calculated value of addition quantity and time of auxiliary material.

Time
(second)

Auxiliary
material 1

Auxiliary
material 2

Auxiliary
material 3

Auxiliary
material 4

Auxiliary
material 5

Auxiliary
material 6

Auxiliary
material 7

0.6 0 0 0 0 0 0 0
1.8 0 0 0 0 0 0 0
.
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.

.
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Figure 5: Dynamic curves between the actual carbon content and
the target carbon content.
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Figure 6: Dynamic curves between the actual lance mode and the
target lance mode.

Table 7: The results for ARE, RMSE, and MAX of temperature and
carbon content.

Model Temperature Carbon content
ARE 0.4629 0.001127
RMSE 0.5330 0.008361
MAX 0.8423 0.002470

Table 8: The endpoint values of temperature and carbon content.

Model Temperature Carbon content
Aim endpoint 1666∘C 0.03%
Actual endpoint 1666.047∘C 0.0074%

of the dynamic operation optimization method has a good
adaptability.

7. Conclusion

This paper provides a dynamic operation optimization
method for operating a converter to solve an optimal control
problem. A classification method based on clustering and a
LSSVMmethod is used in the paper. A real-time multiobjec-
tive operation optimization model is built by taking the min-
imum deviation between the actual data (oven temperature
and carbon content of themolten steel) and the reference data
by the optimal control indicator as objective function. An
efficient algorithm for multiobjective operation optimization
model is proposed to realize the optimal control problem
for converter, directly improving the endpoint hit rate and
improving the steel quality, as well as helping improve the
overall productivity.
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Figure 7: Dynamic curves between the actual flow and the target
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This paper discusses the flow shop scheduling problem to minimize the makespan with release dates. By resequencing the jobs,
a modified heuristic algorithm is obtained for handling large-sized problems. Moreover, based on some properties, a local search
scheme is provided to improve the heuristic to gain high-quality solution for moderate-sized problems. A sequence-independent
lower bound is presented to evaluate the performance of the algorithms. A series of simulation results demonstrate the effectiveness
of the proposed algorithms.

1. Introduction

In a flow shop scheduling model, each job must be processed
on a set of machines in identical order. The goal is to deter-
mine the job sequence to optimize a certain predetermined
objective function. At any given time, each machine can
process at most one job, and each job can be handled by at
most onemachine.Meanwhile, each job cannot be preempted
by the other jobs. Flow shop scheduling problemswidely exist
in industrial production and mechanical manufacturing. For
example, in a steel-making process, molten steel is casted
into semifinished slabs by a conticaster; after being heated
by the heat furnace, the slabs are rolled into products in
rolling mill. Obviously, it is a typical flow shop production
model. As most of the problems are strongly NP-hard, it
is impossible to obtain the global optimum solution in
polynomial time. So the study of flow shop scheduling
algorithms is very important for reducing running time and
boosting productivity.

Since the first scheduling rule was presented by Johnson
[1] for the two-machine flow shop problem with objective of
makespan (i.e., the maximum completion time) minimiza-
tion, many works have been conducted on this research area.
A comprehensive survey of flow shop makespan problems by
2010 can be found in Potts and Strusevich [2] or Bai and Ren
[3]. The up-to-date research works are mentioned as follows.

A. Rudek and R. Rudek [4] proved the ordinary NP-hardness
for two-machine flow shop makespan problem when job
processing times are described by nondecreasing position
dependent functions (aging effect) on at least one machine
and indicated the strong NP-hardness if job processing times
are varying on both machines. Aydilek and Allahverdi [5]
presented a polynomial time heuristic algorithm for the two-
machine flow shop makespan problem with release dates.
For the minimizing makespan in an 𝑚-machine flow shop
with learning considerations problem, Chung and Tong [6]
proposed a dominance theoremand a lower bound to acceler-
ate the branch-and-bound algorithm for seeking the optimal
solution. For the criterion of makespan in flow shop model,
a high-performing constructive heuristic with an effective
tie-breaking strategy was proposed by Ying and Lin [7] to
improve the quality of solutions. Similarly, Gupta et al. [8]
proposed an alternative heuristic algorithm that is compared
with the benchmark, Palmer’s, CDS, and NEH algorithms,
to solve 𝑛-job and𝑚-machine flow shop scheduling problem
with minimizing makespan. For the result of the job-related
criterion, Bai [9] presented the asymptotic optimality of the
shortest processing time-based algorithms for the flow shop
problem to optimize total quadratic completion time with
release dates. Bai and Zhang [10] extended the results to a
general objective, total 𝑘-power completion time (𝑘 ≥ 3).
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In this paper, the flow shop scheduling problem for the
minimization of makespan with release dates is addressed.
Contrary to the static setting in which the jobs are simultane-
ously available, jobs arrive over time according to their release
dates, which more closely approaches practical scheduling
environments. Lenstra et al. [11] proved that the two-machine
flow shop makespan problem with release dates is strongly
NP-hard. It implies that the optimal solution of this problem
cannot be found in polynomial time; heuristic algorithmmay
bemore effective to obtain an approximate solution for large-
sized problems. Therefore, a new modified GS algorithm
(MGS) based on the algorithm of Gonzalez and Sahni [12] is
presented for slow shop minimizing makespan with release
dates. Then an improved scheme is provided to promote
performance of the MGS algorithm. Moreover, a sequence-
independent lower bound of the problem is presented. Com-
putational experiments reveal the performances of the MGS
algorithm, improved scheme, and lower bound in different
size problems.

The remainder of this paper is organized as follows. The
problem is formulated in Section 2, and the MGS algorithm
and improved scheme are provided in Sections 3 and 4,
respectively.The new lower bound and computational results
are given in Section 5. This paper closes with the conclusion
in Section 6.

2. Problem Statement

In a flow shop problem, a set of 𝑛 jobs has to be processed
on 𝑚 different machines in the same order. Job 𝑗, 𝑗 =

1, 2, . . . , 𝑛, is processed on machines 𝑖, 𝑖 = 1, 2, . . . , 𝑚, with
a nonnegative processing time 𝑝(𝑖, 𝑗) and a release date 𝑟𝑗,
which is the earliest time when the job is permitted to
process. Each machine can process at most one job and each
job can be handled by at most one machine at any given
time. The machine processes the jobs in a first come, first
served manner. The permutation schedule is considered in
this paper, and the intermediate storage between successive
machines is unlimited. The completion time of job 𝑗, 𝑗 =
1, 2, . . . , 𝑛, on machine 𝑖, 𝑖 = 1, 2, . . . , 𝑚, is denoted by 𝐶(𝑖, 𝑗).
The goal is to determine a job sequence that minimizes the
makespan, that is, min{max1≤𝑗≤𝑛𝐶(𝑚, 𝑗)}.

3. The Modified GS Algorithm

Gonzalez and Sahni [12] presented the GS algorithm to solve
the flow shop makespan problem. Based on its idea, a new
heuristic named modified GS (MGS) algorithm is presented
to deal with the flow shop makespan problem with release
dates. A formal expression of theMGS algorithm is presented
as follows.

3.1. The MGS Algorithm

Step 1. Divide the𝑚machines into𝑚 − 1 groups.

Step 2. For each machine group 𝑔 = {𝑖 − 1, 𝑖}, 𝑖 = 2, 3, . . . , 𝑚,
whenever machine 𝑖 − 1 becomes idle or new jobs arrive,

Start

Set machine
group g = 1

The final solution is the
schedule with minimum

objective value

End Schedule the available jobs

If j < n? No

Yes

Yes

Set g = g + 1

If g < m − 1?

by Johnson’s rule

Figure 1: The flowchart of the MGS algorithm.

process the available jobs by Johnson’s rule (i.e., first schedule
the jobs with 𝑝𝑔(1, 𝑗) < 𝑝𝑔(2, 𝑗) in order of nondecreasing
𝑝𝑔(1, 𝑗) and then schedule the remaining jobs in order of
nonincreasing 𝑝𝑔(2, 𝑗), where 𝑝𝑔(𝑘, 𝑗) denotes the processing
time of job 𝑗 in group 𝑔 on machine 𝑘, 𝑘 = 1, 2); if no job is
available, go to Step 3.

Step 3. Wait until a job arrives and go to Step 2. If all the jobs
have been scheduled, go to Step 4.

Step 4. Terminate the program and calculate the objective
values 𝑍𝑔 of the schedules. Select the minimum one as the
final solution, 𝐶max = min1≤𝑔≤𝑚−1{𝑍𝑔}.

The flowchart of the algorithm is shown in Figure 1. An
example is proposed to show the execution of the MGS
algorithm.

Example 1. A flow shop scheduling problem involves three
machines, 𝑀1, 𝑀2, and 𝑀3, and four jobs, 𝐽1, 𝐽2, 𝐽3, and
𝐽4 with release dates. The release dates and processing times
of the jobs are listed below. The objective function of the
problem is 𝐶max. Consider

𝐽1 𝐽2 𝐽3 𝐽4

𝑟𝑗 0 9 2 7

𝑀1 2 1 1 3

𝑀2 5 5 4 4

𝑀3 6 7 1 7

(1)

The final sequence of the MGS algorithm is {𝐽1, 𝐽3, 𝐽4, 𝐽2}.
And the objective value is 𝐶max = 29. The scheduling process
is shown in Figure 2.

4. The Improved Scheme

To further promote the quality of the solution for medium-
scale problems, some properties for two-machine flow shop
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Figure 2: The schedule of the MGS algorithm in Example 1.

makespan problem with release dates are presented as fol-
lows.

Property 1. For problem𝐹2|𝑟𝑗|𝐶max, if two adjacent jobsℎ and
𝑘 satisfy

(i) 𝑟ℎ ≤ 𝑟𝑘,

(ii) 𝑝(1, 𝑘) ≤ 𝑝(2, ℎ) and 𝑝(1, ℎ) ≤ 𝑝(2, 𝑘),

(iii) 𝑝(1, ℎ) − 𝑝(1, 𝑘) ≥ 𝑟𝑘 − 𝑟ℎ,

then the optimal sequence is that job 𝑘 is scheduled before
job ℎ.

Proof. Define the completion times of the two jobs in Sequen-
ces {ℎ, 𝑘} and {𝑘, ℎ} being 𝐶1(2, 𝑗) and 𝐶2(2, 𝑗), respectively,
𝑗 = ℎ, 𝑘. Therefore, for Sequence {ℎ, 𝑘},

𝐶1 (2, 𝑘) = 𝑟ℎ + 𝑝 (1, ℎ) + 𝑝 (2, ℎ) + 𝑝 (2, 𝑘) (2)

and, for Sequence {𝑘, ℎ},

𝐶2 (2, ℎ) = 𝑟𝑘 + 𝑝 (1, 𝑘) + 𝑝 (2, 𝑘) + 𝑝 (2, ℎ) . (3)

By subtraction, it is obtained that

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) = (𝑝 (1, ℎ) − 𝑝 (1, 𝑘)) − (𝑟𝑘 − 𝑟ℎ) . (4)

Note that

𝑝 (1, ℎ) − 𝑝 (1, 𝑘) ≥ (𝑟𝑘 − 𝑟ℎ) ; (5)

therefore,

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) ≥ 0. (6)

That indicates the optimality of Sequence {𝑘, ℎ}.

Property 2. For problem 𝐹2|𝑟𝑗|𝐶max, if two adjacent jobs ℎ
and 𝑘 satisfy

(i) 𝑟ℎ ≤ 𝑟𝑘,

(ii) 𝑝(1, 𝑘) ≤ 𝑝(2, ℎ) and 𝑝(1, ℎ) ≥ 𝑝(2, 𝑘),

(iii) 𝑝(2, 𝑘) − 𝑝(1, 𝑘) ≥ 𝑟𝑘 − 𝑟ℎ,

then the optimal sequence is that job 𝑘 is scheduled before
job ℎ.

Proof. Define the completion times of the two jobs in Sequen-
ces {ℎ, 𝑘} and {𝑘, ℎ} being 𝐶1(2, 𝑗) and 𝐶2(2, 𝑗), respectively,
𝑗 = ℎ, 𝑘. Therefore, for Sequence {ℎ, 𝑘},

𝐶1 (2, 𝑘) = 𝑟ℎ + 𝑝 (1, ℎ) + 𝑝 (2, ℎ) + 𝑝 (2, 𝑘) (7)

and, for Sequence {𝑘, ℎ},

𝐶2 (2, ℎ) = 𝑟𝑘 + 𝑝 (1, 𝑘) + 𝑝 (1, ℎ) + 𝑝 (2, ℎ) . (8)

By subtraction, it is obtained that

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) = (𝑝 (2, 𝑘) − 𝑝 (1, 𝑘)) − (𝑟𝑘 − 𝑟ℎ) . (9)

Note that

𝑝 (2, 𝑘) − 𝑝 (1, 𝑘) ≥ (𝑟𝑘 − 𝑟ℎ) ; (10)

therefore,

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) ≥ 0. (11)

That indicates the optimality of Sequence {𝑘, ℎ}.

Property 3. For problem 𝐹2|𝑟𝑗|𝐶max, if two adjacent jobs ℎ
and 𝑘 satisfy

(i) 𝑟ℎ ≤ 𝑟𝑘,
(ii) 𝑝(1, 𝑘) ≥ 𝑝(2, ℎ) and 𝑝(1, ℎ) ≤ 𝑝(2, 𝑘),
(iii) 𝑝(2, ℎ) − 𝑝(1, ℎ) ≥ 𝑟𝑘 − 𝑟ℎ,

then the optimal sequence is that job 𝑘 is scheduled before
job ℎ.

Proof. Define the completion times of the two jobs in Sequen-
ces {ℎ, 𝑘} and {𝑘, ℎ} being 𝐶1(2, 𝑗) and 𝐶2(2, 𝑗), respectively,
𝑗 = ℎ, 𝑘. Therefore, for Sequence {ℎ, 𝑘},

𝐶1 (2, 𝑘) = 𝑟ℎ + 𝑝 (1, ℎ) + 𝑝 (1, 𝑘) + 𝑝 (2, 𝑘) (12)

and, for Sequence {𝑘, ℎ},

𝐶2 (2, ℎ) = 𝑟𝑘 + 𝑝 (1, 𝑘) + 𝑝 (2, 𝑘) + 𝑝 (2, ℎ) . (13)

By subtraction, it is obtained that

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) = (𝑝 (2, ℎ) − 𝑝 (1, ℎ)) − (𝑟𝑘 − 𝑟ℎ) . (14)

Note that

𝑝 (2, ℎ) − 𝑝 (1, ℎ) ≥ (𝑟𝑘 − 𝑟ℎ) ; (15)

therefore,

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) ≥ 0. (16)

That indicates the optimality of Sequence {𝑘, ℎ}.

Property 4. For problem 𝐹2|𝑟𝑗|𝐶max, if two adjacent jobs ℎ
and 𝑘 satisfy

(i) 𝑟ℎ ≤ 𝑟𝑘,
(ii) 𝑝(1, 𝑘) ≥ 𝑝(2, ℎ) and 𝑝(1, ℎ) ≥ 𝑝(2, 𝑘),
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(iii) 𝑝(2, 𝑘) − 𝑝(2, ℎ) ≥ 𝑟𝑘 − 𝑟ℎ,

then the optimal sequence is that job 𝑘 is scheduled before
job ℎ.

Proof. Define the completion times of the two jobs in Sequen-
ces {ℎ, 𝑘} and {𝑘, ℎ} being 𝐶1(2, 𝑗) and 𝐶2(2, 𝑗), respectively,
𝑗 = ℎ, 𝑘. Therefore, for Sequence {ℎ, 𝑘},

𝐶1 (2, 𝑘) = 𝑟ℎ + 𝑝 (1, ℎ) + 𝑝 (1, 𝑘) + 𝑝 (2, 𝑘) (17)

and, for Sequence {𝑘, ℎ},

𝐶2 (2, ℎ) = 𝑟𝑘 + 𝑝 (1, 𝑘) + 𝑝 (1, ℎ) + 𝑝 (2, ℎ) . (18)

By subtraction, it is obtained that

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) = (𝑝 (2, 𝑘) − 𝑝 (2, ℎ)) − (𝑟𝑘 − 𝑟ℎ) . (19)

Note that

𝑝 (2, 𝑘) − 𝑝 (2, ℎ) ≥ (𝑟𝑘 − 𝑟ℎ) ; (20)

therefore,

𝐶1 (2, 𝑘) − 𝐶2 (2, ℎ) ≥ 0. (21)

That indicates the optimality of Sequence {𝑘, ℎ}.

With these properties, an improved scheme is provided
to promote the original solution obtained by the MGS
algorithm. In a formal expression of the improved scheme,
𝜋0,0(𝑥), 𝑥 = 1, 2, . . . , 𝑛, denotes the job found in the 𝑥th posi-
tion of the original sequence 𝜋0,0, 𝐿(𝑢) denotes the number of
comparisons that job 𝜋0,0(𝑥) sequentially compares forward
with the 𝑢th job to a given job in a seed sequence, 𝑞 denotes
the number of comparisons from the current job to the end
job, 𝑔 denotes the number of groups, and Π𝑘,𝑔(𝑥) denotes a
sequence set that is generated by exchanging the 𝑥th job of
𝜋0,0 with each different job in a seed sequence. The format
expression can be summarized as follows.

4.1. Improved Scheme

Step 1. Generate the initial sequence 𝜋0,0 with the MGS
algorithm and calculate the objective value 𝑍0,0.

Step 2. Set 𝑔 = 1, 𝑥 = 1, and 𝑘 = 0.

Step 3. Compare job 𝜋0,0(𝑥) forward with the next 𝐿(𝑢) = ℎ0
(if ℎ < ℎ0, set 𝐿(𝑢) = ℎ) jobs in sequence 𝜋𝑘,𝑔. If the two jobs
𝑎 and 𝑏 satisfy

(1) 𝑟𝑎 ≤ 𝑟𝑏,
(2) one of the following conditions:

(i) 𝑟𝑏 − 𝑟𝑎 ≤ 𝑝𝑔(1, 𝑎) − 𝑝𝑔(1, 𝑏),
(ii) 𝑟𝑏 − 𝑟𝑎 ≤ 𝑝𝑔(2, 𝑏) − 𝑝𝑔(1, 𝑏),
(iii) 𝑟𝑏 − 𝑟𝑎 ≤ 𝑝𝑔(1, 𝑎) − 𝑝𝑔(2, 𝑎),
(iv) 𝑟𝑏 − 𝑟𝑎 ≤ 𝑝𝑔(2, 𝑏) − 𝑝𝑔(2, 𝑎),

then exchange the jobs, calculate the objective value, and
proceed to Step 4.

Step 4. If the objective value𝑍𝑦,𝑔 obtained in Step 3 is smaller
than 𝑍𝑘,𝑔, set 𝑘 := 𝑘 + 1 and determine sequence 𝜋𝑘+1,𝑔, such
that𝑍𝑘+1,𝑔 = min{𝑍𝑦,𝑔 | 𝑦 ∈ Π𝑘,𝑔(𝑥)}. If 𝑥 ≤ 𝑛, set 𝑥 := 𝑥+1
and return to Step 3; otherwise, proceed to Step 5.

Step 5. If 𝑔 ≤ 𝑚 − 1, set 𝑔 := 𝑔 + 1 and return to Step 3;
otherwise, proceed to Step 6.

Step 6. 𝜋𝑛,𝑚−1 is the final schedule. Stop.

5. Computational Results

In this section, a series of computational experiments are
designed to reveal the performances of the proposed algo-
rithm and improved scheme in different size problems.
Ten different random tests for each combination of the
parameters were, respectively, performed, and the averages
are reported. All the algorithms were coded in MATLAB
R2012a and implemented on a PC with an Intel Core i7-2600
CPU (3.4GHz × 4) and 4GB RAM. The processing times of
the jobs were randomly generated from a discrete uniform
distribution on [1, 10] and a discrete normal distributionwith
expectation 5.5 and variance 1.72.

To evaluate the performance of an algorithm for problem
𝐹𝑚|𝑟𝑗|𝐶max, Bai et al. [13] presented a lower bound (LB1):

LB1 = max
1≤𝑖≤𝑚
1≤𝑥≤𝑛

{

{

{

𝑟𝑥 +

𝑛

∑

𝑗=𝑥

𝑝 (𝑖, 𝑗) +

𝑖−1

∑

𝑘=1

𝑝 (𝑘, 𝑥) +

𝑚

∑

𝑘=𝑖+1

𝑝 (𝑘, 𝑛)

}

}

}

.

(22)

However, the value of LB1 sometimes may be larger
than the optimal value because LB1 is sequence-dependent.
Consider the following example.

Example 2. A two-machine flow shop scheduling problem
involves two jobs, 𝐽1 and 𝐽2, with release dates. The release
dates and processing times of the jobs are listed below. The
objective of the problem is 𝐶max:

𝑀1 𝑀2 𝑟𝑗

𝐽1 10 1 0

𝐽2 1 10 1

(23)

For sequence {𝐽1, 𝐽2}, calculate the value of LB1:

LB1 = 𝑟1 + 𝑝 (1, 1) + 𝑝 (2, 1) + 𝑝 (2, 2)

= 0 + 10 + 1 + 10 = 21.

(24)

And the optimal schedule of the problem is {𝐽2, 𝐽1}. The
associated optimal value is

𝐶max (OPT) = 𝑟2 + 𝑝 (1, 2) + 𝑝 (2, 2) + 𝑝 (2, 1)

= 1 + 1 + 10 + 1 = 13.

(25)

Obviously, LB1 > 𝐶max(OPT).
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To guarantee that the lower bound value is strictly less
than the optimal value, a new lower bound (LB2) is provided:

LB2 = max
1≤𝑖≤𝑚

{

{

{

𝑟𝑥 +

𝑛

∑

𝑗=𝑥

𝑝 (𝑖, 𝑗) + min
𝑥≤𝑗≤𝑛

𝑖−1

∑

𝑘=1

𝑝 (𝑘, 𝑗)

+ min
𝑥≤𝑗≤𝑛

𝑚

∑

𝑘=𝑖+1

𝑝 (𝑘, 𝑗)
}

}

}

.

(26)

Obviously, the last two items in LB2 guarantee that the
lower bound is independent of the job sequence.

Theorem 3. Let the processing times 𝑝(𝑖, 𝑗), 𝑖 = 1, 2, . . . , 𝑚,
𝑗 = 1, 2, . . . , 𝑛, be independent random variables having the
same continuous distribution with bounded density defined on
(0, 1]. Then, for every 𝑗, 𝑗 = 1, 2, . . . , 𝑛, with probability one,

lim
𝑛→∞

LB2
𝑛
= lim
𝑛→∞

𝐶max (OPT)
𝑛

. (27)

Proof. Without loss of generality,

LB1 − LB2 ≤ (
𝑖−1

∑

𝑘=1

𝑝 (𝑘, 𝑥) − min
𝑥≤𝑗≤𝑛

𝑖−1

∑

𝑘=1

𝑝 (𝑘, 𝑗))

+ (

𝑚

∑

𝑘=𝑖+1

𝑝 (𝑘, 𝑛) − min
𝑥≤𝑗≤𝑛

𝑚

∑

𝑘=𝑖+1

𝑝 (𝑘, 𝑗)) .

(28)

Dividing 𝑛 on both sides of (28) and taking limit,

lim
𝑛→∞

LB1
𝑛
= lim
𝑛→∞

LB2
𝑛
. (29)

Bai et al. [13] proved that

lim
𝑛→∞

LB1
𝑛
= lim
𝑛→∞

𝐶max (OPT)
𝑛

. (30)

Combining (29) and (30) yields the result of Theorem 3.

Calculate Example 2 with LB2:

LB2 = 𝑟2 + 𝑝 (1, 2) + 𝑝 (2, 2) + 𝑝 (2, 1) = 𝐶max (OPT) .
(31)

5.1. Tests for the MGS Algorithm. Several numerical tests are
conducted to reveal the effectiveness of the MGS algorithm.
Three, five, and ten machines and 50, 100, 200, 500, and 1000
jobs are tested, respectively.The release dates are drawn from
a discrete uniform distribution on [1, 𝑅𝑡𝑛], where 𝑛 is the
number of jobs and 𝑅𝑡 is a multiplier with the values of 1, 2,
5, and 8. The DSJF heuristic algorithm presented by Bai and
Tang [14] is used as a reference for comparison. First, in Tables
1 and 2, we compare the performance of the MGS algorithm
and DSJF heuristic by employing mean relative percentage
(𝑍

MGS
− 𝑍

DSJF
)/𝑍

DSJF
× 100%, where 𝑍MGS is the objective

value of the MGS algorithm and 𝑍DSJF is the objective value
of the DSJF heuristic.

In Tables 1 and 2, the data show that the performance of
the two algorithms is dependent on multiplier 𝑅𝑡. To further

Table 1: Performance comparison of MGS and DSJF (uniform
distribution %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 7.42 3.52 1.80

𝑅𝑡 = 2 6.14 2.17 −3.21

𝑅
𝑡
= 5 −15.78 −13.29 −20.74

𝑅𝑡 = 8 −24.66 −19.83 −22.66

100 jobs

𝑅𝑡 = 1 9.68 8.68 2.34

𝑅𝑡 = 2 4.61 5.07 1.49

𝑅𝑡 = 5 −21.87 −23.73 −15.61

𝑅𝑡 = 8 −20.01 −23.69 −24.37

200 jobs

𝑅𝑡 = 1 12.89 10.13 5.71

𝑅𝑡 = 2 9.11 8.93 6.14

𝑅𝑡 = 5 −17.62 −21.26 −17.40

𝑅𝑡 = 8 −26.29 −23.18 −24.86

500 jobs

𝑅𝑡 = 1 14.82 11.71 10.39

𝑅𝑡 = 2 10.32 11.55 9.10

𝑅𝑡 = 5 −24.87 −19.07 −25.96

𝑅𝑡 = 8 −18.53 −21.39 −28.83

1000 jobs

𝑅𝑡 = 1 15.31 15.31 11.68

𝑅𝑡 = 2 13.03 10.64 10.77

𝑅𝑡 = 5 −20.82 −22.72 −22.22

𝑅
𝑡
= 8 −20.07 −20.43 −20.66

Table 2: Performance comparison of MGS and DSJF (normal
distribution %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 4.29 1.08 −0.71

𝑅𝑡 = 2 2.48 1.93 −0.55

𝑅
𝑡
= 5 −19.68 −19.24 −14.99

𝑅𝑡 = 8 −18.13 −17.06 −18.33

100 jobs

𝑅𝑡 = 1 5.79 3.62 2.21

𝑅𝑡 = 2 4.40 1.68 1.66

𝑅𝑡 = 5 −20.74 −24.99 −25.53

𝑅𝑡 = 8 −19.05 −23.04 −20.77

200 jobs

𝑅𝑡 = 1 6.73 6.13 3.08

𝑅𝑡 = 2 5.53 4.66 3.61

𝑅𝑡 = 5 −17.73 −16.65 −25.16

𝑅𝑡 = 8 −13.17 −18.55 −19.62

500 jobs

𝑅𝑡 = 1 8.06 6.83 6.15

𝑅𝑡 = 2 6.68 6.57 4.83

𝑅𝑡 = 5 −21.99 −24.18 −19.46

𝑅𝑡 = 8 −21.09 −24.58 −22.19

1000 jobs

𝑅𝑡 = 1 7.91 8.20 7.23

𝑅𝑡 = 2 7.66 7.25 6.14

𝑅𝑡 = 5 −23.72 −24.17 −24.65

𝑅
𝑡
= 8 −17.21 −23.45 −20.75

determine the dominance of the two algorithms, in Tables
3 and 4, we execute the following experiments with mean
relative percentage 𝑋/20 × 100%, where 𝑋 denotes the times
when the DSJF heuristic dominates the MGS algorithm.
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Table 3: Dominance tests of DSJF (uniform distribution %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 95 75 70

𝑅
𝑡
= 2 85 80 25

𝑅𝑡 = 5 15 5 0

𝑅𝑡 = 8 0 0 0

100 jobs

𝑅𝑡 = 1 100 95 80

𝑅𝑡 = 2 80 90 85

𝑅𝑡 = 5 0 0 15

𝑅𝑡 = 8 0 0 0

200 jobs

𝑅𝑡 = 1 100 95 95

𝑅𝑡 = 2 90 95 95

𝑅𝑡 = 5 25 5 0

𝑅𝑡 = 8 0 0 0

500 jobs

𝑅𝑡 = 1 100 100 100

𝑅𝑡 = 2 90 95 95

𝑅𝑡 = 5 5 15 5

𝑅𝑡 = 8 0 0 0

1000 jobs

𝑅𝑡 = 1 100 100 95

𝑅𝑡 = 2 95 90 90

𝑅
𝑡
= 5 5 10 10

𝑅𝑡 = 8 0 0 0

Table 4: Dominance tests of DSJF (normal distribution %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 90 60 40

𝑅
𝑡
= 2 80 50 40

𝑅𝑡 = 5 0 10 10

𝑅𝑡 = 8 0 0 0

100 jobs

𝑅𝑡 = 1 100 95 95

𝑅𝑡 = 2 100 70 95

𝑅𝑡 = 5 5 5 5

𝑅𝑡 = 8 0 0 0

200 jobs

𝑅𝑡 = 1 100 100 90

𝑅𝑡 = 2 95 95 100

𝑅𝑡 = 5 0 5 0

𝑅𝑡 = 8 0 0 0

500 jobs

𝑅𝑡 = 1 100 100 100

𝑅𝑡 = 2 90 100 95

𝑅𝑡 = 5 10 10 0

𝑅𝑡 = 8 0 0 0

1000 jobs

𝑅𝑡 = 1 95 100 100

𝑅𝑡 = 2 100 95 95

𝑅
𝑡
= 5 0 10 5

𝑅𝑡 = 8 0 0 0

The results of Tables 3 and 4 indicate that the DSJF
heuristic completely dominates the MGS algorithm as 𝑅𝑡 = 1
and the opposite case as 𝑅𝑡 = 8. Therefore, in the two cases,
obtaining the near-optimal solution with the proper one of
the algorithms directly is more practical. To demonstrate the
asymptotic optimality of the MGS algorithm, we compare its

Table 5: Asymptotic performance tests for MGS (uniform distribu-
tion %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 5.37 11.74 22.26

𝑅𝑡 = 2 5.55 13.86 20.74

𝑅
𝑡
= 5 7.20 13.53 19.77

𝑅𝑡 = 8 1.87 1.76 3.59

100 jobs

𝑅𝑡 = 1 3.61 10.59 17.01

𝑅𝑡 = 2 3.93 9.52 15.40

𝑅𝑡 = 5 3.55 7.01 14.35

𝑅𝑡 = 8 0.90 1.47 2.54

200 jobs

𝑅𝑡 = 1 3.04 5.08 11.27

𝑅𝑡 = 2 4.29 7.94 12.73

𝑅𝑡 = 5 2.75 6.18 10.98

𝑅𝑡 = 8 0.36 0.82 0.88

500 jobs

𝑅𝑡 = 1 1.71 4.33 8.81

𝑅𝑡 = 2 1.26 2.43 10.01

𝑅𝑡 = 5 1.58 3.48 7.39

𝑅𝑡 = 8 0.12 0.36 0.63

1000 jobs

𝑅𝑡 = 1 0.53 2.94 5.59

𝑅𝑡 = 2 3.25 4.69 7.72

𝑅𝑡 = 5 1.12 2.62 5.12

𝑅
𝑡
= 8 0.059 0.23 0.30

Table 6: Asymptotic performance tests for MGS (normal distribu-
tion %).

𝑚 = 3 𝑚 = 5 𝑚 = 10

50 jobs

𝑅𝑡 = 1 2.91 7.29 12.67

𝑅
𝑡
= 2 3.17 7.23 15.00

𝑅𝑡 = 5 2.85 5.70 9.97

𝑅𝑡 = 8 1.00 1.43 2.98

100 jobs

𝑅𝑡 = 1 2.84 5.22 11.18

𝑅𝑡 = 2 1.91 6.52 10.23

𝑅𝑡 = 5 2.29 4.80 8.20

𝑅𝑡 = 8 0.33 0.55 1.51

200 jobs

𝑅𝑡 = 1 1.52 3.76 7.37

𝑅𝑡 = 2 1.18 4.78 7.59

𝑅𝑡 = 5 1.30 3.01 6.11

𝑅𝑡 = 8 0.27 0.27 1.13

500 jobs

𝑅𝑡 = 1 0.96 2.23 4.57

𝑅𝑡 = 2 1.30 3.67 5.08

𝑅
𝑡
= 5 0.89 2.44 4.72

𝑅𝑡 = 8 0.097 0.18 0.48

1000 jobs

𝑅𝑡 = 1 0.69 1.67 3.32

𝑅𝑡 = 2 1.30 1.63 3.26

𝑅
𝑡
= 5 0.59 1.65 3.31

𝑅𝑡 = 8 0.032 0.049 0.18

objective value with the associated value of LB2. The mean
relative percentage (𝑍A1

− 𝑍
LB2
)/𝑍

LB2
× 100% is employed,

where 𝑍A1 is the objective value of the MGS algorithm and
𝑍
LB2 is the objective value of LB2.
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Table 7: Comparing IS with the DSJF %.

𝑛 = 20 𝑛 = 50
𝑚 = 3 𝑚 = 5 𝑚 = 10 𝑚 = 3 𝑚 = 5 𝑚 = 10

𝑅𝑡 = 0.1 3.79 7.08 6.96 𝑅𝑡 = 0.1 0.98 3.64 4.68

𝑅𝑡 = 0.05 5.95 7.66 4.40 𝑅𝑡 = 0.04 2.35 3.97 3.42

Table 8: Comparing IS2 with the MGS %.

𝑛 = 20 𝑛 = 50
𝑚 = 3 𝑚 = 5 𝑚 = 10 𝑚 = 3 𝑚 = 5 𝑚 = 10

𝑅𝑡 = 0.1 5.95 4.54 3.98 𝑅𝑡 = 0.1 2.01 2.80 3.61

𝑅𝑡 = 0.05 5.47 7.10 4.56 𝑅𝑡 = 0.04 2.73 3.63 4.34

The data in Tables 5 and 6 indicate the asymptotic
optimality of the MGS algorithm. Contrarily, for the fixed
number of jobs, ratios enlarge as the number of machines
increases from 3 to 10. The cause may be that the larger the
number of machines is, the larger the quantity of idle times
is, which enlarges the gap between the value of objective and
its lower bound.

5.2. Tests for the Improved Scheme. We compare the effec-
tiveness of the improved scheme (IS) with that of the DSJF
heuristic/MGS algorithm. In Tables 7 and 8, mean relative
percentage (𝑍A2

−𝑍
IS
)/𝑍

IS
× 100%was employed, where𝑍A2

is the objective value of the DSJF heuristic/MGS algorithm
and 𝑍IS is the objective value of IS. Three, five, and ten
machines with 20 and 50 jobs are tested, respectively. The
value of multiplier 𝑅𝑡 is 0.1, 0.04 (for 50 jobs) and 0.05 (for
20 jobs). The processing times of the jobs were randomly
generated from a discrete uniform distribution on [1, 10].

The results indicate that the improved scheme promotes
the performance of the algorithms effectively for moderate-
sized problems. As the problem scale and the range of release
dates continue to enlarge, the improvement is weakened and
the running time lengthens. Therefore, obtaining the near-
optimal solution with the MGS algorithm directly for large-
scale problems is more practical.

6. Conclusions

This paper presented a modified heuristic algorithm, that is,
the MGS algorithm, for the flow shop makespan problem
with release dates. And an improved scheme was introduced
to improve the quality of the original solution. To evaluate
the algorithms numerically, a new lower bound that is
sequence independent was provided for the problem. The
computational results demonstrate the dominance of the
MGSalgorithmand the effectiveness of the improved scheme.
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The Just-In-Time (JIT) scheduling problem is an important subject of study. It essentially constitutes the problem of scheduling
critical business resources in an attempt to optimize given business objectives. This problem is NP-Hard in nature, hence requiring
efficient solution techniques. To solve the JIT scheduling problem presented in this study, a new local search metaheuristic
algorithm, namely, the enhanced Best PerformanceAlgorithm (eBPA), is introduced.This is part of the initial study of the algorithm
for scheduling problems.The current problem setting is the allocation of a large number of jobs required to be scheduled onmultiple
and identical machines which run in parallel.The due date of a job is characterized by a window frame of time, rather than a specific
point in time. The performance of the eBPA is compared against Tabu Search (TS) and Simulated Annealing (SA). SA and TS are
well-known local search metaheuristic algorithms. The results show the potential of the eBPA as a metaheuristic algorithm.

1. Introduction

Scheduling problems altogether constitute a large and impor-
tant field of study. It involves the allocation of production
(or operational) resources with the intent of optimizing
business objectives. Business objectives may include reduced
operational costs, reduced production time, increased cus-
tomer satisfaction, and increased profits in optimizing pro-
duction processes or service delivery. Several categorizations
of scheduling problems are found in the literature [1, 2].
However, of particular interest in this study is the problem
of Just-in-Time (JIT) scheduling [3, 4].

JIT scheduling, as described by Taiichi Ohno (commonly
referred to as the father of JIT) is, “in a flow process, the
right parts needed in assembly reach the assembly line at
the time they are needed and only in the amount needed”
[5]. Ohno perfected JIT principles at Toyota manufacturing
plants in Japan while being vice president of manufacturing.
At the time, Toyota created high quality vehicles at relatively
low costs, compared to its competitors. This was in spite
of the disadvantage of having a lack of natural resources in
the country. The success of implementing JIT techniques in

manufacturing gave Toyota a prominent position within the
automobile sector.

Observing Toyota’s success, many organizations on a
global scale have adopted and implemented JIT techniques
with relative successes. Proper implementations of JIT
techniques have resulted in documentation emphasizing
improved product qualities, improved service deliveries,
improved customer satisfaction, improved employer and
employee relations, decreased production costs, reduced
levels of inventory, and increased profit turnover [6]. Orga-
nizations have further benefited in remaining competitive
within industry, in offering products and/or services without
negotiating quality at competitive costs. These factors consti-
tute important business objectives, as organizations remain
competitive on the basis of cost, quality, and service delivery
[7].

The JIT scheduling problem is largely studied in the
sectors of engineering, manufacturing, and service delivery
[1]. The objective is the optimized delivery of business
resources that meet demand, rather than manufacturing or
supplying less or in surplus. JIT scheduling objectives are
summarized as follows [8].
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(1) Competitiveness: companies remain competitive in
offering high quality products and services at rela-
tively low costs in meeting demands.

(2) Efficient production processes: the objective is greater
productivity in maintaining quality and minimizing
costs.

(3) Improved quality of products: production of smaller
quantities allow for better assessment checks. This
results in improved product quality.

(4) Minimizing wastage: this will reduce costs and save
time and effort in business.

(5) Reduced inventory: this will minimize investments
as capital will not be held (or lost) in holding excess
inventory.

(6) Efficient space utilization: fewer inventories mean
more space available.

(7) Improved customer satisfaction: the on-time delivery
of quality products and services at competitive rates
earn customer satisfaction.

(8) Improved supplier relations: supplier relations get
strengthened in having organized delivery of goods
and services as required.

The JIT scheduling problems is NP-Hard [3, 9, 10]. This
study investigates the JIT scheduling problem anddetermines
solutions usingmetaheuristic techniques.The study proposes
an enhanced Best Performance Algorithm (eBPA) which is
an enhancement of our recently introducedBest Performance
Algorithms (BPA) in literature [11–13]. eBPA, though similar
to BPA, improves on the initial implementation of the latter
to enhance its efficiency and execution time. Further details
on the initial BPA algorithm can be found in Chetty and
Adewumi [11, 12]. This study compares eBPA with two
other standard metaheuristics to ascertain its efficiency in
handling this JIT scheduling problem. The objective of this
study is therefore to test the potential of eBPA algorithm
in comparing its solutions against well-known local search
metaheuristic algorithms for an NP-Hard problem. This
study constitutes initial research on the eBPA algorithm for
scheduling problems.

Previous studies on JIT scheduling problems have inves-
tigated both the single andmultiplemachine scenarios.Many
optimization techniques have been investigated in determin-
ing solutions. They include both the exact and heuristic
algorithms. Ronconi and Kawamura [14] investigated a single
machine JIT scheduling problem with restrictive common
due dates.The objective was theminimization of the earliness
and tardiness penalties. The study proposed a Branch and
Bound algorithm which used lower bounds and pruning
rules in exploiting properties of the problem in determining
solutions. The algorithm was investigated using 280 jobs.
These jobs were characterized by different due dates. The
proposed algorithm showed to be effective in outperforming
the CPLEX optimization software. Monette et al. [15] studied
a JIT job-shop scheduling problem. Jobs were characterized
by earliness and tardiness penalties with respect to their due
dates. The objective was the minimization of the earliness

and tardiness penalties. The study presented a constrained
programming algorithm.This was a filtering algorithm based
onmachine relaxation.The study investigated a large range of
benchmark test instances. 72 problems were studied in total.
The algorithm showed to be very effective in determining 29
of the best-known solutions from the problems studied.Dere-
niowski and Kubiak [16] studied a JIT multislot scheduling
problem. In this problem, processing time was divided into
time slots rather than a single due date for the jobs.The intent
of the study was to determine a minimization of the schedule
makespan.The study presented algorithms for both the single
and parallel machine problem instances.

Süer et al. [17] studied a single machine scheduling prob-
lem with nonzero ready times. Jobs were assumed to have
arrived at different times, with the arrival times being known
in advance. The objective was determining the job sequences
inminimizing tardiness. For the problem setting, preemption
was not allowed. The study investigated the Genetic Algo-
rithm (GA) and compared its solutions to known optimal
solutions for small to large size problems. Results showed that
GA determined optimal solutions for smaller instances and
near-optimal solutions for larger instances. van Laarhoven et
al. [18] investigated the Simulated Annealing (SA) algorithm
in finding the minimum makespan in large instances of job-
shop scheduling problems.The results showed that SA found
shorter makespan than tailored deterministic algorithms,
at the expense of greater execution times. The conclusion
was that the disadvantage of expensive computation times
was compensated by the simplicity of the algorithm and
the higher quality solutions determined. Sidhoum et al. [19]
studied a JIT scheduling problem in a parallel machine envi-
ronment. Jobs were characterized by distinct due dates and
earliness and tardiness penalties.The research was motivated
due to the difficulty of determining lower bounds for JIT
scheduling problems in single and parallel machine environ-
ments. A simple heuristic algorithm was presented. Results
showed the differences between the lower and upper bound
values for the single and parallel machine environments
being around 1% for the problem instances investigated.
McMullen [20] investigated Tabu Search to a mix-model
production scheduling problem at an assembly line. The
objective of the algorithm was to best determine an assembly
schedule based on the part-usage rates and the number of
setups involved in the process. The problem objective was to
determine an assembly sequence that optimized the assembly
process. Results showed that the multiple-objective problem
of minimizing part-usage and setup time could be valuable
from a managerial perspective. Naso et al. [21] investigated
a hybridized algorithm constructed using GA and a con-
structive heuristic for a JIT delivery problem in supply chain
management. The problem setting is that of a ready-mixed
concrete delivery service, in trying to best coordinate the
supply of concrete from producers to customer’s on-time.
Apart from problem complexity, strict time constraints had
forbid early or tardy delivery of ready-mixed concrete. The
problems objective was scheduled delivery that maximized
profit, in minimizing risk. The case study presented used
actual industrial data. The hybridized algorithm was com-
pared to that of four other constructive heuristics. Results
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showed that the hybridized algorithm determined superior
solutions to that of the constructive heuristics.

The rest of this paper is structured as follows. Section 2
describes and presents the JIT scheduling problem studied.
Section 3 describes previous research work in this field.
Section 4 describes and presents the local searchmetaheuris-
tic algorithms. Section 4 presents and discusses the experi-
mental results obtained. Finally, Section 5 draws conclusions
and outlines possible future work.

2. Problem Description and
Mathematical Formulation

The allocations of company resources to meet business
demands are critical to the success of an organization.
Therefore, in JIT problem formulation, the untimely schedul-
ing of business resources that miss expected due dates
is accompanied by penalties factors called earliness and
tardiness penalties. An earliness penalty is incurred when
a job (which implies a service rendered or an item being
produced) is scheduled in business before its expected time.
The implication of an earliness penalty relates to the cost of
holding inventory before its expected time, as an example.
Also, a tardiness penalty is incurred when a job is expected
to complete after its expected due date. This could imply, for
example, customer dissatisfaction.

The due date of a job refers to either a specific point in
time or an interval specified by a window frame of time.
The jobs due date is important. It relates to the demand of
products or services at predetermined times. The inability of
organizations to provide on-time delivery of products and/or
services sets the stage for competitiveness in industry.

In a perfect scheduling environment resources will be
made available as required. Realistically, however, the limited
availability of resources and the differences in demands result
in resources becoming available before or after expected due
dates. Hence, the problem with JIT scheduling relates to
eitherminimizing the earliness penalty,minimizing the tardi-
ness penalty, or both in scheduling resources [1]. Optimizing
a JIT schedule is difficult due to the conflicting objectives.

Most JIT investigations have studied the scheduling of
𝑛 jobs on a single machine where the due dates are specific
points in time. This research studies a JIT problem of
scheduling 𝑛 jobs on𝑚 parallel machines where the due dates
are window frames of time. The single machine scenario is
easier tomodel and solve. Although in industry the possibility
of bottlenecking exists. Surprisingly, far fewer papers have
surfaced on JIT problems of scheduling jobs on multiple and
parallel machines.

The mathematical model presented in this study is that
given in Adamu and Abass [22]. This study takes the oppor-
tunity of correcting the original mathematical formulation
by removing irrelevant constraints and reformulating the
objective function in terms of the schedule. Also, although
the formulation is a maximization model, the original study
presented solutions for a minimization model. These incon-
sistencies present the opportunity for this problem to be
restudied.

In themathematical formulation given below, the left and
right hand sides of a window interval of time represent the
earliest start time 𝑎𝑗 (where the job becomes available for
processing) and the latest due date 𝑑𝑗 (where the job must
be completed). The jobs are scheduled starting from time
zero. The problems objective is the maximization of the total
weight of all on-time jobs.𝑤𝑗 is theweight of a job.This relates
to the importance of job 𝑥𝑖𝑗 being delivered on-time. This
problem assumes equivalent earliness and tardiness penalties.
These penalty factors are not considered in the objective
function. The mathematical formulation is as follows.

Indices:

(i) 𝑖: indicative of each machine, that is, 𝑖 = 1, . . . , 𝑚.
(ii) 𝑗: indicative of each job, that is, 𝑗 = 1, . . . , 𝑛.

Parameters:

(i) 𝑎𝑗: representing the left hand side of the due window
of job 𝑗. This is the earliest start time of job 𝑗.

(ii) 𝑑𝑗: representing the right hand side of the duewindow
of job 𝑗. This is the expected completion time of job 𝑗.

(iii) 𝑝𝑗: representing the processing time of each job 𝑗.
(iv) 𝑡𝑖𝑗: representing the actual start time of job 𝑗 on

machine 𝑖.
(v) 𝐶𝑖𝑗(𝑆): given a schedule 𝑆, 𝐶𝑖𝑗(𝑆) represents the com-

pletion time of job 𝑗 on machine 𝑖, that is, 𝐶𝑖𝑗(𝑆) =

𝑡𝑖𝑗 + 𝑝𝑗. Hence, job 𝑗 is said to be early if 𝐶𝑖𝑗(𝑆) < 𝑎𝑗,
tardy if 𝐶𝑖𝑗(𝑆) > 𝑑𝑗 else on-time if 𝑎𝑗 ≤ 𝐶

𝑖𝑗
(𝑆) ≤ 𝑑𝑗.

(vi) 𝑤𝑗: weight of job 𝑗.

Variables:

(i) 𝑥𝑖𝑗(𝑆): representative if job 𝑗 is allocated on machine
𝑖, in schedule 𝑆.

Objective function:

Maximize

𝑓 =

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1

𝑤𝑗𝑥𝑖𝑗 (𝑆) . (1)

Subject to constraints:

𝑎𝑗 ≤ {
𝑗

max
𝑘=1

{𝐶𝑖(𝑘−1) (𝑆) , 𝑎𝑗 − 𝑝𝑗} + 𝑝𝑗} 𝑥𝑖𝑗 ≤ 𝑑𝑗,

∀𝑖 = 1, . . . , 𝑚; ∀𝑗 = 1, . . . , 𝑛

(2)

𝑚

∑

𝑖=1

𝑥𝑖𝑗 ≤ 1, ∀𝑗 = 1, . . . , 𝑛 (3)

𝑥𝑖𝑗 = {
1, iff 𝑎𝑗 ≤ 𝐶𝑖𝑗 (𝑆) ≤ 𝑑𝑗

0, otherwise,

∀𝑖 = 1, . . . , 𝑚; ∀𝑗 = 1, . . . , 𝑛.

(4)



4 Discrete Dynamics in Nature and Society

Equation (1) represents the total weight of all on-time jobs.
Equation (2) ensures that if job 𝑗 is scheduled on machine 𝑖
it will start and complete processing between its earliest start
time 𝑎𝑗 and latest finishing time 𝑑𝑗. Equation (3) ensures that
job 𝑗 will be assigned to at most one machine 𝑖. Equation (4)
represents a job being either on-time, early or tardy, with 1
representing on-time and 0 otherwise.

The problem assumptions are as follows.

(1) Setup time is included in processing time. Hence, pre-
emption is not allowed. When job 𝑗 − 1 is completed,
there is no delay in starting job 𝑗 on machine 𝑖.

(2) There is no delay in machine processing. When job 𝑗
starts, it is expected to be completed as represented by
processing time 𝑝𝑗.

(3) Only one job can be processed at any given time on
machine 𝑖.

3. Methodology

This study investigates three local search metaheuristic
algorithms to the problem of JIT scheduling presented in
Section 2. Meta (loosely speaking) refers to an algorithm
beyond or higher level to that of a simple heuristic. Heuristic
means “to find” or to “discover by trial and error” [23].
There are no formal definitions for what a heuristic and
metaheuristic algorithm is in computational studies. How-
ever, the trend is to classify stochastic algorithms based
on randomization into these categories. The metaheuristic
algorithms investigated include eBPA, Tabu Search (TS), and
Simulated Annealing (SA).

TS and SA are well-known local search metaheuristic
algorithms. eBPA, on the other hand, is an enhancement
of the Best Performance Algorithm (BPA) previously intro-
duced in literature by Chetty and Adewumi [11, 12]. The
improvement lies essentially in the implementation aspect
of the algorithm. This study aims to present the potentials
of eBPA in solving an NP-Hard problem. eBPA improves
on both the efficiency and execution time performances of
BPA, in having a simpler and completely new design. For
this reason, standard implementations of all algorithms will
be compared in determining solutions for the JIT scheduling
problem studied. The presentation of the eBPA and the
documentation of its potential are the primary objective of
this study. The algorithms are presented and explained in the
subsections below.

3.1. Enhanced Best Performance Algorithm. The eBPA is
modeled on the analogy of professional athletes desiring
to improve on their best registered performances within
competitive environments. Numerous sporting disciplines
exist yet the principles are the same in that professional
athletes desire to perfect their levels of skills in order to
beat their personal best performances and that of their
competitors. Before entering professional, all athletes start
off with a simple love for the sport and a desire to succeed.
Thereafter, with constant practice and strategy their skill
levels increase. They learn from trial and error techniques

and improve on their strengths andweaknesses. Knowledge is
also acquired in learning frommentors and/or other athletes.
In becoming professional, the ultimate goal of an athlete is to
develop a level of skill that would cause the athlete to give off a
performance thatwould surpass their personal best registered
performances.

Apart from coaching, an effective strategy could be to
maintain an archive of a limited number of the athletes’ best
registered performances.This could be in the form of record-
ings. Recordings contain both the techniques used and the
result determined in the delivery of performances. Athletes
can use this information to identify strengths and weak-
nesses in the delivery of performances. With this knowledge,
weaknesses can be improved upon or new techniques can be
learned. In making appropriate changes and with sufficient
practice, refined skills can be achieved. The objective is for
the athlete to develop a level of skill that would allow for their
best performance to be superseded.

Technique (or skill) in this context refers to a solution
determined by an optimization algorithm. The result of
executing a performance refers to the result of evaluating
the objective function using this solution. Therefore, there
are notable similarities between an athlete improving on skill
level and an optimization algorithm determining improved
solutions. Based on this analogy, the enhanced Best Per-
formance Algorithm (eBPA) has been modeled. There are
five guiding rules governing the eBPA. They include the
following.

(1) An athlete maintains an archive of recordings for a
limited number of their best performances delivered
during competitive environments.

(2) An athlete reviews a performance from this archive
and makes appropriate changes to the technique used
with the hope of executing the new technique in
trying to determine a performance that would at least
meet the minimum criterion of being accepted into
the archive.

(3) If an improved performance is determined, the
archive is updated in replacing the recording of the
worst performance with the recording of the new.

(4) The new recording is then chosen as the next record-
ing to be reviewed by the athlete (given a certain
probability).

(5) Only performances with unique techniques are
allowed to be registered in the list.

To artificially simulate this analogy, the eBPA maintains a
limited number of the best solutions found in a list called
the Performance List (PL). Here, solutions refer to recordings
stored in an archive. Solution attributes (i.e., the design
variables of a solution) distinguish one solution from the
next. Therefore, in allowing solutions to be inserted into
the PL, only solutions that are unique must be considered.
Disallowing duplicate solutions prevents the algorithm from
working with solutions previously visited. In the PL, the best
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(1) Initialize variables 𝑏𝑒𝑠𝑡𝐼𝑛𝑑𝑒𝑥 = 0, 𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥 = 0, 𝑤𝑜𝑟𝑠𝑡𝐼𝑛𝑑𝑒𝑥 = 0
(2) Set the size of the Performance List, that is, 𝑙𝑖𝑠𝑡𝑆𝑖𝑧𝑒
(3) Set probability 𝑝𝑎
(4) Set the first solution in the Performance List, that is, PL𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥
(5) Calculate the fitness value of PL

𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥
, that is, PL 𝐹𝑖𝑡𝑛𝑒𝑠𝑠

𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥

(6) Set 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = PL𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥
(7) Set Boolean variable 𝑡𝑜𝑔𝑔𝑙𝑒 = 𝑡𝑟𝑢𝑒

(8) if not Stopping Criterion Met() then (e.g., for 𝑖 = 1 to 𝑛𝑜𝑂𝑓𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 − 1 do)
(8.1) if resize() then

(8.1.1) resize PL()
(8.2) end if
(8.3) if 𝑡𝑜𝑔𝑔𝑙𝑒 then

(8.3.1) 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = Determine Solution(PL𝑤𝑜𝑟𝑘𝑖𝑛𝑔𝐼𝑛𝑑𝑒𝑥)
(8.4) else

(8.4.1) 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = Determine Solution(𝑤𝑜𝑟𝑘𝑖𝑛𝑔)
(8.4.2) 𝑡𝑜𝑔𝑔𝑙𝑒 = true

(8.5) end if
(8.6) 𝑓 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = Determine Fitness(𝑤𝑜𝑟𝑘𝑖𝑛𝑔)
(8.7) if 𝑓 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 better than PL 𝐹𝑖𝑡𝑛𝑒𝑠𝑠𝑤𝑜𝑟𝑠𝑡𝐼𝑛𝑑𝑒𝑥 then

(8.7.1) perform Update()
(8.8) end if
(8.9) if random[0, 1] ≤ 𝑝𝑎 then

(8.9.1) 𝑡𝑜𝑔𝑔𝑙𝑒 = 𝑓𝑎𝑙𝑠𝑒

(8.10) end if
(9) end if (or e.g., end for)
(10) return PL𝑏𝑒𝑠𝑡𝐼𝑛𝑑𝑒𝑥

Algorithm 1: The enhanced Best Performance Algorithm.

and worst solutions (determined by their solution qualities or
results) must be indexed. Another solution from the list that
is considered to be worked with must also be indexed.This is
called the working solution.

To try and determine improved solutions, over solutions
already registered in the PL, local search changes are applied
to the solution indexed as the working solution. The new
solution determined in applying the change is referred to
as an update of the working solution. If the result of this
solution at least improves on the result of the worst solution
or is equivalent in solution quality but unique in their
design variables, then the PL is updated in replacing the
worst solution with that of the new. The new solution is
then indexed as the working solution. If this solution result
improves on the best solution result (i.e., indexed by the
best index) then it is also indexed as the new best solution.
The worst solution would also need to be redetermined and
reindexed upon an update of the PL being made. If an
update of the PL is not achieved, then local search changes
will continue to be applied to the solution indexed as the
working solution. However, given a certain probability, the
worked with solution for the next iteration could also be
the solution that had been updated in the current iteration
(i.e., the updated working solution). The possibility of the
algorithm working with the updated working solution, for
the next iteration, represents the willingness of an athlete
to work with a new but disimproved technique. Working
with disimproved solutions could possibly lead to improved
solutions being found.

These strategies represent eBPA’s ability to work with
both improved and disimproved solutions. A solution is
considered improved if the updated working solution result
at least improves on the working solution result. A solution
is considered disimproved in two ways. Firstly, if the result
of the updated working solution causes the PL to be updated
without the actual working solution result in the PL being
improved upon. This means that a better solution is found,
which although being a disimproved solution to the current
working solution still meets the minimum requirements of
being accepted into the PL. Secondly, a disimproved solution
is accepted to be worked with if the updated working solution
does not cause an update of the PL and if the probability factor
is satisfied. This will cause the updated working solution to
be the worked with solution in the next iteration. Accepting
disimproved solutions is eBPA’s strategy of escaping local
entrapment and cycling.

To further constrain (or destrain) the acceptance into the
PL, the eBPA allows for the PL to be dynamically resized.
Large PL sizes have less restrictive acceptance criterion
compared to smaller PL sizes. Reason being the quality of the
worst solution is worse off. Therefore, strategically reducing
the PL size is used to further intensify the search in promising
neighborhood regions. Similarly, strategically increasing the
PL size can be used to escape local entrapment.

After the termination criterion is satisfied, the solution
indexed by the best index will be returned as the best solution
found. This solution is representative of the best technique
determined by an athlete. The eBPA is shown in Algorithm 1.
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(1) Initialize 𝑏𝑒𝑠𝑡 to be the initial tour
(2) Set 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = 𝑏𝑒𝑠𝑡

(3) Evaluate the fitness of 𝑏𝑒𝑠𝑡 = 𝑓 𝑏𝑒𝑠𝑡

(4) Set 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 (the fitness of 𝑐𝑢𝑟𝑟𝑒𝑛𝑡) = 𝑓 𝑏𝑒𝑠𝑡

(5) Set the size of the Tabu List, that is, 𝑡𝑎𝑏𝑢𝐿𝑖𝑠𝑡𝑆𝑖𝑧𝑒
(6) Set the size of the Candidate List, that is, 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝐿𝑖𝑠𝑡𝑆𝑖𝑧𝑒
(7) Initiate the Tabu List (TL) and the Candidate List (i.e. 𝐶𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝐿𝑖𝑠𝑡)
(8) for 𝑖 to 𝑛𝑜𝑂𝑓𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 do

(8.1) 𝐶𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝐿𝑖𝑠𝑡 = Generate New Candidate List(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)
(8.2) 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = Find Best Candidate(𝐶𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝐿𝑖𝑠𝑡)
(8.3) 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = Determine Fitness(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)
(8.4) if 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 better then 𝑓 𝑏𝑒𝑠𝑡 then

(8.4.1) 𝑓 𝑏𝑒𝑠𝑡 = 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

(8.4.2) 𝑏𝑒𝑠𝑡 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

(8.4.3) Update TL with 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

(8.5) else
(8.5.1) if Intensification Criterion Met() then

(8.5.1.1) 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = Reset Current()
(8.5.2) end if

(8.6) end if
(9) end for
(10) return 𝑏𝑒𝑠𝑡

Algorithm 2: Tabu Search.

3.2. Tabu Search. TS is a neighborhood search algorithm
based on the analogy of something that should not be
touched or interfered with [24, 25]. This is implemented by
maintaining a limited number of elite solutions (or specific
solution attributes) in a list called the Tabu List (TL). The
TL is commonly implemented in a first-in-first-out (FIFO)
way, hence recording the most recent |TL| best solutions
found. In searching neighborhood regions of solution 𝑥, that
is, 𝑁(𝑥), the maximum number of neighbors considered is
𝑁(𝑥) − |TL|, as any solution recorded in the TL has a tabu
status and will not be interfered. This technique reduces the
risk of cycling around local optima, as disimproved moves
are accepted in implementing its metaheuristic technique to
escape premature convergence.

TS also employs other strategies such as an aspiration
condition, diversification, and intensification. An aspiration
condition overrules a tabu status of a solution/attribute. For
example, if a solution is found which improves on the best
solution but uses a tabu attribute, the tabu status is overruled
and the solution is accepted as the best solution found. Diver-
sification is the analogy of a random restart. Intensification
constructs other solutions, from some of the best attributes of
the best solution/s found. Diversification and intensification
additionally help prevent the trap of premature convergence.
TS guides the search deterministically, with its strategies
modeled around its main feature which is memory.

TS is implemented in this study by recording the 𝑏𝑒𝑠𝑡

overall solution. Using a 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 solution 𝑥, a candidate
list (CL) of solutions 𝐶 ⊂ {𝑁(𝑥) − |TL|} is determined
neighboring 𝑥. The best candidate 𝑥∗ ∈ 𝐶 is then selected
as the new current solution 𝑥 for the next iteration. If
this solution improves on 𝑏𝑒𝑠𝑡, then 𝑏𝑒𝑠𝑡 is updated to
be 𝑥
∗. 𝑥∗ also gets inserted into TL in a FIFO manner.

An intensification strategy is implemented such that if no
improved solution over 𝑏𝑒𝑠𝑡 is found, for 𝑛𝑜𝑂𝑓𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛

objective function evaluations, then a random best solution
is selected from the TL to be the next current solution 𝑥 after
a move being applied to it. The algorithm for TS is shown in
Algorithm 2.

3.3. Simulated Annealing. SA [26, 27] is a Markov chain opti-
mization technique modeled on the analogy of heated metal
annealing to an equilibrium state. At higher temperatures the
atomic composition of metal is more volatile, making the
metallic structure unstable. However, when the metal starts
to cool, the atomic structure becomes less volatile allowing it
to stabilize. When completely cooled, an equilibrium state of
stability is reached. For the annealing process to be successful,
the decrease in the rate of temperature must be slow.

High temperatures allow SA to explore different neigh-
borhood regions of solution space more easily. At these
temperatures, local search changes will allow the search
trajectory to wander from one neighborhood region to the
next, in accepting both improved and disimproved solutions
using elements of randomization. At higher temperatures
the ability to accept disimproved solutions will be greater
than when at lower temperatures. Accepting disimproved
solutions is SA’s technique of escaping local entrapment.
The explorative ability of SA will identify the promising
neighborhood regions, but as temperature 𝑇 decreases by
a constant rate of 𝛼, the explorative ability will decrease
and exploitative ability will increase. At lower temperatures,
exploitation searches neighborhood regions for local opti-
mumpoints in trying to determine the best solution found by
the algorithm.The best solution found by SAwill be returned
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(1) Initialize 𝑏𝑒𝑠𝑡 to be the initial tour
(2) Set 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = 𝑏𝑒𝑠𝑡

(3) Evaluate the fitness of 𝑏𝑒𝑠𝑡 = 𝑓 𝑏𝑒𝑠𝑡

(4) Set 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 (the fitness of 𝑐𝑢𝑟𝑟𝑒𝑛𝑡) = 𝑓 𝑏𝑒𝑠𝑡

(5) Initiate starting temperature 𝑇 and final temperature 𝐹
(6) while 𝑇 ≥ 𝐹 do

(6.1) for 𝑖 to 𝑠𝑡𝑒𝑝𝑠𝑃𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 do
(6.1.1) 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = Determine Solution(𝑐𝑢𝑟𝑟𝑒𝑛𝑡)
(6.1.2) 𝑓 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 = Determine Fitness(𝑤𝑜𝑟𝑘𝑖𝑛𝑔)
(6.1.3) if 𝑓 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 better then 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 then

(6.1.3.1) 𝑢𝑠𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = true
(6.1.4) else

(6.1.4.1) Calculate acceptance probability 𝑃
(6.1.4.2) if 𝑃 > random[0, 1] then

(6.1.4.2.1) 𝑢𝑠𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = true
(6.1.4.3) end if

(6.1.5) end else
(6.1.6) if 𝑢𝑠𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 then

(6.1.6.1) 𝑢𝑠𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = false
(6.1.6.2) 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = 𝑓 𝑤𝑜𝑟𝑘𝑖𝑛𝑔

(6.1.6.3) 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 = 𝑤𝑜𝑟𝑘𝑖𝑛𝑔

(6.1.6.4) if 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 better than 𝑓 𝑏𝑒𝑠𝑡 then
(6.1.6.4.1) 𝑏𝑒𝑠𝑡 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

(6.1.6.4.2) 𝑓 𝑏𝑒𝑠𝑡 = 𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

(6.1.6.5) end if
(6.1.7) end if

(6.2) end for
(6.3) Update 𝑇 according to cooling schedule 𝛼

(7) end while
(8) return 𝑏𝑒𝑠𝑡

Algorithm 3: Simulated Annealing.

when its lowest temperature is reached, which is symbolic of
the equilibrium state.

SA is implemented by starting offwith equivalent 𝑏𝑒𝑠𝑡 and
𝑐𝑢𝑟𝑟𝑒𝑛𝑡 solutions. At each temperature 𝑇 (reduced by a rate
of 𝑇 × 𝛼) a 𝑠𝑡𝑒𝑝𝑠𝑃𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 number of local search moves
are performed on the 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 solution to produce 𝑤𝑜𝑟𝑘𝑖𝑛𝑔
solutions. If a 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 solution is found which improves
on 𝑐𝑢𝑟𝑟𝑒𝑛𝑡, then 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 will be assigned to be 𝑤𝑜𝑟𝑘𝑖𝑛𝑔.
However, given a certain metropolis probability, 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 can
also be assigned to be a disimproved 𝑤𝑜𝑟𝑘𝑖𝑛𝑔 solution. If
𝑐𝑢𝑟𝑟𝑒𝑛𝑡 improves on 𝑏𝑒𝑠𝑡, then 𝑏𝑒𝑠𝑡 will be assigned to
be 𝑐𝑢𝑟𝑟𝑒𝑛𝑡. This process continues until 𝑇 reaches its final
temperature𝐹.The algorithm for SA is shown inAlgorithm 3.

4. Results and Discussion

Simulations were run using sets of jobs 𝑛 ∈ {500, 1500, 2500},
tested on sets of machines𝑚 ∈ {2, 5, 10, 15, 20}. For each job
𝑗 = 1, . . . , 𝑛, its processing time 𝑝𝑗 was randomly determined
to fall within the interval (1, 99). To set the starting and
completion times 𝑎𝑗 and 𝑑𝑗 for job 𝑗 two “Traffic Congestion
Ratio” variables 𝑘1 and 𝑘2 were randomly selected from set
𝑉 ∈ {1, 5, 10, 20}. Using 𝑘1, 𝑎𝑗 was randomly generated to
fall within the interval (0, 𝑛/𝑚𝑘1). Using 𝑘2, 𝑑𝑗 was randomly
generated to fall within the interval (𝑎𝑗 +𝑝𝑗, 𝑎𝑗 +𝑝𝑗 +𝑛/𝑚𝑘2).

To test the algorithms fairly, a set of 𝑛 jobs was initially
generated and passed in as the input parameter to each of
the algorithms. This was then used to test the algorithms on
a particular machine 𝑚. Therefore, each algorithm used the
same job set in testing on a particularmachine. In this way the
results were determined fairly for comparative purposes. To
determine average performance results, each algorithm was
run 10 times for each pair of job-machine combination. 10
runs were sufficient considering the expensive computational
times of the metaheuristic algorithms. From the 10 runs,
per job-machine combination, the best solution of each
algorithm is compared. The best solution is referred to
as the best fitness value (BFV). This is the highest total
weight of all on-time jobs from the 10 runs, per job-machine
combination per algorithm. Comparisons of average solution
performances are also documented. This is for their average
fitness value (AFV) solutions and their average execution
time (AVG) performances.

To further test the algorithms fairly, their parameter
settings were set such that each metaheuristic algorithm
executed for exactly 1,000,000 objective function evaluations
per run. The parameter settings were set as follows.

(i) eBPA: the 𝑙𝑖𝑠𝑡𝑆𝑖𝑧𝑒 was set at 5. The 𝑛𝑜𝑂𝑓𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠

was set at 1,000,000. 𝑝𝑎 was set at 0.005.



8 Discrete Dynamics in Nature and Society

Table 1: Statistics of the best fitness values (BFV) and average fitness values (AFV) for the class of 500 jobs.

Number of jobs Methods Fitness values Number of machines
2 5 10 15 20

500
eBPA BFV/AFV 391.34/379.34 441.74/427.02 546.84/526.58 601.23/581.25 683.79/665.76
TS BFV/AFV 325.91/317.44 382.02/371.01 462.70/453.36 519.78/511.09 584.56/575.07
SA BFV/AFV 388.70/370.75 441.10/431.32 532.90/519.58 593.44/583.35 680.78/667.15

Table 2: The average execution times in milliseconds, per machine set, for the class of 500 jobs.

Number of jobs Methods Average execution time (ms) for each machine set
2 5 10 15 20

500
eBPA 8,394 15,637 26,763 38,338 47,594
TS 8,568 15,667 27,622 37,804 47,773
SA 8,829 15,710 27,502 38,756 49,541

Table 3: Statistics of the best fitness values (BFV) and average fitness values (AFV) for the class of 1,500 jobs.

Number of jobs Methods Fitness values Number of machines
2 5 10 15 20

1,500
eBPA BFV/AFV 696.21/653.63 841.96/778.05 896.90/877.80 952.07/905.63 1,066.63/1,022.07
TS BFV/AFV 549.57/531.71 679.26/664.42 777.44/756.31 793.86/782.26 908.43/884.27
SA BFV/AFV 654.36/632.47 811.42/776.90 909.04/867.83 941.62/898.14 1,041.08/999.64

(ii) TS: the 𝑡𝑎𝑏𝑢𝐿𝑖𝑠𝑡𝑆𝑖𝑧𝑒 was set at 7. The
𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝐿𝑖𝑠𝑡𝑆𝑖𝑧𝑒was set at 100.The 𝑛𝑜𝑂𝑓𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠
was set at 10,000.

(iii) SA: the 𝑠𝑡𝑒𝑝𝑠𝑃𝑒𝑟𝐶ℎ𝑎𝑛𝑔𝑒 was set at 1,000. 𝑇 was set at
115. 𝐹 was set at 0.005. 𝛼 was set at 0.99.

The program was written in Java. It was programmed using
the Netbeans 7.0 Integrated Development Environment. All
simulations were run on the same platform. The computer
used had a Windows 7 Enterprise operating system, an Intel
Core i5 CPU, 4GB of RAM, and a 500GB hard-drive. The
findings of the simulations are documented in Table 1.

Table 1 gives the statistical values of the best (BFV) and
average (AFV) fitness values of each algorithm, per machine
set, for the class of 500 jobs. The overall best and average
fitness value solutions, per machine set, are highlighted in
bold font. This is for clarity. From Table 1 it is seen that
eBPA determined the overall BFV solutions for all machine
sets. On average, eBPA determined the overall AFV solutions
for machine sets 2 and 10. SA determined the overall AFV
solutions for machine sets 5, 15, and 20. However, it is seen
that these solutions are only marginally superior to eBPA’s
solutions. TS has shown to be the weakest of the algorithms.

Graphical comparisons of the algorithms best and average
fitness value solutions, as determined fromTable 1, are seen in
Figures 1 and 2.

Table 2 gives the statistical values of the average execution
times in milliseconds (ms) for the algorithms, per machine
set, for the class of 500 jobs. Although it is observed that the
average execution times of the algorithms are fairly similar,
eBPA executed the fastest for machine sets 2, 5, 10, and 20.
TS executed the fastest for machine set 15. The relatively
fast execution times of eBPA relate to its small Performance
List (PL) size, which strategically decreased as the algorithm

300.00

350.00

400.00

450.00

500.00

550.00

600.00

650.00

700.00

eBPA TS SA

Fi
tn

es
s v

al
ue

Best fitness values per algorithm

2 machines 5 machines
10 machines 15 machines
20 machines

Figure 1: BFV comparisons for the class of 500 jobs.

iterated. This caused the acceptance criterion to become
increasingly restrictive, allowing for greater exploitation in
accepting fewer solutions to update the PL. This allowed
eBPA to identify stronger solutions and explains its relatively
fast execution times. A graphical comparison of the statistics
given in Table 2 is seen in Figure 3.

For the class of 500 jobs it is concluded that the eBPA was
the strongest algorithm.

Table 3 gives the statistical values for the overall BFV and
AFV solutions, per machine set, for the class of 1,500 jobs.
From Table 3 it is observed that eBPA determined the overall
BFV solutions for all machine sets, except machine set 10. It
also determined the overall AFV solutions for all machine
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Table 4: The average execution times in milliseconds, per machine set, for the class of 1,500 jobs.

Number of jobs Methods Average execution time (ms) for each machine set
2 5 10 15 20

1,500
eBPA 27,180 49,508 87,321 117,160 149,333
TS 27,964 49,216 88,229 117,477 150,678
SA 28,184 49,281 88,037 116,585 150,116

Table 5: Statistics of the best fitness values (BFV) and average fitness values (AFV) for the class of 2,500 jobs.

Number of jobs Methods Fitness values Number of machines
2 5 10 15 20

2,500
eBPA BFV/AFV 993.52/960.94 1,100.46/1,066.45 1,109.63/1,054.93 1,249.22/1,197.17 1,307.02/1,267.87
TS BFV/AFV 799.60/789.21 948.02/919.61 951.80/930.43 1,071.70/1,057.45 1,150.72/1,130.19
SA BFV/AFV 1,003.11/962.44 1,105.59/1,039.86 1,085.21/1,039.86 1,234.31/1,182.19 1,309.06/1,267.89
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Figure 2: AFV comparisons for the class of 500 jobs.
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Figure 3: Average execution times per metaheuristic, per machine
set, for the class of 500 jobs.
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Figure 4: BFV comparisons for the class of 1,500 jobs.

sets. SA determined the overall BFV solutions for machine
set 10. SA again determined superior solutions over TS.

Graphical comparisons of the algorithms best and average
fitness value solutions, as determined from Table 3, are seen
in Figures 4 and 5.

Table 4 gives the statistics of the average execution times
of themetaheuristic algorithms, per machine set, for the class
of 1,500 jobs. It is observed that the average execution times
were much more competitive for this class of jobs. eBPA
performed faster on average for machine sets 2, 10, and 20.
TS performed the fastest formachine set 5, and SAperformed
the fastest for machine set 15. Graphical comparisons of the
execution time performances are seen in Figure 6.

For the class of 1,500 jobs it is also concluded that the
eBPA was the strongest algorithm.

Table 5 gives the statistical values of the BFV and AFV
solutions for each algorithm, per machine set, for the class of
2,500 jobs. From Table 5 it is seen that eBPA determine better
BFV and AFV solutions for machine sets 10 and 15, while SA
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Table 6: The average execution times in milliseconds, per machine set, for the class of 2,500 jobs.

Number of jobs Methods Average execution time (ms) for each machine set
2 5 10 15 20

2,500
eBPA 44,534.00 80,756.00 139,053.00 195,479.00 260,926.00
TS 44,461.00 81,128.00 141,250.00 209,198.00 285,553.00
SA 45,055.00 80,646.00 139,213.00 196,093.00 272,481.00
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Figure 5: AFV comparisons for the class of 1,500 jobs.
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Figure 6: Average execution times per metaheuristic, per machine
set, for the class of 1,500 jobs.

determined better BFV and AFV solutions for machine sets
2 and 20. For machine set 5, eBPA determined a better AFV
solution and SA determined a better BFV solution.

Graphical comparisons of the algorithms best and average
fitness value solutions, as determined from Table 5, are seen
in Figures 7 and 8.

Table 6 gives the statistics of the average execution times
for the metaheuristic algorithms, per machine set, for the
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Figure 7: BFV comparisons for the class of 2,500 jobs.
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Figure 8: AFV comparisons for the class of 2,500 jobs.

class of 2,500 jobs. It is observed that for this class, TS
executed the fastest for machine set 2, SA executed the fastest
for machine set 5, and eBPA executed the fastest for machine
sets 10, 15, and 20. Graphical comparisons of the execution
time performances are seen in Figure 9.

For the class of 2,500 jobs, both eBPA and SA performed
similarly in determining an equivalent number of best solu-
tions. However, eBPA executed the fastest for most machine
sets.
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Figure 9: Average execution times per metaheuristic, per machine
set, for the class of 2,500 jobs.

The strong performances of the eBPA for this JIT schedul-
ing problem show its potential as a metaheuristic algorithm.
Although standard implementations of the algorithms were
compared, the results documented are significant in that
the techniques employed by the eBPA show to be very
competitive in being compared to the techniques of TS
and SA. TS and SA are very competitive and well-known
local search metaheuristic algorithms in the literature. The
strength of eBPA lays in its memory structure, and the
techniques used in allowing the population of solutions
contained within to direct the search. Solutions registered in
the PLwould have identified themost attractive points within
the neighborhood regions of the solution space. However,
it uses the information of the worst solution in the list as
a strategic point to move the search forward. The memory
structure adapts dynamically in accepting solutions that
satisfy the acceptance criterion. It uses each solution inserted
into the PL as the next𝑤𝑜𝑟𝑘𝑖𝑛𝑔 solution.This strategy allows
eBPA to use a population of solutions to direct the search
rather than using the population as a network to exploit a
neighborhood region.

As the search iterates and the worst solution in the PL is
improved upon, the acceptance criteria becomemore restric-
tive allowing for greater levels of exploitation. Exploitation is
further increased with the PL dynamically reducing in size
by cutting away worst solutions in a strategic manner. This
constrains the acceptance criteria further. This allows the
algorithm to exploit quality solutions as the PL narrows in
size. The solutions accepted into the PL does not need to be
the best overall. However, along the way the best solution will
be found. An added advantage of eBPA is its simplistic design
and the few parameter settings that it requires.

5. Conclusion

The Just-In-Time (JIT) scheduling problem is of great signif-
icance to both academics and industries. The objective is to

determine operational processes that would allocate limited
business resources efficiently to optimize given business
objectives. These objectives may include the optimization
of operational costs, operational times, inventory storage,
customer and supplier relations, and profits margins. In
this study, the JIT problem of allocating a large number of
jobs required to be processed on 𝑚 parallel machines was
investigated. A job represents a business resource required
to be made available during a specific window interval of
time.An examplemay be the delivery of vehicles to customers
that require rented vehicles within a specific time frame. The
objective was therefore to determine a schedule that would
maximize the total weighed number of all on-time jobs that
could be scheduled. This is an NP-Hard problem.

To determine solutions, we proposed the eBPA algo-
rithms and investigated its results alongside well-known
TS and SA techniques for comparison purposes. Results
obtained show that eBPA performed competitively well with
both TS and SA in terms of best and average fitness values
obtained as well as the execution times thus presenting a
good potential for other NP-Hard problems. Further study
will therefore investigate the performance of eBPA for other
types of discrete optimization problems and perhaps compare
it with other population-based techniques such as Genetic
Algorithms [28] and Particle Swarm Optimization [29]. We
also aim to further improve on its performance through
hybridization and parameter improvement.
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This paper addresses a special truck scheduling problem in the open-pit mine with different transport revenue consideration. A
mixed integer programmingmodel is formulated to define the problem clearly and a few valid inequalities are deduced to strengthen
the model. Some properties and two upper bounds of the problem are proposed. Based on these inequalities, properties, and upper
bounds, a heuristic solution approach with two improvement strategies is proposed to resolve the problem and the numerical
experiment demonstrates that the proposed solution approach is effective and efficient.

1. Introduction

In an open-pit mine, trucks are a kind of crucial equipment
which undertakes nearly all ore andwaste rock transportation
[1]. Typically, the truck is loaded a full load ofmaterial (maybe
ore, gangue, or other waste rocks that cover ores and thus
need to be moved away) under an electric shovel, transports
it to a dumping depot, dumps its loaded material, and then
returns back to the shovel to carry out the next round. Figure 1
illustrates an open-pit photo and a simplified map for the
road network in an open-pit mine. All of thematerial loading
points, each of which is equipped with an electric shovel,
and dumping depots are relatively constant while trucks can
transport material from varied loading points and unload at
different depots [2]. The efficient truck scheduling can not
only reduce the truck transportation cost but also increase the
shovel utilization ratio and the mine productivity [1].

There are plenty of researches published on the operations
research in the open-pit mine, but most of them focus on the
pit design and production planning [3], such as the strategic
ultimate pit limit design problem [4–7] and tactical block-
sequencing problem [8–11]. Among researches on the tactical
and operational equipment-allocation in the open-pit mine,
the stochastic feature of equipment has been emphasized.
Both queuing theory and simulation were used as stochastic

methodologies tomodel and analyse the open-pit production
scheduling problem, especially in the early published liter-
atures. For example, Manla and Ramani [12] simulated the
truck haulage process which initialized the truck scheduling
research. Kappas and Yegulalp [13] used the queuing theory,
combined with extensions of Markovian principles, to ana-
lyze the steady-state performance of a typical truck-shovel
system and estimate its operation parameters. Oraee and Asi
[14] simulated the production process of trucks and shovels in
Songun Copper Mine in Iran, considering fuzzy parameters
on each shovel. Najor and Hagan [15] focused on stochastic
behavior in the truck-shovel system and provided a model
and analysis based on queuing theory. Their analysis showed
that productivity can be overestimated by about 8 percent
because of overlooking queuing.

In some of the open-pit equipment routing and selection
models, optimization methodologies, that is, integer pro-
gramming and dynamic programming, were used to deter-
mine fleet size and allocation [3]. For example, White and
Olson [16] applied networkmodels, linear programming, and
dynamic programming methods to the truck scheduling
problem and proposed a feasible truck-dispatching system.
They divided the problem into three stages. The first one was
to decide the shortest paths between all locations in themine,
which is a shortest path problem actually. In the next stage, a
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(a) An open-pit mine
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(b) A sketch map of the open-pit road network
where 𝐿1, 𝐿3, . . . , 𝐿6 represent the loading points
and𝐷1,𝐷2, and𝐷3 represent the dumping depots

Figure 1: An open-pit mine and a part of its road network.

linear program was used to determine material flows along
these paths. Finally, the dynamic program assigned trucks to
the optimized paths between shovels and dumps.Their truck-
dispatching system not only yields significant (10–20 percent,
in most cases) productivity improvements but also produced
an effect on truck scheduling theory for its three-stage process
[17]. And Yang et al. [18] adopted the three-stage process to
resolve the truck dispatch problem.

In this paper, we consider the varied transportation
revenue for different material loading point and address the
joint path planning and tuck dispatching problem.

The outline of this paper is as follows. Section 2 describes
the considered open-pit truck scheduling problem with
varied truck transporting revenue in detail and provides its
integer programming model. In Section 3, a few valid
inequalities, two properties of optimal solution, and two
upper bounds for the problem are presented. In Section 4, a
heuristic approach with two improvement strategies is pro-
posed to resolve the problem. Section 5 tests the proposed
upper bounds and solution approach. Section 6 concludes the
paper.

2. Problem Description and
Mathematical Model

2.1. Problem Description. In the open pit, there are usually
several loading points and dumping depots (to be called
dumps later), as shown in Figure 1. At each loading point,
there is always a pile of loosened ores, gangue, or waste rocks
(to be referred to as material collectively), since the load-
ing point needs a loosening blasting before the excavation
operation starting. Each loading point is assumed to be

equipped with one and only one electric shovel (without loss
of generality, it will be viewed as twodifferent loading points if
two shovels are equipped). The electric shovel excavates and
loads the loosened material onto the trucks at each loading
point and the truck unloads itself with its self-discharging
device at a dump. Similar to the loading point, we assume
that one dump can accommodate only one truck at the same
time and the unloading area of more than one truck loading
positions will be viewed as several different dumps.

It is worth noting that an electric shovel (or loading point)
can load only one truck at the same time and a dump allows
only one truck simultaneously. There is often a park for the
waiting trucks near an operating electric shovel or dump. It is
actually the key task to reduce the truck waiting times in the
traditional truck scheduling problem.

In our considered problem scenario, a truck of material
from different loading point is given different transport
revenue and our optimization objective will be equal to
the total transport revenue completed in the scheduling
horizon.The revenue per truck loading (transporting a truck
of material) of different loading point is always decided by
the management and the decision-making basis includes two
considerations: the possible transport distance and the trans-
port priority. The former is easy to be understood since the
longer distance always causes more transport times and thus
should be given more revenue. The transport priority comes
from the mining sequence, which has never been modeled as
a kind of constraints in the traditional research [1, 3] and/or
the varied market demand. The transport revenue per truck
loading can be viewed as the product of the possible transport
distance and the transport priority.

From the viewpoint of a scheduler who is in charge of
making truck scheduling decisions in a shift (8 hours), our
objective is to maximize the total transport revenues based
on the given revenue value per truck loading. The decisions
include the dump selection as well as the truck routing.
The dump selection is virtually the same as the first-stage
decisions in literature [16, 18], deciding the shortest path
between all locations in the mine.

The constraints to be considered include the following:
(1) loading capacity constraint: that is, each shovel (load-

ing point) can load only one truck at the same time,
(2) unloading capacity constraint: that is, each dump can

unload only one truck at the same time,
(3) dump selection constraint: that is, a set of candidate

dumps is given for each loading point and thematerial
from the loading point must be dumped at one of the
candidate dumps.

2.2. The Mixed Integer Programming Model. To define and
formulate the problemexplicitly, the followingnotations need
to be introduced to represent all loading points, dumps,
material to be loaded in the loading points, trucks, paths
parameters, and so on:

𝑆: set of available electric shovels (loading points), 𝑆 =
{1, 2, . . . , 𝑁},
𝑆
: 𝑆 = 𝑆 ∪ {0}, 0 denoting dummy shovels,
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𝑇: set of available trucks,
𝑎𝑖: revenue per truck of material from electric shovel
𝑖, 𝑖 ∈ 𝑆,
𝐷𝑖: set of candidate dumps corresponding to material
(waste rock or coal) loaded at electric shovel 𝑖, 𝑖 ∈ 𝑆,
𝐷 = ∪𝑖∈𝑆𝐷𝑖: including all dumps,
𝐻: the horizon considered in the problem,
𝑚𝑖: max number of truck loadings an electric shovel 𝑖
can complete at most during the horizon, 𝑖 ∈ 𝑆,
𝐾𝑖: 𝐾𝑖 = {1, 2, . . . , 𝑚𝑖}, set of possible trucks of rock
(coal) that electric shovel 𝑖 loads, 𝑖 ∈ 𝑆,
(𝑘, 𝑖): a truck of material loaded by shovel 𝑖, 𝑖 ∈ 𝑆,
𝑘 ∈ 𝐾𝑖, hereafter referred to as truck loading (𝑘, 𝑖),
𝐾0:𝐾0 = {0}, (0, 0) denoting dummy truck loading,
𝑝
0

𝑖
: loading times per truck at electric shovel 𝑖, 𝑖 ∈ 𝑆,
𝑝
1

𝑗
: unloading times per truck at depot 𝑗, 𝑗 ∈ 𝐷,

𝑃
0

𝑗𝑖
: times for an empty truck to move from depot 𝑗 to

shovel 𝑖, 𝑗 ∈ 𝐷, 𝑖 ∈ 𝑆,
𝑃
1

𝑖𝑗
: times for a full-loaded truck to move form shovel
𝑖 to depot 𝑗, 𝑗 ∈ 𝐷, 𝑖 ∈ 𝑆,
𝑞
𝑡

𝑖
: times for truck 𝑡 to move from its initial position

to shovel 𝑖, 𝑖 ∈ 𝑆, 𝑡 ∈ 𝑇,
𝑀: very big plus number.

To represent the dump selection and truck dispatch
decisions, we introduce the following decision variables:

𝑥𝑡𝑘𝑖𝑘𝑖 =

{{{{

{{{{

{

1, if truck 𝑡 transports (𝑘, 𝑖)

immediatly after (𝑘, 𝑖) ;

0, otherwise,

for 𝑡 ∈ 𝑇, 𝑖, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖, 𝑘

∈ 𝐾𝑖 ;

𝑧𝑘𝑖 =

{{{{

{{{{

{

1, if truck loading (𝑘, 𝑖) is loaded

and transported in the horizon;

0, otherwise,

for 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖;

𝑢𝑗𝑘𝑖𝑘𝑖

=

{{{{

{{{{

{

1, if material (𝑘, 𝑖) is dumped immediatly

after (𝑘, 𝑖) at despot 𝑗;

0, otherwise,

for ∈ 𝐷𝑖 ∩ 𝐷𝑖 𝑖, 𝑖

∈ 𝑆, 𝑘 ∈ 𝐾𝑖, 𝑘


∈ 𝐾𝑖 ;

𝑦𝑘𝑖𝑗 =
{

{

{

1, if material (𝑘, 𝑖) is dumped at despot 𝑗;

0, otherwise,

for𝑗 ∈ 𝐷𝑖 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖;

(1)

𝑐
0

𝑘𝑖
is complete time of loadingmaterial (𝑘, 𝑖), for 𝑖 ∈ 𝑆,

𝑘 ∈ 𝐾


𝑖
;

𝑐
1

𝑘𝑖
is complete time of unloading material (𝑘, 𝑖), for

𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾
𝑖
.

Based on the above notations, the problem can be formu-
lated as the following integer programmingmodel (similar to
model in Tang et al. [19] which involved a truck scheduling
problem in container terminals):

Max ∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑎𝑖𝑧𝑘𝑖 (2)

s.t. 𝑐
0

𝑘+1,𝑖
− 𝑐
0

𝑘𝑖
≥ 𝑝
0

𝑖
, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖 (3)

𝑐
1

𝑘𝑖
− 𝑐
1

𝑘𝑖
≥ 𝑝
1

𝑗
−𝑀(1 − 𝑢𝑗𝑘𝑖𝑘𝑖) ,

𝑖, 𝑖

∈ 𝑆, 𝑘 ∈ 𝐾𝑖,

𝑘

∈ 𝐾𝑖 , 𝑗 ∈ 𝐷𝑖 ∩ 𝐷𝑖

(4)

𝑐
1

𝑘𝑖
− 𝑐
0

𝑘𝑖
≥ ∑

𝑗∈𝐷

𝑦𝑘𝑖𝑗 (𝑃𝑖𝑗 + 𝑝
1

𝑗
) , 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖 (5)

𝑐
0

𝑘𝑖
− 𝑐
1

𝑘𝑖
≥ ∑

𝑗∈𝐷

𝑦𝑘𝑖𝑗𝑃𝑗𝑖 + 𝑝
0

𝑖

−𝑀(1 − ∑

𝑡∈𝑇

𝑥𝑡𝑘𝑖𝑘𝑖) ,

𝑖, 𝑖

∈ 𝑆, 𝑘 ∈ 𝐾𝑖, 𝑘


∈ 𝐾𝑖

(6)

𝑐
0

𝑘𝑖
≥ ∑

𝑡∈𝑇

𝑥𝑡,0,0,𝑘,𝑖𝑞
𝑡

𝑖
+ 𝑝
0

𝑖
−𝑀(1 − ∑

𝑡∈𝑇

𝑥𝑡,0,0,𝑘,𝑖) ,

𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖

(7)

𝑐
1

𝑘𝑖
≤ 𝐻 +𝑀(1 − 𝑧𝑘𝑖) , 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾



𝑖
(8)

∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑥𝑡𝑘𝑖𝑘𝑖 = 𝑧𝑘𝑖 , 𝑡 ∈ 𝑇, 𝑖

∈ 𝑆, 𝑘


∈ 𝐾𝑖 (9)

∑

𝑖∈𝑆

∑

𝑘∈𝐾
𝑖


𝑥𝑡𝑘𝑖𝑘𝑖 = 𝑧𝑘𝑖, 𝑡 ∈ 𝑇, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖 (10)

𝑥𝑡𝑘𝑖𝑘𝑖 = 0, 𝑡 ∈ 𝑇, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖 (11)

∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑥𝑡,𝑘,𝑖,0,0 = ∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑥𝑡,0,0,𝑘,𝑖 = 1, 𝑡 ∈ 𝑇 (12)

∑

𝑖∈𝑆

∑

𝑘∈𝐾
𝑖

𝑢𝑗𝑘𝑖𝑘𝑖 = ∑

𝑖∈𝑆

∑

𝑘\∈𝐾
𝑖

𝑢𝑗𝑘𝑖𝑘𝑖 = 𝑧𝑘𝑖,

𝑡 ∈ 𝑇, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾


𝑖

(13)

𝑢𝑗𝑘𝑖𝑘𝑖 = 0, 𝑗 ∈ 𝐷𝑖, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾


𝑖
(14)

∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑢𝑗,𝑘,𝑖,0,0 = ∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑢𝑗,0,0,𝑘,𝑖 = 1, 𝑗 ∈ 𝐷 (15)

∑

𝑗∈𝐷𝑖

𝑦𝑘𝑖𝑗 = 𝑧𝑘𝑖, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾𝑖. (16)
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The objective function (2) of the model maximizes the
total transport value, that is, sum of transport revenue of
all truck loadings unloaded in horizon 𝐻. Constraints (3)
can provide each truck with enough loading times between
it and its adjacent trucks under the same shovel. Similarly,
constraints (4) ensure enough time to unload material
between two adjacent trucks that continuously dump at the
same depot. Constraints (5) guarantee that each truck has
enough traveling time to transportmaterial from the involved
shovel to depot while constraints (6) provide a truck with
enough empty traveling time to return its next loading shovel.
Constraints (7) guarantee that each truck starts from its initial
position and reserves enough empty traveling time to reach
its first loading spot before the involved shovel starts the truck
loading operation. Constraints (8) define the variable 𝑧𝑘𝑖; that
is, set 𝑧𝑘𝑖 = 1 if truck loading (𝑘, 𝑖) can be finished in horizon
𝐻. Constraints (9) and (10) guarantee that each valid truck
loading (𝑧𝑘𝑖 = 1) is assigned to one and only one truck and
each truck can operate continuously. Constraints (11) prevent
truck loading self-loop. Constraints (12) state that one and
only one truck loading serves as the head (last) truck loading
for each available truck. Similar to constraints (9) and (10),
constraints (13) state that each valid truck loading is assigned
to one and only one dumping depot and each dumping
depot operates continuously. Constraints (14) perform same
as constraints (11), prohibiting the self-loop in unloading
sequence. Similar to constraints (12), constraints (15) state
that one and only one truck loading serves as the head (last)
truck for each dumping depot. Constraints (16) define the
relationship between variables 𝑦𝑘𝑖𝑗 and 𝑧𝑘𝑖; that is, each valid
truck loading has one and only one dumping depot.

3. Valid Inequalities, Property, and
Upper Bounds for the Problem

3.1. Valid Inequalities. In this section, a few valid inequalities
are introduced. To the problem definition, the model in
Section 2.2 is already adequate and all the valid inequalities
are redundant, but they can reduce the computing time if
we attempt to directly solve the model through commercial
optimization software, such as CPLEX. In addition, the valid
inequalities are also helpful for constructing the heuristic
approach.

3.1.1. Electric Shovel Capacity Inequality. Consider

∑

𝑘∈𝐾𝑖

𝑧𝑘𝑖𝑝
0

𝑖
≤ 𝐻 −min

𝑡∈𝑇

𝑞
𝑡

𝑖
−min
𝑗∈𝐷𝑖

{𝑝
1

𝑖𝑗
+ 𝑝
1

𝑗
} , 𝑖 ∈ 𝑆. (17)

Inequality (17) gives the maximum possible number of
trucks each electric shovel can finish in the horizon. In the
inequality, 𝐻 − min𝑡∈𝑇𝑞

𝑡

𝑖
− min𝑗∈𝐷𝑖𝑝

1

𝑖𝑗
is the practical time

limit for shovel 𝑖, where min𝑡∈𝑇𝑞
𝑡

𝑖
is the time for the nearest

empty truck to move from its initial position to shovel 𝑖, that
is, the least possible times before shovel 𝑖 starting the first
truck-loading, and min𝑗∈𝐷𝑖{𝑝

1

𝑖𝑗
+ 𝑝
1

𝑗
} is the permitted least

retained time to transport and unload the last truck loaded
by shovel 𝑖.

L1

L2

L3

L4

D1

D2

D3

Figure 2: Illustration of the truck round trip.

3.1.2. Unloading Capacity Inequality. Consider

∑

𝑖∈𝑆

∑

𝑘∈𝐾𝑖

𝑦𝑘𝑖𝑗𝑝
1

𝑗
≤ 𝐻 − min

𝑖∈{𝑖|𝑗∈𝐷
𝑖
 }

{min
𝑡∈𝑇

𝑞
𝑡

𝑖
+ 𝑝
0

𝑖
+ 𝑝
1

𝑖𝑗
} ,

𝑗 ∈ 𝐷.

(18)

Inequality (18) gives the maximum possible number of
trucks each unloading depot can unload in the horizon. In the
inequality,𝐻−min𝑖∈{𝑖|𝑗∈𝐷

𝑖
 }
{min𝑡∈𝑇𝑞

𝑡

𝑖
+𝑝
0

𝑖
+𝑝
1

𝑖𝑗
} is the practi-

cal time limit for depot 𝑗, wheremin𝑖∈{𝑖|𝑗∈𝐷
𝑖
 }
{min𝑡∈𝑇𝑞

𝑡

𝑖
+𝑝
0

𝑖
+

𝑝
1

𝑖𝑗
} is the earliest possible starting time of unloading the first

truck in depot 𝑗.

3.1.3. Variables Relationship Inequality. Consider

𝑧𝑘𝑖 ≤ 𝑧𝑘𝑖, 𝑘 ≤ 𝑘

, 𝑖 ∈ 𝑆. (19)

Inequality (19) comes from the material transportation
sequence as ensured by formula (3), where truck loading (𝑘, 𝑖)
is doomed to be transported before (𝑘, 𝑖)when 𝑘 ≤ 𝑘 stands.

3.2. Property of the Optimal Solution. For the above, define
open-pit truck scheduling problem; we observe two proper-
ties for the optimal solutions. Some new concepts need to be
introduced to describe the properties.

Definition 1. An empty truck, starting from a depot 𝑗, 𝑗 ∈ 𝐷𝑖,
moves to a shovel 𝑖, 𝑖 ∈ 𝑆, loads material (with shovel 𝑖),
transports it to a depot 𝑗, 𝑗 ∈ 𝐷𝑖, and unloads the material
(e.g., travelling from dump𝐷1 to loading point 𝐿1 and to𝐷3
in Figure 2). The whole movement process is called a truck
round trip, denoted by trip (𝑗, 𝑖, 𝑗).

It is noteworthy that the end depot involved in a truck
round trip can be the same as the starting depot.

Definition 2. For any a truck round trip (𝑗, 𝑖, 𝑗), 𝑗 ∈ 𝐷, 𝑗 ∈
𝐷𝑖, 𝑖 ∈ 𝑆, 𝑒𝑗𝑖𝑗 = 𝑎𝑖/(𝑃

0

𝑗𝑖
+𝑃
1

𝑖𝑗
+𝑝
0

𝑖
+𝑝
1

𝑗
) is called trip transport

value.
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Roughly speaking, the trip transport value can be viewed
as the truck transport revenue per unit time for some truck
round trip. There is an intuitionistic suggestion from the
definition that trucks should be dispatched to the trip with
higher trip transportation value.

Definition 3. The truck operation times, excluding the below
three classes of invaluable time, are called valuable times:

(1) times when truck waiting at an electronic shovel
for loading due to another truck occupies the same
shovel,

(2) timeswhen truckwaiting at a depot for unloading due
to another truck occupies the depot,

(3) times for the unfinished round trip if a truck cannot
unload its last truck loading in the horizon.

It is noteworthy that the trucks are assumed not to travel
more time than the given travelling time (𝑝1

𝑖𝑗
and𝑝0

𝑗𝑖
) through

the path.

Property 1. If the initial position of each truck is one of the
depots, the objective value of a feasible solution to the joint
problem is equal to

∑

𝑡∈𝑇

∑

(𝑗,𝑖,𝑗)∈Ψ

𝑙𝑡,𝑗,𝑖,𝑗𝑒𝑗,𝑖,𝑗 , (20)

where 𝑙𝑡,𝑗,𝑖,𝑗 denotes the total valuable times that truck 𝑡 has
spent on trip (𝑗, 𝑖, 𝑗) in the solution and Ψ denotes the set of
all truck round trips.

The property provides another formulation for the prob-
lem objective function and will play an important role in
constructing the upper bound.

Property 2. In a feasible solution for the joint problem, the
total valuable time spent on truck round trip (𝑗, 𝑖, 𝑗), 𝑗 ∈ 𝐷,
𝑗

∈ 𝐷𝑖, 𝑖 ∈ 𝑆, is not larger than (𝑃

0

𝑗𝑖
+ 𝑃
1

𝑖𝑗
+ 𝑝
0

𝑖
+ 𝑝
1

𝑗
) ⋅

min{𝑍0
𝑖
, 𝑍
1

𝑗
}, where𝑍0

𝑖
and𝑍1

𝑗
denote themaximum loading

capacity of electronic shovel 𝑖 and maximum unloading
capacity of dump 𝑗, respectively.

In Property 2, 𝑍0
𝑖
and 𝑍1

𝑗
can be obtained through

formulae (17) and (18), respectively.

3.3. Upper Bounds. Since the number of trucks loadings each
electronic shovel can finish is limited in the horizon, there is
obviously the below upper bound for the problem.

3.3.1. Upper Bound 1. The objective value of the optimal
solution cannot be larger than ∑

𝑖∈𝑆
𝑎𝑖𝑍
0

𝑖
.

In view of both the truck transport capacity and shovel
loading capacity, anothermore tightened upper bound can be
obtained. Let𝑁𝑇 denote the number of available trucks; then
𝐶𝑇 = 𝐻 ⋅ 𝑁𝑇 denotes the total available truck times involved
in the problem. Let 𝑟𝑖 denote the optimal truck round trip
involving shovel 𝑖, 𝑖 ∈ 𝑆; that is to say, trip 𝑟𝑖 requires

the shortest valuable truck times in the trips that transport
materials from shovel 𝑖 to one of the available dumps, and
𝑃
∗

𝑖
and 𝐸∗

𝑖
denote the required valuable truck times and trip

transport value corresponding to trip 𝑟𝑖, respectively.
It is assumed that 𝑖1, 𝑖2, . . . , 𝑖𝑁 is the shovel sequence in

the descending order of 𝐸∗
𝑖
; that is, 𝐸∗

𝑖1
≥ 𝐸
∗

𝑖2
≥ ⋅ ⋅ ⋅ ≥ 𝐸

∗

𝑖𝑁
and

{𝑖1, 𝑖2, . . . , 𝑖𝑁} = 𝑆.
Upper bound 2 can be described and formulated clearly,

based on the above notations and assumption.

3.3.2. Upper Bound 2. The objective value of the optimal
solution must not be larger than the following piecewise
function value:

𝑓 (𝐶𝑇) =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

{

𝐸
∗

𝑖1
𝐶𝑇,

𝐶𝑇 ≤ 𝑍
0

𝑖1
𝑃
∗

𝑖1

𝑎𝑖1
𝑍
0

𝑖1
+ 𝐸
∗

𝑖2

(𝐶𝑇 − 𝑍
0

𝑖1
𝑃
∗

𝑖1

) ,

𝑍
0

𝑖1
𝑃
∗

𝑖1

≤ 𝐶
𝑇

≤ 𝑍
0

𝑖1
𝑃
∗

𝑖1
+ 𝑍
0

𝑖2
𝑃
∗

𝑖2

.

.

.

𝑁−2

∑

𝑛=1

𝑎𝑖𝑛
𝑍
0

𝑖𝑛
+ 𝐸
∗
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𝑛=1

𝑍
0
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∗

𝑖𝑛
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∑

𝑛=1

𝑍
0
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𝑃
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𝑃
∗
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.

(21)

The underlying idea of upper bound is that the truck
should be dispatched to the electronic shovel and round trip
with transport value as high as possible to maximize the total
revenues.

4. Heuristic Solution Method to the Problem

4.1. A Constructive Heuristic Method to Generate Initial
Solution. In the practical scheduling process, truck waiting
times are often inevitable and thus the conception of expected
real-time transport value is introduced here.

Definition 4. In the practical truck scheduling, 𝑒∗
𝑗𝑖𝑗
= 𝑎𝑖/(𝑃

0

𝑗𝑖
+

𝑃
1

𝑖𝑗
+ 𝑝
0

𝑖
+ 𝑝
1

𝑗
+ 𝛿), (𝑗, 𝑖, 𝑗), 𝑗 ∈ 𝐷, 𝑗 ∈ 𝐷𝑖, 𝑖 ∈ 𝑆, is called

expected real-time transport value (ERTV) for a possible
truck round trip selection, where 𝛿 is the expected truck
waiting time (invaluable truck times) during the whole trip.

Based on the above definition, a constructive heuristic
method can be introduced to generate the initial solution. It
includes the following steps.

Step A1. Build a truck set 𝑆idle, including all trucks that are
not assigned to a round trip or just finished a round trip in
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the scheduling, and set 𝑆idle to include all trucks in the initial
state.

Build a truck set 𝑆running and let 𝑆running = 0 in the initial
state.

Build a truck scheduling information table𝑇truck, a shovel
dispatch information table 𝑇shovel, and a dump scheduling
information table 𝑇dump. Initialize the three information
tables with 𝑇truck = 0, 𝑇shovel = 0, and 𝑇dump = 0.

Step A2. If 𝑆idle ̸= 0, for each truck in 𝑆idle, construct the
corresponding round trips, compute their expected real-time
transport values in the current state (referring to𝑇truck,𝑇shovel,
and𝑇dump), and record the trip with the highest ERTV and its
ERTV; otherwise, go to Step A4.

Step A3. Select the truck with the highest ERTV, assign it
to the recorded optimal trip once, and decide the starting
time of the loading operation as early as possible according to
both the expected truck arriving time and the involved shovel
available time. Compute the complete times of both the truck
and the shovel in the assigned round trip.

Delete the truck from 𝑆idle. If the obtained trip complete
time is in the given horizon, append the involved assignation
and temporal information of truck, shovel, and dump to
𝑇truck, 𝑇shovel, and 𝑇dump, respectively, and append the truck
to 𝑆running.

Go to Step A2.

Step A4. If 𝑆running ̸= 0, select a truck of the earliest trip
complete time from 𝑆running, delete the truck from 𝑆running,
and append it to 𝑆idle; otherwise, output the current 𝑇truck,
𝑇shovel, and 𝑇dump and stop.

The above heuristic virtually simulates the equipment
running process, especially the truck operation, and thus can
be called a simulation-based solution construction approach.
It is also appropriate to the online scheduling scene through
displacing the above simulation process with the real produc-
tion process.

4.2. Two Improvement Strategies. Throughobservation on the
properties and upper bounds as well as analyzing the above
heuristic method, two improvement strategies are proposed
to improve the initial solution.

Strategy 1 (the shovel capacity rebalancing strategy). Strategy
1 will refer to the defined shovel sequence 𝑖1, 𝑖2, . . . , 𝑖𝑁 in the
descending order of 𝐸∗

𝑖
(see Section 3.3). Because the initial

truck position can be far away from the shovel with higher
𝐸
∗

𝑖
, the strategy should reassign more trucks to these shovels

for the objective pursuit.
Steps of Strategy 1 are listed as follows.

Step B1. Let 𝑛 = 1 and current shovel 𝑖∗ = 𝑖𝑛.

Step B2. Check the shovel dispatch information table𝑇shovel in
the current solution and compute the total idle times of shovel
𝑖
∗ after finishing its first truck loading. Let 𝑡idle denote the
computed idle times and let 𝑆remained denote the set of trucks
assigned to shovel 𝑖𝑛+1, 𝑖𝑛+2, . . . , 𝑖𝑁.

Table 1: Parameters of the problem instances.

Path Problem Trucks Shovels Dumps

1

1 73 6 3
2 71 6 3
3 74 6 3
4 69 6 3

2

5 84 6 4
6 82 6 4
7 85 6 4
8 85 6 4

Step B3. If 𝑡idle/𝑝0𝑖 ≥ 𝜇𝐻/𝑃
∗

𝑖∗
, in the beginning, reassign

⌊𝑡idle𝑃
∗

𝑖∗
/𝜇𝑝
0

𝑖
𝐻⌋ trucks to shovel 𝑖∗ from 𝑆remained, reschedule

the scheduled total truck routine through repeating Steps
(A2–A4) in the initial solution approach, and delete these
reassigned trucks from truck set 𝑆remained. Note that trucks
with lower ERTV should be given priority to be reassigned.

Step B4. If 𝑆remained ̸= 0, set 𝑛 = 𝑛 + 1, 𝑖
∗
= 𝑖𝑛, and go to Step

B2; otherwise, terminate.

Strategy 2 (neighborhood swapping strategy). Strategy 2 is
a simple neighborhood swapping strategy. It includes the
following steps.

Step C1. Set truck set 𝑆remained = 𝑇. Let 𝑡 denote any truck in
𝑆remained and delete 𝑡 from 𝑆remained.

Step C2. Let {𝑟1, 𝑟2, . . . , 𝑟𝑚} denote the set of truck round trips
executed by truck 𝑡.

Set 𝑘 = 1.

Step C3. Attempt to reassign truck round trip 𝑟𝑘 to other
shovels and revise the involved truck schedule. If there is
a reassignment that can bring an improvement, accept the
alteration.

Step C4. If 𝑘 < 𝑚, set 𝑘 = 𝑘 + 1 and go to Step C3.

Step C5. If 𝑆remained ̸= 0, take a new truck 𝑡 from 𝑆remained and
return to Step C2; otherwise, terminate.

5. Computational Experiments

To test the performance of the formulatedmathematic model
and the proposed heuristic approach with improvement
strategies, we complemented all the involved programs under
the development environment of VC++ 2010 and solved the
integer programmingmodel in Section 2 with CPLEX, a kind
of optimization software. The experiments are all performed
on a computer withWin 7 operating system and 2.8GHz Intel
2 Core CPU and 4GBRAM.

The data in the numerical experiments comes from
a practical open-pit mine. The data includes 8 problem
instances but involves only 2 different mine path configu-
rations due to the relative constancy of the open-pit road
network. Table 1 shows the details of the problem instances,
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Table 2: Experiment result for the small sized problems.

Path Size Objective value CPU time (seconds)
Model Heu Model Model InEq Heu Imp

1 3 5.4 5.4 4.37 4.46 <1
2 3 5.8 5.8 9.61 7.84 <1
1 6 11.1 11.1 37.14 24.83 <1
2 6 11.8 11.8 41.90 34.09 <1
1 9 16.9 16.9 173.48 113.87 <1
2 9 17.7 17.7 143.34 86.17 <1
1 12 22.6 22.0 479.55 454.84 <1
2 12 23.4 23.4 513.63 494.56 <1

Table 3: Experiment result and comparison for the practical problem size.

Problem Objective value Relative imp. UB GAP
Heuristic Improvement

1 543 551 1.58% 585 5.70%
2 536 543 1.26% 559 2.96%
3 569 578 1.61% 601 3.80%
4 509 534 4.68% 558 4.36%
5 637 659 3.34% 697 5.46%
6 588 619 5.05% 650 4.79%
7 652 667 2.34% 705 5.40%
8 661 691 4.34% 714 3.19%
Average — — 3.02% — 4.46%

including path configuration (Path), problem instance ID
(Problem), number of trucks (Trucks), number of shovels
(Shovels), and number of dumps (Dumps). The scheduling
horizon is a shift, 8 hours, for all instances.

The transport revenue per truck of material is product of
the expected shortest distance and the priority factor of the
loading point. The priority factor ranges in [0.9, 1.1] in the
production scheduling. In the truck-shovel system, the truck
capacity is usually scarce for the loading capacity of shovels.
All these features are also reflected in the collected problem
instances.

The small sized problems are first solved using the for-
mulatedmathematicmodels (with CPLEX) and the proposed
heuristic approach.The small sized problem instances are cut
out from instances of path configurations 1 and 2 in Table 1
and the scheduling horizon is decreased to 2 hours. Each of
the small sized problem instances involves 2 shovels, 2 dumps,
and different number of available trucks. Table 2 shows the
experiment results with the different problem sizes (number
of available trucks). In the table, columns Path and Size
show the path configuration and number of available trucks,
respectively. Models Model Ineq and Heu Imp represent the
mathematical model, model with inequalities (17)–(19), and
the heuristic with improvement strategy, respectively.

The experiment results of the practical problem instances
are listed in Table 3 with problem ID (Problem), objective
values of the initial solution (Heuristic), and improved solu-
tion (Improvement), which are improved by the developed
two improvement strategies, relative improvement (Relative

imp.), best upper bound (UB), which adopts the maximum
of two upper bounds in Section 3.3, and the relative deviation
of the obtained optimized solution and the upper bound.The
computation times for all instances are not longer than 5CPU
seconds and thus neglected in the table.

From Table 2, we can see that the mathematical model is
valid but not up to the practical problem size. From Table 3,
we can observe that the average relative deviation is 4.46%
and the two improvement strategies perform 3.02% increase
on average. The experiments show that the proposed upper
bound is good and the developed heuristic solution approach
with improvement strategies is effective and efficient. And
the solution performance is relatively stable against different
problem configurations.

6. Conclusion

In this paper, a special open-pit truck scheduling problem
was studied. A mixed integer programming model was
first formulated, considering transport revenue varied with
different loading points. And a few valid inequalities, two
properties, and two upper bounds of the problem were
deduced. Based on them, a heuristic solution approach with
two improvement strategies was proposed to resolve the
problem. At last, the numerical experiments were carried out
which demonstrated that the proposed solution approachwas
effective and efficient.
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This paper deals with the permutation flowshop scheduling problem without intermediate buffers and presents a hybrid algorithm
based on the scatter search and the variable neighborhood search. In the hybrid algorithm, the solutions with good quality and
diversity are maintained by a reference set of scatter search, and the search at each generation starts from a solution generated from
the reference set so as to improve the search diversity while guaranteeing the quality of the initial solution. In addition, a variable
neighbourhood based on the notion of job-block is developed, and the neighbourhood size can adaptively change according to the
construction of the job-block. Such a dynamic strategy can help to obtain a balance between search depth and diversity. Extensive
experiments on benchmark problems are carried out and the results show that the proposed hybrid algorithm is powerful and
competitive with the other powerful algorithms in the literature.

1. Introduction

The traditional permutation flow shop scheduling problem
(PFSP) has been the focus of research in the field of produc-
tion scheduling due to its strong industrial background [1].
This problem usually is assumed to have unlimited capacity
to store jobs in an intermediate buffer between adjacent
machines. However, in many practical industries, due to the
need for the continuous production, a production line usually
has no intermediate buffers between adjacent machines [2].
For example, in the hot rolling process of heavy plates in
iron and steel industry, a heavy plate will be continuously
processed by a series of consecutive stages, that is, reheating,
hot rolling, cooling, cutting, and quenching, and there are no
intermediate buffers between any two stages. In this case, after
the completion of processing onmachine 𝑗, a job 𝑖 has to wait
on this machine until the next machine 𝑗 + 1 becomes avail-
able (i.e., the next machine 𝑗 + 1 is idle). Such a phenomenon
of job 𝑖 and machine 𝑗 is called the blocking, and such a
kind of PFSP is then called the PFSP with blocking. When
the objective is the minimization of makespan (𝐶max), this

problem can be represented as 𝐹𝑚/blocking/𝐶max, which has
drawn a lot of attention from many researchers recently.

Hall and Sriskandarajah [3] presented a survey of 𝐹𝑚/
blocking/𝐶max and introduced some instances of this prob-
lem in practical industries. Since this problem has been
proved to be NP-complete with 𝑚 ≥ 3, the exact algorithms
based on branch-and-bound can only solve very small-size
problems. For large-size problems, heuristics or metaheuris-
tics becomes the only candidate algorithm.

McCormick et al. [4] proposed a heuristic algorithm
called PF, which in each iteration will insert the job into a
position of a partial sequence obtained currently so that the
resulted new sequence has a minimum increase of machine
idle time and blocking time. Based on the NEH heuristic
algorithm proposed by Nawaz et al. [5] and the PF heuristic,
Ronconi and Armentano [6] designed a hybrid algorithm
hybridizing the PF and NEH and had achieved good results.
Caraffa et al. [7] proposed an improved genetic algorithm
(GA) to solve the problemwith theminimization of𝐶max, and
the experimental results showed that the algorithm is effective
and its performance was superior to heuristics proposed by
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Abadi et al. [8]. Grabowski and Pempera [2] proposed a
Tabu search (TS+M) for this problem, and the computational
results based on benchmark problems showed that the
TS+M algorithm outperformed the previous algorithms in
the literature. Jarboui et al. [9] designed a hybrid estimation
of distribution algorithms (H-EDA) for the problem, and
the test results showed that the algorithm was superior to
the algorithms proposed in [2, 7]. Liang et al. [10] proposed
a multigroup particle swarm optimization, and the results
showed that the algorithmproblemwas better than the TS+M
algorithm proposed in [2]. Wang and Tang [11] proposed
a discrete particle swarm algorithm in which a variable
neighborhood search algorithm is used as local search and the
computational results showed that the algorithm is superior
to TS+M algorithm.

Variable neighborhood search (VNS) is a simple but
effective intelligent optimization algorithm [12]. Different
from the traditional local search algorithm that searches only
a neighborhood, the idea of VNS is to use two or more
neighborhoods in the search process, and in the search pro-
cess the algorithmwill perform an alternate search according
to a given rule. Because the neighborhood structures are
different from each other, a local optimal solution in one
neighborhood is not necessarily the local optimal solution
in the other neighborhoods. So the alternate search along
different neighborhoods can help to improve the search
diversity of VNS. VNS algorithm has been widely used to
solve various kinds of combinatorial optimization problems,
and many promising results have been achieved by VNS [13].
Scatter search (SS) is a population-based approach [14], and
its main idea is to select solutions with good quality and
diversity from the population to construct the reference set
and then use the reference set to produce the next generation
of the population. The algorithm has been successfully
applied in many combinatorial optimization problems, such
as the vehicle scheduling problem [15] and the production
scheduling problem [16].

Therefore, in this paper we hybridize the SS with VNS
and propose a hybrid algorithm for the 𝐹𝑚/blocking/𝐶max
problem so as to combine the global search ability of SS and
local search ability of VNS. Through their combination, a
balance of global search and local search can be achieved.
In the neighborhood structure, we develop a job-block based
neighborhood so as to improve the search efficiency of VNS.
The main contributions of this paper are as follows.

(1) Different from previous research that incorporates
VNS into SS to act as the local search, this paper
incorporates the SS into VNS to store solutions with
good quality and diversity and develops a new hybrid
algorithm.

(2) In the hybrid memetic algorithm, an adaptive selec-
tion strategy is presented to select appropriate solu-
tions for the VNS based on both the previous selec-
tion times and search result starting from it.

(3) A job-block neighborhood structure is designed that
can dynamically adjust its size so as to achieve a
balance between search depth and diversity.

The rest of this paper is organized as follows. The
𝐹𝑚/ blocking/𝐶max problem is described in Section 2. The
description of the proposed memetic algorithm is presented
in Section 3, and in Section 4 we carry out extensive experi-
ments to test the performance of our algorithm and compare
it to the other powerful algorithms in the literature. At last,
the paper is concluded in Section 5.

2. The 𝐹𝑚/Blocking/𝐶max Problem

The 𝐹𝑚/blocking/𝐶max problem considered in this paper can
be described as follows. There is a set of jobs 𝐽 = {1, . . . , 𝑛}

that have arrived at time zero and a set of processingmachines
𝑀 = {1, . . . , 𝑚}. Each job 𝑖 ∈ 𝐽 must be processed on these
𝑚 machines in the same order from the first one to the last
one, that is, 1, 2, . . . , 𝑚. The processing time of job 𝑖 ∈ 𝐽

on machine 𝑗 ∈ 𝑀 is 𝑝𝑖𝑗, which is a fixed and nonnegative
value. It is assumed that the processing of each job cannot be
interrupted once the processing starts. At any time, each job
can be processed on at most one machine, and each machine
can process atmost one job.There are no intermediate buffers
between any two consecutive machines, and, consequently, a
job 𝑖, which has completed processing on machine 𝑗, should
remain on machine 𝑗 until the next machine 𝑗 + 1 becomes
idle and available.That is, the job 𝑖 and machine 𝑗 are blocked
if the next machine 𝑗 + 1 is not idle. The scheduling task
is to determine a job sequence for these 𝑛 jobs on the 𝑚
machines so as to minimize the maximum completion time
(i.e.,makespan).

Let 𝑠 = (𝑠(1), 𝑠(2), . . . , 𝑠(𝑛)) be a permutation of 𝑛 jobs, in
which 𝑠(𝑘) denotes the index of the job allocated at the 𝑘th
position of 𝑠. The departure time of job 𝑠(𝑘) on machine 𝑗
(denoted as𝐷𝑠(𝑘),𝑗) can be then calculated as follows:

𝐷𝑠(1),0 = 0;

𝐷𝑠(1),𝑗 =

𝑗

∑

𝑙=1

𝑝𝑠(1),𝑙, 𝑗 = 1, . . . , 𝑚 − 1;

𝐷𝑠(𝑘),0 = 𝐷𝑠(𝑘−1),1, 𝑘 = 2, . . . , 𝑛;

𝐷𝑠(𝑘),𝑗 = max {𝐷𝑠(𝑘),𝑗−1 + 𝑝𝑠(𝑘),𝑗, 𝐷𝑠(𝑘−1),𝑗+1} ,

𝑘 = 2, . . . , 𝑛, 𝑗 = 1, . . . , 𝑚 − 1;

𝐷𝑠(𝑘),𝑚 = 𝐷𝑠(𝑘),𝑚−1 + 𝑝𝑠(𝑘),𝑚, 𝑘 = 1, . . . , 𝑛;

(1)

then the makespan of solution 𝑠 can be calculated as
𝐶max(𝑠) = 𝐷𝑠(𝑛),𝑚.

3. Hybrid Algorithm

3.1. Main Procedure of the Algorithm. In the hybrid algo-
rithm, the reference set 𝑅 is introduced into VNS to help the
algorithm to get more power to get out of local optimum. In
this algorithm, 𝑅 is used to store solutions with good quality
and diversity.Themain procedure of the proposed algorithm
is given in Algorithm 1, in which a solution is represented
by a processing sequence of all jobs, and the details of each
procedure are presented in the following sections.
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Generate an initial solution 𝑠, and set the neighborhoods based on job-block𝑁𝑘 (𝑘 = 1, . . . , 𝐾)
𝑠 := 𝐿𝑜𝑐𝑎𝑙𝑆𝑒𝑎𝑟𝑐ℎ(𝑠,𝑁

1
) //perform local search

Add the improved solution 𝑠 into 𝑅
while the termination criterion is not reached do

𝑘 := 1

while 𝑘 ≤ 𝐾 do
𝑆

:= 𝑆ℎ𝑎𝑘𝑖𝑛𝑔(𝑅) //generate a new solution from 𝑅

𝑠

:= 𝐿𝑜𝑐𝑎𝑙𝑆𝑒𝑎𝑟𝑐ℎ(𝑠

,𝑁𝑘) //perform local search to 𝑠
if 𝐶max(𝑠


) < 𝐶max(𝑠) //update solution and neighborhood

𝑠 := 𝑠


𝑘 := 1

else
𝑘 := 𝑘 + 1

end if
𝑅 := 𝑈𝑝𝑑𝑎𝑡𝑒𝑅𝑒𝑓𝑆𝑒𝑡(𝑠


) //update R

end while
end while

Algorithm 1: Main procedure of the proposed hybrid algorithm.

In the hybrid algorithm, we replace the Shaking pro-
cedure in traditional VNS with the generation of a new
solution 𝑠 based on solutions selected from𝑅 so that the new
solution can have good initial quality and diversity, which in
turn can help the algorithm to avoid being trapped in local
optimum. In addition, traditional VNS proposed for PFSP
generally adopts the insertion move (remove a job from the
job sequence and then insert it into another position) and
the swapmove (swap two jobs in the job sequence). Bozejko
et al. [17] pointed out that compound moves (i.e., multiple
insertions or swaps) generally have better performance than
simple insertion or swap for the scheduling problems in
which a solution is represented as a job sequence. The reason
is that the compound move can have a larger solution space.
Therefore, in this paperwe develop a job-block neighborhood
whose size can be dynamically adjusted according to the size
of job blocks. In the hybrid algorithm, the neighborhood size
changes in an ascending order so as to guarantee a balance
between search depth and diversity.

3.2. Generation of Initial Solution. Due to the fact that the
NEH method can obtain good solutions for PFSP, we also
adopt this method to generate an initial solution and then
apply local search to improve it. The procedure can be
described as follows.

Step 1. Sequence all the jobs according to the nonascending
order of total processing times of each job on all stages
and obtain a job sequence as 𝑥 = (𝑥(1), . . . , 𝑥(𝑛)).

Step 2. Determine the optimal sequence of the first two jobs
in the sequence as the partial solution and then delete
the two jobs 𝑥(1) and 𝑥(2) from the sequence 𝑥.

Step 3. From the first job in the remaining sequence, insert
it to the best position of the partial solution (i.e., the
increased objective function value is minimum) and
remove it from the sequence. Repeat this insertion

procedure until every job has been inserted and
subsequently an initial solution is obtained.

Step 4. Perform a local search with the insertion neighbor-
hood to improve the initial solution and take the
improved solution as the true initial solution.

3.3.Update of Reference Set𝑅. In order to ensure the solutions
of reference set 𝑅 (|𝑅| = 𝑏) can have good quality and
diversity, the following updating strategy is used. If |𝑅| < 𝑏,
then the improved solution 𝑠 can be added into 𝑅 directly;
otherwise, the improved solution 𝑠 can be added into 𝑅 if it
can satisfy (𝐶max(𝑠


) − 𝐶max(𝑠worst))/𝐶max(𝑠worst) ≤ 𝑎 where

𝑠worst denotes the worst solution in 𝑅 and 𝑎 is a threshold
value. After the insertion of 𝑠, the solution with the worst
diversity in 𝑅 will be removed. The diversity of a solution in
𝑅 is denoted as follows: the distance between two solutions
𝑠1 = (𝑠1(1), 𝑠1(2), . . . , 𝑠1(𝑛)) and 𝑠2 = (𝑠2(1), 𝑠2(2), . . . , 𝑠2(𝑛))

is defined as 𝑑(𝑠1, 𝑠2) = ∑
𝑛

𝑗=1
sgn(𝑗), in which sgn(𝑗) = 1 if

𝑠1(𝑗) ̸= 𝑠2(𝑗) and otherwise sgn(𝑗) = 0. If two solutions have
the same worst diversity, then the solution with worse quality
will be deleted.

3.4. Generation of New Solution from 𝑅. Initially, each solu-
tion in 𝑅 has the same selection probability. If a solution 𝑠𝑖

has been selected for local search and the resulting improved
solution fails to enter the reference set 𝑅, then we set sel𝑖 =
sel𝑖 + 1 (sel𝑖 is the selection time of solution 𝑖); otherwise,
sel𝑖 remains unchanged. According to sel𝑖, the selection
probability of a solution can be defined as

𝑝𝑖 =
𝑟𝑖

∑
𝑗∈𝑅

𝑟𝑗

, where 𝑟𝑖 = ∑

𝑗∈𝑅

sel𝑖
sel𝑗

. (2)

3.5. Local Search Based on Job-Block Neighborhood. As men-
tioned earlier, the job-block based neighborhood is a kind of
compound-move based neighborhood. For a given solution
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𝑠 = (𝑠(1), . . . , 𝑠(𝑛)), let the size of the job-block be 𝑘 and the
corresponding neighborhood is denoted as𝑁𝑘; then the local
search procedure can be described as follows:

Step 1. Set the iteration index 𝑙 = 1 and the best solution to
be 𝑠𝑏 = 𝑠.

Step 2. Randomly remove 𝑘 adjacent jobs from 𝑠 and denote
this job-block as 𝑠(𝑑1), 𝑠(𝑑2), . . . , 𝑠(𝑑𝑘) and the left
partial solution as 𝑠.

Step 3. Set 𝑗 = 1.

Step 4. Insert 𝑠(𝑑𝑗) to the best position in 𝑠.

Step 5. Set 𝑗 = 𝑗 + 1. If 𝑗 ≤ 𝑘, go to Step 4; otherwise, obtain
a new solution 𝑠.

Step 6. If 𝐶max(𝑠

) < 𝐶max(𝑠𝑏), then set 𝑠 = 𝑠𝑏 = 𝑠

.

Step 7. Set 𝑙 = 𝑙 + 1. If 𝑙 ≤ 𝑙max (maximum iteration), go to
Step 2; otherwise, terminate and output 𝑠𝑏.

In the above local search, it is clear that the local search
is not performed on the entire neighborhood but only a
number of 𝑙max random searches. Such a strategy can help
to save computational time while maintaining the solution
quality. In addition, the search depth of neighborhoods is
in an ascending order so as to obtain a balance between
search depth and diversity. Since the values of 𝑙max and 𝑘 are
much less with comparison to 𝑛 (the number of jobs), the
complexity of this kind of local search will not exceed that
of the local search based on the insertion neighborhood or
the swap neighborhood, whose complexity is 𝑂(𝑛2). So the
search efficiency can be guaranteed in the local search of our
algorithm.

4. Computational Experiments and Results

In the experiment, we tested our proposed algorithm on a
set of benchmark problems for PFSP proposed in Taillard
[18] and compared it with other powerful algorithm in the
literature. There are a total of 12 groups of problems in the
benchmark suit and there are 10 instances for each group.The
number of jobs 𝑛 changes from 20 to 500 and the number of
machines𝑚 changes from 5 to 20.

The hybrid algorithm was implemented in C++ language
and tested on a personal computer with Intel Core i3
(2.8 GHz) CPU and 4GB memory. The stopping criterion is
set to themaximumcomputational time of𝑇max = 𝑚×𝑛×0.02

seconds. Parameters of the hybrid algorithmare set as follows:
the size of 𝑅 is equal to 10, the maximum size of job-block is
set to 5, and the maximum iteration of local search 𝑙max is set
to 10 for instances with 𝑛 ≤ 50 and 20 for the other instances.

To compare the statistical performance, 10 independent
runs were performed for each instance and the minimum
percentage relative difference (minPRD) and average per-
centage relative difference (APRD) are collected. The relative
difference PRD is defined as PRD = 100 × (𝐶max(𝑠) −
𝐶max(RON))/𝐶max(RON), where 𝑠 and RON, respectively,
represent the solution obtained by an algorithm and the
solution given in [19].

Table 1: Comparison results between VNS and SSVNS.

Problem
(𝑛 × 𝑚)

VNS1 SSVNS
APRD minPRD APRD minPRD

20 × 5 −0.43 −0.43 −0.43 −0.46
20 × 10 −2.29 −2.38 −2.38 −2.40
20 × 20 −2.96 −2.94 −3.22 −3.30
50 × 5 −2.19 −2.72 −4.06 −4.42
50 × 10 −4.02 −4.55 −4.85 −5.48
50 × 20 −4.92 −5.39 −5.18 −5.53
100 × 5 −2.37 −2.52 −2.32 −2.63
100 × 10 −4.36 −4.61 −5.11 −5.76
100 × 20 −3.72 −4.14 −4.02 −4.60
200 × 10 −2.71 −3.39 −3.10 −4.08
200 × 20 −2.77 −2.91 −3.28 −3.90
500 × 20 −1.36 −1.72 −1.82 −1.99
Average −2.84 −3.14 −3.31 −3.71

4.1. Efficiency Analysis of Incorporating the Reference Set.
To test and analyze the performance of incorporating the
reference set of SS into VNS, in this section we compared our
hybrid algorithm (denoted as SSVNS) and another version
in which the reference set is not included (denoted as VNS).
Please note that the VNS also shares the same stopping
criterion as used in our SSVNS. The comparison results are
shown in Table 1, in which a better result is shown in a bold
style.

From the results shown in Table 1, it can be found that
the algorithm’s performance can be significantly improved
by incorporating the reference set. The main reason behind
this phenomenon is that the incorporation of reference set
can help to provide an initial solution with good quality and
diversity to the VNS, which in turn can help to improve the
solution’s quality and at the same time make the algorithm
have a good ability of getting out of local optimum regions.

4.2. Comparison with the Other Powerful Algorithms. In the
above section, we have shown the efficiency of incorporating
the reference set into VNS and analyzed its impact on the
algorithm. To further illustrate the efficiency of the proposed
hybrid algorithm, in this section we compare it to the other
powerful algorithms in the literature, for example, the TS+M
algorithm proposed in [2], the H-EDA algorithm recently
proposed in [9], and the DMS-PSO algorithm proposed in
[10].

The comparison results are given in Table 2, in which
the results of TS+M, H-EDA, and DMS-PSO are those
reported in the corresponding references. From the com-
parison results, it appears that for the APRD metric the H-
EDA obtains the best performance. However, our hybrid
algorithm can obtain the best results formore instance groups
than the H-EDA. Furthermore, it is clear that our SSVNS
algorithm achieves the best result for 10 out of the 12 instance
groups for the minPRD metric and these results are better
than those obtained by the H-EDA algorithm. In addition,
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Table 2: Comparison results between SSVNS and the other powerful algorithms.

Problem TS+M H-EDA DMS-PSO SSVNS
APRD minPRD APRD minPRD APRD minPRD APRD minPRD

20 × 5 0.34 0.34 −0.43 −0.43 −0.30 −0.36 −0.43 −0.46
20 × 10 −1.77 −1.77 −2.39 −2.39 −2.32 −2.39 −2.38 −2.40
20 × 20 −2.94 −2.94 −3.27 −3.27 −3.26 −3.30 −3.22 −3.30
50 × 5 −0.55 −0.55 −4.00 −4.01 −2.78 −3.12 −4.06 −4.42
50 × 10 −3.52 −3.52 −4.80 −4.80 −3.45 −4.09 −4.85 −5.48
50 × 20 −4.26 −4.26 −4.94 −4.95 −4.91 −5.09 −5.18 −5.53
100 × 5 2.62 2.62 −2.49 −2.49 −1.01 −1.52 −2.32 −2.63
100 × 10 −2.66 −2.66 −5.02 −5.03 −4.43 −4.87 −5.11 −5.76
100 × 20 −3.02 −3.02 −3.85 −3.86 −4.72 −5.14 −4.02 −4.60
200 × 10 −0.58 −0.58 −3.70 −3.70 −1.93 −2.36 −3.10 −4.08
200 × 20 −2.31 −2.31 −3.37 −3.37 −2.94 −3.31 −3.28 −3.90
500 × 20 −1.47 −1.47 −1.89 −1.89 −2.00 −2.28 −1.82 −1.99
Average −1.68 −1.68 −3.35 −3.35 −2.89 −3.10 −3.31 −3.71

the SSVNS is better than the DMS-PSO algorithm in both
APRDandminPRDmetrics for all the instance groups except
the instance groups 100 × 20 and 500 × 20. Therefore, it
can be then concluded that the proposed hybrid algorithm
is competitive with or superior to some powerful algorithms
in the literature.

5. Conclusions

In this paper, the permutation flowshop scheduling problem
with no intermediate buffer is investigated. In this problem,
a job and a machine may be blocked due to the fact
that there is no intermediate buffer between consecutive
machines, and such a condition often occurs in practical
industries. Although there have been many papers dealing
with this problem, this paper presents a new kind of hybrid
algorithm by incorporating SS into VNS and developing
a job-block based neighborhood search. The incorporation
of SS into VNS can provide an initial solution with good
quality and diversity, which in turn can help to guarantee
the good quality of solutions improved by the VNS and at
the same time maintain a good search diversity (i.e., the
hybrid algorithm can obtain a good ability of getting out
of local optimum regions in the search space). The adaptive
selection strategy of solutions from the reference set is able
to further improve the search diversity. The local search used
in the VNS is based on the job-block which is a compound-
move neighborhood.This kind of neighborhood can provide
amuch larger search space and consequently can increase the
probability of finding more promising solutions. In addition,
the variable search depth of this kind of local search can also
help to achieve a balance between the search intensity and
the diversity. Extensive experiments on benchmark problems
are carried out to test the hybrid algorithm and the results
show that the proposed algorithm is very efficient and it is
even competitive with or superior to some other powerful
algorithms in the literature.
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This paper proposes a hybrid scatter search (SS) algorithm for continuous global optimization problems by incorporating the
evolution mechanism of differential evolution (DE) into the reference set updated procedure of SS to act as the new solution
generation method. This hybrid algorithm is called a DE-based SS (SSDE) algorithm. Since different kinds of mutation operators
of DE have been proposed in the literature and they have shown different search abilities for different kinds of problems, four
traditional mutation operators are adopted in the hybrid SSDE algorithm. To adaptively select the mutation operator that is most
appropriate to the current problem, an adaptive mechanism for the candidate mutation operators is developed. In addition, to
enhance the exploration ability of SSDE, a reinitializationmethod is adopted to create a new population and subsequently construct
a new reference set whenever the search process of SSDE is trapped in local optimum. Computational experiments on benchmark
problems show that the proposed SSDE is competitive or superior to some state-of-the-art algorithms in the literature.

1. Introduction

In recent years, many research efforts have been devoted
to the hybridization of different algorithms because the
adoption of the best features of individual algorithm can
often result in a new powerful and efficient hybrid algorithm.
When designing such hybrid algorithms, one should examine
and evaluate the features and search mechanisms of different
algorithms, as well as their potential combinations.

Scatter search (SS) was firstly proposed by Glover [1] for
integer programming. It is a population-based evolutionary
algorithm that combines a set of solutions to construct a new
solution. The scatter search template (Glover [2]) provides
the foundation for most implementations of SS by now. After
population initialization, SS selects a subset of solutions from
the population as the reference set and then operates on the
reference set to generate new trial solutions by combining
solutions in the reference set. With comparison to the
other evolutionary algorithms such as genetic algorithm, the
memory feature of the reference set can accurately grasp the
current optimization state and reduce the frequency of using
stochastic search, which in turn greatly improves the ability of

global search. In addition, the diversity maintenance mecha-
nism of SS guarantees the search diversity during evolution.
Due to its flexibility and effectiveness, SS has been widely
used in tackling combination optimization problems such
as the graph-based permutation problems (Rego and Aleao
[3]), flow shop scheduling problem (Yamada and Nakano
[4], Nowicki and Smutnicki [5]), vehicle routing problem
(Taillard [6]), quadratic assignment problem (Chung et al.
[7]), and vehicle routing (Greistorfer [8], Russell and Chiang
[9]). Although SS has achieved good performance in solving
combination optimization problems, few literatures focus on
the application of SS in continuous optimization problems.
Herrera et al. [10] investigated the performance of continuous
SS with two combination methods, namely, the BLX-𝛼 and
the average combination. Ugray et al. [11] proposed a mul-
tistart framework for global optimization by embedding SS
with a nonlinear programming solver.

Although differential evolution (DE) is a new member
of the swarm-based evolutionary algorithms, it has become
one of the most powerful stochastic search algorithms in
the literature (Das and Suganthan [12]). Due to its simplicity
and ease of implementation, DE has performed well in
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(1) Begin
(2) Use the Diversification generation method to create a population.
(3) Use the Improvement method to enhance the population, and set 𝑆𝑏 to be the best solution found so far.
(4) Use the Reference update method to build the initial reference set 𝑅.
(5) while (the termination criterion is not reached) do
(6) Generate subsets from 𝑅 using the Subset generation method.
(7) Combine each subset into a new solution using the Solution combination method.
(8) Use the Improvement method to enhance each combined solution, and update 𝑆𝑏.
(9) Update the reference set based on the union of the current reference set and the new combined

solutions using the Reference update method.
(10) end while
(11) Report the best solution 𝑆𝑏.
(12) End

Algorithm 1: Canonical scatter search.

many single-objective optimization problems (Zhang and
Sanderson [13], Qin et al. [14]) and engineering optimization
problems (Babu and Angira [15], Zhang and Rangaiah [16]).
The main advantage of DE is that it enables the solution
to learn from better solutions (e.g., the DE/best/1 mutation
operator) and at the same time maintain the search diversity
(e.g., the DE/rand/1 mutation operator).

Due to the power of SS and DE, some researchers start to
investigate their hybridization to construct a new powerful
algorithm. Davendra and Onwubolu [17] and Davendra et al.
[18] proposed a hybrid DE with SS for discrete optimization
problems such as quadratic assignment problem (QAP), trav-
eling salesman problem (TSP), and permutation flow shop
scheduling problem (PFSP). However, this hybrid algorithm
is in fact a two-phase method, in which the first phase is to
obtain a good solution by DE and the second phase is to
improve this solution by SS. Shi et al. [19] developed a real
hybrid SS with DE by embedding DE into SS to generate the
new reference set. This hybrid algorithm is used to solve the
discrete project scheduling problem.

In this paper, we propose a new hybrid algorithm based
on SS and DE, named hybrid SS with DE (SSDE). The
main framework follows that of SS but uses DE to combine
solutions in the reference set and then generate new solutions.
Different from that of Shi et al. [19], our hybrid algorithm
is designed for continuous algorithm. In addition, our
hybrid SSDE algorithm adopts multiple mutation operators
proposed for classical DE and makes use of an adaptive
mechanism to select themost appropriatemutation operators
during evolution. This strategy makes the hybrid SSDE very
robust for different kinds of optimization problems.

The remainder of this paper is organized as follows.
Section 2 gives the background descriptions on SS and DE,
and in Section 3 the procedure and components of the hybrid
SSDE are described in details. The computational experi-
ments are carried out in Section 4 and our SSDE is compared
to the other state-of-the-art evolutionary algorithms in the
literature on benchmark test problems. Finally, this paper is
concluded in Section 5.

2. Background

2.1. Canonical Scatter Search. The framework of the SS gener-
ally includes five components (shown in Algorithm 1).The SS
first generates a population of solutions using a diversification
generation method that considers both solution quality and
diversity. Then the reference update method is used to build
and maintain the reference set by selecting some solutions
with good quality and the other solutions with good diversity
from the population (note that the size of the reference set is a
preset fixed value). Based on the reference set, the subset gen-
eration method is used to produce a great number of subsets
of solutions as a basis for creating combined solutions (e.g.,
all the two solutions and the three solutions selected from
the reference set are generally taken as the subsets). For each
subset, the solution combinationmethod is used to transform
the solutions in the subset into one combined solution. At
last, the improvement method is applied to further improve
each combined solution. If there is no new solution added
to the reference set, the algorithm terminates; otherwise, the
algorithm goes to the subset generation procedure and starts
a new iteration.

2.2. Canonical Differential Evolution. DE algorithm is a
simple, fast, and robust evolutionary algorithm. It starts with
a population 𝑃 of 𝑁𝑃 solutions, and at each generation 𝐺

the population updates through threemain consecutive steps:
mutation, crossover, and selection. In the following, the 𝑖th
solution in the population of generation𝐺 is denoted as𝑋𝑖,𝐺,
𝑖 = 1, 2, . . . , 𝑁𝑃.

The mutation step first randomly selects three solutions
{𝑋𝑟1,𝐺, 𝑋𝑟2,𝐺, 𝑋𝑟3,𝐺} from the population 𝑃 of generation 𝐺

for the target individual 𝑋𝑖,𝐺 and then generates the per-
turbed vector 𝑉𝑖,𝐺 based on the three selected solutions as
follows:

𝑉𝑖,𝐺 = 𝑋𝑟1,𝐺 + 𝐹 × (𝑋𝑟2,𝐺 − 𝑋𝑟3,𝐺) , (1)



Discrete Dynamics in Nature and Society 3

(1) Begin
(2) Set the selection probability of each crossover operator 𝑂

𝑘
to be the same, that is, 𝑝

𝑘
= 1/𝐾,

where 𝐾 is the sum of all mutation operators.
(3) Set the iteration counter 𝐺 = 0 and the 𝑡 = 0.
(4) Use the Diversification method to generate a population 𝑃, evaluate each solution in 𝑃 and then set the best solution

found so far 𝑆𝑏 to be the best one in 𝑃.
(5) while (the termination criterion is not reached) do
(6) Use the Reference update method to update reference set 𝑅.
(7) Set 𝐺 = 𝐺 + 1, and 𝑖 = 0. Set the solution set 𝑃 to be empty.
(8) if (𝑡 < 𝑡max) do
(9) while (i < |P|) do // generate a new solution for each𝑋

𝑖,𝐺
in 𝑃

(10) Set the successful count 𝑠𝑘𝐺 and failure count 𝑓𝑘𝐺 of the crossover operator 𝑂𝑘 to be zero.
(11) (1) Mutation
(12) Randomly select a mutation operator (namely 𝑂𝑘) using the Adaptive selection method.
(13) Randomly select solutions from 𝑅 according to the requirement of mutation operator 𝑂𝑘.
(14) Perform mutation operator 𝑂𝑘 on the selected solutions to generate a new trial solution 𝑉𝑖,𝐺.
(15) (2) Crossover
(16) Apply crossover operation based on (5) to obtain new solution 𝑈𝑖,𝐺.
(17) (3) Selection
(18) Use (7) to select the new solution𝑋𝑖,𝐺+1. If 𝑓(𝑋𝑖,𝐺+1) < 𝑓(𝑋𝑖,𝐺), set 𝑠𝑘𝐺 = 𝑠𝑘𝐺 + 1; otherwise, set 𝑓𝑘𝐺 = 𝑓𝑘𝐺 + 1.
(19) Add 𝑠

𝑘𝐺
and 𝑓

𝑘𝐺
of each crossover operator 𝑂

𝑘
to the end of a list 𝐿 whose length is 𝑙. If 𝐺 > 𝑙,

then remove the first node of this list so that only a maximum of 𝑙 nodes are stored in list 𝐿.
(20) Update the selection probability 𝑝𝑘 of each operator 𝑂𝑘 according to the method described in Section 3.4.
(21) Set 𝑖 = 𝑖 + 1.
(22) end while
(23) if (the best solution in 𝑃 is better than 𝑆𝑏) do
(24) Update 𝑆𝑏 and set 𝑡 = 0.
(25) else do
(26) Set 𝑡 = 𝑡 + 1.
(27) end if
(28) else do
(29) Sort the solutions in the 𝑃 in the ascending order of the objective value, and then randomly reinitialize

the latter half of solutions in 𝑃.
(30) Set 𝑡 = 0.
(31) end if
(32) end while
(33) Report the best solution 𝑆𝑏.
(34) End

Algorithm 2: Hybrid scatter search with differential evolution (SSDE).

where 𝑖 = 1, 2, . . . , 𝑁𝑃, 𝑟1, 𝑟2, 𝑟3 are three different numbers
randomly selected from {1, 2, . . . , 𝑁𝑃} and 𝐹 ∈ [0, 1] is the
control parameter.

The crossover step generates the trial solution 𝑈𝑖,𝐺 =

(𝑢1,𝑖,𝐺, 𝑢2,𝑖,𝐺, . . . , 𝑢𝑛,𝑖,𝐺) based on the perturbed vector 𝑉𝑖,𝐺 =

(V1,𝑖,𝐺, V2,𝑖,𝐺, . . . , V𝑛,𝑖,𝐺) and the target solution 𝑋𝑖,𝐺 =

(𝑥1,𝑖,𝐺, 𝑥2,𝑖,𝐺, . . . , 𝑥𝑛,𝑖,𝐺) as follows:

𝑢𝑗,𝑖,𝐺 =
{

{

{

V𝑗,𝑖,𝐺, if rand𝑗 ≤ 𝐶𝑟 or 𝑗 = 𝑗rand

𝑥𝑗,𝑖,𝐺, otherwise,
(2)

where 𝑗 = 1, . . . , 𝑛, rand𝑗 ∈ [0, 1] and 𝑗rand is a randomly
chosen index from {1, . . . , 𝑛} to ensure that the trial solution
𝑈𝑖,𝐺 does not duplicate the target solution 𝑋𝑖,𝐺. 𝐶𝑟 ∈ [0, 1] is
the crossover probability set by the user.

Once the trial solution is generated, the selection step
compares it with its target solution. If the trial solution 𝑈𝑖,𝐺

has an equal or lower objective function value than that of its
target solution 𝑋𝑖,𝐺, it replaces the target vector in the next
generation; otherwise, the target solution retains its place in
the population for at least one generation.That is, the solution
in the next generation is selected according to the following
rule:

𝑋𝑖,𝐺+1 =
{

{

{

𝑈𝑖,𝐺, if 𝑓 (𝑈𝑖,𝐺) ≤ 𝑓 (𝑋𝑖,𝐺)

𝑋𝑖,𝐺, otherwise.
(3)

3. Proposed SSDE Algorithm

In this section, we first present the overall framework of our
hybrid SSDE algorithm in Algorithm 2 and then describe
each component of it in details in the following sections. In
Algorithm 2, |𝑃| denotes the size of population.



4 Discrete Dynamics in Nature and Society

3.1. Initial PopulationGenerationMethod. To obtain an initial
population with good diversity, we developed a diversifica-
tion method following the main ideas of [20]. The details
of this method are as follows, in which 𝐷 is the sum of
dimensions and LB𝑗 and UB𝑗 are the lower bound and
upper bound of dimension 𝑗. Based on this method, the
diversification of initial population can be guaranteed.

Step 1. Divide the range of each dimension [LB𝑗,UP𝑗] (𝑗 =

1, . . . , 𝐷) into 𝑅 equal subranges.

Step 2. Fromdimension 𝑗 = 1 to 𝑗 = 𝐷, do the following steps.

Step 2.1. Set 𝑖 = 1 and the selection probability of each sub-
range 𝑟 to be 𝑝𝑟 = 1/𝑅.

Step 2.2. Randomly select a subrange, namely, 𝑟, and then
within this range generate a random value for 𝑥𝑖𝑗.

Step 2.3. For the selected subrange 𝑟, set 𝑝𝑟 = 𝑝𝑟−1/𝑛, and for
the other unselected subranges set 𝑝𝑘 = 𝑝𝑘 + 1/(𝑛 × (𝑅 − 1)).

Step 2.4. Set 𝑖 = 𝑖 + 1. If 𝑖 > 𝑛, 𝑗 = 𝑗 + 1 and then go to Step
2.1; otherwise, go to Step 2.2.

3.2. Reference UpdateMethod. In canonical SS algorithm, the
reference set 𝑅 generally consists of two parts of solutions:
one part is a set of solutions with good quality in objective
function value and the other part is a set of solutions with
good diversity. This is a good choice for discrete solutions;
however, for continuous optimization problems such a setting
will often deteriorate the search efficiency. If two solutions are
far from each other in the solution space, then the offspring
generated from them is often inferior to them. In our
preliminary experiment, the results show that the adoption
of this setting often results in a very slow convergence speed,
which in turn makes the algorithm unable to reach a good
solution within a given number of function evaluations.
Therefore, in our hybrid SSDE, the reference set 𝑅 consists
of only the best 𝑏 solutions in the population. At the end of
each generation, the reference set 𝑅 is updated with the best
𝑏 solutions in the new population.

3.3. Mutation Operators Used in Hybrid SSDE. Asmentioned
above, several mutation operators proposed for DE are
adopted in our hybrid SSDE algorithm. The definitions of
these mutation operators are as follows. In these equations,
𝑋best denotes the best solution found so far by the algorithm:

(1) DE/rand/1: 𝑉𝑖,𝐺 = 𝑋𝑟1,𝐺 + 𝐹 × (𝑋𝑟2,𝐺 − 𝑋𝑟3,𝐺);

(2) DE/best/1: 𝑉𝑖,𝐺 = 𝑋best,𝐺 + 𝐹 × (𝑋𝑟1,𝐺 − 𝑋𝑟2,𝐺);

(3) DE/rand-to-best/1:𝑉𝑖,𝐺 = 𝑋𝑖,𝐺 +𝐹× (𝑋best,𝐺 −𝑋𝑖,𝐺) +

𝐹 × (𝑋𝑟1,𝐺 − 𝑋𝑟2,𝐺);

(4) DE/best/2: 𝑉𝑖,𝐺 = 𝑋best,𝐺 + 𝐹 × (𝑋𝑟1,𝐺 − 𝑋𝑟2,𝐺) + 𝐹 ×

(𝑋𝑟3,𝐺 − 𝑋𝑟4,𝐺).

3.4. Adaptive Selection Method for Mutation Operators. To
select the mutation operator, we present an adaptive mech-
anism by introducing the concept of solution survival used
in the JADE [13] and SaDE [14]. The success and failure
memories in SaDE are also used in the hybrid SSDE. In
our SSDE, the application of a selected mutation operator
for solution 𝑋𝑖,𝐺 is viewed as successful only if the new
solution resulted from this operator (𝑋𝑖,𝐺+1 in Algorithm 2)
outperforms𝑋𝑖,𝐺. A list 𝐿with a fixed length 𝑙 (also called the
learning period) is established to store the successful counter
𝑠𝑘𝐺 and unsuccessful counter 𝑓𝑘𝐺 of each crossover operator
𝑂𝑘. During the first 𝑙 generations, the selection probability
of each mutation operator is equal to 1/𝐾 (𝐾 is the sum of
mutation operators).This warm-up period is used to train the
algorithm to analyze the performance and suitability of each
mutation operator for the current optimization problem. At
the end of each generation, the number of 𝑠𝑘𝐺 and 𝑓𝑘𝐺 for
each crossover operator is counted and then added to the end
of the list 𝐿.Then from the generation𝐺 = 𝑙+1, the head node
of list 𝐿will be removed so that the new record of 𝑠𝑘𝐺 and𝑓𝑘𝐺

can be added to the end of 𝐿.
The selection probability of each mutation operator 𝑘

at generation 𝐺 (denoted as 𝑝𝑘𝐺) is calculated as follows
according to SaDE [14]:

𝑝𝑘𝐺 =
𝑆𝑘𝐺

∑
𝐾

𝑘=1
𝑆𝑘𝐺

,

where 𝑆𝑘𝐺 =

∑
𝐺−1

𝑔=𝐺−𝑙
𝑠𝑘𝑔

∑
𝐺−1

𝑔=𝐺−𝑙
(𝑠𝑘𝑔 + 𝑓𝑘𝑔) + 0.01

,

𝑘 = 1, . . . , 𝐾; 𝐺 > 𝑙.

(4)

3.5. Reinitialization of Population. During the evolution pro-
cess, the hybrid SSDE algorithm may be trapped in local
optimal regions, which in turn will deteriorate the perfor-
mance of the hybrid SSDE. To further improve the ability of
getting out of local optimal regions, a reinitialization method
is adopted. During the evolution, we will record the number
of consecutive generations that the best solution found so far
has not been updated.Whenever this number exceeds a limit,
thenwewill reinitialize the population𝑃 as follows. First, sort
the solutions in the population 𝑃 in the ascending order of
their objective function values. Second, delete the latter half
of the population in which the solutions have worse objective
function values. Third, randomly select two solutions from
the left half of 𝑃 and then perform the 𝑆𝐵𝑋 operator [20]
to generate two offspring solutions. We will repeat the third
step for |𝑃|/2 times to generate |𝑃| new solutions, and then
we select the best |𝑃|/2 solutions and add them to 𝑃.

The procedure of the 𝑆𝐵𝑋 operator can be described as
follows according to Deb andAgrawal [20]. For two solutions
𝑋 = (𝑥1, . . . , 𝑥𝐷) and 𝑌 = (𝑦1, . . . , 𝑦𝐷), the SBX operator can
result in two new solutions 𝑍1 = (𝑧1,1, . . . , 𝑧1,𝐷) and 𝑍2 =

(𝑧2,1, . . . , 𝑧2,𝐷) as follows. First, generate a random uniform
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Table 1: Definition of benchmark problems.

Test function Solution space Optimal value

𝑓1 (𝑥) =

𝐷

∑

𝑖=1

𝑥
2

𝑖
[−100, 100]

𝐷 0

𝑓2 (𝑥) =

𝐷

∑

𝑖=1

𝑥𝑖
 +

𝐷

∏

𝑖=1

𝑥𝑖
 [−10, 10]

𝐷 0

𝑓3 (𝑥) =

𝐷

∑

𝑖=1

(

𝑖

∑

𝑗=1

𝑥𝑗)

2

[−100, 100]
𝐷 0

𝑓
4
(𝑥) = max 𝑥𝑖


[−100, 100]

𝐷 0

𝑓5 (𝑥) =
𝜋

𝐷
{10sin2 (𝜋𝑦1) +

𝐷−1

∑

𝑖=1

(𝑦𝑖 − 1)
2
[1 + 10sin2 (𝜋𝑦𝑖+1)]}

+ (𝑦𝐷 − 1)
2
+

𝐷

∑

𝑖=1

𝑢 (𝑥𝑖, 10, 100, 4)

[−50, 50]
𝐷 0

𝑢 (𝑥𝑖, 𝑎, 𝑘, 𝑚) =

{{{{

{{{{

{

𝑘 (𝑥𝑖 − 𝑎)
𝑚

0

𝑘 (𝑥𝑖 − 𝑎)
𝑚

𝑥𝑖 > 𝑎

−𝑎 ≤ 𝑥𝑖 ≤ 𝑎

𝑥𝑖 < −𝑎

𝑦𝑖 = 1 + (𝑥𝑖 + 1) /4

𝑓6 (𝑥) =

𝐷

∑

𝑖=1

(⌊𝑥𝑖 + 0.5⌋)
2

[−100, 100]
𝐷 0

𝑓7 (𝑥) =

𝐷

∑

𝑖=1

𝑖𝑥
4

𝑖
+ rand [0, 1) [−1.28, 1.28]

𝐷 0

𝑓8 (𝑥) =

𝐷

∑

𝑖=1

− 𝑥𝑖 sin(√
𝑥𝑖

) + 𝐷 × 418.98288727243369 [−500, 500]
𝐷 0

𝑓9(𝑥) =

𝐷

∑

𝑖=1

[𝑥
2

𝑖
− 10 cos (2𝜋𝑥𝑖) + 10] [−5.12, 5.12]

𝐷 0

𝑓
10
(𝑥) = −20 exp(−0.2√

1

𝐷

𝐷

∑

𝑖=1

𝑥
2

𝑖
)−exp(

1

𝐷

𝐷

∑

𝑖=1

cos 2𝜋𝑥
𝑖)+20+𝑒 [−32, 32]

𝐷 0

number 𝑢 ∈ [0, 1] and then generate a new random number
𝛽 based on 𝑢 and a distribution index 𝜂 according to

𝛽 =

{{

{{

{

(2𝑢)
1/(1+𝜂)

, if 𝑢 ≤ 0.5

(
1

2(1 − 𝑢)
)

1/(1+𝜂)

, otherwise.
(5)

At last each dimension of the two new solutions is generated
using the following equations: 𝑧1,𝑖 = 0.5[(1+𝛽)𝑥𝑖 + (1−𝛽)𝑦𝑖]

and 𝑧2,𝑖 = 0.5[(1 − 𝛽)𝑥𝑖 + (1 + 𝛽)𝑦𝑖], (𝑖 = 1, 2, . . . , 𝐷).

4. Computational Experiments and Results

In this section, we start with the introduction of the experi-
mental environment in Section 4.1 and then the test problems
in Section 4.2. Finally, Section 4.5 is devoted to carrying out
the comparative studies between our SSDE and the other
state-of-the-art evolutionary algorithms.

4.1. Experimental Settings. The proposed SSDE algorithm is
implemented in C++, and all the experiments are carried out
on a personal computer with the Intel Core 2 Duo 2.8GHz
CPU and 4GB memory.

The parameters are set as follows based on our prelim-
inary experiments. The population size is set to be 100, the
size of reference set 𝑅 is set to be 35, the control parameter
𝐹 is generated by 𝑁(0.8, 0.3), the crossover probability Cr
is generated by 𝑁(0.3, 0.3), and the number of consecutive
generations 𝑡max is set to be 50.

4.2. Test Problems. To test the performance of the proposed
SSDE algorithm, 10 benchmark problems are selected from
the literature. The definition of these problems is given in
Table 1, in which the last column is the optimal objective
function value for each test problem. In our experiments, we
use𝐷 = 30.

In the experiment, a total of 50 independent runs are
performed for each test problem to collect the statistical per-
formance of each algorithm. The independent 𝑡-test is used
to show the statistical difference between different algorithms
and the result for each problem is given in the last column
of Tables 2, 3, and 4. In the last column denoted as Sig, the
signal “+” denotes that the performance difference between
our SSDE and the best one among the other algorithms in
the table is significant with a confidence level of 95%, while



6 Discrete Dynamics in Nature and Society

Table 2: Comparison results between SSDE algorithms with and without adaptive selection method.

Test functions Gen Mean (Std Dev) Sig
SSDErand1 SSDEbest1 SSDE𝑟-best SSDEbest2 SSDE

𝑓1 1500 3.2𝑒 − 18

(2.7𝑒 − 18)
6.0𝑒 − 31

(9.7𝑒 − 27)
8.1𝑒 − 31

(1.2𝑒 − 32)
4.2𝑒 − 27

(3.6𝑒 − 24)
5.96e − 36
(1.33e − 36) +

𝑓2 2000 1.2𝑒 − 15

(4.2𝑒 − 16)
2.4e − 40
(2.0e − 40)

2.1𝑒 − 29

(1.5𝑒 − 28)
1.1𝑒 − 17

(1.6𝑒 − 17)
3.77𝑒 − 27

(1.33𝑒 − 36) +

𝑓3 5000 6.5148
(12.8856)

6.5𝑒 − 8

(12.16)
6.3𝑒 − 8

(1.2𝑒 − 17)
1.7𝑒 − 11

(1.2𝑒 − 13)
9.83e − 12
(2.18e − 11) +

𝑓4 5000 5.2𝑒 − 3

(3.8𝑒 − 2)
4.2𝑒 − 2

(8.1𝑒 − 2)
2.7𝑒 − 3

(1.4𝑒 − 3)
4.1𝑒 − 10

(1.2𝑒 − 11)
6.44e − 13
(2.67e − 12) +

𝑓5 1500 5.3𝑒 − 19

(5.1𝑒 − 19)
2.0𝑒 − 3

(1.2𝑒 − 3)
1.8𝑒 − 32

(1.9𝑒 − 43)
3.2𝑒 − 23

(2.4𝑒 − 21)
1.57e − 32
(2.75e − 47) +

𝑓6 1500 2.6𝑒 − 18

(1.8𝑒 − 19)
1.3𝑒 − 32

(3.0𝑒 − 33)
0
(0)

2.7𝑒 − 24

(3.3𝑒 − 23)
3.08e − 35
(3.08e − 34) +

𝑓7 3000 2.7𝑒 − 46

(3.1𝑒 − 53)
0
(0)

0
(0)

0
(0)

0
(0) −

𝑓8 9000 0
(0)

6.0237
(17.4291)

0
(0)

1.1
(6.2506)

0
(0) −

𝑓9 5000 0
(0)

3.2942
(2.1396)

4.4𝑒 − 2

(2.5𝑒 − 1)
0
(0)

0
(0) −

𝑓10 2000 1.3𝑒 − 13

(1.1𝑒 − 17)
1.2𝑒 − 14

(4.1𝑒 − 12)
1.3𝑒 − 13

(2.3𝑒 − 15)
7.8𝑒 − 1

(1.7688)
4.51e − 15
(3.55e − 15) +

Table 3: Comparison results between SS-SBX and SSDE.

Test functions Gen Mean (Std Dev) Sig
SS-SBX SSDE

𝑓
1

1500 0 (0) 5.96𝑒 − 36 (1.33𝑒 − 36) −

𝑓2 2000 0 (0) 3.77𝑒 − 27 (1.33𝑒 − 36) −

𝑓3 5000 9.74𝑒 + 00 (1.5𝑒 + 01) 9.83e − 12 (2.18e − 11) +
𝑓4 5000 0 (0) 6.44𝑒 − 13 (2.67𝑒 − 12) +
𝑓5 1500 3.31𝑒 − 01 (3.09𝑒 − 03) 1.57e − 32 (2.75e − 47) +
𝑓6 1500 1.21𝑒 − 01 (1.18𝑒 − 01) 3.08e − 35 (3.08e − 34) +
𝑓7 3000 0 (0) 0 (0) −

𝑓8 9000 2.33𝑒 − 01 (1.70𝑒 − 00) 0 (0) +
𝑓9 5000 0 (0) 0 (0) −

𝑓10 2000 4.44e − 16 (0) 7.51𝑒 − 15 (3.55𝑒 − 15) +

the signal “−” denotes that their performance difference is not
significant.

4.3. Efficiency Analysis of Adaptive Selection Method. In this
section, we first carried out an experiment to show the
efficiency of the adaptive selection method. We compared
our proposed SSDE algorithm with four SSDE algorithms
each of which adopts only one mutation operator. These four
algorithms are, respectively, denoted as SSDErand1, SSDEbest1,
SSDE𝑟-best, and SSDEbest2 according to the four mutation
operators.

The comparison results for the proposed SSDE algorithm
and the other SSDE with only one mutation operator are
presented in Table 2, in which a better result is shown in the
bold type. The second column Gen denotes the generations
used in the algorithm as the stopping criterion, andMean (Std

Dev) represents the average value and the standard deviation
obtained by each algorithm for each test problem.

FromTable 2, it can be seen that the SSDE algorithmwith
the adaptive selection method can obtain the best results and
show the best robustness for almost all the test problems. It
is significantly better than the other four algorithms for 9 out
of the 10 test problems. The reason behind this phenomenon
is that this strategy can adaptively select the most appropriate
mutation operators for the current problem. In addition, the
adoption of multiple kinds of mutation operators also help
to improve the exploration ability of SSDE because such a
strategy can help to enhance the algorithm’s ability of getting
out of local optimal regions.

4.4. Efficiency Analysis of Hybrid Architecture of SSDE. To
test the impact of adopting DE as the generation method
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Table 4: Comparison results between SSDE and the other state-of-the-art algorithms.

Test functions Gen Mean (Std Dev) Sig
SaDE JADE SSDE

𝑓1 1500 4.5𝑒 − 20

(6.9𝑒 − 20)
1.3e − 54
(9.2e − 54)

5.96𝑒 − 36

(1.33𝑒 − 36) +

𝑓2 2000 1.9𝑒 − 14

(1.05𝑒 − 14)
3.9𝑒 − 22

(2.7𝑒 − 21)
3.77e − 27
(1.33e − 36) +

𝑓3 5000 9.0𝑒 − 37

(5.43𝑒 − 36)
6.0e − 87
(1.9e − 86)

9.83𝑒 − 12

(2.18𝑒 − 11) +

𝑓4 5000 7.4𝑒 − 11

(1.82𝑒 − 10)
4.3e − 66
(1.2e − 65)

6.44𝑒 − 13

(2.67𝑒 − 12) +

𝑓5 1500 1.2𝑒 − 19

(2.0𝑒 − 19)
1.6𝑒 − 32

(5.5𝑒 − 48)
1.57e − 32
(2.75e − 47) −

𝑓6 1500 0
(0)

0
(0)

3.08𝑒 − 35

(3.08𝑒 − 34) +

𝑓7 3000 4.8𝑒 − 03

(1.2𝑒 − 03)
6.8𝑒 − 04

(2.5𝑒 − 04)
0
(0) +

𝑓8 9000 4.7𝑒 + 00

(3.3𝑒 + 01)
7.1𝑒 + 00

(2.8𝑒 + 01)
0
(0) +

𝑓9 5000 0
(0)

0
(0)

0
(0) −

𝑓10 2000 4.3𝑒 − 14

(2.6𝑒 − 14)
4.4e − 15

(0)
4.51𝑒 − 15

(3.55𝑒 − 15) −

for new solutions, in this section we implemented another
kind of SS in which the new solutions were generated by the
simulated binary crossover (SBX). That is, lines from 10 to
20 in Algorithm 2 are replaced by the following steps: first,
randomly select two solutions from the reference 𝑅; second,
apply the SBX operator to the two solutions to generate two
new solutions; third, select the best one as the new solution
𝑋𝑖,𝐺+1. This algorithm is denoted as SS-SBX.

The comparison results for the two kinds of SS algorithms
are presented in Table 3, in which a better result is shown in
the bold type. From this table, it can be seen that although
SS-SBX obtains the best results for 𝑓1, 𝑓2, 𝑓4, 𝑓7, 𝑓9, and 𝑓10,
for the other problems its performance is much worse. The
SSDE algorithm obtains the best results for 6 out of the 10
problems, and its performance for the other four problems is
also very good. Therefore, it can be concluded that the SSDE
algorithm is superior the SS-SBX, especially with respect to
the robustness.

4.5. Comparisons with Other State-of-the-Art Algorithms. In
the above sections, we have shown that the adaptive selection
mechanism based on multiple mutation operators and the
adoption of DE into SS can help to improve both the
search performance and robustness of SS. In this section,
we further compare our SSDE with the other state-of-the-
art evolutionary algorithms in the literature.These algorithms
include the SaDE proposed in [14] and the JADEwith archive
proposed in [13]. Both the evolutionary algorithms have
adaptive strategies in parameter control or mutation strategy
selection during the evolution process. The comparison
results are given in Table 4.

From Table 4, it can be found that our SSDE obtains
better results for 7 out of the 10 problems with comparison
to the SaDE algorithm in [14] (the performance differences
are significant for all of the 7 problems) and for 4 out of the
10 problems with comparison to the JADE algorithm in [13].
For problems 𝑓7 and 𝑓8, our SSDE algorithm can reach the
optimal solutions, while the other two algorithms SaDE and
JADE show a much worse performance. In addition, it also
appears that our SSDE algorithm is more robust for different
kinds of problems. On average, it can be concluded that our
SSDE is competitive to the JADE algorithm but superior to
the SaDE algorithm for the 10 benchmark test problems.

To give a graphical illustration of this analysis, we reim-
plemented the SaDE algorithm and compared the evolution
processes between our SSDE and the SaDE for the first six
problems. The comparison results are shown in Figure 1,
in which the ordinate is log10(𝑓(𝑋)) in which 𝑓(𝑋) is the
objective function value of the best solution found in each
iteration. Please note that whenever the algorithm reaches the
optimal solution, the evolution process line will terminate in
the figures because the optimal objective function value of
each problem is zero. From this figure, it can be seen that the
convergence speed of our SSDE ismuch faster than that of the
SaDE for all the six test problems.

5. Conclusions

In this paper, we developed a hybrid scatter search algorithm
by incorporating the differential evolution algorithm to
act as the new solution generation method. To make the
proposed hybrid algorithm more robust for different kinds
of optimization problems, an adaptive selection mechanism
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Figure 1: Evolution process of SSDE and SaDE for functions 𝑓1–𝑓6.
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is developed for multiple mutation strategies. A population
reinitialization method is also used to help the algorithm
to get out from local optimums. The computational results
based on benchmark test problems show that the proposed
hybrid SSDE algorithm is very efficient and robust and that
its performance is competitive or even superior to two state-
of-the-art evolutionary algorithms in the literature.
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