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In most real applications, disturbances and uncertainties,
which affect stability and performance of the controlled
system, are unavoidable. Unfortunately, disturbances are not
measurable or too expensive to measure. A typical approach
is first to estimate the disturbances and then design an
advanced control law based on this estimation. Although
this approach has attracted much attention of numerous
researchers in various fields of study, most estimation tech-
niques rely on the assumption that the disturbance is slowly
varying or its time derivative is zero. Note that the dis-
turbances do not arise only from external environments;
uncertainties such as modelling errors and parameter per-
turbations can also be considered as disturbances. Also, for
the objects with unknown components and noises, a good
approach is to use the system with learning capability to
adapt its parameters to the samples measured from the given
objects.

From 36 submissions, 10 papers are accepted for publi-
cation in this special issue. Each paper was reviewed by at
least one reviewer and revised according to review comments.
The papers cover the following topics: time-varying noise
estimation, search algorithm for minimizing the makespan,
robust control for thyristor controlled series compensator
(TCSC), robust technique for computing average consensus,
sensorless control of uncertain PM-assisted SynRM, wind
turbine frequency control in microgrid, optimization of
power system stabilizer (PSS), adaptive sliding mode control
(SMC) for hybrid synchronization of chaotic systems, model

predictive control (MPC) for electric vehicles, and control of
hydraulic turbine governing system.

Ton Duc Do
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Hamed Jabbari Asl
Tran Hoai Linh
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This paper proposes an enhanced robust control method, which is for thyristor controlled series compensator (TCSC) in presences
of time-delay nonlinearity, uncertain parameter, and external disturbances. Unlike conventional adaptive control methods, the
uncertain parameter is estimated by using system immersion and manifold invariant (I&I) adaptive control. Thus, the oscillation
of states caused by the coupling between parameter estimator and system states can be avoided. In addition, in order to overcome
the influences of time-delay nonlinearity and external disturbances, backstepping slidingmode control is adopted to design control
law recursively. Furthermore, robustness of TCSC control subsystem is achievable provided that dissipation inequality is satisfied
in each step. Effectiveness and efficiencies of the proposed control method are verified by simulations. Compared with adaptive
backstepping sliding mode control and adaptive backstepping control, the time of reaching steady state is shortened by at least 11%
and the oscillation amplitudes of transient responses are reduced by at most 50%.

1. Introduction

In modern electrical power industry, security and stability
of power system are under constant threat due to increasing
power grid capacity, high-voltage transmission lines, and
highly complex network configuration. Thyristor controlled
series compensator (TCSC) system is often used to improve
the stability and transfer capability of power system by
scheduling power flow, decreasing voltage asymmetry and
net loss, providing voltage support, and damping power
oscillation [1–3]. However, some problems generally exist
in TCSC system. TCSC shows the characteristics of time-
delay nonlinearity due to the time-delay between triggering
time and turn-on time of its thyristor controller [4, 5]
As uncertain parameter, damping coefficient is difficult to
measure accurately in practice; external disturbances can be
mainly caused by interference on generator rotor windings
and the fluctuation on susceptance. These problems often
deteriorate the performance and increase the difficulty in the
design of TCSC robust controller significantly.

The proportional-integral-derivative (PID) control is
commonly used to control nonlinear systems based on
feedback linearization [6, 7]. PID was applied for TCSC

controller design by assuming that accurate system models
are available [8]. However, feedback linearization not only
linearizes the useful nonlinearities but also requires an
accurate model which is difficult to obtain. Therefore, when
the operating conditions of the system fluctuate widely, the
transient stability of the TCSC system cannot be guaranteed
if models are not obtained precisely.

Recently, adaptive backstepping is an optional method
to mitigate the effects of nonlinearities and external distur-
bances on the system performance without linearization [9,
10].The core concept of the adaptive backstepping is to design
a controller recursively by considering some of the state
variables as “virtual controls” and designing intermediate
control laws for these variables [11–14]. Some TCSC control
methods are proposed on the basis of adaptive backstepping
[15, 16]. Nonetheless, this method is flawed with certain
shortcomings. The transient stability of a closed-loop system
cannot be guaranteed when the parameter estimator is fixed
to its limit value and the system running time approaches
infinity [17]. In other words, if the estimator is fixed, the
estimation error will be accumulated in constructing control
Lyapunov function (CLF) and the coupling terms between
states and estimation error will be also accumulated as
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running time increase. Thus, the transient stability of the
close-loop system cannot be guaranteed.

To avoid this oscillation, a new method named system
immersion and manifold invariant (I&I) adaptive control
can provide a mean of shaping the dynamic response of
the estimation error even if estimators reach the limit of
its capacity [18, 19]. Unlike conventional adaptive control
schemes relying on certainty equivalence principle, I&I
adaptive control provides an alternative approach which
avoids the cancellation of terms in the derivative of the
Lyapunov function [20]. This method was used for SVC of
a SMIB system to enhance the stability and improve the
transient response [14]. However, I&I adaptive control has
not been adopted in estimation of uncertain parameter in
nonlinear systems with time-delay nonlinearity and external
disturbances.

Sliding mode control can combine with backstepping to
design the control law of nonlinear TCSC system, which is
insensitive to nonlinearity and external disturbances with
matching condition [21–23]. There are two processes in
sliding mode motion: making the orbit approach sliding
mode and keeping the orbit in sliding mode surface. As
the orbit in sliding mode is achieved, the robustness of
control system can be guaranteed on account of the advantage
of sliding mode control which is insensitive to parameter
perturbation and external disturbances, whereas the robust-
ness of control system cannot be guaranteed before the
motion orbit reach to sliding mode surface. By combining
the advantages of both robust control and sliding control,
robust sliding control method was developed to address
this problem and achieve good performance in [24, 25].
However, the robust sliding mode control has not been
adopted for nonlinear TCSC system when time-delay is
involved.

In this paper, an enhanced robust control method is
proposed to improve stability and robustness of TCSC sys-
tem by simultaneously addressing the problems involving
the existing nonlinear time-delay, uncertain parameter, and
external disturbances. This proposed controller consists of
the design of adaptive law and control law.As for adaptive law,
the I&I adaptive control is first adopted to estimate uncertain
parameter in TCSC system and it achieves excellent result
in avoiding the oscillation of states caused by the coupling
between parameter estimator and system state. With regard
to control law, the influences of time-delay nonlinearity and
external disturbances are solved by constructing the control
law based on backstepping sliding mode control. Simulation
results show that better performance in transient and steady
state response is achieved compared with adaptive back-
stepping sliding mode control and adaptive backstepping
control.

2. TCSC System Model and Control Objective

Figure 1 shows the single-machine infinite-bus system with
TCSC.

The dynamic model of the TCSC system is expressed by
the following nonlinear differential equations [5, 26, 27]:

G

VS

X４＃３＃

XL
XT

Figure 1: Single-machine infinite-bus power system with TCSC.

�̇� = 𝜔 − 𝜔0,
�̇� = 𝜔0𝐻 (𝑃𝑚 − 𝐸𝑞𝑉𝑠𝐵TCSC sin 𝛿) − 𝐷

𝐻 (𝜔 − 𝜔0)
+ 𝜀1,

�̇�TCSC = 1
𝑇TCSC (−𝐵TCSC (𝑡 − 𝑑) + 𝐵TCSC0 + 𝑢𝐵) + 𝜀2,

(1)

where 𝛿, 𝜔, and 𝐵TCSC are state variables denoting generator
rotor angle, generator rotor angular speed, and equivalent
susceptance, respectively.The physical significance of param-
eters in (1) is shown in Physical Significance of Parameters.

In Physical Significance of Parameters, time-delay 𝑑 is
caused by the differences between triggering time and turn-
on time of its thyristor controller. Damping coefficient 𝐷 is
viewed as an uncertain parameter, and the relational expres-
sion 𝜃 = −𝐷/𝐻 is also the uncertain parameter. 𝑢𝐵 is the
equivalence input of SVC regulator. In the equation 𝐵TCSC =1/𝑋1 + 𝑋2 − 𝑋1𝑋2(𝐵𝐿 − 𝐵𝐶), 𝐵𝐶 is the susceptance of the
capacitor in the TCSC. 𝐵𝑙 is the susceptance of the inductor
of the TCR.𝑋1 = 𝑥𝑑 +𝑋𝑇 +𝑋𝐿1 is the total impedance from
the generator to the injection of the SVC device with 𝑥𝑑 being
the transient reactance of the generator on the direct axis and𝑋𝑇 being the reactance of the transformer. 𝑋2 is the total
impedance from the injection of the SVCdevice to the infinite
bus.The two external disturbances are as follows: 𝜀1 is defined
as the interference on generator rotor windings and 𝜀2 is the
fluctuation on susceptance, respectively [14, 27]. As a result,
the controlled TCSC is an uncertain and nonlinear system
involving time-delay nonlinearity, uncertain parameter, and
external disturbances.

To simplify (1), three state variables are redefined as 𝑥1 =𝛿 − 𝛿0, 𝑥2 = 𝜔 − 𝜔0, and 𝑥3 = 𝐵TCSC − 𝐵TCSC0, respectively,
and we have
�̇�1 = 𝑥2,
�̇�2 = 𝜃𝑥2 + 𝑘1𝑃𝑚 − 𝑘2 (𝑥3 + 𝐵TCSC0) sin (𝑥1 + 𝛿0) + 𝜀1,
�̇�3 = 𝑘3 (−𝑥3 (𝑡 − 𝑑) + 𝑢𝐵) + 𝜀2,

(2)

𝑘1 = 𝜔0𝐻 ,

𝑘2 = 𝜔0𝐸𝑞𝑉𝑠
𝐻 ,

𝑘3 = 1
𝑇TCSC ,

𝜃 = −𝐷
𝐻 .

(3)
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Figure 2: Geometric description of immersion and invariance.

The output of TCSC system is expressed as y =
[q1x1 q2x2]T, where 𝑞1 and 𝑞2 are nonnegative weighted
coefficients which represent the weighted proportions of the
state variables 𝑥1 and 𝑥2 in output.

The proposed method involves an adaptive law ( ̇̂𝜃) and
a control law (𝑢𝐵). The objective of designing TCSC robust
controller is to guarantee that all the state variables can
attain stability and eventually converge to equilibrium points
in the nonlinear TCSC system. In addition, by using the
proposed robust controller, the robustness of the TCSC
robust controller is guaranteed, the performance and speed
of transient responses is improved, and the time of reaching
steady state is reduced.

3. Design of Robust Controller for
Nonlinear TCSC

It divided three sections to introduce our proposed method
in designing robust controller. In Section 3.1, I&I adaptive
control is adopted for adaptive law ̇̂𝜃 design, which can ensure
that the estimation error of �̂� − 𝜃 gradually converged to zero.
In Section 3.2, backstepping sliding mode control is used for
control law 𝑢𝐵 design recursively. The dissipation inequality
is constructed in each step for guaranteeing the robustness of
the subsystem. In Section 3.3, the stability and robustness of
the TCSC control system are verified.

3.1. Adaptive Law Design. Figure 2 shows the mapping
between the trajectories of the controlled and target system
based on the notions of system immersion and manifold
invariance.

The purpose of I&I methodology is to achieve stabiliza-
tion by immersing the plant dynamics into a stable (lower-
order) target system [20, 28]. The I&I adaptive control
proposes an alternative approach avoiding the cancellation of
terms in the derivative of the Lyapunov function and provides
a mean of shaping the dynamic response of the estimation
error [29].

Define a manifold

𝑍𝑒 = �̂� − 𝜃 + 𝜑 (𝑥1, 𝑥2) = 0, (4)

where 𝜃 is an uncertain parameter, �̂� is the estimation value
of 𝜃, and 𝑍𝑒 is an estimation error function. 𝜑(𝑥1, 𝑥2) is a

continuous function. The dynamics of (4) along with system
(2) are

�̇�𝑒 = ̇̂𝜃 + 2∑
𝑘=1

𝜕𝜑
𝜕𝑥𝑘 × �̇�𝑘 = ̇̂𝜃 + 𝜕𝜑

𝜕𝑥1 𝑥2 +
𝜕𝜑
𝜕𝑥2 (𝜃𝑥2

+ 𝑘1𝑃𝑚 − 𝑘2 (𝑥3 + 𝐵TCSC0) sin (𝑥1 + 𝛿0) + 𝜀1) ,
(5)

where 𝜀1 is a bounded function denoting the interference on
generator rotor windings.

By cancelling out all the parameter-independent terms,
an adaptive law ̇̂𝜃 is designed as

̇̂𝜃 = − 𝜕𝜑
𝜕𝑥1 𝑥2 −

𝜕𝜑
𝜕𝑥2 ((�̂� + 𝜑) 𝑥2 + 𝑘1𝑃𝑚

− 𝑘2 (𝑥3 + 𝐵TCSC0) sin (𝑥1 + 𝛿0)) .
(6)

Substituting (6) into (5), we have

�̇�𝑒 = − 𝜕𝜑
𝜕𝑥2𝑍𝑒𝑥2 +

𝜕𝜑
𝜕𝑥2 𝜀1. (7)

Design a CLF as

𝑉 = 1
2𝑍𝑒2 +

1
4𝜌ℎ12 (ℎ2 − 𝑥2) , (8)

where ℎ1 is the least upper bound of external disturbance 𝜀1,
that is, ℎ1 ≥ |𝜀1|, due to the physical significance of external
disturbance on generator rotor windings [14, 27, 30]; ℎ2 is the
least upper bound of generator rotor angular 𝑥2 due to the
limitation of generator rotor, that is, ℎ2 ≥ |𝑥2|.

Let 𝜑(𝑥1, 𝑥2) = (1/2)𝜌𝑥22 with 𝜌 > 0, and the dynamics
of (8) is

�̇� = 𝑍𝑒 (− 𝜕𝜑
𝜕𝑥2𝑍𝑒𝑥2 +

𝜕𝜑
𝜕𝑥2 𝜀1) − 1

4𝜌ℎ12

= −𝜌𝑍𝑒2𝑥22 + 𝜌𝑍𝑒𝑥2𝜀1 − 1
4𝜌ℎ12.

(9)

Since ℎ1 ≥ |𝜀1|, we can obtain −(1/4)𝜌ℎ12 ≤ −(1/4)𝜌𝜀12
and then have

�̇� = −𝜌𝑍𝑒2𝑥22 + 𝜌𝑍𝑒𝑥2𝜀1 − 1
4𝜌ℎ12

≤ −𝜌𝑍𝑒2𝑥22 + 𝜌𝑍𝑒𝑥2𝜀1 − 1
4𝜌𝜀12

= −𝜌(𝑍𝑒𝑥2 − 1
2𝜀1)
2 ≤ 0.

(10)

According to Lyapunov stability theorem, the pro-
posed adaptive law ̇̂𝜃 and the selected continuous function𝜑(𝑥1, 𝑥2) = (1/2)𝜌𝑥22 can ensure that𝑍𝑒 converges to zero in
finite time.

Remark 1. Unlike the conventional adaptive control based on
certainty equivalency principle, the proposed adaptive law
can introduce a continuous function 𝜑(𝑥1, 𝑥2) to compensate
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the residual estimation error �̂�−𝜃. Furthermore, by requiring
the estimation error to converge to zero, the stability and
convergence of system (7) are guaranteed based on the
proposed adaptive law and the selected continuous function.
Therefore, the error accumulation of the coupling terms is
avoided even if the parameter estimates are fixed.

Remark 2. Theoretically, there is a large flexibility in selecting𝜑(𝑥1, 𝑥2) which can guarantee that lim𝑡→∞𝑍𝑒(𝑡) = 0. For
simplicity, we let 𝜑(𝑥1, 𝑥2) = (1/2)𝜌𝑥22, which is the lowest
order and simplest form of 𝜑(𝑥1, 𝑥2).
Remark 3. The selected 𝜑(𝑥1, 𝑥2) and the designed adaptive
law are not only guarantee that the estimation error 𝑍𝑒 con-
verges to zero but also ensure that the parametric manifold
𝐼𝑒 = {(𝑥, �̂�) ∈ 𝑅3 × 𝑅1 | �̂� − 𝜃 + 𝜑(𝑥1, 𝑥2) = 0} is invariant and
attractive [28, 29].

3.2. Control Law Design. In this section, the control law
is designed by using backstepping sliding mode control
method in TCSC system with time-delay nonlinearity and
external disturbances. Three steps are constructed to design
the control law recursively. In each step, the dissipation
inequality is satisfied to guarantee the robustness of TCSC
control system.

Based on dissipation theory, an inequation external dis-
turbances is constructed as

𝑉 (𝑥 (𝑇)) − 𝑉 (𝑥 (0)) ≤ ∫𝑇
0
𝑠 (Δ) 𝑑𝑡; (11)

𝑉(𝑥) is an energy storage function. 𝑠(Δ) = 𝛾‖Δ‖2 −
‖𝑦‖2 is an energy supply function, where Δ = (𝜀1, 𝜀2)𝑇 is
external disturbance, 𝛾 is a nonnegative constant, and 𝑦 =
[𝑞1𝑥1 𝑞2𝑥2]𝑇 is the output of the TCSC system. From (11),
the dissipation inequality is achievable provided that the 𝐿2
gain from the disturbance to the output of the system is
smaller than or equal to 𝛾, where 𝛾 is disturbance attenuation
constant.

According to the definitions above, the control law is
designed as follows.

Define error state variables 𝑧𝑖 (𝑖 = 1, 2, 3)
𝑧1 = 𝑥1,
𝑧2 = 𝑥2 − 𝑥2∗,
𝑧3 = 𝑥3 − 𝑥3∗,

(12)

where 𝑥2∗ and 𝑥3∗ are virtual control law. The derivative of𝑧1 along with (2) is

�̇�1 = 𝑥2 = 𝑧2 + 𝑥2∗. (13)

Step 1. The first CLF is

𝑉1 = 1
2𝑧12, (14)

and the derivative of 𝑉1 along with (13) is

�̇�1 = 𝑧1𝑧2 + 𝑧1𝑥2∗. (15)

To satisfy Lyapunov stability theorem, the virtual control
law 𝑥2∗ is

𝑥2∗ = −𝑐1𝑧1, (16)

where 𝑐1 is a positive constant. Substituting (16) into (15), it
can be seen clearly that �̇�1 ≤ 0 when 𝑧2 = 0. However, when𝑧2 ̸= 0, we can construct the second CLF in Step 2.

Step 2. The second CLF is

𝑉2 = 𝑉1 + 1
2𝑧22, (17)

and the derivative of 𝑉2 along with (15) is

�̇�2 = �̇�1 + 𝑧2�̇�2. (18)

Define a function𝑀1 as
𝑀1 = �̇�2 + 1

2 (𝑦
2 − 𝛾2 𝜀12) . (19)

Substituting 𝑦 = [𝑞1𝑥1 𝑞2𝑥2]𝑇 into (19), (19) can be
rewritten as

𝑀1 = −𝛼𝑧12 − (𝛾𝜀12 − 𝑧2𝛾 )
2 − 1

4𝛾2𝜀12 + 𝑧2 [𝜂1𝑥1
+ 𝜂2𝑥2 + 𝜃𝑥2 + 𝑘1𝑃𝑚
− 𝑘2 (𝑥3 + 𝐵TCSC0) sin (𝑥1 + 𝛿0)] ,

(20)

where

𝛼 = 𝑐1 − 1
2𝑞12 −

1
2𝑞22𝑐12,

𝜂1 = 𝑐1𝛾2 −
𝑐12 𝑞22 + 1,

𝜂2 = 1
𝛾2 +

1
2𝑞22 − 𝑐1.

(21)

To guarantee that𝑀1 ≤ 0, 𝑥3∗ is

𝑥3∗ = 𝜂1𝑥1 + 𝜂2𝑥2 + (�̂� + 𝜑) 𝑥2 + 𝑘1𝑃𝑚
𝑘2 sin (𝑥1 + 𝛿0) − 𝐵TCSC0, (22)

substituting 𝑥3 = 𝑥3∗ + 𝑧3 and (22) into (20), we have

𝑀1 = −𝛼𝑧12 − (𝛾2𝜀1 −
𝑧2𝛾 )
2 − 1

4𝛾2𝜀12 − 𝑧2𝑥2𝑍𝑒
− 𝑘2 sin (𝑥1 + 𝛿0) 𝑧2𝑧3.

(23)

According to Remark 3, we can obtain𝑀1 ≤ 0 when 𝑧3 = 0.
But, when 𝑧3 ̸= 0, we can get into Step 3.

Step 3. Design sliding surface 𝑠 = 𝜆1𝑧1 + 𝜆2𝑧2 + 𝑧3 = 0,
where 𝜆1 and 𝜆2 are designed parameters. To ensure the
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wholeTCSC system is globally asymptotically stable, the third
CLF is

𝑉3 = 1
2𝑧12 +

1
2𝑧22 +

1
2𝑠2 + ∫𝑡

𝑡−𝑑
𝑞 (𝑥 (𝜏)) 𝑑𝜏, (24)

where 𝑞(𝑥(𝜏)) is a nonnegative function. The derivative of 𝑉3
is

�̇�3 = 𝑧1�̇�1 + 𝑧2�̇�2 + 𝑠 ̇𝑠 + 𝑞 (𝑥 (𝑡)) − 𝑞 (𝑥 (𝑡 − 𝑑)) ; (25)

𝑀2 is designed as

𝑀2 = �̇�3 + 1
2 (𝑦

2 − 𝛾2 𝜀12 − 𝛾2 𝜀22) . (26)

Substituting the control output and (25) into (26), we
obtain

𝑀2 = �̇�3 + 1
2 (𝑦

2 − 𝛾2 𝜀12 − 𝛾2 𝜀22) = −𝛼𝑧12

− (𝛾2𝜀1 −
𝑧2𝛾 )
2 − 1

4𝛾2𝜀12 − 𝑧2𝑥2𝑍𝑒 − 1
2𝛾2𝜀22 − 𝑘2

⋅ sin (𝑥1 + 𝛿0) 𝑧2𝑧3 + 𝑠 (𝜆1𝑥2 + 𝜆2�̇�2 + 𝜆2𝑐1𝑥2
+ 𝑘3 (−𝑥3 (𝑡 − 𝑑) + 𝑢𝐵) + 𝜀2 − �̇�3∗) + 𝑞 (𝑥 (𝑡))
− 𝑞 (𝑥 (𝑡 − 𝑑)) .

(27)

Let 𝑧3 = 𝑠 − 𝜆1𝑧1 − 𝜆2𝑧2; (27) is rewritten as

𝑀2 = − (𝛼 − 𝜆12) 𝑧12 − (𝛾2𝜀1 −
𝑧2𝛾 )
2 − [𝜆2𝑘2

⋅ sin (𝑥1 + 𝛿0) − 1
4𝑘22sin2 (𝑥1 + 𝛿0)] 𝑧22 − [𝜆1𝑧1

− 1
2𝑘2 sin (𝑥1 + 𝛿0) 𝑧2]

2 − [𝛾2𝜀1 −
𝑠
𝛾 (𝜆2

− 𝜂2 + �̂� + 𝜑
𝑘2 sin (𝑥1 + 𝛿0))]

2

− 1
2 (𝛾𝜀2 −

𝑠
𝛾)
2 − 𝑧2𝑍𝑒𝑥2

+ 𝑠{{{
𝑠
𝛾2 (𝜆2 −

𝜂2 + �̂� + 𝜑
𝑘2 sin (𝑥1 + 𝛿0))

2

− 𝑘2
⋅ sin (𝑥1 + 𝛿0) 𝑧2 + (𝜆1 + 𝜆2�̂� + 𝜆2𝑐1) 𝑥2 − 𝜆2𝑘2
⋅ sin (𝑥1 + 𝛿0) (𝐵TCSC0 + 𝑥3) + 𝑠

2𝛾2 + 𝜆2𝑘1𝑃𝑚
− 𝑘3𝑥3 (𝑡 − 𝑑) + 𝑘3𝑢𝐵 − 1

𝑘2 sin (𝑥1 + 𝛿0) [𝜂1𝑥2
+ ( ̇̂𝜃 + �̇�) 𝑥2 (�̂� + 𝜑 + 𝜂2)
⋅ (�̂�𝑥2 + 𝑘1𝑃𝑚 − 𝑘2 sin (𝑥1 + 𝛿0) (𝑥3 + 𝐵TCSC0))]

+ cos (𝑥1 + 𝛿0) 𝑥2𝑘2 sin2 (𝑥1 + 𝛿0) (𝜂1𝑥1 + 𝜂2𝑥2 + (�̂� + 𝜑) 𝑥2

+ 𝑘1𝑃𝑚)}}}
+ 𝑞 (𝑥 (𝑡)) − 𝑞 (𝑥 (𝑡 − 𝑑)) .

(28)
Define an nonnegative function 𝑞(𝑥(𝑡)) = |𝑘3𝑠𝑥3(𝑡)|, and

then we can obtain 𝑞(𝑥(𝑡−𝑑)) = |𝑘3𝑠𝑥3(𝑡−𝑑)|. An inequation
is established as

− 𝑘3𝑠𝑥3 (𝑡 − 𝑑) ≤ 𝑘3𝑠𝑥3 (𝑡 − 𝑑) . (29)
Moreover, to ensure the robustness and stability of the

nonlinear TCSC control system, the control law is then
designed as

𝑢𝐵 = − 1
𝑘3

{{{
𝑠
𝛾2 (𝜆2 −

𝜂2 + �̂� + 𝜑
𝑘2 sin (𝑥1 + 𝛿0))

2

− 𝑘2
⋅ sin (𝑥1 + 𝛿0) 𝑧2 + (𝜆1 + 𝜆2�̂� + 𝜆2𝑐1) 𝑥2 − 𝜆2𝑘2
⋅ sin (𝑥1 + 𝛿0) (𝐵TCSC0 + 𝑥3) + 𝑠

2𝛾2 + 𝜆2𝑘1𝑃𝑚
− 1
𝑘2 sin (𝑥1 + 𝛿0) [𝜂1𝑥2 + ( ̇̂𝜃 + �̇�) 𝑥2

+ (�̂� + 𝜑 + 𝜂2)
⋅ (�̂�𝑥2 + 𝑘1𝑃𝑚 − 𝑘2 sin (𝑥1 + 𝛿0) (𝑥3 + 𝐵TCSC0))]
+ cos (𝑥1 + 𝛿0) 𝑥2𝑘2 sin2 (𝑥1 + 𝛿0) (𝜂1𝑥1 + 𝜂2𝑥2 + (�̂� + 𝜑) 𝑥2

+ 𝑘1𝑃𝑚) − 𝜇 𝑘3𝑥3 (𝑡) + 𝜎𝑠}}}
,

(30)

where 𝜎 is a nonnegative sliding mode observer gain and 𝜇 is
a sign function, which is defined as 𝜇 = −1 when 𝑠 → 0+ and𝜇 = 1 when 𝑠 → 0−.

Substituting 𝑞(𝑥(𝑡)) = |𝑘3𝑠𝑥3(𝑡)|, 𝑞(𝑥(𝑡 − 𝑑)) = |𝑘3𝑠𝑥3(𝑡 −𝑑)|, (29), and (30) into (28), (28) is rewritten as
𝑀2

≤ − (𝛼 − 𝜆12) 𝑧12 − (𝛾2𝜀1 −
𝑧2𝛾 )
2

− [𝜆2𝑘2 sin (𝑥1 + 𝛿0) − 1
4𝑘22sin2 (𝑥1 + 𝛿0)] 𝑧22

− [𝜆1𝑧1 − 1
2𝑘2 sin (𝑥1 + 𝛿0) 𝑧2]

2

− [𝛾2𝜀1 −
𝑠
𝛾 (𝜆2 +

𝜂2 + �̂� + 𝜑
𝑘2 sin (𝑥1 + 𝛿0))]

2

− 1
2 (𝛾𝜀2 −

𝑠
𝛾)
2 − 𝑧2𝑍𝑒𝑥2 − 𝜎𝑠2 ≤ 0.

(31)



6 Mathematical Problems in Engineering

To guarantee 𝜆2𝑘2sin(𝑥1 + 𝛿0) − (1/4)𝑘22sin2(𝑥1 + 𝛿0) ≥0 with 𝑘2 ≥ 0, we can get 𝜆2 ≥ (1/4)𝑘2 if sin(𝑥1 + 𝛿0) ≥0 and 𝜆2 < −(1/4)𝑘2 if sin(𝑥1 + 𝛿0) < 0. Furthermore, the
parameters 𝜆1, 𝜆2, 𝑘2, and 𝑐1 are selected to ensure that 𝛼 −𝜆12 ≥ 0 and 𝜆2𝑘2sin(𝑥1 + 𝛿0) − (1/4)𝑘22sin2(𝑥1 + 𝛿0) ≥ 0.
Therefore, according to Remark 3, we can obtain 𝑀2 ≤ 0 as
time approaches to infinity.

3.3. Proof of System Stability. The dynamics of closed-loop
error system are expressed as

�̇�1 = �̇�1,
�̇�2 = �̇�2 − �̇�2∗,
�̇�3 = �̇�3 − �̇�3∗.

(32)

Substituting virtual control input 𝑥2∗ and 𝑥3∗ into (32),
we can obtain
�̇�1 = �̇�1 = 𝑧2 − 𝑐1𝑧1,
�̇�2 = �̇�2 − �̇�2∗

= 𝜃𝑥2 + 𝑘1𝑃𝑚 − 𝑘2 (𝑥3 + 𝐵TCSC0) sin (𝛿0 + 𝑥1) + 𝜀1
+ 𝑐1𝑧2 − 𝑐12𝑧1,

�̇�3 = �̇�3 − �̇�3∗ = 𝑘3 (−𝑥3 (𝑡 − 𝑑) + 𝑢𝐵) + 𝜀2 − �̇�3∗.

(33)

The asymptotic stability of the closed-loop error system
(33) is discussed in two different conditions.

Firstly, when the external disturbances 𝜀1 ̸= 0 and 𝜀2 ̸= 0,
a relationship according to (26) and (31) is constructed as

𝑀2 = �̇�3 + 1
2 (𝑦

2 − 𝛾2 𝜀12 − 𝛾2 𝜀22)

≤ − (𝛼 − 𝜆12) 𝑧12 − (𝛾2𝜀1 −
𝑧2𝛾 )
2

− [𝜆2𝑘2 sin (𝑥1 + 𝛿0) − 1
4𝑘22sin2 (𝑥1 + 𝛿0)] 𝑧22

− [𝜆1𝑧1 − 1
2𝑘2 sin (𝑥1 + 𝛿0) 𝑧2]

2

− [𝛾2𝜀1 −
𝑠
𝛾 (𝜆2 +

𝜂2 + �̂� + 𝜑
𝑘2 sin (𝑥1 + 𝛿0))]

2

− 1
2 (𝛾𝜀2 −

𝑠
𝛾)
2 − 𝑧2𝑍𝑒𝑥2 − 𝜎𝑠2 ≤ 0.

(34)

Let 𝑉(𝑥) = 2𝑉3(𝑥); an inequation with regard to �̇�3 is
expressed as

�̇� = 2�̇�3 ≤ 𝛾2 𝜀12 + 𝛾2 𝜀22 − 𝑦2 . (35)
By integrating both sides of (35), the dissipation inequal-

ity is
𝑉 (𝑥 (𝑡)) − 𝑉 (𝑥 (0))

≤ ∫𝑇
0
(𝛾2 𝜀12 + 𝛾2 𝜀22 − 𝑦2) 𝑑𝑡.

(36)

The dissipation inequality (34) is satisfied and the robust-
ness of TCSC controller is guaranteed by using the proposed
method. This implies that all the increased energy of the
system from 𝑡 = 0 to 𝑇 is always equal to or less than the
ones fromoutside.Therefore, the energy of power systems has
been decreasing. Obviously, the proposed method consisting
of the designed law 𝑢𝐵 and the adaptive law ̇̂𝜃 can guarantee
that the closed-loop error system is globally asymptotically
stable.

Secondly, when the external disturbances are not
involved, we can construct Lemma 4 and prove it as below.

Lemma 4. Based on the above derivations, one can conclude
that the dynamics of closed-loop error system are asymptoti-
cally stable when 𝜀1 = 0 and 𝜀2 = 0.
Proof. Substituting 𝜀1 = 0 and 𝜀2 = 0 into (34), we have
�̇�3 + 1

2 𝑦
2

≤ − (𝛼 − 𝜆12) 𝑧12 − (𝑧2𝛾 )
2

− [𝜆2𝑘2 sin (𝑥1 + 𝛿0) − 1
4𝑘22sin2 (𝑥1 + 𝛿0)] 𝑧22

− [𝜆1𝑧1 − 1
2𝑘2 sin (𝑥1 + 𝛿0) 𝑧2]

2

− [ 𝑠𝛾 (𝜆2 −
𝜂2 + �̂� + 𝜑

𝑘2 sin (𝑥1 + 𝛿0))]
2

− 1
2 (

𝑠
𝛾)
2

− 𝜎𝑠2 ≤ 0.

(37)

According to �̇�3 + (1/2)‖𝑦‖2 ≤ 0 and (1/2)‖𝑦‖2 =(1/2)(𝑞12𝑥12 + 𝑞22𝑥22) > 0, we can obtain �̇�3 ≤ 0 and have

𝑉3 (𝑡) ≤ 𝑉3 (0) , (38)

where 𝑡 ≥ 0. Furthermore, according to 𝑉3 = (1/2)𝑧12 +(1/2)𝑧22 + (1/2)𝑠2 + ∫𝑡
𝑡−𝑑

𝑞(𝑥(𝜏))𝑑𝜏 with 𝑞(𝑥(𝑡)) = |𝑘3𝑠𝑥3(𝑡)|,
we have 𝑉3(𝑡) ≥ 0.

Since𝑉3(0) is bounded,𝑉3(𝑡) ≥ 0, and �̇�3(𝑡) ≤ 0, then we
know that 𝑉3(𝑡) is nonincreasingly bounded and 𝑧1, 𝑧2, 𝑠, 𝑥1,
and 𝑥2 are all bounded.

Define 𝑄(𝑡) = �̇�3(𝑡), and the integral of 𝑄(𝑡) is
∫𝑡
0
𝑄 (𝜏) 𝑑𝜏 = 𝑉3 (𝑡) − 𝑉3 (0) . (39)

According to 𝑉3(𝑡) which is nonincreasingly bounded,�̇�3(𝑡) ≤ 0, and 𝑉3(𝑡) ≥ 0, we obtain the fact that
lim𝑡→∞ ∫𝑡0 𝑄(𝜏)𝑑𝜏 exists. Finally, lim𝑡→∞�̇�3(𝑡) = 0 is achiev-
able due to Barbalat’s Lemma (Barbalat, 1959).

Moreover, due to lim𝑡→∞�̇�3(𝑡) = 0 and 𝑧1, 𝑧2, 𝑥2, 𝑥1, and𝑠, which are all bounded, 𝑉3 ≥ 0, we have 𝑧1 → 0, 𝑧2 → 0,𝑥1 → 0, 𝑥2 → 0, and 𝑠 → 0 when 𝑡 → ∞. In addition, the
sliding surface is defined as 𝑠 = 𝜆1𝑧1 + 𝜆2𝑧2 + 𝑧3, and then
we can get 𝑧3 = 𝑠 − 𝜆1𝑧1 − 𝜆2𝑧2.Obviously, it is obtained that𝑧3 → 0 as 𝑡 → ∞. Lemma 4 holds.
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Figure 3: Transient responses in case 1: (a) transient responses of rotor angle; (b) transient responses of rotor angular speed; (c) transient
responses of equivalent susceptance.

As a result, the control objective is achieved by using the
designed law 𝑢𝐵 and the adaptive law ̇̂𝜃. This implies that all
the responses of state variables attain stability and eventually
converge to equilibrium points.

4. Simulations

The MATLAB software is performed in TCSC simulations.
According to operating characteristics of TCSC system, the
time-delay between the triggering time and turn-on time is
equal to or less than 0.04 s.The damping coefficient is viewed
as the uncertain parameter. The external disturbances in the
system are 𝜀1 = 𝑒−2𝑡sin(5𝑡) and the unknown fluctuation
on susceptance is 𝜀2 = 𝑒−2𝑡cos(5𝑡), respectively [14, 27]. The
parameters used in the simulation are given in Table 1.

The generator rotor angle 𝛿, generator rotor angular speed𝜔, and equivalent susceptance 𝐵TCSC are the state variables
whose transient response trajectories are tracked. The initial

operating values are 𝛿0 = 57.1∘, 𝜔0 = 314.159 rad/s, and𝐵TCST0 = 0.4 pu.
Four case studies are performed to simulate the nonlinear

TCSC systems with different delay times 𝑑 or attenuation
coefficient 𝛾. Cases 1–3 aim to compare the stability and
robustness of TCSC control systems designed by the pro-
posed adaptive immersion and invariance backstepping slid-
ing mode (AIIBSM) method, adaptive backstepping sliding
mode (ABSM) method, and adaptive backstepping method
(AB). 𝑑 and 𝛾 are set to 0.01 s and 2 in case 1, 0.02 s and 2 in
case 2, and 0.04 s and 2 in case 3. In case 4, simulations of
our designed TCSC system with 𝑑4 = 0.02 s are performed at𝛾1 = 2 and 𝛾2 = 5, respectively.

Figure 3 shows the comparisons between the proposed
method and the two existing methods in case 1, where𝑑1 = 0.01 and 𝛾1 = 2. The transient responses of three
state variables, that is, rotor angle, rotor angular speed, and
equivalent susceptance, are investigated, respectively. It can
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Figure 4: Transient responses in case 2: (a) transient responses of rotor angle; (b) transient responses of rotor angular speed; (c) transient
responses of equivalent susceptance.

Table 1: Parameters for nonlinear TCSC system simulations.

System parameters Values and units

Generator 𝐻 = 8 (p.u.); 𝑉𝑠 = 1.0 (p.u.); 𝐸𝑞 = 1.08
(p.u.); 𝑃𝑚 = 1.0 (p.u.);

Transmission line 𝑋1 = 0.84 (p.u.);𝑋2 = 0.52 (p.u.);
TCSC 𝐵TCSC0 = 0.814 (p.u.); 𝐵𝐿 + 𝐵𝐶 = 0.3

(p.u.); 𝑇TCSC = 0.02 (s);
Output weighted coefficient 𝑞1 = 0.4; 𝑞2 = 0.6;
Sliding mode gain 𝜆1 = 1; 𝜆2 = 1; 𝜎 = 100;
Unfixed parameter 𝑑 = 0.01, 0.02, 0.04; 𝛾 = 2, 5;

be seen that the transient responses of the state variables
of the AIIBSM controller are faster and the AIIBSM system
tends to attain stability more rapidly, whereas the transient
responses of the ABSM and AB controllers fluctuate faster

and the ABSM and AB systems tend to reach stability in
a longer finite time. Especially, three state variables cannot
achieve the steady state in finite time.

Figure 4 shows the transient responses of the three state
variables in case 2, where𝑑2 = 0.02 s and 𝛾1 = 2.The transient
trajectories of the AIIBSM controller fluctuate less strongly
and quickly converge to steady state than compared to those
of the ABSM and AB controllers in finite time, suggesting
that the proposed AIIBSM method results in better system
performance.

Figure 5 shows the transient responses of the three state
variables in case 3, where 𝑑3 = 0.04 and 𝛾1 = 2. The result
of case 3 reveals that the proposed method can guarantee
that the state variables of the nonlinear TCSC system are
globally bounded and transient responses will eventually
converge to a stable value regardless of what delay time is
considered. A comparison of the transient responses of the
AIIBSM controller in the three cases shows that the transient
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Figure 5: Transient responses in case 3: (a) transient responses of rotor angle; (b) transient responses of rotor angular speed; (c) transient
responses of equivalent susceptance.

responses in case 3 converge more slowly and the system
stability is attained in a longer finite time. Similar comparative
results are obtained for the ABSM and AB controllers.

Figure 6 shows transient responses of the three state
variables in case 4. The simulation results are compared to
investigate the effect of the attenuation coefficient 𝛾 on the
stability and robustness of TCSC control systems. It can be
seen that the AIIBSM controller attains more rapid speed
responses and stronger robustness at 𝛾1 = 2 than at 𝛾2 =5. Therefore, the delay time 𝑑 is a crucial nonlinear factor
impacting the transient and steady performance of the TCSC
system. A smaller 𝑑 can lead to better transient stability and
stronger robustness. Furthermore, the attenuation coefficient𝛾 is also a key factor impacting the performance of the control
system. A smaller 𝛾 tends to result in stronger robustness
and smaller oscillation. This result is consistent with the
theoretical analysis.

5. Conclusions

This paper investigates the problems involving time-delay
nonlinearity, uncertain parameter, and external disturbances
in the controller design of TCSC system. An uncertain
parameter is estimated in the adaptive law design based
on I&I adaptive control. The oscillation of states caused
by the coupling between parameter estimator and system
states is avoided, due to the fact that the errors of parameter
estimation can gradually converge to zero by using the
designed adaptive law. In addition, backstepping sliding
mode control is adopted to solve the problems caused by
time-delay nonlinearity and external disturbances in the
control law design. Moreover, by satisfying the dissipation
inequality, the robustness of the proposed TCSC control
system is achieved. Simulation results have confirmed that,
by using the proposed method, all state variables are globally
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Figure 6: Transient responses in case 3: (a) transient responses of rotor angle (b); transient responses of rotor angular speed; (c) transient
responses of equivalent susceptance.

bounded and transient responses eventually converge to
equilibrium points regardless of time-delay.

Physical Significance of Parameters

𝛿: Generator rotor angle𝐻: Inertia constant𝑃𝑚: Mechanical power𝑑: Time-delay𝑇TCSC: Time constant𝜀1,2: External disturbances𝜔: Generator rotor angular speed
𝐸𝑞: Transient electromotive force
𝐷: Damping coefficient𝐵TCSC: Equivalent susceptance𝑉𝑠: Infinite bus voltage𝑢𝐵: Equivalence input.
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Variable neighborhood search (VNS) algorithm is proposed for scheduling identical parallel machine. The objective is to study
the effect of adding a new neighborhood structure and changing the order of the neighborhood structures on minimizing the
makespan. To enhance the quality of the final solution, a machine based encoding method and five neighborhood structures are
used inVNS. Two initial solutionmethodswhichwere used in two versions of improvedVNS (IVNS) are employed, namely, longest
processing time (LPT) initial solution, denoted as HIVNS, and random initial solution, denoted as RIVNS.The proposed versions
are compared with LPT, simulated annealing (SA), genetic algorithm (GA), modified variable neighborhood search (MVNS), and
improved variable neighborhood search (IVNS) algorithms from the literature. Computational results show that changing the order
of neighborhood structures and adding a new neighborhood structure can yield a better solution in terms of average makespan.

1. Introduction

Identical parallel machine scheduling (IPMS) with the objec-
tive of minimizing the makespan is one of the combinational
optimization problems. It is known to be NP-hard by Garey
and Johnson [1] since it does not have a polynomial time
algorithm. Exact algorithms such as branch and bound [2]
and cutting plane algorithms [3] solve this type of IPM and
find optimal solution for small size instances. As the problem
size increases, the exact algorithms are inefficient and take
much time to get a solution.

That disadvantages bring a need for heuristics and meta-
heuristics that give optimal or near optimal solution within
a reasonable amount of time. Longest Processing Time Rule
(LPT) proposed by Mokotoff [4] is the first heuristic applied
in IPMS which has a tight worst case performance of bound
of 4/3–1/3𝑚, where 𝑚 is the number of parallel machines.
LPT is based on distributing jobs on machines according to
maximum processing time and the remaining jobs go one by

one to the least loaded machine until assigning all the jobs to
the machines.The LPT heuristic performs well for makespan
criteria but the solution obtained is often local optima. Later,
Coffman et al. [5] proposed MULTIFIT algorithm that is
based on techniques from bin-packing. Blackstone Jr. and
Phillips [6] proposed a simple heuristic for improving LPT
sequence by exchange jobs between processors to reduce
makespan. Lee and Massey [7] combine two heuristics, LPT
and MULTIFIT, to form a new one. The heuristic uses LPT
heuristic as an initial solution for the MULTIFIT heuristic.
Theperformance of the combined heuristic is better than LPT
and the error bound is not worse than theMULTIFIT. Yue [8]
proved the bound for MULTIFIT to be 13/11. Lee and Massey
[9] extend the MULTIFIT algorithm and show that the error
bound of implementing the algorithm is only 1/10. Garey
and Johnson [1] proposed that 3-phase composite heuristic
consists of constructive phase and two improvement phases
with no preliminary sort of processing times. They showed
that their proposed heuristic is quicker than LPT. Ho and
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Wong [10] introduce Two-Machine Optimal Scheduling
which uses lexicographic search.Their method performs bet-
ter that LPT,MULTIFIT, andMULTIFIT extension algorithm
and it takes less amount of CPU time than MULTIFIT and
MULTIFIT extension algorithms.

Riera et al. [11] proposed two approximate algorithms
that use LPT as an initial solution and compare them
with dynamic programming and MULTIFIT algorithms.
Algorithm 1 uses exchange between two jobs to improve
the makespan. Algorithm 2 schedules a job such that the
completion time and process time of the selected job are
near the bound. Their second algorithm is compared with
MULTIFIT algorithms and results showed similarity to the
MULTIFIT algorithm, but their algorithm reduces CPU
time with respect to MULTIFIT heuristic. Cheng and Gen
[12] applied memetic algorithm to minimize the maximum
weighted absolute lateness on PMS and showed that it out-
performs genetic algorithm and the conventional heuristics.
Ghomi and Ghazvini [13] proposed a pairwise interchange
algorithm, and it gave near optimal solution in a short period
of time.Min andCheng [14] proposed a genetic algorithmGA
using machine code. They showed that GA outperforms LPT
and SA and is suitable for large scale IPMS problems. Gupta
and Ruiz-Torres [15] proposed a LISTFIT heuristic based
on bin-backing and list scheduling. The LISTFIT generate
an optimal or near optimal solution and outperforms LPT,
MULTIFIT, and COMBINE heuristics. Costa et al. [16]
proposed algorithm inspired by the immune systems of
vertebrate animals. Lee et al. [17] proposed a simulated
annealing (SA) approach for makespan minimization on
IPMS. It chooses LPT as an initial solution. Computational
results showed that the SAheuristic outperforms the LISTFIT
and pairwise interchange (PI) algorithms. Moreover, it is
efficient for large scale problems. Tang and Luo [18] propose
a new ILS algorithm combining with a variable number of
cyclic exchanges. Experiments show that the algorithm is
efficient for 𝑃𝑚 ‖ 𝐶max. Akyol and Bayhan [19] proposed
a dynamical neural network that employs parameters of
time varying penalty. The simulation results showed that
the proposed algorithm generated feasible solutions and it
found better makespan when compared to LPT. Kashan and
Karimi [20] presented discrete particle swarm optimization
(DPSO) algorithm for makespan minimization. Computa-
tional results showed that hybridized DPSO (HDPSO) algo-
rithmoutperforms both SA andDPSO algorithms. Sevkli and
Uysal [21] proposed modified variable neighborhood search
(MVNS) which is based on exchange and move neighbor-
hood structures. Computational results demonstrated that
the proposed algorithm outperforms both GA and LPT
algorithms. Min and Cheng [14] proposed a harmony search
(HS) algorithmwith dynamic subpopulation (DSHS). Results
show that DSHS algorithm outperforms SA and HDPSO
for many instances. Moreover, the execution time is less
than 1 sec. for all computations. Chen et al. [22] proposed
discrete harmony search (DHS) algorithm that uses discrete
encoding scheme to initialize the harmony memory (HM),
then the improvisation scheme for generating new harmony
is redefined for suitability for solving the combinational opti-
mization problem. In addition, the study made hybridizing a

local search method with DHS to increase the speed of local
search. Computational results show that theDHS algorithm is
very competitive when compared with other heuristics in the
literature. Jing and Jun-qing [23] proposed efficient variable
neighborhood search that uses four neighborhood structures
and has two versions. One version uses LPT sequence as an
initial solution. The other version uses random sequence as
an initial solution. A computational result demonstrates that
EVNS is efficient in searching global or near global optimum.
M. Sevkli and A. Z. Sevkli [24] proposed stochastically
perturbed particle swarm optimization algorithm (SPPSO).
The algorithm compared two recent PSO algorithms. It
is concluded that SPPSO algorithm has produced better
results than DPSO and PSOspv in terms of the optimal
solutions number. Laha [25] proposed an improved simulated
annealing (SA) heuristic. Computational results show that
the proposed heuristic is better than that produced by the
best-known heuristic in the literature. Other advantages of
it are the ease of implementation. In this paper, the proposed
algorithm of Jing and Jun-qing [23] in their paper “efficient
variable neighborhood search for identical parallel machines
scheduling” is used with some changes on it. One of the
changes is changing in the order of the neighborhood struc-
tures and the other change is adding another neighborhood
structure to get five neighborhood structures in our proposed
algorithm.

The remaining sections of this paper are organized as
follows. In Section 2, a brief description of IPMS problem
is mentioned. In Section 3, the steps of proposed algorithm
are described in detail and the neighborhood structures
of this proposed algorithm are explained. In Section 4,
computational results are discussed. Conclusion is made in
Section 5.

2. Problem Description

The identical parallel machine scheduling (IPMS) problem
can be described as follows.

A set 𝑛 of an independent jobs 𝐽 = {𝐽1, 𝐽2, . . . , 𝐽𝑛} to
be processed on 𝑚 identical parallel machines 𝑀 = {𝑀1,
𝑀2, . . . ,𝑀𝑚}with the processing time of job 𝑖on any identical
machine is given by 𝑝𝑖.

A job can only be processed on one machine simultane-
ously and a machine cannot process more than one job at
a time. Priority and precedence constraints are not allowed.
There is no job cancellation and a job completes its processing
on a machine without interruption.

The objective is to minimize the total completion time
“the makespan” of scheduling jobs on the machines.

This scheduling problem can be described by a triple 𝛼 |
𝛽 | 𝛾 as follows:

𝑃𝑚 ‖ 𝐶max, (1)

where 𝑃 indicates parallel machine environment,𝑚 indicates
number of machines, 𝛽 indicates no constraints in this
problem, and 𝐶max indicates that the objective is to minimize
the makespan.
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Figure 1: The two versions of the proposed algorithms.

This problem is interesting because minimizing the
makespan has the effect of balancing the load over the various
machines, which is an important goal in practice.

3. Development of the Proposed
(IVNS) Algorithm

3.1. Basic VNS. Variable neighborhood search (VNS) is a
metaheuristic proposed by Mladenović and Hansen [26] to
enhance the solution quality by systematic neighborhoods
changes. The main VNS algorithm steps can be summarized
as follows: Initialization: choose the neighborhood structures
set (NK), 𝑘 = 1, 2, . . . , 𝑘max, obtain an initial solution, and
select a stopping condition. Repeat the next steps until the
stopping condition is satisfied:

(1) Set 𝑘 ← 1.
(2) Repeat the following steps until 𝑘 = 𝑘max:

(a) Shaking: generate a point 𝑥 at random from the
𝑘th neighborhood of 𝑥 (𝑥 ∈ 𝑁𝑘(𝑥)).

(b) Local search: apply some local search method
with 𝑥 as initial solution; denote with 𝑥 the so
obtained local optimum.

(c) Move or not: if the local optimum 𝑥 is better
than the incumbent 𝑥, move there (𝑥 ← 𝑥),
and continue the search with 𝑁1 (𝑘 ← 1);
otherwise, set 𝑘 ← 𝑘 + 1, improved variable
neighborhood search (IVNS) algorithm.

As we mentioned earlier, the proposed algorithm is an
addition of the proposed algorithm of Jing and Jun-qing [23].

The proposed algorithms have two versions and two
types for each version as shown in Figure 1. In the first
version, a new neighborhood structure was added to the
four neighborhood structures which are proposed by Jing
and Jun-qing [23] while in the second version the order of
these neighborhood structures was changed. Both versions
use LPT [20] and random initial solutions and are referred
to as “HIVNS” and “RIVNS,” respectively. All these versions
of the proposed algorithm use the same five neighborhood
structures. These neighborhood structures will be discussed
in the following section.

3.2. Neighborhood Structures. Determining the neighbor-
hood structures is critical in the VNS algorithm. To enhance

the local searching abilities, five different kinds of neigh-
borhoods are utilized to find better solutions on a given
schedule in the proposed algorithm, which are designed
based on such an idea that a given solution can be improved
by moving or swapping jobs between the problem machines
(themachines with their finished time equal to themakespan
of the solution) and any other nonproblem machines (the
machines with their finished time less than the makespan of
the solution).

The five neighborhood structures are illustrated as fol-
lows:

(1) Move: move a job 𝐽𝑖 from 𝑀𝑝 to 𝑀𝑛𝑝 if condition
(𝐶𝑀𝑝 − 𝐶𝑀𝑛𝑝 > 𝑝𝑖) is satisfied.

(2) Exchange 1: exchange a job 𝐽𝑖 selected from𝑀𝑝 with
another job 𝐽𝑗 selected from𝑀𝑛𝑝 if (𝑝𝑖 − 𝑝𝑗 > 0) and
(𝐶𝑀𝑝 − 𝐶𝑀𝑛𝑝 > 𝑝𝑖 − 𝑝𝑗).

(3) Exchange 2: exchange two jobs, 𝐽𝑖 and 𝐽𝑗, selected
from𝑀𝑝 with one job 𝐽𝑘 selected from𝑀𝑛𝑝 if (𝑝𝑖 +
𝑝𝑗 − 𝑝𝑘 > 0) and (𝐶𝑀𝑝 − 𝐶𝑀𝑛𝑝 > 𝑝𝑖 + 𝑝𝑗 − 𝑝𝑘).

(4) Exchange 3: exchange two jobs, 𝐽𝑖 and 𝐽𝑗, selected
from𝑀𝑝 with two jobs, 𝐽𝑘 and 𝐽𝑡, selected from𝑀𝑛𝑝
if (𝑝𝑖 + 𝑝𝑗 − (𝑝𝑘 + 𝑝𝑡) > 0) and (𝐶𝑀𝑝 − 𝐶𝑀𝑛𝑝 >
𝑝𝑖 + 𝑝𝑗 − (𝑝𝑘 + 𝑝𝑡)).

(5) Exchange 4: exchange one job 𝐽𝑖, selected from 𝑀𝑝
with two jobs, 𝐽𝑖 and 𝐽𝑘, selected from 𝑀𝑛𝑝 if (𝑝𝑖 −
(𝑝𝑗 + 𝑝𝑘) > 0) and (𝐶𝑀𝑝 − 𝐶𝑀𝑛𝑝 > 𝑝𝑖 − (𝑝𝑗 + 𝑝𝑘)).

The orders assigned to the types proposed of the algo-
rithm are as follows:

(1) The order of “HIVNS1” and “RIVNS1” is “move,
exchange 1, exchange 2, exchange 3, and exchange 4.”

(2) The order of “HIVNS2” and “RIVNS2” is “exchange
3, exchange 1, move, exchange 2, and exchange
4”. Improved VNS (IVNS) flow chart is shown as
Figure 2.

3.3. Steps of IVNS. The steps of IVNS for “HIVNS1” and
“RIVNS1” are shown as follows.

Step 1. Generate initial schedule 𝑋 (generated randomly or
obtain from the LPT rule), MaxIterNum = 100, 𝑖 = 0, and
𝑘max = 5.

Step 2. Compute lower bound: LB(𝐶max) = max{[(1/
𝑚)∑𝑛𝑖=1 𝑝𝑖];max𝑖{𝑝𝑖}}.
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Figure 2: Flow chart of the basic VNS algorithm.

Step 3. Repeat until 𝑓(𝑋) (makespan of 𝑋) is equal to LB or
𝑖 >MaxIterNum.

Step 3.1. For schedule𝑋, distinguish the problemmachine set
(𝑆pm) and the nonproblem machine set (𝑆npm).

Step 3.2. For each machine𝑀𝑝 in 𝑆pm do.

Step 3.2.1. For each machine𝑀𝑛𝑝 in 𝑆npm do.

Step 3.2.1.1. Set 𝐾 = 1, finish = false.

Step 3.2.1.2
Repeat

Switch (𝐾) {
𝐾 = 1: 𝑋 = Move(𝑀𝑝,𝑀𝑛𝑝, 𝑋); break;
𝐾 = 2: 𝑋 = Exchange 1(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
break;

𝐾 = 3: 𝑋 = Exchange 2(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
beak;
𝐾 = 4: 𝑋 = Exchange 3(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
break;
𝐾 = 5: 𝑋 = Exchange 4(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
}
if (𝑓(𝑋) < 𝑓(𝑋)) then set𝑋 = 𝑋, finish =
true, go to Step 3; otherwise, set 𝑘 = 𝑘 + 1,

until 𝑘 = 𝑘max.

Step 3.3. If finish = false then 𝑖 = 𝑖 + 1.

Step 4. Output the best solution𝑋 found so far.

The steps of IVNS for “HIVNS2” and “RIVNS2” are
shown as follows.

Step 1. Generate initial schedule 𝑋 (generated randomly or
obtain from the LPT rule), MaxIterNum = 100, 𝑖 = 0, and
𝑘max = 5.
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Table 1: Number of machines and jobs.

Number of machines 2 5 10 20
Number of jobs 20, 50, 100, 200 20, 50, 100, 200 20, 50, 100, 200 50, 100, 200

Step 2. Compute lower bound: LB(𝐶max) = max{[(1/
𝑚)∑𝑛𝑖=1 𝑝𝑖];max𝑖{𝑝𝑖}}.

Step 3. Repeat until 𝑓(𝑋) (makespan of 𝑋) is equal to LB or
𝑖 >MaxIterNum.

Step 3.1. For schedule𝑋, distinguish the problemmachine set
(𝑆pm) and the nonproblem machine set (𝑆npm).

Step 3.2. For each machine𝑀𝑝 in 𝑆pm do.

Step 3.2.1. For each machine𝑀𝑛𝑝 in 𝑆npm do.

Step 3.2.1.1. Set 𝐾 = 1, finish = false.

Step 3.2.1.2

Repeat

Switch (𝐾) {
𝐾 = 1: 𝑋 = Exchange 3(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
break;
𝐾 = 2: 𝑋 = Exchange 1(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
break;
𝐾 = 3: 𝑋 = Move(𝑀𝑝,𝑀𝑛𝑝, 𝑋); break;
𝐾 = 4: 𝑋 = Exchange 2(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
beak;
𝐾 = 5: 𝑋 = Exchange 4(𝑀𝑝,𝑀𝑛𝑝, 𝑋);
}
if (𝑓(𝑋) < 𝑓(𝑋)) then set𝑋 = 𝑋, finish =
true, go to Step 3; otherwise, set 𝑘 = 𝑘 + 1,

until 𝑘 = 𝑘max.

Step 3.3. If finish = false then 𝑖 = 𝑖 + 1.

Step 4. Output the best solution𝑋 found so far.

4. Computational Results and Comparison

In this section, the results of two versions of the proposed
algorithm were compared with LPT [1], SA [17], GA [14],
MVNS [21], and IVNS [23] algorithms from the literature.
The two versions of the improved variable neighborhood
search algorithms “HIVNS1 and RIVNS1” and “HIVNS2 and
RIVNS2” were coded in MATLAB R2012a and executed on
i5 CPU 5GHz with 6GB of RAM. All of them were stopped
after getting the lower bound or running for 100 iterations for
RIVNS1 and RIVNS2. The number of machines and number
of jobs are shown in Table 1.

The processing time of the jobs is the same as Jing
and Jun-qing [23]. As a result, 15 instances were conducted
and each instance was conducted with 10 generations of
different processing times. The total is 150 instances. The
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Figure 3: Histogram of averages of makespan means.

performance of the algorithms is measured with respect
to the average makespan (mean) and average CPU time
(Avg. time in second). The “mean” performance is a relative
quality measure of solutions computed by 𝐶/LB, where 𝐶
is the average makespan obtained for each instance with 10
generations given by the algorithm and LB is the lower bound
of the instance, calculated in equation that mentioned in
Section 3.3, Step 2. The “Avg. time” refers to the total time it
takes for the algorithm to finish the solution. Table 2 presents
the results of the previous algorithms from the literaturewhile
Table 3 presents the results from the proposed algorithms. By
comparing the results of the average means of the makespan.
It is obvious that the proposed algorithms outperform all the
algorithms in Table 2 from the literature. It is worth noting
that for each instance the proposed algorithms obtain no
worse than algorithms inTable 2 except at 10machines and 20
jobs instance in only HIVNS algorithm and that is due to the
difficulty facing the proposed algorithms to get a lower bound
when the difference between the number ofmachines and the
number of jobs is relatively small. In addition, by comparing
the two proposed algorithms, we can see that the versions
have the same average means of the makespan in case of
random initial solution while as the 2nd version outperforms
the 1st version in case of LPT initial solution in both average
means of makespan and average CPU time.

Figure 3 shows the averages of makespan mean the
maximum averages for each algorithm and the lower bound.
It can be observed that the two proposed versions algorithms
have makespan means averages, which closed to the lower
bound, especially in RIVNS1 and RIVNS2 that have the same
average (1.0054).

Figure 4 shows the averages of Avg. time means for all
algorithms. We can see that RIVNS1 and RIVNS2 have the
smallest Avg. time, which are 0.008 and 0.007, respectively.
Moreover, it can be observed that the Avg. time of HIVNS1
and HIVNS2 is much higher than HIVNS, because in this
paper, Matlab is used to construct the code of HIVNS1 and
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Table 3: The makespan results after the effect of the changing order of the neighborhood structures.

Instance number 𝑚 𝑛
RIVNS1 HIVNS1 RIVNS2 HIVNS2

Mean Avg. time Mean Avg. time Mean Avg. time Mean Avg. time
1

2

20 1.0000 0.0005 1.0000 0.0004 1.0000 0.0008 1.0000 0.0005
2 50 1.0000 0.0002 1.0000 0.0002 1.0000 0.0002 1.0000 0.0002
3 100 1.0000 0.0004 1.0000 0.0005 1.0000 0.0004 1.0000 0.0083
4 200 1.0000 0.0002 1.0000 0.0004 1.0000 0.0002 1.0000 0.7030
5

5

20 1.0005 0.0014 1.0000 0.0025 1.0005 0.0014 1.0000 0.0016
6 50 1.0000 0.0005 1.0000 0.0028 1.0000 0.0008 1.0000 0.0175
7 100 1.0000 0.0235 1.0000 0.1104 1.0000 0.0258 1.0000 0.1705
8 200 1.0000 0.0002 1.0000 2.5874 1.0000 0.0002 1.0000 2.5057
9

10

20 1.0625 0.0016 1.0682 0.0040 1.0625 0.0015 1.0602 0.0040
10 50 1.0004 0.0103 1.0000 0.0156 1.0000 0.0064 1.0000 0.0580
11 100 1.0000 0.0052 1.0000 0.1122 1.0000 0.0054 1.0000 0.0713
12 200 1.0000 0.0238 1.0000 1.8051 1.0000 0.0207 1.0000 1.556
13

20
50 1.0175 0.0158 1.0256 0.0542 1.0175 0.0153 1.0263 0.0672

14 100 1.0003 0.0288 1.0000 0.2312 1.0003 0.0270 1.0000 0.0222
15 200 1.0000 0.0004 1.0000 1.0538 1.0000 0.0004 1.0000 0.7414

Average 1.0054 0.0075 1.0063 0.3987 1.0054 0.0071 1.0058 0.3951
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Figure 4: Histogram of averages of Avg. time means.

HIVNS2, and the authors of [23] used C++ to construct
HIVNS. Thus, the benefits of Avg. time offered by C++ far
outweigh the simplicity of Matlab. Avg. time is especially
important when dealing with algorithms, sincemany calcula-
tions involve immense optimization with complex equations
and algorithms or calculations with a large number of
iterations. As the amount of data increases, the computation
time (Avg. time) for Matlab code increases significantly;
therefore,Matlab code takesmore time for those calculations;
for example, in Table 3 the cases of 𝑚 = 2, 5, 10, 20, 𝑛 = 200
are need to large number of iterations. C++ is theway to go for
algorithms calculations because of its speed and versatility.

5. Conclusion

In this paper, two versions of improved variable neighbor-
hood search (IVNS) algorithms are proposed for scheduling

identical parallelmachines IPMwith the objective of studying
the effect of adding a newneighborhood structure and chang-
ing the order of neighborhood structures on minimizing the
makespan𝐶max. In the proposed algorithms, amachine based
encoding method and five neighborhood structures are used
to enhance the quality of the final solution. Computational
results showed that the proposed algorithms outperform all
the algorithms in the literature and obtain no worse than
algorithms except when the number of machines and the
number of jobs are relatively small which is due to the
difficulty facing the proposed algorithms to get a lower bound
in that case. In addition, we concluded that the second version
outperforms the first version in case of LPT initial solution
and therefore changing the order of neighborhood structures
has an effect on minimizing the makespan. Further research
is to implement the proposed algorithms in scheduling of
unrelated parallel machines.
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This paper proposes a new hybrid optimization method for the phase-frequency characteristics of the double input power system
stabilizer (PSS) based on the improved active set algorithm.This method takes the effect of the filtering section optimization on the
parameter improvement into account, and the optimizedmodel focuses on theminimumresidual sumof squares between the actual
and the target phase-frequency characteristics.The result shows that the improved parameters obtained from the proposedmethod
provide much better phase-frequency characteristics than the widely used engineering parameters. The comparison between the
proposed method and the typical commercial software indicates the universal superiority of the proposed method. And the studies
on the impact of considering the filter section optimization on the phase-frequency improvement show that taking the filter section
optimization into account will be beneficial for the phase-frequency improvement, though in application to the PSS2A model and
the PSS2Bmodel there are some differences.The achievements obtained in this paper provide a significant reference for the practical
PSS parameter modification and improvement.

1. Introduction

With the fast development of the ultrahigh voltage grid, the
high-capacity power transmission among different districts
becomes more and more popular, resulting in the significant
change of the low-frequency oscillation mode of the regional
power grids [1, 2]. Generally, two kinds of low-frequency
oscillation modes at the range of 0.1 Hz-2Hz, that is, the
partial mode and the regional mode, will be caused due to
the low damping [3].

In recent years, the enlargement of the power grid has
gradually reduced the natural frequency of the system and
meanwhile caused the low-frequency oscillation accident to
be more serious [4]. Correspondingly, most of the generators
whose capacities are more than 300MW in China have
installed a PSS. However, many parameters need to be
modified accordingly to make PSS perform more efficiently
and robustly. How to optimize the PSS parameters is the
significant problem to provide the system with the best
damping and the partial and regional grids with the better
reliability and strength.

In the multigenerator system, there are generally two
kinds of PSS parameter design methods [5]. The first kind is
to calculate the PSS parameters according to the predefined
indexes such as the damping ration and the pole locations,
specifically aiming at a certain performing condition. This
kind of method is advantaged in the strict theory and
the accurate calculation, while actually it is weak in the
robustness and the convergence [6].The other kind is tomake
the PSS parameters satisfy the wide variety of the performing
conditions. This kind of method, which is generally based on
the phase compensation and focuses on the robustness, has
been widely used [7]. By far, most of the practical PSS types
are of PSS2A and PSS2B, for which scholars have developed
different methods [5–13] to improve their properties. Typi-
cally, for the phase-frequency characteristics compensation,
researchers have proposed various optimization studies [5,
6, 8, 9] and have founded a fine basis for the practical
application.

However, most of the proposed work only focused on
the phase shifters, while the practicability has not yet been
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Figure 1: The block diagram of double input PSS2B model.

well verified. Although scholars have also developed a new
improvedPSSmodelwith the double-signal input to optimize
the low-frequency and high-frequency features [7, 10], the
new model is still in the theory demonstration period and
relatively lacks implement basis. To make an improvement,
researchers presented parameter optimization methods for
PSS4B and have verified the effectiveness by simulations and
experiments [11–13]. However, since PSS4B is based on a
parallel connected mode and is much more complex [7, 13],
it has not yet been widely used in the practical engineering.

This paper proposes a new hybrid optimization method
for the phase-frequency characteristic improvement based on
Active Set Algorithm and Chaos Algorithm.Thismethod not
only improves the phase shifters, but also optimizes the DC
blockers.The application effect comparison between the pro-
posed method and the commonly used commercial software
both for PSS2A and for PSS2B verifies the effectiveness and
the advantages of the method.

2. Engineering Phase-Frequency Characteristic
Improvement of Double Input PSS

2.1. Double Input PSS. Due to the suppression effect on the
inverse reactive adjustment based on the compound of the
power input branch and the rotating speed input branch
[5], the double input PSS, especially the PSS2A type, has
been widely used in the power systems. Typically, the PSS2B
model is illustrated in Figure 1, where the rotating-speed DC
blocker and the power DC blocker are used to filter the DC
components, the filter section is used to filter the noises and
the torsional oscillation signals in the frequency-deviation
series, and the phase shifter is used to modify the frequency
characteristics.When𝑇5 equals𝑇6, the third phase shifter will
be invalid. In this case, the PSS2B model is equivalent to the
PSS2A model which has only two phase shifters.

Currently, the technique standard [14] primarily consid-
ers the phase-frequency characteristic improvement, while
ignoring the amplitude-frequency characteristic optimiza-
tion. It is mainly because the amplitude-frequency charac-
teristic will be affected little by the parameter variation but
mostly influenced by the model structures (the practical PSS
has a certain model structure) [7, 10]. Limited by the unit
security request and the calculation complexity constraint, no
matter in the theory study [11, 12] or the practical application
[5, 6, 8, 15], most optimization methods primarily focus
on the parameter improvement of the phase shifters, while
specific attention has been rarely paid to the DC blockers.

Objectively, both the system oscillation and the active
mechanical torsion adjustment will cause power variations to
the generator. And the power variation will further make
the PSS modify the reactive power output of the gener-
ator through the exciting system. However, the reactive
power modification caused by the active mechanical torsion
adjustment, which is usually called reactive power inverse-
modification problem, will be harmful to the generator. To
solve this very problem, the composite additive signal of the
rotating speed and the power, namely,Δ𝑃𝑚, is employed as the
input of the torsional filter link. Its basic scheme is to make
the additive signalΔ𝑃𝑚 indicated in Figure 1 near zero, so that
the reactive power inverse-modification effect can be mostly
restrained. Therefore, theoretically, the parameter modifica-
tion of the filter section will not affect the damping effect
of the whole PSS [16]. This means the filter section can be
ignored during the analysis on the key transfer function of the
system. Only taking the power input branch into account, the
transfer function of PSS can be written as

𝐺 (𝑠) = 𝐾𝑠1 𝑇𝑤3𝑠1 + 𝑇𝑤3𝑠 ⋅
𝐾𝑠21 + 𝑇7𝑠 ⋅

1 + 𝑇1𝑠1 + 𝑇2𝑠 ⋅
1 + 𝑇3𝑠1 + 𝑇4𝑠

⋅ 1 + 𝑇5𝑠1 + 𝑇6𝑠
(1)
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Table 1: Parameters for engineering application in Dingzhou power
plant.

Parameters 𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇6 𝑇𝑊3 𝑇7
Values 0.2 0.03 0.2 0.02 0 0 5 5

and the phase-frequency expression of the PSS2B model
based on (1) is

𝜙𝑝 = 𝜋2 − arctan (𝜔𝑇𝑤3) − arctan (𝜔𝑇7)
+ arctan (𝜔𝑇1) − arctan (𝜔𝑇2) + arctan (𝜔𝑇3)
− arctan (𝜔𝑇4) + arctan (𝜔𝑇5) − arctan (𝜔𝑇6) .

(2)

Setting 𝑇5 equivalent to 𝑇6, the phase-frequency charac-
teristic formula of the PSS2A model can be obtained:

𝜙𝑝 = 𝜋2 − arctan (𝜔𝑇𝑤3) − arctan (𝜔𝑇7)
+ arctan (𝜔𝑇1) − arctan (𝜔𝑇2) + arctan (𝜔𝑇3)
− arctan (𝜔𝑇4) .

(3)

When the DC blockers are not taken into optimization,
the parameters 𝑇𝑤3 and 𝑇7 in (2) and (3) will be usually set as
constants.

2.2. Phase-Frequency Characteristic Improvement in Engi-
neering. The phase-frequency improvement is usually per-
formed based on the operators’ practical experiences and the
commercial software. For instance, the practical engineering
method is to use engineers’ professional experiences to set the
PSS parameters in the commercial software firstly and then
verify the parameters according to the technical standards
required in [14].

Taking 1# generator unit in Dingzhou power plant, Hebei
Province, China, as an example, the detailed parameters are
shown in Table 1 [15]. It can be found from Table 1 that the
third-phase shifter is ignored and the model is actually a
PSS2A type. The phase-frequency characteristic curves with
compensation and without compensation, respectively, are
indicated in Figure 2.

3. PSS Phase-Frequency Optimization Based
on Improved Active Set Algorithm

3.1. Optimization Target and Restraint. The relation between
the input signal and the phase compensation is indicated in
Figure 3, where 𝑀adv and 𝑀lag are the lower and the upper
thresholds of 𝑀, respectively. The phase compensation is
to make the angle between the damper torque 𝑀 and the
rotating differenceΔ𝜔 zero bymodifying the PSS parameters.
When the frequency lies in [0.2, 2],𝑀adv is usually set as 20

∘

and𝑀lag is set as −45∘. However, when the frequency lies in[0, 0.2),𝑀adv is set as 40
∘ and𝑀lag is still set as−45∘ [14]. Usu-

ally, −Δ𝑃 is taken as the reference of the delay angle.Then the
range between𝑀adv and𝑀lag is transferred to [−70∘, −135∘].
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Figure 2: Phase-frequency characteristic of the PSS set by practical
tuning method.

The ideal phase characteristic is to be consistent with Δ𝜔.
This means the purpose of phase-frequency optimization is
to set the phase angle at each frequency point to be −90∘
via properly modifying the PSS parameters. Commonly, the
minimum residual sum of squares between the actual and the
target phase-frequency curves is taken as the optimization
objective which can be expressed as

min ( 𝑚∑
𝑗=1

(𝜑0 (𝑓𝑗) + 𝜑𝑝 (𝑓𝑗) + 90)2) , (4)

where 𝑚 is the number of the sampling frequency points
from 0 to 2Hz. In engineering, there are usually 20 fre-
quency points, with the intervals of 0.1 Hz. 𝜑𝑝(𝑓𝑗) stands
for the compensation phase angle produced by PSS at 𝑓𝑗,
which depends on the detailed PSS parameters and can be
written as (3) for the PSS2A model, while 𝜑0(𝑓𝑗) stands for
the delayed phase angle of the generator set without com-
pensation at 𝑓𝑗. Technically, to test 𝜑0(𝑓𝑗), the periodic
frequency-modification signal which includes the sine waves
from 0 to 2Hz is set as the input of the automatic voltage
regulator (instead of the PSS signal). Then the magnitude of
the input signal will be amplified until the output voltage
of the generator has a slight fluctuation. Finally, the phase
angle between the input signal and the output voltage of the
generator is detected. This angle is the delayed angle of the
generator. More details can be found in the Chinese national
standard; see [14].

According to [17], only the phase shifter is taken as the
optimization object, and the parameters of𝑇𝑊3 and𝑇7 are set
as Table 1, while the parameters of 𝑇1∼𝑇4 are set within the
range of [0.01, 1].
3.2. Improved Active Set Algorithm. The solution of the
nonlinear parametric optimization problem should consider
both the efficiency and the initial values. Unreasonable initial
values often lead to the local poles and the loss of the
global optimal solution. Since the chaotic system has the
characteristics of randomness and ergodic regularity, it can
travel more evenly in the range of the variables without a
repetition. In addition, it can effectively avoid the local
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Figure 3: Diagram between input signal and phase compensation.

optimal values of the calculated parameters. However, chaos
algorithm will be unsatisfactory when the search space is
large [18].TheActive Set Algorithm, which is an effective tool
to solve the boundary restricted problems [19, 20], is com-
bined with the chaos algorithm in this paper to solve the
boundary optimization problem shown in

min 𝑓 (𝑥)
s.t. 𝑙 ≤ 𝑥 ≤ 𝑢. (5)

3.2.1. Initial Value Calculation Based on Chaos Algorithm.
Typically, the classical logistic map which indicates the one-
dimensional chaotic system can be written as

𝑥𝑛+1 = 𝜇𝑥𝑛 (1 − 𝑥𝑛) , (6)

where the control parameter 𝜇 = 4, 0 ≤ 𝑥𝑖 ≤ 1, and 𝑛 =0, 1, 2, 3, . . ..
Obviously, the system indicated in (6) is in the state of

chaos and sensitive to the initial values. By giving 𝑖 initial val-
ues, the system can be assigned with 𝑖 subtle different chaotic
variables. Introducing the chaotic variables into the opti-
mization, the chaotic motion range will be expanded to the
scope of the optimized variable ranges. The specific steps are
as follows.

Step 1. Respectively, assign 𝑖 subtle different initial values to𝑥𝑖, and obtain 𝑖 different chaotic variables 𝑥𝑖,𝑛+1.
Step 2. The ranges of chaotic variables are, respectively,
mapped to the optimized variable ranges by

𝑥𝑖,𝑛+1 = 𝑐𝑖 + 𝑑𝑖𝑥𝑖,𝑛+1, (7)

where 𝑐𝑖 and 𝑑𝑖 are the constant mobile coefficients and the
amplification coefficients, respectively.

Step 3. Calculate𝑓(𝑥𝑖,𝑛+1) based on the iteration search of the
chaotic variables and meanwhile make a record for both the
parameters and 𝑓(𝑥𝑖,𝑛+1).

Table 2: Parameter optimization results of two phase shifters.

Parameters 𝑇1 𝑇2 𝑇3 𝑇4
Optimization results 0.22 0.03 0.23 0.02

Step 4. If the optimal performance indicators remain con-
stant after several iterations as Step 3, then set the values as
the initial solutions.

3.2.2. Solutions by Active Set Algorithm. In the boundary
restricted problem shown in (5), 𝑓(𝑥) is a real-number
function, 𝑥 ∈ 𝑅𝑛 is the 𝑛-order real value vector, and 𝑙 and𝑢 are the boundary vectors, respectively. Since the upper and
the lower boundaries of the parameters are also the restraint
conditions of (5), this equation is a boundary restricted
optimization problem.The active set at the point𝑥∗ is defined
as

𝐼 (𝑥∗) = 𝐿 (𝑥∗) ∪ 𝑈 (𝑥∗) , (8)

where 𝐿(𝑥∗) = {𝑖 : 𝑥∗𝑖 = 𝑙𝑖} and 𝑈(𝑥∗) = {𝑖 : 𝑥∗𝑖 = 𝑢𝑖}.
Assuming that (5) is the active set of the optimized

answers, the problem can be transferred to an equality con-
straint optimization question, so that the solving difficulty is
greatly reduced. However, since the optimal solving result 𝑥∗
is unknown, the active set 𝐼(𝑥∗) is also unknown and requires
an estimation performance.

Thekey thought of the active set algorithm is to beginwith
the initial value𝑥0 and keep generating an estimated active set𝐴(𝑥𝑝) for each iteration until obtaining an optimized solving
result.Therefore, the key point to solve the problem is to select
a proper active set strategy [21]. In this paper, we employ the
approximate active set strategy proposed by Ni and Yuan [22]
to solve the problem. The approximate active set 𝐴 and the
inactive set 𝐵 can be written as
𝐴 (𝑥) = {𝑖 : 𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑙𝑖 + 𝜀𝑏} ∪ {𝑖 : 𝑢𝑖 − 𝜀𝑏 ≤ 𝑥𝑖 ≤ 𝑢𝑖}
𝐵 (𝑥) = {1, . . . , 𝑛} \ 𝐴 (𝑥) = {𝑖 : 𝑙𝑖 + 𝜀𝑏 ≤ 𝑥𝑖 ≤ 𝑢𝑖 − 𝜀𝑏} , (9)

where 0 < 𝜀𝑏 < min𝑖[(𝑢𝑖 − 𝑙𝑖)/3]. During the calculation,
the algorithm divides the search directions into three ones,
that is, the quasi-Newton direction in the subspace expanded
with the invalid parameters, the gradient direction, and the
modified gradient direction in the subspace expanded with
the valid parameters. The invalid parameters are updated by
the limited internal storage quasi-Newton method, while
the valid parameters are updated by the projection gradient
method.

3.3. Optimization Result and Discussion of Two Phase Shifters.
Taking the modified parameters shown in Table 1 as the
initial values of PSS, the optimized results for the phase-
frequency characteristics indicated in (4) based on the Active
Set Algorithmmentioned in Section 3.2 are shown in Table 2.
And the phase-frequency characteristic curves of PSS after
optimization of the two phase shifters are indicated in
Figure 4.

As indicated in Figure 4, it is obvious that the phase-
frequency characteristic curve optimized with two phase
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Table 3: Key information of the oscillation mode.

Method Frequency Damping ratio
Without PSS 1.33 0.0576
PSS performed with the practical engineering method 1.39 0.2167
PSS performed with the two-phase-shifter optimized method 1.35 0.2665

Table 4: Robustness verification under different disturbance degrees.

Step amplitude variation percentage of the exciting voltage 22% 44% 66%
Damping ratio obtained from commercial software 0.1705 0.1687 0.1659
Damping ratio obtained from this paper 0.2336 0.2285 0.2218
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Figure 4: Phase-frequency characteristic curves before and after
optimizations of the two phase shifters.

shifters is closer to the target curve. The sampling points
beyond [−80∘, −100∘] are reduced from 4 to 2, and the max
phase angle deviation at 1.2Hz is also changed from −120.4∘
to −114∘.

Taking the least squares calculation value between the
phase-frequency characteristic curve and the target curve as
the evaluation index (the smaller, the better), the index
value after optimization is 1433, which is reduced by 32.5%
compared to the index value of 2122 before optimization.

3.4. Simulating Verification of Optimized Result. To further
verify the practical effect, the actual offline data is employed
for the simulating calculation.The result is obtained through
the Prony analysis method by means of loading a step
excitation and a transient fault disturbance. Keeping the gain
coefficient 𝐾𝑠1 (see Figure 1) stable in different cases, the
responses are illustrated in Figure 5, and the key information
about the oscillation mode is shown in Table 3.

It is suggested fromFigure 5 that, by loading the same dis-
turbance, PSS has an obvious inhibiting effect on the power
oscillation. Without PSS, it needs more than 5 cycles to quiet
down the oscillation,whilewith PSS it needs only 3 oscillation
cycles. Employing the PSS of which the two phase shifters are
optimized by the proposedmethod in this paper, it only needs
two cycles to remove the oscillation.Moreover, the oscillation
magnitudes are apparently smaller. As indicated in Table 3,
the damping ratio after optimization is 0.2665, which is
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Figure 5: Power oscillation responses for a transient disturbance.

increased by 23% compared to the practical engineering
method.

In addition to the effectiveness of the optimization
method, the robustness is also a key point. To verify the
robustness of the proposed method, a comparison between
the proposed method and the commercial software (PSS
Parameter Calculation Program developed by China Elec-
tric Power Research Institute) is taken. The step amplitude
variation percentage of the exciting voltage is used as a
disturbance, and the damping ratios obtained from the com-
mercial software and the proposed method are indicated in
Table 4. It is shown that the proposed method has a better
damping ratio, suggesting the better robustness of the pro-
posed method.

4. Effect Comparisons with
Commercial Software

Employing the commercial software PSS Parameter Calcula-
tion Programwhich is widely used in China and the proposed
method in this paper, respectively, to calculate the optimiza-
tion parameters of 1# generator set in Dingzhou Power Plant,
the results are shown in Table 5, and the phase-frequency
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Table 5: Optimized parameter obtained by commercial software.

Parameter 𝑇1 𝑇2 𝑇3 𝑇4
Optimized value 0.16 0.02 0.3 0.03
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Figure 6: Phase-frequency characteristic curves obtained by the
commercial software and the proposed method.

characteristic curves are indicated in Figure 6. The index
value for the commercial software is 1556 (the smaller the
better), while the index value of the proposedmethod is 1433.
It is shown that the proposed method is 8% superior to the
widely used commercial software.

Objectively, we also employ another 4 actual generator
sets of PSS2A type to make a further verification. The phase-
frequency characteristic curves are indicated in Figure 7,
while the optimized parameters and the evaluation index
values are indicated in Table 6.

As indicated in Figure 7, the phase-frequency character-
istic curves optimized by the proposed method are closer to
the target curve than those obtained from the commercial
software. The evaluation index values for the 4 optimized
generator sets are reduced by 37.9%, 27.6%, 22.3%, and 24.9%,
respectively, showing that the proposed method is universal
and has a generally better optimized effect.

5. Expanded Optimization of
Phase-Frequency Characteristics

5.1. Parameter Optimization in Two Phase Shifters and DC
Blockers. The primary difference between the PSS2A model
and the PSS2Bmodel is the number of the phase shifters.The
PSS2Bmodel has three phase shifters, while the PSS2Amodel
has only two phase shifters (see Section 2.1).

For the PSS2A model, the initial values of the PSS
parameters are set as Table 1 to study the improved effect
of optimizing the DC blockers and the two phase shifters at
the same time.The improved phase-frequency characteristics
are calculated by the method mentioned in Section 3.2 based
on (4). The detailed expression of 𝜑𝑝(𝑓𝑗) is indicated as (3),
where 𝑇1∼𝑇4, 𝑇𝑊3, and 𝑇7 are the optimization parameters.
According to [17], the values of 𝑇𝑊3 and𝑇7 are in the range of[4, 6], while the values of 𝑇1∼𝑇4 are in the range of [0.01, 1].

The optimized parameters obtained from the proposed
method are shown in Table 7, and the optimized phase-
frequency curves obtained from the proposed method and
the practical engineering method, respectively, are indicated
in Figure 8.

According to Table 7, the evaluation index value of the
optimized parameters is 1313, which is 38.1% superior to
the practical engineering method. Comparing with the two-
phase-shifter optimization case, the expanded optimization
method improves the effect by 8.4%.As illustrated in Figure 8,
although the improved extent is not very large, the proposed
hybrid optimizationmethod is still worth to be carried out to
furthest obtain the best phase-frequency characteristics.

5.2. Parameter Optimization in Three Phase Shifters and DC
Blockers. For the PSS2B model, the optimization work acts
on the DC blockers and the three phase shifters at the same
time. The initial values of the PSS parameters are set as
Table 1, and the improved phase-frequency characteristics are
calculated by the method mentioned in Section 3.2 based on
(4). The detailed expression of 𝜑𝑝(𝑓𝑗) is as (2). 𝑇1∼𝑇6, 𝑇𝑊3,
and 𝑇7 are the optimization parameters. According to [17],
the value of 𝑇𝑊3 and 𝑇7 is in the range of [4, 6], while the
value of 𝑇1∼𝑇6 is in the range of [0.01, 1].

The improved parameters obtained by the proposed
hybrid optimization method are shown in Table 8, and the
optimized phase-frequency curves obtained by the proposed
method and the practical engineering method are indicated
in Figure 9.

According to Table 8, the evaluation index value of the
hybrid optimized parameters is 1243, which is 41.4% superior
to the practical engineering method and 5.3% superior to the
two-phase-shifter optimization case. Moreover, the hybrid
optimizationmethod has the best improving effect both at the
frequency point 0.1 Hz and at the frequency band from 1.2 to
1.4Hz (these frequency points have been paidmuch attention
by scholars).This means the hybrid optimizationmethod has
a better effect on the phase-frequency characteristic improve-
ment at the extreme points.

Since the PSS2A model is less complex than PSS2B and
has fewer parameters to modify, the PSS2A model which has
qualified accuracy is more widely used in the engineering
application.ThePSS2Bmodel is usually only used for the gen-
erators whose phase-frequency characteristics are obviously
weak.

6. Conclusions

This paper proposes a new hybrid optimization method for
the double input PSS. The comparing results show that this
method is able to significantly improve the phase-frequency
characteristics for both the PSS2A model and the PSS2B
model. The primary conclusions drawn from the study are as
follows.

(1) The practical engineering method and the com-
monly used commercial method only take the phase shifter
optimization into account, while ignoring the DC blocker
improvement. Actually, it is better to optimize the phase
shifters and the DC blockers at the same time.
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Table 6: Optimized parameters and evaluation index values obtained by the commercial software and the proposed method.

Parameters 𝑇1 𝑇2 𝑇3 𝑇4 Index value

Generator set 1 Commercial software 0.30 0.03 0.30 0.03 3389
This paper 0.13 0.01 0.33 0.01 2103

Generator set 2 Commercial software 0.15 0.02 0.30 0.03 1977
This paper 0.24 0.01 0.12 0.01 1432

Generator set 3 Commercial software 0.19 0.02 0.2 0.03 1768
This paper 0.17 0.01 0.16 0.01 1373

Generator set 4 Commercial software 0.19 0.02 0.2 0.03 5677
This paper 0.17 0.01 0.16 0.01 4261
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Figure 7: Phase-frequency characteristic comparison between the commercial software and the proposed method.

Table 7: Optimized parameters of the DC blockers and the two
phase shifters.

Parameters 𝑇1 𝑇2 𝑇3 𝑇4 𝑇𝑊3 𝑇7
Optimized value 0.23 0.02 0.23 0.03 6 6

(2) This paper proposes a new hybrid optimization
method based on Chaos Algorithm andActive Set Algorithm
to improve the PSS parameters. The Prony simulating calcu-
lation and the actual offline data verification have confirmed

Table 8: Optimized parameters of the DC blockers and the three
phase shifters.

Parameters 𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇6 𝑇𝑊3 𝑇7
Optimized results 0.18 0.05 0.19 0.05 0.18 0.05 6 6

the effectiveness of the proposed method. Moreover, this
algorithm does not need manually specified initial values.

(3) The comparing result shows that the optimized effect
of the proposed method is superior to the practical engineer-
ing method and the commercial software.
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Figure 8: Optimized phase-frequency characteristic curves.
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Figure 9: Optimized phase-frequency characteristics obtained by
different methods.
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In order to improve the transient stability of frequency in a small stand-alone microgrid (SSM), this paper takes a SSM composed
of a direct-drive permanent magnet synchronous generator (D-PMSG) and a micro gas turbine (MGT) as the background and
uses wind turbine generator (WTG) virtual inertia (VI) to participate in the primary (short-term) system frequency regulation.
First of all, this paper constructs a grid-connected model composed of a WTG and a MGT, analyzes the WTG virtual inertia
frequency regulation mechanism, and explains the principle of proportional-differentiation (PD) virtual inertia control (VIC) and
its shortcomings. Secondly, the paper introduces the structure principle of 𝑛-order active disturbance rejection control (ADRC) and
deduces the design process of second-order ADRC-VIC. Finally, through the simulation and experimental verification, comparing
the frequency perturbation of without-VIC, PD-VIC, and ADRC-VIC, it is concluded that PD-VIC and ADRC-VIC both can use
the WTG virtual inertia to participate in the primary frequency regulation. The frequency regulation effect of ADRC-VIC is better
than PD-VIC, ADRC-VIC can extend the rotor speed recovery time and avoid overshoot, and its frequency fluctuation amplitude
and settling time are obviously improved, and ADRC-VIC can effectively avoid the overshoot phenomenon of the MGT output
power.

1. Introduction

The small stand-alone microgrid (SSM) is an effective way to
solve the power supply in the mountains, islands, and remote
areas. The principle is to use the collected wind energy, solar
energy, and other renewable energy to connect with the tra-
ditional synchronous generator (SG), thus building a power
supply system independent of the large power grid [1–3].
With the progress of wind power technology, its application
in the stand-alone microgrid is more and more extensive.
Direct-drive permanent magnet synchronous generator (D-
PMSG) has the advantages of flexible control, good reliability,
and high power generation efficiency, and it has good applica-
tion prospect [4]. Micro gas turbine (MGT) has the advan-
tages of low emissions, high efficiency, good fuel adaptability,
and flexible control, and it is widely used in distributed power
generation technology [5].

In this paper, a SSM constructed by a D-PMSG andMGT
is used as the research object to analyze the problem of the
transient stability of frequency. The master-control power
supply of the SSM isMGT, so the stability of frequencymainly
relies on MGT. On the one hand, due to economic reasons,
the design capacity of microgrid and the demand of load are
matched, resulting in the fact that the microgrid capacity is
limited and the system inertia is small. On the other hand,
due to technical reasons, the system inertia can only damp the
system frequency changes, but it can not completely prevent
the system frequency changes [6–8]. Therefore, the system
requires the WTG to actively participate in the frequency
response, so as to improve the transient stability of system
frequency. In general, WTG participates in system frequency
regulation in two ways [9–11]. One is called deloaded oper-
ation of WTG; when the system frequency has a deviation,
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the WTG releases the standby power to participate in the
system frequency regulation. This process takes a long time,
but it is at the expense of wind energy utilization and the
operating economy of WTG, and it is difficult to promote
the application.The other is virtual inertia control (VIC) [12];
since the WTG itself has mechanical inertia, it has available
rotor kinetic energy in operation. The rotor kinetic energy
can transform into electromagnetic power through the
control algorithm, to provide support for the system fre-
quency, and this process takes a short time and “zero power
consumption” [13, 14]. In addition, the permeability of wind
power is often larger due to the limited capacity of SSM,
which ensures the effectiveness of WTG participating in the
system transient frequency regulation [15–17]. Many scholars
have started the research on how to use the virtual inertia
of WTG in the system frequency regulation and improve the
transient stability of frequency.

The paper [12] gives smart microgrid hierarchical fre-
quency control ancillary service provision based on virtual
inertia concept, both the static and dynamic frequency secu-
rities of an islanded microgrid are provided in primary and
secondary control levels. In [10, 11], frequency-based VIC is
realized based on the rate of change of frequency (ROCOF)
𝑑𝑓/𝑑𝑡 or frequency deviation Δ𝑓 from the nominal value
or a combination of both. The proportional (P) term withΔ𝑓 makes the WTG respond to frequency changes and the
differential (D) term with 𝑑𝑓/𝑑𝑡 emulates the inertia. The
paper [13] introduces a method of PD-VIC to improve the
primary frequency contribution of grid-connected variable
speed WTG; by adjusting the droop of the WTG in response
to wind velocities, the system primary frequency response
is significantly improved. In [14], it is concluded that WTG
can provide an extra active power production from its
stored kinetic energy; the amount of extra injected power is
determined according to the frequency deviation Δ𝑓 and/or
the rate of change of frequency 𝑑𝑓/𝑑𝑡.

The above literatures illustrate the feasibility of using vir-
tual inertia to participate in system frequency regulation and
PD-VIC has a certain practicality. However, the PD algorithm
has its inherent limitations, such as the fact that it is difficult
to determine the optimal control parameters and likely to
cause an overshoot, and the robustness of the controller is
poor.

This paper attempts to design a controller from the view
of suppressing the system frequency disturbance, which has
strong robustness and can avoid overshoot. In [18], the per-
formance superiority of WTG with the proposed linear
ADRC approach over that with the traditional proportional
integral and fuzzy-proportional integral-based controllers is
validated by the simulation results. The simulation results
indicate that the performance of the LADRC-based controller
is much better than PI and Fuzzy-PI-based controllers. The
result also shows that the proposed LADRC-based controller
has an excellent robustness and a good capability of distur-
bance rejection. The authors of [19, 20] have presented the
ADRC for the doubly fed induction generator (DFIG) used
in wind energy conversion systems, the proposed control has
demonstrated its effectiveness underwind variation, and both
generated power and rotational speed are kept in their safety
region.

Based on the above research, this paper studies the PD-
VIC and second-orderADRC-VIC algorithms, and it analyzes
the frequency regulation mechanism of the two algorithms.
Under the premise of not exceeding WTG virtual inertia fre-
quency regulation capability, the characteristics of the two
algorithms are compared and analyzed by simulation and
experiment.

The remainder of this paper is given as follows. Section 2
gives a single WTG grid-connected structure and the mech-
anism of VIC. In Section 3, the structure of 𝑛-order ADRC is
described first, and then the second-order ADRC is designed
according to the frequency dynamic response equation.
Simulation analysis and experiment verification are given in
Sections 4 and 5, respectively. Finally, conclusions are drawn
in Section 6.

2. A WTG Grid-Connected Structure and
the Mechanism of VIC

2.1. A WTG Grid-Connected Structure. After a WTG com-
bined to the grid, the system structure is shown in Figure 1.
The WTG includes wind wheel, D-PMSG, full-power con-
verter, and its control system.

Thewind turbine (WT) is used to capture thewind energy
through the wind wheel to drive the D-PMSG to generate
electricity. The motion equation of the WTG rotor is

2𝐻𝑤 𝑑𝜔𝑤𝑑𝑡 = 𝑃wind − 𝑃𝑤, (1)

where𝐻𝑤 denotes the inertia time constant of D-PMSG, 𝜔𝑤
the rotor speed of wind wheel, 𝑃wind the mechanical power
captured by wind turbine, and 𝑃𝑤 the electromagnetic power
of the WTG.

The expression of 𝑃wind is [21]
𝑃wind = 0.5𝜌𝜋𝑅2V3𝐶𝑝 (𝜆, 𝜃) , (2)

where 𝜌 denotes the air density, 𝑅 the radius of the wind
wheel, V the wind speed, 𝐶𝑝(𝜆, 𝜃) the power coefficient of
WTG, 𝜃 the pitch angle, and 𝜆 the tip speed ratio.The expres-
sion of 𝐶𝑝(𝜆, 𝜃) is as follows:

𝐶𝑝 (𝜆, 𝜃) = 0.22 (116𝜎 − 0.4𝜃 − 5) 𝑒(−12.5/𝜎)

𝜎 = 1
(1/ (𝜆 + 0.08𝜃) − 0.035/ (𝜃3 + 1))

𝜆 = 𝜔𝑤𝑅
V

.

(3)

When the pitch angle 𝜃 is constant, 𝐶𝑝(𝜆, 𝜃) is a function
of 𝜆. 𝐶𝑝(𝜆, 𝜃) can reach the maximum value 𝐶𝑝max(𝜆, 𝜃) by
adjusting the rotor speed 𝜔𝑤 and 𝜆 reaches the optimal value
𝜆opt at the same time, as shown in Figure 2(a). At this point,
it can be seen from (2) that 𝑃wind corresponds to only one
maximum point (𝑃max, 𝜔wopt) at different wind speeds V and
rotor speed 𝜔𝑤, and these maximum points are connected to
a line, which is the maximum power point tracking (MPPT)
curve, as shown in Figure 2(b).
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Figure 1: A wind turbine system structure after the grid-connection.
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Figure 2: The MPPT control of WTG.

When the WTG runs according to the MPPT curve, the
wind energy obtained by WTG is

𝑃MPPT = 𝑘max𝜔3𝑤, (4)

where 𝑘max is the coefficient that makes WTG obtain the
maximum wind energy, and its expression is 𝑘max =
0.5𝜌𝜋𝑅5𝐶𝑝max(𝜆, 𝜃)/𝜆opt

3. When the VIC is introduced into
the microgrid, as shown by the red dotted line in Figure 1, the
expression of 𝑃𝑤 is

𝑃𝑤 = 𝑃MPPT + 𝑃VIC, (5)

where 𝑃MPPT is the output power of the MPPT control and
𝑃VIC is the auxiliary frequency regulation power of VIC
output. As shown in Figure 1, the input of VIC is the system

frequency deviation Δ𝑓, and Δ𝑓 = 𝑓 − 𝑓∗, 𝑓 is the system
frequency obtained by the grid-side phase-locked loop (PLL),
and 𝑓∗ is the reference frequency 50Hz. 𝑃VIC is calculated by
the frequency deviation Δ𝑓. When the system is in steady-
state operation, that is, |Δ𝑓| = 0, 𝑃VIC = 0, the WTG
runs in the state of MPPT control, and virtual inertia does
not participate in the system frequency regulation. When the
system frequency is disturbed, that is, |Δ𝑓| > 0, 𝑃VIC ̸= 0, the
WTG adjust the generator rotating speed and output power
through the full-power converter to use virtual inertia in the
system frequency regulation.

2.2. �e Response Mechanism of VIC. The operation process
of WTG includes MPPT and VIC. Figure 3 shows the char-
acteristic curves of WTG in the processes of MPPT and VIC.
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The wind speed V keeps constant 7m⋅s−1, and the system
load is increased by 15% after WTG reached the MPPT point
(B). 𝑃wind and 𝑃𝑤 denote the mechanical power and the
electromagnetic power, respectively.

�e Process of MPPT (𝐴 𝑖 → 𝐵).The process by which WTG
changes from point A𝑖 (𝑖 = 1, 2) to point B is the MPPT
process under the constant wind speed. In this process, 𝑃𝑤
changes along the curve ofMPPT, and 𝑃wind ofWTG changes
along its characteristic curve. As 𝑃wind is greater than 𝑃𝑤,𝜔𝑤 is constantly rising, and the system is stable at point B
ultimately. As can be seen from the curve of 𝑃𝑤 in Figure 3,
point B is the maximum power point of WTG at this wind
speed.

�e Process of VIC (𝐵 → 𝐶 → 𝐷 → 𝐵). When the system
frequency falls due to the sudden increase in load, the VIC
of WTG makes 𝑃𝑤 climb from points B to C quickly. In
this process, due to the inertia of WTG, 𝜔𝑤 does not change
immediately, so 𝑃wind remains at point B. At this time, since
𝑃wind is less than 𝑃𝑤, 𝜔𝑤 starts to decrease. During the
decrease process of 𝜔𝑤, 𝑃wind changes along the curve B → E,
and 𝑃𝑤 runs along the curve C → D, when the system finally
runs to point D, and then 𝜔𝑤 reaches the minimum value.
At this time, 𝑃wind is greater than 𝑃𝑤, 𝜔𝑤 starts to increase,
𝑃wind of WTG change along the curve E → B, 𝑃𝑤 run along
the curve D → B, the system is back to point B finally, the
mechanical power 𝑃wind and the electromagnetic power 𝑃𝑤
are balanced again, and the rotor speed 𝜔𝑤 is stabilized at the
optimal speed of point B.

In the process of VIC, the principle of auxiliary frequency
regulation is mainly to change the power of WTG to reduce
the impact of the system load disturbance on the MGT,
thereby reducing the changing rate and amplitude of the
system frequency.

2.3. �e Rotor Speed Recovery and Overshoot. As shown in
Figure 4, when the system frequency drops, VIC can quickly
reduce the rotor speed and release the rotor kinetic energy.
WTG delivers active power to the system for a short period
of time to provide support for the system frequency. The
inherent drawback of this process is that, at the rapid recovery
of the rotor speed, on the one hand, this causes the oscillation
and overshoot phenomenon of the WTG output power and
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Figure 4: The recovery and overshoot of the rotor speed.

the rotor speed (the shadow portion of the E → B time peri-
od); on the other hand, during the rotor speed recovery
process, the WTG absorbs energy from the grid (the shadow
portion of the E → B time period), resulting in a smaller
power supply to the microgrid, which is not conducive to
frequency recovery stability.

In fact, the rotor speed recovery process is carried out
when the frequency is not stable, this process is to reduce
the WTG output power and increase the system load, which
has played a “superposition effect” in the decline process of
the frequency, making the frequency response characteristics
deteriorate, and in severe cases can cause the system fre-
quency to fall twice.

In Figure 4, B → E is the time period of VIC. E → B is
the time period of the rotor speed recovery and overshoot,
which is the time of the rapid decline in frequency regulation
capacity, through extending this time period to slow down
the speed recovery rate, so as to reduce the rapid decline
of frequency regulation capacity and reduce the system
frequency deviation.

3. Second-Order ADRC-VIC

ADRC is proposed by Han [22], which is based on the error
feedback control theory of traditional PID and the devel-
opment of modern control theory [23, 24]. ADRC is less
dependent on the accuracy of the mathematical model of the
controlled object, and the main idea is to estimate the system
real-time disturbance by using the extended state observer
(ESO) [25] and compensate it. ADRC has the characteristics
of fast response, robustness, and adaptability [26]. In this
paper, the second-order ADRC is designed according to the
frequency dynamic response equation of the microgrid.

MGT is the main control power supply, which can be
equivalent to conventional synchronous generator model for
analysis, and the system voltage fluctuations caused by the
load switching will not be taken into account. Thus, the con-
stant 𝐸𝑞 of the synchronous generator model (in p.u.) is as
follows:
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𝑢𝑑 = 𝑥𝑞𝑖𝑞 − 𝑟𝑠𝑖𝑑
𝑢𝑞 = 𝐸𝑞 − 𝑥𝑑𝑖𝑑 − 𝑟𝑠𝑖𝑞

2𝐻�̇� = 𝑇𝑚 − 𝐸𝑞𝑖𝑞 + (𝑥𝑑 − 𝑥𝑞) 𝑖𝑑𝑖𝑞 − 𝐷𝜔,
(6)

where 𝑢𝑑, 𝑢𝑞, 𝑖𝑑, and 𝑖𝑞 are 𝑑-axis voltage, 𝑞-axis voltage, 𝑑-
axis current, and 𝑞-axis current of the generator, respectively.
𝑥𝑑 and 𝑥𝑞 are the 𝑑-axis transient reactance and 𝑞-axis reac-
tance, respectively. 𝑟𝑠 denotes the stator resistance. 𝜔 is the
rotor speed.𝐻 and𝐷 are the rotational inertia and the damp-
ing coefficient, respectively. 𝑇𝑚 is the mechanical torque.

Laplace transformation of (7) can be expressed as

𝑢𝑑 = 𝑥𝑞𝑖𝑞 − 𝑟𝑠𝑖𝑑
𝑢𝑞 = 𝐸𝑞 − 𝑥𝑑𝑖𝑑 − 𝑟𝑠𝑖𝑞

2𝐻𝑠𝜔 = 𝑇𝑚 − 𝐸𝑞𝑖𝑞 + (𝑥𝑑 − 𝑥𝑞) 𝑖𝑑𝑖𝑞 − 𝐷𝜔.
(7)

The speed governor model of the synchronous generator
can be expressed as

𝑇𝑚 = 𝑘1Δ𝜔 + 𝑘2Δ𝜔𝑠
Δ𝜔 = 𝜔ref − 𝜔,

(8)

where 𝑘1 and 𝑘2 are the proportional and integral coefficients
of PI controller, respectively. 𝜔ref is the reference value of the
synchronous generator speed. The active power 𝑃MGT of the
microgrid synchronous generator can be expressed as

𝑃MGT = 𝑢𝑑𝑖𝑑 + 𝑢𝑞𝑖𝑞. (9)

Substituting (8), (9), and 𝑖2 = 𝑖2𝑑 + 𝑖2𝑞 into (8) leads to
𝑃MGT = 𝑘1Δ𝜔 + 𝑘2Δ𝜔𝑠 − 𝐷𝜔 − 2𝐻𝑠𝜔 − 𝑟𝑠𝑖2. (10)

It is known from (10) that the VIC system frequency
response dynamic equation is

2𝐻𝑠Δ𝑓 = 𝑃MPPT + 𝑃MGT − 𝑃𝐿 − 𝐷Δ𝑓 + 𝑃VIC. (11)

Substituting (10) into (11) leads to

2𝐻𝑠Δ𝑓 + 𝐷Δ𝑓 = 𝑘1Δ𝜔 + 𝑘2Δ𝜔𝑠 − 𝐷𝜔 − 2𝐻𝑠𝜔 + 𝑃A
+ 𝑃VIC,

(12)

where 𝑃A = 𝑃MPPT − 𝑃𝐿 − 𝑟𝑠𝑖2.
The relationship between the system frequency (p.u.) and

the generator rotor speed (p.u.) is expressed as

𝑓 = 𝜔
Δ𝑓 = Δ𝜔. (13)

Substituting (13) into (12) leads to

(2𝐻𝑠 + 𝐷)Δ𝑓 = (𝑘1 + 𝑘2
𝑠 )Δ𝑓 − (𝐷 + 2𝐻𝑠) 𝑓 + 𝑃A

+ 𝑃VIC.
(14)

Both sides of the equation are multiplied by 𝑠, and then

(2𝐻𝑠2 + 𝐷𝑠 − 𝑘1𝑠 + 𝑘2) Δ𝑓
= − (𝐷 + 2𝐻𝑠) 𝑠𝑓 + 𝑠 (𝑃A + 𝑃VIC) .

(15)

Namely,

2𝐻Δ ̈𝑓 + (𝐷 − 𝑘1) Δ ̇𝑓 + 𝑘2Δ𝑓
= −𝐷 ̇𝑓 − 2𝐻 ̈𝑓 + �̇�A + �̇�VIC.

(16)

Substituting ̇𝑓 = Δ ̇𝑓 into (16) leads to

4𝐻Δ ̈𝑓 + (2𝐷 − 𝑘1) Δ ̇𝑓 + 𝑘2Δ𝑓 = �̇�A + �̇�VIC. (17)

The second-order differential equation of the power sys-
tem frequency deviation Δ𝑓 is expressed as

Δ ̈𝑓 = 1
4𝐻 ((𝑘1 − 2𝐷)Δ ̇𝑓 − 𝑘2Δ𝑓 + �̇�A) + �̇�VIC

4𝐻 , (18)

where the uncertain items of the controlled object can be
defined as the sum of internal and external disturbance as
follows:

𝑓 (𝑥1, 𝑥2, 𝑡, 𝑤 (𝑡))
= 1
4𝐻 ((𝑘1 − 2𝐷)Δ ̇𝑓 − 𝑘2Δ𝑓 − �̇�A) .

(19)

The differential equation of Δ𝑓 and 𝑃VIC in (18) indicates
that when the ADRC is substituted for the conventional PD
controller, the output of the controlled object is the same as
that of the conventional PD controller, which is the value of
the system frequency deviation Δ𝑓. The block diagram of the
second-order ADRC is based on (18), as shown in Figure 5.

In Figure 5, 𝑧1 is the estimated value of the system
frequency deviation valueΔ𝑓, 𝑧2 is the estimated value ofΔ ̇𝑓,
and 𝑧3 is the estimated value of the system uncertain item
(1/4𝐻)∗((𝑘1−2𝐷)Δ ̇𝑓−𝑘2Δ𝑓+�̇�A). 𝑎 denotes the compensa-
tion coefficient of the estimated values 𝑧3 and 𝑧2. In this paper,𝑎 = 4𝐻 and 𝑏 = 1/4𝐻. Since the purpose of the ADRC is to
suppress fluctuations in system frequency, the reference
valuesΔ𝑓∗ andΔ ̇𝑓∗ of variation in status can be directly set to
0, respectively.Thus, the design of TD shown in Figure 5 is left
out.

In practical engineering applications, there is a need
to discretize the algorithm of each module for the ADRC
[22, 23]. The discretized form of the nonlinear ESO can be
expressed as

𝑒 (𝑘) = 𝑧1 (𝑘) − 𝑥1 (𝑘)
𝑧1 (𝑘 + 1) = 𝑧1 (𝑘) + ℎ (𝑧2 (𝑘) − 𝛽1𝑒 (𝑘))
𝑧2 (𝑘 + 1)

= 𝑧2 (𝑘) + ℎ (𝑧3 (𝑘) − 𝛽2 fal (𝑒 (𝑘) , 𝛼1, ℎ) + 𝑏𝑢 (𝑘))
𝑧3 (𝑘 + 1) = 𝑧3 (𝑘) + ℎ (−𝛽3 fal (𝑒 (𝑘) , 𝛼2, ℎ)) ,

(20)
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Figure 5: Diagram of second-order ADRC controller.

where ℎ is the sampling step size and 𝛽1, 𝛽2, and 𝛽3 are the
observer parameters needed to be determined. According
to the characteristics of inherent parameters of the ADRC,
𝛽1 = 1/ℎ, 𝛽2 = /3ℎ2, and 𝛽3 = 1/32ℎ3, which are used in this
paper. In order to avoid the chattering, the saturation func-
tion fal(𝑒, 𝑎, 𝛿) is expressed as

fal (𝑒, 𝑎, 𝛿) = {
{{

𝑒
𝛿𝛼−1 |𝑒| ≤ 𝛿
|𝑒|𝛼 sgn (𝑒) |𝑒| > 𝛿, (21)

where 𝛿 is the linear interval length and sgn(⋅) is the symbolic
function and 𝑎 denotes the saturation function factor. When
the absolute value of the error 𝑒 is relatively large, its gain will
decrease to prevent the overshoot. When the absolute value
of the error 𝑒 is relatively small, its gain will increase to speed
up the convergence process.

The NLSEF and the discrete control amount produced by
disturbance compensation are expressed as

𝑒1 (𝑘) = Δ𝑓∗ − 𝑧1 (𝑘)
𝑒2 (𝑘) = Δ ̇𝑓∗ − 𝑧2 (𝑘)
𝑢0 (𝑘) = 𝛽01 fal (𝑒1 (𝑘) , 𝑎01, 𝛿0)

+ 𝛽02 fal (𝑒2 (𝑘) , 𝑎02, 𝛿0)
𝑢 (𝑘) = 𝑢0 (𝑘) − 𝑎𝑧3 (𝑘) ,

(22)

where 𝛽01 and 𝛽02 are the output correction coefficients and
the parameters 0 < 𝑎01 < 1 < 𝑎02 are used tomediate the non-
linearity of the fal(𝑒, 𝑎, 𝛿) function. The ADRC designed in
this paper has the following advantages over the conventional
PD controller: (1) due to its observation and compensation
of power disturbance, its better dynamic characteristic of
suppressing the frequency disturbance; (2) increasing the
error tracking efficiency by designing the optimized NLSEF
and using saturation function to achieve the objective of
“small error and large gain, large error and small gain”; (3) its
better applicability and robustness because of adopting ESO

for the estimation and compensation of the system parameter
disturbance.

Although the parameters of ADRC are much more than
PD, the advantages of ADRC over PD are as follows. On
the one hand, in order to release more WTG virtual inertia,
the PD is achieved by increasing the proportional factor 𝑘𝑝
and differential factor 𝑘𝑑, but this causes the WTG speed
overshoot phenomenon, when the overshoot is serious which
will cause the system frequency secondary drop. On the other
hand, as more WTG virtual inertia was releasedïĳŇADRC
will not cause the WTG rotor speed overshoot, and its ability
to adjust the system frequency will be further improved. And
ADRC has a certain ability to resist parameter disturbance.
The following is through simulation and experiment to illus-
trate this.

4. Simulation Analysis

In this paper, a SSM simulation model composed of a WGT
and a MGT is built in MATLAB/Simulink. The main param-
eters of the simulation model are shown in Appendix A. First
of all, the estimation effect of ESO and the robustness of
antiparameter perturbation of ADRC are verified by simula-
tion.

4.1.�e Simulation of ESOObservation Effect. Figure 6 shows
the estimated effect of ESO when the load 𝑃Load1 is switched.
The red solid line is the p.u. value of the actual system
power perturbation, Δ𝑃 = 𝑓(𝑥1, 𝑥2, 𝑡, 𝑤(𝑡)) × 4𝐻. The blue
dotted line is the ESO estimate value. 𝑧3 is the estimate
amount of𝑓(𝑥1, 𝑥2, 𝑡, 𝑤(𝑡)). It can be seen from the figure that
ESO can realize the accurate tracking and estimation of the
system load disturbance, which provides a reliable basis for
the compensation and suppression of the system frequency
disturbance.

During the operation of the system, the inertia time
constant 𝐻 of the system is in the process of change due to
the random fluctuation of the wind resource and the load
disturbance. Therefore, it is necessary to examine the impact
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Figure 6: Observations of ESO during load switching.
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Figure 7: The influences of control parameter variation on ADRC performance.

of parameter 𝑏 on control algorithm performance. When the
wind speed fluctuates randomly and 𝑏 takes 1/12, 1/6, or 1/24,
respectively, the ADRC control characteristic is shown in
Figure 7.

Figures 7(a) and 7(b) are the estimated effect curves and
system frequency response curves of ESO, respectively. As
can be seen from Figure 7(b), the frequency response curves
of the system are completely coincident with different param-
eters 𝑏. The ESO of ADRC has strong robustness, which
is inherent in ESO performance. When the parameter 𝑏 is
disturbed within a certain range, the ADRC control perfor-
mance is not affected, which is determined by its robustness.
Therefore, the change of the value of 𝑏 will not affect the ESO
accurate estimation of the system power disturbance; that is,
it will not affect the control effect of ADRC on the system
frequency.This shows that ADRChas a certain ability to resist
system parameters perturbation, which reduces the ADRC
dependence on grid parameters.

4.2. �e Simulation of PD-VIC and Second-Order ADRC-VIC.
In order to compare the effects of the PD-VIC and second-
order ADRC-VIC to suppress the frequency disturbance, the

microgrid frequency disturbance is caused by sudden in-
crease load. Figure 8 is the waveforms of simulation during
the sudden increase in load, and wind speed V is 7m/s.

The design of simulation scenario: at 𝑡 = 0 s, a WTG and
MGT are connected to bear the fixed load 𝑃load0 = 10 kW
together, the output power ofWTG is𝑃WGT = 3 kW, the rotor
speed of WTG is 𝜔𝑤 = 14 rad/s, and the output power of
MGT is 𝑃MGT = 7 kW. At 𝑡 = 5 s, the sudden increase in load
is 𝑃load1 = 5 kW.

In Figure 8, blue dotted lines are without-VIC simulation
waveforms. At 𝑡 = 5 s, 𝑃load1 is put into the system. MGT
independently bears the load disturbance, andWTGdoes not
participate in frequency regulation. The frequency nadir is
49.55Hz and the setting time is at 𝑡 = 20 s after two oscillation
periods. 𝑃WTG = 3 kW and𝜔𝑤 = 14 rad/s remain unchanged.
Since the load disturbance is only borne by MGT, 𝑃MGT
increases 12 kW by step.

The red long-dotted lines are PD-VIC simulation wave-
forms. At 𝑡 = 5 s, the WTG uses virtual inertia to participate
in frequency regulation. The lowest point 𝑓 drops to is
49.7Hz and the setting time is at 𝑡 = 18 s after one oscillation
period. During the sudden increase in load, 𝑃WTG increases
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Figure 8: The simulation waveforms of sudden increase load.

to the maximum value 4 kW and then returns to 3 kW, 𝜔𝑤
falls to 13.25 rad/s and then returns to 14 rad/s, and 𝑃WTG and𝜔𝑤 have the phenomenon of oscillation and overshoot. 𝑃MGT
increases to 12 kW after a certain distortion and appears over-
shoot phenomenon which is higher than 12 kW.

The black solid lines are the second-order ADRC-VIC
simulation waveforms. The lowest point 𝑓 drops to is
49.85Hz and the setting time is at 𝑡 = 16 s. During the
sudden increase in load, 𝑃WTG increases to a maximum point
4.5 kW and then returns to 3 kW, 𝜔𝑤 falls to 13 rad/s and then
returns to 14rad/s, and 𝑃WTG and𝜔𝑤 have no phenomenon of
oscillation and overshoot. The recovery time of 𝜔𝑤 is longer
than PD-VIC. Comparedwith that in PD-VIC,𝑃MGT does not
appear overshoot phenomenon, 𝑃MGT can be more smooth
added to 12 kW, and second-order ADRC-VIC reduces the
impact of load disturbance on MGT.

Based on the above conclusions, when the wind speed
is constant, PD-VIC and second-order ADRC-VIC both can
use the WTG virtual inertia to participate in the shot-term
frequency regulation and effectively reduce the transient
fluctuations of the system frequency. Compared with PD-
VIC, second-order ADRC-VIC can extend the recovery time
of 𝜔𝑤 and avoid overshoot, reduce the amplitude of the
frequency Δ𝑓max by 0.15Hz and the settling time Δ𝑡 by 2 s,
and make 𝑃MGT more smooth transition during load distur-
bances.

When thewind speed fluctuates randomly and the system
load is constant, the system frequency disturbance is mainly
caused by the fluctuation of WTG output power. The effects
of different VIC algorithms on suppressing frequency pertur-
bation are compared by simulation in Figure 9. Compared
with without-VIC and PD-VIC, second-order ADRC-VIC
(blue dash-dotted line) frequency disturbance is significantly
smaller. As WTG uses second-order ADRC-VIC to increase
the intensity of participating in the frequency regulation,
the disturbance range of the rotor speed 𝜔𝑤 becomes larger,
which indicates that WTG virtual inertia can be more fully
released.

5. Experimental Verification

5.1. �e Design of Simulative Experiment Platform. In order
to further verify the effectiveness and feasibility of the
above algorithms, a set of simulative WTG grid-connected
experimental systems with capacity of 27.5 kVA is built,
which includes a simulative WTG and a virtual synchronous
generator (VSG) simulated by a full-power converter. The
full-power converter simulates the MGT frequency charac-
teristics according to the algorithm in [27]. Figures 10 and
11 are the schematic diagram of the simulative experiment
system and the field of the simulative experimental platform,
respectively.
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Figure 9: Simulation waveforms of random wind speed.

In the experimental system, the rated power of the simu-
lative WTG is 𝑃wn = 7.5 kW, the rated rotor speed is 𝜔wn =18.8 rad/s, the radius of thewind turbine is𝑅 = 3.4m, and the
rated wind speed is 10m/s. The rated capacity of simulative
MGT is 𝑃MGTn = 20 kW and inertia time constant is 𝑇CH =
10 s. The fixed load is 𝑃load0 = 10 kW, and the switchable
load is𝑃load1 = 5 kW.Thecontroller chipsof simulativeWTG
and MGT are DSP F2812 of TI company, the controllers
exchange data with LabWindows/CVI of host computers
through the RS485 communication protocol.

The design of experimental scenario: at 𝑡 = 0, the WTG
and MGT are grid-connected, 𝑃WTG = 2.5 kW, and 𝑃MGT =
7.5 kW. At 𝑡 = 7.5 s, the system load was increased by 5 kW.
Three groups of experiment are carried out in the order of
without-VIC, PD-VIC, and ADRC-VIC. Since the focus of
this paper is on the VIC algorithm of the short-time fre-
quency regulation, the wind speed is set to a constant 6.5m/s
during this period.

5.2. �e Analysis of Experimental Results. Figure 12 is the ex-
perimental waveforms of without-VIC, PD-VIC, and second-
order ADRC-VIC during the load increase, respectively.

The analysis of without-VIC experimental waveforms: at𝑡 = 7.5 s, with sudden increase of the load 𝑃load1, the simula-
tive MGT independently bears the load disturbance, and the
fluctuation characteristic of frequency is similar to the actual
MGT. As shown in Figure 12(a), the maximum frequency
excursion is about Δ𝑓max = 1.25Hz, the stabilization time of
frequency is about 𝑡 = 19.5 s after three cycles of oscillation,
and Δ𝑡 = 12 s. In Figures 12(b) and 12(c), the output power
of WTG 𝑃WTG = 2.5 kW and the rotor speed 𝜔𝑤 = 14 rad/s
remain unchanged. In Figure 12(d), the 𝑃MGT increases 5 kW
by step.

The analysis of PD-VIC experimental waveforms: com-
pared with that in without-VIC, the fluctuation amplitude of𝑓 is decreased, Δ𝑓max = 0.9Hz, the settling time is about
𝑡 = 15 s after two cycles of oscillation, and Δ𝑡 = 7.5. In
Figure 12(c), the increased auxiliary power of 𝑃WTG is the use
of virtual inertia to participate in frequency regulation, the
extreme value is Δ𝑃VICmax = 1.25 kW, and 𝑃WTG and 𝜔𝑤
have the phenomenon of oscillation and overshoot. 𝑃MGT is
increased 5 kWwith the load increasing, but theWTGpartic-
ipates in the system frequency regulation with virtual inertia
at this time, resulting in a distortion and overshoot pheno-
menon of 𝑃MGT.
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The analysis of second-order ADRC-VIC experimental
waveforms: compared with that in without-VIC, the fluc-
tuation amplitude of frequency is obviously reduced, the
maximum deviation of the frequency is about Δ𝑓max =
0.7Hz, the settling time is at 𝑡 = 13.5 s or so, andΔ𝑡 = 5 s.The
extreme of auxiliary power is Δ𝑃VICmax = 2 kW. 𝑃WTG and 𝜔𝑤
have no phenomenon of oscillation and overshoot. Second-
order ADRC-VIC makes 𝜔𝑤 recovery time Δ𝑡1 longer and
avoids overshoot, so that the WTG virtual inertia is released
more fully. 𝑃MGT appears to be no overshoot phenomenon.

Therefore, the PD-VIC and the second-order ADRC-VIC
both can effectively improve the transient stability of the
system frequency in the same experimental environment.

Compared with the PD-VIC, the ADRC-VIC can effectively
extend the 𝜔𝑤 recovery time and avoid overshoot, and
second-order ADRC-VIC reduces the microgrid frequency
fluctuation amplitude value Δ𝑓max by 0.2Hz, the time of
stabilization Δ𝑡 is reduced by about 1.5 s, and the overshoot
phenomenon in 𝑃MGT can be avoided.

6. Conclusions and Future Works

6.1. �e Conclusions of �is Paper. Based on the background
of a SSM, this paper studies the algorithm of primary fre-
quency regulation by using WTG virtual inertia and focuses
on the algorithms of PD-VIC and second-order ADRC-VIC.
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Figure 12: The experiment waveforms of without-VIC, PD-VIC, and second-order ADRC-VIC.

The paper shows that the PD-VIC is clear in physicalmeaning
and easy to implement, but there is a problem that the setting
of the optimal parameter is difficult and it is easy to cause
overshoot. ADRC is a controller designed to suppress the
system frequency disturbance.This paper presents the design
and implementation of the second-order ADRC-VIC.

Through the verification of simulation and experiment,
PD-VIC and second-order ADRC-VIC both can effectively
use the WTG virtual inertia to participate in the system
primary frequency regulation. Compared with PD-VIC, the
second-order ADRC-VIC can effectively extend the 𝜔𝑤
recovery time and avoid overshoot, and the simulation
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shows that second-order ADRC-VIC reduces the maximum
deviation and the settling time of frequency by 0.15Hz and
2 s, respectively, the experiment shows that ADRC reduces
the maximum deviation and the settling time of frequency
by 0.2Hz and 1.5 s, respectively, and ADRC can avoid the
overshoot of theMGToutput power.Therefore, ADRCmakes
WTG virtual inertia release more full, and the frequency
regulation effect of second-order ADRC-VIC is better.

6.2. �e Future Works. This paper only studies the algorithm
of theWTGvirtual inertial control but does not fully consider
the WTG frequency regulation capability. How to fully
release the WTG virtual inertia to participate in frequency
regulation is a research that needs to be done in the future.
In this paper, a single WTG participating in the frequency
regulation is studied only, and multiple WTGs in coordinate
frequency regulation are the next research to be carried out.

Appendix

A. Parameters of Simulation Model

MGT rate power 𝑃MGTn: 50 kW
MGT inertia time constant 𝑇ch: 8 s
MGT line-to-line voltage 𝑈𝑛: 380V
a WTG rate power 𝑃WGTn: 20 kW
Microgrid steady frequency 𝑓𝑛: 50Hz
Fixed load 𝑃Load0: 10 kW
Switchable load 𝑃Load1: 5 kW
PD coefficients 𝑘𝑝𝑓, 𝑘𝑑𝑓: 2 × 103, 1.5 × 103
Sampling step size ℎ: 0.001 s
ESO parameters 𝛽1, 𝛽2, and 𝛽3: 1000, 334, and 332
ESO parameters 𝑎1, 𝑎2, 𝛿, and 𝑏: 0.5, 0.8, 1, and 1/24
NLSFE parameters 𝛽01, 𝛽02: 70, 10
NLSFE parameters 𝑎01, 𝑎02, 𝛿0, and 𝑎: 0.5, 2, 1, and 24

B. Parameters of Experimental System

MGT rate power 𝑃MGTn: 20 kW
MGT inertia time constant 𝑇ch: 10 s
MGT line-to-line voltage 𝑈𝑛: 380V
a WTG rate power 𝑃MGTn: 7.5 kW
Fixed load 𝑃load0: 10 kW
Switchable load 𝑃load1: 5 kW
PD coefficients 𝑘𝑝𝑓, 𝑘𝑑𝑓: 1.2 × 103, 1.1 × 103
Sampling step size ℎ: 0.01 s
ESO parameters 𝛽1, 𝛽2, and 𝛽3: 100, 34, and 31
ESO parameters 𝑎1, 𝑎2, 𝛿, and 𝑏: 0.7, 0.9, 1, and 1/40
NLSFE parameters 𝛽01, 𝛽02: 90, 30
NLSFE parameters 𝑎01, 𝑎02, 𝛿0, and 𝑎: 0.7, 5, 3, and
40
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Nearly all applications in multiagent systems demand precision, robustness, consistency, and rapid convergence in designing of
distributed consensus algorithms. Keeping this thing in our sight, this research suggests a robust consensus protocol for distributed
multiagent networks, continuing asynchronous communications, where agent’s states values are updated at diverse interval of time.
This paper presents an asynchronous communication for both reliable and unreliable network topologies. The primary goal is to
delineate local control inputs to attain time synchronization by processing the update information received by the agents associated
in a communication topology. Additionally in order to accomplish the robust convergence, modelling of convergence analysis is
conceded by commissioning the basic principles of graph and matrix theory alongside the suitable lemmas. Moreover, statistical
examples presenting four diverse scenarios are provided in the end; produced results are the recognisable indicator to authenticate
the robust effectiveness of the proposed algorithm. Likewise, a simulation comparison of the projected algorithm with the other
existing approaches is conducted, considering different performance parameters are being carried out to support our claim.

1. Introduction

Multiagent systems can be defined as a system that is dis-
tributed in nature;multiple agents in a network communicate
with each other with their limited resources to achieve their
local and global goal in a cooperative manner. It is important
to mention here that agents are intelligent nodes and have
some degree of independence to take their decisions to
achieve their desired goals. Such coordination in multiagent
system is referred to as a consensus, and it is considered as
one the fundamental research activities in distributed control
strategy. Study of multiagent systems attracted scientists and
researchers from diverse fields of control theory, applied
mathematical modelling, computer sciences, engineering,
and so on to study the significance of distributed control
of agents in a network, as distributed multiagents systems
gain a lot of significance in various real time applications

such as flocking [1–4], wireless sensor networks (WSN) [5, 6],
coordination control of robots [7, 8], underwater vehicles,
unmanned aerial vehicles [9, 10], intelligent transportation
systems [11], robotics [12], formation control [13, 14], bal-
ancing of load in parallel computers [15], and intelligent
decentralized mechanism for smart grids [16, 17].

Consensus problem was first investigated in late 1960s
in the modelling of statistical theory and management sci-
ence [18]. Moreover in the fields of control system theory,
consensus problem was initially discussed by [19]. Computer
sciences problem focusing on animal aggregation through
consensus control is studied by the author in [20]. In latest
research horizons of consensus control is pioneered byOlfati-
Saber and Murray; they utilize the concepts of graph and
matrix theories along with the different network topologies
with directed and undirected graph connectivity [21, 22].
Later on authors in [23] implement the consensus control
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for dynamically changing topologies. Moreover, consensus
in switching network topologies is addressed by [24, 25],
filter designing for consensus is addressed by [26], optimized
solution for large scale industry using distributed consensus
algorithm is proposed by the authors in [27], and Kalman
filtering design for distributed consensus approach is initially
addressed in [28]. Impulsive control as an important mech-
anism is highlighted in [29]. Time synchronized algorithms
for various application are discussed by authors in [30–32].
Likewise, concept of asynchronous consensus under different
network environments is presented by authors in [33, 34].

After concisely discussing various theories and the exist-
ing approaches, we are suggesting a new control mechanism
for attaining robust average consensus for asynchronous
communication in distributed multiagent network centred
on discrete time information sharing among the neighbours
within the communication network. Practically such net-
works may suffer communication delays, information loss,
broken communication links, unreliable switching network
topology, and limitation in channel capacity. So in our
proposed solution, we are considering resource constrained
intelligent agents with limited communication abilities and
also simulated the proposed network control mechanism
under both reliable and unreliable random network topolo-
gies.Most importantly asmentioned above it is asynchronous
in nature, which means that each agent communicating
in a network is adjusting its dynamics independently with
respect to other neighbouring agents. In proposed scheme
starting time of each agent is common but the update time
of each agent in a network is assigned randomly; in other
words we can say update time of each agent is asynchronous
and depending on upper and lower bound of the time. For
designing of the proposed control algorithm we used the
key concepts from the theory of graph and nonnegative
matrix along with state spacemodel to prove the convergence
conditions. Proposed algorithm is compared with other
existing protocols with a synchronous communication in
four different scenarios under reliable and unreliable network
topologies and results are compared it a tabular form con-
sisting of various performance parameters. Structure of the
paper is organised as follows. Key concepts from the matrix
theory and algebraic graph theory are presented in Section 2,
convergence analysis is proved in Section 3, and Section 4
is enriched with the proposed control algorithm. Numerical
simulation and comparison analysis of performance param-
eters are presented in Section 5. Section 6 is devoted for
concluding remarks.

2. Preliminaries from Algebraic Graph and
Matrix Theory

Algebraic graph theory and nonnegative matrix theory are
considered as a preliminary tool for designing and con-
vergence analysis in distributed algorithms in multiagent
systems. In this segment significant fundamental concepts
are concisely deliberated to enhance the understanding of the
projected investigation.

In algebraic graph theory, graph is fundamentally a group
of linked agents communicating with each other through

communication links. Mathematically it can be represented
as 𝐺 = (𝑉, 𝐸). Agents set in a graph are called vertex set
and they can be written as 𝑉 = V1, V2, . . . , V𝑛, where 1, 2, 𝑛
are the number of agents in a graph. Moreover, connection
links between vertices are referred to as an edge set E =(𝑖, 𝑗). Graph can be classified into two types, directed graph
and undirected graph. In directed communication between
the agents is one way (𝑖, 𝑗) demonstrating data flowing from𝑗th vertex to 𝑖th and vice versa. Similarly in undirected
graph the communication between vertices is bidirectional.
Furthermore, edge set consists of order pairs of vertices rep-
resenting the information flow. Directly connected vertices
which are directly communicating with each other through
edges are known as neighbour and algebraically notated as
N𝑖 for agent 𝑖. In graph theory connectivity of the agents
in a network is represented by 𝑛 ∗ 𝑛 matrix, known as
adjacency matrix 𝐴 = [𝑎𝑖𝑗]. Degree matrix 𝐷 = [𝑑𝑖𝑗] delivers
the information about the total neighbours connected with
any agent in a communication network. Additionally if one
vertex in a network has the direct path to all the vertices
in a network, then the connectivity graph is supposed to
procedure a spanning tree. Spanning tree is considered as
one vital convergence condition for consensus in reliable
communication but not considerably enough for the systems
with time varying delays [35]. If edges in a graph have weights
then the matrix is called weighted matrix and summation
of the weights coming towards the vertex is called in-degree
and alike sum of outward weight is said to be out-degree
[36, 37]. Few other matrices which are considered to be of
prime importance in convergence analysis for the distributed
consensus algorithms are named Laplacianmatrix 𝐿 = 𝐷−𝐴,
rank 1 matrix, stochastic matrix 𝑃, and SIA matrix [38].

Furthermore, when designing the weighting matrix 𝛽 to
validate the convergence condition towards a targeted value,
then there are multiple approaches available to design such
matrices. Local degree weight matrix is one of the popular
methodologies, which states that the highest out-degree of
any two incident agents is assigned as weight on each edge
[39]. It is significant to mention here that it is compulsory
that each agent in a network must possesses the knowledge
of out-degrees of all of its neighbors. Mathematically we can
express

𝛽𝑖𝑗 (𝑡𝑖𝑘) = {{{{{
1((max (𝑑𝑖 (𝑡𝑖𝑘) , 𝑑𝑗 (𝑡𝑖𝑘)))) 𝑖 ̸= 𝑗

0 otherwise. (1)

Similarly one of the popular techniques is for designing
weigh matrix as metropolis hasting weights. It can be defined
as the fact that all agents must know the out-degree of all
of its neighbors but it is essential to mention here that the
graph topology is changing at all instants of time. It can be
algebraically expressed as [40, 41]𝛽𝑖𝑗 (𝑡𝑖𝑘)

= {{{{{
1((max (𝑑𝑖 (𝑡𝑖𝑘) , 𝑑𝑗 (𝑡𝑖𝑘)))) + 1 𝑖 ̸= 𝑗

0 otherwise.
(2)
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Moreover, while in designing process of distributed con-
sensus algorithm, some useful lemmas and facts from the
theory of controls play a very significant role to produce
desire results to achieve convergence.

Lemma 1. Assume a collection of stochastic matrices 𝑍1, 𝑍2,. . . , 𝑍𝑛. The final graph which is produced after performing
the union operation of all the graphs in matrices set G(𝑍1),
G(𝑍2), . . . ,G(𝑍𝑛) must possess the spanning tree; afterwards
the produced matrix outcome 𝑍𝑛𝑍𝑛−1 ⋅ ⋅ ⋅ 𝑍1 is called a SIA
matrix [23].

Lemma 2. Stochastic matrix 𝑍 is supposed to be a SIA, if and
only if a spanning tree inG(𝑍) is present [42].
3. Convergence Condition

This section will deal with the convergence analysis of the
proposed algorithm based on the given below distributed
iteration:

𝑧𝑖 (𝑡𝑖𝑘 + 1) = 𝛽𝑖𝑖 (𝑡𝑖𝑘) 𝑧𝑖 (𝑡𝑖𝑘) + ∑
𝑗𝜖𝑁𝑖

𝛽𝑖𝑗 (𝑡𝑖𝑘) 𝑧𝑗 (𝑡𝑖𝑘) ; (3)

where 𝑖 ranges between 𝑖 = 1, 2, 3, . . . , 𝑛, and similarly 𝑡𝑖𝑘 =0, 1, 2, . . ..𝛽𝑖𝑗 is the weight on 𝑧𝑗 at agent 𝑖, where𝛽𝑖𝑖 = (1−∑𝑗𝜖𝑁𝑖 𝛽𝑖𝑗).
By assigning𝛽𝑖𝑗 = 0 for 𝑗𝜖𝑁𝑖, we canwrite (3) in a vector form
as

𝑍(𝑡𝑖𝑘 + 1) = 𝛽 (𝑡𝑖𝑘)𝑍 (𝑡𝑖𝑘) (4)

by utilizing the concept of a 𝑡-step transition matrix, we can
state that

𝛽 (𝑡𝑖𝑘) = 𝛽 (𝑡 − 1) ⋅ ⋅ ⋅ 𝛽 (1) 𝛽 (0) , (5)

where in (4)

𝑍(𝑡𝑖𝑘 + 1) =
[[[[[[[[[[

𝑍1 (𝑡1𝑘 + 1)𝑍2 (𝑡2𝑘 + 1)⋅ ⋅ ⋅⋅ ⋅ ⋅𝑍𝑛 (𝑡𝑛𝑘 + 1)

]]]]]]]]]]

𝑍(𝑡𝑖𝑘) =
[[[[[[[[[[

𝑍1 (𝑡1𝑘)𝑍2 (𝑡2𝑘)⋅ ⋅ ⋅⋅ ⋅ ⋅𝑍𝑛 (𝑡𝑛𝑘)

]]]]]]]]]]

(6)

𝛽𝜖𝜓 represents the sparsity design of the matrix 𝛽 with
restraint, where

𝜓 = {𝛽𝜖𝑅𝑛×𝑛 | 𝛽𝑖𝑗 = 0 if {𝑖, 𝑗} ∉ E, 𝑖 ̸= 𝑗} (7)

After defining the sparsity pattern of the matrix, we can now
transform (4) as

𝑍(𝑡𝑖𝑘) = (𝑡𝑖𝑘−1∏
𝑖=0

𝛽 (𝑡𝑖𝑘))𝑍 (0) . (8)

Here it is important to highlight that (8) is valid for all 𝑡𝑖𝑘:𝑍(𝑡𝑖𝑘) = 𝛽 (𝑡𝑖𝑘)𝑍 (0) . (9)

Now the primary goal is to achieve a consensus and to
select a weighting matrix in such a way that the convergence
condition is satisfied and𝑍(𝑡𝑖𝑘) converge to the average vector,
with any initial value 𝑍(0):

lim
𝑡𝑖
𝑘
→∞
𝑍(𝑡𝑖𝑘) = (1𝑛) 11𝑇𝑍 (0) , (10)

where 𝑛 represents the number of participating agents in
communication network and a 1 is a vector of ones:

lim
𝑡𝑖
𝑘
→∞
𝑍(𝑡𝑖𝑘) = lim

𝑡𝑖
𝑘
→∞
𝛽 (𝑡𝑖𝑘)𝑍 (0) . (11)

If we now compare (10) with (11), we will attain

lim
𝑡𝑖
𝑘
→∞
𝛽 (𝑡𝑖𝑘)𝑍 (0) = (1𝑛) 11𝑇𝑍 (0) . (12)

Here we compare the terms in (12), and we will come up with

lim
𝑡𝑖
𝑘
→∞
𝛽 (𝑡𝑖𝑘) = (1𝑛) 11𝑇. (13)

From (13) we can compute the equations for different perfor-
mance parameters for convergence analysis; the asymptotic
convergence factor [26] is calculated as

𝑟asym (𝛽 (𝑡𝑖𝑘)) = sup
𝑧(0) ̸=

∙
𝑧

(
𝑧 (𝑡𝑖𝑘) − ∙𝑧2𝑧 (0) − ∙𝑧2 )

1/𝑡𝑖𝑘 , (14)

where
∙𝑧 = lim𝑡→∞𝑧(𝑡𝑖𝑘).

Generally convergence is mentioned as a degree of
error reduction with refinement towards zero for finite
elementswith grid spacing. Similarly asymptotic convergence
is defined as a convergence behaviour of the systemwhen grid
arrangement is considered very trivial in a matrix and error
between two states ranges towards zero.

From (14), the convergence time can be computed as

𝜏asym = 1
log (1/𝑟asym (𝛽 (𝑡𝑖𝑘))) . (15)

Convergence time of any system is defined as a computa-
tion time, exactly how speedily different agents in a network
touch a state of consistent convergence. It is considered to be
one of the foremost goals and vital performance indicators in
designing of distributed algorithms.



4 Mathematical Problems in Engineering

One of the other important performance indicators used
for network convergence is matrix spectral radius and it is
denoted by 𝜌(⋅). It is a biggest absolute value of its eigenvalues
in thematrix spectrum.Mathematically it can be expressed as

𝑟asym (𝛽) = 𝜌(𝛽 − 11𝑇𝑛 ) . (16)

4. Proposed Algorithm

In the field of distributed multiagent systems, its primary
impression that consensus algorithms enforce the network
agents communicating in a network towards a common
value by information exchange by their neighbourhood if the
communication is reliable; network topology is considered
fixed. But achieving consensus for the cases in which network
connectivity is unreliable, communication is asynchronous
and update time for the network agents varying time to time
is really challenging.

In this section we are proposing a consensus algorithm
for distributed network consisting of 𝑛 autonomous agents
(i.e., 1, 2, . . . , 𝑛), whose directed graph topology is considered
as a fixed (reliable) and for switching topology (unreliable).
Agents are sharing a common state space R with asyn-
chronous communication in terms of different update time
for each agent. Initial start time for all agent is considered
the same but later on each agent adjusts its current state
value, depending on the information received from other set
of defined neighbors 𝑁(𝑡, 𝑖) at a particular instance of time.
Let 𝑧𝑖(𝑡𝑖𝑘)𝜖R represents the initial state of an agent 𝑖 and let𝑍 = [𝑧1, 𝑧2, . . . , 𝑧𝑛]𝑇.We can represent designed discrete time
multiagent system as 𝑧(𝑡𝑖𝑘 + 1) = 𝑓(𝑡𝑖𝑘, 𝑢(𝑡𝑖𝑘)), where 𝑢(𝑡𝑖𝑘)
is a state feedback controller which needs to be designed as
well with the help of weighting matrix. If we suppose 𝑧(𝑡𝑖𝑘) as
an initial value and it converges to a stable value �̇�, in such
away that ̇𝑧𝑖 = ̇𝑧𝑗 for all 𝑖, 𝑗 as 𝑡 → ∞, then it is said to
achieve consensus. If agent 𝑖 receives the state information of
its neighbors at 𝑡𝑖𝑘, then agent 𝑖 is assumed to take the follow-
ing dynamics in time interval (𝑡𝑖𝑘, 𝑡𝑖𝑘+1):
�̇�𝑖 (𝑡) = 𝑧𝑖 (𝑡) + ∑

𝑗𝜖𝑁
(𝑡𝑖
𝑘
,𝑖)

𝛽𝑖𝑗 (𝑡𝑖𝑘) (𝑧𝑗 (𝑡𝑖𝑘) − 𝑧𝑖 (𝑡))
if 𝑁(𝑡𝑖

𝑘
,𝑖) ̸= 𝜙, (17)

where 𝑡𝜀[𝑡𝑖𝑘, 𝑡𝑖𝑘+1).
We assume that agent 𝑖 receives its neighbors states at

update times 𝑡𝑖0, 𝑡𝑖1, . . . , 𝑡𝑖𝑘, . . .which can be denoted as {𝑡𝑖𝑘}. In
proposed model we are considering the following condition,
which presumed to be essentially contented by {𝑡𝑖𝑘}.
Condition. For any 𝑘𝜖Z+̇, 0 < ̌𝑇𝑢 ≤ 𝑡𝑖𝑘+̇1 ≤ 𝑇𝑢, where ̌𝑇𝑢, 𝑇𝑢.

The core intention behind the update times is to acquire
an information of neighbours state value by an agent 𝑖 to
apprise its dynamic consequently. Two time bounds are pre-
sented in the proposed algorithm, upper bound 𝑇𝑢 and lower

bound ̌𝑇𝑢. Both have their own importance and significance
in convergence analysis under asynchronous time update
communication. Lower bound ̌𝑇𝑢 of time interval among
any two consecutive update time offers assurance to the
authentication of the consensus algorithm, while on the other
handupper bound𝑇𝑢; of 𝑡𝑖𝑘+1−𝑡𝑖𝑘 supports the dissimilar states
of an agents to assemble themselves on a common value.

While designing a proposed algorithm, primary goals
are to achieve quick convergence, reduce the iterations for
bounded convergence, and alsomeet the best of performance
indicators as mentioned in the previous section.

Proposed algorithm can be mathematically expressed as

𝑧𝑖 (𝑡𝑖𝑘+1) = 𝑧𝑖 (𝑡𝑖𝑘) + ∑
𝑗𝜖𝑁
(𝑡𝑖
𝑘
,𝑖)

𝛽𝑖𝑗 (𝑡𝑖𝑘) (𝑧𝑗 (𝑡𝑖𝑘) − 𝑧𝑖 (𝑡𝑖𝑘)) (18)

we can write

𝛽𝑖𝑗 (𝑡𝑖𝑘) = {{{{{{{
(𝑑𝑖 (𝑡𝑖𝑘) + 𝑑𝑗 (𝑡𝑖𝑘))(2𝑑𝑖 (𝑡𝑖𝑘) ∗ 𝑑𝑗 (𝑡𝑖𝑘)) 𝑖 ̸= 𝑗
0 otherwise.

(19)

In the above equation 𝑑𝑖 is the degree of agent 𝑖 or we can
say the total neighbors of an agent 𝑖.
Proof of an Algorithm. Suppose

𝑍(𝑡𝑖𝑘) =
[[[[[[[[[[

𝑍1 (𝑡1𝑘)𝑍2 (𝑡2𝑘)⋅ ⋅ ⋅⋅ ⋅ ⋅𝑍𝑛 (𝑡𝑛𝑘)

]]]]]]]]]]
,

𝑈 (𝑡𝑖𝑘) =
[[[[[[[[[[

𝑢1 (𝑡1𝑘)𝑢2 (𝑡2𝑘)⋅ ⋅ ⋅⋅ ⋅ ⋅𝑢𝑛 (𝑡𝑛𝑘)

]]]]]]]]]]
.

(20)

Similarly

𝑍(𝑡𝑖𝑘 + 1) =
[[[[[[[[[[

𝑧1 (𝑡1𝑘 + 1)𝑧2 (𝑡2𝑘 + 1)⋅ ⋅ ⋅⋅ ⋅ ⋅𝑧𝑛 (𝑡𝑛𝑘 + 1)

]]]]]]]]]]
. (21)

At this point it is significant to articulate a global state equa-
tion for a system, which is intended for average convergence
in the given form as

𝑍(𝑡𝑖𝑘 + 1) = 𝑍 (𝑡𝑖𝑘) + 𝑈 (𝑡𝑖𝑘) . (22)
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Global input vector can be formulated as

𝑈(𝑡𝑖𝑘) = 𝛽𝑖𝑗 (𝑡𝑖𝑘) [𝐴 − 𝐷]𝑍 (𝑡𝑖𝑘) . (23)

For unreliable network topology the weighting matrix 𝛽 is
not fixed, so for the particular case we used the following
symbolization 𝛽𝑖𝑗(𝑡𝑖𝑘) in (23). After deputizing (23) in (22),
we will get

𝑍(𝑡𝑖𝑘 + 1) = 𝑍 (𝑡𝑖𝑘) + 𝛽𝑖𝑗 (𝑡𝑖𝑘) [𝐴 − 𝐷]𝑍 (𝑡𝑖𝑘) . (24)

We can additionally write the following after applying the
concept of Laplacian matrix:

𝑍(𝑡𝑖𝑘 + 1) = 𝑍 (𝑡𝑖𝑘) − 𝐿𝛽𝑖𝑗 (𝑡𝑖𝑘)𝑍 (𝑡𝑖𝑘) , (25)𝑍(𝑡𝑖𝑘 + 1) = [𝐼 − 𝐿𝛽𝑖𝑗 (𝑡𝑖𝑘)]𝑍 (𝑡𝑖𝑘) . (26)

Distributed linear iteration in (26) designates for 𝑡𝑖𝑘 =0, 1, 2, . . .:
𝑍(𝑡𝑖𝑘) = [𝐼 − 𝐿𝛽𝑖𝑗 (𝑡𝑖𝑘)]𝑍 (0) , (27)

lim
𝑡𝑖
𝑘
→∞
𝑍(𝑡𝑖𝑘) = lim

𝑡𝑖
𝑘
→∞
(𝐼 − 𝛽𝑖𝑗 (𝑡𝑖𝑘) 𝐿)𝑍 (0) . (28)

Now equating (11) and (28),

lim
𝑡𝑖
𝑘
→∞
𝛽 (𝑡𝑖𝑘) = lim

𝑡𝑖
𝑘
→∞
(𝐼 − 𝛽𝑖𝑗 (𝑡𝑖𝑘) 𝐿) . (29)

Now referring to (13)

lim
𝑡𝑖
𝑘
→∞
𝛽 (𝑡𝑖𝑘) = (1𝑛) 11𝑇. (30)

Therefore,

lim
𝑡𝑖
𝑘
→∞
(𝐼 − 𝛽𝑖𝑗 (𝑡𝑖𝑘) 𝐿) = (1𝑛) 11𝑇. (31)

If we consider a system, with infinite number of agents, that
is, 𝑛 → ∞, then we can write

lim
𝑡𝑖
𝑘
→∞
(𝐼 − 𝛽𝑖𝑗 (𝑡𝑖𝑘) 𝐿) = 0. (32)

The concluding outcome of (32) will develop as

𝛽𝑖𝑗 (𝑡𝑖𝑘) = {{{{{{{
(𝑑𝑖 (𝑡𝑖𝑘) + 𝑑𝑗 (𝑡𝑖𝑘))(2𝑑𝑖 (𝑡𝑖𝑘) ∗ 𝑑𝑗 (𝑡𝑖𝑘)) 𝑖 ̸= 𝑗
0 otherwise.

(33)

5. Numerical Examples and Simulation Results

In this section stimulation results are presented for various
numerical examples. All examples are simulated in Matlab
environment for generating results. This section also vali-
date the efficiency of projected algorithm in four different
scenarios for asynchronous time update communication
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Figure 1: Network topology considered in Example 1.

under reliable and unreliable communication. To compare
the benchmarks of proposed algorithm, a detailed simulation
comparison with other existing approaches is performed.
For that particular purpose four different performance
parameters, that is, total number of iterations, CPU time,
asymptotic convergence factor, and convergence time, have
been considered to compute the results for each scenario.
Total number of iterations is basically the iteration count in
which the consensus is achieved using Matlab software and
similarly CPU time is the processing time of the machine
on which all the simulation are carried out with same
computational resources. Error graphs of proposed method
and other existing approaches are also produced in this
section for better understanding. Initial values are assigned
to agents as 𝑥𝑛(0) = 1 and 𝑥𝑖(0) = 0, ∀𝑖 = 1, 2, 3, . . . , 𝑛 − 1 in
all four numerical examples. For any 𝑖𝜀𝐼𝑛, 𝑡𝑖𝑘+1 − 𝑡𝑖𝑘 is evenly
distributed between 0.2 and 0.6, lower time bound is ̌𝑇𝑢 =0.2, and upper time bound is 𝑇𝑢 = 0.6. Additionally error
tolerance considered is 𝑒 = 10−15, in which the total number
of iterations is represented by NI, where

𝑒𝑖 (𝑘) = ∑
𝑗𝜖𝑁𝑖

𝑥𝑖 (𝑘) − 𝑥𝑗 (𝑘) , 𝑖 = 1, 2, . . . , 𝑛. (34)

Example 1 (fixed network topology with asynchronous time
update). In this example, a case of reliable communication
among multiagents with asynchronous time update is con-
sidered (Figure 1). Communication topology remains fixed
throughout the simulation but the update times of agents are
diverse and independent of each others. Each agent can get
all of its neighbour states only at its update times. For any𝑖𝜀𝐼𝑛, 𝑡𝑖𝑘+1 − 𝑡𝑖𝑘 is evenly distributed between 0.2 and 0.6. A
network of 30 agents is considered which are communicating
with each other under reliable conditions. All agents have
to develop an average consensus on the value of 0.0333. To
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Figure 2: Plot of error graph generated for Example 1.
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Figure 3: Agents approaching to a consensus value using proposed
algorithm in Example 1.

evaluate the performance of proposed algorithm, the compar-
ison results of Example 1, simulated by proposed and existing
methods are shown in Table 1. An error graph is generated
in Figure 2, which evaluates how fast a method converges to
its consensus value. It also helps us to graphically evaluate
the performance of different methods. The consensus graphs
of proposed method, Metropolis method, and local degree
method are shown in Figures 3, 4, and 5 respectively.

Example 2 (unreliable switching network topology with
asynchronous time update). The second case is on unreliable
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Figure 4:Agents approaching to a consensus value usingMetropolis
method in Example 1.
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Figure 5: Agents approaching to a consensus value using local
degree method in Example 1.

switching topologies with asynchronous update time. In
this example two major challenges in cooperative control
are highlighted, that is, unreliable communication among
agents and asynchronous behavior in update times. When
the communication topology is changing dynamically and
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Table 1: Comparison results of Example 1 for different performance parameters.

Methods NI CPUMin 𝜌(𝑊 − 11𝑇/𝑛) 𝜏asym
Proposed method 127 0.342 0.7518 3.505
Metropolis method 215 0.3972 0.8461 6.003
Local degree method 189 0.3617 0.8284 5.3131

Table 2: Comparison results of Example 2 for different parameters.

Methods NI CPUMin 𝜌(𝑊 − 11𝑇/𝑛) 𝜏asym
Proposed method 163 0.2092 0.7998 4.778
Metropolis method 245 0.2868 0.8635 6.8173
Local degree method 215 0.2540 0.8456 5.9660
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Figure 6: Network topology considered in Example 2.

additionally the update times are also varying and indepen-
dent of each other, it becomes more challenging for agents
to make consensus on a single value.These kinds of problems
are really helpful to compare the performance of consensus
methods. The numerical results of case 2 are shown in
Table 2. The graphical comparison of consensus methods
and the network topology are shown in Figures 7 and 6,
respectively. The consensus graphs of proposed method,
Metropolis method, and local degree method are shown in
Figures 8, 9, and 10, respectively, which are the evidence of
perfectness of proposed method.

Example 3 (addition of agents in reliable network topology
at any time instant). This example is the continuity case of
Example 1 and is called forced consensus problem. As in
Example 1, some agents are selected randomly with fixed
topology with asynchronous time updates, and finally they
develop a consensus on a single value. Similarly in this exam-
ple, some agents are randomly added in the network at any
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Figure 7: Pot of an error graph for Example 2.

time instant and now they have to develop consensus on some
new unique value. This means that at any time instant, the
agents are forced from one value to another consensus value.
In this example, 10 agents are added at some time interval;
that is, 𝑡 = 50ms; the total number of agents becomes
40 and they have to develop consensus on value 0.025 with
utilizing the asynchronous time updates; that is, it is fixed
between 0.2 and 0.6. The numerical results of Example 3
are produced in Table 3. The network topology considered
for this example is shown in Figure 11. In Figure 12, error
is plotted for the proposed method, metropolis, and local
degree method, respectively. Consensus graphs for this case
are presented in Figures 13, 14, and 15.

Example 4 (addition of agents in unreliable network topology
with asynchronous time update at any instant of time). This
example is the second problem of forced consensus and is the
continuity of case in Example 2. As in Example 2, some agents
are selected randomly with dynamically changing interaction
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Figure 8: Agents approaching to a consensus value using proposed
algorithm in Example 2.
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Figure 9:Agents approaching to a consensus value usingMetropolis
method in Example 2.

topology and asynchronous time updates; they developed
consensus on a single value. In this example some agents are
randomly added in the system at any time instant. Addition
of agents disturbs the performance of consensus methods
as the communication strategy is unreliable and changing
randomly and also the time updates are asynchronous, so
it becomes difficult for the agents to develop agreement on
a single value but with proposed method it reaches to the
consensus value in a less convergence time as compared to
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Figure 10: Agents approaching to a consensus value using local
degree method in Example 2.
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Figure 11: Communication topology considered in Example 3.

other techniques. The numerical results of Example 4 are
shown in Table 4. The network topology considered for this
example is given in Figure 16. In Figure 17 error is plotted for
the proposed method, metropolis, and local degree method,
respectively. Consensus graphs for this case are shown in
Figures 18, 19, and 20. From the numerical and graphical
analysis of different consensus techniques, it is observed that
the proposed method converges faster to consensus value
than other well-known consensus methods.
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Figure 12: Plot of error graph generated for Example 3.
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Figure 13: Agents approaching to a consensus value using proposed
algorithm in Example 3.

6. Conclusion

This paper proposed a new convergence algorithm for dis-
tributed multiagent systems. A unique approach of asyn-
chronous time updates under reliable and unreliable network
topology is implemented to produce better results in terms
of different performance indicators, such as number of
iterations and computational cost, and, capable of operability
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Figure 14: Agents approaching to a consensus value usingMetropo-
lis method in Example 3.
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Figure 15: Agents approaching to a consensus value using local
degree method in Example 3.

in large dynamic networks with unreliable communication,
CPU processing time, asymptotic convergence factor, and
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Figure 16: Network topology considered in Example 4.
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Figure 17: Plot of an error graph for Example 4.

Table 3: Comparison results of Example 3 for different parameters.

Methods NI CPUMin 𝜌(𝑊 − 11𝑇/𝑛) 𝜏asym
Proposed method 147 0.3515 0.7743 3.909
Metropolis method 193 0.4013 0.8216 5.089
Local degree method 180 0.3961 0.8070 4.663

Table 4: Comparison results of Example 4 for different parameters.

Methods NI CPUMin 𝜌(𝑊 − 11𝑇/𝑛) 𝜏asym
Proposed method 159 0.4571 0.7950 4.359
Metropolis method 217 0.4767 0.8494 6.1297
Local degree method 199 0.4654 0.8370 5.6231
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Figure 18: Agents approaching to a consensus value using proposed
algorithm in Example 4.
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Figure 19: Agents approaching to a consensus value usingMetropo-
lis method in Example 4.

convergence time have been considered. A detailed compari-
son is produced with each example with different operational
scenario, as an effective evidence to prove the efficiency
of the proposed algorithm. In future we will extend our
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Figure 20: Agents approaching to a consensus value using local
degree method in Example 4.

research for systems experiencing time varying delays under
asynchronous communication to study their performance.
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Four-wheel independent drive electric vehicle was used as the research object to discuss the lateral stability control algorithm,
thus improving vehicle stability under limit conditions. After establishing hierarchical integrated control structure, we designed
the yaw moment decision controller based on model predictive control (MPC) theory. Meanwhile, the wheel torque was assigned
by minimizing the sum of consumption rates of adhesion coefficients of four tires according to the tire friction ellipse theory. The
integrated simulation platform of Carsim and Simulink was established for simulation verification of yaw/rollover stability control
algorithm. Then, we finished road experiment verification of real vehicle by integrated control algorithm. The result showed that
this control method can achieve the expectation of effective vehicle tracking, significantly improving the lateral stability of vehicle.

1. Introduction

With independent controllable drive/brake moment, rapid
moment response, and measurable torque and speed, four-
wheel independent drive electric vehicle has advantages
in improving vehicle stability. When the vehicle has the
risk of instability or has lost stability, it is difficult for the
ground to maintain vehicle tracking and attitude adjustment
with sufficient lateral force. Meanwhile, the vehicle based
on active steering has little effect on driving direction
control [1, 2]. In differential braking/driving process, the
longitudinal force of the tire is adjusted to control yaw
stability. It still has significant control effect even when
the vehicle yaw movement loses stability. Differential brak-
ing is integrated with differential driving to broaden the
range of active yaw moment, thus reducing the decrease in
vehicle speed and keeping the vehicle in a stable running
state.

Domestic and foreign scholars havemade lots of research-
es on yaw stability control based on distributed structure
electric vehicle.Thedeveloped control strategy can be divided
into yaw moment decision and wheel torque distribution
control layers. References [3–5] focus on achieving direct
yaw control by distributing the rear wheel driving or braking

force. However, a single wheel produces limited yaw response
with limited adhesion during the process of steering instabil-
ity. Effective use of the adhesion ofmultiplewheels can greatly
enhance the stability. In [6], the concept of additional yaw
torque control is proposed. Based on independent control
of braking force, the in-wheel motor is integrated with the
rear wheel drive force control. Relying on the yaw control
of driving and braking forces, the yaw response decreases at
least 10% of the delay, and the lateral acceleration rises by
up to 40%. In [7–11], the yaw moment decision is completed
by adaptive control, fuzzy logic, and so on. Braking and
driving coordination control can be used to achieve faster
yaw response. However, these researches only apply simple
method for hierarchical control. Only controlling the current
state makes the existence of improved space for system
robustness and accuracy. In [12], the classical sliding mode
control theory is used to calculate the yaw moment required
for dynamic control of in-wheel motor driving vehicle. The
sliding surface is formed by the yaw rate error and the error
change rate.The torque outputs of themotors are coordinated
to achieve the above yaw moment value. When the system
parameters are uncertain, this control method has good
robustness. However, the high-frequency switching of sliding
mode controller introduces a certain degree of “chattering”
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phenomenon, which affects the control precision of vehicle
dynamics.

For the vehicles with high centroid, when they run on the
high adhesion road with high speed, the emergency avoid-
ance operation can easily cause the risk of rollover because of
large lateral acceleration. The rollover stability control (RSC)
is as important as the yaw stability control (YSC). Fujimto and
Hori’s team of University of Tokyo have done a lot of related
research on their developed small test vehicle. In [13, 14], RSC
and YSC are designed by utilizing two-degree-of-freedom
(2-DOF) control based on disturbance observer (DOB); the
tracking capability and robustness for lateral acceleration
disturbance against such as side blast are realized by the
proposed DOB. And they further propose electronic stability
program based on DOB, which achieves integrated three
dimensional vehicle motion control [15]. The DOB is based
on themodel following control; it works verywell if the veloc-
ity is constant and not so high. But, at high speed, the control
effect is reduced. The purpose of this paper is to propose
integrated yaw/rollover stability control; MPC-based four-
wheel braking/driving torque coordinated control strategy
was proposed to improve the driving stability of four-wheel
independent electric drive off-road vehicle. The proposed
MPC, which is independent of exact mathematical model,
compared with the DOB can also overcome the influence
of modeling errors and environmental uncertainties. MPC
controls the current vehicle state while predicting the states
in sampling periods. The current input is corrected to obtain
more prominent control accuracy, stability and robustness.
Therefore, it is suitable for solving nonlinear, multiple input,
and output problems [16].

In the work, MPC-based four-wheel braking/driving
torque coordinated control strategy was proposed to improve
the driving stability of four-wheel independent electric
drive off-road vehicle. According to MPC system structure,
we established predictive control-oriented vehicle dynamics
model. After that, thework improved vehicle yaw and rollover
stability under limit conditions by taking driver’s input
as the reference and road adhesion as constraint. Vehicle
braking/driving force was allocated by MPC to minimize
rollover index LTR, the deviations of yaw rate and side slip
angle. Then, we used Carsim and Simulink joint simulation
platform including professional vehicle and road models for
yaw stability control under low adhesion coefficient and
double lane-change conditions as well as rollover stability
control algorithm validation under high adhesion coefficient
and hook conditions. At last, real vehicle test verification was
performed under high speed double lane-change condition.

2. Lateral Stability Control Strategy

The control goal of lateral stability control strategy enables
the vehicle to run in the control of the driver without the
risk of rollover, achieving convenient operation and stable
driving. The lateral stability of the vehicle includes both
the yaw and the roll stabilities. Scholars take linear yaw
characteristic deduced from two-degree-of-freedom vehicle
model as the ideal characteristic of the vehicle. In the work,
we also select it as the control target of ideal yaw stability of

the vehicle. For rollover stability, it is impossible to obtain
the ideal rollover characteristic by establishing a simplified
vehicle model.The current rollover condition of the vehicle is
characterized only by selecting the appropriate rollover index.
Besides, a suitable predicted value is selected to measure the
possibility of rollover. In the rollover stability control, the
expected rollover possibility should be as small as possible.

2.1. Yaw Stability Control Analysis. The yaw stability is char-
acterized by state variables including side slip angle and yaw
rate.Therefore, we determine the yaw stability of vehicle, and
whether to carry out yaw stability control according to the
two state variables.

When the side slip angle of vehicle satisfies the following
equation, the vehicle is in a stable zone; otherwise, it is in an
unstable zone, and the stability control must be added.

𝛽 + 𝐵1 ̇𝛽 ≤ 𝐵2, (1)

where 𝐵1 and 𝐵2 are the parameters relevant to vehicle
characteristics and driving state. In the work, we refer to the
method of determining the boundary values of side slip angle
by vehicle speed and pavement friction coefficient in [17].
Then, the relation between 𝐵1 and 𝐵2 is obtained by fitting.
 ̇𝛽 + 𝐵1𝛽 ≤ 𝐵2,
𝐵1 (𝜇) = 15.62𝜇2 − 34.37𝜇 − 6.719,
𝐵2 (𝑉, 𝜇)
= 0.0002343𝜇2𝑉2 − 0.000516𝜇𝑉2 − 0.7498𝜇2 + 1.650𝜇 ,

(2)

where 𝜇 is the tire-road friction coefficient and 𝑉 is the
travel speed. Equation (2) is used to determine the stability
boundary of side slip angle. After that, we obtain the esti-
mated values of side slip angle and its derivative through
the state estimation procedure which has been developed
and validated by the authors in [18], thus deriving actual
state point of the vehicle. The driving state of vehicle can be
determined and expressed as (3) according to the distance
between actual state point and stable boundary.

Δ𝐷 = 𝛽 + 𝐵1 ̇𝛽 − 𝐵2. (3)

According to (1)–(3), we obtain the vehicle stability
judgment phase diagram based on the side slip angle (see
Figure 1).

If the side slip angle and yaw rate of the vehicle satisfy
the following equation, then the vehicle is in a stable state;
otherwise, the vehicle is in an unstable state.

𝛾 − 𝛾∗ ≤ 𝛾th,𝛽 + 𝐵1 ̇𝛽 − 𝐵2 ≤ 0,
(4)

where 𝛾th is the threshold of yaw rate determined by the
change rate of steering angle.

In order to prevent the control system from frequent
operation, the yaw stability control module is activated only
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Figure 1: Vehicle stability judgment phase diagram based on the side slip angle.

when the deviation reaches a certain value. The control
threshold is subtracted to determine effective deviation of
additional yaw moment.

𝑒𝛾 =
{{{{{{{{{

Δ𝛾 − Δ𝛾+ Δ𝛾 > Δ𝛾+
Δ𝛾 − Δ𝛾− Δ𝛾 < Δ𝛾−
0 others,

𝑒𝛽 =
{{{{{{{{{

Δ𝛽 − Δ𝛽+ Δ𝛽 > Δ𝛽+
Δ𝛽 − Δ𝛽− Δ𝛽 < Δ𝛽−
0 others.

(5)

2.2. Rollover Stability Control Analysis. When the off-road
vehicle with high centroid runs in the high adhesion road
with high speed, the emergency avoidance operation can
easily cause the risk of rollover because of large lateral
acceleration. The tire load transfer rate is the most direct
indicator to describe vehicle rollover condition, which can be
expressed by

LTR = 𝐹𝑧𝑜 − 𝐹𝑧𝑖𝐹𝑧𝑜 + 𝐹𝑧𝑖 , (6)

where 𝐹𝑧𝑜, 𝐹𝑧𝑖 are outside and inside wheel vertical load.
The vehicle rollover state identified by the LTR value

reflects the current vehicle state. For the driver, the vehicle
rollover is possible to happen before the controller identifies
the wheel off the ground by calculating LTR = 1. In the
vehicle rollover stability analysis, it is important to predict the
rollover state in the coming time.

The systemwarns the driver in advance to take an efficient
operation within sufficient time or enables the rollover
control system to take appropriate action by a command,
effectively improving the rollover stability of vehicle [19].

In 2001, Bo-Chiuan Chen from University of Michigan
firstly proposed the concept of Time-To-Rollover (TTR),
which characterizes the time interval from the current

moment to the rollover time [15]. TTR is a good index
to measure the risk degree of vehicle rollover. The TTR
is calculated as follows. The vehicle prediction model can
predict vehicle movement state within the longest 𝑁 steps
(𝑇𝑠 represents a step) according to the current vehicle state
parameter and the steering wheel angle input. If LTR does
not exceed its threshold within 𝑁 steps, then TTR = TTRth
(TTRth represents the threshold), indicating that there is
no risk of rollover in prediction time; if LTR exceeds the
threshold in the 𝑛th step (𝑛 < 𝑁), then TTR = 𝑛 ⋅ 𝑇𝑠,
indicating that there is a certain risk of rollover. The closer
the TTR is to 0, the greater the risk of rollover is. At this
moment, the prediction model stops the forecast and takes
TTR value as the output. Meanwhile, the rollover warning
system issues a warning and commands the rollover control
system to intervene. Figure 2 shows the specific process.

Wherein, the rollover prediction model takes the current
vehicle speed, the steering wheel angle, the additional yaw
moment calculated at the previous time, and the vehicle
sensor measurement value or the vehicle state estimation
value as input. During the prediction process, it is assumed
that the vehicle speed, steering wheel angle, and additional
yaw moment remain unchanged.

The problem of vehicle yaw stability can occur in the road
surfacewith any adhesion condition, and the rollover stability
problemmainly occurs in the high adhesion road.Therefore,
the yaw stability control takes effect in low adhesion road. In
the high adhesion road, both yaw and rollover stability con-
trols are possibly triggered synchronously or asynchronously.

2.3. Yaw Moment Decision Controller Based on MPC. The
integrated controller determines the total driving/braking
torque demand based on the throttle/brake pedal opening or
the difference between the target and actual vehicle speed.
YSC yaw moment decision module calculates the required
yaw moment ensuring vehicle yaw stability by taking the
difference between the actual and ideal values of centroid
slip/yaw angle velocity as the input. RSC yaw moment
decision module calculates the required yaw moment for
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Figure 2: TTR rollover warning algorithm.
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Figure 3: Linear two-DOF vehicle model.

rollover stabilization control by taking the LTR value output
by the rollover prediction system as the input. The integrated
control module of yaw/rollover stability finally determines
the total yaw moment based on yaw and rollover state. When
the sum of four-wheel target driving/braking torque is equal
to the total demand torque, then the total demand torque
is assigned to each wheel according to a certain distribu-
tion rule. Thus, the longitudinal forces of wheels produce
the desired yaw moments. Wherein, the model prediction
theory is used for YSC and RSC yaw moment decision
modules.

2.3.1. Vehicle Reference Model. With little computation and
good real-time control, the linear two-DOF vehicle model
can better describe the driver’s driving intention. The two
degrees of freedom contain lateral and yaw directions. Fig-
ure 3 shows the specific reference vehicle model.

In Figure 3, 𝛽 is the side slip angle; 𝛾 is the yaw rate; 𝛿 is
the front wheel rotor angle; 𝑉 is the centroid velocity; 𝛼1 and𝛼2 are the slip angles of front and rear wheels; V𝑥 and V𝑦 are

the components of centroid velocity in axes 𝑥 and 𝑦; 𝑢1 and𝑢2 are the velocities at the midpoints of front and rear axles;𝐹𝑦1 and 𝐹𝑦2 are the slip forces of front and rear wheels.

𝐹𝑦1 = 𝑘1𝛼1,
𝐹𝑦2 = 𝑘2𝛼2, (7)

where 𝑘1 and 𝑘2 are the equivalent cornering stiffness of
front and rear axles. According to the provisions of the tire
coordinate system, the slip angles of front and rear wheels are
expressed as follows:

𝛼1 = 𝛽 + 𝑎𝛾V𝑥 − 𝛿,
𝛼2 = 𝛽 − 𝑏𝛾V𝑥 ,

(8)

where 𝑎, 𝑏 are the distance from centroid to front and rear
axle.

The differential equations of motion in lateral and yaw
directions are expressed as follows:
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(𝑘1 + 𝑘2) 𝛽 + 𝑎𝑘1 − 𝑏𝑘2V𝑥
𝛾 − 𝑘1𝛿 = 𝑚(V̇𝑦 + V𝑥𝛾) ,

(𝑎𝑘1 − 𝑏𝑘2) 𝛽 + 𝑎2𝑘1 + 𝑏2𝑘2V𝑥
𝛾 − 𝑎𝑘1𝛿 = 𝐼𝑧 ̇𝛾.

(9)

In stable state, the yaw angle velocity of vehicle is fixed. Here,̇𝛾 = 0; V𝑦 = 0. Equation (9) is used to obtain the reference
values of centroid slip and yaw angle velocities.

𝛽𝑑 = [ 𝑏
(1 + 𝐾V2𝑥) 𝐿 +

𝑎𝑚V2𝑥(1 + 𝐾V2𝑥) 𝑘2𝐿2] 𝛿,
𝛾𝑑 = V𝑥/𝐿1 + 𝐾V2𝑥 𝛿,

(10)

where 𝐿 is the wheelbase, 𝐾 is the stability factor, and 𝐾 =𝑚(𝑎/𝑘2 − 𝑏/𝑘1)/𝐿2.
It is assumed that the tire of linear two-DOF vehicle

model is linear. When the vehicle is in the limit state, the
steady-state response of reference model is not suitable as
a reference value. Therefore, the reference value is replaced
by boundary value [20]. Equations (11) and (12) show the
boundary values of the side slip angle and yaw rate.

The boundary values of the side slip angle are as follows:
𝛽𝑑 𝑏 = arctan (0.02𝜇𝑔) . (11)

The boundary values of the yaw rate are as follows:

𝛾𝑑 𝑏 = 0.85𝜇𝑔V𝑥
, (12)

where 𝜇 is the pavement friction coefficient.

2.3.2. Vehicle Prediction Model. In Figure 4, 𝑚 is the mass of
the vehicle; 𝑚𝑠 is the sprung mass; V𝑥, V𝑦 are the component
of the centroid velocity on the 𝑥- and 𝑦-axes; 𝛾 is the yaw rate;𝜙V is the roll angle of the vehicle; 𝜙𝑟 is the lateral slope of the
road; 𝛿 is the front wheel angle; 𝑎𝑦 is the lateral acceleration
of the vehicle; 𝑒 is the distance from the center of mass to the
roll axis;𝐾𝜙 is the roll stiffness of the suspension;𝐶𝜙 is the roll
damping of the suspension; 𝐼𝑥, 𝐼𝑧 are the rotational inertia of
the axle around the 𝑥- and 𝑧-axes of the vehicle; 𝐼𝑥𝑒𝑞 is the
moment of inertia of the sprung mass around the roll axis:𝐼𝑥𝑒𝑞 = 𝐼𝑥 + 𝑚𝑠𝑒2.

In general, the more accurate prediction model leads
to better control effect of the controller. However, the
precise model weakens the real-time performance of con-
troller. At present, most controllers in real vehicle use
two or three-DOF model [21]. Therefore, we established
a three-DOF vehicle model with additional yaw moment𝑀𝑧 for prediction (see Figure 4). The dynamic equa-
tions in lateral, yaw, and roll directions are expressed as
follows:

𝑚V𝑥 ( ̇𝛽 + 𝛾) − 𝑚𝑠𝑒 ̈𝜙 = 𝐹𝑦1 + 𝐹𝑦2,
𝐼𝑧 ̇𝛾 = 𝑎𝐹𝑦1 − 𝑏𝐹𝑦2 +𝑀𝑧,
𝐼𝑥𝑒𝑞 ̈𝜙 = 𝑚𝑠𝑒 (𝑔𝜙 + 𝑎𝑦) − 𝐾𝜙𝜙 − 𝐶𝜙 ̇𝜙.

(13)

According to ̇𝜙 = ̇𝜙, (7), (8), and (13), the differential
equation of three-DOF vehicle model can be rewritten into
a matrix form:
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[[[[[
[

𝑚V𝑥 0 0 −𝑚𝑠𝑒
0 𝐼𝑧 0 0

−𝑚𝑠𝑒V𝑥 0 0 𝐼𝑥𝑒𝑞
0 0 1 0

]]]]]
]

[[[[[[
[

̇𝛽
̇𝛾
̇𝜙
̈𝜙

]]]]]]
]

=
[[[[[[[
[

𝐶 𝐷
V𝑥
− 𝑚V𝑥 0 0

𝐷 𝐸
V𝑥

0 0
0 𝑚𝑠𝑒V𝑥 𝑚𝑠𝑒𝑔 − 𝐾𝜙 −𝐶𝜙
0 0 0 1

]]]]]]]
]

[[[[[
[

𝛽
𝛾
𝜙
̇𝜙

]]]]]
]

+
[[[[[
[

0
1
0
0

]]]]]
]
𝑀𝑧 +

[[[[[
[

−𝑘1
−𝑎𝑘1
0
0

]]]]]
]
𝛿,

(14)

where 𝐶 = 𝑘1 + 𝑘2; 𝐷 = 𝑎𝑘1 − 𝑏𝑘2; 𝐸 = 𝑎2𝑘1 + 𝑏2𝑘2. 𝑥(𝑡) =[𝛽 𝛾 𝜙 ̇𝜙]𝑇 is selected as the state vector; 𝑢(𝑡) = 𝑀𝑧 is the
control input; 𝑤(𝑡) = 𝛿 is the disturbance variable. Equation
(14) can also be expressed as

𝐹�̇� (𝑡) = 𝐺𝑥 (𝑡) + 𝑃𝑢 (𝑡) + 𝑄𝑤 (𝑡) . (15)

The nonlinear equation (14) is linearized by Taylor series
expansion and simplifies the system design by reducing the
higher-order derivative as a small amount. Equation (16) is
the state space equation after linearization.

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵1𝑢 (𝑡) + 𝐵2𝑤 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) , (16)

where 𝐴 = 𝐹−1𝐺; 𝐵1 = 𝐹−1𝑃; 𝐵2 = 𝐹−1𝑄; 𝐶 = 𝐼4. 𝐼4 is the
four-order unit matrix.

The two-stage fold line tire model is used for vehicle
prediction (see Figure 5). When the tire works in the linear
region, the cornering stiffness can be linear. After the tire
enters the nonlinear region, the side angle increases. How-
ever, the concerning force remains unchanged; namely, the
slope of the curve 𝐹𝑦-𝛼 is zero.

2.3.3. Design of MPC Control Algorithm. MPC belongs to a
discrete control. The state equation of (16) cannot be used
directly as a predictionmodel. It needs to be transformed into
incremental form by discretization.

First, (16) can be transformed into
𝑥 (𝑡 + 1) − 𝑥 (𝑡)Δ𝑡 = 𝐴𝑥 (𝑡) + 𝐵1𝑢 (𝑡) + 𝐵2𝑤 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) .
(17)

Then,
𝑥 (𝑡 + 1) = 𝐴𝑐𝑥 (𝑡) + 𝐵1𝑐𝑢 (𝑡) + 𝐵2𝑐𝑤 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) , (18)

where Δ𝑡 is sampling time, 𝐴𝑐 = Δ𝑡 ⋅ 𝐴 + 𝐼4; 𝐵1𝑐 = Δ𝑡 ⋅𝐵1; 𝐵2𝑐 = Δ𝑡 ⋅ 𝐵2
Let 𝑡 = 𝑘, 𝑘 is sampling point. Then get

𝑥 (𝑘 + 1) = 𝐴 𝑐𝑥 (𝑘) + 𝐵1𝑐𝑢 (𝑘) + 𝐵2𝑐𝑤 (𝑘) ,
𝑦 (𝑘) = 𝐶𝑥 (𝑘) . (19)

𝐴𝑐, 𝐵1𝑐, and 𝐵2𝑐 are discrete matrices, in order to reduce
or eliminate static errors; (19) is rewritten as an incremental
model (20).

Δ𝑥 (𝑘 + 1) = 𝐴𝑐Δ𝑥 (𝑘) + 𝐵1𝑐Δ𝑢 (𝑘) + 𝐵2𝑐Δ𝑤 (𝑘) ,
𝑦 (𝑘) = 𝐶Δ𝑥 (𝑘) + 𝑦 (𝑘 − 1) , (20)

where Δ𝑥(𝑘) = 𝑥(𝑘) − 𝑥(𝑘 − 1); Δ𝑢(𝑘) = 𝑢(𝑘) − 𝑢(𝑘 −1); Δ𝑤(𝑘) = 𝑤(𝑘) − 𝑤(𝑘 − 1).
According to the MPC theory, the most recent measured

value is taken as the initial condition to predict the future
dynamic based on the predictive model. We make the
following assumptions in the work:(1) The predicted time domain is 𝑝; the control time
domain is𝑚; and 𝑝 ≥ 𝑚 (𝑚 = 3, 𝑝 = 10).(2)At the current 𝑘moment, the estimated andmeasured
values (𝑥(𝑘) and 𝑦(𝑘)) of state vector are known.(3)The controlled variable remains unchanged outside of
control time domain. Δ𝑢(𝑘 + 𝑖) = 0 (𝑖 ≥ 𝑚).(4) The measurable disturbance variable remains
unchanged after moment 𝑘. Δ𝑤(𝑘 + 𝑖) = 0 (𝑖 ≥ 1).

Within predicted time domain 𝑝, the prediction expres-
sion for the 𝑝th step state vector at moment 𝑘 is as follows:
Δ𝑥 (𝑘 + 1 | 𝑘) = 𝐴𝑐Δ𝑥 (𝑘) + 𝐵1𝑐Δ𝑢 (𝑘) + 𝐵2𝑐Δ𝑤 (𝑘)
Δ𝑥 (𝑘 + 2 | 𝑘) = 𝐴2𝑐Δ𝑥 (𝑘) + 𝐴𝑐𝐵1𝑐Δ𝑢 (𝑘)
+ 𝐵1𝑐Δ𝑢 (𝑘 + 1) + 𝐴𝑐𝐵2𝑐Δ𝑤 (𝑘)

...
Δ𝑥 (𝑘 + 𝑝 | 𝑘) = 𝐴𝑝𝑐Δ𝑥 (𝑘) + 𝐴𝑝−1𝑐 𝐵1𝑐Δ𝑢 (𝑘)
+ 𝐴𝑝−2𝑐 𝐵1𝑐Δ𝑢 (𝑘 + 1) + ⋅ ⋅ ⋅ + 𝐵1𝑐Δ𝑢 (𝑘 + 𝑝 − 1)
+ 𝐴𝑝−1𝑐 𝐵2𝑐Δ𝑤 (𝑘) .

(21)

At moment 𝑘, we predict the output from 𝑘 + 1 to 𝑘 + 𝑝
according to the predicted value of state vector in
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𝑦 (𝑘 | 𝑘) = 𝑦 (𝑘)
𝑦 (𝑘 + 1 | 𝑘) = 𝐶𝐴𝑐Δ𝑥 (𝑘) + 𝐶𝐵1𝑐Δ𝑢 (𝑘)
+ 𝐶𝐵2𝑐Δ𝑤 (𝑘) + 𝑦 (𝑘)

𝑦 (𝑘 + 2 | 𝑘) = (𝐶𝐴2𝑐 + 𝐶𝐴𝑐) Δ𝑥 (𝑘)
+ (𝐶𝐴𝑐𝐵1𝑐 + 𝐶𝐵1𝑐) Δ𝑢 (𝑘) + 𝐶𝐵1𝑐Δ𝑢 (𝑘 + 1)
+ (𝐶𝐴𝑐𝐵2𝑐 + 𝐶𝐵2𝑐) Δ𝑤 (𝑘) + 𝑦 (𝑘)

𝑦 (𝑘 + 3 | 𝑘) = 3∑
𝑖=1

𝐶𝐴𝑖𝑐Δ𝑥 (𝑘) +
3∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵1𝑐Δ𝑢 (𝑘)

+ ⋅ ⋅ ⋅ + 𝐶𝐵1𝑐Δ𝑢 (𝑘 + 2) +
3∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵2𝑐Δ𝑢 (𝑘)
+ 𝑦 (𝑘)

...
𝑦 (𝑘 + 𝑝 | 𝑘) = 𝑝∑

𝑖=1

𝐶𝐴𝑖𝑐Δ𝑥 (𝑘) +
𝑝∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵1𝑐Δ𝑢 (𝑘)

+ ⋅ ⋅ ⋅ + 𝐶𝐵1𝑐Δ𝑢 (𝑘 + 𝑝 − 1) +
𝑝∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵2𝑐Δ𝑢 (𝑘)
+ 𝑦 (𝑘) .

(22)

The vectors 𝑌𝑝(𝑘) and Δ𝑈𝑚(𝑘) are defined as follows:

𝑌𝑝 (𝑘)
= [𝑦 (𝑘 + 1 | 𝑘) 𝑦 (𝑘 + 2 | 𝑘) ⋅ ⋅ ⋅ 𝑦 (𝑘 + 𝑝 | 𝑘)]𝑇 ,

Δ𝑈𝑚 (𝑘)
= [Δ𝑢 (𝑘) Δ𝑢 (𝑘 + 1) ⋅ ⋅ ⋅ Δ𝑢 (𝑘 + 𝑚 − 1)]𝑇 .

(23)

The 𝑝th step control output of the prediction system can be
expressed as
𝑌𝑝 (𝑘) = 𝑆𝑥Δ𝑥 (𝑘) + 𝐿𝑦𝑦 (𝑘) + 𝑆𝑢Δ𝑈 (𝑘) + 𝑆𝑤Δ𝑤 (𝑘) , (24)

where

𝑆𝑥 =
[[[[[[[[[[
[

𝐶𝐴𝑐
𝐶𝐴2𝑐 + 𝐶𝐴𝑐...
𝑝∑
𝑖=1

𝐶𝐴𝑖𝑐

]]]]]]]]]]
]

;

𝑆𝑤 =
[[[[[[[[[
[

𝐶𝐵2𝑐
𝐶𝐴𝑐𝐵2𝑐 + 𝐶𝐵2𝑐...
𝑝∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵2𝑐

]]]]]]]]]
]

;

𝐿𝑐 =
[[[[[[
[

𝐼4
𝐼4...
𝐼4

]]]]]]
]
,

𝑆𝑢

=
[[[[[[[[[[
[

𝐶𝐵1𝑐 0 0 ⋅ ⋅ ⋅ 0
𝐶𝐴𝑐𝐵1𝑐 𝐶𝐵1𝑐 0 ⋅ ⋅ ⋅ 0
... ... ... ⋅ ⋅ ⋅ ...

𝑝∑
𝑖=1

𝐶𝐴𝑖𝑐𝐵1𝑐
𝑝−1∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵1𝑐 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝑝−𝑚+1∑
𝑖=1

𝐶𝐴𝑖−1𝑐 𝐵1𝑐

]]]]]]]]]]
]

.

(25)

Similarly, we can deduce the 𝑝th step predictive equation
with constraint output.

MPC is an algorithm of determining control strategy by
optimization. Firstly, it is necessary to determine 𝑚 control
incrementsΔ𝑢(𝑘), Δ𝑢(𝑘+1), . . . , Δ𝑢(𝑘+𝑚−1) frommoment𝑘. In the next 𝑝moment, the predicted output values 𝑦(𝑘+1 |𝑘), 𝑦(𝑘 + 2 | 𝑘), . . . , 𝑦(𝑘 + 𝑝 | 𝑘) of the controlled object
can approximate to the given expected value 𝑑(𝑘 + 𝑖), 𝑖 =1, 2, . . . , 𝑝.

In the control process, the control increment should not
have sharp change. Based on this factor, soft constraints are
added to optimization performance indexes. Thus, the opti-
mization performance index of moment 𝑘 can be expressed
as

min 𝐽 (𝑘)
= 𝑝∑
𝑖=1

𝑞𝑖 [𝑑 (𝑘 + 𝑖) − 𝑦 (𝑘 + 1)]

+ 𝑚∑
𝑗=1

𝑟𝑖Δ𝑢2 (𝑘 + 𝑗 − 1) ,
(26)

where 𝑞𝑖 and 𝑟𝑖 are the weighting coefficients, which represent
error tracking and suppression of control increment. If the
constraint is not considered, the above problem is described
as follows.

TakingΔ𝑈(𝑘) = [Δ𝑢(𝑘) Δ𝑢(𝑘 + 1) ⋅ ⋅ ⋅ Δ𝑢(𝑘 + 𝑚 − 1)]𝑇
as optimal variable, the performance index (26) is minimized
under prediction model (20). Likewise, optimal performance
index (26) can also be written as the form of vector.

min 𝐽 (𝑘) = 𝐷𝑝 (𝑘) − 𝑌𝑝 (𝑘)2𝑄 + Δ𝑈𝑚 (𝑘)2𝑅 , (27)

where 𝐷𝑝(𝑘) = [𝑑(𝑘 + 1) 𝑑(𝑘 + 2) ⋅ ⋅ ⋅ 𝑑(𝑘 + 𝑝)]𝑇 is the
expected output value in the optimization time domain,
namely, side slip angle and yaw rate based on vehicle model
output. It is assumed that the expected value is fixed in
the optimization time domain; namely, 𝑑(𝑘 + 1) = 𝑑(𝑘 +2) = ⋅ ⋅ ⋅ = 𝑑(𝑘 + 𝑖); 𝑄 = diag (𝑞1 𝑞2 ⋅ ⋅ ⋅ 𝑞𝑝); and
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𝑅 = diag (𝑟1 𝑟2 ⋅ ⋅ ⋅ 𝑟𝑚) are diagonal matrices comprised of
weighting coefficients.

At the moment 𝑘, 𝐷𝑝(𝑘), and 𝑌𝑝(𝑘) are known. In order
to minimize Δ𝑈𝑚(𝑘) by 𝐽(𝑘), the optimal control sequence
is obtained according to the necessary condition of the
extremum: 𝑑𝐽(𝑘)/𝑑Δ𝑈𝑚(𝑘) = 0.
Δ𝑈∗ (𝑘)
= (𝑆𝑇𝑢𝑄𝑇𝑄𝑆𝑢 + 𝑄𝑇𝑄)−1 𝑆𝑇𝑢𝑄𝑇𝑄𝐸𝑝 (𝑘 + 1 | 𝑘) ,

(28)

where 𝐸𝑝(𝑘 + 1 | 𝑘) is control deviation, which can be
calculated on line by the following equation:

𝐸𝑝 (𝑘 + 1 | 𝑘) = 𝐷𝑝 (𝑘) − 𝑆𝑥Δ𝑥 (𝑘) − 𝐿𝑦𝑦 (𝑘)
− 𝑆𝑤Δ𝑤 (𝑘) . (29)

In each sampling period, the first element of the derived
optimal solution Δ𝑈∗(𝑘) is the control increment of MPC.

Δ𝑢 (𝑘) = [1 0 0] Δ𝑈∗ (𝑘) , (30)

where 𝑢(𝑘) = 𝑢(𝑘 − 1) + Δ𝑢(𝑘) is the additional yaw moment
provided for the torque distribution layer.

The Lyapunov function𝑉∗(𝑘) at the moment 𝑘 is defined
as the optimal performance index of open loop.

𝑉∗ (𝑘) def= 𝐽∗ (𝑘) . (31)

Relationship between 𝑉∗(𝑘) and 𝑉(𝑘 + 1) is established:
𝑉∗ (𝑘) = 𝑉 (𝑘 + 1) + 𝐽 (𝑦∗ (1 | 𝑘) , 𝑢∗ (0 | 𝑘) ,
Δ𝑢∗ (0 | 𝑘)) − 𝐽 (𝑦 (𝑝 | 𝑘 + 1) , 𝑢 (𝑝 − 1 | 𝑘 + 1) ,
Δ𝑢 (𝑝 − 1 | 𝑘 + 1)) .

(32)

Since 𝑉(𝑘 + 1) ≥ 𝑉∗(𝑘 + 1), we can derive

𝑉∗ (𝑘 + 1) − 𝑉∗ (𝑘) ≤ 𝑦∗ (𝑝 + 1 | 𝑘)22
− 𝑦∗ (1 | 𝑘)22
+ 𝑢∗ (𝑝 − 1 | 𝑘)22
− 𝑢∗ (0 | 𝑘)22
− Δ𝑢∗ (0 | 𝑘)22 .

(33)

As ‖𝑦(𝑝+1 | 𝑘)‖22 ≤ ‖𝑦(1 | 𝑘)‖22 and ‖𝑢(𝑝 | 𝑘)‖22 ≤ ‖𝑢(0 | 𝑘)‖22,
we can get

𝑉∗ (𝑘 + 1) − 𝑉∗ (𝑘) ≤ 0. (34)

According to the Lyapunov second stability theorem, the
proposed MPC closed-loop system is stable.

2.4. Wheel Torque Distribution. For the tire, lower pave-
ment adhesion consumption rate leads to greater adhesion
margin and larger distance between the tire and nonlinear

saturation zone, indirectly improving the stability of the
vehicle. According to tire friction ellipse theory, the work
distributes the wheel torque for the purpose of minimum
sum of pavement adhesion consumption rates of four tires.
Equation (35) shows the objective function.

min 𝐽𝜇 =
4∑
𝑖=1

𝐶𝑖𝐹
2
𝑥𝑖 + 𝐹2𝑦𝑖𝜇2𝐹2𝑧𝑖 , 𝑖 = 1, 2, 3, 4, (35)

where 𝐹𝑥𝑖 is the tire longitudinal force; 𝐹𝑦𝑖 the tire lateral
force; 𝐹𝑧𝑖 the vertical load on the wheel; 𝐶𝑖 the weight
coefficient within the interval (0, 1). The tire longitudinal
force 𝐹𝑥𝑖 can be obtained by

𝐹𝑥𝑖 = 𝑇𝑤𝑖 − 𝐼𝑒𝑞�̇�𝑖𝑟𝑤 , (36)

where 𝑇𝑤𝑖 is the drive torque on the wheel; 𝑟𝑤 the wheel
radius; �̇�𝑖 the wheel rotation angle acceleration; 𝐼𝑒𝑞 the wheel
equivalent inertia of in-wheel motor and reducer inertia.

The vertical load 𝐹𝑧𝑖 of wheel consists of static load and
dynamic load caused by longitudinal and lateral accelerations
without considering the centroid change caused by vehicle
rollover and the influence of suspension system. The vertical
load of each wheel is calculated by

[[[[[
[

𝐹𝑧1
𝐹𝑧2
𝐹𝑧3
𝐹𝑧4

]]]]]
]
= 𝑚𝑔2𝐿

[[[[[
[

𝑏
𝑏
𝑎
𝑎

]]]]]
]
+ 𝑚𝑎𝑥ℎ2𝐿

[[[[[
[

−1
−1
1
1

]]]]]
]
+ 𝑚𝑎𝑦ℎ𝐵𝐿

[[[[[
[

−𝑏
𝑏
−𝑎
𝑎

]]]]]
]
, (37)

where 𝑎 and 𝑏 are the distance from the centroid to front and
rear axle; 𝐿 is the wheelbase; ℎ is the height of centroid; 𝐵 is
the trend.

The objective function in (35) determines smallest sum
of the load rates of four tires. However, it is impossible to
ensure that each tire works at a low load-rate state.Therefore,
the utilization factor of each tire is adjusted by the weighting
factor 𝐶𝑖. Under different driving conditions,𝐶𝑖 is not a fixed
value. In simulation and debugging process, it is found that
the value has great relationship with tire vertical load and
road adhesion condition. The following equation is selected
in the work:

𝐶𝑖 = (𝜇 𝐹𝑧𝑖𝑚𝑔)
2 , 𝑖 = 1, 2, 3, 4. (38)

Here, we focus on longitudinal driving torque distribution
in the conventional operating conditions. It is difficult to
acquire the lateral force of tire in actual driving, so the
pavement adhesion consumption rate is simplified to the
longitudinal adhesion consumption rate. Equation (35) can
be transformed into the following equation:

min 𝐽𝜇 =
4∑
𝑖=1

𝐶𝑖 ( 𝐹𝑥𝑖𝜇𝐹𝑧𝑖)
2 . (39)

When the yawmoment control is not required, the sumof
longitudinal forces of four wheels satisfies the total moment
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Table 1: Specifications of the experimental electric vehicle.

Parameter Value
Mass 3565 kg
Yaw moment of inertia 7016 kg⋅m2
Distance from CG to front axle 1.593m
Distance from CG to rear axle 1.707m
Tire radius 0.435m
Maximum motor torque 250Nm
Maximum motor power 55.5 kW
Maximum motor speed 6000 rpm
Planetary reducer ratio 9.15

demand, which is obtained by analyzing the pedal input.
Therefore, constraint equation is expressed as follows:

4∑
𝑖=1

𝐹𝑥𝑖 = 𝑓 (𝜃𝑝) , (40)

where 𝜃𝑝 is the accelerator pedal opening; 𝑓(∼) the pedal
analysis strategy. In addition, the longitudinal force of tire
is also restricted by pavement adhesion condition and motor
output capacity.

−𝜇𝐹𝑧𝑖 ≤ 𝐹𝑥𝑖 ≤ min (𝜇𝐹𝑧𝑖, 𝐹max) , 𝑖 = 1, 2, 3, 4, (41)

where𝐹max is themaximumwheel drive force provided by the
motor; namely, 𝐹max = 𝑇𝑤max/𝑟𝑤.Therefore, the optimization
problem can be expressed as follows:

min 𝐽𝜇 =
4∑
𝑖=1

𝐶𝑖 ( 𝐹𝑥𝑖𝜇𝐹𝑧𝑖)
2

s.t.
4∑
𝑖=1

𝐹𝑥𝑖 = 𝑓 (𝜃𝑝) − 𝜇𝐹𝑧𝑖 ≤ 𝐹𝑥𝑖
≤ min (𝜇𝐹𝑧𝑖, 𝐹max) (𝐹𝑥2 − 𝐹𝑥1) 𝐵2
+ (𝐹𝑥4 − 𝐹𝑥3) 𝐵2 = 𝑇𝑧.

(42)

The nonlinear constrained optimization problem is
solved by numerical optimizationmethod to obtain the longi-
tudinal forces for four tires.Then, we derive the drive torques
which should be allocated to four wheels by calculation.

3. Control Algorithm Simulation Validation

The proposed controller was simulated on a 4WID vehicle
in the Carsim and MATLAB environment. The vehicle
under investigation is the light-duty off-road vehicle with the
specifications which are listed in Table 1.

The proposed controller (MPC) in this paper and its
results are compared with the proposed controller (DOB) by
[15]. Furthermore, the uncontrolled state is simulated, too.

3.1. Yaw Stability Control Algorithm Validation. When the
steering wheel reaches certain rotor angle, the vehicle will

be in danger of yaw instability on low adhesion road. The
effect of control algorithm on vehicle stability is verified by
selecting the double lane condition on low adhesion road.
The specific simulation conditions are as follows: the road
adhesion coefficient is 0.3; the driving speed is 60 km/h.
Figure 6(a) shows the vehicle trajectory under three different
control modes. Figure 6(b) shows steering angle for the lane-
change maneuver. Figures 6(c)–6(e) give the response curves
of the yaw rate, sideslip angle, and lateral acceleration under
the above three kinds of control modes.

From Figure 6, it is seen that without the stability control,
when the steering wheel reaches a certain angle, the vehicle
loses stability to cause the failure of lane-change. The yaw
rate and the side slip angle of the vehicle change in a wide
range, which cannot effectively track the expected value.
After theMPC-based orDOB-based stability control, the yaw
rate and side slip angle of vehicle can effectively track the
expected value to pass through the test road according to
predetermined trajectory, maintaining high speed stability. It
can be well controlled under these two kinds of controllers.
Moreover, the MPC-based controller can achieve the same
smooth nonflutter control effect as theDOB-based controller.
Figure 6(f) shows the wheel torque calculated byMPC-based
stability control algorithm.

3.2. Verification of Rollover Stability Control Algorithm. The
hook condition is conducted on the road with an adhesion
coefficient of 0.85. The initial speed is 80 km/h, and the
maximum steering angle is 180∘. Figure 7(a) shows the hook
condition steering wheel angle input. Figures 7(b)–7(e) give
the response curves of the roll, roll rate, yaw rate, sideslip
angle, and longitudinal velocity under the three kinds of
controlmodes. Figure 7(g) shows the vehicle trajectory under
three different control modes.

In hook condition, the vehicle will lose stability and roll
over if there is no stability control. After MPC-based or
DOB-based stability control, the vehicle does not roll over
as the roll is in a reasonable range. It can be seen that the
response curves of MPC-based controller are as smooth as
DOB-based controller. In addition, it can also be concluded
that the stability will achieve a litter better accuracy under the
proposed MPC-based stability controller and keep a higher
longitudinal velocity. Figure 7(h) indicates the wheel torque
calculated by the MPC-based stability control algorithm.

4. Verification of Real Vehicle Test

According to ISO/FDIS 3888-1 standard, we performed dou-
ble lane-change field test of light-duty off-road vehicle. The
piles were arranged on the test field (see Figure 8).

The gyroscope was installed in the vehicle for real-time
acquisition of the yaw rate and lateral acceleration of the
vehicle. The GPS speed sensor was used to measure the
longitudinal and lateral velocities. The angular velocities of
four wheels were collected by in-wheel motor speed sensor.
Wemeasured the steeringwheel angle by steeringwheel angle
sensor. The test speed of vehicle was 80 km/h (±2 km/h).

Figures 9–11 show the double lane-change test results
with MPC-based stability control, with DOB-based stability
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Figure 6: Double lane-change simulation test on low adhesion road.
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Figure 7: Continued.
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Figure 7: Hook condition simulation test on high adhesion road.
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Figure 9: Double lane-change test results with MPC-based stability control.
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Figure 10: Double lane-change test results with DOB-based stability control.
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Figure 11: Double lane-change test results without stability control.

control, and without control, respectively. It can be seen
that the vehicle without control has poor stability because of
large difference between yaw rate and reference value. After
MPC-based or DOB-based stability control, the difference
obviously decreases to strengthen vehicle stability. Figure 12
shows double lane-change driving route. If the steering
angle reaches a certain value, the vehicle without stability
control will lose stability to approach the curb, thus failing to
track the desired trajectory. With MPC-based or DOB-based
stability control, the vehicle can pass through the test road
in accordance with the desired trajectory. The control effects
of the two controllers are comparable, and the MPC-based
control in the direction of the moment of emergency change
is relatively more stable.

5. Conclusions

In the work, we proposed the lateral stability control method
of in-wheel motor drive off-road vehicle based on MPC.
The multiinput and multioutput system predictive control
law was designed by establishing vehicle dynamics model
for predictive control. The motor braking/driving torque was
directly generated to conduct yaw stability control under low
adhesion coefficient and double lane-change conditions as
well as rollover stability control algorithm validation under
high adhesion coefficient and hook conditions. At last, real
vehicle test verification was performed under high speed
double lane-change condition. This paper only carries out
the test under the condition of invariable road surface and
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Figure 12: Double lane-change driving route.

constant velocity but does not verify the proposed MPC-
based stability control under the condition of changing
road surface and time-varying velocity. Subsequent further
research, we will verify it.

Consequently, the following conclusions were obtained.(1) Distributed electric vehicle braking/driving force
coordination control made full use of multiwheel adhesion to
provide vehicle with greater yawmoment and faster response,
increasing vehicle stability under limit conditions.(2) With high accuracy and good robustness, MPC
was suitable for solving complex coordination problem for
multiple actuators. It could also be applied in lateral stability
control of distributed electric drive vehicle.(3) Simulation result and real vehicle test showed that
MPC algorithm had better effect in integrated control of
yaw/rollover stability, thus greatly improving the lateral
stability of vehicle.
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This article presents an adaptive integral sliding mode control (SMC) design method for parameter identification and hybrid
synchronization of chaotic systems connected in ring topology. To employ the adaptive integral sliding mode control, the error
system is transformed into a special structure containing nominal part and someunknown terms.Theunknown terms are computed
adaptively. Then the error system is stabilized using integral sliding mode control. The controller of the error system is created that
contains both the nominal control and the compensator control. The adapted laws and compensator controller are derived using
Lyapunov stability theory. The effectiveness of the proposed technique is validated through numerical examples.

1. Introduction

Ever since the classic effort by Pecora and Carroll [1], the
synchronization in chaotic systems became an active research
area because of its useful applications [2–5]. Different syn-
chronization schemes for chaotic systems were studied and
investigated [6–10]. Among these schemes, hybrid synchro-
nization [11–19] is one in which some of the chaotic systems
are synchronized whereas others are antisynchronized. Due
to its importance, hybrid synchronization has been the sub-
ject of many research works. These works include study of
synchronization/antisynchronization for permanent magnet
synchronous motors connected in ring topology [11], func-
tion projective type synchronization for complex dynamical
networks [12], investigation of complete synchronization and
antiphase synchronization together [13], hybrid synchroniza-
tion of networks having heterogeneous systems [14], study of
synchronization for fractional-order systems [15], investiga-
tion of synchronization for systems with hyperchaotic nature
[16, 17], and study of synchronization for complex networks
[18, 19]. Study of hybrid synchronization involves multiple
chaotic systems like complete, adaptive, global, projective,

and antisynchronization systems [17, 20–27], and synchro-
nization systems in multiple coupled complex networks [28,
29]. Currently, hybrid synchronization of several connected
chaotic systems is a hot topic of research and the work in-
cludes investigation of complex network synchronization for
perturbations and delays [30] and a study of neural networks
for synchronization [31].

In this paper, chaotic systems connected in ring topology
are considered which can be shown in Figure 1.This arrange-
ment was studied in [32] for the known parameter case. We
extend this work and consider that all the parameters of all
the systems in the ring connected network are unknown. To
reach hybrid synchronization in this system we use adaptive
integral SMC.

SMC is a distinct nonlinear controlmethod.The objective
of the SMC method is to drive the states of the system to a
specific surface, called sliding manifold. When the surface
is touched, the dynamic system is required to persist on it
afterward. The main disadvantage of SMC is discontinuous
control law. In practice, this creeps towards an undesirable
occurrence called “chattering.” The closed-loop dynamics of
the system in SMC depend only on the design parameters of
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Figure 1: Chaotic systems connected in ring topology [32].

the switching sliding manifold. Sliding mode control also
offers several benefits like simplicity, robustness to external
disturbance, andparameter variation andquick response.The
integral SMC, a variant of SMC, guarantees the robustness
[33] because of eliminating the reaching-phase. Since reach-
ing-phase is eradicated therefore robustness of the dynamic
system can be sure all the way through the system response,
beginning from initial conditions. The integral sliding mode
control combines both the nominal control which steadies
the nominal system and the discontinuous control which
discards uncertainties.

In this research, we use adaptive integral sliding mode
control technique to identify the unknown parameters and to
achieve the hybrid synchronization of many chaotic systems
connected in the ring topology. By using this technique, the
error system is transformed into a special structure contain-
ing nominal part and some unknown terms. The unknown
terms are computed adaptively. Then the error system is syn-
thesized using integral slidingmode control.The controller of
the error system is created that contains both the nominal
control and the compensator control. The adaptive laws and
compensator controller are derived using Lyapunov stability
theory. The effectiveness of the proposed technique is vali-
dated through numerical examples.

The remainder of the paper is arranged as follows; Sec-
tion 2 presents preliminaries and system description. Sec-
tion 3 presents proposed control strategies for the general
case of hybrid synchronization. Section 4 presents applica-
tion examples. Section 5 presents discussion and simulation
results and in the last section, paper is concluded.

2. System Description and Preliminaries

The structure of chaotic systems connected in ring topology
is described as

�̇�1 = 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1 + 𝐷1 (𝑥𝑀 − 𝑥1)
�̇�2 = 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝐷2 (𝑥1 − 𝑥2)

...
�̇�𝑀 = 𝑓𝑀 (𝑥𝑀) + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐷𝑀 (𝑥𝑀−1 − 𝑥𝑀) ,

(1)

where 𝑥1, 𝑥2, . . . , 𝑥𝑀 are vectors and 𝑥𝑜 = (𝑥𝑜1, 𝑥𝑜2, . . . ,𝑥𝑜𝑀)𝑇, 𝑓𝑜 : R𝑚 → R𝑚, 𝑜 = 1, 2, . . . ,𝑀 are the nonlinear
continuous function, and 𝜃𝑜 ∈ R𝑔, 𝑜 = 1, 2, 3, 4, . . . ,𝑀 are
vectors of unknown parameters. 𝐹𝑜(𝑥𝑜) ∈ R𝑚×𝑔, 𝑜 = 1, 2,3, 4, . . . ,𝑀 are matrices, 𝐷𝑜 = diag{𝑑𝑜1, 𝑑𝑜2, . . . , 𝑑𝑜𝑀}, 𝑜 =1, 2, 3, 4, . . . ,𝑀 are 𝑚 dimensional diagonal matrices, and

𝑑𝑜𝑝 ≥ 0 represent diagonal matrix parameters. When 𝑓𝑜(⋅) ̸=𝑓𝑝(⋅), 𝑜, 𝑝 = 1, 2, 3, 4, . . . ,𝑀, then the above arrangement
has nonidentical systems.

Remark 1. In (1), all the chaotic systems are connected in ring
topology [17], because the first system is connected with𝑀th
and second is connected with first; and so the final chaotic
system is connected with𝑀− 1 system.

So the hybrid synchronization for the above system (1)
may be expressed as follows:

�̇�1 = 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1 + 𝐷1 (𝑥𝑀 − 𝑥1)
�̇�2 = 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝐷2 (𝑥1 − 𝑥2) + 𝑢1

...
�̇�𝑀 = 𝑓𝑀 (𝑥𝑀) + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐷𝑀 (𝑥𝑀−1 − 𝑥𝑀)
+ 𝑢𝑀−1.

(2)

Definition 2. For system (2), we define that it exhibits hybrid
synchronization if controllers 𝑢𝑜, 𝑜 = 1, 2, 3, 4, . . . ,𝑀 −1 exist such that all trajectories 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡), 𝑥4(𝑡), . . . ,𝑥𝑀(𝑡) for any initial condition (𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0),. . . , 𝑥𝑀(0)) satisfy the following:(1) For the antisynchronization errors 𝑒𝑟𝑜 = (𝑒𝑟𝑜1, 𝑒𝑟𝑜2,. . . , 𝑒𝑟𝑜𝑚)𝑇, 𝑜 = 1, 2, 3, 4, . . . ,𝑀 − 1, we have that
lim
𝑡→∞

𝑒𝑟𝑜 = lim
𝑡→∞

𝑥𝑜 (𝑡) + 𝑥𝑜+1 (𝑡) = 0,
𝑜 = 1, 2, 3, 4, . . . ,𝑀 − 1. (3)

(2) The Synchronization errors 𝑒𝑟𝑝 = (𝑒𝑟𝑝1, 𝑒𝑟𝑝2, . . . ,𝑒𝑟𝑝𝑚)𝑇 and 𝑒𝑟𝑞 = (𝑒𝑟𝑞1, 𝑒𝑟𝑞2, . . . , 𝑒𝑟𝑞𝑚)𝑇 if𝑀 (𝑀 ≥ 3) is odd;
then 𝑒𝑟𝑝 and 𝑒𝑟𝑞 satisfy
lim
𝑡→∞

𝑒𝑟𝑝 = lim
𝑡→∞

𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡) = 0,
𝑝 = 1, 3, 5, 7, 9, . . . ,𝑀 − 2

lim
𝑡→∞

𝑒𝑟𝑞 = lim
𝑡→∞

𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡) = 0,
𝑞 = 2, 4, 6, 8, 10, . . . ,𝑀 − 3

(4)

and if𝑀 (𝑀 ≥ 4) is even, then 𝑒𝑟𝑝 and 𝑒𝑟𝑞 satisfy
lim
𝑡→∞

𝑒𝑟𝑝 = lim
𝑡→∞

𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡) = 0,
𝑝 = 1, 3, 5, 7, 9, . . . ,𝑀 − 3

lim
𝑡→∞

𝑒𝑟𝑞 = lim
𝑡→∞

𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡) = 0,
𝑞 = 2, 4, 6, 8, 10, . . . ,𝑀 − 2.

(5)

We notice from this definition that the error systems 𝑒𝑟𝑜, 𝑒𝑟𝑝,
and 𝑒𝑟𝑞 are globally and asymptotically stable. This shows
that, to ensure hybrid synchronization, we have to design
controllers 𝑢𝑜(𝑡) to make 𝑒𝑟𝑜, 𝑒𝑟𝑝, and 𝑒𝑟𝑞 converge to zero.
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3. Parameter Identification and Hybrid
Synchronization for the General Case

For antisynchronization, the error vectors are

𝑒𝑟1 = 𝑥2 + 𝑥1,
𝑒𝑟2 = 𝑥3 + 𝑥2, . . . , 𝑒𝑀−1 = 𝑥𝑀 + 𝑥𝑀−1. (6)

Let 𝜃𝑜 be estimates of 𝜃𝑜, 𝑜 = 1, 2, 3, 4, . . . ,𝑀, respectively,
and let 𝜃𝑜 = 𝜃𝑜 − 𝜃𝑜, 𝑜 = 1, 2, 3, 4, . . . ,𝑀 be errors while
estimating the parameters 𝜃𝑜, 𝑜 = 1, 2, . . . ,𝑀, respectively.
Derivative of (6) leads to the following:

̇𝑒𝑟1 = �̇�2 + �̇�1 = 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝐹2 (𝑥2) 𝜃2
+ 𝐷2 (𝑥1 − 𝑥2) + 𝑢1 + 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1
+ 𝐹1 (𝑥1) 𝜃1 + 𝐷1 (𝑥𝑀 − 𝑥1)

̇𝑒𝑟2 = �̇�3 + �̇�2 = 𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃3 + 𝐹3 (𝑥3) 𝜃3
+ 𝐷3 (𝑥2 − 𝑥3) + 𝑢2 + 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2

+ 𝐹2 (𝑥2) 𝜃2 + 𝐷2 (𝑥1 − 𝑥2) + 𝑢1
̇𝑒𝑟3 = �̇�4 + �̇�3 = 𝑓4 (𝑥4) + 𝐹4 (𝑥4) 𝜃4 + 𝐹4 (𝑥4) 𝜃4
+ 𝐷4 (𝑥3 − 𝑥4) + 𝑢3 + 𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃3
+ 𝐹3 (𝑥3) 𝜃3 + 𝐷3 (𝑥2 − 𝑥3) + 𝑢2

...
̇𝑒𝑟𝑀−1 = �̇�𝑀 + 𝑞�̇�𝑀−1 = 𝑓𝑀 (𝑥𝑀) + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀
+ 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐷𝑀 (𝑥𝑀−1 − 𝑥𝑀) + 𝑢𝑀−1
+ 𝑓𝑀−1 (𝑥𝑀−1) + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1
+ 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1 + 𝐷𝑀−1 (𝑥𝑀−2 − 𝑥𝑀−1)
+ 𝑢𝑀−2

(7)

which can be written as

[[[[[[
[

̇𝑒𝑟1̇𝑒𝑟2...
̇𝑒𝑟𝑀−1

]]]]]]
]

=
[[[[[[[
[

𝑓2 (𝑥2) + 𝑓1 (𝑥1) + 𝐹2 (𝑥2) 𝜃2 + 𝐹1 (𝑥1) 𝜃1 + 𝐷2 (𝑥1 − 𝑥2) + 𝐷1 (𝑥𝑀 − 𝑥1)
𝑓3 (𝑥3) + 𝑓2 (𝑥2) + 𝐹3 (𝑥3) 𝜃3 + 𝐹2 (𝑥2) 𝜃2 + 𝐷3 (𝑥2 − 𝑥3) + 𝐷2 (𝑥1 − 𝑥2)...

𝑓𝑀 (𝑥𝑀) + 𝑓𝑀 1 (𝑥𝑀 1) + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1 + 𝐷𝑀 (𝑥𝑀−1 − 𝑥𝑀) + 𝐷𝑀−1 (𝑥𝑀−2 − 𝑥𝑀−1)

]]]]]]]
]

+
[[[[[[[
[

𝐹2 (𝑥2) 𝜃2 + 𝐹1 (𝑥1) 𝜃1
𝐹3 (𝑥3) 𝜃 + 𝐹2 (𝑥2) 𝜃2...

𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1

]]]]]]]
]
+
[[[[[[[[[
[

1 0 0 ⋅ ⋅ ⋅ 0
1 1 0 ⋅ ⋅ ⋅ 0
0 1 1 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 0 ⋅ ⋅ ⋅ 1 1

]]]]]]]]]
]

[[[[[[
[

𝑢1𝑢2...
𝑢𝑀−1

]]]]]]
]
.

(8)

By choosing

[[[[[[
[

𝑢1𝑢2...
𝑢𝑀−1

]]]]]]
]
=
[[[[[[[[[
[

1 0 0 ⋅ ⋅ ⋅ 0
1 1 0 ⋅ ⋅ ⋅ 0
0 1 1 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 0 ⋅ ⋅ ⋅ 1 1

]]]]]]]]]
]

−1{{{{{{{{{{{{{{{{{{{

+
[[[[[[[[[
[

𝑒𝑟2𝑒𝑟3...
𝑒𝑟𝑀−1
V

]]]]]]]]]
]

− 𝐴
}}}}}}}}}}}}}}}}}}}

, (9)
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where V is the new input vector and

𝐴 =
[[[[[[[
[

𝑓2 (𝑥2) + 𝑓1 (𝑥1) + 𝐹2 (𝑥2) 𝜃2 + 𝐹1 (𝑥1) 𝜃1 + 𝐷2 (𝑥1 − 𝑥2) + 𝐷1 (𝑥𝑀 − 𝑥1)
𝑓3 (𝑥3) + 𝑓2 (𝑥2) + 𝐹3 (𝑥3) 𝜃3 + 𝐹2 (𝑥2) 𝜃2 + 𝐷3 (𝑥2 − 𝑥3) + 𝐷2 (𝑥1 − 𝑥2)...

𝑓𝑀 (𝑥𝑀) + 𝑓𝑀 1 (𝑥𝑀 1) + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1 + 𝐷𝑀 (𝑥𝑀−1 − 𝑥𝑀) + 𝐷𝑀−1 (𝑥𝑀−2 − 𝑥𝑀−1)

]]]]]]]
]

(10)

then system (7) becomes

̇𝑒𝑟1 = 𝑒𝑟2 + 𝐹2 (𝑥2) 𝜃2 + 𝐹1 (𝑥1) 𝜃1
̇𝑒𝑟2 = 𝑒𝑟3 + 𝐹3 (𝑥3) 𝜃3 + 𝐹2 (𝑥2) 𝜃2
̇𝑒𝑟3 = 𝑒𝑟4 + 𝐹4 (𝑥4) 𝜃4 + 𝐹3 (𝑥3) 𝜃3

...
̇𝑒𝑟𝑀−2 = 𝑒𝑟𝑀−1 + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1
+ 𝐹𝑀−2 (𝑥𝑀−2) 𝜃𝑀−2

̇𝑒𝑟𝑀−1 = V + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀 + 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1.

(11)

To employ the integral sliding mode control, choose the
nominal system for (11) as

̇𝑒𝑟1 = 𝑒𝑟2
̇𝑒𝑟2 = 𝑒𝑟3
̇𝑒𝑟3 = 𝑒𝑟4
...

̇𝑒𝑟𝑀−2 = 𝑒𝑟𝑀−1
̇𝑒𝑟𝑀−1 = V0.

(12)

To stabilize the system (11), we choose the Hurwitz sliding
surface for system (12) as 𝜎0 = (1+𝑑/𝑑𝑡)𝑀−2𝑒𝑟1 = 𝑒𝑟1+𝑐1𝑒𝑟2+⋅ ⋅ ⋅+𝑐𝑀−3𝑒𝑟𝑀−2+𝑒𝑟𝑀−1, where the coefficients 𝑐𝑜 are chosen in
such a way that 𝜎0 becomes Hurwitz polynomial. Then �̇�0 =𝑒𝑟2 + 𝑐1𝑒𝑟3 + 𝑐2𝑒𝑟4 + ⋅ ⋅ ⋅ + 𝑐𝑀−3𝑒𝑟𝑀−1 + V0.

By choosing V0 = −𝑒𝑟2−𝑐1𝑒𝑟3−𝑐2𝑒𝑟4−⋅ ⋅ ⋅−𝑐𝑀−3𝑒𝑟𝑀−1−𝑘𝜎0−𝑘 sign(𝜎0), 𝑘 > 0, we have �̇�0 = −𝑘 sign(𝜎0) − 𝑘𝜎0; therefore𝜎0 → 0, which gives 𝑒𝑟1, 𝑒𝑟2, . . . , 𝑒𝑟𝑀−1 → 0. Therefore,
system (12) becomes asymptotically stable.

The sliding surface for system (9) is 𝜎 = 𝜎0 + 𝑧. The term𝑧 in the sliding surface is an integral term computed later. To
avoid the reaching-phase, choose 𝑧(0) such that 𝜎(0) = 0. By
choosing V = V0 + V𝑠 where V0 is the nominal input vector

and V𝑠 is compensator terms computed later, then the time
derivative of the sliding surface becomes as

�̇� = �̇�0 + �̇�
= ̇𝑒𝑟1 + 𝑐1 ̇𝑒𝑟2 + 𝑐2 ̇𝑒𝑟3 + 𝑐3 ̇𝑒𝑟4 + ⋅ ⋅ ⋅ + 𝑐𝑀−3 ̇𝑒𝑟𝑀−2
+ ̇𝑒𝑟𝑀−1 + �̇�

= 𝑒𝑟2 + 𝑐1𝑒𝑟3 + 𝑐2𝑒𝑟4 + ⋅ ⋅ ⋅ + 𝑐𝑀−3𝑒𝑟𝑀−1 + V0 + V𝑠 + �̇�
+ 𝐹1 (𝑥1) 𝜃1 + (1 + 𝑐1) 𝐹2 (𝑥2) 𝜃2
+ (𝑐1 + 𝑐2) 𝐹3 (𝑥3) 𝜃3 + (𝑐2 + 𝑐3) 𝐹4 (𝑥4) 𝜃4 + ⋅ ⋅ ⋅
+ (𝑐𝑀−4 + 𝑐𝑀−3) 𝐹𝑀−2 (𝑥𝑀−2) 𝜃𝑀−2
+ (𝑐𝑀−3 + 1) 𝐹𝑀−1 (𝑥𝑀−1) 𝜃𝑀−1 + 𝐹𝑀 (𝑥𝑀) 𝜃𝑀.

(13)

By choosing a Lyapunov function: 𝑉 = (1/2){𝜎𝑇𝜎 + 𝜃𝑇1 𝜃1 +𝜃𝑇2 𝜃2 + ∑𝑀−4𝑜=1 𝜃𝑇𝑜+2𝜃𝑜+2 + 𝜃𝑇𝑀−1𝜃𝑀−1 + 𝜃𝑇𝑀𝜃𝑀}, designing the
adaptive laws for 𝜃𝑜, 𝜃𝑜, 𝑜 = 1, 2, . . . ,𝑀 and computing V𝑠
such that �̇� < 0.
Theorem 3. Consider a Lyapunov function 𝑉 = (1/2){𝜎𝑇𝜎 +𝜃𝑇1 𝜃1+𝜃𝑇2 𝜃2+∑𝑀−4𝑜=1 𝜃𝑇𝑜+2𝜃𝑜+2+𝜃𝑇𝑀−1𝜃𝑀−1+𝜃𝑇𝑀𝜃𝑀}.Then �̇� < 0 if
the adaptive laws for 𝜃𝑜, 𝜃𝑜, 𝑜 = 1, 2, 3, 4, . . . ,𝑀 and the value
of V𝑠 are chosen as

�̇� = −𝑒𝑟2 − 𝑀−1∑
𝑜=3

𝑐𝑜−2𝑒𝑟𝑜 − V0,
V𝑠 = −𝑘𝜎
̇̃𝜃1 = −𝐹𝑇1 (𝑥1) 𝜎 − 𝑘1𝜃1,
̇̂𝜃1 = − ̇̃𝜃1
̇̃𝜃2 = − (1 + 𝑐1) 𝐹𝑇2 (𝑥2) 𝜎 − 𝑘2𝜃2,
̇̂𝜃2 = − ̇̃𝜃2

̇̃𝜃𝑜+2 = − (𝑐𝑜 + 𝑐𝑜+1) 𝐹𝑇𝑜+2 (𝑥𝑜+2) 𝜎 − 𝑘𝑜+2𝜃𝑜+2,
̇̂𝜃𝑜+2 = − ̇̃𝜃𝑜+2,

𝑜 = 1, . . . ,𝑀 − 4
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̇̃𝜃𝑀−1 = − (𝑐𝑀−3 + 1) 𝐹𝑇𝑀−1 (𝑥𝑀−1) 𝜎 − 𝑘𝑀−1𝜃𝑀−1,
̇̂𝜃𝑀−1 = − ̇̃𝜃𝑀−1
̇̃𝜃𝑀 = −𝐹𝑇𝑀 (𝑥𝑀) 𝜎 − 𝑘𝑀𝜃𝑀,

(14)

̇̂𝜃𝑀 = − ̇̃𝜃𝑀. (15)

Proof. Since

�̇� = 𝜎𝑇�̇� + 𝜃𝑇1 ̇̃𝜃1 + 𝜃𝑇2 ̇̃𝜃2 + 𝑀−4∑
𝑜=1

𝜃𝑇𝑜+2 ̇̃𝜃𝑜+2 + 𝜃𝑇𝑀−1 ̇̃𝜃𝑀−1
+ 𝜃𝑇𝑀 ̇̃𝜃𝑀 = 𝜎𝑇{𝑒𝑟2 + 𝑀−1∑

𝑜=3

𝑐𝑜−2𝑒𝑟𝑜 + V0 + V𝑠 + �̇�}
+ 𝜃𝑇1 { ̇̃𝜃1 + 𝐹𝑇1 (𝑥1) 𝜎} + 𝜃𝑇2 { ̇̃𝜃2
+ (1 + 𝑐1) 𝐹𝑇2 (𝑥2) 𝜎}
+ 𝑀−4∑
𝑜=1

𝜃𝑇𝑜+2 { ̇̃𝜃𝑜+2 + (𝑐𝑜 + 𝑐𝑜+1) 𝐹𝑇𝑜+2 (𝑥𝑜+2) 𝜎}
+ 𝜃𝑇𝑀−1 { ̇̃𝜃𝑀−1 + (𝑐𝑀−3 + 1) 𝐹𝑇𝑀−1 (𝑥𝑀−1) 𝜎}
+ 𝜃𝑇𝑀 { ̇̃𝜃𝑀 + 𝐹𝑇𝑀 (𝑥𝑀) 𝜎}

(16)

by using (14) we have

�̇� = −𝑘𝜎2 − 𝑀∑
𝑜=1

𝑘𝑜𝜃𝑇𝑜 𝜃𝑜. (17)

From this we conclude that 𝜎, 𝜃𝑜 → 0. Since 𝜎 → 0, therefore𝑒𝑜 → 0, 𝑜 = 1, 2, 3, . . . ,𝑀 − 1. Thus the antisynchronization
is achieved.

The controllers designed for the antisynchronization are
used for the complete synchronization. For this we consider
two cases:

Case 1. For odd number of systems and𝑀 (𝑀 ≥ 3), synchro-
nization error is expressed like

𝑒𝑟𝑝 (𝑡) = 𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡) ,
𝑝 = 1, 3, 5, 7, 9, . . . ,𝑀 − 2

𝑒𝑟𝑞 (𝑡) = 𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡) ,
𝑞 = 2, 4, 6, 8, 10, . . . ,𝑀 − 3.

(18)

Then

lim
𝑡→∞

𝑒𝑟𝑝 = lim
𝑡→∞

𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡)
lim
𝑡→∞

𝑥𝑝+2 (𝑡) + 𝑥𝑝+1 (𝑡) − 𝑥𝑝+1 (𝑡) − 𝑥𝑝 (𝑡)
≤ lim
𝑡→∞

𝑥𝑝+2 (𝑡) + 𝑥𝑝+1 (𝑡)
+ lim
𝑡→∞

𝑥𝑝+1 (𝑡) + 𝑥𝑝 (𝑡) = 0

(19)

due to antisynchronization.
Thus

lim
𝑡→∞

𝑒𝑟𝑝 = 0, 𝑝 = 1, 3, 5, 7, 9, . . . ,𝑀 − 2. (20)

Similarly

lim
𝑡→∞

𝑒𝑟𝑝 = lim
𝑡→∞

𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡)
= lim
𝑡→∞

𝑥𝑞+2 (𝑡) + 𝑥𝑞+1 (𝑡) − 𝑥𝑞+1 (𝑡) − 𝑥𝑞 (𝑡)
≤ lim
𝑡→∞

𝑥𝑞+2 (𝑡) + 𝑥𝑞+1 (𝑡)
+ lim
𝑡→∞

𝑥𝑞+1 (𝑡) + 𝑥𝑞 (𝑡) = 0
lim
𝑡→∞

𝑒𝑟𝑝 = 0, 𝑞 = 2, 4, 6, 8, 10, . . . ,𝑀 − 3.

(21)

Case 2. For even number of systems and 𝑀 (𝑀 ≥ 4),
synchronization error is expressed like

𝑒𝑟𝑝 = 𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡) ,
𝑒𝑟𝑞 = 𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡)
lim
𝑡→∞

𝑒𝑟𝑝 = lim
𝑡→∞

𝑥𝑝+2 (𝑡) − 𝑥𝑝 (𝑡)
= lim
𝑡→∞

𝑥𝑝+2 (𝑡) + 𝑥𝑝+1 (𝑡) − 𝑥𝑝+1 (𝑡) − 𝑥𝑝 (𝑡)
≤ lim
𝑡→∞

𝑥𝑝+2 (𝑡) + 𝑥𝑝+1 (𝑡)
+ lim
𝑡→∞

𝑥𝑝+1 (𝑡) + 𝑥𝑝 (𝑡) = 0
lim
𝑡→∞

𝑒𝑟𝑝 = 0, 𝑝 = 1, 3, 5, 7, 9, . . . ,𝑀 − 3.

(22)

Similarly

lim
𝑡→∞

𝑒𝑟𝑞 = lim
𝑡→∞

𝑥𝑞+2 (𝑡) − 𝑥𝑞 (𝑡) = 0,
𝑞 = 2, 4, 6, 8, 10, . . . ,𝑀 − 2. (23)

So complete synchronization is too achieved.

4. Application Examples

To illustrate the control design procedure for reaching the
hybrid synchronization behavior, we present two examples
with𝑀 = 3 and𝑀 = 4.
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Example 1 (𝑀 = 3). Chen chaotic system, Lorenz chaotic
system, and Lü chaotic system, in that order, are selected for
this numerical example and are expressed below:

�̇�11 = −35𝑥11 + 35𝑥12 + 𝑑11 (𝑥31 − 𝑥11)
�̇�12 = −7𝑥11 + 28𝑥12 + 𝑥11𝑥13 + 𝑑12 (𝑥32 − 𝑥12)
�̇�13 = −3𝑥13 + 𝑥11𝑥12 + 𝑑13 (𝑥33 − 𝑥13)
�̇�21 = −36𝑥21 + 36𝑥22 + 𝑑21 (𝑥11 − 𝑥21) + 𝑢11
�̇�22 = 20𝑥22 − 𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22) + 𝑢12
�̇�23 = −3𝑥23 + 𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23) + 𝑢13
�̇�31 = −10𝑥31 + 10𝑥32 + 𝑑31 (𝑥21 − 𝑥31) + 𝑢21
�̇�32 = 28𝑥31 − 𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32) + 𝑢22
�̇�33 = −83𝑥33 + 𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33) + 𝑢23.

(24)

By assuming that the systems parameters are unknown, we
write systems (24) as

�̇�11 = 𝑎1𝑥11 + 𝑏1𝑥12 + 𝑑11 (𝑥31 − 𝑥11)
�̇�12 = 𝑐1𝑥11 + 𝑑1𝑥12 − 𝑥11𝑥13 + 𝑑12 (𝑥32 − 𝑥12)
�̇�13 = 𝑒1𝑥13 + 𝑥11𝑥12 + 𝑑13 (𝑥33 − 𝑥13)
�̇�21 = 𝑎2𝑥21 + 𝑏2𝑥22 + 𝑑21 (𝑥11 − 𝑥21) + 𝑢11
�̇�22 = 𝑐2𝑥22 − 𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22) + 𝑢12
�̇�23 = 𝑒2𝑥23 + 𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23) + 𝑢13
�̇�31 = 𝑎3𝑥31 + 𝑏3𝑥32 + 𝑑31 (𝑥21 − 𝑥31) + 𝑢21
�̇�32 = 𝑐3𝑥31 − 𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32) + 𝑢22
�̇�33 = 𝑒3𝑥33 + 𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33) + 𝑢23.

(25)

Let 𝑎𝑜, �̂�𝑜, 𝑐𝑜, 𝑒𝑟𝑜, 𝑑1, 𝑜 = 1, 2, 3 be estimates of 𝑎𝑜, 𝑏𝑜, 𝑐𝑜, 𝑒𝑟𝑜,𝑑1, 𝑜 = 1, 2, 3, respectively, and let 𝑎𝑜 = 𝑎𝑜 − 𝑎𝑜, �̃�𝑜 = 𝑏𝑜 − �̂�𝑜,𝑐𝑜 = 𝑐𝑜 − 𝑐𝑜, 𝑒𝑟𝑜 = 𝑒𝑟𝑜 − 𝑒𝑟𝑜, 𝑑1 = 𝑑1 −𝑑1, 𝑜 = 1, 2, 3 be errors
in estimation of 𝑎𝑜, 𝑏𝑜, 𝑐𝑜, 𝑒𝑜, 𝑑1, 𝑜 = 1, 2, 3, respectively.

Defining

𝑥1 = [[
[
𝑥11𝑥12𝑥13
]]
]
,

𝑥2 = [[
[
𝑥21𝑥22𝑥23
]]
]
,

𝑥3 = [[
[
𝑥31𝑥32𝑥33
]]
]
,

𝑢1 = [[
[
𝑢11𝑢12𝑢13
]]
]
,

𝑢2 = [[
[
𝑢21𝑢22𝑢23
]]
]
,

𝜃 =
[[[[[[
[

𝑎
�̂�
𝑐
𝑑

]]]]]]
]
,

𝜃 =
[[[[[[
[

𝑎
�̃�
𝑐
𝑑

]]]]]]
]

(26)

then the systems (25) in vector form are written as

�̇�1 = 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1 + 𝐹1 (𝑥1) 𝜃1
�̇�2 = 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝐹2 (𝑥2) 𝜃2 + 𝑢1
�̇�3 = 𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃3 + 𝐹3 (𝑥3) 𝜃3 + 𝑢2,

(27)

where

𝑓1 (𝑥1) = [[[
[

𝑑11 (𝑥31 − 𝑥11)𝑥11𝑥13 + 𝑑12 (𝑥32 − 𝑥12)𝑥11𝑥12 + 𝑑13 (𝑥33 − 𝑥13)
]]]
]
,

𝐹1 (𝑥1) = [[[
[

𝑥11 𝑥12 0 0 0
0 0 𝑐1 𝑑1 0
0 0 0 0 𝑥13

]]]
]
,

𝜃1 =
[[[[[[[[[
[

𝑎1
�̂�1𝑐1
𝑑1𝑒1

]]]]]]]]]
]

,

𝜃1 =
[[[[[[[[[
[

𝑎1
�̃�1𝑐1
𝑑1𝑒1

]]]]]]]]]
]

,
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𝑓2 (𝑥2) = [[[
[

𝑑21 (𝑥11 − 𝑥21)−𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22)𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23)
]]]
]
,

𝐹2 (𝑥2) = [[
[
𝑥21 𝑥22 0 0
0 0 𝑥22 0
0 0 0 𝑥23

]]
]
,

𝜃2 =
[[[[[
[

𝑎2
�̂�2𝑐2𝑒2

]]]]]
]
,

𝜃2 =
[[[[[
[

𝑎2
�̃�2𝑐2𝑒2

]]]]]
]
,

𝑓3 (𝑥3) = [[[
[

𝑑31 (𝑥21 − 𝑥31)−𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32)𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33)
]]]
]
,

𝐹3 (𝑥3) = [[
[
𝑥31 𝑥32 0 0
0 0 𝑥31 0
0 0 0 𝑥33

]]
]
,

𝜃3 =
[[[[[
[

𝑎3
�̂�3𝑐3𝑒3

]]]]]
]
,

𝜃3 =
[[[[[
[

𝑎3
�̃�3𝑐3𝑒3

]]]]]
]
.

(28)

For the antisynchronization, the errors

𝑒𝑟1 = [[
[
𝑒𝑟11𝑒𝑟12𝑒𝑟13

]]
]
,

𝑒𝑟2 = [[
[
𝑒𝑟21𝑒𝑟22𝑒𝑟23

]]
]

(29)

are

𝑒𝑟1 = 𝑥2 + 𝑥1,
𝑒𝑟2 = 𝑥3 + 𝑥2. (30)

Therefore

[ ̇𝑒𝑟1̇𝑒𝑟2] = [
𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1

𝐹2 (𝑥2) 𝜃2 + 𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃3 ]

+ [𝐹1 (𝑥1) 𝜃1 + 𝐹2 (𝑥2) 𝜃2𝐹2 (𝑥2) 𝜃2 + 𝐹3 (𝑥3) 𝜃3] + [
1 0
1 1] [

𝑢1𝑢2] .
(31)

By choosing

[𝑢1𝑢2] = [
1 0
1 1]
−1

⋅ {−[𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃2 + 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃1𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃3 + 𝐹2 (𝑥2) 𝜃2 ]

+ [𝑒𝑟2
V
]} ,

(32)

where V = [V1 V2 V3]𝑇 is the new input vector, then system
(31) becomes

̇𝑒𝑟1 = 𝑒2 + 𝐹2 (𝑥2) 𝜃2 + 𝐹1 (𝑥1) 𝜃1
̇𝑒𝑟2 = V + 𝐹3 (𝑥3) 𝜃3 + 𝐹2 (𝑥2) 𝜃2. (33)

The nominal system for (33) is

̇𝑒𝑟1 = 𝑒2
̇𝑒𝑟2 = V0, (34)

where V0 = [V01 V02 V03]𝑇 is the nominal input vector.
The sliding surface for nominal system (34) is 𝜎0 = 𝑒𝑟1 +𝑒𝑟2; that is,

[[
[
𝜎01𝜎02𝜎03
]]
]
= [[
[
𝑒𝑟11 + 𝑒𝑟21𝑒𝑟12 + 𝑒𝑟22𝑒𝑟13 + 𝑒𝑟23

]]
]
. (35)

Thenominal system (34) is asymptotically stable if V0 = −𝑒𝑟2−𝑘𝜎0 − 𝑘 sign(𝜎0), 𝑘 > 0. The sliding surface for system (33) is𝜎 = 𝜎0 + 𝑧 = 𝑒𝑟1 + 𝑒𝑟2 + 𝑧, where 𝑧 = [𝑧1 𝑧3 𝑧3]𝑇 is some
integral term and 𝑧(0) is chosen in such a way that 𝜎(0) = 0.
Defining V = V0+V𝑠 where V0 = [V01 V02 V03]𝑇 is the nominal
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input and V𝑠 = [V𝑠1 V𝑠2 V𝑠3]𝑇 is compensator, then system
(33) can be rewritten as

̇𝑒𝑟11 = 𝑒𝑟21 + 𝑎2𝑥21 + �̃�2𝑥22 + 𝑎1𝑥11 + �̃�1𝑥12
̇𝑒𝑟12 = 𝑒𝑟22 + 𝑐2𝑥22 + 𝑐1𝑥11 + 𝑑1𝑥12
̇𝑒𝑟13 = 𝑒𝑟23 + 𝑒𝑟2𝑥23 + 𝑒𝑟1𝑥13
̇𝑒𝑟21 = V1 + 𝑎3𝑥31 + �̃�3𝑥32 + 𝑎2𝑥21 + �̃�2𝑥22
̇𝑒𝑟22 = V2 + 𝑐3𝑥31 + 𝑐2𝑥22
̇𝑒𝑟23 = V3 + 𝑒𝑟3𝑥33 + 𝑒𝑟2𝑥23.

(36)

Then �̇� = ̇𝑒𝑟1 + ̇𝑒𝑟2 + �̇� gives
�̇�1 = 𝑒𝑟21 + V01 + V𝑠1 + �̇�1 + 𝑎1𝑥11 + �̃�1𝑥12 + 2𝑎2𝑥21

+ 2�̃�2𝑥22 + 𝑎3𝑥31 + �̃�3𝑥32
�̇�2 = 𝑒𝑟22 + V02 + V𝑠2 + �̇�2 + 𝑐1𝑥11 + 𝑑1𝑥12 + 2𝑐2𝑥22

+ 𝑐3𝑥31
�̇�3 = 𝑒𝑟23 + V03 + V𝑠3 + �̇�3 + 2𝑒𝑟2𝑥23 + 𝑒𝑟1𝑥13 + 𝑒𝑟3𝑥33.

(37)

By choosing a Lyapunov function

𝑉 = 12 {𝜎21 + 𝜎22 + 𝜎23 + 𝑎21 + 𝑎22 + 𝑎23 + �̃�21 + �̃�22 + �̃�23
+ 𝑐21 + 𝑐22 + 𝑐23 + 𝑒21 + 𝑒22 + 𝑒23 + 𝑑21}

(38)

then �̇� < 0 if the adaptive laws for 𝑎𝑜, 𝑎𝑜, �̃�𝑜, �̂�𝑜, 𝑐𝑜, 𝑐𝑜, 𝑒𝑟𝑜, 𝑒𝑟𝑜,𝑑1, 𝑑1, 𝑜 = 1, 2, 3 and the values of V𝑠𝑜, 𝑜 = 1, 2, 3 are chosen
as

�̇�1 = −𝑒𝑟21 − V01,
V𝑠1 = −𝑘1𝑠1
�̇�2 = −𝑒𝑟22 − V02,
V𝑠2 = −𝑘2𝑠2
�̇�3 = −𝑒𝑟23 − V03,
V𝑠3 = −𝑘3𝑠3
̇̃𝑎1 = −𝜎1𝑥11 − 𝑘4𝑎1,
̇̂𝑎1 = − ̇̃𝑎1
̇̃𝑎2 = −2𝜎1𝑥21 − 𝑘5𝑎2,
̇̂𝑎2 = − ̇̃𝑎2
̇̃𝑎3 = −𝜎1𝑥31 − 𝑘6𝑎3,

̇̂𝑎3 = − ̇̃𝑎3
̇̃𝑏1 = −𝜎1𝑥12 − 𝑘7�̃�1,
̇̂𝑏1 = − ̇̃𝑏1
̇̃𝑏2 = −2𝜎1𝑥22 − 𝑘8�̃�2,
̇̂𝑏2 = − ̇̃𝑏2
̇̃𝑏3 = −𝜎1𝑥32 − 𝑘9�̃�3,
̇̂𝑏3 = − ̇̃𝑏3
̇̃𝑐1 = −𝜎2𝑥11 − 𝑘10𝑐1,
̇̂𝑐1 = − ̇̃𝑐1
̇̃𝑐2 = −2𝜎2𝑥22 − 𝑘11𝑐2,
̇̂𝑐2 = − ̇̃𝑐2
̇̃𝑐3 = −𝜎2𝑥31 − 𝑘12𝑐3,
̇̂𝑐3 = − ̇̃𝑐3
̇̃𝑒𝑟1 = −𝜎3𝑥13 − 𝑘13𝑒𝑟1,
̇̂𝑒𝑟1 = − ̇̃𝑒𝑟1
̇̃𝑒𝑟2 = −2𝜎3𝑥23 − 𝑘14𝑒𝑟2,
̇̂𝑒𝑟2 = − ̇̃𝑒𝑟2
̇̃𝑒𝑟3 = −𝜎3𝑥33 − 𝑘15𝑒𝑟3,
̇̂𝑒𝑟3 = − ̇̃𝑒𝑟3
̇̃𝑑1 = −𝜎2𝑥12 − 𝑘16𝑑1,
̇̂𝑑1 = − ̇̃𝑑1,

𝑘𝑜 > 0, 𝑜 = 1, 2, . . . , 16.
(39)

We have

�̇� = −𝑘2𝜎21 − 𝑘2𝜎22 − 𝑘3𝜎23 − 𝑘4𝑎21 − 𝑘5𝑎22 − 𝑘6𝑎23
− 𝑘7�̃�21 − 𝑘8�̃�22 − 𝑘9�̃�23 − 𝑘10𝑐21 − 𝑘11𝑐22 − 𝑘12𝑐23
− 𝑘13𝑒2𝑟1 − 𝑘14𝑒2𝑟2 − 𝑘15𝑒2𝑟3 − 𝑘16𝑑21.

(40)

From this we conclude that 𝜎𝑜, 𝑒𝑟𝑜, 𝑑1, 𝑎𝑜, �̃�𝑜, 𝑐𝑜 → 0, 𝑜 =1, 2, 3. Since 𝜎𝑜 → 0, 𝑜 = 1, 2, 3, therefore 𝑒𝑟1, 𝑒𝑟2 →0. Therefore, antisynchronization is realized. For complete
synchronization, the error is 𝑒𝑟1 = 𝑥3 − 𝑥1, which can be
written as 𝑒𝑟1 = 𝑥3 − 𝑥1 = 𝑥3 + 𝑥2 − 𝑥2 − 𝑥1 = 𝑒𝑟2 − 𝑒𝑟1. As
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𝑒𝑟1, 𝑒𝑟2 → 0 therefore 𝑒𝑟1 → 0.Thus complete synchroniza-
tion is achieved. Results of simulations are depicted in Figures
2–4.

Example 2 (𝑀 = 4). In this example, only Lorenz systems
with unknown parameters are chosen to examine the effec-
tiveness of the proposed method.

These can be expressed as

�̇�11 = −10𝑥11 + 10𝑥12 + 𝑑11 (𝑥41 − 𝑥11)
�̇�12 = 28𝑥11 − 𝑥12 − 𝑥11𝑥13 + 𝑑12 (𝑥42 − 𝑥12)
�̇�13 = −83𝑥13 + 𝑥11𝑥12 + 𝑑13 (𝑥43 − 𝑥13)
�̇�21 = −10𝑥21 + 10𝑥22 + 𝑑21 (𝑥11 − 𝑥21) + 𝑢11
�̇�22 = 28𝑥21 − 𝑥22 − 𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22) + 𝑢12
�̇�23 = −83𝑥23 + 𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23) + 𝑢13
�̇�31 = −10𝑥31 + 10𝑥32 + 𝑑31 (𝑥21 − 𝑥31) + 𝑢21
�̇�32 = 28𝑥31 − 𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32) + 𝑢22
�̇�33 = −83𝑥33 + 𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33) + 𝑢23
�̇�41 = −10𝑥41 + 10𝑥42 + 𝑑41 (𝑥31 − 𝑥41) + 𝑢31
�̇�42 = 28𝑥41 − 𝑥42 − 𝑥41𝑥43 + 𝑑42 (𝑥32 − 𝑥42) + 𝑢32
�̇�43 = −83𝑥43 + 𝑥41𝑥42 + 𝑑43 (𝑥33 − 𝑥43) + 𝑢33.

(41)

With unknown parameters above four systems can be repre-
sented as

�̇�11 = 𝑎𝑥11 + 𝑏𝑥12 + 𝑑11 (𝑥41 − 𝑥11)
�̇�12 = 𝑐𝑥11 − 𝑥12 − 𝑥11𝑥13 + 𝑑12 (𝑥42 − 𝑥12)
�̇�13 = 𝑑𝑥13 + 𝑥11𝑥12 + 𝑑13 (𝑥43 − 𝑥13)

(42)

�̇�21 = 𝑎𝑥21 + 𝑏𝑥22 + 𝑑21 (𝑥11 − 𝑥21) + 𝑢11
�̇�22 = 𝑐𝑥21 − 𝑥22 − 𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22) + 𝑢12
�̇�23 = 𝑑𝑥23 + 𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23) + 𝑢13

(43)

�̇�31 = 𝑎𝑥31 + 𝑏𝑥32 + 𝑑31 (𝑥21 − 𝑥31) + 𝑢21
�̇�32 = 𝑐𝑥31 − 𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32) + 𝑢22
�̇�33 = 𝑑𝑥33 + 𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33) + 𝑢23

(44)

�̇�41 = 𝑎𝑥41 + 𝑏𝑥42 + 𝑑41 (𝑥31 − 𝑥41) + 𝑢31
�̇�42 = 𝑐𝑥41 − 𝑥42 − 𝑥41𝑥43 + 𝑑42 (𝑥32 − 𝑥42) + 𝑢32
�̇�43 = 𝑑𝑥43 + 𝑥41𝑥42 + 𝑑43 (𝑥33 − 𝑥43) + 𝑢33.

(45)

Let 𝑎, �̂�, 𝑐, 𝑑 be estimates of 𝑎, 𝑏, 𝑐, 𝑑, respectively, and let 𝑎 =𝑎 − 𝑎, �̃�𝑖 = 𝑏 − �̂�, 𝑐 = 𝑐 − 𝑐, 𝑑1 = 𝑑 − 𝑑 be the errors in
estimation of 𝑎, 𝑏, 𝑐, 𝑑, respectively.

Defining

𝑥1 = [[
[
𝑥11𝑥12𝑥13
]]
]
,

𝑥2 = [[
[
𝑥21𝑥22𝑥23
]]
]
,

𝑥3 = [[
[
𝑥31𝑥32𝑥33
]]
]
,

𝑥4 = [[
[
𝑥41𝑥42𝑥43
]]
]
,

𝑢1 = [[[
[

𝑢11𝑢12𝑢13
]]]
]
,

𝑢2 = [[[
[

𝑢21𝑢22𝑢23
]]]
]
,

𝑢3 = [[[
[

𝑢31𝑢32𝑢33
]]]
]
,

𝜃 =
[[[[[[
[

𝑎
�̂�
𝑐
𝑑

]]]]]]
]

𝜃 =
[[[[[[
[

𝑎
�̃�
𝑐
𝑑

]]]]]]
]

(46)

systems (43)–(45) are represented as

�̇�1 = 𝑓1 (𝑥1) + 𝐹1 (𝑥1) 𝜃 + 𝐹1 (𝑥1) 𝜃
�̇�2 = 𝑓2 (𝑥2) + 𝐹2 (𝑥2) 𝜃 + 𝐹2 (𝑥2) 𝜃 + 𝑢1
�̇�3 = 𝑓3 (𝑥3) + 𝐹3 (𝑥3) 𝜃 + 𝐹3 (𝑥3) 𝜃 + 𝑢2
�̇�4 = 𝑓4 (𝑥4) + 𝐹4 (𝑥4) 𝜃 + 𝐹4 (𝑥4) 𝜃 + 𝑢3,

(47)
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where

𝑓1 (𝑥1) = [[[
[

𝑑11 (𝑥41 − 𝑥11)−𝑥12 − 𝑥11𝑥13 + 𝑑12 (𝑥42 − 𝑥12)𝑥11𝑥12 + 𝑑13 (𝑥43 − 𝑥13)
]]]
]
,

𝐹1 (𝑥1) = [[
[
𝑥11 𝑥12 0 0
0 0 𝑥11 0
0 0 0 𝑥13

]]
]

𝑓2 (𝑥2) = [[[
[

𝑑21 (𝑥11 − 𝑥21)−𝑥22 − 𝑥21𝑥23 + 𝑑22 (𝑥12 − 𝑥22)𝑥21𝑥22 + 𝑑23 (𝑥13 − 𝑥23)
]]]
]
,

𝐹2 (𝑥2) = [[
[
𝑥21 𝑥22 0 0
0 0 𝑥21 0
0 0 0 𝑥23

]]
]

𝑓3 (𝑥3) = [[[
[

𝑑31 (𝑥21 − 𝑥31)−𝑥32 − 𝑥31𝑥33 + 𝑑32 (𝑥22 − 𝑥32)𝑥31𝑥32 + 𝑑33 (𝑥23 − 𝑥33)
]]]
]
,

𝐹3 (𝑥3) = [[
[
𝑥31 𝑥32 0 0
0 0 𝑥31 0
0 0 0 𝑥33

]]
]

𝑓4 (𝑥4) = [[[
[

𝑑41 (𝑥31 − 𝑥41)−𝑥42 − 𝑥41𝑥43 + 𝑑42 (𝑥32 − 𝑥42)𝑥41𝑥42 + 𝑑43 (𝑥33 − 𝑥43)
]]]
]
,

𝐹4 (𝑥4) = [[
[
𝑥41 𝑥42 0 0
0 0 𝑥41 0
0 0 0 𝑥43

]]
]
.

(48)

For the antisynchronization, the error vectors

𝑒𝑟1 = [[
[
𝑒𝑟11𝑒𝑟12𝑒𝑟13

]]
]
,

𝑒𝑟2 = [[
[
𝑒𝑟21𝑒𝑟22𝑒𝑟23

]]
]
,

𝑒𝑟3 = [[
[
𝑒𝑟31𝑒𝑟32𝑒𝑟33

]]
]

(49)

are
𝑒𝑟1 = 𝑥2 + 𝑥1,
𝑒𝑟2 = 𝑥3 + 𝑥2,
𝑒𝑟3 = 𝑥4 + 𝑥3.

(50)

Therefore

[[
[
̇𝑒𝑟1̇𝑒𝑟2̇𝑒𝑟3
]]
]
= [[[
[

(𝐹1 (𝑥1) + 𝐹2 (𝑥2)) 𝜃 + 𝑓1 (𝑥1) + 𝑓2 (𝑥2)
(𝐹2 (𝑥2) + 𝐹3 (𝑥3)) 𝜃 + 𝑓2 (𝑥2) + 𝑓3 (𝑥3)
(𝐹3 (𝑥3) + 𝐹4 (𝑥4)) 𝜃 + 𝑓3 (𝑥3) + 𝑓4 (𝑥4)

]]]
]

+ [[[
[

𝐹1 (𝑥1) + 𝐹2 (𝑥2)𝐹2 (𝑥2) + 𝐹3 (𝑥3)𝐹3 (𝑥3) + 𝐹4 (𝑥4)
]]]
]
𝜃

+ [[
[
1 0 0
1 1 0
0 1 1

]]
]
[[[
[

𝑢1𝑢2𝑢3
]]]
]
.

(51)

Choose

[[[
[

𝑢1𝑢2𝑢3
]]]
]
= [[
[
1 0 0
1 1 0
0 1 1

]]
]

−1

⋅ {{{{{{{
−[[[
[

𝑓2 (𝑥2) + 𝑓1 (𝑥1) + (𝐹2 (𝑥2) + 𝐹1 (𝑥1)) 𝜃
𝑓3 (𝑥3) + 𝑓2 (𝑥2) + (𝐹3 (𝑥3) + 𝐹2 (𝑥2)) 𝜃
𝑓4 (𝑥4) + 𝑓3 (𝑥3) + (𝐹4 (𝑥4) + 𝐹3 (𝑥3)) 𝜃

]]]
]

+ [[
[
𝑒𝑟2𝑒𝑟3
V

]]
]
}}}}}}}
,

(52)

where V is the new input vector.
We have

[[
[
̇𝑒𝑟1̇𝑒𝑟2̇𝑒𝑟3
]]
]
= [[
[
𝑒𝑟2𝑒𝑟3
V

]]
]
+ [[[
[

𝐹2 (𝑥2) + 𝐹1 (𝑥1)𝐹3 (𝑥3) + 𝐹2 (𝑥2)𝐹4 (𝑥4) + 𝐹3 (𝑥3)
]]]
]
𝜃 (53)

or

̇𝑒𝑟1 = 𝑒𝑟2 + (𝐹2 (𝑥2) + 𝐹1 (𝑥1)) 𝜃
̇𝑒𝑟2 = 𝑒𝑟3 + (𝐹3 (𝑥3) + 𝐹2 (𝑥2)) 𝜃
̇𝑒𝑟3 = V + (𝐹4 (𝑥4) + 𝐹3 (𝑥3)) 𝜃.

(54)

The nominal system for (54) is

̇𝑒𝑟1 = 𝑒𝑟2
̇𝑒𝑟2 = 𝑒𝑟3
̇𝑒𝑟3 = V0.

(55)
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The Hurwitz sliding surface vector for nominal system (55)
can be defined as

𝜎0 = 𝑒𝑟1 + 2𝑒𝑟2 + 𝑒𝑟3, (56)

where

𝜎0 = [[
[
𝜎01𝜎02𝜎03
]]
]
= [[
[
𝑒𝑟11 + 2𝑒𝑟21 + 𝑒𝑟31𝑒𝑟12 + 2𝑒𝑟22 + 𝑒𝑟32𝑒𝑟13 + 2𝑒𝑟23 + 𝑒𝑟33

]]
]
. (57)

Then the derivative of the above system is �̇�0 = ̇𝑒𝑟1 + 2 ̇𝑒𝑟2 =𝑒𝑟2 + 2𝑒𝑟3 + V0. By choosing V0 = −𝑒𝑟2 − 2𝑒𝑟3 − 𝑘𝜎0 −𝑘 sign(𝜎0), 𝑘 > 0, we have �̇�0 = −𝑘 sign(𝜎0) − 𝑘𝜎0. So the
error dynamics (55) are asymptotically stable.

Sliding surface for the system (55) is described as 𝜎 = 𝜎0+𝑧 = 𝑒𝑟1+2𝑒𝑟2+𝑒𝑟3+𝑧, where 𝑧 = [𝑧1 𝑧3 𝑧3]𝑇 is some integral
term, by choosing 𝑧(0) in such a way that 𝜎(0) = 0. Select
V = V0 + V𝑠, where V0 = [V01 V02 V03]𝑇 is the nominal input
and V𝑠 = [V𝑠1 V𝑠2 V𝑠3]𝑇 is compensator term computed later.

The system (54) can be rewritten as

̇𝑒𝑟11 = 𝑒𝑟21 + 𝑎𝑥21 + �̃�𝑥22 + 𝑎𝑥11 + �̃�𝑥12
̇𝑒𝑟12 = 𝑒𝑟22 + 𝑐𝑥21 + 𝑐𝑥11
̇𝑒𝑟13 = 𝑒𝑟23 + 𝑑𝑥23 + 𝑑𝑥13
̇𝑒𝑟21 = 𝑒𝑟31 + 𝑎𝑥31 + �̃�𝑥32 + 𝑎𝑥21 + �̃�𝑥22
̇𝑒𝑟22 = 𝑒𝑟32 + 𝑐𝑥31 + 𝑐𝑥21
̇𝑒𝑟23 = 𝑒𝑟33 + 𝑑𝑥33 + 𝑑𝑥23
̇𝑒𝑟31 = V01 + V𝑠1 + 𝑎𝑥41 + �̃�𝑥42 + 𝑎𝑥31 + �̃�𝑥32
̇𝑒𝑟32 = V02 + V𝑠2 + 𝑐𝑥41 + 𝑐𝑥31
̇𝑒𝑟33 = V03 + V𝑠3 + 𝑑𝑥43 + 𝑑𝑥33.

(58)

Then �̇� = ̇𝑒𝑟1 + 2 ̇𝑒𝑟2 + ̇𝑒𝑟3 + �̇� gives
�̇�1 = ̇𝑒𝑟11 + 2 ̇𝑒𝑟21 + ̇𝑒𝑟31 + �̇�1
= 𝑒𝑟21 + 𝑎𝑥21 + �̃�𝑥22 + 𝑎𝑥11 + �̃�𝑥12 + 2𝑒𝑟31
+ 2𝑎𝑥31 + 2�̃�𝑥32 + 2𝑎𝑥21 + 2�̃�𝑥22 + V01 + V𝑠1

+ 𝑎𝑥41 + �̃�𝑥42 + 𝑎𝑥31 + �̃�𝑥32 + �̇�1
�̇�2 = ̇𝑒𝑟12 + 2 ̇𝑒𝑟22 + ̇𝑒𝑟32 + �̇�2
= 𝑒𝑟22 + 𝑐𝑥21 + 𝑞𝑐𝑥11 + 2𝑒𝑟32 + 2𝑐𝑥31 + 2𝑐𝑥21
+ V02 + V𝑠2 + 𝑐𝑥41 + 𝑐𝑥31 + �̇�2

�̇�3 = ̇𝑒𝑟13 + 2 ̇𝑒𝑟23 + ̇𝑒𝑟33 + �̇�3
= 𝑒𝑟23 + 𝑑𝑥23 + 𝑑𝑥13 + 2𝑒𝑟33 + 2𝑑𝑥33 + 2𝑑𝑥23
+ V03 + V𝑠3 + 𝑑𝑥43 + 𝑑𝑥33 + �̇�3

(59)

or
�̇�1 = 𝑒𝑟21 + 2𝑒𝑟31 + 𝑎 {𝑥11 + 3𝑥21 + 3𝑥31 + 𝑥41}

+ �̃� {𝑥12 + 3𝑥22 + 3𝑥32 + 𝑥42} + V01 + V𝑠1

+ �̇�1
�̇�2 = 𝑒𝑟22 + 2𝑒𝑟32 + 𝑐 {𝑥11 + 3𝑥21 + 3𝑥31 + 𝑥41} + V02

+ V𝑠2 + �̇�2
�̇�3 = 𝑒𝑟23 + 2𝑒𝑟33 + 𝑑 {𝑥13 + 3𝑥23 + 3𝑥33 + 𝑥43} + V03

+ V𝑠3 + �̇�3.

(60)

Choose the Lyapunov function:𝑉 = (1/2){𝜎21 +𝜎22 +𝜎23 +𝑎2 +�̃�2 + 𝑐2 + 𝑑2}.
Then �̇� < 0 if the adaptive laws for 𝑎, �̃�, 𝑐, 𝑑, 𝑎, �̂�, 𝑐, 𝑑 and

V𝑠𝑜, 𝑜 = 1, 2, 3 are chosen as

�̇�1 = −𝑒𝑟21 − 2𝑒𝑟31 − V01,
V𝑠1 = −𝑘1𝑠1
�̇�2 = −𝑒𝑟22 − 2𝑒𝑟32 − V02,
V𝑠2 = −𝑘2𝑠2
�̇�3 = −𝑒𝑟23 − 2𝑒𝑟33 − V03,
V𝑠3 = −𝑘3𝑠3
̇̃𝑎 = −𝜎1 (𝑥11 + 3𝑥21 + 3𝑥31 + 𝑥41) − 𝑘4𝑎,
̇̂𝑎 = − ̇̃𝑎
̇̃𝑏 = −𝜎1 (𝑥12 + 3𝑥22 + 3𝑥32 + 𝑥42) − 𝑘5�̃�,
̇̂𝑏 = − ̇̃𝑏
̇̃𝑐 = −𝜎2 (𝑥11 + 3𝑥21 + 3𝑥31 + 𝑥41) − 𝑘6𝑐,
̇̂𝑐 = − ̇̃𝑐
̇̃𝑑 = −𝜎3 (𝑥13 + 3𝑥23 + 3𝑥33 + 𝑥43) − 𝑘7𝑑,
̇̂𝑑 = − ̇̃𝑑,

𝑘𝑜 > 0, 𝑜 = 1, . . . , 7.

(61)

From this we conclude that 𝑎, �̃�, 𝑐, 𝑒𝑟, 𝜎1, 𝜎2, 𝜎3, 𝑑 → 0. Since𝜎𝑜 → 0, 𝑜 = 1, 2, 3, therefore 𝑒𝑟1, 𝑒𝑟2, 𝑒𝑟3 → 0. Thus
antisynchronization is achieved.

For complete synchronization, the errors are 𝑒𝑟1 = 𝑥3 −𝑥1, 𝑒𝑟2 = 𝑥4 − 𝑥2 which can be written as

𝑒𝑟1 = 𝑥3 − 𝑥1 = 𝑥3 + 𝑥2 − 𝑥2 − 𝑥1 = 𝑒𝑟2 − 𝑒𝑟1
𝑒𝑟2 = 𝑥4 − 𝑥2 = 𝑥4 + 𝑥3 − 𝑥3 − 𝑥2 = 𝑒𝑟3 − 𝑒𝑟2. (62)

As 𝑒𝑟1, 𝑒𝑟2, 𝑒𝑟3 → 0 therefore 𝑒𝑟1, 𝑒𝑟2 → 0; thus complete
synchronization is achieved. Simulation results are shown in
Figures 5–7.
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Figure 3

5. Simulation Results and Discussion

Figures 2–4 show simulation results for Example 1 with𝑀 = 3. The initial (starting point) conditions are chosen as
(𝑥11(0) = 10, 𝑥12(0) = 20, 𝑥13(0) = 30), (𝑥21(0) = −5.8,𝑥22(0) = 8, 𝑥23(0) = 10), and (𝑥31(0) = 11, 𝑥32(0) = 15,𝑥33(0) = 26). The coupling parameters are chosen as 𝑑11 =𝑑21 = 𝑑13 = 𝑑23 = 𝑑31 = 𝑑33 = 0, 𝑑12 = 10, 𝑑22 = 11
and 𝑑32 = 1. Figure 2(a) shows that the errors 𝑒𝑟11, 𝑒𝑟12,

𝑒𝑟13, 𝑒𝑟21, 𝑒𝑟22, and 𝑒𝑟23 asymptotically go to zero. Figure 2(b)
displays the errors 𝑒𝑟31, 𝑒𝑟32, and 𝑒𝑟33, converging to origin.
Figure 3(a) shows system states 𝑥11, 𝑥21, 𝑥31, Figure 3(b)
shows system states 𝑥12, 𝑥22, and 𝑥32, and Figure 3(c) shows
system states 𝑥13, 𝑥23, and 𝑥33. From these figures we can
see that systems 𝑥1(𝑡) and 𝑥2(𝑡), and systems 𝑥2(𝑡) and 𝑥3(𝑡)
achieve the antisynchronization, and systems 𝑥1(𝑡) and 𝑥3(𝑡)
attain complete synchronization and therefore milestone is
attained, that is, hybrid synchronization. Figure 4 shows the
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adaptive estimation of parameters 𝑎, 𝑏, 𝑐, 𝑑, and 𝑒𝑟 for the
three systems. Figure 4(a) shows the estimation of 𝑎1, 𝑏1, 𝑐1,𝑑1, and 𝑒𝑟1, the parameters of the first system, which converge
to their true values of −35, 35, −7, 28, and −3, respectively.
Figure 4(b) shows the estimation of 𝑎2, 𝑏2, 𝑐2, and 𝑒𝑟2, and the
parameters of the second system, which converges to their
true values of −36, 36, 20, and 3, respectively. Figure 4(c)
shows the estimation of 𝑎3, 𝑏3, 𝑐3, and 𝑒𝑟3, the parameters of
the third system, which converges to their true values −10, 10,
28, and −8/3, respectively.

Figures 5–7 show simulation results for Example 2 with𝑀 = 4. The initial (starting point) conditions are chosen as
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(b) Convergence of error system 𝑒𝑟11, 𝑒

𝑟12, and 𝑒


𝑟13

−80

−60

−40

−20

20

0 1 2 3 4 5 6 7 8 9 10
Time (s)

0

e
 r
2
1
,e

 r
2
2
,e

 r
2
3

e

r21

e

r22

e

r23

(c) Convergence of error system 𝑒𝑟21, 𝑒
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𝑟23

Figure 5

(𝑥11(0) = 4, 𝑥12(0) = 5, 𝑥13(0) = −3), (𝑥21(0) = 5, 𝑥22(0) = 2,𝑥23(0) = −5), (𝑥31(0) = 11, 𝑥32(0) = 15, 𝑥33(0) = 10), and
(𝑥41(0) = 4, 𝑥42(0) = 5, 𝑥43(0) = −3). The coupling para-
meters are chosen as 𝑑12 = 𝑑22 = 𝑑32 = 𝑑13 = 𝑑23 =𝑑33 = 𝑑42 = 𝑑43 = 0, 𝑑11 = 𝑑21 = 1 and 𝑑31 = 𝑑41 = −1.
Figure 5(a) shows the errors 𝑒𝑟11, 𝑒𝑟12, 𝑒𝑟13, 𝑒𝑟21, 𝑒𝑟22, 𝑒𝑟23,𝑒𝑟31, 𝑒𝑟32, and 𝑒𝑟33 asymptotically converge to zero. Figure 5(b)
shows the errors 𝑒𝑟11, 𝑒𝑟12, and 𝑒𝑟13 asymptotically converge
to zero. Figure 5(c) shows the errors 𝑒𝑟21, 𝑒𝑟22, and 𝑒𝑟23
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Figure 7: Parameter estimation 𝑎, 𝑏, 𝑐, and 𝑑.

asymptotically converge to zero. Figure 6(a) shows system
states 𝑥11, 𝑥21, 𝑥31, and 𝑥41, Figure 6(b) shows system states𝑥12, 𝑥22, 𝑥32, and 𝑥42, and Figure 6(c) shows system states 𝑥13,𝑥23, 𝑥33, and 𝑥43. From these figures we can see that systems𝑥1(𝑡) and𝑥2(𝑡), systems𝑥2(𝑡) and𝑥3(𝑡), and systems𝑥3(𝑡) and𝑥4(𝑡) achieve the antisynchronization, and systems 𝑥1(𝑡) and𝑥3(𝑡) and systems 𝑥2(𝑡) and 𝑥4(𝑡) attained the complete syn-
chronization and hence hybrid synchronization is attained.
Figure 7 shows an adaptive estimation of parameters 𝑎, 𝑏, 𝑐,

and 𝑑 for four systems which converge to their true values of−10, 10, 28, and −8/3 respectively.
6. Conclusion

In this article, we presented control designmethod for param-
eter identification and synchronization/antisynchronization
ofmany attached chaotic systems connected in the ring topol-
ogy.Themethodology is created using adaptive integral SMC.
The error system was transformed into a special structure
containing nominal part and some unknown terms. The
unknown terms were computed adaptively. Then the error
system was stabilized using integral sliding mode control.
The stabilizing controller for the error system is created
that contains the nominal control and the compensator
control. Simulation results show that antisynchronization and
complete synchronization were achieved with the proposed
control laws and that the uncertain parameters converge to
their actual values.
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Advances in Difference Equations, vol. 2015, no. 1, article no. 214,
2015.

[23] N. Cai, Y. Jing, and S. Zhang, “Generalized projective synchro-
nization of different chaotic systems based on antisymmetric
structure,” Chaos, Solitons & Fractals, vol. 42, no. 2, pp. 1190–
1196, 2009.

[24] I. M. Kyprianidis and I. N. Stouboulos, “Chaotic synchroniza-
tion of three coupled oscillators with ring connection,” Chaos,
Solitons & Fractals, vol. 17, no. 2-3, pp. 327–336, 2003.

[25] Q. Song and J. Cao, “Synchronization and anti-synchronization
for chaotic systems,” Chaos, Solitons & Fractals, vol. 33, no. 3,
pp. 929–939, 2007.

[26] G. M. Mahmoud and E. E. Mahmoud, “Phase and antiphase
synchronization of two identical hyperchaotic complex nonlin-
ear systems,” Nonlinear Dynamics, vol. 61, no. 1-2, pp. 141–152,
2010.

[27] S. B. Wang, X. Y. Wang, X. Y. Wang, and Y. F. Zhou, “Adaptive
generalized combination complex synchronization of uncertain
real and complex nonlinear systems,” AIP Advances, vol. 6, no.
4, Article ID 045011, 2016.

[28] T. Dahms, J. Lehnert, and E. Schöll, “Cluster and group syn-
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[29] M. Jiménez-Mart́ın, J. Rodŕıguez-Laguna, O. D’Huys, J. de la
Rubia, and E. Korutcheva, “Synchronization of fluctuating
delay-coupled chaotic networks,” Physical Review E: Statistical,
Nonlinear, and Soft Matter Physics, vol. 95, no. 5, article 052210,
2017.

[30] Y. Sun, W. Li, and J. Ruan, “Generalized outer synchronization
between complex dynamical networks with time delay and
noise perturbation,” Communications in Nonlinear Science and
Numerical Simulation, vol. 18, no. 4, pp. 989–998, 2013.

[31] J. Lu, D. W. Ho, and J. Cao, “Synchronization in an array of
nonlinearly coupled chaotic neural networks with delay cou-
pling,” International Journal of Bifurcation and Chaos, vol. 18,
no. 10, pp. 3101–3111, 2008.

[32] X. Chen, J. Qiu, J. Cao, and H. He, “Hybrid synchronization
behavior in an array of coupled chaotic systems with ring
connection,” Neurocomputing, vol. 173, pp. 1299–1309, 2016.

[33] V. Utkin and J. Shi, “Integral sliding mode in systems operating
under uncertainty conditions,” in Proceedings of the 35th IEEE
Conference on Decision and Control, vol. 4, pp. 4591–4596, 1996.



Research Article
Fixed-Time Stability of the Hydraulic Turbine Governing System

CaoyuanMa,1 Chuangzhen Liu ,1 Xuezi Zhang,1 Yongzheng Sun ,2

Wenbei Wu ,1 and Jin Xie1

1School of Electrical and Power Engineering, China University of Mining and Technology, Xuzhou 221116, China
2School of Mathematics, China University of Mining and Technology, Xuzhou 221008, China

Correspondence should be addressed to Yongzheng Sun; yzsun@cumt.edu.cn

Received 11 August 2017; Revised 16 December 2017; Accepted 21 December 2017; Published 30 January 2018

Academic Editor: Ton D. Do

Copyright © 2018 Caoyuan Ma et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper studies the problemof fixed-time stability of hydraulic turbine governing systemwith the elasticwater hammer nonlinear
model. To control and improve the quality of hydraulic turbine governing system, a new fixed-time control strategy is proposed,
which can stabilize the water turbine governing system within a fixed time. Compared with the finite-time control strategy where
the convergence rate depends on the initial state, the settling time of the fixed-time control scheme can be adjusted to the required
value regardless of the initial conditions. Finally, we numerically show that the fixed-time control ismore effective than and superior
to the finite-time control.

1. Introduction

Hydropower, as a low-cost, zero-polluting, and renewable
energy source, has been deeply developed since the twentieth
century [1]. With the reserves of coal, natural gas, and
other nonrenewable energy sources decreasing gradually
and the serious environmental problems caused by power
generation, hydropower is becoming an increasingly large
proportion of the electricity structure. According to the
current projections provided by international hydropower
industries referring to the next thirty years, a significant
growth in the sector is expected [2]. As a typical nonlinear
complex system and an important part of hydraulic power
generation system, hydraulic turbine governing system is a
hydraulic, mechanical, electrical integrated control system
[3]. The normal operation of the water turbine governing
system is essential to the whole hydraulic power system,
and it even affects the safe and stable operation of the
related power grid, thus affecting the power quality and the
power consumption experience of the users. In view of the
high proportion of the hydropower system in the electricity
structure, the research of the hydraulic turbine governing
system is of great importance.

At present, the control method commonly used in
water turbine control system mainly includes the following:

nonlinear control [4–7], sliding mode control [8–10], PID
control [11–13], fuzzy control [14], fault tolerant control [15],
predictive control [16, 17], and finite-time control [18]. These
control methods have important theoretical and practical
significance for the control of hydraulic turbine governing
system, but they also have their own defects. For example,
feedback control has the time delay problem. The nonlinear
control is targeted, and each nonlinear control strategy is only
suitable for solving some special nonlinear system control
problems. PID control is difficult to balance the stability
time and overshoot. When the initial state of the system
deviates from the equilibrium point, it is difficult for the
control system to restore the system to the equilibrium point;
fuzzy control is difficult to adapt to the requirements of
large-scale adjustment, and it needs to constantly adjust the
control rules and parameters. The effect of fault tolerant
control is greatly influenced by the delay of fault detection
and separation, and the long time delay will cause serious
stability problem. Predictive control’s accuracy is not very
high, and the optimization process needs to be performed
online repeatedly; in finite-time control, the stability of the
system is affected by the initial state of the system. All the
above control strategies can ensure the exponential stability
of the system, while the adjustment time affected by the
initial state of the system is not always short enough. The
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fixed-time stability control not only ensures the exponential
stability and the shorter adjustment time but also has stronger
robustness and disturbance rejection ability than the above
control strategies.

The definition of the fixed-time stability was firstly pro-
posed by Polyakov in [19], and this definition was evolved
from the definition of finite-time stability. Finite-time control
theory has been widely used in Cucker-Smale systems [20],
complex dynamic network systems [21], PMSM [22], delay
neural networks systems [23], chaotic systems [24], and so
forth. Compared with the finite-time control, the fixed-time
control has the characteristic that the maximum adjustment
time is not affected by the initial conditions. In view of many
advantages of fixed-time control, the control method has
been widely used in multiagent systems [25], aircraft systems
[26], robot systems [27], neural network systems [28–31], and
chaotic systems [32, 33].

In [16], a six-dimensional nonlinear mathematical model
for the elastic water hammer of hydraulic turbine governing
system is presented. Based on the six-dimensional nonlinear
mathematical model, this paper analyzes the system running
state without controllers. Comparing the operation status
of the system under the fixed-time control strategy and the
finite-time control strategy, we find that the control strategy
used in this paper can directly calculate the system’s settling
time.The settling time is independent of the initial state of the
system. In conclusion, whether the initial state of the system
changes or not, we can use the fixed-time control strategy to
make the system achieve stable state quickly.

2. Fixed-Time Stability of Hydraulic Turbine
Governing System

2.1. System Modeling and Preliminaries. For the convenience
of analysis, we give some necessary definitions and lemmas
in advance.

Definition 1 (see [19]). Consider the following nonlinear
dynamic system:

�̇� = 𝑓 (𝑥) , (1)

where 𝑥 ∈ 𝑅𝑛 is the system state, 𝑓 is a smooth nonlinear
function. If, for any initial condition, there exists a fixed
settling time𝑇0, which is not connectedwith initial condition,
such that

lim
𝑡→𝑇0

‖𝑥 (𝑡)‖ = 0 (2)

and ‖𝑥(𝑡)‖ ≡ 0, if 𝑡 ≥ 𝑇0, then this nonlinear dynamic system
is said to be fixed-time stable.

Lemma 2 (see [34]). Suppose there exists a continuous func-
tion such that 𝑉(𝑡) : [0,∞) → [0,∞) such that

(1) 𝑉 is positive definite,
(2) there exist real numbers 𝑐 > 0 and 0 < 𝜌 < 1, such that

�̇� (𝑡) ≤ −𝑐𝑉𝜌 (𝑡) , 𝑡 ≥ 𝑡0 (3)

and then one has

𝑉1−𝜌 (𝑡) ≤ 𝑉1−𝜌 (𝑡0) − 𝑐 (1 − 𝜌) (𝑡 − 𝑡0) , 𝑡0 ≤ 𝑡 ≤ 𝑡∗,
𝑉 (𝑡) = 0, 𝑡 ≥ 𝑡∗, (4)

of which

𝑡∗ = 𝑡0 + 𝑉
1−𝜌 (𝑡0)𝑐 (1 − 𝜌) . (5)

Lemma 3 (see [19]). If there exists a continuous radically
unbounded function 𝑉 : 𝑅𝑛 → 𝑅+ ∪ |0|, such that

(1) 𝑉(𝑥) = 0 ⇔ 𝑥 = 0,
(2) any solution 𝑥(𝑡) satisfied the inequality 𝐷∗𝑉(𝑥(𝑡)) ≤−𝛼𝑉𝑝(𝑥(𝑡)) − 𝛽𝑉𝑞(𝑥(𝑡)) for some 𝛼, 𝛽, and 𝑝 = 1 −1/2𝛾, 𝑞 = 1 + 1/2𝛾, and 𝛾 > 1, where 𝐷∗𝑉(𝑥(𝑡))

denotes the upper right-hand derivative of the function𝑉(𝑥(𝑡)),
Then the origin is globally fixed-time stable and the

following estimate holds:

𝑇 (𝑥0) ≤ 𝑇max fl
𝜋𝛾
√𝛼𝛽, ∀𝑥0 ∈ 𝑅𝑁. (6)

Lemma 4 (see [35]). If 𝑥1, 𝑥2, . . . , 𝑥𝑁 ≥ 0, then
𝑁∑
𝑖=1

𝑥𝜂𝑖 ≥ (
𝑁∑
𝑖=1

𝑥𝑖)
𝜂

, 0 < 𝜂 ≤ 1,
𝑁∑
𝑖=1

𝑥𝜃𝑖 ≥ 𝑁1−𝜃(
𝑁∑
𝑖=1

𝑥𝑖)
𝜃

, 𝜃 > 1.
(7)

2.2. Main Results. Here, we use the nonlinear model of the
water turbine strike system proposed in [18]:

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3 + 𝑦
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [𝑚𝑡 − 𝐷𝜔 − 𝑃𝑒]
̇𝑦 = − 𝑦𝑇𝑦 ,

(8)

where

𝑃𝑒 = 𝐸

𝑞𝑉𝑠𝑥
𝑑Σ

sin 𝛿 + 𝑉2𝑠2
𝑥𝑑Σ − 𝑥𝑞Σ𝑥
𝑑Σ
𝑥𝑞Σ sin 2𝛿

𝑚𝑡 = 𝑏3𝑦 + (𝑏0 − 𝑎0𝑏3) 𝑥1 + (𝑏1 − 𝑎1𝑏3) 𝑥2
+ (𝑏2 − 𝑎2𝑏3) 𝑥3
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𝑥𝑑Σ = 𝑥𝑑 + 𝑥𝑇 + 12𝑥𝐿
𝑥𝑞Σ = 𝑥𝑞 + 𝑥𝑇 + 12𝑥𝐿
𝑏0 = 24𝑒𝑦𝑒𝑞ℎℎ𝜔𝑇3𝑟 ,
𝑏1 = −24𝑒𝑒𝑦𝑒𝑞ℎ𝑇2𝑟 ,
𝑏2 = 3𝑒𝑦𝑒𝑞ℎℎ𝜔𝑇𝑟 ,
𝑏3 = −𝑒𝑒𝑦𝑒𝑞ℎ ,
𝑎0 = 24𝑒𝑞ℎℎ𝜔𝑇3𝑟 ,
𝑎1 = 24𝑇2𝑟 ,
𝑎2 = 3𝑒𝑞ℎℎ𝜔𝑇𝑟 .

(9)

𝑥1,𝑥2, and𝑥3 are state variables; 𝛿 is the generator rotor angle,𝜔 is the relative value of generator speed, 𝑦 is the incremental
deviation of the guide vane opening,𝐷 is generator damping
coefficient, 𝑒 is intermediate variable, 𝑒𝑞ℎ is the first-order
partial derivative value of flow rate with respect towater head,𝑒𝑦 is the first-order partial derivative value of torque with
respect to wicket gate, 𝐸𝑞 is the transient internal voltage
of the armature, ℎ𝜔 is characteristic coefficient of water
diversion system, 𝑚𝑡 is torque relative value of hydraulic
turbine, 𝑇𝑦 is relay reaction time constant, 𝑥𝑑 is the direct
axis transient reactance, 𝑥𝑞 is the quartered axis reactance,𝑥𝑇 is the short circuit reactance of the transformer, 𝑥𝐿 is the
reactance of the electric transmission line, and 𝑉𝑠 is the bus
voltage at infinity.

From system (8), we can see that 𝑃(0, 0, 0, 𝑚, 0, 0) is a
point of equilibrium of the system, where 𝑚 is a constant. In
order to make the system fast and stable to the equilibrium
point 𝑃, the fifth and sixth subsystems of model (8) are added
with the controllers 𝑢𝜔 and 𝑢𝑦, and the controlled system is
formed as follows:

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3 + 𝑦
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [𝑚𝑡 − 𝐷𝜔 − 𝑃𝑒] + 𝑢𝜔
̇𝑦 = 1𝑇𝑦 (−𝑦 + 𝑢𝑦) .

(10)

Theorem 5. The hydraulic turbine governing system (10) can
become stable in a fixed time, under the following controllers:

𝑢𝑦 = −𝑘1sign (𝑦) 𝑦𝛼 − 𝑘1sign (𝑦) 𝑦𝛽
𝑢𝜔 = −𝑚𝑡 − 𝑃𝑒 − 𝑏3 ⋅ 𝑦𝑇𝑎𝑏 − 𝑘2sign (𝜔) |𝜔|𝛼

− 𝑘2sign (𝜔) |𝜔|𝛽 ,
(11)

where the parameters 𝛼 and 𝛽 satisfy 0 < 𝛼 < 1 and 𝛽 > 1 and
the parameters 𝑘1 and 𝑘2 are tuning parameters of the terminal
attractor.

Proof. Here, we use the two-step method of two steps to
prove that the system is stable for the fixed time; for the
sixth subsystem of system (10), we put 𝑢𝑦 into the controlled
subsystem, and we can have the following relationship:

𝑑𝑦𝑑𝑡 = 1𝑇𝑦 (−𝑦 − 𝑘1sign (𝑦)
𝑦𝛼 − 𝑘1sign (𝑦) 𝑦𝛽) . (12)

The Lyapunov function is constructed as follows:

𝑉1 (𝑡) = 𝑦22 . (13)

The derivative along the trajectory of the sixth subsystem in
(10) can be obtained:

𝑑𝑉1 (𝑡)𝑑𝑡 = 𝑦𝑑𝑦𝑑𝑡 = 𝑦𝑇𝑦 [−𝑦 − 𝑘1sign (𝑦)
𝑦𝛼

− 𝑘1sign (𝑦) 𝑦𝛽] = − 1𝑇𝑦 (𝑦
2 + 𝑘1 𝑦𝛼+1

+ 𝑘1 𝑦𝛽+1) ≤ − 𝑘1𝑇𝑦 [(𝑦
2)(𝛼+1)/2 + (𝑦2)(𝛽+1)/2]

= − 𝑘1𝑇𝑦 [(
𝑦22 )
(𝛼+1)/2 ⋅ (12)

−(𝛼+1)/2 + (𝑦22 )
(𝛽+1)/2

⋅ (12)
−(𝛽+1)/2] = − 𝑘1𝑇𝑦 ⋅ 2

(𝛼+1)/2𝑉(𝛼+1)/21 (𝑡) − 𝑘1𝑇𝑦
⋅ 2(𝛽+1)/2𝑉(𝛽+1)/21 (𝑡) ,

(14)

where

𝑚 = 𝑘1𝑇𝑦 ⋅ 2
(𝛼+1)/2,

𝑛 = 𝑘1𝑇𝑦 ⋅ 2
(𝛽+1)/2,

𝑝 = 𝛼 + 12 ,
𝑞 = 𝛽 + 12 .

(15)
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According to Lemma 3, we know that the sixth subsystem in
model (10) is stable in fixed time:

𝑡1 = 𝜋𝑇𝑦𝑘1 (𝛽 − 𝛼) ⋅ 2(𝛼+𝛽−2)/4 (16)

which means that the system state variable 𝑦 satisfies the
following relation 𝑦 = 0 when 𝑡 ≥ 𝑡1. And

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [(𝑏0 − 𝑎0𝑏3) 𝑥1 + (𝑏1 − 𝑎1𝑏3) 𝑥2
+ (𝑏2 − 𝑎2𝑏3) 𝑥3 − 𝐷𝜔 − 𝑃𝑒] + 𝑢𝜔.

(17)

To this end, we select the following Lyapunov function:

𝑉2 (𝑡) = 𝜔22 . (18)

Thus,

𝑑𝑉2 (𝑡)𝑑𝑡 = 𝜔𝑑𝜔𝑑𝑡 = 𝜔 [−𝐷𝜔𝑇𝑎𝑏 − 𝑘2sign (𝜔) |𝜔|
𝛼

− 𝑘2sign (𝜔) |𝜔|𝛽] = −𝐷𝜔2𝑇𝑎𝑏 − 𝑘2 |𝜔|
𝛼+1

− 𝑘2 |𝜔|𝛽+1 ≤ −𝑘2 |𝜔|𝛼+1 − 𝑘2 |𝜔|𝛽+1
= −𝑘2 [2(𝛼+1)/2 ⋅ (𝜔22 )

(𝛼+1)/2 + 2(𝛽+1)/2

⋅ (𝜔22 )
(𝛽+1)/2] = −𝑘2 ⋅ 2(𝛼+1)/2𝑉(𝛼+1)/22 (𝑡) − 𝑘2

⋅ 2(𝛽+1)/2𝑉(𝛽+1)/22 (𝑡) ,

(19)

where

𝑚 = 𝑘2 ⋅ 2(𝛼+1)/2,
𝑛 = 𝑘2 ⋅ 2(𝛽+1)/2,
𝑝 = 𝛼 + 12 ,
𝑞 = 𝛽 + 12 .

(20)

According to Lemma 3, we can show that the fourth and fifth
subsystems in model (10) are stable in fixed time:

𝑡2 = 𝜋𝑘2 (𝛽 − 𝛼) ⋅ 2(𝛼+𝛽−2)/4 (21)

whichmeans that when 𝑡 ≥ 𝑡2, then 𝜔 = 0 and ̇𝛿 = 0. In other
words, when 𝑡 ≥ 𝑡1 + 𝑡2, the value of 𝛿 tends to be stable.

To sum up, when 𝑡 ≥ 𝑡3, where 𝑡3 = 𝑡1 + 𝑡2 + Δ𝑡 and Δ𝑡 is
the time from 𝑦 = 0 to 𝑢𝜔 acting onmodel (10), the hydraulic
turbine governing system (10) is stable under the controllers𝑢𝑦 and 𝑢𝜔. That is, the system is stable in a fixed time, and the
theorem is proved.

3. Numerical Simulations

In this section, numerical results are provided to verify the
theoretical results. The system parameters and controller
parameters in this paper are 𝜔0 = 314, 𝑇𝑎𝑏 = 8.0, 𝐷 = 0.5,𝐸𝑞 = 1.35, 𝑥𝑑Σ = 1.15, 𝑥𝑞Σ = 1.474, 𝑇𝑦 = 0.1, 𝑉𝑠 = 1.0,𝑒𝑞ℎ = 0.5, 𝑒𝑦 = 1.0, 𝑇𝑟 = 1.0, ℎ𝜔 = 2.0, 𝑟 = 0, 𝑎0 = 24, 𝑎1 = 24,𝑎2 = 3, 𝑏0 = 24, 𝑏1 = 33.6, 𝑏2 = 3, and 𝑏3 = −1.4, respectively.
The simulation sampling time is 0.0001 s, and the initial states
are (𝑥1, 𝑥2, 𝑥3, 𝛿, 𝜔, 𝑦) = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1).

Figures 1(a)–1(c) are the response curves of the system
variables 𝛿, 𝜔, and 𝑦 when the hydraulic turbine governing
system is not controlled. From Figure 1, it is clear that the
steady state of the system state variable 𝑦 is about 0.6 s before
being controlled.The state of the system variables 𝛿 and𝜔 are
aperiodic and are always in a state of instability.

Figures 2(a)–2(b) are the response curves of the fixed-
time controllers 𝑢𝜔 and 𝑢𝑦, respectively. In this simulation,𝑢𝑦 acts on the hydraulic turbine governing system in 0.3 s,
and 𝑢𝜔 acts on the hydraulic turbine governing system in
0.75 s. Figures 3(a)–3(c) are the response curves of the system
variables 𝛿, 𝜔, and 𝑦 after the fixed-time controllers 𝑢𝑦 and𝑢𝜔 are applied to the hydraulic turbine governing system,
respectively. From Figure 3, it is clear that when the system
is coupled with 𝑢𝑦 in 0.3 s and 𝑢𝜔 in 0.75 s, the system state
variable 𝑦 reaches a stable state at 0.326 s, and the system state
variables 𝛿 and 𝜔 achieve stable state at 2 s, simultaneously.
The simulation results show that the system can achieve a
stable state in a short time by fixed-time controllers, and the
control effect is achieved.

In order to make a fair comparison between fixed-
time control and finite-time control, the parameters, initial
conditions, and the tuning parameters of the terminal attrac-
tor are the same in this paper. Figures 4(a)–4(c) are the
comparison of response curves of system state variables 𝛿, 𝜔,
and 𝑦 with fixed-time controllers and finite-time controllers,
respectively. From Figure 4, it is obvious that the settling
time of system state variable 𝑦 under the action of fixed-time
controllers is mostly equal to the settling time of system state
variable 𝑦 under the action of the finite-time controllers. The
system state variables 𝛿 and 𝜔 achieve stable state at 2 s under
the action of fixed-time controllers, simultaneously. And the
system state variables 𝛿 and 𝜔 achieve stable state at 2.07 s
under the action of finite-time controllers, simultaneously.
The fixed-time controllers stabilize the nonlinear system
faster than finite-time controllers do. Thus, the fixed-time
method has the better capacity to handle a nonlinear system
in a short time.

To explore the relationship between the settling time and
the values of the parameters 𝛼 and 𝛽 experimentally, we
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Figure 1: The response of the system without controller.
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Figure 3: The response of the system with fixed-time controllers.

select system state variables 𝛿, 𝜔, and 𝑦 to demonstrate the
settling time. Figures 5(a)–5(c) and Figures 6(a)–6(c) are,
respectively, the effects of different control parameters 𝛼 and𝛽 on the state variables 𝛿, 𝜔, and 𝑦 under the fixed-time
controllers. In Figure 5, the parameter values are 𝛽 = 1.5
and𝛼 = 0.3, 0.4, 0.5, 0.6, 0.7. In Figure 6, the parameter values
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Figure 4: Comparison of converging speed of fixed-time and finite-
time controllers.
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Figure 5: Response of 𝛼 of the system controlled by fixed-time controllers.

are 𝛼 = 0.5 and 𝛽 = 1.1, 1.3, 1.5, 1.7, 1.9. In Figures 5 and 6,
the system parameters and other controller parameters and
tuning parameters of the terminal attractor are consistent
with the previous sections. The simulation results clearly
show that changing the controller parameters 𝛼 and 𝛽 can
change the time of the system state variables 𝛿 and 𝜔 to reach
the steady state. But the time of the system state variable 𝑦 to
reach the steady state is almost the same. And the smaller the𝛼 and 𝛽 value of the system are, the faster the settling time
will be. Moreover, the influence of 𝛽 on the settling time of
the system state variables 𝛿 and 𝜔 is less than the influence
of 𝛼 on the settling time of the system state variables 𝛿 and𝜔. The simulation results are consistent with the theoretical
analysis of the maximum stable time 𝑡3 of the system in the
previous section. Moreover, the values of 𝛼 and 𝛽 also affect
the stability value of the system state variable 𝛿. That is to

say, we can get the size of the system state variable 𝛿 to the
numerical value we need by controlling the size of 𝛼 and 𝛽.

In order to explore the effect of the initial state of
hydropower system with fixed-time controllers, we com-
pared the response of three different initial conditions
of the hydropower system. Figures 7(a)–7(c) show the
response of the system state variables 𝛿, 𝜔, and 𝑦 at
different initial conditions with the fixed-time controllers𝑢𝜔 and 𝑢𝑦, respectively. From Figures 7(a)–7(c), it is
clear that when the initial states of system are 𝑆1 =(0.08, 0.08, 0.08, 0.08, 0.08, 0.08), 𝑆2 = (0.1, 0.1, 0.1, 0.1, 0.1,0.1), and 𝑆3 = (0.12, 0.12, 0.12, 0.12, 0.12, 0.12) and the
system is coupled with 𝑢𝑦 at 0.3 s and 𝑢𝜔 at 0.75 s, the system
state variables 𝛿 are stable at 1.92 s, 2 s, and 2.22 s, respectively.
The system states variables 𝜔 are also stable at 1.92 s, 2 s, and
2.22 s, respectively. The system state variables 𝑦 are all stable
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Figure 6: Response of 𝛽 of the system controlled by fixed-time controllers.

at 0.326 s. These simulation results show that when the initial
state of the system changes, the settling times of the system
state variables have changed, but they are not more than
theoretical deduction time 𝑡3. That is to say, the simulation
results are consistent with the theoretical derivation.

4. Conclusions

In this paper, to ensure the safe and stable operation of
hydraulic turbine governing system, a new control method
based on the fixed-time theory is proposed. Compared
with the finite-time control method, the hydraulic turbine
governing system under the fixed-time controllers has more
advantages: better robustness, fast response ability, and the
setting time to reach the stable state being regardless of
the initial state. Finally, the effectiveness and superiority of

the proposed control method are verified by the simulation
results. Note that time delay may influence the dynamic
behavior of the system; the fixed-time control of hydraulic
turbine governing system with time delay is our future
direction.
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A nonlinear and robust adaptive backstepping based maximum torque per ampere speed sensorless control scheme with fully
uncertain parameters is proposed for a permanent magnet-assisted synchronous reluctance motor. In the design of the controller,
the relation to 𝑑-𝑞-axis currents constrained by maximum torque per ampere control is firstly derived. Then, a fully adaptive
backstepping control method is employed to design control scenario and the stability of the proposed control scenario is proven
through a proper Lyapunov function candidate. The derived controller guarantees tracking the reference signals of change
asymptotically and has good robustness against the uncertainties of motor parameters and the perturbation of load torque.
Moreover, in allusion to the strong nonlinearity of permanent magnet-assisted synchronous reluctance motor, an active flux based
improved reduced-order Luenberger speed observer is presented to estimate the speed. Digital simulations testify the feasibility
and applicability of the presented control scheme.

1. Introduction

Drive system is vital for various industrial applications. One
of the important trends for the drive field is that direct current
(DC) motor drive systems are being replaced by alternate
current (AC) motor drive system due to low cost, convenient
control, and superior performance of AC motor drive sys-
tems. A permanent magnet-assisted synchronous reluctance
motor (PMa-SynRM) based drive system is a unique state-of-
the-art technology, where permanent magnets are equipped
in magnetic barrier of rotor. Permanent magnet synchronous
motor (PMSM) incorporated with synchronous reluctance
motor makes PMa-SynRM appeal to the public in high
efficiency, good utilization of the inverter, and wide range of
flux-weak regulation. The uniqueness in structure of PMa-
SynRM attracts the investigator’s attention of optimizing the
design of motor body and putting forward more diverse and
fascinating structures [1, 2].

As for its control, it is a bottleneck problem researched
insufficiently. The synchronous change of speed and fre-
quency for PMa-SynRMmakes speed be regulated by adjust-
ing voltage or frequency, which leads to three commonly used
approaches to control: voltage-to-frequency control (VFC),
direct torque control (DTC), and vector control (VC). VFC
is a scalar and open-loop control, and its voltage regulated by
space vector modulation always follows the change of given
value. Low cost and ease of use are the prominent superior-
ities of VFC [3]. However, the weaknesses of slow response,
poor performance of control, and insufficient utilization of
torque hinder its successful development. Takahashi and
Noguchi [4] andDepenbrock [5] studied DTC about 30 years
ago, which was applied to control asynchronous motor first
and was gradually introduced in PMSM until it had been
developed and matured [6]. In terms of space vector and
stator flux orientation, a hysteresis comparator is designed
to control flux and torque. Through comparison of feedback
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value and given value in flux and torque, respectively, the
states of converter switches are produced and torque out-
put with high performance and rapid response is gained
ultimately. Definite physical meaning of control signals and
quick torque response are the remarkable assets for DTC. But
torque ripple, current impulse, and massive online compu-
tations restrict its application [7]. VC is originated from the
principle of flux orientation and enables controlling flux and
torque to be decoupled like DC motor [8]. Therefore, it is
famous for flexibility, high accuracy, and stable performance
in low speed. For PMa-SynRM,maximum torque per ampere
(MTPA) vector control has great advantages of large torque
in low speed, small capacity in inverter unit, and facility to
utilize reluctance torque compared to 𝑖𝑑 = 0 vector control
[9, 10]. The essence of MTPA control is to allocate 𝑑-𝑞-axis
currents appropriately. The relationship of constrained 𝑑-𝑞-
axis currents in MTPA principle is multiple, high-order, and
nonlinear. The 𝑑-𝑞-axis reference currents predetermined
through offline method are a good solution. One of the
representative offline methods is look-up table method [11],
which is easy to execute but adds burden to store and requires
extra offline effort [12]. Additionally, conventional MTPA
control relies heavily on precise modeling parameters. Varia-
tion of parameters directly worsens its control performance.
Especially for PMa-SynRM, previous investigations clearly
demonstrate that its resistance, inductance, and flux linkage
are directly related to operating temperature [13]. Hence,
research onMTPA control with uncertain parameters is a hot
and thorny issue. Niazi and Toliyat [14] estimated 𝑑-𝑞-axis
inductances and flux linkage of PMa-SynRM under multiple
reference frame and [15] proposed a robust MTPA control
scheme of PMa-SynRM for variation of 𝑑-𝑞-axis inductances.
The actuality is that only partial system uncertainties are
considered, which desires the other system parameters to be
known.

Backstepping control (BC) is a new style recursive tech-
nology for uncertain nonlinear plant [16, 17]. With the aid
of virtual control variables and plenty of recursive steps,
the ultimate controller can be completed systematically and
original high-order plant is reduced to a lower dimension.
Furthermore, integration of backstepping control with adap-
tive control and uncertain plant parameters can be estimated
through selecting a suitable Lyapunov function. A robust
nonlinear controller based on BC and MTPA has been
proposed for speed control of interior PMSM [18, 19]. Never-
theless, to the best of our knowledge, previous researches on
employment of BC into PMa-SynRM have not been found. A
majority of control schemes utilize conventional PID control
[20]. Moreover, three intrinsic deficiencies in traditional BC
should be mentioned as follows:

(A1) Linear treatment of uncertain plant parameters
results in solving highly complicated regression
matrices in the design of control; utilization of various
linearization theories may ignore some beneficial
nonlinearities of the plant.

(A2) Partial parameters uncertainties considered cause to
the designed control scenario vulnerable to variation
of extra values.

(A3) Determination of control parameters in the last time
derivative of ultimate Lyapunov function requires the
positive definite terms which only include partial
model information. Once the derivative is induced
to be positive definite by these positive terms, the
asymptotic stability of the controller will be damaged
and unfortunately it is nearly impossible to discover.

The innovation of the study is firstly to propose a new
nonlinear and fully adaptive BC approach with no problems
of overparameterization and singularity for an uncertain
PMa-SynRM and hence (A1) is excluded. Previous researches
such as that in [21] cannot resolve full parameter uncertain-
ties, and the problems of overparameterization and singular-
ity cannot be complete to be coped with. Furthermore, the
paper enables overcoming the shortcomings of conventional
BC, and totally seven parameter uncertainties of six motor
parameters and one load parameter are taken into account,
which construct a full adaptive structure and eliminate (A2)
and (A3). Merely the number of pole pairs is considered
to be known, due to the fact that it does not change in
operation and can be acquired from nameplate. The other
novelty in the context is that adaptive BC is introduced into
MTPA control through implicit and symbolic computation
methodology. Additionally, an active flux based improved
reduced-order Luenberger speed observer is developed to
estimate the speed of PMa-SynRM, resisting its strong and
high nonlinearity of dynamic model. The remainder of the
paper is arranged as follows: the dynamics of PMa-SynRM
with fully uncertain parameters are introduced in Section 2.
The relation constrained in 𝑑-𝑞-axis currents under MTPA
control is explicitly derived in Section 3. Section 4 discloses
the design scenario of the proposed controller with relation to
Lyapunov stability analysis. An improved Luenberger speed
observer on the basis of active flux is developed in Section 5
to estimate the speed. The effectiveness and correctness of
the proposed algorithm are validated in Section 6 and the
simulation results are discussed.Thefinal section sums up the
paper.

2. Dynamics of PMa-SynRM with Fully
Uncertain Parameters

The model of a typical PMa-SynRM is expressed in rotating𝑑-𝑞-axis coordinate system as follows [22]:

Stator Voltage Equations𝑢𝑑 = 𝑅𝑠𝑖𝑑 + 𝑑𝜓𝑑𝑑𝑡 − 𝑛𝑝𝜔𝑟𝜓𝑞,
𝑢𝑞 = 𝑅𝑠𝑖𝑞 + 𝑑𝜓𝑞𝑑𝑡 + 𝑛𝑝𝜔𝑟𝜓𝑑. (1)

Flux Linkage Equations

𝜓𝑑 = 𝐿𝑑𝑖𝑑, (2)𝜓𝑞 = 𝐿𝑞𝑖𝑞 − 𝜓𝑓. (3)
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Electromagnetic Torque

𝑇𝑒 = 32 𝑛𝑝2 [𝜓𝑓𝑖𝑑 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑𝑖𝑞] . (4)

Thus, the dynamic model of a PMa-SynRM can be described
as 𝑑𝑖𝑑𝑑𝑡 = − 𝑅𝑠𝐿𝑑 𝑖𝑑 + 𝑛𝑝𝐿𝑞𝐿𝑑 𝜔𝑟𝑖𝑞 − 𝑛𝑝𝜓𝑓𝐿𝑑 𝜔𝑟 + 1𝐿𝑑 𝑢𝑑, (5)𝑑𝑖𝑞𝑑𝑡 = − 𝑅𝑠𝐿𝑞 𝑖𝑞 − 𝑛𝑝𝐿𝑑𝐿𝑞 𝜔𝑟𝑖𝑑 + 1𝐿𝑞 𝑢𝑞, (6)𝑑𝜔𝑟𝑑𝑡 = 1𝐽𝑚 (𝑇𝑒 − 𝐵𝑚𝜔𝑟 − 𝑇𝐿) , (7)

where 𝑖𝑑 and 𝑖𝑞 are the 𝑑-𝑞-axis currents, 𝑢𝑑 and 𝑢𝑞 are the𝑑-𝑞-axis voltages, 𝜓𝑑 and 𝜓𝑞 are the 𝑑-𝑞-axis flux linkages, 𝐿𝑑
and 𝐿𝑞 are the 𝑑-𝑞-axis inductors, 𝑅𝑠 is the stator resistance,𝑛𝑝 is the number of pole pairs, 𝜔𝑟 is the mechanical speed
of rotor, 𝜓𝑓 is the flux linkage of permanent magnet, 𝐽𝑚 is
the moment of inertia of rotor, 𝐵𝑚 is the viscous damping
coefficient, and𝑇𝐿 is the load torque denoting external torque
disturbance.

Due to the existence of product terms between electri-
cal stator currents and mechanical rotor speed in (5) and
(6), PMa-SynRM as an electromechanical coupling system
belongs to a highly nonlinear plant. With regard to the
various electrical parameters 𝑅𝑠, 𝐿𝑑, 𝐿𝑞, and 𝜓𝑓, it should be
noted that they could be directly measured or calculated, but
their valuesmay varywith operating and experimental condi-
tions such as temperature, humidity, and flux saturation. The
remaining mechanical parameters 𝐽𝑚 and 𝐵𝑚 are even more
difficult, which are improbable to measure or calculate. The
final load torque 𝑇𝐿 is frequently uncertain. It follows that
PMa-SynRM suffers from inevitable parameter uncertainties
and immeasurable disturbances. For this purpose, nonlinear
adaptive control should be introduced to eliminate uncertain-
ties and reject disturbances.

3. Parameter Constraint Relation in
MTPA Control

Thekey ofMTPA is to pursue electromagnetic torque as large
as possible through reasonable distribution of 𝑑-𝑞-axis stator
currents. This problem can be transformed into an extreme
problem in the following:

min: 𝑖𝑠 = √𝑖2
𝑑

+ 𝑖2𝑞,
condition: 𝑇𝑒 = 32 𝑛𝑝2 [𝜓𝑓𝑖𝑑 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑𝑖𝑞] , (8)

where 𝑖𝑠 is the stator current.
Through introduction of a Lagrangian multiplier 𝜉, the

extreme problem given in (8) is converted into an auxiliary
function solution problem in the following:𝐹 = √𝑖2

𝑑
+ 𝑖2𝑞 + 𝜉 {𝑇𝑒 − 32 𝑛𝑝2 [𝜓𝑓𝑖𝑑 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑𝑖𝑞]} . (9)

Using partial derivatives of 𝑖𝑑, 𝑖𝑞, and 𝜉 in (9), respectively, we
can obtain𝜕𝐹𝜕𝑖𝑑 = 𝑖𝑑√𝑖2

𝑑
+ 𝑖2𝑞 − 34 𝜉𝑛𝑝 [𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞] ,

𝜕𝐹𝜕𝑖𝑞 = 𝑖𝑞√𝑖2
𝑑

+ 𝑖2𝑞 − 34 𝜉𝑛𝑝 (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑,
𝜕𝐹𝜕𝜉 = 𝑇𝑒 − 32 𝑛𝑝2 [𝜓𝑓𝑖𝑑 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑𝑖𝑞] .

(10)

Let (10) be equal to zero; then the relation constrained in𝑑-𝑞-axis currents in MTPA control can be derived as

𝑖𝑞 = − 𝜓𝑓2 (𝐿𝑑 − 𝐿𝑞) + √𝑖2
𝑑

+ ( 𝜓𝑓2 (𝐿𝑑 − 𝐿𝑞) )2. (11)

Equation (11) indicates that if 𝑖𝑑 is acquired, 𝑖𝑞ref will be
determined.

4. Nonlinear Adaptive
Backstepping Controller

The control target of the study is to guarantee all the signals
to be bounded and ensures the speed and currents to track
their respective references precisely and rapidly in spite of
full parameter uncertainties in PMa-SynRM and load distur-
bance. For achievement of the goal, the designed controller
enables tracking the variations of parameters uncertainties.
Hence, online parameter estimation laws for fully uncertain
parameters with no problems of overparameterization and
singularity should be conducted and vary with actual param-
eters adaptively.

4.1. Designed Nonlinear and Fully Adaptive Backstepping
Controller. The tracking errors 𝑒𝜔, 𝑒𝑑, and 𝑒𝑞 of 𝜔𝑟, 𝑖𝑑, and𝑖𝑞 are defined as follows:𝑒𝜔 = 𝜔ref − 𝜔𝑟, (12)𝑒𝑑 = 𝑖𝑑ref − 𝑖𝑑, (13)𝑒𝑞 = 𝑖𝑞ref − 𝑖𝑞, (14)

where 𝜔ref, 𝑖𝑑ref, and 𝑖𝑞ref are the references of 𝜔𝑟, 𝑖𝑑, and 𝑖𝑞,
respectively.

Step 1. By derivative of 𝑒𝜔 in (12) and integration of (13) and
(14), the dynamics of speed tracking errors can be given bẏ𝑒𝜔 = �̇�ref − �̇�𝑟 = �̇�ref − 𝑇𝑒𝐽𝑚 + 𝐵𝑚𝜔𝑟𝐽𝑚 + 𝑇𝐿𝐽𝑚 = �̇�ref

− 3𝑛𝑝 [𝜓𝑓𝑖𝑑 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑𝑖𝑞]4𝐽𝑚 + 𝐵𝑚𝜔𝑟𝐽𝑚 + 𝑇𝐿𝐽𝑚= �̇�ref + 𝐵𝑚𝜔𝑟𝐽𝑚 + 𝑇𝐿𝐽𝑚 − 3𝑛𝑝4𝐽𝑚 [𝜓𝑓𝑖𝑑ref + (𝐿𝑑 − 𝐿𝑞)
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⋅ 𝑖𝑑ref𝑖𝑞ref] + 3𝑛𝑝4𝐽𝑚 [𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref] 𝑒𝑑
+ 3𝑛𝑝4𝐽𝑚 (𝐿𝑑 − 𝐿𝑞) 𝑖𝑑ref𝑒𝑞 − 3𝑛𝑝4𝐽𝑚 (𝐿𝑑 − 𝐿𝑞) 𝑒𝑑𝑒𝑞
= [𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref]𝐽𝑚 ( 𝐽𝑚[𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref]⋅ �̇�ref + 𝐵𝑚[𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref] 𝜔𝑟
+ 𝑇𝐿[𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref] − 3𝑛𝑝4 𝑖𝑑ref + 3𝑛𝑝4 𝑒𝑑
+ 3𝑛𝑝 (𝐿𝑑 − 𝐿𝑞)4 [𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref] 𝑖𝑑ref𝑒𝑞
− 3𝑛𝑝 (𝐿𝑑 − 𝐿𝑞)4 [𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞ref] 𝑒𝑑𝑒𝑞) .

(15)

Supposing that 𝐵𝑚/[𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞)𝑖𝑞ref] = 𝜃1, 𝑇𝐿/[𝜓𝑓 + (𝐿𝑑 −𝐿𝑞)𝑖𝑞ref] = 𝜃2, (𝐿𝑑−𝐿𝑞)/[𝜓𝑓+(𝐿𝑑−𝐿𝑞)𝑖𝑞ref] = 𝜃3, and 𝐽𝑚/[𝜓𝑓+(𝐿𝑑 − 𝐿𝑞)𝑖𝑞ref] = 𝜃4, (15) can be rearranged as

̇𝑒𝜔 = 1𝜃4 ((�̂�4 − �̃�4) �̇�ref + (�̂�1 − �̃�1) 𝜔𝑟 + (�̂�2 − �̃�2)
− 3𝑛𝑝4 𝑖𝑑ref + 3𝑛𝑝4 𝑒𝑑 + 3𝑛𝑝4 (�̂�3 − �̃�3) 𝑖𝑑ref𝑒𝑞
− 3𝑛𝑝4 (�̂�3 − �̃�3) 𝑒𝑑𝑒𝑞) = 1𝜃4 ((�̂�4�̇�ref − �̃�4�̇�ref)
+ (�̂�1𝜔𝑟 − �̃�1𝜔𝑟) + (�̂�2 − �̃�2) − 3𝑛𝑝4 𝑖𝑑ref + 3𝑛𝑝4 𝑒𝑑
+ 3𝑛𝑝4 (�̂�3𝑖𝑑ref𝑒𝑞 − �̃�3𝑖𝑑ref𝑒𝑞) − 3𝑛𝑝4 (�̂�3 − �̃�3) 𝑒𝑑𝑒𝑞)
= 1𝜃4 ((�̂�4�̇�ref + �̂�1𝜔𝑟 + �̂�2 − 3𝑛𝑝4 𝑖𝑑ref) − (�̃�4�̇�ref

+ �̃�1𝜔𝑟 + �̃�2 − 3𝑛𝑝4 𝑒𝑑 − 3𝑛𝑝4 �̂�3𝑖𝑑ref𝑒𝑞
+ 3𝑛𝑝4 �̃�3𝑖𝑑ref𝑒𝑞 + 3𝑛𝑝4 (�̂�3 − �̃�3) 𝑒𝑑𝑒𝑞)) ,

(16)

where �̂�1 = �̃�1+𝜃1, �̂�2 = �̃�2+𝜃2, �̂�3 = �̃�3+𝜃3, and �̂�4 = �̃�4+𝜃4,�̂�1, �̂�2, �̂�3, and �̂�4 are the estimations of 𝜃1, 𝜃2, 𝜃3, and 𝜃4, and�̃�1, �̃�2, �̃�3, and �̃�4 are the estimation errors of 𝜃1, 𝜃2, 𝜃3, and𝜃4.

Through some mathematical operations, (16) is arranged
and consisted of two parts. In terms of (16), selection of 𝑖𝑑ref
is depicted in the following:𝑖𝑑ref = 43𝑛𝑝 (�̂�4�̇�ref + �̂�1𝜔𝑟 + �̂�2 + 𝑘𝜔𝑒𝜔) , (17)

where 𝑘𝜔 is the positive feedback gain.
Substituting (17) into (16),̇𝑒𝜔 = 1𝜃4 (−𝑘𝜔𝑒𝜔 − 𝜔𝑟�̃�1 − �̃�2

+ ( 3𝑛𝑝4 𝑒𝑑𝑒𝑞 − 3𝑛𝑝4 𝑖𝑑ref𝑒𝑞) �̃�3 − �̇�ref�̃�4 + 3𝑛𝑝4 𝑒𝑑
+ 3𝑛𝑝4 �̂�3𝑖𝑑ref𝑒𝑞 − 3𝑛𝑝4 �̂�3𝑒𝑑𝑒𝑞) .

(18)

Let

𝜑1 = [−𝜔𝑟, −1, ( 3𝑛𝑝4 𝑒𝑑𝑒𝑞 − 3𝑛𝑝4 𝑖𝑑ref𝑒𝑞) , −�̇�ref]𝑇 ,
�̃�1 = [�̃�1, �̃�2, �̃�3, �̃�4]𝑇 . (19)

Substituting (19) into (18),̇𝑒𝜔 = 1𝜃4 (−𝑘𝜔𝑒𝜔 + 3𝑛𝑝4 𝑒𝑑 + 3𝑛𝑝4 �̂�3𝑖𝑑ref𝑒𝑞
− 3𝑛𝑝4 �̂�3𝑒𝑑𝑒𝑞 + �̃�𝑇1 ⋅ 𝜑1) . (20)

Step 2. By derivative of 𝑒𝑑 in (13), the dynamics of 𝑑-axis
current tracking error can be obtained aṡ𝑒𝑑 = ̇𝑖𝑑ref − ̇𝑖𝑑= ̇𝑖𝑑ref + 𝑅𝑠𝐿𝑑 𝑖𝑑 − 𝑛𝑝𝐿𝑞𝐿𝑑 𝜔𝑟𝑖𝑞 + 𝑛𝑝𝜓𝑓𝐿𝑑 𝜔𝑟 − 1𝐿𝑑 𝑢𝑑, (21)

wherė𝑖𝑑ref= 43𝑛𝑝 ( ̇̂𝜃4�̇�ref + �̂�4�̈�ref + ̇̂𝜃1𝜔𝑟 + �̂�1�̇�𝑟 + ̇̂𝜃2 + 𝑘𝜔 ̇𝑒𝜔) . (22)

Let 𝑅𝑠 = 𝜃5, 𝐿𝑞 = 𝜃6, 𝜓𝑓 = 𝜃7, and 𝐿𝑑 = 𝜃8, and �̃�5 =�̂�5 − 𝜃5, �̃�6 = �̂�6 − 𝜃6, �̃�7 = �̂�7 − 𝜃7, and �̃�8 = �̂�8 − 𝜃8, where �̂�5,�̂�6, �̂�7, and �̂�8 are the estimations of 𝜃5, 𝜃6, 𝜃7, and 𝜃8; �̃�5, �̃�6,�̃�7, and �̃�8 are the estimation errors of 𝜃5, 𝜃6, 𝜃7, and 𝜃8.
Then, (21) can be rewritten aṡ𝑒𝑑 = ̇𝑖𝑑ref − ̇𝑖𝑑= 1𝐿𝑑 (�̂�8 ̇𝑖𝑑ref + �̂�5𝑖𝑑 − 𝑛𝑝�̂�6𝜔𝑟𝑖𝑞 + 𝑛𝑝�̂�7𝜔𝑟 − 𝑢𝑑)

− 1𝐿𝑑 (𝑖𝑑�̃�5 − 𝑛𝑝𝜔𝑟𝑖𝑞�̃�6 + 𝑛𝑝𝜔𝑟�̃�7 + ̇𝑖𝑑ref�̃�8) . (23)
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By derivative of 𝑒𝑞 in (14), the dynamics of 𝑞-axis current
tracking error can be obtained aṡ𝑒𝑞 = ̇𝑖𝑞ref − ̇𝑖𝑞 = ̇𝑖𝑞ref + 𝑅𝑠𝐿𝑞 𝑖𝑞 + 𝑛𝑝𝐿𝑑𝐿𝑞 𝜔𝑟𝑖𝑑 − 1𝐿𝑞 𝑢𝑞, (24)

where ̇𝑖𝑞ref = 𝑖𝑑 ̇𝑖𝑑{{{𝑖2𝑑 + [ 𝜓𝑓2 (𝐿𝑑 − 𝐿𝑞) ]2}}}
−1/2 . (25)

In terms of 𝑅𝑠 = 𝜃5, 𝐿𝑞 = 𝜃6, and 𝐿𝑑 = 𝜃8, (24) can be
arranged as ̇𝑒𝑞 = ̇𝑖𝑞ref − ̇𝑖𝑞= 1𝐿𝑞 (�̂�6 ̇𝑖𝑞ref + �̂�5𝑖𝑞 + 𝑛𝑝�̂�8𝜔𝑟𝑖𝑑 − 𝑢𝑞)

− 1𝐿𝑞 (𝑖𝑞�̃�5 + ̇𝑖𝑞ref�̃�6 + 𝑛𝑝𝜔𝑟𝑖𝑑�̃�8) . (26)

For reaching the control goal and stabilizing the tracking
error terms, the control inputs can be designed as follows:𝑢𝑑 = �̂�8 ̇𝑖𝑑ref + �̂�5𝑖𝑑 − 𝑛𝑝�̂�6𝜔𝑟𝑖𝑞 + 𝑛𝑝�̂�7𝜔𝑟 + 𝑘𝑑𝑒𝑑+ 3𝑛𝑝4 𝑒𝜔, (27)

𝑢𝑞 = �̂�6 ̇𝑖𝑞ref + �̂�5𝑖𝑞 + 𝑛𝑝�̂�8𝜔𝑟𝑖𝑑 + 𝑘𝑞𝑒𝑞 + 3𝑛𝑝4 �̂�3𝑖𝑑ref𝑒𝜔− 3𝑛𝑝4 �̂�3𝑒𝑑𝑒𝜔, (28)

where 𝑘𝑑 and 𝑘𝑞 are two positive feedback gains.
Substituting (27) and (28) into (23) and (26), respectively,

we can obtaiṅ𝑒𝑑 = − 1𝐿𝑑 𝑘𝑑𝑒𝑑 − 3𝑛𝑝4𝐿𝑑 𝑒𝜔− 1𝐿𝑑 (𝑖𝑑�̃�5 − 𝑛𝑝𝜔𝑟𝑖𝑞�̃�6 + 𝑛𝑝𝜔𝑟�̃�7 + ̇𝑖𝑑ref�̃�8) ,
̇𝑒𝑞 = − 1𝐿𝑞 𝑘𝑞𝑒𝑞 − 3𝑛𝑝4𝐿𝑞 �̂�3𝑖𝑑ref𝑒𝜔 + 3𝑛𝑝4𝐿𝑞 �̂�3𝑒𝑑𝑒𝜔− 1𝐿𝑞 (𝑖𝑞�̃�5 + ̇𝑖𝑞ref�̃�6 + 𝑛𝑝𝜔𝑟𝑖𝑑�̃�8) .

(29)

Step 3. The positive definite Lyapunov function candidate is
defined as follows:𝑉1 = 12 𝜃4𝑒2𝜔 + 12 𝐿𝑑𝑒2𝑑 + 12 𝐿𝑞𝑒2𝑞. (30)

Derivative of the Lyapunov function yields�̇� = −𝑘𝜔𝑒2𝜔 − 𝑘𝑑𝑒2𝑑 − 𝑘𝑞𝑒2𝑞 + 𝑒𝜔�̃�1𝑇 ⋅ 𝜑1− (𝑖𝑑𝑒𝑑 + 𝑖𝑞𝑒𝑞) �̃�5 + (𝑛𝑝𝜔𝑟𝑖𝑞𝑒𝑑 − ̇𝑖𝑞ref𝑒𝑞) �̃�6− 𝑛𝑝𝜔𝑟𝑒𝑑�̃�7 − ( ̇𝑖𝑑ref𝑒𝑑 + 𝑛𝑝𝜔𝑟𝑖𝑑𝑒𝑞) �̃�8. (31)

Choose

�̃�2 = [�̃�5, �̃�6, �̃�7, �̃�8]𝑇 ,
𝜑2 = [−𝑖𝑑𝑒𝑑 − 𝑖𝑞𝑒𝑞, 𝑛𝑝𝜔𝑟𝑖𝑞𝑒𝑑 − ̇𝑖𝑞ref𝑒𝑞, −𝑛𝑝𝜔𝑟𝑒𝑑,− ̇𝑖𝑑ref𝑒𝑑 − 𝑛𝑝𝜔𝑟𝑖𝑑𝑒𝑞]𝑇 . (32)

By substituting (32) into (31), the derivative of the
Lyapunov function can be simplified as follows after some
mathematical computations:

�̇�1 = −𝑘𝜔𝑒2𝜔 − 𝑘𝑑𝑒2𝑑 − 𝑘𝑞𝑒2𝑞 + 𝑒𝜔�̃�1𝑇 ⋅ 𝜑1 + �̃�2𝑇 ⋅ 𝜑2, (33)

where 𝑘𝜔, 𝑘𝑑, and 𝑘𝑞 are the positive control gains.
Suppose that

�̃�
𝑇 ⋅ 𝜑 = 𝑒𝜔�̃�1𝑇 ⋅ 𝜑1 + �̃�2𝑇 ⋅ 𝜑2, (34)

where

�̃� = [�̃�1, �̃�2, �̃�3, �̃�4, �̃�5, �̃�6, �̃�7, �̃�8]𝑇 , (35)

𝜑 = [−𝜔𝑟, −1, ( 3𝑛𝑝4 𝑒𝑑𝑒𝑞 − 3𝑛𝑝4 𝑖𝑑ref𝑒𝑞) , −�̇�ref,− 𝑖𝑑𝑒𝑑 − 𝑖𝑞𝑒𝑞, 𝑛𝑝𝜔𝑟𝑖𝑞𝑒𝑑 − ̇𝑖𝑞ref𝑒𝑞, −𝑛𝑝𝜔𝑟𝑒𝑑, − ̇𝑖𝑑ref𝑒𝑑
− 𝑛𝑝𝜔𝑟𝑖𝑑𝑒𝑞]𝑇 .

(36)

The final Lyapunov function is selected as

𝑉 = 12 𝜃4𝑒2𝜔 + 12 𝐿𝑑𝑒2𝑑 + 12 𝐿𝑞𝑒2𝑞 + 12 �̃�𝑇 ⋅ 𝜏−1 ⋅ �̃�, (37)

where 𝜏 is an eighth-order positive definite diagonal matrix;
the diagonal elements are described as 𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6, 𝜏7,
and 𝜏8.

Then, the derivative of the Lyapunov function yields

�̇� = 𝜃4𝑒𝜔 ̇𝑒𝜔 + 𝐿𝑑𝑒𝑑 ̇𝑒𝑑 + 𝐿𝑞𝑒𝑞 ̇𝑒𝑞 + �̃�𝑇 ⋅ 𝜏−1 ⋅ ̇̃
𝜃= −𝑘𝜔𝑒2𝜔 − 𝑘𝑑𝑒2𝑑 − 𝑘𝑞𝑒2𝑞 + �̃�𝑇 ⋅ 𝜑 + �̃�𝑇 ⋅ 𝜏−1 ⋅ ̇̃
𝜃. (38)

Letting

�̃�
𝑇 ⋅ 𝜑 + �̃�𝑇 ⋅ 𝜏−1 ⋅ ̇̃

𝜃 = 0, (39)

we can obtain ̇̃
𝜃 = −𝜏 ⋅ 𝜑. (40)
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In terms of (36) and (40), the adaptive law depicting
the uncertainties for the fully uncertain parameters can be
written as ̇̂𝜃1 = 𝜏1𝜔𝑟𝑒𝜔,̇̂𝜃2 = 𝜏2𝑒𝜔,̇̂𝜃3 = −𝜏3𝑒𝜔 ( 3𝑛𝑝4 𝑒𝑑𝑒𝑞 − 3𝑛𝑝4 𝑖𝑑ref𝑒𝑞) ,̇̂𝜃4 = 𝜏4�̇�ref,̇̂𝜃5 = 𝜏5 (𝑖𝑑𝑒𝑑 + 𝑖𝑞𝑒𝑞) ,̇̂𝜃6 = −𝜏6 (𝑛𝑝𝜔𝑟𝑖𝑞𝑒𝑑 − ̇𝑖𝑞ref𝑒𝑞) ,̇̂𝜃7 = 𝜏7𝑛𝑝𝜔𝑟𝑒𝑑,̇̂𝜃8 = −𝜏8 ( ̇𝑖𝑑ref𝑒𝑑 + 𝑛𝑝𝜔𝑟𝑖𝑑𝑒𝑞) .

(41)

By substituting (40) into (38), the derivative of the final
Lyapunov function can be rewritten as�̇� = −𝑘𝜔𝑒2𝜔 − 𝑘𝑑𝑒2𝑑 − 𝑘𝑞𝑒2𝑞 ≤ 0. (42)

Equation (42) represents that there exists a positive definite
Lyapunov function𝑉 and its derivative �̇�with respect to time
being nonpositive for the closed-loop system.

Additionally, in terms of (41), the fully uncertain param-
eters of PMa-SynRM and load torque disturbance can be
estimated and represented as�̂�𝑑 = �̂�8,�̂�𝑞 = �̂�6,�̂�𝑠 = �̂�5,�̂�𝑓 = �̂�7,�̂�𝑚 = �̂�4 [�̂�𝑓 + (�̂�𝑑 − �̂�𝑞) 𝑖𝑞ref] ,�̂�𝑚 = �̂�1 [�̂�𝑓 + (�̂�𝑑 − �̂�𝑞) 𝑖𝑞ref] ,�̂�𝐿 = �̂�2 [�̂�𝑓 + (�̂�𝑑 − �̂�𝑞) 𝑖𝑞ref] .

(43)

4.2. Stability Analysis

Theorem 1. For the dynamics of PMa-SynRM described in
(5)–(7) with parameter uncertainties and external load distur-
bance, the proposed controller shown in (27) with the adaptive
law of fully uncertain parameters given in (41) enables ensuring
the tracking error signals in (12)–(14) to converge to (0, 0, 0)
asymptotically through Barbalat’s Lemma.

To prove this theorem, by integration of (42) in its both
sides from 0 to +∞, we can give∫∞

0
�̇� (𝑡) 𝑑𝑡

= − ∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡) + 𝑘𝑑𝑒2𝑑 (𝑡) + 𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡. (44)

Thus, ∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡) + 𝑘𝑑𝑒2𝑑 (𝑡) + 𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡= 𝑉 (0) − 𝑉 (∞) . (45)

It follows that√∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡)) 𝑑𝑡
≤ √∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡) + 𝑘𝑑𝑒2𝑑 (𝑡) + 𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡 ≤ 𝑉 (0)< ∞,
√∫∞
0

(𝑘𝑑𝑒2𝑑 (𝑡)) 𝑑𝑡
≤ √∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡) + 𝑘𝑑𝑒2𝑑 (𝑡) + 𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡 ≤ 𝑉 (0)< ∞,
√∫∞
0

(𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡
≤ √∫∞
0

(𝑘𝜔𝑒2𝜔 (𝑡) + 𝑘𝑑𝑒2𝑑 (𝑡) + 𝑘𝑞𝑒2𝑞 (𝑡)) 𝑑𝑡 ≤ 𝑉 (0)< ∞.

(46)

Furthermore, 𝑉(𝑡) is uniformly continuous and �̇�(𝑡) is
finite. Through Barbalat’s Lemma [23], it gives that

lim
𝑡→∞

𝑉 (𝑡) = 0, (47)

which proves that the tracking errors (𝑒𝜔, 𝑒𝑑, 𝑒𝑞) can converge
to (0, 0, 0) asymptotically under full parameters’ uncertainties
and uncertain load torque disturbance for any initial con-
dition. It is worth mentioning that the choices of control
parameter and adaption gain are no restriction for use, except
for positive definite terms. Previous studies have shown that
control gains are frequently necessary to satisfy inequality
relation with uncertain parameters [21] and selection of
adaptation gains in multiparameter estimation situation is
complicated [24] as (A3) encountered. The relaxation of
control and adaptation gains is beneficial for implementation
of the proposed control scheme apparently.
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5. Proposed Luenberger Speed Observer

Luenberger speed observer is an excellent linear estimation
method.The product term of 𝑖𝑑𝑖𝑞 in (4) represents the model
nonlinearity of PMa-SynRM, which results in the fact that
Luenberger speed observer cannot be used directly. Hence, an
active flux 𝜓𝑎𝑓 is firstly introduced to linearize (4) as follows:𝜓𝑎𝑓 = 𝜓𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞. (48)

Then, the torque equation (4) can be rewritten as𝑇𝑒 = 32 𝑛𝑝2 𝜓𝑎𝑓𝑖𝑑. (49)

By substituting (48) into (3), we can obtain𝜓𝑞 = 𝐿𝑞𝑖𝑞 − 𝜓𝑎𝑓 + (𝐿𝑑 − 𝐿𝑞) 𝑖𝑞 = 𝐿𝑑𝑖𝑞 − 𝜓𝑎𝑓. (50)

In terms of (2) and (50), the components of 𝜓𝑎𝑓 in rotating𝑑-𝑞-axis coordinate system are𝜓𝑎𝑓.𝑑 = 𝜓𝑑 − 𝐿𝑑𝑖𝑑 = 0,𝜓𝑎𝑓.𝑞 = 𝜓𝑞 − 𝐿𝑑𝑖𝑞 = 𝐿𝑑𝑖𝑞 − 𝜓𝑎𝑓 − 𝐿𝑑𝑖𝑞 = −𝜓𝑎𝑓. (51)

Equation (51) indicates that active flux is oriented on 𝑞-axis,
which is shown in Figure 1.

Furthermore, for the mathematical model (see (5) and
(6)), new input variables are introduced as

V𝑑 = 𝑛𝑝𝐿𝑞𝐿𝑑 𝜔𝑟𝑖𝑞 + 1𝐿𝑑 𝑢𝑑,
V𝑞 = − 𝑛𝑝𝐿𝑑𝐿𝑞 𝜔𝑟𝑖𝑑 + 1𝐿𝑞 𝑢𝑞. (52)

By substituting (52) and (51) into (5)–(7), we can get𝑑𝑖𝑑𝑑𝑡 = − 𝑅𝑠𝐿𝑑 𝑖𝑑 − 𝑛𝑝𝜓𝑓𝐿𝑑 𝜔𝑟 + V𝑑, (53)𝑑𝑖𝑞𝑑𝑡 = − 𝑅𝑠𝐿𝑞 𝑖𝑞 + V𝑞, (54)𝑑𝜔𝑟𝑑𝑡 = 1𝐽𝑚 ( 32 𝑛𝑝2 𝜓𝑎𝑓𝑖𝑑 − 𝐵𝑚𝜔𝑟 − 𝑇𝐿) . (55)

Equations (53)–(55) manifest that the nonlinear model of
the original system has been linearized. Additionally, 𝜔𝑟 is
only related to 𝑖𝑑 and the linearized reduced-order observer
can be constructed to estimate the speed.Through utilization
of the simplified rotor motion equation (55) and 𝑑-axis
current equation (53), the reduced-ordermatrix equation can
be given as

( 𝑑𝑖𝑑𝑑𝑡𝑑𝜔𝑟𝑑𝑡 ) = ( − 𝑅𝑠𝐿𝑑 − 𝑛𝑝𝜓𝑓𝐿𝑑3𝑛𝑝𝜓𝑎𝑓4𝐽𝑚 − 𝐵𝑚𝐽𝑚 ) ( 𝑖𝑑𝜔𝑟) + (10) V𝑑

+ ( 0− 𝑇𝐿𝐽𝑚) .
(56)
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Figure 1: Distribution of active flux in 𝑑𝑞0 coordinated system.

For the above matrix equation, linear Luenberger observer is
designed as

( 𝑑𝑖𝑑𝑑𝑡𝑑�̂�𝑟𝑑𝑡 ) = ( − 𝑅𝑠𝐿𝑑 − 𝑛𝑝𝜓𝑓𝐿𝑑3𝑛𝑝𝜓𝑎𝑓4𝐽𝑚 − 𝐵𝑚𝐽𝑚 ) ( �̂�𝑑�̂�𝑟) + (10) V𝑑

+ (𝛾0) (𝑖𝑑 − �̂�𝑑) + ( 0− 𝑇𝐿𝐽𝑚) ,
(57)

where �̂�𝑑 and �̂�𝑟 are the estimations of 𝑑-axis current and
speed, respectively, and 𝛾 is the feedback gain of designed
Luenberger observer.

By subtracting (57) from (56), we can get

( 𝑑𝑒𝑜𝑑𝑑𝑡𝑑𝑒𝑜𝜔𝑑𝑡 ) = (− 𝑅𝑠𝐿𝑑 − 𝛾 − 𝑛𝑝𝜓𝑓𝐿𝑑3𝑛𝑝𝜓𝑎𝑓4𝐽𝑚 − 𝐵𝑚𝐽𝑚 ) (𝑒𝑜𝑑𝑒𝑜𝜔) , (58)

where 𝑒𝑜𝑑 and 𝑒𝑜𝜔 are estimation errors: 𝑒𝑜𝑑 = 𝑖𝑑 − �̂�𝑑 and𝑒𝑜𝜔 = 𝜔𝑟 − �̂�𝑟.
Replacements of 𝐵𝑚/𝐽𝑚, 𝜓𝑎𝑓/𝐽𝑚, 𝑅𝑠/𝐿𝑑, and 𝜓𝑓/𝐿𝑑 with�̂�1/�̂�4, 1/�̂�4, �̂�5/�̂�8, and �̂�7/�̂�8, respectively, (58) can be

rewritten as

( 𝑑𝑒𝑜𝑑𝑑𝑡𝑑𝑒𝑜𝜔𝑑𝑡 ) = (− �̂�5�̂�8 − 𝛾 −𝑛𝑝 �̂�7�̂�83𝑛𝑝4�̂�4 − �̂�1�̂�4
) (𝑒𝑜𝑑𝑒𝑜𝜔) . (59)
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Figure 2: The overall configuration diagram of the proposed control scenario.
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Figure 3: The concrete nonlinear backstepping controller with full adaptation law.

Equation (59) shows that the observed error of speed
enables converging to zero through selecting a suitable
parameter 𝛾 to configurate the eigenvalue of matrix. More-
over, due to the fact that the designed speed observer is of
first order, the computational burden is decreased distinctly.

6. Digital Simulation Analysis and Discussion

The overall configuration diagram of the proposed control
scenario and concrete nonlinear backstepping controller with
full adaptation law are shown in Figures 2 and 3, respectively.

The digital simulations to validate the control scheme
are implemented in MATLAB and the rated and nominal
parameters of PMa-SynRM are described in the following:

per phase stator resistance, 2.875Ω, 𝑑-axis and 𝑞-axis induc-
tances, 0.133H and 0.058H, respectively, viscous damping
coefficient, 0.005N/rad/s, permanent magnet flux, 0.38Wb,
moment of inertia, 0.03 kgm2, and number of pole pairs, 10.
The controller and adaption gains are selected as 𝑘𝜔 = 75,𝑘𝑑 = 150, and 𝑘𝑞 = 5000, and 𝜏1 = 0.005, 𝜏2 = 0.01, 𝜏3 = 0.05,𝜏4 = 0.05, 𝜏5 = 0.1, 𝜏6 = 0.02, 𝜏7 = 35, and 𝜏8 = 0.01. The
feedback gain of designed Luenberger observer 𝛾 is 20.

To testify the superiority of the controller, adaption laws,
and Luenberger speed observer adequately, the simulations
consist of three groups.

Case 1. Due to the fact that very low speed regulation of
PMa-SynRM is a complicated issue in control field, to validate
the performance of the proposed controller and Luenberger
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Figure 4: The simulation results in Case 1. (a) The estimated speed and its reference; (b) 𝑑-axis current and its reference; (c) 𝑞-axis current
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Figure 5: Continued.
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Figure 5: The simulation results in Case 2. (a) 𝐿𝑑 and its estimation; (b) 𝐿𝑞 and its estimation; (c) 𝑅𝑠 and its estimation; (d) 𝜓𝑟 and its
estimation; (e) 𝐽𝑚 and its estimation; (f) 𝐵𝑚 and its estimation; (g) 𝑇𝐿 and its estimation.

speed observer, the speed reference is set to a very low and
changing value, which is 1 rad/s between 0 and 1 s, 2 rad/s
between 1 s and 4 s, and 1 rad/s between 4 s and 6 s. That is
to say that the simulation time in the first simulation is 6 s.
Simultaneously, the sudden variation of load torque is taken
into account and is abruptly applied to the motor as 4N⋅m
from 0 to 2 s, 2N⋅m from 2 to 5 s, and 4N⋅m from 5 s to 6 s.

The simulation results responding to the speed variation
and torque disturbance are indicated in Figures 4(a)–4(e).
The estimated speed and its reference are shown in Fig-
ure 4(a).The dynamic tracking responses of 𝑑-𝑞-axis currents
and their references are in Figures 4(b) and 4(c) individually.
The control inputs of 𝑑-𝑞-axis voltages are displayed in
Figure 4(d). The estimated load torque and its reference are
demonstrated in Figure 4(e).

Figures 4(a)–4(c) indicate that the proposed controller
can guarantee the output signals to track their respective
references correctly and rapidly. Furthermore, Figure 4(a)
verifies the effectiveness of the designed Luenberger speed
observer. From Figure 4(e), the load torque is estimated
precisely.

Case 2. To illustrate the capability of the adaption law and
testify the robustness of the control scheme retaining the full
parameter perturbations furthermore, the parameter pertur-
bations are described as follows: per phase stator resistance
increases from 2.875Ω to 4Ω at 2 s and changes to 2.875Ω at
5 s, 𝑑-axis and 𝑞-axis inductances decrease from 0.133H and
0.058H to 0.1H and 0.05H, respectively, at 2 s and return to
their respective initial value at 5 s, viscous damping coefficient
varies from 0.005N/rad/s to 0.01N/rad/s at 2 s and returns
to 0.005N/rad/s at 5 s, permanent magnet flux changes from
0.38Wb to 0.5Wb at 2 s and changes to 0.38Wb at 5 s, and
moment of inertia increases from 0.03 kgm2 to 0.05 kgm2
at 2 s and changes to 0.03 kgm2 at 5 s. Additionally, in terms
of the persistency of excitation condition, a good result with

parameter estimation requires abundant signals, where the
speed reference is chosen as 𝜔ref = 2 sin(𝜋𝑡), and simulation
time is also 6 s. The load torque is the same as in Case 1.
Figures 5(a)–5(g) plot the estimated errors of fully uncertain
parameters, which clarify that all the uncertain and varied
parameters are estimated by the adaption law rightly. As
a consequence, the simulation results shown in Figure 5
exhibit the accuracy of the adaption law and reveal the good
robustness of the presented control scenario.

Simultaneously, for demonstrating the influence of each
parameter variation on the presented control scheme, the
dynamic responses of speed tracking are displayed in Figure 6
when changing each parameter of the following parameters:𝐿𝑑, 𝐿𝑞, 𝑅𝑠, 𝜓𝑟, 𝐽𝑚, 𝐵𝑚, and 𝑇𝐿. The range of variation for each
parameter is set to ±50% rated value. Figure 6 indicates that
the speed of the motor tracks the reference precisely with the
aid of the controller and the tracking errors approach zero.
Hence, the proposal controller goes against all the parameter
perturbations. Merely, when the parameter deviates from its
rated value, the waveform responses of speed at startup will
become larger, especially for 𝜓𝑟, 𝐵𝑚, and 𝑇𝐿. In other words,
the variations of these parameters 𝜓𝑟, 𝐵𝑚, and 𝑇𝐿 have a more
significant influence on the speed response. However, all the
speed responses in Figure 6 converge to their expected values
within 0.3 s.

Case 3. For various applications in usual, the motor operates
at medium speed or high speed is indispensable. Therefore,
this case indicates the simulation results in high speed
condition. The speed reference is selected as 300 rad/s from
zero to 1 s and 600 rad/s from 1 s to 4 s. After 4 s, the speed
reference returns to 300 rad/s. Meanwhile, the load torque
changes from 4N⋅m to 2N⋅m at 2 s and returns to 4N⋅m at
5 s.

The results in this case are demonstrated in Figure 7. It is
implied that, under the high speed condition, the estimated
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Figure 6: Speed tracking responses with the parameters variation. (a) Variation of 𝐿𝑑. (b) Variation of 𝐿𝑞. (c) Variation of 𝑅𝑠. (d) Variation
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Figure 7: The simulation results in Case 3. (a) The estimated speed and its reference; (b) 𝑑-axis current and its reference; (c) 𝑞-axis current
and its reference; (d) torque and its estimation.

speed shown in Figure 7(a) is also controlled to track the
speed reference fast and correctly. The stator currents 𝑖𝑑 and𝑖𝑞 are regulated to their reference signals individually.

Consequently, the presented control algorithm in the
context achieves the closed-loop control of rotor speed and
stator current and performs the estimations of fully unknown
parameters for PMa-SynRM.

7. Conclusions

In this paper, on the basis of nonlinear dynamic model
and parameter relation constrained in MTPA control, a
nonlinear and robust adaptive backstepping speed sensorless
control scheme with mismatched fully uncertain parameters
is proposed for a PMa-SynRM. All the parameters of the
motor and load torque are thought as uncertain except for

the number of pole pairs of rotor. The design of the control
scheme avoids solving complex regression matrices and the
only prerequisite for all controller and adaption gains is
positive definite, which reduces the workload of choice of
feedback gains tremendously and ensures the asymptotic
stability of the controller readily. Additionally, an active flux
based Luenberger speed observer is developed. The speed
observer resolves the nonlinearity of dynamic model for
PMa-SynRM effectively. The proposed controller fulfills the
global asymptotic tracking of a varying speed reference and𝑑-𝑞-axis current references constrained by MTPA control.
Simultaneously, the designed controller is of great robustness
against uncertainties in both PMa-SynRM and load torque
perturbation. Digital simulations have been implemented to
verify the correctness and feasibility of the proposed control
scheme well.



14 Mathematical Problems in Engineering

Conflicts of Interest

The authors declare that there are no conflicts of interest.

Acknowledgments

This work was partially supported by the National Natural
Science Foundation of China (Grant no. 51407077), the
Exploring Research Funds for the State Key Laboratory of
Alternate Electrical Power System with Renewable Energy
Sources (Grant no. LAPS2016-28), the Science and Technol-
ogy Project of State Grid Corporation of China (headquarter)
(Grant no. 5204BB16000F), and the Fundamental Research
Funds for the Central Universities of China (Grant no.
2017MS095).

References

[1] W.-H. Kim, K.-S. Kim, S.-J. Kim et al., “Optimal PM design
of PMA-SynRM for wide constant-power operation and torque
ripple reduction,” IEEE Transactions on Magnetics, vol. 45, no.
10, pp. 4660–4663, 2009.

[2] M. Sanada, Y. Inoue, and S. Morimoto, “Structure and char-
acteristics of high-performance PMASynRM with ferrite mag-
nets,” Electrical Engineering in Japan (English translation of
Denki Gakkai Ronbunshi), vol. 187, no. 1, pp. 42–50, 2014.
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To address the problem that filtering accuracy is reduced with the inaccurate time-varying noise statistic in conventional cubature
Kalman filter, a noise statistic estimator based adaptive simplex cubature Kalman filter is put forward in this paper. First, the simplex
cubature rule is adopted to approximate the intractable nonlinear Gaussian weighted integral in the filter. Secondly, a suboptimal
unbiased constant noise statistic estimator is derived based on themaximum a posteriori estimation criterion. For the time-varying
noise, the above estimator is modified using an exponential weighted attenuation method to realize the oblivion of stale data which
results in a fading memory estimator, which has the ability to estimate the time-varying noise statistic to revise the filter online.
The simulation results indicate that the proposed filter can achieve higher accuracy than conventional filters with inaccurate noise
statistic.

1. Introduction

Control accuracy is generally affected by the state feedback
accuracy in a closed-loop control system. On account of the
state feedback being easily contaminated by noise or being
prevented frombeingmeasured directly, the optimal estimate
of the state should be considered. The Kalman filter is a
type of real-time signal processing method which adopts
the state space method to model linear systems and achieve
the minimum variance estimate of the state in the form of
recursion [1] and has been widely used in control systems.

In practical applications, the actual systems generally
contain nonlinear characteristics which are described by
nonlinear models. Correspondingly, the system states are
required to be estimated using the nonlinear Kalman filters of
which the extendedKalmanfilter (EKF) has beenmostwidely
used over the past few decades [2, 3]. The EKF adopts the
Taylor series expansion to obtain the linear approximation of
the nonlinear systems, and then the standard Kalman filter
is applied. However, the accuracy of EKF is unsatisfactory
for strong nonlinear systems in which the linearity error of
the model may seriously affect filtering accuracy and even
lead to the filter divergence [4]. Moreover, the EKF requires

differentiation of the nonlinear system models where the
Jacobian matrix needs to be calculated, which is computa-
tionally cumbersome in many applications [5].

Julier et al. [6] propose the unscented transformation
(UT) based unscented Kalman filter (UKF), which has third-
degree filtering accuracy [7, 8]. The UKF is a deterministic
filter where a series of sigma points are selected according to
the certain criteria and the a posteriori mean and covariance
are approximated using nonlinear propagation of these sigma
points [9]. The UKF is a derivative-free filter which has
no restrictions on the system models. However, as the core
of the UKF, UT has some tunable parameters, and the
selection of which lacks a rigorous mathematical basis. As
for high-dimensional systems, the weight on the center point
is negative and the semidefinite of the covariance cannot be
guaranteed, which may reduce the numerical stability of the
system [10].

Arasaratnam et al. [11, 12] propose the cubature Kalman
filter (CKF) based on the cubature rule (CR). By means of
coordinate transformation, the intractableGaussianweighted
integral is decomposed into the spherical integral and radial
integral, which are approximated using various numerical
rules to deduce the CR. The CKF uses a set of cubature

Hindawi
Mathematical Problems in Engineering
Volume 2017, Article ID 5349879, 8 pages
https://doi.org/10.1155/2017/5349879

https://doi.org/10.1155/2017/5349879


2 Mathematical Problems in Engineering

points with equal weights to approximate the a posteriori
mean and covariance and achieves higher stability than the
UKF [13–15]. Furthermore, the CKF can be regarded as a
special case of the UKF with 𝜅 = 0 [16, 17], whereas the
CKF gives the reason for 𝜅 = 0 theoretically for the first
time from another perspective. In the calculation framework
of the CKF, Wang et al. [18] and Shovan and Swati [19, 20]
modify the spherical integral and radial integral, respec-
tively, and put forward the spherical simplex-radial cubature
Kalman filter and the cubature quadrature Kalman filter,
both of which have better performance compared with the
CKF.

The prior noise statistic is required exactly for the above-
mentioned filters. However, in practical applications, the
system noise statistic is often unknown and varies as a
function of time, so the estimate accuracy may be sig-
nificantly reduced. In order to address the problem that
the filtering accuracy of the conventional filters reduces in
the case of inaccurate time-varying noise statistic, a noise
statistic estimator based adaptive simplex cubature Kalman
filter (ASCKF) is proposed in this paper. The spherical
simplex rule and the first-order generalized Gauss-Laguerre
quadrature rule are adopted to derive the simplex cubature
rule, which is used to approximate the a posteriori mean and
covariance in the nonlinear Kalman filter framework. The
noise statistic estimator is designed based on the maximum
a posteriori (MAP) estimation criterion [21], and the fading
memory exponential weighted attenuationmethod is utilized
to achieve the oblivion of stale data and emphasize the
new data. This allows the online real-time estimation of
the time-varying noise statistic. The designed noise statistic
estimator is used to revise the filter and to improve the
filtering accuracy with the inaccurate noise statistic. Sim-
ulation results have verified the validity of the proposed
filter.

The rest of this paper is organized as follows: the simplex
cubature Kalman filter is provided in Section 2. The noise
statistic estimator is derived in Section 3. The simulation
results and analysis are presented in Section 4. The conclu-
sions are given in Section 5.

2. Simplex Cubature Kalman Filter

2.1. Simplex Cubature Rule. The key problem in nonlin-
ear Kalman filter is to calculate the intractable nonlinear
Gaussian weighted integral as 𝐼𝑁 = ∫R𝑛 g(x)𝑁(x; x̂,P𝑥)𝑑x,
where x ∈ R𝑛, g(x) represents the arbitrary nonlinear
function, and 𝑁(x; x̂,P𝑥) denotes the Gaussian distribution
with mean x̂ and covariance P𝑥. It is generally difficult to
obtain the analytical solution of 𝐼𝑁; hence the high accu-
racy numerical approximation method should be taken into
account.

2.1.1. Spherical Simplex Rule for Spherical Integral. Specifi-
cally, the coordinate transformation for integral of the form𝐼𝑔 = ∫R𝑛 g(x)exp(−xΤx)𝑑x is considered first [11]. Let x = 𝑟s,
where s = (𝑠1, 𝑠2, . . . , 𝑠𝑛)Τ represents the direction vector such
that sΤs = 1 with 𝑟 = √xΤx ≥ 0. Then 𝐼𝑔 can be decomposed

into the following two types of integrals, namely, the spherical
integral 𝑆(𝑟) and the radial integral 𝑅, respectively.

𝑆 (𝑟) = ∫
𝑈𝑛

g (𝑟s) 𝑑𝜎 (s) (1)

𝑅 = ∫∞
0

𝑆 (𝑟) 𝑟𝑛−1 exp (−𝑟2) 𝑑𝑟, (2)

where 𝑈𝑛 = {s ∈ R𝑛 : 𝑠21 + 𝑠22 + ⋅ ⋅ ⋅ + 𝑠2𝑛 = 1} represents the
spherical surface and 𝜎(⋅) denotes the area element on 𝑈𝑛.

The third-degree spherical simplex rule [18], which con-
sists of 2𝑛 + 2 points, is adopted to approximate the spherical
integral 𝑆(𝑟) in (1) as follows.

𝑆 (𝑟) ≈ 𝑇𝑛2 (𝑛 + 1)
𝑛+1∑
𝑖=1

[g (𝑟a𝑖) + g (−𝑟a𝑖)] , (3)

where 𝑇𝑛 = 2√𝜋𝑛/Γ(𝑛/2) is the surface area of unit sphere
and Γ(𝑥) = ∫∞

0
exp(−𝑡)𝑡𝑥−1𝑑𝑡 denotes the Gamma function.

The vectors a𝑖 = (𝑎𝑖,1, 𝑎𝑖,2, . . . , 𝑎𝑖,𝑛)Τ, 𝑖 = 1, 2, . . . , 𝑛 + 1 are the
vertices of the 𝑛-dimensional simplex, and the elements are
defined as follows.

𝑎𝑖,𝑗 =
{{{{{{{{{{{{{{{

−√ 𝑛 + 1𝑛 (𝑛 − 𝑗 + 2) (𝑛 − 𝑗 + 1) , 𝑗 < 𝑖
√ (𝑛 + 1) (𝑛 − 𝑖 + 1)𝑛 (𝑛 − 𝑖 + 2) , 𝑖 = 𝑗
0, 𝑗 > 𝑖.

(4)

2.1.2. Generalized Gauss-Laguerre Quadrature Rule for Radial
Integral. As for the radial integral shown in (2), let 𝑟 = √𝑡
and 𝑅 = (1/2) ∫∞

0
𝑆(√𝑡)𝑡𝑛/2−1 exp(−𝑡)𝑑𝑡 is deduced. Further,𝑅 can be written in the form of𝑅 = (1/2) ∫∞

0
𝑆(𝑡)𝑡𝛽 exp(−𝑡)𝑑𝑡

by letting 𝑆(𝑡) = 𝑆(√𝑡)with𝛽 = 𝑛/2−1, and it is convenient to
use the generalized Gauss-Laguerre quadrature rule [19] for
approximation as follows.

∫∞
0

𝑆 (𝑡) 𝑡𝛽 exp (−𝑡) 𝑑𝑡 ≈ 𝑝∑
𝑖=1

�̃�𝑖𝑆 (𝑡𝑖) , (5)

where 𝑡𝑖 and �̃�𝑖 denote the quadrature points and the
corresponding weights, respectively.𝑝 represents the number
of the points. The points 𝑡𝑖 can be obtained by solving the
following 𝑚-order Chebyshev-Laguerre polynomial [20].

𝐿𝛽𝑝 (𝑡) = (−1)𝑝 𝑡−𝛽 exp (𝑡) 𝑑𝑝𝑑𝑡𝑝 (𝑡𝛽+𝑝 exp (−𝑡)) = 0. (6)

The weights �̃�𝑖 are calculated using

�̃�𝑖 = 𝑝!Γ (𝛽 + 𝑝 + 1)
𝑡𝑖 [�̇�𝛽𝑝 (𝑡𝑖)]2 . (7)

For the third-degree accuracy of the radial integral, 𝑝
should be chosen 1, and 𝑡1 = 𝑛/2 with �̃�1 = Γ(𝑛/2) are
obtained; thus the radial integral turns to be the following
form.

𝑅 ≈ 12�̃�1𝑆 (𝑡1) = 12Γ (𝑛2) 𝑆(√𝑛2) . (8)
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2.1.3. Simplex Cubature Rule. The integral 𝐼𝑔 is approximated
by substituting (3) into (8) as follows.

𝐼𝑔 ≈ √𝜋𝑛2 (𝑛 + 1)
𝑛+1∑
𝑖=1

[g(√𝑛2a𝑖) + g(−√𝑛2a𝑖)] . (9)

𝐼𝑁 has the following equivalent form:

𝐼𝑁 = 1√𝜋𝑛 ∫R𝑛 g (√2P𝑥x + x̂) exp (−xΤx) 𝑑x. (10)

The simplex cubature rule, which is used to approximate
the nonlinear Gaussian weighted integral, is derived by
combining (9) and (10) as follows.𝐼𝑁

≈ 12 (𝑛 + 1)
𝑛+1∑
𝑖=1

[g (x̂ + √𝑛P𝑥a𝑖) + g (x̂ − √𝑛P𝑥a𝑖)]
= 2𝑛+2∑
𝑖=1

𝜔𝑖g (x̂(𝑖)) ,
(11)

where the cubature points x̂(𝑖) and the weights 𝜔𝑖 are given as
follows:

x̂(𝑖) = x̂ + √𝑛P𝑥 [a, − a]𝑖 , 𝑖 = 1, 2, . . . , 2𝑛 + 2 (12)

𝜔𝑖 = 12 (𝑛 + 1) , 𝑖 = 1, 2, . . . , 2𝑛 + 2, (13)

where a = [a1, a2, . . . , a𝑛+1] and the matrix subscript [⋅]𝑖
represents the 𝑖th column.

2.2. The Simplex Cubature Kalman Filter. The following dis-
crete-time nonlinear system is taken into account.

x𝑘 = f (x𝑘−1) + w𝑘

z𝑘 = h (x𝑘) + k𝑘, (14)

where x𝑘 ∈ R𝑛 and z𝑘 ∈ R𝑞 denote the state and measure-
ment vectors, respectively, and w𝑘 and k𝑘 represent the white
Gaussian process noise and measurement noise, respectively,
with the mean being q𝑘 and r𝑘, respectively, and the covari-
ance beingQ𝑘 and R𝑘, respectively.

In the nonlinear Kalman filter framework, the a posteriori
mean and covariance are calculated using the simplex cuba-
ture rule given in (11), and the simplex cubature Kalman filter
(SCKF) is derived as follows.

The a posteriori state estimate x̂+𝑘−1 and covariance P+𝑘−1
at time 𝑘 − 1 are used instead of x̂ and P𝑥 in (12) to calculate
the cubature points x̂(𝑖)

𝑘−1
, which are propagated using the

nonlinear function f(⋅) to obtain the following points X(𝑖)
𝑘
.

X(𝑖)𝑘 = f (x̂(𝑖)𝑘−1) + q𝑘−1. (15)

The prior state estimate x̂−𝑘 at time 𝑘 is calculated using
the propagated points X(𝑖)

𝑘
as follows.

x̂−𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖X(𝑖)𝑘 , (16)

where 𝜔𝑖 is given in (13).

The prior error covariance P−𝑘 at time 𝑘 is calculated as
follows.

P−𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘 ) (X(𝑖)𝑘 − x̂−𝑘 )Τ + Q𝑘−1. (17)

The prior state estimate x̂−𝑘 and covariance P−𝑘 at time 𝑘
are used instead of x̂ and P𝑥 in (12) to calculate the cubature
points x̂(𝑖)

𝑘
, which are propagated using the nonlinear function

h(⋅) to obtain the following points Z(𝑖)
𝑘
.

Z(𝑖)𝑘 = h (x̂(𝑖)𝑘 ) + r𝑘. (18)

The predicted measurement ẑ𝑘 is calculated using the
propagated points Z(𝑖)

𝑘
as follows.

ẑ𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖Z(𝑖)𝑘 . (19)

Themeasurement covariance P𝑧,𝑘 is calculated as follows.

P𝑧,𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R𝑘. (20)

The cross covariance P𝑥𝑧,𝑘 is calculated as follows.

P𝑥𝑧,𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖 (x̂(𝑖)𝑘 − x̂−𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ . (21)

The Kalman filter gain K𝑘 is calculated as follows.

K𝑘 = P𝑥𝑧,𝑘P
−1
𝑧,𝑘. (22)

The a posteriori state estimate x̂+𝑘 at time 𝑘 is calculated as
follows.

x̂+𝑘 = x̂−𝑘 + K𝑘 (z𝑘 − ẑ𝑘) . (23)

The a posteriori error covariance P+𝑘 is calculated as
follows.

P+𝑘 = P−𝑘 − K𝑘P𝑧,𝑘K
Τ
𝑘 . (24)

It can be seen from (15), (17), (18), and (20) that the
exact noise statistics are required in SCKF, and the filtering
accuracy may reduce if the inaccurate noise statistics are
substituted.

3. Noise Statistic Estimator

In this section, two noise statistic estimators, including the
constant noise statistic estimator and the time-varying noise
statistic estimator, are given to realize the online estimation
of the noise statistic.
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3.1. Constant Noise Statistic Estimator. The MAP estimates
of q, Q, r, R, and X𝑘 can be obtained by calculating the
maximum value of the following conditional probability
density function [21].

�̃� = 𝑝 (X𝑘, q,Q, r,R | Z𝑘) , (25)

where X𝑘 = (x0, x1, . . . , x𝑘) and Z𝑘 = (z1, z2, . . . , z𝑘).
According to the property of the conditional prob-

ability function, (25) has the equivalent form as �̃� =𝑝(X𝑘, q,Q, r,R,Z𝑘)/𝑝(Z𝑘), and the problem is transformed
into calculating themaximumvalue of the following equation
on account of 𝑝(Z𝑘) being independent of the optimization.

𝐿 = 𝑝 (X𝑘, q,Q, r,R,Z𝑘) = 𝑝 (Z𝑘 | X𝑘, q,Q, r,R)
⋅ 𝑝 (X𝑘 | q,Q, r,R) 𝑝 (q,Q, r,R) , (26)

where 𝑝(q,Q, r,R) can be regarded as a constant since it is
obtained using the prior information.

The terms 𝑝(X𝑘 | q,Q, r,R) and 𝑝(Z𝑘 | X𝑘, q,Q, r,R)
in (26) can be calculated using the multiplicative theorem of
conditional probability as follows.

𝑝 (X𝑘 | q,Q, r,R) = 𝑝 (x0) 𝑘∏
𝑗=1

𝑝 (x𝑗 | x𝑗−1, q,Q)
= 𝑀1 P0−1/2 ⋅ |Q|−𝑘/2 exp{{{−12 [[

x0 − x̂+0
2P−10

+ 𝑘∑
𝑗=1

x𝑗 − f (x𝑗−1) − q2Q−1]]
}}} ,

(27)

where 𝑀1 = 1/(2𝜋)𝑛(𝑘+1)/2 represents a constant, | ⋅ | denotes
the determinant, and ‖u‖2A = uΤAu is the quadratic.

𝑝 (Z𝑘 | X𝑘, q,Q, r,R) = 𝑘∏
𝑗=1

𝑝 (z𝑗 | x𝑗, r,R)
= 𝑀2 |R|−𝑘/2 exp[[−12

𝑘∑
𝑗=1

z𝑗 − h (x𝑗) − r2R−1]] ,
(28)

where 𝑀2 = 1/(2𝜋)𝑞𝑘/2 denotes a constant.
Then, by substituting (27) and (28) into (26), we have

𝐿 = M |Q|−𝑘/2 ⋅ |R|−𝑘/2
⋅ exp{{{−12 [[

𝑘∑
𝑗=1

x𝑗 − f (x𝑗−1) − q2Q−1
+ 𝑘∑
𝑗=1

z𝑗 − h (x𝑗) − r2R−1]]
}}} ,

(29)

where M = 𝑀1𝑀2|P0|−1/2𝑝(q,Q, r,R) exp(−(1/2)‖x0 −
x̂+0 ‖2P−10 ), and taking the logarithm of (29), we obtain that

ln 𝐿 = −𝑘2 ln |Q| − 𝑘2 ln |R|
− 12
𝑘∑
𝑗=1

x𝑗 − f (x𝑗−1) − q2Q−1
− 12
𝑘∑
𝑗=1

z𝑗 − h (x𝑗) − r2R−1 + lnM.
(30)

Note that (29) and (30) share the same extreme points; the
following partial differentials are taken.

𝜕 ln 𝐿𝜕q

x𝑗−1=x̂+𝑗−1|𝑘 ,x𝑗=x̂

+
𝑗|𝑘

q=q̂𝑘
= 0

𝜕 ln 𝐿𝜕Q

x𝑗−1=x̂+𝑗−1|𝑘 ,x𝑗=x̂

+
𝑗|𝑘

Q=Q̂𝑘
= 0

𝜕 ln 𝐿𝜕r

x𝑗=x̂+𝑗|𝑘

r=r̂𝑘
= 0

𝜕 ln 𝐿𝜕R

x𝑗=x̂+𝑗|𝑘

R=R̂𝑘
= 0,

(31)

where x̂+𝑗−1|𝑘 and x̂+𝑗|𝑘 represent the smooth values, which are
replaced by the filtering estimates x̂+𝑗−1 and x̂+𝑗 , or predicted
estimate x̂−𝑗 , and the suboptimalMAPnoise statistic estimator
is deduced in a recursive form as follows.

q̂𝑘 = 1𝑘 [(𝑘 − 1) q̂𝑘−1 + x̂+𝑘 − 2𝑛+2∑
𝑖=1

𝜔𝑖f (x̂(𝑖)𝑘−1)]
Q̂𝑘 = 1𝑘 [(𝑘 − 1) Q̂𝑘−1 + K𝑘e𝑘e

Τ
𝑘K
Τ
𝑘 + P+𝑘

− 2𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘 ) (X(𝑖)𝑘 − x̂−𝑘 )Τ]
r̂𝑘 = 1𝑘 [(𝑘 − 1) r̂𝑘−1 + z𝑘 − 2𝑛+2∑

𝑖=1

𝜔𝑖h (x̂(𝑖)𝑘 )]
R̂𝑘 = 1𝑘 [(𝑘 − 1) R̂𝑘−1 + e𝑘e

Τ
𝑘

− 2𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ] ,

(32)

where e𝑘 = z𝑘 − ẑ𝑘 is the filtering residual.

3.2. Time-Varying Noise Statistic Estimator. For the time-
varying noise statistic, we should emphasize the effect of new
data and gradually forget the effect of the stale data, so as to
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achieve the online real-time estimation of the time-varying
noise statistic. For this, the fading memory exponential
weighted attenuation method is considered. The weighting
factor 𝜇𝑖 is selected such that 𝜇𝑖 = 𝜇𝑖−1𝛾, ∑𝑘𝑖=1 𝜇𝑖 = 1, where0 < 𝛾 < 1 denotes the forgetting factor, and then we have

𝜇𝑖 = 𝜌𝑘𝛾𝑖−1
𝜌𝑘 = 1 − 𝛾1 − 𝛾𝑘 .

(33)

Each term in (32) is multiplied by 𝜇𝑘+1−𝑗 to replace the
original factor 1/𝑘, and the fading memory time-varying
noise statistic estimator is derived as follows.

q̂𝑘 = (1 − 𝜌𝑘) q̂𝑘−1 + 𝜌𝑘 [x̂+𝑘 − 2𝑛+2∑
𝑖=1

𝜔𝑖f (x̂(𝑖)𝑘−1)]
Q̂𝑘 = (1 − 𝜌𝑘) Q̂𝑘−1 + 𝜌𝑘 [K𝑘e𝑘eΤ𝑘KΤ𝑘 + P+𝑘

− 2𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘 ) (X(𝑖)𝑘 − x̂−𝑘 )Τ]

r̂𝑘 = (1 − 𝜌𝑘) r̂𝑘−1 + 𝜌𝑘 [z𝑘 − 2𝑛+2∑
𝑖=1

𝜔𝑖h (x̂(𝑖)𝑘 )]
R̂𝑘 = (1 − 𝜌𝑘) R̂𝑘−1 + 𝜌𝑘 [e𝑘eΤ𝑘

− 2𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ] .
(34)

However, for the high-dimensional systems, Q̂𝑘 and R̂𝑘
may dissatisfy the semipositive definite and positive definite
conditions, respectively, and result in the filter divergence.
To solve this problem, the following modified noise statistic
estimator can be used instead to ensure positivity all through
the process of recursion.

Q̂𝑘 = (1 − 𝜌𝑘) Q̂𝑘−1 + 𝜌𝑘K𝑘e𝑘eΤ𝑘KΤ𝑘
R̂𝑘 = (1 − 𝜌𝑘) R̂𝑘−1 + 𝜌𝑘e𝑘eΤ𝑘 . (35)

From the above, the time-varying noise statistic estimator,
which is suitable for nonlinear filter, is summarized in the
recursive form as follows.

q̂𝑘 = (1 − 𝜌𝑘) q̂𝑘−1 + 𝜌𝑘 [x̂+𝑘 − 2𝑛+2∑
𝑖=1

𝜔𝑖f (x̂(𝑖)𝑘−1)]

Q̂𝑘 = {{{{{
(1 − 𝜌𝑘) Q̂𝑘−1 + 𝜌𝑘 [K𝑘e𝑘eΤ𝑘KΤ𝑘 + P+𝑘 − 2𝑛+2∑

𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘) (X(𝑖)
𝑘

− x̂−𝑘)Τ] , positive semi-definite

(1 − 𝜌𝑘) Q̂𝑘−1 + 𝜌𝑘K𝑘e𝑘eΤ𝑘KΤ𝑘 , negative definite

r̂𝑘 = (1 − 𝜌𝑘) r̂𝑘−1 + 𝜌𝑘 [z𝑘 − 2𝑛+2∑
𝑖=1

𝜔𝑖h (x̂(𝑖)𝑘 )]

R̂𝑘 = {{{{{
(1 − 𝜌𝑘) R̂𝑘−1 + 𝜌𝑘 [e𝑘eΤ𝑘 − 2𝑛+2∑

𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)
𝑘

− ẑ𝑘)Τ] , positive definite

(1 − 𝜌𝑘) R̂𝑘−1 + 𝜌𝑘e𝑘eΤ𝑘 , nonpositive definite.

(36)

The above derived time-varying noise statistic estimator
is used in the SCKF to carry out the online estimation of
the unknown noise and results in the ASCKF, whose specific
calculation steps are given below.

Step 1 (filter initialization). One has the initial values x̂+0 , P
+
0 ,

q̂0, Q̂0, r̂0, R̂0.
Cycle 𝑘 = 1, 2, . . . , and complete the following steps.

Step 2 (time update). The cubature points x̂(𝑖)
𝑘−1

are calculated
as SCKF in Section 2.2, and the noise estimator q̂𝑘−1 is used
instead of q𝑘−1 to obtain the propagated pointsX

(𝑖)
𝑘
as follows.

X(𝑖)𝑘 = f (x̂(𝑖)𝑘−1) + q̂𝑘−1. (37)

The prior state estimate x̂−𝑘 at time 𝑘 is calculated as (16).
The prior error covariance P−𝑘 at time 𝑘 is calculated using

the noise estimator Q̂𝑘−1 as follows.

P−𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖 (X(𝑖)𝑘 − x̂−𝑘 ) (X(𝑖)𝑘 − x̂−𝑘 )Τ + Q̂𝑘−1. (38)

Step 3 (measurement update). The cubature points x̂(𝑖)
𝑘

are
calculated as SCKF in Section 2.2, and the noise estimator r̂𝑘
is used instead of r𝑘 to obtain the propagated points Z(𝑖)

𝑘
as

follows.

Z(𝑖)𝑘 = h (x̂(𝑖)𝑘 ) + r̂𝑘. (39)
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Figure 1: RMSEs of the three filters.

The predicted measurement ẑ𝑘 is calculated as (19).
The measurement covariance P𝑧,𝑘 is calculated using the

noise estimator R̂𝑘 as follows.

P𝑧,𝑘 = 2𝑛+2∑
𝑖=1

𝜔𝑖 (Z(𝑖)𝑘 − ẑ𝑘) (Z(𝑖)𝑘 − ẑ𝑘)Τ + R̂𝑘. (40)

The cross covariance P𝑥𝑧,𝑘, the Kalman filter gain K𝑘,
the a posteriori state estimate x̂+𝑘 , and the a posteriori error
covariance P+𝑘 are calculated as (21) to (24), respectively.

Step 4 (noise statistic estimator update). The noise statistic
estimator is updated using (36).

On account of the recursion equations of noise statistic
estimator being not independent, the noise w𝑘 and k𝑘 cannot

be estimated at the same time in general; otherwise it may
cause the filtering divergence.

4. Simulation Results

In this section, a three-dimensional nonlinear system is taken
into account to test the performance of the proposed filter.
The nonlinear system model is given as follows.

[[[
𝑥1,𝑘+1𝑥2,𝑘+1𝑥3,𝑘+1

]]]
= [[[

3 cos (𝑥2,𝑘)𝑥1,𝑘𝑥3,𝑘0.1𝑥1,𝑘 (𝑥2,𝑘 + 𝑥3,𝑘)
]]]

+ w𝑘

𝑧𝑘 = 𝑥1,𝑘𝑥2,𝑘 + 𝑥3,𝑘 + V𝑘,
(41)
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Figure 2: The true noise statistic and the estimated one.

where x𝑘 = (𝑥1,𝑘, 𝑥2,𝑘, 𝑥3,𝑘)Τ denotes the system state, w𝑘
represents the process noise with the mean and covariance
being zero and Q𝑘, respectively, and V𝑘 is the measurement
noise with the mean and covariance being 𝑟𝑘 and 𝑅𝑘,
respectively.

In this simulation, the true initial state and covariance are
set to be x0 = (0.2, 0.5, 0.2)Τ and Q𝑘 = 0.01I3, respectively.
The true values of the noise, including themean and the time-
varying covariance, are set to be 𝑟𝑘 = 0.5 and 𝑅𝑘 given below.

𝑅𝑘 =
{{{{{{{{{{{{{{{

0.3, 0 < 𝑘 ≤ 500
0.9, 500 < 𝑘 ≤ 1000
1.5, 1000 < 𝑘 ≤ 1500
0.6, 1500 < 𝑘 ≤ 2000.

(42)

However, the true values of the noise are supposed to be
unknown in application, so that the mean and the covariance
of the noise used in the filters are chosen to be 0 and
0.1, respectively, which are inaccurate. The initial state and
covariance of the filter are x̂+0 = (0.2, 0.5, 0.2)Τ and P+0 =0.01I3, respectively. The initial values of the noise statistic
estimator are chosen to be 𝑟0 = 0 and �̂�0 = 0.1, respectively.
The forgetting factor, 𝛾 = 0.99, and the total steps are set to
be 2000.

The proposed ASCKF is compared with the CKF and
SCKF, and the estimation accuracy is evaluated using the root
mean square error (RMSE), which is defined below.

RMSE𝑘 = √ 1𝑀
𝑀∑
𝑖=1

(𝑥𝑖
𝑘
− 𝑥𝑖
𝑘
)2, 𝑘 = 1, 2, . . . , 2000, (43)

where 𝑀 is the Monte Carlo run times and 𝑥𝑖𝑘 and 𝑥𝑖𝑘
represent the true state and the estimated state in the 𝑖th run,
respectively.

Table 1: Mean RMSEs of the three filters.

Filters State 1 State 2 State 3
CKF 0.4693 0.3410 0.1423
SCKF 0.4677 0.3404 0.1421
ASCKF 0.2874 0.2294 0.1191

The simulation results based on 200 Monte Carlo runs
are shown in Figures 1 and 2. It can be seen from Figure 1
that the RMSEs obtained by the ASCKF are significantly
smaller than those of the other two filters, indicating that
the proposed ASCKF can achieve higher estimation accuracy
compared with CKF and SCKF. The reason is that the mean
and time-varying covariance of the noise can be estimated
online effectively to revise the filter by the noise statistic
estimator in ASCKF, as shown in Figure 2. However, CKF and
SCKF have no ability to revise the inaccurate noise.

The mean RMSEs of the three filters are listed in Table 1.
It can be seen from the table that the three states of ASCKF
are improved by 38.55%, 32.61%, and 16.19%, respectively,
compared with the SCKF, thus verifying the validity of the
proposed filter.

5. Conclusion

In this paper, a noise statistic estimator based adaptive
simplex cubature Kalman filter is proposed to address the
problem that the filtering accuracy reduces in the case of
inaccurate time-varying noise statistic. The nonlinear Gaus-
sian weighted integral in the filter is approximated using the
simplex cubature rule, and the time-varying noise statistic
estimator is designed based on the maximum a posteriori
estimation criterion and the fading memory exponential
weighted attenuation method. The simulation results show
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that the proposed ASCKF has achieved better performance
compared with the CKF and the SCKF in the case of
inaccurate time-varying noise statistic, and the validity of the
proposed filter has been verified.
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