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The last two decades have witnessed a greatly increasing

interest in mathematical methods for images and sur-
faces that are originated from biomedical and biological
applications. The research problems have necessitated the
development of mathematical theories of wavelets, frames,
harmonic analysis, geometric flows, differential geometry,
topology statistical methods, machine learning, and so
forth. This theoretical development is enhanced by the
related numerical algorithm development and modeling
development. Currently, mean curvature flow, Willmore
flow, level set, generalized Laplace-Beltrami operator are
commonly used mathematical techniques for the analysis
of biomedical images and for the generation of biomolecular
surfaces. Additionally, wavelets, frames, compressive sensing,
and harmonic analysis are popular tools for biomedical
visualization and image processing. Moreover, differential
geometry, topology, and geometric measure theory are pow-
erful approaches for the multiscale modeling of biomolecular
structure, dynamics, and transport. Finally, persistently
stable manifold, topological invariant, Euler characteristic,
Frenet frame, and machine learning are vital to the dimen-
sionality reduction of extremely massive biomedical and
biomolecular data. These ideas have been successfully paired
with current investigation and discovery in biomedical and
biological systems. However, many mathematical challenges
remain in image and surface analysis, such as the well-
posedness of mathematical models under physical and bio-
logical constraints, maximum-minimum principle for high-
order geometric evolution equations, numerical analysis of
multiply coupled partial differential equations, effectiveness
of approximation theory, and the modeling of complex
biomolecular phenomena. This special issue was called to

address mathematical difficulties and challenges in image
and surface analysis. It consists of seventeen research papers.

The first paper presents octahedral symmetrical adapted
functions (OSAFs) for three-dimensional (3D) reconstruc-
tion of macromolecule assembles. The authors employed two
biomolecules, namely, heat shock protein Degp24 and the
Red-cell L Ferritin, to verify the feasibility and advantages
of their OSAF method. Their results indicate that the OSAF
method is feasible and efficient for reconstructing structures
of macromolecules.

The second paper outlines statistical evaluations of the
reproducibility and reliability of 3-Tesla high-resolution
magnetization transfer brain images, which are very promis-
ing for early detection and monitoring of subtle brain
changes. This paper analyzes 9 healthy subjects acquired
from 12 brain regions of interest. It computes Spearman’s
correlation coefficient, coefficient of variation, and intraclass
correlation coefficient. Multivariate mixed-effects regression
models are built, and sensitivity analysis of various model
specifications is carried out.

The third paper investigates myocardial deformation
and strain using suitably encoded cine MRI that admits
disambiguation of material motion. The authors proposed
a new method to obtain a robust estimation of the velocity
gradient tensor field, which determines the time evolution
of the deformation tensor. A first-order ordinary differential
equation is solved for induced Lagrangian strain tensor field,
yielding results that are typical for healthy volunteers.

The fourth paper introduces a differential geometry-
based multiscale paradigm to model complex biomolecule
systems. Geometric flows and related techniques have been
widely used in image analysis and surface modeling. How-
ever, they have not been used for multiscale analysis. The
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authors proposed a novel multiscale approach by using
geometric flows and variation formalism. Applications are
considered for virus surface formation and evolution.

The fifth paper discusses size functions for the morpho-
logical analysis and classification of melanocytic lesions. The
proposed approach is based on the qualitative assessment of
asymmetry via halving images. With appropriate thresholds,
977 clinic images are analyzed in terms of color, mass
distribution, and boundary. Cross-validation of these images
is also performed.

The sixth paper presents a fast and parameterizable
algorithm to represent molecular surfaces with good visual
quality. This approach is based on isosurfacing a filtered
electron density map, which is the result of the maximum
of Gaussian functions placed around atom centers. The map
visual quality is improved by filtering the Fourier Transform
of the density map. The marching cubes algorithm is used to
generate the molecular surface mesh after the inverse Fourier
transform.

The seventh paper offers the principal component analy-
sis of the lateral distribution of fluorescent lipid in binary-
constituent lipid monolayers. The mixture of fluorescent
and nonfluorescent lipids is approximated as the linear
combination of only two principal vectors. The proposed
method allows massive data compression, enables signif-
icantly enhanced resolution of lipid lateral organizational
changes, and provides characterization of lipid lateral inter-
actions.

The eighth paper provides independent factor analysis
to blindly separate hemodynamics from magnetic resonance
perfusion brain images. Temporal signal changes on brain
artery, gray matter, white matter, vein and sinus, and
choroid plexus manifest distinct blood-supply patterns for
the profound analysis of cerebral hemodynamics. The signal-
time curves and the averaged signal time curve on the
segmented arterial area were used to calculate the relative
cerebral blood volume, relative cerebral blood flow, and
mean transit time. Results are compared with those in the
literature.

The ninth paper investigates photon transport in the
platform of molecular optical simulation environment which
represents biological tissues and free space for optical imag-
ing. Monte Carlo method and the hybrid radiosity-radiance
theorem are used for the simulation in parallel setting. The
simulation results are compared with Tracepro, simplified
spherical harmonics method, and physical measurement to
validate the performance of the proposed method in terms
of accuracy and efficiency.

The tenth paper applies a multilevel space-time aggrega-
tion method for segmenting live cell bright field microscope
images. The present approach is modified from “segmen-
tation by weighted aggregation” technique, an algebraic
multigrid method. A new scale-invariant “saliency measure”
is proposed. The authors provided preliminary results for
applying the multilevel aggregation algorithm in space time
to temporal sequences of microscope images. Discussions are
given to the advantages and drawbacks of the space-time
aggregation approach for cell segmentation and tracking as
well as future application of the method.

The eleventh paper highlights existing and newly devel-
oped feature detection algorithms for preprocessing pro-
teomic data. These detection algorithms are particularly
interesting because of the increased computational speed
required by subsequent calculations of protein changes
potentially associated with disease. Results are obtained
via all gel-based and nongel-based methods. The present
approaches provide preprocessed data for further statistical
analysis.

The twelfth paper offers the method of weighted
minimum-norm least squares for the determination of lat-
eral modulation apodization functions. The author designs
Gaussian-type point spread functions with lateral modu-
lation to validate the proposed method. Results obtained
with the proposed method are compared with those of the
Fraunhofer approximation and those of the singular-value
decomposition.

The thirteenth paper introduces an algorithm to handle
partial volume effect—a feature commonly seen in medical
images, while segmenting a CT image to extract cere-
brospinal fluid of ventricular region. The image histogram
is used to compute global thresholds. The local thresholds
for boundary pixels are then calculated based on neighboring
pixels intensities. The combination of both global threshold-
ing and local analysis refines the boundary of the ventricles.
Also, a conditional probabilistic model is applied so that the
algorithm becomes more robust.

The fourteenth paper advances the authors’ continuous
studies on inverse problems of bioluminescence tomography.
In real bioluminescence tomography experiments, besides
the measurement error/noise in the usual sense of imaging
analysis, the system errors induced by geometry mismatch,
numerical and mathematical approximations are involved as
well. A truncated total least squares method is proposed to
treat both types of errors in equal footing. The residual-based
error minimization is then conducted to determine model
parameters. The effectiveness of the proposed algorithms is
shown by numerical simulations with different noise levels
and several physical settings.

The fifteenth paper develops a general algorithm, that
is, Shells and Spheres, to extract anatomical shape models
from n-dimensional images. This algorithm creates a set
of shells or spheres, centered at each image pixel and
having maximized size, under a constraint that the boundary
of shells should not cross the image edge. Variable scale
statistics, such as intensity mean, variance, and first-order
moment can be analyzed based on the constructed shells.
The redundancy of the system can be reduced by examining
only a subset of spheres which touch at least two spheres. The
centers of these touched spheres are identified as medial. The
extraction of medial ridges from images reveals underlying
anatomical structures and can facilitate image segmentation.

The sixteenth paper introduces a new class of Radon
transform defined on a discontinuous line, having the
shape of the letter V. Both analytical inverse transform and
filtered back projection reconstruction procedure of the V-
line Radon transform are established. These mathematical
studies allow the two-dimensional image reconstruction
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from scattered radiation collected by a one-dimensional col-
limated camera. Numerical simulations validate the practical
feasibility of the V-line Radom transform.

The last paper focuses on the fast detection of eye vessel
pixel from retinal images. The proposed vessel detection
procedure consists of multiscale stages. The initial stage
captures vessel wall pixels and sets up initial texture features
for Gaussian-like 2D filtering. The fine structures of eye
vessels are then analyzed in subsequent stages within the
vessel body, and only selected regions that exhibit high
homogeneity are treated with postconvolution so that the
detection cost is quite low. Three vasculature cases are
employed to illustrate the proposed algorithm.

Guowei Wei
Lalita Udpa
Yang Wang
Shan Zhao
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A method for three-dimensional (3D) reconstruction of macromolecule assembles, that is, octahedral symmetrical adapted
functions (OSAFs) method, was introduced in this paper and a series of formulations for reconstruction by OSAF method were
derived. To verify the feasibility and advantages of the method, two octahedral symmetrical macromolecules, that is, heat shock
protein Degp24 and the Red-cell L Ferritin, were utilized as examples to implement reconstruction by the OSAF method. The
schedule for simulation was designed as follows: 2000 random orientated projections of single particles with predefined Euler
angles and centers of origins were generated, then different levels of noises that is signal-to-noise ratio (S/N) = 0.1, 0.5, and 0.8
were added. The structures reconstructed by the OSAF method were in good agreement with the standard models and the relative
errors of the structures reconstructed by the OSAF method to standard structures were very little even for high level noise. The facts
mentioned above account for that the OSAF method is feasible and efficient approach to reconstruct structures of macromolecules
and have ability to suppress the influence of noise.

1. Introduction

The determination of three-dimensional (3D) structures
of macromolecular assemblies plays a key role in under-
standing their functions and properties. In the course of
structure reconstruction of single particles during the last
several decades, the Cryo-electron microscopy (referred
to as “CryoEM”) has been successively used to solve 3D
structures up to subnanometer resolution [1–6], even near-
atomic resolution, such as the 3.8 Å resolution structures of
the CPV [7] and rotavirus [8], the 4.2 Å GroEL structure
[9], and the 4.5 Å Epsilon 15 bacteriophage structure [10].
Such large assemblies often are either too large or too
heterogeneous to be able to study by the conventional X-
ray crystallography and nuclear magnetic resonance (NMR)
[11, 12]. It is considered that the CryoEM is an indispensable
approach for determining the 3D structures of macro-
molecular complexes. And many different software packages

have been developed in the world wide laboratories for 3D
reconstructions, such as EMAN [13], FREALIGN [14] using
the direct Fourier inversion method, MRC [15] using the
Fourier-Bessel synthesis method and spherical symmetry-
adapted functions (SAFs) method [16, 17]. The SAF method
was first realized to be a more efficient method indicated
by Crowther in their pioneer paper [18] three decades ago.
Provencher and Vogel implemented 3D reconstruction by the
SAF method taking both simulated structures and biological
objects as samples [19, 20]. Zheng et al. used an icosahedral
SAF (ISAF) method to determine the structures of viruses
from solution X-ray scattering data [21]. Navaza [16]
systematically developed formulations for 3D reconstruction
of icosahedral viruses including ab initio determination of
origins and orientations of particles and interpolation of data
in the reciprocal space by the ISAF method. Recently our
group [17] reconstructed icosahedral symmetry biological
objects (HBV, etc.) by icosahedral SAF approach which
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showed that SAF method is an efficient approach to reduce
the influence of noise and achieve high resolution because
of its ability of completely utilizing symmetry operation
of the object being studied. Up to date, all the SAF
method is only used in the reconstruction of icosahedral
symmetry macromolecular. Due to a variety of symmetry
of the macromolecular existing in nature except icosahedral
symmetry, such as octahedral (small heat shock protein
hsp16.5) [22, 23], heat shock protein Degp24 [24], Hepatitis
B small surface antigen particles (HbsAg) [25] tetrahedral
(small heat shock protein ACR1 [26]), dihedral (auxilin-
bound clathrin coat [27] catalase, ribulose bisphosphate,
glutamine synthetase, carboxylase/oxygenase) and so forth,
we would like to extend SAF method to reconstruct the
objects having any other symmetry, for example, octahedral,
tetrahedral, dihedral symmetries.

In this paper, we would like to concentrate our atten-
tion to the octahedral symmetry-adapted function (OSAF)
method. And a series of formulations for 3D reconstruction
of octahedral symmetry macromolecules had been derived.
To verify the feasibility and the advantages of this approach,
two octahedral symmetrical simulated data such as heat
shock protein Degp24 (3Cs0.pdb) [24] and the Red-Cell L
Ferritin (1rcc.pdb) [28] downloaded from protein data bank
(PDB) have been reconstructed by the OSAF method at high
resolution. The results demonstrate that the OSAF method
can retrieve the 3D structures of the octahedral symmetrical
objects at high resolution and effectively suppress the
influence of noise.

2. Principle of the OSAF Method

For readily understanding the OSAF method for 3D recon-
struction, it is necessary to describe the principle of the OSAF
method briefly.

2.1. Octahedral Symmetry-Adapted Functions (OSAFs). Due
to SAFs being the linear combinations of the spherical
harmonics Yl,m(θ,ϕ) [29], the major problem is how to
find the coefficients B

μ
l,m of the OSAF (see expression (1)).

According to the conventional definition, we choose the
X ,Y ,Z axes of the Cartesian coordinates system along three 4
fold axes of an octahedral symmetry group, respectively, and
the relationship between the Cartesian and spherical pole
coordinates is as convention. Consequently, the OSAF can be
written as follows:

Ol,μ
(
θ,ϕ

) = l∑
m=−l,m=0 (mod4)

B
μ
l,mYl,m

(
θ,ϕ

)
, (1)

where the Ol,μ(θ,ϕ) represents the OSAFs, the Yl,m(θ,ϕ)
denotes the normalized spherical harmonics, and the B

μ
l,m is

the combination coefficient with m = 0 (mod4) required by
the Z axis being along a 4-fold axis, μ(l) is multiplicity of a
given order l of an OSAF. All the μ(l) for l ≤ 11 are listed
in the Table 1, when l ≥ 12, the values of the μ(l) can be
obtained by

μ(l) = μ

[
mod

(
l

12

)]
+ int

(
l

12

)
, (2)

where int(l/12) is the integer part of the (l/12) and
mod(l/12) the reminder of l divided by 12.

To calculate OSAFs, at first, one should calculate the
normalized spherical harmonics by the formula

Ym
l

(
θ,ϕ

) =√{ (2l + 1)(l − |m|)!
4π(l + |m|)!

}
Pm
l (cos θ) exp

(
imϕ

)
,

(3)

where the Pm
l (cos θ) is the Legendre-associated polynomial.

Then, it is essential to solve the combination coefficients
in (1) for getting the OSAFs. Up to now, there are many
methods to obtain the high-order OSAFs, such as the general
methods [30], Algebraic method [31], and the recursive
approach [32]. But we prefer the recursive method since it is
less sensitive to the computation errors and more stable for
achieving the higher order OSAF as pointed out by Schmidt
[32]

B
μ
l1+l2,M = γ(l1, l2, l1 + l2)×

l∑
m=−l

√
(2l1)!(2l2)!(l1 + l2 + M)!(l1 + l2 −M)!

[2(l1 + l2) + 1]!(l1 + m)!(l1 −m)!(l2 + m−M)!(l2 −m + M)!
× B

μ1

l1,mB
μ2

l2,M−m, (4)

where γ(l1, l2, l1 + l2) is normalized constant.
According to (4), any high-order OSAF can be generated

only by using three lower order seed OSAFs with l = 4, 6,

9. The coefficients B
μ
l,m of the seed OSAFs are listed in the

Table 2.
For example,

O4,1
(
θ,ϕ

) =
(√

21 · Y 0
4

(
θ,ϕ

)
+
√

15/2 · (Y−4
4

(
θ,ϕ

)
+ Y 4

4

(
θ,ϕ

)))
6

,

O9,1
(
θ,ϕ

) =
(√

51 · (Y 4
9

(
θ,ϕ

)− Y−4
9

(
θ,ϕ

))−√21 ·
(
Y 8

9

(
θ,ϕ

)− Y−8
9

(
θ,ϕ

)))
12

.

(5)
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Table 1: The multiplicity μ(l) of the OSAF with l ≤ 11.

l 0 1 2 3 4 5 6 7 8 9 10 11

μ(l) 1 0 0 0 1 0 1 0 1 1 1 0

Due to the properties of the normalized spherical har-
monic functions, the Yl,m(θ,ϕ) and B

μ
l,m satisfy the following

relationships:

B
μ
l,m = (−1)l−mBμ

l,−m,

Y∗l,m
(
θ,ϕ

) = (−1)mYl,−m
(
θ,ϕ

)
.

(6)

So that

B
μ
l,mYl,m

(
θ,ϕ

)
+ B

μ
l,−mYl,−m

(
θ,ϕ

)
,

= B
μ
l,m

[
Yl,m

(
θ,ϕ

)
+ (−1)lY∗l,m

(
θ,ϕ

)]
.

(7)

When l is even,

m /= 0 −→ Oc
l,μ

(
θ,ϕ

) = 2B
μ
l,mP

m
l (cos θ) cosmϕ,

m = 0 −→ Oc
l,μ

(
θ,ϕ

) = B
μ
l,mP

m
l (cos θ) cosmϕ.

When l is odd,

m /= 0 −→ Os
l,μ

(
θ,ϕ

) = 2B
μ
l,mP

m
l (cos θ) sinmϕ,

m = 0 −→ Os
l,μ

(
θ,ϕ

) = 0,

(8)

where the asterisk∗ denotes complex conjugation, Oc
l,μ(θ,ϕ)

and Os
l,μ(θ,ϕ) denote the real and the imaginary parts of the

OSAF, respectively.
According to (8) one may use the Oc

l,μ(θ,ϕ) to fit the
real part of structure factor and Os

l,μ(θ,ϕ) the imaginary
part of structure factor of biological objects with octahedral
symmetry in reciprocal space. All the Oc

l,μ(θ,ϕ) and Os
l,μ(θ,ϕ)

of OSAFs with l ≤ 12 are listed in Table 3. The first
column gives the orders of OSAF, the second gives the
multiplicity μ(l) of OSAF, c and s in the third denotes
the Oc

l,μ(θ,ϕ) and Os
l,μ(θ,ϕ), respectively, the final column

presents the combination coefficients B
μ
l,m of the OSAF,

and the (0), (4), (8), and (12) mean m = 0, 4, 8, and 12,
respectively. For example, according to (8), we can gain the
OSAFs of l = 6, 9:

Oc
6,1

(
θ,ϕ

) = 0.35355339059× P0
6(cos θ) cos(0)

− 0.66143782777× (2.0× P4
6(cos θ) cos

(
4ϕ
))

,

Os
9,1

(
θ,ϕ

) = 0.59511903571× (2.0× P4
9(cos θ) sin

(
4ϕ
))

− 0.38188130791× (2.0× P8
9(cos θ) sin

(
8ϕ
))
.

(9)

Figures 1(a) and 1(b) show the density contour lines of
the OSAFs looking down along a fourfold axis with l = 40,
μ = 1 and 2, respectively. We can get all the higher order of
OSAFs up to 1000 via (4).

Table 2: The coefficients of the OSAF for l = 4, 6, 9.

l m = 0 m = 4 m = 8 Normalized constant

4
√

21
√

15/2 N/A 6

6
√

2
√

7 N/A 4

9 N/A
√

51 −√21 12

It should be pointed out that the OSAFs (Ol,μ(Θ,Φ))
are the orthogonal complete basis if the multiplicity μ is
taken all the values, then any function F(R,Θ,Φ) with
octahedral symmetry can be represented in terms of the
linear combination of Ol,μ(Θ,Φ).

2.2. Reconstruction Principle. It is well known that the
structure of macromolecular complexes can be described
as its potential functions which are determined by Fourier
inversion transformation of the structure factors F(R), and
its expression in spherical coordinates is

ρ(r) =
∫
F(R) exp(−2πiR · r)R2 sinΘdRdΘdΦ, (10)

where r and R denote the vectors in real and Fourier spaces,
respectively.

In contrast to Crowther’s Fourier-Bessel method [33], we
utilize OSAF to express F(R)

F(R) = F(R,Θ,Φ) =
∞∑
l=0

nl∑
μ=1

fl,μ(R)Ol,μ(Θ,Φ), (11)

where fl,μ(R) is the fitting coefficient of the OSAF, and its
value depends on the Fourier radius R of a spherical shell
and l,μ; nl is the maximum multiplicity of a given order l.

According to (8), (11) can be further expressed as the
following two parts, that is, real and imaginary parts,

Fr(R,Θ,Φ) =
∞∑

l=0 (mod) 2

nL∑
μ=1

fleven,μ(R)Oc
l,μ(Θ,Φ),

iFi(R,Θ,Φ) = i
∞∑

l=1 (mod) 2

nl∑
μ=1

flodd,μ(R)Os
l,μ(Θ,Φ),

(12)

where Fr(R,Θ,Φ) and Fi(R,Θ,Φ) denote the real and
imaginary parts of F(R,Θ,Φ), respectively.
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Table 3: The OSAFs of all l ≤ 12.

l μ(l) The combination coefficients of real OSAFs

0 1 c 1(0)

4 1 c 0.76376261583(0) + 0.45643546459(4)

6 1 c 0.35355339059(0)− 0.66143782777(4)

8 1 c 0.71807033082(0) + 0.27003085064(4) + 0.41142538219(8)

9 1 s 0.59511903571(4)− 0.38188130791(8)

10 1 c 0.41142536788(0)− 0.41457793389(4)− 0.49344671132(8)

12 1 c 0.65528231041(0) + 0.34173950429(4) + 0.41076683405(8) + 0.40844750473(12)

12 2 c 0.23308636320(0)− 0.29796028267(4) + 0.61972174691(8) + 0.0(12)

(a) (b)

Figure 1: Density contour maps of the OSAFs looking down along a fourfold axis. (a) l = 40, μ = 1, (b) l = 40, μ = 2.

Substituting (12) into (10), one can finally obtain

ρ
(
r, θ,ϕ

)
= 4π

⎡⎣ ∞∑
l=0 mod 2

(−i)l
nL∑
μ=1

(∫∞
0
fleven,μ(R) jl(2πRr)R2dR

)

×Ol,μ
(
θ,ϕ

)
+

∞∑
l=1 mod 2

(−i)li

×
nL∑
μ=1

(∫∞
0
flodd,μ(R) jl(2πRr)R2dR

)
Ol,μ

(
θ,ϕ

)⎤⎦,

(13)

where jl(2πRr) labels the spherical Bessel functions, and its
recurrence relationship can be seen in reference [34].

The reconstruction by OSAF can be carried out in the
following procedure.

(1) Calculate the OSAFs by (1) up to the required order.

(2) Construct two linear equation groups with experi-
mental determined structure factors Fr(R,Θ,Φ) and
Fi(R,Θ,Φ) in the reciprocal space according to (12).

(3) Find the fitting coefficients fleven,μ(R) and flodd,μ(R)
by solving the above two linear equation groups by
means of the least square method.

(4) Determine 3D structures of octahedral symmetrical
objects according to (13).

3. Implementation of Reconstruction by
the OSAF Method

To verify the feasibility and advantages of the OSAF method
for reconstruction of macromolecules with octahedral sym-
metry, two biological objects with octahedral symmetry,
heat shock protein Degp24 and the Red-cell L Ferritin, were
taken as examples. The atomic structures were downloaded
from PDB (3cs0.pdb and 1rcc.pdb). The both 3D structures
with 4.0 Å resolution were generated as standard structure
models (SSMs) by the EMAN’s pdb2mrc procedure. Then
two thousand random projections of these two proteins with
predefined orientations and centers were created using real-
space projection. Then random noise was added to each
projection at 3 different signal to noise ratios (S/N), that
is, 0.1, 0.5., and 0.8 for 3D reconstruction according to the
definition of S/N which is described as below

S

N
= signal

noise
, (14)

where signal is the average value of the signal, and noise the
average value of the noise.

Finally, 3D structures of two models by making use of
all the 2000 projections (S/N = 0.1, 0.5, and 0.8) with
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(a)

(b)

(c)

(d)

Figure 2: Three representative projection images of the DegP24 model generated from PDB data. (a) Without noise, (b) with S/N = 0.8, (c)
with S/N = 0.5, (d) with S/N = 0.1.

predefined random Euler angles and center parameters were
reconstructed at high resolutions by the OSAF approach.
Figures 2 and 3 show typical projections of the DegP24 and
the Red-cell L Ferritin proteins with S/N = 0.1, 0.5, 0.8
and without noise, respectively. Figures 4 and 5 show the
two-dimensional section maps perpendicular to Z axis with

z = zero viewing along the 3-fold axis of DegP24 and 4-
fold axis of Red-cell L Ferritin proteins, respectively. From
the two-dimensional section maps, one may find that some
noises still present in the final structures. Usually a perfect
reconstruction is impossible in the case of added noise.
However it can be seen intuitively from Figures 4 and 5 that
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(a)

(b)

(c)

(d)

Figure 3: Three representative projection images of the erythrocyte L Ferritin model generated from PDB data. (a) Without noise, (b) with
S/N = 0.8, (c) with S/N = 0.5, (d) with S/N = 0.1.

the structures reconstructed by the OSAF method are in good
agreement with the SSMs even with heavy noise S/N = 0.1.
Figures 6 and 7 show the comparison of 3D reconstructed
structures of above two proteins in high resolution, respec-
tively, by the OSAF method. Although there is no obvious
discrepancy between the 3D density map reconstructed by

the OSAF method for S/N = 0.1, 0.5, 0.8, a few differences
still can be identified. For quantitative comparison, the
Fourier shell correlations (FSCs) [35] listed in Figures 6(e)
and 7(e) were calculated, respectively. According to the
FSC = 0.5 criterion, the nominal resolution of reconstructed
results of the DegP24 protein is approximately equal to 5.8 Å,
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(a) (b) (c) (d)

Figure 4: Maps of two-dimensional sections perpendicular to Z axis with Z = 0 of the DegP24 model and reconstruction results viewing
along the 3-fold axis by the OSAF method: (a) the standard model, (b) the reconstructed results with S/N = 0.1, (c) S/N = 0.5, (d) S/N = 0.8.

(a) (b) (c) (d)

Figure 5: Maps of two-dimensional sections perpendicular to Z axis with Z = 0 of the erythrocyte L Ferritin model and reconstruction
results viewing along the 3-fold axis by the DSAF method: (a) the standard model, (b) the reconstructed results with S/N = 0.1, (c) S/N = 0.5,
(d) S/N = 0.8.

4.6 Å, and 4.3 Å and those of Red-cell L Ferritin protein, are
approximately equal to 5.6 Å, 4.7 Å, and 4.2 Å with S/N =
0.1, 0.5, and 0.8, respectively. It can be seen from Figures
6 and 7 that the reconstructed structures with S/N = 0.8
have the approximately nominal resolutions as the SSMs
and the attainable resolutions decrease with the increase of
the added noises (S/N = 0.5 and S/N = 0.1). Naturally,
more particles are needed to achieve high resolution for very
low S/N = 0.1. To show the quality of the reconstructed
structures by the OSAF method for different S/Ns in the
real space quantitatively, the relative errors (REs) of the
reconstructed 3D structures of Red-cell L Ferritin model with
added different noise levels such as S/N = 0.1, 0.5, and 0.8
deviated to the SSMs have been calculated and presented
in Figure 8. The formula for calculating RE is described as
follows [36]:

RE =
∑∣∣ρo − ρr

∣∣∑∣∣ρo∣∣ × 100%, (15)

where RE denotes the Relative Errors between the SSMs
and reconstructed structures, ρo represents potential of SSM
and ρr is that of the normalized structure reconstructed
by OSAF method. From Figure 8, one may find that with
the increase of the Fourier frequency, the RE increases
gradually. Furthermore it is apparent that in the case of the
low Fourier frequency with nominal resolution of 14.4 Å,
the relative errors listed in Table 4 show that REs keep
almost constant for the different S/Ns, which means that

Table 4: The Relative Errors with different S/N at low Fourier
frequency (R = 1/14.4 Å−1).

Fourier radius S/N Relative errors

1/14.4 Å−1 S/N = 0.1 7.96%

1/14.4 Å−1 S/N = 0.2 7.62%

1/14.4 Å−1 S/N = 0.5 7.60%

1/14.4 Å−1 S/N = 0.8 7.59%

the reconstructed structures are hardly influenced by added
noise even for S/N = 0.1. As the structure reconstructed
by the OSAF method is of very low RE, that is to say, the
structure reconstructed by the OSAF method is very close
to the real structure. As the added noises increase, the RE
increases. The fact mentioned above implies that the OSAF
method is feasible and efficient approach to reconstruct
structures of macromolecules and can suppress the influence
of noise since the OSAF method can completely utilize
24 symmetry operations of the octahedral symmetry. To
achieve advantage of symmetry operation, one should use
symmetry adapted function (SAF), for example, icosahedral,
octahedral, tetrahedral, dihedral SAF, all these functions have
ability to suppress influence of noise in different extent
depending on the number of symmetry operation. The
icosahedron have 60 symmetry operations which have the
strongest ability which is verified by our former paper [17],
but other SAFs have certain ability to suppress the influence
of noise.
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Figure 6: 3D structures reconstructed by the OSAF method viewing along the 4-fold axis of DegP24 protein with S/N = 0.1, 0.5, and 0.8. (a)
3D structures of SSM, (b) the result for S/N = 0.1, (c) S/N = 0.5, (d) S/N = 0.8, (e) the FSC curves for different noise levels.

Table 5: The algorithm time of the OSAF method for reconstruct-
ing DegP24 model at low and high resolution (S means second).

Particle numbers Time (R = 1/18.4 Å−1) Time (R = 1/6.8 Å−1)

500 17 (S) 165 (S)

2000 37 (S) 186 (S)

5000 88 (S) 230 (S)

Since the S/N of raw CryoEM data is very low, one may
need a large number of particles to reconstruct a 3D structure
to achieve high resolution. Therefore the program for dealing
with these huge particles for 3D reconstruction is very
time consumption. It is essential to reduce the computation
time of the 3D reconstruction from huge particles at high
resolution. To achieve fast computation, we managed to
carry out the reconstruction in an asymmetrical unit of
an octahedral symmetry, and therefore the calculation was
speeded up 24 times so that the reconstruction can be
performed with a PC computer which will be described in
another paper in detail. Table 5 shows the algorithm time by
the OSAF method. All the above tests were carried out at a
general PC flat with the Pentium D 3.2 GHz CPU and the 2 G

RAM. From the Table 5 one can see that the OSAF method is
very fast even for high resolution reconstruction.

4. Conclusions

(1) A set of formulations for 3D reconstruction of
macromolecular assemblies with octahedral symme-
try by the OSAF method has been established.

(2) The OSAF method is feasible and efficiently sup-
presses the influence of the noise because of its
sufficiently utilizing the symmetry of the objects.

(3) The calculation can be greatly speed up by dealing
with the reconstruction in an asymmetrical unit of
the octahedral symmetry group.

It should be pointed out that in the simulation, one may
use projections with predetermined centers and orientations
to reconstruct structures; however in practice, one should
reconstruct based on experimented measured data with
unknown centers and orientations. In this case, one should
first determine the center and orientation of a projection.
At this stage, we did not write a program to determine
the center and orientation by the OSAF method itself yet,
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Figure 7: 3D structure viewing along the 4-fold axis of erythrocyte L Ferritin model with S/N = 0.1, 0.5, and 0.8. (a) The standard 3D
structures, (b) the result for S/N = 0.1, (c) S/N = 0.5, (d) S/N = 0.8, (e) the FSC curves for different noise levels.
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Figure 8: The relative error between the erythrocyte L Ferritin
model and the results reconstructed by the OSAF method.

So far we should use the other program such as EMAN [13],
FREALIGN [14], and so forth, to determine the orientation
and center parameters of a particle, then adopt the OSAF
method for reconstruction. The orientation definition in
our OSAF method is the Z-X-Z convention by “clockwise
rotation” which is identical to the EMAN’s program and is
different from Z-Y-Z convention such as FREALIGN’s. The
relationship of orientation definition between OSAF method
and Z-Y-Z convention can be described as follows which is in
the same way as EMAN:

φz1 = φz +
π

2
,

θx = θy ,

ψz1 = ψz − π

2
,

(16)

where φz1, θx,ψz1 is the Z-X-Z convention adopted in our
OSAF method and EMAN, φz, θy ,ψz is the Z-Y-Z convention
adopted in SPIDER, IMAGIC, MRC, and FREALIGN.

The OSAF method for reconstruction is just at beginning
stage, there is a plenty of space for optimizing the program.
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We believe that this method has a prospective future. A
reconstruction with experimental data is proceeding based
on the principle mentioned above and will be reported later
on.
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Magnetization transfer imaging (MT) may have considerable promise for early detection and monitoring of subtle brain changes
before they are apparent on conventional magnetic resonance images. At 3 Tesla (T), MT affords higher resolution and increased
tissue contrast associated with macromolecules. The reliability and reproducibility of a new high-resolution MT strategy were
assessed in brain images acquired from 9 healthy subjects. Repeated measures were taken for 12 brain regions of interest
(ROIs): genu, splenium, and the left and right hemispheres of the hippocampus, caudate, putamen, thalamus, and cerebral white
matter. Spearman’s correlation coefficient, coefficient of variation, and intraclass correlation coefficient (ICC) were computed.
Multivariate mixed-effects regression models were used to fit the mean ROI values and to test the significance of the effects
due to region, subject, observer, time, and manual repetition. A sensitivity analysis of various model specifications and the
corresponding ICCs was conducted. Our statistical methods may be generalized to many similar evaluative studies of the reliability
and reproducibility of various imaging modalities.

1. Introduction

Magnetization transfer (MT) imaging is a quantitative
approach for detecting subtle or occult abnormalities in
brain tissue. In previous studies, the Magnetization Transfer
Ratio (MTR), an index of MT imaging, was sensitive to
brain changes in patients with mild cognitive impairment,
an Alzheimer’s disease prodrome [1, 2], to new lesions
in patients with multiple sclerosis, [3] and to changes
associated with progression in chronic neurological disorders
[4]. The higher magnetic field strength afforded by 3T
allows MT image resolution to be augmented compared with
conventional MT acquisition at 1.5T [5–7]. We developed
a high resolution MT technique to detect subtle changes in
anatomically small, functionally eloquent brain structures.

The increased field strength affords whole-brain coverage
with considerably thinner slices, potentially reducing partial
volume artifacts. However, even among healthy subjects,
numerous factors may introduce variability in measures
derived from magnetic resonance (MR) data, such as static
field B0 signal dropout and RF nonuniformity. Measure-
ment variation may be introduced by scan repetitions,
repositioning at different time points, and image post-
processing. Moreover, 3T may be susceptible to variation
associated with increased field strength [8]. Such variability
may pose limitations when conducting clinical comparisons
to differentiate normal and diseased brains or in developing
statistically predictive algorithms.

To validate high resolution MT for detecting early disease
or for monitoring progression in chronic neurological
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disease, it is necessary to collect information on normative
values and to evaluate the reliability and reproducibility of
the measurements when measured across time in healthy
controls. This investigation evaluated observer-agreement
of high-resolution MT measurements determined from
repeated brain scans of 9 healthy volunteers. We postulated
that MT values would remain stable during the one month
study interval. We evaluated the reliability and reproducibil-
ity of the high resolution MT measurements in 12 brain
regions of interest (ROIs), applied statistical measures to the
data and used complex multivariate mixed-effects models to
test the statistical significance of several effects due to region,
subject, observer, time, and manual repetition.

2. Materials and Methods

2.1. Study Subjects. The study was approved by the IRB at
the North Shore University Health System, and conducted
following the ethical principles outlined in the Declaration
of Helsinki. Eleven healthy adult volunteers were randomly
selected from a database maintained at the Center for
Advanced Imaging, Radiology Department, NorthShore
University Health System provided written informed con-
sent and evaluated for eligibility criteria. To protect the
subjects’ confidentiality, all data were de-identified and
handled according to the guidelines specified by the Health
Insurance Portability and Accountability Act (HIPAA) in the
USA.

2.2. Image Acquisition. Brain images were acquired using a
3T General Electric (GE) HDx system (Waukesha, WI, USA).
Each volunteer was scanned twice in a randomly-selected
time interval between 1 to 4 weeks. Methods for reducing
random errors in image acquisition included the use of a
body-coil for excitation to control B1 non-uniformities and
an 8-channel quadrature receive-only coil [9]. MT pulses
with (Ms) and without saturation (M0) were applied at an
offset frequency from water resonance. To accelerate the scan
for whole-brain coverage, while maintaining thin slices, the
image protocol was optimized based on 3T using 3D SPGR
[5]. The Gaussian Sinc MT pulse was applied in 8 ms at
a 1200 HZ offset. The stability of the scanner and set-up
procedure were addressed with a fixed set of parameters per
subject. MT pulse was based on a three-dimensional spoiled
gradient recalled (3D SPGR) acquisition. The image protocol
included the following parameters: TR 34 to 35 ms, TE 4 to
8 ms, imaging FA 5◦, bandwidth 15.6 kHz, 0.75 NEX, phase
FOV 0.75, voxel dimensions 0.9 × 0.9 × 0.9 ∼ 1.3 mm3. The
whole brain was covered in 90 to 140 slices with acquisition
time ranging from 7 minutes 40 seconds to 10 minutes 20
seconds using a partial k-space acquisition.

2.3. Image Analysis. MTR maps were generated off-line
on a General Electric AW Workstation (General Electric,
Milwaukee, WI, USA) using the standard equation:

MTR = M0 −MS

M0
× 100%, (1)

0

10

20

30

40

50

60

70

80

90

100

Figure 1: High resolution three-dimensional MTR map displayed
both for the original view of the Axial plane and the reconstructed
view of the Coronal plan. The MTR maps have excellent tissue
conspicuity and high image resolution in all three dimensions.

where MS and M0 were the signal intensities in a given voxel
obtained, with and without the MT saturation pulse, respec-
tively. MTR maps generated based on the high resolution
MT are demonstrated in Figure 1. The 12 ROIs were: genu,
splenium, left and right hemispheres of the hippocampus,
caudate, putamen, thalamus, and cerebral white matter.
Figure 2 illustrated the 12 ROIs that were investigated. Each
ROI was sized approximately 30 to 43 mm2 and manually
and independently placed by Observers 1 and 2 (Authors
S.S. and Y.W.) following procedures in classical and standard
agreement studies [10]. After an initial consensus decision
was drawn regarding the sizes and locations of the 12 ROIs,
the observers performed manual segmentations of the ROI
independently on each set of images. This ROI placement
procedure was repeated by each observer in the following
week.

MTR values were extracted using the manually-defined
ROIs with the combinations of observer, time point, and rep-
etition (Table 1). The mean and SDs of the ROI values were
calculated. Meta-data were stored in a SAS 9.1 (SAS, Cary,
NC, USA) dataset, with individual volunteer identification
numbers withheld and replaced by a sequence of 1 to 9 for
each subject.

2.4. Statistical Methods. Statistical analyses were
performed using SAS 9.1 (SAS Institute, Cary, NC,
USA; http://www.sas.com). The SAS analytic procedures
conducted included “Proc Univariate,” “Proc Means,” “Proc
Corr,” and “Proc Mixed.” Bar diagrams were constructed
using Microsoft Excel (http://www.microsoft.com). Age and
gender were not controlled for in analyses.

2.4.1. Descriptive Statistics. Let Y = Yijklm having the indices
described in Table 1 be a random variable representing the
mean ROI value. For the mth ROI, we first computed
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Figure 2: The Axial (a) and Coronal (b) views of high resolution MTR maps. Twelve brain ROIs are illustrated (white dots).

Table 1: The random or fixed effects in the data structure for the repeated measures MT study.

Outcome
Variable Yijkln

Effect in the
Variance-
Component
Analysis

Type of Effect
Mathematical

Symbol
Index

Maximum of the
Index

Mean ROI Value
via Manual
Segmentations

Subject Random Si i = i, . . . , I I = 9

Observer Fixed or Random Oj j = 1, . . . , J J = 2

Time Point Fixed or Random Tk k = 1, . . . ,K K = 2

Repetition Fixed or Random Rl l = 1, . . . ,L L = 2

Region of Interest Fixed Km m = 1, . . . ,M M = 12

Interaction Terms Generally Mixed {Si;Oj ;Tk ;Rl;Km} {i; j; k; l;n}
Based on the

Appropriate Model
Specification

the sample mean and standard deviation of all mean
ROI values:

M̂ean(Ym) = Y••••m = 1
Nm

2∑
l=1

2∑
k=1

2∑
j=1

9∑
i=1

Yijklm,

ŜD(Ym) =
{

V̂ar(Ym)
}1/2

=
⎧⎨⎩ 1
Nm − 1

2∑
l=1

2∑
k=1

2∑
j=1

9∑
i=1

(
Yijklm − Y••••m

)2⎫⎬⎭
1/2

,

(2)

where Nm = I × J × K × L = 9 × 23 = 72 measurements and
the operator “•” means the marginal sum over the particular
index.

The 95-percentile normality range was approximately
within the following interval, with the following lower and
upper bounds:(

M̂ean(Ym)− 2× ŜD(Ym), M̂ean(Ym) + 2× ŜD(Ym)
)
.

(3)

The term “normality range” as used in Europe, could be
arbitrarily-defined according to the number of standard
deviations away from the mean [11]. Thus, it should not
be viewed as the range of the entire dataset, but rather an
interval useful for estimating the population value by one or
several standard deviations away from the mean. Here the
critical value of 2 was chosen as recommended by Bland and
Altman [12].

Additionally, we justified using a Student’s t-distribution
with Nm− 1 = 71 degrees of freedom. For any tail probability
of α/2 (e.g., 0.025 for a 95-percent normality range), we
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used the quantile of the corresponding to particular t-
distribution, such that

t−1
Nm−1

(
1− α

2

)
= t−1

71 (0.975) = 1.994, (4)

This value happened to be close to the recommended
multiplier of 2. Therefore, we rounded it to 2 in (3) for
convenience.

2.4.2. Concordance Using Spearman’s Rank Coefficient Coef-
ficients. We first explored and measured the concordance

between the various measurements fully nonparametrically
via Spearman’s rank correlation coefficient. Suppose that we
correlated the ROI values by Observers j = 1 and j′ = 2,
then denoted the marginal ranks, Rijklm = ranki(Yijklm)
and Rij′klm = ranki′(Yi′ jklm), respectively, for all j /= j′ with
j = 1 and j′ = 2. The sample version of Pearson’s product-
moment correlation coefficient between the ranks of the data
was equivalent to Spearman’s rank correlation coefficient
[13]:

Ĉor
(
ri jklm, ri j′klm

)
= (Nm/2)

∑2
l=1

∑2
k=1

∑9
i=1(Ri1klmRi2klm)−∑2

l=1

∑2
k=1

∑9
i=1 Ri1klm

∑2
l=1

∑2
k=1

∑9
i=1 Ri2klm{

(Nm/2)
∑2

l=1

∑2
k=1

∑9
i=1 R

2
i1klm −A

}1/2{
(Nm/2)

∑2
l=1

∑2
k=1

∑9
i=1 R

2
i2klm −B

}1/2 ,

=
∑2

l=1

∑2
k=1

∑9
i=1(Ri1klmRi2klm)− (Nm/2)Ri1klmRi2klm

(Nm/2− 1)SD(Ri1klm)SD(Ri2klm)
.

(5)

where A denotes (
∑2

l=1

∑2
k=1

∑9
i=1 Ri1klm)

2
and B denotes

(
∑2

l=1

∑2
k=1

∑9
i=1 Ri2klm)

2
.

Assuming that there was no presence of any ties since
the ROI values were of continuous random variables, the
Spearman’s rank correlation coefficient between Observers j
and j′ was

Corr
(
ri jklm, ri j′klm

)
= 1− 6

∑2
l=1

∑2
k=1

∑9
i=1 D

2
i•klm

(Nm/2)
(
N2

m/4− 1
) , (6)

where the difference of an arbitrary pair of marginal ranks for
Observer j and j′ was denoted by Di•klm = Rijklm − Rij′klm,
for all j /= j′. Consequently, all of the raw mean ROI values
were converted to their marginal ranks and the differences
between the ranks of each observation on the two variables
were computed. Spearman’s rank correlation coefficient was
also computed for the ROI values between any two different
time points k = 1 and k′ = 2.

The strength of the concordance and the benchmark
values have been discussed [14]. Bar diagrams were made to
display the Spearman’s rank correlation coefficients between
observers or time points for each ROI.

2.4.3. Reproducibility Using Coefficients of Variations. We
used the normalized measure of dispersion of a distribution
to evaluate the reproducibility of the measurement [15]. The
measure was the coefficient of variation (CV), defined as the
ratio of the SD to the mean.

ĈV(Ym) = ŜD(Ym)

M̂ean(Ym)
, (7)

where both the numerator (i.e., sample SD) and the denom-
inators (i.e., sample mean) in the above expression for CV
are provided in (2). Skewed data, such as those generated
by an exponential distribution for which the underlying

population mean and standard deviation would be equal,
and thus the CV became 1. Hence, CV < 1 would generally
represent low variability, and CV > 1 would represent high
variability. As in (4) and (6), further stratified computations
of CV for different observers, time point, or repetitions were
achieved using formulae similar to (7).

2.4.4. Normality and Significance Tests for the Effects via a
Multivariate Regression Analysis. As overall variability was
likely a result of the effects illustrated in Table 1. We
employed a multivariate mixed-effects regression analysis to
direct model the ROI values.

A variance-component approach has advantages over
many stratified analyses, especially studying studies with a
limited sample size. Here, because of the novel imaging
modality using MT and 3T acquisitions with labor-intensive
manual segmentation procedures, large number of subjects
would not have been feasible. To conduct an analysis of vari-
ance (ANOVA) based on the various effects, a distributional
assumption of normality was necessary and convenient.
Therefore, we conducted marginal normality tests using
the Shapiro-Wilk test [16]. We would demonstrate (see
Section 3.4) that the normality assumption was generally
satisfactory.

Thus, we could then consider adopting a linear random-
effects model with all pair-wise interactions, in addition to a
third-order interaction term:

Yijklm = μm + Si + Oj + Tk + Rl

+ Si ×Oj + Si × Tk + Si × Rj + Oj × Tk

+ Oj × Rl + Tk × Rj + Oj × Tk × Rl + εi jklm,

∀i = 1, . . . , 9, j = 1, 2, k = 1, 2, l = 1, 2.

(8)

The effects represented the following: μm as intercept, Si as
subjects, Oi as observers, Ti as time points, Ri as repetitions,
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and εi jklm as the error team. A random-effects model
assumed that each of the effects would have independent
normal distributions with mean and variance.

If normality had failed and because the data were
mean ROI values that were positively-valued, we would
recommend a Box-Cox transformation, h(Yijklm, λ), of the
outcome variable with an optimal power coefficient λ [17–
19]. Note that the log-normal becomes a special case when
the power coefficient λ = 0. This normality transformation
is given by:

Y ′i jklm = h
(
Yijklm, λ

)
=

⎧⎪⎪⎨⎪⎪⎩
Yijklm

λ − 1

λ
, λ /= 0

log
(
Yijklm

λ
)

, λ = 0

∀i = 1, . . . , 9, j = 1, 2, k = 1, 2, l = 1, 2.

(9)

A profile log-likelihood, llik of λ given the observations
yi jklm, would be maximized to estimate an optimal Box-Cox
transformation via a nonlinear minimization routine, where
the log-likelihood was

llik
(
λ | yi jklm

)

= −Nm log
{
SD
(
y′i jklm

)}
+ (λ− 1)

⎧⎨⎩
Nm∑
i=1

log
(
y′i jklm

)⎫⎬⎭ + c,

(10)

where c was a constant free of the power coefficient to be
optimized.

Due to the limited number of subjects, however, even
with an optimal normality transformation, over-fitting and
non-convergence might be issues. Alternatively, we could
regard all of the observers, time points, and repetitions as
fixed and specify a mixed-effects model. The significances of
the sources of variability were tested via a restricted max-
imum likelihood (REML) approach. For our multivariate
analysis, the significance threshold for two-tailed P-values
was set if P ≤ .05.

2.4.5. Interobserver Reliability Using the ICCs. Stratified by
the time points within each ROI, a two-way ANOVA was
performed by regarding all of the observers, time points, and
repetitions as fixed. We specified a mixed-effects model for
simplicity. Due to the complexity of the variance compo-
nents, we instead adopted a hybrid approach by considering
two effects at once. For example, all subjects were segmented
by the same observers who were from an entire population
of observers. In other words, the subject effect was always
assumed to be random, while the remaining effect (e.g., here
the observer) was assumed to be fixed. We computed the
Case-3 ICCs, accordingly [20].

We simplified our notations by only keeping the
indices for the subject and observer effects of interest. We
decomposed the data as follows:

Table 2: Various strengths of correlation coefficients as a measure
of concordance.

Absolute Value of the
Correlation Coefficient

Strength of the Concordance
Between Samples

0.0 No

0.2 Weak

0.5 Moderate

0.8 Strong

1.0 Perfect

Table 3: Two-way ANOVA table for the mixed-effects model.

Source of
Variation

Degrees of
Freedom

Mean Squares

(A) Between
Subjects

I − 1 BSMS Jσ2
S + σ2

E

(B) Within
Subjects

I(J − 1) WSMS θ2
o + Jσ2

S×o/(J − 1) + σ2
E

(B.1) Between
Observers

J − 1 OMS Iθ2
o + Jσ2

S×o/(J−1)+σ2
E

(B.2) Error (I − 1)(J − 1) EMS Jσ2
S×o/(J − 1) + σ2

E

Note: BSMS: Between Subjects Mean Squares; WSMS: Within Subject Mean
Squares; OMS: Observer Mean Squares; EMS: Error Mean Squares.

Yij = μ + Si + oj + Si × oj + εi j , ∀i = 1, . . . , 9, j = 1, 2,
(11)

where the subject effect Si was assumed to be random in
an upper-case letter, which had a normal distribution with
mean 0 and variance σ2

S , for all i = 1, . . . , I (here I = 9);
the observer effect oj was considered to be a fixed effect in

a lower-case letter, with the constraint
∑J

j=1 oj = 0, with
the corresponding parameter to the variance being θ2

o =
(1/(J − 1))

∑J
j=1 o

2
j , for all j = 1, . . . , J (here J = 2); the

interaction term between the subject and the observer Si×oj
was the degree to which the jth observer departed from his
or her usual rating tendencies for the ith subject, which had
a normal distribution with a mean of 0 and variance σ2

S×o;
the errors terms εi j were assumed to have an independent
and identical distribution (iid) normal distribution with
a mean of 0 and variance σ2

E . For the same ith subject,
the effects are further assumed to be subjected to the
constraint

∑J
j=1 (S× o)i j = 0 over all of the observers. The

corresponding two-way ANOVA table was listed (Table 3).
Shrout and Fleiss gave the true definition of ICC using

the variance ratio of the subject variance over the total
variance, with its estimated version using the quantities via
ANOVA (Table 3) [19]:

ICC = σ2
S − σ2

S×o/(J − 1)
σ2
S + σ2

S×o + σ2
E

,

ÎCC(3, 1) = BSMS− EMS
BSMS + (J − 1)EMS

.

(12)
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2.4.6. Intraobserver Reliability Using the ICCs. Similar to the
analysis described above, we adopted a hybrid approach by
considering two effects at once, with the subject effect always
assumed to be random and the time point assumed to be
fixed. The associate model was given by

Yij = μ + Si + tk + Si × tk + εik, ∀i = 1, . . . , 9; k = 1, 2.
(13)

As in (12), the estimated intraobserver agreement and its
estimate were provided by:

ICC = σ2
S − σ2

S×t/(K − 1)
σ2
S + σ2

S×t + σ2
E

,

ÎCC(3, 1) = BSMS− EMS
BSMS + (K − 1)EMS

,

(14)

where the interaction term the interaction term between the
subject and the time Si × tk had a normal distribution with a
mean of 0 and variance σ2

S×t.

2.4.7. Sensitivity Analyses of the ICCs under Various Mod-
els. We performed a sensitivity analysis by computing 6
different ICC values Shrout and Fleiss previously pro-
posed assumptions for ICCs (Table 4) [18]. A SAS macro,
written by Professor Robert Hamer, University of North
Carolina School of Medicine, Chapel Hill, NC, USA
(http://www.bios.unc.edu/∼hamer), was run to perform the
various ICC computations.

3. Results

3.1. Descriptive Statistics. Eleven healthy adults provided
written informed consent to be evaluated and 9 underwent
brain scans. Mean age of participants who received scans was
37.9±14.2 years; 7 participants were men and 2 were women.

The mean ROI values varied across different region
(Table 5). The left and right hemispheres tended to yield
similar results when the average over these healthy subjects
was considered.

3.2. Concordance Using Spearman’s Rank Coefficient Coeffi-
cients. Spearman’s rank correlation coefficients showed that
a majority of correlations within each observer was above
0.5, suggesting a moderate to high concordance (Figure 3).
Time point 2 tended to yield higher concordance between
the observers, which suggested a possible learning effect over
time (Figure 4). Due to limited sample sizes in this pilot
study, in Figures 3 and 4, we demonstrated the effect of
observers by averaging over repetitions by each observer.
Similarly, we demonstrated the effect of time points by
averaging over repetitions at each time point.

3.3. Reproducibility Using Coefficients of Variations. Overall,
CVs ranged from 1.2% in the genu for Observer 2 to 7.0% in
the right hippocampus for Observer 1 (Table 6). Since all of
the CVs were within 7%, that is, all CVs were less than 10%,
the reproducibility was reasonably high.
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Figure 3: Spearman’s rank correlation coefficients between the two
different time points for the same observer (red = Observer 1; blue
= Observer 2).
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Figure 4: Spearman’s rank correlation coefficients between the two
different observers for the same time point (orange = Time Point 1;
green = Time Point 2).

3.4. Normality and Significance Tests via a Multivariate
Analysis. The tests of the normal distribution assumption
marginally using the Shapiro-Wilk test indicated that only
occasionally (e.g., for left caudate, left and right putamen,
and right hippocampus), this assumption was not met (see
Table 7). Therefore, it was reasonable to specify linear mixed-
effects modeling and two-way ANOVA reported in Sections
3.5 and 3.6.

3.5. Interobserver Reliability Using the ICCs. At time point
1, ICCs were greater than 0.7 in regions of genu, left and
right putamen, whereas ICCs were from 0.5 to 0.7 in regions
of splenium, left and right hippocampus, left caudate, and
right cerebral white matter (Table 8). These results indicated
moderate to strong interobserver reliability. In comparison,
at time point 2, ICCs were greater than 0.7 in regions of genu,
splenium, left and right caudate, putamen and cerebral white
matter, and left hippocampus and thalamus, while ICCs
were from 0.5 to 0.7 in right hippocampus and thalamus.
These results suggested a learning effect over time. However,
for some ROIs such as the left cerebral white matter, right
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Table 4: Six different ICCs computed via a sensitivity analysis of the modeling choices.

Notation for the
ICC Measure

Multivariate Modeling Assumptions

ICC(1,1)
Each subject is rated by multiple observers; the observers are assumed to be randomly assigned to
the subjects; all subjects have the same number of observers.

ICC(2,1)
All subjects are rated by the same observers who are assumed to be a random subset of all possible
observers.

ICC(3,1)
All subjects are rated by the same observers who are assumed to be the entire population of
observers.

ICC(1,2) Same assumptions as ICC(1,1) but reliability for the mean of 2 ratings.

ICC(2,2) Same assumptions as ICC(2,1) but reliability for the mean of 2 ratings.

ICC(3,2)
Same assumptions as ICC(3,1) but reliability for the mean of 2 ratings. Assumes additionally there is
no subject × observer interaction.

Table 5: Descriptive statistics and 95-percentile normality range of mean ROI values.

Region of Interest Descriptive Statistics (Mean ± SD) 95% Normality Range (Mean ± 2 × SD)

Genu 77.0 ± 1.0 75.0–79.0

Splenium 72.8 ± 1.5 69.9–75.7

Left Hippocampus 51.5 ± 2.5 46.6–56.4

Left Caudate 59.5 ± 2.2 55.2–63.8

Left Putamen 62.0 ± 2.0 58.1–65.9

Left Thalamus 61.6 ± 2.3 57.1–66.1

Left Cerebral White Matter 73.2 ± 1.2 70.8–75.6

Right Hippocampus 52.0 ± 3.3 45.5–58.5

Right Caudate 61.3 ± 1.7 58.0–64.6

Right Putamen 62.8 ± 1.5 59.9–65.7

Right Thalamus 61.1 ± 2.5 56.2–66.0

Right Cerebral White Matter 73.0 ± 1.3 70.5–75.5

Note: Results were pooled among all 72 observations within each region of interest. SD: standard deviation.

caudate, right thalamus, ICCs increased from 0.2 (at time
point 1) to 0.9 (at time point 2), making it difficult to
determine whether this represents a learning effect.

3.6. Intraobserver Reliability Using the ICCs. At each time
point, intraobserver agreement was at least 0.5 for a majority
of the regions (Table 9).

3.7. Sensitivity Analyses of the ICCs under Various Models.
Six different methods for generating ICCs exhibited similar
patterns for high vs. low reliability results in different ROIs
(Table 10). Thus, reliability appeared to be sensitive to ROI.

4. Conclusions and Discussion

We present mathematical methods for MT brain images
using 3-T high resolution. Our image analysis may provide
useful pilot information for future investigations. These
mathematical and statistical methods may easily be general-
ized to practical studies with larger sample sizes or to studies
of patients with active disease.

We acquired repeat brain measurements based on a
high resolution MT imaging protocol at 3T in 9 healthy
adults. Our results indicate moderate to high reproducibility,

supporting the validity of this method for further studies.
Overall, higher intraobserver reliability was observed at
the second time point than that at the initial time point,
suggesting a possible learning curve effect for both observers.
Interobserver reliability was generally lower than intraob-
server variability, suggesting a strong observer effect in this
comparison, which may be a factor in future investigations
using MT imaging.

Our analyses examined different aspects in a typical
observer-agreement study, using measures for concordance,
reproducibility, reliability, variance-component analysis, and
multivariate analysis. In other studies, all or some of such
methods may be considered. However, with a simpler study
of either several observers, or one observer with several
repetitions at different sessions or time points, then these
scenarios may only require several of our methods. Only
a small sample of healthy volunteers was evaluated in this
initial pilot study. Therefore, the generalization of the 95-
percentile normality range may be limited with respect to
the wider spectrum of brain mechanisms represented in
the broader population. For instance, demonstrating sum-
mary measures using all possible observer and time point
combinations may not lead to meaningful interpretations
in all cases. Nevertheless, since the technology is new, this
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Table 6: Coefficient of Variation (CV) of the mean Region of Interest values for each observer.

Region of Interest
Observer 1 Observer 2

Mean ± SD (N = 36) CV (%) Mean ± SD (N = 36) CV (%)

Genu 76.9 ± 1.0 1.3 77.1 ± 0.9 1.2

Splenium 73.1 ± 1.4 1.9 72.6 ± 1.5 2.1

Left Hippocampus 51.3 ± 2.4 4.7 51.6 ± 2.7 5.2

Left Caudate 59.7 ± 1.9 3.2 59.3 ± 2.5 4.2

Left Putamen 61.9 ± 2.2 3.6 62.1 ± 1.9 3.1

Left Thalamus 59.9 ± 1.5 2.5 63.3 ± 1.7 2.7

Left Cerebral White Matter 73.3 ± 1.3 1.8 73.1 ± 1.2 1.6

Right Hippocampus 52.5 ± 3.7 7.0 51.5 ± 2.7 5.2

Right Caudate 61.2 ± 1.9 3.1 61.5 ± 1.4 2.3

Right Putamen 62.7 ± 1.5 2.4 62.8 ± 1.5 2.4

Right Thalamus 59.7 ± 1.7 2.8 62.5 ± 2.5 4.0

Right Cerebral White Matter 73.2 ± 1.2 1.6 72.8 ± 1.4 1.9

Note. SD: standard deviation.

Table 7: P-value from the Shapiro-Wilk test of marginal normal distributions.

Region of Interest
P-value P-value

Time Point 1 Time Point 2

Observer 1 Observer 2 Observer 1 Observer 2

Genu .29 .17 .70 .36

Splenium .31 .06 .93 .61

Left Hippocampus .14 .81 .45 >.99

Left Caudate .97 <.0001a .49 .92

Left Putamen .20 .06 .01a .01a

Left Thalamus .86 .51 .63 .13

Left Cerebral White Matter .82 .43 .21 .02

Right Hippocampus .54 .86 .01a .58

Right Caudate .49 .80 .60 .89

Right Putamen .07 .003a .25 .03a

Right Thalamus .50 .68 .82 .13

Right Cerebral White Matter .79 .78 .16 .54
aNormal distribution was not met.

Table 8: Interobserver reliability between two observers for each time point.

Region of Interest
Inter-Reader ICC Inter-Reader ICC

Time Point 1 Time Point 2

Genu 0.866 0.726

Splenium 0.537 0.758

Left Hippocampus 0.693 0.796

Left Caudate 0.580 0.902

Left Putamen 0.869 0.962

Left Thalamus 0.410 0.855

Left Cerebral White Matter 0.378 0.929

Right Hippocampus 0.653 0.656

Right Caudate 0.209 0.872

Right Putamen 0.725 0.882

Right Thalamus 0.264 0.572

Right Cerebral White Matter 0.637 0.896
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Table 9: Intraobserver reliability within each observer between different repetitions.

Region of Interest
Intraobserver ICC Intraobserver ICC

Observer 1 Observer 2

Genu 0.537 0.555

Splenium 0.598 0.756

Left Hippocampus 0.520 0.596

Left Caudate 0.709 0.362

Left Putamen 0.940 0.784

Left Thalamus 0.479 0.622

Left Cerebral White Matter 0.560 0.703

Right Hippocampus 0.411 0.826

Right Caudate 0.473 0.436

Right Putamen 0.659 0.657

Right Thalamus 0.687 0.308

Right Cerebral White Matter 0.570 0.770

Table 10: Sensitivity analysis of 6 different interobserver ICCs.

Region of Interest ICC (1,1) ICC (2,1) ICC (3, 1) ICC (1, 2) ICC (2, 2) ICC (3, 2)

Interobserver ICC at Time 1

Genu 0.870 0.879 0.866 0.931 0.935 0.928

Splenium 0.497 0.463 0.537 0.664 0.633 0.699

Left Hippocampus 0.653 0.605 0.693 0.790 0.754 0.819

Left Caudate 0.562 0.542 0.580 0.719 0.703 0.734

Left Putamen 0.871 0.874 0.869 0.931 0.933 0.930

Left Thalamus −0.015 0.114 0.410 −0.030 0.205 0.581

Left Cerebral White Matter 0.382 0.385 0.378 0.553 0.556 0.549

Right Hippocampus 0.660 0.669 0.653 0.795 0.802 0.790

Right Caudate 0.178 0.180 0.209 0.302 0.306 0.346

Right Putamen 0.725 0.732 0.720 0.840 0.845 0.837

Right Thalamus −0.092 0.079 0.264 −0.202 0.146 0.417

Right Cerebral White Matter 0.630 0.621 0.637 0.773 0.766 0.779

Interobserver ICC at Time 2

Genu 0.722 0.715 0.726 0.838 0.834 0.841

Splenium 0.758 0.757 0.758 0.862 0.862 0.863

Left Hippocampus 0.792 0.785 0.796 0.884 0.880 0.886

Left Caudate 0.905 0.909 0.902 0.950 0.952 0.949

Left Putamen 0.961 0.959 0.962 0.980 0.979 0.980

Left Thalamus 0.297 0.239 0.855 0.458 0.385 0.922

Left Cerebral White Matter 0.928 0.926 0.929 0.963 0.962 0.963

Right Hippocampus 0.640 0.620 0.656 0.781 0.765 0.793

Right Caudate 0.876 0.884 0.872 0.934 0.938 0.932

Right Putamen 0.884 0.887 0.882 0.938 0.940 0.937

Right Thalamus 0.419 0.347 0.572 0.591 0.516 0.728

Right Cerebral White Matter 0.889 0.876 0.896 0.941 0.934 0.945

research may provide useful pilot information for future
investigations. Moreover, the statistical methods employed
and illustrated here may easily be generalized to studies with
larger sample sizes and diseased subjects.

Another limitation was that this study aimed to evaluate
only the reproducibility and reliability, rather than the
accuracy in a more comprehensive validation study. In the

absence of a true gold standard, such as one based on
digital phantoms where realistic variability may still not be
simulated, or on histopathology, improved reliability may
not be equated with improved accuracy [21]. Both sensitivity
and specificity are of interest. Further research would benefit
from a useful algorithm to perhaps statistically and optimally
estimate the underlying spatial “ground truth” [22, 23].
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Table 11: Sensitivity analysis of 6 different intraobserver ICCs.

Region of Interest ICC (1,1) ICC (2,1) ICC (3, 1) ICC (1, k) ICC (2, k) ICC (3, k)

Intraobserver for Observer 1

Genu 0.537 0.537 0.537 0.699 0.699 0.699

Splenium 0.590 0.579 0.598 0.742 0.733 0.749

Left Hippocampus 0.531 0.544 0.520 0.694 0.705 0.684

Left Caudate 0.704 0.696 0.709 0.826 0.821 0.830

Left Putamen 0.942 0.946 0.940 0.970 0.972 0.969

Left Thalamus 0.481 0.484 0.479 0.650 0.653 0.647

Left Cerebral White Matter 0.550 0.539 0.560 0.710 0.701 0.718

Right Hippocampus 0.426 0.439 0.411 0.597 0.610 0.582

Right Caudate 0.470 0.467 0.473 0.640 0.637 0.643

Right Putamen 0.657 0.654 0.659 0.793 0.791 0.795

Right Thalamus 0.696 0.711 0.687 0.821 0.831 0.814

Right Cerebral White Matter 0.582 0.596 0.570 0.736 0.747 0.727

Intraobserver ICC for Observer 2

Genu 0.563 0.572 0.555 0.720 0.728 0.714

Splenium 0.760 0.767 0.756 0.864 0.868 0.861

Left Hippocampus 0.607 0.623 0.596 0.756 0.767 0.747

Left Caudate 0.365 0.367 0.362 0.535 0.537 0.531

Left Putamen 0.790 0.800 0.784 0.883 0.889 0.879

Left Thalamus 0.632 0.645 0.622 0.774 0.784 0.767

Left Cerebral White Matter 0.712 0.726 0.703 0.832 0.841 0.826

Right Hippocampus 0.829 0.835 0.826 0.907 0.910 0.905

Right Caudate 0.432 0.429 0.436 0.603 0.601 0.607

Right Putamen 0.667 0.682 0.657 0.800 0.811 0.793

Right Thalamus 0.298 0.294 0.308 0.459 0.455 0.471

Right Cerebral White Matter 0.777 0.789 0.770 0.875 0.882 0.870

Finally, future research may be directed to evaluating the
diagnostic utility of high resolution MT for early detection of
Alzheimer’s disease, multiple sclerosis or other neurological
disorders and for monitoring progression across the clinical
course.
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Myocardial deformation and strain can be investigated using suitably encoded cine MRI that admits disambiguation of material
motion. Practical limitations currently restrict the analysis to in-plane motion in cross-sections of the heart (2D + time), but the
proposed method readily generalizes to 3D + time. We propose a new, promising methodology, which departs from a multiscale
algorithm that exploits local scale selection so as to obtain a robust estimate for the velocity gradient tensor field. Time evolution of
the deformation tensor is governed by a first-order ordinary differential equation, which is completely determined by this velocity
gradient tensor field. We solve this matrix-ODE analytically and present results obtained from healthy volunteers as well as from
patient data. The proposed method requires only off-the-shelf algorithms and is readily applicable to planar or volumetric tagging
MRI sampled on arbitrary coordinate grids.

1. Introduction

Cine MRI, combined with (C)SPAMM ((C)SPAMM =
(Complementary) SPAtial Modulation of Magnetization)
encoding technology [1–4], admits disambiguation of local
tissue motion, thus enabling the extraction of myocardial
deformation and strain [5], which are known to correlate
with cardiac pathologies. In particular, Götte et al. found
that strain is more accurate than geometry in discriminating
dysfunctional from functional myocardium [6]. Deforma-
tion and strain can be operationalized in various ways,
either without explicit a priori regularization, or through
exploitation of sparse constraints combined with interpola-
tion and/or regularization [5, 7–33]. Possible encodings are
(DENSE) Displacement ENcoding with Stimulated Echoes,
cf. Aletras et al. [2), and (HARP) HARmonic Phase, cf.
Osman et al. [20, 21]. Tagging-based methods using HARP
technology form our point of departure, compare with
Figure 1 for an illustration.

Given a dense motion field within the myocardium,
our aim is to devise an operational procedure for direct
extraction of myocardial deformation and strain. By “direct”
we mean that we seek to obviate sophisticated preprocessing
steps, such as segmentation of, or interpolation between
tag lines, and finite element methods explicitly coupled to
the tagging pattern. Although such sophisticated “indirect”
procedures exist and have been proven powerful, they require
specific algorithmics that is neither trivially implemented
nor readily available. Instead we aim for a multiscale,
optimally conditioned, intrinsically parallelizable, linear
algorithm for obtaining deformation (and thus strain) in
analytically closed form. Optimal conditioning is achieved
by exploitation of the scale degree of freedom in the
definition of spatiotemporal differential image structure.
In addition we aim to minimize the number of extrinsic
control parameters. We believe that the parsimony of our
method facilitates applicability and optimization, since only
off-the-shelf algorithms (linear filtering and inversion of
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(a) (b)

Figure 1: Vertical (a) and horizontal (b) SPAMM encoding in a basal short-axis slice at approximately mid-systole for a patient.

linear systems) are needed in our computation of myocardial
deformation and strain.

Our approach is as follows. To begin with, the velocity
gradient tensor field, which is the prerequisite for the model
we present in this paper, is obtained using the multiscale
motion extraction algorithm for scalar image sequences
proposed by Florack et al. [12]. This algorithm is adapted
to the situation of tagging MRI data [10, 13]. Slick encoding
and/or linear filtering yields an n-tuple of independent scalar
phase images of some fixed spatiotemporal region of interest,
in which n is the dimension of space (n = 2, 3, as may
be the case). The intrinsic, n-fold underdetermined “optic
flow constraint equation” can, by construction, be applied
to each of these n phase images, yielding an unambiguous
system of equations for the underlying dense motion field
to any desired differential order, and obviating Tikhonov
regularization (which would bring in at least one additional
control parameter) as a disambiguating prior (as is typically
the case in optic flow applications due to the aperture
problem). It has been verified that the first-order scheme
indeed produces a plausible, dense, and robust velocity
gradient tensor field within the myocardium. Details of
its construction as well as the underlying automatic scale
selection mechanism can be found in the cited literature (for
an example of automatic scale selection, cf. also Niessen et
al. [34]). In view of the cited work we will de-emphasize
multiscale motion extraction and concentrate on subsequent
deformation and strain analysis.

In Section 2 we outline in detail how to arrive at a closed-
form analytical solution for the deformation tensor field
(Section 2.1) and hence the strain tensor field (Section 2.2),
given the velocity gradient tensor field. The novelty of this
approach is that we circumvent numerical approximations
in all intermediate steps, and introduce numerics only at
the ultimate stage where we sample the resulting analytical
tensor field expressions. Besides avoiding in this way numer-
ical errors that may be difficult to quantify, this procedure
has the advantage of being mathematically transparent, com-
putationally trivial, and intrinsically parallellizable. (These
properties, in fact, also hold for the multiscale motion

extraction algorithm used to provide the input velocity
gradient tensor field, loc. cit.) Some experimental results
are given in Section 3 to demonstrate the feasibility of our
approach.

Section 4 concludes our work with a summary and
briefly sketches work in progress.

Data acquisition details for the scans used in this paper
are given in the appendix.

2. Theory

2.1. Deformation. The velocity gradient tensor, with compo-
nents Lαβ relative to a coordinate frame, relates the rate of
change of a momentary infinitesimal line element dẋα to the
line element dxβ itself. (One can either view dxα as the α-
component of an “infinitesimal vector” attached to a fiducial
material point in Euclidean space and representing a directed
material line element, that is, an “infinitesimal” number—or
as the αth element of a local covector frame, depending on
engineering or mathematical mind set.) From dẋα = dvα it
follows, using the chain rule, that

dẋα = Lαβ dxβ with Lαβ =
∂vα

∂xβ
(
α,β = 1, . . . ,n

)
. (1)

(The Einstein summation convention applied here will be
used henceforth.) The numbers Lαβ constitute a matrix L with
row and column index α,β. To get an estimate of this tensor
field we have applied the algorithm of Florack et al. and van
Assen et al., solving a linear system of algebraic equations
enforcing optimal conditioning through scale selection. The
reader is referred to the literature for details [10, 12, 13].

Tissue deformation can be described by a map f : M →
N : x(X , t0) → x(X , t), in which x(X , t) denotes the spatial
position of a material point at time t, with reference position
X = x(X , t0) at time t0 (Lagrange picture). Domain M and
codomain N are copies of the deformable tissue medium (a
subset of Rn) at times t0, respectively, t ≥ t0. We fix t0 so as to
correspond to end-diastole. (During the diastolic phase the
heart relaxes and is refilled with blood. It is followed by the
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systolic phase, in which the heart contracts. It is this phase
that traditionally receives most attention by cardiologists.)

The associated differential map,

f∗ ≡ df : TMX −→ TNx : v −→ f∗(v) = vi Fα
i fα , (2)

relative to a basis {fα} of TNx, provides a local linearization
of tissue deformation, that is, the deformation tensor. Here
TMX is the tangent space of M at the fiducial point X =
x(X , t0), and TNx that of N at the f -mapped point x =
x(X , t). The matrix F(t, t0) of this linear map relative to the
local coordinate charts {xα,N} and {Xi,M} is given by the
Jacobian

Fα
i =

∂xα

∂Xi
. (3)

By virtue of the chain rule, the relation between deformation
and velocity gradient tensors, (1) and (3) is given by the first-
order ODE [35]

Ḟ = L F , (4)

subject to an initial condition, namely, F(t = t0, t0) = I.
Equivalently,

F(t, t0) = I +
∫ t

t0
L(s) F(s, t0) ds . (5)

Only for stationary flows, that is, L(t) = L0 pointwise
constant, this initial value problem admits a trivial solution
F(t, t0) = exp((t − t0)L0). (For the sake of simplicity the
spatial dependency of all field entities is suppressed in the
notation.) However, we do not have stationarity, and so we
must proceed more carefully.

Equation (5) induces an expansion known as the matri-
cant, compare with Gantmacher [35]:

F(t, t0) = I +
∫ t

t0
L(τ)dτ +

∫ t

t0
L(τ)

∫ τ

t0
L(σ)dσ dτ + · · · .

(6)

The matricant has the following property:

F(t, t0) = F(t, t1)F(t1, t0) (t0 < t1 < t). (7)

It follows that, if we split the interval [t0, t] into n parts by
using intermediate points t1, . . . , tn−1 separated by Δtk = tk−
tk−1 (k = 1, . . . ,n, with tn = t),

F(t, t0) = F(t, tn−1) · · ·F(t1, t0),

with t0 < t1 < · · · < tn−1 < tn = t.
(8)

For an infinitesimally narrow time interval [tk−1, tk] we have
by approximation

F(tk, tk−1) = I + L
(
t∗k
)
Δtk + higher order terms in Δtk,

(9)

in which t∗k is any point satisfying tk−1 ≤ t∗k ≤ tk. Equations
(8) and (9) give rise to a representation in terms of a so-called
multiplicative integral [35]:

F(t, t0) =∼
∫ t

t0

(I + L(τ)dτ)

def= lim
Δtk→ 0

(
I + L

(
t∗n
)
Δtn

) · · · (I + L
(
t∗1
)
Δt1
)
.

(10)

One recognizes the multiplicative counterpart of the Rie-
mann sum approximation for ordinary (additive) integrals.
One can show that this is identical to

F(t, t0)
[35]= ∼
∫ t

t0
exp(L(τ) dτ)

def= lim
Δtk→ 0

exp
(

L
(
t∗n
)
Δtn

) · · · exp
(

L
(
t∗1
)
Δt1
)
.

(11)

Several properties of the deformation tensor are manifested
in this representation. For instance, for square matrices A, B,
one has

(i) det AB = det A det B,

(ii) det(I + εA) = 1 + ε tr A + O(ε2),

(iii) det exp A = exp tr A.

Consequently,

det F(t, t0) =∼
∫ t

t0

(1 + tr L(τ)dτ) =∼
∫ t

t0
exp(tr L(τ)dτ). (12)

In particular, a divergence free velocity field (div v =
tr L = 0) preserves volumes: det F(t, t0) = 1. Furthermore,
exp A exp B = exp(A + B) if [A, B] = 0, whence for a
stationary velocity field one obtains F(t, t0) = exp((t−t0)L0),
as we already noticed. Finally, the multiplicative integral
suggests a straightforward numerical approximation, namely
by using either (10) or (11) without limiting procedure. In
this case the two representations are of course no longer
identical. For computational efficiency we have chosen the
former, with Δtk = Δt corresponding to the (constant) frame
interval of our tagging MRI sequence, and t∗k = kΔt.

2.2. Strain. On the basis of the differential map f∗, (2), and
its transpose f T∗ , one defines an intrinsic mapping on TMX ,
known as the Lagrangian strain tensor [36],

E ≡ 1
2

(
f T
∗ ◦ f∗ − idTMX

)
: TMX

−→ TMX : v

−→ E(v) = viE
j
i e j ,

(13)

relative to a basis {e j} of TMX , with mixed tensor compo-
nents

E
j
i =

1
2

(
g� jFα

� hαβF
β
i − δ

j
i

)
. (14)

Here gi j are the components of the dual Euclidean metric
tensor in domain coordinates {Xi,M}, and hαβ are those
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Table 1: Spatial average and standard deviation of strains from three healthy volunteers (labels I, II, III) over base, mid, and apex short-axis
cross-sectional ROIs at that time frame at which Emax has attained its maximum in mid-slice (tI = 16, tII = 15, tIII = 14). Rows correspond
to, from top to bottom, Ecc, Err, Ecr, Emax, and Emin.

Base MID APEX

I II III I II III I II III

−0.16 ± 0.13 −0.17 ± 0.11 −0.19 ± 0.11 −0.19 ± 0.09 −0.17 ± 0.08 −0.15 ± 0.09 −0.16 ± 0.16 −0.20 ± 0.09 −0.19 ± 0.13

0.20 ± 0.25 0.16 ± 0.21 0.14 ± 0.25 0.04 ± 0.20 0.14 ± 0.15 0.03 ± 0.15 0.07 ± 0.23 0.20 ± 0.23 −0.02 ± 0.18

0.02 ± 0.15 −0.04 ± 0.12 −0.07 ± 0.13 0.01 ± 0.07 −0.02 ± 0.09 −0.06 ± 0.11 0.07 ± 0.14 −0.03 ± 0.11 −0.05 ± 0.12

0.25 ± 0.22 0.19 ± 0.20 0.18 ± 0.23 0.07 ± 0.17 0.16 ± 0.15 0.09 ± 0.16 0.15 ± 0.21 0.22 ± 0.22 0.05 ± 0.19

−0.22 ± 0.11 −0.21 ± 0.09 −0.24 ± 0.09 −0.23 ± 0.09 −0.19 ± 0.08 −0.21 ± 0.07 −0.26 ± 0.12 −0.23 ± 0.09 −0.27 ± 0.09

pertaining to codomain coordinates {xα,N}. E vanishes
identically if f∗ is an isometry, thus E captures genuinely
nonrigid deformations.

The general coordinate convention, see (14), which
admits different bases for deformed and undeformed con-
figurations, is instructive. Although one would normally
prefer identical bases, let us consider the case in which the
metric components hαβ are those induced from gi j by the
deformation map itself (carry-along). That is, we assume
that the coordinate frame for the deformed configuration
is just the deformed coordinate frame of the reference
configuration. One then expects the Lagrangian strain tensor
to be nullified, because everything, including the local
reference frames, is intrinsically deformed in a consistent
manner. Indeed, if we write the infinitesimal material line
element as

ds2 = gi jdX
idX j = gi j

∂Xi

∂xα
∂X j

∂xβ
dxαdxβ ≡ hαβdx

αdxβ , (15)

we recognize the deformation tensor, see (3), and it follows
that

gi j = hαβF
α
i F

β
j . (16)

As anticipated for the coordinate frames employed, (14)
indeed reduces to

E
j
i =

1
2

⎛⎜⎜⎝g� jhαβFα
� F

β
i︸ ︷︷ ︸

(16)

− δ
j
i

⎞⎟⎟⎠ = 1
2

(
g� jg�i − δ

j
i

)
= 0. (17)

In practice one of course carries out computations relative
to fixed (deformation independent) coordinate frames for
undeformed and deformed configurations, but there is no
reason to assume input and output frames to coincide a
priori, nor to restrict oneself to Cartesian coordinate frames.
Equation (14) permits us to use whatever bases we may
consider convenient. This may be beneficial in certain situa-
tions, for example, those that suggest spherical, cylindrical or
other coordinate systems depending on the configuration of
acquisition data, compare with the phantom study by Young
et al. [37], and the desired output representation.

Below we consider a single Cartesian coordinate system
for both domain and codomain. (In such a system the

representations of the various metric tensors, gi j and hαβ and
their duals, gi j and hαβ, all simplify to identity matrices.) Our
analysis is confined to a single short-axis plane, whence n =
2, that is, we only account for in-plane motion components.
The theory trivially generalizes to n = 3 and non-Cartesian
coordinate grids.

3. Experiment

Figure 2 illustrates various scalar fields extracted from the
strain tensor field, (13) and (14), by contraction with a pair
of local unit vectors, namely radial (r = radial) and azimuthal
(c = circumferential) basis vectors of the polar coordinate
system centered at the midpoint of the region of interest,
and those defining the strain tensor’s eigensystem. If u, v ∈
TMX are two such unit vectors, then the local scalar quantity
derived from the strain tensor is given by the inner product

(u,E(v)) = (E(u), v) = gjkukE
j
i v

i. Tensor components are
evaluated in Cartesian coordinates.

Figure 3 illustrates temporal evolutions of these quanti-
ties spatially averaged over the respective regions of interest,
together with their standard deviations. (Thus one should
not confuse standard deviations with uncertainties in this
plot.) Table 1 shows statistics for three healthy volunteers.
Figure 4 shows that strain fields have the potential to detect
local pathology.

4. Conclusion and Future Work

We have proposed a novel, simple and robust linear model
for extracting myocardial deformation and strain. Material
motion and gradient velocity are determined by a multiscale
linear system of algebraic equations for the phase images
extracted from the tagging MRI data. These phase images are
scalars, not densities, and are not hampered by tag fading due
to T1 relaxation.

We have analytically solved the linear matrix-ODE
governing myocardial deformation. By discretizing the
closed-form solution we have subsequently solved for the
induced Lagrangian strain tensor field, yielding results that
are typical for healthy volunteers, compare with Garot et
al. [14], and atypical for a patient with a medical history
of small infarcts on either side of a deviatory region and
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Figure 2: Color-coded strain fields in short axis mid-slice cross-sections, time frames 1, 6, 11, 16, 21 (a full heart cycle subtends 42 frames),
regularized through Gaussian convolution with spatial scale σ = 1.0, for one healthy volunteer. First row: Circumferential strain Ecc. Second
row: Radial strain Err. Third row: Shear strain Ecr. Fourth row: Minimal strain eigenvalue Emin. Fifth row: Maximal strain eigenvalue Emax.

confirmed by late-enhancement MRI. This demonstrates
the feasibility of our method. An advantage of our method
is that only off-the-shelf algorithms are needed. This serves
clarity, facilitates optimization, and enables implementation
on dedicated hardware. The method is applicable in any
spatial dimension, does not require conversion to a Cartesian
sampling grid, is optimally conditioned due to local scale
selection, and is readily adapted to other modalities such as
velocity encoding MRI.

Our quantitative results in this feasibility study demand
further evaluation so as to reveal their statistical significance
and clinical value. Furthermore, experiments based on care-
fully controlled synthetic or phantom data will allow us to
disclose the physical significance and numerical tolerance of
the mathematical framework in terms of ground truth defor-
mation properties. Moreover, by virtue of the transparent
mathematical theory, it is also possible to assess tolerances on
the basis of theoretical error propagation models [38], which
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Figure 3: Temporal evolution of scalar strain quantities over the first half of the heart cycle (i.e., mostly systolic) in mid-slice cross-section.
Error bars indicate standard deviations over the spatial ROI in each time frame, thus capturing all sources of variation due to (primarily)
actual spatial variability, noise, and numerics. Legends explain the various graphs. Notice the strong correlation between the extrinsic (polar
system related) and instrinsic (eigensystem related) strains. (In the eigensystem, shear strain vanishes identically.)
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Figure 4: Radial (a) and circumferential (b) colour-coded strains in a basal short-axis slice at approximately end-systole for a patient. Red
arrows on the left indicate regions where the respective strain values deviate from normal. These regions were confirmed to be static by a
cardiologist. The patient’s anamnesis mentions small infarcts on either side of these regions. Their locations, indicated by black arrows, are
highlighted in late-enhancement MRI.

can then be compared to those established experimentally
for synthetic and phantom data. Consistency will greatly
increase the confidence of the method for in vivo studies.
Finally, although the local scale selection criterion exploited
in our approach guarantees optimal conditioning, it does
not necessarily yield optimal results due to the intrinsically
parallel and thus spatiotemporally uncorrelated nature of the
selected neighbouring scales. The effect of spatiotemporal
regularization on the pattern of locally selected scales needs
to be investigated. Future investigation will be needed to
pursue all these recommendations.

Appendix

Data Acquisition Details

The short-axis MR tagging image data used in this study
were acquired with a Philips Intera 1.5 T scanner from three
volunteers (Table 1) and a patient in basal, midventricular,
and apical slices. The patient (Figure 4) had a history
of severe stenoses, and small infarction areas confirmed
with late-enhancement MRI 14 minutes after gadolinium
contrast injection. A 2D multishot gradient-echo with Echo
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Planar Imaging (EPI factor 9) with breath-holding in end-
expiration was used. Scan parameters were: TE 4.4 ms, TR
19 ms, flip angle 10◦, field-of-view 300 mm, scan matrix 128,
acquisition voxel size 2.34×2.68×8 mm3 reconstructed into
1.17× 1.17× 8 mm3. Tagline spacing was 8 mm.
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Viruses are infectious agents that can cause epidemics and pandemics. The understanding of virus formation, evolution, stability,
and interaction with host cells is of great importance to the scientific community and public health. Typically, a virus complex
in association with its aquatic environment poses a fabulous challenge to theoretical description and prediction. In this work,
we propose a differential geometry-based multiscale paradigm to model complex biomolecule systems. In our approach, the
differential geometry theory of surfaces and geometric measure theory are employed as a natural means to couple the macroscopic
continuum domain of the fluid mechanical description of the aquatic environment from the microscopic discrete domain of
the atomistic description of the biomolecule. A multiscale action functional is constructed as a unified framework to derive the
governing equations for the dynamics of different scales. We show that the classical Navier-Stokes equation for the fluid dynamics
and Newton’s equation for the molecular dynamics can be derived from the least action principle. These equations are coupled
through the continuum-discrete interface whose dynamics is governed by potential driven geometric flows.

1. Introduction

Viruses are omnipresent infectious agents that are about
100 times smaller than bacteria. Unlike bacteria, viruses
are not able to grow or reproduce outside a host cell [1–
4]. There are more than 5000 types of known viruses.
Viruses have a known history of causing epidemics and
pandemics. About 70% of native Americans were killed
by foreign diseases after the arrival of Columbus in the
Americas. The Spanish flu pandemic lasted from 1918 to
1919 and killed about 100 million people, or 5% of the
world’s population in 1918. AIDS, a disease due to HIV
virus, has killed more than 25 million people since it was
first recognized on June 5, 1981. There are about 39 million
people living with HIV viruses worldwide nowadays. Virus
infection processes or virus life cycles differ greatly among
species but there are six basic stages: [1–4] (1) selective
attachment due to the interaction, binding and/or fusion
between viral capsid surface and specific receptors on the
host cellular surface, (2) penetration of a virus into a
host cell through membrane fusion or receptor-mediated
endocytosis, (3) viral genomic nucleic acid releasing in the

host cell due to viral capsid degradation by viral enzymes
or host enzymes, (4) virus replication and assembly in the
host cell, (5) Posttranslational modification of the viral
proteins; and finally, (6) virus releasing from the host cell.
For some viruses, such as HIV, the order of stages (5) and
(6) is reversed. Body uses two defense mechanisms, innate
immune system and cell-mediated immunity to defend host
from infection by viruses or other organisms. The innate
immune system terminates the virus replication in the host
cell by degrading or inhibiting the virus genetic material,
DNA or RNA through antibodies or other virus DNA/RNA
binding molecules. In the cell-mediated immunity, killer cells
known as T cells destroy the infected host cell and its close
neighbors by recognizing the viral protein displayed on the
cellular surface.

Recent advances in structural biology and microbiology
have led to a rapidly growing body of virus structural data [5–
7]. A striking feature of virus data is that they are excessively
large—a virus complex may involve tens of millions atoms,
with detailed information on atomic coordinates, types, and
radii. Most virus structural data are collected via X-ray
diffraction (X-ray), cryo-electron microscopy (cryoEM) [8],
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fiber diffraction, and nuclear magnetic resonance (NMR)
techniques. There are a few major virus morphologies: spher-
ical type, helical type, dihedral type, viral envelope type, and
complex type. Most animal viruses are of spherical mor-
phology with icosahedral symmetry [6]. Most virus structure
information can be obtained from the Protein Data Bank
(PDB; http://www.rcsb.org/pdb/home/home.do), the Virus
Particle Explorer database [7] (VIPERdb; http://viperdb
.scripps.edu/), and the Protein Quaternary Structure server
(PQS; http://pqs.ebi.ac.uk/).

Currently, the prevention and control of epidemics and
pandemics caused by infective viruses, such as H1N1, HIV,
SARS, and bird flu are of paramount importance. As an
infection starts with the surface attachment between a virus
and a host cell, it is important to construct and visualize
the surface topology and morphology of viruses in order to
understand the surface attachment and further interaction.
This information is also crucial to the understanding of
the molecular mechanism that gives rise to the assembly
of virus capsids and DNA or RNA packaging. Computer-
based visualization is able to represent results of explorations
in an easy-to-comprehend form and to facilitate conve-
nient information retrieval. Currently, visualization tools are
often developed in close conjunction with imaging, data
registration, simulation and/or surface construction. Virus
visualization plays a unique role in the understanding of
virus infection processes, such as, virus attachment of a host
cell, binding and fusion between a virus capsid surface and
a host cellular surface, and the penetration of a virus into
a host cell. However, viruses are not directly visible because
their sizes are at the order of tens of nanometers. The virus
images are constructed from virus information, which is
either collected from modalities described above or gen-
erated by computer simulations. Therefore, surface/image
construction is a part of the virus visualization. Yu and Bajaj
present a computational algorithm to segment asymmetric
units of three-dimensional (3D) density maps of icosahedral
viruses [9] and a computational approach to structural
interpretation from reconstructed 3D electron microscopy
(3D-EM) maps of viruses [10]. Some basic biomolecular
surface methods are available in visualization software
packages Chimera (http://www.cgl.ucsf.edu/chimera/) and
VMD (http://www.ks.uiuc.edu/Research/vmd/).

The difficulty of characterizing a virus complex is not
only its massive number of atoms, or data sets, but also its
everlasting interactions. Except for envelope type of viruses
which typically cover their capsids by envelopes derived from
lipids and proteins of their host cell membranes, most viruses
use their own capsids to interact with the environment and
host cells. A viral capsid usually consists of many identical
viral protein subunits that form the capsid by symmetric
assembly. There are strong interactions between viral protein
subunits so that viral capsids are rigid enough to hold
viral genome material and protect its content. Viruses have
adapted a number of strategies to maintain the stability
and flexibility of viral capsids. For many small viruses,
such as one of STMV, their subunit proteins generally only
touch each other by their edges. Their capsid stability is
achieved by strong nonbonding interactions (i.e., hydrogen

bonding and van der Waals interactions) between edges
of subunit proteins. Some large viruses, such as BMV,
have developed overlapping strategies to increase the capsid
stability. Some viruses even use a few intricately intertwining
layers to strengthen their capsids [11]. Virus capsids are
further stabilized by their hydrophobic interaction with the
aquatic environment. Clearly the boundary profile of the
virus complex is determined by the balance of all mechanical
forces or equivalently, the energy minimization of the system.

One of the present authors, Wei, introduced some of
the first high-order geometric flow equations for image
analysis [12]. These equations have led to many applications
[12–16]. Mathematical analysis of Wei’s equations has been
recently carried out in Sobolev space H1 by Bertozzi and
Greer [17–19], who proved the existence and uniqueness
of the solution to a case with H1 initial data and a
regularized operator. Coupled geometric flow equations
were introduced by Wei and Jia for image edge detection
[13]. An evolution operator based single-step method was
proposed by Wei, Wang and their coworkers for image
processing [14]. A partial differential equation approach of
Connolly surfaces was proposed by Wei and his coworkers
[20]. In such an approach, geometric partial differential
equation (PDE) is used to describe the solvent density
flows. Most biological processes occur in water, which
consists of about 70% body mass. Therefore, in general, the
biomolecular surface morphology should be determined by
the free energy minimization in the aquatic environment.
Wei and his coworkers have addressed this question by
considering a mean curvature flow model of bimolecular
surfaces that minimize the surface-free energy functional
[21]. They have also recently introduced stochastic geometric
flows to account for the random fluctuation and dissipation
in density and pressure near the surface [22]. A general
geometric flow structure, the potential driven geometric
flows, was introduced [22]. Physical properties, such as free
energy minimization (area decreasing) and incompressibility
(volume preserving), were realized in new geometric evolu-
tion equations [22]. Computational techniques used in this
surface analysis are quite similar to the level sets devised by
Osher and Sethian [23–25]. Another efficient approach is the
Euler-Lagrange formulation of surface variation developed
by Chan and others, [26, 27]. Interacting particle systems
and point-based approaches have also been proposed for the
modeling and animation of surfaces [28].

An unsolved problem in structural virology is the
detailed molecular mechanism of the assembly of virus
capsids with the right size that is able to accommodate
virus genetic material in the subsequent virus DNA/RNA
packaging. Additionally, the process of virus attachment on
its host cell, the movement of virus fusion with cellular
membrane, and the dynamics of virus penetration into
its host cell remain unrevealed mysteries. Prerequisites to
unveiling these mysteries are efficient computer science and
mathematical tools for modeling virus surface construc-
tion, evolution, and visualization, and for analyzing the
virus interactions with its host cell. A typical virus has
millions of atoms, while a large virus may have tens of
millions atoms. Huge viral data sets pose severe challenges
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to the theoretical understanding and prediction of virus
dynamics and interactions. These challenges are considerably
exacerbated by the fact that virus behavior and infectivity
depend strongly on the physiological environment, where
the water molecules are the most common media. This
dramatically increases the number of degrees of freedom
of a virus system. The real-time dynamic visualization of
viral attachment, fusion, and penetration of a host cell
in the aquatic environment requires microsecond or even
millisecond simulation time and is technically intractable
with full-atom models at present [11, 29]. In fact, the
elementary operations, that is, the construction of virus
surfaces with physical models and real-time visualization of
virus morphology present formidable challenges for applied
mathematics and computer science.

Recently, one of the present authors, Wei, has developed
a differential geometry-based multiscale paradigm to address
some of the aforementioned challenges in the nonequi-
librium dynamics of viruses, as well as other complex
chemical systems, for example, fuel/solar cells, and biological
systems, for example, ion channels [30]. In this approach,
the differential geometry theory of surfaces and geometric
measure theory are employed to couple the macroscopic
continuum mechanical description of the aquatic environ-
ment with the microscopic discrete atomistic description
of the macromolecule. Multiscale action functionals are
constructed as a unified framework to derive the governing
equations for the dynamics of different scales and different
descriptions. The generalized Navier-Stokes equation for the
fluid dynamics, the generalized Poisson Boltzmann equation
for electrostatic interactions, and Newton’s equation for
the molecular dynamics were derived by the least action
principle. These equations are coupled through the micro-
macro boundary whose dynamics is governed by potential
driven geometric flows.

The objective of the present work is threefold. First, we
apply the differential geometry-based multiscale models to
the formation and evolution virus capsids where challenges
originated from a large number of atoms and a variety
of interactions in a virus system, including the aquatic
environment. To dramatically reduce the number of degrees
of freedom of a virus system, we treat the water molecules
as a macroscopic continuum. However, we maintain atomic
description of the virus to allow an optimal access to detailed
biomolecular information. Secondly, we propose a new scale,
the coarse-grained particles, to improve the earlier multiscale
formalism [30]. Our new coarse-grained scale is based on
the description of amino acid residues. This additional scale
is necessary for excessively large viruses or macromolecules.
It efficiently reduces the number of degrees of freedom.
Finally, to further reduce computational cost, we utilize virus
symmetries to provide an optional reduction in data size.
Viruses typically have a few coding genes and they make use
of symmetries to reduce their genome size, because capsid
genes are repeatedly used. Apparently, viruses also try to
make use of symmetry so that they have a high ratio of
volume over surface area. As such, virus can maintain the
desirable mechanical and chemical stability while without
their own cell membranes and complex defense systems.

Some of the proposed ideas are tested by their applications
in virus surface formation, evolution, and visualization.

2. Theory and Algorithms

In this section, differential geometry theory of surfaces and
potential driven geometric flows are utilized to establish a
multiscale paradigm for modeling and simulation of virus
formation and evolution. Then, a coarse-grained virus model
is formulated to further reduce the number of degrees
of freedom. Finally, the use of symmetry in virus surface
construction is discussed.

2.1. Differential Geometry-Based Multiscale Model

2.1.1. Multiscale Models of Virus Surface Formation and
Evolution. A fundamental issue in biological modeling, and
in data analysis, visualization, and dynamical representation
is how to deal with a tremendously large number of degrees
of freedom resulting from various interaction. Under phys-
iological condition, a virus and its interacting environment
may involve tens of millions of protein atoms and water
molecules. In principle, the system can be described entirely
in the microscopic scale, that is, atomistic description or
more detailed description of electrons and nuclei. However,
such an approach cannot be productive and does not
provide theoretical predictions of physical properties of the
virus complex. It is impossible at present, and formidably
expensive in near future to describe in full-atomic detail of all
the aforementioned interactions for a large virus system. On
the other hand, a macroscopic description of the system is
incapable of revealing the molecular and atomic information
of the virus particle and its dynamics. We plan to reduce
the number of degrees of freedom of the virus complex
by a differential geometry-based multiscale model. In our
multiscale model, we will describe the aquatic environment
by a hydrodynamic continuum, that is, a macroscopic
description. As such, we are able to dramatically reduce
the number of degrees of freedom of millions surrounding
water molecules. However, since the biomolecule or the virus
is the objective of interest, we will describe the virus in
atomic detail, that is, a microscopic, discrete description.
Additionally, we carefully consider the solvation process of
the virus molecule. The virus surface tension and mechanical
work of virus immersion into the solvent are considered in
our model, in addition to the possible interaction between
virus atoms and the aquatic environment. Finally, the force
resulted from virus and solvent interactions is accounted by
fluid motion, which is modeled by a viscous fluid.

In our differential geometry-based multiscale model, we
use a hypersurface (characteristic) function S to characterize
the boundary of the virus and solvent. As such, S = 1
indicates the virus domain and S = 0 (i.e., 1 − S = 1)
indicates the aquatic domain. However, at atomic scale, the
virus surface, or the flow boundary between the virus particle
and aquatic environment cannot behave like the Heaviside
function. Instead, it must take a value between zero and one
(0 ≤ S ≤ 1). Such a profile characterizes the boundary
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between the virus and the aquatic environment. In the rest
of this section, we set x ∈ R3 as the macroscopic variable
and z = (z1, z2, . . . , zN ) ∈ R3N as the microscopic variable
of N discrete atoms or particles. The domain of the solvent
is denoted as Ωm : {x | S(x) /= 0} and that of the virus
molecule is denoted as Ωs : {x | (1 − S(x)) /= 0}. The whole
computational domain is Ω = Ωs ∪ Ωm. The solvent-solute
boundary is Ωb = Ωs ∩Ωm.

We consider the total action functional for the virus
complex [30]

Stotal
[
S,φ, x, z

]
=
∫∫∫⎧⎨⎩[γ‖∇S‖ + Sp +(1− S)ρsu

]
+ S

[
ρmφ − εm2

∣∣∇φ∣∣2
]

+ (1− S)

⎡⎣−εs
2

∣∣∇φ∣∣2 − kBT
Nc∑
j=1

cj
(

e−qjφ/kBT − 1
)⎤⎦

− (1− S)

[
ρs

v2

2
− p +

μ f

8

∫ t[
∇v + (∇v)T

]2
dt′
]

−S
N∑
j=1

[
ρj

ż2
j

2
−U(z)

]⎫⎬⎭dxdzdt,

(1)

where φ ∈ Ω is the electrostatic potential, γ is the surface
tension, p is the pressure, u is the interaction potential
between the solvent and the solute, kB is the Boltzmann
constant, T is the temperature, cj is the bulk concentration
of jth ionic species, Nc is the number of ionic species,
and ρm(x, z) = ∑

j Qjδ(x − z j) is the canonical density
of molecular free charges, with Qj being partial charges
on (discrete) atoms. Here, εm = ε0εm and εs = ε0εs are
the permittivities of the macromolecule and the solvent,
respectively, where ε0 is the permittivity of vacuum, and
εα and (α = m, s) are relative permittivities. We treat εα
as constants. Additionally, ρs and ρj are mass densities of
the solvent and virus atom (or coarse-grained particle),
respectively. Finally, v ∈ Ωs is the fluid velocity, μ f is the
viscosity of the fluid, symbol T in superscript denotes the
transpose, ż j = dz j /dt ∈ Ωm is the velocity of the jth atom,
and U is the interaction potential for atoms.

On the right hand side of (1), the first row is the
nonpolar solvation free energy, which includes the surface
area effect (γ‖∇S‖), the mechanical work (the volume
effect Sp), and the solvent-solute interactions ((1 − S)ρsu).
In principle, these interactions take care of important
dispersion effects, and other van der Waals effects. Geometric
measure theory is used to come up with the expression
for the surface area. The second row is the electrostatic
polar solvation free energy, which has contributions from
the virus particle S[ρmφ − εm/2|∇φ|2] and the aquatic
solvent (1 − S)[−(εs/2)|∇φ|2 − kBT

∑Nc

j c j(e−qjφ/kBT − 1)].
Here, the virus particles contribute a set of discrete partial
charges while the ion charges in the solvent are treated as
a continuous Boltzmann distribution. This is valid as long
as the system is near equilibrium. For systems far from

equilibrium, alternative models, such as Poisson-Nernst-
Planck (PNP) equations, are required to describe the density
of ionic species [30]. The third row is the Lagrangian of the
fluid dynamics subsystem with a negative sign. It consists
of the kinetic energy (ρs(v2/2)) of the fluid flow and the
generalized potential energy. The latter includes pressure

(p) and stress energy ((μ f /8)
∫ t[∇v + (∇v)T]

2
dt′). The stress

energy represents the energy loss due to the interactions
among the fluid particles, which are not explicitly described
in the present model. The exact expression of the stress
tensor for real fluid is usually unknown. Newtonian fluid and
NonNewtonian fluid approximations are commonly used, in
addition to numerous other approximations. Finally the last
row contains the Lagrangian of the virus molecular dynamics
subsystem with a negative sign. It describes the kinetic energy
ρj(ż2

j /2) and potential energy U(z). The latter includes all
possible potential interactions among virus atoms or coarse-
grained particles. We have chosen negative signs for two
Lagrangians so that the potential energies have positive signs
and are consistent with other potential energies.

2.1.2. Governing Equations for Coupled Fluid Dynamics and
Molecular Dynamics. In the present work, we derive four
governing equations by employing the principle of the least
action to the total action functional (Stotal[S,φ, x, z]) in (1)
with respect to four variables (S,φ, x, z)

δStotal
[
S,φ, x, z

]
=
∫∫∫⎧⎨⎩

⎡⎣∇ · ε(S)φ + Sρm + (1− S)
Nc∑
j

q jc je−qjφ/kBT

⎤⎦δφ
+

⎧⎨⎩
[
−∇· γ∇S

‖∇S‖+p−ρsu
]

+
[
ρmφ − εm2

∣∣∇φ∣∣2
]

−
⎡⎣−εs

2

∣∣∇φ∣∣2 − kBT
Nc∑
j

c j
(

e−qjφ/kBT − 1
)⎤⎦

−
∑
j

[
ρj

ż2
j

2
−U(z)

]
[
ρs

v2

2
− p +

μ f

8

∫ t[
∇v + (∇v)T

]2
dt′
]⎫⎬⎭δS

+
[
S∇p + (1− S)∇ρsu + Sφ∇ρm + (1− S)ρs(
∂v
∂t

+v·∇v
)

+(1− S)∇p −∇ · (1− S)T
]
· δx

+
∑
j

[
(1−S)∇ jρsu + Sφ∇ jρm + Sρj z̈ j + S∇ jU(z)

]

·δz j

⎫⎬⎭dxdzdt = 0.

(2)
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Here, δS, δφ, δx, and δz are four infinitesimally small but
nonzero perturbations. In order for the first variation to
vanish, the terms associated δS, δφ, δx, and δz have to vanish
independently. First, the term associated with δφ gives rise to
a generalized Poisson-Boltzmann equation

−∇ · ε(S)∇φ = Sρm + (1− S)
Nc∑
j

q jc je−qjφ/kBT , (3)

where

ε(S) = Sεm + (1− S)εs (4)

provides a smooth dielectric profile near the interface.
This is a new Poisson-Boltzmann equation for overlapping
domains. With the sharp interface, limit, (3) reduces to the
standard Poisson-Boltzmann equation [31–35]

−εm∇2φm = ρm, ∀x ∈ Ωm,

−εs∇2φs =
Nc∑
j

q jc je−qjφs/kBT , ∀x ∈ Ωs,
(5)

and appropriate interface conditions

φs = φm, εm∇φm · n = εs∇φs · n, ∀x on Γ, (6)

where Ωm and Ωs are, respectively, the virus domain and the
solvent domain, Γ is the sharp interface and n is the normal
vector of the surface.

Additionally, the virus surface evolution equation can be
constructed by requiring the term associated with δS in (1)
to vanish, followed by the use of the steepest descent scheme

∂S

∂t
= ‖∇S‖

⎧⎨⎩∇ · γ∇S
‖∇S‖ − p + ρsu− ρmφ +

εm
2
|∇φ|2

− εs
2
|∇φ|2 − kBT

Nc∑
j

c j
(

e−qjφ/kBT − 1
)

−
[
ρs

v2

2
− p +

μ f

8

∫ t[
∇v + (∇v)T

]2
dt′
]

+
∑
j

[
ρj

ż2
j

2
−U(z)

]⎫⎬⎭.
(7)

The structure of this equation is very similar to the potential
driven geometric flows introduced in the earlier work [22,
30]

∂S

∂t
= ‖∇S‖

[
∇ · γ∇S

‖∇S‖ + V

]
, (8)

where V includes appropriate potential interaction terms.
Therefore, (7) can be solved by using the same procedure as
that described in the earlier work [22].

Moreover, the requirement of the vanishing of the term
associated with δx gives rise to a generalized Navier-Stokes
equation for continuum fluid dynamics [30]

ρs

(
∂v
∂t

+ v · ∇v
)
= −∇p +

1
1− S

∇ · (1− S)T + F, (9)

where the stress tensor is given by

T = μ f

2

[
∇v + (∇v)T

]
. (10)

The Newtonian fluid is assumed in the present work. The
force in (9) is given by

F = S

1− S
f . (11)

Here, the force includes a few components

f = fP + fSSI + fRF, (12)

defined as

fP = −∇p;

fSSI = − (1− S)
S

∇(ρsu),
fRF = ρm

S
∇(Sφ).

(13)

The detailed derivation of the generalized Navier-Stokes
equation can be found in [30]. In case of sharp solvent-
virus interfaces, the hypersurface function S becomes a step
function, and (9) reduces to the standard Navier-Stokes
equation

ρs

(
∂v
∂t

+ v · ∇v
)
= −∇p + μ f∇2v + F, (14)

with simplified force expressions.
Finally, the Newton’s equation for molecular dynamics of

the jth atom (particle) in the virus is derived from the term
associated with δz j ,

ρj z̈ j = f j . (15)

Here the microscopic force associated with the jth atom is

f j = f
j

SSI + f
j

RF + f
j

PI. (16)

The force components are defined as

f
j

SSI = −
(1− S)

S
∇ j

(
ρsu
)

f
j

RF =
ρm
S
∇ j

(
Sφ
)

f
j

PI = −∇ jU(z),

(17)

where f
j

SSI, f
j

RF, and f
j

PI are, respectively, solvent-solute inter-
action force, reaction field force, and potential interaction
force.

In this multiscale system, all forces are balanced. The
fluid dynamics, the molecular dynamics, the electrostatic
subsystem, and the hypersurface function are all coupled.
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Table 1: Coarse-grain radii (Å) for twenty standard amino acid residues.

Residue Radius Residue Radius Residue Radius Residue Radius Residue Radius

GLY 4.20 ALA 4.10 VAL 4.30 LEU 5.70 ILE 5.60

PRO 4.10 PHE 7.00 TYR 8.30 TRP 8.30 SER 4.30

THR 4.40 ASN 5.50 GLN 6.80 CYS 4.50 MET 7.30

ASP 5.50 GLU 6.70 HIS 6.40 LYS 8.20 ARG 9.10

Figure 1: Coarse-grained model of a viral protein subunit. Left: the full atomic model of a protein subunit of the Nodamura virus (PDB ID:
1nov), Right: the coarse-grained model of a protein subunit of the Nodamura virus.

2.2. Coarse-Grained Model. As a part of our multiscale
framework, we consider a coarse-grained formalism for viral
surface formation and evolution. Coarse-grained models
are often used to deal with exceptionally large biological
systems. In the present treatment, we consider each amino
acid residue as a particle, located at the Cα position. The radii
of twenty standard amino acid residues used in the present
work are listed in Table 1. Coarse-grained representations
are efficient approaches for data size reduction. Combined
with enhanced computer power and efficient computational
algorithms, coarse-grained approaches currently enable the
simulation of systems of biologically relevant size (sub-
micrometric) and timescale (microsecond or millisecond)
[29]. Although coarse-grained models cannot be considered
as predictive as all-atom ones, they can provide much
insight with the use of more rigorous parameterization
techniques and efficient algorithms for sampling config-
urational space. Since the simulation size and timescale
of coarse-grained models coincide with those that can be
reached with the most advanced spectroscopic techniques,
it is possible to directly compare experiment data and
simulation predictions. In this work, we will explore the
use of coarse-grained models for viral surface formation
and evolution. Figure 1 presents an illustration of coarse-
graining particles for a viral protein subunit. The original
full-atomic subunit of the Nodamura virus has about 10
thousand atoms. In the coarse grained representation, each

amino acid residue is considered as one particle, located
at the position of the original Cα atom. Each type of
amino acid residues has a particle radius as shown in
Table 1. The discrete-continuum model of viral surface
representation discussed above is still applicable to the
present coarse-grain-continuum setting. However, to use (7)
for viral surface formation and evolution, we need to redefine
the Lennard-Jones and Coulomb potential parameters to
describe the interaction between amino-acid-residue parti-
cles.

2.3. Viral Data Size Reduction by Symmetry

2.3.1. Symmetry in Virus Capsids. Viral data may involve
tens of millions of atomic coordinates and radii, and
are enormously large for structural modeling, simulation
and visualization. Viral dynamical cycles may last from
millisecond to days, and real-time full-atom viral dynamical
simulations of viruses are intractable to the present com-
putational capability [11]. However, viruses typically have
very small genomes and code a few proteins. In order for
a viral capsid to hold all viral genetic material, virus makes
use of symmetry in its capsid assembly. Amazingly, most
viruses are symmetric, having icosahedral, helical, dihedral,
or circular symmetries [6]. As such, an icosahedral virus
can self-organize one protein to generate a capsid of 60
symmetry-related subunits (some viruses code hundreds of
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Figure 2: Illustration of surface construction from a facet patch by using symmetry. Left: the generating subunit (facet patch) of the
Nodamura virus (PDB ID: 1nov), Right: the full surface of the Nodamura virus constructed by symmetric assembly.

proteins). Therefore, it is desirable to take advantage of
symmetry in viral data analysis, operation, and management.
In particular, we propose to make use of viral symmetries, if
they are available in our geometric flow based viral surface
formation and evolution. Additionally, we can detect partial
and approximate symmetry [36] from viral surfaces, and
enforce symmetrization [37]. As such, we will use geometric
flows to generate symmetric facets, or patches from viral
protein subunits, and construct the whole viral surface
by symmetric assembly of viral facets; see Figure 2 for an
illustration.

2.3.2. Virus Symmetry Transformation. Viruses have adapted
five point group symmetries, that is, circular, dihedral,
tetrahedral, octahedral, and icosahedral, in their biological
assemblies. Mathematically, only three types of symmetric
operations, that is, rotation, inversion, and translation are
involved. Starting with the basic set of coordinates of a
protein subunit, the virus capsid data can be obtained by the
transformation

⎛⎜⎜⎜⎜⎝
X

Y

Z

⎞⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎝
r11 r12 r13 t1

r21 r22 r23 t2

r31 r32 r33 t3

⎞⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

x

y

z

1

⎞⎟⎟⎟⎟⎟⎟⎟⎠, (18)

where ri j are rotational (or inversion) elements, and ti
are translational elements. The viral data deposited in
the Protein Data Bank (PDB) often have problems with
missing sets of transformation operations and erroneous
coordinate-frame representations. We make corrections by
using the Virus Particle Explorer database [7] (VIPERdb;
http://viperdb.scripps.edu/) and/or the Protein Quaternary
Structure server (PQS; http://pqs.ebi.ac.uk/).

3. Numerical Demonstration

Recent advances in structural biology and microbiology have
given rise to an increasing body of structural data for over
300 viruses and viral complexes. Quaternary structures of
viruses and viral complexes pose many challenges for viral
representation, visualization, and the analysis of virus stabil-
ity and interaction [6]. The proposed multiscale framework
can be studied on a wide range of test cases to demonstrate its
utility and usefulness to the research community. However, a
full-scale demonstration of the proposed multiscale model
is a rather computationally challenging task as it involves
computational fluid dynamics (CFD), molecular dynamics
(MD) of viruses, and surface dynamics of large systems.
In this paper, we should primarily focus on the virus
surface formation and evolution. The coupling of the surface
dynamics to the CFD and MD will be studied in our future
work and published elsewhere.

We also test two other proposed ideas in this work, that
is, the coarse-grained virus model and the use of symmetry
assembly for the virus surface construction. In particular,
we are interested in examining the effect of the symmetry
assembly on the virus surface visualization. As shown in
Figure 3, we consider the coarse-grained model, which is an
efficient way to reduce computational cost. Additionally, we
test the surface construction by using symmetric assembly.
In comparison with surfaces constructed by potential driven
geometric flows without using the symmetry (Lower row),
geometric flow surfaces constructed by symmetry (Upper
row) provide a good representation of the original surfaces.
However, one can still see that contact edges in the surfaces
constructed by symmetry are not very smooth. Moreover,
we expect some impact of symmetric assembly to the MD
and fluid dynamics, as the symmetry becomes an additional
constraint to virus dynamical motions. The soundness of
such a constraint needs to be studied. This aspect as well
as many other ideas proposed in this work will be further
explored elsewhere.
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Figure 3: Illustration of virus surfaces constructed by using the proposed geometric flow approach in conjunction with the coarse-grained
model and the symmetry assembly. Upper row: Surfaces generated from a facet patch by using symmetry assembly. Lower row: Surfaces
generated without the use of symmetry. From left to right: Cucumber green mottle mosaic virus (CGMMV) with helical symmetry (1cgm),
Tobacco mosaic virus coat protein four-layer aggregate with D17 symmetry (1ei7), Nodamura virus with icosahedral symmetry (1nov), and
Viral toxin pneumolysin with C38 circular symmetry (2bk1).

4. Concluding Remarks

The control of infective viruses released by terrorists, and
the prevention of viral epidemics and pandemics, such
as HIV, SARS, H1N1, and bird flu are of tremendous
importance. The understanding of viral surface formation,
evolution, viral attachment and penetration of host cells are
prerequisites to viral disease prevention and control. This
problem, as well as many other similar problems in molec-
ular biology, poses pressing challenges to the theoretical
community due to their large number of degrees of freedom.
The main purpose of the present work is to introduce a
differential geometry-based multiscale framework to handle
complex biological systems. The present multiscale model
couples macroscopic fluid dynamics, microscopic molecular
dynamics, and surface dynamics in a unified framework.
The differential geometry theory of surfaces is utilized
to put continuum description and discrete description in
an equal footing. The present work constructs a general-
ized action functional to self-consistently couple different
scales. Governing equations for the fluid dynamics, that
is, the generalized Navier-Stokes equation, and molecular
dynamics, that is, the Newton’s equation, are derived by
minimizing the action functional. Additionally, we make use
of viral symmetry to dramatically reduce viral data sizes and
improve viral visualization. Finally, some of the proposed
approaches are demonstrated by the generation of a few virus
surfaces.

The proposed differential geometry-based multiscale
model can be easily generalized to complex systems with
multiple interfaces or many biomolecules. Additionally,
the incorporation of continuum solid description into the
present model will be published elsewhere. Finally, the
inclusion of a quantum mechanical description can also be
pursued in a similar way and will be published elsewhere.
Numerical experiments that further demonstrate the pro-
posed ideas are under our consideration.
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Size Functions and Support Vector Machines are used to implement a new automatic classifier of melanocytic lesions. This is
mainly based on a qualitative assessment of asymmetry, performed by halving images by several lines through the center of mass,
and comparing the two halves in terms of color, mass distribution, and boundary. The program is used, at clinical level, with two
thresholds, so that comparison of the two outputs produces a report of low-middle-high risk. Experimental results on 977 images,
with cross-validation, are reported.

1. Introduction

The incidence of malignant melanoma in fair-skinned
patients has increased dramatically in most parts of the
world over the past few decades. Because the prognosis of
melanoma depends almost entirely on tumor thickness, early
detection of thin melanoma is important for the survival
of patients [1, 2]. The diagnostic accuracy of the clinical
examination of pigmented skin lesions, however, is still
rather poor. Literature results arise the evidence that

(i) the ability of general practitioners to early diagnose
CMM with the naked eye is very low;

(ii) the ability of dermatologists to early diagnose CMM
with the naked eye ranges from 50% to 75%;

(iii) there is a high rate of false positive (causing unneeded
surgical excision).

In the last decade dermoscopy has changed the evalua-
tion of the diagnosis of pigmented skin lesions. Dermoscopy
is a noninvasive technique that enables the clinician to per-
form direct microscopic examination of diagnostic features,
not seen by the naked eye, in pigmented skin lesions. This

technique is more accurate than naked eye examination for
the diagnosis of cutaneous melanoma, in suspicious skin
lesions when performed in the clinical setting [3].

A complementary effort is in the automatization of
the diagnostic process. Several rather successful computer
programs have been implemented to the aim of an automatic
analysis of melanocytic lesions and their discrimination
between naevi and melanomas (see, e.g., [4–8]; see also
[9, 10] for a comparison between automatic and human per-
formance). Most of them keep into account the traditional
ABCDE parameters used by dermatologists: Asymmetry
(of boundary, texture, and color), Boundary (irregularity
and dishomogeneity), Color (presence of several colors),
Dimension, and Evolution. In particular, asymmetry is
generally based on quantitative comparison of the two parts
into which a lesion image is split by its principal axes. Here
we focus on asymmetry, perhaps the most important cue. We
have developed a new method for comparing in a qualitative,
yet precise way the two parts of a lesion at the sides of a
splitting line. The mathematical tool for comparison is the
theory of Size Functions, applied to three features: boundary
shape, mass, and color distribution.
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For each splitting line of a pencil we get an asymmetry
measure, so forming a map (two for each of the three
features). Some characteristic numbers of the six maps are
finally fed to a Support Vector Machine. A classification
experiment has been led on data set of 977 lesions with very
good results. The whole research is a follow-up of the ADAM
project of the European Union.

We are well aware that “qualitative measure” reads like an
oxymoron; of course, we mean that we compute a precise,
objective, repeatable measure of the difference between the
two half images; yet, this difference is of a qualitative
kind, in that it is not bound to geometric deformations,
superimpositions or the like. This is actually the great
advantage of using topological and not just geometrical tools.

2. Size Functions

Size Functions (SFs) are modular invariants of whatever
signal the user is interested in [10]; in the present case,
the concerned features are boundary shape, mass, and color
distribution. Size functions are maps from the plane to the
(extended) natural numbers. They depend on two inputs:
an object (e.g., a lesion boundary) and a real map, called
measuring function defined on it (e.g., distance from the
center of mass). Essentially, the SF registers the behavior of
the measuring function by using Morse theory (see [11]).
SFs are “qualitative” not only in that they are topological in
nature, but also in that a “similarity” based on them depends
on the user’s choice of a measuring function and of a distance
between SFs adapted to the context.

Let us recall the definition of an SF, adapted from the
more general setting of [12], where measuring functions are
allowed a multidimensional range. Consider a continuous
real-valued function ϕ : M → R, defined on a subset M of
a Euclidean space. The Size Function of the pair (M,ϕ) is a
function �(M,ϕ) : R2 → N ∪ {∞}. For each pair (x, y) ∈ R2,
consider the set Mx = {P ∈ M : ϕ(P) ≤ x}. The value
�(M,ϕ)(x, y) is defined to be the number of the connected
components of My which contain at least one point in Mx.
The discrete version of the theory substitutes the subsets
of the plane with a graph G = (V ,E), the function ϕ :
M → R with a function ϕ′ : V → R and the concept
of topological connectedness with the usual connectedness
notion for graphs. Figure 1 shows the size function obtained
from a curve with the ordinate as measuring function.

3. Classification

SFs have a standard structure, the one of superimposed
triangles already apparent in Figure 1. This has an important
outcome, in that the relevant information can be condensed
in the vertices of those triangles [13]. Comparison of two
images (as far as the criterion intrinsic to the measuring
function is concerned) can then be carried out by comparing
the sets of these points. Several distances can be defined on
the set of SFs; one which is very successful is the matching
distance (see Figure 2).
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Figure 2: The matching distance.

Distance from templates generally produces numbers of
some significance with respect to a classification. Unfortu-
nately, there do not exist archetypal naevi or melanomas, so
the task is harder than for classical classification problems.
We use distances for measuring asymmetries, as we shall
see further on. These distances produce other characteristic
numbers. At this point, Statistical Learning comes into play;
Vectors of characteristic numbers are the input of a Support
Vector Machine.

4. Segmentation

The first processing step is segmentation, that is, the isolation
of the skin lesion from its background. (See Figure 3; the
separating curve is drawn green). This is carried out with
well-tested methods depending on several parameters, most
of which have been fixed by experiment. Tuning of one of the
remaining, permits the removal of most hairs. This is notori-
ously a serious problem in the processing of dermatological
images, and has been solved by the operations of erosion and
dilation coming from mathematical morphology.

5. Asymmetries

The experience of dermatologists suggests that a major crite-
rion for suspecting malignancy is the asymmetry of various
aspects of the lesion. We have followed this suggestion by
splitting each lesion in two halves by a straight line passing
through the center of mass. Comparison of the two halves
is then performed by computing the distance between their
Size Functions. This represents a definite progress with
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Figure 3: A segmentation example.

respect to classical methods for detecting asymmetry; these
detected only geometrical asymmetry, while distances of Size
Functions determine also qualitative asymmetry. We repeat
the splitting for 45 equally spaced radial lines, so getting
distance as a function of angle (see Figure 4). From this curve
the software extracts a set of characteristic numbers: min,
max, average, min plus the value at 90◦ from min, integral,
first moment, variation, min derivative, max derivative,
integral of absolute value of derivative, and variation of
absolute value of derivative. A Support Vector Machine with
a third-order kernel is fed with these numbers, computed for
each measuring function. Actually, the vectors also contain
three more parameters: area, perimeter, and a bumpiness
measure coming from the SF of the whole lesion, with
distance from center of mass as the measuring function. An
initial set of experiments had been carried out with 90 lines
instead of 45, but the hit ratio was just slightly higher, while
almost doubling computing time.

We have used six measuring functions to distil the struc-
ture of boundary, mass distribution, and color distribution,
respectively. The first is the distance (of boundary points)
from the splitting line. The second sums grey levels along
segments orthogonal to the splitting line. The third sums
distances of colors (in RGB space) of consecutive pixels
along segments orthogonal to the splitting line. Our initial
experiments used just these three measuring functions.
Adding their three opposite functions improved the hit ratios
of 2 to 5 percentage points.

6. Experimental Results

The present method has been tested on well-controlled
lesion images. The acquisition setup consists of an LEICA
650 M stereomicroscope and a Sony 3CCD-930 color video
camera. The illumination of the stereomicroscope consists
of a 12 V/50 W halogen lamp that creates a bundle of light
perpendicular to the area of interest. The digital images have
been archived by means of the DBDERMO Mips software
package (Dell’Eva-Burroni, Siena).

Over half of the data set used in the present research,
had already been the subject of a formal study of clinical
diagnostic validation using also the local population-based
cancer registry (i.e., Registro Tumori Romagna) to cross-
check for possible false negatives, published on [14]. The data

Figure 4: One of the splittings of a lesion and the whole curve of
distances.

Table 1: Evaluation of classification results.

H R1 R2 S

Specificity 83.84 87.1 86.24 87.16

Sensitivity 84 90 86.67 96.41

set comes from the daily practice of one of us (Stanganelli);
of course, only “interesting” naevi had been acquired.
All melanomas and several naevi have been subjected to
histological test; all remaining naevi have been subjected
to follow-up. We have selected 977 images of melanocytic
lesions (melanomas and naevi) acquired in epiluminescence
microscopy with a fixed 16-fold magnification. The only
selection criterion was that the lesion be entirely visible.

The data set contains 50 melanomas (28 of them with
thickness less than 0.75 mm) and 927 naevi. Cross-validation
has been performed in three ways. In test H, every second
image was assigned to the training set (melanomas were
listed consecutively). In tests R1 and R2, a training set of
25 melanomas and 500 naevi was randomized from the
data set. The test set was formed by the complement (the
remaining 25 melanomas and 427 naevi). A fourth test (S)
was performed without cross-validation, with the whole data
set both as training and test set; we interpret the not much
higher scores of test S as a proof of stability. In Table 1 we
report, for each of tests H, R1, R2, and S, the specificity and
sensitivity of what we judge to be the best performances.

As a further information, in test S a 100% specificity was
attained only at cost of 4% sensitivity, but the decrease of
specificity to 93.64% yielt a jump to 70% sensitivity. 100%
sensitivity was reached at 63.65% specificity. We also report
the ROC curve of test S in Figure 5.

Our system is not intended to be provided to the public as
a yes/no diagnostic tool; it yields a risk index in the following
way. Two classifiers, one tuned at high sensitivity, the other
at fairly good specificity, give their response; if they agree
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Figure 5: The ROC curve of the single-set S test.

Table 2: Hit ratio of risk index computation.

Naevus Uncertain Melanoma

Low risk 87.11 51.76 0

Middle risk 10.82 38.82 4.76

High risk 2.06 9.41 95.24

Table 3: ELM: Epiluminescence diagnosis (Dermatologists); Clin:
Clinical diagnosis (Dermatologists); GP: Clinical diagnosis by
General Practitioners; ADAM: our system.

ELM Clin GP ADAM

Sensitivity 75 74 81 84

Specificity 80 83 73 72

to classify the lesion as a naevus (resp., a melanoma) then
a low (resp., high) risk is stated; if they disagree, the output
is of middle risk. A comparison has been done between the
output of this compound classifier and the judgement of
an expert dermatologist, who had classified the lesions as
sure melanomas, sure naevi and uncertain. The percentages
reported in Table 2 refer to the fractions of the three classes
(as classified by the human expert) labeled by the machine
with the three risk levels.

7. Comparison

A true comparison with other research group is problematic.
As stressed in [5], there are quite different selection criteria,
melanomas/naevi ratios, data set sizes, analysis methods.
Instead of reporting selected results of competitors, we refer
to Table 1 of that thorough paper. We just would like to
comment on very high sensitivity scores (over 95%). With
the noticeable exception of Seidenari et al. [4], such scores
seem to have been attained either with very small data sets,
or with high melanoma percentages, so in situations which
appear to be rather far from real-world ones.

Even counting them, the result of our cross-validated test
R1 is placed in the top third of the reported scores. Of course,
the single-set test S places us at an even higher rank.

It would be interesting to compare—as suggested by a
referee—the asymmetry assessment given by our method
with the one given by an expert dermatologist. This is
unfortunately not possible, since our evaluation does not
consist of a single measure, but of 66 (see Section 5),
what compelled us to use Support Vector Machines for
classification.

In [15] a comparison of the performance of our system
and of human operators (three Dermatologists and three
General Practictioners) was carried out on a smaller data
set of 31 melanomas and 103 naevi. We report the results in
Table 3.

8. Conclusions

The true novelty of the presented method consists in
the use of a qualitative but objective mathematical tool,
the Size Functions, to evaluate asymmetry (of boundary,
color, and mass distribution). Three experiments with
977 lesions, carried out under cross-validation, show very
good performances. Are the results sufficient to make our
method definitely preferable to others? No! But its good hit
ratio, together with the complete independence from the
competitors’ tools, make our method a tempting candidate
for integration. In this line of thought, comparison aimed to
integration should maybe prevail over competition.
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Bioinformatics applied to macromolecules are now widely spread and in continuous expansion. In this context, representing
external molecular surface such as the Van der Waals Surface or the Solvent Excluded Surface can be useful for several applications.
We propose a fast and parameterizable algorithm giving good visual quality meshes representing molecular surfaces. It is obtained
by isosurfacing a filtered electron density map. The density map is the result of the maximum of Gaussian functions placed around
atom centers. This map is filtered by an ideal low-pass filter applied on the Fourier Transform of the density map. Applying the
marching cubes algorithm on the inverse transform provides a mesh representation of the molecular surface.

1. Introduction

The geometric structure of macromolecules, such as proteins
or nucleic acids, is directly related to their function [1–3].
Consequently, studying this structure is of capital impor-
tance in the understanding and simulation of numerous life
processes. It allows researchers to save a lot of time and
money for various applications such as drug design [4, 5]
or mutation effect prediction [6, 7]. In this context, working
with molecules external surface can be useful, for instance,
to predict the geometrical complementarity between two
molecules [8] or to visualize them [9]. The prediction
of geometric complementarity is one of the keystones of
molecular docking [10–13], the modeling of interactions
between molecules. The localization of potential binding
sites of molecules [14–16] is a frequently used tool for
docking and generally requires a good description of the
protein surface [17–19]. The estimation of the surface area
may also be related to the stability of a particular molecule
3D conformation [20].

At first, the external surface of a molecule has to
be defined. Indeed, molecules are made of atoms which
have no real surface. The most frequent molecular surface
representations are the Van der Waals Surface (VdWS), the
Solvent Accessible Surface (SAS), and the Solvent Excluded

Surface (SES) [21, 22]. In the case of the VdWS, the electron
clouds around atoms are approximated by rigid spheres with
radii corresponding to the Van der Waals (VdW) radii of
the atoms. The SAS (resp., SES) is the inner surface of the
volume filled by the possible positions of the center (resp.,
exterior surface) of a ball representing a molecule of solvent,
for example, water (see Figure 1).

Efficient tools to represent such surfaces are the polygo-
nal meshes, which are collection of points related by edges
and faces that approximate the considered surfaces. A lot of
methods have been proposed in the last few years for the
generation of a molecular surface meshes.

However, the computational time remains generally high
for quality meshes, and it can be a problem when there is a
great amount of data to treat. In this paper, we introduce the
Filtered Density Map (FDM) algorithm, which is a fast and
parameterizable algorithm to generate smooth molecular
surface meshes. The generated mesh is the isosurface of
frequency filtered electron density map.

This paper is organized as follows. First, some other
works related to molecular surface generation are succinctly
described in Section 2. Then, the FDM method is described
in details in Section 3. And finally, results and comparisons
with other methods are presented and discussed in Section 4.
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Solvent

VdW

SES

SAS

Figure 1: A cutaway view of a small molecule. The most frequent
molecular surface representations are detailed. Gray discs depict
the Van der Waals volumes, the gray outer line depicts the Solvent
Accessible Surface (SAS) and the continuous black line depicts the
Solvent Excluded Surface (SES). The SAS (resp., SES) is the limit
surface for the solvent molecule center (resp., external surface). The
solvent molecule is represented as a black dashed circle.

2. Related Work

In the last few years, a lot of methods have been developed
for the generation of molecular surface meshes. In 1983,
Connolly [23] proposed an analytical algorithm in which
points were strategically placed around the molecule with
a specific analytical role (maximum, minimum or saddle
point) depending on the number of atoms present in the
neighborhood. In 2003, Bajaj et al. [24] introduced another
analytical method based on NURBS that offers the advantage
to be parameterizable without recalculation. In 2002, Laug
and Borouchaki [25] used a parametric representation of
intersecting spheres to create the surface mesh. MSMS,
developed by Sanner et al. [26] is based on alpha-shapes [27]
of molecules. This algorithm is widely used because it is time
efficient. However, the generated mesh is not a manifold and
is composed of very irregular triangles. The beta-shapes [28]
are a generalization of the alpha-shapes and were used by Ryu
et al. [29] in 2007 to design a similar algorithm. Another
vertex based method was used by Cheng and Shi [30]. In
this method, molecular surfaces are generated with the help
of restricted union of balls. Finally, some methods based on
volumetric computation exist, such as the one of Zhang et
al. [31] in which the solvent accessible surface is seen as the
isosurface of Gaussian shaped electron density maps, and the
algorithm of Can et al. [32] (the LSMS) which is based on a
front propagation from atom center and on level-sets.

Comparisons between the FDM method and the meth-
ods mentioned in this section are shown in Section 4.2.

3. Method

The FDM method is based on volumetric electron density
and a frequency filtering. Each atom is seen as a Gaussian
electron cloud, the dimensions of which are depending on
the VdW radius. Then, the electron density map is created
by taking the local maximum value of these clouds. After
a Fourier Transform, it is filtered by an ideal low pass

filter, in order to remove frequencies corresponding to a
spatial element smaller than a solvent molecule. Finally,
a marching cubes [33] algorithm is used on the inverse
Fourier Transform to find an isosurface. A refinement of the
final mesh constitutes an optional step of the method. The
whole algorithm was implemented in C++ with vtk (Visual
ToolKit) (http://www.vtk.org/).

3.1. Electron Density Map. A Gaussian function is con-
structed around each atom. The value of this function at a
point i for an atom a is:

Ga(i) = te−(r2
a−‖ai‖2/r2), (1)

where t is a threshold parameter, r is a radius parameter, ‖ai‖
is the Euclidean distance between the center of a and the
point i, ra is the VdW radius of the atom a. So, the isosurface
for the threshold t is the VdW sphere because if i is located
on the VdWS of a, ‖ai‖ = ra and Ga(i) = t. In this work, r is
set to 3 Å because this value is suitable for an ideal low-pass
filter (see Section 3.2).

For the implementation, the three-dimensional space is
divided into voxels. The spacing (Te) between voxels is an
adaptable parameter. The more Te is small, the more the
surface approximation is fine.

The density map of the whole molecule for a point in
the space is defined as the maximal value of all the Gaussian
functions at this point. The maximum of the Gaussian
functions is chosen instead of the summation because it is
not possible to evaluate the SES using the isosurface of a
summation of Gaussian functions. It can be shown by the
following counterexample, in which the Gaussian affected
to the atoms a and b must have contradictory properties
depending on the situation.

In the first situation, the space between a and b is just
small enough to block the way to a solvent molecule (see
Figure 2(a)). The other atoms are considered to be too far
to have an influence. Thus, the SES has a concave shape at
this place and the value of the density map at the “center”
of the concavity c1 must be influenced by the fields of a and
b: Ga(c1) > 0, Gb(c1) > 0. We can state that ‖ac1‖ > ra + rs
because s, the center of the solvent molecule, can be very close
to the ab axis.

In the second situation, ‖ab‖ < ra + rs/2, which is often
the case for covalent bonds. Let c2 be a point belonging both
to the SES and to the VdWS of b with the necessary condition
‖bc2‖ = rb (see Figure 2(b)). The point c2 should not be
influenced by the field of a, so Ga(c2) = 0. If ‖ac2‖ > ‖ac1‖,
this condition is in contradiction with Ga(c1) > 0, because
the Gaussian function is strictly decreasing in the positive
domain. Using the Al-Kashi theorem, we know that

‖ac2‖2 = r2
b + ‖ab‖2 − 2rb‖ab‖ cosβ,

‖ac1‖2 > (ra + rs)
2 = (rb + rs)

2 + ‖ab‖2

− 2(rb + rs)‖ab‖ cosβ,

(2)

where β is the âb f angle. Thus, ‖ac1‖ > ‖ac2‖ if

r2
s + 2rbrs − 2rs‖ab‖ cosβ > 0, (3)
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b
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(a)

a b
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ra rb
β

rs rs
c2

(b)

Figure 2: Two situations in which the Gaussian functions would
have contradictory properties. (a) Two atoms of the molecule, a and
b, are just close enough to block the way to a solvent molecule s. The
point c1 is on the SES and must be influenced by the filed generated
by a, Ga. (b) a and b are close. The point c2 is on the SES but also
on the VdWS. So, it should not be influenced by Ga. It is possible to
show that in some (frequent) configurations, ‖ac1‖ > ‖ac2‖.

SES

Wave length

Solvent

rs

Figure 3: Minimal wavelength allowed on the SES. It corresponds
to four times the solvent radius rs and determines the cutoff
frequency for the filtering.

what is verified by the hypothesis: ‖ab‖ < rb + rs/2 because
cosβ ≤ 1.

In order to avoid interferences, the maximum is preferred
to the summation of Gaussian functions. Isosurfacing this
density map returns the VdWS. This surface is not smooth
and in order to compute the SES, the density map must first
be filtered.

3.2. Fourier Transform and Filtering. The Fourier Transform
of this electron density map is computed using the FFT
algorithm [34]. The frequency representation of the function
is filtered by an ideal low pass filter in order to eliminate
frequencies corresponding to elements smaller than a solvent
molecule, for example, inflexion points between two VdW
spheres.The cutoff frequency is fc = 1/4rs, where rs is the
radius of the sphere approximating the solvent molecule
(typically 1.4 Å for water). The wavelength must be four
times longer than rs because a molecule solvent diameter has
to fit in a half wavelength (see Figure 3).

Gaussian functions are preferred to balls in the spatial
domain because an ideal low-pass filter makes the Gibb’s
phenomenon appear on sharp edges. An ideal filter is used
because the cutoff frequency is exactly known and because
it is numerically possible. An ideal low-pass filter in the
frequency domain is equivalent to a convolution product
with a sinc function in the space domain. Let X = (x, y, z) be

b

a

c1

c2 s

c3

Figure 4: In this example, the atoms a and b are 5 Å far from
each other and have both a VdW radius of 1.8 Å. The radius of the
solvent molecule s is 1.4 Å. The conditions to verify for the density
map before (M) and after (M̃) filtering are: M(c1) = M̃(c1) = t,
M(c2) < M̃(c2) = t, and M(c3) < t and M̃(c3) < t, with t, the
threshold value for the isosurfacing.

the space variable inR3 and M(X) the initial electron density
map. Then, the filtered density map is:

M̃(X) = (M(•)∗2 fc sinc
(
2 fc•

))
(X), (4)

where • represents the variable. The parameter r of the
Gaussian functions in (1) is related to the width of the
function. To keep the isosurface at the same place, a wider
function has a smaller maximum. If this maximum is too
high, that is, if r is too small, the secondary ripples of the sinc
function take too much importance when they are in phase
with this maximum. It makes oscillations appear in the final
density map, which can lead to the apparition of unwanted
surfaces after isosurfacing. Simulations with several 1D and
2D functions were performed to verify the effect of r. The
three main conditions to verify are the follwing:

M̃
(
Xc1

) = t for c1 lying on the SES and on the VdWS,

M̃
(
Xc2

) = t for c2 lying on the SES but not on the VdWS,

M̃
(
Xc3

)
< t for c3 lying outside the molecule.

(5)

Here is a 2D example:

M(x) = max(Ga(x),Gb(x)), (6)

with the atom a centered in (xa, ya) = (0,−2.5) and the atom
b in (xb, yb) = (0, 2.5), the threshold t = 1, and ra = rb = 1.8
(Figure 4). The values of the density maps M(X) and M̃(X)

for c1 = (0, xa − ra), c2 = (
√
x2
a + (ra + rs)

2 − rs, 0), and c3 =
(x3, y3) are plotted as a function of r in Figure 5. (x3, y3) is the
position of the maximal value of the density map outside the
“molecule” for r = 1. When the parameter r = 3, conditions
(5) are verified and the Gaussian functions are not too wide,
what leads to shorter execution times. The 2D density maps
M(X) and M̃(X) with r = 3 as well as M̃(X) with r = 1 are
shown in Figure 6. The isocontours, representing the VdWS
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Table 1: Computation times (in s) for different methods. ((b) from [32].)

PDB code No. atoms FDM1.9rs ,0 FDM4/3rs ,1 LSMS PyMol Swiss-PDBV Chimera MSMS

1A8R 26400 0.65 2.61 5.56 10.52 6.38 16.36(b) 0.95

1H2I 32318 0.72 1.83 6.50 11.37 5.25 40.04(b) 3.03

1GTP 34740 0.51 2.20 6.98 13.15 4.75 67.04(b) 9.02

1FKA 34977 0.75 2.77 7.89 26.29 7.36 77.25(b) 4.50

1GT7 42700 0.95 2.43 7.32 16.10 6.50 54.39(b) 3.32

1GAV 43335 0.55 2.54 7.05 28.86 7.71 78.35(b) 4.22

1G3I 45528 0.54 2.85 8.18 19.45 6.21 — 7.67

1PMA 45892 0.40 1.97 8.23 18.67 6.72 — 12.90

1FJG 51995 0.71 2.88 8.01 25.18 8.05 — 15.11

1AON 58870 0.62 2.64 8.83 26.36 8.91 — 10.87

1J0B 60144 0.69 3.07 6.87 32.66 7.92 — 5.61

1OTZ 68620 0.67 2.28 8.46 30.14 9.56 — 9.03

1IR2 77088 0.65 2.88 7.09 29.31 9.55 93.87(b) 9.49

Table 2: Computation times (in s) for different methods. ((a) from [30].)

PDB code No. atoms � No. triangles FDMrs/2,1 Cheng MSMS

200D 232 65 k 0.55 1.35(a) 0.33

1FG1 873 100 k 0.85 2.41(a) 0.65

3EBZ 1651 200 k 1.37 15.43(a) 0.97

Table 3: RMSD and percentage of big differences with reference
surfaces.

Spacing (Å) RMSDw (Å) ‖ · ‖ > 1.9rs ‖ · ‖ > rs ‖ · ‖ > rs/4

1.9rs = 2.66 0.78 0.41% 6.89% 67.04%

rs = 1.4 0.26 0% 0% 20.20%

rs/4 = 0.35 0.20 0% 0% 8.71%

or the SES, are depicted in white and we can see the artifacts
appearing for too small values of r.

It is important to notice that if the spacing (Te) for the
spatial sampling is too large, there would be no filtering.
Normally, the sampling frequency, fe = 1/Te, has to verify
the Nyquist-Shannon theorem: fe > 2 fmax, where fmax is the
higher frequency with a nonzero coefficient in the original
signal. However, for this application the errors resulting
from a subsampling are not too important and the sampling
frequency is chosen such that fe > 2 fc, that is, Te < 2rs. In
this situation, the filtering is always possible.

3.3. Isosurfacing. The final triangular mesh is an approxima-
tion of the isosurface of the filtered electron density map.
The most popular technique to extract an isosurface from
a 3D image is the marching cubes algorithm [33]. In this
algorithm, the voxels are screened by group of eight sharing
a same point. Mesh vertices, faces, and edges are added
depending on the value of these eight voxels. There are 256
(28) possibilities that can be reduced to 15 situations thanks
to symmetries and complementarities.

3.4. Refinement. The visual appearance of the final mesh
can be improved by magnifying the number of vertices. The
number of vertices is increased using a smooth interpolation
scheme such as the piecewise smooth surface reconstruction
of Hoppe et al. [35], or the algorithm based on the butterfly
scheme proposed by Zorin et al. [36].

4. Results and Discussion

Some numerical results pointing out advantages and draw-
backs of the FDM are shown in this section. The main
characteristics to be observed are the computation time and
the quality of the generated mesh. The section is divided
into three parts: the analysis of the effects of the different
parameters of the FDM, the results of computation time
comparisons with other existing methods, and a quality
measurement of the generated meshes.

4.1. Parameters. There are three main parameters modifiable
by the user. First, the spatial spacing Te, that is, the distance
between two neighbor voxels center, which determines the
total number of voxels. Second, the cutoff frequency fc,
which determines the smoothness of the final mesh. And
third, the refinement rate kr , that is, the number of new
points in a triangle for the final mesh magnification. In this
section, the effect of these parameters on the visual quality,
on the computation time and on the memory space, are
discussed.

4.1.1. Spatial Spacing. With a small spatial spacing, it is pos-
sible to represent fine details. However, it drastically increases
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Figure 5: Value of the density map before (continuous gray line)
and after (dashed black line) filtering at a point belonging to both
the SES and the VdWS, c1 (a) a point belonging to the SES but
not the VdWS, c2 (b) and a point outside the molecule, c1 (c) (see
Figure 4). t = 1, so, when r = 3, conditions (5) are satisfied.

the memory space needed as well as the computation time.
Indeed, reducing Te by a factor α increases the number
of voxels by α3. The parts of the method depending on
the number of voxels are the creation of the density map
(time: O(nv) and space: O(nv), with nv the number of
voxels) and the Fast Fourier Transform (time: O(nv lognv)
and space: O(nv)). A visual comparison between meshes
generated with Te = 1.9rs, Te = rs and Te = rs/3 is
shown in Figure 7. In these examples, fc = 1/4rs and
kr = 0, that is, the meshes represent the SES without final
refinement.

10

5

0

−5

−10

−10 −5 0 5 10

x

y

Original
r = 3

1.4

1.2

1

0.8

0.6

0.4

0.2

(a)

10

5

0

−5

−10

−10 −5 0 5 10

x

y

Filtered
r = 3 1

0.8

0.6

0.4

0.2

(b)

10

5

0

−5

−10

−10 −5 0 5 10

x

y

Filtered
r = 1

6

5

4

3

2

1

(c)

Figure 6: Value of the density map for the example of Figure 4. x
and y are the two spatial dimensions (Å) and the colors represent
the value of the density map before filtering and with r = 3 (a) after
filtering and with r = 3 (b) and after filtering with r = 1 (c). The
contour for t = 1 is depicted with a white line. It represents the
VdWS (a), the SES (b), and the SES with artifacts (c).

4.1.2. Cutoff Frequency. In order to generate a mesh repre-
senting the SES, fc is set to 1/4rs (see Section 3.2). However,
depending on the application, the surface could be other
than the SES. For instance, if fc > fe/2, there is no actual
filtering, and so, the generated mesh represents the VdWS.
On the other hand, to obtain a smooth approximation of
the molecule shape, fc can be reduced. It is equivalent to
consider a bigger solvent molecule. Changing this parameter
does not have any effect neither on the computation time nor
on the memory space needed. A visual comparison between
meshes generated with fc > fe/2 (VdWS), fc = 1/4rs, and
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Te = 1.9 rs

(a)

Te = rs

(b)

Te = rs/3

(c)

Figure 7: Meshes generated from electron density map at a spatial spacing of Te = 1.9rs (a), Te = rs (b), and Te = rs/3 (c) (PDB code: 3EBZ).

fc > fe/2

(a)

fc = 1/4rs

(b)

fc = 1/16rs

(c)

Figure 8: Meshes generated from electron density map filtered at a cutoff frequency of fc > fe/2 (a) to give the VdWS, fc = 1/4rs (b) to give
the SES, and fc = 1/16rs (c) to give an approximation of the general shape. (PDB code: 3EBZ).

fc = 1/16rs (shape approximation) is shown in Figure 8.
In these examples, Te = rs/3 and kr = 0, that is, a
solvent molecule diameter takes 6 voxels and there is no final
refinement.

4.1.3. Refinement Factor. The final mesh refinement gives
foremost an esthetic advantage. The memory space needed
does not increase a lot because the number of voxels remains
the same. Only the size of the mesh changes and this is
negligible in comparison with the space needed by the voxels
representation. The computation time slightly increases but,
when kr = 1 (which gives a good visual improving),
this is negligible in comparison with the voxels operations
computation time. A visual comparison between meshes
generated with kr = 0, kr = 1 and kr = 2 is shown in
Figure 9. In these examples, Te = rs and fc = 1/4rs, that is,
a solvent molecule diameter takes 2 voxels and the meshes
represent the SES.

4.2. Time Comparisons. In this section, computation times
are compared between the FDM algorithm and algorithms
found in the literature for equivalent qualities. When avail-
able, the algorithms were run on the same computer, when
not, the computation times were the ones announced in the
original paper. Can et al. made a comparison of their method
computation time with three molecular visualization tools:
UCSF Chimera [37], Swiss-PDBViewer [38], and PyMol
[9]. We added MSMS [26] to this set of methods. These
programs, as well as the one of Can (LSMS), are available
for free, so, the computation time could be measured on the
same computer than for our method, except for Chimera
that was not supported by the system. Thus, the computation
times mentioned here for Chimera are the one announced
in the paper of Can et al. [32]. For the LSMS method, the
grid size is set to 256 × 256 × 256. In this condition, Te �

1 with the tested molecules. Other programs are run with
defaults settings, that is, Te � 1. Two tests are made for
the FDM method. In the first one, the parameters are set
to Te = 1.9rs and kr = 0 to be as fast as possible while
keeping a correct solution. In the second one, the parameters
are set to Te = 4/3rs and kr = 1 which gives a correct mesh
with a good appearance (see Figure 10). The computation
times are shown in Table 1. The computation times reported
only include the mesh generation time, that is, it does not
take the loading time into account. In addition, for three
molecules, computation times for the method of Cheng and
Shi [30] are reported from their paper. The computation
times comparison is shown in Table 2. All the tests were
performed on a AMD Athlon(tm) 64 X2 Dual Core Processor
3800+, 2 gigabytes RAM. The computers were more or less
equivalent in the cited papers.

It appears in Tables 1 and 2 that all the molecule surfaces
in this data set are computed faster with the FDM than
with any other method and for different values of the
parameters.

4.3. Quality Results. In order to validate the quality of the
results, different generated surfaces (SESs) were compared
with references surfaces. These reference surfaces were
generated by isosurfacing a field composed of a union
of VdW balls at good resolution (spatial spacing of rs/8)
after morphological closing with a structuring element of
the size of the solvent molecule. This approach, similar
to [32], directly follows the definition of the SES [22],
because morphologically close this volume is equivalent
to make a solvent molecule roll on the VdW balls and
to consider unaccessible parts to be inside the molecule.
The molecules tested were 200D, 1FG1, and 3EBZ, because
they are small enough to generate a good reference surface
with the available memory space. The mean weighted root
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Figure 9: Meshes refined with a factor of kr = 0 (a), kr = 1 (b), and kr = 2 (c) (PDB code: 3EBZ).

Figure 10: Mesh of the SES of a molecule with Te = 4/3rs and kr =
1. (PDB Code: 1H2I).

1FG1 SES

(a)

1FG1 reference SES

(b)

Figure 11: Visual comparison between the 1FG1 SES generated
with the FDM algorithm with a spacing of rs/4 and the reference
SES generated with a spacing of rs/8.

mean square deviation (RMSD) for three spatial spacing is
reported in Table 3. The weighted RMSD is

RMSDw =
√√√∑N

n=1

∥∥pnp′n∥∥2
sn

S
, (7)

where N is the number of vertices in the reference mesh, pn
is a vertex of this mesh, p′n is the closest point on the other
mesh (not necessary a vertex, it can be on an edge or on a
face), sn is the mean area of the faces pn belongs to, and S
is the total surface area. The percentages of the surface for
which ‖pnp′n‖ is greater than the spacings are shown in the
right-hand-side columns of Table 3. These error indexes are
not completely correct because the reference surfaces is not
a ground truth. However, it shows that the FDM algorithm
can provide a surface with a quality comparable to robust
methods.

A visual comparison between the SES of 1FG1 computed
with the FDM algorithm and the reference SES is shown in
Figure 11.

5. Conclusion

In this paper, we introduced an algorithm to compute molec-
ular surface meshes (the FDM algorithm). It is constructed as
an isosurface of a filtered electron density map (FDM). This
algorithm is faster than other algorithm tested in equivalent
conditions. It is slower than the MSMS algorithm for small
molecules (<30000 atoms) but it returns a smooth manifold
surface, which is not the case with MSMS. It makes possible
to compute a precise representation of the surface with a
limited number of voxels, so that the computation time
and the memory space needed are reduced. Moreover, it is
parameterizable on the spatial resolution, the refinement of
the final mesh, and the size of the solvent molecule. Thus,
the spatial resolution can be improved for a finer result but
with an important computation time increase. Similarly, a
smoother result can be obtained with a final refinement
with a small influence on the computation time but with
less precise results than reducing the spacing. Finally, the
solvent molecule size can be chosen without influence on the
computation time.

The refinement could be improved to be specific to
molecular surface. It would enable coarse meshes to be
generated rapidly and to be improved by a priori knowledge
about local geometry of molecule surfaces, such that the
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curvature deduced from the closest atom radius. In future
works, this algorithm will be used in surface-based method
to detect protein hot spots [19].
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Lipid lateral organization in binary-constituent monolayers consisting of fluorescent and nonfluorescent lipids has been
investigated by acquiring multiple emission spectra during measurement of each force-area isotherm. The emission spectra
reflect BODIPY-labeled lipid surface concentration and lateral mixing with different nonfluorescent lipid species. Using principal
component analysis (PCA) each spectrum could be approximated as the linear combination of only two principal vectors. One
point on a plane could be associated with each spectrum, where the coordinates of the point are the coefficients of the linear
combination. Points belonging to the same lipid constituents and experimental conditions form a curve on the plane, where each
point belongs to a different mole fraction. The location and shape of the curve reflects the lateral organization of the fluorescent
lipid mixed with a specific nonfluorescent lipid. The method provides massive data compression that preserves and emphasizes
key information pertaining to lipid distribution in different lipid monolayer phases. Collectively, the capacity of PCA for handling
large spectral data sets, the nanoscale resolution afforded by the fluorescence signal, and the inherent versatility of monolayers for
characterization of lipid lateral interactions enable significantly enhanced resolution of lipid lateral organizational changes induced
by different lipid compositions.

1. Introduction

Biomembranes contain a variety of different lipids with
a broad array of physicochemical properties. Such lipid
variety has stimulated ideas regarding the existence of
nonrandom lateral organizational states, including the so-
called raft microdomains [1–7]. Model membranes, that
is, bilayer vesicles and monolayer films, have proven useful
for dissection of the lipid lateral distributional tendencies
because simple combinations are possible and adjustments
to lipid composition are relatively straightforward. With
lipid monolayer systems, imaging of the monolayer surfaces
to obtain direct insights into lipid lateral organizational
states at macroscopic levels, that is, micron resolution,

can be achieved using epifluorescence and/or Brewster
angle microscopy [7–10]. These approaches have provided
fundamental insights into the role(s) played by line tension
and other parameters in stabilizing lipid macrodomains.
However, their resolution capabilities are constrained to the
micron range, limiting their effectiveness for detection of
microdomains.

Recently, we showed that nanoscale changes in lipid
packing and lateral organization can be detected in mixed
monolayers of 1-palmitoyl-2-oleoyl-sn-glycero-3-phospho-
choline (POPC) and 1-palmitoyl-2-[7-(4, 4-difluoro-
1,3,5,7-tetramethyl-4-bora-3a,4a-diaza-s-indacene-8-yl) he-
ptanoyl]-sn-glycero-3-phosphocholine (Me4BODIPY-PC)
by direct monitoring of changes in fluorescence emission
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from multiple spectra acquired simultaneously with the
force-area isotherms [11, 12]. Me4BODIPY-PC mimics
the behavior of fluid-phase PCs with unsaturated acyl
chains and does not perturb lipid packing when the
fluorophore concentration is kept low (e.g., ≤1 mole%).
At higher mole fractions (e.g., 10 or 20 mole%), the
probe begins to exert its own influence on the system
rather than serving as a completely “impartial” reporter, a
feature observed for virtually all probe molecules. Spectral
characterization of Me4BODIPY-PC incorporated into lipid
monolayers and bilayers indicates retention of excitation
and emission transitions associated with monomeric
forms of other BODIPY derivatives (i.e., absorption and
emission wavelength maxima (λmax) near 498 nm and 506–
515 nm, resp.). Me4BODIPY-PC also displays substantial
broadening of its emission spectrum as a function of
increasing fluorophore concentration due to elevated
fluorescence near 570 nm relative to the 510–520 nm region.
Although the photophysical mechanism accounting for
the emission broadening may differ from the excited state
dimer fluorescence of dimethyl-BODIPY derivatives (see
Discussion and [11]), the response serves as an effective
indicator of Me4BODIPY-PC local concentration and
lateral distribution within lipid monolayers and bilayers.
We recently showed that alterations in Me4BODIPY-PC
packing density in POPC monolayers, achieved by lateral
compression at constant Me4BODIPY-PC mole fraction
or by variation of Me4BODIPY-PC mole fraction, were
detectable in the emission spectra even though correspond-
ing force-area isotherms indicated no deviation from ideal
mixing behavior [11]. The findings suggested that direct
monitoring of fluorescence spectral changes could provide
a highly sensitive tool for studying lipid lateral interactions
in monolayers. However, to extract the information from
the multiple emission spectra, that is, as many as 600
spectra per isotherm, an effective means is needed to analyze
the data.

When the input data is extremely large and/or contains
redundancy, then transformation into a reduced repre-
sentation provides an effective means for preservation of
essential information. Several data reduction methods are
available [13–17] such as principal component analysis
(PCA), semidefinite embedding, partial least square, and
multidimensional scaling. PCA was designed by Karl Pearson
[16] to compress and identify unknown trends in a mul-
tidimensional data set. Data dimensionality is reduced by
performing a covariance analysis. Herein, we show that PCA
provides an effective way to analyze fluorescence spectra of
binary constituent lipid monolayers. By using this method,
each spectrum can be represented by one point on a plane.
We find that points, belonging to the same lipid constituents
and experimental conditions, form a curve on the plane
where each point belongs to a different mole fraction.
The location and shape of the curve are characteristics
to the lateral organization of the respective monolayer.
Use of phosphatidylcholine (PC) or sphingomyelin (SM),
containing either saturated-monounsaturated or disaturated
hydrocarbon chains, as the nonfluorescent lipid in the binary
constituent monolayers enables evaluation of the role played

by matrix lipid phase state and composition in controlling
the lateral mixing of the fluorescent lipid by PCA.

2. Materials and Methods

1-Palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC)
and 1,2-dipalmitoylphosphatidylcholine (DPPC) were pur-
chased from Avanti Polar Lipids (Alabaster AL). Palmitoyl
sphingomyelin (PSM) and oleoyl sphingomyelin (OSM)
were produced by reacylation of lyso-SM with the desired
fatty acyl residue and purified as described previously [18,
19]. 1-Palmitoyl-2-[7-(4, 4-difluoro-1,3,5,7-tetramethyl-4-
bora-3a, 4a-diaza-s-indacene-8-yl)heptanoyl]-sn-glycero-3-
phosphocholine (Me4BODIPY-PC) was synthesized and
purified as described earlier [20].

2.1. Fluorescence Spectra of Binary-Constituent Lipid Mono-
layers. The Langmuir film balance platform was outfitted for
acquisition of fluorescence emission intensity as a function of
wavelength while simultaneously measuring surface pressure
(π) and dipole potential (ΔV) as a function of lipid cross-
sectional molecular area (A) of the lipid monolayer [11,
12]. Briefly, BODIPY lipid films were excited at a 90◦

incident angle using 488 nm unpolarized light from an
argon-ion laser (Model 2122-45L, JDS Uniphase, San Jose,
CA) equipped with a model-3 light-intensity controller and
a fiber optic coupler (Model HPUC-23-488-S-3, FAC-2BL;
Oz Optics, Nepean, ON, Canada). Fluorescence emission
was collected perpendicular to the interface at a distance
of ∼1 cm using a fiber optic spectrometer (Model PC2000-
ISA, Ocean Optics, Dunedin, FL) equipped with an L2
lens and 200-μm slit. A 500-nm-long pass filter (500EFLP,
Omega Optical, Brattleboro, VT) was mounted between the
emission collimator and the detector to reduce scattered
excitation light. Fluorescence emission spectral intensities
were collected each second. Although monolayer compres-
sion was continuous during the spectral data acquisition
cycle, the fractional change in lipid concentration during
each acquisition cycle was≤0.0073. Control emission spectra
were unaffected by gas phase, that is, air or argon, or by
0.01% sodium azide in the subphase buffer.

Subphase buffer was maintained at 24◦C via a ther-
mostated, circulating water bath and was produced using
water purified by reverse osmosis, activated charcoal adsorp-
tion, mixed-bed deionization, then passed through a Milli-Q
UV Plus System (Millipore Corp., Bedford, MA), and filtered
through a 0.22 μm Millipak 40 membrane. Subphase buffer
contained 10 mM potassium phosphate (pH 6.6), 100 mM
NaCl, and 0.01% NaN3 and was kept stored under argon,
cleaned by passage through a seven-stage series filtration set-
up consisting of an Alltech activated charcoal gas purifier,
a LabClean filter, and a series of Balston disposable filters
consisting of two adsorption (carbon) and three filter units
(93% and 99.99% efficiency at 0.1 μm). The film balance
was housed in an isolated laboratory supplied with clean air
by a Bioclean Air Filtration system equipped with charcoal
and HEPA filters and was kept under humidified argon in a
separate enclosure. Other features contributing to isotherm
reproducibility include automated lipid spreading via a
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modified HPLC autoinjector, automated surface cleaning by
multiple barrier sweeps between runs, and highly accurate,
reproducible setting of the subphase level by an automated
aspirator. Glassware was acid cleaned, rinsed with purified
water, and then with hexane/ethanol (95: 5) before use.

Lipid monolayers were formed by automated
spreading (51.67 μL aliquots) of mixtures made from
stock solutions dissolved in toluene/ethanol (5:6) or hex-
ane/isopropanol/water (70: 30: 2.5). After spreading on the
subphase surface and a delay period of 4 min, lipid films were

compressed at a rate of ≤4 Å
2
/molecule/min. Surface pres-

sure and area calibration of the film balance were performed
as detailed previously [21]. Phospholipid concentrations,
including BPC, were determined by a modified Bartlett
assay [21]. Solvent purity was verified by dipole potential
measurements using a 210Po ionizing electrode [21].

2.2. Principal Component Analysis of the Fluorescence Spectra.
Here we provide a short description of PCA. The measured
fluorescence spectra can be represented by S, an nxm matrix,
where m is the number of measured spectra. Each spectrum
is measured at the same n wavelengths. Si j is the intensity of
fluorescence emission measured at the ith wavelength of the
jth spectrum. The covariance matrix C, a symmetric mxm
matrix, can be created from the S matrix as follows:

Cij =
∑n

k=1(Ski −Mi)
(
Sk j −Mj

)
n− 1

, (1)

where Mj = ∑n
h=1 Shj/n is the average intensity of the

jth spectrum. There are m eigenvalues and m respective
eigenvectors for the covariance matrix. The eigenvalues of
C are real positive numbers and are sorted in descending
order in the eigenvalue vector, Λ. From the eigenvectors, one
can create an mxm matrix, V where each column represents
an eigenvector. In V, the eigenvectors are sorted as in Λ,
that is, the eigenvector the eigenvector in the first column
has the largest eigenvalue; in the second column, the next
largest eigenvalue, and so forth . By multiplying the S and V
matrices and transposing the product, one obtains the mxn
final data matrix, P = (SV)T . We refer to the rows of the final
data matrix as principal vectors. The kth element of the ith
principal vector is

Pik =
m∑
h=1

SkhVhi. (2)

In the case of our spectra, the first two eigenvalues
in Λ are much larger than the rest of the eigenvalues, as
shown in Table 2. Thus each fluorescent spectrum can be
approximated by the linear combination of the first two
principal vectors, that is

Sk j ≈Mj + Vj1P1k + Vj2P2k, (3)

or if the intensity of each spectra at the first wavelength is
zero, S1 j = 0, then

Sk j = Sk j − S1 j ≈ Vj1(P1k − P11) + Vj2(P2k − P21). (4)
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Figure 1: Experimental set-up and structures of lipids investigated.
Upper panel depicts a Langmuir surface balance modified to acquire
fluorescence emission spectra of lipids forming a monolayer at the
air/water interface. γ0 = surface tension of gas/water interface; γ
= surface tension of gas/water interface covered by lipid; (γ0-γ)
= surface pressure. Lower panel shows the structures of the lipids
studied. The following color scheme applies: gray = carbon, red
= oxygen, blue = nitrogen, orange = phosphorus, pink = boron,
aqua = fluorine. Arrows pointing left indicate cis double bonds and
arrows pointing right equal trans double bonds.

3. Results

Fluorescence spectra of lipid monolayers containing
Me4BODIPY-PC as one of the two lipid constituents
were acquired while simultaneously measuring the surface
pressure versus average molecular area isotherm (Figure 1,
upper panel). In every case, Me4BODIPY-PC was one
lipid constituent (Figure 1, lower panel), while the type
and amount of the second lipid constituent (POPC,
DPPC, OSM, and PSM) varied. This experimental strategy
provided insights into the effects of lipid phase state and
composition on Me4BODIPY-PC lateral mixing. Figure 2
serves as an example, showing the fluorescence spectra
of Me4BODIPY-PC/POPC (Figures 2(a) and 2(c)) and
Me4BODIPY-PC/DPPC (Figures 2(b) and 2(d)) monolayers
obtained at two representative surface pressures of 5
and 30 mN/m. It is noteworthy that surface pressures
in the 30–35 mN/m region mimic conditions found in
biomembranes [22, 23]. For each panel in Figure 2, the four
spectra correspond to the following Me4BODIPY-PC mole
fractions: 0.01 (red), 0.1 (blue), 0.2 (green), 1 (black).

Interpretation of the Me4BODIPY-PC spectral responses
in Figure 2 is facilitated by consideration of the phase



4 International Journal of Biomedical Imaging

750700650600550500450

Wavelength (nm)

0

200

400

600

800

1000

1200

1400

1600

In
te

n
si

ty

(a)

750700650600550500450

Wavelength (nm)

0

200

400

600

800

1000

1200

1400

1600

In
te

n
si

ty

(b)

750700650600550500450

Wavelength (nm)

0

500

1000

1500

2000

In
te

n
si

ty

(c)

750700650600550500450

Wavelength (nm)

0

500

1000

1500

2000
In

te
n

si
ty

(d)

Figure 2: Fluorescence spectra of binary-constituent lipid monolayers containing BODIPY-labeled phosphatidylcholine. Fluorescence
emission intensity of BODIPY-labeled PC is plotted against emission wavelength. (a) Me4BODIPY-PC/POPC monolayers at 30 mN/m lateral
pressure; (b) Me4BODIPY-PC/DPPC monolayers at 30 mN/m, (c) Me4BODIPY-PC/POPC monolayers at 5 mN/m, (d) Me4BODIPY-PC-
/DPPC monolayers at 5 mN/m. Color codes: 1% Me4BODIPY-PC (red), 10% Me4BODIPY-PC (blue), 20% Me4BODIPY-PC (green), 100%
Me4BODIPY-PC (black).

behavior of the lipids comprising the binary-constituent
lipid monolayers. POPC and Me4BODIPY-PC both are
known to display fluid phase behavior at all surface pressures
below monolayer collapse (e.g., ∼45 mN/m), while DPPC
displays fluid phase behavior only at low surface pressures
(e.g., <∼8 mN/m ) and undergoes a two-dimensional phase
transition resulting in ordered lipid hydrocarbon chains
at high surface pressures (e.g., [11, 18, 24]). At 5 mN/m
(Figures 2(c) and 2(d)), both lipid constituents display
fluid-phase behavior and the emission spectra are similar
in intensity and shape at equivalent Me4BODIPY-PC mole
fractions. However, at 30 mN/m (Figures 2(a) and 2(b)), only
Me4BODIPY-PC and POPC remain fluid; whereas, DPPC

is gel-like and chain ordered [11, 18, 24]. Under the latter
condition, dramatic changes are observed in Me4BODIPY-
PC/DPPC spectral intensity and shape, that is, quenching
and broadening, compared to equivalent Me4BODIPY-PC
mole fractions in the Me4BODIPY-PC/POPC mixed mono-
layers.

With BODIPY fluorophores, dilute noninteracting
monomers exhibit a narrow emission peak centered in
the 506–515 nm range after excitation [11, 12, 25–27].
At sufficiently high BODIPY concentrations, additional
absorption and emission peaks are observed, often reflecting
dimer emission and/or homo resonance energy transfer
(Förster distance = 57 Å). Johansson and colleagues have
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Table 1: Compositions and experimental conditions of binary-constituent lipid monolayers.

5 mN/m 75 Å
2
/molecule 30 mN/m 64 Å

2
/molecule

Me4BODIPY-PC/POPC 1% 1% 1% 1%

Me4BODIPY-PC/POPC 10% 10% 10% 10%

Me4BODIPY-PC/POPC 20% 20% 20% 20%

Me4BODIPY-PC/DPPC 1% 1% 1% 1%

Me4BODIPY-PC/DPPC 10% 10% 10% 10%

Me4BODIPY-PC/DPPC 20% 20% 20% 20%

Me4BODIPY-PC/18:1-SM 1% 1% 1% 1%

Me4BODIPY-PC/18:1-SM 10% 10% 10% 10%

Me4BODIPY-PC/18:1-SM 20% 20% 20% 20%

Me4BODIPY-PC/16:0-SM 1% 1% 1% 1%

Me4BODIPY-PC/16:0-SM 10% 10% 10% 10%

Me4BODIPY-PC/16:0-SM 20% 20% 20% 20%

Me4BODIPY-PC 100% 100% 100% 100%

% indicates Me4BODIPY-PC mole%.
The first and third columns represent surface pressure.
The second and fourth columns represent cross-sectional molecular area.

Table 2: First six eigenvalues of the covariance matrix.

λ1 λ2 λ3 λ4 λ5 λ6

2,264,835 158,654 594 316 192 52

shown that emission of ground-state dimethyl-BODIPY
dimers, denoted DII (J-dimer) occurs when the BODIPY
rings are oriented in planes with their S0 → S1 transition
dipoles aligned at ∼ 55◦. DII dimers absorb near 570 nm
and emit near 630 nm [25]. Energy transfer to the ground-
state DII dimers from excited-state monomers is typically
responsible for the DII emission peak observed near 630 nm.
A second type of ground-state dimer, denoted DI (H-dimer)
and characterized by sandwich-like stacking of the BODIPY
rings, results in parallel alignment of the transition dipoles
and absorption near 477 nm, but produces no fluorescence
emission after excitation [25, 26]. In the case of Me4-
BODIPY-PC, we find no evidence of the 620–630 nm peak
characteristic of dimethyl-BODIPY dimer fluorescence but
rather the presence of an emission shoulder (∼570 nm) at
high Me4BODIPY-PC surface concentrations. Substantial
spectral broadening occurs because of increased fluorescence
near 570 nm relative to the 510–520 nm region. Thus,
detection of surface concentration changes and lateral
heterogeneity in the mixing of Me4BODIPY-PC in lipid
monolayers and bilayers becomes evident.

In addition to formation of the emission shoulder,
intensity decreases occur in the ∼510 nm emission peaks at
20 mole% compared to 10 mole% Me4BODIPY-PC (Figures
2(a), 2(c), and 2(d)). This response could reflect nonflu-
orescent relaxation occurring for excited monomers by a
mechanism involving Förster energy transfer between excited
state monomer and ground state dimers aligned differently
than DII dimers [25, 26]. In contrast to the above cases,
the spectra in Figure 2(b) are broad at every Me4BODIPY-
PC mole fraction, that is, fluorophore dimers form even at

very low probe concentration, suggesting highly nonideal
mixing and possible lateral phase separation of Me4BODIPY-
PC in the DPPC monolayers at 30 mN/m (Figure 2(b)).
Under such conditions, the specific area of Me4BODIPY-PC

(30 mN/m; 80 Å
2
/molecule) [11] is considerably larger than

the DPPC specific area (46.2 Å
2
/moL) [18, 24]. Me4BODIPY-

PC molecules are unable to fit into the tight lattice of DPPC
molecules. Breaking this lattice structure at many points is
not energetically feasible. Thus, even at low concentration,
Me4BODIPY-PC molecules are expected to segregate, form-
ing clusters in the monolayer. In the clusters, the local probe
concentration is high, where dimers (or excimers) may form
[25–28], resulting in spectral broadening (Figure 2(b); red
curve). The preceding discussion of spectral and force-area
data facilitates interpretation of the results of the principal
component analyses that follow.

In general, analogous monolayer phase behavior is
exhibited by 18:1 sphingomyelin (SM) as by POPC in that
18:1-SM remains fluid at all surface pressures. However, at
30 mN/m, 16:0 SM exists as a mixture of coexisting gel-
like chained-ordered and fluid chain-disordered phases, in
contrast to DPPC which exists as a gel-like, chain-ordered
phase (e.g, [18, 24]). It is noteworthy that the spectra
of Me4BODIPY-PC/18:1-SM and Me4BODIPY-PC/16:0-SM
(not shown) are broadened at surface pressures of 5 and
30 mN/m as well as at average molecular cross-sectional areas

of 64 Å
2
/molecule and 75 Å

2
/molecule with increasing probe

concentration, reflecting subtle differences in lipid structure.
Table 1 shows that a total of 52 fluorescence spectra

were simultaneously analyzed by PCA using the spectra
of 13 binary mixtures taken at two lateral pressures and
two specific areas. We determined the eigenvalues and
eigenvectors of the respective 52×52 covariance matrix, C, by
reducing the symmetric matrix to tridiagonal form [16, 17].
The first six elements of the sorted eigenvalue vector, Λ, are
shown in Table 2.
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Since the first two eigenvalues are much larger than
the rest of the 52 eigenvalues, one is able to characterize
each fluorescence spectrum by only the first two principal
vectors (first two rows of the final data matrix, P). This is
a massive dimensionality reduction from 52 to 2. In Figure 3,
the components of the first two principal vectors are plotted
against the respective wavelengths. The first principal vector
(red curve) shows strong similarity to spectra measured at
low Me4BODIPY-PC mole fractions with the exception of
the spectrum (red curve) shown in Figure 2(b). The peak
location (510 nm) of the first principal vector and its half
width (40 nm) are similar to that of spectra taken at 1
mole% Me4BODIPY-PC concentration in Figures 2(a), 2(c),
and 2(d). As was pointed out above, these spectra originate
from fluorescence emission of the excited monomer probe.
The second principal vector (Figure 2, blue curve) resembles
higher-order fluorescence, that is, dimer or excimer, because
it peaks at 572 nm where the spectral shoulder appears
at high Me4BODIPY-PC concentrations. Note that each
spectrum taken at high Me4BODIPY-PC concentration is
expected to result in both monomer and dimer (or excimer)
fluorescence because dimer formation from monomers is a
reversible interaction [25–28].

In order to demonstrate the validity of the PCA
approach, the measured intensities of the 52 fluorescence
spectra were plotted against the calculated intensities using
(4) (Figure 4). A straight line could be fitted to the 52× 2048
points with high confidence. The slope and the intercept
of the fitted line are 1.0002 ± 0.00008 and −0.043 ± 0.018,
respectively, while the correlation coefficient of the fit is
0.9997. Consequently, the spectra of BODIPY-labeled, two-
constituent lipid monolayers can be approximated by the
linear combinations of the first two principal vectors given
by (4).

In the case of the jth spectrum, the coefficients of
the linear combinations are the jth elements of the first
two eigenvectors, Vj1 and Vj2. There is a strong positive
correlation between the value of Vj1 and the peak height of
the jth spectrum, while Vj2 correlates with the half-width
of the spectrum. In Figure 5(a), the elements of the first
eigenvector are plotted against the respective peak height.
The correlation coefficient between Vj1 and the peak height
is 0.96. In Figure 5(b), the elements of the second eigenvector
are plotted against the half-width of the respective spectrum.
The correlation coefficient between Vj2 and the half-width
is 0.91. Note that in Figure 5(b), the point that deviates
most from the general trend, with coordinates (261,0.5),
belongs to the spectrum of pure Me4BODIPY-PC monolayer
at 30 mN/m.

4. Discussion

According to (4), the jth elements of the first two eigen-
vectors, Vj1 and Vj2, fully specify the jth spectrum, while
the first two principal vectors are characteristics of all the
measured spectra. Thus, geometrically each spectrum can be
represented by one point in a plane with coordinate axes:
α and β. For example, in the case of the jth spectrum, the
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are plotted against the 2048 wavelengths where each of the 52
fluorescence spectra was measured. Each measured spectrum can
be approximated by the linear combination of these two curves (see
(4)). The first and second principal vectors are marked by red and
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Figure 4: Comparison of reconstructed spectral intensities with
experimental intensities. Experimental intensities from 52 fluo-
rescence spectra are plotted against calculated intensities. The
calculation is based on an equation, Equation (4), containing the
first two principal vectors. The plot contains 52×2048 points. Each
measured spectra was shifted to get zero average intensity at the first
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coordinates of the respective point are α = Vj1 and β = Vj2.
Figures 6(a), 6(b), 6(c), and 6(d) show the (α,β) planes with
points representing different spectra, measured at surface
pressures of 5 mN/m and 30 mN/m, and at average molecular

cross-sectional areas of 75 Å
2
/molecule and 64 Å

2
/molecule,
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Figure 5: Correlations between eigenvector elements and spectral
characteristics. (a) Elements of the first eigenvector of the covari-
ance matrix Vj1 are plotted against the peak height of the respective
spectrum. The slope and intercept of the fitted straight line are 1.1 ·
10−4±4.5·10−6 and 0.012±0.005. The correlation coefficient is 0.96.
(b) Elements of the second eigenvector of the correlation matrix Vj2

are plotted against the half-width of the respective spectrum. The
slope and intercept of the fitted straight line are 0.0019 ± 0.00012
and −0.229± 0.017. The correlation coefficient is 0.91.

respectively. In each panel, points belonging to monolay-
ers containing the same lipid constituents are connected
by the same color line: Me4BODIPY-PC/POPC (black);
Me4BODIPY-PC/DPPC (green); Me4BODIPY-PC/18:1-SM
(blue); Me4BODIPY-PC/16:0-SM (red). The zig-zag nature
of the line connecting the points illustrates how the charac-
teristic point representing the spectrum travels as the mole
fraction of Me4BODIPY-PC increases. When the probe’s
mole fraction approaches zero, the characteristic point of
each line is expected to approach the origin (α = 0, β = 0).
This is the case because, with decreasing Me4BODIPY-PC
concentration, the fluorescence intensity at any wavelength

approaches zero, Sk j → 0, and thus in (4), both Vj1 and Vj2

should approach zero. (Note that the principal vectors are
independent of the Me4BODIPY-PC concentration.) Thus in
spite of the fact that there is no spectrum at zero fluorophore
concentration, each line can be expected to start from the
origin.

It was pointed out above that the β and α coordinates
of the characteristic point correlate with the half-width
and height of the spectrum, respectively, and these spectral
properties depend on dimer (or excimer) formation by the
fluorophore. Since the fluorescence spectrum depends on
the surface concentration, that is, mole fraction, of the
fluorescent lipid in the respective monolayer, one can expect
the location and shape of the lines in the (α,β) plane to
reflect changes in Me4BODIPY-PC surface concentration
and lateral organization. It is noteworthy that two distinctly
different line shapes are observed in Figure 6.

(1) The initial slope of the line is negative, starting from
zero fluorophore content, if the monolayer is in fluid
or fluid/gel mixed phase. This situation occurs for all
lipids shown in Figure 6, except for the green curve
(DPPC) in Figure 6(b) (30 mN/m). At low-mole frac-
tion, the Me4BODIPY-PC is expected to mix ideally
with the fluid phase lipids and to be monomer-
ically dispersed. With increasing fluorophore con-
centration, the number of monomers increases (i.e.,
the peak height and α increases), and the half-
width of the spectrum slightly decreases (i.e., β
decreases). Between 10 and 20 mole% Me4BODIPY-
PC, dimers are expected to substantially increase in
the monolayer, resulting in an emission shoulder at
570 nm (i.e., the half-width and β increases). On
the other hand, dimer formation makes possible
nonfluorescent energy transfer between excited state
monomer and ground state dimer (i.e., the peak
height and α decreases).

(2) The initial slope of the line is positive, starting from
zero fluorophore content, if the monolayer is in gel
phase (Figure 6(b), green curve). Even at low-mole
fraction, Me4BODIPY-PC mixes nonideally with gel
phase DPPC, and forms aggregates. Thus increasing
monomer and dimer fluorescence can be detected
simultaneously from low-fluorophore concentration,
that is, α and β increase simultaneously with increas-
ing peak height and half-width. The response sug-
gests that dimer abundance can be affected by the
lipid lateral organizational state.

5. Conclusion

Under fluid-phase monolayer conditions, curves are highly
similar for same-type lipids (e.g., POPC and DPPC; OSM
and PSM). Nonetheless, detectable differences exist between
the lipid types, consistent with subtle differences in the
lateral mixing of Me4BODIPY-PC in each lipid type. The
differences in curves generated from spectra acquired at
30 mN/m imply that both lipid type and phase state affect
Me4BODIPY-PC lateral distribution under lipid packing
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Figure 6: 2D-Diagram of fluorescence spectra of binary-constituent lipid monolayers. Each point on the (α,β) plane represents a
fluorescence spectrum of a BODIPY-labeled binary-constituent lipid monolayer. For the jth spectrum α = Vj1 and β = Vj2, where Vj1

and Vj2 are jth component of the 1st and 2nd eigenvectors, respectively. A zig-zag line of the same color connects points belonging to
monolayers comprised of the same lipid constituents. These lines start from the origin representing the spectra of different monolayers with
0 of the monolayer increases with successive dots corresponding to Me4BODIPY-PC mole fractions of 0.01, 0.1, and 0.2. All lines converge to
the same final point, representing the spectrum of pure Me4BODIPY-PC monolayer. Panels (a) and (b) represent lateral pressures of 5 and

30 mN/m; whereas, panels (c) and (d) correspond to average cross-sectional molecular areas of 75 and 64 Å
2
/molecule, respectively. Color

codes: Me4BODIPY-PC/POPC (black), Me4BODIPY-PC/DPPC (green), Me4BODIPY-PC/18:1SM (blue), Me4BODIPY-PC/16:0SM (red).
The dotted ellipses encircle equivalent Me4BODIPY-PC mole fractions, with the numerical label indicating the fluorophore mole fraction
(0.01, 0.1, or 0.2) mixed with each of the four different nonfluorescent lipids (POPC, DPPC, 18:1-SM, or 16:0-SM).

conditions approximating biomembranes. Currently under-
way are comprehensive studies involving: (1) more lipid
mixing ratios, (2) different BODIPY-labeled lipids, and (3)
other nonfluorescent lipid components.

Collectively, our data demonstrate the usefulness of PCA
for deciphering fluorescence spectra obtained from lipid
monolayers with respect to the lateral distribution of lipid
fluorophore. The exceptional promise shown by PCA for
handling large spectral data sets, the nanoscale resolution
afforded by the fluorescence signal, and the inherent versa-
tility of lipid monolayers for characterization of lipid lateral
interactions combine to provide a new approach expected to

facilitate investigation of lipid lateral organizational changes
induced by differing lipid compositions and by proteins.
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Perfusion magnetic resonance brain imaging induces temporal signal changes on brain tissues, manifesting distinct blood-supply
patterns for the profound analysis of cerebral hemodynamics. We employed independent factor analysis to blindly separate such
dynamic images into different maps, that is, artery, gray matter, white matter, vein and sinus, and choroid plexus, in conjunction
with corresponding signal-time curves. The averaged signal-time curve on the segmented arterial area was further used to calculate
the relative cerebral blood volume (rCBV), relative cerebral blood flow (rCBF), and mean transit time (MTT). The averaged ratios
for rCBV, rCBF, and MTT between gray and white matters for normal subjects were congruent with those in the literature.

1. Introduction

Dynamic susceptibility-contrast perfusion magnetic reso-
nance (MR) imaging is a commonly used method for the
noninvasive assessment of cerebral blood perfusion because
of the availability of MR imaging units and lack of exposure
to ionizing radiation [1–10]. After a bolus injection of
intravascular contrast agent, the passage of bolus induces
the susceptibility inhomogeneity, which in turn causes a
relative decrease of image intensities of brain tissues from the
baseline. Various tissues manifest distinct blood-supply pat-
terns since the contrast agent arrives consecutively, leading
to temporal intensity drops at different time instants. Based
on the perfusion data, we can calculate the hemodynamic
parametric maps, that is, relative cerebral blood volume
(rCBV), relative cerebral blood flow (rCBF), and mean
transit time (MTT), by employing the indicator dilution

theory [11, 12]. This has been used in the assessment of
many brain disorders such as tumors [2, 7, 13], stroke [14],
infection [15], and moyamoya disease [16, 17].

The estimation of rCBV and rCBF, however, requires
arterial concentration of the contrast agent as an arterial
input function (AIF). This is a demanding task, and many
methods have been proposed to address the issue. Addition-
ally, classification of blood-supply patterns for various tissue
types in brain based on bolus transit profiles is essential
for the assessment of brain perfusion. Wiart et al. [18]
manually selected single or multiple pixels for the tissue of
interest and used the averaged temporal profile as a reference
in producing a similarity map for segmenting gray matter
(GM) and white matter (WM) from perfusion images.
This method is advantageous for easy implementation but
limited to extraction of a single tissue type per similarity
map. If one attempts to segment multiple tissue types,
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associated similarity maps need to be created one by one after
cumbersome selections of reference pixels, which may be
prone to operator influence. Alternatively, Martel et al. [19]
used the conventional factor analysis, under the hypothesis
that the observable signal-time curve for each pixel is a
weighted sum of pure physiological factors, to classify the
signal-time curves of arterial and venous structures from
MR dynamic perfusion images. This method has also been
applied in nuclear medicine to separate cardiac components
and extract left ventricular input function from dynamic
H2

15O PET images [20–22]. It should be noted that,
although the factor-analysis-based methods are attractive,
additional assumptions of a priori knowledge are required
to obliquely rotate the eigenvectors to yield meaningful
physiological factors [23–25]. Besides, only one or two
physiological factors were resolved in past studies. To our
knowledge, the automatic simultaneous segmentation of
multiple perfusion compartments has been less explored. A
recent related work was to use the expectation-maximization
algorithm with a mixture of multivariate Gaussian models
for fitting the perfusion MR images so that each pixel can be
labeled by the resulting maximal posterior probability [26].

The aim of this study is to automatically classify the
spatiotemporal blood-supply patterns which enables us to
extract the arterial compartment for modeling the AIF
and segment other tissue regions as well. To this end, we
employ an independent factor analysis (IFA) [27], a data-
driven method, allowing us to blindly separate mixed signals
into independent-factor (or independent-source) compo-
nents for multitissue hemodynamic classification. That is,
the hemodynamics of each tissue type can be dissected
without making a priori spatial and temporal assumptions
of physiology. The factors in the IFA, in contrast to the
conventional factor analysis, are modeled by a finite mixture
of Gaussian functions that can be used as a constraint to
remove rotational factors [27]. This method has been applied
to successfully separate the background factors and noise
artifacts from the stimulus-evoked MEG and EEG sensor
data contaminated by large background brain activity [28].
In this study, the use of IFA is based on two inherent
assumptions: (1) signal intensity of each pixel is a linear
mixture contributed from different tissues, referred to as the
partial volume mixing, which is a well-known phenomenon
due to finite resolution of MR scan; (2) the anatomic
structures of pure tissue types are spatially independent
(nonoverlapped with each other). The classification of multi-
tissue hemodynamics consists of two steps. The first step is to
identify a dominant tissue type on each independent-factor
(IF) image resolved from the IFA based on the arrival order
of corresponding signal-time curve and a priori knowledge
of brain anatomy. The second step is to automatically extract
regions of the dominant tissue from each selected IF image
by means of an optimal threshold [29].

This paper is organized as follows. The protocol of MR
imaging and data recordings is first described followed by the
introduction of IFA method and calculation of the pixel-by-
pixel rCBV, rCBF, and MTT maps. Computer simulations are
presented to validate the application of IFA method on two-
dimensional independent factors. Resultant five IF images

in conjunction with corresponding signal-time curves from
a data set are exhibited. We then calculate and display the
rCBV, rCBF, and MTT maps based on the extracted arterial
compartment. The averaged ratios for rCBV, rCBF, and MTT
between GM and WM from five normal subjects are also
computed. Finally, we discuss and conclude this study.

2. Subjects and Data Recording

Five healthy volunteers (three males and two females) aged
from 18 to 47 were recruited to participate in this study.
Written informed consent was obtained from each volunteer
before this study. A multislice gradient-echo EPI pulse
sequence on a 1.5-Tesla scanner (Signa CV/i; GE Medical
Systems, Milwaukee, WI, USA) was used and the imag-
ing parameters were transaxial imaging, TE/TR = 60/1000
milliseconds, flip angle = 90 degrees, FOV = 24 cm ×
24 cm, matrix = 128 × 128, slice thickness/gap = 5/5 mm
for 7 slices, one acquisition, and 100 images per slice
location. Twenty milliliters of Gd-DTPA-BMA (Omniscan,
0.5 mmol/mL; Nycomed Imaging, Oslo, Norway) followed
by 20 mL of normal saline were delivered administratively by
a power injector (Spectris; Medrad, Indianola, PA, USA) at
a flow rate of 3-4 mL/sec in the antecubital vein. The first
thirteen and last thirty-seven images were removed from
100 images and fifty images, which exhibited stable baseline
and discernible temporal signal changes, were kept in a slice
location for analysis. The temporal resolution is one second.
Figure 1 displays part of dynamic perfusion images at an
upper slice location encompassing the first circulation from
a 39-year-old volunteer. With 16384 (=128 × 128) pixels for
each image, the observation of 50 temporal images can be
represented by a 50×16384 matrix. The signal-to-noise ratios
(SNRs) of these five data sets were 51, 55, 77, 83, and 88,
respectively.

3. Independent Factor Analysis

In this study, we assume that there are N pure tissue types
presented on perfusion images and that signal intensity of
each pixel is a linear combination of contributions from N
pure tissues due to the effect of partial volume mixing in MR
scanning. Let the observed noisy mixtures be denoted by a
matrix y of size 50 × 16384, the linear mixing by a matrix H
of size 50 × N , the independent factors by a matrix x of size
N × 16384, and the zero-mean Gaussian noise by a matrix u
of size 50 × 16384, where each row in x represents an image
for a tissue type, each column of H represents a signal-time
curve for an associated tissue type, and covariance matrix
of the zero-mean Gaussian noise is denoted by Λ. Under
the assumption that the sources x are mutually statistically
independent, the IFA-based blind source separation (BSS)
technique attempts to recover the unknown mixing matrix
H and hidden IF images x from the observed noisy mixtures
[27]:

y = Hx + u. (1)

In order to recover the IF images, we assume that each
row of the matrix x is a realization of a random variable
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Figure 1: Perfusion MR images from a 39-year-old volunteer. Images encompass the first circulation (7–30, from left to right, top to bottom)
at an upper slice location.

whose probability density p(xj) is in a form of mixture of
Gaussians (MoG) given by

p
(
xj | θj
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=

nj∑
qj=1

ωj,qj g
(
xj − μj,qj , ν j,qj

)

=
nj∑

qj=1

ωj,qj

1√
2πν j,qj

exp

⎡⎢⎣−1
2

(
xj − μj,qj

)2

ν j,qj

⎤⎥⎦,

θj =
{
ωj,qj ,μj,qj , ν j,qj

}
,

(2)

where g stands for the Gaussian function, qj is a variable
with value running over number of Gaussians with means
μj,qj , variances ν j,qj used in MoG model for the source xj ,
j = 1, . . . ,N , and ωj,qj ’s are the mixing proportions satisfying∑

qj
ωj,qj = 1. Let q = (q1, . . . , qN ) denote all possible

combinations of the individual qj . The joint probability
density p(x) in N-dimensional space can be formed by the
product of the one-dimensional MoG’s in (2) due to the
mutual independence of xj , which is itself an MoG
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In our implementation, nj was determined to be 2
for each source xj . To estimate the IF model parameters,
the Kullback-Leibler distance function [27] is employed to
measure the difference between the probability density of
the observed signals given the model parameters W, that is,
p(y | W), and the observed one, that is, p◦(y), which is given
by

ε(W) =
∫
p◦
(

y
)

log
p◦
(

y
)

p
(

y | W
)dy

= −E[log p
(

y | W
)]−Hp◦ ,

(5)

where W = {H,Λ, θ} denotes the unknown mixing matrix
H, noise covariance Λ, and MoG parameters θ. The operator
E denotes the average over the observed y. The first term
in (5) is the negative log-likelihood of the observed signals
given the model parameters W, and the second term is the
entropy of observed signals, which is independent of W and
will henceforth be dropped. Note that, based on p(q, x, y |
W) = p(q)p(x | q)p(y | x), p(x | q) = g(x − μq, Vq), and
p(y | x) = g(y − Hx,Λ), the probability density p(y | W)
can be expressed in a closed form:

p
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) =∑

q

∫
p
(

q
)
p
(

x | q
)
p
(

y | x
)
dx =

∑
q

p
(

q
)
p
(

y | q
)

(6)

where p(y | q) = g(y − Hμq, HVqHT + Λ). By mini-
mizing ε(W) with respect to W based on the expectation-
maximization (EM) method and denoting W′ the param-
eters obtained from the previous iteration, the iterative
algorithm can be summarized as follows [27].
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(1) Initialize all the unknown parameters, that is, W0 =
{H0,Λ0, θ0}.

(2) Compute the conditional mean of

〈
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〉
=
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(7)

(3) Update the mixing matrix and noise covariance:
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(4) Update the source MoG parameters:

μj,qj =
E
[
p
(
qj | y, W

′
)〈

xj | qj , y, W′
〉]

E
[
p
(
qj | y, W′

)] ,

ν j,qj =
E
[
p
(
qj | y, W′

)〈
x2
j | qj , y, W′

〉]
E
[
p
(
qj | y, W′

)] − μ2
j,qj

,

ωj,qj = E
[
p
(
qj | y, W′

)]
.

(9)

(5) Rescale the parameters to cancel the extra freedom of
scaling for facilitating convergence:
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(
ν j,qj + μ2

j,qj

)
−
⎛⎝ nj∑
qj=1

ωj,qj μ j,qj

⎞⎠2

,

μj,qj ←−
μj,qj

σ j
, ν j,qj ←−

ν j,qj

σ2
j

, Hij ←− Hijσj .

(10)

(6) Repeat (2)–(5) until the error function ε(W) con-
verges.

Finally, the IF images can be reconstructed from the
estimated model parameters W and measured data y using
the least-mean-square estimator:

x̂LMS(y
) =∑

q
p
(

q | y
)(

Aqy + bq

)
, (11)

where p(q | y) = p(q)p(y | q)/
∑

q′ p(q′)p(y | q′), Aq =
(HTΛ−1H + V−1

q )−1HTΛ−1, and bq = (HTΛ−1H +

V−1
q )−1V−1

q μq.

4. Calculation of the rCBV, rCBF, and MTT

Prior to the calculation of pixel-by-pixel rCBV, rCBF, and
MTT maps, we computed the concentration-time curve
Ct(t) for each pixel using the formula

Ct(t) = − k

TE
ln
(
S(t)
S0

)
, (12)

where k is an unknown constant, TE is the echo time, and
S(t) and S0 are the signal intensities of each pixel at time
t and at the baseline, respectively [1, 4, 5, 30]. By using
the indicator dilution theory, one can determine the rCBV
for each pixel as a ratio of the area integrating over the
first pass (e.g., from 1st to 22nd images in Figure 1) of the
contrast agent under the concentration-time curve, Ct(t), to
that under the AIF, Ca(t) [11, 12],

rCBV =
∫

first pass ct(t)dt∫
first pass ca(t)dt

, (13)

where Ca(t) is the concentration-time curve for the arterial
region. The rCBF can be computed based on the relationship
with concentration-time curve for each pixel [31]:

Ct(t) = rCBF · Ca(t)⊗ R(t), (14)

where ⊗ denotes convolution, · denotes multiplication, and
R(t) is the residue function for the pixel. The rCBF · R(t)
curve for each pixel in (14) can be resolved using the singular
value decomposition (SVD) method and the value of rCBF
at each pixel was determined by the maximum value of
rCBF · R(t) curve [1]. Finally, the MTT of contrast-agent
particles passing through a pixel was defined to be [1, 4, 5]

MTT = rCBV
rCBF

. (15)

5. Results

In order to validate the implementation of IFA algorithm, a
computer simulation was conducted before perfusion data
were processed. Since the purpose of this simulation was to
verify applicability of the IFA method on the separation of
two-dimensional IF images, rather than validate the theory
of IFA method (readers are referred to [27] for detailed
computer simulations), we simply created four hypothetical
IF images (128× 128) with zero background and foreground
related to four major tissue types, that is, artery (IF1: 603
pixels), GM (IF2: 1683 pixels), WM (IF3: 1514 pixels), and
others (IF4: 924 pixels including vein, sinus, choroid plexus,
and cerebral spinal fluid) (the left four plots in Figure 2(a)).
In practice, the four tissue-related areas were segmented
from the perfusion data and copied to the corresponding
locations. The corresponding averaged temporal profile of
each area during the first pass was simplified into five points
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Figure 2: Computer simulation for the evaluation of the IFA method. (a): The four hypothetical IF images and columns of the hypothetical
mixing matrix (the right most plot). (b): The simulated images. (c): The convergence of the IFA algorithm.

to generate the hypothetical mixing matrix H (5 × 4) (also
see the right most plot in Figure 2(a))

H =

⎡⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

0.4324 0.6992 0.8789 0.8975

0.2529 0.4676 0.6940 0.7026

0.6186 0.7655 0.8457 0.7438

0.8464 0.9269 0.9636 0.8934

⎤⎥⎥⎥⎥⎥⎥⎦. (16)

We arranged the four IF images into a matrix x (4 × 16384)
which was multiplied by the H to create a matrix y = Hx
(5×16384). Additional multivariate Gaussian random noises
with zero mean and diagonal covariance matrix (diagonal
terms were 10) were added to the noise-free simulated data y
(y is displayed in Figure 2(b)). The SNR was 240.

Now the task was to estimate four IF images and mixing
matrix from the matrix y, to compare them with the
hypothetical ones. The number nj of Gaussian functions
in the MoG model was chosen to be 2 for modeling
the probability density function of each IF image and
minimizing the computational cost since we have expe-
rienced that the use of larger nj did not improve the
results in either simulated or perfusion data. The values
of cost function (the first term in (5)) reduced quickly
and converged after around 100 iterations (Figure 2(c)).
The correlation value between each pair of hypothetical
and estimated IF images and that between each pair
of hypothetical and estimated mixing weightings were
higher than 0.9999. We further computed a matrix J =
(ĤTĤ)−1ĤTH, where Ĥ was the estimated mixing matrix,
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Figure 3: Classification results of a normal subject (whose perfusion images are shown in Figure 1). (a) Five major tissue types exhibited in
IF images are ar, GM, WM, vs, and cp, respectively. (b) The normalized signal-time curves correspond to five IF images, where the one (red)
with the fastest signal drop is the artery. (c) Left: a color-coded composite map is used to represent the final segmentation result for different
tissue types. Right: five signal-time curves correspond to the averaged intensities of color-coded areas. (d) The rCBV map (left), the rCBF
map (middle), and the MTT map (right). (Scale unit for rCBV and rCBF: arbitrary unit; scale unit for MTT: second.)

and the result was

J =

⎡⎢⎢⎢⎢⎢⎢⎣
0.9982 −0.0016 −0.0011 0.0015

0.0042 1.0030 0.0019 −0.0044

−0.0041 −0.0029 1.0002 0.0029

0.0017 0.0014 −0.0010 1.0001

⎤⎥⎥⎥⎥⎥⎥⎦, (17)

which was very close to the identity matrix if the estimate
was correct. We repeated the simulation when the SNR was
reduced to 40, which was lower than that in the normal
data. Results showed that the correlation value between
each pair of hypothetical and estimated mixing weightings
remained as high as 0.9998 and that between each pair of
hypothetical and estimated IF image only degraded slight
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to between 0.9883 and 0.9997. The values of matrix J
were

J =

⎡⎢⎢⎢⎢⎢⎢⎣
1.0168 −0.0070 −0.0010 0.0201

−0.0106 1.0226 0.0008 −0.0462

−0.0230 −0.0096 1.0432 0.0390

0.0168 −0.0062 −0.0432 0.9870

⎤⎥⎥⎥⎥⎥⎥⎦. (18)

The high correlation values and good approximation of J
matrices not only validated the correctness and convergence
of our implementation of the IFA method, but also promised
the suitability of the IFA method in segregating various tissue
types from perfusion MRI data.

The number of IF images (N), that is, number of tissue
types, needs to be determined prior to the IFA process.
Various numbers, ranging from 4 up to 6, have been assumed
in the calculation and we have found that N = 5 elucidated
distinctly discernible tissue types, appearing to agree with
our knowledge of brain anatomy and physiology. Results
from five normal image data sets have been confirmed by a
neuroradiologist who is one of the coauthors in this study
with expertise in perfusion imaging. One of the results
was shown in Figure 3, where the upper panel depicts the
resultant five IF images, which are artery (ar), GM, WM,
vein and sinus (vs), and choroid plexus (cp), respectively.
Figure 3(b) displays the corresponding signal-time curves
(columns of H), respectively, which were all normalized to
unit variance and their baselines were shifted to 1.0 for the
comparison. The tissue types of IF images were identified
based on their anatomical structures and the arrival order
of contrast agent, that is, artery follows by GM, WM, vs,
or cp. Among all IF images, the IF image with brighter
pixels representing artery can be easily recognized because of
its signal-time curve presenting the fastest signal drop (red
curve in Figure 3(b)). The pixels of each major tissue type
can be further segmented out from each IF image using an
automatically optimal thresholding technique, that is, the
Otsu’s method in this study. The final segmentation result
was depicted by a color-coded composite image (left panel in
Figure 3(c)) and the averaged signal-time curve within each
colored area, that is, each tissue type, was computed (right
panel in Figure 3(c)).

To create the hemodynamic parametric maps, namely,
rCBV, rCBF, and MTT shown in the left, middle, and right
panels in Figure 3(d), respectively, we first converted the
averaged arterial signal-time curve and temporal intensity
profile at each pixel into the concentration-time curves using
(12) followed by (13), (14), and (15).

From the segmentation results of the five normal data
sets, we have observed that arterial areas were all reliably
segmented and the contrast agent consistently arrived first
at the artery, followed by GM, WM, vs, and cp. The averaged
ratios for rCBV, rCBF, and MTT between GM and WM were
2.139± 0.190, 2.598± 0.184, and 0.789± 0.098, respectively,
which were congruent with those in the literature [3, 4, 9, 13].

6. Discussion
This study describes an IFA-based method to classify pixels
of the same tissue type on perfusion images based on bolus
transit profiles and the assumptions of spatial independence
as well as the partial-volume mixing effect. The IFA method
is flexible in learning the source densities from observed
data so that sources can be more accurately modeled by
the mixture of Gaussians for the facilitation of subsequent
separation. The IFA technique is related to projection pursuit
[32, 33], where “interesting” projections of multidimen-
sional data are pursued for optimal visualization of data
and exploratory data analysis. Projection pursuit is usually
performed by finding directions in which the data is least
Gaussian distributed. Since the independent factors in the
IFA are modeled by mixture of Gaussian functions, it is inter-
esting to investigate whether the independent factors present
maximal non-Gaussian clustering structures in future work.
Our results indicated that the brighter pixels in a cluster
were homogeneous in most tissues and can be segmented
out using Otsu’s method for automatic determination of
optimal thresholds [29]. Otsu’s method is simple in terms of
implementation and computation and is robust to histogram
irregularities caused by noise.

The determination of the number N of IF images is
an important issue to be addressed. As suggested by Attias
[27], one can determine this number using a comprehensive
method, for example, the model comparison method [34], or
a simpler but less precise method, for example, the number
of significant eigenvalues of data covariance matrix. In this
study, we decided N based on a priori knowledge of the brain
anatomy and arrival order of blood flows for different tissues.
When N was chosen to be five, each IF image exhibited one
dominating tissue cluster with brighter intensities, allowing
consistent and reliable segregation of the artery, GM, WM,
vs, and cp from the normal subjects. When N was less than
five, two major tissue types, for examples, artery with GM
or vs with cp, can appear at one of IF images. On the other
hand, if N was larger than five, either one major tissue type
was split into two IF images, for example, part of sinus was
separated from vs, or repeatedly exhibited at two IF images.

It is worthy to note that the number of unknown
parameters depends on the number of dynamic MR images.
The more images were used, the more parameters needed to
be estimated in the noise covariance Λ and in the mixing
matrix H in which columns corresponded to the signal-time
curves. We have found that the data points encompassed the
duration of the first and second circulations, for example,
50 in the illustrative example (Figure 3), were adequate to
resolve the IF images. A simple way to determine data length
is to average each perfusion image and plot the averaged
images with respect to time. The curve delineating the first
and second passes is readily seen and the duration can be
easily decided.

7. Conclusions

The IFA-based method provides several advantages for
cerebral hemodynamic studies. First, various tissue compart-
ments on perfusion images can be classified systematically.
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Second, the arterial compartment can be modeled consis-
tently on the same slice location for calculation of rCBV,
rCBF, and MTT maps. Third, bolus transit profiles of these
tissues can be well separated, providing information in
addition to rCBV, rCBF, and MTT maps, such as temporal
scenarios and recirculation of contrast agent. This method
also promises differentiation of pathological and nonpatho-
logical blood-supply patterns in future clinical applications.

Acknowledgments

This study was funded by the National Science Council
(NSC 96-2628-E-010-015-MY3) and Taipei Veterans General
Hospital (V96C1-135, V97C1-025, and V98C1-109). The
authors appreciate reviewers’ insightful comments and sug-
gestions.

References

[1] L. ∅stergaard, R. M. Weisskoff, D. A. Chesler, G. Gyldensted,
and B. R. Rosen, “High resolution measurement of cerebral
blood flow using intravascular tracer bolus passages. Part
I: mathematical approach and statistical analysis,” Magnetic
Resonance in Medicine, vol. 36, no. 5, pp. 715–725, 1996.

[2] L. ∅stergaard, A. G. Sorensen, K. K. Kwong, R. M. Weisskoff,
C. Gyldensted, and B. R. Rosen, “High resolution measure-
ment of cerebral blood flow using intravascular tracer bolus
passages. Part II: experimental comparison and preliminary
results,” Magnetic Resonance in Medicine, vol. 36, no. 5, pp.
726–736, 1996.

[3] F. Calamante, D. L. Thomas, G. S. Pell, J. Wiersma, and
R. Turner, “Measuring cerebral blood flow using magnetic
resonance imaging techniques,” Journal of Cerebral Blood Flow
and Metabolism, vol. 19, no. 7, pp. 701–735, 1999.

[4] K. A. Rempp, G. Brix, F. Wenz, C. R. Becker, F. Gückel, and
W. J. Lorenz, “Quantification of regional cerebral blood flow
and volume with dynamic susceptibility contrast-enhanced
MR imaging,” Radiology, vol. 193, no. 3, pp. 637–641, 1994.

[5] B. R. Rosen, J. W. Belliveau, J. M. Vevea, and T. J. Brady,
“Perfusion imaging with NMR contrast agents,” Magnetic
Resonance in Medicine, vol. 14, no. 2, pp. 249–265, 1990.

[6] W. G. Schreiber, F. Gückel, P. Stritzke, P. Schmiedek, A.
Schwartz, and G. Brix, “Cerebral blood flow and cere-
brovascular reserve capacity: estimation by dynamic magnetic
resonance imaging,” Journal of Cerebral Blood Flow and
Metabolism, vol. 18, no. 10, pp. 1143–1156, 1998.

[7] A. G. Sorensen, A. L. Tievsky, L. ∅stergaard, R. M. Weisskoff,
and B. R. Rosen, “Contrast agents in functional MR imaging,”
Journal of Magnetic Resonance Imaging, vol. 7, no. 1, pp. 47–55,
1997.

[8] M. J. P. Van Osch, E. J. Vonken, O. Wu, M. A. Viergever,
J. Van der Grond, and C. J. Bakker, “Model of the human
vasculature for studying the influence of contrast injection
speed on cerebral perfusion MRI,” Magnetic Resonance in
Medicine, vol. 50, no. 3, pp. 614–622, 2003.

[9] F. Wenz, K. Rempp, G. Brix, et al., “Age dependency of
the regional cerebral blood volume (rCBV) measured with
dynamic susceptibility contrast MR imaging (DSC),” Magnetic
Resonance Imaging, vol. 14, no. 2, pp. 157–162, 1996.

[10] O. Wu, L. ∅stergaard, R. M. Weisskoff, T. Benner, B. R. Rosen,
and A. G. Sorensen, “Tracer arrival timing-insensitive tech-
nique for estimating flow in MR perfusion-weighted imaging

using singular value decomposition with a block-circulant
deconvolution matrix,” Magnetic Resonance in Medicine, vol.
50, no. 1, pp. 164–174, 2003.

[11] N. A. Lassen and W. Perl, Tracer Kinetic Methods in Medical
Physiology, Raven, New York, NY, USA, 1979.

[12] K. L. Zierler, “Theoretical basis of indicator-dilution methods
for measuring flow and volume,” Circulation Research, vol. 10,
no. 3, pp. 393–407, 1962.

[13] H. J. Aronen, J. Glass, F. S. Pardo, et al., “Echo-planar MR
cerebral blood volume mapping of gliomas. Clinical utility,”
Acta Radiologica, vol. 36, no. 5, pp. 520–528, 1995.

[14] A. G. Sorensen, W. A. Copen, L. ∅stergaard, et al., “Hyper-
acute stroke: simultaneous measurement of relative cerebral
blood volume, relative cerebral blood flow, and mean tissue
transit time,” Radiology, vol. 210, no. 2, pp. 519–527, 1999.

[15] T. M. Ernst, L. Chang, M. D. Witt, et al., “Cerebral tox-
oplasmosis and lymphoma in aids: perfusion MR imaging
experience in 13 patients,” Radiology, vol. 208, no. 3, pp. 663–
669, 1998.

[16] I. Yamada, Y. Himeno, T. Nagaoka, et al., “Moyamoya disease:
evaluation with diffusion-weighted and perfusion echo-planar
MR imaging,” Radiology, vol. 212, no. 2, pp. 340–347, 1999.

[17] K. Ohashi, M. Fernandez-Ulloa, and L. C. Hall, “SPECT,
magnetic resonance and angiographic features in a moyamoya
patient before and after external-to-internal carotid artery
bypass,” Journal of Nuclear Medicine, vol. 33, no. 9, pp. 1692–
1695, 1992.

[18] M. Wiart, N. Rognin, Y. Berthezene, N. Nighoghossian, J.
C. Froment, and A. Baskurt, “Perfusion-based segmentation
of the human brain using similarity mapping,” Magnetic
Resonance in Medicine, vol. 45, no. 2, pp. 261–268, 2001.

[19] A. L. Martel, A. R. Moody, S. J. Allder, G. S. Delay, and
P. S. Morgan, “Extracting parametric images from dynamic
contrast-enhanced MRI studies of the brain using factor
analysis,” Medical Image Analysis, vol. 5, no. 1, pp. 29–39, 2001.

[20] J. Y. Ahn, D. S. Lee, J. S. Lee, et al., “Quantification of regional
myocardial blood flow using dynamic H2

15O PET and factor
analysis,” Journal of Nuclear Medicine, vol. 42, no. 5, pp. 782–
787, 2001.

[21] F. Hermansen, J. Ashburner, T. J. Spinks, J. S. Kooner, P. G.
Camici, and A. A. Lammertsma, “Generation of myocardial
factor images directly from the dynamic oxygen-15-water scan
without use of an oxygen-15-carbon monoxide blood-pool
scan,” Journal of Nuclear Medicine, vol. 39, no. 10, pp. 1696–
1702, 1998.

[22] H. M. Wu, C. K. Hoh, Y. Choi, et al., “Factor analysis for
extraction of blood time-activity curves in dynamic FDG-PET
studies,” Journal of Nuclear Medicine, vol. 36, no. 9, pp. 1714–
1722, 1995.

[23] D. C. Barber, “The use of principal components in the
quantitative analysis of gamma camera dynamic studies,”
Physics in Medicine and Biology, vol. 25, no. 2, pp. 283–292,
1980.

[24] R. Di Paola, J. P. Bazin, F. Aubry, et al., “Handling of dynamic
sequences in nuclear medicine,” IEEE Transactions on Nuclear
Science, vol. 29, pp. 1310–1321, 1982.

[25] A. S. Houston, “The effect of apex-finding errors on factor
images obtained from factor analysis and oblique transforma-
tion (nuclear medicine),” Physics in Medicine and Biology, vol.
29, no. 9, pp. 1109–1116, 1984.

[26] Y. T. Wu, Y. C. Chou, W. Y. Guo, T. C. Yeh, and J. C.
Hsieh, “Classification of spatiotemporal hemodynamics from
brain perfusion MR images using expectation-maximization



International Journal of Biomedical Imaging 9

estimation with finite mixture of multivariate gaussian distri-
butions,” Magnetic Resonance in Medicine, vol. 57, no. 1, pp.
181–191, 2007.

[27] H. Attias, “Independent factor analysis,” Neural Computation,
vol. 11, no. 4, pp. 803–851, 1999.

[28] S. S. Nagarajan, H. T. Attias, K. E. Hild II, and K. Sekihara,
“A graphical model for estimating stimulus-evoked brain
responses from magnetoencephalography data with large
background brain activity,” NeuroImage, vol. 30, no. 2, pp.
400–416, 2006.

[29] N. Otsu, “A threshold selection method from gray-level his-
tograms,” IEEE Transactions on Systems, Man, and Cybernetics,
vol. 9, no. 1, pp. 62–66, 1979.

[30] R. M. Weisskoff, C. S. Zuo, J. L. Boxerman, and B. R.
Rosen, “Microscopic susceptibility variation and transverse
relaxation: theory and experiment,” Magnetic Resonance in
Medicine, vol. 31, no. 6, pp. 601–610, 1994.

[31] S. S. Kety, “Blood-tissue exchange methods: theory of blood-
tissue exchange and its application to measurement of blood
flow,” Methods in Medical Research, vol. 8, pp. 223–227, 1960.

[32] J. H. Friedman, “Exploratory projection pursuit,” Journal of
the American Statistical Association, vol. 82, no. 397, pp. 249–
266, 1987.

[33] C. Fyfe, “A comparative study of two neural methods of
exploratory projection pursuit,” Neural Networks, vol. 10, no.
2, pp. 257–262, 1997.

[34] D. J. C. MacKay, “Bayesian interpolation,” Neural Computa-
tion, vol. 4, no. 3, pp. 415–447, 1992.



Hindawi Publishing Corporation
International Journal of Biomedical Imaging
Volume 2010, Article ID 913434, 9 pages
doi:10.1155/2010/913434

Research Article

Study on Photon Transport Problem Based on the Platform of
Molecular Optical Simulation Environment

Kuan Peng,1, 2 Xinbo Gao,1 Jimin Liang,2 Xiaochao Qu,2 Nunu Ren,1, 2 Xueli Chen,1, 2

Bin Ma,2 and Jie Tian2, 3

1 School of Electronic Engineering, Xidian University, Xi’an, Shaanxi 710071, China
2 Life Sciences Research Center, School of Life Sciences and Technology, Xidian University, Xi’an, Shaanxi 710071, China
3 Institute of Automation, Chinese Academy of Sciences, Beijing 100190, China

Correspondence should be addressed to Jie Tian, tian@ieee.org

Received 30 September 2009; Revised 18 December 2009; Accepted 5 February 2010

Academic Editor: Shan Zhao

Copyright © 2010 Kuan Peng et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

As an important molecular imaging modality, optical imaging has attracted increasing attention in the recent years. Since
the physical experiment is usually complicated and expensive, research methods based on simulation platforms have obtained
extensive attention. We developed a simulation platform named Molecular Optical Simulation Environment (MOSE) to simulate
photon transport in both biological tissues and free space for optical imaging based on noncontact measurement. In this platform,
Monte Carlo (MC) method and the hybrid radiosity-radiance theorem are used to simulate photon transport in biological tissues
and free space, respectively, so both contact and noncontact measurement modes of optical imaging can be simulated properly. In
addition, a parallelization strategy for MC method is employed to improve the computational efficiency. In this paper, we study
the photon transport problems in both biological tissues and free space using MOSE. The results are compared with Tracepro,
simplified spherical harmonics method (SPn), and physical measurement to verify the performance of our study method on both
accuracy and efficiency.

1. Introduction

Optical imaging has become a research focus over the
past years for its high sensitivity, nonionizing radiation,
and high cost-effectiveness [1, 2]. In optical imaging, the
photons escaping from the organism surface are registered
at a high sensitivity charge-couple device (CCD), which
can be analyzed to provide information on an organism’s
physiological processes. Physical experiment and numerical
simulation are two common methods to study optical imag-
ing processes. Physical experiment produces reliable results.
However, the experimental preparation and operation are
usually complicated and time-consuming. In addition, the
scientific-grade CCD camera needed by optical imaging
is relatively expensive. Because of its low-cost, simplicity
and acceptable accuracy, the numerical simulation has been
widely used in the field of optical imaging [3–10].

The key problem of numerical simulation research for
optical imaging is how to simulate photon transport in

various mediums. Photon transport in biological tissues can
be accurately described by the radiative transport equation
(RTE), which is an approximation to the Maxwell equations
[4, 11]. Deterministic and statistical techniques are two
common approaches for the solution of RTE. Deterministic
techniques are not mature enough yet, especially for the
case of highly absorbing medium. Statistic techniques, such
as Monte Carlo (MC) method, can solve RTE accurately
by sampling a mass of random variables relevant to the
physical processes. Since introduced by Wilson and Adam in
1983 [10], the MC method has become a standard method
of simulating photon transport in turbid mediums for its
excellent performance [3, 4]. Recently, some simulation
software or codes have been developed based on the MC
method, including MCNP [12], MCML [6], TriMC3D [7],
TracePro (Lambda Research Corporation, Colorado, USA.),
and tMCimg [8]. Although these software or codes can be
applied to the simulation of photon propagation in turbid
media, they all encounter some limits in optical imaging.
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MCNP cannot deal with the irregular shape of biological
tissues. Furthermore, it is complicated and difficult for
general user to access due to its specific application in nuclear
physics. MCML is a specific code for photon transport sim-
ulation in turbid media. However, it is limited to the simple
multilayered medium and external light sources. TriMC3D
is a source code without user interface, so an additional
program has to be written to use it. TracePro is software
developed for the designing and analysis of optical or illu-
mination system, it cannot provide the photon absorption
information inside the tissues. Moreover, it provides poor
simulation efficiency. Similar to MCML, tMCimg can only
simulate the collimated light source outside the tissues. In
order to better simulate photon transport in optical imaging,
we have developed a simulation platform named Molecular
Optical Simulation Environment (MOSE) [9]. It has several
significant features. Firstly, it simulates steady isotropic light
source with arbitrary shape inside the tissues. Secondly,
it provides various simulation information, including the
photon absorption and transmittance information for each
spectral band. Thirdly, it employs the structure information
acquired by CT or MRI to describe the irregular shape and
complex structure of biological tissues. Fourthly, a visual
user interface is provided to ease the operation. Lastly, two
new features have been added recently: the parallelization
strategy for MC simulation and a free space photon transport
model based on hybrid radiosity-radiance theorem [13, 14].
These new features significantly improve the simulation
efficiency of MC and the simulation quality of noncontact
measurement.

The reminder of this paper is organized as follows. First,
the parallel accelerated Monte Carlo method for photon
transport in biological tissues is introduced in Section 2.
The hybrid radiosity-radiance theorem for photon transport
in free space is presented in Section 3. In Section 4, the
performance of our study method is verified by numerical
simulation and physical experiment. The discussion and
conclusion are present in Section 5.

2. Parallel Accelerated Monte Carlo Method for
Photon Transport in Biological Tissue

MC method relies on repeated sampling of random variables
to calculate the results. When it is applied to physics, a
random model is first constructed in the way that each
random variable obeys the statistical distribution of a
physical quantity. Then plenty of samples for these random
variables are taken to provide interesting results [15].

MC is well acknowledged to be naturally parallel, so the
parallelization strategy could be a powerful tool to improve
its efficiency. The parallelization of MC is virtually to
parallelize the pseudorandom generator. In MOSE platform,
we parallelize our pseudorandom generator by dividing a
random number sequence equally into several subsequences
according to the number of processor in a parallel computer
system. Each processor only uses the random number from
its relevant subsequence. Moreover, random number seed
is used to decrease the communication between processors:

x

θ

ϕ

z

y

Figure 1: The schematic diagram of azimuth ϕ and inclination θ.

only the first random number of each sub-sequence is sent to
the corresponding processor as a random number seed. With
these random number seeds, each processor can generate the
relevant random number sub-sequence by itself.

It is the light power distributions rather than energy
distributions in biological tissue that are concerned by us in
practical application, so the photon is replaced by abstract
photon packet which represents the light power in our MC
algorithm. The power of each photon packet is calculated by
dividing the total power of the light source by the number
of photon packets. The photon packet transport in biological
tissues consists of three major parts: generation, movement,
and interactions with tissues.

When a photon packet is generating by light source,
its initial position and movement direction are decided by
the sampling operation. Under the assumption of steady
isotropic light source, the initial position can be calculated
as [16]

x = xmin + (xmax − xmin)ξ1,

y = ymin +
(
ymax − ymin

)
ξ2,

z = zmin + (zmax − zmin)ξ3,

(1)

where the subscripts min and max represent the lower and
upper bounds of light source coordinate range, ξi (i =
1, 2, 3) are three uniform unit random numbers. If the
generated initial position does not locate inside the light
source, it will be discarded and generated again. The initial
movement direction can be obtained as [16]

ϕ = 2πξϕ,

θ = arccos (2ξθ − 1),
(2)

where ϕ and θ are azimuth and inclination as shown in
Figure 1, ξϕ and ξθ are two uniform unit random numbers,
which means they are distributed uniformly over [0, 1].

Photon packet moves a short distance between its two
interactions with tissues. The movement direction depends
on its initial movement direction or its last interaction with
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tissue. The movement length s is defined by free path whose
probability density function is [17]

p(s) = (ua + us)e−(ua+us)s, (3)

where μa and μs are absorption coefficient and scattering
coefficient of biological tissue. By sampling (3), we can
calculate the free path as follows [16]:

s = − ln ξ(
μa + μs

) , (4)

where ξ is a uniform unit random number.
Photon packet’s interaction with tissues is including

absorption, scattering, boundary effect, and termination. If
a photon packet finishes one free path without hitting the
tissue boundary, absorption and scattering happen. As a
result of absorption, the photon packet will lose some of its
power which is defined by [17]

ΔW = μaW(
μa + μs

) , (5)

where W is the power of photon packet before this absorp-
tion. The lost power will be recorded in the absorption
matrix whose element is related to the power absorption at
a specific position in tissues.

Furthermore, the transport direction of photon packet is
changed by the scattering as following: letting the transport
direction before this scattering be Z axis, the new transport
direction can be defined by an azimuth ϕ and an inclination
θ. The inclination represents the angle between new and old
transport directions, and it is determined by the scattering
phase function. According to the Henyey-Greenstein phase
function [18] which is employed in our MC algorithm, the
inclination is defined by [16]

cos θ =

⎧⎪⎪⎨⎪⎪⎩
1

2g

⎛⎝1− g2 −
(

1− g2

1− g + 2gξθ

)2
⎞⎠ if g /= 0,

2ξθ − 1, others.

(6)

The azimuth ϕ is uniformly distributed over the interval
(0, 2π), so we can easily get ϕ = 2πξϕ, where ξϕ and ξθ are
two uniform unit random numbers.

When a photon packet moves from a tissue of
refractive index ni into another tissue with refractive index
nt, the boundary effect shown in Figure 2, must be consid-
ered. If the incident angle satisfies θi < θc, both reflection
and transmission will happen; otherwise the photon packet
will only be reflected. Herein θc is the critical angle which
depends on ni and nt as [17]

θc =
⎧⎪⎨⎪⎩arcsin

(
nt
ni

)
if ni > nt,

0, others.
(7)

According to the Fresnel equation, the ratio between
reflection power and transmission power is determined by
[16]

R(θi) =

⎧⎪⎪⎨⎪⎪⎩
1
2

(
sin2(θi − θt)
sin2(θi + θt)

+
tan2(θi − θt)
tan2(θi + θt)

)
if θi ≤ θc,

1, others,

(8)
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Figure 2: The schematic diagram of boundary condition.

where θt is the transmission angle. If both reflection and
transmission happen, one photon packet will be divided into
two parts. That could worsen the computational efficient sig-
nificantly. So an approximation is employed here: generating
a uniform unit random number ξ, if ξ ≤ R(θi), photon
packet will be reflected totally, otherwise transmitted totally.
This approximation will approach the exact solution if
enough photon packets are simulated. According geometrical
optics, the reflection angle θr equals the incident angle θt, and
the transmission angle can be solved from Snell law which is
defined by

ni sin θi = nt sin θt. (9)

The reflection direction vector R and transmission direction
vector T can be easily decided by the incident unit vector I
and boundary normal unit vector N at incident point P as
[16]

R = I − 2(I ·N)N ,

T = sin θt
I − (I ·N)N
|I − (I ·N)N| + SIGN(I ·N) cos θtN ,

(10)

where SIGN(·) is the sign function.
The photon packet transport in tissues can be terminated

under one of the following two conditions: escaping from
the organism or being absorbed completely. When a photon
packet escapes from the organism, its residual power is
recorded in a transmission matrix whose element is related
to the power transmission at a specific position on organism
surface. When the power of a photon packet is less than a pre-
determined threshold value, a “Russian roulette” technique
[10] will be used to decide its fate. This technique gives the
photon packet one chance in m (e.g., m = 10) to continue its
transport with an amplified weight which is defined by

W =
⎧⎪⎨⎪⎩mW if ξ ≤ 1

m
,

0, others,
(11)

where ξ is a uniform unit random number.
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3. Hybrid Radiosity-Radiance Theorem for
Free Space Photon Transfer

Photons escaped from biological tissue surface will transport
in free space where no absorption and scattering effects
exist but camera lens effects become important. A free space
photon propagation model has been proposed by Ripoll
[13], who firstly presents and demonstrates the possibility
of realizing qualitative noncontact optical tomography. A
model based on hybrid radiosity-radiance theorem has
been introduced by Chen recently [14], which takes a
complicated optical system into account, including optical
layout and objective effects analysis such as perspective
effects, image aberrations, and depth-of-field effects. The
simulated detector result obtained by the latter is similar to
the physical measurement, so we use it as the simulation
algorithm for the photon progress in free space. Once the
organism outside surface flux density Jn(r) [W/mm2] has
been obtained by MC method, photon transport model in
free space can be modeled as the follows. A differential
surface area dS of unit normal vector Ns centered at r
constitutes a new light source named Lambertian source for
the differential detector area dA of unit normal vector Nd

centered at rd [14]. It would act as a radiation source and
irradiate to the surrounding space isotropically [19], which
means that its radiance is constant and independent of the
solid angle but varies in different position. The Lambertian
source can be characterized by the radiance L(r) [W/mm2sr]
which is defined by the flux per unit area per unit solid angle.
Therefore, the following relationship between the surface
flux density Jn(r) and radiance L(r) of a differential surface
area dS centered at r can be derived as [19]

L(r) = 1
π
Jn(r). (12)

Based on the inverse square law of distance, which depicts
the relationship between radiant intensity of a point source
or a microsurface source and irradiance irradiated by the
source, the microunit power of a differential detector area
dA centered at rd received from a differential surface area dS
centered at r is [19]

dP(rd) = I(r)
sr−rd · dA
|r − rd|2

, (13)

where sr−rd is a unit vector denoting the direction from rd
pointing to r; I(r) [W/sr] is the specific intensity at the
surface point r of differential area ds and can be calculated
using the following formula [19]

I(r) = L(r)
[
dS · srd−r

]
, (14)

where srd−r is a unit vector denoting the direction from r to
rd. Substituting (12) and (14) into (13), we can obtain the
following expression:

dP(rd) = 1
π
Jn(r)

[
srd−r · dS

][
sr−rd · dA

]
|rd − r|2 . (15)

Equation (13) can be conveniently rewritten as

dP(rd) = 1
π
Jn
(−→r ) [cos θs cos θddSdA]

|rd − r|2 , (16)

where cos θs = srd−r · Ns is the cosine dependence of the
Lambert’s law, cos θd = sr−rd · Nd accounts for the detector
orientation Nd with respect to the line sight; dS and dA
are the area of the differential surface and detector unit,
respectively.

Integrating equation (16) over all the surface points that
are visible from the lens system and taking into account the
influence of the lens system, we obtain the total photon flux
at rd as [14]

P(rd) = 1
π

∫
s
Jn(r)ξ

(
r, rd; f

) [cos θs cos θddA]

t2
∣∣rd − r − (tu2/ f cos θ

)
s
∣∣2 dS,

(17)

where ξ(r, rd; f ) is a visibility factor that discards the surface
points invisible from the lens and depends mainly on the
parameters of the lens system configured in the optical
system; t is the magnification ratio of the lens system and
can be calculated through t = v/u; object distance u can
be calculated using the lens law when the object distance is
determined; f is the focus of the lens system; s is a unit vector
along the line of sight; θ is the angle between the line of sight
and optical axis.

4. Experiments and Results

In order to evaluate the performance of our study method,
we perform both numerical simulations and physical experi-
ments. In the numerical simulations, phantoms and digital
mouse are designed to verify the performance of our
method on photon transport in biological tissues. The
MOSE simulated surface flux density is compared with
that of Tracepro (Version 3.2.2 release) and simplified
spherical harmonics method [20]. Furthermore, the effect
of parallelization is also verified by the comparison of time
cost between parallel and serial MC method. In physical
experiment, a cylindrical phantom is utilized to validate the
performance of our method on non-contact measurement.
In following experiments, the normalized root mean square
error (NRMSE) e is used to estimate the discrepancy between
two normalized data d1 and d2. The NRMSE is defined as

e
(
d1,d2) =

√√√√√ 1
N

N∑
i=1

(
d1
i − d2

i

)2
, (18)

where d1 = [d1
1,d1

2, . . . ,d1
N ], d2 = [d2

1,d2
2, . . . ,d2

N ], N is the
dimension of data

4.1. Homogeneous Numerical Phantom Experiment. A cylin-
drical homogeneous numerical phantom of 15 mm radius
and 30 mm height is used in this experiment to test our
method’s performance with the regular shaped homoge-
neous object. The phantom’s center is located at (0, 0, 0) mm.
The priori optical parameters according to [21] are specified
as absorption coefficient μa = 0.0138 mm−1 and reduced
scattering coefficient μ′s = (1−g)μs = 0.91 mm−1. An internal
cylindrical light source of 1 mm radius and 2 mm height is
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Figure 3: Normalized side surface flux density of MOSE and
Tracepro. (a) Results of MOSE; (b) results of Tracepro.
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Figure 4: Comparison of side surface flux density between MOSE
and Tracepro at the position z = 0 mm.

centered at (8, 0, 0) mm, the power of which is 1 nW. This
phantom is simulated by MOSE platform with the simulated
photon packets number of 106. The simulated flux density
on the cylinder side surface is mapped into a 2D image with
the resolution of 500∗1570. Because the size of phantom side
surface is 30∗94.2 mm, each pixel in the image is responding
to an area of 0.06∗0.06 mm on the phantom side surface.
The MOSE simulation results are shown in Figure 3(a). The
Tracepro result is present in Figure 3(b). Comparing two
results, it can be found that MOSE produces good agreement
with Tracepro. Moreover, the data at the position z = 0 mm
are taken out from two results to do further comparison in
Figure 4. The NRMSE between these two curves is 1.71%,
and we expect the NRMSE to decrease further if more photon
packets are simulated. Additionally, with the same quantity
of simulated photon packet, the simulation time of MOSE is
about 12 minutes, which is much shorter than 3.3 hours cost
by Tracepro.

Heart

Liver

Kidneys

Bone

Light
source

Lungs

Figure 5: Tissue geometrical information of the digital mouse
obtained by micro-CT.

Table 1: Optical parameters of the digital mouse.

Tissue μa (mm−1) μ′s (mm−1)

Fat 0.0057 1.2374

Heart 0.0910 1.0291

Lung 0.3045 2.2273

Liver 0.5458 0.7115

Kidney 0.1021 2.4144

Bone 0.0943 2.6691

4.2. Digital Mouse Experiment. In this experiment, the struc-
ture information of a mouse, which is present in Figure 5,
is obtained by a micro-CT system. Then, a simulation is
carried out to test the ability of our method in dealing with
object that has irregular shape and complicated structure.
Six types of tissues are included in the digital mouse, that
is, fat, heart, lung, liver, kidney, and bone, as shown in
Figure 5. The optical parameters according to [22] are listed
in Table 1. A capsule filled with the compound solution
from a luminescent mini glow light stick is implant below
the liver as a light source. Recently, the simplified spherical
harmonics (SPn n = 3, 5, 7, . . .) equation, which is a second-
order approximation form of the RTE, has been developed
for optical imaging. It can get more accurate results than
DE, especially for the case of high-absorbing media [20]. In
this paper, the SP3 method, which solves the SP3 equation
by finite element method, is used to verify the accuracy of
MOSE. The digital mouse is discretized by a volume mesh
for the finite element method, and this mesh is composed
of 21154 nodes and 592676 triangle elements. However, only
8670 of 21154 nodes and 33205 of 592676 triangles elements,
which are used to construct the surfaces of each tissue, are
needed by MOSE. That means that MOSE can achieve the
same surface resolution with much less nodes and elements
than SP3. The photon packages number simulated by MOSE
is 108. The normalized surface flux density obtained by
MOSE is shown in Figure 6(a). Comparing with the SP3

simulation results present in Figure 6(b), it can be found
that two methods get quite similar results. Both the flux
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Figure 6: Normalized surface flux density based on digital mouse. (a) MOSE results with coarse mesh; (b) SP3 result with coarse mesh; (c)
MOSE results with fine mesh.
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Figure 7: Numerical phantom for parallelization experiment and its cross-section. (a) Numerical phantom; (b) cross-section of (a).

density distribution of MOSE and SP3 results are not very
smooth. This problem is caused by the low surface mesh
resolution used here, and it can be improved by using a
finer mesh to discretize the digital mouse. With the tissue
surfaces taken from a fine mesh discretization which is
consisting of 355469 nodes and 10308601 triangles, a much
more smooth simulation result can be obtained by MOSE,
as present in Figure 6(c). However, it is difficult to employ
this finer mesh to SP3 method, because the memory needed
by SP3 method increases fast with the number of nodes
in the mesh. The memory requested by SP3 method with
the coarse mesh in this experiment already reaches 15 GB.
However, the memory consumption of MOSE is less than
300 MB even with the fine mesh. This is because the nodes
and elements needed by MOSE are much less than SP3 if
the same mesh resolution is used. More importantly, the
huge coefficient matrix (the dimension is two times of node
number), which is need to be constructed and processed

in SP3 method, can be totally avoid in MOSE. So we find
MOSE to be more suitable to simulate the photon transport
in biological tissues than SP3 method, because massive nodes
and elements are usually needed to approximate the irregular
shape and complex structure of biological tissues.

4.3. Parallelization Experiment. A small parallelization com-
putational system based on several LAN-linked PCs (Intel
Core 2 CPU 6550 @ 2.33 GHz and 2 GB RAM) is employed to
evaluate the acceleration performance of the parallelization
strategy in MOSE. A heterogeneous numerical phantom,
whose optical parameters are specified as Table 2, is used
in this experiment, as depicted in Figure 7. An ellipsoid
light source with radiuses of 0.5 mm, 0.5 mm, and 1 mm
is located at (15, 40, 12) mm, and its power is 1 nW.
With the simulated photon packet number of 108, several
simulation experiments are performed with 1, 2, 4, 6, and
8 processors to acquire the phantom surface flux density.
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Figure 8: Cylinder physical phantom. (a) Physical phantom with one light source; (b) schematic diagram of numerical calculation phantom.
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Figure 9: Normalized detection flux density of simulation and physical experiment. (a) Results of MOSE; (b) results of physical
measurement; (c) results of MC method.

Table 3 presents the simulation time of each experiment
and the acceleration effect of parallelization strategy. The
results indicate that the time cost of MOSE can be reduced
significantly by parallelization strategy. However, because
the data amount of calculation results produced by one
processor in parallelization strategy is equal to that in the
serial strategy, the more processors we used, the larger
amount of result data is needed to be transmitted to the
host processor to construct the final results at the end of
the simulation. Since these data transmissions can only be
performed serially, the acceleration efficiency is decreased
with the increasing of processor number due to the extra time
spent on the interprocessor data transmissions.

4.4. Physical Experiment. A nylon cylindrical homogeneous
physical phantom is used to evaluate the performance of our
method on non-contact measurement, as shown in Figure 8.
The phantom’s radius and height are 15 mm and 30 mm,
respectively, and its center is located at (0, 0, 0) mm. The
phantom’s optical parameters, which are measured at the
wavelength about 660 nm by a time-correlated single photon
counting system [21], are listed as absorption coefficient

μa = 0.0138 mm−1 and reduced scattering coefficient μ′s =
(1 − g)μs = 0.91 mm−1. The compound solution from a
luminescent mini glow light stick (Glowproducts, Victoria,
Canada) is injected in a cylindrical hole of 1 mm radius
in the phantom as the light source. The center of the
light source is located at (8, 0, 0) mm, and its height is
2 mm. The light emitted by the compound solution has the
wavelength round 660 nm. A PIXIS 2048B CCD camera,
which is coupled with an optical lens subsystem (Nikon
Nikkor Micro) of 55 mm focal length, is used to register
the photons escaped from phantom surface. The detector
is located at (256, 0, 0) mm, and its size is 16∗16 mm.
MOSE simulation results and physical measurement are
shown in Figures 9(a)-9(b). Comparing with the MC method
simulation results (the simulated photon packet number is
109) present in Figure 9(c), it can be found that MOSE
simulation results are more smooth, which makes it more
close to the physical measurement. Furthermore, MOSE
simulation results get better data distribution agreement
with physical measurement in the central area of the light
spot. The data at three positions z = 0 mm, z = 2 mm, and
z = 4 mm are taken out from three results to do further
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Table 2: Geometrical information and optical parameters of the phantom in parallelization experiment.

Tissue index Center (mm) Geometrical information (mm) μa (mm−1) μs (mm−1) g

1 (0, 0, 0) cylinder, radius 8, height 20 0.01 4 0.90

2 (0, 0, 0) ellipsoid, radius: 4, 4, 5 0.2 16 0.85

3.1 (0, −4, 0) ellipsoid, radius: 6, 3, 12 0.35 23 0.94

3.2 (0, 4, 0) ellipsoid, radius: 6, 3, 12 0.35 23 0.94

4 (0, 6, 0) cylinder, radius 1, height 18 0.002 20 0.90
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Figure 10: Comparison between the simulation and physical
measured detection flux density at the positions z = 0 mm, z =
2 mm, and z = 4 mm.

Table 3: Time consumption of MOSE in parallelization experi-
ment.

Number of processor 1 2 4 6 8

simulation time cost (s) 31784 15992 8148 5424 4231

acceleration ratio 1 1.9875 3.9008 5.8599 7.5122

examination, as shown in Figure 10. Although three results
have similar trend, MOSE obviously gives better results
than MC method round the peaks of z = 0 curve and
z = 4 curve, which means that the MC results are not as
accurate as the MOSE results at the central and boundary
area of light spot. The NRMSE between MOSE results and
physical measurement of each curve can be calculated as
3.99%, 3.02%, and 1.05%, respectively. They are smaller than
the NRMSE for MC method which are 5.20%, 3.98%, and
2.21%.

5. Discussion and Conclusion

Although the parallelization strategy can improve the effi-
ciency of MC method significantly, the CPU-based paral-

lelization computational system employed in this paper is
difficult to be constructed and applied. Our future work will
focus on the parallelization strategy for MC method based
on graphics processing units (GPUs) which will offer large
performance benefits with a single graphic card.

Although MOSE produces better results than MC
method in the photon transport in free space, some dif-
ferences between the MOSE simulation results and physical
measurement can still be observed in Figures 8 and 9. Firstly,
the MOSE simulation results are slightly discontinuous,
which is caused by the low resolution of phantom surface flux
density data. Unfortunately, although the surface data with
better resolution can be produced easily by MOSE, the low
execution efficiency of free space photon transport algorithm
prevents the utility of it. This problem may be solved by code
optimization and GPU parallelization in our future work.
Secondly, the MOSE results are slightly fuzzy than physical
measurement, which makes the light spot look larger than
the physical measurement. Through further experiment, we
have found that it is caused by the influence of aperture
which is not considered by the algorithm mentioned in this
paper. An improved algorithm is already under development,
the results will be reported lately.

In conclusion, the study for photon transport in optical
imaging is carried out based on the MOSE simulation
platform. As a standard method, MC method is employed to
simulate photon transport in biological tissues, and its time
cost is decreased significantly by the parallelization strategy.
The photon transport in free space is simulated based on the
hybrid radiosity-radiance theorem which is combined with
the effects of lens system, so the non-contact measurement,
which is a very important detecting mode in optical imaging,
can be simulated properly. The performance of our study
method is demonstrated by numerical simulations and
physical experiments.

MOSE can be downloaded freely from http://www.
mosetm.net/.
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A multilevel aggregation method is applied to the problem of segmenting live cell bright field microscope images. The method
employed is a variant of the so-called “Segmentation by Weighted Aggregation” technique, which itself is based on Algebraic
Multigrid methods. The variant of the method used is described in detail, and it is explained how it is tailored to the application
at hand. In particular, a new scale-invariant “saliency measure” is proposed for deciding when aggregates of pixels constitute
salient segments that should not be grouped further. It is shown how segmentation based on multilevel intensity similarity alone
does not lead to satisfactory results for bright field cells. However, the addition of multilevel intensity variance (as a measure of
texture) to the feature vector of each aggregate leads to correct cell segmentation. Preliminary results are presented for applying the
multilevel aggregation algorithm in space time to temporal sequences of microscope images, with the goal of obtaining space-time
segments (“object tunnels”) that track individual cells. The advantages and drawbacks of the space-time aggregation approach for
segmentation and tracking of live cells in sequences of bright field microscope images are presented, along with a discussion on
how this approach may be used in the future work as a building block in a complete and robust segmentation and tracking system.

1. Introduction

There is extensive current interest in the high-content,
high-throughput screening of live cell populations, and the
experimental techniques being developed for this purpose
are leading to important biological insights with applications
to new clinical therapies [1–4]. Due to the large amount
of data generated by these experiments, automated data
processing systems for segmentation and tracking of live cells
in sequences of microscope images are a virtual necessity.
Several comprehensive systems for segmentation and track-
ing have recently been described in the literature (see, e.g.,
[5, 6] and references therein). In most existing approaches,
cells are segmented using advanced level set, active contour
or watershed methods, or ingenious combinations of them
[5–7]. In this paper, we investigate the use of a multilevel

aggregation algorithm as an alternative method for segment-
ing live cell bright field microscope images. We use a variant
of the so-called “Segmentation by Weighted Aggregation”
(SWA) technique [8, 9]. Our algorithmic contribution is a
new scale invariant “saliency measure” for this algorithm to
decide when aggregates of pixels constitute salient segments
that should not be grouped further. We investigate the per-
formance of the multilevel aggregation algorithm for bright
field cell segmentation in images and sequences of images,
and discuss its advantages and drawbacks compared to other
methods as a possible building block in comprehensive
automatic cell segmentation and tracking systems.

1.1. Problem Description. Figure 1 shows a micro-scope
image with approximately two dozen mouse C2C12
myoblast cells on a dark grey background. C2C12 myoblasts
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Figure 1: Bright field microscope image with approximately two
dozen cells on a grey background. Some interior structure can
be discerned in cells (including the cell membrane, the dark grey
cytoplasm, and the lighter cell nucleus with dark nucleoli inside).
Cells that are close to division appear as bright, nearly circular
shapes. Some cells are touching, and some cell parts overlap. Our
goal is to obtain separate segments for each cell in the image.

(ATCC CRL-1772) are muscle cell precursors, which have
varied shape and size as well as good motility in vitro. In
tissue culture, they will grow to a fully confluent monolayer
with well-separated cell nuclei and a small amount of
overlapping cytoplasm between adjacent cells.

Our goal is to obtain separate segments for each cell
in images like Figure 1. It can be seen immediately from
Figure 1 that this is a difficult task. Two major challenges
are, first, that the cells appear in two distinct basic shapes
(cells that are close to division show as bright circular
shapes, while regular cells have more stretched shapes in
which the cytoplasm and nucleus can be discerned), and,
second, that cells may be touching or overlapping. While
our ultimate goal is to automatically segment sequences of
complex images like Figure 1, we start out in this paper with
segmentation of simplified cases (isolated cells and small
groups of cells).

1.2. Approach and Algorithm. We use a variant of the
Segmentation by Weighted Aggregation technique [8, 9]
to segment the microscope images, which itself is based
on Algebraic Multigrid (AMG) methods for solving linear
systems of equations [10, 11]. The SWA method attempts
to segment the image into salient (or “prominent”) groups
of pixels by using a multilevel aggregation procedure that
groups blocks of pixels at various scales, based on multiscale
feature vectors for the pixel blocks. The SWA method
has more recently also been used as the basis of a more
general multilevel clustering algorithm [12, 13]. The variant
of the method that we use is described in detail below,
and it is explained how it is tailored to the application at
hand. Our algorithmic contribution is a new scale invariant
“saliency measure” for deciding when aggregates of pixels
constitute salient segments that should not be grouped
further. Our new saliency measure is a variant of the
saliency measure employed in [8, 9] that takes scaling into
account. Furthermore, we use the so-called “first pass” of

the standard AMG graph coarsening algorithm [10, 11] to
coarsen the pixel graph, rather than the direct aggregation
methods that are used in SWA algorithms described in the
literature [8, 9, 12, 14]. We test our approach on parts
of real microscope images, and show how segmentation
based on multilevel intensity similarity alone does not lead
to satisfactory results. However, the addition of multilevel
variance of mean intensities (as a measure of texture) to the
feature vector of each aggregate, as in [9, 14], leads to correct
cell segmentation.

In the second part of the paper, preliminary results are
presented for applying the multilevel aggregation algorithm
in space time to temporal sequences of microscope images,
with the goal of obtaining space time segments (object
tunnels) that track individual cells. This parallels previous
research results on space time segmentation using level set
methods [15, 16] and on comprehensive segmentation and
tracking systems for sequences of cell images [5, 6], but
space time segmentation using SWA has, to our knowledge,
not been investigated in the literature yet. The ultimate
goal of this space time segmentation is to determine a space
time segment (object tunnel) for each individual cell, taking
into account cell divisions. Ideally, when a cell divides,
the segment of the mother cell should terminate and cell
segments should start for the two daughter cells. In this
sense, the desired outcome of our space time segmentation
is more complicated than for related problems such as
cerebral vasculature segmentation in CT scans, for which
three-dimensional level set algorithms have been developed
[17]. Also, the full space time segmentation problem is
complicated since cells change shape when they divide
and cells may touch and overlap. In this paper, we present
preliminary results on our experience with extending
the spatial SWA segmentation algorithm to space time
segmentation of sequences of images, for simplified cases of
isolated cells and pairs of cells. We identify problems that
remain and suggest possible extensions of the algorithm
that may handle them, and we comment on the potential
of the SWA segmentation method as a building block in
comprehensive segmentation and tracking systems along the
lines of [5, 6] and references therein.

While the general ideas and concepts of the SWA
framework are described in several places [8, 9, 12, 14], most
of the description in the literature is formulated in general
terms, and not all algorithmic details are spelled out. In this
paper, we want to present methods and results that are fully
reproducible by the reader, and for this reason we provide a
complete description of the version of the SWA algorithm we
settled on. One property of the SWA algorithm is that it has
a significant number of parameters that have to be chosen
judiciously to obtain the desired segmentation. While this
may be perceived as a potential drawback of the approach,
it also opens opportunities to finetune the algorithm for the
application class at hand. Indeed, the problem of segmenting
an image without further specifications is often ill-posed.
For example, a satellite image with roads, buildings, cars
and people can be segmented at the level of the roads and
buildings, or at the more detailed level of individual cars and
people. Finetuning the SWA parameters allows the user to
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steer the segmentation in the desired direction. The question
about how to choose the SWA parameters is not discussed
much in the literature [8, 9, 12, 14], and in most cases specific
parameters are not given for segmentation results that are
presented as examples. Again in the interest of reproducibil-
ity, we make sure in this paper to include full details about the
parameters we choose for each image or image sequence for
which we give segmentation results, and we also formulate
some general guidelines for choosing parameters.

1.3. Context. Automatic segmentation and tracking of live
cells in bright field microscopy images is a difficult task
[5, 18]. For this reason, fluorescence microscopy is often used
in place of bright field microscopy to image live cells. In flu-
orescence microscopy, cells are made fluorescent by applying
fluorescent dyes, or by making the cells artificially express
fluorescent proteins. The strong fluorescence signals facilitate
tracking [6], but may also have significant drawbacks. In
many cases, the fluorescence introduced is toxic for the cells
[19], and it may change cell behaviour. On the contrary,
bright field microscopy is well suited for live cell studies as
the imaging conditions can usually be chosen to minimize
phototoxicity.

For example, the experiments reported in [20] show how
the shape of a cell can be linked to genetic factors, in this
case signaling proteins. In this study, the cells were fixed and
permeabilized prior to phalloidin staining and, since the cells
are no longer alive, it is impossible to examine the same
cells at a later time. Killing the cells is often a necessary
step when using stains. However, the image segments we
obtain from our analysis can be used to categorize cell shapes
while keeping the cells in culture. This ensures minimal
interference with normal cell function through toxicity from
photochemical effects and the high intensity illumination
that is required to excite fluorescent probes.

In other types of experiments, fluorescent markers are
used to measure concentrations of certain specific proteins
that are under study. A limited number of fluorescent marker
channels with nonoverlapping spectra (typically up to three)
are used in combination. If one or two of these channels are
used solely for tracking purposes, the number of channels
available for measuring protein concentrations is reduced,
which may be a significant limitation.

For these reasons, it can be an advantage if methods can
be derived that manage to track cells based on bright field
images [5].

In addition, bright field images typically contain many
features of interest, and accurate segmentation methods for
bright field images are intrinsically useful since they allow
the study of cell morphology and internal cell structure, and
their dynamics. For example, the morphology of a cell can
be indicative of cell health or can indicate various stages
of pathology [20]. Also, accurate bright field segmentation
of cells and cell organelles may allow for more precise
integration of fluorescence signals over relevant parts of
precisely identified cells, enhancing the accuracy of protein
expression level measurements. Finally, it should also be
noted that the contrast of bright field images is often
enhanced by the use of phase contrast microscopy. The

images discussed in this paper were obtained with this
technique. This allows us to see detailed structure within cells
on Figure 1 (including cell nuclei and nucleoli), but it also
generates bright halos around cells which may complicate
segmentation since they do not uniformly enclose cells.

The microscope images used in this paper (including
Figure 1) were obtained as follows. Cells were plated at a low
density in glass chamber slides and imaged at 20X using a
phase contrast objective (Nikon TEU 2000 with CFI Plan
Fluor ELWD 20X) and a cooled CCD camera (Hamamatsu
C9100-12). Each image contains 512 by 512 pixels, with a res-
olution of 0.8 μm/pixel and 14 effective bits per pixel. Unless
otherwise noted, all cell culture reagents were purchased
from Invitrogen. C2C12 myoblasts were cultivated in growth
medium (Dulbecco’s Modified Eagle Medium supplemented
with 20% fetal bovine serum (Sigma), 2 mM glutamine, 50
units penicillin and 50 μg/mL streptomycin in 10 cm cell
culture plates (Corning). Cells were treated with 1.5 mL of
0.05% Trypsin-EDTA for 5 minutes, manually dispersed by
pipetting and diluted in growth medium to 50,000 cells/mL.
Subsequently, 3 mL of this suspension was added to one Lab-
Tek chambered coverglass well (Nunc) and cells were allowed
to settle undisturbed at 37◦C and 10% CO2 for 16 hours.
The slide was then placed on the motorized stage of a Nikon
TEU 2000 equipped with a Solent environmental chamber
where the cells were kept at the same CO2 and temperature
conditions as before. The microscope images were acquired
at five-minute intervals during 24 hours.

1.4. Organization of the Paper. The rest of this paper is
structured as follows. In Section 2, we give a brief description
of the SWA algorithm and introduce a new scale invariant
saliency measure. In Section 3 we investigate how the
algorithm performs for segmenting bright field cell images.
In Section 4 we explain how the approach is extended to
segmentation in space time in a straightforward way, and
investigate the performance of space time segmentation
for simple sequences of real cell images. Computational
cost and scalability of the SWA algorithm are discussed in
Section 5. Section 6 discusses conclusions and future work.
Finally, Appendix A gives a pseudocode-style step-by-step
description of our algorithmic implementation.

2. Algorithm Description

In this section, we describe the multilevel segmentation
algorithm that we employ in this paper. We start with an
overview of the basic SWA algorithm from [8, 9, 12–14, 21],
followed by a subsection on some specific more detailed
aspects of the algorithm. In the third subsection, we propose
and discuss a new scale invariant saliency measure for the
SWA algorithm. For a complete description of the algorithm
we use, we refer the reader to Appendix A, which provides
an actual pseudocode-style step-by-step description of our
implementation.

2.1. Overview of Algorithm. Figure 2 shows a schematic rep-
resentation of the SWA algorithm. A high-level description
of the SWA algorithm proceeds as follows. In the first,
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Figure 2: Schematic representation of the SWA algorithm.

top-down phase of the algorithm, pixels are recursively
grouped into increasingly large overlapping blocks. At any
level in the process, blocks that are sufficiently different
from their neighbours are identified as salient segments.
The top-down phase ends when all remaining blocks have
become salient. In the second, bottom-up phase of the
algorithm, overlapping blocks that were identified as salient
are recursively sharpened, until all fine-level pixels are
assigned to a unique segment at the top level.

We now give a more detailed description of the algo-
rithm.

The problem of image segmentation can be viewed in
terms of segmentation of a weighted undirected graph,
with each node of the graph representing a pixel, and
each edge corresponding to a link between neighbouring
nodes, weighted by the similarity in intensity between the
two neighbouring pixels. The SWA algorithm starts with
this weighted graph on the finest level (which we call
level 1) and forms a weighted graph of reduced size on
level 2, with the nodes of the level-2 graph representing
overlapping blocks of level-1 nodes. Each level-2 block is
formed around a level-1 seed point, which is called a C-
point (short for coarse point) on level 1. Nodes on level 1
that are not chosen as C-points are called F-points (short
for fine points). The overlapping blocks are chosen such that
they group neighbouring nodes that have similar intensities.
This graph coarsening can be done in a variety of ways,
and the particular approach we employ is explained in the
next subsection and in Appendix A.3. This graph coarsening
process is then repeated on level r, r = 2, 3, 4, . . ., to obtain
the coarse-level graph on level r + 1. The left branch of
the diagram in Figure 2 shows for an example image how

the nodes (shown as red dots) are coarsened during the
first, top-down phase of the algorithm. (For each coarse-level
overlapping block, one finest-level node corresponding to
the C-point of the block on the previous level is shown as
a representative.)

In more specific terms, we start from the pixel graph of
the original image, with the intensities of the pixels stored
in level-1 intensity vector I[1]. (We scale each input image
such that the maximum intensity value equals 1.) Pixels that
are neighbours in the horizontal or vertical directions are
connected by weighted edges in the graph, with edge weights

A
[1]
i j defined using an exponential function of the intensity

difference between the pixels they connect:

A
[1]
i j =

⎧⎪⎨⎪⎩e
−α|I[1]

i −I[1]
j | if i, j are neighbours,

0, otherwise,
(1)

with α ≥ 0 a user-defined parameter. C-points are then
chosen for the level-1 graph and their indices are stored in
vector C[1]. An interpolation matrix from level 2 to level 1 is
defined as

P
[1,2]
i j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if i ∈ C[1], i = C
[1]
j ,

0 if i ∈ C[1], i /=C
[1]
j ,

A
[1]

iC
[1]
j∑

k∈C[1] A
[1]
ik

if i /∈C[1].

(2)

Here we use the shorthand notation i ∈ C[1] to mean that
i = C

[1]
j for some j. Each column j of P[1,2] represents a level-

2 node, and element P[1,2]
i j indicates which fraction of level-1

node i belongs to level-2 block j. (The rows of P[1,2] sum to
one.) The edge weights between nodes of the level-2 graph
are calculated by an averaging process known as Galerkin
coarsening [11]:

A[2] = P[1,2]TA[1]P[1,2]. (3)

In a similar way, interpolation operators P[r,r+1] are derived
between the other recursive levels, and coarse-level graph
weights are calculated by

A[r+1] = P[r,r+1]TA[r]P[r,r+1]. (4)

On each level, the blocks are tested for saliency: a salient
(or “prominent”) block is a block that is sufficiently different
from all the blocks it is connected to, as determined by a
saliency measure. Once a block is designated salient, it is not
allowed to merge with other blocks on coarser levels. (In our
implementation, salient blocks are propagated to all coarser
levels.) The coarsening process terminates at the level where
all blocks have become salient, at which point we have found
all segments in the image. In Figure 2, the bottommost image
is at the coarsest level where coarsening stops because each of
the two nodes represents a salient segment (the white and the
black segment).

The right branch of the diagram in Figure 2 represents
the second, bottom-up phase of the algorithm. Recall that
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the segments obtained on the coarsest level correspond to
overlapping blocks on the finest level. It is important to retain
overlapping blocks in the first phase of the algorithm, since
a pixel that may appear to belong primarily to a certain
block according to fine-level information, may be reclassified
as belonging to a different block later when coarser-level
information is taken into account. The goal of the second
phase is to uniquely assign every finest-level pixel to one
of the segments. The nodes on the second-to-coarsest level
are first assigned to the segments obtained on the coarsest
level according to the weights in the interpolation matrix,
and this is repeated recursively for nodes on increasingly
fine levels. In this way, the representation of the so-far
overlapping segments is obtained on each recursive level.
On each level, the overlap between segments is reduced by a
sharpening procedure, with a sharpening threshold d1, which
we normally take equal to 15%. In this sharpening procedure,
nodes that belong for more than 85% to a segment are
assigned for 100% to that segment, while nodes that belong
for less than 15% to a segment are fully decoupled from that
segment. Finally, on the finest level, every pixel is assigned to
the segment to which it belongs the most.

The SWA algorithm is in many ways similar to AMG
methods for solving linear systems of equations [10, 11], and
the V-shaped process of Figure 2 is called a V-cycle in multi-
grid terminology. Contrary to the AMG V-cycle, where cycles
are repeated to iteratively produce better approximations to
linear equations, we perform the image segmentation V-cycle
only once, giving the final segmentation.

Figure 3 shows a flow chart of the SWA algorithm. The
core of the algorithm can be described recursively. The
recursive part of the algorithm is preceded and followed by
a nonrecursive part on the finest level. In the recursive part
we consider two adjacent levels: level r (the current fine level)
and level r + 1 (the current coarse level). On level r, we find
a suitable subset of fine-level nodes (the C-points) that will
form the seed points for the coarse-level blocks. Then, as long
as we are not yet on the coarsest level (i.e., not all nodes are
salient), we calculate the coarse-level graph weights from the
fine-level weights, and coarsen again recursively. Once on the
coarsest level, the recursive function returns the segments
found, and performs a bottom-up process that ultimately
leads to each pixel in the (finest-level) image being assigned
to exactly one of the (initially overlapping) segments found
on the coarsest level. The nonrecursive and recursive parts of
the algorithm are described in detail in Appendices A.1 and
A.2, respectively, and the coarsening algorithm is given in
Appendix A.3. Calculation of the saliency measure to detect
segments is discussed in Section 2.3.

2.2. Additional Algorithmic Elements. The following are
further details and enhancements of the SWA algorithm.

(i) In order to coarsen the graph at the current level,
we use the so-called first pass of the standard
AMG coarsening algorithm [10, 11]. This algorithm

coarsens the connectivity graph with weights A
[r]
i j

by first dividing the connections in sets of weak
and strong connections based on their weights, and

Nonrecursive partDefine finest-
level variables

Coarsening

Compute coarse-
level variables

Are all
C-points salient?

No

Yes

Recursive partAll segments found

Are we on
the finest level?

Assign nodes
to segments

No
Yes

Assign each
fine-level pixel
to one segment

Figure 3: Flow chart for the algorithm with the recursive and
nonrecursive parts.

then approximately determining a subset of the
nodes of the graph that is a maximal independent
set in the subgraph formed by only retaining the
strongly connected edges. See Appendix A.3 for a full
description of the coarsening algorithm we employ.
Strength parameter θ ∈ [0, 1] (see (A.22)) is used
as a threshold to determine strong connections in
the coarsening algorithm. The nodes in the maximal
independent set, which are selected such that they
are not linked by strong connections, become the C-
points on the current level. Nodes that have strong
connections to many other nodes are more likely to
be chosen as C-points. Note also that, on coarse level
r, nodes that have already been designated salient
on previous levels (see Section 2.3), automatically
become C-points at the beginning of the coarsening
on level r. Note that we use standard AMG coarsening
[10, 11] to coarsen the graph, rather than the
direct aggregation methods that are used in SWA
algorithms described in the literature [8, 9, 12, 14].
We find the standard AMG coarsening a simple and
effective graph coarsening algorithm that leads to
good results, as confirmed by extensive experiments.

(ii) Calculating A[r+1] by

A[r+1] = P[r,r+1]TA[r]P[r,r+1] (5)
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gives the coupling weight between two blocks based
on finer-level coupling weights across their shared
boundary. However, it is beneficial to also consider
the direct similarity between the blocks in terms of
their average intensity. The average intensity of each
block on level r + 1 can easily be calculated from the
average intensity on level r by multiplication with a
scaled interpolation matrix, see (A.11) and (A.10).
The coupling weights can then be rescaled as follows
to incorporate similarity in average intensity:

A
[r+1]
i j ←− A

[r+1]
i j e−α̃|I

[r+1]
i −I[r+1]

j |. (6)

Here, I[r+1]
i is the average intensity of block i on level

r + 1, and α̃ ≥ 0 is a user-defined parameter. Note
that, while the diagonal terms of A[r] do not affect the
selection of C-points on level r, they do affect the off-
diagonal terms of A[r+1] that subsequently influence
the selection ofC-points on level r+1. Diagonal terms
of A[r] represent the internal similarity of blocks,
and should be taken into account when calculating
similarity between coarse-level blocks.

(iii) Another blockwise quantity we use to better connect
similar blocks is multilevel variance in intensity (as a
measure of texture) [21]. Every node on level r + 1
corresponds to an overlapping group of nodes on
level r, every node on level r corresponds to an over-
lapping group of nodes on level r − 1, and so forth.
The variance in intensity of the level-r nodes that
correspond to a level-r + 1 node is easily calculated
using the standard expression var(X) = E((X −
E(X))2) = E(X2)−E(X)2, see (A.12). These variances
are calculated between all consecutive levels, and are
assigned to coarse-level nodes by recursive averaging
(see (A.13)). An r-component multilevel feature
vector with intensity variances can thus be associated
with every node on level r+1, see (A.14). In each such
feature vector, the last component gives the variance
between the average intensities of the level-r nodes
that correspond to the level-r + 1 node, the one-
before-last component gives the average over those
level-r nodes of the variance between the average
intensities of the level-r − 1 nodes that correspond to
each of those level-r nodes, and so forth. The averages
in the feature vectors can be calculated efficiently via
recursive averaging, see (A.13). The coupling weights
between blocks can then be rescaled according to the
similarity in these variance vectors, with a scaling
parameter β, see (A.17). In practice, it turns out that
variance for small blocks is less relevant and may
cause incorrect segmentation. We therefore only use
variance rescaling on levels larger than level ρ, with ρ
a user-defined parameter.

(iv) In order to avoid small segments, we only allow
detection of salient segments on levels larger than
level σ , with σ a user-defined parameter.

(v) In summary, we list the free parameters in our algo-
rithm, to be chosen such that correct segmentation

is obtained for the application at hand: top-level
intensity scaling factor α, coarse-level intensity rescal-
ing factor α̃, coarse-level variance rescaling factor β,
coarsening strength threshold θ, saliency threshold
γ (see the next section), sharpening threshold d1,
segment detection threshold level σ , and variance
rescaling threshold level ρ.

2.3. Scale Invariant Saliency Measure. We propose a saliency
measure that is a modified version of the saliency measures
used in [8, 9, 12–14, 21]. Our modified saliency measure is
scale invariant.

The saliency measures used in [8, 9, 12–14, 21] can be
derived and motivated as follows.

On each level r, define the energy functional

Γ[r]
(
u[r]

)
=
∑

i> j A
[r]
i j

(
u

[r]
i − u

[r]
j

)2

∑
i> j A

[r]
i j u

[r]
i u

[r]
j

= u[r]TL[r]u[r]

(1/2)u[r]TW [r]u[r]
.

(7)

Here, A[r] is the coupling matrix on level r, the matrices L[r]

and W [r] are given by

L
[r]
i j =

⎧⎪⎪⎨⎪⎪⎩
−A[r]

i j if i /= j,∑
k /= i

A
[r]
ik if i = j,

W [r] = A[r],

(8)

and u[r] is a Boolean state vector for a particular block on
level r such that u

[r]
j = 1 if node j belongs to the block

and u
[r]
j = 0 otherwise. Subscripts denote matrix or vector

components. L[r] is called the Laplacian of the (weighted)
graph. Note that W [r] = A[r] on all levels so there is no real
need to introduce the variables W [r], but below we choose to
use the W [r] in expressions for the saliency measure.

The SWA algorithm seeks segments (Boolean vectors
u[r]) that yield low values of the energy functional. On the
finest level, this formulation is equivalent to a normalized
cut formulation for the segmentation problem [14, 22].
In the normalized cut approach, a generalized eigenvalue
problem is formulated on the finest level that is related to
functional (7). The few eigenvectors with lowest eigenvalues
are computed and are used to segment the image using
a clustering method. Note that AMG solvers can also be
developed that directly calculate the eigenvectors of this fine-
level eigenvalue problem in an efficient manner [23]. In
the SWA approach, however, we do not directly calculate
the fine-level eigenvectors, but, instead, consider increasingly
coarse versions of the coupling matrix and detect salient
segments based on connection strength in those coarse-level
coupling matrices, guided by functional (7). This approach
allows us to take into account coarse-level features (like
multilevel variance) for segment detection.

At level r, the SWA algorithm checks for each node i
whether it is salient. (Recall that node i is interpreted as an
overlapping block of finest-level pixels.) To this end, define
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Figure 4: A simple example image with a square block of white
pixels in the center. We assume that the white pixels are aggregated
to a single, nonoverlapping block on level 2.

the Boolean vector for the single-node segment with node i

on level r by u[r],i
j = δi j (i.e., u[r],i

i = 1, and u
[r],i
j = 0 for j /= i).

The saliency measure Γ[r]
i of node i is then given by

Γ[r]
i = Γ

(
u[r],i

)
= L

[r]
ii

(1/2)W [r]
ii

, (9)

and node i is designated a salient segment if its saliency
measure is smaller than a user-defined constant γ:

Γ[r]
i < γ. (10)

(Note that saliency measure (9) cannot be used on the finest

level, since W
[1]
ii = 0 for all finest-level nodes i. In practice,

this is normally resolved by not allowing salient nodes on
the finest level.) It can be understood easily that saliency
measure (9) is sensitive to the scales of segments [8], and,
depending on the application, this may lead to difficulties.
In what follows, we illustrate the scale sensitivity of saliency
measure (9) by a simple example, and propose a new variant
of saliency measure (9) that takes into account scaling.

Saliency measure (9) for node i on level r can be related
to the block of pixels on the finest levels that corresponds
to node i (which we can call block i). Indeed, the saliency
measure can be interpreted as the sum of the coupling
coefficients along the border of block i divided by the sum of
the coupling coefficients along connections internal to block
i [12]. It can easily be seen that this interpretation is exact for
any nonoverlapping block, as is illustrated by the following
simple example.

Consider Figure 4 which represents an example image
with a square block of white pixels in the centre, and assume
that this block corresponds to node i on level 2 in the
aggregation process (we thus call it block i). The ith column
of the interpolation matrix between levels 2 and 1, P[1,2],
contains 1 s in the rows corresponding to the pixels in block
i, and 0 s in the other rows. It is convenient to represent the
ith column of P[1,2] in so-called stencil form, as

P
[1,2]
i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0

0 1 1 1 0

0 1 1 1 0

0 1 1 1 0

0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (11)

Let us define two more matrices, the adjacency matrix V [1]

and the unweighted graph Laplacian G[1], which are Boolean
versions of W [1] and L[1], not weighted by the coupling
strengths in A[1]:

V
[1]
i j =

⎧⎪⎨⎪⎩
0 if A[1]

i j = 0,

1 if A[1]
i j /= 0,

G
[1]
i j =

⎧⎪⎪⎨⎪⎪⎩
−V [1]

i j if i /= j,∑
k /= i

V
[1]
ik if i = j.

(12)

The stencils of the operators V [1] and G[1] are given by

V [1] =

⎡⎢⎢⎢⎣
1

1 1

1

⎤⎥⎥⎥⎦,

G[1] =

⎡⎢⎢⎢⎣
−1

−1 4 −1

−1

⎤⎥⎥⎥⎦.
(13)

(Note that these stencils represent the nonzero elements
in each of the columns (or rows) of V [1] and G[1]. Since
each column has the same pattern of nonzeros, we don
not give the stencils of V [1] and G[1] a subscript index.
Note that columns corresponding to pixels close to the
boundaries of the image would have a different nonzero
pattern, but we assume that the white block in Figure 4 is
embedded in a larger black image and is located far from the
image boundary, such that we don not have to worry about
boundaries.)

Let us now calculate the ith diagonal elements of
the level-2 versions of V [1] and G[1], namely, V [2] =
P[1,2]TV [1]P[1,2] and G[2] = P[1,2]TG[1]P[1,2].

First, we want to show that diagonal element G
[2]
ii =

P
[1,2]T
i G[1]P

[1,2]
i equals the boundary length of block i, which

in this example is 3×4 = 12. Applying matrix G[1] to column

P
[1,2]
i gives, in stencil notation,

G[1]P
[1,2]
i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 −1 −1 0

−1 2 2 2 −1

−1 1 0 1 −1

−1 2 1 2 −1

0 −1 −1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14)

Multiplying this with row P
[1,2]T
i results in a scalar value of

P
[1,2]T
i G[1]P

[1,2]
i = 12, (15)

which is the boundary length of block i, as desired.

Next we want to show that (1/2)V [2]
ii = (1/2)

× P
[1,2]T
i V [1]P

[1,2]
i equals the number of internal connections
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(a) Small Lii, large Wii (b) Large Lii, small Wii

Figure 5: Example shapes for analyzing scale behaviour of saliency
measures.

within block i. First apply matrix V [1] to column P
[1,2]
i to get,

in stencil notation,

V [1]P
[1,2]
i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 1 0

1 2 3 2 1

1 3 4 3 1

1 2 3 2 1

0 1 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (16)

Then multiply this with row P
[1,2]T
i to obtain

P
[1,2]T
i V [1]P

[1,2]
i = 24, (17)

which equals twice the number of internal connections,
or approximately twice the area of block i. Due to this
interpretation of the diagonal elements of matrices G[r] and
V [r] in terms of block boundary length and block area, we
will in what follows refer to the matrices G[r] as boundary
length matrices, and to V [r] as area matrices.

It is now easy to see that the ith diagonal element of
L[r] corresponds to the sum of the coupling coefficients
along the boundary of block i, or, in other words, to the
boundary length of block i weighted by the similarity with
neighbouring blocks along the block boundary. For this
reason, we call the matrices L[r] weighted boundary length
matrices. Similarly, the ith diagonal element of W [r] = A[r]

corresponds to twice the sum of the coupling coefficients
along connections internal to block i, or, in other words, to
twice the area of block i, weighted by the mutual similarity of
neighbouring finer-level blocks in the interior of block i. We
therefore call the matrices W [r] weighted area matrices. Note
that this interpretation also follows directly from plugging

u[r] = P
[1,2]
i into (7) (middle expression).

With these interpretations of the diagonal elements of
L[r], W [r], G[r] and V [r] in hand, we can now analyze the
scale behaviour of saliency measure (9), and propose a new
scale invariant version of it. Figure 5 shows two examples
of images with a white shape on a black background. The
original saliency measure

Γ[r]
i = L

[r]
ii

(1/2)W [r]
ii

, (18)

is much smaller for shape (a) than for shape (b): shape (a)
has a shorter boundary and a larger area than shape (b), and

the similarity-weighted boundary length L
[r]
ii is proportional

to the block boundary length, while the similarity-weighted

area (1/2)W [r]
ii is proportional to the area. For the example

considered, this is undesirable, since both shapes should be
deemed equally salient: their saliency measure should be
of similar value for the SWA algorithm to segment them
correctly if they were to occur together in a larger image.
It is also clear that saliency measure (18) tends to assume
geometrically smaller values as levels get coarser, since, in
two dimensions for example, shape areas normally grow by a
factor of four when boundary lengths double. This can also
be seen as follows. Consider two white blobs with the shape
of Figure 5(a), a large one and a small one. The large blob
would reduce to a single node at a coarser level than the
small blob, and the salience measure (18) for the large blob
would be smaller than for the small blob, since the ratio of
boundary length to area is smaller for the large blob than for
the small blob. We can thus say that saliency measure (18) is
not scale invariant (and also not shape-invariant, according
to the example of Figure 5). Potential scaling difficulties with
saliency measure (18) have been discussed in the literature
and some ad hoc fixes have been proposed [8], but a generally
applicable modification that addresses these scaling issues
has not been proposed yet.

In order to remedy the potential scaling difficulties of
saliency measure (18), we propose the following new saliency
measure:

Γ[r]
i = L

[r]
ii /G

[r]
ii

W
[r]
ii /V

[r]
ii

. (19)

The motivation behind this new saliency measure is simple:
we normalize the similarity-weighted boundary length by
dividing it by the unweighted boundary length, and we
normalize the similarity-weighted area by dividing it by the

unweighted area. As a consequence, the quantities L[r]
ii /G

[r]
ii

and W
[r]
ii /V

[r]
ii become scale invariant (they lie between 0 and

1, since all coupling weights also lie between 0 and 1). The
new saliency measure can then simply be interpreted as

Γ[r]
i = average similarity along boundary of block i

average similarity in interior of block i
.

(20)

This interpretation also provides an easy intuitive under-
standing of the saliency measure: a block is salient if it has low
average similarity to its neighbouring blocks, but this has to
be evaluated relative to how similar its own finer-level blocks
are to each other. It is also clear that the new saliency measure
may make it easier for many applications to choose a saliency
threshold γ below which nodes are to be considered salient:
due to the scale invariance (and shape-invariance) of the new
measure the saliency threshold can remain constant on all
levels, and segments with different shapes can be detected
more consistently.

We have experimented extensively comparing the
scale invariant saliency measure (19) and the original
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saliency measure (18). Even though the scale invariant
saliency measure is somewhat more expensive to compute
(a second three-way sparse matrix product V [r+1] =
P[r,r+1]TV [r]P[r,r+1] has to be evaluated on each level), we
have found that it is much easier for our application to find
a suitable value of the saliency threshold γ that works well
on all recursive levels and for the different shapes the cells in
our images assume. For our application, the extra work leads
to a significantly more robust, less parameter-dependent
algorithm and is thus worthwhile. It has to be noted, though,
that for some applications the original saliency measure (18)
may give good results (with less work), or may be preferable
for other reasons. The original saliency measure is expected
to work well for segments of similar size and shape. Also, the
original saliency measure favours large segments (since the
saliency measure tends to assume smaller values on coarser
levels), and this may be beneficial in applications in which
only large segments are of interest. (E.g., one could consider
an image with many white blobs of different sizes on a black
background, and if only the large blobs are important, the
original saliency measure can be used to select them.)

To finalize this section on a scale invariant saliency
measure, we want to make three remarks. First, the example
in Figure 4 that led to the interpretations of L[r]

ii , G[r]
ii , W [r]

ii

and V
[r]
ii in terms of block boundary lengths and areas,

was set in the context of nonoverlapping blocks. In the first
stage of the SWA V-cycle, overlapping blocks are employed.
The interpretation in terms of block boundaries and areas
becomes less straightforward in this case and the heuristics
become approximate, but the formulas remain well posed
and extensive testing indicates that the measure performs as
expected for the case of overlapping blocks as well. Second,
saliency measure (19) is not defined on the finest level

since W
[1]
ii = 0 and V

[1]
ii = 0 for all finest-level nodes i.

In many applications, salient segments on the finest level
are not of interest, and can be disallowed. If they are to
be allowed, the areas of finest-level pixels can be set to
one, and scale invariant saliency measure Γ[1]

i = L
[1]
ii /G

[1]
ii

can be used. Third, scale invariant saliency measure (19)
only uses the diagonal elements of the boundary length
and area matrices L[r], G[r], W [r] and V [r], and the off-
diagonal information in these matrices remains unused.
The off-diagonal elements of these matrices can be used
to refine (19). For example, if block i shares a very short
boundary with block j to which it is very similar, but is very
different from all other neighbouring blocks, then its average

similarity along the boundary, L[r]
ii /G

[r]
ii , may be very small,

even though block i is very similar to one of its neighbours.
In this case, it may be desirable not to designate block i as
salient, and to aggregate it with block j. Such a situation

can be detected by comparing the sizes of L[r]
i j /G

[r]
i j for all

neighbours j of i (these ratios of off-diagonal elements can
be interpreted as average similarities between blocks along
their mutual boundary), and block i may only be considered
salient if all of these are small (relative to block i’s internal
similarity). Improvements of this kind may be important for
certain types of applications, and remain a topic of further
research.

3. Segmentation Results

3.1. Cell Segmentation. In this section we evaluate the
performance of the multilevel segmentation algorithm by
applying it to bright field phase contrast cell microscopy
images. First we demonstrate the advantage of segmenting
taking the multilevel intensity variance into account, versus
not taking it into account.

The image of Figure 6(a) has two regions that differ in
texture but are identical in average intensity. Using only
intensity, only one segment is found (Figure 6(b)) because
the algorithm cannot distinguish the patterned shape from
the uniform background. However, when intensity variance
is incorporated, the two segments are identified separately
(Figure 6(c)). (Note that the SWA algorithm finds the
background as a separate segment.)

Next we apply our algorithm to the single isolated cell
of Figure 7(a). (All cell images in this and the next section
are obtained by cutting out a square n × n region from
larger 512 by 512 images as in Figure 1.) The cell is not
segmented correctly when using only intensity. By using
variance, however, correct segmentation is obtained: the
variance of the background is low, but cells have high
internal variance. By preferentially grouping blocks with high
variance and blocks with low variance, cell parts are forced to
merge together rather than merge with the background.

Figures 8, 9 and 10 show further examples of successful
segmentation results for increasingly difficult cases of cells
with elongated expansions, touching cells, and cells that are
close to division (bright and circular). Note that the seg-
mentation parameters employed differ somewhat between
the examples; parameter selection is discussed at the end
of this section. Also, if the background is not contiguous,
the SWA algorithm finds a segment for each of the separate
background regions. These background segments can easily
be grouped together since they have very similar feature
vectors at the level where they are detected as salient
segments.

Finally, Figure 11 shows segmentation results for a more
difficult example involving four whole cells at once, one of
which is close to division. With one choice of parameters, we
get Figure 11(b), which correctly identifies the 2 cells at the
bottom with sharper boundaries but does not segment the
top 2 cells correctly. With another choice of parameters, we
get Figure 11(c), where all four cells are found. However, part
of the top-right cell is segmented with the background, and
the nucleus of the bottom cell has its own segment.

3.2. Discussion. The results of Figures 7–10 demonstrate
that the SWA algorithm is capable of correctly segmenting
bright field cell images of moderate complexity. However,
some important problems remain. First, it is undesirable that
parameters have to be changed depending on the image,
since we are pursuing an automatic method. The SWA
algorithm contains a number of segmentation parameters
that have to be chosen. (The next subsection explains how
we have chosen the parameters for our algorithm to obtain
the results shown above.) However, the goal of the SWA
approach is to include enough multilevel features in the
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(a) Original image (b) 1 segment found, not using
variance

(c) 2 segments found (pat-
terned shape and background),
using variance

Figure 6: Parameters used: (b) n = 60, α = 10, α̃ = 10, θ = 0.1, γ = 0.1, d1 = 0.15, σ = 5; (c) n = 60, α = 10, α̃ = 10, β = 10, θ = 0.1,
γ = 0.1, d1 = 0.15, σ = 5, ρ = 1.

(a) Original image (b) 4 segments found (includ-
ing the background segment),
not using variance

(c) 2 segments found (includ-
ing the background segment),
using variance

Figure 7: Parameters used: (b) n = 60, α = 100, α̃ = 10, θ = 0.1, γ = 0.5, d1 = 0.15, σ = 6; (c) n = 60, α = 100, α̃ = 10, β = 30, θ = 0.1,
γ = 0.5, d1 = 0.15, σ = 6, ρ = 1.

(a) Original image (b) 4 segments found

Figure 8: Parameters used: (b) n = 60, α = 130, α̃ = 5, β = 50,
θ = 0.08, γ = 0.5, d1 = 0.15, σ = 6, ρ = 1.

feature vectors of the overlapping blocks on the various
levels to allow the algorithm to find correct segments for
all images in a certain class, for example, the bright field
cell images obtained by our experiment, with a single set
of parameters. If this is achieved, the free parameters of the
method are not a drawback, but are actually used to finetune
the algorithm for the application class at hand, steering
the segmentation in the desired direction. In our current
implementation we have included multilevel intensity and
multilevel intensity variance, and have shown that this allows
the algorithm to correctly segment relatively complex bright

(a) Original image (b) 4 segments found

Figure 9: Parameters used: (b) n = 60, α = 130, α̃ = 4, β = 100,
θ = 0.1, γ = 0.8, d1 = 0.15, σ = 6, ρ = 1.

field cell images. Since these images are difficult to segment,
this is a significant achievement, even if somewhat different
parameters are required for different images. Note also that
the multilevel information about the segments gained by
the SWA algorithm leads to several other advantages over
commonly used segmentation methods, as discussed in
Section 6. However, it is clear that further research is needed
before a fully automatic reliable SWA segmentation method
is obtained for the bright field images under consideration.

A first type of improvement can be offered by including
more features in the feature vector. For example, geometrical
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(a) Original image (b) 5 segments found

Figure 10: Parameters used: (b) n = 60, α = 190, α̃ = 5, β = 100,
θ = 0.09, γ = 0.35, d1 = 0.15, σ = 6, ρ = 3.

(a) Original image

(b) 4 segments found (c) 5 segments found

Figure 11: Parameters used: (b) n = 120, α = 50, α̃ = 0, β = 110,
θ = 0.15, γ = 1.5, d1 = 0.15, σ = 5, ρ = 1; (c) n = 120, α = 100,
α̃ = 0, β = 110, θ = 0.11, γ = 0.9, d1 = 0.15, σ = 5, ρ = 3.

shape moments can be calculated for overlapping blocks
at all levels, giving information about block shape and
orientation that can be used to preferentially group together
blocks that have similar shape or orientation [9, 14]. We
expect that this can be used to deal better with the difference
between cells that are close to division (they appear bright
and circular) and regular cells. Anisotropic texture can be
considered as well. The algorithm performs well on bright
field images containing few cells, but the quality of the
segmentation deteriorates when more cells are present. This
is mainly due to the low-contrast boundaries and the broken
halos that surround the cells. One way to overcome this
problem may be to detect and promote boundary integrity
across neighbouring aggregates as in [21]. Cross-correlation
between features can also be taken into account. Application

of these and other algorithmic enhancements will be studied
in future research.

A second type of improvement, however, may be
achieved by simply considering the extra information that
is present in temporal sequences of images. The SWA
algorithm can take immediate advantage of this infor-
mation by applying it directly to these image sequences
in space time. However, before exploring SWA segmen-
tation in space time in Section 4, we first discuss how
we chose the parameters for the segmentation results of
Figures 7–11.

3.3. Choice of Segmentation Parameters. To apply the algo-
rithm to an image, we need to choose values for segmen-
tation parameters α, α̃, β, θ, γ, d1, σ and ρ. In order to
find suitable parameters, we normally start with an initial
parameter choice, and then finetune individual parameters
according to the following guidelines. A suitable initial
parameter set for our types of images is given by(

α, α̃,β, θ, γ,d1, σ , ρ
) = (100, 100, 100, 0.1, 0.1, 0.15, 5, 1).

(21)

(1) To increase the contrast level of the image, increase
top-level intensity scaling factor α, which amplifies
the intensity difference between pixel pairs.

(2) For images containing broad bright or dark bound-
aries of regions (such as the halos in the bright
field cell images), we do not want these boundaries
to become salient segments themselves. Since a
large coarse-level intensity rescaling factor α̃ causes
blocks with high average intensity to become more
disconnected from their neighbours, a bright block
can very easily become a salient segment. To avoid
this, decrease α̃ to a small value, say in the range [0, 5].

(3) In order to separate desired segments that differ more
in average intensity and less in intensity variance,
choose a larger intensity rescaling factor α̃ and a
smaller variance rescaling factor β. Do the opposite
if the desired segments differ more in variance.

(4) If the algorithm finds too many (small) segments, try

(i) decreasing θ (more strong connections),

(ii) decreasing γ (stricter saliency threshold),

(iii) increasing σ (segments allowed only on coarser
levels).

On the contrary, if too few (large) segments are found,
then shift the parameter values in the opposite direction

(5) The process for segmenting image sequences in space
time (see next section) is similar but we usually start
with a smaller θ, such as 0.03. This is so because
a node in an image sequence typically has more
neighbours than a node in a single image. If we used
the same θ, there would be fewer strong connections
since our strength criterion defines strength relative
to row sums of the coupling matrix (see (A.22)).
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(a) t = 1 (b) t = 2 (c) t = 3

(d) t = 4 (e) t = 5 (f) t = 6

(g) t = 7 (h) t = 8 (i) t = 9

Figure 12: Original image sequence.

4. Space Time Segmentation and Tracking

In this section we describe results obtained when applying
the multilevel SWA algorithm to sequences of images. In our
experimental technique we take images frequently enough
that moving cells overlap significantly between frames. (The
motion of the cells is slow compared to the image frequency.)
Cell trajectories in space time thus form “object tunnels”
that are found efficiently by the SWA algorithm. The extra
temporal information makes it easier to resolve difficult
cases such as touching cells, dividing cells, and cells that
temporarily overlap. The resulting space time segments can
also be used for tracking cell motion.

By stacking up the images, the problem of segmenting
multiple images can be viewed as segmenting one three-
dimensional (3D) data set. It is not difficult to modify
the SWA algorithm to suit a 3D problem because the
algorithm is already designed to coarsen arbitrary graphs,
which can represent geometric grids of any dimension. The
details of this simple modification are given in Appendix A.4.
Additionally, SWA can easily be applied to datasets with three
spatial dimensions and one temporal dimension with little or
no modicfication.

We now describe segmentation results for sequences of
bright field cell images.

Figure 12 shows a cell with an irregular shape moving
from the top-left corner of the window to the bottom-right
corner, while slightly changing its shape, from image t =
1 to image t = 9. (The actual time between images is 5
minutes.) Applying the SWA algorithm with appropriately
chosen parameters to this stack of images, we find the two
segments shown in Figure 13. Note that the cell boundary
is quite accurately captured in every frame, even though the
boundary of the cell is irregular.

Figure 14 shows a plot of this result in 3D with the red
tube representing the cell wall. In Figure 14(a), the images
are stacked with the t = 1 slice on top. In Figure 14(b), the
stack is reversed to show the t = 9 slice on top.

The next set of images (Figure 15) shows a slow-moving
triangular cell, and Figure 16 shows cell contours annotated
by a human expert. Figure 17 shows the SWA segmentation
results, and Figure 18 gives a 3D representation of them.
In comparison with the human expert, the SWA algorithm
segments 71634 out of the 121 × 121 × 5 = 73205 pixels
correctly, yielding a 97.85% accuracy.
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(a) t = 1 (b) t = 2 (c) t = 3

(d) t = 4 (e) t = 5 (f) t = 6

(g) t = 7 (h) t = 8 (i) t = 9

Figure 13: 2 segments found with parameters (n,α, α̃,β, θ, γ,d1, σ , ρ) = (60, 100, 5, 160, 0.0055, 0.062, 0.15, 5, 2).
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(b) Looking down from t = 9

Figure 14: 3D representation of the cell segment.

Figure 19 shows a sequence of 11 cell images which
represent a cell dividing into two cells. In Figure 20,
segmentation parameters are chosen such that the cells
remain in one segment. This may be useful if one desires
one large connected segment for all cells in a tree-like
structure. Figure 22 shows that segmentation parameters can
be modified to obtain two segments, one for each of the
daughter cells. Even though the first few images contain

only one cell, the information from later times causes the
algorithm to interpret the mother cell as two cells that are
about to separate. Having two segments instead of one large
segment for all three cells may be useful if one desires
separate segments for each unique cell. In fact, if earlier
images were included, one would want a third segment for
the mother cell in this case. These two results illustrate how a
judicious choice of segmentation parameters allow the user
of the SWA algorithm to steer the segmentation process
towards the outcome that is desirable for the application
at hand. Figures 21 and 23 show 3D trajectories for the
two segmentations. While more research is clearly needed
to handle these rather complex cell divisions properly, the
preliminary results shown point to interesting possibilities
to use the space time SWA algorithm as a building block of
comprehensive tracking systems.

5. Scalability

Multilevel algorithms often enjoy the desirable properties
of fast execution time and low memory cost that are
linearly proportional to the number of data elements [9–
11]. In this section, we demonstrate how we achieved linear
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(a) t = 1 (b) t = 2 (c) t = 3

(d) t = 4 (e) t = 5

Figure 15: Original image sequence.

(a) t = 1 (b) t = 2 (c) t = 3

(d) t = 4 (e) t = 5

Figure 16: Annotations by a human expert.

runtime as a function of the number of pixels in the input
image for our implementation of the SWA algorithm. We
show that this, as expected, also holds for the space time
version of the algorithm. This makes the space time SWA
algorithm a highly attractive building block for segmentation
and tracking systems applied to long sequences of high-
resolution images. Also, if applications were to arise in which
image sequences with very large numbers of pixels have to
be segmented in short time, efficient parallel versions of
the SWA algorithm could be developed, along the lines of

successful parallel implementations of AMG, which have
been shown to scale well on large parallel computers (see,
e.g., [24], and references therein).

We test runtime scaling by fixing a set of segmentation
parameters and running the algorithm on images of different
resolution, from 512 × 512 to 10 × 10. (We do this using an
original 512×512 image that is downsampled to increasingly
lower resolution.) For each resolution, we determine the
typical runtime by calculating the average runtime over three
trials. Figure 24 shows that the runtime scales almost linearly
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(a) t = 1 (b) t = 2 (c) t = 3

(d) t = 4 (e) t = 5

Figure 17: 2 segments found with parameters (n,α, α̃,β, θ, γ,d1, σ , ρ) = (121, 11, 30, 10, 0.025, 0.01, 0.15, 7, 3).
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Figure 18: 3D representation of the segments.

as a function of the number of pixels. Our implementation
is a mixed MATLAB-C research code, taking advantage of
MATLAB’s sparse matrix data structures and operations,
and employing C for the compute-intensive parts of the
code that cannot easily be done efficiently in MATLAB (in
particular, the AMG coarsening step). This implementation
could obviously be accelerated significantly for a production
environment by migrating the whole implementation to C.
However, even in our mixed MATLAB-C implementation,
we obtain almost linear scaling, and a quite reasonable
runtime of approximately 14 seconds for segmenting a 512
× 512 image. Figure 25 shows that we also obtain linear
runtime for a 3D 512 × 512 × 5 image downsampled to
increasingly lower resolution.

6. Conclusions and Future Work

In this paper, we have investigated the use of a multilevel
aggregation algorithm as a method for segmenting live cell

bright field microscope images. We use a variant of the
Segmentation by Weighted Aggregation (SWA) technique
[8, 9] and incorporate an improved scale invariant saliency
measure, which can identify salient segments more accu-
rately. We have shown that bright field cell images of mod-
erate complexity are segmented correctly by incorporating
multilevel intensity and intensity variance. We have shown
how the SWA algorithm can be applied without significant
modification to temporal sequences of images, producing
segments that track cell contours in space and time. Correct
segmentation still depends on a judicious choice of seg-
mentation parameters, and further research is needed before
a fully automatic reliable SWA segmentation method is
obtained for the bright field images under consideration. In
future work, we plan to investigate improving segmentation
results by including more features in the feature vector. For
example, we are considering to include shape moments,
anisotropic texture, cross-correlation between features, and
boundary detection [9, 14, 21]. We also plan to apply the
multilevel aggregation algorithm to segmentation of cell
parts (cytoplasm, nucleus and nucleoli).

While the robust application of multilevel aggregation
to bright field cell images requires further research, it is
already clear that the SWA segmentation approach may have
several advantages over more commonly used segmentation
techniques, which include level set, active contour, and
watershed methods. First of all, multilevel aggregation is
fast and linearly scalable in the number of pixels to be
segmented. The algorithm is conceptually simple since there
is no need to define initial level set seeds, or extract markers
as in watershed. The space time segmentation approach
uses extra temporal information that makes it easier to
resolve difficult cases like touching cells, dividing cells
and cells that temporarily overlap. Nevertheless, it seems
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(a) t = 1 (b) t = 2 (c) t = 3 (d) t = 4

(e) t = 5 (f) t = 6 (g) t = 7 (h) t = 8

(i) t = 9 (j) t = 10 (k) t = 11

Figure 19: Original image sequence.

that extensive further research is required to handle these
difficulties properly. The feature vector for each resulting
segment contains multilevel information about the segment
that can be exploited in various ways. It can be used to
classify segments as background, dividing cell, or regular cell,
and it can potentially be used (in 3D) to separate tracks of
dividing cells from tracks of regular cells, to aid the proper
handling of cell division events. It can also be used to study
cell morphology and its dynamics.

The multilevel segmentation approach provides a single,
unified technique that produces accurate cell trajectory
segments (for moderately complex cases so far) and gives a
lot of additional useful information. It is clear that it will have
to be combined with other advanced methods of geometric,
modeling and statistical nature in order to obtain a complete
and robust segmentation and tracking system, along the
lines of the sophisticated and comprehensive segmentation
and tracking methods that recently have been described (see
[5, 6] and references therein). However, due to its conceptual
simplicity, linear efficiency, and tunability, and due to
the useful additional multilevel information it provides,
multilevel aggregation may simplify the development of
such comprehensive systems, and it thus promises to be

an attractive alternative to level set, active contour and
watershed approaches as a basic building block for robust
segmentation and tracking systems.

Appendix

A. Detailed Description of Multilevel
Segmentation Algorithm

A.1. Nonrecursive Part.
Input: an n× n greyscale image with N = n2 pixels.

Output: an N × m Boolean segmentation matrix U
describing m segments (Uij = 1 means that pixel i belongs
to the jth segment).

(1) Define global segmentation parameters:

(i) α (top-level intensity scaling factor),

(ii) α̃ (coarse-level intensity rescaling factor),

(iii) β (coarse-level variance rescaling factor),

(iv) θ (coarsening strength threshold),

(v) γ (saliency threshold),
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(a) t = 1 (b) t = 2 (c) t = 3 (d) t = 4

(e) t = 5 (f) t = 6 (g) t = 7 (h) t = 8

(i) t = 9 (j) t = 10 (k) t = 11

Figure 20: 2 segments found with parameters (n,α, α̃,β, θ, γ,d1, σ , ρ) = (60, 8, 4, 200, 0.025, 0.15, 0.15, 6, 1).
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Figure 21: 3D representation of the segments.

(vi) d1 (sharpening threshold),

(vii) σ (segment detection threshold level),

(viii) ρ (variance rescaling threshold level).

(2) Initialize level 1 variables �[1], M[1], I[1], A[1], S[1],
L[1], G[1], V [1] and Γ[1]:

(a) Current level �[1] = 1.

(b) Current number of nodes M[1] = N .

(c) Label the pixels {1, 2, . . . ,M[1]}. Let I[1] be an
M[1]× 1 vector with I

[1]
j as the intensity of pixel

j, where the intensity values may range from 0
to 1. (Each input image is scaled such that the
maximum intensity value equals 1.)

(d) Let coupling matrix A[1] be an M[1] × M[1]

matrix with

A
[1]
i j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
e−α|I

[1]
i −I[1]

j | if i, j are horizontal or
vertical neighbours,

0, otherwise.
(A.1)

(e) Let variance matrix S[1] be an M[1] ×M[1] zero
matrix.

(f) Let weighted boundary length matrix L[1] be an
M[1] ×M[1] matrix with

L
[1]
i j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−A[1]

i j if i /= j,∑
k /= i

A
[1]
ik if i = j.

(A.2)
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(a) t = 1 (b) t = 2 (c) t = 3 (d) t = 4

(e) t = 5 (f) t = 6 (g) t = 7 (h) t = 8

(i) t = 9 (j) t = 10 (k) t = 11

Figure 22: 3 segments found with parameters (n,α, α̃,β, θ, γ,d1, σ , ρ) = (60, 11, 2, 300, 0.015, 0.05, 0.15, 5, 4).

(g) Let area matrix V [1] be an M[1] ×M[1] matrix
with

V
[1]
i j =

⎧⎪⎨⎪⎩
0 if A[1]

i j = 0,

1 if A[1]
i j /= 0.

(A.3)

(h) Let boundary length matrix G[1], be an M[1] ×
M[1] matrix with

G
[1]
i j =

⎧⎪⎪⎨⎪⎪⎩
−V [1]

i j if i /= j,∑
k /= i

V
[1]
ik if i = j.

(A.4)

(i) Let saliency vector Γ[1] be an M × 1 vector with

Γ[1]
i = L

[1]
ii

G
[1]
ii

. (A.5)

(3) Determine overlapping segments by calling the recur-
sive graph segmentation function:

U [1] = imageVCycle
(
�[1],M[1], I[1],A[1], S[1],V [1],Γ[1]

)
.

(A.6)

(The recursive function imageVCycle is described in
Appendix A.2).

(4) Assign pixels uniquely to segments: set

Uij ←−
⎧⎪⎨⎪⎩1 if j = min

{
j : max

k
U

[1]
ik = U

[1]
i j

}
,

0, otherwise.
(A.7)

A.2. Recursive Part (Function imageVCycle).
Input: �[r], M[r], I[r], A[r], S[r], V [r], Γ[r].

Output: U [r], in which U
[r]
i j indicates the fraction of node

i on level r belonging to segment j.

(1) If �[r] ≤ σ , set all Γ[r]
i = ∞. (No salient segments

allowed on current level.)

(2) Coarsen the current graph: set

C[r] = coarsenAMG
(
A[r],Γ[r], γ, θ

)
, (A.8)

where coarsenAMG is a function described in
Appendix A.3.

(3) Let M[r+1] be the length of C-point vector C[r].
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Figure 23: 3D representation of the segments.
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Figure 24: Runtime versus image size. (Single images.)

(4) Let �[r+1] = �[r] + 1.

(5) If M[r] = M[r+1] (no further coarsening obtained),
output U [r] as an M[r] ×M[r] identity matrix (every
current node is a segment). Otherwise continue.

(6) Let interpolation matrix P[r,r+1] be an M[r] ×M[r+1]

matrix with

P
[r,r+1]
i j =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1 if i ∈ C[r], i = C
[r]
j ,

0 if i ∈ C[r], i /=C
[r]
j ,

AiC
[r]
j∑

k∈C[r] Aik
if i /∈C[r].

(A.9)

(7) Let column-scaled interpolation matrix P̃[r,r+1] be an
M[r] ×M[r+1] matrix with

P̃
[r,r+1]
i j = P

[r,r+1]
i j∑

k P
[r,r+1]
k j

. (A.10)

(8) Let coarse-level intensity vector I[r+1] be an M[r+1]×1
vector with

I[r+1] =
(
P̃

[r,r+1]
i j

)T
I[r]. (A.11)
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Figure 25: Runtime versus image size. (Space time sequences of
images.)

(9) For each block on the current coarse level, r + 1,
compute a new intensity variance measure relative to
level r:

S[r+1]
coarse =

(
P̃[r,r+1]

)T(
I[r]
)2 −

(
I[r+1]

)2
, (A.12)

and average the previously calculated variance mea-
sures for levels finer than level r + 1:

S
[r+1]
fine =

(
P̃[r,r+1]

)T
S[r]. (A.13)

Here, (I[r])2 and (I[r+1])2 are the vectors I[r] and I[r+1]

squared componentwise. Then coarse-level intensity
variance matrix S[r+1] is an M[r+1] × (r + 1) matrix
given by

S[r+1] =
[
S

[r+1]
fine | S

[r+1]
coarse

]
. (A.14)

(10) Define coarse-level coupling matrix A[r+1], an
M[r+1] ×M[r+1] matrix, in three steps.

(a) Let

A[r+1] = P[r,r+1]TA[r]P[r,r+1]. (A.15)

(b) Rescale using coarse-level intensity:

A
[r+1]
i j ←− A

[r+1]
i j e−α̃|I

[r+1]
i −I[r+1]

j | ∀i, j. (A.16)

(c) If �[r+1] ≥ ρ, rescale using multilevel variance:
Set, for all i, j,

A
[r+1]
i j ←− A

[r+1]
i j e−β‖s[r+1]

i −s[r+1]
j ‖

2 , (A.17)

where s[r+1]
i is the ith row of coarse-level

intensity variance matrix S[r+1].

(11) Let coarse-level weighted area matrix W [r+1] =
A[r+1].
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(12) Let coarse-level area matrix V [r+1] = P[r,r+1]T

V [r]P[r,r+1].

(13) Define coarse-level weighted boundary length matrix
L[r+1], an M[r+1] ×M[r+1] matrix, in two steps:

(a) Let L[r+1] = −A[r+1].

(b) L[r+1]
ii ← −∑k /= i L

[r+1]
ik for all i.

(14) Define coarse-level boundary length matrix G[r+1], an
M[r+1] ×M[r+1] matrix, in two steps:

(a) Let G[r+1] = −V [r+1].

(b) G[r+1]
ii ← −∑k /= i G

[r+1]
ik for all i.

(15) Let coarse-level saliency vector Γ[r+1] be an M[r+1]×1
vector, determined as follows. For each C-point i,
if it was salient on level r, keep it salient on level
r + 1. If not, determine its saliency using the saliency
measure.

If Γ[r]

C
[r]
i

= 0, then Γ[r+1]
i = 0, otherwise

Γ[r+1]
i =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

L
[r+1]
ii /G

[r+1]
ii

W
[r+1]
ii /V

[r+1]
ii

if
L

[r+1]
ii /G

[r+1]
ii

W
[r+1]
ii /V

[r+1]
ii

> γ

0 otherwise.
(A.18)

(16) Recursively segment the coarse graph: Let

U [r+1] = imageVCycle
(
�[r+1],M[r+1], I[r+1],A[r+1],

S[r+1],V [r+1],Γ[r+1]
)
.

(A.19)

(17) Find the current segmentation matrix from the
coarse-level segmentation matrix: Let

U [r] = P[r,r+1]U [r+1]. (A.20)

(18) Sharpen overlapping segments: For all i, j, set

U
[r]
i j ←−

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if U [r]

i j < d1,

1 if U [r]
i j > 1− d1,

U
[r]
i j otherwise

(A.21)

(19) Return current segmentation matrix U [r].

A.3. AMG Coarsening (Function coarsenAMG). Input: A[r],
Γ[r], γ, θ.

Output: C[r], indices of C-points chosen on level r.

(1) Let M[r] be the number of rows (or columns) in A[r].

(2) Let A[r] be an M[r] × M[r] matrix containing only
strong connections. That is,

A
[r]
i j =

⎧⎪⎨⎪⎩
A

[r]
i j if i /= j, A

[r]
i j ≥ θ

∑
k /= i

A
[r]
ik ,

0 otherwise.
(A.22)

(One may also use the criterion A
[r]
i j ≥ θ maxk /= iA

[r]
ik

for strong connections, which is more standard in the
AMG context. In our experience, either criterion may
be used, but θ may have to be chosen differently.)

(3) Let λ be an M[r] × 1 vector in which λi denotes the

number of nonzero entries in column i of A
[r]

.

(4) Let T be an M[r]×1 zero vector that keeps track of the
set to which each node is assigned. For node i, Ti = 0
means it is unassigned, Ti = 1 means it is a C-point,
and Ti = 2 means it is an F-point.

(5) For i = 1, 2, . . . ,M[r], if Γ[r]
i < γ, then set Ti ← 1

and λi ← 0. (So that salient nodes, or segments, are
designated as C-points.)

(6) While not all Ti > 0, do the following.

(a) Let j be the smallest value satisfying Tj = 0 and
λj = maxkλk. (Nodes that strongly influence
many other nodes are likely to be chosen as C-
points.)

(b) Set Tj ← 1 and λj ← 0.

(c) Let K = {k : A
[r]
k j > 0,Tk = 0}. (K is the set of

unassigned nodes that are strongly influenced
by node j.)

(d) For all k ∈ K , do the following.

(i) Set Tk ← 2 and λk ← 0. (Nodes in K
become F-points.)

(ii) Let H = {h : A
[r]
kh > 0,Th = 0}. (H is the

set of nodes that strongly influence k.)
(iii) For all h ∈ H , set λh = λh + 1. (Nodes in H

are made more likely to become C-points.)

(7) Let the vector of C-points be C[r] = {i : Ti = 1}.
(8) Return C[r].

A.4. 3D Modifications. Let k be the number of consecutive
images we wish to segment in space time. The following
modifications need to be made to the nonrecursive part of
the algorithm (Appendix A.1). To highlight the changes, we
do not rewrite any steps that do not change.

(1) Read in the k greyscale images as n × n intensity

matrices, I[1]
1 , I[1]

2 , . . . , I[1]
k . Each input image is scaled

such that the maximum intensity value equals 1. Let
N = n2.
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(2) (The global segmentation parameters are defined as
before.)

(3) Initialize variables �[1], M[1], I[1], A[1], S[1], L[1], G[1],
W [1], V [1] and Γ[1]:

(a) Set the current number of nodes M[1] = Nk.

(b) Obtain the M[1] × 1 intensity vector I[1] by
reshaping the n× nk intensity matrix given by[

I
[1]
1 I

[1]
2 · · · I

[1]
k−1 I

[1]
k

]
. (A.23)

(c) A[1] is an M[1] ×M[1] matrix with

A
[1]
i j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
e−α|I

[1]
i −I[1]

j | if i, j are horizontal, vertical

or time-wise neighbours,

0, otherwise.
(A.24)

(d) The other variables are defined as before.

(4) Call the recursive function as before.

(5) U is defined as before.

Everything else in the algorithm, including the recursive
part and the coarsening, remains unchanged.
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Numerous gel-based and nongel-based technologies are used to detect protein changes potentially associated with disease. The
raw data, however, are abundant with technical and structural complexities, making statistical analysis a difficult task. Low-
level analysis issues (including normalization, background correction, gel and/or spectral alignment, feature detection, and
image registration) are substantial problems that need to be addressed, because any large-level data analyses are contingent on
appropriate and statistically sound low-level procedures. Feature detection approaches are particularly interesting due to the
increased computational speed associated with subsequent calculations. Such summary data corresponding to image features
provide a significant reduction in overall data size and structure while retaining key information. In this paper, we focus on recent
advances in feature detection as a tool for preprocessing proteomic data. This work highlights existing and newly developed feature
detection algorithms for proteomic datasets, particularly relating to time-of-flight mass spectrometry, and two-dimensional gel
electrophoresis. Note, however, that the associated data structures (i.e., spectral data, and images containing spots) used as input
for these methods are obtained via all gel-based and nongel-based methods discussed in this manuscript, and thus the discussed
methods are likewise applicable.

1. Introduction

One of the major goals for scientists is to identify biomarkers
for patients, thus ultimately providing them with person-
alized medicine. Personalized medicine provides a patient-
specific means by which to target one’s disposition to a
disease or condition. Recent developments in this area
include molecular profiling technologies which may include
metabolomic analysis, genomic expression analysis, and
proteomic profiling. Specifically, within proteomic profiling,
there are several different techniques used to isolate and
quantify the proteins within a subject’s proteome. The raw
data, however, are abundant with technical and structural
complexities, making statistical analysis a difficult task.
“Preprocessing” (including normalization, background cor-
rection, gel and/or spectral alignment, feature detection, and
image registration) is therefore often required to account for
the systematic biases present in the technology and to reduce
the noise in the data. Feature detection (i.e., the detection

and quantification of data features, such as peaks in spectral
data, or spots in two-dimensional images) is a particularly
important component of low-level analysis, because it works
to reduce data size and ease subsequent computations.

Feature detection falls under the general subject of
mathematical morphology (MM), which began in the 1960s
and encompasses methods from statistics, machine learning,
topology, set theory, and computer science [1–4]. MM is
the science of analyzing and processing geometric structures
(e.g., local maxima) in digital images. Examples of common
MM functions include opening, closing, thinning, binning,
thresholding, and watershed techniques. A key component
in MM is the structuring element, that is, the shape used
to interrogate the image. In digital images, the structuring
element scans the image and alters the pixels in the window
content using basic operators. The goal of processing images
with MM methods can be to preserve the global features of
the image, preserve large smooth objects in an image, denoise
images, and detect objects within an image. Situations where
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MM methods are employed for detection include pedestrian
detection [5], tumor mass detection [6], and facial feature
detection [7, 8].

1.1. Outline of the Paper. This manuscript outlines feature
detection methods used via data preprocessing, specifically to
detect and quantify the data associated with peptides (or pro-
teins) in various technologies, particularly stemming from
gel electrophoresis or mass spectrometry. Section 2 provides
background regarding proteomic data analysis. Section 3
explains the general importance of low-level analysis proce-
dures to be performed on the raw data. With the focus for this
manuscript being on feature detection, Section 4 discusses
proposed approaches for time-of-flight mass spectrometry
data, while Section 5 discusses recent work with regard
to two-dimensional (2D) gel data. Section 6 concludes the
paper with discussion.

2. Proteomic Data Analysis

Proteomics is the study of the proteome, that is, the entire
complement of proteins expressed by a genome or organism.
From a developmental standpoint, high throughput analysis
in the realm of science began with gene expression microar-
rays [9, 10]. Following the advancements in microarrays,
researchers began to develop high-throughput techniques to
analyze the proteome.

There are strong similarities between microarray and
proteomic data analysis. The overarching biological research
goals are similar, namely, to detect statistically significant
differential expression (with regard to genes for microarrays,
and with regard to proteins in proteomic data) between
samples in different treatment groups. Further, there are
analogous technological ideas and image processing tech-
niques used to produce the image data. There exist, how-
ever, several significant differences that make preprocessing
proteomic data and subsequent proteomic data analysis
complex. Biologically, a major difference between a genome
and proteome is that the genome can be characterized by
the sum of sequences of genomic bases, while the proteome
requires knowledge of the structure of the proteins and the
functional interaction between the proteins. The primary
technical difference between these approaches is the means
by which the data are provided. While spots from microarray
images are arranged in a systematic matrix fashion, protein
spots in a gel image or peaks in protein spectra can be more
variable with regard to their location, given the procedure
that is used to separate proteins. As well, there is a poor
correlation between protein and mRNA abundance and,
while both methods address the question of differential
expression, only proteomic data analysis can also address
differential modification (i.e., where the protein is present in
both treatment groups, yet its makeup is slightly altered via
methylation or phosphorylation).

A nice overview of differential proteomic approaches
is provided in [11], with specific emphasis on mass spec-
trometry approaches and challenges discussed in [12]. In
this paper, we examine the most common approaches used
to analyze protein abundance, namely, two-dimensional gel

electrophoresis (2-DE) and difference gel electrophoresis
(DIGE), and time-of-flight mass spectrometry (TOF-MS);
tandem mass spectrometry (MS/MS) is also growing in
prominence as a means for studying protein differentiation
and modification. Sections 2.1, 2.2, and 2.3, respectively,
provide further details surrounding these techniques. Mean-
while, nongel-based alternative methods exist for quantita-
tive protein analysis and also make use of MS or MS/MS
for feature detection and quantification. We discuss some of
these approaches in Section 2.4. Table 1 summarizes method
comparisons.

2.1. Two-Dimensional Gel Electrophoresis. Analysis of quan-
titative changes in a specific proteome (i.e., complement
of proteins expressed in a particular tissue or cell at a
given time) is commonly carried out using two-dimensional
gel electrophoresis (2-DE). O’Farrell [13] introduces two-
dimensional polyacrylamide gel electrophoresis (2D-PAGE),
where protein samples are respectively dyed with a cyanine
dye (e.g., Cy2, Cy3, or Cy5) and separated in two directions:
along the Cartesian x-axis by their isoelectric point (pI)
via isoelectric focusing, and along the Cartesian y-axis
by their molecular weight via sodium dodecyl sulphate
polyacrylamide gel electrophoresis (SDS-PAGE). The 2D-
PAGE technique can be very sensitive to experimental
conditions such as laboratory humidity, voltage fluctuations,
and gel matrix irregularities. Ünlü et al. [14] suggest an
alternative design (namely, the two-dimensional difference
gel electrophoresis, or 2D-DIGE approach) to combat some
of the inherent data variability that exists in the 2D-PAGE
method. Here, after the respective samples are labeled with
a particular dye, the samples are then mixed together to
create one composite sample where the proteins are, in
turn, separated in both directions as described above. In
either case, the associated gel(s) is subsequently imaged via
a charged-couple device (CCD) camera or a variable mode
scanner to produce the raw image data, where the proteins
appear as spots; see, for example, Figure 1. These images are
then analyzed using an image analysis software tool (e.g.,
ImageMaster, PDQuest).

2-DE methods such as 2D-PAGE and 2D-DIGE are
popular techniques for protein separation because they
allow researchers to characterize quantitative protein changes
on a large scale. Thus, 2-DE is frequently used as an
initial screening procedure whereby results obtained generate
new/subsequent hypotheses and determine the direction of
ensuing studies. These technologies revolutionized the field
of proteomics in their ability to detect protein differences
via spot detection and quantification, either with respect to
protein expression or modification. Further, they are attrac-
tive because of their resolving power, sensitivity, and the low
equipment cost. 2-DE analyses, however, require personnel
with significant wet laboratory expertise and can be time-
consuming, thus potentially limiting the sample size for
gels. Furthermore, in some cases (e.g., aging studies, chronic
drug treatment, screening for biomarker), replication of
the study may be prohibitive. Heterogeneities in different
gels, the electric fields, pH gradients, thermal fluctuations,
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Table 1: Comparison table of gel-based and non-gel-based methods for proteomic data analysis. This table highlights some benefits and
drawbacks to many popular technological approaches in analyzing protein samples. GB and NGB, respectively, denote the associated
technique as gel-based or non-gel-based.

Analysis Method Benefits Drawbacks

2-DE-MS and DIGE-MS
(GB)

1. DIGE minimizes gel-to-gel variation 1. low-abundant protein identification

2. DIGE produces better spot matching
2. sensitive to experimental and technological
variation

3. allows for study of protein change on large scale 3. laborious process

4. strong resolving power 4. difficulties automating procedure

5. high sensitivity 5. protein comigration

6. low equipment cost 6. study replication may be prohibitive

LC-MS and LC-MS/MS
(GB)

1. fast procedure 1. difficulty analyzing low-abundance proteins

2. easily automated high resolution
measurements

2. not quantitative

3. Expensive machines

3. MS/MS improves the detection limits for some
compounds

4. MS/MS spectrum TIC decreased compared to
MS spectrum TIC

4. MS/MS improves S/N ratio relative to MS
5. Ion activation methods affect spectra efficiency,
reproducibility, feature detection

ICAT (NGB)

1. accurate relative quantification 1. missed identification of proteins containing
little to no cysteine residue (i.e., cysteine-content
biased)2. reduces peptide mixture complexity

3. compatible with various fractionation methods 2. posttranslational modifications missed

4. at least as sensitive as DIGE
3. complex interpretation of MS/MS spectra when
biotin group added

4. noise impacts peak detection for ICAT peaks
with low expression levels

5. compounds may dilute through LC column at
different speeds

iTRAQ (NGB)
1. greater sensitivity than DIGE and ICAT

1. occasional inherent problem due to timed-ion
selector resolution of tandem mass spectrometer

2. can perform relative or absolute quantification
in four phenotypes

2. compounds may dilute through LC column at
different speeds

MudPIT (NGB)

1. orthogonality of the chromatographic phases in
the separation process

1. does not allow for identification of the site at
which probe labeling occurs

2. robust representation of separated proteins
peptides, from complex peptides

2. since the proteins are broken down to their
component, any information about modifications
and isoforms is lost.

3. large computing power required to complete
database searching

4. the approach is generally limited to use with
organisms that have complete genome sequence
data available for searching

and so forth are all factors that make reproducible spot
matching between gels a difficult task. As well, scientists
are interested in better tools that allow for a completely
automated approach to detect protein changes, particularly
in low-abundance proteins. These factors not only make it
critically important to correctly analyze the 2-DE results,
but also to maximize the information obtained from an
experiment.

2.2. Mass Spectrometry. Mass spectrometry is an analytic tool
used to identify proteins, where the associated instrument
(a mass spectrometer) measures the masses of molecules
converted into ions via the mass-to-charge (m/z) ratio. This

technology can be used to profile protein markers from
tissue or bodily fluids, such as serum or plasma in order
to compare biological samples from different patients or
different conditions. Matrix assisted laser desorption and
ionization—time of flight (MALDI-TOF) is a popular tool
used by scientists, where a metal plate with the matrix
containing the sample is placed into a vacuum chamber
that is excited by a laser, causing the protein molecules to
travel (or “fly”) through the tube until they strike a detector
that records the time-of-flight for the various proteins under
study; surface enhanced laser desorption and ionization—
time of flight (SELDI-TOF) is an analog of MALDI-TOF.
The interested reader is referred to [15] for discussion



4 International Journal of Biomedical Imaging

0

0.001

0.003

0.005

0.007

Figure 1: 2-DE Image: Example of a two-dimensional gel electrophoresis image associated with a particular cyanine dye and light source.
Various sources of noise can exist in this image, including general background noise, dust, streaks, and so forth. Further, issues such as
low-lying spots and overlapping spots can make spot detection and quantification difficult.

110001000090008000700060005000

m/z values

5000

10000

15000

20000

In
te

n
si

ty

Figure 2: Mass Spectrometry: The spectrum contains various kinds
of noise that must be addressed via low-level analysis techniques.
The focus of this paper addresses peak detection and quantification
from such spectra.

regarding the experimental design that creates the data,
and elaboration on the MALDI and SELDI constructs.
The resulting data are spectral functions containing the
m/z ratio and associated intensity, where the peaks in the
spectral plots correspond to proteins (or peptides) present
in the sample; see Figure 2 for an example of a MALDI
spectrum. The appeal of mass spectrometry lies in its ability
to produce high-resolution measurements with reasonable
reproducibility. These procedures generate large amounts of
spectral data and can detect protein differential expression
and modification in different treatment groups. Noisy data,
however, can lead to a high rate of false positive peak
identification. This is a significant issue when working to
establish an unbiased, automated approach to detect protein
changes, particularly in low-abundance proteins.

2.3. Tandem Mass Spectrometry. Tandem MS (MS/MS) is
an extension of the MS procedure that allows for further
fragmentation of protein mixtures. The setup for such a
procedure can be physical where two mass spectrometers are
assembled in tandem, or the machine may have the ability to
store the ions of interest to run the subsequent separation.

As a result, the second arrangement allows for continued
subsequent operations to be performed. There are various
experiments that warrant the use of MS/MS, including
product-ion scans, precursor-ion scans, constant neutral-
loss scans, and selected reaction monitoring. Product-
ion scans determine the product ions that result from
decomposing the protein mixture. This experiment is the
most common MS/MS experiment [16]. The precursor-ion
scan can be thought of as solving the inverse equation,
namely, determining the original mixture that could produce
the specified product ions. This is useful for determining
the makeup of a protein mixture. Constant neutral-loss
scans searches for spectra pairs that differ by a constant.
This serves to help identify the characteristic mass associ-
ated with a protein mixture. Selected reaction monitoring
focuses on a preselected mass to identify the makeup of
a protein mixture via the use of the associated product
or precursor masses. Just as there are various uses for the
MS/MS technology, there exist a wide variety of tandem-
mass spectrometers, including reverse-geometry MS, triple
quadrupole MS, trapped-ion MS, and MALDI-TOF MS/MS;
see [16] for details.

MS/MS is valued by scientists for its ability to detect
compounds in mixtures. In particular, MS/MS improves the
detection limits for some compounds, and improves the
signal-to-noise ratio relative to MS. On the other hand,
however, the total ion current associated with an MS/MS
spectrum is decreased compared to that from a MS spectrum.
Further, various ion activation methods affect the efficiency,
reproducibility, and feature detection of the associated mass
spectra. For a detailed description of the MS/MS procedure
and associated technologies, see [16] or [17].

2.4. NonGel-Based Methods. Non-gel based methods exist as
an alternative for analyzing highly complex protein samples,
for example, Multidimensional Protein Identification Tech-
nology (MudPIT), isobaric Tag for Relative and Absolute
Quantitation (iTRAQ) and Isotope Coded Affinity Tags
(ICAT). All of these technologies incorporate the use of MS
or tandem MS (MS/MS) to analyze such mixtures.
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Multidimensional protein identification technology
(MudPIT) analyzes proteomic data by first separating
peptides via two-dimensional liquid chromatography,
and then detecting protein information using a tandem
mass spectrometer. Strengths of this methodology include
the orthogonality of the chromatographic phases in
the separation process, and its robust representation of
separated proteins from complex peptides. Thus, MudPIT
is used for a wide range of proteomics experiments, from
protein identification and protein cataloging, to quantitative
analysis of protein expression. See [18] for an overview of
this technology.

Isotope-coded affinity tag (ICAT) is a gel-free, LC-based
method for analyzing proteomic data that obtains accurate
measurements of protein change, and can analyze sufficient
amounts of low-abundance proteins. In the ICAT method,
two samples are respectively labeled with either a heavy (i.e.,
with isotope) or light (without isotope) reagent. The samples
are then mixed together and run through an MS or MS/MS
machine. The interested reader is referred to [19, 20] for
details regarding the ICAT procedure. While this technology
provides an accurate measure of relative quantification, it
has its share of drawbacks as well. Proteins with little to no
cysteine residue are not detected, information can be lost
regarding posttranslational modification, and interpreting
MS/MS spectra can be difficult because of the addition of
the biotin group [20]. Nonetheless, ICAT is a commonly
practiced method for analyzing proteomics data.

Isobaric Tag for Relative and Absolute Quantitation
(iTRAQ) is a nongel-based alternative to the ICAT method
for identifying and quantifying proteins from different
samples, having the ability to perform relative or absolute
quantification in four or eight phenotypes [21]. The samples
are pooled together, and analyzed via MS/MS. Wu et al. [20]
found that iTRAQ was more sensitive than DIGE and ICAT
with regard to quantitation, but also more prone to errors
when performing ion isolation. Gan et al. [21] argue for the
use of replicate and pooling samples in iTRAQ studies. By
decomposing the overall variation in iTRAQ experiments as
either technical or biological, they find that the biological
variation outweighs the technical variation in the data, and
propose including at least one biological replicate in any
iTRAQ experiment.

3. Low-Level Analysis

Various types of noise in the data make protein identification
and quantification a difficult problem. Several solutions
have been proposed to resolve these issues, yet they remain
open problems because of substantial limitations associated
with these approaches. Similar to the methods used to
analyze gene expression microarrays, the general steps in
preprocessing proteomic data include outlier detection,
baseline or background subtraction, signal distribution nor-
malization, protein (or peptide) alignment, feature (i.e., peak
or spot) detection and quantification, and biomarker eval-
uation. Concerns regarding these procedures are significant
because all subsequent analyses relating to the proteomics
data are contingent on these first steps being performed

appropriately and optimally. The implications from different
pre-processing pipelines are outlined in [22]. Thus, the goal
in preprocessing proteomic data is to create an unbiased,
reproducible, and automated approach toward identifying
differentially expressed and modified proteins, via either spot
or peak information differences.

Many of these low level analysis methods are directly
integrated into the software that accompanies the mass
spectrometer or gel imaging scanner. For example, the
DeCyder 2D Differential Analysis software and ImageMaster
2D softwares (all available through GE Healthcare) are
often purchased in combination with the 2D gel scanners.
Similarly, other commercial softwares available for gel image
analysis include PDQuest (Bio-Rad Laboratories), Progene-
sis SameSpots V3.0 (Nonlinear Dynamics), and Dymension
3 (Syngene). In [23, 24], these softwares are analyzed
and compared on several levels including consistency, spot
matching accuracy, and spot quantitation. Other softwares
and preprocessing methods such as Z3 and Melanie are
analyzed and compared in [25–27]. Note, all softwares
require user intervention to set parameters and filter settings
in order to obtain the optimal preprocessing of the gel image
data; this limits the ability for an automated procedure using
existing methods. Meanwhile, there are several softwares for
preprocessing MS data that are also generally combined with
the associated technology. The preprocessing methods in
these softwares are often specific to a particular MS structure
with algorithms that differ greatly in complexity. Recently,
many of the MS preprocessing algorithms have become
available to the statistics community through the Biocon-
ductor open source software of R libraries [28, 29]. For
example, the Bioconductor packages “MassSpecWavelet,”
“xcms,” “flagme”, and “TargetSearch” all offer various
methods to compare and analyze MS-based datasets
[30–33].

While the nongel procedures differ in their protocol,
the common denominator with all of these methods lies in
their subsequent analysis via MS (or MS/MS). Particularly
for ICAT and iTRAQ, they differ only in the number of
labeling reagents used, and the distance between and within
groups (i.e., peak pairs or groups, depending on the use
of the ICAT or iTRAQ method, resp.). Low-lying peaks,
however, still remain a problem in that (e.g., with ICAT
data) it hinders identification of peak pairs. For both ICAT
and iTRAQ data acquired via LC-MS, “different compounds
may dilute through the LC column at different speeds” [34],
thus hindering the ability to identify peak pairs/groups.
This further emphasizes the need for accurate and precise
peak/feature detection methods for data stemming from MS
and MS/MS technologies.

4. Recent Peak Detection in Mass Spectrometry

Proposed procedures for feature (peak) detection in MS data
range greatly in algorithm complexity. Although, parsimo-
nious methods should be favored, different variations of
the MS technology (e.g., SELDI-MS and MALDI-MS) can
require more complex methods to account for systematic
biases.
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Methods described in [35, 36] take the maximum value
within the kth nearest neighbors to determine the location
of a peak. Yasui et al. [35] apply this approach to preprocess
the raw data into local peak/nonpeak binary data. In order
to diminish the number of false positives that arose from
their choice of k = 20, they further define a peak as having
an intensity value larger than the average intensity level over
a “broad neighborhood” as defined via the super-smoother
method with five percent of all data points as the associated
smoothing window. Fushiki et al. [36] instead use k =
10 after considerable data preprocessing (including baseline
correction, averaging the spectra, and spectral alignment via
peak matching). Their choice for a smaller k better aids in
their ability to select peaks that are detected across spectra.
Fushiki et al. approach the problem in this manner, because a
peak detected in only one spectrum could arguably represent
noise, while common peaks across patients may infer the
existence of a true biomarker of interest.

Coombes et al. [37] establish a simple peak finding
(SPF) algorithm for peak detection in one mass spectrum,
where they use a change in slope (via first differences)
to detect peaks in SELDI-TOF data. The median absolute
value of the first differences is then used to determine the
amount of noise in the data, and serves as a threshold for
determining what peaks appear to be small enough that they
actually represent noise as opposed to true signal. Nearby
peaks that fall within a nearness threshold are combined
to represent one peak, and the associated peak locations
are redefined as the nearest local minima surrounding
the local maximum. Finally, the upward and downward
slopes are computed for all peaks to quantify peak size and
remove small peaks that appear to represent noise. While
the SPF algorithm can identify peak location, Coombes
et al. [37] warn against solely using this algorithm for
peak quantitation as the resulting peak intensity values
are not baseline-corrected; however it is sufficient for
identifying peak locations. To address peak detection in
multiple spectra, they also build from the SPF algorithm to
define a simultaneous peak detection and baseline correction
(SPDBC) algorithm. The SPDBC algorithm, however does
not necessarily identify the same peaks across all spectra.
Further, while both algorithms adjust for noise, it still poten-
tially overestimates the number of real peaks in a spectrum
depending on the user’s determination of certain parameter
settings. See [37] for details regarding the SPF and SPDBC
algorithms.

Coombes et al. [38] and Morris et al. [39] advocate using
an undecimated discrete wavelet transform (UDWT) with
hard thresholding to perform peak detection. The UDWT
can efficiently separate the signal from noise in the wavelet
domain. Coombes et al. [38] perform the UDWT with hard
thresholding—transform the data from the time domain to
the wavelet domain, set all resulting wavelet coefficients equal
to zero that are less than some predetermined threshold, and
then transform back into the time domain. This preprocessed
data is then baseline-corrected and run through the SPF
algorithm described in [37] to locate all peaks in the
spectrum. This way, all local maxima are detected. Morris
et al. [39] also use a UDWT to perform peak detection but via

the mean spectrum. Adapting the algorithm of [38], Morris
et al. [39] compute the mean spectrum over all calibrated
raw spectra, and apply the essence of the algorithm in [38]
to the mean spectrum to denoise, baseline correct, and find
peaks. Performing peak detection on the mean spectrum
implies increased sensitivity, particularly with regard to low-
lying peaks. This algorithm also detects and quantifies peaks
without the need for peak-matching algorithms to be applied
across samples, because this is addressed inherently through
the use of the mean spectrum.

Du et al. [30] create a one-dimensional feature detection
algorithm based on the one-dimensional continuous wavelet
transform (1D-CWT) to detect peaks in mass spectrometry
data. In [30], the 1D-CWT is applied to the raw spectral
data thus moving from the time to wavelet domain (using
the Mexican Hat wavelet as the mother wavelet), and CWT
coefficients are obtained associated with corresponding
scales, thus forming a coefficient matrix where, for each
scale level, the associated CWT coefficients are maximized
at the peak center. This matrix is then visualized via a
false color image, matching the ridges in the image to the
peaks in the mass spectrum to provide information on how
the associated coefficients change across scales. The false-
color image ridges correlate well with the spectral peaks,
thus providing an alternative approach and visualization
tool toward peak detection. The appeal of this approach
is its ability to reduce the false positive rate with regard
to peak detection and also its lack of dependence on any
previous or subsequent preprocessing steps, thus improving
the robustness of the results. Assuming a slow-changing,
locally monotonic baseline in the spectrum allows for the
1D-CWT to be applied directly to the raw spectrum, and thus
there is no need for additional preprocessing to be applied.

Statistical technologies have also been developed for
use with MS/MS data or other non-gel-based methods
described in Section 2.4, for example, proICAT, SEQUEST,
INTERACT, or Hardklör [40]. See von Haller et al. [41], Wu
et al. [34], and Hoopmann et al. [40] for details on these
respective approaches.

5. Recent Spot Detection in
Two-Dimensional Gel Electrophoresis

A variety of low-level analysis algorithms exist to summarize
information from 2-DE data. Below we focus on three recent
algorithms that incorporate or focus on spot detection in gel
images.

Srinark et al. [42] have an elaborate, seven-step algorithm
for feature detection, including region segmentation, region
filtering, spot extraction, centroid estimation, spot merging
or splitting, spot filtering, and centroid reestimation. Using
the watershed algorithm for initial segmentation, the regions
are filtered to focus on regions of reasonable size or variabil-
ity. The authors then apply k-means clustering to each region
to differentiate foreground from background pixels, and
apply morphological closing to remove noise. The authors
then determine an initial spot center estimate for each region,
and then reevaluate the initially determined spots via spot
splitting and merging to address oversegmentation caused
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by the watershed procedure. Finally, the algorithm performs
another spot filtration procedure to remove features (e.g.,
dust) from future analysis, and spot centers are reestimated
via a 2D Gaussian function. The use of the 2D Gaussian for
spot center estimation can be disputed, given that it has long
disputed that protein spots are not accurately modeled by
a Gaussian distribution. While the algorithm is apparently
robust when applied to geometrically distorted simulated
images, it has difficulties when applied to real gels, due to
difficulty in handling images with differing illuminations,
noise, and irregular spot structures; see [42] for details.

Langella and Zivy [43] have established an interest-
ing algorithm that uses image topography to determine
spot location and size. In this algorithm, one envi-
sions beads placed at each pixel location within the
image, and tracks each bead’s progression in the direction
of maximal positive slope toward an associated spot’s
maximum. The associated computer code, available at
http://moulon.inra.fr/beads/beads.html, supplies the final
image illustrating spot boundaries, along with intermediate
grayscale images, including the paths of maximal slope for
each respective bead associated with pixel locations in the
original image (DIRECTIONS), the number of beads that
arrive at each respective location (BEADS), the number of
beads that travel through respective pixel locations (PATHS),
and possible spot center locations (SELECT). Further, the
PROBABILITIES image shows a bivariate normal distribu-
tion applied at every positive pixel in the SELECT image to
aid in final assessment of spot locations, and NUMBERS con-
tains number codes at pixel locations for spot identification
and size quantification. This algorithm seems to perform well
in simulated gels, but faces difficulties with regard to diffuse
or saturated spots. Further, this algorithm does not account
for spot matching and, thus, cannot be used for comparative
analysis across gels; see [43] for details.

Miecznikowski et al. [44] apply a (hyper-)crossical-
shaped structuring element (i.e., shaped like a multidimen-
sional cross) of varying size to an image (creating a “Smooth”
image), and use the smoothing decomposition, Data =
Smooth + Rough to determine the associated residual (i.e.,
“Rough”) image. This structuring element with arm-size c is
combined with a median operation over the pixels within
the cross shaped window. When the median operation is
applied to the preprocessed image (as described in [45]),
the associated residual image contains crosses whose centers
are the local maxima. Focusing our attention on the rough
image, [46] isolates the positive intensities and applies
mathematical morphology (erosion and dilation) to remove
the noise and heighten the presence of the crosses. The
nonlinear nature of the median operator allows this method
to detect proteins of low intensity as well as nearby proteins
within a gel. Thus, with this method we have a means to
identify spot centers and estimate spot sizes; see [44, 46] for
details.

Other spot detection procedures include modeling 2D-
Gaussians, applying diffusion equations, linear program-
ming, and wavelet modeling as described in [47]. The use
of 2D-Gaussians, however, is disputed due to the knowledge
that spots can be oddly shaped, and thus cannot be accurately

represented via a 2D-Gaussian model. Ultimately, it is
difficult to obtain the algorithm details for many of the
proprietary softwares that are marketed in the industry. This
severely limits the ability to understand exactly the feature
detection methods employed to locate and quantify spots in
a gel image.

6. Discussion

Experiments utilizing the described proteomic platforms
have the general goal of deriving knowledge of the biological
system. Through the experiments utilizing these platforms,
the formal hypotheses are tested on the basis of the
experimental data. Common hypotheses to examine include
differential expression, cluster analysis, association with a
phenotype, and correlation with survival (or other censored
variables). There are standard statistical methods designed
to handle each of these situations; for example, see [48] for
details. With all of these platforms, consideration should
be given to the issue of multiple testing. In proteomic
experiments, multiple testing can arise when (1) examining
thousands of peptides for differential expression, (2) testing
a peptide against several different contrasts, or (3) examining
the significance of groups of peptides for association with
a given phenotype. In these situations, scientists need to
choose a Type I error rate and a method to control it.
Guidance for these choices is provided in [49, 50]. The
statistical aspects and the assumptions underlying the choice
of error rate and control method are often critical to the
success of proteomic experiments.

Before we can tackle such high-level analyses, we must
first have sufficiently and satisfactorily determined the
appropriate data summary information to address these
problems. This matter, however, has not been addressed so
that a uniform procedure is established and accepted. This
demonstrates the significance of low-level analysis! Biological
and medical communities have not uniformly accepted a
low-level analysis procedure for preprocessing proteomics
data and thus have many available methods from which
to choose for performing low-level analysis of such data
structures. Proteomic technologies are not based on the
hybridization of complementary DNA strands, hence it is
not possible to engineer quality control experiments for
proteomic data as it is for microarrays. Further, sample
preparation, starting materials, and reagents and differences
in MS machines and gel imagers have contributed to the
wide variability in the data; for example, the sensitivity of the
techniques to specimen collection and handling is an issue
[51]. Similar to the situation with preprocessing algorithms,
inconsistent sample preparation and handling can lead to
spurious results and conclusions. Further confounding the
problem is that many of the methods to analyze MS and
gel data are proprietary, and thus not fully disclosed, while
the field lacks a suitable “gold standard” to fully evaluate
the available methods. These aspects of analyzing proteomic
data are difficult to simulate and thus there is a need for a
comprehensive set of experiments that can accurately assess
each aspect of the data analysis pipeline in gel-based and
non-gel-based experiments.
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None of these procedures are fully automated as they
generally require additional user input to determine thresh-
olding parameters or local window ranges for consideration.
Further, these input parameters can influence each stage
in the sequence of preprocessing steps. Algorithm results
are generally inconsistent and unrecoverable, which causes
great concern on its impact on the determination of
scientifically significant proteins. As noted in [52] regarding
mass spectrometry data, different preprocessing algorithms
could severely affect downstream analyses, and so the choice
of procedure must be approached carefully; the same is true
for two-dimensional gel electrophoresis data, non-gel-based
data or, more generally, any image or spectral data.

Another challenge for scientists that further complicates
the field’s ability to establish a generally-accepted prepro-
cessing approach is its ability to detect “small” proteins,
that is, proteins that are present in low abundance but are
differentially expressed or modified. The high-abundance
proteins with large peaks are generally uninteresting as they
are already extensively studied for their ability to serve as
biomarkers. Currently, researchers are searching for the more
elusive, low-abundance proteins. For example, in cancer
biomarker research, studies commonly attempt to quantify
proteins or metabolites that are shed into the blood stream
by the tumor (see, e.g., [53, 54]). These proteins are present
in relatively low abundance, and thus are represented in mass
spectra by small or low-lying peaks, and analogously in gel
data as low-lying or faint spots; however, they represent a
promising set of biomarkers in cancer diagnosis. Many such
peaks are usually undetected because of the signal-to-noise
ratio, leading to larger false negatives. For example, in ICAT
studies, noisy data hinder low-lying peak detection, and thus
the identification of associated peak pairs [34]. This is a
significant problem for scientists since it limits their ability
to detect and evaluate potential biomarkers and peptides.

So, which approach is “best” for preprocessing proteomic
data according to the respective methodology? Model accu-
racy, false discovery rates, the ability to detect low abundance
protein peaks, and the user intervention required of the
procedures are significant factors that play a role in address-
ing this question. These significant and substantial factors
influencing preprocessing techniques for proteomic data
therefore make this question difficult (if not impossible) to
answer without a large, cohesive effort across the proteomics
and statistics communities. Only through such an endeavor
can we truly make significant forward movement toward a
generally accepted approach for data analysis.
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Recently, work in this group has focused on the lateral cosine modulation method (LCM) which can be used for next-generation
ultrasound (US) echo imaging and tissue displacement vector/strain tensor measurements (blood, soft tissues, etc.). For instance,
in US echo imaging, a high lateral spatial resolution as well as a high axial spatial resolution can be obtained, and in tissue
displacement vector measurements, accurate measurements of lateral tissue displacements as well as of axial tissue displacements
can be realized. For an optimal determination of an apodization function for the LCM method, the regularized, weighted
minimum-norm least squares (WMNLSs) estimation method is presented in this study. For designed Gaussian-type point
spread functions (PSFs) with lateral modulation as an example, the regularized WMNLS estimation in simulations yields better
approximations of the designed PSFs having wider lateral bandwidths than a Fraunhofer approximation and a singular-value
decomposition (SVD). The usefulness of the regularized WMNLS estimation for the determination of apodization functions is
demonstrated.

1. Introduction

A beamformer and a transducer are used in applications such
as medical ultrasound (US) imaging, blood flow measure-
ment, tissue displacement/strain measurements, and sonar
measurements. For these applications, US beamforming
parameters such as US frequency, US bandwidth, pulse
shape, effective aperture size, and the apodization function
are chosen or selected, and appropriate values are set. In
addition, US transducer parameters such as the size and
materials used for the US array elements are also chosen. In
choosing such settings, the US properties of the target are
also considered (e.g., attenuation and scattering). Thus, all of
the above parameters must be appropriately chosen and set
when considering a system that involves the US properties of
the target. In general, such parameters are chosen using the
knowledge and experience of an engineer.

Recently, a cosine modulation (LCM) method [1–3] was
described that was used for US echo imaging [3, 4] and
tissue displacement vector measurements (blood, soft tissues,
etc.) [3, 5] using the multidimensional autocorrelation

method (MAM) [1], the multidimensional Doppler method
(MDM) [1], and the multidimensional cross-spectrum phase
gradient method (MCSPGM) [6]. Specifically, for instance,
in US echo imaging, a high lateral spatial resolution as well as
a high axial spatial resolution can be obtained, and in tissue
displacement vector measurements, accurate measurements
of lateral as well as axial tissue displacement can be realized.
Thus, the use of an optimized beamformer can yield a next-
generation US imaging system [3–5].

For the LCM method, a lateral Gaussian envelope cosine
modulation method (LGECM) [1–3] was first proposed
which uses Gaussian functions in the apodization function,
so that a PSF which has a lateral Gaussian envelope can be
realized. For the determination of the apodization function, a
Fraunhofer approximation was used [1, 7]. The effectiveness
of the same LGECM method was also reported by Liebgott et
al. [8]. After performing the determination, it was reported
that the respective uses of parabolic functions (PAM, i.e.,
parabolic modulation) and Hanning windows (HAM, i.e.,
Hanning modulation) instead of Gaussian functions (i.e.,
LGECM) in the apodization function increased the echo
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bandwidth and echo SNR without generating ringing in the
PSF [3, 5, 9]. PAM and HAM also permitted decreases in
the effective aperture size (i.e., channels). These modulations
were achieved using knowledge of and experience with
US propagation. Specifically, the energy of US transmitted
from the feet of the apodization function is lost during
the propagation, and the energy transmitted from the main
lobes of the apodization function contributes to echo signals.
These efforts constituted attempts to break away from the use
of the Fraunhofer approximation [3, 5, 9].

Currently, efforts are being made to search for the
optimal PSF for both US imaging and displacement vector
measurements, and in order to construct a required or
designed point spread function (PSF), it is proposed to select
the aforementioned beamforming parameters on the basis of
linear or nonlinear optimizations [3, 9, 10]. Such optimal
settings will enable the construction of the best possible
beamformer. By optimizing the apodization function, for
instance, lateral resolution will be uniform in the axial
direction. In addition, a high echo signal-to-noise ratio
(SNR) will also be obtained. In [11, 12] for example, with
conventional US imaging (i.e., not with lateral modulation
imaging) of a cyst, contrast resolution is optimized by a
constrained least squares estimation.

For LGECM used in the simulations in [9, 10], the
first optimal determination of the apodization function was
performed using the singular-value decomposition (SVD)
method [13]. However, for LCM, the choice of the number
of the largest singular values to be used with the SVD
method was very sensitive to the stability of the deter-
mination. That is, a change in the number of only one
unit generated a significant instability in the determination.
Moreover, the obtained stable apodization function yielded
two peaks having the same full width at half maximum
(FWHM) which was smaller than that obtained with a
Fraunhofer approximation, although obtaining such results
was meaningful, that is, two symmetric peaks were obtained
in the apodization functions.

In the next trial, in this study, the weighted minimum-
norm least squares (WMNLSs) estimation method [14] is
used. This also achieves regularization [15, 16] using the
conjugate gradient method (CGM) [17] and is used to
determine the apodization function for the same PSF [3, 10].
As will be shown by simulations, better approximations of
designed PSFs with wider lateral bandwidths are obtained
than those obtained by using the Fraunhofer approximation
and the SVD method. Finally, conclusions and a discussion
are provided together with descriptions of future problems.

2. Determination of Apodization Functions for
Lateral Modulation Using a Regularized,
Weighted MNLS Estimation

For the optimization of target parameters, the beam prop-
erties of one element must be obtained in advance using
analytical, numerical, or experimental methods as a function
of the parameters [9, 10]. That is, the properties of the
transducer which is to be used are known.

Beamforming is performed during either the transmis-
sion or reception of US, or during both. Thus, convention-
ally, an apodization function can be obtained by dealing with
either the transmission or the reception of US. Alternatively,
apodization functions may be determined for both, the
transmission and reception of US.

In this study, the simultaneous linear equations in [10]
are applied to the regularized WMNLS estimation [3, 9]
instead of to SVD [10]. The synthesized, transmitted US
beam can be considered as a linear weighted superposition
of the beams transmitted from the respective elements
with suitable delays for focusing. That is, weighting is
realized by using the apodization function. Thus, we obtain
the simultaneous linear equations involving the unknown
apodization vector x [10]

Ax = b, (1)

where A is a matrix comprising the US beam values
transmitted to a region of interest (ROI) from the respective
elements of the US array, and b is a vector comprising the
designed PSF values in the ROI. Here, we assume that the
number of equations in (1) is larger than the number of
unknown apodization values, that is, the number of elements
in the effective aperture (i.e., these are over-determined
equations). However, in any case, for the determination of
the apodization function, a least squares minimization is
performed on (1) with respect to the unknown vector x.

However, note that because the independence of the
rows of matrix A is low, the vector x was stably determined
previously by obtaining the inverse of A using a singular-
value decomposition (SVD) [10]. With SVD, small singular
values are disregarded [13]. The method of determination,
which is not effective in determining the high-frequency
components in vector x, is effective in the determination
of the apodization function in most cases. That is, such
a determination is effective when x is smooth and has
only low-frequency components; that is, when x is not
used for very near field imaging/measurements. However, as
mentioned above, for LGECM, the choice of the number of
the largest singular values to be used was very sensitive to the
stability of x (the 20 largest singular values were used) and
the obtained x yielded a worse approximation of the designed
PSF than that obtained using the Fraunhofer approximation
[10].

In this study, a regularized, weighted least squares
estimation was used [3, 9] based on the WMNLS estimation
[14] and regularization using penalty terms [15, 16] to solve
(1). To judge the quality of the approximated, designed
PSF, the shape (e.g., FWHM and the length of the feet)
of the PSF is used as a measure. Thus, at each position
in an ROI, the least squares estimation should be properly
executed using a proper weight, and regularization should
also be properly executed using appropriate regularization
parameter values to stabilize the solution x as was described
for shear modulus regularization [16], that is, spatially
variant regularization. That is, the use of a large weighting
factor (i.e., a large diagonal element for a diagonal weight
matrix W) and a large regularization parameter, respectively,
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Figure 1: Apodization functions obtained using a regularized WMNLS estimation (solid line with circles), a Fraunhofer approximation
(dashed line with triangles), and a SVD (dash-dot line with squares) for designed lateral Gaussian-type PSFs with (a) σy = 0.8 and (b)
0.6 mm. The widths of two peaks at the normalized apodization value 0.3 are also shown.

are used to place appropriate values on the equation and
penalty term corresponding to the position. Although we
may use the envelope of the designed PSF and the reciprocal
as appropriate weight matrices, other weightings may also be
appropriately used. Thus, the cost function to be minimized
with respect to x is expressed as

II(x) = ‖b− Ax‖2
W + α0‖x‖2

I + α1‖x‖2
D + α2‖x‖2

DTD, (2)

where W is a spatially variant weight matrix (i.e., ‖c‖2
W =

cTWTWc with respect to a vector c (T is a transposition));
α0, α1 and α2 multiplied by the penalty terms (i.e., from the
2nd to 4th terms) are so-called regularization parameters;
I is an identity matrix; D is a gradient operator; DTD is
a Laplacian operator. Thus, the use of large regularization
parameters smoothes the solution x. The weighting and
regularization must also be properly performed at each
modulation position.

The minimization of (2) is performed iteratively by using
the conjugate gradient method [17], because the regularized
WMNLS estimation achieved with such an iterative method
is more stable and the number of calculations is also smaller
than with SVD (i.e., the direct method) [13–17], particularly
when the ROI is large. For the initial estimate with the
iterative method, in order to decrease the required number
of iterations necessary to converge to the solution, the
apodization function obtained by the Fraunhofer approxi-
mation can be used. The simultaneous optimization of other
beamforming parameters is described in [18] (e.g., a delay
pattern in US arrays by determining a complex apodization
function, etc.).

In the next section, the same beam property consisting
of one element calculated with Field II [19] was used, as
was done with the SVD method in [10], to determine
the apodization function for LGECM. When the conjugate
gradient method is used, as shown, the use of a very large
regularization parameter yields only the initial estimate as a
result (i.e., a Fraunhofer approximation).

3. Demonstration of an LGECM Determination

Here, as in [10], the apodization function for LGECM was
determined. That is, for a modulation depth x, the designed
lateral (y) PSF (i.e., a Gaussian-type PSF with a lateral
modulation frequency fy) is

PSF
(
y
) = exp

(
− y2

2σ2
y

)
cos
(

2π fy y
)
. (3)

In addition to the same lateral standard deviation (SD) σy
as that used in [10] (i.e., 0.8 mm), a σy value of 0.6 mm
was also used under conditions which assumed an US speed
of 1,500 m/s; an US frequency of 3.5 MHz; a modulation
frequency ( fy) 1/λmm−1; a modulation depth of 33 mm.
The envelope of the US pulse (i.e., the axial PSF) was also
Gaussian (correspondingly, the same axial SDs σx are used,
i.e., 0.8 and 0.6 mm). The transducer parameters used were
of element size λ; a height of 5.0 mm; the space between
the elements was 0.1 mm. The axial sampling interval was
0.0833 mm, and the beam pitch was 0.1 mm. The number
of transducer elements used was 401 (i.e., the aperture size
was 40 mm), and the ROI used was a rectangular region
7 mm (depth from 30 to 37 mm, 85 points) × 20 mm
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Figure 2: Designed Gaussian-type PSFs and PSFs obtained using apodization functions obtained with a regularized WMNLS estimation, a
Fraunhofer approximation, and SVD for (a) σy = 0.8 and (b) 0.6 mm.

(lateral width, 201 lines) centered on the modulated point.
Thus, in (1), the size of matrix A was 17,085 (= 85 × 201)
× 401; the sizes of the vectors x and b were, respectively, 401
× 1 and 17,085 × 1. For the regularization, only the penalty
term using the gradient operator as the weight matrix was
used (i.e., α0 = α2 = 0 in (2)).

In Figure 1 for σy = (a) 0.8 and (b) 0.6 mm, the apodiza-
tion functions determined with the regularized WMNLS
estimation together with those determined by the Fraunhofer
approximation and SVD are shown. For σy = 0.8 mm
(Figure 1(a)), the same apodization functions obtained with

the Fraunhofer approximation and SVD are shown in [10].
As shown, the two peaks in the apodization functions
obtained with the regularized WMNLS estimation (solid line
with circles) have widths larger than those obtained with
the Fraunhofer approximation (dashed line with triangles),
although when using the SVD (dash-dot line with squares),
those obtained have widths smaller than those obtained
with the Fraunhofer approximation. For instance, for σy =
0.8 mm, the widths at the normalized apodization value 0.3
are, respectively, 12.5, 8.3, and 4.2 mm. The widths are also
depicted in Figure 1 together with those for σy = 0.6 mm.
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Figure 3: Lateral intensity profiles of a designed PSF (dash-dot line with square) and PSFs obtained using apodization functions obtained
with a regularized WMNLS estimation (solid line with circle), a Fraunhofer approximation (dashed line with triangle) and a SVD (dotted
line with cross) for (a) σy = 0.8 and (b) 0.6 mm.

Thus, the largest lateral bandwidths for the PSFs can be
obtained with the regularized WMNLS.

For the respective values of σy = 0.8 and 0.6 mm, the
images of the PSFs (one way) and the intensities obtained
using the apodization functions determined by the regu-
larized WMNLS estimation, Fraunhofer approximation and
SVD are shown in Figures 2(a) and 2(b) together with those
of the designed, original PSFs. In addition, the corresponding
lateral intensity profiles of the PSFs are shown in Figures 3(a)
and 3(b) (the solid line with a circle was obtained with the
regularized WMNLS estimation; the dashed line with a tri-
angle was obtained with the Fraunhofer approximation; the
dotted line with a cross was obtained with the SVD; the dash-
dot line with a square is the designed one). As shown for both
values of σy , PSFs obtained with the regularized WMNLS
estimation are better than those obtained with the Fraun-
hofer approximation. That is, better approximations for the
designed PSFs are obtained. In contrast, the approximations
obtained with the SVD are worse than those obtained with
the Fraunhofer approximation. Also the normalized intensi-
ties larger than –20 dB (Figures 2(a) and 2(b)) are compared.
Apparently, PSFs obtained with the Fraunhofer approxi-
mation and SVD show the two crossed beams. Although
not shown, the same results were obtained with regularized
WMNLS estimations using the respective designed PSFs and
their reciprocals as weights. For the designed PSF, the weight-
ings with a least-squares minimization were not effective.

Figure 4 shows the apodization functions obtained, when
σy = 0.8 mm, with the regularized WMNLS estimation
using different regularization parameter α1 values, that is,
1 × 10−50 (dash-dot line with a square), 1 × 10−4 (the
solid line with a circle corresponds to the stably obtained
apodization shown in Figure 1(a)) and 1×10104 (dashed line
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Figure 4: Apodization functions obtained for σy = 0.8 mm with
a regularized WMNLS estimation using different regularization
parameter α1 values: 1×10−50 (dash-dot line with square, unstable),
1 × 10−4 (solid line with circle, corresponding to the stable
apodization function shown in Figure 1(a)), and 1 × 10104 (dashed
line with triangle, the same as that obtained with a Fraunhofer
approximation shown in Figure 1(a)).

with a triangle). As shown, the small α1 still yielded an
unstable apodization whereas α1 larger than 1×10104 yielded
the same apodization as that obtained with a Fraunhofer
approximation (also shown in Figure 1(a)), that is, the initial
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estimate of the conjugate gradient method. α1 values from
1 × 10−40 to 1 × 10104 invariantly yielded almost the same
apodization functions. The regularization using α0 was not
effective for stabilizing the determination (i.e., not properly
smoothed); whereas that using α2 resulted in almost the same
determination as that using α1.

4. Conclusions and Future Problems

For Gaussian-type PSFs (i.e., LGECM), the regularized
WMNLS estimation yielded better approximated PSFs hav-
ing wider lateral bandwidths than the Fraunhofer approx-
imation and the SVD method. The usefulness of the regu-
larized WMNLS method for defining apodization functions
was demonstrated. The effectiveness of the spatially variant
weightings and regularization will be specifically reported
elsewhere.

Moreover, it has recently been reported that PSFs hav-
ing envelope shapes of Akaike window, power functions,
and new windows which were developed by changing the
Hanning window used in the Turkey window by the Akaike
window or power functions are desirable in the sense that
a wider bandwidth and a higher echo SNR can be obtained
than with a Gaussian-type PSF [20]. The feet of the PSFs can
also be truncated. Moreover, the effectiveness of a nonlinear
optimization on the construction of an apodization function
is also shown to result in a better approximation of desirable
PSFs (the feet of the two peaks in the linearly optimized
apodization function are truncated) [21].

In conventional US imaging (i.e., not modulation imag-
ing) of a cyst, contrast resolution is optimized with another
least squares estimation [11, 12]. Here, similarly, targeted
US properties will also be used in the construction of PSFs
such as frequency-dependent attenuation. Such a method of
construction will be reported elsewhere together with the
simultaneous determination of multiple parameters [18].
To determine the size and materials for an optimal US
element, nonlinear optimization will also be performed.
Such constructions will be performed under conditions in
which transducers have physically finite aperture widths and
various shapes. Thus, for practical applications in a next-
generation US imaging system, PSFs that yield the highest-
quality US imaging and the most accurate measurements of
tissue motion and blood flow (such as displacement vectors
and strain tensors) will be developed in the near future.
Spatially uniform quality and accuracy will also be realized.

Specifically, for instance, in US imaging, a spatial reso-
lution of less than 3 mm is currently required to overcome
the clinical limitations in conventional digital US imaging
equipment. Accurate 3D US imaging, 3D tissue motion
measurements (3D blood flow vector, tissue strain tensors,
etc.), and 3D shear modulus reconstructions [3–5] using a
2D US array [1] and 3D displacement vector/strain measure-
ments will also be achieved in real time as low-dimensional
measurements/reconstructions [22] by choosing a narrow
3D ROI. That is, the demonstrated determination of a 1D
apodization function can be easily extended to 2D functions.
LCM makes it possible to attach an US transducer to

the target body in order to achieve the measurements and
reconstructions without considering the direction of the
target motion. That is, LCM permits freehand measurements
and reconstructions in addition to dealing with uncontrol-
lable target motions due to heart motion or pulsation, and
with deeply situated tissues which cannot be accessed from
the body’s surface.

Such LCM methods can also be used in US harmonic
imaging and measurements as well as in radar applications
[3]. These determinations may also enable new aspects of
super-resolution imaging using inverse filtering [3]. Optimal
beamforming (LCM, etc.) can also enable the use of effective
high intensity focused ultrasound (HIFU) [23] with a high
lateral resolution [3]. Such high intensity ultrasound can also
be used as a radiation force (ARF) [24, 25] for the imaging
of shear waves or treatments. The use of a suitable receiver
for HIFU and ARF will also be effective [3]. The evaluation
of the newly developed PSFs will also be performed by
reconstruction of the mechanical source or thermal source
using the proposed differential-type inverse methods (e.g.,
[26, 27]). Thus, beamforming parameter determinations
will also be used to develop a spatially uniform efficiency
and accuracy for treatments. Efforts will also be made to
determine the high-frequency components in an apodization
function for a very near field.

Thus, efforts to develop new US diagnosis/treatment
systems using proper beamforming and various methods of
computational imaging are currently underway.
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We present a mathematical frame to carry out segmentation of cerebrospinal fluid (CSF) of ventricular region in computed
tomography (CT) images in the presence of partial volume effect (PVE). First, the image histogram is fitted using the Gaussian
mixture model (GMM). Analyzing the GMM, we find global threshold based on parameters of distributions for CSF, and for
the combined white and grey matter (WGM). The parameters of distribution of PVE pixels on the boundary of ventricles are
estimated by using a convolution operator. These parameters are used to calculate local thresholds for boundary pixels by the
analysis of contribution of the neighbor pixels intensities into a PVE pixel. The method works even in the case of an almost
unimodal histogram; it can be useful to analyze the parameters of PVE in the ground truth provided by the expert.

1. Introduction

Feature analysis is an important process in biomedical
image processing. It allows extracting anatomical structures
of interest (e.g., ventricles from neuroimages, liver from
abdominal images, or blood vessels) or abnormalities cor-
responding to particular diseases (e.g., stroke, bleeding, or
tumor). Various techniques have been proposed to perform
feature extraction in biomedical images. One of the common
techniques is to apply thresholding; a survey and comparison
of these techniques is in [1].

Some methods are purely based on intensity histogram of
the image, where the threshold value may be determined by
several ways: by minimizing the within-class variance of the
histogram in Otsu’s method [2], which was further improved
in [3, 4], or based on the median of the histogram with
assumption that the percentage of object pixels is known [5],
based on the histogram valley [6], or based on the histogram
concavity analysis [7]. Other methods calculate the threshold
by maximizing the entropy of the histogram [8, 9], or can be
based on the condition that the thresholded image should
have the same moments as the original image [10].

The abovementioned techniques only provide a global
threshold, in which the spatial information among the

neighborhood pixels is not taken into consideration. In
medical images, it is pretty common to encounter intensity
inhomogeneity, and in this case global thresholding alone
may not be able to provide a good result.

In the field of MR images, there are numerous algo-
rithms to segment the ventricular region based on different
techniques, such as intensity-based method [11, 12], model-
based method [13, 14], or combination of them [15, 16].
However, these methods may not work well when they are
applied to CT neuroimages because of high slice thickness
and noise.

Several studies have proposed algorithms for CT neu-
roimage segmentation. Methods in [17, 18] propose the
segmentation of CT images based on k-means with the
expectation-maximization (EM) clustering and 2D Otsu
threshold segmentation with the particle swarm optimiza-
tion (PSO) algorithm, respectively, which separate the brain
region into three clusters: brain matter, CSF, and abnormal
regions. Another study in [19] applied a two-stage fuzzy C-
means (FCM) algorithm to extract brain tissue and exclude
CSF and skull. These three methods do not provide a specific
segmentation of the ventricular region. A different approach
is introduced in [20] whereby two-stage segmentation was
performed. The ventricle is initially segmented using either
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Iterated Conditional Model (ICM) or Maximum A Posterior
Spatial Probability (MASP), and the result is further refined
using a template-matching technique.

We propose a two-stage algorithm based on statistical
consideration to find the parameters of the partial volume
effect (PVE) pixels distribution. These stages include global
thresholding and local analysis of the pixels to refine the
boundary of the ventricles.

2. Method

We consider the intensity histogram of the current slice as
a Gaussian mixture model (GMM) [21] with the density
function

f (x) =
N∑
i=1

πi fi(x), (1)

where fi(x) are the ith-component Gaussian probability
density functions, πi are weights,

∑N
i=1 πi = 1, 0 ≤ πi ≤ 1,

and x is intensity of the pixel. Particularly, two out of all
components are the white and grey matter (WGM) and the
cerebrospinal fluid (CSF). Let us denote their distributions as
f1 and f2, respectively:

f1(x) = N
(
x | μ1, σ1

)
,

f2(x) = N
(
x | μ2, σ2

)
,

(2)

where N is Gaussian probability density function with mean
value μ and standard deviation σ :

N
(
x | μ, σ

) = 1
σ
√

2π
exp

(
−
(
x − μ

)2

2σ2

)
. (3)

Knowing the standard Hounsfield units (HUs) for the WGM
and the CSF, we consider the range of intensities for our
analysis from 0 to 75 HUs.

We employ the GMM with 3 components. To estimate
the parameters of the GMM (1), the EM algorithm [22] is
used. The parameters of the CSF and the WGM distributions
are used to find the distribution of the pixel on the boundary
between these two tissues, which hereafter we denote as PVE
distribution.

Let us suppose that the part of the pixel filled with CSF is
α and the part filled with other tissues is (1− α). To find the
PVE distribution, we calculate convolution of two Gaussians
for CSF and WGM, respectively:

g(z) = g
(
(1− α)x + αy

) = ∫
x
f1(z − (1− α)x) f2(αx)dx.

(4)

Here z is a sum of random values:

z = (1− α)x + αy, (5)

where x and y are independent random variables having
Gaussian distributions, and the α part of pixel has the
random value from the CSF distribution and (1 − α) from

WGM. Taking into account formulas (2)–(5) and the fact
that the sum of two independent normal random variables
again has a normal distribution, we can find the parameters
of the resulting normal distribution:

μg = (1− α)μ1 + αμ2, (6)

σg =
√

(1− α)2σ2
1 + α2σ2

2 , (7)

where μg and σg are the mean and standard deviations of the
PVE distribution as a result of convolution between CSF and
WGM distributions.

Let us assume that, if a part of CSF in a pixel is at least
α, the pixel is assigned to the CSF class. The parameter α
may depend on a person (expert) who marks the ground
truth (GT). To estimate α, we consider ventricles marked in
the GT, get their boundary pixels (i.e., pixels with the PVE),
and find the mean value μg for the distribution of these
pixel intensities. Then, using formula (6), value μg , and the
parameters of the CSF and the WGM distributions, we can
estimate the value of α. Hereafter we denote the value specific
for the expert as α0. Though α is included into formulae (6)
and (7), we use formula (6) to find α0 because it provides a
lesser error: calculation of standard deviation uses the mean
value of a sample, so the magnitude of error of standard
deviation may be higher.

In the case if we do not have GT, we can assume that α0 =
1/2; that is, the pixel belongs to CSF if at least 1/2 of the pixel
is CSF.

The most probable value for the pixel with PVE corre-
sponds to μg . Let us denote this value as threshold TPVE.
We assign pixels to the CSF class if their intensities are not
above TPVE. Pixels adjacent to the CSF ones are analyzed
during the second phase of the algorithm by calculation
of contribution of neighboring pixels intensities into a
pixel under consideration. In other words, we calculate the
possibility for the pixel to have at least an α part of CSF taking
into account the value of the nearby pixels.

Let us assume now that we extract a connected compo-
nent corresponding to the ventricle and find the boundary
pixels of this component (the component contour). Let
us denote B as a set of pixels which are adjacent to the
boundary; that is, one pixel width layers inside and outside
the boundary. Let us assign the value e(x) of the image force
to the pixels q with intensity x:

e(x)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if the pixel q is outside B,

max

(
α0N

(
x | μ1, σ1

)
N
(
μ1 | μ1, σ1

) ,β

)
, otherwise.

(8)

The higher the value of e(x), the more probable the pixel
is on the boundary of a ventricle. The first item α0N(x |
μ1, σ1)/N(μ1 | μ1, σ1) is a normalized, between 0 and α0,
probability for pixel to be a mixture of the CSF and WGM.
The second item β is a possible share of CSF in the PVE
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Figure 1: CT slice to extract ventricles.

pixel. Let us consider three consecutive pixels p, q, and r
along some direction (we used 8 directions corresponding to
8-connectivity), and denote their intensities g(p), g(q) = x,
and g(r). Let us assume that pixel p ∈ B and is marked as
CSF, while q and r are not (i.e., g(q) and g(r) are greater
than TPVE). If any of these assumptions is not satisfied, we
set β = 0; otherwise we find the value β from the equation
similar to formula (6):

g
(
q
) = (1− β

)
g(r) + βg

(
p
)
. (9)

In the case β ≥ α0, the inequality g(q) ≤ (1 − α0)g(r) +
α0g(p) is satisfied, and we can assume that the pixel q (which
is in between CSF pixel p and non-CSF pixel r, and which
has more than α0 parts of CSF) also belongs to the ventricle
and is situated on its boundary.

Anatomically, the boundary of the ventricle should be a
smooth curve, so the pixelwise contour should be smoothed
to look realistic. We use snake [23] with the image force
defined by (8) to smooth the contour. For energy functional
of the snake, the weight coefficients for continuity term,
curvature term, and image force were taken as 1, 1.5, and 1.2,
respectively.

3. Results

We have applied the proposed algorithm to CT scans. To
illustrate a typical behavior of the algorithm, we present a
case below. The original CT slice is shown at Figure 1 and
its histogram is in Figure 2. The dash-dot line corresponds
to the original histogram, and the solid lines correspond to
the components of the GMM and to the sum of all of the
components. We use the GMM with 3 components. It can
be seen that the approximation by 3 Gaussians provides a
reasonable fit to the original histogram.

The original image, the ground truth, and the results of
the initial step and the second phase are shown in Figure 3.

For Figure 3(a) the changes of the intensities inside and
on the boundary of the darker spots in the image (i.e., within
the ventricular system) may be because of acquisition noise,
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Figure 2: GMM with 3 components for CT slice; HUs from 1 to 75
are given, and the vertical axis is the probability.

choroid plexus, or partial volume effect due to the high slice
thickness, or something else. Our algorithm calculates and
finds the probable boundary points of the ventricles. Using
the GT marked by the expert, we found that the parameter
α0 = 0.6. We do not do the statistical analysis based on
comparison with the rater’s generated ground truth because
the main target of the rater was to delineate the ventricles,
but not to provide some systematic and nonsubjective way to
determine the belonging of the boundary pixels to inner or
outer parts of the ventricles.

4. Discussion

The Gaussian Mixture Model (GMM) can be used for
the initial segmentation of the CT images [17] into CSF
and WGM under the assumption that the distributions of
intensities for these peaks are Gaussians, and pixel values
are independent random variables. Knowing the standard
range of Hounsfield units (HUs) for the WGM and CSF, we
can find the parameters of these Gaussians while using the
Bayesian approach to find the threshold to separate these
two peaks (it corresponds to the point of the cross-section
of these Gaussians). Partial volume voxels contain multiple
tissue types; in such a case in the GMM each tissue is not
represented by a single Gaussian. It makes it difficult to use
the traditional Bayesian classification if two components are
close to each other or have an overlap and the distinction
between them is not obvious. In CT, the ranges of intensities
from CSF and WGM are usually overlapped, which can
even result in a unimodal distribution of the sum of these
distributions. Characteristics of the mixture of the CSF and
WGM are also changing along the ventricular boundaries.

In the case of the ventricle boundary, anatomically we
have two types of media, CSF, and WGM, which do not
mix with each other, but because of the PVE, we may
have a mixture of intensities. The same is true when CSF
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Figure 3: Ventricle extraction: (a) original ventricles in CT, (b) the contour of the GT marked, (c) the result of the thresholding, (d) result
of smoothing using snake, and (e) the contour (grey line) of ventricle received by algorithm overlapped over the GT (white area).

is a neighbor for a calcified structure. It leads to the
appearance of additional distribution(s) corresponding to
these mixtures. As the CSF and the WGM both are assumed
to be Gaussians, their mixture should also have a Gaussian
distribution.

For the GMM we use the EM algorithm [22] to estimate
the vector of unknown parameters of components in the
GMM. The likelihood function for the mixture model usu-
ally has multiple local maxima [21], and there is a question
about which root of the likelihood equation corresponds to
the global maximum of the likelihood function. According
to [24], the ventricle to brain volume ratio for normal
population is 1.29 ± 0.4%. The pixels on the boundary
of ventricles have even smaller ratio to the volume of the
brain; hence, the peak, corresponding to the PVE, is almost
undistinguishable in the brain tissue intensities histogram
and may be completely disguised by noise. Additional source
of possible errors in identification of parameters of the PVE
distribution may be the incorrectly chosen number of classes
in the GMM, which leads to the systematic bias in the mean
and standard deviations of extracted parameters (the same
effect occurs when using the truncated distributions).

The parameters of the PVE distribution may be estimated
indirectly by the EM algorithm for the GMM. First, we
extract more pronounced peaks, corresponding to WGM

and CSF, which we assume to be Gaussian distributions
with the weight coefficients π1 and π2, respectively. Then,
their mixture (4) should also be a Gaussian distribution
with parameters (6) and (7) as a convolution of two normal
distributions. We can expect that the weight coefficient for
the PVE distribution will be lesser than π1∗π2, because only
the boundary of CSF and WGM pixels participates in this
mixture, and this boundary is negligible in comparison with
the area of the tissues and ventricles by themselves; hence, the
parameters of the PVE distribution can hardly be extracted
directly from the histogram in the correct way.

As for the boundary of the ventricle, several observations
can be done. The thickness of the ventricle boundary cannot
be more than one pixel. The boundary pixel in such a case
can either belong to one of two tissue classes or be the
mixture of these 2 classes. Because of high slice thickness, the
PVE effect may not be pronounced only on the boundary,
but inside the ventricle as well; that is why we assign pixel to
the CSF class if its intensity is below μg .

To mark the GT, the expert uses image data and anatom-
ical knowledge. Anatomically the contour of the ventricle
should be a smooth curve; that is why the contour marked
might not follow the edge of the thresholded ventricle. To
take into account the anatomical property, we use snake to
smooth the boundary of the ventricle using an image force
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as the function e(x) defined by (8). A higher value of e(x)
reflects a higher probability of pixel to lie on the ventricle
boundary.

A two-stage algorithm gives a chance to discriminate
global and local properties using the analysis of vicinity of
the current contour point under consideration. Belonging
of the pixel to the specific group in the overlapped area
of histogram cannot be identified not taking into account
some additional spatial information. Therefore, probably,
the dynamic programming-type techniques may be applied,
for recalculation of the moving boundary of the ventricle or
the tissues. In such a case, we have information about prob-
abilistic distributions in two media and should formulate
the objective function regarding how to estimate the risk of
adding the pixel to the first or the second class, taking into
account the connectivity and clusterization existing in the
VOI.

The results of boundary analysis will vary with the change
of the value of α. Let us analyze some well-known algorithms
from the point of view of mixture of two distributions. The
algorithm [25] fits a rectangle to the profile, setting the width
so that the area under the rectangle is equal to the area under
the profile. If a vessel’s intensity is fitted by the Gaussian
shape and the background has the uniform intensity, then
the cutoff thresholds are μ ± σ

√
π/2; that is, the pixel is

considered as belonging to a vessel if it has less than 10.5% of
background. For the full width at half-maximum approach,
the condition is to have not more than 50% of background.

A usual way to validate the results of the algorithm
is to compare them with the expert’s provided marks,
otherwise called ground truth (GT). Different experts may
mark ground truth differently. Even for the same expert the
results of marking can be different depending on the time of
the day or day of the week and image windowing. That is why
one of the standard characteristics which can be provided for
ground truth is an intraexpert and interexpert variability.

The HUs for the CSF in CT should be approximately
in the range from 0 to 21 (depending on the energy and
scanner calibration). The rater’s generated ground truth
may not reflect correctly the pixels on the boundary of
ventricle because of subjectivity of judgment and the way
of marking. For example, the expert’s delineations of the
ventricles included intensities from −15 to almost 800 HUs.
The marking of the pixel might depend on the PVE and on
image contrast in the vicinity of the pixel (e.g., a calcified
object adjoining the CSF can cause a few pixels to be marked
as CSF even having the intensity of 800 HUs due to PVE);
misclassification can be caused by the tiredness of doing
the tedious work of marking hundreds and thousands of
pixels. Additionally, we have representation of the pixel
value in the image as an integer grayscale; the value of
the pixel is received from the mathematical reconstruction
algorithm and additionally the value was rounded to the
integer with some possible loss of accuracy. So the value
of the pixel is by itself an approximation of the value of
the manifestation of the response from the tissue at the
current position. The expert’s marking may be based on
hardly formalizable ideas and experience which also barely
can have some verbalization. The ventricle boundary pixels

with the same intensity may be at the same time partially
included into ventricle and partially excluded from it.

There is a lack of objective criteria to estimate the
precision of the GT. We can hardly describe what the optimal
solution for the problem of identification of the boundary
is. Comparison with the GT marked by the expert shows that
the expert opinion to include or not to include the points into
the cluster sometimes is nonformalizable. We cannot expect
that the expert with the same accuracy and without tiredness
will mark thousands of pixels individually. So the basis for
the estimation of the algorithm performance and its results
may not be the optimal solution, but the acceptable one,
satisfying some reasonable (or at least clearly pronounced)
assumptions.

Taking into account the value of α which corresponds to
the experts’ judgments may be considered as an adjustment
of the algorithm of segmentation to the expert’s implicit
requirements.

5. Conclusion

The existence of the PVE makes it necessary to use not
the independent random variable model but a conditional
probabilistic model. We present a two-phase algorithm
which is based on theoretical calculation of parameters of
the PVE and takes into account the vicinity around the pixel
for which the decision should be made regarding which class
to join. The approach described can be used to estimate the
parameter for the PVE which the expert implicitly uses to
mark the ground truth.
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In bioluminescence tomography (BLT), reconstruction of internal bioluminescent source distribution from the surface optical
signals is an ill-posed inverse problem. In real BLT experiment, apart from the measurement noise, the system errors caused
by geometry mismatch, numerical discretization, and optical modeling approximations are also inevitable, which may lead to
large errors in the reconstruction results. Most regularization techniques such as Tikhonov method only consider measurement
noise, whereas the influences of system errors have not been investigated. In this paper, the truncated total least squares method
(TTLS) is introduced into BLT reconstruction, in which both system errors and measurement noise are taken into account. Based
on the modified generalized cross validation (MGCV) criterion and residual error minimization, a practical parameter-choice
scheme referred to as improved GCV (IGCV) is proposed for TTLS. Numerical simulations with different noise levels and physical
experiments demonstrate the effectiveness and potential of TTLS combined with IGCV for solving the BLT inverse problem.

1. Introduction

In recent years, molecular imaging has emerged as a
promising tool in basic, preclinical and clinical research for
monitoring a variety of molecular and cellular processes
in living organisms [1–4]. As one of molecular imaging
modality, bioluminescence tomography (BLT) has attracted
much attention due to its exquisite sensitivity and cost
effectiveness.

The key problem of BLT is to reconstruct the biolumi-
nescent source distribution inside a biological tissue from
the optical signals detected on the body surface, which is a
highly ill-posed inverse problem. By using numerical method
such as finite element method (FEM), the inverse problem of
BLT can be formulated into a nonsquare matrix equation,
where the coefficient matrix is typically ill-conditioned [5].
Hence overcoming the ill-posedness and seeking a stable
solution of the matrix equation are the major issues of BLT
inverse problem. For this purpose, the inverse problem is

often transformed to a least squares problem incorporated
with the regularization technique. Tikhonov regularization
is the most widely-used method in BLT reconstruction [6–
8]. It is aiming to stabilize the inverse of an ill-conditioned
operator and minimize the effects of the inevitable error by
minimizing a trade-off between the loss function and the
l2-norm [8]. However, previous studies based on Tikhonov
regularization only consider noise in the measurement. In
fact, some system errors also exist in the computed coefficient
matrix of the system equation. These errors may take place in
such aspects as FEM discretization, geometrical mismatch,
optical parameters inaccuracy and model approximation,
and so forth. System errors as well as measurement noise are
inevitable in real BLT experiment, which may lead to large
errors for the reconstruction results.

The total least squares (TLS) method is a generalization
of the least squares approximation method when the data
in both sides of the matrix equation are perturbed [9,
10]. Based on the TLS method, the truncated total least
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squares (TTLS) method is proposed for regularization of ill-
conditioned linear systems [11]. It is inspired by truncated
singular value decomposition (TSVD) which aims at limiting
the contribution of noise by cutting off a certain number
of terms in the singular value decomposition of coefficient
matrix [12]. Truncation level plays the role of regularization
parameter in truncation methods, which has great influence
on the quality of the solution. As a result, determining
an appropriate truncation level for TTLS is a critical step
in the inverse procedure. Most existing parameter-choice
schemes such as L-curve, discrepancy principle, generalized
cross-validation (GCV), and zero crossing methods assume
that the coefficient matrix is exactly known, that is, it is
not contaminated by noises or errors [13–16]. In [17],
a truncation level choice criterion named modified GCV
(MGCV) is proposed for TTLS method; theoretical analysis
and simulation tests show its potential for solving ill-posed
linear system. However, it has been recognized that choice
schemes of regularization parameter are mostly problem-
dependent and practical parameter-choice scheme for BLT
reconstruction deserves further study.

In this paper, the aim of our study is to extend the BLT
reconstruction to the case including both the measurement
noise and the system errors. For this purpose, TTLS method
combined with a practical scheme termed as improved GCV
(IGCV) is proposed to solve the BLT inverse problem. In
the next section, our methodology of solving the inverse
problem in BLT is described. In Section 3, we demonstrate
the performance of the TTLS method combined with IGCV
scheme in BLT reconstruction using numerical simulation
and physical experiments in various source and noise level
settings. Finally, we draw a conclusion and discuss the
relevant issues.

2. Methodology

2.1. Diffusion Approximation and Boundary Condition. In
general, light propagation in living subjects is mainly
hindered by both tissue scattering and absorption [7, 8].
Considering that bioluminescent photons belong to the
near-infrared region where scattering predominates over
absorption [3], the propagation of photon can be well
modeled by the following steady-state diffusion equation
[18]:

−∇ · (D(x)∇Φ(x)) + μa(x)Φ(x) = S(x) (x ∈ Ω), (1)

where Ω ∈ R3 is the bounded domain, Φ(x) represents the
photon flux density, and S(x) denotes the energy density
distribution of an internal bioluminescence source, D(x) =
1/(3(μa(x) + μ′s (x))) is the optical diffusion coefficient with
μa(x) being the optical absorption coefficient and μ′s(x) the
reduced scattering coefficient, respectively.

Assuming that the BLT experiment is performed in a
totally dark environment, the equation is subject to a Robin
boundary condition [18]:

Φ(x) + 2A(x;n,n′)D(x)(v(x) · ∇Φ(x)) = 0 (x ∈ ∂Ω),
(2)

where ∂Ω denotes the boundary, v(x) represents the unit
outer normal on ∂Ω,A(x;n,n′) ≈ (1 + R(x))/(1− R(x)) and
R ≈ −1.4399n−2 +0.7099n−1 +0.6681+0.0636n, n is the ratio
of optical reflective index of the inner tissue to that outside
the boundary, and n′ is close to 1.0 when the subject is in air
[8]. In a bioluminescent imaging experiment, the measurable
photon flux density on ∂Ω can be calculated by the following
outgoing radiation [18]:

Q(x) = −D(x)(v(x) · ∇Φ(x)) = Φ(x)
2A(x;n,n′)

(x ∈ ∂Ω).

(3)

2.2. The Model of BLT Reconstruction. Based on (1), (2), and
(3), the essence of the BLT reconstruction is to estimate the
light source distribution inside the biological tissues from
the measured flux on the surface, given the corresponding
optical parameters of the tissues. In order to solve the BLT
inverse problem, FEM was introduced to solve the diffusion
equation in [8, 18–20] because of its capability to process
volume with arbitrary geometries. After the discretization
using FEM, the linear relation between the bioluminescence
source intensity S and the photon flux density Φ can be
expressed as the following matrix form:

MΦ = FS, (4)

where Φ and S are the collection of all the nodal values of the
photon flux density and source density, M = K + C + B is
a positive-definite matrix, and K, C, and B are called the
mass, stiff, and boundary matrix, respectively. The photon
density Φ can be obtained from Φ = M−1FS. In fact,
only partial photon on the boundary can be acquired in
the BLT experiment, therefore, Φ can be partitioned into
the measurable boundary data Φm and other immeasurable
values Φi, and thus the reconstruction of the bioluminescent
source is to identify the unknown vector S from the photon
flux density Φm. According to the uniqueness theorem, the
BLT solution is not unique in the general case [21]. Some
prior information or constraints such as permissible area
of source should be imposed on the unknown variables to
obtain a meaningful reconstruction result. Considering the
source permissible region, we can obtain the linear relation
between the photon flux density Φm and the source energy
density distribution Sp in the light source permissible region,
that is,

ASp = Φm, (5)

where the coefficient matrix A is ill-conditioned and can
cause severe numerical instabilities in the solution. There-
fore, it cannot be directly solved using a simple least squares
method.

2.3. Regularization. In order to obtain a stable solution,
regularization methods are typically used for solving inverse
problems [8, 22, 23]. The commonly used Tikhonov regular-
ization method approximately solves (5) by converting it into
the following minimization problem:

min‖ASp −Φm‖2 + λ‖Sp‖2, (6)
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where λ > 0 is a properly chosen regularization parameter.
As a function of the regularization parameter, the solution of
(5) is given by

Sp =
(
ATA + λI

)−1
ATΦm. (7)

However, the reconstructions with Tikhonov regularization
method assume that the coefficient matrixA is exactly known
and noises only exist in the measurement. The regularization
solutions computed by (7) do not take system errors into
account.

As mentioned in the introduction, TLS method is
designed for the case that both sides of the matrix equation
are subject to errors. BLT inverse problem can be stated with
TLS formulation as follows:

min
Ã,Φ̃m

∥∥∥(A,Φm)−
(
Ã, Φ̃m

)∥∥∥
F

subject to ÃSp = Φ̃m, (8)

where ‖ · ‖F denotes the Frobenius norm, Ã and Φ̃m are the
error versions of A and Φm, respectively, and (A,Φm) is the
augmented matrix that combines matrix A and vector Φm by
using Φm as the last column of the new matrix. Based on the
TLS method, TTLS method is proposed by Fierro in [11] for
regularization of ill-conditioned linear systems. In TTLS, the
redundant information in (A,Φm), associated with the small
singular values, is discarded and the original ill-conditioned
problem is replaced with another appropriate and more well-
conditioned problem.

The TTLS algorithm used in this paper can be summa-
rized as follows.

(1) Compute the SVD of the augmented matrix (A,Φm)

(A,Φm) = ŨΣ̃ṼT =
n+1∑
i=1

uiσivi
T , (9)

where Ũ is m×(n+1), Ṽ is (n+1)×(n+1), and Ũ
T

Ũ =
ṼTṼ = In+1, and Σ̃ is an (n + 1) × (n + 1) diagonal
matrix with the singular values σ1 > σ2 > · · · > σn+1

on the diagonal.

(2) Select a truncation parameter k ≤ min(n, rank
(A,Φm)).

(3) Partition the matrix Ṽ ∈ R(n+1)×(n+1) such that

Ṽ =
⎛⎝ Ṽ11

Ṽ21

Ṽ12

Ṽ22

⎞⎠, Ṽ11 ∈ Rn×k , Ṽ22 ∈ R1×(n+1−k).

(10)

(4) Then the TTLS solution is given by

S
p
TTLS = −Ṽ12Ṽ

†
22 = −

Ṽ12Ṽ
T
22∥∥∥Ṽ22

∥∥∥2

2

. (11)

In fact, the aim of TTLS regularization is to appropriately
identify an optimal truncation level, and then to construct
a truncated solution that can capture the essential features
of the unknown true solution, without explicit knowledge
about the true solution and even without a priori knowledge
about the magnitude of the noise in the data. For this
purpose, truncation level k must be carefully determined.

2.4. Choice of the Truncation Parameter. MGCV criterion
proposed by Sima in [17] makes use of the filter factor
formulation of the TTLS solution proved in [11]:

S
p
TTLS =

n∑
i=1

fi
uTi Φ

m

σi
vi, (12)

where the filter factor values

fi =
k∑
j=1

v2
n+1, j∥∥∥Vk

22

∥∥∥2

(
σ2
i

σ2
i − σ2

j

)
, i = 1, . . . ,n. (13)

The property used for choosing the truncation parameter
k is that when the parameter is greater than a certain crucial
value, the TTLS solution is very sensitive to the noise or
errors. Specifically, for small truncation level k, the filter
factors with indices i = 1, . . . , k stay close to 1 and the
filter factors with indices i = k + 1, . . . ,n stay close to 0;
when the truncation level gradually increases to a certain
critical value, the filter factors with indices nearby k increase
dramatically. It implies a way to identify the value of k where
the filter factors change their steady behavior into erratic
growth behavior.

As for the regularization problem in BLT, the choice of
regularization parameter with classical GCV is by means of
minimizing the GCV function:

G =
∥∥∥ASpreg −Φm

∥∥∥2

(trace(I − AA†))2 , (14)

where A† presents the pseudoinverse of A. With filter factors,
the denominator can be computed by means of the following
expression:

trace
(
I − AA†

)
= m− (n− p

)− p∑
i=1

fi, (15)

where p is the rank of matrix
∑

with the singular values on
the diagonal. We denote the sum of the filter factors of TTLS
solution by enpk as the effective number of parameters:

enpk =
n∑
i=1

fi =
n∑
i=1

k∑
j=1

v2
n+1, j∥∥∥Vk

22

∥∥∥2

(
σ2
i

σ2
i − σ2

j

)
. (16)

According to the properties of filter factors mentioned
above, for a k above a certain critical value, the filter factors
for TTLS solutions with indices nearby k are larger than 1. A
fact can be derived that enpk is greater than k when k reaches
this critical value, which is used to modify the above classic
GCV function to suit the TTLS case. And then the MGCV
criterion for TTLS is obtained

G =
∥∥∥ASpTTLS −Φm

∥∥∥2

(
m− enpk

)2 . (17)

However, the regularization parameter directly iden-
tified by (17) may be not optimal for the specific BLT



4 International Journal of Biomedical Imaging

reconstruction problem. Inspired by L-curve method, we
propose a hybrid scheme that combines MGCV with the
minimization of the corresponding residual norm for regu-
larization parameter choice. The IGCV scheme for TTLS is
summarized in the following steps.

Step 1. Use the MGCV criterion to get an initial truncation
parameter k and compute kmax, where kmax ≤ n is the
maximum k such that enp1 ≤ enp2 ≤ · · · ≤ enpkmax

≤ m;
at the same time an array of GCV function values G(i) is
obtained, i = [1, kmax].

Step 2. For i : k ∼ kmax, find the local minimum points that
satisfy the conditions: G(i− 1) > G(i) and G(i + 1) > G(i).

Step 3. For all the local minimum points, compute the
residual error ‖AS′TTLS,i − Φm‖, where S′TTLS,i is an approx-
imation of the TTLS solution for a given truncation level
i, that is, only the top 70% of the nodal values are kept
for computation convenience, and then the final truncation
parameter k = argmin‖AS′TTLS,i −Φm‖.

Thus, a proper truncation parameter k for TTLS is
sought according the above IGCV scheme.

3. Experiments and Results

The experiments implemented in this section are to test the
performance of TTLS combined with IGCV for BLT inverse
problem. To demonstrate the effectiveness of the proposed
scheme, we compare the following reconstruction algo-
rithms: Tikhonov method with classical GCV (Tik-GCV),
TTLS method with MGCV (TTLS-M), and TTLS method
with the proposed IGCV (TTLS-I). The parameter-choice
scheme of Tikhonov method is different from that of TTLS
method because MGCV and IGCV are specially designed for
TTLS. A similar scheme, namely, classical GCV, is adopted in
Tikhonov method for comparison convenience. The qualities
of the reconstruction are assessed by the following quan-
titative indices: relative residual error (RRE), reconstructed
location error, and reconstructed source power. Here, RRE
is used to depict the extent of the solution fitting the
measured data and is defined as‖ASp−Φm‖/‖Φm‖. Absolute
error (AE) of the reconstructed source location is used to
describe the accuracy of the reconstruction, which is defined

by
√

(xi,r − xi)
2 + (yi,r − yi)

2 + (zi,r − zi)
2, where (xi,r , yi,r , zi,r)

is the reconstructed center of each source and (xi, yi, zi)
the actual center. Considering the ill-posedness of the BLT
inverse problem, it is difficult to discriminate the influence of
small source of high density and large one of low density [24].
So we prefer reconstructed source power compared with the
actual value to source density for evaluating the quality of the
reconstruction results. And the source power is estimated by
computing the integral

∫
S(x)dx of the source intensity over

its support [25].

3.1. Numerical Simulation Verifications. In the numerical
simulation, a 30 mm diameter and 30 mm high cylindrical

Table 1: Optical parameters of the heterogeneous phantom.

Material μa (mm−1) μ′s (mm−1)

Tissue 0.007 1.031

Lung 0.023 2.000

Heart 0.011 1.096

Bone 0.001 0.060

mouse chest phantom is designed to evaluate the per-
formance of the reconstruction method. The structure of
the phantom is shown in Figure 1(a). The phantom is
heterogeneous and the corresponding optical parameters are
set as in Table 1 [25]. Two sphere sources of 0.5 mm diameter
with 1 nW/mm3energy density are located in the left lung
and the centers are S1 = (−9 mm,−1.5 mm, 15 mm) and
S2 = (−9 mm, 1.5 mm, 15 mm), respectively. The power of
each source is 0.5236 nW. In the following single source case,
only the source centered at S1 is considered.

In order to reduce the ill-posedness of the inverse
problem, a priori information of the source permissible
region (PR) is incorporated to our method, which is shown
in Figure 1(b) as PR = {(x, y, z) : 8 < (x2 + y2)1/2 <
12, 13.5 < z < 16.5} [25], where (x, y, z) is the coordinates
of the corresponding FEM mesh vertices.

Generally speaking, simulated data used in reconstruc-
tion algorithms for inverse problems often come from
the numerical solution of the forward problem. To avoid
the typical issue of inverse crime, we use different FEM
discretization for the forward process and reconstruction
algorithms. Specifically, the forward model contains 11997
mesh vertices corresponding to 66334 tetrahedral elements,
whereas the reconstruction model is consisting of 5277
vertices and 27465 tetrahedral elements. In addition, we
employ Lagrange-Quadratic interpolation function in the
forward process owing to the observation that high-order
interpolation function can improve the numerical accuracy
of the forward solution [26, 27].

To comprehensively simulate the noise and system errors
involved in real BLT experiment, the photon flux density
Φm is added with Gaussian white noise, and the coefficient
matrix A is added with a system errors matrix. Due to the
complexity of error sources, it is difficult to have an exact
mathematic model to describe the system errors accurately.
Hence we adopted the commonly used Gaussian white noise
[28–30] and exponential noise to simulate the errors in
matrix A, respectively.

As discussed in Section 2, regularization parameter is
the crucial factor that affects the quality of regularization
solution to inverse problem. Figure 2 illustrates the determi-
nation of regularization parameters in single source case with
measurement noise level of 10% and Gaussian system error
level of 1%. Among them, Figure 2(c) shows the residual
error values of all the local minimum points described
in our improved scheme IGCV, which are used for the
selection of an optimal truncation parameter k for TTLS.
It should be noticed that the parameter k identified by
MGCV is 64, whereas the optimal parameter k obtained by
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Figure 1: (a) A cross-section through two luminescent sources (S) in the left lung of a mouse phantom consisting of bone (B), heart (H),
lungs (L), and tissue (T). (b) A 3D view of the permissible region.

IGCV is 78. It is because ‖AS′TTLS,78 − Φm‖ is 0.0038 and
‖AS′TTLS,64 − Φm‖ is 0.0046, which indicate that 64 is not
the optimal parameter value according to IGCV criterion.
The determination of regularization parameter in double
sources case is similar to that of single source case. For space
limitation, we just provide the final regularization parameter
obtained in various noise settings in Tables 2 and 3.

In single source test, we found that all the methods
under consideration can detect the source with the same
center location SR1 = (−9.20 mm,−1.62 mm, 14.12 mm) in
different noise levels, but the reconstructed source power
varies with different reconstruction methods. Although the
absolute error of the source location is 0.911 mm, the
reconstructed source center is the nearest node to the original
location in the aforementioned FEM discretization. Figure 3
only shows the reconstruction results by our proposed
method with measurement noise level of 10% and Gaussian
system error level of 1%. The detailed quantitative recon-
struction results for the single-source model in various noise
settings are listed in Table 2. The optimal results are listed in
bold. Based on the simulation results in single-source case,
it is clear that all the reconstruction methods can estimate
the source location with no matter Gaussian or exponential
noise in matrix A, but TTLS combined with IGCV performs
best in all quantitative indices under different noise or error
levels.

In the double sources case, both of the two sphere sources
located in the left lung are tested. The final reconstruction
results are listed in Table 3. Under all the noise conditions
considered in this paper, the three methods can reconstruct
the two sources at SR1 = (−9.20 mm,−1.62 mm, 14.12 mm)
and SR2 = (−9.42 mm, 1.69 mm, 14.94 mm), which are
0.911 mm and 0.467 mm away from the actual ones, respec-
tively. In fact, they are the nearest nodes to the original source
locations under the FEM mesh used in our tests. However,
with the increase of noise or error level, besides the optimal
nodes SR1 and SR2 , some artifacts appear in the reconstruction
results, which are illustrated in Figure 4. Simulation results
in double sources case further show that although there are
differences between the results of different noise pattern in

matrix A, similar conclusions can be obtained. As shown in
Table 3, the reconstruction results of TTLS combined with
MGCV are comparable to that of TTLS combined with IGCV
when noise level is low; whereas with the increase of noise
or error, TTLS combined with IGCV outperforms the other
methods in all quantitative indices.

For BLT inverse problem, permission region is an
effective way to regularize the solution by restricting the
source distribution within a proper permissible region. In
order to further test the proposed method, a ball shape
permissible region of 10 mm in diameter is utilized, which
is expressed as PR′ = {(x, y, z) | ((x + 7.5)2 + y2 +
(z − 15)2)1/2 < 5, (x, y, z) ∈ Left lung}. The sources settings
in this section are the same as the aforementioned double
sources case. The source distribution in the ball permission
region was reconstructed, and the results are summarized in
Table 4. Considering that the different system error pattern
has little effect on the reconstruction results in the foregoing
simulations, we only add Gaussian noise to the system matrix
A in this section.

It is shown in Table 4 that TTLS combined with IGCV
still performs best under all the noise levels in terms of
RRE, reconstructed power and source location. Compared
with the results in Table 3, the location accuracy for ball
shape permission region PR′ is lower. For example, the
largest deviation of the reconstructed position of S1 is up
to 1.2 mm. It is clear that all reconstruction methods under
consideration suffer from performance degradation with the
relaxation of the permission region. However; the proposed
method outperforms the other two methods and produces
acceptable reconstruction results in our tests.

3.2. Physical Experiment Verifications. A physical experiment
was carried out to further investigate the performance of
the proposed method. A cylindrical phantom of 45 mm
height and 22.5 mm radius was designed to evaluate dif-
ferent methods. The phantom shown in Figure 5(a) was
made from nylon, and one small hole of 2.95 mm radius
and 21 mm depth was drilled in the phantom to inject
luminescent mixed solution used as the light source. In
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Figure 2: Regularization parameter determination in single-source case under measurement noise level of 10% and Gaussian system error
level of 1%: (a) GCV function curve for Tikhonov, (b) MGCV function curve for TTLS, (c) illustration of the truncation parameter selection
for TTLS with IGCV.
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Figure 3: Reconstructed results under measurement noise level of 10% and Gaussian system error level of 1% with TTLS + IGCV: (a) x–y
view of at z = 15 mm plane, (b) y–z view at x =−9 mm plane; the white circle indicates the real source.

our physical experiment, the total volume of the mixed
solution injected into the hole is 0.15 mL, thus a cylin-
drical source with a 2.95 mm radius and 5.4 mm height
is centered at (9.88 mm, 1.5 mm, 26.7 mm), as shown in
Figure 5(b). The optical parameters of the phantom were
determined by a time-correlated single photon counting
(TCSPC) system specifically constructed for the optical
properties of the turbid medium [31]. The measured values
of absorption and reduced scattering coefficients at the
wavelength around 660 nm are 0.91 mm−1 and 0.0138 mm−1,
respectively.

A scientific cooled back-illuminated CCD camera (PIXIS
2048B) is used to collect the outgoing photons from the
phantom surface. The photon flux density from different
angles can be acquired by rotating the stage under the
phantom, as illustrated in Figure 5(c). Figures 6(a)–6(d)
exhibits the four views of the cylindrical phantom obtained
by the CCD camera, respectively. Because the data captured
by CCD camera is planar, mapping it onto 3D surface
of the cylindrical phantom must be accomplished before
reconstruction, which will also bring some inevitable errors
to the measured data [32]. The mapping result was shown in
Figure 6(e).

According to the photon flux density distribution on
the phantom surface, the source permissible region is set as
PR′′ = {(x, y, z) : 7 < (x2 + y2)1/2

< 13, x > −3, 19.7 <
z < 33.7}. In the reconstruction process, the phantom model
consists of 2734 vertices corresponding to13551 tetrahedral
elements. The schemes for the selection of regularization
parameters are identical to those in numerical simulations.
The final reconstruction results and the corresponding
regularization parameter are listed in Table 5. The 3D views
of the reconstructed results using different methods are
presented in Figure 7, which verified the feasibility and
effectiveness of the proposed method. As is evident from the
images in Figure 7 and the data in Table 5, TTLS combined
with IGCV successfully reconstructed the luminescent source
with the minimum distance of 1.76 mm away from the actual
source center.

4. Discussion and Conclusion

BLT reconstruction is a highly ill-posed inverse problem
where small measurement noise and system errors in the
input data can produce large changes in the results. In
addition, bioluminescence signals are generally very weak,
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Table 2: Quantitative results in single source case.

Sys. error Meas. noise Recon. method Sys. error pattern Regular. param. RRE Recons. power (nW)

Without errors

Without noises
Tik-GCV N/A 0.00946 0.0263 0.4284

TTLS-M N/A 75 0.0243 0.4661

TTLS-I N/A 78 0.0236 0.4797

10%
Tik-GCV N/A 0.01437 0.0585 0.4096

TTLS-M N/A 69 0.0517 0.4535

TTLS-I N/A 78 0.0419 0.5232

20%
Tik-GCV N/A 0.02266 0.1083 0.3825

TTLS-M N/A 65 0.0809 0.4641

TTLS-I N/A 69 0.0703 0.5214

1%

10%

Tik-GCV
Gaus. 0.01847 0.0596 0.3502

Exp. 0.02288 0.0705 0.3074

TTLS-M
Gaus. 64 0.0590 0.3982

Exp. 71 0.0562 0.3843

TTLS-I
Gaus. 78 0.0524 0.4389

Exp. 82 0.0557 0.4113

20%

Tik-GCV
Gaus. 0.02844 0.1150 0.4295

Exp. 0.02281 0.0897 0.3432

TTLS-M
Gaus. 52 0.1142 0.4410

Exp. 73 0.0599 0.4755

TTLS-I
Gaus. 64 0.0915 0.5427

Exp. 87 0.0597 0.4829

5%

10%

Tik-GCV
Gaus. 0.03771 0.0850 0.3069

Exp. 0.05016 0.1023 0.2760

TTLS-M
Gaus. 65 0.0823 0.3498

Exp. 53 0.1018 0.2960

TTLS-I
Gaus. 94 0.0749 0.3553

Exp. 85 0.0978 0.2995

20%

Tik-GCV
Gaus. 0.05414 0.1626 0.2722

Exp. 0.06586 0.1871 0.2618

TTLS-M
Gaus. 52 0.1536 0.3088

Exp. 45 0.1758 0.2927

TTLS-I
Gaus. 61 0.1444 0.3359

Exp. 109 0.1673 0.3044

thus the noise or errors will significantly affect the recon-
struction quality. Regularization technique has played an
important role in solving BLT inverse problem. And most of
the previous works assume that there is only measurement
noise, which affects the right-hand side of the system
equations. However, the computed coefficient matrix A in
the model also has some errors, which may be caused
by the calculation errors, the geometrical approximation,
optical parameter inaccuracy, as well as the assumption
of diffusion equation model itself. For example, the FEM
discretization typically adds some errors to the matrix
A. Hence, there is a need for seeking methods that can
deal with the errors in both sides of the system equation.
TTLS is a truncation regularization method that can take
account of both system errors and measurement noise in the
reconstruction process. This method depends on a parameter
called truncation level; this single parameter has a significant
influence on the regularization solutions. In this paper,

IGCV, a practical scheme for determining the truncation
parameter, is proposed to be combined with TTLS method
for solving BLT inverse problem

Simulations considering both system errors and mea-
surement noise are conducted to investigate the performance
of the proposed reconstruction method. Due to the lack
of an accurate model to describe the system errors arising
from multiple sources, commonly used Gaussian white noise
and exponential noise are adopted to simulate the errors
in matrix A, respectively. In addition, physical phantom
experiments further test the proposed method.

Both the numerical simulations and physical experi-
ments demonstrate the effectiveness of the proposed method.
Tests with different noise levels show that TTLS with com-
bined IGCV is able to produce much better reconstruction
results than Tikhonov method, and TTLS combined with
IGCV performs better than TTLS combined with MGCV,
especially when both sides of the system equation are
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Table 3: Quantitative results in double source case.

Sys. error Meas. noise Recon. method Sys. error pattern Regular. param. RRE
Recon. power (nW)

SR1 SR2

Without errors

Without noises
Tik-GCV N/A 0.00858 0.0252 0.4671 0.2677

TTLS-M N/A 76 0.0228 0.4824 0.2911

TTLS-I N/A 76 0.0228 0.4824 0.2911

10%
Tik-GCV N/A 0.01533 0.0586 0.4334 0.2148

TTLS-M N/A 75 0.0418 0.5047 0.3560

TTLS-I N/A 75 0.0418 0.5047 0.3560

20%
Tik-GCV N/A 0.03001 0.1363 0.3633 0.1787

TTLS-M N/A 59 0.1074 0.4425 0.2069

TTLS-I N/A 71 0.0739 0.5016 0.3004

1%

10%

Tik-GCV
Gaus. 0.01711 0.0560 0.4164 0.2448

Exp. 0.02148 0.0618 0.4174 0.1974

TTLS-M
Gaus. 74 0.0450 0.4581 0.3670

Exp. 71 0.0534 0.5170 0.2440

TTLS-I
Gaus. 74 0.0450 0.4581 0.3670

Exp. 71 0.0534 0.5170 0.2440

20%

Tik-GCV
Gaus. 0.03112 0.1248 0.3506 0.1891

Exp. 0.03034 0.1213 0.3688 0.1862

TTLS-M
Gaus. 59 0.1023 0.4529 0.2042

Exp. 50 0.1347 0.4085 0.2086

TTLS-I
Gaus. 72 0.0780 0.4768 0.2782

Exp. 58 0.1159 0.4209 0.2253

5%

10%

Tik-GCV
Gaus. 0.04179 0.0969 0.2613 0.2347

Exp. 0.05154 0.1151 0.3528 0.2427

TTLS-M
Gaus. 63 0.0890 0.3194 0.2647

Exp. 50 0.1192 0.3495 0.2576

TTLS-I
Gaus. 81 0.0880 0.3399 0.2660

Exp. 65 0.1141 0.3527 0.2906

20%

Tik-GCV
Gaus. 0.05077 0.1467 0.2859 0.1574

Exp. 0.06730 0.1858 0.3122 0.2480

TTLS-M
Gaus. 51 0.1376 0.3713 0.1574

Exp. 48 0.1741 0.3557 0.3304

TTLS-I
Gaus. 87 0.1339 0.3692 0.2147

Exp. 54 0.1698 0.3562 0.3306

Table 4: Quantitative results for ball shape permission region PR′ in double source case.

Sys. error Meas. noise Recon. method Regular. param. RRE
Recon. position (mm) and power (nW)

SR1 SR2

1%

10%
Tik-GCV 0.02728 0.1720 (−8.80,−3.62, 15.00) 0.2102 (−8.32, 2.81, 16.44) 0.2509

TTLS-M 19 0.1535 (−8.80,−3.62, 15.00) 0.2308 (−8.77, 3.88, 14.85) 0.2373

TTLS-I 30 0.1523 (−8.80,−3.62, 15.00) 0.2978 (−9.42, 1.69, 14.94) 0.3062

20%
Tik-GCV 0.09397 0.4383 (−10.27,−2.24, 16.42) 0.3633 (−10.97, 2.08, 16.69) 0.3501

TTLS-M 9 0.4288 (−8.80,−3.62, 15.00) 0.3782 (−8.77, 3.88, 14.85) 0.3651

TTLS-I 28 0.4226 (−9.20,−1.62, 14.12) 0.5808 (−8.32, 2.81, 16.44) 0.4632

5%

10%
Tik-GCV 0.09660 0.2350 (−10.27,−2.24, 16.42) 0.3693 (−8.77, 3.88, 14.85) 0.3784

TTLS-M 9 0.2350 (−8.80,−3.62, 15.00) 0.3752 (−8.77, 3.88, 14.85) 0.3853

TTLS-I 18 0.2171 (−8.80,−3.62, 15.00) 0.3899 (−8.32, 2.81, 16.44) 0.4234

20%
Tik-GCV 0.12804 0.4367 (−10.27,−2.24, 16.42) 0.3549 (−8.77, 3.88, 14.85) 0.3578

TTLS-M 15 0.3865 (−8.80,−3.62, 15.00) 0.3900 (−8.77, 3.88, 14.85) 0.3653

TTLS-I 19 0.3532 (−8.80,−3.62, 15.00) 0.4538 (−8.77, 3.88, 14.85) 0.3807
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Figure 4: Reconstructed results in double source case under measurement noise level of 20% and system error level of 5%. (a), (b), and (c)
separately show the x–y views at z = 15 mm plane of the results by Tikhonov + GCV, TTLS + MGCV, and TTLS + IGCV; (d), (e), and (f)
are the corresponding y–z views at x = 9.5 mm plane of the reconstruction results, respectively; the white circle indicates the real source.
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Figure 5: Physical phantom. (a) The homogeneous physical phantom; (b) The location of the single source in the phantom; (c) The cross-
section of the phantom and the four directions of the CCD camera during data acquisition.

Table 5: Reconstruction results in physical phantom experiment.

Recon.
method

Regular.
param.

RRE Recon. source
position (mm)

AE (mm)

Tik-GCV 0.00003 0.9513 (7.64,4.42,27.18) 3.71

TTLS-M 40 0.9015 (10.3,−1, 19, 25.50) 2.97

TTLS-I 45 0.8318 (9.86,1.00,28.39) 1.76

contaminated by measurement noise and system errors.
Based on the experiments in this paper, we can draw a
preliminary conclusion that TTLS combined with IGCV
criterion is a potential reconstruction method for BLT inverse
problem. Further investigation of the performance of the
proposed method on animal experiments will be conducted
in our future work.
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Figure 6: The normalized surface measurement of the homogeneous phantom. (a), (b), (c), and (d) are left view, front view, right view, and
back view of the cylindrical phantom on the CCD camera, respectively; (e) is the flux density on the surface of the cylindrical phantom after
mapping from the CCD camera.
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Figure 7: Reconstructed results in physical experiment: (a)–(c) are the x–y views at z = 28 mm plane of the reconstructed results using
Tikhonov + GCV, TTLS + MGCV, and TTLS + IGCV method, respectively; (d)–(f) are the y–z views at x = 9.5 mm plane of the
corresponding results, where the white contours indicates the real sources.
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We have developed a method for extracting anatomical shape models from n-dimensional images using an image analysis
framework we call Shells and Spheres. This framework utilizes a set of spherical operators centered at each image pixel, grown
to reach, but not cross, the nearest object boundary by incorporating “shells” of pixel intensity values while analyzing intensity
mean, variance, and first-order moment. Pairs of spheres on opposite sides of putative boundaries are then analyzed to determine
boundary reflectance which is used to further constrain sphere size, establishing a consensus as to boundary location. The centers
of a subset of spheres identified as medial (touching at least two boundaries) are connected to identify the interior of a particular
anatomical structure. For the automated 3D algorithm, the only manual interaction consists of tracing a single contour on a 2D
slice to optimize parameters, and identifying an initial point within the target structure.

1. Introduction

The framework of Shells and Spheres described in this
paper is based on a set of spheres called a sphere map.
A sphere map consists of exactly one sphere centered at
each image pixel, whose radius can be adjusted. Calculations
denoted as Variable-Scale Statistics (VSSs) are performed
on populations of pixels within spheres, as well as popu-
lations of adjacent and overlapping spheres. Memory and
computational requirements are kept reasonable by storing
only a relatively small, fixed number of VSSs at every
pixel, many of which can be updated incrementally when
growing or shrinking spheres. The ultimate goal of adjusting
radii is to produce a sphere map in which each sphere is
as large as possible without crossing a boundary. In the
optimized sphere, the sphere map is thus equivalent to
what is commonly known as a distance map [1], that is,
the distance to the nearest boundary. Though the task is
trivial with binary images, where definitive boundaries are
known, it presents a challenge when boundaries are difficult
to determine due to noise and tissue inhomogeneity. Our
approach is well suited to this challenge, with the caveat that

the correctness of segmentation of real images is generally
subjective.

Many conventional methods for image processing con-
sider a region of fixed size and shape, usually referred to
as a kernel, especially when used for convolution. Other
common approaches define dynamic regions adjoining
boundaries using deformable contours [2] or level sets [3].
Our approach, instead, uses a set of spheres whose individual
radii are optimized using VSS operators to achieve maximum
discrimination between adjoining image regions. Not only
do such spheres provide highly representative populations
for boundary detection, but those spheres that touch at least
two boundaries are also medial, providing a basis for medial
feature extraction. Unlike Gaussian blurring, commonly
used in multiscale analysis [4], Shells and Spheres preserves
sharp boundaries with increasing scale. This paper presents
the notation and basic operators of Shells and Spheres for
computing VSS. Using this framework, a wide variety of
algorithms for sphere map optimization are possible, and we
present two such algorithm, a trivial one for noiseless images
and a practical one for real medial images with noise. We
then extend this algorithm to include methods to identify
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boundary and medial locations, followed by an application
of that extended algorithm to image segmentation.

A primary goal of the research presented here is to
extract medial ridges from images. The lineage of the medial
approach may be traced to the medial axis (otherwise known
as the symmetric axis or skeleton) introduced on binary
images by Blum and developed [5–7]. Pizer extended the
medial axis to gray-scale images, producing a graded measure
called medialness, which links the aperture of the boundary
measurement to the radius of the medial axis to produce
what has been called a core. A core is a locus in a space whose
coordinates are position, radius, and associated orientations
[8, 9]. Methods involving these continuous loci of medial
primitives have proven particularly robust against noise and
variation in target shapes [10]. Models including discrete loci
of medial primitives have also provided the framework for
a class of active shape models known as deformable m-reps
(sampled medial representations) [11], as well as a statistical
approach using pairs of detected boundary points known as
core atoms developed previously by Stetten and Pizer [12].
An excellent review of medial approaches and theory may be
found in a recent text by Siddiqi and Pizer [13].

The following sections will present the fundamental
framework and basic operators of Shells and Spheres, as
well as a detailed description of the two algorithms just
mentioned. A summary of the experimental validation
already published elsewhere is also included, and a brief
discussion.

2. Shells and Spheres Framework

We begin by defining our notation. Shells and Spheres is
inherently n-dimensional. For brevity, we use the term sphere
regardless of image dimension, instead of the dimension-
specific terms disk (circle), sphere, or hypersphere. Figures are
presented in 2D for ease of illustration.

Since the framework of Shells and Spheres is used to
gather statistics on dynamic populations of pixels, we adopt
a hybrid form of notation derived from standard set theory
and statistics. We denote vectors by lowercase bold-faced
letters (x), scalars by lowercase italic letters (r), and sets
by uppercase letters (S). We use Z to denote the set of all
integers, and Ω ⊂ Zn to denote the set of all pixel locations in
a sampled n-dimensional image.

Given an n-dimensional image with intensities f (x) for
x ∈ Ω, we define a sphere map, which assigns the radius r(x),
the radius of a sphere centered at pixel x. We define a sphere
to be an n-dimensional neighborhood of pixels that lie within
a radius r of a center point. We use an integer value for r, such
that a sphere of radius r centered at a pixel x is given by

Sr(x) = {y : round
(∣∣y − x

∣∣) ≤ r, y ∈ Ω
}

, (1)

where Sr(x) is a sphere of radius r centered at image pixel
x, and y is a pixel within that sphere. Note the shorthand
notation for the subscript r, meaning r(x), the radius of
the particular sphere at x as given by the sphere map. In
some instances, the reader will encounter an example with a
different subscript, such as S1(x), meaning a sphere of radius
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Figure 1: Each pixel is shown as a number indicating its integer
distance from the central pixel. If we denote the central pixel as x,
then pixels labeled n are members of the set Hn(x). For example, the
pixels labeled “3” (shown in bold) comprise the shell H3(x).

1, irrespective of r(x). By definition, x ∈ Sr(x) for all x, even
when r(x) = 0, and hence Sr(x) is always nonempty.

A shell is a set of all pixels whose distance to the center
rounds to a given radius, defined for radius r as

Hr(x) = {y : round
(∣∣y − x

∣∣) = r, y ∈ Ω
}
. (2)

Shells are nonoverlapping such that for concentric shells,

Hp(x)∩Hq(x) = ∅, p /= q. (3)

Additionally, shells are space filling, and thus a sphere of
radius r may be formed from a union of shells,

Sr(x) =
r⋃

k=0

Hk(x). (4)

Figure 1 illustrates the distribution of pixels in a series of
concentric shells surrounding a central pixel in a 2D image.
Each pixel is labeled with its integer radius from the central
pixel (labeled “x”). The shell H3(x) is shown as the pixels
labeled “3” in bold.

Figure 2 shows an image containing two noiseless objects
with pixel intensities of 1 and 9, respectively. Note that pixels
in this case are represented by their intensity. The boundary
between the image objects is identified by a straight dashed
line. Pixel x is surrounded by a concentric set of four shells
H0(x), H1(x), H2(x), and H3(x), shown separated by dashed
circles. Shell H3(x) is truncated by the edge of the image.
The union of all four shells is Sr(x), shown enclosed by a
solid circle, also truncated by the edge of the image, with a
radius governed by the value of r(x) = 3 in the sphere map.
Similarly, on the other side of the boundary, pixel y with an
intensity value of 9 has three shells whose union Sr(y) has a
radius r(y) = 2. Both Sr(x) and Sr(y) touch but do not cross
the boundary and are therefore correctly optimized.

The correctly optimized sphere map of the image in
Figure 2 is shown in Figure 3, with each pixel represented by
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Figure 2: Noiseless image with boundary between two objects.
Correctly scaled spheres Sr(x) with r(x) = 3 and Sr(y) with r(y) = 2
touch, but do not cross, the boundary. Numbers indicate pixel
intensity.
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Figure 3: Correctly optimized sphere map of the image in Figure 2.
Numbers indicate the integer radius of the sphere at each pixel.
Pixels x and y are labeled as before.

the radius of the sphere centered at that pixel. Note the linear
increase in sphere radius with distance from the boundary
and the fact that the radius equals zero adjacent to the
boundary.

3. Variable Scale Statistics

We derive a number of statistics at pixel x (and every other
pixel), calculated on the intensities of pixels within the sphere
Sr(x). Since these statistics depend on the radii of the spheres,
we call them Variable Scale Statistics (VSS). We denote as
primary statistics those VSS at x calculated using only the
population of pixels within Sr(x). Higher-order secondary
statistics are VSS derived from multiple spheres.

4. Primary Statistics

The primary statistics at pixel x concern only the population
of pixels within the sphere Sr(x). Thus the mean at pixel x is
the mean intensity of all pixels within the population Sr(x) at
its current radius, defined as

μ(x) = 1
|Sr(x)|

∑
y∈Sr (x)

f
(

y
)
, (5)

where |Sr(x)| is the number of pixels in Sr(x) and f (y) is the
image intensity at pixel y.

The variance at pixel x is defined as

σ2(x) = 1
|Sr(x)| − 1

∑
y∈Sr (x)

[
f
(

y
)− μ(x)

]2, |Sr(x)| > 1.

(6)

Variance may only be calculated when |Sr(x)| > 1, since
when r(x) = 0 there is only one pixel in Sr(x) and variance is
not defined. The standard deviation σ(x) of the intensities of
the set of pixels within the sphere centered at pixel x is simply
the square root of the variance.

The first-order moment of intensities within Sr(x) is given
by

m(x) =
∑

y∈Sr (x)

(
y − x

)
f
(

y
)
. (7)

Due to the finite extent of an image’s domain Ω, a sphere
may be truncated by one or more edges of the image
(e.g, S3(x) in Figure 2). Unlike conventional kernels, which
usually require pixel values outside the image to be arbitrarily
defined, our spherical sets simply exclude such locations
from calculations. Thus, truncation will not adversely affect
μ(x) or σ(x), other than by reducing the sample size; it
will not bias the result by introducing some arbitrary values
for pixels outside the image. The first-order moment of a
truncated sphere, however, does exhibit an edge effect, due to
its asymmetrical pixel distribution. We compensate for this
by defining a measure, VSS gradient, which corrects the first-
order moment of intensities to remove the edge effect. Given
the center of mass of pixel locations in sphere Sr(x),

c(x) = 1
|Sr(x)|

∑
y∈Sr (x)

y, (8)

the VSS gradient∇ f (x) is defined as

∇ f (x) = 1
|Sr(x)|

[
m(x)− μ(x)(c(x)− x)

]
. (9)

Note that for nontruncated spheres c(x) = x and VSS
gradient is equivalent to the moment vector normalized to
the number of pixels, m(x)/|Sr(x)|. For truncated spheres,
the VSS gradient does not suffer from the edge effects
typical of convolution kernels used to measure gradient (see
Figure 4).

All of the above primary statistics depend only on the
pixels within a given sphere. As a sphere grows or shrinks, its
primary statistics can be computed incrementally by adding
or removing shells, significantly reducing computational
load during sphere map optimization.

5. Secondary Statistics

We define secondary statistics as higher order VSS derived
by combining multiple spheres to perform more complex
analyses of neighborhoods. One such neighborhood that is
useful in these computations,

S−1(x) = {y : x ∈ Sr
(

y
)}

, (10)
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(a) (b)

Figure 4: (a) Synthetic noiseless image. (b) Corresponding vertical component of the VSS gradient (radius = 3 for all spheres). Note there
are no edge effects, such as those seen with conventional gradient calculations.
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Figure 5: The S−1(x) set of spheres that contain pixel x, adjacent to
the boundary between two noiseless regions (same as Figure 2) with
respective intensities of 1 and 9.

is the set of all pixels whose spheres contain x. The −1
superscript in S−1(x) is used to impart the flavor of an inverse
function. Since spheres adjust their radii individually, the
number of spheres that contain a given pixel varies widely.
However, since it is always true that x ∈ Sr(x), it is also
always true that x ∈ S−1(x); every pixel is contained by its
own sphere.

Given a correctly optimized sphere map, S−1(x) will
consist entirely of pixels from the same object as pixel x.
Figure 5 shows members of one such S−1(x) set, consisting
of three pixels (bold), whose spheres each contain x. Notice
that all three spheres touch but do not cross the boundary, so
they are correctly optimized. (There would be other spheres
as well in a correctly optimized S−1(x).)

Secondary statistics are derived from populations of
spheres such as S−1(x). Thus, μμ(x), the mean of means at
pixel x is defined as

μμ(x) = 1
|S−1(x)|

∑
y∈S−1(x)

μ
(

y
)
, (11)

which is the mean of the mean intensities for all the
spheres in S−1(x). In a noiseless image containing distinct
homogeneous regions, the correctly optimized sphere map
yields values for μμ(x) identical to the original intensity
image f (x). In a noisy image, as will be shown, μμ(x) yields a
an image with reduced noise but with sharp boundaries.
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Figure 6: Image with noise. Pixel x is deterred from extending its
sphere across the boundary because its mean is an outlier in the
population S−1(y).

Likewise, σμ(x), the standard deviation of the mean
intensities for the spheres in S−1(x) is defined as

σμ(x)

=
⎡⎣ 1
|S−1(x)| − 1

∑
y∈S−1(x)

[
μ
(

y
)− μμ(x)

]2

⎤⎦
1
2

,
∣∣S−1(x)

∣∣ > 1.

(12)

Note that, as with σ(x), the above definition of σμ(x) is given
only for |S−1(x)| > 1, since at least two samples are required
for variance or standard deviation to be meaningful. For
noiseless images, a correct sphere map will yield a value of
zero for σμ(x) at every pixel.

We can now compute zμ(x | y), the z-value for the sphere
x to belong to the set of spheres that already include y. We
define zμ(x | y) as

zμ
(

x | y
) =

∣∣∣μ(x)− μμ
(

y
)∣∣∣

σμ
(

y
) , (13)

to provide a measure of how well Sr(x) fits into the current
S−1(y) set. The justification is that in an optimized sphere
map, if Sr(x) were to justifiably contain pixel y, then μ(x)
should fall within the distribution of means for all spheres
that already contain y. This concept is illustrated in Figure 6,



International Journal of Biomedical Imaging 5

which shows pixel x attempting to extend its sphere across
the boundary to include pixel y. We have included noise in
the image to demonstrate that a high z-value could be used
to stop the growth of Sr(x) at the boundary, even in the
presence of such noise. It should be noted that the utility of
this statistic is dependent on a reasonable initialization of the
sphere map, such that the percentage of spheres already not
crossing boundaries is high enough to lend statistical validity
to μμ(y) and σμ(y).

6. Noiseless Sphere Map
Optimization Algorithm

Armed with the primary and secondary statistics just
described, we are ready to develop algorithms to optimize a
sphere map, that is, to set the correct radius of each sphere
S(x) in an image such that it reaches, but does not cross, the
nearest boundary. We will develop two such algorithms here.
The first is designed to optimize a sphere map on a noiseless
image, a far simpler task than optimizing a sphere map for a
real image.

A noiseless image consists of a set of objects, each
containing a set of pixels of uniform intensity. Figure 7(a)
shows an example of a synthetically generated noiseless
image. Object boundaries can easily be determined in such
images by detecting any change in intensity between pixels.
Our noiseless algorithm functions simply by growing each
sphere S(x) in the image until it contains a pixel y in its next
outer shell, y ∈ Hr+1(x), with a different intensity value than
that of pixel x, resulting in a nonzero variance σ2(x). This
process produces a sphere map containing the correct radii
of all spheres within the image, shown in Figure 7(b), whose
intensity represents r(x). Notice the bright ridges within
and between objects, representing medial ridges, where
spheres touch at least two boundary points. The noiseless
algorithm is useful for finding medial ridges in cases where
an unambiguous segmentation has already been obtained.
We have used it, for example, on manual segmentations of
the amygdala in the magnetic resonance (MR) images of the
human brain, to determine medial parameters of shape for
diagnosis of depression [14, 15].

7. Real Image Segmentation Algorithm

Real images contain noise and therefore require greater
finesse and complexity in establishing the optimal sphere
map. The Shells and Spheres framework lends itself to the
design of many different algorithms for this purpose. We
present here in detail one such algorithm that was the subject
of the masters and doctoral dissertations of [16, 17].

The algorithm takes the form of a six-step process, with
Steps 1–4 optimizing the sphere map, Step 5 finding medial
pixels, and Step 6 producing a segmentation of the target
object. Step 1 uses VSS gradient to detect boundaries and
creates an initial approximation of the correct sphere map,
from which acceptable statistical values can be obtained
for use in subsequent steps. Step 2 utilizes the pronounced
discrepancy in pixel variance between spheres that have

incorrectly grown across boundaries and those that have not,
to reduce the size of incorrect spheres, placing them correctly
within their appropriate image objects. Step 3 introduces
specialized boundary indicators, known as outposts, designed
to stop spheres from crossing into a new image object, using
information extracted from population testing between
spheres in adjacent objects. These outposts influence the
radii of nearby spheres, resizing them to adhere to a
consensus on boundary location. Step 4 revisits variance
calculation using the current sphere map, which is more
accurate than the sphere map previously available. The
new variance measure is applied to spheres, encouraging
them to fully grow within their respective image objects,
effectively smoothing the radius image and sharpening its
boundaries (as defined by all spheres of radius 0 or 1). Step 5
identifies medial pixels, that is, those whose spheres touch
at least two boundaries. Given a seed point within the target
object, Step 6 locates the nearest medial pixel and connects
neighboring medial pixels, combining their corresponding
spheres to produce a segmentation. The following sections
describe each step in detail.

Step 1 (VSS Gradient-Based Radius Approximation). As
previously illustrated, it is trivial to optimize the sphere map
for a noiseless image by growing spheres until a new intensity
value is detected. When analyzing real images, however, this
approach will fail, because intensity variation due to noise
may be indistinguishable from an object boundary, especially
within small spheres. For illustrative purposes, we consider
the previous synthetic image with Gaussian noise added,
shown in Figure 8.

Steps 2, 3, and 4 depend on there already existing a sphere
map that is at least somewhat accurate, because those steps
make use of secondary VSS, based on collections of existing
spheres. For Step 1 to accomplish this first attempt at an
accurate sphere map, all spheres are first set to r(x) = 0
and are then allowed to grow until a persistent increase in
VSS gradient magnitude (9) is detected over a continuous
range of sphere sizes. Unlike conventional gradient measured
with a fixed-scale kernel, the VSS gradient depends locally
on r(x) and is based on the first-order moment of intensity
normalized by the number of pixels in the sphere. Thus
the VSS gradient can be expected to increase monotonically
as a sphere grows past a boundary, since the first-order
moment favors the outer pixels. A persistent increase in VSS
gradient for g consecutive steps is sought, indicating that
a boundary has been crossed, whereupon r(x) is reset to
the radius just before the increase in VSS gradient began.
Empirically, it has been found that a value of g = 5
performs well for both MRI and CT cardiac data to achieve
a reasonable first approximation of the optimized sphere
map. We found Step 1 to be effective at growing spheres past
tissue inhomogeneity and noise. However, spheres may not
stop exactly on the boundary because of the effect of noise
on the detection of consistent gradient increase. Using VSS
gradient to govern sphere growth can also fail completely
for a sphere that encounters two opposing boundaries
simultaneously, as their contributions to the gradient may
cancel.
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(a) (b)

Figure 7: (a) An example noiseless image. (b) The sphere map created by the noiseless algorithm, represented as an image where each pixel
x has an intensity value equivalent to the radius of its sphere S(x).

Figure 8: Synthetic test image from Figure 7(a) with gaussian noise
added.
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Figure 9: A height map of the variance σ2(x) after Step 1 is
applied to the image in Figure 8, showing large spikes where spheres
encounter two boundaries at once, canceling VSS gradient and
growing too large.
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Figure 10: Illustration of K−1(x) containing 7 pixels (bold), each of
whose spheres would place its reflector across the boundary at x.

Step 2 (Variance-Constrained Radius Reduction). After
Step 1, three possible states exist for each sphere: The sphere
can be too large, too small, or the correct size (i.e., it touches
the nearest boundary but does not cross it). The most glaring
error in the sphere map after Step 1 is the presence of large-
scale spheres that have incorrectly grown past boundaries.
As previously mentioned, this type of error typically occurs
when a growing sphere contacts multiple boundaries at
once, which indicates that the sphere lies on the medial
manifold (the locus of centers of spheres lying within an
object that touch at least two boundaries). In such a case, the
contributions to the VSS gradient from multiple boundaries
may cancel, allowing the sphere to grow much larger than
its correct radius. Such spheres, luckily, have variance values
that are orders of magnitude higher than those that remain
within a single object.

Figure 9 shows a height map of variance values σ2(x) for
all spheres after applying Step 1 to the synthetic image with
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Figure 11: (a) Diagram of an object with intensity 1 between two regions of intensity 9, showing set S−1(b) of pixels (bold) whose spheres
contain pixel b. This set produces an s(b) vector (see text) along which the furthest bold pixel m is the center of a medial sphere (circle
in bold) touching both boundaries (dashed lines). (b) Image of a 2D slice through a CT scan of the aorta with contrast showing an actual
S−1(b) set (purple), the resulting s(b) vector, and the medial manifold (dashed curve) on which the furthest sphere along s(b) must lie.

added noise shown in Figure 8. The flat “floor” section of
the height map is the variance of the uniform noise added
to the image, which has a value near 200. Spheres crossing
boundaries, however, have a much larger variance than
spheres that correctly remain within the object boundaries,
extending to a value of nearly 16000. This large dynamic
range can be exploited to shrink the spheres that grow too
large. All spheres with a variance above a certain threshold
αs are shrunk by decrementing r(x) until σ2(x) < αs. (The
subscript “s” stands for shrink.) The threshold αs is defined
as

αs = μσ2 + βsσσ2 , (14)

where μσ2 and σσ2 are the mean and standard deviation,
respectively, of the variance of all the spheres in the current
sphere map. The positive constant βs thus represents the
number of standard deviations above the mean permitted
for a sphere’s variance without the sphere being required to
shrink. The exact value of this parameter is not particularly
critical, as the difference between the spheres that grew much
too large and the others is very large. We found typical value
for βs to be 0.2, although as will be described below the value
was optimized for individual data sets. Reducing the radius
of pixels with extremely high variance corrects a majority of
the spheres that have incorrectly grown past boundaries.This
global threshold for σ2(x) is not ideal, because it assumes
a constant expected variance throughout the image. This
expectation is likely untrue, given factors such as tissue
inhomogeneity and nonuniform noise, and ongoing work is
exploring ways around this problem. It should also be noted
that σ2(x), and thus the threshold αs, depend on the current
sphere map, r(x), which is not yet fully optimized at this
step. This deficiency is addressed by returning to variance in
Step 4, once a more accurate r(x) is available.

Step 3 (Reflectance and Outposts). Following Step 2, many
spheres are correctly sized and face each other across
boundaries. This sets the stage for the use of secondary VSS
to differentiate regions on opposite sides of those boundaries.
Likely boundary candidates are identified for a given sphere

at location x by finding a pixel y in its Hr+1(x) shell with
a high value for zμ(x | y). As already discussed, and
illustrated in Figure 6, such a sphere will detect growth past
a boundary by finding itself unlike the S−1(y) population of
spheres containing the pixel y just across the boundary. The
sphere at x is said to place a reflector at such a location, a
metaphorical construct denoting a vote by the sphere at x for
the pixel y as being across the nearest boundary. Note that we
do not vote for pixel y as a boundary itself. Instead, pixels on
each side of a detected boundary are marked by each other as
being accros the boundary. Thus, referring again to Figure 6,
Sr(x) could place a reflector at pixel y. The set of reflectors
placed by a given sphere Sr(x) is denoted,K(x). In the present
algorithm the constraint |K(x)| = 1 is applied, limiting each
sphere to placing only one reflector, for reasons discussed
below. This constraint leads to the definition of K(x) as

K(x) =
⎧⎨⎩y : y = argmax

y∈Hr+1(x)

zμ
(

x | y
)⎫⎬⎭. (15)

If a boundary exists just beyond the outer shell of Sr(x), it
will be located at the pixel y for which the highest zμ(x | y)
is calculated. If multiple object boundaries exist just beyond
the outer shell of Sr(x), the boundary producing the largest
zμ(x | y) will be marked with a reflector.Each pixel may
contain reflectors placed by a number of spheres. The set of
spheres that have placed reflectors at a pixel x is defined as

K−1(x) = {y : x ∈ K
(

y
)}

, (16)

invoking the same inverse notation used for S−1(x) in (10).
A set of spheres placing their reflectors across a boundary
at pixel x is shown in Figure 11. The number of reflectors
|K−1(x)| at a given pixel is referred to as the reflector count.
For example, in Figure 10, the reflector count |K−1(x)| =
7.A reflector placed by y at x has an inherent direction
governed by the vector (y − x). The vector sum of the
directions of all of the reflectors at x is denoted, the reflectance
k(x), defined by

k(x) = 1∣∣∣K−1(x)
∣∣∣

∑
y∈K−1(x)

y − x∣∣y − x
∣∣ . (17)
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This measure provides the average orientation of the K−1(x)
population, which describes a direction generally normal
to the boundary, pointing to the center of the region
represented by K−1(x). Since it was decided that each sphere
will contribute exactly one reflector, reflector density and
reflectance are normalized over the image. Therefore, reflec-
tor count can be used to differentiate between significant
collections of reflectors correctly placed at boundaries and
sparse distributions of reflectors incorrectly placed in the
interior of objects. To denote pixels containing a significant
number of reflectors, the term outpost is adopted, since such
pixels serve as border markers and face each other across
boundaries much the same way that military outposts of
opposing armies face each other across the battle line.The
set of all pixels in an image chosen to be outposts is denoted
by P. In the present algorithm this set is found in two steps.
First, the set of primary outposts P′ is established, containing
all pixels with zero radius and at least κ reflectors, that is,

P′ = {x :
∣∣K−1(x)

∣∣ ≥ κ, r(x) = 0
}
. (18)

For the results presented in this paper, κ = 4. To increase the
density of outposts along the boundaries, a set of secondary
outposts P′′ is generated, containing all pixels with zero
radius that adjoin an outpost in P′ and have at least λ
reflectors, where λ < κ,

P′′ = {x :
∣∣K−1(x)

∣∣ ≥ λ, H1(x)∩ P′ /=∅, r(x) = 0
}
.
(19)

For the results presented, λ = 2. By combining the sets of
primary and secondary outposts, the set of all outposts,

P = P′ ∪ P′′ (20)

is formed.Each outpost y ∈ P has a reflectance k(y). A sphere
at x can distinguish whether a given outpost is on its side
of the boundary, constituting a friendly outpost, or the other
side of the boundary, constituting an enemy outpost, based on
the direction of the outpost’s reflectance. The set of enemy
outposts (those with reflectance facing x) within the sphere
of radius r(x) is defined as

Er(x) = {y : y ∈ P ∩ Sr(x), k
(

y
) · (y − x

)
< 0
}

, (21)

where the sign of the dot product determines the direction of
k(y) relative to x.In governing the growth of a sphere, enemy
outposts are to be avoided, while friendly outposts can be
included. More specifically, enemy outposts should stop the
growth of spheres, as they represent a different image region
than the one in which the sphere resides, while friendly
outposts do not. Step 3 uses the number of enemy outposts
to adjust the sphere size as follows: If the pixel contains no
enemy outposts in its next shell out, Hr+1(x), the sphere
grows until it does. That is,

if |Er+1(x)| = 0, increase r(x) until |Er+1(x)| > 0. (22)

If the number of enemy outposts included in the set Sr(x) is
greater than γ, the radius is decreased until this is no longer
true, that is,

if |Er+1(x)| > γ, reduce r(x) until |Er(x)| ≤ γ. (23)

In the present implementation, γ = 2. This value prevents
lone pixels that have been improperly labeled as outposts
from incorrectly causing spheres to shrink.After Step 2, in
which incorrectly large spheres have been adjusted to a more
correct size, the most pressing problem with the sphere map
is the scattered effects of noise on r(x). Step 3 focuses on
spheres that have incorrectly stopped growth at image noise,
or grown slightly too large across their nearest boundary. The
effect of these outpost-driven operations is that significant
densities of reflectors placed by correctly-sized spheres along
boundaries are used to govern the size of other spheres,
sweeping incorrect reflectors from the within objects to the
boundaries (since a sphere’s reflector is redistributed when its
radius is altered). Since each sphere places only one reflector,
some pixels along object boundaries may remain unmarked,
leading to a somewhat sparse collection of outposts along
boundaries. This will not adversely effect the evolution of
the sphere map, however, due to another advantage of our
spherical operator design. Because most spheres are large
relative to the spacing of outposts along the boundary, their
growth will be stopped and they tend not to “leak” or
“bleed” across boundaries, as some conventional deformable
contours are prone to do.

Step 4 (Variance-Constrained Scale Growth). At this point
in the analysis, our sphere map has achieved a configuration
generally representative of the shapes within the image, but
it still retains adverse effects from noise and suboptimal
boundary detection. Although Step 3 results in a reasonably
accurate r(x), some spheres still may not quite reach bound-
aries, due to pixels being incorrectly labeled as outposts.
These false outposts will stop spheres in the interior of image
objects, leading to potential errors in segmentation. As an
added measure to force spheres to grow maximally within
their objects, we return to variance a second time, calculated
in the same manner as in Step 2, but used to grown now
rather than to shrink.A second global variance threshold for
variance, αg , similar to αs described above, is calculated as

αg = μσ2 + βgσσ2 , (24)

where μσ2 and σσ2 again are the mean and standard deviation,
respectively, of the variance throughout the image (the
subscript “g” stands for grow). The threshold αg is used
to smooth the boundaries in the radius image by forcing
spheres to grow up to the actual boundary using the
current, more accurate variance σ2(x). The value of r(x)
is incremented for all spheres while their internal variance
σ2(x) < αg . This creates a sphere map that more accurately
matches the contours of objects in the image.At this point the
sphere map is considered optimized.

Step 5 (Medial Pixel Identification). Given the optimized
sphere map r(x), the next goal is to extract medial pixels. To
facilitate this, a dense set of boundary pixels B is first defined,
as those whose spheres have radius 0 or 1,

B = {x : r(x) ≤ 1}. (25)

The sets S−1(b) for all boundary pixels b ∈ B can be used
to find pixels on the medial manifold, whose spheres touch
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two boundaries while still lying completely within the object.
Recall that the S−1(b) set for pixel b contains all spheres in
the sphere map that themselves contain pixel b (10). Given
a correct sphere map, this set will necessarily contain at
least one sphere that touches both the boundary that pixel
b borders as well as an opposing boundary across the object
region (and also across the sphere) from pixel b. Figure 11(a)
shows such a medial pixel (labeled “m”) on the medial
manifold of an object of intensity 1, between two regions
of intensity 9.To find such medial pixels within S−1(b), we
first define an orientation s(b), roughly orthogonal to the
boundary, as the vector sum of the normalized offsets relative
to b for pixels within S−1(b) as

s(b) = 1
|S−1(b)|

∑
y∈S−1(b)

y − b∣∣y − b
∣∣ . (26)

For each boundary pixel b ∈ B, the pixel m ∈ S−1(b) that
is furthest from the boundary along s(b) is identified as a
medial pixel, as depicted in Figure 12(a). The set of all medial
pixels M in the image is thus

M =
⎧⎨⎩m : m = argmax

y∈S−1(b)

((
y − b

) · s(b)
)
, b ∈ B

⎫⎬⎭. (27)

Figure 11(b) shows an actual S−1(b) set for a pixel b on the
boundary of the aorta in a 2D slice through a computed
tomography (CT) scan with contrast. The furthest pixel
along vector s(b) lies on that medial manifold (dashed
line).Selecting a single pixel from each S−1(b) set overlooks
a potentially large number of additional medial pixels on the
outer edge of each set, especially for a concave boundary
point such as shown in Figure 12. One can, however, be
certain that each S−1(b) set contains a minimum of one
medial pixel, as the center of the largest sphere in the
direction roughly orthogonal to the boundary. The set M
derived taking advantage of this fact is a sparse but reliable set
of pixels on the various medial manifolds within the image.

Step 6 (Medial Flood-Fill Segmentation). To segment a
particular object, a seed pixel p ∈ M on that object’s medial
manifold is needed. To find it, a sample pixel is manually
selected by the user, and a search is conducted for the closest
medial pixel by iterating through successive shells moving
radially outward from the selected pixel. The first medial
pixel encountered is accepted as p. A flood fill operator is
then used to find a connected subsetC ⊆M. Pixels belonging
in C are found iteratively using a series of sets Ci starting with
C0, a set containing just the seed pixel p. At each subsequent
step i+1, the set Ci+1 is created by adding medial pixels within
a radius m of pixels already in set Ci. More precisely, Ci is
defined recursively as

C0 =
{

p
}

,

Ci+1{x : x ∈M, Sm(x)∩ Ci /=∅}.
(28)

For the results presented, radius m was dynamically set to
m(x) = r(x)/2 as this causes the algorithm to search halfway

from the medial manifold to the boundary for new medial
pixels to include, therefore staying within the designated
object. When a final step f adds no new pixels, such that

Cf = Cf−1, (29)

the flood-fill is complete, as the set of connected medial
pixels within the object is the current pixel collection, or

C = Cf . (30)

The union of the set of spheres centered at these medial pixels
effectively segments the object by including all of the pixels
designated as within the object. These spheres, centered on
the medial manifold, extend to all points on the boundary.

8. Results

The present paper is the first disclosure in a journal article
of the detailed mathematics of Shells and Spheres. Validation
of the particular algorithm just described has already been
published [18], so we only summarize those results briefly
here. Figure 12 shows a segmentation of the aorta on a
2D slice through a throracic CT scan with contrast. On
the left, the raw CT data is shown to have considerable
noise. On the right, the mean of means image μμ(x) exhibits
greatly reduced noise while maintaining sharp boundaries
and significant detail. The aorta has been segmented (purple)
by initializing a flood-fill operation with a single-seed point
near its medial manifold.

Figure 13(a) shows a 3D segmentation of the aorta using
the same algorithm (which is inherently n-dimensional). The
top portion shows the raw CT data and the bottom shows a
surface rendering of the segmented aorta as the union of all
the medial spheres.

Figure 13(b) shows the results of segmenting the heart
in 3D magnetic resonance (MR) data. In this case, we
performed parameter optimization using a single manual
tracing on a 2D slice selected from a 3D image data set,
to find optimum values for βs and βg , used to compute
the thresholds for variance-based shrinking and growing in
Steps 2 and 4 of the algorithm, respectively. Otherwise, the
algorithm is completely automatic.

To test the accuracy of the 3D segmentation, a validation
study was conducted to compare it to three manual seg-
mentations. Each segmentation was produced by a different
user. Figure 14 shows the Dice Similarity Coefficient (DSC)
values for our automated segmentation compared to the
manual segmentations, as well as the DSC values for the
manual segmentations compared to each other. The DSC
produces the value 1 for identical segmentation and 0
for segmentations that do not overlap at all. It can be
seen that our automated segmentation matches the manual
segmentations with a DSC between 0.83 and 0.86. It should
be noted that a DSC of 0.70 is considered excellent agreement
in the literature [19], although the definition of sufficient
accuracy is, of course, specific to the application. While the
manual segmentations produced slightly higher agreement
with each other than with the automated segmentation, it
is believed that a significant portion of this discrepancy
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(a) (b)

Figure 12: (a) Two-dimensional sagital slice through computer tomography (CT) data of thorax with vascular contrast used in preliminary
testing of our algorithm. (b) Mean of means μμ(x) image showing reduced noise and sharp boundaries, automated segmentation of aorta
highlighted (purple) created from a single-seed point.
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Figure 13: (a) 3D contrast-enhanced CT scan of the aorta (top
left), and the same scan with an overlaid 3D segmentation (bottom
left) achieved using the Shells and Spheres framework. (b) Surface
rendering of a Shells and Spheres segmentation of the right heart
with labeled Right Ventricle (RV) and Right Ventricular Outflow
Tract (RVOT), shown from three different perspectives.

is due to the difficulty for the algorithm in defining the
extent of the “right heart” along the continuum of the
circulatory system, rather than the boundaries of the vessels
themselves. Subject 3 elected to include less of the branching
vasculature connected to the main cardiac structures, which
led to greater agreement with the automated segmentation
and less agreement with the other manual segmentations.
Despite the variation in manual segmentations, our system
still demonstrated reliable segmentation results.

Subject 1

Subject 2

Subject 1 Subject 2 Subject 3

S&S 0.83 0.84 0.86

∗
∗∗

0.91 0.88

0.89

Figure 14: Table of DSC values comparing segmentations produced
by 3 independent subjects and our Shells and Spheres algorithm.

Comparison with other segmentation techniques is
always desirable, but problematic in view of the enormous
number of methods that have been developed. We compared
our method against two other techniques, an active contour
method and intesity thresholding. We present those results
in the following section.

Segmentations of the RVOT in our 3D ovine MRI
data sets were produced with a widely used geodesic active
contour method implemented in the Insight Toolkit ITK-
SNAP software package [20]. As before, the DSC was used
to show agreement to the manual 3D segmentations of the
RVOT produced by our three experts. Results of comparing
the active contour method to our Shells and Spheres method
can be seen in Figure 15.

This graph shows the mean segmentation agreement to
all expert segmentations over ten ovine MRI data sets for the
active contour method and our Shells and Spheres method.
The error bars were determined by the Standard Error of the
Mean (SEM).

We can see that the Shells and Spheres segmentation
system performed slightly better than the active contour
method, but the high degree of overlap of the respective
SEM values indicates roughly equivalent performance. An
independent-samples t-test showed that the two means were
not significantly different (P-value = .741). We conclude that
Shells and Spheres can match this current clinical state
of the art-automated segmentation method. Furthermore,
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Figure 15: Bar graph showing the mean 3D segmentation agree-
ment to all expert segmentations over all data sets for both ITK-
SNAP active contour method (blue) and the Shells and Spheres
method (maroon). Error bars show the standard error of the mean
(SEM).

the minimal manual input required by the Shells and Spheres
algorithm at the onset of analysis (tracing a single 2D
slice for parameter optimization) represents considerable
less time and effort on the part of the human operator
than the continual supervision necessary for the active
contour method. Additionally, our system is designed to
require only skills and expertise inherent to the clinical
professional, rather than expecting a medical professional
to gain algorithmic or mathematical expertise to effectively
perform the active contour segmentation.

Intensity thresholding coupled with a flood-fill from
a manually placed seed point was also explored as a
common technique for comparison to our segmentation
system, but the prevalence of partial-volume effects and
tissue inhomogeneity in MRI images made this method
incapable of segmenting the RVOT in our data sets, due to
bleeding of the floodfill regardless of threshold parameters.
Without a high degree of manual postprocessing, this
method produced a failed segmentation (DSC < 0.70 for all
expert segmentations) on each of our MRI data sets.

9. Discussion

The Shells and Spheres framework for image analysis and
the associated n-dimensional algorithms described here
represent a novel system to facilitate image segmentation.
Advantages include preservation of sharp boundaries while
including large populations of pixels from both sides of
the boundaries for statistical analysis. The primary statistics
exhibit no edge effect and can be efficiently computed
by adding and subtracting shells while optimizing the
sphere map. Because the framework is truly n-dimensional,
volumetric segmentation occurs in 3D, not slice by slice,
lending a natural anatomical appearance to the visualized
surface. Finally, the algorithm presented yields useful medial
features for further analysis, which is highly relevant to
understanding anatomical shape.

We have presented just two example algorithms. Many
others are possible. One that is currently under development

introduces a new secondary statistic, a variation on the
Student’s t-test, incorporating mean and variance in a
way that further sharpens boundary detection. Subsequent
determination of the medial manifold uses the divergence
of the unit direction to the nearest boundary [21], an
adaptation of concepts recently developed by Dimitrov et al.
[22] which are particularly robust in the presence of noise
and efficient to compute when incorporated into the Shells
and Spheres framework.
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Radon transforms defined on smooth curves are well known and extensively studied in the literature. In this paper, we consider
a Radon transform defined on a discontinuous curve formed by a pair of half-lines forming the vertical letter V. If the classical
two-dimensional Radon transform has served as a work horse for tomographic transmission and/or emission imaging, we show
that this V-line Radon transform is the backbone of scattered radiation imaging in two dimensions. We establish its analytic
inverse formula as well as a corresponding filtered back projection reconstruction procedure. These theoretical results allow the
reconstruction of two-dimensional images from Compton scattered radiation collected on a one-dimensional collimated camera.
We illustrate the working principles of this imaging modality by presenting numerical simulation results.

1. Introduction

Collecting first-order Compton scattered radiation by a two-
dimensional gamma camera detection system from an object
for three-dimensional imaging purposes has turned out to
be an attractive alternative to conventional tomographic
emission imaging, which operates only with primary (or
unscattered) radiation [1, 2]. This new imaging principle
is mathematically modeled by the so-called Conical Radon
Transform (CRT) and has been supported by numerical
simulations [2]. Later on, extensions of this idea have been
advocated in various directions [3].

In this paper, we describe the implementation of this
idea in two dimensions. Image formation is now modeled
by a two-dimensional version of the CRT, which shall be
called the V-line Radon transform. This imaging process
may be applied, for example, to two-dimensional structures
in material nondestructive testing as well as in biomedical
imaging. Ideally, one can think of a flat object (or a material
slice), which has been turned into an extended gamma ray-
emitting object. This can be realized by injecting in its
bulk medium a radiotracer which, after spreading unevenly

throughout the body, emits gamma photons of primary
energy E0.

However to an external gamma ray detector, such a
uniform flat object does not appear “monochromatically”
colored. The reason is that the emitted primary gamma pho-
tons will encounter electrically charged particles (electrons)
within this object and will undergo Compton scattering. This
scattering effect will render the object “polychromatically”
colored or “white” because numerous scattered photons will
be produced as secondary radiation over a wide range of
energies below E0. In general, scattered radiation appears
as noise or disturbances which degrades image quality in
imaging units working with primary radiation. Thus removal
(or at least drastic reduction) of the noise resulting from such
physical degrading factors is an absolute requirement that
remains an open research question.

In 2002, by reversing such traditionally admitted view,
we have proposed a radically new standpoint [1]. It consists
of collecting emanating scattered radiation over a whole
range of scattered energies to build a new imaging principle.
Data is collected by a nonmoving collimated linear gamma
camera set to register an image at given scattered energy
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E < E0 (or equivalently at given scattering angle ω). Using
an optical language, one may say that the gamma camera
would record an image through a colored filter. The point
is that the recorded images, labeled by the scattering angle ω,
can be shown to constitute a complete set of data for image
reconstruction. This is precisely what this V-line Radon
transform is about.

Section 2 describes the image formation process by
emission Compton scattered radiation and shows how the
collected data by a linear collimated detector leads to a Radon
transform of the object activity density on a pair of half-lines
forming a standing letter V. This new integral transform,
along with the conical Radon transform (CRT) [1–4],
introduced a few years ago, becomes a new member of the
rich family of Radon transforms [5], known so far in integral
geometry as well as in tomographic imaging. Originally this
V-line Radon transform has been proposed about a decade
ago by Basko et al. [6] to model image formation in a two-
dimensional Compton camera. However the Basko-Radon
transform is defined in fact on a V-line with a swinging
axis around a fixed site whereas the one considered here
has a fixed axis direction. We study its properties and work
out its kernel and its adjoint transform. In particular, we
establish its analytic inverse and the corresponding filtered
backprojection form. This last form has the advantage of
reconstructing the image using fast algorithms. In Section 3,
we present numerical simulations of image reconstruction
including a thyroid phantom to support the feasibility of this
imaging process and present related comments. The paper
ends with a short conclusion on the obtained results and
opens some future research perspectives.

2. The V-Line Radon Transformation

2.1. Image Formation and the V-Line Radon Transform.
Consider a 2D object in which a nonuniform radioactivity
source distribution exists and is represented by a nonnegative
integrable function f (x, y) with bounded support. Figure 1
shows how a collimated linear detector is set parallel to
the plane of the object and how it collects only outgoing
radiation from the object which is parallel to the direction
of the collimator holes.

When the detector is set to absorb gamma photons at
energies below E0, the energy of primary photons emitted
by the object, the photons have undergone at least one
Compton scattering at a site M in the bulk of the object
under a scattering angle ω. As the aim of the paper is to
present a new imaging principle in 2D, we shall concentrate
on the essence of the physical process and avoid, for the
time being, addressing perturbing effects such as attenuation,
higher-order scattering (of much lower actual occurrence
probability), or any other interaction which may mask the
proposed process.

The photon flux density measured at a detecting site D is
due to the sum of scattered radiation flux densities outgoing
from the set of scattering sites M lying along the axis of the
collimator at D. As scattered photons have energy E, they
have been deflected from an incident direction by a scattering

ω
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D
Linear detector

Object
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ω
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Figure 1: Experimental setup and definition of variables.

angle ω, related to E by the Compton formula. Thus the
totality of the detected flux density, for each scattering site
M, is due to the sum of all point sources lying on the V-line
with M as vertex. The analysis of this image formation can be
formulated as follows.

Let g(ξ,ω) be the measured photon flux density at D
under a scattering angle ω, using the cartesian coordinates of
Figure 1. For ease of notation, we shall include all physical
factors resulting from Compton scattering into one term
K(ω). (This term contains the square of the classical electron
radius, the average electron density, and the Klein-Nishina
scattering probability function.) By computing the photon
flux density with the two-dimensional photometric law, we
can write g(ξ,ω) as a sum over all sites M = (ξ,η) of the
V-line Radon transform:

g(ξ,ω) = K(ω)
∫∞

0

dη

η
TV f

(
ξ,η,ω

)
, (1)

where

TV f
(
ξ,η,ω

) = ∫∞
0

dr

r

[
f
(
ξ + r sinω,η + r cosω

)
+ f

(
ξ − r sinω,η + r cosω

)]
,
(2)

the last integral is what we call the V-line Radon transform
of f (x, y), because f (x, y) is integrated on a discontinuous
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vertically standing V-line. Thus we observe that image
formation by first-order Compton scattered radiation in two
dimensions leads to the new concept of a Radon transform
on a V-line.

2.2. The TV Transform. We examine a simplified case of
the V-line Radon transform, for which the V-line vertex is
on the Ox-axis. This transform in fact models the imaging
process of a collimated one-dimensional Compton camera,
a special case of the Compton camera considered by Cree
and Bones [7]. Primary radiation emitted from the object
bulk is scattered by a linear scattering detector, which lies
along the Ox-axis of a cartesian coordinate system and is
absorbed just on a next layer along the vertical direction
by a second absorbing detector. This is of course a ideal
hypothetical research camera, for which the V-line Radon
transform models the image formation process.

The TV transform of an activity density function f (x, y),
defined as the integral of this function along a V-line,
each branch of which making an angle ω with the vertical
direction, gives the detected photon flux density:

TV f (ξ,ω) = g(ξ,ω)

=
∫∞

0

dr

r

[
f (ξ + r sinω, r cosω)

+ f (ξ − r sinω, r cosω)
]
,

(3)

for ξ ∈ R and 0 ≤ ω < π/2.
ξ fixes the position of the vertex on the Ox-axis. The

factor 1/r in the integrand accounts for the photometric law
of photon propagation in two dimensions (it would have
been 1/r2, in three dimensions). Here we have simplified the
notations by absorbing the factor describing the Compton
kinematics into the definition of f (x, y).

Equation (3) may be given another form with the
following choice of variables t = tanω and z = r cosω.
Hence

g(ξ, t) =
∫∞

0

dz

z

[
f (ξ + tz, z) + f (ξ − tz, z)

]
. (4)

It can be also put under the form of an integral transform,
that is,

g(ξ,ω) =
∫
R×R+

dx dyk
(
x, y; ξ,ω

)
f
(
x, y

)
. (5)

To obtain the kernel k(x, y; ξ,ω), we rewrite (3) as

g(ξ,ω) =
∫
R×R+

dx dy f
(
x, y

)
,

∫∞
0

dr

r
[δ(ξ + r sinω − x)Y(x − ξ)

+ δ(ξ − r sinω− x)Y(−x + ξ)]δ
(
y − r cosω

)
,

(6)

where Y(x) is the Heaviside unit step distribution. Since y >
0, 0 < ω < π/2, and tanω > 0, the r-integration can be done
with the variable u = r sinω, that is,∫∞

0

du

u
δ
(
y − ucotω

)
[δ(ξ − x − u)Y(x − ξ)

+ δ(ξ − r sinω − x)Y(−x + ξ)]

= 1
(x − ξ)

δ
(
y − (x − ξ)cotω

)
Y(x − ξ)

+
1

(−x + ξ)
δ
(
y − (−x + ξ)cotω

)
Y(−x + ξ).

(7)

The kernel k(x, y; ξ,ω) can now be written under a compact
form as

k
(
x, y; ξ,ω

) = cosω
y

δ
(
cosω

∣∣x − ξ
∣∣− y sinω

)
= sinω∣∣x − ξ

∣∣ δ
(
y sinω− ∣∣x − ξ

∣∣ cosω
)
.

(8)

2.3. The Inverse Transform TV−1. The inverse transform

TV−1 can be worked out using Fourier transforms f̃ (q, y)
(resp., g̃(q,ω)) with respect to the variable x (resp., ξ) in
f (x, y) (resp., g(ξ,ω)), that is,

g(ξ,ω) =
∫∞
−∞

dq g̃
(
q,ω

)
exp

(
2iπqξ

)
,

f
(
x, y

) = ∫∞
−∞

dq f̃
(
q, y

)
exp

(
2iπqx

)
.

(9)

Then (3) becomes

g̃
(
q,ω

) = ∫∞
0

dr

r
f̃
(
q, r cosω

)
2 cos

(
2πqr sinω

)
. (10)

After changing to variables z and t and defining G̃(q, t) =
g̃(q,ω) with F̃(q, z) = f̃ (q, z)/z, one finds that, after going
to Fourier space, the V-line Radon transform appears as a
Fourier-cosine transform

G̃
(
q, t
) = ∫∞

0
dz F̃

(
q, z
)
2 cos

(
2πqzt

)
. (11)

Let us point out that, for the conical Radon transform (CRT),
passage to partial Fourier transform has led to a Hankel
transform (or Fourier-Bessel transform) in which the kernel
is a Bessel function J0 [8]. Here the role of the Bessel function
J0 is played by a cosine function. Both transforms (Hankel
and Fourier-cosine) are invertible transforms. Thus we can
write down the inverse formula, thanks to the invertibility of
the cosine transform:

F̃
(
q, z
) = 2

∣∣q∣∣ ∫∞
0
dt cos

(
2πqtz

)
G̃
(
q, t
)
. (12)

f (x, y) can be then reconstructed from its partial Fourier

transform f̃ (q, y) = yF̃(q, y). A formula for the kernel of
the inverse transform can now be derived as

k−1(x, z | ξ, t) = − z

2π2

[
1

(x − ξ + zt)2 +
1

(x − ξ − zt)2

]
.

(13)
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This kernel is to be understood as a generalized function,
or distribution and the corresponding integral as Cauchy
principal value. Such a form is already known for the classical
Radon transform [9].

2.4. The Adjoint Transform TV†. There is another formu-
lation of the inversion procedure which lends itself more
advantageously to algorithmic implementation. We call it
filtered backprojection, due to its similarity to the standard
Radon transform. In this section, we seek to construct the
adjoint transform TV† [10]. For all admissible pairs of
functions ( f (x, y), g(ξ,ω)) defined respectively in object
space (x, y) ∈ R2 and in image space (ξ,ω) ∈ R × [0,π/2],
we require that 〈

g | TV f
〉 = 〈TV†g | f 〉. (14)

Thus, the adjoint operator TV† maps functions of variables
(ξ,ω) onto functions of variable (x, y)

TV† : H ′
(
R×

[
0,
π

2

))
−→H(R×R+)

g(ξ,ω) �−→ f
(
x, y

) (15)

and takes the form

TV†g
(
x, y

) = f
(
x, y

)
= 1

y

∫ π/2

0
dω
[
g
(
x + y tanω,ω

)
+ g

(
x − y tanω,ω

)]
.

(16)

It can be checked that TV† has the same kernel as TV,
see (8),

k
(
ξ,ω; x, y

) = sinω∣∣x − ξ
∣∣δ(y sinω − ∣∣x − ξ

∣∣ cosω
)
. (17)

2.5. Filtered Backprojection Inversion Method. Let us recall
that the most popular inversion method of the Radon trans-
form is the so-called filtered backprojection method (FBP).
This is an exact inversion formula obtained by combining the
action of the ramp filter and the backprojection operation of
the Radon Transform. In this section, we will demonstrate
that the TV transform may be inverted essentially in the
same way, with the ramp filter and the backprojection
operator associated to the TV operator playing an analogous
fundamental role.

Technically the backprojection principle consists in
assigning the value g(ξ,ω) to every point on the “projection”
V-line, which has given rise to this value, and then to sum
over all contributions for every V-line “projection.” More
precisely, we can say that the backprojection at angle ω in
(x, y) is the sum of projections at angle ω at the points
ξ1 = x+y tanω and ξ2 = x−y tanω, where (x, y) is projected:

Rω

(
x, y

) = g(ξ1,ω) + g(ξ2,ω)

= g
(
x + y tanω,ω

)
+ g
(
x − y tanω,ω

)
.

(18)

The backprojection of every projection defines the
backprojection operator TV# which is obtained summing
over every angle the expressions given in (18), and these
are exactly the operations performed by the adjoint operator
(16). The y factor appears because of the integration measure
dr/r used in the definition of the projections (3).

Thus the backprojection operator is identical to the
adjoint operator, that is,

TV#g
(
x, y

) = TV†g
(
x, y

)
. (19)

Now the action of the ramp filter operator Λ over a
function f (x, y) in the first variable is defined in the Fourier
domain by

Λ̃ f
(
q, y

) = ∣∣q∣∣ f̃ (q, y
)
, (20)

where the Fourier transform is taken on the first variable x.
From identity (12) we have

f
(
x, y

) = 2y
∫∞

0
dt

∫
R
dq
∣∣q∣∣g̃(q, t

)
cos
(
2πqty

)
e2iπqx

= y

∫∞
0
dt

∫
R
dq
∣∣q∣∣g̃(q, t

)
e2iπqtye2iπqx

+ y

∫∞
0
dt

∫
R
dq
∣∣q∣∣g̃(q, t

)
e−2iπqtye2iπqx

= y

∫∞
0
dt
(
Λg
)(
x + ty, t

)
+ y

∫∞
0
dt
(
Λg
)(
x − ty, t

)
= y

∫∞
0
dt
[(
Λg
)(
x + ty, t

)
+
(
Λg
)(
x − ty, t

)]
.

(21)

In terms of the angle ω, the inversion formula reads

f
(
x, y

)
y

=
∫ π/2

0

dω

cos2ω

[(
Λg
)(
x + y tanω,ω

)
+
(
Λg
)(
x − y tanω,ω

)]
.

(22)

Defining the operator Mω as Mωg(ξ,ω) = g(ξ,ω)/cos2ω
and having that

TV#g
(
x, y

) = 1
y

∫ π/2

0
dω
[
g
(
x + y tanω,ω

)
+ g

(
x − y tanω,ω

)]
,

(23)

we may write (22) as

f
(
x, y

)
y2

= (TV#MωΛ TV f
)(
x, y

)
. (24)

Finally, we recover the original density f (x, y) by a filtered-
backprojection

f
(
x, y

) = y2(TV#MωΛ TV f
)(
x, y

)
. (25)

This filtered backprojection inversion on V-lines is obtained
for the first time. It generalizes the one known in the standard
Radon transform on straight lines. The reconstruction for-
mula (25) is mathematically equivalent to the reconstruction
by TV−1 of the previous subsection. But the advantage of
the filtered backprojection inversion formula is that it can be
implemented by fast algorithms.
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Figure 2: Original thyroid phantom.
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Figure 3: The TV transform of the thyroid image shown in Figure 2
with dω = 0.005 rad.

3. Numerical Simulations

We present now the results of numerical simulations. The
original image (Figure 2) of size 512 × 512 of length
units is a thyroid phantom presenting with small nodules.
Figure 3 shows the TV transform of a thyroid phantom with
angular sampling rate dω = 0.005 rad and 314 projections
(π/2/0.005 = 314) which are the images of Compton
scattered radiation on the camera in terms of the distance
ξ and the scattering angle ω. The reconstruction using FBP
is given in Figure 4. The artifacts are due to the limited
number of projections. Moreover, backprojection on V-lines
generates more artifacts than backprojection on straight
lines, because of more spurious line intersections. As our
numerical results are based on the discretization of the
inverse formula (22), a choice of a smaller discretization
step dω would improve image quality. This is indeed a
well-established fact and in agreement with the improved
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Figure 4: FBP-IM reconstruction of the thyroid phantom with
dω = 0.005 rad.
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Figure 5: Original defect.

sampling resulting from the increase of data collected at more
values of the scattering angle ω. Despite these limitations,
the small structures in the object are clearly reconstructed.
This result illustrates undoubtedly the feasibility of the new
imaging modality, for which the main advantage resides in
the use of a one-dimensional nonmoving Compton camera
for two-dimensional image processing.

We also present in Figures 5, 6, and 7 simulation results
for a material defect under the same conditions to illustrate a
possible application in industrial nondestructive control.

4. Conclusion

In this paper, a new class of Radon transform defined on
a discontinuous line, having the shape of the letter V, is
presented. We construct its analytic inverse transform as
well as the corresponding filtered backprojection inversion
method. The concept allows the two-dimensional image
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Figure 6: The TV transform of the defect shown in Figure 5 with
dω = 0.005 rad.
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Figure 7: FBP-IM reconstruction of the defect with dω = 0.005 rad.

reconstruction from scattered radiation collected by a one-
dimensional collimated camera. We have also performed
numerical simulations to prove its practical viability. The
obtained results provide stimuli for tackling the case of the
swinging V-line Radon transform, for a two-dimensional
Compton camera imaging, as proposed by [6]. Furthermore,
the extension of this transform to a family of cones
with swinging axis around a site in R3, for a concrete
gamma camera without mechanical collimator, poses a real
mathematical challenge to overcome in the future.

Acknowledgments

This work was supported by a postdoctoral fellowship of the
University of Cergy-Pontoise, France (M. Morvidone) and
by the Swiss National Science Foundation under Grant no.
3152A0-102143.

References

[1] M. K. Nguyen and T. T. Truong, “On an integral transform
and its inverse in nuclear imaging,” Inverse Problems, vol. 18,
no. 1, pp. 265–277, 2002.

[2] M. K. Nguyen, T. T. Truong, H. D. Bui, and J. L. Delarbre,
“A novel inverse problem in γ-rays emission imaging,” Inverse
Problems in Science and Engineering, vol. 12, no. 2, pp. 225–
246, 2004.

[3] M. K. Nguyen, T. T. Truong, C. Driol, and H. Zaidi, “On a
novel approach to compton scattered emission imaging,” IEEE
Transactions on Nuclear Science, vol. 56, no. 3, pp. 1430–1437,
2009.

[4] T. T. Truong, M. K. Nguyen, and H. Zaidi, “The mathematical
foundations of 3D compton scatter emission imaging,” Inter-
national Journal of Biomedical Imaging, vol. 2007, Article ID
92780, 11 pages, 2007.

[5] J. Radon, “Uber die Bestimmung von Funktionnen durch ihre
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The paper addresses the fine retinal-vessel’s detection issue that is faced in diagnostic applications and aims at assisting in better
recognizing fine vessel anomalies in 2D. Our innovation relies in separating key visual features vessels exhibit in order to make
the diagnosis of eventual retinopathologies easier to detect. This allows focusing on vessel segments which present fine changes
detectable at different sampling scales. We advocate that these changes can be addressed as subsequent stages of the same vessel
detection procedure. We first carry out an initial estimate of the basic vessel-wall’s network, define the main wall-body, and then
try to approach the ridges and branches of the vasculature’s using fine detection. Fine vessel screening looks into local structural
inconsistencies in vessels properties, into noise, or into not expected intensity variations observed inside pre-known vessel-body
areas. The vessels are first modelled sufficiently but not precisely by their walls with a tubular model-structure that is the result
of an initial segmentation. This provides a chart of likely Vessel Wall Pixels (VWPs) yielding a form of a likelihood vessel map
mainly based on gradient filter’s intensity and spatial arrangement parameters (e.g., linear consistency). Specific vessel parameters
(centerline, width, location, fall-away rate, main orientation) are post-computed by convolving the image with a set of pre-tuned
spatial filters called Matched Filters (MFs). These are easily computed as Gaussian-like 2D forms that use a limited range sub-
optimal parameters adjusted to the dominant vessel characteristics obtained by Spatial Grey Level Difference statistics limiting
the range of search into vessel widths of 16, 32, and 64 pixels. Sparse pixels are effectively eliminated by applying a limited range
Hough Transform (HT) or region growing. Major benefits are limiting the range of parameters, reducing the search-space for post-
convolution to only masked regions, representing almost 2% of the 2D volume, good speed versus accuracy/time trade-off. Results
show the potentials of our approach in terms of time for detection ROC analysis and accuracy of vessel pixel (VP) detection.

1. Introduction

Living beings can survive and operate when the functioning
of their body’s vessel network remains unhampered and
thus when blood circulates normally through their vessels
and arteries. Therefore, vessel detection is an indispensable
diagnosing tool to monitor the situation of the body’s blood
traffic. This puts vessel detection diagnosis systems at the
core of a large variety of applications in medical Computer
Aided/Automated Diagnosis (CAD). The vessels throughput,
good operability, and maintenance in a healthy condition
is the issue in most medical operations from the 1st aid to
complex surgical in-hospital operations.

The work presented in this paper puts the emphasis
on pixel modeling applications for the retina tissue of
the eye. Pixel modeling consists of a two-stage approach
that first facilitates visualization and then improves the
detection of the fine structure for eye vessels. Pathologies
that are eye retina-specific can be related to small retina
structure. Even subtle changes on the peripheral network
of the vessels can be related to a range of diseases such as
diabetes, hypertension, stenosis, and atheroscleroma. They
all refer to changes on features of vessels and can have direct
geometrical interpretation. Vessel early endings or cross-
section changes, abnormal cuts or even vessel proliferation
(angiogenesis) seem to be related to at least an equal number
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of pathologies or not healthy conditions, and then more
attention is required. This can be contrasted to having an
overall picture of a normal vessel network for differential
diagnosis purposes. Indeed, most of the above fine changes
do not alter the vasculature as a whole and are actually
hardly observable if not sufficient information has been
made available for local in depth inspection. This difficulty
makes early diagnosis a very challenging task.

More specifically, the challenge faced is in designing
successful vessel detection systems and algorithms to capture
faint and not easily seen changes over long periods of time.
Such changes refer to the characteristics of the small scale
vessel structure. The observation scale is very important.
The size or the range of changes can be as small as a few
pixels decrease in a vessel’s diameter (stenosis) to the presence
of some additional tens of pixels in a vessel’s cross-sections
(thrombosis). The scale itself needs to be carefully detected
with a family of techniques. scale gives an insight into the
expected spatial extent of the local phenomena. Also, the
scale dictates the range of variations that can be met. To
study the changes in the vasculature, there are three major
strategies followed in the literature. In the first strategy
the system detects tubular or pipe-like structures on retinal
images by exhaustive convolutions with a set of Matched
Filters (MFs). These would differ in scale, orientation, mag-
nitude, spatial sensitivity, and zero crossing frequency, to cite
the major parameters to tune in MF’s [1]. The second family
accommodates approaches that perform 2D curve tracking
given a selection of set of initial points (seed points) and are
first carried out. Pixels with more salient vessel properties
are first defined manually and, in the sequel, intermediate
level pixels satisfying vesselness properties are inferred. The
major criterion is these pixels lying at acceptable positions
along the tracking path that seed pixels designate. They are
then incorporated into the main body of the vessel’s skeleton.
Still, these pixels are often likely vessel-wall pixels, and as in
[2]. Vessel final shapes can be defined also by using landmark
pixels also known as forming “snakes”. The approaches that
use or compute data-driven shapes mostly fall into the
category of active contour approaches for vessel detection. In
vessel ridge detection approaches, after skeleton pixels have
been defined then the algorithm needs to find walls and
the rest of the inside-vessel pixels. Doing this requires prior
knowledge. The width sought or perhaps the cross section’s
profile can guide local search. Then border pixels are used
as landmark points. The initial pixels for vessel segmentation
can either be wall pixels, which play the role of starting points
for finding the entire vessel network, or it might also be
center-line (CL) pixels. This depends on what data can be
more easily available. Many vessel detection schemas follow
the (CL) approach as the first task to do [3]. A vessel’s CL
is easier to detect and has more salient features such as the
high curvature and being at the center of symmetrical edge
information, that is, between high transition and edge vessel
sides-endings. The local variation then leads to compute the
width of a vessel and decide whether, in principle, there is a
change in basic vessel parameters.

The method presented in this paper falls most likely into
this category. Still, it requires no spotting manually points.

It comprises a module that yields a precomputed basic vessel
structure as with the VWPs. The rest of vessel pixels (VPs)
that are not walls are filled in locally. The method proposed
differs in that a mask is easily computed and not manual
operation is performed. Then the MF’s operate as guided
by the mask. The VWPs define likely borders and local
properties fine-tune the MF for finer segmentation of the
rest of the vessel’s body. This saves not only tedious manual
operations but can also save time from applying extensive
MF convolutions to regions that are not predominantly
characterized by vesselness.

Vessel detection for visualization needs to be contrasted
to detailed, diagnostic vessel detection. When depicting the
range of the network, it is often enough to model the main
body, and approximate the size and locus at bifurcation
points or at end points. This covers most of the branching of
the vessels. Main vessel-body detection can be effected using
less parameters such as length, orientation, and width and
at fewer sampling points. However, diagnostic-modelling
techniques may dramatically fail when the geometrical
parameters computed are not reliable enough to screen
precisely the small details of the peripheral network. It
is quite often the case that one observes noncontinuous
vesselness properties, texture noise, or not expected vessel
intensity variation inside the vessel body area. Diagnostic
vessel detection needs not to establish a model for the
entire network but it works on fine details or long-time
changes in the structure of it. These might be very important
for alerting of early retina related pathologies. Fine vessel
detection as a diagnostic technique can offer great insight
when used with other vessel types such as heart, brain, or
other human organs dependent on vessels’ proper condition.
For purposes of differential diagnosis, one would need the
same main network in many instances in time and update
about changes occurring as a result of pathologies incurred
in the meanwhile.

The role of VWPs and of the VPs that are not VWPs is
an innovative concept in this paper. Central to the concept of
vessels is the definition and mathematical approximation of
border pixels that belong to the frontiers of a vessel’s tissue.
In classical image processing a kernel idea is that to define
a body/object on the 2D image plane one would need well-
sketched edges that can make up continuous edge segments,
that is, line-segments. Well-linked smooth or not too erratic
line segments can build borders. Borders confine groups
of pixels that are spatially connected and possess similar
properties. These pixels are then thought of as belonging
to compact feature-homogenous regions called segments.
Segments often cannot be strictly filled in with same property
pixels. The criterion is that the vast majority of the pixels in a
single segment coincide, in their basic properties, depending
on the sensitivity of the application at hand. The rest of a
segment’s locations can be filled in with pixels that differ
from that segment’s average properties. Still, this should no
exceed an inclusion’s tolerance threshold. The tolerance can
be measured in a number of Gaussian sigmas or standard
deviations from the mean value for this property. Then
these in-segment outliers complete the segment’s body so
as to obtain plain region without holes or discontinuities.
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In further computations sparse pixels, initially not fulfilling
basic segment’s properties, can be assumed as parts of the
segment. Certainly, this is mainly due to their close spatial
proximity to that segment’s prototype pixels and driven by
the need to have segments as compact as possible. Although
having absolutely homogenous and as compact as possible
segments is best for good visualization it is not necessary
for mathematical treatment. Clusters or segments only need
to be manipulated as arrays of pixel-wise mathematical
descriptions that have consistent properties.

The role of VWPs and VPs in this context given above
is obvious. We need well-separated VPs bordered by VWPs.
Nevertheless, imperfect VPs can be tolerable so long as they
add to our having a useful vessel/nonvessel spatial pixel
segmentation. We may have VPs that are not wall pixels
and have gradient or intensity or spatial derivative properties
away from the acceptable values. If these pixels are found in a
VP relatively homogenous region and are bounded by good
VWPs then they are also accepted in this segment. Hence, the
mask provided by the VWPs aims at gathering such outliers.
We end up with segments without inner gaps or holes.

The previous analysis stresses the fact that border pixels
need to be very successfully detected as they will lead a
segment’s recruitment process. In this paper we therefore put
an emphasis on the most characteristic vessel border pixels,
which are its wall pixels.

Nevertheless, we need to face the problem of false
vessel border pixels and also find a reliable solution for the
spatial relationship between walls and vessel body pixels.
Correct VWPs essentially assist the diagnostic process. Also
minimize severe initial segmentation errors. Such could be,
for example, beginning a fine segmentation and a detailed
region filling when poor borders have been detected. We thus
employ the notion of a chart of likely VWPs. A chart when
contains only two types of regions, that is, vessel wall pixels
and non vessel-wall pixels is often called a binary map or a
mask. We discuss a method that first builds up a map. There
is an obvious mutual relationship between VWPs and VPs as
discussed above. In vessel detection, we make it more clear.
Vessel walls help define the VPs by spatially appropriately
juxtaposing/pairing VWPs and then by spatial interpolation.
The vessel properties used to define vessel interior pixels,
that is, the VPs that are not VWPs, are not the same for
these cases. The interior VPs need to follow the cross-section
patterns. Vessel interior pixels mostly serve, in this paper, pic-
torial purposes, as it will be clear in the results section. Walls
need to roughly separate vessel tissue pixels from nonvessel
tissue pixels. In relevant works, the emphasis that is placed
here on border pixels or on wall pixels has been put on center-
line (CL) or skeleton pixels detection. CL pixels and VWPs
are interchangeably required to fulfill end point patterns. End
points patterns are very critical in diagnostic vessel detection.
The transition patterns refer to gray level (GL) variations
when getting from a near-to-wall but within-vessel region
to an outside-of-the-wall or background or soft tissue areas
found. These are usually in the close vicinity of the vessels.

Inversely, when interior VPs are first or roughly defined
as an entire network then the VWPs that were first used
to make the caricature of the network are better assessed

and located. So, VPs can help better finding back VWPs.
This is done with much less effort as would be needed
when applying extensive and expensive 2D convolutions
spanning over much wider scale ranges. The well-known
Maximum Intensity Projection (MIP) method actually iterates
over successive 2D convolutions over a continuous scale
spectrum and finds maximum projections across different
orientations and scales. We limit these iterations to a few
candidate scales using the local texture features used when
designing the mask. Indeed, this is accomplished by looking
to more global properties like texture, not available before
since much less pixels were known to belong to the vessel
tissue. Masks can help with visualization since the basic
structure is already computed.

In the relevant literature the most commonly referred
to method to find vessels is by easily tuning a limited set
of MF’s. The gradient information provides insight on large
GL differences. When the retinal image is first smoothed
using a generic Gaussian filter then the GL transitions and
gradient information become more evident. Sporadic edges
or vessel-like structures give large local gradients as well but
statistically only a very small portion of them belong to walls.
This could hamper a good detection. The solution to this is
VWP pairing. To determine wall characteristics the Gaussian
image’s gradient and the gradient’s spatial arrangement
parameters are examined. Spatial restrictions were applied
to high edge or gradient pixels and kept the cost for the
detection quite low. This is quite important considering the
fact that for a full vessel detection one usually needs to go
through a number or different scales and orientations that
represent the vessel’s expected scales and likely orientations
over the entire image space.

The paper is organized as follows: in Section 1, we
provide an outlook of how likely VWPs can be defined using
a gradient and local spatial coherence criteria. Furthermore,
the notion of wall pixels is studied in the context of
edge information. As an extension, the basic formulas
for gradient, orientation, and curvature information and
their variance are explained. A note on local homogeneity
is also discussed. A more detailed presentation of the
texture descriptions used in the vasculature map is given
in Section 2. We introduce features that account for local
spatial periodicities as the Spatial Grey Level Difference
Statistics. A detailed discussion of the transition from a map
of wall pixels to vessel pixels is also given. In Section 3, we
discuss how MF’s can be adjusted using features computed
locally. For that we use highly tunable filters that can be
adjusted to many profile patterns and also discuss how
transition models can be incorporated into this framework.
Finally, detailed still representative results are provided in
Section 4 for three vasculature cases and all detection stages
are depicted along with comparative illustrations using ROC
analysis for full scan and wall map guided scans. A indicative
table is also with time comparative performance in Table 1.

2. Vessel Wall Detection

2.1. Wall Detection and Edge Alignment. Rough VW detec-
tion is rather a straightforward and easy to implement
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Table 1: Final detection time to reliability cost comparison between (A) full scan image detection w/o use of VM, (B) VM-guided scan, (C)
CL-based vessel detection, and (D) Region growing (RG) with 3 points (start-intermediate-end) per vessel peripheral or main vessel segment
(×102/∗) (12 angles ∈ [0, 2π]/4 scales).

A B C D

3,5860/.25 0.0645/.27 2,930/0.1703 1.450/0.1025

3.7373/.35 0.0678/0.091 1.8686/0.2210 .525/0.021

4.2423/.37 0.0327/0.3821 2.100/0.1345 .789/0.1177

2.2557/.27 0.0671/0.1486 1.120/0.2442 .678/0.0884

4.0721/0.3950 0.0345/0.2799 2.030/0.2317 1.789/0.1322

2.2868/0.3021 0.0893/0.0883 1.100/0.1046 456/0.0865

3.4912/0.2896 0.0569/0.3204 1.740/0.1192 1.679/0.1310

2,5870/0.3971 0.0895/0.2082 2.835/0.2143 1.456/0.0616

technique in its greater part. The relevant literature is rich
in methods that begin from finding the walls and then
extract the entire vessel structure. In [4], the Can algorithm
is presented that uses different wall finishing patterns to
extract walls. Walls are extracted as groups of strong edges
aligned along parallel and antiparallel lines. As opposed
to that, VWPs’ very accurate detection is not a trivial
task since wall edge pixels are abundant in retinal image.
Reasoning is applied to locate aligned edges that coincide
with locally maximal gradient pixels. Alignment is assisted
by the adoption of a grid over the retinal image. The wall
pixels cannot be usually deterministically defined in their
very details. These are though needed in the diagnosis of
eye-diseases. Such details can be enhanced by applying small
range contrast features that are computed over a set of
neighboring blocks around examined locations. A weighted
policy can then balance their contribution to a block’s center-
pixel being a wall pixel. This is proposed in [5], where the so
called the Weighted Local Variance feature is introduced. The
weighting is done by a Gaussian kernel in order to account
for the relative orientation and thus the contributions of the
neighboring blocks. This can further assist the detection or
local curvature changes, which are essential to the successful
tracking of vessels.

Edges and gradient pixels used in primary vessel detec-
tion need to be filtered by a threshold function in order
to decide on further consideration and thus inclusion into
the rest of the vessel body. The choice of an adaptive value
for the threshold is an intriguing point in this process.
A way to insure adaptation to the local image is to take
block histograms and study how contrast, edge or gradient
variation characteristics change as blocks are being scanned
by the detection algorithm. These variations are manifested
and best modeled as distributions. Interesting block centers
that are selected are then assumed to likely be VWPs and
the distance and alignment between them is kept for further
consideration. The aim is to spot such candidate pixels
in spatial arrangements that minimize distances, respecting
restrictions posed by alignment. These restrictions usually
concern local block orientations. Empirical algorithms are
used to put in a reasonable spatial sequence the VWPs. This
is as an alternative to more formal optimization schemas
that are employed when we examine specific geometrical

topologies that might fit the data. For example, algorithms
for computing “snake” models for 2D curves for vessel
borders can be such. Empirical algorithms can be useful
when the edge/gradient information for the optimization
be efficiently applied is not organized or enough. Another
reason is even when there are missing data from not
continuous edge tracking. To this end, a known algorithm is
the Sequential Linking Algorithm (SLA) discussed in [6]. The
parameter used is the tolerance to the local curvature. Finally,
morphological techniques may be used to eliminate or to
complement the VWPs detected by other methods. Thus,
vessel boundaries can be smoothed or corrected by exclusion
or inclusion of pixels on at their limits. This is also discussed
in [7].

In the method presented here, we define a map of
likely VWPs using easy to compute gradient-based features
for a start. The gradient features must be suitable in
orientation, distance, magnitude, and concentration. We
need to distinguish vessel boundaries from noninteresting,
lengthy edge segments or from vessel-end like structures.
The retina contains many uninteresting various sizes bodies
with cross-sections that may confuse detection. There are
a number of retina formations that can trap algorithms
but do not belong to the vasculature sought. To overcome
this, we define a set of intensity profiles near the likely
VWPs. Normally, we can expect single light-dark or dark-
like smooth transitions to be centered around VWPs. Such
an algorithm could be applied as an additional fine wall
segmentation step and does not model the vessel itself.
A typical semi-, or uni-modal Gaussian or sigmoid step
function can approximate this variation across the wall.
Reported in the literature are variation patterns that exhibit
a two Gaussian modes profile. In this case the wall serves as a
natural frontier between two relatively homogenous areas or
limited range and different average GL’s. This would be the
outer darker and the inner somewhat lighter or the inverse.
Although not very often met, a two-mode Gaussian with
differently valued modes (peaks) can give us an insight on
whether this phenomenon takes place. Once we define a map,
then this map most probably contains lots or sparse pixels
that have nothing to do with any part of the vessel we are
looking for. We then need to apply a set of MF’s well-tuned
in scale, orientation and spatial variation as dictated by the
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original image’s features and at pixel locations defined by
our map. The distance parameter can be used as well. This
parameter can be computed with reference to the closest wall
pixel location that separates candidate VPs from its paired
likely wall pixel. Distance can provide an estimate of the
scale, orientation and spatial variation to adjust the MF to.
The benefit is that we do not need to apply the MF over all
retinal pixels. After detecting the walls the CL of the vessel
can be tracked by the roughly or perfectly paired boundary
pixels. The application of a highly tuned MF can be guided
by the CL as well. When two VWPs cannot be exactly paired
then it is relatively easy to detect such discontinuity and
interpolate from other well-paired pixels. To the extent to
which this loss of tracking does not happen over a large
area the interpolation can make-up for the lost paired pixels.
A guide for that is the local gradient features computed at
nearby good map locations. After the application of the MF’s
we follow the standard path and take the maximum matched
filter response (MFR) to correct the angle and width roughly
detected when using the paired pixels. It may occur though
that the parameters thus computed give contradictory results
and give not continuously observed track points. Or it may
happen as well that the walls distance as computed by the
MF does not agree with the parameters originally computed
from the paired VWPs. Then, either there is no actual vessel
at the point the MF was initially applied or there is a change
that cannot be captured. This can occur at points with very
high curvature, high tortuosity, or with frequency noise. A
frequency noise is when the initial spatial Fourier frequencies
are captured wrongly. The algorithm then stops and manual
delineation of the local vasculature is carried out.

2.2. Vessel Wall Pixel Maps. The Vessel Wall Pixel maps
(VWPs) are 2D binary fields that help roughly locating vessel
structures or spotting vessel pixels as mentioned. The exact
vasculature can be then obtained by fine-filtering the region
around a VWP using preselected MF’s with local features that
are sought structures specific. The result is a likely Vessel Pixel
(VP) map or a Vessel Map (VM) of pixels originally. These are
assigned a feature vector that contains descriptions related to
the local dominant phenomena.

In the current literature as in [7, 8], VM’s are not
conceived as an intermediate stage for vessel pixel detection.
Instead, an anisotropic and orientation-specific filter is
applied to detect dominant orientation and a statistical cost-
function is applied to extract pixels that that are deemed as
true VPs.

In this work, we adopt a computationally lighter
approach using local features very convenient and fast to
compute. These features include orientation ôi j at some seed-
pixel location, (i, j) the degree of its dominance soi j = si j ,
which gives the intensity of the feature, scope information
roi j = ri j which is related to the spatial extent to which this
feature is valid and describes local phenomena, the main
texture toi j = ti j which provides local information on how
local gray-levels (GL’s) change within the neighbourhood
or how often GL differences are observed locally. The exact
definition of these features is given below.

2.3. Local Orientation Features. The orientation information
can be traditionally measured using the direction unity
vector that is vertical to gradient field of the image GL or
elevation map, ∇I(x, y), for a retinal image I . The gradient
direction is vertical to the vessel’s orientation. That is:
〈ôi j ,∇Ii j〉 = 0 ∧ |ôi j| > 0. Vessels are usually micro-
tube-like structures. They are thus elongated structures with
low local or inner variance in their inside characteristics
and proclivity to higher gradient towards the vessel walls
or boundaries. They present arbitrary but well observed
orientation. The vast majority of one vessel-segment’s pixels
are strongly homogenous in orientation. Hence, we adopt
a local reference for orientation with the boundary pixels
orientations being in parallel or in anti-parallel direction
relative to the single local orientation sought. Let us designate
a local coordinate system as û for the direction along the
vessel’s CL and the direction crossing this as the second major
orientation, v̂ which is parallel or anti-parallel to the local
gradient, that is

〈
v̂i j ,∇Ii j,n

〉
∈ {−1, 1},∇Ii j,n =

∇Ii j∣∣∣∇Ii j∣∣∣ . (1)

The û direction is supposed to have a very low gradient
for VWPs and VPs and high v̂ as it is vessel end point. All
examined VWPs as location indexed as (i, j) depending on
their positions on the retinal image we denote it as v̂i j or
ûi j accordingly. The challenge is to decide on whether we
can have a single or locally average û for all pixels around
a seed pixel (i, j)c, which then gives the local dominant
orientation. The strength of the orientation is given by
its relative gradient-strength measure that accounts for the
absolute magnitude of the orientation’s gradient vector field
with respect to the average orientation gradient field. That is

si j = s
(∣∣∇I(i, j)∣∣)

= GS
(∣∣∇I(i, j)∣∣)

= A exp

(
−
∥∥∇I(i, j)∥∥2

(2∗ σ∇I 2)

)
,

(2)

where σ∇ I = 1/(M ×N)
∑M

i

∑N
j (‖∇I(i, j)‖ − ‖∇IM‖)2 and

∇IM = 1/(M ×N)
∑M

i

∑N
j |∇I(i, j)|.

Where A is chosen to be a locally sensitive parameter

A = max
(i, j)∈Nij

{∇I(i, j)}, (3)

for some neighborhood around an examined point (i, j),
while I = [i, j]M,N

i, j=11 is the set of pixel coordinates. The
scope of the orientation is related to the homogeneity of the
local gradient field. A vessel pixel must be surrounded by
a region of pixels with quasi-constant orientation. For that
we are assisted by the standard deviation of the gradient
on both directions û and v̂. Still, a Gaussian measure is
used that suggests the radius of the area as the scope of
the local orientation: ri j = r : ∃G(σ∇I(i, j), t(r, GLD)) ≥
thrσ∇I . The argument t(r, GLD) is a texture descriptor that
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describes an image where the average Euclidean distance
between two pixels with the same GL is r while the average
GL difference between connected pixels is GLD grey-levels.
Connected pixels are those pairs of pixels p1,p2 for which:

[(p1 − p2)T(p1 − p2)]
1/2 ∈ [1, 1

√
2] where p j = (xj , yj)

T ,
σ∇I is the standard deviation of the gradient field at location
(i, j) where the area of averaging is defined by a minimal-
sized 8× 8 block.

3. The Spatial Grey Level Statistics Metrics

Local texture content can help defining critical parameters
used in vessel segmentation. Wall pixels can be more easily
discriminated from the complex retina background. Wall and
CL or ridge pixels often resemble to diffused but not useful
textured pixels that might confuse the application of the
MF’s. As a generic concept texture information is very critical
especially in medical imaging. In many applications that deal
with complex and texture-rich images, the information that
one might think of as a useless background can be turned out
to be the critical one. In fact, many pathologies in medical
images, like the diffused ones (attacking the liver or the
kidneys), appear in the form of characteristic textures. These
textures must be separated and studied carefully [9].

Texture is constructed from small variations of the
GL values. These are usually accompanied by a spatial
periodicity. By that it is meant that short-range intensity
variations may be modelled or approximated by studying
image differences when the image is shifted by a certain
vector quantity. The later is often called the displacement
vector. Then, the eventual periodicity may be revealed
by simple GL matching. In vessel detection, the main
periodicity we attempt to find is the symmetry around
the CL of a vessel. Furthermore, it is interesting to study
GL spatial relationships and construct such relations by
means of cooccurrence probabilities. When pixels with large
differences happen to appear at short distances from each
other, then the texture for this image might be characterized
as complex. When such differences are observed rather at
long distances, then the texture seems to be rather soft. Large
variations in homogeneous areas are likely to occur at equally
large distances. When detecting structures, we assume the
target is to find homogeneities as contrasted to borders’
sharp changes that separate structures. Such observations
can be mathematically formulated under the matrix form
of cooccurring GL events. As a GL event can be taken a GL
observed at a certain planar or a 3D position. A combined GL
event is when possible GL values are combined, pair-wise, to
see which ones occur most often and how are they spatially
distributed. In this case, a displacement vector that connects
them is part of the formulation.

Even when using this kind of techniques it is still
impossible to characterize texture properties exactly. To
extract major differences between them is a possibility we
employ in this work. It is rather very difficult to mimic
mathematically the human eye and define such features. To
this end we use a major texture quantifier, the Spatial Gray
Level Difference matrix also known as the SGLD matrix.

S.G.L.D. matrix can be used to derive texture features.
It provides in tabular form information about basic spatial
statistical properties for texture. It is often used in distin-
guishing Regions Of Interest (R.O.I.’s) from normal tissue in
medical images. A displacement vector D = (d1,d2)T is first
defined over the image plane. The (k1, k2)-th element of the
S.G.L.D. matrix is defined as the joint probability that the
GL’s k1 and k2, with ki ∈ [0, 255] occur at a distance of D,
pD(k1, k2). That is

S.G.L.D.D =

⎡⎢⎢⎢⎢⎣
p11 p21 · · · pN1

p21 p22 · · · p2N
...

...
...

...
pN1 pN2 · · · pNN

⎤⎥⎥⎥⎥⎦,

N = 256.

(4)

The S.G.L.D. features are affected by the image’s depth
because of the trade-off between the GLs’ resolution (num-
ber of GL’s per number of binary digits) and the statistics
of the estimated joint probability distribution. If the image’s
depth is high, then the joint probability will be poor.
If the depth is low, some characteristic features of the
distribution will be lost. The S.G.L.D. features mainly reflect
the distribution of the elements in the S.G.L.D. matrix such
as mean observed distance, energy, correlation, variance and
are information theoretic. A survey can be consulted in [8]

When practically applying S.G.L.D. features on a vessel
image there is some prior knowledge we can use to avoid
manual operation. All D’s are not examined. We are specif-
ically interested in likely distances separating paired wall
pixels. This is easily known from the research community
in the field. We tried displacement vector magnitude values
within the interval D ∈ [2, 30] in pixels along both direction
–x and –y. The orientation was approximately known from
the wall pixel map. For strong and paired wall pixels we only
had a limited set of distances that could separate them. The
angle computed was the angle we rotated the vector D by.
The number of local iterations over likely angles and vector
magnitudes is significantly lower than the full range [0,π].
Also, the area of the solicitation region is bounded. Then, we
only needed to carry out very focused MF 2D convolutions.
Also we ended up being more precise than running a full
MIP process as it would be the case if we had to explore
all possibilities over the entire image plane. Tauhis was also
manifested in the ROC curves presented in the Section 4
where some results are shown.

As already mentioned, the local search might yield a
limited but still large number of successful high edge/wall
pixel-pairs that are still not vessel border pixels. The local
homogeneity criterion applied was the local variance for
the gradient and for the wall pixel curvature features.
This further limited our options. This was good because
local homogeneity criteria acted like spatial filters. Finally,
nonvessel wall pixels that escaped that level of restrictions
were eliminated using a simple sporadic pixel brush like a 4-
connected region growing pixel algorithm that at almost no
cost removes them.
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4. Fine Vessel Segmentation Using
Matched Filters

4.1. How Can a VWP Define Basic MF Characteristics. In
the previous sections, we saw that wall pixels define a map,
which can reduce the research space for a vessel detection
application. After obtaining a working map pointing where
most probable wall pixels might be found we can begin
our local search of best VPs. Vessel walls can be then fine
processed as groups of VWPs of high probability. Gradient,
scale, orientation and their variance as well as good pairing
are used as arguments to in a Gaussian similarity kernel.
The similarity kernel is adapted for the local images. That
means that we adopt a global set of descriptions but the
statistical means and variances or other features involved are
local. It is in a multivariable Gaussian kernel. The Gaussian
grades thus local behaviour with respect to the wider area.
Hence, true VWPs need to pass this criterion. We then apply
a limited bank of MF’s on best VWP points. MF’s have
almost preselected scales and orientations and are adapted to
the local characteristics. The role of the MF’s is to enhance
true VPs and accord a low membership to outliers. This
is the fine-segmentation process about. MF’s are aimed at
finding, adjusting, and more accurately computing small
details not captured by the VWP map or by the gradient
only based descriptions. On the other hand, equal part of
the refinement process is to eliminate remaining false alarms
of less significance. Such would be noise, small drusen,
crossing vessels perpendicular to the observation level, or
other structures.

Fine vessel diameter or width and shape changes are the
ultimate target of a retinopathy computational diagnostic
schema. This is a fact since most of the early changes in the
retinal vasculature are very hard to early observing even by
the most experienced ophthalmologists.

The VWP map provides a set of candidate scale and
diameter values for the region examined which are fed
into the MF as its parameters. The pairing information
provides insight into the spatial limits for the MFs’ 2D
convolutions. The level of the relative MF responses (MFRs)
after convolution as well as the spatial variance of the high
triggering, seed points detected lead the final decision on
whether a pixel is a vessel pixel (VP) or not.

The interior VPs can be inferred as pixels between reliable
VWPs by applying a simple interpolation algorithm on
VWPs’ MFRs. Bad/low MFRs at good VWPs’ points might
develop discontinuities. Bad MFRs are pixels that are close
to true wall points but give MFRs out of an acceptable
range. Acceptable MFR ranges are conceived in a way to
confirm the basic geometrical properties a vessel’s cross-
section profile is supposed to have. For example we cannot
accept a considerable fraction of pixels lying along the line
that connects two well paired VWPs having dark GL’s or
GL’s that have are different sign from the sign most aligned
pixels have. The fraction depends on the noise level in the
area and on the vessel width observed using the texture’s
SGLD measures. The vessel width can only be precisely
detected when two candidate VWPs that are reliably paired,
and most of the VPs found in between them are high MFR

points. For well-paired VWPs but with high MFR variance
we finally observe sparseness/diffusion. This means we have
isolated VWPs, which cannot be connected by well-aligned
VPs because the VPs give very different MFRs. If this happens
to a locally large extent (wider than the local search area),
then we cannot approximate suitable MFR points by the
closest well-connected and well-paired VPs or by the VWPs.
Then, these not segmented pixels are put out of the list used
to build up the local vessel structure. In this problematic
case all local vessel parameters need to be re-evaluated.
However, vessel recovery is another field of study and is
beyond to the scope of the current work. It pertains, as
a topic, to the paradigm of recovering damaged primary
information. When encountered, this case, it was treated as
missing information or simply a false alarm/noise case.

The measure for high MFR sparseness, as mentioned, is
a dynamically tuned Gaussian kernel adjusted to put away
pixels with a single (i.e., not well connected) but high MFR.

Suppose we encounter a wall pixel, as i-th in the local
list with probability, pWP,i, for being a good VWP that
has an acceptable MFR. Then, one of its candidate paired
pixels denoted as p′WP,i has high MFR and an acceptable
SGLD distance from the first. Then, the second pixel p′ is
not suitable for pairing (with pWP,I) when there are not
enough neighboring pixels, to the paired one, with similar
properties to it. That is, the neighbors of the 2nd pixel must
be good VWPs and the 2nd pixel’s VWPs similarity must
fall within a region of empirically less than 2 sigmas or
standard deviations from the closest well paired VWP. This
corresponds to an MFR of roughly 1/(2e) from the closest
best MFR. Approximately the same analogy holds for the
Gaussians describing the relationship of the gradient and
orientation and curvature information. All properties need
to be relatively homogenous. When this restriction is not
satisfied for both the good 1st VWP and best pair, the 2nd
is not kept. Any eventually connected VPs are re-assigned to
neighboring VWP pairs.

It is obvious that such a detailed local criterion forces
homogeneity, ensures symmetry, and is good at examining
small changes occurring in time on the local vessel structure.
That saves large amounts of convolution time. Indeed, there
is no large-scale search and we do not spend time with
many different orientations. This is though compromised
by severe local search when there is a need for one. It is
probable, though, that good and well-paired VWPs are not
actually the best ones. Then, centering the inclusion Gaussian
criterion around their features might end up with some
loss of information. Similar properties can be met in cross-
section like forms as well. Our argument here is that if there
were not enough good primary information then any vessel
detection schema would fatally fail. The tolerance of the
Gaussian σ for all features considered depends on the local
deviation of the neighboring good VWPs’ similarities, for all
features Fj , j ∈ [1, 4],

pWP = GSFj

(
pcand

)
= exp

⎛⎜⎝−
[
EFj

(
pcand

)
− μEFj

]2

2σ2
EFj

⎞⎟⎠, (5)
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where: μFj is the average local VWP inclusion feature value
for feature Fj , where index j refers to any of {gradient
magnitude, gradient’s orientation, GL, contrast}.

All features are computed very fast and don’t consume
significant additional computational time. Whatever compu-
tational burden is actually spent on computing the Gaussian
criterion and to applying the above logical reasoning.
This not comparable to the complexity of computing a
Gaussian convolution kernel and to the convolution itself as
mainstream approaches do.

The MF can be any tunable function. Usually a dual mode
Gaussian kernel is defined. A better result is obtained when
this function also spatially modulated. This is given in

MF =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

for u, v ∈ |u− au|2 + |v − av|2 ≤ D,

= 1

2π(σuσω)3/2

(
u2 − au2

)(
v2 − av2

)

× exp

(
−
(

(u− σu)2

2σu2
+

(v − σv)2

2σv2

))

for u, v ∈ |u− au|2 + |v − av|2 > D,

= 0

(6)

Our MF is a multiparametric, highly adjustable, amplitude
modulated, two variable MF suited to capture small vari-
ations inside the vessel-body. The critical parameters are:
directional local scales (σu, σv), the effective convolution
kernel size D (taken same for both directions), and the spatial
modulation parameters (au, av) that control the zero crossing
points, thus the limits of the kernel.

4.2. Basic Algorithmic Schedule: Getting from Coarse to
Fine Segmentation. To procure more enlightenment on the
essentials of our contribution we are giving a process/data,
flow diagram that delineates the information flow among
the different modules and the different data forms produced
in this process. This is shown in Figure 7 in the Results
section. We use a widely accepted flow-chart entity alphabet
to this end. In this chart, we employ information flow entities
represented by directed bold-lined arrows to denote the
source and destination of the flow, oval entities to denote
processes with labels on them giving a hint on what major
data processing is carried out when they are run, rounded
rectangles to represent any data produced regardless of the
level of the process they are related to. Those are also
labelled to indicate the kind of information produced or
temporarily stored in the system. The basic concept is the
input information that is a raw retinal image as for example,
a “tif” file that is part of the world out of the system. Then
this information comes for processing into our system and
goes through: (a) basic preprocessing that is almost present
in all medical imaging systems and includes: smoothing with
a Gaussian [8 × 8] kernel or up to [32 × 32] and some
rescaling to compensate for illumination nonuniformity and
random peak GL-values eventually produced, some filtering
that is per case necessary depending on the 2D-FFT of the

image, and in the sequel the enhanced data are directed
simultaneously to two different processes. The first is the
computation of gradient field-based descriptions and the
second is the definition of a set of sufficiently working
displacement vectors in order to analyse the texture further.
As shown, we are experimenting with an empirically found
appropriate set of vectors producing displaced (spatially
shifted) images that are statistically processed. Then the co-
occurrence matrix is produced that is the kernel module for
many texture descriptions. Subsequently, the G.L.D.S. and
the S.G.L.D. feature-sets are computed from this matrix and
as explained they are computed in a way to account for
pixel- and region-wise behaviour when pixels are the center
of a suitable region. Texture features permit to approach
pixels that can be paired and thus can be considered as
candidate VWPs or vessel borders. As shown both paired
pixels’ distances and gradient features are examined as to
their local dominance and homogeneity applying the criteria
discussed. Both sets of descriptions are used to better assess
the basic characteristics of optimal MF’s. Indeed, we are
using the tool set of a generic MF bank that uses this feature
information to fine-tune specific MF’s and thus make them
optimally adapted to our images. On the other hand, the
initially produced paired pixels guide the construction of
a good VWP map. The VWP limits the amount of 2D
convolutions. Among the outputs of the basic data flow are
the VWP map and the feature-values on locations where
VWPs are found.

5. Results

Experiments have been carried out with 20 different fundus
images taken from the STARE database [10]. We tested
the detection algorithm with the VWP map that uses a
likely vessel-wall pixel map in comparison to a full scan
algorithm using MFRs. Also, tests have been made with
other two algorithms, namely the regions growing algorithm
and the Center Line based vessel detection as well as with
three seed point detection. Numerical results showing the
advantages of our algorithm can be insightful in terms
of ROC curves and times needed for computing a final
vessel map. The results produced are intended to make
the point that the time can be reduced significantly and
that needless convolutions in regions of unlikely interest
are largely avoided. There are still specific performance
indicators, which, to the authors’ best knowledge are utilized
when vessel detection is on focus. They are given in Table 2.
They are mainly qualitative measures, though. We projected
our algorithm’s specifications and/or results to this space
of qualitative specifications referred to as method “M6”.
Time has not been an explicit concern in the relevant
literature so far. Hence, comparative timing data for vessel
detection performance are not widely available. We used our
own algorithms. Vessel detection accuracy against time for
detection is an even more specialized topic.

Still, timing is an interesting point to look at when
detection of vessels is used as an intermediate module
for further processing. One example of time-critical and
less accuracy-efficient application would be the paradigm
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Figure 1: Continued.
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Figure 1: (a) Original fundus image with not well-traced peripheral network. (b) Original fundus image ellipse corrected. (c) Binary vessel
wall pixel map (VWP). (d) Vessel map based on VWP. (e) Retinal Vasculature based on VWP and fine segmented for local details. (f)
Retinal Vasculature without VWP map using MIP. (g) Ground troth vessel vasculature. (h) Redundant vessel vasculature produced using
an Augmented VM and double-sided GS-MG. (i) Successive maps taken using different features and different sensitivity. (A) Gradient
homogeneity VMs. (B) Paired VP map and dominant gradient VM. (C) Increased vessel width allowed, lower gradient threshold and
interpolated WPs. (D) Experimentally proved VM.

of guided surgery. In this area applications exist where a
surgeon would need to have a picture of the vasculature
before an operation or be roughly guided to the right
diseased region when a vessel anomaly is suspected. Then,
one would need to locally handle the probe and use more
accuracy-intensive methods to exactly spot the point for fine
surgery. To this end, of great assistance would be a fine-tuned
algorithm or a specific knowledge-based module that uses
fast and highly tuned filters in a real time fine vessel detection
application.

Since the topic of fast and accurate eye-vessel detection
is a quite specialized one most works in the field tend to fall
into a limited range of categories for which few pictorial or
specific numerical data are available.

The field is rich though with respect to 3D vessel
detection and visualization that is directly applicable to
microsurgery applications, still helping surgical guidance.
This is actually the next focus of our work.

For the sake of performance comparison we give in
Figures 1(c) and 1(e) the results using our VWM-based
detection algorithm and the manual map produced as in
[10]. The manual map is very similar to the detection map
produced in the method given in [10]. However, using our

structure-sensitive MF as in [1], we have a much finer
structure not illustratable neither on the manual map nor
in the computer detection map. The obvious but shallow
drawback of our method is that we achieve at worse 10%
higher number of FP’s at the expense of speed. The gold
standard map is not as clear though to easily visualize
as the small vessel endings or patterns. Still, our result is
largely justified by the additional argument that it is better
to have more information than less and at better speed
as seen in our results for single and dual mode GS-MF.
Especially in our case the essential fine and coarse vasculature
information is there. This eliminates the need for tedious
metaprocessing as would be the case if we had a proven
large number of FP’s and the ground truth (GT) was in
direct incoherence to our detection results. We also argue
that the exemplary maps given in the literature are very good
but still are estimates of the vessel network. Hence, there is
nothing to prove in an absolute and not arguable manner
that any possible abnormality can be studied using these GT
binary maps. In fact, as it is sufficiently documented and
mathematically outlined in [11, 12], we need to combine a
capable number of human observers’ binary maps to have an
acceptably supported GT map as a gold standard. Then we
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Figure 2: Continued.
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Figure 2: (a) Original fundus image with well traced major network and slightly distinct major peripheral network. (b) Original fundus
image ellipse corrected. (c) Binary vessel wall map. (d) Vessel map based on VWP. (e) Retinal vasculature based on VWP and fine-segmented
for local details. (f) Retinal vasculature without VWP map using MIP. (g) Estimated ground truth vessel vasculature. (h) Redundant vessel
vasculature produced using an augmented VM and double-sided GS-MG. (i) 2nd vessel network: Successive maps taken using different
features and different sensitivities (thresholds). (A) Gradient homogeneity VMs. (B) Paired VP map and dominant gradient VM. (C)
Increased vessel width allowed, lower gradient threshold and interpolated WPs. (D) Experimentally proved VM.

also need to provide the GT results for all logical operations
performed in each binary observation map separately. To this
we need to apply special statistics as to how one can pool
out with confidence experts’ binary observations and with
which confidence. These binary experts from many relatively
and not absolutely reliable observers need to establish a more
reliable standard.

In an effort to capture even fainter details, we tested our
maps using a more complex and computationally expensive
dual-mode [two-peaked], double-sided GS-MF that is not
used in [10] which models background/foreground tran-
sition pattern (i.e., background/foreground, CL area, and
foreground/background), on both vessel walls. Also, the
spatial dependence can accommodate zero crossings. These
results are given in Figures 1(c) and 1(h) and show more
vessel pixels than the results with single mode GS-MF as
in Figures 1(c) and 1(g). Some single (Figures 6(b) and
6(e)) or partial double peaked (Figures 6(a), 6(c), 6(d),
and 6(f)) are also shown where and can be modeled using
spatially modulated kernels in 2D. (Figure 5(b))∗ show some
examples of the dual model kernels for a sampled range
of spreads and orientations. These can sufficiently emulate
and at low cost the simple wall model individually on either

vessel side as a single-sloped wall pattern [dark/light]. The
double-sided single mode kernel model is less robust and
often cannot capture much information as it assumes a more
uniform background that it really is.

The detection of finer details than the conventional
methods can achieve, cannot be always observed for all types
of vasculatures. The image resolution, on the one hand,
as well as the observers’ skills and the sensitivity of the
ophthalmologists, on the other hand, affect the results and
the setting of any gold standard. As we used only online
data for this work as in [10, 13] databases we were not able
to establish an ideal standard and validate our results in an
absolute manner. To our awareness, nevertheless this is still
an issue in the concerned community. Consequently, the
data we have coped with allow for a limited inspection of
the fine details due to the medium resolution. Even quite
elaborated and sophisticated filters, as ours would provide
the same outcome when the primary rich information is not
there. As expected in Figures 1(c) and 1(h), the results can
only show tails and a number of sparse pixels. We tried to
avoid color-labeled images that most related works are using
[11, 12] which illustrate comparative detection for additional
features used or hidden pixels/segments they are producing
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Figure 3: Continued.
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Figure 3: (a) Original fundus image for averagely traced major and peripheral network along with drusen. (b) Original fundus image ellipse
corrected. (c) Binary vessel wall map. (d) Binary fundus image ellipse and drusen corrected. (e) Retinal vasculature with coarse and fine
network based on VWP. (f) Retinal vasculature without VWP map using MIP. (g) Manually labelled ground truth vessel vasculature. (h)
Redundant vessel vasculature produced using an augmented VM and double-sided GS-MG. (i) 2nd vessel network: Successive maps taken
using different features and different sensitivities (thresholds). (8) Gradient homogeneity VMs. (9) Paired VP map and dominant gradient
VM. (10) Increased vessel width allowed, lower gradient threshold and interpolated WPs. (11) Experimentally proved VM.

as differently colored regions. For 2D applications that might
be confusing. Hence, we elected to use difference binaries for
our illustration purposes.

Some representative images are shown in (Figures 1–4)∗

where the asterisk “∗” indicates all subfigures or experiments
referring to the same case. In (Figure 1)∗, we show a not very
clear background and a vessel network without any structural
changes (drusen), with a very light background that does
allow clearly seeing the peripheral vessel network details. In
(Figure 3)∗ the vessel network has a more detailed peripheral
vasculature and is sufficiently clear in that but still has
some limited drusen, while in (Figure 2)∗ the background
has a large amount of extended drusen. In (Figure 1)∗ and
all cases, we show the original vessel network for all 3
vasculature types. Intermediate processing stages that are
generated in the process are also shown in a figure series “∗”
for all vasculature cases. These are produced by means of the
wall detection mask and show the wall pixels, guiding the
detection process. All stages are depicted with best candidate
pixels. For visualization purposes wall pixels both give an
idea of the basic network and also can alert on any evident
missleading topologies like seriously broken segments or
even abrupt cuts. Still, sparse pixels got separated using a

finite, maximally 10-step region growing segmentation as in
(Figure 5)∗ that lasted 10–15 seconds for the entire image.
When a grown region recruited only a small number of
pixels, typically (10≥15) then these pixels were set to the
background class. The map methodology was examined in
terms of time, false positives (FP’s) and true positive (TP’s)
related ratios and all associated ROC analysis performers as
will be explained later in this section. Pixel pairing, done
with the use of a VWP map, removes significantly point
characteristics very similar to vessel like point characteristics.
The interior vessel-like network is thus limited in Figure 3(h)
As it is shown in the case of (Figure 3)∗ the drussen have been
algorithmically corrected. This was achieved by applying
successive MFR threshold adaptation and local geometrical
checking of the resulting pixels locations as described in
the gradient coherence formula-criterion that is discussed in
the Sections 2.2 and 4. We can then see the development
of the results when spatial gradient coherence is applied
as discussed where the spatial continuity of the gradient is
imposed.

More specifically, in all three cases we present the original
rough vessel pixel map, normalized in range [0, 1] and
polarity [light vessels, dark background]. The leading feature
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Figure 4: Comparative ROC curves between three full scans and three VWP-based scans: (a) case “2” vasculature with drusen, (b) for the
more homogenous background vasculature in “1”, (c) extended drusen as in “3”. The homogenous vasculature in “b” gives a more straight
relationship between sensitivity and specificity as a result of a uniform spatial distribution of FP’s and TP’s that does not allow relatively large
variations as our threshold and VP pairing area radius increase. As for the guided scans the most notable observation is that SE is increasing
less rapidly in the full scan case as observed in full scan graphs (d), (e) and (f) than in guided scan graphs (a), (b), and (c) as a result of
faster TP detection offered a prior from VWP map. The Graphs (g), (h), and (i) show the results using double sided dual mode GS-MF
on same vasculatures as those for which (a), (b), and (c) stand for. In Graphs (j), (k), and (l), ROC graphs are shown for the RG detection
technique, the CL-based technique and three seed point technique for every branch of the vasculature greater in length than 10 pixels. All non
VWM-guided techniques (g)· · · (l) have a steeper ROC for small specificity (SP) values. This shows when the number of FN is lowered the
improvement/decrease of the FP is proportionally larger than with VWM guided detection. Our method directly addresses the FP decrease
problem. Moreover, when we use more elaborated filters [spatially modulated dual mode double sided] the performance variation after the
critical point where SE reaches a local peak (at SP ∼= .99, SE ∼= .1) is significantly lower than with RG, CL-based on 3 seed point.
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Figure 5: MF’s used in different orientations and descending scales for fine VP detection: (a) single GS-MF. (b) double GS-MF with dual
foreground and background transition modeling and indicative scale adjustment.

are the gradient features. When accounting for the entire set
of features then the result is shown in the successive vascu-
lature maps in Figure 3)∗ and on. When using the ordinary
approach without the notion of the VWP map, then all the
fundus pixels are considered. We get the vasculature network
as shown in (Figure 4)∗ The standard MIP (Maximum
Intensity Projection) algorithm is applied. We can clearly see
that the vessel pixels are more diffused as in (Figures 3
and 4)∗and there are many false positives that, even when
using local segmentation, cannot be completely removed
as they belong to vessel like neighborhoods. The results of
successively adding more features to our algorithm can be
studied in the individual feature maps as in (Figures 9(a)–
9(c))∗. In (Figure 8(a))∗we see the application of a double-
sided dual mode GS-MF Figure 5(b) as opposed to the single
mode GS-MF (Figure 5(a)). These Figures depict a map of
abundant vessel pixels with an increased number of FP’s
but not missed TP’s. It is still similar to the simplest binary
vasculature when only considering GL homogeneity, that

is, when the local gradient is only considered and does
not change too with regard to the original image but is
being strong enough to give an evidence of local organized
behaviour such as GL spatial differences. Furthermore, in
(Figures 9(b))∗ more detailed vasculature maps can be
observed when the likely pixels, which, in addition to
possessing likely vessel-point properties can be also paired.
Vessel pixel pairing reduces false alarms even more. In
(Figures 9(c))∗ the straight and linear connectivity or linear
continuum geometrical criterion is applied additionally. The
ground truth vessel pixel maps are given in (Figure 7)∗ They
are borrowed by the STARE and DRIVE databases [10, 13]
where experts/ophthalmologists provide their insight on the
vasculature they are presented with. If we optically inspect
the original vasculatures with the GT as provided by the
experts we can still see that faint [low contrast, narrow with]
vessels are not perfectly captured.

When applying local fine-segmentation the values for
the thresholds for neighbors around likely vessel pixels
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depend on local circumstances. These can be spatial VWPs’
GL standard deviation, or, the deviation of the distance
between them. Still, the variation interval may lie within
[1/2μL, 2.5μL], where

μL(xo ∈ RL) = 1/NL ∗
⎛⎜⎝ ∑

(x,y)∈RL

I
(
x, y

)⎞⎟⎠,

RL(ro) =
{
r =

(
rx, ry

)T∃‖r − ro‖ ≤ STD(ro)
} (7)

is a local region around an examined seed-likely pixel (a
VWP, i.e.), μL is the local GL average, STD(ro) is the
local (centred at ro) GL’s standard deviation. All these
computations are preformed locally after the VWPs have
been computed. Thus, they are very fast and computationally
cheap. They are carried out only on selected regions around
very likely vessel points. In fact, these fine local adjustments
complete the effectiveness of more global descriptions, which
are unable to capture very detailed local variations. They
use parameters like convolution block size that are spatially
varying. After most of the VWPs have been found the
above local searches provide an updated version of the VPs,
and improve the VWP map, they were based on. The final
VPs account for the most part of the local information
that is missed when applying more global criteria. The
updated VWPs can be observed by comparing (Figure 3)∗

and (Figure 7) with (Figure 1)∗ and (Figure 3).
The resulting full vessel map is the result of inferring the

interior VPs from the likely VWPs. The VWP approach offers
also an insight into approaching vessel width. Nevertheless,
fine vessel detection is a relativistic term. The major and
peripheral networks entail parts of the fine vessel network.
When the retina is highly contrasted and uniformly illu-
minated then a gradient map followed by a rectifying local
spatial coherence adjustment can resolve the most important
part of the network as in (Figure 3)∗. When illumination is
not uniform as in (Figure 1)∗ then local adaptation is needed
to make clear details.

Different features were used in increasing combinations
as explained earlier in this section. The MFR gradient homo-
geneity offers strong vessel-like pixels but yields both vessel
likely/false and true VPs. Among the high MFR gradient
pixels those that can be paired for an acceptable range of
vessel widths from 5 to 50 pixels consist a finer criterion
applied. The width range applied offers increased width
sensitivity and at the same time higher sensitivity/tolerance
for roughly paired pixels. Expert proofed retinal images
serving as a ground truth helped correcting local region-
growing algorithms and thus to correct for the GL-MFR
discontinuities. For high-resolution images of 4K × 4k the
human eye sensitivity depends on the context or can be
misled by noise. Sometimes the distinction between vessel
walls and background even by human operators is not a
trivial task. This can be proved by comparing different
experts’ opinions on retinal image details. This comparison
is though beyond the scopes of the current Paper. In this
case of confusing border pixels the only criterion that can
be applied is the mathematical similarity to neighboring

pixels. This solution is implemented by a few steps [3–
10 iterations] region growing segmentation. The detection
performance is directly connected to illumination modeling.
We can use, though, established criteria that can help us to
define performance. As already mentioned, this can be done
using the ROC (Receiver Operating Characteristic) analysis
on the results. Comparative ROC curves are given in Figures
6(a) and 6(c) for full scan. For VWP-guided scan, the results
are more straight and similar looking since pixels are more
accurately labelled. The ROC curves were tuned by major
pixel pairing area and MFR thresholding parameters. They
were both used in distinct parameter pairs (rL, thMFR), where
(rL) is the maximally allowed local area’s radius for paired
pixels and (thMFR) is the linear proportion rate between
acceptable MFRs and the mean value of the MFR field
MFRACCEPTABLE > thMFRμMFR. The two metrics used in all
ROC curves were: x-axis: sensitivity (SE = TP/(TP + FN)),
y-axis: specificity (SP = TN/(FP + TN)).

We can observe that full scan detection performs slightly
worse since TP pixels are detected at higher rates as observed
in the slope of (SE, SP(SE)) curve where SE(y-axis) is
increasing versus SE’s increments for nearly same SP’s (x-
axis). The amount of pixels examined are of the range of
4E+5 for a full scan while for a guided scan is of the range
of less than 4.5E3 saving dramatically time. The accuracy is
also better for a guided scan since high SE is achieved earlier.

The contribution of the present work is mainly in the
lessening of the computational burden needed. For the nearly
100 times better scan-time we can use more advanced and
sophisticated filtering. The method can serve thus as a step
in removing many false alarms while missed TP or FN can be
recovered near the area where TP’s were initially observed.
It is quite unlikely that major TP’s are missed, by using a
VWP, otherwise captured using a full scan, that is, without
a wall map. One of the major features this work exploits
is the pairing and symmetry as well as a colinearity of
vessel pixels. Retinal pixels that cannot precisely fulfill these
conditions and thus escape the two scans would probably be
not observable even by experts. In this case the illumination
modeling or the more effective noise removal can shed more
light onto “hidden” TP’s and can help thus bring to surface
more FN’s.

A representative accounting for compared processing
times and ROC performance is given in Table 1. This is a
composite performance indicator. This is the final detection
time divided by the reliability of the system that is also
referred to explicitly. The reliability is the area between the
straight line (SE = SP) and the achieved line SE = f (SP), and
is denoted as D[Area(SE)], where

D(Area(SP)) =
∫ 1

0
SEdSP− 1/2∗ SP(SESP=0 − SESP=1).

(8)

We can observe that in all columns the reliability or
the differential area is given as a separate denominator “/#”
to show the range of performance between the methods
compared. In columns “a” and “b” where the guided and full
scan methods are compared, we had a relatively comparable
differential area (quasi-equal denominators) while times
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Figure 6: (a–f) Indicative cross section profiles encountered in 1D cross the line of CL: (a) mixed pattern that can be modelled both as
double peaked and single peaked GS-MF for different peak values and spreads, (b,e) clear single peaked patterns, (c,f) single sided patterns
modelling wall transition, (d) very shallow and narrow width vessel for pixel width.

Table 2: Comparative analysis of the main vessel detection techniques with the proposed one.

Methodology
Followed

Start/End
Point

Needed

Tube
Specific

No
Automation

Seed
Point

Needed

time to
detection

Surgical
planning

Neuro-
surgical

planning

Arbitrary
objects

detection

Arbitrary
image

modality

Fine
Vessel

Accuracy

Main
vessel

Accuracy

Center-
Line-

Detection
Accuracy

Module
complexity

Feature
Complexity

m1 y n y y gt Y Y n y gt lt y gt Lt

m2 y y y n gt Y y y y gt gt lt lt eq

m3 y y n n gt n n y y lt eq eq lt lt

m4 y n n n lt y y y y lt lt eq lt lt

m5 y n y y gt n n y y lt y lt lt lt

m6 n y n n eq y y n y eq eq eq eq eq

differ by two scales of magnitude. This agrees with the rest of
results where the trade-off between accuracy and speed is not
lost in either favour [of speed or of accuracy] but also cannot
be asserted or that the method trades speed for accuracy.
In region growing (RG), as in column “d”, the times are in
the range of a full scan vessel detection and this is expected
since RG is not guided but saves some time from full scan
in the sense that a user needs to elect good points as seed
points that saves the system time. Part of this RG time is lost
because of the relatively worse performance of RG due to less
accurate and robust pixel inclusion criteria than those used
in VWM pixel guided scan. With CL detection, as in column
“c” the vessel is detected beginning from skeleton pixels. The
performance denominator is significantly higher than in RG
since the skeleton component of a vessel is half the way to
have a successful vessel detection. Still, times are comparable
with RG and full scan MF since even these skeleton points

needs to be detected which takes time. The times for CL-
based and RG were taken from own algorithms operated on
same vessel data as VWM guided detection. Visual results are
not provided due to space limitation.

In Table 2 the methods compared M1· · ·M5 were
reported in the literature both as working as stand-alone
modules and also as separate modules in different systems.
Some of the most common qualitative performance descrip-
tions the authors were able to find in most works in the
relevant literature are reported in Table 2. These refer to the
automation degree a method offers, the accuracy it attains
as well as the range of applications or its speciality and
accuracy in vessel detection. Of special interest are vascular
and neurovascular applications, which present different
requirements in terms of the trade-off between accuracy
and speed with respect to eye vessel detection. A CL-based
method can be used in conjunction with an MF method in
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Figure 7: Process/Data Flow Chart depicting the basic information flow in our method.

Table 3: Designations for methods or sub-modules used in Table 2.

M1 Multiple seed point GT Designates that examined descriptor is higher in this method than with our method

M2 MF (full scan) LT Designates that examined descriptor is lower using this method than using ours

M3 CL detection Eq The examined and our method are roughly equal in that feature

M4 Start-End point per vessel segment Y Holds most likely true for both our and examined method

M5 Region Growing N Does not hold true for both our and examined method

M6 Proposed

order to enhance local detection results. A CL in turn can
be defined usually general purpose MFs that only detect the
ridge of the CL but are unable to provide more insight into
the local structure. There is thus no unanimously defined
measure to compare arithmetically applications as the variety
of applications diffuses specific modules performances.

To more focus on our method reported as “M6” in
Table 2 we can comment that it is not based on any selection
of start or end point since the coarse as well as the fine
detection are done automatically. It can be classified as
suitable for tube-like structures since the use of advanced
and complex MF serves primarily the purpose of accurately
defining the diameter and the directional spread of the

tubular bodies inside the vessel peripheral network. Hence,
automation is a major advantage our method offers. Since
not start or end points are needed no seed point is in
question as perhaps RG methods or CL methods could use.
It is most suitable for surgical planning and neurosurgical
operations as it offers good accuracy and speed and none
of them is obviously or proved traded over the other from
our experiments. It cannot be used for detecting any kind of
object as RG or CL methods could be more robust in. Still
works on any GL—valued or colored image or any planar
valued 2D or 3D field regardless the imaging modality that
generated it. It applies both to main and peripheral vessel
detection and depending on the choice of the MF parameters
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it works equally well as nonguided MF methods work given
the area of application is known and the parameters are
well selected. These two steps are inherent to our method
as discussed but not in full scan, non-guided MF-based
methods.

The more quantitative indicators “gt”, “lt” do not refer
to specific arithmetic evidences that can be safely found in
the literature. They are derived as logical estimates from
works in which the corresponding methods are referred to as
individual steps to follow or as algorithms to run. Thus, they
are mentioned as functional parts of larger processes, which
classifies them as less accurate. or some methods usually are
implemented as parts of others or super-parts of others. This
justifies their quantitative relation “gt/lt” to them in terms or
being of greater or lower efficiency in speed or accuracy.

6. Conclusions

In this paper, we presented a fully automated system for
vessel detection on retinal images. The innovations that
the current work clearly brings to the related research
broadly relies on the way specific properties for the Matched
Filters are dynamically computed using the core-notion
of Vessel Wall Pixels (VWPs). This work makes extensive
use of low-level, fast-to-compute features and advanced
geometrical characteristics that are not often met in other
related works. These properties are generally treated with
intensive reasoning that exploits all aspects of the low-level
visual information available. The texture information and
the geometrical properties once computed are dynamically
filtered by forcing homogeneity restrictions. Selected areas
that exhibit high homogeneity in these features are used
to fine-tune the MF’s and restrict their parameters to their
optimal values. This is not established theoretically though.
We are inclined to think that complete theoretical treatment
cannot be done to justify the best of choice as for the
features we are using. We use ROC analysis as a classical
semitheoretical performance indicator to make the point
of the prons of our approach. We also consider the time-
to-detection as a crucial performance indicator. The later
is opposed to mainstream efforts in the area that rarely
address the timing issue. We comment that sometimes
the outperformance of our proposed schema is in trading
performance for time. To this remark we would also add that
the time could be a significant factor for a number of specific
applications referring to the neurosurgery field as a potential
example.

We believe our paper raises a number of questions for
discussion and further investigation. One is to better assess
how to systematically tune optimal filters at the very local
level when the application calls for it. Our approach suggests
that the cocooccurrence matrix-based image’s texture is a
way to tackle with this issue. It is in our immediate plans
to make the schema scale-independent by incorporating
scale information into it. We are now working towards
this direction. A second challenge to work on is the type
of the trade-off that will be tolerated between processing
complexity, processing time and performance. The last deals

with the basic statement that not all image parts should
be treated within the same computational framework and
criteria must be established to trigger more advanced and
computationally expensive modules. These modules should
benefit from the computational power and the time that
saved from the generic and lighter modules used in less
interesting image parts.
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