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Presently we are witnessing a period of rapid and intense
change in our understanding of the gravitational force, at a
rate that is quickly increasing since the important observa-
tional discoveries of the late 1990s. With the advent of new
observational techniques, we can see the emergence of inter-
esting new cosmological paradigms, from which the CDM
seems to fit the best cosmological observations, indicating
that the present day Energy Cosmologies Universe is dom-
inated by two mysterious components, dark energy and dark
matter, with the former responsible for the accelerated expan-
sion of theUniverse, while the latter is required by the strange
behavior of the galactic rotation curves. Up to now, no direct
detection/observation of the dark matter has been reported,
and presently the only evidence for its existence is its gravita-
tional interaction with baryonicmatter. Presently, after a long
period of intensive observational and experimental results
the particle nature of the dark matter is still unknown.

Hence, a large number of astronomical observations
strongly suggest that at large scales the force of gravity may
not behave according to standard general relativity, as derived
from the Hilbert-Einstein action, and that a generalization of
the Hilbert-Einstein action, either at the geometric level or at
the matter level, may be required for a full understanding of
the gravitational interaction.

This special issue is focused on some extensions of the
standard theoretical concepts in gravity and cosmology. It
includes state-of-the-art research contributions in the follow-
ing areas: coupled dark energy models, occurring as a q-de-
formed scalar field, spinor quintom dark energy models with
intrinsic spin, in the framework of Einstein-Cartan-Sciama-
Kibble theory, black hole solutions in 1 + 1-dimensional

Horava-Lifshitz gravity, the study of the dark sector of the
Universe by considering the dark energy as an emerging q-
deformed bosonic scalar field, which is not only interacting
with the dark matter, but also nonminimally coupled to grav-
ity, and the comparison of the galactic rotation curves with
the observations in the Bose-Einstein Condensate dark mat-
ter model.

In the paper by E. Dil, the q-deformed bosons models
having a negative pressure are considered, and it is proposed
that the associated scalar fields produced by these deformed
bosons represent the dark energy in the Universe. The
coupling between q-deformed dark energy and dark matter
inhomogeneities in the Friedmann-Robertson-Walker space-
time is also considered.

The spin contribution to the total energy-momentum
tensor giving the energy density and the pressure in a spinor
quintom dark energy model with intrinsic spin, in the frame-
work of Einstein-Cartan-Sciama-Kibble theory, is obtained in
the paper by E. Dil.The equation of state parameter, the Hub-
ble parameter, the deceleration parameter, the state finder
parameter, and some distance parameters were obtained
in terms of the spinor potential. Choosing some suitable
potentials leads to a scenario involving crossing between the
quintessence and phantom epochs, respectively, or vice versa.
Three quintom scenarios are analyzed, which provides stable
expansion phases avoiding Big Rip singularities and yielding
matter dominated era through the stabilization of the spinor
pressure via the spin contribution.

The article by M. Halilsoy and A. Ovgun is devoted
to investigating whether the Banados, Silk, and West type
effects, which arise in higher dimensional black holes, are also
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present in the 1 + 1-D naked singularity/black hole system.
This investigation is performed by using the Horava-Lifshitz
gravity theory. In this theoretical framework it is shown
that the center-of-mass (CM) energy of the particles grows
unbounded in some cases. An interacting dark matter and q-
deformedmodel of dark energy nonminimally coupled to the
gravity in the framework of Einsteinian gravity is considered
in another paper by E. Dil. The dynamics of the model are
investigated, including a phase-space analysis that explicitly
shows if the model will give stable attractor solutions, indi-
cating an accelerating expansion of the Universe. Finally, in
the paper by M. Dwornik et al., a comparative and compre-
hensive comparison of both the Bose-Einstein Condensate
and the Navarro-Frenk-White dark halomodels with galactic
rotation curves is performed. Both the advantages and disad-
vantages of the Bose-Einstein Condensate model over the N
avarro-Frenk-White model are pointed out. It is also shown
that the weaker performance of the Bose-Einstein Conden-
sate model for the High Surface Brightness type II galaxies is
due to the Bose-Einstein Condensate density poles dropping
rapidly to zero outside a nearly constant density core.

We hope that this special issue will serve as a reference
for initiating and continuing state-of-the-art research in the
fundamental fields of modified gravity, dark energy, and dark
matter.

Dandala R. K. Reddy
Sergei D. Odintsov

Tiberiu Harko
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We present a comparative confrontation of both the Bose-Einstein Condensate (BEC) and the Navarro-Frenk-White (NFW) dark
halo models with galactic rotation curves. We employ 6 High Surface Brightness (HSB), 6 Low Surface Brightness (LSB), and
7 dwarf galaxies with rotation curves falling into two classes. In the first class rotational velocities increase with radius over the
observed range. The BEC and NFW models give comparable fits for HSB and LSB galaxies of this type, while for dwarf galaxies
the fit is significantly better with the BEC model. In the second class the rotational velocity of HSB and LSB galaxies exhibits long
flat plateaus, resulting in better fit with the NFW model for HSB galaxies and comparable fits for LSB galaxies. We conclude that
due to its central density cusp avoidance the BEC model fits better dwarf galaxy dark matter distribution. Nevertheless it suffers
from sharp cutoff in larger galaxies, where the NFWmodel performs better. The investigated galaxy sample obeys the Tully-Fisher
relation, including the particular characteristics exhibited by dwarf galaxies. In both models the fitting enforces a relation between
dark matter parameters: the characteristic density and the corresponding characteristic distance scale with an inverse power.

1. Introduction

Thevisible part of most galaxies is embedded in a darkmatter
(DM) halo of yet unknown composition, observable only
through its gravitational interactionwith the baryonicmatter.
Assuming the standard ΛCDM cosmological model, the
Planck satellitemeasurements of the cosmicmicrowave back-
ground anisotropy power spectrum support 4.9% baryonic
matter, 26.8% DM, and 68.3% dark energy in the Universe
[1, 2].

Investigation of mass distribution of spiral galaxies is an
essential tool in the research of DM. Beside the stellar disk
and central bulge, most of the galaxies harbour a spherically
symmetric, massive DMhalo, which dominates the dynamics
in the outer regions of the stellar disk. Nevertheless there are
examples of galaxies which at larger radii are better described
by a flattened baryonic mass distribution (global disk model)
[3].

Several DM candidates and alternatives have been pro-
posed, the latter assuming Einstein’s theory of gravity break-
ing down on the galactic scale and above ([4–12]). In

brane-world and 𝑓(𝑅)-gravity models, the galactic rotation
curves could be explained without DM ([13–16]).

At this moment there are strong experimental constraints
for all proposed dark matter candidates. Supersymmetric
dark matter has been strongly constrained by LHC [17,
18], sterile neutrinos disruled with 99% confidence level by
IceCube [19], Weekly Interacting Massive Particles (WIMPs)
severely bounded by the LUX [20], PandaX-II [21], and
Xenon100 [22] experiments. Extra dimensional effects as
dark matter substitutes have been also contained by LHC
[23].MassiveCompactHaloObjects (MACHOs)withmasses
below 20 solar masses have been shown to give at most
10% of dark matter by microlensing experiments on the
Large Magellanic Cloud [24]. There is still hope for larger
mass MACHOs as dark matter candidates, revived after the
spectacular first direct detection of gravitational waves [25],
sourced by black holes of approximately 30 solar masses.

It is well known that hot darkmatter (HDM) consisting of
light (𝑚 ∝ eV) particles cannot reproduce the cosmological
structure formation, as they imply that the superclusters of
galaxies are the first structures to form contradicting CMB
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observations, according to which superclusters would form at
the present epoch [26].Warm darkmatter (𝑚 ∝ keV)models
seem to be compatible with the astronomical observations
on galactic and also cosmological scales [27, 28]. Leading
candidates for warm dark matter are the right handed neu-
trinos, which in contrast with their left handed counterparts
do not participate in the weak interaction.The decay of these
sterile neutrinos produces high amount of X-rays, which can
boost the star formation rate leading to an earlier reionization
[29]. The existence of sterile neutrinos was however severely
constrained by recent IceCube Neutrino Observatory exper-
iments [30]. Cold dark matter (CDM) also shows remarkably
good agreement with observations over kpc scales ([31, 32]).
Particular CDMcandidates, like neutralinos (which are stable
and can be produced thermally in the early Universe) and
other WIMPs originating in supersymmetric extensions of
the StandardModel were severely constrained by recent LHC
results, rendering them into the range 200GeV ≲ 𝑚𝑛 ≲500GeV [33]. In aHiggs-portal DM scenario theHiggs boson
acts as the mediator particle between DM and Standard
Model particles, and it can decay to a pair of DM particles.
Very recent constraints established by the ATLAS Collabora-
tion on DM-nucleon scattering cross-section impose upper
limits of approximately 60GeV for each of the scalar, fermion,
and vector DM candidates (see Figure 4 of [34]), within
the framework of this scenario. While MACHOs of masses
less than 10 solar masses (like white dwarfs, neutron stars,
brown dwarfs and unassociated planets, and primordial black
holes in the astrophysical mass range) were disruled either
by Big Bang Nucleosynthesis constraints or microlensing
experiments as dominant DM candidates, primordial black
holes with intermediate mass could still be viable candidates
[35, 36].

Large 𝑁-body simulations (e.g., [39]) performed in the
framework of the ΛCDM-model (Λ being the cosmological
constant) were compatible with CDM halos with central
density cusps [40]. They are modeled by the Navarro-Frenk-
White (NFW) DM density profile 𝜌NFW(𝑟) = 𝜌𝑠/(𝑟/𝑟𝑠)(1 +𝑟/𝑟𝑠)2, where 𝑟𝑠 is a scale radius and 𝜌𝑠 is a characteristic
density. Some observations support such a steep cuspy
density profile [41, 42]; nevertheless certain high-resolution
rotation curves instead indicate that the distribution of DM
in the centres of DM dominated dwarf and Low Surface
Brightness (LSB) galaxies ismuch shallower, exhibiting a core
with nearly constant density [43]. In turn, the baryonicmatter
distributionmay also affect the DMdensity profile. As shown
in [44] a dark matter core within an isolated, initially cuspy
darkmatter halomay formdue to strong supernova feedback.
By contrast, adiabatic contraction of baryonic gas tends to
produce even cuspier dark matter halos [45].

The surface number-density profiles of satellites decline
with the projected distance as a power law with the slope(−2) ÷ (−1.5), while the line-of-sight velocity dispersion
declines gradually [46].These observations support theNFW
model on scales of 50 ÷ 500 kpc.

In a cosmological setup various scalar field DM models
were also discussed ([47, 48] and references therein). A
particular scalar field DM model describes light bosons in a

dilute gas. The thermal de Broglie wavelength of the particles
is 𝜆𝑇 ∝ 1/√𝑚𝑇, which can be large for light bosons (𝑚 <
eV) and for low temperature. Below a critical temperature
(𝑇𝑐), the bosons’ wave packets, which are the order of 𝜆𝑇
overlap, result in correlated particles. Such bosons share the
same quantum ground state, behaving as a Bose-Einstein
Condensate (BEC), characterized by a single macroscopic
wave function. It has been proposed that galactic DM halos
could be gigantic BECs [49].

It has been shown that caustics of ring shape appear
in rotating BEC models, which have an effect on rotation
curves, by causing bumps [50, 51]. Such ring shaped caustics
degenerate into the origin in the nonrotating BEC limit,
adopted in this paper.

The self-gravitating condensate is described by the Gross-
Pitaevskii-Poisson equation system in themean-field approx-
imation [10, 52–54]. In the Thomas-Fermi approximation,
a 2-parameter (mass 𝑚 and scattering length 𝑎) density
distribution of the BEC halo is obtained [see (3) below],
which is less concentrated towards the centre as compared to
the NFWmodel, relaxing the cuspy halo problem.

In model [55] where a normal dark matter phase with an
equation of state 𝑃 = 𝜌𝑐2𝜎2tr condensed into a BEC with self-
interaction (𝜎tr = 0.0017 being the one-dimensional velocity
dispersion and 𝑐 the speed of light), the stability of the BEC
halo depends on the particle mass and scattering length. For
a given mass the stability occurs for larger scattering length
and for given scattering length the stability appears at smaller
mass. For the following scattering lengths: 𝑎 = 103 fm, 𝑎 =10−14 fm, and 𝑎 = 10−55 fm, the mass of the BEC particle
arises as𝑚 > 1 eV,𝑚 > 2 × 10−6 eV, and𝑚 > 4.57 × 10−20 eV,
respectively. Galactic size stable halos can form with 𝑚 >10−24 eV (Figure 3 in [56]).

A stable BEC halo can form as a result of gravitational
collapse [57]. The model has been tested on kpc scales
confronting it with galactic rotation curve observations [10].
It was pointed out by [58] that the effects of BEC DM should
be seen in the matter power spectrum if the boson mass is
in the range 15meV < 𝑚 < 35meV and 300meV < 𝑚 <700meV for the scattering lengths 𝑎 = 106 fm and 𝑎 =1010 fm, respectively. In [59] the authors showed that the
observed collisional behaviour of DM inAbell 520 cluster can
also be recovered within the framework of the BEC model.
All of the mentioned BEC particle masses are consistent with
the limit𝑚 < 1.87 eV imposed from galaxy observations and𝑁-body simulation [60]. A discrepancy was however pointed
out between the best fit density profile parameters derived
from the strong lensing and the galactic rotational curves
data. In conclusion the BEC halo should be denser in lens
galaxies than in dwarf spheroidals [61].

In this work we critically examine the BEC model as a
possible DM candidate against rotation curve data, pointing
out both advantages and disadvantages over the NFWmodel.
Previous studies on the compatibility of the BEC model and
galactic rotation curves were promising but relied on a less
numerous and less diversified set of galaxies than employed
here ([62, 63]). The paper has the following structure. The
basic properties of the BEC DM model are reviewed in
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Section 2. In Section 3 a comparison is made between the
theoretical predictions of the BEC model and the observed
rotation curve data of three types of galaxies: theHigh Surface
Brightness (HSB), LSB, and dwarf galaxies. The conclusions
are presented in Section 4.

2. The Bose-Einstein Condensate Galactic
Dark Matter Halo

An ideal, dilute Bose gas at very low temperature forms a
Bose-Einstein Condensate in which all particles are in the
same ground state. In the thermodynamic limit, the critical
temperature for the condensation is 𝑇𝑐 = 2𝜋ℎ2(𝑛/𝜁)3/2/𝑚𝑘𝐵
[64]. Here 𝑛 and 𝑚 are the number density and the mass
of the bosons, respectively, and 𝜁 = 2.612 is a constant,
while ℎ and 𝑘𝐵 denote the reduced Planck and Boltzmann
constants, respectively. Atoms can be regarded as quantum-
mechanical wave packets of the order of their thermal de
Broglie wavelength 𝜆𝑇 = √2𝜋ℎ2/(𝑚𝑘𝐵𝑇). The condition for
the condensation 𝑇 < 𝑇𝑐 can be reformulated as 𝑙 < 𝜆𝑇/𝜁−1/3,
where 𝑙 is the average distance between pairs of bosons,
and it occurs when the temperature, hence the momentum
of the bosons, decreases and as a consequence their de
Broglie wavelengths overlap. The thermodynamic limit is
only approximately realized, the finite size giving corrections
to the critical temperature [65–68]. A dilute, nonideal Bose
gas also displays BEC; on the other hand, the condensate
fraction is smaller than unity at zero temperature and the
critical temperature is alsomodified [69–72]. Experimentally,
BEC (which could be formed by bosonic atoms but also form
fermionic Cooper pairs) has been realized first in 87Rb [73–
75], then in 23Na [76, 77], and in 7Li [78].

In a dilute gas, only two-particle interactions dominate.
The repulsive, two-body interparticle potential is approxi-
mated as 𝑉self = 𝜆𝛿(r − r), with a self-coupling constant𝜆 = 4𝜋ℎ2𝑎/𝑚, where 𝑎 is the scattering length. Then in
the mean-field approximation (in case when we neglect the
contribution of the excited states) the BEC is described by the
Gross-Pitaevskii equation [52–54]:

𝑖ℎ 𝜕𝜕𝑡𝜓 (r, 𝑡)
= [− ℎ22𝑚Δ + 𝑉self grav (r) + 𝜆𝜌 (r, 𝑡)] 𝜓 (r, 𝑡) ,

(1)

where 𝜓(r, 𝑡) is the wave function of the condensate and Δ is
the 3-dimensional Laplacian.The probability density 𝜌(r, 𝑡) =|𝜓(r, 𝑡)|2 is normalized to

𝑛0 (𝑡) = ∫𝑑r𝜌 (r, 𝑡) , (2)

where 𝑛0(𝑡) is the number of particles in the ground state and𝜌(r, 𝑡) is the number density of the condensate. The potential𝑉self grav(r)/m is the Newtonian gravitational potential pro-
duced by the Bose-Einstein Condensate.

Stationary solutions of the Gross-Pitaevskii equation can
be found in a simple way by using the Madelung represen-
tation of complex wave functions [79, 80], then deriving

the Madelung hydrodynamic equations [79]. Madelung’s
equations can be interpreted as the continuity andEuler equa-
tions of fluid mechanics, with quantum corrections included.
However, the quantum correction potential in the gener-
alized Euler equation contributes significantly only close
to the boundary of the system [81]. In the Thomas-Fermi
approximation the quantum correction potential is neglected
compared to the self-interaction term. This approximation
becomesmore accurate as the particle number increases [82].

Assuming a spherically symmetric distribution of the
condensate the following solution was found [10, 81]:

𝜌BEC (𝑟) = 𝜌(𝑐)BEC sin 𝑘𝑟𝑘𝑟 , (3)

where 𝜌BEC = 𝑚𝜌(𝑟) and
𝑘 = √𝐺𝑚3ℎ2𝑎 . (4)

The central density 𝜌(𝑐)BEC ≡ 𝜌BEC(0) is determined from nor-
malization condition (2) as

𝜌(𝑐)BEC = 𝑛0𝑚𝑘34𝜋2 . (5)

The Thomas-Fermi approximation remains valid for 𝑛0 ≫1/𝑘𝑎 [81].
TheBECgalacticDMhalo’s size is defined by𝜌(𝑅BEC) = 0,

giving 𝑘 = 𝜋/𝑅BEC, that is,

𝑅BEC = 𝜋√ ℎ2𝑎𝐺𝑚3 . (6)

The mass profile of the BEC halo is then given as

𝑚BEC (𝑟) = 4𝜋∫𝑟
0
𝜌BEC (𝑟) 𝑟2𝑑𝑟

= 4𝜋𝜌(𝑐)BEC𝑘2 𝑟 ( sin 𝑘𝑟𝑘𝑟 − cos 𝑘𝑟) .
(7)

The BEC halo contributes to the velocity profile of the
particles which are moving on circular orbit as dictated by
the Newtonian gravitational force [10].This can be taken into
account by the following equation:

V2 (𝑟) = 4𝜋𝐺𝜌(𝑐)BEC𝑘2 ( sin 𝑘𝑟𝑘𝑟 − cos 𝑘𝑟) , (8)

which needs to be added to the baryonic contribution, respec-
tively.

3. Confronting the Model with
Rotation Curve Data

The validity of our model was tested by confronting the
rotation curve data of a sample of 6 HSB, 6 LSB, and 7
dwarf galaxies, with both the NFWDM and the BEC density
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profiles. For reasons to become obvious during our analysis,
we split both the HSB and LSB data sets into two groups
(type I. and II.), based on the shapes of the curves. In the
first group the rotational velocities increase over the whole
observed range, while in the second set the rotation curves
exhibit long flat regions.

The commonly used NFW model has the mass density
profile

𝜌NFW (𝑟) = 𝜌𝑠(𝑟/𝑟𝑠) (1 + 𝑟/𝑟𝑠)2 , (9)

where 𝜌𝑠 and 𝑟𝑠 are a characteristic density and distance scale,
to be determined from the fit.

Themass within a sphere with radius 𝑟 = 𝑦𝑟𝑠 is then given
as

𝑚NFW (𝑟) = 4𝜋𝜌𝑠𝑟3𝑠 [ln (1 + 𝑦) − 𝑦1 + 𝑦] , (10)

where 𝑦 is a positive dimensionless radial coordinate.

3.1. HSBGalaxies. In this subsectionwewill follow themeth-
od described in [15]. In HSB galaxy the baryonic component
was decomposed into a thin stellar disk and a spherically
symmetric bulge. It was assumed that the mass distribution
of bulge component follows the deprojected luminosity
distribution with a factor known as the mass-to-light ratio.
The bulge parameters were estimated from a Sérsic 𝑟1/𝑛 bulge
model, whichwas obtained by the fitting of the optical 𝐼-band
galaxy light profiles.

Each galaxy’s spheroidal bulge component has a surface
brightness profile which is described by a generalized Sérsic
function [83];

𝐼𝑏 (𝑟) = 𝐼0, 𝑏 exp[−( 𝑟𝑟0)
1/𝑛] , (11)

wherein 𝐼0, 𝑏 is the central surface brightness of the bulge, 𝑟0
is the characteristic radius of the bulge, and the magnitude-
radius curve’s shape parameter is denoted by 𝑛.

The mass-to-light ratio for the Sun is 𝛾⊙ = 5133 kgW−1.
Themass-to-light ratio of the bulge 𝜎will be given in units of𝛾⊙ (solar units).Wewill also give themass in units of the solar
mass𝑀⊙ = 1.98892 × 1030 kg. We assume that the radial dis-
tribution of visiblemass follows the radial distribution of light
derived from the bulge-disk decomposition. Accordingly the
mass of the bulge inside the projected radius 𝑟 can be derived
from the surface brightness observed within this radius:

𝑚𝑏 (𝑟) = 𝜎N (𝐷)𝐹⊙ 2𝜋∫𝑟
0
𝐼𝑏 (𝑟) 𝑟 𝑑𝑟, (12)

where 𝐹⊙(𝐷) is the apparent flux density of the Sun at a
distance 𝐷 Mpc, 𝐹⊙(𝐷) = 2.635 × 106−0.4𝑓⊙ mJy, with 𝑓⊙ =
4.08 + 5 lg(𝐷/1 Mpc) + 25mag, and

N (𝐷) = 4.4684 × 10−35𝐷−2m−2 arcsec2. (13)

The rotational velocity related to the bulge is

V2𝑏 (𝑟) = 𝐺𝑚𝑏 (𝑟)𝑟 , (14)

where 𝐺 is the gravitational constant.
In case of a spiral galaxy, the radial surface brightness

profile of the disk decreases exponentially as a function of the
radius [84];

𝐼𝑑 (𝑟) = 𝐼HSB
0, 𝑑 exp (− 𝑟ℎHSB ) , (15)

where 𝐼HSB
0, 𝑑 is the central surface brightness of the disk andℎHSB is a characteristic disk length scale.The disk contributes

to the circular velocity as follows ([84]):

V2𝑑 (𝑥) = 𝐺𝑀HSB
𝐷2ℎHSB 𝑥2 (𝐼0𝐾0 − 𝐼1𝐾1) , (16)

where 𝑥 = 𝑟/ℎHSB and 𝐼𝑛 and 𝐾𝑛 are the modified Bessel
functions evaluated at 𝑥/2, while 𝑀HSB

𝐷 is the total mass of
the disk.

Accordingly inHSB galaxy the rotational velocity adds up
as

V2tg (𝑥) = V2𝑏 (𝑥) + V2𝑑 (𝑥) + V2DM (𝑥) . (17)

In order to validate the BEC+baryonic model, we con-
front it with rotation curve data of 6 well-tested galaxies
(which were already employed in [15] for testing a brane-
world model). The data was obtained from a sample given in
[37] and meets the following criteria: (i) it has to be among
the best accuracies obtained from the sample and (ii) the
bulge has to be spherically symmetric. As a check we also
fitted the NFW + baryonic model with the same data set.
The respective rotation curves are plotted for both models
on Figures 1 and 2. The small humps on both figures are due
to the baryonic component. From the available photometric
data the best fitting values were derived for the baryonic
model parameters 𝐼0,𝑏, 𝑛, 𝑟0, 𝑟𝑏, and 𝐼HSB

0,𝑑 ℎHSB. By fitting BEC
and NFWmodels to the investigated rotation curve data, the
parameters for these models (as well as the corresponding
baryonic parameters) were calculated. The parameter values
are indicated in Tables 1 and 2.

Both the BEC and NFW DM models give comparable𝜒2min values (within 1𝜎 confidence level) for HSB I galaxies.
In case of galaxies with extended flat regions (HSB II), the
NFW DMmodel fits better the rotation curves; nevertheless
BEC model gives rotational curves which fall outside the 1𝜎
confidence level.

3.2. LSB Galaxies. The surface brightness of LSB galaxies is
substantially fainter than the brightness of the sky at night.
They belong to an early stage class of galaxies [85]. LSB
galaxies were found to be metal poor, which indicates a lower
star formation rate than what is generally found in HSB
galaxies [86]. Wide spectrum of colors can be measured in
case of LSB galaxies ranging from red to blue [87] and they
are diverse as regards morphologies and other properties.
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Table 1: The distances (𝐷) and the photometric parameters of the 6 HSB galaxy sample as determined by the fit with available photometric
data [37]. Bulge parameters: the central surface brightness (𝐼0, 𝑏), the shape parameter (𝑛), the characteristic radius (𝑟0), and radius of the
bulge (𝑟𝑏). Disk parameters: central surface brightness (𝐼HSB

0, 𝑑 ) and length scale (ℎHSB) of the disk.

Galaxy 𝐷 𝐼0,𝑏 𝑛 𝑟0 𝑟𝑏 𝐼HSB
0, 𝑑 ℎHSB

Mpc mJy/arcsec2 kpc kpc mJy/arcsec2 kpc
ESO215G39 61.29 0.1171 0.6609 0.78 2.58 0.0339 4.11
ESO322G77 38.19 0.1949 0.7552 0.33 1.37 0.0744 2.20
ESO509G80 92.86 0.2090 0.7621 1.10 4.69 0.0176 11.03
ESO323G25 59.76 0.1113 0.4626 0.43 0.99 0.0825 3.47
ESO383G02 85.40 0.6479 0.7408 0.42 1.94 0.5118 3.82
ESO446G01 98.34 0.2093 0.8427 1.28 6.33 0.0357 5.25
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Figure 1: Best fit curves for the HSB I. galaxy sample where the solid black lines hold for the baryonic matter + BECmodel, while the dashed
red lines refer to the baryonic matter + NFWmodel.
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Figure 2: Best fit curves for the HSB II. galaxy sample. The solid black lines hold for the baryonic matter + BECmodel, while the dashed red
lines hold for the baryonic matter + NFWmodel. The BEC model does not describe well the extended flat regions.

Most of the LSB galaxies that were observed are dwarf
galaxies; however there is also a significant number of large
spirals among LSB galaxies [88].

According to our model the LSB galaxy is made up of two
main components, one being a thin stellar + gas disk and the
other one being a CDM component which is assumed to be a
BEC.We use the samemodel for the disk component as in the
case of theHSB galaxies.The surface brightness profile can be
described by the following equation [84]:

𝐼𝑑 (𝑟) = 𝐼LSB0, 𝑑 exp(− 𝑟ℎLSB ) , (18)

where 𝐼LSB0, 𝑑 is the central surface brightness and ℎLSB is the
disk length scale. The contribution of the disk to the circular
velocity can be expressed as

V2𝑑 (𝑟) = 𝐺𝑀LSB
𝐷2ℎLSB 𝑞2 (𝐼0𝐾0 − 𝐼1𝐾1) , (19)

where 𝑞 = 𝑟/ℎLSB and 𝑀LSB
𝐷 are the total mass of the disk

while the modified Bessel functions 𝐼𝑛 and 𝐾𝑛 are evaluated
at 𝑞/2.

Consequently, for an arbitrary projected radius 𝑟 the
rotational velocity can be calculated based on the combined
model resulting in the following equation:

V2tg (𝑟) = V2𝑑 (𝑟) + V2DM. (20)

A preliminary check confirmed that the BEC + baryonic
model represents a better fit than the purely BEC model.

We confronted the BECmodel with 6 LSB galaxies chosen
from a larger sample [38]. The applied data were obtained
from both 𝐻𝐼 and 𝐻𝛼 measurements. From a 𝜒2-test the
parameters in both the BEC + baryonic and NFW+ baryonic
models were identified: these are shown in Table 3. The best
fit rotation curves are represented on Figures 3 and 4.
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Figure 3: Best fit curves for the LSB I. galaxy sample. The solid black lines indicate the baryonic matter + BEC model, while the dashed red
lines indicate the baryonic matter + NFWmodel.
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Figure 4: Best fit curves for the LSB II. galaxy sample. The solid black lines refer to the baryonic matter + BEC model, while the dashed
red lines to the baryonic matter + NFWmodel. As for HSB galaxies, the BEC model fails to explain the extended flat regions of the rotation
curves.

For the LSB I galaxies the BEC DM model gives signif-
icantly better fitting velocity curves (all within the 1𝜎 con-
fidence level) compared to the NFW model (which in two
cases out of the three gives fits falling outside 1𝜎). For LSB
II galaxies the quality of the fits is comparable, but in both
models they are beyond the 1𝜎 confidence level.

3.3. Dwarf Galaxies. Approximately 85% of the explored
galaxies in the Local Volume [89] are dwarf galaxies. The
dwarfs are defined by having an absolute magnitude which
is fainter than 𝑀𝐵 ∼ −16mag. On the other hand they are
larger than globular clusters [90].

Although little is known about their formation, it is
generally accepted that dwarfs are formed at the centres of
subhalos. Dwarf galaxies can be categorised in five groups
according to their optical appearance. The five groups being
dwarf ellipticals, dwarf irregulars, dwarf spheroidals, blue
compact dwarfs, and dwarf spirals. The dwarfs falling in
the last group represent the very small ends of spirals [91].
Dwarf spheroidals are old systems and among the most DM
dominated galaxies in the Universe.

The central velocity dispersion ofmost dwarf galaxies is in
the range 6÷ 25 km/s [92]. In a typical dwarf galaxy, assuming
dynamical equilibrium, the mass derived from the observed
velocity dispersion is substantially greater than the observed
total visible mass. This implies that the mass-to-light ratio is
very high compared to other types of galaxies; hence they can
greatly contribute to the understanding of DM distribution
on small scales. Dwarf galaxies allow for proving or falsifying
different alternative gravity theories [93].

We decided to use 7 dwarf galaxies for testing the BEC
model. We have selected the sample dwarf galaxies such as
to ensure that sufficient high-resolution rotation curve data
would be available for our study. We fitted both the BEC +
baryonic and the NFW + baryonic models, respectively, with
similar baryonic components as for the LSB galaxies. As the
length scales of the stellar disks were not available for the
selected sample, they were calculated by 𝜒2 minimization,
too.

A preliminary check showed that the addition of the BEC
dark matter halo to the baryonic model improved (giving
lower 𝜒2min values) on the fit in all cases. By contrast, the
NFW model was unable to improve on the purely baryonic
fit in four out of seven cases. We note that since the data does
not contain the error margins, the 𝜒2min values are relatively
high (beyond the 1𝜎 confidence level in most cases). The best
fit BEC and NFW parameters are shown in Table 4 and the
corresponding rotation curves are represented on Figure 5.
The inclusion of the BEC DM model gives significantly (in
some cases one order of magnitude in the value of 𝜒2) better
fits compared to the case of NFW model. This is due to the
cusp avoidance in the central density profile of the BECmodel
and the fact that dwarf galaxies do not exhibit extended flat
regions in their rotation curves.

4. Discussions and Final Remarks

We have performed a 𝜒2-test of the BEC and NFW DM
models, with the rotation curves of 6 HSB, 6 LSB, and 7 dwarf
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Figure 5:The best fit curves for the dwarf galaxy sample. The BEC + baryonic model (solid black curves) give a better fit in all cases than the
NFW + baryonic model (dashed red lines). In both cases the fit was performed with the same baryonic model.

galaxy samples. For improved accuracy we also included
realistic baryonic models in every case. For the HSB galaxy
sample, both the rotation curve and the surface photometry
data were available. Most of the rotation curves were smooth,
symmetric, and uniform in quality.

The circular velocity of the investigated galaxies was
decomposed into its baryonic and DM contribution:
V2model(𝑟) = V2baryonic + V2DM. For the BEC model the DM con-
tribution to the rotational velocity can be described as (8).
Then the rotation curves are fitted with the parameters of
the baryonic and DM halo models (BEC and NFW) using 𝜒2
minimization method.

The analysis of the HSB I galaxies showed a remarkably
good agreement for both DM models with observations.
The BEC and NFW models show similar fits. However, the
rotation curves of the HSB II type galaxies are significantly
better described by the NFWmodel.

It was previously known that for LSB galaxies and without
including the baryonic sector, the BEC model gave a better
fit than the NFW model [62]. We additionally found that
including the baryonic component improves on the fit of
[62]. Our detailed analysis showed a significantly better
performance of the BEC model for LSB type I galaxies, while

comparable fits for LSB type II galaxies were obtained. These
latter fits were however outside the 2𝜎 confidence level.

The unsatisfactory large distance behaviour of the BEC
model for both the HSB and LSB galaxies of type II originates
in the sharp cutoff of the BEC DM distribution and clearly
indicates that it would be desirable to modify the BECmodel
on larger scale, also to comply with the behaviour of the
universal rotation curves (URCs) at larger radii [94].

From the above analysis of HSB and LSB galaxies it is
also obvious that (while on large distances the BEC model
suffers from problems due to the sharp cutoff) close to the
core it works overall better than the NFWmodel. This is also
supported by our fit of both the BEC + baryonic and NFW +
baryonicDMmodels with rotation curve data of a sample of 7
dwarf galaxies. Since dwarf galaxies are DM dominated, they
allow for the best comparison between the various models.
The results can be seen in Figure 5.We also note that theNFW
DM improved over the pure baryonic fit in four cases out of
seven, while including the BEC component improved over
the fit with the baryonic component in all cases.

The BEC parameters were determined for all cases. The
parameters 𝜌(𝑐)BEC, 𝑅BEC are given in Tables 2, 3, and 4. The
averages of the radii 𝑅DM of the BEC halos for the HSB, LSB,
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Figure 6:The density parameter 𝜌(𝑐)BEC of the BECmodel is shown as function of 𝑅BEC in (a), and the density parameter 𝜌𝑠 of the NFWmodel
is shown as function of 𝑟𝑠 in (b). The HSB, LSB, and dwarf galaxies are represented by filled circles, empty triangles, and filled triangles,
respectively.

and dwarf galaxies are ⟨𝑅HSB
BEC⟩ ≈ 4.06 kpc, ⟨𝑅LSB

DM⟩ ≈ 6.48 kpc,
and ⟨𝑅dwarf

DM ⟩ ≈ 5.94 kpc, respectively. The scatter however is
large; there are no universal BEC parameters which globally
fit all the galaxies, not even at 3𝜎 confidence level. The closer
to this goal were the HSB galaxies, where 3 out of 6 had
overlapping 3𝜎 domains. Nonetheless the given values of𝑅DM
are consistent within the order of magnitude with the halo
radii of 59 other galaxies determined from weak lensing [95].

We represent the density parameter 𝜌(𝑐)BEC of the BEC
model as function of 𝑅BEC in Figure 6(a) and the density
parameter 𝜌𝑠 of the NFW model as function of 𝑟𝑠 in
Figure 6(b) (four dwarf galaxies are absent, as the NFW
halo does not improve the fit over the pure baryonic case).
The fitting enforces a relation between the dark matter
parameters: the characteristic density scales with an inverse
power with the corresponding characteristic distance.

We verify the Tully-Fisher relation for the investigated
galaxy sample and present the results on Figure 7. Apparent𝐵 magnitudes and galaxy distances were collected from the
NASA/IPAC extragalactic database [96] and were corrected
for extinction based on Landolt standard fields to calculate
the absolute magnitudes. It is known that the Tully-Fisher
relation holds for spiral and lenticular galaxies with the same
slope (e.g., [97]). A larger slope and scatter characterize the
Tully-Fisher relation for the dwarf galaxies (e.g., [97, 98]).The
investigated sample exactly exhibits these features.

There is a relation among the mass𝑚 of the BEC particle,
its coherent scattering length 𝑎, and the radius of theDMhalo𝑅DM [10]:

𝑚 = ( 𝜋2ℎ2𝑎
GR2BEC

)1/3

≈ 6.73 × 10−2 [𝑎 (fm)]1/3 [𝑅BEC (kpc)]−2/3 eV.
(21)

Axions have been proposed as the Peccei-Quinn solution to
the strong CP problem [99] and they are among the best dark
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Figure 7: The baryonic Tully-Fisher relation of our galaxy sample.
Absolute 𝐵magnitudes are presented as function of the logarithm of
the maximal rotational velocity. The HSB, LSB, and dwarf galaxies
are represented by filled circles, empty triangles, and filled triangles,
respectively.

matter candidates. Being bosons, they may also form BEC.
The Axion Dark Matter Experiment has already established
limits on the dark matter axions [100, 101].

Assuming the BEC is formed of axions with mass of10−6 eV, the scattering lengths for the three types of galaxies
emerge as 𝑎HSB ≈ 5.4 × 10−14 fm, 𝑎LSB ≈ 1.37 × 10−13 fm,
and 𝑎dwarf ≈ 1.15 × 10−13 fm.These values are consistent with
the results of [95], which are based on a statistical analysis of
61 DM dominated galaxies. The total energy of the BEC halo
is negative with these scattering lengths and particle mass,
meaning the halo is stable (see Figure 3 of [56]).
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The unbounded center-of-mass (CM) energy of oppositely moving colliding particles near horizon emerges also in 1 + 1-
dimensional Horava-Lifshitz gravity. This theory has imprints of renormalizable quantum gravity characteristics in accordance
with the method of simple power counting. Surprisingly the result obtained is not valid for a 1-dimensional Compton-like process
between an outgoing photon and an infalling massless/massive particle. It is possible to achieve unbounded CM energy due to
collision between infalling photons and particles. The source of outgoing particles may be attributed to an explosive process just
outside the horizon for a black hole and the naturally repulsive character for the case of a naked singularity. It is found that absence
of angular momenta in 1 + 1-dimension does not yield unbounded energy for collisions in the vicinity of naked singularities.

1. Introduction

It is known that in spacetime dimensions less than four
gravity has no life of its own unless supplemented by external
sources. With that addition we can have lower dimensional
gravity and we can talk of black holes, wormholes, geodesics,
lensing effect, and so on in analogy with the higher dimen-
sions. One effect that attracted much interest in recent times
is the process of particle collisions near the horizon of black
holes due to Bañados et al. [1] which came to be known as the
BSW effect. This problem arose as a result of imitating the
rather expensive venture of high energy particle collisions in
laboratory. From curiosity the natural question arises: is there
a natural laboratory (a particle accelerator) in our cosmos that
we may extract information/energy in a cheaper way? This
automatically drew attention to the strong gravity regions
such as near horizon of black holes. Rotating black holes host
greater energy reservoir due to their angular momenta and
attention naturally focused therein first [2, 3]. In case the
metric is static and diagonal, there are reasons to consider the
collision process in the vicinity of a naked singularity as well.

We note from physical grounds that outgoing particles
from the event horizon of a black hole cannot occur. Hawking
radiation particles/photons emerge too weak to compare

with infalling particles. Thus collision of two particles can
only be argued if both are infalling toward the horizon
of a black hole. Such a process, however, yields no BSW
effect in the nonrotating metrics, which is our main interest
in this study. In order to have an unbounded CM energy
in a collision process both particles must be taken in the
same coordinate frame and in opposite directions. This is
possible in the vicinity of a naked singularity whose repulsive
effect compels particles/photons to make collisions with an
infalling particle/photon. From the outset we state that such
a collision taking place near the naked singularity in the
absence of angular momenta does not yield an unbounded
CM energy. To extend our study to cover also collisions
near black holes we assume that some unspecified process,
such as disintegration decay process of some particles, yields
outgoing particles photons while the partners fall into the
hole. For a thorough analysis of all these problems covering
the ergosphere region of a Kerr black hole, Penrose process,
particle collisions, and so on one must consult [4].

In general one considers the radial geodesics and upon
energy-momentum conservation in the center-of-mass (CM)
frame the near horizon limit is checked whether the energy
is bounded/unbounded. Our aim in this study is to consider
black hole solutions in 1 + 1-dimensional Horava-Lifshitz
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(HL) gravity [5] and check the BSW effect in such reduced
dimensional theory. Let us remark that at the Planck scale
in higher dimensions the spherical part 𝑟2𝑑Ω2𝐷−2 of the line
element is less effective compared to the time and radial
components. For this reason 1+1-dimension becomes signif-
icant at the Planck scale. For a number of reasons HL gravity
is promising as a candidate for a renormalizable quantum
gravity physics which has been yearned for a long time [6].
The key idea in HL- gravity is the inhomogeneous scaling
properties of time and space coordinates which violate the
Lorentz invariance. Arnowitt-Deser-Misner (ADM) splitting
of space and time [7] constitutes its geometrical background.
BSW effect in lower/higher dimensions has been worked
out by many authors [8–44]. Following the similar idea
we consider black hole solutions and naked singularities
in 1 + 1-dimension and search for the same effect in this
lower dimension. It should be added that with 1 + 1-
dimensional HL theory the simplest nontrivial solution is
the solution describing an accelerated particle in the flat
space of Rindler frame. This justifies also the meaning of the
vector field (𝑎𝑖) as the acceleration in the HL gravity. The
role of Rindler acceleration in 3 + 1-dimension as a possible
source of flat rotation curves and geodesics motion has been
discussed recently [45]. It is our belief that the results in lower
dimensions are informative for higher dimensions and as a
toy model can play the role as precursors in this regard. Even
a Compton-like process can be considered at the toy level
between amassless photon outgoing from a naked singularity
and a particle falling into the naked singularity.The diverging
CM energy results in the case of photon-particle collision in1 + 1-dimension under specific conditions.

Organization of the paper is as follows. In Section 2, we
review in brief the 1 + 1-D HL theory with a large class
of black hole and naked singularity solutions. CM energy
of colliding particles near horizon and naked singularity is
considered in Section 3. Section 4 proceeds with applications
to particular examples. The case of particle-photon collision
is studied separately in Section 5. The paper ends with our
conclusion in Section 6.

2. 1 + 1-D HL Black Hole/Naked Singularity

HL formalism in 3 + 1-D makes use of the ADM splitting of
time and space components as follows:

𝑑𝑠2 = −𝑁2𝑑𝑡2 + 𝑔𝑖𝑗 (𝑑𝑥𝑖 + 𝑁𝑖𝑑𝑡) (𝑑𝑥𝑗 + 𝑁𝑗𝑑𝑡) , (1)

where 𝑁(𝑡) and 𝑁𝑖 are the lapse and shift functions, respec-
tively. The action of this theory is

𝑆 = 𝑀2𝑃𝑙2 ∫𝑑3𝑥 𝑑𝑡√𝑔 (𝐾𝑖𝑗𝐾𝑖𝑗 + 𝜆𝐾2 + 𝑉 (𝜙)) , (2)

where 𝐾𝑖𝑗 is the extrinsic curvature tensor with trace 𝐾 and
Planck mass𝑀𝑃𝑙. 𝑉(𝜙) stands for the potential function of a
scalar field 𝜙, and 𝜆 is a constant (𝜆 > 1). Reduction from3 + 1-D to 1 + 1-D results in the action [5]:

𝑆 = ∫𝑑𝑡 𝑑𝑥 (−12𝜂𝑁2𝑎21 + 𝛼𝑁2𝜙2 − 𝑉 (𝜙)) (3)

where 𝜂= constant and𝛼= constantwill be chosen to be unity
and 𝑎1 = (ln𝑁). Let us comment that a “prime” denotes𝑑/𝑑𝑥. We note that also the first term in 𝑆 is inherited from
the geometric part of the action while the other two terms are
from the scalar field source. For simplicity we have set also𝑀𝑃𝑙 = 1.

It has been shown in [5] that by variational principle a
general class of solutions is obtained as follows:

𝑁(𝑥)2 = 2𝐶2 + 𝐴𝜂 𝑥2 − 2𝐶1𝑥 + 𝐵𝜂𝑥 + 𝐶3𝜂𝑥2 (4)

in which 𝐶2, 𝐴, 𝐶1, 𝐵, and 𝐶 are integration constants.
Reference [5] must be consulted for the physical content of
these constants.

The line element is

𝑑𝑠2 = −𝑁 (𝑥)2 𝑑𝑡2 + 𝑑𝑥2
𝑁(𝑥)2 (5)

with the scalar field

𝜙 (𝑥) = ln√2𝐶2 + 𝐴𝜂 𝑥2 − 2𝐶1𝑥 + 𝐵𝜂𝑥 + 𝐶3𝜂𝑥2 . (6)

Note that the associated potential is

𝑉 (𝜙 (𝑥)) = 𝐴 + 𝐵𝑥3 + 𝐶𝑥4 (7)

and the Ricci scalar is calculated as

𝑅 = −2𝜂 (𝐴 + 𝐵𝑥3 + 𝐶𝑥4 ) . (8)

There is naked singularity when 𝐴 = 𝐶1 = 0 and 𝐶2 = 𝐵 =𝐶 = 𝜂 = 1, so that there is no horizon for

𝑁(𝑥)2 = 2 + 1𝑥 + 13𝑥2 . (9)

Another black hole solution reported by Bazeia et al. [5] is
found by taking 𝐶1 ̸= 0, 𝐶2 ̸= 0, 𝐵 ̸= 0, and 𝐴 = 𝐶 = 0.

𝑁(𝑥)2 = 2𝐶2 − 2𝐶1𝑥 + 𝐵𝜂𝑥 . (10)

This solution develops the following horizons:

𝑥±ℎ = 𝐶22𝐶1 ± √Δ, Δ = 𝐶224𝐶21 +
𝐵2𝜂𝐶1 . (11)

As Δ = 0 they degenerate; that is, 𝑥+ℎ = 𝑥−ℎ .
The Hawking temperature is given in terms of the outer

(𝑥+ℎ ) horizon as follows:

𝑇𝐻 = (𝑁 (𝑥)2)
4𝜋

𝑥=𝑥+
ℎ

. (12)
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For the special case 𝐶2 = 0, 𝐶1 = −𝑀, and 𝐵 = −2𝑀 the
horizons are independent of the mass𝑀:

𝑥±ℎ = ± 1
√𝜂 (𝜂 > 0) . (13)

The temperature is then given simply by

𝑇𝐻 = 𝑀𝜋 . (14)

This is a typical relation between the Hawking temperature
and the mass of black holes in 1 + 1-dimension [46].

In the case of 𝐶2 = 1/2, 𝐵 = −2𝑀, 𝜂 = 1, and 𝐴 = 𝐶 =𝐶1 = 0 it gives a Schwarzschild-like solution;
𝑁(𝑥)2 = 1 − 2𝑀𝑥 . (15)

On the other hand, the choice of the parameters, for𝐶2 =1/2, 𝐵 = −2𝑀, 𝐶 = 3𝑄2, 𝜂 = 1, and 𝐴 = 𝐶1 = 0, gives a
Reissner–Nordstrom-like solution.

𝑁(𝑥)2 = 1 − 2𝑀𝑥 + 𝑄2𝑥2 . (16)

As in the general relativity we can make particular choice
of the parameters so that we end up with a naked singularity
instead of a black hole. The choice 𝑄2 > 𝑀2 in (16),
for instance, transforms the HL- black hole into a naked
singularity at 𝑥 = 0. Similarly𝑀 < 0 turns (15) into a naked
singular metric at 𝑥 = 0.
3. CM Energy of Particle Collision near

the Horizon of the 1 + 1-D HL Black Hole

Here we will derive the equations of motion of an˜uncharged
massive test particle by using the method of geodesic Lag-
rangian. Such equations can be derived from the Lagrangian
equation,

L = 12 [−𝑁 (𝑥)2 ( 𝑑𝑡𝑑𝜏)
2 + 1

𝑁 (𝑥)2 (
𝑑𝑥𝑑𝜏)
2] , (17)

in which 𝜏 is the proper time for time-like geodesics (or
massive particles). The canonical momenta are

𝑝𝑡 = 𝑑L𝑑 ̇𝑡 = −𝑁 (𝑥)2 ̇𝑡, (18)

𝑝𝑥 = 𝑑L𝑑�̇� = �̇�
𝑁 (𝑥)2 (19)

The 1 + 1-D HL black hole has only one killing vector 𝜕𝑡.
The associated conserved quantity will be labeled by 𝐸. From
(18), 𝐸 is related to𝑁(𝑥)2 as

−𝑁 (𝑥)2 ̇𝑡 = −𝐸. (20)

Hence,

̇𝑡 = 𝐸
𝑁 (𝑥)2 . (21)

The two velocities of the particles are given by 𝑢𝜇 =𝑑𝑥𝜇/𝑑𝜏. We have already obtained 𝑢𝑡 in the above derivation.
To find 𝑢𝑥 = �̇�, the normalization condition for time-like
particles, 𝑢𝜇𝑢𝜇 = −1 [1, 47], can be used as

𝑔𝑡𝑡 (𝑢𝑡)2 + 𝑔𝑥𝑥 (𝑢𝑥)2 = −1. (22)

By substituting 𝑢𝑡 to (22), one obtains 𝑢𝑥 as
(𝑢𝑥)2 = 𝐸2 − 𝑁 (𝑥)2 (23)

for which an effective potential 𝑉eff can be defined by

(𝑢𝑥)2 + 𝑉eff = 𝐸2. (24)

Now, the two velocities can be written as

𝑢𝑡 = ̇𝑡 = 𝐸
𝑁 (𝑥)2 ,

𝑢𝑥 = �̇� = √𝐸2 − 𝑁 (𝑥)2.
(25)

We proceed now to present the CM energy of two
particles with two velocities 𝑢𝜇1 and 𝑢𝜇2 . We will assume that
both have rest mass𝑚0 = 1. The CM energy is given by

𝐸cm = √2√(1 − 𝑔𝜇]𝑢𝜇1𝑢]2). (26)

So

𝐸2cm2 = 1 + 𝐸1𝐸2𝑁(𝑥)2 −
𝜅√𝐸21 − 𝑁 (𝑥)2√𝐸22 − 𝑁 (𝑥)2

𝑁(𝑥)2 , (27)

where 𝜅 = ±1 corresponds to particles moving in the
same/opposite direction with respect to each other. We wish
to stress that our concern is for the case 𝜅 = ±1 since no
physical particle is ejected from the black hole. Note that𝐸1 and 𝐸2 are the energy constants corresponding to each
particle. In case the second term under the square root is too
small than the first one,

√𝐸2 − 𝑁 (𝑥)2 ≈ (𝐸 − 𝑁 (𝑥)22𝐸2 + ⋅ ⋅ ⋅) (28)

so that the higher order terms can be neglected and CM
energy of two particles can be written as [23]

𝐸2cm2 ≈ 1 + (1 − 𝜅) 𝐸1𝐸2𝑁(𝑥)2 +
𝜅2 (𝐸2𝐸1 +

𝐸1𝐸2) . (29)

The case with 𝜅 = +1 is obvious, in which the CM energy
becomes

𝐸2cm2 ≈ 1 + (𝐸22 + 𝐸21)2𝐸1𝐸2 , (30)

where the CM energy is independent of metric function, and
it gives always a finite energy. On the other hand 𝜅 = −1 gives

𝐸2cm2 ≈ 1 + 2𝐸1𝐸2𝑁(𝑥)2 −
(𝐸22 + 𝐸21)2𝐸1𝐸2 (31)

in which it gives unbounded CM energy near the horizon of
the HL black holes provided an outgoing particle mechanism
from the horizon is established. Otherwise the yield of two
ingoing particles collision remains finite.
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4. Some Examples

4.1. Schwarzschild-Like Solution. In the case of 𝐶2 = 1/2, 𝐵 =−2𝑀, 𝜂 = 1, and 𝐴 = 𝐶 = 𝐶1 = 0 it gives Schwarzschild-like
solution, where

𝑉 (𝜙 (𝑥)) = −2𝑀𝑥3 ,
𝑁 (𝑥)2 = 1 − 2𝑀𝑥 .

(32)

For the CM energy on the horizon, we have to compute
the limiting value of (27) as 𝑥 → 𝑥ℎ = 2𝑀, where the horizon
of the black hole is. Setting 𝜅 = −1 as it is, the CM energy near
the event horizon for 1 + 1 D Schwarzschild BH is

𝐸2cm (𝑥 → 𝑥ℎ) = ∞. (33)

This result for 4-D Schwarzschild Black hole is already
calculated by Baushev [24]. Hence, the condition of 𝜅 = −1,
when the location of particle 1 approaches the horizon and on
the other hand the particle 2 runs outward from the horizon
due to some unspecified physical process, yet yields 𝐸2cm →∞ so there is BSW effect for 1+1 Schwarzschild-like solution
when the condition 𝜅 = −1 is satisfied.
4.2. Reissner-Nordstrom-Like Solution. On the other hand,
the choice of the parameters, for 𝐶2 = 1/2, 𝐵 = −2𝑀,𝐶 = 3𝑄2, 𝜂 = 1, and 𝐴 = 𝐶1 = 0 gives the Reissner–
Nordstrom-like solution.

𝑁(𝑥)2 = 1 − 2𝑀𝑥 + 𝑄2𝑥2 , (34)

𝑉 (𝜙 (𝑥)) = −2𝑀𝑥3 + 3𝑄2𝑥4 (35)

So the CM energy is calculated by using the limiting value
of (31)

𝐸2cm (𝑥 → 𝑥ℎ=𝑀+√(𝑀2−𝑄2)) = ∞. (36)

So there is a BSW effect.

4.3. The Extremal Case of the Reissner-Nordstrom-Like Black
Hole. For the extremal case we have with𝑀 = 𝑄, from (34),

𝑁(𝑥)2 = (1 − 𝑀𝑥 )2 (37)

so that it also gives the same answer from (31) as

𝐸2cm (𝑥 → 𝑥ℎ) = ∞. (38)

4.4. SpecificNewBlackHole Case. Thenew 3-parameter black
hole solution given by Bazeia et al. [5] is chosen as

𝑁(𝑥)2 = 2𝐶2 − 2𝐶1𝑥 + 𝐵𝜂𝑥 (39)

with the potential

𝑉 (𝜙 (𝑥)) = 𝐵𝑥3 . (40)

For the special case 𝐶2 = 0, 𝐶1 = −𝑀, and 𝐵 = −2𝑀 we
have

𝑁(𝑥)2 = 2𝑀𝑥 − 2𝑀𝜂𝑥 (41)

with suitable potential which is

𝑉 (𝜙 (𝑥)) = −2𝑀𝑥3 . (42)

The CM energy of two colliding particles is calculated by
taking the limiting values of (31)

𝐸2cm (𝑥 → 𝑥ℎ) = ∞. (43)

Hence the BSW effect arises here as well.

4.5. Near Horizon Coordinates. We have explored the region
near the horizon by replacing 𝑟 by a coordinate 𝜌. The proper
distance from the horizon 𝜌 [48] is given as follows:

𝜌 = ∫√𝑔𝑥𝑥 (𝑥) 𝑑𝑥 = ∫𝑥
𝑥ℎ

1𝑁 (𝑥) 𝑑𝑥. (44)

Thefirst example is the Schwarzschild-like solutionwhich
is

𝑁(𝑥)2 = 1 − 2𝑀𝑥 (45)

so that proper distance is calculated as

𝜌 = ∫𝑥
𝑥ℎ

(1 − 2𝑀𝑥 )−1/2 𝑑𝑥

= √𝑥 (𝑥 − 2𝑀) + 2𝑀𝐺 sinh−1 (√ 𝑥2𝑀 − 1) .
(46)

The new metric is

𝑑𝑠2 = −(1 − 2𝑀𝑥 (�̃�)) 𝑑𝑡2 + 𝑑�̃�2, (47)

where �̃� ≃ 2√2𝑀(𝑥 − 2𝑀) so that it gives approximately

𝑑𝑠2 ≃ − 𝜌2
(4𝑀)2 𝑑𝑡2 + 𝑑𝜌2 (48)

which is oncemore the Rindler-type line element. Let us note
that this Rindler-type line element is valid within the near
horizon limit approximation. For practical purposes there
are advantages in adapting such an approximation which
conformswith the equivalence principle [48].TheCMenergy
of two colliding particles is given by

𝐸2cm2𝑚20 = 1

+ (4𝑀)2 (𝐸1𝐸2 − 𝜅√𝐸21 − 𝜌4/ (4𝑀)4√𝐸22 − 𝜌4/ (4𝑀)4)
𝜌2

(49)

so that there is BSW effect for 𝜅 = −1 when 𝜌 → 0.



Advances in High Energy Physics 5

5. Particle Collision near
the Naked Singularity

There is a naked singularity for our 1 + 1-D HL model at the
location of 𝑥 = 0, with 𝑄2 > 𝑀2 in (16). In addition 𝑀 < 0
turns (15) into a naked singular metric at 𝑥 = 0. There is also
naked singularity whenwe choosemetric function as follows:

𝑁(𝑥)2 = 2 + 1𝑥 + 13𝑥2 = 6𝑥2 + 3𝑥 + 13𝑥2 . (50)

As it is given in (27), CM energy of the collision of two
particles generally is (for𝑁(𝑥) → ∞).

𝐸2cm2 ≈ 1 − 𝜅 + 1
2𝑁 (𝑥)2 [2𝐸1𝐸2 + 𝜅 (𝐸21 + 𝐸22)] . (51)

For the case 𝜅 = ±1, when 𝑥 goes to zero, the CM energy
remains finite for radially moving particles.

𝐸2c.m.2
𝑥=0 → 1 − 𝜅. (52)

This suggests that although one of the particle is boosted
by the naked singularity, there is not any unlimited collisional
energy near such singularity. Note that Compton-like pro-
cesses were considered first in [4], where rotational effect of
Kerr black hole played a significant role. Our case here is
entirely free of rotational effects.

6. Photon versus an Infalling Particle

A massless photon can naturally scatter an infalling particle
or vice versa. This phenomenon is analogous to a Compton
scattering taking place in 1+1-dimension. Null-geodesics for
a photon can be described simply by

𝑑𝑡𝑑𝜆 = 𝐸1𝑁2
𝑑𝑥𝑑𝜆 = ±√𝐸21 − 𝑁2,

(53)

where 𝜆 is an affine parameter and 𝐸1 stands for the photon
energy. Defining 𝐸1 = ℎ𝜔0, where 𝜔0 is the frequency (with
the choice ℎ = 1)we can parametrize energy of the photon by𝜔0 alone.TheCMenergy of a photon and the infalling particle
can be taken now as

𝐸2cm = − (𝑝𝜇 + 𝑘𝜇)2 (54)

in which 𝑝𝜇 = 𝑚𝑢𝜇 and 𝑘𝜇 refer to the particle and photon, 2
momenta, respectively. This amounts to

𝐸2cm = 𝑚2 − 2𝑚𝑔𝜇]𝑢𝜇𝑘], (55)

where we have for the particle

𝑝𝜇 = 𝑚( 𝐸2𝑁2 , √𝐸22 − 𝑁2) (56)

and for the photon

𝑘𝜇 = ( 𝐸1𝑁2 , −𝐸1) . (57)

One obtains

𝐸2cm = 𝑚2 + 2𝑚𝐸1𝑁2 (𝐸2 + 𝜅√𝐸22 − 𝑁2) . (58)

In the near horizon limit this reduces to

𝐸2cm = 𝑚2 + 2𝑚𝐸1𝑁2 (𝐸2 + 𝜅𝐸2 − 𝑁22𝐸2) . (59)

Note that for 𝜅 = −1 we have 𝐸2cm given by

𝐸2cm = 𝑚2 (1 − 𝐸1𝑚𝐸2) (60)

which is finite between the collision of a photon and an
infalling particle and therefore is not of interest. As a matter
of fact the occurrence of outgoing photon from the event
horizon cannot be justified unless an explosive/decay process
is assumed to take place. As a result for 𝜅 = +1 from
(59) we obtain an unbounded 𝐸2cm between the collision
of infalling photon and particle. Let us add that “inverse”
Compton process in the ergosphere of Kerr black hole
was considered in [4] where the photon’s energy showed
increment due to rotational and curvature effects.The energy,
however, attained an upper bound which was finite. Our
result obtained here being entirely radial on the other hand
can hardly be compared with those of [4].

7. Conclusion

Our aim was to investigate whether the BSW type effect
which arises in higher dimensional black holes applies also
to the 1 + 1-D naked singularity/black hole. The theory
we adapted is not general relativity but instead the recently
popular HL gravity. We employed the class of 5-parameter
black hole/naked singularity solutions found recently [5].The
class has particular limits of flat Rindler, Schwarzschild, and
Reissner-Nordstrom-like solutions. For each case we have
calculated the center-of-mass (CM) energy of the particles
and shown that the energy can grow unbounded for some
cases. In other words the strong gravity near the event
horizon affects the collision process with unlimited source
to turn it into a natural accelerator. The model we use
applies also to the case of a photon/particle collision with
different characteristics. It is observed that the CM energy
of the infalling particles from the rest at infinity will remain
finite in the CM frame at the event horizon of a black
hole. Contrariwise, unlimited CM energy will be attained
between the collision of the outgoing particles from the event
horizon region and infalling particles. It is also possible to
achieve the infinite energy between an infalling photon and
an infalling massive particle. However, we found finite CM
energy between an outgoing photon and infalling particle.
Finally, we must admit that absence of rotational effects in1 + 1-D restricts the problem to the level of a toy model in
which particles move on pure radial geodesics yielding finite
CM energy in the vicinity of a naked singularity.
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In this paper, we propose a new approach to study the dark sector of the universe by considering the dark energy as an emerging𝑞-deformed bosonic scalar field which is not only interacting with the dark matter, but also nonminimally coupled to gravity, in the
framework of standard Einsteinian gravity. In order to analyze the dynamic of the system, we first give the quantum field theoretical
description of the 𝑞-deformed scalar field dark energy and then construct the action and the dynamical structure of this interacting
and nonminimally coupled dark sector. As a second issue, we perform the phase-space analysis of the model to check the reliability
of our proposal by searching the stable attractor solutions implying the late-time accelerating expansion phase of the universe.

1. Introduction

The dark energy is accepted as the effect of causing the late-
time accelerated expansion of universe which is experienced
by the astrophysical observations such as Supernova Ia [1, 2],
large-scale structure [3, 4], the baryon acoustic oscillations
[5], and cosmic microwave background radiation [6–9].
According to the standardmodel of cosmological data 70% of
the content of the universe consists of dark energy. Moreover,
the remaining 25% of the content is an unknown form of
matter having a mass but in nonbaryonic form that is called
dark matter and the other 5% of the energy content of the
universe belongs to ordinary baryonic matter [10]. While the
dark energy spread all over the intergalactic media of the uni-
verse and produces a gravitational repulsion by its negative
pressure to drive the accelerating expansion of the universe,
the dark matter is distributed over the inner galactic media
inhomogeneously and it contributes to the total gravitational
attraction of the galactic structure and fixes the estimated
motion of galaxies and galactic rotation curves [11, 12].

Miscellaneous dark models have been proposed to
explain a better mechanism for the accelerated expansion of
the universe.Thesemodels include interactions between dark
energy, dark matter, and the gravitational field. The coupling
between dark energy and dark matter seems possible due to

the equivalence of order of themagnitudes in the present time
[13–22]. On the other hand, there are also models in which
the dark energy nonminimally couples to gravity in order
to provide quantum corrections and renormalizability of the
scalar field in the curved spacetime. Also the crossing of the
dark energy from the quintessence phase to phantom phase,
known as the Quintom scenario, can be possible in the mod-
els where the dark energy interactswith the gravity. If the dark
energy minimally couples to gravity, the equation of state
parameter of the dark energy cannot cross the cosmological
constant boundary 𝜔 = 1 in the Friedmann-Robertson-
Walker (FRW) geometry; therefore it is possible to emerge the
Quintom scenario in the model where the dark energy non-
minimally couples to gravity [23–37].

The constitution of the dark energy can be alternatively
the cosmological constant Λ with a constant energy density
filling the space homogeneously [38–41]. As the varying
energy density dark energy models, instead of the cosmo-
logical constant, quintessence, phantom, and tachyon fields
can be considered. However, all these different dark energy
models are the same in terms of the nondeformedfield consti-
tuting the dark energy. There is no reason to prevent us from
assuming that the dark energy is a deformed scalar field, hav-
ing a negative pressure, too, as expected from the dark energy.
Therefore, we propose that the dark energy considered in
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this study is formed of the deformed scalar field whose field
equations are defined by the deformed oscillator algebras.

The quantum algebra and quantum group structure
were firstly introduced by Kulish et al. [42–44], during the
investigations of integrable systems in quantum field theory
and statistical mechanics. Quantum groups and deformed
boson algebras are closely related terms. It is known that the
deformation of the standard boson algebra is first proposed
by Arik-Coon [45]. Later on, Macfarlane and Biedenharn
have realized the deformation of boson algebra in a different
manner from Arik-Coon [46, 47]. The relation between
quantum groups and the deformed oscillator algebras can
be constructed obviously with this study by expressing the
deformed boson operators in terms of the 𝑠𝑢𝑞(2) Lie algebra
operators.Therefore, the construction of the relation between
quantum groups and deformed algebras leads the deformed
algebras of great interest with many different applications.
The deformed version of Bardeen-Cooper-Schrieffer (BCS)
many-body formalism in nuclear force, deformed creation,
and annihilation operators are used to study the quantum
occupation probabilities [48]. As another study, in Nambu-
Jona-Lasinio (NJL) model, the deformed fermion operators
are used instead of standard fermion operators and this leads
to an increase in the NJL four-fermion coupling force and
the quark condensation related to the dynamical mass [49].
The statistical mechanical studies of the deformed boson
and fermion systems have been familiar in recent years [50–
60]. Moreover, the investigations on the internal structure of
composite particles involve the deformed fermions or bosons
as the building block of the composite structures [61, 62].
There are also applications of the deformed particles in black
hole physics [63–66]. The range of the deformed boson and
fermion applications diverses from atomic-molecular physics
to solid state physics in a widespread manner [67–72].

The ideas on considering the dark energy as the deformed
scalar field have become common in the literature [73–76]. In
this study, we then take into account the deformed bosons
as the scalar field dark energy interacting with the dark
matter and also nonminimally coupled to gravity. In order to
confirm our proposal that the dark energy can be considered
as a deformed scalar field, we firstly introduce the dynamics of
the interacting and nonminimally coupled dark energy, dark
matter, and gravity model in a spatially flat FRW background
and then perform the phase-space analysis to check whether
it will provide the late-time stable attractor solutions implying
the accelerated expansion phase of the universe.

2. Dynamics of the Model

The field equations of the scalar field dark energy are
considered to be defined by the 𝑞-deformed boson fields in
our model. Constructing a 𝑞-deformed quantum field theory
after the idea of 𝑞-deformation of the single particle quantum
mechanics [45–47] has naturally been nonsurprising [77–79].
The bosonic part of the deformed particle fields corresponds
to the deformed scalar field and the fermionic counterpart
corresponds to the deformed vector field. In this study, we
consider the 𝑞-deformed bosonic scalar field as the 𝑞-deformed

dark energy under consideration. In our model, the 𝑞-
deformed dark energy interacts with the darkmatter and also
nonminimally couples to gravity.

Early Universe scenarios can be well understood by
studying the quantum field theory in curved spacetime. The
behavior of the classical scalar field near the initial singularity
can be translated to the quantumfield regime by constructing
the coherent states in quantummechanics for anymode of the
scalar field. It is now impossible to determine the quantum
state of the scalar field near the initial singularity by an
observer, at the present universe. In order to overcome the
undeterministic nature, Hawking proposes to take the ran-
dom superposition of all possible states in that spacetime.
It has been realized by Berger with taking random super-
position of coherent states. Also the particle creation in
an expanding universe with a nonquantized gravitational
metric has been investigated by Parker. It has been stated by
Goodison and Toms that if the field quanta obey the Bose or
Fermi statistics, when considering the evolution of the scalar
field in an expanding universe, then the particle creation does
not occur in the vacuum state. Their result gives signification
to the possibility of the existence of the deformed statistics in
coherent or squeezed states in the Early Universe [79–84].

Motivated by this significant possibility, we propose that
the dark energy consists of a 𝑞-deformed scalar field whose
particles obey the 𝑞-deformed algebras. Therefore, we now
define the 𝑞-deformed scalar field constructing the dark
energy in our model. The field operator of the 𝑞-deformed
scalar field dark energy can be given as [79]𝜙𝑞 (𝑥) = ∫ 𝑑3𝑘(2𝜋)3/2 1(2𝑤𝑘)1/2 [𝑎𝑞 (𝑘) 𝑒𝑖𝑘𝑥 + 𝑎∗𝑞 (𝑘) 𝑒−𝑖𝑘𝑥] . (1)

The following commutation relations for the deformed anni-
hilation operator 𝑎𝑞(𝑘) and creations operator 𝑎∗𝑞 (𝑘) in 𝑞-
bosonic Fock space are given by [45]𝑎𝑞 (𝑘) 𝑎∗𝑞 (𝑘) − 𝑞2𝑎∗𝑞 (𝑘) 𝑎𝑞 (𝑘) = 𝛿 (𝑘 − 𝑘) ,𝑎𝑞 (𝑘) 𝑎𝑞 (𝑘) − 𝑞2𝑎𝑞 (𝑘) 𝑎𝑞 (𝑘) = 0, (2)

where 𝑞 is a real deformation parameter in interval 0 < 𝑞 < ∞
and [�̂�(𝑘)] = 𝑎∗𝑞 (𝑘)𝑎𝑞(𝑘) is the deformed number operator of𝑘th mode whose eigenvalue spectrum is given as[𝑁 (𝑘)] = 1 − 𝑞2𝑁(𝑘)1 − 𝑞2 . (3)

Here �̂�(𝑘) = 𝑎∗𝑠 (𝑘)𝑎𝑠(𝑘) is the standard nondeformed num-
ber operator. By using (2) in (1), we can obtain the commu-
tation relations and planewave expansion of the 𝑞-deformed
scalar field 𝜙𝑞(𝑥), as follows:𝜙𝑞 (𝑥) 𝜙∗𝑞 (𝑥) − 𝑞2𝜙∗𝑞 (𝑥) 𝜙𝑞 (𝑥) = 𝑖Δ (𝑥 − 𝑥) , (4)

where Δ (𝑥 − 𝑥) = −1(2𝜋)3 ∫ 𝑑3𝑘𝑤𝑘 sin𝑤𝑘 (𝑥 − 𝑥0) . (5)
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Themetric of the spatially flat FRW spacetime in which the 𝑞-
oscillator algebra represents the 𝑞-deformed scalar field dark
energy is defined by𝑑𝑠2 = −𝑑𝑡2 + 𝑎2 (𝑡) [𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2𝜃𝑑𝜙2] , (6)

and for a FRWmetric𝑤2𝑘 = 𝑔(∑
𝑖

𝑘2𝑖𝑎2 + 𝑚) , (7)

where 𝑔 = det𝑔𝜇]. Also the relation between deformed and
standard annihilation operators 𝑎𝑞 and 𝑎𝑠 [85] is given as

𝑎𝑞 = 𝑎𝑠√ [�̂�]�̂� , (8)

which is used to obtain the relation between deformed and
standard bosonic scalar fields by using (3) in (8) and (1):

𝜙𝑞 = 𝜙√ 1 − 𝑞2�̂�(1 − 𝑞2) �̂� . (9)

Here we have used theHermiticity of the number operator �̂�.
Now the Friedmann equations will be derived for

our interacting dark matter and nonminimally coupled 𝑞-
deformed dark energy model in a FRW spacetime by using
the scale factor 𝑎(𝑡) in Einstein’s equations. In order to obtain
these equations, we relate the scale factor to the energy-
momentum tensor of the objects in the model under con-
sideration. We use the fluid description of the objects in our
model by considering energy and matter as a perfect fluid,
which are dark energy and matter in our model. An isotropic
fluid in one coordinate frame leads to an isotropic metric in
another frame coinciding with the frame of the fluid. This
means that the fluid is at rest in commoving coordinates.
Then the four velocities of the fluid are given as [52]𝑈𝜇 = (1, 0, 0, 0) , (10)

and the energy-momentum tensor follows as

𝑇𝜇] = (𝜌 + 𝑝)𝑈𝜇𝑈] + 𝑝𝑔𝜇] =(𝜌 0 0 000 𝑔𝑖𝑗𝑝0 ). (11)

A more suitable form can be obtained by raising one, such
that 𝑇𝜇] = diag (−𝜌, 𝑝, 𝑝, 𝑝) . (12)

Since we have two constituents, 𝑞-deformed dark energy and
the darkmatter in ourmodel, the total energy density and the
pressure are given by 𝜌tot = 𝜌𝑞 + 𝜌𝑚,𝑝tot = 𝑝𝑞 + 𝑝𝑚, (13)

where 𝜌𝑞 and 𝑝𝑞 are the energy density and the pressure of
the 𝑞-deformed dark energy and 𝜌𝑚 and 𝑝𝑚 are the energy
density and the pressure of the dark matter, respectively. The
equation of state of the energy-momentum carrying cosmo-
logical fluid component under consideration in the FRW
universe is given by𝑝 = 𝜔𝜌which relates the pressure and the
energy density and𝜔 is called the equation of state parameter.
We then express the total equation of state parameter, such
that 𝜔tot = 𝑝tot𝜌tot = 𝜔𝑞Ω𝑞 + 𝜔𝑚Ω𝑚, (14)

where Ω𝑞 = 𝜌𝑞/𝜌tot and Ω𝑚 = 𝜌𝑚/𝜌tot are the density param-
eters for the 𝑞-deformed dark energy and the dark matter,
respectively. Then the total density parameter is defined asΩtot = Ω𝑞 + Ω𝑚 = 𝜅2𝜌tot3𝐻2 = 1. (15)

We now turn to Einstein’s equations of the form 𝑅𝜇] =𝜅2(𝑇𝜇] − (1/2)𝑔𝜇]𝑇). Then, by using the components of the
Ricci tensor for a FRWspacetime (6) and the energy-momen-
tum tensor in (12), we rewrite Einstein’s equations, for𝜇] = 00
and 𝜇] = 𝑖𝑗, as follows: −3 �̈�𝑎 = 𝜅22 (𝜌 + 3𝑝) , (16)�̈�𝑎 + 2 ( �̇�𝑎)2 = 𝜅22 (𝜌 − 𝑝) , (17)

respectively. Here dot also represents the derivative with
respect to cosmic time 𝑡. Using (16) and (17) gives the
Friedmann equations for the FRWmetric as𝐻2 = 𝜅23 (𝜌𝑞 + 𝜌𝑚) ,�̇� = −𝜅22 (𝜌𝑞 + 𝑝𝑞 + 𝜌𝑚 + 𝑝𝑚) , (18)

where𝐻 = �̇�/𝑎 is the Hubble parameter. From the conserva-
tion of energy, we can obtain the continuity equations for the𝑞-deformed dark energy and the dark matter constituents in
the form of evolution equations, such as�̇�𝑞 + 3𝐻(𝜌𝑞 + 𝑝𝑞) = −𝑄, (19)�̇�𝑚 + 3𝐻 (𝜌𝑚 + 𝑝𝑚) = 𝑄, (20)

where 𝑄 is an interaction current between the 𝑞-deformed
dark energy and the dark matter which transfers the energy
and momentum from the dark matter to dark energy and
vice versa. 𝑄 vanishes for the models having no interaction
between the dark energy and the dark matter.

Now we will define the Dirac-Born-Infeld type action
integral of the interacting dark matter and 𝑞-deformed dark
energy nonminimally coupled to gravity in the framework of
Eisteinian general relativity [86–88]. After that we will obtain
the energy-momentum tensor 𝑇𝜇] for the 𝑞-deformed dark
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energy and the dark matter in order to get the energy density𝜌 and pressure 𝑝 of these dark objects explicitly. Then the
action is given as𝑆 = ∫𝑑4𝑥√−𝑔 [ 𝑅2𝜅2 − 12𝑔𝜇]𝜕𝜇𝜙𝑞𝜕]𝜙𝑞 − 𝑉− 𝜉𝑓 (𝜙𝑞) 𝑅 + 𝐿𝑚] , (21)

where 𝜉 is a dimensionless coupling constant between 𝑞-
deformed dark energy and the gravity, so 𝜉𝑓(𝜙𝑞)𝑅 denotes
the explicit nonminimal coupling between energy and the
gravity. Also 𝐿𝑞 = −(1/2)𝑔𝜇]𝜕𝜇𝜙𝑞𝜕]𝜙𝑞 − 𝑉 − 𝜉𝑓(𝜙𝑞)𝑅 and𝐿𝑚 are the Lagrangian densities of the 𝑞-deformed dark
energy and the dark matter, respectively. Then the energy-
momentum tensors of the dark energy constituent of our
model can be calculated, as follows [89]:𝑇𝑞𝜇] = −2 𝜕𝐿𝑞𝜕𝑔𝜇] + 𝑔𝜇]𝐿𝑞= 𝜕𝜇𝜙𝑞𝜕]𝜙𝑞 + 2𝜉𝑓 (𝜙𝑞) 𝜕𝑅𝜕𝑔𝜇]− 12𝑔𝜇] [𝑔𝛼𝛽𝜕𝛼𝜙𝑞𝜕𝛽𝜙𝑞 + 2𝑉] − 𝑔𝜇]𝜉𝑓 (𝜙𝑞) 𝑅.

(22)

In order to find the derivative of the Ricci scalar with respect
to themetric tensor, we use the variation of the contraction of
the Ricci tensor identity 𝛿𝑅 = 𝑅𝜇]𝛿𝑔𝜇] + 𝑔𝜇]𝛿𝑅𝜇]. This leads
us to finding the variation of the contraction of the Riemann
tensor identity, as follows: 𝛿𝑅𝜇] = 𝛿𝑅𝜌𝜇𝜌] = ∇𝜌(𝛿Γ𝜌]𝜇) −∇](𝛿Γ𝜌𝜌𝜇). Here ∇𝜇 represents the covariant derivative and Γ𝜌]𝜇
represents the Christoffel connection. By using the metric
compatibility and the tensor nature of 𝛿Γ𝜌]𝜇, we finally obtain𝛿𝑅𝛿𝑔𝜇] = 𝑅𝜇] + 𝑔𝜇]◻ − ∇𝜇∇], (23)

where ◻ = 𝑔𝛼𝛽∇𝛼∇𝛽 is the covariant d’Alembertian. Using
(23) in (22) gives𝑇𝑞𝜇] = 𝜕𝜇𝜙𝑞𝜕]𝜙𝑞 − 12𝑔𝜇] [𝑔𝛼𝛽𝜕𝛼𝜙𝑞𝜕𝛽𝜙𝑞] − 𝑔𝜇]𝑉+ 2𝜉 [𝑅𝜇] − 12𝑔𝜇]𝑅]𝑓 (𝜙𝑞) + 2𝜉◻𝑓 (𝜙𝑞)− 2𝜉∇𝜇∇]𝑓 (𝜙𝑞) .

(24)

Then the 𝜇] = 0, 0 component of the energy-momentum
tensor leads to the energy density 𝜌𝑞:𝜌𝑞 = 𝑇𝑞00 = 12 �̇�2𝑞 + 𝑉 + 6𝜉𝐻2𝑓 (𝜙𝑞) + 6𝜉𝐻𝑓 (𝜙𝑞) �̇�𝑞, (25)

where prime refers to derivative with respect to the field 𝜙𝑞
and we use ◻ = −𝜕20 − 3𝐻𝜕0, because of the homogeneity
and the isotropy for 𝜙𝑞 in space. Also 𝑅00 = −3�̈�/𝑎 and

𝑅 = 6[�̈�/𝑎 + �̇�2/𝑎2] is used for the FRW geometry. The𝜇] = 𝑖, 𝑖 components of 𝑇𝑞𝜇] also give the pressure 𝑝𝑞 as𝑝𝑞 = 𝑔𝑖𝑖𝑇𝑞𝑖𝑖 = 12 �̇�2𝑞 − 𝑉 − 2𝜉 [2�̇�𝑓 (𝜙𝑞) + 3𝐻2𝑓 (𝜙𝑞)+ 𝑓 (𝜙𝑞) �̇�2𝑞 + 𝑓 (𝜙𝑞) �̈�𝑞 + 2𝐻𝑓 (𝜙𝑞) �̇�𝑞] , (26)

wherewe use (∇𝑖∇𝑖)𝑓(𝜙𝑞) = (𝜕𝑖∇𝑖−Γ𝜆𝑖𝑖∇𝜆)𝑓(𝜙𝑞) = −Γ011𝜕0𝑓(𝜙𝑞)
with Γ011 = �̇�𝑎 for the FRW spacetime. We can now obtain the
equation ofmotion for the 𝑞-deformed dark energy by insert-
ing (25) and (26) into the evolution equation (19), such that�̈�𝑞 + 3𝐻�̇�𝑞 + 𝜕𝑉𝜕𝜙𝑞 + 𝜉𝑅𝑓 (𝜙𝑞) = − �̇�𝜙𝑞 . (27)

The usual assumption in the literature is to consider the cou-
pling function as 𝑓(𝜙𝑞) = 𝜙2𝑞/2 [90] and the potential as 𝑉 =𝑉0𝑒−𝜅𝜆𝜙𝑞 [91–93]. In order to find the energy density, pressure,
and equation of motion in terms of the deformation parame-
ter 𝑞, we use the above coupling function and potential with
the rearrangement of equation (9) as 𝜙𝑞 = Δ(𝑞)𝜙 in the
equations (25)–(27) and obtain𝜌𝑞 = 12Δ2�̇�2 + 𝑒−𝜅𝜆Δ𝜙 + 3𝜉𝐻2Δ2𝜙2 + 6𝜉𝐻Δ2𝜙�̇�+ 12Δ̇2𝜙2 + ΔΔ̇𝜙�̇� + 6𝜉𝐻ΔΔ̇𝜙2, (28)

𝑝𝑞 = 12Δ2�̇�2 − 𝑒−𝜅𝜆Δ𝜙− 2𝜉Δ2 [�̇�𝜙2 + 32𝐻2𝜙2 + �̇�2 + 𝜙�̈� + 2𝐻𝜙�̇�]+ (1 − 8𝜉) ΔΔ̇𝜙�̇� + (12 − 2𝜉)Δ2𝜙2 − 2𝜉ΔΔ̈𝜙2− 4𝜉𝐻𝜙�̇�ΔΔ̇𝜙2,
(29)

Δ�̈� + 3Δ𝐻�̇� − 𝜅𝜆𝑒−𝜅𝜆Δ𝜙 + 𝜉Δ𝑅�̇� + 2Δ̇�̇� + Δ̈𝜙+ 3𝐻Δ̇𝜙 = −𝛽𝜅𝜌𝑚. (30)

Here we consider that the particles in each mode
can vary by creation or annihilation in time forΔ = √(1 − 𝑞2𝑁)/(1 − 𝑞2)𝑁; therefore its time derivatives are
nonvanishing. On the other hand, the common interaction
current in the literature 𝑄 = 𝛽𝜅𝜌𝑚�̇�𝑞 is used here [17].

Now the phase-space analysis for our interacting dark
matter and nonminimally coupled 𝑞-deformed dark energy
model will be performed, whether the late-time stable attrac-
tor solutions can be obtained, in order to confirm our model.

3. Phase-Space and Stability Analysis

The cosmological properties of the proposed 𝑞-deformed
dark energy model can be investigated by performing the
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phase-space analysis. Therefore, we first transform the equa-
tions of the dynamical system into its autonomous form by
introducing the auxiliary variables [15, 94–98], such as𝑥 = 𝜅Δ�̇�√6𝐻 = Δ𝑥𝑠,

𝑦 = 𝜅√𝑒−𝜅𝜆Δ𝜙√3𝐻 = √𝑒−𝜅𝜆𝜙(Δ−1)𝑦𝑠,
𝑧 = 𝜅Δ̇𝜙√6𝐻, 𝑧𝑠 = 0𝑢 = 𝜅Δ𝜙 = Δ𝑢𝑠,

(31)

where 𝑥𝑠, 𝑦𝑠, 𝑧𝑠, and 𝑢𝑠 are the standard form of the auxiliary
variables in 𝑞 → 1 limit.We nowwrite the density parameters
for the dark matter and 𝑞-deformed scalar field dark energy
in the autonomous system by using (28) with (36):Ω𝑚 = 𝜅2𝜌𝑚3𝐻2 , (32)

Ω𝑞 = 𝜅2𝜌𝑞3𝐻2= 𝑥2 + 𝑦2 + 𝜉𝑢2 + 2√6𝜉𝑥𝑢 + 𝑧2 + 2𝑥𝑧+ 2√6𝜉𝑧𝑢. (33)

Then the total density parameter readsΩtot = 𝜅2𝜌tot3𝐻2= 𝑥2 + 𝑦2 + 𝜉𝑢2 + 2√6𝜉𝑥𝑢 + 𝑧2 + 2𝑥𝑧+ 2√6𝜉𝑧𝑢 + Ω𝑚 = 1. (34)

We should also obtain the 𝜅2𝑝𝑞/3𝐻2 in the autonomous form
to write the equation of state parameters, such that𝜅2𝑝𝑞3𝐻2 = (1 − 4𝜉) 𝑥2 − 𝑦2 + (23𝜉 + 4𝜉2) 𝑠𝑢2+ (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢 + (1 − 4𝜉) 𝑧2

+ 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢 + 2𝜉𝛽𝑢Ω𝑚− 2𝜉𝜆𝑦2𝑢,
(35)

where 𝑠 = −�̇�/𝐻2. Using (33) and (35), we find the equation
of state parameter for the dark energy as𝜔𝑞 = 𝑝𝑞𝜌𝑞 = [(1 − 4𝜉) 𝑥2 − 𝑦2 + (23𝜉 + 4𝜉2) 𝑠𝑢2+ (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢 + (1 − 4𝜉) 𝑧2

+ 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢 + 2𝜉𝛽𝑢Ω𝑚 − 2𝜉𝜆𝑦2𝑢]⋅ [𝑥2 + 𝑦2 + 𝜉𝑢2 + 2√6𝜉𝑥𝑢 + 𝑧2 + 2𝑥𝑧+ 2√6𝜉𝑧𝑢]−1 .
(36)

Also from (33) and (36), the total equation of state parameter
can be obtained as𝜔tot = 𝜔𝑞Ω𝑞 + 𝜔𝑚Ω𝑚= (1 − 4𝜉) 𝑥2 − 𝑦2 + (23𝜉 + 4𝜉2) 𝑠𝑢2+ (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢 + (1 − 4𝜉) 𝑧2

+ 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢 + 2𝜉𝛽𝑢Ω𝑚− 2𝜉𝜆𝑦2𝑢 + (𝛾 − 1)Ω𝑚,
(37)

where 𝛾 = 1 + 𝜔𝑚 is defined to be the barotropic index. We
need to give the junk parameter 𝑠 in the autonomous form,
such that

𝑠 = − �̇�𝐻2 = 32 (1 + 𝜔tot) = 32 [1 + (1 − 4𝜉) 𝑥2 − 𝑦2+ (23𝜉 + 4𝜉2) 𝑠𝑢2 + (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢
+ (1 − 4𝜉) 𝑧2 + 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢
+ 2𝜉𝛽𝑢Ω𝑚 − 2𝜉𝜆𝑦2𝑢 + (𝛾 − 1)Ω𝑚] .

(38)

Pulling 𝑠 from the right-hand side of (38) to the left-hand side
gives

𝑠 = [1 + (1 − 4𝜉) 𝑥2 − 𝑦2 + (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢
+ (1 − 4𝜉) 𝑧2 + 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢
+ 2𝜉𝛽𝑢Ω𝑚 − 2𝜉𝜆𝑦2𝑢 + (𝛾 − 1)Ω𝑚] [23 − 23𝜉𝑢2− 4𝜉2𝑢2]−1 .

(39)
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Table 1: Critical points and existence conditions.

Label 𝑥 + 𝑧 𝑦 𝑢 𝜔tot 𝑞𝐷 Existence𝐴 0 1 0 −1 −1 𝜆 = 0, Ω𝑚 = 0𝐵 0 −1 0 −1 −1 𝜆 = 0, Ω𝑚 = 0𝐶 0 √(4𝜉/𝜆) (−2/𝜆 + √4/𝜆2 + 1/𝜉) (−2/𝜆 + √4/𝜆2 + 1/𝜉) −1 −1 𝜆 ̸= 0, Ω𝑚 = 0𝐷 0 −√(4𝜉/𝜆) (−2/𝜆 + √4/𝜆2 + 1/𝜉) (−2/𝜆 + √4/𝜆2 + 1/𝜉) −1 −1 𝜆 ̸= 0, Ω𝑚 = 0
While 𝑠 is a junk parameter alone, it gains physical meaning
in the deceleration parameter 𝑞𝐷, such that𝑞𝐷 = −1 + 𝑠 = −1 + [1 + (1 − 4𝜉) 𝑥2 − 𝑦2

+ (8𝜉2 − 𝜉) 𝑢2 + 2√63 𝜉𝑥𝑢 + (1 − 4𝜉) 𝑧2
+ 2 (1 − 4𝜉) 𝑥𝑧 + 2√63 𝜉𝑧𝑢 + 2𝜉𝛽𝑢Ω𝑚 − 2𝜉𝜆𝑦2𝑢+ (𝛾 − 1)Ω𝑚] [23 − 23𝜉𝑢2 − 4𝜉2𝑢2]−1 .

(40)

Nowwe convert the Friedmann equations (18), the continuity
equation (20), and the equation of motion (30) into the
autonomous system by using the auxiliary variables in (31)
and their derivatives with respect to 𝑁 = ln 𝑎. For any
quantity 𝐹, this derivative has the relation with the time
derivative as �̇� = 𝐻(𝑑𝐹/𝑑𝑁) = 𝐻𝐹. Then we will obtain𝑋 = 𝑓(𝑋), where 𝑋 is the column vector including the
auxiliary variables and 𝑓(𝑋) is the column vector of the
autonomous equations. We then find the critical points 𝑋𝑐
of 𝑋, by setting 𝑋 = 0. We then expand 𝑋 = 𝑓(𝑋) around𝑋 = 𝑋𝑐 + 𝑈, where 𝑈 is the column vector of perturbations
of the auxiliary variables, such as 𝛿𝑥, 𝛿𝑦, 𝛿𝑧, and 𝛿𝑢 for each
constituent in our model. Thus, we expand the perturbation
equations up to the first order for each critical point as 𝑈 =𝑀𝑈, where 𝑀 is the matrix of perturbation equations. The
eigenvalues of perturbationmatrix𝑀 determine the type and
stability of each critical point [99–108].Then the autonomous
form of the cosmological system is𝑥 = −3𝑥 − 3𝑧 + 𝑠𝑥 − 𝑧 + 𝑠𝑧 + √6𝜉𝑠𝑢 − 2√6𝜉𝑢+ √62 𝜆𝑦2 − √62 𝛽Ω𝑚, (41)

𝑦 = 𝑠𝑦 − √62 𝜆𝑦𝑥 − √62 𝜆𝑦𝑧, (42)𝑧 = −3𝑥 − 3𝑧 + 𝑠𝑥 − 𝑥 + 𝑠𝑧 + √6𝜉𝑠𝑢 − 2√6𝜉𝑢+ √62 𝜆𝑦2 − √62 𝛽Ω𝑚, (43)

𝑢 = √6𝑥 + √6𝑧. (44)

Here (41) and (43) in fact give the same autonomous equa-
tions, which means that the variables 𝑥 and 𝑧 do not form an

orthonormal basis in the phase-space. However, +𝑧, 𝑦, and 𝑢
form a complete orthonormal set for the phase-space. There-
fore, we set (41) and (43) in a single autonomous equation as𝑥 + 𝑧 = −3𝑥 − 3𝑧 + 𝑠𝑥 + 𝑠𝑧 + √6𝜉𝑠𝑢 − 2√6𝜉𝑢+ √62 𝜆𝑦2 − √62 𝛽Ω𝑚. (45)

The autonomous equation system (42), (44), and (45) repre-
sents three invariant submanifolds +𝑧 = 0, 𝑦 = 0, and 𝑢 = 0
which, by definition, cannot be intersected by any orbit. This
means that there is no global attractor in the deformed dark
energy cosmology [109]. We will make finite analysis of the
phase space. The finite fixed points are found by setting the
derivatives of the invariant submanifolds of the auxiliary vari-
ables. We can also write these autonomous equations in 𝑞 →1 limit in terms of the standard auxiliary variables, such as

𝑥𝑠 = −3𝑥𝑠 + 𝑠𝑠𝑥𝑠 + √6𝜉𝑠𝑠𝑢𝑠 − 2√6𝜉𝑢𝑠 + √62 𝜆𝑦2𝑠− √62 𝛽Ω𝑚,𝑦𝑠 = 𝑠𝑠𝑦𝑠 − √62 𝜆𝑦𝑠𝑥𝑠,𝑢𝑠 = √6𝑥𝑠.
(46)

Here we need to get the finite fixed points (critical points)
of the autonomous system in (41)–(45), in order to perform
the phase-space analysis of the model. We will obtain these
points by equating the left-hand sides of the equations (42),
(44), and (45) to zero, by using Ωtot = 1 in (34) and also by
assuming 𝜔tot = −1 and 𝑞𝑑 = −1 in (37) and (40), for each
critical point. After some calculations, four sets of solutions
are found as the critical points which are listed in Table 1
with the existence conditions. The same critical points are
also valid for 𝑥𝑠, 𝑦𝑠, and 𝑢𝑠 instead of 𝑥 + 𝑧, 𝑦, and 𝑢, in the𝑞 → 1 standard dark energy model limit.

Now we should find 𝛿𝑠 from (39), which will exist in the
perturbations 𝛿𝑥 + 𝛿𝑧, 𝛿𝑦, and 𝛿𝑢, such that

𝛿𝑠 = [2 (1 − 4𝜉) (𝑥 + 𝑧) + 2√63 𝜉𝑢] 1𝑃 (𝛿𝑥 + 𝛿𝑧)+ [−2𝑦 − 4𝜉𝜆𝑦𝑢] 1𝑃𝛿𝑦 + [(8𝜉2 − 𝜉) 2𝑢
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+ 2√63 𝜉 (𝑥 + 𝑧) + 2𝜉𝛽Ω𝑚 − 2𝜉𝜆𝑦2+ (43𝜉 + 8𝜉2) 𝑠𝑢] 1𝑃𝛿𝑢,
(47)

where 𝑃 = 2/3 − (2/3)𝜉𝑢2 − 4𝜉2𝑢2. Then the perturbations𝛿𝑥 +𝛿𝑧, 𝛿𝑦 and 𝛿𝑢 for each phase-space coordinate in our
model can be found by using the variations of (42), (44), and
(45), such that𝛿𝑥 + 𝛿𝑧 = [2 (1 − 4𝜉) (𝑥 + 𝑧)2 + (−𝑠 + 3) 𝑃 + 4𝜉2𝑢2

+ (83𝜉 − 8𝜉2)√6 (𝑥 + 𝑧) 𝑢] 1𝑃 (𝛿𝑥 + 𝛿𝑧)+ [(−2 (𝑥 + 𝑧) + √6𝜆𝑃) 𝑦 − 4𝜉𝜆 (𝑥 + 𝑧) 𝑦𝑢− 2√6𝜉𝑦𝑢 − 4√6𝜉2𝜆𝑦𝑢2] 1𝑃𝛿𝑦+ [(10𝜉2 − 𝜉) 2 (𝑥 + 𝑧) 𝑢 + 2√63 𝜉 (𝑥 + 𝑧)2
+ 2𝜉𝛽 (𝑥 + 𝑧)Ω𝑚 − 2𝜉𝜆 (𝑥 + 𝑧) 𝑦2+ (43𝜉 + 8𝜉2) (𝑥 + 𝑧) 𝑠𝑢 + (8𝜉2 − 𝜉) 2√6𝜉𝑢2+ 2√6𝜉2𝛽𝑢Ω𝑚 − 2√6𝜉2𝜆𝑦2𝑢+ (43𝜉 + 8𝜉2)√6𝜉𝑠𝑢2 + √6𝜉 (𝑠 − 2) 𝑃] 1𝑃𝛿𝑢,𝛿𝑦 = [2 (1 − 4𝜉) (𝑥 + 𝑧) 𝑦 + 2√63 𝜉𝑢𝑦 − √62 𝜆𝑦𝑃]⋅ 1𝑃 (𝛿𝑥 + 𝛿𝑧) + [−2𝑦2 − 4𝜉𝜆𝑦2𝑢 + 𝑠𝑃− √62 𝜆 (𝑥 + 𝑧) 𝑃] 1𝑃𝛿𝑦 + [(8𝜉2 − 𝜉) 𝑢𝑦+ 2√63 𝜉 (𝑥 + 𝑧) 𝑦 + 2𝜉𝛽𝑦Ω𝑚 − 2𝜉𝜆𝑦3
+ (43𝜉 + 8𝜉2) 𝑠𝑦𝑢] 1𝑃𝛿𝑢,𝛿𝑢 = √6 (𝛿𝑥 + 𝛿𝑧) .

(48)

From (48), we find the 3 × 3 perturbation matrix𝑀 whose
elements are given as

𝑀11 = [2 (1 − 4𝜉) (𝑥 + 𝑧)2 + (−𝑠 + 3) 𝑃 + 4𝜉2𝑢2+ (83𝜉 − 8𝜉2)√6 (𝑥 + 𝑧) 𝑢] 1𝑃 ,𝑀12 = [(−2 (𝑥 + 𝑧) + √6𝜆𝑃) 𝑦 − 4𝜉𝜆 (𝑥 + 𝑧) 𝑦𝑢− 2√6𝜉𝑦𝑢 − 4√6𝜉2𝜆𝑦𝑢2] 1𝑃 ,𝑀13 = [(10𝜉2 − 𝜉) 2 (𝑥 + 𝑧) 𝑢 + 2√63 𝜉 (𝑥 + 𝑧)2+ 2𝜉𝛽 (𝑥 + 𝑧)Ω𝑚 − 2𝜉𝜆 (𝑥 + 𝑧) 𝑦2+ (43𝜉 + 8𝜉2) (𝑥 + 𝑧) 𝑠𝑢 + (8𝜉2 − 𝜉) 2√6𝜉𝑢2+ 2√6𝜉2𝛽𝑢Ω𝑚 − 2√6𝜉2𝜆𝑦2𝑢+ (43𝜉 + 8𝜉2)√6𝜉𝑠𝑢2 + √6𝜉 (𝑠 − 2) 𝑃] 1𝑃 ,𝑀21 = [2 (1 − 4𝜉) (𝑥 + 𝑧) 𝑦 + 2√63 𝜉𝑢𝑦 − √62 𝜆𝑦𝑃]⋅ 1𝑃 ,𝑀22 = [−2𝑦2 − 4𝜉𝜆𝑦2𝑢 − +𝑠𝑃 − √62 𝜆 (𝑥 + 𝑧) 𝑃] 1𝑃 ,𝑀23 = [(8𝜉2 − 𝜉) 𝑢𝑦 + 2√63 𝜉 (𝑥 + 𝑧) 𝑦 + 2𝜉𝛽𝑦Ω𝑚
− 2𝜉𝜆𝑦3 + (43𝜉 + 8𝜉2) 𝑠𝑦𝑢] 1𝑃 ,𝑀31 = √6,𝑀32 = 𝑀33 = 0.

(49)

We insert the linear perturbations (𝑥 + 𝑧) → (𝑥𝑐 + 𝑧𝑐) +(𝛿𝑥 + 𝛿𝑧), 𝑦 → 𝑦𝑐 + 𝛿𝑦, and 𝑢 → 𝑢𝑐 + 𝛿𝑢 about the
critical points in the autonomous system (42), (44), and
(45), in order to calculate the eigenvalues of perturbation
matrix 𝑀 for four critical points given in Table 1, with the
corresponding existing conditions.Therefore, we first give the
four perturbation matrices for the critical points𝐴, 𝐵, 𝐶, and𝐷 with the corresponding existing conditions, such that

𝑀𝐴 = 𝑀𝐵 = (−3 0 −2√6𝜉0 −3 0√6 0 0 ) , (50)
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=(
(

4𝜉2𝑢2𝐶𝑃 − 3 −4√6𝜆𝑢2𝐶𝜉2𝑃 − 2√6𝜉𝑦𝐶𝑢𝐶𝑃 + √6𝑦𝐶𝜆 −√6 (2𝜉2 − 16𝜉3) 𝑢2𝐶𝑃 − 2√6𝜉2𝜆𝑦2𝐶𝑢𝐶𝑃 − 2√6𝜉2√6𝜉𝑦𝐶𝑢𝐶3𝑃 − √6𝜆𝑦𝐶2 −2𝑦2𝐶𝑃 − 4𝜉𝜆𝑦2𝐶𝑢𝐶𝑃 −2𝜉𝜆𝑦3𝐶𝑃 − (2𝜉 − 16𝜉2) 𝑢𝐶𝑦𝐶𝑃√6 0 0
)
)

, (51)

where 𝑦𝐶 = √4𝜉/𝜆(−2/𝜆 + √4/𝜆2 + 1/𝜉) and 𝑢𝐶 = −2/𝜆+√4/𝜆2 + 1/𝜉,
𝑀𝐷
=(
(

4𝜉2𝑢2𝐷𝑃 − 3 4√6𝜆𝑢2𝐷𝜉2𝑃 + 2√6𝜉𝑦𝐷𝑢𝐷𝑃 − √6𝑦𝐷𝜆 −√6 (2𝜉2 − 16𝜉3) 𝑢2𝐷𝑃 − 2√6𝜉2𝜆𝑦2𝐷𝑢𝐷𝑃 − 2√6𝜉√6𝜆𝑦𝐷2 − 2√6𝜉𝑦𝐷𝑢𝐷3𝑃 −2𝑦2𝐷𝑃 − 4𝜉𝜆𝑦2𝐷𝑢𝐷𝑃 −2𝜉𝜆𝑦3𝐷𝑃 − (2𝜉 − 16𝜉2) 𝑢𝐷𝑦𝐷𝑃√6 0 0
)
)

, (52)

where 𝑦𝐷 = −√4𝜉/𝜆(−2/𝜆 + √4/𝜆2 + 1/𝜉) and 𝑢𝐷 = −2/𝜆 +√4/𝜆2 + 1/𝜉. Also by using 𝑥𝑠, 𝑦𝑠, and 𝑢𝑠 instead of 𝑥 + 𝑧, 𝑦,
and 𝑢 in the perturbation matrix elements above, we obtain
the standard perturbation matrix elements in 𝑞 → 1 limit.
Then substituting the standard critical points we again obtain
the same matrices 𝑀𝐴, 𝑀𝐵, 𝑀𝐶, and 𝑀𝐷. Therefore the
stability of the standard model agrees with the stability of the
deformed model.

We need to obtain the four sets of eigenvalues and inves-
tigate the sign of the real parts of eigenvalues, so that we can
determine the type and stability of critical points. If all the real
parts of the eigenvalues are negative, the critical point is said
to be stable.Thephysicalmeaning of the stable critical point is
a stable attractor; namely, the Universe keeps its state forever
in this state and thus it can attract the universe at a late time.
Here an accelerated expansion phase occurs because 𝜔tot =−1 < −1/3. However, if the suitable conditions are satisfied,
there can even exist an accelerated contraction for 𝜔tot =−1 < −1/3 value. Eigenvalues of the four𝑀matrices and the
stability conditions are represented in Table 2, for each critical
point𝐴,𝐵,𝐶, and𝐷. FromTable 2, the first two critical points𝐴 and 𝐵 have the same eigenvalues, as 𝐶 and 𝐷 have the
same eigenvalues, too. Here the eigenvalues and the stability
conditions of the perturbation matrices for critical points𝐶 and 𝐷 have been obtained by the numerical methods,
due to the complexity of the matrices (51) and (52). The
stability conditions of each critical point are listed in Table 2,
according to the sign of the real part of the eigenvalues.

Now we will study the cosmological behavior of each
critical point by considering the attractor solutions in scalar
field cosmology [110]. We know that the energy density of a
scalar field has a role in the determination of the evolution of

Universe. Cosmological attractors provide the understanding
of evolution and the factors affecting on this evolution, such
that, from the dynamical conditions, the evolution of scalar
field approaches a particular type of behavior without using
the initial fine tuning conditions [111–121]. We know that the
attractor solutions imply a behavior in which a collection of
phase-space points evolve into a particular region and never
leave from there. In order to solve the differential equation
system (42), (44), and (45) we use adaptive Runge-Kutta
method of 4th and 5th order, in MATLAB programming.
We use the present day values for the dark matter density
parameter Ω𝑚 = 0.3, interaction parameter 𝛽 = 14.5, and0 < 𝛾 < 2 values in solving the differential equation system
[94, 122]. Then the solutions with the stability conditions of
critical points are plotted for each pair of the solution set
being the auxiliary variables 𝑥 + 𝑧, 𝑦, and 𝑢.
Critical Point A. This point exists for 𝜆 = 0 which means
that the potential 𝑉 is constant. Acceleration occurs at this
point because of 𝜔tot = −1 < −1/3, and it is an expansion
phase since𝑦 is positive, so𝐻 is positive, too. Point𝐴 is stable
meaning that Universe keeps its further evolution, for 0 <𝜉 ≤ 3/16 with 𝜆, 𝛽 ∈ R, but it is a saddle point meaning the
universe evolves between different states for 𝜉 < 0. In Figure 1,
we illustrate the 2-dimensional projections of 4-dimensional
phase-space trajectories for the stability condition 𝜉 = 0.15
and for the present day values𝛽 = 14.5, 𝛾 = 1.5, andΩ𝑚 = 0.3
and three auxiliary 𝜆 values.This state corresponds to a stable
attractor starting from the critical point 𝐴 = (0, 1, 0), as seen
from the plots in Figure 1.

Critical Point B. Point 𝐵 also exists for 𝜆 = 0meaning that the
potential𝑉 is constant. Acceleration phase is again valid here
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Table 2: Eigenvalues and stability of critical points.

Critical
points Eigenvalues 𝜉 𝜆 Stability

A and B −3.0000 −(1/2)√9 − 48𝜉 − 3/2 (1/2)√9 − 48𝜉 − 3/2 Stable point for 0 < 𝜉 ≤ 3/16
with 𝜆, 𝛽 ∈ R

Saddle point for 𝜉 < 0 with𝜆, 𝛽 ∈ R

C and D

−1.0642 −1.5576 −5.5000 0.1000 1.0000

Stable point for 0 < 𝜉, 𝜆 = 1 and𝛽 ∈ R
Saddle point, if 𝜉 < 0 and 𝜆 ̸= 1

−1.0193 −1.0193 −7.2507 1.0000 1.0000−0.8407 −0.8407 −7.7519 2.0000 1.0000−0.7080 −0.7080 −8.0701 3.0000 1.0000−0.6014 −0.6014 −8.3107 4.0000 1.0000−0.5121 −0.5121 −8.5060 5.0000 1.0000−0.4353 −0.4353 −8.6709 6.0000 1.0000−0.3680 −0.3680 −8.8136 7.0000 1.0000−0.3082 −0.3082 −8.9395 8.0000 1.0000−0.2544 −0.2544 −9.0520 9.0000 1.0000−0.2055 −0.2055 −9.1535 10.0000 1.0000
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Figure 1: Two-dimensional projections of the phase-space trajectories for stability condition 𝜉 = 0.15 and for present day values 𝛽 = 14.5,𝛾 = 1.5, and Ω𝑚 = 0.3. All plots begin from the critical point 𝐴 being a stable attractor.

since 𝜔tot = −1 < −1/3, but this point refers to contraction
phase because 𝑦 is negative here. For the stability of the point𝐵, it is again stable for 0 < 𝜉 ≤ 3/16 with 𝜆, 𝛽 ∈ R, but it is a
saddle point for 𝜉 < 0. Therefore the stable attractor behavior
is represented for contraction starting from the critical point𝐵 = (0, −1, 0), as seen from the graphs in Figure 2. We plot
phase-space trajectories for the stability condition 𝜉 = 0.15

and for the present day values𝛽 = 14.5, 𝛾 = 1.5, andΩ𝑚 = 0.3
and three auxiliary 𝜆 values.
Critical Point C. Critical point 𝐶 occurs for 𝜆 ̸= 0 meaning
a field dependent potential 𝑉. The cosmological behavior is
again an acceleration phase since 𝜔tot < −1/3 and an expan-
sion phase since𝑦 is positive. Point𝐶 is stable for 0 < 𝜉,𝜆 = 1,



10 Advances in High Energy Physics

B

−0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0−0.8

x + z

−1.4
−1.3
−1.2
−1.1
−1

−0.9
−0.8
−0.7
−0.6
−0.5
−0.4

y

(a)

B

−0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0−0.8

x + z

−1.5

−1

−0.5

0

u

(b)

B

−1.2
−1

−0.8
−0.6
−0.4
−0.2

0

u

−1.15 −1.05 −1−1.1 −0.95 −0.85−1.25 −1.2−1.3 −0.8−0.9
y

(c)

Figure 2: Two-dimensional projections of the phase-space trajectories for stability condition 𝜉 = 0.15 and for present day values 𝛽 = 14.5,𝛾 = 1.5, and Ω𝑚 = 0.3. All plots begin from the critical point 𝐵 being a stable attractor.

and𝛽 ∈ R and saddle point if 𝜉 < 0 and 𝜆 ̸= 1. 2-dimensional
projections of phase-space are represented in Figure 3, for the
stability conditions 𝜉 = 2, 𝜆 = 1 and for the present day values𝛽 = 14.5,Ω𝑚 = 0.3, and three auxiliary 𝛾 values in the present
day value range.The stable attractor starting from the critical
point 𝐶 can be inferred from the plots in Figure 3.

Critical Point D. This point exists for 𝜆 ̸= 0 meaning a field
dependent potential 𝑉. Acceleration phase is again valid due
to 𝜔tot < −1/3, but this point refers to a contraction phase
because 𝑦 is negative. Point 𝐷 is also stable for 0 < 𝜉, 𝜆 = 1,
and 𝛽 ∈ R. However, it is a saddle point, while 𝜉 < 0 and𝜆 ̸= 1. 2-dimensional plots of phase-space trajectories are
shown in Figure 4, for the stability conditions 𝜉 = 2, 𝜆 = 1
and for the present day values 𝛽 = 14.5, Ω𝑚 = 0.3 and three
auxiliary 𝛾 values in the present day value range. This state
again corresponds to a stable attractor starting from the point𝐷, as seen from the plots in Figure 4.

All the plots in Figures 1–4 have the structure of stable
attractor, since each of them evolves to a single point which
is in fact one of the critical points in Table 1. The three-
dimensional plots of the evolution of phase-space trajectories
for the stable attractors are given in Figure 5.These evolutions
to the critical points are the attractor solutions of our
cosmological model: interacting darkmatter and 𝑞-deformed
dark energy nonminimally coupled to gravity, which imply
an expanding universe. On the other hand, the construction
of the model in the 𝑞 → 1 limit reproduces the results of
the phase-space analysis for the nondeformed standard dark
energy case.The critical points and perturbationmatrices are

the same for the deformed and standard dark energy models
with the equivalence of the auxiliary variables as 𝑥 + 𝑧 = 𝑥𝑠,𝑦 = 𝑦𝑠, and 𝑢 = 𝑢𝑠. Therefore, it is confirmed that the
dark energy in our model can be defined in terms of the 𝑞-
deformed scalar fields obeying the 𝑞-deformed boson algebra
in (2). According to the stable attractor behaviors, it makes
sense to consider the dark energy as a scalar field defined by
the 𝑞-deformed scalar field, with a negative pressure.

We know that the deformed dark energy model is a
confirmed model since it reproduces the same stability
behaviors, critical points, and perturbation matrices with
the standard dark energy model, but the auxiliary variables
of deformed and standard models are not the same. The
relation between deformed and standard dark energy can be
represented regarding auxiliary variable equations in (31):𝑥 = √ 1 − 𝑞2𝑁(1 − 𝑞2)𝑁𝑥𝑠,

𝑦 = √exp(−𝑐(√ 1 − 𝑞2𝑁(1 − 𝑞2)𝑁 − 1))𝑦𝑠,
𝑢 = √ 1 − 𝑞2𝑁(1 − 𝑞2)𝑁𝑢𝑠,

(53)

where 𝑐 is a constant. From the equations (53) we now illus-
trate the behavior of the deformed and standard dark energy
auxiliary variables with respect to the deformation parameter𝑞 in Figure 6. We infer from the figure that the value of the
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Figure 3: Two-dimensional projections of the phase-space trajectories for stability conditions 𝜉 = 2,𝜆 = 1 and for present day values𝛽 = 14.5,Ω𝑚 = 0.3. All plots begin from the critical point 𝐶 being a stable attractor.
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Figure 5: Three-dimensional plots of the phase-space trajectories for the critical points 𝐴, 𝐵, 𝐶, and𝐷 being the stable attractors.
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Figure 6: Behavior of the auxiliary variables 𝑥, 𝑦, and 𝑢 with respect to the deformation parameter 𝑞 and the particle number𝑁.
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deformed𝑥,𝑦, and𝑢 decreaseswith decreasing 𝑞 for the 𝑞 < 1
interval for large particle number, and the decrease in the
variables𝑥,𝑦, and 𝑢 refers to the decrease in deformed energy
density. Also, we conclude that the value of the auxiliary
variables 𝑥, 𝑦, and 𝑢 increases with increasing 𝑞 for the 𝑞 > 1
interval for large particle number. In 𝑞 → 1 limit deformed
variables goes to standard ones.

4. Conclusion

In this study, we propose that the dark energy is formed of the
negative-pressure 𝑞-deformed scalar field whose field equa-
tion is defined by the 𝑞-deformed annihilation and creation
operators satisfying the deformed boson algebra in (2), since
it is known that the dark energy has a negative pressure—
like the deformed bosons—acting as a gravitational repulsion
to drive the accelerated expansion of universe. We consider
an interacting dark matter and 𝑞-deformed dark energy
nonminimally coupled to the gravity in the framework of
Einsteinian gravity in order to confirm our proposal. Then
we investigate the dynamics of the model and phase-space
analysiswhether it will give stable attractor solutionsmeaning
indirectly an accelerating expansion phase of universe.There-
fore, we construct the action integral of the interacting dark
matter and 𝑞-deformed dark energy nonminimally coupled
to gravity model in order to study its dynamics. With this the
Hubble parameter and Friedmann equations of themodel are
obtained in the spatially flat FRW geometry. Later on, we find
the energy density and pressure with the evolution equations
for the 𝑞-deformed dark energy and dark matter from the
variation of the action and the Lagrangian of the model.
After that we translate these dynamical equations into the
autonomous form by introducing the suitable auxiliary vari-
ables, in order to perform the phase-space analysis of the
model. Then the critical points of autonomous system are
obtained by setting each autonomous equation to zero and
four perturbation matrices are obtained for each critical
point by constructing the perturbation equations. We then
determine the eigenvalues of four perturbation matrices to
examine the stability of the critical points. We also calculate
some important cosmological parameters, such as the total
equation of state parameter and the deceleration parameter to
check whether the critical points satisfy an accelerating uni-
verse. We obtain four stable attractors for the model depend-
ing on the coupling parameter 𝜉, interaction parameter𝛽, and
the potential constant𝜆. An accelerating universe exists for all
stable solutions due to𝜔tot < −1/3.The critical points𝐴 and𝐵
are late-time stable attractors for 0 < 𝜉 ≤ 3/16 and 𝜆, 𝛽 ∈ R,
with the point𝐴 referring to an expansion with a stable accel-
eration, while the point 𝐵 refers to a contraction. However,
the critical points 𝐶 and 𝐷 are late-time stable attractors for0 < 𝜉, 𝜆 = 1, and 𝛽 ∈ R, with the point 𝐶 referring to an
expansion with a stable acceleration, while the point𝐷 refers
to a contraction. The stable attractor behavior of the model
at each critical point is demonstrated in Figures 1–4. In order
to solve the differential equation system (42), (44), and (45)
with the critical points and plot the graphs in Figures 1–4,
we use adaptive Runge-Kutta method of 4th and 5th order, in

MATLAB programming.Then the solutions with the stability
conditions of critical points are plotted for each pair of the
solution set being the auxiliary variables in 𝑥 + 𝑧, 𝑦, and 𝑢.

These figures show that, by using the convenient param-
eters of the model according to the existence and stability
conditions and the present day values, we can obtain the
stable attractors as 𝐴, 𝐵, 𝐶, and𝐷.

The 𝑞-deformed dark energy is a generalization of the
standard scalar field dark energy. As seen from (9) in the𝑞 → 1 limit, the behavior of the deformed energy density,
pressure, and scalar field functions with respect to the
standard functions all approach the standard corresponding
function values. Consequently, 𝑞-deformation of the scalar
field dark energy gives a self-consistent model due to the
existence of standard case parameters of the dark energy in
the 𝑞 → 1 limit and the existence of the stable attractor
behavior of the accelerated expansion phase of universe for
the considered interacting and nonminimally coupled dark
energy and dark matter model. Although the deformed dark
energy model is confirmed through reproducing the same
stability behaviors, critical points, and perturbation matrices
with the standard dark energy model, the auxiliary variables
of deformed and standard models are of course different.
By using the auxiliary variable equations in (31), we find
the relation between deformed and standard dark energy
variables. From these equations, we represent the behavior
of the deformed and standard dark energy auxiliary variables
with respect to the deformation parameter for 𝑞 < 1 and 𝑞 > 1
intervals in Figure 6. Then, the value of the deformed 𝑥, 𝑦,
and 𝑢 or equivalently deformed energy density decreases with
decreasing 𝑞 for the 𝑞 < 1 interval for large particle number.
Also the value of the auxiliary variables 𝑥, 𝑦, and 𝑢 increases
with increasing 𝑞 for the 𝑞 > 1 interval for large particle
number. In 𝑞 → 1 limit all the deformed variables transform
to nondeformed variables.

The consistency of the proposed 𝑞-deformed scalar field
dark energy model is confirmed by the results, since it gives
the expected behavior of the universe.The idea of considering
the dark energy as a 𝑞-deformed scalar field is a very recent
approach. There are more deformed particle algebras in
the literature which can be considered as other and maybe
more suitable candidates for the dark energy. As a further
study for the confirmation of whether the dark energy can
be considered as a general deformed scalar field, the other
interactions and couplings between deformed dark energy
models, dark matter, and gravity can be investigated in the
general relativity framework or in the framework of other
modified gravity theories, such as teleparallelism.
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We consider a spinor quintom dark energy model with intrinsic spin, in the framework of Einstein-Cartan-Sciama-Kibble theory.
After constructing themathematical formalism of themodel, we obtain the spin contributed total energy-momentum tensor giving
the energy density and the pressure of the quintom model, and then we find the equation of state parameter, Hubble parameter,
deceleration parameter, state finder parameter, and some distance parameter in terms of the spinor potential. Choosing suitable
potentials leads to the quintom scenario crossing between quintessence and phantom epochs, or vice versa. Analyzing three
quintom scenarios provides stable expansion phases avoiding Big Rip singularities and yielding matter dominated era through
the stabilization of the spinor pressure via spin contribution.The stabilization in spinor pressure leads to neglecting it as compared
to the increasing energy density and constituting a matter dominated stable expansion epoch.

1. Introduction

The astrophysical observations show that the universe is
experiencing an accelerating expansion due to an unknown
component of energy, named as the dark energy (DE) which
is distributed all over the universe and having a negative
pressure in order to drive the acceleration of the universe [1–
9]. Various DE scenarios have been proposed: cosmological
constant Λ is the oldest DE model which has a constant
energy density filling the space homogeneously [10–13].
Equation of state (EoS) parameter of a cosmological fluid is𝜔 = 𝑝/𝜌, where 𝑝 and 𝜌 are the pressure and energy density
and the DE scenario formed by the cosmological constant
refers to a perfect fluid with EoS 𝜔Λ = −1.

Other DE scenarios can be constructed from the dynam-
ical components, such as the quintessence, phantom, K-
essence, or quintom [14–16]. Quintessence is considered as a
DE scenario with EoS𝜔 > −1. Such amodel can be described
by using a canonical scalar field. Recent observational data
presents the idea that the EoS of DE can be in a region
where 𝜔 < −1. The most common scenario generalizing
this regime is to use a scalar field with a negative kinetic
term. This DE model is known as the phantom scenario

which is also named as a ghost [17]. This model experiences
the shortcoming, such that its energy state is unbounded
from below and this leads to the quantum instability problem
[18]. If the potential value is not bounded from above, this
scenario is even instable at the classical regime known as the
Big Rip singularity [19]. Another DE scenario, K-essence, is
constructed by using kinetic term in the domain of a general
function in the field Lagrangian. This model can realize both𝜔 > −1 and 𝜔 < −1 due to the existence of a positive
energy density but cannot allow a consistent crossing of the
cosmological constant boundary −1 [20].

The time variation of the EoS of DE has been restricted by
the data obtained by Supernovae Ia (SNIa). According to the
SNIa data, some attempts have come out to estimate the band
power and density of the DE EoS as a function of the redshift
[21]. There occur two main models for the variation of EoS
with respect to time; Model A and Model B. While Model
A is valid in low redshift, Model B suffers in low redshift;
therefore, it works in high redshift values.Thesemodels imply
that the evolution of the DE EoS begins from 𝜔 > −1 in the
past to 𝜔 < −1 in the present time, namely, the observational
and theoretical results allow the EoS 𝜔 of DE crossing the
cosmological constant boundary or phantom divide during
the evolution of the universe [22–25].
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Crossing of theDEEoS the cosmological constant bound-
ary is named as the quintom scenario and this can be
constructed in some special DE models. For instance, if
we consider a single perfect fluid or single scalar field DE
constituent, thismodel does not allow theDEEoS to cross the𝜔 = −1 boundary according to the no-go theorem [26–31].
To overcome no-go theorem and to realize crossing phantom
divide line, some modifications can be made to the single
scalar fieldDEmodels. One can construct a quintom scenario
by considering two scalar fields, such as quintessence and
quintom [22].The components cannot cross the−1 boundary
alone but can cross it combined together. Another quintom
scenario is achieved by constructing a scalar field model with
nonlinear or higher order derivative kinetic term [27, 32] or a
phantom model coupled to dark matter [33]. Also the scalar
field DE models nonminimally coupled to gravity satisfy the
crossing cosmological constant boundary [34, 35].

The aforementioned quintom models are constructed
from the scalar fields providing various phantom behaviors,
but the ghost field may cause some instable solutions. By
considering the linearized perturbations in the effective
quantum field equation at two-loop order one can obtain
an acceleration phase [36–40]. On the other hand, there is
another quintommodel satisfying the acceleration of the uni-
verse, which is constructed from the classical homogeneous
spinor field𝜓 [41–44]. In recent years,many studies for spinor
fields in cosmology can be found [20], such as those for
inflation and cyclic universe driven by spinor fields, for spinor
matter in Bianchi Type I spacetime, and for a DE model with
spinor matter [45–50].

The consistent quintom cosmology has been proposed by
using spinor matter in Friedmann-Robertson-Walker (FRW)
geometry, in Einstein’s general relativity framework [51]. The
spinor quintom scenario allows EoS crossing −1 boundary
without using a ghost field. When the derivative of the
potential term with respect to the scalar bilinear𝜓𝜓 becomes
negative, the spinor field shows a phantom-like behavior. But
the spinor quintom exhibits a quintessence-like behavior for
the positive definite potential derivative [20]. In this quintom
model, there exist three categories of scenario depending on
the choice of the type of potentials; one scenario is that the
universe evolves from a quintessence-like phase 𝜔 > −1 to
a phantom-like phase 𝜔 < −1, another scenario is for the
universe evolving from a phantom-like phase 𝜔 < −1 to a
quintessence-like phase𝜔 > −1, and the third scenario is that
the EoS of spinor quintomDE crosses the −1 boundary more
than one time.

In this study, we consider the spinor quintom DE, in the
framework of Einstein-Cartan-Sciama-Kibble (ECSK) theory
which is a generalization of the metric-affine formulation
of Einstein’s general relativity with intrinsic spin [52–61].
Since the ECSK theory is the simplest theory including the
intrinsic spin and avoiding the big-bang singularity [62], it
is worth considering the spinor quintom in ECSK theory
for investigating the acceleration phase of the universe with
the phantom behavior. Therefore, we analyze the spinor
quintommodel with intrinsic spin in ECSK theory whether it
provides the crossing cosmological constant boundary. Then

if the model provides the crossing −1 boundary, we will find
the suitable conditions on the potential for the crossing −1
boundary.

2. Algebra of Spinor Quintom with
Intrinsic Spin

Themost complicated example of the quantum field theories
lying in curved spacetime is the theory of Dirac spinors.
There occurs a conceptual problem related to obtaining the
energy-momentum tensor of the spinor matter field from
the variation of the matter field Lagrangian. For the scalar
or tensor fields, energy-momentum tensor is the quantity
describing the reaction of the matter field Lagrangian to
the variations of the metric, while the matter field is held
constant during the change of the metric. But for the spinor
fields, the above procedure does not hold for obtaining the
energy-momentum tensor from the variation with respect
to metric only, because the spinor fields are the sections
of a spinor bundle obtained as an associated vector bundle
from the bundle of spin frames. The bundle of spin frames is
double covering of the bundle of oriented and time-oriented
orthonormal frames. For spinor fields, when one varies the
metric, the components of the spinor fields cannot be held
fixed with respect to some fixed holonomic frame induced by
a coordinate system, as in the tensor field case [63].Therefore,
the intrinsic spin of matter field in curved spacetime requires
ECSK theory which is the simplest generalization of the
metric-affine formulation of general relativity.

According to the metric-affine formulation of the gravity,
the dynamical variables are the tetrad (vierbein or frame) field𝑒𝑖𝑎 and the spin connection 𝜔𝑎𝑏𝑘 = 𝑒𝑎𝑗𝑒𝑗𝑏;𝑘 = 𝑒𝑎𝑗 (𝑒𝑗𝑏,𝑘 + Γ𝑗

𝑖𝑘
𝑒𝑖𝑏).

Here comma denotes the partial derivative with respect to
the 𝑥𝑘 coordinate, while the semicolon refers to the covariant
derivative with respect to the affine connection Γ𝑖𝑗𝑘. The
antisymmetric lower indices of the affine connection give the
torsion tensor 𝑆𝑖𝑗𝑘 = Γ𝑖[𝑗𝑘]. The tetrad gives the rela-
tion between spacetime coordinates denoted by the indices𝑖, 𝑗, 𝑘, . . . and local Lorentz coordinates denoted by the indices𝑎, 𝑏, 𝑐, . . ., such that 𝑉𝑎 = 𝑉𝑖𝑒𝑎𝑖 , where 𝑉𝑎 is a Lorentz vector
and𝑉𝑖 is a usual vector. Covariant derivative of a Lorentz vec-
tor is definedwith respect to the spin connection and denoted
by a bar: 𝑉𝑎|𝑖 = 𝑉𝑎,𝑖 + 𝜔𝑎𝑏𝑖𝑉𝑏 and 𝑉𝑎|𝑖 = 𝑉𝑎,𝑖 − 𝜔𝑏𝑎𝑖𝑉𝑏. Also
the covariant derivative of a vector is defined in terms of the
affine connection: 𝑉𝑘;𝑖 = 𝑉𝑘,𝑖 + Γ𝑘𝑙𝑖𝑉𝑙 and 𝑉𝑘;𝑖 = 𝑉𝑘,𝑖 −Γ𝑙𝑘𝑖𝑉𝑙. Local Lorentz coordinates are lowered or raised by the
Minkowski metric 𝜂𝑎𝑏 of the flat spacetime, while the space-
time coordinates are lowered or raised by the metric tensor𝑔𝑖𝑘. Metric compatibility condition 𝑔𝑖𝑗;𝑘 = 0 leads to the
definition of affine connection Γ𝑘𝑖𝑗 = { 𝑘𝑖𝑗 } + 𝐶𝑘𝑖𝑗 in terms of the
Christoffel symbols { 𝑘𝑖𝑗 } = (1/2)𝑔𝑘𝑚(𝑔𝑚𝑖,𝑗 + 𝑔𝑚𝑗,𝑖 − 𝑔𝑖𝑗,𝑚) and
the contortion tensor 𝐶𝑖𝑗𝑘 = 𝑆𝑖𝑗𝑘 + 2𝑆𝑖(𝑗𝑘). Throughout the
paper, the 𝐴 (𝑗𝑘) = (1/2)(𝐴𝑗𝑘 + 𝐴𝑘𝑗) notation is used for
symmetrization and 𝐴 [𝑗𝑘] = 𝐴𝑗𝑘 − 𝐴𝑘𝑗 is used for the anti-
symmetrization. With the definitions 𝑔𝑖𝑘 = 𝜂𝑎𝑏𝑒𝑎𝑖 𝑒𝑏𝑘 and 𝑆𝑗

𝑖𝑘
=
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𝜔𝑗
[𝑖𝑘]

+ 𝑒𝑎[𝑖,𝑘]𝑒𝑗𝑎, the metric tensor and the torsion tensor can
be considered as the dynamical variable instead of the tetrad
and spin connection.

A tensor density Α𝑖𝑗⋅⋅⋅
𝑘𝑙⋅⋅⋅

is given in terms of the corre-
sponding tensor 𝐴𝑖𝑗⋅⋅⋅

𝑘𝑙⋅⋅⋅
as Α𝑖𝑗⋅⋅⋅
𝑘𝑙⋅⋅⋅

= 𝑒𝐴𝑖𝑗⋅⋅⋅
𝑘𝑙⋅⋅⋅

, where 𝑒 = det 𝑒𝑎𝑖 =√−det𝑔𝑖𝑘. Therefore, we represent the spin density and
the energy-momentum density, such as 𝜎𝑖𝑗𝑘 = 𝑒𝑠𝑖𝑗𝑘 andΤ𝑖𝑘 = 𝑒𝑇𝑖𝑘. Here we call these tensors metric spin tensor and
metric energy-momentum tensor, since the spacetime coor-
dinate indices label these tensors and are obtained from the
variation of the Lagrangian with respect to the torsion (or
contortion) tensor 𝐶𝑖𝑗

𝑘
and the metric tensor 𝑔𝑖𝑗, respectively.

The metric spin tensor is written as 𝑠𝑘𝑖𝑗 = (2/𝑒)(𝛿ℓ𝑚/𝛿𝐶𝑖𝑗𝑘 ) =
(2/𝑒)(𝜕ℓ𝑚/𝜕𝐶𝑖𝑗𝑘 ), while the metric energy-momentum tensor
is given by 𝑇𝑖𝑗 = (2/𝑒)(𝛿ℓ𝑚/𝛿𝑔𝑖𝑗) = (2/𝑒)[𝜕ℓ𝑚/𝜕𝑔𝑖𝑗 −𝜕𝑘(𝜕ℓ𝑚/𝜕(𝑔𝑖𝑗,𝑘))]. Here, the Lagrangian density of the source
matter field is ℓ𝑚 = 𝑒𝐿𝑚. When the local Lorentz coordinates
are also used in these tensors as 𝜎𝑖𝑎𝑏 = 𝑒𝑠𝑖𝑎𝑏 and Τ𝑎𝑖 = 𝑒𝑇𝑎𝑖 , we
call 𝑠𝑖𝑎𝑏 and 𝑇𝑎𝑖 dynamical spin tensor and dynamical energy-
momentum tensor, respectively, and they are obtained from
the variation of the Lagrangian with respect to the tetrad𝑒𝑖𝑎 and the spin connection 𝜔𝑎𝑏𝑖 . The dynamical spin tensor
is 𝑠𝑖𝑎𝑏 = (2/𝑒)(𝛿ℓ𝑚/𝛿𝜔𝑎𝑏𝑖 ) = (2/𝑒)(𝜕ℓ𝑚/𝜕𝜔𝑎𝑏𝑖 ), and energy-
momentum tensor is 𝑇𝑎𝑖 = (1/𝑒)(𝛿ℓ𝑚/𝛿𝑒𝑖𝑎) = (1/𝑒)[𝜕ℓ𝑚/𝜕𝑒𝑖𝑎 −𝜕𝑗(𝜕ℓ𝑚/𝜕(𝑒𝑖𝑎,𝑗))].

Total action of the gravitational field and the source
matter in metric-affine ECSK theory is given in the same
form with the classical Einstein-Hilbert action, such as 𝑆 =𝜅 ∫(ℓ𝑔 + ℓ𝑚)𝑑4𝑥, where 𝜅 = 8𝜋𝐺 and ℓ𝑔 = −(1/2𝜅)𝑒𝑅 is
the gravitational Lagrangian density. Here Ricci scalar is
constructed from the spin connection containing curvature
tensor, such that 𝑅 = 𝑅𝑏𝑗𝑒𝑗𝑏, where 𝑅𝑏𝑗 = 𝑅𝑏𝑐𝑗𝑘𝑒𝑘𝑐 is the Ricci
tensor obtained from the curvature tensor𝑅𝑏𝑐𝑗𝑘 and finally this
curvature tensor is expressed in terms of the spin connection,
such that 𝑅𝑎𝑏𝑖𝑗 = 𝜔𝑎𝑏𝑗,𝑖 − 𝜔𝑎𝑏𝑖,𝑗 + 𝜔𝑎𝑐𝑖𝜔𝑐𝑏𝑗 − 𝜔𝑎𝑐𝑗𝜔𝑐𝑏𝑖. Variation of the
total actionwith respect to the contortion tensor gives Cartan
equations 𝑆𝑗

𝑖𝑘
− 𝑆𝑖𝛿𝑗𝑘 + 𝑆𝑘𝛿𝑗𝑖 = −(𝜅/2𝑒)𝜎𝑗

𝑖𝑘
and with respect to

themetric tensor gives Einstein equations in the formof𝐺𝑖𝑘 =𝜅(𝑇𝑖𝑘 + 𝑈𝑖𝑘), where 𝐺𝑖𝑘 = 𝑃𝑗
𝑖𝑗𝑘

− (1/2)𝑃𝑙𝑚𝑙𝑚𝑔𝑖𝑘 is the Einstein
tensor and 𝑃𝑗

𝑖𝑗𝑘
is the Riemann curvature tensor satisfying

𝑅𝑖𝑘𝑙𝑚 = 𝑃𝑖𝑘𝑙𝑚 + 𝐶𝑖𝑘𝑚:𝑙 − 𝐶𝑖𝑘𝑙:𝑚 + 𝐶𝑗
𝑘𝑚
𝐶𝑖𝑗𝑙 − 𝐶𝑗

𝑘𝑙
𝐶𝑖𝑗𝑚, where colon

denotes the Riemannian covariant derivative with respect
to the Levi-Civita connection, such as 𝑉𝑘:𝑖 = 𝑉𝑘,𝑖 + { 𝑘𝑙𝑖 } 𝑉𝑙
and 𝑉𝑘:𝑖 = 𝑉𝑘,𝑖 − { 𝑙𝑘𝑖 } 𝑉𝑙. Also for torsion-free general
relativity theory, curvature tensor turns out to be the Rie-
mann tensor. Right hand side of Einstein equations contains
an extra term 𝑈𝑖𝑘 which is the contribution to the energy-
momentum tensor from the torsion and it is quadratic in
the spin tensor, such as 𝑈𝑖𝑘 = 𝜅(−𝑠𝑖𝑗

[𝑙
𝑠𝑘𝑙𝑗] − (1/2)𝑠𝑖𝑗𝑙𝑠𝑘𝑗𝑙 + (1/

4)𝑠𝑗𝑙𝑖𝑠𝑘𝑗𝑙 + (1/8)𝑔𝑖𝑘(−4𝑠𝑙𝑗[𝑚𝑠𝑗𝑚𝑙] + 𝑠𝑗𝑙𝑚𝑠𝑗𝑙𝑚)). Therefore, the total
energy-momentum tensor is Θ𝑖𝑘 = 𝑇𝑖𝑘 + 𝑈𝑖𝑘.

In metric-affine ECSK formulation of gravity, a spinor
quintom field with intrinsic spin has a Lagrangian density of

the form ℓ𝑚 = 𝑒(𝑖/2)(𝜓𝛾𝑘𝜓;𝑘 − 𝜓;𝑘𝛾𝑘𝜓) − 𝑒𝑉, where 𝑉 is
the potential of the spinor field 𝜓 and the adjoint spinor𝜓 = 𝜓+𝛾0. The covariant derivative of the spinor field is
given as 𝜓;𝑘 = 𝜓,𝑘 − Γ𝑘𝜓 and 𝜓;𝑘 = 𝜓,𝑘 − Γ𝑘𝜓, where Γ𝑘 =−(1/4)𝜔𝑎𝑏𝑘𝛾𝑎𝛾𝑏 is the Fock-Ivanenko spin connection, and
then 𝛾𝑘 and 𝛾𝑎 are the metric and dynamical Dirac gamma
matrices satisfying 𝛾𝑘 = 𝑒𝑘𝑎𝛾𝑎, 𝛾(𝑘𝛾𝑚) = 𝑔𝑘𝑚𝐼, and 𝛾(𝑎𝛾𝑏) =𝜂𝑎𝑏𝐼. The covariant derivative of the spinor can be decom-
posed into the Riemannian covariant derivative plus a
contortion tensor 𝐶𝑖𝑗𝑘 containing term, such as 𝜓;𝑘 =
𝜓:𝑘 + (1/4)𝐶𝑖𝑗𝑘𝛾[𝑖𝛾𝑗]𝜓 and 𝜓;𝑘 = 𝜓:𝑘 − (1/4)𝐶𝑖𝑗𝑘𝜓𝛾[𝑖𝛾𝑗]. The
Riemannian covariant derivative of the spinor and adjoint
spinor fields for quintom DE are given: 𝜓:𝑘 = 𝜓,𝑘 +(1/4)𝑔𝑖𝑘 { 𝑖𝑗𝑚 } 𝛾𝑗𝛾𝑚𝜓 and 𝜓:𝑘 = 𝜓,𝑘 − (1/4)𝑔𝑖𝑘 { 𝑖𝑗𝑚 } 𝛾𝑗𝛾𝑚𝜓.
These covariant derivatives including the contortion tensor𝐶𝑖𝑗𝑘 are embedded in the spinor quintom Lagrange density.
However, the explicit form of the contortion tensor which
can be obtained from the Cartan equations is needed. Since
the right hand side of Cartan equations contains the spin
tensor density, we obtain the spin tensor from the variation of
the spinor Lagrangian with respect to the contortion tensor,
such that 𝑠𝑖𝑗𝑘 = (1/𝑒)𝜎𝑖𝑗𝑘 = −(1/𝑒)𝜀𝑖𝑗𝑘𝑙𝑠𝑙, where 𝜀𝑖𝑗𝑘𝑙
is the Levi-Civita symbol, 𝑠𝑖 = (1/2) 𝜓𝛾𝑖𝛾5𝜓 is the spin
pseudovector, and 𝛾5 = 𝑖𝛾0𝛾1𝛾2𝛾3. Inserting the spin tensor
for spinor quintom field in the Cartan equations gives the
torsion tensor 𝑆𝑖𝑗𝑘 = 𝐶𝑖𝑗𝑘 = (1/2)𝜅𝜀𝑖𝑗𝑘𝑙𝑠𝑙 which will take place
in the spinor quintom Lagrange density [52–62].

The variation of the spinor quintom matter Lagrangian
density with respect to the adjoint spinor gives the ECSK
Dirac equation, such as

𝑖𝛾𝑘𝜓:𝑘 − 𝜕𝑉𝜕𝜓 + 38𝜅 (𝜓𝛾𝑘𝛾5𝜓) 𝛾𝑘𝛾5𝜓 = 0, (1)

and the variation with respect to the spinor itself gives adjoint
Dirac equation as

𝑖𝜓:𝑘𝛾𝑘 + 𝜕𝑉𝜕𝜓 − 38𝜅 (𝜓𝛾𝑘𝛾5𝜓)𝜓𝛾𝑘𝛾5 = 0. (2)

Then the total energy-momentum tensor of the spinor quin-
tom field is obtained from Θ𝑖𝑘 = 𝑇𝑖𝑘 + 𝑈𝑖𝑘. Here the metric
energy-momentum tensor is obtained by the variation of
spinor quintom Lagrange density with respect to the metric
tensor, such as

𝑇𝑖𝑘 = 2𝑒 [[
𝜕ℓ𝑚/𝜕𝑔𝑖𝑘−𝜕𝑗 (𝜕ℓ𝑚/𝜕 (𝑔𝑖𝑘,𝑗 ))]]

= 𝑖2 (𝜓𝛿𝑗(𝑖𝛾𝑘)𝜓;𝑗 − 𝜓;𝑗𝛿𝑗(𝑖𝛾𝑘)𝜓)
− 𝑖2 (𝜓𝛾𝑗𝜓;𝑗 − 𝜓;𝑗𝛾𝑗𝜓) 𝑔𝑖𝑘 + 𝑉𝑔𝑖𝑘,

(3)

and the spin contributing metric energy-momentum tensor
is obtained by substituting the spin tensor for spinor quintom
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field in 𝑈𝑖𝑘. Then the total metric energy-momentum tensor
is found to be

Θ𝑖𝑘 = 𝑖2 (𝜓𝛿𝑗(𝑖𝛾𝑘)𝜓:𝑗 − 𝜓:𝑗𝛿𝑗(𝑖𝛾𝑘)𝜓) + 34𝜅𝑠𝑙𝑠𝑙𝑔𝑖𝑘. (4)

Here, the semicolon covariant derivatives of the spinor field
in (3) are decoupled into colon covariant derivatives in (4)
and the contortion tensor containing parts of the decoupled
covariant derivatives are suppressed in the spin pseudovector𝑠𝑙 by the contribution of𝑈𝑖𝑘. In order to rewrite (4) in a more
convenient form for our further calculations, we multiply (1)
by adjoint spinor 𝜓 from the left and multiply (2) by spinor 𝜓
from right, such that

𝑖𝜓𝛾𝑘𝜓:𝑘 − 𝑉𝜓𝜓 + 38𝜅 (𝜓𝛾𝑘𝛾5𝜓) (𝜓𝛾𝑘𝛾5𝜓) = 0, (5)

𝑖𝜓:𝑘𝛾𝑘𝜓 + 𝑉𝜓𝜓 − 38𝜅 (𝜓𝛾𝑘𝛾5𝜓) (𝜓𝛾𝑘𝛾5𝜓) = 0, (6)

where 𝑉 = 𝜕𝑉/𝜕(𝜓𝜓) for which 𝜓(𝜕𝑉/𝜕𝜓) = (𝜕𝑉/𝜕𝜓)𝜓 =𝑉𝜓𝜓. By using (5) andwriting the symmetrizations explicitly
in (4), we obtain the total energy-momentum tensor Θ𝑖𝑘 of
the spinor field dark energy in the form of

Θ𝑖𝑘 = 𝑖4 (𝜓𝛾𝑖𝜓:𝑘 + 𝜓𝛾𝑘𝜓:𝑖 − 𝜓:𝑖𝛾𝑘𝜓 − 𝜓:𝑘𝛾𝑖𝜓)
+ 12 (𝑉𝜓𝜓 − 𝑖𝜓𝛾𝑙𝜓:𝑙) 𝑔𝑖𝑘.

(7)

We consider the spinor quintomDEmodel in FRWspacetime
whose metric is given as

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2 (𝑡) [𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2] , (8)

and the corresponding tetrad components read

𝑒𝑖0 = 𝛿𝑖0,
𝑒𝑖𝑎 = 1𝑎 (𝑡)𝛿𝑖𝑎.

(9)

Therefore, by performing the Riemannian covariant deriva-
tives explicitly in (7), the time-like components Θ𝜓00 and the
space-like components Θ𝜓𝜄𝜄 of the space independent spinor
field dark energy energy-momentum tensor can be obtained,
such as

Θ00 = − 𝑖2 �̇�𝛾0𝜓 + 12𝑉𝜓𝜓 − 3𝑖8 𝐻𝜓𝛾0𝜓, (10)

Θ𝜄𝜄 = − 𝑖2𝜓𝛾0�̇�𝑔𝜄𝜄 + 12𝑉𝜓𝜓𝑔𝜄𝜄 − 3𝑖8 𝐻𝜓𝛾0𝜓𝑔𝜄𝜄. (11)

Here 𝐻 = �̇�(𝑡)/𝑎(𝑡) is the Hubble parameter and it
comes from the Levi-Civita connections in the Riemannian

covariant derivatives. We now write ECSK Dirac equations
(4) and (5) for a space independent spinor field as

𝑖𝜓𝛾0�̇� + 3𝑖4 𝐻𝜓𝛾0𝜓 − 𝑉𝜓𝜓
+ 38𝜅 (𝜓𝛾0𝛾5𝜓) (𝜓𝛾0𝛾5𝜓) = 0,

(12)

𝑖�̇�𝛾0𝜓 + 3𝑖4 𝐻𝜓𝛾0𝜓 + 𝑉𝜓𝜓
− 38𝜅 (𝜓𝛾0𝛾5𝜓) (𝜓𝛾0𝛾5𝜓) = 0.

(13)

The solution of (12) and (13) by adding them leads to

𝜓�̇� + �̇�𝜓 + 32𝐻𝜓𝜓 = 0, (14)

𝜓𝜓 = 𝑁𝑎3/2 . (15)

Here 𝑁 is the integration constant, and then, by using the
scale factor 𝑎 ∝ 𝑒𝛽𝑡 for a cosmological fluid [64], we can also
obtain 𝜓𝜓 = 𝑁𝑒−3𝛽𝑡/2. Using (13) in (10) leads to the energy
density

𝜌 = Θ00 = 𝑉𝜓𝜓 − 316𝜅 (𝜓𝛾0𝛾5𝜓) (𝜓𝛾0𝛾5𝜓) , (16)

and similarly using (12) in (11) leads to the pressure of the
spinor field dark energy

𝑝 = −Θ𝜄𝜄 = − 316𝜅 (𝜓𝛾0𝛾5𝜓) (𝜓𝛾0𝛾5𝜓) , (17)

respectively. Then the EoS of the spinor field is given as

𝜔 = 𝑝𝜌 = (3/16) 𝜅 (𝜓𝛾0𝛾5𝜓)2
(3/16) 𝜅 (𝜓𝛾0𝛾5𝜓)2 − 𝑉𝜓𝜓, (18)

where 𝛾0 = 𝛾0 for a FRW metric. We rewrite the EoS in the
form of

𝜔 = −1 + 𝛼, (19)

where

𝛼 = 6𝜅 (𝜓𝛾0𝛾5𝜓)2 − 16𝑉𝜓𝜓
3𝜅 (𝜓𝛾0𝛾5𝜓)2 − 16𝑉𝜓𝜓 . (20)

It is known that for 𝛼 = 4/3 the EoS of the spinor field is 𝜔 =1/3 and it behaves like radiation, but for 𝛼 = 1, 𝜔 = 0, and it
is normal matter. On the other hand, if 𝛼 < 2/3, the EoS 𝜔 <−1/3meaning that the spinor field behaves like a DE leading
to the acceleration of universe. The 𝛼 < 2/3 region allows us
to investigate the dynamical evolution of the spinor quintom
DE described in ECSK formalism with intrinsic spin.
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3. Dynamical Evolution of Spinor Quintom

From (20) we deduce that the spinor field can have an EoS of−1 < 𝜔 < −1/3 for 0 < 𝛼 < 2/3 and shows a quintessence-
like behavior, but it has𝜔 = −1 cosmological constant value if𝛼 = 0, and then it behaves like a phantom for 𝜔 < −1 if 𝛼 <0. Therefore, the spinor field exhibits a quintom picture by
crossing the cosmological constant boundary 𝜔 = −1 from
above or below this boundary depending on the sign of 𝛼 in
(20).

There exist three categories of spinor quintom evolution
depending on the behavior of the potential 𝑉. The quintom
scenario may exhibit an evolution starting from −1 < 𝜔
quintessence phase to 𝜔 < −1 phantom phase, called
Quintom-A. Another scenario may evolve from 𝜔 < −1 to−1 < 𝜔, Quintom-B scenario. The last quintom scenario
contains the evolution for crossing 𝜔 = −1 more than one
time, and it is called Quintom-C model.

Considering the quintom scenario in which the spinor
field comes from −1 < 𝜔 quintessence phase to 𝜔 < −1
phantom phase, we first need to find the condition 0 < 𝛼.
Since the energy density (16) must be positive definite, 𝑉 is
positive. Therefore, the condition of occurring −1 < 𝜔 phase
reads from (20) as

16𝑉𝜓𝜓 > 6𝜅 (𝜓𝛾0𝛾5𝜓)2 . (21)

Similarly, 𝜔 = −1 boundary occurs for
16𝑉𝜓𝜓 = 6𝜅 (𝜓𝛾0𝛾5𝜓)2 , (22)

and 𝜔 < −1 phantom phase occurs for

16𝑉𝜓𝜓 < 6𝜅 (𝜓𝛾0𝛾5𝜓)2 . (23)

Since prime denotes the derivative with respect to 𝜓𝜓, the
solution of (22) is found as 𝑉Λ = (6𝜅/16)(𝜓𝛾0𝛾5𝜓)2 ln𝜓𝜓,
in which the dynamical evolution of potential goes to the
cosmological constant boundary.

In order to obtain Quintom-A scenario, we define the
potential to be

𝑉 = (6𝜅16) (𝜓𝛾0𝛾5𝜓)2 ln𝜓𝜓 − (𝑐 − 𝜓𝜓)𝜓𝜓, (24)

for the early times of the universe. Then the potential leads
the EoS from (20) as

𝜔 = −1 + 16 (2𝜓𝜓 − 𝑐) 𝜓𝜓
16 (2𝜓𝜓 − 𝑐) 𝜓𝜓 + (3𝜅/16) (𝜓𝛾0𝛾5𝜓)2 , (25)

and the term (2𝜓𝜓 − 𝑐) in this potential satisfies −1 < 𝜔
quintessence scenario (21) with (15), since the scaling factor𝑎 is very small at the beginning of the evolution of the
universe.When𝜓𝜓 becomes equal to 𝑐/2, this potential leads
the spinor field to approach 𝜔 = −1 boundary (22). After
that scaling factor evolves to a greater value, then𝜓𝜓 reaches a
value smaller than 𝑐/2.This gives the condition (23) phantom
phase 𝜔 < −1. We illustrate this behavior in Figure 1
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Figure 1: Evolution of 𝜔 with potential (24) as a function of time.
For the numerical analysis we assume 𝑁 = 3, 𝑐 = 6, and 𝛽 = 1.
From [51].

by numerical analysis. According to the figure, 𝜔 starts its
evolution from above −1 to below −1. We set the crossing
cosmological constant boundary as at 𝑡 = 0. After crossing
the −1 boundary, spinor quintom picks up and is avoided
from a Big Rip singularity and then enters a stable matter
dominated expansion with 𝜔 = 0 value.

We can also find other important cosmological quantities,
such as luminosity distance, Hubble parameter, deceleration
parameter, and jerk and state finder parameters. For this we
use the Friedmann equations

�̈�𝑎 = −4𝜋𝐺3 (𝜌 + 3𝑝) , (26)

(�̇�𝑎)
2 = 8𝜋𝐺3 𝜌. (27)

By using (16) for the potential (24), we obtain spinor energy
density as

𝜌 = (3𝜅16) (𝜓𝛾0𝛾5𝜓)2 + (2𝜓𝜓 − 𝑐) 𝜓𝜓, (28)

and substituting (15) and (28) in (27) we obtain

𝐻 = �̇�𝑎
= √8𝜋𝐺3 √(−3𝜅𝑁28 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2.

(29)

Solving the differential equation in (29) gives the scale factor
as

𝑎 = exp
{{{
√8𝜋𝐺3 [

[
𝐶1 + 𝑡√2𝑁2 − 3𝜅𝑁28 − 𝑐𝑁

+ 𝑡2 3𝛽 (4𝑁2 − 3𝜅𝑁2/4 − 𝑐𝑁)
√2𝑁2 − 3𝜅𝑁2/8 − 𝑐𝑁 + ⋅ ⋅ ⋅]

]
}}}

,
(30)
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from which we obtain the redshift

𝑧 = −1 + exp
{{{
−√8𝜋𝐺3 [

[
𝐶1

+ 𝑡√2𝑁2 − 3𝜅𝑁28 − 𝑐𝑁

+ 𝑡2 3𝛽 (4𝑁2 − 3𝜅𝑁2/4 − 𝑐𝑁)
√2𝑁2 − 3𝜅𝑁2/8 − 𝑐𝑁 + ⋅ ⋅ ⋅]

]
}}}

.

(31)

Therefore, we can find the Luminosity distance

𝑑𝐿 = 𝐻0−1 [𝑧 + 12 (1 − 𝑞0) 𝑧2 + ⋅ ⋅ ⋅] , (32)

in terms of the measurable quantities present time Hubble
parameter 𝐻0 and deceleration parameter 𝑞0. Moreover, to
find the deceleration parameter, we use (16) and (17) for the
potential (24) and obtain the term in (26), such that

𝜌 + 3𝑝 = (−3𝜅8 ) (𝜓𝛾0𝛾5𝜓)2 + (2𝜓𝜓 − 𝑐) 𝜓𝜓, (33)

and inserting (15) and (33) in (26) we find

�̈�𝑎 = −4𝜋𝐺3 [(3𝜅𝑁24 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2] . (34)

Then, the deceleration parameter is obtained from (29) and
(34), such as

𝑞 = −𝑎�̇̈�𝑎2 = −𝐻−2 �̈�𝑎
= 12

(3𝜅𝑁2/4 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2
(−3𝜅𝑁2/8 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2 .

(35)

Also, we finally obtain the state finder parameters for spinor
Quintom-A by taking time derivative of (34), such that

(�̈�𝑎)
∙

= 12𝜋𝛽𝐺[(3𝜅𝑁24 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁2 𝑒−3𝛽𝑡/2] .
(36)

Then the state finder parameter is

𝑟 = ...𝑎𝑎𝐻3 = (�̈�𝑎)
∙𝐻−3 − 𝑞

= 9𝛽√32𝜋𝐺
(3𝜅𝑁2/4 + 2𝑁2) 𝑒−3𝛽𝑡 − (𝑐𝑁/2) 𝑒−3𝛽𝑡/2
((−3𝜅𝑁2/8 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2)3/2

− 12
(3𝜅𝑁2/4 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2
(−3𝜅𝑁2/8 + 2𝑁2) 𝑒−3𝛽𝑡 − 𝑐𝑁𝑒−3𝛽𝑡/2 ,

(37)

and one can obtain the second state finder parameter 𝑠 = 2(𝑟−1)/3(2𝑞 − 1).
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Figure 2: Evolution of 𝜔 with potential (38) as a function of time.
For the numerical analysis we assume𝑁 = 3, 𝑐 = 3, and 𝛽 = 1. From
[51].

For a Quintom-B model, the potential can be defined as

𝑉 = (6𝜅16) (𝜓𝛾0𝛾5𝜓)2 ln𝜓𝜓 − (𝑐 − 𝜓𝜓)2 , (38)

and then the EoS is obtained, such that

𝜔 = −1 + 32 (𝑐 − 𝜓𝜓)𝜓𝜓
32 (𝑐 − 𝜓𝜓)𝜓𝜓 + (3𝜅/16) (𝜓𝛾0𝛾5𝜓)2 , (39)

which lead to 𝜔 < −1 phantom phase (23) at the beginning of
the evolution of universe. With the increasing of the scale
factor, 𝜓𝜓 decreases to 𝑐 and the term 2(𝑐 − 𝜓𝜓) becomes
zero. This gives 𝜔 = −1 cosmological constant phase (22). As
the evolution continues 𝜓𝜓 gets smaller than 𝑐 and spinor
quintom reaches a quintessence scenario −1 < 𝜔 in (21). The
behavior of the spinor Quintom-B scenario is represented in
Figure 2 which states that the spinor field starts the evolution
from below 𝜔 = −1 to above 𝜔 = −1. Crossing from phantom
to quintessence phase continues in this phase with an EoS
value of −1 < 𝜔 < −1/3 which imitates a stable de Sitter
accelerated expansion for a scalar field dark energy model.

We proceed to find the other cosmological quantities; by
using (16) for the potential (38), we get the quintom energy
density

𝜌 = (3𝜅16) (𝜓𝛾0𝛾5𝜓)2 + 2 (𝑐 − 𝜓𝜓)𝜓𝜓, (40)

and inserting (15) and (40) in (27) we find

𝐻 = �̇�𝑎
= √8𝜋𝐺3 √(−3𝜅𝑁28 − 2𝑁2) 𝑒−3𝛽𝑡 + 2𝑐𝑁𝑒−3𝛽𝑡/2.

(41)
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By solving the differential equation in (41), we obtain the scale
factor as

𝑎 = exp
{{{
√8𝜋𝐺3 [

[
𝐶2 + 𝑡√2𝑐𝑁 − 2𝑁2 − 3𝜅𝑁28

+ 𝑡2 3𝛽 (2𝑐𝑁 − 4𝑁2 − 3𝜅𝑁2/4)
√2𝑐𝑁 − 2𝑁2 − 3𝜅𝑁2/8 + ⋅ ⋅ ⋅]

]
}}}

,
(42)

which gives the redshift as

𝑧 = −1 + exp{−√8𝜋𝐺3 [𝐶2
+ 𝑡√2𝑐𝑁 − 2𝑁2 − 3𝜅𝑁2/8
+ 𝑡2 3𝛽 (2𝑐𝑁 − 4𝑁2 − 3𝜅𝑁2/4)

√2𝑐𝑁 − 2𝑁2 − 3𝜅𝑁2/8 + ⋅ ⋅ ⋅]} .
(43)

Thus we obtain the Luminosity distance 𝑑𝐿 = 𝐻0−1[𝑧 +(1/2)(1−𝑞0)𝑧2+⋅ ⋅ ⋅ ] in terms of themeasurable quantities𝐻0
and 𝑞0. Then to find the deceleration parameter, we use (16)
and (17) for the potential (24) and obtain the term in (26),
such that

𝜌 + 3𝑝 = (−3𝜅8 ) (𝜓𝛾0𝛾5𝜓)2 + 2 (𝑐 − 𝜓𝜓)𝜓𝜓, (44)

and inserting (15) and (44) in (26) we obtain

�̈�𝑎 = −4𝜋𝐺3 [(3𝜅𝑁24 − 2𝑁2) 𝑒−3𝛽𝑡 + 2𝑐𝑁𝑒−3𝛽𝑡/2] . (45)

The deceleration parameter is obtained from (41) and (45) as

𝑞 = −𝑎�̇̈�𝑎2 = −𝐻−2 �̈�𝑎
= 12

(3𝜅𝑁2/4 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2
(−3𝜅𝑁2/8 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2 .

(46)

We can obtain the state finder parameters for spinor
Quintom-B from the time derivative of (45) as

(�̈�𝑎)
∙

= 12𝜋𝛽𝐺[(3𝜅𝑁24 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2] ,
(47)

and the state finder parameter is

𝑟 = ...𝑎𝑎𝐻3 = (�̈�𝑎)
∙𝐻−3 − 𝑞 = 9𝛽√32𝜋𝐺

⋅ (3𝜅𝑁2/4 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2
((−3𝜅𝑁2/8 − 2𝑁2) 𝑒−3𝛽𝑡 + 2𝑐𝑁𝑒−3𝛽𝑡/2)3/2 −

12
⋅ (3𝜅𝑁2/4 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2
(−3𝜅𝑁2/8 − 2𝑁2) 𝑒−3𝛽𝑡 + 𝑐𝑁𝑒−3𝛽𝑡/2 ,

(48)
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Figure 3: Evolution of 𝜔 with potential (49) as a function of time.
For the numerical analysis we assume𝑁 = 3, 𝑐 = 3, and 𝛽 = 1. From
[51].

from which we can obtain the second state finder parameter𝑠 = 2(𝑟 − 1)/3(2𝑞 − 1).
Third case Quintom-C scenario can be obtained for the

potential

𝑉 = (6𝜅16) (𝜓𝛾0𝛾5𝜓)2 ln 𝜓𝜓 − (𝑐 − 𝜓𝜓)2 𝜓𝜓, (49)

which leads the EoS as

𝜔 = −1
+ 16 (𝑐 − 3𝜓𝜓) (𝜓𝜓 − 𝑐) 𝜓𝜓
16 (𝑐 − 3𝜓𝜓) (𝜓𝜓 − 𝑐) 𝜓𝜓 + (3𝜅/16) (𝜓𝛾0𝛾5𝜓)2 .

(50)

This potential provides two roots in 𝑉𝜓𝜓 for crossing the𝜔 = −1 boundary. The term coming from the derivative
of 𝑉 is −3(𝜓𝜓)2 + 4𝑐𝜓𝜓 − 𝑐2 which determines the sign of16𝑉𝜓𝜓 in (21)–(23). During the evolution of universe with
the increase in scale factor, 𝜓𝜓 decreases firstly to the value𝑐 which is the bigger root. This is a transition from phantom
phase to quintessence phase by crossing −1 boundary. After
continuing the evolution 𝜓𝜓 decreases to the second root𝑐/3 which is recrossing the −1 boundary as a transition from
quintessence phase to phantom phase again. This scenario is
obviously a Quinton-C scenario and is illustrated in Figure 3.
We see from the figure that the EoS of the quintom model
crosses the 𝜔 = −1 boundary twice, firstly from below 𝜔 =−1 to above 𝜔 = −1 and secondly from above to below𝜔 = −1, then it picks up and then is avoided from Big Rip
singularities, and finally it asymptotically evolves to a stable
matter dominated expansion epoch with a value of 𝜔 = 0.

Although considering the phantom scenarios normally
leads to the Big Rip singularities due to the unbound of EoS
from below 𝜔 = −1, our spinor quintommodel with intrinsic
spin in ECSK theory is avoided from the Big Rip singularities
by picking up to a bound value and approaching a stable
value, as seen in Figures 1 and 3. Diverging EoS of a dark fluid



8 Advances in High Energy Physics

from a constant bound toward a lower singularity refers to
continuous increase in the pressure of the fluid.This scenario
is avoided in spinor quintom with intrinsic spin, which may
be interpreted as the intrinsic spin of the fluid quanta leads
to a bound pressure value. The increase of the pressure with
the energy density is bounded due to the effect of intrinsic
spin, then singular values of EoS are avoided, and the universe
enters a stable expansion in the final era.

We now obtain other cosmological quantities; by using
(16) for the potential (49), we get the Quintom-C energy
density as

𝜌 = (3𝜅16) (𝜓𝛾0𝛾5𝜓)2 + (𝑐 − 3𝜓𝜓) (𝜓𝜓 − 𝑐) 𝜓𝜓, (51)

and inserting (15) and (51) in (27) we find

𝐻 = �̇�𝑎
= √8𝜋𝐺3 √(−3𝜅𝑁28 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2. (52)

We now solve the differential equation in (52) to obtain the
scale factor, such that

𝑎 = exp{√8𝜋𝐺3 [𝐶3+𝑡√4𝑐𝑁2 − 𝑐2𝑁 − 3𝑁3 − 3𝜅𝑁2/8
+ 𝑡2 3𝛽 (8𝑐𝑁2 − 𝑐2𝑁 + 9𝑁3 − 3𝜅𝑁2/4)

√4𝑐𝑁2 − 𝑐2𝑁 − 3𝑁3 − 3𝜅𝑁2/8 + ⋅ ⋅ ⋅]} ,
(53)

and this gives the redshift, such as

𝑧 = −1 + exp{−√8𝜋𝐺3 [𝐶3
+ 𝑡√4𝑐𝑁2 − 𝑐2𝑁 − 3𝑁3 − 3𝜅𝑁2/8
+ 𝑡2 3𝛽 (8𝑐𝑁2 − 𝑐2𝑁 + 9𝑁3 − 3𝜅𝑁2/4)

√4𝑐𝑁2 − 𝑐2𝑁 − 3𝑁3 − 3𝜅𝑁2/8 + ⋅ ⋅ ⋅]} .
(54)

Therefore, we can find the luminosity distance as 𝑑𝐿 =𝐻0−1[𝑧 + (1/2)(1 − 𝑞0)𝑧2 + ⋅ ⋅ ⋅ ] in terms of the quantities𝐻0
and 𝑞0. Here the deceleration parameter is again obtained by
using (16) and (17) for the potential (49) and obtaining the
term in (26), such that

𝜌 + 3𝑝 = (−3𝜅8 ) (𝜓𝛾0𝛾5𝜓)2
+ (𝑐 − 3𝜓𝜓) (𝜓𝜓 − 𝑐) 𝜓𝜓, (55)

and by substituting (15) and (55) in (26) we obtain

�̈�𝑎 = −4𝜋𝐺3 [(−3𝜅𝑁24 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2

− 3𝑁3𝑒−9𝛽𝑡/2] .
(56)

The deceleration parameter is obtained from (52) and (56) as

𝑞 = −𝑎�̇̈�𝑎2 = −𝐻−2 �̈�𝑎 = 12
⋅ (−3𝜅𝑁2/4 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2
(−3𝜅𝑁2/8 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2 .

(57)

By using the time derivative of (56), we obtain the state finder
parameters for Quintom-C model as

(�̈�𝑎)
∙ = 12𝜋𝛽𝐺[(−3𝜅𝑁24 + 4𝑐𝑁2) 𝑒−3𝛽𝑡

− 𝑐2𝑁2 𝑒−3𝛽𝑡/2 + 9𝑁32 𝑒−9𝛽𝑡/2] ,
(58)

and the state finder parameter is

𝑟 = ...𝑎𝑎𝐻3 = 9𝛽√32𝜋𝐺
(−3𝜅𝑁2/4 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − (𝑐2𝑁/2) 𝑒−3𝛽𝑡/2 + (9𝑁3/2) 𝑒−9𝛽𝑡/2

((−3𝜅𝑁2/8 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2)3/2

− 12
(−3𝜅𝑁2/4 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2
(−3𝜅𝑁2/8 + 4𝑐𝑁2) 𝑒−3𝛽𝑡 − 𝑐2𝑁𝑒−3𝛽𝑡/2 − 3𝑁3𝑒−9𝛽𝑡/2 ,

(59)

from which we can obtain the second state finder parameter𝑠 = 2(𝑟 − 1)/3(2𝑞 − 1).
4. Conclusion

By using the spinor field dark energy in a FRW geometry, a
consistent quintommodel, inwhich EoS crosses−1 boundary

without using a ghost field, has recently been obtained in the
framework of general relativity [51]. Here, we consider the
spinor field dark energy with intrinsic spin in the formalism
of metric-affine ECSK theory. We first introduce the ECSK
formalism and then define the model Lagrangian whose
variations with respect to the tetrad field and torsion tensor
give the total energy-momentum tensor consisting of metric
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and spin contributions. Also from the variation of Lagrangian
with respect to the spinor field we obtain the ECSK Dirac
equation. By using the total energy-momentum tensor and
ECSK Dirac equation, the energy density and the pressure
values of the spinor quintomDE are obtained, fromwhich the
EoS of the model is obtained for an arbitrary potential. The
dependence of the potential on the spinor field leads to the
evolution of potential with the change of scale factor, since the
scale factor increases by time. Constructing the ECSK spinor
potential suitably the quintom scenario is reached, for three
different cases as Quintom-A, Quintom-B, and Quintom-
C models. We also obtained the redshift values for three
quintom scenarios from the scale factors of each quintom
model. Then, we find other cosmological parameters, such
as the Hubble parameter, deceleration parameter, and state
finder parameters for three different potential values of each
quintom scenario, respectively.

The Quintom-A case exhibits the transition of EoS from
quintessence phase to phantom phase, evolving to a stable
matter dominated expansion with 𝜔 → 0. This scenario is
avoided from the Big Rip singularities due to the balancing
of energy density and pressure of spinor DE by intrinsic spin.
Similarly, in the Quintom-B scenario, the EoS of the model
evolves from phantom region 𝜔 < −1 to quintessence region𝜔 > −1 and approaches an EoS value of −1 < 𝜔 < −1/3
referring to a stable de Sitter accelerated expansion for a scalar
field dark energy model. On the other hand, the Quintom-
C scenario exhibits the evolution of EoS which crossed the
cosmological constant boundary 𝜔 = −1 more than one
time. The spinor Quintom-C firstly crosses the −1 boundary
from phantom epoch, and then it again enters the phantom
epoch from quintessence epoch. Then it converges to 𝜔 = 0
stable matter dominated expansion phase by picking up from
avoiding the singularities.

The proposed ECSK spinor quintom model differs from
the spinor Quintom model in the framework of general
relativity with the existence of matter dominated expansion
phases in cases A and C. In both Quintom-A and Quintom-
C cases, after the spinor field crosses the −1 boundary from
a quintessence epoch toward the phantom epoch, it suddenly
picks and enters the stable matter dominated expansion with𝜔 = 0. This can be interpreted as the intrinsic spin causes
to fix the pressure of the fluid to a certain value as the
energy density increases. After the spinor field reaches a very
large energy density value, this allows neglecting the pressure
relative to energy density value,which imitates a pressure-free
matter dominated era with zero EoS.
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We propose a novel coupled dark energy model which is assumed to occur as a 𝑞-deformed scalar field and investigate whether it
will provide an expanding universe phase. We consider the 𝑞-deformed dark energy as coupled to dark matter inhomogeneities.
We perform the phase-space analysis of the model by numerical methods and find the late-time accelerated attractor solutions.The
attractor solutions imply that the coupled 𝑞-deformed dark energy model is consistent with the conventional dark energy models
satisfying an acceleration phase of universe. At the end, we compare the cosmological parameters of deformed and standard dark
energy models and interpret the implications.

1. Introduction

The standard model of cosmology states that approximately
5% of the energy content of the universe belongs to ordinary
baryonic matter of standard model of particle physics. The
other 95% of the energy content of the universe is made
of the dark sector. Particularly, 25% of the content is an
unknown form of matter having a mass but in nonbaryonic
form that is called dark matter. The remaining 70% of the
content consists of an unknown form of energy named dark
energy. On the other hand, it is known that the universe is
experiencing accelerating expansion by astrophysical obser-
vations, Supernova Ia, large-scale structure, baryon acoustic
oscillations, and cosmic microwave background radiation.
The dark energy is assumed to be responsible for the late-
time accelerated expansion of the universe. The dark energy
component of the universe is not clustered but spreads all
over the universe and it generates gravitational repulsion due
to its negative pressure for driving the acceleration of the
expansion of the universe [1–10].

In order to explain the viable mechanism for the acceler-
ated expansion of the universe, cosmologists have proposed
various dynamical models for dark energy and dark matter,
which include possible interactions between dark energy,
darkmatter, and other fields, such as gravitation. Particularly,

the coupling between dark energy and dark matter is pro-
posed since the energy densities of two dark components are
of the same order of magnitude today [11–18].

Since there are a great number of candidates for the con-
stitution of the dark energy, such as cosmological constant,
quintessence, phantom, and tachyon fields, different interac-
tions have been proposed between these constituents, dark
matter, and gravitational field in the framework of general
relativity [19–29]. However, the corresponding dynamical
analyses of the interactions between different dark energy
models and the darkmatter and the gravity have been studied
in the framework of teleparallel gravity which uses the torsion
tensor instead of the curvature tensor of general relativity
[30–39].

The main motivation of this study comes from the recent
studies in the literature [40–45] which involves the deforma-
tion of the standard scalar field equations representing the
dark energy. In this study, we propose a novel dark energy
model as a 𝑞-deformed scalar field interacting with the dark
matter. Since the dark energy is a negative-pressure scalar
field, this scalar field can be considered as a 𝑞-deformed scalar
field. The 𝑞-deformed scalar field is in fact a 𝑞-deformed
boson model, and the statistical mechanical studies of 𝑞-
deformed boson models have shown that the pressure of
the deformed bosons is generally negative. Not only do the
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different deformed boson models have a negative pressure,
but also the different deformed fermion models can take
negative pressure values [46–50]. Here, we consider the 𝑞-
deformed bosons and propose that the scalar field which
is produced by these deformed bosons constitutes the dark
energy in the universe. We also investigate the dynamics of
the coupling 𝑞-deformed dark energy and dark matter inho-
mogeneities in the Friedmann-Robertson-Walker (FRW)
space-time. In order to confirm our proposal, we perform
the phase-space analysis of the model whether the late-time
stable attractor solutions exist or not, since the stable attractor
solutions imply the accelerating expansion of the universe.
We finally compare the cosmological parameters of the 𝑞-
deformed and standard dark energy model and interpret the
implications of the comparison.

2. Dynamics of the Model: Coupling 𝑞-
Deformed Dark Energy to Dark Matter

In our model, the dark energy consists of the scalar field
whose field equations are defined by the 𝑞-deformed boson
fields. Since the idea of 𝑞-deformation to the single particle
quantum mechanics is a previous establishment in the liter-
ature [51–53], it has been natural to construct a 𝑞-deformed
quantumfield theory [54–56].While the bosonic counterpart
of the deformed particle fields corresponds to the deformed
scalar field, the fermionic one corresponds to the deformed
vector field. Here, we take into account the 𝑞-deformed boson
field as the 𝑞-deformed scalar field which constitutes the dark
energy under consideration. The 𝑞-deformed dark energy
couples to dark matter inhomogeneities in our model. Now,
we begin with defining the 𝑞-deformed dark energy in the
FRW geometry.

Quantum field theory in curved space-time is important
in the understanding of the scenario in the Early Universe.
Quantum mechanically, constructing the coherent states
for any mode of the scalar field translates the behavior
of the classical scalar field around the initial singularity
into quantum field regime. At the present universe, the
quantum mechanical state of the scalar field around the
initial singularity cannot be determined by an observer.
Therefore, Hawking states that this indeterministic nature
can be described by taking the random superposition of all
possible states in that space-time. Berger has realized this
by taking the superposition of coherent states randomly.
Parker has studied the particle creation in the expanding
universe with a nonquantized gravitational metric.When the
evolution of the scalar field is considered in an expanding
universe, Goodison and Toms stated that if the field quanta
obey the Bose or Fermi statistics, then the particle creation
does not occur in the vacuum state. Therefore, the scalar
field dark energy must be described in terms of the deformed
bosons or fermions in the coherent states or squeezed state
[56–62]. Also, the 𝑞-deformed dark energy is a generalization
of the standard scalar field dark energy. The free parameter𝑞 makes it possible to obtain a desired dark energy model
with a preferred interaction or coupling by setting up the
deformation parameter to the suitable value.

This motivates us to describe the dark energy as a 𝑞-
deformed scalar field interacting with the dark matter. We
can give the Dirac-Born-Infeld type action of the model as𝑆 = 𝜅2 ∫(ℓ𝑔 + ℓ𝜙𝑞 + ℓ𝑚 + ℓ𝑟)𝑑4𝑥, where 𝜅2 = 8𝜋𝐺, ℓ𝑔 =−(1/2𝜅)𝑔𝑅, and ℓ𝑚 and ℓ𝑟 are the gravitational, dark matter,
and radiation Lagrangian densities. Then, the deformed dark
energy Lagrangian density is given for (+, −, −, −) metric
signature as [63]ℓ𝜙𝑞 = 𝑔12 [𝑔𝜇] (∇𝜇𝜙𝑞) (∇]𝜙𝑞) − 𝑚2𝜙𝑞2] , (1)

where 𝑔 = √− det𝑔𝜇] and 𝜙𝑞 is the 𝑞-deformed scalar field
operator for the dark energy and∇𝜇 is the covariant derivative
which is in fact the ordinary partial derivative 𝜕𝜇 for the
scalar field. From the variation of the 𝑞-deformed scalar field
Lagrangian density with respect to the deformed field, we
obtain the deformed Klein-Gordon equation:𝜕ℓ𝜙𝑞𝜕𝜙𝑞 − 𝜕𝜇( 𝜕ℓ𝜙𝑞𝜕 (𝜕𝜇𝜙𝑞)) = 0,

(𝜕𝜇𝜕𝜇) 𝜙𝑞 + 𝑚2𝜙𝑞 = 0. (2)

Also, we get the energy-momentum tensor of the scalar field
dark energy from the variation of Lagrangian ℓ𝜙𝑞 with respect
to the metric tensor, such that𝑇𝜙𝑞𝜇] = 2𝑔 ( 𝜕ℓ𝜙𝑞𝜕𝑔𝜇] − 𝑔𝜇]ℓ𝜙𝑞)= 𝜕𝜇𝜙𝑞𝜕]𝜙𝑞 − 12𝑔𝜇] (𝑔𝛼𝛽𝜕𝛼𝜙𝑞𝜕𝛽𝜙𝑞 − 𝑚2𝜙𝑞2) , (3)

from which the timelike and spacelike parts of 𝑇𝜙𝑞𝜇] read as
follows:𝑇𝜙𝑞00 = 12 �̇�𝑞2 − 12𝑔𝑖𝑖 (𝜕𝑖𝜙𝑞)2 + 12𝑚2𝜙𝑞2,𝑇𝜙𝑞𝑖𝑖 = −12𝑔𝑖𝑖�̇�𝑞2 + 12 (𝜕𝑖𝜙𝑞)2 − 12𝑔𝑖𝑖𝑔𝑗𝑗 (𝜕𝑗𝜙𝑞)2+ 12𝑔𝑖𝑖𝑚2𝜙𝑞2,

(4)

where 𝑖, 𝑗 = 1, 2, 3 represent the spacelike components.
In order to calculate the deformed energy density and

the pressure functions of the q-deformed energy from the
energy-momentum components (4), we need to consider the
quantum field theoretical description of the deformed scalar
field in a FRW background with the metric𝑑𝑠2 = 𝑑𝑡2 − 𝑎2 (𝑡) [𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2] . (5)

Then, the canonically quantized 𝑞-deformed scalar field 𝜙𝑞 is
introduced in terms of the Fourier expansion [57]𝜙𝑞 = ∫𝑑3𝑘 [𝑎𝑞 (𝑘) 𝑓𝑘 + 𝑎+𝑞 (𝑘) 𝑓∗𝑘 ] , (6)
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where 𝑎𝑞(𝑘) and 𝑎+𝑞 (𝑘) are the q-deformed boson annihilation
and creation operators for the quanta of the q-deformed
scalar field dark energy in the 𝑘th mode. 𝑘 denotes the spatial
wave vector and obeys the relativistic energy conservation law𝜔2 = −𝑔𝑖𝑖𝑘2 + 𝑚2. Here, 𝑓𝑘 is a set of orthonormal mode
solutions of the deformed Klein-Gordon equation, such that𝑓𝑘 (𝑥𝜇) = exp (𝑖𝑘𝜇𝑥𝜇)√(2𝜋)3 2𝜔 , (7)

where 𝑘𝜇 = (𝜔, −𝑘) is the four-momentumvector and satisfies
the relations ∫𝑑3𝑥𝑓𝑘𝑓∗𝑘 = 𝛿3 (−𝑘 + 𝑘)2𝜔 ,

∫ 𝑑3𝑥𝑓𝑘𝑓𝑘 = 𝑒2𝑖𝜔𝑡𝛿3 (−𝑘 − 𝑘)2𝜔 ,
∫ 𝑑3𝑥𝑓∗𝑘 𝑓𝑘 = 𝛿3 (𝑘 − 𝑘)2𝜔 ,
∫ 𝑑3𝑥𝑓∗𝑘 𝑓∗𝑘 = 𝑒−2𝑖𝜔𝑡𝛿3 (𝑘 + 𝑘)2𝜔 .

(8)

We can give the spatial average of the q-deformed scalar field
energy-momentum tensor 𝑇𝜙𝑞𝜇] as [59]𝑇𝜙𝑞𝜇] = ∫𝑑3𝑥𝑇𝜙𝑞𝜇] . (9)

By using (9), the spatial average of the timelike energy-
momentum tensor component is obtained as𝑇𝜙𝑞00 = ∫𝑑3𝑥 [12 �̇�𝑞2 − 12𝑔𝑖𝑖 (𝜕𝑖𝜙𝑞)2 + 12𝑚2𝜙𝑞2] . (10)

This can be determined from (6)–(8) term by term, as follows:12𝑚2 ∫𝑑3𝑥𝜙𝑞2 = 12⋅ 𝑚2 ∫𝑑3𝑥∬𝑑3𝑘𝑑3𝑘 [𝑎𝑞 (𝑘) 𝑓𝑘 + 𝑎+𝑞 (𝑘) 𝑓∗𝑘 ]⋅ [𝑎𝑞 (𝑘) 𝑓𝑘 + 𝑎+𝑞 (𝑘) 𝑓∗𝑘] = 12 ∫𝑑3𝑘𝑚22𝜔 [𝑎𝑞 (𝑘)⋅ 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘)+ 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] ,
(11)

12 ∫𝑑3𝑥�̇�𝑞2 = 12 ∫𝑑3𝑘𝜔2 [−𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘)⋅ 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) − 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] , (12)

12𝑔𝑖𝑖 ∫𝑑3𝑥 (𝜕𝑖𝜙𝑞)2 = 12 ∫𝑑3𝑘𝑔𝑖𝑖𝑘22𝜔 [𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡+ 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) + 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘)⋅ 𝑒−2𝑖𝜔𝑡] . (13)

Combining (11), (12), and (13) gives𝑇𝜙𝑞00 = 12 ∫𝑑3𝑘𝜔 [𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘)] , (14)

where 𝜔2 = 𝑚2 − 𝑘2/𝑎2(𝑡) for the FRW space-time. Corre-
spondingly, the average of the spacelike energy-momentum
tensor component can be determined, such that𝑇𝜙𝑞𝑖𝑖 = ∫𝑑3𝑥 [−12𝑔𝑖𝑖�̇�𝑞2 + 12 (𝜕𝑖𝜙𝑞)2 − 12𝑔𝑖𝑖𝑔𝑗𝑗 (𝜕𝑗𝜙𝑞)2+ 12𝑔𝑖𝑖𝑚2𝜙𝑞2] = −12 ∫𝑑3𝑘𝑔𝑖𝑖𝜔2⋅ [−𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘)+ 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) − 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] + ∫𝑑3𝑘 𝑘2𝑖2𝜔⋅ [𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘)+ 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] + 12 ∫𝑑3𝑘𝑔𝑖𝑖𝑔𝑗𝑗𝑘22𝜔⋅ [𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘)+ 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] + 12 ∫𝑑3𝑘𝑔𝑖𝑖𝑚22𝜔⋅ [𝑎𝑞 (𝑘) 𝑎𝑞 (−𝑘) 𝑒2𝑖𝜔𝑡 + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) + 𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘)+ 𝑎+𝑞 (𝑘) 𝑎+𝑞 (−𝑘) 𝑒−2𝑖𝜔𝑡] .

(15)

From the identities 𝑎𝑞(−𝑘)𝑒2𝑖𝜔𝑡 = 𝑎+𝑞 (𝑘) and 𝑎+𝑞 (−𝑘)𝑒−2𝑖𝜔𝑡 =𝑎𝑞(𝑘), (15) turns out to be𝑇𝜙𝑞𝑖𝑖 = 12 ∫𝑑3𝑘 1𝜔 [2𝑘2𝑖 − 𝑎2 (𝑡) 𝜔2]⋅ [𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘)] , (16)

for the FRW geometry, and 𝑘𝑖 is the 𝑖th spatial component of
the wave vector.

The q-deformation of a quantum field theory is con-
structed from the standard algebra satisfied by the annihi-
lation and creation operators introduced in the canonical
quantization of the field.Thedeformation of a standard boson
algebra satisfied by the annihilation and creation operators
of a bosonic quantum field theory was firstly realized by
Arik-Coon [51], and then Macfarlane and Biedenharn [52,
53] independently realized the deformation of boson algebra
different from Arik-Coon. Hence, the q-deformed bosonic
quantum field theory of the scalar field dark energy is
constructed by the q-deformed algebra of the operators 𝑎𝑞(𝑘)
and 𝑎+𝑞 (𝑘) in (6), such that𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) − 𝑞2𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) = 𝛿3 (𝑘 − 𝑘) , (17)𝑎𝑞 (𝑘) 𝑎𝑞 (𝑘) − 𝑞2𝑎𝑞 (𝑘) 𝑎𝑞 (𝑘) = 0, (18)[𝑁𝑘] = 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) . (19)
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Here, 𝑞 is a real deformation parameter, and [𝑁𝑘] is the
deformed number operator whose eigenvalue spectrum is
given as [51]

[𝑛𝑘] = 1 − 𝑞2𝑛𝑘1 − 𝑞2 , (20)

where 𝑛𝑘 is the eigenvalue of the standard number operator𝑁𝑘.
The corresponding vector spaces of the annihilation and

creation operators for the q-deformed scalar field dark energy
are the q-deformed Fock space state vectors, which give
information about the number of particles in the correspond-
ing state. The q-deformed bosonic annihilation and creation
operators 𝑎𝑞(𝑘) and 𝑎+𝑞 (𝑘) act on the Fock states |𝑛𝑘⟩ as
follows: 𝑎𝑞 (𝑘) 𝑛𝑘⟩ = √[𝑛𝑘] 𝑛𝑘 − 1⟩ ,𝑎+𝑞 (𝑘) 𝑛𝑘⟩ = √[𝑛𝑘 + 1] 𝑛𝑘 + 1⟩ ,[𝑁𝑘] 𝑛𝑘⟩ = 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘) 𝑛𝑘⟩ = [𝑛𝑘] 𝑛𝑘⟩ .

(21)

By taking the quantum expectation values of the spatial
averages of energy-momentum tensor with respect to the
Fock basis |𝑛𝑘⟩, we obtain the energy density and the pressure
of the q-deformed dark energy. Using 𝜌𝜙𝑞 = 𝑇00 and 𝑝𝜙𝑞 = −𝑇𝑖𝑖
for the energy density and pressure of the q-deformed scalar
field dark energy, we obtain

∫𝜌𝜙𝑞𝑑3𝑥 = ⟨𝑛𝑘 𝑇00𝜙𝑞 𝑛𝑘⟩= ∫𝑑3𝑘𝜔2 ⟨𝑛𝑘 [𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘)] 𝑛𝑘⟩= ((1 + 𝑞2) [𝑛𝑘] + 1)∫𝑑3𝑘𝜙𝜔𝜙2 ,
(22)

where q-deformed boson algebra in (17) is used in the second
line. Because the q-deformed boson algebra in (17)–(19)
transforms to be the standard boson algebra and [𝑛𝑘] = 𝑛𝑘 in
the 𝑞 → 1 limit, the energy density𝜌𝜙𝑞 of the q-deformeddark
energy transforms into the energy density 𝜌𝜙 of the standard
dark energy as∫𝜌𝜙𝑑3𝑥 = (2𝑛𝑘 + 1)∫𝑑3𝑘𝜙𝜔𝜙2 . (23)

Hence, the energy density 𝜌𝜙𝑞 of the q-deformed dark energy
can be written in terms of the energy density 𝜌𝜙 of the
standard dark energy by

𝜌𝜙𝑞 = (1 + 𝑞2) [𝑛𝑘] + 12𝑛𝑘 + 1 𝜌𝜙 = Δ 𝑞 (𝑛𝑘) 𝜌𝜙. (24)

Accordingly, the pressure of the q-deformed scalar field dark
energy can be written from (6) as∫𝑝𝜙𝑞𝑑3𝑥 = ⟨𝑛𝑘 − 𝑇𝑖𝑖𝜙𝑞 𝑛𝑘⟩ = ∫𝑑3𝑘

⋅ 12𝜔 [ 2𝑘2𝑎2 (𝑡) − 𝜔2] ⟨𝑛𝑘⋅ [𝑎𝑞 (𝑘) 𝑎+𝑞 (𝑘) + 𝑎+𝑞 (𝑘) 𝑎𝑞 (𝑘)] 𝑛𝑘⟩ = ((1 + 𝑞2)⋅ [𝑛𝑘] + 1)∫𝑑3𝑘 12𝜔 [ 2𝑘2𝑎2 (𝑡) − 𝜔2] ,
(25)

where 𝑔𝑖𝑖𝑘2𝑖 = (1/𝑎2(𝑡))(𝑘21 + 𝑘22 + 𝑘23) = 𝑘2/𝑎2(𝑡) is used. In
the 𝑞 → 1 limit, the q-deformed pressure 𝑝𝜙𝑞 of dark energy
transforms to the standard pressure 𝑝𝜙 of the dark energy,
such that∫𝑝𝜙𝑑3𝑥 = (2𝑛𝑘 + 1)∫𝑑3𝑘 12𝜔 [ 2𝑘2𝑎2 (𝑡) − 𝜔2] . (26)

Consequently, the q-deformed pressure 𝑝𝜙𝑞 of dark energy
can be obtained in terms of the standard pressure 𝑝𝜙 of the
dark energy; thus,

𝑝𝜙𝑞 = (1 + 𝑞2) [𝑛𝑘] + 12𝑛𝑘 + 1 𝑝𝜙 = Δ 𝑞 (𝑛𝑘) 𝑝𝜙. (27)

Also, the commutation relations and plane-wave expansion
of the q-deformed scalar field 𝜙𝑞(𝑥) are given by using (17)–
(19) in (6), as follows:𝜙𝑞 (𝑥) 𝜙+𝑞 (𝑥) − 𝑞2𝜙+𝑞 (𝑥) 𝜙𝑞 (𝑥) = 𝑖Δ (𝑥 − 𝑥) , (28)

where Δ (𝑥 − 𝑥) = −1(2𝜋)3 ∫ 𝑑3𝑘𝑤𝑘 sin𝑤𝑘 (𝑥 − 𝑥0) . (29)

On the other hand, the deformed and standard annihilation
operators, 𝑎𝑞 and 𝑎𝑠, are written as [62]

𝑎𝑞 = 𝑎𝑠√[𝑁𝑘]𝑁𝑘 . (30)

From this, we can express the deformed bosonic scalar fields
in terms of the standard one by using (20) in (30) and (6):

𝜙𝑞 = √ 1 − 𝑞2𝑛𝑘(1 − 𝑞2) 𝑛𝑘𝜙 = Δ (𝑞) 𝜙, (31)

where we use the Hermiticity of the number operator𝑁.
Now, we will derive the Friedmann equations for our

coupling q-deformed dark energy to dark matter model with
a radiation field in FRW space-time by using the scale factor𝑎(𝑡) in Einstein’s equations. We can achieve this by relating
the scale factor with the energy-momentum tensor of the
objects in the considered universe model. It is a common
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fact to consider energy and matter as a perfect fluid, which
will naturally be generalized to dark energy and matter. An
isotropic fluid in one coordinate frame gives an isotropic
metric in another frame which coincides with the first frame.
Thismeans that the fluid is at rest in commoving coordinates.
Then, the four-velocity vector is given as [63]𝑈𝜇 = (1, 0, 0, 0) , (32)

while the energy-momentum tensor reads

𝑇𝜇] = (𝜌 + 𝑝)𝑈𝜇𝑈] + 𝑝𝑔𝜇] = (𝜌 0 0 000 𝑔𝑖𝑗𝑝0 ). (33)

Raising one index gives a more suitable form𝑇𝜇] = diag (−𝜌, 𝑝, 𝑝, 𝑝) . (34)

For a model of universe described by Dirac-Born-Infeld
type action and consisting of more than one form of energy
momentum, we have totally three types of energy density and
pressure, such that 𝜌tot = 𝜌𝜙𝑞 + 𝜌𝑚 + 𝜌𝑟, (35)𝑝tot = 𝑝𝜙𝑞 + 𝑝𝑟, (36)

where the pressure of the dark matter 𝑝𝑚 is explicitly zero
in the total pressure 𝑝tot (36). From the conservation of
equation for the zero component ∇𝜇𝑇𝜇0 = 0, one obtains𝜌 ∝ 𝑎−3(1+𝑤). Here,𝑤 is the parameter of the equation of state𝑝 = 𝑤𝜌 which relates the pressure and the energy density
of the cosmological fluid component under consideration.
Therefore, pressure is zero for the matter component and𝑤𝑚 = 0, but for the radiation component 𝑤𝑟 = 1/3 due to
the vanishing trace of the energy-momentum tensor of the
electromagnetic field. We then express the total equation of
state parameter as𝑤tot = 𝑝tot𝜌tot = 𝑤𝜙𝑞Ω𝜙𝑞 + 𝑤𝑟Ω𝑟. (37)

While the equations of state parameters are given as 𝑤𝜙𝑞 =𝑝𝜙𝑞/𝜌𝜙𝑞 and 𝑤𝑟 = 𝑝𝑟/𝜌𝑟 = 1/3, the density parameters are
defined by Ω𝜙𝑞 = 𝜌𝜙𝑞/𝜌tot, Ω𝑟 = 𝜌𝑟/𝜌tot for the q-deformed
dark energy and the radiation fields, respectively. Since the
pressure of the dark matter is 𝑝𝑚 = 0, then the equation
of state parameter is 𝑤𝑚 = 𝑝𝑚/𝜌𝑚 = 0 and the density
parameter isΩ𝑚 = 𝜌𝑚/𝜌tot for the darkmatter field having no
contribution to𝑤tot (37), but contributing to the total density
parameter, such thatΩtot = Ω𝜙𝑞 + Ω𝑚 + Ω𝑟 = 𝜅2𝜌tot3𝐻2 = 1. (38)

We now turn to Einstein’s equations of the form 𝑅𝜇] =𝜅2(𝑇𝜇] − (1/2)𝑔𝜇]𝑇). Then, by using the components of

the Ricci tensor for FRW space-time (5) and the energy-
momentum tensor in (34), we rewrite Einstein’s equations, for𝜇] = 00 and 𝜇] = 𝑖𝑗:

−3 �̈�𝑎 = 𝜅22 (𝜌 + 3𝑝) , (39)�̈�𝑎 + 2 ( �̇�𝑎)2 = 𝜅22 (𝜌 − 𝑝) , (40)

respectively. Here, the dot also represents the derivative with
respect to cosmic time 𝑡. Using (39) and (40) gives the
Friedmann equations for FRWmetric as

𝐻2 = 𝜅23 (𝜌𝜙𝑞 + 𝜌𝑚 + 𝜌𝑟) ,�̇� = −𝜅22 (𝜌𝜙𝑞 + 𝑝𝜙𝑞 + 𝜌𝑚 + 𝜌𝑟 + 𝑝𝑟) , (41)

where 𝐻 = �̇�/𝑎 is the Hubble parameter and 𝜌𝑟 = 3𝑝𝑟.
From the conservation of energy, we can obtain the continuity
equations for q-deformed dark energy, dark matter, and the
radiation constituents in the form of evolution equations,
such as �̇�𝜙𝑞 + 3𝐻(𝜌𝜙𝑞 + 𝑝𝜙𝑞) = −𝑄, (42)�̇�𝑚 + 3𝐻𝜌𝑚 = 𝑄, (43)�̇�𝑟 + 3𝐻 (𝜌𝑟 + 𝑝𝑟) = 𝑄 − 𝑄, (44)

where 𝑄 is an interaction current between the q-deformed
dark energy and the dark matter which transfers the energy
andmomentum from the darkmatter to dark energy and vice
versa. 𝑄 and 𝑄 vanish for the models having no coupling
between the dark energy and the dark matter. For the models
including only the interactions between dark energy and
dark matter, the interaction terms become equal 𝑄 = 𝑄.
The case 𝑄 < 0 corresponds to energy transfer from dark
matter to the other two constituents, the case 𝑄 > 0
corresponds to energy transfer from dark energy to the other
constituents, and the case 𝑄 < 0 corresponds to an energy
loss from radiation.Here, we consider that themodel only has
interaction between dark energy and darkmatter and𝑄 = 𝑄
[64].

The energy density 𝜌 and pressure 𝑝 of this dark energy
are rewritten explicitly from the energy-momentum tensor
components (4) obtained by the Dirac-Born-Infeld type
action of coupling q-deformed dark energy and dark matter,
such that [65–68]𝜌𝜙𝑞 = 𝑇00 𝜙𝑞 = 12 �̇�𝑞2 + 12𝑚2𝜙𝑞2,𝑝𝜙𝑞 = −𝑇𝑖𝑖 𝜙𝑞 = 12 �̇�𝑞2 − 12𝑚2𝜙𝑞2, (45)

where the dark energy is space-independent due to the
isotropy and homogeneity. Now, the equation of motion for
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the q-deformed dark energy can be obtained by inserting (45)
into the evolution equation, such that�̈�𝑞 + 3𝐻�̇�𝑞 + 𝑚2𝜙𝑞 = − �̇�𝜙𝑞 . (46)

In order to obtain the energy density and pressure and
equation of motion in terms of the deformation parameter 𝑞,
(31) and its time derivative will be used. Because the number
of particles in eachmode of the q-deformed scalar field varies
in time by the particle creation and annihilation, the time
derivative of Δ(𝑞) is given as

Δ̇ (𝑞) = −𝑞2𝑛𝑘 �̇�𝑘 ln 𝑞√(1 − 𝑞2) (1 − 𝑞2𝑛𝑘) 𝑛𝑘 − �̇�𝑘√1 − 𝑞2𝑛𝑘2√(1 − 𝑞2) 𝑛3
𝑘

. (47)

Substituting (31) and (47) in (45) and (46), we obtain𝜌𝜙𝑞 = 12Δ2 (𝑞) �̇�2 + 12Δ2 (𝑞)𝑚2𝜙2 + 12Δ̇2 (𝑞) 𝜙2+ Δ (𝑞) Δ̇ (𝑞) 𝜙�̇�, (48)

𝑝𝜙𝑞 = 12Δ2 (𝑞) �̇�2 − 12Δ2 (𝑞)𝑚2𝜙2 + 12Δ2 (𝑞) 𝜙2+ Δ (𝑞) Δ̇ (𝑞) 𝜙�̇�, (49)

Δ (𝑞) �̈� + 3Δ (𝑞)𝐻�̇� − Δ (𝑞)𝑚2𝜙 + 2Δ̇ (𝑞) �̇�+ Δ̈ (𝑞) 𝜙 + 3𝐻Δ̇ (𝑞) 𝜙 = −𝛽𝜅𝜌𝑚. (50)

Here, we consider the commonly used interaction current
as 𝑄 = 𝛽𝜅𝜌𝑚�̇�𝑞 in the literature [15], in order to obtain
stationary and stable cosmological solutions in our dark
model. The deformed energy density and pressure equations
(24) and (27) are the same as (48) and (49), respectively.
While (24) and (48) are the expression of the deformed
energy density, accordingly (27) and (49) are the deformed
pressure of the dark energy in terms of the deformation
parameter q. The functions of the deformation parameter in
(24) and (48) are Δ 𝑞 (𝑛𝑘) ≈ Δ (𝑞) ,(1 + 𝑞2) [𝑛𝑘] + 12𝑛𝑘 + 1 ≈ √ 1 − 𝑞2𝑛𝑘(1 − 𝑞2) 𝑛𝑘 , (51)

since 𝑛𝑘 values are very large, and 𝑛𝑘 is given as a function of
time: 𝑛𝑘 ≈ 𝑡3 + √16𝑡2 + 16𝑡 − 1412 + 16 . (52)

We now perform the phase-space analysis of our coupling𝑞-deformed dark energy to darkmatter model if the late-time
solutions of the universe can be obtained, in order to confirm
our proposal.

3. Phase-Space Analysis

We investigate the cosmological properties of the proposed
q-deformed dark energy model by performing the phase-
space analysis. We need to transform the equations of the
dynamical system into their autonomous form [26–28, 36, 37,
69–71]. The auxiliary variables are defined to be

𝑥𝜙𝑞 = 𝜅 (Δ�̇� + Δ̇𝜙)√6𝐻 ,
𝑦𝜙𝑞 = 𝜅√𝑒−𝜅𝜆Δ𝜙√3𝐻 . (53)

We consider an exponential potential as𝑉 = 𝑉0𝑒−𝜅𝜆𝜙𝑞 instead
of the potential 𝑉 = (1/2)𝑚2𝜙𝑞2 in Lagrangian (1), as the
usual assumption in the literature, because the power-law
potential does not provide a stable attractor solution [16, 18,
72–76].

We also express the density parameters for the q-
deformed scalar field dark energy, dark matter, and the
radiation in the autonomous system by using (35), (36), and
(48) with (53):

Ω𝜙𝑞 = 𝜅2𝜌𝜙𝑞3𝐻2 = 𝑥2𝜙𝑞 + 𝑦2𝜙𝑞 , (54)

Ω𝑚 = 𝜅2𝜌𝑚3𝐻2 , (55)

Ω𝑟 = 𝜅2𝜌𝑟3𝐻2 , (56)

and then the total density parameter is given byΩtot = 𝜅2𝜌tot3𝐻2 = 𝑥2𝜙𝑞 + 𝑦2𝜙𝑞 + Ω𝑚 + Ω𝑟 = 1. (57)

Also, the equation of state parameter for the dark energy is
written in the autonomous form by using (35) and (36) with
(53):

𝑤𝜙𝑞 = 𝑝𝜙𝑞𝜌𝜙𝑞 = 𝑥2𝜙𝑞 − 𝑦2𝜙𝑞𝑥2𝜙𝑞 + 𝑦2𝜙𝑞 . (58)

Then, the total equation of state parameter in the autonomous
system from (37) and (54)–(56) and (58) is obtained as𝑤tot = 𝑥2𝜙𝑞 − 𝑦2𝜙𝑞 + Ω𝑟3 . (59)

We also define 𝑠 = −�̇�/𝐻2 in the autonomous system by
using (41) and (59), such that𝑠 = − �̇�𝐻2 = 32 (1 + 𝑤tot) = 32 (1 + 𝑥2𝜙𝑞 − 𝑦2𝜙𝑞 + Ω𝑟3 ) . (60)𝑠 is here only a jerk parameter which is used in other equa-
tions of cosmological parameters. However, the deceleration
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Table 1: Critical points and existence conditions.

Label 𝑥𝜙𝑞 𝑦𝜙𝑞 Ω𝑚 Ω𝑟 Ω𝜙𝑞 𝜔𝜙𝑞 𝜔tot𝐴 3√6 (𝜆 + 𝛽) √2𝛽(𝜆 + 𝛽) + 3√2(𝜆 + 𝛽) 𝜆(𝜆 + 𝛽) − 3(𝜆 + 𝛽)2 0 𝛽(𝜆 + 𝛽) + 3(𝜆 + 𝛽)2 −𝛽(𝜆 + 𝛽)𝛽(𝜆 + 𝛽) + 3 −𝛽(𝜆 + 𝛽)
𝐵 3√6 (𝜆 + 𝛽) −√2𝛽(𝜆 + 𝛽) + 3√2(𝜆 + 𝛽) 𝜆(𝜆 + 𝛽) − 3(𝜆 + 𝛽)2 0 𝛽(𝜆 + 𝛽) + 3(𝜆 + 𝛽)2 −𝛽(𝜆 + 𝛽)𝛽(𝜆 + 𝛽) + 3 −𝛽(𝜆 + 𝛽)𝐶 √6𝜆6 √1 − 𝜆26 0 0 1 𝜆23 − 1 𝜆23 − 1𝐷 4√6𝜆 2√3𝜆 0 1 − 4𝜆2 4𝜆2 13 13𝐸 −1√6𝛽 0 13𝛽2 1 − 12𝛽2 16𝛽2 1 13
parameter 𝑞𝑑 which is not used in the equations but is not
also a jerk parameter is defined as𝑞𝑑 = −1 − �̇�𝐻2 . (61)

Now, we convert the Friedmann equation (41), the con-
tinuity equations (43) and (44), and the equation of motion
(50) into the autonomous system by using the auxiliary
variables in (53)–(56) and their derivatives with respect to𝑁 = ln 𝑎, for which the time derivative of any quantity 𝐹
is �̇� = 𝐻(𝑑𝐹/𝑑𝑁). Thus, we will obtain 𝑋 = 𝑓(𝑋), where𝑋 is the column vector including the auxiliary variables and𝑓(𝑋) is the column vector of the autonomous equations.
We then find the critical points 𝑋𝑐 of 𝑋, by setting 𝑋 =0. We then expand 𝑋 = 𝑓(𝑋) around 𝑋 = 𝑋𝑐 +𝑈, where 𝑈 is the column vector of perturbations of the
auxiliary variables, such as 𝛿𝑥𝜙𝑞 , 𝛿𝑦𝜙𝑞 , 𝛿Ω𝑚, and 𝛿Ω𝑟 for each
constituent in our model. Thus, we expand the perturbation
equations up to the first order for each critical point as 𝑈 =𝑀𝑈, where 𝑀 is the matrix of perturbation equations. The
eigenvalues of perturbation matrix 𝑀 determine the type
and stability of the critical points for each critical point
[77–79].

With the definitions for the interaction current and the
potential, the autonomous form of the cosmological system
reads [80–89]𝑥𝜙𝑞 = −3𝑥𝜙𝑞 + 𝑠𝑥𝜙𝑞 + √62 𝜆𝑦2𝜙𝑞 − √62 𝛽Ω𝑚,

𝑦𝜙𝑞 = 𝑠𝑦𝜙𝑞 − √62 𝜆𝑦𝜙𝑞𝑥𝜙𝑞 ,Ω𝑚 = Ω𝑚 [−3 + √6𝛽𝑥𝜙𝑞 + 2𝑠] ,Ω𝑟 = Ω𝑟 [−4 + 2𝑠] .
(62)

In order to perform the phase-space analysis of themodel,
we obtain the critical points of the autonomous system in

(62). We will obtain these points by equating the left hand
sides of (62) to zero for stationary solutions, by using the
condition Ωtot = 1. After some calculations, five critical
points are found as listed in Table 1 with the existence
conditions.

Now, we will get the perturbations 𝛿𝑥𝜙𝑞 , 𝛿𝑦𝜙𝑞 , 𝛿Ω𝑚, and𝛿Ω𝑟 for each constituent in our model by using the variations
of (62), such as

𝛿𝑥𝜙𝑞 = [−32 + 92𝑥2𝜙𝑞 − 32𝑦2𝜙𝑞 + Ω𝑟2 ] 𝛿𝑥𝜙𝑞
+ [√6𝜆 − 3𝑥𝜙𝑞𝑦𝜙𝑞] 𝛿𝑦𝜙𝑞 + √62 𝛽𝛿Ω𝑚
+ 𝑥𝜙𝑞2 𝛿Ω𝑟,

(63)

𝛿𝑦𝜙𝑞 = [3𝑥𝜙𝑞𝑦𝜙𝑞 − √62 𝜆𝑦𝜙𝑞] 𝛿𝑥𝜙𝑞
+ [32 + √62 𝜆𝑥𝜙𝑞 + 32𝑥2𝜙𝑞 − 92𝑦2𝜙𝑞 + Ω𝑟2 ] 𝛿𝑦𝜙𝑞
+ 𝑦𝜙𝑞2 𝛿Ω𝑟,

(64)

𝛿Ω𝑚 = [6𝑥𝜙𝑞Ω𝑚 + √6𝛽Ω𝑚] 𝛿𝑥𝜙𝑞 − 6𝑦𝜙𝑞Ω𝑚𝛿𝑦𝜙𝑞+ [√6𝛽𝑥𝜙𝑞 + 3𝑥2𝜙𝑞 − 3𝑦2𝜙𝑞 + Ω𝑟] 𝛿Ω𝑚+ Ω𝑚𝛿Ω𝑟,
(65)

𝛿Ω𝑟 = 6𝑥𝜙𝑞Ω𝑟𝛿𝑥𝜙𝑞 − 6𝑦𝜙𝑞Ω𝑟𝛿𝑦𝜙𝑞+ [−1 + 3𝑥2𝜙𝑞 − 3𝑦2𝜙𝑞 + 2Ω𝑟] 𝛿Ω𝑟. (66)
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Thus, we obtain a 4 × 4 perturbation matrix 𝑀 whose
nonzero elements are given as

𝑀11 = −32 + 92𝑥2𝜙𝑞 − 32𝑦2𝜙𝑞 + Ω𝑟2 ,𝑀12 = √6𝜆𝑦𝜙𝑞 − 3𝑥𝜙𝑞𝑦𝜙𝑞 ,𝑀13 = √62 𝛽,𝑀14 = 𝑥𝜙𝑞2 ,
𝑀21 = 3𝑥𝜙𝑞𝑦𝜙𝑞 − √62 𝜆𝑦𝜙𝑞 ,𝑀22 = 32 + √62 𝜆𝑥𝜙𝑞 + 32𝑥2𝜙𝑞 − 92𝑦2𝜙𝑞 + Ω𝑟2 ,𝑀24 = 𝑦𝜙𝑞2 ,𝑀31 = 6𝑥𝜙𝑞Ω𝑚 + √6𝛽Ω𝑚,𝑀32 = −6𝑦𝜙𝑞Ω𝑚,𝑀33 = √6𝛽𝑥𝜙𝑞 + 3𝑥2𝜙𝑞 − 3𝑦2𝜙𝑞 + Ω𝑟,

𝑀34 = Ω𝑚,𝑀41 = 6𝑥𝜙𝑞Ω𝑟,𝑀42 = −6𝑦𝜙𝑞Ω𝑟,𝑀44 = −1 + 3𝑥2𝜙𝑞 − 3𝑦2𝜙𝑞 + 2Ω𝑟.
(67)

Then, we insert linear perturbations 𝑥𝜙𝑞 → 𝑥𝜙𝑞 ,𝑐 + 𝛿𝑥𝜙𝑞 ,𝑦𝜙𝑞 → 𝑦𝜙𝑞 ,𝑐 + 𝛿𝑦𝜙𝑞 , Ω𝑚 → Ω𝑚,𝑐 + 𝛿Ω𝑚, and Ω𝑟 → Ω𝑟,𝑐 +𝛿Ω𝑟 about the critical points for three constituents in the
autonomous system (62). So, we can calculate the eigenvalues
of perturbation matrix 𝑀 for five critical points given in
Table 1, with the corresponding existing conditions.

In what follows, we find and represent five perturbation
matrices for each of the five critical points.We obtain five sets
of eigenvalues. In order to determine the type and stability
of critical points, we investigate the sign of the real parts of
eigenvalues. A critical point is stable if all the real part of
eigenvalues is negative. The physical meaning of the negative
eigenvalue is always stable attractor; namely, if the universe is
in this state, it keeps its state forever and thus it can attract the
universe at a late time.There can occur accelerated expansion
only for 𝑤tot < −1/3.𝐴:

𝑀 =
(((((((((((
(

92(𝜆 + 𝛽)2 + 3𝜆2 (𝜆 + 𝛽) − 3 [ −96 (𝜆 + 𝛽) + √6𝜆] √2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽) −√6𝛽2 √64 (𝜆 + 𝛽)[ 96 (𝜆 + 𝛽) − √6𝜆2 ] √2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽) −3 (2𝛽 (𝜆 + 𝛽) + 3)2 (𝜆 + 𝛽)2 0 √2𝛽 (𝜆 + 𝛽) + 32√2 (𝜆 + 𝛽)[ 18√6 (𝜆 + 𝛽) + √6𝛽] 𝜆 (𝜆 + 𝛽) − 3(𝜆 + 𝛽)2 −6 (𝜆 (𝜆 + 𝛽) − 3)√2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽)3 0 𝜆 (𝜆 + 𝛽) − 3(𝜆 + 𝛽)20 0 0 −4 + 3𝜆𝜆 + 𝛽

)))))))))))
)

(68)

𝐵:
𝑀

= ((((((((((
(

92(𝜆 + 𝛽)2 + 3𝜆2 (𝜆 + 𝛽) − 3 [ 96 (𝜆 + 𝛽) − √6𝜆] √2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽) −√6𝛽2 √64 (𝜆 + 𝛽)[ −96 (𝜆 + 𝛽) + √6𝜆2 ] √2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽) −3 (2𝛽 (𝜆 + 𝛽) + 3)2 (𝜆 + 𝛽)2 0 −√2𝛽 (𝜆 + 𝛽) + 32√2 (𝜆 + 𝛽)[ 18√6 (𝜆 + 𝛽) + √6𝛽] 𝜆 (𝜆 + 𝛽) − 3(𝜆 + 𝛽)2 6 (𝜆 (𝜆 + 𝛽) − 3)√2𝛽 (𝜆 + 𝛽) + 3√2 (𝜆 + 𝛽)3 0 𝜆 (𝜆 + 𝛽) − 3(𝜆 + 𝛽)20 0 0 −4 + 3𝜆𝜆 + 𝛽

))))))))))
)

(69)
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𝐶:𝑀
= ((((
(

𝜆2 − 3 √6𝜆2 √1 − 𝜆26 −√6𝛽2 √6𝜆120 𝜆22 − 3 0 12√1 − 𝜆260 0 𝜆2 + 𝜆𝛽 − 3 00 0 0 𝜆2 − 4
))))
)

(70)

𝐷:𝑀
= (((((
(

8𝜆2 − 1 2√2 − 4√2𝜆2 −√6𝛽2 2√6𝜆−√2 + 4√2𝜆2 4𝜆2 0 1√3𝜆0 0 4𝛽𝜆 + 1 024√6𝜆 (1 − 4𝜆2 ) −12√3𝜆 (1 − 4𝜆2 ) 0 1 − 4𝜆2
)))))
)

(71)

𝐸:𝑀
= ((((((
(

12𝛽2 − 1 0 −√6𝛽2 −12√6𝛽0 2 + 𝜆𝛽 0 00 0 0 13𝛽2√6𝛽 (1 − 12𝛽2) 0 0 1 − 12𝛽2
))))))
)

(72)

Eigenvalues of the five 𝑀 matrices with the existence
conditions, stability conditions, and acceleration condition
are represented in Table 2, for each of the critical points𝐴, 𝐵,𝐶, 𝐷, and 𝐸. As seen in Table 2, the first two critical points𝐴 and 𝐵 have the same eigenvalues. Here, the eigenvalues
and the stability conditions of the perturbation matrices for
critical points 𝐴, 𝐵, 𝐷, and 𝐸 have been obtained by the
numerical methods, due to the complexity of the matrices.
The stability conditions of each critical point are listed in
Table 2, according to the sign of the eigenvalues.

Wenowanalyze the cosmological behavior of each critical
point by noting the attractor solutions in scalar field cosmol-
ogy [90]. From the theoretical cosmology studies, we know
that the energy density of a scalar field has an effect on the
determination of the evolution of the universe. Cosmological
attractors provide the understanding of the evolution and
the affecting factors on this evolution; for example, from the
dynamical conditions, the scalar field evolution approaches a
certain kind of behavior without initial fine tuning conditions
[91–101]. Attractor behavior is known as a situation in which
a collection of phase-space points evolve into a particular
region and never leave from there.

Critical Point A. This point exists for 𝛽(𝜆 + 𝛽) > −3/2
and 𝜆(𝜆 + 𝛽) > 3. Because of 𝑤tot < −1/3, acceleration
occurs at this point if 𝜆 < 2𝛽 and it is an expansion phase
since 𝑦𝜙𝑞 is positive, so 𝐻 is positive, too. Point 𝐴 is stable,
meaning that the universe keeps its further evolution, if 𝜆
and 𝛽 take the values for the negative eigenvalues given in the
second column of Table 2. In Figure 1, we also represent the 2-
dimensional and 3-dimensional projections of 4-dimensional
phase-space trajectories for 𝛽 = 2.51, 𝜆 = 3.1, 𝜆 = 3.6, and𝜆 = 4.1. This state corresponds to a stable attractor starting
from the critical point 𝐴 = (0.21, 0.70, 0.45, 0), as seen from
the plots in Figure 1. Also, zero value of critical point Ω𝑟
cancels the total behaviorΩ𝑟 in (66).

Critical Point B. Point 𝐵 also exists for 𝛽(𝜆 + 𝛽) > −3/2 and𝜆(𝜆 + 𝛽) > 3. Acceleration phase is again valid here if 𝜆 < 2𝛽
leading𝑤tot < −1/3, but this point refers to contraction phase
because 𝑦𝜙𝑞 is negative here. Stability of the point 𝐵 is again
satisfied for 𝜆 and 𝛽 values given in the second column of
Table 2.Therefore, the stable attractor behavior is represented
starting from the critical point 𝐵 = (0.21, −0.70, 0.45, 0) for𝛽 = 2.51, 𝜆 = 3.1, 𝜆 = 3.6, and 𝜆 = 4.1 values, in Figure 2.The
zero value of critical pointΩ𝑟 again cancels the total behaviorΩ𝑟 in (66).

Critical Point C. Critical point 𝐶 occurs for all values of𝛽, while 𝜆 < √6. The cosmological behavior is again an
acceleration phase that occurs if 𝜆 < √2 providing 𝑤tot <−1/3 and an expansion phase since 𝑦𝜙𝑞 is positive. Point 𝐶
is stable if 𝛽 < (3 − 𝜆2)/𝜆 and 𝜆 < √3. Two-dimensional
projection of phase-space is represented in Figure 3, for 𝛽 =1.5, 𝜆 = 0.001, 𝜆 = 0.5, and 𝜆 = 1.1. The stable attractor
starting from the critical point C = (0.48, 0.87, 0, 0) can be
inferred from Figure 3. We again find zero plots containing
zero values Ω𝑚 and Ω𝑟, since they cancel the total behaviorsΩ𝑚 andΩ𝑟 in (65) and (66).

Critical Point D. This point exists for any values of 𝛽, while𝜆 > 2. Acceleration phase never occurs due to 𝑤tot = 1/3.
Point𝐷 is always unstable for any values of 𝛽 and 𝜆.This state
corresponds to an unstable saddle point starting from the
point 𝐷 = (0.54, 0.38, 0, 0.55) for 𝛽 = 1.5, 𝜆 = 3, 𝜆 = 4, and𝜆 = 6, as seen from the plots in Figure 4. Zero plots containing
the axis Ω𝑚 lead to the cancellation of the total behavior Ω𝑚
in (65), sinceΩ𝑚 = 0, so they are not represented in Figure 4.
Critical Point E. This point exists for any values of 𝜆, while𝛽 > 1/√2. Acceleration phase never occurs due to 𝑤tot =1/3. Point 𝐸 is always unstable for any values of 𝛽 and 𝜆. This
state corresponds to an unstable saddle point starting from
the point = (−0.24, 0, 0.11, 0.82) for 𝜆 = 1, 𝛽 = 1.7, 𝛽 = 2.6,
and 𝛽 = 3.5, as seen from the plots in Figure 5. Zero plots
containing the axis 𝑦𝜙𝑞 lead to the cancellation of the total
behavior𝑦𝜙𝑞 in (64), since𝑦𝜙𝑞 = 0, so they are not represented
in Figure 5.

All the plots in Figures 1–3 have the structure of stable
attractor, since each of them evolves to a single point which
is in fact one of the critical points in Table 1. These evolutions
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Figure 1: Two- and three-dimensional projections of the phase-space trajectories for 𝛽 = 2.51, 𝜆 = 3.1, 𝜆 = 3.6, and 𝜆 = 4.1. All plots begin
from the critical point 𝐴 = (0.21, 0.70, 0.45, 0) being a stable attractor.
to the critical points are the attractor solutions in coupling
q-deformed dark energy to dark matter cosmology of our
model, which imply an expanding universe. Therefore, we
confirm that the dark energy in our model can be defined in
terms of the q-deformed scalar fields obeying the q-deformed
boson algebra in (17)–(20). According to the stable attractor
behaviors, it makes sense to consider the dark energy as a
scalar field defined by the q-deformed scalar field, due to the
negative pressure of q-deformed boson field, as dark energy
field.

Finally, we can investigate the relation between q-
deformed and standard dark energy density, pressure, and
scalar field equations in (24), (27), and (31). We illustrate
the behavior of q-deformed energy density and pressure in
terms of the standard ones with respect to the total number
of particles and the deformation parameter q in Figures
6 and 7, respectively. We observe that for a large particle
number the q-deformed energy density andpressure function
decrease with the decrease in deformation parameter q. On
the contrary, if the particle number is small, the deformed
energy density and pressure increase with the decrease in
deformation parameter. Note that when the deformation

parameter decreases from 1, this increases the deformation
of the model, since the deformation vanishes by approaching
1. The deformation parameter significantly affects the value
of the deformed energy density and pressure. In the 𝑞 → 1
limit, deformed energy density and pressure function became
identical to the standard values, as expected.

In Figure 8, we represent the q-deformed scalar field
behavior in terms of the standard one. It is observed that
while the deformation parameter 𝑞 → 1, q-deformed scalar
field becomes identical to the standard one. However, it
asymptotically approaches lower values, while q decreases
with large number of particles. Since the square of a
quantum mechanical field means the probability density, q-
deformed probability density decreases when the deforma-
tion increases, and in the 𝑞 → 0 limit it approaches zero.

Also, since the dark matter pressure is taken to be zero,𝜔𝑚 ≈ 0 and 𝜔tot ≈ 𝜔𝜙𝑞 . For the stable accelerated expansion
condition 𝜔tot ≈ 𝜔𝜙𝑞 < −1/3, solutions require the scalar
field dark energy pressure to be negative 𝑝𝜙𝑞 < 0. From the
relation𝑝𝜙𝑞 = Δ 𝑞(𝑛𝑘)𝑝𝜙 in (27), we finally represent the effect
of 𝑞 on the deformed dark energy pressure𝑝𝜙𝑞 , namely, on the
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Figure 2: Two- and three-dimensional projections of the phase-space trajectories for 𝛽 = 2.51, 𝜆 = 3.1, 𝜆 = 3.6, and 𝜆 = 4.1. All plots begin
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accelerated expansion behavior in Figure 9. From the figure,
we deduce that, for any values of 𝑞, the deformed dark energy
shows the accelerated expansion behavior with the negative
deformed dark energy pressure.

4. Conclusion

Since it is known that the dark energy has a negative pressure
acting as gravitational repulsion to drive the accelerated
expansion of the universe, we are motivated to propose that
the dark energy consists of negative-pressure q-deformed
scalar field whose field equation is defined by the q anni-
hilation and creation operators satisfying the q-deformed
boson algebra in (17)–(20). In order to confirm our proposal,
we consider q-deformed dark energy coupling to the dark
matter inhomogeneities and then investigate the dynamics
of the model. Later on, we perform the phase-space analysis,
whether it will give stable attractor solutions or not, which
refers to the accelerating expansion phase of the universe.
Therefore, the action integral of coupling q-deformed dark
energy model is set up to study its dynamics, and the
Hubble parameter and Friedmann equations of the model

are obtained in spatially flat FRW geometry. Later on, we
find the energy density and pressure values with the evo-
lution equations for q-deformed dark energy, dark matter,
and the radiation fields from the variation of the action
and the Lagrangian of the model. After that, we translate
these dynamical equations into the autonomous form by
introducing suitable auxiliary variables, in order to perform
the phase-space analysis of the model. Then, the critical
points of the autonomous system are obtained by setting
each autonomous equation to zero and four perturbation
matrices can be written for each critical point by constructing
the perturbation equations. We determine the eigenvalues
of four perturbation matrices to examine the stability of
critical points. There are also some important calculated
cosmological parameters, such as the total equation of state
parameter and the deceleration parameter to check whether
the critical points satisfy an accelerating universe. We obtain
four stable attractors for the model depending on the cou-
pling parameter 𝛽. An accelerating universe exists for all
stable solutions due to 𝑤tot < −1/3. The critical points 𝐴 and𝐵 are late-time stable attractors for the given 𝜆 and 𝛽 values
for the negative eigenvalues in the second column of Table 2.
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The point 𝐴 refers to expansion, while the point 𝐵 refers to
contraction with stable acceleration for 𝜆 < 2𝛽. However, the
critical point 𝐶 is late-time stable attractor for 𝛽 < (3 − 𝜆2)/𝜆
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Figure 7: q-deformed pressure for various values of 𝑛 and 𝑞, in
terms of standard pressure.

and 𝜆 < √3 with expansion. The stable attractor behavior of
the model at each critical point is demonstrated in Figures
1–3. In order to solve the differential equation system (62)
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Figure 9: Effect of 𝑞 on the accelerated expansion behavior with negative dark energy pressure.

with the critical points and plot the graphs in Figures 1–5,
we use adaptive Runge-Kutta method of 4th and 5th order, in
Matlab programming. Then, the solutions with the stability
conditions of critical points are plotted for each pair of the
solution sets being the auxiliary variables in (53), (55), and
(56).

These figures represent the notion that, by choosing the
suitable parameters of the model, we obtain the stable and
unstable attractors as 𝐴, 𝐵, 𝐶, 𝐷, and 𝐸, depending on the
existence conditions of critical points 𝐴, 𝐵, 𝐶, 𝐷, and 𝐸.
Also, the suitable parameters with the stability conditions
give the stable accelerated behavior for 𝐴, 𝐵, and 𝐶 attractor
models.

The q-deformed dark energy is a generalization of the
standard scalar field dark energy. As seen from the behavior
of the deformed energy density, pressure, and scalar field
functions with respect to the standard functions, in the 𝑞 → 1
limit, they all approach the standard corresponding function
values. However, in the 𝑞 → 0 limit, the deformed energy
density and the pressure functions decrease to smaller values
of the standard energy density and the pressure function
values, respectively. This implies that the energy momen-
tum of the scalar field decreases when the deformation
becomes more apparent, since q reaches 1 which gives the
nondeformed state. Also, when 𝑞 → 0 for large n values,
the deformed scalar field approaches zero value meaning a

decrease in the probability density of the scalar field. This
state is expected to represent an energy-momentum decrease
leading to a decrease in the probability of finding the particles
of the field. Consequently, q deformation of the scalar field
dark energy gives a self-consistent model due to the existence
of standard case parameters of the dark energy in the 𝑞 →1 limit and the existence of the stable attractor behavior
of the accelerated expansion phase of the universe for the
considered coupling dark energy and dark matter model.

The results confirm that the proposed q-deformed scalar
field dark energy model is consistent since it gives the
expected behavior of the universe. The idea to consider the
dark energy as a q-deformed scalar field is a very recent
approach. There are more deformed particle algebras in the
literature which can be considered as other and maybe more
suitable candidates for the dark energy. As a further study
on the purpose of confirming whether the dark energy can
be considered as a general deformed scalar field, the other
couplings between dark energy and dark matter and also in
the other framework of gravity, such as teleparallel or maybe𝑓(𝑅) gravity, can be investigated.
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