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Bioinspired computation (BIC) has become an emerging
and popular part of modern computer science, artificial
intelligence, computational intelligence, and evolutionary
intelligence. BIC is usually based on biological systems that
can be often self-organizing, adaptive, and tolerant of random
defects. Most BIC algorithms are mostly swarm intelligence
(SI) based, and they mimic the successful characteristics of
biological and swarm systems. However, bioinspired compu-
tation can be very broad, including swarm intelligence [1–7],
membrane [8] andmemetic computing, DNA andmolecular
computing, neural computing, and others.Their applications
are also very diverse, including computational intelligence,
computational neuroscience, bioinformatics, natural lan-
guage processing, machine learning, software engineering,
scheduling and timetabling, data mining, algorithm theory,
and many other areas [9–11].

Recent advances in this area are relatively extensive, and
a special issue can serve as a good summary to provide a
snapshot of the recent advances. The responses to our call
for papers are overwhelming, and we received nearly two
hundred submissions, and after rigorous peer review, only
a small fraction of the submissions were accepted for this
special issue. This special issue starts with the heterogeneous
differential evolution by J. Wang et al., followed by the
correction of faulty sensors in phased array radars by J. U.
Khan et al. A new variant of harmony search has been pro-
posed to solve binary knapsack problems; then a theoretical
model for location of terror response facilities was studied by

L. P. Meng et al. In addition, a novel variant of bat algorithm
based on naı̈ve Bayes methods has been presented to carry
out feature selection, followed by a hybrid model based on
genetic algorithms and support vector machine for fruit
juice classifications by C. Fernandez-Lozano et al., while a
modified dynamic neural-fuzzy approach to model customer
satisfaction was carried out by C. K. Kwong et al.

On the other hand, an improved firefly algorithm for
nonlinear and convex optimization with applications to
CAD/CAM has been proposed by A. Gálvez and A. Iglesias,
and an effective hybrid by combining the firefly algorithmand
harmony searchwas found to be efficient for global numerical
optimization by L. H. Guo et al. Furthermore, noise-assisted
multipath traffic distribution networks were studied by N.
Asvarujanon et al. Other studies have focussed on the various
improvements and diverse applications with detailed case
studies. Interested readers are encouraged to readmore about
this special issue and the open access mode means that you
can download papers and study them in great detail when
appropriate.

Analyzing the current developments, we can expect to
look forward to the future. From the bioinspired computation
point of view, we think the following eight areas need more
research.

(i) Complex, real-world applications: more applications
should focus on complex, real-world applications
in various engineering and industrial designs. Such
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applications can be highly nonlinear andmultimodal,
under stringent constraints.

(ii) Computationally expensive methods: most appli-
cations nowadays are computationally expensive
because the evaluations of designs, objectives, and
computational tasks are becoming computationally
extensive. Many design options have to be evaluated
by finite element methods, large-scale finite vol-
ume methods, and boundary and extended element
methods. For example, applications in aerospace and
electromagnetic engineering can take hours up to
weeks to evaluate computationally. Therefore, further
developments in this area to speed up the compu-
tational methods are very important for practical
applications.

(iii) Data-intensive applications: as the data volumes are
expanding dramatically, due to drive in information
technology and social media, data-intensive appli-
cations become more important. Data mining tech-
niques become more relevant, and bioinspired meth-
ods such as PSO, cuckoo search, and firefly algorithm
become increasingly popular in such applications [1,
9, 12].

(iv) Network and systems: current research activities have
also focused on the modeling and simulation of
complex networks and systems such as computer
networks, electricity grids, energy networks, and
biological systems. Other networks such as social
networks have also received some attention. It can be
expected that more research will be done in this area.

(v) Biological applications: bioinspired computation has
been applied to biological applications such as protein
folding and biological systems [12]. Bioinspired com-
putation has also found applications in bioinformatics
and genetic engineering.

(vi) Combinatorial problems: most combinatorial opti-
mization problems such as the traveling salesman
problem are NP-hard and thus are very challenging
to solve. Bioinspired algorithms such as ant colony
optimization and cuckoo search can be very powerful
alternatives for dealing with such challenging prob-
lems.

(vii) Large-scale problems: the current applications tend
to have problem sizes with a few, up to a few dozen,
design variables, while real-world applications tend to
have thousands of design variables. Therefore, more
applications are becoming increasingly large-scale,
and it is not yet clear if the methods that work for
small-scale problems can still work for large-scale
problems. For example, protein folding problems
can be very large-scale, and at the moment, nature-
inspired methods such as simulated annealing and
firefly algorithm have been found to be useful and
efficient.

(viii) Datamining and image processing: datamining tends
to have data-intensive computation, while image pro-
cessing can also be very computational extensive as

well. Important applications such as feature selection
and classifications need efficient methods to solve,
especially those large-scale problems.

As we have seen, bioinspired computation is a very active
area, and many challenges still remain. It can be expected
that more exciting research activities will be seen in the near
future.
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This paper presents a simple but efficient algorithm for reducing the computation time of genetic algorithm (GA) and its variants.
The proposed algorithm is motivated by the observation that genes common to all the individuals of a GA have a high probability
of surviving the evolution and ending up being part of the final solution; as such, they can be saved away to eliminate the redundant
computations at the later generations of a GA. To evaluate the performance of the proposed algorithm, we use it not only to solve
the traveling salesman problem but also to provide an extensive analysis on the impact it may have on the quality of the end result.
Our experimental results indicate that the proposed algorithm can significantly reduce the computation time of GA and GA-based
algorithms while limiting the degradation of the quality of the end result to a very small percentage compared to traditional GA.

1. Introduction

In the area of combinatorial optimization research [1], the
traveling salesman problem (TSP) [2] has been widely used
as a yardstick by which the performance of a new algorithm
is evaluated, for TSP is NP-complete [3]. As such, any
efficient solution to the TSP can be applied to solve many
real world problems, such as transportation control [4],
network management [5], and scheduling [6]. Assuming that
𝑑(𝑐
𝑖
, 𝑐
𝑗
) represents the distance between each pair of cities 𝑐

𝑖

and 𝑐
𝑗
, the TSP asks for a solution—that is, a permutation

⟨𝑐
𝜋(1)
, 𝑐
𝜋(2)
, . . . , 𝑐

𝜋(𝑛)
⟩ of the given 𝑛 cities—that minimizes

𝐷 = (

𝑛−1

∑

𝑖=1

𝑑 (𝑐
𝜋(𝑖)
, 𝑐
𝜋(𝑖+1)

)) + 𝑑 (𝑐
𝜋(𝑛)
, 𝑐
𝜋(1)
) . (1)

In short, (1) gives the distance 𝐷 of the tour that starts
at city 𝑐

𝜋(1)
, visits each city in sequence, and then returns

directly to 𝑐
𝜋(1)

from the last city 𝑐
𝜋(𝑛)

. Since the brute force
method is impractical for the TSP except when the number

of cities is small, the research direction for the TSP has been
using heuristic search methods [7–9] to find a near-optimal
solution.

Since the 1950s, heuristic algorithms have been devel-
oped for finding an approximate solution to the TSP and
other complex optimization problems in a reasonable time
[10]. Among the most widely used heuristic algorithms
are evolutionary algorithms, swarm intelligence, and many
others [11–16]. These algorithms eventually have a strong
impact on modern computer science research because they
help researchers solve problems in a variety of domains for
which solutions in their full generality cannot be found in
a reasonable time, even with the world’s fastest computers.
For reasons such as being an inherently parallel algorithm,
being global search heuristics, and being easy to imple-
ment, GA [17, 18] has nowadays become one of the most
popular heuristic algorithms. Moreover, Holland’s schema
theorem [17], which says that “short, low-order, above-
average schemata receive exponentially increasing trials in
subsequent generations of a GA” and Goldberg’s building
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block hypothesis [18], which says that “a GA seeks near-
optimal performance through the juxtaposition of short,
low-order, high-performance schemata, called the building
blocks” tell us that good subsolutions (or partial solutions)
of a GA have a high probability of surviving the evolution
and ending up being part of the final solution. This is further
confirmed by Glover’s proximate optimality principle (POP)
[19], which says that “good solutions at one level are likely
to be found close to good solutions at an adjacent level,” or
good solutions have similar structures. A crucial observation
above is that good subsolutions of a GA (or simply GA)
(since no confusion is possible, we will use GA to represent
simple or traditional GA throughout this paper) will become
more and more similar to each other during its evolution
process. This, in turn, implies that many of the computations
of good subsolutions at the later generations of a GA are
essentially redundant. The question is how do we eliminate
these redundant computations at the early generations of a
GA so that the computation time can be significantly reduced
while at the same time retaining or enhancing the quality of
the end result.

Tomake the ideamore concrete, a simple example is given
in Figure 1 to demonstrate how it works. As Figure 1 shows,
let us suppose that there are two chromosomes, 𝐶

1
and 𝐶

2
,

each of which is composed of ℓ genes. Let us further suppose
that ℓ = 4, and each gene can take only two possible values,
namely, 0 and 1. Now let us assume, at a certain point in the
evolution process, that the value of 𝐶

1
is 0-0-1-0, and the

value of 𝐶
2
is 1-1-1-0 where the hyphen is used to separate

the genes. Then what would be the values of 𝐶
1
and 𝐶

2
in

the later generations?There are two answers to this question,
depending on how the mutation operator is treated. The first
answer is that if we use one point crossover and disregard the
mutation operator altogether, then we are guaranteed that the
values of the third and fourth genes of 𝐶

1
and 𝐶

2
will remain

intact in the evolution process of a GA and will thus show up
as part of the final solution. In other words, if the third and
fourth genes of 𝐶

1
and 𝐶

2
(i.e., genes common to 𝐶

1
and 𝐶

2
)

are saved away, the number of genes will be cut into half and
the computation time required by the crossover andmutation
operators and the evaluation of the fitness function will be
reduced. The second answer is that if we take into account
the mutation operator, then the values of the third and fourth
genes of 𝐶

1
and 𝐶

2
would have a small chance of not being 1-

0.The probability for the values of the third and fourth genes
of 𝐶
1
and 𝐶

2
being changed is, however, very small because

only the mutation operator is allowed to change their values,
and for GA, the mutation rate has almost always been set to a
very small value, say, 1 or 2 percent.

The remainder of the paper is organized as follows.
Section 2 gives a brief introduction to the genetic algo-
rithm and the approaches taken to enhance its performance.
Section 3 provides a detailed description of the proposed
algorithm and a simple example to demonstrate how the
proposed algorithm works. Performance evaluation of the
proposed algorithm is presented in Section 4. Analysis of
the proposed algorithm is given in Section 5. Conclusion is
drawn in Section 6.
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Figure 1: A simple example illustrating the difference between GA
and PREGA. Note that genes common to chromosomes 𝐶

1
and 𝐶

2

are saved away by PREGA at generation 𝑡 = 1 but not by TGA.

2. Related Work

As a particular class of evolutionary algorithms, it is well
known that GA is a search technique aimed at finding
true or approximate solutions to optimization problems.
The operations used to emulate the evolution process of
a GA are selection, crossover, and mutation. The simple or
traditional GA [18] can be outlined as given in Algorithm 1.
The selection operator takes the responsibility of guiding
the search of GA toward the high quality or even optimal
solution. The crossover operator plays the role of exchanging
the information between the individuals in the population
while the mutation operator is used to avoid GA from falling
into local optima.

Researches on genetic algorithms focus not only on
improving the quality of the end result but also on reducing
the computation time ofGA.Among themare parallel genetic
algorithm, hybrid genetic algorithm, and radical modifica-
tion of the evolutionary procedure or the design of GA.

(1) Parallel genetic algorithm (PGA) [20, 21] is a very
important technique for reducing the computation
time of large problems, such as TSP [22]. The three
distribution models [23] that have been proposed
are master-slave model, fine-grained model (cellular
model), and coarse-grained model (island model).
However, in [24, 25], the authors indicate that the
migration rate and strategy of the island model may
affect its performance.

(2) Hybrid genetic algorithm (HGA) [26] refers to
the process of combining GA with other effective
approaches for finding a better solution in terms
of either the quality or the computation time. In
general, the design of HGAmay either integrate other
heuristic algorithms [27] or combine local search
methods [28] with GA. For instance, for an HGA that
is a combination of GA and a local search method,
GA is responsible for finding the global minima or
pointing out the particular direction that may lead
to a better solution while the local search method
is used to find the local minima. For this reason,
HGA will enhance the quality of the end result.
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GA1. Randomly generate an initial population of chromosomes.
GA2. Use the fitness function to select the fitter chromosomes.
GA3. Apply the crossover and mutation operators in order.
GA4. If a stopping criterion is satisfied, then stop and output the best

chromosome.
GA5. Go to step 2.

Algorithm 1: Outline of traditional genetic algorithm (GA).

In the research [29] on fastHGA (FHGA),Misevicius
[29] points out that the design of FHGA should satisfy
the following principles: (1) FHGA should arrive at
the solutions quickly; (2) the populations should be
compact to save the computation time; and (3) the
diversity of the populations has to be maintained
to avoid falling into the local minimum at early
generations in the evolution process.

(3) Another way to reduce the computation time is
to radically change the evolutionary procedure or
the design of GA. Michalski [30] presents a non-
Darwinian-type evolution called learnable evolution
model (LEM) that divides the whole population into
two groups: high-performance group (H-group) and
low-performance group (L-group). LEM first finds
descriptions about why the H-group can obtain a
better result and why the L-group may degrade the
quality of the end result.Then, it uses the descriptions
to generate chromosomes to replace those in L-group.
Michalski also points out that LEM can speed up
the number of evolutionary steps by a factor of two
or more. Yet, when this kind of fast convergence
methods [30, 31] of GA is used, it should be very
careful about the convergence speed, or it may face
the premature convergence problem. One possible
solution to this problem is to use the fitness sharing
[32] to avoid the diversity of the population being cut
down too early.

The improvements that the abovementioned methods
can achieve are limited intrinsically by the operators of GA.
For example, the crossover and other genetic operators may
disrupt the high quality subsolutions (building blocks, or BBs
for short) that are found in the previous generations [33].
As a result, the convergence time of GA may increase [34].
Over the past two decades or so, various competent genetic
algorithms (competentGAs) [33, 35–37] have been developed
to tackle the linkage and scalability problem of GA.They can
be broadly divided into two classes [36]. Also referred to as
the perturbation technology, the first class is based on evolv-
ing the representation of solutions or adapting recombination
operators among individual solutions. Among this class are
the messy genetic algorithm, fast messy genetic algorithm
(fmGA) [33, 38], and ordering messy GA (OmeGA) [36].
The fmGA differs from simple GA in several aspects. (1)
Each gene of the fmGA is represented by its value and
locus. (2) The fmGA uses variable-length chromosomes to
represent the population. (3) The fmGA attempts to find

the building blocks by repeatedly performing selection of
solutions and random deletion of genes [36]. (4) A so-called
competitive template is required to fill up the missing genes of
underspecified messy chromosomes so that the fitness values
can be evaluated.

3. The Proposed Algorithm

In this section, we present a simple but efficient technique
for eliminating the redundant computations of GA and GA-
based algorithms based on the notion of pattern reduction.
Algorithm 2 gives an outline of the pattern reduction
enhanced genetic algorithm (PREGA). As Algorithm 2
shows, PREGA is built on the framework of GA; thus, it can
be considered as an enhancement ofGAwith two operators—
the common genes detection (CGD) and common genes
compression (CGC) operators. If we disregard steps 3 and
4, PREGA given in Algorithm 2 will fall back into GA, as
shown in Algorithm 1. The underlying idea of PREGA is to
detect and compress genes common to all the chromosomes
at the early generations of a GA to eliminate the redundant
computations at the later iterations in the evolution process.
In what follows, we will give a detailed description of the
proposed algorithm.

3.1. Common Genes Detection (CGD). The common genes
detection operator of PREGA is responsible for detecting
genes that are common to all the individuals in the population
and thus are unlikely to be changed at later generations of the
GA. Nevertheless, for different problems, the representation
of chromosomesmay have to bemodified or even redesigned.
From a different point of view, the example given in Figure 1
can be considered as a special case in terms of the fact that all
the genes encode only two possible values 0 and 1 and all the
genes are uncorrelated. In some other situations, such as trav-
eling salesman problem, however, the solution of each gene
will certainly affect the other genes, and genes on the same
position of all the chromosomes do not necessarily represent
identical subsolutions. For the TSP, each chromosome can be
used to encode a different tour, that is, a different permutation
⟨𝑐
𝜋(1)
, 𝑐
𝜋(2)
, . . . , 𝑐

𝜋(𝑛)
⟩ of the given cities. In other words, for

all the chromosomes, 𝑖 ̸= 𝑗—for all 𝑖 and 𝑗, 1 ≤ 𝑖 ̸= 𝑗 ≤ 𝑚—
implies 𝐶

𝑖
̸=𝐶
𝑗
. Alternatively, each chromosome can be used

to encode edges (corresponding to roads connecting pairs of
cities) connecting pairs of cities of a tour.

In this paper, we use binary encoding for finding edges
common to all the chromosomes. First, let us suppose that
𝐸(𝑖, 𝑗) (here, we are assuming that node 𝑖, for all 𝑖, 1 ≤ 𝑖 ≤ 𝑚,
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PREGA1. Randomly generate an initial population of chromosomes.
PREGA2. Use the fitness function to select the fitter chromosomes.
PREGA3. Apply common genes detection (CGD) algorithm to find the common genes.
PREGA4. Apply common genes compression (CGC) algorithm to reserve the common genes.
PREGA5. Apply the crossover and mutation operators in order.
PREGA6. If a stopping criterion is satisfied, then stop and output the best chromosome.
PREGA7. Go to step 2.

Algorithm 2: Outline of pattern reduction enhanced genetic algorithm (PREGA).

in the graph𝐺 representing the TSP, is labeled by city 𝑐
𝑖
.Thus,

wewill use 𝑖 and 𝑐
𝑖
interchangeably) is the edge connecting the

pair of cities 𝑐
𝑖
and 𝑐
𝑗
. Without loss of generality, let us further

suppose that 𝑖 < 𝑗. Otherwise, we can swap 𝑐
𝑖
and 𝑐
𝑗
or 𝑖 and 𝑗,

since insofar as this paper is concerned, only the symmetric
TSP is considered. Then, all the𝑁 = 𝑛(𝑛 − 1)/2 edges 𝐸(𝑖, 𝑗),
1 ≤ 𝑖 < 𝑗 ≤ 𝑛, can be assigned unique numbers in the range of
0 to𝑁−1, which can be computed as (2𝑛−𝑖)(𝑖−1)/2+(𝑗−𝑖−1)
(it follows from (∑

𝑛−1

𝑘=𝑛−𝑖+1
𝑘) + (𝑗 − 𝑖 − 1) by simple algebraic

manipulation).
To make the idea more concrete, (2) gives an example to

show how all the 7(7 − 1)/2 = 21 edges 𝐸(𝑖, 𝑗), 1 ≤ 𝑖 < 𝑗 ≤ 7,
are assigned unique numbers in the range of 0 to 20;
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As the example shows, 𝐸(1, 2) is assigned the number 0,
𝐸(1, 3) the number 1, 𝐸(1, 4) the number 2, and so on all
the way up until 𝐸(6, 7) is assigned the number 20. In other
words, all the 𝑛(𝑛 − 1)/2 edges can be mapped to a one-
dimensional array with exactly 𝑛(𝑛 − 1)/2 elements. This
would save a little bit more than half of the space or more
precisely 𝑛(𝑛 + 1)/2 entries. Now, to find edges common to
all the chromosomes, we apply the common genes detection
algorithm given in Algorithm 3.

Obviously, as Algorithm 3 shows, steps 1 and 3 take𝑂(𝑛2)
time, and step 2 takes𝑂(𝑚𝑛) = 𝑂(𝑛) time assuming that𝑚 is
a constant. Thus, both the time and space complexities of the
CGD algorithm are𝑂(𝑛2), as claimed. It is worth mentioning
that the CGD algorithm described in Algorithm 3 can be
made even more efficient if we keep track of in a stack or
an array (of size no more than 𝑛) the edges common to all
the chromosomes in step 2 when the last chromosome is
being scanned; then step 3 can be eliminated altogether. If
we go one step further, eventually, the CGD algorithm can
be made much more efficient and scalable than as outlined
in Algorithm 3 by using a more complicated data structure
such as balanced trees (the basic operations of which—such
as member, insert, and delete—take 𝑂(log 𝑛) time where

𝑛 is the number of nodes in the tree). Again, assuming that
𝑚 is a constant and that a balanced tree is used, the time
complexity of the CGD algorithm can be cut from 𝑂(𝑛

2
)

down to𝑂(𝑚𝑛 log𝑚𝑛) = 𝑂(𝑛 log 𝑛) and the space complexity
from 𝑂(𝑛

2
) down to 𝑂(𝑚𝑛) = 𝑂(𝑛), as claimed. As the

number of generations increases, the number of cities 𝑛 will
be quickly decreased. This implies that the CGD operator is
in general much faster than specified by the above bounds,
which will in turn enhance the performance of the CGC
operator to be discussed next.

3.2. CommonGenes Compression (CGC). Thecommon genes
compression operator of PREGA is responsible for compress-
ing and removing the common genes detected by CGD. As
outlined in Algorithm 4, the CGC algorithm will first com-
press the common genes detected by CGD—by choosing a
representative for and saving away the information associated
with all or each segment of the common genes depending
on the applications—and then remove the common genes
compressed so that later generations of the GA will only see
the chosen representatives. A less number of genes are used
to represent the common genes each of which represents a
segment of the common genes. For instance, using TSP as an
example and assuming that the common genes detected 𝑐

3
,

𝑐
4
, and 𝑐

5
form a segment of the path, then these genes—and

the information associated with them such as the segment
of the path they form as well as the length and direction of
the segment—can be compressed, that is, represented by a
single composite gene, say, 𝑐

3
. Once this is done, GA will see

only the gene 𝑐
3
at later generations during its convergence

process. In other words, each detected segment of the path
can be represented by a single composite gene, which is
independent of the number of cities of which each segment of
the path is composed. Moreover, all the composite genes can
be compressed again as the other “noncomposite” genes. It is
worthmentioning that we have to take into consideration the
relationships between subsolutions to see if they are depen-
dent or independent before they are compressed. If they are
independent, all the common genes can be compressed into
a single gene. Otherwise, how they are compressed depends
on the problem in question and the way the solutions are
encoded.

3.3. An Example. In this section, we present a simple example
to illustrate exactly how PREGA works for the TSP. As
Figure 2 shows, the very first step of PREGA is exactly the
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CGD1. Initialize the values of all the array elements to 0.
CGD2. For each chromosome, we scan from left to right all the edges

encoded within it, calculate the index for each edge scanned, and
increment the value of the corresponding array element by one.

CGD3. The result array is scanned from left to right looking for all the
elements whose values are equal to𝑚. Edges corresponding to
indices to these array elements are common to all the chromosomes.

Algorithm 3: Outline of common genes detection algorithm.

CGC1. Compress the common genes detected by CGD—by choosing a
representative for, and saving away the information associated with,
each segment of the common genes.

CGC2. Remove the common genes compressed in step 1 so that the later
generations of the GA will only see the representatives chosen in step 1.

Algorithm 4: Outline of common genes compression algorithm.
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Figure 2: A simple example illustrating how PREGA works. See the text for more detailed explanation.
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same as that of GA and is to randomly generate a population
of chromosomes. For the purpose of illustration, a population
of two chromosomes is generated in this case, and each gene is
randomly assigned a distinct city number.Then, the selection
operator is applied to select the “good” chromosomes in terms
of the fitness value 𝑓

𝑖
of each chromosome. Then, the CGD

and CGC operators, as described in Section 3, are applied for
the detection and compression of the genes.

As Figure 2 shows, PREGA differs from GA by adding
the CGD and CGC operators as described in Section 3 to
eliminate the redundant computations encountered by GA.
By doing this, the performance of GA can be significantly
enhanced. The example given in Figure 2 shows that the
common genes indicated by 𝑝

1
, 𝑝
2
, and 𝑝

3
are first detected

by the CGD operator of PREGA and then compressed by
the CGC operator of PREGA, which is denoted by 𝑝. In
other words, after compression, we can choose either one of
the three common genes 3, 4, and 5 as the representative to
indicate the segment compressed. In this case, we choose 3. To
avoid confusion, we use 3 instead of 3 in Figure 2. After that,
the crossover andmutation operators as well as the evaluation
of the fitness function will treat each compressed segment as
a single pattern until the terminal condition is met. Note that
if the genes detected are consecutive, they will be compressed
into a single gene. Otherwise, they will be compressed into as
few genes as needed; that is, they will be compressed segment
by segment.

4. Performance Evaluation

In this section, we evaluate the performance of the proposed
algorithm by using it to solve the traveling salesman problem.
The empirical analysis was conducted on an IBM X3400
machine with 2.0GHz Xeon CPU and 8GB of memory
using CentOS 5.0 running Linux 2.6.18. All the programs
are written in C++ and compiled using g++ (GNU C++
compiler). The benchmarks for the TSP are shown in Table 1.
Unless stated otherwise, all the simulations are carried out for
30 runs, with the population size fixed at 80, the crossover
probability at 0.5, the per-gene mutation probability at 0.01,
the number of generations at 100, and the tournament size at
3 (i.e., 1 out of 3). For all the simulations, PR is started at the
second generation.

To improve the quality of the end results of GA, PR, and
other evolutionary algorithms, we use several useful tech-
nologies to solve the TSP. The nearest-neighbor method [39]
is used in creating the initial solution for all the algorithms
involved in the simulation.The 2-opt mutation operator [40]
is employed as the local search method for fine-tuning the
quality of the end results. Unless stated otherwise, all the
simulations use HX as the crossover operator by default.

To simplify the discussion of the simulation results of TSP
in Tables 2, 3, and 4, we will use the following conventions.
Let TGA (traditional GA) [41], HeSEA (heterogeneous selec-
tion evolutionary algorithm) [42], SA (simulated annealing)
[10], UMDA (univariate marginal distribution algorithm)
[43], EHBSA (edge histogram based sampling) [44], ACS
(ant colony system) [45], DPSO (discrete particle swarm

Table 1: Data sets for TSP.

Data set Number of cities Optimum
ch130 130 6,110
ch150 150 6,528
d198 198 15,780
a280 280 2,579
pcb442 442 50,778
d493 493 35,002
u574 574 36,905
u724 724 41,910
pr1002 1,002 259,045
u1060 1,060 224,094
d1291 1,291 50,801
u1432 1,432 152,970
d1655 1,655 62,128
u2152 2,152 64,253
pr2392 2,392 378,032
pcb3038 3,038 137,694
fnl4461 4,461 182,566
usa13509 13,509 19,982,889

optimization) [46], and PREGA denote algorithms involved
in the simulation. Let 𝛽 ∈ {𝐷, 𝑇} denote either the traveling
distance (𝛽 = 𝐷) or the computation time (𝛽 = 𝑇). Let
Δ
𝛽
denote the enhancement of 𝛽

𝜙
with respect to 𝛽

𝜓
in

percentage. Δ
𝛽
is defined as follows:

Δ
𝛽
=
𝛽
𝜙
− 𝛽
𝜓

𝛽
𝜓

× 100%, (3)

where 𝛽 is either𝐷 or 𝑇 for the TSP, and the subscripts 𝜙 and
𝜓 are defined as follows.

(i) For Table 2, 𝜙 = PREGA(𝑥) implies 𝜓 = TGA(𝑥),
where 𝑥 denotes the crossover operators [47–49] in
use and is either partially matched crossover (PMX),
order crossover (OX), heuristic crossover (HX), or
edge-recombination crossover (ERX).

(ii) For Tables 3 and 4, 𝜓 = TGA, HeSEA, SA, UMDA,
EHBSA, ACS, or DPSO, and 𝜙 = PRE𝜓. Note that in
Table 3, to simplify the description, we use PRETGA
to indicate PREGA.

Note that for 𝛽 ∈ {𝐷, 𝑇}, the more negative the value of Δ
𝛽
,

the greater the enhancement.

4.1. Impact of Different Removal Strategies. To better under-
stand the impact of the removal bound on the performance
of PREGA, we tested several removal bounds—from 0% to
100% with an increment of 10%. 100% means that PREGA
may reduce all the genes of chromosomes in the convergence
process, whereas 0% means that no genes will be removed;
and thus PREGA falls back to GA.More precisely, to simplify
the implementation, what we have done is that, after step
2 but before step 3 as shown in Algorithm 2, we check to
see if the removal bound is exceeded. If it is exceeded, then
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Table 2: Simulation results of using different crossover operators.

Data set PREGA(PMX) PREGA(OX) PREGA(HX) PREGA(ERX)
Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

ch130 0.92 (1.49%) −80.00 0.85 (1.25%) −81.82 1.56 (1.51%) −87.50 1.95 (1.50%) −85.71
ch150 1.67 (0.62%) −84.62 1.53 (0.69%) −85.71 1.43 (0.59%) −90.00 1.31 (0.51%) −88.24
d198 0.80 (1.05%) −86.36 0.44 (1.46%) −86.96 0.42 (0.90%) −90.91 0.60 (0.81%) −89.29
a280 0.39 (1.73%) −86.36 0.09 (1.63%) −91.11 −0.71 (1.68%) −91.80 0.50 (1.37%) −90.38
pcb442 1.18 (0.66%) −90.18 0.55 (0.72%) −92.98 −2.59 (0.69%) −93.75 1.96 (0.99%) −91.2
d493 2.74 (4.39%) −81.76 −1.15 (1.04%) −92.62 −2.67 (2.00%) −92.55 1.16 (1.10%) −90.18
u574 −1.05 (0.80%) −91.17 −2.23 (0.59%) −95.10 −5.51 (0.84%) −94.66 0.95 (0.69%) −93.38
u724 −0.78 (0.75%) −87.41 −2.26 (0.64%) −95.02 −5.11 (2.39%) −94.58 1.22 (0.70%) −93.16
pr1002 −1.48 (0.58%) −91.94 −2.38 (0.65%) −95.77 −5.08 (2.79%) −94.84 0.81 (0.79%) −94.79
u1060 −1.14 (0.99%) −89.69 −2.87 (0.63%) −95.52 −3.69 (4.31%) −94.55 1.18 (0.98%) −94.10
d1291 0.17 (0.74%) −93.80 −0.10 (0.95%) −96.43 −3.38 (0.86%) −95.91 0.18 (1.04%) −95.93
u1432 3.53 (4.36%) −80.50 −3.68 (0.50%) −95.19 −2.76 (4.20%) −93.74 1.07 (1.00%) −93.36
d1655 −0.85 (1.75%) −91.79 −2.06 (1.10%) −96.32 −3.39 (2.57%) −95.47 0.98 (0.92%) −95.36
u2152 −0.77 (2.67%) −89.53 −2.05 (0.52%) −96.38 −3.00 (2.41%) −95.71 0.78 (0.52%) −95.69
Average 0.38 −87.51 −1.09 −92.64 −2.46 −93.28 1.05 −92.20

Data set PREGA(SBOX) PREGA(SJOX) PREGA(SB2OX) PREGA(SJ2OX)
Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

ch130 1.03 (1.51%) −92.65 0.93 (1.54%) −91.24 1.02 (1.45%) −91.11 1.37 (1.71%) −90.33
ch150 1.35 (0.58%) −92.60 1.58 (0.56%) −92.33 1.57 (0.55%) −92.66 1.41 (0.56%) −92.48
d198 0.55 (1.00%) −92.36 0.85 (0.92%) −91.81 0.67 (0.85%) −90.78 0.86 (0.82%) −90.17
a280 0.84 (1.25%) −92.10 1.55 (1.58%) −93.13 −0.11 (1.67%) −91.58 0.68 (1.50%) −91.98
pcb442 1.81 (0.94%) −93.48 1.50 (0.80%) −93.02 0.95 (0.89%) −93.02 0.80 (1.03%) −93.21
d493 1.07 (0.97%) −92.63 0.85 (1.07%) −92.98 0.16 (0.75%) −91.61 0.63 (0.82%) −90.77
u574 −0.13 (0.85%) −92.52 0.06 (0.90%) −93.07 −1.17 (0.64%) −92.28 −1.31 (0.80%) −92.45
u724 0.75 (0.79%) −93.78 0.11 (0.57%) −93.42 −0.85 (0.71%) −93.70 −1.00 (0.73%) −93.39
pr1002 −0.17 (0.50%) −94.06 −0.26 (0.64%) −93.64 −1.65 (0.69%) −94.17 −1.76 (0.74%) −93.85
u1060 −0.09 (0.63%) −93.35 0.09 (0.72%) −94.13 −1.39 (0.51%) −93.11 −2.05 (0.93%) −92.00
d1291 0.55 (1.08%) −93.49 0.48 (0.92%) −92.68 −0.22 (0.79%) −92.78 −0.19 (0.82%) −92.69
u1432 −0.20 (0.74%) −93.41 −0.11 (0.73%) −93.13 −2.08 (0.48%) −93.48 −2.18 (0.77%) −93.49
d1655 −0.22 (0.62%) −94.08 −0.55 (0.65%) −94.13 −1.60 (0.86%) −94.29 −1.02 (0.91%) −94.2
u2152 −0.18 (0.55%) −94.78 −0.26 (0.57%) −94.57 −0.38 (0.48%) −94.67 −0.66 (0.52%) −94.54
Average 0.50 −93.23 0.49 −93.09 −0.36 −92.80 −0.32 −92.54
𝑇: time in seconds; 𝑐V: coefficient of variation, which is defined to be 𝑐V = 𝜎/𝜇, where 𝜇 is either𝐷 or Δ𝐷.

steps 3 and 4 will be bypassed. Otherwise, all the common
genes detected at step 3 will be removed at step 4 even if it
will exceed the removal bound. In other words, we may end
up removing a few more genes than the removal bound says.

The experimental results showed that setting the removal
bound to 0% (GA) or 100% is better than the others. Although
setting the removal bound to 10%, 20%, and up to 90%
can also reduce the computation time, setting the removal
bound to 100% seems to give a good balance between the
computation time and the quality of the end results. It shows
that PREGA using 100% removal bound can obtain the best
results compared to the other removal bound settings, that is,
10%, 20%, and up to 90%.

A very interesting result to be paid particular attention
is that the end result of PREGA using 100% removal bound
is better than the others. This result shows that the quality of

the PREGA is not linearly proportional to the removal bound.
Themain reason for this phenomenon is that the local search
has to be split into two parts: one is for the common genes
and the other is for the noncommon genes. This is required
because the common genes have been compressed and thus
cannot be mixed up with the noncommon genes. Otherwise,
the common geneswill becomenoncommon genes.This situ-
ation eventually affects the ability of the local searchmethods.
In otherwords, with 100%and 0% removal bounds, the search
ability of the local search methods is maximized because
either all of the genes are either common or noncommon.
In the case of 10%, 20%, and up to 90%, however, all the
chromosomes are composed of two parts, thus limiting the
local search methods to find better subsolutions in a smaller
search space instead of the whole search space. This will
degrade the quality of the end results, causing the quality of
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Table 3: Simulation results of GA, HeSEA, LEM, and SA.

Data set PREGA PREHeSEA PRELEM PRESA
Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

a280 (𝑐V) −0.71 (1.68%) −91.84 0.22 (1.47%) −94.79 1.17 (1.90%) −95.92 −0.07 (1.48%) −57.62
𝑏
30

2,679.44 2,681.44 2,671.60 2,743.77
u574 (𝑐V) −5.51 (0.84%) −94.76 −5.88 (0.65%) −93.14 1.25 (0.83%) −95.92 0.02 (1.17%) −52.54
𝑏
30

38,837.70 39,211.40 39,156.40 39,448.30
u724 (𝑐V) −5.12 (2.39%) −94.61 −3.95 (0.77%) −93.75 1.04 (0.89%) −96.14 −0.27 (0.95%) −52.68
𝑏
30

44,399.10 44,347.70 44,388.70 45,044.90
u1060
(𝑐V)

−3.69 (4.31%) −94.55 −5.52 (2.28%) −93.97 0.85 (0.77%) −96.25 −0.29 (1.01%) −49.33

𝑏
30

241,758.00 238,428.00 237,896.00 238,928.00
u1432
(𝑐V)

−2.76 (4.20%) −93.76 −0.45 (3.80%) −93.78 1.27 (0.80%) −95.97 0.13 (0.75%) −53.26

𝑏
30

164,093.00 165,570.00 162,950.00 162,973.00
pr2392
(𝑐V)

−3.32 (3.34%) −95.06 −5.58 (2.43%) −95.89 0.14 (0.46%) −96.61 −0.25 (0.58%) −53.20

𝑏
30

405,470.00 405,612.00 407,597.00 419,796.00
pcb3038
(𝑐V)

−0.55 (4.64%) −94.72 −0.97 (4.22%) −95.34 0.40 (0.66%) −95.73 −0.05 (0.73%) −59.18

𝑏
30

148,567.00 148,293.00 148,353.00 152,449.00
fnl4461
(𝑐V)

−4.09 (4.52%) −95.32 −1.02 (3.06%) −95.58 0.00 (0.51%) −95.19 0.12 (0.36%) −61.21

𝑏
30

195,074.00 195,938.00 195,907.00 202,525.00
usa13509
(𝑐V)

−0.77 (5.23%) −92.18 6.09 (0.42%) −95.47 −0.17 (0.28%) −94.89 −1.41 (0.46%) −85.03

𝑏
30

21,500,000.00 23,700,000.00 21,900,000.00 22,600,000.00
Average −2.95 −94.09 −1.90 −94.63 0.66 −95.85 −0.23 −58.23
𝑇: time in seconds; 𝑏30: best solution in 30 runs; 𝑐V: coefficient of variation as defined in Table 2.

the end results of PREGA to be not linearly proportional to
the removal bound.

4.2. Impact ofDifferent Kind of CrossoverOperators. There are
several different crossover operators [48, 49] for the TSP, such
as PMX, OX, ERX, and HX. PMX is the most popular and
simplest crossover operator, but it lacks searching direction.
More recently, many researchers have focused their attention
on finding and keeping the building blocks to enhance the
performance of GA by either modifying or replacing the
operators of GA. In [50], Ruiz et al. designed new crossover
operators to identify and maintain the building blocks. In
this paper, we use the PMX, OX, HX, and ERX operators
to examine the search ability of PREGA when different
crossover methods are used. In addition, we have also tested
the crossover operators SBOX, SJOX, SB2OX, and SJ2OX
[50] to better understand the performance of PREGA with
other efficient crossover operators that are designed to avoid
disrupting the building blocks on the convergence process.
Note that, for the TSP in this paper, we use the 2-opt mutation
method for reversing two segments (the size of which must
be the same) of a tour encoded in a chromosome. For each
segment, the edges to the left and right of that segment (if we
consider a chromosome as a ring, then the last gene will be

next to the first gene or vice versa, and thus there is always a
gene to the left or right of a segment) will be replaced by two
new edges.

As Table 2 shows, for the TSP, PREGA can effectively
reduce the computation time from 80% up to 93.8% using
PMX, from 81.82% up to 96.43% using OX, from 87.50% up
to 95.91% using HX, from 85.71% up to 95.93% using ERX,
from 92.10% up to 94.78% using SBOX, from 91.24% up to
94.57% using SJOX, from 90.78% up to 94.67% using SB2OX,
and from 90.17% up to 94.54% using SJ2OX compared to
those of traditional GA and GA-based algorithms alone. The
simulation results further show that not only does PREGA
preserve the accuracy rate of the end results, but also it can
even give solutions that are better than those found by the
traditional GA and GA-based algorithms alone.

The amount of time that can be reduced and the end
results that can be improved depend, to a large extent, on
the size of the problem. Our simulation results indicate that
the larger the problem, the better the performance of the
proposed algorithm. Table 2 also shows that PREGA can even
improve the performance of most of the crossover operators,
including the crossover operator as complex as HX. This can
be easily justified by the following observation. The more
complex the crossover operators, the more the computation
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Table 4: Simulation results of UMDA, EHBSA, ACS, and DPSO.

Data set PREUMDA PREEHBSA PREACS PREDPSO
Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

Δ
𝐷

𝑐V Δ
𝑇

a280 (𝑐V) 6.73 (3.14%) −66.00 1.59 (1.85%) −69.82 −3.31 (1.24%) −22.14 −5.13 (2.56%) −75.00
𝑏
30

2,722.10 2,687.78 2,625.38 2,701.27
u574 (𝑐V) −4.52 (0.71%) −58.61 0.52 (0.80%) −67.46 0.64 (0.86%) −69.01 −7.85 (4.25%) −84.39
𝑏
30

39,013.00 39,392.90 38,299.70 39,031.40
u724 (𝑐V) −4.14 (0.67%) −59.47 0.39 (0.78%) −67.95 −0.85 (0.77%) −78.31 −4.20 (4.19%) −84.66
𝑏
30

44,419.90 44,347.50 42,805.40 44,854.00
u1060
(𝑐V)

−4.76 (0.70%) −73.35 −0.09 (0.76%) −74.11 1.46 (0.66%) −80.67 −1.35 (3.24%) −87.93

𝑏
30

239,226.00 238,155.00 234,396.00 242,863.00
u1432 (𝑐V) −2.93 (0.65%) −70.61 0.51 (0.67%) −73.32 0.29 (0.66%) −73.85 −0.11 (0.65%) −76.42
𝑏
30

163,520.00 163,504.00 161,204.00 183,637.00
pr2392
(𝑐V)

−3.51 (0.46%) −81.97 −0.90 (0.52%) −75.59 2.51 (0.79%) −89.26 −0.68 (0.42%) −91.16

𝑏
30

406,302.00 404,867.00 401,594.00 452,346.00
pcb3038
(𝑐V)

−3.36 (0.33%) −69.17 −0.86 (0.32%) −76.67 4.58 (0.57%) −91.07 −0.13 (0.55%) −86.84

𝑏
30

148,258.00 148,374.00 149,715.00 165,307.00
fnl4461
(𝑐V)

−3.60 (0.22%) −73.20 −1.46 (0.29%) −79.02 2.09 (0.63%) −92.30 −0.16 (0.38%) −86.35

𝑏
30

195,063.00 195,747.00 200,487.00 219,180.00
usa13509
(𝑐V)

−4.14 (0.27%) −70.52 −2.39 (0.26%) −73.01 1.16 (0.34%) −93.45 −0.49 (0.31%) −88.24

𝑏
30

21,479,200.00 21,531,300.00 22,584,600.00 24,222,100.00
Average −2.69 −69.21 0.3 −73.00 0.95 −76.67 −2.23 −84.55
𝑇: time in seconds; 𝑏30: best solution in 30 runs; 𝑐V: coefficient of variation as defined in Table 2.

time required per gene. If the chromosome length or the
number of genes can be reduced, it will in turn save the
overall computation time. The results in Table 2 show that
PREGA is robust even when combining with other efficient
crossover operators (e.g., SBOX and SJOX) that use a different
method to perform the crossover. Our experimental results
also showed that if the original GA or GA-based algorithms
do not give a solution that is close to the optimal, PREGA
will help arrive at better solution. For example, for the
benchmark u2152 using the HX crossover operator, the final
result is 73,339.08, which is worse than those using the other
crossover operators. PREGA(HX) can, however, save most of
the computation time and even improve the quality of the end
result by about 2.46%, compared to the others.

4.3. Comparison with Evolutionary-Based Algorithms.
Finally, for completeness, we compare the performance
of traditional GA [41], HeSEA [42], LEM [30], SA [10],
UMDA [43], EHBSA [44], ACS [45], and DPSO [46] by
applying PR to all of them. Tables 3 and 4 show that not
only can PR vastly reduce the computation time of these
algorithms, especially for very large data sets, but it can also
greatly reduce the computation time of evolutionary-based
algorithms that each iteration of which takes a great deal of
computation time. Note that the cunning length of EHBSA

is 1/3. The inertial weight 𝜔 of DPSO is 0.5, and the random
numbers for determining the influence of personal best and
global best 𝑟𝑐

1
and 𝑟𝑐

2
are, respectively, 0.3 and 0.7. For ACS,

the settings are based on those specified in [45]. That is, the
population size is 25; the importance of exploitation versus
exploration 𝑞

0
is 0.9; the importance of pheromone 𝛽 is 2.0;

𝜌 is 0.1; and the number of generations is 320.
The results in Table 3 show that because HeSEA takes

more computation time than GA per generation, the com-
putation time saved for HeSEA is more than for GA. For
instance, the simulation results of the largest benchmark
usa13509 show that using GA, the computation time is
reduced by a factor of 12.77, whereas using HeSEA, the
computation time is reduced by a factor of 22.07. In addi-
tion, the results of SA and PRESA highlight a different
concept of removing redundant patterns. Because SA is
a single-solution-based iterative algorithm, the procedures
CGD and CGC have to be modified accordingly. A very
simple approach is to remove patterns that are not changed
for, say, 1,000 iterations in succession. Furthermore, the
simulations of SA and PRESA are carried out for 30 runs,
with the initial temperature 1.0 and the change probability
𝑃(Δ𝐸) = exp(−Δ𝐸/𝑘

𝑏
𝑇), where𝑇 is the temperature and 𝑘

𝑏
is

Boltzmann’s constant [10].The results of Table 3 show that the
more the number of solutions (i.e., the larger the population
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size of the population-based approach is) is used in an
iteration, the better the end results is and the longer the
computation time is. The results of Table 3 further show
that the pattern reduction method can be applied to not
only the population-based but also the single-solution-based
algorithms where the former finds the common subsolutions
to be removed by spatial distribution while the latter finds the
common subsolutions to be removed by frequency.

The results in Table 4 show that not only can the proposed
algorithm reduce a great deal of the computation time of
other efficient evolutionary algorithms such as UMDA and
EHBSA, but it can also reduce the computation time of swarm
intelligence algorithms such as ACS andDPSOwhile limiting
the loss of the quality of the end result. In other words,
the results show that PR can cut down the computation
time of evolutionary algorithms, which are themselves either
faster or able to provide better results than GA. For instance,
even though UMDA, EHBSA, and DPSO are faster than
GA by about 44.45%, 29.94%, and 56.35%, respectively, for
usa13509, PR can further reduce the computation time of
UMDA from 58.61% up to 81.97%, the computation time
of EHBSA from 67.46% up to 79.02%, and the computation
time of DPSO from 75.00% up to 91.16%. The experimental
results show that the proposed algorithm can be used to
speed up the performance of all the abovementioned efficient
algorithms.

5. Analysis of PREGA

5.1. Diversity Analysis. Two of the most important issues
in using the pattern reduction method for enhancing the
performance of GA or GA-based algorithms are how to
ensure the pattern reduction method can effectively reduce
the computation time and how to maintain the diversity of
the population, that is, the quality of the end results. In this
paper, we will discuss the impact of the pattern reduction
method on the performance of GA or GA-based algorithms
based on three different measures: (1) the average number of
genes compressed, (2) the average quality of the end results,
and (3) the average size of the search space. In other words,
thesemeasures provide an indication of the search ability and
the speed of convergence of PREGA.

The search space or diversity of solutions can help
us understand whether or not an algorithm is capable of
avoiding falling into a local minimum at early generations in
the evolution process. In this paper, we use the outdegree of
cities as shown in Figure 3 to indicate the search ability of an
algorithm. In other words, the higher the outdegree of a city,
the higher the search ability. Now, by assuming that the cities
next to each other are represented as an adjacency matrix as
given in Figure 3(b), the average size of the search space at
generation 𝑡, denoted by 𝑆𝑡, is defined as

𝑆
𝑡

=
1

2𝑛

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝑒
𝑡

𝑖,𝑗
, (4)

where 𝑛 is the number of genes (cities) left in each chromo-
some and 𝑒𝑡

𝑖,𝑗
= 1 if there exists an edge between cities 𝑖 and

𝑗; otherwise, 𝑒𝑡
𝑖,𝑗
= 0. That is, (4) represents the average of the

outgoing paths of all the cities currently encoded in all the
chromosomes (i.e., not removed). For instance, as Figure 3
shows, sixteen edges exist in all the chromosomes encoding
six cities of TSP. The average size of the search space can
be computed as (1/(2 × 6)) × 16 = 1.33. This number can
help us measure the diversity of the search space of a genetic
algorithm at a particular generation.

Figure 4 compares the performance of GA and PREGA
for solving the TSP using the simulation result of the
benchmark pr1002 as an example. Figure 4(a) indicates that
PREGA can find and remove more common edges than GA,
and Figure 4(b) shows that PREGA can find better solutions
than GA before generation 542. Figure 4(c) shows that
PREGA can maintain more diversities than the others in the
early generations during its evolution process. These results
convey a very important message.That is, PREGAwould find
higher quality result with higher diversities (search space)
at the early generations during the convergence process. At
the later generations of PREGA, the diversity will become
small because it is converging to a stable solution or the
global optimum, but our simulation results show that even
in this case, PREGA can still reduce most of the redundant
computations.

For instance, as Figure 4(c) shows that at about gener-
ation 39, the curves of the average diversities of GA and
PREGA cross over. That is, the search diversity of PREGA
becomes smaller than that of GA at about generation 39,
and the gap between these two methods is widened as the
number of generations increases. It seems that the search
ability of PREGA becomes worse than that of GA. But the
result of Figure 4(b) shows that the search ability of PREGA
does not eventually decrease between generations 39 and 542.
More precisely, in terms of the distance, PREGA finds the
solution 277,508.5 at generation 133, even though PREGA is
unable to arrive at a better solution afterwards. GA, however,
requires about 542 generations to arrive at the same solution
277,508.5 as PREGA. In addition, the final result found by
GA is 277,079.43 at generation 914. Then, GA has a very
small probability to find a better solution because the search
diversity tends to be 1 at generation 916. Now, the most
important question is if most of the genes are compressed
by PREGA at generation 133 (Figure 4(a)) or later, then
will it prevent PREGA from finding better solutions at later
generations. According to our simulation results, if either the
population size or the problem size is increased, then not
all the genes will be removed at the early generations, so
the problem will not exist, and PREGA will still outperform
GA. Figure 4(b) also indicates that the quality of the final
results using GA and PREGA differs by no more than 0.15%
(((277, 508.5 − 277, 079.43)/277, 079.43) × 100 = 0.15).

Figure 4(d) gives another measure [42] that can help us
understand the performance of GA. The number of genes
that is optimal gives us a hint in understanding how fast
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Figure 3: (a) Graphs showing tours encoded in two chromosomes and the outdegree of each city. For instance, the outdegree of city 1 is
𝑑
1
= 3. (b) Same information given in (a) represented as an adjacency matrix which makes it easier to understand how the average size of the

search space is computed. The number 2 in the denominator in (4) indicates that the adjacency matrix is symmetric in this case.
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Figure 4: Example illustrating the performance of GA and PREGA for solving the benchmark pr1002.

the optimal solution can be reached by an algorithm. For
instance, let us suppose that the path Ψ = {Ψ

1
, Ψ
2
, . . . , Ψ

𝑛
},

whereΨ
𝑖
is the optimal subsolution of an optimal solution for

TSP. Now, by assuming that each chromosome is represented
as a ring and letting 𝑗 = (𝑖+1) mod 𝑛, the rate of edges that is

optimal in the best chromosome at generation 𝑡, denoted by
𝑂
𝑡, is defined as

𝑂
𝑡
=

𝑛

∑

𝑖=1

𝑜
𝑡

𝑖,𝑗
, (5)
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where 𝑛 is the number of genes (cities), and 𝑜𝑡
𝑖,𝑗
= 1 if there

exists an edge that is the optimal subsolution between the
pair of genes 𝑖 and 𝑗; otherwise, 𝑜𝑡

𝑖,𝑗
= 0. Figure 4(d) shows

the probability of edges that are optimal and may end up
being in the final solution usingGAandPREGA.As indicated
in Figure 4(d), PREGA has higher probabilities to find the
optimal subsolutions than GA. Also indicated in Figure 4(d)
is that even though the average diversity of GA and PREGA
crosses over at about generation 513, the final results of GA
and PREGA are very similar. More precisely, the difference is
about 0.86 optimal edges with a problem of size 1,002.

In summary, the down side of PREGA is that it may
quickly converge to a suboptimal solution, but the up side
is that the quality of the end result is very close to that of
GA. For both GA and PREGA, the number of generations
required for the diversity to converge to 1 is in general
unpredictable. Using the benchmark pr1002 as an example,
if the number of generations performed is 100, PREGA can
not only reduce the computation time by about 94.84%, but
it can also even enhance the quality of the end result by about
5.08%. However, the average diversities of GA and PREGA at
generation 100 are both greater than 1, which indicates that if
we let them run longer, theymay be able to find a solution that
is better than the current one. More precisely, as Figure 4(c)
indicates, the average diversity of GA is about 1.4, and the
average diversity of PREGA is about 3. Thus, to see what
might happen to both GA and PREGA when the diversity
approaches 1, the pr1002 benchmark is carried out again for
30 runs and 1,000 generations each run. In average, PREGA
takes 0.86 s per run, and GA takes 102.54 s per run. PREGA
reduces the computation time by about 99.16% (((0.86 −
102.54)/102.54) × 100 = −99.16) or by a factor of 119.23
compared to GA, and the quality of the end results is very
close to each other. In other words, for a large problem, the
number of generations required by GA to converge to even a
suboptimal solution could be large and is unpredictable. On
the other hand, PREGA can quickly provide a solution the
quality of which is very close to that of GA even if the size of
the problem is large.

5.2. Time Complexity of PREGA. The time complexity of
genetic algorithm is a very important issue, and it has
attracted much attention of many researches [51–53]. In [51],
Ambati et al. used information exchange probability, repro-
duction time, and fitness computation time for estimating
the time complexity of GA. According to the results of [51],
Ambati et al. presented a GA-based algorithm for solving the
TSP, the expected running time of which is𝑂(𝑛 log 𝑛), where
𝑛 is the number of cities. This is due to the fact that their
simulations indicate that “good” solutions can be obtained by
GA in𝑂(log 𝑛) generations, even if the size of the TSP is large.
In another research [53], Tseng andYang showed that the time
complexity of GA is 𝑂(ℓ𝑚𝑛2) for data clustering problem,
where ℓ is the number of generations,𝑚 the population size,
and 𝑛 the number of patterns.

In this paper, we assume that the time complexity of the
traditional genetic algorithm is (𝑛𝑚ℓ), where 𝑛 is the number
of genes, 𝑚 the number of chromosomes, and ℓ the number

of generations. This can be easily justified by the following
analysis on the time complexity of the fitness function,
selection, crossover, and mutation operators used by the
traditional genetic algorithm as far as certain conditions are
met. For instance, suppose that tournament selection is used
as the selection operator, and its size is 𝑘 (a constant that
is far less than 𝑚). Let us further suppose that one point
crossover with probability 𝑝

𝑐
and one point mutation with

each gene having probability 𝑝
𝑚
which are mutated are used

where 𝑝
𝑐
and 𝑝

𝑚
are less than 1. The selection operator takes

𝑘𝑚 time at each iteration, because GA needs to randomly
select 𝑘 chromosomes from a set of 𝑚 chromosomes to find
the best one and performs this procedure 𝑚 times. The one
point crossover will exchange the information about 𝑝

𝑐
𝑚𝑛

time, and the mutation operator will take about 𝑝
𝑚
𝑚𝑛 time,

and the fitness function takes𝑚𝑛 time.Theoverall complexity
of the traditional genetic algorithm is thus 𝑂(𝑛𝑚ℓ) (e.g., 𝑘,
𝑝
𝑐
, and 𝑝

𝑚
are parameters (constants) that you choose before

a simulation is carried out, and all the simulation results
given in Section 4 have 𝑘 = 3 (≪𝑚 = 80), 𝑝

𝑐
= 0.5

(<1), and 𝑝
𝑚
= 0.01 (≪1)) where 𝑚 and 𝑛 are as defined

above, ℓ is the number of generations required to converge,
and the assumption that all the operators do not take more
than 𝑛 or 𝑚 time holds. Otherwise, the time complexity
could be 𝑂(𝑛2𝑚ℓ) or 𝑂(𝑛𝑚2ℓ). In the ideal case, the pattern
reduction algorithm can reduce the time complexity of GA
from 𝑂(𝑛𝑚ℓ) to 𝑂(𝑛𝑚). This can be easily proved by letting
Δ (0 < Δ < 1) be a constant indicating the percentage
of patterns retained at each iteration. In other words, 1 − Δ
is the percentage of genes removed at each iteration in all
chromosomes. Then,

ℓ−1

∑

𝑖=0

Δ
𝑖
𝑛𝑚 = 𝑛𝑚

ℓ−1

∑

𝑖=0

Δ
𝑖

≤ 𝑛𝑚

∞

∑

𝑖=0

Δ
𝑖

= 𝑛𝑚
1

1 − Δ

= 𝑂 (𝑛𝑚) .

(6)

In summary, the time complexity of PREGA is bound
from above by 𝑂(𝑛𝑚ℓ) and from below by 𝑂(𝑛𝑚). In the
best case, when the PREGA algorithm is started at the very
first iteration and the removal bound is set to 100%, the time
complexity will be𝑂(𝑛𝑚). In theworst case, if PREGA cannot
detect any common genes to be removed, then PREGA will
fall back to GA, and the time complexity will be 𝑂(𝑛𝑚ℓ).
In other words, the time complexity of PREGA depends on
(1) the iteration at which PREGA starts, (2) the number
of patterns removed at each iteration, and (3) the removal
bound, which is defined to be “up to 𝑥%of the genes detected
can be removed,” though in practice, a little bit more than
the removal bound of genes can be removed to simplify the
implementation (more details can be found in Section 4.1).
Our simulation results showed that PREGA can reduce the
computation time of GA from about 80% to 95.32% when
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the removal bound is set to 100% for complex data sets. The
results further showed that if the number of generations of
GA is set to an even larger value, we can reduce the time
complexity of GA to approach that of the ideal case, that is,
𝑂(𝑛𝑚).

6. Conclusion

This paper presents a novel technique for reducing the
computation time of GA or GA-based algorithms based on
the notion of pattern reduction. To evaluate the performance
of the proposed algorithm, we use it to solve the traveling
salesman problem, the benchmarks of which range in size
from 130 to 13,509 cities. All our simulation results showed
that the proposed algorithm can effectively cut down the
computation time of GA and its variants, especially in
cases where the data sets are large. Our simulation results
further showed that the proposed algorithm can significantly
reduce the computation time of the state-of-the-art heuristic
algorithms we compared in the paper, such as ACO and PSO,
even though these algorithms themselves are very efficient
in solving the combinatorial optimization problems. In the
future, our focus will be on enhancing the performance of
the proposed algorithm and widening the domains of its
application.
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In consideration of capacity constraints, fuzzy defect ratio, and fuzzy transport loss ratio, this paper attempted to establish
an optimized decision model for production planning and distribution of a multiphase, multiproduct reverse supply chain,
which addresses defects returned to original manufacturers, and in addition, develops hybrid algorithms such as Particle
Swarm Optimization-Genetic Algorithm (PSO-GA), Genetic Algorithm-Simulated Annealing (GA-SA), and Particle Swarm
Optimization-SimulatedAnnealing (PSO-SA) for solving the optimizedmodel. During a case study of amulti-phase,multi-product
reverse supply chain network, this paper explained the suitability of the optimized decision model and the applicability of the
algorithms. Finally, the hybrid algorithms showed excellent solving capability when compared with original GA and PSOmethods.

1. Introduction

Many scholars have been devoted to the study of positive
supply chains, for instance [1–5], however, the reverse supply
chain has seldom been involved. Dowlatshahi [6] pointed
out that reserve logistics, which is a new concept in logistics
and supply chainmanagement, offer efficient reverse logistics
management that could improve the competitive power of
the enterprises, especially when they face fierce competition
with low-margin profits. Notwithstanding price and quality
as important, influential marketing factors within a complex
product path, business operations should focus on how
to offer improved after-sale services to customer. Setting
its target on household appliances and computers in 3C
(Computers, Communications, Consumer Electronics).

Shih [7] discussed the reverse logistics system for end-
of-life of products, viewing reverse logistics systems as a
crucial element of future business operations; more efforts
should be made in reutilization, rework, and recycling at
end-of-life [8]; reverse logistics is a process of recycling
and refabricating materials [9]; reverse logistics is helpful
to protect environments and reduce waste of resources,

thus providing an opportunity for the reutilization of prod-
ucts. Ko and Evans [10] proposed a positive and a reverse
supply chain network, based on a third party’s logistics,
and constructed a mixed-integer nonlinear planning model
of a dynamic integrated distribution network, taking into
account a two-echelon supply chain network and capacity
constraints, underlining the significance of returning the
defective products to the suppliers’ partners. In addition, the
defect ratios and transport loss ratios are fuzzy values in the
real-world supply chain environments. Fuzzy defect ratios
and fuzzy transport loss ratios, thus, are included in this
reverse model for meeting actual conditions.

Thus, this paper focuses on the reverse supply chain and
constructs an optimized decision model for the selection of
supply chain partners as well as determination of production
and distribution quantities. Multiechelon logistics issues
could be regarded as a Knapsack of a multiple selection
portfolio, and resource distribution as a NP-hard issue [11];
however, the reverse supply chain is more complex in this
paper, with production defect ratios, transport loss ratios, and
designated reprocessing are considered.
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GAs have beenwidely used in solving real-world complex
optimization problems [12–16] and Min et al. [17], Sha and
Che [18], Tsai [19], Ko and Evans [10], Min et al. [20],
Che and Chiang [21], and Che and Chiang [22] applied
GA to solve the planning issues of a supply chain network.
Moreover, PSOs also have been widely employed for solving
optimization problems in different fields and some heuristic
algorithms with similar concept of PSO are developed [23–
30]. Yin and Wang [31], Yu and Fang [32], Chen et al.
[33], Che and Cui [34], and Che [35] employed a PSO to
optimize a resource distribution system with satisfactory
results. Yet, no research efforts were made with respect to
the planning of a reverse supply chain with GA and PSO.
For this reason, these two heuristic algorithms were used to
solve the reverse supply chain in this paper, along with other
three hybrid algorithms: PSO-GA, PSO-SA, and GA-SA.The
solving capability of these five algorithms was compared, and
the optimum one was selected as a reference for decision-
making.

2. Fuzzy Theory

Fuzzy theory, first proposed by Zaden in 1965 as an extension
of a general set, is a numerical control methodology for
imitating human thought and addressing the inaccuracy of
all physical systems. According to FuzzyTheory, the thought
logic of human begins as fuzzy and is intended for judgment,
even if conditions and data are uncertain, while modern
computers feature bipolar logic, that is 0 or 1, different
from the logic of humans. However, fuzzy logic theory can
represent the degree of fuzzy concepts with values between 0
and 1, namely, “membership function.”

Karkowski [36] indicated that triangular is the most
commonmembership function in solving possibilistic math-
ematical programming problems among the various types of
membership function. Other related studies concerning the
use of triangular fuzzy numbers for decision making prob-
lems are [37–40]. Hence, in this paper, the defect ratios and
transport loss ratios are denoted by triangular fuzzy numbers.
The triangular fuzzy numbers are not compulsory, if other
types of fuzzy numbers are more applicable, they can be
used.

The triangular fuzzy number can be represented as
𝑓 = (𝑓

𝑙
, 𝑓
𝑚
, 𝑓
𝑢
), where 𝑓

𝑙
, 𝑓
𝑚
, and 𝑓

𝑢
are lower bound,

mode, and upper bound values, respectively. Figure 1 shows
the triangular possibility distribution of fuzzy number
𝑓.

In addition, it is essential for practical applications that a
fuzzy number should be transformed to a numerical value.
The transform process is called “defuzzification.” Associated
ordinary number (AON) is a simple method in defuzzifi-
cation and many researches have employed it directly and
effectively [41–43]. In this paper, hence, the AON is used to
find the crisp value for defect and transport loss ratios. The
AONmethod can be expressed as

AON (𝑓) =
𝑓
𝑙
+ 2𝑓
𝑚
+ 𝑓
𝑢

4
. (1)

U
(f

)

ffl fm fu

Figure 1: Membership functions of a triangular fuzzy number.

3. Problem Formulation and Solving

3.1. Description and Definition. This paper analyzed the
reverse distribution activities of defective products in a
complex supply chain network, and explored a method of
feeding these products back to the manufacturing partners,
with consideration of the capacity constraints of suppliers,
and the demands of multi-phase, multi-product production
and planning. Moreover, the partners shall be selected based
on total objective functions (minimized production, trans-
port, inspection, rework costs, and optimized production
quality), in addition, the fuzzified production defect ratio
and transport loss ratio are taken into account. Given the
fact of numerous suppliers in a supply chain network, with
different production characteristics and resource allocation
capabilities covering their capacity and yield, it is crucial to
select proper suppliers in a complex supply chain network.

Positive logistics are highlighted in a traditional supply
chain, but unavoidable defects arising from production or
transportation processes are overlooked. In practice, the
defective products must be returned to the manufacturers.
Relevant original data in this paper were subjected to 𝑇-
treatment for data integration [44–46]. Equation (2) is a
𝑇-treatment formula (𝑋: variable, 𝑋: average, SD: standard
deviation).

𝑇 =
𝑋 − 𝑋

SD/10
+ 50. (2)

3.2. Mathematical Model for Multiphase and Multiproduct
Reverse Supply Chain. Themathematical symbols of a reverse
supply chain one listed in the Symbols ofMathematicalModel
section.

The mathematical model of a multi-phase plan of a
reverse supply chain is detailed as follows:

Minimize [

[

𝑃

∑

𝑝=1
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∑

𝑖=1

𝐽𝑖

∑
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𝑝
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)
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for 𝑝 = 0; 𝑖 = 1, 2, . . . , 𝐼;

𝑗 = 1, 2, 3, . . . , 𝐽; 𝑘 = 1, 2, 3, . . . , 𝐾.

(12)

Equation (3) shows objective functions involved in mini-
mizing production costs, transport costs, rework costs, check
costs, and quality (quality level 1 is defined as optimum
quality, and 10 as worst quality); (4), (5), and (6) represent
quantity transported from the first-hierarchy partner to the
second-hierarchy partner, and finally to the partner of last
hierarchy, respectively, while the fuzzy transport loss ratio
and rework quantity of returned defective products are also
considered; (7) represents the rework quantity of defective
products to be returned to the partner of previous hierarchy;
(8) and (9) indicate that limited production quantities of
partners from first to last hierarchy shall meet customer
demands; (10) indicates that the limited transport quantity
will not be bigger than the maximum capacity, nor less than
the minimum capacity of the partner; (11) indicates that the
limited transport quantity must be an integer bigger than
zero; and (12) indicates that no defective product is produced
in the early phase of multi-product, multi-phase production
planning.
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3.3. Proposed Algorithms. In this paper, GA, PSO, PSO-GA,
GA-SA, and PSO-SA were applied to determine the best
approximate solution, with minimum objective functions, in
a reverse supply chain.

3.3.1. GA Solving Model

Step 1. Develop the structure of chromosome (Figure 2) and
the production and transport quantities were real-coded.
Eiben et al. [47] argued that real-coding could accelerate the
algorithm convergence and improve consistency. In Figure 2,
𝑃(1.1) → 𝑃(2.1) represents the transport path from the first
partner of the first hierarchy to the first partner of the second
hierarchy, Gene value is an integral number representing the
quantity of partner product transported on the distribution
path.

Step 2. Generate a random initial population according to
the final customer demands of the partners, restrict the
population for meeting the demand constraint (4)∼(12), and
then obtain the Fitness value by substituting the chromosome
into the objective formula (3).

Step 3. Use Roulette Wheel method to select the chromo-
somes. Calculate selection probability of every chromosome,
of which the chromosomes of better fitness function have a
higher probability.

Step 4. Randomly select two chromosomes from the popu-
lation for crossover, and generate random crossover points,
then exchange the genes of the chromosome, as shown in
Figure 3; if the crossover rate is 𝑥

𝑐
, the number of chromo-

somes is 𝑦
𝑐
, the crossover quantity is 𝑥

𝑐
× 𝑦
𝑐
= 𝑛
𝑐
; a better

efficiency could be achieved if crossover rate is 0.75∼0.95 [47].

Step 5. Randomly select a chromosome for mutation with its
position; if the mutation rate is 𝑥

𝑚
, and the number of genes

is 𝑦
𝑚
, the mutation number is 𝑥

𝑚
× 𝑦
𝑚
= 𝑛
𝑚
, as shown in

Figure 4; a higher mutation rate means a higher amplitude, a
mutation rate < 0.1 is a typical value [48].

Step 6. When the chromosomes of best offspring are superior
to those of worst population, this population will be replaced
as a new one.

Step 7. Repeat Steps 2 to 6 until the stop conditions are
satisfied.

3.3.2. PSO Solving Model

Step 1. Set the particle number, iteration number, maximum
speed, learning factor, and inertia weight.

Step 2. Randomly generate the initial speed and position of
every particle, with the range specified in the constraint (4)∼
(12).

Step 3. Substitute the particles of population into the objective
function equation (3) to obtain the Pbest of each particle and
the Gbest of the population.

Step 4. Update the speed and position of particles using
Inertia Weight Method [49]; as shown in (13), when 𝑤

ranges between 0.9 and 1.2, there is a higher opportunity to
determine a global optimal solution [50] as follows:

V𝑛
𝑖
= 𝑤V𝑐
𝑖
+ 𝑐
1
× rand () × (𝑠

𝑖
− 𝑠
𝑐

𝑖
) + 𝑐
2
× rand () × (𝑠

𝑖
− 𝑠
𝑐

𝑖
) ,

(13)

𝑠
𝑛

𝑖
= 𝑠
𝑐

𝑖
+ V𝑛
𝑖
, (14)

where V𝑐
𝑖
represents the speed when the particle position is

changed, V𝑛
𝑖
is the new speed of particle 𝑖, 𝑠𝑐

𝑖
is the current

position of particle, 𝑠
𝑖
is the memory value of the individual

best position of particle 𝑖, 𝑠
𝑖
is thememory value of the global

best position, 𝑠𝑛
𝑖
is the new position of particle 𝑖, 𝑤 is inertia

weight, rand() is a random variable between (0, 1), and 𝑐
1
and

𝑐
2
are learning factors.

Step 5. Substitute the updated particle position into the
constraint (4)∼(12); review if the updated position meets the
requirements of constraints; if any particle exceeds the range,
update again until all particles meet the requirements of
constraint (4)∼(12).

Step 6. Compare the particle’s objective function value with
updated particle position and its Pbest. If the objective
function value is superior to the Pbest, the Pbest of this
particle will be replaced by its objective function value with
updated particle position.

Step 7. Compare the Pbest and Gbest. If the best value of
particle is superior to Gbest, the Gbest will be replaced by the
best value of the particle.

Step 8. Repeat Steps 2 to 7 until meeting the stop conditions
or reaching the set iteration number.

3.3.3. PSO-GA Solving Model

Steps 1∼3. Perform Steps 1∼3 of PSO solving model.

Step 4. Perform Step 3 of GA solving model to select the
particle positions of better fitness functions stored in the
library.With this selectionmechanism, there is a higher prob-
ability that the particle position of better fitness functions
will become Gbest; another new Gbest could be obtained
through recombination, and the particles could be evaluated
and properly deleted, of which the worst individuals are
replaced by optimum individuals, after sequencing of fitness
functions.
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Figure 2: Structure of chromosome.
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Figure 3: Single-point crossover.

Step 5. Obtain a new group of good populations using the
selection mechanism, then perform Steps 1∼3 of PSO solving
model and obtain the new Pbest and Gbest.

Step 6. Perform Step 5 of GA solving model to randomly
select mutation particles for single-point mutation and gen-
erate a new population.

Step 7. Perform Steps 4∼7 of PSO solvingmodel to obtain the
new Pbest and Gbest of the new population.

Step 8. Repeat Steps 2 to 7 until stop conditions are met.

3.3.4. PSO-SA Solving Model

Steps 1∼6. Perform Steps 1∼6 of PSO solving model.

Step 7

Substep 7.1. Set start temperature (𝑇start), end temperature
(𝑇end), cooling rate (𝛼), and length of Markov Chain (𝑀).

Substep 7.2. Disturb the updated particle under current tem-
perature 𝑇, and generate a neighboring solution 𝑘.

Substep 7.3. Calculate the objective function, perform distur-
bance mechanism under current temperature to generate a
neighboring solution 𝑘, and then substitute it into the objec-
tive function equation (5), and calculate its fitness function
𝑓(𝑋) and the difference of the fitness function Δ𝑓(𝑛) =

𝑓(𝑋

)−𝑓(𝑋). Obtain initial solution𝑋, and through iteration

of random disturbances neighboring reasonable solutions,
obtain a new solution𝑋; every particle runs across the length
of Markov Chain𝑀 several times at start temperature 𝑇start;
a fitness is obtained every time (energy function Δ𝑓(𝑛)).

Substep 7.4. Judge if this neighboring solution is accepted
through probability function, using probability function
(15), as shown below, and then randomly generate random
number 𝑟 from 0 to 1 as follows:

𝑃 (𝑛) =
{

{

{

1, if Δ𝑓 (𝑛) ≤ 0,

exp(
−Δ𝑓 (𝑛)

𝑇
) , if Δ𝑓 (𝑛) > 0,

(15)
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Figure 4: Mutation.

Substep 7.5. Compare random number 𝑟 with probability
number 𝑃(𝑛); if 𝑟 ≤ 𝑃(𝑛), it will disturb the neighboring
solution 𝑘; replace the particle and its fitness function; if
𝑟 > 𝑃(𝑛), it will not replace the particle. A new disturbance
solution will generate if not accepted, until the termination of
set search times.

Substep 7.6. Repeat Substeps 7.2–7.5 through Markov Chain
(𝑀) until𝑀 times, and then perform the cooling steps, indi-
cating that a stable state is reached under this temperature.

Substep 7.7. Implement the cooling procedure at the set-
cooling rate of 𝛼 through a cooling mechanism 𝑇 = 𝑇 × 𝛼.

Substep 7.8. Judge if the cycling is finished through the set end
temperature 𝑇end, if 𝑇 ≤ 𝑇end, perform the next step; if 𝑇 >

𝑇end, repeat Substeps 7.2 to 7.7 until 𝑇 ≤ 𝑇end.

Step 8. Repeat Steps 2 to 7 until reaching the desired iteration
number.

3.3.5. GA-SA Solving Model

Steps 1∼5. Perform Steps 1 to 5 of GA solving model.

Step 6. Perform Substeps 7.1 to 7.8 of PSO-SA solving model.

Step 7. Generate new offspring through genetic evolution; if
optimumfitness function of offspring is superior to that of the
population will be replaced as a new one otherwise, maintain
the chromosomes of original population for next-generation
evolution.

Step 8. Repeat Steps 3 to 7 until the set stop conditions are
met.

4. Illustrative Example and Results Analysis

4.1. Case Description. In a complex supply chain network,
even a leading manufacturer cannot guarantee 100% yield
during the production process, or prevent any defect during
the transport process. However, the defect ratio and loss ratio
are not fixed; thus, fuzzy defect ratio and fuzzy transport loss
ratio are applied in this paper.

Based on a supply chain network of {4-4-3-3}, this
paper simulated rework activity of returned defective prod-
ucts through a multi-product, multi-phase production plan.
Assuming that the initial inventory is zero, the defective
products arising from the production process of upstream
manufacturers, and from the transport process, are returned
to original manufacturers for rework; the suppliers of 1st–
4th hierarchy have no fixed production defect ratio or
transport loss ratio, meanwhile the multi-product, multi-
phase production is planned into three phases, with defective
products only returned during the second phase. Moreover,
assuming that the production defect ratio and check costs
of the first-hierarchy suppliers are not considered, only the
defective products from the partners of 2nd to the 4th are
returned for rework; in addition, assume that the rework
process is the same as the production process, then the
rework costs and production costs are the same. According
to first-phase production planning, 𝑋 products for final
customer requirements amount to 400, 350, 450, and 𝑌

products amount to 250, 150, 200, and 𝑍 products amount
to 100, 200, and 250. Figure 5 depicts the framework of
a reverse supply chain and relevant parameters, including:
production costs (PrC), transport costs (TrC), check costs
(ChC), quality (𝑄), fuzzy defect ratio (FDR), fuzzy transport
loss ratio (FTR), and maximum and minimum capacity
(Max. CAP. andMin. CAP.). Since the production defect ratio
and transport loss ratio are fuzzy sets with triangular fuzzy
number, (1) is used for defuzzification. For partner 𝑃(2.1),
its fuzzy number of defect ratio is (0.6%, 2.2%, 3%), then its
FDR is 2% according to (1). For the conciseness of this paper,
the detail calculating processes of the production defect and
transport loss ratios for all partners and transport paths are
not presented, and their defuzzified values are shown in
Figure 5.

4.2. Experimental Results and Analysis. PSO, GA, PSO-GA,
GA-SA, and PSO-SAwere applied for solving the distribution
issues of a reverse supply chain network, the experimental
design was conducted under the parameters of solving
performance, of which every combination of parameters was
implemented 20 times to determine an optimal combination,
as listed in Table 1.

It is learnt from Table 1 that the optimal combination of
PSO parameters is particle number 10, generation number
1000, maximum speed 1.25, inertia weight 2.15, and learning
factor 2.05; the optimal combination of GA parameters is
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Table 1: Combination of experimental parameters.

PSO

Population size 10 10 10 10 20 20 20 20
Generations 500 500 1000 1000 500 500 1000 1000
Max velocity 0.95 1.25 0.95 1.25 0.95 1.25 0.95 1.25
Initial weight 1.25 2.15 1.25 2.15 1.25 2.15 1.25 2.15

𝑐
1
, 𝑐
2

2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05
Avg. fitness 24462289 24461153 24460103 24458116 24459087 24460841 24458923 24457531

Avg. execution time (sec.) 6.731 6.896 12.468 12.391 12.842 12.546 21.391 21.016
Avg. convergence time (sec.) 4.766 4.275 8.791 8.437 7.986 8.311 17.694 16.972

GA

Population size 5 5 5 5 10 10 10 10
Generations 500 500 1000 1000 500 500 1000 1000
Crossover rate 0.75 0.8 0.75 0.8 0.75 0.8 0.75 0.8
Mutation rate 0.08 0.07 0.08 0.07 0.08 0.07 0.08 0.07
Avg. fitness 24465387 24464085 24462752 24461924 24463297 24463159 244603191 24459450

Avg. execution time (sec.) 19.373 18.859 67.693 68.047 47.375 47.734 225.836 217.512
Avg. convergence time (sec.) 17.716 16.827 62.549 62.764 44.507 44.642 219.675 211.741

PSO-GA

Population size 10 10 10 10 20 20 20 20
Generations 500 500 1000 1000 500 500 1000 1000
Max velocity 0.95 1.25 0.95 1.25 0.95 1.25 0.95 1.25
Initial weight 1.25 2.15 1.25 2.15 1.25 2.15 1.25 2.15

𝑐
1
, 𝑐
2

2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05
Mutation rate 0.08 0.07 0.08 0.07 0.08 0.07 0.08 0.07
Avg. fitness 24790482 24692938 24662117 24579829 24507556 24453060 24697893 24662084

Avg. execution time (sec.) 6.758 6.579 11.864 12.714 12.898 12.685 23.257 22.934
Avg. convergence time (sec.) 3.147 3.038 5.342 6.182 6.379 5.824 12.681 12.507

GA-SA

Population size 5 5 5 5 10 10 10 10
Generations 500 500 1000 1000 500 500 1000 1000
Crossover rate 0.75 0.8 0.75 0.8 0.75 0.8 0.75 0.8
Mutation rate 0.08 0.07 0.08 0.07 0.08 0.07 0.08 0.07

Initial temperature 300 300 400 400 300 300 400 400
Markov Chain Length 50 50 100 100 50 50 100 100

Cooling rate 0.9 0.9 0.99 0.99 0.9 0.9 0.99 0.99
Final temperature 1 1 5 5 1 1 5 5

Avg. fitness 24459076 24458365 24458351 24458067 24457247 24456391 24457425 24457544
Avg. execution time (sec.) 27.477 26.041 81.462 79.039 68.671 66.993 279.145 274.338

Avg. convergence time (sec.) 22.374 20.768 74.744 73.412 63.467 62.522 265.074 263.862

PSO-SA

Population size 10 10 10 10 20 20 20 20
Generations 500 500 1000 1000 500 500 1000 1000
Max velocity 0.95 1.25 0.95 1.25 0.95 1.25 0.95 1.25
Initial weight 1.25 2.15 1.25 2.15 1.25 2.15 1.25 2.15

𝑐
1
, 𝑐
2

2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05
Initial temperature 300 300 400 400 300 300 400 400

Markov Chain Length 50 50 100 100 50 50 100 100
Cooling rate 0.9 0.9 0.99 0.99 0.9 0.9 0.99 0.99

Final temperature 1 1 5 5 1 1 5 5
Avg. fitness 24457588 24457887 24455842 24455147 24455895 24456068 24456457 24456778

Avg. execution time (sec.) 14.073 13.422 26.087 25.971 26.479 25.706 38.926 37.433
Avg. convergence time (sec.) 6.102 5.674 11.479 10.347 11.887 12.624 19.211 16.708
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Figure 5: {4-4-3-3} reverse supply chain network.

population number 10, generation number 1000, crossover
rate 0.8, and mutation rate 0.07; the optimal combination
of PSO-GA parameters is particle number 20, generation
number 500, maximum speed 1.25, inertia weight 2.15,
learning factor 2.05, and mutation rate 0.07; the optimal
combination of GA-SA parameters is: population number 10,
generation number 500, crossover rate 0.8,mutation rate 0.07,
start temperature 300, Markov Chain 50, cooling rate 0.9,

and end temperature 1; the optimal combination of PSO-SA
parameters is: particle number 10, generation number 1000,
maximum speed 1.25, inertia weight 2.15, learning factor 2.05,
start temperature 400, Markov Chain 100, cooling rate 0.99,
end temperature 5.

To compare the advantages and disadvantages of these
algorithms, ANOVA was used to judge if convergence value,
execution time, and convergence time differed considerably,
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Table 2: ANOVA verification of fitness values.

Hypothesize
H0:

Fitness
𝜇PSO = Fitness

𝜇GA = Fitness
𝜇PSO-GA = Fitness

𝜇GA-SA = Fitness
𝜇PSO-SA

H1: otherwise
Algorithm Numbers Sum Average Variance
PSO 30 734139577 24471319.23 1120394034
GA 30 734406462 24480215.4 910941494
PSO-GA 30 733498321 24449944.03 1372449396
GA-SA 30 733929774 24464325.8 752499584
PSO-SA 30 733666393 24455546.43 3467767352
Source SS Freedom MS 𝐹 𝑃 value Critical value
Intergroup 1.76𝐸 + 10 4 4389633912 2.87880644 0.02486 2.434065
Intragroup 2.21𝐸 + 11 145 1524810372
Sum 2.39𝐸 + 11 149

Result: reject H0

Table 3: ANOVA verification of execution time.

Hypothesize
H0:

ET
𝜇PSO = ET

𝜇GA = ET
𝜇PSO-GA = ET

𝜇GA-SA = ET
𝜇PSO-SA

H1: otherwise
Algorithm Numbers Sum Average Variance
PSO 30 372.022 12.40073 0.076341375
GA 30 6524.661 217.4887 0.165604217
PSO-GA 30 380.424 12.6808 0.076438303
GA-SA 30 2004.847 66.82823 0.187643495
PSO-SA 30 775.495 25.84983 0.192059868
Source SS Freedom MS 𝐹 𝑃 value Critical value
Intergroup 908155.7 4 227038.9 1626150.094 0.00000 2.434065
Intragroup 20.24453 145 0.139617
Sum 908176 149

Result: reject H0

Table 4: ANOVA verification of convergence time.

Hypothesize
H0:

CT
𝜇PSO = CT

𝜇GA = CT
𝜇PSO-GA = CT

𝜇GA-SA = CT
𝜇PSO-SA

H1: otherwise
Algorithm Numbers Sum Average Variance
PSO 30 246.605 8.220167 0.0913266
GA 30 6375.408 212.5136 0.7256669
PSO-GA 30 171.189 5.7063 0.014925
GA-SA 30 1863.747 62.1249 0.4336888
PSO-SA 30 326.895 10.8965 0.2385541
Source SS Freedom MS 𝐹 𝑃 value Critical value
Intergroup 939149 4 234787.2 780458.96 0.00000 2.434065
Intragroup 43.62068 145 0.300832
Sum 1.23𝐸 + 09 89

Result: reject H0
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Table 5: Multiple comparison on fitness value.
Fitness

𝜇PSO
Fitness

𝜇GA
Fitness

𝜇PSO-GA
Fitness

𝜇GA-SA
Fitness

𝜇GA (−, +)
Fitness

𝜇PSO-GA (+, +) (+, +)
Fitness

𝜇GA-SA (+, +) (+, +) (−, +)
Fitness

𝜇PSO-SA (+, +) (+, +) (−, +) (−, +)

Table 6: Multiple comparison on execution time.
ET
𝜇PSO

ET
𝜇GA

ET
𝜇PSO-GA

ET
𝜇GA-SA

ET
𝜇GA (−, −)

ET
𝜇PSO-GA (−, −) (+, +)

ET
𝜇GA-SA (−, −) (+, +) (−, −)

ET
𝜇PSO-SA (−, −) (+, +) (−, −) (+, +)

Table 7: Multiple comparison on convergence time.
CT
𝜇PSO

CT
𝜇GA

CT
𝜇PSO-GA

CT
𝜇GA-SA

CT
𝜇GA (−, −)

CT
𝜇PSO-GA (+, +) (+, +)

CT
𝜇GA-SA (−, −) (+, +) (−, −)

CT
𝜇PSO-SA (−, −) (+, +) (−, −) (+, +)

then the algorithms were compared using Scheffe’s multiple
comparison method [51]; one-way ANOVA was used to
check the difference of characteristics and variables [52];
Scheffe’s multiple comparison method was then used to
check the differences of the various groups, and whether the
differences reached a significant level. Tables 2, 3, and 4 list
the comparative check data of the five algorithms, which were
sourced from 30 occasions of independent calculations for
the optimal combination of parameters.

In Tables 2–4, the results of ANOVA verification are
shown that all H

0
are rejected (𝑃 value < 𝛼 = 0.05).

Then, the fitness value, execution time, and convergence time
of the algorithms were compared using Scheffe’s multiple
comparison method, with Scheffe’s equation as follows:

𝑥
𝑖
− 𝑥
𝑗
− √(𝑘 − 1) 𝐹𝛼(𝑘−1)(𝑛−𝑘)√MSE( 1

𝑛
𝑖

+
1

𝑛
𝑗

),

𝑥
𝑖
− 𝑥
𝑗
+ √(𝑘 − 1) 𝐹𝛼(𝑘−1)(𝑛−𝑘)√MSE( 1

𝑛
𝑖

+
1

𝑛
𝑗

),

(16)

where 𝑥
𝑖
, 𝑥
𝑗
are the mean values of algorithms compared, 𝑘 is

group freedom,𝐹
𝛼(𝑘−1)(𝑛−𝑘)

is critical value,MSE is intergroup
MS, 𝑛

𝑖
, 𝑛
𝑗
is number of samples.

Table 5 shows Fitness
𝜇PSO-GA =

Fitness
𝜇GA-SA =

Fitness
𝜇PSO-SA <

Fitness
𝜇PSO =

Fitness
𝜇GA; that is, PSO-

GA, GA-SA, and PSO-SA are all better than PSO and
GA, and there are no clear differences in the fitness
values of the three algorithms. The comparative result
of system execution time is shown in Table 6, and

ET
𝜇PSO <

ET
𝜇PSO-GA <

ET
𝜇PSO-SA <

ET
𝜇GA-SA <

ET
𝜇GA

is the PSO is superior to other solving models. The
convergence times of the algorithms are shown in Table 7,
and CT

𝜇PSO-GA <
CT
𝜇PSO <

CT
𝜇PSO-SA <

CT
𝜇GA-SA <

CT
𝜇GA

PSO-GA < PSO < PSO-SA < GA-SA < GA; that is, PSO-GA,
has faster convergence speed than PSO, PSO-SA, GA-SA,
and GA. The results show that PSO-GA performs better in
fitness value, execution time, and convergence time. Then,
the PSO-GA is employed to make the distribution plan of
three periods reverse supply chain and the results are shown
in Tables 8, 9, and 10.

5. Conclusions

This paper focused on analyzing the issues of returning
defective products to original manufacturers in a reverse
supply chain system. Fuzzy defect and fuzzy transport loss
ratios were considered, and an optimized mathematical
model was developed.This model combined cost and quality
withT-technology and described how to plan a reverse supply
chain on the precondition of meeting customer demands
and realizing the capacity of partners. To solve the problems
efficiently, three hybrid algorithms were applied to this
reverse model, including PSO-GA, PSO-SA, and GA-SA;
then, the performances of these algorithms were compared.
The experimental results show that if the fitness value,
execution time, and convergence time are considered, PSO-
GA has the minimal value, which means that PSO-GA has
the qualities and capabilities for dealing with the production
planning and distribution of a multi-phase, multi-product
reverse supply chain.
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Symbols of Mathematical Model

𝑛: Number of products, 𝑛 = 1, 2, 3, . . . , 𝑁

𝑁: Total number
𝑖: Hierarchy of supply chain, 𝑖 = 1, 2, 3, . . . , 𝐼

𝐼: Total number of hierarchy of supply chain
𝑝: Production phase, 𝑡 = 1, 2, 3, . . . , 𝑇

𝑃: Total production phase
𝐽
𝑖
: Serial number of partner of 𝑖th hierarchy

𝐾
𝑖
: Serial number of partner of 𝑖th hierarchy

designated to original manufacturer
ChC
(𝑖,𝑗)

: Check cost of 𝑗th partner of 𝑖th hierarchy
PrC
(𝑖,𝑗)

: Production cost of 𝑗th partner of 𝑖th
hierarchy

TrC
((𝑖,𝑗),(𝑖+1,𝑘))

: Transport cost from 𝑗th partner of 𝑖th
hierarchy to original (designated) partner
𝑘 of 𝑖 + 1 hierarchy

FTR
((𝑖,𝑗),(𝑖+1,𝑘))

: Fuzzy transport loss ratio from 𝑗th partner
of 𝑖th hierarchy to original (designated)
partner of 𝑖 + 1 hierarchy

FDR
(𝑖,𝑗)

: Fuzzy defect ratio of 𝑗th partner of 𝑖th
hierarchy

𝑋
𝑝

(𝑖,𝑗)
: Production quantity of 𝑗th partner of 𝑖th

hierarchy at phase 𝑝
𝑋
𝑃

((𝑖,𝑗),(𝑖+1,𝑘))

: Transport quantity from 𝑗th partner of 𝑖th
hierarchy at phase 𝑝 to original
(designated) partner of 𝑖 + 1 hierarchy

𝑅𝑋
𝑃−1

((𝑖+1,𝑘)(𝑖,𝑗))

: Quantity of defective products transported
from 𝑗th partner of 𝑖th hierarchy at phase
𝑝 − 1 back to original (designated) partner
of 𝑖 + 1 hierarchy

MaxCAP
(𝑖,𝑗)

: Maximum capacity of 𝑗th partner of 𝑖th
hierarchy

MinCAP
(𝑖,𝑗)

: Minimum capacity of 𝑗th partner of 𝑖th
hierarchy

𝑄
𝑝

(𝑖,𝑗)
: Quality level of 𝑗th partner of 𝑖th

hierarchy at phase 𝑝
ChC
(𝑖,𝑗)

: Check cost of 𝑗th partner of 𝑖th hierarchy
PrC
(𝑖,𝑗)

: Production cost of 𝑗th partner of 𝑖th
hierarchy

TrC
((𝑖,𝑗),(𝑖+1,𝑘))

: Transport cost from 𝑗th partner of 𝑖th
hierarchy to original (designated) partner
𝑘 of 𝑖 + 1 hierarchy

SD𝑄
(𝑖,𝑗)

: Standard deviation of quality of 𝑗th
partner of 𝑖th hierarchy

SDChC
(𝑖,𝑗)

: Standard deviation of check cost of 𝑗th
partner of 𝑖th hierarchy

SDPrC
(𝑖,𝑗)

: Standard deviation of production cost of
𝑗th partner of 𝑖th hierarchy

SDTrC
((𝑖,𝑗),(𝑖+1,𝑘))

: Standard deviation of transport cost from
𝑗th partner of 𝑖th hierarchy to original
(designated) partner 𝑘 of 𝑖 + 1 hierarchy

INT{}: Integer.
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The minimization of network coding resources, such as coding nodes and links, is a challenging task, not only because it is a
NP-hard problem, but also because the problem scale is huge; for example, networks in real world may have thousands or even
millions of nodes and links. Genetic algorithms (GAs) have a good potential of resolving NP-hard problems like the network
coding problem (NCP), but as a population-based algorithm, serious scalability and applicability problems are often confronted
when GAs are applied to large- or huge-scale systems. Inspired by the temporal receding horizon control in control engineering,
this paper proposes a novel spatial receding horizon control (SRHC) strategy as a network partitioning technology, and then designs
an efficient GA to tackle the NCP. Traditional network partitioning methods can be viewed as a special case of the proposed SRHC,
that is, one-step-wide SRHC, whilst the method in this paper is a generalized 𝑁-step-wide SRHC, which can make a better use
of global information of network topologies. Besides the SRHC strategy, some useful designs are also reported in this paper. The
advantages of the proposed SRHC and GA for the NCP are illustrated by extensive experiments, and they have a good potential of
being extended to other large-scale complex problems.

1. Introduction

Network coding may significantly improve network perfor-
mance in terms of network throughput [1, 2]. This advantage
of network coding is demonstrated in Figure 1(a), where node
1 is the source, nodes 6 and 7 are sinks, and the capacity of
every link is just 1 (in this paper, all links are of unit-capacity).
If the nodes in the network only forward and replicate the
data they receive, then it is easy to see that one sink can
only receive 1 unit of data at one time, although the other
sink may achieve a rate of 2. However, with network coding
allowed, node 4 in Figure 1(a) may combine data from its two
incoming links through the “+” operation, and then at both
sinks, a rate of 2 can be achieved by using the “−” operation
to decode data. Therefore, network coding increases the
total rate of information flow through the same network
from 3 to 4, which is obviously a significant improvement.
Although network coding is usually allowed at all nodes in
most relevant literature, an interesting observation is that a

given target rate can often be achieved by conducting network
coding at only a relatively small proportion of the nodes [2].
For instance, in the network given by Figure 1(b), network
coding at both node 4 and node 5 will make no difference
in terms of the achieved rate at the sinks. In other words,
network coding is not necessary in the network of Figure 1(b).
Therefore, a question is raised: at which nodes does network
coding need to be conducted, or how to make most of
network capacity at a minimal cost in terms of network
coding resources? To answer this question, a minimal set of
nodes needs to be found for coding, which has been proved
to be an NP-hard problem [3].

In this paper, the above problem of minimizing net-
work coding resources is referred to as the network coding
problem (NCP). To address this problem, researchers have
already attempted many different methods such as minimal
approaches [4, 5], linear programming methods [6], and
genetic algorithms (GAs) [2, 7–10]. These methods were
all reported to be effective to minimize network coding
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Figure 1: Basic idea of network coding.

resources. In particular, like in the applications tomany other
NP-hard problems, GAs as large-scale parallel stochastic
searching and optimization algorithms have demonstrated
good potential in resolving the NCP. However, the poor scal-
ability of these reportedmethods largely hampers their appli-
cations in the large-scaleNCP. For instance, the approaches in
both [4, 5] determined theminimal set of nodes for coding by
removing links in a greedy fashion.The optimal formulations
of the linear programming method in [6] involve a number
of variables and constraints that grows exponentially with
number of sinks. As a family member of population-based
algorithms, GAs are generally very expensive in terms of
memory demand and computational time in the case of large-
scale problems [11, 12]. To address the scalability problem,
decentralized and distributed versions of algorithms often
need to be developed, such as the GAs reported in [7, 9].

Before such decentralized and distributed algorithms can be
applied, a problem partitioning method has to be employed
in order to divide a large-scale network into some subgraphs
of manageable size. This paper attempts to shed a bit of more
light on how to design an effective scalable GA for the NCP.

In a conventional problem partitioning method (e.g.,
see [13, 14]), a large-scale problem is divided into some
separate subproblems. Then, each subproblem is resolved in
a rather isolated manner. After all subproblems have been
resolved independently, their subsolutions are integrated
together to form a complete solution to the original large-
scale problem. However, even though optimal subsolutions
to the subproblems can be found, the integrated complete
solution to the original large-scale problem is often not
optimal or even good. In other words, optimal subsolutions
to the subproblems are often not optimal at all from a global
point of view. A main cause of losing the global optimality is
the independent/isolated way of resolving each subproblem.
In this paper, inspired by the temporal receding horizon
control (TRHC) strategy in the area of control engineering
[15, 16], we propose a novel spatial receding horizon control
(SRHC) strategy to partition a large-scale problem. In the
SRHC problem partitioning method, a large-scale problem is
divided into many subproblems, which compose a problem
space; a spatial horizon is then defined which covers some
subproblems each time and will recede in the problem space.
The spatial horizon is composed of several spatial steps.
Each time the spatial horizon recedes by a spatial step. All
subproblems covered by a spatial horizonwill be optimized as
a whole, and only the subsolutions to the subproblems within
the first step of the spatial horizon will be saved and fixed,
whilst others will be discarded and then recalculated in the
next spatial horizon. With the SRHC strategy, a subproblem
will be optimized not in an independent/isolated manner,
but by making use of its neighboring information in the
problem space. Simply speaking, the conventional problem
partitioning strategy can be viewed as a one-step-wide SRHC,
whilst the new method proposed here is a generalized 𝑁-
step-wide SRHC. Obviously, by optimizing a subproblem
together with its neighboring sub-problems, it is likely to
improve the quality of the associated subsolution in terms
of global optimality. The solution quality may be further
improved by integrating a GA into the SRHC method by
setting up a solution pool for the subproblems in those
decided spatial steps.

Besides the novel SRHC strategy, this paper also inte-
grates some useful designs reported in [10]. There is a
common assumption in many studies on the NCP: the target
rate is always achievable if coding is allowed at all nodes. To
avoid this unrealistic assumption, a more general objective
function will be used, which aims not only to minimize
network coding resources, but also to maximize the actually
achieved rate at sinks. Regarding chromosome structure,
rather than the widely used binary matrix, an integer-based
permutation representation is adopted,which records relative
signals on links and is therefore free of feasibility problems.
The permutation representation also enables the derivation
of exact information flow on links, which makes it possible
to integrate many useful NCP-specific heuristic rules into the
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Start point End point

(a) Offline optimization: optimize the whole dynamic process based
on the predicted information in advance, and then the solution is
implemented no matter what happens

Start point End pointCurrent time k k + 1

(b) Conventional dynamic optimization: optimize over the period from
the current time 𝑘 to the end of the dynamic process, and then execute
the optimal subsolution over the period from 𝑘to 𝑘 + 1

Start point End pointCurrent time k k + 1 k + N
· · ·

(c) Temporal receding horizon control (TRHC): optimize over the
predictive horizon (from the current time 𝑘 to time 𝑘 + 𝑁), and then
execute the optimal subsolution over the period from 𝑘to 𝑘 + 1

Figure 2: Illustration of temporal receding horizon control
(TRHC).

algorithm, in order to significantly improve the overall quality
of chromosomes. The remainder of this paper will give the
details of the proposed SRHC based GA for the NCP.

2. Basic Idea of SRHC

2.1. Temporal Receding Horizon Control (TRHC) for Dynamic
Problems. First of all, a brief review on the conventional
receding horizon control (RHC) strategy in control engi-
neering will be very useful. To distinguish from the method
proposed in this paper, the conventional RHC in dynamic
control problems is hereafter referred to as temporal receding
horizon control (TRHC). TRHC, also known as model
predictive control, has proved to be a highly effective online
optimization strategy in the area of control engineering, and
it exhibits many advantages against other control strategies
[15, 16]. It is easy for TRHC to handle complex dynamic
systems with various constraints. It also naturally exhibits
promising robust performance against uncertainties since
the online updated information can be sufficiently used to
improve the decision. Simply speaking, TRHC is an 𝑁-step-
ahead online optimization strategy to deal with dynamic
problems. In this framework, decision is made by looking
ahead for 𝑁 steps in terms of a given cost/criterion, and
the decision is only implemented by one step. Then the
implementation result is checked, and a new decision is made
by taking updated information into account and looking
ahead for another 𝑁 steps.

Figure 2 illustrates the basic idea of TRHC by comparing
it with some other optimization strategies in an intuitive
way. Apparently the offline optimization strategy, as shown
in Figure 2(a), is not suitable for dynamic environments. The
conventional dynamic optimization, as shown in Figure 2(b),
is often criticized for its poor real-time properties and poor
performance under disturbances and/or uncertainties in
dynamic environments. As illustrated in Figure 2(c), thanks
to the idea of temporal receding horizon, the TRHC strategy
provides a possible solution to the problems confronted by

the conventional dynamic optimization strategy. A properly
chosen temporal receding horizon can effectively filter out
most unreliable information and reduce the scale of problem.
The latter is especially important for complex systems and
time-consuming algorithms to satisfy the time limit on the
online optimization process. TRHC has now been widely
accepted in the area of control engineering [15, 16]. Attention
has also been paid to applications of TRHC to areas like man-
agement and operations research [17–19]. Particularly, the
TRHC strategy has recently been reported to be successfully
integrated into population-based algorithms to tackle various
dynamic NP-hard optimization problems [20–22].

2.2. Spatial Receding Horizon Control (SRHC) for Static
Problems. Inspired by the fact that the success of the TRHC
strategy largely results fromdecomposing a complex dynamic
process into a serial of temporally associated subprocesses,
here we are thinking of how to extend the basic idea of
TRHC in order to decompose a large-scale static problem
into a serial of associated subproblems (please note that con-
ventional partitioning methods decompose a static problem
into a set of separated subproblems). Then in what terms
could subproblems be associated in static environments?
Basically, we need to create a problem-specific artificial space,
project into the space all parts that compose a solution to
the original static problem and then design a spatial horizon
which recedes in the space. As the spatial horizon recedes out,
the value/status of each part will be optimized along together
with all other parts that are within the current horizon scope.
Once the values/statuses of all parts are optimized, a final
solution to the original static problem is determined. Now,
one can see that subproblems will be spatially associated
in the artificial space. Therefore, hereafter, we call our new
strategy for decomposing static problems as spatial receding
horizon control (SRHC).

After an artificial space is designed and all parts that
compose a solution are projected into the space, it is crucial
to design a spatial horizon receding process to decompose
the original static problem into a serial of spatially associated
subproblems. A basic spatial horizon receding process can
be described as follows. Suppose a solution to a large-scale
static problem is composed of 𝑀 local parts. The SRHC
strategy makes use of spatial structure (where positions
indicate strength of influence between parts of a solution) to
move from purely local, part-by-part, optimization to using
information from the neighbouring, subglobal context. An
optimization algorithm is applied 𝑀 times to determine the
𝑀 parts in a solution. Starting with a specified part, the algo-
rithm calculates at each time step the 𝑁 new parts (usually
𝑁 ≪ 𝑀), which are the most associated with the decided
parts, (i.e., parts which have already been optimized in the
previous iterations). Although the algorithm will optimize 𝑁

parts each time, only the part that is the most associated with
the decided parts will be added to the list of decided parts.
The other 𝑁 − 1 parts will be discarded to be recalculated in
later iterations.The algorithm keeps running until all𝑀 parts
have been optimized. This leads to a general 𝑁-step-wide
static problem partitioningmethod, as illustrated in Figure 3.
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Decided parts

Parts outside the current spatial horizon

The part in the spatial horizon to be added to decided parts

Parts in the spatial horizon to be discarded

Subproblem 2

Subproblem 1

Subproblem 3

Subproblem 4

(a) Conventional problem partitioning strategy: A large-scale
problem is decomposed into several relatively small sub-prob-
lems, each sub-problem is resolved in an isolated/independent
manner, and then the solutions to all sub-problems are combined
together to generate a final solution to the original large-scale
problem

Status of spatial receding horizon at step k

Status of spatial receding horizon at step k + 1

Decided parts

Parts outside the current spatial horizon

The part in the spatial horizon to be added to decided parts

Parts in the spatial horizon to be discarded

(b) Spatial receding horizon control problem partitioning strat-
egy: A spatial horizon covers 𝑁 new parts around the decided
parts. The new parts in the horizon will be calculated in the
current run of optimization algorithm. Only the part which is the
most associated with the decided parts will be added to update
the decided parts, and the other (𝑁− 1) parts will be discarded.
The spatial horizon then recedes for the next run of optimization
algorithm

Figure 3: Illustration of Spatial Receding Horizon Control (SRHC).

Existing problem-partitioning methods may be considered
as a one-step-wide SRHC strategy; that is, each part of a
solution is determined in an isolated manner; for example,
see [13]. In the generalized 𝑁-step-wide SRHC strategy, each
part is calculated by referring to itsmost relevant surrounding
parts. In other words, subglobal information is used in
the determination of a local part. The extra information

considered by the 𝑁-step-wide SRHC strategy can improve
the quality of each part and that of the global solution.

Apparently, the design of the artificial space and the
spatial horizon receding process is a highly problem-specific
task. In this paper, we will particularly discuss how to apply
the SRHC strategy to decompose the NCP. After seeing those
successful implementations of TRHC based evolutionary
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algorithms in dynamic environments [20–22], we will also
make an attempt to investigate whether integrating SRHC
intoGAs can deliver a powerful algorithm to resolve the static
large-scale NCP.

2.3. SRHC and GA: A Perfect Match. Like the TRHC scheme
having an online optimizer, the proposed SRHC also needs
to run optimization repeatedly as the spatial horizon recedes
step by step. General speaking, any optimization algorithm,
deterministic or population-based, can be used by the SRHC
strategy as long as it suits the concerned problem. However,
in this study, we choose GA, because the SRHC strategy
and population-based algorithms like GAs are a naturally
perfect match to resolve large-scale static problems. On one
side, population-based algorithms are very costly in terms
of computational time and resources [23, 24]. Such com-
putational costs often soar up exponentially as the problem
scale increases. Therefore, an effective problem decomposing
method like the proposed SRHC is crucial for a population-
based algorithm to apply to large-scale problems. On the
other side, like all other problempartitioningmethods, losing
global optimality or having shortsighted performance is still
an issue the proposed SRHC has to address. If an algorithm,
such as a deterministic algorithm, only outputs a single
solution, then due to the receding horizon, the subsolutions
for decided spatial steps will be uniquely determined and
have no chance to change in future runs, as illustrated in
Figure 4(a). The uniqueness of the subsolutions for decided
spatial steps is a major cause of losing global optimality,
because an optimal subsolution calculated within a spatial
receding horizon may not be optimal or even good at all
from a global point of view. If a population-based algorithm
is employed, then the optimization within a spatial receding
horizon will generate a population of solutions. Some top
solutions in the population may usually have different sub-
solutions for decided spatial steps. A subsolution pool for
decided spatial steps can then be set up according to such
top solutions in the population. In the optimization of next
spatial receding horizon, it needs not only to calculate those
subsolutions covered by the new spatial receding horizon, but
also to choose subsolutions from the pool for decided spatial
steps.This is illustrated in Figure 4(b). It should be noted that
the subsolution pool for decided spatial steps not only records
independent subsolutions for each decided spatial step, but
more importantly, also records the combination relationships
between them as in the associated top solutions. Regarding
the decided spatial steps in the new run of optimization,
it actually only needs to choose a combination relationship
saved in the pool. This can significantly reduce the search
space for decided spatial steps. For instance, in Figure 4(b),
the independent subsolutions saved in the pool may have
at least 6 combinations for decided spatial steps, but the
choice needs to be made between only 3 combinations as
given by the previous run of optimization. At the same
time, the global performance can be effectively improved,
because some flexibility in the subsolutions for decided
spatial steps is introduced by the pool referring to some top
solutions of the previous spatial receding horizon.Therefore,

a population-based algorithm like GA can help to improve
the global performance of the SRHC. Figure 5 summarizes
the combination of the SRHC schemewith GA as a flowchart.

3. Modeling NCP Based on SRHC

3.1. ConventionalModel of NCP. Suppose a network, denoted
as 𝐺{𝑉, 𝐸} hereafter, where 𝑉 and 𝐸 are sets of vertices and
edges, that is, nodes and unit-capacity links in this paper,
respectively, has 𝑛

𝑛
nodes and 𝑛

𝑙
links. This paper considers

only the one-source-multisink SNCP, so, all data originate
from a certain node and need to go to some other nodes. For
the sake of simplicity, but without losing generality, in this
paper it is assumed that the source is always node 1 in the
network. Let 𝑛

𝑑
be the number of signals originating from

the source, 𝑛
𝑠
be the number of sinks in𝐺{𝑉, 𝐸}, and𝑅Target be

the target rate which is expected to be achieved at every sink.
Basically, a network protocol and coding scheme define how
each node in the network forwards, replicate, and/or encodes
data. For instance, assuming that node 𝑖 has 𝑛In(𝑖) incoming
links and 𝑛Out(𝑖) outgoing links and the signal on the jth
incoming link is 𝑠In(𝑖, 𝑗), then a network protocol and coding
scheme can be viewed as a mapping process to generate the
signals on outgoing links; that is, 𝑠Out(𝑖, 𝑗), 𝑖 = 1, . . . , 𝑛

𝑛
, 𝑗 =

1, . . . , 𝑛Out(𝑖). Mathematically, a network protocol and coding
scheme can be denoted as

𝑀NPCS : {𝐺 (𝑛
𝑛
, 𝑛
𝑙
) , 𝑠In (1, ℎ)} → 𝑠Out (𝑖, 𝑗)

ℎ = 1, . . . , 𝑛
𝑑
, 𝑖 = 1, . . . , 𝑛

𝑛
, 𝑗 = 1, . . . , 𝑛Out (𝑖) .

(1)

The most widely used coding operation is linear network
coding, which can be mathematically formulated as follows
for an outgoing link:

𝑠Out (𝑖, 𝑗) =

𝑛In(𝑖)

∑

ℎ=1

𝑤 (𝑖, 𝑗, ℎ) 𝑠In (𝑖, ℎ) ,

𝑖 = 1, . . . , 𝑛
𝑛
, 𝑗 = 1, . . . , 𝑛Out (𝑖) ,

(2)

where 𝑤(𝑖, 𝑗, ℎ), ℎ = 1, . . . , 𝑛In(𝑖) are weights determining
how to combine the 𝑛In(𝑖) incoming signals of node 𝑖 to
generate a signal for the jth outgoing link of node 𝑖. In
theory,𝑤(𝑖, 𝑗, ℎ)may be continuous, but as proved by [25, 26],
sufficient finite discrete values for𝑤(𝑖, 𝑗, ℎ) can guarantee that
the maximum possible throughput is achieved. Therefore, in
this paper, 𝑤(𝑖, 𝑗, ℎ) will choose its value from a finite set Θ

𝑊
.

Assuming that Θ
𝑊
has 𝑁

𝑊
≥ 2 discrete values, then the field

size for network coding is 𝑁
𝑊

in this study. A linear coding
scheme is actually defined by a set of𝑤(𝑖, 𝑗, ℎ), in other words,
all that is required in order to design a linear coding scheme
is the appropriate choice of 𝑤(𝑖, 𝑗, ℎ). Apparently, a network
protocol and coding scheme is actually determined by the set
of𝑤(𝑖, 𝑗, ℎ). For a given network protocol and coding scheme,
suppose the numbers of coding nodes and links are 𝑁CN and
𝑁CL, respectively, and the actually achieved rate at sink 𝑖 is
𝑅(𝑖).
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· · ·

TimeCurrent
time k

k + 1k − 1

· · ·

1

A candidate subsolution for a time instant (different time instant may have different 
 candidate subsolutions to choose from)

Unique combination relationship determined by the subsolutions for the past time  
 instants
Undecided combination relationship within the current temporal receding horizon 

A decided subsolution for a past time instant, which is unchangeable in any future 
 run of optimization

A subsolution newly calculated for a time instant within the current temporal  
receding horizon

Subsolutions for the past
 time instants

The current temporal receding 
horizon

k + NH − 1

(a) In temporal receding horizon control, no matter what kind of method, deterministic
method or population-based algorithm, is used as the online optimizer, the sub-solutions
for the past time instants will have been uniquely decided and executed, and the sub-
solutions for the future time instants will be optimized only based on the unchangeable
consequence of the past sub-solutions. Therefore, short-sighted behaviours are common
in temporal receding horizon control, because the unchangeable past sub-solutions might
not be optimal or even good in terms of the performance over the entire time scope. A
combination of spatial receding horizon control and deterministic method has the same
solution pattern (except the time axis is replaced by a spatial axis)

The current subsolution pool 
for decided spatial steps

Fixed combination relationships given by candidates in the current subsolution pool
for decided spatial steps
Undecided combination relationship within the CSRH, which needs to be calculated 
in the current run of optimization

· · ·
· · ·

A candidate subsolution for a spatial step (different spatial step may have different 
candidate subsolutions to choose from)
A subsolution for a decided spatial step, which may change depending on which 
candidate in the current pool for decided spatial steps is chosen
A subsolution newly calculated for a spatial step within the CSRH

The current spatial receding 
horizon (CSRH)

Spatial
steps

1st step in
the CSRH

2nd step in
the CSRH in the CSRH

(NH)th step 

(b) In spatial receding horizon control combined with population-based algorithm, the sub-
solutions for decided spatial steps are not fixed or executed. Based on some top different
solutions (e.g., the best 10 different solutions) calculated in the last rune of optimization, a
sub-solution pool is set up for decided spatial steps. Different candidates in the pool may
have different sub-solutions for a same decided spatial step. Therefore, in the current run of
optimization, besides calculating the sub-solutions for the spatial stepswithin the current spatial
receding horizon (CSRH), it also needs, for the sake of optimality, to choose a candidate from
the pool for those decided spatial steps

Figure 4: Patterns of sub-solutions in TRHC and SRHC.
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With the above preparation, the NCP in this paper is
formulated as the following maximization problem:

max
𝑀NPCS

𝑓
1

= max
𝑤(𝑖,𝑗,ℎ)

𝑓
1
,

𝑖 = 1, . . . , 𝑛
𝑛
, 𝑗 = 1, . . . , 𝑛Out (𝑖) , ℎ = 1, . . . , 𝑛In (𝑖) ,

(3)

where

𝑓
1

=

{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{

{

𝛼
1
min (𝑅 (𝑖)) + 𝛼

2
ave (𝑅 (𝑖))

+
𝛼
3

(𝑁CL + 1)

+
𝛼
4

(𝑁CN + 1)
, min (𝑅 (𝑖)) < 𝑅Target,

𝛼
1
min (𝑅 (𝑖)) + 𝛼

2
ave (𝑅 (𝑖))

+
𝛼
5

(𝑁CL + 1)

+
𝛼
6

(𝑁CN + 1)
, min (𝑅 (𝑖)) ≥ 𝑅Target,

𝑖 = 1, . . . , 𝑛s

(4)

𝛼
𝑘
, 𝑘 = 1, . . . 6, are weights, and

min (𝛼
1
, 𝛼
2
) > max (𝛼

3
, 𝛼
4
) ,

min (𝛼
5
, 𝛼
6
) ≫ max (𝛼

1
, 𝛼
2
) ,

(5)

subject to 𝐺(𝑛
𝑛
, 𝑛
𝑙
). Clearly, this maximization problem aims

to find a network protocol and coding scheme tomaximize𝑓
1

defined by (4) and (5). From the above objective function, one
can see that the NCP will firstly try to maximize the overall
actually achieved rate, and once the target rate is achieved,
the focus of the optimization will switch to minimizing
the network coding resources. The term “min(𝑅(𝑖))” and
term “ave(𝑅(𝑖))” in (4) can be used to assess the actually
achieved rate. Basically, a larger term value for “ave(𝑅(𝑖))” is
desirable. 𝑅(𝑖) should be optimized as evenly as possible; that
is, increasing the rate at some sinks by largely sacrificing the
rate at other sinks should be avoided. This can be reflected
by the term value for “min(𝑅(𝑖));” that is, the larger the value
is, the more evenly 𝑅(𝑖) is optimized. At the same time, as
reflected by the term “1/(𝑁CL + 1)” and the term “1/(𝑁CN +

1) ,” the network coding resources should be minimized,
particularly when the target rate can be achieved, that is,
when min(𝑅(𝑖)) ≥ 𝑅Target.

3.2. SRHC Based Model for NCP. To design an SRHC
based model for the NCP, firstly we need to create an
artificial space, then to project all network nodes into
the space, then to design a spatial horizon receding pro-
cess, and at last to reformulate the maximization problem
given by (3) to (5) in order to make it fit in the SRHC
framework.

Usually, a network where coding needs to be performed
already defines its own space (real or virtual) andmay have its

Mark the first spatial step in the current spatial receding
horizon as a decided spatial step

Update the current spatial receding horizon by removing its
first spatial step and add in a new spatial step

Output the best solution found by the algorithm for execution

Choose the top NPool different solutions (i.e., the best NPool
different solutions) in the last generation of the current run

of optimization, and based on them to update the current
pool for decided spatial steps

Create a virtual space for the concerned problem, and then define
some spatial steps which together cover all elements that
compose a complete solution to the concerned problem

Mark no spatial step as decided spatial step, set the pool for
decided spatial steps as empty, and initialize the first spatial

receding horizon (i.e., choose which spatial steps are included in)

Yes No

Is this the first spatial receding horizon?

Run a genetic
algorithm (GA) to
optimize the sub-

solutions covered by
the current spatial
receding horizon

Is any spatial step not decided or covered yet?

Run a genetic algorithm (GA) to
optimize the subsolutions covered

by the current spatial receding
horizon, as well as to choose a

candidate from the current pool for
decided spatial steps

No Yes

Figure 5: Flowchart of SRHC with GA as online optimizer.

nodes distributed in the space in a rather randommanner, but
such a space and the distribution of nodes are of little use to
the design of artificial space and the projection of nodes in the
SRHCmodel for the NCP. In the SRHCmodel, we simply use
a purely imaginary two-dimensional space and then project
network nodes into the space according to the connections
between nodes. The projecting procedure is described as
follows.

Step 1. Let 𝑀LN(𝑖) be the set that records all nodes in the 𝑖th
node layer, and 𝑀LL(𝑖) records all links in the 𝑖th link layer.
Start from the source, that is, node 1. Set node 1 as the only
node in 𝑀LN(1), and set the end nodes of all outgoing links
of node 1 as the nodes in 𝑀LN(2). Then set the current layer
𝑙
𝐶

= 2. Let Ω
𝑁
be the set of all nodes that are not included in

𝑀LN(1) and 𝑀LN(2).
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(c) Layer information.

Figure 6: An illustration of node projecting procedure.

Step 2. While Ω
𝑁

̸=Ø, do

Substep 2.1. Put all end nodes of all outgoing links of the nodes
in 𝑀LN(𝑙

𝐶
) as the nodes in 𝑀LN(𝑙

𝐶
+ 1).

Substep 2.2. If a node in 𝑀LN(𝑙
𝐶

+ 1) is already included in
𝑀LN(𝑖), 𝑖 = 1, . . . , 𝑙

𝐶
, then remove this node from 𝑀LN(𝑖),

and add it to Ω
𝑁
.

Substep 2.3. Remove all nodes of 𝑀LN(𝑙
𝐶

+ 1) from Ω
𝑁
. Let

𝑙
𝐶

= 𝑙
𝐶

+ 1.

Step 3. Create a two-dimensional space, where the 𝑥 axis
is the node layer number, and the 𝑦 axis has no specific
meaning. Then project all nodes into the space according to
𝑀LN. For instance, suppose a node belongs to 𝑀LN(𝑖). Then
the 𝑥 coordinate of this node is 𝑖. The 𝑦 coordinate of this
node can be random, but for distinguishing purposes, the
nodes in the same layer should be assigned with different
values of 𝑦.

Step 4. For a link, suppose its starting node is within 𝑀LN(𝑖)

and its end node within 𝑀LN(𝑖), 𝑗 > 𝑖. Then add this link to
𝑀LL(𝑖), . . . , 𝑀LL(𝑗 − 1).

Figure 6 gives a simple illustration about the above node
projecting procedure. The information of node layers and
link layers is crucial not only to define the spatial horizon,
but also to design the spatial horizon receding process for
the NCP. As illustrated in Figure 7, the spatial horizon for
the NCP is defined based on link layers. In each iteration
of optimization, the spatial horizon covers some successive
link layers; for example, in the case of Figure 7, the spatial
horizon spans over two successive link layers. In an iteration
of optimization, only those links that are covered by the
current spatial horizon will be optimized.The spatial horizon

recedes for one link layer each time along the 𝑥 axis in the
artificial space. In the new iteration of optimization, those
links that have been optimized in the previous iteration of
optimization and get out of the current spatial horizon due
to the horizon receding process will be fixed as decided links,
whilst those links that have been optimized in the previous
iteration of optimization but are still within the current spatial
horizon will be optimized again along with the links that are
newly covered by the spatial horizon. This process continues
until all links become decided links. The details of the spatial
horizon receding process are given as follows.

Step 1. Set up 𝑁
𝐻
, the length of the spatial horizon. Let Ω

𝑆

be the set of sinks, ΩDL = Ø the set of decided links, and
ΩUL = {𝑀LL(1), . . . , 𝑀LL(𝑁LL)} the undecided links, where
𝑁LL is the number of total link layers. Let 𝑘 = 1.

Step 2. While ΩUL ̸=Ø, do

Substep 2.1. Set the current spatial horizon as Ω
𝐻

(𝑘) =

{𝑀LL(𝑘), . . . , 𝑀LL(𝑘 + 𝑁
𝐻

− 1)}. It should be noted that
𝑀LL(𝑖) = Ø for 𝑖 > 𝑁LL.

Substep 2.2. Let 𝑊(𝑘) be the weights for the links in
Ω
𝐻

(𝑘), 𝑀EN(𝑘 + 𝑁
𝐻

− 1) the set of all end nodes of the links
in 𝑀LL(𝑘 + 𝑁

𝐻
− 1), and 𝑁CL(𝑘) and 𝑁CN(𝑘) are the current

numbers of coding links and coding nodes, respectively.Then
calculate the following maximization problem:

max
𝑊(𝑘)

𝑓
2 (𝑘) , (6)

subject to the signals on ΩDL, where 𝑓
2
(𝑘) is a new objective

function defined as follows:
𝑓
2 (𝑘) = 𝛽

1
𝑓NT (𝑀EN (𝑘 + 𝑁

𝐻
− 1))

+ 𝛽
2
𝑓MR (𝑀EN (𝑘 + 𝑁

𝐻
− 1))
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Figure 7: An illustration of spatial horizon receding process.

+ 𝛽
3
𝑓SD (𝑀EN (𝑘 + 𝑁

𝐻
− 1)) +

𝛽
4

(𝑁CL (𝑘) + 1)

+
𝛽
5

(𝑁CN (𝑘) + 1)
+ 𝛽
6
𝑓TP (𝑘, Ω

𝑆
) ,

(7)

which will be explained later.

Substep 2.3. Remove 𝑀LL(𝑘) from ΩUL to ΩDL; that is, ΩUL =

ΩUL − 𝑀LL(𝑘) and ΩDL = ΩDL + 𝑀LL(𝑘). Let 𝑘 = 𝑘 + 1.

In the above spatial horizon receding process, a new
maximization problem as defined by (6) and (7) needs to be
resolved during each iteration of optimization. In the new
objective function 𝑓

2
(𝑘), the term 𝑓NT(𝑀EN(𝑘 + 𝑁

𝐻
− 1))

is a function that calculates the network throughput at all
nodes in 𝑀EN(𝑘 + 𝑁

𝐻
− 1), the term 𝑓MR(𝑀EN(𝑘 + 𝑁

𝐻
−

1)) is a function that calculates the minimal rate over the
nodes in 𝑀EN(𝑘 + 𝑁

𝐻
− 1), the term 𝑓SD(𝑀EN(𝑘 + 𝑁

𝐻
−

1)) is a function that assesses how much the signals on
𝑀EN(𝑘 + 𝑁

𝐻
− 1) are diversified, the term 𝑓TP(𝑘, Ω

𝑆
) is a

terminal penalty which assesses the impact of the current
stage solution on the network throughput at the sinks, and
𝛽
1
to 𝛽
6
are weights to combine different terms. Apparently

𝑓
2
(𝑘) is quite different from the objective function of the

conventional NCPmodel, that is, 𝑓
1
as defined in (4), mainly

because of two new terms: 𝑓SD(𝑀EN(𝑘 + 𝑁
𝐻

− 1)) and
𝑓TP(𝑘, Ω

𝑆
).The reason for introducing𝑓SD(𝑀EN(𝑘+𝑁

𝐻
−1))

is illustrated in Figure 8, where one can see that, assuming
all other terms in 𝑓

2
(𝑘) are the same, Figure 8(a) is better

than Figure 8(b) because the signals on 𝑀EN(𝑘 + 𝑁
𝐻

− 1) are
better diversified, which means the downstream nodes will
have more choices. The introduction of 𝑓TP(𝑘, Ω

𝑆
) is in line

with the common practice of TRHC in the area of control
engineering, which aims tominimize shortsighted behaviors,
such as getting trapped in local optima and generating
unstable/unconverged solutions, due to the fact that not
all information is covered by the receding horizon. Before
running the SRHC model, we need to count the number of
downstream sinks for every node in the network. Then we
can roughly assess the final impact of the signals received by a
node. Basically, a node withmore downstream sinks deserves
a higher priority to receive more signals, just like Figure 9
illustrates.

The absolute value of different term in 𝐽
2
may vary in quite

different range; for example,𝑓NT may be over 1000 whilst𝑓MR
may be smaller than 10. This means the absolute values of
different terms in 𝐽

2
are usually incomparable, and then they

cannot be directly combined by 𝐽
2
.Thereforewe need to unify

the terms of 𝐽
2
; in other words, we have to use the relative

value of each term, as defined by the following:

𝑓
3 (𝑘) = 𝛽

1
𝑓NT (𝑀EN (𝑘 + 𝑁

𝐻
− 1))

+ 𝛽
2
𝑓MR (𝑀

𝐸𝑁
(𝑘 + 𝑁

𝐻
− 1))
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Figure 8: An illustration of signal diversification.

a
b

a a b
c

Downstream sinks
of node n

Downstream sinks
of node m

n m

· · · · · ·

· · · · · ·

· · ·

· · ·

· · · · · ·

MEN (k + NH − 1)

(a) A case where terminal penalty is larger

a
b b b

c
c

Downstream sinks
of node n

Downstream sinks
of node m

n m

· · · · · · · · · · · · · · ·

MEN (k + NH − 1)

· · · · · ·

· · ·

(b) A case where terminal penalty is smaller

Figure 9: An illustration of terminal penalty.

+ 𝛽
3
𝑓SD (𝑀EN (𝑘 + 𝑁

𝐻
− 1)) +

𝛽
4

(𝑁CL (𝑘) + 1)

+
𝛽
5

(𝑁CN (𝑘) + 1)
+ 𝛽
6
𝑓TP (𝑘, Ω

𝑆
) ,

(8)

𝑓NT (𝑀EN (𝑘 + 𝑁
𝐻

− 1)) =
𝑓NT (𝑀EN (𝑘 + 𝑁

𝐻
− 1))

𝐹NT (𝑀EN (𝑘 + 𝑁
𝐻

− 1))
, (9)

𝑓MR (𝑀EN (𝑘 + 𝑁
𝐻

− 1)) =
𝑓MR (𝑀EN (𝑘 + 𝑁

𝐻
− 1))

𝐹MR (𝑀EN (𝑘 + 𝑁
𝐻

− 1))
,

(10)

𝑓SD (𝑀
𝐸𝑁

(𝑘 + 𝑁
𝐻

− 1)) =
𝑓SD (𝑀EN (𝑘 + 𝑁

𝐻
− 1))

𝐹
𝑆𝐷

(𝑀
𝐸𝑁

(𝑘 + 𝑁
𝐻

− 1))
, (11)

𝑓TP (𝑘, Ω
𝑆
) =

𝑓TP (𝑘, Ω
𝑆
)

𝐹TP (𝑘, Ω
𝑆
)
, (12)

where 𝐹 is a function to calculate the value of a term in an
ideal condition; for example, 𝐹NT and 𝐹MR assume that every
node in 𝑀EN(𝑘 + 𝑁

𝐻
− 1) receives as many different signals

as its incoming links or all signals sent from the source,
whichever is larger,𝐹SD assumes that𝑀EN(𝑘+𝑁

𝐻
−1) receives

as many different signals as the links in 𝑀LL(𝑘 + 𝑁
𝐻

− 1) or
all signals sent from the source, whichever is larger, and 𝐹TP
assumes all signals received by a node in𝑀EN(𝑘+𝑁

𝐻
−1) can

be sent to its every downstream sink. Apparently, the value of
a unified term, that is, 𝑓, is within [0 1], and this makes 𝑓

3

more reasonable and easier to tune. The design details of 𝑓

and 𝐹 may vary, and due to limited space, here we skip them.
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Figure 10: An illustration of definition of signal combinations.

4. SRHC Based GA for NCP

The design of GAs usually includes choosing an appropri-
ate chromosome structure, developing effective evolution-
ary operators, introducing useful problem-specific heuristic
rules, and adjusting algorithm-related parameters. This sec-
tion will explain the first three aspects, and the last aspect
will be discussed in the experiment section. Here we will
firstly spend three subsections to describe some useful GA-
related designs reported in [10]. Then some SRHC-related
modifications to the GA designs will be discussed in order
to properly integrate the GA into the SRHC method for the
NCP.

4.1. Chromosome Structure. The chromosome structures of
the GAs in [2, 7, 8] are based on the use of a binary matrix
to record the active states of links, and such structures
make it easy to apply graph theoretic methods to ascertain
whether the target rate is or is not achievable by a given
chromosome. A chromosome in [2, 7, 8] does not have
full information concerning a specific network protocol and
coding scheme and may associate with different specific
network protocols and coding schemes. Although this means
to some extent random linear coding can be employed, it
may be difficult to determine the exact information flow on
links. The lack of exact information flow on links will make
it difficult not only to calculate the actually achieved rate at
sinks, but also to integrate useful NCP-specific heuristic rules
into the algorithms. Therefore, in this paper we construct
chromosomes based on a permutation representation, in
order to record exact information flow on links.

A permutation representation is often used when GAs
are being applied to combinatorial problems (actually, the
NCP is a combinatorial problem), because it can usually
construct chromosomes straightforwardly based on their
physical meanings. However, such a representation is often
confronted by feasibility problems; that is, a chromosome
may become infeasible in terms of its physical meaning dur-
ing evolutionary operations. Sometimes some evolutionary
operators have to be modified significantly or even discarded

in order to resolve such problems. For the NCP, a straight-
forward permutation representation is to use the absolute
information flow on links to construct chromosomes, but this
representation will cause serious feasibility problems during
evolutionary operations, because the set of feasible signals
from which a link can choose cannot be predetermined and
varies over time according to the signals on other links. This
means that any change in the signal on a link caused by
evolutionary operations could make the unchanged signals
on some other links infeasible.

Fortunately, the permutation representation in [10] is
free of feasibility problems without sacrificing any of the
merits of permutation representations. Instead of the absolute
information flow on links, a chromosome in [10] records the
relative information flow, that is, an integer 𝑘, whosemeaning
is a certain predefined combination of signals on incoming
links of a node. For instance, Figure 10 shows an illustration
of how to predefine 𝑘. In Figure 10, a table is set up to define all
possible signal combinations at a node with three incoming
links, and the field size is 𝑁

𝑊
= 3. A different number of

incoming links require a different predefined table for 𝑘, as
illustrated in Figure 11.

Let ℎ𝑒𝑎𝑑(𝑖) denote the serial number of the starting
node of link 𝑖. It is assumed that the source has as many
incoming links as there are signals to be sent, and each signal
is associated with one and only one of such assumed links.
Let gene 𝑖, that is, 𝑔(𝑖), be associated with link 𝑖.Then𝑔(𝑖) =

𝑘, 𝑘 = 0, 1, . . . , 𝑁
𝑛In(ℎ𝑒𝑎𝑑(𝑖))
𝑊

, where 𝑛In(ℎ𝑒𝑎𝑑(𝑖)) is the number
of incoming links from node ℎ𝑒𝑎𝑑(𝑖). In other words, for an
outgoing link, for example, link 𝑖, the number of possible
combinations (including no coding) is 𝑁

𝑛In(ℎ𝑒𝑎𝑑(𝑖))
𝑊

. The exact
combination that a value of 𝑘 stands for needs be predefined.
Hereafter, the value of 𝑔(𝑖) is called the state of link 𝑖. Then
the set of possible states for link 𝑖 is

Θ
𝑆 (𝑖) = {0, 1, . . . , 𝑁

𝑛In(ℎ𝑒𝑎𝑑(𝑖))
𝑊

} . (13)

Therefore, the size of the solution space of the GA is

𝑛SP =

𝑛𝑙

∏

𝑖=1

𝑁
𝑛In(ℎ𝑒𝑎𝑑(𝑖))
𝑊

. (14)
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For nodes with only one incoming link

For nodes with two incoming links
k = 0 : y = 0

k = 0 : y = 0

k = 1 : y = x1

k = 1 : y = x1 k = 2 : y = x2 k = 3 : y = x1 + x2

(a) Predefined states of links for the network in Figure 1(b). This
field size is set as 2 here for the sake of simplicity. For all, 𝑘 = 0:
𝑦 = 0
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7

(b) A coding scheme and the resulted information
flow (signal on this link/this link is the ith link in the
network/state of this link (i.e., relative information
flow on this link)/this link is the ith incoming link
of the next node)

1 2 1 1 1 2 1 1 1 3

(c) The associated chromosome (in this illustration, the ith
gene in the chromosome, i.e., 𝑔(𝑖) = 𝑘, means the signal on
the ith link of the network comes from the kth incoming link of
the previous node; if the previous node has less than k incoming
links, then 𝑔(𝑖) = 𝑘means the ith link is a coding link)

Figure 11: Chromosome structure based on relative information flow on links.

Unlike the absolute information flow on the links, Θ
𝑆
(𝑖)

only depends on the network topology and the number of
signals that are to be sent, which are both fixed during a
GA run. Therefore, as long as 𝑔(𝑖) remains within Θ

𝑆
(𝑖)

during the evolutionary operation, there will be no feasibility
problem. As will be discussed in the following subsection,
this condition is very easily fulfilled. On the other hand,
the absolute information flow on links can be derived in a
straightforward way from a chromosome of the new GA.The
simple illustration in Figure 11 indicates how to use relative
information flow on links to construct a chromosome.

The chromosome described above is a vector with a size
of 𝑛
𝑙
. One may also use a 𝑛

𝑙
× max(𝑛In(𝑖)) matrix to record,

for each link, the weights applied to its incoming links. Such
a matrix representation will need no predefined tables. In
this study, we choose the vector representation because (i)
it has a lower memory demand, particularly in the case of
large-scale networks,and (ii) it is more efficient in terms
of algorithm execution (the matrix representation requires
to generate 𝑛In(ℎ𝑒𝑎𝑑(𝑖)) random numbers to determine the
relative information flow on link 𝑖, whilst the vector rep-
resentation needs only one random number). However, for
networks where a node may have many incoming links, the
predefined tables for the vector representation will become
enormously huge if the field size is also large. For instance,
assuming max(𝑛In(𝑖)) = 10 and 𝑁

𝑊
= 10, then the largest

predefined table will have 1010 entries for 𝑦. In this case, we
can transform the network into an equivalent network which
has a relatively small max(𝑛In(𝑖)). Actually, we can always
transform a network into a new one with max(𝑛In(𝑖)) = 2,
as illustrated in Figure 12, and then even if 𝑁

𝑊
= 100,

the largest predefined table only needs 100
2

= 10
4 entries

for 𝑦. The transformed network will have more links than
the original network, which means, according to (14), that
the entire search space will increase, which will particularly
become of concern in the case of large-scale networks if no
problem partitioning method is used. Fortunately, with the

x1
x1

x2
x2x3

x3

y1 y2
y3

y1 y2 y3

Figure 12: Transform a network into a new network with
max(𝑛In(𝑖)) = 2.

proposed SRHCmethod to decompose large-scale networks,
the search space during a spatial receding horizon can easily
be restricted to a manageable size, no matter how large the
original network scale is.

It should be noted that the search space given by (13)
and (14) is much larger than those in previous studies. For
instance, the search space size for link 𝑖 is 2

𝑛In(ℎ𝑒𝑎𝑑(𝑖)) in [2],
and even down to 𝑛In(ℎ𝑒𝑎𝑑(𝑖)) + 2 in [7, 8]. Fortunately, this
disadvantage can be compensated by introducing someuseful
problem-specific heuristic rules based on exact information
flow on links. Such heuristic rules are difficult to apply to
previous chromosome structures such as in the case of [7, 8],
because exact information flowon links can hardly be derived
there. For instance, the modified binary representation in [7]
is even “at the price of losing the information on the partially
active link states that may serve as intermediate steps toward
an uncoded transmission state.” Differently, the new GA
reported in this study can derive the exact information flow
on links associated with a chromosome and therefore can
take advantage of many useful NCP-specific heuristic rules.
As a result, the GA reported here may still find theoretically
optimal solutions, despite the huge search space.
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4.2. Evolutionary Operators. The mutation operator in this
paper is designed as follows. A chromosome is chosen for
mutation with probability 𝑝

𝑚
. Then a gene associated with a

potential coding link needs to be chosen randomly. Suppose
the 𝑖th gene, that is, 𝑔(𝑖), is chosen, whose associated link is
the 𝑖th link in the network. Then the set of possible states
for link 𝑖 is given by Θ

𝑆
(𝑖) as defined in (13). Mutation will

randomly choose a value from the set Θ
𝑆
(𝑖) − {𝑔(𝑖)} and then

reset 𝑔(𝑖) to the new value. Since Θ
𝑆
(𝑖) only depends on the

network topology, the above mutation operation is free of
feasibility problems.

This paper adopts uniform crossover, which is highly
efficient in not only identifying, inheriting, and protecting
common genes, but also in terms of recombining noncom-
mon genes [17, 27]. Simply speaking, in uniform crossover,
each gene of an offspring chromosome inherits the associated
gene from its two parent chromosomes with a 50% chance.
Thanks to the permutation representation, the 𝑖th genes of all
chromosomes share the same set of possible states for link
𝑖, and, therefore, uniform crossover will cause no feasibility
problems. Regarding the choice of two parent chromosomes,
any chromosome in an old generation may be chosen as the
first parent chromosome at a fixed probability of 𝑝

𝑐
, and then

a different chromosome may be chosen as the second parent
chromosome at a probability proportional to its fitness. In this
way, every chromosome stands the same chance to become
the first parent, while a fitter chromosome stands a better
chance to cross over with most other chromosomes.

4.3. Heuristic Rules. It is well known that heuristic rules,
particularly problem-specific rules, often play an important
role in successful applications of GAs. What kinds of rules
to introduce and how to integrate them into algorithms
effectively are challenging tasks and usually need to be
taken into account in the GA design stage. The permutation
representation discussed in Section 4.1 makes it very easy to
integrate the following NCP-specific rules.

Rule 1. All evolutionary operations only apply to potential
coding nodes and links.

Rule 2. When initializing the first generation, a certain
proportion of chromosomeswill allow coding on all potential
coding nodes, and for a potential coding node which has
multiple outgoing links, choose at least one link randomly as
a coding link. This rule can help to find a solution to achieve
the target rate, if it is achievable, at all sinks.

Rule 3. Furthermore, in the initialization of the first gen-
eration, another proportion of chromosomes will allow no
coding at all. This rule can help to explore the possibility of
maximizing the rate actually achieved at the minimum cost
of resources.

Rule 4. In either initialization or evolutionary operations, the
states of incoming links of a potential coding node should
be determined in such a way that the node will receive as
many different signals as possible. In other words, the signals
to a potential coding node should be diversified as much

as possible. This rule will allow as many choices as possible
for network protocols and coding schemes and therefore
can help to diversify a generation. It should be noted that
it is the proposed permutation representation that makes it
possible to integrate this rule into the algorithm, because the
information flow on links associated with a chromosome can
be easily checked out to see whether the signals to potential
coding nodes are effectively diversified.

Rule 5. For a potential coding node with multiple outgoing
links, there should be a high probability that the outgoing
links have different states. This rule also takes advantage of
the proposed permutation representation and can help to
diversify a generation.

It should be noted that Rules 4 and 5 cannot be used by the
methods reported in [2, 7–9], because the application of Rules
4 and 5 demands the availability of the exact information flow
on links, which is guaranteed by the chromosome structure
adopted in this paper. As will be revealed by the simulation
results, Rules 4 and 5 can significantly improve the quality of
chromosomes.

4.4. SRHC Related Modifications in GA. In order to properly
integrate the above GA-related designs into the SRHC for the
NCP, two modifications are necessary. One is related to the
chromosome structure, and the other to the mutation opera-
tion. Hereafter for distinguishing purposes, a GA designed
according to the above three subsections is referred to as
GlobalGA, because no problem partitioning method is used,
whilst a GA with the SRHC-related modifications discussed
in this subsection is called SRHCGA.The SRHCGA can also
be interpreted as the combination of the SRHC with GA, or
an SRHC method with GA as optimizer.

As discussed in Section 2, in the SRHCGA, the opti-
mization within a spatial receding horizon not only needs
to calculate the subsolutions to the subproblems covered
by the spatial receding horizon, but also has to choose the
subsolutions for the subproblems in decided spatial steps.
In the case of applying the SRHCGA to the NCP, besides
assigning relative signals to the undecided links covered by
the current spatial receding horizon, the optimization within
the horizon will also choose a combination of relative signals
for all decided links, and all candidate combinations are saved
in a pool which is updated as the spatial horizon recedes.
To be able to make such a choice for decided links, we need
an additional special gene in the chromosome structure to
record which candidate combination in the pool is chosen.
This can be easily done by modifying the chromosome
structure in Section 4.1 as follows. Suppose there are 𝑁SP
candidate combinations in the current pool for decided
links and 𝑁ULSRHC undecided links in the current spatial
receding horizon. Then the modified chromosome structure
has (𝑁ULSRHC + 1) genes in total. The first gene records which
candidate combination in the pool is chosen for decided links,
that is, 𝑔(1) = 𝑚, 𝑚 ∈ {1, . . . , 𝑁SP}, means that the mth
candidate combination saved in the pool has been chosen
to set up the relative signals on decide links. The following
𝑁ULSRHC genes, that is, 𝑔(𝑖), 𝑖 = 1, . . . , 𝑁ULSRHC, record
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assigned to link 3 to link 7, respectively.
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g(2) to g(6) record which relative signals are

(b) The associated chromosome

Figure 13: An illustration of the modified chromosome structure for SRHC.

the relative signals assigned to the undecided links covered
by the spatial horizon, and their definition is exactly the
same as described in Section 4.1. All candidate combinations
in the pool for decided links are predetermined by the
optimization of the previous spatial receding horizon and
then are fixed during the optimization of the current spatial
horizon. Therefore, the new 𝑔(1) will cause no feasibility
problem, just like other genes which record relative signals.
Figure 13 gives an illustration of the modified chromosome
structure for SRHC.

The second SRHC-related modification is made to the
mutation operation given in Section 4.2. Actually, themodifi-
cation is minor: the search space for the new 𝑔(1) is not given
by (13), and 𝑔(1) always mutates within {1, . . . , 𝑁SP} − 𝑔(1).

5. Experimental Results

In this section, we will firstly test whether the GlobalGA,
which employs no problem partitioning method, is effective
to resolve the NCP.Then, we will investigate the performance
of the proposed SRHC scheme by comparing the SRHCGA
with the GlobalGA. There are two sets of networks, see
Table 1 for details, which are taken from [2] for comparative
purposes. The networks in Set I are actually generated by
the algorithm in [28], which constructs connected acyclic

directed graphs uniformly at random.There are two networks
used for simulations in Set I: one network, denoted as Case I-
1, has 20 nodes, 80 links, 12 sinks, and rate 4, and the other
network, denoted as Case I-2, has 40 nodes, 120 links, 12
sinks, and rate 3. The networks in Set II are constructed by
cascading a number of copies of network (b) in Figure 1 such
that the source of each subsequent copy of network (b) in
Figure 1 is replaced with an earlier copy’s sink. Set I has 4
networks, which uses fixed-depth binary trees containing 3, 7,
15, and 31 copies of network (b) in Figure 1, respectively.These
4 networks in Set II are referred to as Case II-1 to Case II-4 in
this section.These 4 networks have amaximummulticast rate
of 2, which is achievable without coding; that is, the optimal
solutions have no coding links.

5.1. Tests on GlobalGA. Here the GlobalGA developed in this
paper will be tested by comparing it with the GA reported in
[2] (denoted asGA[2]) and twominimal approaches reported
in [4, 5] (denoted as Minimal 1 and Minimal 2, resp.). As
discussed in Section 4, the permutation representationmakes
it very easy to integrate many problem-specific heuristic
rules, that is, Rule 1 to Rule 5 given in Section 4.3, which are
expected to improve the performance of the GlobalGA. In
order to examine whether such heuristic rules really work,
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Table 1: Networks used in different test cases.

Copy the network Figure 1(b) or generated by [28] Nodes Links Sinks Target rate
Case I-1 Generated by [28] 20 80 12 4
Case I-2 Generated by [28] 40 120 12 3
Case II-1 3 copies of Figure 1(b) 19 30 4 2
Case II-2 7 copies of Figure 1(b) 43 70 8 2
Case II-3 15 copies of Figure 1(b) 91 150 16 2
Case II-4 31 copies of Figure 1(b) 187 300 32 2

Table 2: Comparative results with existing methods (number of coding links).

Case I-1 Case I-2 Case II-1 Case II-2 Case II-3 Case II-4
Best Ave. Best Ave. Best Ave. Best Ave. Best Ave. Best Ave.

Minimal 1 0 1.35 0 1.85 3 3.00 7 7.00 15 15.00 31 31.00
Minimal 2 0 1.85 0 1.90 0 2.15 2 4.70 7 11.60 28 52.80
GA [2] 0 1.20 0 1.05 0 0.65 0 2.15 3 5.35 12 17.20
GlobalGA1 0 1.20 0 0.80 0 0.00 0 0.00 0 0.80 0 6.30
GlobalGA2 0 1.15 0 0.70 0 0.00 0 0.00 0 0.30 0 5.00
GlobalGA3 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00

three versions of the GlobalGA are used in the experi-
ments: the first version, denoted as GlobalGA1, only employs
Rules 1 and 2, the second version, denoted as GlobalGA2,
uses one more rule, that is, Rule 3, than GlobalGA1, and
the third version, denoted as GlobalGA3, adopts Rule 1 to
Rule 5. The reason why GlobalGA1 is included is because it
employs exactly the same heuristic rules as used in GA[2]];
therefore, any difference in performance between GlobalGA1
and GA[2] should mainly result from the basic designs, for
example, chromosome structures and associated operations,
used in [2] and those used in this paper. The reason for
including GlobalGA2 is because there is no difficulty in
applying Rule 3 to GA[2]. Since Rule 3 can improve the
performance of GlobalGA2, one can expect that Rule 3, once
applied,might also benefit GA[2]. Asmentioned in Section 4,
it is because of the permutation representation that the
integration of Rules 4 and 5 becomes possible; therefore,
GlobalGA3 will reveal the extent to which the GlobalGA
reported in this paper is advantageous.

To make a fair comparison, GlobalGA1 to GlobalGA3
have the same population size (150) and upper bound (300)
for the number of generations for evolution as GA[2] does.
Then 20 random runs of each algorithm are conducted, and
the average results are listed in Tables 2 and 3 reveal more
details about the performance of GlobalGA1 to GlobalGA3.
For the sake of simplicity, in most parts of the simulation
𝑤(𝑖, 𝑗, ℎ) = 0 or 1 in (2), that is, the field size 𝑁

𝑊
= 2,

unless specified otherwise. From these results one can make
the following observations.

(i) Table 2 shows that, in the cases of Set I, that is,
Case I-1 and Case I-2, all the methods perform simi-
larly. In more precise terms, the GlobalGAs reported
in this paper, that is, GlobalGA1, GlobalGA2, and
GlobalGA3, return slightly lower average numbers
of coding links than the existing methods. However,
since all methods can find the optimal (i.e., no coding

required), or almost optimal solutions to both the
cases in Set I, we cannot claim that our algorithm
has a significant advantage compared with existing
algorithms. Analysis of the network topologies in Set
I suggests that these networks have too many links;
for one network, 𝑛

𝑙
= 4𝑛
𝑛
, and for the other, 𝑛

𝑙
=

3𝑛
𝑛
. In the Graph Drawing Community, graphs (i.e.,

networks) having 𝑛
𝑙

= 4𝑛
𝑛
links are actually consid-

ered to be dense [28]. In such a network with dense
links, it is easy to achieve a relatively small target rate
without network coding. Compared with Set I, all the
networks in Set II have 𝑛

𝑙
< 2𝑛
𝑛
. Therefore, although

the target rates in Set II are smaller than those in Set
I, it is probably more difficult to find a no-coding
solution to achieve the smaller target rates in Set II.
Actually, in the Set II cases, that is, Case II-1 to Case
II-4, the results of a comparison of these methods
show significant differences, which may suggest that
the networks in Set II are more suitable for testing
different methods. Therefore, hereafter, we will only
focus on analyzing the results of Case II-1 to Case II-
4.

(ii) Table 2 also shows that, in Case II-1 to Case II-
4, GlobalGA1, GlobalGA2, and GlobalGA3 clearly
outperform the existing algorithms, that is, Mini-
mal 1, Minimal 2, and GA[2]. Unlike the existing
algorithms, which can hardly find the theoretically
optimal solutions, particularly in complicated cases
such as Case II-3 and Case II-4, all three new
GlobalGAs are capable of finding the theoretically
optimal solutions in all 4 cases of Set II.

(iii) GlobalGA1 adopts exactly the same heuristic rules as
GA[2] does, but the performance of GlobalGA1 is
clearly much better than that of GA[2], particularly
in Case II-3 and Case II-4. This may suggest that the
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Table 3: Details of the results of the new GlobalGAs.

(Average results of 20 runs) Case I-1 Case I-2 Case II-1 Case II-2 Case II-3 Case II-4
Final max fitness

GlobalGA1 149.65 190.00 240.00 230.00 181.67 40.21
GlobalGA2 171.54 195.66 240.00 240.00 195.64 59.09
GlobalGA3 280.00 260.00 240.00 240.00 240.00 240.00

How many generations to achieve final max fitness
GlobalGA1 245.50 239.60 2.35 9.40 242.40 300.00
GlobalGA2 210.75 221.00 1.05 5.80 171.90 300.00
GlobalGA3 64.40 39.10 1.00 2.20 11.45 56.70

Average minimal coding links
GlobalGA1 1.20 0.80 0.00 0.00 0.80 6.30
GlobalGA2 1.15 0.70 0.00 0.00 0.30 5.00
GlobalGA3 0.00 0.00 0.00 0.00 0.00 0.00

Maximum minimal coding links
GlobalGA1 4 3 0 1 3 22
GlobalGA2 3 1 0 0 2 12
GlobalGA3 0 0 0 0 0 0

Minimum actually achieved rate at sinks
GlobalGA1 3 3 2 2 1 1
GlobalGA2 3 3 2 2 2 1
GlobalGA3 4 3 2 2 2 2

designs of the GlobalGA1 here, for example, the new
NCP model, the new chromosome structure, and the
associated operations, are more suitable for the NCP
than the GA designs in [2].

(iv) On average, GlobalGA2 achieves a better perfor-
mance than GlobalGA1 does. Since GlobalGA2 has
one more heuristic rule, that is, Rule 3, than Glob-
alGA1 has, it is reasonable to assume that the improve-
ment in performance of GlobalGA2 is mainly due to
Rule 3. As Rule 3 can also apply to GA[2], one may
assume that the performance of GA[2] would also be
improved if it employed Rule 3.

(v) It should be noted that, according to the fitness
function given by (4) to (5) with 𝛼

1
= 𝛼
2

= 10, 𝛼
3

=

1, 𝛼
4

= 0, 𝛼
5

= 200, and 𝛼
6

= 0, the theoretical max-
imum fitness is 240 for Case II-1 to Case II-4. Table 3
shows thatGlobalGA3 always achieves thismaximum
fitness within 300 generations of evolution. From
this table, one can see that GlobalGA3 converges
much more quickly than GlobalGA1 and GlobalGA2,
and it finds much better solutions than GlobalGA1
and GlobalGA2. Actually, GlobalGA3 always finds
the theoretical optimal solutions. Since the only
difference between GlobalGA3 and GlobalGA2 is
the integration of Rules 4 and 5 into GlobalGA3,
it is reasonable to conclude that it is the impact of
these two additional rules that plays a significant role
in improving the performance of the algorithm. It
should be noted that these two rules, that is, Rules 4
and 5, are not designed only for the particular net-
works used in the experiments but developed without

reference to any specific network topology, making
them generally applicable regardless of topology.

(vi) The theoretical optimal solutions in all cases require
no coding, whilst Rule 3 initializes some chromo-
somes without coding. Therefore, could Rule 3 acci-
dently introduce such theoretical optimal solutions
into the gene pool right from the start, and then
bias the GlobalGA2 and GlobalGA3 results? It should
be pointed out that the no-coding solutions are
not equal to the optimal solutions without coding.
Actually, most no-coding solutions cannot achieve
the theoreticalmaximum throughput. In other words,
although the gene pool already includes some no-
coding solutions due to Rule 3, it is very unlikely that
such no-coding solutions can be guaranteed to be
theoretical optimal solutions, and therefore they still
need to evolve. For instance, Table 3 clearly shows
that, on average, even GlobalGA3 needs to evolve
tens of generations to find the theoretical optimal
solutions. This implies that, most of the time, Rule 3
cannot introduce any theoretical optimal solution at
all.

The above experimental results show that GlobalGA3 is
the best algorithm, largely because of the introduction of
Rules 4 and 5. Here wewill further investigate the roles played
by Rules 4 and 5. To save space, the experimental results
reported here are all based on only one case, that is, Case
II-4, which is the hardest case. In all previous experiments,
when the focus was to improve a chromosome, GlobalGA3
applies Rules 4 and 5 no more than once. In other words,
GlobalGA3 uses Rules 4 and 5 to modify no more than one
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Table 4: Computational efficiencies of different GlobalGAs based on Case II-4.

(Ave. results of 20
exp.) GlobalGA1 GlobalGA2 GlobalGA3 with a 𝑁R4R5 of

1 2 3 4 5 6 7 8 9 10
Final max fitness 40.21 59.09 240.00 240.00 240.00 240.00 240.00 240.00 240.00 240.00 240.00 240.00
Number of coding
links 6.30 5.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Generations to
converge 300.00 300.00 56.70 28.40 15.60 11.10 4.30 3.90 3.40 3.00 3.00 2.70

Computational
time of one
generation (sec.)

1.39 1.38 2.92 3.42 4.16 4.85 5.78 6.48 7.09 7.28 7.82 8.72

Total
computational
time (sec.)

415.70 414.57 168.31 96.78 60.87 49.91 24.91 25.36 24.18 22.00 23.45 23.83

gene of a chromosome. In the following experiments, we will
allowGlobalGA3 to apply Rules 4 and 5 tomodify up to𝑁R4R5
genes of a chromosome, where 𝑁R4R5 = 1, . . . , 10. All other
algorithm-related parameters remain the same as in previous
experiments. The results are given in Table 4. From Table 4,
the following observations can be made.

(i) GlobalGA3 can always find the theoretical optimal
solutions, while GlobalGA1 and GlobalGA2 often
struggle to do so. This proves that Rules 4 and 5 are
the cause of the advantages.

(ii) A GlobalGA3 with a larger 𝑁R4R5 needs fewer gen-
erations to converge to the optimal solutions. It is
reasonable to suggest that Rules 4 and 5 play a crucial
role in improving the performance of GlobalGA3:
applying Rules 4 and 5 for more times will lead to
better performance.

(iii) However, applying Rules 4 and 5 causes additional
computational burden; therefore, the computational
time consumedby a generation ofGlobalGA3 is larger
than those of GlobalGA1 and GlobalGA2, and such
computational time goes up as 𝑁R4R5 increases.

(iv) Fortunately, when we combine the computational
time consumed by a generation and the genera-
tions needed to converge to the optimal solutions,
it becomes clear that the total computational time
consumedbyGlobalGA3 to find the optimal solutions
is actually smaller than those of GlobalGA1 and
GlobalGA2.

(v) Considering the influence of 𝑁R4R5 on the total
computational time of GlobalGA3, a balance should
be made to set up 𝑁R4R5, because the least total com-
putational time occurs neither with a small𝑁R4R5, nor
with a large 𝑁R4R5, but with a medium 𝑁R4R5. In the
case of Case II-4, the best value for 𝑁R4R5 is 8, which
results in GlobalGA3 being able to find the optimal
solutions at the fastest speed.

Hence it may be concluded that GlobalGA3 outperforms
GlobalGA1 and GlobalGA2 in terms of not only solution
quality, but also in terms of computational efficiency. This

shows that the introduction of Rules 4 and 5 is very
advantageous and hence justifies the use of the permutation
representation.

As is well known, a large enough field size plays a
crucial role in achieving the maximum possible throughput.
Equation (13) shows that, in the case of our new GAs,
the search space size for a single outgoing link will grow
exponentially with the field size. Therefore, the focus of
the following experiments is to explore and examine the
influence of field size on the performance of our new GAs.
Five field sizes, that is, 𝑁

𝑊
= 2, 4, 6, 8, and 10, are used

in GlobalGA1, GlobalGA2, and GlobalGA3. Here 𝑁R4R5 is
set as 8 for GlobalGA3, as Table 4 shows it gives the best
performance. Based on those networks in Set II of Table 1,
some key average results are given in Table 5, fromwhich, the
following observations can be made.

(i) The field size has a significant influence on the perfor-
mance of GlobalGA1 and GlobalGA2. In the case of
Case II-1, the simplest network of all, GlobalGA1 and
GlobalGA2 with different field size can always find
the optimal solutions, but it takes more time when a
larger𝑁

𝑊
is adopted. In the case of Case II-2 andCase

II-3, GlobalGA1 and GlobalGA2 may still find the
optimal solutions when 𝑁

𝑊
is small, but the solution

quality reduces quickly as 𝑁
𝑊

increases. In Case II-
4, the most complex network of all, both algorithms
struggle and usually can only find feasible solutions,
regardless of the value of N

𝑊
.

(ii) In all test cases, in terms of either solution quality
or computational time, GlobalGA3 has a very robust
performance against the change of 𝑁

𝑊
. Actually, for

a given network, GlobalGA3 can always find the
optimal solution with similar computational time, no
matter what value 𝑁

𝑊
has.

(iii) In summary, one can see that the field size has
significant influence on GlobalGA1 and GlobalGA2,
which have relatively poor local-searching capability,
but, thanks to Rules 4 and 5, no obvious influence on
GlobalGA3 is observed. In other words, GlobalGA3
can perform satisfactorily well for different field sizes.
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Table 5:The influence of field size on the performance of new GAs.

(Ave. results of 20 exp.) 𝑁
𝑊

2 4 6 8 10
GlobalGA1

Case II-1
Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 0.48 0.81 1.06 3.44 5.56

Case II-2
Final max fitness 240.00 240.00 123.33 115.68 90.61
Total computational
time (sec.) 2.40 59.26 88.65 93.46 89.27

Case II-3
Final max fitness 181.67 54.09 50.05 49.72 52.18
Total computational
time (sec.) 158.85 200.61 201.12 200.25 200.42

Case II-4
Final max fitness 40.21 45.33 42.95 39.76 41.03
Total computational
time (sec.) 415.70 420.58 405.17 411.54 425.67

GlobalGA2
Case II-1

Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 0.47 0.47 0.50 0.48 0.47

Case II-2
Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 2.76 6.88 7.85 6.55 8.43

Case II-3
Final max fitness 195.64 142.86 45.96 47.45 46.11
Total computational
time (sec.) 127.24 201.60 199.53 200.97 204.34

Case II-4
Final max fitness 59.09 40.16 39.50 41.88 42.02
Total computational
time (sec.) 414.57 429.06 418.63 424.41 419.24

GlobalGA3
Case II-1

Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 2.12 2.05 1.97 2.16 2.01

Case II-2
Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 3.37 4.15 3.68 3.44 3.51

Case II-3
Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 5.36 5.72 6.44 5.51 7.70

Case II-4
Final max fitness 240.00 240.00 240.00 240.00 240.00
Total computational
time (sec.) 22.00 19.24 21.27 24.84 19.13

Based on the test cases for GlobalGA3 in Table 5, where
𝑁
𝑊

makes no difference in the performance of GlobalGA3,
one may ask: how important is field size for exact network
coding? In fact, the importance of field size is mainly
appreciated in random network coding, because a larger field
size means a higher probability of achieving the target rate
when random coding is used. However, even for a small field
size, say 𝑁

𝑊
= 2, there could still exist a coding scheme

to achieve the target rate. For instance, in a rectangular grid
network where the source sends out two signals using the
random coding scheme, the probability that a node located
at grid position (𝑥, 𝑦) relative to the source can decode both
signals is at least (1 − 1/𝑁

𝑊
)
2(𝑥+𝑦−2) [26]. This implies that,

for all 𝑁
𝑊

≥ 2, a rate of 2 is in theory always achievable
at any node in a finite grid network. Unfortunately, the
probability is so small under a small field size; say 𝑁

𝑊
= 2,

that random coding can hardly determine a correct coding
scheme. By employing a powerful method of searching, such
as GlobalGA3 proposed in this paper, exact network coding
may still stand a good chance of finding a correct coding
scheme, even when 𝑁

𝑊
= 2. In other words, the field size

might not be as important to exact network coding as is it
to random network coding. This is definitely an issue worth
further investigation in future research.

5.2. Tests on SRHCGA. In this subsection, we will study
the proposed SRHC strategy. We will firstly test the general
performance of the SRHCGA. Then we will investigate the
influence of some SRHC-related parameters. Like in the tests
on the GlobalGA, here again we have three versions of the
SRHCGA: SRHCGA1 employing Rules 1 and 2, SRHCGA2
having Rule 1 to Rule 3, and SRHCGA3 including Rule 1 to
Rule 5 (Rules 4 and 5 are only applied nomore than once; that
is,𝑁R4R5 = 1). In the general tests, for all three SRHCGAs, the
number of steps in a spatial horizon,𝑁

𝐻
, changes from 1 to 4,

and the spatial step length 𝑁SL (i.e., how many link layers is
covered by a spatial step) also changes from 1 to 4. Therefore,
there are 16 (𝑁

𝐻
, 𝑁SL) pairs that are tested, and the total

number of link layers covered by a spatial horizon varies from
1 to 16.The three SRHCGAs in the general tests share the same
other SRHC-related parameterswhich are properly set up and
fixed. For each pair of 𝑁

𝐻
and 𝑁SL, 20 tests are conducted

for each SRHCGA. Some important average results and the
associated values for 𝑁

𝐻
and 𝑁SL are summarized in Table 6,

and the relationships between 𝑁
𝐻
, 𝑁
𝑆𝐿
, and the associated

average fitness are plotted in Figure 14. The vertical axis in
Figure 14 is the fitness axis, the first horizontal axis (the left
horizontal axis) is the𝑁

𝐻
axis, and the second horizontal axis

(the right horizontal axis) is 𝑁SL axis. It should be noted that,
according to (8), that is, the unified objective function for the
SRHC strategy, the potential maximum fitness is 240 when
𝛽
1

= 20, 𝛽
2

= 5, 𝛽
3

= 5, 𝛽
4

= 200, 𝛽
5

= 0, and 𝛽
6

= 10.
From Table 6 and Figure 14, one may have the following

observations.

(i) From the typical (𝑁
𝐻

, 𝑁SL) pairs given in Table 6, one
can see that small 𝑁

𝐻
and 𝑁SL can deliver the best

results in all test cases, whichmeans it is not necessary
to resolve theNCP as awhole, an appropriate problem
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Figure 14: Continued.
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Figure 14: Influence of 𝑁SL and 𝑁
𝐻
on fitness in general tests on SRHCGAs.

Table 6: Summarized results of general tests on SRHCGAs.

(Best average results of all combinations of 𝑁SL and 𝑁
𝐻
) Case I-1 Case I-2 Case II-1 Case II-2 Case II-3 Case II-4

Average minimal coding links
SRHCGA1 0.75 0.00 0.00 0.00 0.00 1.50
SRHCGA2 0.75 0.00 0.00 0.00 0.00 0
SRHCGA3 0.00 0.00 0.00 0.00 0.00 0.00

Total computational time (sec.)
SRHCGA1 35.61 11.94 0.00 4.72 12.89 64.59
SRHCGA2 28.25 9.83 0.00 3.35 11.17 58.93
SRHCGA3 32.86 6.04 0.00 3.82 8.43 27.38

Minimum actually achieved rate at sinks
SRHCGA1 3.5 3 2 2 2 1.75
SRHCGA2 3.75 3 2 2 2 1.50
SRHCGA3 4 3 2 2 2 2

A typical (𝑁
𝐻

, 𝑁SL) pair that gives the best average results
SRHCGA1 (2,2) (3,1) (2,2) (2,2) (3,1) (1,2)
SRHCGA2 (2,1) (3,1) (2,2) (2,2) (2,2) (1,1)
SRHCGA3 (2,1) (2,1) (2,2) (2,2) (2,2) (2,2)

How many (𝑁
𝐻

, 𝑁SL) pairs that give the best average results
SRHCGA1 1 2 16 12 2 1
SRHCGA2 2 2 16 13 4 1
SRHCGA3 10 14 16 16 16 13

partitioning method, such as the proposed SRHC
strategy, can eventually find at least as good complete
solutions to the NCP as the “resolve it as a whole”
strategy can.

(ii) Actually, when comparing the average minimal cod-
ing links and the minimal actually achieved rate at
sinks in Tables 3 and 6, one can see that in Case
I-1, Case I-2, Case II-3, and Case II-4, which have
relatively larger network scale, the performances of
SRHCGA1 and SRHCGA2 with small N

𝐻
and N

𝑆𝐿

are obviously better than those of GlobalGA1 and
GlobalGA2. As discussed in the previous tests on
GlobalGAs, GlobalGA1 and GlobalGA2 have rela-
tively poorer searching capability because they do
not use Rules 4 and 5. When such an algorithm is
applied to resolve a relatively larger NCP as a whole,
it is difficult to find good solutions. However, when
such an algorithm with poor searching capability

is integrated with the proposed SRHC strategy, its
performance can be improved.

(iii) Regarding the average minimal coding links and the
minimal actually achieved rate at sinks, SRHCGA3
does not make difference when compared with Glob-
alGA3. This is because, thanks to Rules 4 and 5,
GlobalGA3 is so powerful that it can almost always
find the optimal solutions.Therefore, there is no room
for SRHCGA3 to improve.

(iv) Based on the above three bullet points, one may
conclude that, for a given algorithm, (i) if the “resolve
it as a whole” strategy can find the best solutions, then
the SRHCstrategy can also do it, and (ii) if the “resolve
it as a whole” strategy struggles in finding the best
solutions, the SRHC strategy may still find the best
solutions, or at least find some better solutions.
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(v) When comparing the total computational times in
Case II-4 consumed by SRHCGA1 to SRHCGA3
in Case II-4 and those by GlobalGA1 to Glob-
alGA3 with 𝑁R4R5 = 1 (see Table 4), one can
see clearly that SRHCGA1 to SRHCGA3 are much
more time-efficient than GlobalGA1 to GlobalGA3.
This is understandable. The computational time of
GAs usually soars up exponentially as the problem
scale increases. The computational time consumed
by an SRHCGA within a spatial horizon is therefore
exponentially less than that by a GlobalGA (because
the subproblem within a spatial horizon has a smaller
problem scale). Even though an SRHCGA needs to
experience a number of spatial horizons in order
to get a complete solution, the total computational
time just increases linearly and therefore is still less
than that of a GlobalGA. Now it is clear that, for
the NCP, the SRHC strategy is advantageous against
the “resolve it as a whole” strategy in terms of both
solution quality and computational time.

(vi) Figure 14 reveals more details regarding how the
SRHCGAs perform with different (𝑁

𝐻
, 𝑁SL) pairs.

Basically, the largest fitness is achieved or can
be achieved under a small (𝑁

𝐻
, 𝑁SL) pair in all

tests cases. In particular, when an algorithm with
poor searching capability, such as SRHCGA1 and
SRHCGA2, is applied to a large-scale NCP, the largest
fitness is always achieved under small (𝑁

𝐻
, 𝑁SL)

pairs, and larger (𝑁
𝐻

, 𝑁SL) pairs usually have very
small fitness (see Figures 14(a), 14(b), 14(d), 14(e),
14(m), 14(n), and 14(p)). These are in line with the
observations made based on Table 6 and therefore
further prove that “resolve it as a whole” strategy is
not necessary and sometimes even disadvantageous.

(vii) From Figure 14, one may notice that the smallest
(𝑁
𝐻

, 𝑁SL) pair, that is, 𝑁
𝐻

= 1 and 𝑁SL = 1, usually
does not give the largest fitness. Even for SRHCGA3,
the best algorithm of all, 𝑁

𝐻
= 1 and 𝑁SL = 1

may lead to nonoptimal solutions; for example, see
Figures 14(c), 14(o), and 14(r). One may also notice
in Figure 14 that even SRHCGA3 fails to achieve the
largest fitness sometimes when 𝑁

𝐻
and 𝑁SL are both

large; for example, see Figures 14(f) and 14(r). This
may imply that it is crucial to find a suitable length for
spatial receding horizon. A too small spatial horizon
may lead to shortsighted performance, whilst a too
large spatial horizon will likely make the SRHCGA
strategy similar to the “resolve it as a whole” strategy.
Therefore, a balance should be made when setting
up the (𝑁

𝐻
, 𝑁SL) pair. According to Table 6 and

Figure 14, it seems that (2,1), (2,2), and (3,1) are
good (𝑁

𝐻
, 𝑁SL) pairs for the NCP. One may ask:

given a really large network that has thousands of
link layers, will these three (𝑁

𝐻
, 𝑁SL) pairs, which

now appear very small, still be able to deliver good
rather than shortsighted performance? This question
may be partially answered in the following tests on

the importance of the terminal penalty term in the
objective function of SRHCGA.

It is well known in the area of control engineering that the
TRHC scheme may become unstable if no terminal penalty
is included in the objective function. Simply speaking, a
terminal penalty term is used to estimate the impact of the
decisions made within the current temporal horizon on the
future system behavior. Similarly, the terminal penalty term
introduced for the SRHC strategy in Section 3.2 is used to
estimate the impact of the decisions made within the current
spatial horizon on those undecided links that are beyond the
current spatial horizon. Table 7 compares the performances
of SRHCGAs before and after the terminal penalty term
is removed from the objective function. Only the typical
(𝑁
𝐻

, 𝑁
𝑆𝐿

) pairs given in Table 6, which have delivered the
best average results in the associated test cases, are used
to conduct the new experiments associated with Table 7.
To save space, only the results of average best fitness are
given in Table 7. One can see clearly from Table 7 that, once
the terminal penal is removed from the objective function,
the performances of all SRHCGAs degrade dramatically in
almost all test cases. Even SRHCGA3 often fails to find
optimal solutions, even in the simplest test case, that is,
Case II-1. This clearly verifies the importance of terminal
penalty for the SRHC strategy in the NCP. The reason for
the crucial role of terminal penalty was already explained in
Section 3.2 (see Figure 9). From the importance of terminal
penalty along with Rules 4 and 5, one may see a nature of
the NCP: if the signals received by a link layer are better
organized and diversified, then it is more likely that a node
of the following link layer can receive more different signals.
In other words, focusing on organizing and diversifying local
information flow (to some extent the SRHC strategy does this
job) may also lead to high-quality coding solutions for the
entire network.This nature of theNCPmay somehow explain
why small (𝑁

𝐻
, 𝑁SL) pairs can always get the best results

in all test cases in Table 6 and Figure 14. According to this
nature, some small (𝑁

𝐻
, 𝑁SL) pairs, such as those revealed in

Table 6 and Figure 14, might still be able to give satisfactory
performance even in a network with thousands of link layers.
This is because, as long as the signals on each link layer are
well organized, the sink layer will receive a reasonably large
number of diversified signals.

As discussed in Section 2.3, the SRHC strategy and
population-based algorithms like GAs are a perfect match.
One reason for this perfect match is that a GA will output
a population of solutions, some of which can be then used
to set up a pool for decided spatial steps, in order to avoid
generating bad complete solutions caused by the uniqueness
of subsolutions for decided spatial steps. In the experiments
given as follows, we will test whether or not such a pool
for decided spatial steps is useful. In all previous SRHCGA
related experiments, the pool size was set as 10% of a
GA population. Here another three pool sizes are used: 1
candidate combination only, 5% of a GA population, and
20% of a GA population. The results on average best fitness
are listed in Table 8, from which one can see clearly that, in
general, a smaller pool size will lead to a poorer performance
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Table 7: The importance of terminal penalty in objective function for SRHCGAs.

(Based on the typical (𝑁
𝐻

, 𝑁SL) pairs given in Table 6) Case I-1 Case I-2 Case II-1 Case II-2 Case II-3 Case II-4
SRHCGA1

With terminal penalty 115.10 240.00 240.00 240.00 240.00 116.94
Without terminal penalty 69.47 165.77 220.35 203.71 104.68 32.07

SRHCGA2
With terminal penalty 98.17 240.00 240.00 240.00 240.00 140.07
Without terminal penalty 47.29 144.75 228.60 185.95 123.66 40.51

SRHCGA3
With terminal penalty 240.00 240.00 240.00 240.00 240.00 240.00
Without terminal penalty 159.55 172.81 231.92 222.90 195.85 147.62

Table 8: The influence of pool size on performance of SRHCGAs.

(Based on the typical
(𝑁
𝐻

, 𝑁SL) pairs
given in Table 6)

Pool size Case I-1 Case I-2 Case II-1 Case II-2 Case II-3 Case II-4

SRHCGA1

1 40.53 116.38 217.44 179.36 122.97 43.47
5% a GA population 110.47 214.61 240.00 240.00 221.85 122.73
10% a GA population 115.10 240.00 240.00 240.00 240.00 116.94
20% a GA population 101.26 225.36 240.00 233.85 217.81 98.48

SRHCGA2

1 49.38 100.94 225.63 194.95 151.38 51.55
5% a GA population 76.86 230.44 240.00 236.04 213.25 118.87
10% a GA population 98.17 240.00 240.00 240.00 240.00 140.07
20% a GA population 108.47 226.75 240.00 240.00 240.00 133.79

SRHCGA3

1 167.53 182.44 232.35 235.11 194.69 151.36
5% a GA population 233.85 240.00 240.00 240.00 240.00 229.74
10% a GA population 240.00 240.00 240.00 240.00 240.00 240.00
20% a GA population 240.00 240.00 240.00 240.00 240.00 240.00

for all SRHCGAs. As analyzed in Section 2.3, a smaller pool
size means less flexibility in changing the subsolutions for
decided links, so, an algorithm is more likely to be trapped
to locally good solutions. If the pool only has one candidate,
then it makes no difference in terms of flexibility for decided
links when the SRHC strategy uses either a population-based
algorithm or a deterministic algorithm, and the resulting
performance is very poor (even SRHCGA3 often fails to
find optimal solutions, even in the simplest test case, i.e.,
Case II-1). Table 8 also reveals that a too large pool size
is not necessary, as it will not improve the performance
further or significantly. Actually, a too large pool size may
unnecessarily increase the complexity of overall search space,
and consequently the performance of an algorithm with
poor searching capability will degrade (see SRHCGA1 and
SRHCGA2 in Table 8 , e.g.). In the NCP experiments, a
pool size that is 10% of a GA population seems able to give
reasonably good performance for all SRHCGAs. Now one
may conclude that a subsolution pool for decided spatial steps
plays a crucial role for the SRHC strategy to achieve good
performance. Therefore, a deterministic algorithm, which
only outputs a single solution, is not suitable for conducting
the optimization within a spatial receding horizon. Instead,

only a population-based algorithm like GA can take the full
advantage of the SRHC strategy.

6. Conclusions

This paper attempts to develop an effective genetic algorithm
(GA) for the network coding problem (NCP), where network
coding resources such as coding nodes and links need to be
minimized. The contributions of this reported work include
the following. (i) A new mathematical formulation of the
NCP is developed, which aims not only to minimize network
coding resources, but also to maximize the actually achieved
rate at sinks. (ii) A novel permutation representation instead
of widely used binary matrix is proposed, which records
relative signals on links and is therefore free of feasibility
problems, and which also enables the derivation of exact
information flow on links and consequently makes it possible
to integrate many useful problem-specific knowledge into
the algorithm. (iii) Some new NCP-specific heuristic rules
are reported, which can significantly improve the overall
quality of chromosomes. (iv)Anovel spatial receding horizon
control (SRHC) strategy is invented as problem partitioning
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method, which is very effective to decompose large-scale net-
works and is also suitable for population-based algorithms,
such as GAs, and therefore makes the proposed SRHC based
GA have a good scalability for the NCP. The effectiveness
of these new developments is illustrated by extensive exper-
iments. It is worth investigation to generalize the SRHC
scheme, in order to develop a general problem partitioning
methodology of combining SRHC with population-based
algorithms to apply to various large-scale problems.
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This paper proposes a novel variant of cooperative quantum-behaved particle swarm optimization (CQPSO) algorithm with two
mechanisms to reduce the search space and avoid the stagnation, called CQPSO-DVSA-LFD. One mechanism is called Dynamic
Varying Search Area (DVSA), which takes charge of limiting the ranges of particles’ activity into a reduced area. On the other hand,
in order to escape the local optima, Lévy flights are used to generate the stochastic disturbance in the movement of particles. To test
the performance of CQPSO-DVSA-LFD, numerical experiments are conducted to compare the proposed algorithm with different
variants of PSO. According to the experimental results, the proposed method performs better than other variants of PSO on both
benchmark test functions and the combinatorial optimization issue, that is, the job-shop scheduling problem.

1. Introduction

PSO, originally introduced by Kennedy and Eberhart [1], has
become one of the most important swarm intelligence-based
algorithms.Theunique information diffusion and interaction
mechanism of PSO enable it to solve many problems with
good performance at low computational cost. Hence, in the
past decades, PSO is imported to solve the problems of
numerical optimization [2], combinatorial optimization [3],
controller optimization [4, 5], and software design optimiza-
tion [6].

Among the applications, function optimization has been
often chosen to check the performance of them, because
benchmark functions are not only well described in literature
such as their properties, locations, and values of the optimal
solutions, but also have many different versions that can rove
different capabilities of optimizer [7, 8]. However, according
to the state of art in the relevant research [9] and in spite of its
superior performance, PSO is even not a global optimization
algorithm. To overcome this defect, some randomizing tech-
niques are employed into the design of PSO, such as chaos
[10] and quantum behavior [11, 12], to accelerate the global
convergence of the algorithms. In literatures [11, 12], Sun et al.
proposed a quantum-behaved PSO (QPSO) algorithm,which
can be guaranteed theoretically to find optimal solution in

search space. The experimental results on some widely used
benchmark functions show that the QPSO works better than
standard PSO and should be a promising algorithm.

Like all other intelligence algorithms [8], escaping from
the local optimum and preventing premature convergences
are two inevitable difficulties in implementation. Especially,
as dimensionality increases, these kinds of problems become
more complex and the possibility for finding global optimum
sharply decreases. Nevertheless, some applications really
need to probe the global optimal solutions rather than local
ones, such as function optimization and clusters structure
optimization. Hence, the main motivation of this research is
to find a solution to make the PSO adapt to the multidimen-
sion and difficult problems, for example, NP hard ones.

This paper proposes a novel particle swarm algorithm
with two different methods to reduce the search space. One
is called Dynamic Varying Search Area (DVSA), which takes
charge of limiting the ranges of particles’ activity, and the
other is cooperative strategy, which divides the candidate
solution vector into small subswarms. Moreover, in order to
escape the local optima, Lévy flights are used to generate the
stochastic disturbance in the movement of particles.

The remainder of this article is organized as follows.
Section 2 provides a brief review on the related algorithms.
Section 3 proposes the CQPSO-DVSA-LFD and gives the
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main flow of the algorithm. Sections 4 and 5 illustrate the
inner mechanisms, Dynamic Varying Search Area (DVSA),
and Lévy Flights Disturbance (LFD), respectively. Section 6
describes the experimental framework and then presents
and discusses the numerical results from the trails. Finally,
Section 7 offers our conclusions and future work.

2. Review on Related PSO Algorithms

2.1. PSO. PSO algorithm was first introduced by Kennedy
and Eberhart [1] as a simulation of the flock’s behavior but
quickly evolved into one of the most powerful optimization
algorithms in the computational intelligence field. The algo-
rithm consists of a population of particles that are flown
through an 𝑛-dimensional search space. The position of each
particle represents a potential solution to the optimization
problem and is used in determining the fitness (or perfor-
mance) of a particle. In each generation of iteration, particle
in swarm can be updated by the values of the best solution
found by it and the one found by the whole swarm by far
according to the following equation:

V𝑡+1id = 𝜔 × V𝑡id + 𝑐1 × 𝑟1 × (𝑃
best
id − 𝑃

𝑡

id)

+ 𝑐
2
× 𝑟
2
× (𝑃

best
gd − 𝑃

𝑡

id) ,

𝑃
𝑡+1

id = 𝑃
𝑡

id + V
𝑡+1

id ,

(1)

where V𝑡id denotes the particle’s velocity in 𝑡 generation
and 𝑃𝑡id, 𝑃

best
id , and 𝑃bestgd are the particle’s position, personal

historical best position, and swarm’s global best position in 𝑡
generation, respectively.

2.2. CPSO. In practice, most variants of standard PSO suffer
from the curse of dimensionality, which may directly reduce
to the performance deterioration.Therefore, it also causes the
failure of finding the global optimum of a highdimensional
problem. One effective way is to decompose the large search
space into smaller swarms in lower dimensional vector space,
that is, to employ cooperative strategy. Based on the rationale
of Cooperative Coevolutionary Genetic Algorithm (CCGA)
in [13], van den Bergh and Engelbrecht introduced the
Cooperative PSO that employs a kind of cooperative behavior
to significantly improve the performance of the original
algorithm [9]. Compared to basic single swarm PSO, both
robustness and precision are improved and guaranteed. The
key idea of CPSO is to divide all the n-dimension vectors into
𝑘 subswarms. So the frontn/k swarms are ⌈𝑛/𝑘⌉-dimensional
and the 𝑘 − (𝑛/𝑘) swarms behind have ⌊𝑛/𝑘⌋-dimensional
vectors. In each pass of iteration, the solution is updated
based on 𝑘 subswarms rather than the original one. When
the particles in one subswarm complete a search along some
component, their latest best position will be combined with
other subswarms to generate a whole solution.

The function 𝑏 shown in (2) performs exactly like this: it
takes the best particle from each of the other subswarms and
concatenates them, splicing in the current particle from the
current subswarm 𝑗 in the appropriate position. According

to this function, the composition of 𝑃bestid , 𝑃bestgd , and 𝑃bestcgd can
be calculated based on (3)–(5). Due to the employment of
this component, the particles in each subswarm therefore
update their global best position by (6)-(7), which is the
result associated with minimal fitness value of their local best
positions and global best positions of electoral swarm:

𝑏 (𝑢, 𝑍) = (𝑆1 ⋅ 𝑃
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2.3. QPSO. In literature [14], Liu et al. proposed a Quantum
Particle Swarm Optimization (QPSO), which discards the
velocity vector of original PSO and consequently changes
the updating strategy of particles’ position to make the
search more simple and efficient. QPSO is the integration
of quantum computing and PSO. The QPSO is based on
the representation of the quantum state vector. It applies
the probabilistic amplitude representation of quantum to the
coding of particles, which makes one particle represent the
superposition ofmany states and uses quantum rotation gates
to realize the update operation.

The iterative equation of QPSO is very different from that
of PSO. Besides, unlike PSO, QPSO needs no velocity vectors
for particles and also has fewer parameters to adjust, making
it easier to implement. This can be seen clearly in Figure 1.

The updated strategy of particles’ position of QPSO is as
follows:

𝑃
𝑡+1

id = 𝜑 × 𝑃
best
id + (1 − 𝜑) × 𝑃

best
gd ± 𝛽 ×


𝐶
𝑑
− 𝑃
𝑡

id

× ln(1

𝑢
) ,

(8)

where 𝑁 is population of particles; 𝐷 is dimension of
problem; 𝑃𝑡id is position of particle; 𝑃

best
id is local best position;

𝑃
best
gd is global best position; 𝐶

𝑑
= (1/𝑁)∑

𝑁

𝑖=1
𝑃id, 𝑑 =

1, . . . , 𝐷, 𝐶 = 𝐶
1
, . . . ; 𝐶

𝑑
is mean local best positions.



The Scientific World Journal 3

Pt+1

Vt+1

Pbest
gd

Pbest

Vt
id

d

Pt

id

id
id

id

(a) PSO

Pt+1
id

Vt+1
id

Pbest
gd

Pbest
id

Pbest
cgd

Vt
id

Pt
id

(b) CPSO

Pt+1
id

Pbest
gd

Pt
id

Cd

(c) QPSO

Pbest
cgd

Pt+1
id

Pbest
gd

Pt
id Cd

(d) CQPSO

Figure 1: Particle movement principle of PSO, CPSO, QPSO, and CQPSO.

2.4. CQPSO. In CQPSO algorithm proposed in [15], an
electoral swarm is generated by the voting of primitive sub-
swarms and also participates in evolution of swarm, whose
candidate particles come from primitive subswarms with
variable votes. In reverse, the number of selected particles
could also impact the voting of the primitive subswarms,
such as the total number of candidates and quota of selected
ones. The selected candidates could share their components
with best segments of position, which are then composed
into a new particle position to participate in the combining
of positions. Like the treatment in our previous work, a new
component of particle’s position is also imported, that is,
𝑃
best
cgd , denoting the electoral best position composed by the

dimensions of elected candidates.
The updating strategy of particles’ position of CQPSO is

as follows:

𝑃
𝑡+1

id = 𝜑 × 𝑃
best
id + 𝜓 × 𝑃

best
gd + (1 − 𝜑 − 𝜓) × 𝑃

best
cgd ± 𝛽

×

𝐶
𝑑
− 𝑃
𝑡

id

× ln(1

𝑢
) .

(9)

3. Proposed Algorithm: CQPSO-DVSA-LFD

In this paper a novel particle swarm algorithm with two
different methods is proposed to reduce the search space.
One is called Dynamic Varying Search Area (DVSA), which
takes charge of limiting the ranges of particles’ activity and
the other is cooperative strategy, which divides the candidate
solution vector into small subswarms. The illustration of
DVSA will be introduced in Section 4.

On the other hand, theoretically, CQPSO algorithm could
solve any problem by QPSO. However, due to the possibility
of trapping in a case that all subswarm could not find the
optimum, CQPSO could also reach the current minimum.
To avoid this kind of stagnation, we employ a stochastic
disturbance method, that is, Lévy flights disturbance, to
generate a random movement of the stagnant subswarms.
The details of Lévy flights disturbance will be introduced in
Section 5.

Differently with other similar methods, we use the output
parameters of Lévy flights to intervene the position change
directly, which can be seen in (10) as follow, where AngleĹevy
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Initiation;
Label 1: Generation primitive sub-swarms;
Foreach sub-swarm-i In sub-swarms Do

Calculate the fitness value;
If (run==first-time)
Then Update the personal and global optimal position as in QPSO;
Else Update the personal and global optimal position with;
Calculate the best particles;
Check the condition of DVSA, if not satisfied, and then go to the second step.
Calculate the reduced search area.

End Foreach
Calculate the fitness value;
Foreach dimension-i In D Do

Update the personal and global optimal position;
Update the particles based on quantum behavior with the Lévy disturbance;

End Foreach
Calculate the electoral best position;
Test whether satisfy the condition of termination;
If (Meet terminal condition)Then ends
Else repeat from Label 1;
End If
End.

Algorithm 1: Pseudocode of CQPSO-DVSA-LFD.

and StepĹevy are the output parameters of Lévy flights which
are randomly generated,while 𝜀

1
, 𝜀
2
, and 𝜀

3
are the parametric

empirical coefficient:

𝑃
𝑡+1

id = 𝜑 × 𝑃
best
id + 𝜓 × (𝑃

best
gd + 𝜀

1
× AngleLévy)

+ (1 − 𝜑 − 𝜓) × (𝑃
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cgd + 𝜀2 × AngleLévy)

± 𝛽 ×

(𝐶
𝑑
+ 𝜀
3
×StepLévy) − 𝑃

𝑡

id

× ln(1

𝑢
) .

(10)

Based on the above introduction, we can now present
the proposed CQPSO-DVSA-LFD algorithm in the following
steps in Algorithm 1.

4. Dynamic Varying Search Area (DVSA)

4.1. Rationale of Dynamic Varying Search Area (DVSA). As
we know, complexity of optimization problem does not only
rely heavily on the objective/constraint function but also
relates to its search area. Simply speaking, subjected to the
same objective/constraint function, the larger the search area
is, the harder it can find the solution [16]. Based on this idea,
to change the search area dynamically, or say it reduces, is
necessary to accelerate the processing of algorithm. On the
other hand, when the search area reduced, the populations of
subswarms are unnecessary as big as previous ones.

Given an optimization function:

min 𝑓 (𝑥) , 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑁𝑑
)
𝑇

∈ 𝑆 ⊆ 𝑅
𝑁𝑑 , (11)

where 𝑆 = [𝑎
1
, 𝑏
1
] × [𝑎

2
, 𝑏
2
] × ⋅ ⋅ ⋅ × [𝑎

𝑁𝑑
, 𝑏
𝑁𝑑
], the basic

rationale of Dynamic Varying Search Area (DVSA) could
be illustrated as the following description. Firstly, assume

S
S x∗3x∗1

S x∗3
x∗1

x∗4

x∗4

x∗2
x∗2

Figure 2: A case of DVSA.

that𝑁
𝑝
cooperative subswarms probe is in the search space.

When the minimal distances between optimal individuals
of each subswarm reached a threshold, according to the
maximum likelihood estimation, the hypothesis that the real
optimal solution is in the area surrounded by these particles
was established. Then reduce the previous search area 𝑆 to
𝑆
, generate a new swarm with same subswarms on 𝑆, and
decrease the populationsmeanwhile. Finally, repeat the above
procedures until satisfying the end condition.

Consider the vector 𝑥 before the rth reduce, where the
𝑖th component 𝑥

𝑖
ranges over [𝑎𝑟−1

𝑖
, 𝑏
𝑟−1

𝑖
]. Then 𝑥 could be

expressed as 𝑥𝑟−1 ∈ [𝑎𝑟−1
𝑖
, 𝑏
𝑟−1

𝑖
]. Figure 2 exemplifies the case

that four cooperative subswarms reduce their search area.
First, they probe the solution in 𝑆 and get the best particles
𝑥
∗

1
, 𝑥∗
2
, 𝑥∗
3
, and 𝑥∗

4
included in 𝑆. So the search area becomes

𝑆
. The next time of reduction to 𝑆 is the same procedure.
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4.2. Condition of DVSA. In this part, we will give the
condition when the DVSA occurs. Suppose there exist 𝑁

𝑝

subswarms, the best particles set found is written as

𝑥
𝑟−1

𝑏
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𝑏
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Now, let us consider the distance among them:

𝐷(𝑥
𝑟−1,𝑖

𝑏
, 𝑥
𝑟−1,𝑗

𝑏
) =


𝑥
𝑟−1,𝑖

𝑏
, 𝑥
𝑟−1,𝑗

𝑏

2
,

𝐷
𝑟−1
= max
𝑥
𝑟−1,𝑖

𝑏
,𝑥
𝑟−1,𝑗

𝑏
∈𝑥
𝑟−1

𝑏

𝐷(𝑥
𝑟−1,𝑖

𝑏
, 𝑥
𝑟−1,𝑗

𝑏
) ,

(13)

where ‖ ⋅ ‖
2
is the 2-norm on corresponding search area.

When 𝐷𝑟−1 reached a small threshold, according to the
maximum likelihood estimation, the hypothesis that the real
optimal solution is in the area surrounded by these particles
was established. So the latter search can be performed around
these particles.

In light of this, we can give the condition of DVSA as
shown below

𝐷
𝑟−1
< 𝜆 ⋅


𝑎
𝑟−1
− 𝑏
𝑟−12

, 𝜆 ∈ (0, 1/𝑁
𝑝
] . (14)

In other words, if the above equation is satisfied, then change
the search area of the next generation of subswarms until the
DVSA occurs again. 𝜆 can be a fixed number, but more often,
it is a parameter that can be changed adaptively according to
the results of evolution.

Let us consider the search area after reduction. Note
that after the 𝑟th reduce, 𝑥

𝑖
ranges over [𝑎𝑟

𝑖
, 𝑏
𝑟

𝑖
]. Then the

upper/lower bounds are defined by the following equation:

𝑎
𝑟

𝑖
= min {𝑥𝑟−1,𝑝

𝑏𝑖
} − 𝜉 ⋅ (𝑏

𝑟−1

𝑖
− 𝑎
𝑟−1

𝑖
) ,

𝑏
𝑟

𝑖
= min {𝑥𝑟−1,𝑝

𝑏𝑖
} + 𝜉 ⋅ (𝑏

𝑟−1

𝑖
− 𝑎
𝑟−1

𝑖
) ,

𝜉 ∈ (0, 1] . (15)

To guarantee that the new search area is not larger than
the previous area, the above equation should be modified as
follows:

𝑎
𝑟

𝑖
= {
𝑎
𝑟−1

𝑖
, 𝑎
𝑟

𝑖
< 𝑎
𝑟−1

𝑖
,

𝑎
𝑟

𝑖
, otherwise,

𝑏
𝑟

𝑖
= {
𝑏
𝑟−1

𝑖
, 𝑏
𝑟

𝑖
< 𝑏
𝑟−1

𝑖
,

𝑏
𝑟

𝑖
, otherwise.

(16)

4.3. Policy of Population Scale Adjustment. The computa-
tional complexity also relies heavily on the scale of the
population of the swarm/subswarm. In general, the more
take time about particle evaluation is, the more computation
takes place. Hence, under the permission of optimization
performance, it is necessary to cut down the population of
subswarms.

In this article, we will follow a traditional method called
search granularity. Take the particle after the 𝑟th reduce
for instance, whose 𝑖th component 𝑥

𝑖
ranges over [𝑎𝑟

𝑖
, 𝑏
𝑟

𝑖
].

The distance of this interval can be written as (17) which
reflects the refined effort of search. If the distance among
the solutions is small, we can say that search granularity is
small and vice versa. From the real experience, the bigger the
swarm is, the less distance exists among the particles, which
also lessen the search granularity:

𝑑
𝑟

𝑖
= 𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
. (17)

Furthermore, if it is asked that the search granularity on
[𝑎
𝑟

𝑖
, 𝑏
𝑟

𝑖
] should be 1/𝑁

𝑖𝑘
, the population scale of subswarm

can be determined by the below equation:

𝑁
𝑟

𝑖
= ⌊

𝑁𝑑

∏

𝑘=1

𝑁
𝑖𝑘
⋅ 𝑑
𝑟

𝑖
⌋ , (18)

where ⌊⋅⌋ is the floor function. When the search area
decreases, the population of the related subswarm also
becomes small.

4.4.Theoretical Analysis. In this subsection, an analysis of the
convergence of CQPSO-DVSA-LFD is provided. We discuss
it from two perspectives, that is, search area and population
of swarms.

Firstly, we analyze the variance of intervalmeasure caused
by two neighboring reduces. According to the policy of
DVSA, it can be described as follows according to (19), (20):

𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
≤ 𝑏
𝑟−1

𝑖
− 𝑎
𝑟−1

𝑖
. (19)

Without loss of generality, let

𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
= 𝑘
𝑟

𝑖
⋅ (𝑏
𝑟−1

𝑖
− 𝑎
𝑟−1

𝑖
) , 𝑘

𝑟

𝑖
∈ (0, 1] , (20)

then

𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
= 𝑘
𝑟

𝑖
⋅ (𝑏
𝑟−1

𝑖
− 𝑎
𝑟−1

𝑖
)

= 𝑘
𝑟

𝑖
⋅ 𝑘
𝑟−1

𝑖
(𝑏
𝑟−2

𝑖
− 𝑎
𝑟−2

𝑖
) = ⋅ ⋅ ⋅ = 𝐾

𝑟

𝑖
⋅ (𝑏
𝑖
− 𝑎
𝑖
) ,

𝐾
𝑟

𝑖
=

𝑟

∏

𝑗=1

𝑘
𝑟

𝑖
≤ min {𝑘1

𝑖
, 𝑘
2

𝑖
, . . . , 𝑘

𝑟

𝑖
} .

(21)

From formula (21), we can see that when search area varies,
the reduced area becomes the 𝑘𝑟

𝑖
times of origin area. Sowhen

several generations of this procedure happen, the final area
could be heavily reduced with the considerable promotion of
efficiency.

Secondly, in consideration of swarm populations, we can
get the result from

𝑁
𝑟

𝑗
= ⌊

𝑁𝑑

∏

𝑖=1

𝑁
𝑗𝑖
⋅ 𝑑
𝑟

𝑖
⌋ =

[
[

[

𝑁𝑑

∏

𝑗=1

𝑁
𝑗𝑖
⋅ (𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
)

]
]

]

=

[
[

[

𝑁𝑑

∏

𝑗=1

𝑁
𝑗𝑖
⋅ 𝐾
𝑟

𝑖
(𝑏
𝑟

𝑖
− 𝑎
𝑟

𝑖
)

]
]

]

<

[
[

[

𝑁𝑑

∏

𝑗=1

𝑁
𝑗𝑖
⋅ (𝑏
𝑖
− 𝑎
𝑖
)

]
]

]

.

(22)
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The above inference shows that as the search area decreases,
the related populations of swarms can also be cut down with
a certain rate.

5. Lévy Flights Disturbance

The technique of random disturbance is often imported to
improve the performance of PSO or QPSO.When QPSOwas
proposed, the Gaussian and Cauchy probability distribution
disturbances have been used to avoid premature convergence.
In [17], the random sequences in QPSOwere generated using
the absolute value of the Gaussian probability distribution
with zeromean and unit variance. Based on the characteristic
of QPSO, the variables of the global best and mean best
positions are mutated with Cauchy distribution, and an
adaptive QPSO version was proposed in [14].

In this paper, another random method, Lévy flights,
is employed to do this work. Lévy flights, named after
the French mathematician Paul Pierre Lévy, are Markov
processes. After a large number of steps, the distance from
the origin of the random walk tends to a stable distribution.
Lévy flights, which can be characterized by an inverse square
distribution of step length, may optimize the random search
process when targets are scarce and at scarcity of resources.
In contrast, Brownian motion is usually suitable for the case
when there is a need to locate abundant prey or targets.These
traits of two randomwalks inspired us to improve our swarm
intelligence optimization, where Lévy flights can improve the
ability of “exploration” while Brownian motion benefits the
“exploitation.”

Mathematically, Lévy flights are a kind of random
walk whose step lengths meet a heavy-tailed Lévy alpha-
stable distribution, often in terms of a power-law formula,
𝐿(𝑠) ∼ |𝑠|

−1−𝛽, where 0 < 𝛽 ≤ 2 is an index. A typical version
of Lévy distribution can be defined as [18]

𝐿 (𝑠, 𝛾, 𝜇)

=

{{

{{

{

√
𝛾

2𝜋
exp[−

𝛾

2 (𝑠 − 𝜇)
]

1

(𝑠 − 𝜇)
3/2
, 0 < 𝜇 < 𝑠 < ∞;

0, 𝑠 ≤ 0.

(23)

At the change of 𝛽, this can evolve into one of Lévy distribu-
tions, normal distributions; and Cauchy distributions.

Taking the 2D-Lévy flights for instance, the steps follow
a Lévy distribution as in Figure 3(b), while the directions of
its movements meet a uniform distribution as in Figure 3(a).
As shown in Figure 3(c), an instance of the trajectory of 500
steps of random walks is obeying a Lévy distribution. Note
that the Lévy flights are often more efficient in exploring
unknown and large-scale search space than Brownian walks.
One reason for this argument is that the variance of Lévy
flights 𝛿2(𝑡) ∼ 𝑡3−𝛽, 1 ≤ 𝛽 ≤ 2 increases faster than that of
Brownian random walks, that is, 𝛿2(𝑡) ∼ 𝑡. Also, compared
to Gaussian distribution, Lévy distribution is advantageous
since the probability of returning to a previously visited site
is smaller than that for a Gaussian distribution, irrespective
of the value of 𝜇 chosen.

From the update strategy of CQPSO-DVSA-LFD, we can
draw a conclusion that all particles in CQPSO-DVSA-LFD
will converge to a common point, leaving the diversity of
the population extremely low and particles stagnated without
further search before the iterations are over. To overcome the
problem, we exert a disturbance generated by Lévy flights on
the mean best position, global best position, and electoral
best position when the swarm is evolving as shown in the
following equation (24). To the local attractor, the hop steps in
Lévy flights promise the random traversal in the search space.
However, to the global and electoral best locations, they only
need a slightly disturbance; that is, the angles meet a uniform
distribution, to exploit the particles nearby

𝐶


𝑑
= 𝐶
𝑑
+ 𝜀
3
× StepĹevy,

𝑃
best
gd = 𝑃

best

gd
+ 𝜀
1
× AngleĹevy,

𝑃
best
cgd = 𝑃

best

cgd
+ 𝜀
2
× AngleĹevy,

(24)

where 𝜀
1
, 𝜀
2
, and 𝜀

3
are a prespecified parameter, StepĹevy is a

number in a sequence by Lévy flights, angle is the angles of
directions in Lévy flights.

6. Experimental Studies

6.1. Experiments on Continuous Optimization Benchmarks.
To study the search behavior and its performance of CQPSO-
DVSA-LFD with other versions of PSO, such as plain PSO,
CPSO, and CQPSO, some typical benchmark functions of
continuous optimization are selected as the examples [19, 20].

Rastrigin’s function is frequently used as a test function
to test the performance of optimization algorithms. Based on
Sphere function, it uses cosine function to generate lots of
local optimal points. It is a complexmultimodal function, and
optimization falls into the local optimum easily. Griewank
function is a spin, inseparable, variable-dimension, multi-
mode function as shown in Figure 4. At the increase of its
dimension, the scope of local optimum gets narrower so that
searching global optimum becomes easy relatively.Therefore,
for Griewank function, it is harder to get solution in low
dimension than in high dimension. Michalewicz function is
a multimodal function with parameter 𝑚 which changes the
steepness of valleys. The Lévy number 8 function has one
global minimum and, approximately, 125 local minima.

Computational results of variants of PSO used in the
paper are qualitatively ranked in Table 1. From it, we can
clearly get that the proposed CQPSO-DVSA-LFD algorithm
performed greatly better than the plain PSO and QPSO.
Also, compared to the basic Cooperative PSO (CPSO), the
convergence property has been enhanced by the proposed
techniques in the paper.

In Figure 5, the black cycles denote the distribution of
particles of 2-d Griewank function in QPSO under DVSA
and LFD, while the red ones express that of CQPSO-
DVSA-LFD with only two cooperative subswarms. It can be
clearly seen that in CQPSO-DVSA-LFD, the search area in
each generation of iteration is reduced dynamically into the
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Figure 3: 2D Lévy flights in 500 steps.

potential rectangles along two red lines on horizontal/vertical
directions. In addition, we can also find that the populations
of the latter generations has been reduced obviously, which
means the lower computational complexity meanwhile.

Moreover, the convergence ability is also investigated in
our experiment. Figure 3 illustrates the typical convergence
of PSO, CPSO, QPSO, CQPSO, and CQPSO-DVSA-LFD

on the benchmark Michalewicz function. From the figure,
it can be seen that the varying curves of objective values
using the CQPSO-DVSA-LFD descendmuch faster than that
when using plain PSO and QPSO. In addition, the fitness
values descent to lower level by using CQPSO-DVSA-LFD
than CPSO due to the different mechanisms of simulated
annealing and DVSA.
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Figure 5: Particles in QPSO and CQPSO-DVSA-LFD.

From Figure 6, the results of the experiments indicated
that the proposed CQPSO-DVSA-LFD can lead to more
efficiency and stability than plain PSO, QPSO, CPSO, and
CQPSO.

6.2. Experiments on Combinatorial Optimization Problem.
For the combinatorial optimization problem, we choose job-
shop scheduling problem (JSSP) to test the performance
of our algorithm. Job-shop scheduling problem (JSSP) is
well known that it is in the family of NP-hard and NP-
complete and has proven to be an impossible task for human
schedulers. In the job-shop scheduling problem, finite jobs
are to be processed by fix-numbered machines. Each job
consists of a predetermined sequence of task operations,
each of which needs to be processed without preemption
for a given period of time on a given machine. But, tasks
of the same job could not be processed concurrently and
each job must be on each machine exactly once. Moreover,
each operation cannot be commenced until the processing is
completed, if the precedent operation is still being processed.
A schedule is an assignment of operations to time slots on a
machine. The makespan is the maximum completion time of
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Figure 6: Evolution curves of Griewank function.
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Figure 7: Evolution curves of JSSP.

the jobs and the objective of the JSSP is to find a schedule that
minimizes the makespan.

The experiments on JSSP are performed on 6 ∗ 6, 10 ∗
10, and 20 ∗ 5 instances, respectively, and its convergence
efficiency and GANT are shown in Figures 7 and 8. We
can see that the convergence rate of CQPSO-DVSA-LFD is
clearly faster than other PSO algorithms from our simulation
solution.

7. Conclusions and Future Work

In this paper, we proposed a CQPSO-DVSA-LFD algorithm
which is a combination of QPSO, cooperative mechanisms
which are used to find better particles in shorter time, and
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Figure 8: GANT graph of 6 ∗ 6 JSSP generated by CQPSO-DVSA-LFD.

two ways to reduce the search space. One is called Dynamic
Varying Search Area (DVSA), which takes charge of limiting
the ranges of particles’ activity; the other is cooperative strat-
egy, which divides the candidate solution vector into small
subswarms. Moreover, to help escape from local optima,
a disturbance generated by Lévy flights is embedded as a
hybrid strategy. Computational results and comparisons on
both continuous optimization benchmarks and JSSP problem
show that it outperforms other related algorithms.

Future research may include a further investigation of
the algorithm to solve other problems. It is also worthwhile
to tune Lévy flights disturbance approaches and analyse
the performance about the improvement by this random
disturbance.The parameter setting optimally and adjustment
of algorithm termination conditions are also one of our
focuses.
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Community structure is one of the most important properties in social networks. In dynamic networks, there are two conflicting
criteria that need to be considered. One is the snapshot quality, which evaluates the quality of the community partitions at the
current time step. The other is the temporal cost, which evaluates the difference between communities at different time steps. In
this paper, we propose a decomposition-based multiobjective community detection algorithm to simultaneously optimize these
two objectives to reveal community structure and its evolution in dynamic networks. It employs the framework of multiobjective
evolutionary algorithm based on decomposition to simultaneously optimize the modularity and normalized mutual information,
which quantitativelymeasure the quality of the community partitions and temporal cost, respectively. A local search strategy dealing
with the problem-specific knowledge is incorporated to improve the effectiveness of the new algorithm. Experiments on computer-
generated and real-world networks demonstrate that the proposed algorithm can not only find community structure and capture
community evolution more accurately, but also be steadier than the two compared algorithms.

1. Introduction

Many real-world complex systems can be represented as
complex networks. Networks could be modeled as graphs,
where nodes (or vertices) represent the objects and edges (or
links) represent the interactions among these objects. The
area of complex networks has attracted many researchers
from different fields such as physics, mathematics, biology,
and sociology. Besides a number of distinctive properties
such as the small-world effect, the right-skewed degree
distributions, and network transitivity that many networks
seem to share, community structure is another important
property in complex networks [1]. Qualitatively, a community
is defined as a subset of the graph nodes which densely
connect with each other and sparsely connect with the rest
of the networks [2, 3].

In recent years, dynamic networks have become an
increasing interest due to their great potential in capturing
natural and social phenomena over time [4], such as the
analysis of the evolution of research communities within
and across academic disciplines and the analysis of mobile

subscriber networks [5]. In the previous study, a two-step
approach is widely adopted. Firstly, a static analysis is applied
to the snapshots of the network at different time steps,
and then community evolution is introduced afterward to
interpret the change of communities over time [6]. However,
data from real-world networks are ambiguous and subject
to noise. Under such scenarios, if an algorithm extracts
community structure for each time step independently, it
often results in community structures with a high temporal
variation [7].

Some recent studies have attempted to unify the processes
of community extraction and evolution by using certain
heuristics, such as regularizing temporal smoothness. This
idea comes from a new kind of clustering concept called
evolutionary clustering which has been proposed to capture
the evolutionary process of clusters in temporal data [8].This
framework assumes that the structure of clusters significantly
changing in a very short time is less desirable, and so it tries
to smooth out each cluster over time.

Evolutionary clustering could be regarded as evolution-
ary multiobjective optimization (EMO). The optimization
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problems with only one objective are called single-objective
optimization problems, and those with more than one objec-
tive are calledmultiobjective optimization problems (MOPs).
The main purpose of EMO is to deal with multiobjective
optimization problems by evolutionary computation. It has
become a hot topic in the area of evolutionary computa-
tion. By simultaneously optimizing two or more than two
objectives, multiobjective optimization evolutionary algo-
rithm (MOEA) can acquire a set of solutions considering
the influence of all the objective functions. Each of those
solutions cannot be said to be better than the others and
corresponds to a tradeoff between those different objectives.

Community detection in dynamic networks is a problem
which can naturally be formulated with two contradictory
objectives and consequently be solved by an MOEA. Never-
theless, how tomake the best use ofMOEA to detect commu-
nity structures in dynamic networks has not been fully inves-
tigated. Motivated by these, a decomposition-based MOEA
for community detection in dynamic social networks (DYN-
DMLS) is proposed. DYN-DMLS employs the framework of
MOEA/D [9] to simultaneously optimize the modularity [2]
and normalized mutual information [10], which quantita-
tively measures the quality of the community partitions and
temporal cost, respectively. The problem-specific knowledge
is incorporated in genetic operators and local search to
improve the effectiveness and efficiency of our method. The
uniqueness of DYN-DMLS lies in the following three aspects.

(a) It is the first time to apply the framework of
MOEA/D to detect community structure of dynamic net-
works. MOEA/D is applied as the framework of the proposed
algorithm. It optimizes N scalar subproblems simultaneously
instead of a single one. It has been proved to be effective in
solving MOPs by a lot of literature [9, 11–13] (http://cswww.
essex.ac.uk/staff/qzhang/webofmoead.htm). Each subprob-
lem is a single-objective optimization problem. To describe
the advantage, we take DYN-MOGA [14] as the comparison.
DYN-MOGA is significant because it may be the first trial
that adopts MOEA to detect dynamic networks. Properly
speaking, its optimization adopts the genetic algorithm with
NSGA-II [15] dealing with multiple solutions. During the
selection of solutions, to escape getting trapped into the local
optimization, NSGA-II introduces the crowding distance to
enhance the sparse part of the solution set, which relies on
the assumption that the sparse helps to jump out of the
local optimization. This is partly applicative and does not
always give an expected result. MOEA/D decomposes the
original problem into several subones. The scope is wide at
the very beginning. When detecting dynamic networks, each
calculationwould involve different networks.Thatmeans that
the preference to either objective may be dynamic. MOEA/D
is more flexible and capable at this point. It provides an
extensive possibility to approach the ideal solution before
selection, rather than reforming the solution set as NSGA-II.
The experimental results in Section 5 show that DYN-DMLS
outperforms DYN-MOGA obviously.

(b) Problem-specific genetic operators and a local search
operator are designed for community detection in dynamic

networks. Problem-specific genetic operators make use of
neighborhood information to enhance the performance of
crossover and mutation. The neighborhood information
comes from the topology of network. Gene mutates among
the neighboring alleles resulting in the fact that each offspring
is a meaningful code. Then, uniform crossover would be
surely safe in exchanging genes between twomeaningful par-
ents. The genetic operators avoid unnecessary search burden
significantly. Moreover, label propagation [16] working as the
local search operator could find a better solution effectively
and efficiently. Label propagation also utilizes the topological
information. Not only the connectivity but also the strength
in numbers is under consideration.The quantity of neighbors
with the same community ID plays a key role in adjusting
the current individual’s clustering. The principle meets the
definition of community, in which members are closed to
each other. Label propagation could produce a plenty of
solutions like this in a very short time for each subproblem.
Then, single-objective optimization could quickly find the
best. In general, label propagation as local search strategy is
effective for making use of the topology of network, while it
is efficient for its perfect cooperation with MOEA/D.

(c) NMI and modularity work as objective functions
perfectly, which is proven by our experiments. As mentioned
in [8], evolutionary clustering decomposes the dynamic
optimization problem into two objectives, snapshot quality
and history cost. Snapshot quality is well studied on static
networks, which ismeasured by famousmodularity here.The
most important is how to measure history cost. Based on
the assumption of time smoothing (dramatic shifts between
networks of two consecutive time steps are undesirable),
a computable distance between two kinds of clustering is
needed. Normalized mutual information (NMI), a well-
known entropy measure in information theory, just works
here. A number of researches on static networks have
regarded NMI as the evaluation metric to measure the
accuracy of results compared with ground truth. Naturally,
the calculated objects of NMI could be replaced by the results
of two consecutive time steps. Therefore, the dynamic of
networks could be described by NMI step by step. Some
discussions on the effect of NMI as time smoothing are
given in the experiment part. It is clear that time smoothing
presented by NMI performs significantly. In addition, the
time symmetry of DYN-DMLS is also discussed. We made
an analysis from the view of MOEA and provided a simple
experiment to show the time symmetry which is not so good.

Experiments on computer-generated and real-world net-
works show the performance of our algorithm. Compared to
the state-of-the-art algorithms, our algorithm has the ability
to discover the community structure and its evolution more
accurately.

The remainder of this paper is organized as follows:
Section 2 reviews several state-of-the-art MOEAs and intro-
duces related work of community detection in dynamic
networks. Section 3 describes the proposed algorithm in
detail sequentially. Section 4 presents the experimental study.
Finally, concluding remarks are given in Section 5.
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2. Related Work

MOEA is the base of our work. It is so basic that a brief intro-
duction is enough.There are many famous MOEAs that have
been proposed in recent years. For instance, NSGA-II [15],
SPEA2 [17], MOEA/D [9], MOPSO [18], and so forth are the
state-of-the-art approaches. NSGA-II uses a nondominated
sorting and crowding distance to generate the nondominated
solution set. SPEA2 is an improved elitist multiobjective
evolutionary algorithm that employs an enhanced fitness
assignment strategy compared to its predecessor SPEA. In
SPEA2, new techniques for archive truncation and density-
based selection are proposed. MOPOS is an extension of
PSO to handlemultiobjective problems. In our precious work
[19–23], MOEAs have been successfully applied to handle
community detection problems.MOEA/Dwill be introduced
in Section 4.

Dynamic network is the topic mainly discussed in this
paper. Dynamic networks could be analyzed in many kinds
of aspects, for example, the tracing of communities, the
prediction, and the evolution. In [24], a multiple objective
evolutionary algorithm has been proposed by us on dynamic
networks. In [25], there is a summary. Next we will introduce
some significant related events in this field.

Existing methods for analyzing communities and their
temporal evolution in dynamic networks can be divided
into two classes. For the first class, communities and their
evolutions are studied separately (usually community struc-
tures are independently extracted at each time step and
then in retrospect). For the second class, communities and
their evolutions are studied in a unified framework where
the temporal smoothness is incorporated into analyzing
communities, in order to make community structure more
appropriate.

The first method to detect dynamic network structures is
proposed by Hopcroft et al. [26]. They identify natural com-
munities in each snapshot by hierarchical clustering based
on similarity and match them among different snapshots.
Their approach can trace the lifetime of communities, but
hierarchical clustering hardly works well. In [4], Palla et
al. give a thorough study on real dynamic social networks.
Statistically, they conclude some principles correlated to the
community size and the community life time; for example,
larger communities may last longer. Their conclusions are
realistic but highly rely on the static community detec-
tion algorithm CPM. The above two are typical two-stage
approaches, which calculate the static networks first and
then infer the correlations among them. The deviation of
structure and time leads to unexpected fluctuation.Therefore,
the result has its limits.

To overcome the fluctuation of two-stage approaches,
the framework of evolutionary clustering was introduced by
Chakrabarti et al. [8]. It is a unified framework to obtain clus-
ters from snapshot quality and history cost simultaneously.
The expected result has a high snapshot quality (it should
fit the current network) and a low history cost (it should be
similar to the previous one). It becomes the basic principle
soon which many researchers apply and modify. Our DYN-
DMLS is also in this category.

An evolutionary spectral clustering approach, proposed
by Chi et al. [27], first employs the framework of temporal
smoothness to cluster real blog data.They use graph cut as the
metric for measuring community structure and community
evolution. This method integrates temporal smoothness in
the overall spectral clustering to obtain more stable and
consistent clustering results, which are less sensitive to short-
term noises and adaptive to long-term cluster drifts. Tang et
al. [28] use a joint matrix factorization method to discover
the community evolution. These methods try to maximize
cluster accuracy, with respect to incoming data of the current
time step, and minimize clustering drift from one time step
to the successive one. In order to optimize both of these two
competing objectives, it is necessary to control the degree
of the user’s preference towards either the snapshot cost
or the temporal cost. Thus, Folino and Pizzuti proposed a
multiobjective genetic algorithm to discover communities
in dynamic networks by employing genetic algorithm [14].
Facetnet [29] proposed by Lin et al. relies on formulating the
problem in terms of nonnegative matrix factorization. As the
monotonic decrease of cost function, it promises to converge
to an optimal solution with a low time complexity. But
Facetnet needs a fixed community quantity, while Kim and
Han’s method [30] could handle the situation with variable
community quantities. The concept of nanocommunity is
applied to describe the dynamic of networks. The evolving,
forming, and dissolving happen at the level of particles.
Moreover, with cost embedded technique smoothing the
network data, density-based clustering method dividing the
network, and some deposition mapping local clusters, the
evolution of the network would be revealed. But particle and
density-based method is sensitive to the parameter used in
the clustering step.

DYN-MOGA [14] proposed by Folino and Pizzuti can
detect arbitrary quantities of network communities and is
independent of parameters. It is an extension of multiob-
jective evolutionary algorithm. The two objectives naturally
correspond to the snapshot quality and history cost. The
optimization is a searching process for the individuals with
a relatively high snapshot quality and a relatively low history
cost. More recently, Lancichinetti and Fortunato propose
consensus clustering [31]. It has a good performance on both
the static and dynamic networks. Consensus clustering could
extract stable results from a series of partitions. Therefore,
it could be combined with any existing method in a self-
consistent way, enhancing considerably both the stability and
the accuracy of the resulting partitions [31]. For improving
all kinds of classic static clustering algorithms, it is like
standing on the shoulders of giants and being able to see
further. It is also suitable to handle dynamic networks. The
stable result generated by consensus clustering from several
consecutive time steps could evaluate the network structure
of a certain timewindow.They showed the great performance
of consensus clustering on monitoring the evolution of
community structure in real temporal networks.

Our DYN-DMLS has a close relationship with DYN-
MOGA. It is certain thatDYN-MOGA is involved in the com-
parison. While consensus clustering is the latest algorithm
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representing the current level of this field, we also take it into
the comparison.

There is a large amount of researches focusing on other
properties of dynamic network besides community struc-
ture. Ahmed and Karypis tried to mine the evolution of
conserved relational states from dynamic networks in their
new paper [32]. Their work aims at finding the evolution
path of detected relational states called evolving induced
relational state (EIRS). It is similar to a set of communities
with temporal relations. The entities involved may change
slightly at every time step, but the main body remains stable.
The changing states may lead to a better understanding of
network dynamics. Kunegis et al. have another point of view
on dynamic networks. In [33], they make efforts to validate
that, in the spectral evolution model, the growth of large
networks can be described by a change of the spectrum
while the corresponding eigenvectors remain constant.Then,
based on this experimental fact, they proposed two link
prediction algorithms aiming at predicting where new edges
will appear in a growing network. In [34], the three-way
data and its evolution were paid much attention. In [35],
mining temporal network models were focused on and the
models are the base of the dynamic analysis. In [36], a model
was presented, which can describe the collective blogging
behavior on popular incidental topics.

3. Proposed Algorithm

A dynamic network (DN) can be modeled as a sequence of
graph 𝐺

𝑡
(𝑉
𝑡
, 𝐸
𝑡
); that is, DN = {𝐺

1
, 𝐺
2
, . . . , 𝐺

𝑡
, . . .}, where

𝐺
𝑡
is the graph representing a snapshot network at time

step 𝑡, 𝑉
𝑡
is a set of objects in 𝐺

𝑡
, called nodes or vertices,

and 𝐸
𝑡
is a set of links each of which connects two objects

of 𝑉
𝑡
. A community in a network is a group of vertices

having a high density of edges within them and a lower
density of edges between groups. Let 𝐶𝑅

𝑡
denote the set of

community partitions for 𝐺
𝑡
, let 𝐶

𝑖

𝑡
denote a community

composing the community partition 𝐶𝑅
𝑡
: that is, 𝐶𝑅

𝑡
=

{𝐶
1

𝑡
, 𝐶
2

𝑡
, . . . 𝐶

𝑖

𝑡
, . . . , 𝐶

𝑘

𝑡
}, and let 𝑘 denote the number of com-

munities in 𝐶𝑅
𝑡
.

Assuming 𝐺
𝑡
has 𝑛 nodes, the adjacency matrix𝑊

𝑡
(𝑊
𝑡
∈

𝑅
𝑛×𝑛

+
) is used to represent the link between nodes in𝐺

𝑡
, where

𝑤
𝑖,𝑗

represents the element at the 𝑖th row and 𝑗th column
of 𝑊
𝑡
. If there is an edge from node 𝑖 to node 𝑗, 𝑤

𝑖,𝑗
= 1;

otherwise 𝑤
𝑖,𝑗

= 0.

3.1. Framework of MOEA/D-Based Dynamic Community
Detection. As mentioned above, community detection in
dynamic networks is a problem which can naturally be
formulated with two contradictory objectives. One objective
is the community quality at the current time. The other
objective is the temporal cost, which measures the distance
between two community structures at consecutive time steps.
In this paper, the framework of MOEA/D [9] is applied to
optimize the two conflicting objectives in dynamic networks.

MOEA/D maintains a population 𝑋 = {𝑥
1
, . . . , 𝑥

𝑁
}

throughout the optimization process. At each generation,
the population is evolved in the following steps. First,

a unique solution 𝑥 ∈ 𝑋 is assigned to each subproblem,
which is called its representative. Then, 𝑁 subpopulations
are constructed, each for a subproblem. Second, for the 𝑖th
subproblem, two parents are selected such that one is 𝑖th
subproblem and the other is from the whole population.
In such a way, a very wide range of child solutions could
be generated due to the dissimilarity among these parent
solutions. Therefore, the exploration ability of the search
could be enhanced. Then crossover, mutation, and local
search are applied to the parents to generate an offspring 𝑦

𝑖
to

update the current solutions to its neighboring subproblems.
By repeating this procedure for all subproblems, a new
population 𝑌 = {𝑦

𝑖
, . . . , 𝑦

𝑁
} is generated. Finally, an external

population (EP), which is used to store nondominated solu-
tions found during the search, is maintained.The framework
of the MOEA/D-based community detection algorithm for
dynamic networks is given in Algorithm 1.

3.2. Initialization. To start MOEA/D, the decomposition of
the original problem is needed. MOEA/D initially decom-
poses the MOP into 𝑁 single-objective subproblems. The
subpopulation of a subproblem associated with a weight
vector 𝜆

𝑖 is composed of the representatives of the 𝑇 sub-
problems whose associated weight vectors are the 𝑇 closest
(in terms of Euclidean distance) weight vectors to 𝜆

𝑖, where
𝑇 is the size of subpopulation. As stated in [9], the optimal
solution of the 𝑖th subproblem should be close to that of the
𝑗th subproblem if 𝜆𝑖 is close to 𝜆

𝑖. Thus, one new solution,
generated for each subproblem, is employed to update that
of the other subproblem in its subpopulation. Here, we
employ the Tchebycheff approach [37] as a decompositional
technique.The 𝑗th single-objective optimization subproblem
is defined as follows:

minimize 𝑔
𝑗
(𝑥 | 𝜆

𝑗
, 𝑧
∗
) = max
1≤𝑖≤2

{𝜆
𝑗

𝑖
| 𝑓
𝑖 (𝑥) − 𝑧

∗

𝑖
}

subject to 𝑥 ∈ Ω,

(1)

where 𝑧
∗

= (𝑧
∗

1
, 𝑧
∗

2
)
𝑇 is the reference point, that is, 𝑧∗

𝑖
=

max{𝑓
𝑖
(𝑥) | 𝑥 ∈ Ω}, for each 𝑖 = 1, 2, 𝜆𝑗 = (𝜆

𝑗

1
, 𝜆
𝑗

2
)
𝑇

is
the weight coefficients of subproblem, and ∑

1≤𝑖≤2
𝜆
𝑗

𝑖
= 1 and

𝜆
𝑖
= (𝑖 − 1)/(𝑁 − 1). To obtain the evenly distributed Pareto-

optimal solutions, it is important to choose proper weights. In
our approach, we adopt uniformly distributed weight vectors.
In the aggregation approaches, such as MOEA/D, the 𝜆

𝑖 is
mainly used for decomposing an MOP into single-objective
subproblems by adding different weights to the objectives.
This is the initialization to the objective problem.

In order to solve each subproblem, the network at the
first time step should provide a kind of community structure
as the initialization to time smoothing. Because there is no
history information at the first time step, the network can
be clustered without time smoothing. Therefore, in Step 1 of
Algorithm 1, it is a single optimization on the community
quality objective. The memetic community detection algo-
rithm (Meme-Net) by ourselves [38] is adopted. Meme-Net
optimizes modularity to obtain a satisfying structure. All
the subproblems share this structure as their base for the
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Input:
(i) The target dynamic network𝐷𝑁 = {𝐺

1
, 𝐺
2
, . . . , 𝐺

1
, . . .}.

(ii) 𝑇: the number of time steps.
(iii) 𝑁: number of sub problems.
(iv) 𝑆: neighborhood size.
(v) Uniform spread of weight vectors (𝜆1, 1 − 𝜆

1),. . ., (𝜆𝑁, 1 − 𝜆
𝑁
).

(vi) The maximum number of generations, genmax.
Output: Sequence of network partitions {𝐶𝑅

1
, 𝐶𝑅
2
, . . . , 𝐶𝑅

𝑇
}.

Step 1. Generate an initial clustering 𝐶𝑅
1
= {𝐶
1

1
, . . . , 𝐶

𝑘

1
} of the network 𝐺

1

by optimizing only the community quality objective.
Step 2. For 𝑡 = 2 to 𝑇

(1) Set EP = 0, gen = 0, IPgen = 0.
(2) Initialization:

(a) Generate an initial population IP0 = {𝑥
1
, . . . , 𝑥

𝑁
} randomly. For each individual 𝑥

𝑖
,

each gene 𝑔
𝑗
randomly takes one of its adjacent nodes of node 𝑗.

(b) Compute the Euclidean distance between each pair of weight vectors. Then, get the
neighborhood 𝐵(𝑖) = {𝑖

1
, . . . , 𝑖

𝑆
} for 𝑖th sub problem, where 𝜆𝑖1 , 𝜆𝑖2 , . . . , 𝜆𝑖𝑠 are the 𝑆 closest

weight vectors to 𝜆
𝑖 (including 𝜆𝑖 itself).

(c) Initialize the reference point 𝑧∗ = (𝑧
1
, 𝑧
2
), where 𝑧

𝑖
is the best value found so far

for objective 𝑓
𝑖
.

(3) Search for new solutions:
(a) Assign each sub problem a unique representative 𝑥

𝑖
∈ 𝑋.

(b) Construct a subpopulation 𝑃
𝑖
= {𝑥
𝑖1
, . . . , 𝑥

𝑖𝑟
, . . . , 𝑥

𝑖𝑆
} for 𝑖th sub problem, where 𝑥

𝑖𝑟
= 𝑥
𝑖
.

(c) For each sub problem 𝑖 = 1 to𝑁 do
Randomly select a solution 𝑥

𝑗
from the whole population, and two parents

consist of 𝑥
𝑖
and 𝑥

𝑗
.

Apply the crossover and mutation operators to 𝑥
𝑖
and 𝑥

𝑗
to generate 𝑦

𝑖
for 𝑃
𝑖
.

Local search operator is employed in some subpopulations, which can be seen in
Section 3.4 in details.
Update 𝑃

𝑖
, 𝑧∗, IP and EP with 𝑦

𝑖
.

(4) Stopping Criteria: If gen ≥ genmax, then go to (5). Otherwise, gen = gen + 1, go to (3).
(5) Choose an optimal individual from the EP for the user as shown in Section 3.5.

Decode the optimal individual to generate the partition 𝐶𝑅
𝑡
= (𝐶
1

𝑡
, . . . , 𝐶

𝑘

𝑡
)

of the graph 𝐺
𝑡
in 𝑘 connected components; Return the solution

𝐶𝑅
𝑡
= (𝐶
1

𝑡
, . . . , 𝐶

𝑘

𝑡
); 𝑡 = 𝑡 + 1

Step 3. Output the sequence of network partitions (𝐶𝑅
1
, 𝐶𝑅
1
, . . . , 𝐶𝑅

𝑇
).

Algorithm 1: Framework of the MOEA/D-based community detection algorithm.

second time step. In the coming time steps, each subproblem
would develop by itself. Note that MOEA/D has turned the
original problems into several sub-ones. Here, each individ-
ual in the population would correspond to one subproblem.
Assume that the original problem is decomposed into 𝑁

single-objective optimization subproblems. A population of
initial solutions with size 𝑁 would be generated. Meme-Net
completes the initialization to the object of study.

3.3. Representation. Following our previous work in [38],
in this paper, we use locus-based adjacency representation
(LAR) proposed in [39] and employed by [40] for multi-
objective clustering. In this graph-based representation, an
individual 𝑔 in the population consists of 𝑛 genes, in which
each gene corresponds to a node in the network and 𝑛

denotes the total number of nodes in this network. And
each gene 𝑖 can take an arbitrary allele value 𝑗 in the range
{1, 2, . . . , 𝑛}, whichmeans a link between node 𝑖 and 𝑗 existing
in the corresponding graph 𝐺. This also means nodes 𝑖 and

𝑗 might be in the same community in the network. The
main advantage of this representation is that the number
𝑘 of clusters is automatically determined by the number of
components contained in an individual and the decoding
step. In addition, the decoding process can be done in a
linear time, which illustrates that this encoding schema is
very effective for community detection. The LAR and the
corresponding encoded genotype are shown in Figure 1.

The locus-based adjacency encoding scheme has several
major advantages for our task. Firstly, it is unnecessary
to fix the number of communities in advance, as it is
automatically determined in the decoding step, which is
an important feature to address the real-world networks
with no prior knowledge. Secondly, some standard crossover
operators such as uniform, one-point, or two-point crossover
can be employed in this representation, which effortlessly
implementsmerging and splitting operations of communities
on individuals and also maintains the remainder of the
partitioning. Finally, the genetic representation contains all
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Figure 1: Illustration of the LAR. (a) A network modeled as a graph; (b) the LAR of one possible genotype; (c) the community structure of
the genotype.

possibilities of connected subgraphs, which guarantees that a
better community structure can be obtained by maximizing
the modularity.

3.4. Objective Functions. As mentioned above, under the
framework of temporal smoothness, we need two objec-
tive functions to quantitatively measure the quality of the
communities and temporal cost, respectively. A quantitative
definition, network modularity, proposed by Girvan and
Newman [1], is one of the most popular quality functions to
assess the goodness of the partitioning. We use modularity
to measure how well the cluster structure represents the
current network partition. Another quantitative definition,
normalized mutual information (NMI), is a similarity mea-
sure proved to be reliable by Danon et al. [10]. We use NMI
to estimate the similarity between the current community
structure and the previous one.

The modularity criterion is based on the intuitive idea
that a random graph does not exhibit cluster structure, while
possibly there is cluster structures that is revealed by the
comparison between the actual density of edges in a subgraph
and the density which one would expect to have in the
subgraph if the vertices of the graph were attached regardless
of community structure [25]. This expected edge density
depends on the chosen null model, that is, a copy of the
original graph keeping some of its structural properties but
without community structure [25]. Modularity can then be
written as follows:

𝑄 =

𝑘

∑

𝑐=1

[
𝑙
𝑐

𝑚
− (

𝑑
𝑐

2𝑚
)

2

] , (2)

where 𝑘 is the number of clusters, 𝑙
𝑐
is the number of links

inside cluster 𝑐,𝑚 is the total number of links in the network,
and 𝑑

𝑐
is the total degrees of the vertices in cluster 𝑐. The first

term of summand in (2) is the fraction of edges inside cluster
𝑐, and the second term represents the expected fraction of
edges that would be in the random graph with the same
community divisions. If the number of within-community
edges is no better than that of the random, we will get 𝑄 = 0,
while the value 𝑄 = 1, which is the maximum, indicates a
strong community structure [1]. The higher the modularity
𝑄 is, the better the partition obtained is.

The second objective is NMI, which is a well-known
entropy measure to evaluate how similar the community
structure 𝐶𝑅

𝑡
is with the previous clustering 𝐶𝑅

𝑡−1
[10].

Given two partitions 𝐴 and 𝐵 of a network, let 𝐶 be the
confusionmatrixwhose element𝐶

𝑖𝑗
is the number of nodes of

community 𝑖 of the partition𝐴 that are also in the community
𝑗 of the partition 𝐵. The normalized mutual information
NMI(𝐴, 𝐵) is defined as

NMI (𝐴, 𝐵) =
−2∑
𝐶𝐴

𝑖=1
∑
𝐶𝐵

𝑗=1
𝐶
𝑖𝑗
log (𝐶

𝑖𝑗
𝑁/𝐶
𝑖.
𝐶
.𝑗
)

∑
𝐶𝐴

𝑖=1
𝐶
𝑖.
log (𝐶

𝑖.
/𝑁) + ∑

𝐶𝐵

𝑗=1
𝐶
.𝑗
log (𝐶

.𝑗
/𝑁)

,

(3)

where 𝐶
𝐴

and 𝐶
𝐵
denote the number of clusters in the

partitioning 𝐴 and 𝐵, respectively. 𝐶
𝑖.
is the sum of the

elements of 𝐶 in row 𝑖, 𝐶
.𝑗
is the sum of the elements of

𝐶 in column 𝑗, and 𝑁 is the number of nodes. If 𝐴 is
identical to 𝐵, NMI(𝐴, 𝐵) = 1. If 𝐴 and 𝐵 are completely
different, NMI(𝐴, 𝐵) = 0. Otherwise, NMI(𝐴, 𝐵) ∈ (0, 1).
In order to make the current communities and the previous
communities as similar as possible, we need to maximize
NMI.

3.5. Problem-Specific Operators

3.5.1. Uniform Crossover. In order to maintain the effective
connections of the nodes in the child individual, uniform
crossover is employed as the crossover operator in our
method. Unlike one-point and two-point crossover, the
uniform crossover enables the parent chromosomes to con-
tribute to the gene level rather than the segment level and
can generate any combination of alleles from the two parents
[40]. Due to the biased initialization, if a gene 𝑖 contains a
value 𝑗, then the edge (𝑖, 𝑗) exists, and each individual in the
population is safe. Given two safe parents, individuals 𝐴 and
𝐵, uniform crossover is performed on them to get the child
individuals 𝐶 and𝐷. An example of crossover can be seen in
Figure 2.

3.5.2. Mutation. For the mutation, we adopt the neighbor-
based mutation [41], in which the possible values of an allele
are restricted to the neighbors of gene 𝑖. The neighbor-based
mutation guarantees that, in a mutated child, each vertex
is linked only with one of its neighbors. This can avoid
the useless exploration of the search space. In the mutation
operator, we randomly select some genes and assign other
randomly selected adjacent nodes to them which effectively
guarantees the generation of a safe mutated child.

3.5.3. Local Search. According to many researches [16, 42,
43], the network structure itself can provide some crucial
information about communities.The information is local and
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Input:
𝐷: The subpopulation before local search
𝑆
𝐷
: Size of𝐷

𝐾: Number of neighbors
Output:

𝐷
: The new subpopulation after local search

Step 1. Set 𝑖 = 1,𝐷 = 0.
Step 2. If 𝑖 > 𝑆

𝐷
, the algorithm terminates. Export𝐷 as the new population.

Otherwise, select the 𝑖th individual in𝐷, set 𝑘 = 1.
Step 3. If 𝑘 > 𝐾, the search procedure stops for the 𝑖th individual,

go to Step 7. Otherwise, go to Step 4;
Step 4. Assume the 𝑗th gene need to do local search, attain all the neighbors of node 𝑗,

find the label of community which most neighborhood nodes belong to.
And then select one from these nodes to replace the 𝑗th gene
by the corresponding value.

Step 5. Calculate the value of objective function of the new individual according to the
corresponding single-objective sub problem. If its value is greater than
that before local search, replace the current individual by the new one, go to Step 7,
otherwise, go to Step 6.

Step 6. 𝑘 = 𝑘 + 1, go to Step 3.
Step 7. Add the current individual to𝐷

, 𝑖 = 𝑖 + 1, go to Step 2

Algorithm 2: Local search procedure.
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Figure 2: Illustration of uniform crossover. A uniform crossover on parents 𝐴 and 𝐵 is employed to generate the two children 𝐶 and𝐷.

the process is efficient. In [16], Raghavan et al. proposed label
propagation method to detect large network communities
efficiently. It is constructed on the direct analysis of the
network structure without any objective function. A unique
label is initially assigned to each node. Then the iteration
begins with each node turning to have the same label with
its most neighbors. It would not stop until no label change
is going to happen, which means the community structure
is stable. The advantage includes the efficiency and the
independence of objective functions or similarity metrics.
The disadvantage concerned most is the fluctuation of the
result. Though it may not always converge to the same
result, the idea of utilizing the neighborhood is meaningful.
Therefore, we considered taking it as our local search strategy.

Why could label propagation be the local search strategy
here? Firstly, it is localized and quick by making use of the
neighborhood information. Based on a given partition, the
interaction between members’ labels will provide a member-
ship adjustment whichmay lead to some improvement. Label
propagation imitates the process of communication in the
real world. It is consistent with the definition of community.
Secondly, though label propagation has a low stability, it

still could contribute to the optimization process. As local
search is a trail for better solutions, failure is acceptable.
The effect of label propagation would be indicated within
the iterations because it gets more chance to show. Thirdly,
because MOEA/D works well in the global search, the input
of the local search is nearly of high quality. It will enhance the
stability of label propagation in some degree.The flow of local
search is shown in Algorithm 2.

According to the feature of the MOEA/D, each subprob-
lem is a single-objective optimization problem. Therefore, a
better solution can be obtained by a local search procedure in
optimizing corresponding single-objective problem.

In order to use the prior knowledge about relations
between nodes, the local search strategy is based on the
neighbor nodes. There is an obvious intuition that a node
tends to be in the same communitywithmost of its neighbors.
In other words, if most of a node’s neighbors are in the 𝑖th
community, the node will be in the 𝑖th community with a
high probability. Therefore, we should find the labels of all
the neighbors of the node and record the nodes with the label
whose number is the biggest among the neighbors. Then we
randomly select one from these recorded nodes to replace
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the original node. It will not result in merging or splitting
communities when moving this node from one community
to the other one.

3.6. Solution Selection. MOEA/D decomposes the original
problem into several sub-ones. Each subproblem is a single-
objective optimization and provides one solution at the end
of each time step. Subproblems exchange information within
their neighborhood. Though it is a single-objetive optimiza-
tion, dominant relationship is still implicated. The solution
which is nondominated with both its own subpopulation
and neighborhood would be reserved. These solutions form
the nondominated solution set. The decomposition of the
original problem supports the diversity of MOEA, while the
dominant relationship with subpopulations and neighbor-
hood pushes the solution set moving to Pareto front. The
front is supposed to contain all the nondominated solutions
theoretically. But in real world it is hard to realize. As the
optimization of modularity and NMI are nondeterministic
polynomial, we cannot identify whether the generated solu-
tions byMOEA/Dwithin limited generations are the optimal
solution or not. MOEA/D makes efforts to approach Pareto
front.

In this paper, modularity density [44] is used to select
the best tradeoff solution from the dominant solution set.
Modularity density is a quantitative measure for evaluating
the partition of a network into communities based on the
concept of average modularity degree, which has confirmed
its effectiveness. Let an undirected graph 𝐺 = (𝑉, 𝐸) with
|𝑉| = 𝑛 vertices and |𝐸| = 𝑒 edges. The adjacent matrix of the
graph is 𝐴. Given a partition Ω = {𝑉

1
, . . . , 𝑉

𝑀
} of the graph,

where𝑉
𝑖
is the vertex set of subgraph𝐺

𝑖
for 𝑖 = 1, . . . ,𝑀. The

modularity density (also called𝐷 values) is defined as

𝐷 =

𝑀

∑

𝑖=1

𝐿 (𝑉
𝑖
, 𝑉
𝑖
) − 𝐿 (𝑉

𝑖
, 𝑉
𝑖
)

𝑉𝑖


, (4)

where 𝐿(𝑉
𝑖
, 𝑉
𝑖
) = ∑

𝑚∈𝑉𝑖,𝑛∈𝑉𝑖
𝐴
𝑚𝑛

means the internal degrees
of the subgraph 𝐺

𝑖
; 𝐿(𝑉
𝑖
, 𝑉
𝑖
) = ∑

𝑚∈𝑉𝑖 ,𝑛∈𝑉𝑖
𝐴
𝑚𝑛
, which means

the external degrees of the subgraph 𝐺
𝑖
; each summand

means the ratio between the difference of the internal and
external degrees of the subgraph 𝐺

𝑖
and the size of the

subgraph. The larger the value of 𝐷 becomes, the more
accurate the partition is. Thus the solution we select as the
best is the one withmaximummodularity density𝐷 from the
nondominated solution set.

4. Experimental Study

In this section, we evaluate the effectiveness of the proposed
decomposition-based multiobjective evolutionary algorithm
with local search for community detection in dynamic net-
works (termed as DYN-DMLS for short) on two synthetic
networks and three real-world networks. The compared
algorithms include DYN-MOGA [14] which is the only exist-
ing dynamic multiobjective community detection algorithm,
DYN-DMLS without the local search strategy (termed as

DYN-DMEA), and consensus clustering [31] which is a dif-
ferent dynamic approach fromMOEA. Consensus clustering
could work with any static community detection algorithms.
And many classic algorithms [45, 46] have been tested.

As to the performance metric, in the case that we have
the ground truth for each time step, we directly adopt a
similarity measure, normalized mutual information (NMI)
[10, 47], to estimate the similarity between the true partitions
and the detected ones.Note that the performancemetricNMI
is different from the objective function NMI.The former one
calculates the difference between the current result and the
ground truth, while the latter one calculates the difference
between two consecutive time steps. The definition of NMI
is introduced in detail in Section 4.4. In addition, the box
plot [48] is used to illustrate the statistical distribution of
the values of NMI for all compared algorithms based on
30 independent runs on most datasets. The box plot uses
the median, the approximate quartiles, and the lowest and
highest data points to convey the level, spread, and symmetry
of the distribution of data values. In a notched box plot the
notches represent a robust estimate of the uncertainty about
the medians for box-to-box comparison. Symbol “+” denotes
outliers.

The experiments are performed on an Intel Core2 Duo
CPUmachine with 1.98GHz and 1.99GB RAM.The parame-
ter settings are as follows. The population size 𝑁 is 100 and
the number of generations is 300. The crossover operator
and mutation operator are the same in the three algorithms,
where crossover rate = 0.8 and mutation rate = 0.2.
In MOEA/D, the neighborhood size is set to be 15. In the
following experiments, the reported data are the statistical
results based on 30 independent runs on each dataset.

Lancichinetti and Fortunato’s consensus clustering needs
a static algorithm as the base. In this study, we choose
consensus clustering with label propagation method (LPM)
[16] and order statistics local optimizationmethod (OSLOM)
[49] for comparison. The thought of LPM is applied in
our local search strategy, while consensus clustering with
OSLOM has been tested in [31], which works well in finding
time evolution of clusters in real-world network. The two are
more comparable than the rest.

Note that it is hard to determine which ground truth
each consensus result corresponds to. This is due to the fact
that several time steps are calculated together to produce a
result representing the general state of the network structure
during the time window. To make the comparison clear, we
prepared a strategy for the consensus clustering determining
the ground truth of its results.The strategy is tomake the con-
sensus algorithm running in a similar way to DYN-DMLS.
In DYN-DMLS, the result of each time step is determined
mainly by two aspects. One is the current network and the
other is the previous one. Similarly, for consensus clustering
algorithmwe took 𝑟 = 2 (whichmeans every two consecutive
time steps produce a result). And the ground truth of the
result between 𝑡 and 𝑡 + 1 would be assigned to the (𝑡 + 1)th
time step. Then, it is easy to determine the ground truth
to calculate the evaluation metric with. Different strategies
may lead to different results. To emphasize 𝑟 = 2, the
two methods would be marked as consensus-LPM-2 and
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consensus-OSLOM-2. In addition, the value of consensus run
is set to 5, which means that the algorithm would collect 5
partitions for each time step and find the consensus among
them. The threshold for pruning the consensus matrix is set
to 0.5 as default.

4.1. Experiments on Synthetic Datasets. In order to evaluate
the ability of our approach to successfully detect the com-
munity structures for dynamic networks, we use benchmark
datasets. Benchmark networks take 𝑧 as the parameter to
control each node’s connections with other communities.
The higher the value of 𝑧 becomes, the more confusing the
network structures are. When 𝑧 is higher than 8, usually it is
considered as that there is not any community in the network.
In our experiment, the benchmark parameter 𝑧 varies from 5
to 8 and each 𝑧 corresponds to a set of networks with 10 time
steps.

Two kinds of benchmarks are involved. The first is the
GN benchmark [1], which has a fixed quantity of community
size. Each network has 128 nodes and 4 communities. Each
community has 32 nodes. The dynamic is just the member
exchanging between the original four communities. Between
every two consecutive time steps each community has 10%
nodes involved in the dynamic. The benchmark is marked as
SYN-FIX.

The second is modified by Kim and Han [30] from
the SYN-FIX, marked as SYN-VAR. It consists of a set
of networks which contain the forming and dissolving of
communities and the attaching and detaching of nodes. It
also contains 10 timestamps and each one has 256 nodes.
Its structure is changing in a more complex way. At the first
time step the network has four communities. Then, at each
time step, every one of the four original communities would
update 16 nodes (16 nodes leave and another 16 join in).
The number of communities is also changing. From start to
end, the community quantity is changing as the sequence
(4, 5, 6, 7, 8, 8, 7, 6, 5, 4). The creation of a new community is
the combination of four sets of 8 nodes. Each set separately
comes from one of the four original communities. Each new
community contains 32 nodes and lasts for 5 timestamps
before its nodes return to their original position. We run our
algorithm on this dynamic network to show the ability of
capturing the splitting and merging of communities.

The involved comparison algorithms include DYN-
DMEA which is the version of DYN-DMLS without local
search, DYN-MOGA, consensus clustering with OSLOM
(consensus-OSLOM-2), and consensus clustering with LPM
(consensus-LPM-2). As consensus clustering [31] is an excel-
lent method for detecting complex network structures and
it is a totally different framework from the evolutionary
algorithm, it is worth to make a comparison between the
proposed algorithm and the consensus clustering algorithm.

4.1.1. Results on SYN-FIX. In this study, we generate the
datasets under four different levels by setting 𝑧 = 5, 6, 7, 8,
where the community structures gradually change from clear
to fuzzy. The first time step is ignored here for a better view
of the dynamic process. Each of the comparison algorithms
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Figure 3: NMI results of the five algorithms on the SYN-FIX dataset
with 𝑧 = 5.

needs a static run at the first time step. Latter figures are all
displayed like this.

Figure 3 shows the statistical average NMI values of time
steps from 2 to 10 with 𝑧 = 5. Among the three MOEAs,
our DYN-DMLS performs best. Its results keep stable at a
high level. Without local search, DYN-DMEA’s results get
lower slightly. Both of them are better than DYN-MOGA.
However, the two based on consensus clustering have a totally
different tendency from each other. Consensus-LPM-2 gets a
great fluctuation, while consensus-OSLOM-2 stays absolutely
stable. The reason may be that consensus clustering relies
much on the static algorithm chosen. Their results are a little
low. But actually each single run of LPM or OSLOM on a
single time step nearly gets the same clustering with ground
truth. The combination of two consecutive time steps may
cause a shift leading the final result to somemiddle state. Here
the correspondence of consensus results with ground truth is
kind of rough.

Figure 4 shows the box plots of the value of NMI with
respect to the ground truth at each time step over 30 inde-
pendent runs with 𝑧 = 5. Figures 4(a) and 4(b) clearly show
that almost all of the values of NMI obtained by DYN-DMLS
and DYN-DMEA are equal to 1, and DYN-DMLS is more
stable than the DYN-DMEA. However, the values obtained
by DYN-MOGA are not stable enough compared to the
other two algorithms, as is shown in Figure 4(c). Therefore,
DYN-DMLS is the most stable in the three algorithms. For
consensus clustering, the result is not satisfying.The curve of
consensus-OSLOM-2 is a straight line showing that the single
run on each time step has the same result. Actually, OSLOM
could detect static structures just the same as ground truth,
but the consensus results turn to have a fixed deviation from
ground truth. Consensus-LPM-2 performs worse.

Figure 5 shows the statistical average value of NMI when
𝑧 = 6. It is similar to that when 𝑧 = 5. The average value
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Figure 4: The box plots to illustrate the distribution of NMI at each time step when 𝑧 = 5. (a) The box plot for DYN-DMLS; (b) the box plot
for DYN-DMEA; (c) the box plot for DYN-MOGA; (d) the box plot for consensus with LPM; (e) the box plot for consensus with OSLOM.
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Figure 5: NMI results of the five algorithms on the SYN-FIX dataset
with 𝑧 = 6.

of NMI obtained by DYN-DMLS and DYN-DMEA is close
to 1, while DYN-DMLS outperforms DYN-DMEA. However,
it is obvious that DYN-MOGA cannot find a more accurate
community structure than the first two algorithms. Results
of all three MOEAs are lower than those when 𝑧 = 5.

Consensus-LPM-2 is still of high variation and consensus-
OSLOM-2 is also of high stability.Their results are lower than
DYN-DMLS.

Figure 6 shows the box plots to illustrate the distribution
of the value of NMI, when 𝑧 = 6. It can be seen clearly
from Figure 6 that all the average values of NMI obtained by
DYN-DMLS are above 0.9 over 30 independent runs while
those obtained by DYN-DMEA range around 0.9 and those
obtained by DYN-MOGA range from 0.6 to 0.75. Consensus
clustering shows its stability again.The repeated run seems to
have nomeaning for it. Consensus clustering with OSLOM is
better than that with LPM.

Figure 7 shows the statistical average value of NMI with
𝑧 = 7. The network is so confused that the result turns lower
and lower. It can be seen clearly that the average value of NMI
obtained by DYN-DMLS is around 0.9. Without local search,
DYN-DMLS just reaches 0.7. However, results obtained by
DYN-MOGA are less than 0.7. Therefore, DYN-DMLS can
find the most accurate community partition in the three
algorithms. For consensus clustering, the degree of results
lowering with the raising of 𝑧 is little. Consensus-OSLOM-
2 narrows the gap numerically, while consensus-LPM-2 still
varies heavily due to the fact that LPM produces different
structures in comparison with OSLOM.

Figure 8 shows the box plots to illustrate the distribution
of the value of NMI, when 𝑧 = 7, where the community
structures become fuzzy and evolve relatively unstable over
time. It can be seen clearly from Figure 8 that the majority of
NMI values obtained byDYN-DMLS are above 0.8, and those
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Figure 6: The box plots to illustrate the distribution of NMI at each time step when 𝑧 = 6. (a) The box plot for DYN-DMLS; (b) the box plot
for DYN-DMEA; (c) the box plot for DYN-MOGA; (d) the box plot for consensus with LPM; (e) the box plot for consensus with OSLOM.
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Figure 7: NMI results of the five algorithms on the SYN-FIX dataset
with 𝑧 = 7.

obtained by DYN-DMEA range below 0.8 at the majority
of time steps, while those obtained by DYN-MOGA range
below 0.7 all the time.Therefore, it is obvious that the stability
of DYN-DMLS is the best, DYN-DMEA is the second, and
DYN-MOGA is the worst in the three algorithms. Consensus
with OSLOM shows some fluctuation between time stamps
but still converges as expected. Its result range is relatively

high. Consensus with LPM varies heavily as usual and its
range is wider and lower than that of consensuswithOSLOM.

Figure 9 shows the statistical average value of NMI, when
𝑧 = 8. Now the networks are a complete mess. In this
situation, though DYN-DMLS hardly detects the community
structure effectively, it still improves the result over time. It
is the same tendency with DYN-DMEA, while DYN-MOGA
just stays at a low level without any vitality. Therefore, the
community structure found by DYN-DMLS is the best in the
three algorithms. Unfortunately, consensus clustering could
not provide any result. Actually the reason is not clear. It
may be relevant to the network. On SYN-VAR when 𝑧 = 8,
consensus clustering works well.

Figure 10 shows the box plots to illustrate the distribution
of the value of NMI when 𝑧 = 8. Consensus clustering is
not included for having no results. Three MOEAs are all of
high variation ranging from bottom to top. It can be seen
clearly the result of DYN-MOGA is stable but not good
enough and that of DYN-DMEA could hardly reach more
than 0.8. Therefore, DYN-DMLS is still the best in the three
algorithms.

4.1.2. Results on SYN-VAR. In this study, we generate the
SYN-VAR datasets under four different levels by setting
𝑧 = 5, 6, 7, 8, where the community structures gradually
change from clear to fuzzy. As introduced before, SYN-
VAR contains the merging and splitting of communities. The
dynamic process is more complex than SYN-FIX. Next the
performance of the five algorithms on SYN-VAR would be
checked.
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Figure 8: The box plots to illustrate the distribution of NMI at each time step when 𝑧 = 7. (a) The box plot for DYN-DMLS; (b) the box plot
for DYN-DMEA; (c) the box plot for DYN-MOGA; (d) the box plot for consensus with LPM; (e) the box plot for consensus with OSLOM.
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Figure 9: NMI results of the three algorithms on SYN-FIX dataset
with 𝑧 = 8.

Figure 11 shows the statistical average value of NMI, when
𝑧 = 5. DYN-DMLS and DYN-DMEA perform similarly
well and a tiny promotion brought by local search could be
observed. The curve of DYN-MOGA is much lower than
the above two. The curve obtained by consensus clustering
is low at most time at most time. Though the single run

of LPM or OSLOM on the single time step network could
result in the same with ground truth, the combination of the
accurate structure could hardly satisfy neither of the involved
time steps as the two structures differ much from each other.
Consensus clustering may produce meaningful results, but
it is not easy to prove by comparing with ground truth.
However, MOEAs could do better under this evaluation
system. Relatively speaking, DYN-DMLS could catch the
merging and splitting of communities. More exactly, merging
is traced more close than splitting as the second half of time
steps, during which communities are merging, results better.

Figure 12 shows the box plots to illustrate the distribution
of the value of NMI on SYN-VAR when 𝑧 = 5. The network
with 𝑧 = 5 is relatively simple but the stability does not seem
well for such a simple network.As the dynamic becomesmore
complex than that in SYN-FIX, greater fluctuation is obtained
by all the five algorithms. Consensus clustering always gets
the same result because the static result of each time step
keeps invariant in every repeat.

In SYN-VAR, every two consecutive time steps are less
similar. It affects MOEAs more than consensus clustering.
The merging and splitting of communities would lower the
value of objective function NMI directly. When the objective
is low, the number of probable solutions would increase.
Generally speaking, it leads to a larger search space. Then,
great fluctuation appears in the box plot. As to consensus
algorithm, the deviation of two consecutive time steps would
affect neither the separated static run at each time step nor the
consensus process. But generally consensus clustering could
not obtain a satisfying result.
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Figure 10: The box plot to illustrate the distribution of NMI at each time step when 𝑧 = 8. (a) The box plot for DYN-DMLS; (b) the box plot
for DYN-DMEA; (c) the box plot for DYN-MOGA.
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Figure 11: NMI results of the five algorithms on the SYN-VAR
dataset with 𝑧 = 5.

Figure 13 shows the statistical average value of NMI when
𝑧 = 6. Figure 14 shows results with 𝑧 = 7 and 8. These curves
reflect the same tendency. DYN-DMLS here outperforms
other algorithms obviously. Even when 𝑧 = 8, a high NMI
value close to 1 is obtained.The others fail to do so. Consensus
clustering can work on SYN-VAR too. When 𝑧 = 7 or 8

networks are complex, it still can provide a satisfying result,
better than DYN-MOGA but worse than DYN-DMLS and
DYN-DMEA. Figure 15 shows the box plots of DYN-DMLS
and consensus-OSLOM-2 to illustrate the distribution of
the value of NMI on SYN-VAR when 𝑧 = 6, 7, 8. Other
algorithms are ignored here. The two are enough to lead to
the conclusion.

Overall considering the experimental results on synthetic
networks, we can conclude the following.

(a) On most of the tested synthetic networks, DYN-
DMLS performs best. Without local search process,
DYN-DMEA always results in being a little lower
than DYN-DMLS. This proves that the local search
is effective. However, DYN-MOGA performs poor.
These indicate the rationality of our method.

(b) Consensus clustering is good at finding the consensus
part from a set of structures. Its result may be
meaningful. But to our evaluation metric, its per-
formance is not so good. Consensus clustering is of
strong convergence. As we can see from the box plot,
repeats bring about the same result. Because of the
strong convergence and the stable results from static
algorithms, the results may be rough and have no
chance to be improved. The most important question
is that which structure should be regarded as the
corresponding ground truth for comparison. The
evaluationmetric of consensus clustering on dynamic
network is tough.
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Figure 12: The box plots to illustrate the distribution of NMI at each time step on SYN-VAR when 𝑧 = 5. (a) The box plot for DYN-DMLS;
(b) the box plot for DYN-DMEA; (c) the box plot for DYN-MOGA; (d) the box plot for consensus with LPM; (e) the box plot for consensus
with OSLOM.
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Figure 13: NMI results of the five algorithms on the SYN-VAR
dataset with 𝑧 = 6.

4.2. Experiments on Real-Life Datasets. In this section, we
present experimental studies on three real-life datasets:
the football network dataset (http://www.jhowell.net/cf/
scores/scoresindex.htm), the VAST dataset (http://www.cs.
umd.edu/hcil/VASTchallenge08), and the DBLP Coauthor-
ship Dataset (http://www.informatik.uni-trier.de/∼ley/db/).

4.2.1. Results on Football Network Dataset. The football net-
work dataset is the National Collegiate Athletic Association

(NCAA) Football Division 1-A Schedule, which has been
used by Newman and Girvan [2]. The NCAA divides 116
schools into eleven conferences and games are more frequent
between members of the same conference; in addition, there
are four independent schools: Army, Brigham Young, Navy,
and Notre Dame, which are grouped into one conference,
but they have no more games with members of the same
conference than that of the other conference. Nodes in the
graph represent teams and edges represent the regular season
games between the two teams. In our study, we select the years
2005–2009 to evaluate the performance of our algorithm,
each year as a snapshot graph. Therefore, we investigate the
football match network over the 5 time steps and there are 12
conferences and 120 teams at each time step. Because there is
a priori knowledge about the ground truth of the community
structure in the football network, we still employ NMI to
evaluate the performance of our algorithm.

Note that the football dataset is dynamic. Though the
ground truth is invariant, the network is always changing.The
edges between nodes are changing. At each timestamp, it is
not prior knowledge that the division is the same. It could be
considered as a kind of strong time smoothing information. If
the previous result is accurate enough, time smoothingwould
contribute more to getting a satisfying result for the current.
This is not against the dynamic assumption but a probable
situation.

Figure 17 shows the statistical average value of NMI with
respect to the ground truth over time. It can be clearly
seen that both DYN-DMLS and DYN-DMEA algorithms
have much better performance than DYN-MOGA, while
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Figure 14: NMI results of the five algorithms on the SYN-VAR dataset with 𝑧 = 7 and 8.
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Figure 15: The box plots to illustrate the NMI distribution of DYN-DMLS at each time step on SYN-VAR when 𝑧 = 6, 7, 8.

DYN-DMLS outperforms the DYN-DMEA. The average
value of NMI obtained by DYN-DMLS is around 0.9 at each
time step, which demonstrates that DYN-DMLS can find
community structure accurately at each time step. However,
consensus clustering is shining here. Both consensus-LPM-2

and consensus-OSLOM-2 could do better than DYN-DMLS.
This is due to the fact that the football network has an
invariant ground truth which gives it an environment similar
to the static. So consensus clustering could produce a better
result.
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Figure 16: The box plots to illustrate the NMI distribution of consensus-OSLOM-2 at each time step on SYN-VAR when 𝑧 = 6, 7, 8.
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Figure 17: NMI results of the football dataset.

In order to analyze visually, the communities found by
our algorithm DYN-DMLS on the football network for the
year 2009 are shown in Figure 18. The figure is obtained
by using Pajek software [50]. The nodes with the same
color denote that they belong to the same communities (i.e.,
conference). Particularly, we use 12 distinct RGB colors to

label 12 true communities, which can be seen in Figure 16 in
detail.

As what can be seen from Figure 18, DYN-DMLS can find
11 different communities. Almost all teams can be classified
into true communities that they really belong to, which is
an impossible mission for the other two algorithms. It can
be clearly seen that only eight teams are mistakenly divided
to the conferences Big 12, MAC, MWC, Pac 10, and WAC,
respectively, which are shown in different colors in these 11
communities, where the teams of four independent schools,
Army, Brigham Young, Navy, and Notre Dame, are included.
The teams of the four independent schools should be in
the same community according to the true communities
partition, but they are divided into the other communities
due to the fact that they have more frequent games with
the teams in the other communities than between them. In
a word, our algorithm can get better performance than the
other two algorithms.

4.2.2. Results on VAST Dataset. The VAST Dataset is a
challenge task from IEEE VAST 2008, whose primary task
is to characterize the Catalno/Vidro social network based
on the cell phone call data provided and to characterize
the temporal changes in the social structure over the 10-day
period.

This dataset consists of information about 9834 calls
between 400 cellphones over a 10-day period in June 2006
in the Isla Del Sueño. It includes records with the following
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Figure 18: The communities found by DYN-DMLS on the football network for the year 2009.

fields: identifier for caller, identifier for receiver, time, dura-
tion, and call origination cell tower. In order to detect the
communication patterns, we construct call graphs based on
the call records. In order to evaluate our algorithm better,
we convert the input social network and the corresponding
dynamic graph into 5 snapshot graphs, where the graphs in
every two days are aggregated into one snapshot graph and
therefore we have 5 snapshot graphs over 10 days.

Note that the dataset records phone chains in 10 days.
The phone call is a kind of temporary connection. It is in a
short time window that the community structure would be
confusing. Two members in the same community may make
phone calls every day, while it is also common that there are
just a few calls in the 10 days. One might not be able to catch
the relationship at any time. To handle this kind of hidden
information, time smoothing couldwork. AsNMI is a kind of
statistical information, little missing information would not
affect the result too much. Therefore, time smoothing makes
sense macroscopically.

Due to no a priori knowledge about ground truth of the
cellphone network, the result has been figured out. Here,
we only discover the community structure in the network
to evaluate the performance of our algorithm, rather than
performing the contest task which is the goal of the Mini
Challenge 3.

As a challenge task from IEEE VAST 2008, this dataset
has been analyzed by many researchers. It has been con-
firmed that the structure of the cellphone network changes
drastically from the 7th day to the 8th day [51, 52]; that
is, a significant variation happened at the high-level leaders
during this period. Due to the 4th snapshot graph integrating
the two graphs on the 7th and the 8th days, we display

the main structure of the cellphone network at time step 3
and at time step 5 to analyze the changes before and after
the event. It can be seen from Figure 19(a) that node 200
is the main leader, which contacts with nodes 1, 2, 3, and
5 during this time step, while these nodes are also group
leaders in the Catalano hierarchy at time step 3. However, it
can be clearly seen from Figure 19(b) that these nodes 300,
306, 309, 360, and 397 emerge as a new hierarchy at the time
step 4. The community structure discovered by DYN-DMLS
is consistent with the analysis that has been made.

4.2.3. Results on DBLP Coauthorship Dataset. DBLP Coau-
thorship dataset is obtained from DBLP database, which has
been described in [53]. In order to evaluate the performance
of our algorithm, we choose a little part of DBLP data from
the DBLP Coauthorship dataset to compose a connected
graph. We select some authors from the DBLP database to
forma small-scaleDBLPCoauthorship dataset, whichmainly
focuses on the data mining areas. This dataset contains the
coauthorship information among these papers over six years
(2005–2010). By selecting authors who publish papers every
year during the period of six years at these conferences
including in DBLP database, 70 authors are chosen from
the database to build connected snapshot graphs, where the
nodes represent authors and edges represent coauthorship
between two authors (nodes). The labels of these nodes
corresponding to these authors are displayed in Table 1. For
analyzing community evolutions, we aggregate data in every
two years into one time step and therefore we have 3 time
steps in total (corresponding to 3 snapshot graphs) for the
dynamic network. In addition, we are not judging the quality
or quantity of papers by an author. Instead, the importance of
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Table 1: The author corresponding to the nodes in snapshot graphs.

1 “P. S. Yu” 2 “C. C. Aggarwal” 3 “M. S. Chen” 4 “W. Fan” 5 “B. Gedik” 6 “J. Han”
7 “B. Liu” 8 “L. Liu” 9 “J. Pei” 10 “H.X. Wang” 11 “K. Wang” 12 “K. L. Wu”
13 “Y. Xu” 14 “X. F. Yan” 15 “Z. F Zhang” 16 “J.Y. Wang” 17 “C. C. Chen” 18 “H. L. Chen”
19 “M. C. Chen” 20 “W. T. Chen” 21 “Y. H. Chu” 22 “K.T. Chuang” 23 “J. M. Ho” 24 “J.H. Hsiao”
25 “C. M. Hsu” 26 “J. W. Huang” 27 “H. P. Hung” 28 “K. H. Liu” 29 “W. G. Teng” 30 “C. Y. Tseng”
31 “M. Y. Yeh” 32 “K. Zhang” 33 “L. Liu” 34 “D. Cai” 35 “C. Chen” 36 “H. Gonzalez”
37 “X. F. He” 38 “S. K. Kim” 39 “X. L. Li” 40 “H.Y. Liu” 41 “Q. Z. Mei” 42 “Z. Shao”
43 “D. Xin” 44 “X. X. Yin” 45 “C. X. Zhai” 46 “F.D. Zhu” 47 “N. J.” 48 “X. l. Li”
49 “J. Caverlee” 50 “K. K. Chen” 51 “A. Iyengar” 52 “C. Pu” 53 “A. Singh” 54 “M. Srivatsa”
55 “J. Yin” 56 “A. W. C. Fu” 57 “D. X. Jiang” 58 “X.M. Lin” 59 “Y. F. Tao” 60 “R. C. W. Wong”
61 “X. K. Xiao” 62 “X. m. Lin” 63 “X. F Meng” 64 “C. Zaniolo” 65 “B. C. M. Fung” 66 “E. P. Lim”
67 “H. W. Lauw” 68 “J.N. K. Liu” 69 “W. M. Ma” 70 “R. She”
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Figure 19:Themain community structure of VAST found byDYN-DMLS at time step 3 and at time step 5. (a)Themain community structure
at time step 3; (b) the main community structure at time step 5.

a node in a community is determined by its contribution to
the community structure.

In this experiment, we apply our DYN-DMLS algorithm
to analyze this dynamic network. Firstly, we detect the
communities in snapshot graph at first time step (2005-
2006) without smooth evolution by employing the memetic
community detection algorithm (Meme-Net) [38] and the
partition can be seen in Figure 20(a).

Then, DYN-DMLS algorithms are employed to detect the
communities on the snapshot graphs over the other two time
steps. Using the solution of our algorithm, we analyze how
some individual authors’ community membership changes
over time. Figure 20 shows the community partition on
snapshot graph at each time step.

FromFigure 20, we have the following observations. First,
these partitions of the snapshot network at each time step can
reflect the community structure well. Second, these partitions
can reflect the temporal evolution well. For example, the
nodes 6 and 13 are clustered into C5 at the first time step

but are clustered into the C1 at the second and third time
step; similarly, the nodes 11, 17, 62, and 63 also leave their
original community and join the C1. In addition, the nodes
65, 66, and 57 are clustered into the C4 at the third time step,
but they belong to the C6 at the first and the second time
step. Therefore, the nodes divided into C1 and C4 over time
reflect the temporal evolution well. The temporal evolution
of the community structure is aroused by varying connection
between these nodes; that is, the coauthorships among
individual authors evolve over time. From the analyzing of
these figures, we can find that the partition obtained by our
algorithm correspondswith the ground truth of coauthorship
among authors in these bibliographies in DBLP database.

4.3. The Effect of NMI as Time Smoothing. In our approach
based on evolutionary clustering, NMI between the con-
secutive time steps is used to represent time smoothing.
Time smoothing assumes that two consecutive time steps
have structure connection with each other. Their community
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Figure 20: (a) The community partition on snapshot graph at first timestamp (2005-2006) without smooth evolution; (b) the community
partition on snapshot graph at second timestamp (2007-2008) with smooth evolution; (c) the community partition on snapshot graph at third
timestamp (2009-2010) with smooth evolution.

structures may not be the same but at least have a relatively
higher similarity than that of two totally different ones.
In evolutionary clustering, this corresponds to history cost
(modularity corresponds to snapshot quality). NMI plays
the role to measure the similarity. The higher the value of
NMI is, the more similar the two consecutive time steps
are. Therefore, its history cost is small. In the multiobjective
optimization process, the solution which has high NMI but
low modularity would be reserved in the population and it
has a better chance to evolve into a proper solution than the
one which has low NMI and modularity.Therefore, NMI can
work as expected.

The experiment compares results of the two approaches
on the benchmark network with 𝑧 = 8. One is based on
a single optimization of modularity which just calculates
snapshot quality at every time step, and the other is our
DYN-DMLS algorithmwhich simultaneously optimizesNMI
and modularity (NMI represents time smoothing, while
modularity represents snapshot quality).

When 𝑧 = 8, networks are hard to cluster. In Figure 21,
it is obvious that, in the complex situation (𝑧 = 8), single

optimization of modularity could hardly improve the result.
With extra consideration on time smoothing, higher NMI
(NMI here is evaluationmetric which is different from objec-
tive function as time smoothing) results are obtained. It also
shows that the proposed method brings about a significant
improvement by simultaneously optimizing snapshot quality
(modularity) and history cost (NMI).Therefore, it proves the
effectiveness of NMI as time smoothing.

4.4. Time Symmetry of DYN-DMLS. Though the result of the
first time step has an influence on the subsequent process, the
influence is rather limited anddiminishing.When calculating
objective function NMI, the result is directly determined by
the two consecutive time steps, the current one and the previ-
ous one.The 𝑡th time step may directly affect the (𝑡 + 1)th but
can hardly affect the (𝑡 + 2)th. To each single time step except
the first one, it is always the previous one that determines
its time smoothing. It is hard to quantify the diminishing
influence. Besides, there is still a weighted parameter to
balance between history cost and snapshot quality. Time
smoothing as history cost could hardly contribute more to
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Figure 21: NMI results on the SYN-FIX with 𝑧 = 8. Blue
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optimizes modularity and time smoothing. Red line represents the
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Figure 22: NMI results of the two sequences on the SYN-FIX with
𝑧 = 8. Red line represents the result of a common and original
sequence from 1 to 10, while blue line represents the result of an
inverted sequence from 10 to 1. Method applied is DYN-DMLS.

the result. Therefore, the first time step has not been given an
excessive importance.

From another point of view, multiobjective optimization
is a global statistical search process. Each step may generate
different results in different runs. So time symmetric may
be a property of the dynamic network but in multiobjective
optimization it is hard to maintain.

To support the above description, we test the dynamic
network in an inverted time sequence and compare its result
with the common one. Strictly speaking, it is not symmetric.

The result is shown in Figure 22. It is the improvement to the
result that makes it look symmetric. The figure also tells that
the first time step has not been given an excessive importance.

5. Concluding Remarks

Thedetection of communities and analysis of the community
evolution in dynamic networks with temporal smoothness
is a new challenging research problem with broad appli-
cations. In this paper, the two cost functions, community
quality function and temporal cost function, are optimized
simultaneously by the decomposition-based multiobjective
evolutionary algorithm with a local search. The methods can
provide the solution representing the best tradeoff between
the accuracy of the communities structures obtained and
the similarity between one time step and the previous one,
without fixing a weight parameter in advance. In addition,
a local search operator is incorporated into our method
according to the problem-specific knowledge, which has a
better ability to search the solution, especially when the
community structure changes more dramatically over time.
Experiments on SYN-VAR benchmark demonstrate that the
proposed algorithm has a better accuracy in extracting
community and capturing community evolution than the
classic DYN-MOGA and consensus clustering algorithm. In
our future work, we will expand our algorithm to be suitable
for processing the large-scale networks in real life. Some
better local search strategies should be studied to incorporate
into our method to improve the performance further.
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The Sudoku is a famous logic-placement game, originally popularized in Japan and todaywidely employed as pastime and as testbed
for search algorithms.The classic Sudoku consists in filling a 9×9 grid, divided into nine 3×3 regions, so that each column, row, and
region contains different digits from 1 to 9. This game is known to be NP-complete, with existing various complete and incomplete
search algorithms able to solve different instances of it. In this paper, we present a new cuckoo search algorithm for solving Sudoku
puzzles combining prefiltering phases and geometric operations. The geometric operators allow one to correctly move toward
promising regions of the combinatorial space, while the prefiltering phases are able to previously delete from domains the values
that do not conduct to any feasible solution. This integration leads to a more efficient domain filtering and as a consequence to
a faster solving process. We illustrate encouraging experimental results where our approach noticeably competes with the best
approximate methods reported in the literature.

1. Introduction

The Sudoku is a logic-based placement puzzle, widely present
as pastime game in newspapers andmagazines. It was initially
popularized in Japan during the eighties, but today it is a
worldwide popular game and a useful benchmark for testing
artificial intelligence solving techniques. A Sudoku puzzle
consists in filling a board of 9 × 9 subdivided into subgrids
of size 3 × 3 so that each row, column, and subgrid contains
different digits from 1 to 9. A Sudoku problem includes
prefilled cells, namely, the “givens,” which cannot be changed
or moved (see Figure 1). Certainly, the amount of givens has
limited or no impact on the difficulty of the problem. The
difficulty ismostly dependent on the positioning of the givens
along the puzzle. A useful difficulty classification including
easy, medium, and hard Sudokus has been proposed by
Mantere and Koljonen [1].

The literature reports various approaches to solve Sudoku
puzzles. For instance, exact methods such as constraint
programming [2–4] and boolean satisfiability [5] are well-
known candidates for the efficient handling of such kind
of puzzles. In the context of approximate methods, genetic
programming [1] and metaheuristics in general [6–10] have
illustrated promising results. Additional, but less traditional,
Sudoku solving techniques have been proposed as well, such
as Sinkhorn balancing [11], rewriting rules [12], and entropy
minimization [13].

In this paper, we focus on approximate methods. We
propose a new algorithm for the efficient solving of Sudoku
instances based on cuckoo search, geometric operators, and
prefiltering phases. The cuckoo search is a relatively modern
nature-inspired metaheuristic [14–18] to which we introduce
geometric operators in order to correctly move to promising
regions of a discrete space of solutions. This combination
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Figure 1: Sudoku puzzle instance.

is additionally enhanced with a domain reducer component
based on local consistencies. The idea is to previously delete
from the search space the values that do not conduct to any
feasible solution.This integration straightforwardly alleviates
the work of the metaheuristic leading to a faster solving pro-
cess. We illustrate encouraging experimental results where
our approach noticeably competes with the best approximate
methods reported in the literature.

This paper is organized as follows. In Section 2, we
describe the previous work. Section 3 presents the classic
cuckoo search algorithm. The geometric operators and the
prefiltering phase employed are illustrated and exemplified
in Sections 4 and 5, respectively. The resulting new cuckoo
search algorithm is presented in Section 6, followed by the
corresponding experimental results. Finally, in Section 8, we
conclude and give some directions for future work.

2. Related Work

Sudoku puzzles have been solved with various techniques
during the last decades. For instance, complete methods
such as Boolean satisfiability and constraint satisfaction can
clearly be used to solve Sudokus [3–5, 19]. In this paper,
we focus on incomplete search methods, specially on solv-
ing hard instances of such a puzzle. Within this scenario,
different solutions have been suggested, mainly based on
metaheuristics. For instance, Lewis [7] models the puzzle as
an optimization problem where the number of incorrectly
placed digits on the board must be minimized. The model
is solved by using simulated annealing, but the approach
is mostly focused on producing valid Sudokus than on
the performance of the resolution. In [10], an ant colony
algorithm is proposed, where the problem is modeled in an
opposite form: maximizing the number of correctly filled
cells. The best result completes only 76 out of 81 cells of the
puzzle. In [8], a particle swarm optimizer (PSO) for solving
Sudokus is presented, but the goal of authors was rather to
validate the use of geometric operators in PSO for complex
combinatorial spaces.

In [6], a hill-climbing algorithm for Sudokus is reported.
The approach succeeds in solving easy Sudoku instances,

failing formedium and hard ones. In the samework, a genetic
algorithm (GA) outperforms the hill-climber previously
presented. Such a GA is tuned with geometric operators,
in particular Hamming space crossovers and swap space
crossovers, reporting solutions for a hard Sudoku. InMantere
and Koljonen [1], another GA is proposed that succeeds for
easy and medium instances, but it only reaches the optimum
in 2 out of 30 tries for a hard Sudoku. A cultural algorithm
is proposed by the same authors [9], but it is generally
outperformed by the GA previously reported. In Soto et al.
[20], a tabu search is tuned with a prefiltered phase, being
capable of solving 30 out of 30 tries for a hard Sudoku.

3. Cuckoo Search

Cuckoo search is a nature-inspired metaheuristic, based on
the principle of the brood parasitism of some cuckoo species.
This kind of bird has an aggressive reproduction strategy,
which is based on the use of foreign nests for incubation.
Cuckoos proceed by laying their eggs in nests from other bird
species, removing the other bird eggs to increase incubation
probability. Eventually, cuckoo eggs may be discovered by
the host bird, which might act in two ways: taking off the
alien eggs or simply abandoning its nest and building a new
one elsewhere. In practice, an egg represents a solution and
cuckoo eggs represent potentially better solutions than the
current ones in nests. In the simplest form each nest has only
one egg.

The cuckoo search procedure for minimization is
described in Algorithm 1. The process begins by randomly
generating an initial population of host nests. Next, the
algorithm iterates until a given stop criterion is reached,
which is commonly a maximum number of iterations. At
line 3, a new solution is created, normally by employing a
random walk via Lévy flights. Equation (1) describes such a
random walk, where 𝑥

𝑡+1

𝑖
is the new solution, 𝑡 corresponds

to the iteration number, and the product ⊕ means
entrywise multiplications. The 𝛼 parameter is the step
size, where 𝛼 > 0, and determines how far the process
can go for a fixed number of iterations. Then, at line 4,
an 𝐸𝑔𝑔

𝑗
is randomly chosen to be then compared with the

previous one in order to keep the egg exhibiting the best
cost. Finally, the worse nests are abandoned depending on
the probability 𝑝

𝑎
and new solutions are built:

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑖
+ 𝛼 ⊕ L ́evy (𝜆) ,

L ́evy ∼ 𝑢 = 𝑡
−𝜆
, (1 < 𝜆 ≤ 3) .

(1)

4. Geometric Operators

The cuckoo search has been originally designed for contin-
uous domains, while Sudokus own discrete values. Then, a
discretization phase for the CS algorithm is mandatory to
correctly explore the potential solutions. The discretization
phase applied here has been inspired from the work reported
in [8], where a particle swarm optimization algorithm is
adapted to solve discrete domains. The idea relies on the
use of geometric-based operators able to correctly move to
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Input:𝑁𝑒𝑠𝑡
𝑠𝑖𝑧𝑒

, 𝛼, 𝜆

Output: 𝐸𝑔𝑔
𝑏𝑒𝑠𝑡

(1) 𝑁𝑒𝑠𝑡𝑠 ← GenerateInitialPopulation(𝑁𝑒𝑠𝑡size)

(2) While¬ 𝑆𝑡𝑜𝑝𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 do
(3) 𝐸𝑔𝑔

𝑖
← GetCuckooByLevyFlight(𝑁𝑒𝑠𝑡𝑠, 𝛼, 𝜆)

(4) 𝐸𝑔𝑔
𝑗
← ChooseRamdomlyFrom(𝑁𝑒𝑠𝑡𝑠)

(5) If cost(𝐸𝑔𝑔
𝑖
) ≤ cost(𝐸𝑔𝑔

𝑗
)

(6) 𝐸𝑔𝑔
𝑗
← 𝐸𝑔𝑔

𝑖

(7) End If
(8) 𝐸𝑔𝑔best ← FindCurrentBest(𝑁𝑒𝑠𝑡𝑠)

(9) 𝑁𝑒𝑠𝑡𝑠 ← AbandonWorseNests(𝑝
𝑎
, 𝑁𝑒𝑠𝑡𝑠)

(10) 𝑁𝑒𝑠𝑡𝑠 ← BuildNewSolutions(𝐸𝑔𝑔
𝑏𝑒𝑠𝑡

)

(11) EndWhile

Algorithm 1: Cuckoo search.

Input:𝑃𝑎𝑟𝑒𝑛t
1
[], 𝑃𝑎𝑟𝑒𝑛𝑡

2
[]

Output:𝐶ℎ𝑖𝑙𝑑[]
(1) 𝐶ℎ𝑖𝑙𝑑 ← SelectRandomSegmentFrom(𝑃𝑎𝑟𝑒𝑛𝑡

1
)

(2) 𝐿𝑖𝑠𝑡V𝑎𝑙 ← SelectNotCopiedToChild(𝑃𝑎𝑟𝑒𝑛𝑡
2
, 𝐶ℎ𝑖𝑙𝑑)

(3) For Each V𝑎𝑙 ∈ 𝐿𝑖𝑠𝑡V𝑎𝑙
(6) 𝑙V𝑎𝑙 ← V𝑎𝑙
(4) V ← 𝑃𝑎𝑟𝑒𝑛𝑡

1
[IndexOf(V𝑎𝑙, 𝑃𝑎𝑟𝑒𝑛𝑡

2
)]

(5) If IndexOf(V, 𝑃𝑎𝑟𝑒𝑛𝑡
2
) ∈ SegmentOf(𝐶ℎ𝑖𝑙𝑑)

(6) V𝑎𝑙 ← V
(6) Go To (4)
(7) Else
(8) 𝐶ℎ𝑖𝑙𝑑[IndexOf(V, 𝑃𝑎𝑟𝑒𝑛𝑡

2
)]← 𝑙V𝑎𝑙

(9) End If
(10) End For Each
(11) CopyRemaining(𝐶ℎ𝑖𝑙𝑑, 𝑃𝑎𝑟𝑒𝑛𝑡

2
)

Algorithm 2: PMX crossover.

promising regions of a discrete search space. In particular,
for this work, we employ the partially matched crossover,
the geometric crossover, and the feasible geometricmutation,
which are described in the following.

4.1. Partially Matched Crossover. The partially matched
crossover (PMX) basically works with two parents, creat-
ing two crossover points that are selected at random and
then PMX proceeds by position swap. The PMX process is
described in Algorithm 2.

At the beginning, a segment from Parent
1
is randomly

selected and copied to the child. Then, looking in the same
segment positions in Parent

2
, each value not copied to the

child is stored in a list. Then, for each value in this list, the
V value is located in Parent

1
in the position given by the

index of V𝑎𝑙 in Parent
2
. Then, an if-else conditional operates

as follows: if the index of V is present in the original segment,
V becomes the new V𝑎𝑙 and the process goes to line 4;
otherwise, 𝑙V𝑎𝑙 is inserted into the child in the position given
by the index of V in Parent

2
. Finally, the remaining positions

from Parent
2
are copied to the child. The PMX operator

applied to the Sudoku can be seen in Example 1.

Example 1 (PMXcrossover). Let two rows located in the same
position from different solutions of a Sudoku instance be
the parents. The corresponding child produced by the PMX
crossover is constructed as follows.

(1) A random segment of consecutive digits from Parent
1

is copied to the child. Assuming that 1 corresponds to
the index of the first position, the segment has size 5,
from index 4 to 8:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2

- - -

3 6 2 5 1

3 4 5 6 7

3 6 2 5 1

9

8

-
(2)

(2) “4” is the first value in the observed segment
of 𝑃𝑎𝑟𝑒𝑛𝑡

2
that is not present in the child.

Then, V𝑎𝑙 = 4, and the index of V𝑎𝑙 in Parent
2

is “5.” Hence, the V value corresponds to “6.” Next,
the index of V in Parent

2
is “7.” This index exists in

the observed segment, so the process comes back to
line 4 using “6” as V𝑎𝑙:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2

- - -

3 6 2 5 1

3 4 5 6 7

3 6 2 5 1

9

8

-
(3)
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Input:𝑃𝑎𝑟𝑒𝑛𝑡
1
[], 𝑃𝑎𝑟𝑒𝑛𝑡

2
[], 𝑃𝑎𝑟𝑒𝑛𝑡

3
[]

Output:𝐶ℎ𝑖𝑙𝑑[]
(1)𝑀𝑎𝑠𝑘 ← InitializeMask()
(1) For Each 𝑖 ∈ {1, . . . ,𝑀𝑎𝑠𝑘

𝑙𝑒𝑛𝑔𝑡ℎ
}

(2) If𝑀𝑎𝑠𝑘[𝑖] = 1

(3) 𝐶ℎ𝑖𝑙𝑑[𝑖] ← 𝑃𝑎𝑟𝑒𝑛𝑡
1
[𝑖]

(4) 𝑃𝑎𝑟𝑒𝑛𝑡
2
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

1
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

2
, 𝑖)

(5) 𝑃𝑎𝑟𝑒𝑛𝑡
3
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

1
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

3
, 𝑖)

(6) Else If𝑀𝑎𝑠𝑘[𝑖] = 2

(7) 𝐶ℎ𝑖𝑙𝑑[𝑖]← 𝑃𝑎𝑟𝑒𝑛𝑡
2
[𝑖]

(8) 𝑃𝑎𝑟𝑒𝑛𝑡
1
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

2
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

1
, 𝑖)

(9) 𝑃𝑎𝑟𝑒𝑛𝑡
3
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

2
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

3
, 𝑖)

(10) Else
(11) 𝐶ℎ𝑖𝑙𝑑[𝑖]← 𝑃𝑎𝑟𝑒𝑛𝑡

3
[𝑖]

(12) 𝑃𝑎𝑟𝑒𝑛𝑡
1
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

3
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

1
, 𝑖)

(13) 𝑃𝑎𝑟𝑒𝑛𝑡
2
← Swap(𝑃𝑎𝑟𝑒𝑛𝑡

3
[𝑖], 𝑃𝑎𝑟𝑒𝑛𝑡

2
, 𝑖)

(14) End If
(15)End For Each

Algorithm 3: Multiparental sorting crossover.

(3) Now, using “6” as V𝑎𝑙, the new V is “5.” Then, the
index of “5” in Parent

2
also appears within the seg-

ment. So, the process comes back again to line 4 using
“5” as V𝑎𝑙:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2

- - -

3 6 2 5 1

3 4 5 6 7

3 6 2 5 1

9

8

-
(4)

(4) Then, the V value is “2,” and its index in Parent
2
does

not appear within the segment. Hence, we obtain a
position in the child for the value “4” from step 2:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2
- - 4

3 6 2 5 1

3 4 5 6 7

3 6 2 5 1

9

8

-
(5)

(5) “7” is the next value from Parent
2
in the segment

that is not already included in the child. Then, “1” is
the V value, whose index does not appear within the
segment as well. Hence, a position for the value “7” is
obtained in the child:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2

- 7 4

3 6 2 5 1
3 4 5 6 7
3 6 2 5 1

9

8

-
(6)

(6) Now, everything else from Parent
2
is copied down to

the child:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝐶ℎ𝑖𝑙𝑑:

8 4 7

9 1 2

9 7 4

3 6 2 5 1

3 4 5 6 7

3 6 2 6 1

9

8
8

(7)

4.2. Multiparental Sorting Crossover. This operator may
employ multiple parents; our approach based on [8] uses
three, where each one represents a row of a potential solution:

one from the best solution of all generations, one from the
best solution of the current generation, and one from the
current solution. Each parent is associated with a weight (𝑤)
according to (8) in order to control the relevance of each
solution in the generation of the new one. The influence of
parents given by the weights is reflected in a mask used in the
process.

The multiparental crossover is described in Algorithm 3.
The three parents and themask are the input of the procedure,
and the child resulting from the crossover is the output. A
for each loop is used to scan the mask, where every entry
indicates which parent the other two parents need to be equal
to for that specific position. The replacement depends on
the value of the mask and it is performed by swapping the
corresponding values as indicated in the conditionals stated
at lines 2, 6, and 10. The swapping process is described in
Algorithm 4:

𝑤
1
+ 𝑤
2
+ 𝑤
3
= 1, such that 𝑤

𝑖
> 0 ∀𝑖 ∈ {1, 2, 3} . (8)

Example 2 (multiparental sorting crossover). Let Parent
1
be

a row from the best solution of all generations, Parent
2
a row

from the best solution of the current generation, and Parent
3

a row from the current solution.We employ 0.55 as theweight
for Parent

1
, 0.33 for Parent

2
, and 0.12 for Parent

3
. Those

weights represent the percentage of appearances of the given
parent within the mask. For instance, 𝑃𝑎𝑟𝑒𝑛𝑡

1
appears five

times in the mask, Parent
2

three times, and Parent
3
once.

The corresponding child produced by the multiparental
sorting crossover is constructed as follows.

(1) A mask of parent length is randomly generated
according to the parent weights:

𝑀𝑎𝑠𝑘:

𝑃𝑎𝑟𝑒𝑛𝑡
1
:

𝑃𝑎𝑟𝑒𝑛𝑡
2
:

𝑃𝑎𝑟𝑒𝑛𝑡
3
:

3 1 2 1 1 1 1 2 2

8 4 7 3 6 2 5 1 9

9 1 2 3 4 5 6 7 8

4 7 9 3 6 2 5 1 8

(9)
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Input: V𝑎𝑙𝑢𝑒, 𝑃𝑎𝑟𝑒𝑛𝑡[], 𝑝𝑜𝑠
Output: 𝑃𝑎𝑟𝑒𝑛𝑡[]
(1) If 𝑃𝑎𝑟𝑒𝑛𝑡[𝑝𝑜𝑠] ̸= V𝑎𝑙𝑢𝑒
(2) For Each 𝑖 ∈ {1, . . . , 𝑃𝑎𝑟𝑒𝑛𝑡

𝑙𝑒𝑛𝑔𝑡ℎ
}

(3) If 𝑃𝑎𝑟𝑒𝑛𝑡[𝑖] = V𝑎𝑙𝑢𝑒
(4) 𝑎𝑢𝑥 ← 𝑃𝑎𝑟𝑒𝑛𝑡[𝑖]

(5) 𝑃𝑎𝑟𝑒𝑛𝑡[𝑖] ← 𝑃𝑎𝑟𝑒𝑛𝑡[𝑝𝑜𝑠]

(6) 𝑃𝑎𝑟𝑒𝑛𝑡[𝑝𝑜𝑠] ← 𝑎𝑢𝑥

(7) End If
(8) For Each
(9)End If

Algorithm 4: Swap.

Input: 𝑖𝑛𝑖𝑡𝑆𝑜𝑙[][], 𝑠𝑜𝑙[][]
Output: 𝑠𝑜𝑙[][]
(1) 𝑟𝑜𝑤𝑠 ← ChooseRowsRandomly(𝑖𝑛𝑖𝑡𝑆𝑜𝑙)

(2) For Each 𝑟𝑜𝑤 ∈ 𝑟𝑜𝑤𝑠

(3) 𝑝𝑜𝑠1, 𝑝𝑜𝑠2 ← ChooseTwoEmptyCells(𝑟𝑜𝑤)

(4) 𝑎𝑢𝑥 ← sol[𝑟𝑜𝑤][𝑝𝑜𝑠1]
(5) sol[𝑟𝑜𝑤][𝑝𝑜𝑠1] ← sol[𝑟𝑜𝑤][𝑝𝑜𝑠2]

(6) sol[𝑟𝑜𝑤][𝑝𝑜𝑠2] ← 𝑎𝑢𝑥

(7)End For Each

Algorithm 5: Feasible geometric mutation.

(2) The first value of the mask corresponds
to parent “3”, and then the first value
of 𝑃𝑎𝑟𝑒𝑛𝑡

1
and 𝑃𝑎𝑟𝑒𝑛𝑡

2
needs to be equal to

the first value of 𝑃𝑎𝑟𝑒𝑛𝑡
3
, which is “4.” To this end,

in 𝑃𝑎𝑟𝑒𝑛𝑡
1
and 𝑃𝑎𝑟𝑒𝑛𝑡

2
, the first cell is swapped with

the cell that holds the value “4”:

𝑀𝑎𝑠𝑘: 3 1 2 1 1 1 2 2 3

𝑃𝑎𝑟𝑒𝑛𝑡
1
: 4 8 7 3 6 2 5 1 9

𝑃𝑎𝑟𝑒𝑛𝑡
2
: 4 1 2 3 9 5 6 7 8

𝑃𝑎𝑟𝑒𝑛𝑡
3
: 4 7 9 3 6 2 5 1 8

𝐶ℎ𝑖𝑙𝑑 4

(10)

(3) Next, the second value from the mask is “1.” The
swapping process is analogous:

𝑀𝑎𝑠𝑘: 3 1 2 1 1 1 2 2 3

𝑃𝑎𝑟𝑒𝑛𝑡
1
: 4 8 7 3 6 2 5 1 9

𝑃𝑎𝑟𝑒𝑛𝑡
2
: 4 8 2 3 9 5 6 7 1

𝑃𝑎𝑟𝑒𝑛𝑡
3
: 4 8 9 3 6 2 5 1 7

𝐶ℎ𝑖𝑙𝑑 4 8

(11)

(4) Following the same procedure, the last step is shown
below obtaining 4 8 2 3 6 7 9 5 1 as the new child:

𝑀𝑎𝑠𝑘: 3 1 2 1 1 1 2 2 3

𝑃𝑎𝑟𝑒𝑛𝑡
1
: 4 8 2 3 6 7 9 5 1

𝑃𝑎𝑟𝑒𝑛𝑡
2
: 4 8 2 3 6 7 9 5 1

𝑃𝑎𝑟𝑒𝑛𝑡
3
: 4 8 2 3 6 7 9 5 1

𝐶ℎ𝑖𝑙𝑑 4 8 2 3 6 7 9 5 1

(12)

4.3. Feasible Geometric Mutation. This is a simple operator
used to maintain diversity in the solutions. It swaps two non-
fixed elements in a row guaranteeing that mutation is applied
only over the cells with no given value. The procedure is
described in Algorithm 5.

Example 3 (feasible geometric mutation). Let us consider a
given Sudoku row and a solution candidate row, as shown
below:

Sudoku problem row: - - - 3 - - - - -
Solution candidate row: 9 7 4 3 6 2 5 1 8

(13)

Themutation is allowed in any cell except for cell 4, which
owns the value 3 as given for the Sudoku instance. Examples
of allowed and forbidden mutations are depicted below:

allowed mutation: 9 6 4 3 7 2 5 1 8

forbidden mutation: 9 7 4 4 6 2 5 1 8
(14)

5. Prefiltering Phase

In the presence of unfeasible solutions, the cuckoo procedure
is responsible for detecting and discarding them in order
to conduct the search to feasible regions of the space of
solutions. The goal of the prefiltering phase is to alleviate
the work of the cuckoo algorithm by previously eliminating
those unfeasible values. This is possible by representing the
Sudoku as a constraint network [4] and then applying efficient
filtering techniques from the constraint satisfaction domain.
In this context, arc-consistency [2] is a widely employed
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local consistency for filtering algorithms. Arc-consistency
was initially defined for binary constraint [21, 22].We employ
here the more general filtering for nonarbitrary constraints
named generalized arc-consistency (GAC). The idea is to
enforce a local consistency to the problem in a process called
constraint propagation. Before detailing this process, let us
introduce some necessary definitions [23].

Definition 4 (constraint). A constraint 𝑐 is a relation defined
on a sequence of variables 𝑋(𝑐) = (𝑥

𝑖1
, . . . , 𝑥

𝑖|𝑋(𝑐)|
), called

the scheme of 𝑐; 𝑐 is the subset of Z|𝑋(𝑐)| that contains the
combinations of tuples 𝜏 ∈ Z|𝑋(𝑐)| that satisfy 𝑐. |𝑋(𝑐)| is
called the arity of 𝑐. A constraint 𝑐 with scheme 𝑋(𝑐) =

(𝑥
1
, . . . , 𝑥

𝑘
) is also noted as 𝑐(𝑥

1
, . . . , 𝑥

𝑘
).

Definition 5 (constraint network). A constraint network also
known as constraint satisfaction problem (CSP) is defined by
a triple 𝑁 = ⟨𝑋,𝐷, 𝐶⟩, where

(i) 𝑋 is a finite sequence of integer variables 𝑋 =

(𝑥
1
, . . . , 𝑥

𝑛
);

(ii) 𝐷 is the corresponding set of domains for 𝑋; that
is, 𝐷 = 𝐷(𝑥

1
) × ⋅ ⋅ ⋅ × 𝐷(𝑥

𝑛
), where 𝐷(𝑥

𝑖
) ⊂ Zis the

finite set of values that variable 𝑥
𝑖
can take;

(iii) 𝐶 is a set of constraints 𝐶 = {𝑐
1
, . . . , 𝑐

𝑒
}, where

variables in 𝑋(𝑐
𝑗
) are in 𝑋.

Example 6 (the Sudoku as a constraint network).
Let ⟨𝑋,𝐷, 𝐶⟩ be the constraint network, which is composed
of the following.

(i) 𝑋 = (𝑥
1,1
, . . . , 𝑥

𝑛,𝑚
) is the sequence of variables,

and 𝑥
𝑖,𝑗

∈ 𝑋 identifies the cell placed in the 𝑖th
row and 𝑗th column of the Sudoku matrix, for 𝑖 =

1, . . . , 𝑛 and 𝑖 = 1, . . . , 𝑚.
(ii) 𝐷 is the corresponding set of domains,

where 𝐷(𝑥
𝑖𝑗
) ∈ 𝐷 is the domain of the variable 𝑥

𝑖𝑗
.

(iii) 𝐶 is the set of constraints defined as follows.

(a) To ensure that values are different in rows and
columns, 𝑥

𝑘,𝑖
̸=𝑥
𝑘,𝑗

∧ 𝑥
𝑖,𝑘

̸=𝑥
𝑗,𝑘
, for all (𝑘 ∈

[1, 9], 𝑖 ∈ [1, 9], 𝑗 ∈ [𝑖 + 1, 9]).
(b) To ensure that values are different in subgrid:

𝑥
(𝑘1−1)∗3+𝑘2,(𝑗1−1)∗3+𝑗2

̸=𝑥
(𝑘1−1)∗3+𝑘3,(𝑗1−1)∗3+𝑗3

,
for all (𝑘1, 𝑗1, 𝑘2, 𝑗2, 𝑘3, 𝑗3 ∈ [1, 3] |

𝑘2 ̸= 𝑘3 ∧ 𝑗2 ̸= 𝑗3).

Definition 7 (projection). A projection of 𝑐 on 𝑌 is denoted
as 𝜋
𝑌(𝑐)

, which defines the relation with scheme 𝑌 that con-
tains the tuples that can be extended to a tuple
on 𝑋(𝑐) satisfying 𝑐.

Definition 8 ((generalized) arc-consistency). Given a net-
work 𝑁 = ⟨𝑋,𝐷, 𝐶⟩, a constraint 𝑐 ∈ 𝐶, and a variable 𝑥

𝑖
∈

𝑋(𝑐),

(i) a value V
𝑖
∈ 𝐷(𝑥

𝑖
) is consistent with 𝑐 ∈ 𝐷 if and

only if there exists a valid tuple tau satisfying 𝑐 such

that V
𝑖
= 𝜏[{𝑥

𝑖
}]; such a tuple is called a support

for (𝑥
𝑖
, V
𝑖
) on 𝑐;

(ii) the domain 𝐷 is (generalized) arc-consistent
on 𝑐 for 𝑥

𝑖
if and only if all the values

in 𝐷(𝑥
𝑖
) are consistent with 𝑐 in 𝐷; that is,

𝐷(𝑥
𝑖
) ⊆ 𝜋
𝑥𝑖
(𝑐 ∩ 𝜋

𝑋(𝑐)
(𝐷));

(iii) the network 𝑁 is (generalized) arc-consistent if and
only if 𝐷 is (generalized) arc-consistent for all vari-
ables in 𝑋 on all constraints in 𝐶.

The filtering process is achieved by enforcing the arc-
consistency on the problem. This can be carried out by
using Algorithms 6 and 7. The idea is to revise the arcs
(the constraint relation between variables) by removing the
values from 𝐷(𝑋

𝑖
) that lead to inconsistencies with respect

to a given constraint. Such a revision process is done by
Algorithm 6, which takes each value V

𝑖
∈ 𝐷(𝑥

𝑖
) (line 2) and

analyses the space 𝜏 ∈ 𝑐∩𝜋
𝑋(𝑐)

(𝐷), searching for a support on
constraint 𝑐 (line 3). If support does not exist, the value V

𝑖
is

eliminated from 𝐷(𝑥
𝑖
). Finally, the procedure informs if the

domain has been modified by returning the corresponding
Boolean value (line 8).

The role of Algorithm 7 is to guarantee that every domain
is arc-consistent. This is done by iteratively revising the arcs
by performing calls to Algorithm 6. At the beginning, a list
called 𝑄 is filled with pairs (𝑥

𝑖
, 𝑐) such that 𝑥

𝑖
∈ 𝑋(𝑐).

Pairs for which 𝐷(𝑥
𝑖
) is not ensured to be arc-consistent are

kept in order to avoid useless calls to Algorithm 7. This is
a main advantage of AC3 with respect to its predecessor
Algorithms AC1 and AC2. Then, at line 2, a while statement
controls the calls to Revise3. If a true value is received from
Revise3, 𝐷(𝑋

𝑖
) is verified and if no value remains within

the domain, the algorithm returns false. If there still exist
values in 𝐷(𝑋

𝑖
), normally, a value for another variable 𝑥

𝑗
has

lost its support on 𝑐. Hence, the list 𝑄 must be refilled with
all pairs (𝑥

𝑖
; 𝑐). The process finishes and returns true when

all remaining values within domains are arc-consistent with
respect to all constraints.

Example 9 (enforcing AC3 on a Sudoku puzzle). Let us
exemplify the work of the prefiltering phase by enforcing the
AC3 on three constraints of a Sudoku instance. We begin by
enforcing the AC3 on a given subgrid (enclosed with dashed
lines in Figure 2) of the Sudoku puzzle. The subgrid has
three variables with no value assigned (𝑥

4,9
, 𝑥
5,8
, and 𝑥

6,9
).

Then, enforcing AC3 via the GAC3 algorithm with respect to
the subgrid constraint (second constraint from Example 6)
leads to the elimination of six values from 𝐷(𝑥

4,9
), 𝐷(𝑥

5,8
),

and 𝐷(𝑥
6,9
). Those values have no support on the verified

constraint; that is, they have been already taken for another
cell on the same subgrid. Thus, the original domains for the
three variables are reduced to {5, 6, 8}.

In Figure 3, the AC3 is enforced to a row of the puzzle.
This row has four variables (𝑥

5,2
, 𝑥
5,4
, 𝑥
5,6
, and 𝑥

5,8
) with no

assigned value.TheGAC3 algorithmfilters fromdomains five
values with no support from 𝐷(𝑥

5,2
), 𝐷(𝑥

5,4
), and 𝐷(𝑥

5,6
).

The variable 𝑥
5,8

has been refiltered, remaining only two
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Figure 2: Enforcing AC3 to a subgrid constraint.

Input:𝑥
𝑖
, 𝑐

Output:𝐶𝐻𝐴𝑁𝐺𝐸

(1) 𝐶𝐻𝐴𝑁𝐺𝐸 ← false
(2) Foreach V

𝑖
∈ 𝐷(𝑥

𝑖
) do

(3) If ∄𝜏 ∈ 𝑐 ∩ 𝜋
𝑋(𝑐)

(𝐷)with 𝜏[𝑥
𝑖
] = V
𝑖
do

(4) remove V
𝑖
from𝐷(𝑥

𝑖
)

(5) 𝐶𝐻𝐴𝑁𝐺𝐸 ← true
(6) End If
(7) End Foreach
(8) Return𝐶𝐻𝐴𝑁𝐺𝐸

Algorithm 6: Revise3.

Input:𝑋,𝐷, 𝐶

Output: Boolean
(1) 𝑄 ← (𝑥

𝑖
, 𝑐) | 𝑐 ∈ 𝐶, 𝑥

𝑖
∈ 𝑋(𝑐)

(2) While𝑄 ̸=0 do
(3) select and remove (𝑥

𝑖
, 𝑐) from 𝑄

(4) If Revise3(𝑥
𝑖
, 𝑐) then

(5) If𝐷(𝑥
𝑖
) = 0 then

(6) Return false
(7) Else
(8) 𝑄 ← 𝑄 ∪ {(𝑥

𝑗
, 𝑐

) | 𝑐

∈ 𝐶 ∧ 𝑐


̸= 𝑐 ∧ 𝑥

𝑖
, 𝑥
𝑗
∈ 𝑋(𝑐


) ∧ 𝑗 ̸= 𝑖}

(9) End If
(10) End If
(11) EndWhile
(12) Return true

Algorithm 7: AC3/GAC3.

possible values. Finally, in Figure 4, four values are filtered
from four variables, remaining only one possible value for
variable 𝑥

5,8
.

6. The Prefiltered Cuckoo Search via
Geometric Operators

The cuckoo search proposed here combines geometric oper-
ators with prefiltering phases. The goal is to enhance the
performance of the cuckoo search as well as to allow it

to correctly explore a discrete search space. Algorithm 5
illustrates the new hybrid algorithm. Now the input set is
quite larger. It considers the size of the nest, the constraint
network ⟨𝑋,𝐷, 𝐶⟩ representing the Sudoku problem, and
two parameters that define probabilities for regulating the
usage of geometric operators. As output, the procedure
returns the best egg reached by the algorithm. The pre-
filtering phase via the AC3 algorithm is triggered at the
beginning.TheAC3 algorithm receives as input the constraint
network ⟨𝑋,𝐷, 𝐶⟩ of the Sudoku and reduces if possible the
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Input:𝑁𝑒𝑠𝑡
𝑠𝑖𝑧𝑒

, 𝑋,𝐷, 𝐶, 𝑃
𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖, 𝑃𝑚𝑢𝑡𝑎𝑡𝑒

Output:𝐸𝑔𝑔
𝑏𝑒𝑠𝑡

(1) 𝐷 ← AC3(𝑋,𝐷, 𝐶)
(2) 𝑁𝑒𝑠𝑡𝑠 ← GenerateInitialPopulation(𝑁𝑒𝑠𝑡

𝑠𝑖𝑧𝑒
, 𝐷)

(3) While ¬ 𝑆𝑡𝑜𝑝𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 do
(4) 𝐸𝑔𝑔

𝑖
← GetRandomlyFrom(𝑁𝑒𝑠𝑡𝑠)

(5) 𝐸𝑔𝑔
𝑖
← GeometricOperators(𝑃

𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖, 𝑃𝑚𝑢𝑡𝑎𝑡𝑒)

(6) 𝐸𝑔𝑔
𝑗
← ChooseRamdomlyFrom(𝑁𝑒𝑠𝑡𝑠)

(7) If cost(𝐸𝑔𝑔
𝑖
) ≤ cost(𝐸𝑔𝑔

𝑗
)

(8) 𝐸𝑔𝑔
𝑗
← 𝐸𝑔𝑔

𝑖

(9) End If
(10) 𝐸𝑔𝑔

𝑏𝑒𝑠𝑡
← FindCurrentBest(𝑁𝑒𝑠𝑡𝑠)

(11) 𝑁𝑒𝑠𝑡𝑠 ← AbandonWorseNests(𝑝
𝑎
, 𝑁𝑒𝑠𝑡𝑠)

(12) 𝑁𝑒𝑠𝑡𝑠 ← BuildNewSolutions(𝐸𝑔𝑔best, 𝐷)

(13) EndWhile

Algorithm 8: Prefiltered discrete cuckoo search.

Input:𝐸𝑔𝑔, 𝐸𝑔𝑔
𝑏𝑒𝑠𝑡

, 𝐸𝑔𝑔
𝑙𝑎𝑠𝑡𝑏𝑒𝑠𝑡

, 𝑃
𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖, 𝑃𝑚𝑢𝑡𝑎𝑡𝑒

Output:𝐸𝑔𝑔
(1) Foreach𝐸𝑔𝑔 ∈ 𝑁𝑒𝑠𝑡𝑠

(2) If (𝐸𝑔𝑔 ⟨⟩ 𝐸𝑔𝑔𝑏𝑒𝑠𝑡)
(3) If (rand() < 𝑃

𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖)
(4) 𝐸𝑔𝑔 ← PMXCrossover(𝐸𝑔𝑔, 𝐸𝑔𝑔

𝑏𝑒𝑠𝑡
)

(5) Else
(6) 𝐸𝑔𝑔 = MultiParentalSortingCrossover(𝐸𝑔𝑔, 𝐸𝑔𝑔

𝑏𝑒𝑠𝑡
, 𝐸𝑔𝑔
𝑙𝑎𝑠𝑡𝑏𝑒𝑠𝑡

)

(7) End If
(8) If (rand() < 𝑃

𝑚𝑢𝑡𝑎𝑡𝑒
)

(9) 𝐸𝑔𝑔 ← FeasibleGeometricMutation(𝐷, 𝐸𝑔𝑔)

(10) End If
(11) End If
(12) End Foreach

Algorithm 9: Geometric operators.

set of domains 𝐷 by deleting the unfeasible values. Then,
an initial population of nests is generated but, unlike the
classic cuckoo, the generation is bounded to the reduced
set of domains 𝐷. Between lines 3 and 13, a while loop
manages the iteration process until the stop condition is
reached, which for the current implementation corresponds
to a maximum number of iterations. At line 4, an 𝐸𝑔𝑔

𝑖

is randomly chosen from nests to which the geometric
operators are then applied. The usage of geometric operators
is illustrated in Algorithm 9, where they apply only whether
the evaluated egg is not the best one. The PMX and multi-
parent sorting crossovers act depending on a random value
and on the 𝑃

𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖 probability. Analogously, the mutation
operates using the 𝑃

𝑚𝑢𝑡𝑎𝑡𝑒
probability, and 𝐷 is used as input

of the mutation to validate that only feasible mutations are
carried out. At line 6, an 𝐸𝑔𝑔

𝑗
is randomly chosen to be then

compared with the previous one in order to keep the one
exhibiting the best cost. The cost of a solution corresponds to
the sum of wrong values in subgrids, columns, and rows (see
Figure 5). At line 11, theworse nests are abandoned depending
on probability 𝑝

𝑎
. Finally, new solutions are built, but again,

the set of filtered domains 𝐷 is considered in order to avoid

unfeasible solutions. Algorithm 8 illustrates the prefiltered
discrete cuckoo search.

7. Experimental Results

Different experiments have been performed in order to
validate our approach. The Sudoku benchmarks used have
been taken from [24], which are organized in three difficulty
levels: easy, medium, and hard. All tested Sudokus have a
unique solution. The algorithms have been implemented in
Octave 3.6.3, and the experiments have been performed on
a 2.0GHz Intel Core2 Duo T5870 with 1 Gb RAM running
Fedora 17. The configuration of the proposed cuckoo search
is the following, which corresponds to the best one achieved
after a tuning phase: 𝑃

𝑎
= 0.25, 𝑃

𝑝𝑚𝑥-𝑚𝑢𝑙𝑡𝑖 = 0.7, 𝑃
𝑚𝑢𝑡𝑎𝑡𝑒

=

0.9, and 𝑁𝑒𝑠𝑡
𝑠𝑖𝑧𝑒

= 10.
Table 1 illustrates the results of solving 9 problems, 3 from

each difficulty level, by using the proposed cuckoo search
algorithm considering 10000 iterations. From left to right, the
table states the number of tries performed, the number of
tries solved, the minimum solving time reached, the average
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Table 1: Solving Sudokus with the prefiltered discrete cuckoo search considering 10000 iterations.

Tries Solved Min. solving time
(sec)

𝑥 solving time
(sec)

Max. solving time
(sec) SD time (sec)

Easy a 50 50 1.302 1.310 1.329 0.004
Easy b 50 50 1.005 1.007 1.029 0.003
Easy c 50 50 1.019 1.021 1.036 0.003
Medium a 50 50 2.501 384.341 1171.312 291.336
Medium b 84 50 38.32 729.673 1932.691 516.867
Medium c 67 50 26.807 800.471 1923.442 561.877
Hard a 97 50 385.652 2059.690 3777.340 984.921
Hard b 62 50 49.608 1484.692 6810.882 1473.731
Hard c 71 50 9.497 771.211 3561.042 825.516
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Figure 3: Enforcing AC3 to a row constraint.
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Figure 4: Enforcing AC3 to a column constraint.

solving time, the maximum solving time, and the standard
deviation (SD). Regarding the easy Sudokus, the proposed
cuckoo search is able to rapidly solve them reaching a 100%
of success (50 out of 50 tries solved). Then, increasing one
difficulty level, the percentage of success shortly diminishes,
keeping the 100% of success for the “medium a” benchmark.
Finally, for hard Sudokus, the runtime naturally gets big-
ger (see Figure 6); however, the performance is reasonable,

reaching a 51% (50 out of 97 tries solved) of success for “hard
a,” 80% (50 out of 62 tries solved) of success for “hard b,” and
a 70% (50 out of 71 tries solved) of success for “hard c.”

In Table 2, the performance of the proposed cuckoo
search is compared with the best-performing incomplete
methods reported in the literature: a genetic algorithm (GA)
[1] and a hybrid tabu search (hybrid TS) [20]. We contrast
the number of problems solved from a total of 30 tries
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Table 2: Comparing the prefiltered discrete cuckoo search with the best-performing incomplete methods for Sudokus considering 100000
and unlimited iterations.

Problem Prefiltered discrete CS Hybrid TS GA
Unlimited
iterations

100000
iterations

Unlimited
iterations

100000
iterations

Unlimited
iterations

100000
iterations

Easy a 30 30 30 30 30 29
Easy b 30 30 30 30 30 30
Easy c 30 30 30 30 30 30
Medium a 30 30 30 30 30 10
Medium b 30 30 30 30 — —
Medium c 30 30 30 30 — —
Hard a 30 30 30 30 30 2
Hard b 30 30 30 30 — —
Hard c 30 30 30 30 — —
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Figure 6: Comparing solving times for Sudoku.

taking into account both unlimited iterations and 100000
iterations.The results depict that the three techniques are able
to easily succeed for the first Sudoku level. In the presence of
mediumSudokus, theGAbegins to decrease its performance,
being able to solve a medium Sudoku with a 33% of success

(10 out of 30 tries solved). The cuckoo search and the
hybrid TS keep their 100% of success. Finally, observing
hard Sudokus, the performance of the cuckoo search and the
hybrid TS is considerably better than GA, which solves only
2 out of 30 tries, while our proposal as well as the hybrid TS
is able to reach a 100% of success.

8. Conclusions and Future Work

In this paper, we have presented a prefiltered cuckoo search
algorithm tuned with geometric operators. The geometric
operators allow one to drive the search to promising regions
of a discrete space of solutions, while the prefiltering phase
attempts to previously delete from domains the values that
do not conduct to any feasible solution. In this way, the
work of the metaheuristic is alleviated leading to a faster
solving process. We have performed a set of experiments in
order to compare our approach with the best-performing
approximate methods reported in the literature. We have
considered Sudokus from different difficulty levels: easy,
medium, and hard. In the presence of easy Sudokus, the
proposed cuckoo search is able to reach a 100% of success.
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When solving medium difficulty Sudokus, the cuckoo search
keeps its 100% of success, while the best GA reported is
able only to solve 10 out of 30 tries. Finally, regarding hard
Sudokus, the cuckoo search noticeably competes against the
best incomplete method reported for Sudokus, both reaching
a 100% of success considering 100000 iterations.

We visualize different directions for future work; perhaps
the clearest one is the introduction of prefiltering phases
to additional metaheuristics such as particle swarm opti-
mization, ant, or bee colony algorithms to solve Sudokus
or any combinatorial problem. Evaluating the behaviour of
geometric operators in other swarm-based metaheuristics
is another interesting work to develop. Finally, the use of
autonomous search [25–28] for the self-tuning of a meta-
heuristic interacting with prefiltering phases will be also an
appealing research direction to pursue.
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Proceedings of the World Congress on Nature and Biologically
Inspired Computing (NABIC ’09), pp. 210–214, IEEE, Coimbat-
ore, India, December 2009.

[15] X.-S. Yang and S. Deb, “Multiobjective cuckoo search for design
optimization,” Computers & Operations Research, vol. 40, no. 6,
pp. 1616–1624, 2013.

[16] P. R. Srivastava, A. Varshney, P. Nama, and X.-S. Yang, “Soft-
ware test effort estimation: a model based on cuckoo search,”
International Journal of Bio-Inspired Computation, vol. 4, no. 5,
pp. 278–285, 2012.

[17] M. K. Marichelvam, “An improved hybrid cuckoo search (ihcs)
metaheuristics algorithm for permutation flow shop scheduling
problems,” International Journal of Bio-Inspired Computation,
vol. 4, no. 4, pp. 200–205, 2012.

[18] A. Gherboudj, A. Layeb, and S. Chikhi, “Solving 0-1 knapsack
problems by a discrete binary version of cuckoo search algo-
rithm,” International Journal of Bio-Inspired Computation, vol.
4, no. 4, pp. 229–236, 2012.

[19] B. Crawford, M. Aranda, C. Castro, and E. Monfroy, “Using
constraint programming to solve sudoku puzzles,” in Proceed-
ings of the 3rd International Conference on Convergence and
Hybrid Information Technology (ICCIT ’08), pp. 926–931, IEEE
Computer Society, Busan, Republic of Korea, November 2008.

[20] R. Soto, B. Crawford, C. Galleguillos, E. Monfroy, and F. Pare-
des, “A hybrid ac3-tabu search algorithm for solving sudoku
puzzles,” Expert Systems with Applications, vol. 40, no. 15, pp.
5817–5821, 2013.

[21] A. K. Mackworth, “Consistency in networks of relations,”
Artificial Intelligence, vol. 8, no. 1, pp. 99–118, 1977.

[22] A. Mackworth, “On reading sketch maps,” in Proceedings of
the 5th International Joint Conference on Artificial Intelligence
(IJCAI ’77), pp. 598–606, 1977.

[23] C. Bessière, Handbook of Constraint Programming, Elsevier,
2006.

[24] T. Mantere and J. Koljonen, “Sudoku research page,” 2008,
http://lipas.uwasa.fi/∼timan/sudoku/.

[25] B. Crawford, R. Soto, E. Monfroy, W. Palma, C. Castro, and F.
Paredes, “Parameter tuning of a choice-function based hyper-
heuristic using Particle Swarm Optimization,” Expert Systems
with Applications, vol. 40, no. 5, pp. 1690–1695, 2013.

[26] E. Monfroy, C. Castro, B. Crawford, R. Soto, F. Paredes, and C.
Figueroa, “A reactive and hybrid constraint solver,” Journal of
Experimental and Theoretical Artificial Intelligence, vol. 25, no.
1, pp. 1–22, 2013.



12 The Scientific World Journal

[27] R. Soto, B. Crawford, E. Monfroy, and V. Bustos, “Using
autonomous search for generating good enumeration strategy
blends in constraint programming,” in Proceedings of the 12th
International Conference on Computational Science and Its
Applications (ICCSA ’12), vol. 7335 of Lecture Notes in Computer
Science, pp. 607–617, Springer, Berlin, Germany, 2012.

[28] B. Crawford, R. Soto, C. Castro, and E.Monfroy, “Extensible cp-
based autonomous search,” in Proceedings of the HCI Interna-
tional, vol. 173 ofCommunications in Computer and Information
Science, pp. 561–565, Springer, Berlin, Germany, 2011.



Research Article
Self-Adaptive MOEA Feature Selection for Classification of
Bankruptcy Prediction Data

A. Gaspar-Cunha,1 G. Recio,2 L. Costa,3 and C. Estébanez2

1 Institute of Polymers and Composites-I3N, University of Minho, Guimarães, Portugal
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Bankruptcy prediction is a vast area of finance and accounting whose importance lies in the relevance for creditors and investors
in evaluating the likelihood of getting into bankrupt. As companies become complex, they develop sophisticated schemes to hide
their real situation. In turn,making an estimation of the credit risks associated with counterparts or predicting bankruptcy becomes
harder. Evolutionary algorithms have shown to be an excellent tool to deal with complex problems in finances and economics
where a large number of irrelevant features are involved. This paper provides a methodology for feature selection in classification
of bankruptcy data sets using an evolutionary multiobjective approach that simultaneously minimise the number of features and
maximise the classifier quality measure (e.g., accuracy). The proposed methodology makes use of self-adaptation by applying the
feature selection algorithm while simultaneously optimising the parameters of the classifier used. The methodology was applied to
four different sets of data. The obtained results showed the utility of using the self-adaptation of the classifier.

1. Introduction

Bankruptcy prediction has become an important economic
phenomenon [1, 2]. The high individual, economical, and
social costs arising from bankruptcies havemotivated further
effort in understanding the problem and finding better
prediction methods. In finances, bankruptcy prediction is an
important topic of research as it provides a way of identi-
fying business failure, that is, situations in which a firm or
particular cannot pay lenders, preferred stock shareholders,
suppliers, and so forth. An organisation which is unable to
meet its scheduled payments when estimations of future cash
show that the current financial situationwill not change in the
near future is said to undergo into financial distress. Signs of
financial distress are evident long before bankruptcy occurs.
Research in bankruptcy prediction started in [3] where a
univariate discriminant model was used. This was followed
by studies using traditional statistical methods which include
correlation, regression, logistic models, and factor analysis
[4, 5]. More recently, an overview of the classic statistical

divided them into four types: univariate analysis, risk index
models, multivariate discriminant analysis, and conditional
probability models [6].

Modern bankruptcy prediction models combine both
statistical analysis and artificial intelligence techniques
improving then the decision support tools and decision
making [7–9]. In this manner, back propagation artificial
neural networks have been applied to bankruptcy prediction
[10] whose results revealed better accuracy than predictions
made using some other techniques (recursive portioning, 𝑘-
nearest neighbours, C4.5, etc.). Consequently, research has
focused on the combination of artificial neural networks
with other soft computing tools such as fuzzy sets, genetic
programming, ant colony optimisation, or particle swarm
optimisation [11–14].

Support vector machines (SVMs) have been largely used
for classification and pattern recognition applications. SVMs
are a family of generalised linear classifiers widely used
for classification of financial data. In particular, several
studies have been published on the application of SVMs to
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the problem of bankruptcy prediction [15–18]. A survey
on support vector machines applied to the problem of
bankruptcy prediction can be found in [19]. It is worth
mentioning that support vector machines require solving a
quadratic programming problem which is time consuming
when considering large dimensional problems and also that
it requires the optimisation of algorithm parameters which
may affect its performance.The aim behind this research is to
overcome the above limitations which will be accomplished
by using feature selection and self-adaptation of the classifi-
cation algorithm parameters.

Feature selection can be described as one of the initial
stages of a classification process by which the complexity of
the problem is reduced by elimination of irrelevant features
[20]. Feature selection must be approached with the minor
lose of information of the original set after the noisy or
irrelevant features are removed; that is, the elimination of
irrelevant features should not reduce the overall classification
accuracy. Being 𝑋 the original set of 𝑛 features for a given
classification task, the continuous feature selection problem
consists in assigning weights 𝑤

𝑖
to each feature 𝑥

𝑖
∈ 𝑋 in

such a way that the order corresponding to its theoretical
relevance is preserved. In a similar way, the binary feature
selection problem refers to the assignment of binary weights
that leads to a reduced subset 𝑋 ⊆ 𝑋 of 𝑚 features (with
𝑚 < 𝑛). In the general case, all features take part in the
learning process, each one with a particular contribution.
In binary feature selection, only a subset of the features is
considered in the learning process for which all of them
contribute in the same manner. For the purpose of this work,
binary feature selection will be used. In [21], the problem
of binary feature selection was formally defined, which, for
the general case, consists in finding a compromise between
minimising the number of features in 𝑋

 and maximising
an evaluation measure over the subset 𝐽(𝑋). Notice that an
optimal subset of features is not necessarily unique which
has motivated further research into this field. Also, there
are many potential benefits of feature selection [22], that
is, facilitating data visualisation and understanding, reduc-
ing the measurement and storage requirements, reducing
training and using times, and so forth. Traditional feature
selection methods used in bankruptcy prediction consist
on applying statistical methods, such as 𝑡-test, correlation
matrix, stepwise regression, principal component analysis, or
factor analysis to examine their prediction performance [23].
The application of artificial intelligence techniques, such as
evolutionary computation, to the problem of feature selection
is now emerging in order to enhance the effectiveness of
traditional methods [20].

The general case for feature selection fits into a multi-
objective optimisation approach where the aim is to simul-
taneously optimise two or more conflicting objectives. In
addition, identifying a set of solutions representing the best
possible trade-offs among objectives of the problem instead of
a single solution might be of interest in many cases. Within
this context, evolutionary algorithms constitute a preferred
choice as they simultaneously deal with a set of solutions,
referred to as population, which allows several different
solutions to be generated in a single run. Several evolutionary

multi-objective approaches (MOEAs) have been applied to
finances and economics. The most popular application of
MOEAs in the literature deals with the portfolio optimisation
problem [24–26], although MOEAs have also been success-
fully applied to stock ranking [27], risk-return analysis [28,
29], and economic modelling [30, 31]. In a sense, this work
constitutes a study on the consequences of simultaneously
optimised two or three objective functions over real-world
benchmark problems.

Another issue that will be considered in this work is
the self-adaptation of the classifier algorithm parameters.
Self-adaptation aims at finding suitable adjustment of the
algorithm parameters efficiently [32]. In general, the defi-
nition of self-adaptation in evolutionary algorithms refers
to the adjustment of control parameters that are related to
evolutionary routines [33], that is, mutation or crossover
rates, population size, and selection strategy. In this work,
the scope of this definition will be modified and the aim
will be the automatic adjustment of the classification process
parameters, which in the present case include the training
method, the training fraction, and the specific SVM parame-
ters (e.g., kernel and regularisation parameters). Some other
recent works that might be of interest for the reader are [34–
38].

The aim of this work is to further investigate into the
feature selection problem in bankruptcy prediction using
a multi-objective approach, including self-adaptation of the
classification algorithm parameters. This work is expected to
contribute by introducing a novel multi-objective method-
ology for feature selection which provides a solution to
the problem of bankruptcy prediction compromising both
the minimisation of the number of features selected and
the maximisation/minimisation of a quality measure of the
classifier, for example, accuracy or error. Also, this paper will
help to create a better understanding of the application of
SVMs to real-world data. The proposed methodology will be
validated using bankruptcy prediction datasets found in the
literature.

The remaining of this paper is organised as follows.
The proposed methodology will be described in detail in
Section 2, for which the corresponding expertise areas of clas-
sification, using SVMs, feature selection in classification and
multi-objective evolutionary optimisationwill be introduced.
Section 3 describes the datasets used during the experimental
part of this research. Discussion on the performance of the
algorithm will follow in Section 4. The paper finalises in
Section 5 by pointing out the main contributions, limitations
and further extensions to this work.

2. Multiobjective Feature Selection

2.1. Feature Selection. As stated above, the feature selection
problem consists in finding theminimumnumber of features
that are necessary to evaluate correctly a set of data. Consider-
ing𝑋 as the original set of features with a cardinality |𝑋| = 𝑛,
the following definition applies [39].

Definition 1 (feature selection). Let 𝐽(𝑋

) be an evaluation

measure to be optimised (considering here a maximisation
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Figure 1: Confusion matrix.

problem, without loss of generality) defined as 𝐽 : 𝑋

⊆ 𝑋 →

R. The selection of a feature subset can be seen under three
considerations.

(i) Set |𝑋| = 𝑚 < 𝑛. Find 𝑋

⊂ 𝑋, such that 𝐽(𝑋) is

maximum.
(ii) Set a value 𝐽

0
, that is, the minimum 𝐽 that is going to

be tolerated. Find the 𝑋

⊆ 𝑋 with smaller |𝑋|, such

that 𝐽(𝑋) ≥ 𝐽
0
.

(iii) Find a compromise among minimising |𝑋

| and

maximising 𝐽(𝑋

) (general case).

In the present work, a wrapper approach was used [40].
Usually, the existing data is divided in two sets, the training
and the test data. For that purpose, the existence of (i) a rep-
resentative set of data, capable of allowing the identification
of the relations between the features and the classification of
such data, (ii) an algorithm able to classify the data accurately
(classification algorithm), (iii) and an optimisation algorithm
able to find the best set (or the minimum) of features that
classify the data with the best accuracy and/or the minimum
error is necessary.

Figure 1 illustrates the well-known confusionmatrix, for a
situation with two classes. TP (true positives) are the positive
instances correctly classified, TN (true negatives) are the
negative instances correctly classified, FP (false positives) are
the positive instances incorrectly classified, and FN (false
negatives) are the negative instances incorrectly classified.
Based on this taxonomy, different measures can be defined to
quantify the accuracy and the error achieved by the classifier
as follows:

Acc =
TP + TN

TP + FP + TN + FN

𝑅 =
TP

TP + FN

𝑃 =
TP

TP + FP

𝑒I =
FP

FP + TN

𝑒II =
FN

TP + FN

𝐹
𝑚

=
2 ⋅ 𝑃 ⋅ 𝑅

𝑃 + 𝑅
,

(1)

Perfect classification
(no FN and no FP)

1

0
0 1

R

Better

Worse

eI

Figure 2: ROC curve.

where Acc is the accuracy,𝑅 is the recall or sensitivity,𝑃 is the
precision, 𝑒I and 𝑒II are the classification errors of types I and
II, respectively, and𝐹

𝑚
is the harmonicmean of the sensitivity

(𝑅) and precision (𝑃). After the above formalism, the problem
consists in maximising Acc, 𝑅, 𝑃, and 𝐹

𝑚
andminimising the

errors. There are other type of classification measures that
can be also applied. However, the problem to be addressed
is the simultaneous optimisation of some of these measures.
For example, in bankruptcy prediction, the maximisation of
the profits, but, simultaneously, the minimisation of losses is
desired. In the present situation the profits can be quantified
by recall (𝑅), since it is a direct measure of the positives
correctly classified (TP), that is, the companies that test well
and are healthy, and the losses can be quantified by the error
of type I (𝑒I), a measure of the positives incorrectly classified
(FP), that is, the companies that test well but actually are
in bankruptcy. The trade-off between 𝑅 and 𝑒I is known as
the Receiver Operating Characteristics (ROC) curve [41, 42].
Figure 2 illustrates this concept. The ideal point is identified
by “1” and means a perfect classification.

The above example illustrates the importance of opti-
mising more than one objective simultaneously. In fact,
in the case of feature selection, the first objective to be
optimised (minimised) is the number of features that are
necessary to get an accurate classification, which can be
taken into account by maximising Acc or 𝐹

𝑚
, for example,

but also by obtaining the best trade-off between 𝑅 and 𝑒I,
as illustrated in Figure 2. In the first case, there are two
objectives to be satisfied simultaneously, while, in the second,
three objectives are considered.Therefore, the use of a multi-
objective optimisation algorithm together with an accurate
classifier is of primordial importance.

2.2. Support Vector Machines. There are available in the
literature a large number of algorithms/methods for clas-
sification of data. For example, the WEKA software offers
a great number of different methods ready to be used in
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Create a random initial population (internal);
Create an empty external population;
while Not Stopping Condition do
Evaluate internal population;
Compute ranking of individuals using clustering;
Compute fitness of the individuals using a ranking function;
Copy the best individuals to the external population;
if External population becomes full then

Apply the clustering to this population;
Copy the best individuals to the internal population;

end if
Select the individuals for reproduction;
Crossover;
Mutation;
Archive best solutions;

end while

Algorithm 1: Reduced Pareto set genetic algorithm (RPSGA).

an straightforward way [43]. A good survey about the best
classification algorithms can be found in [44].

Themethod adopted here is the Support vector machines
(SVMs). SVMs are a set of supervised learning methods
based on the use of a kernel, which can be applied to
classification and regression [45]. In the SVM, a hyperplane
or set of hyperplanes are constructed in a high-dimensional
space. The initial step consists in transforming the data
points, through the use of nonlinear mapping, into the high-
dimensional space. In this case, a good separation is achieved
by the hyperplane that has the largest distance to the nearest
training data points of any class. Thus, the larger this margin,
the smaller the generalisation error of the classifier. SVMs can
be seen as an extension to nonlinearmodels of the generalised
portrait algorithm developed in [46]. For the purpose of this
work, the SVM package from LIBSVM was used [47].

The SVMs depend on the definition of some important
parameters. First, it is necessary to select the the type of
kernel. In the present work, the Radial Basis Function (RBF)
kernel was adopted due to its efficiency. Then, it becomes
necessary to select the SVM type which depends on its
usage, that is, if it is used for classification or regression.
Since this work deals with classification, the 𝜇-SVC and 𝐶-
SVC methods were selected. Both, the kernel and the type
of SVM, depend on the value defined for some parameters
that must be carefully set, the kernel parameter (𝛾) and
the regularisation parameter that depends on the type of
SVM chosen (𝜇 and 𝐶). Finally, some other parameters
were studied including the training method and the training
fraction. Two different training methods were tested, the
holdout method, where a fraction (training fraction) of the
instances are used to train the SVM and the remaining are
used for testing and the 𝑘-fold method, that consists in
dividing the set of instances in 𝑘 subsets. Then 𝑘 − 1 subsets
are used to train the SVM and the remaining set is used for
validation.The process is repeated 𝑘 times, accounting for all
subsets used for validation, and the accuracy is obtained as
the average of the 𝑘 training/testing steps [47].

Due to the large number of parameters that must be set
before applying the optimisation algorithm, it makes sense
to apply the feature selection algorithm and the optimisation
of these parameters simultaneously. This is what is done
in the present work. Therefore, the following parameters
were optimised simultaneously with the process of feature
selection: trainingmethod (holdout, H; or 10-fold,𝐾(10), val-
idation), training fraction (TF), kernel (𝛾), and regularisation
parameters (𝜇 or 𝐶). More details about the implementation
of this strategy are given in the next subsection.

2.3. Multiobjective Evolutionary Algorithm. In order to deal
with multiple objectives multiobjective optimisation algo-
rithms (MOOA)must accomplish two basic functions simul-
taneously: (i) they need to guide the population towards
the optimal Pareto set. This can be done by using a fit-
ness assignment operator that takes into account the non-
dominance concept. (ii) The nondominated set must be
maintained as diverse as possible; that is, the solutions must
be well distributed along the entire optimal Pareto front.
Additionally, it is also necessary to maintain an archive of
the best solutions found during the various generations in
order to prevent some nondominated solutions from being
lost. Therefore, generally in MOEAs, it is only necessary to
replace the selection phase of a traditional EA by a routine
able to deal with multiple objectives [48, 49].

In this work, the MOEA adopted is the reduced Pareto
set genetic algorithm (RPSGA) [50]. However, any other
multi-objective algorithm can be used for the same pur-
pose. The main steps of this algorithm are described below
(Algorithm 1). The algorithm starts by the random creation
of an internal population of size 𝑁 and an empty external
population of size 2𝑁.Then, at each generation (i.e., while the
stopping criteria are not met), the following operations are
performed: (i) the internal population is evaluated using the
SVM routine; (ii) a clustering technique is applied to reduce
the number of solutions on the efficient frontier and to calcu-
late the ranking of the individuals of the internal population;
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(iii) the fitness of the individuals is calculated using a ranking
function; (iv) a fixed number of the best individuals is copied
to the external population; (v) if the external population is not
totally full, the genetic operators of selection, crossover, and
mutation are applied to the internal population to generate a
new population; (vi) when the external population becomes
full, the clustering technique is applied to sort the individuals
of the external population, and a predefined number of the
best individuals is incorporated in the internal population by
replacing lowest fitness individuals.

Detailed information about this algorithm can be found
in [50, 51].The influence of some important parameters of the
algorithm, such as size of internal and external populations,
number of individuals copied to the external population
in each generation and from the external to the internal
population, and the limits of the indifference of the clustering
technique, had already been studied and the best values have
been suggested [50].

2.4. Methodology for Feature Selection. The linkage between
the problem to solve (the selection of features), the SVM, and
the MOEA is done as follows. During the generation of the
initial population, the chromosome (generated randomly) is
constituted by a binary string identifying if the corresponding
feature is present (value equal to 1) or not (value equal to 0)
and the values of the classification algorithm/process (TF, H
or 𝐾(10), 𝛾 and 𝜇, or 𝐶), which are used for self-adaptation.
These chromosome values are then passed to the SVM
during the evaluation of the population.The SVM returns the
achieved values of accuracy and errors (1) obtained with the
selected features and parameter values that are present in the
chromosome of each individual.

The RPSGA algorithm was adapted to deal with the
above feature selection problem.With respect to the classifier
parameters, two approaches were considered. Initially, a
pure feature selection problem was analysed where these
parameters were not allowed to vary after being set up at
the beginning of the algorithm. In a second approach, these
parameters were included in the chromosome as variables
to be optimised. The latter approach has the advantage of
obtaining in a single run the best features and, simultane-
ously, fine tuning the classifier parameters (self-adaptation).
Each candidate solution generated by the RPSGA will be
externally evaluated by the SVMwhose result will be returned
to the RPSGA to be used as fitness in the genetic routine. New
solutions will be generated based on the performance of the
previous generation. As usual, the fittest solutions have more
possibilities of survival.

3. Datasets

In the present study, the four datasets presented below will
be used to validate the proposed methodology. Note that the
DIANE data consists of two datasets from different years.

3.1. Industrial French Companies Data. In the present work,
two samples, from the years 2005 and 2006, respectively,
obtained from the DIANE database were selected. The
original database comprised financial ratios of about 60 000

Table 1: Set of features considered for the industrial French com-
panies.

Feature Designation
F1 Number of employees
F2 Capital employed/fixed assets
F3 Financial debt/capital employed
F4 Depreciation of tangible assets
F5 Working capital/current assets
F6 Current ratio
F7 Liquidity ratio
F8 Stock turnover days
F9 Collection period
F10 Credit Period
F11 Turnover per employee (thousands euros)
F12 Interest/turnover
F13 Debt period days
F14 Financial debt/equity
F15 Financial debt/cashflow
F16 Cashflow/turnover
F17 Working capital/turnover (days)
F18 Net current assets/turnover (days)
F19 Working capital needs/turnover
F20 Export
F21 Value added per employee
F22 Total assets/turnover
F23 Operating profit margin
F24 Net profit margin
F25 Added value margin
F26 Part of employees
F27 Return on capital employed
F28 Return on total assets
F29 EBIT margin
F30 EBITDA margin

industrial French companies with at least 10 employees.
The dataset includes information about 30 financial ratios
of companies covering a wide range of industrial sectors
(see Table 1). Since the original database contained many
instances with missing values, especially, concerning defaults
companies, the default cases were sorted by the number of
missing values and only samples with less than 10 missing
values were selected. A final set of 600 default examples was
obtained. In order to create a balanced dataset, 600 random
nondefault examples were selected and added to the dataset,
thus resulting in a set of 1200 examples. Similar preprocessing
of this dataset can be found in [31, 52, 53].

3.2. German Credit Data. The German Credit database was
created at the University of Hamburg and is publicly accessi-
ble at the UCI Machine Learning Repository [54]. It consists
of 1000 instances of credit applications which are described
by the 20 attributes shown in Table 2. Examples of previous
usage of the German Credit dataset can be found in [55, 56].
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Table 2: Set of features considered for the German Credit.

Feature Designation
F1 Status of existing checking account
F2 Duration in months
F3 Savings account/bonds
F4 Purpose
F5 Credit amount
F6 Savings account/bonds
F7 Present employment since
F8 Instalment rate in percentage of disposable income
F9 Personal status and sex
F10 Other debtors/guarantors
F11 Present residence since
F12 Property
F13 Age in years
F14 Other instalment plans
F15 Housing
F16 Number of existing credits at this bank
F17 Job
F18 Number of people being liable to provide maintenance for
F19 Telephone
F20 Foreign worker

There are two versions of the German dataset available, the
original German Credit dataset which consists of numerical
and nominal attributes and its numeric version produced at
the Strathclyde University. As the method proposed in this
paper only accepts numerical attributes, the numeric version
of the data will be used.

3.3. Australian Credit Data. The Australian Credit database
originates from [57] and concerns data form 690 credit
card applications. The data are publicly available in the UCI
Machine Learning Repository [54]. Each instance consists
of 14 attributes and one of two possible classes (all attribute
names and values were changed to meaningless symbols to
protect the confidentiality of the data). The class distribution
is similar for both, 44.5% versus 55.5%. Examples of previous
usage of this dataset can be found in [58].

3.4. Data Normalisation. In general, a large amount of data is
available and often these data are inconsistent and redundant
being necessary considerable manipulation to make it useful
for problems like credit risk analysis. It becomes important
to identify the ratios or ranges of data that are relevant to the
problem.Restricting the data to the relevant ranges represents
an advantage to reduce the complexity of the problem.

Due to the large diversity of data concerning the type of
data (e.g., real or integer values, numeric or categorical) and
the range of variation of the values for each feature, some

Table 3: Set of computational experiments (N1 is the maximum
number of features in the initial population; X means experiment
not done).

Exp SVM type Objectives 𝑁1
F-G-A

1 C-SVC14 NF + Acc 30-20-14
2 C-SVC01 NF + Acc 30-20-14
3 C-SVC02 NF + 𝐹

𝑚 30-20-14
4 C-SVC03 NF + 𝑒I 30-20-14
5 C-SVC04 NF + 𝑒II 30-20-14
6 C-SVC05 NF + 𝑃 30-20-14
7 C-SVC06 NF + 𝑅 30-20-14
8 C-SVC07 NF + 𝑅 + 𝑒I 30-20-14
9 C-SVC08 NF + 𝑅 + 𝑒I 5-5-5
10 C-SVC09 NF + 𝑅 + 𝑒I 15-15-10
11 C-SVC10 NF + 𝑅 + 𝑒I 25-X-X
12 𝜇-SVC11 NF + Acc 30-20-14
13 𝜇-SVC12 NF + 𝐹

𝑚 30-20-14
14 𝜇-SVC13 NF + 𝑅 + 𝑒I 30-20-14

normalisation of the data becomes necessary. Therefore, the
data was transformed as follows:

(1) logarithmic transformation:

𝑥


𝑖𝑗
=

{

{

{

log (𝑥
𝑖𝑗
+ 1) 𝑥

𝑖𝑗
≥ 0

− log (−𝑥
𝑖𝑗
+ 1) 𝑥

𝑖𝑗
< 0,

(2)

(2) centering and standardizing the data:

𝑥


𝑖𝑗
=

𝑥


𝑖𝑗
− AVG (𝑥



𝑗
)

STD (𝑥
𝑗
)

, (3)

(3) normalisation of the data in the interval [−1, 1]:

𝑦
𝑖𝑗
= 2

𝑥


𝑖𝑗
−Min (𝑥



𝑖𝑗
)

Max (𝑥
𝑖𝑗
) −Min (𝑥

𝑖𝑗
)
− 1, (4)

where 𝑖 represents the instance, 𝑗 stands for feature, 𝑥
𝑖𝑗
is

the original data in a matrix form (which is transformed
successively in 𝑥



𝑖𝑗
and 𝑥



𝑖𝑗
), AVG (𝑥



𝑗
) and STD (𝑥



𝑗
) are the

average and the standard deviation of all instances for feature
𝑗, respectively, and 𝑦

𝑗
is the final value used by the classifier.

The data used by the classifier is restricted to the interval
[−1, 1] as recommended in [44].

4. Results and Discussion

4.1. Computational Experiments. Table 3 presents the set of
experiments carried out to test the proposed approach. Due
to the stochastic nature of the evolutionary algorithm, 10
runs (𝑎, 𝑏, . . . , 𝑗) for each experiment were performed, using
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Table 4: Optimal solutions for Run-a of Experiment 2 (Diane 2005 database).

NF Features Acc TM TF 𝛾 𝐶

3 1, 14, 24 76.3% H 50.4% 0.501 10.4
4 1, 14, 16, 24 78.6% H 50.6% 0.403 39.6
5 1, 8, 14, 21, 24 79.5% H 52.0% 0.280 211.0
6 1, 8, 14, 15, 16, 24 79.8% H 52.2% 0.297 173.9
7 1, 8, 12, 14, 15, 16, 24 80.3% H 54.4% 0.543 112.8
9 1, 8, 12, 14, 21, 23, 24, 25, 27 81.2% H 52.2% 0.134 86.9
10 1, 8, 12, 14, 15, 16, 21, 23, 24, 25 81.4% H 53.6% 0.343 114.6
11 1, 8, 12, 14, 15, 16, 21, 23, 24, 25, 27 81.7% H 52.2% 0.164 59.7
14 1, 5, 7, 8, 9, 12, 14, 15, 16, 18, 21, 23, 24, 25 81.9% H 52.1% 0.539 23.9
15 1, 2, 5, 7, 8, 9, 12, 14, 15, 16, 18, 21, 23, 24, 25 82.5% H 52.3% 0.384 26.8
16 1, 2, 5, 6, 7, 8, 9, 12, 14, 15, 16, 18, 21, 23, 24, 27 82.8% H 52.2% 0.405 24.5
17 1, 2, 5, 6, 7, 8, 9, 12, 14, 15, 16, 18, 21, 23, 24, 25, 27 83.5% H 52.1% 0.354 24.8

different seed values (as required by the random number
generator). In the case of Experiment 1, the C-SVC method
was used with the following fixed parameters: holdout (H)
validation as training method, TM, training fraction, TF,
equal to 0.7, kernel parameter, 𝛾, equal to 0.1, and the
regularisation parameter, 𝐶, equal to 10. In the remaining
experiments, these parameters were allowed to range in the
following intervals: 𝛾 ∈ [0.005, 10], 𝐶 ∈ [1, 1000], ] ∈

[0.01, 0.5], TM ∈ [𝐻 or 𝐾(10)], and TF ∈ [0.5, 0.8]. In
Table 3, 𝑁1 represents the maximum number of features
allowed in the initial generation, that is, if 𝑁1 is equal to
5 means that in the initial generation the individuals of
the population have at the most 5 features. In consecutive
generations, the number of selected features was allowed to
grow until the maximum of features for each database is
reached: for French industrial companies, subscript F,𝑁max =

20; for German Credit data, subscript G, 𝑁max = 20; and
for Australian Credit data, subscript A, 𝑁max = 14. Besides,
Figures 1 and 2 should not become a problem (with respect to
the dataset dimension) for standard SVMs experimentation;
this work tries to demonstrate that feature selection is useful
for the application of SVMs over datasets of high dimension.

The aim of Experiment 1 is to compare the performance
of the feature selection method proposed when the classifier
parameters are fixed to that of the same method when
the parameters are allowed to vary. This will be done by
comparing Experiments 1, 2, and 12. Experiments 2 to 7
are thought to illustrate the influence of the method when
different classification measures are applied. In the case of
Experiments 8 to 11, the aim is to study the influence of
the maximum number of features of the initial population
(𝑁1) in the evolution of ROC curves (i.e., 𝑅 versus 𝑒I).
Finally, Experiments 12, 13, and 14 were intended to show
the influence of the SVM method used. In all runs, the
following RPSGA parameters were used (see [50] for more
details): the main and elitist population sizes were 100 and
200 individuals, respectively; fitness proportional selection
was adopted; crossover rate of 0.8 and mutation probability
of 0.05 were used; the number of ranks was set to 30 and the
limit of indifference of the clustering techniquewas set to 0.01,
whereas the number of generations was set to 100 for all runs.
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Figure 3: Run-a of Experiment 2 (initial population and nondomi-
nated solutions of the final population).

4.2. Analysis of a Standard Experiment. This section is aimed
at showing the type of results that can be obtained using
the proposed methodology. For that purpose, Figure 3 shows
the entire initial population and the nondominated solutions
corresponding to generations 25, 50, 75, and 100 for Run-a
of Experiment 2. This graph presents the trade-off between
Acc (to be maximised) and NF (to be minimised). It can be
easily observed that the algorithm is able to evolve the pop-
ulation significantly, from the initial population (randomly
generated), located predominantly at the bottom right corner,
towards the top left corner. It is also noticeable that only 50
generations are needed to reach a reasonable approximation
of the Pareto front. The use of 100 generations was only used
to guarantee the convergence of the algorithm.

Table 4 shows the obtained results corresponding to
the decision variable domain for the above run after 100
generations. The accuracy is ranged between 76.3% and
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Table 5: Optimal solutions for Experiment 2 (Diane 2005 database).

NF Run Features Acc TM TF 𝛾 𝐶

2 f 7, 21 75.6% H 73.9% 0.066 373.1
3 f 7, 21, 23 80.7% H 74.5% 0.127 668.5
4 f 7, 21, 22, 29 80.8% H 74.3% 0.0102 855.8
5 f 7, 13, 21, 23, 29 81.2% H 74.4% 0.0104 844.4
6 e 6, 12, 13, 19, 21, F29 81.8% H 75.3% 0.373 41.5
8 f 7, 8, 13, 18, 21, 23, 27, 28 83.0% H 75.5% 0.195 754.0
9 f 7, 8, 13, 18, 21, 22, 23, 27, 28 84.2% H 75.1% 0.179 901.7
10 f 7, 8, 10, 13, 18, 21, 22, 23, 27, 28 85.8% H 75.3% 0.156 866.4

83.5%, when considering a minimum number of 3 features
and a maximum of 17, respectively. In all cases, the holdout
(H) cross validation training method was selected and the
training fraction lies around 52% and 𝛾 is ranged between
0.13 and 0.55, whereas 𝐶 fluctuate between 10 and 211. This
indicates that decision variables (TM, TF, 𝛾, and 𝐶) converge
for a small interval when compared to the initial range where
they are allowed to vary.

However, the target consists in finding better solutions
than those obtained over a single run. Figure 4 shows the
optimal Pareto curves of the 10 runs that were performed for
Experiment 2. It can be seen that there is one of these runs that
dominates the others, Run-f, except when NF = 6, where the
best solution is obtained forRun-e. Table 5 shows the decision
variable values of the corresponding Pareto front, for which
Acc is ranged between 75.6% and 85.8%, the obtained TM is
hold out for all cases, and the TF lies around 75%. On the
other hand, the SVMparameters have a large variation which
indicates that 𝛾 and𝐶 play an important role in acquiring best
accuracies. Similar conclusions can be drawn when analysing
the results obtained using the remaining datasets.

4.3. Analysis and Comparison of Results. Figures 5 and 6
represent the nondominated solutions of the 10 different runs
carried out in Experiments 2 to 7 using to the French indus-
trial companies in 2005 dataset.These plots allow to assess the
efficiency of the proposed optimisation methodology when
dealing with all the objective function measures presented in
Section 2. As expected, and since the common objective used
in these experiments is the minimisation of NF, the solutions
evolve nicely towards the region where the true Pareto front
is supposed to be; that is, when simultaneously maximising
a second objective (e.g., Acc, 𝐹

𝑚
, 𝑅, and 𝑃) the solutions

evolve towards the top left corner, while when simultaneously
minimising a second objective (e.g., 𝑒I and 𝑒II), the solutions
evolve towards the bottom left corner.

Further analysis of Figures 5 and 6 helps to identify the
ranges that can be accomplished when using the different
objective functions (for the French datasets): Acc and 𝐹

𝑚
∈

[70%, 85%], 𝑃 ∈ [80%, 100%], 𝑅 ∈ [60%, 95%], 𝑒I ∈

[0%, 20%], and 𝑒II ∈ [5%, 35%]. However, when considering
the best values in a particular run, the following values were
found: Acc = 85.8%, 𝐹

𝑚
= 85.0%, 𝑒I = 2.3%, 𝑒II = 7.1%,

𝑃 = 97.9%, and 𝑅 = 92.9%, corresponding to NF equal to 10,
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Figure 4: All runs of Experiment 2 (nondominated solutions of the
final population).

11, 5, 13, 3, and 13, respectively. Considering a given number of
features, for example, NF = 10, the following best values are
found: Acc = 85.8%, 𝐹

𝑚
= 84.4%, 𝑒I = 3.0%, 𝑒II = 9.8%,

𝑃 = 96.1%, and 𝑅 = 90.2%. On the other hand, when
considering all ten runs of each experiment, the variation
range for each objective function can be graphically observed.
Such a variation enforces the use of several runswith different
seed values in order to select the best set of features as well
as the best classifier parameters. Since the final accuracy will
depend certainly on the combination of the right features,
the methodology adopted cannot be based on selecting the
features that appearmore frequently in the 10 runs performed
for each experiment [59].

The above reasoning was used to select the best solution
of the front when comparing the results from Experiments 1,
2, and 12 over all datasets studied. Note that Experiments 1,
2, and 12 consist on simultaneously optimising NF and Acc
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Figure 5: Optimal Pareto fronts for Diane 2005 data (10 runs).

(see Figures 7, 8, 9, and 10). Furthermore, the above analysis
allowed to create Table 6 which summarises the solutions
found for three different cases: solutions with best accuracy
(Best) and best solutions using only 5 (NF ≤ 5) and 10 (NF ≤

10) features, respectively.

As expected and in general, the results of Table 6 show
that the best accuracy is obtained when the classifier parame-
ters are also optimised (Experiments 2 and 12). Concerning
the use of the C-SVC or the 𝜇-SVC kernels, no definitive
conclusion can be drawn, since the C-SVC kernel yielded
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Figure 6: Optimal Pareto fronts for Diane 2005 data (10 runs).

the best result for Diane05, whereas the 𝜇-SVC kernel yielded
the best result the the Australian data and for some other
cases the best result depends on the number of features
(Diane06 and German data). With respect to the runs
where the “best” results were obtained for each of the three

conditions that were analysed, again there is some variability;
in some cases, the results were taken from the same run but in
most of the cases they were not. Again, this fact was expected
after the analysis made in the previous section. In all cases,
the holdout validationmethod is selected, TF ranges between
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Figure 7: Optimal Pareto fronts for Diane 2005 data (10 runs).

70% and 80% inmost cases (except in the case of the German
database), and the kernel and regularisation parameters have
a high variability to maximise the accuracy. This was also
expected after the analysis of the previous section.

The analysis or results show that the desired accuracy can
be achieved using several combinations of features. Results

coming from the same run tend to select the same features
(this fact was also observed in the results presented in Tables
4 and 5). An interesting finding came fromExperiment 2 over
Diane05 database; it was observed that when the number of
features was reduced to 5 at themost (NF ≤ 5), four out of five
of the features selected were identical to one of the features
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Figure 8: Optimal Pareto fronts for Diane 2006 data (10 runs).

that were selected for the best solution condition (features 7,
13, 21, and 23), but the last feature selected when using this
constraint was not included in the best solution (feature 29).
Many valuable information can be obtained from Table 6.
As an example, if the problem consists on obtaining the best
accuracy using five features at the most (NF ≤ 5), the features

identified in bold should be selected to be used in future
classifications together with their corresponding parameter
for each dataset considered.

Figures 11 and 12 show the best results achieved in
Experiments 8, 9, 10, 11, and 14. Note that these experiments
consist in optimising three different objectives (𝑅, 𝑒I, andNF)
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Figure 9: Optimal Pareto fronts for German Credit data (10 runs).

and were aimed to obtain the results that best fit in a
ROC curve; that is, 𝑅 = 𝑓(𝑒I). Besides the optimisation
that was carried out considering all three objectives, only
nondominated solution with respect to objectives 𝑅 and 𝑒I
are presented (best of 10 runs for each experiment). Table 7
shows a summary of results from the above experiments
for all databases using two different conditions (𝑒I ≤ 10%

and NF ≤ 5). The area under ROC was computed at first
for all cases and then best results were presented for each
condition. Identical conclusions, to that of the beginning of
this section, Section 4.3, can be made here concerning the
algorithm parameters, that is, best kernel (which depend on
the database), best validation method, training fraction, and
kernel and regularisation parameters. Similarly, there exist
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Figure 10: Optimal Pareto fronts for Australian Credit data (10 runs).

various combinations of features that allow the obtention
of the best 𝑅 and 𝑒I values. As before, the best solutions
using five features at the most, NF ≤ 5, can be selected for
each database. Such features are identified in bold in Table 7
and can be used in future classification together with their
corresponding classifier parameters.

In [60], clustering feature selection methods were used
to identify the most relevant features on several datasets.
The Australian Credit dataset was used to test three versions
of a clustering based algorithm with different optimisation
strategies.The structure of clusters, found by the optimisation
version of the algorithm proposed in the above paper,
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Table 6: Results summary for Experiments 1, 2, and 12 and for all databases.

Data set Experiment Condition Run NF Acc Features TM TF 𝛾 𝐶/𝜇

Diane05

1
Best e 11 81.94% 7, 8, 10, 12, 14, 18, 21, 22, 24, 27, 30 H 70.00% 0.10 10.00

NF ≤ 10 d 10 81.67% 3, 8, 10, 14, 15, 19, 21, 22, 24, 30 H 70.00% 0.10 10.00
NF ≤ 5 e 5 80.00% 7, 8, 18, 21, 30 H 70.00% 0.10 10.00

2
Best f 10 85.81% 7, 8, 10, 13, 18, 21, 22, 23, 27, 28 H 75.32% 0.16 866.44

NF ≤ 10 f 10 85.81% 7, 8, 10, 13, 18, 21, 22, 23, 27, 28 H 75.32% 0.16 866.44
NF ≤ 5 f 5 81.17% 7, 13, 21, 23, 29 H 74.38% 0.01 844.37

12
Best b 11 85.57% 7, 10, 12, 13, 15, 16, 18, 22, 23, 24, 27 H 75.16% 0.77 0.46

NF ≤ 10 e 9 84.56% 5, 6, 10, 12, 13, 19, 21, 22, 29 H 75.21% 0.59 0.47
NF ≤ 5 e 5 80.21% 1, 10, 12, 13, 29 H 75.94% 1.90 0.49

Diane06

1
Best e 12 94.17% 1, 8, 9, 10, 11, 12, 14, 18, 20, 21, 24, 26 H 70.00% 0.10 10.00

NF ≤ 10 e 10 93.06% 1, 8, 9, 10, 11, 14, 20, 21, 24, 26 H 70.00% 0.10 10.00
NF ≤ 5 e 5 91.94% 1, 9, 11, 14, 24 H 70.00% 0.10 10.00

2
Best b 11 95.99% 1, 10, 11, 12, 15, 19, 21, 24, 25, 27, 29 H 73.04% 0.13 697.55

NF ≤ 10 b 10 95.73% 1, 10, 11, 12, 15, 19, 21, 24, 25, 27 H 72.63% 0.21 705.63
NF ≤ 5 a 5 92.38% 11, 14, 19, 24, 28 H 74.86% 0.17 281.47

12
Best e 17 95.95% 1, 2, 8, 10, 11, 12, 13, 14, 19, 20, 21, 22, 23, 24, 25, 29, 30 H 75.29% 2.45 0.18

NF ≤ 10 a 9 95.43% 1, 10, 11, 12, 14, 15, 19, 21, 24 H 72.70% 3.45 0.27
NF ≤ 5 a 5 93.92% 10, 11, 14, 19, 28 H 75.33% 2.08 0.34

German

1
Best d 14 80.00% 1, 2, 3, 5, 6, 10, 12, 14, 15, 16, 17, 18, 19, 20 H 70.00% 0.10 10.00

NF ≤ 10 e 10 78.67% 1, 2, 3, 5, 6, 7, 10, 12, 18, 19 H 70.00% 0.10 10.00
NF ≤ 5 a 5 75.33% 1, 3, 5, 8, 19 H 70.00% 0.10 10.00

2
Best h 16 81.25% 1, 2, 3, 5, 6, 738310, 11, 12, 14, 15, 17, 18, 19, 20 H 68.04% 0.01 534.75

NF ≤ 10 a 10 78.99% 1, 2, 3, 4, 6, 8, 11, 12, 15, 19 H 58.63% 0.05 62.26
NF ≤ 5 c 5 77.16% 1, 3, 5, 7, 12 H 58.45% 0.17 72.52

12
Best h 7 80.29% 1, 2, 3, 5, 8, 11, 14 H 58.40% 0.14 0.45

NF ≤ 10 h 7 80.29% 1, 2, 3, 5, 8, 11, 14 H 58.40% 0.14 0.45
NF ≤ 5 b 5 77.43% 1, 5, 12, 13, 14 H 77.48% 1.41 0.45

Australian

1 Best h 7 91.35% 1, 6, 8, 10, 12, 13, 14 H 70.00% 0.10 10.00
NF ≤ 5 h 5 89.42% 6, 8, 9, 10, 14 H 70.00% 0.10 10.00

2 Best g 9 93.00% 2, 4, 5, 6, 8, 10, 11, 13, 14 H 70.94% 0.02 180.23
NF ≤ 5 e 5 92.16% 2, 4, 6, 8, 9 H 70.48% 0.58 321.06

12 Best j 10 92.86% 2, 3, 4, 5, 6, 8, 10, 11, 12, 14 H 77.61% 2.06 0.34
NF ≤ 5 b 5 92.00% 3, 4, 5, 8, 10 H 71.02% 2.65 0.34

indicates the subset of three relevant features for classifica-
tion, features 8, 9, and 14. Almost all solutions obtained in
the experiments carried out in this paper (see Tables 6 and 7)
using the Australian data include features 8 and 9. Feature 14
is also present in most of the solutions obtained in this work.

Prediction of financial distress of companies using Diane
dataset, was previously analysed using several machine learn-
ing approaches [61]. Support vector machines achieved the
highest accuracy considering five features selected by SVM
attribute evaluation method. The five features selected for
predicting failures during 2007 using historical data from
2006, 2005, and 2004 were 1, 4, 11, 16, and 28 (which differs

from the solution obtained here). However, it should be noted
that these results were obtained using historical data and,
therefore, they are not comparable to the results obtained in
this work.

An approach to solving classification problems by com-
bining feature selection and neural networks was proposed
in [62]. A feature selection algorithm based on the notion
of entropy from the information theory was applied to the
German Credit dataset yielding the selection of the following
seven features: 1, 2, 3, 5, 6, 15, and 20. Authors found that the
predictive accuracy was marginally larger with the exclusion
of the 13 redundant features. Most of the solutions obtained
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Table 7: Results summary for Experiments 8, 9, 10, 11, and 14 and for all databases.

Dataset Experiment ROC area Condition Run NF 𝑅 𝑒I Features TM TF 𝛾 𝐶/𝜇

Diane05

8 0.872 𝑒I ≤ 10% c 12 77.1% 9.4% 8, 10, 12, 13, 15, 16, 18, 22, 23, 24, 25, 27 H 77.6% 0.62 108.73
NF ≤ 5 i 4 64.6% 6.4% 15, 18, 27, 28 H 75.2% 0.03 336.98

9 0.859 𝑒I ≤ 10% b 10 72.0% 8.8% 7, 8, 10, 12, 13, 19, 22, 23, 25, 29 H 76.3% 0.26 701.29
NF ≤ 5 c 5 63.0% 7.2% 13, 14, 18, 27, 28 H 76.0 % 0.05 29.51

10 0.876 𝑒I ≤ 10% d 7 72.0% 8.8% 8, 10, 11, 16, 22, 24, 27 H 76.2% 0.41 19.29
NF ≤ 5 c 5 64.5% 7.3% 8, 18, 22, 28, 29 H 78.5% 0.22 107.89

11 0.877 𝑒I ≤ 10% a 18 77.0% 8.6% 5, 6, 7, 8, 10, 11, 12, 13, 16, 18, 19, 21, 22, 23,
24, 26, 28, 30 H 77.6% 0.35 25.35

NF ≤ 5 h 4 60.4% 5.8% 3, 10, 14, 28 H 75.7% 0.21 6.48

14 0.867 𝑒I ≤ 10% f 13 76.0% 10.1% 5, 7, 12, 13, 16, 19, 21, 22, 23, 24, 25, 27, 28 H 76.0% 0.94 0.49
NF ≤ 5 h 6 50.3% 3.7% 6, 14, 21, 24, 28, 29 H 76.1% 0.01 0.03

Diane06

8 0.981 𝑒I ≤ 10% e 9 95.3% 8.0% 4, 11, 12, 13, 19, 21, 22, 25, 29 H 76.1% 1.03 157.00
NF ≤ 5 b 3 68.1% 0.0% 1, 15, 28 H 78.1% 6.27 60.84

9 0.985 𝑒I ≤ 10% b 7 96.8% 8.0% 5, 7, 10, 11, 21, 24, 25 H 75.5% 1.15 371.95
NF ≤ 5 b 5 92.9% 2.1% 7, 11, 21, 25, 28 H 75.4% 1.37 240.07

10 0.982 𝑒I ≤ 10% i 18 96.5% 8.3% 1, 3, 4, 6, 8, 11, 12, 13, 15, 16, 17, 19, 21, 22, 23,
24, 25, 30 H 77.1% 3.50 18.67

NF ≤ 5 c 7 94.2% 8.0% 1, 4, 11, 21, 25, 27, 29 H 75.5% 0.32 57.04

11 0.982 𝑒I ≤ 10% d 18 95.0% 9.4% 1, 3, 5, 8, 10, 11, 12, 13, 15, 16, 17, 19, 21, 22, 26,
27, 28, 30 H 75.6% 2.39 17.30

NF ≤ 5 e 10 94.2% 7.3% 1, 3, 4, 7, 11, 14, 16, 19, 22, 28 H 75.5% 7.43 880.32

14 0.981 𝑒I ≤ 10% h 11 96.2% 7.3% 1, 4, 7, 11, 13, 14, 16, 18, 20, 22, 28 H 75.6% 5.77 0.34
NF ≤ 5 a 8 93.4% 3.6% 1, 11, 14, 19, 22, 24, 25, 30 H 75.8% 6.01 0.49

German

8 0.765 𝑒I ≤ 10% h 11 57.5% 9.4% 1, 2, 3, 5, 8, 11, 12, 14, 16, 19, 20 H 76.8% 0.02 525.81
NF ≤ 5 h 5 41.5% 4.9% 1, 3, 5, 8, 14 H 58.2% 0.08 669.49

9 0.757 𝑒I ≤ 10% c 7 50.8% 9.4% 1, 2, 3, 5, 7, 12, 13 H 59.6% 0.27 34.09
NF ≤ 5 h 4 41.8% 6.5% 1, 3, 5, 8 H 75.3% 0.15 136.06

10 0.749 𝑒I ≤ 10% e 10 52.2% 9.6% 1, 2, 3, 5, 10, 14, 15, 16, 19, 20 H 72.1% 0.03 773.25
NF ≤ 5 g 5 50.5% 8.2% 1, 2, 3, 5, 12 H 71.2% 0.17 669.11

14 0.766 𝑒I ≤ 10% c 4 32.6% 7.5% 1, 2, 5, 7 H 59.1% 0.50 0.47
NF ≤ 5 c 4 32.6% 7.5% 1, 2, 5, 7 H 59.1% 0.50 0.47

Australian

8 0.964 𝑒I ≤ 10% b 6 97.1% 9.6% 3, 4, 5, 8, 12, 14 H 76.7% 0.53 473.81
NF ≤ 5 d 5 82.7% 3.5% 4, 8, 9, 13 H 71.9% 9.48 75.61

9 0.957 𝑒I ≤ 10% g 6 95.3% 9.6% 2, 3, 4, 5, 8, 10 H 71.0% 1.12 8.05
NF ≤ 5 a 5 90.9% 8.0% 4, 5, 8, 11, 13 H 77.6% 8.50 106.32

10 0.960 𝑒I ≤ 10% j 5 92.9% 8.8% 6, 8, 9, 13, 14 H 71.5% 1.13 839.90
NF ≤ 5 j 5 92.9% 8.8% 6, 8, 9, 13, 14 H 71.5% 1.13 839.90

14 0.967 𝑒I ≤ 10% e 5 93.2% 9.5% 5, 6, 8, 9, 12 H 70.5% 1.30 0.29
NF ≤ 5 e 5 93.2% 9.5% 5, 6, 8, 9, 12 H 70.5% 1.30 0.29

by the approach presented in this work include some of these
features (in particular, features 1, 2, 3, and 5). However, it
should be noted that the experimental set-up of the two
studies is rather different and, therefore, conclusions must be
drawn carefully.

5. Conclusion

With the current global economic situation where several
countries are getting through economic recession, bank-
ruptcy prediction is acquiring importance as a financial

topic of research. When the financial data to be analysed
becomes large, the need for feature selection arises as a tool
used to reduce both computational times and number of
computations by getting rid of irrelevant features. Feature
selection also gives a method to evaluate the importance of
each feature within the studied dataset.

This work aimed at investigating the feature selection
problem in bankruptcy prediction using a multi-objective
approach which includes self-adaptation of the classification
algorithm parameters. For that purpose, a new method-
ology has been proposed and its performance has been
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Figure 11: ROC curves for Diane 05 data (best of 10 runs).

evaluated using real-world benchmark problem datasets for
bankruptcy prediction. A large set of experiments using
different objective functions, such as accuracies, error, and
sensitivity measures, have been performed which provides
a better understanding on the application of SVMs to real-
world data. The performance of the proposed method was
also studied using two- and three-objective approaches.

Results have shown that the method performs well using
the benchmark datasets studied. Large accuracies have been
obtained using a significantly reduced subset of features.
Consequently, the more the considered features, the lager the
accuracies. Also, being amulti-objective technique, instead of
a single solution, a set of nondominated solutions is provided
which may help the decision maker to evaluate the trade-
off in making a sacrifice in one of the objective functions
towards obtaining a gain in some others. The inability for the

classifier to handle nominal features within the data turned
out to be the main limitation of the proposed method. This
limitation was inherent to the classifier used by the method;
it was overcome by converting nominal attributes of the data
to numerical.

A possible extension to this work could bemade by taking
advantage of the multi-objective nature of the set of solutions
and analysing in detail the trade-off between them, thus
helping decision makers to choose the preferred solution for
their needs. The proposed method could also be extended to
work with many objectives as real-world situations actually
do.
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This paper presents a hybrid evolutionary algorithm to deal with the wheat blending problem. The unique constraints of this
problem make many existing algorithms fail: either they do not generate acceptable results or they are not able to complete
optimization within the required time.The proposed algorithm starts with a filtering process that follows predefined rules to reduce
the search space.Then the linear-relaxed version of the problem is solved using a standard linear programming algorithm.The result
is used in conjunction with a solution generated by a heuristic method to generate an initial solution. After that, a hybrid of an
evolutionary algorithm, a heuristic method, and a linear programming solver is used to improve the quality of the solution. A local
search based posttuning method is also incorporated into the algorithm. The proposed algorithm has been tested on artificial test
cases and also real data from past years. Results show that the algorithm is able to find quality results in all cases and outperforms
the existing method in terms of both quality and speed.

1. Introduction

Wheat is Australia’s most important grain crop. About 80
percentage of Australia’s wheat is exported. Australia is the
world’s fourth-largest exporter of wheat. Usually, wheat is
sold to the central collection sites via truck in batches, called
loads. When submitted, each load is weighted and sampled
and the result of quality checks is given. There are 10 to
20 attributes, such as protein content and moisture, that are
checked. A grade is assigned to each load according to the
result of the quality check. This grade is used to deliver
products (wheat) within given specifications. There are 26
grades in total; each one has its own quality requirements and
price. The value of the wheat is determined by its grade (see
Table 1).

For example, consider grades G1 and G2 (for simplicity,
only the protein content is presented here). To be graded as
G1, the protein content of wheat must be within the 11.0%–
12.5% range, and for G2 the range is from 10% to 11.0%. G1
has a higher requirement on protein and has a higher price.

Now let us consider three loads of wheat and how they will to
be graded.

As shown in Table 2, L1 (with 11.5% of protein) is graded
as G1, L2 (with 10.5% of protein) is graded as G2, and L3 (with
10.0% of protein) is graded as G2. Note that, although L1, L2
have a higher protein value than the required lower bounds,
the price does not increase.

In fact, there are many cases where the quality of wheat
is above the minimum requirement or cases where the wheat
is just short of obtaining a higher grade. One way to improve
the overall value is to blend the wheat.

Blending is the process of mixing wheat of different
qualities. This is usually done by blending low-quality (low
price) wheat with some high-quality wheat to achieve a better
overall value. Blending is a vital part of the entire wheat
supply chain and, as discussed below, plays a major role in
generating profit.

By blending different loads, the mixture (called a lot)
could be assigned with a new grade based on the weighted
average quality result.
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Table 1

Grade Protein lower bound Protein upper bound Price per tonne
G1 11.0% 12.5% $240
G2 10.0% 11.0% $220

Table 2

Load Protein Grade Price per tonne Tonne
L1 11.5% G1 $240 100
L2 10.5% G2 $220 100
L3 10.0% G2 $220 80

L1

L2

Lot
G1$220 ∗ 100

$240 ∗ 100

$240 ∗ 200

100 t

200 t

100 t

11.5% protein, G1

10.5% protein, G2

11.0% protein, G1

Figure 1

L1

L3

Lot
G1

L4

L5 L5

150 t
50 t

30 t
30 t

100 t$240 ∗ 100 $240 ∗ 150

$220 ∗ 30
$220 ∗ 80 10.0% protein, G2

11.5% protein, G1

10.0% protein, G2

11.0% protein, G1

Figure 2

Figures 1 and 2 present two examples to illustrate the
basics of blending.

In Figure 1, there are two loads, L1 and L2. L1 is 100 tonnes,
with a protein percentage of 11.5% that would be graded as
G1. L2 is 100 tonnes, with a protein percentage of 10.5% that
would be graded as G2.The price of G1 is $240 per tonne and
G2 is $220 per tonne.

Suppose that the requirement ofG1 is to have at least 11.0%
of protein. Clearly, L1 exceeds the protein requirement of G1
(with no additional benefit) and can be mixed with L2 to
achieve a better total value. If L1 and L2 are blended together,
the mixed lot will have a protein percentage of 11.0% and thus
still meet the requirement of G1.This results in an increase of
total value: the value before blending sums to $46,000 and the
value after blending is $48,000, realising an uplift of $2,000.

Figure 2 represents a more complicated example. There
are two loads, L1 and L3. L1 is 100 tonnes, with a protein
percentage of 11.5% that would be graded as G1. L3 is 80
tonnes, with a protein percentage of 10.0% that would be
graded as G2. The price of G1/G2 is still $240/220 per tonne.
Since L3 has less protein than L2, in this case, the blending of
L1 and L3 no longer meets the protein requirement of G1.

Instead, we can split L3 into two subloads, L4 with 50
tonnes and L5 with 30 tonnes, and then blend L1 and L4
together to form a G1 lot. In this case, the value before
blending sums to $41,600 and the value after blending is
$42,600, increasing profit by $1,000.

The growers in Australia do not actually do the physical
blending work. However, they could sell their wheat at the
blended price if a blending plan is provided. Thus, the result
of a provided blending plan is directly related to their profit.
In fact, for growers with hundreds of loads of wheat, the profit
of blending can be easily beyond $200,000.

However, building a good blending plan is a very complex
task even for experts. As an example, in Australia, the grading
standard includes up to 20 attributes (protein, moisture,
screening, earth, etc.) and 2 unique constraints (discussed in
Section 2) to determine the grade of wheat. Moreover, one
individual grower might have more than 500 loads of wheat,
all with different qualities. As a result, a good blending plan
often needs hours or days of work.

During the harvest season, the prices of wheat change
daily or even more frequently. As the price of wheat changes,
the optimal way to blend also changes.This indicates that not
only the quality of the blending plan is important, but the time
taken to generate that plan is also important. A good plan
created after hours of work might be already outdated due to
the changes of the price.There is not enough time tomanually
build a good blending plan every time the price changes. A
tool which can generate the blending plan in a short period
of time is in much demand.

This paper extends our previous work [1] where we
proposed a linear programming guided hybrid evolutionary
algorithm to address the wheat blending problem. The
proposed algorithm is hybridized with an evolutionary algo-
rithm, a heuristic algorithm, and a linear programming
algorithm. In addition to these, a heuristic based initialization
method is used to reduce the search space and a local search
is also applied to fine-tune the final result. During the 2013
harvest season, the proposed algorithm helped thousands
of growers build their blending plans and generate tens of
millions dollars profit for the growers. In this paper, more
experiment results are presented and detailed stage-by-stage
performance analysis is included as well.

The rest of the paper is organized as follows. Section 2
introduces the blending problem in detail. Then Section 3
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provides some background on related work for solving the
underlined problem.The proposed hybrid evolutionary algo-
rithm is described in Section 4. In Section 5, the proposed
algorithm is applied to the test cases and the results of
comparison with a heuristic algorithm in current use are
provided. The impact of each stage is included in Section 6
and Section 7 concludes the paper.

2. Model of the Problem

Wheat is one of themost important agricultural commodities
in Australia and is one of Australia’s most valuable exports.
Blending is an important stage in the whole wheat supply
chain. Before milling, wheat with different levels of quality
may be mixed together to balance the cost and quality. The
price of wheat is based on many quality attributes and some
wheat may have higher quality values than required. In these
cases, high-quality wheat can be blended with low-quality
wheat to balance the quality, thereby having a better overall
value.

This problem can be described by the following model.
Assume that 𝐿 is the number of loads, 𝐺 is the number of
grades, 𝑙 represents a load, and 𝑔 represents a grade. Also,
𝑆 𝐿, 𝑆 𝐺, 𝑃 𝐿

𝑙
, and 𝑃 𝐺

𝑔
represent the set of all loads, the set

of all grades, the price per tonne of load 𝑙, and the price per
tonne of grade 𝑔 wheat, respectively. Consider that 𝑡 is the
decision variables vector defined by 𝑡

𝑙,𝑔
which is the number

of tonnes from load 𝑙 that has been blended into grade 𝑔 lot.
The objective of this blending problem is to

find 𝑡 ∈ 𝑅
𝐿
× 𝑅
𝐺 such that

maximize ∑

𝑙∈𝑆 𝐿

( ∑

𝑔∈𝑆 𝐺

(𝑃 𝐺
𝑔
− 𝑃 𝐿

𝑙
) 𝑡
𝑙,𝑔
) .

(1)

In (1), (𝑃 𝐺
𝑔
−𝑃 𝐿
𝑙
) is the earned profit when load 𝑙 is blended

into a lot with grade 𝑔. This refers to the fact that maximizing
the profit generated by blending is desirable.

Then,𝑀
𝑙
is the number of tonnes of load 𝑙 originally and

(2) and (3) indicate that the total tonnes of load 𝑙 used in
blending should always be greater than or equal to 0 and less
than or equal to its original tonne weight:

∑

𝑔∈𝑆 𝐺

𝑡
𝑙,𝑔

≥ 0 ∀𝑙, (2)

∑

𝑔∈𝑆 𝐺

𝑡
𝑙,𝑔

≤ 𝑀
𝑙

∀𝑙. (3)

Equations (4) and (5) are the constraints on the quality
standards of each grade. 𝑞 represents one quality attribute,
for example, the protein percentage. 𝑄

𝑞,𝑙
, 𝑄 Max

𝑞,𝑔
, and

𝑄 Min
𝑞,𝑔

are the quality attribute 𝑞 of load 𝑙, the maximum
requirement of quality attribute 𝑞 for grade 𝑔, and the
minimum requirement of quality attribute 𝑞 for grade 𝑔,
respectively.Theweighted average result of quality attribute 𝑞

for the blended lot with grade 𝑔 should always be within the
min/max range:

∑

𝑙∈𝑆 𝐿

(𝑄
𝑞,𝑙
𝑡
𝑙,𝑔
) ≤ 𝑄 Max

𝑞,𝑔
∑

𝑙∈𝑆 𝐿

(𝑡
𝑙,𝑔
) ∀𝑔, 𝑞, (4)

∑

𝑙∈𝑆 𝐿

(𝑄
𝑞,𝑙
𝑡
𝑙,𝑔
) ≥ 𝑄 Min

𝑞,𝑔
∑

𝑙∈𝑆 𝐿

(𝑡
𝑙,𝑔
) ∀𝑔, 𝑞. (5)

Linear constraints usually cannotmodel real-world prob-
lems precisely. As in our problem, there are two nonlinear
constraints involved which makes the problem quite unique.

Firstly, the Australian standards suggest that the weight-
ing of wheat is precise down to the 10 kilo range. Thus 100𝑡

𝑙,𝑔

is required as an integer vector since it used tonnes based
weighting. This hard constraint corresponds to

100𝑡
𝑙,𝑔

is integer ∀𝑙, 𝑔. (6)

There is also one more constraint which further compli-
cates the problem. As proposed, it is possible to just take a
part from load 𝑙 to use in blending, known as a split. However,
the total number of splits allowed for the entire blending plan
is limited, and this may differ from grower to grower. This
constraint is included in

∑

𝑙∈𝑆 𝐿

( ∑

𝑔∈𝑆 𝐺

⌈
𝑡
𝑙,𝑔

𝑀
𝑙

⌉ − 1) ≤ 𝑆, (7)

where 𝑆 is the number of splits allowed and ⌈𝑥⌉ is the ceiling
function which returns the smallest integer not less than 𝑥.

3. Related Work

In this section, related algorithms for solving the general
blending problem are detailed and a brief introduction to the
epsilon level constraint handling is included.

3.1. Linear Programming. Linear programming (LP) is an
optimization technique that has been designed for addressing
continuous space (decision variables are continuous) opti-
mization problems. LP requires that the objective function
and constraints are all linear and LP algorithms are able
to solve such optimization problem to optimality. There are
many methods to solve linear programming problems such
as simplex, criss-cross, and interior point methods [2].

In this blending problem, the objective function (1) and
constraints (2), (3), (4), and (5) are all linear. Thus the linear
relaxed version, which only considers (1) to (5), can be solved
efficiently using a linear programming algorithm.There have
been a few attempts to solve similar blending problems
(with only linear constraints) using linear programming
algorithms, especially before the early 1990s [3].

However, for this problem, (6) and (7) affect the model
significantly. The result from a linear-relaxed model might
break either or both of the constraints. Firstly, linear pro-
graming is operated in the continuous space; thus there is
no guarantee that the result is feasible for (6). Secondly, the
result might use any number of splits, which breaks (7). Both
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of the constraints are important for business. Constraint (6)
is clearly stated in the Australian standards and (7) comes
from the capacity limitation for the shared storage space. In
addition, (7) is also used by the business to control hidden
operational cost.

We can partially solve the problem of (6) by rounding the
results. A simple half-up rounding will do the job but then
the result is no longer guaranteed to satisfy all the constraints
from (2) to (5). During our experiments, there are around
30%of the cases inwhich the result after the half-up rounding
is still feasible. Some heuristic based rounding methods
could increase the chance to 60%, but those methods are
computationally expensive and are not the focus of this paper.

Again, we can use rounding (if the variable representation
is transformed from 𝑡

𝑙,𝑔
to (𝑡
𝑙,𝑔
/𝑀
𝑙
) and capping the cases

where the value is roundedup to 1) to solve the problemof (7).
However, the variations needed are significant and feasibility
of the solution is not guaranteed either.The result is also quite
possibly a suboptimal solution, since those extra splits used
usually contribute major sources of profit.

3.2. Mixed Integer Programming. Blending problems are also
often modelled as mixed integer programming problems,
especially for real-world cases [4]. Integer programming (IP)
is a type of linear programming in which decision variables
are integers andmixed integer linear programming (MILP) is
a variety where only some of the variables are constrained to
be integers. There are different methods for IP/MILP: some
are exact (such as the methods which use branch and bound
or cutting plane) and some are approximation methods. In
the exact methods, normally the relaxed version of the prob-
lem is solved by LP and then this information is used (e.g., in
branch and bound) to find optimal solutions. However, the
time complexity of these methods is exponential [3].

There are many studies using exact algorithms to solve
blending problems. Bilgen andOzkarahan proposed amixed-
integer linear programming model for optimizing a wheat
supply chain. The objective is to minimize the total cost for
blending, loading, transportation, and storage [5]. Ashayeri
et al. apply the model to the blending of chemical fertilizers
[6]. Jia and Ierapetritou also use a mixed-integer linear
programmingmodel to optimize the blending of gasoline [7].
TheMILPmodel is also used in the blending of water [8] and
oil [9].

MILP could model the problemmore precisely than a LP
since (6) is not relaxed. However, (7) is still not solved. In
addition, the execution speed is limiting the usage of exact
methods in here. One grower could have up to 700 loads and
it may need days of time for those exact algorithms to finish.
Thus, those exactmethods are not applicable for this problem.
Actually, unlike academic researchers, real-world users are
usuallymore concerned of the speed of the tool, instead of the
optimality of the solution. Usersmight be happy to have a cup
of coffee while waiting for the result, but, in general, waiting
for hours is not acceptable, especially in decision support
systems.As a rule of thumb, a casual user usually prefers a tool
that is fast and generates a quality result, but not necessarily
the optimal result.

3.3. Metaheuristic. Metaheuristic algorithms are also a pop-
ular choice for solving complex mixed-integer programming
problems [10]. Examples include applying evolution strategy
to the problem of optimal multilayer coating design [11] and
to optimize chemical engineering plants [12]. Other cases
include an ant colony system for optimizing electrical power
distribution networks [13], a genetic algorithm to optimize
the design of antenna [14], to optimize the deployment of
patrolmanpower [15], and to optimize exosensor distribution
for smart home systems [16]. Yokota et al. proposed a genetic
algorithm to solve nonlinearmixed integer programming [17]
and there are many other algorithms created for solving the
general MILP [18–20].

However, those algorithms are either too general or too
specific for the underlying problems. To obtain the best result,
real-world constraints like (7) usually need specially designed
methods and intense tuning [21].

3.4. Evolutionary Algorithm. An evolutionary algorithm
(EA) is a stochastic population-based metaheuristic that
mimics biologically inspired operators such as mutation,
recombination, and selection. In an EA, a set (known as the
population) of initially generated solution candidates (known
as individuals) is processed (generations: the main loop of
the EA). In each generation, a subset of the individuals
in the population is selected (via the selection operator, to
mimic the competition between individuals). The selected
individuals are then modified (via the mutation and/or
recombination operator), resulting in a new set of individuals.
This subset is merged into the original population and after
a selection process (to mimic the “survival of the fittest”
process), a new population is generated. This process is
repeated until a certain termination criterion is met (such as
reaching themaximum generation limit or the solution is not
being improved for a long time) [22].

In many practical cases, it has been reported that
hybridizing an EA with other methods is effective [23].There
are many ways to hybridize an EA with other methods. For
example, one way would be to incorporate with other meth-
ods to create problem dependent operators [24]. Another
way would be to apply another method to improve the final
solutions found by the EA [25]; It is also possible to use
problem specific representation [26] or to run one or more
algorithms interactively [27].

3.5. Heuristic Algorithm. One existing tool has been used by
growers to help them build the blending plan, and it uses a
heuristic based algorithm. The heuristic is based on the fact
that protein percentage is the main attribute to differentiate
grades. Thus the algorithm tries to find a load that has the
best (profit/protein cost) ratio. If given a load 𝑙 and a target
lot with grade 𝑔, the ratio can be calculated as

𝑃 𝐺
𝑔
− 𝑃 𝐿

𝑙

𝑄 Minprotein,𝑔 − 𝑄protein,𝑙
, (8)

where 𝑃 𝐺
𝑔
is the unit price of grade 𝑔 wheat, 𝑃 𝐿

𝑙
is the

unit price of the load 𝑙,𝑄 Minprotein,𝑔 is theminimumprotein
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hasNext = true
While hasNext
hasNext = false
𝑙𝑜𝑎𝑑
𝑡𝑎𝑟𝑔𝑒𝑡

, 𝑙𝑜𝑡
𝑡𝑎𝑟𝑔𝑒𝑡

= SELECT BY BEST RATIO(L)
blends = COMBINATIONS(L, 𝑙𝑜𝑎𝑑

𝑡𝑎𝑟𝑔𝑒𝑡
, 𝑙𝑜𝑡
𝑡𝑎𝑟𝑔𝑒𝑡

)
𝐵𝑙𝑒𝑛𝑑

𝑏𝑒𝑠𝑡
= null

for each blend in blends
if NOT VALID(blend)
continue

end if
if NO PROFIT(blend)
continue

end if
If 𝑏𝑙𝑒𝑛𝑑

𝑏𝑒𝑠𝑡
or blend is better than 𝑏𝑙𝑒𝑛𝑑

𝑏𝑒𝑠𝑡

𝑏𝑙𝑒𝑛𝑑
𝑏𝑒𝑠𝑡

= 𝑏𝑙𝑒𝑛𝑑

end if
end for
if 𝑏𝑙𝑒𝑛𝑑

𝑏𝑒𝑠𝑡
is not null

APPLY(𝑏𝑙𝑒𝑛𝑑
𝑏𝑒𝑠𝑡

)
hasNext = true

end if
end while

Algorithm 1: Heuristic algorithm.

requirement of grade𝑔, and𝑄protein,𝑙 is the protein percentage
of load 𝑙 respectively.

After that, the algorithm tries to find one or more
companion loads which have better quality attributes to
improve the weighted average quality.The combination of the
selected load, the target lot, and the companion loads is called
a blend. The algorithm stops if it cannot find any blend with
profit.

The method used to find the companion loads is to do an
exhaustive searchwith all the combination of 3 (or less) loads.
The whole process is summarized as in Algorithm 1. The
NOT VALID method tests whether any constraint violation
is introduced. The NO PROFIT method tests whether any
profit is generated.

This algorithm was a lot faster than doing the blending
manually, but the generated result was often suboptimal.This
tool could solve some simple problems but, formore complex
cases, the user typically used the tool to generate a base
solution and then tweaked it to get a better result (in fact,
our proposed algorithm follows the same ways as the users.
It generates an initial solution first and then tweaks it to get
a better result). The users were generally happy with the tool
but always seek for a better tool that could generate a quality
blending plan all the time while keeping the execution time
short.

3.6. Epsilon Level Constraint Handling. Epsilon (𝜀) level
constraint handling (𝜀 LCH) is a method that transforms
the constrained optimization problems into unconstrained
problems [28]. The transformation is done by replacing
the ordinary comparison operator by the 𝜀 level comparison
operator. The 𝜀 level comparison operator combines the

constraint violation values and objective values for evaluating
candidate solutions.

In short, the 𝜀 level comparison compares two solutions
by their constraint violation values first. The solution which
has a lower constraint violation value is ranked higher.
However, if both the violation values are under a small
threshold 𝜀, then the constraint violation values are ignored,
and the two solutions are only compared by their objective
function values.

Suppose there are two candidate solutions 𝑥
1
and 𝑥

2
, 𝑓
1

and 𝑓
2
are the objective values, and ℎ

1
and ℎ

2
are constraint

violation values of 𝑥
1
and 𝑥

2
; then the 𝜀 level comparison

operator <
𝜀
and ≤

𝜀
is defined by the following:

𝑥
1
<
𝜀
𝑥
2
≡

{{

{{

{

𝑓
1
< 𝑓
2

if ℎ
1
, ℎ
2
≤ 𝜀

𝑓
1
< 𝑓
2

if ℎ
1
= ℎ
2

ℎ
1
< ℎ
2

otherwise,

𝑥
1
≤
𝜀
𝑥
2
≡

{{

{{

{

𝑓
1
≤ 𝑓
2

if ℎ
1
, ℎ
2
≤ 𝜀

𝑓
1
≤ 𝑓
2

if ℎ
1
= ℎ
2

ℎ
1
≤ ℎ
2

otherwise.

(9)

There are many ways to control the threshold 𝜀. The
formula used by the proposed algorithm is included in
Section 4.

4. The Proposed Hybrid
Evolutionary Algorithm

The proposed algorithm contains four stages: search space
reduction, initialization, evolutionary loop, and local search.
The working flow is shown in Algorithm 2.
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BEGIN
search space reduction(Stage 1)
initialization(Stage 2)
while not terminated
mutation(Stage 3–1)
heuristic(Stage 3–2)
simplex(Stage 3–3)

end while
local search(Stage 4)
END ALGORITHM

Algorithm 2

In Sections 4.1 to 4.4, each of those stages is presented.
Firstly, the algorithm tries to eliminate all the obvious bad
choices using predefined rules.Then the algorithm solves the
linear-relaxed version of the problem and uses the result as
a clue to build an initial solution of the nonrelaxed version.
After that, the algorithm tries to tweak the solution in an
iterative fashion. In each iteration, there is an evolutionary
algorithm to optimize the loads to blend, a heuristic to choose
the right loads to split, and the use of a linear programming
algorithm to find the optimal way to split. Final tune-up is
done by a local search.

Additionally, Section 4.5 introduces a specially designed
constraint handling method that is proposed into the algo-
rithm to encourage the exploration of infeasible regions.
Local search in the main loop is included in Section 4.6.

4.1. Search Space Reduction. In this stage, the algorithm tries
to eliminate some obvious bad choices before it starts the
stochastic process. This is done by a rule-based filtering
process.These rules are based on advice from domain experts
and experimental results. Some rules include the following.

(i) Never blend a load to a lot which requires at least
another 2% of protein. As the protein percentage
is generally from 10% to 14%, overcoming the 2%
margin is too costly.

(ii) Never blend a load that has an extra 1.5% of protein
above the grade requirement, unless there are only
few choices. This rule attempts to save the good
quality loads for a better global result.

After this filtering process, the search space (number of
possible blends) of the problem is greatly reduced.

The key of this stage is to ensure that there is no bad
choicemade. To do so, the thresholds of the rules are carefully
chosen. Those values could almost guarantee that it does not
have a negative impact on finding the optimal solution.

4.2. Initialization. Since the execution speed is crucial for this
problem, the algorithm uses a heuristic based initialization
method instead of any random initialization method. This
might sacrificed the diversity of solutions but the algorithm
could get a good basic solution with the least computation.

The algorithm starts with applying the simplex algorithm
[3] to solve a linear-relaxed version of the problem. The

linear-relaxed version is the same problem but only consider
constraints (2) to (5). Then the algorithm uses the heuristic
(8) to build a solution of the nonrelaxed problem, but with
a threshold of 15. Only loads that have the profit-protein
ratio greater than 15 are considered. After that, the algorithm
extracts the common parts from both solutions and generates
an initial solution based on them.

The threshold value 15 is a very high number for the
profit-protein ratio. This is to ensure that the algorithm is
not too greedy at the beginning. The simplex result is used
to double check that and also serves as a clue for reaching the
global optimal.The decisionsmade in this step are then fixed,
not possible to modify by the latter stages.

The purpose of this stage is to generate a basic solution
with no or few bad choices and further reduce the search
space. Since we have chosen a very high threshold number,
we can ensure that the decisions are all obvious good ones.

4.3. Evolutionary Loop. This is the main loop where the new
solutions are generated. It contains an evolutionary algorithm
to optimize the loads to blend, a heuristic to choose the right
loads to split, and the use of a linear programming algorithm
to find the optimal way to split. The operators used in this
stage are as follows.

(i) Mutation: for a randomly selected load, change its
allocation to a random lot.

(ii) Heuristic: it is to choose which load to split. For all
the possible combinations of load 𝑙 and target lot with
grade 𝑔, this applies the 2-way tournament selection
to choose 𝑆 combinations from the top 2𝑆 that have
the best value of

𝑃 𝐺
𝑔
− 𝑃 𝐿

𝑙

𝑄 Minprotein,𝑔 − 𝑄protein,𝑙
𝑀
𝑙
. (10)

(iii) Simplex algorithm: the selected loads in the heuristic
step form a subproblem and the problem is solved
with unlimited splits allowed using the simplex algo-
rithm.

In each iteration, the algorithm tries to modify the ex-
isting solution by the mutation operator one or more times
(by some probabilities). The probabilities are to ensure that
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input: 𝑛, 𝑝
𝑚
, 𝑝
𝑙

output: 𝑡
𝑏𝑒𝑠𝑡

SEARCH SPACE REDUCTION()
𝑡
𝑖𝑛𝑖𝑡

= INITIALIZE()
𝑡
𝑏𝑒𝑠𝑡

= 𝑡
𝑖𝑛𝑖𝑡

While none of termination condition was met
𝑡
𝑏𝑎𝑠𝑒

= 𝑡
𝑏𝑒𝑠𝑡

for 𝑖 = 1 : 𝑛

𝑡
𝑛𝑒𝑤1

= MUTATE(𝑡
𝑏𝑎𝑠𝑒

)
𝑟 = RANDOM(0,1)
while 𝑟 < 𝑝

𝑚

𝑡
𝑛𝑒𝑤1

= MUTATE(𝑡
𝑛𝑒𝑤1

)
𝑟 = RANDOM(0,1)

end while
𝑡
𝑛𝑒𝑤2

= ROUND(SIMPLEX(𝑡
𝑛𝑒𝑤1

, GET SPLIT(𝑡
𝑛𝑒𝑤1

)))
𝑟 = RANDOM(0,1)
if 𝑟 < 𝑝

𝑙
and 𝑡

𝑛𝑒𝑤2
is feasible

𝑡
𝑛𝑒𝑤2

= LOCAL SEARCH(𝑡
𝑛𝑒𝑤2

)
end if
if 𝑡
𝑛𝑒𝑤2

is better than 𝑡
𝑏𝑒𝑠𝑡

𝑡
𝑏𝑒𝑠𝑡

= 𝑡
𝑛𝑒𝑤2

end if
end for
𝑡
𝑏𝑒𝑠𝑡

= LOCAL SEARCH ALL(𝑡
𝑏𝑒𝑠𝑡

)
end while

Algorithm 3

the algorithm is possible to perform bigger variations. The
generated new solution contains no split and is called raw
solution. Then, the algorithm iterates over all the loads using
the heuristic mentioned above and tries to find 𝑆 good
candidates to do the split. After that, the algorithm builds
a linear-relaxed model with only the selected 𝑆 loads and
solves it using the simplex algorithm.The generated solution
is called split solution and always satisfies (7) since there are
no more than 𝑆 variables in the model.

Thus, each solution has actually two forms: raw and split
form. Note that the mutation only operates on the raw form
and the simplex algorithm resulting in a solution in the split
form. Also, the result of the simplex algorithm might not
satisfy (6). In those cases, rounding is applied.

4.4. Local Search. Random modification is usually very
inefficient when the result is close to the optimal point. It
needs to be really lucky to find any improvement and it is
often much more time consuming than doing an exhaustive
search. Thus, a local search method is applied at the end to
fine-tune the result. It tries to finds all possible combinations
that could give an increase of profit. The procedure is as
follows.

(i) For all possible combinations of load 𝑙 and target lot
with grade 𝑔, apply the one which gives the most
profit until there are no combinations that could
generate any profit.

4.5. Constraint Handling. As a highly constrained problem,
the search space of this problem is generally separated by the

constraints into many isolated feasible regions. The simplex
result from the initialization stage is used here to guide the
search jumping out of a single feasible region. The idea is to
depenalise any blend that also can be found in the simplex
result. Such blend might be a bad move by itself but is also
possiblely a vital part of a bigger profitable blend.

More detailedly, if any blend violates any of the con-
straints (2) to (5) and the same blend can be found in the
linear-relaxed result, its constraint violation value is reduced.
The formula used is

𝑐new =

{{{{{

{{{{{

{

0.5𝑐 if (
𝑆
𝐿
− 𝑆

𝑆
) ≥ 0.5

(
𝑆
𝐿
− 𝑆

𝑆
) 𝑐 if 0.5 ≥ (

𝑆
𝐿
− 𝑆

𝑆
) ≥ 0.1

0.1𝑐 otherwise,

(11)

where 𝑐 is the original constraint violation value, 𝑐new is the
reduced constraint violation value, 𝑆 is the number of splits
allowed, and 𝑆

𝐿
is the number of splits used by the simplex

result, respectively.
Also, in this algorithm, solutions are compared using the

𝜀 level comparison operators. The value of 𝜀 is set according
to the following equations:

𝜀
0
= ℎ (𝑥

0
) ,

𝜀
𝑡
=
{

{

{

𝜀
0
(1 −

1.5𝑡

𝑇 𝐼
) if 0 < 1.5𝑡 < 𝑇 𝐼

0 if 𝑡 ≥ 𝑇 𝐼,

(12)

where 𝜀
0
is the initial 𝜀 value, ℎ(𝑥

0
) is the constraint violation

value for the best solution in the initialization step, 𝜀
𝑡
is the 𝜀
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Table 3: Result of test cases with unlimited splits allowed.

Test
case

Number of
loads

Known best Heuristic algorithm Hybrid algorithm

Splits used Percentage to
known best

Splits
used

Time used
(seconds)

Percentage to
known best

Splits
used

Time used
(seconds)

R1 34 3 10.3 5 15.3 0 3 1.4
R2 145 2 17.9 3 11.9 0 2 2.3
R3 26 0 0 0 1.4 0 0 1.0
R4 332 1 0 0 6.5 0 0 5.9
R5 127 2 23.7 5 22.1 0 2 2.2
R6 718 2 36.5 46 732.4 0 3 49.9
R7 129 2 15.8 2 28.9 0 3 2.2
R8 610 5 20.4 22 139.7 1.2 6 25.3
R9 49 2 2.2 7 10.1 0 2 1.6
R10 47 2 9.6 3 14.5 0 2 2.9

Table 4: Result of test cases with 1 split allowed.

Test
case

Number of
loads

Heuristic algorithm Hybrid algorithm
Percentage to
upper bound

Splits
used

Time used
(seconds)

Percentage to
upper bound

Splits
used

Improvement
over heuristic

Time used
(seconds)

RS1 34 10.6 1 11.7 6.6 1 4.4 1.4
RS2 145 18.1 1 9.4 1.8 1 19.8 2.6
RS3 26 0 0 1.4 0 0 0 1.0
RS4 332 0 0 6.5 0 0 0 5.9
RS5 127 23 1 17.2 0.1 0 29.6 3.5
RS6 718 18.4 1 572.5 0.3 1 22.2 58.6
RS7 129 15.8 1 28.4 0.5 0 18.1 2.3
RS8 610 18.4 1 85.9 1.3 0 20.9 37.8
RS9 49 2.7 0 7.8 0.5 0 2.2 1.6
RS10 47 9.8 1 12.1 0.3 1 10.4 2.9

value at iteration 𝑡, and𝑇 𝐼 is the iterations limit.This formula
suggests that the methods will be focusing on finding feasible
solutions when 1.5𝑡 ≥ 𝑇 𝐼.

4.6. Local Search in the Evolutionary Loop. Within the main
evolutionary loop, the generated solution also gets a chance to
perform a single local search step and is used to speed up the
convergence. Many different quality solutions are generated
during the evolutionary loop and they are all good starting
points for the local search. The algorithm only performs the
local search by a single step.This is to ensure that the result is
not suffering from premature convergence significantly.

4.7. Summary. The complete steps are shown in Algorithm 3.
The parameters are

(i) 𝑛: the number of offspring;

(ii) 𝑝
𝑚
: the probability of applying additional mutation;

(iii) 𝑝
𝑙
: the probability of applying one local search step

within the evolutionary loop.

And the termination conditions are defined as
(1) no improvement after 𝑇 𝐼 iterations;
(2) total number of evaluations is over 𝑇 𝐸.

5. Experimental Results

In this section, the proposed algorithm is applied to 20
selected real-world and 73 artificial test cases. All real-
world test cases are created using the data from past years
and should cover the most typical scenarios. The proposed
algorithm is compared with the existing heuristic based
algorithm here and the results were averaged over 20 runs for
each test case.

5.1. Parameters Setting. The proposed algorithm has been
implemented as aweb service, running ondistributed servers.
To improve convergence, we always set the population size
to 1 and use elitism selection. The main parameters in this
experiment were set as follows:

(i) 𝑛 = 7,
(ii) 𝑝
𝑚
= 0.6,
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Table 5: Result of test cases (A1–A28).

Test
case

Number of
loads

Heuristic
algorithm

Hybrid
algorithm

A1 4 Pass Pass
A2 7 Pass Pass
A3 6 Pass Pass
A4 6 Pass Pass
A5 3 Pass Pass
A6 5 Pass Pass
A7 4 Pass Pass
A8 6 Pass Pass
A9 3 Pass Pass
A10 3 Fail Pass
A11 3 Pass Pass
A12 3 Pass Pass
A13 5 Pass Pass
A14 3 Pass Pass
A15 5 Pass Pass
A16 4 Pass Pass
A17 7 Pass Pass
A18 5 Pass Pass
A19 4 Fail Pass
A20 5 Pass Pass
A21 7 Pass Pass
A22 7 Pass Pass
A23 3 Fail Pass
A24 6 Pass Pass
A25 4 Fail Pass
A26 4 Fail Pass
A27 3 Pass Pass
A28 4 Pass Pass

(iii) 𝑝
𝑙
= 0.1,

(iv) 𝑇 𝐼 = 100,
(v) 𝑇 𝐸 = 50, 000.

The values of those parameters are selectedmanually.This
set of parameters gives the best averaged result on the 10 real-
world test cases (R1–R10, see Section 5.2).

A larger population size is also tested. It is completely
applicable but there is no fundamental improvement up to
the size of 4. After that, the execution time is increased
significantly. In cases where the population size is more than
1, the 2-way tournament selection is used.

5.2. Test Cases. The 10 real-world test cases (R1–R10) are
selected by domain experts, aiming to cover the most typical
scenarios. The number of loads ranges from 26 to 718 in each
case and is the dominant factor in the complexity. R8 is the
largest case and quite possibly the most complex. R6 is a
combined case (loads from two growers) to test the extreme
scenario. The profit generated ranges from thousands to a

quarter-million dollars. Note that test cases R1–R10 do not
have any limitation on the split allowed.

The result of the proposed algorithm is compared with
the heuristic based tool in current use. The benchmark here
is the known best results which are optimized manually by
domain experts (supported by computer tools). The experts
have spent weeks of time on those cases and they believe the
results are good enough to be used as the benchmark.

Test cases RS1–RS10 are the same ones as R1–R10, but with
only 1 split allowed. Those cases are more constrained and
are harder (slower) to optimize. Note that there is no known
best result in these cases (the proposed hybrid algorithm
outperforms them). Instead, we use the known best result
from R1–R10 to serve as the upper bound.

The 28 artificial tests (A1–A28) are simple test cases which
contains many typical pitfalls. The number of loads ranges
from 3 to 7.The first 20 tests (A1–A20) do not require any split
to obtain the optimal solution but the rest (A21–A28) do.

There are 45 more artificial tests (AC1–AC45) which are
pair-wise combination of the real-world test cases R1–R10.
Those tests are more time consuming but also have more
potential to optimize. The linear-relaxed result is served as
the upper bound.

5.3. Results. Table 3 shows the result on cases where there
are an unlimited allowed number of splits. With the split
limit constraint relaxed, those cases are relatively easy. The
proposed algorithm found a close-to-optimal result in all
cases, while the heuristic algorithm only succussed in the
most simple cases. N8 is the only case where the hybrid
algorithm is greater than 1% from the known-best result. In
all cases, the hybrid algorithm is significantly faster.

Table 4 shows the result on cases with only 1 split allowed.
In real-world cases, the split limit is normally set as 1 to 10
depending on the choice made by the user. The proposed
algorithm still outperforms the heuristic algorithm in terms
of both quality and speed, and the results are very close to
the upper bound except for RS1. Note that for RS5, RS6, and
RS8, the heuristic algorithm generates better results than the
cases with an unlimited split allowed. This suggests that the
heuristic algorithm can easily get stuck in local optima.

Table 5 shows the result of the artificial tests (A1–A28).
The generated blending plan is required to be the same or
equal-valued with the precalculated optimal result to be able
to pass the test. The proposed algorithm passes all the tests
while the heuristic fails on 5 cases.

Table 6 shows the result of the combination cases (AE1–
AE45). Again, the proposed algorithm outperforms the
heuristic algorithm. AE5, AE13, AE20, AE27, and AE44 are
the only cases where the results are greater than 3% from the
linear-relaxed upper bound. It also shows that the heuristic
algorithm is rarely generating good solutions for large test
cases (likeAE26,AE28,AE33,AE36,AE37, etc.).This suggests
that the heuristic algorithm might be too greedy at the
beginning and cannot get out of the local optima. In contrast
to this, the results from the proposed algorithm do not suffer
much from a large number of loads. Additionally, the running
time of the proposed algorithm grows significantly slower
than the heuristic algorithm.
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Table 6: Result of test cases (AE1–AE45).

Test
case

Number of
loads

Heuristic algorithm Hybrid algorithm
Percentage to
upper bound

Splits
used

Time used
(seconds)

Percentage to
upper bound

Splits
used

Improvement
over heuristic

Time used
(seconds)

AE1 179 19.7 2 21.4 2.4 2 21.49 5.5
AE2 60 4.3 1 18.0 1.8 1 2.67 3.0
AE3 366 38.0 8 192.6 1.3 5 59.36 7.5
AE4 161 22.7 1 22.3 1.4 4 27.46 5.5
AE5 752 36.0 6 912.1 7.8 12 43.92 46.4
AE6 163 12.5 6 13.5 2.2 4 11.75 4.9
AE7 644 28.5 9 491.7 1.5 8 37.85 62.5
AE8 83 4.2 1 19.1 0.7 2 3.57 2.9
AE9 81 5.2 3 18.1 1.4 1 4.00 3.7
AE10 171 26.2 1 21.9 2.5 3 32.20 6.3
AE11 477 20.5 8 57.4 0.9 8 24.70 9.1
AE12 272 15.3 4 39.0 1.6 5 16.17 4.1
AE13 863 16.5 4 738.1 4.8 7 14.01 39.2
AE14 274 19.1 5 24.7 1.0 3 22.41 5.8
AE15 755 31.1 7 438.1 1.0 9 43.67 83.1
AE16 194 20.4 2 35.6 2.1 5 23.01 3.2
AE17 192 12.5 4 20.4 1.5 4 12.54 5.5
AE18 358 28.0 5 145.8 2.3 5 35.67 7.3
AE19 153 5.3 4 16.6 1.9 5 3.66 2.8
AE20 744 31.3 9 478.6 10.6 12 30.12 77.7
AE21 155 25.2 4 15.9 1.3 4 32.05 6.3
AE22 636 36.3 6 405.6 2.2 9 53.64 48.1
AE23 75 15.1 3 13.9 0.8 4 16.94 4.4
AE24 73 17.6 2 16.7 0.3 2 20.86 3.2
AE25 459 25.9 4 89.5 1.4 7 33.05 18.0
AE26 1050 36.0 18 654.7 1.7 13 53.62 164.4
AE27 461 25.3 2 358.6 3.8 1 28.70 26.8
AE28 942 26.1 5 1796.6 0.8 10 34.26 120.9
AE29 381 8.1 12 746.7 0.6 6 8.19 12.2
AE30 379 15.4 2 510.5 0.2 4 18.00 9.6
AE31 845 32.5 9 757.2 1.7 8 45.59 89.2
AE32 256 24.6 2 289.0 0.6 5 31.83 12.8
AE33 737 52.2 6 1038.5 0.2 5 108.92 41.9
AE34 176 28.9 4 23.6 0.9 3 39.36 7.0
AE35 174 9.3 5 32.5 1.4 6 8.68 5.1
AE36 847 22.7 11 998.2 0.8 9 28.21 130.7
AE37 1328 51.6 10 1104.3 2.6 6 101.24 219.1
AE38 767 54.7 7 501.3 1.6 4 117.31 31.5
AE39 765 36.1 4 695.0 2.3 4 52.87 72.5
AE40 739 34.3 6 390.0 2.1 7 48.82 60.8
AE41 178 25.4 3 47.3 0.3 4 33.58 4.1
AE42 176 21.0 4 34.8 0.6 3 25.90 8.7
AE43 659 41.6 8 767.3 1.3 5 69.17 37.7
AE44 657 26.4 5 568.2 3.8 8 30.73 23.1
AE45 96 11.3 2 27.4 0.3 3 12.37 3.7
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Table 7: Result of performance evaluation I.

Test
case

No search space reduction No initialization No main loop
Value

(percentage)
Time used
(percentage)

Value
(percentage)

Time used
(percentage)

Value
(percentage)

Time used
(percentage)

R1 100 95.83 100 135.09 75.53 25.65
R2 99.13 92.86 100 178.67 80.15 32.48
R3 100 93.88 100 114.50 100 33.18
R4 100 92.24 100 120.91 100 33.12
R5 100 92.88 100 140.90 93.34 21.39
R6 98.79 92.01 100 119.67 86.92 29.90
R7 100 92.34 100 155.93 95.11 32.20
R8 98.77 93.76 99.94 154.80 72.92 22.78
R9 100 95.43 100 111.32 100 31.79
R10 100 94.53 100 135.21 95.46 26.58
RS1 100 92.22 100 112.37 75.53 25.65
RS2 97.50 92.37 100 155.02 80.15 32.48
RS3 100 95.68 100 115.96 100 33.18
RS4 100 94.95 100 143.69 100 33.12
RS5 100 93.14 100 125.32 93.34 21.39
RS6 98.69 94.32 100 112.92 86.92 29.90
RS7 100 95.30 100 195.11 95.11 32.20
RS8 96.50 94.41 99.21 115.04 72.92 22.78
RS9 100 94.87 100 118.70 100 31.79
RS10 100 93.47 100 157.74 95.46 26.58

6. Performance Evaluation

The proposed hybrid algorithm consists of 4 stages: search
space reduction, initialization, evolutionary loop, and final
tune-up. In this section, the performance evaluation on each
stage is investigated.

Tables 7 and 8 show the results if each of the functions
is disabled. The value column is used to indicate the loss of
quality, and the time used is used to indicate the loss of speed
(less than 100 means the algorithm runs faster than the full
version).

The search space reduction stage requires around 7% of
the running time. However, it builds a good base for further
optimizing, as in some cases the quality of the solution drops
if these two stages are missing.

The initialization stage greatly reduces the processing
time required. For RS7, the time required is almost doubled if
initialization is missing. And for R8 and RS8, it also improves
the quality of result.

The main loop contributes a huge improvement on the
quality of the generated solution. For cases like R3, R4, and
R9, the algorithm can still provide good solutions just using
initialization and posttuning, but not for the other cases. The
result for RS1 to RS10 is the same as R1 to R10, since, without
the main loop, the algorithm is not able to use any split.

The constraint handling methods (linear-guided and 𝜀

level comparison) do not require much time but could

improve the result up to 30% for nontrivial cases. This
suggests that the proposed algorithm is able to escape from
the local optima with the constraint handling methods.

The local search in the main loop plays a major role
in improving the quality of the solution. It also requires a
significant chunk of time but is worthwhile. As mentioned
before, at the later stage of the optimization process, an
exhaustive search is usually more efficient than a stochastic
variation.

The final tune-up improves the result slightly for some
cases without much execution time needed. Note that the
local search in the main loop could partially replace the effect
of the final tune-up since they are basically the same method.
This stage is to ensure that there is no missing profit.

7. Conclusions and Future Work

In this paper, a hybrid evolutionary algorithm for solving
the Australian wheat blending problem is proposed. The
algorithm starts with a filtering process to reduce the search
space. The filtering is based on predefined rules suggested
by domain experts. Then the algorithm generates its initial
solution by extracting the common parts from both the
result from the linear-relaxed version of the problem and
the result from a heuristic method. The main loop of the
algorithm uses a combination of an evolutionary algorithm,
a heuristic method, and the simplex algorithm to improve
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Table 8: Result of performance evaluation II.

Test
case

No constraint handling No local search in loop No final tune-up
Value

(percentage)
Time used
(percentage)

Value
(percentage)

Time used
(percentage)

Value
(percentage)

Time used
(percentage)

R1 100 97.36 97.59 82.74 100 99.87
R2 85.09 95.09 82.64 77.85 100 99.14
R3 100 96.62 100 84.63 100 98.68
R4 100 97.63 100 80.67 100 97.59
R5 73.62 95.70 83.74 77.46 100 99.33
R6 70.15 96.09 88.22 79.76 100 98.63
R7 100 94.52 95.59 86.82 100 98.20
R8 82.74 93.06 87.95 79.54 99.9 97.37
R9 100 95.97 100 87.22 100 99.73
R10 98.28 94.47 97.99 81.94 100 97.88
RS1 99.52 97.72 97.69 83.66 100 98.51
RS2 70.42 95.53 88.15 81.55 99.9 99.08
RS3 100 97.37 100 89.30 100 98.07
RS4 100 94.66 100 81.50 100 98.63
RS5 95.14 95.01 81.10 78.79 100 99.62
RS6 80.95 96.62 82.00 82.49 99.9 98.35
RS7 97.60 97.92 92.81 80.91 100 99.31
RS8 93.69 97.99 97.92 79.60 100 97.73
RS9 100 95.70 100 89.28 100 98.26
RS10 98.16 97.31 98.63 80.85 100 99.68

the solution while maintaining the feasibility of the solution.
For the constraint handling part, the result from the linear-
relaxed problem is used in conjunction with the epsilon
level comparison. Those constraint handling methods help
the algorithm explore the infeasible regions more efficiently.
Final tune-up is performed by a local search method. The
proposed algorithm is tested on 20 real-world test cases
and 73 artificial test cases. Result shows that the proposed
algorithm always finds equal or better results compared with
the existing heuristic algorithm.

For further study, the parameter setting of this algorithm
could be investigated. One promising way to improve the
algorithm is to design an adaptiveway to control themutation
probability, the local search probability, and especially the
threshold used in 𝜀 LCH.

There are also additional functionalities requested by the
growers. The growers have signed a few supply contracts
before the harvest and they want to fulfil their contracts with
minimum cost and maximize the profit of the rest products.
Additionally, sometimes it is beneficial for the growers to buy
some wheat from the other growers. Therefore, the growers
also want the optimizer to generate a blending plan with
the consideration of trading between multiple growers. The
blending of other types of wheat is also requested.
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This study designed a cross-stage reverse logistics course for defective products so that damaged products generated in downstream
partners can be directly returned to upstream partners throughout the stages of a supply chain for rework and maintenance. To
solve this reverse supply chain design problem, an optimal cross-stage reverse logistics mathematical model was developed. In
addition, we developed a genetic algorithm (GA) and three particle swarm optimization (PSO) algorithms: the inertia weight
method (PSOA IWM), 𝑉Max method (PSOA VMM), and constriction factor method (PSOA CFM), which we employed to find
solutions to support this mathematical model. Finally, a real case and five simulative cases with different scopes were used to
compare the execution times, convergence times, and objective function values of the four algorithms used to validate the model
proposed in this study. Regarding system execution time, the GA consumed more time than the other three PSOs did. Regarding
objective function value, the GA, PSOA IWM, and PSOA CFM could obtain a lower convergence value than PSOA VMM could.
Finally, PSOA IWM demonstrated a faster convergence speed than PSOA VMM, PSOA CFM, and the GA did.

1. Introduction

Intense competition within the global market has prompted
enterprise competition to change from a competition among
companies to that among supply chains. In addition to reduc-
ing operating costs and improving competitiveness, effec-
tively integrating the upstream and downstream suppliers
and manufacturers of a supply chain can reflect market
changes and meet consumer needs efficiently.

Previous studies on the design problems of supply net-
works include [1–8]. In addition, Che and Cui [9] addressed
the network design on unbalanced supply chain system. For
the integrity of supply chain circulation, reverse logistics
should be implemented to form a complete logistics circula-
tion. Reverse logistics was first proposed by Stock [10]; then
Trebilcock [11] indicated that, in the past, most enterprises
focused only on forward logistics andmisunderstood reverse
logistics as a nonprofitable activity.

Cohen [12] suggested that enterprises could save 40%–
60% ofmanufacturing costs annually by adopting the remake
method, compared with using newmaterials. In recent years,
enterprises have begun paying increased attention to reverse
logistics activities such as customer returns, product mainte-
nance, replacement, and recycling.White et al. [13] described
in detail the essential aspects and challenges in acquiring,
assessing, disassembling, and reprocessing computer equip-
ment as it moves through this reversemanufacturing process.
Proper planning of a comprehensive product recycling plan
can reduce the environmental damage caused by disposing
of used equipment.

Based on literature review, reverse logistics includesman-
agement functions related to returned products, depot repair,
rework, material reprocessing, material recycling, and dis-
posal of waste and hazardous materials.These allow products
to be returned upstream for processing in a reverse logistics
system; thus, the circulation of an integral supply chain can be

Hindawi Publishing Corporation
e Scientific World Journal
Volume 2014, Article ID 595902, 19 pages
http://dx.doi.org/10.1155/2014/595902

http://dx.doi.org/10.1155/2014/595902


2 The Scientific World Journal

Supplier
Raw materials
Assembly parts
Packaging materials
Parts manufactures

Processing programs
Initial manufactures
Remanufacturing
Maintenance
Reutilization
Resale
Recycle

Final product
Product
Alternate parts Distribution centers

Regionality
Territoriality

Customer

Disposal
Burial
Incineration

Forward logistics

Reverse logistics

∙
∙

∙
∙

∙
∙

∙
∙

∙
∙

∙
∙

∙
∙

∙
∙

Figure 1: The reverse logistics flow of the products (Gattorna [14]).

implemented. The reverse logistics flow of products is shown
in Figure 1.

Many scholars have defined reverse logistics briefly and
clearly [10, 15–18], and some have studied the reverse logistics
network design for different fields such as the steel industry
[19], electronic equipment [20], sand recycling [21], reusable
packaging [22], and general recovery networks [23]. Amini
et al. [24] demonstrated how an effective and profitable
reverse logistics operation for an RSSC was designed for
an MDM in which customer operations demanded a quick
repair service. Fleischmann et al. [25] considered a logistics
network design in a reverse logistics context and presented a
generic facility location model by discussing the differences
compared with traditional logistics settings. This model was
then used to analyze the impact of product return flow on
logistics networks.

In addition, Savaskan et al. [26] developed a detailed
understanding of the implications that a manufacturer’s
reverse channel choice has on forward channel decisions and
the used product return rate from customers. Chouinard
et al. [27] addressed problems related to integrating reverse
logistics activities within an organization and to coordinat-
ing this new system. Kainuma and Tawara [28] proposed
the multiple-attribute utility theory method for assessing a
supply chain, including reusing and recycling throughout the
life cycle of products and services. Nagurney and Toyasaki
[29] developed a model linking these decisions to prices and
material shipments among end-of-life electronics sources,
recyclers, processors, and suppliers for deterministic scenar-
ios. Nikolaidis [30] proposed a single-period mathematical
model for determining a reverse supply chain plan that con-
siders procurement and returns’ remanufacturing, andNenes
and Nikolaidis [31] extended Nikolaidis’s model to a multi-
period model. Salema et al. [32] developed a multiperiod,
multiproduct model for designing supply chain networks
regarding reverse flows.More recently, Pinto-Varela et al. [33]
considered an environmental perspective to develop amixed-
integer linear programming model for planning reverse
supply chains. Amin and Zhang [34] presented a mixed-
integer linear programming model for designing a closed-
loop supply chain network regarding product life cycles. In

addition,Huang et al. [35] analyzed strategies of a closed-loop
supply chain containing a dual recycling channel. Although
cross-stage logistics in reverse supply chains generally exists
in practice, our research suggests that it has yet to be ade-
quately addressed. Hence, the motivation of this study is to
design the reverse supply chain with cross-stage logistics.

Reverse logistics is more complex than forward logistics,
and this study aimed to develop a mathematical foundation
for modeling a cross-stage reverse logistics plan that enables
defective products with differing degrees of damage to be
returned to upstream partners in the stages of a supply chain
for maintenance, replacement, or restructuring. This cross-
stage reverse logisticsmodel can help save time, lessen unnec-
essary deliveries, and, more importantly, meet the conditions
of reverse logistics operation more efficiently.

Recently, GAs have been regarded as a novel approach
to solving complex, large-scale, and real-world optimiza-
tion problems [6, 36–42]. Moreover, the PSO proposed by
Kennedy and Eberhart [43] was an iteration optimization
instrument, generating a group of initial solutions at the
beginning and then acquiring the optimal value through
iteration. Liao and Rittscher [44] applied this instrument
to scheduling problems related to industrial piece work
requiring minimal completion time. Zhang et al. [45] applied
PSO to solve the minimization problems of the project
duration for resource-constrained scheduling. Shi et al. [46]
applied a PSO to the traveling salesman problem. Che [47]
developed a PSO-based back-propagation artificial neural
network for estimating the product and mold costs of plastic
injection molding and Che [48] proposed a modified PSO
method for solving multiechelon unbalanced supply chain
planning problems. Priya and Lakshmi [49] applied PSO for
performing the real time control of spherical tank system
and Ali et al. [50] used the PSO for solving the constrained
numerical and engineering benchmark problems. Other
related studies concerning the use of PSO for the optimization
problems are [51–54].

In addition, Dong et al. [55] compared the improved PSO,
a combinatorial particle swarm optimization (CPSO), with
GA, and the results showed that the improved PSO was more
effective in solving nonlinear problems. Yin and Wang [56]
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Figure 2: The transportation model of reverse logistics.

used PSO to solve nonlinear resource allocation problems
and compared PSO with the GA. They found that the
efficiency and potency of a PSO were higher than those of
a GA. Salman et al. [57] applied PSO to solve the efficiency
rates of tasks assigned to computers or parallel computer
systems and compared the results with those of GA. The
results showed that PSOhas faster execution and convergence
speeds than the GA. Based on our research, no previous stud-
ies have applied PSO to cross-stage reverse logistics problems;
therefore, to solve this problem, this study used three updated
PSO methods: the inertia weight method (PSOA IWM),
constriction factor method (PSOA CFM), and 𝑉Max method
(PSOA VMM). The results were then compared with those
using the GA regarding system execution time, convergence
time, and objective function value.

The remainder of this paper is structured as follows.
Section 2 introduces the proposed mathematical foundation
and solving algorithms for modeling and solving cross-
stage reverse logistics problems. Section 3 presents illustrative
examples and the comparative and analytical results of the
algorithms. Finally, Section 4 provides the conclusion of this
study and offers suggestions for future research.

2. Mathematical Foundation and
Solving Models for Cross-Stage Reverse
Logistics Problems

2.1. Problem Description. Reverse logistics activities include
recycling, rework, replacement, and waste disposal; however,
the reverse logistics activity of each function differs. There-
fore, this study designed a forward and reverse cross-stage
logistics system for maintaining, reassembling, and packag-
ing recycled defective products. The structure is shown in
Figure 2.

When downstream partners generate defective products,
the products can be returned directly to upstream supply
chain partners for maintenance to restore product function
and value, based on the degree of damage. Therefore, this
study supposed that, when defective products are generated,
they can be divided into N parts according to the average
volume of defective products generated by a particular
supplier. Downstream partners can then return defective
products, based on the divided quantity, to upstreampartners
for maintenance. For example, when the first partner of the
fourth stage generates defective products, the total defective
amount is divided into three parts and then sent to the first,
second, and third stage partners separately in the supply
chain, thereby reducing general reverse logistics costs and
transportation time.

For supply chain partner selection, this study considered
productivity restrictions, transportation costs, manufactur-
ing costs, transportation time, manufacturing quality, and
other parameters. The 𝑇-transfer approach is a common sta-
tistical technology that is employed to integrate variables. In
this study, the𝑇-transfer of transportation costs, manufactur-
ing costs, transportation time, andmanufacturing qualitywas
integrated into the objective function standards. 𝑇-transfer
is a common statistics technology first proposed by McCall
[58]; it is defined as follows: “𝑇-Scores are a transformation
of raw scores into a standard form, where the transformation
is made when there is no knowledge of the population’s
mean and standard deviation.” 𝑇-scores have a mean of 50
and a standard deviation of 10. Che [59] considered the
manufacturing cost and time, transportation cost and time,
product quality, and green appraisal score in selecting green
suppliers when establishing a green supply chain and used
𝑇-transfer technology to transform the data. Cost, time,
quality, and green appraisal score aremeasurable criteria with
different units; thus, in this study the𝑇-transfer approachwas
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Figure 3: The structure of this study.

also employed to first transform the original scores of each
criterion into a standard form and then to integrate them.

To satisfy the conditions of the actual production situa-
tion, this study used transportation losses andmanufacturing
losses to construct an unbalanced supply chain network. In
considering the characteristics of all the suppliers addressed
in this study, we developed a cross-stage reverse logistics
course planning system for single-product and multiperiod
programming.

We programmed the reverse logistics for recycled defec-
tive products, which were returned directly to the upstream
supply chain partners for maintenance, reassembly, and
repackaging through the cross-stage reverse logistics course
programming based on the degree and nature of the damage.
For selecting supply chain partners, this study considered
the manufacturing characteristics (transportation costs, pro-
duction costs, upper and lower limit of productivity, man-
ufacturer’s defective product rate, transportation losses rate,
and manufacturing quality) to construct the reverse logistics
programming model. Based on these data, optimal manufac-
turing quality with minimal production cost, transportation
cost, and transportation time can be determined.

In considering the different evaluation criteria, this study
𝑇-transferred the database and used theVisual Basic program
language to compile four solution models, including GA,
PSOA IWM, PSOA VMM, and PSOA CFM. The consid-
ered parameters in the supplier database were combined to
develop a set for designing reverse logistics course planning
systems. The framework of this study is shown in Figure 3.

Analysis of variance (ANOVA) and Scheffé analyseswere per-
formed to compare the objective function values (𝑇-score),
convergence times, and run times of the four algorithms to
verify the validity of this study and the performance of the
four algorithms.

2.2. Mathematical Foundation for Cross-Stage Reverse Logis-
tics Problems. The optimal mathematical model of cross-
stage reverse logistics was developed as described in the
following steps. The definitions of notations used in this
model are listed as follows.
Notations for developing the optimal mathematical model:

Parameters

𝑖, 𝑗: Serial number of supplier
𝑖 = 1, 2, 3, . . . , 𝐼; 𝑗 = 1, 2, 3, . . . , 𝐽

𝑛: Production period 𝑛 = 1, 2, 3, . . . , 𝑁

𝑠, 𝑟𝑠: Stages of the supply chain network,
𝑠 = 1, 2, 3, . . . , 𝑆; 𝑟𝑠 = 1, 2, 3, . . . , 𝑆

𝐼, 𝐽: Total number of suppliers
𝑁: Total production periods
𝑆: Total stages of supply chain network
𝐶𝐷
𝑛

(𝑠.𝑖)
: Customer requirement of supplier 𝑖 at

stage 𝑠 for period 𝑛

Min𝐶𝑃
(𝑠.𝑖)

: Minimal starting up productivity of
supplier 𝑖 at stage 𝑠

Max𝐶𝑃
(𝑠.𝑖)

: Maximal starting up productivity of
supplier 𝑖 at stage 𝑠
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𝑃𝐶
(𝑠.𝑖)

: Manufacturing cost of supplier 𝑖 at
stage 𝑠

𝑃𝑄
(𝑠.𝑖)

: Product quality of supplier 𝑖 at stage 𝑠
𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation cost from supplier 𝑖 at
stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1

𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation time from supplier 𝑖 at
stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1

𝑃𝐶
(𝑠.𝑖)

: Average manufacturing cost of supplier
𝑖 at stage 𝑠

𝑃𝑄
𝑠.𝑖
: Average product quality of supplier 𝑖 at

stage 𝑠
𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

: Average transportation cost from
supplier 𝑖 at stage 𝑠 to supplier 𝑗 at stage
𝑠 + 1

𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

: Average transportation time from
supplier 𝑖 at stage 𝑠 to supplier 𝑗 at stage
𝑠 + 1

𝑇
𝑃𝐶
(𝑠.𝑖)

: Manufacturing cost of supplier 𝑖 at
stage 𝑠 after 𝑇-transfer

𝑇
𝑃𝑄
𝑠.𝑖
: Product quality of supplier 𝑖 at stage 𝑠

after 𝑇-transfer
𝑇
𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation cost from supplier 𝑖 at
stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1 after
𝑇-transfer

𝑇
𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation time from supplier 𝑖 at
stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1 after
𝑇-transfer

𝑆𝐺
𝑃𝐶𝑠.𝑖

: Manufacturing cost standard deviation
of supplier 𝑖 at stage 𝑠

𝑆𝐺
𝑇𝐶((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation cost standard deviation
of supplier 𝑖 at stage 𝑠 to supplier 𝑗 at
stage 𝑠 + 1

𝑆𝐺
𝑃𝑄𝑠.𝑖

: Product quality standard deviation of
supplier 𝑖 at stage 𝑠

𝑆𝐺
𝑇𝑆((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation time standard deviation
of supplier 𝑖 at stage 𝑠 to supplier 𝑗 at
stage 𝑠 + 1

𝐹𝑅
(𝑠.𝑖)

: Defective product rates of supplier 𝑖 at
stage 𝑠

𝑇𝐹𝑅
((𝑠.𝑖),(𝑠+1.𝑗))

: Transportation loss rate from supplier 𝑖
at stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1

𝑤
𝑃𝐶,

𝑤
𝑇𝐶,

𝑤
𝑇𝑆,

𝑤
𝑃𝑄,

: Weights of manufacturing cost,
transportation cost, transportation
time, and product quality

‖ ‖: Integer function for obtaining the
integer value of the real number by
eliminating its decimal.

Decision Variables

𝑈
𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
: Transportation quantity from supplier 𝑖 at

stage 𝑠 to supplier 𝑗 at stage 𝑠 + 1 for period
𝑛

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
: Defective products quantity from supplier

𝑗 at stage 𝑟𝑠 to supplier 𝑖 at stage 𝑠 stage for
term 𝑛.

Notations for developing the update models for the position
and velocity of each particle:

𝑐
1
, 𝑐
2
: Learning factors

𝐾: Constriction factor
rand(): Random numbers between 0 and 1
𝑠
∗

𝑖
: Pbest memory value of particle 𝑖

𝑠
#
𝑖
: Gbest memory value of particle 𝑖

𝑠
new
𝑖

: New position of particle 𝑖
Vold
𝑖
: Original velocity of particle 𝑖

Vnew
𝑖

: New velocity of particle 𝑖
Vmax: The set maximal velocity
𝑤: Inertia weight

𝜙:
Totaling of cognition parameter and social
parameter, which must exceed 4.

Notations for performing hypotheses on the objective func-
tion value, convergence time, and completion time among
four proposed approaches:

𝐶𝑇GA: Convergence time of GA
𝐶𝑇PSOA IWM: Convergence time of PSOA IWM
𝐶𝑇PSOA VMM: Convergence time of PSOA VMM
𝐶𝑇PSOA CFM: Convergence time of PSOA CFM
𝐹𝑇GA: Completion time of GA
𝐹𝑇PSOA IWM: Completion time of PSOA IWM
𝐹𝑇PSOA VMM: Completion time of PSOA VMM
𝐹𝑇PSOA CFM: Completion time of PSOA CFM
ObjGA: Objective function value of GA
ObjPSOA IWM: Objective function value of PSOA IWM
ObjPSOA VMM: Objective function value of PSOA VMM
ObjPSOA CFM: Objective function value of PSOA CFM.

Acquire the minimization of manufacturing costs, trans-
portation costs, and transportation time, as well as the
maximization of the manufacturing quality of the different
suppliers, at various stages of forward and reverse logistics.

Manufacturing cost for forward logistics:

𝑓𝑃𝐶

=

𝑁

∑

𝑛=1

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑃𝐶
(𝑠.𝑖)

× [

[



𝑈
𝑛

((𝑠.𝑖),(𝑠+1.1))

1 − 𝐹𝑅
(𝑠.𝑖)



+

𝐽

∑

𝑗=2


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1−𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)

]

]

.

(1)

Transportation cost for forward logistics:

𝑓𝑇𝐶 =

𝑁

∑

𝑛=1

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝐽

∑

𝑗=1

𝑇
𝑇𝐶
(𝑠.𝑖),(𝑠+1,𝑗)

𝑈
𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
. (2)
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Product quality for forward logistics:

𝑓𝑃𝑄

=

𝑁

∑

𝑛=1

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑃𝑄
(𝑠.𝑖)

× [

[



𝑈
𝑛

((𝑠.𝑖),(𝑠+1.1))

1 − 𝐹𝑅
(𝑠.𝑖)



+

𝐽

∑

𝑗=2


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1−𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)

]

]

.

(3)

Transportation time for forward logistics:

𝑓𝑇𝑆 =

𝑁

∑

𝑛=1

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝐽

∑

𝑗=1

𝑇
𝑇𝑆
(𝑠.𝑖),(𝑠+1,𝑗)

𝑈
𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
. (4)

Manufacturing cost for reverse logistics:

𝑟𝑃𝐶 =

𝑁

∑

𝑛=2

𝑆−1

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑃𝐶
(𝑠.𝑖)

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
. (5)

Transportation cost for reverse logistics:

𝑟𝑇𝐶 =

𝑁

∑

𝑛=2

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑇𝐶
((𝑟𝑠.𝑗),(𝑠.𝑖))

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
. (6)

Product quality for reverse logistics:

𝑟𝑃𝑄 =

𝑁

∑

𝑛=2

𝑆−1

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑃𝑄
(𝑠.𝑖)

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
. (7)

Transportation time for reverse logistics:

𝑟𝑇𝑆 =

𝑁

∑

𝑛=2

𝑆

∑

𝑠=1

𝐼

∑

𝑖=1

𝑇
𝑇𝑆
((𝑟𝑠.𝑗),(𝑠.𝑖))

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
. (8)

The objective function is expressed as follows:

Minimize 𝑍 = 𝑤
𝑃𝐶

(𝑓𝑃𝐶 + 𝑟𝑃𝐶)

+ 𝑤
𝑇𝐶

(𝑓𝑇𝐶 + 𝑟𝑇𝐶)

− 𝑤
𝑃𝑄

(𝑓𝑃𝑄 + 𝑟𝑃𝑄)

+ 𝑤
𝑇𝑆

(𝑓𝑇𝑆 + 𝑟𝑇𝑆)

s.t.

(9)

Upper and lower limits of productivity of all the suppliers:

Min𝐶𝑃
(𝑠.𝑖)

≤

𝐽

∑

𝑗=1


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1 − 𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)


+

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛−1

((𝑟𝑠.𝑗),(𝑠.𝑖))
≤ Max𝐶𝑃

(𝑠.𝑖)

for 𝑛 = 1, 2, 3, . . . , 𝑁;

𝑠 = 2, 3, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼;

(10)

Min𝐶𝑃
(𝑠.𝑖)

≤

𝐽

∑

𝑗=1



𝑈
𝑛

((𝑠.𝑖),(𝑠+1.𝑗))

1 − 𝐹𝑅
(𝑠.𝑖)



+

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛−1

((𝑟𝑠.𝑗),(𝑠.𝑖))
≤ Max𝐶𝑃

(𝑠.𝑖)

for 𝑛 = 1, 2, 3, . . . , 𝑁; 𝑠 = 1;

𝑖 = 1, 2, 3, . . . , 𝐼.

(11)

Ensure the balance between the input and output of all part-
ners by considering the transportation defective rate:

𝐽

∑

𝑗=1


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1 − 𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)


+

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛−1

((𝑟𝑠.𝑗),(𝑠.𝑖))

=

𝐽

∑

𝑗=1

𝑈
𝑛

((𝑠+1.𝑗),(𝑠.𝑖))
+

𝑠−1

∑

𝑟𝑠=1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑠.𝑖),(𝑟𝑠.𝑗))

for 𝑛 = 1, 2, 3, . . . , 𝑁;

𝑠 = 1, 2, 3, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼;

(12)

𝑠

∑

𝑟𝑠=1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))

=



(

𝐽

∑

𝑗=1


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1 − 𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)


+

𝑆

∑

𝑟𝑠=𝑠+1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛−1

((𝑟𝑠.𝑗),(𝑠.𝑖))
)𝐹𝑅
(𝑠.𝑖)



for 𝑛 = 1, 2, 3, . . . , 𝑁;

𝑠 = 1, 2, 3, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼.

(13)
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The product quantity should meet customer requirements:

𝐽

∑

𝑗=1


𝑈
𝑛

((𝑠−1.𝑗),(𝑠.𝑖))
(1 − 𝑇𝐹𝑅

((𝑠−1,𝑗),(𝑠.𝑖))
)


−

𝑠−1

∑

𝑟𝑠=1

𝐽

∑

𝑗=1

𝑅𝑈
𝑛

((𝑠.𝑖),(𝑠−𝑟𝑠.𝑗))
= 𝐶𝐷

𝑛

(𝑠.𝑖)

for 𝑛 = 1, 2, 3, . . . , 𝑁; 𝑠 = 𝑆;

𝑖 = 1, 2, 3, . . . , 𝐼.

(14)

The weights of manufacturing cost, transportation cost,
transportation time, and product quality should be not less
than 0 and not more than 1:

0 ≤ 𝑤
𝑃𝐶

, 𝑤
𝑇𝐶

, 𝑤
𝑇𝑆
, 𝑤
𝑃𝑄

≤ 1,

𝑤
𝑃𝐶

+ 𝑤
𝑇𝐶

+ 𝑤
𝑇𝑆

+ 𝑤
𝑃𝑄

= 1.

(15)

The defective products returned in the first period during the
multiperiods of production number zero:

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠,𝑖))
= 0 for 𝑛 ≤ 0; 𝑠 = 1, 2, 3, 4, . . . , 𝑆 − 1;

𝑟𝑠 = 𝑠 + 1, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼;

𝑗 = 1, 2, 3, . . . , 𝐽.

(16)

The forward and reverse transportation volume must be
larger than zero and be an integer:

𝑈
𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
≥ 0 and 𝑈

𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
∈ Integer

for 𝑛 = 1, 2, 3, . . . , 𝑁; 𝑠 = 1, 2, 3, . . . , 𝑆;

𝑖 = 1, 2, 3, . . . , 𝐼; 𝑗 = 1, 2, 3, . . . , 𝐽;

(17)

𝑅𝑈
𝑛

((𝑟𝑠.𝑗),(𝑠.𝑖))
≥ 0 and 𝑈

𝑛

((𝑠.𝑖),(𝑠+1.𝑗))
∈ Integer

for 𝑠 = 1, 2, 3, . . . , 𝑆; 𝑟𝑠 = 𝑆 + 1, . . . 𝑆;

𝑛 = 1, 2, 3, . . . , 𝑁; 𝑖 = 1, 2, 3, . . . , 𝐼; 𝑗 = 1, 2, 3, . . . , 𝐽.

(18)

Manufacturing costs, transportation costs, manufacturing
quality, and transportation time should be 𝑇-transferred:

𝑇
𝑃𝐶
(𝑠.𝑖)

=
𝑃𝐶
(𝑠.𝑖)

− 𝑃𝐶
(𝑠.𝑖)

𝑆𝐺
𝑃𝐶(𝑠.𝑖)

/10
+ 50 for 𝑠 = 1, 2, 3, . . . , 𝑆;

𝑖 = 1, 2, 3, . . . , 𝐼;

𝑇
𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

=
𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

− 𝑇𝐶
((𝑠.𝑖),(𝑠+1.𝑗))

𝑆𝐺
𝑇𝐶((𝑠.𝑖),(𝑠+1.𝑗))

/10
+ 50

for 𝑠 = 1, 2, 3, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼;

𝑗 = 1, 2, 3, . . . , 𝐽;

𝑇
𝑃𝑄
(𝑠.𝑖)

=
𝑃𝑄
(𝑠.𝑖)

− 𝑃𝑄
(𝑠.𝑖)

𝑆𝐺
𝑃𝑄(𝑠.𝑖)

/10
+ 50 for 𝑠 = 1, 2, 3, . . . , 𝑆;

𝑖 = 1, 2, 3, . . . , 𝐼;

𝑇
𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

=
𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

− 𝑇𝑆
((𝑠.𝑖),(𝑠+1.𝑗))

𝑆𝐺
𝑇𝑆((𝑠.𝑖),(𝑠+1.𝑗))

/10
+ 50

for 𝑠 = 1, 2, 3, . . . , 𝑆; 𝑖 = 1, 2, 3, . . . , 𝐼;

𝑗 = 1, 2, 3, . . . , 𝐽.

(19)

2.3. Proposed Models for Solving Cross-Stage Reverse Logistics
Problems

2.3.1. GA-Solving Model. The detailed procedures of a GA-
solving model are described as follows.

Step 1. The encoding of this study was performed according
to the cross-stage reverse logistics problem including forward
and reverse transportation routes; therefore, one route is one
encoding value. The scope is randomly generated based on
the demands and (10)–(14). The chromosome structure is
shown in Figure 4. The gene cell index 1.1–2.1 in the figure
represents the products sent from the first supplier of the first
stage to the initial supplier of the second stage within the
supply chain structure, whereas the gene value represents the
transportation volumes from upstream to downstream.

Step 2. Substitute all the generated encoding values in the
objective function equation (1) of this study to acquire the
fitness function value of each gene.

Step 3. This study adopted the roulette wheel selection
proposed by Goldberg [60], which is performed before
cloning to solve the minimization problem of this study.
It then selects the reciprocal of fitness function generated in
Step 2 and calculates the cumulative probability of each strip
of chromosome; the larger probability value indicates that
this chromosome has a greater likelihood of being duplicated.
One probability value between 0 and 1 is generated, the
suitable fitness function is determined, and cloning is carried
out.

Step 4. The crossover of this study involves using the single-
point crossover method. Randomly select two chromosomes
from the parent body for crossover, and generate one
crossover point, then exchange the genes of the chromosome.
The crossover course is shown in Figure 5.

Step 5. The mutation of this study also adopts a single-point
mutationmethod and treats the delivery route of one supplier
as a “single-point” of value.Themutationmethod is shown in
Figure 6.

Step 6. The new filial generation was generated through the
gene evolution of Steps 3–5; if the optimal fitness function
value of the filial generation is higher than that of the parental
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Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6
Gene value 236 224 115 75 55 69 · · · 75 65 78 99 63

Figure 4: Chromosome structure.

Parent-1
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

Gene value 236 224 115 75 55 69 · · · 75 65 78 99 63

Parent-2
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

89 56 32 63 99 96 · · · 45 56 32 106 88Gene value

Child-1
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

Gene value 236 224 115 75 55 69 · · · 45 56 32 106 88

Child-2
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

Gene value 89 56 32 63 99 96 · · · 75 65 78 99 63

Crossover pointAfter crossover

Figure 5: Crossover process.

Old
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

Gene value 236 224 115 75 55 69 · · · 45 56 32 106 88

New
Gene cell index 1.1–2.1 1.2–2.1 1.3–2.1 1.1–2.2 1.2–2.2 1.3–2.2 · · · 3.1–4.6 3.2–4.6 3.3–4.6 3.4–4.6 3.5–4.6

Gene value 89 56 32 56 99 44 · · · 75 65 78 99 63

Mutation point

After mutation

Figure 6: Mutation process.

Line
Particle 1 2 3 4 5 6 · · · 60 61 62

Volume 103 27 30 140 158 18 · · · 308 15 61

1.1−2.2F 1.1−2.2F 1.1−2.3F 1.1−2.4F 1.2−2.1F 1.2−2.2F · · · 3.3−4.6F 3.4−4.6F 3.5−4.6F

Figure 7: Particle swarm encoding for forward logistics.

Particle 1 2 3 4 5 6 117 118 119
Line

Volume 0 0 42 9 0 0 0 2 0

2.1−1.1R 2.1−1.2R 2.1−1.3R 2.2−1.1R 2.2−1.2R 2.2−1.3R · · ·

· · ·

· · ·

4.6−3.3R 4.6−3.4R 4.6−3.5R

Figure 8: Particle swarm encoding for reverse logistics.

generation, then this would replace the parental generation as
the new parent generation; otherwise, the original parental
generation would be reserved to conduct the evolution of the
next generation.

Step 7. This study sets the iteration times as the termination
condition for gene evolution.

2.3.2. PSO-Solving Models. The detailed procedures involved
in PSO-solving models are described as follows.

Step 8. Set the relative coefficients as particle population,
velocity, weight, and iteration times; then all forward and

reverse transportation routes are viewed as one particle based
on the supply chain structure. The forward and reverse
particle swarm encodings are shown in Figures 7 and 8,
1.1–2.1F in Figure 7 represents the products sent from the
first supplier of the first stage to the first supplier of the
second stage, and 2.1–1.1R in Figure 8 represents the products
returned to the first suppliers of the first stage from the first
suppliers of the second stage.

The forward transportation volume produces the parental
generation solution, adopting demand, transportation loss,
manufacturer’s defective products, and (10)–(14) as the ran-
dom variant scope for the particles. Each particle has its own
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initial parameters of velocity and position, generated within
the scope of 0–1.The velocity and position would be renewed,
and the reverse part is delivered according to the proportion,
based on the quantity of defective products generated by
the downstream suppliers of each stage. For example, the
defective products generated by the fourth stage retailer
would first be divided into 30%, 30%, and 40%, according
to the proportion, and then delivered to the suppliers of the
third, second, and first stages.

Step 9. All particles received by the initial solutions of objec-
tive function equation (1) are carried to conduct the opera-
tion to achieve minimal transportation costs, transportation
times, and manufacturing costs, as well as maximizing the
manufacturing quality for each granule particle.

Step 10. The target value of each particle generated in Step 9
is compared to receive Gbest.

Step 11. Modify the Pbest andGbest. If the Pbest is better than
the Gbest, then the Pbest would replace the Gbest.

Step 12. For the renewal portion of this study, the inertia
weight method (PSOA IWM) proposed by Eberhart and Shi
[61], the constriction factor method (PSOA CFM) proposed
by Clerc [62], and the𝑉Max method (PSOA VMM) proposed
by Eberhart and Kennedy [43, 63] were used to update the
position and velocity of each particle.The updated modes are
listed as follows (descriptions of notations are listed in the
appendix).

(1) PSOA IWM (Eberhart and Shi [61]):

Vnew
𝑖

= 𝑤Vold
𝑖

+ 𝑐
1
× rand () × (𝑠

∗

𝑖
− 𝑠

old
𝑖

) + 𝑐
2

× rand () × (𝑠
#
𝑖
− 𝑠

old
𝑖

) ,

𝑠
new
𝑖

= 𝑠
old
𝑖

+ Vnew
𝑖

.

(20)

(2) PSOA VMM (Eberhart and Kennedy [43, 63]):

Vnew
𝑖

= Vold
𝑖

+ 𝑐
1
× rand () × (𝑠

∗

𝑖
− 𝑠

old
𝑖

) + 𝑐
2

× rand () × (𝑠
#
𝑖
− 𝑠

old
𝑖

) ,

𝑠
new
𝑖

= 𝑠
old
𝑖

+ Vnew
𝑖

if V
𝑖
> Vmax, V

𝑖
= Vmax

else if V
𝑖
< −Vmax, V

𝑖
= −Vmax.

(21)

When the particle velocity was too extreme, it could be
guided to the normal velocity vector.

(3) PSOA CFM (Clerc [62]):

Vnew
𝑖

= 𝑘 × ⟨Vold
𝑖

+ 𝑐
1
× rand () × (𝑠

∗

𝑖
− 𝑠

old
𝑖

)

+𝑐
2
× rand () × (𝑠

#
𝑖
− 𝑠

old
𝑖

)⟩ ,

𝑠
new
𝑖

= 𝑠
old
𝑖

+ Vnew
𝑖

,

𝐾 =
2

2 − 𝜑 − √𝜑2 − 4𝜑

,

𝜙 = 𝑐
1
+ 𝑐
2
, 𝜙 > 4.

(22)

Step 13. After the velocity and position of the particles are
updated, theymust be verified to determinewhether theymet
(10)–(18) and the set maximal velocity; if these conditions are
not met, then the renewal formulae would be used until the
renovation meets the restriction formula.

Step 14. Steps 9–13 would be repeated based on iteration
times, the Gbest of each iteration time would be compared,
and then the iteration times would be used as the condition
for stopping the calculation. The final algorithm presents the
delivery quantity and target value of the forward and reverse
routes.

3. Illustrative Example and Results Analysis

This section presents an illustrative example involving a semi-
conductor supply chain network to demonstrate the effective-
ness of the proposed approaches. A typical semiconductor
supply chain network is shown in Figure 9.The chain includes
a multistage process: obtaining silicon material, material
fabrication, wafer fabrication, and a final test. In each stage,
there are many enterprises that perform the production
processes to fulfill the demand of the customer.

This case programmed one unbalanced supply chain net-
work structure, including forward and reverse logistics, so
that downstream suppliers or retailers can return defective
products directly to upstream supply chain partners. The
manufacturer can restore a broken product’s function,
depending on the damage, so that the product’s purpose is
recovered. This case addressed forward and reverse logistics
partner selection and quantity delivery problems using a {3-
4-5-6} network structure. It also programmed a three-period
customer requirement list for a single product.This case sup-
posed that the initial inventory of the first period was
zero, transportation losses were considered waste and cannot
be reproduced, and different reverse logistics for defective
products of different damage levels were programmed. For
example, when 10 defective products were generated by the
first supplier of the fourth stage, this study assumes that 30%
were returned to the third stage, 30% were returned to the
second stage, and the rest were returned to the first stage.
Therefore, the reverse logistics of this study would generate
a cross-stage reverse delivery status.

This study considered the productivity restrictions, man-
ufacturing costs, delivery costs, manufacturing quality, and
transportation time for all suppliers in selecting supply chain
partners.This study also considered themanufacturer’s defec-
tive product rate and the transportation loss rate of suppliers
to form a so-called “unbalanced” supply chain network. The
details of all of the suppliers are shown in Figure 10 and
Table 1. In addition, the weights of manufacturing costs,
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Figure 9: Typical supply chain network for semiconductor.

transportation costs, transportation time, and product qual-
ity were assumed to be equal.

This study used GA, PSOA IWM, PSOA CFM, and
PSOA VMM both to solve the problem of the optimal math-
ematical model of cross-stage reverse logistics constructed by
this study and to determine the optimal parameter values.
We used the experimental design to determine the optimal
parameter values, and the parameters of the GA used in this
study refer to the proposal of Eiben et al. [64]. It is possible
to determine the optimal solution when the mutation rate
is 0.005–0.01 and the crossover rate is 0.75–0.95. This study
conducted 16 groups of experimental designs for the parental
bodies (10, 20), crossover rates (0.6, 0.95), mutation rates
(0.02, 0.05), and generation (1000, 2000). Each group was
repeated 10 times to obtain the average, and the optimal
parameter values were as follows: parental generation (20);
crossover rate (0.6); mutation rate (0.05); generation (2000).
The experimental results are shown in Table 2.

For the PSO, this study used PSOA IWM, PSOA CFM,
and PSOA VMM to solve the problems. PSOA IWM was
suggested by Eberhart and Shi [61], so, when𝑊 was between
0.9–1.25, it had a higher chance of achieving the optimal solu-
tion; the design of PSOA IWM parameters was as follows:
particle population (10, 20), velocity (30, 50), weight (0.4, 0.9),
and generation (1000, 2000). Sixteen groups of experiments
were designed and each group was repeated 10 times to
gain the average convergence value, completion time, and
convergence time.The optimal parameters of the experimen-
tal results were as follows: particle: 20; weight: 0.4; veloc-
ity: 50; generation: 2000. The experimental results are shown
in Table 3. PSOA CFM refers to the 𝑐

1
= 2.05, 𝑐

2
= 2.05 pro-

posed byClerc [62], 𝑐
1
= 2.8, 𝑐

2
= 1.3proposed byZhang et al.

[45], the particle (10, 20), and the generation (1000, 2000);
16 groups of experiments were designed, respectively, with
each group being repeated 10 times to acquire the average
convergence value, completion time, and convergence time.
The optimal parameters of the experimental result were as
follows: particle = 20, 𝑐

1
= 2.8, 𝑐

2
= 1.3, velocity = 50,

and generation = 2000. The experimental results are shown
in Table 4. PSOA VMM used the following values: particle
(10, 20), velocity (30, 50), and generation (1000, 2000), to
conduct eight groups of experimental designs, respectively,
with each group repeated 10 times to acquire the average
convergence value, completion time, and convergence time.
The optimal parameters of the experimental results were as
follows: particle = 20; velocity = 50; generation = 2000. The
experimental results are shown in Table 5.

For the hardware configuration of this experiment, the
CPU was P4-3.0GHz and the RAM DDR was 512 MB. This
study used ANOVA and Scheffé to verify system operation
times and convergence times and to select the indices for the
GA and the three renovation methods. The Scheffé method
was first promoted by Scheffé [65] to assess the relationship
among the selection factors. ANOVA is a statistical technique
that can be used to evaluate whether there are differences
between the average values or means across several popu-
lation groups. The Scheffé method, one of the multiple-
comparison approaches, refers to tests designed to establish
whether there are differences between particular levels in an
ANOVA design, that is, to determine which variable among
several independent variables is statistically the most differ-
ent. The verification results are shown in Tables 6, 7, and 8.

Tables 6–8 show that all 𝐻
0
are rejected. Finally, the

Scheffé method was used to make multiple comparisons of
the selection index, system execution time, and convergence
time of all the algorithms, and their differences. The Scheffé
formula is presented as

(𝑥
𝑖
− 𝑥
𝑗
− √(𝑘 − 1) 𝐹𝛼(𝑘−1)(𝑛−𝑘)√MSE(

1

𝑛
𝑖

+
1

𝑛
𝑗

),

𝑥
𝑖
− 𝑥
𝑗
+ √(𝑘 − 1) 𝐹𝛼(𝑘−1)(𝑛−𝑘)√MSE(

1

𝑛
𝑖

+
1

𝑛
𝑗

)) .

(23)
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Figure 10: {3-4-5-6} forward and reverse supply chain network.

Table 9 shows ObjPSOA VMM > ObjGA = ObjPSOA IWM =

ObjPSOA CFM; that is, GA, PSOA IWM, and PSOA CFM are
all better than PSOA VMM, and there are no clear differ-
ences in the selection indices of the three algorithms. The
comparative result of system execution is shown in Table 10,
and 𝐹𝑇GA > 𝐹𝑇PSOA IWM = 𝐹𝑇PSOA VMM = 𝐹𝑇PSOA CFM
is the three PSO updating methods that are all superior to
GA. The convergence times of the algorithms are shown
in Table 11, and 𝐶𝑇GA > 𝐶𝑇PSOA CFM > 𝐶𝑇PSOA VMM >

𝐶𝑇PSOA IWM, that is, PSOA IWM, has faster convergence
speed than PSOA VMM, PSOA VMM, and GA. The results
show that PSOA IWM performs better in objective function
value solutions, execution times, and convergence times.

For validating the solving capabilities of the proposed
approaches in cross-stage reverse logistics problems, more
large-scope network structures {6-6-6-6}, {6-6-6-6-6}, {3-
10-10-60}, {6-8-8-10-30}, and {8-10-20-20-60} were demon-
strated. The analysis results also show that PSOA IWM has
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Table 2: Experimental design results of GA with different groups of parameters.

GA
Generation Population Mutation rate Crossover rate Convergence time (S) Execution time (S) Objective function value

1000

10
0.02 0.6 45.65 65.22 585845.5

0.95 36.91 52.72 586401.9

0.05 0.6 58.88 84.12 582052.4
0.95 60.12 85.88 585355.2

20
0.02 0.6 99.07 141.53 585731.7

0.95 58.49 83.57 579156.2

0.05 0.6 111.26 158.94 578879.4
0.95 94.15 134.51 578760.4

2000

10
0.02 0.6 59.42 112.12 583037.4

0.95 51.87 97.88 587388.3

0.05 0.6 90.85 171.42 576988.8
0.95 89.87 169.58 580298.8

20
0.02 0.6 88.23 166.49 576920.3

0.95 72.51 136.81 579347.1

0.05 0.6 155.42 293.72 575504.7
0.95 133.79 252.45 576902.9

Table 3: Experimental design results of PSOA IWM with different groups of parameters.

PSOA IWM
Generation Particle Velocity Weight Convergence time (S) Execution time (S) Objective function value

1000

10
20 0.4 1.17 2.49 581660.2

0.9 1.26 2.69 585355.5

50 0.4 2.28 4.86 588147.3
0.9 2.94 5.62 593565.2

20
20 0.4 3.45 5.21 593858.8

0.9 2.71 5.77 582468.5

50 0.4 5.76 10.12 581133.8
0.9 6.17 11.21 589921.1

2000

10
20 0.4 2.96 4.89 612950.3

0.9 2.38 5.21 581756.6

50 0.4 4.69 9.24 584003.4
0.9 5.10 10.26 585192.6

20
20 0.4 4.73 9.31 591258.4

0.9 5.02 10.06 580391.2

50 0.4 7.56 18.88 573972.1
0.9 11.94 22.34 580979.8

better capabilities for the proposed problems, as shown in
Table 12. Therefore, this study used PSOA IWM to solve
cross-stage reverse logistics problems.

Tables 13, 14, and 15 show the received forward and reverse
transportation volume of the three periods; since there were
no defective products generated in the first period, there is no
returned transportation volume. While this study considers
the transportation losses andmanufacturer’s losses, upstream
suppliers produced more products than required to ensure

that final demandwasmet.The quantity of defective products
from the second stage was acquired through the defective
product rate of all the suppliers. The reverse transportation
volume was divided and returned to the upstream supply
chain partners, respectively, according to the splitting ratio of
defective product quantity. For example, 30% of the defective
products generated by the fourth stage retailer would be
returned to the third stage, 30% to the second stage, and the
rest would be returned to the first stage; the third stage would
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Table 4: Experimental design results of PSOA CFM with different groups of parameters.

PSOA CFM
Generation Particle Velocity 𝑐

1
, 𝑐
2

Convergence time (S) Execution time (S) Objective function value

1000

10
20 2.05, 2.05 2.77 3.76 596860.2

2.8, 1.3 1.84 3.92 580909.7

50 2.05, 2.05 4.85 8.18 591679.5
2.8, 1.3 4.14 7.95 575782.2

20
20 2.05, 2.05 3.37 5.05 604557

2.8, 1.3 4.43 7.29 588076.4

50 2.05, 2.05 9.01 19.16 598957.1
2.8, 1.3 8.54 15.41 583530.4

2000

10
20 2.05, 2.05 6.45 9.08 579670.6

2.8, 1.3 6.20 8.68 574969.5

50 2.05, 2.05 11.53 19.22 601022.2
2.8, 1.3 9.86 16.44 583479.2

20
20 2.05, 2.05 8.34 15.57 594554.6

2.8, 1.3 9.91 16.53 579629.1

50 2.05, 2.05 22.64 37.74 605729.6
2.8, 1.3 18.84 31.40 574033.9

Table 5: Experimental design results of PSOA VMMwith different groups of parameters.

PSOA VMM
Generation Particle Velocity Convergence time (S) Execution time (S) Objective function value

1000
10 20 1.97 2.95 620767.6

50 3.89 5.81 626354.4

20 20 3.91 5.83 621080.6
50 8.74 13.04 616409.3

2000
10 20 3.53 5.21 617751.6

50 7.27 12.12 614025.9

20 20 7.13 10.05 614276.1
50 14.45 24.09 609603.7

Table 6: ANOVA verification of objective function.

Algorithm Total Average Variance
GA 17244286.9 574809.5 32263393.4
PSOA IWM 17206940.5 573564.6 25588275.7
PSOA VMM 18113738.4 603791.2 106679602.3
PSOA CFM 17252708.0 575090.2 157150309.7

Hypothesis: 𝐻
0
: ObjGA = ObjPSOA IWM = ObjPSOA VMM = ObjPSOA CFM 𝐻

1
: otherwise

𝑃 value = 3.59𝐸 − 28⇒ 𝐻
0
is rejected.

Table 7: ANOVA verification of completion time.

Algorithm Total Average Variance
GA 9207.5 306.9 3999.0
PSOA IWM 567.3 18.9 8.3
PSOA VMM 608.7 20.2 12.5
PSOA CFM 661.2 22.0 15.5

Hypothesis:𝐻
0
: 𝐹𝑇GA = 𝐹𝑇PSOA IWM = 𝐹𝑇PSOA VMM = 𝐹𝑇PSOA CFM 𝐻

1
: otherwise

𝑃 value = 7.62𝐸 − 71 ⇒ 𝐻
0
is rejected.
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Table 8: ANOVA verification of convergence time.

Algorithm Total Average Variance
GA 4662.6 155.4 96.7
PSO IWM 226.9 7.5 3.2
PSO VMM 433.2 14.4 10.1
PSO CFM 567.2 18.9 12.0

Hypothesis:𝐻
0
: 𝐶𝑇GA = 𝐶𝑇PSOA IWM = 𝐶𝑇PSOA VMM = 𝐶𝑇PSOA CFM 𝐻

1
: otherwise

𝑃-value = 3.25𝐸 − 122 ⇒ 𝐻
0
is rejected

Table 9: Multiple comparison on objective function.

ObjGA ObjPSOA IWM ObjPSOA VMM

ObjPSOA IWM (−, +)
ObjPSOA VMM (−, −) (−, −)
ObjPSOA CFM (+, −) (−, +) (+, +)

Table 10: Multiple comparison on execution time.

𝐹𝑇GA 𝐹𝑇PSOA IWM 𝐹𝑇PSOA VMM

𝐹𝑇PSOA IWM (+, +)
𝐹𝑇PSOA VMM (+, +) (−, +)
𝐹𝑇PSOA CFM (+, +) (−, +) (−, +)

Table 11: Multiple comparison on convergence time.

𝐶𝑇GA 𝐶𝑇PSOA IWM 𝐶𝑇PSOA VMM

𝐶𝑇PSOA IWM (+, +)
𝐶𝑇PSOA VMM (+, +) (−, −)
𝐶𝑇PSOA CFM (+, +) (−, −) (−, −)

Table 12: Analysis results on different network structures.

Network GA PSOA IWM PSOA CFM PSOA VMM

Objective function

3-4-5-6 574809.5a/1b 573564.6/1 575096.2/1 603791.2/2
6-6-6-6 644482.1/2 642426.8/1 650475.1/3 725523.7/4

3-10-10-60 972412.2/2 954457.3/1 980211.5/3 1022415.6/4
6-6-6-6-6 760460.1/2 758655.5/1 761552.1/3 823544.4/4
6-8-8-10-30 1201225.3/2 1153252.1/1 1242273.4/3 1345758.7/4
8-10-20-20-60 1685442.3/2 1637241.6/1 1711412.5/3 1811279.4/4

Execution time

3-4-5-6 306.9/2 18.9/1 22.0/1 20.2/1
6-6-6-6 326.4/2 41.8/1 42.4/1 39.0/1

3-10-10-60 621.4/4 74.5/3 65.8/2 61.3/1
6-6-6-6-6 533.1/3 61.0/2 51.3/1 48.4/1
6-8-8-10-30 782.6/4 112.5/3 92.1/2 85.2/1
8-10-20-20-60 997.8/4 187.4/3 138.5/2 102.7/1

Convergence time

3-4-5-6 155.4/4 7.5/1 18.9/3 14.4/2
6-6-6-6 196.6/2 18.6/1 22.7/1 22.6/1

3-10-10-60 415.3/3 28.7/1 30.2/2 31.2/2
6-6-6-6-6 302.9/3 23.6/1 26.5/2 27.2/2
6-8-8-10-30 557.4/3 35.2/1 40.7/2 42.5/2
8-10-20-20-60 632.5/4 39.8/1 44.2/2 48.6/3

aAverage value; branking (by multiple comparison).
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Table 13: The first period transportation plan by PSOA IWM.

From To Stage 1 Stage 2 Stage 3 Stage 4
1.1 1.2 1.3 2.1 2.2 2.3 2.4 3.1 3.2 3.3 3.4 3.5 4.1 4.2 4.3 4.4 4.5 4.6

Stage 1
1.1 0 0 0 34
1.2 5 646 17 0
1.3 1615 154 6 15

Stage 2

2.1 379 392 190 237 327
2.2 38 0 8 261 459
2.3 0 10 10 0 2
2.4 0 0 48 0 0

Stage 3

3.1 6 28 194 163 1 5
3.2 0 9 114 13 146 100
3.3 0 0 0 27 168 56
3.4 126 61 1 154 0 137
3.5 291 366 0 8 0 72

Demand 400 450 300 350 300 350

Table 14: The second period transportation plan by PSOA IWM.

From To Stage 1 Stage 2 Stage 3 Stage 4
1.1 1.2 1.3 2.1 2.2 2.3 2.4 3.1 3.2 3.3 3.4 3.5 4.1 4.2 4.3 4.4 4.5 4.6

Stage 1
1.1 29 142 72 158
1.2 120 43 150 24
1.3 576 845 194 128

Stage 2

2.1 12 0 19 177 115 148 90 164
2.2 9 6 8 189 139 51 183 421

2.3 0 0 0 104 78 130 74 12

2.4 0 0 0 136 30 15 91 37

Stage 3

3.1 1 2 1 3 1 0 0 67 95 130 69 126 95
3.2 2 4 0 2 0 3 0 41 54 111 106 27 5
3.3 0 0 1 0 1 0 0 11 2 74 73 81 95
3.4 2 0 3 1 1 2 0 36 45 23 148 127 43
3.5 2 1 5 0 1 1 5 162 165 131 24 92 25

Stage 4

4.1 2 0 2 0 4 0 0 0 1 1 0 2
4.2 0 2 0 0 1 0 0 0 1 0 0 0
4.3 2 0 0 0 0 0 2 0 0 0 1 1
4.4 1 0 0 0 0 1 0 0 0 0 0 1
4.5 0 3 0 1 2 0 0 2 1 0 0 0
4.6 3 1 0 1 2 0 0 2 0 0 0 1

Demand 300 350 450 400 430 250
Bold data are the reverse transportation volumes.

return 50% to the second stage, the rest would be returned to
the first stage, and the second stage supplier would directly
return the defective products to the first stage.

4. Conclusion and Suggestion

Enterprises should react to market changes to meet con-
sumer demands in a timely manner to maintain and enhance
competitive advantages in this rapidly changing market.

The cross-stage reverse logistics course described in this
study could help downstream partners return defective prod-
ucts to the upstream partners directly for maintaining and
recovering product function, which in turn could reduce
transportation costs and time. With this paper, we have
accomplished three tasks. (1) We presented a mathematical
model for partner selection and production-distribution
planning in multistage supply chain networks with cross-
stage reverse logistics. Based on our research, a mathematical



The Scientific World Journal 17

Table 15: The third period transportation plan by PSOA IWM.

From To Stage 1 Stage 2 Stage 3 Stage 4
1.1 1.2 1.3 2.1 2.2 2.3 2.4 3.1 3.2 3.3 3.4 3.5 4.1 4.2 4.3 4.4 4.5 4.6

Stage 1
1.1 227 24 48 73
1.2 17 47 0 65
1.3 900 738 84 37

Stage 2

2.1 7 3 3 133 156 180 239 383
2.2 4 2 23 172 121 144 234 96
2.3 2 4 1 45 0 66 27 0
2.4 2 1 0 3 0 73 33 71

Stage 3

3.1 5 0 1 2 2 1 4 0 4 129 11 134 64
3.2 3 2 0 2 0 2 1 4 3 100 53 57 49
3.3 1 0 1 0 1 0 0 0 81 75 50 139 107
3.4 0 1 3 0 0 4 0 80 50 49 174 36 125
3.5 1 5 0 1 3 1 1 180 172 64 27 0 77

Stage 4

4.1 1 1 1 0 0 2 1 1 1 0 1 0
4.2 0 1 0 0 0 1 0 0 1 0 0 0
4.3 1 0 2 0 0 0 3 0 0 2 0 1
4.4 2 0 0 0 0 1 0 0 0 0 1 0
4.5 3 0 2 3 0 0 1 3 0 1 0 0
4.6 1 0 2 1 0 1 0 0 1 0 0 1

Demand 250 300 400 300 350 400
Bold data are the reverse transportation volumes.

model for solving multistage supply chain design problems
considering the cross-stage reverse logistics has yet to be
presented. However, cross-stage reverse logistics shouldmeet
the practical logistics operation conditions; therefore, (2)
we applied a GA and three PSO algorithms to efficiently
solve the mathematical model of cross-stage reverse logistics
problems. In this paper, we emphasized the suitability of
adopting a GA and three PSOs to find the solution to the
mathematical model; hence, (3) we compared four proposed
algorithms to find which one works best with the proposed
problem. The comprehensive results show that PSOA IWM
has the qualities and capabilities for dealing with a multi-
stage supply chain design problem with cross-stage reverse
logistics. Further research should be conducted to employ
other heuristic algorithms such as ant colony and simulated
annealing for solving this problem.Consideration should also
be given to extending this developed approach to encompass
more complex problems such as problems involving resource
constraints, transportation, and economic batches.
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Artificial bee colony (ABC) algorithm, inspired by the intelligent foraging behavior of honey bees, was proposed by Karaboga.
It has been shown to be superior to some conventional intelligent algorithms such as genetic algorithm (GA), artificial colony
optimization (ACO), and particle swarm optimization (PSO). However, the ABC still has some limitations. For example, ABC can
easily get trapped in the local optimum when handing in functions that have a narrow curving valley, a high eccentric ellipse, or
complex multimodal functions. As a result, we proposed an enhanced ABC algorithm called EABC by introducing self-adaptive
searching strategy and artificial immune network operators to improve the exploitation and exploration. The simulation results
tested on a suite of unimodal or multimodal benchmark functions illustrate that the EABC algorithm outperforms ACO, PSO, and
the basic ABC in most of the experiments.

1. Introduction

With the rapid development of communication technology,
computer technology, and network technology, humans put
forward higher demand for efficient intelligent technolo-
gies. However, in view of the complexity, constraint, and
nonlinearity of practical issues, searching for all kinds of
emerging intelligent computing technologies for solving large
and complex problems has been paid attention by more and
more scholars.

As one of typical intelligent computing approaches,
swarm intelligence that combines biology and social based
heuristics has become a research interest to many research
scientists of related fields in recent years. It is based on the
collective behavior of social insects, flock of birds, or schools
of fish. The key components of swarm intelligence are self-
organization and division of labor. In a self-organization
system, each of the covered unitsmay respond to local stimuli
individually and act together to accomplish a global task

via division of labor without a centralized supervision. The
entire system can adapt to internal and external changes effi-
ciently [1, 2]. Particle swarm optimization (PSO) algorithm
introduced by Hsieh et al. in 2008 [3] can be thought of as
a typical swarm whose individual agents are birds and has
been widely used in all kinds of combination optimization
problems [4–7]. What is more, other algorithms such as
ant colony optimization (ACO) [8, 9] and artificial immune
network (aiNet) [10, 11] can also be considered as subfields of
swarm intelligence.

Nowadays, an artificial bee colony (ABC) algorithm,
inspired by the intelligent foraging behavior of honey bees,
was proposed by Karaboga [12]. Due to its simplicity and ease
of implementation, the ABC algorithm has captured much
attention and has been widely applied to solve many practical
optimization problems such as supply chain management
[13] and scheduling optimization [14]. In addition, a set
of well-known numerical comparisons have demonstrated
that the performance of ABC algorithm is competitive to
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other intelligent ones including genetic algorithm (GA),
PSO, differential evolution (DS), and evolution strategy (ES)
although it uses fewer control parameters [15–17].

However, similar to other intelligent algorithms, the ABC
still has some limitations. For example, the convergence speed
of ABC is slow because of its stochastic nature. What is
more, ABC can easily get trapped in the local optimumwhen
handing in functions that have a narrow curving valley, a high
eccentric ellipse, or complex multimodal functions [18]. All
these insufficiencies prevent the further applications of the
ABC algorithm.

Therefore, in this work, some modifications to the stan-
dard ABC algorithm are introduced for global optimization
of numerical functions. Firstly, ABC algorithm is extended
by employing the chaotic systems and the diversity-based
method when producing the initial population. Next, self-
adaptive searching strategy is incorporated into the employed
bee search process to improve the exploitation. In addition,
the enhanced algorithm retains the main steps of ABC
and incorporates an aiNet-based search technique, where
aiNet algorithm has powerful multimodal searching ability
as well as good stabilization due to its negative selection and
network compression operators. Therefore, ABC and aiNet
have complementary advantages, and a hybrid of the twomay
be a possible strategy to improve the performances of ABC.

The remainder of this paper is organized as follows. In
Section 2, the works related to the ABC algorithm are sum-
marized. In Section 3, the basic ABC algorithm is described.
Section 4 describes the modified ABC algorithm combined
with self-adaptive searching strategy and artificial immune
network operators. In Section 5, the testing of the proposed
algorithm through 15 benchmark functions problems is
carried out and the simulation results are compared. Finally,
conclusions and future works are provided in Section 6.

2. Previous Works on the ABC Algorithm

TheABC algorithm imitated the foraging behavior of honey-
bee andwas first applied to numerical optimization problems.
However, due to its weaknesses mentioned in Section 1, some
researchers proposedmany improved strategies. For example,
Alatas [19] used different chaotic maps to generate sequences
substituting random numbers for different parameters of
ABC when producing initial population. Moreover, Gao and
Liu [18, 20] also employed both the chaotic systems and
opposition-based learning methods to enhance the global
convergence. In these two literature works, authors also
developed an improved solution search equation which was
based on that the bee searched only for the best solution
of the previous iteration to improve the exploitation. The
experiments derived from a set of 28 benchmark functions
demonstrated that the performance of thismethodwas better
than the other methods. Unlike these studies mentioned
above, inspired by PSO, Zhu andKwong [21] proposedGbest-
guided ABC algorithm by incorporating the information of
the global best solution into the solution search equation
to improve the exploitation. Banharnsakun et al. [22] pre-
sented a best-so-far method for solution updates in the ABC

algorithm, and the searching method based on a dynamic
adjustment of search range depending on the iteration was
also introduced for scout bees. The test results showed that
the proposed method was able to produce higher quality
solutions with faster convergence than either the original
ABC or the current state-of-the-art ABC-based algorithm.

Besides numerical optimization, the ABC algorithm has
been widely used to solve large-scale problems and engineer-
ing design optimization. Some representative applications are
introduced as follows. Kang et al. [23] used a hybrid ABC
algorithm which combines Nelder-Mead simplex method
with ABC algorithm for structural inverse analysis problems,
and its performance outperforms other heuristic meth-
ods. Singh [24] applied the ABC algorithm for the leaf-
constrained minimum spanning tree (LCMST) problem and
compared the approach against GA, ACO and tabu search.
In the literature [24], it was reported that the proposed
algorithm was superior to the other methods in terms
of solution qualities and computational time. Zhang et al.
[25] developed the ABC clustering algorithm to optimally
partition 𝑁 objectives into 𝐾 cluster and Deb’s rules were
used to direct the search direction of each candidate. Pan
et al. [26] used the discrete ABC algorithm to solve the lot-
streaming flow shop scheduling problem with the criterion
of total weighted earliness and tardiness penalties under both
the idling and no-idling cases. Samanta and Chakraborty
[27] employed ABC algorithm to search out the optimal
combinations of different operating parameters for three
widely used nontraditionalmachining (NTM) processes, that
is, electrochemical machining, electrochemical discharge
machining, and electrochemical micromachining processes.
Alejandro et al. [28] used the ABC algorithm in order to
find the optimal distribution of material with the aim of
establishing a standard time for this duty by examining
how this was applied in a local manufacturing plant. The
simulation results showed that using this approach might be
convenient to set the standard times in the selected company.
All these researches illustrated that the ABC algorithm has
powerful ability to solve much more complex engineering
problems.

3. The Original Artificial Bee
Colony Algorithm

The artificial bee colony has been inspired by the intelli-
gent behavior of real honey bees. The honey bees in this
algorithm are categorized into three groups: employed bees,
onlooker bees, and scout bees. The first half of the colony
consists of employed bees, and the other half includes the
onlookers. Each solution in the search space consists of a set
of optimization parameters which represent a food source
population. The number of employed bees is equal to the
number of food sources around the hive. In other words, for
every food source, there is only one employed bee. What is
more, onlooker bees wait in the hive and decide on a food
source to exploit based on the information shared by the
employed bees. Scout bees are translated froma few employed
bees whose food source has been exhausted by the bees.
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Similar to the other swarm intelligence algorithms, ABC
is an iterative process. The units of the original ABC algo-
rithm can be explained as follows.

3.1. The Initial Population of Solutions. The initial population
of solutions is filled with SN number of randomly generated
𝐷-dimensional real-valued vectors (i.e., food sources). Each
food source is generated as follows:

𝑥
𝑗

𝑖
= 𝑥
𝑗

min + rand (0, 1) (𝑥
𝑗

max − 𝑥
𝑗

min) , (1)

where 𝑖 = 1, 2, . . . , SN, 𝑗 = 1, 2, . . . , 𝐷. 𝑥𝑗min and 𝑥𝑗max are
the lower and upper bounds for the dimension𝑗, respectively.
These food sources are randomly assigned to SN number of
employed bees and their fitness is evaluated.

After initialization, the population of the food source
is subjected to repeat cycle of the search processes of the
employed bees, the onlooker bees, and the scout bees.

3.2.The Search Phase of Employed Bees. In this phase, in order
to produce a candidate food position from the old one, the
ABC uses the following equation:

V𝑗
𝑖
= 𝑥
𝑗

𝑖
+ 𝜑
𝑗

𝑖
(𝑥
𝑗

𝑖
− 𝑥
𝑗

𝑘
) , (2)

where 𝑗 ∈ {1, 2, . . . , 𝐷} and 𝑘 ∈ {1, 2, . . . , SN} are randomly
chosen indexes. Although 𝑘 is determined randomly, it has
to be different from 𝑖. 𝜑𝑖

𝑗
is a random number in the range

[−1, 1]. Equation (2) denotes that, within the neighborhood
of every food source site represented by 𝑥

𝑖
, a food source V

𝑖
is

determined by changing one parameter of 𝑥
𝑖
.

Once V
𝑖
is obtained, it will be evaluated and compared

to 𝑥
𝑖
. A greedy selection is applied between 𝑥

𝑖
and V

𝑖
;

then the better one is selected depending on fitness values
representing the nectar amount of the food sources at 𝑥

𝑖
and

V
𝑖
. If the fitness of V

𝑖
is equal to or better than that of 𝑥

𝑖
, V
𝑖

will replace 𝑥
𝑖
and become a newmember of the populations;

otherwise 𝑥
𝑖
is retained.

3.3. The Selection Phase of Onlooker Bees. In this phase, each
onlooker bee selects one of the food sources depending on the
fitness value obtained from the employed bees. The fitness-
based probability selection, scheme may be a roulette wheel,
ranking based, stochastic universal sampling, tournament
selection or another selection scheme. In original ABC,
roulette wheel selection scheme is employed described as an
equation below:

𝑃
𝑖
=

fit (𝑥
𝑖
)

∑
SN
𝑚=1

fit (𝑥
𝑚
)
, (3)

where fit(𝑥
𝑖
) is the fitness value of solution 𝑖. Obviously, the

higher the fit(𝑥
𝑖
) is, the more probability is that the 𝑖th food

source is selected. After the food source is selected, onlooker
bees will go to the selected food source and produce a new
candidate position in the neighborhood of the selected food
source by using (2).

3.4. Scout Bee Phase. In a cycle, after all employed and
onlooker bees complete their searches, the ABC algorithm
checks if there is any exhausted source to be abandoned. If
a position cannot be improved further through a predeter-
mined number of cycles, then that food source is assumed
to be abandoned. The scouts can accidentally discover rich,
entirely unknown food sources.This operation can be defined
as in (4) shown as follows. This process helps avoid subopti-
mal solutions. The value of predetermined number of cycles
is called “limit” for abandoning a food source, which is an
important control parameter of ABC algorithm:

𝑥
𝑖
= 𝑥min + rand (0, 1) (𝑥max − 𝑥min) , (4)

where 𝑥min and 𝑥max are the lower and upper bounds of
variable 𝑥

𝑖
.

3.5.Main Steps of the Original Artificial Colony Bee Algorithm.
Based on the above explanation, there are three control
parameters used in the original ABC: the number of the
food sources which is equal to the number of employed bees
(SN), the value of limit and the maximum cycle number
(MEN). Detailed pseudocode of the ABC algorithm is given
in Algorithm 1 [15].

4. Enhancing Artificial Bee Algorithm with
Artificial Immune Network

The original version of ABC algorithm is very efficient for
multidimensional basic functions. However, the convergence
rate of the algorithm is poor when working with some
complex multimodal functions and composite functions.
Furthermore, due to its poor exploration process, the ABC
algorithm easily gets trapped in a local optimum. In order
to improve these limitations existing in the ABC algorithm,
some modifications inspired by the artificial immune net-
work (ai-Net) algorithm so as to accelerate the convergence
rate have been introduced in the search process of the
original ABC algorithm. In addition, an improved search
mechanism based on the self-adaptive strategy as well as
a novel generation method of the initial population is also
proposed.

4.1. Generation of the Initial Population. One of the modifi-
cations in the ABC algorithm is generating effective initial
population, which can affect the convergence rate and the
quality of the final solution. Generally, random initialization
is the most adopted approach to generate initial population,
which often makes solutions concentrated in a local area.
Chaotic sequences derived from a chaotic map have been
proven easy and fast to store; there is no need for storage of
long sequences. Recently, chaotic sequences have been used
instead of random sequences and shown somewhat good
results in many applications. Therefore, chaotic maps are
introduced in ABC to improve the global convergence by
escaping the local solutions in [19]. Meanwhile, in order to
increase the population diversity, similar individuals should
be gotten rid of. The main principle is to compare the
affinity inspired by ai-Net algorithm between two different
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(1) Generate the initial population 𝑥
𝑖
(𝑖 = 1, 2, . . . , SN)

(2) Evaluate the fitness (fit(𝑥
𝑖
)) of the population

(3) Set cycle to 1
(4) Repeat
(5) For each employed bee {

Produce new solution V
𝑖
by using (2)

Calculate its fitness value fit(V
𝑖
)

Apply greedy selection process}
(6) Calculate the probability values 𝑃

𝑖
for the solution (𝑥

𝑖
) by (3)

(7) For each onlooker bee {
Select a solution 𝑥

𝑖
depending on 𝑃

𝑖

Produce new solution V
𝑗

Calculate its fitness value fit(V
𝑗
)

Apply greedy selection process}
(8) If there is an abandoned solution for the scout,

then replace it with a new solution which will be randomly produced by (4)
(9) Memorize the best solution so far
(10) Cycle = cycle +1
(11) Until cycle = MEN

Algorithm 1: Pseudocode of main body of ABC algorithm.

individuals. As a result, this work proposes a novel initial-
ization approach which uses chaotic systems and affinity-
based compression method to produce initial population.
Here, according to the literature [19], sinus map is selected
and its equation is defined as follows:

𝑐𝑚
𝑛+1
= 2.3(𝑐𝑚

𝑛
)
2 sin(𝜋𝑐𝑚𝑛)

,

𝑐𝑚
𝑛
= 0, 1, 2, . . . , 𝑁,

(5)

where 𝑛 is the iteration counter and𝑁 is the maximum num-
ber of chaotic iterations. Furthermore, the affinity equation
between two different individuals is defined as Euclidean
distance shown in (6):

affinity (𝑥
𝑖
, 𝑥
𝑘
) = √

𝐷

∑

𝑗=1

(𝑥
𝑗

𝑖
− 𝑥
𝑗

𝑘
)
2

,

(𝑖 ̸= 𝑘, 𝑗 ∈ (1, 2, . . . 𝐷)) > 𝜉,

(6)

where 𝜉 is a threshold value defined in advance so as to control
the difference between two individuals. 𝐷 is the number of
optimization parameters. Based on these operators, we pro-
pose the following algorithm to generate initial population
and its corresponding pseudocode is given in Algorithm 2.

4.2. An Improved Search Mechanism Based on the Self-
Adaptive Strategy. As mentioned above, the original ABC
algorithm is good at exploration but poor at exploitation
due to two reasons. On the one hand, in (2), the coefficient
𝜑
𝑖

𝑗
is a uniform random number in [−1, 1] and 𝑥𝑘

𝑗
is a

random individual in the population; therefore, the search
process of solutions illustrated by (2) is random enough
for exploration [21]. On the other hand, a greedy selection
mechanism is employed between the old and candidate
solutions, which may easily make solutions get trapped in

a local optimal. What is more, the slower convergence rate
of the algorithm is another limitation when working with
some complex composite functions. As a result, we introduce
a self-adaptive strategy to improve its search process and the
detailed explanations are as follows.

Firstly, we can see from (2) that there is only one different
element between the candidate solution and the old one (i.e.,
the 𝑗th element). This search strategy may be efficient in
earlier iterations. However, when the solution approaches to
a local optimum, its search efficiency becomes poor in later
iterations. To handle this limitation, similar to [29, 30], we
introduce a parameter 𝐿 to control the difference between
the candidate solution and the old one, where how to choose
the value of the parameter 𝐿 is very important. Generally, the
higher the value of 𝐿 is, the more information is brought into
the candidate solution. In the literature [18], the parameter
𝐿 is a fixed constant and chosen according to simulation
experiments. Different from this approach mentioned above,
this paper proposes a self-adaptive adjustable strategy to
determine the parameter 𝐿 and the corresponding search
equation is given below:

V𝑙
𝑖
= 𝑥
𝑙

𝑖
+ 𝑐𝑚
𝑙

𝑖
(𝑥
𝑙

𝑖
− 𝑥
𝑙

𝑘
) , 𝑙 = {1, 2, . . . , 𝐿} , (7)

𝐿 = 1 +


𝐷(

iteration
2 ×MEN

)


, (8)

where 𝑐𝑚𝑙
𝑖
is a chaotic map defined by (5).𝐷 is the number of

optimization parameters. A symbol ‖ ⋅ ‖ denotes a rounding
operator. We can see from (8) that onlooker bees will search
better solutions in only one direction in the first iteration
and they will search in the whole space with the increase
in the value of 𝐿 when the solutions are closely to the local
optimum in later iterations. However, we limit the value of 𝐿
nomore than ‖1+𝐷/2‖.This is because, with the higher value
of 𝐿, the solution generated by the search equations (7)-(8)
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Set the population size SN, the number of randomly generated individuals SN
𝑟
≫ SN, the maximum number of chaotic

iterations𝑁 > 200, the number of optimization parameters D, and the individual counter 𝑖 = 1, 𝑗 = 1
{- -Chaotic systems- -}
for 𝑖 = 1 to SN

𝑟
do

for 𝑗 = 1 to D do
Randomly initialize the first chaotic variable cm

0,𝑗
∈ (0, 1) and set iteration counter 𝑛 = 0

for 𝑛 = 1 to N do
cm
𝑛+1,𝑗

= 2.3(cm
𝑛,𝑗
)
2 sin(𝜋cm𝑛,𝑗)

end for
𝑥
𝑗

𝑖
= 𝑥
𝑗

min + cm
𝑗

𝑛
(𝑥
𝑗

max − 𝑥
𝑗

min)

end for
end for
{- - Affinity-based compression method- -}
Set the threshold value 𝜉 and the individual counter 𝑖 = 1, 𝑗 = 1
for 𝑖 = 1 to (SN

𝑟
− 1) do

for 𝑘 = 𝑖 + 1 to SN
𝑟
do

if affinity(𝑥
𝑖
, 𝑥
𝑘
) = √∑

𝐷

𝑗=1
(𝑥
𝑗

𝑖
− 𝑥
𝑗

𝑘
)
2

< 𝜉

SN
𝑟
= SN
𝑟
− 1, delete the individual 𝑘 in the population

end if
end for

end for
Selecting SN fittest individuals form set (𝑋(SN

𝑟
)) as initial population

Algorithm 2: Modified initialization step of ABC algorithm.

is more likely random search operator. As a result, (7)-(8) will
dynamically adjust the position of onlooker bees by allowing
them to explore with a wider search space in later iterations.
As the number of the iterations increases, the corresponding
search space of onlooker bees will also increase.

The second modification in the ABC algorithm lies in
the selection probability of onlooker bees associated with the
food source. In the original ABC algorithm, the fitness values
obtained from the employed bees are adopted to determine
the selection probabilities of onlooker bees. Nevertheless, the
fitness comparisons among different individuals only reflect
the qualitative information. In this work, based on the idea
of the fitness evolution, we introduce an environment factor
𝜂
𝑖
corresponding to every food source so as to evaluate its

exploitation potential. In other words, the parameter 𝜂
𝑖
is

used to evaluate quantitatively the environment situations
of exploitation for every food source. As the number of
iterations increases, the higher the value of 𝜂

𝑖
, the better

exploitation environment it corresponds to. At this moment,
more onlooker bees will follow the corresponding employed
one to its food source position with higher nectar amount in
order to accelerate exploitation efficiency. Conversely, if the
value of 𝜂

𝑖
is lower, its corresponding solution lies in theworse

exploitation environment, which means that it is difficult to
find out a better solution around the old food source and
less onlooker bees will be attracted by the employed one.
As a result, how to define 𝜂

𝑖
needs explain. Generally, the

parameter 𝜂
𝑖
is associated with both a fitness change amount

Δ𝑓 and a count accumulator 𝐶, where Δ𝑓 denotes the fitness
difference associated with the same food source between
two adjacent generations which reflects the exploitation

potential of the corresponding food source position. Besides,
a count accumulator𝐶will be explained in the following text.
The equations below reflect the fitness change amount Δ𝑓
between two adjacent generations:

Δ𝑓
𝑡
(𝑥
𝑖
) =



fit
𝑡
(𝑥
𝑖
) − fit

𝑡−1
(𝑥
𝑖
)

fit
𝑡−1
(𝑥
𝑖
)



(9)

Δ𝑓


𝑡
(𝑥
𝑖
) = exp [Δ𝑓

𝑡
(𝑥
𝑖
)] = log



fit
𝑡
(𝑥
𝑖
) − fit

𝑡−1
(𝑥
𝑖
)

fit
𝑡−1
(𝑥
𝑖
)



,

(10)

where the parameter 𝑡 denotes the number of iterations and
the symbol | | means absolute value sign. As can be seen
from (9), the value range of Δ𝑓 is between 0 and 1. When
the value of Δ𝑓 is higher, it means the corresponding food
source has a higher exploitation potential and is largerly
possible to find out a better solution and vice versa. However,
at later iterations, the value of Δ𝑓 will be very small and
need appropriate amplification. As a result, we adopt power
function to amplifyΔ𝑓 here and take the number 𝑒 as its base.
Due to this reason, (9) is substituted for (10).

In addition, if Δ𝑓 is less than a given small value in
advance (i.e., Δ𝑓 ≤ Δ𝑓

0
, and Δ𝑓

0
is the threshold of Δ𝑓), the

improved ABC algorithm may trigger a count accumulator
called Counter (represented by 𝐶 in this paper) which is used
to record how many times the quality of the solution has
not improved (it corresponds to the number of iterations in
the algorithm). The following equation is used to express the
count accumulator𝐶 at the 𝑡th iteration. Generally, the larger
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the value of 𝐶, the less exploitation potential that the food
source position corresponds to:

𝐶 (𝑡) =

{{

{{

{

𝐶 (𝑡 − 1) + 𝑇 (𝑡) =

𝑡

∑

𝑖=𝑠

𝑇 (𝑖) , 𝑇 (𝑡) = 1,

0, 𝑇 (𝑡) = 0,

(11)

where𝑇 represents a pulse signal.WhenΔ𝑓 > 0 orΔ𝑓 ≥ Δ𝑓
0
,

𝑇 = 0; conversely, when Δ𝑓 = 0 or Δ𝑓 ≤ Δ𝑓
0
, 𝑇 = 1. It means

that

𝑇 (𝑡) = {
1, (Δ𝑓 (𝑡) = 0) or (Δ𝑓 (𝑡) ≤ Δ𝑓(𝑡)0) ,
0, (Δ𝑓 (𝑡) > 0) or (Δ𝑓 (𝑡) ≥ Δ𝑓(𝑡)0) .

(12)

Note that, according to the performance requirement of
specific problems, the maximum times of the stagnation of
global extrema, 𝐶max, should be defined in advance, which
means, if a minimum of a function has not been updated for
continuous 𝐶max iterations, the current exploitation area has
few potentials to find out the better solution and computation
resources should be redistributed. Generally, we define that
the 𝐶max is equal to or not less than 5. In addition, 𝐶(𝑡)
is normalized for simplifying the problem and 𝐶(𝑡) can be
obtained which is expressed as follows:

𝐶

(𝑡) =

∑
𝑡

𝑖=𝑠
𝑇 (𝑖) + 1

𝐶max + 1
. (13)

On the basis of the definitions of the fitness change
amount Δ𝑓and the count accumulator 𝐶, the environment
factor 𝜂 is defined as follows:

𝜂 (𝑡) =
Δ𝑓

(𝑡)

𝐶 (𝑡)
. (14)

Submitting (10) and (13) into (14), we can achieve the
following equation:

𝜂 (𝑡) =
(𝐶max + 1) ⋅ exp

(fit𝑡 (𝑥𝑖) − fit𝑡−1 (𝑥𝑖)) /fit𝑡−1 (𝑥𝑖)


∑
𝑡

𝑖=𝑠
𝑇 (𝑖) + 1

.

(15)

In accordance with the expression of the environment
factor 𝜂(𝑥

𝑖
) corresponding to every food source, the selection

probability of onlooker bees associated with the food source
can be substituted with the following equation:

𝑃
𝑖
=

𝜂
𝑡
(𝑥
𝑖
)

∑
SN
𝑚=1

𝜂
𝑡
(𝑥
𝑚
)
. (16)

4.3. Enhancing Convergence Efficiency with Artificial Immune
Network Operators. In the basic ABC system, artificial bees
fly around in the search space. Some (like employed and
onlooker bees) choose food source depending on the experi-
ence of themselves and their nest mates and then adjust their
positions, but others (like scouts) fly and choose the food
sources randomly without using experience. If the nectar

amount of a new source is higher than that of the previous
one in their memory, they memorize the new food source
position and forget the previous one. Thus, the ABC system
combines local search methods, carried out by employed
and onlooker bees, with global search methods, managed
by Karaboga and Basturk [15]. However, unlike the ABC
system, the concept of artificial immune system (AIS) was
originated by observing how the defense mechanism of
natural immune system protects against attacks by antigens.
There are numerous AIS algorithms developed for a variety
of applications, where artificial immune network (aiNet for
short) is a typical one and its algorithms and models are
originally proposed to perform information compression
and data clustering based on artificial immune system (AIS)
theory [31]. Immune network-based algorithms are similar
to clonal selection algorithms in that they both measure
the goodness of antibodies by affinities, and both methods
include a series of steps for selecting, cloning, and mutating
antibodies.Themajor difference is that the immune network-
based algorithms are represented bynetwork graph structures
[32]. Compared with other ones, the immune network-based
algorithms employ extra procedures of antibody pruning and
suppressing. This allows the models to generate a smaller,
less-redundant population of antibody representatives, which
is desirable for solving multimodal function optimization.
Comparing ABC optimization with ai-Net algorithm, we
can see that the advantages of ABC optimization lie in its
neighborhood search method according to the profitability
of food sources. However, ai-Net algorithm adopts fixed
clonal individuals to perform local search which has certain
blindness. In addition, due to introducing network com-
pression, negative selection, and other operators, ai-Net can
maintain the diversity of the population and reduce the
possibility of being trapped into a local minimum. Unlike the
ai-Net algorithm, ABC optimization maintains population
diversity through random search of scout bees, which has
obvious limitation. Based on the analysis mentioned above,
if network compression and negative selection deriving from
ai-Net algorithm are introduced into ABC optimization, this
improved one may have a powerful and efficient multimodal
searching ability as well as good stabilization. The detailed
process is as follows.

Different employed bee individual corresponds to differ-
ent food source position. In order to eliminate redundant
and similar food sources, negative selection and network
compression are used to compare with the similarities among
various individuals. The Euclidean distance of two employed
bee individuals𝑋

𝑖
and𝑋

𝑘
is adopted as shown in (17):

𝑑 (𝑋
𝑖
, 𝑋
𝑘
) = √

𝐷

∑

𝑗=1

(𝑋
𝑗

𝑖
− 𝑋
𝑗

𝑘
)
2

(𝑖 ̸= 𝑘) . (17)

In order to simplify the problem, the affinity concept is
introduced which is obtained by the following equation using
the normalization method:

𝐴 (𝑋
𝑖
, 𝑋
𝑘
) =

1

1 + 𝑑 (𝑋
𝑖
, 𝑋
𝑘
)
, (18)
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(1) Generate the initial population 𝑥
𝑖
based on chaotic maps and affinity strategy (𝑖 = 1, 2, . . . , SN)

(2) Evaluate the fitness (fit(𝑥
𝑖
)) of the population

(3) Set cycle to 1
(4) Repeat
(5) For each employed bee {

Produce new solution V
𝑖
by using (7)

Calculate its fitness value fit(V
𝑖
)

Apply greedy selection process}
(6) Adopt negative selection and network compression to eliminate redundant and similar food sources by using (18)
(7) Randomly generate the same number of new individuals
(8) Calculate the probability values 𝑃

𝑖
for the solution (𝑥

𝑖
) by (16)

(9) For each onlooker bee {
Select a solution 𝑥

𝑖
depending on 𝑃

𝑖

Produce new solution V
𝑗

Calculate its fitness value fit(V
𝑗
)

Apply greedy selection process}
(10) If there is an abandoned solution for the scout,

then replace it with a new solution which will be randomly produced by (4)
(11) Memorize the best solution so far
(12) Cycle = cycle + 1
(13) Until cycle = MEN

Algorithm 3: Pseudocode of main body of the enhanced ABC algorithm.

where the value range of 𝐴(𝑋
𝑖
𝑋
𝑘
) is between 0 and 1. The

smaller the value of 𝐴(𝑋
𝑖
𝑋
𝑘
) is, the larger the value of

𝐴(𝑋
𝑖
𝑋
𝑘
) is, which means that two different employed bee

individuals have a higher similarity. Specially, when𝐴(𝑋
𝑖
𝑋
𝑘
)

equals 1, these two ones are identical. According to negative
selection and network compression operators, redundant and
similar food sources should be eliminated. We predefine a
threshold value, 𝜀, so as to realize wipe-off of redundant
individuals. It also means when 𝐴(𝑋

𝑖
𝑋
𝑘
) is equal to or great

than 𝜀, we think these two ones are identical and only one can
be retained and other should bewiped off. Repeat this process
until the affinity of any two individuals in a population is
less than 𝜀. In doing so, the population size may be reduced.
Nevertheless, in order to keep the population size unchanged,
the same number of new individuals need generating ran-
domly.Through negative selection and network compression
operators, the exploitation efficiencywill be improved and the
corresponding convergence rate of the algorithm will also be
accelerated.

4.4. Main Steps of the Enhanced Artificial Bee Colony Algo-
rithm. Based on the above analysis, three main improve-
ments including novel generation of initial population, self-
adaptive searching strategy, and redundant individual com-
pression operator are presented and the detailed pseudo-code
is given in Algorithm 3.

5. Experimental Studies on Function
Optimization Problems

5.1. Benchmark Functions and Parameter Settings. In this
section, numerical experiment is used to test the performance
of the enhanced ABC (shorthand for EABC) proposed in this

paper. Summarized in Table 1 are the 15 scalable benchmark
functions. 𝑓

1
∼ 𝑓
10

are continuous unimodal functions.
𝑓
11
∼ 𝑓
15

are multimodal functions and the number of
their local minima increases exponentially with the problem
dimension.

In order to testify the performance of different intelligent
algorithms, we compare the EABC with the standard ACO,
PSO, and ABC. In all simulations, the population size of
ACO, PSO, ABC, and EABC is 50. The maximum number
of function evaluations (FE) is set to 5000. The threshold
value of the affinity, 𝜀, is 0.9. Other related parameter values
of ACO, PSO, and ABC are referred in the literature [17].
All experiment results reported are obtained based on 30
independent runs.The experiment results are the best, worst,
mean, and standard deviation of the statistical experimental
data.

5.2. Simulation Results. The performance on the solution
accuracy of EABC is compared with that of ACO, PSO, and
ABC. Table 2 shows the optimization of the 15 benchmark
functions obtained in the 30 independent runs by each
algorithm and some interesting results can be found in
Table 2.

Firstly, almost all algorithms have identical performance
on most of unimodal functions 𝑓

1
to 𝑓
4
, 𝑓
7
, 𝑓
8
, and 𝑓

14
.

However, on other functions, these four algorithms show
different performance, especially for multimodal ones such
as 𝑓
11
, 𝑓
12
, 𝑓
13
, and 𝑓

15
. Fox example, on function 𝑓

15
,

the best values obtained by ACO, PSO ABC, and EABC
are −10296, −6993.47, −12566.9, and −152568.7, respectively.
It means that EABC can be efficiently applied for solving
multimodal and multidimensional function optimization
problems due to its abundant operators such as clonal
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Table 1: Benchmark functions used in experiments.

Number Function Dimension Property Range Min

1 𝑓
1
(𝑥) =

𝐷

∑

𝑖=1

𝑥
2

𝑖
30 Unimodal [−100, 100] 0

2 𝑓
2
(𝑥) =

𝐷

∑

𝑖=1

𝑖𝑥
2

𝑖
30 Unimodal [−10, 10] 0

3 𝑓
3
(𝑥) = 25 +

𝐷

∑

𝑖=1

⌊𝑥
𝑖
⌋ 5 Unimodal [−5.12, 5.12] 0

4 𝑓
4
(𝑥) =

𝐷

∑

𝑖=1

(⌊𝑥
𝑖
+ 0.5⌋)

2 30 Unimodal [−100, 100] 0

5 𝑓
5
(𝑥) =

𝐷

∑

𝑖=1

𝑖𝑥
4

𝑖
+ random(0, 1) 30 Unimodal [−1.28, 1.28] 0

6 𝑓
6
(𝑥) = max

𝑖
{
𝑥𝑖
 , 1 ≤ 𝑖 ≤ 𝐷} 30 Unimodal [−100, 100] 0

7 𝑓
7
(𝑥) = −

𝐷

∏

𝑖=1

cos (𝑥
𝑖
) exp(−

𝐷

∑

𝑖=1

(𝑥
𝑖
− 𝜋)
2
) 2 Unimodal [−100, 100] −1

8 𝑓
8
(𝑥) = 0.26

𝐷

∑

𝑖=1

𝑥
2

𝑖
− 0.48

𝐷

∏

𝑖=1

𝑥
𝑖

2 Unimodal [−10, 10] 0

9 𝑓
9
(𝑥) = (𝑥

1
− 1)
2
+

𝐷

∑

𝑖=2

𝑖(2𝑥
2

𝑖
− 𝑥
𝑖−1
)
2 30 Unimodal [−10, 10] 0

10 𝑓
10
(𝑥) =

𝐷

∑

𝑖=1

100(𝑥
𝑖+1
− 𝑥
2

𝑖
)
2

+ (1 − 𝑥
𝑖
)
2 30 Unimodal [−30, 30] 0

11 𝑓
11
(𝑥) =

𝐷

∑

𝑖=1

(𝑥
𝑖
− 10 cos (2𝜋𝑥

𝑖
) + 10) 30 Multimodal [−5.12, 5.12] 0

12 𝑓
12
(𝑥) =

1

4000
(

𝐷

∑

𝑖=1

(𝑥
𝑖
− 100)

2

) − (

𝐷

∏

𝑖=1

cos(
𝑥
𝑖
− 100

√𝑖
)) + 1 30 Multimodal [−600, 600] 0

13 𝑓
13
(𝑥) = 10 × 𝐷 +

𝐷

∑

𝑖=1

(𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
)) 10 Multimodal [−50, 50] 0

14 𝑓
14
(𝑥) = 0.5 +

sin2 (√∑𝐷
𝑖=1
𝑥2
𝑖
) − 0.5

(1 + 0.001 (∑
𝐷

𝑖=1
𝑥2
𝑖
))
2

2 Multimodal [−100, 100] 0

15 𝑓
15
(𝑥) =

𝐷

∑

𝑖=1

− 𝑥
𝑖
sin(√𝑥𝑖

) 30 Multimodal [−500, 500] −12569.5

selection and negative selection which outperforms ACO,
PSO, and ABC. In addition, on the one hand, on basic
unimodal functions, both the basic ABC and EABC have
almost identical solving performance; on the other hand,
on the multimodal functions, these two ones display huge
difference.

Secondly, the EABC algorithm can find optimal or closer-
to-optimal solutions on the complex multimodal functions
𝑓
11
, 𝑓
12
, 𝑓
13
, and 𝑓

14
. Although the result of multi-dimension

function 𝑓
15
is slightly far from the known global optimum,

the EABC is superior to the other algorithms all the same.
At the same time, for almost all benchmark functions,
standard deviations of the EABC obtained from the statistical
experimental data are no greater than those of others expect
for 𝑓
10
. In addition, the differences of EABC between the

best andworst solutions for these 15 benchmark functions are

relatively smaller than those of others in the 30 independent
simulation runs. All thesemean that the EABC algorithm has
better robustness than others. It is also clear that EABC can
work better in almost all cases and gets better performance
than ACO, PSO, and ABC.

Summarizing the statementsmentioned above, the EABC
can prevent bees from being trapped into the local minimum,
accelerate convergence process, search with more efficiency,
and improve exploitation abilities for basic ABC.

5.3. Analysis and Discussion. In this section, the effects
of each modification on the performance of EABC are
discussed. First of all, corresponding to three modifications,
we named the basic ABC with the proposed initialization
as IABC, the one with the proposed self-adaptive searching
strategy as SABC, and the one with the proposed immune
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Table 2: Benchmark functions used in experiments for testing the performances of EABC, ACO, PSO, and ABC.

Function number Min ACO PSO ABC EABC

𝑓
1
(𝑥) =

𝐷

∑

𝑖=1

𝑥
2

𝑖
0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
2
(𝑥) =

𝐷

∑

𝑖=1

𝑖𝑥
2

𝑖
0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
3
(𝑥) = 25 +

𝐷

∑

𝑖=1

⌊𝑥
𝑖
⌋ 0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
4
(𝑥) =

𝐷

∑

𝑖=1

(⌊𝑥
𝑖
+ 0.5⌋)

2 0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
5
(𝑥) =

𝐷

∑

𝑖=1

𝑖𝑥
4

𝑖
+ random(0, 1) 0

Best 0 0 0 0
Worst 0.00289 0.00321 0.00543 0.00422
Mean 0.00136 0.00116 0.00300 0.00196
SD 0.00219 0.00276 0.00387 0.00208

𝑓
6
(𝑥) = max

𝑖
{
𝑥𝑖
 , 1 ≤ 𝑖 ≤ 𝐷} 0

Best 0 0 0 0
Worst 0.00246 0.00305 0.00110 0.00400
Mean 0.00180 0.00156 0.0066 0.00210
SD 0.00039 0.00058 0.00092 0.00037

𝑓
7
(𝑥) = −

𝐷

∏

𝑖=1

cos (𝑥
𝑖
) exp(−

𝐷

∑

𝑖=1

(𝑥
𝑖
− 𝜋)
2

) −1

Best −1 −1 −1 −1
Worst −1 −1 −1 −1
Mean −1 −1 −1 −1
SD 0 0 0 0

𝑓
8
(𝑥) = 0.26

𝐷

∑

𝑖=1

𝑥
2

𝑖
− 0.48

𝐷

∏

𝑖=1

𝑥
𝑖

0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
9
(𝑥) = (𝑥

1
− 1)
2
+

𝐷

∑

𝑖=2

𝑖(2𝑥
2

𝑖
− 𝑥
𝑖−1
)
2 0

Best 0.66667 0.6667 0 0
Worst 0.66667 0.6667 0 0
Mean 0.66667 0.6667 0 0
SD 0.00001 0.00001 0 0

𝑓
10
(𝑥) =

𝐷

∑

𝑖=1

100(𝑥
𝑖+1
− 𝑥
2

𝑖
)
2

+ (1 − 𝑥
𝑖
)
2 0

Best 8.7513 10.5433 19.6788 9.1578
Worst 32.4215 24.6711 54.2333 26.9874
Mean 18.2039 15.0886 33.1227 17.3558
SD 5.0361 24.1702 154.1443 11.4774

𝑓
11
(𝑥) =

𝐷

∑

𝑖=1

(𝑥
𝑖
− 10 cos (2𝜋𝑥

𝑖
) + 10) 0

Best 52.6677 43.5774 0 0
Worst 53.2331 44.1131 0 0
Mean 52.9226 43.9771 0 0
SD 4.5649 11.7286 0 0

𝑓
12
(𝑥) =

1

4000
(

𝐷

∑

𝑖=1

(𝑥
𝑖
− 100)

2

) − (

𝐷

∏

𝑖=1

cos(
𝑥
𝑖
− 100

√𝑖
)) + 1 0

Best 0.01470 0.017112 0.008531 0
Worst 0.01499 0.017989 0.017356 0
Mean 0.01479 0.017391 0.011447 0
SD 0.00296 0.020808 0.001223 0
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Table 2: Continued.

Function number Min ACO PSO ABC EABC

𝑓
13
(𝑥) = 10 × 𝐷 +

𝐷

∑

𝑖=1

(𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
)) 0

Best 4.56781 21.44755 3.34788 0
Worst 8.77993 39.55741 10.91447 0
Mean 5.85411 26.3991 5.59331 0
SD 13.1142 155.6380 10.04216 0

𝑓
14
(𝑥) = 0.5 +

sin2 (√∑𝐷
𝑖=1
𝑥2
𝑖
) − 0.5

(1 + 0.001 (∑
𝐷

𝑖=1
𝑥2
𝑖
))
2

0

Best 0 0 0 0
Worst 0 0 0 0
Mean 0 0 0 0
SD 0 0 0 0

𝑓
15
(𝑥) =

𝐷

∑

𝑖=1

− 𝑥
𝑖
sin(√𝑥𝑖

) −12569.5

Best −10296 −6993.47 −11566.9 −12568.7
Worst −10237 −6883.33 −11498.8 −12514.3
Mean −10266 −6909.12 −11544.1 −12551.1
SD 521.849 457.9577 125.4471 101.3217
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Figure 1: Convergence speed of the different ABCs on the two test functions (𝑓
13
, 𝑓
15
).

operators as OABC. We compare the convergence speed of
these different ABCs through two complex high-dimension
multimodal functions 𝑓

13
and 𝑓

15
in order to find the

contributions of three modifications in EABC to improve
the performance of the algorithm, respectively. The corre-
sponding simulation results are shown in Figure 1. We can
see from Figure 1 that IABC, SABC and OABC outperform
the basic ABC, which means that the three modification
measures mentioned in Section 4 have positive effect on
the convergence speed of the algorithm. In addition, SABC,
and OABC are obviously superior to IABC, which implies
that searching strategy and immune operators play more
important roles than that of initialization. However, it is
difficult to compare the contributions between searching

strategy and immune operators on the two test functions; the
reasons may be that the characteristic of test functions will
also affect the problem-solving efficiency of the algorithm.

6. Conclusion

In this paper, we have proposed an enhanced artificial bee
colony algorithm, called EABC through introducing self-
adaptive searching strategy and artificial immune network
operators. Subsequently, a suite of unimodal or multimodal
benchmark functions are used to testify the performance of
the proposed algorithm.The simulation results illustrate that
the EABC algorithm outperforms ACO, PSO, and the basic
ABC.
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The future work includes the studies on how to apply
EABC to more complex discrete dynamic optimization
problems including product design optimization problem,
dynamic project scheduling problem, and data clustering
problem.
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A large-scale parallel-unit seawater reverse osmosis desalination plant contains many reverse osmosis (RO) units. If the operating
conditions change, these RO units will not work at the optimal design points which are computed before the plant is built. The
operational optimization problem (OOP) of the plant is to find out a scheduling of operation to minimize the total running cost
when the change happens. In this paper, the OOP is modelled as a mixed-integer nonlinear programming problem. A two-stage
differential evolution algorithm is proposed to solve this OOP. Experimental results show that the proposed method is satisfactory
in solution quality.

1. Introduction

The shortage of fresh water has become a bottleneck of
the economic development in many countries. Seawater
desalination is an effective way to solve this problem. Reverse
osmosis (RO) desalinating is one of the most popular
ways to generate freshwater from seawater and has made a
rapid progress over the past four decades [1–3]. The scale
of seawater reverse osmosis (SWRO) desalination plant is
continually expanding, whose capacity of freshwater has
exceeded 100,000 tons per day in recent years.

Now, a kind of large-scale parallel-unit SWRO desalina-
tion plant, which is composed of multiple parallel RO units,
has appeared. This kind of plant has huger capital cost and
more complicated operation processes. So, before it is built,
an optimal design is made to select the suitable devices and
system performance to match the operating condition [4–
8]. These optimal designs are made based on static condition
[9, 10], but the actual situation is changing [11]. For example,
the seawater temperature varies with changing seasons, the
freshwater supply changes according to the user’s demand,
the permeate rate is declining with the membrane fouling
[12], and so on. The result is that these devices would not
work at the optimal designed points in most time. Therefore,

an operational optimization scheduling is necessary to make
these machines work in a best way under the changed
conditions.

In this paper, a mathematical model of operational
optimization problem (OOP) for a large-scale parallel-unit
SWRO desalination plant, which includes objective function
and constraint functions, is made. In order to solve this
OOP, a two-stage differential evolution (TSDE) algorithm
is proposed. The simulating results show that the TSDE
is excellent in searching ability than basic DE and genetic
algorithm (GA).

2. Problem Description and Formulation

2.1. SWRO Desalination Plant Representation. The single
SWRO desalination unit is a multistage process, which
includes seawater intake, pretreatment, RO desalination, and
posttreatment [13]. Figure 1 shows the schematic diagram of
the unit.

In the intake stage, the raw seawater is pumped from
a deep well, which is located close to the shoreline, to the
flocculators to filter; in the pretreatment stage, the most
suspended matters and colloids are filtered out of seawater
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Figure 1: Schematic diagram of a single SWRO desalination unit.
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Figure 2: Schematic diagram of a parallel-unit SWRO desalination plant.

by flocculators, mechanical filters, and precision safeguard
filters successively to ensure that SDI (silt density index)
is lower than 5 to meet the RO modules requirement; in
the RO desalination stage, one part of the fed seawater is
pressurized by the high pressure (HP) pump and the other
by energy recovery device (ERD) and booster pump up to
40 ∼ 50 bar and then is desalinized by RO modules; in
the posttreatment stage, the produced freshwater flows into
the product freshwater tanks (PFWT) to supply into the
municipal water network; the brine is disposed reasonably.

The schematic diagram of a large-scale parallel-unit
SWROdesalination plant is shown inFigure 2,which is struc-
tured with a number of independent RO units in parallel.

Each RO unit has different permeate rate. The freshwater,
produced by RO Unit 𝑖 (𝑖 ∈ 𝑛

𝑗
), flows into PFWT 𝑗 and then

is supplied for user.

2.2. Problem Mathematical Formulation. The OOP of a
large-scale SWRO desalination plant is to make an optimal
scheduling plan to minimize the plant’s total running cost
(TRC). This optimal schedule plan determines the on/off
status and amount of generated freshwater of each RO unit,
and the amount of supplied freshwater by each PFWT at each
time period. When computing the TRC, the price factors,
such as time-of-use electricity price, the operation cost, and
the maintenance cost, are taken into consideration.
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2.2.1. Objective Function of OOP. A lumped parametermodel
of this problem is built in this paper. The TRC of the plant
consists of capital depreciation cost (CDC), operating cost
(OC), labor and chemical cost (LCC), and energy cost (EC),
which is presented as

min TRC = CDC +OC + LCC + EC. (1)

(1) The Capital Depreciation Cost, CDC, is

CDC = CC × 1.411 × 𝜂 × 𝑇. (2)

The CDC is presented as (2), where CC is the capital
cost of the SWRO desalination plant, 1.411 is the coefficient
that is used to calculate the practical investment, 𝜂 is the
capital charge rate, which is usually a constant, and 𝑇

is the operational optimization periods. When the SWRO
desalination plant has been built, the CC is a fixed value;
therefore, the CDC is a fixed cost in a certain time period 𝑇
under a constant capital charge rate 𝜂. So, when computing
the minimum value of TRC in this condition, this part cost
CDCcan be ignored.When the other parts of TRC reach their
minimum values, the TRC gets its optimal value by adding
this constant cost.

(2) The Operating Cost, OC. The OC includes maintenance
expense and the repair and replacement expense of devices.
The maintenance expense refers to the conventional main-
tenance expense during machines running; the repair and
replacement expense refers to the cost of repair and replace-
ment when the equipment stops. The OC is presented as

OC =

𝐾

∑

𝑘=1

𝑛

∑

𝑖=1

𝑀
𝑖 (𝑘) , (3)

where𝐾 is the time horizon of the operational optimization; 𝑛
is the number of RO units in the plant;𝑀

𝑖
(𝑘) is the operating

cost of Unit 𝑖 at the time 𝑘, which is presented as

𝑀
𝑖 (𝑘) = {

𝐶
1
× 𝑄
𝑖 (𝑘) , 𝛼

𝑖 (𝑘) = 1,

𝐶
2
, 𝛼

𝑖 (𝑘) = 0,
(4)

where 𝐶
1
is the coefficient that is used to calculate the main-

tenance cost; 𝑄
𝑖
(𝑘) is the amount of freshwater generated by

Unit 𝑖 at time 𝑘; 𝐶
2
is the repair and replacement expense

when Unit 𝑖 stops at time 𝑘; 𝛼
𝑖
(𝑘) is the on/off status of Unit 𝑖

at time 𝑘; 𝛼
𝑖
(𝑘) = 1 when Unit 𝑖 is running; 𝛼

𝑖
(𝑘) = 0 when it

stops.

(3) The Labor and Chemical Cost, LCC. Usually, we consider
LCC = 12% × TRC. This cost includes labor cost, chemical
expense, and other expenses.When TRC is the smallest, LCC
has its minimum value.

(4) The Energy Cost, EC. The energy cost is the energy
consumption which is necessary to drive the devices. It is

obviously variable in different scheduling plans. By optimiz-
ing the scheduling plan, the plant’s energy consumption can
achieve the minimum value. The EC is presented as

EC =

𝐾

∑

𝑘=1

(𝑃
𝑒 (𝑘)

𝑛

∑

𝑖=1

(𝛼
𝑖 (𝑘) × 𝐶3 × 𝑄𝑖 (𝑘))) , (5)

where 𝐶
3
is the coefficient between energy and amount of

freshwater generated by Unit 𝑖 at time 𝑘; 𝑃
𝑒
(𝑘) is time-of-use

electricity price at time 𝑘.

2.2.2. Constraints of OOP. The constraints of OPP include
technical limitations and the design requirements, which are
as follows.

(1) The Amount of Freshwater, 𝑄
𝑖
(𝑘). 𝑄

𝑖
(𝑘) is the amount of

freshwater generated by Unit 𝑖 at time 𝑘, which is subject to

𝑄
𝑖,min ≤ 𝑄𝑖 (𝑘) ≤ 𝑄𝑖,max, 𝑖 = 1, 2, . . . , 𝑛, ∀𝑘, (6)

where 𝑄
𝑖,max, 𝑄𝑖,min are the upper and the lower limit of the

amount of freshwater generated by Unit 𝑖, respectively.
(2)The Capacity of Each PFWT,𝑉

𝑗
(𝑘).𝑉
𝑗
(𝑘) is the capacity of

PFWT 𝑗 at time 𝑘, which is subject to

𝑉
𝑗min ≤ 𝑉𝑗 (𝑘 − 1) +

𝑛𝑗

∑

𝑖=1

𝛼
𝑖 (𝑘) ⋅ 𝑄𝑖 (𝑘) − 𝑆𝑗 (𝑘) ≤ 𝑉𝑗max,

𝑗 = 1, 2, . . . , 𝑚; 𝑖 = 1, 2, . . . , 𝑛
𝑖
, ∀𝑘,

(7)

where 𝑉
𝑗
(𝑘 − 1) is the capacity of PFWT 𝑗 at the beginning

of time 𝑘; 𝑚 is the number of PFWT; 𝑛
𝑗
is the number of

RO units which feed freshwater to the PFWT 𝑗; 𝑆
𝑗
(𝑘) is the

amount of supplied freshwater by PFWT 𝑗 at time 𝑘; 𝑉
𝑗,max,

𝑉
𝑗,min are the upper limit and the lower limit of capacity of

PFWT 𝑗.

(3) The Amount of Supplied Freshwater, 𝑆
𝑗
(𝑘). 𝑆

𝑗
(𝑘) is the

amount of supplied freshwater by PFWT 𝑗 at time 𝑘, which
is subject to

𝑚

∑

𝑗=1

𝑆
𝑗 (𝑘) = 𝐷 (𝑘) , ∀𝑘,

𝑆
𝑗 (𝑘) ≥ 0, 𝑗 = 1, 2, . . . , 𝑚, ∀𝑘.

(8)

3. Two-Stage Differential Evolution

The OOP of the large-scale parallel-unit SWRO desalination
plant is a mixed-integer nonlinear programming problem
(MINLP) over the time horizon. In the OOP, {0, 1} binary
variables represent the on/off statuses of RO units; the real
variables represent the amounts of freshwater generated by
RO units and supplied freshwater by PFWTs. In order to
compute this OOP, a novel differential evolution, TSDE, is
proposed in this paper, and the basic steps of this TSDE are
addressed in the following subsections.
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3.1. Basic DE. Differential evolution algorithmwas originally
proposed by Storn andPrice for solving continuous optimiza-
tion in the mid-1990s [14–18]. It is an evolutionary algorithm,
including three important operators: mutation, crossover,
and selection [19, 20]. The basic DE works are as follows.

Step 1 (initialization). The original population is generated
in the search space randomly, which contains NP individual
vectors: x

𝑖,1
= [𝑥
𝑖1,1
, 𝑥
𝑖2,1
, . . . , 𝑥

𝑖𝐷,1
], 𝑖 = 1, 2, . . . ,NP, where𝐷

is the dimension of individual.

Step 2 (mutation). For each individual vector x
𝑖,𝐺
, a mutated

solution v
𝑖,𝐺

is created according to a DE/rand/1/bin mutate
operator (9) in each generation 𝐺 [15]. Consider

v
𝑖,𝐺
= x
𝑟1,𝐺

+ 𝐹 × (x
𝑟2,𝐺

− x
𝑟3,𝐺

) , (9)

where 𝐺 is the current generation number, 𝐹 is a scale factor,
and 𝑟
1
, 𝑟
2
, and 𝑟

3
are randomly selected integers from the set

{1, 2, . . . ,NP} (𝑟
1
̸=𝑟
2
̸=𝑟
3
̸=𝑖).

Step 3 (crossover). The crossover operator generates an
offspring u

𝑖,𝐺
according to

𝑢
𝑖𝑗,𝐺

= {
V
𝑖𝑗,𝐺
, if (rand (𝑗) ≤ CR) or 𝑗 = rnbr (𝑗) ,

𝑥
𝑖𝑗,𝐺
, otherwise

(𝑖 = 1, 2, . . . ,NP; 𝑗 = 1, 2, . . . , 𝐷) ,

(10)

where CR is a crossover rate; rnbr(𝑗) is a randomly chosen
index (rnbr(𝑗) ∈ {1, 2, . . . , 𝐷}), which ensures u

𝑖,𝐺
getting at

least one component from v
𝑖,𝐺
.

Step 4 (selection). The selection operator is to generate next
population x

𝑖,𝐺+1
according to (11). The objective function of

x
𝑖,𝐺

is compared to one of u
𝑖,𝐺

and the smaller one is selected
as the next generation. Consider

x
𝑖,𝐺+1

= {
u
𝑖,𝐺
, if (𝑓 (u

𝑖,𝐺
) ≤ 𝑓 (x

𝑖,𝐺
)) ,

x
𝑖,𝐺
, otherwise

(𝑖 = 1, 2, . . . ,NP) .

(11)

Step 5 (stopping criterion). If the stopping criterion (max-
imum number of iterations) is satisfied, computation is
terminated; otherwise, Steps 3–5 are repeated.

3.2. Treatment of Constraints. In theOOP, there are two types
of constraints: boundary constraints and technical limited
constraint functions.The following is the treatment strategies
of them.

3.2.1. Boundary Constraints. Sometimes u
𝑖,𝐺

is out of the
range of search space. When it happens, it is necessary to

replace this value to guarantee it is into its allowed range (12).
Consider

𝑢
𝑖𝑗,𝐺

=

{{{

{{{

{

𝑥
𝐿

𝑖𝑗
+ rand ⋅ (𝑥𝑈

𝑖𝑗
− 𝑥
𝐿

𝑖𝑗
)

if (𝑢
𝑖𝑗,𝐺

< 𝑥
𝐿

𝑖𝑗
) , or (𝑢

𝑖𝑗,𝐺
> 𝑥
𝑈

𝑖𝑗
)

𝑢
𝑖𝑗,𝐺
, otherwise

𝑖 = 1, 2, . . . ,NP; 𝑗 = 1, 2, . . . , 𝐷,

(12)

where 𝑥𝐿
𝑖𝑗
is the lower bound of 𝑢

𝑖𝑗,𝐺
; 𝑥𝑈
𝑖𝑗
is the upper bound

of 𝑢
𝑖𝑗,𝐺

.

3.2.2. Constraint Functions. Penalty function is one of the
most effective methods to solve the evolutionary constraint
optimization problem [21–25].

In this paper, the MINLP with constraints (13) is con-
verted into an unconstrained MINLP by using a penalty
function shown as (14). Consider

min 𝑓 (𝑥, 𝑦)

s.t.

𝑔
𝑘
(𝑥, 𝑦) ≤ 0, 𝑘 = 1, 2, . . . , 𝑝

ℎ
𝑙
(𝑥, 𝑦) = 0, 𝑙 = 1, 2, . . . , 𝑞

𝑥
𝐿

𝑖
≤ 𝑥
𝑖
≤ 𝑥
𝑈

𝑖
, 𝑖 = 1, 2, . . . , 𝐷

𝑦
𝑘
∈ {0, 1} , 𝑘 = 1, 2, . . . , 𝑚,

(13)

min 𝐹 (𝑥, 𝑦) = 𝑓 (𝑥, 𝑦) +𝑀

× [

[

𝑝

∑

𝑘=1

max {0, 𝑔
𝑘
(𝑥, 𝑦)}

2

+

𝑞

∑

𝑙=1

max {0, ℎ𝑙 (𝑥, 𝑦) − 𝜀
}
2
] ,

(14)

where 𝑥 = [𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
]
𝑇 is a continuous vector; 𝑦 =

[𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑚
]
𝑇 is a binary vector; 𝑔

𝑘
(𝑥, 𝑦) represents the

𝑘th inequality constraint; ℎ
𝑙
(𝑥, 𝑦) represents the 𝑙th equality

constraint; 𝐹(𝑥, 𝑦) represents new objective function, which
consists of two parts: the old objective function 𝑓(𝑥, 𝑦) and
a penalty function; 𝑝 is the number of inequality constraints;
𝑞 is the number of equality constraints; 𝜀 is a small positive
constant, so that the 𝑙th equality constraint ℎ

𝑙
(𝑥, 𝑦) = 0 is

converted into the inequality constraint ℎ
𝑙
(𝑥, 𝑦) − 𝜀 < 0. In

addition,𝑀 is defined as penalty coefficient, which is a large
positive constant, so that it imposes penalty on unfeasible
solutions.

3.3. Conventional Technique for Binary Variables. In this
paper, the {0, 1} binary variables represent on/off status of RO
units, but the DE algorithm is only capable of handling con-
tinuous variables. Therefore, some real variables within the
range of [0, 1] are used to represent the statuses of RO units
in TSDE instead of these binary variables.When the objective
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function and the constraint functions are calculated, these
real variables are rounded off to the nearest integer with (15).
Consider

𝑦
𝑖
= INT (𝑦

𝑖
) , (15)

where INT() is a function to convert a real number to an
integer value by rounding off.

3.4. Two-Stage DE. The OOP of a large-scale parallel-unit
SWRP desalination plant has such features: the permeate rate
of each RO unit is huge; that is, the amount of freshwater
generated by each RO unit is usually more than 10000 tons
a day; the permeate rate changes within an allowable range,
but this range ismuch smaller than its amount. So, when aRO
unit’s status changes, the TRC of the plant will change sharply.
Usually, this change cannot be made up by adjusting the RO
unit’s permeate rate within its allowable range.

In this paper, a novel DE, TSDE, is proposed to solve
the OOP. The TSDE is divided into two periods: Stage One
and Stage Two. In Stage One, the permeate rate of each RO
unit is supposed be a constant, which equals the median of
its allowable range. A DE algorithm is used to compute the
run/off status of each RO unit in this stage. When the DE
is satisfying the stopping criterion, a preliminary scheduling
will be worked out.

Then, the best 30 percent individuals in StageOne remain
to Stage Two. The other 70 percent individuals in Stage
Two are generated in the search space randomly (here, these
two stages have the same population size NP). All these
individuals are as the original values of another DE algorithm
to evolute again in Stage Two. When the second DE stops, a
final scheduling will be got.

4. Experimentation

For numerical experimentation, a large-scale parallel-unit
SWRO desalination plant in Liuheng Island, China, which
has the capacity of 100,000m3 freshwater a day, is considered
over a 24-hour time horizon. The basic parameters of this
OOP are shown in Tables 1, 2, and 3.

Here, the length of individual 𝐷 = 20; each individual
consists of 20 variables. The first 8 variables are {0, 1} binary
variables to represent the on/off statuses of 8 RO units. The
next 8 variables are real values, which are the amounts of
freshwater generated by 8 RO units. And the last 4 variables
are real values to represent the supplied freshwater by 4
PFWTs.

The CDC of this plant is considered as a constant and
ignored when calculating the TRC.

4.1. Parameters of TSDE. TheDE’s search ability for different
problems depends on its parameters [26]. So, before it is
working, these parameters must be tuned.

4.1.1. The Maximum Number of Iterations 𝐺
𝑚
and the Popula-

tion Size NP. Firstly, the effects of two important parameters,
the maximum number of iterations 𝐺

𝑚
and the population

Table 1: The basic parameters of OOP in Liuheng SWRO desalina-
tion plant.

Parameters Sign Value
The number of RO units 𝑛 8
The number of PFWTs 𝑚 4

The number of RO units which feed
freshwater to each PFWT

𝑛
1

2
𝑛
2

2
𝑛
3

2
𝑛
4

2

The upper limit of the permeate rate of
RO Unit i, (m3/h)

𝑄
1,max 460

𝑄
2,max 460

𝑄
3,max 570

𝑄
4,max 570

𝑄
5,max 570

𝑄
6,max 800

𝑄
7,max 570

𝑄
8,max 570

The lower limit of the permeate rate of
RO Unit i, (m3/h)

𝑄
1,min 380

𝑄
2,min 380

𝑄
3,min 470

𝑄
4,min 470

𝑄
5,min 470

𝑄
6,min 655

𝑄
7,min 470

𝑄
8,min 470

The initial value of PFWT (m3)

𝑉
1,0

340
𝑉
2,0

340
𝑉
3,0

340
𝑉
4,0

340

The maximum capacity of PFWT i, (m3)

𝑉
1,max 1680
𝑉
2,max 1680
𝑉
3,max 2280
𝑉
4,max 1680

The minimum capacity of PFWT i, (m3)

𝑉
1,min 320
𝑉
2,min 320
𝑉
3,min 320
𝑉
4,min 320

The maintenance cost coefficient 𝐶
1

11.5

The repair and replacement fees 𝐶
2

155
The correlation coefficient of energy
consumption and generated freshwater 𝐶

3
2.86

size NP, on the search ability of DE for the OOP are explored.
A basic DE is used to study the relationship, setting 𝐹 =

Rand[0.1 : 0.2], CR = Rand[0.7 : 0.9], where Rand[𝑎 : 𝑏]

represents a uniformly distributed random value that ranges
from 𝑎 to 𝑏.

The different pairs {𝐺
𝑚
,NP} for DE are used to compute

the solution of the OOP, and each algorithm is running 10
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Table 2: The user’s demands for freshwater𝐷(𝑘).

Time 𝑘 Demands for flash
water (m3) Time 𝑘 Demands for flash

water (m3)
1 1660 13 2525
2 1520 14 2430
3 1345 15 2300
4 1370 16 2490
5 1865 17 2765
6 2235 18 3030
7 2700 19 3095
8 2830 20 2970
9 2770 21 2655
10 2555 22 2350
11 2705 23 2085
12 2640 24 1870

Table 3: The time-of-use electricity price 𝑃
𝑒
(𝑘).

Time 𝑘 1–8 9–11 12-13 14–19 20-21 22 23-24
Electricity price
(¥/kWh) 0.27 0.69 0.27 0.69 0.89 0.69 0.27

times. The results are listed in Table 4, in which the bold font
is the best solution. It can be observed that the bigger these
two parameters are, the stronger the search ability is.

It is worth noting that if𝐺
𝑚
andNP are too big, the search

speed of DE will decline sharply; and if the NP is small to
a certain value, the algorithm is easy to fall into the locally
optimal solution. Therefore, there is a compromise between
the search speed and the accuracy when turning these two
parameters.

4.1.2. The Scale Factor 𝐹 and Crossover Rate CR. The scale
factor 𝐹 and crossover rate CR are another two important
parameters in DE; the search ability of DE is sensitive to them
too. In order to find out the effects of 𝐹 and CR on the search
ability of DE in this problem, a sensitivity analysis of these
two parameters is presented.

Usually the 𝐹 is in the range of [0.0, 1.0] and CR is in
the range of [0.0, 1.0] [15]. In order to compare the effects of
different 𝐹 and CR fairly, the same initial individuals are used
to calculate the optimal values of this OOP under different
𝐹 and CR. The population size NP = 100 and the maximum
number of iterations𝐺

𝑚
= 1000. A basic DE is used to do this

job, and the results are shown in Figures 3 and 4.
In Figure 3, the effects of different CR on the search ability

of DE when 𝐹 = 0.1, 0.3, 0.5, 0.8, 1.0, and Rand[0.1 : 0.3],
respectively, are explored, in which it is found that OOP gets
its best solution when CR ⩾ 0.7. In Figure 4, the effects of
different 𝐹 on the search ability of DE when CR = 0.1, 0.3,
0.5, 0.8, 1.0, and Rand[0.7 : 0.9], respectively, are studied, and
it is found that OOP gets its minimal value when 𝐹 ⩽ 0.3. So,
we set 𝐹 = Rand[0.1 : 0.3] and CR = Rand[0.7 : 0.9] for
DE algorithm to compute the best solutions of OOP in the
following sections.

4.1.3. The Two Maximum Numbers of Iterations 𝐺
1
and 𝐺

2

of TSDE. As mentioned in the above sections, the TSDE
algorithm is divided into two stages. The two maximum
iteration numbers of these two stages, 𝐺

1
and 𝐺

2
, must be

determined before the TSDE working. Here, it is supposed
that 𝐺

1
+ 𝐺
2
= 1000, NP = 100, 𝐹 = Rand[0.1 : 0.3], and

CR = Rand[0.7 : 0.9], and each algorithm runs 10 times. The
results are listed in Table 5, in which the bold font is the best
solution. It is known that the TSDE gets its best solutionwhen
𝐺
1
= 300 and 𝐺

2
= 700.

4.2. Pseudocode of TSDE. The pseudocode of TSDE is shown
in Algorithm 1.

4.3. Comparative Study

4.3.1. Comparison between TSDE and Other Global Minimiz-
ing Algorithms. In this paper, genetic algorithm (GA) and
basic DE are chosen to compare the search ability with STDE
for this problem. The main parameters of GA are set as
follows: the maximum number of iterations 𝐺

𝑚
= 1000, the

length of chromosome 𝐿
𝑐
= 20, mutation factor 𝐹 = 0.6, and

crossover rate CR = 0.1; themain parameters of basic DE: the
maximum number of iterations 𝐺

𝑚
= 1000, the population

size NP = 100, mutation factor 𝐹 = Rand[0.1 : 0.3], and
crossover rate CR = Rand[0.7 : 0.9]; the main parameters
of TSDE: the maximum two numbers of iterations 𝐺

1
= 300,

𝐺
2
= 700, the population size NP = 100, mutation factor

𝐹 = Rand[0.1 : 0.3], and crossover rate CR = Rand[0.7 : 0.9].
All algorithms are coded inMATLAB 7.0 and executed in HP
desktop 6300MTwith Intel Core i5-3470 CPU@3.2GHz and
4GB RAM.

Each of algorithm runs 10 times, and the statistical results
are listed in Table 6, in which the bond font are the best
solution.The average searching quality of TSDE is better than
the others.Moreover, the standard deviations by basicDE and
TSDE are much smaller than GA.

4.3.2. Comparison between Optimal Operation and Manual
Operation. Finally, we compare the optimal operation with
manual operation in the OOP. The scheduling strategy of
manual operation is that all RO units are running until
reaching the high amount limits of the PFWTs from time 1 to
time 8 every day, when the time-of-use electricity price is the
lowest. When the freshwater amount of each PFWT is at high
limit, the corresponding ROunits stop. At other time periods,
the running status of each RO unit is only determined by
the user’s freshwater demand, and the time-of-use electricity
price will no longer be considered. The optimal operation
obeys the scheduling plan computed by TSDE.

Figure 5 is the comparison of freshwater generation
of each RO unit between optimal operation and manual
operation. As Figure 5 shows, those RO units which have
smaller freshwater generation capacity, such as Unit 1 and
Unit 2, are almost running because of its smaller running
cost. On the contrary, the RO unit which has large capacity
(its running cost increases according to its capacity), such
as Unit 6, is opened only when necessary. So, it has low
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Table 4: Analysis of NP and 𝐺
𝑚
of TSDE.

NP 𝐺
𝑚

Best solution (¥) Mean value (¥) Std. dev.
200 250 89758 90376.7 351.6491
250 200 89662 90471.4 556.8511
334 150 89116 89666.7 410.5998
500 100 88822 89926.1 423.0399
625 80 88725 89508.5 451.2566
1000 100 88429 88955.4 376.5983
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Figure 3: Analysis of CR in different 𝐹.

utilized efficiency. The others which have medium capacity
are working intermittently.

Figure 6 is the comparison of capacity of each PFWT.The
sum of capacity of all PFWTs fluctuates with the profile of
freshwater demand.

From Figure 6, it is observed as follows.

(1) Both of these two schedules open the RO units to
generate freshwater from time 1 to time 8, and the sum
of freshwater reaches its peak at time 8;

(2) the manual operation does not take the time-of-use
electricity price as the cost factor of TRC after time
8, so even at the highest electricity price period, such
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Table 5: Analysis of 𝐺
1
and 𝐺

2
of TSDE.

𝐺
1

𝐺
2

Best solution (¥) Mean value (¥) Std. dev.
300 700 88140 88745.38 467.6048
500 500 88464 88878.9 383.1357
700 300 88556 88850 166.2274
1000 0 88275 89052 489.2724
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Figure 4: Analysis of 𝐹 in different CR.

as time 15, the sum of freshwater of PFWTs is still
increasing. That is, the RO units are still opening at
these time periods, so that the TRC under manual
operation cannot get its optimal value;

(3) the optimal operation takes full use of its advantage
in global optimization, so at times 8, 13, and 18, the
sum of generated freshwater reaches its local peaks
before the time-of-use electricity price gets higher.
Therefore, when the electricity price is higher, the
storage of freshwater is used to satisfy user’s demand,

and the ROunits will not be opened unless the storage
of freshwater reaches its lower limit. In this way, the
TRCof this plant under optimal operation is 5% lower
than manual operation (Figure 7).

5. Conclusions

The OOP of large-scale parallel-unit SWRO desalination
plant is modeled as a MINLP, in which binary-valued vectors
indicate the on/off statsues of RO units and real-valued
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Line % Pseudocode of TSDE
(1) Begin
(2) Set NP = 100;𝐷 = 20; 𝐺

1
= 300; 𝐺

2
= 700;

(3) % Stage One
(4) Initialize population 𝑥

𝑖,𝐺
(𝑖 = 1, 2, . . ., NP) (the vectors which represent the status of RO are initialized

randomly in the range of [0, 1]; the vectors which represent the amount of freshwater are
initialized as constants, which equal the average capacity of each RO unit)

(5) 𝐺 = 1

(6) For 𝐺 = 1 to 𝐺
1

(7) For 𝑘 = 1 to 𝐾
(8) For 𝑖 = 1 to NP
(9) Randomly selected three integers 𝑟

1
, 𝑟
2
, and 𝑟

3
from the set {1, 2, . . ., NP}

(𝑟
1
̸=𝑟
2
̸=𝑟
3
̸=𝑖)

(10) 𝐹 = 0.2 ∗ rand + 0.1
(11) V

𝑖,𝐺
= 𝑥
𝑟1 ,𝐺

+ 𝐹∗ (𝑥
𝑟2 ,𝐺

− 𝑥
𝑟3 ,𝐺

)
(12) Randomly selected index rnbr(𝑗) (rnbr(𝑗) ∈ {1, 2, . . . , 𝐷})

(13) CR = rand ∗ 0.2 + 0.7
(14) For 𝑗 = 1 to𝐷
(15) If (rand < CR) or (𝑗 = rnbr(𝑗))
(16) 𝑢

𝑖𝑗,𝐺
= V
𝑖𝑗,𝐺

(17) Elseif
(18) 𝑢

𝑖𝑗,𝐺
= 𝑥
𝑖𝑗,𝐺

(19) End If
(20) If (𝑢

𝑖𝑗,𝐺
< 𝑥
𝐿

𝑖𝑗
) or (𝑢

𝑖𝑗,𝐺
> 𝑥
𝑈

𝑖𝑗
)

(21) 𝑢
𝑖𝑗,𝐺

= 𝑥𝐿
𝑖𝑗
+ rand ∗ (𝑥𝑈

𝑖𝑗
− 𝑥
𝐿

𝑖𝑗
)

(22) End If
(23) End For
(24) If 𝐹(𝑢

𝑖,𝐺
) > 𝐹(𝑥

𝑖,𝐺
)

(25) 𝑥
𝑖,𝐺+1

= 𝑢
𝑖,𝐺

(26) Else
(27) 𝑥

𝑖,𝐺+1
= 𝑥
𝑖,𝐺

(28) End If
(29) End For
(30) End For
(31) End For
(32) % Stage Two
(33) Initialize population 𝑥

𝑖,𝐺
(𝑖 = 1, 2, . . ., NP) (30 percent of them are remained the best values

from Stage One and 70 percent are generated randomly)
(34) 𝐺 = 1

(35) For 𝐺 = 1 to 𝐺
2

(36) For 𝑘 = 1 to 𝐾
(37) For 𝑖 = 1 to NP
(38) Randomly selected three integers 𝑟

1
, 𝑟
2
, and 𝑟

3
from the set {1, 2, . . ., NP}

(𝑟
1
̸=𝑟
2
̸=𝑟
3
̸=𝑖)

(39) 𝐹 = 0.2 ∗ rand + 0.1
(40) V

𝑖,𝐺
= 𝑥
𝑟1 ,𝐺

+ 𝐹∗ (𝑥
𝑟2 ,𝐺

− 𝑥
𝑟3 ,𝐺

)
(41) Randomly selected index rnbr(𝑗) (rnbr(𝑗) ∈ {1, 2, . . . , 𝐷})

(42) CR = rand ∗ 0.2 + 0.7
(43) For 𝑗 = 1 to𝐷
(44) If (rand < CR) or (𝑗 = rnbr(𝑗))
(45) 𝑢

𝑖𝑗,𝐺
= V
𝑖𝑗,𝐺

(46) Elseif
(47) 𝑢

𝑖𝑗,𝐺
= 𝑥
𝑖𝑗,𝐺

(48) End If
(49) If (𝑢

𝑖𝑗,𝐺
< 𝑥
𝐿

𝑖𝑗
) or (𝑢

𝑖𝑗,𝐺
> 𝑥
𝑈

𝑖𝑗
)

(50) 𝑢
𝑖𝑗,𝐺

= 𝑥𝐿
𝑖𝑗
+ rand ∗ (𝑥𝑈

𝑖𝑗
− 𝑥
𝐿

𝑖𝑗
)

(51) End If
(52) End For
(53) If 𝐹(𝑢

𝑖,𝐺
) > 𝐹(𝑥

𝑖,𝐺
)

Algorithm 1: Continued.
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(54) 𝑥
𝑖,𝐺+1

= 𝑢
𝑖,𝐺

(55) Else
(56) 𝑥

𝑖,𝐺+1
= 𝑥
𝑖,𝐺

(57) End If
(58) End For
(59) End For
(60) End For
(61) End

Algorithm 1: Pseudocode of TSDE.
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Figure 5: The comparison of capacity of each RO unit.
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Table 6: Comparison of the best solutions of STDE with basic DE and GA (¥).

Algorithm Best solution Worst solution Mean value Std. dev.
GA 89680 91102 90556 622.9885
Basic DE 88429 89266 88955.4 376.5983
TSDE 88140 89246 88791.59 391.3258
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vectors indicate the amounts of freshwater generated by RO
units and the amounts of supplied freshwater by PFWFs.
The objective function of the OOP is the total running
cost of the desalination plant, and the constraint functions
include the technical limitations, the design requirements
of each RO unit, and the freshwater demand of user. A
novel DE, two-stage DE, is presented to solve this OOP, and
the effects of its main parameters on the search ability are
analyzed in this paper. Applying this TSDE to a 100,000
ton SWRO desalination plant in Liuheng Island, China, it is
observed that the proposed TSDE can successfully improve
the utilization rate of RO units to reduce the TRC.
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Traveling sales man problem with precedence constraints is one of the most notorious problems in terms of the efficiency of its
solution approach, even though it has very wide range of industrial applications. We propose a new evolutionary algorithm to
efficiently obtain good solutions by improving the search process. Our genetic operators guarantee the feasibility of solutions over
the generations of population, which significantly improves the computational efficiency even when it is combined with our flexible
adaptive searching strategy. The efficiency of the algorithm is investigated by computational experiments.

1. Introduction

In most business processes, a set of operations or activities
are constrained by precedence relationships that are imposed
by technological characteristics of products or services. The
precedence constraints represent a typical operational struc-
ture constrained by sequentially and/or related operations.
Therefore, the determination of operation sequences consid-
ering precedence constraints is one of the most important
issues in many industrial problems such as production plan-
ning, scheduling, and project network planning problems. In
most practices, however, sequencing problem is very difficult
to solve because of its combinatorial complexity. More often
than not, the solution may be impractical to be used in real
environment due to system variability, while most managers
in charge of operation sequencing want more sturdy and
robust solutions. This study considers, specifically, traveling
salesman problem with precedent constraints (TSPPC) and
aims to obtain more robust and efficient operation sequence
with minimum setups.

TSPPC is a variant of traveling salesman problem (TSP)
because all nodes should be visited once but in predetermined
order. Precedence constraints make TSPPC have the wider
range of industrial applications such as scheduling, project
management, and process routing. In solution methods,

however, TSP is known to be a class of NP-hard problem and
TSPPC is evenmore complicated with additional constraints.
Since no exact solution can be obtained in reasonable com-
putational time and a good solution needs to be practical and
implementable in real environment, careful development of
new solution method is crucial. As a solution technique, we
will consider the evolutionary algorithm which is proven to
be very effective in large scale of solution space and provides
high flexibility in searching strategy.

We will first present a mathematical model of TSPCP
as an appropriate network flow model. A new evolutionary
algorithm will be introduced and in subsequent sections
modifications of algorithm will be proposed for further
improvement of solution. Finally, experimental analyses will
validate the efficiency of our algorithms.

2. Literature Review

Abundant researchers have been interested in various types
of sequencing problem using TSP. Reinelt [1] developed a
traveling salesman problem library (TSPLIB) which is meant
to provide researchers with a broad set of test problems
from various sources and with various properties. Chen [2]
discussed an AND/OR precedence constrained sequencing
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problem and formulated it as a state-constrained travel-
ing salesman model and applied the model to assembly
scheduling problem. Also, He and Kusiak [3] developed a
mixed integer formulation and a simple and easy heuristic
for a single machine scheduling problem with sequence-
dependent setup times and precedence constraints. Recently,
Su [4] proposed a unique reasoning method supported by an
artificial intelligent technique of case-based reasoning with
evolutionary algorithm to solve the TSPPC problem. Lee
et al. [5] suggested a tree-structured precedence graph to
solve the problem of selecting and sequencing operations
in process planning with the objectives of minimizing the
sum of operation processing, setup, and tool change costs
with precedence constraints. Lambert [6, 7] formulated a
disassembly scheduling problem by modification of two-
commodity network flow model including TSPPC problem.
Mingozzi et al. [8] proposed an exact algorithm to solve
the problem using dynamic programming and bounding
functions to reduce state space graph. Ascheuer et al. [9]
described the implementation of a branch and cut-algorithm
and gave computational results for real-world instances and
benchmark problems fromTSPLIB.Many exact and heuristic
algorithms have been developed in the field of operations
research (OR) to solve the variants of TSP. However, prece-
dent constraints always bother the researchers in making
efficient algorithms because with them the problems become
dramatically difficult.

Many researched also used the memetic computational
algorithms to solve TSP. Jati and Suyanto [10] used the firefly
algorithmwith the discrete distance between two fireflies and
the movement scheme. Ouaarab et al. [11] employed cuckoo
search (CS) algorithm inspired by the breeding behavior of
cuckoos. They extended and improved CS by reconstructing
its population and introducing a new category of cuckoos.
In spite of usingmemetic computation, precedent constraints
are still challenging in TSP.

Meanwhile, genetic algorithm is widely accepted as effi-
cient algorithm to be applied in many intractable problems
like TSP. Zeng et al. [12] used genetic algorithm for antenna
design. Poland et al. [13] solved exosensor distribution
optimization problem using genetic algorithm to generate
globally optimal sensor distributions for a smart home replica
kitchen.

Some researchers used genetic algorithms to tackle
TSPPC.As one of the first researchers using genetic algorithm
for this problem, Potvin [14] introduced genetic algorithms
for traveling salesman problem and its extensions. Recently,
more efficient genetic algorithms were developed using some
additional techniques such as special decoder, penalty func-
tion, and special genetic operator, all of which efficiently
generate good feasible solutions by Michalewicz and Fogel
[15]. Ghazalli and Murata [16] used genetic algorithm to find
optimal disassembly sequences for disassembling the end-of-
life product. He used topological sort method to generate
feasible solutions and fix infeasible solutions. Moon et al.
[17–19] also proposed a topological sort based evolutionary
approach to solveTSPPCand tool selection problem.Yun and
Moon [20] also used a similar technique to solve precedence-
constrained sequencing problem. Even though most of these

approaches are very simple and easy to implement, a major
drawback is that the quality of solution is not satisfac-
tory enough because of randomness of solution generation.
Avoiding randomness and guiding to the better choice of
solution are essential to improve GA based algorithms.

In this study, we propose an adaptive evolutionary algo-
rithm to improve the computational efficiency and the quality
of solutions. The proposed algorithm searches only the
feasible solution space by adopting efficient genetic operators
and employs adaptive search strategies to adaptively apply
the genetic operations on the current population.Throughout
this paper, we use “evolutionary algorithm” as the same
meaning as “genetic algorithm,” “evolutionary strategies,”
and “evolutionary programming,” which are found in many
literatures.The objective of this study is to develop an efficient
evolutionary process scheme for TSPPC. The algorithm
seeks a solution to minimize the total processing time for
implementing all the operations with sequence dependent
setup times.

3. Mathematical Model of Traveling
Salesman Problem with Precedent
Constraints (TSPPC)

The mathematical model of TSPPC is quite similar to the
traveling salesman problem (TSP). The 𝐺 = (𝑉, 𝐴) graph
is used to define TSPPC, where 𝑉 = {0, 1, . . . , 𝑛} and 𝐴 =
{(𝑖, 𝑗) | 𝑖, 𝑗 ∈ 𝑉} which indicate nodes and arcs, respectively,
in graph 𝐺. In TSPPC, a node corresponds to an operation
and an arc to a processing time. To formulate TSPPC, we
need to modify the two-commodity network flow model (as
discussed by Lambert [6]) used in TSP as follows.

TSP.Themodel assumes that each node has one demand unit
and the starting node has 𝑁 units to meet the demand of
each node. In other words, the salesman starts with 𝑁 units
at the starting node and travels to the end node till meeting
the demand of all nodes. The simplified commodity network
flow model considers only the amounts of belonging when
the salesman enters or leaves a node. Then, a mathematical
model can be formulated as follows:

(i) parameters

𝑁: the number of nodes;
𝑡
𝑖𝑗
: the distance from node 𝑖 to node 𝑗;

(ii) decision variables

𝑎
𝑘
: integer variable which is decreasing aggregate
counter;

𝑥
𝑖𝑗
: {
1, if node𝑗 is visited next to 𝑖
0, otherwise;

(1)

𝑝
𝑖𝑗
: decreasing partial counter which is decreased
with 1 if node 𝑗 is visited next to 𝑖;

(iii) objective

Minimize∑
𝑖𝑗

𝑡
𝑖𝑗
× 𝑥
𝑖𝑗
; (2)
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(iv) subject to

∑

𝑗

𝑥
𝑖𝑗
= 1 ∀𝑖, (3)

∑

𝑖

𝑥
𝑖𝑗
= 1 ∀𝑗, (4)

∑

𝑖

𝑝
𝑖𝑗
= 𝑎
𝑗
∀𝑗, (5)

∑

𝑖

𝑝
𝑖0
= 𝑁, ∑

𝑖

𝑝
0𝑖
= 0, 𝑝

𝑗𝑗
= 0 ∀𝑗, (6)

𝑝
𝑖𝑗
≤ (𝑁 + 1) × 𝑥𝑖𝑗 ∀𝑖, 𝑗, (7)

∑

𝑗

𝑝
𝑖𝑗
= 𝑎
𝑖
− 1 ∀𝑖, (8)

𝑥
𝑖𝑗
= binary, 𝑎

𝑖
= integer ∀𝑖, 𝑗. (9)

The objective function (2) is to minimize total traveling
distance in TSP, for example, the total processing time of
operations in scheduling problem. Constraints (3) and (4)
indicate that all nodes have one preceding and one subse-
quent node. Constraint (5) represents counter aggregation,
where the amount of belonging at each node is calculated
by sum of preceding belongings. The total belonging size is
restricted by constraint (6). And constraint (6) also makes
starting and end condition for the start and end point.
Constraint (7) couples counter and flows. Constraint (8) is
for counter decrement. The last constraint (9) restricts the
decision variables to integer.

Then TSPPC is formulated as follows.

TSPPC. TSPPC has the same constraint sets of TSP and
one additional constraint set for precedence relationships
between node 𝑖 and 𝑗 as follows:

𝑎
𝑖
> 𝑎
𝑗
. (10)

Constraint (10) indicates that node 𝑖 precedes node 𝑗.

4. Algorithm

This section presents our proposed evolutionary method
which searches only feasible solution spaces to improve the
computational efficiency. The overall procedure of the algo-
rithm is shown in Figure 1. The procedure includes crossover
andmutation processes along with adaptive search strategies.
The concept of the adaptive scheme is to adaptively change the
values of parameters to enhance the search efficiency.

The details of algorithms are described in the following
subsections.

4.1. Solution Representation. A chromosome representing
the sequence of operations is shown in Figure 2. Data are
represented using the linked-list format for the evolutionary
algorithm (Horowitz et al. [21], Michalewicz [22]).

Since each gene corresponds to an operation, Figure 2
represents an operation sequence as 2-3-1-5-4-6. Alsowe have

information of the precedence constraints as 𝑛×𝑛matrix with
parameters pre

𝑖𝑗
. If pre

𝑖𝑗
= 1, then 𝑖 operation should be done

before 𝑗 operation.

4.2. Initial Solution and Parameter Setup. The 𝑛 initial solu-
tions can be generated by topological sort (Moon et al.
[19], Yun and Moon [20]). All solutions of the population
are evaluated by the degree of fitness. In terms of TSP, the
objective is to find a visit sequence with the shortest traveling
time through all nodes. The fitness value of each solution is
computed as follows:

fit
𝑘
= ∑

𝑖𝑗

𝑡
𝑖𝑗
× 𝑥
𝑖𝑗𝑘
, (11)

where fit
𝑘
is the fitness-function value of 𝑘th chromosome, 𝑡

𝑖𝑗

indicates the setup time of changing operation 𝑖 to operation
𝑗, and 𝑥

𝑖𝑗𝑘
is a binary variable for 𝑘th chromosome with a

value of 1 if node 𝑖 precedes node 𝑗 and 0 otherwise.
We have four parameters to be set for our algorithm:

crossover acceptance probability (pc
0
), crossover selection

probability (psc
𝑘
), mutation acceptance probability (pm

0
),

and mutation selection probability (psm
𝑔𝑘
).

The crossover acceptance probability is used to obtain the
number of crossover operations over the current population.
Similarly, the mutation acceptance probability is used to
decide whether a chromosome accepts mutation operation
or not and consequently is used to obtain the number
of mutation operations over the current population. The
crossover selection probability is a probability of selecting a
chromosome 𝑘 (as a parent chromosome) onwhich crossover
operation is performed and computed as follows:

psc
𝑘
=
(Max−fit

𝑘
)

∑
𝑐
(Max−fit

𝑐
)
, (12)

where Max is the maximum fit
𝑘
(fitness-function value)

among 𝑛 chromosomes.
According to (12), a chromosome with the low fitness-

function value has a high probability for selection.
The mutation selection probability is a probability of

selecting a gene (as both end points) in chromosome 𝑘 to
determine the mutation region and computed is follows:

psm
𝑔𝑘
=
𝑡
[𝑔−1][𝑔]
+ 𝑡
[𝑔][𝑔+1]

fit
𝑘

, (13)

where psm
𝑔𝑘

is the probability to select 𝑔th gene as a start
or end point of mutation region. [𝑖] means the value of 𝑖th
gene. For example, 𝑡[1][2] with operation sequence 2-5-3-
4-6-1 indicates the setup time of changing operation 2 to
operation 5. If a gene is the first or the last one, calculate one
side value.

These all parameter values are computed before the
algorithm proceeds.

4.3. Genetic Operations. Genetic operations are designed to
search only feasible solutions over the entire generations.The
modified topological sort that merges two instances into one
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Figure 1: Procedure of the adaptive evolutionary algorithm.
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is considered to generate feasible chromosomes. We can use
pc
0
and pm

0
, which are the probabilities of crossover and

mutation, respectively.

4.3.1. Crossover. A crossover is operated according to the
value of pc

0
, which is a crossover probability. If the crossover

is accepted, two chromosomes will be selected for crossover.
With a cumulative probability of crossover selection prob-
abilities of each chromosome, that is, cumulative psc

𝑘
, two

chromosomes are chosen using a random number generator.
Thus, the higher chance of selection goes to a chromosome
with the higher crossover selection probability. After two
chromosomes are selected in this manner, an offspring
through crossover operation on the chromosome is created
by incremental inclusion of “selectable” nodes. A node is
selectable if all precedent nodes are already included in
the current chromosome or no precedent node exists. Our
procedure maintains a selectable node set, 𝐸, until the set
is empty. Let 𝐿 be the length of a chromosome and let 𝑙
be the position of genes in the chromosome. The crossover
procedure is described as follows.

Step 1. Create a graph 𝐺 = (𝑁,𝐴) of TSPPC. Set 𝑙 = 1

Step 2. Create a selectable node set 𝐸 from 𝐺.

Step 3. Select two 𝑙th genes from both parent chromosomes.
We have four possible cases as follows:

Case 1. Two selected genes are different and found in𝐸. Select
one arbitrarily.

Case 2. Two selected genes are same and found in 𝐸. Then
select that one.

Case 3. Only one gene is selected and found in 𝐸. Then select
that one.

(This happens when a gene has been removed in the
previous iteration.

Case 4. No selected genes are found in 𝐸. Then select a gene
(node) from 𝐸 arbitrarily.

Step 4 (update𝐺). Delete the selected node in Step 3 with the
corresponding arcs.

Step 5. If 𝑙 = 𝐿, terminate. Otherwise, set 𝑙 = 𝑙 + 1 and go to
Step 2.

Since all genes in a new chromosome are selected from
the selectable node set𝐸, the precedent constraints are always
satisfied, which means the crossover operations search are

always the feasible solution spaces. Over the crossover oper-
ations, the maximum 𝑛 chromosomes are newly generated
from 𝑛 original chromosomes,

4.3.2. Mutation. Amutation is performed on a chromosome
in order to create, by chance, an unexpected good solution.
In our algorithm, the mutation is operated according to the
value of pm

0
, mutation acceptance probability. If mutation is

accepted, a mutation region is determined so that the muta-
tion is performed on an interval between two genes. With a
cumulative probability of mutation selection probabilities of
each gene of given chromosome, that is, cumulative psm

𝑔𝑘
,

two genes are chosen using a random number generator.This
means that the higher chance of selection goes to a gene with
the higher mutation selection probability.

After selecting a pair of genes, all genes between the pair
are topologically sorted and subject to only their precedence
constraints. It is obvious that this mutation operation keeps
the feasibility of newly created chromosome because the
front part (or the latter part) of the mutation region satisfies
the precedence constraints with the mutation region in
the original chromosome, and even the mutation region is
replaced with other feasible region, the feasibility is still
maintained.

The mutation operations create newly maximum 𝑛 chro-
mosomes with 𝑛 original chromosomes,

4.4. Termination Criterion. Wehave two options to terminate
the algorithm.The first one is to set the fixed number of gen-
erations, which is easy and popular way. The other criterion
is to use the best fitness function value of each generation
and check the trend of improvement over the generations. If
the best fitness function value at generation 𝑡(min fit

𝑡
) is not

changed for the certain number of generations, the algorithm
stops. This is represented as follows:

min fit
𝑡
= min fit

𝑡+1
= ⋅ ⋅ ⋅ = min fit

𝑡+𝑅
, (14)

where min fit
𝑡
is the best fitness-function value at the 𝑡th

generation.
If termination criterion is not satisfied, the algorithm

selects 𝑛 chromosomes for the next generation. We may
have two options for selection. Firstly, we can choose
𝑛 chromosomes by evaluating the fitness function values
among all chromosomes from the original, crossover, and
mutation operations. The second way for selection is to use
the probability of each chromosome. The chromosome with
lower fit

𝑡
-value has the higher probability for selection as

follows:

psxg
𝑘
=

Max−fit
𝑘

∑
𝑖
(Max−fit

𝑖
)
, (15)

where psxg
𝑘
is the probability that the 𝑘th chromosome is

selected for next generation.

4.5. The Aging of Chromosome. As generations continue,
some survival chromosomes are getting older. All organisms
experience aging process andmay have a peak time to achieve
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Table 1: Adaptive search strategies.

Factor Adaptive search strategy
Crossover acceptance

probability
Mutation acceptance

probability
The number of
generations Increase Decrease

Variance of fitness
value

High Increase Decrease
Low Decrease Increase

the best performance.We can employ this natural property to
improve the searching spaces. With a lifespan value, funeral
probability is computed as follows:

fnr
𝑘
= 1 − 𝑒

−age𝑘/als, (16)

where fnr
𝑘
is the probability of death and age

𝑘
is the age of

𝑘th chromosome and als is the average lifespan.
A chromosome with the higher funeral probability has

the lower chance of survival over the next generation.

4.6. Adaptive Search Strategy. In evolutionary algorithm,
the population of generation changes as the generations
proceeds. In order to obtain the better solutions, the better
population needs to be generated at each generation. We can
use this idea to create the search strategy for getting the better
solution spaces. Due to the necessity of adaptability to each
generation, we use a term of “adaptive” strategy.

For development of adaptive search strategy, we need
to identify the characteristics of population. The parameters
used in our algorithm can be quite useful to do so. Basically,
new chromosomes are created by genetic operations, that
is, crossover and mutation operations. This means that
modifying the parameters of genetic operations makes the
algorithm have the adaptability. We consider the crossover
and mutation acceptance probabilities as the parameters for
the algorithm to have the adaptability. Table 1 shows how
we change the two parameters according to the number of
generations and variance of fitness function values of the
current population.

Without loss of generality, in evolutionary algorithm we
assume that as the number of generations increases, the
chance of finding the better solution also increases. In this
context, we think that as the number of generations increases,
the more crossover operations are necessary because the
better solution can be obtained from the more crossover
among them, while the number of mutation operations
need to be reduced in order to avoid unnecessary solution
regions. At the same time, we look into the distribution of
fitness function values of chromosomes. If the variance of
the fitness function values is high, we need more crossover
operations on the population to get the unexplored solutions
in the current solution region. In this case, however, the
mutation operation does not have to be encouraged in order
to avoid unnecessary solution search. We have the opposite

statements in case of high variance of fitness function value
in population.

The above adaptive search strategies can be simply imple-
mented with the following parameters:

pc
𝑡
= (pc
0
)
𝛼×𝑡×CV𝑡
, (17)

pm
𝑡
= (pm

0
)
𝛽/𝑡×CV𝑡
, (18)

where pc
𝑡
and pm

𝑡
are the acceptance probabilities of

crossover and mutation at 𝑡th generation, respectively. 𝛼 and
𝛽 are the parameters reflecting the characteristics of problem.
CV
𝑡
is coefficient of variance of population at 𝑡th generation.

5. Computational Experiments

In this section, we present the results of our experimentation
with the proposed algorithm. We investigate the efficiency
of genetic operations that avoid the generation of infeasible
solution in the next subsection, the behavior of adaptive
strategies, and then compare the results against other algo-
rithm, and finally, where possible, the results are compared
with the best known solutions.

5.1. Efficiency of Feasible Solution Search. Our approach uses
the topological sort and special genetic operation procedures
to generate feasible populations. In order to focus on our
genetic operations that guarantee the feasibility of solution,
we present a general approach that uses a separate feasibility
check module and compare the computation results. The
overall procedure of the general approach is shown in
Figure 3.

For experiments, the initial parameters are given as pm
0
=

0.8, 𝛼 = 1, and 𝛽 = 1. The experiments are performed on
micro-PC with 3.0GHz processor and 2GB RAM. Table 2
shows the results of the general approach and our adaptive
evolutionary algorithm.

From the results, we observe that two approaches find
the best solutions for the small size examples. However, our
algorithm is far efficient in computation time for especially
large size problems, which is because our algorithm explores
only the limited feasible solution space. Also our algorithm
showsmuch better solution results than the general approach.
The computation time of the general approach significantly
increases as the size of problem increases. This is because
the crossover operations on the infeasible chromosomes
generate infeasible chromosomes again and it repeats without
improving the solution. Since the probability of infeasibility
increases as the number of nodes increases, the general
approach is getting worse for the large size problems.

5.2. Behavior of Adaptive Search Strategy. Sets of compu-
tational experiments have been conducted to explore the
behavior of adaptive search strategy. The experiment for 7
nodes sequencing problem is performed and the results are
shown in Figure 4.

In the results, we observe that the crossover acceptance
probabilities increase according to the number of genera-
tions. And when CV of population is high, the acceptance
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Figure 3: The procedure of a general approach that uses the separate feasibility check module.
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Figure 4: pc, pm, and CV graph over the generation.

probability of crossover is also high. For example, in Figure 4,
the CV of 5th generation is high and so the acceptance
probability of crossover is also high. And then the 6th CV is
forced to decrease by the increased probability of crossover,
whichmeans that the algorithm tries to generate the solutions
near the original solutions. When CV is low, the acceptance
probability of mutation is high. When the CV at the 7th
generation is low, then the acceptance probability ofmutation

increases and the 8thCV is forced to increase by the increased
acceptance probability of mutation. This means that the
algorithm generates new solutions far different from the
original solutions.

5.3. Comparison against Other Algorithms. In this section,
the performance of our approach is compared with the
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Table 2: The performance experiment result 1.

Number of
nodes

Parameter General approach AEA∗

𝑛 pc0 Best solution Frequency
of best

CPU Time
(sec) Best solution Frequency

of best CPU time (sec)

7 7
14

0.6
0.7

26
26

6
3

0.922
0.015

26
26

1
4

0.006
0.016

25 25
50

0.6
0.7

134
134

10
5

10.422
6.042

134
134

4
5

0.047
0.094

35
30
35
70

0.6
0.7
0.8

177
180
180

11
12
11

18.803
23.844
19.424

177
177
177

9
10
16

0.218
0.235
0.625

45
45
45
50

0.6
0.7
0.8

214
214
209

15
17
18

44.314
38.688
42.124

209
207
207

18
19
17

1.047
1.75
1.547

70
70
70
140

0.6
0.7
0.8

383
372
372

33
21
27

532.406
229.319
245.247

363
363
363

43
40
45

9.016
9.796
14.281

∗The proposed adaptive evolutionary algorithm.

Table 3: The performance experiment result 2.

Number of
nodes

Optimization technique AEA
Optimal
solution CPU Time (sec) 𝑛 Best solution CPU time (sec)

10 18 1.51 25
50

18
18

0.023
0.047

12 27 156.72 25
50

27
27

0.062
0.062

15 49 70626 25
50

49
49

0.088
0.078

20 — — 25
50

68
73

0.086
0.125

optimization technique by OPL-studio (IBM, Available from:
http://www.ilog.com/products/optimization/) [23] in terms
of the computational time and the quality of solutions. Ten
experiments are performed for each problem size on micro-
PC with 3.0GHz processor and 1GB RAM. The results are
shown in Table 3. The initial probabilities are given as pc

0
=

0.8, 0.7 and pm
0
= 0.6, 0.7 and 𝛼 = 1 and 𝛽 = 1.

The results show that our algorithm finds the best solu-
tion in negligible computation time, while the optimization
algorithm requires the considerable computation time and
even for 20 nodes problem, it cannot provide a solution in
reasonable time.

For the larger size experiments, we use the examples of
networks with 25, 35, 45, 70, 85, and 100 nodes.We compared
our algorithm with the evolutionary algorithm proposed by
Yun and moon [20] in terms of the computing times and the
best solution values. The experiments have been performed
on micro-PC with 3.0GHz processor and 2GB RAM. The
results are shown in Table 4.

In Table 4, we observe that two approaches find the best
solutions for various examples, but our algorithm is much
more efficient in terms of the computing time.

5.4. Computational Performance against the Best Known
Solutions. TSPLIB problems sets are used to verify the
performance of the adaptive evolutionary algorithm. We
compare the results of our algorithm to the best known
values. We use Sequential Ordering Problem (SOP) set. This
problem is an asymmetric traveling salesman problem with
additional constraints. Given a set of 𝑛 nodes and distances
for each pair of nodes, find a Hamiltonian path from node
1 to node 𝑛 of minimal length which takes given precedence
constraints into account. Each precedence constraint requires
that node 𝑖 have to be visited before node 𝑗. The initial
probabilities are given as pc

0
and pm

0
= 1, 𝛼 = 1, and 𝛽 = 1.

And 10 ∗ 8 (8 types of option) = 80 times of experiments
for each problem were performed to eliminate the random
effects.

The results are shown in Table 5. The table shows the %
best value to the best known value for the problem set. We
used combined options of termination (T), selection (S), and
funeral (F) criterion for each problem and compared all the
results. On average, 128–131% performances are obtained for
all the problems and T1S2F shows the best option. However,
we can employ the best option for the specific problem. For
example, T1S2 option is the best for the problem rbg050c.
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Table 4: The performance experiment result 3.

Node
Yun and Moon (2011) [20] AEA

Best value CPU time Best value CPU time
Min. Avg. Max. Min. Avg. Max. Min. Avg. Max. Min. Avg. Max.

7 26 26.4 28 0.00 0.01 0.01 26 26.4 28 0.00 0.01 0.02
25 134 134.8 141 0.34 0.98 2.56 134 134.2 136 0.31 0.97 2.39
35 177 179.9 186 0.78 5.62 10.84 177 180.3 183 2.36 5.62 11.31
45 209 216.3 224 12.92 29.73 48.66 207 214.9 223 12.64 29.87 57.18
70 368 375.8 386 83.05 146.20 223.80 364 374.5 380 46.38 93.59 161.20
85 420 432.8 471 133.60 326.04 587.30 394 427.3 448 60.22 290.93 467.80
100 458 492.25 520 303.00 676.87 1314.00 448 480.7 505 178.90 491.39 735.60

Table 5: Comparison against best known values with TSPLIB problem set.

Name of problem (%) Best value∗/best known Min
T1S1∗∗ T1S2 T2S1 T2S2 T1S1F T1S2F T2S1F T2S2F

br17.10 100% 100% 101% 103% 100% 100% 100% 100% 100%
br17.12 100% 100% 100% 103% 100% 100% 100% 100% 100%
ESC07 100% 100% 100% 103% 100% 100% 100% 100% 100%
ESC12 100% 100% 100% 100% 100% 100% 100% 100% 100%
ESC25 142% 155% 144% 150% 140% 156% 146% 146% 140%
ESC47 363% 373% 365% 351% 378% 373% 345% 323% 323%
ESC63 119% 120% 125% 122% 122% 118% 119% 122% 118%
ft53.1 152% 141% 143% 152% 145% 141% 144% 145% 141%
ft53.2 141% 138% 132% 138% 137% 134% 136% 136% 132%
ft53.3 121% 123% 123% 126% 125% 121% 122% 125% 121%
ft53.4 122% 108% 129% 128% 125% 108% 130% 111% 108%
ft70.1 128% 118% 121% 120% 125% 121% 124% 123% 118%
ft70.2 115% 123% 122% 124% 118% 118% 118% 125% 115%
p43.1 111% 104% 103% 103% 107% 103% 104% 112% 103%
p43.2 110% 103% 117% 114% 109% 102% 111% 108% 102%
p43.3 107% 101% 106% 100% 103% 102% 103% 102% 100%
p43.4 106% 101% 107% 106% 102% 100% 104% 102% 100%
prob.42 190% 182% 197% 196% 192% 187% 189% 191% 182%
rbg048a 111% 107% 112% 107% 108% 107% 111% 115% 107%
rbg050c 118% 108% 126% 118% 115% 109% 120% 117% 108%
ry48p.1 126% 121% 118% 123% 122% 122% 122% 122% 118%
ry48p.2 121% 111% 122% 115% 117% 116% 119% 124% 111%
ry48p.3 119% 113% 119% 121% 115% 115% 118% 124% 113%
ry48p.4 116% 111% 108% 108% 111% 108% 108% 112% 108%
avg 131% 128% 131% 130% 130% 128% 129% 129%
∗The best value obtained by the adaptive evolutionary algorithm.
∗∗T: termination option, 1 = the first option, 2 = the second option.
S: selection option of 𝑛 chromosomes, 1 = the first option, 2 = the second option.
F: funeral option if applied.

In Table 6, the best results obtained in Table 5 are
compared with the best known values. We use the selection
option 2 in Figure 1 and the first termination criterion
with max generation = 10,000. On average, 124% result is
obtained.When ESC47 and prob.42 are excluded, the average
percentage of best value decreases to 112%.

6. Conclusion

In this paper, we presented an adaptive evolutionary algo-
rithm for solving a traveling salesman problem with prece-
dence constraints (TSPPC). Our algorithm employs genetic
operators that guarantee the feasibility of solutions, and as
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Table 6: Comparison against best known values using the best options for each problem.

Name of problem Best Avg. Worst % Best % Avg. %Worst Best known value
br17.10 55 55.9 58 100% 102% 105% 55
br17.12 55 55 55 100% 100% 100% 55
ESC07 2125 2125 2125 100% 100% 100% 2125
ESC12 1675 1720.6 1791 100% 103% 107% 1675
ESC25 2354 3378.4 3972 140% 201% 236% 1681
ESC47 4160 5648.3 6628 323% 439% 515% 1288
ESC63 73 80.9 88 118% 130% 142% 62
ft53.1 10619 11537.4 12323 141% 153% 164% 7531
ft53.2 11000 12092.1 13340 132% 145% 160% 8335
ft53.3 13231 13797 14236 121% 126% 130% 10935
ft53.4 15579 16263.3 16793 108% 113% 116% 14425
ft70.1 46390 48696.2 49623 118% 124% 126% 39313
ft70.2 46485 49162.1 51920 115% 122% 128% 40422
p43.1 28830 29107 29685 103% 104% 106% 27990
p43.2 28896 47979.5 56225 102% 169% 198% 28330
p43.3 28680 29362.5 29555 100% 102% 103% 28680
p43.4 82960 83393.5 83590 100% 101% 101% 82960
prob.42 443 530.7 586 182% 218% 241% 243
rbg048a 376 412.6 435 107% 118% 124% 351
rbg050c 505 528.7 564 108% 113% 121% 467
ry48p.1 18650 21732.2 25057 118% 138% 159% 15805
ry48p.2 18499 22210.8 25969 111% 133% 156% 16666
ry48p.3 22480 25029.2 28744 113% 126% 144% 19894
ry48p.4 33961 34944.7 36421 108% 111% 116% 31446

Average 124% 141% 154%
Average excluding ESC47 and prob. 42 112% 121% 129%

the results the searching spaces are significantly reduced.The
algorithm also adopts an adaptive search strategy to adap-
tively apply the crossover and mutation operations on the
current generation, which improves the quality of solution as
well as the computational efficiency.

The experimental results show that our proposed
approach outperforms other evolutionary algorithm in
terms of the quality of solution and computation time.
Also, we observe that for the small size problems. The
algorithm mostly finds the best solution and for even the
large size problems, the quality of solution is not much
deteriorated and the computation time is quite less. Finally,
the proposed algorithm has wide range of options to be
applied in various types of problems. We can use combined
options of termination, selection of chromosome, and
funeral probability.

For future research, our algorithm can be improved in a
way to generate more robust solutions, which means that the
deviation from a proposed solution by algorithm does not
deteriorate the objective function value much so that more
practical applications can be possible in real practices.
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Wireless sensor networks (WSNs) include sensor nodes in which each node is able to monitor the physical area and send collected
information to the base station for further analysis. The important key of WSNs is detection and coverage of target area which
is provided by random deployment. This paper reviews and addresses various area detection and coverage problems in sensor
network. This paper organizes many scenarios for applying sensor node movement for improving network coverage based on
bioinspired evolutionary algorithm and explains the concern and objective of controlling sensor node coverage. We discuss area
coverage and target detection model by evolutionary algorithm.

1. Introduction

Wireless sensor network (WSN) has drawn a lot of attention
in recent years. Developments of wireless sensor network
enable them to operate with lower cost, lower power con-
sumption, simpler computation, and better sensing of area
when sensors move around. Furthermore, sensors also can
sense the environment behind the movement, compute the
data, and send the collected data to the sink node that can
route the data to the other analyzing center through the
internet [1].

Wireless sensor network has potential in many applica-
tions, such as healthcare, environment, industry, and envi-
ronment monitoring surveillance in military, wildlife mon-
itoring, and battle field. For instance, sensor network can be
deployed in the environment for monitoring and controlling
of plants and animal behavior [2] or in the ocean for control-
ling of temperature and seismic activities. However, in many
places that are hostile, manual deployment is impossible and
nodes have to be deployed randomly [3, 4].

The main problem in the wireless sensor network is
deployment, coverage, and mobility strategy of sensor node;
however, the coverage problem depends on a deployment
sensor node in the wireless sensor network. There are

some optimization methods which grow exponentially as the
problem size increases. Therefore, an optimization technique
that requires appropriatememory and computational process
and yet produces great results is favorable, especially for
implementation on sensor node. Bioinspired optimization
techniques are computationally efficient alternatives to tradi-
tional analytical techniques.

Deployment of the sensor nodes can be placed randomly
in a target area. When network size is large and sensor
field is hostile, the only choice for deployment of nodes is
to scatter with aircraft. However, when sensor nodes are
scattered randomly, it is difficult to find best strategy for
random deployment that could minimize the coverage hole
and communication overhead. Minimizing of the coverage
hole can improve the quality of service for sensor network
[5, 6].

Recently, mobile sensor node has great impact on net-
work coverage. They are equipped with vehicle and move
around the area after random deployment to enhance net-
work coverage. However, mobile sensor node is very expen-
sive in comparison to the stationary node. It has maximum
utility to increase the network coverage and lifetime and
provide fault tolerance and quality service for network.
The key objective for mobile node is to cover all area in
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the network and ensure each position has at least one sensor
node for coverage. According to the monitoring area, three
types of coverage have been identified: area coverage, target
coverage, and barrier coverage. The mobile sensor node
moves to exact location and connects to the other sensor node
to form path coverage.

This paper presents how themobility control can increase
the coverage. In Section 2, we describe the model related to
the sensing, coverage, and connectivity. Section 3 describes
the evolutionary algorithms for optimization coverage. In
Section 4 the classification of mobility exploited coverage is
described. In particular, a concept of the coverage holes is
explained in detail. Section 5 describes the dynamic opti-
mization coverage using evolutionary algorithm with mobil-
ity to improve the network coverage. Section 6 summarizes
our contributions and research challenge in this open area.

2. Coverage Criteria

One of the fundamental issues in the wireless sensor network
is achieving optimum coverage. The goal of optimum cov-
erage in physical space is sensing area within sensing range
covered at least with one sensor node. There are different
criteria for the design coverage scheme based on different
objective and application in WSN. This section is reviewing
several models that have effect in WSN network.

2.1. Randomly Deployment Sensor Node. The main prob-
lem in the wireless sensor network is deployment of the
sensor node; however, the coverage problem depends on
a deployment sensor node in the wireless sensor network.
Deployment of the sensor nodes can be placed randomly in
a sensor field that is the only choice scattered with aircraft
for deployment when network size is large and sensor field is
hostile. However, randomly deployment where sensor nodes
are scattered within the field (such as continues or grid)
environment probability and probability from the aircraft
exceptionality is needed [7].

2.2. Sensing Detection Model. There are two types of a sensor
detection model: one is a unit-disk-based model and the
other one is non-unit-disk-based model. Unit-disk-based
model has fixed sensing range, which sensor node able to
sense the environment inside the disk range. When useing
sensor network as a unit graph, it is reasonable that the
connectivity information of a graph contains sufficient infor-
mation. Non-unit-disk basedmodel has probabilistic sensing
range, which sensing range is less than the distance.

2.3. Coverage Type. The key objective for mobile node is to
maximize coverage in the network and ensure that area has at
least one sensor node for coverage. According to the network
to be covered, three types of coverage have been identified:
area, target coverage, and barrier coverage. Area coverage
addresses the problem of maximizing the detection rate in
all spaces of sensing area with sensor node movement. Target
coverage, on the other hand, moves a number of nodes to the
specific point with the exact location for full coverage.

The main concern of barrier coverage is about finding
the point in the path after deployment. Furthermore, mobile
sensor nodemoves to exact location and connects to the other
sensor node in the barrier coverage.

2.4. Fitness Function. Fitness function is a specific type of
function that measures the optimality of a solution in evo-
lutionary algorithm. Depending on the goals of the research,
fitness function could be designed differently: single objective
fitness function and multiobjective fitness function. In single
objective fitness function, just one parameter for measuring
the quality of the objective is used.Withmore than one objec-
tive, this entire independent objective should be combined,
and this interaction is usually called hypostasis. All of above
mentioned consist of objective about evaluating the solution
in an evaluation algorithm.

2.5. Sensor Mobility. Sensor network used mobile node to
enhance the coverage area. However, random deployment is
not able to guarantee full coverage where a node is not in the
exact position of sensing area. But, there are some mobility
strategy to relocated sensor node in the exact position of
sensing area after random deployment for improved network
coverage. Mobility performance of the sensor has great effect
on the sensor network to improve network QoS [8].

3. Evolutionary Algorithm

Evolutionary algorithms (EAs) are inspired from natural
evaluation that helps to find optimum strategy for solving
problem. The EAs continue a group of potential solutions
to a problem. Hence, EAs use operator to create favorable
potential solution. This operation is based on their optimal
solution for problem. The EAs use this processes constantly
to generate new population for optimal solution.

3.1. Particle Swarm Optimization. Particle swarm optimiza-
tion (PSO) is relative of calculative models for outstanding
by evolution. The purpose of PSO is responsibility to the
best compound for problem under the presumption. PSO
by Kennedy and Eberhart was first intended for simulating
the social behavior. A difficulty optimized with the PSO is
population of candidate solution. PSOmodel tagged particles
and active these particles nearby in the search space similar
to be common arithmetical formulae. Some fundamental
concepts of particle swarm optimization that will be applied
in bioinspired evaluation are described in the literature [9,
10]. The pursuits of the particle is aimed for establishing of
best positions in the search space [11]. The particle swarm
optimization for the 𝑑th dimension of position and velocity
of 𝑖th particle is presented with following equation:

𝑉 (𝑡 + 1) = 𝜔 ⋅ V (𝑡) + 𝐶1 ⋅ (𝑙𝑑 (𝑡) − 𝑥𝑑 (𝑡))

+ 𝐶2 ⋅ (𝑔𝑑 (𝑡 − 𝑥𝑑 (𝑡))) ,

(1)

𝑥𝑑 (𝑡 + 1) = 𝑥𝑑 (𝑡) + V𝑑 (𝑡 + 1) , (2)

where V(𝑡) is velocity for particle 𝑖, 𝑥𝑑(𝑡) is the distance to
be moved by this particle from its current position, 𝑥𝑑(𝑡) is
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the current particle location, 𝑙𝑑(𝑡) is its best previous local
location, and 𝑔𝑑(𝑡) is the best global position. 𝐶

1
and 𝐶

2
are

positive constant parameters called acceleration coefficients.
The inertia weigh, 𝜔, is a user-specified parameter that
controls, with 𝐶

1
and 𝐶

2
, the impact of previous historical

principles of particle velocities is based on its present one [12].

3.2. Genetic Algorithm. Genetic algorithm is a family of com-
putational models inspired by evolution. These algorithms
encode a potential solution to a specific problem on a simple
chromosome-like data structure and apply recombination
operators to these structures so as to preserve critical infor-
mation. Some general steps are required to solve a problem
with GA. Amongst them, there is a main component that is
problem dependent, and it is chromosome design. Chromo-
some is a set of string, which consists of all the genes, and
indicates a solution to the problem. Each string is sometimes
referred to as a genotype or alternatively a chromosome [13].
Although at first chromosomes are generated randomly and
they could not be the good answers, during each generation
the overall fitness of them would be increased [14]. In the
literature [15–17] are somebasic concepts of genetic algorithm
application that will be applied in bioinspired computation.

4. Mobility Exploited Coverage Classification

Many researchers have been able to developmobility schemes
for improving network coverage with high QoS. Based on
deployment objective, mobility can generally classified into
three major categories: repair the coverage hole, optimizing
coverage, and event based coverage [8].

4.1. Repairing Coverage Hole. Coverage hole (some spots are
not covered) may be happening when some mobile node is
not located in the exact position after deployment. The main
objective of using sensor node is to repair the coverage hole
in sensing area with redeployment of sensor network [5].

4.2. Optimizing Coverage. Optimizing coverage objective is
leverage mobility to reduce the node overlap and maximize
the network coverage. In a random deployment network,
some node in the area has overlaps with the other sensor
node. Hence, mobile sensor node can move around sensing
area and adjust their position in order to optimize the
network coverage [6].

4.3. Event Based Coverage. The goal of event base coverage is
improving the target coverage by using mobile nodes. Event
coverage has limited lifetime and does not need to be longer
coverage [18].

5. Optimization Coverage

Thedifficulty in thewireless sensor network is coverage; how-
ever, the coverage problem turns on the coverage model in
thewireless sensor network. Coveragemodel can be vouching
for the quality of service of sensing area and allocated in the
large diversity of the application. In this section, we introduce

how to estimate the network coverage hole and optimize
the coverage area. Set of sensor nodes deployed in sensing
area and coverage-estimate problem is to determine if all
point in target area have 𝑘-coverage, where each point is at
least covered with one sensor node. Optimization coverage
problem is mostly studied in coverage optimization problem,
while it also emphasizes the network lifetime and balanced
energy consumption for 𝑘-coverage of sensor network with
minimummobility of sensor node.

Authors in [2] proposed P-BEEG algorithm which pro-
longed survival time of the sensor network, but all cluster
heads can communicate with a base station, and the nodes
are stationary in P-BEEG approach.The deployment method
of sensors and optimizing movement strategy are developed
for MSN, which taken into account the important issues and
the key parameters about affecting energy consumption of
nodes and maximizing the network lifetime in mobile sensor
networks.

The authors in [19] proposed Optimization Movement
control (OMC), for controlling of movement strategy in
mobile sensor network. In the first deployment, 𝑆 mobile
node is randomly deployed and 𝐹 node will be deployed in
the rectangle grid with communication radius 𝑅; the hop of
communication between 𝐹 and 𝑆 is one. The proposed algo-
rithm works based on the evolutionary algorithms (SPSO)
for optimal coverage in the mobile sensor network. The
aim of this algorithm is to find particle position which is
based on evaluation fitness function. The evaluation fitness
function used simulated annealing (SA) and PSO. Simulated
annealing is the combinational optimization and can help
PSO algorithm to get high rate convergence and success
in search space (SPSO). The SPSO is used for movement
strategy; the algorithm accepted the new criteria that it helps
fitness function to become worse in a limited area instead of
extra criteria to accept the new optimal solution. The new
criteria Δ𝑓 calculated the new particle position between two
fitness functions where Δ𝑓 < 𝜀. In evolutionary algorithm,
fitness function has great effect in mobile sensor network.
Also the author makes some improvement in PSO algorithm
where velocity has magnitude director, which velocity have
𝑋-velocity and 𝑌-velocity based on the following equation:

V
𝑥 (𝑡 + 1) = 𝜔 ⋅ V (𝑡) + 𝐶1 ⋅ (𝑙𝑑 (𝑡) − 𝑋𝑥𝑑 (𝑡))

+ 𝐶2 ⋅ (𝑔𝑑 (𝑡) − 𝑋𝑥𝑑 (𝑡)) ,

(3)

V
𝑥 (𝑡 + 1) = 𝑋𝑥𝑑 (𝑡) + 𝑉𝑥𝑑 (𝑡 + 1) , (4)

𝑉
𝑦 (𝑡 + 1) = 𝜔 ⋅ V (𝑡) + 𝐶1 ⋅ (𝑙𝑑 (𝑡) − 𝑋𝑦𝑑 (𝑡))

+ 𝐶2 ⋅ (𝑔𝑑 (𝑡) − 𝑋𝑦𝑑 (𝑡)) ,

(5)

𝑉
𝑦
𝑑 (𝑡 + 1) = 𝑋𝑥𝑑 (𝑡) + 𝑉𝑥𝑑 (𝑡 + 1) . (6)

When nodes are deploying in monitoring area, the value
calculated by (4) and (6) is not able to map to the cor-
responding sensor node. For corresponding sensor node,
they use fitness function. The fitness function requires the
following issue: first, consider additional energy; second,
calculate the neighbor energy and then consider the surplus
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and the consumption of energy. As illustrated on the three
considerations, the author used new fitness function to make
reasonable model as follows:

𝑓 (𝑥) = 𝑎1𝐸𝑐 + 𝑎2

𝑒ave
𝐸max − 𝐸𝑐

+ 𝑎
3

1

𝑛 − 1

×

𝑛

∑

𝑖=1 𝑖 ̸= 𝑗

𝐸
𝑐(𝑖)
∗

1

(2𝑅
𝑖
)
2
+ 1

,

(7)

where 𝑎
1
+ 𝑎
2
+ 𝑎
3
= 1, 𝑎

1
, 𝑎
2
and 𝑎

3
are impact factor of

node and their neighbor 𝐸
𝑐
is energy for current node and

𝐸
𝑐(𝑖)

is equivalent energy for neighbor node. According to
SPSO algorithm for movement control, at first, they initiate
the stage to collect the statistic of 𝐹 node position and
then, based on fitness function, to calculate the speed and
change the position of 𝐹 mobile sensor node. Therefore,
SPSO and rectangle grid for mobile sensor node guaranteed
fundamental network topology and can improve network
coverage.

Deployment is one issue in wireless sensor (WSN) while
network consists of stationary andmobile node allows sensor
network to enhance coverage by self-organization technique.
Author in [20] proposed the parallel particle swarm opti-
mization (PPSO) to enhance the coverage for large area. The
mobile node will use PPSO to relocate them to find optimal
deployment in large area for various coverage optimizations.
Actually, mobile node deployment based PPSO is appropriate
for finding optimum solution in contentious area which some
position needs cooperative and dynamically can change their
position based on environment requirement. They assumed
that all nodes know their position and use detection range 𝑟

𝑑
,

dependability 𝑟
𝑡
, and communication range. When area is in

sensing range of 𝑛 sensor node at time 𝑡, the area detection
dependability can be computed as

𝑅 (𝑡) = 1 −

𝑛

∏

𝑖=1

(1 − 𝑟
𝑖 (𝑡)) , (8)

where 𝑟
𝑖
(𝑡) is the dependability of 𝑖th sensor nodes.

After sensor node deployment based PSO in position
𝑋
𝑖
= 𝑥
𝑖1
, 𝑥
𝑖2
, . . . , 𝑥

𝑖3
, coordinates of all mobile sensor nodes

and associative objective are presented by detection of envi-
ronment. The velocity of particle adjusts the granularity for
tradeoff between speed and precision should be randomly
change and calculate the local best and global best fitness
correlated with new granularity for utiliz validity based on
PSO equation. However, each node has minimum ability for
huge computation based PSO.Therefore, authors used PPSO
for deployment optimization which divided all detecting
environment in 𝑛 group and each group includes some intel-
ligence sensor node. In random deployment, the coverage
hole of each part is not equal, then mobile node is divided
into 𝑛 parts as 𝑠

𝑖
= (𝑠
𝑖
/∑ 𝑠) ∗ 𝑁, where 𝑠

𝑖
is coverage hole

and 𝑁 is the sum of mobile sensor nodes. The sensor nodes
are considered about neighbor node during optimization,
becausemobile node is intelligent and performs optimization
independently. So, if the distance is less than detection range,
the mobile node should be redeployed in monitoring area.

Furthermore, PPSO algorithm has great effect in deployment
optimization which can improve network coverage and con-
nectivity performance in wireless sensor network according
to detection ranges and the position of node. However,
computational time of particle swarm optimization (PSO)
will increase exponentially as the search space increases.

The main issue of coverage and target detection in
wireless sensor network are dynamic deployment in wireless
sensor network. The main problem for coverage balancing
between local and global best position is coefficient for
current speed of particle in next steps. Authors in [21]
proposed three dynamic PSO algorithms that decrease the
computation cost in sensor coverage. The first approach is
PSO-LA which is used Learning Automata to adjust the
searching method to continue the current route for particle.
The proposed algorithm suppose mobile node equipped with
Learning Automata that has two exploits, which will flow the
best and continue your way. Choosing the flow as the best
action means the use of best experience and team experience
which has great effect on next iteration current particle
velocity and present particle velocity is unnoticed. In this
case, they use PSO equation for velocity and position update
for particle. On the other hand, continue-your-way action has
great effect on global search in unknown search space. In this
algorithm, the mobile sensor node with minimum repetition
and relocation moves around. In the next algorithm, PSO-
LA and Learning Automata are guides each particle to move
around search space. Allocation of learning automates helps
each particle to make decision for moving around without
considering the other particle.Then, Learning Automata uses
two actions based on PSO algorithm for best global position
and moves in search space with current velocity in the right
way. In this algorithm, each particle uses previous phase to
determine its action with minimum energy consumption.
For both previous algorithms, that authors have proposed
based on PSO algorithm, cyclic and zigzag movement were
the major problem in long distance movement. However,
cyclic and zigzag movement are the major problem based on
PSO-LA algorithm in long movement. They use high energy
consumption and computation time. To solve this problem,
PSO-LA algorithm with logical movement, same as PSO-
LA algorithm just in last step, has not zigzag movement.
Therefore, logical movement method has best local and
global search with high convergence rate and increases
the network coverage and lifetime with minimum number
of movements. In PSO-LA approach, PSO and Learning
Automata are hybridized where velocity of particles is cor-
rected by using the existing knowledge and the feedback from
the real implementation of the approach. To improve the
performance of the PSO-LA, improved PSO-LA approach is
proposed, movement strategy of a node without an impact
from the movement of other mobile nodes and based on
the result learned from its previous step movement. In
the third one, Improved PSO-LA with logical movement,
sensors virtually change new positions by computing their
target areas with the same procedure of the improved PSO-
LA, but the real strategy movement of the sensor nodes
only happens at the final round after last destinations are
defined.
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The goal of existing algorithms is best deployment, where
coverage guaranteed the quality of service of the WSN.
The PSO is responsible for maximizing coverage under the
presumption as set of role. An adjustment problem includes
a fitness function delineating in problem. The approach in
[22] proposed coverage optimization based PSO andVoronoi
diagram. Voronoi diagram is very useful in sampling model
for coverage hole. Furthermore, this model can calculate
coverage hole based on particle encoded. Voronoi diagram
can be used for WSN deployment for𝑁 sensor 𝑠

1
, 𝑠
2
, . . . , 𝑠

𝑁
,

and put sensor nodes act as the site.Themeasure of a coverage
holes is requires set of point. These sets of points include the
voronoi diagram and have distributed point on the boundary
of a polygon. A particle is encoded a final explanation which
represents of the best location of sensor nodes. The location
of sensor 𝑖 is made clear by two coordinators (𝑥

𝑖
, 𝑦
𝑖
). Particle

is consider of an 𝑁 sensor nodes and can determine the
sensor nodes best location. The fitness function objective is
minimizing coverage holes. The voronoi diagram measures
the coverage hole as set of interest points. The interest point
is vertex of the voronoi polygon which determines as voronoi
diagram and number of spot consistently in a boundary of
voronoi polygons. These interest points can help sensors to
meet each other in the region of interest by pulling force.The
proposed algorithm estimated the coverage hole as follow.
Firstly, compute the interest point and distance of each nearby
sensor node. After the calculation of the distance if distance
(𝑑) is larger than the sensing range (𝑟

𝑠
), then its shows there is

a coverage hole around the interest point.Thus, the optimum
coverage is a total coverage hole in interest of the region.
The complexity computation of this fitness objective depends
on the number of sensor nodes and the size of the grid.
PSO-Voronoi algorithm helps to optimize the coverage with
sensible computational time. The complexity computation
of this fitness objective depends on the number of sensor
nodes and size of the grid. PSO-Voronoi algorithm improves
network coverage but ignores the time complexity of defining
Voronoi polygons.

Multiobjective Genetic Algorithm (GA) is used to exam-
ine the optimization ofWSN layout which are considered two
competing objectives. Two competing objectives are consist
of overall sensor coverage and the lifetime of the network
[23]. During the coverage operational time, sensors move
to form a uniformly distribute based on the execution of
the approach at a destination. However, the computation
of this algorithm is not minimum. Authors in [24] applied
particle swarm optimization (PSO) algorithm to increase the
1-coverage in mobile sensor networks and to minimize cost
by finding the optimum positions for cluster head based on a
well-known energy model.

The aforementioned algorithms mainly consider 1-cov-
erage optimization, which each point in monitoring region
is covered by at least 1 sensor node. However, 1-coverage
optimization is not capable of providing a uniform sensor
distribution over the monitoring region. Any point in mon-
itoring regain can be covered by 𝑘-coverage (𝑘 > 1) which
𝑘 can be set of sensor nodes and the area of the monitored
region. 𝑘-coverage can improve the network performance,
which is propitious to the maximum possible utilization of

the available nodes and balancing the node energy consump-
tion.

Finding the best position for sensor node is a favorable
use of availability of the sensor nodes, increasing network
lifetime and stability of sensor energy. In [25] authors pro-
posed optimization deployment for 𝑘-coverage with min-
imum mobility. Hence, the random deployment does not
guarantee full coverage and there is some vacancy. In [25] first
nodes are randomly deployed, then the sensor nodes analyze
the coverage hole with the following: 𝑘-coverage, coverage
hole, and coverage vacancy. 𝑘-coverage where any point of
sensing area should at least coverage with 𝑘 > 1 sensor
node (𝑘 is the number of sensors). Coverage hole where
the monitoring area 𝑖, not monitored by any sensor node.
Coverage vacancy where the monitored area 𝑖 is covered by
𝑛
𝑖
< 𝑘 sensor. At the end, algorithms calculated the total

uncovered area. In such proposed algorithm there are 𝑛 = 𝜆𝑆
homogeneous sensor in sensing area and each sensor used-
unit-disk based covered𝜋𝑟2. Based on randomly distribution,
vacancy density 𝜆 is √𝑘/𝑟2√2𝜋3 and the number of vacancy
in 𝑀 sensing area used by 𝜆𝑠 as 𝑆 → ∞ combine with
𝜆𝜋
2. The authors applied PSO algorithm for optimization

deployment with minimum mobility. The PSO algorithm
determined each particle in the 𝑑-dimensional space as𝑋

𝑖
=

(𝑥
𝑖1
, 𝑥
𝑖2
, 𝑥
𝑖3
, . . . , 𝑥

𝑖𝑑
) where 𝑖 represents a number of particles

and 𝑑 is the dimension and the previous best position of
particle is 𝑃

𝑖
= (𝑝
𝑖1
, 𝑝
𝑖2
, 𝑝
𝑖3
, . . . , 𝑝

𝑖𝑑
) and velocity among the

search space is 𝑉
𝑖
= (V
𝑖1
, V
𝑖2
, V
𝑖3
, . . . , V

𝑖𝑑
) and best position

of particles can be updates by (1) and (2). The proposed
algorithm shows reduced distance movement significantly
with the unlimited model and the PSO algorithm. Also it can
help to get high convergence rate and increase scalability of
sensor network.

The coverage and lifetime are two important issues in
mobile sensor network that ensure high quality service for
sensor network. Authors in [26] proposed PSO algorithm
for improving the coverage with maximum movement of
sensor node. Finding optimal position is executed by updat-
ing particle velocity and position based on (1) and (2).
The proposed algorithm used PSO method to find optimal
position according to penalty based on fitness objective.
The penalty factor can be found with fuzzy penalty. The
algorithm uses voronoi diagram to get best coverage and time
efficiency. Voronoi diagram is specified beforehand and for
each sites there will be a corresponding region consisting of
all points closer to that site than to any other.They used fitness
function to evaluate the solution to encode coverage problem
in particle. The objective is to minimize the coverage hole in
wireless sensor network. The coverage hole is calculated by
using voronoi diagram, which the sensor act as sites, if all
polygon vertexes are covered by sensor node, then the region
of interest is fully covered. Otherwise, coverage hole exists in
sensing area. Therefore the fitness function of coverage hole
can be calculated based on (9):

minimize : ∑ coverage hole (9)

subject to 𝑑mov ≥ 𝐷max, (10)



6 The Scientific World Journal

where coverage gap is the place not fully covered by sensor
node around the target area and 𝑑mov is the maximum
distancemoved by sensor and𝐷max ismaximumdistance that
a sensor is allowed to move. Hence (2) can be rewritten with
penalty function as follows:

minimize : ∑ coverage hole size + 𝛾𝑃 (𝑑mov)

subject to 𝐷mov ≥ 𝐷max,
(11)

where 𝛾 is the value action variable and𝑝
(𝑑mov)

is penalty func-
tion and suitable 𝑝

(𝑑mov)
function as 𝑛:

𝑝
(𝑑mov)
= max (0, (𝑝

(𝑑mov)
− 𝐷max)) . (12)

𝑝
(𝑑mov)

is equal to zero as long as the limitation is submitted,
but when the constraint is disobeyed, 𝑝

(𝑑mov)
is equal to some

positive value. The fuzzy system uses penalty parameter, 𝛾,
based on the 𝑑mov value. The following equation is deter-
mined to return the value of 𝛾:

𝛾 = exp𝑎, (13)

where

𝑎 =

{{{{{{{

{{{{{{{

{

0 if 𝑑mov<𝐷max,

𝑑mov − 𝐷max
Δ

if 𝐷max<𝑑mov<𝐷max+Δ,

2(
𝑑mov − (𝐷max + Δ)

𝐷ROI − (𝐷max + Δ)
) if 𝐷max+Δ<𝑑mov<𝐷ROI.

(14)

In proposed algorithm, first, sensor deployed is randomly
in two-dimensional area and all sensors have similar sensing
range when sensor node is homogeneous. In every step,
maximum distance movement by sensor passed to the fuzzy
system to calculate the new value of penalty parameter
𝛾 and the value passed to the PSO for fitness objective.
This condition continues when one stopping condition hap-
pens. The proposed WSNPSOcon algorithm as method based
on PSO improves sensor network coverage and minimize
energy consumption but the complexity of computational for
voronoi polygon is huge.

The approach in [27] works based on particle swarm
optimization (PSO) to solve the movement coverage prob-
lem. The main objective in movement strategy is to decrease
the distance between the neighboring nodes, thus increasing
coverage in the network. The proposed algorithm does not
consider the stationary nodes which are not able to change
their initial positions. However, to minimize energy con-
sumption and to decrease cost, stationary nodes are widely
used in real applications.

Wireless sensor node is randomly deployed in grid filed.
For evaluation of sensor deployment, sensor field can be
two-dimensional grid and use probabilistic detection model.
Dynamic deployment provides coverage and target detection
for wireless sensor network. The proposed dynamic deploy-
ment algorithm is “with virtual force directed coevolution-
ary particle swarm optimization” (VFCPSO). The proposed

algorithm use coevolutionary algorithm for dynamic deploy-
ment, because the PSO algorithm uses particle in search
space to find optimal position. However, it is difficult for
PSO to find solution in large search space and it also has
some disadvantage; when some particles are closer to the
optimal positions the other particlesmove away from the best
position. In VFCPSO, best deployment of global search is
accomplished by the hybrid CPSO algorithm for improving
network deployment. At first, initialize the swarm as 𝑄 in 𝑛-
dimensional, 𝑄 ⋅ 𝑥

𝑘
is recent location of particle 𝑘, 𝑄 ⋅ 𝑦

𝑘
is

optimal local position of particle 𝑘, and𝑄⋅𝑦 is global optimal
position of particle. And then, calculate the coverage area
based on𝑓(𝑏(𝑘, 𝑝

𝑘
⋅𝑥
𝑖
)). After evaluating the effective coverage

area, by using (15) calculate the attractive and repulsive virtual
force between sensor nodes. PerformPSOupdate on𝑝

𝑘
using

(1) and (2) and compute the virtual force of 𝑖th particle in 𝑗th
dimension with the following equation:

𝑔
𝑖𝑗
=

{{{{{{

{{{{{{

{

𝐹
(𝑖,𝑗/2)

𝑥

𝐹
(𝑖,𝑗/2)

𝑥𝑦

∗Max step∗𝑒𝐹
−(−1/(𝑖,𝑗/2))

𝑥𝑦 , 𝑗=1, 3, 5, . . . , 2𝑛 − 1,

𝐹
(𝑖,𝑗/2)

𝑥𝑦

𝐹
(𝑖,𝑗/2)

𝑥𝑦

∗Max step∗𝑒𝐹
−(−1/(𝑖,𝑗/2))

𝑥𝑦 , 𝑗=2, 4, 6, . . . , 2𝑛,

(15)

where the superscript of each factor is the index of sensor and
index of particle which is virtual force using coordinate of
virtual force. In proposed algorithm the potential processing
capability of multiple nodes may contribute to best optimiza-
tion performance. However, for WSNs, the energy efficiency
should be taken into account in the deployment.

The approach in [28] proposed 2.5D and studied PSO
based coverage optimization for WSNs on digital elevation
models (DEMs). To compute network coverage on DEMs,
a method of computing individual sensor node coverage
is introduced. The authors also proposed an improved
algorithm based on dissipative particle swarm optimization
(DPSO).The basic steps of PSO based coverage optimization
are as follows.

Step 1. Randomly initialize the speed and position of each
particle. The range of speed is [−𝑚/2,𝑚/2]𝑛 and the range of
position is [0, 𝑚]𝑛. Compute the fitness value of each particle
using (1). Set the position of each particle as its best position
𝑝
𝑖
and set the position of the particle having the best fitness

as the group best position 𝑝
𝑔
.

Step 2. Update the speed and position of each particle using
(1) and (2).

Step 3. Compute the fitness value of each particle.

Step 4. Compare the fitness value of each particle with the
fitness value of its best position 𝑝

𝑖
. Set the current position of

the particle as 𝑝
𝑖
if it has better fitness.

Step 5. Compare the fitness value of each particle with the
fitness value of the group best position 𝑝

𝑔
. Set the current

position of the particle as 𝑝
𝑔
if it has better fitness.
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Step 6. Stop if the maximum number of generations 𝐺max is
reached and the optimized deployment is represented by 𝑝

𝑔
;

otherwise return to Step 2 and continue.

If the sensing radius of each node is 𝑟, then computing
the coverage of a node requires 𝑂(𝑟2) time and computing
the coverage of 𝑛 nodes requires 𝑂(𝑛𝑟2) time. It requires
𝑂(𝑛) time to update the speed and position of a particle
using (1) and (2) and 𝑂(𝑛) time to mutate its position. If
there are 𝑝 particles, then it takes 𝑂(𝑝𝑛𝑟2) time to update
them and compute their fitness values in each generation
of the algorithm. Therefore, the time complexity of the
algorithm is 𝑂(𝐺max𝑝𝑛𝑟

2
). Authors introduced better sensor

coverage with significantly minimum computational effort.
The method involves significant energy consumption in
broadcasting initial and final positions. It also necessitates
algorithms for collision avoidance and localization.

6. Concluding Remarks

Scale and density of deployment and constraints in battery,
storage device, bandwidth, and computational resources pose
serious challenges to the developers of WSNs. Issues of the
node deployment, coverage, and mobility are often formu-
lated as optimization problems. Most optimization tech-
niques suffer from slow or weak convergence to the optimal
solutions.This calls for high performance optimizationmeth-
ods that produce high quality solutions by using minimum
resources. Bioinspired algorithm has been a popular method
applied to solve optimization problems in WSNs due to its
simplicity, best solution, fast convergence, and minimum
computational complexity. However, nature of bioinspired
algorithm can forbid its use for real-time applications which
need high speed, especially if optimization require to be
carried out mostly. Bioinspired algorithms require large sizes
of storage device, which may limit their implementation for
resource. Literature has numerous successful WSN applica-
tions that utilized advantages of bioinspired algorithms.

In this paper, we surveyed recent contributions to the
problem of improving network coverage by evolutionary
algorithm. Network coverage is an important performance
metric for various applications in WSNs. The concept of
mobility as it can be used for wireless sensor networks is
improving network coverage. However, traditional approach
is used stationary node for improve network coverage based
on schedule for control of activity in a best way. Hence, by
control ofmobile node the network coverage can significantly
improve for wide performance application.

This paper organizes many scenarios for applying sensor
node movement for improving network coverage based
on evolutionary algorithm and explains the concern and
objective of controling sensor node coverage. However, there
are many kinds of coverage control algorithms that have been
proposed for different coverage based on different sensing
models. These new sensing models depend on more than
one sensor node and also this new model require to call new
node mobility control. Also there is another feature for node
mobility and this objective is not only to improve network

coverage but also to increase network lifetime and enhance
data details timeline and reliability at the same time. Some
future research work may take into account how to minimize
energy consumption for those coverage’s with holes and how
to control sensor node movement strategy to heal network
coverage and improve network lifetime. Furthermore, other
issues such as an energy consumption model about mobile
nodes and their moving strategy need to be taken into
account in developing movement strategies.
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How to maintain the population diversity is an important issue in designing a multiobjective evolutionary algorithm. This paper
presents an enhanced nondominated neighbor-based immune algorithm in which a multipopulation coevolutionary strategy is
introduced for improving the population diversity. In the proposed algorithm, subpopulations evolve independently; thus the
unique characteristics of each subpopulation can be effectively maintained, and the diversity of the entire population is effectively
increased. Besides, the dynamic information of multiple subpopulations is obtained with the help of the designed cooperation
operator which reflects a mutually beneficial relationship among subpopulations. Subpopulations gain the opportunity to exchange
information, thereby expanding the search range of the entire population. Subpopulations make use of the reference experience
from each other, thereby improving the efficiency of evolutionary search. Compared with several state-of-the-art multiobjective
evolutionary algorithms on well-known and frequently used multiobjective and many-objective problems, the proposed algorithm
achieves comparable results in terms of convergence, diversity metrics, and running time on most test problems.

1. Introduction

Optimization problems widely exist in real life, especially
in engineering applications [1–4]. The optimization problem
with only one objective is called single-objective optimization
problem. The optimization problem with more than one ob-
jective to be simultaneously solved is called multiobjective
optimization problem (MOP). In practical optimization
applications, there is a great demand for optimizing multiple
objectives simultaneously. As a heuristic searching method,
evolutionary computation has already been successfully used
in the field of MOPs and gradually develops into a hot re-
search direction, named evolutionary multiobjective opti-
mization (EMO) [5–8].The search technique based on popu-
lation is proved to have a good ability of global searching and
can find a set of solutions in one-shot operation. Thus, evo-
lutionary computation achieves comparable results in solving
nonconvex, nonlinear, discontinuous anddifferentiable prob-
lems and overcomes the deficiency of traditional mathemati-
cal programming [9–13].

The first study on multiobjective evolutionary algorithm
(MOEA) is probably the vector evaluated genetic algorithm

(VEGA) [14]. Since then, MOEAs have obtained increasing
attention, and the amount of literatures about MOEAs has
increased in which many MOEAs were designed one after
another, such as multiobjective genetic algorithm (MOGA)
[15], niched Pareto genetic algorithm (NPGA) [16], and non-
dominated sorting genetic algorithm (NSGA) [17]. These
algorithms are regarded as the typical representatives of the
first generation of MOEAs which are characterized by using
Pareto ranking-based selection and fitness sharing strategy
[18]. The second generation of MOEAs are characterized by
using elite strategy, including strength Pareto evolutionary
algorithm (SPEA) [19], improved version of SPEA (SPEA2)
[20], Pareto envelop-based selection algorithm (PESA) [21],
niched Pareto genetic algorithm 2 (NPGA2) [22], and non-
dominated sorting genetic algorithm II (NSGA-II) [23].
Recently, researches on evolutionary multiobjective opti-
mization present new characteristics. The concepts of simu-
lated annealing [24], particle swarm [25], quantum [26, 27],
and messiness [28] were proposed and introduced into the
framework of evolutionary algorithms. At the same time,
many new-type evolutionary mechanisms were introduced,
including regularity-model-based multiobjective estimation
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of distribution algorithm (RM-MEDA) [29] and multiob-
jective evolutionary algorithm based on decomposition
(MOEA/D) [30].

The concept of artificial immune systems (AIS) was first
put forward in 1996. Since then, AIS have stepped into a
high-speed development period and become one of the hot
topics in the field of artificial intelligence. AIS that get the
inspiration from biological immune systems attempt to
develop computational tools for solving science and engi-
neering problems. Some AIS-based multiobjective optimiz-
ation algorithms have been proposed [31–34], including
immune optimization algorithm for constrained nonlinear
multiobjective optimization problems [34], a hybrid immune
multiobjective optimization algorithm [31], and chaos-based
multiobjective immune algorithm [32]. Recently, a multi-
objective immune algorithm with nondominated neighbor-
based selection (NNIA) was proposed by Gong et al. [35].
From the comparison with representative algorithms, it is
apparent that NNIA is an effective immune multiobjective
algorithm in solving MOPs. Although the employment of
elite strategy improves the convergence rate of MOEA, it
leads to the loss of population diversity as well. Like the
common problem existing in evolutionary algorithms, pre-
mature convergence also hauntsNNIA. Itmay be trapped into
local optimal solution, thus the population diversity of NNIA
needs to be improved.

An enhanced version of nondominated neighbor-based
immune algorithm with a multipopulation coevolutionary
strategy is proposed for improving the population diversity.
Subpopulations employ evolutionary operations indepen-
dently; thus the unique characteristics of each subpopulation
can be effectively maintained. During evolutionary search,
information exchanges among subpopulations thus expand-
ing the search range of the entire population. As a matter of
fact, most of the evolutionary algorithms employ regular
operations throughout the whole evolutionary process, and
few of them take advantage of online discovered information.
The adaptive operator which dynamically applies evolution
operations to subpopulations based on the online discov-
ered information is designed. Therefore, evolutionary search
becomes more directional and purposeful and the unneces-
sary waste of computational cost is reduced.

The remainder of this paper is organized as follows. The
problem statement is described in Section 2. Section 3 pre-
sents the proposed algorithm in detail. Section 4 presents
experimental results, ZDT problems, DTLZ problems, and
some extensional problems are adopt, and the sensitivity of
the introduced parameter, the scalability of the proposed
algorithm, and the comparison of running time are also
investigated in this section. Finally, we outline the conclu-
sions of this paper.

2. Problem Statement

Themathematical description of multiobjective optimization
problems can be expressed as follows [36, 37]:

min 𝑦 = 𝐹 (𝑥) = (𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑚 (𝑥))
T
,

s.t. : 𝑔
𝑖 (𝑥) ≤ 0, 𝑖 = 1, 2, . . . , 𝑞,

ℎ
𝑗 (𝑥) = 0, 𝑗 = 1, 2, . . . , 𝑝,

(1)

where 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑋 ⊂ 𝑅

𝑛 is a decision variable
vector, 𝑋 is the decision space, 𝐹(𝑥) is the set of objective
functions to be optimized simultaneously, 𝑔

𝑖
(𝑥) defines the

inequality constraint, and ℎ
𝑗
(𝑥) defines the equality con-

straint. Based on these mathematical descriptions, several
important definitions of multiobjective optimization prob-
lems are given as follows.

Definition 1 (feasible solution and feasible solution set). For a
certain decision variable vector 𝑥 ∈ 𝑋, if it satisfies both
equality constraints and inequality constraints, then 𝑥 can be
called a feasible solution.The feasible solution set is made up
of all the feasible solutions, which can be denoted as 𝑋

𝑓
,

where𝑋
𝑓
⊆ 𝑋.

Definition 2 (Pareto domination). For any two feasible solu-
tions, if and only if they satisfy condition (2), it is called that
𝑥
𝑎
dominates 𝑥

𝑏
, which can be denoted as 𝑥

𝑎
≻ 𝑥
𝑏
. Consider

the following:

∀𝑖 = 1, 2, . . . , 𝑚, 𝑓
𝑖
(𝑥
𝑎
) ≤ 𝑓
𝑖
(𝑥
𝑏
) ∧ ∃𝑗 = 1, 2, . . . , 𝑚,

𝑓
𝑗
(𝑥
𝑎
) ≤ 𝑓
𝑗
(𝑥
𝑏
) .

(2)

Definition 3 (Pareto-optimal solution and Pareto-optimal
set). For a certain feasible solution 𝑥∗, if and only if it satisfies
the condition:¬∃𝑥 ∈ 𝑋

𝑓
: 𝑥 ≻ 𝑥

∗, then 𝑥∗ can be regarded as
the Pareto-optimal solution. The Pareto-optimal set is made
up of all the Pareto-optimal solutions in the decision space,
which can be denoted as

𝑃
∗
= {𝑥
∗
| ¬∃𝑥 ∈ 𝑋

𝑓
: 𝑥 ≻ 𝑥

∗
} . (3)

Definition 4 (Pareto-optimal front). The corresponding
image of the Pareto-optimal set in the objective space is called
the Pareto-optimal front, which can be denoted as

𝑃𝐹={𝐹 (𝑥
∗
) = (𝑓

1
(𝑥
∗
) , 𝑓
2
(𝑥
∗
) , . . . , 𝑓

𝑚
(𝑥
∗
))

T
| 𝑥
∗
∈ 𝑃
∗
} .

(4)

In solving MOPs, it is expected that the set of nondomi-
nated solutions obtained by the proposed algorithm can well
approximate the true Pareto-optimal front and the diversity
of the solutions can be maximized.

3. Multipopulation Coevolution
Multiobjective Immune Algorithm

Many new-type evolutionary methods have been introduced
into the area of MOEAs. Immune-based algorithm is one of
these late-model methods. Artificial immune systems (AIS)
get the inspiration from biological immune systems. They
have learnable, parallel, and distributed characteristics, there-
fore possessing an efficient information processing ability.
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Figure 1: Population evolution of NNIA.

AIS-based algorithms have attracted a lot of attention and
have been applied to many complex MOPs, including con-
strained nonlinear MOPs and dynamic MOPs [38, 39].
Recently, Gong et al. [35] presented a multiobjective immune
algorithm with nondominated neighbor-based selection
(NNIA), which is one of the representative immune-based
multiobjective algorithms.

3.1.TheOriginal NNIA. InNNIA, a nondominated neighbor-
based selection and a crowding-distance-based proportional
cloning were proposed. The fitness of a nondominated indi-
vidual is assigned according to its crowding distance. The
individualwith greater crowding distance is reproducedmore
times and then less-crowded regions will have more chances
to be searched, which improves the search ability of NNIA on
less-crowded regions. Besides, only a minority of nondomi-
nated individuals will be selected to form an active popula-
tion, and then a series of evolutionary operations are applied
to this active population.Therefore,NNIAevolves very fast by
performing evolutionary operations on a small-scale active
population. The specific framework of population evolution
in a single generation at time 𝑡 in NNIA is shown in Figure 1.

From Figure 1, it is easy to observe that the evolutionary
search in NNIA is very fast and effective due to its specific
framework. Although such efficient mechanism achieves a
high evolutionary rate, it introduces errors as well. Due to the
efficient mechanism, population diversity is quickly de-
creased, and the resulting solutions may fall into local opti-
mum, which is not a rare case. Under normal circumstances,
the use of the elite strategy in MOEAs will lead to the loss of
population diversity. The special evolutionary framework of
NNIA further exacerbates this knotty problem. Table 1 shows
the results of NNIA on ZDT2 and ZDT4, where NNIA
performs 30 independent runs and the maximum size of the
active population is 20. However, NNIA always obtains only
one nondominated solution on ZDT2 and ZDT4 during 30
runs.The solutions obtained byNNIA are always trapped into
local optimum on ZDT2 and ZDT4, which demonstrates the
assertion of the analysis above.

Table 1: The situation of falling into local optimum.

Test problems ZDT2 ZDT4
Times of falling into local optimum 12 times 10 times
The number of nondominated solutions 1 1

3.2. Description of the Proposed Algorithm. In this paper, we
present an enhanced multipopulation coevolutionary strat-
egy for nondominated neighbor-based immune algorithm,
called CONNIA. Different from the traditional evolution, co-
evolution recognizes the simultaneous existence of competi-
tion and cooperation among populations, which provides a
theoretical basis for maintaining the population diversity.

3.2.1. Adaptive Operator. When it comes to the adaptive
operator in the field of MOEAs, it mainly refers to adaptively
tuning some parameters, such as population size, crossover
probability, and mutation probability. However, the adjust-
ment of evolutionary strategy based on evolutionary con-
ditions is seldom involved. The major contribution of the
designed adaptive operator is that each subpopulation adap-
tively selects corresponding operators during the evolution,
which makes the evolution become more purposeful and
directional. Therefore, the need for unnecessary computing
resource existing in random search is avoided effectively.

After performing a series of evolutionary operations on
each subpopulation, a way for measuring the evolutionary
condition is to identify the nondominated solutions of each
subpopulation.The set coverage metric is employed for mea-
suring the relationship between two subpopulations [40]. If
a subpopulation has a higher value of the set coverage metric,
it contributes more to the formation of the entire approxi-
mated Pareto front. The adaptive operator which consists of
two different cases is designed on the basis of measuring
the relationship between two subpopulations. Different evo-
lutionary operators are designed for different cases. A thresh-
old is introduced to decide which case is activated.The influ-
ence of the threshold on the performance is analyzed in
Section 4.3.

Case 1. If the difference of the set coverage metric between
subpopulations is not obvious, a local search operator would
be employed. Two subpopulations perform independently
evolutionary operations and search within different solution
space for maintaining the diversity of the entire population.
Meanwhile, some appropriate perturbations are applied
around the obtained nondominated solutions for seeking the
possible better solutions and reducing the probability of get-
ting into local optimum.

Case 2. If the difference of the coverage metric between sub-
populations is obvious, a cooperation operator would be em-
ployed. The information exchanges among subpopulations,
which reflects a mutually beneficial relationship bet-ween
two subpopulations. The subpopulation with lower value of
the set coverage metric could make use of the reference
experience from another subpopulation to improve its own
evolution. Two subpopulations make progress together by
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means of cooperation to ultimately complete the evolutionary
task.

3.2.2. Local Search Operator and Cooperation Operator. We
get the inspiration from traditional differential evolution
(DE) operator [41] to design the local search operator and the
cooperation operator. DE operator uses the differences
between the structures of antibodies to guide the antibody
variation and make the generated antibody closer to the
optimal point.

Local Search Operator. Assume that 𝑃
𝑡
is a population, 𝐷

𝑡
is

the nondominated population of 𝑃
𝑡
, and two individuals

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) and (𝑦

1
, 𝑦
2
, . . . , 𝑦

𝑛
) are randomly selected

from 𝑃
𝑡
and𝐷

𝑡
, respectively. A new individual (𝑧

1
, 𝑧
2
, . . . , 𝑧

𝑛
)

is generated through the following operation:

𝑧
𝑖
= 𝑦
𝑖
+ 𝑈 (−1, 1) ∗ (𝑦𝑖 − 𝑥𝑖) , (5)

where 𝑖 = 1, 2, . . . , 𝑛, 𝑈(⋅, ⋅) is a uniformly distributed random
number. As we know, there may be some better solutions
around the obtained Pareto-optimal solutions, particularly in
the case that the obtained Pareto-optimal solutions are trap-
ped into local optimum. The designed local search operator
inflicts appropriate disturbances around the obtained Pareto-
optimal solutions, and then the opportunity of finding some
better solutions is increased. After the local search operation,
𝑎 (𝜇+𝜆) selection strategy is adopted [42].This elite strategy
ensures the effectiveness of the local search operation and
accelerates the rate of evolutionary search.

Cooperation Operator. Assume that there are two populations
𝑃
𝑡1
and𝑃
𝑡2
.𝐷
𝑡1
and𝐷

𝑡2
are two nondominated populations of

𝑃
𝑡1

and 𝑃
𝑡2
, respectively. 𝑃

𝑡2
is better than 𝑃

𝑡1
in terms of

the set coverage metric. Two individuals (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) and

(𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑛
) are randomly selected from 𝑃

𝑡1
and 𝐷

𝑡2
,

respectively. A new individual (𝑧
1
, 𝑧
2
, . . . , 𝑧

𝑛
) is generated

through the following operation:

𝑧
𝑖
= 𝑦
𝑖
+ 𝑈 (−1, 1) ∗ (𝑦𝑖 − 𝑥𝑖) , (6)

where 𝑖 = 1, 2, . . . , 𝑛,𝑈(⋅, ⋅) is a uniformly distributed random
number. By applying the cooperation operator, subpopula-
tions gain the opportunity to exchange information, thus
expanding the search range of their own. The subpopulation
with larger value of the set coverage metric may possess more
effective convergence information. In this case, the subpopu-
lationwith lower value of the set coveragemetric can improve
its evolutionary capacity by gaining the experience from the
outstanding antibodies in another subpopulation. This dir-
ected cooperation operator provides good evolutionary paths
towards antibodies, thereby making antibodies evolve faster
when compared with the noncooperation strategy.

The designed local search operator and cooperation oper-
ator reflect a mutually beneficial relationship between sub-
populations. Both operators transmitting information among
antibodies within the same generation are combinedwith tra-
ditional evolutionary operators such as crossover and muta-
tion, for transmitting information effectively.

3.2.3. Multipopulation Coevolutionary Nondominated Neigh-
bor-Based Immune Algorithm. The details of the proposed
algorithm are described in this part. To be specific, the fol-
lowing parts are designed. (1) As each subpopulation evolves
independently, the differences between subpopulations can
be well kept. (2) By means of information exchange among
subpopulations, the search range of each subpopulation can
be effectively expanded. (3)Theway of information exchange
depends on the gap of the set coverage metric between sub-
populations. Such online-decision strategy has an adaptive
character, which improves the global search efficiency. The
main steps of CONNIA are presented as follows.

Step 1. Generate two initial subpopulations 𝑃
𝑎0
and 𝑃

𝑏0
.

Step 2. The nondominated antibodies of the two subpopu-
lations 𝑃

𝑎𝑡
and 𝑃

𝑏𝑡
form two nondominated populations 𝐷

𝑎𝑡

and 𝐷
𝑏𝑡
, respectively. Then the two nondominated popula-

tions are combined together to form the entire nondominated
population 𝑇

𝑡
.

Step 3. If the terminal condition is satisfied, export 𝑇
𝑡
as the

output. Stop; otherwise, 𝑡 = 𝑡 + 1.

Step 4. Select the individuals which have more contributions
to the population diversity from 𝐷

𝑎𝑡
and 𝐷

𝑏𝑡
, respectively.

Then the selected individuals form two active populations
𝐴
𝑎𝑡
and 𝐴

𝑏𝑡
.

Step 5. Two clone populations 𝐶
𝑎𝑡

and 𝐶
𝑏𝑡

are formed by
applying cloning to 𝐴

𝑎𝑡
and 𝐴

𝑏𝑡
, respectively.

Step 6. Perform recombination andmutation on𝐶
𝑎𝑡
and𝐶

𝑏𝑡
;

then obtain two resulting populations 𝐶
𝑎𝑡
and 𝐶

𝑏𝑡
.

Step 7. If the condition of information exchange is satisfied,
perform cooperation operator between 𝐶

𝑎𝑡
and 𝐶

𝑏𝑡
. Other-

wise, perform guided local search operator on 𝐶
𝑎𝑡
and 𝐶

𝑏𝑡
,

respectively. Then recalculate the nondominated solutions of
𝐶


𝑎𝑡
and 𝐶

𝑏𝑡
, respectively.

Step 8. Get subpopulations 𝑃
𝑎𝑡
and 𝑃
𝑏𝑡
by combining 𝐶

𝑎𝑡
and

𝐷
𝑎𝑡
, 𝐶
𝑏𝑡
and𝐷

𝑏𝑡
, respectively; go to Step 2.

3.3. Solution Pruning Based on Crowding Distance. In the
proposed algorithm, the crowding distance [23] is used to
estimate the density around a solution and the contribution
of a solution to the diversity of objective function values. The
definition of the crowding distance is described as follows:

𝐷 (𝑥) =

𝑘

∑

𝑖=1

𝑓
𝑖
(𝑥

) − 𝑓
𝑖
(𝑥

)

𝑓max
𝑖

− 𝑓min
𝑖

, (7)

where 𝑓max
𝑖

and𝑓min
𝑖

are the maximum andminimum values
of the 𝑖th objective and 𝑘 is the number of objective functions.
𝑓
𝑖
(𝑥

) and 𝑓

𝑖
(𝑥

) are the values of the 𝑖th objective of the top

two nearest points to 𝑥. If 𝑥 is an extreme point, 𝐷(𝑥) = ∞.
Otherwise, the crowding distance of 𝑥 is calculated by (7).
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Figure 2: The static method of solution pruning.

The density around a dominant antibody is estimated by
calculating its crowding distance.The larger the crowding dis-
tance of a dominant antibody is, the sparser the distribution
around it will be, which also means that the contribution of
this antibody to the population diversity is relatively greater.
When it is required to delete some solutions, the antibody
with small crowding distance will be deleted firstly. The tra-
ditional way of solution pruning is to calculate the crowding
distance of all solutions only once, and then some solutions
are deleted based on such one-shot result. However, such
mechanism is unreasonable sometimes.

After calculating the crowding distance of all points
shown in Figure 2(a), it is evident that two black extreme
points have the largest crowding distances. In addition to
black points, four blue points have larger crowding distances
than other points. Points are sorted according to the crowding
distance, from black points, blue points, green point, to red
points in a decline order. Assume that four points need to be
deleted, and then the red and green points are deleted by
using the original static method. It is obvious that the
points after pruning are not well-distributed as shown in
Figure 2(b). It has been mentioned that the dynamic way is
more reasonable than the traditional staticmethod [43]. After
deleting a point, recalculate the crowding distance of the
remaining points and sort them based on the recalculated
crowding distance.

3.4. Computational Complexity Analysis of CONNIA. As-
sume that the maximum size of the dominant population is
𝑛
𝑑
, the maximum size of the active population is 𝑛

𝑎
, and the

size of the clone population is 𝑛
𝑐
. The time complexity for

CONNIA in a single generation without information
exchange can be calculated as follows.

The time complexity for identifying nondominated indi-
viduals in the population is 𝑂((𝑛

𝑐
+ 𝑛
𝑑
)
2
); the worst time

complexity for dynamic selection is ∑𝑛𝑑
𝑖=𝑛𝑎

𝑂(𝑖 log 𝑖); the time
complexity for cloning is𝑂(𝑛

𝑐
); the worst time complexity for

updating the dominant population is∑𝑛𝑑+𝑛𝑐
𝑖=𝑛𝑑

𝑂(𝑖 log 𝑖); and the
time complexity for recombination and mutation is 𝑂(𝑛

𝑐
).

Therefore the worst total time complexity is:

𝑛𝑑

∑

𝑖=𝑛𝑎

𝑂 (𝑖 log 𝑖) +
𝑛𝑑+𝑛𝑐

∑

𝑖=𝑛𝑑

𝑂 (𝑖 log 𝑖) + 2𝑂 (𝑛
𝑐
) + 𝑂 ((𝑛

𝑑
+ 𝑛
𝑐
)
2
) .

(8)

Owing to the fact that the operational rule of the symbol
“𝑂” can be simplified, the worst time complexity of one gen-
eration without information exchange for CONNIA can be
written as: 𝑂((𝑛

𝑐
+ 𝑛
𝑑
)
2
).

The time complexity for CONNIA in a single generation
with information exchange can be calculated as follows.

The time complexity for identifying nondominated indi-
viduals in the population is 𝑂((𝑛

𝑐
+ 2𝑛
𝑑
)
2
); the worst time

complexity for dynamic selection is ∑𝑛𝑑
𝑖=𝑛𝑎

𝑂(𝑖 log 𝑖); the time
complexity for cloning is𝑂(𝑛

𝑐
); the worst time complexity for

updating the dominant population is ∑2𝑛𝑑+𝑛𝑐
𝑖=2𝑛𝑑

𝑂(𝑖 log 𝑖); and
the time complexity for recombination andmutation is𝑂(𝑛

𝑐
).

So the worst total time complexity is:

𝑛𝑑

∑

𝑖=𝑛𝑎

𝑂 (𝑖 log 𝑖) +
2𝑛𝑑+𝑛𝑐

∑

𝑖=2𝑛𝑑

𝑂 (𝑖 log 𝑖) + 2𝑂 (𝑛
𝑐
) + 𝑂 ((2𝑛

𝑑
+ 𝑛
𝑐
)
2
) .

(9)

Owing to the fact that the operational rule of the symbol
“𝑂” can be simplified, theworst time complexity of one gener-
ation with information exchange for CONNIA can be written
as 𝑂((𝑛

𝑐
+ 2𝑛
𝑑
)
2
).

In real applications, the key factor to decide whether a
technique can be applied is the running time. The further
research on the practical running time of the proposed algo-
rithm will be presented in Section 4.9.

4. Experimental Study

In this section, we compare CONNIAwith three state-of-the-
art MOEAs, including NNIA, NSGA-II, and SPEA2, on
benchmarkMOPs. Besides, some extensional problems based
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on the benchmark MOPs are also tested. It is well known
that the parameter setting has significant impact on MOEAs.
Therefore, the parameter setting of the four algorithms is con-
sistent with the original references and has some adjustments
appropriately. For SPEA2, the size of the population is 100; the
size of an external population is 100. For NSGA-II, the size
of the population is 100. For NNIA, the maximum size of the
dominant population is 100; the maximum size of an active
population is 20. For CONNIA, the maximum sizes of the
two dominant subpopulations are both 50, and themaximum
sizes of the two active subpopulations are both 10. A given
number of function evaluations are used as the stopping crite-
ria. We obtain statistical experimental results by running the
four algorithms 30 times independently. To simplify the
expression, Arabic numerals 1, 2, 3, and 4 are used to denote
CONNIA, NNIA, NSGA-II, and SPEA2.

4.1. Evaluation Metrics. To evaluate various performances of
the compared algorithms, some numerical metrics are
adopted, including generation distance [44], spacing [45],
maximum spread [36], hypervolume [19, 46], and the cover-
age of two sets [40].These numericalmetrics are summarized
as follows.

Generation Distance.Themetric whichmeasures the distance
from the approximate Pareto-optimal front to the true
Pareto-optimal front is defined as follows:

GD (𝑃, 𝑃
∗
) =

∑V∈𝑃 𝑑 (V, 𝑃
∗
)

|𝑃|
, (10)

where 𝑃∗ is a set of uniformly distributed points in the objec-
tive space along the Pareto front,𝑃 is an approximation to the
Pareto front, |𝑃| is the number of solutions in 𝑃, and 𝑑(V, 𝑃∗)
is the minimum Euclidean distance between a point V in 𝑃

and the solutions in 𝑃∗.

Spacing. The metric measures the uniformity of nondomi-
nated solutions in the objective space and is described as
follows:

𝑆 = √
1

|𝐴| − 1

|𝐴|

∑

𝑖=1

(𝑑 − 𝑑
𝑖
)
2

, (11)

where 𝑑
𝑖
= min{∑𝑘

𝑚=1
|𝑓
𝑚
(𝑎
𝑖
) − 𝑓
𝑚
(𝑎
𝑗
)|}, (𝑎

𝑖
, 𝑎
𝑗
∈ 𝐴; 𝑖, 𝑗 = 1,

2, . . . , |𝐴|), 𝑑
𝑖
is the distance between the solution 𝑖 and

another solution which is nearest to 𝑖, and 𝑑 is the average
value of all 𝑑

𝑖
s.

Maximum Spread. The metric measures how “well” the true
Pareto-optimal front is covered by the approximate Pareto-
optimal front. It can be described as follows:

MS = √ 1

𝑚

𝑚

∑

𝑖=1

{
min(𝑓max

𝑖
, 𝐹

max
𝑖

) −max(𝑓min
𝑖

, 𝐹
min
𝑖

)

𝐹max
𝑖

− 𝐹min
𝑖

}

2

,

(12)

where 𝑚 is the number of objectives and 𝑓max
𝑖

and 𝑓min
𝑖

are
the maximum and minimum values of the 𝑖th objective in

the approximate Pareto-optimal front, respectively. 𝐹max
𝑖

and
𝐹
min
𝑖

are the maximum andminimum values of the 𝑖th objec-
tive in the true Pareto-optimal front, respectively.

Hypervolume.Themetricmeasures the “volume” in the objec-
tive domain covered by a set of nondominated solutions.The
definition of the metric is

HV = volume(
𝑛𝑃𝐹

⋃

𝑖=1

V
𝑖
) , (13)

where 𝑛
𝑃𝐹

is the number of nondominated solutions; for any
nondominated solution 𝑖, a hypercube can be formed with a
reference point and the solution 𝑖 as the diagonal corners of
the hypercube. Finally, the HV is the amount of domain
occupied by the union of hypercubes.

Coverage of Two Sets. This metric measures the dominant
relationship between two approximate Pareto-optimal sets 𝐴
and 𝐵. The definition of the metric is described as follows:

𝐼
𝐶 (𝐴, 𝐵) ≜

|{b ∈ 𝐵; ∃a ∈ 𝐴 : a ⪰ b}|
|𝐵|

, (14)

where the symbol “⪰” means domination. Note that both
𝐼
𝐶
(𝐵, 𝐴) and 𝐼

𝐶
(𝐴, 𝐵) have to be considered simultaneously,

because the relationship between them is not completely
linear.

4.2. Test Problems. To verify the versatility of the proposed
algorithm, five ZDT [47] and five DTLZ problems [48] with
diverse complexities in the field of multiobjective optimiza-
tion are selected. Table 1 demonstrates that NNIA may fall
into local optimum in solving ZDT2 and ZDT4. So as to
further explore the performance of CONNIA in solving some
extreme problems, five test problems based on ZDT2 and
ZDT4 are designed.

The related problems based on ZDT2 are described as fol-
lows. When 𝑝 equals the values of 2 and 3, the corresponding
problems are named ZDT21 and ZDT22, respectively. Con-
sider the following:

𝑔 (x) = 1 + 9(
(∑
𝑛

𝑖=2
𝑥
𝑖
)

(𝑛 − 1)
)

0.25

,

𝑓
1 (x) = 𝑥1, 𝑓

2 (x) = {𝑔 (𝑥) [1 − (
𝑥
1

𝑔 (𝑥)
)

𝑝

]}

1/𝑝

.

(15)

The shape of the Pareto-optimal front changes with the
value of 𝑝. When 𝑝 is greater than 1, the formative Pareto-
optimal front is convex. If not, the formative Pareto-optimal
front is concave. The curvature of the Pareto-optimal front
also changes with the value of 𝑝. In Figure 3(a), we use Arabic
numerals 1, 2, and 3 to concisely denote the Pareto-optimal
fronts of ZDT2, ZDT21, and ZDT22, respectively.

Similar to the related problems based on ZDT2, the
related problems based on ZDT4 are described as follows.
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Figure 3: The true Pareto-optimal fronts of the related problems based on ZDT2 and ZDT4, respectively.
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Figure 4: Mean values of GD and spacing versus the introduced parameter in solving DTLZ3 and ZDT4 by the proposed algorithm.

When 𝑞 equals the values of 0.5, 2, 5, and 0.2, the correspond-
ing problems are named ZDT4, ZDT41, ZDT42, and ZDT43,
respectively. Consider the following:

𝑓
1 (x) = 𝑥1, 𝑓

2 (x) = 𝑔 (𝑥) [1 − (
𝑥
1

𝑔 (𝑥)
)

𝑞

] , 𝑥
1
∈ [0, 1] ,

𝑔 (x) = 1 + 10 (𝑛 − 1) +
𝑛

∑

𝑖=2

[𝑥
2

𝑖
− 10 cos (4𝜋𝑥

𝑖
)] ,

𝑥 ∈ [−5, 5] , 𝑖 = 2, . . . , 𝑛, 𝑛 = 10.

(16)

The shape of the Pareto-optimal front changes with the
value of 𝑞. When 𝑞 is greater than 1, the formative Pareto-
optimal front is convex. If not, the formative Pareto-optimal
front is concave. The curvature of the Pareto-optimal front

also changes with the value of 𝑞. In Figure 3(b), we use Arabic
numerals 1, 2, 3, and 4 to concisely denote the Pareto-optimal
fronts of ZDT4, ZDT41, ZDT42, and ZDT43, respectively.

4.3. Sensitivity to the Introduced Parameter. The influence
of the threshold is discussed in this part. Considering the
representative of multi-objective problems with two-objec-
tives and three-objectives, respectively, ZDT4 andDTLZ3 are
selected for parameter analysis. Figure 4 shows that the mean
values of GD and spacing are rather stable in dealing with
ZDT4, whatever the value of the threshold is. However, the
mean values of GD and spacing change greatly with the vari-
ation of the threshold in solving DTLZ3. Figure 4 indicates
that the proposed algorithm is not sensitive to the threshold
on simple problems. The performance has some differences
with the variation of the threshold on difficult problems.
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Figure 5: (a) The error bar of HV of the nondominated antibodies in final population with different number of function evaluations by
CONNIA. (b) The error bar of HV of the nondominated antibodies in final population with different number of function evaluations by
CONNIA. (c) Box plots of the coverage of the two sets obtained by CONNIA with and without information exchange.

When the cooperation among subpopulations happenswith a
small value of the threshold, the information among subpop-
ulations will keep coincidence with each other which leads to
the ineffectiveness of the cooperation. On the contrary, when
the late cooperation appears with a large value of the thresh-
old, the differences among subpopulations are apparent.

Thus, there is little chance for the inferior subpopulation to
gain experience from the superior one.

4.4. Comparison of CONNIA with and without Information
Exchange. The cooperation operator reflects a mutually ben-
eficial relationship between two subpopulations. By applying
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Figure 6: Continued.
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Figure 6: The approximate Pareto-optimal fronts obtained by CONNIA, NNIA, NSGA-II, and SPEA2 in solving the 9 test problems.

the cooperation operator, two subpopulations gain the oppor-
tunity to exchange information and expand the search range
of the entire population. The subpopulation could make use
of the reference experience from each other to improve its
own evolution. This directed cooperation operator provides
good evolutionary paths towards antibodies, thereby making
antibodies evolve faster.

In this part, the effectiveness of information exchange
among subpopulations is discussed. The proposed algorithm
without information exchange is denoted by CONNIA.
Figures 5(a) and 5(b) show the error bars of hypervolume
metric of nondominated antibodies in final population with
different number of function evaluations by CONNIA and
CONNIA, respectively. From Figures 5(a) and 5(b), some
conclusions can be obtained: (1) the evolution curves of
CONNIA are more flat than those of CONNIA; (2) the

standard deviation of the error bar obtained by CONNIA
becomes near to zeros; (3) with the same number of function
evaluations, CONNIA obtains a higher value of HV metric
than CONNIA. Figure 5(c) shows the box plots of CONNIA
against CONNIA in terms of the coverage of two sets. In
each plot, the left box represents the distribution of
𝐼
𝐶
(CONNIA,CONNIA) and the right box represents the

distribution of 𝐼
𝐶
(CONNIA,CONNIA). The box plots of

𝐼
𝐶
(CONNIA,CONNIA) are higher than the corresponding

box plots of 𝐼
𝐶
(CONNIA,CONNIA). Therefore, we can get

the conclusion that CONNIA performs better than
CONNIA as far as the coverage is concerned.

4.5. Experimental Results on ZDT and DTLZ Problems.
Figure 6 shows the distribution of approximate Pareto-
optimal solutions obtained by four algorithms on ZDT and
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Figure 7: Statistical values of convergence obtained by CONNI, NNIA, NSGA-II, and SPEA2 in solving the 10 test problems.

DTLZproblems.Thedistributions of the approximate Pareto-
optimal solutions obtained by CONNIA and SPEA2 aremore
uniform than those obtained by other two algorithms on five
ZDT problems. The approximate Pareto-optimal solutions
obtained by NNIA can not well cover the extreme solutions

of ZDT2 and ZDT4. For DTLZ problems, the distribution
of the approximate Pareto-optimal solutions obtained by
SPEA2 is the most uniform among the four algorithms;
nevertheless the computational complexity of SPEA2 is the
highest. The distribution of the approximate Pareto-optimal
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Figure 8: Statistical values of spacing obtained by CONNI, NNIA, NSGA-II, and SPEA2 in solving the 10 test problems.

solutions obtained by CONNIA is the most uniform among
the remaining three algorithms. In addition to the qualitative
analysis of the results, we also analyze statistical results
obtained by four algorithms. The statistical results of con-
vergence, spacing, maximum spread, and hypervolume are
shown in Figures 7–10.

Figure 7 shows that the values of convergence can reach
10−3 in almost all the 30 independent runs by four algorithms
on five ZDT problems. The box plots obtained by NNIA on
ZDT2 and ZDT4 are quite broad which indicates that the
stability of NNIA in solving these problems is quite poor.
However, CONNIA is more robust than NNIA on ZDT2 and
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Figure 9: Statistical values of maximum spread obtained by CONNI, NNIA, NSGA-II, and SPEA2 in solving the 10 test problems.
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Figure 10: Statistical values of HV obtained by CONNI, NNIA, NSGA-II, and SPEA2 in solving the 10 test problems.

ZDT4, owing to the multipopulation coevolutionary strategy
which plays an important role in maintaining the population
diversity. In general, except for the appearance of local
optimum when NNIA deals with ZDT2 and ZDT4, the dif-
ferences among four algorithms onfiveZDTproblems are rel-
atively small. Hereinto, CONNIA obtains the smallest values
of convergence on ZDT3, ZDT4, and ZDT6. It has been

pointed out that NSGA-II and SPEA2 could not completely
converge onto the true Pareto-optimal fronts in a limited
number of function evaluations on DTLZ3 which has some
local Pareto-optimal fronts [35, 49]. However, CONNIA
obtains the best results in terms of convergence onDTLZ3. As
far as convergence is concerned, CONNIA performs best on
DTLZ1, DTLZ2, DTLZ3, and DTLZ4.
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Figure 11: The approximate Pareto-optimal fronts obtained by CONNIA and NNIA in solving the extensional problems.

Figure 8 shows that, compared with the other three algo-
rithms, SPEA2 performs best in most problems in terms of
spacing. Apart from SPEA2, statistical values obtained by
CONNIA are smaller than those obtained by other two algo-
rithms in 9 out of the 10 problems. The statistical value
obtained by CONNIA is even smaller than that obtained by
SPEA2 on DTLZ3. The reason is that SPEA2 can not quite
converge onto the true Pareto-optimal fronts in a limited
number of function evaluations. In general, SPEA2 exhibits
the best performance in diversitymaintaining among the four
algorithms. However, the complicated calculation of SPEA2
costs a large amount of computing resources. The proposed
algorithm gets the smallest values of spacing among the
remaining three algorithms in solving ZDT1, ZDT2, ZDT3,
ZDT4, ZDT6, DTLZ1, DTLZ2, DTLZ3, and DTLZ4.

Figure 9 demonstrates that NNIA obtains broad box plots
on ZDT2 and ZDT4, thereby suggesting that the stability of
NNIA on ZDT2 and ZDT4 is poor. Compared with the other
three algorithms, CONNIA obtains the largest statistical
values of MS on all the 10 test problems, while NSGA-II and
SPEA2 perform slightly poor on ZDT1, ZDT3, ZDT6,
DTLZ4, and DTLZ6. Figure 10 shows that the stability of
NNIA is quite poor onZDT2 andZDT4 in terms ofHV.How-
ever, in most of the 10 test problems except DTLZ2, the result
obtained by the CONNIA is not inferior to that obtained by
other three algorithms as far as HV is concerned. Apparently,
SPEA2 does well in diversity maintenance in the field of
MOEAs. In solving fiveZDTproblems, SPEA2 gets the results
similar to CONNIA in terms of HV. However, SPEA2 can not
well converge onto the true Pareto-optimal fronts in 50000
function evaluations in solving difficult problems. CONNIA
achieves the results which are not worse than, or even better
than, those of SPEA2withmuch lower complexity on the nine
test problems.

4.6. Comparing the Robustness of NNIA and CONNIA. The
comparison of CONNIA and NNIA on some difficult prob-
lems (DTLZ1 and DTLZ3) and some extreme problems
(ZDT21, ZDT22, ZDT41, ZDT42, and ZDT43) is carried out
in this part. Figure 11 shows the distribution of approximate
Pareto-optimal solutions obtained by CONNIA and NNIA.
The distributions of approximate Pareto-optimal solutions
obtained by CONNIA are relatively more uniform than those
of NNIA.The solutions obtained by NNIA can not well cover
extreme solutions in solving ZDT21, ZDT41, and ZDT42.
Nevertheless, CONNIA canwell cover these solutions in solv-
ing the same problems.

Figure 12 shows the box plots of CONNIA against NNIA
based on the coverage of two sets. NNIA obtains a relatively
wider range of box plot measures on ZDT2, ZDT4, and
ZDT41; that is, the stability of NNIA is relatively weak in
dealing with these problems. However, the performance
obtained by CONNIA is more stable on the same problems.
The box plots of 𝐶(1, 2) are higher than the corresponding
box plots of 𝐶(2, 1) in all the test problems as shown in
Figure 12. Therefore, we can get the conclusion that the solu-
tions obtained by CONNIA almost weakly dominate those
obtained by NNIA.

4.7. Tests on Convergence of the Four Algorithms. In the field
of MOEAs, the number of function evaluations is commonly
used as the stopping criteria. It is difficult to set the accurate
stopping criteria for an MOEA on different problems, while
uniform stopping criteria which are applied to different pro-
blems always provide a plethora of information [49]. After
investigating the running convergence with different func-
tion evaluations, the effective stopping criteria of CONNIA
on different problems can be discovered. To demonstrate the
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Figure 12: Box plots of the coverage of two sets by CONNIA and NNIA in solving 10 test problems.

convergence of four algorithms more explicitly, results are
showed with 𝑌 coordinate in the form of log 10.

Figure 13 shows the mean value in terms of convergence
with different function evaluations by four algorithms. The
differences among four algorithms are not obvious on five
ZDT problems. However, the disparities among them are

apparent on five DTLZ problems. CONNIA obtains better
performance than the other three algorithms on DTLZ1,
DTLZ2, DTLZ3, and DTLZ4. In particular on some intra-
ctable problems, such as DTLZ1 and DTLZ3, SPEA2 and
NSGA-II can not well converge onto the true Pareto-optimal
front with a limited number of function evaluations, while
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Figure 13: Mean value of convergence with different function evaluations by the four algorithms in solving the 10 test problems.

under the same condition CONNIA shows distinct advan-
tages.

4.8. Experimental Results of the Four Algorithms on Many-
Objective Problems. In this section, the performance of four
algorithms on many-objective problems is investigated. Mul-
tiobjective problems with more than three objectives are
defined as many-objective problems. The test problems are

the extensional problems of DTLZ1 and DTLZ2 with 4 to 7
objectives and are named DTLZ14–DTLZ17 and DTLZ24–
DTLZ27, respectively. Due to the fact that the number of non-
dominated solutions dramatically enlarges with the number
of objectives increasing, many MOEAs have difficulty in
converging onto the true Pareto-optimal front with a limited
number of function evaluations. Therefore, the size of popu-
lation and the number of function evaluations are doubled as
those in Section 4.5 [35].
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Figure 14: Statistical values of convergence obtained by the four algorithms in solving many-objective problems.
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Figure 15: Statistical values of spacing obtained by the four algorithms in solving many-objective problems.

Figure 14 shows that CONNIA obtains the largest statisti-
cal values of convergence among four algorithms on all the
test problems, closely followed by NNIA. While results
obtained by SPEA2 andNSGA-II are relatively worse in terms
of convergence, Figure 15 indicates that the result of CONNIA
is even better than SPEA2 in terms of spacing. SPEA2 cannot
converge onto the true Pareto-optimal fronts with a limited

number of function evaluations on eight many-objective
problems. In this case, the diversity maintaining mechanism
used in SPEA2 is no longer effective. The statistical values of
MS on eightmany-objective problems are shown in Figure 16.
In terms of MS, four algorithms obtain similar results,
except SPEA2 which does slightly worse. Overall, CONNIA
performs much better than the other three algorithms on
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Figure 17: Statistical values of the coverage of two sets obtained by CONNIA and NNIA in solving many-objective problems.

eightmany-objective problems.Theperformance ofNSGA-II
and SPEA2 is seriously degenerated in solving many-
objective problems.

The convergence metric can be only used under the con-
dition of which knowledge of the true Pareto-optimal fronts
is available, which is unsuitable for many-objective problems.
Hence, the metric of the coverage of two sets is employed
to measure the dominant relationship between solutions

obtained by different algorithms. Figures 17, 18, and 19 show
the comparison between CONNIA and the other three algo-
rithms on many-objective problems in terms of the coverage
of two sets. Figures 17–19 indicate that the values of𝐶(∗, 1) are
smaller than the corresponding values of 𝐶(1, ∗). Hereinto, 1
denotes the solution set obtained by CONNIA, and the sym-
bol “∗” stands for the solution set obtained by any one of the
other three algorithms. The gap between 𝐶(∗, 1) and 𝐶(1, ∗)
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Figure 18: Statistical values of the coverage of two sets obtained by CONNIA and NSGA-II in solving many-objective problems.

is enlarged with the number of objectives increasing, which
indicates that the dominant relationship between the solu-
tions obtained by CONNIA and other three algorithms is
more apparent on complex many-objective problems. In the
special case that 𝐶(1, ∗) = 1 and 𝐶(∗, 1) = 0, the solution
set obtained by CONNIA almost dominates that obtained by
any one of the other three algorithms. For example, in solving
DTLZ15,DTLZ16,DTLZ17, andDTLZ27, the values of𝐶(∗, 1)
are almost equal to 0, while the values of 𝐶(1, ∗) are almost
equal to 1. CONNIA outperforms the other three algorithms
in most cases as coverage is concerned.

4.9. Running Time Study. Figure 20 shows the average run-
ning time on the extensional problems of DTLZ1 and DTLZ2
with 3 to 7 objectives, respectively. As shown in Figure 20, the
cost of the average running time of four algorithms increases
with the number of objectives increasing. NNIA exhibits the
best performance in terms of computational time, closely fol-
lowed byCONNIA.The running time ofNSGA-II and SPEA2
is relatively longer; particularly for SPEA2, the required
running time is the longest among the four algorithms. This
is because SPEA2 adopts a relatively expensive diversity
maintaining mechanism whose worst run-time complexity is
𝑂(𝑁
3
), where 𝑁 is the number of nondominated solutions.

NNIA is an effective immune inspired MOEA, which is
famous for good performance in convergence [35, 50].
Although its special evolutionary framework results in fast
convergence, solutions obtained by NNIA are occasionally
trapped into local optimum. It is required to focus on the pur-
suit of not only a high convergence rate, but also good evo-
lutionary quality. CONNIA is an enhanced version of NNIA

by introducing the multipopulation coevolutionary strategy
and an adaptive operator. Although the computational cost of
CONNIA is a little larger thanNNIA, the improvement on the
performance is evident.

5. Conclusion

To the best of our knowledge, slow convergence rate is a ubi-
quitous problem in MOEAs. AIS have the learnable, parallel,
and distributed characteristics and possess an efficient infor-
mation processing ability. AIS-based algorithms have already
been widely used for dealing with MOPs, in which NNIA
obtains a fast convergence rate solving such knotty problem in
MOEAs. However, the population diversity can not be well
maintained in NNIA, which leads the solutions obtained by
NNIA to be trapped into local optimumon somedifficult pro-
blems. Co-evolution is a high-level evolutionary method,
which confirms that all the populations are beneficial mutu-
ally, thus providing a theoretical basis for maintaining diver-
sity. In this paper, a multipopulation coevolutionary strategy
is designed. Subpopulations implement evolutionary opera-
tion independently; thus the diversity of the entire population
can be well maintained. The information exchange among
subpopulations is available, thereby expanding the search
range of the entire population and improving the efficiency of
evolutionary search.

In the field of MOEAs, when it comes to adaptive algo-
rithms,most of themadaptively adjust someparameters, such
as population size, crossover probability, and mutation prob-
ability. However, an adaptive algorithm with online-decision
strategy is seldom involved. Based on this idea, an adaptive
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Figure 19: Statistical values of the coverage of two sets obtained by CONNIA and SPEA2 in solving many-objective problems.
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Figure 20: Mean value of running time by four algorithms on the extensional problems of DTLZ1 and DTLZ2 with 3 to 7 objectives,
respectively.

strategy is designed in the proposed algorithm. Subpopula-
tions adopt corresponding operations according to the condi-
tions of themselves which ensures that evolutionary search is
not random or blind.

In dealing with many-objective problems, the rapid
increase of nondominated solutions requires a large size of
population or a large number of function evaluations. How-
ever, in many MOEAs, the size of population is constant. No
matter how difficult the problem is, the size of population is
the same. According to the characteristics of CONNIA, it is

more reasonable to adaptively adjust the number of subpop-
ulations according to the difficulty of the problem. We can
imagine that it is more reasonable to employ more subpop-
ulations together to cooperatively overcome the difficulty in
solving many-objective problems.
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Differential evolution (DE) is a population-based stochastic search algorithm which has shown a good performance in solving
many benchmarks and real-world optimization problems. Individuals in the standard DE, and most of its modifications, exhibit
the same search characteristics because of the use of the sameDE scheme.This paper proposes a simple and effective heterogeneous
DE (HDE) to balance exploration and exploitation. In HDE, individuals are allowed to follow different search behaviors randomly
selected from a DE scheme pool. Experiments are conducted on a comprehensive set of benchmark functions, including classical
problems and shifted large-scale problems.The results show that heterogeneous DE achieves promising performance on a majority
of the test problems.

1. Introduction

Differential evolution (DE) [1] is a well-known algorithm for
global optimization over continuous search spaces. Although
DE has shown a good performance over many optimization
problems, its performance is greatly influenced by its muta-
tion scheme and control parameters (population size, scale
factor, and crossover rate). To enhance the performance of
DE, many improved DE variants have been proposed based
on modified mutation strategies [2, 3] or adaptive parameter
control [4–6].

The standard DE and most of its modifications [7–10]
make use of homogeneous populations where all of the indi-
viduals follow exactly the same behavior. That is, individuals
implement the same DE scheme, such as DE/rand/1/bin and
DE/best/1/bin.The effect is that individuals in the population
behave with the same exploration and/or exploitation char-
acteristics [11]. An ideal optimization algorithm should bal-
ance exploration and exploitation during the search process.
Initially, the algorithm should concentrate on exploration. As

the iteration increases, it would be better to use exploitation
to find more accurate solutions. However, it is difficult
to determine when the algorithm should switch from an
explorative behavior to an exploitative behavior. To tackle
this problem, a new concept of heterogeneous swarms [11] is
proposed and applied to particle swarm optimization (PSO)
[12, 13], where particles in the swarm use different velocity
and position update rules. Therefore, the swarm may consist
of explorative particles as well as exploitative particles. This
makes the heterogeneous PSO have the ability to balance
exploration and exploitation during the search process.

In this paper, a simple and effective heterogeneous DE
(HDE) algorithm is proposed inspired by the idea of hetero-
geneous swarms [11]. In HDE, individuals will be allocated
to different search behaviors randomly selected from a DE
scheme pool. However, the concept of heterogeneous swarms
used in DE is not new. Qin et al. [6] proposed a self-
adaptive DE (SaDE), where individuals are also allowed
to implement different mutation schemes according to a
complex probability model. Gong et al. [14] combined
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a strategy adaptation mechanism with four mutation strate-
gies proposed in JADE [3]. For other self-adaptive DE vari-
ants [8], the search characteristics of individuals dynamically
change according to the adaptation of the control parameters
(scale factor and/or crossover rate). The HDE proposed in
this paper differs from the above DE variants. In HDE,
the behaviors are randomly assigned from a DE scheme
pool. By the suggestions of heterogeneous PSO [11], two
heterogeneous models are proposed. This first one is static
HDE (sHDE), where the randomly selected behaviors are
fixed during the evolution. The second one is dynamic HDE
(dHDE), where the behaviors can randomly change during
the search process. Experimental studies are conducted on a
comprehensive set of benchmark functions, including clas-
sical problems and shifted large-scale problems. Simulation
results demonstrate the efficiency and effectiveness of the
proposed heterogeneous DE.

The rest of the paper is organized as follows. In Section 2,
the standard DE algorithm is briefly introduced. The HDE
is proposed in Section 3. Experimental simulations, results,
and discussions are presented in Section 4. Finally, the work
is concluded in Section 5.

2. Differential Evolution

There are several variants of DE [1], which use different
mutation strategies and/or crossover schemes. To distinguish
these different DE schemes, the notation “DE/𝑥/𝑦/𝑧” is used,
where “DE” indicates the DE algorithm, “𝑥” denotes the
vector to be mutated, “𝑦” is the number of difference vectors
used in the mutation, and “𝑧” stands for the type of crossover
scheme, exponential (exp) or binomial (bin). The following
section discusses the mutation and crossover operations.

2.1. Mutation. For each vector 𝑋
𝑖,𝐺

at generation 𝐺, this
operation creates mutant vectors 𝑉

𝑖,𝐺
based on the current

parent population.The following are five well-known variant
mutation strategies:

(1) DE/rand/1

𝑉
𝑖,𝐺
= 𝑋
𝑖1 ,𝐺
+ 𝐹 ⋅ (𝑋

𝑖2 ,𝐺
− 𝑋
𝑖3 ,𝐺
) , (1)

(2) DE/best/1

𝑉
𝑖,𝐺
= 𝑋best,𝐺 + 𝐹 ⋅ (𝑋𝑖1 ,𝐺 − 𝑋𝑖2 ,𝐺) , (2)

(3) DE/current-to-best/1

𝑉
𝑖,𝐺
= 𝑋
𝑖,𝐺
+ 𝐹 ⋅ (𝑋best,𝐺 − 𝑋𝑖,𝐺) + 𝐹 ⋅ (𝑋𝑖1 ,𝐺 − 𝑋𝑖2 ,𝐺) , (3)

(4) DE/rand/2

𝑉
𝑖,𝐺
= 𝑋
𝑖1 ,𝐺
+ 𝐹 ⋅ (𝑋

𝑖2 ,𝐺
− 𝑋
𝑖3 ,𝐺
) + 𝐹 ⋅ (𝑋

𝑖4 ,𝐺
− 𝑋
𝑖5 ,𝐺
) , (4)

(5) DE/best/2

𝑉
𝑖,𝐺
= 𝑋best,𝐺 + 𝐹 ⋅ (𝑋𝑖1 ,𝐺 − 𝑋𝑖2 ,𝐺) + 𝐹 ⋅ (𝑋𝑖3 ,𝐺 − 𝑋𝑖4 ,𝐺) ,

(5)

where the indices 𝑖
1
, 𝑖
2
, 𝑖
3
, 𝑖
4
, and 𝑖

5
are mutually different

random indices chosen from the set {1, 2, . . . , 𝑁
𝑝
}, 𝑁
𝑝
is the

population size, and all are different from the base index 𝑖.
The scale factor𝐹 is a real number that controls the difference
vectors.𝑋best,𝐺 is the best vector in terms of fitness value at the
current generation 𝐺.

2.2. Crossover. Similar to EAs, DE also employs a crossover
operator to build trial vectors𝑈

𝑖,𝐺
by recombining the current

vector𝑋
𝑖,𝐺

and themutant one𝑉
𝑖,𝐺
.The trail vector is defined

as follows:

𝑢
𝑖,𝑗,𝐺
= {

V
𝑖,𝑗,𝐺
, if rand

𝑗 (0, 1) ≤ CR ∨ 𝑗 = 𝑗rand
𝑥
𝑖,𝑗,𝐺
, otherwise,

(6)

where CR ∈ (0, 1) is the predefined crossover probability,
rand
𝑗
(0, 1) is a uniform random number within [0, 1] for the

𝑗th dimension, and 𝑗rand ∈ {1, 2, . . . , 𝐷} is a random index.

2.3. Selection. After the crossover, a greedy selection mecha-
nism is used to select the better one from the parent vector
𝑋
𝑖,𝐺

and the trail vector 𝑈
𝑖,𝐺

according to their fitness values
𝑓(⋅). Without losing of generality, this paper only considers
minimization problems. If, and only if, the trial vector 𝑈

𝑖,𝐺
is

better than the parent vector 𝑋
𝑖,𝐺
, then 𝑋

𝑖,𝐺+1
is set to 𝑈

𝑖,𝐺
;

otherwise, we keep𝑋
𝑖,𝐺+1

the same with𝑋
𝑖,𝐺
:

𝑋
𝑖,𝐺+1
= {
𝑈
𝑖,𝐺
, if 𝑓 (𝑈

𝑖,𝐺
) ≤ 𝑓 (𝑋

𝑖,𝐺
)

𝑋
𝑖,𝐺
, otherwise.

(7)

3. Heterogeneous DE

In the standard DE andmost of its modifications, individuals
in the population behavewith the same search characteristics,
exploration, and/or exploitation, because of the use of the
same DE scheme. The effect is that the algorithms could
hardly balance exploration and exploitation during the search
process. Inspired by the heterogeneous swarms [11], a simple
and effective heterogeneousDE (HDE) algorithm is proposed
in this paper. Compared to DE and most of its variants,
individuals in HDE are allowed to implement different
behaviors.

To implement different DE schemes in HDE, we need
to address two questions. First, which DE scheme should be
chosen to construct the DE scheme pool? Second, how do we
assign DE schemes to individuals?

As mentioned before, there are several DE schemes, and
different DE schemes have different search characteristics. In
this paper, three differentDE schemes are chosen to construct
the DE scheme pool: (1) DE/rand/1/bin; (2) DE/best/1/bin;
and (3) DE/BoR/1/bin [16]. The first two schemes are two
basic DE strategies proposed in [1], and the last one was
recently proposed in [16], where a new mutation strategy
called “best-of-random” (BoR) is defined as follows:

𝑉
𝑖,𝐺
= 𝑋
𝑖𝑏 ,𝐺
+ 𝐹 ⋅ (𝑋

𝑖1 ,𝐺
− 𝑋
𝑖2 ,𝐺
) , (8)

where the individuals 𝑋
𝑖1
, 𝑋
𝑖2
, and 𝑋

𝑖𝑏
are randomly chosen

from the current population, 𝑖 ̸= 𝑖
1
̸= 𝑖
2
̸= 𝑖
𝑏
, and𝑋

𝑖𝑏
is the best

one of them; that is, 𝑓(𝑋
𝑖𝑏
) ≤ min(𝑓(𝑋

𝑖1
), 𝑓(𝑋

𝑖2
)).
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Figure 1: The encoding of individuals in heterogeneous DE.

There are two reasons for choosing these DE schemes.
First, these three DE schemes are very simple and easy to
implement. Second, each of them has different search charac-
teristics. For the DE/rand/1/bin, it obtains higher population
diversity. DE/best/1/bin shows faster convergence speed. The
last one provides a middle phase between the first two DE
schemes. Note that this paper only chooses three DE schemes
to construct the DE scheme pool and other DE schemes can
also be possibly used.

Figure 1 presents the encoding method in HDE, where
ID
𝑖
denotes the employed DE scheme for the 𝑖th individual.

In this paper, ID
𝑖
∈ {1, 2, 3}; that is, ID

𝑖
= 1 indicates the

DE/rand/1/bin scheme, ID
𝑖
= 2 denotes the DE/best/1/bin

scheme, and ID
𝑖
= 3 stands for the DE/BoR/1/bin scheme.

In order to address the second question, two different
heterogeneous models, namely, static HDE (sHDE) and
dynamic HDE (dHDE), are used to assign DE schemes to
individuals [11].

(i) In the static HDE (sHDE), DE schemes are randomly
assigned to individuals in population initialization.
The assigned DE schemes do not change during the
search process.

(ii) In the dynamic HDE (dHDE), DE schemes are ran-
domly assigned to individuals during initialization.
As the iteration increases, the assignedDE schemes of
individuals are not fixed. They can randomly change
during the search process. An individual randomly
selects a new DE scheme from the DE scheme pool
when the individual fails to improve its objective
fitness value. In the standard DE and its variants, the
objective fitness value of each individual 𝑋

𝑖
satisfies

𝑓(𝑋
𝑖,1
) ≤ 𝑓(𝑋

𝑖,2
) ≤ ⋅ ⋅ ⋅ ≤ 𝑓(X

𝑖,𝐺
). If the new gen-

erated individual (trail vector 𝑈
𝑖
) could not improve

its previous position (𝑋
𝑖
), it may indicate early stag-

nation. This can be addressed by assigning a new DE
scheme to the individual.

Themain steps of dynamic heterogeneousDE (dHDE) are
presented in Algorithm 1, where 𝑃 is the current population,
FEs is the number of fitness evaluations, and MAX FEs is

the maximum number of FEs. For static HDE (sHDE), please
delete line 21 in Algorithm 1.

4. Experimental Verifications

This section provides experimental studies ofHDEon 18well-
known benchmark optimization problems. According to the
properties of these problems, two series of experiments are
conducted: (1) comparison of HDE on classical optimization
problems and (2) comparison of HDE on shifted large-scale
optimization problems.

4.1. Results on Classical Optimization Problems. In this sec-
tion, 12 classical benchmark problems are used to verify the
performance of HDE. These problems were considered in
[2, 5, 17–19]. Table 1 presents a brief description of these
benchmark problems. All the problems are to be minimized.

Experiments are conducted to compare HDE with other
six DE variants. The involved algorithms are listed below:

(i) DE/rand/1/bin,
(ii) DE/best/1/bin,
(iii) DE/BoR/1/bin [16],
(iv) self-adapting DE (jDE) [5],
(v) DE with neighborhood search (NSDE) [20],
(vi) DE using neighborhood-based mutation (DEGL) [2],
(vii) the proposed sHDE and dHDE.

In the experiments, we have two series of comparisons:
(1) comparison of sHDE/dHDE with basic DE schemes and
(2) comparison of sHDE/dHDEwith state-of-the-art DE var-
iants.The first comparison aims to check whether the hetero-
geneousmethod is helpful to improve the performance ofDE.
The second comparison investigates whether the proposed
approach is better or worse than some recently proposed DE
variants.

For these two comparisons, we use the same parameter
settings as follows. For the three basic DE schemes (DE/rand/
1/bin, DE/best/1/bin, and DE/BoR/1/bin) and sHDE/dHDE,
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Table 1: The 12 classical benchmark optimization problems

Problem Name 𝐷 Properties Search range
𝑓
1

Sphere 25 Unimodal [−100, 100]

𝑓
2

Schewefel 2.22 25 Unimodal [−10, 10]

𝑓
3

Schewefel 1.2 25 Unimodal [−100, 100]

𝑓
4

Schewefel 2.21 25 Unimodal [−100, 100]

𝑓
5

Rosenbrock 25 Multimodal [−30, 30]

𝑓
6

Step 25 Unimodal [−100, 100]

𝑓
7

Quartic with noise 25 Unimodal [−1.28, 1.28]

𝑓
8

Schewefel 2.26 25 Multimodal [−500, 500]

𝑓
9

Rastrigin 25 Multimodal [−5.12, 5.12]

𝑓
10

Ackley 25 Multimodal [−32, 32]

𝑓
11

Griewank 25 Multimodal [−600, 600]

𝑓
12

Penalized 25 Multimodal [−50, 50]

(1) Randomly initialize the population 𝑃 including the variables and ID;
(2) Evaluate the objective fitness value of each individuals in 𝑃;
(3) FEs = 𝑁

𝑝
;

(4) while FEs ≤MAX FEs do
(5) for 𝑖 = 1 to𝑁

𝑝
do

(6) if ID
𝑖
== 1 then

(7) Use DE/rand/1/bin to generate a trail vector 𝑈
𝑖
;

(8) end
(9) if ID

𝑖
== 2 then

(10) Use DE/best/1/bin to generate a trail vector 𝑈
𝑖
;

(11) end
(12) if ID

𝑖
== 3 then

(13) Use DE/BoR/1/bin to generate a trail vector 𝑈
𝑖
;

(14) end
(15) Evaluate the objective fitness value of 𝑈

𝑖
;

(16) FEs++;
(17) if f (𝑈

𝑖
) ≤ f (𝑋

𝑖
) then

(18) 𝑋
𝑖
= 𝑈
𝑖

(19) end
(20) else

/∗ For static HDE (sHDE), please delete lines 20–22 ∗/

(21) Randomly assign a new different DE scheme to𝑋
𝑖
, (change the value of ID

𝑖
);

(22) end
(23) end
(24) end

Algorithm 1: The dynamic heterogeneous DE (dHDE).

the control parameters, 𝐹 and CR, are set to 0.5 and 0.9,
respectively [5]. For jDE, NSDE, and DEGL, the parameters
𝐹 and CR are self-adaptive. For all algorithms, the population
size (𝑁

𝑝
) and maximum number of FEs are set to 10 ⋅ 𝐷 and

5.00𝐸+05, respectively [2]. All the experiments are conducted
30 times, and the mean error fitness values are reported.

4.1.1. Comparison of HDE with Basic DE Schemes. The com-
parison results of HDE with the three basic DE schemes are
presented in Table 2, where “Mean” denotes the mean error
fitness values. From the results, sHDE and dHDE outperform
other three basic DE schemes on a majority of test problems.
For unimodal problems (𝑓

1
−𝑓
4
), DE/best/1/bin shows faster

convergence than other algorithms for the attraction of the
global best individual. For 𝑓

6
and 𝑓

7
, all the algorithms

obtain similar performance. DE/rand/1/bin provides high
population diversity but slows down convergence rate. That
is why DE/rand/1/bin performs better than DE/best/1/bin
on most multimodal problems, but worse on unimodal
problems. DE/BoR/bin/1 is a middle phase of DE/rand/1/bin
and DE/best/1/bin. It obtains better performance than the
other two basic DE schemes. For the heterogeneity of these
basicDE schemes, sHDE anddHDE significantly improve the
performance of DE. For unimodal problems, DE/best/1/bin
obtains the best performance, while sHDE and dHDE
perform better than DE/rand/1/bin and DE/BoR/1/bin. For
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Table 2: Comparison of HDE with basic DE schemes on classical benchmark problems.

Problem DE/rand/1/bin DE/best/1/bin DE/BoR/1/bin sHDE dHDE
Mean Mean Mean Mean Mean

𝑓
1

0.00𝐸 + 00 4.38𝐸 − 27 2.37𝐸 − 46 6.58𝐸 − 79 0.00𝐸 + 00

𝑓
2

0.00𝐸 + 00 2.64𝐸 − 13 3.02𝐸 − 22 3.32𝐸 − 39 4.96𝐸 − 103

𝑓
3

2.68𝐸 − 125 2.41𝐸 − 04 1.51𝐸 − 11 3.10𝐸 − 21 7.21𝐸 − 57

𝑓
4

5.34𝐸 − 64 1.77𝐸 − 07 1.89𝐸 − 11 1.42𝐸 − 07 2.49𝐸 − 40

𝑓
5

5.75𝐸 − 29 2.91𝐸 − 04 1.45𝐸 − 16 1.11𝐸 − 29 1.73𝐸 − 29

𝑓
6

0.00𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00

𝑓
7

1.38𝐸 − 03 2.50𝐸 − 03 1.52𝐸 − 03 8.31𝐸 − 04 1.84𝐸 − 03

𝑓
8

3.36𝐸 + 03 1.68𝐸 + 03 2.78𝐸 + 03 0.00𝐸 + 00 8.56𝐸 + 02

𝑓
9

4.38𝐸 + 01 1.32𝐸 + 02 2.62𝐸 + 01 5.22𝐸 + 01 0.00𝐸 + 00

𝑓
10

2.81𝐸 + 00 2.55𝐸 − 14 4.14𝐸 − 15 4.14𝐸 − 15 4.14𝐸 − 15

𝑓
11

2.95𝐸 − 02 0.00𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00

𝑓
12

9.96𝐸 − 01 5.00𝐸 − 28 1.88𝐸 − 32 1.88𝐸 − 32 1.88𝐸 − 32

Table 3: Comparison of HDE with jDE, NSDE, and DEGL on classical benchmark problems.

Problem jDE NSDE DEGL sHDE dHDE
Mean Mean Mean Mean Mean

𝑓
1

4.04𝐸 − 35 9.55𝐸 − 35 8.78𝐸 − 37 6.58𝐸 − 79 0.00𝐸 + 00

𝑓
2

8.34𝐸 − 26 8.94𝐸 − 30 4.95𝐸 − 36 3.32𝐸 − 39 4.96𝐸 − 103

𝑓
3

4.76𝐸 − 14 3.06𝐸 − 09 1.21𝐸 − 26 3.10𝐸 − 21 7.21𝐸 − 57

𝑓
4

3.02𝐸 − 14 2.09𝐸 − 11 4.99𝐸 − 15 1.42𝐸 − 04 2.49𝐸 − 40

𝑓
5

5.64𝐸 − 26 2.65𝐸 − 25 6.89𝐸 − 25 1.11𝐸 − 29 1.73𝐸 − 29

𝑓
6

1.67𝐸 − 36 4.04𝐸 − 28 9.56𝐸 − 48 0.00𝐸 + 00 0.00𝐸 + 00

𝑓
7

3.76𝐸 − 02 4.35𝐸 − 03 1.05𝐸 − 07 8.31𝐸 − 04 1.84𝐸 − 03

𝑓
8

0.00𝐸 + 00 2.60𝐸 + 00 0.00𝐸 + 00 0.00𝐸 + 00 8.56𝐸 + 02

𝑓
9

6.74𝐸 − 24 4.84𝐸 − 21 5.85𝐸 − 25 5.22𝐸 + 01 0.00𝐸 + 00

𝑓
10

7.83𝐸 − 15 5.97𝐸 − 10 5.98𝐸 − 23 4.14𝐸 − 15 4.14𝐸 − 15

𝑓
11

1.83𝐸 − 28 7.93𝐸 − 26 2.99𝐸 − 36 0.00𝐸 + 00 0.00𝐸 + 00

𝑓
12

9.37𝐸 − 24 5.85𝐸 − 21 7.21𝐸 − 27 1.88𝐸 − 32 1.88𝐸 − 32

multimodal problems, DE/best/1/bin is the worst algorithm,
while sHDE and dHDE obtain better performance than other
algorithms.

For the comparison of sHDE and dHDE, sHDE performs
better on 3 problems, while dHDE achieves better results
on 5 problems. For the remaining 4 problems, both of them
could search the global optimum. Although the dynamic
heterogeneous model improves the performance of HDE on
many problems, it may lead to premature convergence. In the
dHDE, if the current individual could not improve its fitness
value, a new DE scheme is assigned to the individual. If the
new scheme is DE/best/1/bin, the individual will be attracted
by the global best individuals. This will potentially run the
risk of premature convergence.

4.1.2. Comparison of HDE with Other State-of-the-Art DE
Variants. The comparison results of HDE with other three
state-of-the-art DE variants are presented in Table 3, where
“Mean” denotes the mean error fitness values. From the
results, sHDE and dHDE perform better than other three
DE algorithms on the majority of test problems. dHDE

Table 4: Average rankings achieved by Friedman test.

Algorithms Ranking
dHDE 4.17
sHDE 3.58
DEGL 3.50
jDE 2.25
NSDE 1.50

outperforms jDE and NSDE on all test problems except for
𝑓
8
. On this problem, dHDE falls into the local minima,

while sHDE could successfully solve it. dHDE achieves better
results than DEGL on 9 problems, while DEGL performs
better than dHDE on the remaining 3 problems.

In order to compare the performance of multiple algo-
rithms on the test suite, we conducted Friedman test accord-
ing to the suggestions of [21]. Table 4 shows the average
ranking of jDE,NSDE,DEGL, sHDE, and dHDE.As seen, the
performance of the five algorithms can be sorted by average
ranking into the following order: dHDE, sHDE, DEGL,
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Table 5: The 6 shifted large-scale benchmark optimization problems proposed in [15].

Problem Name 𝐷 Properties Search range
𝐹
1

Shifted Sphere 500 Unimodal, separable, scalable [−100, 100]

𝐹
2

Shifted Schewefel 2.21 500 Unimodal, nonseparable [−100, 100]

𝐹
3

Shifted Rosenbrock 500 Multimodal, nonseparable [−100, 100]

𝐹
4

Shifted Rastrigin 500 Multimodal, separable [−5, 5]

𝐹
5

Shifted Griewank 500 Multimodal, nonseparable [−600, 600]

𝐹
6

Shifted Ackley 500 Multimodal, separable [−32, 32]

Table 6: Comparison of HDE with ODE and MDE on shifted large-scale benchmark problems.

Problem ODE MDE sHDE dHDE
Mean Mean Mean Mean

𝐹
1

8.02𝐸 + 01 1.95𝐸 + 01 8.45𝐸 + 00 1.14𝐸 − 10

𝐹
2

5.78𝐸 + 00 2.70𝐸 + 01 8.54𝐸 + 01 1.01𝐸 + 02

𝐹
3

1.54𝐸 + 05 4.67𝐸 + 05 1.52𝐸 + 05 1.29𝐸 + 03

𝐹
4

4.22𝐸 + 03 4.14𝐸 + 03 5.27𝐸 + 03 3.42𝐸 + 03

𝐹
5

1.77𝐸 + 00 1.52𝐸 + 00 6.94𝐸 − 01 1.83𝐸 − 01

𝐹
6

4.51𝐸 + 00 4.02𝐸 + 00 1.26𝐸 + 00 1.58𝐸 + 01

jDE, and NSDE. The best average ranking was obtained
by the dHDE algorithm, which outperforms the other four
algorithms.

4.2. Results of HDE on Shifted Large-Scale Optimization Prob-
lems. To verify the performance of HDE on complex optimi-
zation problems, this section provides experimental studies of
HDE on 6 shifted large-scale problems. These problems were
considered in CEC 2008 special session and competition on
large-scale global optimization [15]. Table 5 presents a brief
descriptions of these benchmark problems. All the problems
are to be minimized.

Experiments are conducted to compare four DE algo-
rithms including the proposed sHDE and dHDE on 6 test
problems with 𝐷 = 500. The involved algorithms are listed
below:

(i) opposition-based DE (ODE) [22],
(ii) modified DE using Cauchy mutation (MDE) [23],
(iii) the proposed sHDE and dHDE.

To have a fair comparison, all the four algorithms use
the same parameter settings by the suggestions of [22]. The
population size𝑁

𝑝
is set to𝐷. The control parameters, 𝐹 and

CR, are set to 0.5 and 0.9, respectively [22]. For ODE, the
rate of opposition 𝐽

𝑟
is 0.3. The maximum number of FEs is

5000 ⋅𝐷. All the experiments are conducted 30 times, and the
mean error fitness values are reported.

Table 6 presents the comparison results of HDE with
ODE and MDE on shifted large-scale problems. As seen,
sHDE and dHDE outperform ODE and MDE on four prob-
lems. The static heterogeneous model slightly improves the
final solutions of DE, while the dynamic model significantly
improves the results on 𝐹

1
and 𝐹

3
. However, the two het-

erogeneous models do not always work. For some problems,
sHDE and/or dHDEperformworse thanODE andMDE.The

possible reason is that the heterogeneous models may hinder
the evolution. For the static model, the entire population is
divided into three groups. Each group uses a different basic
DE scheme to generate new individuals.Though these groups
share the search information of the entire population, each
group with small population may obtain slow convergence
rate. Asmentioned before, the dynamic heterogeneousmodel
runs the risk of premature convergence.

5. Conclusion

In the standard DE andmost of its modifications, individuals
follow the same search behavior for using the same DE
scheme.The effect is that the algorithms could hardly balance
explorative and exploitative abilities during the evolution.
Inspired by the heterogeneous swarms, a simple and effective
heterogeneous DE (HDE) is proposed in this paper, where
individuals could follow different search characteristics ran-
domly selected from a DE scheme pool. To implement the
HDE, two heterogeneous models are proposed, one static,
where individuals do not change their search behaviors,
and a dynamic model where individuals may change their
search behaviors. Both versions of HDE initialize individual
behaviors by randomly selecting DE schemes from a DE
scheme pool. In the dynamic HDE, when an individual does
not improve its fitness value, a new different DE scheme is
randomly selected from the DE scheme pool.

To verify the performance of HDE, two types of bench-
mark problems, including classical problems and shifted
large-scale problems, are used in the experiments. Simulation
results show that the proposed sHDE and dHDE outperform
the other eight DE variants on a majority of test problems.
It demonstrates that the heterogeneous models are helpful to
improve the performance of DE.

For the dynamic heterogeneous model, the frequency of
changing new DE schemes may affect the performance of



The Scientific World Journal 7

dHDE.More experiments will be investigated.The concept of
heterogeneous swarms can be applied to other evolutionary
algorithms to obtain good performance. Future research
will investigate different algorithms based on heterogeneous
swarms. Moreover, we will try to apply our approach to some
real-world problems [24, 25].
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Three issues regarding sensor failure at any position in the antenna array are discussed. We assume that sensor position is known.
The issues include raise in sidelobe levels, displacement of nulls from their original positions, and diminishing of null depth. The
required null depth is achieved by making the weight of symmetrical complement sensor passive. A hybrid method based on
memetic computing algorithm is proposed.The hybridmethod combines the cultural algorithmwith differential evolution (CADE)
which is used for the reduction of sidelobe levels and placement of nulls at their original positions. Fitness function is used to
minimize the error between the desired and estimated beam patterns along with null constraints. Simulation results for various
scenarios have been given to exhibit the validity and performance of the proposed algorithm.

1. Introduction

In adaptive beamforming, null steering and beam steering are
hot research areas. It has direct application in radar, sonar,
and mobile communication [1–3]. In the literature various
analytical and computational methods are available to con-
centrate on the issue of null steering [4–6]. The condition
becomes more demanding and complicated when a sensor
fails in the active antenna array. The excitation of these
sensors is to accomplish desired radiation pattern. In case of
sensor failure, the sidelobe level (SLL) raise and nulls are dis-
placed,which is highly unwanted. It is very expensive in terms
of time and budget to replace the defective sensor regularly.
Hence the weights of active sensors in the same array should
be recalculated and readjusted to create a new pattern close to
the original one. Recently few algorithms have been proposed
to correct the damaged pattern of the array [7–10].

In the last few decades Radar technology has developed
very rapidly. The radar commonly used nowadays is known

as phased array radar. In this radar the whole input array
transmits the same signal with different delay and a beam is
formed towards the area of interest [11]. The advantages of
beam include the electronic steering instead of mechanical
steering and a high processing gain at the transmitter. The
phased array radar used the phase shifting in the input
waveform to steer a beam electronically in the direction of the
target instead of mechanical steering. Array design is one of
the most active research area in phased array radars in which
the sensors are arranged together to form an array.The phase
shifters adjust the phase in such away that a beam is formed in
the desired direction. The width of the beam depends on the
number of sensors in the array. By increasing the number of
sensors in an array, the beam becomes sharper and thusmore
efficient in detecting the targets with smaller size. Now if one
or more sensors become damaged, the radars cannot detect
the target correctly. Researchers are still working to recal-
culate and adjust the weights of the active array to get the
pattern near the original one. By recalculating the weights of
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the faulty array, the radar will improve its capabilities in such
a way that the radar can perform searching, tracking, and
weapon guidance at the same time.

The evolutionary computing technique has been doing
well in solving numerous problems in search and optimiza-
tion due to the impartial nature of their operations which
can still be present in situations with no domain knowledge.
The search method used by evolutionary algorithms (EAs) is
impartial having no domain knowledge to guide the search
method. Domain knowledge serves as a method to reduce
the search space by pruning unnecessary parts of the solution
space and by promoting required parts. Cultural algorithm is
based on the principle to bias the search method with prior
knowledge about the domain, aswell as the knowledge during
the evolution method.

Among EC techniques, differential evolution (DE) is
considered to be one of the powerful and reliable tools to opti-
mize the problems in any engineering field [12–14].The DE is
a technique based on stochastic searches, in which function
parameters are programmed as floating-point variables. The
DE algorithmhas a simple structure, convergence speed, flex-
ibility, and robustness, with only some parameters required to
be put by a user. The application of CAs in DE is a different
strategy to get the performance and local search better. The
previous work on null steering in failed antenna arrays is
presented in [15]. The technique tries to restore the previous
nulls pattern by using particle swarm optimization (PSO).
All the above EC based techniques have discussed the SLL
reduction and null steering in failed array, but no one is solv-
ing the issue of null depth and null steering at their original
positions using CADE for the correction of faulty arrays.
Authors in their previous work [16] have used the symmet-
rical element failure technique to achieve the required null
depth level and first null beamwidth and [17] for fault finding
in failed array antenna. Memetic computing algorithms
are stochastic population based methods that have been
established to be dominant and forceful to solve optimization
problems. The advantages of cultural algorithm (CA) with
evolutionary algorithms (EAs) include global search capabil-
ity and consistent performance in any field of engineering and
technology [18–20].

In this paper, the proposed algorithm developed three
issues in case of sensor failure. These are raised in sidelobe
levels, displacement of nulls from their original positions, and
diminishing of null depth. We propose a symmetrical sensor
failure (SSF) method that provides better results in terms of
null depth. Moreover, the SSF method has deeper first null
which is another big improvement over single sensor failure.
The first null depth in beamforming is of great importance.
To address the other two issues, we have used a cultural
algorithm with differential evolution (CADE) to reduce
the sidelobe levels and positions of nulls reverse to their
original positions by adjusting the current weights of active
sensors. A hybrid method based on the memetic computing
algorithm is proposed, which combines the cultural algo-
rithmwith differential evolution (CADE) for the reduction of
sidelobes and placement of nulls. Different simulation results
are provided to confirm the performance of the proposed
approach. The rest of the paper is organized as follows.

The problem formulation is discussed in Section 2, while
in Section 3 the proposed solution is provided. Section 4
describes the simulations and the results while Section 5
concludes the paper and proposes some future work.

2. Problem Formulation

Consider a linear array of 17 sensors in which all the sensors
are placed symmetrically about the origin. The total number
of sensors is𝑁 = 2𝑀 + 1. The array factor in this healthy set
up with uniformly spaced sensors, nonuniform weight, and
progressive phase excitation will be [21]

AF (𝜃
𝑖
) =

𝑀

∑

𝑛=−𝑀

𝑤
𝑛
exp (𝑗𝑛 (𝑘𝑑 cos 𝜃

𝑖
+ 𝛽)) , (1)

where 𝑤
𝑛
is the nonuniform weight of 𝑛th sensor whereas

𝑛 = 0, ±1, ±2, . . . , ±𝑀. The spacing between the adjacent
sensors is 𝑑, while 𝜃 is the angle from broadside. 𝑘 = 2𝜋/𝜆

is the wave number with 𝜆 as wavelength. The progressive
phase shift𝛽 = −𝑘𝑑 cos 𝜃

𝑠
and 𝜃
𝑠
is steering angle for themain

beam. The damage array factor for 7th sensor failure is given
by the expression below:
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𝑖
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𝑀

∑
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𝑛 ̸= 7

𝑤
𝑛
exp (𝑗𝑛 (𝑘𝑑 cos 𝜃

𝑖
+ 𝛽)) . (2)

The nonuniform weights of 17 sensors with 7th symmetry
sensor failures are as follows:

[𝑤
−8
, 𝑤
−7
, 𝑤
−6
, 𝑤
−5
, 𝑤
−4
, . . . , 𝑤

−1
, 𝑤
0
,

𝑤
1
, . . . , 𝑤

4
, 𝑤
5
, 𝑤
6
, 𝑤
7
, 𝑤
8
] .

(3)

It is assumed that the 𝑤
7
sensor fails in the antenna array

given in (3). One can clearly monitor from Figure 1 that due
to single sensor failure the radiation pattern is damaged in
terms of sidelobe levels, null depth, and displacement of the
nulls from their original position. So, the goal of this job is
to recover the null depth, sidelobe levels, and null steering
at their original positions. Different methods are available in
the literature to correct the damage pattern of sensor failures;
however, none of them is able to achieve the required null
depth level.

3. Proposed Solution

In this section, we develop the proposed solution based on
SSF. As we had assumed the damage of 𝑤

7
sensor, we lost the

null depth as given in Figure 1. For SSF method we also force
the sensor 𝑤

−7
to be zero as shown in (3). From Figure 2, it is

clear that symmetric sensor failure maintains the null depth
almost as close to that of the original array.The damage array
factor for 7th symmetrical sensor failure is given by

AF (𝜃
𝑖
) =

𝑀

∑

𝑛=−𝑀
𝑛 ̸=±7

𝑤
𝑛
exp (𝑗𝑛 (𝑘𝑑 cos 𝜃

𝑖
+ 𝛽)) . (4)
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Figure 2: The original Chebyshev array and the 𝑤
7
symmetric

sensor failure.

Although we have achieved better null depth level due to
SSF, but the sidelobe levels and positioning of nulls are still a
problem to be taken into account, for which we will use the
cultural algorithmwith differential evolution (CADE) for the
reduction of sidelobes and placement of nulls in the required
positions.

3.1. Differential Evolution (DE). DE is an EA and was devel-
oped by Storn and Price which is used to solve real valued
optimization problems [22]. The DE is a method based
on stochastic searches. The DE algorithm presents easy
structure, convergence speed, flexibility, and robustness, with
only some parameters required to be set by a user. However,
this faster convergence of DE results in a higher possibility of
searching near a local optimum or getting early convergence.
Differential evolution is based on a mutation operator, which
adds an amount obtained by the difference of two randomly
chosen individuals of the present population.The problem to

Adjust

Belief space

Influence function

Fitness evaluationPopulation space

Variate population

Selection

Acceptance function

Figure 3: The flow diagram of the cultural algorithm.

Table 1: Parameter used in CADE.

CADE
Parameters Setting
Population size 300
Number of generation 500
Value of 𝐹 0.5
Value of CR 0.5 ≤ CR ≤ 1

be solved has𝑁 decision variables; 𝐹 and 𝐶𝑅 are parameters
given by the user and given in Table 1. Computing the differ-
ence between two individuals which are selected randomly
from the population, in fact the algorithm estimating the gra-
dient in that region and this technique is a proficient way to
self-adapt the mutation operator.The pseudocode for the DE
is given in Pseudocode 1.

3.2. The Cultural Algorithm with Differential Evolution
(CADE). Differential evolution is used as a population space
in the cultural algorithm. CAs have been developed to model
the evolution of the cultural component of an evolutionary
computational system over time as it accumulates experience.
As a result, CAs can provide a clear method for global
knowledge and a framework within which to model self-
adaptation in an evolutionary system.

Cultural algorithms consist of three components, a pop-
ulation space, belief space, and a communication protocol as
shown in Figure 3. First one is population space that contains
the population to be evolved and the mechanisms for its esti-
mate. The population space consists of a set of possible solu-
tions to the problem; in our problem, the population space is
DE. Second, one is a belief space that represents the bias that
has been acquired by the population during its problem solv-
ing process. In CAs, the information acquired by a member
of the population can be shared with the entire population.
The third one is the communication protocol that is used
to determine the interface between the population and the
beliefs.

CAs model has two levels of evolution. One is the popu-
lation level and the other is belief space level. In addition to a
population space, CA has a belief space in which the beliefs
acquired from the population’s evolution can be stored and
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Generate the initial population of individuals
Do

For each individual 𝑗 in the population
Choose three numbers 𝑛

1
, 𝑛
2
, and 𝑛

3
that is, 1 ≤ 𝑛

1
, 𝑛
2
, 𝑛
3
≤ 𝑁 with 𝑛

1
̸= 𝑛
2
̸= 𝑛
3
̸= 𝑗

Generate a random integer 𝑖rand ∈ (1,𝑁)
For each parameter 𝑖

𝑦
𝑖,𝑔
= 𝑥
𝑛1 ,𝑔 + 𝐹(𝑥

𝑛2 ,𝑔 − 𝑥
𝑛3 ,𝑔)

𝑧
𝑖,𝑔

𝑗
= {

𝑦
𝑖,𝑔

𝑗
𝑖𝑓 rand() ≤ CR 𝑜𝑟 𝑗 = 𝑗rand

𝑥
𝑖,𝑔

𝑗
otherwise

}

End For
Replace 𝑥𝑖,𝑔 with the child 𝑧𝑖,𝑔 if 𝑧𝑖,𝑔 is better

End For
Until the termination condition is achieved

Pseudocode 1: The pseudocode of the differential evolution algorithm.

integrated. An acceptance function is used to generate beliefs
by gleaning the experience of individuals from the population
space. In return, this belief space can bias the evolution of the
population component by means of the influence function.
The belief space itself also evolves by the adjust function
[23]. In the present work, the belief space is divided into two
knowledge components.

3.2.1. Situational Knowledge. Situational knowledge stores
individuals from population space which provides the direc-
tion for other individuals. Situational knowledge consists of
the best example 𝑃 found along the evolutionary process. It
represents a leader for the other individuals to follow. The
variation operators of differential evolution are influenced in
the following way

𝑦
𝑖,𝑔
= 𝑃
𝑖
+ 𝐹 (𝑥

𝑛2,𝑔 − 𝑥
𝑛3,𝑔) , (5)

where 𝑃
𝑖
is the 𝑖th component of the individual stored in the

situational knowledge. This way, we use the leader instead of
a randomly chosen individual for the recombination, getting
the children closer to the best point found. The update of the
situational knowledge is done by replacing the stored individ-
ual 𝑃, by the best individual found in the current population,
𝑥best only if 𝑥best is better than 𝑃.

3.2.2. Normative Knowledge. The normative knowledge con-
tains the intervals for the decision variables where good
solutions have been found, in order to move new solutions
towards those intervals.The normative knowledge includes a
scaling factor, 𝑑𝑠

1
to influence themutation operator adopted

in differential evolution. The following expression shows the
influence of the normative knowledge of the variation opera-
tors

𝑧
𝑖,𝑔

𝑗
=

{{{

{{{

{

𝑥
𝑛1,𝑔 + 𝐹 (𝑥

𝑛2,𝑔 − 𝑥
𝑛3,𝑔) if 𝑥𝑛1 ,𝑔 < 𝑙

𝑖

𝑥
𝑛1,𝑔 − 𝐹 (𝑥

𝑛2,𝑔 − 𝑥
𝑛3,𝑔) if 𝑥𝑛1 ,𝑔 > 𝑢

𝑖

𝑥
𝑛1,𝑔 + (

𝑢
𝑖
− 𝑙
𝑖

𝑑𝑠
𝑖

) ∗ 𝐹 (𝑥
𝑛2,𝑔 − 𝑥

𝑛3,𝑔) otherwise,

(6)

where 𝑙
𝑖
and 𝑢

𝑖
are the lower and upper bounds, respectively,

for the 𝑖th decision variable. The update of the normative
knowledge can reduce or expand the intervals stored on it.
An extension takes place when the accepted individuals do
not fit in the current interval, while a reduction occurs when
all the accepted individuals lie in the current interval, and
the extreme values have an improved fit and are feasible. The
values 𝑑𝑠

𝑖
are updated with the difference (𝑥𝑛2,𝑔−𝑥𝑛3,𝑔) found

of the variation operators of the prior generation. Normative
knowledge leads individuals to jump into the good range
if they are not already there. The normative knowledge is
updated as follows, let us consider 𝑥

𝑎1
, 𝑥
𝑎2
, 𝑥
𝑎3
, . . . , 𝑥

𝑎𝑛accepted

be the accepted individuals in the current generation and
𝑥min𝑖 and 𝑥max𝑖 belong to (𝑎1, 𝑎2, 𝑎3, . . . , 𝑛accepted) and the
accepted individualswithminimumandmaximumvalues for
the parameter 𝑖:

𝑢
𝑖
= {

𝑥
𝑖,max𝑖 if 𝑥

𝑖,max𝑖 > 𝑢𝑖 or 𝑓 (𝑥max𝑖) < 𝑈𝑖
𝑢
𝑖

otherwise,

𝑙
𝑖
= {

𝑥
𝑖,min𝑖 if 𝑥

𝑖,min𝑖 < 𝑙𝑖 or 𝑓 (𝑥min𝑖) < 𝐿 𝑖
𝑙
𝑖

otherwise.

(7)

If 𝑙
𝑖
and 𝑢

𝑖
are updated, the values of 𝐿

𝑖
and 𝑈

𝑖
will be

done in the same way. The 𝑑𝑠
𝑖
are updated with the greatest

difference of |𝑥
𝑖,𝑟1
−𝑥
𝑖,𝑟2
| found during the variation operators

at the prior generation.
The flow chart and pseudocode for CADE is shown in

Pseudocode 2 and Figure 3.

3.3. Null Constraint (NC). A jamming signal located at a par-
ticular angle wants to be eliminated, in case of satellite, radar,
and mobile communication applications. For a uninformed
array, to put a null at a particular angle 𝜃

𝑖
, we want [24]

AF (𝜃
𝑖
) = w𝐻s (𝜃

𝑖
) = 0, (8)
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Generate the initial population
Calculate the initial population
Initialize the belief space
Do

For each individual in the population
Apply the variation operator influenced by a randomly knowledge component
Calculate the child generated
Replace the individual with child, if the child is better

End for
Update the belief space with the accepted individuals

Until the termination condition is achieved

Pseudocode 2: The pseudocode of the cultural algorithm.

where

s (𝜃
𝑖
) =

[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

exp (−𝑗 (𝑁 − 1

2
) 𝑘𝑑 cos 𝜃

𝑖
)

exp (−𝑗 (𝑁 − 3

2
) 𝑘𝑑 cos 𝜃

𝑖
)

...

exp(𝑗 (𝑁 − 3

2
) 𝑘𝑑 cos 𝜃

𝑖
)

exp (𝑗 (𝑁 − 1

2
) 𝑘𝑑 cos 𝜃

𝑖
)

]
]
]
]
]
]
]
]
]
]
]
]
]
]

]𝑁×1

(9)

and w𝐻 is𝑁 × 1 vector which is defined as

w = [𝑤
−𝑀
, 𝑤
−𝑀+1

, . . . , 𝑤
0
, . . . , 𝑤

𝑀−1
, 𝑤
𝑀
]
𝑇
. (10)

The null constraint is given as

w𝐻s (𝜃
𝑖
) = 0, 𝑖 = 1, 2, . . . ,𝑀

0
. (11)

We may define an𝑁 ×𝑀
0
constraint matrix C as

C = [s (𝜃
1
) , s (𝜃

2
) , . . . , s (𝜃

𝑀0
)] , (12)

where 𝜃
𝑖
for 𝑖 = 1, 2, . . . ,𝑀

0
is the direction of null. Our

goal is to optimize the squared weighting error subject to the
condition that

w𝐻C = 0. (13)
Our constraint is that the columns of C should be

orthogonal to theweight vectorw. Accordinglywemaydefine
𝐺
𝑖
, 𝑖 = 1, 2 and 𝐺 as follows:

𝐺
1
=

𝑃

∑

𝑖=1

[
AF𝑑(𝜃𝑖) − AFCADE(𝜃𝑖)

]
2
, (14)

𝐺
2
=

w𝐻C

2

, (15)

𝐺 = 𝐺
1
+ 𝐺
2
. (16)

Hence 𝐺 is the fitness function for the problem given
above which are to be minimized. Best chromosome will give
the minimal value of 𝐺. The first term in (16) is used for
SLL reduction, where AF

𝑑
(𝜃
𝑖
) represents the desired pattern

and AFCADE(𝜃𝑖) is the pattern obtained by using CADE. The
second term in (16) is used for jammer suppression and place-
ment of nulls at their original positions after sensor failure.

4. Simulation Results

In the simulation, a classical Dolph-Chebyshev linear array
of 17 sensors with 𝜆/2 intersensor spacing is used as the test
antenna. The array factor in this case represents a −35 dB
constant SLL with the nulls at specific angles. Analytical
techniques are used to find out the nonuniform weights for
classical Dolph-Chebyshev array. In case of sensor failure,
cultural algorithmwith differential evolution (CADE) is used
for the reduction of sidelobes and placement of nulls in the
required positions.

Case a. At the first instant the 𝑤
7
sensor is assumed to fail.

After sensor failure the radiation pattern is destroyed, which
results in an increase of the SLL and displacement of null
positions. In order to regain the symmetry, its mirror sensor
weight 𝑤

−7
is forced to zero. We achieve the desired null

depth level (NDL) and deeper first null depth level (FNDL)
as compared to that of nonsymmetric case. The SLL rises to
−32.32 dB due to the 𝑤

7
sensor failure, while due to SSF of

the 𝑤
7
sensor, the SLL is −26.53 dB. The advantage of SSF is

deeper nulls, especially, the first null. The SLL and FNDL for
a damage array of single sensor failure and SSF are shown
in Table 2. It is clear from Figure 2 that SSF maintains better
FNDL as compared to that of single sensor failure.

After optimization by a cultural algorithm with differen-
tial evolution (CADE), the SLL of the 𝑤

7
sensor failure are

reduced to −32.99 dB while due to SSF, the SLL is reduced to
−28.35 dB. The recovery of one null due to 7th sensor failure
and SSF to its original position 𝜃

1
= 19.93

∘ is shown in
Figures 4 and 5.The comparison of recovered patternwith 7th
sensor and SSF for one null imposed is given in Table 3. The
recovered NDL of SSF is seven dB deeper than that of 7th
sensor failure.

Figures 6 and 7 show the recovery of two nulls at angles
of 𝜃
1
= 19.93

∘ and 𝜃
2
= 34.88

∘, respectively, for 7th sensor
failure and SSF. The SLL and NDL for the corresponding
nulls are given in Table 4. The NDL of the SSF is deeper as
compared to the 7th sensor failure.

Now we check the recovery of three nulls at the required
positions. Figures 8 and 9 show the recovery of three nulls
originally at angles of 𝜃

1
= 19.93

∘, 𝜃
2
= 34.88

∘, and 𝜃
3
=

45.44
∘ for 7th sensor failure and SSF. The SLL and NDL for
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Table 2: Comparison of FNDL and SLL of the damaged pattern.

Comparison of FNDL and SLL of damage pattern of 7th sensor and SSF
7th sensor failure SSF

FNDL (dB) SLL (dB) FNDL (dB) SLL (dB)
−32.32 −29.45 −88.98 −26.53

Table 3: Recovery of one null.

Comparison of NDL and SLL of one sensor failure and SSF
Correction of 7th sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−104.7 −32.99 −111.5 −28.35 1st null recovered.
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Figure 4:The original radiation pattern, the𝑤
7
sensor damage, and

recovery of one null.
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Figure 5:The original radiation pattern, the𝑤
7
SSF, and recovery of

one null.
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Figure 6:The original radiation pattern, the𝑤
7
sensor damage, and

recovery of two nulls.
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Figure 7:The original radiation pattern, the𝑤
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SSF, and recovery of

two nulls.
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Table 4: Recovery of two nulls.

Comparison of NDL and SLL of 7th sensor failure and SSF
Correction of 7th sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−95.3 −29.87 −115.1 −31.12 1st null recovered.
−93.65 −30.75 −101.4 27.07 2nd null recovered.
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Figure 8:The original radiation pattern, the𝑤
7
sensor damage, and

recovery of three nulls.
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Figure 9: The original radiation pattern, the 𝑤
7
SSF, and recovery

of three nulls.

the corresponding nulls are given in Table 5. The NDL of all
nulls in SSF is deeper than that of 7th sensor failure.

Now the recovery of five nulls for 7th sensor failure and
SSF originally at positions 19.93∘, 34.88∘, 45.44∘,62.02∘, and
68.94
∘ is carried out and shown in Figures 10 and 11. A

comparison of SLL and NDL for the recovery of five nulls
is given in Table 6. In each case SSF produces deeper nulls
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Figure 10:The original radiation pattern, the𝑤
7
sensor damage, and

recovery of five nulls.

compared to the 7th sensor failure. From simulation it is
observed that we have received deeper depth of nulls in SSF
scenarios as compared to 7th sensor failure discussed above.

Case b. In this case, we discuss the failure of 𝑤
4
sensor. If the

sensor𝑤
4
fails due to any reason, the whole radiation pattern

became damage. After optimization, the SLL reduces and
nulls are steered back to their original positions as shown in
Figure 12.Then to create symmetry we also force𝑤

−4
equal to

zero, to achieve the requirednull depth level.The advantage of
symmetry sensor failure is to get deeper null depth level. The
number of nulls achieved in 7th symmetry sensor failure is
six, and in case of 4th symmetry sensor failure the number of
nulls received are three. From the simulation results, it is clear
that the number of nulls reduces by one as the sensors get
damage near the centre sensor. After optimization by CADE,
the SLL reduces and nulls are steered back to their previous
positions at angles 𝜃

1
= 34.89

∘, 𝜃
2
= 54.31

∘, and 𝜃
3
= 68.9

∘ as
shown in Figure 13. The null depth level for single and SEF is
given in Table 7.

Case c. In this section, we discuss the possibility of getting
failure near the centre sensor, if the sensor 𝑤

1
fails due to

unforeseen reason. From Figure 14 it is clear that its SLL
increases and nulls are damaged and also lose null depth. To
create the symmetry, we also force its mirror sensor weight
𝑤
−1

equal to zero. The one advantage of symmetry sensor
failure is to get the deeper null depth level and, on the other
hand, due to 𝑤

1
SSF its beamwidth also decreases. In case of
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Table 5: Recovery of three nulls.

Comparison of NDL and SLL of 7th sensor failure and SSF
Correction of 7th sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−111.6 −36.32 −118.5 −34.59 1st null recovered.
−97.57 −34.92 −105.6 −32.68 2nd null recovered.
−95.01 −28.1 −103.3 −24.19 3rd null recovered.

Table 6: Recovery of five nulls.

Comparison of NDL and SLL of 7th sensor failure and SSF
Correction of 7th sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−112.7 −37.34 −120 −37.8 1st null recovered.
−98.16 −35.31 −108.4 −34.93 2nd null recovered.
−95.33 −24.9 −105.3 −22.91 3rd null recovered.
−94.6 −36.42 −102.5 −32.27 4th null recovered.
−97.39 −22.69 −99.68 −25.832 5th null recovered.
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Figure 11: The original radiation pattern, the 𝑤
7
SSF, and recovery

of five nulls.

7th symmetry sensor failure, the nulls are six, and in 4th SSF
the achievable nulls are three but we received only one null in
case of 𝑤

1
SSF as shown in Figure 15. The null depth level for

single and SEF is given in Table 8.

Case d. The main beam can be steered at any desired angle.
If the user changes their position than the main beam can be
steered in the desired direction. Figure 16 shows the corrected
pattern with recovered nulls at main beam pointing at 𝜃

𝑠
=

110
∘. The main beam can be steered in the direction of the

desired user at any particular angle.The array factor for 2𝑀+

1 sensors in terms of main beam direction 𝜃
𝑠
is given by

AF (𝜃
𝑖
) =

𝑀

∑

𝑛=−𝑀

𝑤
𝑛
exp 𝑗𝑛𝑘𝑑 (cos 𝜃

𝑖
− cos 𝜃

𝑠
) , (17)
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Figure 12: The original radiation pattern, the 𝑤
4
sensor failure, and

recovery of three nulls.

where 𝜃
𝑠
is themain beam direction to which it can be steered

to the desired angles.

5. Conclusion and Future Work

We have proposed symmetric sensor failure (SSF) technique
along cultural algorithm with differential evolution for the
correction of faulty arrays. The null depth of all nulls,
especially the first one, has been achieved with the help of
SSF technique. Null steering at their original positions and
sidelobe reduction has been achieved by a cultural algorithm
with differential evolution and using a proper fitness function
demanding the sidelobe reduction and null constraints. Due
to 7th SSF the number of nulls is six and in 4th SSF the
achievable nulls are three but in case of 𝑤

1
SSF we received
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Table 7: Recovery of three nulls.

Comparison of NDL and SLL of 4th sensor failure and SSF
Correction of 7th sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−87.56 −22.1 −86.24 −22.64 1st null recovered.
−102.7 −23.7 −97.97 −19.65 2nd null recovered.
−88.81 −21.11 −94.01 −20.01 3rd null recovered.

Table 8: Recovery of one nulls.

Comparison of NDL and SLL of 𝑤
1
sensor failure and SSF

Correction of 𝑤
1
sensor failure Correction of SSF Recovery of nulls

NDL (dB) SLL (dB) NDL (dB) SLL (dB)
−113.3 −20.02 −115.1 −21.1 1st null recovered.
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Figure 13: The original radiation pattern, the 𝑤
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of three nulls.
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only one null with reduced beamwidth.The simulation result
shows that as the faulty sensor gets near the central sensor
the number of nulls reduces by one.The reduction in the cor-
rected sidelobe level comes at the cost of broader main beam.
The corrected pattern has beamwidth broader than that of the
original one. Using the approach of symmetric sensor failure,
with the reduction of the SLL, we can steer single, double,
and multiple nulls in the direction of known interferences.
This method can be extended to planar arrays.
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To enhance the performance of harmony search (HS) algorithm on solving the discrete optimization problems, this paper proposes
a novel harmony search algorithm based on teaching-learning (HSTL) strategies to solve 0-1 knapsack problems. In the HSTL
algorithm, firstly, amethod is presented to adjust dimension dynamically for selected harmony vector in optimization procedure. In
addition, four strategies (harmonymemory consideration, teaching-learning strategy, local pitch adjusting, and randommutation)
are employed to improve the performance of HS algorithm. Another improvement in HSTL method is that the dynamic strategies
are adopted to change the parameters, which maintains the proper balance effectively between global exploration power and local
exploitation power. Finally, simulation experiments with 13 knapsack problems show that the HSTL algorithm can be an efficient
alternative for solving 0-1 knapsack problems.

1. Introduction

Harmony search (HS) [1, 2] is a new population-based meta-
heuristic optimization algorithm. It has received much atten-
tion regarding its application potential as continuous and
discrete optimal problem. Inspired by the process of the
musicians’ improvisation of the harmony, the HS algorithm
improvises its instruments’ pitches searching for a perfect
state of harmony. The effort to find a new harmony in music
is analogous to finding a better solution in an optimization
process. HS has been applied to optimization problems in
different areas [3–11]. The HS algorithm has powerful explo-
ration ability in a reasonable time but is not good at perform-
ing a local search. In order to improve the performance of
the harmony searchmethod, several variants of HS have been
proposed [12–20].These variants have some improvement on
continuous optimization problems. However, their effective-
ness in dealing with discrete problems is still unsatisfactory.

The knapsack problem is one of the classical combina-
torial optimization problems. It derives its name from the
problem faced by someone who is constrained by a fixed-
size knapsack and must fill it with the most valuable items.
The knapsack problem often applies to resource allocation

where there are financial constraints and is studied in fields
such as combinatorics, computer science, complexity theory,
cryptography, and applied mathematics.

The 0-1 knapsack problem is as follows. Given a set of 𝐷

items and a knapsack, with

𝑝
𝑗
= profit of item 𝑗,

𝑤
𝑗
= weight of item 𝑗,

𝑐
𝑗
= volume of item 𝑗,

𝑊 = weight capacity of knapsack,

𝑉 = volume capacity of knapsack,

(1)

select some items so that the total profit of the selected items
is maximum, and the total weight and the total volumes of
selected items are not more than the weight capacity and the
volume capacity of the knapsack. Formally,

maximize 𝑧 =

𝐷

∑

𝑗=1

𝑝
𝑗
𝑥
𝑗
, (2)
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subject to
𝐷

∑

𝑗=1

𝑤
𝑗
𝑥
𝑗
≤ 𝑊,

𝐷

∑

𝑗=1

𝑐
𝑗
𝑥
𝑗
≤ 𝑉,

(3)

where

𝑥
𝑗
= {

1, if item 𝑗 is assigned to knapsack
0, otherwise.

(4)

Manymethods have been employed to solve 0-1 knapsack
problems. Zou et al. proposed a novel global harmony search
algorithm (NGHS) for 0-1 knapsack problems [21]. Y. Liu
and C. Liu presented an evolutionary algorithm to solve 0-1
knapsack problems [22]. Shi used an improved ant colony
algorithm to solve 0-1 knapsack problems [23]. Lin solved
the knapsack problems with imprecise weight coefficients by
using genetic algorithm [24]. Boyer et al. solved knapsack
problems on GPU [25]. Hill et al. proposed a heuristic
method for 0-1 multidimensional knapsack problems [26].
Gherboudj et al. propose a discrete binary cuckoo search
(BCS) algorithm in order to deal with binary optimisation
problems [27]. A novel quantum inspired cuckoo search for
knapsack problems is present in the literature [28].

In recent years, more and more discrete optimization
problems are solved by HS method. To some extent, this is
due to the memory consideration rule that is appropriate to
be employed to resolve the discrete optimization problems.
However, for a high-dimensional discrete optimization prob-
lem, classical HS algorithm can be easy to cause premature
convergence and stagnation behavior. Therefore, we present
a dynamic parameters-adjustment mechanism for solving
the high-dimensional 0-1 knapsack problems. To enhance
the performance of dealing with discrete problems by HS
method, this paper proposed an improved HS algorithm
based on teaching-learning (HSTL) strategies.

The rest of the paper is organized as follows. Section 2
introduces the classical HS algorithm and three state-of-
the-art variants of HS. The teaching-learning-based opti-
mization (TLBO) algorithm and the proposed approach
(HSTL) are introduced in Section 3. Section 4 presents
related constraint-handling technique and integer processing
method. Experimental results are reported in Section 5.
Finally, Section 6 concludes this paper.

2. HS Algorithm and Other Variants

In this section, we introduce the classical HS algorithm
and three state-of-the-art variants of HS algorithms: NGHS
algorithm [17], intelligent tuned harmony search algorithm
(ITHS) [18], and exploratory power of harmony search
algorithm (EHS) [19].

2.1. Classical Harmony Search Algorithm (HS). Classical har-
mony search (HS) is derivative-free meta-heuristic algo-
rithm. It mimics the improvisation process of music players

and uses three rules (memory consideration, pitch adjust-
ments, and randomization) to optimize the harmony mem-
ories. The steps in the procedure of classical harmony search
algorithm are as follows.

Step 1 (initialize the harmony memory). The harmony mem-
ory (HM) consists of HMS harmony. Each harmony is
generated from a uniform distribution in the feasible space,
as

𝑥
𝑗

𝑖
= 𝑥
𝐿

𝑖
+ rand () ⋅ (𝑥

𝑈

𝑖
− 𝑥
𝐿

𝑖
),

𝑖 = 1, 2, . . . , 𝐷; 𝑗 = 1, 2, . . . ,HMS,
(5)

where rand() is a uniform distribution random number
between 0 and 1.

Consider the following:

HM =

[
[
[
[
[
[
[
[

[

𝑋
1

𝑋
2

...

𝑋
HMS

]
]
]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[

[

𝑥
1

1
𝑥
1

2
⋅ ⋅ ⋅ 𝑥

1

𝐷

𝑥
2

1
𝑥
2

2
⋅ ⋅ ⋅ 𝑥

2

𝐷

...
...

...
...

𝑥
HMS
1

𝑥
HMS
2

⋅ ⋅ ⋅ 𝑥
HMS
𝐷

]
]
]
]
]
]
]
]

]

. (6)

Step 2 (improvise a new harmony via three rules). Improvise
a new harmony 𝑋

new via three rules: memory consideration,
pitch adjustment, and random generation.

(a)Memory Consideration. Decision variable value of the new
harmony will be generated by choosing from the harmony
memory with probability HMCR.

(b) Pitch Adjustment. Get a component randomly from an
adjacent value of one decision variable of a harmony vector
with probability PAR.

(c) Random Generation. Generate a component randomly in
the feasible region with probability 1-HMCR.

The improvisation procedure of a new harmony works as
Algorithm 1.

A new potential variation (or an offspring) is generated
in Step 2, which is equivalent to mutation and crossover
operator in standard Evolution Algorithms (EAs).

Step 3 (update the worst harmony). Consider the following:

If 𝑋
new is better than 𝑋

worst

𝑋
new

= 𝑋
worst

,

Endif ,

(7)

where 𝑋
worst

= (𝑥
worst
1

, 𝑥
worst
2

, . . . , 𝑥
worst
𝐷

) denotes the worst
harmony in HM.

Step 4 (check stopping criterion). If the stopping criterion
(maximum function evaluation times: MaxFEs) is satisfied,
computation is terminated. Otherwise, Step 2 and Step 3 are
repeated.
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For i = 1 to D
If rand() < HMCR

𝑥
new
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ 𝑈{1, 2, . . . ,HMS}

If rand() < PAR
𝑥
new
𝑖

= 𝑥
new
𝑖

± rand() × BW (𝑖)

𝑥
new
𝑖

= min (max (𝑥
new
𝑖

, 𝑥
𝐿

𝑖
) , 𝑥
𝑈

𝑖
)

Endif
Else

𝑥
new
𝑖

= 𝑥
𝐿

𝑖
+ (𝑥
𝑈

𝑖
− 𝑥
𝐿

𝑖
) × rand()

Endif
EndFor

Algorithm 1: The improvisation procedure of new harmony by classical HS.

For i = 1 to D
𝑥
𝑟

𝑖
= 2 × 𝑥

best
𝑖

− 𝑥
worst
𝑖

𝑥
𝑟

𝑖
= min (max (𝑥

𝑟

𝑖
, 𝑥
𝐿

𝑖
) , 𝑥
𝑈

𝑖
)

𝑥
new
𝑖

= 𝑥
worst
𝑖

+ rand() × (𝑥
𝑟

𝑖
− 𝑥

worst
𝑖

).
If rand() ⩽ 𝑝

𝑚
%random mutation

𝑥
new
𝑖

= 𝑥
𝐿

𝑖
+ (𝑥
𝑈

𝑖
− 𝑥
𝐿

𝑖
) × rand()

Endif
EndFor

Algorithm 2: The improvisation procedure of new harmony by NGHS.

2.2. The NGHS Algorithm. In NGHS algorithm, three sig-
nificant parameters, harmony memory considering rate
(HMCR), bandwidth (BW), and pitch adjusting rate (PAR),
are excluded from NGHS, and a random select rate (𝑝

𝑚
) is

included in the NGHS. In Step 3, NGHS works as Algorithm
2, where 𝑋

best
= (𝑥

best
1

, 𝑥
best
2

, . . . , 𝑥
best
𝐷

) and 𝑋
worst

= (𝑥
worst
1

,

𝑥
worst
2

, . . . , 𝑥
worst
𝐷

) denote the best harmony and the worst
harmony in HM, respectively. We set parameter 𝑝

𝑚
= 2/𝐷

for the 0-1 knapsack problem and 𝑝
𝑚

∈ [0.005, 0.1] for
continuous optimal problem.

2.3. The EHS Algorithm. The EHS algorithm uses the same
structure with the classical HS algorithm and does not intro-
duce any complex operations. The only difference between
HS and EHS is that the EHS algorithm proposed a new
scheme of tuning BW, and it works as follows (proportional
to the current population variance):

BW = 𝑘√
1

HMS

HMS
∑

𝑖=1

(𝑥
𝑖
− 𝑥)
2
, (8)

where 𝑘 is the proportionality constant. If the value of 𝑘 is
high, the population variance will maintain or increase, and
thus the global exploration power of algorithm will enhance.
While if the value of 𝑘 is low, the population variance
will decrease and the local exploitation performance will
increase. The experimental results tested by Das et al. [19]
have shown that keeping 𝑘 around 1.2 provided reasonably
accurate results.

The EHS algorithm can enhance the exploratory power,
and can provide a better balance between diversification and
intensification. However, the exploratory power of EHS leads
to the slower convergence [18], and the computational time
of BW is greatly increased.

2.4. The ITHS Algorithm. The ITHS algorithm [18] proposed
a subpopulation formation technique. The population is
divided into two groups: Group A and Group B, which is
carried out based on fit (the mean objective function value
of all harmony vectors in HM). The harmony vectors, whose
objective function value is less than fit, belong to Group A,
and the rest belong to Group B.The improvisation procedure
of new harmony by ITHS is shown in Algorithm 3. In ITHS
algorithm, the parameter PAR is updated with the number of
iterations:

PAR = PARmax −
(PARmax − PARmin) × 𝑡

𝑇max
, (9)

where 𝑡 and𝑇max are the current iterations and themaximum
iterations.

3. HSTL Algorithm

In this section, we proposed a novel harmony search with
teaching-learning strategy which derived from Teaching-
Learning-Based Optimization (TLBO) algorithm. Above all,
the TLBO algorithm is introduced and analyzed, and then we
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For i = 1 to D do
If rand() < HMCR

𝑥
new
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ 𝑈 {1, 2, . . . ,HMS}

If rand() < PAR
If fit (𝑥𝑗) ≤ fit //Group A

If rand() < 0.5
𝑦
𝑖
= 𝑥

best
𝑖

− rand() × (𝑥
best
𝑖

− 𝑥
new
𝑖

)

Else
𝑦
𝑖
= 𝑥

best
𝑖

− rand() × (𝑥
worst
𝑖

+ 𝑥
new
𝑖

)

Endif
Else //Group B

𝑥
best
𝑚

= 𝑥
best
𝑚

× (𝑥
𝑈

𝑖
/𝑥
𝑈

𝑚
) , 𝑚 ∈ 𝑈 {1, 2, . . . ,HMS}

𝑦
𝑖
= 𝑥

new
𝑖

+ rand() × (𝑥
best
𝑚

− 𝑥
new
𝑖

)

Endif
𝑥
new
𝑖

= min (max (𝑦
𝑖
, 𝑥
𝐿

𝑖
) , 𝑥
𝑈

𝑖
)

Endif
Else

𝑥
new
𝑖

= 𝑥
𝐿

𝑖
+ (𝑥
𝑈

𝑖
− 𝑥
𝐿

𝑖
) × rand()

Endif
EndFor

Algorithm 3: The improvisation procedure of new harmony by ITHS.

focus on the details of HSTL algorithm and the strategies of
dynamically adjusting the parameters.

Since its origination, HS algorithm has been applied to
many practical optimization problems. However, for large
scale optimization problems, HS has slow convergence and
low precision, which is because a new decision variable
value in HM can be generated only by pitch adjustment
and randomization strategies during the search process, the
memory consideration rule is only used to adjust the decision
variable values according to the currentHM.HS canmaintain
a strong exploration power in the early stage, but it does not
have a good exploitation in the later stage, and thus it is char-
acterized by earlier mature and slow convergence. Therefore,
for solving large scale optimization problem, the key is how
to balance between global exploration performance and local
exploitation ability.

3.1. Dimension Reduction Adjustment Strategy. As we know,
for a complex optimization problem, its optimization may
experience a process from extensive exploration in a large
range to fine adjustment in a small range. For a D-
dimensional optimization problem, we assume that its opti-
mal solution is 𝑋

∗
= (𝑥
∗

1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝐷
). Let initial HM be as

follows:

HM =

[
[
[
[
[
[
[
[

[

𝑋
1

𝑋
2

...

𝑋
HMS

]
]
]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[

[

𝑥
1

1
𝑥
1

2
⋅ ⋅ ⋅ 𝑥

1

𝐷

𝑥
2

1
𝑥
2

2
⋅ ⋅ ⋅ 𝑥

2

𝐷

...
...

...
...

𝑥
HMS
1

𝑥
HMS
2

⋅ ⋅ ⋅ 𝑥
HMS
𝐷

]
]
]
]
]
]
]
]

]

. (10)

After several iterations, the HM turns into HM2. It can
be seen fromHM2 that each solution𝑋

𝑗
(𝑗 = 1, 2, . . . ,HMS)

in HM2 has nearly achieved the best solution except for one
dimension (𝑦𝑗

𝑖
, 𝑗 = 1, 2, . . . ,HMS; 𝑖 = 1, 2, . . . , 𝐷):

HM2 =

[
[
[
[
[
[
[
[

[

𝑋
1

𝑋
2

...

𝑋
HMS

]
]
]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[

[

𝑦
1

1
𝑥
∗

2
⋅ ⋅ ⋅ 𝑥

∗

𝐷

𝑥
∗

1
𝑦
2

2
⋅ ⋅ ⋅ 𝑥

∗

𝐷

...
...

...
...

𝑥
∗

1
𝑥
∗

2
⋅ ⋅ ⋅ 𝑦

HMS
𝐷

]
]
]
]
]
]
]
]

]

. (11)

Then we assume that only the harmony memory con-
sideration rule of HS algorithm is employed to optimize the
HM2. In the following, we employ the two methods to gen-
erate two new harmonies: 𝑋new1

= (𝑥
new1
1

, 𝑥
new1
2

, . . . , 𝑥
new1
𝐷

)

and 𝑋
new2

= (𝑥
new2
1

, 𝑥
new2
2

, . . . , 𝑥
new2
𝐷

), respectively, and then
analyze which method is better.

Method 1. Generate the solution 𝑋
new1 on each variable

𝑥
new1
𝑖

(𝑖 = 1, 2, . . . , 𝐷) by using the harmonymemory consid-
eration rule, as in Algorithm 4.

Method 2. Let 𝑋
new2

= 𝑋
worst and then adjust one of the

variables of the new solution 𝑋
new2 by using the harmony

memory consideration rule, as in Algorithm 5.

In the following, we analyze the two methods.
In Method 1, all of the decision variables of harmony

𝑋
new1 are chosen from HM2. If 𝑋

new1 hopes to be the
optimal solution 𝑋

∗
= (𝑥
∗

1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝐷
), we should choose

𝑥
new1
𝑖

= 𝑥
∗

𝑖
, 𝑖 = 1, 2, . . . , 𝐷. In other words, 𝑦

𝑗

𝑖
(𝑗 =

1, 2, . . . ,HMS; 𝑖 = 1, 2, . . . , 𝐷) in HM2 cannot be chosen as
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For i = 1 to D
If rand() < HMCR

𝑥
new1
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ 𝑈 {1, 2, . . . ,HMS}

EndIf
EndFor

Algorithm 4

𝑋
new2

= 𝑋
worst

i = round(rand()∗D) //Generating a random integer between 1 and D.
𝑥
new2
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ 𝑈 {1, 2, . . . ,HMS}

Algorithm 5

𝑥
new1
𝑖

in the latter iteration. We can see that the probability
𝑥
new1
𝑖

that turns into 𝑥
∗

𝑖
is HMS − 1/HMS in HM2, so

the probability 𝑋
new1 turns into 𝑋

∗
= (𝑥
∗

1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝐷
) is

((HMS − 1)/HMS)𝐷.
In Method 2, assume that the 𝑋

new2
= 𝑋

worst
≜ (𝑦
1

1
,

𝑥
∗

2
, . . . , 𝑥

∗

𝐷
), during each iteration, and only one decision

variable of𝑋new2 needs to be adjusted with harmonymemory
consideration rule. So the probability that decision variable
𝑦
1

1
is chosen to adjust is 1/𝐷, and then the probability that

𝑦
1

1
will be replaced with 𝑥

∗

1
is HMS − 1/HMS. Therefore,

in one iteration, the probability that 𝑋
new2 turns into 𝑋

∗
=

(𝑥
∗

1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝐷
) by Method 2 is 1/𝐷 ⋅ HMS − 1/HMS.

Next, we compare the success rate between Method 1 and
Method 2 at different dimensions.

When HMS = 10,D = 10, the success rate of Method 1 is

𝑃 {𝑋
new1

→ 𝑋
∗
} = (

HMS − 1

HMS
)

𝐷

= (
10 − 1

10
)

10

= 0.34867844,

(12)

and the success rate of Method 2 is

𝑃 {𝑋
new2

→ 𝑋
∗
} =

1

𝐷
⋅
HMS − 1

HMS
=

1

10
⋅
10 − 1

10
= 0.09.

(13)

Apparently, under this condition, Method 1 is superior to
Method 2.However, if we setHMS = 10,𝐷 = 100, the success
rate of Method 1 is

𝑃 {𝑋
new1

→ 𝑋
∗
} = (

HMS − 1

HMS
)

𝐷

= (
100 − 1

100
)

100

= 2.65614𝐸 − 05,

(14)

while the success rate of Method 2 is

𝑃 {𝑋
new2

→ 𝑋
∗
} =

1

𝐷
⋅
HMS − 1

HMS

=
1

100
⋅
100 − 1

100
= 9.0𝐸 − 03.

(15)

For different D, a more detailed success rate of Method 1
and Method 2 is listed in Table 1.

From Table 1, it can be seen that, for low dimensional
problem (𝐷 < 50), success rate of Method 1 is greater than
that of Method 2; however, Method 2 has higher success rate
than Method 1 when 𝐷 ≥ 50, and with the increasing of
dimensionality, the success rate of Method 1 will drop dra-
matically, but Method 2 can maintain a higher success rate.

By above idea, in the beginning stages, exploring is on
a wider domain so as to search fast, and in the later stages,
the search focus on a small space to improve the accuracy of
solution. Aiming at the HS algorithm, we design a dynamic
dimension selection strategy to adjust some selected decision
variables. A simple process is shown in Figure 1.

In Figure 1, the parameter TP represents the tune prob-
ability of each decision variable. TP changes from TPmax to
TPmin. In other words, each decision variable of the objective
harmony vectorXnew will be tunedwith probability TPwhich
decreases fromTPmin to TPmin with the increase of iterations.

3.2. The TLBO Algorithm. Teaching-Learning-Based Opti-
mization (TLBO) algorithm [29–38] is a new nature-inspired
algorithm; it mimics the teaching process of teacher and
learning process among learners in a class. TLBO shows a
better performance with less computational effort for large
scale problems [31]. In addition, TLBO needs very few
parameters.

In the TLBO method, the task of a teacher is to try
to increase mean knowledge of all learners of the class in
the subject taught by him or her depending on his or her
capability. Learners make efforts to increase their knowledge
by interaction among themselves. A learner is considered as
a solution or a vector, different design variables of a vector
will be analogous to different subjects offered to learners,
and the learners’ result is analogous to the “fitness” as in
other population-based optimization techniques.The teacher
is considered as the best solution obtained so far.The process
of TLBO is divided into two phases, “Teacher Phase” and
“Learner Phase.”

3.2.1. Teacher Phase. Assume that there are D number of
subjects (i.e., design variables) and NP number of learners
(i.e., population size); 𝑋teacher

= (𝑥
teacher
1

, 𝑥
teacher
2

, . . . , 𝑥
teacher
𝐷

)
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Table 1: Success rate of Methods 1 and 2.

HMS D The success rate
Method 1 Method 2

10 10 3.48678𝐸 − 01 9.00000𝐸 − 02

10 20 1.21577𝐸 − 01 4.50000𝐸 − 02

10 30 4.23912𝐸 − 02 3.00000𝐸 − 02

10 40 1.47809𝐸 − 02 2.25000𝐸 − 02

10 50 5.15378𝐸 − 03 1.80000𝐸 − 02

10 60 1.79701𝐸 − 03 1.50000𝐸 − 02

10 70 6.26579𝐸 − 04 1.28571𝐸 − 02

10 80 2.18475𝐸 − 04 1.12500𝐸 − 02

10 90 7.61773𝐸 − 05 1.00000𝐸 − 02

10 100 2.65614𝐸 − 05 9.00000𝐸 − 03

10 110 9.26139𝐸 − 06 8.18182𝐸 − 03

10 120 3.22925𝐸 − 06 7.50000𝐸 − 03

10 130 1.12597𝐸 − 06 6.92308𝐸 − 03

10 140 3.92601𝐸 − 07 6.42857𝐸 − 03

10 150 1.36891𝐸 − 07 6.00000𝐸 − 03

10 160 4.77311𝐸 − 08 5.62500𝐸 − 03

10 170 1.66428𝐸 − 08 5.29412𝐸 − 03

10 180 5.80299𝐸 − 09 5.00000𝐸 − 03

10 190 2.02338𝐸 − 09 4.73684𝐸 − 03

10 200 7.05508𝐸 − 10 4.50000𝐸 − 03

10 300 1.87393𝐸 − 14 3.00000𝐸 − 03

10 400 4.97741𝐸 − 19 2.25000𝐸 − 03

10 500 1.32207𝐸 − 23 1.80000𝐸 − 03

10 600 3.51161𝐸 − 28 1.50000𝐸 − 03

10 700 9.32731𝐸 − 33 1.28571𝐸 − 03

10 800 2.47747𝐸 − 37 1.12500𝐸 − 03

10 900 6.58049𝐸 − 42 1.00000𝐸 − 03

10 1000 1.74787𝐸 − 46 9.00000𝐸 − 04

is the best learner (i.e., teacher). For each learner 𝑋
𝑗

= (𝑥
𝑗

1
,

𝑥
𝑗

2
, . . . , 𝑥

𝑗

𝐷
), the works of teaching are as follows:

𝑥
𝑗,new
𝑖

= 𝑥
𝑗,old
𝑖

+ rand () × (𝑥
teacher
𝑖

− 𝑇
𝐹

× Mean
𝑖
) ,

Mean
𝑖
=

1

𝑁𝑃

𝑁𝑃

∑

𝑗=1

𝑥
𝑗

𝑖
,

𝑗 = 1, 2, . . . , 𝑁𝑃, 𝑖 = 1, 2, . . . , 𝐷,

(16)

where𝑥
𝑗,old
𝑖

and𝑥
𝑗,new
𝑖

denote the knowledge of the jth learner
(𝑋𝑗) before and after learning the ith subject, respectively. 𝑇

𝐹

is the teaching factor which decides the value of mean Mean
𝑖

to be changed. 𝑇
𝐹
is decided by 𝑇

𝐹
= round[1 + rand()].

3.2.2. Learner Phase. Another important approach to
increase knowledge for a learner is to interact with other
learners. Learning method is expressed as in Algorithm 6.

Even since the TLBO algorithm proposed by Rao et al.
[29], it has been applied to the fields of engineering opti-
mization, such as mechanical design optimization [29, 32,
37], heat exchangers [33], thermoelectric cooler [34], and

Begin

i = 1

N

N

N

Y

Y

Y

Y

N

i = i + 1

t = t + 1

t ≤ Tmax

End

TP = TPmax − (TPmax − TPmin )∗(t/Tmax )

i ≤ D

Rand() < TP

Select the worst harmony Xworst from HM
as tune object Xnew

Execute harmony tune algorithm on ith

Xnew is better than Xworst

Xworst = Xnew

decision variable xnew
i of harmony Xnew

Figure 1: Dynamic dimension selection strategy for HS algorithm.

unconstrained and constrained real parameter optimization
problems [35, 36]. Some improved TLBO algorithm was
present in last two years. An elitist TLBO algorithm for solv-
ing unconstrained optimization problems [38] by Rao and
Patel and an improved harmony search based on teaching-
learning strategy for unconstrained optimization problems
by Tuo et al. [39] are proposed.

In the TLBO method, the teacher phase relying on the
best solution found so far usually has the fast convergence
speed and the well ability of exploitation; it is more suitable
for improving the accuracy of the global optimal solution.
Learner phase relying on other learners usually has the slow
convergence speed; however, it bears stronger exploration
capability for solving multimodal problems.

3.3. The HSTL Algorithm. In order to achieve satisfactory
optimization performance by applying the HS algorithm to a
given problem, we develop a novel harmony search algorithm
combined teaching-learning strategy, in which both new har-
mony generation strategies and associated control parameter
values can be dynamically changed according to the process
of evolution.
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For each learner 𝑋
𝑗, 𝑗 = 1, 2, . . . , 𝑁𝑃

Randomly select another learner 𝑋
𝑘

(𝑗 ̸=𝑘)

If 𝑋
𝑗 is superior to 𝑋

𝑘

𝑋
𝑗,new

= 𝑋
𝑗,old

+ rand (1, 𝐷) ⋅
∗
(𝑋
𝑗

− 𝑋
𝑘
)

Else
𝑋
𝑗,new

= 𝑋
𝑗,old

+ rand (1, 𝐷) ⋅
∗
(𝑋
𝑘
− 𝑋
𝑗
)

Endif
Endfor
If 𝑋
𝑗,new is superior to 𝑋

𝑗,old

𝑋
𝑗
= 𝑋
𝑗,new

Endif

Algorithm 6: The procedure of learner phase.

It is of great importance to realize the balance between the
convergence and the diversity. In the classical HS algorithm,
a new harmony is generated in Step 3. After the selecting
operation in Step 4, the population diversity may increase
or decrease. With high population diversity, the algorithm
will have strong exploration power, and at the same time
the convergence and the exploitation power will decrease
accordingly. Conversely, with a low population variance, the
convergence and the exploitation power will increase [18];
the diversity and the exploration power will decrease. So it is
significant how to keep balance between the convergence and
the diversity. Classical HS algorithm loses exploitation ability
easily at later evolution process [19], because of improvising
new harmony from HM with a high HMCR and local
adjusting with PAR. Diversity of HM decreases gradually
from the early iteration to the last.Moreover, inHS algorithm,
a low HMCR employed will increase the probability (1-
HMCR) of random selection in search space; the exploration
power will enhance, but the local search ability and the
exploitation accuracy cannot be improved by single pitch
adjusting strategy.

To overcome the inherent weaknesses of HS, in this sec-
tion, we propose an HSTL method. In the HSTL method, an
improved teaching-learning strategy is employed to improve
the search ability. The HSTL algorithm works as follows.

(1) Optimization target vector preparation is as follows:
𝑋

new
= 𝑋

worst, where 𝑋
worst is the worst harmony in

the current HM.
(2) Improve the target vector 𝑋

new with the following 4
strategies.

(a) Harmony Memory Consideration.The values of the target
vector 𝑥

new
𝑖

(𝑖 = 1, 2, . . . , 𝐷) are randomly from HM with a
probability of HMCR:

𝑥
new
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ 𝑈 {1, 2, . . . ,HMS} , 𝑖 = 1, 2, . . . , 𝐷. (17)

(b) Teaching-Learning Strategy. If the ith (𝑖 = 1, 2, . . . , 𝐷)
design variable of the target vector 𝑥

new
𝑗

has not been
considered in (a), it will learn from the best harmony (i.e.,
teacher)with probability TLP in the teacher phase or from the
other harmony (i.e., learner) in the learner phase. The TLP is

the rate of performing teaching-learning operator on design
variables that have not been carried out in (a): harmony
memory consideration. It works as follows.

Teacher Phase. In this phase, the learner will learn from the
best learner (i.e., teacher) in the class. Learner modification
is expressed as

𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand () × [𝑥
best
𝑖

− 𝑇
𝐹

× 𝑀
𝑖
] ,

𝑀
𝑖
=

𝑥
worst
𝑖

+ 𝑥
new
𝑖

2
, 𝑖 = 1, 2, . . . , 𝐷,

(18)

where𝑋
best is the best harmony inHM and𝑋

worst is the worst
harmony in HM.

The contribution of this paper is that 𝑀
𝑖
is replaced by

(𝑥
worst
𝑖

+𝑥
new
𝑖

)/2, instead of themean value of population.This
replacement will enhance diversity of population more than
standard TLBO algorithm.

Learner Phase. Randomly select r
1
and r

2
from {1, 2, . . . ,

HMS}, and r
1

̸= r
2
:

If 𝑥
𝑟1 is better than 𝑥

𝑟2

𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand () × (𝑥
𝑟1

𝑖
− 𝑥
𝑟2

𝑖
)

Else

𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand () × (𝑥
𝑟2

𝑖
− 𝑥
𝑟1

𝑖
)

Endif .

(19)

(c) Local Pitch Adjusting Strategy. To achieve better solutions
in search space, it will carry out the local pitch adjusting
strategy with probability PAR if design variables have not
been selected to perform harmony memory consideration
and teaching-learning strategy:

𝑥
new
𝑖

= 𝑥
new
𝑖

± rand () × BW (𝑖) . (20)

(d) Random Mutation Operator. HSTL carries out random
mutation in feasible space with probability Pm as follows:

𝑥
new
𝑖

= 𝑥
𝐿

𝑖
+ (𝑥
𝑈

𝑖
− 𝑥
𝐿

𝑖
) × rand () . (21)
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Begin

Initialize parameters, termination criterion

Initialize harmony memory (HM)

t = 1

Y
Memory consideration

Teaching

N

N

N

N

N

N

N
N

Learning

Local pitch adjustment

Random selection

i = i + 1

t = t + 1 Termination criterion is met?

Output result

Y Y

Y

Y

Y

Y

Y

Rand() < HMCR

Rand() < TLP

Rand() < PAR

Rand() < pm

Rand() < 0.5

TP = TPmax − (TPmax − TPmin )∗t/Tmax

Xnew = Xworst

Xnew is better than Xworst Xnew = Xworst; %update HM

i + 1 ⩽ D

Figure 2: The flowchart of HSTL algorithm.

The improvisation of new target harmony in HSTL
algorithm is given in Algorithm 7.

The flow chart of HSTL algorithm is shown in Figure 2.

(i) Update Operation. In HSTL algorithm, update operation
has some changes, as follows.

Get the best harmony𝑋
best and the worst harmony𝑋

worst

from the HM:

If 𝑋
new is better than 𝑋

best

𝑋
worst

= 𝑋
best

,

𝑋
best

= 𝑋
new

,

ElseIf 𝑋
new is better than 𝑋

worst

𝑋
worst

= 𝑋
new

,

EndIf .

(22)

(ii) Parameters Changed Dynamically. To efficiently balance
the exploration and exploitation power of the HSTL algo-
rithm, HMCR, PAR, BW, and TLP are dynamically adapted
to a suitable range with the increase of generations:

HMCR = HMCRmin + (HMCRmax − HMCRmin)

× (
𝑡

𝑇max
) ,

(23)

TLP = TLPmin + (TLPmax − TLPmin)

× (
𝑡

𝑇max
)

𝑘

, 𝑘 = 5,

(24)

PAR = PARmax −
(PARmax − PARmin) × 𝑡

𝑇max
, (25)

BW = BWmax + exp[ln(
BWmin
BWmax

) × √
𝑡

𝑇max
] , (26)
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𝑋
new

= 𝑋
worst; % select 𝑋

worst as Optimization target vector
For i = 1 toD

If rand() ⩽ HMCR % (a) Harmony memory consideration
𝑥
new
𝑖

= 𝑥
𝑗

𝑖
(𝑗 = 1, 2, . . . ,HMS)

Elseif rand() ⩽ TLP % (b) Teaching-Learning strategy
If rand() ⩽ 0.5 % Teaching

𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand() × [𝑥
best
𝑖

− 0.5TF × (𝑥
worst
𝑖

+ 𝑥
new
𝑖

)]

Else % Learning
Randomly select r1 and r2 from {1, 2, . . . ,HMS}
If 𝑥𝑟1 is better than 𝑥

𝑟2

𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand() × (𝑥
𝑟1

𝑖
− 𝑥
𝑟2

𝑖
)

Else
𝑥
new
𝑖

= 𝑥
new
𝑖

+ rand() × (𝑥
𝑟2

𝑖
− 𝑥
𝑟1

𝑖
)

end
Endif
𝑥
new
𝑖

= min (max (𝑥
𝑛𝑒𝑤

𝑖
, 𝑥
𝐿

𝑖
) , 𝑥
𝑈

𝑖
)

Elseif rand(0,1) ⩽ PAR %(c) Local pitch adjusting strategy
𝑥
new
𝑖

= 𝑥
new
𝑖

± rand() × BW (𝑖)

𝑥
new
𝑖

= min (max (𝑥
new
𝑖

, 𝑥
𝐿

𝑖
) , 𝑥
𝑈

𝑖
)

Endif
If rand(0,1) ⩽ 𝑃

𝑚
%(d) Random mutation operator in feasible space

𝑥
new
𝑖

= 𝑥
𝐿

𝑖
+ (𝑥
𝑈

𝑖
− 𝑥
𝐿

𝑖
) × rand()

Endif
Endfor

Algorithm 7: Improvisation of new harmony in HSTL algorithm.
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Figure 3: The evolution curves of parameters (HMCR, TLP, PAR,
and BW) of HSTL algorithm.

where (25) and (26) are quoted from the literature studies [18]
and [16], respectively.

Let HMCRmax = 0.9, HMCRmin = 0.6, TLPmax = 0.55,
TLPmin = 0.15, PARmax = 0.5, PARmin = 0.33, BWmax = 1, and
BWmin = 0.001. The changing curves of parameters (HMCR,
TLP, PAR, and BW) are shown in Figure 3.

It can be seen that the parameter HMCR increases
gradually from 0.6 to 0.9 linearly. TLP increases with low

velocity in the early stage and rises sharply in the final stage.
That is to say, in the beginning, the harmony consideration
rule and teaching-learning strategy are carried out with a
smaller probability; in the later stage, HSTL algorithm begins
to focus on local exploitation with harmony consideration
and teaching-learning strategy. The benefits of doing so can
get more opportunities to reinforce the global exploration by
strengthening disturbance in the early stage and in the final
stage to intensify local search step by step, thereby acquiring
high-precision solution. For the same reason, BW decreases
gradually in order to reduce perturbation gradually, and the
PAR’s variation from 0.5 to 0.3 is to reduce the probability of
pitch adjustment.

Equation (27) shows that the randommutation operation
is changed dynamically from 5/D to 3/D with iterations. It
can make the random disturbance change from strong to
weak, and thusHSTL algorithmhas strong global exploration
ability in the early stage and has effective local exploitation
ability in the latter stage:

𝑝
𝑚

=
5

𝐷
−

2𝑡/𝑇max
𝐷

. (27)

4. Other Related Techniques for Solving
0-1 Knapsack Problem

The 0-1 knapsack problem is a large scale, multiconstraint,
and nonlinear integer programming problem. So solving
0-1 knapsack problems with HSTL algorithm needs to
employ constraint handling technique and integer processing
method.
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Figure 4: The convergence graphs of KP
1
–KP
5
.

4.1. Constraint-Handling Technique. For constrained opti-
mization problems, there have existed many successful
constraint-handling techniques on solving constrained opti-
mization problems, such as penalty function method, spe-
cial representations and operators, repair method, and

multiobjective method [40–53]. In this paper, because we
mainly do some research on discrete optimization problems
by using the HS algorithm, so special handling technique and
the revision methods [23–28] for adjusting the 0-1 knapsack
problems have not been adopted in this paper.
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Figure 5: The box plots of KP
1
–KP
5
.

In this paper, the multiobjective method has been used
for handling constrained 0-1 knapsack problems. The multi-
objective method [42] is as follows.

(1) Any feasible solution is better than any infeasible
solution.

(2) Among two feasible solutions, the one that has a better
objective function value is preferred.

(3) Among two infeasible solutions, the one that has a
smaller degree of constraint violation is preferred.The
purpose is to render the infeasible solution with large
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Figure 6: The convergence graphs of KP
6
–KP
8
.

degree of constraint violation from moving gradually
towards the solution with no constraint violation or
with smaller degree of constraint violation.

However, for a knapsack problem with many items (𝐷 >

10000) and the knapsack with small capacity, if we only
execute HS algorithm without any revise method to this
small-capacity knapsack, all of the harmony vectors in HM
are probably infeasible. In this case, even in the very good
methods it is hard to obtain the feasible solutions. So, for
an infeasible solution, we will do simple revise through
randomly removing some item from this knapsack. In this

way, the infeasible solution can gradually turn into the
feasible solution.

4.2. Integer Processing Method. In HSTL algorithm, because
the variables are adjusted by the teaching-learning strategy,
local pitch adjusting strategy and random mutation operator
are real numbers, so every variable is replaced by the nearest
integer, that is, as follows:

𝑥

= round (𝑥) . (28)

Let 𝑥 = (0.8, 0.3, 0.9, 0.6, 1.2, 0.4). Then 𝑥


= round(𝑥) =

(1, 0, 1, 1, 1, 0).
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5. Solving 0-1 Knapsack Problems with
HSTL Algorithm

5.1. Experimental Setup and Parameters Setting. In order to
evaluate the performance of the HSTL algorithm, we used a
set of 13 knapsack problems (KP

1
–KP
13
). KP
1
–KP
3
is quoted,

respectively, from f
5
, f
8
and f

10
in the literature [21]. KP

4
–

KP
13
is quoted from website http://homepage.ntlworld.com/

walter.barker2/Knapsack%20Problem.htm. In all the knap-
sack problems (KP

1
–KP
13
), KP
1
–KP
8
are called one-dimen-

sional problems that only include weight constraint andKP
9
–

KP
13
are called two-dimensional problems that include both

weight constraint and volume constraint.
All simulation experiments are carried out to compare the

optimization performance of the presented method (HSTL)
with respect to (a) classical HS, (b) NGHS, (c) EHS, and
(d) ITHS. In the experiments, the parameters setting for
the compared HS algorithms is shown in Table 2. To make
the comparison fair, the populations for all the competitor
algorithmswere initialized using the same random seeds.The
variants of HS algorithm were set at the same termination

criteria: the number of improvisations (function evaluation
times: FEs) FEs = 500 × 𝐷, respectively. However, if the
FEs > 5𝐸 + 05, then set FEs = 5𝐸 + 05.

The best and worst fitness value of each test problem are
recorded for 30 independent runs; the mean fitness, standard
deviation (Std), andmean runtime of each knapsack problem
are calculated for 30 independent runs.

5.2. The Experimental Results and Analysis. Table 3 reports
the worst, mean, best, and Std of problem results by applying
the five algorithms (HS, NGHS, EHS, ITHS, and HSTL)
to optimize the knapsack problems KP

1
–KP
8
, respectively.

The best results are emphasized in boldface. Figures 4
and 6 illustrate the convergence characteristics in terms of
the best values of the median run of each algorithm for
knapsack problems KP

1
–KP
8
. Figures 5 and 7 demonstrate

the performance and stability characteristics according to the
distributions of the best values of 30 runs of each algorithm
for knapsack problems KP

1
–KP
8
.

Based on the resulting data in Table 3, the optimal
objective values (best, mean, worst, and Std) can be easily
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Table 2: Parameter settings for the compared HS algorithms (HS, NGHS, EHS, ITHS, and HSTL).

Algorithm HMS HMCR PAR BW others
HS 5 0.99 0.33 BW = (𝑋𝑈 − 𝑋

𝐿)/1000 /
NGHS 5 / / / /

EHS 50 0.99 0.33 BW = 1.17√(1/HMS) ∑
HMS
𝑖=1

(𝑥
𝑖
− 𝑥)
2 /

ITHS 10 0.99 0.33 BWmax = (𝑋𝑈 − 𝑋
𝐿)/2

BWmin = (𝑋𝑈 − 𝑋
𝐿)/10

/

HSTL 10 HMCRmax = 0.95
HMCRmin = 0.6

PARmax = 0.5
PARmin = 0.2

BWmax = (𝑋𝑈 − 𝑋
𝐿)/2

BWmin = (𝑋𝑈 − 𝑋
𝐿)/10

TLPmax = 0.55,
TLPmin = 0.15

Table 3: The result of 1-dimensional (weight versus value) knapsack problems.

Problem D Target weight Total weight Total values Optimal result Algorithm Outcomes Runtime
Worst Mean Best Std

KP1 15 375 741.9172 62.9963 481.069

HS 314.9297 423.191 481.069 67.92161 0.169532
NGHS 481.069 481.069 481.069 6.4E−14 0.173909
EHS 481.069 481.069 481.069 6.4E−14 0.814028
ITHS 437.9345 472.4424 481.069 19.2905 0.447476
HSTL 481.069 481.069 481.069 6.4E−14 0.330757

KP2 23 10000 19428 19309 9767

HS 9747 9760 9767 5.533596 0.313597
NGHS 9767 9767 9767 0 0.305331
EHS 9643 9751.6 9767 22.64509 1.595463
ITHS 9756 9765.7 9767 2.641186 0.790986
HSTL 9767 9767 9767 0 0.585312

KP3 20 878 1098 1085 1024

HS 924 987.4 1024 40.395544 0.254834
NGHS 1024 1024 1024 0 0.245683
EHS 1018 1022.8 1024 2.6832816 1.274226
ITHS 1018 1022.8 1024 2.6832816 0.654352
HSTL 1024 1024 1024 0 0.485799

KP4 40 15 374 14049 1149

HS 786 1109.4 1149 113.7494 12.51123
NGHS 1138 1147.9 1149 3.478505 12.72128
EHS 786 1109.4 1149 113.7494 15.64561
ITHS 786 1112.7 1149 114.7907 13.6885
HSTL 1138 1147.9 1149 3.478505 13.29233

KP5 100 27 1360 34965 1173

HS 1172 1172.5 1173 0.508548 37.14283
NGHS 1172 1172.633 1173 0.490133 37.22416
EHS 1172 1172.567 1173 0.504007 53.20237
ITHS 1172 1172.567 1173 0.504007 41.50243
HSTL 1172 1172.9 1173 0.305129 37.11053

KP6 10000 431 349354 3011792 unknown

HS 4795 4941 5338 228.20495 2902.844
NGHS 5976 6270.4 6363 165.43821 1881.969
EHS 4797 4929.8 5014 94.099416 16979.43
ITHS 4899 4960.6 5064 72.081898 5047.957
HSTL 6318 6474.4 6730 185.7156 1506.648

KP7 10000 1765326 5033006 2063406 unknown

HS 1068628 1070926.5 1073225 3250.5699 4526.0894
NGHS 1126584 1127050.5 1127517 659.73063 5060.0062
EHS 1041435 1043733.5 1046032 3250.5699 5435.1693
ITHS 1124261 1129389 1134517 7252.0871 4555.54
HSTL 1193743 1194524 1195304 1103.794 3326.1473

KP8 11000 1000000 5526981 2263955 unknown

HS 529153 532801.8 537353 3001.1646 10633.825
NGHS 738654 762855.4 798991 26865.404 11912.341
EHS 480038 486268.8 490627 4481.0616 13084.292
ITHS 795202 800908 807164 4864.5424 10785.623
HSTL 940656 944780 947850 2630.108 9606.735
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Figure 8: The convergence graphs of KP
9
–KP
13
.

obtained by NGHS, EHS, ITHS, and the HSTL algorithms
with high accuracy on the knapsack problems KP

1
–KP
5
.

However, comparatively speaking, NGHS and the HSTL
algorithm have better optimal results on worst, mean, best,

and Std, and thusNGHSmethod and theHSTL algorithm are
more effective and stabilized to solve the problems KP

1
–KP
5
.

For the high-dimensional knapsack problems KP
6
–

KP
8
, Table 3 shows that the HSTL algorithm has obvious
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.

advantages over other variants of HS algorithms. Comparing
with otherHS algorithms, althoughHSTL algorithmhas slow
convergence speed in the early stage, it can be constant to
optimize the solutions and obtain high precision solutions in
the latter stage, which can be seen from Figure 6.

It is evident from Figure 7 that HSTL algorithmhas better
convergence, stability, and robustness in most cases than HS,
NGHS, EHS, and ITHS algorithms.

Table 4 shows the experimental results on algorithmsHS,
NGHS, EHS, ITHS, andHSTL for two-dimensional knapsack
problems: KP

9
–KP
13
. Figure 8 shows the convergence graphs,

and Figure 9 is the box plots of independent 30 runs of
knapsack problems KP

9
–KP
13
.

It can be seen evidently from Table 4 that the HSTL
algorithm attained the optimal best, mean, worst, and Std
results among all two-dimensional knapsack problems.
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From the convergence graphs (Figure 8), it can be seen
that the HSTL algorithm has a strong search ability and
convergence throughout the search process for the two-
dimensional knapsack problems. As can be seen from the box
plots (Figure 9), the HSTL has demonstrated some advantage
over the other four algorithms on solving two-dimensional 0-
1 knapsack problems.

6. Conclusion

In this paper, a novel harmony search with teaching-learning
strategies is presented to solve 0-1 knapsack problems. The
HSTL algorithm employs the idea of teaching and learning.
Four strategies are used to maintain the proper balance
between exploration power and exploitation power. With
the process of evolution, the dynamic strategy is adopted to
change the parameters HMCR, TLP, BW, and PAR. Experi-
mental results showed that the HSTL algorithm has stronger
ability to resolve the high-dimensional 0-1 knapsack prob-
lems. However, the HSTL algorithm has more parameters.
In the future, we should focus on improving the structure of
HSTL algorithm, decreasing the running cost and enhancing
efficiency for solving complex optimization problems.
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This paper is concerned with the effect of capacity constraints on the locations of terror response facilities. We assume that the
state has limited resources, and multiple facilities may be involved in the response until the demand is satisfied consequently. We
formulate a leader-follower game model between the state and the terrorist and prove the existence and uniqueness of the Nash
equilibrium. An integer linear programming is proposed to obtain the equilibrium results when the facility number is fixed. The
problem is demonstrated by a case study of the 19 districts of Shanghai, China.

1. Introduction

Different from regular natural calamity such as earthquakes,
terrorist attacks have low frequency but tremendous magni-
tude [1]. As a result, the attacks can lead to a big demand
for medical supplies, which overwhelm the local emergency
responders, and regional/national assistance will be required.
Moreover, it contains human intelligence and intent in
terrorist attacks, just as the 9/11 Commission Report states,
“The terrorists analyze defenses. They plan accordingly.”
The interaction between the government and the terrorist
increases the complication in the issue of counterterrorism.

Faced with terrorist attacks, implementing an efficient
disbursement of the requisite emergency resources is critical
in reducing morbidity and mortality; therefore, the need to
be prepared to respond to the terrorist attacks is highlighted.
Consequently, there is increasing interest in strategic facility
location for protecting assets of value (including human
lives) against terrorist attacks. Facilities that contain resources
required to respond to terror attacks are referred to as
terror response facility [2]. This paper will address the
location problem of terror response facility under capacitated
resources.

Location problem of emergency service facilities such
as ambulance, police, and fire-fighting assistance has been

previously investigated, and many models and their exten-
sions have been developed to formulate and solve the prob-
lem, including covering models, 𝑝-median models, 𝑝-center
models, and their extensions, for example, [3–6]. One could
see [7, 8] for recent reviews. Such emergency facility loca-
tion models (covering models, 𝑝-median models, 𝑝-center
models, and their extensions) typically have not considered
the attacker’s analysis and response to the defender’s strategy
and tend to focus more on emergency response than on
prevention. Many literatures address the strategic nature of
facility location problems by modeling either stochastic or
dynamic integer programming formulations, but as empirical
data are likely to be sparse, classical statistical methods
have been of relatively little use. The distinction between
probabilistic and strategic risks has emerged recently, see; [9–
11] and so forth. Snyder [12] provides a complete review on
facility location problems with uncertainties. Unfortunately,
most concentrate on common situations and few focus on
conditions with a tremendous demand and low frequency
which may occur in terror emergencies.

In addition, one critical assumption in most literatures is
that the assigned facility can meet all the demands, which
is not always the case for terrorist attacks. In fact, the state
have not enough resources to cover all potential targets; thus
situations with insufficient supplies will occur facing large
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uncertain demands. How to allocate the limited resources
among the terror response facilities is another challenge
besides the facility location.

Game theory is an appropriate tool for investigating
counterterrorism as it captures the strategic interactions
between terrorists and targeted state whose choices are inter-
dependent. With respect to applications of game theory and
relatedmethods to security in general, there is a large number
of work already, that is, to inform policy-level decisions such
as public versus private funding of defensive investments
[13] or the relative merits of deterrence and other protective
measures, for instance, [14–17]; however, few has gone deep
into operational level.

Both empirical and theoretical analysis showed that
raising a potential target’s defense level will increase the
probability for another target to be attacked, and limited
resources should be allocated to maximize the overall utility
[18, 19]. The framework of game theory can effectively deal
with resource allocation problems [20]. The efficiency and
equity of capacitated resource allocation problems have been
studied [21]. It is verified that making decision in global
manner is superior to that in decentralized manner when
allocating resources between two targets [22]. Powell [23]
proposed a two-stage game between the terrorist and the
state, to allocate capacitated resources between two targets,
and extended the model to the case of 𝑁 targets. Based on
this analysis framework, some more points were studied,
including the effect of the state’s information [24], the inter-
action of more variables [25], the attacking behavior of the
terrorist [10], and preassessment for utility of both sides [26].
Some correct but counterintuitive conclusions were deduced.
First, as the arms race, the attack of the terrorist is positively
correlated with the defense level of the state; second, the state
has first-mover advantage in the sense that the state can force
the terrorist to attack a targetwith smaller vulnerability; third,
it will benefit the state tomake the resource allocation policies
open; finally, some targets with less loss for the state will be
left unprotected under capacitated resources.

In a game-theoretical model, the introduction of capacity
constraint will usually change the equilibrium results, even
when the initial model is simple [27]. The pure equilibrium
may be replaced by mixed equilibrium, or there will no
equilibrium, as a result the complication of solution will
increase [28]. At the same time, the change of the rationing
rule, that is, the allocation of residual demand when one
facility could not satisfy the whole demand, will probably
change the equilibrium results [29]. We will solve the Nash
equilibrium of the problem using an integer program, that
could simplify the solution of the game.

To our knowledge, the only rigorous model to date to
deal with the terror response facility problem is exploratory
analyses by Berman and Gavious [2] and Berman et al.
[30]. The state decides where to locate the terror response
facilities, and the terrorist decides which node to strike with
complete or incomplete information of the distribution of
the facilities. Both papers assume that there is no capacity
constraints on the facilities; that is, the facility could provide
enough resource to the nearest node attacked.We will extend
this assumption to the case that the state has capacitated

resources, and he has to decide how to allocate the resources
to each facility besides the location of facilities taking into
consideration the behavior of the terrorist.

This paper assumes that the state has capacitated
resources and could not satisfy all the demand simultane-
ously. When the facility nearest to the attacked city could not
meet the demand, the second nearest facility will be involved
in the rescue, and so on, until the required resources are
satisfied. The state could spread the limited resource among
more facilities to improve the overall coverage or adopt a
centralized manner, among fewer facilities to protect key
areas. A balance between resource quantity and allocation
manner must be considered carefully.

The next section will formulate the problem. In Section 3,
the Nash equilibrium of the game is discussed, and a simple
example is given. Section 4 proposes a linear integer pro-
gramming to solve the equilibrium when the facility number
is fixed. A case study is given in Section 5. Finally, we give
conclusions in Section 6.

2. Problem Formulation

Consider an undirected connected network 𝐺(𝑉, 𝐸), where
𝑉 = (V

1
, V
2
, . . . , V

𝑛
) is the set of nodes, and 𝐸 = (𝑒

1
, 𝑒
2
, . . . , 𝑒

𝑚
)

is the set of edges. The nodes are demand cities, and each
city V
𝑖
is associated with a weight 𝜔V𝑖 to represent the amount

of resources needed every unit time. The shortest distance
between node V

𝑖
and V
𝑗
is 𝑑[V

𝑖
, V
𝑗
], representing the delay of

shipment of resources from V
𝑗
to V
𝑖
. Let 𝑅 = {𝑟

1
, 𝑟
2
, . . . , 𝑟

𝑚
} be

the potential locations of the terror response facilities,𝑚 ≤ 𝑛.
Without loss of generality, let 𝑅 ⊂ 𝑉.

It is assumed that the resources needed of city V
𝑖
is𝜔V𝑖 . Let

the total resources of the state be a constant 𝐶, max{𝜔V𝑖} ≤

𝐶 < ∑
𝑛

𝑖=1
𝜔V𝑖 ; that is to say, the state could satisfy the demand

of every single city but could not eliminate the loss of terrorist
attacks completely by establishing terror response facilities at
each city. The resources associated with each facility 𝑟

𝑗
, 𝑗 =

1, 2, 3, . . . , 𝑚 are 𝑐
𝑖
. For simplicity, we consider the symmetric

condition; that is, 𝑐
1
= 𝑐
2
= ⋅ ⋅ ⋅ = 𝑐

𝑚
= 𝑐. Obviously, 𝐶 = 𝑚𝑐.

Once the city V
𝑖
is attacked, the nearest terror response

facility will begin to provide the resources. If the nearest
facility could not satisfy the demand, that is, 𝑐 < 𝜔V𝑖 , the
second nearest facility will be involved in the rescue, and so
on. Let

𝐷
(V𝑖) = {𝑑 [V

𝑖
, 𝑟
1
] , . . . , 𝑑 [V

𝑖
, 𝑟
𝑚
]} , (1)

in which when 𝑖 < 𝑗, 𝑑[V
𝑖
, 𝑟
𝑖
] < 𝑑[V

𝑖
, 𝑟
𝑗
]. The facilities

will be involved in the rescue sequentially form 𝑟
1
to 𝑟
𝑚
. Let

𝑝 = ⌈𝜔V𝑖/𝑐⌉ be the smallest integer not less than 𝜔V𝑖/𝑐 then 𝑝

facilities will be needed.
As Berman and Gavious [2], the players of the game are

the state and the terrorist. We assume that the loss of the state
𝑓
𝐺
is a linear function of the time delay of the resources,

𝑓
𝐺
= (𝑑 [V

𝑖
, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V

𝑖
, 𝑟
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+ 𝑑 [V
𝑖
, 𝑟
𝑝
] ⋅ (𝜔V𝑖 − (𝑝 − 1) 𝑐) .

(2)
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The utility of the terrorist is the loss of the state,

𝑈
𝑇
= 𝑓
𝐺
. (3)

We consider a zero-sum game; then the utility of the state is
𝑈
𝐺
= −𝑈
𝑇
.

The interaction is modeled as a sequential game with
complete information. The state acts first. He must decide
the resource allocated to each facility and the facility location
such that the city attacked is the one that minimizes his
disutility. The terrorist plays second and chooses a city to
attack to maximize his utility observing the arrangement of
the state.

3. Nash Equilibrium Solutions

The strategy of the state is 𝑆
𝐺

= (𝑐, 𝑅), and the strategy of
the terrorist is 𝑆

𝑇
= (V
𝑖
). A Nash equilibrium mean that,

for all (𝑆
𝐺
and 𝑆
𝑇
), we have
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𝑇
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∗

𝐺
, 𝑆
𝑇
) .

(4)

Obviously, the equilibrium is also the subgame perfect Nash
equilibrium of the game.

3.1. Facility Number is Fixed. When the facility number 𝑚 is
a constant, the resources 𝑐 of every facility are fixed.Then, the
strategy of the state is 𝑆

𝐺
= 𝑅 = (𝑟

1
, . . . , 𝑟

𝑚
), and the strategy

of the terrorist is 𝑆
𝑇
= V(𝑅).

Given the state’s strategy 𝑅, the best response of the
terrorist is

V∗ (𝑅) = argmax
V𝑖

(𝑑 [V
𝑖
, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V

𝑖
, 𝑟
𝑝−1

]) ⋅ 𝑐

+ 𝑑 [V
𝑖
, 𝑟
𝑝
] ⋅ (𝜔V𝑖 − (𝑝 − 1) 𝑐) .

(5)

Forecasting the reaction of the terrorist, the state will adopt
the strategy

𝑅
∗
= argmin

𝑅⊂𝑉

(𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
])

⋅ 𝑐 + 𝑑 [V∗, 𝑟
𝑝
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐) .

(6)

It is assumed that the storage and distribution manner of the
resources is similar to the Strategic National Stockpile (SNS)
of Centers for Disease Control and Prevention (CDC), USA.
That is to say, the resource 𝑐 at every facility will be shipped to
the city attacked as a whole when the facility is involved in the
rescue. In fact, thismanner would increase the redundancy of
resource supply and is more suitable for terrorist attacks.

Lemma 1. When the facility number is fixed, the state equilib-
rium solution is the solution of aminimax problem in the nodal
set, and the terrorist equilibrium solution could be obtained by
(5).

Proof. For any strategy of the state 𝑅, the best response of the
terrorist is (5), and the best strategy of the state is decided

by (6). From the definition of 𝑝, 𝜔V𝑖/𝑐 ≤ 𝑝 < 𝜔V𝑖/𝑐 + 1. Let
𝑓


𝐺
= (𝑑[V

𝑖
, 𝑟
1
]+⋅ ⋅ ⋅+𝑑[V

𝑖
, 𝑟
𝑝
])⋅𝑐; then𝑓



𝐺
= 𝑓
𝐺
+𝑑[V
𝑖
, 𝑟
𝑝
](𝑝𝑐−

𝜔V𝑖). Apparently, 0 ≤ 𝑝𝑐 − 𝜔V𝑖 < 𝑐; (6) could be rewritten
accordingly as

𝑅
∗
= argmin

𝑅⊂𝑉

(max
V𝑖

((𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝
]) ⋅ 𝑐)) .

(7)

Compared with (6), (7) could simplify the solution of the
equilibrium to some extent but will not change the behavioral
characteristics of the state and the terrorist. The equilibrium
of the terrorist could be obtained by substituting (7) into
(5).

3.2. Facility Number is Variable. When the facility number
is variable, if there are no capacity constraints, the optimal
facility number is obviously 𝑛. With the capacity constraints,
one facility could not satisfy the demand, and multiple
facilities will be involved. As 𝑚 increases, the resources
at each facility will decrease, and more facilities may be
involved. Smaller 𝑚 corresponds to the centralized mode, in
which the state will distribute the limited resources to protect
the key areas, while larger 𝑚 corresponds to the dispersed
mode, in which the state will distribute the resources to get
larger coverage. Different 𝑚 will induce different disutility,
and the state must strike a balance between the two mode.
The relationship between the utility of the state and the
parameters 𝑐 and𝑚 is demonstrated by the following lemmas.

Lemma 2. When 𝑐 is a constant, the equilibrium solution of
the state �̃�

𝐺
(𝑅
∗
, V∗(𝑅)) is a monotonically increasing function

of 𝑚.

Proof. From (2) and (3), �̃�
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]. As

𝑚 increasing, there must exist a 𝑑

[V∗, 𝑟
𝑖
] ≤ 𝑑[V∗, 𝑟

𝑖
], such

that for the new utility function �̃�
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. The proof is

completed.

Lemma 3. When 𝑚 is a constant, the equilibrium solution of
the state �̃�

𝐺
(𝑅
∗
, V∗(𝑅)) is a monotonically increasing function

of 𝑐.

Proof. From 𝑝 = ⌈𝜔V∗/𝑐⌉, when 𝑐 increases to 𝑐
, there will be

𝑝

= (𝜔V∗/𝑐


) ≤ 𝑝. Two conditions will be discussed.

When 𝑝

= 𝑝,

�̃�
𝐺
− �̃�


𝐺

= − (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
]) ⋅ 𝑐 − 𝑑 [V∗, 𝑟

𝑝
]

⋅ (𝜔V∗ − (𝑝 − 1) 𝑐) + (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
])

⋅ 𝑐

+ 𝑑 [V∗, 𝑟

𝑝
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐


)

= (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
])

⋅ (𝑐

− 𝑐) + 𝑑 [V∗, 𝑟

𝑝
] ⋅ (𝑝 − 1) (𝑐 − 𝑐


)
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= (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
] − (𝑝 − 1) 𝑑 [V∗, 𝑟

𝑝
])

⋅ (𝑐

− 𝑐) < 0.

(8)

Accordingly, �̃�
𝐺
< �̃�


𝐺
.

When 𝑝

< 𝑝, we just need to prove the correctness of the

conclusion when 𝑝

= 𝑝 − 1. Consider

�̃�
𝐺
− �̃�


𝐺

= − (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−1
])

⋅ 𝑐 − 𝑑 [V∗, 𝑟
𝑝
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐)

+ (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
])

⋅ 𝑐

+ 𝑑 [V∗, 𝑟

𝑝−1
] ⋅ (𝜔V∗ − (𝑝 − 2) 𝑐


)

= (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
])

⋅ (𝑐

− 𝑐) + 𝑑 [V∗, 𝑟

𝑝−1
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐


− 𝑐)

− 𝑑 [V∗, 𝑟
𝑝
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐)

< (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
])

⋅ (𝑐

− 𝑐) + 𝑑 [V∗, 𝑟

𝑝−1
] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐


− 𝑐)

− 𝑑 [V∗, 𝑟
𝑝−1

] ⋅ (𝜔V∗ − (𝑝 − 1) 𝑐)

= (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
]) ⋅ (𝑐


− 𝑐) + 𝑑 [V∗, 𝑟

𝑝−1
]

⋅ ((𝑝 − 1) (𝑐 − 𝑐

) − 𝑐)

< (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
])

⋅ (𝑐

− 𝑐) + 𝑑 [V∗, 𝑟

𝑝−1
] ⋅ (𝑝 − 1) (𝑐 − 𝑐


)

= (𝑑 [V∗, 𝑟
1
] + ⋅ ⋅ ⋅ + 𝑑 [V∗, 𝑟

𝑝−2
] − (𝑝 − 1) 𝑑 [V∗, 𝑟

𝑝−1
])

⋅ (𝑐

− 𝑐) < 0.

(9)

Accordingly, �̃�
𝐺
< �̃�


𝐺
. The proof is completed.

Evidently, the facility number 𝑚 and the resources 𝑐 at
each facility will affect the equilibrium solutions simultane-
ously; hence, it is not so straightforward to decide the optimal
facility number and the location. However, when the total
resources of the state 𝐶 are constant, there is an inversely
proportional relationship between 𝑐 and 𝑚, so we could
compare the disutility of the state under different facility
numbers, and the optimal number is the one that induces the
smallest disutility. We could get the following theorem.

Theorem4. There exists a unique 𝑐∗, such that {𝑆∗
𝐺
= {𝑐
∗
, 𝑅
∗
},

𝑆
∗

𝑇
= {V∗}} is the Nash equilibrium solution of the game, and

the optimal 𝑚 could be obtained by

𝑚
∗
= arg max

𝑚=1,...,𝑛

𝑈
𝐺
(𝑅
∗
, V∗(𝑅)) . (10)

3.3. An Example. We will use a simple example to demon-
strate the solution of the equilibrium. Consider the network
in Figure 1, in which the numbers next to the edges are the
distance between node pairs; that is, 𝑑[1, 2] = 5, 𝑑[2, 3] = 8,
𝑑[1, 3] = 6. Let 𝜔

1
= 16, 𝜔

2
= 10, 𝜔

3
= 21 and 𝐶 = 24.

When 𝑚 = 1, 𝑐 = 24, the strategy of the state is 𝑅 =

{1, 2, 3}. From (5), the best responses of the terrorist are

V∗(1) = argmax {16 × 0, 10 × 5, 21 × 6} = 3,

V∗(2) = argmax {16 × 5, 10 × 0, 21 × 8} = 3,

V∗(3) = argmax {16 × 6, 10 × 8, 21 × 0} = 1.

(11)

From (6), the state equilibrium is

𝑅
∗

1
= argmin {𝑈

𝐺 (1, 3) , 𝑈𝐺 (2, 3) , 𝑈𝐺 (3, 1)}

= argmin {126, 168, 96} = 3.

(12)

The equilibrium solution of the game is {3, 1}, and the utility
of the state is 𝑈∗

𝐺1
= −96.

When 𝑚 = 2, 𝑐 = 12, the strategy of the state is 𝑅 =

{(1, 2), (2, 3), (1, 3)}, and the best responses of the terrorist are

V∗(1, 2)

= argmax {12 × 0 + 4 × 5, 10 × 0, 12 × 6 + 9 × 8} = 3,

V∗(1, 3)

= argmax {12 × 0 + 4 × 6, 10 × 5, 12 × 0 + 9 × 6} = 3,

V∗(2, 3)

= argmax {12 × 5 + 4 × 6, 10 × 0, 12 × 0 + 9 × 8} = 1.

(13)

The state equilibrium is

𝑅
∗

2
= argmin {𝑈

𝐺 ((1, 2) , 3) , 𝑈𝐺 ((1, 3) , 3) , 𝑈𝐺 ((2, 3) , 1)}

= argmin {144, 54, 84} = (1, 3) .

(14)

The equilibrium solution of the game is {(1, 3), 3}, and the
utility of the state is 𝑈∗

𝐺2
= −54.

When 𝑚 = 3, 𝑐 = 8, the strategy of the state is 𝑅 =

{(1, 2, 3)}, and the state equilibrium is 𝑅∗
3
= (1, 2, 3). The best

response of the terrorist is

V∗(1, 2, 3) = argmax {8 × 0 + 8 × 5, 8 × 0 + 2

× 5, 8 × 0 + 8 × 6 + 5 × 8} = 3.

(15)

The equilibrium solution of the game is {(1, 2, 3), 3}, and the
utility of the state is 𝑈∗

𝐺3
= −88.
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5 6
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Figure 1: The network in the example.

From (10), the optimal 𝑚 is 𝑚
∗

=

argmax
𝑚=1,2,3

{𝑈
∗

𝐺1
, 𝑈
∗

𝐺2
, 𝑈
∗

𝐺3
} = 2. The Nash equilibrium

of the game is ((12, (1, 3)), 3). The state will establish terror
response facilities at node 1 and node 3, and the terrorist will
attack node 3. The resource at each facility is 12, and the state
will get a disutility of 54.

4. The Integer Programming

To solve the equilibrium efficiently, we formulate the game
when the facility number is fixed as an integer program.

Define the decision variables as follows:

𝑦
𝑖𝑗
= {

1, if the city V
𝑖
is assigned to facility 𝑟

𝑗

0, otherwise

∀𝑖, 𝑗 = 1, 2, . . . , 𝑛,

𝑥
𝑗
= {

1, if a facility is established at city V
𝑗

0, otherwise

∀𝑗 = 1, 2, . . . , 𝑛,

𝑥
𝑗
= {

1, if the terrorist attacks city V
𝑖

0, otherwise

∀𝑗 = 1, 2, . . . , 𝑛.

(16)

Let 𝑄 be the terrorist utility in the equilibrium; then

𝑛

∑

𝑖=1

[(𝑑 [V
𝑖
, 𝑟
1
] 𝑦
𝑖1
+ ⋅ ⋅ ⋅ + 𝑑 [V

𝑖
, 𝑟
𝑝−1

] 𝑦
1,(𝑝−1)

)

⋅𝑐 + 𝑑 [V
𝑖
, 𝑟
𝑝
] 𝑦
𝑖𝑝

⋅ (𝜔V𝑖 − (𝑝 − 1) 𝑐)] 𝑧
𝑖
≤ 𝑄.

(17)

At the same time, the state will minimize his disutility; that
is,

𝑛

∑

𝑖=1

[(𝑑 [V
𝑖
, 𝑟
1
] 𝑦
𝑖1
+ ⋅ ⋅ ⋅ + 𝑑 [V

𝑖
, 𝑟
𝑝−1

] 𝑦
1,(𝑝−1)

)

⋅𝑐 + 𝑑 [V
𝑖
, 𝑟
𝑝
] 𝑦
𝑖𝑝

⋅ (𝜔V𝑖 − (𝑝 − 1) 𝑐)] 𝑧
𝑖
≥ 𝑄.

(18)

Consequently, when the facility number is fixed, we could
simplify (17) and (18) using (7).

The game could be formulated as follows:

min𝑄 (19)

s.t.
𝑛

∑

𝑗=1

𝑦
𝑖𝑗
= 𝑝
𝑖

∀𝑖 ∈ 𝐼, (20)

𝑚
𝜔V𝑖

𝐶
≤ 𝑝
𝑖
< 𝑚

𝜔V𝑖

𝐶
+ 1, (21)

𝑛

∑

𝑗=1

𝑥
𝑗
= 𝑚, (22)

𝑛

∑

𝑖=1

𝑧
𝑖
= 1, (23)

𝑦
𝑖𝑗
≤ 𝑥
𝑗
, ∀𝑖, 𝑗 = 1, . . . , 𝑛, (24)

𝑛

∑

𝑘=1

𝑦
𝑖𝑗
𝑑 [V
𝑖
, V
𝑘
] +

𝑝

∑

𝑙=1

(𝑀 − 𝑑 [V
𝑖
, 𝑟
𝑙
]) 𝑥
𝑙
≤ 𝑝𝑀,

∀𝑖, 𝑗 = 1, 2, . . . , 𝑛,

(25)

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

(𝑑 [V
𝑖
, V
𝑗
] 𝑦
𝑖𝑗

𝐶

𝑚
)𝑧
𝑖
= 𝑄, (26)

𝑛

∑

𝑗=1

𝑑 [V
𝑖
, V
𝑗
] 𝑦
𝑖𝑗

𝐶

𝑚
≤ 𝑄, ∀𝑖 ∈ 𝐼, (27)

𝑥
𝑗
∈ {0, 1} , 𝑧

𝑖
∈ {0, 1} , 𝑦

𝑖𝑗
∈ {0, 1} , 𝑝

𝑖
∈ 𝑁
+
, (28)

where 𝑀 is a sufficiently large number, 𝑀 ≥ 𝑝 ⋅

maxV𝑖 ,V𝑗∈𝑉𝑑[V𝑖, V𝑗].
Equations (20) and (21) are used to ensure that each city

is assigned to enough facilities while not wasting resources.
Equation (22) guarantees that the facility number is 𝑚. In
(23), we make sure that the terrorist will attack only one city.
In (24), wemake sure that each city is assigned to a node with
a facility built at it. In (25), we verify that when the nearest
facility could notmeet the demand, the second nearest facility
will be involved, and so on. In (26) and (27), we take the state
and the terrorist objectives into account. Binary requirements
are specified in (28).

Obviously, the program is a nonlinear programming
because the formulation 10 has multiplications of variables.
We could define a new variable 𝑢

𝑖𝑗
to linearize it. Let

𝑢
𝑖𝑗
= 𝑦
𝑖𝑗
𝑧
𝑖
, (29)

where

𝑦
𝑖𝑗
+ 𝑧
𝑖
≤ 1 + 𝑢

𝑖𝑗
𝑖, 𝑗 = 1, . . . , 𝑛,

𝑦
𝑖𝑗
+ 𝑧
𝑖
≥ 2𝑢
𝑖𝑗

𝑖, 𝑗 = 1, . . . , 𝑛.

(30)

Then, (26) could be rewritten as
𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝑑 [V
𝑖
, V
𝑗
] 𝑢
𝑖𝑗

𝐶

𝑚
= 𝑄. (31)

The linearized formulation of the game could be obtained by
substituting (29)–(31) in (26).
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Table 1: The state disutility under different scenarios.

𝐶 = 200

Facility number 1 2 3 4 5 6 7 8 9 10
State disutility 12560 4770 5075.9 5045 4176 4009.3 3330 3702.2 3694.1 3472
Facility number 11 12 13 14 15 16 17 18 19
State disutility 3336.1 3792.6 3497.3 3409.1 3742.6 3937.5 4060.4 4436.7 4899.3

𝐶 = 750

Facility number 1 2 3 4 5 6 7 8 9 10
State disutility 47100 17888 8629.3 6468.8 4455 3459 2402.4 2100 1864.8 1680
Facility number 11 12 13 14 15 16 17 18 19
State disutility 2989.3 2743 2529.4 2348.8 2184.5 2053.1 1938.2 1823.2 1724.6

𝐶 = 1300

Facility number 1 2 3 4 5 6 7 8 9 10
State disutility 81640 31005 14957 10433 7202 5259.7 4164.2 3185 2583 1612
Facility number 11 12 13 14 15 16 17 18 19
State disutility 1100.2 651.3 600.6 1161.9 1080.6 1454.4 1372.9 2489.2 2989.3

Table 2: The 19 districts and their population sizes.

Node District Population size (×104)
1 Pudong 191.2
2 Huangpu 60.6
3 Luwan 31.2
4 Xuhui 89.2
5 Changning 61.1
6 Jing’an 31.0
7 Putuo 86.3
8 Zhabei 69.5
9 Hongkou 79.0
10 Yangpu 107.7
11 Baoshan 83.1
12 Minhang 88.6
13 Jiading 53.8
14 Jinshan 52.1
15 Songjiang 54.3
16 Qingpu 45.7
17 Nanhui 73.4
18 Fengxian 51.6
19 Chongming 69.7

5. Case Study

We solve the problem of terror response facility location
under capacity constraints with a case study of districts in
Shanghai, China. We assume that the resources needed are
proportional to the population sizes of the districts. The
19 districts and their population sizes (104) are given in
Table 2. The shortest distance matrix between the districts is
given in Table 3. Without loss of generality, we considered
three scenarios for resource capacity of the state, that is,
insufficient, moderate, and abundant, which correspond to
𝐶 = 200, 750, 1300, respectively. The equilibrium solutions
were obtained by the linear programming in Section 4 using
the optimization software Cplex 12.2. The software was run
on an Intel Core2 Duo 2.0GHz processor with 1.0GB RAM
under Windows XP.

15000

10000

5000

0
2 4 6 8 10 12 14 16 18 20

C = 200

C = 750

C = 1300

St
at
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isu
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ity

Facility number

Figure 2: The relationship between facility number and the state
disutility.

As stated above, different facility numbers could affect the
state disutility, because the state could disperse the resources
into more facilities to improve the coverage or could concen-
trate the resources to fewer facilities to protect the key areas.
The state disutilities for different facility numbers are given
in Table 1. From (10), the optimal facility number is 7, 10, and
13, respectively, when the total resources are 200, 750, and
1300, and the disutility is 3330, 1680, and 600.6. It shows that
as the total resources increasing, the state could improve the
coverage by establishing more facilities; at the same time, the
resources at each facility will increase, that reduces the state
disutility effectively.

In Figure 2,we depict the disutility of the state for different
facility number under the three scenarios. Obviously, when
the total resources are fixed, it is not a simple linear relation-
ship between the state disutility and the facility number. For
example, in the abundant scenario, when 𝑚 = 9, there are
144.4 resources at each facility, the state disutility is almost
the same when 𝑚 = 18, in which there are 72.2 resources at
each facility. However, when 𝑚 = 13, there are 100 resources
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Figure 3: The facility location “F” and the district attacked “A” in equilibrium when𝑚 = 6 under different scenarios.
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Figure 4: The facility location “F” and the district attacked “A” in equilibrium when 𝐶 = 200,𝑚 = 6.

at each facility, and the state disutility is much less than the
two cases above. It implies that, distributing the resources in
limited facilities could protect key areas but will reduce the
coverage, while distributing the resources in more facilities
will increase the shipment cost although the coverage is
enhanced. A balance should be achieved.

For fixed facility number, when the resources at each
facility increase, the equilibrium solutions will vary, as Fig-
ure 3 shows. When the total resources are insufficient, once a
district is attacked, more than one facility has to be involved.
Then, the concentration mode of the resources could ensure
the quick response to districts with more populations. The
terrorist will attack Jinshan, which has less populations but is
far away from all the terror response facilities, and the state
will establish facilities at Pudong, Luwan, Xuhui, Yangpu,
Baoshan, and Chongming. The state loss is mainly from the
shipment delay of the resources. When the total resources
are moderate, a single facility could satisfy the demand
of some districts, and the facility distribution tends to be
decentralized to improve the coverage. The terrorist will still
attack Jinshan. When the total resources are abundant, a
single facility could meet most demands, and the facility

distribution will be more dispersed to improve the cover-
age further. In this case, the terrorist will attack Baoshan,
which has more populations, and the state will establish
facilities at Putuo, Jinshan, Songjiang, Nanhui, Fengxian, and
Chongming. The state loss comes more from the affected
populations.

We consider a case that all districts have identical pop-
ulation, that is, 𝜔

𝑖
= 𝜔, for all 𝑖 ∈ 𝑉, to check the

sensitivity of the equilibrium solution to the variations of
the node weights. Let the weights be 31.0, 72.6, and 191.2,
respectively, which correspond to the lowest, highest, and
average of the populations of all districts. The state has a
total of 200 resources, dispersing in 6 facilities. As we can
see from Figure 4, the equilibrium solutions are not related
to population quantity but with the population distribution,
namely, the network structure. Also, the results are much
different from the cases when the populations vary across
the districts. When 𝜔 = 31.0, there are relatively many
resources at each facility, and the distribution mode of the
facilities tends to be decentralized; when 𝜔 = 72.6, 3 facilities
have to be involved in the response, and the terrorist attacks
the district which has more populations and faraway from
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all facilities; when 𝜔 = 191.2, all the 6 facilities must be
involved. The problem for the state is equivalent to the 𝑝-
median problem, and the terrorist will attack Jinshan.

In practical, the state could determine the most cost-
effective total resource according to the tradeoff curve
between the total resources and the state disutility. For
example, when𝑚 = 6, the tradeoff curve is shown in Figure 5.
Obviously, the state should prepare 500 resources in the sense
of cost efficiency.

6. Conclusions

In this paper, we introduced the capacity constraints into the
game between the state and the terrorist. The government
locates terror response facilities under capacity constraints
first. The terrorist observes the distribution of the facilities
then chooses the weakest target to attack. The government,
who knows that its move in the game is the common
knowledge, must place itself in its opponents’ position before
deciding the appropriate strategic response. An integer pro-
gramming was proposed to solve the sequential game when
the facility number is fixed. A case study was provided to ana-
lyze the strategic interaction of both sides. The equilibrium
results showed that resource capacity did affect the action
of the state and the terrorist. Centralized mode or dispersed
mode for facility distribution depended on the total resources
the state has.

The proposed approach can be of interest for modelling
and solving more general response facility location problems
under deliberate attack.The assumption that all the resources
will be shipped as a whole may be limited to a certain extent.
Besides, in real life, two ormore bombings or suicide terrorist
attacks usually occur simultaneously or sequentially, for
example, the tragedy in Madrid. Moreover, the assumption
that a strike on one city has no effect on other citiesmay be not
always valid when biological or chemical attacks take place.
This is beyond the scope of this paper and is the subject of
ongoing research.
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When the amount of data and information is said to double in every 20months or so, feature selection has become highly important
and beneficial. Further improvements in feature selection will positively affect a wide array of applications in fields such as pattern
recognition, machine learning, or signal processing. Bio-inspired method called Bat Algorithm hybridized with a Naive Bayes
classifier has been presented in this work. The performance of the proposed feature selection algorithm was investigated using
twelve benchmark datasets from different domains and was compared to three other well-known feature selection algorithms.
Discussion focused on four perspectives: number of features, classification accuracy, stability, and feature generalization.The results
showed that BANB significantly outperformed other algorithms in selecting lower number of features, hence removing irrelevant,
redundant, or noisy features while maintaining the classification accuracy. BANB is also proven to be more stable than other
methods and is capable of producing more general feature subsets.

1. Introduction

The motivations to perform feature selection in a classi-
fication experiment are two-fold. The first is to enhance
the classifier performance by selecting only useful features
and removing irrelevant, redundant, or noisy features. The
second is to reduce the number of features when classification
algorithms could not scale up to the size of feature set either
in time or space. In general, feature selection consists of two
essential steps, which are searching for desired subset using
some search strategies and evaluating the subset produced.
A search strategy in searching the feature subset could be
exhaustive or approximate. While exhaustive search strategy
evaluates all probabilities of the feature subset, approximate
search strategy only generates high quality solutions with no
guarantee of finding a global optimal solution [1].

One of the most prominent algorithms in exhaustive
search is branch and bound method [2]. Exhaustive search
guarantees optimal solution but this method is not practical
for even amedium-sized dataset as finding the optimal subset
of features is an NP-hard problem [3]. For 𝑁 number of
features, the number of possible solutions will be exponential

to 2
𝑁. Since exhaustive search is not practical, research

effort and focus on search strategies have since shifted to
metaheuristic algorithms, which are considered as a subclass
of approximate methods. The literature has shown that
the metaheuristic algorithms are capable of handling large-
size problem instances with satisfactory solutions within a
reasonable time [4–7].

After searching for feature subset, each candidate from
the resulting subset generated needs to be evaluated based
on some predetermined assessment criteria. There are three
categories of feature subset evaluations depending on how the
searching strategy is being associated with the classification
model, whether as filter, wrapper, or embedded methods.
These three categories will be explained in more detail in the
next section.

Nonetheless, the main challenge in feature selection is to
select the minimal subset of features with modicum or no
loss of classification accuracy. While the literature has shown
numerous developments in achieving this [8–10], the basis of
comparison is rather limited in terms of number of features,
classification accuracy, stability, or feature generalization in
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isolation. Generalization of the produced features is impor-
tant to investigate their effect on the performance of different
classifiers.

In view of this, the objectives of this paper are as
follows: first to design a new hybrid algorithm that exploits
a Naive Bayes algorithm to guide a Bat Algorithm, second to
evaluate the performance of the proposed hybrid algorithm
against other well-known feature selection algorithms, and
third to test the effect of the resulting features in terms of
generalization using three different classifiers.The remainder
of this paper is organized as follows. Section 2 reviews
the related works on searching and evaluating algorithms
in feature selection. Section 3 details out the principles of
Naive Bayes algorithms, Section 4 presents mechanics of
the Bat Algorithm, and Section 5 introduces the proposed
Näıve Bayes-guided Bat Algorithm for feature selection.
Next, Section 6 describes the experimental settings, Section 7
discusses implications of the results, and, finally, Section 8
concludes with some recommendations for future work.

2. Related Work

The application of metaheuristics algorithms in searching
the feature subset has shown high effectiveness as well as
efficiency to solve complex and large problems in feature
selection. In general, there are two categories of metaheuris-
tic search algorithms: single solution-based metaheuristics
(SBM) that manipulate and transform a single solution dur-
ing the search and population-based metaheuristics (PBM)
where a whole population of solutions is evolved. The
simplest and oldest SBM method used in feature selection
is Hill Climbing (HC) algorithm [1, 11]. This algorithm starts
with a random initial solution and swaps the current solution
with a neighboring solution in the following iteration in order
to improve the quality of solution. Searching will stop only
when all the neighboring candidate subsets are poorer than
the current solution, which means that the algorithm will be
most probably trapped in local optimum [4].

In order to overcome this problem, Simulated Annealing
(SA) is proposed [10]. SA accepts the worse moves that
commensurate to the parameter determined at the initial
stage, called the temperature, which is inversely proportional
to the change of the fitness function. In more recent work,
a modified SA algorithm called the Great Deluge Algorithm
(GDA) is proposed [12] to provide a deterministic acceptance
function of the neighboring solutions. Tabu Search (TS) also
accepts nonimproving solutions to escape from local optima.
TS stores information related to the search process, which is
a list of all previous solutions or moves in what is termed
as Tabu list [13, 14]. Nonetheless, SBM algorithms such as
Hill Climbing and Simulated Annealing suffer from two
major disadvantages. First, they often converge towards local
optima and second they can be very sensitive to the initial
solution [1].

The PBM methods have been equally explored in feature
selection. Different from SBM, PBM represents an iterative
improvement in a population of solutions that works as
follows. Firstly, the population is initialized. Then, a new

population of solutions is generated. Next, the new pop-
ulation is integrated into the existing one by using some
selection procedures. The search process is terminated when
a certain criterion is satisfied.Themost prominent and oldest
population-based solution used in feature selection isGenetic
Algorithm (GA) [5, 15, 16]. The major roles in GA are the
crossover and mutation operations used to couple solutions
and to arbitrarily adjust the individual content, to boost
diversity aiming to decrease the risk of sticking in local
optima.

Another PBM algorithm is the Ant Colony Optimization
(ACO), which takes form as amultiagent system,whereby the
building unit of this system represents virtual ants as inspired
by the behavior of real ants. In nature, a chemical trace called
pheromone is left on the ground and is used to guide a group
of ants heading for the target point since ants are not able to
see very well [6, 17, 18]. Another nature-inspired algorithm
is the Particle Swarm Optimization (PSO) algorithm that
simulates the social behavior of natural creatures such as bird
flocking and fish schooling to discover a place with adequate
food [7, 19]. Scatter Search (SS) is another PBM method that
recombines solutions elected from a reference set to generate
other solutions by building an initial population satisfactory
to the criteria of quality and diversity [20].

The next step in feature selection is evaluating the feature
subset produced. The evaluation methods can be broadly
classified into three categories. First, the filter approach
or independent approach evaluates candidate solutions by
depending on intrinsic characteristics of the features them-
selves, without considering any mining algorithm. Filter
approach includes several types such as distance [21], infor-
mation [22], dependency [23], or consistency [24]. Second,
the wrapper approach or dependent approach requires one
predetermined learning model and selects features with the
purpose of improving the generalization performance of
that particular learning model [13]. Although the wrapper
approach is known to outperform the filter approach with
regard to prediction accuracy [25], the method is time-
consuming.Third, the embedded approach in feature evalua-
tion attempts to capitalize on advantages of both approaches
by implementing the diverse evaluation criteria in different
search phases [26]. By integrating the two approaches at
different phases, the embedded approach is capable to achieve
accuracy of a wrapper approach at the speed of a filter
approach. Choosing an evaluation method for particular
search method is a critical mission because the interaction
between the evaluation method and the search strategy will
affect the overall quality of solution.

3. Naive Bayes Algorithm

Naive Bayes (NB) algorithm is one of the most effective and
efficient inductive learning algorithms for data mining along
withmachine learning.This algorithmbelongs to thewrapper
approach. NB is considered a simple classifier based on
the classical statistical theory “Bayes theorem.” The Bayesian
algorithm is branded “näıve” because it is founded on Bayes
Rule, which has a strong supposition that the features are
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conditionally independent from each other with regard to
the class [27]. In the literature, the NB algorithm has proven
its effectiveness in various domains such as text classification
[28], improving search engine quality [29], image processing
[30, 31], fault prediction [32], and medical diagnoses [8].

Naive Bayes classifier works as follows: let 𝑋 be a vector
of random variables denoting the observed attribute values
in the training set 𝑋 = [𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
] to certain class

label 𝑐 in the training set. The probability of each class given
the vector of observed values for the predictive attributes can
be computed using the following formula:
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where 𝑃(𝑌
𝑖
) is the prior probability of class 𝑌

𝑖
and 𝑃(𝑌

𝑗
|

𝑋) is the class conditional probability density functions. Basi-
cally put, the conditional independence assumption assumes
that each variable in the dataset is conditionally independent
of the other. This is simple to compute for test cases and to
estimate from training data as follows:
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where 𝑋
𝑖
is the value of the 𝑖th attribute in 𝑋 and 𝑛 is

the number of attributes. Let 𝑘 be the number of classes,
and 𝑐
𝑖
is the 𝑖th class; the probability distribution over the set

of features is calculated using the following equation:
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Effectiveness of Naive Bayes algorithm in classification
and learning is attributed to several characteristics such as the
following [27].

(i) High computational efficiency as compared to other
wrapper methods because it is inexpensive since it is
considered linear time complexity classifier.

(ii) Low variance due to less searching.
(iii) Incremental learning because NB functions work

from approximation of low-order probabilities that
are deduced from the training data. Hence, these can
be quickly updated as new training data are obtained.

(iv) High capability to handle noise in the dataset.
(v) High capability to handle missing values in the

dataset.

Furthermore,NB implementation has no required adjust-
ing parameters or domain knowledge. The major drawback
of NB only lies in the assumption of features independence
[33]. Despite this, NB often delivers competitive classification
accuracy and is widely applied in practice especially as
benchmark results. Good survey on the variety of adaptations
to NB in the literature can be found in [33].

4. Bat Algorithm

The idea of the Bat Algorithm (BA) is to mimic the
behaviors of bats when catching their prey. BA was first
presented in [34] and it was found to outperform Particle
Swarm Optimization (PSO) and Genetic Algorithms (GA)
in evaluation using benchmark functions. BA has also been
successfully applied to tough optimization problems such as
motor wheel optimization problem [35], clustering problem
[36], global engineering optimization, and constrained opti-
mization tasks [37–40]. Very recently, two versions of bat-
inspired algorithms have been proposed for feature selection
[41, 42]. The implementation of BA is more complicated
thanmany othermeta-heuristic algorithms [43] because each
agent (bat) is assigned a set of interacting parameters such
as position, velocity, pulse rate, loudness, and frequencies.
This interaction affects the quality of a solution and the time
needed to obtain such solution.

The principle of bat algorithm is as follows. A swarm of
bats is assumed to fly randomly with velocity 𝑉

𝑖
at position

𝑋
𝑖
with a fixed frequency 𝑓, varying wavelength 𝜆, and

loudness 𝐴
0
to search for a prey. They have the capability

to adjust the wavelength of their emitted pulses and regulate
the rate of pulse emission 𝑟 ∈ [0, 1], which is important to
determine their closeness of the target. Although the loudness
can be different in many ways, the loudness differs from a
large (positive) 𝐴

0
to a minimum constant value 𝐴min. The

frequency 𝑓 is in the range [𝑓min, 𝑓max] that corresponds to
a range of wavelengths [𝜆min, 𝜆max]. For example, a frequency
range of [20 kHz, 500 kHz] corresponds to a range of wave-
lengths from 0.7mm to 17mm.

5. Proposed Naive Bayes-Guided
Bat Algorithm

5.1. Frequency. Frequency in the proposed algorithm is rep-
resented as a real number as defined in (4). The choice
of minimum and maximum frequency depends on the
application domain, where 𝛽 is a random number range
between 0 and 1. Frequency also affects the velocity as shown
in (5). Consider the following:

𝑓
𝑖
= 𝑓min + (𝑓max − 𝑓min) 𝛽. (4)

5.2. Velocity. The velocity of each bat is represented as a
positive integer number. Velocity suggests the number of bat
attributes that should change at a certain moment of time.
The bats communicate with each other through the global
best solution and move towards the global best position
(solution). The following equation shows the formula for
velocity:

V𝑡
𝑖
= V𝑡−1
𝑖

+ (𝑥
∗
− 𝑥
𝑡

𝑖
) 𝑓
𝑖
, (5)

where (𝑥
∗

− 𝑥
𝑡

𝑖
) refers to the difference between the length

of global best bat and the length of the 𝑖th bat. When the
difference is positive, this means that the global best bat has
more features than those of the 𝑖th bat. When the result is
summed with the previous velocity, it will accelerate the 𝑖th
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bat towards the global best bat. If the difference is negative,
this means that the ith bat has more features than those of
the global best bat. Therefore, when the output is summed
with the previous velocity, it will decrease the velocity of
ith bat and help to attract it closer to global best bat. In
the proposed Bat Algorithm-Naive Bayes (BANB) algorithm,
the maximum velocity was setting (𝑉max) equal to (1/3) ∗

𝑁, where 𝑁 is the number of features. In the proposed
BANB, (2) is used to adjust the velocity during each iteration;
therefore, the proposed algorithm is adaptive for feature
selection problem in order to mimic the original algorithm
behavior. Velocity representation is also one major difference
between BANB and the Binary Bat Algorithm (BBA) [42].
In BBA, the velocity is calculated for each single feature;
hence, the algorithm is more time-consuming and departing
from the original algorithm attitude. On the contrary, the
velocity in the proposed BANB is calculated once for the
entire solution; hence, the velocity amount determines the
piece of change.

5.3. Position Adjustment. In the proposed algorithm, each
bat position is formulated as a binary string of length 𝑁,
where 𝑁 is the total number of features. Each feature is
represented by bit, where “1” means that the corresponding
feature is selected and the “0”means that it is not selected.The
positions are categorized into two groups according to the bit
difference between the 𝑖th bat and the global best bat in order
to align exploitation and exploration during searching.

The bat’s position is adjusted depending on one of the
following conditions. In the case where the velocity of 𝑖th
bat is lower or equal to the number of different bits, 𝑖th bat
will copy some features from global best bat, thus moving
towards global best bat, while still exploring new search space.
In the case where the velocities of 𝑖th bat are higher than
the velocity of global best bat, then the 𝑖th bat will import
all features from the global best bat to be the same as the
global best bat with a few different bits to facilitate further
exploitation. The following equation shows the position
adjustment, where 𝑥 is bat position, and V is the velocity of
the 𝑖th bat at time 𝑡:

𝑥
𝑡

𝑖
= 𝑥
𝑡−1

𝑖
+ V𝑡
𝑖
. (6)

5.4. Loudness. Loudness 𝐴
𝑖
in the proposed algorithm is

represented as the change in number of features at certain
time during local search around the global best bat, as well
as local search around the 𝑖th bat. The formula for loudness
is shown in (7), where 𝐴

𝑡

𝑖
is the average loudness of all the

bats at certain iteration and 𝜀 ∈ [−1, 1]. The value for sound
loudness (𝐴) ranges between the maximum loudness and
minimum loudness. Consider the following:

𝑥new = 𝑥old + 𝜀𝐴
𝑡
. (7)

Generally, the loudness value will decrease when the bat
starts approaching the best solution. The following equation
shows that the amount of decrease is determined by 𝛼:

𝐴
𝑡+1

𝑖
= 𝛼𝐴
𝑡

𝑖
. (8)

The value for sound loudness also plays an important
role in obtaining good quality solutions within a reasonable
amount of time. The choice of the maximum and minimum
loudness depends on the domain of application and also
the size of the dataset. In the proposed BANB algorithm,
the maximum loudness has been determined empirically as
(1/5)∗𝑁, where𝑁 is number of features. Value formaximum
loudness is dynamic depending on number of features in
certain dataset. For example, when 𝐴max = 3 and 𝐴min =

1, the bat begins to reduce the number of features from 3
features to 2 features and the value then becomes a single
feature when it gets closer to the target.

5.5. Pulse Rate. Pulse rate 𝑟
𝑖
has the role to decide whether

a local search around the global best bat solution should
be skipped or otherwise. Higher pulse rate will reduce the
probability of conducting a local search around the global
best and vice versa. Therefore, when the bat approaches the
best solution, pulse rate value will increase and subsequently
reduce the chances to conduct a local search around the
global best. The amount of increase is determined by 𝛾 as
defined in the following:

𝑟
𝑡+1

𝑖
= 𝑟
0

𝑖
[1 − exp (−𝛾𝑡)] . (9)

5.6. Fitness Function. Each candidate solution is using a
fitness function defined in (10), where 𝑃(𝑌

𝐽
| 𝑋) is the

classification accuracy, TF is the total number of all features,
and SF is the number of selected features. 𝛿 and 𝜑 are
two parameters corresponding to the weight of classification
accuracy and subset length, where 𝛿 ∈ [0, 1] and 𝜑 = 1 − 𝛿.
From (10), we can see that the importance of classification
accuracy and subset size is weighted differently. Generally,
classification accuracy is given more weight than the size of
the subset. In this experiment, the two parameters have been
set as follows: 𝛿 = 0.9, 𝜑 = 0.1. Consider the following:

Sol
𝐴

= 𝛿 ⋅ 𝑃 (𝑌
𝑗
| 𝑋) + 𝜑 ⋅

TF − SF
TF

. (10)

The complete algorithm for the proposed hybrid BA
guided by Naive Bayes classifier (BANB) is shown in
Algorithm 1.

6. Experiments and Results

The objective of the experiments is to evaluate the perfor-
mance of the proposed Naive Bayes-guided Bat Algorithm
(BANB) in terms of number of features selected and the
classification accuracy achieved. To achieve this objective, we
compared the number of features and classification accura-
cies of BANB with several well-known algorithms, which are
Genetic Algorithms (GA) [44], Particle SwarmOptimization
(PSO) [45], and Geometric Particle Swarm Optimization
(GPSO) [46]. Similar to the proposed BANB, we also used
Naive Bayes classifier for all comparative algorithms as the
attribute evaluator. However, the parameters for the algo-
rithms had the same settings as those used by the original
authors. For the proposed algorithm, the parameters were set
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to the following values: population size = 25 and decrease
sound loudness and increase pulse rate both are set to 0.6.The
initial value of pulse rate is equal to 0.2. The proposed BANB
algorithm and other algorithms were run for 20 times with
different initial solutions. Following [4, 17], all the algorithms
were terminated after 250 iterations.

6.1. Description of Dataset. For the experiments, twelve
datasets were considered to cover both cases of binary
and multiclass data. Three of the datasets, namely, M-of-N,
Exactly, and Exactly2, were sourced from [47]. M-of-N is an
artificial binary class since the decision attribute consisting
of two class labels and the dataset were generated from a uni-
form distribution to create the artificial domain. Exactly and
Exactly2 are artificial binary classification datasets, generated
based on x-of-y concepts, which are not linearly separable
and are known to be difficult for many classes of learning
algorithms [47]. The remaining datasets were taken from the
UCI data repository [48]. The datasets are Vote, Credit, LED,
Derm, Derm2, Lung, WQ, Heart, and Mushroom. Vote is
widely used as a binary classification dataset in the literature.
The dataset represents votes for each of the U.S. House of
Representatives congressmen with the class label democrat
and republican. Credit dataset is a binary classification data
that is concerned with credit card applications. LED dataset
in display domain is a multiclass classification data as the
class label includes ten possible values in which the first seven
features determine the class label of a pattern, whilst the rest
of the 17 features are irrelevant.

Derm and Derm2 represent real data in dermatology
concerning differential diagnosis of erythematosquamous
diseases. The class labels contain six values, which refer to
six different diseases. Lung dataset is the pathological types
of Lung cancer that aims to demonstrate the power of the
optimal discriminant plane even in ill-posed settings [49].
WQ is a multiclass label dataset that originated from the
daily measures of sensors in an urban waste water treatment
plant. The idea is to categorize the operational state of the
plant with the purpose of predicting faults out of the state
variables of the plant at each of the phases in the water
treatment procedure.Heart is a binary class data that contains
76 attributes although all the published experiments reference
to using only 14 of the original attributes. This data has been
used to predict heart diseases, whereby the class label of zero
and one refers to the absence or existence of heart disease in
the patient. Finally, Mushroom is a binary class dataset that
includes characterization of hypothetical samples identical to
23 types of gilled mushrooms in the Agaricus and Lepiota
family. Table 1 shows the characteristics of the datasets.

6.2. Results for Feature Selection Experiment. In this exper-
iment, we compared the proposed BANB against GA [44],
PSO [45], and GPSO [46] in terms of the number of features
selected from the original dataset. Table 2 provides the
comparison results. The number of features obtained from
the comparative algorithms in Table 2, and the best results
are highlighted in bold. Then the results are statistically
tested using two tests, Kolmogorov-Smirnov and Levene test

(1) Initialize parameters: 𝐴,𝐴min, 𝐴max, 𝑟, 𝑓min,
𝑓max, 𝑃max, 𝐼max, 𝑉max, 𝑉min, Φ, 𝛿, 𝛾, 𝛼

(2) Generate a swarm with 𝑃max bats
(3) Calculate cost function for all bats
(4) Find the current best bat (𝑥

∗
)

(5) While stop condition not metDo
(6) For 𝑖 = 1 to 𝑃max Do
(7) Frequency 𝑓

𝑖
= 𝑓min + (𝑓max − 𝑓min)𝛽

(8) Velocity V𝑡
𝑖
= V𝑡−1
𝑖

+ (𝑥
𝑡

𝑖
− 𝑥
𝑖
)𝑓
𝑖

(9) If (𝑉
𝑖
> 𝑉max) Then

(𝑉
𝑖
= 𝑉max)

End-If
(10) If (𝑉

𝑖
< 𝑉min) Then

(𝑉
𝑖
= 𝑉min)

End-If
(11) Locations 𝑥

𝑡

𝑖
= 𝑥
𝑡−1

𝑖
+ V𝑡
𝑖

(12) If (Rand > 𝑟
𝑖
)Then

(13) calculate 𝜀𝐴
𝑡

(14) If (𝜀𝐴
𝑡
> 𝐴max) Then

(𝜀𝐴
𝑡
= 𝐴max)

End-If
(15) If (𝜀𝐴

𝑡
< 𝐴min ) Then

(𝜀𝐴
𝑡
= 𝐴min)

End-If
(16) Generate a local solution around the best

solution (𝑥
∗
) [𝑥
𝑔𝑏

= 𝑥old + 𝜀𝐴
𝑡
]

(17) End-If
(18) Calculate 𝜀𝐴

𝑡

(19) If (𝜀𝐴
𝑡
> 𝐴max) Then

(𝜀𝐴
𝑡
= 𝐴max)

End-If
(20) If (𝜀𝐴

𝑡
< 𝐴min) Then

(𝜀𝐴
𝑡
= 𝐴min)

End-If
(21) Generate a new solution around the current

Solution 𝑥
𝑡

𝑖
[𝑥
𝑙
= 𝑥old + 𝜀𝐴

𝑡
]

(22) If 𝑥
𝑙
≥ 𝑥
𝑔𝑏

𝑓𝑥 = 𝑥
𝑙

Else
𝑓𝑥 = 𝑥

𝑔𝑏

End-If
(23) If (Rand < 𝐴

𝑖
)& (𝑓 (𝑓𝑥) < 𝑓 (𝑥

∗
))

(24) accept the new solution
(25) Increase 𝑟

𝑖
𝑟
𝑡+1

𝑖
= 𝑟
0

𝑖
[1 − exp(−𝛾𝑡)]

(26) Decrease 𝐴
𝑖
[𝐴
𝑡+1

𝑖
= 𝛼𝐴
𝑡

𝑖
]

(27) End-If
(28) End-For
(29) Find the current best solution (𝑥

∗
)

(30) End-While

Algorithm 1: BANB Algorithm.

[50]. However, the Kolmogorov-Smirnov and Levene test
did not meet the assumptions of normality distribution and
equality of variance which then led us to use Wilcoxon test.
Essentially, this test is an alternative to the paired t-test, when
the assumption of normality or equality of variance is not
met [51]. Wilcoxon test is rated to be a robust estimate tool
that depended on the rank estimation [52]. Table 3 presents
Wilcoxon test results for the proposed BANB algorithm
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Table 1: Dataset characteristics.

Datasets No. of features No. of samples
Lung 56 32
WQ 38 521
Derm2 34 358
Derm 34 366
LED 24 2000
Mushroom 22 8124
Credit 20 1000
Vote 16 300
Heart 13 294
Exactly2 13 1000
Exactly 13 1000
M-of-N 13 1000

Table 2: Average of selected features.

Datasets BANB GA GPSO PSO
M-of-N 6 8 6.9 7.6
Exactly 1 7 7 6.9
Exactly2 1 3 3 2.9
Heart 4 6 5.7 6.25
Vote 1 3 3.1 3.55
Credit 1 10 11.7 11.9
Mushroom 1 5.75 6.15 5.9
LED 5 5 5 5
Derm 12.3 18.1 17.1 21.5
Derm2 11.45 17.75 17.3 20.75
WQ 5.9 20.1 20.15 21.05
Lung 2 8.6 7.95 8.7

Table 3: Wilcoxon test results.

Wilcoxon test
GA-BANB GPSO-BANB PSO-BANB

M-of-N .000 (BANB ) .013 (BANB ) .013 (BANB )
Exactly .000 (BANB ) .000 (BANB ) .000 (BANB )
Exactly2 .000 (BANB ) .000 (BANB ) .000 (BANB )
Heart .000 (BANB ) .000 (BANB ) .000 (BANB )
Vote .000 (BANB ) .000 (BANB ) .000 (BANB )
Credit .000 (BANB ) .000 (BANB ) .000 (BANB )
Mushroom .000 (BANB ) .000 (BANB ) .000 (BANB )
LED 1 1 1
Derm .000 (BANB ) .000 (BANB ) .000 (BANB )
Derm2 .000 (BANB ) .000 (BANB ) .000 (BANB )
WQ .000 (BANB ) .000 (BANB ) .000 (BANB )
Lung .000 (BANB ) .000 (BANB ) .000 (BANB )

against other feature selection algorithms. From Table 3,
between the brackets refer to the algorithm that performs
better than another algorithm. The results of Wilcoxon test
are considered to be statistically significant at 𝑃 less than 0.05
and are highly significant at 𝑃 less than 0.01.

6.3. Results for Classification Accuracy Experiment. The sec-
ond part of the experiment was to evaluate and compare
the average classification accuracies achieved by BANB and

other comparative algorithms over 10 runs, using 10-fold
cross-validation method. Three well-known classifiers were
employed for the purpose of evaluating the resulting subsets
among different classifiers, which were JRip PART and J48
[53]. Tables 4, 5, and 6 show the average classification
accuracy and standard deviation values from the experiment.

7. Discussions

In selecting the feature subset, Table 2 shows that the pro-
posed BANB algorithm obtained the smallest number of
features across all datasets except for LED. Table 3 confirmed
that the difference between BANB and the remaining com-
parative algorithms is highly significant except for LED and
M-of-N datasets. More significantly, BANB is able to reduce
the number of features up to a single feature in five datasets
as shown in Table 2. In evaluating the feature subset, if we
take into consideration the interaction between classification
accuracy and number of features selected by the proposed
BANB algorithm as compared to other algorithms, we can
categorize the results into three cases. In the first case, a
reduced number of features deliver the same classification
accuracy. This is shown in the Exactly dataset that produced
similar classification accuracy in both JRip and J48 classifiers
and even higher accuracy in PART classifier. On the contrary,
features selected by other algorithms included more features,
which indicate that some of the features selected are redun-
dant. This can be seen clearly in the Exactly2 dataset when
all solutions achieved exactly the same accuracy in spite of
variance in the number of selected features.

In the second case, the proposed algorithm reduced the
number of features while at the same time increased the
classification accuracy. For example, BANB selected only two
features from the Lung dataset as opposed to additional eight
features among other algorithms. The difference between the
numbers of features selected is attributed to noisy features,
which cause a decrease in classification accuracy such as in
the Vote dataset. In the third case, smaller feature subset that
is selected delivers a slightly lower classification accuracy,
such as in Heart andMushroom dataset with the exception of
LED dataset. All algorithms could deliver the same accuracy
with the same number of features because the LED dataset
contains very protruding features.

Finally, it can be noted from Tables 4, 5, and 6 that
the classification accuracies achieved by the proposed BANB
algorithm are in less disagreement or very close across three
different classifiers. This can be noted obviously from the
experimental results using Exactly, Credit, Lung, and Derm
datasets. To support this finding, we calculated standard
deviation for each dataset over the three different classifiers
and we averaged the values for each algorithm. The results
were as follows: BANB equals 0.36, GPSO equals 0.99,
PSO equals 1.04, and, finally, GA equals 1.11. This implies
that the proposed feature selection algorithm BANB has
better generalization as compared to other feature selection
algorithms. Results from Table 2 also show that BANB is
capable of selecting the same number of features for 9 out of
12 datasets over 20 iterations. This is followed by GA, GPSO,
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Table 4: Average classification accuracy with standard deviation for
JRip.

Datasets JRip
BANB GA GPSO PSO

M-of-N 98.9 ± 0 99.1 ± 0 97.62 ± 4.32 98.92 ± 0.23

Exactly 68.8 ± 0 68 ± 0 68 ± 0 68.01 ± 0.22

Exactly2 75.8 ± 0 75.8 ± 0 75.8 ± 0 75.8 ± 0

Heart 80.61 ± 0 81.97 ± 0 81.66 ± 0.49 82.47 ± 5.33

Vote 95 ± 0 93.66 ± 0 93.92 ± 0.43 94.42 ± 0.35

Credit 71.6 ± 0 70.7 ± 0 70.75 ± 0.75 70.48 ± 0.79

Mushroom 98.52 ± 0 100 ± 0 99.46 ± 0.48 99.33 ± 0.45

LED 100 ± 0 100 ± 0 100 ± 0 100 ± 0

Derm 93.30 ± 1.69 89.39 ± 0.90 90.18 ± 2.41 91.08 ± 0.78

Derm2 90.77 ± 1.77 89.64 ± 1.64 90.47 ± 1.31 89.35 ± 1

WQ 70.99 ± 1.57 69.49 ± 1.35 68.59 ± 1.61 68.34 ± 1.39

Lung 87.5 ± 0 84.68 ± 1.77 83.74 ± 4.37 84.05 ± 2.73

Table 5: Average classification accuracy with standard deviation for
PART.

Datasets PART
BANB GA GPSO PSO

M-of-N 100 ± 0 100 ± 0 98.53 ± 4.62 100 ± 0

Exactly 68.8 ± 0 65.6 ± 0 65.6 ± 0 65.93 ± 0.82

Exactly2 75.8 ± 0 75.8 ± 0 75.8 ± 0 75.8 ± 0

Heart 79.59 ± 0 80.27 ± 0 80.57 ± 0.49 79.79 ± 1.44

Vote 94.33 ± 0 94.33 ± 0 94.42 ± 0.15 94.49 ± 0.36

Credit 71.7 ± 0 72.9 ± 0 72.24 ± 1.14 71.81 ± 1.05

Mushroom 98.52 ± 0 100 ± 0 99.33 ± 0.46 99.39 ± 0.41

LED 100 ± 0 100 ± 0 100 ± 0 100 ± 0

Derm 94.39 ± 1.76 94.73 ± 0.86 95.65 ± 0.99 95.62 ± 0.71

Derm2 93.15 ± 2.80 95.19 ± 2.82 95.27 ± 0.76 95.61 ± 0.76

WQ 68 ± 0.7 67.76 ± 1.78 68.70 ± 1.28 67.07 ± 2.92

Lung 78.12 ± 0 80.93 ± 4.52 81.21 ± 5.84 80.27 ± 4.36

Table 6: Average classification accuracy and standard deviation for
J48.

Datasets J48
BANB GA GPSO PSO

M-of-N 100 ± 0 100 ± 0 98.53 ± 4.64 100 ± 0

Exactly 68.8 ± 0 68.8 ± 0 68.8 ± 0 68.8 ± 0

Exactly2 75.8 ± 0 75.8 ± 0 75.8 ± 0 75.8 ± 0

Heart 79.93 ± 0 79.25 ± 0 79.25 ± 0 79.08 ± 0.28

Vote 95 ± 0 94 ± 0 94.13 ± 0.23 94.39 ± 0.30

Credit 71.7 ± 0 72.2 ± 0 72.21 ± 0.46 72.08 ± 1.08

Mushroom 98.52 ± 0 100 ± 0 99.49 ± 0.45 99.39 ± 0.41

LED 100 ± 0 100 ± 0 100 ± 0 100 ± 0

Derm 93.92 ± 1.04 95.02 ± 0.52 94.64 ± 0.77 94.36 ± 0.68

Derm2 91.25 ± 2.44 94.38 ± 1.67 93.73 ± 0.51 94.32 ± 0.89

WQ 65.08 ± 0.46 69.11 ± 1.35 68.30 ± 2.01 68.32 ± 2.82

Lung 87.5 ± 0 79.37 ± 4.70 80.62 ± 6.21 82.18 ± 4.67

and, finally, PSO. It can be noted that the standard deviation
values in Tables 4, 5, and 6 are zeros for 9 datasets.Thismeans
that our proposed BANB could obtain certain number of

features with exactly the same features for each iteration. As
a consequence, BANB showed the highest stability among all
comparative algorithms.

8. Conclusion

In this paper, a new hybrid feature selection algorithm
has been presented. The Bat Algorithm employed Näıve
Bayes Algorithm to intelligently select the most convenient
feature that could maximize the classification accuracy while
ignoring redundant and noisy features. We compared our
proposed algorithm with three other algorithms using twelve
well-known UCI datasets. The performance was evaluated
from four perspectives, which are the number of features,
classification accuracy, stability, and generalization. From the
experiments, we can conclude that the proposedNaı̈ve Bayes-
guided Bat Algorithm (BANB) outperformed other meta-
heuristic algorithms with a selection of feature subsets that
are significantly smaller with a less number of features. In
terms of classification accuracy, BANB has proven to achieve
equal, if not better results as compared to other algorithms.
For stability, the proposed algorithm ismore stable than other
algorithms. Finally, from the perspective of generalization
of results, the resulting features produced by BANB are
also more general than other algorithms in practice. For
futurework, further investigations are required to observe the
behavior of the proposed algorithm in gene expression and
very high-dimensional datasets.
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Given the background of the use of Neural Networks in problems of apple juice classification, this paper aim at implementing a
newly developed method in the field of machine learning: the Support Vector Machines (SVM). Therefore, a hybrid model that
combines genetic algorithms and support vector machines is suggested in such a way that, when using SVM as a fitness function
of the Genetic Algorithm (GA), the most representative variables for a specific classification problem can be selected.

1. Introduction

The evolution of technology has made accessible a wide
range of information in almost any area of human activity.
The increased connectivity and the development of Internet
have allowed access to large volumes of data. Moreover, the
increase of the processing capacity of computers, as well as
the current low cost of computer storage, allows preserving
up to the last generated byte.

However, even having the means necessary for the data
preservation, it is common to find a large number of irrel-
evant information when solving a problem. Only a fraction
of the data has different and significant profiles, whereas the
rest is redundant information, unwanted noise, or worse,
information captured or stored incorrectly. In recent years,
various variable selection methods have been developed with
the aim of mitigating these problems as far as possible [1].

The feature selection or extraction is first introduced in
the early 1960s, becoming a research topic widely studied
and used over the last four decades [1–3]. The need for these
techniques arises, as noted, from the emergence of certain
predictive variables thatmay become irrelevant or redundant.

A predictive variable is considered irrelevant if its content
does not provide any information that could clear uncertainty
about the original set. Similarly, it is redundant when its
value can be determined from other predictive variables. The
variable selection methods are aimed at detecting redundant
and/or trivial variables for a given problem. The purpose
of using these techniques is to identify an “optimal” subset,
made up of aminimumnumber of variables necessary to find
a valid solution to a problem.

As a result of applying these methods, some benefits are
obtained, consolidating their position throughout time [4–
6]. Among others, it is worth mentioning that the variable
selection methods allow decreasing the number of samples
required to obtain optimum results in virtually any classi-
fication or clustering problem. This leads, for example, to
the creation of a faster prediction model when it comes to
analyzing a lower number of variables. Similarly, cost reduc-
tion is obtained, taking into account a temporal perspective
as well as the one regarding the system complexity for data
acquisition, since we are dealing with a smaller amount of
information. As a result, the complexity of the problem to be
solved is reduced.
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In this paper, we propose the use of a prediction hybrid
system combining GA and SVM. First, we will briefly
mention the most representative selection techniques in
recent times. Then, we will describe the methods used to
develop the proposed system. Next, we will explain concisely
the developed model, as well as the results obtained with
it. These results, related to the classification of juice samples
according to their sugar concentration, will be compared to
those obtained in previous studies from the use of ANN,
allowing a comparative study of both methods.

2. State of the Art

In recent years, the methodology used by different organiza-
tions has been forced to evolve due to the fact that storage
and processing capacities have substantially increased. This
progress has led researchers to develop a large number of
selection and learning techniques that allow improving their
working methods.

The variable selection techniques have become a very
useful tool. Among the existing techniques it is worth
mentioning, as the most representative ones, Principal Com-
ponent Analysis (PCA)—a mathematical method [7], and
Partial Least Squares (PSA) [8], which behave similarly from
the point of view of variable selection.

The main component analysis method is characterized
as a statistical technique for the information synthesis or
dimension reduction [7]. We are dealing with a linear algo-
rithm whose operation is based on the correlation between
variables. The aim of these methods is to minimize the num-
ber of variables as much as possible with the minimum loss
of information. However, its use entails a series of drawbacks.
The most important one comes from the set of variables
obtained from their use, as these latter one do not belong to
the initial set but are a linear combination of them.

On the other hand, PLS is a mathematical approach
used to establish a model that relates the information from
two different datasets. The idea is to look not only for the
directions with a larger amount of information within the set
of predictive variables but also to select those which have a
stronger relationship with the variables to be predicted [8, 9].
This is why it is said that the PLS models are governed by a
criterion of predictive ability rather than by the fitness of the
model to the data.

The use of these or other mathematical methods involves
a series of drawbacks that encourage the search for new tech-
niques, aimed at reducing them. Among the common disad-
vantages of using these methods, it is worth mentioning two
main drawbacks. On the one hand, it is necessary to have a
broad knowledge of the field to be discussed, since, depend-
ing on certain features (linearity, interdependence, etc.) it will
be possible to apply only some methods or others. On the
other hand, suchmethods tend to have a single valid solution,
not a set of solutions, so that they would not be efficient in
problems in which there are several global solutions, or a
global solution and local variables.

In several studies, evolutionary methods such as variable
selection techniques were used [10, 11] due to the fact that
they minimize the drawbacks of using the above-mentioned

techniques. From the field of evolutionary computation and,
more specifically, from the area of Gas, there has been a
significant number of approaches towards variable selection
methods.

That is why, in order to increase the reliability of the
variable selection methods, we have opted for new strategies,
among which we consider of great importance the hybrid
methods that employ GAs and, on the one hand, prediction
mechanisms, amongwhich artificial neural networks (ANNs)
are worth mentioning.

The ANNs are methods of nonparametric prediction-
classification that allow obtaining a high degree of accuracy in
many problems, especially those related to human knowledge
[12–14].They are based on a computationalmodel established
according to biological neural systems that try to simulate
the operation of human brain neurons at small scale. The
training of the weights of the ANN through traditional
neuronal network learning methods has proven to be a very
effective process. The creation of a hybrid model combining
GAs and ANN allows the use of the former system as a
guideline for improving the latter. As a result, GAs are
employed to optimize the number of entries into the neural
predictor classifier, thus decreasing the generalization error
and consequently the size of the models.

There have been several studies that have opted for
the combination of evolutionary methods with classification
mechanisms [6, 13, 15–17]. However, even after having devel-
oped very efficient models, ANNs have the disadvantage of
undergoing training processes on a strong stochastic basis,
leading to nonrepeatability of the process. This is why many
researchers prefer to choose new techniques based on robust
statistical principles such as support vector machines (SVM)
[18–23].

Developed by Vapnik [24, 25] and based on the statistical
learning theory, the support vector machines are fast becom-
ing one of themost usedmethods of prediction classification.
Although their use is fairly recent, a considerable number of
researchers have already reported states of the art of their
performance in a variety of applications in pattern recogni-
tion, regression estimation, and prediction of time series. For
example, the study carried out by Min et al. [26] combined
the SVM and the GAs with the aim of predicting the business
failure risk and avoiding bankruptcy, with a particular model
being tested in predicting the crisis in Taiwan by Wu et al.
[27]. Tan et al. [11], besides combining GAs and SVM, opted
for the use of PLS for the identification of mitochondrial
proteins. There are also some comparisons of SVM with
regression methods [28]. Huerta et al. [29] combined a GA
with SVM for gene selection and classification of microarray
data. Venegas [30] used the SVM in the classification of
academic texts according to their lexical-semantic content;
in the study carried out by Donı́s et al. [31] the SVM were
used to estimate the creep rupture stress of ferritic steel.
Pérez et al. [32] applied the SVM to a typical classification
problem of failure identification in distribution systems of
electric power. In Fernandez-Lozano et al. [15, 16], a hybrid
approach combines GAs and SVM for protein identification
in two-dimensional gel electrophoresis images. Tong et al.
[33] proposed a GA based ensemble SVM classifier built
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on gene pairs. A GA-based for solving two dual quadratic
programming problems with a twin parametric-margin SVM
in the primal space is proposed by Wang et al. [34]. Won et
al. [35] combined a novel GA-SVM to find features from bio-
logical sequences. A particle swarm optimization (PSO) [36]
to optimize a GA-SVM method to predict single nucleotide
polymorphisms (SNPs) and to select tag SNPs as pointed by
Ilhan and Tezel [37] or to solve the heating system planning
problem is presented [38]. Zhang et al. combined PSO with
SVM for classifying magnetic resonance imaging (MRI),
brain images [39]. Ocak [40] combined a GA with a SVM in
a medical decision support system for the evaluation of fetal
wellbeing. Uzer et al. [41] combined an artificial bee colony
algorithm with SVM for classification. A hybrid approach
with SVM and microarray data is presented by Li et al. [42].
A cross-study comparison of classificationmethods including
ANN and SVM for predicting metastasis in breast cancer is
presented by Burton et al. [43]. Other approaches using evo-
lutionary computation techniques are presented in [44, 45].

3. Methods

3.1. Selection of Variables. Currently, there are several variable
selection techniques. One of the guidelines used for their
classification is given according to the approach used: the
indirect or filter approach on the one hand [46] and the
direct or wrapper approach [47] on the other hand. The filter
techniques select subsets of variables in a preprocessing step
regardless of the classification problem. On the contrary, the
wrapper methods use machine learning to assign a rating to
the subsets of samples according to their predictive ability.
There is a third group of techniques, called embedded, which
perform the selection of variables during the very learning
process or classification of samples.

Once the type of variable selection technique to be used is
defined, it is necessary to establish amechanismwhich allows
carrying out the search for significant variables. Ideally, the
selection should be performed in terms of the entire subset of
variables that can be formed, but however, this would involve
analyzing numerous combinations, with their corresponding
computation time loss. That is why we use search strategies
that provide results as close as possible to the overall optimum
value. As shown in Section 3, different methods have been
developed in order to explore the set of variables, among
which the best known is the one based on the use of GAs
[48, 49].

Several studies have proposed the combination of GAs
and selection and prediction methods such as selection
techniques and data prediction, respectively. One of the
selection-prediction methods most used in these hybrid
models is the ANNs [50]. However, these models are not
free of drawbacks. One of the criticisms associated with the
use of the ANNs is due to their “black-box” characteristic,
as it is difficult to understand their internal operation and
the process which leads them to determine the appropriate
solutionwhen it comes to a set of patterns. Another drawback
of their use as a selection or prediction method, and perhaps
the most important one, is the one concerning the exact
nonreproducibility of their training (or at least of their

difficulty) as a result of the stochastic process by which the
weights are initialized. GAs are search techniques inspired by
Darwinian Evolution and developed by Holland in the 1970s
[51]. GAs for feature selectionwere first proposed by Siedlecki
and Sklansky [52]. Many studies have been done on GA for
feature selection since then [6, 53], concluding that GA is
suitable for finding optimal solutions to large problems with
more than 40 features to select from. GA for feature selection
could be used in combination with a classifier such SVM,
optimizing it.

Today, there are other prediction-selection techniques
that allow making up for the shortcomings caused by the
use of ANNs. This paper is aimed at emphasizing a method
recently developed within the field of machine learning,
the SVM. This is a classification and regression algorithm
family which currently shows comparable or better results
than those obtained with ANNs or other statistical models
in problems of pattern recognition, prediction, classification,
or data mining. From their inception to the present day, the
SVM have evolved in such a way that they have become a
successful tool when dealing with highly dimensional data.

3.2. Genetic Algorithms. The evolutionary computation (EC)
has reintroduced concepts of evolution and genetics to solve
problems, mainly those related to optimization tasks [48, 54].
However, it is also worthmentioning the important influence
of the studies carried out by Turing and Samuel in the 1950s,
“Can machines think?” and “How can computers learn to
solve problems without being explicitly programmed?” [55,
56].

Broadly speaking, the EC methods are search and opti-
mization techniques consisting of the application of heuristic
rules based on principles of natural evolution. In other words,
these are algorithms that look for solutions according to
properties of genetics and evolution. Among these properties,
it is worth mentioning the survival of the fittest individuals
(which implies that once the best solutions to a problem are
reached, they will keep being this way) and heterogeneity
(we mean basic heterogeneity, so that algorithms could have
numerous types of information when creating solutions).

3.2.1. General Outline of Operation. The evolutionary algo-
rithms base their operation on a relatively simple outline, as
shown in Figure 1. This iterative outline will refine solutions
which will gradually be closer and closer to obtaining an
overall solution of the problem.

But prior to the implementation of the evolutionary
process specified by the algorithm, it is necessary to under-
take two issues, perhaps the most important ones in the
whole process: determining how to represent the solutions
(encoding) and specifying a method which would allow us
to know how good a solution is (fitness function).

One of the most used branches in the EC is made up of
genetic algorithms (GAs) [49, 57]. In this case, the encoding
of the solutions is performed through value chains (the chains
being of fixed or variable length, with the values of these being
bits, whole and real numbers, etc.).

The critical step when setting up an evolutionary algo-
rithm is the definition of the fitness function. This function
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Figure 1: General outline of the operation of an evolutionary
algorithm.

will have to evaluate every genetic individual, indicating a real
value representing the goodness of the solution provided by
the individual. This function will be responsible for guiding
the search process in either direction. Precisely because we
are dealing with a function responsible for verifying the
goodness of each solution, this is an inherent aspect linked
to the problem to be solved.

The above discussed evolution of solutions will happen
due to crossover and mutation genetic operators which
simulate processes of sexual and asexual reproduction that
occur in a natural environment. Next, we will summarize
each one of the remaining steps of which such algorithms
consist.

Initialization. The power of evolutionary algorithms lies in
the massively parallel exploration of the search space. This
can occur due to the existence of numerous solutions, each
exploring an area of the search space. The set of solutions,
randomly initialized, is called genetic population.

Selection. The selection algorithms will be responsible for
choosing the individuals which will and which will not have
the opportunity to reproduce [58]. Since this is a simulation of
what occurs in the natural environment, the fittest individuals
have to be given more opportunities to reproduce.Therefore,
the selection of an individual is related to its fitness value.
However, the reproduction options of less fit individuals
should not be completely eliminated, because in a few
generations the population would become homogeneous in
this way.

Crossover. Once the individuals are selected, they are recom-
bined to produce offspring that will be inserted into the
next generation.Their importance for the transition between
generations is high because the usually employed crossover
rates are around 90%.

The main idea of the crossover is based on that, if
two individuals, properly adapted to their environment, are
selected and the offspring obtained shares genetic infor-
mation from both, there is a possibility that the inherited

information is precisely the cause of their parents’ goodness.
By sharing the good features of two individuals, the offspring,
or at least part of them, should have better characteristics than
each parent separately.

Mutation. An individual’s mutation causes that the value of
one of its genes or nodes, usually only one of them varies
randomly.

Although individuals can be selected directly from the
current population andmutated before being introduced into
the new population, the mutation is often used together with
the crossover operator. Thus, the behavior that occurs in
the natural environment is simulated, since when generating
the offspring there is always some kind of error, usually
with no consequence throughout the transmission of the
genetic load from parents to offspring. The mutation causes
sometimes a reduction in the individual’s fitness value (which
can be remedied in subsequent generations). However, the
new information contributes directly to a significant increase
of the goodness of the solutions or it can be a part of a better
solution in future generations.

Replacement. The traditional operation of ANNs often
includes the use of a temporary population. This latter is
being filled by copying individuals and with the offspring
generated due to crossover operations (and mutation, if that
is the case). When this temporary population is complete—
in this case it is said to have passed to a new generation—
it becomes the population of the current generation, ruling
out the previous one and repeating the process from a new
empty temporary population. Such algorithms are usually
called generational algorithms.

However, there is another approach, called steady-state
algorithms.This option consists of workingwith a single pop-
ulation,which undergoes selections and insertions, ruling out
the use of a temporary population. In this case, since the
number of individuals in the population remains constant, it
should be noted that a new individual cannot be added unless
another is eliminated before that.

Stopping Criterion. As previously explained, the evolution
process of solutions is essentially an iterative process. There-
fore, it will be necessary to specify a criterion that allows
establishing when the execution is completed. Once more,
there are different options, but the most common ones are
shown as follows.

(i) The fittest individuals in the population represent
solutions good enough so that the problem could be
solved.

(ii) The population has converged. A gene has converged
when 95% of the population has the same value
(or a very similar one) for that gene. Once all the
genes reach convergence it is said that the population
has converged. When this phenomenon happens, the
average goodness of the population is close to the
goodness of the fittest individual.
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(iii) The difference of the best solutions found between
different generations is reduced. This may indicate,
at the very best, that the population has reached an
overall solution or on the contrary that the population
has come to a standstill at a local minimum value.

(iv) A predetermined maximum number of generations
have been reached.

It may be worth mentioning that the advantage of such
techniques is the simplicity of their implementation. No
technical knowledge is required to solve the problem, only
one way that allows evaluating a possible solution (in order
to define the fitness function). Moreover, it should be also
noteworthy the simplicity of the ideas taken from the natural
environment, on which the evolution of solutions is based.

In addition, this type of techniques is easily adaptable to
multimodal problems (those with multiple solutions) [59] or
multiobjective problems (those in which different criteria are
optimized simultaneously) [60].

When the computational cost is a criterion to be consid-
ered due to its inherently parallel operation, we are dealing
with easily distributable techniques (or at least the evaluation
of the solutions, which often becomes a hurdle) with a
marked improvement in the response time arising from such
distribution.

Finally, we should note that these techniques, unlike
others, always provide a solution to the problem raised and, in
addition, this solution will be improving as implementation
is carried out over time.

3.3. Support Vector Machines. The support vector machines
are general methods for solving problems of classification,
regression, and estimation. They are learning systems based
on the studies performed byVapnik on the statistical learning
theory [24, 25]. From their inception to the present day,
they have become the subject of continuous research and
application. The interest raised by this method has increased
considerably, becoming a referent for the other disciplines of
machine learning and data mining.

At first, the SVM were developed to solve problems
of binary classification (two classes), but currently, and
throughout their evolution, they have widened their field
of action, dealing with any kind of problems. The SVM are
aimed at finding a linear optimal hyperplane distributing the
data into two ormore classes, so that all those elements which
belong to the same class are located on the same side. This
is equivalent to solving a classical quadratic programming
problem, which guarantees the existence of a single solution
and a reasonable efficiency for real problems with thousands
of examples and attributes.

Intuitively, it seems obvious to come to the conclusion
that when solving a linear classification problem, there is a
high probability of obtaining several solutions which could
correctly classify the information, as shown in Figure 2.

Therefore, the question to be answered is which of the
alternatives is the ideal one? In his studies, Vapnik answered
this question by defining the concept of optimal hyperplane.
“A hyperplane is said to be optimal if it maximizes themargin
over all hyperplanes (see Figure 3) [61].
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Class B

y

x

Figure 2: Linearly separable classification.
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Figure 3: Linearly separable classification; hyperplane and separa-
tion margin.

Once defined the concept of optimal hyperplane, and
after carrying out several studies, it was observed that the
hyperplane could be defined only if considering certain data
from the training set. These characteristic points are called
“support vectors,” and they are those instances of each class
which are closest to the hyperplane with maximummargin.

However, in most of the existing problems, the data are
not linearly separable, so that the implementation of the
above-mentioned process does not achieve a good result. To
solve this drawback, we should tackle these problems with
different strategies, thus achieving a linear separation but
in a different space. To this end, a transformation of input
variables is performed in a dimensional space greater than
the one to which they belong (the greater dimensional space
being a Hilbert space):

𝑥 : R
𝑛
→ 𝜑 (𝑥) :H. (1)
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Figure 4: Slack variables.

The next step is to find a hyperplane (actually a scalar
product of vectors that can be expressed as a function of the
input space 𝑥) in this new dimension that allows separating
the data linearly. The result of this scalar product is called
kernel, and the most common ones are as follows:

(i) linear kernel:𝐾(𝑥
𝑖
, 𝑥
𝑗
) = 𝑥
𝑇

𝑖
𝑥
𝑗
,

(ii) Gaussian kernel:𝐾(𝑥
𝑖
, 𝑥
𝑗
) = exp(‖ 𝑥

𝑖
− 𝑥
𝑗
‖
2
/2𝜎
2
),

(iii) polynomial kernel (order 𝑛):𝐾(𝑥
𝑖
, 𝑥
𝑗
) = (𝑥

𝑇

𝑖
𝑥
𝑗
+ 1)
𝑛.

In general, a kernel is any function 𝐾(𝑢, V) that verifies
Mercer’s theorem [62], that is, any function that verifies

∫
𝑢,V
𝐾 (𝑢, V) 𝑔 (𝑢) 𝑔 (V) 𝑑𝑢 𝑑V > 0

for every 𝑔 (⋅) function of integrable square.
(2)

Given the above, if the transformed function gives rise to
a linearly separable space search, Vapnik and Chervonesky
[63] showed that maximizing the separation margin between
classes is equivalent to the minimization of the Euclidean
norm of the weight vector. That is, considering the approx-
imation of the set {𝑥

𝑖
, 𝑦
𝑖
}con𝑥 ∈ R𝑛, 𝑦 ∈ R by the linear

function 𝑓 : 𝑋 ⊆ R𝑛 → R,

𝑓 (𝑥) = 𝑤
𝑇
𝑥 + 𝑏 =

𝑛

∑

𝑖=1

𝑤
𝑖
𝑥
𝑖
+ 𝑏, (3)

where 𝑤 ∈ R𝑛 (weight vector) 𝑦𝑏 ∈ R𝑛 (vector of bias) are
the parameters which define the hyperplane, as the lowest
training and complexity error is obtained looking for the
minimal 𝑤 ∈ R𝑛.

But what happens when some datum is still not linearly
separable in this new dimension? As shown in Figure 4, in
this case the solution is to introduce a new set of slack

variables: 𝜉
𝑖
, 𝑖 = 1, . . . , 𝑁, representing an estimate of the

error on the optimal hyperplane.
Therefore, the problem leads to the search of a classifi-

cation function 𝑓(𝑥) that minimizes the sum of these losses
reflected by the slack variables.

In this case, the function to be minimized would be as
follows:

Φ (𝑤, 𝜉) =
1

2
𝑤
𝑇
𝑤 + 𝐶

𝑁

∑

𝑖=1

𝜉
𝑖
, (4)

where𝐶 is a variable empirically specified by the user with the
aim of controlling the tradeoff between themodel complexity
and the number of not separable data. More specifically,
the greater is the value of this parameter, the higher is the
assigned penalty to errors. Depending on the value of 𝐶, the
margins of a boundary decision will vary their forms. As
a result, we can conclude that the higher is the value, the
narrower is the margin and the lower is the classification
error in the training phase. On the contrary, the wider is the
margin, the higher is the classification error in the training
phase.

4. Proposed System

The method proposed in this work is based on creating
a hybrid model that combines a GA and support vector
machines, with the aim of classifying samples before selecting
the minimum number of significant variables.

The GAlib library [64], developed by Matthew Wall in
1996 and last modified in 2007, was used to encode the
genetic algorithms. Similarly, the WinSVM code was used to
implement vector machines, a code developed by Sewell [65].
WinSVM provides as output a mean squared error (MSE)
to measure the distance between the samples incorrectly
classified on the optimal hyperplane. Thus, the obtained
MSE value will be deterministic; hence, this will be one
of the criteria which will be subsequently considered when
comparing different executions.

According to thosementioned in the previous section, the
SVM are extremely useful when trying to make dichotomous
classification of data, that is, to distinguish between two
classes. However, this idea can be generalized to identify,
among a set of 𝑛 categories, to which a certain datum
belongs. In this work we have chosen to raise the following
approach: considering that in the total data set 𝑛 categories
(𝐶
1
, 𝐶
2
, . . . , 𝐶

𝑛
) can be defined for each possible 𝐶

𝑖
category

existing in the input set, and an SVM is created. This latter
will try to distinguish whether a datum belongs to the given
𝐶
𝑖
category or to the remaining set. Finally, to determine to

which specific category each datum belongs, we have simply
implemented all the defined SVM and we have selected that
output which indicated a greater degree of belonging to a
particular class (e.g., that in which the MSE value is lower).

With the aim of creating the above-mentioned hybrid
model, we have modified the traditional operation of the
GA in such a way that it could generate a population of
individuals of varying length [66]. To this end, we have imple-
mented an initialization function that will be responsible
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Figure 5: Evaluation of the genetic individuals.

M = data dimension
N = population size
for i = 1 to N

perm = randomPermutation(M)
for g = 1 tonumberOfGenes

individual[i]⋅Gene[g] = perm[g]
end for

end for

Algorithm 1

for, firstly, either performing a random generation or with a
predetermined size, of the length of each individual making
up the population of the genetic algorithm and, secondly,
initializing the value of each gene. For this purpose, we have
selected from the total set of variables a subset of random
size so that, if the variables generated are different, the subset
will be assigned to the individual. Otherwise, a new random
combination will be generated until the condition stipulated
is met. This procedure is repeated until all individuals in the
GA population have an assigned subset. Therefore, the result
is a set of individuals as shown in Algorithm 1.

Once the GA population is created, it will be assessed by
a fitness function.

In this paper, we suggest the use of the SVM as a fitness
function of the genetic algorithm. Thus, for each individual,
and depending on the indicated positions, a training and
validation set is created from the initial data. These sets will
be applied to the SVM which, once the prediction is made,
will yield a mean squared error (MSE) to be used as a scale to
determine the fittest individual (see Figure 5).

Nevertheless, when the information refers to a nonbinary
(or dichotomic) classification, it is necessary to modify a

small aspect. It will be supposed that the problem has 𝑁
classes {𝑐

1
, 𝑐
2
, . . . , 𝑐

𝑛
}. In this case an individual SVM is

applied, using the variables specified by the genetic individ-
ual, to discriminate between each of the classes c

𝑖
and the rest

aMSE being obtained. In this case ofmulticlass problems, the
value of kindness of the individual will be the sum of theMSE
obtained for every classification.

This choice of the fitness function allows, among other
advantages, a repeatability of results, which hardly ever
applies to other techniques such as artificial neural networks,
used in similar problems tackled in previous studies [13, 67,
68].

Therefore, this paper is a step forward regarding previous
studies on selection of variables in an experimental field
on which numerous tests have been carried out. Still, as
shown below, the obtained results significantly improved the
previous ones.

5. Materials

5.1. Data Description. Nowadays the society awareness has
evolved into the need for a more and more healthy diet
in order to improve the quality of life. Undoubtedly, the
juice manufacturing industry, influenced by these new cir-
cumstances, has enjoyed a boom in both production and
sales. However, the increasing production of these industries
leads to an increase regarding the level of adulteration of
their products. Consequently, the search for new methods
that allow identifying the exact amount of pure juice used
to produce these products has become an issue of great
importance in recent years [69].

In order to prevent and detect adulteration in food,
this latter must be subjected to an increasingly strict series
of quality control tests. This is due to the fact that the
commonly used analysis techniques have become obsolete
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Table 1: Samples with high concentration.

Range: 20%–100%
% Training Test Commercial
20% 20 6
25% 19 18 2
50% 16 13
70% 14 1
100% 17 6 19
Total 86 44 21

with their development and progress. Different techniques
such as HPLC (high performance liquid chromatography)
gas chromatography, or isotope methods are too slow and
relatively expensive and, therefore, they are not suitable
for carrying out routine analysis. On the other hand, IR
(infrared) spectroscopy provides a quick and cheap alterna-
tive, which, besides these already mentioned characteristics,
provides great information about themain components of the
juice.

Therefore, in order to perform testing, we have used
information that allows verifying the authenticity of the apple
juice quality. Using various types of apples, such as Golden
Delicious, Gloster, Granny, Smith, Reineta, Royal Gala, and
Starking, their juice has been extracted for subsequent cen-
trifuging, filtering and classification using Fourier transform
mid-infrared attenuated total reflectance (FTMIR-ATR). As
a result, we have obtained a series of samples of diluted pure
juice, which will be used to obtain the different training and
validation sets.

Two sets of samples will be considered: one for samples
with high concentration of juice (see Table 1) and one for
samples with low concentration of juice (see Table 2). Con-
sequently, beverages with a low concentration of juice fall
within what is called energy drinks (among which soft drinks
are included), while beverages with a higher concentration
receive the generic name of juices. The samples made up
of 20% of diluted juice (the boundary between what is
considered low and high concentrations) are found in both
sets.

All samples were characterized by means of an infrared
spectroscopy. As a result of this characterization, a spectrum
(as shown in Figure 6) is obtained for each sample, which
represents the amount of energy absorbed (or absorbance) for
a total of 176 wavelengths or variables.

The objective is to determine the amount of juice in a
sample using only the information provided by this spectrum.
However, using all the information of the spectrum does not
lead to fully satisfactory results, as shown below. That is why
the need for applying a process of selection of variables is
arisen. This would have two obvious advantages. On the one
hand, it is time-saving (both when obtaining the spectrum
and in the subsequent classification, since a smaller amount
of information is involved). On the other hand, and perhaps
most importantly, the expert is provided further information
about which part of the spectrum, that is, what specific type
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Figure 6: IR spectrum, specific to a sample.

Table 2: Samples with low concentration.

Range: 2%–20%
% Training Test Commercial
2% 19 1
4% 17 1
6% 16 13
8% 22 6
10% 21 6 1
16% 20 6 1
20% 19 6
Total 134 39 2

of sugar (fructose, sucrose, etc.), provides more information
to carry out this classification.

5.2. Parameter Setting. The first experiment that should be
performed before running the developed model is the choice
of setting parameters for both vector machines and GA. To
this end, we have applied the following procedure.

To determine the setting parameters of the SVM algo-
rithm, the steps proposed by the author have been followed,
using the “optimize” option provided by the algorithm itself.
This function is based on a random generation of different
combinations of the SVMparameters, which are then applied
to the initial data obtaining a mean squared error (MSE) as a
result of the application.

A total of 100 different combinations were generated for
this purpose, and from among them, and taking as scale the
training MSE, we have chosen those with the best results
in the training cases. However, when performing this first
test, there were no entirely satisfactory solutions (see Table
3). On the other hand, this fact is not really significant since
the final aim in this phase is to determine the configuration
parameters of the algorithm, not to carry out a real data classi-
fication.

Tables 3 and 4 show the three best combinations obtained
from the 100 tested (for both high and low concentration),
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Table 3: Setting of SVM parameters: samples with high concentra-
tion.

SVM parameters MSE train
𝐶 Epsilon Radial

1∘ 10000 0,000001 5 3,83E − 07
2∘ 10000 0,0001 2 4,49E − 07
3∘ 10000 0,0001 2 4,49E − 07

Table 4: Setting of SVM parameters: samples with low concentra-
tion.

SVM parameters MSE train
𝐶 Epsilon Radial

1∘ 1000 0,000001 2 5,26E − 07
2∘ 1000 0,000001 10 5,95E − 07
3∘ 1000 0,0001 2 5,95E − 07

selecting as optimal the one whose training mean squared
error is lower. It is noted that the penalty variable 𝐶, in
both cases, has a relatively high value (𝐶 = 10, 000 for high
concentration and 𝐶 = 1, 000 for low concentration), leading
to, as mentioned above, a considerable reduction of the error
training (3.83E-07 and 5.26E-07, resp.) finally obtained.

The configuration of the genetic algorithm parameters,
carried out similarly as in the case of the SVM, should be
selected after performing a series of tests by varying their
value. From the range of tests, the configuration shown in
Table 5 was taken as optimal.

6. Results and Discussion

First, to allow the comparison of results, a reference model
should be established. In this case, we have chosen the orig-
inal set of 176 variables provided by the IR spectrometer to
build different classificationmodels starting from the former.
More specifically, we have chosen some of the most widely
used models in the field of analytical chemistry with this
type of data (partial least squares: PLS, SIMCA or potential
functions), together with a model generated from the use
of ANN and another one using SVM for the classification.
Tables 6 and 7 show the results obtained with each of these
models.

At first, given the great performance offered by the
ANNs, we had chosen this technique to guide the search for
the GA. However, as discussed below, they have the great
disadvantage of the repeatability of results, which leads to
the fact that the variables selected as the most relevant are
different in each iteration.

On the other hand, the results obtained in this first test
using SVM can seem discouraging. However, this can be
explained according to the above classification criteria. Thus,
for a given concentration, SVM are applied for each type
of concentration (20%, 25%, . . .) obtaining a good or bad
classification result regarding the individual classification. A
good result in the final classification of the sample will be
taken into account only if the datum is always assigned (i.e.,
for all the developed SVM) to the right category. For example,

Table 5: Genetic algorithm configuration.

(i) GA: simple (i) Selection: wheel-roulette
(ii) Number of individuals: 100 (ii) Number of generations: 100
(iii) Crossover rate: 90% (iii) Crossover: uniform
(iv) Mutation rate: 10% (iv) Mutation: uniform

Table 6: High concentration: classification errors using 176 vari-
ables.

Training
(86 samples)

Validation
(44 samples)

Commercial
(21 samples)

PLS 11 5 1
SIMCA 15 12 1
Potential functions 4 6 0
ANN 0 1 0
SVM 0 39 21

Table 7: Low concentration: classification errors using 176 variables.

Training
(134 samples)

Validation
(39 samples)

Commercial
(2 samples)

PLS 29 11 0
SIMCA 19 14 0
Potential functions 4 9 0
ANN 0 4 0
SVM 0 33 1

a classification of a datum with 20% juice is considered
correct only if the SVM that discriminate the category of
20% allocate it to that category, while the remaining defined
SVM (each for the discrimination of one category) always
assign the datum to the class of “other categories” (among
which there is one of 20%). If, on the contrary, the sample is
incorrectly characterized by a SVM, then the end result will
be regarded as wrong.

As mentioned earlier, the results achieved in this test
using the SVM are not satisfactory. Undoubtedly, any of the
techniques employed for performing the classification (ANN,
PLS, . . .) achieve better results than the SVM.

Previous studies, based on the use of a tool widely
employed in the study of chemical data as Procrustes rotation
[70], have allowed establishing that the information provided
by two of the original variables would be enough to categorize
the data. The existence of overinformation and the difficulty
that this involves when generalizing may be some of the
causes of the poor results provided by SVM. Thus, selecting
the most important variables from their original set we may
obtain similar or better results than using all the data. This
is due to the fact that, in many cases, not all the original
variables have the same influence, or they contain redundant
information, when determining the actual content of juice in
a sample.

Therefore, a second criterion of comparison or a reference
model is established, in this case one consisting of the
classifications made only from the two significant variables
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Table 8: Classification errors using variables selected by Procrustes
rotation. High concentration.

Training
(86 samples)

Validation
(44 samples)

Commercial
(21 samples)

PLS 6 6 1
SIMCA 44 27 8
Potential functions 5 6 0
ANN 6 8 0
SVM 5 3 3

Table 9: Classification errors using variables selected by Procrustes
rotation. Low concentration.

Training
(134 samples)

Validation
(39 samples)

Commercial
(2 samples)

PLS 29 9 0
SIMCA 36 17 0
Potential functions 29 13 0
ANN 28 17 2
SVM 13 4 1

previously selected by Procrustes (specifically, the variable 94
and the variable 95).

The results for each of these models are shown in Tables
8 and 9.

In this case, the proper operation of SVM is shown with
a smaller version of the data set provided by IR spectroscopy,
reducing the number of errors obtained so far in other
studies. Therefore, its use as a measure of goodness seems
feasible when guiding the implementation process of variable
selection by means of GAs.

As previously mentioned, the initial goal consists of
determining by GAs a series of sets obtained from the
original variables that allow the correct classification of a
sample. Furthermore, by not providing a single solution—as
does Procrustes Rotation—further information is provided to
the expert about the importance of different regions of the
spectrum. First, the GA is configured to generate individuals
made up of only 2 genes, each of them representing each of
the variables to be considered for performing the classifica-
tion.

In previous studies [13, 17, 67, 71], due to the versatility
of ANNs, this technique has been chosen as the evaluation
function used by the GA. Thus, the GA selects variables
considered as significant, which will be provided as inputs
to an ANN that is responsible for classifying the samples
according to their amount of juice. The MSE obtained in the
training process of the ANN is used as fitness to determine
the goodness of each individual gene.

Tables 10 and 11 show the best results obtained with
this technique after various tests and configurations. We can
observe that the results improve significantly compared to
those obtained when classification is made according to the
variables selected by Procrustes Rotation.

However, this approach raises a problem. Due to random
initialization process of an ANN, the obtained results are

Table 10: Classification Errors using GA + ANN: high concentra-
tion.

High concentrations
Selected
variables

Train
(86 samples)

Test
(44 samples)

Commercial
(21 samples)

[52, 141] 4 8 1
[102, 129] 10 14 2
[23, 67] 5 16 1
[18, 120] 3 12 2

Table 11: Classification errors using GA + ANN: low concentration.

Low concentrations
Selected
variables

Train
(134 samples)

Test
(39 samples)

Commercial
(2 samples)

[52, 141] 19 17 2
[102, 129] 10 14 2
[23, 67] 5 16 1
[18, 120] 3 12 2

hardly repeatable. To solve this problem, this paper proposes
the use of SVM as a fitness function employed to guide the
search for the GA. On this basis, we propose two approaches
for defining the fitness function. On the one hand, the
training mean squared error (MSETrain) is used as a fitness
function, while on the other hand, the sum between the
trainingMSE and the validationMSE (MSETrain +MSETest)
is used as a fitness function.

Depending on the selected option as a fitness function,
we have obtained the results shown in Tables 12 and 13, which
include the four best solutions reached during the execution
of the hybrid system using the two possibilities raised here
as a fitness function. They show the predictive variables, as
well as the errors made during the training and validation
phases. As it can be seen by analyzing the results, regardless
of the fitness function chosen, the obtained results are not
only improved when the classification is done starting from
the variables selected by Procrustes, but they are comparable
to those obtained from the initial data set (unlike other
techniques). In addition, compared to the use of ANN,we can
count on the advantage offered by the repeatability of results.

Comparing these results with those previously shown
(Tables 10 and 11), we can observe that the results in the
training phase are very similar, regardless of the use of
ANN or SVM in the evaluation function. However, the
results obtained by SVM on the validation and testing data
significantly improve the ones obtainedwithANN, coming to
the conclusion that greater generalization ability is achieved.

On the other hand, according to the results presented in
Tables 12 and 13, one can sense that the use of the sum of
both MSE (MSETrain + MSETest) as a fitness function of the
hybrid system is able to reduce the number of errors made
during the classification. The graph shown in Figure 7 per-
forms a comparison between the two implemented functions.
The data displayed correspond to the average of errors made
during the SVMclassification of all the executions carried out
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Table 12: Classification errors usingGA+SVM: high concentration.

Selected
variables

Train
(86 samples)

Test
(44 samples)

Commercial
(21 samples)

MSE train
[4, 69] 5 5 2
[81, 84] 9 5 2
[68, 28] 4 6 2
[91, 101] 4 6 1

MSE train + MSE test
[9, 105] 5 3 3
[9, 113] 5 4 9
[34, 101] 4 5 11
[86, 104] 5 5 4

Table 13: Classification errors using GA + SVM: low concentration.

Selected
variables

Train
(134 samples)

Test
(39 samples)

Commercial
(2 samples)

MSE train
[1, 107] 15 5 1
[5, 91] 16 5 1
[2, 107] 17 5 1
[11, 97] 14 6 1

MSE train + MSE test
[5, 73] 13 4 1
[27, 90] 14 4 1
[2, 94] 15 4 1
[27, 88] 14 5 2

with the hybrid system. A slight superiority is observed when
using the sum of both MSE as a fitness function, especially in
the validation phase.

7. Conclusions

This paper has proposed the development of a hybrid model
combining GAs and SVM. The aim pursued by using this
approach is the identification, from the initial data set, of the
smallest number of variables possible that allow determining
optimally the amount of juice within a sample. To this end,
the method proposed herein uses a GA that employs SVM
as a fitness function. This would lead to the generation of a
fast, effective model that is capable of reproducing the data
obtained.

With the aim of demonstrating the effectiveness of the
proposed system, a series of experiments have been raised,
with their corresponding validation tests. Observing the
values obtained, we can come to the conclusion that the
system improves significantly the results obtained so far with
other classification methods.

As noted above, SVM are useful and effective when
performing prediction data with amargin of error, previously
cited as 𝜉. This evaluation mechanism has the undeniable
advantage of the repeatability of results.Thus, each set of vari-
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Figure 7: Classification errors according to the used fitness func-
tion.

ables will always have the same prediction system associated
with the same fitness level, contrary to what would happen in
the case of using ANN as a measure of goodness for genetic
individuals.
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[13] M. Gestal, M. P. Gómez-Carracedo, J. M. Andrade et al., “Sel-
ection of variables by genetic algorithms to classify apple bever-
ages by artificial neural networks,”Applied Artificial Intelligence,
vol. 19, no. 2, pp. 181–198, 2005.

[14] C. M. Bishop, Neural Networks For Pattern Recognition, Oxford
university press, New York, NY, USA, 1995.

[15] C. Fernandez-Lozano, J. A. Seoane, P.Mesejo, Y. S. G. Nashed, S.
Cagnoni, and J. Dorado, “2D-PAGE Texture classification using
support vectormachines and genetic algorithms,” inProceedings
of the 4th International Conference on Bioinformatics Models,
Methods and Algorithms, pp. 5–14, Scitepress, 2013.

[16] C. Fernandez-Lozano, J. A. Seoane, M. Gestal Pose, D. Rivero, J.
Dorado, and A. Pazos, “A texture-based classification method
for proteins in two-dimensional electrophoresis gel images,”
in Proceedings of the International Conference on Computer
VisionTheory andApplications VISSAP, pp. 401–404, Scitepress,
Barcelona, Spain, 2013.
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Affective design is an important aspect of product development to achieve a competitive edge in the marketplace. A neural-fuzzy
network approach has been attempted recently to model customer satisfaction for affective design and it has been proved to be
an effective one to deal with the fuzziness and non-linearity of the modeling as well as generate explicit customer satisfaction
models. However, such an approach to modeling customer satisfaction has two limitations. First, it is not suitable for the modeling
problems which involve a large number of inputs. Second, it cannot adapt to new data sets, given that its structure is fixed
once it has been developed. In this paper, a modified dynamic evolving neural-fuzzy approach is proposed to address the above
mentioned limitations. A case study on the affective design of mobile phones was conducted to illustrate the effectiveness of the
proposed methodology. Validation tests were conducted and the test results indicated that: (1) the conventional Adaptive Neuro-
Fuzzy Inference System (ANFIS) failed to run due to a large number of inputs; (2) the proposed dynamic neural-fuzzy model
outperforms the subtractive clustering-based ANFIS model and fuzzy c-means clustering-based ANFIS model in terms of their
modeling accuracy and computational effort.

1. Introduction

Today, manufacturers face a highly competitive environment,
as marketing becomes global and large amount of choices
are available in themarket. Customers consider functionality,
ease-of-use, and reliability as product requirements, they
but equally consider intangible and emotional aspects such
as the novelty, personality, aesthetics, and style of products
[1, 2]. Therefore, design for performance and design for
usability can no longer guarantee a competitive advantage [3].
Products with highly affective designs can attract customers,
influence their choices and preferences, and gain their loyalty
while giving them the joy of use [4–6]. Thus, affective design
is essential to identify, measure, analyze, and understand
the relationships between the affective values of the cus-
tomer domain and the perceptual design parameters in the
design domain [7, 8]. Furthermore, affective design provides

decision support for the design optimization process, such
that appealing products can be successfully developed by
satisfying the emotional needs of the target customers [9, 10].

Affective design in industries still heavily relies on the
experience and intuition of designers, who may not fully
recognize or perceive the affective values of their customers.
Thus, cognitive gaps in design appreciation always exist
between designers and customers [1, 11]. Although the cus-
tomers’ emotional and implicit needs can be obtained and
collected from focus groups and in-depth interviews, the
collected information is subjective andqualitative because the
sampling size is limited. Given the importance of affective
design, previous studies attempted to adopt quality function
deployment and robust design approaches to affective design
[12, 13]. However, these approaches are incapable of dealing
with the subjective aspects of affective design [14].
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Affective relationships are mostly nonlinear because of
the inconsistencies in the customer survey data and their
nonlinear relationships with design attributes [13]. Given
the fuzzy and non-linear behavior of affective modeling,
statistical methods based on the assumptions of simple
linear relationships and normal distributions may not be
capable of modeling affective values [15]. Studies on affective
design have attempted to apply computational intelligence
techniques, specifically artificial neural networks, to deal
with the ambiguity of affective data and the nonlinearity
of affective modeling [16]. Although these approaches are
capable of modeling the non-linear relationships between
parameters, they generate models that are implicit, that is,
black-box models. Thus, the analysis of the behavior of these
relationships remains difficult.

A hybrid approach, named the neural fuzzy (NF) model,
has been used to model the relationships between design
attributes and affective responses of customers [17–19]. The
NF model combines the capability of fuzzy logic to generate
the linguistic representation of knowledge and the adap-
tive learning capability of artificial neural networks for the
automatic generation and optimization of a fuzzy inference
system. The model is formed by complex networks that con-
sist of significant numbers of hidden nodes, linkage weights,
and fuzzy membership functions, among others. Based on
these complex networks, the model effectively captures the
highly non-linear relationships between the design attributes
of a new product and its satisfaction of affective dimensions.
Furthermore, the networks of the NF models overcome the
limitations of artificial neural networks by obtaining explicit
information that is useful for affective design.

A large number of design attributes may need to be
studied in an affective design. Furthermore, the initializa-
tion of customer satisfaction models is based on a limited
amount of customer surveys, which are collected by a focus
group. When new survey data is collected, the customer
satisfaction model will need to be updated with respect to
the data from the new survey. The network structures of
NF models tend to be too complex and too cumbersome.
Thus, the effectiveness of these networks is questionable for
modeling customer affections that have multiple dimensions
and require updates. In this paper, a modified dynamic
evolving neural-fuzzy inference systems (DENFIS) approach
is proposed to overcome the limitations of the existing NF
approaches with respect to modeling affective relationships
with high dimensions and updating models with different
batches of survey data. The effectiveness of the proposed
approach is demonstrated using a case study of affective
design for mobile phones.

2. Dynamic Evolving Neurofuzzy Inference
Systems (DENFIS)

Adaptive neural fuzzy inference systems (ANFIS) have been
used [20] to model customer satisfaction, where the inputs
and the outputs of the NF models represent the design
attributes and the satisfaction values of the new prod-
uct, respectively. However, the fixed structure generated by

ANFIS hinders its adaption to new data sets. In addition,
ANFIS cannot be used for high dimensional problems [21],
because the complexity of the dynamic NF models generated
by ANFIS typically grows exponentially with the number of
input attributes.The number of rule nodes generated is equal
to ∏𝐽
𝑗=1
𝑁MF,𝑗, where 𝑁MF,𝑗 is the number of membership

functions (MF) for the 𝑗th design attribute and 𝐽 is the
number of design attributes of the customer affection model.
For instance, the structure of the NF model contains 6,561
(= 38) rule nodes if there are eight inputs, and each input
contains three MFs. Excessive inputs and MFs could cause
computational difficulties because of the insufficientmachine
memory [22]. Therefore, ANFIS is unsuitable for generating
customer affection models with high dimensions of inputs.
The DENFIS approach is considered in this research to
develop dynamic NFmodels for modeling customer satisfac-
tion for affective design.

2.1. Conventional DENFIS. The conventional DENFIS can be
used to generate a streamlinedmodel in NF form for affective
design, which cannot be achieved by the modified DENFIS
[23, 24], in which a reasonable number of fuzzy rule-based
models are generated. Conventional DENFIS is a fast, one-
pass, online incremental clustering algorithm for generating
NF models for affective design; this system generates input
spaces using the evolving clustering method [23, 25]. The
survey data on affective values are partitioned by the system
into clusters, which are specified by their centers and radii.
Thus, the number of created clusters is self-determined based
on a threshold value, 𝐷thr, which controls the maximum
distance between a data point of a cluster and the cluster
center and acts as a constraint for updating the radii of the
clusters.

In the clustering process, the evolving clustering method
starts by initializing the first cluster 𝐶

1
with the first data

survey data regarding affective values (𝑍
1
); that is, 𝑘 = 1,

where 𝑘 is the number of clusters created by the evolving
clustering method. When new data on affective values (𝑍

𝑛
)

is presented, its distance to the cluster centre (𝑐
𝑘
), of each

existing cluster (𝐶
𝑘
) is computed, where 𝑘 = 1, 2, . . . , 𝐾, and

𝑛 > 1. Therefore, the distance𝐷 between the 𝑛th survey data
(𝑍
𝑛
) and its closest cluster (𝐶) can similarly be found. The

new point belongs to the cluster 𝐶, and an update does not
occur when 𝐷 < 𝑟, where 𝑟 denotes the current radius
of the cluster 𝐶. If 𝐷 < 𝐷thr, the centre 𝑐 and radius 𝑟
of the closest cluster 𝐶 are updated [23]. Otherwise, a new
cluster 𝐶

𝐾+1
is created at the 𝑛th survey data 𝑍

𝑛
, such that

𝐾 = 𝐾+1. Consequently, the newly collected survey data can
be dynamically grouped by applying the evolving clustering
method. This step facilitates the formulation of the optimal
number of local models for effective modeling substantial
data.

After determining the partitions of the input space using
the clustering process, a set of fuzzy rules are then created to
represent the cluster. In the rule antecedents, fuzzy numbers
are used to represent the design attributes of the new product.
In the rule consequents, first-order linear models are used to
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represent the affective values of the new product. The fuzzy
rules are expressed as follows:

if 𝑥
1
is MF

11
and 𝑥

2
is MF

21
and . . . and 𝑥

𝐽
is MF

𝐽1
,

then 𝑦 is 𝑓
1
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐽
) ;

if 𝑥
1
is MF

12
and 𝑥

2
is MF

22
and . . . and 𝑥

𝐽
is MF

𝐽2
,

then 𝑦 is 𝑓
2
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐽
)

...

if 𝑥
1
is MF

1𝐾
and 𝑥

2
is MF

2𝐾
and . . . and 𝑥

𝐽
is MF

𝐽𝐾
,

then 𝑦 is 𝑓
𝐾
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐽
) ,

(1)

where 𝑥
𝑗
is MF

𝑗𝑘
, 𝑗 = 1, 2, . . . , 𝐽, and 𝑘 = 1, 2, . . . , 𝐾,

MF
𝑗𝑘

denotes a Gaussian MF used for the fuzzification of
the design attributes of new products, 𝐽 is the number of
design attributes of the new products, 𝐾 is the number of
clusters generated by the evolving clustering method, and
𝑓
𝑘
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐽
) denotes the function of a first-order linear

model for affective design.
The input space of each fuzzy rule is fuzzified based on

the clustering results of the evolving clustering method. For
each cluster, the cluster centre 𝑐

𝑘
and radius 𝑟

𝑘
are assigned to

the Gaussian MF, which is defined as

Gaussian MF
𝑗𝑘
= 𝛼 ⋅ exp[−

(𝑥
𝑗
− 𝑐
𝑗𝑘
)

2𝑟
𝑗𝑘

] . (2)

For the rule consequent of each fuzzy rule, a first-order
linear model is developed based on a weighted recursive least
square, which uses a forgetting factor in the conventional
DENFIS [23, 25]. To represent the satisfaction values of
affective dimensions of the new product, the first-order linear
model is represented by the following linear polynomial:

𝑦 = 𝛽
0
+ 𝛽
1
𝑥
1
+ 𝛽
1
𝑥
2
+ ⋅ ⋅ ⋅ + 𝛽

𝐽
𝑥
𝐽
. (3)

For each rule, the 𝑢 data instances {[𝑥𝑖
1
, 𝑥
𝑖

2
, . . . , 𝑥

𝑖

𝑗
, . . .,

𝑥
𝑖

𝐽
], 𝑦
𝑖
} with 𝑖 = 1, 2, . . . , 𝑢, belong to the same cluster.

These instances are intended to be the initial training data
for the recursive least squares. For the initial linear model,
the regression coefficients of 𝛽 = [𝛽

0
, 𝛽
1
, 𝛽
2
, 𝛽
𝑗
, 𝛽
𝐽
]
𝑇 are

calculated by applying the weighted least squares estimator
using the following formulas:

P = (𝐴𝑇𝑊𝐴)
−1

,

𝛽 = P𝐴𝑇𝑊𝑦,
(4)

where
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𝑇
,
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of which 𝜔
𝑖
is (1 − 𝐷

𝑖
) with 𝑖 = 1, 2, . . . , 𝑢, and 𝐷

𝑖
is

the distance between the 𝑖th survey data regarding affective
values and the corresponding cluster centre.

The regression coefficient 𝛽 and inversematrixP are used
as the initial values for the future recursive calls, where𝛽

𝑢
and

P
𝑢
represent the regression coefficient and the inversematrix,

respectively, at the 𝑢th iteration using the least squares.When
new survey data regarding affective values is fed, 𝛽

𝑢+1
is

updated based on the following equations:

𝛽
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(6)

where 𝜆 is a forgetting factor such that 0 < 𝜆 ≤ 1, and

𝑎
𝑇

𝑢+1
= [1 𝑥

𝑢+1

1
𝑥
𝑢+1

2
⋅ ⋅ ⋅ 𝑥
𝑢+1

𝑗
⋅ ⋅ ⋅ 𝑥

𝑢+1

𝐽
] . (7)

Finally, a dynamic NF model can be created based on the
set of fuzzy rule-based models that are generated using the
evolving clustering method and the recursive least squares.
As an illustration, Figure 1 shows a typical structure of a
five-layer NF model with two design attributes for a new
product, 𝑥

1
and 𝑥

2
, as well as one affective dimension for

the new product, 𝑦. Subsequently, the back propagation (BP)
algorithm can be used to further optimize the fuzzyMF of the
dynamic NF model for affective design.

2.2. Modified DENFIS for Affective Design. It can be noted
that the conventional DENFIS can only generate a dynamic
NF model in the single-feed form, where only a single
instance of survey data can be used to update the dynamic
NF model. The influence of each data instance is typically
decayed by applying the recursive least squares with a
constant forgetting factor 𝜆, as shown in Figure 2.

For affective design, some companies may conduct sur-
veys several times over a period of time to obtain more
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Figure 1: A five-layer structure of the dynamic NF model (𝐽 = 2,
𝐾 = 2) for affective design.
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Figure 2: Decay of inference with a constant forgetting factor.

accurate data on customer affection towards the designs of
products. The respondent evaluates the design profiles of 𝑁
product samples.The design profile of the 𝑛th product sample
can be represented as 𝑋(𝑛) = [𝑥𝑛

1
, 𝑥
𝑛

2
, . . . , 𝑥

𝑛

𝑗
, . . . , 𝑥

𝑛

𝐽
], where

𝑛 = 1, 2, . . . , 𝑁. Subsequently, 𝑁 customer affections are
obtained from the survey which is participated in at time 𝑡.
The affective data set collected at time 𝑡 is given by

𝑌 (𝑡) = [𝑦1 (𝑡) , 𝑦2 (𝑡) , . . . , 𝑦𝑁 (𝑡)] , (8)

where 𝑦
𝑛
(𝑡) denotes the affective rating acquired from the

respondent towards the𝑁 product samples after conducting
the survey at the 𝑡th period. Thus, the𝑁 survey data sets are
available for updating the NF model for affective design.

A modified DENFIS is proposed to process a batch of𝑁
survey data sets for each update process, where the forgetting
factor 𝜆 is a variable instead of a constant, such that the decay
effect can be controlled by varying the value of 𝜆. Typically,
𝜆 < 1 is used for the recursive least squares so the fresh data
set can exert more influence than the previous data set during
the recursive calls. By contrast, previous and current data sets
are treated equally by the recursive least squares if 𝜆 = 1.
The forgetting factor value is switched to update data sets
from different periods of time when the modified DENFIS
is performing the incremental learning process.

The modified DENFIS was developed to decrease the
influence of survey data sets by batch over time. When

the survey data set 𝑌(𝑡) is available to the model, its influence
is greater than that of the previous data set 𝑌(𝑡 − 1). During
the incremental learning process, 𝑦

1
(𝑡), 𝑦
2
(𝑡), . . . , 𝑦

𝑁
(𝑡) are

partitioned into clusters based on the evolving clustering
method. For each cluster, the first-order model is updated by
the data subset using the recursive least squares. When the
first data instance of the subset, such as 𝑦

1
(𝑡), is proceeded

by new survey data, 𝜆 < 1 is set to exert the decay effect
on previous data batches, which are compiled as the matrices
𝛽
𝑡−1

and 𝑃
𝑡−1

. 𝛽
𝑡−1

and 𝑃
𝑡−1

have been obtained from the
previous recursive least squares in the previous data batch
𝑌(𝑡 − 1). For the remaining data in the data subset, 𝜆 = 1
is set to suspend the decay during the training sequence from
𝑦
1
(𝑡) to 𝑦

𝑁
(𝑡). Thus, the previous data batch fades out when

the current data batch is processed with the same influence.
This staircase decay is shown in Figure 3.

Figure 4 summarizes the architecture of the modified
DENFIS for affective design, where the dynamic NF model
enables faster incremental learning by applying the evolv-
ing clustering method and the recursive least squares. The
modified DENFIS uses the recursive least squares with the
variable forgetting factor to update the dynamic NF model
by adapting the new data sets.

3. Case Study of Affective Design for
Mobile Phones

A case study of the affective design for mobile phones is
used to investigate the effectiveness of the proposed approach
to modeling affective relationships. The case study mainly
involves a survey and the implementation of the proposed
approach for the affective design of mobile phones. The
modified DENFIS was implemented using the MATLAB
programming language.

The survey was conducted using questionnaires. The
affective assessments of customers on 32 image samples of
mobile phones were determined using four affective dimen-
sions: “simplicity,” “uniqueness,” “high tech,” and “handiness.”
The front and side views of the 32 mobile phone samples are
presented in Figure 5. A total of 34 respondents filled out
the questionnaires and indicated their feelings towards the
product images of each sample using a five-point Likert scale,
which is illustrated in Figure 6.

The morphological approach was adopted to define the
design space of the product form for the mobile phones. The
design composition and the possible design solutions with
simple and graphical notations were feasibly depicted. Eight
design attributes (from 𝐴

1
to 𝐴
8
) were defined to describe

the product forms of mobile phones, which included the top
shape, bottom shape, function button shape, layout, length,
width ratio, thickness, and border width.The first four design
attributes are categorical, and the remaining four attributes
are quantitative. The categorical attributes contain three to
five options. The attributes and their options are listed in
a design table (Table 1) for the product form of the mobile
phones. Based on the design table, the design profile for each
samplewas identified, and the values of design attributes were
measured.
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Figure 4: A dynamic NF model for affective design.

3.1. Implementation of the Dynamic NF Model. An initial
dynamic NF model for modeling affective relationships was
developed using the proposed DENFIS when the initial
survey data sets were collected from the first seventeen
respondents. The dynamic NF model was then sequentially
updated using the survey data sets collected from the subse-
quent respondents. The forgetting factor 𝜆 = 0.95 was set to
produce a slight decay of inference. Two dynamic NFmodels
were developed; one involved BP training, whereas the other
did not.

The structure of the dynamic NF model that was gen-
erated using the DENFIS is shown in Figure 7, where eight
nodes in the input layer represent the eight design attributes
of mobile phone design. Each node in the input layer links

with five MFs in the input layer, and the MFs are engaged to
the five nodes in the rule layer. All the nodes in the three layers
can be represented by a set of fuzzy rules that are formulated
from the generated clusters of the evolving clusteringmethod.
Algorithm 1 presents these fuzzy rules, where each fuzzy rule
can be considered as a local fuzzy model. Each local fuzzy
model consists of fuzzy domains governed by fuzzy MFs for
the design attributes, as shown in Figure 8. After inputting
design attribute settings of mobile phones, the resulting local
models were aggregated to determine satisfaction values of
the affective dimensions for mobile phones.

3.2. Prediction Performance of the Dynamic NF Models. The
leave-one-out cross-validation is performed to evaluate the
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Figure 5: The 32 mobile phone image samples used in the case study.

What does you feel about the shape of the mobile phone?
1 2 3 4 5

Simple or complex?
(simple = 1, complex = 5)

Unique or general?
(unique = 1, general = 5)

Handy or bulky?
(handy = 1, bulky = 5)

(1)

(2)

(3)

(4)

High tech or classic?
(high tech = 1, classic = 5)

Figure 6: The questionnaire format for each mobile phone.
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Table 1: Design table for the product form of the mobile phones.

Categorical attributes
Elements Type 1 Type 2 Type 3 Type 4 Type 5

(1) Top shape (𝐴
1
) Line

(𝑥11)
Arc

(𝑥12)
Curve
(𝑥13)

(2) Bottom shape (𝐴
2
) Line

(𝑥21)
Arc

(𝑥22)
Curve
(𝑥23)

(3) Function button shape (𝐴
3
)

Large round
(𝑥31)

Small round
(𝑥32)

Small squares
(𝑥33)

Large squares
(𝑥34)

Wide block
(𝑥35)

(4) Layout (𝐴
4
)

Bar
(𝑥41)

Slide
(𝑥42)

Large screen
(𝑥43)

Quantitative attributes
(5) Body length (𝐴

5
)

(6) Body width (𝐴
6
)

(7) Body thickness (𝐴
7
)

(8) Border width (𝐴
8
)

Fuzzy rule 1:
If 𝑥
1
is MF12 and 𝑥2 is MF21 and 𝑥3 is MF31 and 𝑥4 is MF41 and 𝑥5 is MF51 and 𝑥6 is MF63 and 𝑥7 is

MF72 and 𝑥8 is MF83, Then 𝑦
𝐻
= (0.7832 − 0.3457𝑥

1
+ 0.4648𝑥

2
− 0.0777𝑥

3
, −0.1483𝑥

4
− 0.5625𝑥

5

+ 0.1666𝑥
6
+ 0.1792𝑥

7
− 0.4252𝑥

8
).

Fuzzy rule 2:
If 𝑥
1
is MF15 and 𝑥2 is MF24 and 𝑥3 is MF35 and 𝑥4 is MF42 and 𝑥5 is MF52 and 𝑥6 is MF61 and 𝑥7 is

MF71 and 𝑥8 is MF82, Then 𝑦
𝐻
= (0.6287 + 0.2538𝑥

1
+ 0.3483𝑥

2
− 0.1493𝑥

3
+ 0.1085𝑥

4
− 0.4197𝑥

5

− 0.4555𝑥
6
− 0.2626𝑥

7
− 0.06333𝑥

8
).

Fuzzy rule 3:
If 𝑥
1
is MF11 and 𝑥2 is MF23 and 𝑥3 is MF34 and 𝑥4 is MF43 and 𝑥5 is MF54 and 𝑥6 is MF64 and 𝑥7 is

MF74 and 𝑥8 is MF84, Then 𝑦
𝐻
= (0.2227 + 0.009144𝑥

1
− 0.1078𝑥

2
+ 0.03565𝑥

3
+ 0.1077𝑥

4
+ 0.1951𝑥

5

+ 0.1998𝑥
6
+ 0.08163𝑥

7
+ 0.004227𝑥

8
).

Fuzzy rule 4:
If 𝑥
1
is MF14 and 𝑥2 is MF25 and 𝑥3 is MF32 and 𝑥4 is MF44 and 𝑥5 is MF55 and 𝑥6 is MF62 and 𝑥7 is

MF75 and 𝑥8 is MF81, Then 𝑦
𝐻
= (0.2448 + 0.05979𝑥

1
+ 0.02159𝑥

2
, −0.04047𝑥

3
+ 0.2202𝑥

4
+ 0.07846𝑥

5

− 0.01265𝑥
6
− 0.01162𝑥

7
+ 0.1297𝑥

8
).

Fuzzy rule 5:
If 𝑥
1
is MF13 and 𝑥2 is MF22 and 𝑥3 is MF33 and 𝑥4 is MF45 and 𝑥5 is MF43 and 𝑥6 is MF65 and 𝑥7 is

MF73 and 𝑥8 is MF85, Then 𝑦
𝐻
= (0.3077 − 0.001267𝑥

1
+ 0.001715𝑥

2
− 0.291𝑥

3
− 0.1659𝑥

4
− 0.3424𝑥

5

+ 0.1052𝑥
6
+ 0.496𝑥

7
+ 0.2649𝑥

8
).

Note: 𝑦
𝐻
is the predicted value with regard to the rating of handiness of mobile phone

Algorithm 1: A set of fuzzy rules engaged with the dynamic NF model for the affective design of mobile phones.
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Figure 7: Structure of the developed dynamic NF model for the
affective design of mobile phones.

prediction performance of the proposed dynamic NF model
for the affective design of mobile phones. Data on the 32
mobile phone samples are randomly partitioned into training
and test sets. The training set consists of 31 samples, while
the test set contains only 1 sample. The cross-validation
test involves all 32 folds, where each fold underwent the
replacement of the training and test sets during the training
process. Hence, each sample can be used as a test set only
once.

The prediction performance of the two dynamic NF
models that were generated by DENFIS (either with or
without BP training) are compared with those generated
by the common ANFIS approaches, namely, the subtractive
clustering- (SC-) based ANFIS approach and the fuzzy c-
means clustering- (FCM-) based ANFIS approach [22]. In
this case study, a fully structured ANFIS was developed
for the affective design. However, its training process could
not be completely done because its structure generated
by ANFIS approach contained more than 10935 hidden
nodes, which was too complex and also required a large
amount of computationalmemory for execution.Whenusing
the SC-based ANFIS approach and the FCM-based ANFIS
approach, the hidden nodes are selectively built into the
NF models based on the partitioning results of the SC
and FCM clustering approaches, respectively. Therefore, a
much less computational memory is required as compared
with the fully structured ANFIS approach. Using the same
training data sets, four NF models are generated based on
the four approaches, namely, DENFIS with BP training,
DENFIS without BP training, SC-based ANFIS, and FCM-
based ANFIS. The generated NF models are then applied to
estimate satisfaction values of the affective dimensions using
the test data sets. Subsequently, the performances of the four
NF models are compared based on the average root mean
square error (RMSE) and the computational time, where the
average RMSE is defined as follows:

Average RMSE = ∑RMSE of test samples
Total number of test samples in

the cross-validation test

. (9)

Table 2: Test performance of the NF models (simplicity).

Models Average RMSE Average computational
time∗/s

SC-based ANFIS 0.2874 0.6921
FCM-based ANFIS 0.166 0.6157
DENFIS without BP 0.147 0.4991
DENFIS with BP 0.1474
∗Average computational time per update of dynamic NFmodels is 0.01848 s.

Table 3: Test performance of the NF models (uniqueness).

Models Average RMSE Average computational
time∗/s

SC-based ANFIS 0.2859 0.692
FCM-based ANFIS 0.1086 0.606
DENFIS without BP 0.101 0.4876
DENFIS with BP 0.1143
∗Average computational time per update of dynamic NFmodels is 0.01806 s.

The results of the cross-validation tests for the four affec-
tive dimensions: “simplicity,” “uniqueness,” “high tech,” and
“handiness,” are shown in Tables 2, 3, 4, and 5, respectively,
whereas Figure 9 summarizes the results obtained by the four
approaches. The test results for “simplicity,” “uniqueness,”
and “high tech” reveal that the test errors when using the
DENFIS without BP training are smaller than those obtained
when using the FCM-based models. Moreover, the DENFIS
with BP training outperforms the FCM-based ANFISmodels
in terms of its prediction performance. DENFIS with BP
training significantly reduces the errors of the dynamic
NF model for “high tech” and “handiness,” because BP
training fine-tunes membership functions and improves the
prediction accuracy of the dynamic NF models. The results
shown in Tables 2 and 3 reveal that the errors of the NF
models generated by DENFIS with BP training are slightly
larger than those without BP training because overfittingmay
occur when BP training is used. However, the NFmodels that
were generated by DENFIS with BP training obtain the best
overall prediction performance as compared with the other
three approaches.

Apart from the prediction performance, the test results
show that the two DENFIS approaches are more computa-
tionally efficient than the other two ANFIS approaches. The
computational time of the incremental training for the two
DENFIS approaches is approximately 0.018 s, which is about
18% to 29% less than that of the two ANFIS approaches.

4. Conclusion

This paper proposes a dynamic evolving NF approach to
modeling the relationships between design attributes and
affective satisfaction which is based on collected customer
survey data. The proposed approach is able to address the
high nonlinearity and fuzziness of the modeling of the affec-
tive relationship, which cannot be addressed effectively by
the commonly used statistical methods.The proposed model
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Figure 8: Fuzzy membership functions of the affections of mobile phone: (a) top shape, (b) bottom shape, (c) function button shape, (d)
layout, (e) body length, (f) body thickness, and (g) border width.



10 The Scientific World Journal

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

0.5

Simplicity Uniqueness High tech Handiness Average
Av

er
ag

e R
M

SE
 o

f C
V

Affective data sets
SC-based ANFIS
FCM-based ANFIS

DENFIS without BP
DENFIS with BP

Figure 9: Histogram of the average RMSE of the NF models.

Table 4: Test performance of the NF models (high tech).

Models Average RMSE Average computational
time∗/s

SC-based ANFIS 0.464 0.6048
FCM-based ANFIS 0.2941 0.6887
DENFIS without BP 0.2927 0.493
DENFIS with BP 0.2312
∗Average computational time per update of dynamic NFmodels is 0.01826 s.

Table 5: Test performance of the NF models (handiness).

Models Average RMSE Average computational
time∗/s

SC-based ANFIS 0.3533 0.6859
FCM-based ANFIS 0.1312 0.6277
DENFIS without BP 0.1387 0.5047
DENFIS with BP 0.07244
∗Average computational time per update of dynamic NFmodels is 0.01869 s.

likewise addresses the two important aspects that cannot
be handled by the existing NF models: (i) the existing NF
models cannot be used to model the affective relationships
which involve a large number of inputs; and (ii) the existing
NF models cannot adapt to customers’ affective preferences
effectively that are obtained from newly collected survey
data.The effectiveness of the proposed approach to modeling
customer satisfaction for affective design is demonstrated
using a case study of the affective design of themobile phones.
Results of the validation tests show that the dynamic NF
model displays better prediction performance and shorter
processing time as compared with the existing NF models
including the SC-based and FCM-based ANFIS models. The
performance of the dynamic NF models with BP training is
the best among theNFmodels in the cross-validation tests. In
addition, the dynamic NF models reduce the computational
time by 18% to 29% as compared with the other two models.
The fast incremental training process of the dynamic NF
model enables long-term updates and maintenance of these
models. Future work could study the generatedmodels based

on the proposed approach to determine the optimal setting
of the design attributes for affective design.
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Fitting spline curves to data points is a very important issue in many applied fields. It is also challenging, because these curves
typically depend on many continuous variables in a highly interrelated nonlinear way. In general, it is not possible to compute
these parameters analytically, so the problem is formulated as a continuous nonlinear optimization problem, for which traditional
optimization techniques usually fail.This paper presents a new bioinspiredmethod to tackle this issue. In thismethod, optimization
is performed through a combination of two techniques. Firstly, we apply the indirect approach to the knots, in which they are
not initially the subject of optimization but precomputed with a coarse approximation scheme. Secondly, a powerful bioinspired
metaheuristic technique, the firefly algorithm, is applied to optimization of data parameterization; then, the knot vector is refined
by using De Boor’s method, thus yielding a better approximation to the optimal knot vector. This scheme converts the original
nonlinear continuous optimization problem into a convex optimization problem, solved by singular value decomposition. Our
method is applied to some illustrative real-world examples from the CAD/CAM field. Our experimental results show that the
proposed scheme can solve the original continuous nonlinear optimization problem very efficiently.

1. Introduction

Fitting spline curves to data points is a problem that appears
very frequently in many scientific and engineering fields.
Typical examples span from regression analysis in statistics
[1, 2] to contour reconstruction in medical imaging [3].
They also encompass the computation of outlines in image
processing [4], shape manipulation in geometric modeling
and processing [5–7], and data approximation methods in
numerical analysis [8, 9], to mention just a few examples.
In this paper, our main motivation comes from the fields
of computer-aided design and manufacturing (CAD/CAM)
where spline curves are intensively used in many problems
[10–14]. One of them is to fit data points obtained from
metrology in CAD/CAM, a field consisting of the application
of measurement technology to the quality control assessment

of designed or manufactured products in many manufactur-
ing industries (automotive, aerospace, ship building, shoes,
etc.).

In spite of its wide range of applications, the use of spline
curves is still challenging because they typically depend on
many different continuous variables (data parameters, knots,
and spline coefficients) in a highly nonlinear way [15–20].
These sets of variables are also interrelated, meaning that
changes in the values of a particular set of parameters affect
the behavior of the others, and hence they cannot be manip-
ulated independently [21–24]. For instance, the choice of
knots depends on the curve parameterization, which in turn
depends on the underlying structure of data points. Similarly,
the computation of the spline coefficients depends on both
the parameterization and the knots, and so on. From a
mathematical standpoint, this implies that the fitting problem
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cannot be partitioned into independent subproblems for the
different sets of variables. As a consequence, it is not possible
in general to compute all these parameters analytically [19,
25]. Instead, the typical formulation in the field is to treat
this problem as a continuous nonlinear optimization problem
[26, 27]. The bottom point is that traditional optimization
techniques have also failed to provide satisfactory answer to
this optimization problem. Among the alternatives suggested
to solve this limitation, those based on artificial intelligence
techniques captured the interest of the scientific community
some years ago. The main line of research focused on the
neural networks [28–30] and their extension, the functional
networks [31–34]. However, the solutions reported were
partial and applicable only to some particular problems.
Consequently, there is a need for more efficient approaches
to tackle this issue.

During the last few years, scientists and engineers have
turned their attention to bioinspired computation, a field
where the interplay between nature and computers has
allowed us to model the living phenomena by using math-
ematics and computer science [35–37]. Simultaneously, the
study of life has led to improved schemes to solve many
problems in mathematics and computer science, including
optimization problems [38–40]. Due to their good behavior
for complex optimization problems involving ambiguous and
noisy data, there has recently been an increasing interest in
applying bioinspired optimization techniques to the spline
fitting problem. However, there are still few works reported
in the literature. Recent schemes in this area are described
for particle swarm optimization [41–43], genetic algorithms
[27, 44, 45], artificial immune systems [46, 47], estimation of
distribution algorithms [48], and hybrid approaches [49–51].

Specially remarkable is the fact that some bioinspired
methods have proved to be able to solve difficult opti-
mization problems unsolvable with traditional optimization
techniques. Being this our case, we turned our attention to
a powerful bioinspired metaheuristic called firefly algorithm,
recently introduced by Professor Xin-She Yang to solve diffi-
cult continuous optimization problems.The firelfy algorithm
is inspired in the flashing behavior of the fireflies and their
social interaction in the natural environment (see Section 3
for details).

In this paper, we present a new bioinspired scheme for
computing all parameters of a spline curve approximating
a given set of data points. Our proposal is based on two
fundamental techniques: the indirect approach and the firefly
algorithm, which are combined in ourmethod to perform the
optimization of the knots and the data parameters, respec-
tively. The indirect approach tries to overcome the fact that
computing the knots requires a previous parameterization
which, at its turn, requires a previous knot vector, leading
in practice to a never-ending vicious circle. In the indirect
approach, the knots are not initially the subject of optimiza-
tion but precomputed with a coarse approximation scheme,
which will be further improved at a later stage. This precom-
puted knot vector plays the role of an initial seed for the
data parameterization step. An obvious risk of this indirect
approach is that the wholemethod relies on this optimization
stage. In this way, data parameterization becomes the most

critical step, since it carries out the most significant part of
the optimization effort. Consequently, we need a powerful,
reliable optimizationmethod for this task. As it will be shown
later on, the firefly algorithm is a good choice for this step. It
is applied in the second step to perform optimization on data
parameterization; then, the knot vector is refined by using De
Boor’s method, thus yielding a better approximation of the
optimal knot vector. These two combined methods convert
the original nonlinear continuous optimization problem into
a convex optimization problem, which is solved by applying
singular value decomposition.This scheme is applied to some
illustrative real-world examples from the CAD/CAM field,
including the side profile curve of a car body, the outline
curves of a paint spray gun, and a 3D CAD/CAM workpiece
from the automotive industry. Our experimental results show
that the proposed scheme can solve the original continuous
nonlinear optimization problem very efficiently.

The structure of this paper is as follows. Firstly, some
basic concepts about parametric spline curves are given in
Section 2. Then, Section 3 describes the firefly algorithm, the
bioinspired metaheuristic used in this paper. The core of the
paper is in Section 4, where our proposed method for spline
curve fitting is reported in detail. Section 5 describes the
experimental results of the application of ourmethod to three
illustrative real-world problems from the CAD/CAM field.
The paper closes with the main conclusions and our plans for
future work.

2. Parametric Spline Curves

In this section we describe the basic concepts needed in this
paper about the parametric spline functions. The interested
reader is referred to [6, 7, 52, 53] for a more detailed
discussion about this subject. Note that in this paper vectors
are denoted in bold.

Let Φ(𝜏) = (𝜙
1
(𝜏), . . . , 𝜙

𝑛
(𝜏)) be a parametric function

defined on a finite interval [𝛼, 𝛽]. Consider now a strictly
increasing sequence of real numbers 𝜇

0
= 𝛼 < 𝜇

1
< ⋅ ⋅ ⋅ 𝜇

𝜐
<

𝜇
𝜐+1

= 𝛽 called knots. The function Φ(𝜏) is a parametric
polynomial spline of degree 𝜂 ≥ 0 with knots {𝜇

𝑘
}
𝑘
if the

following two conditions are fulfilled for 𝑖 = 0, . . . , 𝜐 and
𝑗 = 1, . . . , 𝑛:

(1) 𝜙𝑗(𝜏) is a polynomial spline of degree up to 𝜂 on each
interval [𝜇

𝑖
, 𝜇
𝑖+1
],

(2) 𝜙𝑗(𝜏) and its derivatives up to order 𝜂 − 1 are
continuous on [𝜇

𝑖
, 𝜇
𝑖+1
].

Different basis functions can be used for polynomial splines.
In this paper, we consider the B-spline basis functions of
degree ] defined on [𝜇

𝑖
, 𝜇
𝑖+1
] according to the Cox-de-Boor

recursive formula [52]:

𝜓
𝑖,]+1 (𝜏) = 𝜑

+

𝑖,] (𝜏) 𝜓𝑖,] (𝜏) + 𝜑
−

𝑖+1,] (𝜏) 𝜓𝑖+1,] (𝜏) ,

𝑖 = 0, . . . , 𝜐 − ], ] > 1,

(1)

where 𝜑+
𝑖,](𝜏) = (𝜏 − 𝜇

𝑖
)/(𝜇
𝑖+] − 𝜇

𝑖
), 𝜑−
𝑖,](𝜏) = (𝜇

𝑖+] − 𝜏)/

(𝜇
𝑖+] − 𝜇

𝑖
), and 𝜓

𝑖,1
(𝜏) is the unit function with support on
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the interval [𝜇
𝑖
, 𝜇
𝑖+1
). The dimension of the vector space of

functions satisfying conditions (1) and (2) is 𝜐+𝜂+1.The given
knot vector {𝜇

𝑖
}
𝑖
yields 𝜐 − 𝜂 + 1 linearly independent basis

functions of degree 𝜂. The remaining 2𝜂 basis functions are
obtained by introducing the boundary knots 𝜇

−𝜂
= 𝜇
−𝜂+1

=

⋅ ⋅ ⋅ = 𝜇
−1

= 𝜇
0
= 𝛼 and 𝜇

𝜐+1
= 𝜇
𝜐+2

= ⋅ ⋅ ⋅ = 𝜇
𝜐+𝜂+1

= 𝛽.
With this choice of boundary knots all basis functions vanish
outside the interval domain [𝛼, 𝛽]. Every parametric spline
curveΦ(𝜏) is represented by

Φ (𝜏) =
𝜐

∑

𝑖=−𝜂

Ξ
𝑖
𝜓
𝑖,𝜂+1 (𝜏) , (2)

where {Ξ
𝑖
} are the spline coefficients of the curve and𝜓

𝑖,𝜂+1
(𝜏)

are the basis functions defined above. The 𝑘th derivative of
Φ(𝜏) is a spline of degree 𝜂 − 𝑘 given by

Φ
(𝑘)
(𝜏) =

𝑘

∏

𝑖=1

(𝜂 + 1 − 𝑖)

𝜐

∑

𝑖=−𝜂+𝑘

Ξ
(𝑘)

𝑖
𝜓
𝑖,𝜂+1−𝑘 (𝜏) (3)

with Ξ(𝑗)
𝑖

= (Ξ
(𝑗−1)

𝑖
− Ξ
(𝑗−1)

𝑖−1
)/(𝜇
𝑖+𝜂+1−𝑗

− 𝜇
𝑖
) for 𝑗 > 0 and

Ξ(0)
𝑖

= Ξ
𝑖
.

3. The Firefly Algorithm

The firefly algorithm (FFA) is a bioinspired metaheuristic
algorithm introduced in 2008 by Yang to solve optimization
problems [54–58]. The algorithm is based on the flashing
behavior of the fireflies and their social interaction in the
natural environment. The key ingredients of the method are
the variation of light intensity and formulation of attrac-
tiveness. In general, the attractiveness of an individual is
assumed to be proportional to their brightness, which in
turn is associated with the encoded objective function. The
reader is kindly referred to [40] for a comprehensive review of
the firefly algorithm and other nature-inspired metaheuristic
approaches. See also [59] for a gentle introduction to meta-
heuristic applications in engineering optimization.

In the firefly algorithm, there are three particular ideal-
ized rules, which are based on some of the major flashing
characteristics of real fireflies [54] as follows

(1) All fireflies are unisex, so that one firefly will be
attracted to other fireflies regardless of their sex.

(2) The degree of attractiveness of a firefly is proportional
to its brightness, which decreases as the distance from
the other firefly increases due to the fact that the
air absorbs light. For any two flashing fireflies, the
less bright one will move towards the brighter one. If
there is not a brighter or more attractive firefly than a
particular one, it will then move randomly.

(3) The brightness or light intensity of a firefly is deter-
mined by the value of the objective function of a given
problem. For instance, for maximization problems,
the light intensity can simply be proportional to the
value of the objective function.

The distance between any two fireflies 𝑖 and 𝑗, at positions
P
𝑖
and P

𝑗
, respectively, can be defined as a Cartesian or

Euclidean distance as follows:

𝑟
𝑖𝑗
=

P
𝑖
− P
𝑗

2
= √

𝐷

∑

𝑘=1

(𝑝𝑘
𝑖
− 𝑝𝑘
𝑗
)
2

, (4)

where 𝑝𝑘
𝑖
is the 𝑘th component of the spatial coordinate P

𝑖
of

the 𝑖th firefly and𝐷 is the number of dimensions. In the firefly
algorithm, as attractiveness function of a firefly 𝑗 one should
select any monotonically decreasing function of the distance
to the chosen firefly, for example, the exponential function:

𝛽 = 𝛽
0
𝑒
−𝛾𝑟
𝜇

𝑖𝑗 , 𝜇 ≥ 1, (5)

where 𝑟
𝑖𝑗
is the distance defined as in (4), 𝛽

0
is the initial

attractiveness at 𝑟 = 0, and 𝛾 is an absorption coefficient at
the source which controls the decrease of the light intensity.

The movement of a firefly 𝑖 which is attracted by a more
attractive (i.e., brighter) firefly 𝑗 is governed by the following
evolution equation:

P(𝑡+1)
𝑖

= P(𝑡)
𝑖
+ 𝛽
0
𝑒
−𝛾𝑟
𝜇

𝑖𝑗 (P(𝑡)
𝑗
− P(𝑡)
𝑖
) + �̂� (�̂� −

1

2
) , (6)

where the superscripts between brackets in this expression
are used to denote the corresponding generations. The first
term on the right-hand side is the current position of the
firefly at generation 𝑡, the second term is used for considering
the attractiveness of the firefly to light intensity seen by
adjacent fireflies, and the third term is used for the random
movement of a firefly in case there are not any brighter ones.
The coefficient �̂� is a randomization parameter determined
by the problem of interest, while �̂� is a random number
generator uniformly distributed in the space [0, 1].

The method described in previous paragraphs corre-
sponds to the original version of the firefly algorithm,
as originally developed by its inventor. Since then, many
different modifications and improvements on the original
version have been developed, including the discrete FFA,
multiobjective FFA, chaotic FFA, parallel FFA, elitist FFA,
Lagrangian FFA, andmany others, including its hybridization
with other techniques.The interested reader is referred to the
nice paper in [60] for a comprehensive, updated review and
taxonomic classification of the firefly algorithms and all its
variants and applications.

4. The Method

In this section our FFA-based method is fully explained.
The section begins with the description of the optimization
problem to be solved.Then, a general overview of themethod
and its flowchart are given. Then, each step of the method
is discussed in detail. Finally, some details regarding the
implementation issues are also given.

4.1. The Optimization Problem. Let us suppose that we are
provided with a set of measured data points {Θ

𝑘
}
𝑘=1,...,𝜌

⊂
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R𝑛 obtained by laser scanning, layout machine, or other
digitizing methods, as it typically happens in many scientific
and engineering problems. The goal consists of obtaining a
parametric spline curve Φ(𝜏) of degree 𝜂 defined as above
approximating the {Θ

𝑘
}
𝑘
. Due to the conditions on the

boundary knots, we can takeΦ(𝜏
1
) = Θ

1
andΦ(𝜏

𝜌
) = Θ

𝜌
and

perform approximation on the remaining parameters; that is,

Θ
𝑘
≈ Φ (𝜏

𝑘
) =

𝜐

∑

𝑗=−𝜂

Ξ
𝑗
𝜓
𝑗,𝜂+1

(𝜏
𝑘
) (𝑘 = 2, . . . , 𝜌 − 1) . (7)

Equation (7) can be written in matrix notation as

Θ = Ψ ⋅ Ξ, (8)

where Θ = (Θ
2
, . . . ,Θ

𝜌−1
)
𝑇, Ξ = (Ξ

−𝜂
, . . . ,Ξ

𝜐
)
𝑇, Ψ =

({𝜓
𝑗,𝜂+1

(𝜏
𝑘
)}
𝑗=2,...,𝜌−1; 𝑘=−𝜂,...,𝜐

) is the matrix of sampled spline
basis functions, and (⋅)𝑇 represents the transpose of a vector
or matrix. The dimension of the search space 𝐷 in (8) is
given by 𝑛(𝜐 + 𝜂 − 1) + 𝜐 + 𝜌 − 2, which could be of several
thousands of variables for nontrivial shapes. Since the system
(8) is overdetermined, the matrix of basis functions is not
invertible and no direct solution can be obtained. Therefore,
we consider the least-squares approximation of (7), defined
as the minimization problem given by

minimize
{𝜇𝑖}𝑖

{Ξ𝑗}𝑗

{𝜏𝑘}𝑘

(

𝜌−1

∑

𝑘=2

𝜔
𝑘



Θ
𝑘
−

𝜐

∑

𝑗=−𝜂

Ξ
𝑗
𝜓
𝑗,𝜂+1

(𝑡
𝑘
)

ℓ2

) , (9)

where 𝜔
𝑘
are scalar weights and ℓ

2
represents the Euclidean

norm (although any other normmight be used instead). Note
that the parameters and knots are related by nonlinear basis
functions, thus leading to a high-dimensional continuous
nonlinear optimization problem. Assuming that a suitable
data parameterization can be obtained, we have to solve a
nonlinear continuous optimization problem involving both
the spline coefficients and the knots as free variables of
the problem. Unfortunately, this approach makes the opti-
mization problem nonconvex, because Φ(𝜏) is a nonconvex
function of the knots [19, 26, 52]. To overcome this problem,
we follow the so-called indirect approach, in which the
knots are precomputed before the optimization process is
executed and then refined for better fitting.With this strategy,
the resulting problem is convex, so a global optimum can
eventually be found. In order to apply the previous strategy,
we need to obtain a suitable parameterization of data points,
which thus becomes the most critical step of this approach.
We solve this parameterization problem by applying the
firefly algorithm, as it will be explained in next paragraphs.

4.2. Overview of the Method. The main steps of our method
are summarized in Figure 1, showing the flowchart of our
approach. Our initial input is given by the set of data points
{Θ
𝑗
}
𝑗
and two parameters that are freely chosen by the user:

the length of knot vector (determined by variable 𝜐), and
the curve degree 𝜂 (typical values for 𝜂 are between 2 and
4, although any natural value can be used in our method).

De Boor 
method

Firefly 
algorithm

(FFA)

Spline coefficient 
determination

Data 
parameterization

Knot vector 
refinement

Knot vector
initialization 

Input

Clamped 
uniform

SVD
singular value 
decomposition

Output
Final fitting spline

curve

Curve degree 𝜂
Knot vector length 𝜐

Data points 𝚯i

Figure 1: Graphical flowchart of the proposed method.

The first step of our approach consists of computing an
initial knot vector. Then, we apply the firefly algorithm to
perform data parameterization (Step 2). A new (refined) knot
vector is computed based on the parameterization obtained in
the previous step. Then, the convex optimization problem is
solved by using singular value decomposition (Step 4). After
this step, the best fitting spline curve to the data points for the
given degree is finally obtained.

4.3.Main Steps of theMethod. Theproposedmethod consists
of four main steps, analyzed in the next paragraphs.

Step 1 (knot vector initialization). The first step of themethod
computes an initial knot vector, which is required in order
to evaluate the fitness functions during the optimization
step for data parameterization. To this aim, we consider a
clamped knot vector (this condition is a result of our choice
of boundary knots) whereas the internal knots are uniformly
distributed on the interval (𝛼, 𝛽); that is, 𝜇

𝑖
= 𝛼 + ((𝛽 −

𝛼)𝑖/(𝜐+1)), for 𝑖 = 1, . . . , 𝜐.This choice of knots is not optimal
because it does not reflect the distribution of data points.This
limitation will be overcome in Step 3, where this initial knot
vector will be further refined.

Step 2 (data parameterization). In this step, the data points
parameterization is carried out. As mentioned above, this is
the most critical step of our method; the set of data parame-
ters along with the knot vector, computed in the previous step
and refined in the next one, allows us to convert the original
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nonlinear nonconvex optimization problem (9) into a convex
optimization problem. This task is accomplished by applying
the firefly algorithm described in Section 3. To this purpose, a
collection of 𝑛

𝑓
particles (fireflies) is considered. Each firefly

corresponds to a vector of 𝜌 − 2 real numbers on the interval
(𝛼, 𝛽).The components of each firefly vector are always sorted
in an increasing order to reflect the ordered structure of the
data points. The fireflies are initialized by using a random
function of uniform distribution on the interval domain
(𝛼, 𝛽). We have used a collection of 𝑛

𝑓
= 100 fireflies for

the examples reported in this paper. We also checked our
results with larger populations by changing this parameter
from 100 to 1000 fireflies with step-size 100 and do not notice
significant variations in our results. However, a larger value
could be required for very massive sets of data points (≥ 10

5

data points) exhibiting very complicated shapes.
Once the initial population of fireflies is generated, some

parameters of the firefly algorithm have to be determined
in order to apply them to our problem. Our choice of the
parameters for the FFA is mostly empirical: we initially
rely on standard values reported in the existing literature
and then perform computer experiments to validate our
parameter tuning. In this paper, we consider the following set
of parameter values for the FFA method: 𝛽

0
= 1, 𝛾 = 0.5,

and 𝜇 = 2. This set of parameter values has already been
used in a previous paper by the authors for a Bézier surface
parameterization problem with good results [61]. Our com-
puter experiments also confirmed their good performance
for the examples discussed in this paper and some others
not reported here to keep the paper at manageable size.
On the contrary, the number of iterations and the value of
parameter �̂� required some improvement. We initially used a
fixed number of iterations in our experiments as the stopping
criterion, but this choice was found to be very inefficient
for this problem. The main reasons are that the method can
potentially be applied to sets of very different number of
data points, meaning that the dimension of the search space
can vary dramatically from one example to another, and that
the initial knot vector used in our method is not optimal
yet, making it difficult to determine in advance how many
iterations are needed to achieve convergence.We then turned
to a different termination condition, where the number of
iterations is determined manually for each specific example,
based on the observation of the convergence diagrams (as
those shown in Figures 3 and 5). Although it is a tedious and
time-consuming task, we found it to bemore reliable in order
to ensure convergence is properly achieved. Regarding the
value for �̂�, our initial choice �̂� = 0.3 soon revealed to be too
drastic, as the fireflies went out of range in just a few iterations
(sometimes, even a single one was enough). We decreased its
value gradually and carried out a lot of computer simulations.
As a result, the best value was found at �̂� = 0.01.

The last required component of the FFA is the fitness
function. It corresponds to the evaluation of the least-squares
function given by the operator to be minimized in (9); that is,

Ω =

𝜌−1

∑

𝑘=2

𝜔
𝑘



Θ
𝑘
−

𝜐

∑

𝑗=−𝜂

Ξ
𝑗
𝜓
𝑗,𝜂+1

(𝑡
𝑘
)

ℓ2

, (10)

where theweights𝑤
𝑘
are scalar numbers to express the degree

of confidence of data points (larger weights are assigned
to more reliable data). In this paper, we assume a constant
confidence value for all data, so we take𝑤

𝑘
= 1, 𝑘 = 2, . . . , 𝜌−

1. After the selection of those parameters and the fitness
function, the firefly algorithm is performed iteratively until
the termination criterion is reached. To remove the stochastic
effects of single executions, 20 independent executions have
been carried out for each simulation trial. Then, the firefly
with the best (i.e., minimum) fitness value is selected as
the best solution to the problem. As a result, the best
parameterization vector of data points is obtained.

Step 3 (knot vector refinement). Based on the parameter-
ization obtained in the previous step, the knot vector is
subsequently refined for better performance. To this purpose,
the placement of knots should reflect the distribution of
data parameters {𝜏

𝑘
}
𝑘
. In this paper, the internal knots are

computed by following a procedure firstly proposed by De
Boor in [52]. The corresponding algorithm is described in
Algorithm 1. It has been proved that this algorithm guar-
antees that every knot span contains at least one 𝜏

𝑘
. At its

turn, this condition ensures that the matrix Γ = Ψ𝑇Ψ is
positive definite and well conditioned. Furthermore, Γ has a
semibandwidth less than 𝜂 − 1 (see [52] for details). All these
properties imply that the system of equations related to the
convex problem can be solved by using efficient and reliable
numerical methods [62], as explained in the next paragraphs.

Step 4 (spline coefficient determination). As we mentioned
above, in this paper, we follow an indirect approach to com-
pute the fitting spline curve to the data points. In this scheme,
data parameters and knots are computed at earlier stages of
the optimization process so that the approximation problem
(9) becomes a convex problem. In that case, premultiplying
byΨ𝑇 at both sides of (8), we get

Γ ⋅ Ξ = Σ, (11)

where Σ = Ψ𝑇 ⋅ Θ = ({∑
𝜌−1

𝑘=2
Θ
𝑘
𝜓
𝑖,𝜂+1

(𝜏
𝑘
)}
𝑖=−𝜂,...,𝜐

)
𝑇

. Note that
Γ = Ψ𝑇Ψ is a symmetric square matrix and positive semidef-
inite, so system (11) always has a solution. It can be solved
numerically by Gaussian elimination, LU decomposition, or
the singular value decomposition (SVD) (see [62] for details).
In this paper, SVD has been used since it provides the best
numerical answer in the sense of least squares for those cases
in which the exact solution is not possible. To this aim, Γ is
decomposed as the matrix product Γ = U ⋅ W ⋅ V𝑇, where
U is a column orthogonal matrix, W is a diagonal matrix
with positive or zero elements 𝑤

𝑘
called the singular values,

andV is a square orthogonal matrix. Furthermore, its inverse
can readily be obtained as: Γ−1 = V ⋅ [diag(1/𝑤

𝑘
)] ⋅ U𝑇. In

addition, the knot vector obtained by the procedure described
in Step 3 guarantees that Γ is positive, definite, and, therefore,
nonsingular, so the problem can be solved by using this
inverse matrix Γ−1.
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INPUT: 𝜏 = {𝜏
1
, . . . , 𝜏

𝜌
} /∗ Vector of data parameters from Step 2∗/

𝜐 /∗ Number of internal knots ∗/
OUTPUT: 𝜇 = {𝜇

1
, . . . , 𝜇

𝜐
} /∗ Vector of internal knots ∗/

ALGORITHM: {Initialization}
𝜇 ← {}

Δ ←
𝜌 + 1

𝜐 + 1
{Main loop}

for 𝑗 = 1 to 𝜐 do
𝑖 ← 𝑖𝑛𝑡(𝑗Δ) /∗ 𝑖𝑛𝑡(𝑘): returns the largest integer number ≤ 𝑘

∗/
𝜎 ← 𝑗Δ − 𝑖

𝜇
𝑗
← (1 − 𝜎)𝜏

𝑖−1
+ 𝜎 𝜏
𝑖

𝜇 ← 𝐴𝑝𝑝𝑒𝑛𝑑(𝜇
𝑗
)

end for

Algorithm 1: De Boor’s knot vector refinement algorithm.

4.4. Implementation Issues. Regarding the implementation,
all computations in this paper have been performed on
a 2.6GHz Intel Core i7 processor with 8GB of RAM.
The source code has been implemented by the authors in
the native programming language of the popular scientific
program Matlab, version 2012a. In our opinion, Matlab is a
very suitable tool for this task: it is fast and provides reliable,
well-tested routines for efficient matrix manipulations. It
also contains a bulk of resources regarding the solving
of systems of equations. For instance, Matlab provides us
with the command mldivide to solve the equation A ⋅

X = B for both squared and nonsquared systems (by using
Gaussian elimination with partial pivoting and least-squares
techniques, resp.). Depending on the general structure of
matrix A, this command applies specialized LAPACK and
BLAS routines to get the best possible solution to this
system. Also,Matlab provides us with a specialized command
svd for computing the SVD of a matrix. This command
carries out the matrix SVD decomposition automatically
so it can be used in a rather black box-like way. Besides,
Matlab provides excellent graphical options and optimized
code for input/output interaction and high performance
computations.

5. Experimental Results

Our method has been applied to several real-world examples
of CAD/CAM shapes for the automotive industry. In this
section we discuss three of them. The reported examples
reflect the variety of cases our method can be applied to: they
include both open and closed curves, as well as 2D and 3D
shapes comprised of a single curve and multiple curves. We
think we have provided enough examples to convince the
reader of the broad applicability of our approach.

5.1. Side Profile Curve of a Car Body. The first example
consists of the data fitting of a set of 695 data points from the
In (+𝑦-axis) side profile section of a model of a notchback
three-box sedan car body. The data points were obtained

by a layout machine from the Spanish car maker provider
Candemat years ago.This example has been primarily chosen
because it includes areas of varying slope, ranging from the
strong slope at both ends (upwards on the left, downwards on
the right) to the soft slope in middle part, with a horizontal
area between pillars A and C and in the cargo box area and
a soft upward area in the car hood. In addition, it is a good
example of a truly parametric curve that cannot be faithfully
represented by simpler functions such as explicit functions
and the like. Consequently, it is a very good candidate to
check the performance of our approach.

The problem is also challenging because we are trying to
represent thewhole shapewith a single curve. It is worthwhile
mentioning here that the use of a single curve for a whole
object is not common at all in industrial environments,
where the shapes of final products such as a car body are
usually represented by a very large set (several hundreds
of thousands, even millions) of simpler curves. Therefore,
even though we are using data from a real-world shape, this
example must be understood as a purely academic example
rather than a genuine real-world problem in the automotive
industry. Yet, this example is very useful in this paper to
analyze the performance of our approach.

Figure 2 shows our simulation results for a spline curve
of degree 𝜂 = 3. Top figure shows the original data
points, represented by red cross symbols along with the
reconstructed data points, displayed as empty circles in
blue. The picture is intended to show the correspondence
between the original and the reconstructed data points in
a graphical way. As the reader can see, our method yields
a very good matching between both sets of points. This
observation is confirmed by Figure 2 (bottom), representing
the same original data points along with the approximating
spline curve, displayed as a solid line in blue. Figure 3 shows
the evolution of the fitting error of the Ω operator for 1000
iterations. Since the diagram shows a similar general behavior
for the 20 independent executions and larger number of
iterations no longer improves the fitting error, we conclude
that this number of iterations is enough for convergence.The
corresponding fitting error in this example is 1.1248 × 10−2.
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Figure 2: Adjusting data points (red cross symbols in both pictures)
of a car body side profile with our method: (top) reconstructed data
points (blue empty circle symbols); (bottom) approximating spline
curve (blue solid line).
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Figure 3: Fitting error evolution of the Ω operator for the car body
example for 1000 iterations.

This value gives only partial information because it does not
consider the number of sampled points. This means that
increasing the number of data points leads automatically to
larger fitting errors even though each data point might be
better fitted. To overcome this drawback, we also compute
the root-mean square error (RMSE), which gives a better
measure of the quality of the approximation. In this example
we obtain an RMSE fitting error of 4.2669 × 10−4. This value
confirms the good performance of the proposed method for
this problem. A close inspection of Figure 2 reveals, however,
that some parts can still be further improved: this fact is
visually noticeable in Figure 2, specially at the corners of the
front and rear fenders and their linkings to the lower car
body line, as well as at the lower parts of front and rear
bumpers. This effect is attributable to our indirect approach,
in which we do not compute the optimal knot vector but
an approximation. We are currently working towards an
improved approach to solve this limitation.

5.2. Outline Curves of a Paint Spray Gun. Figure 4 shows the
results of our method for spline curves of degree 𝜂 = 3 when

Figure 4: Adjusting data points (red cross symbols in both pictures)
of two outlines curves of a paint spray gun with our method:
(left) reconstructed data points (blue empty circle symbols); (right)
approximating spline curve (blue solid line).
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Figure 5: Fitting error evolution of the Ω operator for the outer
curve (in blue) and the inner curve (in red) of the paint spray gun
example for 2000 iterations.

applied to a paint spray gun model. Left and right pictures
of the figure have the same meaning as the top and bottom
pictures of the previous figure, respectively. The spray gun
model consists of two different curves for the outer and inner
boundary lines with 542 and 276 data points, respectively.We
applied our method to each curve independently. The fitting
errors of the Ω operator for the outer and inner curves are
1.9493×10

−2 and 7.9145×10−3, respectively.TheRMSEfitting
errors are 8.3729×10−4 and 4.7639×10−4, respectively.These
values are reached for 2000 iterations, well within the conver-
gence area as shown in Figure 5, which displays the evolution
of the fitting error evolution of the Ω operator for 2000
iterations. Fitting errors for the outer and the inner curve in
that figure are displayed in blue and red, respectively. Once
again, the numerical errors and the visual appearance con-
firm the good performance of the method in these two cases
as well.This example also shows that our approach has a great
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flexibility, being able to deal with both open and closed curves
such as the outer and inner curves of this model, respectively.
Note also that even though the data points of the outer
curve exhibit many changes of concavity, the method can
approximate them very accurately with a single spline curve.

5.3. 3D CAD/CAM Workpiece. Figure 6 illustrates the appli-
cation of our method to a complex CAD/CAM workpiece of
a car body. This example aims at showing the ability of our
method to performwell in a real industrial problem involving
several geometric shapes. The figure shows two different
views of a 3D automotive part comprised of 1610 curves
stored in an industrial IGES file obtained from Candemat.
As the reader can see, the shape consists of curves with
very different topologies, ranging from simple regular shapes
such as straight lines and conics to complicated irregular
shapes. We therefore applied two different strategies for this
example: simple regular shapes are reconstructed by using
basic primitives (lines, circles, etc.) for which only some
parameters have to be computed (e.g., using two data points
for straight lines and three non-aligned data points for the
center and radius of a circle), while the complicated shapes are
reconstructed with our approach. A total of 243 curves have
been reconstructed with our method in Figure 6 by using
quadratic and cubic spline curves.Themaximum,minimum,
and average values of the RMSE fitting error are 3.1729×10−3,
6.2547 × 10

−4, and 3.5842 × 10
−6, respectively. These error

values confirm the good performance of our approach for
a 3D real-world automotive part comprised of several (both
open and closed) spline curves of different degrees.

6. Conclusions and Future Work

In this paper we introduce a new bioinspired method for
computing a spline curve that approximates a given set
of data points. This task involves many different variables
which are interrelated with each other in a nonlinear way,
leading to a continuous nonlinear optimization problem.Our
approach solves this problem by combining two different
procedures for the knots and the data parameters. For the
former, an indirect approach that precomputes the knots
instead of optimizing them is applied.This strategy leaves the
most significant part of the optimization effort to the data
parameterization. In our scheme, this task is addressed by
a powerful bioinspired metaheuristic technique well suited
for difficult continuous optimization problems, the firefly
algorithm.Then, the knot vector is refined by using De Boor’s
method, thus yielding a better approximation to the optimal
knot vector.The combination of the indirect approach and the
firefly algorithm converts the original nonlinear continuous
optimization problem into a convex optimization problem,
solved by SVD. The proposed method has been applied to
some illustrative real-world examples from the CAD/CAM
field involving 2D and 3Dopen and closed curves. Our exper-
imental results show that the proposed scheme can solve
the original continuous nonlinear optimization problem very
efficiently.

Figure 6: Two different views of a 3D CAD/CAM workpiece
comprised of 1610 curves (courtesy of Candemat).

Regarding the future work, this method can be improved
in several ways. As mentioned in Section 5, the indirect
approach used in this paper implies that the knot vector is
generally very good but not optimal, opening the door for
further improvement. We think that a direct approach could
lead to better results for the knot vector and, hence, for the
overall method. Another interesting field of research is the
use of some powerful modifications of the firefly algorithm
which have been reported to return better results [63] or
extend the capabilities of the standard version for continuous
multiobjective optimization [64]. Also, the extension of this
approach to other recently described bioinspired methods,
such as the cuckoo search [65, 66] or the bat algorithm [67–
69], might lead to further improvement of our results. They
are all part of our plans for future work in the field.
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[32] G. Echevarŕıa, A. Iglesias, and A. Gálvez, “Extending neural
networks for B-spline surface reconstruction,” Lectures Notes in
Computer Science, vol. 2330, pp. 305–314, 2002.
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“Bézier curve and surface fitting of 3D point clouds through
genetic algorithms, functional networks and least-squares
approximation,” Lecture Notes in Computer Science, vol. 4706,
no. 2, pp. 680–693, 2007.

[50] A. Gálvez and A. Iglesias, “A new iterative mutually-coupled
hybrid GA-PSO approach for curve fitting in manufacturing,”
Applied Soft Computing, vol. 13, no. 3, pp. 1491–1504, 2013.

[51] M. Sarfraz and S. A. Raza, “Capturing outline of fonts using
genetic algorithms and splines,” in Proceedings of the 5th
International Conference on Information Visualization (IV ’01),
pp. 738–743, IEEE Computer Society Press, 2001.

[52] C. A. de Boor, Practical Guide to Splines, Springer, 2001.
[53] L. Piegl and W. Tiller, The NURBS Book, Springer, Berlin,

Germany, 1997.
[54] X.-S. Yang, “Firefly algorithms for multimodal optimization,”

Lecture Notes in Computer Science, vol. 5792, pp. 169–178, 2009.
[55] X. S. Yang, “Firefly algorithm, stochastic test functions and

design optimisation,” International Journal of Bio-Inspired Com-
putation, vol. 2, no. 2, pp. 78–84, 2010.

[56] X. S. Yang, “Review of meta-heuristics and generalised evolu-
tionary walk algorithm,” International Journal of Bio-Inspired
Computation, vol. 3, no. 2, pp. 77–84, 2011.

[57] X. S. Yang and S. Deb, “Eagle strategy using Lévy walk, and
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A hybrid metaheuristic approach by hybridizing harmony search (HS) and firefly algorithm (FA), namely, HS/FA, is proposed
to solve function optimization. In HS/FA, the exploration of HS and the exploitation of FA are fully exerted, so HS/FA has a
faster convergence speed than HS and FA. Also, top fireflies scheme is introduced to reduce running time, and HS is utilized
to mutate between fireflies when updating fireflies. The HS/FA method is verified by various benchmarks. From the experiments,
the implementation of HS/FA is better than the standard FA and other eight optimization methods.

1. Introduction

In engineering problems, optimization is to look for a vector
that can maximize and minimize a function. Nowadays,
stochasticmethod is generally utilized to cope with optimiza-
tion problems [1]. Though there are many ways to classify
them, a simple one is used to divide them into two groups
according to their nature: deterministic and stochastic.Deter-
ministic algorithms can get the same solutions if the initial
conditions are unchanged, because they always follow the
rigorous move. However, regardless of the initial values,
stochastic ones are based on certain stochastic distribution;
therefore they generally generate various solutions. In fact,
both of them can find satisfactory solutions after some
generations. Recently, nature-inspired algorithms are well
capable of solving numerical optimization problems more
efficiently.

These metaheuristic approaches are developed to solve
complicated problems, like permutation flow shop schedul-
ing [2], reliability [3, 4], high-dimensional function opti-
mization [5], and other engineering problems [6, 7]. In the
1950s, nature evolution was idealized as an optimization
technology and this made a new type of approach, namely,
genetic algorithms (GAs) [8]. After that, many other meta-
heuristic methods have appeared, like evolutionary strategy

(ES) [9, 10], ant colony optimization (ACO) [11], probability-
based incremental learning (PBIL) [12], big bang-big crunch
algorithm [13–16], harmony search (HS) [17–19], charged
system search (CSS) [20], artificial physics optimization [21],
bat algorithm (BA) [22, 23], animal migration optimization
(AMO) [24], krill herd (KH) [25–27], differential evolution
(DE) [28–31], particle swarm optimization (PSO) [32–35],
stud GA (SGA) [36], cuckoo search (CS) [37, 38], artificial
plant optimization algorithm (APOA) [39], biogeography-
based optimization (BBO) [40], and FA method [41, 42].

As a global optimization method, FA [42] is firstly
proposed by Yang in 2008, and it is originated from the
fireflies swarm. Recent researches demonstrate that the FA is
quite powerful and relatively efficient [43]. Furthermore, the
performance of FA can be improved with feasible promising
results [44]. In addition, nonconvex problems can be solved
by FA [45]. A summarization of swarm intelligence contain-
ing FA is given by Parpinelli and Lopes [46].

On the other hand, HS [17, 47] is a novel heuristic
technique for optimization problems. In engineering opti-
mization, the engineers make an effort to find an optimum
that can be decided by an objective function. While, in
the music improvisation process, musicians search for most
satisfactory harmony as decided by aesthetician. HS method
originates in the similarity between them [1].
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In most cases, FA can find the optimal solution with its
exploitation. However, the search used in FA is based on
randomness, so it cannot always get the global best values.
On the one hand, in order to improve diversity of fireflies, an
improvement of adding HS is made to the FA, which can be
treated as a mutation operator. By combining the principle of
HS and FA, an enhanced FA is proposed to look for the best
objective function value. On the other hand, FA needs much
more time to search for the best solution and its performance
significantly deteriorates with the increases in population
size. In HS/FA, top fireflies scheme is introduced to reduce
running time.This scheme is carried out by reduction of outer
loop in FA.Through top fireflies scheme, the time complexity
of HS/FA decreases from O(NP2) to O(KEEP∗NP), where
KEEP is the number of top fireflies. The proposed approach
is evaluated on various benchmarks. The results demonstrate
that theHS/FA performsmore effectively and accurately than
FA and other intelligent algorithms.

The rest of this paper is structured below. To begin with, a
brief background on the HS and FA is provided in Sections
2 and 3, respectively. Our proposed HS/FA is presented in
Section 4. HS/FA is verified through various functions in
Section 5, and Section 6 presents the general conclusions.

2. HS Method

As a relative optimization technique, there are four optimiza-
tion operators in HS [17, 48, 49]:

HM: the harmony memory, as shown in (1);

HMS: the harmony memory size,

HMCR: the harmony memory consideration rate,

PAR: the pitch adjustment rate, and

bw: the pitch adjustment bandwidth [1].

Consider

HM =

[
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...
fitness (𝑥HMS

)

]
]
]
]
]

]

. (1)

TheHSmethod can be explained according to the discus-
sion of the player improvisation process. There are 3 feasible
options for a player in the music improvisation process: (1)
play several pitches that are the same with the HMCR; (2)
play some pitches like a known piece; or (3) improvise new
pitches [1]. These three options can be idealized into three
components: use of HM, pitch adjusting, and randomization
[1].

Similar to selecting the optimal ones in GA, the first part
is important as it is [1]. This can guarantees that the optimal
harmonieswill not be destroyed in theHM.TomakeHSmore
powerful, the parameter HMCR should be properly set [1].
Through several experiments, in most cases, HMCR = 0.7∼
0.95.

Table 1: Benchmark functions.

No. Name No. Name
F01 Beale F19 Holzman 2 function
F02 Bohachevsky #1 F20 Levy
F03 Bohachevsky #2 F21 Pathological function
F04 Bohachevsky #3 F22 Penalty #1
F05 Booth F23 Penalty #2
F06 Branin F24 Powel
F07 Easom F25 Quartic with noise
F08 Foxholes F26 Rastrigin
F09 Freudenstein-Roth F27 Rosenbrock
F10 Goldstein-Price F28 Schwefel 2.26
F11 Hump F29 Schwefel 1.2
F12 Matyas F30 Schwefel 2.22
F13 Ackley F31 Schwefel 2.21
F14 Alpine F32 Sphere
F15 Brown F33 Step
F16 Dixon and Price F34 Sum function
F17 Fletcher-Powell F35 Zakharov
F18 Griewank F36 Wavy1

The pitch in the second part needs to be adjusted slightly;
and hence a proper method is used to adjust the frequency
[1]. If the new pitch 𝑥new is updated by

𝑥new = 𝑥old + 𝑏𝑤 (2𝜀 − 1) , (2)

where 𝜀 is a random number in [0, 1] and 𝑥old is the current
pitch. Here, bw is the bandwidth.

Parameter PAR should also be appropriately set. If PAR is
very close to 1, then the solution is always updating and HS is
hard to converge. If it is next to 0, then little change is made
and HS may be premature. So, here we set PAR = 0.1∼0.5 [1].

To improve the diversity, the randomization is necessary
as shown in the third component.Theusage of randomization
allows the method to go a step further into promising area so
as to find the optimal solution [1].

The HS can be presented in Algorithm 1. Where 𝐷 is the
number of decision variables. rand is a random real number
in interval (0, 1) drawn from uniform distribution.

3. FA Method

FA [42] is a metaheuristic approach for optimization prob-
lems.The search strategy in FAcomes from the fireflies swarm
behavior [50]. There are two significant issues in FA that
are the formulation of attractiveness and variation of light
intensity [42].

For simplicity, several characteristics of fireflies are ideal-
ized into three rules described in [51]. Based on these three
rules, the FA can be described in Algorithm 2.

For two fireflies 𝑥
𝑖
and 𝑥

𝑗
, they can be updated as follows:

𝑥
𝑡+1

𝑖
= 𝑥
𝑡

𝑖
+ 𝛽
0
𝑒
−𝛾𝑟
2

𝑖𝑗 (𝑥
𝑡

𝑖
− 𝑥
𝑡

𝑗
) + 𝛼𝜀

𝑡

𝑖
, (3)

where 𝛼 is the step size, 𝛽
0
is the attractiveness at 𝑟 = 0, the

second part is the attraction, while the third is randomization
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Begin
Step 1. Initialize the HM.
Step 2. Evaluate the fitness.
Step 3. while the halting criteria is not satisfied do

for 𝑑 = 1 :D do
if rand < HMCR then // memory consideration

𝑥new (𝑑) = 𝑥
𝑎
(𝑑) where 𝑎 ∈ (1, 2, . . . ,HMS)

if rand < PARthen // pitch adjustment
𝑥new (𝑑) = 𝑥old (𝑑) + 𝑏𝑤 × (2 × rand − 1)

endif
else // random selection

𝑥new(𝑑) = 𝑥min,𝑑 + rand × (𝑥max,𝑑 − 𝑥min−𝑑)

endif
endfor d
Update the HM as 𝑥

𝑤
= 𝑥new, if 𝑓(𝑥new) < 𝑓(𝑥

𝑤
) (minimization objective)

Update the best harmony vector
Step 4. end while
Step 5. Output results.

End.

Algorithm 1: HS method.

Begin
Step 1. Initialization. Set 𝐺 = 1; define 𝛾; set step size 𝛼 and 𝛽

0
at 𝑟 = 0.

Step 2. Evaluate the light intensity I determined by 𝑓(𝑥)

Step 3. While G < MaxGeneration do
for 𝑖 = 1 : NP (all NP fireflies) do

for 𝑗 = 1 : NP (NP fireflies) do
if (𝐼
𝑗
< 𝐼
𝑖
),

move firefly i towards j;
end if

Update attractiveness;
Update light intensity;
end for j

end for i
𝐺 = 𝐺 + 1;

Step 4. end while
Step 5. Output the results.

End.

Algorithm 2: Firefly algorithm. FA method.

[50]. In our present work, we take 𝛽
0
= 1, 𝛼 ∈ [0, 1], and 𝛾 = 1

[50].

4. HS/FA

Based on the introduction of HS and FA in the previous
section, the combination of the two approaches is described
and HS/FA is proposed, which updates the poor solutions to
accelerate its convergence speed.

HS and FA are adept at exploring the search space and
exploiting solution, respectively. Therefore, in the present
work, a hybrid by inducing HS into FA method named
HS/FA is utilized to deal with optimization problem, which
can be considered as mutation operator. By this strategy,
the mutation of the HS and FA can explore the new search

space and exploit the population, respectively. Therefore, it
can overcome the lack of the exploration of the FA.

To combat the random walks used in FA, in the present
work, the addition of mutation operator is introduced into
the FA, including two detailed improvements.

The first one is the introduction of top fireflies scheme
into FA to reduce running time that is analogous to the elitism
scheme frequently used in other population-based optimiza-
tion algorithms. In FA, due to dual loop, time complexity is
O(NP2), whose performance significantly deteriorates with
the increases in population size. This improvement is carried
out by reduction of outer loop in FA. In HS/FA, we select
the special firefly with optimal or near-optimal fitness (i.e.,
the brightest fireflies) to form top fireflies, and all the fireflies
only move towards top fireflies.Through top fireflies scheme,
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Begin
Step 1. Initialization. Set 𝑡 = 1; define 𝛾; set 𝛼, 𝛽

0
at 𝑟 = 0; set HMCR and PAR; set the

number of top fireflies KEEP.
Step 2. Evaluate the light intensity I.
Step 3.While t < MaxGeneration do

Sort the fireflies by light intensity I;
for 𝑖 = 1 : KEEP (all Top fireflies) do

for 𝑗 = 1 : NP (all fireflies) do
if (𝐼
𝑗
< 𝐼
𝑖
) then

Move firefly i towards j;
else

for 𝑘 = 1 :D (all elements) do // Mutate
if (rand < HMCR) then

𝑟
1
= ⌈NP ∗ rand⌉

𝑥] (𝑘) = 𝑥
𝑟1

(𝑘)

if (rand < PAR) then
𝑥] (𝑘) = 𝑥] (𝑘) + 𝑏𝑤 × (2 × rand − 1)

end if
else

𝑥](𝑘) = 𝑥min,𝑘 + rand × (𝑥max,𝑘 − 𝑥min,𝑘)

end if
end for k

end if
Update attractiveness;
Update light intensity;

end for j
end for i
Evaluate the light intensity I.
Sort the population by light intensity I;
𝑡 = 𝑡 + 1;

Step 4. end while
End.

Algorithm 3: HS/FA method.

the time complexity of HS/FA decreases from O(NP2) to
O(KEEP∗NP), where KEEP is the number of top fireflies.
In general, KEEP is far smaller than NP, so the time used
by HS/FA is much less than FA. Apparently, if KEEP =
NP, the algorithm HS/FA is declined to the standard FA.
If KEEP is too small, only few best fireflies are selected to
form top fireflies and it converges too fast, moreover, may be
premature for lack of diversity. If KEEP is extremely big (near
NP), almost all the fireflies are used to form top fireflies, so
all fireflies are explored well, leading to potentially optimal
solutions, while the algorithm performs badly and converges
too slowly. Therefore, we use KEEP = 2 in our study.

The second is the addition of HS serving as mutation
operator striving to improve the population diversity to avoid
the premature convergence. In standard FA, if firefly 𝑖 is
brighter than firefly j, firefly 𝑗 will move towards firefly i,
and then evaluate newly-generated fireflies and update light
intensity. If not, firefly 𝑗 does nothing. However, in HS/FA,
if firefly 𝑖 is not brighter than firefly j, firefly 𝑗 is updated by
mutation operation to improve the light intensity for firefly
𝑗. More concretely, for the global search part, with respect
to HS/FA, we tune every element 𝑥

𝑘𝑗
(𝑘 = 1, 2, . . . , 𝐷) in

𝑥
𝑗
(the position of firefly j) using HS. When 𝜉

1
is not less

than HMCR, that is, 𝜉
1
≥ HMCR, the element 𝑥

𝑘𝑗
is updated

randomly; whereas when 𝜉
1
<HMCR, we update the element

𝑥
𝑘𝑗

in accordance with xr1. Under this circumstance, pitch
adjustment operation in HS is applied to update the element
𝑥
𝑘𝑗
if 𝜉
2

< PAR to increase population diversity, as shown in
(2), where 𝜉

1
and 𝜉

2
are two uniformly distributed random

numbers in [0, 1], r
1
is the integer number in [1,NP], and NP

is population size.
In sum, the detailed presentation of HS/FA can be given

in Algorithm 3.

5. The Results

The HS/FA method is tested on optimization problems
through several simulations conducted in test problems.
To make a fair comparison between different methods, all
the experiments were conducted on the same conditions
described in [1].

In this section, HS/FA is compared on optimization
problems with other ninemethods, which are ACO [11], BBO
[40], DE [28–30], ES [9, 10], FA [41, 42], GA [8], HS [17–19],
PSO [32, 52], and SGA [36]. Here, for HS, FA, and HS/FA,
the parameters are set as follows: absorption coefficient 𝛾 =
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Figure 1: Performance comparison for the F26 Rastrigin function.
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Figure 2: Performance comparison for the F28 Schwefel 2.26
function.

1.0, the HMCR = 0.9, and the PAR = 0.1. For parameters
used in other methods, they can be referred to as in [48, 53].
Thirty-six functions are utilized to verify our HS/FAmethod,
which can be shown in Table 1. More knowledge of all the
benchmarks can be found in [54].

Because all the intelligent algorithms always have some
randomness, in order to get representative statistical features,
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Figure 4: Performance comparison for the F33 step function.

we did 500 implementations of each method on each prob-
lem. Tables 2 and 3 illustrate the average and best results
found by each algorithm, respectively. Note that we have used
two different scales to normalize the values in the tables, and
its detailed process can be found in [54]. The dimension of
each function is set to 30.
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Table 2: Mean normalized optimization results.

ACO BBO DE ES FA GA HS HSFA PSO SGA
F01 1.01 1.01 1.00 1.02 1.08 1.04 1.07 1.00 1.01 1.25
F02 1.43 2.71 1.00 2.55 1.00 1.39 16.66 1.00 3.13 1.22
F03 1.25 1.84 1.00 2.28 1.00 1.17 11.77 1.01 3.50 1.26
F04 3.9𝐸4 1.7𝐸5 49.66 2.8𝐸5 1.00 4.0𝐸4 2.0𝐸6 1.5𝐸3 3.7𝐸5 2.5𝐸5

F05 1.01 1.02 1.00 1.11 1.00 1.01 1.15 1.00 1.05 1.19
F06 1.03 1.02 1.00 1.09 1.00 1.02 1.03 1.00 1.03 3.01
F07 2.40 2.48 2.27 2.35 2.23 1.83 1.88 1.00 1.71 2.99
F08 1.72 1.72 1.72 1.72 1.72 1.72 1.72 1.72 1.72 1.00
F09 1.03 1.01 1.00 2.05 17.29 1.00 6.55 1.00 1.04 1.24
F10 2.40 2.40 2.40 3.06 2.40 2.40 3.09 2.40 2.70 1.00
F11 1.00 1.00 1.00 1.03 1.00 1.00 1.03 1.00 1.02 1.25
F12 1.00 1.00 1.00 1.01 1.00 1.00 1.02 1.00 1.00 1.14
F13 4.32 2.56 3.68 5.56 1.39 4.98 5.70 1.00 4.83 2.63
F14 36.17 7.98 43.16 73.74 11.68 33.13 70.32 1.00 53.62 8.48
F15 570.98 14.02 27.90 1.1𝐸3 141.86 99.02 652.65 1.00 485.92 12.10
F16 1.6𝐸3 75.20 317.08 1.2𝐸4 7.35 942.08 1.1𝐸4 1.00 1.6𝐸3 26.84
F17 21.98 2.35 7.67 21.63 5.30 7.33 19.01 1.00 15.46 2.26
F18 8.49 5.40 14.18 66.70 2.31 28.49 139.02 1.00 52.77 5.69
F19 2.8𝐸3 167.15 544.18 1.9𝐸4 25.71 1.3𝐸3 1.9𝐸4 1.00 2.7𝐸3 39.88
F20 93.79 13.59 68.16 276.60 20.05 92.42 282.65 1.00 173.17 9.33
F21 3.20 2.49 1.74 1.00 3.69 2.65 3.88 1.78 2.55 2.42
F22 1.2𝐸8 9.7𝐸3 2.8𝐸5 5.1𝐸7 6.64 5.8𝐸5 7.8𝐸7 1.00 7.9𝐸6 9.81
F23 2.2𝐸7 2.9𝐸4 3.1𝐸5 1.4𝐸7 7.36 6.7𝐸5 2.2𝐸7 1.00 3.5𝐸6 5.0𝐸3

F24 112.59 8.00 48.08 188.98 1.04 25.76 133.99 1.00 52.91 2.92
F25 1.2𝐸3 103.34 637.38 1.8𝐸4 17.91 1.4𝐸3 1.8𝐸4 1.00 4.1𝐸3 62.77
F26 24.37 4.58 21.06 32.51 7.75 20.84 29.89 1.00 23.03 7.29
F27 37.23 2.38 5.34 49.70 1.00 10.38 34.12 1.04 12.06 2.00
F28 37.76 18.45 73.51 92.92 93.82 31.93 109.20 1.00 112.28 21.21
F29 4.79 2.52 6.72 7.41 1.00 5.40 7.13 1.93 4.81 4.31
F30 42.08 6.33 16.76 63.65 9.36 30.16 53.57 1.00 35.27 8.32
F31 2.98 3.13 3.87 4.56 1.00 3.93 4.78 1.15 3.97 2.79
F32 205.80 13.56 37.41 382.80 1.87 131.27 361.49 1.00 151.62 14.65
F33 40.44 20.26 53.05 312.01 5.14 111.20 471.25 1.00 194.10 15.72
F34 274.21 27.02 46.57 546.26 6.17 138.85 550.25 1.00 188.96 25.75
F35 1.2𝐸5 1.46 3.32 3.57 1.18 3.12 3.34 1.00 3.12 2.64
F36 9.82 5.26 14.12 29.95 10.67 16.90 35.57 1.00 23.95 5.37
The bold data are the best function value among different methods for the specified function.

From Table 2, on average, HS/FA is well capable of
finding function minimum on twenty-eight of the thirty-six
functions. FA performs the second best on ten of the thirty-
six functions. Table 3 shows that HS/FA and FA perform the
same and best on twenty-two of the thirty-six and seventeen
functions, respectively. ACO, DE, and GA perform the best
on eight benchmarks. From the above tables, we can see that,
for low-dimensional functions, both FA and HS/FA perform
well, and their performance has little difference between each
other.

Further, convergence graphs of ten methods for most
representative functions are illustrated in Figures 1, 2, 3, and 4
which indicate the optimization process. The values here are
the real mean function values from above experiments.

F26 is a complicated multimodal function and it has a
single global value 0 and several local optima. Figure 1 shows
that HS/FA converges to global value 0 with the fastest speed.
Here FA converges a little faster initially, but it is likely to
be trapped into subminima as the function value decreases
slightly.

F28 is also a multimodal problem and it has only a global
value 0. For this problem, HS/FA is superior to the other nine
methods and finds the optimal value earliest.

For this function, the figure illustrates that HS/FA signif-
icantly outperforms all others in the optimization process.
At last, HS/FA converges to the best solution superiorly to
others. BBO is only inferior to HS/FA and performs the
second best for this case.
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Table 3: Best normalized optimization results.

ACO BBO DE ES FA GA HS HSFA PSO SGA
F01 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
F02 1.00 1.71 1.00 1.53 1.00 1.00 1.49 1.00 1.72 1.00
F03 1.00 1.28 1.00 1.12 1.00 1.00 1.28 1.00 1.34 1.13
F04 2.0𝐸14 2.0𝐸14 3.2𝐸10 2.3𝐸15 2.5𝐸8 1.00 1.1𝐸15 3.8𝐸11 1.0𝐸15 4.5𝐸15

F05 1.00 1.00 1.00 1.02 1.00 1.00 1.00 1.00 1.00 1.00
F06 1.01 1.01 1.00 1.01 1.00 1.01 1.00 1.00 1.00 2.51
F07 2.5𝐸6 3.3𝐸6 7.2𝐸5 1.6𝐸6 1.00 1.7𝐸4 2.1𝐸5 2.88 3.7𝐸5 3.3𝐸6

F08 1.99 1.99 1.99 1.99 1.99 1.99 1.99 1.99 1.99 1.00
F09 1.00 1.00 1.00 1.01 1.00 1.00 1.00 1.00 1.00 1.00
F10 2.65 2.65 2.65 2.74 2.65 2.65 2.65 2.65 2.65 1.00
F11 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.03
F12 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
F13 8.34 3.93 7.05 11.02 1.00 8.71 11.56 1.54 9.51 3.98
F14 63.46 11.42 88.82 159.53 12.22 40.65 144.04 1.00 102.48 10.66
F15 218.30 9.54 47.47 591.91 33.50 128.64 792.73 1.00 358.64 9.44
F16 4.7𝐸3 109.24 1.3𝐸3 4.0𝐸4 1.00 315.53 6.1𝐸4 2.31 5.9𝐸3 43.61
F17 42.58 3.24 11.83 41.06 1.20 9.50 43.49 1.00 29.07 3.02
F18 7.99 3.62 13.85 63.26 1.00 14.42 160.01 1.08 37.87 2.32
F19 3.1𝐸3 135.16 893.82 3.9𝐸4 1.56 566.65 5.4𝐸4 1.00 6.1𝐸3 3.67
F20 251.29 32.94 142.30 720.64 7.96 131.48 863.43 1.00 483.70 23.66
F21 3.96 2.89 1.65 1.00 4.60 2.91 4.87 1.90 2.72 2.37
F22 31.83 55.55 1.5𝐸5 1.3𝐸8 8.26 89.30 3.0𝐸8 1.00 5.8𝐸6 15.15
F23 1.00 4.4𝐸3 1.5𝐸6 8.8𝐸7 27.10 3.3𝐸4 1.6𝐸8 4.89 2.8𝐸7 29.22
F24 2.2𝐸3 88.70 1.1𝐸3 4.7𝐸3 1.60 215.01 3.4𝐸3 1.00 940.82 34.50
F25 3.0𝐸3 380.11 2.9𝐸3 1.0𝐸5 1.00 3.1𝐸3 1.3𝐸5 2.01 2.4𝐸4 54.67
F26 39.66 5.65 30.04 58.39 6.03 27.36 42.32 1.00 38.57 8.91
F27 54.77 2.13 12.53 87.36 1.27 10.85 58.14 1.00 21.11 2.77
F28 164.45 67.82 335.75 447.01 430.29 85.82 596.00 1.00 551.44 68.85
F29 8.78 4.00 16.50 15.31 1.00 10.85 18.42 3.27 6.75 7.29
F30 63.53 10.38 27.71 105.79 7.15 47.04 88.91 1.00 58.02 12.83
F31 3.80 5.63 7.23 9.39 1.00 7.31 10.20 1.93 7.56 4.53
F32 740.24 30.59 184.72 1.8𝐸3 1.00 322.80 1.8𝐸3 2.87 725.62 31.00
F33 149.29 66.43 224.57 1.4𝐸3 3.86 255.71 2.4𝐸3 1.00 1.0𝐸3 42.71
F34 491.51 35.62 100.26 1.1𝐸3 1.64 113.66 1.1𝐸3 1.00 400.61 27.55
F35 3.44 2.50 5.89 6.67 1.00 4.28 5.48 1.46 3.83 3.74
F36 11.05 6.01 18.56 40.10 9.07 18.47 43.18 1.00 31.18 4.64
The bold data are the best function value among different methods for the specified function.

HS/FA significantly outperforms all others in the opti-
mization process. Furthermore, Figure 4 indicates that, at
the early stage of the optimization process, FA converges
faster than HS/FA, while HS/FA is well capable of improving
its solution steadily in the long run. Here FA shows faster
converges initially (within 20 iterations), however it seems to
be trapped into subminima as the function value decreases
slightly (after 20 iterations), and it is outperformed by HS/FA
after 30 iterations.

From Figures 1–4, our HS/FA’s performance is far better
than the others. In general, BBO and FA, especially FA,
are only inferior to the HS/FA. Note that, in [40], BBO is
compared with seven EAs and an engineering problem. The

experiments proved the excellent performance of BBO. It is
also indirectly proven that our HS/FA is a more effective
optimization method than others.

6. Conclusions

In the present work, a hybrid HS/FA was proposed for
optimization problems. FA is enhanced by the combination
of the basic HS method. In HS/FA, top fireflies scheme is
introduced to reduce running time; the other is used to
mutate between fireflies when updating fireflies. The new
harmony vector takes the place of the new firefly only if
it is better than before, which generally outperforms HS
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and FA. The HS/FA strive to exploit merits of the FA and
HS so as to escape all fireflies being trapped into local
optima. Benchmark evaluation on the test problems is used
to investigate the HS/FA and the other nine approaches. The
results demonstrated that HS/FA is able to make use of the
useful knowledge more efficiently to find much better values
compared with the other optimization algorithms.
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The concept of biologically inspired networking has been introduced to tackle unpredictable and unstable situations in computer
networks, especially in wireless ad hoc networks where network conditions are continuously changing, resulting in the need of
robustness and adaptability of control methods. Unfortunately, existing methods often rely heavily on the detailed knowledge of
each network component and the preconfigured, that is, fine-tuned, parameters. In this paper, we utilize a new concept, called
attractor perturbation (AP), which enables controlling the network performance using only end-to-end information. Based on
AP, we propose a concurrent multipath traffic distribution method, which aims at lowering the average end-to-end delay by only
adjusting the transmission rate on each path. We demonstrate through simulations that, by utilizing the attractor perturbation
relationship, the proposed method achieves a lower average end-to-end delay compared to other methods which do not take
fluctuations into account.

1. Introduction

In wireless ad hoc networks, it is known that transmissions
over wireless channels suffer from radio propagation loss,
shadowing, fading, radio interference, and limited band-
width. Moreover, there are also effects from traffic patterns
which can degrade certain links if the network control is not
traffic aware. Therefore, a lot of research attempts have been
made in every layer and even across layers to improve the
performance of communications in ad hoc networks. How-
ever, most improvements consider only the existing problems
and lack the flexibility towards emerging problems, especially
the highly focused cross-layer optimization becomes less
extensible and difficult to maintain [1].

Traditional network control mechanisms often rely on a
certain set of predefined rules and fine-tuned parameters for
known situations. However, computer network architectures
and their protocols have become increasingly sophisticated
over time through addition of many features to support
new applications, where different applications may require
different settings of protocol parameters. Since the total

number of possible situations occurring in the real world
is too numerous to be handled by preprogrammed sets of
definitions, it is necessary that new networking mechanisms
are designed in a flexible and adaptivemanner to cater for any
changes in the environment.

In an attempt to design new adaptive networking meth-
ods, concepts based on biological mechanisms have been
proposed [2, 3] for self-organized control since they are able
to provide greater robustness and adaptability to external
influences. The core idea is to derive a protocol that is based
on the model of a natural phenomenon. For example, swarm
intelligence is a concept where individual agents mimic the
behavior of foraging ants or bees in insect swarms and it has
been successfully applied to routing problems in the past [4].
Firefly groups perform a distributed synchronization of their
flashing behavior and this is applied to synchronization in
sensor networks [5]. Reaction-diffusion describes the chem-
ical dynamics of morphogens in the development of stripes
or spots on animal furs. Based on the reaction-diffusion
dynamics, the coding rate for camera sensor networks can be
controlled [6].
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Since biological systems are often described as dynamic
systems, they rely on amathematical formulation given as dif-
ferential equations. In dynamic systems, attractors describe
the states to which the system evolves over time. In the past,
we studied the concept of attractor selection, which is based
on the dynamics found in gene expression [7] and has been
previously also applied to tackle problems in communication
networks [8, 9]. In this paper, we apply a similar biological
mechanism called attractor perturbation (AP), which is
derived from the fluctuation-response relationship observed
in an experiment on the evolution of functional proteins in a
cell [10]. A previous application of AP to computer networks
can be found in [11, 12].

In this paper, we focus on bandwidth improvement
and end-to-end delay minimization in ad hoc networks. In
terms of bandwidth improvement, one of the most common
approaches is to use multiple paths in the same or across
different media (multihoming). To enable the ability to
utilize multiple paths concurrently, there is some existing
work in both wired, for example, opportunistic multipath
scheduling (OMS) [13], and wireless networks, for example,
concurrent multipath transfer (CMT) [14, 15] and adaptive
load balancing algorithm (ALBAM) [16]. However, most
existing control methods require a full knowledge of the
current network status, for example, queue length on each
node, which is difficult to obtain or requires frequent probing
causing bandwidth degradation. Therefore, we apply AP to
concurrentmultipath trafficdistribution to improve the avail-
able bandwidth while utilizing the AP relationship to predict
the outcome of the traffic adjustment and also minimize the
end-to-end delay at the same time.

The contributions of this paper are as follows. First is the
end-to-end characteristics of the AP-based proposal, which
allows easy deployment in existing networkswithout the need
of modifying all intermediate nodes. Second is the usage
of statistical information, which consumes less bandwidth
to obtain than using probing results. Third is the ability to
provide a simplified view of the network as a black box with
only the end-to-end observed variables while maintaining
the ability to influence the network performance. Last is the
expectable adaptability of the proposal since it does not rely
only on the predefined parameters but also takes into account
the fluctuation as a source of robustness and adaptability in a
similar manner to other biological mechanisms.

The rest of this paper is organized as follows. We first
explain the biologically inspired attractor perturbationmodel
which is the basis of this study in Section 2. Next, we describe
our proposal, that is, a concurrent multipath traffic distribu-
tion method, in Section 3. Then, the evaluation results from
simulation are presented and discussed in Section 4. Finally,
we conclude this paper and describe future work.

2. Attractor Perturbation

The attractor perturbation model is derived from observa-
tions of fluctuation and response in biological systems, in
particular, an experiment on the evolution of functional
proteins in clone bacteria cells.

Force Δa1

Force Δa1

Degree of fluctuation

Smaller
perturbation

x

x

How much Δa2?

Larger perturbation Δx

Δx

Figure 1: Dynamics of attractor perturbation.

2.1. Mathematical Model. In [10], it was found that the fluctu-
ation, which is expressed by the variance of the fluorescence
of a bacterial protein, and its response, which is the average
change in this fluorescence against the applied force, have a
linear relationship modeled as follows:

𝑥
𝑎+Δ𝑎

− 𝑥
𝑎
= 𝑏Δ𝑎𝜎

2

𝑎
, (1)

where 𝑏 is a scalar constant, 𝑥 is a time dependentmeasurable
variable in the system with mean 𝑥 and variance 𝜎2

𝑎
, and 𝑎 is

the amount of force applied to the system. The attractor per-
turbation model is very similar to the fluctuation-dissipation
theorem in physics.

There are two major assumptions underlying the model
formulation of AP. First, the variable 𝑥must have a Gaussian-
like distribution which is often observed in biology. Second,
the variable 𝑥 and the parameter 𝑎 are closely associated.
In other words, a change in the parameter 𝑎 would strongly
affect the distribution of the variable 𝑥.

2.2. Applications of AP Model. Equation (1) reveals that the
difference in the average of the variable 𝑥 before and after
applying a change to the parameter 𝑎 is linearly proportional
to the amount of change in 𝑎, which is the force Δ𝑎, and
the variance of the variable 𝑥 prior to the change. Therefore,
one can predict the response to the applied force from the
fluctuation of the targeted system. Since the amount of change
in 𝑎 can be seen as controllable, it is possible to adjust the
difference in average of 𝑥, called perturbation, by taking the
current variance of 𝑥 into consideration. Obviously, using the
same amount of force Δ𝑎 to perturb the average of 𝑥 when
the variance 𝜎2

𝑎
is large will also lead to a larger perturbation,

as shown in Figure 1. Based on this relationship, we use this
model to estimate the amount of force required to achieve the
desired amount of perturbation.

To confirm the applicability of the AP model in our
proposal, we first observed the delay distribution in ad
hoc networks and discovered that it resembles a Gaussian
distribution. Second, a related study has already shown the
applicability of AP to traffic rate control for achieving a target
delay in wired networks [12]. Since AP allows simplifying the
underlying system as a black box by observing only the end-
to-end variables, it is a promising way to reuse the concept of
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rate control in ad hoc networks. Hence, we decided to use AP
for concurrent multipath traffic distribution by performing
traffic rate control on each path to achieve overall higher
bandwidth and lower end-to-end delay as explained in the
next section.

3. Concurrent Multipath Traffic Distribution

The advantage of using multiple paths is that if one path
breaks due to failures at intermediate links or nodes, at least
one other path can still be maintained. Furthermore, using
multiple paths permits a better load balancing by distributing
traffic more evenly in the network. Particularly, if nodes
in an ad hoc scenario are operated by batteries, this may
lead to reduced energy consumption of intermediate nodes.
Finally, using multiple paths concurrently can improve the
total available bandwidth in the network.

In today’s wireless networks, it becomes common that
participating devices can connect to more than one radio
access technologies (RATs) and even within the same RAT,
there are possibly multiple separated channels to use. There-
fore, the concept of multipath can now be extended to
multichannel and multihoming in heterogeneous wireless
networks. Even though our current work focuses on ad hoc
networks, our concept of path is still applicable to traffic
allocation over multichannel and multihoming scenarios.
The allocation granularity, which describes the unit of infor-
mation allocated to each path, is also of great importance [17].
Coarse granularities, such as per connection or per flow, tend
to reduce the management overhead but are not as flexible
as small granularities, for example, per packet, since these
permit a better distribution of traffic. However, per-packet
granularity may require reordering at the destination, if the
latencies differ too much among paths.

3.1. SystemModel. In this study,we consider a situationwhere
a source node is connected to the destination node via mul-
tiple paths and each path 𝑖 does not cause interference with
another as illustrated in Figure 2. This network model covers
both ad hoc (or mesh) networks withmultiple radio channels
and also multihoming systems. For the sake of simplicity,
we consider only 𝑛 = 2 in this paper, but the proposed
method can be easily extended to 𝑛 > 2 cases as shown in
the appendix.

The notations of variables on each path 𝑖 are as follows:

(i) observed end-to-end delay (measurable variable): 𝑥
𝑖
,

(ii) current traffic rate (controllable variable or force): 𝑎
𝑖
,

(iii) amount of traffic rate adjustment: Δ𝑎
𝑖
,

(iv) average end-to-end delay prior to applying Δ𝑎
𝑖
: 𝑥
𝑖
,

(v) average end-to-end delay after applying Δ𝑎
𝑖
: 𝑥
𝑖
,

(vi) delivered packet count: 𝑛
𝑖
.

3.2. Problem Definition. Our proposal aims at minimizing
the average end-to-end delay of all packets. Using AP, we
attempt to minimize the total delay sum, which directly
corresponds to the average delay of all packets on both paths.

The delay sum can be estimated through the product of the
expected delay and the adjusted traffic rate on each path.

According to the AP concept, in case of two paths, we
have the expected average delay 𝑥

𝑖
:

𝑥


1
= 𝑥
1
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1
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1
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2

1
,
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2
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2
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Therefore, we can define a function 𝑓(Δ𝑎
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estimation of the average delay after applying traffic rate
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constrained optimization (minimization) problem as follows:
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(4)

The solution of the minimization problem in (4) is the
amount of the adjustment in traffic rate to be applied to each
path in order to achieve minimal average end-to-end delay
of all packets. The subject to condition is required since the
total amount of traffic prior to and after the adjustment has
to remain the same.

3.3. Lagrangian Optimization. The minimization problem
which has the form as in (4) can be solved using Lagrangian
Optimization.

The Lagrangian has the general form of
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) = 𝑓 (𝑥) − Σ𝑖 [𝜆𝑖 (𝑔𝑖 (𝑥) − 𝑏𝑖)] , (5)

where 𝑥∗ is the optimal solution of 𝑥 and 𝜆∗ is the penalizing
Lagrangian multiplier.

The associated Lagrangian of (4) is:
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In the three equations (6)–(8), there are three unknown
variables Δ𝑎∗

1
, Δ𝑎∗
2
, and 𝜆∗. Therefore, this optimization
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(14) end procedure

Algorithm 1: AP-based traffic distribution.
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Figure 2: Overall system model.

problem can be solved and we obtain the optimal amount of
traffic rate adjustmentΔ𝑎

𝑖
for each path 𝑖 tominimize the sum

of average delays.
According to the steps taken previously, the optimal

solution in case of two paths is as follows:
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3.4. TrafficDistributing Steps. Theoptimal solutionΔ𝑎∗
𝑖
from

(10) is used in Algorithm 1, executed at the source every
interval of duration 𝜌 (=5 s in our simulation experiments).

In every iteration of the algorithm, our main AP-based
traffic control method (AP–Com) uses the measured average
𝑥
𝑖
, the variance 𝜎2

𝑖
, and the current traffic rate 𝑎

𝑖
to solve

the minimization problem. The optimal solution is applied
to the current traffic rate gradually, which is limited by the
maximum rate adjustment ratio 𝛼max.

In addition to our main proposal AP–Com, a variation
of AP-based method with delay compensation (AP+Com) is
also proposed here. The delay compensation process serves
to maintain throughput in our mechanism at the cost of
using more information of the delivered packet count 𝑛

𝑖

on each path 𝑖 for calculating the number of lost packets.
Without delay compensation, AP–Com behaves in favor of
lower delay regardless of the delivery performance on each
path. In AP+Com, we compensate for packet loss assuming
that each lost packet has the end-to-end delay equal to 𝜌. We
will show results of both AP-basedmethods with andwithout
delay compensation in the evaluation section.

The coefficient 𝑏
𝑖
is required to solve the minimization

problem.This value is crucial for estimating the average delay
after applying the traffic rate adjustment and is determined in
every iteration based on the current iteration’s average delay,
the previous iteration’s average delay and variance, and the
amount of rate adjustment applied in the previous iteration
using (1). In case that there is no traffic rate adjustment in the
previous iteration, the default 𝑏 given in the configuration is
used in that iteration and the accurate 𝑏

𝑖
can be calculated

on the subsequent iteration. Note that another study on AP
in wired networks [12] has found that the AP-based control
does not require a fine tuning of coefficient 𝑏. We will show



The Scientific World Journal 5

later in Section 4.4 that the same concept also holds in our
wireless case.

4. Evaluation

To demonstrate the validity of the AP-based traffic distribu-
tion, we performed simulations using the QualNet network
simulator.We divided the evaluation into two parts, through-
put in a static scenario and end-to-end delay improvement in
mobile scenarios.

4.1. Comparison Target. In the static scenario evaluation,
we compare the performance of the AP-based proposal to
two existing multipath transport layer control protocols:
concurrent multipath transfer (CMT) [14] and multipath
real-time transport protocol (MPRTP) [18]. CMT utilizes
the SCTP [19] protocol to send data concurrently to the
destination, which has multiple networking interfaces, while
MPRTP is an extended version of the RTP protocol to allow
scheduling of RTP traffic over multiple paths concurrently.

Our proposal is similar to the recently proposed MPRTP
protocol because both are implemented over UDP. The
scheduling algorithm of MPRTP uses loss rate, packet sizes,
bytes sent, and interval information from RTP’s receiver
reports (RRs) to estimate the bandwidth of the current
path. Using packet loss information, paths are categorized as
congested, mildly congested, and non-congested conditions.
The scheduler then continuously assigns a portion of traffic to
each path,more if it is noncongested and less if it is congested,
while keeping the same total rate. We have implemented
Algorithm 1 of MPRTP from [18] in QualNet, assuming
a perfect knowledge of end-to-end information instead of
using real RR packets, and compare its performance with our
proposal.

As already mentioned previously, CMT is implemented
over SCTP, which is supported by the IETF alongside with
TCP and UDP as a general purpose reliable transport proto-
col with connection-oriented, reliable data transfer, window-
based, congestion control, and flow control features, similar
to TCP. One important feature of SCTP is its built-in mul-
tihoming capability where a connection can be established
between a set of IP addresses. However, standard SCTP uses
only a pair of primary IP addresses at a time which does not
allow concurrent transmissions. CMT is amodified version of
SCTP that allows concurrent transmissions and includes few
improvements on fast retransmission, congestion window
update, and delayed acknowledgment algorithms. It was
found in [15] that the receiving buffer, referred to as rBuf in
the original paper, can be a performance bottleneck of CMT.
Therefore, we only compare the best CMT results without
such constraint, called CMT Unlimited, as a reference in this
section.

We did not implement our proposal over TCP or SCTP
because in the TCP scheme, due to various control mech-
anisms, for example, rate control and congestion avoidance
control, end-to-end delays do not generally follow a Gaussian
distribution. There are a few special cases when TCP traffic
does follow aGaussian distribution [20, 21]; however, we leave
the investigation of those cases as a future work.

Transmission range
370m

Channel 1

Channel 2

300m

4
5
0

m

· · ·

· · ·

Figure 3: Simulation scenario from [15].

Currently, to study the pure behavior of our proposal,
we assume that the end-to-end information is known to the
source node without an actual measurement. However, a
feedback mechanism can be easily implemented to deliver
this information to the source node. Since the statistical
information is needed only once every execution interval, the
overhead can be considered negligible and the actual results
should be similar to the simulation results shown in this
paper. Moreover, to have a fair comparison, our comparison
targeting MPRTP also uses the same assumptions.

4.2. Static Scenario. We set up the simulation scenario exactly
the same as described in [15]; see Figure 3. There are two
chains of nodes where the distance between nodes on the
same chain is 300m and the distance between chains is
450m.The transmission range of each node is approximately
370m where the carrier sensing range and the interference
range span farther under the two-ray path lossmodel without
fading. The default transmission range in QualNet 5.2 is only
300m and we matched the transmission range to [15] by
slightly increasing the TX power.

In this scenario, one chain serves as the main concur-
rent multipath sessions for bandwidth evaluation and the
other chain serves as interfering background traffic. On the
main chain, each node is equipped with two IEEE 802.11b
interfaces connected to two noninterfering channels. On the
background traffic chain, each node is equipped with only
one interface connected to the second channel which is used
in the main chain. The data rate for IEEE 802.11b is 2Mbps
and the RTS/CTS mechanism is enabled. Static routes are
used in this simulation to eliminate complications due to the
effect of the routing protocol.

The number of nodes varies from 10 to 34 (4, 8, and 16
hops on each chain).The traffic used in this evaluation is CBR
with 1000 bytes per packet. We performed the simulations
using several different traffic rates on themain chain and have
selected the one with the highest obtained throughput shown
in Figure 4. The main total traffic rates for the 4, 8, and 16
hop cases are 65.1, 48.8, and 48.8 KBps, respectively, which are
decided based on the number of hops to the destination and
the ratio of capacity explained in [22].Themain traffic is sent
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Figure 4: Throughput comparison between AP-based proposals, MPRTP, and CMT unlimited rBuf from [15].

from the source during 60–360 seconds in a 420-second long
simulation.The amount of background traffic varies from0 to
24 packets per second. The results of our protocol shown in
Figure 4 are the average of 30 runs, which is the same number
of runs performed in [15].

From Figure 4, it can be clearly seen that in comparison
to CMT, MPRTP, and AP-based methods (with 𝑏 = 0.1 and
𝛼max = 0.1) can achieve much higher throughput and are less
susceptible to the interference from background traffic. Even
though now the implementations of both AP and MPRTP
methods do not fully use feedback packets to gather the
statistical information, a single feedback packet per decision
interval 𝜌 (=5 s in this study) can hardly affect the higher
bandwidth shown here. Therefore, we can claim here that
the AP-based method and MPRTP are viable alternatives
to CMT, which can provide better bandwidth improvement
when an application can tolerate or handle packet loss.

Among UDP-based proposals, MPRTP could achieve
higher bandwidth due to its accurate rule-based bandwidth
prediction in cases of low interference and background traffic

load. However, when congestion occurs and more packet
loss is observed, the bandwidth difference becomes smaller.
Since MPRTP relies heavily on the information accuracy, the
smaller difference is most likely due to the lower accuracy of
rule-based bandwidth prediction of MPRTP.

A similar behavior can be observed between AP+Com,
which estimates delay compensation using packet loss, and
AP–Com, which does not use delay compensation. With
the delay compensation process added in AP+Com, the
performance of the AP-based method is slightly better than
inAP–Combecause the compensated delay reflects the actual
network conditions better and enhances the accuracy ofAP in
estimating delay after adjusting the traffic rate. However, the
performance difference becomes smaller in the samemanner
to MPRTP when the load is high.

It is important to emphasize that while using much
less information, that is, only delay information without
delivered packet count nor lost packet count in comparison
to AP+Com and MPRTP, AP–Com can achieve comparable
throughput to other protocols. This is a piece of evidence of
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Figure 5: Performance comparison under mobility scenario.

the adaptability of the AP-based methods, which uses delay
fluctuations, and further supportive results will be shown in
the next subsection.

4.3. Mobile Scenario. In this section, we evaluate the average
delay of the AP-based proposals with 𝑏 = 0.1 and 𝛼max =
0.1 in mobile scenarios. In such scenarios, an adaptive
traffic distribution method is required since a traffic pattern
on a certain path is affected by changes in other paths
due to rerouting, topology changes, and so forth. Most
concurrent multipath traffic distribution methods do not
support/consider mobile scenarios. Therefore, in addition
to the baseline strategy where the traffic is split evenly on
both paths (evenly distributed) and the MPRTP approach,
we developed another comparison method, called heuristic
method, which operates based on the end-to-end average
delay in a similar manner to our AP-basedmethod.Themain
differences are that the heuristic method

(i) adjusts the trafficwith the fixed ratio of the total traffic
rate 𝛼max = 0.1 (the AP-based method calculates the
optimal solution in the range of [−𝛼max, 𝛼max]),

(ii) cannot estimate the delay after applying the traffic rate
adjustment, and

(iii) makes the decision to transfer the traffic purely from
the path with higher average delay or the path with
higher loss rate (in case of no delivered packet) to the
path with lower one.

We expect that the evaluation against the heuristic method
will reveal the importance of taking the fluctuation into
account when performing traffic distribution.

The scenario settings are as follows. 100 mobile nodes are
distributed randomly in a 1500 × 1500m2 area. The random
waypoint model is used with a minimum speed of 2m/s,

a maximum speed of 10m/s, and a pause time of 30 s.
Each node is equipped with two 802.11b interfaces with
the data rate of 2Mbps, connected to two noninterfering
radio channels. There is one main multipath traffic session
with total traffic rate of 20 packets/s and the packet size of
1000 bytes, which is the same as the previous scenario. The
number of background CBR traffic sessions varies from 0,
4, 8, and 12 to 16 sessions per channel. Every background
traffic session has the traffic rate of 1 packet/s. We chose a
relatively low bit rate of background traffic to only increase
interference, while ensuring sufficient bandwidth for the
main session to avoid overloading conditions, in which we
cannot evaluate the performance of traffic distributionmeth-
ods.

The average results from 100 runs are shown in Figure 5.
Figure 5 shows the throughput and average delay against the
amount of background traffic. Since the differences between
each curve in Figure 5(b) cannot be clearly seen, more details
of average delay on each run is shown in Figure 6 using
box-and-whisker diagram where the box reflects the lower
quartile (Q1), median (Q2), and upper quartile (Q3).The bars
show the range of±1.5 IQR and the dots show the data that are
outside the range.

It can be observed from Figure 5 that the throughput of
each approach is quite similar. However, there is a difference
in average delay as shown in Figure 5(b). It is out of question
that the baseline approach without traffic redistribution
(evenly distributed) has the worst average delay. Our AP
proposals can achieve the same level of average delay as
MPRTP by using only end-to-end delay statistics. The newly
proposed comparison method (heuristic), which uses only
average end-to-end delay, performs much worse than the
AP proposals because using only the average delay cannot
provide a good estimate of the path quality, that is, congestion
level.
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Figure 6: Average delay comparison under mobility scenario (𝑦-axis is capped for visibility).

Moreover, Figure 6 indicates that the median of all
methods generally follow the same tendency of the average,
except the heuristic one. This is an effect from cases where
the average delay is very high (capped and cannot be seen
in the figure). Those cases are caused by the inappropriate
traffic distribution that induced high congestion, which
consequently causes failure in routing, hence, a much higher
end-to-end delay.

According to these results, it can be understood that AP-
based methods, which use both average and variance, can
perform better than methods using only the average, like
heuristic. Therefore, it is safe to claim that considering not
only the average delay in the current interval, but also the
fluctuation is important for improving the performance of the
traffic distribution method.

Additionally, by using only the statistical information on
delay, AP–Com can achieve comparable throughput and end-
to-end delay to MPRTP, which requires more information of
delivered bytes and loss rate. Hence, it is confirmed that the
AP-based method does not need the details of the system

under its control, which is preferable from an implementa-
tion viewpoint because a high processing overhead, energy
consumption, and errors from actual measurements can be
avoided.

4.4. Discussion on Bio-Inspired Adaptability. From Figures 5
and 6, it can be seen that AP–Com is the best among all
approaches. Even though the throughput results of AP–Com
in the static ad hoc network scenario were slightly lower
than the other approaches, it can adapt well to scenarios
with higher dynamics.This result conformswith our previous
assumption regarding the rule-based bandwidth prediction
of MPRTP and the delay compensation of AP+Com and
shows that a bio-inspired method indeed reveals better
adaptability to different scenarios without the need of fine-
tuning parameters.

To further support this claim, we also added the results
from bandwidth improvement scenario with different coef-
ficients 𝑏 in Figure 7. It can also be seen that even with
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Figure 7: Results of AP+Com with different values of 𝑏.

inaccurate 𝑏 for a specific scenario, the AP-basedmethod can
adapt to that situation and perform considerably well, due to
its core bio-inspired model.

5. Conclusion

We presented a novel biologically inspired concurrent mul-
tipath traffic distribution method based on attractor per-
turbation. In AP, the whole underlying system is regarded
as a black box and its control is based on the observed
average and variance of the time series of the considered
performance metric. Therefore, our proposal requires only
end-to-end statistical information to perform traffic distribu-
tion. From simulation results, we have shown that our main
proposal (AP–Com) can achieve lower average end-to-end
delay without sacrificing throughput when compared to the
heuristic method and evenly distributed traffic on all paths.
Moreover, it can even achieve similar average end-to-end
delay as MPRTP, which uses delivered bytes and loss rate in
addition to delay information. It is natural that a mechanism
using more information achieves better performance, but it
suffers from inaccuracy of obtained information and also
requires parameters fine tuning. An evaluation of cases with
information errors remains future work.

In addition to the performance aspect, our proposal does
not require any careful parameter fine tuning due to its bio-
inspired nature.The usage of fluctuation, or noise, within the
core APmodel gives it a flexibility to handle frequent changes
in the network. It is also expected that with this adaptability,
our proposal should be able to handle emerging problems
better than traditional methods.

Appendix

Minimization Problem: 𝑛-Path Case

According to the AP concept, in case of 𝑛 paths, we have
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Total delay sum of 𝑛-path case can be calculated as follows:
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= Σ
𝑛

𝑖
(𝑎
𝑖
𝑥
𝑖
+ (𝑥
𝑖
+ 𝑎
𝑖
𝑏
𝑖
𝜎
2

𝑖
) Δ𝑎
𝑖
+ (𝑏
𝑖
𝜎
2

𝑖
) Δ𝑎
2

𝑖
) .

(A.2)

Theminimization problem can be formulated similarly to the
2-path case

Minimize 𝑓 (Δ𝑎
1
, Δ𝑎
2
, . . . , Δ𝑎

𝑛
)

subject to Σ
𝑛

𝑖
Δ𝑎
𝑖
= 0.

(A.3)

The associated Lagrangian of (A.3) is

𝐿 (Δ𝑎
∗

1
, . . . , Δ𝑎

∗

𝑛
, 𝜆
∗
) = Σ
𝑛

𝑖
(𝑎
𝑖
𝑥
𝑖
+ (𝑥
𝑖
+ 𝑎
𝑖
𝑏
𝑖
𝜎
2

𝑖
) Δ𝑎
∗

𝑖

+ (𝑏
𝑖
𝜎
2

𝑖
) Δ𝑎
∗2

𝑖
)

− 𝜆
∗
Σ
𝑛

𝑖
Δ𝑎
∗

𝑖
,

𝜕𝐿

𝜕Δ𝑎∗
1

= 𝑎
1
𝑏
1
𝜎
2

1
+ 2𝑏
1
𝜎
2

1
Δ𝑎
∗

1
− 𝜆 = 0

...

𝜕𝐿

𝜕Δ𝑎∗
𝑛

= 𝑎
𝑛
𝑏
𝑛
𝜎
2

𝑛
+ 2𝑏
𝑛
𝜎
2

𝑛
Δ𝑎
∗

𝑛
− 𝜆 = 0,

𝜕𝐿

𝜕𝜆∗
= − Σ

𝑛

𝑖
Δ𝑎
∗

𝑖
= 0.

(A.4)

From (A.4), we can form an augmentedmatrix as follows:

[
[
[
[
[
[
[
[

[

2𝑏
1
𝜎
2

1
0 0 ⋅ ⋅ ⋅ 0 −1 −2𝑏

1
𝜎
2

1

0 2𝑏
2
𝜎
2

2
0 ⋅ ⋅ ⋅ 0 −1 −2𝑏

2
𝜎
2

2

...
... d ⋅ ⋅ ⋅

...
...

...
0 0 ⋅ ⋅ ⋅ 2𝑏

𝑛−1
𝜎
2

𝑛−1
0 −1 −2𝑏

𝑛−1
𝜎
2

𝑛−1

0 0 ⋅ ⋅ ⋅ 0 2𝑏
𝑛
𝜎
2

𝑛
−1 −2𝑏

𝑛
𝜎
2

𝑛

1 1 ⋅ ⋅ ⋅ 1 1 0 0

]
]
]
]
]
]
]
]

]

.

(A.5)

This augmented matrix can be solved using row elimination.
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