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In the nuclear engineering scientific community, Accelerator
Driven Systems (ADSs) have been proposed and investigated
for the transmutation of nuclear waste, especially plutonium
and minor actinides. These fuels have a quite low effective
delayed neutron fraction relative to uranium fuel, therefore
the subcriticality of the core offers a unique safety feature
with respect to critical reactors. The intrinsic safety of ADS
allows the elimination of the operational control rods, hence
the reactivity excess during burnup can be managed by the
intensity of the proton beam, fuel shuffling, and eventually
by burnable poisons. However, the intrinsic safety of a
subcritical system does not guarantee that ADSs are immune
from severe accidents (core melting), since the decay heat
of an ADS is very similar to the one of a critical system.
Normally, ADSs operate with an effective multiplication
factor between 0.98 and 0.92, which means that the spallation
neutron source contributes little to the neutron population.
In addition, for 1 GeV incident protons and lead-bismuth
target, about 50% of the spallation neutrons has energy
below 1 MeV and only 15% of spallation neutrons has
energies above 3 MeV. In the light of these remarks, the
transmutation performances of ADS are very close to those
of critical reactors.

This contributes to different research topics, including
the following:

(i) analyses of subcritical research assemblies:

(a) the analytical solution of the P1 neutron trans-
port equation without the space-time separa-
tion;

(b) the comparison between numerical and experi-
mental results;

(c) the investigation of the kinetic and local neu-
tron parameters;

(d) the neutron detector dead time;

(e) the two-group theory of the Feynman-alpha
method;

(ii) fuel cycles for actinides incineration and 233U pro-
duction from thorium;

(iii) new computational software to analyze the in-core
and out-of-core fuel cycles, the activation of struc-
tural materials, and the accumulation of spallation
products;

(iv) safety studies and the design of the SCRAM system;

(v) studies on nuclear level density parameters of target
isotopes, energy correlation of spallation neutrons,
and fragments production.

Alberto Talamo
Piero Ravetto

Waclaw Gudowski
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Earlier works have suggested that the energy correlations in a spallation source may influence the neutron noise measurements
in an ADS. For the calculation of this effect not only the generally known and used one-particle spectrum is needed but also the
so-called two particle spectrum, which describes also the energy correlations. Since measured data are not available for the energy
correlation of the neutrons from a single spallation event, the physical models of the MCNPX code have been used to investigate
the effect. The calculational model has been successfully validated with measurements of the number distribution of spallation
neutrons. The simulated one- and two-particle energy distributions and spectra proved that the energy correlations exist and have
an important effect in low multiplicity spallation events and in thin targets. On the other hand, for thick targets this effect appears
negligible and the factorization of the two-particle spectrum seems an acceptable approximation. Further investigations are in
hand to quantify the actual effect of the energy correlations on the neutron noise measurements.

1. Introduction

Spallation sources are considered as neutron sources for
Accelerator-Driven Subcritical Systems (ADSs). In an ADS
an accelerator is supposed to provide a high-energy
(∼1 GeV) proton beam, which produces neutrons in a heavy
metal (e.g., lead) target through the spallation process.
Besides the high neutron energies (up to the energy of the
proton) the spallation neutron source is also distinguished
from other neutron sources by its high multiplicity: one
proton can produce up to 40–50 neutrons. The high multi-
plicity increases the importance of the source in a subcritical
system, especially in case of deeper subcriticality. Therefore,
the precise description of the spallation source is inevitable
for the modeling of an ADS.

A special case is the modeling of the neutron fluctuations
in an ADS (e.g., neutron noise measurements for reactivity
determination) as this requires also the description of the
higher moments of the probability distributions. While one
can easily find measured data about spallation sources for the
average values (the first moment) in the literature, the higher
moments are not available due to the smaller interest and

the difficulties of such measurements. This paper makes an
attempt to reproduce the higher moments and correlations
needed for the accurate simulation of the neutron fluctu-
ations in an ADS with the help of the physical models of
the spallation process implemented in the MCNPX [1] high-
energy Monte Carlo particle transport code.

2. Effect of the Spallation Source on
the Neutron Fluctuations

2.1. Effect of the Multiplicity of the Source. The distribution
of the number of neutrons q from a single source event can
be described by the probability distribution p(q), which by
definition has to fulfill the following criteria:

∞∑

q=0

p
(
q
) = 1. (1)

Yamane and Pázsit et al. investigated the effect of the high
multiplicity of the spallation source on different neutron
noise measurement methods [4–6]. Let us take the variance-
to-mean ratio or Feynman-α measurement as an example.
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According to the well-known formula, if a Poisson neutron
source (e.g., Pu-Be) is placed into a subcritical core, the ratio
of the variance and the mean value of the number of counts
N in a detector during a certain measuring time Δt will be
the following [6]:

σ2(N(Δt))
〈N(Δt)〉 = 1 + Y(Δt) = 1 +

εDνp
(
ρ− β)2

(
1− 1− e−αΔt

αΔt

)
,

(2)

where ε is the detector efficiency, ρ is the reactivity of the
subcritical system, β is the delayed neutron fraction, α is
the prompt decay constant, and Dνp is the so-called Diven-
factor for the prompt neutrons, which can be calculated
from the first and second factorial moments of the number
distribution of prompt neutrons from fission (νp):

Dνp =
〈

νp
(

νp − 1
)〉

〈
νp
〉2 . (3)

As it is shown in [4, 5] in case of a multiplicative source a
(1 + δ) factor has to be introduced in (2):

Y(Δt) = εDνp
(
ρ − β)2 (1 + δ)

(
1− 1− e−αΔt

αΔt

)
. (4)

δ is defined as:

δ = −ρ
〈
q
〉
Dq〈

νp
〉
Dνp

, (5)

where Dq is the Diven factor for the number of the neutrons
from a source event q and can be calculated analogously to
Dνp :

Dq =
〈
q
(
q − 1

)〉
〈
q
〉2 . (6)

A similar formula with the same (1 +δ) correction factor can
be derived for the Rossi-α or autocorrelation measurement,
too [6]. From (5) one can arrive at the trivial conclusion that
the higher the multiplicity of the source compared to the
multiplicity from fission and the deeper the subcriticality,
the more important the effect of the source on the neutron
fluctuations.

The importance of this fact comes if one calculates the
typical values of δ for a spallation source. The Diven-factor
for spallation sources is somewhat higher than for fission.
For example, for the number distribution in [3] measured for
35 cm thick Pb target (see in Section 5.1 in details) Dq ≈ 1.4
can be obtained. Taking typical values for 235U fission as
in [4] one arrives at Dq/Dνp ≈ 1.75. The more important
effect comes from the source multiplicity since in the same
measurement as above 〈q〉 ≈ 20 was found for a spallation
source, which gives 〈q〉/〈νp〉 ≈ 8.3. Assuming these data
δ ≈ −14.5 ρ, which means δ ≈ 0.76 in case of a subcritical
system with keff = 0.95. If one considers a deep subcriticality
with keff = 0.7 then δ ≈ 6.2 is obtained. These high values
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Figure 1: Feynman-α curves measured with different neutron
sources [2].

for δ emphasize the importance of the spallation source in
the neutron fluctuations.

The importance of the source multiplicity has been con-
firmed by experimental results from Kitamura et al. [2, 6]. In
Figure 1 one can see the results of Feynman-α measurements
in a subcritical system of keff = 0.9874 with different neutron
sources. The curves obtained with the Am-Be source (which
is a Poisson source) and with the 252Cf source cover each
other due to the fact that the multiplicity of the 252Cf source
is about the same as the fission multiplicity, which results in a
small δ value. On the other hand, when a randomly triggered
pulsed D-T neutron generator (Random-PNG) is applied,
despite the relatively small negative reactivity, the effect of
the higher δ value can be observed due to the high number
of neutrons from a pulse.

2.2. Effect of the Energy Correlations of the Source. The above-
shown importance of the spallation source indicates that
minor effects may be worthwhile for deeper investigation,
as well, such is the energy correlation between the neutrons
from a spallation source. Neutron fluctuations are often
handled in an energy independent one-group theory, but the
high-energy spectrum assumed in an ADS seeks for energy
dependent multigroup treatment. Such treatment requires
also the description of the energy distribution of the source
neutrons. This can be described in full detail by giving
the fq(E1,E2, . . . ,Eq) energy distribution of the q-particle
emission event for each q. Being conditional probability
density functions, these functions also have to be normalized
to unity:

∫
fq
(
E1,E2, . . . ,Eq

)
dE1dE2 · · ·dEq = 1. (7)

One can also define n-particle distributions (where n < q) by
averaging over the remaining energy coordinates:

fq(E1,E2, . . . ,En) =
∫
fq
(
E1,E2, . . . ,Eq

)
dEn+1 · · ·dEq. (8)
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In practice the fq(E) one- and the fq(E1,E2) two-particle
distributions have relevance, since they are sufficient for
the determination of the first and second moments. If the
energies of the neutrons originating from a single source
event are totally independent from each other, the q-particle
distribution can be factorized and substituted by the one-
particle distribution:

fq
(
E1,E2, . . . ,Eq

)
≡

q∏

i=1

fq(Ei), (9)

which obviously also means that:

fq(E1,E2) ≡ fq(E1) fq(E2). (10)

In some cases the energy independence can be a good
approximation but generally it cannot be assumed. The
spectrum of the neutrons from the source χ(E) can be
calculated by averaging the one-particle distribution fq(E)
weighted by the expected number of neutrons from a q-
particle emission event qp(q):

χ(E) =
∑

q qp
(
q
)
fq(E)

∑
q qp

(
q
) = 1〈

q
〉
∑

q

qp
(
q
)
fq(E). (11)

This spectrum is known from experiments for both fission
and spallation sources. However, Pázsit et al. showed [7]
that in an energy-dependent approach the calculation of
the second moment of the neutron fluctuations requires
also the two-particle spectrum χ(E1,E2), which involves
the energy correlations between the source neutrons. This
can be expressed with the help of the two-particle energy
distributions:

χ(E1,E2) =
∑

q q
(
q − 1

)
p
(
q
)
fq(E1,E2)

∑
q q
(
q − 1

)
p
(
q
) . (12)

This function is usually unknown. In the case of fission it
is generally replaced by the one-particle spectrum assuming
that χ(E1,E2) = χ(E1)χ(E2). However, from (12) one can
conclude that this assumes not only that (10) is valid but also
the independence of fq(E) from q:

fq(E) ≡ χ(E). (13)

This approximation is often used (e.g., in [8] where a general
theory of neutron noise measurements is derived assuming
different neutron sources), although the conditions in (10)
and (13) do not apply for a spallation source. In order to
decide on the applicability of this approximation the deter-
mination of the two-particle spectrum χ(E1,E2) is needed.
As measurement data are not available for this purpose, one
possibility is to use the physical models describing spallation
and calculate a Monte Carlo estimation of χ(E1,E2).

3. Modeling of Spallation

The spallation process is modeled in high-energy particle
transport codes (e.g., MCNPX, LAHET [9], FLUKA [10],

and HERMES [11]). Such codes use Monte Carlo methods
both in the physical models to determine the outcome
of nuclear interactions and for the transport of particles
between interactions. The transport between interactions is
done in the conventional way except that total cross-sections
are calculated from physical models. Whenever a collision
site is sampled, physical models are used to calculate the
outcome of the interaction.

The physical models are composed of two basic parts.
The first part is the so-called intranuclear cascade (INC)
model. This describes the nuclear interaction as series of
nucleon-nucleon collisions inside the nucleus. During this
process secondary particles are generated as “knocked-out”
nucleons. The process is followed while a thermal equilib-
rium of the nucleons is achieved, and the nucleus is left in
an excited state. The second part of the model describes the
deexcitation of the nucleus, which leads to either evaporation
(simultaneous emission of several particles) or fission.

It is important to note that the modeling of the spallation
process is fully analogous. Therefore, one can expect that
these models provide good estimation not only for the
mean values of the distributions but also for the higher
moments, which are important for the simulation of neutron
fluctuations.

4. Calculational Methods

The MCNPX code has been chosen for the calculation.
Geometry and parameters of a published measurement of
spallation neutron yields have been used in the simulation
in order to validate the physical models. In the experiments
performed by Hilscher et al. [3] a lead target of variable
thickness was bombarded by 1.22 GeV protons. The target
was surrounded by a 4π neutron detector, the so-called
Berlin Neutron Ball (BNB) (see Figure 2). This is a spherical
shell filled with liquid scintillator and 0.4 weight% of Gd in
order to make it sensitive to neutrons. 24 photomultiplier
tubes are attached to the outer surface of the shell to detect
the scintillation events.

In the simulation only the target has been modeled as a
natural lead (ρ = 11.34 g/cm3) cylinder with a diameter of
15 cm and a height of 0.2 cm, 5 cm, and 35 cm, respectively.
The proton beam arrives axially at the middle of the cover
plane of the target.

The MCNPX code includes the Bertini [12], the Isabel
[13], the INCL4 [14] and the CEM03 [15] INC models, and
the ABLA and Dresner [16] deexcitation models. CEM03
consists of an intranuclear cascade model, followed by a
preequilibrium model and an evaporation model. For Bertini
and ISABEL and the INCL4 the Dresner evaporation model
with Rutherford Appleton Laboratory (RAL) fission has been
used. The transport of protons, neutrons, and pions was
followed in the simulations.

During the simulations data have been collected about
neutrons leaving the target with the help of the PTRAC
event file of the MCNPX, in which (upon user request)
data are recorded about certain events. A program has
been developed to process this PTRAC file, extract the
energy of the neutrons escaping the target, and reconstruct
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Figure 2: The experimental set up of the neutron multiplicity
measurements performed by Hilscher et al. [3].

the requested distributions. It has to be noted again that in
this way fully analogous estimators have been used, which
do not bias the higher moments of the distributions. The
number of simulated source events has been chosen large
enough to arrive at acceptable statistics with a few percent
of relative error.

5. Results

5.1. Validation to the Measured Number Distributions. In
order to validate the applied models, first the p(q) number
distributions have been calculated. For this purpose the
number of source events producing q neutrons leaving the
target (Nq) has been determined from the PTRAC event file
and divided by the total number of source events (N):

p
(
q
) = Nq

N
. (14)

In [3] fitted functions are given for the differential cross-
section of the source protons of the neutron multiplicity
dσ/dn, where multiple reactions initiated by the same source
proton are counted as one. This quantity needs to be
converted to probability distribution per incident particle in
order to be comparable with the simulated results:

p
(
q
) = Preac

σtot

dσ

dn

∣∣∣∣
n=q

, (15)

where Preac is the probability that a source proton enters a
nuclear interaction in the target, while σtot is the microscopic
total cross-section of the source protons for entering a
nuclear interaction in the lead target. p(0) needs to be
increased by the survival probability of source protons 1 −
Preac. All parameters have been taken from [3]. The fitted
function is the sum of an exponential and a Gaussian
distribution:

p
(
q
) = SG

s
√

2π
e−(q−Mmax

n )2/2s2 +
SE
Tn
e−q/Tn , (16)

where the parameters are the ratio of the exponential and
the Gaussian part (SE and SG, resp.), the mean value of the
exponential and the Gaussian distribution (Tn and Mmax

n ,
resp.), and the spread s of the Gaussian term.

Comparison of the measured and simulated data using
four different physical models can be seen in Figures 3, 4
and 5 for the target thickness of 0.2 cm, 5 cm, and 35 cm,
respectively. The main conclusion of the comparison is
that the simulated results give good approximation of the
measured ones and follow the same behavior: the thicker the
target, the lower the exponential part, the wider the Gaussian
distribution, and more neutrons are produced. This effect is
due to the increasing number of secondary reactions.

One can also observe that there is a systematic over-
estimation of the number of neutrons produced compared
to the measured values. This is most probably due to the
fact that during the evaluation of the measurements an
average efficiency of 85% was used for the neutron detection
efficiency, which had been measured by a 252Cf source,
although the spallation source emits also much higher energy
neutrons for which the efficiency is lower [3]. Concerning
the different models one can observe that the very similar
Bertini and Isabel provide approximately the same results.
CEM03 also provides a similar distribution but with higher
probabilities in the Gaussian part. The distribution obtained
from INCL4 is shifted toward smaller multiplicities. The
results prove that the physical models are suited to reproduce
the distributions in all details and therefore they preserve
not only the mean values but also the higher moments. The
MCNPX default option Bertini model has been chosen for
the detailed investigation of the energy correlations.

5.2. Calculation of the One-Particle Energy Distribution and
Spectrum. For the calculation of the one-particle energy
distributions an energy group structure (Ei) has been set up
and the number of neutrons from source events producing q
neutrons has been determined in each energy bin (Mi

q). The
one-particle energy distribution fq(E) can be estimated as:

fq(Ei) =
Mi

q

Mq(Ei − Ei−1)
, (17)

where Mq = Nqq is the sum of the neutrons from source
events producing q neutrons. The average one-particle
neutron spectrum χ(E) has also been determined:

χ(Ei) =
∑

q M
i
q

M(Ei − Ei−1)
, (18)

whereM =∑q Mq is the total number of neutrons produced.
One can see in Figures 6, 7, and 8. the results of the
simulations for the 0.2 cm, the 5 cm, and the 35 cm thick
targets, respectively. It is obvious from the figures that the
condition (13) does not stand for a spallation source and the
energy distribution of the neutrons clearly depends on the
number of neutrons produced. The explanation of this effect
is related to the energy conservation: the fewer the number of
neutrons produced, the higher the average excitation energy
per one neutron is. This is the reason why at low neutron
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Figure 3: Comparison of measured and simulated distribution of
the number of neutrons produced by a source proton for the 0.2 cm
thick target.

0.002

0.004

0.006

0.008

0.012

0
10 20 30 40 50 60

P
ro

ba
bi

lit
y

p
er

so
u

rc
e

pr
ot

on
,
p(
q)

Number of neutron produced (q)

Hilscher et al.
Bertini
CEM03

INCL4
Isabel

0.01

Figure 4: Comparison of measured and simulated distribution of
the number of neutrons produced by a source proton for the 5 cm
thick target.

numbers (q < 10) the probability of a high energy neutron is
much higher than at higher neutron numbers.

The comparison of the results obtained with different
target thicknesses shows that in case of the thicker targets
the difference between the one-particle energy distributions
for low q and for high q decreases. In the case of the 35 cm
thick target (see Figure 8) for neutron numbers higher than
25, there is no difference between the distributions, which
are very close to the average spectrum χ(E). This can also
be seen in Figure 9 where the portion of the low-energy
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Figure 5: Comparison of measured and simulated distribution of
the number of neutrons produced by a source proton for the 35 cm
thick target.

(<100 MeV) neutrons can be seen compared to the high-
energy (>100 MeV) neutrons for the different targets. Up to
about 25 neutrons/proton this ratio goes together in the three
cases, and the spectrum becomes softer as the number of
neutrons increases. But above this value it steeply increases
for the thin (d = 0.2 cm) target while saturates for the thick
ones. This is due to the fact that in the thin target all the
neutrons come from one single nuclear interaction while
in the thick targets the higher multiplicity is the result of
secondary reactions and an average spectrum is produced.
This averaging effect of the secondary reactions reduces the
differences between the energy distributions for high neutron
numbers in thick targets.

5.3. Calculation of the Two-Particle Energy Distribution and
Spectrum. It has been shown above that the condition
formulated in (13) does not stand for a spallation source,
and therefore the factorization of the two-particle spectrum
χ(E1,E2) is not possible. Now it is also important to inves-
tigate whether the energies of the neutrons from a source
event are independent from each other and approximations
(9) and (10) can be used. For this purpose all the q(q − 1)/2
possible pairs have been created from the q neutrons escaping
the target after a single source event and collected into energy
bins according to the two energies Ei and Ej to determine the

number of neutrons in each bin (M
i, j
q ). In this way the two-

particle energy distribution for q outcoming neutrons can be
obtained as:

fq
(
Ei,Ej

)
= 2M

i, j
q

q
(
q − 1

)
Mq(Ei − Ei−1)

(
Ej − Ej−1

) , (19)
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Figure 6: One-particle energy distributions fq(E) for different
number of produced neutrons q and average spectrum χ(E)
calculated for the 0.2 cm thick target.
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Figure 7: One-particle energy distributions fq(E) for different
number of produced neutrons q and average spectrum χ(E)
calculated for the 5 cm thick target.

while the two-particle spectrum is given as:

χ
(
Ei,Ej

)
= 2

∑
q M

i, j
q

q
(
q − 1

)
M(Ei − Ei−1)

(
Ej − Ej−1

) . (20)

In order to express the deviation of the above functions from
the case when conditions (9), (10), and (13) are valid, the
following covariance functions have also been calculated:

Cfq(E1,E2) = fq(E1,E2)− fq(E1) fq(E2),

Cχ(E1,E2) = χ(E1,E2)− χ(E1)χ(E2).
(21)
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Figure 8: One-particle energy distributions fq(E) for different
number of produced neutrons q and average spectrum χ(E)
calculated for the 35 cm thick target.
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Figure 9: Portion of the low-energy (<100 MeV) neutrons com-
pared to the high-energy (>100 MeV) neutrons for the different
targets.

In Figure 10 one can see the two-energy distributions
fq(Ei,Ej) for different neutron numbers q and the cor-
responding covariance functions Cfq(E1,E2) for the thin
target. It can be observed that for low neutron numbers the
condition (10) is not valid as the distributions are clearly
antisymmetric for the E1 = E2 axis. This represents an “anti-
correlation” of the neutron pairs: if a neutron is emitted with
higher energy, then the other one tends to have lower energy.
This effect diminishes at higher neutron numbers, due to
the much higher degree of freedom the neutron energies
become independent from each other. The same effect can be
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Figure 10: Two-energy distributions fq(Ei,Ej) (a)–(c) for different neutron numbers (q) and the corresponding covariance functions
Cfq (E1,E2), (d)–(f) for the thin target (d = 0.2 cm).

observed for the thick targets, but due to the averaging effect
of the secondary particles the “anti-correlation” diminishes
even faster.

Concerning the two-particle spectra in Figure 11 one can
see that the correlation observed in Figure 10 influences also
the spectrum. In the case of the thin target the two-particle
spectrum χ(E1,E2) is also asymmetric. This is demonstrated
by the spectral covariance function Cχ(E1,E2), as well. For
the thick targets this asymmetry is not obvious, but the
covariance functions show that the effect exists, although in a
much smaller extent than for the thin target. This is again due
to the many more secondary particles produced in thicker
targets.

6. Method to Investigate the Effect on
Noise Measurements

As it was shown above, energy correlations between spal-
lation neutrons exist, although the effect is very small and
seems diminishing as the target thickness increases. There-
fore, it is important to quantify the effect of these energy
correlations on actual noise measurements in order to decide
whether this effect needs to be considered or can be neglected
by the assumption in (13). In the followings a simulation
method is proposed for this investigation.

Noise measurements can be simulated by Monte Carlo
calculations as described in, for example, [17]. In such calcu-
lations the data of the produced neutrons recorded during
the above simulations can be used as the neutron source.
In order to distinguish the effect of the different approxi-
mations, the calculations need to be performed by modified
source data also, where the neutrons are redistributed
between the source events:

(i) by preserving the number distribution p(q) but
sampling the neutron energies from the one-energy
distributions fq(E) to investigate the effect of the
assumption in (9), that is, the independence of the
energy distribution of the neutrons from the same
source event;

(ii) by preserving the number distribution p(q) but
sampling the neutron energies from the one-energy
spectrum χ(E) to investigate the effect of the assump-
tion in (13), that is, the independence of the energy
spectrum of the produced neutrons from the number
of neutrons produced in a source event;

(iii) by preserving the number distribution p(q) but
sampling the neutron energies from the two-energy
spectrum χ(E1,E2) to investigate whether the second
moments are fully preserved in this way.
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Figure 11: Two-particle neutron spectra χ(E1,E2) (a)–(c) and neutron spectrum covariance functions Cχ(E1,E2), (d)–(f) for different target
thicknesses d.

Calculations are in hand with the above described meth-
od for a typical lead cooled ADS design to quantify the effect
of the energy correlation on neutron noise measurements.

7. Conclusions

In the present paper the physical models implemented in
the MCNPX code have been used for the investigation of
the energy correlation in a spallation neutron source. After a
successful validation of the model with a neutron multiplicity
measurement, the one- and two-particle energy distributions
and spectra of the spallation neutrons have been determined.
It has been shown that the one-particle energy distributions
highly depend on the number of neutrons produced in a
source event. Fewer neutrons result in a higher probability
of high-energy neutrons as the excitation energy per neutron
is higher. It has also been observed that the averaging
effect of the large number of secondary reactions in thick
targets reduces this effect. The energy correlation between
the neutrons from low multiplicity spallation events has been
demonstrated also by the two-energy distributions. Finally,
one can conclude that the energy correlation is an important
effect in a thin spallation target and for the complete
description of the neutron fluctuations the two-energy
spectrum χ(E1,E2) has to be used. On the other hand
this effect reduces in thick targets and the factorization of
the two-energy spectrum χ(E1,E2) = χ(E1)χ(E2) appears

as an acceptable approximation. Further investigations are
in hand to quantify the actual effect of the observed
energy correlations on the higher moments of the neutron
fluctuations in a subcritical system.
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The fragments produced in nuclear reactions for accelarator driven systems (ADS) operation form elements that can have effects
on the structure of the reactor. In this regard, the calculation of fragment distributions gives important information for the
development of ADS. To obtain those distributions, the Monte Carlo (MC) method is an important tool, and in this work
we describe calculations of fragment distributions through a MC code for reactions initiated by intermediate- and high-energy
protons and photons on actinide and preactinide nuclei. We study the production of fragments through spallation and fission
reactions. The results show good qualitative agreement with experimental data.

1. Introduction

The accelerator driven system (ADS) is an innovative reactor
which is being developed as a dedicated burner in a double
strata fuel Cycle to incinerate nuclear waste [1–4]. The ADS
system consists of a subcritical assembly driven by accelerator
delivering a proton beam on a target to produce neutrons by
a spallation reaction. The spallation target constitutes at the
same time the physical and the functional interface between
the accelerator and the subcritical reactor. For this reason it
is probably the most innovative component of the ADS, and
its design is a key issue to develop ADS. The performance
of the reactor is characterized by the number of neutrons
emitted for incident proton, the mean energy deposited in
the target for neutron produced, the neutron spectrum, and
the spallation product distribution [5].

The detailed design of spallation neutron sources or ac-
celerator-driven systems (ADS) requires reliable computa-
tional tools in order to optimize their performance in terms
of useful neutron production and to properly assess specific

problems likely to happen in such systems. Among those
problems are the radioactivity induced by spallation reaction
and the problem of shielding [6] the radiation due to
energetic particles generated in the reaction, the changes in
the chemical composition and radiation damage in target,
window, or structure materials [7], and induced radiotoxicity
within the target [8] due the production of several nuclides.
Radiation damage can arise from gas production that causes
embrittlement of structural materials and from atomic
displacements (DPA) which fragilize the various components
of the spallation source. Modifications of the chemical com-
position of these materials possibly result into problems of
corrosion or alloy cohesion and modification of mechanical
properties because of the appearance of compounds not
existing initially in the materials.

It is important to emphasize that, at the present status in
the development of ADS, it is still necessary to study the best
technological options for variables such as the material used
for the target and the energy of incident particles. For this
reason the most important aspect in the calculations of yields
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of nuclides is the confidence one has on the results obtained.
More important than accuracy, at this moment, may be the
reliability of the calculation method. One should consider
more important methods which take into consideration the
correct mechanisms of reactions, than those methods that
have many free parameters to fit experimental data. These are
of great importance to interpolate experimental data, when
they are available, but are of restrict use when there is not
any data.

This paper is organized as follows: Section 2 describes
the main mechanisms for fragments production in nuclear
reactions and gives a short description of the intranuclear
cascade process, which is relevant for the description of the
residual nucleus formation. In Section 3 the evaporation
mechanism is described. This is the most important mech-
anism for the study of spallation. In Section 4 the fission
process is described, this decay channel being relevant for
the formation of fission fragments. In Section 5 we present
and discuss the results obtained with the CRISP code, and in
Section 6 we show our conclusions.

2. Production of Nuclide in Nuclear Reactions

The production of nuclide is associated to the different
mechanisms through which the nuclear reaction evolves.
Depending on the target, on the probe and on the energy,
different mechanisms are more or less relevant. On the other
hand, the distribution of fragments generated when the
reaction finishes is strongly dependent on the channels, open
to the system and on the respective branching ratios.

As the reaction energy increases, more channels are avail-
able and the complexity of the reaction increases. This high
complexity is the main reason to adopt Monte Carlo (MC)
methods in calculations of nuclear reactions results. Indeed
the large number of particles, the large number of available
channels and the fact that the reaction may be understood
as a Markovian sequence of steps are features that perfectly
match the characteristics of Monte Carlo calculations. In this
work we adopt the MC method and use the implementation
for nuclear reaction calculations developed in the CRISP
code [12], which has been already used in ADS studies [13–
15]. This implementation is described in some details below.

It is well established that intermediate- and high-energy
reactions follow a two-step mechanism, as proposed by Bohr.
In the first one, usually called intranuclear cascade, the
energy and momentum of the incident particle is distributed
among a few nucleons through baryon-baryon reactions
which are mainly elastic, but at sufficiently high energies
nucleonic degrees of freedom can be excited. This step
finishes when there is not any nucleons with kinetic energy
that is high enough to escape from the nuclear binding.
Thereafter the collisions among nucleons lead only to the
system thermalization.

The second step depends on the excitation of the residual
nucleus formed at the end of the intranuclear cascade. If
the nuclear excitation energy is E/A ≤ 3 MeV, a statistical
competition between evaporation and fission takes place. For
heavy-nuclei (A > 230) fission is the dominant channel, and
in most of the cases the reaction ends with the formation of

two fragments [16]. For nuclei with A < 230, fission is much
less probable, and in most cases the nucleus evaporates until
there is not energy for evaporation of any particle (neutrons,
protons, and alpha particles are the most frequent). Then
a spallation product is formed which is characterized by its
mass and atomic numbers.

If the nuclear excitation energy is E ≥ 3 MeV/A an
entirely different process may occur, namely, the nuclear
multifragmentation [17–19]. This process is much faster
than the evaporation/fission competition, and it is charac-
terized by the simultaneous production of a large number
of fragments with very different mass and atomic numbers.
In the following we give a brief description of each process
mentioned above.

2.1. Intranuclear Cascade. We now describe the nuclear
mechanisms relevant in nuclear reactions at intermediate
and high energies, which have been implemented in the
CRISP code. The first thing we have to deal with is the
intranuclear cascade (IC). As the incident particle enters the
nucleus region, IC is the first mechanism of the reaction
which is triggered by the collision of the probe with one of the
nucleons in inelastic scattering. This collision, called elemen-
tary collision, will always generate secondary particles, which
can be two nucleons in the case of elastic scattering, mesons,
or resonance states of the nucleon. These secondaries have
energies relatively high compared to the other nucleons in
the Fermi sea and occupy high-energy single-state levels in
the system [20–23]. We call them cascade particles.

The secondary particles generated in an elementary
collision will propagate inside the nucleus and may interact
with other particles, increasing the number of cascade
particles or may reach the nuclear surface. In this case, if
it has energy higher than the nuclear binding energy, it
escapes from the nucleus, otherwise it is reflected back and
keeps its propagation inside the nucleus. In this way, as
the intranuclear cascade continues, the number of cascade
particles increases. The decision to stop the intranuclear
cascade and start the second step of the reaction is based
on energetic criteria, namely, when there is not any bound
particle that is in an excited state or has kinetic energy greater
than its binging energy [21, 22, 24].

There are several important aspects in the intranuclear
cascade calculations with the CRISP code. The first one is
that it is a multicollisional simulation of the cascade, with
all nucleons moving simultaneously. The time-ordered
sequence of elementary collisions considers the probability
of interactions among all those particles based on their
respective cross sections. This is an important difference with
respect to other Monte Carlo codes where only one cascade
particle is considered, while all others are kept frozen in their
initial state.

The multicollisional approach is an important improve-
ment in the simulation of intranuclear cascade in respect to
the MC method used in well-known codes like those from
Barashenkov et al. or Bertini et al. [25, 26], since dynamical
aspects as nuclear density modifications or the evolution of
occupancy numbers during the cascade are naturally taken
into account in the former method but not in the last [24].
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Another important aspect is the Pauli blocking mech-
anism, responsible for keeping track of possible violations
of the Pauli Principle. With the multicollisional method it
is possible to adopt a very precise method for verifying
the availability of single-particle states for the fermions
generated in the elementary collisions, eliminating possible
violations of this important principle of quantum mechanics.
It is because we use this method for Pauli blocking that we
can use the energetic criteria to decide to end the intranuclear
cascade [27].

After the cascade finishes there is not any particle with
energy high enough to escape from the nucleus. Then a
sequence of elementary collisions will distribute the excita-
tion energy remaining in the nucleus among all nucleons.
This is called thermalization process. The main characteris-
tics of the nucleus do not change during this step, and the
mass number, the atomic number, and the excitation energy
at the end of the thermalization step are the same as in the
end of the intranuclear cascade.

In a CRISP simulation, the reactions can be initiated
by intermediate- and high-energy protons [21] or photons
[21, 22, 27, 28]. It has been used for energies up to 3.5 GeV
[24], where it was shown that CRISP code can give good
results for total photonuclear absorption cross sections from
approximately 50 MeV, where the quasi-deuteron absorption
mechanism is dominant, up to 3.5 GeV, where the so-called
photon-hadronization mechanism is dominant, leading to
a shadowing effect in the cross-section. Recently the CRISP
code has been used to study final state interactions for the
nonmesonic weak decay of hypernucleus [29]. The results
show that it can be used even for light nuclei, as 12C, and
relatively low energies, as in the case of hypernucleus decay.

3. Evaporation

The thermalization is followed by the evaporation process,
when nucleons or small clusters are emitted carrying part of
the nuclear excitation energy. This process continues while
there is energy enough in the nucleus to allow the evapora-
tion of any particle. It consists of a sequence of emissions of
particles by a nucleus, each one governed by the Weisskopf
theory. Here the evaporation regime is governed by the
relative probabilities of different particle emission channels
[27, 28, 30].

These probabilities are obtained from the particle emis-
sion width, Gammak, calculated according to the well-known
Weisskopf evaporation model [31] in such a way that for
proton emission we have

Γp
Γn
= Ep
En

exp
{

2
[(
apEp

)1/2 − (anEn)1/2
]}

, (1)

and for alpha particle emission,

Γα
Γn
= 2Eα

En
exp

{
2
[

(aαEα)1/2 − (anEn)1/2
]}

, (2)

Table 1: Values for the relevant parameters in semiempirical mass
formula.

Parameter Value
av −15.0175± 0.000013
asf 15.5981± 0.000032
asym −7.09740± 0.00067
ass 144.764± 0.0022

Table 2: Values for the relevant parameters in Dostrovsky’s empiri-
cal formulas.

Parameter Value

a1 18.81302± 0.000097

a2 1.30001± 0.000097

a3 18.670295± 0.000097

a4 4.23501± 0.000097

a5 18.89± 0.19

a6 24.82± 2.18

where Ek corresponds to the nuclear excitation energy after
the emission of a particle of kind k, with k = p, n, α, which
are calculated by

En = E − Bn,

Ep = E − Bp −Vp

Eα = E − Bα −Vα,

, (3)

where Bn, Bp, and Bα are the separation energy of neutrons,
protons, and alpha particles, andVp andVα are the Coulomb
potentials for protons and alpha particles, respectively.

These Coulomb potentials are given by the expressions:

Vp = C
Kp(Z − 1)e2

r0(A− 1)1/3 + Rp
,

Vα = C
2Kα(Z − 2)e2

r0(A− 4)1/3 + Rα
,

(4)

where Kp = 0.70 and Kα = 0.83 are the Coulomb barrier
penetrabilities for protons and alpha particles. Also, Rp =
1.14 fm is the proton radius, Rα = 2.16 fm is the alpha
particle radius, and r0 = 1.18 fm. C is the charged particle
Coulomb barrier correction and is calculated according to

C = 1− E

B
, (5)

B being the nuclear binding energy.
The level density parameters ak are calculated from the

Dostrovsky’s empirical formulas [32]:

an = A

a1

(
1− a2

A− 2Z
A2

)2

,

ap = A

a3

(
1 + a4

A− 2Z
A2

)2

,

aα = A

a5

(
1− a6

Z

)2

.

(6)
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Table 3: Values for some of the relevant parameters in the multimode formula for the fission-fragment mass distributions.

Parameter Low-energy Parameter 241Am 237Np 238U 208Pb

ΓS 10.0± 2 KS (mb) 2970.0± 20.5 2590.0± 23.3 — —

AH
1 135.0± 1 K1 (mb) 45.8± 0.2 49.0± 0.3 — —

ΓH
1 3.75± 2 K2 (mb) 220.5± 1.5 252.0± 1.3 — —

AH
2 141.0± 2 μ1 4.1 4.1 4.1 0.97

ΓH
2 5.0± 1 μ2 0.38 0.38 0.38 0.413

γ1 0.92 0.92 0.92 0.5

γ2 0.003 0.003 0.003 0.008

Table 4: Values of the relevant parameters found for the best
agreement between simulated and experimental data for the fission
of 208Pb induced by 500 MeV protons. Errors indicated represent
superior limit for uncertainties.

Parameter Value

b1 0.01± 0.05

b2 121.68± 0.05

b3 0.23± 0.05

b4 125.66± 0.05

b5 14.93± 0.05

a6 3.97± 0.05

b7 5.21± 0.05

For the mass formula it was considered the semiempirical
one proposed in [33] for the nuclear binding energy so that
the nuclear masses are calculated according to

M(A,Z) = Zmp +Nmn + avA + asfA
2/3 +

3e2

5r0

Z2

A1/3

+
(
asym + assA

−1/3
) (N − Z)2

A
,

(7)

N being the number of neutrons. Formula (7) was fitted
to compilation of Audi et al. [34] by the method of least
squares with the MINUIT package [35]. The values for each
parameter corresponding to the best fit are shown in Table 1.

To evaluate the evaporation probability one assumes that
it is proportional to the corresponding width, that is, [15, 30]

Pk = Γk
Γn + Γp + Γα

. (8)

While enough energy is available for particle evaporation
others emissions are processed. The evaporation phase ends
when the excitation energy of the nucleus is smaller than
all the separation energies Bn, Bp, and Bα. At this point a
nucleus that can be completely different from the initial one
is formed. This nucleus is called spallation product.

4. Fission

The CRISP code can also evaluate the fission probability
[36]. Fission is a process that competes with evaporation in
the sense that each nucleus in the evaporation sequence can

undergo fission, forming two fragments with masses around
one-half of the fissioning nucleus. This process can be easily
included in the frame of the evaporation process by including
the fission branching ratio, Γ f , in formula (8), in such a way
that it now reads

Pk = Γk
Γn + Γp + Γα + Γ f

. (9)

The fission branching ratio is calculated according to the
Bohr-Wheeler fission model [37], by

Γ f
Γn
= Kf exp

{
2
[(
a f E f

)1/2 − (anEn)1/2
]}

, (10)

where,

Kf = K0an

[
2
(
a f E f

)1/2 − 1
]

(
4A2/3a f En

) ,

Ef = E − Bf ,
a f = r f an,

(11)

Bf being the fission barrier calculated according to the Nix
model [38], K0 = 14.39 MeV and r f an adjustable parameter.

With formula (9) it is now possible to calculate the prob-
ability of fission, Pf , at each step of the evaporation/fission
competition process. Whenever the fission channel is chosen,
two fragments are formed [39, 40], the heaviest one having
mass and atomic numbers, AH and ZH, respectively, is sorted
according to a probability distribution given by the statistical
scission model (SSM) from Brosa et al. [41]. The lighter
fragment has mass and atomic numbers given, respectively,
by AL = AF − AH and ZL = ZF − ZH.

The Brosa’s model takes into account the collective effects
of nuclear deformation during fission through a liquid-drop
model and includes single-particle effects through micro-
scopic shell-model corrections. The microscopic corrections
create valleys in the space of elongation and mass number,
each valley corresponding to one different fission mode.
Fission cross section results from the incoherent sum of
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Figure 1: Cross section of fragments produced in the fission of 241Am (a) and 237Np as a function of fragment mass (b) induced by 660 MeV
protons. Values from the systematic study of [9] for the parameters corresponding to the three fission modes considered in this work (—)
were used. Open symbols (◦) are the experimental data [10].
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Figure 2: Cross sections for fragments produced in the fission of 238U induced by bremsstrahlung of 50 MeV (a) and 3500 MeV (b) endpoint
energies as a function of fragment mass. Open circules (◦) are experimental results [11].

the contributions of each channel, σi(A,Z), which are usually
written in the form

σ(A,Z) =
⎧
⎪⎨
⎪⎩

∑

i=1,2

⎡
⎢⎣

KL
i√

2πΓL
i

exp

⎛
⎜⎝−

(
A− AL

i

)2

2
(
ΓL
i

)2

⎞
⎟⎠

+
KH
i√

2πΓH
i

exp

⎛
⎜⎝−

(
A− AH

i

)2

2
(
ΓH
i

)2

⎞
⎟⎠

⎤
⎥⎦

+
KS√
2πΓS

exp

(
− (A− AS)2

2(ΓS)2

)⎫⎬
⎭

× 1√
2πΓZ

exp

⎛
⎜⎝−

(
Z − Zf

)2

2Γ2
Z

⎞
⎟⎠,

(12)

where the summation runs over the asymmetric modes. The
parameters for the symmetric mode are KS, AS, and ΓS, while

KH(L)
i , AH(L)

i , and ΓH(L)
i are the parameters for the heavy

(light) fragment produced in the asymmetric mode i. For the
atomic number distribution the parametrization used is

Zf = μ1 + μ2A, (13)

for the most probable atomic number of the fragment, and

ΓZ = ν1 + ν2A, (14)

for the width of the atomic number distribution. μ1, μ2, ν1

and ν2 are fitting parameters.
It is important to stress that the evaporation process

has as input the distribution of nuclei obtained at the end
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of the intranuclear cascade, therefore the fissioning nucleus
may be different from the cascade residual nucleus because
some neutrons, protons, and/or alpha-particles are allowed
to evaporate before fission takes place. The effects of mass
and energy distribution of the fissioning nucleus have been
discussed elsewhere [40].

It is important to notice that all the parameters used in
the CRISP code are fitted to a large number of experimental
data for many different nuclei in different energy ranges. Also
the probes can be as different as protons, tagged photons,
Bremsstrahlung photons, or electrons. In this way, the
method is reliable because it is not an ad hoc fitting to specific
nucleus, reaction, or energy.

5. Results and Discussions

We used the CRISP code to calculate cross sections for the
formation of fragments in nuclear reactions. As explained
above, the main sources of fragments in the reactions studied
here are spallation and fission processes, and in this section
we show the cross sections for fission fragments and for
spallation products.

5.1. Fission Reactions. The relevant parameters in Dostro-
vsky’s empirical formulas (see (6)) for evaporation process
are shown in Table 2. This set of parameters were used for
all reactions studied in this work. The parameters for fission
fragments calculations in formula (12) are shown in Table 3.
For 241Am, 237Np, and 238U cases, the values for width
and position (Table 3, fisrt column) of the fission modes
were taken from a low-energy systematics [9]. The relative
intensities of each fission mode for 241Am and 237Np were
considered fixed, with their values given in Table 3. In the
case of 238U the relative intensities were calculated according
to gaussian expressions depending on the fissioning system
mass numbers.

There is not any systematic study of the multimodal para-
meters in the mass region of Pb. To obtain those parameters,
we used a sigmoid fit for KS and gaussian fits for K1 and K2,
all depending on the mass of the fissioning system. For heavy
fragment distributions the peak for the asymmetric modes
are obtained by:

AH
1 = b1Af + b2,

AH
2 = b3Af + b4,

(15)

while the width for each mode is assumed to be constant:

ΓS = b5,

ΓH
1 = b6,

ΓH
2 = b7.

(16)

The values for each of these parameters corresponding to
the best fit are presented in Table 4.

In Figure 1 we show results obtained for proton-induced
fission. We observe that the results obtained with the CRISP
code give a good description of the experimental data,
although the data are spread over a large range.

50 60 70 80 90 100 110 120 130 140

Normalized
CRISP cross section

Experimental

10

1

10−1

A

σ
(A

)(
m

b)

Figure 3: Cross sections for fragments produced in the fission of
208Pb induced by 500 MeV protons as a function of mass.

Since CRISP can be used also for photon-induced
reactions, we calculated the mass distributions of fragments
for fission induced in 238U by Bremsstrahlung photons with
endpoint energies at 50 MeV and 3500 MeV. The results are
presented in Figure 2. Also in this case the data do not show
good resolution, but we can observe that the results with
CRISP give a good general description of the experimental
data.

A more precise experiment was performed for proton-
induced fission on 208Pb. In this case the experimental results
are very precise. In Figure 3 we show the experimental data
compared to the calculation results. We observe a very good
agreement between experiment and calculation with the
CRISP code, especially about the overall form of the distri-
bution. Such an agreement is better attested when the result
is normalized to the data.

For all results shown in Figures 1, 2, and 3, the evapo-
ration of fragments were performed. This was achieved by
using the already presented expression (12) to obtain the
mass and atomic numbers of heavy and light fragments. By
first approximation, the calculated excitation energy of the
fissioning system was divided between the fragments which
continued the evaporation process till the stopping criterion
is reached again, as explained in Section 3.

5.2. Spallation Reactions. Nuclei with mass number A < 220
present low fission probabilities. In these cases the most
probable reaction channel is the spallation, when the
evaporation continues till the residual nucleus is cold,
without fissioning. The nucleus at the end of the evaporation
is then called spallation product.

With the CRISP code, using the parameters for evapo-
ration and fission competition as described above, we can
calculate also spallation product distributions. In Figure 4
we show our results and compare them to experimental data.
In general we observe a fair agreement with data, since the
well-known spallation parabola as calculated by us show
position and width in good agreement with experimental
results. For the most probable products, also the absolute
cross sections, are in good agreement with data, although for
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Figure 4: Cross section for fragments produced in spallation of 208Pb induced by 1 GeV protons.

some spallation products the agreement is not good. Similar
behaviour occurs for the case of spallation on 147Au, shown
in Figure 5.

In fact, these results show that it is extremely difficult to
obtain good results simultaneously for several different reac-
tions on a wide range of target mass numbers and for quite
different energies. The main difficulty comes from the fact
that, at the end of the intranuclear cascade, we have in general
excited residual nuclei that may be far from the line of stabil-
ity. Since most of the nuclear models and their parameters
are determined for cold stable nuclei, we do not have precise
information on the structure of all nuclei that are formed
during nuclear reactions at intermediate and high energies.
Improvements on mass formula and on shell effects can lead
to better agreement between calculations and experiments.

6. Conclusion

In this work we addressed the problem of fragment pro-
duction in nuclear reactions. This is a relevant issue in the

development of ADS, as it is directly related to the study of
damage induced in materials used in ADS.

We discussed the importance of reliability of calculation,
and show that the model implemented in the CRISP code is
developed with reduced number of free parameters and care
in reproducing accurately the physical process that occurs
during the nuclear reaction. The parameters appearing in the
mass formula were obtained by fittings to the nuclear mass
data. The parameters for evaporation and fission were fitted
simultaneously to several results for fission and spallation
cross sections on several nuclei and with different probes at
many different energies. For these reasons, the code can be
used to calculate several observables in different reactions
induced by probes like photons, electrons, protons, and
neutrons in a large energy range on nuclei with mass from
A ≈ 12 to A ≈ 240.

We use the CRISP code for calculating the production
of nuclide in nuclear reactions induced by intermediate- or
high-energy probes. Proton and photon reactions on actinide
and preactinide nuclei were considered. The most important



8 Science and Technology of Nuclear Installations

1

10−1

10−2

10

1

10−1

10−2

10

102

1

10−1

10−2

10

1

10−1

10−2

176 180 184 188 192 196

170 175 180 185 190

160 165 170 175 180

155 160 165 170 175

70Yb

79Au

76Os

73Ta

197Au +

C
ro

ss
 s

ec
ti

on
 (

m
b)

C
ro

ss
 s

ec
ti

on
 (

m
b)

C
ro

ss
 s

ec
ti

on
 (

m
b)

C
ro

ss
 s

ec
ti

on
 (

m
b)

Mass number (A)

Experimental
CRISP

800 MeV p

(a)

1

10−1

10−2

10

1

10−1

10−2

10

102

1

10−1

10−2

1

10−1

10−2

10

175 180 185 190 195

165 170 175 180 185 190

75Re

160 165 170 175 180

155 160 165 170 175

69Tm

78Pt

72Hf

197Au + 800 MeV p

Mass number (A)

Experimental
CRISP

(b)

1

10−1

10−2

10

1

10−1

10−2

10

1

10−1

10−2

1

10−1

10−2

10

170 175 180 185 190

77Ir

165 170 175 180 185

155 160 165 170 175 180

150 155 160 165 170

68Er

74W

71Lu

197Au +

Mass number (A)

Experimental
CRISP

800 MeV p

(c)

Figure 5: Cross section for fragments produced in spallation of 197Au induced by 800 MeV protons.

mechanisms of fragments production, spallation, and fission
were studied in details. We show that the results are in
qualitative good agreement with experimental data available.
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The different analytical solutions without space-time separation foreseen for the analysis of ADS experiments are described.
The SC3A experiment in the YALINA-Booster facility is described and investigated. For this investigation the very special
configuration of YALINA-Booster is analyzed based on HELIOS calculations. The results for the time dependent diffusion and
the time dependent P1 equation are compared with the experimental results for the SC3A configuration. A comparison is given
for the deviation between the analytical solution and the experimental results versus the different transport approximations. To
improve the representation to the special configuration of YALINA- Booster, a new analytical solution for two energy groups with
two sources (central external and boundary source) has been developed starting form the Green’s function solution. Very good
agreement has been found for these improved analytical solutions.

1. Introduction

Different current and planned experiments (MUSE [1],
YALINA [2], GUINEVERE [3]) are designed to study the
zero power neutron physical behavior of accelerator-driven
systems (ADSs). The detailed analysis of the kinetic space-
time behavior of the neutron flux is important for the eva-
luation of these ADS experiments. Current analysis for all
these experiments is based on the standard methods [4]—
Sjöstrand method [5] and Slope method [6]—both are
based on the point kinetics equations [7]. The point kinetics
equations are developed from different approximations to
the transport equation. Nevertheless, all these partial differ-
ential equations of the transport equation are solved by the
separation of space and time to derive the point kinetics
equations. The separation of space and time does not provide
useful results for cases with strongly space-time dependent
external source [8]. In recent years, two big projects have
been launched to solve the problem of subcriticality deter-
mination in ADS experiments and during ADS operation
for the future. In the 6th European Framework program in
the integrated project EUROTRANS, the domain 2, ECATS
[9] has been dedicated to ADS experiments and the analysis

methods for the experiments. In the same time frame, the
IAEA has launched the coordinated research project “Ana-
lytical and Experimental Benchmark Analyses of Accelerator
Driven Systems (ADS)” [10]. Different correction methods
based on Monte Carlo Results for the YALINA-Booster sys-
tem have been derived for the Sjöstrand method as well
as for the Slope method in EUROTRANS/ECATS [11, 12].
Good results have been achieved with this correction method
for the analysis of the detectors in the thermal zone [13].
Nevertheless, there is still a problem that exists in the fast
zone, which is the really important zone, since the follow-
up experiment GUINEVERE will be a pure fast system. The
results for the analysis of the fast zone of YALINA-Booster are
still not convincing, even with the use of correction factors.
Good results, but once more only for the thermal and the
reflector positions, have been shown in the IAEA CRP by the
US American group, especially. These results rely on the use
of correction factors from deterministic calculations [14].
The conclusion of the IAEA meeting suggests for further
activities, maybe a further CRP among others, the following
two topics: “Online Reactivity Monitoring and Control of
Sub-critical System”; “Determination of Sub-criticality Level
and Uncertainties Analyses” [15].
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2. Developed Analytical Solutions for
the Analysis of ADS Experiments

To overcome the problems in the analysis of the fast zone
in YALINA-Booster and in GUINEVERE as completely fast
system, it has been proposed from Helmholtz-Zentrum
Dresden-Rossendorf to solve a more elaborate approxima-
tion of the transport equation—either the diffusion equation
itself (1) or even the time-dependent Telegrapher’s equation
(2) [16] without separation of space and time. The Telegra-
pher’s equation and the diffusion equation without delayed
neutron production are solved completely analytically by
using the Green’s function method [17, 18]:

1
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∂2φ

∂x2
φ − Σaφ + S, (1)
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∂x2
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Solutions for the Telegrapher’s equation have already
been provided for a Dirac type pulsed external source [19],
for the start-up [20, 21], and for the switch-off [8] of an
external source, even with consideration of the delayed neu-
tron production. For the comparison with the experimental
results, obtained at the YALINA-Booster facility, a special
external source (switch-on followed by a switch-off after a
finite time period) has been used for the determination of the
analytical solution for the neutron flux [22–25]. The derived
solutions for the space-time dependent neutron flux were
compared to the detector responses at different locations in
the fast area of the YALINA-Booster core [26, 27]. Major
results of these comparisons were a good agreement for
the spatial distributions during the pulse and only small
differences between time-dependent diffusion and time-
dependent P1 transport using identical cross-sections and
coefficients [23, 25]. The analysis of the specifics of the
YALINA facility forced to extend the analytical solution of
the diffusion equation using two energy groups, (3) [28]:

1
v1

∂φ1

∂t
= D1

∂2φ1

∂x2
− Σa1φ1 + χ1

(
νΣ f 1φ1 + νΣ f 2φ2

)

− Σ1→ 2φ1 + Σ2→ 1φ2 + χs1S,

1
v2

∂φ2

∂t
= D2

∂2φ2

∂x2
− Σa2φ2 + χ2

(
νΣ f 1φ1 + νΣ f 2φ2

)

+ Σ1→ 2φ1 − Σ2→ 1φ2 + χs2S.

(3)

For a better representation, especially for the experiments
in the GUINEVERE facility [3, 29], analytical solutions for
one energy group for a two-region system, consisting of a
multiplicative core with source and a reflective, only absorb-
ing surrounding (reflector), (4) [30], were calculated:
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(4)

For all problems symmetry of the system was assumed
and the solutions were derived for a half of the region. Reflec-
tive boundary conditions are used in the center of the system,
as well as at the outer boundary. In order to connect two
regions, continuous neutron flux and neutron current were
used for the two-region solution.

The derived Green’s functions Gi(ξ, τ | ξ0, τ0) are univer-
sal solutions for the solved equation, which are still inde-
pendent of the definition of the external source in space and
time.

The analytical solution for the time-dependent one- and
two-group diffusion equation with initial and boundary
conditions (1) to (4) is expressed by a double integral in
terms of the corresponding Green’s functions and the exter-
nal source, which has to be defined:

Φi(ξ, τ) =
∫ τ

τa

∫ R

ξ0=0
Gi(ξ, τ | ξ0, τ0)[S(ξ0, τ0)]dξ0 dτ0,

i = I or I , II.
(5)

Gi(ξ, τ | ξ0, τ0), i = I or I , II are the Green’s functions. A
Green’s function is a solution for the problem associated with
the given problem (one-group diffusion, one-group P1, two-
group diffusion, or two-region one-group diffusion) with the
same boundary and initial conditions, in which the nonho-
mogeneous contribution—in our case the external neutron
source S(ξ0, τ0)—is replaced by the unit impulse function
δ(ξ−ξ0)δ(τ−τ0). In a following step after the determination
of the Green’s functions, the different kinds of external
sources have to be defined. In this way, solutions for a Dirac
type pulsed external source [19], for the start-up [20, 21],
and for the switch-off [8] of an external source for the
time-dependent one-group diffusion and the time-depend-
ent one-group P1 equation were determined. For the com-
parison with the YALINA-Booster experiment the external
neutron source like it is used in the experiment has to be
included and the flux has to be determined by solving (5).

For the described YALINA-Booster experiment with the
switch on of an external source followed by a switch off
after a finite time step, a Heaviside function H was used to
model a source function. This Heaviside function is locally
concentrated at the center part of the system (see Figure 1).
In the figure the normalized spatial coordinate points to the
front, the normalized time coordinate points to the right,
and the source amplitude points upwards. The mathematical
definition of the described external source is given by

S(ξ0, τ0) ≡
⎧
⎪⎨
⎪⎩

s(H(τ0 − τi)−H(τ0 − τa))
Δξ

, 0 ≤ ξ0 ≤ Δξ,

0, Δξ ≤ ξ0 ≤ R.

(6)

This source was used for the already mentioned compar-
isons of the one energy group time-dependent diffusion and
P1 solution with the YALINA-Booster experiments [22, 23,
25].

To improve the reproduction of the special experimental
conditions with the influences described in Specificity of
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Figure 1: Illustrative sketch of the external neutron source used for
the one-group analysis.
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Figure 2: Illustrative sketch for the combination of the space-
time dependent external neutron sources for the two-energy group
solution.

YALINA-Booster section an additional source has been intro-
duced into the two-group solution to represent the streaming
of neutrons from the fast area into the thermal area:

Sb(ξ0, τ0) ≡

⎧
⎪⎪⎨
⎪⎪⎩

0, 0 ≤ ξ0 ≤ R− Δξb,

sbH(τ0 − τb)
Δξb

, R− Δξb ≤ ξ0 ≤ R.
(7)

Using the sources, defined in (6) and (7), a combined
source is created for the two-energy group analytic solution,
as it is sketched in Figure 2. It has to be mentioned that the
different contributions of the central source and the bound-
ary source can vary independently for the location and

MC1
Target Lead zone

EC1B EC7T

B4C-control rods Polyethylene zone
MC2

EC2B

EC5T

EC10R

EC11R

EC9R

MC4
Graphite reflectorEC3BEC4B

MC3

EC6T

EC8R

Umet (nat.)

B4C

UO2 (10%)

Umet
(90%)

UO2
(36%)

−60−50−40−30−20−10 0 10 20 30 40 50 60

(cm)

Figure 3: General configuration of the YALINA-Booster core.

for both energy groups. Thus for the experiments the cen-
tral neutron source in the thermal group is set to zero,
since the external source produced via the D-T reaction pro-
vides mono-energetic neutrons with 14 MeV. For the time
behavior of the boundary source, a simple approximation has
been used. The source has been used as constant, since the
start-up of the source is not of interest for the analysis and the
decay of the neutron flux in the thermal area is significantly
slower than in the fast area, due to the strong difference in
the neutron generation time.

3. Specificity of YALINA-Booster

The core of the YALINA-Booster facility, located in Belarus,
consists of the central target region, surrounded by the region
with 90% enriched uranium metal (Umet 90%) or 36% enri-
ched uranium oxide (UO2 36%) rods in a lead matrix. This
central region is surrounded by another fast region consisting
of a lead matrix with 36% enriched uranium oxide (UO2

36%) rods. In this region the three experimental channels
(EC1B, EC2B, and EC3B) are located (see Figure 3). The fast
region is decoupled from the surrounding thermal region
by the so-called “valve,” consisting of one row of natural
uranium metal (Umet) rods and one row of boron carbide
(B4C) rods. The thermal region consists of a polyethylene
matrix with holes, which are filled either with 10% enriched
UO2 fuel or with air. The core is surrounded by a graphite
reflector.

The SC3A configuration (see the HELIOS model in
Figure 4) of the YALINA-Booster facility is used for the com-
parison with the different analytical solutions. The configu-
ration has been modeled in all details in HELIOS for the
determination of the one- and two-group cross-section sets
[23, 24]. In the SC3A configuration the 90% enriched ura-
nium metal fuel of the inner fast zone is replaced by 36%
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Figure 4: SC3A configuration of the YALINA-Booster core in the
HELIOS model for XS preparation.

enriched uranium oxide fuel (tight rows of bright pink rods,
which surround the red target zone). The thermal region in
green contains the rods in deep blue and the empty positions
in brown, respectively. The graphite reflector is shown in
rose. The critical 2D HELIOS calculation has been corrected
with a leakage term (defined in the HELIOS input by using
the input buckling B2 option) in the third dimension to
reach a comparable result to a 3D MCNP calculation for a
critical problem [31]. This is used to correct for the really
small depth of the YALINA-Booster core ∼0.5 m. The keff of
the system with the above-mentioned leakage correction is
0.949090.

For the comparison of the space-time dependent analyt-
ical solutions with the real experiment a cross-section set is
needed. This cross-section set is calculated with the licensing
grade code module HELIOS 1.9 [26]. One-quarter of the
YALINA-Booster facility is reproduced in a two-dimensional
model in all details in unstructured mesh. The experimental
channels are all relocated into the modeled core quarter,
but only with the weight of 25%. The microscopic cross-
sections are taken from the HELIOS internal library with
190 energy groups. A two-dimensional 190 energy group
neutron flux solution is calculated using this library and the
above-given geometry with the SC3A material configuration.
These neutron flux solutions are used to produce condensed
one- and two-group cross-section sets for the yellow overlaid
reference element for the YALINA-Booster core in SC3A
configuration.

The external source is not taken into account in the
HELIOS calculation for the cross-section preparation. The
absence of the external source neutrons with 14 MeV from
the D-T reaction has the potential to influence the neutron
spectrum slightly in the very center of the system. Neverthe-
less it has to be kept in mind that the amount of external
source neutrons is small <5% and the slowing down to “reac-
tor energies” occurs after some collisions in the lead matrix.
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Figure 5: Detector responses in the pulsed neutron source experi-
ment at three different detector positions in the fast area of the SC3A
configuration of YALINA-Booster [31].

The YALINA-Booster facility has a very specific and
unusual design. The basic idea was to produce a small fast
subcritical reactor experiment for ADS study. The thermal
part around the fast system in the lead matrix was introduced
to reduce the leakage out of the fast system and to reach
an acceptable criticality level in a small facility; the overall
core size is below one by one meter. To create the possibility
of doing fast system measurements the “valve” was inserted.
In theory, the rows consisting of B4C and natural uranium
should prevent the thermal neutrons from the thermal zone
from entering the fast zone.

Figure 5 shows the detector responses at the three
detector positions in the fast zone of the YALINA-Booster
experiment induced by a finite source pulse. The neutron
generator was operated in pulse mode. The detector’s signals
were registered after each pulse. In Figure 5 the histograms of
pulses were produced by adding data from all pulses to each
other. For a more detailed analysis, the response of the source
monitor (blue line) is added to create an insight into the time
behavior of the external neutron source. The responses at
the two innermost detectors show the expected results, but
the response of the outer detector (EC3B in green) shows an
unexpected behavior. After the prompt exponential die out of
the neutron pulse, all curves should end at approximately the
same delayed neutron level. The stable level of the detector
response, which is significantly higher at the EC3B even after
0.03 ms, has to be explained. The most convenient explana-
tion for the high detector response after the die out of the
prompt pulse in the fast area is the inflow of neutrons from
the thermal system. Since the neutron generation time in
the thermal area is significantly longer, there is still a high
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Figure 6: Fast neutron flux (a) and thermal neutron flux, (b) in the different relevant fuel elements in the fast part of YALINA-Booster for
SC3A.

neutron flux available. The inflow of neutrons from the ther-
mal area should be suppressed by the design using the
“valve,” the combination of one row of B4C and one row of
natural uranium. The “valve” is more efficient for thermal
neutrons, since the absorption coefficient of B-10 for thermal
neutrons is high, but fission neutrons can penetrate the
“valve” since they are definitely not all well thermalized
before they appear at the “valve.” A conclusion of the describ-
ed effect of the insufficient die out of the detector response
is that fast fission neutrons born in the thermal area can
influence at least the outermost detector in the fast area.
Thus, “EC3B is affected by the thermal zone” [31].

A detailed analysis has been performed on the basis of the
HELIOS model, developed for the cross-section preparation
to explain the unexpected results in the cross-section sets
[22] and to confirm the thesis of the inflow of neutrons from
the thermal area.

The 190 energy group neutron flux calculated with
HELIOS is condensed for the detailed analysis of the spatial
neutron flux distributions on the basis of the fuel element-
like structures, marked in Figure 4. The relevant fast and the
thermal neutron flux (cutoff energy is 6.2506 · 10−1 eV) dis-
tributions are shown in Figure 6. The spatial distribution of
the fast neutron flux (Figure 6(a)) shows the expected cosine-
like distribution. An influence of the neutrons penetrating
through the “valve” is not explicitly visible here. The result
for the thermal neutron flux (Figure 6(b)) is in strong
contrast to the result for the fast neutron flux. In the fast area
the thermal flux has to be very low due to the lead matrix
in the fast zone of the YALINA-Booster core. The thermal
neutron flux shows a distribution which is neither expected
nor typical for a reactor core. In contrast to the cosine dis-
tribution of the fast neutron flux, the thermal neutron flux
grows exponentially with increasing distance from the center.
The thermal neutron flux is the highest in the corner of the
fast zone, which is surrounded by the thermal zone on both
sides. This kind of distribution can be explained only by

the ingress of thermal neutrons from the moderated outer,
thermal area through the “valve” into the fast area. The com-
parison of the thermal neutron flux shows an 18 times high-
er thermal neutron flux in the corner element compared to
the elements in the inner row. This significantly higher ther-
mal neutron flux in the outer fuel elements has strong
influence on the production of the cross-section set for all
kinds of deterministic calculations for YALINA-Booster. The
influence of the thermal neutrons on the cross-section pre-
paration is very strong, since the microscopic cross-section,
for example, fission of U-235, is more than hundred times
higher than for fast neutrons. The macroscopic production
cross-section νΣ f is roughly a factor of 3 higher in the
corner element than in the elements of the inner row. The
effect is only a spectral effect, since the materials in all ele-
ments are completely identical. In the standard cross-section
preparation a fuel element is calculated in infinite grid, where
this spectral effect is lost. Thus an adequate flux weighting of
the cross-sections requires a simulation of the full YALINA-
Booster core. Due to the strong differences in the thermal
flux distribution, the cross-sections for identical material at
different positions will vary significantly [22].

4. Comparison with the Experiment

4.1. One Group P1 and Diffusion Solution. The experimental
results, shown in Figure 5, are compared with the developed
analytical approximation solutions for the first 0.01 ms on a
logarithmic scale for a qualitative comparison in Figure 7.
The results for the analytical solution for the different
detector positions are given as lines, and the experimental
results are given as diamonds in the identical color. This
graph already shows one of the major problems. The mathe-
matical representation of the external neutron source by two
Heaviside functions is only an approximation of the detected
pulse of the external source. In the experiment the external
neutron source is created by a D-T reaction in the target
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Figure 7: Comparison of the analytical results for the space-time
dependent neutron flux (full line—P1 transport; dotted line—
diffusion) with the results for the SC3A experiment at the YALINA-
Booster facility on logarithmic scale.

in the center of the YALINA-Booster facility. Unfortunately,
switch on as well as switch off of the accelerator, which pro-
vides the source with deuterium ions, takes some finite time.
With this limitation it is impossible to create really sharp
pulse fronts for the external neutron source.

Additionally, the source detector is located in another
room with a distance of roughly 4 meters from the target, and
the signal, taken from the source monitor, follows another
chain of electronics which might have other time properties.
Both facts cause some time delay in the source counts com-
pared to the counts in the core. These effects have been taken
into account by an estimated time correction of 2 μs for the
source.

Nevertheless, a good qualitative agreement between the
analytic approximation solutions (P1 transport—solid line,
diffusion—dotted line) and the experimental data is obser-
vable. Especially, the spatial distribution in the plateau phase
shows a good agreement. This exactly confirms the need and
demonstrates the progress of the developed analytic appro-
ximation solutions derived without separation of space and
time in contrast to the currently used methods based on
point kinetics.

The detailed comparison of the developed analytical
solutions with the SC3A experimental results at the YALINA-
Booster facility on linear scale is shown in Figure 8. It is once
more observable that the response of the source detector in
the experiment (blue diamonds) does not have the sharp
rectangular time behavior like it is used in the development
of the analytical solutions. The switch on of the accelerator as
well as the switch off of the accelerator cannot be performed
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Figure 8: Comparison of the analytical results for the space-time
dependent neutron flux (full line—P1 transport; dotted line—
diffusion) with the results for the SC3A experiment at the YALINA-
Booster facility on linear scale.

in sharp way like it is defined in the mathematical way.
This fact causes observable differences in the results for the
experiment and the analytical solution on the linear scale.
Nevertheless, there is a good agreement between the analy-
tical results with the experimental results. The detector res-
ponse for the three different detector positions EC1B red,
EC2B black, and EC3B green is given at different time
points of the experiment by diamonds. The time behavior
of the neutron flux at the different positions of the detec-
tors calculated with the analytical solution for the time-
dependent P1 transport solution is given by the full-lines and
the results obtained with the analytical solution for the time-
dependent diffusion solution with the dotted line: EC1B-red;
EC2B-black; EC3B-green. Both analytical solutions show
similar behavior with only minor differences in a short
time period after the step change in the external source,
for the switch on as well as for the switch off. The com-
parison with the experiment demonstrates that the devel-
oped solutions without separation of space and time can
reproduce the behavior of the neutron flux at the different
detector positions. A small overestimation for the diffusion
solution in comparison with the time-dependent P1 solution
is observable in the initiation phase of the transient. The
neutron flux grows rapidly after the switch on of the source.
After roughly 10 neutron generations the neutron pro-
duction exceeds due to multiplication of the external neutron
source. The calculated neutron flux rises as long as the
external source is in operation and would reach a steady state
value if the external source would be operated long enough.
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The neutron flux decays very rapidly in an exponential man-
ner after the switch off of the external source. The response at
the outermost detector is somewhat lower in the calculation.
This difference can be once more explained by the ingress of
neutrons from the thermal area.

The effect of the fast neutrons, which travel from the
thermal into the fast area, is the starting point for the discus-
sion of another important fact. Currently, the analytic appro-
ximation is only for one region and one energy group and it
has only been applied to the fast area of the system. However,
the keff for the fast area is not known and even a prediction
is very problematic, since, on the one hand, the fast area
is heavily influenced by the thermal area and the “neutron
valve,” and on the other hand, the model for the cross-sec-
tions is only two-dimensional. These two facts make it near-
ly impossible to draw a reliable balance between neutron
gains and losses for the fast region. Additional problems are
caused by the definition of the boundary, since including or
excluding of the strong absorber in the “valve” influences the
result significantly. A rough estimation of the keff has given
a value around 0.6 for the fast region. This value has final-
ly been used for the calculations with the analytic approxi-
mation solutions. This means an analytic solution for two or
more regions would be needed to overcome this problem at
least partly. Ideally the solution for the thermal area should
be additionally expanded to two-energy group. Summing up
all mentioned above, we can conclude that a really com-
plicated experiment like YALINA-Booster is not the ideal test
case for the development of a new analysis method. A sys-
tem like Guinevere [3], consisting of only two regions, a pure
lead region containing the fuel, and another pure lead region,
acting as reflector, will simplify the problem. Nevertheless, at
least an analytical solution for two regions would be need-
ed even for this kind of system to determine the real multi-
plication factor for the system.

4.2. Diffusion versus P1 Transport. The decision for either the
time-dependent P1 transport equation or the time-depend-
ent diffusion equation for the further development of the
analytic approximation solutions is very important. It is
required to solve a second-order equation for the develop-
ment of the analytic approximation solution for the P1 trans-
port equation. To solve only the time-dependent diffusion
equation would lead to a significantly reduced complexity in
the solution, since there is only a first-order partial differen-
tial equation in time to solve. This reduced complexity offers
the possibility to invest more into the spatial or energetic
domain of the problem by tracking a system with two or
more regions or more than one energy group [28].

It has already been demonstrated that there is a visible
deviation between the results for the time-dependent P1

transport equation and the time-dependent diffusion equa-
tion [8, 20, 21]. An evaluation of the deviation Figure 9(a)
and the difference Figure 9(b) between the P1 transport and
the diffusion solution for the three different detector posi-
tions in YALINA-Booster is shown in Figure 9. The structure
of the deviations is identical for all three detector positions.
The major deviations occur certainly in the moments direct-
ly after the change in the external neutron source. The

deviation in the beginning is rather high since the neutron
flux used for normalization is comparably low. This devi-
ation dies out after roughly 50 neutron generations for the
case of a constant operating source. Following the switch off
of the source the deviation rises once more but only to rough-
ly 3% and dies out rapidly during the fade away of the neu-
tron flux. The deviation in the beginning is strongly depend-
ent on the distance from the source. The reason for this
deviation is the infinite velocity of a perturbation in the dif-
fusion equation compared to the finite velocity of the spread-
ing of the perturbation in the P1 transport solution. Due to
this fact, the time delay of the reduction of the deviation
increases with increasing distance from the external source.

The difference between the time-dependent P1 result and
the time-dependent diffusion result is normalized on an
average plateau value of 2 · 106 counts per pulse. This way of
evaluation avoids the weighting of the difference by different
flux values, which leads, especially in cases of very low neu-
tron flux, to tremendously high deviation. The evaluation of
the difference gives a good overview on the quality of the
result independent of the actual flux level. The difference
during the whole transient is below 4% with peaks at the
points of the changes of the external source. Negative differ-
ence indicates overestimation by the diffusion result.

Both evaluations show significant differences between the
diffusion and the P1 result, but these differences are low in
comparison with the differences between the experimental
results and the calculations. The major reasons for the dif-
ferences between experiment and calculation are the limited
representation of the real external source in the experiment
and the difficulties to represent the complicated geometric
structure (three different regions, three dimensions) of the
experimental facility by one energy group, one region, and
one-dimensional analytical solution.

The comparison of the time-dependent diffusion and
the time-dependent P1 solutions, both without separation
of space and time, shows that already the diffusion solution
provides good results for the evaluated finite source pulse
experiment. The limitation for the recalculation of the exper-
iment is given by the incomplete representation of the char-
acter of the source pulse. Unfortunately, the pulses are not as
sharp as it would be needed for a detailed analysis of puls-
ed source experiments based on a Heaviside step function.

4.3. Two-Energy Group Solution. The results of the analytic
approximation solutions for the time-dependent one- and
two-group diffusion equation for three different detector
positions (EC1B, EC2B, and EC3B) are compared to the
detector response in the experiment SC3A in Figure 10.
First of all, the same conditions (difference in the temporal
source shape, influence of the thermal zone. . .) exist, but the
observed time period has been extended for the analysis of
the delayed neutron level. The detector response for the three
different detector positions—EC1B (red), EC2B (black), and
EC3B (green)—is given once more by diamonds at different
time points of the experiment. The time behavior of the
neutron flux is calculated in this case with the analytical
time-dependent one group diffusion solution (Figure 10(a)).
The neutron flux at the different positions of the detector is
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Figure 9: Evaluation of the deviation (a) (deviation = (ΦP1/Φdiffusion − 1)∗ 100) and difference, (b) (difference = ΦP1 −Φdiffusion) between
the time dependent P1 transport solution and the time dependent diffusion solution at the different detector positions.

given by the full lines: EC1B-red; EC2B-black; EC3B-green.
The comparison with the experiment demonstrates that the
developed one group solution without space and time sepa-
ration can reproduce the behavior of the neutron flux at the
different positions of the detectors, like it was demonstrated
before. The neutron flux decays very rapidly in an expo-
nential manner after the switch off of the external source.
Two points show deviations which have to be discussed: first,
the response at the outermost detector (green) is somewhat
lower in the calculation. This difference can be explained
by the location close to the thermal area position. Second,
the steady state value of the neutron flux after the switch
off of the source is in the experiment significantly higher at
the outermost position than in the calculation. This differ-
ence indicates once more that there is an influence from
the thermal area to the fast area. The neutrons have a sig-
nificantly longer lifetime in the thermal area; thus there is still
a high neutron density available in the thermal area, while
the neutron density in the fast area has already decreased sig-
nificantly. This gradient between the fast and the thermal
area leads to the possibility of a neutron inflow to the fast
area.

The results of the improved mathematical model, which
uses the time-dependent two-group diffusion equation and
an adopted source, are shown in the right part of Figure 10.
The external source is a combination of the central external
source pulse and the time independent boundary source (to
reproduce the incoming neutrons from the thermal area),

like it is shown in Figure 2. The first significant difference
can be seen in the values after the die out of the pulse. The
adopted solution shows a very good agreement when the
effect of the pulse has died out and the neutrons are still
streaming from the thermal area into the fast area due to
the significantly slower decay of the prompt flux in the ther-
mal area. Thus the influence of the thermal area on the fast
area can be represented with the new model. With the know-
ledge of having captured this effect, a close look on the peaks
is of our interest. In the one group analysis without caring
for the neutrons streaming into the fast area, an increas-
ed deviation was visible in the outermost detector EC3B.
Now this deviation has vanished nearly completely. The
representation of all peaks is good and reflects a good
reproduction of the spatial distribution of the neutron flux
during the pulse. Additionally, the time shape of the pulses
at all detector positions has improved and comes closer to
the experiment. This improvement can be explained with the
use of two different neutron velocities, or neutron generation
times, in the two energy group solution, which is simply a
better approximation of the real continuous energy flux. The
change in the horizontal axis is caused by the different, in the
two-group case averaged, neutron generation times.

Overall, the comparison of the results of the different
analytic approximations with experimental ones from the
YALINA-Booster facility has been successful for the SC3A.
The extended solution has only been required due to the very
special design of the YALINA-Booster facility.
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Figure 10: Comparison of the analytical results gained with the analytical solution of the time dependent diffusion equation (one-group—
(a), two-group—(b)) with the experimental results for the SC3A configuration of the YALINA-Booster facility.

4.4. Two-Spatial Region-Solution. The final idea is to use a
solution with two spatial regions, especially for the analysis
of the experiments in the GUINEVERE facility [3, 29]. The
two-region solution without separation of space and time for
the coupled system of a multiplying core with external source
and a reflecting surrounding has been derived recently. The
flux and the current density are continuous across the inter-
face between two media, and the outer boundaries are reflec-
ting. The exact analytical solution is expressed in terms of a
Green’s function. The solution is developed by the applica-
tion of the Laplace transformation [30]. The problems that
occur for the one-region solution in YALINA, where the
multiplication factor has been calculated only for the region,
which is simulated, should be eliminated with this solution
for GUIEVERE, where only two regions exist.

The solution will not be applied to YALINA, since two
regions would not be sufficient for this complicated con-
figuration. The experiments in the GUINEVERE facility are
planned in the beginning of 2012. The successful coupling of
the GENEPI accelerator with subcritical VENUS reactor has
been announced on October 28, 2011. Early in December an
official start-up is scheduled and the first experiments start.

5. Conclusion

A newly developed methodology for reaching a deeper
understanding of ADS experiments has been presented as
basis for a new method for the analysis of ADS experi-
ments. In the last years at the Helmholtz-Zentrum Dresden-
Rossendorf the developed method for the solution of the
time-dependent P1 transport equation, avoiding separation

of space and time and based on Green’s functions, is promis-
ing. Further solutions for the time-dependent diffusion
equation for one region and one- and two-energy groups
have been used and compared with the YALINA experi-
ments. A special solution for a finite pulse of the localized
external neutron source has been developed for all analytical
solutions. As an input for the new methodology, a cross-sec-
tion set has to be created. This is performed with the
HELIOS code with a detailed two-dimensional model for
the whole core of the YALINA-Booster facility. This detailed
two-dimensional transport model has been used to get a
deeper insight into the specificity of the YALINA-Booster
experimental setup. The detailed analysis of the fast and the
thermal neutron flux distribution in the fast area has shown
a strong influence of the thermal area on the fast area. This
strong influence requires a significantly increased effort for
the cross-section preparation. A full model should be used
instead of the standard method, which uses a fuel element
in reflective surrounding, to catch the effect of the neutron
ingress from the thermal to the fast area.

The first comparison of the results of the analytic approx-
imation solutions with experiments from the YALINA-
Booster facility has been successful. Good agreement
between the experiment and the calculation was obtained in
space as well as in time. The comparison of the time-depend-
ent P1 results with the time-dependent diffusion results has
shown that the differences between the modeling and the
experiment cause in the case of YALINA significantly strong-
er differences than the use of different transport approxi-
mations. For a better representation of the specifics of the
YALINA-Booster setup, a two-energy group solution with



10 Science and Technology of Nuclear Installations

a special arrangement of the sources has been developed
which leads to improved results. Since the complicated
YALINA-Booster system cannot be represented by a one-
region solution the analysis had to be concentrated on the
fast zone only. A drawback of this reduction is the limitation
of the keff calculation only to the fast zone. For a prediction
of the keff for the SC3A configuration of the YALINA-
Booster facility a calculation for the full system would be
essential (at least 3 regions). To overcome this problem for
the future experiment GUINEVERE a two region solution
has already been developed for the full representation of the
GUINEVERE configuration.

Generally, it has to be mentioned that the advantage of
the analytical solution over the numerical method lies in
the following: the ansalytical solution is an exact solution,
which gives dependences on variables; the numerical method
is only an approximation to the problem, which causes an
inaccuracy, if a large region is considered. Additionally, the
numerical method does not give a continuous solution and,
in some cases, can be time and resource consuming due to
the number of iterations.

Overall, very promising results have been obtained, and
a good agreement between the experiment and the calcu-
lation has been met in space, as well as in time by using ana-
lytical solutions developed without separation of space and
time. The flexibility of the analytical solutions for the com-
plicated experimental settings has been demonstrated. Thus,
analytical solutions without separation of space and time
are a very promising tool to develop a new method for the
analysis of ADS experiments.
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González-Romero, and Y. Fokov, “Correction methods for
reactivity monitoring techniques in Pulsed Neutron Source
(PNS) measurements,” in Proceedings of the International
Conference on the Physics of Reactors (PHYSOR ’10), pp. 914–
928, Pittsburgh, Pa, USA, May 2010.

[14] Y. Gohar et al., “‘Argonne analyses of YALINA-booster’,
YALINA-thermal, and LEU YALINA-booster,” in IAEA Meet-
ing, Mumbai, India, February 2010.

[15] Summary of the Technical Meeting on, “‘Use of Low Enrich-
ed Uranium (LEU Fuel in Accelerator Driven Sub-Critical
Assembly (ADS Systems’, and 3rd RCM of the CRP on ‘Ana-
lytical and Experimental Benchmark Analyses of Accelerator
Driven Systems’,” Mumbai, India, February 2010.

[16] A. M. Weinberg and E. P. Wigner, The Physical Theory of
Neutron Chain Reactors, University of Chicago Press, Chicago,
Ill, USA, 1958.

[17] D. G. Duffy, Green’s Functions with Application, Chapman &
Hall/CRC, 2001.
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The theory of the Feynman-alpha method, which is used to determine the subcritical reactivity of systems driven by an external
source such as an ADS, is extended to two energy groups with the inclusion of delayed neutrons. This paper presents a full
derivation of the variance to mean formula with the inclusion of two energy groups and delayed neutrons. The results are illustrated
quantitatively and discussed in physical terms.

1. Introduction

Methods of online measurement of subcritical reactivity, in
connection with ADS, have been studied over a decade by
now. Both deterministic methods, such as the area ratio or
Sjöstrand method [1] (pulsed measurements), and stochastic
or fluctuation-based methods (Feynman- and Rossi-alpha
methods) have been investigated. What regards the latter
class of methods, the theory of classical systems, based
on a stationary source with Poisson statistics, had to be
extended to the case of nonstationary (pulsed) source with
compound Poisson statistics (spallation source, generating
several neutrons simultaneously in one source emission
event). Regarding the pulsed sources, both narrow (instan-
taneous) as well as finite width pulses with various pulse
shapes were considered, both with “deterministic” (synchro-
nised between source emission and counting interval) and
stochastic (nonsynchronised) pulse injection. An overview of
the field can be found in [2]. The most general treatment of
all the above mentioned cases is found in Degweker and Rana
[3] and Rana and Degweker [4, 5].

In this paper, we will discuss another aspect of stochastic
reactivity measurement methods, which is related more to
the system properties than those of the source. The new
aspect is to take into account the energy dependence of the
neutrons by the use of a two-group approach. All work so

far in which compact analytical results could be obtained
in this area (calculation of the Feynman- and Rossi-alpha
formulae) was made by the use of one-group theory. This
is justified by the fact that the methods were used in
thermal systems, where the neutron population and hence
its dynamics is dominated by thermal neutrons. However,
many of the planned ADS concepts will use a core with a fast
spectrum, in which the dominance of thermal neutrons will
be significantly reduced. In terms of a two-group approach,
unlike in a thermal system where there is one time or
decay constant in a pulsed experiment, there will be two
components in the temporal response with two different time
constants and with comparable amplitudes. One indication
for this possibility comes from the area of nuclear safeguards,
where such effects have already been investigated, as it will be
described below.

Actually there have been experiments, such as in the
EU-supported project MUSE [6] and the Yalina experiment
[7–9], where the fitting of Feynman- and Rossi-alpha mea-
surements required more than one exponentials. Although
the appearance of more than one decay constant may have
also other reasons (e.g., the presence of a reflector, i.e.,
a multiregion system), the energy aspect is clearly one
possibility to lead to the occurrence of two different decay
constants. In the theoretical work so far on the explanation
of the multiple exponentials or multiple alpha modes, the
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emphasis was on the spatial effects as being the reason for the
appearance of the multiple alpha modes [10–12]. In [10, 11]
a general energy dependent framework was used which, in
order to arrive to explicit expressions, requires the possession
of the fundamental and higher order alpha-eigenfunctions
of the space-energy dependent transport equation. However,
due to the continuous energy treatment, no discrete modes
can be attributed to the energy dependence.

The purpose of the present paper is the elaboration of
the two-group theory of the Feynman-alpha method, based
on the backward master equation approach. Such an energy-
dependent extension of the existing theory might have a
relevance also to on-going and future ADS experiments, such
as the European FP7 project FREYA. This work has actually
been started already by the present authors, although in
a different setting. In nuclear safeguards, identification of
fissile material can be achieved by detecting the temporal
decay of fast neutrons from an unknown sample, following
irradiation by a pulse of fast neutrons. Appearance of a
second decay constant is an indication of the presence of
fissile material. This is the so-called differential die-away
analysis (DDAA) method. A stochastic generalisation of this
method, to the use of a stationary (intrinsic) source and
the measurement of the time correlations, the so-called
DDSI (differential die-away self interrogation) method, was
recently suggested by Menlove et al. [13]. The theory of the
DDSI method, by way of the extension of the Rossi-alpha
method to two energy groups, without delayed neutrons,
was recently given by the present authors based on both the
backward [14] and the forward master equation approach
[15].

In the present paper, we extend the treatment by the
inclusion of delayed neutrons in the formalism. Understand-
ably, the calculations get quite involved. Although a full
analytical treatment is possible, many expressions in the final
results become too extensive to be quoted explicitly. Hence
these will not be given and analysed in this paper. Likewise,
the question of how to extract the subcritical reactivity
from the measurement of the two time constants will not
be discussed here, rather it will be given in a subsequent
communication. Instead, here we focus on the formulation
of the problem and the full derivation sequence until arriving
to the final result. The intermediate and final results will be
discussed in physical terms.

2. General Principles

As usual in the context, we shall assume a homogeneous
infinite medium with properties constant in space. We shall
use a two-group theory model, that is, describe the neutron
population with two type of neutrons: fast and thermal.
One group of delayed neutron precursors will be assumed.
The possible neutron reactions are absorption of both the
fast and thermal neutrons, downscattering (“removal”) of
neutrons from the fast group to the thermal, and thermal
fission, which produces a random number of fast neutrons
according to a probability distribution function. At such a
thermal fission also at most one delayed neutron precursor
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Figure 1: The possible reactions which the three different particles
can undergo. Fast neutrons (red circle) can be detected (yellow),
absorbed (white), and thermalized (green). Thermal neutrons
(green) can be absorbed, and through fission lead to a random
number of delayed neutron precursors (grey) and fast neutrons
(red). Delayed neutron precursors decay into a fast neutron.

can be generated with a certain probability. The decay of this
precursor will lead to the appearance of one fast neutron.
For simplicity, fast fission will be neglected. It can be easily
incorporated into the model, at the expense of some further
complication of the calculations, but without any essential
problem. Figure 1 illustrates the possible reactions induced
by the fast and thermal neutrons and the delayed neutron
precursors, respectively.

A word on the notations used is in order here. In a
two-group model of reactor physics, the indices 1 and 2 are
used to denote the fast and the thermal group, respectively.
This notation will be used also in this paper, whenever it
will not lead to confusion. For practical reasons, the delayed
neutron precursors will be taken as group 3. However,
often it will be simpler and more practical to refer to
the fast and thermal neutrons and the precursors with the
notations F, T, and C, as it is seen also in Figure 1. In
traditional reactor physics texts, short-hand notations are
used for denoting the first factorial moments of the neutron
population and that of the fission neutron distribution, such
as ν and the Diven factor Dν for the latter. In the literature
on neutron fluctuations, the transition probabilities (more
correctly, transition intensities) are usually denoted by λi,
where the subscript i stands for the type of reaction (capture,
absorption, removal, and fission) (see, e.g., [2, Part II]).
These transition intensities are related to the corresponding
macroscopic cross sections of the particular reactions and the
neutron speed.

However, in this paper we will keep a more general
mathematical system of notations for the factorial moments
and transition intensities. This is partly because the purpose
of this paper is to describe the formalism used in a general
setting, and partly in order to relate the work reported here
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to our preceding paper, where the two-group generalisation
of the Feynman- and Rossi-alpha methods was introduced
[14]. Accordingly, the transition probabilities will be denoted
in a way similar to that in [14], that is, for the fast neutrons
one has

QF = QFA +QFT , (1)

where QFA and QFT are the intensities of the absorption and
thermalization of fast neutrons, respectively. Similar, self-
obvious notations are used for the thermal neutrons. In the
numerical work, there will be no attempt to relate these
reaction intensities to cross-sections of a real reactor in this
paper; such a coupling to realistic systems will be made in a
subsequent work.

The final quantity we need in order to formulate a
probability balance equation is the number distribution of
fast neutrons and delayed neutron precursors in a thermal
fission event. Denote by f (k, �) the probability that a thermal
neutron produces k ≥ 0 fast neutrons and � ≥ 0 delayed
neutron precursors, that is, particles of type C. Suppose that

f (k, �) = fp(k) fd(�), (2)

that is, the numbers fast neutrons and delayed neutron
precursors created in one reaction are independent. Further,
let fd(�) be given by

fd(�) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1− q(d)
1 , if � = 0,

q(d)
1 , if � = 1,

0, if � > 1,

(3)

where q(d)
1 ≤ 1. The probability that a delayed neutron

precursor produced at time t = 0 decays to a fast neutron
during the time interval not larger than t ≥ 0 is given by

Td = 1− e−λt, λ ≥ 0. (4)

With this all quantities that are needed to formulate the
problem are defined.

3. Description of the Basic Process with
One Starting Particle

Since we are going to use the backward master equation
approach, first we will need the neutron and precursor
distributions, generated by one single starting particle (a fast
or thermal neutron or a delayed neutron precursor). First the
number distribution of generated particles will be studied
and explicit results derived for the first two moments. In
the next section the detection process will also be accounted
for, and in the last section the variance and the mean of the
number of neutrons detected in a time interval, induced by a
stationary external source of fast neutrons, will be calculated
from the results of the preceding two sections.

Let us introduce the random functions nF(t), nT(t), and
nC(t), giving the numbers of particles of types F, T, and

C, respectively, at the time moment t ≥ 0. Define the
probabilities:

P
{

nF(t) = n1, nT(t) = n2, nC(t) = n3 | Sj
}

= p
(
n1,n2,n3, t | Sj

)
,

(5)

where the conditions Sj , j = {1, 2, 3}, {Sj} = {F,T ,C},
indicating the type of particle starting the process, are
defined as

S1 ≡ F = {nF(0) = 1, nT(0) = 0, nC(0) = 0},
S2 ≡ T = {nF(0) = 0, nT(0) = 1, nC(0) = 0},
S3 ≡ C = {nF(0) = 0, nT(0) = 0, nC(0) = 1},

(6)

respectively. Introduce also the corresponding generating
functions:

g
(
z1, z2, z3, t | Sj

)

=
∞∑

n1=0

∞∑

n2=0

∞∑

n3=0

p
(
n1,n2,n3, t | Sj

)
zn1

1 z
n2
2 z

n3
3 .

(7)

With these notations, based on the probabilities of the
mutually exclusive events of the starting particle not having
or having a reaction within the time interval (0, t), and the
summing up of the probabilities of the mutually exclusive
events generated by the respective reactions, one can write
that

g(z1, z2, z3, t | F) = e−QFtz1 +QFA

∫ t

0
e−QF (t−t′)dt′

+QFT

∫ t

0
e−QF (t−t′)g(z1, z2, z3, t′ | T)dt′,

(8)

g(z1, z2, z3, t | T) = e−QTtz2 +QTA

∫ t

0
e−QT (t−t′)dt′

+QTF

∫ t

0
e−QT (t−t′)qp

[
g(z1, z2, z3, t′ | F)

]

× qd
[
g(z1, z2, z3, t′ | C)

]
dt′,

(9)

as well as

g(z1, z2, z3, t | C)

= e−λtz3 + λ
∫ t

0
e−λ(t−t′)g(z1, z2, z3, t′ | F)dt′,

(10)

where

qp(z) =
∞∑

k=0

fp(k)zk, qd(z) =
∞∑

�=0

fd(�) = 1− q(d)
1 + q(d)

1 z.

(11)

For later use, we note that
[
d jqp(z)

dz j

]

z=1

= q
(p)
j ,

[
d jqd(z)
dz j

]

z=1

= q(d)
j = δj1q

(d)
1

(12)
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are the factorial moments of the number of prompt and
delayed neutrons in a fission event. The relationship with the
traditional notations is given by

q
(p)
1 = νp =

(
1− β)ν, q(d)

1 = νd = βν, (13)

with ν = νp + νd, and β = νd/(νp + νd).

3.1. Expectations of the Numbers of Particles of Different
Types. By using (8)–(10), one can derive equations for the
expectations of the numbers of fast and thermal neutrons
and the delayed neutron precursors, that is, particles of types
F, T, and C, respectively. With obvious notations, for the

expectation (first moment) m(F)
1 (t | Sj) of the number of

fast neutrons, induced by one starting fast neutron, thermal
neutron and delayed neutron precursor, respectively, one
obtains the equations:

m(F)
1 (t | F) =

[
∂g(z1, z2, z3, t | F)

∂z1

]

z1=z2=z3=1

= e−QFt +QFT

∫ t

0
e−QF (t−t′) m(F)

1 (t′ | T)dt′,

m(F)
1 (t | T) =

[
∂g(z1, z2, z3, t | T)

∂z1

]

z1=z2=z3=1

= QTF

∫ t

0
e−QT (t−t′)

×
[
q

(p)
1 m(F)

1 (t′ | F) + q(d)
1 m(F)

1 (t′ | C)
]
dt′,

m(F)
1 (t | C) =

[
∂g(z1, z2, z3, t | C)

∂z1

]

z1=z2=z3=1

= λ
∫ t

0
e−λ(t−t′)m(F)

1 (t′ | F)dt′.

(14)

Equations for the quantities m(T)
1 (t | Sj) and m(C)

1 (t | Sj) can
be derived in a completely similar manner; these will not be
given here, for brevity.

The arising integral equation system can be readily
solved by Laplace transform methods. Introduce the Laplace
transforms:

m̃
(Sj )
1 (s | Si) =

∫∞

0
e−stm

(Sj )
1 (t | Si)dt, (15)

then, from (14) one obtains

m̃(F)
1 (s | F) = 1

s +QF
+

QFT

s +QF
m̃(F)

1 (s | T),

m̃(F)
1 (s | T) = QTF

s +QT

[
q

(p)
1 m̃(F)

1 (s | F) + q(d)
1 m̃(F)

1 (s | C)
]

,

m̃(F)
1 (s | C) = λ

s + λ
m̃(F)

1 (s | F).

(16)

After elementary algebra one obtains

m̃(F)
1 (s | F) = (s +QT)(s + λ)

N (s)
, (17)

where

N (s) = (s +QF)(s +QT)(s + λ)

−QFTQTF

[
q

(p)
1 (s + λ) + q(d)

1 λ
] (18)

is a third-order polynomial of s. It can be proven that the
roots of the equation:

N (s) = s3 + (QF +QT + λ)s2

+
[
QFQT + λ(QF +QT)− q(p)

1 QFTQTF

]
s

+ λ
[
QFQT −QFTQTF

(
q

(p)
1 + q(d)

1

)]
= 0

(19)

are all real. Hence, introducing the notation si = −ωi, i =
1, 2, 3, one can write that

N (s) = (s + ω1)(s + ω2)(s + ω3). (20)

Clearly, the system is subcritical, if none of the ω1, ω2,
and ω3 is zero or negative. For the sake of illustration in
Figure 2 the dependence of the characteristic function N (s)
on s is shown (for the calculations, the following parameter
values were used: QFA = 1/3, QFT = 2/3, QF = 1, QTA =
14/10, QTF = 3/5, QT = 2, q

(p)
1 = 3, q(d)

1 = 0.02, and
λ = 0.1). The right hand side figure is an enlargement of the
N (s) in the interval (−0.4, 0).

The algebraic solutions for the Laplace transforms

m̃(T)
1 (s | Sj) and m̃(C)

1 (s | Sj) can be obtained in a similar

manner. Here we only list these solutions, which for m̃(T)
1 (s |

Sj) are given by

m̃(T)
1 (s | F) = QFT(s + λ)

N (s)
,

m̃(T)
1 (s | T) = (s +QF)(s + λ)

N (s)
,

m̃(T)
1 (s | C) = QFTλ

N (s)
.

(21)

and for m̃(C)
1 (s | Sj) as

m̃(C)
1 (s | F) = q(d)

1
QFTQTF

N (s)
,

m̃(C)
1 (s | T) = q(d)

1
QTF(s +QF)

N (s)
,

m̃(C)
1 (s | C) = q(d)

1
(s +QF)(s +QT)− q(p)

1 QFTQTF

N (s)
.

(22)

The expectations can be obtained in a rather simple
way by inversion of these Laplace transforms. All solutions
consist of the sum of three exponential functions, namely,
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Figure 2: Characteristic function N (s). The right-hand figure shows the two largest roots of the equation.

of e−ω1t, e−ω2t and e−ω3t. As an illustration, we give the

expectation m(F)
1 (t | F) of the number of fast neutrons,

generated by one initial fast neutron injected into the system.
One obtains

m(F)
1 (t | F) = ω2

1 − (QT + λ)ω1 +QTλ
(ω1 − ω2)(ω1 − ω3)

e−ω1t

− ω2
2 − (QT + λ)ω2 +QTλ
(ω1 − ω2)(ω2 − ω3)

e−ω2t

+
ω2

3 − (QT + λ)ω3 +QTλ
(ω1 − ω3)(ω2 − ω3)

e−ω3t .

(23)

The other expectations are obtained in a similar form, that
is, as a sum of three exponentials, and they will not be
given here. Some quantitative examples of the expectations
are shown in Figure 3. The figure shows the expectations of
the numbers of fast and thermal neutrons and the delayed
neutron precursors versus time, assuming that the starting
particle was either a fast or a thermal neutron (for the
calculations the following parameter values were used:
QFA = 1/3, QFT = 2/3, QF = 1, QTA = 14/10, QTF = 3/5,

QT = 2, q
(p)
1 = 3, q(d)

1 = 0.02, and λ = 0.1).
It is to be mentioned that the above results could also

be obtained directly from deterministic equations, namely,
from the two-group point kinetic equations with one group
of delayed neutrons.

3.2. Variances of the Numbers of Particles of Different Types.
As it follows from the definitions and formulae in the
previous section, the variance of the numbers of, say, fast
neutrons at the time t ≥ 0, induced by an initial fast neutron,
is given by the formula:

D2{n1(t) | F} = m(F)
2 (t | F) +m(F)

1 (t | F)
[

1−m(F)
1 (t | F)

]
.

(24)

Similar expressions can be derived for the other 8 variances.

3.2.1. Second Factorial Moments. It is seen that for the
determination of variances, one needs the second factorial

moments which can be obtained from the generating
function (8)–(10). Introducing the notations:

m(F)
2 (t | F) =

[
∂2g(z1, z2, z3, t | F)

∂z2
1

]

z1=z2=z3=1

,

m(F)
2 (t | T) =

[
∂2g(z1, z2, z3, t | T)

∂z2
1

]

z1=z2=z3=1

,

m(F)
2 (t | C) =

[
∂2g(z1, z2, z3, t | C)

∂z2
1

]

z1=z2=z3=1

,

(25)

one can derive the following equations:

m(F)
2 (t | F) = QFT

∫ t

0
e−QF (t−t′)m(F)

2 (t′ | T)dt′, (26)

m(F)
2 (t | T) =

QTF

∫ t

0
e−QT (t−t′) ×

{
q

(p)
1 m(F)

2 (t′ | F)

+ q2

[
m(F)

1 (t′ | F)
]2

+ 2 q
(p)
1 q(d)

1 m(F)
1 (t′ | F)

×m(F)
1 (t′ | C) + q(d)

1 m(F)
2 (t′ | C)

}
dt′,

(27)

m(F)
2 (t | C) = λ

∫ t

0
e−λ(t−t′)m(F)

2 (t | F)dt′. (28)

Analogous definitions can be introduced for m(T)
2 (t | Sj),

and m(C)
2 (t | Sj) and similar equations can be readily derived

for these.
For the solution of the arising system of integral equa-

tions, again the method of the Laplace transform is used.
Before performing the transforms, it is practical to introduce
short-hand notations for the functions appearing in (27)
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Figure 3: Dependence of the expectations of the numbers of particles of types F, T, and C on the time, assuming that the starting particle
was either F or T.

and in the corresponding equations for m(T)
2 (t | Sj) and

m(C)
2 (t | Sj) as

AF(t′) = q2

[
m(F)

1 (t′ | F)
]2

+ 2q
(p)
1 q(d)

1 m(F)
1 (t′ | F)m(F)

1 (t′ | C),

AT(t′) = q2

[
m(T)

1 (t′ | F)
]2

+ 2q
(p)
1 q(d)

1 m(T)
1 (t′ | F)m(T)

1 (t′ | C),

AC(t′) = q2

[
m(C)

1 (t′ | F)
]2

+ 2q
(p)
1 q(d)

1 m(C)
1 (t′ | F)m(C)

1 (t′ | C).

(29)

These functions are known at this stage, since they contain
only the expectations of the numbers of the particles.
Applying the notation for the Laplace transforms defined
already, one obtains

m̃(F)
2 (s | F) = QFT

s +QF
m̃(F)

2 (s | T),

m̃(F)
2 (s | T) = QTF

s +QT
,

×
[
q

(p)
1 m̃(F)

2 (s | F) + q(d)
1 m̃(F)

2 (s | C) + ÃF(s)
]

,

m̃(F)
2 (s | C) = λ

s + λ
m̃(F)

2 (s | F),

(30)
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and similar equations for m̃(T)
2 (s | Sj) and m̃(C)

2 (s | Sj). After
simple algebra the solutions can be written in the following
form:

m̃(F)
2 (s | F) = QTF

QFT (s + λ)
N (s)

ÃF(s) = QTFm̃
(T)
1 (s | F)ÃF(s),

m̃(F)
2 (s | T) = QTF

(s +QT)(s + λ)
N (s)

ÃF(s) = QTFm̃
(T)
1 (s | T)ÃF(s),

m̃(F)
2 (s | C) = QTF

QFTλ

N (s)

ÃF(s) = QTFm̃
(T)
1 (s | C)ÃF(s).

(31)

Similar solutions are found for the other two groups of
factorial moments.

Based on the form of the solutions in the Laplace domain,
one notices that the solutions in the time domain can be
written in the form a convolution as follows:

m(F)
2 (t | F) = QTF

∫ t

0
m(T)

1 (t − t′ | F)AF(t′)dt′,

m(F)
2 (t | T) = QTF

∫ t

0
m(T)

1 (t − t′ | T)AF(t′)dt′,

m(F)
2 (t | C) = QTF

∫ t

0
m(T)

1 (t − t′ | C)AF(t′)dt′,

(32)

and similarly for the second factorial moments of the thermal
neutrons and the delayed neutron precursors. Equations
(32) express the fact, known from the backward theory of
branching processes [2], that the first moments of the single-
particle generated distributions play the role of the Green’s
function for the higher-order moments (and also for all order
moments of the distributions of the detected neutrons). This
is because the higher-order moment equations have the same
form as those for the first moment, except that the Dirac
delta function in the first moment equations, representing
the starting particle, is replaced by some products of
known first moments quantities, which play the role of
the inhomogeneous r.h.s. of the second- and higher-order
moments. These inhomogeneous right hand sides, or “source
functions” depend on the problem at hand and the type of
the moment to be calculated. In the present case they are
given by the functions AF(t), and so forth of (29).

The convolution integrals over these known functions
can be performed analytically and closed form analytical
solutions can be obtained for the second factorial moments.
However, in the present case these explicit forms are
extremely long and complicated expressions containing the
exponential functions e−ω1t, e−ω2t, and e−ω3t in various
combinations. These will not be given here since there is very
little insight one could gain from the analytical form of the
coefficients multiplying the exponentials.

3.3. Covariances of the Numbers of Particles of Different Types.
Although not needed explicitly for the calculation of the two-
group version of the Feynman-alpha formula, it might give
some insight to calculate the covariances of the numbers of
particles of different types at a given time moment, provided
that at the time instant t = 0, only one particle was in the
system. This will be done in this subsection. If the starting
particle was a fast neutron, then the following covariances
have to be calculated:

Cov{n1(t), n2(t) | SF} = m(FT)
2 (t | F)

−m(F)
1 (t | F)m(T)

1 (t | F),

Cov{n1(t), n3(t) | SF} = m(FC)
2 (t | F)

−m(F)
1 (t | F)m(C)

1 (t | F),

Cov{n2(t), n3(t) | SF} = m(TC)
2 (t | F)

−m(T)
1 (t | F)m(C)

1 (t | F).

(33)

Along the same lines, the other 6 covariances can also readily
be written down. However, for the sake of the simplicity only
the above covariances will be calculated.

3.3.1. Mixed Second Moments. In order to determine the
covariance between two different random functions at a
given time moment, one should calculate first the mixed
second moments. In the present case, one needs the following
moments:

m(FT)
2 (t | F) =

[
∂2g(z1, z2, z3, t | F)

∂z1∂z2

]

z1=z2=z3=1

,

m(FC)
2 (t | F) =

[
∂2g(z1, z2, z3, t | F)

∂z1z3

]

z1=z2=z3=1

,

m(TC)
2 (t | F) =

[
∂2g(z1, z2, z3, t | F)

∂z2z3

]

z1=z2=z3=1

.

(34)

The calculations are straightforward and similar to the
calculation of the second factorial moments of the previous
section, but rather involved and lengthy. Hence the details
of the calculations will not be given here. We only note that
similar to the case of the second factorial moments, it is
practical to introduce a shorthand notation for the functions

AFT(t′) = q2m
(F)
1 (t′ | F)m(T)

1 (t′ | F)

+ q
(p)
1 q(d)

1

[
m(F)

1 (t′ | F)m(T)
1 (t′ | C)

+m(T)
1 (t′ | F)m(F)

1 (t′ | C)
]

,

(35)

and similarly for AFC(t′) and ATC(t′) which play the
role of the inhomogeneous part of the mixed moment
equations and hence appear in the convolution expressions
for the solutions. Without going into details, by using the
convolution theorem, the formal solutions for the three
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mixed moments of the distributions of particles induced by
one starting fast neutron are quoted as follows:

m(FT)
2 (t | F) = QTF

∫ t

0
m(T)

1 (t − t′ | F)AFT(t′)dt′,

m(FC)
2 (t | F) = QTF

∫ t

0
m(T)

1 (t − t′ | F)AFC(t′)dt′,

m(TC)
2 (t | F) = QTF

∫ t

0
m(T)

1 (t − t′ | F)ATC(t′)dt′.

(36)

By using the formulae (36), one can immediately calcu-
late the covariances (33).

Figure 4 shows the time dependence of the covariances
between the numbers of fast and thermal neutrons, as well
as between fast neutrons and delayed neutron precursors
and also between the thermal neutrons and the precursors,
assuming that the starting particle was a fast neutron. It is
remarkable that each of them changes sign, but the absolute
values of the covariances are very small. One can also show
that the variation of the mean decay time λ−1 influences only
slightly the values of covariances.

The reason for the initially negative value of the covari-
ances can be explained in the same way as for the covariance
between the fast and thermal neutrons without the presence
of delayed neutrons, as was discussed in [14]. Namely,
the process is started by one single fast neutron, which
is the only particle in the system at t = 0, hence the
joint expectation of having any two particles is zero at the
beginning. The expectation of having a thermal neutron or
a delayed neutron precursor is also zero at the beginning,
but with the thermalization of the initial fast neutron the
expectation of having a thermal neutron starts to deviate
from zero, whereas the joint expectation of finding both a
fast and a thermal neutron is negligible until the thermal
neutron induces fission. Before the branching starts with first
thermalisation and then a thermal fission, the covariance is
negative. When the branching starts, the joint expectation of
any two particles starts to increase, so the covariance starts to
increase after having reached a local minimum and thereafter
becomes positive.

4. Moments of the Detection of Neutrons

In order to calculate the variance to mean of detected
particles, induced by a stationary extraneous source, two
steps remain. One is the introduction of the detection
process, which is treated in this section. The second is the
introduction of a stationary source, which will be treated in
the next section.

For brevity, in the forthcoming only the detection of the
fast neutrons will be discussed. For the application of the
Feynman-alpha method, even in a fast system, presumably
the detection of the thermal neutrons will be more practical.
However, the calculation goes exactly along the same lines,
hence for illustration it is sufficient to discuss the detection
of fast neutrons.

Denote by QFD dt + o(dt) the probability that a fast
neutron is detected in the time interval (t, t + dt). Obviously,

the detected neutron is also absorbed, that is, removed from
the branching process. Let N(t,u) denote the number of fast
neutrons detected in the time interval [t− u, t]. If t < u, then
N(t) stands for the number of fast neutron detections in the
time interval [0, t].

4.1. Detection in Time Interval [0, t]. Define the probabilities:

P {N(t) = n | F} = pF(n, t),

P {N(t) = n | T} = pT(n, t),

P {N(t) = n | C} = pC(n, t),

(37)

and introduce the generating functions:

E
{
zN(t) | F

}
=

∞∑

n=0

pF(n, t)zn = gF(z, t),

E
{
zN(t) | T

}
=

∞∑

n=0

pT(n, t)zn = gT(z, t),

E
{
zN(t) | C

}
=

∞∑

n=0

pC(n, t)zn = gC(z, t).

(38)

The equations determining the generating function can be
easily written down. One obtains

gF(z, t) = e−QFt +QFA

∫ t

0
e−QF (t−t′)dt′ + zQFD

∫ t

0
e−QF (t−t′)dt′

+QFT

∫ t

0
e−QF (t−t′)gT(z, t′)dt′,

gT(z, t) = e−QTt +QTA

∫ t

0
e−QF (t−t′)dt′

+QFT

∫ t

0
e−QF (t−t′)qp

[
gF(z, t′)

]
qd
[
gC(z, t′)

]
dt′,

(39)

gC(z, t) = e−λt + λ
∫ t

0
e−λ(t−t′)gF(z, t′)dt′. (40)

Taking into account the second formula in (11), one has

qd
[
gC(z, t′)

] = 1− q(d)
1 + q(d)

1 gC(z, t′). (41)

The notation applied does not show that the delayed
neutrons also participate in the process.

4.1.1. Expectations. The expectations of detected number
of F type particles can be easily calculated by using the
formulae:

E{N(t) | F} =
[
∂gF(z, t)
∂z

]

z=1

= n(F)
1 (t),

E{N(t) | T} =
[
∂gT(z, t)

∂z

]

z=1

= n(T)
1 (t),

E{N(t) | C} =
[
∂gC(z, t)

∂z

]

z=1

= n(C)
1 (t).

(42)
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Figure 4: Dependence of the covariances between the numbers of particles of types F and T, as well as F and C, and also between the
numbers of particles of types T and C on the time, assuming that the starting particle was F type.

After simple considerations one obtains the Laplace
transforms of the expectations given by

ñ(F)
1 (s) = QFD

(s +QT)(s + λ)
sN (s)

,

ñ(T)
1 (s) = QFD

QFT

[
q

(p)
1 (s + λ) + q(d)

1 λ
]

sN (s)
,

ñ(C)
1 (s) = QFD

λ(s +QT)
sN (s)

,

(43)

where N (s) is defined by (20). Clearly, these expressions are
the Laplace transforms of the following integrals:

n(F)
1 (t) = QFD

∫ t

0
m(F)

1 (t′ | F)dt′,

n(T)
1 (t) = QFD

∫ t

0
m(F)

1 (t′ | T)dt′,

n(C)
1 (t) = QFD

∫ t

0
m(F)

1 (t′ | C)dt′.

(44)

By using the well-known Tauberian theorem [16], from (43)
one obtains immediately the expectations of the number of F

type particles detected in time interval [0,∞]. They are given
by

n(F)
1 (∞) = QFD

QTλ

ω1ω2ω3
,

n(T)
1 (∞) = QFDλ

q
(p)
1 + q(d)

1

ω1ω2ω3

n(C)
1 (∞) = QFD

QTλ

ω1ω2ω3
,

, (45)

where

ω1ω2ω3 = λ
[
QFQT −QFTQTF

(
q

(p)
1 + q(d)

1

)]
. (46)

It is worth to note that the total number or detected fast
neutrons is the same whether the starting particle is a fast
neutron or a delayed neutron precursor. However, if the
starting particle is a thermal neutron, then, as expected, one
obtains a different expectation for the number of detected
fast neutrons.

4.1.2. Second Factorial Moments and the Variances. For the
characterization of the detecting process, one needs the
variances of the number of the fast neutrons, counted in the
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time interval [0, t], for the three different types of starting
particles. In order to determine the variances, one has to
calculate the second factorial moments. From equations (9)
and (40), it follows that

n(F)
2 (t) = QFT

∫ t

0
e−QF (t−t′)n(T)

2 (t′)dt′,

n(T)
2 (t) = QTF

∫ t

0
e−QF (t−t′)

[
q

(p)
1 n(F)

2 (t′) + q(d)
1 n(C)

2 (t′)
]
dt′

+QTF

∫ t

0
e−QF (t−t′)

×
{
q2

[
n(F)

1 (t′)
]2

+ 2 q
(p)
1 q(d)

1 n(F)
1 (t′)n(C)

1 (t′)
}
dt′,

n(C)
2 (t) = λ

∫ t

0
e−λ(t−t′)n(F)

2 (t′)dt′.

(47)

Introducing the notation

BFC(t′) = q2

[
n(F)

1 (t′)
]2

+ 2q
(p)
1 q(d)

1 n(F)
1 (t′)n(C)

1 (t′), (48)

and performing a Laplace transformation on (47), after the
usual algebraic manipulations including the application of
the convolution theorem, one obtains the solutions as

n(F)
2 (t) = QTF

∫ t

0
m(T)

1 (t − t′ | F)BFC(t′)dt′, (49)

n(T)
2 (t) = QTF

∫ t

0
m(T)

1 (t − t′ | T)BFC(t′)dt′, (50)

n(C)
2 (t) = QFT

∫ t

0
m(T)

1 (t − t′ | C)BFC(t′)dt′, (51)

With the help of these expressions, the variances of the
number of fast neutron detections for the three starting
particle types are given by

D2{N(t) | F} = n(F)
2 (t) + n(F)

1 (t, | F)
[

1− n(F)
1 (t, | F)

]
,

D2{N(t) | T} = n(T)
2 (t) + n(F)

1 (t, | T)
[

1− n(F)
1 (t, | T)

]
,

D2{N(t) | C} = n(C)
2 (t) + n(F)

1 (t, | C)
[

1− n(F)
1 (t, | C)

]
.

(52)

4.2. Detection in the Time Interval [t − u, t], t > u. Since the
detection in the time interval [0, t − u) is excluded and only
in the time interval [t − u, t] is permitted, one can write that

P {N(t,u) = n | SF}
= pF(n, t,u)

=
∑

j+k+�=n

∞∑

n1=0

∞∑

n2=0

∞∑

n3=0

p(n1,n2,n3, t − u | F)

× Z(1)( j,u | n1
)
Z(2)(k,u | n2)Z(3)(�,u | n3),

(53)

provided that at the time moment t = 0 one fast neutron
was in the system. It is easy to prove that the probabilities
Z(1)( j,un1), Z(2)(k,un2), and Z(3)(�,u | n3) are given by the
following formulae:

Z(1)( j,u | n1
) =

∑

j1+···+ jn1= j

n1∏

i=1

pF
(
ji,u

)
,

Z(2)(k,u | n2) =
∑

k1+···+kn2=k

n2∏

i=1

pT(ki,u),

Z(3)(�,u | n3) =
∑

�1+···+�n3=�

n3∏

i=1

pC(�i,u),

(54)

where pF( ji,u), pT(ki,u), and pC(�i,u) are defined by (37).
From (54) one can immediately see that

∞∑

j=0

Z(1)( j,u | n1
)
z j = [gF(z,u)

]n1 ,

∞∑

k=0

Z(2)(k,u | n2)zk = [gT(z,u)
]n2 ,

∞∑

�=0

Z(3)(�,u | n3)z� = [gC(z,u)
]n3 .

(55)

Thus, the generating function

gF(z, t,u) =
∞∑

n=0

pF(n, t,u) zn, t > u (56)

can be written in the form:

gF(z, t,u) = g
[
gF(z,u), gT(z,u), gC(z,u), t − u | SF

]
. (57)

Since, as it is seen from(8)

g(z1, z2, z3, 0 | F) = z1, (58)

from (57), one obtains

gF(z,u,u) = g
[
gF(z,u), gT(z,u), gC(z,u), 0 | SF

] = gF(z,u),
(59)

which corresponds to the condition

lim
t↓u

gF(z, t,u) = gF(z,u). (60)

Expressions similar to (57) can be obtained for the cases
when the starting particle is a fast neutron or a delayed
neutron precursor.

4.2.1. Expectation and Second Factorial Moment. For later
use, let us determine the expectation:

n(F)
1 (t,u) =

[
∂gF(z, t,u)

∂z

]

z=1
(61)
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of the number of fast neutron detections in the time interval
[t − u, t], where t > u, provided that the starting particle was
also a fast neutron. By using (57) one obtains

n(F)
1 (t,u)= m(F)

1 (t − u | F)n(F)
1 (u) +m(T)

1 (t − u | F)n(T)
1 (u)

+m(C)
1 (t − u | F)n(C)

1 (u),
(62)

where n(F)
1 (u), n(T)

1 (u), and n(C)
1 (u) are defined by (44).

The calculation of the second factorial moment:

n(F)
2 (t,u) =

[
∂2gF(z, t,u)

∂z2

]

z=1

(63)

is straightforward, but rather tedious. One finds

n(F)
2 (t,u)

= m(F)
1 (t − u | F)n(F)

2 (u) +m(T)
1 (t − u | F)

× n(T)
2 (u) +m(C)

1 (t − u | F)n(C)
2 (u) +m(F)

2

× (t − u | F)
[
n(F)

1 (u)
]2

+m(T)
2 (t − u | F)

×
[
n(T)

1 (u)
]2

+m(C)
2 (t − u | F)

[
n(C)

1 (u)
]2

+ 2m(FT)
2 (t − u | F)n(F)

1 (u)n(T)
1 (u) + 2m(FC)

2

×n(F)
1 (u)n(C)

1 (u) + 2m(TC)
2 (t − u | F)n(T)

1 (u)n(C)
1 (u).

(64)

In this expression, the second factorial moments n(F)
2 (u),

n(T)
2 (u), and n(C)

2 (u) have been determined already by (49),
(50), and (51) respectively hence they are already known.
With the substitution of all the known functions, an
explicit expression can be obtained which will contain three
exponentials with the known exponents. The coefficients
multiplying the exponents would take to much space to
display and hence will not be shown here.

5. Process with Randomly Injected Particles

The last step in the derivation of the variance to mean or
Feynman-alpha formula is to calculate the first two factorial
moments of the detected fast neutrons, induced in a subcrit-
ical reactor by a stationary source of fast neutrons. Suppose
that at the time instant t = 0 there are no particles present in
the system, but as time passes fast neutrons appear randomly
with a given intensity and initiate branching processes
independently of one another. The theory of injection of
particles is expounded in the book by Pázsit and Pál [2] for
particles of one type. The generalization for particles of three
types is straightforward.

5.1. Joint Distribution of the Numbers of Particles. In this
work we assume that the source events constitute a Pois-
son point process, that is, that the random time interval

between two consecutive injections of fast neutrons follows
an exponential distribution with parameter sF . This cor-
responds to the case of an ADS driven by a DD or DT
neutron generator in continuous mode. Neutron sources of
future ADS will operate with spallation sources and/or in
pulsed mode, which have a non-Poisson character. However,
the generalisation of the treatment below to non-Poisson
processes has been already done in other context (see, e.g.,
[2, 4, 5]), and the treatment presented in this paper can
also be extended to the case of non-Poisson sources in a
straightforward way.

For the case of a Poisson source, it can be easily shown
that the generating function of the probability P(n1,n2,n3,
t;F) of the event:

{n1(t) = n1, n2(t) = n2, n3(t) = n3}, (65)

provided that at time t = 0 there were no particles present in
the system, is given by

G(z1, z2, z3, t;F) = exp

{
sF

∫ t

0

[
g(z1, z2, z3, t′ | F)− 1

]
}
.

(66)

In general, if the injected particles are of type i, and if the
intensity of the injection of particle type i is si, then one has

G(z1, z2, z3, t; Si) = exp

{
si

∫ t

0

[
g(z1, z2, z3, t′ | Si)− 1

]
}
.

(67)

5.1.1. Calculation of the Expectations and the Variances. By
using the logarithm of the generating function, one can write
the formulae:

M(F)
1 (t;F) =

[
∂ lnG(z1, z2, z3, t;F)

∂z1

]

z1=z2=z3=1

= sF

∫ t

0
m(F)

1 (t′ | F)dt′,

M(T)
1 (t;F) =

[
∂ lnG(z1, z2, z3, t;F)

∂z2

]

z1=z2=z3=1

= sF

∫ t

0
m(T)

1 (t′ | F)dt′,

M(C)
1 (t;F) =

[
∂ lnG(z1, z2, z3, t;F)

∂z3

]

z1=z2=z3=1

= sF

∫ t

0
m(C)

1 (t′ | F)dt′,

(68)

giving the expectations of the numbers of fast and thermal
neutrons and delayed neutron precursors, respectively, at the
time moment t ≥ 0, provided that the type of the particles
injected into the system was fast neutrons. Similar formulae
can be derived for the other six expectations.
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In the subcritical state, that is, if ω1, ω2 and ω3, are posi-
tive real numbers, then the process is asymptotically station-
ary, consequently one has

M(F)
1 (∞;F) = sF

QTλ

Nst
,

M(T)
1 (∞;F) = sF

QFTλ

Nst
,

M(C)
1 (∞;F) = sFq

(d)
1
QFTQTF

Nst
,

(69)

where

Nst = ω1ω2ω3 = λ
[
QFQT −

(
q

(p)
1 + q(d)

1

)
QFTQTF

]
. (70)

The rest of the stationary expectations are given by the
following formulae:

M(F)
1 (∞;T) = sT

(
q

(p)
1 + q(d)

1

)QTFλ

Nst
,

M(T)
1 (∞;T) = sT

QFλ

Nst
,

M(C)
1 (∞;T) = sTq

(d)
1
QFQTF

Nst
,

M(F)
1 (∞;C) = sC

QTλ

Nst
,

M(T)
1 (∞;C) = sC

QFTλ

Nst
,

M(C)
1 (∞;C) = sCq

(d)
1
QFQT − q(p)

1 QFTQTF

Nst
.

(71)

For the determination of variances of the number of fast
neutrons, generated by the three different possible starting
particles, one obtains the expressions:

VF(t; Si) =
[
∂2 lnG(z1, z2, z3, t; Si)

∂z2
1

]

z1=z2=z3=1

+
[
∂ lnG(z1, z2, z3, t; Si)

∂z1

]

z1=z2=z3=1

= si

∫ t

0

[
m(F)

2 (t′ | Si) +m(F)
1 (t′ | Si)

]
dt′.

(72)

5.2. Distribution of the Number of Fast Neutrons Detected
in a Given Time Interval. If the injection of fast neutrons
into the medium is performed by a stationary source
emitting particles according to a Poisson process defined
by the intensity parameter sF , then applying the procedure
described in [2], one can prove that generating function of
the probability mass function:

P {N(t,u) = n | n1 = n2 = n3 = 0} = PF(n, t) (73)

is given by

GF(z, t,u)

= GF(z,u) exp

{
sF

∫ t

u

[
gF(z, t′,u)− 1

]
dt′
}

if t > u,

GF(z, t)

= exp

{
sF

∫ t

0

[
gF(z, t′)− 1

]
dt′
}

if t ≤ u,

(74)

where

gF(z, t′,u) = g
[
gF(z,u), gT(z,u), gC(z,u), t′ − u | F]. (75)

By using the method described in [2, pages 85-86], one
can prove that the improper integral:

lim
t→∞

∫ t

u

[
gF(z, t′,u)− 1

]
dt′ (76)

exists, consequently the stationary generating function:

lim
t→∞GF(z, t,u) = G(st)

F (z,u) (77)

also exists, if the three roots of the characteristic function
(18) are nonnegative. In this case the random function
N(t,u) converges in distribution to a random function

N(st)(u), if t → ∞. Hence, G(st)
F (z,u) is the generating

function of N(st)(u), that is,

G(st)
F (z,u) = E

{
zN(st)(u)

}
. (78)

It is useful to rewrite the stationary generating function in
the following form:

lnG(st)
F (z,u) = sF

∫ u

0

[
gF(z, t)− 1

]
dt

+ sF

∫∞

u

[
gF(z, t,u)− 1

]
dt.

(79)

Thus one finds

lnG(st)
F (z,u)

= sF

∫ u

0

[
gF(z, t)− 1

]
dt

+ sF

∫∞

0

{
g
[
gF(z,u), gT(z,u), gC(z,u), t | SF

]− 1
}
dt.

(80)

If the injected particles are thermal neutrons, then the
corresponding formula reads as

lnG(st)
T (z,u)

= sT

∫ u

0

[
gT(z, t)− 1

]
dt

+ sT

∫∞

0

{
g
[
gF(z,u), gT(z,u), gC(z,u), t | ST

]− 1
}
dt.

(81)

In the continuation, we will only deal with the case of fast
neutron injection.
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Figure 5: Dependence of the ratio of the variance to mean of the number of F types particle detections on the detection time u. The left-hand
side figure shows the linear-linear, while the right-hand side one the log-linear plot.

5.2.1. Calculation of the Expectation and the Variance to Mean
in Stationary Case. In the stationary case the expectation of
the number of the detection of fast neutrons in the time
interval u is given by

N(st)
F (u) =

[
∂ lnG(st)

F (z,u)
∂z

]

z=1

= sF

∫ u

0
n(F)

1 (t′)dt′ + sF

∫∞

u
n(F)

1 (t′,u)dt′.
(82)

By using (79), one can write

∫∞

u
n(F)

1 (t′,u)dt′ = n(F)
1 (u)

∫∞

0
m(F)

1 (t | F)dt

+ n(T)
1 (u)

∫∞

0
m(T)

1 (t | F)dt

+ n(C)
1 (u)

∫∞

0
m(C)

1 (t | F)dt,

(83)

where
∫∞

0
m(F)

1 (t | F)dt = λQT

Nst
,

∫∞

0
m(T)

1 (t | F)dt = λQFT

Nst
,

∫∞

0
m(C)

1 (t | F)dt = q(d)
1
QFTQTF

Nst
.

(84)

After a lenghty algebra, one obtains

N(st)
F (u) = sF

QFDQT

QFQT −QFTQTF

(
q

(p)
1 + q(d)

1

)u, (85)

which does not contain the delayed neutron precursor decay
constant λ.

By using the logarithmic generation function ln

G(st)
F (z,u), one can write down the ratio of the variance to

mean of the number of F types particles detected in the time
interval u in the form:

D2
{

N(st)(u)
}

E
{

N(st)(u)
} = V(st)

F (u)

N(st)
F (u)

= 1 +
1

N(st)
F (u)

[
∂2 lnG(st)

F (z,u)
∂z2

]

z=1

= 1 + Y(u),

(86)

where

[
∂2 lnG(st)

F (z,u)
∂z2

]

z=1

= sF

∫ u

0
n(F)

2 (t′)dt′

+ sF

∫∞

u
n(F)

2 (t′,u)dt′,

(87)

and n(F)
2 (t′,u) is given by (64). The Feynman Y(u) function

can be written in the traditional form as

Y(u) =
3∑

i=1

Yi

(
1− 1− e−ωiu

ωiu

)
. (88)

The coefficients Yi are rather involved functions of the roots
ωi as well as the various reaction intensities and the first and
second factorial moments of the number of fast neutrons and
the delayed neutron precursors per fission. Due to their very
extensive character, they are not given here.

Figure 5 shows a quantitative illustration of the depen-
dence of the variance to mean of the number of fast neutron
detections on the detection time u. The left-hand side figure
shows the linear-linear, while the right-had side one shows a
log-linear plot (for the calculations the following parameter
values were used: QFD = 1/10, QFA = 7/30, QFT = 2/3,
QTA = 14/10, QTF = 3/5, q

(p)
1 = 3, q(d)

1 = 0.02, λ = 0.1).
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In view of the fact that there are three decay constants
ωi, i = 1, 2, 3 one could expect a more complicated structure
for the variance to mean than what is seen in the left-hand
side figure, with for example, two or three different plateaus.
Such is the case with the traditional (one-group) Feynman-
alpha formula with delayed neutrons, which displays two
different plateaus.

However, the Feynman-alpha formula will show the dif-
ferent plateaus if the decay constants are sufficiently different
and differ by orders of magnitude from each other. Even
the traditional (one-group) Feynman formula demonstrates
this, since even if six different delayed neutron precursor
types are accounted for, there are only two plateaus dis-
tinguishable: one corresponding to the prompt neutrons
and only one more for all the six delayed neutron groups
[17]. In the present two-group treatment, there will be two
decay constants associated with the prompt neutrons, and
one with the delayed neutrons. As discussed already in [14],
quantitatively these two prompt neutron decay constants
are not separated sufficiently from each other to make the
two decay constants easily observable in the lin-lin plot,
for example, by displaying two plateaus. The decay constant
corresponding to the delayed neutrons, on the other hand,
deviates sufficiently from the prompt decay constants. The
plateau corresponding to the delayed neutrons is visible on
the plot with logarithmic scale on the time axis (right-hand
side figure).

6. Conclusions

The variance to mean formula was derived in a two-group
treatment with one group of delayed neutrons with the use
of the backward master equation technique. The temporal
behaviour of both the first and second factorial moment of
the detected particles is determined by three exponentials.
The various factorial moments can be fully determined
analytically; however, the expressions in most cases are too
lengthy to write them out. Qualitatively, the form of the
solutions is the same as in the traditional case, but the two
decay constants associated with the prompt response of the
system, are not distinguishable in the plots. The relationship
between the decay constants and the subcritical reactivity of
the system will be investigated in future communications.
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The determination of the subcriticality level constitutes an important issue in the assessment of the accelerator-driven system
technology. For this purpose, the interpretation of flux measurements requires a lumped-parameter model employed in an inverse
fashion. This papers addresses the drawbacks of point kinetics in performing such a task. In particular, the problem of the
generation of integral parameters is considered, in connection with the use of a shape function and of a projection weight tailored
to the neutron flux detector. Furthermore, the question of the generation of the effective source is analysed, and some proposals to
modify the time dependence of such a function to account for the time delay at the flux detector are presented and discussed.

1. Introduction

The assessment of the feasibility of subcritical accelerator-
driven systems requires the performance of experiments to
verify the kinetic response features and the determination
of the integral parameters that characterize the physical
multiplying structure. Typical experiments involve the mea-
surements of flux signals during source or reactivity-induced
transients, either in pulsed or oscillated modes. Several ex-
perimental campaigns have been conducted in the past years
[1, 2], and new more ambitious and advanced experiments
are programmed in the near future.

An issue that is particularly important is the monitoring
of the subcriticality level of the reactor. It is, therefore,
required to establish efficient procedures to interpret flux
measurements retrieved from detectors localized in various
positions of the structure. This constitutes a basic and
challenging inverse problem in reactor physics since the
early times of nuclear energy and various approaches have
been developed [3–5]. The interpretation of local measure-
ments may be carried out only through suitable physico-
mathematical models. The inverse procedure can be easily
implemented if a lumped-parameter model, such as classic

point kinetics, is adopted. However, usually only localized
values of the neutron flux are available from the detectors.
Hence, the flux interpretation scheme needs unavoidably to
account for spectral and spatial effects. It has been shown [6]
by numerical simulations that the point model with integral
kinetic parameters may be inadequate when local flux signals
are used in a point framework to reconstruct the global
system reactivity in an inverse fashion, while it may perform
rather well for the analysis of the full power evolution, which
is, however, seldom available from the direct experimental
information. This aspect is also confirmed by real experi-
mental analyses [7].

From the theoretical point of view, to construct integral
kinetic parameters a projection involving the neutronic
shape over a weighting function is always required. While for
critical systems the mathematically consistent and physically
meaningful choice for the weighting function is unique, as
the reference steady-state system adjoint (neutron impor-
tance) [8], for source-driven systems the necessity of a
definition of the adjoint source introduces a certain degree
of freedom [9]. It has been shown [10] that the effect of the
choice of the weighting function may be quite significant.
The freedom of the choice may be used to suit the objectives
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of the analysis. To be more specific, the adjoint source can
be assumed as a cross section characterizing the physical
properties of the local detector where the flux measurement
is taken. The present paper shall discuss the effectiveness
of the weighting to simulate in a point-like manner the
evolution of local flux signals, therefore envisaging the
possibility of devising tailored point models to interpret ex-
perimental measurements and establish the limits of the
technique.

Another aspect that plays an important role in the inter-
pretation procedure for source transients is the suitable time-
shape of the neutron source that is assumed in the lumped-
parameter model [11]. It is obvious that a time delay needs to
be introduced when analyzing the signal from detectors away
from the source region. This aspect is also discussed in the
following.

2. The Factorization-Projection Procedure
for the Neutronic Equations

A lumped-parameter model is derived from the most general
balance equations involving both neutrons and delayed neu-
tron precursors. By indicating with n(x, t) the neutron den-
sity at phase point x at time t, the balance equations can be
written as:

∂n

∂t
= L̂n + F̂pn + λC + S,

∂C

∂t
= −λC + F̂dn,

(1)

where only one family of delayed neutron precursors is
considered, being the extension to any number of families
just trivial. The symbols L̂, F̂p, and F̂d denote the leakage,
prompt neutron production, and delayed neutron produc-
tion operators, respectively. They may take appropriate forms
consistent with the neutronic model adopted (e.g., discrete
ordinate approach, spherical harmonics, diffusion) to treat
the transport process. The quantity S indicates the external
neutron source. A factorization is now introduced according
to the classical procedure [12]:

n(x, t) = A(t)ϕ(x, t). (2)

A projection step leads to the required model, introduc-
ing integral parameters that are constant in time if the
shape function and the system properties are assumed to
be constant. The operation involves the multiplication of
each equation by a proper weighting function followed by
integration over phase space. When treating initially critical
systems, the importance function, solution of the adjoint
homogeneous equation [13], is used. For subcritical systems,
the weighting function can be chosen according to the
solution of an adjoint source-driven problem [10]:

L̂†0φ
†
S + F̂†0 φ

†
S + S† = 0, (3)

where L̂†0 and F̂†0 are the adjoint destruction and production
operators for the reference (initial) system, respectively.

The factorization followed by a projection operation
upon a general weighting function ψ leads to the following
system of first-order differential equations in time:

dA

dt
=
〈
ψ | L̂ϕ

〉

〈
ψ | ϕ〉 A +

〈
ψ | F̂pϕ

〉

〈
ψ | ϕ〉 A + λ

〈
ψ | C〉〈
ψ | ϕ〉 +

〈
ψ | S〉〈
ψ | ϕ〉 ,

d

dt

〈
ψ | C〉〈
ψ | ϕ〉 =

〈
ψ | F̂dϕ

〉

〈
ψ | ϕ〉 A− λ

〈
ψ | C〉〈
ψ | ϕ〉 .

(4)

The coefficients of such a system constitute the so-called
kinetic parameters, which are perfectly defined once the
shape and the adjoint functions are defined.

As already pointed out, there is some freedom in the
choice of the adjoint source. The selection of the problem-
oriented adjoint source as the space- and energy-dependent
cross section of the detector through which the local flux is
measured may be physically advantageous for experimental
interpretations. With this choice, the physical characteristics
of the detector are accounted for. This model is denoted
as local point kinetics (lpk) in the following. For other
applications, in which the interest is more focused on the
global behaviour of the system and thus the attention is con-
centrated on the fission process, the fission productivity νΣ f

may be used, leading to a global point kinetic model (gpk).
Of course, there is always the possibility to choose the critical
adjoint as the weighting function, leading to a critical point
kinetic equation (cpk).

Another important aspect in the generation of the
lumped-parameter model concerns the choice of the shape
function to be introduced in the factorization. Obviously,
for a reactor departing from a criticality steady-state, the
fundamental eigenfunction is naturally used, while for a
deeply subcritical source-driven system at equilibrium the
source-driven stationary distribution seems to be the most
appropriate choice. However, a difficulty arises in the simula-
tion of pulsed experiments, for which no neutrons are usually
present in the initial system and no reference steady-state
situation is approached during the experiment. Different
kinetic models can thus be envisaged, by either using the
critical shape, ϕc, or the source-driven shape, ϕS. All combi-
nations of choices for the shape and for the adjoint are
possible.

Summarizing the previous discussion, it is worth study-
ing the performance of kinetic models obtained by the adop-
tion of different shapes and weighting functions in the simu-
lation of power transients and local flux signal evolutions,
especially when the attention is focused on experimental
analyses. Two shapes can be considered, the critical and
the source-driven reference distributions. Furthermore, the
weighting function can be chosen according to either the crit-
ical importance or the source-driven fission importance (the
adjoint source is the system fission cross section), both
retaining a global information, as well as a detector-tailored
importance (the adjoint source is the detector cross section).
In the following, some results are presented to highlight the
features and the performance of the various possible models,
which are quite numerous if one considers all the possible
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Figure 1: Power evolution following a source pulse in a subcritical system (keff = 0.95), simulated with different approaches to point kinetics:
cpk and gpk. Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape ϕ and the weight ψ adopted (m.a.t.: mean
absorption time = 1/(vσa)).

combinations. However, we restrict to presenting a limited
number of cases, deemed to give some physical insight that
may be useful to better understand the limits of a lumped-
parameter model when used for experimental interpreta-
tions.

3. Application of Local and
Global Point Kinetics to the Interpretation
of Pulsed Experiments

In the following, comparisons between exact results for a
pulsed source in a system described by one-group diffusion
theory, assumed as the reference model, and the correspond-
ing point kinetic model are presented. The system consid-
ered is characterized by the following physical parameters:
neutron velocity v = 107 cm/s, diffusion coefficient D =
1.5 cm, diffusion length L = 10 cm, and slab thickness

H = 117.5 cm. The value of the infinite multiplication
constant has been set in order to obtain the required keff,
and two different subcriticality levels have been considered to
highlight the effects of subcriticality. The source is localized
and placed in the center of the system (S(x) = δ(x)). In
Figures 1–4, the power evolution following a source pulse of
duration τ = 10μs is presented, comparing the reference and
point kinetic results, with different choices of the shape and
weighting functions.

As can be seen in Figures 1 and 3, no relevant differences
can be observed when adopting a critical or source-driven
shape, and the adoption of a global (gpk) or critical (cpk)
point kinetic model provides similar results in the reproduc-
tion of the power, with an average good quality, although
the point models are not able to reproduce the behavior at
short times, due to the presence of strong spatial effects in
the propagation of the source pulse. On the other hand,
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Figure 2: Power evolution following a source pulse in a subcritical system (keff = 0.95), simulated with a lpk approach, considering two
different detector locations: first row, detector far from the source (x0 = 5.3 L); second row: detector close to the source (x0 = 0.9 L). Solid
line: reference; dashed line: point kinetics. The inset graphs represent the shape ϕ and the weight ψ adopted.

the results obtained with the local point kinetics, presented
in Figures 2 and 4, show larger discrepancies and are not
suitable for the correct description of global quantities, such
as the system power. It is thus interesting to compare the
quality of the various point kinetic results in describing the
response in the detector positions, close to the source as well
as further away (0.9 L and 5.3 L). The results concerning the
prediction of local fluxes are presented in Figures 5 and 6. To
simplify the analysis of the results, the shape is adopted as the
source-driven neutron distribution within the system, and
the attention is focused on the type of point kinetic model
that can be constructed by adopting different choices for the
weight. In Figure 7, the graphs of the functions adopted as
weights for this analysis are presented.

One can immediately notice how the quality of the point
kinetic results is deteriorating when the source is far from the
detector. On passing, it is worth also noticing that lpk model
results are characterized by a better performance, especially

in the preservation of the areas, thus lpk looks more suitable
if the area-ratio method [4] is to be used. In Table 1, the
accuracy of the forecast of the areas below the pulse for
different models with respect to the exact result is presented,
showing how better results can be obtained by the lpk model.
On the other hand, if the detector is very close to the source
(see the left graphs of Figures 5 and 6), neutrons can reach the
detector at the very early stage of the transient and, therefore,
the contribution of higher-order harmonics can be relevant.

4. Time Modelization of the Effective Source

In the derivation of the lumped-parameter (point) model
through a projection procedure, only an integration over
phase space is performed, thus leaving the time behaviour
of the source unchanged. Therefore, no propagation effects
associated to the finite velocity of neutrons can be accounted
for. Of course the signal from localized detectors is affected
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Figure 3: Power evolution following a source pulse in a subcritical system (keff = 0.98), simulated with different approaches to point kinetics:
cpk and gpk. Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape ϕ and the weight ψ adopted.

Table 1: Percentage relative error on the integral of the flux in the
detector positions, as obtained by the different point kinetic models
with respect to the reference solution. In bold the “best” results are
evidenced.

PK model
keff = 0.95 keff = 0.98

x0 = 0.9 L x0 = 5.3 L x0 = 0.9 L x0 = 5.3 L

Source-driven
shape

lpk 0.66 −2.29 0.12 0.29

gpk −0.92 1.22 −1.83 3.90

cpk −0.44 1.71 −1.27 4.49

Critical shape
lpk 0.17 1.71 −1.01 4.49

gpk −7.83 18.80 −4.48 11.25

cpk −5.56 21.72 −3.50 12.40

by the distance of the detector with respect to the source and
the effect is of particular relevance when a highly localized
source is considered. In these cases, one may study the

possibility to introduce in the effective source of the point
model a suitable time delay.

Different options are considered to modify the time
behaviour of the source in order to account for the time delay
from the source to the detector. The delay may be assumed
to be equal to the traveling time between the source and the
detector or to an average displacement time on a suitable
distribution, to be specified. A possible alternative is also the
generation of the time behaviour by a convolution of the
external source with the system response Green function.
This idea is analogous to the practice of using the first-
collision distribution for studying the response to a highly
localized pulsed source in transport problems.

The procedure to modify the source behaviour to account
for the finite time propagation of the neutron signal seems
somewhat arbitrary. Its motivation is just to try to capture
the physical phenomenon connected to the propagation of
the neutrons from the source to the detector, and, as such,
it is problem dependent. The introduction into the point
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Figure 4: Power evolution following a source pulse in a subcritical system (keff = 0.98), simulated with a lpk approach, considering two
different detector locations: first row, detector far from the source (x0 = 5.3 L); second row: detector close to the source (x0 = 0.9 L). Solid
line: reference; dashed line: point kinetics. The inset graphs represent the shape ϕ and the weight ψ adopted.

model is mathematically unjustified and an attempt to make
it more consistent is certainly required, which lies in future
developments and extensions of the present work.

The possible options are summarized in the following.
For the standard point model, the effective source is assumed
to be defined through the projection operation of the
reference balance model. Therefore, its time dependency is
given by

S(t) =
〈
ψ | S〉〈
ψ | ϕ〉 . (5)

The time behaviour of the effective source may be modified
when describing a detector at distance x0 from the source
by delaying the signal of the transit time for the neutrons
between the source and the detector, that is, τ = x0/v (modi-
fication 1). Of course, this amounts to assuming an irrelevant

contribution from the emitted neutrons from collisions
taking place along the path from the source to the detector.
In this case, the modified effective source S̃ is defined by the
following formula:

S̃(t) = S(t)u(t − τ), (6)

where u is the unitary Heaviside step function.
A further option involves the introduction of a delay time

τ given by the average displacement time according to a given
distribution, as

τ =
∫
dt′ f (x0, t′)t′ (7)

(modification 2). Alternatively, the source can be constructed
as a convolution of the physical source on the proper Green
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Figure 5: Evolution of the local flux following a source pulse in a subcritical system (keff = 0.95) for two detectors, at x0 = 0.9 L (a, c, and e)
and at x0 = 5.3 L (b, d, and f), adopting different formulations of the point kinetic model. Solid line: reference; dashed line: point kinetics.
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Figure 7: Weights adopted for the generation of the point kinetic models for the prediction of the local fluxes.

Table 2: Performance of gpk and lpk for the prediction of the system power during a transient induced by localized perturbations. Values
of ΔP are computed as relative percentage errors with respect to the corresponding reference values at two different time instants along the
transient (t1 = 1 ms and t2 = 10 ms).

T1 T2 T3

t1 t2 t1 t2 t1 t2

Exact 1.25 1.38 1.42 1.76 1.15 1.23

Δ gpk [%] −1.68 −2.61 −2.35 −4.08 −0.44 −1.32

d11 3.86 6.67 0.18 0.62 0.81 0.48

d12 0.27 0.28 2.42 4.95 0.44 −0.17

d13 −0.92 −0.35 −0.47 1.88 3.33 5.40

d21 0.54 0.41 −1.05 −2.77 0.17 −0.76

d22 −0.51 −1.19 0.09 −0.32 0.01 −0.93

Δ lpk [%] d23 −1.55 −1.49 −1.74 −0.96 0.89 1.35

d31 −2.23 −5.85 −4.34 −12.09 −1.33 −4.06

d32 −1.42 −2.93 −1.76 −4.47 −0.57 −1.95

d33 −2.42 −2.72 −3.38 −3.83 −0.53 −0.73

d41 3.21 5.67 0.49 1.52 0.95 0.78

d42 0.80 1.28 2.11 4.54 0.59 0.12

d43 −0.64 0.73 −0.24 3.73 0.95 1.87

function of the problem (modification 3). This option
amounts to the following choice:

S̃(t) =
∫
dt′S(t′)G(x0, t − t′). (8)

Definition (8) provides a better physical description of the
migration process of the particles. In Figure 8, time behaviors
of the source adopted for the calculations are compared,
considering the position of the two detectors as in the
previous evaluations. Both the system characteristics and the
duration of the source pulse are the same as in all other

calculations. The average displacement time is obtained
using as a weighting distribution the Green function itself,
after a proper renormalization in order to obtain a prob-
ability density function. The relevant modification in the
time behavior of the source when a convolution with the
Green function is adopted is evident. Figure 9 illustrates
the reproduction of the response to a pulse with the above
source assumptions for the two detectors (locations at 5.3 L
and 0.9 L from the source). Good results can be obtained
using the third modification for a signal far from the source
and also a good simulation of the decaying portion of the



10 Science and Technology of Nuclear Installations

Table 3: Performance of gpk and lpk for the prediction of the flux in detectors located at xα (see positions in Figure 10(b)) during a
transient induced by localized perturbations. Values of Δϕ are computed as relative percentage errors with respect to the corresponding
reference values at two different time instants along the transient (t1 = 1 ms and t2 = 10 ms).

T1 T2 T3

t1 t2 t1 t2 t1 t2

ϕ1(x1, t)
ϕ1(x1, t = 0)

Exact 1.34 1.49 1.47 1.82 1.17 1.26

Δgpk [%] −8.88 −9.69 −5.56 −7.13 −2.20 −3.02

Δlpk [%] −3.75 −1.08 −3.11 −2.58 −0.97 −1.25

ϕ2(x1, t)
ϕ2(x1, t = 0)

exact 1.28 1.42 1.51 1.87 1.17 1.25

Δgpk [%] −4.30 −5.07 −8.16 −9.59 −1.63 −2.41

Δlpk [%] −2.40 −2.25 −3.68 −1.07 −0.76 −1.28

ϕ3(x1, t)
ϕ3(x1, t = 0)

exact 1.26 1.41 1.47 1.83 1.22 1.31

Δgpk [%] −3.14 −4.55 −5.39 −7.89 −5.97 −7.15

Δlpk [%] −2.39 −2.34 −3.57 −2.17 −2.40 −0.83

ϕ1(x2, t)
ϕ1(x2, t = 0)

exact 1.28 1.42 1.44 1.78 1.16 1.24

Δgpk [%] −4.53 −5.16 −3.72 −4.97 −1.18 −1.86

Δlpk [%] −2.37 −2.22 −2.44 −3.67 −0.57 −1.30

ϕ2(x2, t)
ϕ2(x2, t = 0)

exact 1.26 1.40 1.47 1.81 1.16 1.24

Δgpk [%] −3.16 −3.85 −5.25 −6.56 −0.98 −1.69

Δlpk [%] −2.01 −2.44 −2.89 −2.90 −0.53 −1.30

ϕ3(x2, t)
ϕ3(x2, t = 0)

exact 1.25 1.40 1.44 1.80 1.18 1.27

Δgpk [%] −2.19 −3.59 −3.68 −6.17 −2.63 −3.81

Δlpk [%] −2.06 −2.48 −3.07 −3.11 −1.32 −1.21

ϕ1(x3, t)
ϕ1(x3, t = 0)

exact 1.22 1.34 1.37 1.65 1.13 1.20

Δgpk [%] 0.01 0.46 1.75 2.41 1.38 1.48

Δlpk [%] −0.55 −2.88 −0.33 −6.13 0.47 −1.34

ϕ2(x3, t)
ϕ2(x3, t = 0)

exact 1.25 1.38 1.43 1.76 1.15 1.23

Δgpk [%] −1.76 −2.31 −2.71 −3.80 −0.087 −0.69

Δlpk [%] −1.51 −2.63 −2.13 −4.18 −0.21 −1.32

ϕ3(x3, t)
ϕ3(x3, t = 0)

exact 1.24 1.38 1.41 1.76 1.16 1.24

Δgpk [%] −0.96 −2.50 −1.49 −4.26 −0.60 −1.89

Δlpk [%] −1.71 −2.62 −2.53 −4.01 −0.68 −1.31

ϕ1(x4, t)
ϕ1(x4, t = 0)

exact 1.33 1.48 1.48 1.83 1.18 1.26

Δgpk [%] −8.17 −9.03 −6.01 −7.67 −2.43 −3.30

Δlpk [%] −3.61 −1.30 −3.28 −2.28 −1.06 −1.23

ϕ2(x4, t)
ϕ2(x4, t = 0)

exact 1.29 1.43 1.51 1.86 1.17 1.25

Δgpk [%] −5.06 −5.87 −7.87 −9.37 −1.88 −2.69

Δlpk [%] −2.66 −2.10 −3.66 −1.22 −0.86 −1.26

ϕ3(x4, t)
ϕ3(x4, t = 0)

exact 1.27 1.42 1.48 1.86 1.18 1.27

Δgpk [%] −3.74 −5.43 −5.98 −8.94 −2.85 −4.27

Δlpk [%] −2.72 −2.19 −3.95 −1.52 −1.49 −1.17

curve is reached, which is needed for the application of
several interpretation procedures. On the other hand, a little
improvement can be obtained when the detector is very
close to the source. In this case, it is important also to
recall that the presence of high transport effects dominated
by the uncollided fraction of the source neutrons makes the
lumped-parameter and the whole source-delay formalism
inapplicable.

5. Use of Local Point Kinetics for
Transient Simulation

The potentialities of improvement adopting a point kinetic
model with a problem-tailored weighting are now tested for
the simulation of transients in a subcritical system. Results
are compared with those produced using a standard global
weighting, that is, assuming as adjoint source the fission
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Table 4: Percentage relative error on the flux at position x1 and
time t = 10 ms during transient T1 with different localizations of
the adjoint source for the definition of the lpk model adopted. In
bold, the result obtained when the adjoint source is located where
the detector is (spatially and energetically).

S† Δφ1 Δφ2 Δφ3

d11 −1.10 4.00 4.54

d12 −7.00 −2.25 −1.72

d13 −7.59 −2.87 −2.34

d21 −6.89 −2.12 −1.59

d22 −8.37 −3.68 −3.16

d23 −8.65 −3.98 −3.46

productivity νΣ f (gpk). Spectral effects can also be important;
hence results of a three-group calculation are now presented.
The evolution is induced in a fast reflected one-dimensional
slab structure (see Figure 10), with material characteristics as
for the system studied in [7], by a local perturbation of the
absorption cross section in each one of the corresponding
energy group inside the core to investigate also spectral
effects. The location of the perturbed region is specified in
Figure 10(a).

The features of the different point kinetic models can be
clearly seen by observing Tables 2 and 3, where the differences
between power level and local fluxes obtained with the use
of gpk and lpk at two different time instants (t1 = 1 ms and
t2 = 10 ms) during the transients are reported. All results
are obtained by comparison with a reference produced by
a full space-time solution. The system starts from an initial
multiplication constant keff = 0.975, and three transients
are considered (T j, j = 1, 2, 3), where the index j indicates
in which energy group the cross section perturbation is
introduced. The reactivity insertions associated to each tran-
sient are 811 pcm, 1263 pcm, and 552 pcm, respectively. The
detector dαg is localized at position xα and detects neutrons
belonging to energy group g. The detectors are localized in
the center of the perturbed region (x1 = 60.9 cm), outside
the perturbation within the fissile region (x2 = 71.5 cm), in
the lead zone close to the source (x3 = 82.1 cm), and in the
reflector (x4 = 41.9 cm), see Figure 10(b).

Point kinetic models based on a global weighting always
underestimate the power signal, as shown in Table 2. The
performances of point models with a detector-based adjoint
source, when adopted for the power prediction, provide
results with different ranges of error, thus not evidencing a
clear pattern. It is thus of interest to compare the perform-
ance of such models in the reproduction of the local flux
signals, summarized in Table 3. It can be observed how lpk
is usually providing a smaller error with respect to gpk when
the adjoint source is located in the position where the flux is
observed, since it can capture the physical information most
effectively.

It is also of interest to see how the performance can be
affected by a less proper choice of the detector. In Table 4, the
attention is focused on the flux in the detector 1 (within the
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Figure 8: Time behavior of the sources according to the modifi-
cations proposed. Solid: original case; dash-dotted: modification 1;
dashed: modification 2; circles: modification 3.

perturbed region) and is simulated with different lpk models,
placing the adjoint source in the perturbed region and in
the correct energy range (first group), and then moving it
to different spatial and spectral locations. The degradation
of the quality of the results when the adjoint source moves
further from the position of observation is quite evident.

At last, an evaluation of the reactivity term from lpk and
gpk, compared to the subcriticality level in the system, is per-
formed. The same configuration in three-group diffusion as
in the previous calculations is considered, imposing different
levels of subcriticality in order to test the performances for
configurations close and far from criticality. In Table 5, the
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Table 5: Error in pcm on the subcriticality level as obtained by the different point kinetic models adopted in the one-dimensional domain
sketched in Figure 10. The direct shape is assumed to be the subcritical source-driven distribution.

Δgpk [pcm] Δlpk [pcm]

ρ0 = −7526.9 12.9

d11 d12 d13 d21 d22 d23

337.0 213.1 111.1 −262.4 −47.7 −55.2

d31 d32 d33 d41 d42 d43

−3742.5 −473.7 −202.7 462.9 304.7 244.3

ρ0 = −2564.1 1.6

d11 d12 d13 d21 d22 d23

42.4 26.6 13.9 −32.8 −6.3 −7.0

d31 d32 d33 d41 d42 d43

−458.0 −58.8 −25.2 58.4 38.3 30.7

ρ0 = −1010.1 0.3

d11 d12 d13 d21 d22 d23

6.8 4.2 2.2 −5.2 −1.0 −1.1

d31 d32 d33 d41 d42 d43

−72.3 −9.3 −4.0 9.3 6.1 4.9
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Figure 9: Local flux response to a source pulse obtained with point kinetics in association with a modified treatment of the source time
behavior. Solid: reference; dash-dotted: modification 1; dashed: modification 2; circles: modification 3.

errors on ρ0 in pcm (10−5) are reported. As expected, systems
closer to criticality are associated to smaller discrepancies,
and the adoption of a global weighting for the prediction
of the subcriticality level appears to be more effective. The
performances of local detectors again show different trends.
However, it can be noticed that, when the energy localization
of the detector corresponds to the thermal group, a better
quality in the results can be achieved. This is due to the
larger amount of information associated to neutrons that,
after being emitted by fission or by the external source at
high energy, are slowed down within the system and have a
“better knowledge” of the subcritical configuration. A similar
reasoning explains why the results produced by the detector
closer to the source (detector 3) are of lower quality: this
position detects primarily neutrons directly from the source,
with little information of the subcritical assembly.

6. Concluding Remarks

Point models that satisfactorily represent the kinetic behavior
of the local flux evolution in a subcritical system can be
developed using different neutron shapes and, as weighting
function for the projection, the adjoint solution of a source-
driven problem where the local detector is used as a source.
A better physical representation of the source can be attained
by introducing suitable delay functions in the effective source
term.

The limits and shortcomings of possible kinetic models
are discussed, illustrating results for some simple but physi-
cally representative configurations, in the effort to evidence
specific sources of errors and the space for improvements. It
is shown that the choice of a local detector-tailored weighting
is the most appropriate for experimental flux measurement
interpretation.
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Source
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(a) domain subdivision

0 180.21 2 34

(b) detector localization

Figure 10: System domain adopted for the three-group calcula-
tions. The localization of the region where the cross section per-
turbations are introduced is highlighted (a), as well as the position
of the four detectors (b).

Another important issue that is discussed concerns the
proper treatment of the source term in the kinetic model,
with special regards to its time behaviour. It is shown that
the introduction of a suitable delay is necessary to adequately
reproduce the system response.

In conclusion, the point model performs satisfactorily
if local kinetic parameters are generated and if the source
is properly delayed to account for propagation times inside
the finite medium. In future works, the analysis of the point
model presented in this work will be extended to more
effective approaches, such as multipoint, with the objective
to yield more accurate computational tools for kinetic exper-
iment evaluations.

References

[1] R. Soule, W. Assal, P. Chaussonnet et al., “Neutronic studies in
support of accelerator-driven systems: the MUSE experiments
in the MASURCA facility,” Nuclear Science and Engineering,
vol. 148, no. 1, pp. 124–152, 2004.

[2] C. M. Persson, A. Fokau, I. Serafimovich et al., “Pulsed neu-
tron source measurements in the subcritical ADS experiment
YALINA-Booster,” Annals of Nuclear Energy, vol. 35, no. 12, pp.
2357–2364, 2008.
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Accelerator-driven systems (ADSs) are investigated for long-lived fission product transmutation and fuel regeneration. The aim of
this paper is to investigate the nuclear fuel evolution and the neutronic parameters of a lead-cooled accelerator-driven system used
for fuel breeding. The fuel used in some fuel rods was 232ThO2 for 233U production. In the other fuel rods was used a mixture based
upon Pu-MA, removed from PWR-spent fuel, reprocessed by GANEX, and finally spiked with thorium or depleted uranium. The
use of reprocessed fuel ensured the use of 232ThO2 without the initial requirement of 233U enrichment. In this paper was used the
Monte Carlo code MCNPX 2.6.0 that presents the depletion/burnup capability, combining an ADS source and kcode-mode (for
criticality calculations). The multiplication factor (keff) evolution, the neutron energy spectra in the core at BOL, and the nuclear
fuel evolution during the burnup were evaluated. The results indicated that the combined use of 232ThO2 and reprocessed fuel
allowed 233U production without the initial requirement of 233U enrichment.

1. Introduction

In recent years great interest has been given to accelerator-
driven systems (ADSs). This is mainly because of their inher-
ent safety features, their waste transmutation potential, and
their capability to breed the required 233U when the thorium
fuel is used. ADSs are useful for recycling of americium,
curium, neptunium, and plutonium. A great number of
works on the ADS and the relative neutronics have been re-
ported in the scientific literature [1–7]. Pioneers in this
revival have been Furukawa et al. [8], Bowman et al. [9, 10],
and Rubbia et al. [11, 12]. Very similar idea was first present-
ed almost 60 years ago [13]. In an accelerator-driven system,
an accelerator is coupled to a subcritical core loaded with
nuclear fuel. The particles accelerated are injected into a spal-
lation target that produces neutrons, which are used in the
subcritical core for the fission chain maintenance.

Both critical reactors and subcritical accelerator-driven
systems are potential candidates as dedicated transmutation
systems. Critical reactors, however, loaded with fuel contain-
ing large amounts of MA have safety problems caused by

unfavorable reactivity coefficients and small delayed neutron
fraction. Nevertheless, subcritical systems present criticality
and safety advantages: they operate with a neutron source
rate that can be increased to compensate for the negative re-
activity or any variation during the operation. Therefore,
research interest in spent nuclear fuel transmutation has
focused on both accelerator-driven systems and fusion-
driven systems. At DEN/UFMG we began about 2006 and
some results were obtained [14–16]. In this work, the focuses
are 233U production and transuranic transmutation possi-
bility in accelerator-driven systems.

The main characteristic of ADS (i.e., subcriticality) is par-
ticularly favorable and allows a maximum transmutation
rate while operating in a safe manner. An advantage of ac-
celerator-driven systems is that, since there is no criticality
condition to satisfy, almost any fuel composition can be used
in the system [17]. Moreover, ADS could transmute 99.9% of
transuranics light-water-reactor- (LWR-) spent nuclear fuel
[18].

Another fuel proposed for using in ADS is the thorium-
based fuel. There are many reasons for the resurgence of
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interest in the thorium fuel cycle nowadays. The thorium’s
abundance is about three times more than uranium abun-
dance. Thorium-fueled reactor is also an attractive tool to
produce long-term nuclear energy with low radiotoxicity
waste [19]. The main issue verified in the usage of this fuel in
subcritical systems is the need of initial enrichment (233U),
since the use of natural thorium (232Th) is not feasible due to
the very low values of achieved criticality.

Based on those questions, this work presents a prelimi-
nary study of ADS for simultaneous use of thorium fuel and
reprocessed fuel. The simultaneous usage of thorium fuel
and spent fuel allows one to get appropriate values of critical-
ity without the need of enrichment of thorium and still can
reduce radiotoxicity of spent fuel by transmutation. The pro-
posal is the simulation of a core with some fuel elements of
232Th and other elements based on fuel spent from LWRs.
There was simulated a cylindrical core of 12.0 m3 filled with a
hexagonal lattice formed by 156 fuel rods, the fuel used in 36
rods was 232ThO2, and the fuel used in the other 120 rods was
reprocessed fuel spiked with thorium or depleted uranium.
The reprocessed fuel was obtained from spent fuel discharged
from the Brazilian PWR ANGRA-I, reprocessed by GANEX
processes, and spiked with thorium or depleted uranium.
Different percentages of ThO2 or UO2 were added to the
reprocessed fuel and analyzed, as the use of only reprocessed
fuel generates high criticality values. The neutron spectra
were evaluated at BOL (Begin Of Life) and the criticality
and the fuel evolution were investigated during ten years
with the system operating at steady state, at 515 MW of
thermal power. During this time, the 233U production and
the reprocessed fuel evolution were quantified.

MCNPX 2.6.0 code [20] was used to simulate the geo-
metrical and operational characteristics of the system. For
the simulation there was used a combination of spallation
source (external source-SDEF) and kcode-mode for the cal-
culation of initial keff and flux, describing in this way the real
behavior of an ADS; that is, the initial criticality is the sum
of neutrons produced by fission in the fuel and the neutrons
produced by spallation in the target. During the burnup the
code does not take into account the flux from external source,
so the keff and fuel evolution results obtained are just approx-
imations. Moreover, the keff results that were obtained dur-
ing the burnup (kcode-mode) provide an insight of the nec-
essary contribution of the external source during the opera-
tion period.

The isotopic composition of the reprocessed fuel used in
this simulation was obtained using GANEX process (Group
ActiNide EXtration) which is currently in testing phase [21].
The GANEX process developed by CEA for the reprocessing
of Generation IV spent nuclear fuels is composed of two
extraction cycles following the dissolution of the spent fuel.
Once the uranium is selectively extracted from the disso-
lution solution by a monoamide solvent, the transuranic
elements (Np, Pu, Am, and Cm) are separated from the
fission products in a second cycle prior to the co-conversion
step [22].

The GANEX first cycle recovers more than 99.99% of the
total amount of uranium. In a second cycle neptunium, plu-
tonium, americium, and curium are recovered altogether

in one liquid flow (actinide product) and the losses of
transuranics in the different outputs and in the solvent were
estimated at a value lower than 0.5% (neptunium essentially)
at the end of the test, corresponding to a recovery yield of
actinides higher than 99.5%. Nevertheless, the decontamina-
tion factors versus some lanthanides (especially Nd, Sm, and
Eu) were much lower than expected and the mass of lan-
thanides in the actinide product was around 5% at the end
[23].

2. Methodology

2.1. Computational Tool. The MCNPX 2.6.0 code was used
to simulate the geometrical and operational characteristics of
the system. Such version is quite interesting for the ADS eval-
uation because it describes the nuclear fuel evolution during
the operation. For the calculation of the initial keff and flux
there was used a combination of spallation source (external
source-SDEF) and kcode-mode. The code does not take into
account the flux from external source during the burnup, so
the results obtained are just approximations.

The depletion/burnup capability is based on CINDER90.
MCNPX depletion is a linked process involving steady-state
flux calculations by MCNPX and nuclide depletion cal-
culations by CINDER90. The code runs a steady-state cal-
culation to determine the system eigenvalue, 63-group fluxes,
energy-integrated reaction rates, fission multiplicity, and re-
coverable energy per fission (Q values). CINDER90 then
takes those MCNPX-generated values and performs the de-
pletion calculation to generate new number densities for the
next time step. MCNPX takes these new number densities
and generates another set of fluxes and reaction rates. The
process repeats itself until after the final time step specified
by the user [24].

2.2. System Parameters. Figures 1 and 2 show schematic
views of the simulated ADS. The basic geometry includes the
spallation target, a subcritical core, and the reflector. The ac-
celerator tube has a radius of 1.5 cm, and the axial position
is in the center of the target. The spallation source is repre-
sented by a neutrons source with a spectrum characteristic of
spallation reactions. Such spectrum was generated, in a pre-
vious simulation, using a beam of 1-GeV protons with a
parabolic spatial profile. There was used Bertini intranuclear
cascade model for the transport of protons, neutrons, and
charged pions. The parameters of this simulation were des-
cribed in [15].

Due to its high neutron yield by spallation reactions there
was used lead as spallation target. The Pb cylindrical target
has 9.5 cm radius and 39 cm height. Lead was also used as
coolant and as reflector. The use of lead as coolant offers
many advantages like convective cooling, passive safety and
small neutron absorption cross section [25].

Another advantage of the lead coolant is that it is not a
neutron moderator. This is important because the protactin-
ium effect, which limits the achievable values of keff, is less
severe for harder spectra. For solid fuels, systems without
moderator and based on thorium, smaller values of capture
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Table 1: UO2 fuel composition after 33.000 MW d/T.

Actinides Fission Products

Total weight fraction = 0.9785 Total weight fraction = 0.0215

Nuclide Weight fraction Nuclide Weight fraction Nuclide Weight fraction
234U 1.546E−04 H 1.525E−06 Ag 2.386E−03
235U 8.046E−03 Li 5.395E−09 Cd 3.267E−03
236U 4.113E−03 Be 4.384E−09 In 6.975E−05
238U 9.781E−01 C 7.707E−10 Sn 2.686E−03
237Np 4.759E−04 Co 2.672E−17 Sb 8.428E−04
238Pu 1.851E−04 Ni 9.566E−15 Te 1.413E−02
239Pu 4.847E−03 Cu 8.460E−14 I 7.037E−03
240Pu 1.657E−03 Zn 1.186E−09 Xe 1.527E−01
241Pu 1.558E−03 Ga 6.593E−10 Cs 8.153E−02
242Pu 5.888E−04 Ge 1.929E−05 Ba 4.294E−02
243Am 1.126E−04 As 5.897E−06 La 3.566E−02

Others 1.620E−04 Se 1.635E−03 Ce 7.546E−02

Total 1.000E+00 Br 6.294E−04 Pr 3.211E−02

OBS.: “Others” include: Kr 1.058E−02 Nd 1.120E−01
4He 1.202E−06 Rb 9.934E−03 Pm 3.342E−03
230Th 3.407E−09 Sr 2.512E−02 Sm 2.246E−02
233U 2.069E−09 Y 1.339E−02 Eu 4.776E−03
237U 5.860E−06 Zr 1.031E−01 Gd 2.583E−03
238Np 7.797E−07 Nb 6.179E−04 Tb 8.146E−05
239Np 4.923E−05 Mo 9.596E−02 Dy 4.039E−05
241Am 8.292E−05 Tc 2.262E−02 Ho 4.368E−06
242Am 1.526E−07 Ru 6.843E−02 Er 1.724E−06
242Cm 2.582E−05 Rh 1.275E−02 Tm 1.812E−09
244Cm 2.960E−05 Pd 3.906E−02 Yb 3.676E−10
245Cm 1.030E−06 Total 1.000E+00
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Figure 1: Horizontal cross section of the ADS simulated.
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Figure 2: Vertical cross section of the ADS simulated.

cross sections of fission products will reduce the keff variation
and produce a hardening (shift to higher energies) in the
neutron energy distribution. So, the inventory of 233U is
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Table 2: Fuel composition (normalized) after reprocessing.

Actinides Weight fraction
234U 9.29E−07
235U 4.83E−05
236U 2.47E−05
238U 5.88E−03
237Np 2.72E−02
238Pu 1.11E−02
239Pu 2.91E−01
240Pu 9.95E−02
241Pu 9.36E−02
242Pu 3.54E−02
243Am 6.76E−03
233U 1.20E−11
237U 3.52E−08
238Np 4.45E−05
239Np 2.81E−03
241Am 4.98E−03
242Am 9.17E−06
242Cm 1.55E−03
244Cm 1.78E−03
245Cm 6.19E−05
Nd 3.36E−01
Sm 6.75E−02
Eu 1.43E−02

much larger in fast reactors (about 7 times), with the asso-
ciated larger breeding times and inventory radiotoxicity [26].

The simulated core is a cylinder of 12.0 m3 filled with
a hexagonal lattice formed by 156 fuel rods. The fuel rod
diameter is 6 cm, the pitch is 12 cm, and rod length is 400 cm.
The fuel used in 36 rods is 232ThO2. The fuel used in the
other 120 rods is spent fuel discharged from reactor ANGRA-
I, with initial enrichment of 3.1%. This fuel was burned in
ORIGEN 2.1 code [27] for three cycles, with the burnup
of approximately 11.000 MW d/t in each cycle, following the
ANGRA-I power historic of real cycles 1, 2, and 3. The com-
position of the spent fuel used is shown in Table 1 [28], after
remaining 5 years in a cooling pool.

After cooling by five years, the spent nuclear was sub-
mitted to GANEX reprocessing and the isotopic composition
after the reprocessing is presented in Table 2. The amount of
uranium after the reprocessing is 0.01% of the total amount
of uranium in the burned fuel. In terms of actinides, neptun-
ium, plutonium, americium, and curium are recovered with
a loss of only 0.5% (neptunium essentially). The lanthanides
contamination in the reprocessed fuel is around 5%. The
isotopic composition presented in Table 2 was adjusted (with
a computational program) for several percentages of thorium
or depleted uranium added to the reprocessed fuel and
the final composition (ThO2 or UO2 + reprocessed fuel) was
normalized. The ratio between the number of thorium fuel
rods and reprocessed fuel rods and the positions of the
thorium fuel rods were determined to maximize the amount
of reprocessed fuel and achieve keff values close to 1.

10 15

Spiked with thorium

Energy (MeV)

0

Lead of the core
Reprocessed fuel
Thorium fuel

5

0e+00

1e+9

2e+9

3e+9

n
/c

m
2

(a)

Energy (MeV)

Lead of the core
Reprocessed fuel
Thorium fuel

10 15

Spiked with depleted uranium

0 5

0e+00

1e+9

2e+9

3e+9

n
/c

m
2

(b)

Figure 3: Neutron energy distributions in the (BOL).

The isotopic compositions used in the simulations with
several percentages of thorium or depleted uranium added
to the reprocessed fuel are shown in Tables 3 and 4.

2.3. Calculational Procedure. For this simulation there was
used a combination of ADS source (SDEF) and kcode-mode
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Table 3: Fuel composition (normalized) for the reprocessed fuels spiked with thorium.

Actinides
Weight fraction fuel spiked with 60%

of thorium
Weight fraction fuel spiked with 61%

of thorium
Weight fraction fuel spiked with 62%

of thorium
234U 3.7145E−007 3.6216E−007 3.5287E−007
235U 1.9331E−005 1.8848E−005 1.8365E−005
236U 9.8820E−006 9.6349E−006 9.3879E−006
238U 0.0023500 0.0022913 0.0022325
237Np 0.010862 0.010591 0.010319
238Pu 0.0044473 0.0043361 0.0042249
239Pu 0.11646 0.11354 0.11063
240Pu 0.039811 0.038816 0.037821
241Pu 0.037433 0.036497 0.035561
242Pu 0.014147 0.013793 0.013439
243Am 0.0027054 0.0026377 0.0025701
233U 4.8052E−012 4.6851E−012 4.5650E−012
237U 1.4079E−008 1.3727E−008 1.3375E−008
238Np 1.7797E−005 1.7352E−005 1.6907E−005
239Np 0.0011237 0.0010956 0.0010675
241Am 0.0019923 0.0019424 0.0018926
242Am 3.6664E−006 3.5747E−006 3.4831E−006
242Cm 0.00062036 0.00060485 0.00058934
244Cm 0.00071118 0.00069340 0.00067562
245Cm 2.4747E−005 2.4128E−005 2.3510E−005

Nd 0.13455 0.13118 0.12782

Sm 0.026981 0.026307 0.025632

Eu 0.0057375 0.0055940 0.0054506
232Th 0.20000 0.20333 0.20667

O 0.40000 0.40667 0.41333
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Figure 4: Multiplication factor (keff) evolution.
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Table 4: Fuel composition (normalized) for the reprocessed fuels spiked with depleted uranium.

Actinides
Weight fraction fuel spiked with 62%

of depleted uranium
Weight fraction fuel spiked with 63%

of depleted uranium
Weight fraction fuel spiked with 64%

of depleted uranium
234U 3.5287E−007 3.4359E−007 3.3430E−007
235U 1.8365E−005 1.7882E−005 1.7398E−005
236U 9.3879E−006 9.1408E−006 8.8938E−006
238U 0.0022325 0.0021738 0.0021150
237Np 0.010319 0.010048 0.0097761
238Pu 0.0042249 0.0041137 0.0040025
239Pu 0.11063 0.10772 0.10481
240Pu 0.037821 0.036826 0.035830
241Pu 0.035561 0.034625 0.033690
242Pu 0.013439 0.013086 0.012732
243Am 0.0025701 0.0025025 0.0024348
233U 4.5650E−012 4.4449E−012 4.3247E−012
237U 1.3375E−008 1.3023E−008 1.2671E−008
238Np 1.6907E−005 1.6462E−005 1.6017E−005
239Np 0.0010675 0.0010394 0.0010113
241Am 0.0018926 0.0018428 0.0017930
242Am 3.4831E−006 3.3914E−006 3.2998E−006
242Cm 0.00058934 0.00057383 0.00055832
244Cm 0.00067562 0.00065784 0.00064006
245Cm 2.3510E−005 2.2891E−005 2.2272E−005

Nd 0.12782 0.12446 0.12109

Sm 0.025632 0.024958 0.024283

Eu 0.0054506 0.0053072 0.0051637
238U 0.20625 0.20958 0.21291
235U 0.00041333 0.00042000 0.00042667
234U 2.0667E−006 2.1000E−006 2.1333E−006

O 0.41333 0.42000 0.42667

for calculation of initial keff and flux. The SDEF source
was positioned on the center of the target. The burnup
calculations were performed in kcode-mode using 53 time
steps; the total simulated time was 10 years and the thermal
power of operation throughout this period was 515 MW t.
were performed simulations using reprocessed fuel spiked
with thorium in different percentages and simulations using
reprocessed fuel spiked with different percentages of depleted
uranium.

3. Results

3.1. Neutronic Evaluation. In Figure 3 is shown the normal-
ized neutron energy distribution (for the systems spiked with
62% of thorium and 62% of depleted uranium) in the BOL
(beginning of life). Both spectra in the thorium fuel present
their maximum around 150 keV and around 250 keV in the
reprocessed fuel. Therefore, the reprocessed fuel neutron
spectrum is harder than thorium fuel spectrum. That is result
of the plutonium presence that emits fission neutrons with
a harder spectrum. The spectra for the system loaded with
fuel spiked with thorium are very similar to spectra for the

fuel spiked with depleted uranium. The spectrum in the
lead of the core (coolant) presents a similar neutrons energy
distribution to fuel spectra, but the number of neutrons
available in the fuel is larger due to neutron production by
fission reactions.

Figure 4 shows the multiplication factor (keff) as a
time function for the systems loaded with 232ThO2 (24
rods) and reprocessed fuel (132 rods) spiked with tho-
rium (Figure 4(a)) and spiked with depleted uranium
(Figure 4(b)). The percentages of thorium and depleted
uranium in the reprocessed fuel were varied and the keff

values obtained are represented in Figure 4. The percentages
of thorium or depleted uranium were chosen in such a way
that the values for the initial keff were close to 1, since a large
variability on those percentages could lead to considerably
low initial keff values.

From Figure 4 can be observed that after some years of
operation the decrease in the keff value was smaller in the
system which used reprocessed fuel spiked with thorium.
That behavior indicates that the use of reprocessed fuel
spiked with thorium allows an extension of the burnup
without reloading fuel.



Science and Technology of Nuclear Installations 7

For the same percentage of thorium and depleted uranium
(62%), the keff values for the system spiked with depleted
uranium (keff variation of 0.991 to 0.761) were significantly
higher than these for the system spiked with thorium (keff

variation of 0.964 to 0.782), but the decrease in the keff for
the system with depleted uranium was also higher.

The drop of the keff value observed in two cases is mainly
due to the increased poisoning caused by the accumulation of
fission products having large neutron capture cross sections
and, of course, the constant energy generation by the system.

3.2. Thorium Fuel Evolution. Figure 5 describes the 232Th,
233 Pa, and 233U concentrations in the thorium fuel rods
during the 10 years of operation for the systems spiked with
62% of thorium and 62% of depleted uranium. It can be veri-
fied that for the system spiked with thorium the concentra-
tion of the isotope 232Th was reduced by about 17% (623 kg),
for the system spiked with depleted uranium that was about
18% (644 kg). It is the result of the considerable capture cross
section of that isotope, which allows the 233U production.
233U is formed when 232Th captures a neutron, and it soon
undergoes two beta decays:

232Th + n −→ 233Th
β−−→ 233Pa

β−−→ 233U . (1)

A relevant question in the neutron spectrum choice is the
protactinium effect. Protactinium captures neutrons (due to
its large capture cross section) and, thus, decreases the react-
ivity and fuel regeneration. From Figure 5 can be observed
that this isotope is formed in small scale in both systems.
Furthermore, the protactinium effect is less severe for harder
spectra like that.

Figure 5 also presents the 233U concentration during
the burnup, which is formed in large scale (∼282 kg) for
the system with reprocessed fuel spiked with thorium and
(∼284 kg) for the system spiked with depleted uranium.
That 233U production was due to 232Th regeneration. Then
these results show that the combined use of 232ThO2 and
reprocessed fuel allowed 233U production without the initial
requirement of 233U enrichment.

3.3. Reprocessed Fuel Evolution. The long-term potential
radiotoxicity of the spent nuclear fuel is mainly associated
with transuranics (TRU) particularly Pu and MA: Am, Cm,
and Np. These constitute a significant radiological source
term over a very long period within a spent fuel [29]. Figures
6–9 show the concentration of those isotopes during the
burnup.

In a standard uranium-uranium (235Ux, 238U1−x) fuel
used in nuclear reactors, the isotope of neptunium, 237Np,
originates from 235U, and the isotopes of americium, 241Am
and 243Am, and curium, 242Cm, 244Cm, and 245Cm, from
238U as a result of nuclear reactions [30].

Plutonium is the major element for radiotoxicity and
mass in the storage [31]. 238Pu, which is generated from
237Np, was produced in large scale in the system simulated
(Figure 6), while 239Pu and 241Pu mass were reduced mainly
due to fission reactions. 240Pu is formed when 239Pu captures
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Figure 5: 232Th, 233Pa, and 233U mass variations.

a neutron that justifies the high production of that isotope
due to the reduced in 239Pu. 242Pu was formed in small scale.
The greater plutonium production in the system spiked with
depleted uranium was due to the greater uranium availability
in this system that allows the 237Np formation and conse-
quently plutonium production.

Long-lived isotopes of americium produced are
241Am and 243Am. Americium is produced by β-decay
of 241Pu (241Pu → 241Am) and (n, γ) reaction of
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Figure 6: Plutonium mass variations.

242Pu(242Pu → 243Am) during the operation. The mass
variation of americium is showed in Figure 7; the difference
between the americium productions in the two cases was
very small.

Long-lived isotopes of curium produced are 242Cm,
244Cm, and 245Cm. At that, isotope 242Cm has a relatively
short lifetime justifying its low production (Figure 8). The
radioactive decay of 242Cm proceeds as follows:

242Cm
(
T1/2 = 163 days; α

)

−→ 238Pu
(
T1/2 = 87.7 years; α

)

−→ 234U
(
T1/2 = 2.46× 105 years; α

)
.

(2)

Curium is the most intensely radioactive of the actinides for
both neutron emission and α-activity [32]. The most abun-
dant of its isotopes is 244Cm, which decays with a half-life of

18 years to form 240Pu. Radioactive decay of 244Cm occurs as
follows:

244Cm
(
T1/2 = 18.1 years; α

)

−→ 240Pu
(
T1/2 = 6.56× 103 years; α

)
.

(3)

The radioactive decay of 245Cm to the nearest long-lived
daughter nucleus proceeds as follows:

245Cm
(
T1/2 = 8.5× 103 years; α

)

−→ 241Pu
(
T1/2 = 14.4 years; β

)

−→ 241Am
(
T1/2 = 4.33× 102 years; α

)
.

(4)

From Figure 8 can be observed increase in the masses of
245Cm and 244Cm. At long-term burnup of plutonium, there
is the increase of radiotoxicity determined by accumulation
of 244Cm. The burnup of plutonium should be done by much
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shorter lifetimes with intermediate processing and addition
of new plutonium. Since 244Cm half-life makes 18.1 years,
one can organize a controllable storage of extracted curium
[32]. The Cm mass evolution in the two cases was very simi-
lar.

Neptunium is produced by (n, γ) reaction of 235U, (n,
2n) reaction of 238U, and α-decay of 241Am. The most im-
portant Np isotope is 237Np (half-life 2.14 × 106 years). The
decrease observed in the 237Np mass (Figure 9) is mainly due
to 238Np production by neutron capture. The very low con-
centration of 238Np (Figure 9) is justified by the quick decay
(2.117 days) to 238Pu through β decay. Once more was not
observed significant difference between the mass variations
for each isotope in the two cases.

The large amount of 232Th in the fuel spiked with
232ThO2 results in a high 233U production (∼258 kg), as can
be observed in Figure 10. That fuel regeneration potential ap-
pears with an advantage of the reprocessed fuel spiked with
thorium. Figure 10 also shows the 235U and 238U mass var-
iations.

4. Conclusions

The main conclusions indicated by the simulation presented
in this work were as follow.

(i) It is noteworthy that the code does not take into ac-
count the flux from external source during the burn-
up, so the keff and fuel results obtained are just appro-
ximations. Nevertheless, such approximated results
are reasonable ones as long as the external source
would not be sufficient to drive the system towards
criticality, because the keff values obtained were sub-
stantial low during the operation period. The ini-
tial keff obtained (keff(initial) = neutronsfission +
neutronsspallation) were appropriate for an ADS and
the keff obtained during the burnup (keff =
neutronsfission) provide an insight of the necessary
contribution of the external source on the operation
period.

(ii) The insertion of reprocessed fuel in a 232ThO2 sys-
tem leads to harder neutron spectra due to the pluto-
nium presence, facilitating the 233U production. This
is result of the protactinium effect reduction by har-
dening of the neutron spectrum.

(iii) The reprocessed fuel evolution was very similar when
that fuel was spiked with thorium or depleted urani-
um. However, the 233U production appears with an
advantage of the reprocessed fuel spiked with tho-
rium. Furthermore, the decrease in the criticality was
smaller in the system spiked with thorium that allows
an extension in the burnup period.
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[6] H. Yapici, G. Genç, and N. Demir, “A comprehensive study
on neutronics of a lead-bismuth eutectic cooled accelerator-
driven sub-critical system for long-lived fission product trans-
mutation,” Annals of Nuclear Energy, vol. 35, no. 7, pp. 1264–
1273, 2008.

[7] A. A. Hamid, P. Baeten, B. de Didier, J. Heyse, P. Schuurmans,
and J. Wagemans, “MYRRHA, a multipurpose hybrid research
reactor for high-end applications,” Nuclear Physics News, vol.
20, no. 1, pp. 24–28, 2010.

[8] K. Furukawa et al., “The combined system of accelerator mol-
ten salt breeder (AMSB) and molten salt converter reactor
(MSCR),” in Proceedings of the Japan–US Seminar on Thorium
Fuel Reactors, Naora, Japan, 1982.

[9] C. D. Bowman, E. D. Arthur, P. W. Lisowski et al., “Nucle-
ar energy generation and waste transmutation using an accel-
erator-driven intense thermal neutron source,” Nuclear Inst.
and Methods in Physics Research, A, vol. 320, no. 1-2, pp. 336–
367, 1992.

[10] C. D. Bowman, “Accelerator-driven systems for nuclear waste
transmutation,” Annual Review of Nuclear and Particle Science,
vol. 48, no. 1, pp. 505–556, 1998.

[11] F. Carminati et al., “An energy amplifier for cleaner and inex-
haustible nuclear energy production driven by a particle beam
accelerator,” CERN/AT/93-47 (ET), 1992.

[12] C. Rubbia et al., “Conceptual design of a fast neutron operated
high power energy amplifier,” CERN/AT/95-44 (ET), 1995.

[13] W. Lewis, Report AECL-968, 1952.
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Basic experiments on the accelerator-driven system (ADS) at the Kyoto University Critical Assembly are carried out by combining
a solid-moderated and -reflected core with the fixed-field alternating gradient accelerator. The reaction rates are measured by the
foil activation method to obtain the subcritical multiplication parameters. The numerical calculations are conducted with the use
of MCNPX and JENDL/HE-2007 to evaluate the reaction rates of activation foils set in the core region and at the location of the
target. Here, a comparison between the measured and calculated eigenvalues reveals a relative difference of around 10% in C/E
values. A special mention is made of the fact that the reaction rate analyses in the subcritical systems demonstrate apparently the
actual effect of moving the tungsten target into the core on neutron multiplication. A series of further ADS experiments with
100 MeV protons needs to be carried out to evaluate the accuracy of subcritical multiplication parameters.

1. Introduction

The accelerator-driven system (ADS) is a hybrid technique
combining a reactor core and an accelerator, which has been
used worldwide in research and development of nuclear
transmutation of minor actinides (MAs), long-lived fission
products (LLFPs), and next-generation neutron sources. In
ADS, a large number of high-energy neutrons are generated
directly at a heavy metal target when high-energy protons
produced by the accelerator are injected onto the target.
The high-energy neutrons can be utilized for maintaining
nuclear fission reactions in the reactor core and achieving
the purposes of the introduction of ADS. The current
research on ADS involved mainly an experimental feasibility
study with the use of critical assemblies and test facilities:
MASURCA [1–3], YALINA-booster and -thermal [4–6],
VENUS-1 [7], and the Kyoto University Critical Assembly
(KUCA) [8–14]. Moreover, numerical simulations [15–20]
were executed by the deterministic and stochastic approaches
for the evaluation of MAs and LLFPs in ADS. The new
ADS test facility of GUINEVERE [21] is being commissioned

to start actual operation in subcritical states after the first
critical experiments.

The Kyoto University Research Reactor Institute is pur-
suing an innovative research program (Kart & Lab.: Kuma-
tori Accelerator-Driven Reactor Test Facility & Innovation
Research Laboratory) to develop the fixed-field alternating
gradient (FFAG) [22–24] accelerator and to establish a new
neutron source by ADS in combination with KUCA and the
FFAG accelerator. With the coupling of the KUCA core and
the FFAG accelerator, the spallation neutrons generated by
100 MeV proton beams have been successfully injected into
the uranium-loaded [25] KUCA core. In the first injection
of spallation neutrons, the proton beam intensity and shape
were low and poor, respectively, resulting in large statistical
errors in the experiments, such as the reaction rate analyses.
On the other hand, the spallation neutrons generated at the
location of the tungsten target position were expected to
make a reasonable contribution to neutron multiplication
in the core region; however, the disadvantage of setting the
target outside the core was low neutron generation in the core
region by high-energy proton beams.
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To resolve this drawback and enhance neutron multi-
plication, additional ADS experiments on the reaction rates
were carried out by moving the tungsten target to another
location in the subcritical core. Here, special note was
taken of the effect of moving the target from the original
location on subcritical multiplication parameters, including
the neutron multiplication and the subcritical multiplication
factor. The numerical analyses of the subcritical experiments
were executed with the use of the Monte Carlo calculation
code MCNPX [26] together with the nuclear data library
JENDL/HE-2007 [27, 28]. The main objective of this study
was to examine the accuracy of the subcritical multiplication
parameters in the subcritical configurations of ADS by
comparing the measured and calculated reaction rates.
The preliminary (previous) experiments with high-energy
neutrons generated by 100 MeV protons from the FFAG
accelerator are shown in Section 2 and include descriptions
of the core configuration; experimental and numerical
results. The results of basic (additional) experiments on
moving the target are presented in Section 3, and the
conclusions are summarized in Section 4.

2. Preliminary ADS Experiments with
100 MeV Protons

2.1. Core Configuration. Among three cores designated A,
B, and C at KUCA, A and B are polyethylene solid-
moderated and solid-reflected cores, and C is a light water-
moderated and light water-reflected one. The three cores are
operated at a low mW power in the normal operating state,
whereas the maximum power is 100 W. The preliminary ADS
experiments were carried out in the A-core (Figure 1), which
contains polyethylene reflector rods and three different fuel
assemblies: normal, SV, and partial fuel assemblies (Figures
2(a), 2(b), and 2(c), resp.). The normal fuel assembly is
composed of 36-unit cells and upper and lower polyethylene
blocks about 591 and 537 mm long, respectively, in an
aluminum sheath 54 × 54 × 1520 mm3. For the normal
and partial fuel assemblies, a unit cell in the fuel region
is composed of a highly enriched uranium-aluminum fuel
plate 1.59 mm (1/16′′), and polyethylene plates 3.18 mm
(1/8′′) and 6.35 mm (1/4′′). The numeral 14 corresponds to
the number of fuel plates in the partial fuel assembly used to
reach the criticality mass. The horizontal dimensions of all
fuel and polyethylene plates are 5.08 × 5.08 mm2 (2′′× 2′′).

The tungsten target located outside the core is not
easily moved to the center of the core because control
and safety rods are fixed in the core and function as the
control driving system. The neutron guide composed of
several shielding materials, including iron (Fe), boron (B),
polyethylene, the beam duct, and a special fuel assembly
with a void (SV, Figure 2(b)), are installed. In the neutron
guide, the role of the SV assemblies is to direct the highest
number possible of the high-energy neutrons generated
in the target to the center of the fuel region, in order
to improve neutron multiplication. Moreover, to collimate
the high-energy neutrons, it was necessary to reduce the
thermal component moderated in the reflector region before

their reaching the fuel region. This reduction was achieved
by shielding unnecessary fast neutrons and by capturing
parasite thermal neutrons. For deflecting unnecessary fast
neutrons, the close vicinity in front of the target included the
Fe block around the guide void to shield the fast neutrons
from inelastic scattering. For capturing parasite thermal
neutrons, polyethylene blocks containing 10 wt% B around
the guide void were set around the Fe shielding near the
target and in the two rows next to the assemblies. The rest
of the neutron guide consisted of polyethylene assemblies
and one void space. Details of the neutron guide were as
described in [8, 9]. 100 MeV protons generated from the
accelerator were injected into a subcritical system with the
following parameters: 10 pA beam intensity; 30 Hz repetition
rate; 100 ns pulsed width; 1.0 × 106 1/s neutron yield.

2.2. Experimental Analyses. In the subcritical experiments,
gold (197Au) and indium (115In) foils were selected as
normalization factors for monitoring reactor power in the
core and neutron source generation at the target, respectively.
The difference between the normalization factors in the core
and at the target was attributable to the sensitivity of the
thermal neutrons and the high-energy neutrons, respectively.
The reaction rates of the 115In wire (1.5 mm diameter and
750 mm long) in the core and the 115In foil (10 × 10
× 1 mm3) at the target were normalized by those of the
197Au foil (8 mm diameter and 0.05 mm thick) emitted by
197Au(n, γ)198Au reactions attached in the core center (O, 15;
Figure 1), and of the 115In foil emitted by 115In(n, n′)115mIn
reactions attached at the original location of the target,
respectively. The experimental error in each activation foil
was estimated to be about 5%, including the statistical error
of γ-ray counts and the full width at half maximum (FWHM)
of the γ-ray spectrum peak. The experiments were carried
out within subcriticality level 770 pcm (0.77%Δk/k). Here,
the subcritical state was attained by the full insertion of C1,
C2, and C3 control rods and the full withdrawal of S4, S5
and S6 safety rods (Figure 1). The measured subcriticality
was obtained from the combination of both the control and
safety rod worth by the rod drop method and its calibration
curve by the positive period method. In the KUCA core,
the subcriticality was attained by the full insertion of all
control and safety rods within 2,000 pcm (0.20%Δk/k; keff =
0.98), and the representative subcriticality level around
3,000 pcm is achieved by the removal of fuel rods in the
ADS experiments. When the representative subcriticality is
obtained, as a result, the change in the core characteristics,
including the control rod worth, the neutron flux shape and
the neutron spectrum, is apparently observed in comparison
with before and after the removal of fuel rods. Therefore, the
ADS experiments were carried out within the subcritical level
attained by inserting the control and safety rods to maintain
the core characteristics from the viewpoint of reactor physics.

The effect of the subcritical multiplication parameters
was evaluated by thermal neutron flux distribution estimated
through the horizontal measurement of 115In(n, γ)116mIn
reaction rates by activation analysis of the In wire. The
wire was set in an aluminum guide tube within the 3 mm
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Figure 1: Top view of the KUCA A-core (A3/8′′P36EU(3)) in the ADS experiments.

gap between rows 13 and 14 (Figure 1), from the front of
the tungsten target to the center of the fuel region (13-14,
A–P; Figure 1), at the height of the axial center of the fuel
assembly. For comparison between the experiment and the
calculation, normalization was based on reactor power: the
197Au(n, γ)198Au reaction rate set in the center of the core
was measured. A global experimental error of about 5% was
considered significant on reaction rate measurements of the
In wire.

The subcriticality calculations were executed with the use
of the Monte Carlo multiparticle transport code, MCNPX,
in combination with nuclear data library JENDL/HE-2007.
The irradiation foils and the In wire were included in
the simulated geometry and transport calculation because
the effects of their reactivity are not negligible; reaction
rates were deduced from tallies taken in the reaction rate

experiments. Although better in the core region, an overall
statistical error of 5% remained in the reaction rate in the
present results. The results of eigenvalue calculations were
obtained after 1,000 active cycles of 50,000 histories each.
The deduced subcriticalities had statistical errors of 10 pcm
(0.01%Δk/k). The fixed-source calculations were executed by
a total of 1.0× 108 histories, which led to a statistical error of
less than 5% in the reaction rates.

The results of measured and calculated subcriticalities
are presented in Table 1. A comparison between the exper-
iments and the calculations demonstrated the ability of
MCNPX calculations to reproduce the subcriticality level
to within 2% of the C/E (calculation/experiment) value.
A comparison made of the measured and the calculated
reaction rate distributions to validate the calculation method
demonstrated that the calculated reaction rate distribution
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Figure 2: Schematic drawing of fuel assemblies in the A-core.

Table 1: Comparison between the measured and calculated subcrit-
icalities obtained from the experiments (Figure 1) and calculations
(MCNPX with JENDL/HE-2007).

Calculation (pcm) Experiment (pcm) C/E

773 760 1.02

(Figure 3) agreed approximately with the experimental one
within the statistical errors in the experiments; however,
the experimental errors were considerably larger than those
of the calculations. These larger errors were attributable to
the status of the proton beams, including the weak beam
intensity and the poor beam shape at the target.

3. Basic ADS Experiments with
100 MeV Protons

The neutron spectrum analyses were conducted numerically
for investigating anticipated high-energy neutrons at each
location for the injection of the high-energy protons before
the basic experiments, as shown in Figure 4. The high-energy
neutrons were attained in front of target location (A, 15)
and were dominant over the region of a few MeV neutrons
of energy. The further the distance was from the tungsten
target, including locations (E, 15), (J, 15), and (O, 15),
the more thermalized the neutron spectrum is: this fact
demonstrated that the high-energy neutrons generated at the
location of the original target should be little affected upon
neutron multiplication in the core, and the thermal neutrons
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moderated in the reflector region were compared to be less
than other locations.

For optimizing the effect of moving the target from its
original location, additional experiments were carried out in
the same core (Figure 5) as in a previous study described in
Section 2: the composition of the neutron guide was made
partly of lead (Pb) instead of Fe, thereby attaining neutron
multiplication around the target region by the injection of
high-energy neutrons into the shielding material, Pb. Also,
the effect of moving the target was investigated through
analyses of neutron multiplication, as in the previous study
[29] at KUCA. In the experiments, the 115In(n, γ)116mIn
reaction rates were measured in the core region, and neutron
multiplication was deduced by the reaction rate distribution,
when the tungsten target was moved from the original
location to another one close to the core center. Finally

Table 2: Comparison between the measured and calculated subcrit-
icalities obtained from the experiments (Figure 5) and calculations
(MCNPX with JENDL/HE-2007).

Case Calculation (pcm) Experiment (pcm) C/E

(A, 15) 706 772 0.91

(G, 15) 659 737 0.89

(K, 15) 674 740 0.91

the actual effect of moving the target was examined by
comparing the experimental and numerical analyses. As
in Section 3, the experiments were carried out around
subcriticality level 750 pcm (0.75%Δk/k), and subcriticality
was attained and then measured. Notably, the 100 MeV
protons generated from the accelerator were injected into
a subcritical system under the following parameters: 30 pA
beam intensity; 30 Hz repetition rate; 200 ns pulsed width;
1.0 × 107 1/s neutron yield.

3.1. Subcriticality. The numerical calculations were executed
with the use of MCNPX together with the JENDL/HE-
2007 library. The numerical evaluation of subcriticality by
JENDL/HE-2007 was in agreement with experimental data
and within a relative difference of 10% (Table 2), whereas
the accuracy of eigenvalue calculations was not good com-
pared with the previous analyses presented in Section 2. By
MCNPX, the eigenvalue calculations were executed for 5,000
active cycles of 10,000 histories. The subcriticalities in the
eigenvalue calculations had statistical errors within 10 pcm
(0.01%Δk/k). Since the reactivity effects of activation foils
and wire in the core are not negligible, they were included
in the simulated geometry and transport calculations.

3.2. Reaction Rate Distribution. The calculated reaction rate
was obtained by evaluating the volume tallies of activation
foils. The statistical error of the reaction rates in the fixed-
source calculations was within 5% after a total of 1.0 × 108

histories. The difference in the experimental results along
region (13-14, A–P; Figure 5) is shown in Figure 6(a), by
changing the location of the tungsten target to another one:
in front of the original target (A, 15); between the target
and the core (G, 15); in front of the fuel region (K, 15).
From the experimental results in Figure 6(a), the reaction
rate distribution was observed to be high in the SV and fuel
regions, when the tungsten target was set at location (G, 15),
although the core configuration of reaction rates varied in
the SV and fuel regions. Comparison of the experimental and
numerical results revealed the approximate reconstruction
of the 115In(n, γ)116mIn reaction rates by MCNPX with
JNEDL/HE-2007 shown in Figure 6(b), whereas the discrep-
ancy was found to be in some regions of (G, 15) by the
difference in experimental results in the core configuration.

3.3. Neutron Multiplication and Subcritical Multiplication
Factor. Neutron multiplication M and subcritical multi-
plication factor ks were experimentally and numerically
analyzed on the basis of the accuracy in Section 3.2, related to
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Figure 5: Top view of the KUCA A-core (A3/8′′P36EU(3)) in the ADS experiments.

the subcritical multiplication parameters. The methodology
of the theoretical basis used was as briefly described [29].

In the ADS study on the subcritical system, the neutron
multiplication M is defined as the ratio of total fission
neutrons F and the external neutron source rates S, to the
rate of external neutron source as follows:

M = F + S

S
. (1)

The neutron multiplication M is also expressed by the
subcritical multiplication factor ks, which is defined as the
ratio of the fission neutrons to the total neutrons in the
system by the fission and source neutrons as follows:

M = 1
1− ks . (2)

In (1) and (2), ks can be expressed by F and S as follows:

ks = F

F + S
. (3)

Assuming that the fission reaction rate F is independent of
one-dimensional (x-direction) in the thermal neutron field,
the total fission neutrons can be expressed approximately
by the In reaction rates RIn of 115In(n, γ)116mIn reactions as
follows:

F =
∫

V

∫ ∞

0
νΣ f (r, E)φs(r, E)dr dE

≈
∫

a
RIn
(
x, y0, z0

)
dx,

(4)

where V indicates the whole volume in the system, ν the
average number of fission neutrons per fission reaction, Σ f
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the fission cross-section, φs the neutron flux at position r
with energy E in the presence of an external source, and
a the In wire along the fuel regions (SV and fuel regions;
Figure 5) in the core. The external neutron source rate S can
be expressed approximately by the In reaction rates RIn′ of
115In(n, n′)115mIn reactions in the same manner as that of
(4) as follows:

S =
∫

V

∫ ∞

0
s(r, E)dr dE ≈

∫

rs
RIn′(r)dr, (5)

where s (r, E) indicates the external neutron source rates
at position r with energy E, and rs the position of external
neutron source. The validity of approximation and the
applicability of the methodology mentioned above have
already been demonstrated in the previous study [29].

Finally, using (4) and (5), the neutron multiplicationr
M and subcritical multiplication factor ks in (1) and (3),
respectively, can be expressed approximately as follows:

M ≈
∫
a RIn

(
x, y0, z0

)
dx∫

rs RIn′(r)dr
+ 1, (6)

ks ≈
∫
a RIn

(
x, y0, z0

)
dx∫

a RIn
(
x, y0, z0

)
dx +

∫
rs RIn′(r)dr

. (7)

The measured reaction rates of the In wire (1.5 mm
diameter and 750 mm long) emitted by 115In(n, γ)116mIn
reactions in the core were normalized by those of the
197Au foil (8 mm diameter and 0.05 mm thick) emitted by
197Au(n, γ)198Au reactions attached at the core center (O, 15;
Figure 5), and the reaction rates of the In foil (10 × 10 ×
1 mm3) emitted by 115In(n, n′)115mIn reactions at moving the
target were normalized by those of the 115In foil (10 × 10 ×
1 mm3) emitted by 115In(n, n′)115mIn reactions attached at

the original location of the target. The experimental error in
each activation foil was estimated to be about 5%, including
the statistical error of γ-ray counts and FWHM of the γ-
ray spectrum peak. The calculated reaction rates of the
In wire and the Au foil in the core were included in the
simulated geometry and transport calculations and deduced
from tallies taken in the fixed-source calculations. Also the
calculated reaction rates of the In foil at the target was
obtained by the same manner of the previous fixed source
calculations, modeling the proton injection on the tungsten
target.

The C/E value of the experiments and calculations of
fission and source terms in (4) and (5), respectively, is shown
in Table 3. Comparing with absolute values, the accuracy of
fission term was within a relative difference of 20%, and
that of the source term was well within the allowance for
experimental error. The discrepancy between the measured
and the calculated fission terms was caused mainly by
the uncertainties of experimental values obtained from the
reaction rates of the In wire especially in locations (G, 15)
and (K, 15), because locations (G, 15) and (K, 15) were far
from that of original target, and the proton weak and poor
beams were in intensity and shape, respectively. As a result, it
was considered that the In wire was not sufficiently activated
to obtain the information on the thermal neutrons. As
shown in Table 4, the neutron multiplication was considered
to involve a large discrepancy caused by the evaluation of
the C/E values of fission and source terms; inversely, the
subcritical multiplication factor was considered fairly good
in the evaluation of C/E values. The constant values of
the measured and the calculated ks demonstrated that the
source term was not contributed largely to that of ks, since
the external source was located outside the core: the values
of M and ks in (1) and (2), respectively, were remarkably
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Table 3: Comparison between the measured and calculated fission and source terms obtained from the experiments (Figure 5) and
calculations (MCNPX with JENDL/HE-2007).

Fission term F Source term S

Case Calculation Experiment C/E Calculation Experiment C/E

(A, 15) 46.37 ± 1.51 43.53 ± 0.27 1.07 0.04 ± 0.01 0.02 ± 0.01 1.70

(G, 15) 77.05 ± 2.50 67.34 ± 0.38 1.14 0.01 ± 0.01 0.02 ± 0.01 0.53

(K, 15) 68.55 ± 2.26 55.81 ± 0.29 1.23 0.03 ± 0.01 0.03 ± 0.01 1.14

Table 4: Comparison between the measured and calculated neu-
tron multiplication and subcritical multiplication factor obtained
from the experiments (Figure 5) and calculations (MCNPX with
JENDL/HE-2007).

Neutron multiplication M

Case Calculation Experiment C/E

(A, 15) (1.15 ± 0.04) × 103 (1.83 ± 0.05) × 103 0.63

(G, 15) (6.25 ± 0.21) × 103 (2.88 ± 0.09) × 103 2.17

(K, 15) (2.04 ± 0.09) × 103 (1.88 ± 0.05) × 103 1.08

Subcritical multiplication factor ks
Case Calculation Experiment C/E

(A, 15) 0.99913 ± 0.00003 0.99945 ± 0.00001 1.00

(G, 15) 0.99984 ± 0.00003 0.99965 ± 0.00001 1.00

(K, 15) 0.99951 ± 0.00003 0.99947 ± 0.00001 1.00

dependent on that of F in (4), because of the location of the
target outside the core. While the accuracy of the neutron
multiplication was attributable to the experimental variation
of reaction rates of the In wire, the actual effect of setting
the tungsten target at location (G, 15) was found to be more
significant than setting the target in the original location.

4. Conclusions

The ADS experiments with 100 MeV protons were carried
out at KUCA to evaluate the subcritical multiplication
parameters using the reaction rates. Comparison of the
results of the experiments and the calculations by MCNPX
with JENDL/HE-2007 revealed the following.

In the first injection experiments, the subcriticality C/E
values of the experiments and the calculations were in fairly
good agreement within a relative difference of 2%, and
the calculated reaction rate distribution reconstructed the
experimental one, although the proton beams were observed
to be weak in intensity and poor in shape at the target. In
the basic experiments, the notable effect of moving the target
from the original location was clearly revealed in the analyses
of the subcritical multiplication parameters for attaining
further neutron multiplication in the core.

Further ADS study at KUCA needs to be conducted to
investigate experimentally the effect of the subcritical multi-
plication parameters presented in this study, when the sub-
criticality and the neutron spectrum are varied. The present
experimental data could be conducive to basic research of
ADS, such as the verification of precision in numerical
analyses by stochastic and deterministic approaches.
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The nuclear level density parameters of some deformed isotopes of target nuclei (Pb, Bi) used on the accelerator-driven subcritical
systems (ADSs) have been calculated taking into consideration different collective excitation modes of observed nuclear spectra
near the neutron binding energy. The method used in the present work assumes equidistant spacing of the collective coupled state
bands of the considered isotopes. The present calculated results for different collective excitation bands have been compared with
the compiled values from the literature for s-wave neutron resonance data, and good agreement was found.

1. Introduction

The knowledge of nuclear level densities is a crucial input in
various fields/applications such as the creation of consistent
theoretical description of excited nucleus properties and the
nuclear reaction cross-section calculations for many branch-
es of nuclear physics, nuclear astrophysics, nuclear medicine,
and applied areas (medical physics, etc.) [1–14]. The neutron
capture cross-sections, required for both design and nuclear
model calculations in nuclear science and technologies,
are approximately proportional to the corresponding level
densities around the neutron resonance region. In nuclear
medicine, the cross-section data obtained from nuclear level
density approaches are needed to optimize production of
radioactive isotopes for therapeutic purposes, for example,
biomedical applications such as production of medical radi-
oisotopes and cancer therapy and accelerator-driven incin-
eration/transmutation of the long-lived radioactive nuclear
wastes.

Recently, the accelerator-driven systems (ADSs), which
are used for production of neutrons in spallation neutron
source and can act as an intense neutron source in accel-
erator-driven subcritical reactors, and their neutronics have

been studied by many researchers [15–20]. Most of the
studies were concerned with specific design concepts and
the production of neutrons from spallation reactions. New
accelerator-driven technologies make use of spallation neu-
trons produced in (p,xn) and (n,xn) nuclear reactions on
high-Z targets. Through (p,xn) and (n,xn) nuclear reactions,
neutrons are produced and moderated by heavy water in the
target region and light water in the blanket region. These
moderated neutrons are subsequently captured on 3-He,
which flows through the blanket system, to produce tritium
via the (n,p) reaction. Therefore, new nuclear cross-section
data are needed to improve the theoretical predictions
of neutron production, shielding requirements, activation,
radiation heating, and material damage [21]. The design of
ADS requires precise knowledge of nuclide production cross-
sections in order to predict the amount of radioactive
isotopes produced inside the spallation target (W, Pb, Bi, and
other isotopes), may be liquid or solid [20–24]. However,
the precision of models used to estimate production cross-
sections is still far from the performance required for
technical applications. An important applied field in the
ADS systems, which is presently discussed, is the technical
application of accelerator-driven subcritical reactors, of
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nuclear collision processes for the energy production and the
transmutation of nuclear waste in hybrid reactor systems.

Nuclear reactions calculations based on standard nuclear
reaction models play an important role in determining the
accuracy of various parameters of theoretical models and
experimental measurements. Especially, the calculations of
nuclear level density parameters for the isotopes can be
helpful in the investigation of reaction cross-sections. In this
manner, very sophisticated theoretical approaches have been
developed to estimate total level densities of atomic nuclei,
especially in the region of deformed heavy and light nuclei.
However, in practice analytical expressions, which contain
several parameters adjusted on scarce experimental data, are
generally preferred [25].

The analytical expressions used for the nuclear level
density calculations [2, 3, 5] are based on the Fermi gas
model. The most widely used description of the nuclear level
density is the Bethe formula, based on the thermodynamic
relation between entropy and the average energy of a system
considered in the framework of noninteracting particles of
the Fermi gas. The traditional Bethe theory of the nuclear
level density calculation, which uses the assumption that the
individual neutrons and protons occupy a set of low energy
levels in the ground state and fill up the higher individual
states at any excitation energy, has been successfully used so
far, with different contributions made to this model in the
form of shell, pairing, deformation effects [4, 26–29], finite
size effects [30], and thermal and quantal effects [31], as
well as improvements in the determination of the spin cut-
off factors [32]. However, such contributions do not take
into account the collective effects, which may play a basic
role in describing the nuclear level density of some deformed
nuclides.

Calculations of all parameters of fission and fusion reac-
tors, accelerator-driven systems, and other nuclear technol-
ogy fields depend strongly on cross-section data. And, it
is well known that nuclear level density parameters are of
crucial importance for the cross-section. In light of the
preceding knowledge in the present study, the nuclear level
density parameters of deformed 203−209Pb and 206−210Bi
target isotopes used on the ADS systems have been calculated
by using different collective excitation modes of the observed
nuclear spectra near the neutron binding energy and a simple
model introduced in our previous works [6–12], in which the
collective character of the nuclear excitations is available.

2. Theoretical View Point of
the Nuclear Level Density

The above-mentioned Bethe theory gives also the depen-
dence of the nuclear level density on the total angular
momentum J of the nucleus. The expression used for the
observable nuclear level density at any excitation energy U
and momentum J can be written as [2, 3]

ρ(U , I) =
√
π exp

(
2
√
aU
)

12a1/4U5/4

(2I + 1) exp
[
−(I + (1/2))2/2σ2

]

2
√

2πσ3
,

(1)

where a and σ are the level density parameter and spin
distribution parameter, respectively. The parameters a and σ
are defined by

a = π2

6
g(εF), (2)

σ2 = g(εF)
〈
m2〉t. (3)

Here, the parameter g(εF) is the sum of the neutron and
proton single-particle states density at the Fermi energy εF ,
〈m2〉 is the mean square magnetic quantum number for
single-particle states, and t is the nuclear thermodynamic
temperature of an excited nucleus in the Fermi gas model.
These factors are expressed as follows:

g(εF) = 3
2
A

εF
,
〈
m2〉 = 0, 146 A2/3, t2 = U

a
, (4)

where A is the mass number of a nucleus.
The experimental observations cannot determine the

different orientation of nuclear angular momentum J .
Therefore, it is useful to obtain the observable level density,
which has the form [3, 4]

ρ(U) =
∑

J

ρ(U , J) =
√
π

12
exp
(
2
√
aU
)

a1/4U5/4

1√
2πσ

. (5)

Hence, substitute (2)–(4) into (5) to find the observable level
density as

ρ(U) = a

12
√

2× 0.298 A1/3(aU)3/2 exp
(

2
√
aU
)
. (6)

The level density parameters of the Bethe theory have been
well established in a number of studies [3, 33, 34] on the s-
wave neutron resonance for different mass nuclei. However,
this theory does not take into account the collective effects
of the nuclear particles in the excitation of the nuclei. On
the other hand, the measured magnetic and quadrupole
moments of the nuclei deviate considerably from the ones
calculated using the single-particle shell model in which the
closed shells forming the nuclear core play no part. In other
words, the excited states and the magnetic and quadrupole
moments are the results of collective motion of many nucle-
ons, not just of those nucleons that are outside the closed
shell. The collective motion of the nucleons may be described
as a vibrational motion about the equilibrium position and a
rotational motion that maintains the deformed shape of the
nucleus.

3. Collective Excitation Modes of
Deformed Nuclei

The existence of collective energy level bands of rotational
and vibrational types can now easily be identified from
nuclear spectra data [35] of many deformed nuclei. In the
studies in [34, 36] the contribution of collective motion of
nucleons to the energy level density has been considered.
However, these studies naturally involve messy equations and
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make the model complex for calculation of the nuclear level
density parameters of deformed nuclei. A simpler descrip-
tion of collective model was first suggested by Rainwater
[37] who made clear the relationship between the motion
of individual nuclear particles and the collective nuclear
deformation. Later a quantitative development of the nuclear
collective model taking into consideration the collective
motion of the nuclear particles was given by [30, 38–40].
Recently in considerable studies such as in [6–12], it has been
attempted to identify the nuclear level density parameters
in the region of some light and large deformed nuclei by
the use of a simple model of nuclear collective excitation
mechanism. Almost all data on the estimated level density
parameters of these deformed nuclei are well identified on a
base of collective rotational and collective vibrational bands
such as ground state band, β band, octupole band, γ-band,
and so forth.

Some deformed isotopes used on ADS systems have also
stable deformation in their ground states. Such isotopes
studied may rotate due to interactions with an external
incident particle or emitting the particle. Rotational energy
of an axially symmetric deformed even-even nucleus is given
as [30]

Erot(I ,K) = �2

2

[
I(I + 1)
J0

+
(

1
J3
− 1
J0

)
K2
]

, (7)

where I and K are the total angular momentum and its
projection on the axis of symmetry, respectively, of a nucleus
and J3 and J0 are moments of inertia about a symmetry axis
and an arbitrary axis perpendicular to the symmetry axis,
respectively. The authors of [30] have used the hydrodynamic
moments of inertia restricting the deformed nuclear surface
by a quadrupole term only. In this model one can admit J3 =
0, which requires the value of K in (7) to be identically zero.
Then, we come to the following rotational energy equation:

Erot = �2

2J0
I(I + 1),K = 0. (8)

The above expression is in good agreement with the observed
low-lying energy levels of the even-even large deformed
nuclei, which are the values of angular momentum I , I =
0, 2, 4, 6, . . .. As mentioned above the energy level sequence
in such a case is called ground state rotational band having
positive parity.

In the following collective vibrational modes, we consider
two modes, namely, the quadrupole and the octupole vibra-
tional modes. The quadrupole mode, also called β-vibra-
tional band, caries two units of angular momentum and
even parity (0+, 2+, 4+, 6+,. . .) while the octupole vibrational
band carries two units of angular momentum and negative
parity (1−, 3−, 5−, 7−,. . .). Here, the β band is associated with
vibrations that preserve the axis of symmetry and therefore is
K = 0 band with the level sequence given by (8) and the band
head �ωβ. Another excited band is often called the gamma
band γ and is associated with the vibrations not preserving
the symmetry axis and having the levels given by (7). The
spin sequence of γ band with K = 2 is I = 2+, 3+, 4+, 5+, . . ..

In such a case, in deformed odd-A isotopes simple
identification of the observed nuclear levels is made on a base

of a strong coupling of a nucleon to an axially symmetric
even-even deformed core. The rotational band with a given K
value and spin sequence I = K = Ω, K + 1, K + 2, . . ., where
K and Ω are the projections of the total angular momentum
and odd nucleon angular momentum, respectively, on the
nuclear symmetry axis, has level spacing [41]

ΔE(I ,K) = EIK − EKK = �2

2J0
[I(I + 1)− K(K + 1)].

(9)

4. Calculation Method of Nuclear
Level Density Parameter

The method used in this present study for calculation of
nuclear level density parameters of some deformed target
isotopes has been given in detail in the studies of [6–12].
Similarly, the mentioned method, in this study, can also be
applicable to deformed target isotopes of interest.

In any case, the nuclear energy level density depending on
the excitation energy, U, taking into account different excita-
tion modes can be expressed in the following form:

ρ(U) =
∑

i

aiρi(U), (10)

where ρi(U) is the partial energy level density at the
excitation U for the ith excitation mode and ai is the
weighting coefficient satisfying the condition

∑
i ai = 1. In

the present work, we use a simple expression for the energy
level density, which considered the collective excitation
modes. Here, in our determination of the nuclear level
density due to excitation bands the “equidistant” condition
between energy levels, which is the important property of the
observed energy spectrum of isotopes considered, should be
satisfied. These properties can approximately be verified for
the energies of the coupled state bands in deformed isotopes
considered as being the ratios given by

R1 : R2 : R3 : R4 : · · · = 1 : r : 2r : 3r : · · · .
(11)

Here, R1, R2, R3, R4,. . . are the ratios of the sequential level
energies to the appropriate energy unit of a corresponding
band. When the above relation is satisfied, in our study, the
nuclear level density formula introduced depending on the
excitation energy U and energy unit εo for the ith excitation
band can be represented as [6–12]

ρi(U , εoi) ∼= π2aoi
24
√

3(aoiU)3/2 exp
(

2
√
aoi U

)
, (12)

which are fairly simple and contain only one parameter aoi
defined as

aoi = π2

6εoi
(13)

and represents a collective level density parameter corre-
sponding to the ith band with the unit energy εoi. The
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unit energies are ε0GS = E(2+), ε0β = E(2+) − E(0+), and
ε0oct = E(3−) − E(1−) for ground state, β, and octupole
bands, respectively. Similarly, the other excitation bands can
be included. In the even-even and odd-A isotopes it has been
shown that the unit energy is either energy of the first excited
state (for ground state bands) or the energy separation
between the second and first excited states (for excited bands)
of the corresponding band with the given projection of the
total angular momentum K . For the applicability of (12) in
our identification of the nuclear level density due to different
excitation bands, the “equidistant” condition between energy
levels should be satisfied. As mentioned before, these band
energies clearly should, at least approximately, satisfy (11).

Now, the observable level density expressions of (6) and
(12) can be compared which have similar dependence on
the energy, although they have been obtained from different
approaches. Equation (6) obtained from the Bethe theory
has been based on a single-particle nuclear model, whereas
(12) has been extracted from the symmetry properties of
the nuclear spectra data expressed by (11). In the previous
works [7–12], our approach has been successfully used in
the classification of the level density parameters for different
light and large deformed nuclei.

In the same way, in the present work, this approach
takes into consideration the different collective excitation
modes in deformed target isotopes that are interesting, and
the nuclear level density parameters aoi defined by (13) can
easily be obtained from nuclear spectra data given in [36]
regarding nuclear level spectra of collective rotational and
collective vibrational bands. The theoretical obtained values
for 203−209Pb and 206−210Bi isotopes with their different
corresponding bands have been listed in Tables 1 and 2.

5. Results and Discussion

In the present paper, we have calculated the nuclear level den-
sity parameters of deformed target isotopes 203−209Pb and
206−210Bi used on ADS by using different collective excitation
modes of observed nuclear spectra. It has been seen that the
nuclear energy levels of different collective excitation bands
(in particular, the bands given in Tables 1 and 2) in the
investigated isotopes also approximately satisfy (11). Thus,
(13) can be applied for determination of the corresponding
level density parameters. The calculated values of the level
density parameters due to different excitation bands and the
compiled values of those parameters have been represented
in Tables 1 and 2 for the deformed target isotopes considered.
The demonstrated values of the parameters a are given
in Tables 1 and 2. Figure 1 was compiled by Gilbert and
Cameron [3], Baba [33], BSFG model [4], and Mughabgahab
and Dunford [42] and Figure 2 was compiled by Gilbert and
Cameron [3] and Rohr [34] for s-wave neutron resonances
near the neutron binding energy.

In Figures 1 and 2 we illustrate the comparison of
the single-particle level density parameters a and the mass
number with our calculated values of a0 corresponding to
the different bands for 203−209Pb and 206−210Bi deformed
isotopes, respectively. From Figures 1 and 2, it is clear
that the present values of the level density parameters a0
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Figure 1: Mass dependence of the calculated nuclear level density
parameters a0 and those of the compiled values a for 203−209Pb
deformed isotopes.
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Figure 2: Mass dependence of the calculated nuclear level density
parameters a0 and those of the compiled values a for 206−210Bi
deformed isotopes.

calculated by (13) for these considered isotopes are well
consistent with the compiled values of parameters a. As
seen in Figure 1, the dominant bands in the population of
203−205Pb deformed isotopes generally seem to be the well-
known collective bands (especially ground state, octupole,
and gama vibrational bands; see also Table 1), as to 206−209Pb
deformed isotopes it seems to be the mixed bands (negative
and positive parity bands). As clear from Figure 2, we can say
that the calculated values a0 for the mixed bands (negative
and positive parity bands) of 206−210Bi are generally good
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dominant bands. The values of the calculated parameters of
these bands are well consistent with those of the compiled
data, in particular with the data of Gilbert and Cameron [3]
for 206−210Bi.

6. Conclusions

On the basis of the above presented discussion we can con-
clude that the nuclear level density parameters of deformed
target isotopes 203−209Pb and 206−210Bi used on the ADS
can be identified by the use of collective vibrational bands
taking into consideration the equidistant character of these
bands including higher excitations. The nuclear energy
level density at any excitation near the neutron binding
energy may clearly have generally the same character such
as collective rotational, collective vibrational, and intrinsic.
Actually, as it has clearly been seen from Tables 1 and 2
and Figures 1 and 2, no dominant band alone is exactly
responsible for identification of level density parameters a
for the considered isotopes. Namely, the nuclear level density
for such isotopes apparently should involve combination of
partial level densities corresponding to the different bands,
which is given by (10).

Consequently, we remark that the nuclear collective
excitation modes are quite meaningful in order to obtain the
level density parameters of different isotopes. The calculation
of these parameters based on the properties of the measured
nuclear low-lying level spectra should prove a productive
area of study that should override the inherent experimental
difficulties involved. Hence, at least such parameters can be
useful in the design of an ADS system, which requires precise
knowledge of isotopes production cross-sections in order to
predict the amount of radioactive isotopes produced inside
the spallation targets such as Pb and Bi isotopes.
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[9] Ş. Okuducu, S. Sönmezoğlu, and E. Eser, “Calculation of
nuclear level density parameters of some deformed light nuclei
using collective excitation modes,” Physical Review C, vol. 74,
no. 3, Article ID 034317, 2006.
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The operation of accelerator-driven systems or spallation sources requires the monitoring of intense neutron fluxes, which may
be billions-fold more intense than the fluxes obtained with usual radioactive sources. If a neutron detector is placed near a very
intense source, it can become saturated because of detector dead time. On the contrary, if it is placed far away from the source, it
will lose counting statistics. For this reason, there must exist an optimal position for placing the detector. The optimal position is
defined as the one with the minimal relative uncertainty in the counting rate. In this work, we review the techniques to determine
the detector dead time that can be applied with an accelerator-driven subcritical system or a spallation source. For the case of a
spallation source, counting rates do not follow Poisson’s statistics because of the multiplicity of the number of neutrons emitted
by incident proton. It has been found a simple expression that relates the optimal counting rate with the source multiplicity and
the uncertainty in the determination of the dead time.

1. Introduction

A strong interest in intense accelerator-driven neutron
sources for different applications has grown in the last
decades. Although a number of reactions is available for neu-
tron production with accelerated particles (photoneutrons,
D-Be. . .), preferred technology for these neutron sources is
spallation, because it provides the highest neutron yield per
unit of energy of the incident particles. Neutron spallation
sources consist of a high-energy proton accelerator coupled
to a high Z target. Typically, a 1000 MeV incident proton
beam could produce ∼50 nucleons per incident proton,
approximately half of them neutrons [1]. In this way, very
intense neutron fluxes can be obtained (over 1015 n/cm2 s).
Although current mode detectors are generally preferred for
monitoring such high fluxes, pulse mode detectors are also of
interest because of their ability to record information from
the individual detector signals. However, if a pulsed mode
detector is used to monitor such high fluxes, it can become
saturated because of dead time effects.

An important application of spallation sources is to drive
accelerator-driven systems (ADSs). An ADS consists of a
subcritical reactor driven by an external spallation neutron
source. The interest in these systems has risen since the
1990s [2–6] as it has been recognized their ability to reduce
the volume and radiotoxicity of high-level nuclear waste.
Operation of ADSs requires the monitoring of the neutron
source intensity and the neutron flux within the reactor,
for instance, to apply reactivity monitoring techniques such
as the current-to-flux technique or pulsed neutron source
(PNS) techniques [7–9]. Again, for this purpose, it is
required to measure neutron fluxes high enough to likely
cause saturation of the detectors used.

Therefore, the operation of both spallation sources and
ADSs requires the monitoring of intense neutron fluxes
that can cause detector saturation problems. Hence, a
good characterization of the detector dead times becomes
mandatory.

The measurement of dead times is usually accomplished
using two constant-intensity neutron sources (the so-called
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two-source method). However, in Section 2 we propose
alternative techniques that are suitable to be directly applied
to measurements in spallation sources or ADS, without
the need of dedicated calibration experiments and that
can provide a better characterization of the dead time of
the detector system than the two-source method. These
techniques have been applied to the experimental results
obtained at the Yalina-Booster subcritical facility [10, 11]
during the EUROTRANS [12] experimental campaign car-
ried out in this facility.

Finally, the combination of the saturation effects at high
counting rates and the poor statistics at low counting rates
cause that there must be an optimal counting rate with a
minimum relative uncertainty. The determination of this
optimal counting rate for the case of an spallation source is
complicated by the non-Poissonian nature of the spallation
process. This problem will be addressed in Section 3.

2. Measurement of Dead Time

The dead time of a detector is defined as the minimum time
interval that two consecutive counts must be separated in
order to be recorded as two different events. The effect of
having a dead time in a detector used to monitor counting
rates is that the measured counting rates will be lower
than the real ones. However, the real counting rate can be
determined from the measured one if the dead time of the
detector is known.

To obtain a formula for relating the real and the measured
counting rates in a detector system affected by dead time, it
must be taken into account that there are two fundamental
behaviors for the dead time. They are referred as paralyzable
and non-paralyzable [13, 14] (also called extendable and non-
extendable, resp.). In a detector affected by paralyzable dead
time, events that occur during the dead time of a previous
one, and consequently not recorded, also produce a dead
time. In other words, the effect of this last event can be
regarded as extending the dead time of the previous one. On
the contrary, in a non-paralyzable detector, events occurred
during the dead time of a previous event are neither detected
nor cause an additional dead time. For instance, fission
chambers are affected by paralyzable dead time because a
fission occurring during the time that the detector is ionized
after a previous event also causes additional ionization, thus
extending the dead time. On the contrary, some elements of
the electronic chains can introduce a non-paralyzable dead
time if they ignore the counts arrived during the time they
are processing or recording a previous one.

The relationship of the real counting rates with the
measured counting rates is well known for these two basic
models. If we denote by N the real counting rate, by M
the measured counting rate, and by τ the dead time and
considering that the non-dead time disturbed distribution is
Poissonian, M and N are related by

N = M

1−Mτ
, (1)
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Figure 1: Relative value of the dead time correction for different
counting rates considering (1), (2), and (3).

for the case of a non-paralyzable dead time, and by

M = Ne−Nτ , (2)

for the case of a paralyzable dead time.
These formulae are derived for an initially Poissonian

process. This is the case of radioactive decay, but not the case
of either fission or spallation. In the case of nuclear fission,
the probability to have a fission in the immediate instants
after a previous one is higher than that for the Poissonian
process because of the secondary neutrons emitted in the
fission process. In fact, the non-Poissonian nature of the
fission process, constitutes the basis of the neutron noise
techniques. Nevertheless, for dead time correction purposes
the deviation from the Poisson distribution is small enough
and the formulae derived for the Poisson process can be
applied for fission. The spallation process is not a Poissonian
process. This fact will be further discussed in Section 3.

In practice, however, these two models of dead time are
idealized models, and actual detectors systems have neither
a paralyzable nor a non-paralyzable dead time, but a com-
bination of both. Furthermore, detector systems comprise
additional elements (amplifiers, etc.) that add additional
dead times to the dead time of the detector itself. Hence, it is
common to study the behavior of series arrangements of dead
times. Quite obviously, a series arrangement of dead times
is only relevant when the first dead time is shorter than the
following ones, because otherwise only the first dead time is
to be taken into account. See, for instance, [14] for further
details. Notice that for small dead time corrections, that is,
if τ � 1/N , both correction formula (1) and (2) can be
approximated by the same first-order Taylor term:

N =M(1 +Mτ). (3)

And therefore, first-order dead time corrections are
independent on the model of dead time. The relative value
of the dead time correction considering each one of (1), (2),
and (3) for different counting rates is presented in Figure 1.

Several techniques are available for the experimental
determination of dead times [13, 14]. The most simple one
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Figure 2: Two-source method.

is possibly the two-source method, described in Section 2.1.
Beside these techniques, in this study we suggest another two
techniques for dead time determination. The first technique
(Section 2.2) is applicable with variable intensity sources
such as spallation sources or ADSs. With the second tech-
nique (Section 2.3), the dead time is determined from the
distribution of time intervals between consecutive detector
counts.

2.1. The Two-Source Technique. The most usual technique to
measure the dead time τ is the two-source technique [13, 15].
Let us consider that we have two sources S1 and S2 placed
at distances d1 and d2 from the detector, as it is shown
schematically in Figure 2.

In the absence of sources, the detector gets only the
background radiation level B c/s. When the source S2 is
removed and only S1 is present, the detector gets N1 + B c/s
and detects M1 c/s. Therefore, from (3),

N1 + B =M1(1 +M1τ). (4)

Similarly, in absence of S1 and with only S2 present, we
will have that,

N2 + B =M2(1 +M2τ). (5)

And with both sources,

N1 +N2 + B =M12(1 +M12τ). (6)

Working out the dead time from these three equations,

τ = M1 +M2 −M12 − B
M2

12 −M2
1 −M2

2
. (7)

From the uncertainties in the right-hand side (Poisson
statistics)’s it is immediate to estimate the uncertainty in the
dead time. The background B has been included in case that
sources are not intense enough. Usually, it can be neglected,
but this simplification introduces a systematic error in the
measurement.

2.2. Dead Time Determination Varying the Source Intensity.
In an ADS or, more generally, in an accelerator-driven neu-
tron source, the ability to change the accelerator intensity can
be applied for detector dead time determination. Typically,
the neutron flux measured at any point of the assembly is
proportional to the source intensity. Therefore, if the detector
used to measure the flux within the assembly is not affected
by dead time, the measured counting rate in this detector

will be linear with the accelerator intensity; say N = kIA.
If it is affected by dead time, the measured counting rate in
the detector will be related with the source intensity by an
equation similar to (3):

kIA =M(1 +Mτ) =⇒ IA
M
= 1
k

+
τ

k
M. (8)

Hence, from the linear fit of IA/M to M, the dead time τ
of the detector can be determined. This technique can be also
applied using the counting rates in a second detector with a
much lower sensitivity so that it is not affected by dead time,
instead of the accelerator current IA.

A variant of this technique using a single detector can be
also applied in an ADS if the source-jerk technique is used
for reactivity monitoring. The source-jerk technique [16–18]
is based on the kinetic response of the neutron flux in the
system to a sudden removal of the external source. In this
case, the counting rate in the flux monitors experiences a
fast decay due to the decay of the prompt neutrons followed
by a much slower decay due to the delayed neutrons, in
such a way that it can be considered that the counting
rate ends in a constant level in the millisecond scale. This
situation is shown in Figure 3, where the neutron level before
the source removal is denoted by N0 and the neutron level
after the source removal (due to the slowly decaying delayed
neutrons) is denoted by N1.

It can be obtained in the point kinetics model that the
reactivity of the reactor (in units of dollars) is related with
the ratio N0/N1 by the expression

ρ($) = 1− N0

N1
=⇒ N0 =

(
1− ρ($)

)
N1. (9)

Equation (9) constitutes the basis of the source-jerk
technique. If we consider that at the counting rate N0 the
detector is affected by dead time (at therefore it measures a
counting rate M0) but the counting rate N1 is low enough
not to be affected by dead time, we can write an expression
similar to (8) replacing IA by N1, M by M0, and k by 1−ρ($):

N1

M0
= 1

1− ρ($)
+

τ

1− ρ($)
M0. (10)

Hence, if it is possible to operate the ADS with different
values of the source intensity (and therefore of N1 and
M0), we can use source-jerk experiments to determine both
the reactivity of the assembly and the dead time of the
detector. An example of the application of this technique
to the experimental results in Yalina-Booster is presented in
Figure 4.

However, the application of (8) or (10) for the determi-
nation of the detector dead time, either with two detectors
with different sensibilities or with a single detector and
the source-jerk technique, has been found to be limited
in practice by a number of causes, including the presence
of spatial and energy effects that make the point-kinetics
model lose validity, source stability requirements before the
source removal, and dynamical effects that may cause the
reactivity to vary with the power level and thus with the
source intensity.
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Figure 4: Example of the application of (10) to the source-jerk
experiments at the Yalina-Booster subcritical facility.

2.3. Dead Time Determination from the Distribution of Time
Intervals between Consecutive Counts. We have considered
another technique to determine the detector dead time
that requires a single detector and a single counting rate.
This technique arises from the distribution of time inter-
vals between consecutive counts. Modern data acquisition
systems such as the one used during the EUROTRANS
experiments at Yalina-Booster can register the times of
individual detector signals instead of average counting rates.
It is well known that for a Poissonian process the distribution
of time intervals between consecutive counts (let us denote
it by I1(t)) takes the shape of a simple exponential. However,
the presence of a dead time alters this distribution. Analytical
formulae for this distribution are known for a long time for
the cases of a simple paralyzable or non-paralyzable dead
time [14]. For the non-paralyzable case this formula reads

I1(t) = Ne−N(t−τ), for t > τ; (11)

while, for the paralyzable case

I1(t) = N
J∑

j=1

1(
j − 1

)
!

[−N(t − jτ
)] j−1

e− jNτ , (12)

where J is the largest integer below t/τ. For the case of
a series arrangement of dead times, the determination of
the analytical shape of I1(t) becomes cumbersome and the
reader is referred to the bibliography [19, 20]. Nevertheless,
the shape of I1(t) for complex arrangements of dead times
can also be determined with Monte Carlo simulations.
For this, we have implemented a program that generates
events simulating an initial Poisson random process and
then applies successively dead times of different types.
Some results obtained with this program are presented
in Figure 5. They are the cases of a purely paralyzable
and non-paralyzable dead time, as well as the cases of
series arrangements of two dead times: paralyzable/non-
paralyzable and non-paralyzable/paralyzable. Normalization
has been chosen so that

∫∞
0 I1(t)dt = 1 for the unperturbed

Poisson distribution; with this normalization I1(0) is equal
to the counting rate of the unperturbed Poisson distribution.
Notice the clear differences in the shape of I1(t) among these
cases. This causes that the shape of I1(t) can be used to
determine not only the value of the dead time of the system
but also its nature (paralyzable or non-paralyzable) even in
the presence of complex series of dead times.

An example of the application of this technique obtained
in Yalina-Booster is presented in Figure 6. The determination
of the value of the dead time was straightforward, but the
determination of the type of dead time or if several types
were present was impossible because of the presence of some
ringing effects that are visible in the figure. Notice as well that
(11) and (12) are derived for a strictly constant counting rate;
variations of the source intensity in actual systems also alter
these results.

3. Optimal Counting Rate with a Spallation
Neutron Source

If the detector is placed very close to a spallation neutron
source, it can become saturated; if it is placed too far away,
statistical resolution is very small. From here it can be
inferred that there must exist an optimal position in which
the relative uncertainty of the counting rate is minimal. Let
us consider the case of a non-paralyzable dead time. In this
case, if we denote by m = MΔt the number of counts in the
detector in the interval Δt, we have from (1) that

N = m/Δt

1− τm/Δt . (13)

The uncertainty in N can be estimated from the vari-
ances:

σ2
N =

(
∂N

∂m

)2

σ2
m +

(
∂N

∂τ

)2

σ2
τ . (14)

Partial derivatives can be computed from (13) as follows

∂N

∂m
= N

m
(1 + τN),

∂N

∂τ
= N2. (15)

For a radioactive source, which follows a Poisson-like
distribution of detection probabilities, we have that σ2

m = m,
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Figure 5: Distribution function I1(t) for intervals between adjacent random events (counting rate 106 counts/s, 109 counts in the simulation).

but a spallation source, because of the neutron multiplicity
μ, the distribution of detection probabilities differs from the
Poisson distribution. In a first approximation, we have that
[21]

σ2
m = m

(
1 +Dμ

)
, (16)

where D is the Diven factor, which is close to the unity.
Notice that if the neutron multiplicity is zero, the variance
corresponds to that of a Poisson process. With these

conditions,

σ2
N =

N2

m2
(1 + τN)2m

(
1 +Dμ

)
+N4σ2

τ . (17)

Replacing m by the first-order approximation m �
NΔt(1 − Nτ) and approximating the first term in the right-
hand side to the first order in Nτ, we find the following
expression for the relative error in σN :

ε2
N =

(
σN
N

)2

= (1 + 3τN)
N

(
1 +Dμ

)

Δt
+N2σ2

τ . (18)
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The optimal counting rate is the one that minimizes the
relative error εN :

∂ε2
N

∂N

∣∣∣∣∣
N=Nop

= 0 =⇒ − 1
N2

op

(
1 +Dμ

Δt

)
+ 2Nopσ

2
τ = 0. (19)

Working out Nop in this equation, we finally find that

Nop = 3

√
1 +Dμ

2σ2
τΔt

. (20)

Typical values for the problem are given in Table 1.
With these values, optimal counting rate is 1.05 × 105 (c/s).
Correction by dead with these parameters is about 20%,
in the limit of the first-order approximation (3). The only
parameter one can change in (20) is Δt so if we choose
10 s instead of 1 s, the new optimal counting rate becomes
0.48× 105 (c/s), and the correction is now 10%, low enough
for using (3). Therefore, the detector must be placed at points
with counting rates about 4× 104 (c/s). Diven’s factor can be
taken as the unity without a large error in the computation
of the optimal counting rate.

4. Conclusions

In addition to traditional techniques for dead time mea-
surement, we propose in this work two alternative methods
to determine detector dead times. The first of them can be
applied with variable intensity sources, such as accelerator-
driven neutron sources. This method consists in studying
the relationship between the detector counting rate and the
source intensity that results of the presence of dead time in
the detector system. A variation of this technique can be
applied measuring the counting rate in a second detector
with a lower counting rate (i.e., with negligible dead time
effects) instead of the source intensity. Another variation
of this technique, which does not require either a second
detector or knowing the source intensity, can be applied in an

Table 1: Multiplicity, Diven’s factor dead time, and measurement
time for a typical problem.

μ D τ (μs) Δt (s)

20 1.1 2± 0.1 1

ADS making most of the results of the source-jerk technique,
used to determine the reactivity of the system.

The second method we propose to determine the dead
time of a detector system can be applied if the data acquisi-
tion system registers the times of individual detector events
instead of counting rates. In this way the distribution of
time intervals between consecutive counts can be obtained,
from which the detector dead time can be determined. This
method has the advantage of requiring no additional detector
and only one counting rate. In addition, this method is
in principle capable of determining the type of dead time
(paralyzable or non-paralyzable) even in the case of complex
arrangements of dead times.

Finally, we remark that neutrons produced in a spallation
source do not follow the Poisson statistics because of the
multiplicity in the neutron production. An expression has
been found that relates the multiplicity, the measurement
interval, and the variance of the detector dead time. This
expression allows placing neutron monitors where the
relative error is minimal.
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One important safety aspect of any reactor is the ability to shutdown the reactor. A shutdown in an ADS can be done by stopping
the accelerator or by lowering the multiplication factor of the reactor and thus by inserting negative reactivity. In current designs of
liquid-metal-cooled GEN IV and ADS reactors reactivity insertion is based on absorber rods. Although these rod-based systems are
duplicated to provide redundancy, they all have a common failure mode as a consequence of their identical operating mechanism,
possible causes being a largely deformed core or blockage of the rod guidance channel. In this paper an overview of existing
solutions for a complementary shut down system is given and a new concept is proposed. A tube is divided into two sections
by means of aluminum seal. In the upper region, above the active core, spherical neutron-absorbing boron carbide particles are
placed. In case of overpower and loss of coolant transients, the seal will melt. The absorber balls are then no longer supported and
fall down into the active core region inserting a large negative reactivity. This system, which is not rod based, is under investigation,
and its feasibility is verified both by experiments and simulations.

1. Introduction

One of the most important safety features of all reactor types
is the ability of shutting down under all circumstances. This
is in particular true for GEN IV reactors because they are
designed to be safer than currently existing reactors thus also
the ability to shut down the chain reaction must also be
more reliable. In current PWR reactors shutting down the
reactor can be accomplished in two completely independent
and diverse methods. The first method is the insertion of
safety and control bars by means of gravitation or other
passive methods. The second method is the dissolution of
the neutron absorbing boric acid into the primary water. For
the liquid-metal- and gas-cooled GEN IV reactors (LFR, SFR,
and GFR), the second method cannot be used because there
are no liquid absorbers that can be dissolved in sufficient
quantity in the liquid metal or gas, and even if such an

absorbent would exist, cleaning the liquid metal after a
SCRAM would be very expensive. In a liquid-metal-cooled
ADS, there are in principle two different ways to shut down
the reactor. First the accelerator can be turned off, leading to
a safe shutdown of the subcritical core. Second the reactor
power can be lowered by decreasing the multiplication factor
of the core by inserting negative reactivity. This is the same
problem as inserting reactivity in a critical reactor. (Note that
this only decreases the power level and thus is not as effective
as in a critical reactor.) The problem is therefore relevant for
both ADS and critical reactors.

This paper focuses on inserting negative reactivity in a
liquid-metal-cooled core, using a diverse operating principle
compared to control/saefty rods. First it gives a short
overview of the existing solutions to this problem. It finally
presents a new concept that can be used in liquid-metal-
cooled reactors and replaces the dissolution of a neutron
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Figure 1: Conceptual drawing of the hydraulically suspended ab-
sorber ballssecondary SCRAM system [1, 2].

absorber into the primary coolant. This concept is demon-
strated by both simulations and experiments.

2. Overview of Existing Concepts

2.1. Hydraulically Suspended Absorber Balls. The hydrauli-
cally suspended absorber balls concept [1, 2] was designed
by Rockwell International for use in sodium-cooled reactors.
An illustration of this concept is shown in Figure 1. It uses
spheres made of a neutron-absorbing material, tantalum,
which are hydraulically suspended by the upward flow of the
sodium coolant. In case this flow is interrupted, either by loss
of coolant or by loss of flow, this upward force disappears and
the tantalum spheres drop into the active core region. In this
way they insert a negative reactivity shutting down the fission
chain reaction. This system has the advantage of being self-
actuating but can also be activated by a SCRAM system since
it has a valve that can shut down the flow in case of SCRAM.

2.2. Liquid Absorber with Melt Seal. This concept, called LIM
(lithium injection module) and illustrated in Figure 2, uses
liquid lithium neutron poison in tubes. It was conceived for
use in the Rapid and Rapid-L [3, 4] lithium-cooled reactor
design concepts. These are self-controlling reactor concepts
which do not require the intervention of an operator. An alu-
minum seal keeps a liquid poison (Li6) above the active core
region during normal operation. In case of overpower, loss
of coolant, and loss of flow accidents, the seal temperature
increases, and at approximately 650◦C it melts, thus releasing
the Li6 into the active core region. This system is fully self-
actuating, but it cannot be activated by a SCRAM system.
The disadvantage of this system is that Li6 is not a very
good neutron absorber, is chemically reactive, and is quite
expensive.

2.3. ALMR Ultimate Shutdown System. The American
ALMR [5], advanced liquid metal reactor, also plans to have

Al melt seal

Core region

Normal operation Temperature excursion

Li6 liquid
absorber

Figure 2: Liquid absorber concept with melt seal from [3].

a complementary shutdown system. This system also uses
absorber spheres that are kept in a central channel above
the core in normal operation by means of a seal. In case
of SCRAM, the seal is ruptured by means of a mechanical
device. With the seal ruptured, the balls are then free to flow
in the active core region. This system is not self-actuating and
requires a SCRAM signal.

2.4. Gas Expansion Modules. A self-actuating system for use
in gas fast reactors (GFRs) was proposed, based on the gas
expansion modules [6]. In this system a boron carbide rod is
submerged into a liquid metal. The level of the liquid metal,
and thus boron carbide rod, is controlled by the liquid metal
vapor pressure in the system. In an anticipated transients
without scram, temperatures will increase resulting in an
increased vapor pressure, decreasing the level of the liquid
metal and thus inserting the neutron absorbing boron
carbide rod into the active core region. Although this system
is self-actuating and even self-resetting, it has an operational
similarity to the control rod-based systems.

2.5. Articulated Absorber Rod. A complementary SCRAM
system using an articulated absorber was implemented in
the German SNR-300 [7–9] reactor. The system consists of
three absorber elements linked in a chain. When the reactor
is scrammed, the chain is pulled up through the core by
means of an accelerator spring. Due to the flexibility of the
chain, the assembly will conform to a duct with a bow that
is several times larger than the maximum bow calculated for
the guide tube [7]. However, other blocking scenarios may
arise, and the articulated absorber rod might in those cases
be too similar to a conventional absorber rod.

3. Presented Concept

The concept that is presented in this paper aims at combining
some of the strong points of the currently existing concepts.
The presented concept is shown in Figure 3 [10]. It consists
of a tube, with the same diameter as a fuel pin, in the central
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Figure 3: Presented concept for a secondary SCRAM system using
absorber spheres and an Aluminum melt seal.

position of every fuel assembly. The tube is divided into two
sections by means of aluminum seal similar to the melting
seal in the LIM concept. In the upper region, above the active
core, spherical neutron-absorbing boron carbide particles are
placed. In case of overpower and loss of coolant transients,
the seal will melt. The absorber balls are then no longer
supported and fall down into the active core region inserting
a large negative reactivity.

A solid absorber was selected here because liquid-ab-
sorbing materials are rare and their negative reactivity ef-
fect is much lower compared to solid absorbers such as tan-
talum and boron carbide. A solid absorber has however the
disadvantage that the flow of solid particles is not as well un-
derstood as the flow of liquids. Therefore it is clear that the
absorber particle flow will be an important aspect of study
for this concept.

The concept is also self-actuating just like the hydrauli-
cally suspended absorber balls and the liquid insertion with
melting seal. It is however mechanically simpler than the
hydraulically suspended balls which might contribute to the
overall reliability. Unlike the hydraulically suspended ab-
sorber balls, it is not resettable and the reaction times might
be longer.

Because this system is placed in every assembly, it has a
distributed character similar to the dissolution of boric acid,
unlike the primary SCRAM system using absorber rods that
are localized to a few fixed positions or the ALMR ultimate
shutdown system that is situated only in the central channel.
Due to the flow-like behavior of the absorber balls, it is
less prone to failure due to channel deformation/blocking
than the absorber rods even though this issue has to be
investigated.

Given the newly presented concept, a few questions re-
quire an answer before it can actually be used.

(i) Can it provide sufficient negative reactivity to shut
down a reactor?

(ii) Will the particle flow block by itself?

(iii) What is the optimal diameter of the spheres?

(iv) Will the particle flow block when in contact with the
molten seal?

(v) Will the system be fast enough?

The following sections will address most of these questions,
although further research is still needed.

4. Neutronic Effectiveness

Two important requirements of a SCRAM system are first to
be able to insert sufficient negative reactivity to shut down
the reactor under all circumstances and second to have a
minimal impact on the normal operation of the core.

These two requirements can be verified using static
MCNPX [11] calculations. This has been done on a critical
variant of the MYRRHA core [12]. MYRRHA is a lead-
bismuth-cooled experimental accelerator-driven system.

In the reference subcritical core of MYRRHA, four fuel
assemblies were added in order to obtain a critical core. In
every assembly one fuel pin in the center was replaced with a
SCRAM pin. These pins have been tested for their effective-
ness with several materials. For every material the reactivity
in normal operating case, where the absorber spheres are
above the critical core, was compared to the scrammed case,
where the absorber case was in the critical core region. This
value yields the reactivity worth of the SCRAM system.

Also the normal case, where the spheres are above the
critical core, was compared to a reference case, without the
SCRAM system. This yields the reactivity influence of the sys-
tem at normal operation.

The density for the sphere stacking is 61% of the theo-
retical density of the material that was used. This is the pack-
ing factor found in experiments when spheres are poured
into a random stacking and conform to the value described
in the literature [13]. Experiments have also shown that this
packing factor is very constant, with maximal deviation of
about 0.5% points.

Table 1 shows both the impact of the secondary SCRAM
system on the normal operation, as well as the SCRAM
worth. Most of the effect on normal operation is caused by
removing the fuel as can be seen with very ineffective ab-
sorbers, such as natural lithium. By far the most effective
absorber material is enriched boron carbide. Another inter-
esting candidate is however tantalum; although its neutron
worth is not very high, it has the advantage of being heavier
than lead bismuth and would therefore work reliably even
when the SCRAM channel would be flooded. As a first op-
tion, 90% enriched boron carbide is retained. When channel
flooding proves to be an important issue, tantalum can be
considered as a valuable alternative.

5. Absorber Particle Flow Study

The presented concept relies heavily on the flow of the ab-
sorber spheres to shut down the reactor. Since particle
flows are less well understood than liquid flows, verification
of the reliability of this principle is therefore vital. This
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Table 1: Impact on normal operation and SCRAM worth for different neutron absorbing materials in per cent mille (pcm). For all materials
except lithium, which is a liquid at the working temperatures, 61% of the theoretical density was used. Uncertainty on these values is about
150 pcm.

Absorber mat. Density (kg/m3) Normal (pcm) SCRAM (pcm)

Natural B4C 1540 −789 −1178

90% B10 B4C 1540 −1368 −4565

Natural Li 530 −847 −18

90% Li6 530 −931 −1869

Europium 3198 −840 −1132

Tantalum 10130 −876 −600

verification has been done both experimentally as well as
with simulations. In a first instance, the particle flow is simu-
lated alone without interaction of the molten aluminum seal.
In a later stage the simulation of the seal will be done together
with the particles giving a full simulation of the secondary
SCRAM system. In this section only the results concerning
the particle flow are discussed.

5.1. Simulation of Absorber Particles Flow Dynamics. The
simulations are done using the DEMeter [14] general-pur-
pose discrete element method (DEM) program, which is de-
veloped at the KU Leuven. The simulation scheme is shown
in Figure 4.

The simulation starts with the particles in an initial posi-
tion. The next step is to find all particles that are in contact
with each other and compute the overlap they have. Based on
this overlap and other parameters such as contact history, the
normal and tangential forces are computed using a contact
force model. All the normal and tangential forces working
on a particle are then summed to one force and moment
working in the center of gravity of the particle. Finally the
forces are integrated to a new velocity and the velocity to a
new particle position, and the scheme is repeated.

The choice of the selected normal and tangential force
models is largely determinant in the accuracy of the simula-
tion.

The normal contact force model is a Hertz-Kuwabara-
Kono model [15, 16]:

Fn = 4
3

√
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i j k
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ξ3/2 +

Ai + Aj

2
ξ̇
√
ξ

)
. (1)

With k the contact stiffness and A the viscous normal damp-
ing parameter of particle i or j, the overlap between particle
i and j is given by ξ, the effective radius Reff
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The contact stiffness k is given by
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with E, ν, respectively, the Young modulus and the Poisson
ratio.

Problem initialization

Compute interaction forces
using a model

Assemble forces per particle

Integrate motion equations
over time step

Next time step

Find colliding particles

Figure 4: Scheme of the DEM simulation.

The tangential model is the Vu-Quoc tangential force
model [17, 18]. This model is based on the Mindlin and
Deresiewicz [19] theory for elastic frictional contact.

These models very accurately describe the forces between
spheres in contact and require only physical constants to be
known, being the Young modulus, viscous damping con-
stant, and the static and dynamic Coulomb coefficients of
friction μs and μd.

Due to the number of particles that amounts to several
hundred thousands and the very small time steps required,
the computational cost of the simulations is very high. To
be able to complete the simulations in a reasonable time
a, GPU- (graphics processing unit) based version of the
DEMeter code was developed and used. This allowed for a
speedup of 30 compared to the CPU-based version.

5.2. Experimental Investigation of Absorber Particle Flow
Dynamics. The simulations done with the Demeter tool are
compared to experiments. The experimental setup is shown
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Figure 5: Schematic representation of the experiment.

in Figure 5 and consists of a 6 mm cylindrical glass tube filled
with spherical “Ballotini” glass particles with a diameter
of 500 ± 30μm. The tube diameter is representative for the
diameter of fuel rods used in the MYRRHA design.

The glass particles are kept in their initial position by a
magnetic solenoid valve. The particle velocities are measured
at three different heights (22 mm, 78 mm, 130 mm) from the
bottom section of the tube. After the tube has been filled,
the entire setup is completely enclosed in a vacuum chamber.
This geometry is different from the real safety system, in the
sense that the lower part of the tube is not present in the
experiment. This has been done because it is much easier
to do the experiments with the solenoid valve with this
geometry. Additionally it is not expected that the lower part
of the tube will have a significant influence on the particle
flow. To measure the velocities of the particles, an optical flow
method [20] has been selected. This has the advantage that
the measurement does not influence the particle flow at all
since it is nonintrusive. Optical flow measurement is a tech-
nique where images of the particle flow are taken at high
frame rates. After capture, the frames are processed and sub-
consequent frames are compared to each other to determine
the magnitude and direction of the motion.

5.3. Results of the Particle Flow Analysis. For a tube filled to a
height of 200 mm with glass spheres, the velocity evolution
found both by experiments and simulations is shown in
Figure 6. The experiment has been repeated 20 times in
order to obtain an error estimation on the experiment. The
velocities for the simulations are a cross-sectional average
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Figure 6: Glass sphere velocity measured at 22 mm above the bot-
tom of the tube as a function of time.

of the particles that would be visible by the experimental
sensor. On average 100 particles are taken into account for
this averaging.

Surprisingly the experiments are highly repeatable, yield-
ing very similar results. This can be seen in the generally
small error bars plotted on Figure 6. The standard deviation
on the total time needed to empty the tube is less than 3%
This feature is of course an advantage for a safety system. The
change in error bar range is caused by the fact that the optical
sensor sometimes is unable to track sufficient particles to
yield an accurate velocity value. During periods with reduced
particle density, this will increase the error bar drastically.

The particle velocity profile shown in Figure 6 is a simple
acceleration of the particles as would be expected for particles
in free fall mode. However, the particles are not in free fall
mode; they do have interaction with the tube wall. This can
be seen by the fact that the acceleration of the particles is not
9.81 m/s2 but closer to 6 m/s2. These interactions thus cause
an energy loss. This energy loss however appears to be quite
independent of the particle velocity, proven by the straight
line in the velocity profile of the particles.

At the end of the graph, it can be observed that the
velocity suddenly drops back to 0 m/s. This is simply due to
the fact that the tube has been emptied and that there are
no more particles to measure. The simulations predict the
experimental data quite well, with a maximal difference in
predicted time needed to empty the tube of about 5%.

5.4. Ideal Particle Size. The diameter of the absorber spheres
is one of the few remaining free parameters that still can
be optimized. Other parameters such as tube diameter and
tube wall thickness, are determined by the necessity of not
influencing the normal thermal hydraulics of the reactor. The
location of the seal is fixed at the top of the active core region.
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Packing factor as function of the particle diameter
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Figure 7: Packing factor of the particles in the tube as function of
the particle diameter.

This is a logical choice because at that location temperatures
will be the highest, leading to shorter reaction times.

The absorber sphere size can be optimized for several
goals: firstly it should be the size with a very low probability
for blocking, next it should flow as fast as possible, and finally
a high packing factor is desirable since it will increase the
neutronic efficiency.

When the particle size becomes too small ≤100–250 μm,
it is no longer the gravity force combined with collision
forces that dominate and determine the movement of the
particles. Other forces such as electrostatic, air friction,
and especially Van der Waals forces become dominant. The
latter one is an attractive force and reduces the free flowing
capabilities of the particles. On top of deteriorated flow
properties and a seriously increased risk of flow blockages,
the flow becomes less easily predictable by simulations, due
to the difficult to model electrostatic, and Van der Waals
forces.

Choosing particles that are very large such as 1/2 or
1/3 of the tube diameter is also disadvantageous for several
reasons. First of all they have a relatively high risk of blocking.
Simulations and experiments show that the risk of blocking
might be as high as 90% for diameters larger than 1.8 mm,
although this risk seems to be very sensitive to the diameter
in this region. Additionally the flow with these particles is
slower compared to smaller sphere flows as can be seen in
Figure 8 where the particle velocity is plotted for several
diameters. Finally they have a lower packing factor as can be
seen in Figure 7 showing the packing fraction as a function of
the diameter. The packing factor is a decreasing function of
the particle size, which can be expected since the wall effect
on the stacking becomes increasingly important.

For the proposed complementary SCRAM system, this
limits the possible range for the particle size between 500 μm
and 1000 μm or between 1/12th and 1/6th of the tube
diameter. The exact choice here is not very important; it can
be seen in Figure 8 that in this diameter range the particle
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flow velocities are very insensitive to a change in particle
diameter. Also the packing factor is not very sensitive to the
exact choice of the diameter as can be seen in Figure 7 where
the difference in packing factor between 500 μm and 1000 μm
is less than 3%. For the envisioned range of particle diameters
between 500 μm and 1000 μm, it was found impossible to
find a single simulation that showed a blocking flow in over
3000 simulations. Also experimentally using 500 μm spheres,
not a single experiment showed a blocking flow in over 400
experiments.

6. Absorber Particle-Metal Seal Interaction

This section describes the modeling of the interaction of
the absorber particles and the aluminum seal that keeps the
particles above the seal during normal operation and melts
during a transient.

6.1. Molten Seal Modeling. The melting dynamics of the
aluminum seal is modeled using smoothed particle hydro-
dynamics (SPH) [21]. SPH is a Lagrangian particle method
that does not require a computational mesh. It can be used
to model a compressible fluid moving arbitrarily in three
dimensions. SPH is very suitable to model free surface flows
[22], and due to its particle-based nature, interaction with
solid DEM particles can be easily implemented, which is
the reason why this technique was selected to simulate the
melting seal. The SPH equations for a liquid are obtained
from the continuum equations of fluids dynamics by inter-
polating density, velocity, and so forth, from a set of points
which may be disordered [23]. The standard smoothed parti-
cle hydrodynamics method is extended with an energy trans-
port equation [24], a simple melt model for the seal, and a
surface tension model [25].
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(a) (b) (c)

Figure 9: Comparison between experimentally obtained seal shape (a) and shapes predicted by the simulation (b), and an overlay of simu-
lation and experiment (c).

Figure 10: Combined seal and particle simulation with a 0.25 mm seal, rupturing under the weight of the particles.

It was found experimentally that aluminum seals with a
thickness of 1 mm and a diameter of 6 mm do not flow when
molten but are kept steady by the surface tension. The seal
shape deforms slightly as can be seen in Figure 9 where the
experimentally obtained shape of the molten seal is com-
pared to the predicted shape by the simulation. In order to
have a functional secondary SCRAM system, the seal thick-
ness has been reduced to 0.25 mm.

6.2. Seal-Particle Interaction. The aluminum seal has mech-
anical interaction with the solid absorber spheres both before
the activation, when the aluminum seal is supposed to
keep the particle above the core, and during the activation,
when liquid aluminum seal can possibly mix with the solid
particles. During the possible mixing between the solid parti-
cles and the molten seal, the seal could resolidify and form a
blocking particle-seal conglomerate.

Because no wetting interaction between the aluminum
and the boron carbide was observed, it was deemed sufficient

to model the interaction using a Lennard-Jones potential
barrier [26]:

�F = A

[(
σ

d

)12

−
(
σ

d

)6
](
�x1 −�x2

)

d2
, (4)

where A is a strength parameter, scaling the Lennard-Jones
force, d is the distance between points �x1 and �x2, and σ is
the distance at which the force is exactly zero, sometimes
also called repulsion distance. If the distance between the two
particles is shorter than σ , there is a repulsive force between
the two particles; when the distance between the two particles
is larger than σ , there is an attractive force that quickly drops
off with increasing distance.

The combined particle/seal simulation with a 0.25 mm
seal is shown in Figure 10. The outer surface of the secondary
SCRAM system is supposed to have an instantaneous tem-
perature increase from 450◦C to 700◦C or 50◦C above the
melting temperature of the aluminum seal. As can be seen,
the particles rupture the liquid seal and are released into



8 Science and Technology of Nuclear Installations

Figure 11: Combined experiment.

Figure 12: 0.25 mm seal bottom view.

the core. The release of the particles, shown in the second
image in Figure 10, occurs after 450 ms. The seal remains at-
tached to the tube itself during the release of the particles and
remains there afterwards.

In order to validate these results, the combined exper-
iment has been repeated with a 0.25 mm seal. An infrared
image sequence of the experimental particle release is shown
in Figure 11. For better comparison, the simulation with the
0.25 mm seal, shown in Figure 10, is shown again in bottom
view in Figure 12. These experiments have been repeated 5
times with consistent results.

The fact that the seal remains attached to the tube both
in experiments and simulations reduces the interaction pro-
bability of the particles and the molten seal and therefore in-
creases the overall reliability of the system.

7. Conclusions

In this paper the need for a secondary method to insert
negative reactivity in an ADS or critical variant of an ADS

prototype was explained. The currently proposed solutions
for a reactivity insertion system have been summarized, and a
new concept proposed. This concept uses spherical absorber
particles that are placed in an empty tube with a similar
diameter as a fuel pin. In normal operation they are kept
above the active core region by means of an aluminum seal.
In case of an accident, the temperature increases and melts
the aluminum seal. This releases the particles into the active
core region.

The flow of these particles is not as well understood as
the flow of a liquid. Therefore this paper first addresses the
flow of the absorber spheres, with both simulations as well
as experiments. The flow was simulated with the discrete ele-
ment method (DEM) and fits the experimental results well.
Also, the ideal diameter range was determined to be between
500 μm and 1000 μm or between 1/12th and 1/6th of the tube
diameter.

As a next step, the possible interaction between the solid
absorber particle and the aluminum seal has been model-
ed. First the seal behavior has been simulated using the
smoothed particle hydrodynamics (SPH) method, which
has been extended with an energy transport equation, melt
behavior, and surface tension model. This model has con-
sequently been coupled to the particle simulation, and a
combined simulation has been done. Using this model it was
found that the time required to release the particles by melt
of the seal in case that the outer surface of the system is 700◦C
is less than 500 ms. Also it was found that the liquid seal
remains attached to the tube when molten and after release
of the particles. This reduces the likelihood of interaction
between the liquid aluminum and the particles and thus
reduces blocking likelihood of the particles.

In the future unprotected and protected transients need
to be done using a system code such as RELAP in order to
verify that the proposed system is able to protect the reactor
during these transients, without interfering with the primary
SCRAM system.
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The ALEPH2 Monte Carlo depletion code has two principal features that make it a flexible and powerful tool for reactor analysis.
First of all, it uses a nuclear data library covering neutron- and proton-induced reactions, neutron and proton fission product
yields, spontaneous fission product yields, radioactive decay data, and total recoverable energies per fission. Secondly, it uses
a state-of-the-art numerical solver for the first-order ordinary differential equations describing the isotope balances, namely, a
Radau IIA implicit Runge-Kutta method. The versatility of the code allows using it for time behavior simulation of various systems
ranging from single pin model to full-scale reactor model, including such specific facilities as accelerator-driven systems. The core
burn-up, activation of the structural materials, irradiation of samples, and, in addition, accumulation of spallation products in
accelerator-driven systems can be calculated in a single ALEPH2 run. The code is extensively used for the neutronics design of the
MYRRHA research facility which will operate in both critical and subcritical modes.

1. Introduction

SCK·CEN, the Belgian Nuclear Research Centre in Mol, is
designing a Multipurpose Hybrid Research Reactor for High-
tech Applications (MYRRHA) [1, 2]. The Accelerator-Driven
System (ADS) concept has been chosen as a basis for this
reactor, assuming that it can operate in both subcritical
and critical modes (clearly without the accelerator running).
The 600 MeV, 4 mA proton accelerator is coupled with the
MOX-fueled core. The lead-bismuth eutectic (LBE) serves as
coolant and spallation target to generate the source neutrons.
To perform the neutronics design of such a system, dedicated
codes must be used. The majority of neutronics codes used
in the analysis of critical systems cannot be applied to
calculations of ADS since multiparticle physics extending
far beyond the energy range typical for nuclear reactors is
involved.

The growth of computing power caused sustainable
increase of the share of Monte Carlo codes in nuclear reactor
and nuclear criticality research and development. These

Monte Carlo codes can provide the most accurate locally
dependent neutronics characteristics in realistic 3D geome-
tries of any complexity. Among them, only the general-
purpose radiation transport code MCNPX [3, 4] is fully
capable to treat ADS-related problems, since it tracks almost
all particle types of nearly all energies. In the upper energy
region (above 20 MeV) it relies on the model calculations
using different intranuclear cascade, preequilibrium and
equilibrium model combinations. However, recent progress
in nuclear data library extensions to higher energies (up to
200 MeV) allows implementing evaluated nuclear data in
neutronics analysis of ADS systems. These evaluated data
are generally more precise than model calculations. Thus
MCNPX coupled with nuclear data libraries is a powerful
tool to perform steady-state particle transport calculations.

However, it has limited applicability to follow the
evolution of the system neutronics characteristics in time.
Its depletion module based on the CINDER90 code [5] can
only be applied to fuel burn-up calculations in criticality
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(KCODE) mode and not in the fixed source mode necessary
to model ADS. In addition, the material activation and
spallation products accumulation cannot be treated at all
thus external depletion codes are required. Among such
depletion codes oriented to calculate time behavior of
nuclide inventories, the SNT code [6] and EASY-2007 code
system [7] can be mentioned. The ADS core burn-up is
reported to be studied with EVOLCODE [8, 9] and MCB [10]
codes. However, to our knowledge, none of these codes is
capable to simulate the behavior of ADS neutronics in time.

There is a noticeable progress in the development of
reactor-oriented Monte Carlo depletion codes such as those
mentioned above: MCNPX with CINDER’90 depletion capa-
bility, MCB, as well as Serpent [11], MURE [12], ACAB [13],
Monteburns [14], Casmo/Simulate [15], and other codes.
The common principle of these codes is that a steady-
state Monte Carlo calculation of neutron fluxes and spectra
is followed by solving the system of first-order ordinary
differential equations (ODEs) for a given time step using
the reaction rates calculated from these fluxes and spectra.
Then the nuclide concentrations are updated and passed to
the Monte Carlo code for recalculation of fluxes and spectra,
and so forth. This procedure repeats up to the end of the
irradiation and/or decay history. As a rule, these codes wrap
around general-purpose Monte Carlo radiation transport
codes (MCNP [16], MCNPX) and depletion codes (ORIGEN
[17, 18], CINDER’90). However, some of them use built-in
depletion modules (MCB, Serpent). The method of coupling
is often realized as a set of scripts which complicates its
utilization by nonexperienced users.

The general-purpose burn-up code ALEPH merging
MCNP(X) (any version of MCNP or MCNPX) Monte
Carlo radiation transport and ORIGEN-2.2 [17] depletion
codes is being developed at SCK·CEN since 2004 [19, 20].
Belonging to the same category of shells coupling Monte
Carlo transport and “deterministic” depletion codes, ALEPH
possess some unique features that distinguish it from other
codes. The most important feature is full consistency of
cross-section data. The same unionized cross section tables
(i.e., cross sections are linearized on the same energy grid)
for a given nuclide are used for Monte Carlo transport and
subsequent depletion calculations. The reaction rates are
calculated at the beginning of each time step using the fluxes
and spectra provided by MCNP(X). ALEPH allows the user
to change materials, temperature, and geometry after each
time step to reflect the irradiation conditions. Finally, the
code is easy to use since it requires only several extra cards in
the MCNP(X) input deck. The validity of ALEPH has been
confirmed for different types of problems [21–23].

However, since ALEPH invokes ORIGEN-2.2 to perform
time evolution calculations, it retains all limitations inherent
to ORIGEN-2.2. This concerns the accuracy of matrix expo-
nential method to solve ODEs and the limited number of
nuclear data involved. The application of the code is limited
to (classical) reactor systems.

The new version of the code, ALEPH2 [24], is free from
these limits and possess some other outstanding features
which altogether make it a powerful and flexible tool to

perform time evolution analysis of various nuclear systems.
It is fully applicable to ADS problems: core burn-up
calculations, activation of structural materials, spallation
product accumulation, and associated radiation source terms
(decay heat release, heat generation by delayed photons,
absorbed doses, neutron sources due to decay) can be
calculated in a single code run which requires a few extra
cards to MCNPX input deck. The features of the code
especially important for ADS-related problems are described
in Section 2 with the main focus on the method to perform
depletion calculations. Section 3 describes the application of
the code to the neutronics design of MYRRHA system and
the conclusions are drawn in Section 4.

2. Basic Working Principles of ALEPH2

Two principal modifications have been made to ALEPH
code: extending the nuclear data set and replacing ORIGEN-
2.2 by built-in depletion module. Besides that, the predictor-
corrector mechanism, calculation of heating during irra-
diation and decay, calculation of neutron sources due to
decay, fuel management as well as some minor corrections to
improve the code performance and facility of use were made.

2.1. Nuclear Data. One of two major improvements con-
cerns nuclear data treatment. ORIGEN-2.2 is capable to
treat only a limited number of reactions (radiative capture,
fission, (n, 2n), (n, 3n), (n, p), and (n,α)). However, the ADS
problems require more extensive nuclear data treatment. The
number of open reaction channels can be significantly higher
and increases drastically for the problems involving energies
beyond those characteristic to nuclear reactors. The auxiliary
utility, ALEPH-DLG [20] wrapping around the NJOY code
[25], was modified to be able to build the nuclear data library
containing nuclide production cross sections up to 1 GeV.
The library can be constructed for a set of temperatures
from basic general-purpose evaluated data files like JEFF-
3.1.1 [26, 27], ENDF/B-VII [28], or JENDL-4 [29]. Then it
is extended to a higher number of nuclides and reactions
per target nuclide by adding the data from the TENDL-
2010 library [30]. TENDL-2010 contains ∼2000 neutron
files for the nuclides with half-lives greater than one second.
The upper energy limit in these files is either 200 MeV for
the majority of stable and important unstable nuclides or
60 MeV for short-lived isotopes. Actinides, however, have
upper limit 20 MeV. The final step is an extension to higher
energies using the HEAD-2009 activation data library [31].
The HEAD-2009 library contains neutron- and proton-
induced data for 684 stable and unstable nuclides from C to
Po in the primary particle energy range 150 MeV to 1 GeV.

Proton-induced reactions can play an important role in
investigating the time behavior of spallation and activation
products in an ADS. The capability to treat proton data was
added to ALEPH. To summarize, the new library constructed
by ALEPH-DLG consists of ∼2000 neutron files and ∼1200
proton files for individual nuclides with half-lives greater
than a second. Files contain up to ∼2000 reaction cross
sections with upper energy limit 1 GeV.
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Since the number of reactions for an individual nuclide
can be rather high, significant efforts were directed to
accelerate the cross section averaging over the spectrum
produced by MCNP(X). The format of activation data
storing (PENDF tapes generated by NJOY code) was found
to be ineffective. It was changed to ACE (A Compact ENDF)
dosimetry type [3, 4, 16] where only reaction cross sections
are recorded. Tests have shown that the total time to get one-
group averaged cross sections for most complex problem
(involving all reactions for all nuclides in the library, i.e.,
about 460,000 neutron and proton induced reactions) is
comparable to the time to process ∼3000 neutron reactions
for most complex problem handled by the previous version
of ALEPH.

The previous version of ALEPH was updating only
cross sections in the ORIGEN library at the beginning of
each time step; moreover, the cross sections of reactions
leading to metastable states remained unchanged. All other
information, such as neutron fission product yields and
radioactive decay data, was not updated. The ALEPH2 code
is capable to use almost all special-purpose data supplied in
basic libraries, namely, radioactive decay data (e.g., JEFF-
3.1.1 radioactive decay file contains information for 3851
nuclides), total recoverable energy per fission of fissile
nuclides, spontaneous neutron fission product yields, and
direct neutron and proton fission product yields.

2.2. Depletion Algorithm. Assuming that the particle fluxes
and spectra remain constant during the time step and locally
in selected volume, the concentrations (atom densities) of
nuclides yi at the end of irradiation step can be obtained by
solving the system of first-order linear differential equations
with constant coefficients:

dyi(t)
dt

=
∑

j

λtrji y j(t)− λtri yi(t), (1)

or, in compact matrix form,

d�y
dt
= Λ�y, (2)

with the matrix coefficients being λi j = λtrji − λtri δi j . Here
λtrji is the transmutation (production) rate of nuclide i from
nuclide j, and λtri is the disappearance rate of nuclide i. These
rates are defined as follows:

λtrji =
∑

m

σmji ϕ
m + λdji, (3)

λtri =
∑

m

σmR,iϕ
m + λdi . (4)

Here σmji is the energy-averaged production cross section
of nuclide i from nuclide j in the reaction with incident
particle m, ϕm is the average flux of type m particles, λdji
stands for the decay rate of nuclide j into the nuclide i,
σmR,i represents the energy-averaged reaction cross section
of nuclide i transforming it into another nuclide, and λdi

is the decay constant of nuclide i. In most cases m =
neutrons since only neutron reactions are considered, but
when dealing with spallation products accumulation and
activation of structural materials close enough to spallation
target of accelerator driven system, the contribution of
proton-induced reactions has to be taken into account.

As it was mentioned before, the previous version of
ALEPH used the ORIGEN-2.2 depletion code [17] to obtain
the nuclide concentrations at the end of irradiation step.
The essence of the algorithm used by ORIGEN-2.2 is the
matrix exponential method where the solution of (2) is
obtained by truncating the power series for the exponential.
The short-lived nuclides are assumed to decay instantly and
are removed from the system. They are treated separately
by a Gauss-Seidel iterative technique under the assumption
of secular equilibrium of decay and production chains. The
same method is used by the successor of ORIGEN-2.2,
ORIGEN-S which is a part of the SCALE code system [18].
It is clear that the applied series expansion has a limited
accuracy due to truncation and round-off errors. Moreover,
due to some inherent workings of ORIGEN-2.2 it cannot be
applied to the problems involving particle types other than
neutron.

Modern computers, however, allow applying more pre-
cise methods of solving the systems of stiff first-order dif-
ferential equations with constant coefficients. The common
practice is to use the backward differentiation formulas (BDF
methods) or implicit Runge-Kutta (IRK) methods. The IRK
methods offer some important advantages over BDF. Being
single step, the IRK methods do not suffer from systems
discontinuities and changes in the order or time step. The
IRK methods are also self-starting which means that the only
starting values required are the initial conditions. However,
the drawback is leading after the time discretization to larger
and more complex sets of linear equations. Numerous tests
have shown that the IRK method Radau IIA (3 stages,
accuracy order 5) as implemented in RADAU5 solver [32]
is more stable and faster than the BDF method applied in
DLSODA solver [33, 34]. As a consequence the Radau IIA
algorithm has been incorporated in ALEPH2. The details of
implementation are given below.

2.2.1. Implementation. Implicit Runge-Kutta methods have
been known to have a high order of solution accuracy
and excellent stability properties in solving stiff ordinary
differential equations (ODEs) [32, 35]:

dy(t)
dt

= f
(
t, y(t)

)
; y(t0) = y0. (5)

y is unknown N-size vector of values (concentrations in case
of depletion equations), and f(t, y(t)) is the N-size vector of
functions of known form. In case of depletion equations, it is
simply f(t, y(t)) = Λy(t), and Λ is the effective reaction rate
matrix.

If the time step is subdivided into m substeps with a fixed
step size

h = t1 − t0
m

(6)
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with the mesh points tn, n = 0, 1, . . . ,m, tm = t1, the
implicit Runge-Kutta method is defined by

yn+1 = yn + h
s∑

i=1

bi f
(
tn + cih, gi

)
. (7)

Here

gi = yn + h
s∑

j=1

ai j f
(
tn + cjh, gj

)
, i = 1, . . . , s. (8)

The stage number is denoted by s and ai j , bi, and ci are
parameters satisfying the conditions:

ai j /= 0,
s∑

j=1

ai j = ci for i = 1, 2, . . . , s,
s∑

i=1

bi = 1. (9)

There are different IRK methods based on different sets of
above parameters, the Radau IIA method being one of them.
In this case, the parameters ci for i = 1, 2, . . . , s are selected
as the zeros of Radau polynomial (ds−1/dts−1)(ts−1(t − 1)s).
Parameters ai j are obtained by solving the linear system

s∑

j=1

ai jc
q−1
j = c

q
i

q
, i = 1, . . . , s; q = 1, . . . , s (10)

and bi = as,i for i = 1, 2, . . . , s. Stage number s can be set to
1, 3, 5, or 7. The RADAU5 solver uses s = 3 thus its accuracy
order is 2s− 1 = 5 and it is considered as absolutely stable.

At each sub-step, the system (3) of rank sN has to
be solved iteratively for the stage values {gi}si=1. To reduce
round-off errors, it is often reformulated as

zi = gi − yn, (11)

where

zi = h
s∑

j=1

ai j f
(
t0 + cjh, yn + zj

)
, i = 1, . . . , s. (12)

Since the matrix of coefficients A = (ai j) is nonsingular (as it
can be seen from (10)), (12) can be rewritten in vector form

⎛
⎜⎜⎜⎜⎜⎝

z1

.

.

.
zs

⎞
⎟⎟⎟⎟⎟⎠
= A

⎛
⎜⎜⎜⎜⎜⎝

h f
(
tn + c1h, yn + z1

)

.

.

.
h f
(
tn + csh, yn + zs

)

⎞
⎟⎟⎟⎟⎟⎠

, (13)

so that (7) becomes

yn+1 = yn +
s∑

i=1

dizi, (14)

where the coefficients di are defined as

(d1, . . . ,ds) = (b1, . . . , bs)AT. (15)

For s = 3, since bi = as,i, the vector d is (0, 0, 1).

The linear system with matrix

⎛
⎜⎜⎜⎜⎜⎜⎝

I − ha11
∂ f

∂y

(
tn + c1h, yn + z1

) · · · −ha1s
∂ f

∂y

(
tn + csh, yn + zs

)

...
. . .

...

−has1 ∂ f
∂y

(
tn + c1h, yn + z1

) · · · I − hass ∂ f
∂y

(
tn + csh, yn + zs

)

⎞
⎟⎟⎟⎟⎟⎟⎠

(16)

must be solved to get the solution at the end of time step. The
Jacobians in (12) are approximated as follows:

J = ∂ f

∂y

(
tn + cih, yn + zi

) ≈ ∂ f

∂y

(
tn, yn

)
. (17)

It has to be noted that for the case of depletion equations the
calculation of the Jacobians is straightforward since ∂ f /∂yi =
λii. The simplified Newton iterations become

(I − hA⊗ J)ΔZk = −Zk + h(A⊗ I)F
(
Zk
)

Zk+1 = Zk + ΔZk.
(18)

Here the following notations are used:

(i) kth approximation to the solution Zk =
(zk1, . . . , zks )

T
;

(ii) increments ΔZk = (Δzk1, . . . ,Δzks )
T

;

(iii) function F(Zk) = ( f (tn + c1h, yn + zk1),. . .,

f (tn + csh, yn + zks ))
T

.

Thus each iteration requires s = 3 evaluations of f and the
solution of a linear system with the dimension 3N . Each
linear system of dimension sN can be split into one real
and one complex linear system of dimension N through a
dimensionality reduction procedure [36]. As a result, the
computing time of solving each related linear system is
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sharply reduced. This dimensionality reduction makes the
simplified Newton method efficient in the implementation of
IRK methods. However, this method has poor convergence
properties since it is only an approximation of the classic
Newton-chord method [37]. Reducing the step size can
accelerate the convergence rate of the simplified Newton
method. RADAU5 automatically selects a sufficiently small
step size of IRK to yield a fast rate of convergence.

The matrix I − hA ⊗ J is computed only once for
all iterations for linear problems with constant coefficients
(depletion problems belong to this category).

The step size is not a constant and changes according to
the following relation [32]:

hnew = hold · θ
(

Tol
‖Err‖

)1/(s+1)

, (19)

where ‖Err‖ is error estimate, Tol is prescribed tolerance, and
θ is model parameter ranging from 0.6 to 0.9 and usually
being set to 0.9 if not too many step rejections occur.

2.2.2. Tests

(1) Accuracy. To test the accuracy of the RADAU5 solver
applied to depletion calculations, a simple problem of
calculation the 210Po inventory accumulated in lead-bismuth
eutectic coolant of MYRRHA after 90 days of irradiation has
been investigated. Neglecting 210Po production chains from
lead isotopes (whose contribution into total 210Po inventory
is rather small), we focus on 210Po production from neutron
capture on 209Bi through the chain:

209Bi
(n,γ)−−−→

210

Bi
5.013d−−−→

210
Po

138.376d−−−−−→ 206Pb . (20)

The system (1) applied to this chain can be solved analytically
for the given time step and initial concentration of 209Bi
using the classic Bateman solutions [38]

yn = y1(0)
λtrn

n∑

i=1

λtri αie
−λtri t, (21)

where

αi =
n∏

j=1
j /= i

λtrj(
λtrj − λtri

) . (22)

The indexing here is according to (20) so that i = 1 is
assigned to 209Bi.

The numerical data used to obtain concentrations are
summarized in Table 1. The values of average capture cross
section on 209Bi leading to the ground state of 210Bi, neu-
tron flux, and initial concentration of 209Bi are typical
for MYRRHA core. It has to be noted that the energy
dependence of the branching ratio of (n, γ) reaction leading
to ground and metastable states of 210Bi has been taken into
account, since only the ground state of 210Bi decays to 210Po.

For the calculations with RADAU5, λ21 = −λ21, λ32 =
−λ22, λ43 = −λ33, all other λji = 0.

Table 1: Input parameters for calculation of 210Po production.

i Nuclide y(0), at/(b·cm) λii, s−1

1 209Bi 0.0165368 −2.09 · 10−11∗

2 210Bi 0.0 −1.60043 · 10−6

3 210Po 0.0 −5.79554 · 10−8

4 206Pb 0.0 0.0
∗

Obtained by multiplying σ = 0.0209 b with ϕ = 1 · 1015 n/(cm2s).

For the calculations with ORIGEN-2.2, all the cross
sections in ORIGEN-2.2 library were zeroed, except neutron
capture cross section on 209Bi. The considered decay chain
was also separated from other chains in the decay library
by zeroing decay constants to ensure full consistency with
analytical solution at the level of input data. The results of
comparison are shown in Table 2.

The calculations with RADAU5 were performed with two
different tolerance values, Tol = 10−4 which was selected
from numerous tests as ensuring the best quality at the
reasonable speed when handling full matrix with N = 3851,
and, for the sake of comparison, Tol = 10−10 which requires
longer calculation time. As it can be seen from Table 2,
ORIGEN-2.2 code cannot even provide accurate enough
results for the small system of 4 equations. In contrast,
RADAU5 has shown the outstanding quality. Thus, the
obvious conclusion is that matrix exponential method of
ORIGEN-2.2 cannot solve concentrations as accurately as
RADAU5 does.

(2) Speed. RADAU5 has shown an excellent accuracy com-
pared to matrix exponential method of ORIGEN-2.2, but
at the cost of computational time which strongly depends
on the size of matrix Λ with effective reaction rates. The
comparison of RADAU5 (IRK method) and DLSODA (BDF
method) is shown in Figure 1 as a function of matrix
dimension N . The results were normalized to the CPU time
required for ORIGEN-2.2 to solve the same number of
equations. It has to be noted that ORIGEN is capable to treat
only ∼1700 nuclides.

The matrix exponential method of ORIGEN-2.2 has
shown weak dependence on the size of the ODE system. Two
precise numerical methods are competitive with ORIGEN
only up to N ∼ 500. In terms of nuclide inventory calcu-
lations, the calculations of structural materials activation can
be done even faster than by ORIGEN. RADAU5 runs almost
2 times faster than BDF. This is an additional justification of
our choice of proper method to solve system of ODE.

As it is mentioned in [35], poor convergence properties
of the simplified Newton method may force the code to
generate too small step sizes, which reduces the performance.
Use of larger step sizes to solve an ODE system is one of
main advantages of IRK. To retain this advantage, more
effective iterative algorithms were proposed in [35] with
better convergence properties than the simplified Newton
method. The gain, as reported in [35], could be a reduction
of the CPU time needed by a factor of two.
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Table 2: Calculated nuclide inventories for t = 90 days and relative differences ((ycalc
i − yanal

i )/yanal
i ) from analytical solution.

Nuclide Analytical solution ORIGEN-2.2 RADAU5, Tol = 10−4 RADAU5, Tol = 10−10

at/(b·cm) at/(b·cm) diff, % at/(b·cm) diff, % at/(b·cm) diff, %
209Bi 1.65341e–2 1.65341e–2 −7.68e–5 1.65341e–2 0.0 1.65341e–2 0.0
210Bi 2.15920e–7 2.16954e–7 4.79e–1 2.15847e–7 −3.38e–2 2.15920e–7 −4.63e–11
210Po 2.02059e–6 1.99902e–6 1.07 2.02067e–6 3.75e–3 2.02059e–6 0.0
206Pb 4.50804e–7 4.74951e–7 5.36 4.50801e–7 −5.75e–4 4.50804e–7 −3.55e–10
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Figure 1: Elapsed CPU time as a function of the number of ODE
equations.

But this improvement, once implemented, will not
significantly influence the total calculation time for typi-
cal depletion problems. Usually, Monte Carlo steady-state
particle transport calculation at the beginning of time step
requires much more CPU performance than subsequent
generation of matrix with effective reaction rates and solving
the ODEs. The typical calculation time distribution among
ALEPH modules required to complete one burn-up step of
MYRRHA sub-critical core is shown in Table 3.

To reduce the impact of the RADAU5 solver on the
total calculation time, especially for the problems with a
huge number of irradiated materials, a simple parallelization
was recently implemented when each material is treated
separately in its own parallel task. The CPU wall time share
shown in Table 3 is reduced to ∼30 sec.

To summarize, the speed-up of RADAU5 is subject for
future work, in view of implementation of nuclear data
uncertainty propagation algorithms which are also in our
high-priority to-do list for future ALEPH2 development.
However, even now for typical ADS problems involving
numerous materials (fuel, clad, structural materials, LBE
spallation target, and coolant, etc.) ALEPH2 thanks to the
RADAU5 solver provides very accurate nuclide inventories at
an almost negligible CPU time compared to the total CPU
time needed for the Monte Carlo simulation. Moreover, the

Table 3: CPU time share between ALEPH modules to calculate
one irradiation step (90 days) of MYRRHA subcritical core. The
MCNP(X) calculations have been performed on 64 CPU cluster
using Open MPI. The number of irradiated materials is 11 (so that
the reaction rates generator and the RADAU5 solver were called 11
times). Full matrix for N = 3851 nuclides is used.

CPU wall time, s Fraction, %

MCNPX fluxes and spectra,
rsd 0.1%

3.58e + 6 99.988

ALEPH generation of
average cross sections

19.3 5.4e–4

ALEPH solving ODE by
RADAU5

312.5 8.7e–3

(or ALEPH solving ODE by
ORIGEN-2.2)

(14.7) (4.1e–4)

Total 100

uncertainties on the nuclide concentrations at the end of
time step are associated with nuclear data uncertainties and
Monte Carlo statistical uncertainties only and not with the
depletion calculations.

2.3. Predictor-Corrector Algorithm. The previous version of
ALEPH did not use any predictor-corrector mechanism. A
predictor-corrector mechanism aims to increase the macro
time steps by using intermediate information. It should
be noted that for the same macro time steps taken, the
predictor-corrector method will obviously slow down the
code since additional steady-state Monte Carlo calculations
of fluxes and spectra are required. So if the macro time
steps are kept the same, the option with predictor/corrector
will increase the accuracy of the calculation at the cost of
more CPU time. In case the required accuracy is fixed,
the predictor/corrector will allow increasing the macro time
steps, reducing the total number of macro time steps for the
full irradiation history simulation. Of course, the best option
from the quality/performance point of view remains the
fine binning of irradiation history; however it is not always
possible to properly define it. This situation is somehow
similar to the variance reduction technique inside a Monte
Carlo code itself: the best variance reduction is simply higher
statistics, but for some problems such increase is not feasible.

In order not to severely overburden memory consump-
tion, the number of Monte Carlo calculations per step using
predictor-corrector is limited to 2. This means that the fluxes
and spectra are calculated at the beginning of time step, and
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then the concentrations are obtained at the half of the time
step. Using these concentrations, the fluxes and spectra are
recalculated and finally the concentrations at the end of time
step are computed on the basis of new fluxes and spectra. The
ALEPH2 code decides whether to apply predictor-corrector
or not by comparing the nuclide concentrations and reaction
rates at the beginning and end of time step.

A new and unique feature of ALEPH2 is the possibility of
using the time-dependent matrix coefficients when solving
the system of ODEs by the RADAU5 method. Since the
function f(t, y(t)) in the right-hand side of (5) can be
of arbitrary form, the coefficients λi j can in general be
time-dependent. This allows to better reflect the realistic
irradiation conditions. Starting from the second macro step,
when the matrix coefficients are computed for 3 time points
(t = 0, t = 1/2τ and t = τ, here τ denotes time
step length), ALEPH2 uses the linear extrapolation of the
matrix coefficients and RADAU5 solver computes the nuclide
concentrations using these linearly time-dependent reaction
rates. The implementation of this feature is currently in the
test phase.

2.4. Calculation of Photon Heating. The calculation of heat-
ing caused by photons is divided in two steps. When ALEPH2
calculates regular tallies of particle flux and spectra, it
appends the photons to the list of transported particles and
computes the flux and spectrum of prompt gammas. By
folding the heating numbers (kerma factors) from nuclear
data files with photon spectra, it computes the local heating
caused by prompt photons. After that, ALEPH2 creates
an additional MCNP(X) photon-only problem with the
source of photons built from the information on nuclide
concentrations at the beginning of time step and associated
decay gammas. Nuclides are assumed to be uniformly
distributed inside the material of interest. If the user has pro-
vided the cylindrical mesh covering the problem geometry
with irradiated materials, the photon source is distributed
similarly to the MCNP(X) power law “−21”. The additional
calculation of photon-only problem usually does not increase
significantly the total calculation time required for the given
irradiation step. Using again the photon heating numbers,
ALEPH2 computes the delayed photon heating and then
sums up the two contributions—prompt and delayed—to
get total photon heating.

2.5. (α,n) Neutron Source. Another major improvement of
the code concerns the possibility to calculate the neutron
source due to (α, n) reaction. It has to be noted, however,
that this option can work with the MCNPX code only since
it requires the simulation of alpha particle transport which is
not compatible with MCNP code family.

The code generates the dependent source distribution
of alpha particles at the beginning of each decay step (if
requested by the user) in a similar way as it does for delayed
photons described above. The energy distribution and
intensity of this source depends on the material composition
in the cells containing materials to be followed. Then the
calculation of alpha particle-only problem is launched at the

beginning of each decay step. The alpha particle flux and
spectrum is tallied. It has to be noted again that ALEPH2
optimizes the source and physics parameters in such way
that the MCNPX calculation completes quickly so that the
total ALEPH2 calculation time remains almost unaffected.
After the completion of spectrum calculation, the neutron
source is computed using (α,n) reaction cross section library
generated from TENDL-2010 library data [30].

This feature allows calculating the decay neutron source
in a much more precise way than it is realized in ORIGEN-
2.2 and ORIGEN-S.

2.6. Termination by Burn-Up Tracers Concentration. In the
majority of problems the irradiation history cannot be
explicitly known. Experimentally, one uses so-called burn-
up tracers like Neodymium to estimate the burn-up in
energy produced per heavy metal mass. For researchers
working with this experimental data, it is important to be
able to end the irradiation history, or better simulation
history, when one or more of these tracers have reached a
certain concentration corresponding to the experimentally
measured values. This option has been added to ALEPH2.
The user has either the ability to define a weighted sum
of selected isotopes which has to converge with a certain
precision (minimization of the deviation of the weighted
sum) or to create a “virtual” tracer consisting of a sum of
different isotopes.

2.7. Other Improvements. Besides major improvements some
minor corrections were done, such as the possibility to sim-
ulate fuel management by allowing material, temperature,
density replacement, and fuel assembly permutation at each
desired time step.

The code possess the very useful capability to perform
criticality calculations as complementary to the main fixed
source calculation in the problems such as core burn-up of
an ADS. This allows the user to better optimize the core
shuffling, for instance. However, for these applications the
calculation time approximately doubles since an additional
Monte Carlo calculation is required.

Next, the improved version of the code contains signifi-
cantly lower number of commands which have to be added
to the standard MCNP(X) input deck than its predecessor.
This reduces the complexity of running ALEPH2 and the
probability for users to make errors.

3. Myrrha Neutronics Calculations

ALEPH2 is currently one of the main tools to perform
neutronics design of the MYRRHA fast spectrum research
facility. As it was mentioned throughout the paper, the sub-
critical (and critical) core burn-up, test materials irradiation
performance, activation of structural materials, spallation
products accumulation, radiation source terms—all these
quantities—can be calculated (and are being calculated) with
ALEPH2. In this section, the examples of sub-critical core
burn-up calculations and spallation products analysis are
shown.
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6 in-pile sections (IPSs)
 for material testing

6 subassemblies with
 control rods

Radioisotope
 production IPS

Dummy
 assemblies (LBE)

Reflector
 assemblies

Spallation
 target

Zone 1 (12 FA)

Zone 2 (12 FA)

Zone 4 (12 FA)

Zone 6 (12 FA)

Zone 5 (12 FA)

Zone 3 (12 FA)

Figure 2: MYRRHA sub-critical core with 72 FA collected in 6 groups 12 FA each according to average neutron flux values.

Zone 1 Zone 2 Zone 3 Zone 4 Zone 5 Zone 6 

Fresh To storage

Figure 3: Mixed reshuffling scheme.

3.1. Core Burn-Up with Mixed Shuffling. A possible irradi-
ation scheme envisages batches of three 90-day irradiations
with two 30-day beam-off periods for maintenance between
irradiations and long 90-day maintenance period after three
irradiations. Current facility design implies only a limited
number of interventions to increase the proton beam current
in order to compensate reactivity losses. In the ALEPH2
model, the beam current was increased in the middle of the
cycle (45 days) to compensate the reactivity loss. However,
the limitations on the beam current and on the maximum
clad temperature do not allow to achieve high burn-up
values without fuel reshuffling. That’s why several reshuf-
fling strategies have been investigated with ALEPH2 code.
Since ALEPH2 allows permuting or changing materials,
the modeling of the reshuffling procedure becomes very
simple in ALEPH2. The beginning-of-life (BoL) core consists

of 58 fresh fuel assemblies (FAs) and is characterized by
effective neutron multiplication factor keff ∼ 0.965. The fuel
assemblies are grouped in six groups in order to minimize
the flux variations between assemblies in the group. During
first five maintenance periods, 2 to 4 assemblies with fresh
fuel are added so that the core shown in Figure 2 is built with
72 FA (6 groups of 12 FA each). The central assembly hosts
the spallation target structures. Besides that, there are shown
6 in-pile sections (IPSs) for test materials irradiations and
one assembly hosting the irradiation device for production
of radioisotopes. Control rods are in upper positions and
are not assumed to be inserted in the core during normal
operation.

The reshuffling strategy aimed at minimizing the reac-
tivity swing during the cycle and reducing the radial power
factor because the sub-critical cores with the source in
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Figure 7: The radial dependence of Hg isotopes activity. Rings 1 to
6 denote the fuel assembly groups corresponding to Figure 2.

the center are characterized by a more steep flux gradiant in
the radial direction. A sensitivity analysis allowed to select
the reshuffling scheme shown in Figure 3.

In this scheme, fresh fuel at the beginning of each cycle
(BoC) is always inserted in Zone 2. Then, at each reshuffling,
it subsequently goes to Zone 4, then Zone 3, Zone 1, Zone
6, and during the last irradiation cycle it resides in Zone
5. Results of main neutronics parameters calculations with
ALEPH2 are shown in Figures 4, 5, and 6.

The system reaches equilibrium in ∼3 years. The reshuf-
fling scheme chosen allows keeping the power almost the
same at the beginning of each cycle. The reactivity swing
during the equilibrium cycle, ∼1100 pcm, appears to be
much less than that for the core loaded with fresh fuel (∼
1700 pcm). This is clearly a result from the optimization in
positioning the fuel assemblies with different burn-up level.

3.2. Spallation Products Accumulation—A Mercury Example.
An important question to be answered is whether the
confinement of the spallation source in a separate loop is
worthwhile from the viewpoint of containing spallation and
high-energy fission products. In order to analyze this, the
specific case of mercury (with the very long-lived isotope
194Hg) was studied.

The presence of Hg (all isotopes) has been evaluated for
both the spallation volume and the volume of LBE circulating
in the core. In the LBE composed of lead and bismuth, an
impurity level of 1.734 mg/kg of mercury (natural occurring
isotopes) has been assumed.

The different mercury yields, that is, atoms of Hg
produced per proton coming from the accelerator, have
been calculated. A distinction has been made in yields
coming from proton-induced reactions and neutron induced
reactions. The numerical values are given in Table 4.
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Figure 8: Neutron (a) and proton (b) energy spectra averaged over spallation target and core volumes. Neutron- and proton-induced 194Hg
production cross section from lead and bismuth isotopes (c).

Since ALEPH2 calculates neutron- and proton-induced
production cross sections by averaging over the correspond-
ing particle spectra, the yields shown in Table 4 were derived
from ALEPH2 output using the relation

Ym = V · γLBEσ
mϕmMCNPX, (23)

where Ym is the given nuclide yield due to reactions caused
by particle type m, expressed in atoms per source proton,
V is the scoring volume, γLBE represents the atomic density
of LBE in atoms/(b·cm), σm stands for the energy-averaged
production cross section (b) of the given nuclide by particle
type m, and ϕmMCNPX(E) is the MCNPX flux tally of particles
m, expressed in particles per cm2 per source proton. As it can
be seen from this table, the relative contribution of proton-
induced reactions is only about 25% both in the spallation
target volume and in the core region. The rest is produced by
neutrons (which in turn are produced in spallation target).

Table 4: Hg yield in atoms per source proton.

Spallation target
volume

Core volume

Hg yield due to protons (at/p) 0.032 0.036

Hg yield due to neutrons (at/p) 0.102 0.110

Total Hg yield (at/p) 0.134 0.146

Table 5 summarizes the different origins of mercury
present in the spallation target and core volume after 90 days
of irradiation at 2.5 mA, which corresponds to 70 MW of
thermal power release at the equilibrium cycle. It is clear
that the majority of the mercury is produced outside the
spallation target volume.

The evolution of activity with distance to the core center
is shown in Figure 7 for several radioactive mercury isotopes,
ranging from short-lived to long-lived 194Hg whose activity
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Table 5: Origin of mercury in the LBE at the end of 90-day irra-
diation cycle.

Spallation
target volume

Core volume Total

Hg as impurity (g) 0.56 25.62 26.18

Mass of Hg due to
spallation (g)

5.28 5.74 11.02

Combined mass initial
and spallation (g)

5.84 31.36 37.20

after 90 days of irradiation is rather low but will remain the
main contributor to the activity of the irradiated LBE for
thousands of years.

Figure 7 clearly shows that the presence of high-energy
tail in neutron spectrum will produce mercury isotopes
even in the periphery of the core. The thresholds of most
of the neutron- and proton-induced reactions leading to
production of mercury isotopes from lead and bismuth
isotopes are typically 60–80 MeV. Neutron- and proton-
spectra in the spallation target and core as well as 194Hg
production cross sections from neutron and proton-induced
reactions on LBE isotopes are plotted in Figure 8 for
illustration purposes. The cross sections are those used
by ALEPH2; they have been generated from TENDL-2010
and HEAD-2009 libraries. Figure 8 confirms that spallation
reactions will occur elsewhere (although with less intensity
than in spallation target) where particles with energies above
production threshold are present.

4. Conclusions

Two principal features of ALEPH2 Monte Carlo depletion
code, an extensive nuclear data library and a state-of-the-
art numerical solver for the Bateman equations, make this
tool flexible and powerful. The nuclear data library covers
neutron- and proton-induced reactions, neutron and proton
fission product yields, spontaneous fission product yields,
radioactive decay data and, total recoverable energies per
fission. The numerical solver applied is an implicit Runge-
Kutta method of the RADAU IIA family. The versatility of
the code allows using it for time behavior simulation of
various systems ranging from single pin models to full-scale
reactor models, including specific facilities as accelerator-
driven systems. The core burn-up, activation of the structural
materials, irradiation of samples, and, in addition, accumu-
lation of spallation products in accelerator-driven systems
can be calculated in a single ALEPH2 run. The associated
source term values, including decay heat release caused by
particular radiation type, (α,n) and spontaneous fission
neutron sources, absorbed doses, are calculated in much
more precise way compared to other codes. All these features
make ALEPH2 superior over other Monte Carlo depletion
codes. The code is extensively used for the neutronics design
of the MYRRHA research facility which will operate in both
critical and sub-critical modes.
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A fast numerical method for the calculation in a zero-dimensional approach of the equilibrium isotopic composition of an
iteratively used transmutation system in an advanced fuel cycle, based on the Banach fixed point theorem, is described in this
paper. The method divides the fuel cycle in successive stages: fuel fabrication, storage, irradiation inside the transmutation
system, cooling, reprocessing, and incorporation of the external material into the new fresh fuel. The change of the fuel isotopic
composition, represented by an isotope vector, is described in a matrix formulation. The resulting matrix equations are solved
using direct methods with arbitrary precision arithmetic. The method has been successfully applied to a double-strata fuel cycle
with light water reactors and accelerator-driven subcritical systems. After comparison to the results of the EVOLCODE 2.0 burn-up
code, the observed differences are about a few percents in the mass estimations of the main actinides.

1. Introduction

The implementation of the advanced technologies of parti-
tioning and transmutation (P&T) depends on the particular
topics that energy policy makers of a country or region
choose to optimize because of its singular constraints or
motivations. Each of the different possible P&T configura-
tions, that is, the advanced fuel cycle scenarios, will have
different objectives that can impact technology choices and
performance expected from such systems.

However, the full potential of any P&T policy can be
exploited only if the advanced fuel cycle strategy is utilized
for a minimum time period of about a hundred years
[1, 2]. During this period of time, the irradiated fuels of
the advanced reactors are reprocessed to obtain the useful
elements for their later recycling as part of the new fresh
fuel, in an iterative procedure along successive cycles. The
fuel isotopic composition will evolve along a number of cy-
cles, approaching progressively an equilibrium composition,

defined as the long-term state reached after infinite cycle
iterations.

The calculation of the equilibrium isotopic composition
of a transmutation system in an advanced fuel cycle is a
matter of special interest since this composition is often used
as representative of the nuclear reactor through the whole
fuel cycle [3, 4].

In this paper, we describe a fast numerical method for
the calculation of the equilibrium isotopic composition in a
zero-dimensional approach, taking advantage of the Banach
fixed point theorem [5] for the demonstration of uniqueness
and existence of a solution. The method is based on the
division of the fuel cycle in successive stages: fuel fabrication,
storage, irradiation inside the transmutation system, cooling,
reprocessing, and incorporation of the external material
into the new fresh fuel. The fuel isotopic composition is
represented by an isotope vector and will be modified by each
fuel cycle stage that is described in a matrix formulation. The
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fuel cycle is hence represented as a contractor mapping over
the fuel composition vector.

With the aim of validating the methodology, a simulation
of the fuel cycle with the advanced burn-up code EVOL-
CODE 2.0 [6, 7] has been performed, checking that the iso-
topic composition has successfully reached the equilibrium
and discussing the range of the possible deviations.

2. Computational Tool

EVOLCODE 2.0 is an in-house development to solve the
burn-up problem, that is, the coupled problem of neutron
transport and isotopic evolution. Its cycle data flow is shown
in Figure 1.

The neutron transport stage is solved by the MCNPX
code [8], allowing an important degree of the heterogeneity
description in the reactor core model. The isotope evolution
stage can be solved by the ORIGEN code [9] or by ACAB
[10]. The user selects some geometrical regions or cells inside
which neutronic properties and material composition are
considered constant. For each of these cells, EVOLCODE
2.0 creates one-group effective cross-section libraries using
the neutron flux energy spectrum provided by MCNPX in
such a way that the whole calculation is faster than allowing
MCNPX to do the job. Then, one ORIGEN execution is
made independently for each cell providing the isotopic
evolution of the materials. The ORIGEN executions are
made using the neutron flux and materials at the beginning
of the time step. In case that the averaged reactor power
(estimated by the ORIGEN simulation) is not equal to the
desired value or if its variation along the time step is large
(causing a large uncertainty in the final results [7]), then the
predictor/corrector method is activated to fix it. This whole
procedure is repeated for several successive irradiation steps
(or cycles) to reach the total burn-up specified by the user.

3. Double-Strata Fuel Cycle Scenario

One of the proposed advanced fuel cycle scenarios for waste
reduction is the so-called double-strata scenario, whose
scheme is shown in Figure 2. This fuel cycle has been studied
in detail in the frame of different projects [11, 12] and
consists in two separated strata or stages, one dedicated to
energy production and the other dedicated to waste con-
sumption.

In this particular specification of the double-strata
scenario, the first stratum of the fuel cycle consists in the
irradiation of UO2 in light water reactors (LWRs) and the
later advanced Purex reprocessing of the irradiated fuel for
the Pu reutilization, only once, as MOX, again in LWR.
Recovered MA coming from the first partitioning process
and Pu and MA coming from the reprocessing of the MOX
irradiated fuel are reutilized as fuel for the accelerator-driven
subcritical system (ADS) in the second stratum. This second
stratum is based on a fast spectrum ADS, which operates
with continuous recycling of the main actinides (U, Pu, Np,
Am, and Cm). This recycling is supposed to be a pyro-
metallurgical process.

4. ADS Fuel Isotopic Composition

The isotopic composition of the ADS fuel depends on the
LWR park since the LWR recovered material (from both
UO2 and MOX reprocessed fuels) becomes a part of the
ADS fuel content in each new ADS irradiation (a 15%
approximately). The other part of the ADS fuel comes from
the pyro-reprocessing of the preceding ADS irradiated fuel.
In different cycles, the ADS fuel isotopic composition would
change (and being consumed), but maintaining similar ADS
operating conditions and a constant additional supply per
cycle of actinides from the first LWR-stratum, the fuel
approaches an equilibrium (as it is demonstrated below) in
which the fuel isotopic composition of each cycle is equal to
the following one.

The iterative second stratum of this fuel cycle scenario
can be divided in a succession of stages: fuel fabrication,
storage, irradiation inside the ADS, cooling, reprocessing,
and incorporation of the external material (from the first
stratum) into the new fresh fuel. Each process can be
described in a matrix formulation as an operator over the
fuel composition vector Vn, obtained just before the nth ADS
irradiation. Vectors and matrices length is determined by the
total number of different isotopes considered in the problem.
This number of isotopes is equal to M = 26 in this study
(the detailed list is shown in Table 1), although a larger value
of M has been used in other problems. If Vn+1 is the fuel
composition vector before the (n + 1)th ADS irradiation, it
is related to Vn following the expression

Vn+1 = DsRDcAVn + Vext = CVn + Vext, (1)

where A is the matrix operator representing the irradiation
inside the ADS, Dc represents the cooling decay time after the
irradiation (two years in this scenario), R is the reprocessing
operator, Ds represents the storage time before irradiation
(one year), Vext is the material incorporation from the first
stratum (taken at the moment just before the beginning
of the ADS irradiation), and C = DsRDcA. Since the fuel
composition vector can be expressed as V = F(V) =
CV + Vext, the process fulfils the requirements of the Banach
fixed point theorem, and therefore there is a solution vector
V = Fn(V) under the requirement that F(V) is a contractor
mapping, that is, if there is a constant 0 < k < 1 such as

∥∥F(V ′)− F(V)
∥∥ ≤ k

∥∥V ′ −V
∥∥, (2)

where the symbol ‖ · ‖ represents the norm of the operator.
Applying F(V) = CV +Vext, this inequality can be written as

∥∥C(V ′ −V)
∥∥ ≤ k

∥∥V ′ −V
∥∥, (3)

which is satisfied if |C| < 1. In order to prove that this
condition is satisfied, we must analyze the norm of each of
the matrix operators appearing in the definition of C. The
norm of the decay operators Ds and Dc is equal to the unity
because they only change one isotope into another leaving
the total amount of material unchanged (being precise, it
might be smaller than the unity as some decay products are
not included in the dimensions of the composition vector).
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Figure 1: EVOLCODE 2 cycle data flow scheme.

The reprocessing operator, R, is a diagonal matrix having a
constant diagonal value smaller than the unity (reprocessing
recovery factor of 0.999) for the reprocessing isotopes (only
the reprocessing elements U, Pu, Np, Am, and Cm have
been considered), hence |R| < 1. Finally, the norm of the
irradiation matrix A is strictly smaller than the unity because
it represents consumption of heavy material (approximately
a 15% for this ADS burn-up). This can be easily shown when
the norm is defined as the maximum |Aij| and demonstrated
for other definitions. For all these reasons, |C| < 1, therefore
this process fulfils the Banach fixed point theorem and there
exists a unique solution of the equation of the type V =
Fn(V0), for an arbitrary V0.

Coming back to the previous notation, we can find the
solution directly from the equilibrium equation Vn+1 =
Vn = Veq; hence the expression of the fuel composition
vector can be written as

Veq = CV eq + Vext. (4)

The solution of this equation is

Veq = (1− C)−1Vext. (5)

In order to reach this solution, it is necessary to calculate
Dc, Ds, A, R, and Vext in a matrix formulation from the
data of the problem. The operator R is represented by a
diagonal matrix with a constant value of 0.999, as mentioned
above. Vext is a vector containing the contribution of the
LWR stratum so it can be provided after solving the first

noniterative stratum of the fuel cycle. The operator A can
be represented by the generic evolution of a nuclear system
under irradiation. The generic evolution of the isotopic
composition vector V(t) can be described in the zero-
dimensional approximation as

dV(t)
dt

= E ·V(t), with E = XS ·Φ + DEC, (6)

where XS is the cross-section matrix, DEC is the radioactive
decay matrix, and Φ is the averaged neutron flux. Operators
Dc and Ds can be obtained in case that Φ = 0. The formal
solution of this coupled linear system of equations of con-
stant coefficients is

V(t) = eE·t ·V(0). (7)

In the base of eigenvectors of the matrix E, this solution
can be written as

A = eE·t = U

⎛
⎜⎜⎜⎜⎜⎜⎝

eau1t 0 · · · 0

0 eau2t · · · 0

· · · · · · · · · · · ·
0 0 · · · eauMt

⎞
⎟⎟⎟⎟⎟⎟⎠
U−1, (8)

where U(eu1, eu2, . . . , euM) is the matrix of the eigenvectors
eui associated with the eigenvalues aui. The calculation of
the eigenvalues and eigenvectors needed to compute the
exponential and the inversion of the (1-C) matrix has
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Figure 2: Scheme of the double-strata fuel cycle scenario with LWR and ADS.

been a difficult problem because of the large numerical
instabilities involved in the manipulation of these large
matrices. However, the easy access to arbitrary precision
arithmetic, made recently available in popular computer
codes as Maple [13] and Mathematica [14], allows using
brute force and direct methods of solving these problems.
For our case, it was necessary to set the arithmetic precision
to 70 decimal digits to obtain the required stability. In
spite of this condition, the eigenvectors computed had to be
regularized by discarding very small imaginary components
(| Im(eui)| < 10−25|Re(eui)|). The process was implemented
with the Maple program, where efficient procedures for
the calculation of eigenvalues, eigenvectors, and matrix
inversions were readily available. The typical calculation time
is few minutes in a modern PC.

In order to estimate the flux level and the one-group
zero-dimensional equivalent cross-sections, a fully detailed
transport simulation was performed. In this simulation, the
exact geometry, the required total power, and an initial guess
of the equilibrium composition of the reactor materials were
used. Careful weighting had to be used in the procedure of
averaging the cross-sections over the whole reactor volume,

which was divided in different cells with isotopic evolution.
For every one of these cells, one set of one-group effective
cross-sections were calculated using the EVOLCODE 2.0
simulation system. The final reactor-averaged cross-sections
were calculated weighting the different one-group cross-
sections of each fuel cell by its fuel mass. The initial guess of
the fuel composition was set to the same vector as the vector
of actinides from the external refuelling, Vext.

Since the initial ADS fuel composition, chosen for the
calculation of matrices XS and Φ, is different from the
final equilibrium composition, this method of calculation
of the equilibrium isotopic composition of the ADS fuel
introduces an error in the results. An iterative process can
be carried out to increase the precision of the method. Once
the equilibrium isotopic composition is calculated using
the previous noniterative method, the resulting isotopic
composition can be used as the initial ADS fuel content and
a new set of cross-sections/neutron flux could be obtained
with EVOLCODE 2.0. Then, the method is repeated in
order to obtain a more precise value of the equilibrium
isotopic composition. The new procedure can be successively
performed until the isotopic composition of a certain
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Table 1: Equilibrium isotopic composition of the ADS fuel, before the irradiation, for cycles n and (n + 1). Units are tonnes of initial heavy
metal in the ADS.

Isotope∗
ADS fresh fuel equilibrium

composition for the nth cycle
estimated with the matrix equation

method (t)

ADS fresh fuel composition for the
(n + 1)th cycle estimated with

EVOLCODE 2.0 (t)

Ratio (EVOLCODE 2-Method)/
EVOLCODE 2(%)

U234 3.677E − 02 3.794E − 02 3.08%

U235 9.303E − 03 9.330E − 03 0.29%

U236 1.296E − 02 1.302E − 02 0.48%

U238 7.171E − 05 7.245E − 05 1.03%

Np237 1.554E − 01 1.553E − 01 −0.09%

Pu238 2.791E − 01 2.792E − 01 0.04%

Pu239 4.084E − 01 4.067E − 01 −0.42%

Pu240 1.204E + 00 1.208E + 00 0.36%

Pu241 2.476E − 01 2.417E − 01 −2.44%

Pu242 5.432E − 01 5.441E − 01 0.16%

Am241 2.338E − 01 2.386E − 01 2.00%

Am242m 1.313E − 02 1.348E − 02 2.59%

Am243 2.166E − 01 2.166E − 01 0.01%

Cm242 2.183E − 04 2.165E − 04 −0.83%

Cm243 1.958E − 03 1.853E − 03 −5.68%

Cm244 1.835E − 01 1.801E − 01 −1.92%

Cm245 5.300E − 02 5.266E − 02 −0.64%

Cm246 3.430E − 02 3.428E − 02 −0.04%

Cm247 9.439E − 03 9.370E − 03 −0.74%

Total 3.643E + 00 3.643E + 00
∗

The short-lived isotopes U-237, U-239, Np-238, Np-239, Pu-243, Am-242, and Am-244 were also used in the calculations.

iteration is deviated less than a limit value from the previous
iteration. Nevertheless, one iteration is typically enough to
achieve precisions acceptable for fuel cycle studies.

5. Results

The isotopic composition of the different stages of the
iterative stratum of the fuel cycle has been calculated using
the matrix equation method. Table 1 shows the initial (BOL,
beginning of life, before the irradiation) ADS fuel isotopic
composition (in terms of actinides), calculated as the solu-
tion of the equation for Veq described in the previous section.
Moreover, the isotopic composition of the ADS fuel at BOL
has also been calculated for the following cycleVn+1 by means
of the advanced burn-up code EVOLCODE 2.0 for checking
purposes.

The deviation between the equilibrium isotopic compo-
sitions obtained from the matrix equation method and from
the irradiation (and the successive decay and reprocessing
as indicated in the fuel cycle scenario) using EVOLCODE
2.0 can be seen in the fourth column in Table 1. These
deviations, due to the different accuracy of both methods, are
smaller than 3% for all actinides (with significant contribu-
tions to the total mass) except for Cm-243, with 5.7% dif-
ference.

The objective of the fuel cycle scenario will define the
maximum allowed deviation between one cycle and the
following one and also the final decision concerning the
necessity of a second iteration on the matrix equation
method if the equilibrium isotopic composition has not been
reached. For instance, for a fuel cycle scenario where the
objective is the study of a representative set of the different
(primary and secondary) waste streams, the obtained equi-
librium isotopic composition is a good approximation so no
iterative calculations are needed.

6. Conclusions

A fast numerical method, based on an arbitrary precision
arithmetic solution to the matrix equations, for the calcula-
tion in a zero-dimensional approach of the equilibrium iso-
topic composition of a transmutation system in an advanced
fuel cycle has been developed and successfully applied to a
double-strata fuel cycle with LWR and ADS.

The observed differences between the matrix equation
method and the EVOLCODE 2.0 results for the successive
cycle are smaller than a few percents in the mass estimations
of the main actinides. The precision of the calculation can be
improved, if needed, by performing a second iteration on the
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matrix equation method, using the one-group cross-sections
of the ADS with the equilibrium composition obtained in the
first iteration.
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