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The fractional calculus is relatively an old topic dating
back to more than 300 years. In 1695, L’Hopital wrote to
Leibniz asking him about the notation of the 𝑛th derivative
(𝐷𝑛𝑓/𝑑𝑥𝑛) which was mentioned for the first time in his
publications. L’Hopital asked Leibniz about the result if 𝑛 =
1/2. Leibniz’s response was as follows: An apparent paradox,
from which one day useful consequences will be drawn. This
communication was what created the so-called fractional
calculus. However, the gate to the fractional calculus subject
was opened in 1832 by Liouville in a series of papers from
1832 to 1837. Later, the intensive investigations on the results of
Liouville by Riemann led to the construction of the Riemann-
Liouville fractional integral operator, given by

𝐽𝛼𝑦 (𝑥) = 1Γ (𝛼) ∫
𝑥

𝑎

(𝑥 − 𝑡)𝛼−1 𝑦 (𝑡) 𝑑𝑡, (1)

where𝑦 ∈ 𝐿1(𝑎, 𝑏) and𝛼 ∈ R+. Notice that this definition for
fractional integral operator had been a valuable cornerstone
in fractional calculus subject and had led to the left Riemann-
Liouville fractional derivative, defined by

𝐷(𝛼)𝑅 𝑦 (𝑥) = 𝑑
𝑛

𝑑𝑥𝑛 𝐽
𝑛−𝛼𝑦 (𝑥)

= 1
Γ (𝑛 − 𝛼)

𝑑𝑛
𝑑𝑥𝑛 ∫

𝑥

𝑎

(𝑥 − 𝑡)𝑛−𝛼−1 𝑦 (𝑡) 𝑑𝑡,
(2)

where 𝑦 ∈ 𝐶𝑛[𝑎, 𝑏] and 𝑛 = [𝛼] is the smallest integer greater
than or equal to 𝛼.

Since then, many mathematicians were involved in the
development of fractional calculus subject up to the middle

of the twentieth century such as P. S. Laplace, J. B. J. Fourier,
N. H. Abel, H. Holmgren, A. K. Grunwald, A. V. Letnikov, H.
Laurent, P. A. Nekrassov, A. Krug, I. Hadamard, O.Heaviside,
S. Pincherle, G. H. Hardy and I. E. Littlewood, H. Weyl, P.
Levy, A. Marchaud, H. T. Davis, E. L. Post, A. Zygmund, E.
R. Love, A. Erdelyi, H. Kober, D. V. Widder, and M. Riesz
and W. Feller; for intensive historical background the reader
is referred to the novel work on fractional calculus by Ross
[1].

An alternative and novel definition of fractional deriva-
tive was introduced by Caputo in 1967, given by

𝐷(𝛼)𝐶 𝑦 (𝑥) = 𝐽𝑛−𝛼 𝑑
𝑛

𝑑𝑥𝑛𝑦 (𝑥)

= 1
Γ (𝑛 − 𝛼) ∫

𝑥

𝑎

(𝑥 − 𝑡)𝑛−𝛼−1 𝑦(𝑛) (𝑡) 𝑑𝑡,
(3)

where 𝑦 ∈ 𝐶𝑛[𝑎, 𝑏] and 𝑛 = [𝛼].
Notice that this definition produces different properties

than Riemann-Liouville fractional derivative. It should be
pointed out that although the literature reveals several types
of fractional derivative (such as Grunwald-Letnikov deriva-
tive, Sonin-Letnikov derivative, Hadamard derivative, Mar-
chaud derivative, Riesz derivative, Riesz-Miller derivative,
Miller-Ross derivative, Weyl derivative, and Erdelyi-Kober
derivative), still the Riemann-Liouville and Caputo fractional
derivatives are the most commonly used ones.

It is well-known that there is still a lack of geometric
and physical interpretation of fractional integration and
differentiation. However, the fractional derivatives have been
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proved to be a powerful technique for solving integral
and differential equations resulting from several physical
models. For instance, linear viscoelasticity is the field of
the most applications of fractional calculus since it models
hereditary phenomena with long memory. In fact, we may
refer to other applications like finance, stochastic processes,
signal processing, automatic control, electromagnetic theory,
elasticity, diffusion and advection phenomena, and so on as
applications of fractional calculus (the reader is referred to
the survey paper [2]).

In this special issue, we focus on the recent theoretical
and numerical studies on fractional ordinary differential
equations, fractional partial differential equations, fractional
stochastic differential equations, fractional delay differential
equations, fractional difference equations, and fractional
difference dynamical systems.We hope that the papers of this
special issue will enrich our readers and stimulate researchers
to extend, generalize, and apply the established results.

Qasem M. Al-Mdallal
Thabet Abdeljawad
Mohamed A. Hajji
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We study the existence of solutions for time fractional Schrödinger-Kirchhoff type equation involving left and right Liouville-Weyl
fractional derivatives via variational methods.

1. Introduction

In recent years, there has been a great interest in studying
problems involving fractional Schrödinger equations [1–
5], Kirchhoff type equations [6–8], fractional Navier-Stokes
equations [9, 10], and fractional ordinary differential equa-
tions and Hamiltonian systems [11–17], and so forth. For
further details and applications, we refer the reader to [18, 19]
and the references cited therein.

On the other hand, the integer-order Schrödinger-
Kirchhoff type equations have also been investigated by
many authors; for example, see [20–23]. In fact, Schrödinger-
Kirchhoff type equations play an important role in modelling
several physical and biological systems. However, to the best
of our knowledge, the existence of solutions to the time
fractional Schrödinger-Kirchhoff type equations has yet to be
addressed.

The objective of the present paper is to study time
fractional Schrödinger-Kirchhoff type equation of the form

(𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡)𝜃−1 𝑡𝐷𝛼

∞ ( −∞𝐷𝛼
𝑡 𝑢 (𝑡))

+ 𝜇𝑉 (𝑡) 𝑢 = 𝑓 (𝑡, 𝑢) , 𝑡 ∈ R, 𝑢 ∈ 𝐻𝛼 (R) ,
(1)

where 𝛼 ∈ (1/2, 1], −∞𝐷𝛼
𝑡 and 𝑡𝐷𝛼

∞, respectively, denote left
and right Liouville-Weyl fractional derivatives of order 𝛼 on

R, 𝑎, 𝑏 > 0 are constants, 𝜇 > 0 is parameter, 𝜃 > 1, 𝑓 ∈𝐶(R ×R,R), and 𝑉 : R → R+ is a potential function.
The rest of the paper is organized as follows. Section 2

contains preliminary concepts of fractional calculus and
fractional Sobolev space, while some important lemmas,
which are needed in the proof of main results, are obtained
in Section 3. We present our main results in Section 4.

2. Preliminaries

In this section, we recall important definitions and concepts
of fractional calculus and then prove certain results about
fractional Sobolev space 𝐻𝛼(R) related to our study of the
problem at hand.

Definition 1 (see [24]). The left and right Liouville-Weyl
fractional integrals of order 𝛼 ∈ (0, 1) on R are defined by

−∞𝐼𝛼𝑥 𝜙 (𝑥) = 1Γ (𝛼) ∫
𝑥

−∞
(𝑥 − 𝜉)𝛼−1 𝜙 (𝜉) 𝑑𝜉,

𝑥𝐼𝛼∞ 𝜙 (𝑥) = 1Γ (𝛼) ∫
∞

𝑥
(𝜉 − 𝑥)𝛼−1 𝜙 (𝜉) 𝑑𝜉,

(2)

respectively, where 𝑥 ∈ R.

Hindawi
Discrete Dynamics in Nature and Society
Volume 2017, Article ID 9281049, 9 pages
https://doi.org/10.1155/2017/9281049

https://doi.org/10.1155/2017/9281049


2 Discrete Dynamics in Nature and Society

The left and right Liouville-Weyl fractional derivatives of
order 𝛼 ∈ (0, 1) on R are defined by

−∞𝐷𝛼
𝑥 𝜙 (𝑥) = 𝑑𝑑𝑥 −∞𝐼1−𝛼𝑥 𝜙 (𝑥) ,

𝑥𝐷𝛼
∞ 𝜙 (𝑥) = − 𝑑𝑑𝑥 𝑥𝐼1−𝛼∞ 𝜙 (𝑥) ,

(3)

respectively, where 𝑥 ∈ R.
The definitions (3) may be written in an alternative form

as follows:

−∞𝐷𝛼
𝑥 𝜙 (𝑥) = 𝛼Γ (1 − 𝛼) ∫

∞

0

𝜙 (𝑥) − 𝜙 (𝑥 − 𝜉)𝜉𝛼+1 𝑑𝜉,

𝑥𝐷𝛼
∞ 𝜙 (𝑥) = 𝛼Γ (1 − 𝛼) ∫

∞

0

𝜙 (𝑥) − 𝜙 (𝑥 + 𝜉)𝜉𝛼+1 𝑑𝜉.
(4)

Also, we define the Fourier transformF(𝑢)(𝜉) of 𝑢(𝑥) as
F (𝑢) (𝜉) = ∫∞

−∞
𝑒−𝑖𝑥⋅𝜉𝑢 (𝑥) 𝑑𝑥. (5)

For any 𝛼 > 0, we define the seminorm and norm,
respectively, as [16]

|𝑢|𝐼𝛼−∞ =  −∞𝐷𝛼
𝑥 𝑢𝐿2 ,

‖𝑢‖𝐼𝛼−∞ = (‖𝑢‖2𝐿2 + |𝑢|2𝐼𝛼−∞)1/2 ,
(6)

and let the space 𝐼𝛼−∞(R) denote the completion of 𝐶∞0 (R)
with respect to the norm ‖ ⋅ ‖𝐼𝛼−∞ .

Next, for 0 < 𝛼 < 1, we give the relationship between
classical fractional Sobolev space 𝐻𝛼(R) and 𝐼𝛼−∞(R), where𝐻𝛼(R) is defined by

𝐻𝛼 (R) = 𝐶∞0 (R)‖⋅‖𝛼 , (7)

with the norm

‖𝑢‖𝛼 = (‖𝑢‖2𝐿2 + |𝑢|2𝛼)1/2 , (8)

and seminorm

|𝑢|𝛼 = 𝜉𝛼F (𝑢)𝐿2 . (9)

Observe that the spaces 𝐻𝛼(R) and 𝐼𝛼−∞(R) are equal and
have equivalent norms (see [16]).

Therefore, we define

𝐻𝛼 (R) = {𝑢 ∈ 𝐿2 (R) | 𝜉𝛼F (𝑢) ∈ 𝐿2 (R)} . (10)

Let

𝑋𝛼 = {𝑢 ∈ 𝐻𝛼 (R) | ∫
R

( −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 + |𝑢 (𝑡)|2) 𝑑𝑡

< ∞} .
(11)

The space 𝑋𝛼 is a reflexive and separable Hilbert space with
the inner product

⟨𝑢, V⟩𝑋𝛼
= ∫

R

( −∞𝐷𝛼
𝑡 𝑢 (𝑡) ⋅ −∞𝐷𝛼

𝑡 V (𝑡) + 𝑢 (𝑡) V (𝑡)) 𝑑𝑡 (12)

and the corresponding norm

‖𝑢‖2𝑋𝛼 = ⟨𝑢, 𝑢⟩𝑋𝛼 . (13)

Define the space

𝑋𝛼
𝜇 = {𝑢 ∈ 𝑋𝛼 : ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 < +∞} , (14)

with the norm

‖𝑢‖𝑋𝛼𝜇 = (∫
R

𝑎𝜃−1 ( −∞𝐷𝛼
𝑡 𝑢 (𝑡)2) 𝑑𝑡

+ ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2 .
(15)

Lemma 2. (𝑋𝛼
𝜇, ‖ ⋅ ‖𝑋𝛼𝜇 ) is a uniformly convex Banach space.

Proof. 𝑋𝛼
𝜇 is obviously Banach space. Now, we can prove that(𝑋𝛼

𝜇, ‖ ⋅ ‖𝑋𝛼𝜇 ) is uniformly convex. To this end, let 0 < 𝜀 < 2
and 𝑢, V ∈ 𝑋𝛼

𝜇 with ‖𝑢‖𝑋𝛼
𝜆
= ‖V‖𝑋𝛼𝜇 = 1 and ‖𝑢 − V‖𝑋𝛼𝜇 ≥ 𝜀.

Using the following inequality:

𝑎 + 𝑏2


2 + 

𝑎 − 𝑏2

2 ≤ 12 (|𝑎|2 + |𝑏|2) , ∀𝑎, 𝑏 ∈ R, (16)

we get
𝑢 + V2


2

𝑋𝛼𝜇

+ 𝑢 − V2

2

𝑋𝛼𝜇

= ∫
R

𝑎𝜃−1 ( −∞𝐷𝛼
𝑡 (𝑢 + V2 ) (𝑡)

2)𝑑𝑡
+ ∫

R

𝜇𝑉 (𝑡) 𝑢 + V2

2 𝑑𝑡

+ ∫
R

𝑎𝜃−1 ( −∞𝐷𝛼
𝑡 (𝑢 − V2 ) (𝑡)

2)𝑑𝑡
+ ∫

R

𝜇𝑉 (𝑡) 𝑢 − V2

2 𝑑𝑡

≤ 12 (∫
R

𝑎𝜃−1 ( −∞𝐷𝛼
𝑡 𝑢 (𝑡)2) 𝑑𝑡

+ ∫
R

𝑎𝜃−1 ( −∞𝐷𝛼
𝑡 V (𝑡)2) 𝑑𝑡 + ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
+ ∫

R

𝜇𝑉 (𝑡) |V|2 𝑑𝑡) = 12 (‖𝑢‖2𝑋𝛼𝜇 + ‖V‖2𝑋𝛼𝜇) = 1,

(17)

which implies that ‖(𝑢 + V)/2‖2𝑋𝛼𝜇 ≤ 1 − 𝜀/2. Hence, taking
𝛿 = 𝛿(𝜀) such that 1−𝜀/2 = 1−𝛿, we have ‖(𝑢+V)/2‖2𝑋𝛼𝜇 ≤ 1−𝛿.
Therefore, (𝑋𝛼

𝜇 , ‖ ⋅ ‖𝑋𝛼𝜇 ) is uniformly convex.
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In the sequel, we need the following assumptions.

(V1) 𝑉(𝑡) ∈ 𝐶(R,R), 𝑉0 fl inf 𝑡∈R𝑉(𝑡) > 0;
(V2) there exists 𝑟 > 0 such that, for any𝑀 > 0,
meas ({𝑡 ∈ (𝑦 − 𝑟, 𝑦 + 𝑟) : 𝑉 (𝑡) ≤ 𝑀}) → 0

as 𝑦 → ∞; (18)

(V3) there exists 𝑙0 > 0 such that ∫
|𝑡|≥𝑙0

𝑉(𝑡)−1𝑑𝑡 < ∞;

(F1) 𝑓 ∈ 𝐶(R × R,R) and there exist constants 𝑐0, 𝑐1,. . . , 𝑐𝑙 > 0 and 𝑞𝑗 ∈ (2, 2𝜃) such that

𝑓 (𝑡, 𝑢) ≤ 𝑐0 |𝑢| + 𝑙∑
𝑗=1

𝑐𝑗 |𝑢|𝑞𝑗−1 , ∀ (𝑡, 𝑢) ∈ R ×R; (19)

(F2) 𝑓(𝑡, 𝑢) = 𝑜(|𝑢|) as |𝑢| → 0 uniformly in 𝑡 ∈ R𝑁;
(F3) there exist 𝜆 ∈ (2𝜃,∞) such that

𝜆𝐹 (𝑡, 𝑢) ≤ 𝑓 (𝑡, 𝑢) 𝑢, ∀𝑡 ∈ R, 𝑢 ∈ R; (20)

(F4) 𝐹(𝑡, 𝑢)/|𝑢|2𝜃 → +∞ as |𝑢| → +∞ uniformly in 𝑡 ∈ R;
(F5) 𝑓(𝑡, −𝑢) = −𝑓(𝑡, 𝑢) for all (𝑡, 𝑢) ∈ R ×R;
(F6) 𝑓 ∈ 𝐶(R ×R,R) and there exists 1 < 𝑝 < 2 such that

𝑓 (𝑡, 𝑢) ≤ |𝑢|𝑝−1 , ∀ (𝑡, 𝑢) ∈ R ×R; (21)

(F7) there exist 𝜎1 > 0, 0 < 𝜎2 < 1/8𝐷2
2 (𝐷2 is defined in

Remark 6), 1 ≤ 𝛾 < 2, and small constants 0 < 𝑟0 < 𝑟1
such that

𝜎1 |𝑢|𝛾 < 𝐹 (𝑡, 𝑢) ≤ 𝜎2 |𝑢|2 ,
𝑟0 ≤ |𝑢| ≤ 𝑟1, a.e. 𝑡 ∈ R. (22)

Lemma 3. Assume that (V1) holds. Then the embeddings𝑋𝛼
𝜇 → 𝑋𝛼 → 𝐿2(R) are continuous. In particular, there exists

a constant 𝐶2 > 0 such that
‖𝑢‖𝐿2(R) ≤ 𝐶2 ‖𝑢‖𝑋𝛼𝜇 ∀𝑢 ∈ 𝑋𝛼

𝜇. (23)

Moreover, if (V1) and (V2) hold, then the embedding 𝑋𝛼
𝜇 →

𝐿2(R) is compact.

Proof. Clearly, the chain of embeddings𝑋𝛼
𝜇 → 𝑋𝛼 → 𝐿2(R)

is continuous and consequently one can obtain (23). Also in
view of (V1), (V2), and following the method of proof similar
to that of Lemma 2.2 in [15], the embedding 𝑋𝛼

𝜇 → 𝐿2(R) is
compact.

Lemma 4. Let 𝛼 > 1/2. Then𝐻𝛼(R) ⊂ 𝐶(R) and there exists
a constant 𝐶 = 𝐶𝛼 such that

sup
𝑥∈R

|𝑢 (𝑥)| ≤ 𝐶 ‖𝑢‖𝑋𝛼𝜇 . (24)

Proof. The proof is similar to that of Theorem 2.1 in [16], so
we omit it.

Also by Lemma 4, there is a constant 𝐶𝛼 > 0 such that

‖𝑢‖∞ ≤ 𝐶𝛼 ‖𝑢‖𝑋𝛼𝜇 . (25)

Remark 5. If 𝑢 ∈ 𝐻𝛼(R) with 1/2 < 𝛼 < 1, then it follows by
Lemma 4 that 𝑢 ∈ 𝐿𝑞(R) for all 𝑞 ∈ [2,∞) as

∫
R
|𝑢 (𝑥)|𝑞 𝑑𝑥 ≤ ‖𝑢‖𝑞−2∞ ‖𝑢‖2𝐿2(R) . (26)

Remark 6. From Remark 5 and Lemma 3, it is easy to verify
that the imbedding of 𝑋𝛼

𝜇 in 𝐿𝑞(R) is also compact for 𝑞 ∈(2,∞). Hence, for all 2 ≤ 𝑞 < ∞, the imbedding of 𝑋𝛼
𝜇

in 𝐿𝑞(R) is continuous and compact, which together with
Lemma 4 implies that there exists𝐷𝑞 > 0 such that

‖𝑢‖𝐿𝑞(R) ≤ 𝐷𝑞 ‖𝑢‖𝑋𝛼𝜇 . (27)

Lemma 7. Assume that (V1) and (V3) hold. Then the embed-
ding𝑋𝛼

𝜇 → 𝐿𝑝(R) is continuous and compact for𝑝 ∈ [1, +∞).
Proof. By (V3) and Hölder’s inequality, we have

∫
|𝑡|≥𝑙0

|𝑢 (𝑡)| 𝑑𝑡

≤ (∫
|𝑡|≥𝑙0

𝑉 (𝑡) |𝑢 (𝑡)|2 𝑑𝑡)1/2 (∫
|𝑡|≥𝑙0

𝑉 (𝑡)−1/2 𝑑𝑡)1/2

≤ 𝑐1 ‖𝑢‖𝑋𝛼𝜇 ,
(28)

for some positive constant 𝑐1. So Lemma 4 implies that

‖𝑢‖1 = ∫𝑙0
−𝑙0

|𝑢 (𝑡)| 𝑑𝑡 + ∫
|𝑡|≥𝑙0

|𝑢 (𝑡)| 𝑑𝑡
≤ 2𝑙0 ‖𝑢‖∞ + 𝑐1 ‖𝑢‖𝑋𝛼𝜇 ≤ 𝑐2 ‖𝑢‖𝑋𝛼𝜇 ,

(29)

for some positive constant 𝑐2. Hence, by Remark 6, we can get
continuous embeddings𝑋𝛼

𝜇 into 𝐿𝑝(R) for𝑝 ∈ [1, +∞). Now,
we will show that the embedding is compact for 𝑝 ∈ [1, +∞).
Let {𝑢𝑛} ⊂ 𝑋𝛼

𝜇 such that 𝑢𝑛 ⇀ 0 and𝑀 > 0 such that ‖𝑢‖𝑋𝛼𝜇 ≤𝑀. In view of (V3), given 𝜀 > 0, for 𝑙 > 0 large enough, one
can obtain

∫
|𝑡|≥𝑙0

𝑉 (𝑡)−1/2 𝑑𝑡 < ( 𝜀2𝑀)2 . (30)

Then,

∫
|𝑡|≥𝑙

|𝑢 (𝑡)| 𝑑𝑡
≤ (∫

|𝑡|≥𝑙
𝑉 (𝑡) |𝑢 (𝑡)|2 𝑑𝑡)1/2 (∫

|𝑡|≥𝑙
𝑉 (𝑡)−1/2 𝑑𝑡)1/2

≤ 𝜀2𝑀 ‖𝑢‖𝑋𝛼𝜇 ≤ 𝜀2 .
(31)
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On the other hand, by Sobolev’s theorem (see, e.g., [25])
which implies that 𝑢𝑛 → 0 uniformly on [−𝑙, 𝑙], there is 𝑛0
such that ∫𝑙

−𝑙
|𝑢(𝑡)|𝑑𝑡 < 𝜀/2 for all 𝑛 ≥ 𝑛0. Thus 𝑢𝑛 → 0 in

𝐿1(R). So, for 1 < 𝑝 < ∞, we have

∫
R
|𝑢 (𝑥)|𝑝 𝑑𝑥 ≤ ‖𝑢‖𝑝−1∞ ∫

R
|𝑢 (𝑡)| 𝑑𝑡 ≤ 𝑐3 ‖𝑢‖1 → 0, (32)

and consequently, 𝑢𝑛 → 0 in 𝐿𝑝(R) for 𝑝 ∈ [1, +∞).
Definition 8. Let𝑋 be a Banach space, 𝐼 ∈ 𝐶1(𝑋,R). One says
that 𝐼 satisfies the Palais-Smale (PS) condition if any sequence(𝑢𝑛) ∈ 𝑋 for which 𝐼(𝑢𝑛) is bounded and 𝐼(𝑢𝑛) → 0 as 𝑛 →∞ possesses a convergent subsequence.

In order to establish the main results, we need the
following knownTheorems.

Theorem 9 (see [26, Theorem 2.2]). Let 𝑋 be a real Banach
space and 𝐼 ∈ 𝐶1(𝑋,R) satisfies (𝑃𝑆) condition. Suppose 𝐼(0) =0 and

(i) there are constants 𝜌, 𝛼 > 0 such that 𝐼|𝜕𝐵𝜌(0) ≥ 0;
(ii) there is an 𝑒 ∈ 𝑋 \ 𝐵𝜌(0) such that 𝐼(𝑒) ≤ 0.

Then 𝐼 possesses a critical value 𝑐 ≥ 𝛼. Moreover 𝑐 can be
characterized as

𝑐 = inf
𝛾∈Γ

max
𝑠∈[0,1]

𝐼 (𝛾 (𝑠)) , (33)

where

Γ = {𝛾 ∈ 𝐶 ([0, 1] , 𝑋) : 𝛾 (0) = 0, 𝛾 (1) = 𝑒} . (34)

Theorem 10 (see [26, Theorem 9.12]). Let 𝑋 be an infinite
dimensional Banach space and let 𝐼 ∈ 𝐶1(𝑋,R) be even,
satisfying (PS) condition, and 𝐼(0) = 0. If𝑋 = 𝑌 ⊕ 𝑍, where 𝑌
is finite dimensional and 𝐼 satisfies the following conditions:

(I1) there exist constants 𝜌, 𝛼 > 0 such that 𝐼|𝜕𝐵𝜌∩𝑍 ≥ 𝛼;
(I2) for any finite dimensional subspace 𝑋 ⊂ 𝑋, there is𝑅 = 𝑅(𝑋) > 0 such that 𝐼(𝑢) ≤ 0 on 𝑋 \ 𝐵𝑅,

then 𝐼 possesses an unbounded sequence of critical values.

3. Some Lemmas

Recall that 𝑢 ∈ 𝑋𝛼
𝜇 is said to be a weak solution of problem (1)

if

(𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡)𝜃−1

⋅ ∫
R
−∞𝐷𝛼

𝑡 𝑢 (𝑡) ⋅ −∞𝐷𝛼
𝑡 𝜑 (𝑡) 𝑑𝑡

+ ∫
R

𝜇𝑉 (𝑡) 𝑢 (𝑡) 𝜑 (𝑡) 𝑑𝑡 = ∫
R

𝑓 (𝑡, 𝑢 (𝑡)) 𝜑 (𝑡) 𝑑𝑡,
∀𝜑 ∈ 𝑋𝛼

𝜇,

(35)

and the energy functional 𝐼𝜇,𝜃 : 𝑋𝛼
𝜇 → R is given by the

formula

𝐼𝜇,𝜃 (𝑢) = 12𝑏𝜃 (𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡)𝜃

+ 12 ∫
R

𝜇𝑉 (𝑥) |𝑢 (𝑡)|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢 (𝑡)) 𝑑𝑡,
(36)

where 𝐹(𝑥, 𝑢) = ∫𝑢
0
𝑓(𝑡, 𝑠)𝑑𝑠.

In view of assumptions (V1) and (F1), the functional 𝐼𝜇,𝜃
is of class 𝐶1(𝑋𝛼

𝜇,R) and by similar method in Theorem 4.1
in [27] and the definition of Gâteaux derivative, one can get

⟨𝐼𝜇,𝜃 (𝑢) , 𝜑⟩ = (𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡)𝜃−1

⋅ ∫
R
−∞𝐷𝛼

𝑡 𝑢 (𝑡) ⋅ −∞𝐷𝛼
𝑡 𝜑 (𝑡) 𝑑𝑡

+ ∫
R

𝜇 (𝑡) 𝑢 (𝑡) 𝜑 (𝑡) 𝑑𝑡
− ∫

R

𝑓 (𝑡, 𝑢 (𝑡)) 𝜑 (𝑡) 𝑑𝑡,
∀𝑢, 𝜑 ∈ 𝑋𝛼

𝜇.

(37)

Lemma 11. Assume that (V) and (F1)–(F3) hold. Then 𝐼𝜇,𝜃
satisfies the (PS) condition.

Proof. Let {𝑢𝑛}𝑛∈N ⊂ 𝑋𝛼
𝜇 be a sequence such that {𝐼𝜇,𝜃(𝑢𝑛)}𝑛∈N

is bounded and 𝐼𝜇,𝜃(𝑢𝑛) → 0 as 𝑛 → ∞. Then there exits
𝐷 > 0 such that |⟨𝐼𝜇,𝜃(𝑢𝑛), 𝑢𝑛⟩| ≤ 𝐷‖𝑢‖𝑋𝛼𝜇 and |𝐼𝜇,𝜃(𝑢𝑛)| ≤ 𝐷.
So, by (F3), (23), and the fact that 𝜆 > 2𝜃 > 1, we get

𝜆𝐷 + 𝐷 ‖𝑢‖𝑋𝛼𝜇 ≥ 𝜆𝐼𝜇,𝜃 (𝑢𝑛) − ⟨𝐼𝜇,𝜃 (𝑢𝑛) , 𝑢𝑛⟩
= 𝜆2𝑏𝜃 (𝑎 + 𝑏∫

R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡)𝜃 + 𝜆2

⋅ ∫
R

𝜇𝑉 (𝑡) 𝑢𝑛 (𝑡)2 𝑑𝑡 − 𝜆∫
R

𝐹 (𝑡, 𝑢𝑛 (𝑡)) 𝑑𝑡
− (𝑎 + 𝑏∫

R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡)𝜃−1

⋅ ∫
R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡 − ∫

R

𝜇𝑉 (𝑡) 𝑢𝑛 (𝑡)2 𝑑𝑡
+ ∫

R

𝑓 (𝑡, 𝑢𝑛 (𝑡)) 𝑢𝑛 (𝑡) 𝑑𝑡
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= 𝑎𝜆2𝑏𝜃 (𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡)𝜃−1

+ 𝜆 − 2𝜃2𝜃 (𝑎 + 𝑏∫
R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡)𝜃−1

⋅ ∫
R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡 + 𝜆 − 22

⋅ ∫
R

𝜇𝑉 (𝑡) 𝑢𝑛 (𝑡)2 𝑑𝑡
+ ∫

R

(𝑓 (𝑡, 𝑢𝑛 (𝑡)) 𝑢𝑛 (𝑡) − 𝜆𝐹 (𝑡, 𝑢𝑛 (𝑡))) 𝑑𝑡
≥ 𝜆 − 2𝜃2𝜃 𝑎𝜃−1 ∫

R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡 + 𝜆 − 22

⋅ ∫
R

𝜇𝑉 (𝑡) 𝑢𝑛 (𝑡)2 𝑑𝑡 ≥ 𝜆 − 2𝜃2𝜃 ‖𝑢‖2𝑋𝛼𝜇 .
(38)

Hence, {𝑢𝑛}𝑛∈N is bounded in𝑋𝛼
𝜇.

So, passing onto subsequence if necessary, thanks to
Lemma 3, we have

𝑢𝑛 ⇀ 𝑢, weakly in 𝑋𝛼
𝜇 ,

𝑢𝑛 → 𝑢, strongly a.e. in R,
𝑢𝑛 → 𝑢,

strongly a.e. in 𝐿𝑠 (R𝑁) , 2 ≤ 𝑠 < +∞,
(39)

∫
R

 −∞𝐷𝛼
𝑡 𝑢𝑛 (𝑡)2 𝑑𝑡 → 𝜌1 ≥ 0,

∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡 → 𝜌2 ≥ 0.
(40)

We will prove that

∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡 = 𝜌1,

∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑥 = 𝜌2.
(41)

Let 𝜑 ∈ 𝑋𝛼
𝜇 be fixed and denote by 𝐵𝜑 the linear functional

on𝑋𝛼
𝜇 defined by

𝐵𝜑 (V) fl ∫
R
−∞𝐷𝛼

𝑡 𝜑 (𝑡) ⋅ −∞𝐷𝛼
𝑡 V (𝑡) 𝑑𝑡, (42)

and set

Δ 𝛼 (𝑢) fl ∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡, (43)

for all V ∈ 𝑋𝛼
𝜇. In view of the Hölder inequality and definition

of 𝐵𝜑, we have
⟨𝐼𝜇,𝜃 (𝑢𝑛) − 𝐼𝜇,𝜃 (𝑢) , 𝑢𝑛 − 𝑢⟩ = (𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1

⋅ 𝐵𝑢𝑛 (𝑢𝑛 − 𝑢) − (𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 𝐵𝑢 (𝑢𝑛 − 𝑢)
+ ∫

R

𝜇𝑉 (𝑡) (𝑢𝑛 − 𝑢) (𝑢𝑛 − 𝑢) 𝑑𝑡
− ∫

R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡 ≥ (𝑎
+ 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 Δ 𝛼 (𝑢𝑛) − (𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1
⋅ (Δ 𝛼 (𝑢𝑛))(𝜃−1)/2 (Δ 𝛼 (𝑢𝑛))1/2 + (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1
⋅ Δ 𝛼 (𝑢) − (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2
⋅ (Δ 𝛼 (𝑢𝑛))1/2 + ∫

R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡
− (∫

R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2 (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2

+ ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 − (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2

⋅ (∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2

− ∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡 = (𝑎
+ 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 (Δ 𝛼 (𝑢𝑛))(𝜃−1)/2 [(Δ 𝛼 (𝑢𝑛))1/2
− (Δ 𝛼 (𝑢))1/2] + (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2
⋅ [(Δ 𝛼 (𝑢))1/2 − (Δ 𝛼 (𝑢𝑛))1/2]
+ (∫

R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2 [(∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2

− (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2] + (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2

⋅ [(∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2

− (∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2]
− ∫

R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡
= [(Δ 𝛼 (𝑢𝑛))1/2 − (Δ 𝛼 (𝑢))1/2]
⋅ [(𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 (Δ 𝛼 (𝑢𝑛))(𝜃−1)/2
− (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2]
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+ [(∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2

− (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2]2

− ∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡.
(44)

Since 𝑢𝑛 ⇀ 𝑢 in 𝑋𝛼
𝜇 and 𝐼𝜇,𝜃(𝑢𝑛) → 0 as 𝑛 → ∞ in (𝑋𝛼

𝜇)∗,
therefore ⟨𝐼𝜇,𝜃(𝑢𝑛) − 𝐼𝜇,𝜃(𝑢), 𝑢𝑛 − 𝑢⟩ → 0 as 𝑛 → ∞. Now,
using (F1) and Hölder inequality, we obtain

∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡
≤ ∫

R

𝑐0 (
𝑢𝑛 + |𝑢|) + 𝑙∑

𝑗=1

𝑐𝑗 (𝑢𝑛𝑞𝑗−1 + |𝑢|𝑞𝑗−1)


⋅ 𝑢𝑛 − 𝑢 𝑑𝑥 ≤ 𝑐0 (𝑢𝑛𝐿2(R) + ‖𝑢‖𝐿2(R)) 𝑢𝑛
− 𝑢𝐿2(R) +

𝑙∑
𝑗=1

𝑐𝑗 (𝑢𝑛𝑞𝑗−1𝐿
𝑞𝑗 (R)

+ 𝑢𝑛𝑞𝑗−1𝐿
𝑞𝑗 (R)

)
⋅ 𝑢𝑛 − 𝑢𝐿𝑞𝑗 (R) ,

(45)

which, in view of (39), yields

lim
𝑛→∞

∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡 = 0. (46)

Since 𝑢𝑛 → 𝑢 a.e. in R, it follows by Fatou’s lemma that

Δ 𝛼 (𝑢) ≤ lim inf
𝑛→∞

Δ 𝛼 (𝑢𝑛) = 𝜌1,
∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 ≤ lim inf
𝑛→∞

∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡 = 𝜌2. (47)

Noting that Π(𝑠) = (𝑎 + 𝑏𝑠)𝜃−1𝑠(𝜃−1)/2 is a nondecreasing
function for 𝑠 ≥ 0, we get

[(𝜌1)1/2 − (Δ 𝛼 (𝑢))1/2] [(𝑎 + 𝑏𝜌1)𝜃−1 (𝜌1)(𝜃−1)/2
− (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2] ,

[(𝜌2)1/2 − (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2]2 ≥ 0.
(48)

Now, in view of ⟨𝐼𝜇,𝜃(𝑢𝑛) − 𝐼𝜇,𝜃(𝑢), 𝑢𝑛 − 𝑢⟩ → 0 as 𝑛 → ∞,
(46), and (47), one has

0 ≥ lim inf
𝑛→∞

{[(Δ 𝛼 (𝑢𝑛))1/2 − (Δ 𝛼 (𝑢))1/2]
⋅ [(𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 (Δ 𝛼 (𝑢𝑛))(𝜃−1)/2
− (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2]
+ [(∫

R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2

− (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2]2

− ∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡}
≥ lim
𝑛→∞

{[(Δ 𝛼 (𝑢𝑛))1/2 − (Δ 𝛼 (𝑢))1/2]
⋅ [(𝑎 + 𝑏Δ 𝛼 (𝑢𝑛))𝜃−1 (Δ 𝛼 (𝑢𝑛))(𝜃−1)/2
− (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2]}
+ lim
𝑛→∞

[(∫
R

𝜇𝑉 (𝑡) 𝑢𝑛2 𝑑𝑡)1/2

− (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2]2

− lim
𝑛→∞

{∫
R

(𝑓 (𝑡, 𝑢𝑛) − 𝑓 (𝑡, 𝑢)) (𝑢𝑛 − 𝑢) 𝑑𝑡}
≥ [(𝜌1)1/2 − (Δ 𝛼 (𝑢))1/2] [(𝑎 + 𝑏𝜌1)𝜃−1 (𝜌1)(𝜃−1)/2

− (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃−1 (Δ 𝛼 (𝑢))(𝜃−1)/2] + [(𝜌2)1/2

− (∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)1/2]2 .

(49)

Then, from (48)-(49), we get

Δ 𝛼 (𝑢) = ∫
R

 −∞𝐷𝛼
𝑡 𝑢 (𝑡)2 𝑑𝑡 = 𝜌1,

∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 = 𝜌2.
(50)

Hence, we obtain ‖𝑢𝑛‖𝑋𝛼𝜇 → ‖𝑢‖𝑋𝛼𝜇 . As 𝑋𝛼
𝜇 is a reflexive

Banach space (see Lemma 2), it is isomorphic to a locally
uniformly convex space. So the weak convergence and norm
convergence imply strong convergence. This completes the
proof.
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Let {𝑒𝑗} be a total orthonormal basis of 𝐿2(R) and define𝑋𝑗 = R𝑒𝑗, 𝑗 ∈ N,

𝑌𝑘 = ⊕𝑘𝑗=1𝑋𝑗,
𝑍𝑘 = ⊕∞𝑗=𝑘+1𝑋𝑗,

𝑘 ∈ N.
(51)

Lemma 12. Assume that (V1) holds. Then, for 2 < 𝑝 < +∞,

𝛽𝑘 fl sup
𝑢∈𝑍𝑘 ,‖𝑢‖𝑋𝛼𝜇=1

‖𝑢‖𝐿𝑝(R) → 0, 𝑘 → ∞. (52)

Proof. The proof is similar to that of Lemma 3.8 in [28]. So it
is omitted.

In view of Lemma 12, we can choose an integer 𝑘 ≥ 1 such
that

∫
R
|𝑢|2 𝑑𝑡

≤ 12𝑐0 (∫
R

𝑎 ( −∞𝐷𝛼
𝑡 𝑢 (t)2) 𝑑𝑡 + ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡)
∀𝑢 ∈ 𝑍𝑚 ∩ 𝑋𝛼

𝜇,
(53)

where 𝑐1 is a constant given in condition (F1). Let

R (𝑡) = {{{
1, |𝑡| > 𝑟,
0, |𝑡| ≤ 𝑟, (54)

and set 𝑌 = {(1 − R)𝑢 : 𝑢 ∈ 𝑋𝛼
𝜇, (1 − R)𝑢 ∈ 𝑌𝑘} and 𝑍 ={(1 −R)𝑢 : 𝑢 ∈ 𝑋𝛼

𝜇, (1 −R)𝑢 ∈ 𝑍𝑘} + {RV : V ∈ 𝑋𝛼
𝜇}. Hence𝑌 and 𝑍 are subspaces of𝑋𝛼

𝜇, and𝑋𝛼
𝜇 = 𝑌 ⊕ 𝑍.

Lemma 13. Suppose that (V1), (V2), and (F1) are satisfied.
Then there exist constants , 𝛽 > 0 such that 𝐼𝜇,𝜃|𝜕𝐵∩𝑍 ≥ 𝛼.
Proof. In view of (V2), (53), and definition of the space 𝑍, we
have

‖𝑢‖2𝐿2(R) = ∫
|𝑡|<𝑟

|𝑢 (𝑡)|2 𝑑𝑡 + ∫
|𝑡|≥𝑟

|𝑢 (𝑡)|2 𝑑𝑡
≤ 12𝑐0 ‖𝑢‖2𝑋𝛼𝜇

+ 1𝜇𝜔 ∫
{𝑡∈R,𝑉(𝑡)>𝜔}

𝜇𝑉 (𝑡) |𝑢 (𝑡)|2 𝑑𝑡
≤ 12𝑐0 ‖𝑢‖2𝑋𝛼𝜇 + 1𝜇𝜔 ‖𝑢‖2𝑋𝛼𝜇 ∀𝑢 ∈ 𝑍.

(55)

Therefore, from (23), (55), and (F1) and for large enough value
of 𝜇, we get

𝐼𝜇,𝜃 (𝑢) = 12𝑏𝜃 (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃 + 12 ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢) 𝑑𝑡
≥ 𝑎𝜃−12 Δ 𝛼 (𝑢) + 12 ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢) 𝑑𝑡
≥ 12 ‖𝑢‖2𝑋𝛼𝜇 − 𝑐02 ‖𝑢‖2𝐿2(R) −

𝑙∑
𝑗=1

𝑐𝑗𝑞𝑗 ‖𝑢‖
𝑞𝑗

𝐿
𝑞𝑗 (R)

≥ 14 ‖𝑢‖2𝑋𝛼𝜇 − 𝑐0𝜇𝜔2 ‖𝑢‖2𝑋𝛼𝜇 −
𝑙∑
𝑗=1

𝑐𝑗𝐷𝑞𝑗
𝑞𝑗𝑞𝑗 ‖𝑢‖𝑞𝑗𝑋𝛼𝜇

≥ 18 ‖𝑢‖2𝑋𝛼𝜇 −
𝑙∑
𝑗=1

𝑐𝑗𝐷𝑞𝑗
𝑞𝑗𝑞𝑗 ‖𝑢‖𝑞𝑗𝑋𝛼𝜇 .

(56)

Since 2 < 𝑞𝑗 (𝑗 = 1, . . . , 𝑙), there exist constants , 𝛽 > 0 such
that 𝐼𝜇,𝜃|𝜕𝐵∩𝑍 ≥ 𝛽.
Lemma 14. Assume that (F1) and (F4) are satisfied. Then,
for any finite dimensional subspace 𝑋𝛼

𝜇 ⊂ 𝑋𝛼
𝜇, there is 𝑅 =

𝑅(𝑋𝛼
𝜇) > 0 such that 𝐼𝜇,𝜃(𝑢) ≤ 0 on 𝑋𝛼

𝜇 \ 𝐵𝑅.
Proof. Since all the norms in the finite dimensional space are
equivalent, there exists a constant Υ such that

‖𝑢‖𝐿2𝜃(R) ≥ Υ ‖𝑢‖𝑋𝛼𝜇 , ∀𝑢 ∈ 𝑋𝛼
𝜇. (57)

From (F1) and (F4), for any 𝐿 > 𝑏𝜃−1/2𝜃Υ2𝜃𝑎𝜃(𝜃−1), there
exists a constant 𝐶𝐿 > 0 such that

𝐹 (𝑡, 𝑢) ≥ 𝐿 |𝑢|2𝜃 − 𝐶𝐿 |𝑢|2 , ∀ (𝑡, 𝑢) ∈ R ×R. (58)

Thus

𝐼𝜇,𝜃 (𝑢) = 12𝑏𝜃 (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃 + 12 ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢) 𝑑𝑡
≤ 12𝑏𝜃 (𝑎 + 𝑏𝑎𝜃−1 ‖𝑢‖2𝑋𝛼𝜇)

𝜃 + 12 ‖𝑢‖2𝑋𝛼𝜇
+ 𝐶𝐿 ‖𝑢‖2𝐿2(R) − 𝐿 ‖𝑢‖2𝜃𝐿2𝜃(R)

≤ 12𝑏𝜃 (𝑎 + 𝑏𝑎𝜃−1 ‖𝑢‖2𝑋𝛼𝜇)
𝜃

+ (12 + 𝐶𝐿𝐷2
2) ‖𝑢‖2𝑋𝛼𝜇 − 𝐿Υ2𝜃 ‖𝑢‖2𝜃𝑋𝛼𝜇

(59)

for all 𝑢 ∈ 𝑋𝛼
𝜇. Consequently, there is a large 𝑅 > 0 such that

𝐼𝜇,𝜃(𝑢) ≤ 0 on𝑋𝛼
𝜇 \𝐵𝑅.Therefore, the proof is completed.
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4. Existence of Weak Solutions

In this section, we present our main results.

Theorem 15. Assume that (V1), (V2), (F1), (F3), (F4), and (F5)
hold. Then problem (1) has infinitely many nontrivial weak
solutions whenever 𝜇 > 0 is sufficiently large.

Proof. We know that 𝐼𝜇,𝜃(0) = 0, and it is even by (F5). Let𝑋 = 𝑋𝛼
𝜇 and 𝑌 and 𝑍 be as defined in Section 2. By Lemmas

11, 13, and 14, it follows that 𝐼𝜇,𝜃 satisfies all the condition of
the Theorem 10. Therefore, problem (1) has infinitely many
nontrivial weak solutions whenever 𝜇 > 0 is sufficiently large.

Theorem16. Assume that (V1), (V2), (F1), (F2), (F3), and (F4)
hold.Then problem (1) has at least one nontrivial weak solution
when 𝜇 > 0.
Proof. We complete the proof in three steps.

Step 1. Clearly 𝐼𝜇,𝜃(0) = 0 and 𝐼𝜇,𝜃 ∈ 𝐶1(𝑋𝛼
𝜇,R) satisfies the

(PS) condition by Lemma 11.

Step 2. It will be shown that there exist constants , 𝛽 > 0 such
that 𝐼𝜇,𝜃 satisfies condition (i) ofTheorem 9. For any 𝜀 > 0, by
(F1) and (F2), there exists a constant 𝑐𝜀 > 0 such that

|𝐹 (𝑡, 𝑢)| ≤ 𝜖2 |𝑢|2 + 𝑙∑
𝑗=1

𝑐𝜀𝑗𝑞𝑗 |𝑢|
𝑞𝑗 . (60)

Thus, by (23) and (60), for small 𝜌 > 0, we get
𝐼𝜇,𝜃 (𝑢) = 12𝑏𝜃 (𝑎 + 𝑏Δ 𝛼 (𝑢))𝜃 + 12 ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢) 𝑑𝑡
≥ 𝑎𝜃−12 Δ 𝛼 (𝑢) + 12 ∫

R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡
− ∫

R

𝐹 (𝑡, 𝑢) 𝑑𝑡
≥ 12 (‖𝑢‖2𝑋𝛼𝜇 − 𝜀𝐷2

2 ‖𝑢‖2𝑋𝛼𝜇) − 𝑙∑
𝑗=1

𝑐𝜀𝑗𝑞𝑗𝐷
𝑞𝑗
𝑞𝑗 ‖𝑢‖𝑞𝑗𝑋𝛼𝜇

≥ 18 (1 − 𝜀𝐷2
2) 2,

(61)

for all 𝑢 ∈ 𝐵, where 𝐵 = {𝑢 ∈ 𝑋𝛼
𝜇 : ‖𝑢‖𝑋𝛼𝜇 < }. So it suffices

to choose 𝜀 = 1/2𝐷2
2 so that

𝐼𝜇,𝜃𝜕𝐵 ≥ 1162 fl 𝛽 > 0. (62)

Step 3. It remains to prove that there exists an 𝑒 ∈ 𝑋𝛼
𝜇 such

that ‖𝑢‖𝑋𝛼𝜇 >  and 𝐼𝜇,𝜃(𝑒) ≤ 0, where 𝜌 is defined in Step 2.
Let us consider

𝐼𝜇,𝜃 (𝜎𝑢) = 12𝑏𝜃 (𝑎 + 𝑏𝜎2Δ 𝛼 (𝑢))𝜃

+ 𝜎22 ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 − ∫
R

𝐹 (𝑡, 𝜎𝑢) 𝑑𝑡,
(63)

for all 𝜎 ∈ R. Take 0 ̸= 𝑢 ∈ 𝑋𝛼
𝜇. By (F1) and (F4), for any

𝜅 > 𝑏𝜃−1(Δ 𝛼(𝑢))𝜃/2𝜃 ∫
R
|𝑢|2𝜃𝑑𝑡, there is a constant 𝐶𝜅 > 0

such that

𝐹 (𝑡, 𝑢) ≥ 𝜅 |𝑢|2𝜃 − 𝐶𝜅 |𝑢|2 . (64)

So we have

𝐼𝜇,𝜃 (𝜎𝑢) ≤ 12𝑏𝜃 (𝑎 + 𝑏𝜎2Δ 𝛼 (𝑢))𝜃

+ 𝜎22 ∫
R

𝜇𝑉 (𝑡) |𝑢|2 𝑑𝑡 + 𝐶𝜅𝜎2 ∫
R
|𝑢|2 𝑑𝑡

− 𝜅𝜎2𝜃 ∫
R
|𝑢|2𝜃 𝑑𝑡 → −∞,

(65)

as 𝜎 → +∞. Thus, there is a point 𝑒 ∈ 𝑋𝛼
𝜇 \ 𝐵 such that𝐼𝜇,𝜃(𝑒) ≤ 0. By Theorem 9, 𝐼𝜇,𝜃 possesses a critical value 𝑐 ≥𝛼 > 0 given by

𝑐 = inf
𝛾∈Γ

max
𝑠∈[0,1]

𝐼𝜇,𝜃 (𝛾 (𝑠)) , (66)

where

Γ = {𝛾 ∈ 𝐶 ([0, 1] , 𝑋) : 𝛾 (0) = 0, 𝛾 (1) = 𝑒} . (67)

Hence there is 𝑢 ∈ 𝑋𝛼
𝜇 such that 𝐼𝜇,𝜃(𝑢) = 𝑐 and 𝐼𝜇,𝜃(𝑢) = 0;

that is, problem (1) has a nontrivial weak solution in𝑋𝛼
𝜇.

Theorem 17. Assume that (V1), (V3), (F5), (F6), and (F7)
hold. Then problem (1) has infinitely many nontrivial weak
solutions for 𝜇 > 0.
Proof. One can obtain the proof by employing the method of
proof for Theorem 15 and using Lemma 7.
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This paper focuses on the asymptotic solutions to time-space fractional coupled systems, where the fractional derivative and integral
are described in the sense of Caputo derivative and Riemann-Liouville integral. We introduce the Residual Power Series (for short
RPS) method to construct the desired asymptotic solutions. Furthermore, we apply this method to some time-space fractional
coupled systems. The simplicity and efficiency of RPS method are shown by the application.

1. Introduction

Fractional derivative wasmentioned in a letter fromL’Hopital
to Leibniz in 1695. In the letter, L’Hopital proposed a question
“What is the result of 𝑑𝑛𝑦/𝑑𝑥𝑛 if 𝑛 = 1/2?” The answer
of Leibniz was “𝑑1/2𝑥 will be equal to 𝑥√𝑑𝑥 : 𝑥. This is an
apparent paradox, from which, one day useful consequences
will be drawn” [1, 2]. Furthermore, the generalization of this
framework indicates that it is more appropriate to talk of
integration and differentiation of, such as fractional order,
real number order and even complex number order just
as the development of number system. However, there is a
basic question: “What is fractional integral and derivative?”
Or “How to define the fractional integral and derivative?”
More and more mathematicians focused on this problem,
such as J. L. Lagrange, P. S. Laplace, and Joseph B. J.
Fourier. Some different definitions of fractional integrals and
derivatives have been defined according to different needs,
like Riemann-Liouville integral, Caputo derivative, Weyl
derivative, and so on [2, 3]. But there is no uniform definition
of fractional integral and derivative, and the frequently
used definition is Riemann-Liouville integral and Caputo
derivative.

Fractional differential equations, which involve fraction-
al order derivatives, are applied in many engineering and

scientific disciplines as the mathematical modelling of sys-
tems and processes in the fields of physics, chemistry, aero-
dynamics, electrodynamics of complex medium, polymer
rheology, and so on. Fractional differential equations also
serve as an excellent tool for the description of hereditary
properties of various materials and processes. An essential
topic is to construct the solutions to fractional differential
equations. And there are some effective methods to obtain
different kinds of solutions, like Sumudu transform and
variational iteration method [4], fractional Taylor vector
approximate method [5], iterative method [6–8], Residual
Power Series (RPS) method [9–13], and so on [14–16]. On
the other hand, the study of coupled systems which involve
fractional differential equations is also important because
fractional coupled systems occur in many fields [17–21]. In
this paper, we generalize the RPS method to time-space
fractional coupled systems and obtain the asymptotic series
solutions.

The organization of this paper is as follows: In Sec-
tion 2, some concepts and lemmas on fractional calculus
are presented. In Section 3, we introduce the algorithm of
RPS method for time-space fractional coupled system. In
Section 4, asymptotic solutions of some examples are solved
via RPS method. In Section 5, some concluding remarks are
presented.
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2. Preliminaries

In this section, some concepts and main lemmas we need in
this paper are presented [2, 3, 22–24]. Andmore details about
fractional calculus can be found in [2, 23, 24].

Definition 1. A real function 𝑓(𝑥) is said to be in the space𝐶𝜇, 𝜇 ∈ R if there exists a real number 𝜌 > 𝜇 such that𝑓(𝑥) =
𝑥𝜌𝑓1(𝑥), where 𝑓1(𝑥) ∈ 𝐶[0, ∞). And it is said to be in the
space 𝐶𝑛𝜇 if 𝑓(𝑛)(𝑥) ∈ 𝐶𝜇, 𝑛 ∈ N.
Definition 2. TheRiemann-Liouville fractional integral oper-
ator of order 𝛼 ⩾ 0 of a function 𝑓 ∈ 𝐶𝜇, 𝜇 ⩾ −1 is defined
as

𝐼𝛼𝑡 𝑓 (𝑡)

fl
{{{

1
Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑓 (𝜏) d𝜏, 𝛼 > 0, 𝑡 > 𝜏 ⩾ 0,

𝑓 (𝑡) , 𝛼 = 0,
(1)

where the symbol 𝐼𝛼𝑡 represents the 𝛼th Riemann-Liouville
fractional integral of 𝑓.
Definition 3. The Caputo fractional derivative of order 𝛼 > 0
of 𝑓 ∈ 𝐶𝑛−1, 𝑛 ∈ N is defined as

𝐷𝛼𝑡 𝑓 (𝑡) fl {{{{{
𝐼𝑛−𝛼𝑡 𝑓(𝑛) (𝑡) , 𝑛 − 1 < 𝛼 < 𝑛, 𝑡 > 0,
d𝑛𝑓 (𝑡)
d𝑡𝑛 , 𝛼 = 𝑛, (2)

where the symbol 𝐷𝛼𝑡 𝑓(𝑡) represents the 𝛼th Caputo frac-
tional derivative of 𝑓.
Definition 4. The power series

∞∑
𝑛=0

𝑐𝑛 (𝑡 − 𝑡0)𝑛𝛼 = 𝑐0 + 𝑐1 (𝑡 − 𝑡0) + 𝑐2 (𝑡 − 𝑡0)2 + ⋅ ⋅ ⋅ (3)

is called a fractional power series about 𝑡 = 𝑡0, where 𝑡 is
a variable and 𝑐𝑛 (𝑛 = 0, 1, 2 . . . .) are the coefficients of the
series, 𝛼 ∈ R+.

Remark 5. For convenience, we shall treat 𝑡0 = 0. In fact, the
transformation T : 𝑡 = 𝑡 − 𝑡0 reduces the fractional power
series about 𝑡 = 𝑡0 to the fractional power series about 𝑡 = 0
and meanwhile the transformationT is reversible.

Definition 6. A function 𝑓(𝑡) is analytical at 𝑡 = 0 if 𝑓(𝑡) can
be written as a form of fractional power series.

Lemma 7. Suppose that 𝑓(𝑡) is an analytic function at 𝑡 = 0;
then 𝑓(𝑡) can be written as follows:

𝑓 (𝑡) = ∞∑
𝑛=0

𝑐𝑛𝑡𝑛𝛼, 0 < 𝛼 ≤ 1, |𝑡| < 𝑅. (4)

Furthermore, if 𝑓(𝑡) ∈ 𝐶(−𝑅, 𝑅) and 𝐷𝑛𝛼𝑡 𝑓(𝑡) ∈ 𝐶(−𝑅, 𝑅) for𝑛 = 0, 1, 2 . . . then the coefficients 𝑐𝑛 will take the form
𝑐𝑛 = 𝐷𝑛𝛼𝑡 𝑓 (𝑡)𝑡=0Γ (𝑛𝛼 + 1) , (5)

where 𝐷𝑛𝛼𝑡 = 𝐷𝛼𝑡 ⋅ 𝐷𝛼𝑡 ⋅ ⋅ ⋅ 𝐷𝛼𝑡⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛-times

, 𝑛 = 0, 1, 2 . . . .
Proof. First of all, notice that if we put 𝑡 = 0 into (5), it yields

𝑐0 = 𝑓 (0) = 𝐷0𝛼𝑡 𝑓 (𝑡)𝑡=0Γ (0𝛼 + 1) . (6)

Applying the operator 𝐷𝛼𝑡 one time on (4),

𝑐1 = 𝐷𝛼𝑡 𝑓 (𝑡)𝑡=0Γ (𝛼 + 1) . (7)

Again, by applying the operator 𝐷𝛼𝑡 two times on (4),

𝑐2 = 𝐷2𝛼𝑡 𝑓 (𝑡)𝑡=0Γ (2𝛼 + 1) . (8)

Analogously

𝑐𝑛 = 𝐷𝑛𝛼𝑡 𝑓 (𝑡)𝑡=0Γ (𝑛𝛼 + 1) , 𝑛 = 0, 1, 2, . . . . (9)

This completes the proof.

3. Algorithm of RPS Method for
Coupled Systems

In this section, we consider the following system:

𝐷𝑝𝛼𝑡 𝑢 + 𝐹 (𝑥, 𝑡) = 0,
𝐷𝑞𝛼𝑡 V + 𝐺 (𝑥, 𝑡) = 0,

𝐷𝑟𝛼𝑡 𝑤 + 𝐻 (𝑥, 𝑡) = 0
(10)

with initial values

𝐷𝑖𝛼𝑡 𝑢 (𝑥, 𝑡)𝑡=0 = 𝑎𝑖 (𝑥) , 𝑖 = 0, 1, 2, . . . , 𝑝 − 1,
𝐷𝑗𝛼𝑡 V (𝑥, 𝑡)𝑡=0 = 𝑏𝑗 (𝑥) , 𝑗 = 0, 1, 2, . . . , 𝑞 − 1,

𝐷𝑘𝛼𝑡 𝑤 (𝑥, 𝑡)𝑡=0 = 𝑐𝑘 (𝑥) , 𝑘 = 0, 1, 2, . . . , 𝑟 − 1
(11)

as a generalized illustration for the main idea of RPSmethod,
where the symbol 𝐷(⋅)𝛼𝑡 represents the (⋅)th fractional deriva-
tive in the Caputo sense, max{(𝑝 − 1)/𝑝, (𝑞 − 1)/𝑞, (𝑟 −1)/𝑟} < 𝛼 ≤ 1 (𝑝, 𝑞, 𝑟 ∈ N), the functions 𝑢, V, 𝑤, 𝐹, 𝐺, 𝐻
are analytic at 𝑡 = 0, and the initial functions 𝑎𝑖, 𝑏𝑗, and 𝑐𝑘 are
infinitely many times differentiable for all 𝑖 = 0, 1, 2, . . . , 𝑝;𝑗 = 0, 1, 2, . . . , 𝑞 and 𝑘 = 0, 1, 2, . . . , 𝑟.
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Since 𝑢, V, 𝑤, 𝐹, 𝐺, 𝐻 are analytic at 𝑡 = 0, then they can
be expanded in the form of fractional power series at 𝑡 = 0 as
follows:

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

𝐹 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑓𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼;

V (𝑥, 𝑡) = ∞∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝐺 (𝑥, 𝑡) = ∞∑
𝑗=0

𝑔𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼;

𝑤 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑤𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼,

𝐻 (𝑥, 𝑡) = ∞∑
𝑘=0

ℎ𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼,

(12)

where 𝑥 ∈ R, 𝑡 ∈ (−𝑅, 𝑅), 𝑅 is the minimum conver-
gence radius of functions 𝑢(𝑥, 𝑡), V(𝑥, 𝑡), 𝑤(𝑥, 𝑡), 𝐹(𝑥, 𝑡), 𝐺(𝑥,𝑡), 𝐻(𝑥, 𝑡), and

𝑎𝑖 (𝑥) = 𝐷𝑖𝛼𝑡 𝑢 (𝑥, 𝑡)𝑡=0 ,
𝑓𝑖 (𝑥) = 𝐷𝑖𝛼𝑡 𝐹 (𝑥, 𝑡)𝑡=0 ,

𝑖 = 0, 1, 2, . . . ;
𝑏𝑗 (𝑥) = 𝐷𝑗𝛼𝑡 𝑢 (𝑥, 𝑡)𝑡=0 ,
𝑔𝑗 (𝑥) = 𝐷𝑗𝛼𝑡 𝐺 (𝑥, 𝑡)𝑡=0 ,

𝑗 = 0, 1, 2, . . . ;
𝑐𝑘 (𝑥) = 𝐷𝑘𝛼𝑡 𝑢 (𝑥, 𝑡)𝑡=0 ,
ℎ𝑘 (𝑥) = 𝐷𝑘𝛼𝑡 𝐻 (𝑥, 𝑡)𝑡=0 ,

𝑘 = 0, 1, 2, . . . .

(13)

According to the initial conditions,

𝑢𝑖 (𝑥) = 𝑎𝑖 (𝑥) , 𝑖 = 0, 1, 2, . . . , 𝑝 − 1;
V𝑗 (𝑥) = 𝑏𝑗 (𝑥) , 𝑗 = 0, 1, 2, . . . , 𝑞 − 1;

𝑤𝑘 (𝑥) = 𝑐𝑘 (𝑥) , 𝑘 = 0, 1, 2, . . . , 𝑟 − 1.
(14)

Thus the initial approximation of the solution 𝑢, V, 𝑤 is as
follows:

𝑢init (𝑥, 𝑡) = 𝑝−1∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

Vinit (𝑥, 𝑡) = 𝑞−1∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝑤init (𝑥, 𝑡) = 𝑟−1∑
𝑘=0

𝑤𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼.

(15)

Then we calculate the coefficients 𝑢𝑖(𝑥), V𝑗(𝑥), and 𝑤𝑘(𝑥) for𝑖 = 𝑝, 𝑝 + 1, . . .; 𝑗 = 𝑞, 𝑞 + 1, . . .; 𝑘 = 𝑟, 𝑟 + 1, . . .. Firstly, some
symbols are given as follows:

Res𝑢 (𝑥, 𝑡) = 𝐷𝑝𝛼𝑡 𝑢 + 𝐹 (𝑥, 𝑡) ,
Res𝑢,𝑙 (𝑥, 𝑡) = 𝐷𝑝𝛼𝑡 𝑢𝑙 + 𝐹 (𝑥, 𝑡) ;
ResV (𝑥, 𝑡) = 𝐷𝑞𝛼𝑡 𝑢 + 𝐺 (𝑥, 𝑡) ,

ResV,𝑚 (𝑥, 𝑡) = 𝐷𝑞𝛼𝑡 V𝑚 + 𝐹 (𝑥, 𝑡) ;
Res𝑤 (𝑥, 𝑡) = 𝐷𝑟𝛼𝑡 𝑢 + 𝐻 (𝑥, 𝑡) ,

Res𝑤,𝑛 (𝑥, 𝑡) = 𝐷𝑟𝛼𝑡 𝑢𝑛 + 𝐹 (𝑥, 𝑡) ,

(16)

where

𝑢𝑙 (𝑥, 𝑡) = 𝑙∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼

= 𝑢init (𝑥, 𝑡) + 𝑙∑
𝑖=𝑝

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

𝑙 = 𝑝, 𝑝 + 1, . . . ;
V𝑚 (𝑥, 𝑡) = 𝑚∑

𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼

= Vinit (𝑥, 𝑡) + 𝑚∑
𝑖=𝑞

V𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

𝑚 = 𝑞, 𝑞 + 1, . . . ;
𝑤𝑛 (𝑥, 𝑡) = 𝑛∑

𝑘=0

𝑤𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼

= 𝑤init (𝑥, 𝑡) + 𝑛∑
𝑖=𝑟

𝑤𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

𝑛 = 𝑟, 𝑟 + 1, . . . .

(17)
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Hence there are two facts:

(F1)

lim
𝑙→∞

𝑢𝑙 (𝑥, 𝑡) = 𝑢 (𝑥, 𝑡) ,
lim
𝑚→∞

V𝑚 (𝑥, 𝑡) = 𝑢 (𝑥, 𝑡) ,
lim
𝑛→∞

𝑤𝑛 (𝑥, 𝑡) = 𝑤 (𝑥, 𝑡) .
(18)

(F2)

lim
𝑙→∞

Res𝑢,𝑙 (𝑥, 𝑡) = Res𝑢,∞ (𝑥, 𝑡) = Res𝑢 (𝑥, 𝑡) ≡ 0;
lim
𝑚→∞

ResV,𝑚 (𝑥, 𝑡) = ResV,∞ (𝑥, 𝑡) = ResV (𝑥, 𝑡) ≡ 0;
lim
𝑛→∞

Res𝑤,𝑛 (𝑥, 𝑡) = Res𝑤,∞ (𝑥, 𝑡) = Res𝑤 (𝑥, 𝑡) ≡ 0.
(19)

Furthermore

0 = 𝐷(𝑖−𝑝)𝛼𝑡 Res𝑢,∞ (𝑥, 𝑡)𝑡=0 = 𝑢𝑖 (𝑥) + 𝐷(𝑖−𝑝)𝛼𝑡 𝐹 (𝑥, 𝑡) , 𝑖 = 𝑝, 𝑝 + 1, . . .
⇒ 𝑢𝑖 (𝑥) = 𝑓𝑖−𝑝 (𝑥) ≜ 𝑎𝑖 (𝑥) , 𝑖 = 𝑝, 𝑝 + 1, . . . ;

0 = 𝐷(𝑗−𝑞)𝛼𝑡 ResV,∞ (𝑥, 𝑡)𝑡=0 = V𝑗 (𝑥) + 𝐷(𝑗−𝑞)𝛼𝑡 𝐺 (𝑥, 𝑡) , 𝑗 = 𝑞, 𝑞 + 1, . . .
⇒ V𝑗 (𝑥) = 𝑔𝑗−𝑞 (𝑥) ≜ 𝑏𝑗 (𝑥) , 𝑗 = 𝑞, 𝑞 + 1, . . . ;

0 = 𝐷(𝑘−𝑟)𝛼𝑡 Res𝑤,∞ (𝑥, 𝑡)𝑡=0 = 𝑤𝑘 (𝑥) + 𝐷(𝑘−𝑞)𝛼𝑡 𝐻 (𝑥, 𝑡) , 𝑘 = 𝑟, 𝑟 + 1, . . .
⇒ 𝑤𝑘 (𝑥) = ℎ𝑘−𝑝 (𝑥) ≜ 𝑐𝑘 (𝑥) , 𝑘 = 𝑟, 𝑝 + 1, . . . .

(20)

Thus the solutions of coupled system (10) are

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑎𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑛𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

𝑏𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑛𝛼,

𝑤 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑐𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑛𝛼.

(21)

Remark 8. If

𝐹 (𝑥, 𝑡) = 𝑓 (𝑥, 𝑡, 𝑢, V, 𝑤) ,
𝐺 (𝑥, 𝑡) = 𝑔 (𝑥, 𝑡, 𝑢, V, 𝑤) ,
𝐻 (𝑥, 𝑡) = ℎ (𝑥, 𝑡, 𝑢, V, 𝑤)

(22)

and even 𝐹, 𝐺, 𝐻 include the term of space fractional deriva-
tive and the term of time-fractional derivative whose order
is less than the order of the system, then RPS method is also
effective in calculating the asymptotic solutions for coupled
system (10). In fact, 𝐹, 𝐺, 𝐻 could be expanded in the form
of fractional power series about time variable 𝑡 at the initial
time 𝑡0, and facts (F1) and (F2) are reasonable as well; thus
the coefficients appearing in the asymptotic solutions could
be obtained successfully.

4. Application of RPS Method to Time-Space
Fractional Coupled Systems

4.1. The Time-Space Fractional Coupled KdV System. KdV
equation plays an important role in nonlinear evolution
equation for its wide application in physics and engineering.
Coupled KdV system was introduced by Hirota and Satsuma
[25] to describe the iterations ofwaterwaves and they claimed
that the system exits a soliton solution. In [26], Fan andZhang
got several kinds of solutions by an improved homogeneous
method. In [20], Bhrawy et al. reduced the time-fractional
coupled KdV equations into a problem consisting of a system
of algebraic equations that greatly simplifies the problem
via the shifted Legendre polynomials. The time-fractional
coupled KdV equation is a generalization of the classical
coupled KdV equation and in this subsection we generalize
time-fractional coupled KdV system to time-space fractional
coupled system (23) and obtain the asymptotic solution using
RPS method.

Consider the time-space fractional coupled KdV system:

𝐷𝛼𝑡 𝑢 − 𝑎𝐷3𝛽𝑥 𝑢 − 6𝑎𝑢𝐷𝛾𝑥𝑢 − 2𝑏V𝐷𝛿𝑥V = 0,
𝐷𝛼𝑡 V + 𝐷3𝜆𝑥 V + 3𝑢𝐷𝜏𝑥V = 0

(23)

with initial values
𝑢 (𝑥, 0) = 𝑎0 (𝑥) ,
V (𝑥, 0) = 𝑏0 (𝑥) , (24)

where 0 < 𝛼, 𝛾, 𝛿, 𝜏 ≤ 1, 2/3 < 𝛽, 𝜆 ≤ 1, 𝑢 = 𝑢(𝑥, 𝑡), V =
V(𝑥, 𝑡), (𝑥, 𝑡) ∈ R × R.

If 𝑢(𝑥, 𝑡) and V(𝑥, 𝑡) are analytic at 𝑡 = 0, then they can be
expanded in the form of fractional power series
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𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝐹 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1) {−𝑎𝐷3𝛽𝑥 𝑢𝑛 (𝑥) − 𝑛∑

𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1) (6𝑎𝑢𝑠 (𝑥) 𝐷𝛾𝑥𝑢𝑛−𝑠 (𝑥) + 2𝑏V𝑠 (𝑥) 𝐷𝛿𝑥V𝑛−𝑠 (𝑥))} ,

𝐺 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1) {𝐷3𝜆𝑥 V𝑛 + 𝑛∑

𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1) ⋅ 3𝑢𝑠 (𝑥) 𝐷𝜏𝑥V𝑖−1−𝑠 (𝑥)} .

(25)

Under the initial conditions,

𝑢0 (𝑥) = 𝑎0 (𝑥) ,
V0 (𝑥) = 𝑏0 (𝑥) ; (26)

that is, the initial approximate solutions are

𝑢initial (𝑥, 𝑡) = 𝑎0 (𝑥) ,
Vinitial (𝑥, 𝑡) = 𝑏0 (𝑥) . (27)

Set

Res𝑢 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢 − 𝑎𝐷3𝛽𝑥 𝑢 − 6𝑎𝑢𝐷𝛾𝑥𝑢 − 2𝑏V𝐷𝛿𝑥V,
ResV (𝑥, 𝑡) = 𝐷𝛼𝑡 V + 𝐷3𝜆𝑥 V + 3𝑢𝐷𝜏𝑥V,
Res𝑢,𝑙 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢𝑙 − 𝑎𝐷3𝛽𝑥 𝑢 − 6𝑎𝑢𝑙𝐷𝛾𝑥𝑢𝑙

− 2𝑏V𝑚𝐷𝛿𝑥V𝑚,
ResV,𝑚 (𝑥, 𝑡) = 𝐷𝛼𝑡 V𝑚 + 𝐷3𝜆𝑥 V𝑚 + 3𝑢𝑙𝐷𝜏𝑥V𝑚,

(28)

where

𝑢𝑙 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑙∑
𝑖=1

𝑢𝑖 (𝑥)
Γ (𝑖𝛼) + 1𝑡𝑖𝛼,

V𝑚 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑚∑
𝑗=1

V𝑗 (𝑥)
Γ (𝑗𝛼) + 1𝑡𝑗𝛼.

(29)

Using RPS method

𝑢𝑖 (𝑥)
= 𝑎𝐷3𝛽𝑥 𝑢𝑖−1 (𝑥) + 𝑖−1∑

𝑠=0

Γ ((𝑖 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑖 − 1 − 𝑠) 𝛼 + 1)

⋅ {6𝑎𝑢𝑠 (𝑥) 𝐷𝛾𝑥𝑢𝑖−1−𝑠 (𝑥) + 2𝑏V𝑠 (𝑥) 𝐷𝛿𝑥V𝑖−1−𝑠 (𝑥)}
≜ 𝑎𝑖 (𝑥) , 𝑖 = 1, 2, . . . ,

V𝑗 (𝑥)
= −𝐷3𝜆𝑥 V𝑗−1 (𝑥)

− 𝑗−1∑
𝑠=0

Γ ((𝑗 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑗 − 1 − 𝑠) 𝛼 + 1)

⋅ 3𝑢𝑠 (𝑥) 𝐷𝜏𝑥V𝑗−1−𝑠 (𝑥) ≜ 𝑏𝑗 (𝑥) , 𝑗 = 1, 2, . . . .
(30)

Thus the fractional power series solutions of coupled system
(23) are

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑎𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

𝑏𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼.

(31)

4.2.The Time-Space Fractional Coupled KdV System of Gener-
alized Hirota-Satsuma Type. In this subsection, we consider
the time-space fractional coupled KdV system of generalized
Hirota-Satsuma type

𝐷𝛼𝑡 𝑢 − 1
2𝐷3𝛽𝑥 𝑢 + 3𝑢𝐷𝛾𝑥𝑢 − 3𝐷𝛿𝑥 (V𝑤) = 0,

𝐷𝛼𝑡 V + 𝐷3𝜆𝑥 V − 3𝑢𝐷𝜏𝑥V = 0,
𝐷𝛼𝑡 𝑤 + 𝐷3𝜃𝑥 𝑤 − 3𝑢𝐷𝜎𝑥𝑤 = 0,

𝑢 (𝑥, 0) = 𝑎0 (𝑥) ,
V (𝑥, 0) = 𝑏0 (𝑥) ,
𝑤 (𝑥, 0) = 𝑐0 (𝑥) ,

(32)

where 0 < 𝛼, 𝛾, 𝛿, 𝜆, 𝜏 ≤ 1, 2/3 < 𝛽, 𝜎, 𝜃 ≤ 1, 𝑢 =𝑢(𝑥, 𝑡), V = V(𝑥, 𝑡), 𝑤 = 𝑤(𝑥, 𝑡), (𝑥, 𝑡) ∈ R×R.The equation
describes an interaction of two long waves with different
dispersion relations.
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If 𝑢, V, 𝑤 are analytic at 𝑡 = 0, then 𝑢, V, 𝑤 can be written
as the form of fractional power series

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝑤 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑤𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼,

𝐹 (𝑥, 𝑡) = −1
2𝐷3𝛽𝑥 𝑢 + 3𝑢𝐷𝛾𝑥𝑢 − 3𝐷𝛿𝑥 (V𝑤)

= ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1) ⋅ {−1

2𝐷3𝛽𝑥 𝑢𝑛 (𝑥)

+ 3 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1) (𝑢𝑠 (𝑥)

⋅ 𝐷𝛾𝑥𝑢𝑛−𝑠 (𝑥) − V𝑛 (𝑥) 𝑤𝑛−𝑠 (𝑥))} ,

𝐺 (𝑥, 𝑡) = 𝐷3𝜆𝑥 V − 3𝑢𝐷𝜏𝑥V = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1)

⋅ {𝐷3𝜆𝑥 V𝑛 (𝑥) − 3 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)

⋅ 𝑢𝑠 (𝑥) 𝐷𝜏𝑥V𝑛−𝑠 (𝑥)} ,

𝐻 (𝑥, 𝑡) = 𝐷3𝜃𝑥 𝑤 − 3𝑢𝐷𝜎𝑥𝑤 = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1)

⋅ {𝐷3𝜃𝑥 𝑤𝑛 (𝑥) − 3 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)

⋅ 𝑢𝑠 (𝑥) 𝐷𝜎𝑥𝑤𝑛−𝑠 (𝑥)} .

(33)

With the initial values

𝑢0 (𝑥) = 𝑎0 (𝑥) ,
V0 (𝑥) = 𝑏0 (𝑥) ,
𝑤0 (𝑥) = 𝑐0 (𝑥) ,

(34)

the initial approximate solutions are

𝑢initial (𝑥, 𝑡) = 𝑎0 (𝑥) ,
Vinitial (𝑥, 𝑡) = 𝑏0 (𝑥) ,
𝑤initial (𝑥, 𝑡) = 𝑐0 (𝑥) .

(35)

Set

Res𝑢 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢 − 1
2𝐷3𝛽𝑥 𝑢 + 3𝑢𝐷𝛾𝑥𝑢 − 3𝐷𝛿𝑥 (V𝑤)

= 0,
ResV (𝑥, 𝑡) = 𝐷𝛼𝑡 V + 𝐷3𝜆𝑥 V − 3𝑢𝐷𝜏𝑥V = 0,
Res𝑤 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑤 + 𝐷3𝜃𝑥 𝑤 − 3𝑢𝐷𝜎𝑥𝑤 = 0,
Res𝑢,𝑙 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢𝑙 − 1

2𝐷3𝛽𝑥 𝑢𝑙 + 3𝑢𝑙𝐷𝛾𝑥𝑢𝑙
− 3𝐷𝛿𝑥 (V𝑚𝑤𝑛) ,

ResV,𝑚 (𝑥, 𝑡) = 𝐷𝛼𝑡 V𝑚 + 𝐷3𝜆𝑥 V − 3𝑢𝑙𝐷𝜏𝑥V𝑚,
Res𝑤,𝑛 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑤𝑛 + 𝐷3𝜃𝑥 𝑤𝑛 − 3𝑢𝑙𝐷𝜎𝑥𝑤𝑛,

(36)

where

𝑢𝑙 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑙∑
𝑖=1

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝛼,

V𝑚 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑚∑
𝑗=1

V𝑖 (𝑥)
Γ (𝑗𝛼 + 1) ,

𝑤𝑛 (𝑥, 𝑡) = 𝑐0 (𝑥) + 𝑛∑
𝑘=1

𝑤𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼,

(37)

with the results of RPS method:

𝑢𝑖 (𝑥) = 1
2𝐷3𝛽𝑥 𝑢𝑖−1 (𝑥)

− 3𝑖−1∑
𝑠=0

Γ ((𝑖 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑖 − 1 − 𝑠) 𝛼 + 1)

⋅ {𝑢𝑠 (𝑥) 𝐷𝛾𝑥𝑢𝑖−1−𝑠 (𝑥) − 𝐷𝛿𝑥 (V𝑠 (𝑥) 𝑤𝑖−1−𝑠 (𝑥))}
≜ 𝑎𝑖 (𝑥) , 𝑖 = 1, 2, . . . ,

V𝑗 (𝑥) = −𝐷3𝜎𝑥 V𝑗−1 (𝑥)

+ 3𝑗−1∑
𝑠=0

Γ ((𝑗 − 1) 𝛼 + 1)
Γ (𝑗𝛼 + 1) Γ ((𝑗 − 1 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥)

⋅ 𝐷𝜆𝑥V𝑗−1−𝑠 (𝑥) ≜ 𝑏𝑗 (𝑥) , 𝑗 = 1, 2, . . . ,
𝑤𝑘 (𝑥) = −𝐷3𝜃𝑥 𝑤𝑘−1 (𝑥)

+ 3𝑘−1∑
𝑠=0

Γ ((𝑘 − 1) 𝛼 + 1)
Γ (𝑗𝛼 + 1) Γ ((𝑘 − 1 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥)

⋅ 𝐷𝜏𝑥𝑤𝑘−1−𝑗 (𝑥) ≜ 𝑐𝑘 (𝑥) , 𝑘 = 1, 2, . . . .

(38)
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So the fractional power series solutions of coupled system
(32) are

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑎𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

𝑏𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝑤 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑐𝑘 (𝑥)
Γ (𝑘𝛼 + 1) 𝑡𝑘𝛼.

(39)

4.3.TheTime-Space Fractional CoupledWhitham-Broer-Kaup
(WBK) System. Whitham [27], Broer [28], and Kaup [29]
obtained nonlinear WBK system. In [30], Rashidi et al.
obtained the approximate travelingwave solutions of the cou-
pled WBK system in shallow water using homotopy analysis
method. In [31], Kadem and Baleanu applied the homotopy
perturbation method to find an analytical approximate solu-
tion for the coupled WBK system. In this subsection, we
consider the time-space fractional coupled WBK system and
construct the approximate solution by RPS method.

Consider the time-space fractional coupledWBK system:

𝐷𝛼𝑡 𝑢 + 𝑢𝐷𝛽𝑥𝑢 + 𝐷𝛾𝑥V + 𝑎𝐷2𝛿𝑥 𝑢 = 0,
𝐷𝛼𝑡 V + 𝐷𝜆𝑥 (𝑢V) − 𝑎𝐷2𝜏𝑥 V + 𝑏𝐷3𝜃𝑥 𝑢 = 0,

𝑢 (𝑥, 0) = 𝑎0 (𝑥) ,
V (𝑥, 0) = 𝑏0 (𝑥) ,

(40)

where 0 < 𝛼, 𝜎, 𝜏, 𝜆 ≤ 1, 1/2 < 𝛿, 𝜂 ≤ 1, 2/3 < 𝜃 ≤1, (𝑥, 𝑡) ∈ R × R, 𝑎, 𝑏 ∈ R represent different dispersive
power, 𝑢 = 𝑢(𝑥, 𝑡) is the field of horizontal velocity, and
V = V(𝑥, 𝑡) is the height deviating equilibrium position of
liquid. And this is a very good model to describe dispersive
wave.

If 𝑢, V are analytic at 𝑡 = 0, then 𝑢, V can be expanded in
the form of fractional power series

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝐹 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1)

⋅ { 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥) 𝐷𝛽𝑥𝑢𝑛−𝑠 (𝑥)

+ 𝐷𝛾𝑥V𝑛 (𝑥) + 𝑎𝐷2𝛿𝑥 𝑢𝑛 (𝑥)} ,

𝐺 (𝑥, 𝑡)
= ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1) { 𝑛∑

𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)

⋅ 𝐷𝜆𝑥 (𝑢𝑠 (𝑥) V𝑛−𝑠 (𝑥)) + 𝑎𝐷2𝜏𝑥 V𝑛 (𝑥) + 𝑏𝐷3𝜃𝑥 𝑢𝑛 (𝑥)} .
(41)

Under the initial conditions

𝑢0 (𝑥) = 𝑎0 (𝑥) ,
V0 (𝑥) = 𝑏0 (𝑥) , (42)

and the initial approximate solutions are

𝑢initial (𝑥, 𝑡) = 𝑎0 (𝑥) ,
Vinitial (𝑥, 𝑡) = 𝑏0 (𝑥, 𝑡) . (43)

Set

Res𝑢 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢 + 𝑢𝐷𝛽𝑥𝑢 + 𝐷𝛾𝑥V + 𝑎𝐷2𝛿𝑥 𝑢,
ResV (𝑥, 𝑡) = 𝐷𝛼𝑡 V + 𝐷𝜆𝑥 (𝑢V) − 𝑎𝐷2𝜏𝑥 V + 𝑏𝐷3𝜃𝑥 𝑢,
Res𝑢,𝑙 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢𝑙 + 𝑢𝑙𝐷𝛽𝑥𝑢𝑙 + 𝐷𝛾𝑥V𝑚 + 𝑎𝐷2𝛿𝑥 𝑢𝑙,
ResV,𝑚 (𝑥, 𝑡) = 𝐷𝛼𝑡 V𝑚 + 𝐷𝜆𝑥 (𝑢𝑙V𝑚) − 𝑎𝐷2𝜏𝑥 V𝑚

+ 𝑏𝐷3𝜃𝑥 𝑢𝑙,

(44)

where

𝑢𝑙 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑙∑
𝑖=1

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝛼,

V𝑚 (𝑥, 𝑡) = 𝑏0 (𝑥) + ∑
𝑗=1

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼.

(45)

With RPS method

𝑢𝑖 (𝑥) = −𝑖−1∑
𝑠=0

Γ ((𝑖 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑖 − 1 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥)

⋅ 𝐷𝛽𝑥𝑢𝑖−1−𝑠 (𝑥) + 𝐷𝛾𝑥V𝑖−1 (𝑥) + 𝑎𝐷2𝛿𝑥 𝑢𝑖−1 (𝑥)
≜ 𝑎𝑖 (𝑥) , 𝑖 = 1, 2, . . . ,

V𝑗 (𝑥) = −𝑗−1∑
𝑠=0

Γ ((𝑗 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑗 − 1 − 𝑠) 𝛼 + 1)

⋅ 𝐷𝜆𝑥 (𝑢𝑠 (𝑥) V𝑗−1−𝑠 (𝑥)) + 𝑎𝐷2𝜏𝑥 V𝑗−1 (𝑥)
− 𝑏𝐷3𝜃𝑥 𝑢𝑗−1 (𝑥) ≜ 𝑏𝑗 (𝑥) , 𝑗 = 1, 2, . . . .

(46)
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So the fractional power series solution of coupled system (40)
is

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑎𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

𝑏𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼.

(47)

Remark 9. When 𝛼 = 𝜎 = 𝜏 = 𝛿 = 𝜆 = 𝜂 = 𝜃 = 1, 𝛽 ̸= 0,𝛾 = 0, (40) reduces to the classical long-wave equations that
describe the shallow water wave with diffusion.

Remark 10. When 𝛼 = 𝜎 = 𝜏 = 𝛿 = 𝜆 = 𝜂 = 𝜃 = 1, 𝛽 = 0,𝛾 = 1, (40) reduces to the variant Boussinesq equation.
4.4. The Time-Space Fractional Coupled Shallow Water Sys-
tem. Shallow water systems are widely used in predicting
hydrodynamics of surface flows such as water flows in rivers,
channels, flood plains, and coastal regions. It is well known
that the shallow water systems can accurately predict the
hydraulic parameters under conditions of slow erosion and
low sediment concentration of the time-space fractional cou-
pled shallow water system [32]. In this subsection, consider
the time-space fractional coupled shallow water system

𝐷𝛼𝑡 𝑢 + 𝑢𝐷𝛽𝑥𝑢 + 𝐷𝛾𝑥V + 𝑎𝐷2𝛿𝑥 𝑢 = 0,
𝐷𝛼𝑡 V + V𝐷𝜆𝑥𝑢 + 𝑢𝐷𝜏𝑥V − 𝑎𝐷2𝜃𝑥 V + 𝑏𝐷3𝜎𝑥 𝑢 = 0,

(48)

with initial values

𝑢 (𝑥, 0) = 𝑎0 (𝑥) ,
V (𝑥, 0) = 𝑏0 (𝑥) , (49)

where 0 < 𝛼, 𝛽, 𝛾, 𝜆, 𝜏 ≤ 1, 1/2 < 𝛿, 𝜃 ≤ 1, 2/3 < 𝜎 ≤ 1, 𝑢 =𝑢(𝑥, 𝑡), V = V(𝑥, 𝑡), (𝑥, 𝑡) ∈ R × R.
If 𝑢, V are analytic at 𝑡 = 0, then 𝑢, V can be written as the

form of fractional power series:

𝑢 (𝑥, 𝑡) = ∞∑
𝑖=0

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V (𝑥, 𝑡) = ∞∑
𝑗=0

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼,

𝐹 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1)

⋅ { 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥) 𝐷𝛽𝑥𝑢𝑛−𝑠 (𝑥)

+ 𝐷𝛾𝑥V𝑛 (𝑥) + 𝑎𝐷2𝛿𝑥 𝑢𝑛 (𝑥)} ,

𝐺 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑡𝑛𝛼
Γ (𝑛𝛼 + 1)

⋅ { 𝑛∑
𝑠=0

Γ (𝑛𝛼 + 1)
Γ (s𝛼 + 1) Γ ((𝑛 − 𝑠) 𝛼 + 1)

⋅ (V𝑠 (𝑥) 𝐷𝜆𝑥𝑢𝑛−𝑠 (𝑥) + 𝑢𝑠 (𝑥) 𝐷𝜏𝑥V𝑛−𝑠 (𝑥))
− 𝑎𝐷2𝜃𝑥 V𝑛 (𝑥) + 𝑏𝐷3𝜎𝑥 𝑢𝑛 (𝑥)} .

(50)

With the initial conditions

𝑢0 (𝑥) = 𝑎0 (𝑥) ,
V0 (𝑥) = 𝑏0 (𝑥) , (51)

and the initial approximate solutions are

𝑢initial (𝑥, 𝑡) = 𝑎0 (𝑥) ,
Vinitial (𝑥, 𝑡) = 𝑏0 (𝑥) . (52)

Set

Res𝑢 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢 + 𝑢𝐷𝛽𝑥𝑢 + 𝐷𝛾𝑥V + 𝑎𝐷2𝛿𝑥 𝑢,
ResV (𝑥, 𝑡) 𝐷𝛼𝑡 V + V𝐷𝜆𝑥𝑢 + 𝑢𝐷𝜏𝑥V − 𝑎𝐷2𝜃𝑥 V + 𝑏𝐷3𝜎𝑥 𝑢,
Res𝑢,𝑙 (𝑥, 𝑡) = 𝐷𝛼𝑡 𝑢𝑙 + 𝑢𝑙𝐷𝛽𝑥𝑢𝑙 + 𝐷𝛾𝑥V𝑚 + 𝑎𝐷2𝛿𝑥 𝑢𝑙,
ResV,𝑚 (𝑥, 𝑡) = 𝐷𝛼𝑡 V𝑚 + V𝑚𝐷𝜆𝑥𝑢𝑙 + 𝑢𝑙𝐷𝜏𝑥V𝑚 − 𝑎𝐷2𝜃𝑥 V𝑚

+ 𝑏𝐷3𝜎𝑥 𝑢𝑙,

(53)

where

𝑢𝑙 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑙∑
𝑖=1

𝑢𝑖 (𝑥)
Γ (𝑖𝛼 + 1) 𝑡𝑖𝛼,

V𝑚 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑚∑
𝑗=1

V𝑗 (𝑥)
Γ (𝑗𝛼 + 1) 𝑡𝑗𝛼.

(54)

Using the RPS method

𝑢𝑖 (𝑥) = −𝑖−1∑
𝑠=0

Γ ((𝑖 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑖 − 1 − 𝑠) 𝛼 + 1)𝑢𝑠 (𝑥)

⋅ 𝐷𝛽𝑥𝑢𝑖−1−𝑠 (𝑥) − 𝐷𝛾𝑥V𝑖−1 (𝑥) + 𝑎𝐷2𝛿𝑥 𝑢𝑖−1 (𝑥)
≜ 𝑎𝑖 (𝑥) , 𝑖 = 1, 2, . . . ,

V𝑗 (𝑥) = −𝑖−1∑
𝑠=0

Γ ((𝑖 − 1) 𝛼 + 1)
Γ (𝑠𝛼 + 1) Γ ((𝑖 − 1 − 𝑠) 𝛼 + 1) (V𝑠 (𝑥)

⋅ 𝐷𝜆𝑥𝑢𝑗−1−𝑠 + 𝑢𝑠 (𝑥) 𝐷𝜏𝑥V𝑗−1−𝑠 (𝑥)) + 𝑎𝐷2𝜃𝑥 V𝑗−1 (𝑥)
− 𝑏𝐷3𝜎𝑥 𝑢𝑖−1 (𝑥) ≜ 𝑏𝑗 (𝑥) , 𝑗 = 1, 2, . . . .

(55)
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So the solutions of coupled system (48) are

𝑢 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑎𝑛 (𝑥)
Γ (𝑛𝛼 + 1) 𝑡𝑛𝛼,

V (𝑥, 𝑡) = ∞∑
𝑛=0

𝑏𝑛 (𝑥)
Γ (𝑛𝛼 + 1) 𝑡𝑛𝛼.

(56)

5. Concluding Remarks

This paper introduced a new analytical iterative technique
to construct asymptotic solutions to time-space fractional
coupled systems, which is based on the general Residual
Power Series method. Furthermore, we apply this method
to some specific time-space fractional coupled systems to
obtain asymptotic solutions with respect to initial values,
which shows that thismethod is efficient and does not require
linearization or perturbation.
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Recently, Abdeljawad and Baleanu have formulated and studied the discrete versions of the fractional operators of order 0 < 𝛼 ≤ 1
with exponential kernels initiated by Caputo-Fabrizio. In this paper, we extend the order of such fractional difference operators to
arbitrary positive order.The extension is given to both left and right fractional differences and sums.Then, existence and uniqueness
theorems for the Caputo (CFC) and Riemann (CFR) type initial difference value problems by using Banach contraction theorem are
proved. Finally, a Lyapunov type inequality for the Riemann type fractional difference boundary value problems of order 2 < 𝛼 ≤ 3
is proved and the ordinary difference Lyapunov inequality then follows as𝛼 tends to 2 from right. Illustrative examples are discussed
and an application about Sturm-Liouville eigenvalue problem in the sense of this new fractional difference calculus is given.

1. Introduction

In the last few decades, the continuous and discrete fractional
differential equations have received considerable interest due
to their importance in many scientific fields; see, by way of
example not exhaustive enumeration, [1–7].

In [8], the authors introduced a fractional derivative
with an exponential kernel which tends to the ordinary
derivative as 𝛼 tends to 1. More properties of this fractional
derivative have been studied in [9], where the correspondent
fractional integral operatorwas formulated.Then, the authors
in [7] defined the left and right fractional derivatives with
exponential kernel in the Riemann sense and formulated the
right fractional derivatives in the sense of Caputo-Fabrizio
with complete investigation to the correspondent fractional
integrals and all the discrete versions with integration and
summation by parts applied in the fractional and discrete
fractional variational calculus. Then, very recently, the same
authors proved an interestingmonotonicity result in the sense
of this new fractional difference calculus in [10].

In the same direction, for the purpose of providing
more fractional derivatives with different nonsingular ker-
nels, the authors in [11] defined a fractional operator with

Mittag-Leffler kernel and in [12, 13] the complete details and
discrete versions have been studied. The exponential kernel
fractional derivatives and hence their discrete counterparts
are quite different from the Mittag-Leffler kernel fractional
operators. For example, the integral operator corresponding
to exponential kernel fractional derivatives consists of a mul-
tiple of the function𝑓 added to amultiple of the integration of𝑓, whereas the Mittag-Leffler kernel correspondent integral
operator consists of a multiple of 𝑓 and a Riemann-Liouville
fractional integral of the same order. Also, the monotonicity
coefficient of the CFR fractional difference operator of order0 < 𝛼 ≤ 1 is 𝛼 as shown in [10], whereas for the discrete
Mittag-Leffler CFR operator is 𝛼2 as proven in [14].

Motivated, by what we mentioned above, we extend
the order of fractional difference type operators with dis-
crete exponential kernels to arbitrary positive order, prove
existence and uniqueness theorems for the fractional initial
value difference problems, and finally prove a Lyapunov type
inequality for theCFR fractional difference operators of order2 < 𝛼 ≤ 3. The ordinary discrete Lyapunov inequality is then
confirmed as 𝛼 tends to 2 from the right not as in the case of
the classical fractional difference as 𝛼 tends to 2 from the left
[15]. For various fractional Lyapunov extensions we refer, for
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example, to [16–29]. All the authors there were motivated by
the following theorem on ordinary Lyapunov inequality.

Theorem 1 (see [30]). If the boundary value problem

𝑦 (𝑡) + 𝑞 (𝑡) 𝑦 (𝑡) = 0, 𝑡 ∈ (𝑎, 𝑏) , 𝑦 (𝑎) = 𝑦 (𝑏) = 0, (1)

has a nontrivial solution, where 𝑞 is a real continuous function;
then

∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠 > 4𝑏 − 𝑎 . (2)

Notice that inequality (2) is known as the classical
Lyapunov inequality. It is worth mentioning that Cheng [31]
had pointed out that Lyapunov neither stated nor proved
Theorem 1 but he only stated the following result.

Theorem 2 (see [26]). Let 𝑞(𝑡) be a nontrivial, continuous,
and nonnegative function with period 𝜔 and let

∫𝜔
0
𝑞 (𝑠) 𝑑𝑠 ≤ 4𝜔 . (3)

Then the roots of the characteristic equation corresponding to
Hills equation

𝑥 (𝑡) + 𝑞 (𝑡) 𝑥 (𝑡) = 0, −∞ < 𝑡 < ∞, (4)

are purely imaginary with modulus one.

For the classical fractional calculus which is behindmany
extensions, we refer the reader to [32–35] and for the sake of
comparison with the classical discrete fractional case we refer
to [36] and the references therein. In addition, for the discrete
fractional operators and their duality we refer to [37–39].

The article will be organised as follows: In the remain-
ing part of this section we shall give some basics about
the discrete CFC and CFR fractional differences and their
correspondent sums as used in [7, 10]. In Section 2, we
extend the order of CFC and CFR fractional differences
and their correspondent sums to arbitrary positive order
and give some illustrative examples. In Section 3, we prove
some existence and uniqueness theorems bymeans of Banach
fixed point theorem and give some illustrative examples.
In Section 4, we prove a Lyapunov type inequality for a
fractional CFR difference boundary value problem of order2 < 𝛼 ≤ 3 and give an application to the fractional difference
Sturm-Liouville Eigenvalue problem (SLEP) to enrich the
applicability of our proven Lyapunov inequality in the frame
of fractional difference operators with discrete exponential
kernels.

2. Preliminaries

Definition 3 (see [36]). For 𝛼 > 0, 𝑎 ∈ R, 𝜌(𝑠) = 𝑠 − 1, and 𝑓
a real-valued function defined on N𝑎 = {𝑎, 𝑎 + 1, . . .}, the left
Riemann-Liouville fractional sum of order 𝛼 > 0 is defined
by

(𝑎∇−𝛼𝑓) (𝑡) = 1Γ (𝛼)
𝑡∑
𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠))𝛼−1 𝑓 (𝑠) . (5)

This is fractionalising of the 𝑛-iterated nabla sum

(𝑎∇−𝑛𝑓) (𝑡) = 1(𝑛 − 1)!
𝑡∑
𝑎+1

(𝑡 − 𝜌 (𝑠))𝑛−1 𝑓 (𝑠) . (6)

The right fractional integral ending at 𝑏, where usually we
assume that 𝑎 ≡ 𝑏 (mod 1), is defined by

(∇−𝛼𝑏 𝑓) (𝑡) = 1Γ (𝛼)
𝑏−1∑
𝑠=𝑡

(𝑠 − 𝜌 (𝑡))𝛼−1 𝑓 (𝑠) , (7)

where 𝑡𝛼 = Γ(𝑡 + 𝛼)/Γ(𝑡) and Γ(𝑡) is the well-known gamma
special function of 𝑡.
Definition 4 (see [7, 10]). For 𝛼 ∈ (0, 1) and 𝑓 defined on
N𝑎, or 𝑏N = {𝑏, 𝑏 − 1, . . .} in right case, we have the following
definitions:

(i) The left (nabla) CFC fractional difference is given by

(CFC𝑎∇𝛼𝑓) (𝑡) = 𝐵 (𝛼)1 − 𝛼
𝑡∑
𝑠=𝑎+1

(∇𝑠𝑓) (𝑠) (1 − 𝛼)𝑡−𝜌(𝑠)

= 𝐵 (𝛼) 𝑡∑
𝑠=𝑎+1

(∇𝑠𝑓) (𝑠) (1 − 𝛼)𝑡−𝑠 .
(8)

(ii) The right (nabla) CFC fractional difference has the
following form:

(CFC∇𝛼𝑏𝑓) (𝑡) = 𝐵 (𝛼)1 − 𝛼
𝑏−1∑
𝑠=𝑡

(−Δ 𝑠𝑓) (𝑠) (1 − 𝛼)𝑠−𝜌(𝑡)

= 𝐵 (𝛼) 𝑏−1∑
𝑠=𝑡

(−Δ 𝑠𝑓) (𝑠) (1 − 𝛼)𝑠−𝑡 .
(9)

(iii) The left (nabla) CFR fractional difference is written
as

(CFR𝑎∇𝛼𝑓) (𝑡) = 𝐵 (𝛼)1 − 𝛼∇𝑡
𝑡∑
𝑠=𝑎+1

𝑓 (𝑠) (1 − 𝛼)𝑡−𝜌(𝑠)

= 𝐵 (𝛼) ∇𝑡 𝑡∑
𝑠=𝑎+1

𝑓 (𝑠) (1 − 𝛼)𝑡−𝑠 .
(10)

(iv) The right (nabla) CFR fractional difference is given
by

(CFR∇𝛼𝑏𝑓) (𝑡) = 𝐵 (𝛼)1 − 𝛼 (−Δ 𝑡) 𝑏−1∑
𝑠=𝑡

𝑓 (𝑠) (1 − 𝛼)𝑠−𝜌(𝑡)

= 𝐵 (𝛼) (−Δ 𝑡) 𝑏−1∑
𝑠=𝑡

𝑓 (𝑠) (1 − 𝛼)𝑠−𝑡 ,
(11)

where 𝐵(𝛼) is a normalization positive constant depending
on 𝛼 satisfying 𝐵(0) = 𝐵(1) = 1, (∇𝑔)(𝑡) = 𝑔(𝑡)−𝑔(𝑡−1), and(Δ𝑔)(𝑡) = 𝑔(𝑡 + 1) − 𝑔(𝑡).
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In [7, 8], it was verified that (CF𝑎∇−𝛼CFR𝑎∇𝛼𝑓)(𝑡) = 𝑓(𝑡)
and (CFR𝑎∇𝛼CF𝑎∇−𝛼𝑓)(𝑡) = 𝑓(𝑡). Also, in the right case
(CF𝐼𝛼𝑏CFR∇𝛼𝑏𝑓)(𝑡) = 𝑓(𝑡) and (CFR∇𝛼𝑏CF∇−𝛼𝑏 𝑓)(𝑡) = 𝑓(𝑡).
From [7, 8] we recall the relation between the CFC and CFR
fractional differences as

(CFC
𝑎∇𝛼𝑓) (𝑡) = (CFR𝑎∇𝛼𝑓) (𝑡)

− 𝐵 (𝛼)1 − 𝛼𝑓 (𝑎) (1 − 𝛼)𝑡−𝑎 , (12)

and for the right case by

(CFC∇𝛼𝑏𝑓) (𝑡) = (CFR∇𝛼𝑏𝑓) (𝑡)
− 𝐵 (𝛼)1 − 𝛼𝑓 (𝑏) (1 − 𝛼)𝑏−𝑡 . (13)

Notice that we extend Definition 4 to arbitrary 𝛼 > 0 in the
next section.

Lemma 5 (see [7]). For 0 < 𝛼 < 1, we have
(𝐶𝐹𝑎∇−𝛼𝐶𝐹𝐶𝑎∇𝛼𝑓) (𝑡) = 𝑓 (𝑡) − 𝑓 (𝑎) ,
(𝐶𝐹∇−𝛼𝑏 𝐶𝐹𝐶∇𝛼𝑏𝑓) (𝑡) = 𝑓 (𝑡) − 𝑓 (𝑏) . (14)

Notation. For a positive integer 𝑛, we have
(i) (∇𝑛𝑓)(𝑡) = (∇∇ ⋅ ⋅ ⋅ ∇⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛 times
𝑓)(𝑡).

(ii) (Δ𝑛𝑓)(𝑡) = (ΔΔ ⋅ ⋅ ⋅ Δ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛 times

𝑓)(𝑡).
(iii) (⊖Δ𝑛𝑓)(𝑡) = (−1)𝑛(Δ𝑛𝑓)(𝑡).

3. Higher Order Fractional
Differences and Sums

Definition 6. Let 𝑛 < 𝛼 ≤ 𝑛 + 1 and 𝑓 be defined on N𝑎 ∩ 𝑏N.
Set 𝛽 = 𝛼 − 𝑛 and define

(CFC𝑎∇𝛼𝑓) (𝑡) = (CFC𝑎∇𝛽∇𝑛𝑓) (𝑡) ,
(CFR𝑎∇𝛼𝑓) (𝑡) = (CFR𝑎∇𝛽∇𝑛𝑓) (𝑡) .

(15)

The associated fractional sum is given by

(CF𝑎∇−𝛼𝑓) (𝑡) = (𝑎∇−𝑛 CF𝑎∇−𝛽𝑓) (𝑡) . (16)

Note that if we use the convention that (𝑎∇−0𝑓)(𝑡) = 𝑓(𝑡),
then for the case 0 < 𝛼 ≤ 1 we have 𝛽 = 𝛼 and hence we
obtain Definition 4. Also, the convention (∇0𝑓)(𝑡) = 𝑓(𝑡)
leads to (CFR𝑎∇𝛼𝑓)(𝑡) and (CFC𝑎∇𝛼𝑓)(𝑡) as in Definition 4 for0 < 𝛼 ≤ 1.
Remark 7. In Definition 6, if we let 𝛼 = 𝑛 + 1 then 𝛽 = 1 and
hence (CFR𝑎∇𝛼𝑓)(𝑡) = (CFR𝑎∇1∇𝑛𝑓)(𝑡) = (∇𝑛+1𝑓)(𝑡). Also, by

noting that (CF𝑎∇−1𝑓)(𝑡) = (𝑎∇−1𝑓)(𝑡), we see that for𝛼 = 𝑛+1
we have (CF𝑎∇−𝛼𝑓)(𝑡) = (𝑎∇−(𝑛+1)𝑓)(𝑡). Also, for 0 < 𝛼 ≤ 1 we
reobtain the concepts defined in Definition 4. Therefore, our
generalization to higher order case is confirmed.

Analogously, in the right case we have the following
extension.

Definition 8. Let 𝑛 < 𝛼 ≤ 𝑛 + 1 and 𝑓 be defined on N𝑎 ∩ 𝑏N.
Set 𝛽 = 𝛼 − 𝑛. Then 𝛽 ∈ (0, 1] and we define

(CFC∇𝛼𝑏𝑓) (𝑡) = CFC∇𝛽𝑏 (⊖Δ𝑛𝑓) (𝑡) ,
(CFR∇𝛼𝑏𝑓) (𝑡) = CFR∇𝛽𝑏 (⊖Δ𝑛𝑓) (𝑡) .

(17)

The associated fractional integral is given by

(CF∇−𝛼𝑏 𝑓) (𝑡) = (∇−𝑛𝑏 CF∇−𝛽𝑏 𝑓) (𝑡) . (18)

An immediate extension of (12) and (13) by using Defini-
tion 6 is the following.

Proposition 9. For 𝑓 defined on N𝑎 ∩ 𝑏N and 𝑛 < 𝛼 ≤ 𝑛 + 1,
we have

(𝐶𝐹𝐶𝑎∇𝛼𝑓) (𝑡) = (𝐶𝐹𝑅𝑎∇𝛼𝑓) (𝑡)
− 𝐵 (𝛼)1 − 𝛼 (∇𝑛𝑓) (𝑎) (1 − 𝛼)𝑡−𝑎 , (19)

and for the right case

(𝐶𝐹𝐶∇𝛼𝑏𝑓) (𝑡) = (𝐶𝐹𝑅∇𝛼𝑏𝑓) (𝑡)
− 𝐵 (𝛼)1 − 𝛼 (⊖Δ𝑛𝑓) (𝑏) (1 − 𝛼)𝑏−𝑡 . (20)

Next proposition explains the action of the arbitrary
order sum operator CF

𝑎∇−𝛼 on the arbitrary order CFR and
CFC differences (and vice versa) and the action of the CFR
difference on the CF correspondent sum operator.

Proposition 10. For 𝑢(𝑡) defined onN𝑎 ∩ 𝑏N and for some 𝑛 ∈
N0 with 𝑛 < 𝛼 ≤ 𝑛 + 1, we have

(i) (𝐶𝐹𝑅𝑎∇𝛼𝐶𝐹𝑎∇−𝛼𝑢)(𝑡) = 𝑢(𝑡).
(ii) (𝐶𝐹𝑎∇−𝛼𝐶𝐹𝑅𝑎∇𝛼𝑢)(𝑡) = 𝑢(𝑡) −∑𝑛−1𝑘=0((∇𝑘𝑢)(𝑎)/𝑘!)(𝑡 −𝑎)𝑘.
(iii) (𝐶𝐹𝑎∇−𝛼𝐶𝐹𝐶𝑎∇𝛼𝑢)(𝑡) = 𝑢(𝑡)−∑𝑛𝑘=0((∇𝑘𝑢)(𝑎)/𝑘!)(𝑡−𝑎)𝑘.

Proof. (i) ByDefinition 6 and the statement afterDefinition 4,
we have

(CFR𝑎∇𝛼CF𝑎∇−𝛼𝑢) (𝑡) = CFR
𝑎∇𝛽∇𝑛𝑎∇−𝑛 CF𝑎∇−𝛽𝑢 (𝑡)

= CFR
𝑎∇𝛽CF𝑎∇−𝛽𝑢 (𝑡) = 𝑢 (𝑡) .

(21)
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(ii) By Definition 6 and the statement after Definition 4,
we have

(CF𝑎∇−𝛼CFR𝑎∇𝛼𝑢) (𝑡) = (𝑎∇−𝑛 CF𝑎∇−𝛽CFR𝑎∇𝛽∇𝑛𝑢) (𝑡)
= 𝑎∇−𝑛∇𝑛𝑢 (𝑡)
= 𝑢 (𝑡) − 𝑛−1∑

𝑘=0

(∇𝑘𝑢) (𝑎)
𝑘! (𝑡 − 𝑎)𝑘 ,

(22)

where 𝛽 = 𝛼 − 𝑛.
(iii) By Lemma 5 applied to 𝑓(𝑡) = (∇𝑛𝑢)(𝑡), we have
(CF𝑎∇−𝛼CFC𝑎∇𝛼𝑢) (𝑡) = 𝑎∇−𝑛𝑎∇−𝛽CFC𝑎∇𝛽∇𝑛𝑢 (𝑡)

= 𝑎∇−𝑛 [∇𝑛𝑢 (𝑡) − (∇𝑛𝑢) (𝑎)]
= 𝑢 (𝑡) − 𝑛−1∑

𝑘=0

(∇𝑘𝑢) (𝑎)
𝑘! (𝑡 − 𝑎)𝑘

− (∇𝑛𝑢) (𝑎) (𝑡 − 𝑎)𝑛𝑛!
= 𝑢 (𝑡) − 𝑛∑

𝑘=0

(∇𝑘𝑢) (𝑎)
𝑘! (𝑡 − 𝑎)𝑘 .

(23)

Using the facts that ⊖Δ𝑛∇−𝑛𝑏 𝑔(𝑡) = 𝑔(𝑡),
∇𝑛𝑏 ⊖Δ𝑛𝑔 (𝑡) = 𝑔 (𝑡) − 𝑛−1∑

𝑘=0

(⊖Δ𝑘𝑔) (𝑏)𝑘! (𝑏 − 𝑡)𝑘 , (24)

and making use of Lemma 5 and the statement after Defini-
tion 4, we can state, for the right case, the following.

Proposition 11. For 𝑢(𝑡) defined on N𝑎,𝑏 and 𝛼 ∈ (𝑛, 𝑛 + 1],
for some 𝑛 ∈ N0, we have

(i) (𝐶𝐹𝑅∇𝛼𝑏𝐶𝐹∇−𝛼𝑏 𝑢)(𝑡) = 𝑢(𝑡).
(ii) (𝐶𝐹∇−𝛼𝑏 𝐶𝐹𝑅∇𝛼𝑏𝑢)(𝑡) = 𝑢(𝑡)−∑𝑛−1𝑘=0((⊖Δ𝑘𝑢)(𝑏)/𝑘!)(𝑏−𝑡)𝑘.
(iii) (𝐶𝐹∇−𝛼𝑏 𝐶𝐹𝐶∇𝛼𝑏𝑢)(𝑡) = 𝑢(𝑡)−∑𝑛𝑘=0((⊖Δ𝑘𝑢)(𝑏)/𝑘!)(𝑏−𝑡)𝑘.

Example 12. Consider the initial value problem:

(CFC𝑎∇𝛼𝑦) (𝑡) = 𝐹 (𝑡) , (25)

where 𝐹(𝑡) is defined on N𝑎,𝑏 = N𝑎 ∩ 𝑏N. Let us consider two
cases depending on the order 𝛼 > 0:

(i) Assume 0 < 𝛼 ≤ 1, 𝑦(𝑎) = 𝑐, and 𝐹(𝑎) = 0. By
applying CF

𝑎∇−𝛼 and making use of Proposition 10, we
get the solution

𝑦 (𝑡) = 𝑐 + 1 − 𝛼𝐵 (𝛼)𝐹 (𝑡) + 𝛼𝐵 (𝛼)
𝑡∑
𝑠=𝑎+1

𝐹 (𝑠) . (26)

Notice that the condition 𝐹(𝑎) = 0 verifies the initial
condition 𝑦(𝑎) = 𝑐. In addition, when 𝛼 → 1 we
obtain the solution of the ordinary difference initial
value problem (∇𝑦)(𝑡) = 𝐹(𝑡), 𝑦(𝑎) = 𝑐.

(ii) Assume 1 < 𝛼 ≤ 2, 𝐹(𝑎) = 0, 𝑦(𝑎) = 𝑐1, and(∇𝑦)(𝑎) = 𝑐2. By applying CF
𝑎∇−𝛼 and making use of

Proposition 10 and Definition 6 with 𝛽 = 𝛼 − 1, we
obtain the solution

𝑦 (𝑡) = 𝑐1 + 𝑐2 (𝑡 − 𝑎) + 2 − 𝛼𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

𝐾 (𝑠)

+ 𝛼 − 1𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠)) 𝐹 (𝑠) .
(27)

Notice that the solution𝑦(𝑡) verifies𝑦(𝑎) = 𝑐1 without
the use of 𝐹(𝑎) = 0. However, it verifies (∇𝑦)(𝑎) = 𝑐2
under the assumption 𝐹(𝑎) = 0. Also, note that when𝛼 → 2 we recover the solution of the second-order
ordinary difference initial value problem (∇2𝑦)(𝑡) =𝐹(𝑡), 𝑦(𝑎) = 𝑐1, and (∇𝑦)(𝑎) = 𝑐2.

In the next section, we prove existence and uniqueness
theorems for some types of CFC and CFR initial value
difference problems.

Example 13. Consider the CFC difference boundary value
problem

(CFC𝑎∇𝛼𝑦) (𝑡) + 𝑞 (𝑡) 𝑦 (𝑡) = 0,
1 < 𝛼 ≤ 2, 𝑡 ∈ N𝑎,𝑏, 𝑦 (𝑎) = 𝑦 (𝑏) = 0. (28)

Then 𝛽 = 𝛼−1 and by Proposition 10 if we apply the operator
CF
𝑎∇−𝛼, we obtain the solution

𝑦 (𝑡) = 𝑐1 + 𝑐2 (𝑡 − 𝑎) − (CF𝑎∇−𝛼𝑞 (⋅) 𝑦 (⋅)) (𝑡) . (29)

But

(CF𝑎∇−𝛼𝑞 (⋅) 𝑦 (⋅)) (𝑡) = 1 − 𝛽
𝐵 (𝛽)

𝑡∑
𝑠=𝑎+1

𝑞 (𝑠) 𝑦 (𝑠)
+ 𝛽
𝐵 (𝛽) 𝑎∇−2𝑞 (𝑡) 𝑦 (𝑡) .

(30)

Hence, the solution has the form

𝑦 (𝑡) = 𝑐1 + 𝑐2 (𝑡 − 𝑎) − 2 − 𝛼𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

𝑞 (𝑠) 𝑦 (𝑠)

− 𝛼 − 1𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠)) 𝑞 (𝑠) 𝑦 (𝑠) .
(31)

The boundary conditions imply that 𝑐1 = 0 and
𝑐2 = 2 − 𝛼(𝑏 − 𝑎) 𝐵 (𝛼 − 1)

𝑏∑
𝑠=𝑎+1

𝑞 (𝑠) 𝑦 (𝑠)

+ 𝛼 − 1(𝑏 − 𝑎) 𝐵 (𝛼 − 1)
𝑏∑
𝑠=𝑎+1

(𝑏 − 𝜌 (𝑠)) 𝑞 (𝑠) 𝑦 (𝑠) .
(32)
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Hence,

𝑦 (𝑡) = (2 − 𝛼) (𝑡 − 𝑎)(𝑏 − 𝑎) 𝐵 (𝛼 − 1)
𝑏∑
𝑠=𝑎+1

𝑞 (𝑠) 𝑦 (𝑠)

− (𝛼 − 1) (𝑡 − 𝑎)(𝑏 − 𝑎) 𝐵 (𝛼 − 1)
𝑏∑
𝑠=𝑎+1

(𝑏 − 𝜌 (𝑠)) 𝑞 (𝑠) 𝑦 (𝑠)

− 2 − 𝛼𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

𝑞 (𝑠) 𝑦 (𝑠)

− 𝛼 − 1𝐵 (𝛼 − 1)
𝑡∑
𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠)) 𝑞 (𝑠) 𝑦 (𝑠) .

(33)

4. Existence and Uniqueness Theorems for
the Initial Value Problem Types

In this section we prove existence and uniqueness theorems
for CFC and CFR type initial value problems.

Theorem 14. Consider the system

(𝐶𝐹𝐶𝑎∇𝛼𝑦) (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) ,
𝑡 ∈ N𝑎,𝑏, 0 < 𝛼 ≤ 1, 𝑦 (𝑎) = 𝑐, (34)

such that 𝑓(𝑎, 𝑦(𝑎)) = 0,𝐴((1−𝛼)/𝐵(𝛼)+𝛼(𝑏−𝑎)/𝐵(𝛼)) < 1,
and |𝑓(𝑡, 𝑦1) − 𝑓(𝑡, 𝑦2)| ≤ 𝐴|𝑦1 − 𝑦2|, 𝐴 > 0, where 𝑓 : N𝑎,𝑏 ×
R → R and 𝑦 : N𝑎,𝑏 → R. Then, system (34) has a unique
solution of the form

𝑦 (𝑡) = 𝑐 + 𝐶𝐹𝑎∇−𝛼𝑓 (𝑡, 𝑦 (𝑡)) . (35)

Proof. First, by the help of Proposition 10, (12), and taking
into account the fact that 𝑓(𝑎, 𝑦(𝑎)) = 0, it is straight forward
to prove that 𝑦(𝑡) satisfies system (34) if and only if it satisfies
(35).

Let 𝑋 = {𝑥 : max𝑡∈N𝑎,𝑏 |𝑥(𝑡)| < ∞} be the Banach space
endowed with the norm ‖𝑥‖ = max𝑡∈N𝑎,𝑏 |𝑥(𝑡)|. On 𝑋 define
the linear operator

(𝑇𝑥) (𝑡) = 𝑐 + CF
𝑎∇−𝛼𝑓 (𝑡, 𝑥 (𝑡)) . (36)

Then, for arbitrary 𝑥1, 𝑥2 ∈ 𝑋 and 𝑡 ∈ N𝑎,𝑏, we have by
assumption that

(𝑇𝑥1) (𝑡) − (𝑇𝑥2) (𝑡)
= CF𝑎∇−𝛼 [𝑓 (𝑡, 𝑥1 (𝑡)) − 𝑓 (𝑡, 𝑥2 (𝑡))]
≤ 𝐴(1 − 𝛼𝐵 (𝛼) + 𝛼 (𝑏 − 𝑎)𝐵 (𝛼) ) 𝑥1 − 𝑥2 ,

(37)

and hence 𝑇 is a contraction. By Banach fixed point theorem,
there exists a unique 𝑥 ∈ 𝑋 such that 𝑇𝑥 = 𝑥 and hence the
proof is complete.

Remark 15. Similar existence and uniqueness theorems can
be proved for system (34) with higher order by making use of

Proposition 10. The condition 𝑓(𝑎, 𝑦(𝑎)) = 0 always can not
be avoided as we have seen in Example 12 with 𝑓(𝑡, 𝑦(𝑡)) =𝐹(𝑡). As a result ofTheorem 14,we conclude that the fractional
difference linear initial value problem

(CFC𝑎∇𝛼𝑦) (𝑡) = 𝑟𝑦 (𝑡) ,
𝑟 ∈ R, 𝑡 ∈ N𝑎,𝑏, 0 < 𝛼 ≤ 1, 𝑦 (𝑎) = 𝑐, (38)

can have only the trivial solution unless 𝛼 = 1. Indeed,
the solution satisfies 𝑦(𝑡) = 𝑐 + 𝑟((1 − 𝛼)/𝐵(𝛼))𝑦(𝑡) +(𝛼𝑟/𝐵(𝛼))∑𝑡𝑠=𝑎+1 𝑦(𝑠). This solution is only verified at 𝑎 if(1 − 𝛼)𝑦(𝑎) = 0.
Theorem 16. Consider the system

(𝐶𝐹𝑅𝑎∇𝛼𝑦) (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) ,
𝑡 ∈ N𝑎,𝑏, 1 < 𝛼 ≤ 2, 𝑦 (𝑎) = 𝑐, (39)

such that (𝐴/𝐵(𝛼−1))((2−𝛼)(𝑏−𝑎)+(𝛼−1)(𝑏−𝑎)2/2) < 1, and|𝑓(𝑡, 𝑦1)−𝑓(𝑡, 𝑦2)| ≤ 𝐴|𝑦1−𝑦2|,𝐴 > 0, where𝑓 : N𝑎,𝑏×R → R

and 𝑦 : N𝑎,𝑏 → R. Then, system (34) has a unique solution of
the form

𝑦 (𝑡) = 𝑐 + 𝐶𝐹𝑎∇−𝛼𝑓 (𝑡, 𝑦 (𝑡))
= 𝑐 + 2 − 𝛼𝐵 (𝛼 − 1)

𝑡∑
𝑠=𝑎+1

𝑓 (𝑠, 𝑦 (𝑠))
+ 𝛼 − 1𝐵 (𝛼 − 1) (𝑎∇−2𝑓 (⋅, 𝑦 (⋅)) (𝑡)) .

(40)

Proof. If we apply CF
𝑎∇−𝛼 to system (39) and make use of

Proposition 10 with 𝛽 = 𝛼 − 1 then we reach at the
representation (40). Conversely, if we apply CFR

𝑎∇𝛼, make use
of Proposition 10 and by noting that

CFR
𝑎∇𝛼 = CFR

𝑎∇𝛽∇𝑡𝑐 = 0, (41)

we obtain system (39). Hence, 𝑦(𝑡) satisfies system (39) if and
only if it satisfies (40).

Let 𝑋 = {𝑥 : max𝑡∈N𝑎,𝑏 |𝑥(𝑡)| < ∞} be the Banach space
endowed with the norm ‖𝑥‖ = max𝑡∈N𝑎,𝑏 |𝑥(𝑡)|. On 𝑋 define
the linear operator

(𝑇𝑥) (𝑡) = 𝑐 + CF
𝑎∇−𝛼𝑓 (𝑡, 𝑥 (𝑡)) . (42)

Then, for arbitrary 𝑥1, 𝑥2 ∈ 𝑋 and 𝑡 ∈ N𝑎,𝑏, we have by
assumption that(𝑇𝑥1) (𝑡) − (𝑇𝑥2) (𝑡)

= CF𝑎∇−𝛼 [𝑓 (𝑡, 𝑥1 (𝑡)) − 𝑓 (𝑡, 𝑥2 (𝑡))]
≤ 𝐴𝐵 (𝛼 − 1) ((2 − 𝛼) (𝑏 − 𝑎) + (𝛼 − 1) (𝑏 − 𝑎)22 )
⋅ 𝑥1 − 𝑥2 ,

(43)

and hence 𝑇 is a contraction. By Banach Contraction Princi-
ple, there exists a unique 𝑥 ∈ 𝑋 such that 𝑇𝑥 = 𝑥 and hence
the proof is complete.
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5. The Lyapunov Inequality for the CFR
Difference Boundary Value Problem

In this section, we prove a Lyapunov inequality for a CFR
boundary value difference problem of order 2 < 𝛼 ≤ 3.

Consider the boundary value problem

(CFR𝑎∇𝛼𝑦) (𝑡) + 𝑞 (𝑡) 𝑦𝜌 (𝑡) = 0,
2 < 𝛼 ≤ 3, 𝑡 ∈ N𝑎+1,𝑏−1, 𝑦 (𝑎) = 𝑦 (𝑏) = 0, (44)

where, 𝑦𝜌(𝑡) = 𝑦(𝜌(𝑡)) = 𝑦(𝑡 − 1).
Lemma 17. 𝑦(𝑡) is a solution of the boundary value problem
(44) if and only if it satisfies the equation

𝑦 (𝑡) = 𝑏∑
𝑠=𝑎+1

𝐺 (𝑡, 𝑠) 𝑇 (𝑠, 𝑦 (𝑠)) , (45)

where
𝐺 (𝑡, 𝑠)

= {{{{{{{

(𝑡 − 𝑎) (𝑏 − 𝜌 (𝑠))
𝑏 − 𝑎 , 𝑡 + 1 ≤ 𝑠, 𝑡, 𝑠 ∈ N𝑎,𝑏,

( (𝑡 − 𝑎) (𝑏 − 𝜌 (𝑠))
𝑏 − 𝑎 − (𝑡 − 𝜌 (𝑠))) , 𝑠 − 1 ≤ 𝑡, 𝑡, 𝑠 ∈ N𝑎,𝑏,

𝑇 (𝑡, 𝑦 (𝑡)) = 𝐶𝐹𝑎∇𝛽 (𝑞 (⋅) 𝑦𝜌 (⋅)) (𝑡)
= 1 − 𝛽
𝐵 (𝛽)𝑞 (𝑡) 𝑦𝜌 (𝑡) +

𝛽
𝐵 (𝛽) (𝑎∇−1𝑞 (⋅) 𝑦𝜌 (⋅)) (𝑡) , 𝛽 = 𝛼 − 2.

(46)

Proof. Apply the integral CF
𝑎∇−𝛼 to (44) and make use of

Definition 6 and Proposition 10 with 𝑛 = 2 and 𝛽 = 𝛼 − 2
to reach

𝑦 (𝑡) = 𝑐1 + 𝑐2 (𝑡 − 𝑎) − (𝑎∇−2𝑇 (⋅, 𝑦 (⋅))) (𝑡)
= 𝑐1 + 𝑐2 (𝑡 − 𝑎) − 𝑡∑

𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠)) 𝑇 (𝑠, 𝑦 (𝑠)) . (47)

The condition 𝑦(𝑎) = 0 implies that 𝑐1 = 0 and the
condition 𝑦(𝑏) = 0 implies that 𝑐2 = (1/(𝑏 − 𝑎))∑𝑏𝑠=𝑎+1(𝑏 −𝜌(𝑠))𝑇(𝑠, 𝑦(𝑠)), and hence

𝑦 (𝑡) = 𝑡 − 𝑎𝑏 − 𝑎
𝑏∑
𝑠=𝑎+1

(𝑏 − 𝜌 (𝑠)) 𝑇 (𝑠, 𝑦 (𝑠))

− 𝑡∑
𝑠=𝑎+1

(𝑡 − 𝜌 (𝑠)) 𝑞 (𝑠) 𝑇 (𝑠, 𝑦 (𝑠)) 𝑑𝑠.
(48)

Then, the result follows by splitting the summation
𝑏∑
𝑠=𝑎+1

(𝑏 − 𝜌 (𝑠)) 𝑇 (𝑠, 𝑦 (𝑠))

= 𝑡∑
𝑠=𝑎+1

(𝑏 − 𝜌 (𝑠)) 𝑇 (𝑠, 𝑦 (𝑠))

+ 𝑏∑
𝑠=𝑡+1

(𝑏 − 𝜌 (𝑠)) 𝑇 (𝑠, 𝑦 (𝑠)) .

(49)

Lemma 18. Given that 𝑏 ≡ 𝑎 (mod 1), the Green function𝐺(𝑡, 𝑠) defined in Lemma 17 has the following properties:
(1) 𝐺(𝑡, 𝑠) ≥ 0 for all 𝑡, 𝑠 ∈ N𝑎,𝑏.
(2) max𝑡∈N𝑎,𝑏𝐺(𝑡, 𝑠) = 𝐺(𝜌(𝑠), 𝑠) for 𝑠 ∈ N𝑎+1,𝑏−1.(3) 𝑓(𝑠) = 𝐺(𝜌(𝑠), 𝑠) = (𝜌(𝑠) − 𝑎)(𝑏 − 𝜌(𝑠))/(𝑏 − 𝑎) has a

unique maximum, given by

max
𝑠∈N𝑎,𝑏

𝑓 (𝑠)

= {{{{{{{
𝑓((𝑎 + 𝑏 + 2)2 ) = 𝑏 − 𝑎4 if 𝑏 − 𝑎 is even
𝑓((𝑎 + 𝑏 + 3)2 ) = (𝑏 − 𝑎)2 − 14 (𝑏 − 𝑎) if 𝑏 − 𝑎 is odd.

(50)

Hence, in either casesmax𝑠∈N𝑎,𝑏𝑓(𝑠) ≤ (𝑏 − 𝑎)/4.
Proof. (1) It is clear that 𝑔1(𝑡, 𝑠) = (𝑡−𝑎)(𝑏−𝜌(𝑠))/(𝑏−𝑎) ≥ 0.
Regarding the part𝑔2(𝑡, 𝑠) = ((𝑡−𝑎)(𝑏−𝜌(𝑠))/(𝑏−𝑎)−(𝑡−𝜌(𝑠)))
we see that (𝑡 − 𝜌(𝑠)) = ((𝑡 − 𝑎)/(𝑏 − 𝑎))(𝑏 − (𝑎 + (𝜌(𝑠) − 𝑎)(𝑏 −𝑎)/(𝑡 − 𝑎))) and that 𝑎 + (𝜌(𝑠) − 𝑎)(𝑏 − 𝑎)/(𝑡 − 𝑎) ≥ 𝜌(𝑠) if and
only if 𝜌(𝑠)(𝑏− 𝑡) +𝑎(𝑡 − 𝑏) ≥ 0 if and only if 𝑠 ≥ 𝑎+1. Hence,
we conclude that 𝑔2(𝑡, 𝑠) ≥ 0 as well.

(2) Clearly,𝑔1(𝑡, 𝑠) is an increasing function in 𝑡. Applying∇ to 𝑔2 with respect to 𝑡 for every fixed 𝑠 ≥ 𝑎 + 1 we see that∇𝑡𝑔(𝑡, 𝑠) = (𝑏 − 𝑎)−1(𝑎 − 𝜌(𝑠)) and hence 𝑔2 is a decreasing
function in 𝑡.

(3) Let 𝑓(𝑠) = 𝐺(𝜌(𝑠), 𝑠) = (𝜌(𝑠) − 𝑎)(𝑏 − 𝜌(𝑠))/(𝑏 − 𝑎).
Then,

(∇𝑓) (𝑠) = 𝑎 + 𝑏 − 2𝑠 + 3𝑏 − 𝑎 = 0, (51)

if 𝑠 = (𝑎 + 𝑏 + 3)/2 and hence for 𝑎, 𝑏 ∈ N, 𝑓 attains its
maximum at 𝑠1 = (𝑎 + 𝑏 + 3)/2 if 𝑎 + 𝑏 (or 𝑏 − 𝑎) is odd and
at (𝑎 + 𝑏 + 2)/2 if 𝑎 + 𝑏 (or 𝑏 − 𝑎) is even. More generally, if 𝑎
and 𝑏 are such that 𝑏 ≡ 𝑎 (mod 1), we see that 𝑠1 ≡ 𝑎 (mod 1)
if 𝑏 − 𝑎 is odd and 𝑠2 ≡ 𝑎 (mod 1) if 𝑏 − 𝑎 is even. Finally,𝑓(𝑠1) = ((𝑏 − 𝑎)2 − 1)/4(𝑏 − 𝑎) and 𝑓(𝑠2) = (𝑏 − 𝑎)/4.

In next lemma, we estimate 𝑇(𝑡, 𝑦(𝑡)) for a function𝑦 ∈ 𝐵[N𝑎,𝑏], the Banach space of all Banach-valued finite
sequences on N𝑎,𝑏 with ‖𝑦‖ = max𝑡∈N𝑎,𝑏 |𝑦(𝑡)|, where | ⋅ | is
the norm in the Banach space.

Lemma 19. For 𝑦 ∈ 𝐵[N𝑎,𝑏] and 2 < 𝛼 ≤ 3, 𝛽 = 𝛼 − 2, we
have, for any 𝑡 ∈ N𝑎,𝑏,𝑇 (𝑡, 𝑦 (𝑡)) ≤ 𝑅 (𝑡) 𝑦 , (52)

where

𝑅 (𝑡) = [ 3 − 𝛼𝐵 (𝛼 − 2) 𝑞 (𝑡) + 𝛼 − 2𝐵 (𝛼 − 2)
𝑡∑
𝑠=𝑎+1

𝑞 (𝑠)] . (53)

Theorem 20 (the CFR fractional difference Lyapunov
inequality). If the boundary value problem (44) has a nontriv-
ial solution, where 𝑞(𝑡) is a real-valued bounded function on
N𝑎,𝑏, then

𝑏∑
𝑠=𝑎+1

𝑅 (𝑠) > 4𝑏 − 𝑎 . (54)
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Proof. Assume 𝑦 ∈ 𝑌 = 𝐵[N𝑎,𝑏] is a nontrivial solution of the
boundary value problem (44). By Lemma 17, 𝑦must satisfy

𝑦 (𝑡) = 𝑏∑
𝑠=𝑎+1

𝐺 (𝑡, 𝑠) 𝑇 (𝑠, 𝑦 (𝑠)) . (55)

Then, by using the properties of the Green function 𝐺(𝑡, 𝑠)
proved in Lemmas 18 and 19, we come to the conclusion that

𝑦 < 𝑏 − 𝑎4
𝑏∑
𝑠=𝑎+1

𝑅 (𝑠) 𝑦 (56)

from which (54) follows.

Remark 21. Note that if 𝛼 → 2+, then 𝑅(𝑡) tends to |𝑞(𝑡)|
and hence we obtain the classical nabla discrete version of the
Lyapunov inequality (2). For the sake of more comparisons of
Lyapunov inequalities on time scales we refer to [40].

Example 22. Consider the following CFR Sturm-Liouville
difference eigenvalue problem (SLDEP) of order 2 < 𝛼 ≤ 3
(CFR0∇𝛼𝑦) (𝑡) + 𝜆𝑦𝜌 (𝑡) = 0,

𝑡 ∈ N1,𝑏−1, 𝑏 ∈ N, 𝑦 (0) = 𝑦 (𝑏) = 0. (57)

If𝜆 is an eigenvalue of (57), then byTheorem20with 𝑞(𝑡) = 𝜆,
we have

𝑇 (𝑡) = [ 3 − 𝛼𝐵 (𝛼 − 2) |𝜆| + 𝛼 − 2𝐵 (𝛼 − 2) (0∇−1 |𝜆|) (𝑡)]
= |𝜆| [ 3 − 𝛼𝐵 (𝛼 − 2) + 𝛼 − 2𝐵 (𝛼 − 2) 𝑡] .

(58)

Hence, we must have

𝑏∑
𝑠=1

𝑇 (𝑠) = |𝜆| [ 𝑏 (3 − 𝛼)𝐵 (𝛼 − 2) + 𝑏2 (𝛼 − 2)2𝐵 (𝛼 − 2)] > 4𝑏 . (59)

Notice that the limiting case 𝛼 → 2+ implies that |𝜆| > 4/𝑏2
which is the lower bound for the eigenvalues of the ordinary
difference eigenvalue problem:

(∇2𝑦) (𝑡) + 𝜆𝑦𝜌 (𝑡) = 0,
𝑡 ∈ N1,𝑏−1, 𝑦 (0) = 𝑦 (𝑏) = 0. (60)

6. Conclusions

Fractional differences and their correspondent fractional
sum operators are of importance in discrete modeling of
various problems in science. We extended the fractional
difference calculus whose difference operators depend on
a discrete exponential function kernel to arbitrary positive
order. The correspondent arbitrary order fractional sum
operators have been defined as well and applied to solve
fractional initial and boundary value difference problems.
The extension for right fractional differences and sums is also

achieved. To set up the basic concepts, we proved existence
and uniqueness theorems by means of Banach fixed point
theorem for initial value problems in the frame of CFC and
CFR fractional differences. We have come to the conclusion
that the condition𝑓(𝑎, 𝑦(𝑎)) = 0 is necessary to guarantee the
existence of solution and hence fractional linear difference
initial value problem with constant coefficients results in the
trivial solution unless the order is positive integer. We used
our extension to arbitrary order to prove a Lyapunov type
inequality for a CFR boundary value problem of order 2 <𝛼 ≤ 3 and then obtain the classical ordinary case when 𝛼
tends to 2 from right. This proves different behavior from
the classical fractional difference case, where the Lyapunov
inequality was proved for a fractional difference boundary
problem of order 1 < 𝛼 ≤ 2 and the classical ordinary case
was then recovered when 𝛼 tends to 2 from left.
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In this work, we consider a class of fractional stochastic differential system with Hilfer fractional derivative and Poisson jumps
in Hilbert space. We study the existence and uniqueness of mild solutions of such a class of fractional stochastic system, using
successive approximation theory, stochastic analysis techniques, and fractional calculus. Further, we study the existence of optimal
control pairs for the system, using general mild conditions of cost functional. Finally, we provide an example to illustrate the
obtained results.

1. Introduction

The subject of fractional calculus has gained importance and
attractiveness due to its applications in widespread fields
of engineering and science. Fractional calculus is successful
in describing systems which have long-time memory and
long-range interaction [1–3]. Fractional-Order Differential
Equations (FODEs) models have been successfully applied
in biology systems [3, 4], physics [5, 6], chemistry and
biochemistry [7], hydrology [8], engineering [9, 10],medicine
[11], finance [12], and control problems [13, 14]. In most
cases, the models of FODEs seem to be more regular with
the real events compared with integer-order models, because
fractional integrals and derivatives allow the explanation of
the hereditary and memory properties inherent in various
processes and materials [15, 16]. Many authors described the
fractional-order models with the most common definitions
of fractional derivatives defined by Caputo and Riemann-
Liouville sense [17].

Hilfer [5] proposed a general operator for fractional
derivative, called “Hilfer fractional derivative,” which com-
bines Caputo and Riemann-Liouville fractional derivatives.
Hilfer fractional derivative is performed, for example, in
the theoretical simulation of dielectric relaxation in glass

forming materials. Sandev et al. [18] derived the existence
results of fractional diffusion equation with Hilfer fractional
derivative which attained in terms ofMittag Leffler functions.
Mahmudov and McKibben [19] studied the controllability of
fractional dynamical equations with generalized Riemann-
Liouville fractional derivative by using Schauder fixed point
theorem and fractional calculus. Recently, Gu and Trujillo
[20] reported the existence results of fractional differential
equations with Hilfer derivative based on noncompact mea-
sure method. The set of two parameters in “Hilfer fractional
derivative” 𝐷],𝜇

𝑎+
of order 0 ≤ ] ≤ 1 and 0 < 𝜇 < 1 permits

one to connect between the Caputo and Riemann-Liouville
derivatives [17, 21, 22]. This set of parameters gives an extra
degree of freedom on the initial conditions and produces
more types of stationary states. Models with Hilfer fractional
derivatives are discussed in [23, 24].

The deterministic models often fluctuate due to noise.
Naturally, the extension of such models is necessary to
consider stochastic models, where the related parameters are
considered as appropriate Brownian motion and stochastic
processes. The modeling of most problems in real situations
is described by stochastic differential equations rather than
deterministic equations. Thus, it is of great importance to
design stochastic effects in the study of fractional-order
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dynamical systems. Chen and Li [25] reported the existence
results of fractional stochastic integrodifferential equations
with nonlocal initial conditions in Hilbert space. Wang [26]
investigated the existence results of fractional stochastic
differential equations by using Picard type approximation. Lu
and Liu [27] studied, recently, the controllability of fractional
stochastic hemivariational inequalities based on multival-
ued maps and fixed point theorem. The above-mentioned
research papers discussed the detail of stochastic differ-
ential equations (SDEs) with Brownian motion, Although
Brownian motion cannot be used to define the stochastic
disturbances in some real systems such as the fluctuations
in the financial markets and price dynamics of financial
instruments with jumps (see [28]). The authors in [29]
studied the existence results of jumps in stock markets and
the foreign exchange markets which are based on SDEs with
Poisson jumps. Ren et al. [30] reported the existence and sta-
bility results of time-dependent stochastic delayed differential
equations with Poisson jumps. Recently, Rajivganthi and
Muthukumar [31] studied the properties of almost automor-
phic solutions of fractional stochastic evolution equations
with Poisson jumps with the help of solution operator.

To the best of our knowledge, the existence and unique-
ness of mild solutions for fractional stochastic differential
equations with Hilfer fractional derivative are an untreated
topic in the present literature. Herein, we convert the deter-
ministic fractional differential equations into a stochastic
fractional differential equation with Hilfer fractional deriva-
tive. We then study the existence and uniqueness of mild
solutions by using successive approximation. We study the
existence and uniqueness of mild solutions by using suc-
cessive approximation theory. This theory possesses some
advantages of linearization for the nonlinear functional with
respect to the state variables. We then study the existence
of optimal control pairs for the system, using general mild
conditions of cost functional.

Consider the fractional stochastic differential equations
with Hilfer fractional derivative and Poisson jumps of the
form

𝐷],𝜇
0+
𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝑓 (𝑡, 𝑥 (𝑡))

+ ∫𝑡

0
𝑔 (𝑠, 𝑥 (𝑠)) 𝑑𝑊 (𝑠)

+ ∫
𝑍
ℎ (𝑡, 𝑥 (𝑡) , 𝜂) �̃� (𝑑𝑡, 𝑑𝜂) ,

𝑡 ∈ 𝐽 fl (0, 𝑏] ,
𝐼(1−])(1−𝜇)
0+

𝑥 (0) = 𝑥0.

(1)

Here, 𝐷],𝜇
0+

is the Hilfer fractional derivative: 0 ≤ ] ≤ 1, 0 <𝜇 < 1 and 𝐽 fl [0, 𝑏]. 𝐴 is the infinitesimal generator of a
strongly continuous semigroup of bounded linear operators{𝑇(𝑡)}𝑡≥0 in Hilbert space 𝐻. The state variable 𝑥(⋅) is
considered in 𝐻 with a norm ‖ ⋅ ‖ and an inner product⟨⋅, ⋅⟩. Let𝐾 be another separable Hilbert space and {𝑊(𝑡)}𝑡≥0
is a given𝐾-valuedWiener process or Brownianmotion with
a finite trace nuclear covariance operator 𝑄 ≥ 0. Let 𝑞(⋅)

be a Poisson point process in a measurable space (𝑍,B(𝑍))
and induced compensating martingale measure �̃�(𝑑𝑡, 𝑑𝜂)
described on a complete probability space (Ω,F, 𝑃). 𝑓 : 𝐽 ×𝐻 → 𝐻, 𝑔 : 𝐽 × 𝐻 → 𝐿𝑄(𝐾,𝐻) and ℎ : 𝐽 × 𝐻 × 𝑍 → 𝐻
are appropriate functions and 𝐿𝑄(𝐾,𝐻) defines the space of
all 𝑄−Hilbert Schmidt operators from 𝐾 into𝐻.

Frequently, the optimal control problems stand up in
system engineering. The main goal of optimal control is
to find, in an open-loop control, the optimal values of the
control variables for the dynamic system which maximize or
minimize a given performance index. The determination of
optimal control is a difficult task and is open-ended due to
the nonlinear nature of dynamic systems. If the FODEs are
described in conjunction with a set of initial conditions and
performance index, they become Fractional Optimal Control
Problems (FOCPs). The FOCP refers to optimization of the
performance index subject to dynamical constraints on the
control and state which have fractional-order models. There
has been some work done in the area of deterministic FOCPs
in finite dimensional spaces [32, 33] and infinite dimensional
cases [34, 35]. Ren andWu [36] discussed the optimal control
problem associated with multivalued SDEs with Levy jumps
by using Yosida approximation theory. Ahmed [37] studied
the existence and optimal control of stochastic initial bound-
ary value problems subject to boundary noise. Rajivganthi et
al. [38] investigated the optimal control results of fractional
stochastic neutral differential equations in Hilbert space.
Motivated by the work done by the authors [20, 35, 38], in
this paper, we study additionally the sufficient conditions
that guarantee the optimal control results for the fractional
stochastic system (1).

This paper is prepared as follows. In Section 2, we provide
some remarks, definitions, and lemmas which are useful
to prove the main results. Suitable sufficient conditions for
existence and uniqueness of (1) are studied in Section 3.
Optimal control results are discussed in Section 4. An
example is given in Section 5 to verify the theoretical results.
We then conclude the paper in the last Section.

2. Preliminaries

Let (Ω,F, 𝑃) be a complete probability space furnished
with complete family of right continuous increasing
sub-𝜎-algebras {Ft, 𝑡 ∈ 𝐽} satisfying Ft ⊂ F. We
assume that Ft = 𝜎(𝑊(𝑠) : 0 ≤ 𝑠 ≤ 𝑡) is the 𝜎-algebra
generated by 𝑊 and Ft = F. Let 𝜑 ∈ 𝐿(𝐾,𝐻) and define‖𝜑‖2𝑄 = Tr(𝜑𝑄𝜑∗) = ∑∞

𝑛=1 ‖√𝜆𝑛𝜑𝜁𝑛‖2. If ‖𝜑‖𝑄 < ∞, then𝜑 is called a 𝑄-Hilbert Schmidt operator. Let 𝐿𝑄(𝐾,𝐻)
denote the space of all 𝑄-Hilbert Schmidt operators𝜑 : 𝐾 → 𝐻. The collection of all strongly measurable,
square integrable 𝐻-valued random variables, denoted by𝐿2(Ω,F, 𝑃;𝐻) = 𝐿2(Ω;𝐻), is a Banach space equipped with
norm ‖𝑥(⋅)‖𝐿2 = (𝐸‖𝑥(⋅; 𝑤)‖2𝐻)1/2, where the expectation 𝐸
is defined by 𝐸(ℎ1) = ∫

Ω
ℎ1(𝑤)𝑑𝑃. Let 𝐶(𝐽, 𝐿2(Ω;𝐻)) be the

Banach space of all continuous maps from 𝐽 into 𝐿2(Ω;𝐻)
satisfying the condition sup𝑡∈𝐽𝐸‖𝑥(𝑡)‖2 < ∞. Suppose that{𝑞(𝑡) : 𝑡 ∈ 𝐽} is the Poisson point process, taking its value
in a measurable space (𝑍,B(𝑍)) with a 𝜎-finite intensity
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measure 𝜆(𝑑𝜂). The compensating martingale measure
and Poisson counting measure are defined by �̃�(𝑑𝑠, 𝑑𝜂) =𝑁(𝑑𝑠, 𝑑𝜂) − 𝜆(𝑑𝜂)𝑑𝑠 and 𝑁(𝑑𝑠, 𝑑𝜂). Let us assume that the
filtrationF𝑡 = 𝜎{𝑁((0, 𝑠], 𝐴); 𝑠 ≤ 𝑡, 𝐴 ∈ B(𝑍)} ∨N, 𝑡 ∈ 𝐽,
produced by 𝑞(⋅) Poisson point process and is augmented,
whereN is the class of 𝑃-null sets.

Define 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)) = {𝑥 ∈ 𝐶((0, 𝑏], 𝐿2(Ω;𝐻));
lim𝑡→0+𝑡(1−])(1−𝜇)𝑥(𝑡) exists and its finite} and let

‖𝑥‖2],𝜇 = sup
0<𝑡≤𝑏

𝑡(1−])(1−𝜇)𝑥 (𝑡)2 . (2)

Obviously, 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)) is a Banach space.

Definition 1. The fractional integral of order 𝛼 > 0 with the
lower limit 𝑎 for a function 𝑓 : [𝑎,∞) → R is defined as

𝐼𝛼𝑎+𝑓 (𝑡) = 1
Γ (𝛼) ∫

𝑡

𝑎

𝑓 (𝑠)
(𝑡 − 𝑠)1−𝛼 𝑑𝑠, 𝑡 > 𝑎, 𝛼 > 0, (3)

provided that the right-hand side is pointwise defined on[0,∞), where Γ is the Gamma function.

Definition 2 (see [5]). TheHilfer fractional derivative of order0 ≤ ] ≤ 1 and 0 < 𝜇 < 1 with lower limit 𝑎 is defined as

𝐷],𝜇
𝑎+
𝑓 (𝑡) = 𝐼](1−𝜇)

𝑎+
𝑑
𝑑𝑡𝐼(1−])(1−𝜇)𝑎+

𝑓 (𝑡) (4)

for functions such that the expression on the right-hand side
exists.

For more details about the Caputo and Riemann-
Liouville fractional derivatives, the reader may refer to [22].

Remark 3. When ] = 0, 0 < 𝜇 < 1, the Hilfer fractional
derivative coincides with classical Riemann-Liouville frac-
tional derivative:

𝐷0,𝜇

𝑎+
𝑓 (𝑡) = 𝑑

𝑑𝑡𝐼1−𝜇𝑎+
𝑓 (𝑡) =𝐿𝐷𝜇

𝑎+
𝑓 (𝑡) . (5)

When ] = 1, 0 < 𝜇 < 1, the Hilfer fractional derivative coin-
cides with classical Caputo fractional derivative:

𝐷1,𝜇

𝑎+
𝑓 (𝑡) = 𝐼1−𝜇

𝑎+
𝑑
𝑑𝑡𝑓 (𝑡) =𝐶𝐷𝜇

𝑎+
𝑓 (𝑡) . (6)

For 𝑥 ∈ 𝐻, let us define the operators {𝑆],𝜇(𝑡) : 𝑡 ≥ 0} and{𝑃𝜇(𝑡) : 𝑡 ≥ 0} by
𝑆],𝜇 (𝑡) = 𝐼](1−𝜇)0+

𝑃𝜇 (𝑡) ,
𝑃𝜇 (𝑡) = 𝑡𝜇−1𝑇𝜇 (𝑡) ,
𝑇𝜇 (𝑡) = ∫

∞

0
𝜇𝜃Ψ𝜇 (𝜃) 𝑇 (𝑡𝜇𝜃) 𝑑𝜃,

(7)

where Ψ𝜇(𝜃) = ∑∞
𝑛=1((−𝜃)𝑛−1/(𝑛 − 1)!Γ(1 − 𝑛𝜇)) sin(𝑛𝜋𝛼), 𝜃 ∈(0,∞), is a function of Wright-type defined on (0,∞) and

verifies Ψ𝛼(𝜃) ≥ 0, ∫∞
0
Ψ𝛼(𝜃)𝑑𝜃 = 1, ∫∞

0
𝜃𝜉Ψ𝜇(𝜃)𝑑𝜃 = Γ(1 +

𝜉)/Γ(1 + 𝜇𝜉), 𝜉 ∈ (−1,∞), and ‖𝑇(𝑡)‖2 ≤ 𝑀.

Lemma 4 (see [20]). The operators 𝑆],𝜇 and 𝑃𝜇 have the
following properties:

(i) For any fixed 𝑡 > 0, 𝑆],𝜇(𝑡) and 𝑃𝜇(𝑡) are bounded
and linear operators, and ‖𝑃𝜇(𝑡)𝑥‖2 ≤ (𝑀𝑡2(𝜇−1)/
(Γ(𝜇))2)‖𝑥‖2 and ‖𝑆],𝜇(𝑡)𝑥‖2 ≤ (𝑀𝑡2(]−1)(1−𝜇)/(Γ(](1−
𝜇) + 𝜇))2)‖𝑥‖2.

(ii) {𝑃𝜇(𝑡) : 𝑡 > 0} is compact, if {𝑇(𝑡) : 𝑡 > 0} is compact.

Definition 5 (see [19, 20]). An 𝐻-valued stochastic process{𝑥(𝑡) ∈ 𝐶(𝐽, 𝐿2(Ω;𝐻))} is a mild solution of system (1) if
the process 𝑥 satisfies the following integral equation:

𝑥 (𝑡) = 𝑆],𝜇 (𝑡) 𝑥0 + ∫
𝑡

0
𝑃𝜇 (𝑡 − 𝑠)

⋅ [𝑓 (𝑠, 𝑥 (𝑠)) + ∫𝑠

0
𝑔 (𝜏, 𝑥 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥 (𝑠) , 𝜂) �̃� (𝑑𝑠, 𝑑𝜂) ,

∀𝑡 ∈ 𝐽.

(8)

Remark 6. (i)𝐷](1−𝜇)
0+

𝑆],𝜇(𝑡) = 𝑃𝜇(𝑡), 𝑡 ∈ 𝐽.
(ii) When ] = 1, the fractional stochastic equation (1)

simplifies to the classical Caputo fractional equation which
has been discussed by Chen and Li [25]. In this case, 𝑆1,𝜇(𝑡) =𝑆𝜇(𝑡), 0 ≤ 𝑡 ≤ 𝑏, where 𝑆𝜇(𝑡) is defined in [25].

We impose the following assumptions to show the main
results:

(𝐻1) Themaps 𝑓 : 𝐽×𝐻 → 𝐻, 𝑔 : 𝐽×𝐻 → 𝐿𝑄(𝐾,𝐻), andℎ : 𝐽×𝐻×𝑍 → 𝐻 satisfy, for all 𝑡 ∈ 𝐽 and 𝑥1, 𝑥2 ∈ 𝐻,
𝑓 (𝑡, 𝑥1) − 𝑓 (𝑡, 𝑥2)2 ≤ K (𝑥1 − 𝑥22) ,
∫𝑠

0

𝑔 (𝜏, 𝑥1) − 𝑔 (𝜏, 𝑥2)2 𝑑𝜏 ≤ K (𝑥1 − 𝑥22) ,
∫
𝑍

ℎ (𝑠, 𝑥1, 𝜂) − ℎ (𝑠, 𝑥2, 𝜂)2 𝜆 (𝑑𝜂)

∨ (∫
𝑍

ℎ (𝑠, 𝑥1, 𝜂) − ℎ (𝑡, 𝑥2, 𝜂)4 𝜆 (𝑑𝜂))
1/2

≤ K (𝑥1 − 𝑥22) ,
(∫

𝑍

ℎ (𝑠, 𝑥1, 𝜂)4 𝜆 (𝑑𝜂))
1/2 ≤ K (𝑥12) ,

(9)

whereK(⋅) is a concave nondecreasing function from
R+ toR+ such thatK(0) = 0,K(𝜗) > 0 for 𝜗 > 0 and∫
0+
(𝑑𝜗/K(𝜗)) = +∞.

(𝐻2) For all 𝑡 ∈ 𝐽, there exists a constant𝑀0 > 0 such that

𝑓 (𝑡, 0)2 ∨ ∫
𝑠

0

𝑔 (𝜏, 0)2 𝑑𝜏 ∨ ∫
𝑍

ℎ (𝑡, 0, 𝜂)2 𝜆 (𝑑𝜂)
≤ 𝑀0.

(10)
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The reader may refer to Remark 2.3 and Lemmas 2.4 and 2.5
in [30], which are useful to prove the main results.

Let the solution 𝑥(𝑡) ∈ 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)) of (1) be defined
as follows:

lim
𝑡→0+

𝑡(1−])(1−𝜇)𝑆],𝜇 (𝑡) 𝑥0 = 1
Γ (] (1 − 𝜇)) Γ (𝜇) ∫

1

0
(1 − 𝑠)](1−𝜇)−1 𝑠𝜇−1𝑥0𝑑s = 𝑥0Γ ((] (1 − 𝜇) + 𝜇)) ,

𝑡(1−])(1−𝜇)𝑥 (𝑡)

=
{{{{{{{

𝑥0Γ ((] (1 − 𝜇) + 𝜇)) , for 𝑡 = 0,
𝑡(1−])(1−𝜇)𝑆],𝜇 (𝑡) 𝑥0 + 𝑡(1−])(1−𝜇) ∫

𝑡

0
𝑃𝜇 (𝑡 − 𝑠) [𝑓 (𝑠, 𝑥 (𝑠)) + ∫

𝑠

0
𝑔 (𝜏, 𝑥 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠 + 𝑡(1−])(1−𝜇) ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥 (𝑠) , 𝜂) �̃� (𝑑𝑠, 𝑑𝜂) , for 0 < 𝑡 ≤ 𝑏.

(11)

We refer to [25, 38, 39] for further discussion of stochastic
concepts.

3. Existence and Uniqueness of Mild Solutions

In order to prove the existence of mild solution for system
(1), let us consider the sequence of successive approximations
defined as follows:

𝑥0 (𝑡) = 𝑡(1−])(1−𝜇)𝑆],𝜇 (𝑡) 𝑥0, 0 < 𝑡 ≤ 𝑏,
𝑥𝑛 (𝑡) = 𝑥0Γ ((] (1 − 𝜇) + 𝜇)) , 𝑡 = 0, 𝑛 = 1, 2, . . . ,

𝑥𝑛 (𝑡) = 𝑡(1−])(1−𝜇)𝑆],𝜇 (𝑡) 𝑥0 + 𝑡(1−])(1−𝜇) ∫
𝑡

0
𝑃𝜇 (𝑡 − 𝑠)

⋅ [𝑓 (𝑠, 𝑥𝑛−1 (𝑠)) + ∫𝑠

0
𝑔 (𝜏, 𝑥𝑛−1 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠

+ 𝑡(1−])(1−𝜇) ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂)

⋅ �̃� (𝑑𝑠, 𝑑𝜂) , 0 < 𝑡 ≤ 𝑏, 𝑛 = 1, 2, . . . .

(12)

Theorem 7. If the assumptions (𝐻1)-(𝐻2) are satisfied,
then system (1) has a unique mild solution in the space
𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)), provided that (3𝑀/(Γ(𝜇))2)𝑡2(1−])(1−𝜇)(𝑏 +
Tr(𝑄) + 2𝐶) < 1, with 1/2 < 𝜇 < 1 and 𝑡 ∈ 𝐽.
Proof. For better readability, we break the proof into a
sequence of steps.

Step 1. For all 𝑡 ∈ 𝐽, the sequence 𝑥𝑛(𝑡), 𝑛 ≥ 1, is bounded.
It is obvious that 𝑥0(𝑡) ∈ 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)). Let 𝑥0 be a

fixed initial approximation to (12). Let us use the assumptions(𝐻1) and (𝐻2), Holder inequality, Doob Martingale inequal-
ity and Burkholder-Davis-Gundy inequality for pure jump
stochastic integral in𝐻 ([30]). We have

𝐸 𝑥𝑛 (𝑡)2 ≤ 4𝑀𝑥02
(Γ (] (1 − 𝜇) + 𝜇))2 +

4𝑀𝑏𝑡2(1−])(1−𝜇)
(Γ (𝜇))2

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 𝑓 (𝑠, 𝑥𝑛−1 (𝑠))2 𝑑𝑠

+ 4𝑀Tr (𝑄) 𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (∫𝑠

0
𝐸 𝑔 (𝜏, 𝑥𝑛−1 (𝜏))2 𝑑𝜏)𝑑𝑠

+ 4𝑀𝐶𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 [∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ ∫
𝑍
𝐸 ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂)2 𝜆 (𝑑𝜂) 𝑑𝑠 + ∫

𝑡

0
(𝑡

− 𝑠)2(𝜇−1)

⋅ (∫
𝑍
𝐸 ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂)4 𝜆 (𝑑𝜂))

1/2 𝑑𝑠]

≤ 4𝑀𝑥02
(Γ (] (1 − 𝜇) + 𝜇))2 +

4𝑀𝑏𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 ∫𝑡

0
(𝑡

− 𝑠)2(𝜇−1) [𝐸 𝑓 (𝑠, 𝑥𝑛−1 (𝑠)) − 𝑓 (𝑠, 0)2

+ 𝐸 𝑓 (𝑠, 0)2] 𝑑𝑠 + 4𝑀Tr (𝑄) 𝑡2(1−])(1−𝜇)
(Γ (𝜇))2

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (∫𝑠

0
𝐸 𝑔 (𝜏, 𝑥𝑛−1 (𝜏)) − 𝑔 (𝜏, 0)2 𝑑𝜏

+ ∫𝑠

0
𝐸 𝑔 (𝜏, 0)2 𝑑𝜏)𝑑𝑠

+ 4𝑀𝐶𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 [∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (∫
𝑍
𝐸 ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂) − ℎ (𝑠, 0, 𝜂)2

+ 𝐸 ℎ (𝑠, 0, 𝜂)2) 𝜆 (𝑑𝜂) 𝑑𝑠 + ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (∫
𝑍
𝐸 ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂)4 𝜆 (𝑑𝜂))

1/2 𝑑𝑠]
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≤ 4𝑀𝑥02
(Γ (] (1 − 𝜇) + 𝜇))2 +

4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏

+ Tr (𝑄) + 𝐶)𝑀0

𝑏2𝜇−1
2𝜇 − 1 +

4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏

+ Tr (𝑄) + 2𝐶)∫t

0
(𝑡 − 𝑠)2(𝜇−1)

⋅K (𝐸 𝑥𝑛−1 (𝑠)2) 𝑑𝑠,
(13)

where 𝑀1 = 4𝑀‖𝑥0‖2/(Γ(](1 − 𝜇) + 𝜇))2 + (4𝑀𝑡2(1−])(1−𝜇)/
(Γ(𝜇))2)(𝑏 + Tr(𝑄) + 𝐶)𝑀0(𝑏2𝜇−1/(2𝜇 − 1)) and 𝐶 > 0 is
constant. Here, K(⋅) is concave and K(0) = 0, and one can
find a pair of positive constants 𝑎1 and 𝑎2 such that K(𝑡) ≤𝑎1 + 𝑎2𝑡, for 𝑡 ≥ 0. Then

𝐸 𝑥𝑛 (𝑡)2 ≤ 𝑀1 + 4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ 𝑎1 𝑏
2𝜇−1

2𝜇 − 1 +
4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ 𝑎2 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 𝑥𝑛−1 (𝑠)2 𝑑𝑠 ≤ 𝑀2

+ 4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ 𝑎2 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 𝑥𝑛−1 (𝑠)2 𝑑𝑠,

(14)

where

𝑀2 = 𝑀1

+ 4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶) 𝑎1 𝑏

2𝜇−1

2𝜇 − 1 .
(15)

For any 𝑘 ≥ 1,
max
1≤𝑛≤𝑘

𝐸 sup
0≤𝑠≤𝑡

𝑥𝑛−1 (𝑠)2 ≤ 𝐸 𝑥0 (𝑠)2 + max
1≤𝑛≤𝑘

𝐸
⋅ sup
0≤𝑠≤𝑡

𝑥𝑛 (𝑠)2 ,
max
1≤𝑛≤𝑘

𝐸 sup
0≤𝑠≤𝑡

𝑥𝑛 (𝑠)2 ≤ 𝑀2

+ 4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ 𝑎2 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 𝑥0 (𝑠)2 𝑑𝑠

+ 4𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ 𝑎2 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) max

1≤𝑛≤𝑘
𝐸 sup
0≤𝑟≤𝑠

𝑥𝑛 (𝑟)2 𝑑𝑠 ≤ 𝑀3

+𝑀4 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 𝑥𝑛 (𝑠)2 𝑑𝑠 ≤ 𝑀3

⋅ exp(𝑀4𝑏2𝜇−12𝜇 − 1 ) ,
(16)

where 𝑀3 = 𝑀2 + (4𝑀𝑡2(1−])(1−𝜇)/(Γ(𝜇))2)(𝑏 + Tr(𝑄) +
2𝐶)𝑎2 ∫𝑡0 (𝑡 − 𝑠)2(𝜇−1)𝐸‖𝑥0(𝑠)‖2𝑑𝑠 < ∞ and 𝑀4 =
(4𝑀𝑡2(1−])(1−𝜇)/(Γ(𝜇))2)(𝑏 + Tr(𝑄) + 2𝐶)𝑎2. Thus 𝐸‖𝑥𝑛(𝑡)‖2 <∞, for 𝑛 ≥ 1, 𝑡 ∈ 𝐽, which shows that the sequence 𝑥𝑛(𝑡), 𝑛 ≥1, is bounded in 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻)).
Step 2. Sequence 𝑥𝑛(𝑡), 𝑛 ≥ 1, is a Cauchy sequence.

From (12), for all 𝑛 ≥ 1 and 0 ≤ 𝑡 ≤ 𝑏,
𝐸 𝑥𝑛+1 (𝑡) − 𝑥𝑛 (𝑡)2 = 𝐸

𝑡
(1−])(1−𝜇) ∫𝑡

0
𝑃𝜇 (𝑡 − 𝑠)

⋅ [(𝑓 (𝑠, 𝑥𝑛 (𝑠)) − 𝑓 (𝑠, 𝑥𝑛−1 (𝑠)))

+ (∫𝑠

0
𝑔 (𝜏, 𝑥𝑛 (𝜏)) 𝑑𝑊 (𝜏) − ∫𝑠

0
𝑔 (𝜏, 𝑥𝑛−1 (𝜏)) 𝑑𝑊 (𝜏))] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) (ℎ (𝑠, 𝑥𝑛 (𝑠) , 𝜂) − ℎ (𝑠, 𝑥𝑛−1 (𝑠) , 𝜂))

⋅ �̃� (𝑑𝑠, 𝑑𝜂)
2 ≤ 3𝑀

(Γ (𝜇))2 𝑡
2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)∫𝑡

0
(𝑡

− 𝑠)2(𝜇−1)K (𝐸 𝑥𝑛 (𝑠) − 𝑥𝑛−1 (𝑠)2) 𝑑𝑠.

(17)

LetΦ𝑛(𝑡) = sup𝑡∈[0,𝑏]𝐸‖𝑥𝑛+1(𝑡)−𝑥𝑛(𝑡)‖2.Thus, we have in the
above inequality that

Φ𝑛 (𝑡) ≤ 3𝑀
(Γ (𝜇))2 𝑡

2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥𝑛 (𝑠) − 𝑥𝑛−1 (𝑠)2) 𝑑𝑠,

Φ𝑛 (𝑡) ≤ 3𝑀
(Γ (𝜇))2 𝑡

2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (Φ𝑛−1 (𝑠)) 𝑑𝑠, 0 ≤ 𝑡 ≤ 𝑏.

(18)

Choose 𝑏1 ∈ [0, 𝑏] such that

𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (Φ𝑛−1 (𝑠)) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)Φ𝑛−1 (𝑠) 𝑑𝑠,

0 ≤ 𝑡 ≤ 𝑏1, 𝑛 ≥ 1.
(19)
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Moreover,

𝐸 𝑥1 (𝑡) − 𝑥0 (𝑡)2 ≤ 3𝑀
(Γ (𝜇))2

⋅ 𝑡2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)
⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥0 (𝑠)2) 𝑑𝑠.

(20)

We take the supreme over 𝑡 and use Φ𝑛:

Φ0 (𝑡) = sup
𝑡∈[0,𝑏]

𝐸 𝑥1 (𝑡) − 𝑥0 (𝑡)2 ≤ 3𝑀
(Γ (𝜇))2

⋅ 𝑡2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)
⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥0 (𝑠)2) 𝑑𝑠 = 𝐶1.

(21)

Now, for 𝑛 = 1 in (18), we have

Φ1 (𝑡) ≤ 3𝑀
(Γ (𝜇))2 𝑡

2(1−])(1−𝜇) (𝑏 + Tr (𝑄) + 2𝐶)

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (Φ0 (𝑠)) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (Φ0 (𝑠)) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)Φ0 (𝑠) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐶1𝑑𝑠 ≤ 𝑀5𝐶1

𝑏2(𝜇−1)+1
2 (𝜇 − 1) + 1 .

(22)

And, for 𝑛 = 2 in (18), we have

Φ2 (𝑡) ≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (Φ1 (𝑠)) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
(𝑡 − 𝑠)2(𝜇−1)Φ1 (𝑠) 𝑑𝑠

≤ 𝑀5 ∫
𝑡

0
𝑀5𝐶1

𝑏2(𝜇−1)+1
2 (𝜇 − 1) + 1𝑑𝑠

≤ 𝐶1

𝑏2(𝜇−1)
2 (𝜇 − 1) + 1 (𝑀5)2 𝑏

2

2! .

(23)

By applying mathematical induction in (18) and with the
above work, we have

Φ𝑛 (𝑡) ≤ 𝐶1

𝑏2(𝜇−1)
2 (𝜇 − 1) + 1 (𝑀5)𝑛 𝑏

𝑛

𝑛! ,
𝑛 ≥ 1, 𝑡 ∈ [0, 𝑏1] .

(24)

So, for any𝑚 ≥ 𝑛 ≥ 0,
sup

𝑡∈[0,𝑏1]

𝐸 𝑥𝑚 (𝑡) − 𝑥𝑛 (𝑡)2

≤ +∞∑
𝑟=𝑛

sup
𝑡∈[0,𝑏1]

𝐸 𝑥𝑟+1 (𝑡) − 𝑥𝑟 (𝑡)2

≤ +∞∑
𝑟=𝑛

𝐶1

𝑏2(𝜇−1)
2 (𝜇 − 1) + 1 (𝑀5)𝑟 𝑏

𝑟

𝑟! → 0,
as 𝑛 → ∞.

(25)

Step 3. The existence and uniqueness of solution for system
(1) are tackled as follows.

The Borel-Cantelli Lemma says that 𝑥𝑛(𝑡) → 𝑥(𝑡), as 𝑛 →∞ uniformly for 0 ≤ 𝑡 ≤ 𝑏.Thus, for all 𝑡 ∈ 𝐽, taking limits on
both sides of (12), one can obtain that 𝑥(𝑡) is a solution to (1).
Next, to show the uniqueness, let 𝑥1, 𝑥2 ∈ 𝐶],𝜇(𝐽, 𝐿2(Ω;𝐻))
be two solutions on 𝑡 ∈ 𝐽. For 𝑡 ∈ 𝐽,

𝐸 𝑥1 (𝑡) − 𝑥2 (𝑡)2

≤ 3𝑀𝑡2(1−])(1−𝜇)
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥1 (𝑠) − 𝑥2 (𝑠)2) 𝑑𝑠.

(26)

Thus, from Bihari inequality, it yields that

sup
𝑡∈𝐽

𝐸 𝑥1 (𝑡) − 𝑥2 (𝑡)2 = 0. (27)

Therefore, 𝑥1(𝑡) = 𝑥2(𝑡), for all 𝑡 ∈ 𝐽.
4. Optimal Control Results

Let 𝑌 be reflexive Banach space in which controls 𝑢 take
values. Let us denote a class of nonempty convex and closed
subsets of 𝑌 by 2𝑌 \ {Ø}. The multivalued function V : 𝐽 →2𝑌 \ {Ø} is measurable and V(⋅) ⊂ E, where E is a bounded
set of 𝑌. The admissible control set 𝑈ad = {𝑢(⋅) ∈ 𝐿2(E) |𝑢(𝑡) ∈ V(𝑡).a.e}. Then 𝑈ad ̸= Ø and 𝑈ad ⊂ 𝐿2(𝐽, 𝑌) is
bounded, closed, and convex [35]. The fractional stochastic
control problem with Hilfer fractional derivative is of the
form

𝐷],𝜇
0+
𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵 (𝑡) 𝑢 (𝑡) + 𝑓 (𝑡, 𝑥 (𝑡))

+ ∫𝑡

0
𝑔 (𝑠, 𝑥 (𝑠)) 𝑑𝑊 (𝑠)

+ ∫
𝑍
ℎ (𝑡, 𝑥 (𝑡) , 𝜂) �̃� (𝑑𝑡, 𝑑𝜂) ,

𝑡 ∈ 𝐽,
𝐼(1−])(1−𝜇)
0+

𝑥 (0) = 𝑥0.

(28)
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By using Definition 5 for every 𝑢 ∈ 𝑈ad, there exists 𝑏 > 0,
and the solution of the control problem (28) is defined as

𝑥 (𝑡) = 𝑆],𝜇 (𝑡) 𝑥0 + ∫
𝑡

0
𝑃𝜇 (𝑡 − 𝑠) [𝐵 (𝑠) 𝑢 (𝑠)

+ 𝑓 (𝑠, 𝑥 (𝑠)) + ∫𝑠

0
𝑔 (𝜏, 𝑥 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥 (𝑠) , 𝜂) �̃� (𝑑𝑠, 𝑑𝜂) ,

∀𝑡 ∈ 𝐽.

(29)

(𝐻3) The operator 𝐵 ∈ 𝐿2(𝐽, 𝐿(𝑌,𝐻)); ‖𝐵‖2 denotes the
norm of operator 𝐵 in Banach space 𝐿2(𝐽, 𝐿(𝑌,𝐻)).
Obliviously, 𝐵𝑢 ∈ 𝐿2(𝐽,𝐻) for every 𝑢 ∈ 𝑈ad.

Lemma8. Let (𝐻1)–(𝐻3) hold. If system (28) ismildly solvable
on 𝐽 with respect to 𝑢 ∈ 𝑈𝑎𝑑 and 1/2 < 𝜇 < 1, then there exists
a constant 𝜌 > 0 such that 𝐸‖𝑥(𝑡)‖2 ≤ 𝜌 for all 𝑡 ∈ 𝐽.
Proof. If 𝑥 is a mild solution of (28) with respect to 𝑢 ∈ 𝑈ad,
then𝑥 satisfies equation (29).Using hypotheses (𝐻1)–(𝐻3), as
well as Burkholder-Davis-Gundy inequality ([30]), we obtain

𝐸 ‖𝑥 (𝑡)‖2 ≤ 5𝐸 𝑆],𝜇 (𝑡) 𝑥02 + 5𝑏∫
𝑡

0

𝑃𝜇 (𝑡 − 𝑠)2

⋅ ‖𝐵‖2 ‖𝑢 (𝑠)‖2 𝑑𝑠 + 5𝑏∫𝑡

0

𝑃𝜇 (𝑡 − 𝑠)2

⋅ 𝐸 𝑓 (𝑠, 𝑥 (𝑠))2 𝑑𝑠 + 5Tr (𝑄) ∫
𝑡

0

𝑃𝜇 (𝑡 − 𝑠)2

⋅ ∫𝑠

0
𝐸 𝑔 (𝜏, 𝑥 (𝜏))2 𝑑𝜏 𝑑𝑠 + 5𝐶∫

𝑡

0

𝑃𝜇 (𝑡

− 𝑠)2 (∫
𝑍
𝐸 ℎ (𝑠, 𝑥 (𝑠) , 𝜂)2 𝜆𝑑 (𝜂) 𝑑𝑠

+ (∫
𝑍
𝐸 ℎ (𝑠, 𝑥 (𝑠) , 𝜂)4 𝜆𝑑 (𝜂))

1/2 𝑑𝑠)

≤ 5𝑀𝑡2(]−1)(1−𝜇)
(Γ (] (1 − 𝜇) + 𝜇))2

𝑥02 + 5𝑀𝑏 ‖𝐵‖2
(Γ (𝜇))2 ∫𝑡

0
(𝑡

− 𝑠)2(𝜇−1) ‖𝑢 (𝑠)‖2 𝑑𝑠 + 5𝑀𝑏
(Γ (𝜇))2 ∫

𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (𝐸 𝑓 (𝑠, 𝑥 (𝑠)) − 𝑓 (𝑠, 0)2 + 𝐸 𝑓 (𝑠, 0)2) 𝑑𝑠
+ 5𝑀Tr (𝑄)

(Γ (𝜇))2 ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ (∫𝜏

0
𝐸 𝑔 (𝜏, 𝑥 (𝜏)) − 𝑔 (𝜏, 0)2 𝑑𝜏

+ ∫𝜏

0
𝐸 𝑔 (𝜏, 0)2 𝑑𝜏)𝑑𝑠 + 5𝑀𝐶

(Γ (𝜇))2 {∫
𝑡

0
(𝑡

− 𝑠)2(𝜇−1) (∫
𝑍
𝐸 ℎ (𝑠, 𝑥 (𝑠) , 𝜂) − ℎ (𝑠, 0, 𝜂)2

+ 𝐸 ℎ (𝑠, 0, 𝜂)2) 𝜆𝑑 (𝜂) 𝑑𝑠} + 5𝑀𝐶
(Γ (𝜇))2 ∫

𝑡

0
(𝑡

− 𝑠)2(𝜇−1) (∫
𝑍
𝐸 ℎ (𝑠, 𝑥 (𝑠) , 𝜂)4 𝜆𝑑 (𝜂))

1/2 𝑑𝑠

≤ 5𝑀𝑏2(]−1)(1−𝜇)
(Γ (] (1 − 𝜇) + 𝜇))2

𝑥02 + 5𝑀𝑏 ‖𝐵‖2
(Γ (𝜇))2 (∫𝑡

0
(𝑡

− 𝑠)2(𝜇−1)(𝑝/(𝑝−1)) 𝑑𝑠)(𝑝−1)/𝑝

⋅ (∫𝑡

0
‖𝑢 (𝑠)‖2𝑝 𝑑𝑠)1/𝑝 + 5𝑀𝑀0 (𝑏 + Tr (𝑄) + 𝐶)

(Γ (𝜇))2

⋅ 𝑏2𝜇−12𝜇 − 1 +
5𝑀 (𝑏 + Tr (𝑄) + 2𝐶)

(Γ (𝜇))2 ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅K (𝐸 ‖𝑥 (𝑠)‖2) 𝑑𝑠,
(30)

where 𝑀6 = (5𝑀𝑏2(]−1)(1−𝜇)/(Γ(](1 − 𝜇) + 𝜇))2)‖𝑥0‖2
+ (5𝑀𝑏‖𝐵‖2/(Γ(𝜇))2)(𝑏(2𝜇𝑝−𝑝−1)/(𝑝−1)/((2𝜇𝑝 − 𝑝 − 1)/(𝑝
−1)))(𝑝−1)/𝑝‖𝑢‖2𝐿𝑝(𝐽,𝑌) + (5𝑀𝑀0(𝑏+Tr(𝑄)+𝐶)/(Γ(𝜇))2)(𝑏2𝜇−1/
(2𝜇 − 1)) and𝑀7 = 5𝑀(𝑏 + Tr(𝑄) + 2𝐶)/(Γ(𝜇))2. Given that
K(⋅) is concave andK(0) = 0, one can find a pair of positive
constants 𝑎1 and 𝑎2 such thatK(𝑡) ≤ 𝑎1 + 𝑎2𝑡, for 𝑡 ≥ 0.Then

𝐸 ‖𝑥 (𝑡)‖2 ≤ 𝑀6 +𝑀7𝑎1 𝑏
2𝜇−1

2𝜇 − 1
+𝑀7𝑎2 ∫

𝑡

0
(𝑡 − 𝑠)2(𝜇−1) 𝐸 ‖𝑥 (𝑠)‖2 𝑑𝑠.

(31)

By using Gronwall’s inequality,

𝐸 ‖𝑥 (𝑡)‖2

≤ (𝑀6 +𝑀7𝑎1 𝑏
2𝜇−1

2𝜇 − 1) exp(𝑀7𝑎2 𝑏
2𝜇−1

2𝜇 − 1) = 𝜌
< ∞.

(32)

Theorem 9 (see [35]). Under hypotheses (𝐻1)–(𝐻3) and for
each 𝑢 ∈ 𝑈𝑎𝑑, system (28) is mildly solvable on 𝐽 and the solu-
tion is unique.

Minimize a performance index of the following form:

J (𝑥, 𝑢) = ∫𝑏

0
L (𝑡, 𝑥𝑢 (𝑡) , 𝑢 (𝑡)) 𝑑𝑡, (33)
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among all the admissible state control pairs of system (28);
that is, find an admissible state control pair (𝑥0, 𝑢0) ∈𝐶(𝐽, 𝐿2(Ω;𝐻)) × 𝑈𝑎𝑑 such that

J (𝑥0, 𝑢0) ≤ J (𝑥, 𝑢) ∀𝑢 ∈ 𝑈𝑎𝑑; (34)

here 𝑥𝑢(𝑡) defines the mild solution of (28) corresponding to𝑢 ∈ 𝑈𝑎𝑑. Assume that

(𝐻4) the cost functionalL : 𝐽×𝐻×𝑌 → R∪{+∞} is such
that

(i) (𝑡, 𝑥, 𝑢) → L(𝑡, 𝑥, 𝑢) is measurable,
(ii) L(𝑡, ⋅, ⋅) is lower semicontinuous on 𝐻 × 𝑌 for

almost all 𝑡 ∈ 𝐽,
(iii) L(𝑡, 𝑥, ⋅) is convex on𝑌 for all𝑥 ∈ 𝐻 and almost

all 𝑡 ∈ 𝐽,
(iv) there exist constants 𝑑 ≥ 0, 𝑗 > 0, 𝜌1 ≥ 0, and𝜌1 ∈ 𝐿1(𝐽,R) such that

L (𝑡, 𝑥 (𝑡) , 𝑢 (𝑡)) ≥ 𝜌1 (𝑡) + 𝑑 ‖𝑥‖𝐻 + 𝑗 ‖𝑢‖2𝑌 . (35)

Theorem 10. If 𝐵 is strongly continuous operator, hypotheses(𝐻1)–(𝐻4) and Theorem 9 hold. Then the stochastic control
problem (28) permits at least one optimal control pair.

Proof. The main aim is to minimize the value of J(𝑥, 𝑢). If
inf (𝑥,𝑢)∈Aad

J(𝑥, 𝑢) = +∞, (Aad = {(𝑥, 𝑢) such that 𝑥 is a
mild solution of (28) with 𝑢 ∈ 𝑈ad}); then there is nothing
to prove. Assume that inf (𝑥,𝑢)∈Aad

J(𝑥, 𝑢) = 𝜖 < ∞. Using(𝐻4), we have 𝜖 > −∞. By definition of infimum, there exists
a minimizing sequence feasible pair {(𝑥𝑛, 𝑢𝑛)}𝑛≥1 ⊂ Aad,
such that J(𝑥𝑛, 𝑢𝑛) → 𝜖 as 𝑛 → +∞. Since 𝑢𝑛 ∈ 𝑈ad,{𝑢𝑛}𝑛≥1 ⊂ 𝐿2(𝐽, 𝑌) is bounded.Thus, there exists �̂� ∈ 𝐿2(𝐽, 𝑌)
and a subsequence extracted from (𝑢𝑛) (still called (𝑢𝑛)) such
that 𝑢𝑛 ⇀ �̂�weakly in 𝐿2(𝐽, 𝑌).Moreover, from the convexity
and closeness of 𝑈ad and Mazur’s Theorem, we know that�̂� ∈ 𝑈ad. Suppose that 𝑥𝑛 and 𝑥 are the mild solutions of (28)
corresponding to 𝑢𝑛 and �̂�, respectively. 𝑥𝑛 and 𝑥 satisfy the
following equations, respectively:

𝑥𝑛 (𝑡) = 𝑆],𝜇 (𝑡) 𝑥0 + ∫
𝑡

0
𝑃𝜇 (𝑡 − 𝑠) [𝐵 (𝑠) 𝑢𝑛 (𝑠)

+ 𝑓 (𝑠, 𝑥𝑛 (𝑠)) + ∫
𝑠

0
𝑔 (𝜏, 𝑥𝑛 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥𝑛 (𝑠) , 𝜂) �̃� (𝑑𝑠, 𝑑𝜂) ,

(36)

𝑥 (𝑡) = 𝑆],𝜇 (𝑡) 𝑥0 + ∫
𝑡

0
𝑃𝜇 (𝑡 − 𝑠) [𝐵 (𝑠) �̂� (𝑠)

+ 𝑓 (𝑠, 𝑥 (𝑠)) + ∫𝑠

0
𝑔 (𝜏, 𝑥 (𝜏)) 𝑑𝑊 (𝜏)] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) ℎ (𝑠, 𝑥 (𝑠) , 𝜂) �̃� (𝑑𝑠, 𝑑𝜂) .

(37)

From the boundedness of 𝑢𝑛 and �̂�, Lemma 8, one can verify
that there exists a positive number 𝜌 such that ‖𝑥𝑛‖, ‖𝑥‖ ≤ 𝜌.
Then, for 𝑡 ∈ 𝐽, (𝑝 + 1)/2𝑝 < 𝜇 < 1.

𝐸 𝑥𝑛 (𝑡) − 𝑥 (𝑡)2 = 𝐸
∫

𝑡

0
𝑃𝜇 (𝑡 − 𝑠)

⋅ [(𝑓 (𝑠, 𝑥𝑛 (𝑠)) − 𝑓 (𝑠, 𝑥 (𝑠))) + (𝐵 (𝑠) 𝑢𝑛 (𝑠) − 𝐵 (𝑠) �̂� (𝑠))

+ (∫𝑠

0
𝑔 (𝜏, 𝑥𝑛 (𝜏)) 𝑑𝑊 (𝜏) − ∫𝑠

0
𝑔 (𝜏, 𝑥 (𝜏)) 𝑑𝑊 (𝜏))] 𝑑𝑠

+ ∫𝑡

0
∫
𝑍
𝑃𝜇 (𝑡 − 𝑠) (ℎ (𝑠, 𝑥𝑛 (𝑠) , 𝜂) − ℎ (𝑠, 𝑥 (𝑠) , 𝜂))

⋅ �̃� (𝑑𝑠, 𝑑𝜂)
2 ≤ 4𝑀

(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅K (𝐸 𝑥𝑛 (𝑠) − 𝑥 (𝑠)2) 𝑑𝑠 + 4𝑀𝑏
(Γ (𝜇))2 ∫

𝑡

0
(𝑡 − 𝑠)2(𝜇−1)

⋅ 𝐸 𝐵 (𝑠) 𝑢𝑛 (𝑠) − 𝐵 (𝑠) �̂� (𝑠)2 𝑑𝑠 ≤ 4𝑀
(Γ (𝜇))2 (𝑏

+ Tr (𝑄) + 2𝐶)∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥𝑛 (𝑠) − 𝑥 (𝑠)2) 𝑑𝑠

+ 4𝑀𝑏
(Γ (𝜇))2 (∫

𝑡

0
(𝑡 − 𝑠)2(𝜇−1)(𝑝/(𝑝−1)) 𝑑𝑠)(𝑝−1)/𝑝 (∫𝑡

0
𝐸 𝐵 (𝑠)

⋅ 𝑢𝑛 (𝑠) − 𝐵 (𝑠) �̂� (𝑠)2𝑝 𝑑𝑠)
1/𝑝 ≤ 4𝑀

(Γ (𝜇))2 (𝑏 + Tr (𝑄)

+ 2𝐶)∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥𝑛 (𝑠) − 𝑥 (𝑠)2) 𝑑𝑠

+ 4𝑀𝑏
(Γ (𝜇))2 ((𝑝 − 1)

𝑏(2𝜇𝑝−𝑝−1)/(𝑝−1)
2𝜇𝑝 − 𝑝 − 1 )

(𝑝−1)/𝑝

(∫𝑏

0
𝐸 𝐵 (𝑠)

⋅ 𝑢𝑛 (𝑠) − 𝐵 (𝑠) �̂� (𝑠)2𝑝 𝑑𝑠)
1/𝑝

.

(38)

Using the continuous operator 𝐵 and Lebesgue’s dominated
convergence theorem, we have

4𝑀
(Γ (𝜇))2 (𝑏 + Tr (𝑄) + 2𝐶)

⋅ ∫𝑡

0
(𝑡 − 𝑠)2(𝜇−1)K (𝐸 𝑥𝑛 (𝑠) − 𝑥 (𝑠)2) 𝑑𝑠 → 0

as 𝑛 → ∞,
4𝑀𝑏

(Γ (𝜇))2 ((𝑝 − 1)
𝑏(2𝜇𝑝−𝑝−1)/(𝑝−1)
2𝜇𝑝 − 𝑝 − 1 )

(𝑝−1)/𝑝

⋅ (∫𝑏

0
𝐸 𝐵 (𝑠) 𝑢𝑛 (𝑠) − 𝐵 (𝑠) �̂� (𝑠)2𝑝 𝑑𝑠)

1/𝑝

→ 0
as 𝑛 → ∞.

(39)
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Consequently, 𝐸‖𝑥𝑛(𝑡)−𝑥(𝑡)‖2 → 0 as 𝑛 → ∞.Thus, by (𝐻4)
and Balder’s theorem [40], we obtain

J (𝑥, �̂�) ≤ lim
𝑛→∞

J (𝑥𝑛, 𝑢𝑛) = 𝑚. (40)

This shows thatJ attains its minimum at �̂� ∈ 𝑈ad.

5. Example

In this section, we provide an example to verify the theoretical
results. Consider the control problem

𝐷],3/4
0+

𝑦 (𝑡, 𝑥)
= 𝜕2
𝜕𝑥2𝑦 (𝑡, 𝑥) + 𝐵 (𝑡) 𝑢 (𝑡) 𝑥

+ 𝑒−𝑡𝑦 (𝑡, 𝑥)
(1 + 𝑒𝑡) (1 + 𝑦 (𝑡, 𝑥)) + ∫

𝑡

0

sin𝑦 (𝑡, 𝑥)
𝑡1/3 𝑑𝛽 (𝑠)

+ ∫
𝑍
(1 + 𝑒−𝑡) cos𝑦 (𝑡, 𝑥) 𝜂�̃� (𝑑𝑡, 𝑑𝜂) ,

0 ≤ 𝑥 ≤ 𝜋, 𝑢 ∈ 𝑈ad,
𝑦 (𝑡, 0) = 𝑦 (𝑡, 𝜋) = 0, 𝑡 > 0,
𝐼(1−])(1/4)
0+

𝑦 (0) = 𝑦0, 0 < 𝑥 < 𝜋, 0 ≤ 𝑡 ≤ 𝑏.

(41)

Here,𝐷],3/4
0+

is the Hilfer fractional derivative, 0 ≤ ] ≤ 1, 𝜇 =3/4, 𝑏 > 0. Let 𝛽(𝑡) denote a standard one-dimensional
Wiener process in 𝐻 = 𝐿2([0, 𝜋]) defined on (Ω,F, 𝑃). The
operator 𝐴 : 𝐻 → 𝐻 is defined by 𝐴𝑦 = 𝑦 with the
domain 𝐷(𝐴) = {𝑦 ∈ 𝐻 : 𝑦, 𝑦 absolutely continuous, 𝑦 ∈𝐻, 𝑦(0) = 𝑦(𝜋) = 0}. Then 𝐴𝑦 = ∑∞

𝑛=1 −𝑛2⟨𝑦, 𝑦𝑛⟩𝑦𝑛,𝑦 ∈ 𝐷(𝐴), where 𝑦𝑛(𝑥) = √2/𝜋 sin(𝑛𝑥), 𝑛 ∈ N, is the
orthogonal set of eigenvectors of 𝐴. It is well known that 𝐴
generates a compact semigroup (𝑇(𝑡))𝑡≥0 in𝐻 and is given by
𝑇(𝑡)𝑦 = ∑∞

𝑛=1 𝑒−𝑛2𝑡⟨𝑦, 𝑦𝑛⟩𝑦𝑛, for 𝑦 ∈ 𝐻. Moreover, for any𝑦 ∈ 𝐻, we have

T3/4 (𝑡) = 3
4 ∫

∞

0
𝜃Ψ3/4 (𝜃) 𝑇 (𝑡3/4𝜃) 𝑑𝜃,

T3/4 (𝑡) 𝑦
= 3
4

∞∑
𝑛=1

∫∞

0
𝜃Ψ3/4 (𝜃) exp (−𝑛2𝑡3/4𝜃) 𝑑𝜃 ⟨𝑦, 𝑦𝑛⟩ 𝑦𝑛.

(42)

The Poisson point process {𝑞(𝑡); 𝑡 ∈ 𝐽} induced the Poisson
counting measure 𝑁(𝑑𝑠, 𝑑𝜂) and the compensating martin-
gale measure defined as

�̃� (𝑑𝑠, 𝑑𝜂) = 𝑁 (𝑑𝑠, 𝑑𝜂) − 𝜆 (𝑑𝜂) 𝑑𝑠. (43)

The nonlinear functions𝑓 : 𝐽×𝐻 → 𝐻, 𝑔 : 𝐽×𝐻 → 𝐿𝑄(𝐻),
and ℎ : 𝐽 × 𝐻 → 𝐻 are defined by

𝑓 (𝑦) (𝑥) = 𝑒−𝑡𝑦 (𝑡, 𝑥)
(1 + 𝑒𝑡) (1 + 𝑦 (𝑡, 𝑥)) ,

𝑔 (𝑦) (𝑥) = sin𝑦 (𝑡, 𝑥)
𝑡1/3 ,

ℎ (𝑦) (𝑥) = (1 + 𝑒−𝑡) cos𝑦 (𝑡, 𝑥)

(44)

and assuming that∫
𝑍
𝜂2𝜆(𝑑𝜂) < ∞,∫

𝑍
𝜂4𝜆(𝑑𝜂) < ∞. Clearly,

the functions 𝑓, 𝑔, and ℎ satisfy the assumptions (𝐻1)-(𝐻2).
If 𝐵 = 0, then problem (41) can be written as the form of
(1). All the conditions stated in Theorem 7 are satisfied for
system (41) and can be applied to ensure the existence and
uniqueness of the mild solution of (41). The controls are the
functions 𝑢 : 𝑇𝑦([0, 𝜋]) → R, such that 𝑢 ∈ 𝐿2(𝑇𝑦([0, 𝜋])). It
means that 𝑡 → 𝑢(⋅, 𝑡) going from 𝐽 into 𝑌 is measurable. Set𝑈(𝑡) = {𝑢 ∈ 𝑌 : ‖𝑢‖𝑌 ≤ 𝜏1}, where 𝜏1 ∈ 𝐿2(𝐽,R+). We restrict
the admissible controls 𝑈ad to be all 𝑢 ∈ 𝐿2(𝑇𝑦([0, 𝜋])) such
that ‖𝑢(⋅, 𝑡)‖2 ≤ 𝜏1(𝑡) almost everywhere.

Let us define𝐵(𝑡)𝑢(𝑡)𝑥 = ∫
[0,𝜋]

𝑘1(𝑥, 𝛾)𝑢(𝛾, 𝑡)𝑑𝛾 andmake
the following assumptions:

(i) 𝑘1 is continuous.
(ii) 𝑢 ∈ 𝐿2(𝐽 × [0, 𝜋]) andL : 𝐽 × 𝐻 × 𝑌 → R ∪ {+∞} is

defined by

L (𝑡, 𝑦𝑢 (𝑡) , 𝑢 (𝑡))
= ∫

[𝑜,𝜋]
(𝑦 (𝑡) (𝑥)2 + ‖𝑢 (𝑡) (𝑥)‖2) 𝑑𝑥.

(45)

Then, system (41) can be written as in the form of (28). All
the conditions stated in Theorem 10 are verified. Therefore,
there exists an admissible control pair (𝑦, 𝑢) such that the
associated cost functional

J (𝑦, 𝑢) = ∫𝑏

0
L (𝑡, 𝑦𝑢 (𝑡) , 𝑢 (𝑡)) 𝑑𝑡 (46)

attains its minimum.

6. Concluding Remarks

In this paper, we studied the existence of solutions and opti-
mal control results of fractional stochastic differential equa-
tions withHilfer fractional derivative and Poisson jumps.The
existence and uniqueness of mild solutions for the system
have been obtained by using the successive approximation
theory and stochastic analysis techniques. New sufficient
conditions for optimal control results of fractional stochastic
control system have been deduced. Throughout an example,
the effectiveness of the obtained results is proven, under suit-
able conditions, for fractional stochastic partial differential
equations with Poisson jumps.

The optimal control analysis for fractional stochastic
differential inclusions with distributed delays, time varying
delays, and impulsive effects will be our future work.
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In this paper, bifurcations and synchronization of a fractional-order Bloch system are studied. Firstly, the bifurcations with the
variation of every order and the system parameter for the system are discussed. The rich dynamics in the fractional-order Bloch
system including chaos, period, limit cycles, period-doubling, and tangent bifurcations are found. Furthermore, based on the
stability theory of fractional-order systems, the adaptive synchronization for the system with unknown parameters is realized by
designing appropriate controllers. Numerical simulations are carried out to demonstrate the effectiveness and flexibility of the
controllers.

1. Introduction

Nowadays, fractional calculus is a hot topic in the research
field. It is well known that fractional calculus has an equally
long history with classical calculus. It did not attract enough
attention for the absence of geometrical interpretation and
applications at the initial stage of development. As the
development of technology and science continues, fractional
calculus has been applied in many fields, such as control
theory, dynamics, mathematics, mechanics, and physics [1–
5].

As the research of fractional calculus moves along, many
nonlinear systems with fractional orders are proposed and
investigated. The chaos and bifurcations which are observed
in integer-order systems are also found in fractional-order
ones, such as fractional versions of Duffing system, Lorenz
system, and Chen system [6–11]. It is well known that the
Bloch system is very important for interpretation of the
underlying physical process of nuclear magnetic resonance.
Recently, the fractional-order Bloch equations with and
without delay were studied [12–14]. Meanwhile, physical
interest in the fractional-order Bloch equation has been
growing [15, 16] with the goal of improving the modeling

of relaxation, diffusion, and perfusion in biological tissues.
In [17], for the fractional-order Bloch system, the chaotic
dynamics including the chaotic attractors in different system
parameters sets, bifurcations with the derivative order in
commensurate-order case, were analyzed. Rich dynamics
such as period-doubling and subharmonic cascade routes to
chaos were found for the system in the commensurate-order
case. Based on these results, we want to know the bifurcations
of the fractional-order Bloch system with the variation of
every order in incommensurate-order case as well as every
system parameter.

Motivated by the above discussed, in this paper, the
bifurcations with the derivative order in incommensurate-
order case and system parameters are studied firstly. A
series of period-doubling bifurcations and tangent bifurca-
tions are obtained by numerical simulations. Meanwhile,
different chaotic and periodic attractors are also observed.
Furthermore, based on the stability theory of fractional-order
systems, the adaptive synchronization of the fraction-order
systems with uncertain parameters is realized by designing
appropriate controllers. Numerical simulations are carried
out to demonstrate the effectiveness and flexibility of the
controllers.
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The paper is organized as follows. In Section 2, the defini-
tions for the fractional calculus and numerical algorithms for
fractional differential equations are given.The bifurcations of
the fractional-order Bloch system are investigated in detail
in Section 3. In Section 4, the adaptive synchronization of
the system is investigated. Numerical simulations are used to
demonstrate the effectiveness of the controllers. Finally, we
summarize the results in Section 5.

2. Fractional Derivatives

There are many definitions for the general fractional deriva-
tive. The three most frequently used ones are the Grunwald-
Letnikov definition and the Riemann-Liouville and the
Caputo definitions. It is well known that the initial conditions
for the fractional differential equations with Caputo deriva-
tives take on the same form as those for the integer-order
ones, which is very suitable for practical problems.Therefore,
wewill use the Caputo definition for the fractional derivatives
in this paper.

The Caputo fractional derivative is defined as follows:

𝑎𝐷𝑞𝑡 𝑓 (𝑡) = 1Γ (𝑛 − 𝑞) ∫𝑡𝑎 (𝑡 − 𝜏)𝑛−𝑞−1 𝑓(𝑛) (𝜏) 𝑑𝜏,𝑛 − 1 < 𝑞 < 𝑛. (1)
As the initial conditions for the fractional differential

equations with Caputo derivatives take on the same form
as those for the integer-order ones, we will use the Caputo
definition for the fractional derivatives in this paper.

In the following, we will give the definitions of
commensurate-order and incommensurate-order fractional-
order systems [18].

Definition 1. For a fractional-order system, which can be
described by 𝐷qx = 𝑓(x), where x = (𝑥1, 𝑥2, . . . , 𝑥𝑛)T is the
state vector, q = (𝑞1, 𝑞2, . . . , 𝑞𝑛)T is the fractional derivative
orders vector, and 𝑞𝑖 > 0. The fractional-order system is
commensurate-order when all the derivative orders satisfy𝑞1 = 𝑞2 = ⋅ ⋅ ⋅ = 𝑞𝑛; otherwise it is an incommensurate-order
system.

Compared with the numerical algorithm for solving an
ordinary differential equation, the numerical solution of a
fractional differential equation is not easy to obtain. There
are two approximation methods which can frequently be
used for numerical computation on chaos and bifurcations
with fractional differential equations. One is an improved
version of Adams-Bashforth-Moulton algorithm based on
the predictor-correctors scheme [19–21], which is a time
domain approach.The other is amethod, known as frequency
domain approximation [22], based on numerical analysis of
fractional-order systems in the frequency domain.

Simulation of fractional-order systems using the time
domain methods is complicated and, due to long memory
characteristics of these systems, requires a very long sim-
ulation time but on the other hand, it is more accurate
[23]. Therefore, we employ the improved predictor-corrector

algorithm for fractional-order differential equations in this
paper.

3. A Fractional-Order Bloch System

The Bloch system is usually used to describe an ensemble of
spins. The integer-order and fractional-order Bloch systems
were studied in [17]. In this section, the bifurcations of the
fractional-order Bloch system with the variation of different
system parameters and derivative orders will be investigated.

The fractional-order Bloch system can be described as
follows:𝐷𝑞1𝑥 = 𝛿𝑦 + 𝛾𝑧 (𝑥 sin (𝑐) − 𝑦 cos (𝑐)) − 𝑥Γ2𝐷𝑞2𝑦 = −𝛿𝑥 − 𝑧 + 𝛾𝑧 (𝑥 cos (𝑐) + 𝑦 sin (𝑐)) − 𝑦Γ2
𝐷𝑞3𝑧 = 𝑦 − 𝛾 sin (𝑐) (𝑥2 + 𝑦2) − 𝑧 − 1Γ1 ,

(2)

where 𝑥, 𝑦, 𝑧 are the state variables, 𝑞1, 𝑞2, 𝑞3 the derivative
orders, and 𝛿, 𝛾, 𝑐, Γ1, Γ2 the system parameters. When the
orders 𝑞1 = 𝑞2 = 𝑞3 = 𝑞 = 0.99, system (2) has a chaotic
attractor with system parameters 𝛿 = 1.26, 𝛾 = 10, 𝑐 =0.7764, Γ1 = 0.5, Γ2 = 0.25, which is plotted in Figure 1. The
initial conditions for the numerical simulation are 𝑥(0) = 0.1,𝑦(0) = 0.1, 𝑧(0) = 0.1 and also used in the rest of the paper.

3.1. Bifurcations with the Variation of the Orders. When the
system parameters are fixed as 𝛿 = 1.26, 𝛾 = 10, 𝑐 =0.7764, Γ1 = 0.5, Γ2 = 0.25, and the orders 𝑞2 = 1,𝑞3 = 1, the bifurcation of system (2) as the order 𝑞1 is
varied is depicted in Figure 2(a). From this, it is clear that
the system has a long period-1 window when 𝑞1 is slightly
less than 0.72. As the order 𝑞1 further increases, an evolution
procedure of system (2) through period-doubling route to
chaos is obtained. Meanwhile, to verify the chaotic behaviors
for the system, the corresponding largest Lyapunov exponent
(LLE for short) diagram by the algorithm of small data sets is
shown in Figure 2(b). Phase portraits and the corresponding
time series diagrams are shown in Figures 3(a)–3(h), from
which we can see that the system has period-1, period-2,
period-4, and chaos for different values of the order 𝑞1. The
route out of chaos for system (2) is tangent bifurcation when𝑞1 = 0.833. There are three limit cycles coexisting until the
secondary period-doubling bifurcations occur.

When the system parameters are fixed as the same values,
and the orders 𝑞1 = 1, 𝑞3 = 1, the affection of the
variation of order 𝑞2 ∈ [0.5, 1] for the system is showed
in Figure 4(a). It is clear that a series of period-doubling
and tangent bifurcations can also be seen from the figure.
Meanwhile, the corresponding LLE diagram is shown in
Figure 4(b). As the order 𝑞3 is varied, the bifurcations of
the system are similar to that of 𝑞2, so more details are not
displayed in here.

3.2. Bifurcations with the Variation of the System Parameters.
When the other parameters are taken as 𝛾 = 10, 𝑐 = 0.7764,
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Figure 2: The bifurcation and the corresponding LLE diagrams of system (2) with the order 𝑞1 ∈ [0.5, 1].
Γ1 = 0.5, Γ2 = 0.25, and the orders 𝑞1 = 𝑞2 = 𝑞3 =0.98, the bifurcation and the corresponding LLE diagrams of
system (2) varying the parameter 𝛿 are depicted in Figure 5.
With the increase of the parameter 𝛿 from −1.26, the system
is period-1 firstly when 𝛿 ∈ [−1.26, −0.38]. Then system
(2) is period-2 motion until a series of period-doubling
bifurcations occur.Thephase portraits and the corresponding
time series diagrams of system (2) with different values of the
parameter 𝛿 are showed in Figure 6, fromwhich it is clear that
the system has only one limit cycle for 𝛿 = −1.26, two cycles
for 𝛿 = −0.7, four cycles for 𝛿 = 0.7, and six cycles for 𝛿 = 0.8.

When 𝛿 = 1.26, the bifurcation and the corresponding
LLE diagrams of the system with the variation of 𝛾 are
depicted in Figure 7. From this, we can see that a series of
period-doubling and tangent bifurcations can be observed.
Meanwhile, the bifurcation and the corresponding LLE dia-
grams of system (2) with the system parameters 𝑐, Γ1, and Γ2
are also obtained by numerical simulations, respectively (see
Figure 8). It is clear that the bifurcations of the system with𝑐 and Γ2 are similar to that of the parameter 𝛾. The system
undergoes a series of period-doubling bifurcations when the
parameter Γ1 is varied and the alternation between the period
and chaos.

4. Adaptive Synchronization

In this section, the adaptive synchronization for system (2)
with uncertain parameters will be investigated.

For simplicity, system (2) in commensurate-order case is
taken as the drive system and can be rewritten as follows:

𝐷𝑞𝑥1 = 𝛿𝑦1 + 𝛾𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐)) − 𝑥1Γ2𝐷𝑞𝑦1 = −𝛿𝑥1 − 𝑧1 + 𝛾𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐)) − 𝑦1Γ2𝐷𝑞𝑧1 = 𝑦1 − 𝛾 sin (𝑐) (𝑥21 + 𝑦21) − 𝑧1 − 1Γ1 ,
(3)

where 𝛿 and 𝛾 are uncertain parameters which are needed
to be identified. And the response system is described by the
following differential equations:

𝐷𝑞𝑥2 = �̃�𝑦2 + �̃�𝑧2 (𝑥2 sin (𝑐) − 𝑦2 cos (𝑐)) − 𝑥2Γ2 + 𝑢1𝐷𝑞𝑦2 = −�̃�𝑥2 − 𝑧2 + �̃�𝑧2 (𝑥2 cos (𝑐) + 𝑦2 sin (𝑐)) − 𝑦2Γ2+ 𝑢2



4 Discrete Dynamics in Nature and Society

0.82
0.84

0.86
0.88

0.9

0
0.1

0.2
0.3

0.4

x z

y

0

0.02

0.04

0.06

0.08

0.1

(a) The phase portrait when 𝑞1 = 0.5

0

0.05

0.1

0.15
x

0.2

0.25

0.3

0.35

60 70 80 90 10050
t

(b) The time series diagram when 𝑞1 = 0.5

0.5
0.6

0.7
0.8

0.9

0
0.2

0.4
0.6

x
z−0.2

−0.05

0

0.05

0.1

0.15

0.2

y

(c) The phase portrait when 𝑞1 = 0.75

−0.1

0

0.1

0.2

0.3

0.4

0.5

x

60 70 80 90 10050
t

(d) The time series diagram when 𝑞1 = 0.75

0.5
0.6

0.7
0.8

0.9

0
0.2

0.4
0.6

−0.2
x

z

−0.05

0

0.05

0.1

0.15

0.2

y

(e) The phase portrait when 𝑞1 = 0.76

−0.1

0

0.1

0.2

0.3

0.4

x

60 70 80 90 10050
t

(f) The time series diagram when 𝑞1 = 0.76

0.4 0.5 0.6 0.7 0.8 0.9 1

0
0.2

0.4
0.6

x
z−0.2

−0.1

−0.05

0
y 0.05

0.1
0.15
0.2

(g) The phase portrait when 𝑞1 = 0.78

−0.1

0

0.1

0.2

0.3

0.4

x

60 70 80 90 10050
t

(h) The time series diagram when 𝑞1 = 0.78

Figure 3: The phase portraits and time series diagrams of system (2) with different values of the order 𝑞1.
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Figure 5: The bifurcation and the corresponding LLE diagrams of system (2) with the parameter 𝛿 ∈ [−1.26, 1.26].

𝐷𝑞𝑧2 = 𝑦2 − �̃� sin (𝑐) (𝑥22 + 𝑦22) − 𝑧2 − 1Γ1 + 𝑢3,
(4)

where 𝑢1, 𝑢2, and 𝑢3 are the synchronization controllers and�̃�, �̃� are the estimations of unknown parameters. Then, the
synchronization error variables are defined as 𝑒1 = 𝑥2 −𝑥1, 𝑒2 = 𝑦2 − 𝑦1, 𝑒3 = 𝑧2 − 𝑧1, and estimation errors of
uncertain parameters 𝑒𝛿 = �̃� − 𝛿, 𝑒𝛾 = �̃� − 𝛾. By subtracting
system (3) from (4), the error dynamical system is obtained,
which is given as follows:𝐷𝑞𝑒1 = �̃�𝑒2 + 𝑦1𝑒𝛿 + �̃�𝑒3 (𝑥2 sin (𝑐) − 𝑦2 cos (𝑐))+ �̃�𝑧1 (𝑒1 sin (𝑐) − 𝑒2 cos (𝑐))+ 𝑒𝛾𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐)) − 𝑒1Γ2 + 𝑢1

𝐷𝑞𝑒2 = −�̃�𝑒1 − 𝑥1𝑒𝛿 − 𝑒3 + �̃�𝑒3 (𝑥2 cos (𝑐) + 𝑦2 sin (𝑐))+ �̃�𝑧1 (𝑒1 cos (𝑐) + 𝑒2 sin (𝑐))
+ 𝑒𝛾𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐)) − 𝑒2Γ2 + 𝑢2𝐷𝑞𝑒3 = 𝑒2 − �̃� (𝑒1 (𝑥1 + 𝑥2) + 𝑒2 (𝑦1 + 𝑦2)) sin (𝑐)
− 𝑒𝛾 (𝑥21 + 𝑦21) sin (𝑐) − 𝑒3Γ1 + 𝑢3.

(5)

In order to realize the synchronization of the drive and
response systems, the controllers should be designed prop-
erly. Therefore, the following criterion is presented to ensure
system (3) effectively synchronizes system (4).
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Figure 6: The phase portraits and time series diagrams of system (2) with different values of the parameter 𝛿.
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Theorem 2. Adaptive synchronization between systems (3)
and (4) is realized when the controllers and laws of the
uncertain parameter are designed as follows:

𝑢1 = −�̃�𝑒2 − �̃�𝑒3 (𝑥2 sin (𝑐) − 𝑦2 cos (𝑐))
− �̃�𝑧1 (𝑒1 sin (𝑐) − 𝑒2 cos (𝑐)) + ( 1Γ2 − 1) 𝑒1𝑢2 = �̃�𝑒1 + 𝑒3 − �̃�𝑒3 (𝑥2 cos (𝑐) + 𝑦2 sin (𝑐))
− �̃�𝑧1 (𝑒1 cos (𝑐) + 𝑒2 sin (𝑐)) + ( 1Γ2 − 1) 𝑒2𝑢3 = −𝑒2 + �̃� (𝑒1 (𝑥1 + 𝑥2) + 𝑒2 (𝑦1 + 𝑦2)) sin (𝑐)
+ ( 1Γ1 − 1) 𝑒3,

(6)

𝐷𝑞�̃� = −𝑦1𝑒1 + 𝑥1𝑒2𝐷𝑞�̃� = −𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐)) 𝑒1− 𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐)) 𝑒2+ (𝑥21 + 𝑦21) sin (𝑐) 𝑒3.
(7)

Proof. Firstly, controllers (6) are substituted into system (5),
and then the error dynamical system is expressed as

𝐷𝑞1𝑒1 = 𝑦1𝑒𝛿 + 𝑒𝛾𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐)) − 𝑒1𝐷𝑞1𝑒2 = −𝑥1𝑒𝛿 + 𝑒𝛾𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐)) − 𝑒2𝐷𝑞1𝑒3 = −𝑒𝛾 (𝑥21 + 𝑦21) sin (𝑐) − 𝑒3.
(8)

By combining systems (8) and (7), we can get

(𝐷𝑞𝑒1, 𝐷𝑞𝑒2, 𝐷𝑞𝑒3, 𝐷𝑞𝑒𝛿, 𝐷𝑞𝑒𝛾)T
= 𝐴 (𝑒1, 𝑒2, 𝑒3, 𝑒𝛿, 𝑒𝛾)T , (9)

where

𝐴

=(((
(

−1 0 0 𝑦1 𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐))0 −1 0 −𝑥1 𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐))0 0 −1 0 − (𝑥21 + 𝑦21) sin (𝑐)−𝑦1 𝑥1 0 0 0−𝑧1 (𝑥1 sin (𝑐) − 𝑦1 cos (𝑐)) −𝑧1 (𝑥1 cos (𝑐) + 𝑦1 sin (𝑐)) (𝑥21 + 𝑦21) sin (𝑐) 0 0
)))
)
. (10)
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Figure 9: The synchronization results of the numerical simulation.

Assume that 𝜆 is one of the eigenvalues of matrix A, and
then the corresponding nonzero eigenvectors are 𝜁 = (𝜁1, 𝜁2,𝜁3, 𝜁4, 𝜁5)T; then we have

A𝜁 = 𝜆𝜁, (11)

and the following relation can be easily obtained when
conjugate transpose H is taken on both sides of (11)

(𝐴𝜁)T = 𝜆𝜁H. (12)

Using (11) multiplied left by (1/2)𝜁H plus (12) multiplied right
by (1/2)𝜁, we get

𝜁H (12A + 12AH) 𝜁 = 12 (𝜆 + 𝜆) 𝜁H𝜁. (13)

The above formula can be rewritten as the following form:

12 (𝜆 + 𝜆) = 𝜁H ((1/2)A + (1/2)AH) 𝜁𝜁H𝜁 . (14)

By substituting the matrix A into (14), then we can have12 (𝜆 + 𝜆) = 1𝜁H𝜁𝜁HB𝜁, (15)

where B = diag(−1, −1, −1, 0, 0). Since 𝜆 + 𝜆 ≤ 0, then all the
eigenvalues of matrix A satisfy the following relationship:arg (𝜆) ≥ 𝜋2 > 𝜋2 𝑞, (0 < 𝑞 < 1) . (16)

According to the stability theory of fractional-order systems,
then the error dynamical system (5) is asymptotically stable.
Therefore

lim
𝑡→∞
‖𝑒 (𝑡)‖ = 0, (17)

which means that the synchronization between the drive and
response systems is realized. The proof is completed.

In numerical simulations, the real values of the uncertain
parameters are 𝛿 = 1.26, 𝛾 = 10 when 𝑐 = 0.7764,Γ1 = 0.5, Γ2 = 0.25, 𝑞 = 0.98. The initial conditions of
the drive and response systems are (0.1, 0.1, 0.1) and (1, 2, 3),
respectively. The synchronization results of the numerical
simulation are depicted in Figure 9. From this we can see
that the error variables tend to 0, and the estimations of
unknown parameters converge to their real values. These
results demonstrate the effectiveness of the synchronization
controllers and laws of unknown parameters.

5. Conclusions

In this paper, bifurcations and synchronization of a
fractional-order Bloch system have been studied. Firstly,
bifurcations of the system as every order is varied are
obtained by the numerical simulations. Period-doubling
and tangent bifurcations can be observed in the system.
Meanwhile, bifurcations of the system with the variation of
every system parameter are also determined by numerical
computation. Besides the period-doubling and tangent
bifurcations, limit cycles coexisting are also found for the
fractional-order Bloch system. From these results, it can be
seen clearly that the derivative orders are also the important
parameters which affect the dynamics of the fractional-order
Bloch system. The bifurcations of the system in such a
parameter set are demonstrated in detail. Finally, based on
the stability theory of fractional-order systems, the adaptive
synchronization for the system with unknown parameters
is realized by designing appropriate controllers. Numerical
simulations are carried out to demonstrate the effectiveness
and flexibility of the controllers.
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In this paper, we introduce an efficient series solution for a class of nonlinear multiterm fractional differential equations of Caputo
type. The approach is a generalization to our recent work for single fractional differential equations. We extend the idea of the
Taylor series expansion method to multiterm fractional differential equations, where we overcome the difficulty of computing
iterated fractional derivatives, which are difficult to be computed in general. The terms of the series are obtained sequentially using
a closed formula, where only integer derivatives have to be computed. Several examples are presented to illustrate the efficiency of
the new approach and comparison with the Adomian decomposition method is performed.

1. Introduction

Fractional differential equations (FDEs) are generalization to
differential equations (DEs) for noninteger orders. In recent
years, FDEs caught the attention of many researchers because
of their appearance in modeling several phenomenon in
the physical sciences. As many FDEs do not possess exact
solutions on closed forms, analytical and numerical tech-
niques have been implemented to study these equations.
Iterative methods, such as the variational iteration method
(VIM) in [1], the homotopy analysis method (HAM) in [2, 3],
the Adomian decomposition method (ADM) in [4–9], and
the fractional differential transform method in [10], have
been implemented to solve various types of FDEs. These
methods produce a solution in a series form whose terms
are determined sequentially. We refer the reader to [11, 12]
for a comprehensive study of series solutions of fractional
differential equations. Recently, we have introduced a new
series solution for single fractional differential equations [13].
The new approach is a modified form of the well-known
Taylor series expansion, where we overcome the difficulty
of computing iterative fractional derivatives. The efficiency
of the new approach has been illustrated through several
examples. In this paper we extend the idea to multiterm

fractional differential equations. The presented work is a
part of the Master thesis [14]. We consider the left Caputo
fractional derivative𝐷𝛼0+ , defined by [15, 16]

𝐷𝛼0+𝑓 (𝑡)
= {{{{{

1Γ (𝑛 − 𝛼) ∫
𝑡

0
(𝑡 − 𝜏)𝑛−𝛼−1 𝑓(𝑛) (𝜏) 𝑑𝜏, if 𝑛 − 1 < 𝛼 < 𝑛,

𝑓(𝑛) (𝑡) , if 𝛼 = 𝑛 ∈ N

(1)

provided the integral exists, where Γ is the well-known
Gamma function.The left Riemann-Liouville fractional inte-
gral, 𝐼𝛼0+ , of order 𝛼 ∈ R+, is defined by

𝐼𝛼0+𝑓 (𝑡) = 1Γ (𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑓 (𝑠) 𝑑𝑠, 𝑡 > 0, 𝛼 > 0. (2)

The left Caputo derivative is related to the left Riemann-
Liouville fractional integral by

𝐷𝛼0+𝑓 (𝑡) = 𝐼𝑛−𝛼0+ 𝑓(𝑛) (𝑡) , 𝑛 − 1 < 𝛼 < 𝑛. (3)
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It is known that

((𝐼𝛼0+𝐷𝛼0+) 𝑓) (𝑡) = 𝑓 (𝑡) − 𝑚−1∑
𝑘=0

𝑓(𝑘) (0)𝑘! 𝑡𝑘,
((𝐷𝛼0+𝐼𝛼0+) 𝑓) (𝑡) = 𝑓 (𝑡) .

(4)

Also, for 𝑛 − 1 < 𝛼 < 𝑛, 𝑛 ∈ N, 𝑡 > 0, it holds that
𝐷𝛼0+ (𝑡𝜇)
= {{{{{

Γ (𝜇 + 1)Γ (𝜇 − 𝛼 + 1) 𝑡𝜇−𝛼, if 𝜇 > 𝑛 − 1,
0, if 𝜇 ∈ {0, 1, . . . , 𝑛 − 1} .

(5)

This paper is organized as follows. In Section 2, we present
the series solution of nonlinear two-term fractional differen-
tial equations. We illustrate the efficiency of the presented
technique through several examples. We also compare our
results with the ones obtained by the Adomian decompo-
sition method. In Section 3, we present and illustrate the
efficiency of the new series solution for three-term fractional
differential equations of several types. Finally, we conclude
with some remarks in Section 4.

2. Two-Term Fractional Differential Equations

We start with the nonlinear two-term fractional initial value
problems of the form

𝑐1𝐷𝛼10+𝑢 (𝑡) + 𝑐2𝐷𝛼20+𝑢 (𝑡) = 𝑓 (𝑡, 𝑢 (𝑡)) , 𝑡 > 0 (6)

with

𝑢 (0) = 𝑏, (7)

where 0 < 𝛼2 ≤ 𝛼1 < 1, and 𝑐1 and 𝑐2 are nonzero constants.
We assume that 𝑓(𝑡, 𝑢(𝑡)) is continuous and smooth with
respect to 𝑢(𝑡). We also assume that 𝛼1 and 𝛼2 are rational
numbers with 𝛼1 = 𝑝1/𝑞1 and 𝛼2 = 𝑝2/𝑞2, 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ N.

2.1. The Expansion Procedure. Let 𝑞 = lcm(𝑞1, 𝑞2); we have𝑞 = 𝑠𝑞1 = 𝑟𝑞2 for some 𝑠, 𝑟 ∈ N.
In the following we expand the solution of problem (6)-

(7) in an infinite series of the form

𝑢 (𝑡) = ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞, (8)

where the coefficients 𝑎𝑛: 𝑛 ⩾ 0 have to be determined
sequentially in the following manner: From the initial con-
dition (7) we have 𝑢(0) = 𝑏 = 𝑎0. Since 𝐷𝛼0+(𝑐) = 0, for 𝑐
being constant, we have

𝐷𝛼1
0+
𝑢 (𝑡) = ∞∑

𝑛=1

𝑎𝑛𝑠𝑛𝑡𝑛/𝑞−𝑝1/𝑞1 = ∞∑
𝑛=1

𝑎𝑛𝑠𝑛𝑡(𝑛−𝑠𝑝1)/𝑞,
𝐷𝛼2
0+
𝑢 (𝑡) = ∞∑

𝑛=1

𝑎𝑛𝑟𝑛𝑡𝑛/𝑞−𝑝2/𝑞2 = ∞∑
𝑛=1

𝑎𝑛𝑟𝑛𝑡(𝑛−𝑟𝑝2)/𝑞,
(9)

where

𝑠𝑛 = Γ (𝑛/𝑞 + 1)Γ (𝑛/𝑞 − 𝛼1 + 1) ,
𝑟𝑛 = Γ (𝑛/𝑞 + 1)Γ (𝑛/𝑞 − 𝛼2 + 1) .

(10)

By substituting (9) in (6) we have

𝑐1 ∞∑
𝑛=1

𝑎𝑛𝑠𝑛𝑡(𝑛−𝑠𝑝1)/𝑞 + 𝑐2 ∞∑
𝑛=1

𝑎𝑛𝑟𝑛𝑡(𝑛−𝑟𝑝2)/𝑞

= 𝑓(𝑡, ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞) .
(11)

Applying the well-known Taylor series method to compute
the coefficients {𝑎𝑛; 𝑛 ≥ 1} will lead to computing iterated
fractional derivatives, which are not easily computed in
general. To avoid this difficulty, let 𝑡 = 𝑤𝑞; we have

𝑐1 ∞∑
𝑛=1

𝑎𝑛𝑠𝑛𝑤𝑛−𝑠𝑝1 + 𝑐2 ∞∑
𝑛=1

𝑎𝑛𝑟𝑛𝑤𝑛−𝑟𝑝2

= 𝑓(𝑤𝑞, ∞∑
𝑛=0

𝑎𝑛𝑤𝑛) .
(12)

Shifting the index to zero yields

𝑐1 ∞∑
𝑛=0

𝑎𝑛+1𝑠𝑛+1𝑤𝑛−𝑠𝑝1+1 + 𝑐2 ∞∑
𝑛=0

𝑎𝑛+1𝑟𝑛+1𝑤𝑛−𝑟𝑝2+1

= 𝑓(𝑤𝑞, ∞∑
𝑛=0

𝑎𝑛𝑤𝑛) .
(13)

To avoid the singularity at 𝑤 = 0, we multiply (13) by 𝑤𝑠𝑝1−1;
we have

𝑐1 ∞∑
𝑛=0

𝑎𝑛+1𝑠𝑛+1𝑤𝑛 + 𝑐2 ∞∑
𝑛=0

𝑎𝑛+1𝑟𝑛+1𝑤𝑛−𝑟𝑝2+𝑠𝑝1

= 𝑤𝑠𝑝1−1𝑓(𝑤𝑞, ∞∑
𝑛=0

𝑎𝑛𝑤𝑛) .
(14)

Now, since 𝛼1 = 𝑝1/𝑞1 = 𝑠𝑝1/𝑞 > 𝑟𝑝2/𝑞 = 𝑝2/𝑞2 = 𝛼2, thus𝑠𝑝1 − 𝑟𝑝2 > 0, and (14) has no singularity at 𝑤 = 0.
Let 𝑘 = 𝑠𝑝1 − 𝑟𝑝2 − 1 ≥ 0, and 𝑔(𝑤) = 𝑓(𝑤𝑞, ∑∞𝑛=0 𝑎𝑛𝑤𝑛);

then (14) can be written as

𝑐1 𝑘∑
𝑛=0

𝑎𝑛+1𝑠𝑛+1𝑤𝑛 + ∞∑
𝑛=𝑘+1

(𝑐1𝑎𝑛+1𝑠𝑛+1 + 𝑐2𝑎𝑛−𝑘𝑟𝑛−𝑘) 𝑤𝑛
= 𝑤𝑘+𝑟𝑝2𝑔 (𝑤) .

(15)

We first determine the coefficients 𝑎𝑛 for 𝑛 ≤ 𝑘. By
performing the 𝑛th derivativeof (15) with respect to 𝑤 and
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substituting 𝑤 = 0, we have
𝑐1𝑛!𝑎𝑛+1𝑠𝑛+1 = d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑔 (𝑤))
𝑤=0 (16)

which yields

𝑎𝑛+1 = 1𝑐1𝑛!𝑠𝑛+1
d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑓(𝑤𝑞,
∞∑
𝑛=0

𝑎𝑛𝑤𝑛))
𝑤=0 . (17)

Since 𝑘 + 𝑟𝑝2 ≥ 𝑛 + 1, and 𝑓 is smooth, then for 𝑛 ≤ 𝑘, we
have

d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑓(𝑤𝑞,
∞∑
𝑛=0

𝑎𝑛𝑤𝑛))
𝑤=0 = 0, (18)

and hence 𝑎𝑛+1 = 0, for 𝑛 ≤ 𝑘.
We nowdetermine 𝑎𝑛, for 𝑛 ≥ 𝑘+1. By performing the 𝑛th

derivative of (15) with respect to𝑤 and substituting𝑤 = 0, we
have

𝑛! (𝑐1𝑎𝑛+1𝑠𝑛+1 + 𝑐2𝑎𝑛−𝑘𝑟𝑛−𝑘) = d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑔 (𝑤))
𝑤=0

= d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑓(𝑤𝑞,
∞∑
𝑛=0

𝑎𝑛𝑤𝑛))
𝑤=0 .

(19)

Using the well-known Leibniz rule for differentiating the
products, we have

d𝑛

d𝑤𝑛 (𝑤𝑘+𝑟𝑝2𝑔 (𝑤))
= 𝑛∑
𝑗=0

(𝑛𝑗) d𝑗

d𝑤𝑗 (𝑤𝑘+𝑟𝑝2) d𝑛−𝑗

d𝑤𝑛−𝑗 (𝑔 (𝑤)) .
(20)

Since

d𝑗

d𝑤𝑗 (𝑤𝑘+𝑟𝑝2)
𝑤=0 =

{{{
0 if 𝑗 ̸= 𝑘 + 𝑟𝑝2,
𝑗! if 𝑗 = 𝑘 + 𝑟𝑝2, (21)

we have

𝑐1𝑎𝑛+1𝑠𝑛+1 + 𝑐2𝑎𝑛−𝑘𝑟𝑛−𝑘
= 1(𝑛 − 𝑗)! ( d𝑛−𝑗

d𝑤𝑛−𝑗 𝑔 (𝑤))
𝑤=0 ,

where 𝑗 = 𝑘 + 𝑟𝑝2.
(22)

From the last equation we determine 𝑎𝑛 : 𝑛 ≥ 𝑘 + 1 and thus
the solution

𝑢 (𝑡) = ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞 = 𝑎0 + ∞∑
𝑛=𝑘+1

𝑎𝑛𝑡𝑛/𝑞 (23)

is obtained.

Remark 1. In (6), assuming 𝛼1 = 𝛼2 = 1, then 𝑠𝑛 = 𝑟𝑛 = 𝑛, 𝑘 =−1 and 𝑘 + 𝑟𝑝2 = 0.Thus (17) is reduced to

𝑎𝑛+1 = 1𝑐1 (𝑛 + 1)!
d𝑛

d𝑤𝑛 [𝑓(𝑤,
∞∑
𝑛=0

𝑎𝑛𝑤𝑛)]
𝑤=0

, (24)

which coincides with the coefficients obtained by the Taylor
series expansion method. Same comment applies for the
coefficient 𝑎𝑛+1 in (22).

Remark 2. Thealgorithm can be generalized for the two-term
fractional differential equation (6) with 0 < 𝛼2 ≤ 𝛼1 < 𝑁, for
arbitrary integer𝑁. But we have to take care of the existence
of the fractional derivative𝐷𝛼1

0+
(𝑡𝑛/𝑞) (see Eq. (5)), by choosing

the coefficient 𝑎𝑛 = 0, for 𝑛 = 1, . . . , 𝑞𝑁 − 1. This case is
discussed in Section 3.

2.2. Numerical Results

Example 3. Consider the nonlinear two-term fractional ini-
tial value problem

2𝐷1/2
0+
𝑢 (𝑡) + 2Γ (1310)𝐷1/50+ 𝑢 (𝑡)

= Γ (12) (𝑢2 + 𝑡3/10 − 𝑡 + 1) , 𝑡 > 0, (25)

with

𝑢 (0) = 0. (26)

The exact solution of the problem is 𝑢(𝑡) = 𝑡1/2.
Applying the current algorithm, we have 𝛼1 = 1/2 =𝑝1/𝑞1, 𝛼2 = 1/5 = 𝑝2/𝑞2, 𝑞 = l.c.m(𝑞1, 𝑞2) = 10, 𝑠 = 5,

and 𝑟 = 2. We expand the solution in an infinite series of the
form

𝑢 (𝑡) = ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/10. (27)

The initial condition in (26) yields 𝑎0 = 0. We have 𝑡 = 𝑤𝑞 =𝑤10 and
𝑔 (𝑤) = 𝑓 (𝑤10, 𝑢 (𝑤))

= Γ (12)((
∞∑
𝑛=0

𝑎𝑛𝑤𝑛)2 + 𝑤3 − 𝑤10 + 1) . (28)

Since 𝑔(𝑤) is continuous and smooth with respect to 𝑤, we
have

𝑎𝑛+1 = 0, for 𝑛 ≤ 𝑘 = 𝑠𝑝1 − 𝑟𝑝2 − 1 = 2. (29)

Thus 𝑎1 = 𝑎2 = 𝑎3 = 0. The function 𝑔(𝑤) satisfies the
assumption of the proposed algorithm, and it holds that
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d𝑚

d𝑤𝑚 (𝑔 (𝑤))
𝑤=0 = Γ (12)

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

1 𝑚 = 0
3! 𝑚 = 3
6!𝑎23 𝑚 = 6
2 × 7!𝑎3𝑎4 𝑚 = 7
8!𝑎24 + 2 × 8!𝑎3𝑎5 𝑚 = 8
2! (𝑎4𝑎5 + 𝑎3𝑎3) 𝑚 = 9
−10! + 10!𝑎25 + 2 × 10! (𝑎4𝑎6 + 𝑎3𝑎7) 𝑚 = 10
... ...

(30)

The computation above is made using the software Mathe-
matica version 9. For 𝑛 ≥ 3; substituting (30) in (22) yields

2𝑎𝑛+1𝑠𝑛+1 + 2Γ (1310) 𝑎𝑛−2𝑟𝑛−2
= 1(𝑛 − 4)! d𝑛−4

d𝑤𝑛−4 (𝑔 (𝑤))
𝑤=0 ,

(31)

where

𝑠𝑛+1 = Γ ((𝑛 + 1) /10 + 1)Γ ((𝑛 + 1) /10 + 1/2) ,
𝑟𝑛−2 = Γ ((𝑛 − 2) /10 + 1)Γ ((𝑛 − 2) /10 + 4/5) .

(32)

Applying (31) together with 𝑎1 = 𝑎2 = 𝑎3 = 0, we have
𝑎4 = 0,
𝑎5 = 1,
𝑎𝑛 = 0,
𝑛 ≥ 6.

(33)

Thus,

𝑢 (𝑡) = 𝑎5𝑡5/10 = 𝑡1/2, (34)

and the exact solution of problem (25)-(26) is obtained.

In the following we compare our results with the Ado-
mian decomposition method (ADM). Assume that the non-
linear function 𝑓(𝑢) = 𝑢2 and the solution 𝑢(𝑡) can be
expressed in the following series form:

𝑢 (𝑡) = ∞∑
𝑛=0

𝑢𝑛 (𝑡) ,
𝑓 (𝑢) = ∞∑

𝑛=0

𝐴𝑛,
(35)

where 𝐴𝑛, 𝑛 = 0, 1, 2, . . . are the well-known Adomian
polynomials that can be derived from [17]

𝐴𝑛 = 1𝑛! d𝑛

d𝛽𝑛 [[𝑓(
∞∑
𝑗=0

𝛽𝑗𝑢𝑗)]]𝛽=0 , 𝑗 ≥ 0. (36)

For recent advances in the Adomian decomposition method
we refer the reader to [18, 19]. For 𝑓(𝑢) = 𝑢2, we have

𝐴0 = 𝑢20,
𝐴1 = 2𝑢0𝑢1,

𝐴2 = 2𝑢0𝑢2 + 𝑢21,
𝐴3 = 2𝑢0𝑢3 + 2𝑢1𝑢2,

𝐴4 = 2𝑢0𝑢4 + 2𝑢1𝑢3 + 𝑢22,
...

(37)

Applying the Riemann-Liouville fractional integral operator𝐼1/2
0+

to (25) and substituting

𝐼1/2
0+
𝐷1/5
0+
𝑢 (𝑡) = 𝐼3/10

0+
𝑢 (𝑡) , (38)

we have

𝑢 (𝑡) = Γ (1/2)2 𝐼1/2
0+
(1 + 𝑡3/10 − 𝑡) − Γ (1310) 𝐼3/100+ 𝑢 (𝑡)

+ Γ (1/2)2 𝐼1/2
0+
(𝑢2 (𝑡))

= 𝑡1/2 + 0.853958𝑡4/5 − 0.666667𝑡3/2
− Γ (1310) 𝐼3/100+ (∞∑

𝑛=0

𝑢𝑛 (𝑡))
+ Γ (1/2)2 𝐼1/2

0+
(∞∑
𝑛=0

𝐴𝑛) = ∞∑
𝑛=0

𝑢𝑛 (𝑡) .

(39)
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Set

𝑢0 = 𝑡1/2 + 0.853958𝑡4/5 − 0.666667𝑡3/2 (40)

and balancing (39) yields

𝑢𝑛+1 = −Γ (1310) 𝐼3/100+ (𝑢𝑛) + Γ (1/2)2 𝐼1/2
0+
(𝐴𝑛) ,
𝑛 = 0, 1, 2, . . . (41)

Evaluating the first 5 term of the power series solution, we
obtain the approximate solution 𝑢(4)(𝑡) = ∑4𝑛=0 𝑢𝑛(𝑡), where
𝑢(4) (𝑡) = 𝑡0.5 + 0.257998𝑡2 − 2.798359𝑡2.7

− 1.454522𝑡3 + 8.855605𝑡3.4 + 9.799202𝑡3.7
+ 2.317936𝑡4 − 11.599906𝑡4.1
− 22.429449𝑡4.4 − 11.273123𝑡4.7
+ 6.685081𝑡4.8 − 1.388180𝑡5
+ 23.109057𝑡5.1 + 20.278401𝑡5.4
− 1.404129𝑡5.5 + 5.305238𝑡5.7
− 11.070905𝑡5.8 + 0.278605𝑡6
− 17.334122𝑡6.1 − 7.918245𝑡6.4
+ 2.012699𝑡6.5 − 0.885674𝑡6.7
+ 7.156236𝑡6.8 + 5.827855𝑡7.1
+ 1.140180𝑡7.4 − 1.153180𝑡7.5
− 2.127835𝑡7.8 − 0.742611𝑡8.1
+ 0.309488𝑡8.5 + 0.244589𝑡8.8
− 0.032578𝑡9.5,

(42)

which is not the exact solution. Solving the problem by the
ADM with 𝑢0 = 𝑡0.5 yields 𝑈(4)(𝑡) = ∑4𝑛=0𝑈𝑛(𝑡), where
𝑈(4) (𝑡) = 𝑡0.5 − 0.853958𝑡0.8 + 0.682106𝑡1.1

− 0.515733𝑡1.4 + 0.666667𝑡1.5
+ 0.0372208𝑡1.7 − 1.527774𝑡1.8
+ 2.25291𝑡2.1 − 2.68363𝑡2.4 + 0.711111𝑡2.5
− 2.576649𝑡2.8 + 5.473545𝑡3.1
+ 0.8533333𝑡3.5 − 4.19714𝑡3.8
+ 1.078789𝑡4.5,

(43)

which is again not the exact solution. Figure 1 depicts the
exact solution 𝑢(𝑡) obtained by the current algorithm and

0.2

0.4

0.6

0.8

1.0

1.00.6 0.80.40.2

u(t)

u
(4)
(t)

U
(4)
(t)

Figure 1: Comparison between the exact and approximate solutions
obtained by the ADM for problem ((25)-(26)).

the approximate solutions 𝑢(4)(𝑡) and 𝑈(4)(𝑡) obtained by the
Adomian decomposition method.

Example 4. Consider the nonlinear two-term fractional ini-
tial value problem

𝐷4/5
0+
𝑢 (𝑡) + 𝐷1/2

0+
𝑢 (𝑡) = 𝑢 (𝑡) sin (𝑡)𝑢2 (𝑡) + 1 , 𝑡 > 0, (44)

with

𝑢 (0) = 1. (45)

This example has been discussed in [20], where the problem
is transformed to a fractional integral equation, and then the
Adams-Bashforth-Moultonmethod is used with step size ℎ =1/50 to approximate the solution.

Applying the current algorithm, we have 𝑝1 = 4, 𝑞1 =5, 𝑝2 = 1, 𝑞2 = 2, 𝑞 = l.c.m(5, 2) = 10, 𝑠 = 2, 𝑟 = 5, 𝑘 = 2,
and

𝑎𝑛+1𝑠𝑛+1 + 𝑎𝑛−2𝑟𝑛−2
= 1(𝑛 − 7)! ( d𝑛−7

d𝑤𝑛−7𝑓(𝑤10,
∞∑
𝑛=0

𝑎𝑛𝑤𝑛))
𝑤=0 ,

(46)

where

𝑓(𝑤10, ∞∑
𝑛=0

𝑎𝑛𝑤𝑛) = sin (𝑤10)∑∞𝑛=0 𝑎𝑛𝑤𝑛(∑∞𝑛=0 𝑎𝑛𝑤𝑛)2 + 1 . (47)
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Table 1: The error of Example 4 for𝑁 = 35 and different values of𝑡.
𝑡𝑖 𝐸35(𝑡𝑖)
0.1 1.16844 × 10−10
0.2 8.36081 × 10−9
0.3 9.93967 × 10−8
0.4 5.28261 × 10−7
0.5 1.93074 × 10−6
0.6 5.47664 × 10−6
0.7 0.0000130833
0.8 0.0000276624
0.9 0.0000534896
1.0 0.0000967893
The initial condition 𝑢(0) = 1 yields 𝑎0 = 1. We apply (46) to
compute the first 13 nonzero terms of 𝑎𝑛, and we have

𝑢 (𝑡) = 1 + 0.298242𝑡1.8 − 0.227519𝑡2.1
+ 0.167717𝑡2.4 − 0.119885𝑡2.7 + 0.0833333𝑡3
− 0.0564631𝑡3.3 + 0.0373656𝑡3.6
− 0.0280303𝑡3.8 − 0.0241927𝑡3.9
+ 0.0179008𝑡4.1 + 0.0153477𝑡4.2
− 0.0112111𝑡4.4.

(48)

Since the exact solution of problem (44)-(45) is not available
in a closed form, we define the error 𝐸𝑁(𝑡) by

𝐸𝑁 (𝑡𝑖) = ∫𝑡𝑖
0
(P𝑢𝑁 (𝑡))2 d𝑡, 𝑡 ∈ [0, 𝑡𝑖] , (49)

where

P𝑢 (𝑡) = 𝐷4/5
0+
𝑢 (𝑡) + 𝐷1/2

0+
𝑢 (𝑡) − 𝑢 (𝑡) sin (𝑡)𝑢2 (𝑡) + 1 ,

𝑢𝑁 (𝑡) = 𝑁∑
𝑘=0

𝑎𝑘𝑡𝑘/10.
(50)

Tables 1 and 2 present the error 𝐸𝑁 for different values of𝑁. One can see that the error decreases with 𝑁 and more
accuracy can be achieved by considering more terms. Also,
the error increases with 𝑡, as any other series solutions.
3. Three-Term Fractional Differential
Equations

We consider the nonlinear three-term fractional initial value
problem of the form

𝑐1𝐷𝛼10+𝑢 (𝑡) + 𝑐2𝐷𝛼20+𝑢 (𝑡) + 𝑐3𝐷𝛼30+𝑢 (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) ,
𝑡 > 0, (51)

Table 2: The error of Example 4 at 𝑡 = 1 and for different values of𝑁.
𝑁 𝐸𝑁(1)
5 0.0681689
10 0.0681689
15 0.0681689
20 0.067155
25 0.0248829
30 0.00882027
35 0.0000967893

with

𝑢(𝑖) (0) = 𝑏𝑖, 𝑖 = 0, 1, . . . , 𝑁1 − 1, (52)

where

0 < 𝛼3 ≤ 𝛼2 ≤ 𝛼1 < 𝑁1,
𝑁1 − 1 < 𝛼1 < 𝑁1,
𝑁2 − 1 < 𝛼2 ≤ 𝑁2 ≤ 𝑁1,

0 < 𝑁3 − 1 < 𝛼3 ≤ 𝑁3 ≤ 𝑁2,
(53)

and 𝑐1, 𝑐2, and 𝑐3 are nonzero constants. We assume that𝑓(𝑡, 𝑦(𝑡)) is continuous and smooth with respect to 𝑢(𝑡).
We also assume that 𝛼1, 𝛼2, and 𝛼3 are rational numbers
with 𝛼1 = 𝑝1/𝑞1, 𝛼2 = 𝑝2/𝑞2, and 𝛼3 = 𝑝3/𝑞3, where𝑝1, 𝑝2, 𝑝3, 𝑞1, 𝑞2, 𝑞3 ∈ N. Let 𝑞 = lcm(𝑞1, 𝑞2, 𝑞3); we have𝑞 = 𝑠𝑞1 = 𝑟𝑞2 = V𝑞3 for 𝑠, 𝑟 and V ∈ N.

Applying analogous steps for the case of the two-term
fractional equations, we seek a solution of the form

𝑢 (𝑡) = ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞 = (𝑁1−1)𝑞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞 + ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑡𝑛/𝑞

= 𝑁1−1∑
𝑛=0

𝑎𝑛𝑞𝑡𝑛 + ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑡𝑛/𝑞.
(54)

From the initial condition (52) we have 𝑢(𝑖)(0) = 𝑏𝑖 = 𝑖!𝑎𝑖𝑞,
and thus, 𝑎𝑖𝑞 = 𝑏𝑖/𝑖!, 𝑖 = 0, 1, . . . , 𝑁1 − 1.

Using the fact that𝐷𝛼0+(𝑡𝑛) = 0, for 𝛼 > 𝑛 ∈ N, we have

𝐷𝛼1
0+
𝑢 (𝑡) = ∞∑

𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑠𝑛𝑡(𝑛−𝑠𝑝1)/𝑞,

𝐷𝛼2
0+
𝑢 (𝑡) = 𝑁1−1∑

𝑛=𝑁2

𝑎𝑛𝑞𝜌𝑛𝑞𝑡𝑛−𝛼2 + ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑟𝑛𝑡(𝑛−𝑟𝑝2)/𝑞,

𝐷𝛼3
0+
𝑢 (𝑡) = 𝑁1−1∑

𝑛=𝑁3

𝑎𝑛𝑞]𝑛𝑞𝑡𝑛−𝛼3 + ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛V𝑛𝑡(𝑛−V𝑝3)/𝑞,

(55)

where 𝑠𝑛 = Γ(𝑛/𝑞+1)/Γ(𝑛/𝑞−𝛼1+1), 𝑟𝑛 = Γ(𝑛/𝑞+1)/Γ(𝑛/𝑞−𝛼2 + 1), 𝜌𝑛 = Γ(𝑛 + 1)/Γ(𝑛 + 1 − 𝛼2), V𝑛 = Γ(𝑛/𝑞 + 1)/Γ(𝑛/𝑞 −𝛼3 + 1), and ]𝑛 = Γ(𝑛 + 1)/Γ(𝑛 + 1 − 𝛼3).
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Substituting (55) in (51), we have

𝑐1 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑠𝑛𝑡(𝑛−𝑠𝑝1)/𝑞 + 𝑐2𝑁1−1∑
𝑛=𝑁2

𝑎𝑛𝑞𝜌𝑛𝑞𝑡𝑛−𝛼2

+ 𝑐2 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑟𝑛𝑡(𝑛−𝑟𝑝2)/𝑞 + 𝑐3𝑁1−1∑
𝑛=𝑁3

𝑎𝑛𝑞]𝑛𝑞𝑡𝑛−𝛼3

+ 𝑐3 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛V𝑛𝑡(𝑛−V𝑝3)/𝑞 = 𝑓(𝑡, ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞) .

(56)

Since the coefficients 𝑎𝑛𝑞, 𝑛 = 0, . . . , 𝑁1 − 1, are known, we
write the last equation in the form

𝑐1 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑠𝑛𝑡(𝑛−𝑠𝑝1)/𝑞 + 𝑐2 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛𝑟𝑛𝑡(𝑛−𝑟𝑝2)/𝑞

+ 𝑐3 ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑎𝑛V𝑛𝑡(𝑛−V𝑝3)/𝑞

= 𝑓(𝑡, ∞∑
𝑛=0

𝑎𝑛𝑡𝑛/𝑞) − 𝑐2𝑁1−1∑
𝑛=𝑁2

𝑎𝑛𝑞𝜌𝑛𝑞𝑡𝑛−𝛼2

− 𝑐3𝑁1−1∑
𝑛=𝑁3

𝑎𝑛𝑞]𝑛𝑞𝑡𝑛−𝛼3 .

(57)

Let 𝑤 = 𝑡1/𝑞; then (57) reduces to
∞∑

𝑛=(𝑁1−1)𝑞+1

𝑐1𝑎𝑛𝑠𝑛𝑤𝑛−𝑠𝑝1 + ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑐2𝑎𝑛𝑟𝑛𝑤𝑛−𝑟𝑝2

+ ∞∑
𝑛=(𝑁1−1)𝑞+1

𝑐3𝑎𝑛V𝑛𝑤𝑛−V𝑝3

= 𝑓(𝑤𝑞, ∞∑
𝑛=0

𝑎𝑛𝑤𝑛) − 𝑁1−1∑
𝑛=𝑁2

𝑐2𝑎𝑛𝑞𝜌𝑛𝑞𝑤𝑞(𝑛−𝛼2)

− 𝑁1−1∑
𝑛=𝑁3

𝑐3𝑎𝑛𝑞]𝑛𝑞𝑤𝑞(𝑛−𝛼3).

(58)

Substituting 𝑧 = (𝑁1 − 1)𝑞 + 1 and
𝑔 (𝑤) = 𝑓(𝑤𝑞, ∞∑

𝑛=0

𝑎𝑛𝑤𝑛) − 𝑁1−1∑
𝑛=𝑁2

𝑐2𝑎𝑛𝑞𝜌𝑛𝑞𝑤𝑞(𝑛−𝛼2)

− 𝑁1−1∑
𝑛=𝑁3

𝑐3𝑎𝑛𝑞]𝑛𝑞𝑤𝑞(𝑛−𝛼3)
(59)

and shifting the indices to zero, we have
∞∑
𝑛=0

𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧𝑤𝑛−𝑠𝑝1+𝑧 + ∞∑
𝑛=0

𝑐2𝑎𝑛+𝑧𝑟𝑛+𝑧𝑤𝑛−𝑟𝑝2+𝑧

+ ∞∑
𝑛=0

𝑐3𝑎𝑛+𝑧V𝑛+𝑧𝑤𝑛−V𝑝3+𝑧 = 𝑔 (𝑤) .
(60)

To avoid singularity we multiply both sides in (60) by 𝑤𝑠𝑝1−𝑧;
we have

∞∑
𝑛=0

𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧𝑤𝑛 + ∞∑
𝑛=0

𝑐2𝑎𝑛+𝑧𝑟𝑛+𝑧𝑤𝑛−𝑟𝑝2+𝑠𝑝1

+ ∞∑
𝑛=0

𝑐3𝑎𝑛+𝑧V𝑛+𝑧𝑤𝑛−V𝑝3+𝑠𝑝1 = 𝑤𝑠𝑝1−𝑧𝑔 (𝑤) .
(61)

Equation (61) can be written as

𝑘1−1∑
𝑛=0

𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧𝑤𝑛 + 𝑘2−1∑
𝑛=𝑘1

(𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧 + 𝑐2𝑎𝑛+𝑧−𝑘1𝑟𝑛+𝑧−𝑘1)
⋅ 𝑤𝑛 + ∞∑

𝑛=𝑘2

(𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧 + 𝑐2𝑎𝑛+𝑧−𝑘1𝑟𝑛+𝑧−𝑘1
+ 𝑐3𝑎𝑛+𝑧−𝑘2V𝑛+𝑧−𝑘2)𝑤𝑛 = 𝑤𝑠𝑝1−𝑧𝑔 (𝑤) ,

(62)

where 𝑘1 = 𝑠𝑝1 − 𝑟𝑝2 and 𝑘2 = 𝑠𝑝1 − V𝑝3.
Applying analogs steps for deriving (22), we have

𝑐1𝑎𝑛+𝑧𝑠𝑛+𝑧 + 𝑐2𝑎𝑛+𝑧−𝑘1𝑟𝑛+𝑧−𝑘1 + 𝑐3𝑎𝑛+𝑧−𝑘2V𝑛+𝑧−𝑘2
= 1(𝑛 − 𝑗)! [ d𝑛−𝑗

d𝑤𝑛−𝑗𝑔 (𝑤)]
𝑤=0

for 𝑛 ≥ 𝑘2, (63)

where 𝑗 = 𝑠𝑝1 − 𝑧. From the last recursion we determine𝑎𝑛+𝑧, 𝑛 ≥ 𝑘2.
Remark 5. Our derivation is based on the facts that the
nonlinear function is smooth and the fractional differential
equations is of constant coefficients. In case if one of these
conditions does not hold, a modified treatment will be
considered as we will see in Example 7.

3.1. Numerical Results

Example 6. Consider the Bagely-Torvik initial value problem

𝐷5/2
0+
𝑢 (𝑡) + 𝐷20+𝑢 (𝑡) − 2√𝜋𝐷1/20+ 𝑢 (𝑡) + 4𝑢 (𝑡) = 𝑔 (𝑡) ,

𝑡 ∈ [0, 1] , (64)

𝑢 (0) = 𝑢 (0) = 𝑢 (0) = 0, (65)

where

𝑔 (𝑡) = 4𝑡9 − 13107212155 𝑡17/2 + 72𝑡7 + 49152143√𝜋𝑡13/2. (66)

This example has been discussed in [21] using a Cheby-
shev spectral method, where the solution has been approx-
imated by the shifted Chebyshev polynomials with different
degrees. Then the exact solution 𝑢(𝑡) = 𝑡9 was obtained by
considering the shifted Chebyshev polynomial of degree 9.
We mention here that there are simple typos in presenting
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the example in (64) and in (66) and we correct them here.
Applying the current algorithm we have

𝑝1 = 5,
𝑝2 = 4,
𝑝3 = 1,
𝑞1 = 𝑞2 = 𝑞3 = 2,
𝑞 = lcm (𝑞1, 𝑞2, 𝑞3) = 2,
𝑠 = 1,
𝑟 = 1,
V = 1,
𝑘1 = 1,
𝑘2 = 4.

(67)

We expand the solution in infinite series of the form 𝑢(𝑡) =∑∞𝑛=0 𝑎𝑛𝑡𝑛/2.The initial condition in (65) yields 𝑎0 = 𝑎2 = 𝑎4 =0. Let 𝑡 = 𝑤2; applying (59) we have
𝑔 (𝑤) = 4𝑤18 − 13107212155 𝑤17 + 72𝑤14 + 49152143√𝜋𝑤13

− 4(∞∑
𝑛=0

𝑎𝑛𝑤𝑛) ,
(68)

and it holds that
d𝑚

d𝑤𝑚𝑔 (𝑤)
𝑤=0

=

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

−4𝑎1 if 𝑚 = 1
−4 × 2!𝑎2 if 𝑚 = 2
... ...
13! ( 49152143√𝜋 − 4𝑎13) if 𝑚 = 13
14! (72 − 4𝑎14) if 𝑚 = 14
−4 × 15!𝑎15 if 𝑚 = 15
−4 × 16!𝑎16 if 𝑚 = 16
17! (−13107212155 − 4𝑎17) if 𝑚 = 17
18! (4 − 4𝑎18) if 𝑚 = 18
−4!𝑎19 if 𝑚 = 19
... ...

(69)

Using (63) and (69), we have

𝑎𝑛+5𝑠𝑛+5 + 𝑎𝑛+4𝑟𝑛+4 − 2√𝜋𝑎𝑛+1V𝑛+1
= 1𝑛! ( d𝑛

d𝑤𝑛𝑔 (𝑤))
𝑤=0 , 𝑛 ≥ 4, (70)

where

𝑠𝑛+5 = Γ ((𝑛 + 5) /2 + 1)Γ ((𝑛 + 5) /2 − 3/2) ,
𝑟𝑛+4 = (𝑛 + 4) (𝑛 + 2)4 ,
V𝑛+1 = Γ ((𝑛 + 1) /2 + 1)Γ ((𝑛 + 1) /2 + 1/2) .

(71)

Since 𝑔(𝑤) is smooth, then 𝑎𝑛+5 = 0, for 𝑛 < 4.We now apply
the last recursion together with 𝑎0 = ⋅ ⋅ ⋅ = 𝑎8 = 0, to compute𝑎𝑛+5, for 𝑛 ≥ 4. For 𝑛 = 4, we have

𝑎9𝑠9 + 𝑎8𝑟8 − 2√𝜋𝑎5V5 = 𝑔(4) (0) = 0, (72)

and thus 𝑎9 = 0.
Applying analogous arguments yields 𝑎10 = ⋅ ⋅ ⋅ = 𝑎17 = 0.

For 𝑛 = 13, we have
𝑎18𝑠18 + 𝑎17𝑟17 − 2√𝜋𝑎14V14 = 49152143√𝜋 − 4𝑎13, (73)

which, together with 𝑎17 = 𝑎14 = 𝑎13 = 0, implies that 𝑎18 = 1.
For 𝑛 = 14, we have

𝑎19𝑠19 + 𝑎18𝑟18 − 2√𝜋𝑎15V15 = 72 − 4𝑎14, (74)

but 𝑎18 = 1 and 𝑎15 = 𝑎14 = 0; thus 𝑎19 = 0. Applying the
same steps yields 𝑎20 = 𝑎21 = 0. For 𝑛 = 17, we have

𝑎22𝑠22 + 𝑎21𝑟21 − 2√𝜋𝑎18V18 = −13107212155 − 4𝑎17, (75)

and thus 𝑎22 = 0.
Proceeding in the same manner, we have 𝑎𝑛+1 = 0 for 𝑛 ≥18. Thus,

𝑢 (𝑡) = 𝑎18𝑡18/2 = 𝑡9, (76)

and the exact solution of problem (64)-(65) is obtained.

In the following example we show that the current algo-
rithm can be applied to more general multiterm fractional
differential equations which are not necessary of the form in
(51).

Example 7. Consider the nonlinear three-term fractional
initial value problem

𝑡𝐷4/3
0+
𝑢 (𝑡) + 𝐷1/3

0+
𝑢 (𝑡) + 𝑡19/6𝐷1/6

0+
𝑢 (𝑡)

= 334Γ (8/3) 𝑡8/3 + 1296935Γ (5/6)𝑢2 (𝑡) ,
(77)

with

𝑢 (0) = 𝑢 (0) = 0. (78)

The exact solution for this problem is 𝑢(𝑡) = 𝑡3.
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Applying the current algorithm we have 𝑞 = 6. We then
expand the solution in an infinite series of the form 𝑢(𝑡) =∑∞𝑛=0 𝑎𝑛𝑡𝑛/6. From the initial condition (78), we have 𝑎0 =𝑎6 = 0. To guarantee the existence of the fractional derivative𝐷4/3
0+
𝑢(𝑡) we choose 𝑎1 = ⋅ ⋅ ⋅ = 𝑎5 = 0. Let 𝑤 = 𝑡1/6; then (77)

reduces to

𝑎1𝑟1 + 18∑
𝑛=0

(𝑎𝑛+2𝑠𝑛+2 + 𝑎𝑛+2𝑟𝑛+2) 𝑤𝑛

+ ∞∑
𝑛=19

(𝑎𝑛+2𝑠𝑛+2 + 𝑎𝑛+2𝑟𝑛+2 + 𝑎𝑛−18V𝑛−18) 𝑤𝑛

= 33𝑤164Γ (8/3) + 1296935Γ (5/6) (
∞∑
𝑛=0

𝑎𝑛𝑤𝑛)
2 ,

(79)

where 𝑠𝑛 = Γ(𝑛/6 + 1)/Γ(𝑛/6 − 1/3), 𝑟𝑛 = Γ(𝑛/6 + 1)/Γ(𝑛/6 +2/3), and V𝑛 = Γ(𝑛/6 + 1)/Γ(𝑛/6 + 5/6).
Performing the 𝑛th derivatives one can see that 𝑎𝑛 = 0 for𝑛 < 16. For 𝑛 = 16, we have

𝑎18𝑠18 + 𝑎18𝑟18 = 334Γ (8/3) , (80)

which yields 𝑎18 = 1.
Also, 𝑎19 = ⋅ ⋅ ⋅ = 𝑎35 = 0.
For 𝑛 = 36, we have

𝑎38𝑠38 + 𝑎38𝑟38 + 𝑎18V18 = 1296935Γ (5/6) , (81)

which yields 𝑎38 = 0.
Following analogous steps, we have 𝑎𝑛 = 0 for 𝑛 > 36.

Thus

𝑢 (𝑡) = 𝑎18𝑡18/6 = 𝑡3, (82)

which is the exact solution.

4. Conclusion

For fractional differential equations of order 𝑛 − 1 < 𝛼 <𝑛, it is common to obtain a series solution in the form∑∞𝑛=0 𝑎𝑛𝑡𝛼(𝑛). The question is how to obtain the coefficients𝑎𝑛, 𝑛 = 0, 1, . . .. Naturally, if the problem is of fractional order,
the differentiation is also of fractional order. In this paper,
we presented a new algorithm for obtaining a series solution
for nonlinear multiterm fractional differential equations of
Caputo type, where we overcome the use of fractional differ-
entiation.We employed a transformation that allows us to use
ordinary differentiation rather than fractional differentiation
to recursively compute the coefficient of the series expansion.
Then the terms of the series, 𝑎𝑛, are computed sequentially
using a closed form formula. We applied the new algorithm
to several types of multiterm fractional differential equations,
where accurate solutions as well as exact solutions in closed
forms have been obtained. For one example it is noted that
the current algorithm is more efficient than the ADM as it is
more easier to apply and it produces the exact solution while

the ADMdoes not.We have developed the new algorithm for
two- and three-term fractional equations, while the idea can
be extended to multiterm fractional equations of arbitrary
order; obtaining a general formula in this case is not an easy
task. The current algorithm can be modified to deal with the
fractional multiterm time-diffusion equations.
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We consider a fractional boundary value problem involving a fractional derivative with respect to a certain function 𝑔. A Hartman-
Wintner-type inequality is obtained for such problem. Next, several Lyapunov-type inequalities are deduced for different choices
of the function 𝑔. Moreover, some applications to eigenvalue problems are presented.

1. Introduction

In this work, we are concerned with the following fractional
boundary value problem:

(𝐷𝛼𝑎,𝑔𝑢) (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,
𝑢 (𝑎) = 𝑢 (𝑏) = 0, (1)

where (𝑎, 𝑏) ∈ R2, 𝑎 < 𝑏, 𝛼 ∈ (1, 2), 𝑞 : [𝑎, 𝑏] → R is
a continuous function, and 𝐷𝛼𝑎,𝑔 is the fractional derivative
operator of order 𝛼 with respect to a certain nondecreasing
function 𝑔 ∈ 𝐶1([𝑎, 𝑏];R) with 𝑔(𝑥) > 0, for all 𝑥 ∈ (𝑎, 𝑏).
A Hartman-Wintner-type inequality is derived for problem
(1). As a consequence, several Lyapunov-type inequalities are
deduced for different types of fractional derivatives. Next, we
end the paper with some applications to eigenvalue problems.

Let us start by describing some historical backgrounds
about Lyapunov inequality and some relatedworks. In the late
XIX century, the mathematician A. M. Lyapunov established
the following result (see [1]).

Theorem 1. If the boundary value problem𝑢 (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,𝑢 (𝑎) = 𝑢 (𝑏) = 0 (2)

has a nontrivial solution, where 𝑞 : [𝑎, 𝑏] → R is a continuous
function, then

∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠 > 4𝑏 − 𝑎 . (3)

Inequality (3) is known as Lyapunov inequality. It is
proved to be very useful in various problems in connec-
tion with differential equations, including oscillation theory,
asymptotic theory, eigenvalue problems, and disconjugacy.
For more details, we refer the reader to [2–12] and references
therein.

In [8], Hartman and Wintner proved that if boundary
value problem (2) has a nontrivial solution, then

∫𝑏
𝑎
(𝑠 − 𝑎) (𝑏 − 𝑠) 𝑞+ (𝑠) 𝑑𝑠 > 𝑏 − 𝑎, (4)

where

𝑞+ (𝑠) = max {𝑞 (𝑠) , 0} , 𝑠 ∈ [𝑎, 𝑏] . (5)

Using the fact that

max
𝑎≤𝑠≤𝑏

(𝑠 − 𝑎) (𝑏 − 𝑠) = (𝑏 − 𝑎)24 , (6)
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Lyapunov inequality (3) follows immediately from inequality
(4). Many other generalizations and extensions of inequality
(3) exist in the literature; see, for instance, [7, 13–22] and
references therein.

Due to the positive impact of fractional calculus on
several applied sciences (see, for instance, [23]), several
authors investigated Lyapunov-type inequalities for various
classes of fractional boundary value problems. The first work
in this direction is due to Ferreira [24], where he considered
the fractional boundary value problem

(RL𝐷𝛼𝑎𝑢) (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,
𝑢 (𝑎) = 𝑢 (𝑏) = 0, (7)

where (𝑎, 𝑏) ∈ R2, 𝑎 < 𝑏, 𝛼 ∈ (1, 2), 𝑞 : [𝑎, 𝑏] → R is
a continuous function, and RL𝐷𝛼𝑎 is the Riemann-Liouville
fractional derivative operator of order 𝛼. The main result
obtained in [24] is the following fractional version of
Theorem 1.

Theorem 2. If fractional boundary value problem (7) has a
nontrivial solution, then

∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠 > Γ (𝛼) ( 4𝑏 − 𝑎)𝛼−1 , (8)

where Γ is the Gamma function.

Observe that (3) can be deduced fromTheorem 2 by pass-
ing to the limit as 𝛼 → 2 in (8). For other related works, we
refer the reader to Ferreira [25, 26], Jleli and Samet [27, 28],
Jleli et al. [29, 30], O’Regan and Samet [31], Al Arifi et al. [32],
Rong and Bai [33], Chidouh and Torres [34], Agarwal and
Özbekler [35], Ma [36], and the references therein.

Very recently, Ma et al. [37] investigated the fractional
boundary value problem

(𝐻𝐷𝛼1𝑢) (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 1 < 𝑡 < 𝑒,
𝑢 (1) = 𝑢 (𝑒) = 0, (9)

where 𝛼 ∈ (1, 2), 𝑞 : [1, 𝑒] → R is a continuous function, and
𝐻𝐷𝛼1 is the Hadamard fractional derivative operator of order𝛼. The main result in [37] is the following.

Theorem 3. If fractional boundary value problem (9) has a
nontrivial solution, then

∫𝑒
1

𝑞 (𝑠) 𝑑𝑠 > Γ (𝛼) 𝜆1−𝛼 (1 − 𝜆)1−𝛼 𝑒𝜆, (10)

where 𝜆 = (2𝛼 − 1 − √(2𝛼 − 2)2 + 1)/2.
In the same paper [37], the authors formulated the follow-

ing question: How to get the Lyapunov inequality for the
following Hadamard fractional boundary value problem:

(𝐻𝐷𝛼𝑎𝑢) (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,
𝑢 (𝑎) = 𝑢 (𝑏) = 0, (11)

where (𝑎, 𝑏) ∈ R2, 1 ≤ 𝑎 < 𝑏, 𝛼 ∈ (1, 2), and 𝑞 : [𝑎, 𝑏] → R is
a continuous function. Note that one of our obtained results
is an answer to the above question.

2. Preliminaries

Before stating and proving themain results in this work, some
preliminaries are needed.

Let 𝐼 = [𝑎, 𝑏] be a certain interval in R, where (𝑎, 𝑏) ∈
R2, 𝑎 < 𝑏. We denote by AC(𝐼;R) the space of real valued
and absolutely continuous functions on 𝐼. For 𝑛 = 1, 2, . . ., we
denote by AC𝑛(𝐼;R) the space of real valued functions 𝑓(𝑥)
which have continuous derivatives up to order 𝑛−1 on 𝐼with𝑓(𝑛−1) ∈ AC(𝐼;R); that is,

AC𝑛 (𝐼;R) = {𝑓 : 𝐼 → R such that 𝐷𝑛−1𝑓
∈ AC (𝐼;R) (𝐷 = 𝑑𝑑𝑥)} .

(12)

Clearly, we have AC1(𝐼;R) = AC(𝐼;R).
Definition 4 (see [23]). Let 𝑓 ∈ 𝐿1((𝑎, 𝑏);R). The Riemann-
Liouville fractional integral of order 𝛼 > 0 of 𝑓 is defined by

(RL𝐼𝛼𝑎𝑓) (𝑡) = 1Γ (𝛼) ∫𝑡𝑎 𝑓 (𝑠)(𝑡 − 𝑠)1−𝛼 𝑑𝑠, a.e 𝑡 ∈ [𝑎, 𝑏] . (13)

Definition 5 (see [23]). Let 𝛼 > 0 and 𝑛 be the smallest integer
greater than or equal to 𝛼. Let 𝑓 : [𝑎, 𝑏] → R be a function
such that RL𝐼𝑛−𝛼𝑎 𝑓 ∈ AC𝑛([𝑎, 𝑏];R). Then the Riemann-
Liouville fractional derivative of order 𝛼 of a function 𝑓 is
defined by

(RL𝐷𝛼𝑎𝑓) (𝑡) = ( 𝑑𝑑𝑡)𝑛 RL𝐼𝑛−𝛼𝑎 𝑓 (𝑡)
= 1Γ (𝑛 − 𝛼) ( 𝑑𝑑𝑡)𝑛 ∫𝑡𝑎 𝑓 (𝑠)(𝑡 − 𝑠)𝛼−𝑛+1 𝑑𝑠,

(14)

for a.e. 𝑡 ∈ [𝑎, 𝑏].
Let 𝛼 > 0 and 𝑛 be the smallest integer greater than or

equal to 𝛼. By AC𝛼([𝑎, 𝑏];R) (see [38]), one denotes the set of
all functions 𝑓 : [𝑎, 𝑏] → R that have the representation:

𝑓 (𝑡) = 𝑛−1∑
𝑖=0

𝑐𝑖Γ (𝛼 − 𝑛 + 1 + 𝑖) (𝑡 − 𝑎)𝛼−𝑛+𝑖 + RL𝐼𝛼𝑎𝜑 (𝑡) ,
a.e 𝑡 ∈ [𝑎, 𝑏] ,

(15)

where 𝑐0, 𝑐1, . . . , 𝑐𝑛−1 ∈ R and 𝜑 ∈ 𝐿1((𝑎, 𝑏);R).
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Lemma 6 (see [38]). Let 𝛼 > 0, 𝑛 be the smallest integer
greater than or equal to 𝛼, and 𝑓 ∈ 𝐿1((𝑎, 𝑏);R). Then
RL𝐷𝛼𝑎𝑓(𝑡) exists almost everywhere on [𝑎, 𝑏] if and only if 𝑓 ∈
AC𝛼([𝑎, 𝑏];R); that is,𝑓 has representation (15). In such a case,
one has

(RL𝐷𝛼𝑎𝑓) (𝑡) = 𝜑 (𝑡) , a.e 𝑡 ∈ [𝑎, 𝑏] . (16)

Let 𝑔 ∈ 𝐶1([𝑎, 𝑏];R) be a nondecreasing function with𝑔(𝑥) > 0, for all 𝑥 ∈ (𝑎, 𝑏).
Definition 7 (see [23]). Let 𝑓 ∈ 𝐿1((𝑎, 𝑏);R). The fractional
integral of order 𝛼 > 0 of 𝑓 with respect to the function 𝑔 is
defined by

(𝐼𝛼𝑎,𝑔𝑓) (𝑡) = 1Γ (𝛼) ∫𝑡𝑎 𝑔 (𝑠) 𝑓 (𝑠)(𝑔 (𝑡) − 𝑔 (𝑠))1−𝛼 𝑑𝑠,
a.e 𝑡 ∈ [𝑎, 𝑏] . (17)

Definition 8 (see [23]). Let 𝛼 > 0 and 𝑛 be the smallest integer
greater than or equal to 𝛼. Let 𝑓 : [𝑎, 𝑏] → R be a function
such that ((1/𝑔(𝑡))(𝑑/𝑑𝑡))𝑛𝐼𝑛−𝛼𝑎,𝑔 𝑓 exists almost everywhere
on [𝑎, 𝑏]. In this case, the fractional derivative of order 𝛼 of 𝑓
with respect to the function 𝑔 is defined by

𝐷𝛼𝑎,𝑔𝑓 (𝑡) = ( 1𝑔 (𝑡) 𝑑𝑑𝑡)𝑛 𝐼𝑛−𝛼𝑎,𝑔 𝑓 (𝑡)
= 1Γ (𝑛 − 𝛼) ( 1𝑔 (𝑡) 𝑑𝑑𝑡)𝑛 ∫𝑡𝑎 𝑔 (𝑠) 𝑓 (𝑠)(𝑔 (𝑡) − 𝑔 (𝑠))𝛼−𝑛+1 𝑑𝑠,

(18)

for a.e. 𝑡 ∈ [𝑎, 𝑏].
The following lemma is crucial for the proof of our main

result.

Lemma 9. Let 𝛼 > 0 and 𝑛 be the smallest integer greater than
or equal to𝛼. Suppose that the function𝑦 → 𝑓(𝑔−1(𝑦)) belongs
to the space AC𝛼([𝑔(𝑎), 𝑔(𝑏)];R). Then

𝐷𝛼𝑎,𝑔𝑓 (𝑔−1 (𝑦)) = RL𝐷𝛼𝑔(𝑎) (𝑓 ∘ 𝑔−1) (𝑦) ,
a.e 𝑦 ∈ [𝑔 (𝑎) , 𝑔 (𝑏)] . (19)

Proof. At first, observe that, from Lemma 6, RL𝐷𝛼𝑔(𝑎)(𝑓 ∘𝑔−1)(𝑦) exists for a.e. 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)]. Now, using the change
of variable 𝑥 = 𝑔−1(𝑦), 𝑦 ∈ (𝑔(𝑎), 𝑔(𝑏)), the chain rule yields

𝑑𝑑𝑦 = 𝑑𝑑𝑥 𝑑𝑥𝑑𝑦 = 𝑑𝑑𝑥 1𝑔 (𝑔−1 (𝑦)) = 1𝑔 (𝑥) 𝑑𝑑𝑥 . (20)

Therefore, we obtain

RL𝐷𝛼𝑔(𝑎) (𝑓 ∘ 𝑔−1) (𝑦)
= 1Γ (𝑛 − 𝛼) ( 𝑑𝑑𝑦)𝑛 ∫𝑦𝑔(𝑎) 𝑓 (𝑔

−1 (𝑠))(𝑦 − 𝑠)𝛼−𝑛+1 𝑑𝑠
= 1Γ (𝑛 − 𝛼) ( 1𝑔 (𝑥) 𝑑𝑑𝑥)𝑛 ∫𝑔(𝑥)𝑔(𝑎) 𝑓 (𝑔−1 (𝑠))(𝑔 (𝑥) − 𝑠)𝛼−𝑛+1 𝑑𝑠.

(21)

Next, using the change of variable 𝑡 = 𝑔−1(𝑠), we obtain
RL𝐷𝛼𝑔(𝑎) (𝑓 ∘ 𝑔−1) (𝑦)
= 1Γ (𝑛 − 𝛼) ( 1𝑔 (𝑥) 𝑑𝑑𝑥)𝑛 ∫𝑥𝑎 𝑔 (𝑡) 𝑓 (𝑡)(𝑔 (𝑥) − 𝑔 (𝑡))𝛼−𝑛+1 𝑑𝑡
= 𝐷𝛼𝑎,𝑔𝑓 (𝑥) = 𝐷𝛼𝑎,𝑔𝑓 (𝑔−1 (𝑦)) ,

(22)

which proves the desired result.

In the sequel, we denote by Ξ𝑔([𝑎, 𝑏];R) the functional
space defined by

Ξ𝑔 ([𝑎, 𝑏] ;R) = {𝑓 : [𝑎, 𝑏] → R : 𝑓 ∘ 𝑔−1
∈ AC𝛼 ([𝑔 (𝑎) , 𝑔 (𝑏)] ;R)} . (23)

Definition 10 (see [23]). Let 𝛼 > 0 and 𝑛 be the smallest
integer greater than or equal to 𝛼. Let 𝑔(𝑥) = ln𝑥, where𝑥 ∈ [𝑎, 𝑏] and 0 < 𝑎 < 𝑏. The Hadamard fractional derivative
of order 𝛼 of 𝑓 ∈ Ξ𝑔([𝑎, 𝑏];R) is defined by

𝐻𝐷𝛼𝑎𝑓 (𝑡) = 𝐷𝛼𝑎,𝑔𝑓 (𝑡) , a.e 𝑡 ∈ [𝑎, 𝑏] . (24)

We refer the reader to Ferreira [24] for the proofs of the
following results.

Lemma 11. Let ℎ ∈ 𝐶([𝐴, 𝐵];R), (𝐴, 𝐵) ∈ R2, 𝐴 < 𝐵, and1 < 𝛼 < 2. Then 𝐹 ∈ AC𝛼([𝑎, 𝑏];R) ∩𝐶([𝑎, 𝑏];R) is a solution
of the boundary value problem

(RL𝐷𝛼𝐴𝐹) (𝑡) + ℎ (𝑡) = 0, 𝐴 < 𝑡 < 𝐵,
𝐹 (𝐴) = 𝐹 (𝐵) = 0 (25)

if, and only if, 𝐹 satisfies the integral equation

𝐹 (𝑡) = ∫𝐵
𝐴
𝐺 (𝑡, 𝑠) ℎ (𝑠) 𝑑𝑠, 𝐴 ≤ 𝑡 ≤ 𝐵, (26)
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where

Γ (𝛼) 𝐺 (𝑡, 𝑠)
= {{{{{{{{{

(𝑡 − 𝐴)𝛼−1(𝐵 − 𝐴)𝛼−1 (𝐵 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1 , 𝐴 ≤ 𝑠 ≤ 𝑡 ≤ 𝐵,
(𝑡 − 𝐴)𝛼−1(𝐵 − 𝐴)𝛼−1 (𝐵 − 𝑠)𝛼−1 , 𝐴 ≤ 𝑡 ≤ 𝑠 ≤ 𝐵.

(27)

Lemma 12. The Green function 𝐺 defined by (27) satisfies the
following properties:

(i) 𝐺(𝑡, 𝑠) ≥ 0 for all 𝐴 ≤ 𝑡, 𝑠 ≤ 𝐵.
(ii) For all 𝑠 ∈ [𝐴, 𝐵], one has

max
𝑡∈[𝐴,𝐵]

𝐺 (𝑡, 𝑠) = 𝐺 (𝑠, 𝑠) . (28)

3. A Hartman-Wintner-Type Inequality
for Boundary Value Problem (1)

In this section, a Hartman-Wintner-type inequality is estab-
lished for fractional boundary value problem (1).

Problem (1) is investigated under the following assump-
tions:

(A1) 𝛼 ∈ (1, 2).
(A2) 𝑞 ∈ 𝐶([𝑎, 𝑏];R).
(A3) 𝑔 ∈ 𝐶1([𝑎, 𝑏];R).
(A4) 𝑔 is a nondecreasing function with 𝑔(𝑥) > 0, for all𝑥 ∈ (𝑎, 𝑏).
We have the following result.

Theorem 13. Under assumptions (A1)–(A4), if fractional
boundary value problem (1) has a nontrivial solution 𝑢 ∈Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R), then

∫𝑏
𝑎
[(𝑔 (𝑠) − 𝑔 (𝑎)) (𝑔 (𝑏) − 𝑔 (𝑠))]𝛼−1 𝑔 (𝑠) 𝑞 (𝑠) 𝑑𝑠
≥ Γ (𝛼) (𝑔 (𝑏) − 𝑔 (𝑎))𝛼−1 . (29)

Proof. Suppose that 𝑢 is a nontrivial solution of (1). Let us
define the function V : [𝑔(𝑎), 𝑔(𝑏)] → R by

V (𝑦) = 𝑢 (𝑔−1 (𝑦)) , 𝑦 ∈ [𝑔 (𝑎) , 𝑔 (𝑏)] . (30)

Using Lemma 9, for all 𝑦 ∈ (𝑔(𝑎), 𝑔(𝑏)), we have
𝐷𝛼𝑎,𝑔𝑢 (𝑔−1 (𝑦)) = RL𝐷𝛼𝑔(𝑎) (𝑢 ∘ 𝑔−1) (𝑦)

= RL𝐷𝛼𝑔(𝑎)V (𝑦) . (31)

On the other hand, since 𝑢 is a solution of (1), we have

𝐷𝛼𝑎,𝑔𝑢 (𝑔−1 (𝑦)) = −𝑞 (𝑔−1 (𝑦)) 𝑢 (𝑔−1 (𝑦)) ,𝑦 ∈ (𝑔 (𝑎) , 𝑔 (𝑏)) ,
𝑢 (𝑔−1 (𝑔 (𝑎))) = 𝑢 (𝑔−1 (𝑔 (𝑏))) = 0.

(32)

Therefore, V is a nontrivial solution of the Riemann-Liouville
fractional boundary value problem

(RL𝐷𝛼𝐴V) (𝑦) + 𝑄 (𝑦) V (𝑦) = 0, 𝐴 < 𝑦 < 𝐵,
V (𝐴) = V (𝐵) = 0, (33)

where𝐴 = 𝑔(𝑎),𝐵 = 𝑔(𝑏), and𝑄 : [𝐴, 𝐵] → R is the function
defined by

𝑄 (𝑦) = 𝑞 (𝑔−1 (𝑦)) , 𝑦 ∈ [𝐴, 𝐵] . (34)

Now, by Lemma 11, we obtain

V (𝑦) = ∫𝐵
𝐴
𝐺 (𝑦, 𝑠) 𝑄 (𝑠) V (𝑠) 𝑑𝑠, 𝐴 ≤ 𝑦 ≤ 𝐵, (35)

where 𝐺 is the Green function defined by (27). Next, let us
consider the Banach space 𝐶([𝐴, 𝐵];R) equipped with the
standard norm

‖V‖∞ = max {V (𝑦) : 𝐴 ≤ 𝑦 ≤ 𝐵} . (36)

Clearly, since V is nontrivial, we have ‖V‖∞ > 0. Further, using
(35) and Lemma 12, we have

V (𝑦) ≤ ‖V‖∞ ∫𝐵
𝐴
𝐺 (𝑠, 𝑠) |𝑄 (𝑠)| 𝑑𝑠, 𝑦 ∈ [𝐴, 𝐵] , (37)

which yields

‖V‖∞ ≤ ‖V‖∞ ∫𝐵
𝐴
𝐺 (𝑠, 𝑠) |𝑄 (𝑠)| 𝑑𝑠. (38)

Therefore, we obtain

∫𝐵
𝐴
𝐺 (𝑠, 𝑠) |𝑄 (𝑠)| 𝑑𝑠 ≥ 1; (39)

that is,

∫𝑔(𝑏)
𝑔(𝑎)

𝐺 (𝑠, 𝑠) 𝑞 (𝑔−1 (𝑠)) 𝑑𝑠 ≥ 1. (40)

Using the change of variable 𝑠 = 𝑔(𝑡), we get
∫𝑏
𝑎
𝐺 (𝑔 (𝑡) , 𝑔 (𝑡)) 𝑞 (𝑡) 𝑔 (𝑡) 𝑑𝑡 ≥ 1. (41)

Note that by (27) we have

𝐺 (𝑔 (𝑡) , 𝑔 (𝑡)) = (𝑔 (𝑡) − 𝑔 (𝑎))𝛼−1 (𝑔 (𝑏) − 𝑔 (𝑡))𝛼−1Γ (𝛼) (𝑔 (𝑏) − 𝑔 (𝑎))𝛼−1 ,
𝑡 ∈ [𝑎, 𝑏] .

(42)
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Therefore,

∫𝑏
𝑎
[(𝑔 (𝑡) − 𝑔 (𝑎)) (𝑔 (𝑏) − 𝑔 (𝑡))]𝛼−1 𝑔 (𝑡) 𝑞 (𝑡) 𝑑𝑡
≥ Γ (𝛼) (𝑔 (𝑏) − 𝑔 (𝑎))𝛼−1 , (43)

which is desired inequality (29).

4. Lyapunov-Type Inequalities
for Different Choices of the Function 𝑔

In this section, using Theorem 13, several Lyapunov-type
inequalities are deduced for different choices of the function𝑔.
4.1. The Case 𝑔(𝑥) = 𝑥𝛽, 𝛽 > 0. Taking 𝑔(𝑥) = 𝑥𝛽, 𝛽 > 0, in
Theorem 13, we deduce the followingHartman-Wintner-type
inequality.

Corollary 14. If fractional boundary value problem (1) has
a nontrivial solution 𝑢 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R), where𝑔(𝑥) = 𝑥𝛽, 𝑥 ∈ [𝑎, 𝑏], 0 < 𝑎 < 𝑏, then

∫𝑏
𝑎
[(𝑠𝛽 − 𝑎𝛽) (𝑏𝛽 − 𝑠𝛽)]𝛼−1 𝑠𝛽−1 𝑞 (𝑠) 𝑑𝑠
≥ Γ (𝛼) (𝑏𝛽 − 𝑎𝛽)𝛼−1𝛽 . (44)

Next, let us define the function 𝜑𝛼,𝛽 : [𝑎, 𝑏] → [0,∞) by
𝜑𝛼,𝛽 (𝑠) = [(𝑠𝛽 − 𝑎𝛽) (𝑏𝛽 − 𝑠𝛽)]𝛼−1 𝑠𝛽−1, 𝑠 ∈ [𝑎, 𝑏] . (45)

Since 𝜑𝛼,𝛽 is continuous on [𝑎, 𝑏] and 𝜑𝛼,𝛽(𝑎) = 𝜑𝛼,𝛽(𝑏) = 0,
there exists some 𝑠∗(𝛼, 𝛽) ∈ (𝑎, 𝑏) such that

𝜑𝛼,𝛽 (𝑠∗ (𝛼, 𝛽)) = max {𝜑𝛼,𝛽 (𝑠) : 𝑠 ∈ [𝑎, 𝑏]} > 0. (46)

Therefore, from inequality (44), we obtain the following
Lyapunov-type inequality.

Corollary 15. If fractional boundary value problem (1) has
a nontrivial solution 𝑢 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R), where𝑔(𝑥) = 𝑥𝛽, 𝑥 ∈ [𝑎, 𝑏], 0 < 𝑎 < 𝑏, then

∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠 ≥ Γ (𝛼) (𝑏𝛽 − 𝑎𝛽)𝛼−1𝛽𝜑𝛼,𝛽 (𝑠∗ (𝛼, 𝛽)) . (47)

In order to compute the value of 𝑠∗(𝛼, 𝛽) for 𝛼 ∈ (1, 2)
and 𝛽 > 0, we have to study the variations of the function𝜑𝛼,𝛽 defined by (45). Observe that

𝜑𝛼,𝛽 (𝑠) = 𝜙𝛼,𝛽 (𝑠𝛽) , 𝑠 ∈ [𝑎, 𝑏] , (48)

where 𝜙𝛼,𝛽 : [𝑀,𝑁] → [0,∞) is the function defined by

𝜙𝛼,𝛽 (𝑥) = [(𝑥 −𝑀) (𝑁 − 𝑥)]𝛼−1 𝑥(𝛽−1)/𝛽,
𝑥 ∈ [𝑀,𝑁] (49)

with𝑀 = 𝑎𝛽 and𝑁 = 𝑏𝛽. A simple computation yields

𝜙𝛼,𝛽 (𝑥) = 𝜙𝛼,𝛽 (𝑥)𝑥 (𝑥 −𝑀) (𝑁 − 𝑥) ((𝛾 − 2𝛿) 𝑥2
+ (𝑀 +𝑁) (𝛿 − 𝛾) 𝑥 + 𝛾𝑀𝑁) , (50)

for all 𝑥 ∈ (𝑀,𝑁), where 𝛾 = (1 − 𝛽)/𝛽 and 𝛿 = 𝛼 − 1. Next,
we put

𝑃 (𝑥) = (𝛾 − 2𝛿) 𝑥2 + (𝑀 +𝑁) (𝛿 − 𝛾) 𝑥 + 𝛾𝑀𝑁,𝑥 ∈ [𝑀,𝑁] . (51)

We consider three cases.

Case 1 (if 𝛽 = 1/(2𝛼 − 1)). In this case, we have 𝛾 = 2𝛿 and𝑃(𝑥) = 0 if and only if 𝑥 = 2𝑀𝑁/(𝑀 + 𝑁). Moreover, we
have 𝑃(𝑥) ≥ 0 for 𝑥 ∈ [𝑀, 2𝑀𝑁/(𝑀 + 𝑁)] and 𝑃(𝑥) ≤ 0 for𝑥 ∈ [2𝑀𝑁/(𝑀 +𝑁),𝑁]. Therefore,

𝜙𝛼,𝛽 ( 2𝑀𝑁𝑀 +𝑁) = max {𝜙𝛼,𝛽 (𝑥) : 𝑥 ∈ [𝑀,𝑁]} ,
𝑠∗ (𝛼, 𝛽) = ( 2𝑀𝑁𝑀 +𝑁)1/𝛽 = ( 2𝑎𝛽 + 𝑏𝛽 )1/𝛽 𝑎𝑏.

(52)

Thus, in this case we obtain

𝜑𝛼,𝛽 (𝑠∗ (𝛼, 𝛽)) = [[
(𝑏𝛽 − 𝑎𝛽)24 (𝑎𝑏)𝛽 ]]

𝛼−1 . (53)

Next, using (53), we deduce from Corollary 15 the following
Lyapunov-type inequality in the case 𝛽(2𝛼 − 1) = 1.
Corollary 16 (the case 𝛽(2𝛼 − 1) = 1). If fractional boundary
value problem (1) has a nontrivial solution 𝑢 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩𝐶([𝑎, 𝑏];R), where 𝑔(𝑥) = 𝑥𝛽, 𝑥 ∈ [𝑎, 𝑏], 0 < 𝑎 < 𝑏, then

∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠 ≥ Γ (𝛼)𝛽 [ 4 (𝑎𝑏)𝛽𝑏𝛽 − 𝑎𝛽]
𝛼−1 . (54)

Case 2 (if 0 < 𝛽 < 1/(2𝛼−1)). In this case, we have 𝛾 > 2𝛿 > 0
and 𝑃(𝑥) has two distinct zeros at

𝑥1 = (𝛾 − 𝛿) (𝑀 + 𝑁) − √Δ2 (𝛾 − 2𝛿) ,
𝑥2 = (𝛾 − 𝛿) (𝑀 + 𝑁) + √Δ2 (𝛾 − 2𝛿) , (55)

where

Δ = (𝑀 −𝑁)2 (𝛿 − 𝛾)2 + 4𝑀𝑁𝛿2. (56)

It can be easily seen that

0 < 𝑀 < 𝑥1 < 𝑁 < 𝑥2. (57)
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Moreover, we have 𝑃(𝑥) ≥ 0 for 𝑥 ∈ [𝑀, 𝑥1] and 𝑃(𝑥) ≤ 0
for 𝑥 ∈ [𝑥1, 𝑁]. Therefore,

𝜙𝛼,𝛽 (𝑥1) = max {𝜙𝛼,𝛽 (𝑥) : 𝑥 ∈ [𝑀,𝑁]} ,
𝑠∗ (𝛼, 𝛽) = 𝑥1/𝛽1 = ((1 − 𝛼𝛽) (𝑎𝛽 + 𝑏𝛽) − √(𝑎𝛽 − 𝑏𝛽)2 (1 − 𝛼𝛽)2 + 4𝑎𝛽𝑏𝛽𝛽2 (1 − 𝛼)22 [𝛽 (1 − 2𝛼) + 1] )

1/𝛽

. (58)

Case 3 (if 𝛽 > 1/(2𝛼 − 1)). In this case, we have 𝛾 < 2𝛿 and𝑃(𝑥) has two distinct zeros at 𝑥1 and 𝑥2. It can be easily seen
that

𝑥2 < 𝑀 < 𝑥1 < 𝑁. (59)

Moreover, we have 𝑃(𝑥) ≥ 0 for 𝑥 ∈ [𝑀, 𝑥1] and 𝑃(𝑥) ≤ 0 for𝑥 ∈ [𝑥1, 𝑁]. Therefore,

𝜙𝛼,𝛽 (𝑥1) = max {𝜙𝛼,𝛽 (𝑥) : 𝑥 ∈ [𝑀,𝑁]} ,
𝑠∗ (𝛼, 𝛽) = 𝑥1/𝛽1 = ((1 − 𝛼𝛽) (𝑎𝛽 + 𝑏𝛽) − √(𝑎𝛽 − 𝑏𝛽)2 (1 − 𝛼𝛽)2 + 4𝑎𝛽𝑏𝛽𝛽2 (1 − 𝛼)22 [𝛽 (1 − 2𝛼) + 1] )

1/𝛽

. (60)

Observe that, for 𝛽 = 1 (𝑔(𝑥) = 𝑥), problem (1) is
equivalent to problem (7). Moreover, in this case we have

𝑠∗ (𝛼, 1) = 𝑥1 = 𝑎 + 𝑏2 ,
𝜑𝛼,1 (𝑠∗ (𝛼, 1)) = 𝜑𝛼,1 (𝑎 + 𝑏2 ) = [(𝑏 − 𝑎)24 ]𝛼−1 . (61)

Therefore, using (61) and Corollary 15, we obtain inequality
(8), which is due to Ferreira [24].

4.2. A Lyapunov-Type Inequality via Hadamard Fractional
Derivative. Taking 𝑔(𝑥) = ln𝑥 inTheorem 13, we deduce the
followingHartman-Wintner-type inequality for the following
Hadamard fractional boundary value problem:

(𝐻𝐷𝛼𝑎𝑢) (𝑡) + 𝑞 (𝑡) 𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,
𝑢 (𝑎) = 𝑢 (𝑏) = 0, (62)

where (𝑎, 𝑏) ∈ R2, 0 < 𝑎 < 𝑏, 𝛼 ∈ (1, 2), and 𝑞 : [𝑎, 𝑏] → R is
a continuous function.

Corollary 17. If fractional boundary value problem (62) has
a nontrivial solution 𝑢 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R), where𝑔(𝑥) = ln𝑥, 𝑥 ∈ [𝑎, 𝑏], then
∫𝑏
𝑎
[(ln 𝑠𝑎)(ln 𝑏𝑠 )]𝛼−1 𝑞 (𝑠)𝑠 𝑑𝑠 ≥ Γ (𝛼) (ln 𝑏𝑎)𝛼−1 . (63)

Now, define the function 𝜓 : [𝑎, 𝑏] → [0,∞) by
𝜓 (𝑠) = [(ln 𝑠𝑎)(ln 𝑏𝑠 )]𝛼−1 𝑠−1, 𝑠 ∈ [𝑎, 𝑏] . (64)

Observe that

𝜓 (𝑠) = 𝜇 (ln 𝑠) , 𝑠 ∈ [𝑎, 𝑏] , (65)

where 𝜇 : [𝐴, 𝐵] → [0,∞) is the function defined by

𝜇 (𝑥) = [(𝑥 − 𝐴) (𝐵 − 𝑥)]𝛼−1 𝑒−𝑥, 𝑥 ∈ [𝐴, 𝐵] (66)

with 𝐴 = ln 𝑎 and 𝐵 = ln 𝑏. A simple computation yields

𝜇 (𝑥) = [(𝑥 − 𝐴) (𝐵 − 𝑥)]𝛼−2 𝑒−𝑥𝑅 (𝑥) , 𝑥 ∈ (𝐴, 𝐵) , (67)

where

𝑅 (𝑥) = 𝑥2 − (2 (𝛼 − 1) + 𝐴 + 𝐵) 𝑥 + (𝛼 − 1) (𝐴 + 𝐵)+ 𝐴𝐵, 𝑥 ∈ [𝐴, 𝐵] . (68)

Observe that 𝑅(𝑥) has two distinct zeros at
𝑥1 = 2 (𝛼 − 1) + 𝐴 + 𝐵 − √4 (𝛼 − 1)2 + (𝐴 − 𝐵)22

fl 𝜆 (𝑎, 𝑏) ,
𝑥2 = 2 (𝛼 − 1) + 𝐴 + 𝐵 + √4 (𝛼 − 1)2 + (𝐴 − 𝐵)22 .

(69)
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It can be easily seen that𝐴 < 𝑥1 < 𝐵 < 𝑥2. (70)

Moreover, we have 𝑅(𝑥) ≥ 0 for 𝑥 ∈ [𝐴, 𝑥1] and 𝑅(𝑥) ≤ 0 for𝑥 ∈ [𝑥1, 𝐵]. Therefore, we deduce that𝜇 (𝑥1) = max {𝜇 (𝑥) : 𝑥 ∈ [𝐴, 𝐵]} , (71)

𝜓 (𝑒𝑥1) = max {𝜓 (𝑠) : 𝑠 ∈ [𝑎, 𝑏]}
= [(𝜆 (𝑎, 𝑏) − ln 𝑎) (ln 𝑏 − 𝜆 (𝑎, 𝑏))]𝛼−1 𝑒−𝜆(𝑎,𝑏). (72)

Next, combining (63) with (72), we obtain the following
Lyapunov-type inequality for fractional boundary value
problem (62).

Corollary 18. If fractional boundary value problem (62) has
a nontrivial solution 𝑢 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R), where𝑔(𝑥) = ln𝑥, 𝑥 ∈ [𝑎, 𝑏], then
∫𝑏
𝑎

𝑞 (𝑠) 𝑑𝑠
≥ Γ (𝛼) [ ln 𝑏 − ln 𝑎(𝜆 (𝑎, 𝑏) − ln 𝑎) (ln 𝑏 − 𝜆 (𝑎, 𝑏))]𝛼−1 𝑒𝜆(𝑎,𝑏),

(73)

where𝜆 (𝑎, 𝑏)
= 2 (𝛼 − 1) + ln 𝑎 + ln 𝑏 − √4 (𝛼 − 1)2 + (ln 𝑎 − ln 𝑏)22 . (74)

Observe that, in the particular case (𝑎, 𝑏) = (1, 𝑒),
inequality (73) reduces to inequality (10) which is due to Ma
et al. [37].

Remark 19. Corollary 18 is an answer to the open problem
proposed in [37].

5. Applications to Eigenvalue Problems

Now,we present an application of theHartman-Wintner-type
inequality given byTheorem 13 to eigenvalue problems.

We say that the scalar 𝜆 is an eigenvalue of the fractional
boundary value problem(𝐷𝛼𝑎,𝑔𝑢) (𝑡) + 𝜆𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,

𝑢 (𝑎) = 𝑢 (𝑏) = 0, (75)

where (𝑎, 𝑏) ∈ R2, 𝑎 < 𝑏, 𝛼 ∈ (1, 2), and 𝑔 ∈ 𝐶1([𝑎, 𝑏];R)
with 𝑔(𝑥) > 0, for all 𝑥 ∈ (𝑎, 𝑏), if problem (75) has at least a
nontrivial solution 𝑢𝜆 ∈ Ξ𝑔([𝑎, 𝑏];R) ∩ 𝐶([𝑎, 𝑏];R).

We have the following result which provides a lower
bound of the eigenvalues of problem (75).

Corollary 20. If 𝜆 is an eigenvalue of problem (75), then

|𝜆| ≥ Γ (𝛼) (𝐵 − 𝐴)𝛼−1∫𝐵
𝐴
(𝑥 − 𝐴)𝛼−1 (𝐵 − 𝑥)𝛼−1 𝑑𝑥 , (76)

where 𝐴 = 𝑔(𝑎) and 𝐵 = 𝑔(𝑏).

Proof. Suppose that 𝜆 is an eigenvalue of problem (75).
Then problem (75) admits a nontrivial solution. Applying
Theorem 13 with 𝑞 ≡ 𝜆, we obtain

|𝜆| ∫𝑏
𝑎
(𝑔 (𝑠) − 𝑔 (𝑎))𝛼−1 (𝑔 (𝑏) − 𝑔 (𝑠))𝛼−1 𝑔 (𝑠) 𝑑𝑠

≥ Γ (𝛼) (𝑔 (𝑏) − 𝑔 (𝑎))𝛼−1 . (77)

Using the change of variable 𝑥 = 𝑔(𝑠), we obtain
|𝜆| ∫𝐵
𝐴
(𝑥 − 𝐴)𝛼−1 (𝐵 − 𝑥)𝛼−1 𝑑𝑥 ≥ Γ (𝛼) (𝐵 − 𝐴)𝛼−1 , (78)

which proves the desired inequality.

Taking 𝑔(𝑥) = 𝑥𝛽, 𝛽 > 0, in Corollary 20, we obtain the
following result.

Corollary 21. If 𝜆 is an eigenvalue of problem (75) with𝑔(𝑥) =𝑥𝛽, 𝛽 > 0, 𝑥 ∈ [𝑎, 𝑏], 0 < 𝑎 < 𝑏, then
|𝜆| ≥ Γ (𝛼) (𝑏𝛽 − 𝑎𝛽)𝛼−1

∫𝑏𝛽
𝑎𝛽
(𝑥 − 𝑎𝛽)𝛼−1 (𝑏𝛽 − 𝑥)𝛼−1 𝑑𝑥 . (79)

Taking 𝑔(𝑥) = ln𝑥 in Corollary 20, we obtain the
following result.

Corollary 22. If 𝜆 is an eigenvalue of theHadamard fractional
boundary value problem

(𝐻𝐷𝛼𝑎𝑢) (𝑡) + 𝜆𝑢 (𝑡) = 0, 𝑎 < 𝑡 < 𝑏,
𝑢 (𝑎) = 𝑢 (𝑏) = 0, (80)

where (𝑎, 𝑏) ∈ R2, 0 < 𝑎 < 𝑏, and 𝛼 ∈ (1, 2), then
|𝜆| ≥ Γ (𝛼) (ln 𝑏 − ln 𝑎)𝛼−1∫ln 𝑏ln 𝑎 (𝑥 − ln 𝑎)𝛼−1 (ln 𝑏 − 𝑥)𝛼−1 𝑑𝑥 . (81)
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In this paper, the global 𝑂(𝑡−𝛼) synchronization problem is investigated for a class of fractional-order neural networks with time
delays. Taking into account both better control performance and energy saving, we make the first attempt to introduce centralized
data-sampling approach to characterize the 𝑂(𝑡−𝛼) synchronization design strategy. A sufficient criterion is given under which
the drive-response-based coupled neural networks can achieve global 𝑂(𝑡−𝛼) synchronization. It is worth noting that, by using
centralized data-sampling principle, fractional-order Lyapunov-like technique, and fractional-order Leibniz rule, the designed
controller performs very well. Two numerical examples are presented to illustrate the efficiency of the proposed centralized data-
sampling scheme.

1. Introduction

Fractional-order calculus has gained an increasing attention
in physical systems and engineering systems. Fractional-
order dynamic systems containing fractional derivatives and
integrals have been investigated in the field of control
systems [1–19]. Investigating analytical skills in fractional-
order dynamic systems is one important theme. However,
it is considered that many control schemes for fractional
differential equation are only a mathematical concept. A lot
of control methods in integer-order dynamic systems cannot
be introduced to fractional-order dynamic systems [2, 3].

As a kind of the important dynamic systems, the con-
cept of neurodynamic systems can be traced back to the
early 1940s. Neurodynamic systems behave like a synthe-
sizer evaluating the performance of system itself via the
topology structure. In recent years, modeling fractional
phenomenon to neurodynamic systems has been developed
in an effort to improve the neurodynamic processes [2, 3,
14, 16]. Appealing feature of fractional-order neurodynamic
systems is that the infinite memory property can take the
past inherited information into account, which well suits
describing complex dynamic processes. For control system

applications, fractional-order neurodynamic systems have
greatly expanded systems of conventional difference equa-
tions, which provide an adaptive control system for standard
application.

Data-sampling control of systems has been studied in a
number of publications. Actually, as stated in [20–30], for
complex or multivariable control systems, it is unrealistic
or even impossible to sample all real-time physical signals
at one single rate. In such situation, one is forced to use
multirate data-sampling control. Multirate data-sampling
control conditions have been derived there which are less
conservative [31–35]. Multirate data-sampling control can
achieve what single-rate data-sampling control cannot, for
instance, gain margin improvement, centralized control, and
decentralized control.

Many control schemes have been established for complex
control systems, such as adaptive control [36, 37] and sliding
mode control [38]. In view of the feature of fractional-order
systems, compared with other control strategies, centralized
data-sampling scheme is more applicable for implementation
in fractional-order systems. For one thing, centralized data-
sampling scheme itself is relatively cheaper and simpler
to operate. Unlike a lot of data-sampling designs, these
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schemes are usually designed for continuous sampling, and
the control cost is very high. For another thing, considering
that the system structures of fractional-order systems are
complex and ever changing, which may have unpredictable
nonlinear effects, it ismore reasonable and implementable for
centralized data-sampling only carried out at part of timing
nodes.

In this paper, a centralized data-sampling architecture
enabled by low-bandwidth communication is proposed. The
centralized data-sampling approach is developed to glob-
ally 𝑂(𝑡−𝛼) synchronize the drive-response-based coupled
fractional-order neural networks with time delays. And
then we present an intelligent control method for designing
synchronization scheme based on centralized data-sampling
principle, fractional-order Lyapunov-like technique, and
fractional-order Leibniz rule. The obtained results provide
novel and higher performance extension for the designed
controller. The use of centralized data-sampling approach
facilitates utilizing low-bandwidth communication to trans-
mit harmonic signals.The operation principle and numerical
examples based on computer simulations are also presented.

2. Preliminaries and Problem Formulation

2.1. Notation. For 𝑛-dimensional vector 𝜐 = (𝜐1, 𝜐2, . . . , 𝜐𝑛)𝑇,
the norm of vector 𝜐 is recorded as ‖𝜐‖ = ∑𝑛𝑖=1 |𝜐𝑖|.
Denote C𝜄([𝑡0, +∞),R𝑛) as the space of 𝜄-order continuous
and differentiable functions from [𝑡0, +∞) into R𝑛. C𝜏 fl
C([−𝜏, 0],R) is a Banach space of all continuous functions𝜑 : [−𝜏, 0] → R. For any𝜑 ∈ C𝜏, let ‖𝜑‖C = sup𝑠∈[−𝜏,0]‖𝜑(𝑠)‖.
2.2. Preliminaries. In order to facilitate understanding, we
first introduce some concepts of fractional calculation.

Fractional integral with order 𝛼 > 0 of function F(𝑡) is
characterized as

RL
𝑡0
𝐷−𝛼
𝑡
F (𝑡) = 1Γ (𝛼) ∫

𝑡

𝑡0

(𝑡 − 𝑠)𝛼−1F (𝑠) d𝑠, (1)

where 𝑡 ≥ 𝑡0, Γ(⋅) is the Gamma function, which is defined as

Γ (𝛼) = ∫+∞
𝑡0

𝑠𝛼−1 exp {−𝑠} d𝑠. (2)

Riemann-Liouville derivative with order 𝛼 > 0 of
functionF(𝑡) is characterized as

RL
𝑡0
𝐷𝛼
𝑡
F (𝑡) = 1Γ (𝑛 − 𝛼) d

𝑛

d𝑡𝑛 ∫
𝑡

𝑡0

F (𝑠)(𝑡 − 𝑠)𝛼−𝑛+1 d𝑠, (3)

where 𝑡 ≥ 𝑡0, 𝑛 − 1 < 𝛼 < 𝑛, and 𝑛 is a positive integer.
Caputo derivative with order 𝛼 > 0 of function F(𝑡) ∈

C𝑛+1([𝑡0, +∞),R) is characterized as

𝐶
𝑡0
𝐷𝛼𝑡F (𝑡) = 1Γ (𝑛 − 𝛼) ∫

𝑡

𝑡0

F(𝑛) (𝑠)(𝑡 − 𝑠)𝛼−𝑛+1 d𝑠, (4)

where 𝑡 ≥ 𝑡0, 𝑛 − 1 < 𝛼 < 𝑛, and 𝑛 is a positive integer.

In this paper, consider a class of fractional-order neural
networks with time delays governed by

𝐶
𝑡0
𝐷𝛼𝑡 𝑥 (𝑡) = −𝐷𝑥 (𝑡) + 𝐴𝑔 (𝑥 (𝑡)) + 𝐵𝑓 (𝑥 (𝑡 − 𝜏 (𝑡)))

+ 𝐼,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

(5)

where 0 < 𝛼 < 1, 𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡))𝑇 ∈ R𝑛 is the
state vector, 𝐷 = diag(𝑑1, 𝑑2, . . . , 𝑑𝑛) is a positive diagonal
matrix, 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛 ∈ R𝑛×𝑛 and 𝐵 = (𝑏𝑖𝑗)𝑛×𝑛 ∈ R𝑛×𝑛 denote
theweightmatrix and the delayedweightmatrix, respectively,𝜏(𝑡) represents the transmission delay satisfying 0 ≤ 𝜏(𝑡) ≤ 𝜏,𝑔(𝑥(𝑡)) = (𝑔1(𝑥1(𝑡)), 𝑔2(𝑥2(𝑡)), . . . , 𝑔𝑛(𝑥𝑛(𝑡)))𝑇 ∈ R𝑛 and𝑓(𝑥(𝑡−𝜏(𝑡))) = (𝑓1(𝑥1(𝑡−𝜏(𝑡))), 𝑓2(𝑥2(𝑡−𝜏(𝑡))), . . . , 𝑓𝑛(𝑥𝑛(𝑡−𝜏(𝑡))))𝑇 ∈ R𝑛 denote the activation functions at times 𝑡 and𝑡 − 𝜏(𝑡), respectively, 𝐼 = (𝐼1, 𝐼2, . . . , 𝐼𝑛)𝑇 ∈ R𝑛 is the bias,𝐶 = (C𝑖𝑗)𝑚×𝑛 ∈ R𝑚×𝑛 is a constant matrix, and 𝑦(𝑡) =(𝑦1(𝑡), 𝑦2(𝑡), . . . , 𝑦𝑚(𝑡))𝑇 ∈ R𝑚 is the output vector.

Obviously, system (5) is a more general model. In [2, 16],
the model is a fractional-order system without time-delay.
By comparing the system models, system (5) contains some
existing fractional-order neural networks.

The initial condition of system (5) is 𝑥(𝑡) = 𝜒(𝑡) ∈ C𝜏.
In addition, in (5), the activation functions 𝑔(⋅) and 𝑓(⋅)

are global Lipschitz; that is, for 𝑖 = 1, 2, . . . , 𝑛, there exist
positive constants 𝐺𝑖 > 0 and 𝐹𝑖 > 0 such that
𝑔𝑖 (𝑢) − 𝑔𝑖 (V) ≤ 𝐺𝑖 |𝑢 − V| , for any 𝑢 ∈ R, V ∈ R,𝑓𝑖 (𝑢) − 𝑓𝑖 (V) ≤ 𝐹𝑖 |𝑢 − V| , for any 𝑢 ∈ R, V ∈ R. (6)

2.3. Problem Formulation. In this paper, consider system
(5) as the master/drive system, and then the slave/response
system is described as

𝐶
𝑡0
𝐷𝛼𝑡 �̂� (𝑡) = −𝐷�̂� (𝑡) + 𝐴𝑔 (�̂� (𝑡)) + 𝐵𝑓 (�̂� (𝑡 − 𝜏 (𝑡)))

+ 𝐼 + 𝑢 (𝑡) ,
�̂� (𝑡) = 𝐶�̂� (𝑡) ,

(7)

where 𝑢(𝑡) = (𝑢1(𝑡), 𝑢2(𝑡), . . . , 𝑢𝑛(𝑡))𝑇 ∈ R𝑛 is the controller
to be designed.

The initial condition of system (7) is �̂�(𝑡) = �̂�(𝑡) ∈ C𝜏.
Define 𝑒(𝑡) = �̂�(𝑡) − 𝑥(𝑡) ∈ R𝑛, from (5) and (7); then we

can obtain the error dynamics system

𝐶
𝑡0
𝐷𝛼𝑡 𝑒 (𝑡) = −𝐷𝑒 (𝑡) + 𝐴𝑔 (𝑒 (𝑡)) + 𝐵𝑓 (𝑒 (𝑡 − 𝜏 (𝑡)))

+ 𝑢 (𝑡) , (8)

where

𝑔 (𝑒 (𝑡)) = (𝑔1 (𝑒1 (𝑡)) , 𝑔2 (𝑒2 (𝑡)) , . . . , 𝑔𝑛 (𝑒𝑛 (𝑡)))𝑇
= 𝑔 (�̂� (𝑡)) − 𝑔 (𝑥 (𝑡)) ,

𝑓 (𝑒 (𝑡 − 𝜏 (𝑡))) = (𝑓1 (𝑒1 (𝑡 − 𝜏 (𝑡))) , 𝑓2 (𝑒2 (𝑡 − 𝜏 (𝑡))) ,
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. . . , 𝑓𝑛 (𝑒𝑛 (𝑡 − 𝜏 (𝑡))))𝑇 = 𝑓 (�̂� (𝑡 − 𝜏 (𝑡)))
− 𝑓 (𝑥 (𝑡 − 𝜏 (𝑡))) .

(9)

The initial condition of system (8) is 𝑒(𝑡) = 𝜓(𝑡) fl �̂�(𝑡) −𝜒(𝑡) ∈ C𝜏.
In our control design, the structure-dependent central-

ized data-sampling is used.Moreover, themeasured output of
error dynamics system is sampled and then the data-sampling
information is sent to the controller of the response system as

𝑧 (𝑡) = �̂� (𝑡𝑘) − 𝑦 (𝑡𝑘) = 𝐶𝑒 (𝑡𝑘) ,
𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 = 0, 1, 2, . . . , (10)

where 𝑧(𝑡) ∈ R𝑚 represents the output of (8) and 𝑡𝑘 denotes
the sampling instant satisfying lim𝑘→+∞𝑡𝑘 = +∞.

To study global 𝑂(𝑡−𝛼) synchronization, next, we will
introduce some related definitions.

Definition 1. For dynamic system

𝐶
𝑡0
𝐷𝛼𝑡X (𝑡) = F (𝑡,X𝑡) , (11)

whereX𝑡(𝜃) = X(𝑡 + 𝜃) is defined on −𝜏 ≤ 𝜃 ≤ 0, the initial
condition of system (11) is X(𝑡) = 𝜑(𝑡) ∈ C𝜏. System (11)
is said to be globally 𝑂(𝑡−𝛼) stable if there exists a positive
constant 𝑀 > 0 such that ‖X(𝑡, 𝑡0, 𝜑)‖ ≤ 𝑀‖𝜑‖C𝑂(𝑡−𝛼) for
any 𝜑 ∈ C𝜏 and 𝑡 ≥ 𝑡0.
Remark 2. Convergence of fractional-order systems is totally
different from conventional exponential convergence or
absolute convergence, which possesses abnormal conver-
gence behavior. In addition, according to Definition 1, global𝑂(𝑡−𝛼) stability and global Mittag-Leffler stability are “essen-
tially the same.” On Mittag-Leffler stability, please see some
publications [2, 16].

Definition 3. For the master/drive system

𝐶
𝑡0
𝐷𝛼𝑡X (𝑡) = F (𝑡,X𝑡) (12)

and the slave/response system

𝐶
𝑡0
𝐷𝛼𝑡Y (𝑡) = F (𝑡,Y𝑡, 𝑢 (𝑡)) , (13)

where X𝑡(𝜃) = X(𝑡 + 𝜃) and Y𝑡(𝜃) = Y(𝑡 + 𝜃) are defined
on −𝜏 ≤ 𝜃 ≤ 0, the initial conditions for systems (12)
and (13) are X(𝑡) = 𝜙(𝑡) ∈ C𝜏 and Y(𝑡) = �̂�(𝑡) ∈ C𝜏,
respectively. The coupled systems (12) and (13) are said to be
globally 𝑂(𝑡−𝛼) synchronized if the zero solution of the error
dynamics system

𝐶
𝑡0
𝐷𝛼𝑡E (𝑡) = F (𝑡,Y𝑡, 𝑢 (𝑡)) −F (𝑡,X𝑡) (14)

is globally 𝑂(𝑡−𝛼) stable, where E(𝑡) = Y(𝑡) −X(𝑡).

3. Main Results

Based on the discussion in preceding section, then the data-
sampling controller can be designed as

𝑢 (𝑡) = 𝐾𝑧 (𝑡) = 𝐾𝐶𝑒 (𝑡𝑘) ,
𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) , 𝑘 = 0, 1, 2, . . . , (15)

where 𝐾 = (K𝑖𝑗)𝑚×𝑚 ∈ R𝑚×𝑚 is the constant gain matrix to
be determined. Therefore, the error dynamics system can be
transformed into the following form:

𝐶
𝑡0
𝐷𝛼𝑡 𝑒 (𝑡) = −𝐷𝑒 (𝑡) + 𝐴𝑔 (𝑒 (𝑡)) + 𝐵𝑓 (𝑒 (𝑡 − 𝜏 (𝑡)))

+ 𝐾𝐶𝑒 (𝑡𝑘) , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) . (16)

For technical convenience, we also give mathematical
expression for (16) represented by components: for 𝑖 =1, 2, . . . , 𝑛,
𝐶
𝑡0
𝐷𝛼𝑡 𝑒𝑖 (𝑡) = −𝑑𝑖𝑒𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑎𝑖𝑗𝑔𝑗 (𝑒𝑗 (𝑡))
+ 𝑛∑
𝑗=1

𝑏𝑖𝑗𝑓𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))
+ 𝑚∑
ℓ=1

𝑚∑
ℏ=1

KℓℏCℏ𝑖𝑒𝑖 (𝑡𝑘) , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) .
(17)

Before we began to develop theoretical criterion, we first
state an important lemma, which will be used in the proving
process.

Lemma 4 (see [3]). If F ∈ C1([0, +∞),R), then the
following properties hold:

(1) 𝐶𝑡0𝐷𝛼𝑡F(𝑡) = RL
𝑡0
𝐷𝛼
𝑡
F(𝑡) − (F(𝑡0)/Γ(1 − 𝛼))(𝑡 − 𝑡0)−𝛼.

(2) IfF(𝑡) and 𝜗(𝑡) and their all derivatives are continuous
in [𝑡0, 𝑡], then

RL
𝑡0
𝐷𝛼
𝑡
(𝜗 (𝑡)F (𝑡)) = 𝑛∑

𝜅=0

d𝜅𝜗 (𝑡)
d𝑡𝜅 (𝛼𝜅) RL

𝑡0
𝐷𝛼−𝜅
𝑡

F (𝑡)
− 𝑅𝛼𝑛 (𝑡) ,

(18)

where 0 < 𝛼 < 1, 𝑛 ≥ 𝛼,
𝑅𝛼𝑛 (𝑡) = (−1)𝑛 (𝑡 − 𝛼)𝑛−𝛼+1𝑛!Γ (−𝛼) ∫1

0
∫1
0
F𝛼 (𝑡, 𝜉, 𝜂) d𝜉 d𝜂,

F𝛼 (𝑡, 𝜉, 𝜂)
= F (𝑡0 + 𝜂 (𝑡 − 𝑡0)) 𝜗𝑛+1 (𝑡0 + (𝑡 − 𝑡0) (𝜉 + 𝜂 − 𝜉𝜂)) ,
(𝛼𝜅) = Γ (𝛼 + 1)𝜅!Γ (𝛼 − 𝜅 + 1) .

(19)
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Theorem 5. If there exist positive constants 𝑟 > 𝜏 ≥ 0 and𝛽𝑖 > 0 (𝑖 = 1, 2, . . . , 𝑛) such that
𝑑𝑖 − 1𝛽𝑖

𝑛∑
𝑗=1

𝛽𝑗 𝑎𝑖𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ𝑖
− ( 𝑟𝑟 − 𝜏)

𝛼 𝑛∑
𝑗=1

𝛽𝑗𝛽𝑖
𝑏𝑖𝑗 𝐹𝑗 − 1 + 𝛼𝑟𝛼Γ (2 − 𝛼) ≥ 0,

(20)

for 𝑖 = 1, 2, . . . , 𝑛, set 𝑡𝑘+1 as the sampling time point such that

𝑡𝑘+1 = sup
𝛿≥𝑡𝑘

{𝛿 : 𝑒𝑖 (𝑡𝑘) ≤ 𝛽𝑖max
1≤𝜎≤𝑛

[𝑒𝜎 (𝑡)𝛽𝜎 ] , ∀𝑡
∈ [𝑡𝑘, 𝛿) , 𝑖 = 1, 2, . . . , 𝑛}

(21)

for all 𝑘 = 0, 1, 2, . . .; then system (17) is globally 𝑂(𝑡−𝛼) stable.
That is, the drive-response-based coupled systems (5) and (7)
can reach global 𝑂(𝑡−𝛼) synchronization.
Proof. Consider the Lyapunov functions candidate as

W (𝑡) = max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛} ,
V (𝑡) = (𝑡 − 𝑡0 + 𝑟)𝛼max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}

(22)

and set

W (𝑡) = sup
−𝜏≤𝜃≤𝑡

W (𝜃) ,
V (𝑡) = sup

−𝜏≤𝜃≤𝑡

V (𝜃) , (23)

for 𝑡 ≥ 𝑡0.
Using Lemma 4, we can obtain

𝐶
𝑡0
𝐷𝛼
𝑡
V (𝑡) = RL

𝑡0
𝐷𝛼
𝑡
V (𝑡) − V (𝑡0)Γ (1 − 𝛼) (𝑡 − 𝑡0)−𝛼

= RL
𝑡0
𝐷𝛼
𝑡
((𝑡 − 𝑡0 + 𝑟)𝛼

⋅max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛})
− 𝑟𝛼max {𝑒𝑖 (𝑡0) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}Γ (1 − 𝛼) (𝑡 − 𝑡0)−𝛼

≤ (𝑡 − 𝑡0 + 𝑟)𝛼 𝐶𝑡0𝐷𝛼𝑡 max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
+ (𝑡 − 𝑡0 + 𝑟)𝛼 max {𝑒𝑖 (𝑡0) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}Γ (1 − 𝛼) (𝑡
− 𝑡0)−𝛼 + 𝛼2 (𝑡 − 𝑡0 + 𝑟)𝛼−1 RL𝑡0𝐷𝛼−1𝑡

⋅max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛} + 𝛼2 (𝛼 − 1)22 (𝑡
− 𝑡0 + 𝑟)𝛼−2 × RL

𝑡0
𝐷𝛼−2
𝑡

⋅max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
− 𝑟𝛼max {𝑒𝑖 (𝑡0) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}Γ (1 − 𝛼) (𝑡 − 𝑡0)−𝛼

≤ (𝑡 − 𝑡0 + 𝑟)𝛼 𝐶𝑡0𝐷𝛼𝑡 max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
+ [(𝑡 − 𝑡0 + 𝑟𝑡 − 𝑡0 )𝛼 − ( 𝑟𝑡 − 𝑡0)

𝛼]
⋅ max {𝑒𝑖 (𝑡0) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}Γ (1 − 𝛼) + 𝛼2 (𝑡 − 𝑡0
+ 𝑟)𝛼−1 RL𝑡0𝐷𝛼−1𝑡 max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
+ 𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2 × RL

𝑡0
𝐷𝛼−2
𝑡

⋅max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛} ≤ (𝑡 − 𝑡0 + 𝑟)𝛼

⋅ 𝐶𝑡0𝐷𝛼𝑡W (𝑡) + (1 + 2𝛼) V (𝑡)𝑟𝛼Γ (1 − 𝛼) + 𝛼2 (𝑡 − 𝑡0
+ 𝑟)𝛼−1 RL𝑡0𝐷𝛼−1𝑡 W (𝑡) + 𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2
⋅ RL𝑡0𝐷𝛼−2𝑡 W (𝑡) ,

(24)

for 𝑡 ≥ 𝑡0.
On the other hand, it is not difficult to follow

𝛼2 (𝑡 − 𝑡0 + 𝑟)𝛼−1 RL𝑡0𝐷𝛼−1𝑡 W (𝑡) = 𝛼2 (𝑡 − 𝑡0 + 𝑟)−(1−𝛼)
⋅ RL𝑡0𝐷−(1−𝛼)𝑡

max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
≤ 𝛼2 (𝑡 − 𝑡0 + 𝑟)−(1−𝛼) 1Γ (1 − 𝛼)
× sup
−𝜏≤𝜃≤𝑡

[max{𝑒𝑖 (𝜃)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}]∫𝑡
𝑡0

(𝑡 − 𝑠)−𝛼 d𝑠
≤ 𝛼2 (𝑡 − 𝑡0 + 𝑟)−(1−𝛼) (𝑡 − 𝑡0)1−𝛼(1 − 𝛼) Γ (1 − 𝛼)
× sup
−𝜏≤𝜃≤𝑡

[max{𝑒𝑖 (𝜃)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}]
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≤ 𝛼2 ( 𝑡 − 𝑡0𝑡 − 𝑡0 + 𝑟)
1−𝛼 1Γ (2 − 𝛼)

× sup
−𝜏≤𝜃≤𝑡

[max{𝑒𝑖 (𝜃)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}] ≤ 𝛼2Γ (2 − 𝛼)
⋅W (�̃�) ≤ 𝛼2𝑟𝛼Γ (2 − 𝛼)V (𝑡) ,

𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2 RL𝑡0𝐷𝛼−2𝑡 W (𝑡)
≤ 𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2 1Γ (2 − 𝛼)
× ∫𝑡
𝑡0

(𝑡 − 𝑠)1−𝛼max{𝑒𝑖 (𝑠)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛} d𝑠
≤ 𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2
× sup−𝜏≤𝜃≤𝑡 [max {𝑒𝑖 (𝜃) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}]Γ (2 − 𝛼)
⋅ ∫𝑡
𝑡0

(𝑡 − 𝑠)1−𝛼 d𝑠 ≤ 𝛼2 (𝛼 − 1)22 (𝑡 − 𝑡0 + 𝑟)𝛼−2

× (𝑡 − 𝑡0)2−𝛼 sup−𝜏≤𝜃≤𝑡 [max {𝑒𝑖 (𝜃) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}](2 − 𝛼) Γ (2 − 𝛼)
≤ 𝛼2 (𝛼 − 1)22 ( 𝑡 − 𝑡0𝑡 − 𝑡0 + 𝑟)

2−𝛼

× sup−𝜏≤𝜃≤𝑡 [max {𝑒𝑖 (𝜃) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}](2 − 𝛼) Γ (2 − 𝛼)
≤ 𝛼2 (𝛼 − 1)22
⋅ sup−𝜏≤𝜃≤𝑡 [max {𝑒𝑖 (𝜃) /𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}](2 − 𝛼) Γ (2 − 𝛼)
≤ 𝛼2 (𝛼 − 1)22𝑟𝛼 (2 − 𝛼) Γ (2 − 𝛼)V (𝑡) ≤ 𝛼2𝑟𝛼Γ (2 − 𝛼)V (𝑡) ,

(25)

for 𝑡 ≥ 𝑡0,W(𝑡) = W(�̃�), where �̃� ∈ [−𝜏, 𝑡].
Substituting (25) into (24), it is obvious to derive that

𝐶
𝑡0
𝐷𝛼
𝑡
V (𝑡)
≤ (𝑡 − 𝑡0 + 𝑟)𝛼 𝐶𝑡0𝐷𝛼𝑡 max{𝑒𝑖 (𝑡)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}
+ Δ𝑟𝛼Γ (2 − 𝛼) + Θ𝑟𝛼Γ (1 − 𝛼)

= (𝑡 − 𝑡0 + 𝑟)𝛼 𝐶𝑡0𝐷𝛼𝑡W (𝑡) + 1 + 𝛼𝑟𝛼Γ (2 − 𝛼)V (𝑡) ,

(26)

where

Δ = 2𝛼2 sup
−𝜏≤𝜃≤𝑡

[(𝜃 − 𝑡0 + 𝑟)𝛼

⋅max{𝑒𝑖 (𝜃)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛}] ,
Θ = (1 + 2𝛼) sup

−𝜏≤𝜃≤𝑡

[(𝜃 − 𝑡0 + 𝑟)𝛼]

⋅max{𝑒𝑖 (𝜃)𝛽𝑖 , 𝑖 = 1, 2, . . . , 𝑛} .

(27)

Utilizing (22), it is obvious that there exists a �̂� ∈{1, 2, . . . , 𝑛} such that

W (𝑡) = 𝑒�̂� (𝑡)𝛽�̂� , (28)

for 𝑡 ≥ 𝑡0.
From (17), together with the data-sampling principle (21),

we compute

𝐶
𝑡0
𝐷𝛼
𝑡
W (𝑡) = 1𝛽�̂� 𝐶𝑡0𝐷

𝛼

𝑡

𝑒�̂� (𝑡) ≤ 1𝛽�̂�
⋅ sgn (𝑒�̂� (𝑡)) 𝐶𝑡0𝐷𝛼𝑡 𝑒�̂� (𝑡) ≤ 1𝛽�̂� sgn (𝑒�̂� (𝑡)) [[−𝑑�̂�𝑒�̂� (𝑡)

+ 𝑛∑
𝑗=1

𝑎�̂�𝑗𝑔𝑗 (𝑒𝑗 (𝑡)) + 𝑛∑
𝑗=1

𝑏𝑘𝑗𝑓𝑗 (𝑒𝑗 (𝑡 − 𝜏 (𝑡)))

+ 𝑚∑
ℓ=1

𝑚∑
ℏ=1

KℓℏCℏ�̂�𝑒�̂� (𝑡𝑘)]] ≤ −𝑑�̂� 𝑒�̂� (𝑡)𝛽�̂� + 1𝛽�̂�
⋅ 𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗
𝑒𝑗 (𝑡)𝛽𝑗 + 1𝛽�̂�

⋅ 𝑛∑
𝑗=1

𝛽𝑗 𝑏𝑘𝑗 𝐹𝑗
𝑒𝑗 (𝑡 − 𝜏 (𝑡))𝛽𝑗 + 1𝛽�̂�

⋅ 𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂� 𝑒�̂� (𝑡𝑘) ≤ −[[𝑑�̂�

− 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�]]W (𝑡)

+ 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑏𝑘𝑗 𝐹𝑗W (𝑡 − 𝜏 (𝑡)) .

(29)
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Then

(𝑡 − 𝑡0 + 𝑟)𝛼 𝐶𝑡0𝐷𝛼𝑡W (𝑡) ≤ − (𝑡 − 𝑡0 + 𝑟)𝛼 [[𝑑�̂�

− 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�]]W (𝑡) + (𝑡

− 𝑡0 + 𝑟)𝛼 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑏𝑘𝑗 𝐹𝑗W (𝑡 − 𝜏 (𝑡)) ≤ −[[𝑑�̂�

− 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
m∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�]]V (𝑡)

+ (𝑡 − 𝑡0 + 𝑟)𝛼𝛽�̂� (𝑡 − 𝑡0 + 𝑟 + 𝜃)𝛼
𝑛∑
𝑗=1

𝛽𝑗 𝑏𝑘𝑗 𝐹𝑗V (𝑡) ≤ −[[𝑑�̂�
− 1𝛽�̂�

𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�

− ( 𝑟𝑟 + 𝜃)
𝛼 𝑛∑
𝑗=1

𝛽𝑗𝛽�̂�
𝑏𝑘𝑗 𝐹𝑗]]V (𝑡) ≤ −[[𝑑�̂�

− 1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�

− ( 𝑟𝑟 − 𝜏)
𝛼 𝑛∑
𝑗=1

𝛽𝑗𝛽�̂�
𝑏𝑘𝑗 𝐹𝑗]]V (𝑡) ,

(30)

where 𝜃 ∈ [−𝜏, 𝑡] such thatV(𝑡) = (𝑡−𝑡0+𝜃+𝑟)𝛼W(𝑡), when
V(𝑡) = V(𝑡).

Substituting (30) into (26), we have

𝐶
𝑡0
𝐷𝛼
𝑡
V (𝑡) ≤ −[[𝑑�̂� −

1𝛽�̂�
𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗

− 𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂� − ( 𝑟𝑟 − 𝜏)
𝛼 𝑛∑
𝑗=1

𝛽𝑗𝛽�̂�
𝑏𝑘𝑗 𝐹𝑗]]

⋅V (𝑡) + 1 + 𝛼𝑟𝛼Γ (2 − 𝛼)V (𝑡) ≤ −[[𝑑�̂�
− 1𝛽�̂�

𝑛∑
𝑗=1

𝛽𝑗 𝑎�̂�𝑗 𝐺𝑗 −
𝑚∑
ℓ=1

𝑚∑
ℏ=1

Kℓℏ Cℏ�̂�

− ( 𝑟𝑟 − 𝜏)
𝛼 𝑛∑
𝑗=1

𝛽𝑗𝛽�̂�
𝑏𝑘𝑗 𝐹𝑗 − 1 + 𝛼𝑟𝛼Γ (2 − 𝛼)]]V (𝑡) ,

(31)

whenV(𝑡) = V(𝑡).

According to (20) and (31),

𝐶
𝑡0
𝐷𝛼
𝑡
V (𝑡) ≤ 0, (32)

for all 𝑡 ≥ 𝑡0.
By the definition of Caputo derivative, from (32), we can

obtain

1Γ (1 − 𝛼) dd𝑡 ∫
𝑡

𝑡0

V (𝑠)(𝑡 − 𝑠)𝛼 d𝑠 ≤ V (𝑡0)Γ (1 − 𝛼) (𝑡 − 𝑡0)−𝛼 ; (33)

then

V (𝑡) ≤ V (𝑡0) , (34)

for 𝑡 ≥ 𝑡0. Thus, for 𝑖 = 1, 2, . . . , 𝑛,
𝑒𝑖 (𝑡) ≤ 𝛽𝑖W (𝑡) = 𝛽𝑖 V (𝑡)(𝑡 − 𝑡0 + 𝑟)𝛼 ≤ 𝛽𝑖

V (𝑡)(𝑡 − 𝑡0 + 𝑟)𝛼
≤ 𝛽𝑖 V (𝑡0)(𝑡 − 𝑡0 + 𝑟)𝛼 = 𝛽𝑖

𝑟𝛼W (𝑡0)(𝑡 − 𝑡0 + 𝑟)𝛼
≤ 𝛽𝑖𝑟𝛼 𝜓C𝛽min (𝑡 − 𝑡0 + 𝑟)𝛼 ,

(35)

for 𝑡 ≥ 𝑡0, where 𝛽min = min{𝛽𝑖, 𝑖 = 1, 2, . . . , 𝑛}; then
‖𝑒 (𝑡)‖ ≤ Λ𝑟𝛼 𝜓C(𝑡 − 𝑡0 + 𝑟)𝛼 , (36)

where Λ = (1/𝛽min) ∑𝑛𝑖=1 𝛽𝑖. Therefore, system (17) is
globally𝑂(𝑡−𝛼) stable, which implies that the drive-response-
based coupled systems (5) and (7) can reach global 𝑂(𝑡−𝛼)
synchronization.

Remark 6. In Theorem 5, (20) is an algebraic condition,
which relies on only system parameters, free-weighting
parameters 𝑟 and 𝛽𝑖 (𝑖 = 1, 2, . . . , 𝑛). Besides, (21) is used
to characterize the sampling time point, which can be deter-
mined by trigger mechanism. Generally, the discrimination
conditions in Theorem 5 can be easily rectified. In addition,
although the results established are based on 0 < 𝛼 < 1,
clearly, such results can be also applied to 𝛼 = 1.
Remark 7. Aiming at the realistic environment under the
limited bandwidth of communication channel, it is very
critical to reduce the data transmission rate for networked
systems. As (21), the centralized data-sampling mechanism
for the sampling time point is an effective way, which does
not waste the bandwidth of network to be with needless
signals, and then reduces the data transmission and power
consumption.

4. Two Illustrative Examples

In this section, two illustrative examples are given to demon-
strate the effectiveness of theoretical criterion.
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Figure 1: Chaotic behavior.

Example 1. Consider a two-dimensional neural network
model (5) described by

𝛼 = 0.5,
𝐷 = (6 0

0 6) ,

𝐴 = (0.2 0.2
0.5 0.5) ,

𝐵 = (0.2 0.8
0.2 0.8) ,

𝜏 (𝑡) = |sin (𝑡)| ,
𝐼 = (0.5, 0.5)𝑇 ,
𝐶 = (1 1

1 1) ,
𝑔 (Υ) = 𝑓 (Υ) = tanh (Υ) .

(37)

Figure 1 shows simulation result of the above neural
network model, which can exhibit chaotic behavior.

Obviously, we can obtain 𝐺1 = 𝐺2 = 1, 𝐹1 = 𝐹2 = 1, and𝜏 = 1; to apply Theorem 5, it requires

6 − 1𝛽1
2∑
𝑗=1

𝛽𝑗 𝑎1𝑗 −
2∑
ℓ=1

2∑
ℏ=1

Kℓℏ

− ( 𝑟𝑟 − 1)
0.5 2∑
𝑗=1

𝛽𝑗𝛽1
𝑏1𝑗 − 1.5𝑟0.5Γ (1.5) ≥ 0,
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0
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0.6

x1(t)

x1(t)

Time t

Figure 2: Evolutive behavior of 𝑥1(𝑡) and �̂�1(𝑡).

6 − 1𝛽2
2∑
𝑗=1

𝛽𝑗 𝑎2𝑗 −
2∑
ℓ=1

2∑
ℏ=1

Kℓℏ

− ( 𝑟𝑟 − 1)
0.5 2∑
𝑗=1

𝛽𝑗𝛽2
𝑏2𝑗 − 1.5𝑟0.5Γ (1.5) ≥ 0.

(38)

Select 𝑟 = 4, 𝛽1 = 1, 𝛽2 = 2, and
𝐾 = (K11 K12

K21 K22

) = ( 0.6 0.6
−0.6 −0.6) ; (39)

then (38) are satisfied, so the designed controller is

𝑢 (𝑡) = 𝐾𝐶𝑒 (𝑡𝑘) = ( 1.2 1.2
−1.2 −1.2) 𝑒 (𝑡𝑘) ,

𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) .
(40)

Figure 2 is utilized to show the simulation result for the
master/drive system state 𝑥1(𝑡) and the slave/response system
state �̂�1(𝑡) in Example 1. Figure 3 is utilized to show the
simulation result for the master/drive system state 𝑥2(𝑡) and
the slave/response system state �̂�2(𝑡) in Example 1. Clearly, the
drive-response-based coupled systems in Example 1 can reach
global𝑂(𝑡−𝛼) synchronization. Figure 4 shows the centralized
data-sampling release instants and the corresponding release
intervals. These results via computer simulations nicely
demonstrate that the designed controller performs very
well.
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Figure 3: Evolutive behavior of 𝑥2(𝑡) and �̂�2(𝑡).

Example 2. Consider a one-dimensional neural network
model (5) described by

𝛼 = 0.5,
𝐷 = 6,
𝐴 = 1,
𝐵 = −3.5,

𝜏 (𝑡) = |sin (𝑡)| ,
𝐼 = 1,
𝐶 = 1,

𝑔 (Υ) = 𝑓 (Υ) = tanh (Υ) .

(41)

Figure 5 shows simulation result of the above neural
networkmodel without any external control, which generates
disorganized behavior.

Obviously, we can obtain 𝐺 = 1, 𝐹 = 1, and 𝜏 = 1; to
apply Theorem 5, it requires

𝐷 − |𝐴| − |K| − ( 𝑟𝑟 − 1)
0.5 |𝐵| − 1.5𝑟0.5Γ (1.5) ≥ 0. (42)

Select 𝑟 = 4 and
𝐾 = K = 0.1; (43)

then (42) is satisfied, so the designed controller is

𝑢 (𝑡) = 𝐾𝐶𝑒 (𝑡𝑘) = 0.1𝑒 (𝑡𝑘) , 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) . (44)

Figure 6 is utilized to show the simulation result for the
master/drive system state 𝑥(𝑡) and the slave/response system
state �̂�(𝑡) in Example 2. Figure 7 shows the centralized
data-sampling release instants and the corresponding release
intervals. Such results via computer simulations also indicate
that the designed controller performs very well.
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Figure 4: Release instants and release intervals.
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Figure 5: Disorganized behavior.
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Figure 6: Evolutive behavior of 𝑥(𝑡) and �̂�(𝑡).
5. Conclusion

In this paper, the centralized data-sampling approach for
global𝑂(𝑡−𝛼) synchronization of fractional-order neural net-
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Figure 7: Release instants and release intervals.

works with time delays is investigated. Some sufficient con-
ditions for centralized data-sampling principle are derived
and proved to guarantee the global 𝑂(𝑡−𝛼) synchronization
for drive-response-based coupled neural networks. The pro-
posed theoretical results are sufficient conditions for global𝑂(𝑡−𝛼) synchronization and contain a lot of space for further
improvement. Future research can be extended to (1) more
economical and efficient event-triggered mechanism and (2)
more realistic networked systems involving stochastic effect
or incomplete measurement.
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