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Structural dynamical monitoring and fault diagnosis are of
great importance to diagnose/prognoses faults/failures of
structures. To detect faults in the components of structures,
many novelty methods are proposed [1, 2]. Lei et al. summa-
rized the methods of the present fault diagnosis of planetary
gearboxes, including modeling methods, signal processing
methods, intelligent diagnosis methods, and other novelty
methods [3].

Although the present methodologies and techniques are
feasible to resolve some problems, the emergence of non-
destructive tests, structural health monitoring, and equip-
ment evaluation using vibration information demands for
the development of numerical simulation and experimental
demonstration of new methodologies and techniques. For
the numerical simulation of rotor-bearing systems, Xiang et
al. presented a class of wavelet-based Rayleigh-Euler rotating
beam element using B-spline wavelets on the interval (BSWI)
to analyze rotor-bearing system [4]. Further, they proposed
a new two-step methodology for detecting multiple faults in
structures, inwhich the singularity detection techniqueswere
employed to decompose the mode shape to reveal singular-
ities and hence the fault locations and the fault severities
at the identified locations were then assessed in the second
step using the numerical simulation results and the tradi-
tional/intelligent optimization techniques [5, 6]. To detect the
faults in real world structures (mechanical systems or civil
structures), intelligent classification techniques might be the
best way for the practice applications.However, the lack of the
faulty samples will lead to the failure to detect faults in real

world structural systems. Hence, numerical simulation plays
a key role in the present fault detection methodology to
obtain the simulated faulty samples to replace the measured
ones.Therefore, the objective of this special issue is to present
original research and review articles on the latest theoretical
developments and experimental techniques in structural
dynamical monitoring and fault diagnosis, such as diag-
nostics/prognostics/machine learning, numerical simulation
modeling of structures with faults, structural healthmonitor-
ing, nondestructive testing and evaluation, equipment evalu-
ation using vibration information, and condition monitoring
systems.

In the present special issue, we accepted research articles
from Denmark, Japan, China, South Korea, Egypt, Iran,
Turkey, Spain, Colombia, and Serbia after a strict peer review
process.The research areaswerewithin the topic of the special
issue, for example, fault diagnosis of mechanical components
(bearings, gears, diesel engine, and shafts), dynamical model
updating of mechanical and civil structures, structural health
monitoring of civil structures (builds and bridges), fatigue life
analysis using vibration signals for the equipment evaluation,
the construction of condition monitoring systems using
the novel methods for mechanical systems and biomedical
systems, lightweight investigation using vibration signals
for vehicle engineering, numerical simulation of earthquake
waveforms to the condition monitoring of civil engineering
structures, and numerical simulation of structures.

For the fault diagnosis of mechanical components, in the
paper “Study on Fault Diagnosis of Rolling Bearing Based on
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Time-Frequency Generalized Dimension” by Y. Yuan et al.,
a novel multifractal fault diagnosis approach using time-
frequency domain signals was proposed to detect faults in
rolling-element bearings. In the paper “Rotating Machine
Fault Diagnosis Based on Optimal Morphological Filter and
Local Tangent Space Alignment” by S. Dong et al., the hybrid
scheme using particle swarm optimization (PSO) algorithm-
based optimal morphological filter and the nonlinear mani-
fold learning algorithm local tangent space alignment (LTSA)
was developed to extract the fault features of rolling-element
bearings. The paper “Mutual Information-Assisted Wavelet
Function Selection for Enhanced Rolling Bearing Fault Diag-
nosis” by R. Yan et al. improved the performance of the
wavelet packet transform (WPT) to classify the faults in
rolling-element bearings. In the paper “Fault Diagnosis for
Gearbox Based on Improved Empirical Mode Decomposi-
tion” by L. Zhao et al., the fault in gears was detected using
the orthogonal empiricalmode decomposition (OEMD).The
paper “An Algorithm of Quantum Restricted Boltzmann
Machine Network Based on Quantum Gates and Its Applica-
tion” by P. Zhang et al. investigated the algorithm of quantum
restricted Boltzmann machine network for gear faults identi-
fication. The paper “An Adaptive Support Vector Regression
Machine for the State Prognosis ofMechanical Systems” byQ.
Zhang et al. built up an adaptive support vector regression
(ASVR) to predict the faults in descaling pumps. The paper
“A Novel Rotor Profile Error Tracing and Compensation
Strategy for High Precision Machining of Screw Rotor Based
on Trial Cutting of Limited Samples” by Z. Shen et al. pre-
sented a trail cutting fault detecting method to trace the rotor
profile error and further generate a compensation strategy for
the improvement of running precision of screw rotors. The
paper “A Method Combining Order Tracking and Fuzzy 𝐶-
Means forDiesel Engine Fault Detection and Isolation” inves-
tigated the hybrid method using order tracking and fuzzy 𝐶-
means for the fault detection of diesel engine. The paper “A
Comparative Study on Multiwavelet Construction Methods
and Customized Multiwavelet Library for Mechanical Fault
Detection” by J. Yuan et al. discussed the performance of
the multiwavelet construction and the corresponding cus-
tomized multiwavelet library for the application in mechani-
cal fault detection.

For the dynamical model updating of mechanical and
civil structures, the paper “Model Updating of Spindle Sys-
tems Based on the Identification of Joint Dynamics” by H.
Cao et al. presented a method to update the finite element
model of spindle. The joint stiffness was identified through
the iteration process by minimizing the difference between
the simulated frequency response function (FRF) and the
measured FRF of the assembly. The paper “A PSO Driven
Intelligent Model Updating and Parameter Identification
Scheme for Cable-Damper System” by D. Dan et al. proposed
particle swarm optimization (PSO) algorithm-based param-
eters identification method of cable-damper system for the
finite element model updating.

For the structural healthmonitoring of civil structures, in
the paper “A BioinspiredMethodology Based on an Artificial
Immune System for Damage Detection in Structural Health
Monitoring” byM. Anaya et al., the bioinspiredmethodology

using artificial immune system (AIS) is applied to determine
faults based on the sudden changes of the ultrasonic signals
measured from an aircraft skin panel. The paper “Acoustical
Source Tracing Using Independent Component Analysis and
CorrelationAnalysis” byW.Cheng et al. presented a hybrid of
independent component analysis (ICA) and correlation anal-
ysis scheme to locate the acoustical source of shell structures
to indicate the damage locations. The paper “Bridge Damage
Severity Quantification Using Multipoint Acceleration Mea-
surement and Artificial Neural Networks” by P. Chun et al.
developed a damage severity detection method using accel-
erators and artificial neural networks. The paper “Stayed-
Cable Bridge Damage Detection and Localization Based on
Accelerometer Health Monitoring Measurements” by M. R.
Kaloop and J.W.Hudeveloped a structural healthmonitoring
scheme using accelerators, time series analysis, response
spectra, and the power density spectra to construct in situ
monitor of the damage condition of bridge.

For the fatigue life analysis using vibration signals for
the equipment evaluation, the paper “Evolution Balancing of
the Small-Sized Wheel Loader Assembly Line” by R. Lai et
al. investigated the application of genetic algorithms (GAs)
to improve the balancing efficiency and precision of wheel
loader assembly line. The paper “Fatigue Life Analysis of
Rolling Bearings Based on Quasistatic Modeling” by W. Guo
et al. proposed a quasistatic model-based fatigue life analysis
method for the rolling-element bearings. Both numerical
simulation and experiment investigation were performed
to testify the fatigue life prediction model. The paper “NC
Machine Tools Fault Diagnosis Based on Kernel PCA and 𝑘-
Nearest Neighbor Using Vibration Signals” by Z. Yuqing et al.
proposed a cutting tool processing cycle prediction scheme
based on the fault classification using kernel principal com-
ponents analysis (PCA).

For the construction of condition monitoring systems
using the novelmethods formechanical systems and biomed-
ical systems, the paper “Automatic Condition Monitoring of
Industrial Rolling-Element Bearings UsingMotor’s Vibration
and Current Analysis” by Z. Yang presented an automatic
condition monitoring system using motor vibration and
current analysis to evaluate the work conditions of rolling-
element bearings. In the paper “Application of 𝑇2 Control
Charts and Hidden Markov Models in Condition-Based
Maintenance at Thermoelectric Power Plants” by E. Kisić et
al., the condition-based maintenance systems using control
charts and hidden Markov models were developed. In the
paper “Determining Effects of Wagon Mass and Vehicle
Velocity on Vertical Vibrations of a Rail Vehicle Moving with
a Constant Acceleration on a Bridge Using Experimental and
Numerical Methods” by C. Mızrak and İ. Esen, the wagon
mass and vehicle velocity indemnification system was devel-
oped. In the paper “Modeling and Simulation of Process-
Machine Interaction in Grinding of Cemented Carbide
Indexable Inserts” by W. Feng et al., the grinding monitoring
system was developed. In the paper “Real Time Cardan Shaft
State Estimation of High-Speed Train Based on Ensemble
Empirical Mode Decomposition” by C. Yi et al., the real
time cardan shaft state monitoring system using ensemble
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empirical mode decomposition was developed. In the paper
“Research on High-Frequency Combination Coding-Based
SSVEP-BCIs and Its Signal Processing Algorithms” by F.
Zhang et al., the evoked potential monitoring system was
developed to monitor the electroencephalogram.

For the lightweight investigation using vibration signals
for vehicle engineering, the paper “Lightweight Investigation
of Extended-Range Electric Vehicle Based on Collision Fail-
ure Using Numerical Simulation” by J. Long et al. proposed
a collision failure-based lightweight method to optimize the
natural frequency and the corresponding vibration response
of the extended-range electric vehicle.

For the numerical simulation of earthquake waveforms
to the condition monitoring of civil engineering structures,
the paper “Bizarre Waveforms in Strong Motion Records”
by B. Zhou et al. investigated the abnormal waveform and
found that it directly affects the characteristics of time history
and frequency spectrum. The paper “The Influence of Pier
Stiffness Ratio on the Failure Modes of Masonry Structures”
by Y. Wang et al. investigated the influence of pier stiffness
ratio on the failure mode of infrastructure when it afforded a
heavy earthquake.

For the numerical simulation of structures, the paper
“Free Vibration Analysis for Cracked FGM Beams by Means
of a Continuous Beam Model” by E. C. Yang et al. proposed
a numerical simulation method using continues beammodel
to analyze the functional gradedmaterials (FGMs) beamwith
cracks. The paper “Identification of Crack Location in Beam
Structures UsingWavelet Transform and Fractal Dimension”
by Y.-Y. Jiang et al. presented wavelet-based numerical
method and fractional dimension method to detect crack
locations.The paper “Research on the BandGap Characteris-
tics of Two-Dimensional Phononic CrystalsMicrocavity with
Local Resonant Structure” by M. Liu et al. presented novel
two-dimensional phononic crystals (PCs) through numerical
simulation, which might be employed to detect damage
in structures. The paper “Resonance Analysis of High-
Frequency Electrohydraulic Exciter Controlled by 2D Valve”
by G. Pan et al. presented a numerical simulation method
using Fourier series extension to analyze the conditions
of electrohydraulic exciter controlled by two-dimensional
valve. The paper “Theoretical Analysis and Experimental
Verification of Particle Damper-Based Energy Dissipation
with Applications to Reduce Structural Vibration” by X.
Wangqiang et al. presented a numerical simulation method
using theoretical analysis to reduce structural vibration of
dampers.

In summary, much effort should be made to connect the
novelty methods and the fault/damage detection for the real
world mechanical and civil structures.

Jiawei Xiang
Yaguo Lei

Yanxue Wang
Yumin He

Changjun Zheng
Haifeng Gao
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Inner product transform principle reveals that the basis functions most relevant or similar to the fault features are pivotal to the
meaningful fault detection. Customized multiwavelet methods and practices have continued to improve over the recent years,
focused on two-scale similarity transform (TST), lifting transform (LT), and lifting scheme (LS). Due to the respective advantages
and disadvantages, a comparative study on the multiwavelet construction methods by TST, symmetric and dissymmetric LT, and
LS is discussed in the paper, covering the differences of construction theories, the synthetic analyses of construction strategies, and
the comparison of waveform characteristics along with their applicable occasions. Comprehensively utilizing the capabilities of the
constructionmethods, a novel customizedmultiwavelet library is established for the accurate fault detection.The proposedmethod
is applied to incipient fault detection of rolling bearing for electric locomotive to verify the effectiveness and feasibility.

1. Introduction

Operating in long-term and/or complex severe conditions,
kernel components and important structures of key mechan-
ical equipment would inevitably generate various faults or
damage, yielding unscheduled downtime and costly break-
downs. Therefore, mechanical fault detection has received
considerable attention over the recent decades. Suchmechan-
ical fault detection methods of linear transform as Fourier
transform and wavelet transform [1, 2] are revealed as the
inner product transform based on Hilbert space [3].

As a typical inner product transform, the emerging
multiwavelets are the new development of wavelet theory,
attracting remarkable interest of researchers [4–8]. The par-
ticular superiority onmultiwavelets is as follows. (1)They can
possess the important signal processing properties of orthog-
onality, symmetry, short support, and vanishing moments
simultaneously, which traditional scalar wavelets fail to do
[9]. (2) Multiwavelets could offer multiple basis functions
different in the time-frequency characteristics potential and
promising for the weak and multiple feature extraction.

Multiwavelet transform is realized essentially by an inner
product operation ⟨𝑥(𝑡),Ψ

𝑎,𝑏
(𝑡)⟩ of a given signal 𝑥(𝑡) and

the vector-valued basis functions Ψ
𝑎,𝑏

(𝑡). Therein, the basis
functionsΨ

𝑎,𝑏
(𝑡) most relevant or similar to the fault features

are pivotal to the meaningful fault detection [3]. Thus, cus-
tomized multiwavelet methods and practices have continued
to improve over the recent years, inwhich two-scale similarity
transform (TST) [10], lifting transform (LT) [11], and lifting
scheme (LS) [12] have been focused on (note that LT and LS
are defined distinctly). The key TST matrix was constructed
for custom design of basis functions and applied to fault
diagnosis of rolling bearing and rub-impact fault of flue gas
turbine unit [13]. Symmetric LT strategy was proposed to
construct customized biorthogonal multiwavelets flexibly for
fault detection of air compressor [14]. Based on cubicHermite
multiwavelets, signal-adapted multiwavelets with various
vanishing moments were established by LTs and utilized to
diagnose gearbox fault of rolling mill [15]. Similar to second
generation wavelets, various vector prediction and update
operators were designed by Hermite spline interpolation for
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2 Shock and Vibration

customized LS-basedmultiwavelets and applied to gear crack
detection of electric locomotive [16].

Despite the prior progress for customized multiwavelets,
such challenges as the appropriate selection of multiwavelet
construction methods for a given fault detection in engineer-
ing practice still remain. To overcome the problem, a study
on the aforementioned multiwavelet construction methods
is discussed in the paper. The advantages and disadvantages
of these construction theories are first discussed. Then, the
synthetic analyses of construction strategies are investigated.
Besides, the characteristics of each customized multiwavelet
by TST, symmetric and dissymmetric LT, and LS are summa-
rized along with their applicable occasions. Furthermore, an
extensive customized multiwavelet library by these construc-
tion methods is set up for the accurate analysis of mechanical
fault detection. The proposed multiwavelet library is applied
to the incipient fault detection of rolling bearing for electric
locomotive.

The remainder of this paper is organized as follows. A
brief introduction of multiwavelet theory and the aforemen-
tioned multiwavelet construction methods are reviewed in
Section 2. Their contrastive study is given in Section 3. A
customized multiwavelet library is addressed and validated
in Section 4. Section 5 provides conclusions.

2. Summary of Multiwavelets and
Construction Methods

2.1. Multiwavelet Theory. By two-scale equations, multi-
wavelet decomposition is addressed by

c
𝑗−1,𝑛 = ∑

𝑘∈𝑍

H
𝑘−2𝑛c𝑗,𝑘,

d
𝑗−1,𝑛 = ∑

𝑘∈𝑍

G
𝑘−2𝑛c𝑗,𝑘,

(1)

where c
𝑗−1,𝑛 and d

𝑗−1,𝑛 are the low-frequency and high-
frequency coefficients, respectively, and {H

𝑘
} and {G

𝑘
} are the

matrix low-pass and high-pass filter coefficients, respectively.
And multiwavelet reconstruction is obtained by

c
𝑗,𝑘

= ∑
𝑛

H∗
𝑘−2𝑛c𝑗−1,𝑛 + ∑

𝑛

G∗
𝑘−2𝑛d𝑗−1,𝑛. (2)

The superscript∗ stands for the complex conjugate transpose.
Due to the initial expansion coefficients, preprocessing

must be conducted in advance, in which the oversampling
representation performs well for feature extraction and is
adopted in the paper [17]. Besides, the postprocessing is
canceled in the paper to extract the diverse fault feature based
on the inner product transform principle [15].

2.2. Two-Scale Similarity Transform. TST proposed by Strela
[17] can be used to transfer approximation order back and
forth between multiple scaling functions and their duals.
Suppose that M(𝜔) is a well-defined TST matrix in which
H(0) and M(0) share a common right eigenvector r. Let Φ,
Ψ and Φ̃, Ψ̃ be biorthogonal multiwavelets with the symbols
of H(𝜔), G(𝜔), H̃(𝜔), and G̃(𝜔). Therein, Φ and Φ̃ have the

approximation orders 𝑝 and 𝑝 ≥ 1, respectively. TST is
described by [17]

Hnew (𝜔) =
1
2
M (2𝜔)H (𝜔)M−1 (𝜔) ,

Gnew (𝜔) =
1
2
G (𝜔)M−1 (𝜔) ,

H̃new (𝜔) = 2M−∗ (2𝜔) H̃ (𝜔)M∗ (𝜔) ,

G̃new (𝜔) = 2G̃ (𝜔)M∗ (𝜔) .

(3)

By TST, Φnew has the approximation order 𝑝 + 1 and Φ̃new
has the approximation order 𝑝 − 1. Besides, another new
biorthogonal pair is formed by (3). The calculation of M(𝜔)

is proved to be the key for multiwavelet construction.

2.3. Lifting Transform. Taking initial multiwavelets, LT suc-
cessively modifies the multiple wavelet functions and fine-
tunes such properties as the numbers of vanishing moments.
DenoteΦ,Ψ and Φ̃, Ψ̃ as compactly supported biorthogonal
multiwavelets with the polyphase symbols of H(𝑧), G(𝑧),
H̃(𝑧), and G̃(𝑧). The multiwavelet LT is addressed by [11]

Hnew (𝑧) = H (𝑧) ,

Gnew (𝑧) = T (𝑧
2
) (G (𝑧) + S (𝑧

2
)H (𝑧)) ,

H̃new (𝑧) = H̃ (𝑧) − S∗ (𝑧
2
) G̃ (𝑧) ,

G̃new (𝑧) = (T∗ (𝑧
2
))
−1
G̃ (𝑧) .

(4)

Here, S(𝑧) and T(𝑧) are finite degree, which play the vital role
in multiwavelet construction, and the determinant of T(𝑧) is
a monomial. The new biorthogonal family shares the same
Φ with the initiating one. Besides, LT raises the vanishing
moments ofΨ. In particular, LTmixesΦ andΨ, whichmakes
Ψnew flexible and multivariate.

2.4. Lifting Scheme. LS is a powerful construction tool for
biorthogonal multiwavelets derived in the spatial domain.
Starting with the vector input signal f , LS consists of the split,
predict, and update steps. The decomposition and recon-
struction of multiwavelet LS are illustrated in Figure 1, where
P and U, respectively, represent the vector prediction and
update operators, significant for multiwavelet construction.
Furthermore, the biorthogonal perfect reconstruction multi-
filter banks can also be given by (5) through 𝑧 transforms [12]:

G (𝑧) = 𝑧 (I−
P (𝑧

2
)

𝑧
) ,

H (𝑧) = I+U (𝑧
2
)G (𝑧) ,

H̃ (𝑧) = I+
P (𝑧

2
)

𝑧
,

G̃ (𝑧) =
1
𝑧

(I−H (𝑧) 𝑧U (𝑧
2
)) .

(5)
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Figure 1: Multiwavelet LS.

3. A Contrastive Study on the Multiwavelet
Construction Methods

3.1. Discussion of Construction Theory

3.1.1. Two-Scale Similarity Transform. TST is a new nonob-
vious construction method for customized multiwavelets.
Taking an existing multiwavelet system as an origin, a series
of new changeable biorthogonal multiwavelets could be
obtained by TST. Practically, the approximation order and
regularity of multiple scaling functions are raised in the TST,
with such good properties as finite support and symmetry
of multiwavelet system remaining uncharged. However, the
approximation order and regularity of the dual multiple
scaling functions are decreased in TST, which makes the
unbalance of basis functions and their dual ones. Hence, we
could not simultaneously construct the basis functions of
good properties along with their dual ones. Moreover, TST
constructs new multiple scaling and wavelet functions only,
respectively, using the corresponding original multiple scal-
ing and wavelet functions, which could not sharply change
the waveforms of basis functions. Furthermore, the TST
approach involves the operation ofmatrix division or singular
matrices, resulting in the complex and slow computation.

3.1.2. Lifting Transform. On the basis of the perfect
reconstruction filter bands, biorthogonal multiwavelets
are obtained by designing the lifting coefficients in LT,
modifying the characteristic of the original multiwavelets.
Without the matrix division, LT is simple, fast, and flexible
for construction. In LT, the vanishing moments of multiple
wavelet functions are modified with the symmetry or
dissymmetry to satisfy the requirement of different signals.
New multiple wavelet functions by LT are actually the linear
combination of the original multiple scaling and wavelet
functions, which could result in the large change of the
waveform. Moreover, LT always produces the short finite
support of basis functions, due to the flexible constrain
of the support length. In spite of the advantages, LT only
constructs the new multiple wavelet functions, without any
changes of the multiple scaling functions, leading to the
same decomposition coefficients of the lowest frequency
band. Furthermore, the dual multiple scaling and wavelet
functions show the low regularity, reducing the precision of

signal reconstruction. Thus, the signal decomposition using
LT-based customized multiwavelets is often applied in fault
detection, without signal reconstruction.

3.1.3. Lifting Scheme. Similar to second generation wavelets,
LS-based customized multiwavelets derived in the spatial
domain do not rely on Fourier transform. LS has the advan-
tages of simple structured design, flexible adaptive structure,
high speed calculation, and less occupied memory. In LS,
the multiwavelet construction turns out to be the design of
the vector prediction and update operators, in which the
vanishingmoments could be designed for a given signal. Such
properties as finite support, regularity, and symmetry could
be preserved in LS. However, the main peaks of waveforms of
diverse basis functions corresponding to the designed vector
prediction and update operators are very analogous. Different
free parameter in LS only changes the oscillation number and
waveform of the subpeaks of basis functions.

3.2. Analysis of Construction Strategy

3.2.1. TST-Based Customized Multiwavelets. TST modifying
the approximation order shows a nonobvious construction
for customized multiwavelets to detect rotating machinery
faults. Starting with GHM multiwavelets [18], a TST is first
performed with M1(𝜔) shown in (6) to construct a series of
changeable biorthogonal multiwavelets with the good prop-
erties of symmetry, regularity, and finite support. Moreover,
another TST with M2(𝜔) shown in (7) is carried out to
the dual multiwavelets H̃new(𝜔) and G̃new(𝜔) to improve the
properties of the dual ones [13]:

M1 (𝜔) = [

[

𝑎 (1 + 𝑒
−𝑖𝜔

) −2√2𝑎

𝑏 (1 − 𝑒
−𝑖𝜔

) 0
]

]

, (6)

M2 (𝜔) = [
𝑐 0

𝑑 (1 + 𝑒
−𝑖𝜔

) 𝑒 (1 − 𝑒
−𝑖𝜔

)
] . (7)

Here, [𝑎, 𝑏, 𝑐, 𝑑, 𝑒] are nonzero parameters, which influence
the customized multiwavelets together.

Based on the kurtosis maximization principle, the con-
struction strategy for TST-based customized multiwavelets is
shown in Figure 2.
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Figure 2: Construction strategy for TST-based customized multiwavelets.

3.2.2. LT-Based Customized Multiwavelets with Various Van-
ishing Moments. In fault detection, basis functions should
have enough vanishing moments such that singularity sig-
natures can be extracted from the noisy signals. Hence,
LT is adopted to construct a series of biorthogonal multi-
wavelets of regularity and short support with various van-
ishing moments. Note that, because the localized faults often

generate the dynamic impulsive response characterized as the
unilateral oscillating decay, the symmetry of basis functions
is not deliberately constrained in the construction method
based on the inner product transform principle. On the basis
of the fixed cubic Hermite multiwavelets [19], the critical S(𝑧)

in LT from 1st to 7th vanishing moments are listed as follows
[15]:

1st: S1 = [
2.776 × 10−17

−0.694 × 10−17
𝑎1

𝑏1
] ,

2nd: S2 = [
0.028 1.219

−0.007 −0.208
] × 10−15,

3rd: S3 = [
−2.8916 × 10

−16

+ 0.0935𝑎
3

0.9833 + 0.7009𝑎
3

1.0364 × 10
−16

− 0.0935𝑎
3

−0.9833 + 0.7009𝑎
3

6.7571 × 10
−18

+ 0.0935𝑏
3

−7.3689 × 10
−16

+ 0.7009𝑏
3

−1.3696 × 10
−17

− 0.0935𝑏
3

7.3416𝑒 × 10
−16

+ 0.7009𝑏
3

] ,

4th: S4 = [
0 0.9833 0 −0.9833

−0.1996 −1.4969 0.1996 −1.4969
] ,

5th: S5 = [
0.1249 + 0.0488𝑎5 1.8599 + 0.2720𝑎5 −0.1875 −0.3963 + 0.9205𝑎5 0.0626 − 0.0488𝑎5 −0.5297 + 0.2720𝑎5

−0.1120 + 0.488𝑏5 −1.0088 + 0.2720𝑏5 0.1996 0.1551 + 0.9205𝑏5 −0.0876 − 0.0488𝑏5 0.4881 + 0.2720𝑏5
] ,
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6th: S6 = [
0.4629 3.7431 −0.1875 5.9776 −0.2754 1.3535

−0.2133 −1.5731 0.1996 −1.7547 0.0137 −0.0762
] ,

7th: S7

= [
0.4053 + 0.0198𝑎

7
3.4939 + 0.0973𝑎

7
−0.4958 + 0.0467𝑎

7
2.8178 + 0.6985𝑎

7
−0.0697 − 0.0467𝑎

7
−3.1685 + 0.6985𝑎

7
0.1601 − 0.0198𝑎

7
−0.8205 + 0.0973𝑎

7

−0.1918 + 0.0198𝑏
7

−1.4723 + 0.0973𝑏
7

0.2731 + 0.0467𝑏
7

−0.8484 + 0.6985𝑏
7

−0.0462 − 0.0467𝑏
7

1.0118 + 0.6985𝑏
7

−0.0351 − 0.0198𝑏
7

0.1769 + 0.0973𝑏
7

] .

(8)

Here, free parameters 𝑎
𝑖
, 𝑖 = 1, 3, 5, 7, affect S

𝑖
with odd

vanishing moments on the first row and 𝑏
𝑖
, 𝑖 = 1, 3, 5, 7, on

the second row. Meanwhile, there is only one multiwavelet
pair at each even level. Furthermore,T(𝑧) is also ignored (i.e.,
T(𝑧) = I) because it has no effect on themultiple wavelet basis
functions along with their vanishing moments.

Using the well-defined local spectral entropy minimiza-
tion rule for the typical mechanical faults [15], the con-
struction strategy for LT-based customized multiwavelets
with various vanishing moments is illustrated in Figure 3, in
which the appropriate vanishingmoments are also selected to
capture the hidden fault features effectively.

3.2.3. Symmetric LT-Based Customized Multiwavelets. As
one of the important properties for multiwavelets, symme-
try could ensure the property of linear phase or at least

general linear phase of the multifilters, effectively avoiding
reconstruction errors. Therefore, the symmetric selection is
adopted in LT to obtain the symmetric or antisymmetric basis
functions. If𝜔0(𝑥) is employed as an origin to construct a new
wavelet with the specified numbers of vanishing moments,
then LT of (4) is equal to

𝜔
new
0 = 𝜔0 (𝑥) +

𝑘

∑
𝑖=1

𝑐
𝑖
𝜔
𝑖
(𝑥) , (9)

where 𝑐
𝑖
is the lifting coefficient. Lifting vanishingmoments𝑝

ofΨ up to 𝑝
, integrate both sides of (9); then the symmetric

selection for LT is obtained by [14]

[
[
[
[
[
[
[
[
[
[
[

[

∫ 𝜔1 (𝑥 + 𝑘
𝜔1,1) 𝑥

𝑝

𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,2) 𝑥

𝑝

𝑑𝑥 ⋅ ⋅ ⋅

∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,1) 𝑥

𝑝+1
𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘

𝜔1 ,2) 𝑥
𝑝+1

𝑑𝑥 ⋅ ⋅ ⋅

...
...

...

∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,1) 𝑥

𝑝

−1

𝑑𝑥 ∫ 𝜔1 (𝑥 + 𝑘
𝜔1 ,2) 𝑥

𝑝

−1

𝑑𝑥 ⋅ ⋅ ⋅

]
]
]
]
]
]
]
]
]
]
]

]

[
[

[

1 0
𝐵
𝜔0

𝐵
𝜔1

d

0

]
]

]

[
[
[
[
[
[

[

𝑐1

𝑐2

...

𝑐
𝑘

]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[
[
[
[

[

− ∫ 𝜔0 (𝑥) 𝑥
𝑝

𝑑𝑥

− ∫ 𝜔0 (𝑥) 𝑥
𝑝+1

𝑑𝑥

...

− ∫ 𝜔0 (𝑥) 𝑥
𝑝

−1

𝑑𝑥

]
]
]
]
]
]
]
]
]
]
]

]

, (10)

where 𝑘 is the translation quantity of basis functions and
𝐵
𝜔
𝑖

= ±1 represents the symmetry and antisymmetry of basis
functions.

By the kurtosis maximization principle, the construction
strategy for symmetric LT-based customized multiwavelets is
shown in Figure 4.

3.2.4. LS-Based Customized Multiwavelets. LS has an inher-
ent tool for custom design of multiwavelets for mechanical
fault detection. Based on Hermite spline interpolation, a
series of variable LS-based multiwavelets with the properties
of biorthogonality, symmetry, short support, and vanishing
moments are constructed. The vector prediction operator P
and vector update operator U satisfy [16]

P = {𝑃 (0) , 𝑃 (−1)} ,

𝑃 (0) = (

1
2

1
4

𝑐 −
1
4

) ,

𝑃 (−1) = (

1
2

−
1
4

−𝑐 −
1
4

)

(11)

U = {𝑈 (0) , 𝑈 (1)} ,

𝑈 (0) = (

1
4

−
1
8

−
𝑐

2
−
1
8

) ,

𝑈 (1) = (

1
4

1
8

𝑐

2
−
1
8

) ,

(12)

where 𝑐 is the free parameter.
Using the entropy minimization rule, the construction

strategy for LS-based customized multiwavelets is illustrated
in Figure 5.
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Figure 3: Construction strategy for LT-based customized multiwavelets with various vanishing moments.

3.3. Comparison of Waveform Characteristic and
Applicable Occasion

3.3.1. TST-Based Customized Multiwavelets. Based on GHM
multiwavelets, a series of TST-based customized multi-
wavelets are constructed. One improved multiwavelet exam-
ple with 𝑎 = −1, 𝑏 = −2, 𝑐 = 4, 𝑑 = 6, and 𝑒 = −9,
implementing the procedure of Figure 2, is shown in Figure 6.
The multiwavelets show an impact characteristic waveform
of compact support and quick oscillating decay. The main
peaks of the TST-based multiwavelets are sharp, similar to
the fault features of impact faults or friction faults. Thus, the
TST-based customized multiwavelets are quite suitable for
the impact and friction fault detection, for instance, the rub-
impact fault of flue gas turbine unit in [13].

3.3.2. LT-Based Customized Multiwavelets with Various Van-
ishing Moments. Taking cubic Hermite multiwavelets as an
origin, a family of LT-based customized multiwavelets with
various vanishingmoments is obtained according to Figure 3.
Figure 7 displays multiple wavelet functions of vanishing
moments from 1 to 7, with 𝑎

𝑖
= 2 and 𝑏

𝑖
= 1, 𝑖 =

1, 3, 5, 7. It could be seen from Figure 7 that the amount of

unilateral oscillating decay is enhanced with the increase
of the vanishing moments. Meanwhile, the waveforms of
𝜓1change a little within the low vanishing moments, shown
in (a)∼(d) in Figure 7. Nevertheless, the waveforms of 𝜓2
change variously. The multiwavelet family presents unilat-
eral oscillating decay, potential of optimally matching the
dynamic impulsive response of mechanical localized faults
based on the inner product transform principle. Hence,
LT-based customized multiwavelets with various vanishing
moments could be adopted for mechanical localized fault
diagnosis such as the slight scratch fault of rolling bearing in
[15].

3.3.3. Symmetric LT-Based Customized Multiwavelets. Intro-
ducing the symmetric selection into LT, symmetric multiple
wavelet functions are designed following the flowchart of
Figure 4. One example of the symmetric LT-based multiple
wavelet functions with c = [ −0.2 −0.2 0.1 −0.5

1 0.5 0.1 0.3 ] is illustrated
in Figure 8. Compared with the LT-based multiwavelets with
various vanishing moments in Figure 7, some of the wavelet
functions are similar due to the same origin basis functions
and construction theory. However, the symmetric family is
not more changeable than the dissymmetric one. Like the
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Figure 4: Construction strategy for symmetric LT-based cus-
tomized multiwavelets.

LT-based customized multiwavelets with various vanishing
moments, symmetric LT-based customized multiwavelets
are also appropriate for mechanical localized fault diagno-
sis. Importantly, the symmetric restriction of multiwavelets
brings benefits to avoiding reconstruction error of signal
processing. Hence, if the signal processing of fault detection
requires high quality, the symmetric LT-based customized
multiwavelets are more suitable than the dissymmetric ones.

3.3.4. LS-Based Customized Multiwavelets. On the basis of
Hermite spline interpolation, the vector prediction and
update operators are, respectively, designed according to
Figure 5. One example of LS-based multiwavelets corre-
sponding to the vector prediction operator and vector update
operatorwith 𝑐 = −1 is shown in Figure 9.The basis functions
perform as the impulsive characteristic of quick oscillating
decay with the main peak dominating in the finite support,
similar to the fault feature response of the large damping

Input signal

Is the entropy min?

Fault detection

No

Genetic 
algorithms 

Signal decomposition

P U

Optimum parameters 

LS-based customized 
multiwavelets

Yes

c

Figure 5: Construction strategy for LS-based customized multiwa-
velets.

system. Hence, the LS-based customized multiwavelets are
befitting for capturingmechanical faults in the large damping
system such as rolling mills or electric locomotives in [16].

3.4. Summary. In conclusion, different construction theories
and strategies have their respective advantages and disad-
vantages. Meanwhile, the above four types of customized
multiwavelets are distinctive in the waveform characteris-
tics. Thus, an appropriate multiwavelet construction method
is selected according to the properties and waveforms of
basis functions in the custom design of multiwavelets in
engineering practice. Therein, the most similar or relative
multiwavelets are constructed and selected according to a
given analyzed signal based on the inner product transform
principle for the meaningful and effective mechanical fault
detection.

4. A Customized Multiwavelet
Library and Validation

4.1. A Customized Multiwavelet Library. Considering the
various advantages and disadvantages among the afore-
mentioned construction theories and strategies along with
the multiwavelet characteristics, an extensive customized
multiwavelet library is established byTST, symmetric anddis-
symmetric LT, and LS for the accurate analysis of mechanical
fault detection. Figure 10 shows the strategy of customized
multiwavelet library, in which the selection rule could be the
kurtosis maximization, the entropy minimization, and so on.

4.2. Experimental Validation. Theproposed customizedmul-
tiwavelet library is validated for bearing fault detection on
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Figure 6: TST-based multiwavelets: (a) multiple scaling and wavelet functions; (b) dual multiple scaling and wavelet functions.

Table 1: The geometric parameters of the tested bearing.

Parameter Value
Bearing specs 552732QT
Inner race diameter 160mm
Outer race diameter 290mm
Roller diameter 34mm
Roller number 17
Contact angle 0∘

electric locomotive test facility shown in Figure 11. The loco-
motive was jacked up and the shafts were idling at a speed of
650 r/min. Vibration signals were collected by accelerometers
magnetically attached on the bearing housing by a sampling
frequency 12.8 kHz.The geometric parameters of test bearing
are listed in Table 1.The characteristic frequency of outer race
fault for the bearing is calculated at 78.169Hz, that is, 0.0128 s.

One noisy signal is displayed in Figure 12, which does
not provide any warning of bearing fault. We apply the
proposed customized multiwavelet library to analyze the
data. The entropy minimization of spectral envelope is rec-
ommended to select the optimalmultiwavelets, bymeasuring
the sparsity of the spectral envelope [15]. Considering the
abundant information, the high-frequency coefficients at
the three-level decomposition are subjected to the entropy
minimization rule. According to the strategy of Figure 10, the
signal-adapted multiwavelets are the LT-based multiwavelets
dominated by 𝑎1 = 39.4933 and 𝑏1 = 62.6189 with vanishing
moment 1, shown in Figure 13. The purified high-frequency

result at the three-level decomposition on the first channel by
the optimal multiwavelets is illustrated in Figure 14. Evenly
spaced impulses exist in the result, whose inverse is about
0.0128 s, coinciding with the characteristic frequency of outer
race fault. This implies that there is a localized fault on the
outer race of the test bearing.

In order to affirm the effectiveness of the proposed
method, it is also compared with the TST-based and sym-
metric LT-based and LS-based customized multiwavelets,
whose purified results are displayed in Figure 15.We see from
Figure 15 that only part of the impulsive sequence is extracted
by the symmetric LT-basedmethod, along with themeaning-
less disorder signals acquired by the other twomethods.Thus,
the contrastive results could hardly provide information to
the diagnostic conclusion. After being disassembled, a slight
rub was found on the outer race of the test bearing shown
in Figure 16, consistent with the diagnostic conclusion of the
proposedmethod.Moreover, the experimental case coincides
with the applicable occasion of each customizedmultiwavelet
family proposed in Section 3.3.

5. Conclusions

Owing to the respective advantages and disadvantages of
the obvious multiwavelet construction methods, customized
multiwavelets for mechanical fault detection suffer from such
main challenges as the appropriate construction approach.
Thus, a study on the TST, symmetric and dissymmetric LT,
and LS multiwavelet construction methods is discussed in
the paper, covering the differences of construction theories,
the synthetic analyses of construction strategies, and the
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Figure 7: LT-based multiple wavelet functions with various vanishing moments: (a) 1st; (b) 2nd; (c) 3rd; (d) 4th; (e) 5th; (f) 6th; (g) 7th.

comparisons of waveform characteristics along with their
applicable occasions. In engineering practice, the simple
and straightforward selection approach for an appropriate
multiwavelet construction method is as follows.

(1) TST-based customized multiwavelets are quite suit-
able for the impact and friction fault detection, for
instance, the rub-impact fault of large mechanical
unit.

(2) LT-based customizedmultiwavelets with various van-
ishing moments could be adopted for mechanical
localized fault diagnosis such as the slight scratch fault
of rolling bearing.

(3) Symmetric LT-based customized multiwavelets are
also appropriate for mechanical localized fault diag-
nosis, especially in the case of the high requirement
of signal processing.



10 Shock and Vibration

0 5 10 15 0 5 10 15

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0
−0.1
−0.2

1
0.8
0.6
0.4
0.2

0
−0.2
−0.4
−0.6
−0.8

−1

𝜓1
𝜓2

Figure 8: Symmetric LT-based multiwavelets.

0 1 2 3 4 5 6
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 1 2 3 4 5 6 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

1.5

1

0.5

0

−0.5
−1

−1.5

0.6
0.5
0.4
0.3
0.2
0.1

0
−0.1
−0.2
−0.3
−0.4

1
0.8
0.6
0.4
0.2

0
−0.2
−0.4
−0.6

−1
−0.8

𝜙1
𝜙2 𝜓1 𝜓2

Figure 9: LS-based multiwavelets.
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Figure 10: Construction strategy of customized multiwavelet library.

(4) LS-based customized multiwavelets are befitting for
capturing mechanical faults in the large damping
system such as rolling mills or electric locomotives.

Comprehensively utilizing the capabilities of the con-
struction methods, a novel customized multiwavelet library
is established for the more effective fault detection than
that of each single method. The experimental validation of
the proposed library is conducted on incipient bearing fault
diagnosis for electric locomotive to verify the effectiveness
and feasibility.
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Figure 16: Slight rub fault on the outer race of the testing bearing.
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Rolling bearings are widely used in aeroengine, machine tool spindles, locomotive wheelset, and so forth. Rolling bearings are
usually the weakest components that influence the remaining life of the whole machine. In this paper, a fatigue life prediction
method is proposed based on quasistatic modeling of rolling bearings. With consideration of radial centrifugal expansion and
thermal deformations on the geometric displacement in the bearings, the Jones’ bearing model is updated, which can predict the
contact angle, deformation, and load between rolling elements and bearing raceways more accurately. Based on Hertz contact
theory and contact mechanics, the contact stress field between rolling elements and raceways is calculated. A coupling model of
fatigue life and damage for rolling bearings is given and verified through accelerated life test. Afterwards, the variation of bearing
life is investigated under different working conditions, that is, axial load, radial load, and rotational speed. The results suggested
that the working condition had a great influence on fatigue life of bearing parts and the order in which the damage appears on
bearing parts.

1. Introduction

Rolling bearings are widely used in rotating machinery
system such as aeroengine rotors system, machine tool
spindles, and train wheelset. However, they are the weak
links of mechanical because their mechanical properties
and operating state have significant impact on precision,
reliability, and life of the whole system. The failure of rolling
bearings not only affects the performance of mechanical
equipment, but also causes serious accident. Thus, fatigue
life prediction for rolling bearing has important theoretical
significance and practical value.

The dynamics behavior of rolling bearings is observably
affected by factors such as centrifugal force, gyroscopic
moment, friction, thermal deformation, and external load
on unconventional conditions like high speed and high
accelerated velocity. In this case, the movement inside rolling
bearing becomes very complex. Besides pure rolling contact
between rolling elements and raceways, motions like spin-
ning and skidding are accompanied. The failure mechanism
analysis, fault diagnosis, and life prediction for rolling bear-
ings become more difficult because of the significant change

of contact angle and contact load distribution. Incipient fail-
ure diagnosis is of great significance for keymajor equipment.
However, the response signals reflect incipient failures of
rolling bearings are not obvious and easy to be disturbed by
pathways and working noises, which bring new challenges
to fault diagnosis technology based on signal processing
and feature extraction. On fault diagnosis of rolling bearing,
researchers developed fault detect and diagnostic techniques
based on vibration and signal processing [1–4]. Patil et al. [5]
reviewed the research status of fault diagnosis on rolling bear-
ings. Research on fault modeling theory and failure mecha-
nism for rolling bearings is particularly inadequate compared
with fault detecting techniques. In recent years, studies
on rolling bearings fault modeling gain more and more
attention from researchers. Cao and Xiao [6] established
complicated dynamicalmodel for self-aligning roller bearing.
Surface damage, pretension, and radial clearance problems
were studied. Sawalhi and Randall [7] integrated nonlinear
bearing model with model of gear and simulated spalling
damage of bearings. Rafsanjani et al. [8] developed a non-
linear dynamical model for rolling bearings, and provided

Hindawi Publishing Corporation
Shock and Vibration
Volume 2015, Article ID 982350, 10 pages
http://dx.doi.org/10.1155/2015/982350

http://dx.doi.org/10.1155/2015/982350


2 Shock and Vibration

mathematical description for roller, inner raceway, and outer
raceway. Patel et al. [9] established a dynamical model for
deep groove ball bearing to study the vibration responsewhen
single point or multipoint faults existing on inner and outer
raceways. Above researches for dynamic simulation of rolling
bearings are helpful to understand the failure mechanism
and characteristic of bearings and provide fundamental basis
for monitoring and fault diagnosis of rolling bearings to
some extent. However, most of the models do not consider
the influence of parameters such as rotational speed, oper-
ation temperature rise, and external load. Considering the
centrifugal expansion and thermal deformation when inner
raceway rotating, Cao et al. [10, 11] improved Jones’ rolling
bearing model [12]. A mechanical model for high speed
rolling bearing was developed and verified by experiments.
Contact loads and contact positions inside rolling bearings
under static load, dynamic load, and high rotational speed
were studied.

The rolling bearing failure is typical rolling contact
fatigue [13]. Because fatigue spall of material originating
from subsurface caused by rolling contact is the main failure
form of rolling bearing [14], researchers put forward a lot
of rolling contact fatigue models to predict rolling bearing
life in past decades. The deterministic research models
for rolling contact fatigue (RCF), as an important class of
bearing life models, consider complete stress-strain behavior
information of materials under contact loading [15]. Taraf et
al. [16] studied the modeling of the rolling contact fatigue
initiation life, which was simulated with moving Hertzian
contact pressure. It was found that the size and shape of
defects in material played an important role in fatigue crack
initiation. Deshpande and Chandra Kishen [17] proposed
a method for rolling contact fatigue crack propagation
analysis with the concepts of Hertzian contact mechanics
associated with fracture mechanics. This algorithm could be
used to determine whether the bearing failure caused by
crack propagation. Using the method of equivalent initial
flaw size, Liu and Mahadevan [18] applied the propagation
model to calculate initiation fatigue life. Then, the model
for crack initiation and growth was obtained. Liu and Choi
[19] developed a method to model the RCF life of finish
hard machined surfaces and proved by experiment. The RCF
model was based on both the crack initiation life and the
crack propagation life.

Calculation of contact stress field is essential for the
prediction of bearing fatigue life, and many studies have
been conducted on solving contact stress field and RCF
problems. Hertz created elasticity contact theory, providing
foundation of contact stress analysis and calculation. Hertz
theory provided formula of surface stress field in correspond-
ing contact area. Lundberg and Palmgren [20] simplified
Hertz contact problem. Corresponding contact parameters
could be obtained just by querying contact coefficient tables.
Lots of tests proved rolling contact fatigue often initiated in
subsurface, therefore, the analysis for subsurface stress field
of contact area is important to research failure mechanism
and life prediction of contact fatigue [13]. Johnson [21] gave
a formula to calculate the principal stress at any depth in the
subsurface of contact area. Sadeghi’s group [22–25] developed

a Voronoi finite element model to simulate the microstruc-
ture of material and calculate the stress field of contact area.
The effect of microstructure of material on contact stress field
and rolling contact fatigue life was discussed.

Traditional researches were mostly based on models for
contact between single roller and raceway, but these models
have not developedwholemechanicalmodel to analyze stress
of a whole bearing. Meanwhile, the influences of parameters
like bearing structure and operating condition on bearing
life were not considered. Based on modified Jones’ model
[12], this paper analyzes mechanics principle of a bearing
and solves contact loads and contact angles under high-speed
conditions. On the basis of the above model, stress field of
surface and subsurface of bearing is calculated by dichotomy.
Then, a couplingmodel of life and damage which considering
the mechanical property of a bearing is established to predict
the fatigue initiation life of bearing parts, and qualitatively
verified through accelerated life test.

2. Quasistatic Modeling for Rolling Bearings

The movement inside an angular contact ball bearing
becomes complicated at high speed. The contact load and
the contact angle are significantly changed because of cen-
trifugal forces and gyroscopicmoments.Moreover, operating
temperature will increase with the run time growing so
that thermal deformation occurs on bearings. These cause
significant change on contact stress field and then affect
the fatigue life of rolling bearing. Jones’ bearing model is
a more complete bearing mechanics mode; however, it has
not considered the dilatational strain caused by rapid rising
temperature and centrifugal force. In this paper, the Jones’
bearing model is improved with the consideration of effect
of centrifugal force and gyroscopic couple and can take the
influences of radial thermal expansion and centrifugation
expansion of inner raceway on geometric displacement inside
the bearing into account. So the contact load and the contact
angle under the influences of these factors can be calculated.

2.1. Geometrical Properties of anAngular Contact Ball Bearing.
The typical geometric construction of an angular contact
ball bearing is shown in Figure 1. In the figure, 𝜑𝑘 is the
azimuth angle of the 𝑘th roller. Based on finite element idea,
a rolling bearing can be viewed as an element comprised
of an inner raceway node and an outer raceway node. The
motion of each node contains 5 degrees of freedom (DOFs).
In order to facilitate the analysis, the outer raceway is fixed.
Set the relative displacements of these 5 DOFs between inner
raceway and outer as Δ𝛿𝑥, Δ𝛿𝑦, Δ𝛿𝑧, Δ𝛾𝑦, and Δ𝛾𝑧.

As shown in Figure 2, when rolling bearings operated,
the relative positions of inner raceway, rolling element and
outer raceway will be changed.The inner raceway and rolling
element havemoved to new locations, respectively, after bear-
ings reach equilibrium states. Then, the distances between
curvature centre of raceways and roller are as follows:

Δ 𝑖𝑘 = 𝑟𝑖 − 0.5𝐷+𝛿𝑖𝑘 = (𝑓𝑖 − 0.5)𝐷+ 𝛿𝑖𝑘,

Δ 𝑜𝑘 = 𝑟𝑜 − 0.5𝐷+𝛿𝑜𝑘 = (𝑓𝑜 − 0.5)𝐷+ 𝛿𝑜𝑘,

(1)
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Figure 1: Geometric drawing of rolling bearings.
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Figure 2: Geometric relationship of bearing inner raceway, outer
raceway, and rolling elements.

where subscript 𝑖 and 𝑜 indicate inner raceway and outer
raceway, respectively, 𝑟 is curvature radius,𝐷 is the diameter
of rollers, 𝑓 is ratio of diameter of roller to curvature
radius of raceways, and 𝛿𝑖𝑘 and 𝛿𝑜𝑘 are contact deformation
displacements of rollers on inner raceway and outer raceway,
respectively.

The relative displacement variation of inner raceway
curvature center is as follows:

Δ 𝑖𝑐𝑢 = Δ𝛿𝑥 −Δ𝛾𝑧𝑟𝑖𝑐 cos𝜑𝑘 +Δ𝛾𝑦𝑟𝑖𝑐 sin𝜑𝑘,

Δ 𝑖𝑐V = Δ𝛿𝑦 cos𝜑𝑘 +Δ𝛿𝑧 cos𝜑𝑘 + 𝜀𝑖𝑟 +𝑢𝑖𝑟 − 𝜀𝑜𝑟,
(2)

where 𝜀𝑖𝑟 and 𝜀𝑜𝑟 are radial thermal expansion of inner race-
way and outer raceway, respectively, which can be obtained by
finite element heat analysis [26], 𝑢𝑖𝑟 is the expansion of inner
raceway under the action of centrifugal force.

Using the Pythagorean Theorem, it can be seen from
Figure 2 that the displacement of bearing internal structure
in working state is

(𝑈𝑖𝑘 −𝑈𝑘)
2
+ (𝑉𝑖𝑘 −𝑉𝑘)

2
−Δ

2
𝑖𝑘
= 0,

𝑈
2
𝑘
+𝑉

2
𝑘
−Δ

2
𝑜𝑘
= 0.

(3)

Accordingly, the trigonometry function of contact angle
between bearing raceways and rolling elements can be
described as follows:

sin 𝜃𝑖𝑘 =
𝑈𝑖𝑘 − 𝑈𝑘

Δ 𝑖𝑘

,

cos 𝜃𝑖𝑘 =
𝑉𝑖𝑘 − 𝑉𝑘

Δ 𝑖𝑘

,

sin 𝜃𝑜𝑘 =
𝑈𝑘

Δ 𝑜𝑘

,

cos 𝜃𝑜𝑘 =
𝑉𝑘

Δ 𝑜𝑘

.

(4)

2.2. Force Balance Analysis. When angular contact ball bear-
ings operate at high speeds, the contact between rolling ele-
ment and raceways is not pure rolling contact but along with
motions such as spinning and skidding. To simplify matters
in practice, assume that pure rolling only occurs between ball
and inner raceway or outer raceway, and both spinning and
skidding exist on the other raceway. Considering centrifugal
force and gyroscopic couple on balls, the force of the 𝑘th ball
is analyzed on the plane constructed by bearing axis and ball
center, as shown in Figure 3.
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Figure 3: Force analysis of rolling balls.

From Figure 3, considering the equilibrium of forces in
the horizontal and vertical directions:

𝑄𝑜𝑘 cos 𝜃𝑜𝑘 −𝑄𝑖𝑘 cos 𝜃𝑖𝑘 −
𝑀𝑔𝑘

𝐷
(sin 𝜃𝑜𝑘 − sin 𝜃𝑖𝑘)

− 𝐹𝑐𝑘 = 0,

𝑄𝑜𝑘 sin 𝜃𝑜𝑘 −𝑄𝑖𝑘 sin 𝜃𝑖𝑘 +
𝑀𝑔𝑘

𝐷
(cos 𝜃𝑜𝑘 − cos 𝜃𝑖𝑘) = 0,

(5)

where 𝜃𝑖𝑘 and 𝜃𝑜𝑘 are contact angle of inner raceway and outer
raceway, 𝐹𝑐𝑘 and 𝑀𝑔𝑘 are centrifugal force and gyroscopic
moment for rollers, respectively; 𝑄𝑖𝑘 and 𝑄𝑜𝑘 are ball-inner
and ball-outer raceway contact load respectively, 𝜆𝑖𝑘 and 𝜆𝑜𝑘
are corrected parameters of raceway control mode, for the
outer raceway controlling case 𝜆𝑖𝑘 = 0 and 𝜆𝑜𝑘 = 2, while
𝜆𝑖𝑘 = 𝜆𝑜𝑘 = 1 in any other cases. This will not cause much
influence to computational accuracy [27]:

𝑄𝑖𝑘 = 𝐾𝑖𝛿
3/2
𝑖𝑘
,

𝑄𝑜𝑘 = 𝐾𝑜𝛿
3/2
𝑜𝑘
,

(6)

where 𝐾𝑖 and 𝐾𝑜 are, respectively, load deflection constants
of ball-inner and ball-outer raceway contact [27, 28]. Under
a joint result of static load and thermal deformation, the
ball-inner raceway contact deformation 𝛿𝑖𝑘 and ball-outer
raceway contact deformation 𝛿𝑜𝑘 are

𝛿𝑖𝑘 = Δ 𝑖𝑘 + 𝜀𝑏 − (𝑓𝑖 − 0.5)𝐷,

𝛿𝑜𝑘 = Δ 𝑜𝑘 + 𝜀𝑏 − (𝑓𝑜 − 0.5)𝐷,
(7)

z

b

a

y

y

xo

x

𝜎max
𝜎

Figure 4: Ellipsoidal surface compressive stress distribution of point
contact.

where 𝜀𝑏 is thermal expansion deformation, which can be
obtained by finite element heat analysis.

From (3) and (5), the unknown parameters 𝑈𝑘, 𝑉𝑘, 𝛿𝑜𝑘,
and 𝛿𝑖𝑘 will be solved with Newton iteration method; thus,
the contact angle and the contact load are obtained.

3. Life Prediction Model of
Rolling Contact Bearing

3.1. Contact Stress Field Modeling and Numerical Solution
inside Angular Contact Ball Bearing. The contact stress field
between rolling element and raceway is altered because of the
significant changing of contact angle and contact load under
high speed rotation, which will affect the fatigue life of rolling
bearings.Therefore, it is very important to established contact
stress model of relationship between rolling element and
raceway and to find the high efficiency numerical solution
method.

3.1.1. Ball-Raceway Contact Mechanics Model. In angular
contact ball bearings, the contact zone between a ball and a
raceway is elliptical based on Hertz contact theory. Surface
stress distribution inside the contact area has a semiellipsoid
as shown in Figure 4. In the figure, 𝑎 and 𝑏 are the semimajor
and semiminor axes of the elliptical area of contact, respec-
tively.

When the contact load is𝑄, the normal stress at any point
(𝑥, 𝑦) in the contact area surface can be expressed as follows
[13]:

𝜎 = 𝜎max [1−(
𝑥

𝑎
)

2
−(

𝑦

𝑏
)

2
]

1/2
, (8)

where 𝜎max is the maximum contact stress at contact ellipse
center. From Hertz contact theory, the semimajor axis 𝑎,
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semiminor axis 𝑏, and elastic contact deformation 𝛿 are
shown as follows [13]:

𝑎 = 𝑎
∗
[

3𝑄
2∑𝜌

(
1 − 𝜉1

2

𝐸1

+
1 − 𝜉2

2

𝐸2

)]

1/3

,

𝑏 = 𝑏
∗
[

3𝑄
2∑𝜌

(
1 − 𝜉1

2

𝐸1

+
1 − 𝜉2

2

𝐸2

)]

1/3

,

𝛿 = 𝛿
∗
[

3𝑄
2∑𝜌

(
1 − 𝜉1

2

𝐸1

+
1 − 𝜉2

2

𝐸2

)]

2/3
∑𝜌

2
,

(9)

where 𝐸𝑖 (𝑖 = 1, 2) is Young’s modulus (MPa), 𝜉𝑖 (𝑖 = 1, 2) is
Poisson’s ratio, and 𝜅 is a supplementary parameter, 𝜅 = 𝑎/𝑏.
Thus, parameters 𝑎∗, 𝑏∗, and 𝛿∗ can be represented as

𝑎
∗
= (

2𝜅2𝐸
𝜋

)

1/3

,

𝑏
∗
= (

2𝐸
𝜋𝜅

)

1/3
,

𝛿
∗
=
2𝐾
𝜋

(
𝜋

2𝜅2𝐸
)

1/3
,

(10)

where 𝐾 and 𝐸 are the complete elliptic integrals of the first
and second kind, respectively [29].

According to (10), the key to the solution of Hertz contact
problem is to obtain the value of supplementary parameter 𝜅.

3.1.2. Numerical Solution of Contact Model. Harris and
Kotzalas [13] and Lundberg and Palmgren [20] suggested
simplified computational methods to calculate Hertz contact
stress. However, these methods all make approximation to
model parameters, which result in certain errors. It will not
only affect the calculation accuracy of contact area stress field,
but also cause some error to the calculation of rolling contact
fatigue life. Therefore, dichotomy is used to simulate the
Hertz point contact problem, to reduce the error of contact
stress analysis. Figure 5 shows the program chart.

In order to determine the contact ellipse parameter 𝜅,
firstly the eccentricity of contact ellipse 𝑒 should be con-
firmed, while 𝑒 can be obtained from the following equation
[27]:

(2 − 𝑒
2
) 𝐸 (𝑚) − 2 (1 − 𝑒

2
)𝐾 (𝑚)

𝑒2𝐸 (𝑚)
= 𝐹 (𝜌) , (11)

where𝑚 is a supplementary parameter, with the value of𝑚 =

𝑒
2:

𝑒 = √1 − 𝜅2. (12)

𝐾(𝑚) and 𝐸(𝑚) are the complete elliptic integrals of the
first and the second kinds, respectively. 𝐹(𝜌) is a function of
principal curvature of contact bodies:

𝐹 (𝜌) =

𝜌1Ι − 𝜌1ΙΙ
 +

𝜌2Ι − 𝜌2ΙΙ


∑ 𝜌
, (13)

G(e) = F(𝜌) −
(2 − e2)E(e2) − 2(1 − e2)K(e2)

e2E(e2)

x1 = 0.0001, x2 = 0.9999

m =
x1 + x2

2

G(e) = 0

G(x1) · G(m) < 0

e = m

Output: e

|x1 − x2| < 𝜖

Start

Initial value

Defining:

Yes

Yes

Finish

Yes

No

No

No

x2 = m

x1 = m

Figure 5: Program chart of dichotomy.

where 𝜌𝑖𝑗 (𝑖 = 1, 2; 𝑗 = I, II) is the principal curvature of
contact body, ∑𝜌 is the sum of principal curvature [13].

Function 𝐺(𝑒) is defined for the convenience of solving

𝐺 (𝑒) = 𝐹 (𝜌) −
(2 − 𝑒

2
) 𝐸 (𝑒

2
) − 2 (1 − 𝑒

2
)𝐾 (𝑒

2
)

𝑒2𝐸 (𝑚)
. (14)

Then, the solution of (11) can be equivalent to obtain
the zero match of function 𝐺(𝑒), while function 𝐺(𝑒) =

0 has unique solution in interval 𝑒 ∈ (0, 1), the idea of
dichotomy is used to solve (11) numerically. The value of
𝑒, 𝐸(𝑒2), and 𝐾(𝑒

2
) can be obtained simultaneously when

solving (11). Initial values 𝑥1 and 𝑥2 as shown are taken in the
solution because the range of ellipse eccentricity is 𝑒 ∈ (0, 1).
Thus, the more accurate value of contact ellipse parameter
𝜅 is calculated if the error contact value is selected as small
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Table 1: Parameters of 7311B angular contact ball bearing.

Projects Value
Inner raceway diameter/mm 55
Outer raceway diameter/mm 120
Number of rolling elements 12
Ball nominal diameter/mm 20.638
Poisson’s ratio of ball and raceways 0.3
Young’s modulus of ball and raceways/N⋅m−2 2.08𝐸11

Table 2: Contact area size.

Projects
Contact between
ball and inner

raceway

Contact between
ball and outer

raceway
𝑎/mm 𝑏/mm 𝑎/mm 𝑏/mm

Lundberg’s algorithm [27] 3.6860 0.3220 2.9102 0.4670
This method 3.6893 0.3258 2.9059 0.4638
Error % 0.0894 1.167 0.148 0.685

Table 3: Maximum contact stress 𝜎max of contact area.

Projects Lundberg
[27]/MPa

This
method/MPa Error/%

Inner raceway 2413.2 2382.8 1.26
Ball while
contact with
inner raceway

2413.2 2382.8 1.26

Outer raceway 2108.2 2126.1 0.84
Ball while
contact with
outer raceway

2108.2 2126.1 0.84

as possible, and then contact parameters 𝑎∗, 𝑏∗, and 𝛿
∗ are

solved numerically.
The above numerical method is used to solve and analyze

the stress field of 7311B angular contact ball bearing. Table 1
shows parameters of the bearing. The results are compared
with results of Lundberg’s simple algorithm [27] as shown in
Tables 2 and 3.

From Table 2, some errors between contact area size got
through numerical method and Lundberg’s simple algorithm
exist, but all less than 1.5%. So the two methods can be
verified with each other. The obtained maximum contact
stresses are shown in Table 3. The maximum contact stress
error at inner raceway is about 1.26% and about 0.84% at
outer raceway. Thus, it can be seen that Lundberg’s simple
algorithm can roughly estimate the contact problem when
calculation accuracy is not high.

3.2. Coupling Model of Fatigue Life and Damage for Rolling
Bearing. Suppose contact fatigue damage of rolling bearings
is isotropic; thus, the damage variable can be expressed as a
scalar𝐷 which means damage variable [30]:

𝐷 =
𝛿𝑆𝐷

𝛿𝑠
, (15)

where 𝛿𝑆𝐷 is damaged area on the section and 𝛿𝑆 is a section
area of infinitesimal.

Damage variable 𝐷 ranges from 0 to 1. When 𝐷 is 0, it
means the section has not been injured. When 𝐷 is 1, it indi-
cates the section is full of damage and the bearing material is
destroyed entirely. In fact, real material is destroyed before𝐷
reaches 1. Use 𝐷𝑐 to express the critical damage threshold of
material, experiments show that 𝐷𝑐 has a value between 0.2
and 0.8 for metal material.

Based on damage mechanics, the rate of damage evolu-
tion of high-cycle fatigue links with damage variable 𝐷 and
stress level 𝜎, which expressed by a nonlinear equation as
follows [30]:

d𝐷
d𝑁

= 𝑓 (𝜎,𝐷) . (16)

Based on the nonlinear equation, a two-parameter life
model coupled with damage was proposed by Chaboche and
Lesne [31] and Xiao et al. [32], which was widely used to
predict the fatigue life of crack initiation:

d𝐷
d𝑁

= [
Δ𝜎

𝜎𝑟 (1 − 𝐷)
]

𝑚

, (17)

where Δ𝜎 is the maximum variation range of stress in a
stress cycle, 𝜎𝑟 and 𝑚 are two temperature-related material
constants.

For rolling contact, note that the subsurface normal
stresses on all the contact areas between raceway and
rollers are compressive and prevent crack propagation, some
assumptions are made [33]: (1) damage accumulation cannot
be caused by subsurface pressure stress acting on cell nodes;
(2) the shear stress acting on cell nodes help to damage
accumulation and subsurface micro-crack propagation. This
is consistent with the view of subsurface crack in rolling
bearing only propagating in mode II (sliding mode crack).
Thus, only shear stress amplitude Δ𝜏 can be used to predict
the fatigue life. The damage evolution equation is expressed
as follows:

d𝐷
d𝑁

= [
Δ𝜏

𝜎𝑟 (1 − 𝐷)
]

𝑚

. (18)

In view of the rolling contact fatigue damage is caused
only by the shear behavior of material, the rolling contact
fatigue is assumed to equivalent to torsional fatigue. So
parameters 𝜎𝑟 and 𝑚 can be obtained from torsional fatigue
curve of a material:

𝑁𝑓 =
1

(𝑚 + 1)
[
𝜎𝑟

Δ𝜏
]

𝑚

= [
2𝜏𝑓
Δ𝜏

]

𝐵

, (19)

where 𝜏𝑓 is the stress intensity factor and 𝐵 is the fatigue
intensity index. In the torsional fatigue graph, −1/𝐵 is the
slope of S-N curve and 𝜏𝑓 is the vertical axis intercept of S-
N curve.
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Figure 6: The change of fatigue life with rotational speed 𝑛.

From the equivalence of rolling contact fatigue failure
mechanism and torsional fatigue failure mechanism, the
stress parameters in both cases are assumed to be the same:

𝑚 = 𝐵,

𝜎𝑟 = 2𝜏𝑓 (𝐵 + 1)
1/𝐵

.

(20)

3.3. Simulation of Fatigue Life of Bearing Parts under Dif-
ferent Loads and Rotational Speeds. According to the above
quasistatic model, contact angles and contact loads of a
bearing change with different operation conditions, which
have large effects on contact stress field and fatigue life of
bearing parts. Ignore the impact of friction, lubrication and
material inclusion on fatigue life of bearing parts, to same
type rolling bearing, the fatigue life of bearing parts is mainly
affected by rotational speed 𝑛, axial load 𝐹𝑎, and radial load
𝐹𝑟. This paper discusses the influences of these factors under
the circumstance of fixed outer raceway and rotating inner
raceway.

The contact angle and the contact load distribution of
7311B angular contact ball bearing are calculated by the above
modified Jones’ model under different operating conditions.
Substitute these calculated load data in life prediction model,
and then the fatigue life of bearing parts is obtained.

3.3.1. Effect of Rotational Speed on Fatigue Life of Bearing Parts.
While external load is invariable, contact angles and contact
loads of a bearing will be significantly changed because of the
increase of centrifugal force with rotational speed increasing.
It will cause the life of bearing parts to be different. Setting
axial load 𝐹𝑎 = 50 kN and radial load 𝐹𝑟 = 0, changing the
spindle rotational speed, then the changes of fatigue life of
bearing parts with rotational speed can be predicted as shown
in Figure 6.
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Figure 7: The change of fatigue life with axial load 𝐹𝑎.

As can be seen from Figure 6, the fatigue life of outer
raceway is shortened gradually with the increasing of the
rotational speed, and the fatigue life of inner raceway and
ball tend to be larger. This is mainly due to the change of the
maximum orthogonal shear stress at contact area caused by
the variation of centrifugal force. The maximum orthogonal
shear stress of the outer raceway will increase with the
increase of centrifugal force but the orthogonal shear stress
of inner raceway decreases. From the simulation results, the
fatigue life of outer raceway is the longest ball is the second
and inner raceway is the lowest.

3.3.2. Effect of Axial Load on Fatigue Life of Bearing Parts. In
this case, only the axial load is changed while the rotational
speed and the radial load are constant. This situation affects
the stress field at contact area and further affects the fatigue
life of a bearing. Figure 7 shows the variation trend of fatigue
life of bearing parts with axial load 𝐹𝑎 under the case radial
load 𝐹𝑟 = 0 and rotational speed 𝑛 = 1400 r/min.

As shown in Figure 7, increasing of axial load causes
the decrease of fatigue life of ball, outer raceway and inner
raceway. This is because the maximum orthogonal shear
stress increases with the axial load increasing. However, due
to the different increase rate of orthogonal shear stress, fatigue
life of the three parts has different decline rates. The fatigue
life of inner raceway falls at the fastest rate, ball second and
outer raceway the slowest. We also see from the figure that
when axial load less than 29 kN, the inner raceway has the
longest life of the three parts. But when axial load bigger than
29 kN, the outer raceway life becomes the longest, though it
does not appear to be much different among fatigue life of
three parts.

3.3.3. Effect of Radial Load on Fatigue Life of Bearing Parts.
The fatigue life of three bearing parts is also influenced by
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Figure 8: The change of fatigue life with radial load 𝐹𝑟.

Figure 9: T20-60nF bearing fatigue life tester.

adjusting radial load and keeping axial load and rotational
speed.The fatigue life trend changes with radial load𝐹𝑟 under
the case axial load 𝐹𝑎 = 50 kN and rotational speed 𝑛 =

1400 r/min is shown in Figure 8.
It can be found from Figure 8 that the fatigue life of outer

raceway and ball decreases with the increasing radial load
while the fatigue life of inner raceway increases slowly. At
first the inner raceway life is the shortest among three parts.
However, it exceeds ball life when radial load increases to
about 5 kN and exceeds outer raceway life when the load
at 17 kN or so. The increase of radial load leads to contact
angle and contact load changing, which causes themaximum
orthogonal shear stress of outer raceway and ball increase and
inner raceway decrease.This situation results in the variation
of bearing parts life.

3.4. Accelerated Life Test of Bearing. To verify the accuracy
of the model, an accelerated life test was performed. The
experimental work carried out on the T20-60nF bearing
fatigue life tester as shown in Figure 9. 7311B angular contact
ball bearing was used in the test under one simulation
working condition as 𝑛 = 1400 r/min, 𝐹𝑎 = 50 kN and

𝐹𝑟 = 0. Four acceleration sensors and an acoustic emission
sensor were installed to monitor the work status. Because the
crack initiation life is difficult to determine in test, the life
model cannot be quantitatively verified through comparing
calculated life with test value. Because for bearing, the failure
of one of the parts means the failure of whole bearing, if the
first damage part of bearing in experiment is in agreement
with simulated result, the model can be proved qualitatively.
According to the simulation result, the fatigue life is 1.37 × 106
cycles, 4.52× 106 cycles and 2.10× 106 cycles for inner raceway,
outer raceway and ball, respectively. It can be seen from the
result that the life of the inner raceway is the lowest, that is,
the inner raceway will be the most easily damaged part.

3.5. Results Analysis. There was no obvious damage that
can be seen in outer raceway, inner raceway, and ball after
experiment. Small dots were found on the surface of inner
raceway as shown in Figure 10(a), while not found on outer
raceway (shown in Figure 10(b)) and ball under VMS-1510G
imagemeasurement instrument. To further confirm the small
dots on inner raceway were fatigue damage, the surface
characterization of the three bearing parts was studied under
scanning electron microscope (SEM), as shown in Figure 11.

Obvious pits about 25 𝜇m in size on the surface of inner
raceway can be seen in Figure 11(a), which can be determined
tomicrospalling caused by contact fatigue inmorphology.On
the other side, there was no pit on surface of outer raceway
and ball as can be seen in Figures 11(b) and 11(c).This suggests
that the fatigue damage first appears on inner raceway of
bearing in accelerated life test.This result, which is consistent
with the fatigue life model, demonstrates qualitatively the
correctness of coupling model of life and damage.

4. Conclusion

In current study, a quasistatic model considering mechanical
properties of whole bearing was introduced into the fatigue
life calculation of angular contact ball bearing. Then, a
couplingmodel of fatigue life and damage was established for
rolling bearing. The fatigue life of bearing parts was analyzed
under different rotational speed, axial load, and radial load.
The results have shown that different working condition has a
great influence on fatigue lives of bearing parts, under setting
conditions in this paper, specifically as follows:

(1) With the increasing of rotational speed, the fatigue
life of inner raceway and rollers is up while of outer
raceway decline. The rotational speed does not much
affect the order in which the damage appear on
bearing parts.

(2) The fatigue life of three parts decreases with the axial
load increasing, the fastest of which is the life of
inner raceway. The rolling elements and raceways are
damaged in different order under different load value.
The inner raceway is easiest to emerge failure when
axial load is higher than 29 kN.

(3) As radial load increasing, the fatigue life of outer
raceway and rollers falls while of inner raceway rising
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(a) Surface photo of inner raceway (b) Surface photo of outer raceway

Figure 10: Surface photo of raceways under VMS-1510G.

Pits

(a) Surface photo of inner raceway (b) Surface photo of outer raceway

(c) Surface photo of ball

Figure 11: SEM photos of bearing parts.

a bit. The rollers are easiest to damage when load is
larger than 5 kN.
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Based on Euler-Bernoulli beam theory and a continuous stiffness beam model, the free vibration of rectangular-section beams
made of functionally graded materials (FGMs) containing open edge cracks is studied. Assuming the material gradients follow
exponential distribution along beam thickness direction, the conversion relation between the vibration governing equations of a
FGM beam and that of an isotropic homogenous beam is deduced. A continuous function is used to characterize the bending
stiffness of an edge cracked FGM beam. Thus, the cracked FGM beam is treated as an intact beam with continuously varying
bending stiffness along its longitudinal direction. The characteristic equations of beams with different boundary conditions are
obtained by transfer matrix method. To verify the validity of the proposedmethod, natural frequencies for intact and cracked FGM
beams are calculated and compared with those obtained by three-dimensional finite element method (3D FEM) and available data
in the literature. After that, further discussions are carried out to analyze the influences of crack depth, crack location, material
property, and slenderness ratio on the natural frequencies of the cracked FGM beams.

1. Introduction

Functionally gradedmaterials (FGMs) are composite materi-
als made from at least two components that follow a certain
material gradient distribution. Because the characteristics of
FGMs change continuously in the gradient direction, their
fatigue properties are improved [1]. Extensive research works
on FGM structures have been undertaken because of the
wide range of applications of FGMs [2–9]. Benatta et al.
[2] investigated the static bending problem of composite
beams composed of various fibers using analytical methods.
Ding et al. [3] deduced the stress function of the plane
problem for anisotropic FGM beams. Ben-Oumrane et al. [4]
studied the static bending of ceramic-metallic FGM beams
and quantitatively analyzed the effects of material gradient
on the deformation and stress of such beams using the
numerical method. Li et al. [5] evaluated the 3D analyt-
ical solutions of functionally graded magnetoelectroelastic
circular plates subjected to uniform load using polynomial
expansion method. Li et al. [6] further obtained the 3D

elasticity solutions of functionally graded circular plates
by reducing the solutions of an FGM plate to those of a
homogeneous plate. Li et al. [7, 8], assuming that the material
gradients follow power functions along thickness direction
of FGM beams, obtained the elastic solutions of buckling
and bending problems of FGM beams and determined the
conversion relations between the solutions of FGM beams
and those of homogeneous beams. Arnaldo and Mazzei [9]
studied the natural frequencies of rotating FGM beams using
assumed mode method and discussed the effects of material
properties on natural frequencies of the beams.

The presence of cracks can lead to structural failures
and sometimes results in disasters. Moreover, a crack in
a structure influences its dynamic behaviors and such an
influence may be employed in the crack identification of a
damaged structure to predict an incipient structural failure
[10]. Therefore, the recognition of this influence is very
important due to its great values of practical application.
There are a number of theoretical crack-modeling techniques
in the literature, which can be basically grouped into two
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2 Shock and Vibration

categories: lumped flexibility models [10–15] and continuous
stiffness models [16–22]. For the lumped flexibility models,
a crack is represented by a rotational spring. The flexibility
matrix of the rotational spring is generally determined by
the strain energy release rate and the stress intensity factors
(SIFs). Dimarogonas [10], based on Euler-Bernoulli beam
theory, introduced the initial local flexibility model in which
a crack in a beam is represented by a linear rotational
springs. Anifantis andDimarogonas [11], ignoring the torsion
effects, came up with a 5 × 5 local flexibility matrix of
the rotational springs. Papadopoulos and Dimarogonas [12]
raised a complete 6 × 6 local flexibility matrix based on
fracture mechanics theories. In recent years, many research
works have been done to study the cracked beams by means
of the lumped flexibility models. For example, Xiang et al.
[13, 14] investigated the natural frequencies and identification
problems of cracked shafts; a lumped flexibility model and
the wavelet theories are employed to construct the rotating
Rayleigh-Euler and Rayleigh-Timoshenko beam elements. Li
et al. [15], with the cracks modeled by the linear rotational
springs, studied the dynamic responses of cracked Timo-
shenko beams subjected to transverse concentrated forces.
For the continuous stiffness models, researchers attempt
to describe the vibration of cracked beams with unified
equations in which the information of crack location and
crack depth is involved. Using the Hu-Washizu variation
principle, Christides and Barr [16], assuming that the stress
near a crack follows exponential distribution, completed the
1D integration of stress, strain, and displacement in the
edge cracked beam. Subsequently, Christides and Barr [17]
expanded their study to the torsion vibration of beams and
came up with the corresponding governing equation for
the beams containing multiple cracks. Shen and Pierre [18]
verified the validity of Christides and Barr’s theories with 2D
finite element method. Chondros et al. [19], not limited by
the stress assumption in [16], developed the continuous beam
models. Based on the energy distribution near the crack-
tips, Swamidas et al. [20] established continuous bending and
shearing stiffness models for the cracked beams. Chomette et
al. [21], by means of the continuous beam models, proposed
a new method to detect the small cracks in beam structures.

Whatever method is used to model the cracked beams,
the models do involve the fracture mechanics theories and
stress intensity factors (SIFs). Delale and Erdogan [22–25]
performed a lot of detailed researches on the SIFs in non-
homogeneous structures and came up with many important
conclusions. They researched the plane problem in infinite
plates and drew the conclusion that the effect of Poisson’s
ratio on the SIFs is very limited [22]. They also investigated
the stress distribution near the crack-tip of the FGM plates
containing open edge cracks and tabulated the dimensionless
SIFs of the cracks of different crack depths and different
material gradients [25]. Chan et al. [26] presented an integral
equation formulation based on displacement method, which
was used to deal with the antiplane problem of FGM plates
containing the tearing cracks.

While numerous studies have been performed to inves-
tigate the influences of the cracks on the dynamic behaviors
of isotropic homogenous beams, there are also some research

works focusing on the edge cracked FGM beams which are
concerned in this paper. The following presents a literature
review related to FGM beams with open edge cracks. Yang
and Chen [27] studied the free vibration of cracked FGM
beams based on Euler-Bernoulli beam theory and the rota-
tional springmodel.The influences of crack location,material
properties, and slenderness ratio on the natural frequency of
cracked FGM beams were discussed. Ke et al. [28] improved
the method described in [27] for cracked Timoshenko FGM
beams. Yu and Chu [29] proposed a p-version finite element
method to determine the natural frequencies of cracked FGM
beams and dealt with the crack identification of the slender
cantilever FGM beams containing open edge cracks. Based
on Euler-Bernoulli beam theory and the rotational spring
model, Aydin [30] used a third-order determinant to analyze
the natural frequencies of damaged FGM beams containing
arbitrary numbers of cracks.

As is known, natural frequencies are the most commonly
used parameters employed in the crack identification of a
damaged structure [30]. However, the literature review above
shows that a limited amount of research works has been
carried out to discuss the vibration problems of edge cracked
FGM beams. Moreover, in most reports, rotational springs
are used to simulate the cracks in FGM beams. Therefore,
the present paper investigates the free vibration of FGM
beams containing open edge cracks and proposes a new
method to determine the natural frequencies of these beams.
More specifically, based on Euler-Bernoulli beam theory, the
conversion relation between vibration governing equation of
a FGM beam and that of an isotropic homogenous beam
is deduced, and a cracked FGM beam is simulated by a
continuous beam model. Moreover, the cracked FGM beam
is treated as an intact beam with its bending stiffness varying
continuously along beam longitudinal direction. Dividing
the beam into sufficient number of segments and employing
the transfer matrix method, the characteristic equation of
the beam is obtained. The validity of the proposed method
is verified by the three-dimensional finite element method
(3D FEM) and the data in references. Furthermore, the
influences of crack depth, crack location, material gradient,
and slenderness ratio on the first three natural frequencies of
the cracked FGM beams are discussed. The method and the
results in this paper can be used for nondestructive testing of
beam structures made of FGMs.

2. Theoretical Models

2.1. Free Vibration of an Intact FGM Euler-Bernoulli Beam.
A FGM Euler-Bernoulli beam, which is considered in this
paper, is shown in Figure 1, where 𝐿, ℎ, and 𝑏 are, respectively,
length, height, and width of the beam, 𝑐 is the location of the
crack and, 𝑎 is the depth of the crack.Thematerial parameters
𝐸
1
, 𝜇
1
, 𝜌
1
, and 𝐸

2
, 𝜇
2
, 𝜌
2
denote Young’s modulus, shear

modulus, and mass density at top and bottom surfaces of
the beam, respectively. Young’s modulus 𝐸(𝑧), shear modulus
𝜇(𝑧), and mass density 𝜌(𝑧) are assumed to vary along the
thickness direction according to the following expressions:

𝐸 (𝑧) = 𝐸
0
𝑒
𝛽𝑧
, 𝜇 (𝑧) = 𝜇

0
𝑒
𝛽𝑧
, 𝜌 (𝑧) = 𝜌

0
𝑒
𝛽𝑧
, (1)
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Figure 1: A FGM beam with a single open edge crack.

where 𝛽 is a positive or negative constant characterizing the
material gradient, 𝐸

0
, 𝜇
0
, and 𝜌

0
are the values of those elastic

properties of the middle layer (𝑦 = 0). Since Poisson’s ratio
presents a very limited influence on SIFs [22], Poisson’s ratio
] is taken as a constant.

From Euler-Bernoulli beam theory, the displacement
components of an arbitrary point in the beam can be
expressed as

𝑢 (𝑥, 𝑧, 𝑡) = 𝑢
0
(𝑥, 𝑡) − 𝑧

𝜕𝑤
0

𝜕𝑥

, 𝑤 (𝑥, 𝑧, 𝑡) = 𝑤
0
(𝑥, 𝑡) ,

(2)

where 𝜇(𝑥, 𝑧, 𝑡) and 𝑤(𝑥, 𝑧, 𝑡) are the displacements along 𝑥

and 𝑧 axes and 𝜇
0
(𝑥, 𝑡) and 𝑤

0
(𝑥, 𝑡) are the displacements

of a point in the middle layer. Accordingly, the following
geometric equation can be obtained as

𝜀 (𝑥, 𝑧, 𝑡) =

𝜕𝑢
0

𝜕𝑥

− 𝑧

𝜕
2
𝑤
0

𝜕𝑥
2
, (3)

where 𝜀(𝑥, 𝑧, 𝑡) is the normal strain of an arbitrary point in
the beam. Assuming the normal stress 𝜎 keeps in a linear
relationship with the normal, strain 𝜀, the normal stress 𝜎 can
be written as

𝜎 (𝑥, 𝑧, 𝑡) = 𝐸 (𝑧) 𝜀 = 𝐸 (𝑧) (

𝜕𝑢
0

𝜕𝑥

− 𝑧

𝜕
2
𝑤
0

𝜕𝑥
2
) . (4)

With (4), the resultant stresses in a cross section of the beam
yield the normal force𝑁 and bending moment𝑀:

𝑁 = ∫

𝐴

𝜎𝑑𝐴 = 𝐴
1

𝜕𝑢
0

𝜕𝑥

− 𝐵
1

𝜕
2
𝑤
0

𝜕𝑥
2
,

𝑀 = ∫

𝐴

𝜎𝑧𝑑𝐴 = 𝐵
1

𝜕𝑢
0

𝜕𝑥

− 𝐷
1

𝜕
2
𝑤
0

𝜕𝑥
2
,

(5)

where 𝐴
1
, 𝐵
1
, and𝐷

1
are, respectively, defined as

𝐴
1
= ∫

𝐴

𝐸 (𝑧) 𝑑𝐴, 𝐵
1
= ∫

𝐴

𝑧𝐸 (𝑧) 𝑑𝐴,

𝐷
1
= ∫

𝐴

𝑧
2
𝐸 (𝑧) 𝑑𝐴.

(6)

According to Euler-Bernoulli beam theory, the equilibrium
equations of the beam are given by [8]

𝐴
1

𝜕
2
𝑢
0

𝜕𝑥
2
− 𝐵
1

𝜕
3
𝑤
0

𝜕𝑥
3

= 0, (7)

𝐵
1

𝜕
3
𝑢
0

𝜕𝑥
3
− 𝐷
1

𝜕
4
𝑤
0

𝜕𝑥
4

− 𝜌𝐴

𝜕
2
𝑤
0

𝜕𝑡
2

+ 𝑞 (𝑥, 𝑡) = 0, (8)

where 𝜌𝐴 = ∫
𝐴
𝜌(𝑧)𝑑𝐴 is the mass per unit length and

𝑞(𝑥, 𝑡) the transverse distributed load. For free transverse
vibration of the beam, substituting (7) into (8) and ignoring
the incentive item 𝑞(𝑥, 𝑡) in (8), the following governing
equation can be reduced:

(𝐷
1
−

𝐵
2

1

𝐴
1

)

𝜕
4
𝑤
0

𝜕𝑥
4

+ 𝜌𝐴

𝜕
2
𝑤
0

𝜕𝑡
2

= 0. (9)

For the situation that the material gradient follows expo-
nential distribution along beam thickness direction, as given
in (1), two parameters can be defined as follows:

𝑆
1
= sinh(

𝛽ℎ

2

) , 𝑆
2
= cosh(

𝛽ℎ

2

) , (10)

As thus, 𝐴
1
, 𝐵
1
, 𝐷
1
, and 𝜌 in (7) and (8) can be represented

as

𝐴
1
= 𝜑
1
𝐴𝐸
0
, 𝐵

1
= 𝜑
2
𝑏ℎ
2
𝐸
0
,

𝐷
1
= 𝜑
3
𝐼𝐸
0
, 𝜌 = 𝜑

4
𝜌
0
,

(11)

where 𝐴 is the area of cross section and 𝐼 is the moment of
inertia of a rectangular-section beam (𝐼 = 𝑏ℎ

3
/12) and

𝜑
1
= 𝜑
4
=

2𝑆
1

𝛽ℎ

, 𝜑
2
= −

2𝑆
1
− 𝛽ℎ𝑆

2

𝛽ℎ
2

,

𝜑
3
=

6

𝛽
3
ℎ
3
((𝛽
2
ℎ
2
+ 8) 𝑆

1
− 4𝛽ℎ𝑆

2
) .

(12)

Substituting (10)–(12) into (9) yields

𝐸
0
𝐼𝑐
𝐸

𝜕
4
𝑤
0

𝜕𝑥
4

+ 𝜌
0
𝐴𝑐
𝜌

𝜕
2
𝑤
0

𝜕𝑡
2

= 0, (13)

where

𝑐
𝐸
= 𝜑
3
−

12𝜑
2

2

𝜑
1

, 𝑐
𝜌
= 𝜑
1
. (14)

From (13), it can be found that, with the nonuniform
material coefficients 𝑐

𝐸
and 𝑐
𝜌
, the governing equation of the

FGM beam can be converted to the form which is similar
to that of an isotropic homogenous beam. Thus, the solving
process of a FGM beam can be degenerated to that of an
isotropic homogenous beam.

2.2. Free Vibration of a FGM Beam Containing an Open
Edge Crack. Based on fracture mechanics theory, for a
rectangular-section beam subjected to bendingmoments and
containing an open edge crack, if 𝑎/ℎ ≤ 0.6, Swamidas et
al. [20] proposed the following continuous bending stiffness
model:

𝐸𝐼
𝑐
(𝑥) =

𝐸𝐼

1 + 𝐸𝐼𝑅 (𝑎, 𝑐) / (1 + ((𝑥 − 𝑐)/𝑘 (𝑎) 𝑎)
2
)

. (15)
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In (15), 𝐸𝐼 is the bending stiffness of an intact beam and
𝐸𝐼𝑅(𝑎, 𝑐) and 𝑘(𝑎) are parameters associated with 𝑎 and 𝑐 and
are given as [20]

𝐸𝐼𝑅 (𝑎, 𝑐)

=

3𝜋 [𝐹 (𝑎)]
2
𝑎

𝑘 (𝑎) ℎ [arctan ((𝐿 − 𝑐) /𝑘 (𝑎) 𝑎) + arctan (𝑐/𝑘 (𝑎) 𝑎)]
,

𝑘 (𝑎) =

3𝜋 [𝐹 (𝑎)]
2
(ℎ − 𝑎)

3
𝑎

[ℎ
3
− (ℎ − 𝑎)

3
] ℎ

.

(16)

In (16) 𝐹(𝑎) denotes the normalized SIF. For an open edge
crack in a rectangular-section beam subjected to bending
moments, it is given as [25]

𝐹 (𝑎) =

𝐾
Ι

6𝑀√𝑎/𝑏ℎ
2
, (17)

where𝐾
Ι
is the SIF of the crack. For open edge cracks in FGM

beams, the values of the SIFs for different crack depths (from
𝑎/ℎ = 0.1 to 𝑎/ℎ = 0.7) and different material gradient (from
𝐸
2
/𝐸
1
= 0.1 to 𝐸

2
/𝐸
1
= 10) were tabulated by Erdogan and

Wu [25]. Extracting from those data predicted by Erdogan
and Wu [25], polynomial expressions of the normalized SIFs
were obtained by Ke et al. [28] using Lagrange interpolation
technique and the detailed expressions can be found in [28].

According to the continuous bending stiffness charac-
terized by (15), a cracked FGM beam can be treated as
an intact beam with continuously varying bending stiffness
along its longitudinal direction. The governing equation of
free vibration of the cracked FGM beam takes the form of a
nonuniform beam as

𝜕
2

𝜕𝑥
2
[𝐸
0
𝐼
𝑐
(𝑥) 𝑐
𝐸

𝜕
2
𝑤
0

𝜕𝑥
2
] + 𝜌
0
𝐴𝑐
𝜌

𝜕
2
𝑤
0

𝜕𝑡
2

= 0, (18)

where 𝑐
𝐸
, 𝑐
𝜌
, and 𝐸

0
𝐼
𝑐
(𝑥) have been, respectively, defined by

(14) and (15). Being different from (13), the analytical solu-
tions of (18) cannot be solved by separation variable method.
However, the numerical solutions of (18) can be obtained by
means of transfer matrix method. For a beam with varying
section parameters along its longitudinal direction, we can
divide the beam into 𝑛 segments. If the length of each segment
is short enough, the bending stiffness (𝐸𝐼)

𝑖
(𝑖 = 1, 2, . . . , 𝑛)

and the linear density (𝜌𝐴)
𝑖
(𝑖 = 1, 2, . . . , 𝑛) for each segment

can be treated as constants. Then, the governing equation of
each segment can also take the following form of a uniform
beam:

(𝐸𝐼)
𝑖

𝜕
4
𝑤
(𝑖)

0

𝜕𝑥
4

+ (𝜌𝐴)
𝑖

𝜕
2
𝑤
(𝑖)

0

𝜕𝑡
2

= 0,

𝑥
𝑖
≤ 𝑥 ≤ 𝑥

𝑖+1
, 𝑖 = 0, 1, . . . , 𝑛.

(19)

In (19), the bending stiffness and the linear density of (i)th
segment can be described as

(𝐸𝐼)
𝑖
=

1

𝑙
𝑖

∫

𝑥𝑖

𝑥𝑖−1

𝐸
0
𝐼
𝑐
(𝑥) 𝑐
𝐸
𝑑𝑥, (𝜌𝐴)

𝑖
= 𝜌
0
𝐴𝑐
𝜌
, (20)

where 𝑙
𝑖
, 𝑥
𝑖−1

and 𝑥
𝑖
denote the length and the coordinates of

left end and right end of the (i)th segment.
According to Euler-Bernoulli beam theory, the modal

function of the (i)th segment of the beam takes the form of

𝑌
𝑖
(𝑥) = 𝐻

𝑖
sin𝑋
𝑖
+ 𝐽
𝑖
cos𝑋
𝑖
+ 𝐾
𝑖
sinh𝑋

𝑖
+ 𝐿
𝑖
cosh𝑋

𝑖
,

(21)

where 𝑋
𝑖
= 𝜍
𝑖
(𝑥 − 𝑥

𝑖−1
), 𝑥
𝑖−1

≤ 𝑥 ≤ 𝑥
𝑖
, 𝑖 = 1, 2, . . . , 𝑛, and

𝐻
𝑖
, 𝐽
𝑖
, 𝐾
𝑖
and 𝐿

𝑖
are coefficients to be determined associated

with the (i)th beam segment and

𝜍
𝑖
=

(𝜌𝐴)
𝑖

(𝐸𝐼)
𝑖

𝜔
2
. (22)

In (22), 𝜔 is the circular frequency of the beam. Similarly, the
modal function of the (i+1)th beam segment reads

𝑌
𝑖+1

(𝑥) = 𝐻
𝑖+1

sin𝑋
𝑖+1

+ 𝐽
𝑖+1

cos𝑋
𝑖+1

+ 𝐾
𝑖+1

sinh𝑋
𝑖+1

+ 𝐿
𝑖+1

cosh𝑋
𝑖+1

.

(23)

For the continuity between the (𝑖)th and (𝑖+1)th segment,
the transverse deflection, rotation angle, bending moment,
and shear force at the common interface of these two
segments are required to fulfill the following conditions:

[
[
[
[
[
[

[

𝑌
𝑖+1

(𝑥
𝑖
)

𝑌


𝑖+1
(𝑥
𝑖
)

(𝐸𝐼)
𝑖+1

𝑌


𝑖+1
(𝑥
𝑖
)

((𝐸𝐼)
𝑖+1

𝑌


𝑖+1
(𝑥
𝑖
))



]
]
]
]
]
]

]

=

[
[
[
[
[
[

[

𝑌
𝑖
(𝑥
𝑖
)

𝑌


𝑖
(𝑥
𝑖
)

(𝐸𝐼)
𝑖
𝑌


𝑖
(𝑥
𝑖
)

((𝐸𝐼)
𝑖
𝑌


𝑖
(𝑥
𝑖
))



]
]
]
]
]
]

]

. (24)

Substituting (21)–(23) into (24) yields

M
(𝑖+1)

= Z
(𝑖)
M
(𝑖)
, (25)

where

M
(𝑖)

= [𝐻𝑖
𝐽
𝑖
𝐾
𝑖
𝐿
𝑖]
𝑇

,

M
(𝑖+1)

= [𝐻𝑖+1
𝐽
𝑖+1

𝐾
𝑖+1

𝐿
𝑖+1]
𝑇

.

(26)

In (25), Z
(𝑖)
is the transfer matrix and has the form of

Z
(𝑖)

=

[
[
[
[
[
[

[

𝑐
1
𝜒
(2)

𝑖
−𝑐
1
𝜒
(1)

𝑖
−𝑐
2
𝜒
(4)

𝑖
−𝑐
2
𝜒
(3)

𝑖

𝑐
3
𝜒
(1)

𝑖
𝑐
3
𝜒
(2)

𝑖
−𝑐
4
𝜒
(3)

𝑖
−𝑐
4
𝜒
(4)

𝑖

−𝑐
2
𝜒
(2)

𝑖
𝑐
2
𝜒
(1)

𝑖
𝑐
1
𝜒
(4)

𝑖
𝑐
1
𝜒
(3)

𝑖

−𝑐
4
𝜒
(1)

𝑖
−𝑐
4
𝜒
(2)

𝑖
𝑐
3
𝜒
(3)

𝑖
𝑐
3
𝜒
(4)

𝑖

]
]
]
]
]
]

]

, (27)

where 𝑐
1,2

= 𝜍
𝑖
(𝑝 ± 1)/(2𝜍

𝑖+1
), 𝑐
3,4

= 𝜍
𝑖
(𝑝 ± 1)/2, 𝑝 =

(𝐸𝐼)
𝑖
𝜍
2

𝑖
/((𝐸𝐼)

𝑖+1
𝜍
2

𝑖+1
), 𝜒(1)
𝑖

= sin 𝜍𝑙
𝑖
, 𝜒(2)
𝑖

= cos 𝜍
𝑖
𝑙
𝑖
, 𝜒(3)
𝑖

=

sinh 𝜍
𝑖
𝑙
𝑖
, and 𝜒

(4)

𝑖
= cosh 𝜍

𝑖
𝑙
𝑖
.

Equation (25) can be viewed as a bridge connecting the
physical quantities pertinent to the (i)th and (i+1)th segment.
Using (25) repeatedly, we may construct the following rela-
tions between the first and the last segments:

M
(𝑛)

= ZM
(1)
, (28)
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where M
(1)

and M
(𝑛)

are vectors, respectively, representing
the boundary conditions (transverse deflection, rotation
angle, bending moment, and shear force) at both ends of the
beam; the transfer matrix Z is of the following form:

Z = Z
(𝑛−1)

Z
(𝑛−2)

⋅ ⋅ ⋅Z
(2)
Z
(1)
. (29)

It should be noted that each factor of the matrix Z
contains the circular frequency. Consequently, (28) is an
implicit matrix equation in 𝜔. Once the boundary conditions
in M
(1)

and M
(𝑛)

are given, the circular frequency 𝜔 of the
cracked FGM beam can be numerically determined from
(28). Then, the modal function can be readily obtained from
(21).

2.3. Characteristic Equations for Different Boundary
Conditions. In this subsection, the characteristic equations
of cracked FGM beams are presented. Three typical
boundary conditions (hinged–hinged, clamped–clamped,
and clamped–free) are considered case by case.

For a hinged–hinged beam, the boundary conditions are
given as

𝑌
1
(0) = 0, (𝐸𝐼)

1
𝑌


1
(0) = 0 at 𝑥 = 0, (30a)

𝑌
𝑛
(𝐿) = 0, (𝐸𝐼)

𝑛
𝑌
𝑛


(𝐿) = 0 at 𝑥 = 𝐿. (30b)

From (21) and (30a), one can readily have

𝐽
1
= 0, 𝐿

1
= 0. (31)

In view of (21) and (30b), the following matrix equation can
be obtained

Λ
1
M
(𝑛)

= 0, (32)

where Λ
1
takes the form of

Λ
1
=

[
[
[
[
[
[

[

sin 𝜍
𝑛
𝑙
𝑛

− (𝐸𝐼)
𝑛
𝜍
2

𝑛
sin 𝜍
𝑛
𝑙
𝑛

cos 𝜍
𝑛
𝑙
𝑛

− (𝐸𝐼)
𝑛
𝜍
2

𝑛
cos 𝜍
𝑛
𝑙
𝑛

sinh 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
2

𝑛
sinh 𝜍

𝑛
𝑙
𝑛

cosh 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
2

𝑛
cosh 𝜍

𝑛
𝑙
𝑛

]
]
]
]
]
]

]

𝑇

. (33)

Substitution of (28) into (32) leads to

Λ
1
ZM
(1)

= Γ
1
M
(1)

= 0, (34)

where

Γ
1
= Λ
1
Z. (35)

With (31) and (34), it can be obtained that

Γ
1
M
(1)

= [

Γ
11

Γ
13

Γ
21

Γ
23

][

𝐻
1

𝐾
1

] = 0. (36)

To make sure there are nonzero solutions for (36), the
determinant of the coefficient matrix in (36) has to be equal

to zero, so the characteristic equations of the hinged-hinged
FGM beam can be finally written as

det[
Γ
11

Γ
13

Γ
21

Γ
23

] = 0. (37)

For clamped–clamped beams the boundary conditions
require that

𝑌
1
(0) = 0, 𝑌



1
(0) = 0, at 𝑥 = 0, (38a)

𝑌
𝑛
(𝐿) = 0, 𝑌



𝑛
(𝐿) = 0, at 𝑥 = 𝐿. (38b)

Substituting (21) into (38a) leads to

𝐻
1
+ 𝐾
1
= 0, 𝐽

1
+ 𝐿
1
= 0. (39)

From (21) and (38b), one has

Λ
2
M
(𝑛)

= 0, (40)

where Λ
2
has the form of

Λ
2
=

[
[
[
[
[

[

sin 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
𝑛
cos 𝜍
𝑛
𝑙
𝑛

cos 𝜍
𝑛
𝑙
𝑛

− (𝐸𝐼)
𝑛
𝜍
𝑛
sin 𝜍
𝑛
𝑙
𝑛

sinh 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
𝑛
cosh 𝜍

𝑛
𝑙
𝑛

cosh 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
𝑛
sinh 𝜍

𝑛
𝑙
𝑛

]
]
]
]
]

]

𝑇

. (41)

Substituting (28) into (40) derives

Λ
2
ZM
(1)

= Γ
2
M
(1)

= 0,

Γ
2
= Λ
2
Z,

Γ
2
M
(1)

= [

Γ
11

Γ
12

Γ
13

Γ
14

Γ
21

Γ
22

Γ
23

Γ
24

]

[
[
[
[
[

[

𝐻
1

𝐽
1

−𝐻
1

−𝐽
1

]
]
]
]
]

]

= 0.

(42)

The characteristic equation of the clamped–clamped FGM
beam can be determined as

det[
Γ
11

− Γ
13

Γ
12

− Γ
14

Γ
21

− Γ
23

Γ
22

− Γ
24

] = 0. (43)

For clamped–free beams, the boundary conditions are
given by

𝑌
1
(0) = 0, 𝑌



1
(0) = 0, (44a)

(𝐸𝐼)
𝑛
𝑌


𝑛
(𝐿) = 0, ((𝐸𝐼)

𝑛
𝑌


𝑛
(𝐿))



= 0. (44b)

With the derivation similar to the above, using (44a), (44b),
and (21), it can be obtained that

𝐻
1
+ 𝐾
1
= 0, 𝐽

1
+ 𝐿
1
= 0,

Λ
3
M
(𝑛)

= 0,
(45)
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Table 1: The material and physical parameters in [27].

𝑏 (mm) ℎ (mm) 𝐸
1
(GPa) ]

1
𝜌
1
(kg/m3)

100 100 70 0.33 2780

where

Λ
3
=

[
[
[
[
[
[

[

− (𝐸𝐼)
𝑛
𝜍
2

𝑛
sin 𝜍
𝑛
𝑙
𝑛

− (𝐸𝐼)
𝑛
𝜍
3

𝑛
cos 𝜍
𝑛
𝑙
𝑛

− (𝐸𝐼)
𝑛
𝜍
2

𝑛
cos 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
3

𝑛
sin 𝜍
𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
2

𝑛
sinh 𝜍

𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
3

𝑛
cosh 𝜍

𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
2

𝑛
cosh 𝜍

𝑛
𝑙
𝑛

(𝐸𝐼)
𝑛
𝜍
3

𝑛
sinh 𝜍

𝑛
𝑙
𝑛

]
]
]
]
]
]

]

𝑇

. (46)

In the same way, following matrix equations can be obtained
as

Λ
3
ZM
(1)

= Γ
3
M
(1)

= 0,

Γ
3
= Λ
3
Z,

Γ
3
M
(1)

= [

Γ
11

Γ
12

Γ
13

Γ
14

Γ
21

Γ
22

Γ
23

Γ
24

]

[
[
[
[
[

[

𝐻
1

𝐽
1

−𝐻
1

−𝐽
1

]
]
]
]
]

]

= 0.

(47)

The characteristic equation of the clamped–free FGM beam
can be obtained as

det[
Γ
11

− Γ
13

Γ
12

− Γ
14

Γ
21

− Γ
23

Γ
22

− Γ
24

] = 0. (48)

It should be noted that the characteristic equations of
beams under other arbitrary boundary conditions can also
be determined using the derivation processes above.

3. Validation of the Proposed Method

At first, the convergence of the proposedmethod is discussed.
Dividing a hinged–hinged beam of 𝐸

2
/𝐸
1
= 1, 𝑐/𝐿 = 0.5, and

𝐿/ℎ = 10 into 𝑛 segments, the natural frequencies of the beam
with an open edge crack of different depth are determined.
Thematerial and physical parameters of the beam in this case
are consistent with those of Yang and Chen [27] and are listed
in Table 1. Figure 2 shows the first three natural frequencies
of the beam when different value of 𝑛 is adopted. The good
convergence of the proposed method can be observed in
Figure 2.The curves in the figure show that, for a beamwith a
crack of different depth, the frequency of each order reaches
corresponding convergent solution when 𝑛 is larger than 64.

To verify the validity of the method in this paper,
comparisons of the results obtained from the present method
with those from 3D FEM and available data in the literature
are presented. AMATLAB code is written to achieve the the-
oretical solution in this paper, and the commercial software
package ABAQUS is used to complete the 3D FE simulation.
During 3D FE simulation, according to the fact that a FGM
beam can be modeled as a multilayer beam when a sufficient

Table 2:Thefirst three nondimensional natural frequencies of intact
FGM beams.

𝐸
2
/𝐸
1
= 𝜌
2
/𝜌
1

𝜔
1

𝜔
2

𝜔
3

Clamped-free

0.2
Yang and Chen [27] 0.83 5.18 14.49

Present 0.8258 5.1752 14.4910
3D FEM 0.8269 5.1270 14.1144

1.0
Yang and Chen [27] 0.88 5.51 15.42

Present 0.8790 5.5086 15.4243
3D FEM 0.8799 5.4501 15.0078

5.0
Yang and Chen [27] 0.83 5.18 14.49

Present 0.8258 5.1752 14.4910
3D FEM 0.8268 5.1270 14.1144

Clamped-clamped

0.2
Yang and Chen [27] 2.51 9.27 21.07

Present 2.3181 9.2724 20.8628
3D FEM 2.3085 9.1219 20.0568

1.0
Yang and Chen [27] 2.47 9.87 22.21

Present 2.4674 9.8696 22.2066
3D FEM 2.4579 9.7116 21.4361

5.0
Yang and Chen [27] 2.51 9.27 21.07

Present 2.3181 9.2724 20.8628
3D FEM 2.3085 9.1219 20.0568

Hinged-hinged

0.2
Yang and Chen [27] 5.25 14.49 28.40

Present 5.2548 14.4852 28.3968
3D FEM 5.2050 14.0623 26.8927

1.0
Yang and Chen [27] 5.59 15.42 30.23

Present 5.5933 15.4182 30.2258
3D FEM 5.5319 14.9257 28.4977

5.0
Yang and Chen [27] 5.25 14.49 28.40

Present 5.2548 14.4852 28.3968
3D FEM 5.2050 14.0623 26.8927

number of layers are adopted [31], 30-layer elements are
divided along the thickness of the beam. Complete integral
hexahedral 8-node elements are used in the elementmeshing,
and the size of the elements adjacent to the crack is 3.33mm ×

10mm × 10mm and the size of the other elements is 3.33mm
× 16.66mm × 10mm. To model an open edge crack in the
beam, elements at the location clinging to the left and right
surfaces of the crack are just adjacent to each other and the
coincident notes are not coupled, as shown in Figure 3. The
material parameters are constant in each layer and the average
values of the top and bottom surfaces of the corresponding
layer.

The first three frequencies of intact FMG beams (𝐿/ℎ =

10) with different material gradients are calculated by the
present method and 3D FEM. The material and physical
parameters of the FGM beams discussed in this case are
those listed in Table 1. The frequencies of clamped-free,
hinged-hinged, and clamped-clamped FGM beams deter-
mined herein and those of Yang and Chen [27] are listed
in Table 2. All the results in the table are normalized by
𝜔
𝑖
= 𝜔
𝑖
/√𝐷
0
/𝜌
0
𝐴, where𝐷

0
and 𝜌

0
𝐴 are the corresponding

values of 𝐷
1
and 𝜌𝐴 of an isotropic homogeneous beam

(𝐸
2
/𝐸
1

= 𝜌
2
/𝜌
1

= 1.0). The comparison in Table 2 shows
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Figure 2: The first three natural frequencies of a hinged-hinged isotropic homogenous beam containing a single open edge crack: (a) the
fundamental frequency, (b) the second frequency, and (c) the third frequency.
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Figure 3: The 3D FE model of a cracked FGM beam.
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Present
Continuous system, Chondros et al. [19]
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Figure 4: The fundamental frequency ratio of a cracked cantilever
beam.

Table 3: The material and physical parameters in [19].

𝐿 (mm) 𝑏 (mm) ℎ (mm) 𝐸 (GPa) ] 𝜌 (kg/m3)
235 6 25.4 70 0.33 2800

that the frequencies calculated by the present method agree
well with the results of 3D FEM and those of Yang and Chen
[27]. As stated in [27], with the identical valve of √𝐷

0
/𝜌
0
𝐴,

the nondimensional natural frequencies of beams of 𝐸
2
/𝐸
1
=

𝜌
2
/𝜌
1
= 0.2 and 𝐸

2
/𝐸
1
= 𝜌
2
/𝜌
1
= 5.0 are identical in Table 2.

In another validation example, the first natural frequen-
cies of isotropic homogeneous cantilever beams with a single
crack atmidspan are calculated. Figure 4 shows a comparison
of the fundamental frequency ratios obtained by the present
method and those of Chondros et al. [19]. The material and
physical parameters are taken from [19] and are listed in
Table 3. The fundamental frequency ratio 𝜔

1𝑐
/𝜔
1
denotes

attenuation of the fundamental frequency for the cracked
beam, 𝜔

1𝑐
is the fundamental frequency of the cracked beam,

and 𝜔
1
is the fundamental frequency of the intact beam.

Figure 4 shows that the present results correlate well with
those theoretical results and experimental data of Chondros
et al. [19] at different crack depths up to 𝑎/ℎ = 0.6.

By the proposed method and 3D FEM, the first two
frequency ratios of a hinged-hinged FGMbeamwith an open
edge crack at varying locations are determined. Figure 5 gives
a comparison of the results herein and those in [27, 29]. The
slenderness ratio of the beams is 𝐿/ℎ = 20, the crack depth
ratio is 𝑎/ℎ = 0.2, and the material and physical parameters
are those in Table 1. Figure 5 confirms that the present results
are highly similar to those of [29] and 3D FEM.

In the last verification example, the fundamental fre-
quency of a FGM beam containing a single crack at the
midpoint of the beam is calculated assuming that crack depth
varies from 𝑎/ℎ = 0 to 𝑎/ℎ = 0.5. Young’s modulus ratio is
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Figure 5: The first two frequency ratios of a hinged-hinged FGM
beam with an open edge crack at varying locations: (a) the funda-
mental frequency ratio and (b) the second frequency ratio.

𝐸
2
/𝐸
1
= 0.2 and the material and physical parameters are

given by Table 1. The fundamental frequency ratios 𝜔
1𝑐
/𝜔
1

obtained by the present method and by 3D FEM are listed
in Table 4. It can be found that, for the FGM beams with
different slenderness ratios and crack depths, the present
results are extremely close to those obtained by 3D FEM. Due
to the tiny precision decrease of the bending stiffness model
for deeper cracks, the errors in Table 4 increase slightly with
the increase of the crack depth. However, the errors remain
at very low levels even in the case in which the crack depth
ratio increases to 𝑎/ℎ = 0.5.

With the examples and the comparisons above the valid-
ity and accuracy of the present method are demonstrated.

4. Numerical Results and Discussions

After testing the proposed method, a series of vibration
analysis of cracked FGM beams are carried out to discuss
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Figure 6: The first three frequency ratios of hinged-hinged isotropic homogenous beams with different slenderness ratios and containing a
single open edge crack of varying depths: (a) the fundamental frequency ratio, (b) the second frequency ratio, and (c) the third frequency
ratio.

Table 4: The fundamental frequency ratio of cracked FGM beams
with different crack depth.

3D FEM Present
𝐿/ℎ = 10 𝐿/ℎ = 20 𝐿/ℎ = 10 𝐿/ℎ = 20

𝜔
1𝑐
/𝜔
1

𝜔
1𝑐
/𝜔
1

𝜔
1𝑐
/𝜔
1

𝜔
1𝑐
/𝜔
1

𝑎/ℎ = 0.1 0.9890 0.9943 0.9863 0.9934
𝑎/ℎ = 0.2 0.9545 0.9760 0.9501 0.9726
𝑎/ℎ = 0.3 0.8972 0.9434 0.8947 0.9376
𝑎/ℎ = 0.4 0.8162 0.8927 0.8087 0.8830
𝑎/ℎ = 0.5 0.7117 0.8084 0.7043 0.7994

the influences of crack depth, crack location, distribution
of material property, and slenderness ratio on the natural
frequencies of the cracked FGM beams. The materials and
physical parameters used in the following discussions are
provided by Table 1.

The plots of the first three natural frequency ratios of
hinged-hinged cracked isotropic homogenous beams with
different slenderness ratios are shown in Figure 6. The crack
depth in this case increases gradually from 𝑎/ℎ = 0 to 𝑎/ℎ =

0.5 and the crack location remains constant at 𝑐/𝐿 = 0.5. As
expected, the first three frequency ratios decrease as the crack
depth rate increases. The presence of cracks causes severer
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Figure 7: The first three frequency ratios of hinged-hinged FGM beams with different Young’s modulus ratios and containing a single open
edge crack of varying depths: (a) the fundamental frequency ratio, (b) the second frequency ratio, and (c) the third frequency ratio.

frequency attenuation for beams with smaller slenderness
ratio, which indicates that the natural frequencies of beams
with lower slenderness ratios are more sensitive to cracks.
Figure 6 also shows that such a trend becomes more obvious
for beams with deeper cracks.

Figure 7 shows the first three natural frequency ratios of
cracked FGM beams with common slenderness ratio 𝐿/ℎ =

20 but different Young’s modulus ratios 𝐸
2
/𝐸
1
. The cracks

are located at midpoints of the beams. For beams with lower
Young’s modulus ratios, lower frequency ratios of the FGM
beams may be observed under the same crack depth. This
observation indicates that FGM beams with lower Young’s
modulus ratios are more sensitive to the cracks. Figure 7

further shows that such a trend is fairly obvious even if the
crack depth is very shallow (𝑎/ℎ < 0.1).

Figures 8 and 9 show the first three frequency ratio curves
of cracked FGM beams with a common crack depth of 𝑎/ℎ =

0.3 and varying crack locations. Beams with the same Young’s
modulus ratio𝐸

2
/𝐸
1
= 0.2 but different slenderness ratios are

shown in Figure 8, while beams with common slenderness
ratio 𝑎/ℎ = 20 but different Young’smodulus ratios are shown
in Figure 9. It is seen from Figures 8 and 9 that the natural
frequency ratios vary with the normalized crack location.
Maximum frequency attenuation can be observed at 𝑐/𝐿 =

0.5, 𝑐/𝐿 = 0.25 and 0.75, and 𝑐/𝐿 = 0.167 and 0.833 for
the first, second, and third mode, respectively. By contrast,
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Figure 8: The first three frequency ratios of hinged-hinged FGM beams with different slenderness ratios and containing a single open edge
crack (𝑎/ℎ = 0.3) at varying locations: (a) the fundamental frequency ratio, (b) the second frequency ratio, and (c) the third frequency ratio.

for the first three modes in turn, the frequency attenuation is
not obvious when the crack is located at the ends, at 𝑐/𝐿 =

0.5 and at 𝑐/𝐿 = 0.333 and 0.667. That means when cracks
are located at nodal points of the mode shape, these cracks
present very slight effects on natural frequencies; cracks lead
to the most significant frequency attenuation when they are
located at the position where maximum displacement of the
mode shape occurs. Figures 8 and 9 further show that the
effects of cracks on higher order frequencies of the hinged-
hinged FGM beams tend to decline. Moreover, it can be
observed in Figure 9, when 𝐸

2
/𝐸
1
= 5.0 that the minimum

frequency ratios of the first three orders in turn are 09899,
0.9904, and 0.9908, which contrasts the values of 0.9332,

0.9429, and 0.9501 obtained at 𝐸
2
/𝐸
1

= 0.2. That means
the narrowing amplitude of frequency attenuation in higher
order frequencies tend to be more obvious for the FGM
beams with lower Young’s modulus ratio.

5. Conclusions

Free vibration of FGM beams with open edge cracks is
investigated in this paper based on Euler-Bernoulli beam
theory and the continuous beammodel. Several examples are
introduced to verify the validity of the methods proposed
in this paper. The numerical discussion shows that FGM
beams with more stubby shapes and lower Young’s modulus
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Figure 9: The first three frequency ratios of hinged-hinged FGM beams with different Young’s modulus ratios and containing a single open
edge crack (𝑎/ℎ = 0.3) at varying locations: (a) the fundamental frequency ratio, (b) the second frequency ratio, and (c) the third frequency
ratio.

ratio are more sensitive to the presence of cracks. Moreover,
if cracks are located at nodes of mode shapes, minimal
effects on cracked FGM beams may be observed. Cracks
lead to maximum effects if they are located at the position
wheremaximumdisplacement of themode shape occurs.The
effects of cracks on the higher-order frequencies of hinged-
hinged FGM beams tend to decelerate, and such a trend
becomes more obvious in FGM beams with lower Young’s
modulus ratio.

Themain feature of this study is that, with the continuous
stiffness model and the transform relation between FGM
beams and isotropic homogeneous beams, the cracked FGM
beam is treated as an intact beam with continuously varying

bending stiffness along its longitudinal direction. Such an
intact beam is divided into a sufficient number of segments
and the transfer matrix from the first segment to the last seg-
ment is obtained based on the continuous conditions between
interfacing segments. Then the characteristic equations and
natural frequencies are determined for beams with given
boundary conditions. Not limited to the discussions in this
paper, the proposed method can be applied to cracked FGM
beams with varying cross-sections and multiple cracks.

It should be noted that this study considers the cracked
Euler-Bernoulli FGM beams containing open edge cracks
only and the effects of damping are ignored. Therefore, the
method proposed herein needs to be modified if it is to be
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applied to study short and thick FGM beams or in the cases
in which the effects of damping are taken into account.
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This paper focuses on the fault diagnosis for NCmachine tools and puts forward a fault diagnosis method based on kernel principal
component analysis (KPCA) and 𝑘-nearest neighbor (𝑘NN). A data-dependent KPCA based on covariancematrix of sample data is
designed to overcome the subjectivity in parameter selection of kernel function and is used to transform original high-dimensional
data into low-dimensional manifold feature space with the intrinsic dimensionality. The 𝑘NN method is modified to adapt the
fault diagnosis of tools that can determine thresholds of multifault classes and is applied to detect potential faults. An experimental
analysis in NC milling machine tools is developed; the testing result shows that the proposed method is outperforming compared
to the other two methods in tool fault diagnosis.

1. Introduction

Numerical control (NC) machines are some of the most
common classes of machining equipment and play important
roles in industry relying on their high automation and
stability. However, NC machines generally are subject to
failures by inner flimsy tools in practice, which may decrease
machinery service performance such as the manufacturing
quality and operation safety. Therefore, the demand to fault
diagnosis for NC machine tools accurately and reliably has
attracted considerable interests. However, it is a challenge to
develop and adopt effective signal processing techniques that
can discover the crucial damage information from responsive
signals.

Tool’s damage, such as wear and gap, will occur on
the tool’s face contacting with the chip or on the flank
due to the friction between the tool and the workpiece
material. A commonly used effective method is analyzing
signals gathered by sensors to reveal fault features with
the help of effective signal processing techniques. Tradi-
tional signal processing techniques in the fault diagnosis
include time-domain analysis [1], frequency-domain analysis
[2], time-frequency analysis [3], and wavelet analysis [4].
Wavelet analysis method can be viewed as an extension of

the conventional spectral technique by an adjustable window
size and adds a scale variable through awavelet basis function
with the inner product transform. So far, wavelet analysis has
been widely used in machinery fault diagnosis, such as rotor
[5], bearing [6], and gear [7].

However, how to choose a suitable wavelet basis function
to match the machine signal structure remains an open issue
despite many current alternative types. There is still a lack
of generally accepted effective methods to solve the issue
[8]. Although some authors providedmultiwavelet transform
for fault diagnosis [9, 10], these methods also determined
the wavelet basis functions previously. In this paper, for
overcoming deficiencies of above methods, a fault diagno-
sis method based on kernel principal component analysis
(KPCA) and 𝑘-nearest neighbor (𝑘NN) is put forward. KPCA
is used to obtain independent local relevance in parameters.
Firstly, the original data set transformed high-dimensional
data into low-dimensional manifold feature space with the
intrinsic dimensionality by KPCA, and the kernel function
of KPCA is constructed with covariance matrix of sample
data to avoid the subjectivity of choosing kernel function.
The 𝑘NN technique is applied to low-dimensional manifold
feature space to detect potential faults.
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The rest of this paper is organized as follows. Section 2
discusses the selection of impressible statistical parameters in
time and frequency domains. Section 3 reviews the standard
KPCA method and provides a data-dependent kernel PCA
method. Section 4 describes the 𝑘NN rule and improves it to
adapt the situation ofmultifault classes. Section 5 presents the
novel fault diagnosismethod ofKPCA-𝑘NN. In Section 6, the
proposed method is applied to experimental study, and the
fault diagnosis results are compared with other approaches.
The conclusions of this work are summarized in Section 8.

2. Statistical Feature Parameters in
Time-Frequency Domain with Tool
Vibration Signal

In the manufacturing process, tool vibration is caused by a
variety of factors that are main reasons for tool damages,
such as cutting force, built up edge, material inhomogeneity,
and ambient conditions. Hence, using the vibration signals to
identify tool’s damage is reasonable [11, 12]. Both amplitude
and distribution of the vibration signals change along with
tools’ state from sharp to worn. Previous studies [11–13]
have shown that some time and frequency domain features
can indicate tool’s damage. Although these mentioned fea-
tures are indicative of tool’s fault from different aspects,
they have different importance. In addition, considering
that the dimensions of these parameters are different, this
paper employs dimensionless feature parameters to analysis.
According to previous literatures [14] and our experimental
studies, eight impressible dimensionless statistical feature
parameters in time and frequency domains are chosen. Brief
mathematical descriptions of these features are shown in
Table 1.

3. Data-Dependent Kernel Principal
Component Analysis (KPCA)

3.1. Kernel Principal Component Analysis. Principal compo-
nent analysis (PCA) has played a significant role in dimen-
sionality reduction, noise removal, and feature extraction
from the original data set as a preprocessing step in data
mining. It is readily implemented and it is effective when
dealing with common cases encountered frequently. How-
ever, for complicated cases in industrial practice, especially
nonlinearity, PCA is unsuccessful as it is linear by nature. A
modified PCA technique, kernel principal component anal-
ysis (KPCA) [15] has been proposed to tackle the nonlinear
problems in recent years. As a nonlinear form of PCA, KPCA
can efficiently compute principal components in a high-
dimensional feature space by the use of integral operators and
nonlinear kernel functions [16].

Let 𝑋
𝑚×𝑛

= (𝑥
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, 𝑥
2
, . . . , 𝑥
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) be the 𝑛 training samples for KPCA learning.
The basic idea of KPCA is first to define a nonlinear map
𝜙: 𝑧
𝑖
→ 𝜙(𝑧

𝑖
) ∈ 𝐹

ℎ, (𝑖 = 1, . . . , 𝑚) which represents a
high-dimensional feature space 𝐹 and then to apply PCA
to the data in space 𝐹. However, it is difficult to do so
directly because the dimension of the feature space 𝐹 can

be arbitrarily large or even infinite. In implementation, the
implicit feature vector in 𝐹 does not need to be computed
explicitly, while it is just done by computing the inner product
of two vectors in 𝐹 with a kernel function.

Themapping of 𝑧
𝑖
is simply noted as 𝜙(𝑧

𝑖
) = 𝜙
𝑖
. Principal

components may be extracted by solving the eigenvalue
equation of the sample covariance 𝐶
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: 𝜆] = 𝐶
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]. By defining

the kernel matrix𝐾 of dimension𝑚 × 𝑚 such that
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Here, 𝑘(𝑧
𝑖
, 𝑧
𝑗
) is the calculation of the inner product of two

vectors in 𝐹 with a kernel function. The eigenvalue problem
may be put in the form 𝑚𝜆𝛼 = 𝐾𝛼, where 𝛼 identifies the
eigenvector 𝑉 after normalization. Centralize 𝐾 by

𝐾
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Here, matrix 1
𝑚
= (1/𝑚)

𝑚×𝑚
.

The eigenvectors identified in the feature space 𝐹 can be
considered as kernel principal components (KPCs) which
characterize the dynamical system. Note that, since the
number of eigenvectors (i.e., nonlinear PCs) is the same as the
number of samples, it is higher than the number of (linear)
PCs given by PCA.The KPCAmethod is termed “nonlinear”
since the feature mapping in the space 𝐹 is achieved by a
nonlinear function.

3.2. Data-Dependent Kernel Function. For a given data set,
the key step is to select a corresponding optimal kernel
function in order to obtain the optimal nonlinear feature
transformation. There are several kernel functions can be
chosen, such as Gaussian, Quadratic, Radial basis function,
and polynomial. It is worth noting that the above kernel
functions give different results if inappropriate parameters are
chosen. However the selection of parameters in these kernel
functions is arbitrary and does not have theoretical rules for
reference. Since the geometric structure of data in the kernel
feature space 𝐹 is determined by the kernel function, it is
desirable to choose the target kernel function to be data-
dependent.

In this paper, a data-dependent kernel based on the
Gaussian kernel is designed. The Gaussian kernel function is

𝑘 (𝑧
𝑖
, 𝑧
𝑗
) = exp

{

{

{

−


𝑧
𝑖
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2𝜎2

}

}

}

, (3)

where 𝜎 is a measure of the data spread, and it implicitly
assumes the same variance for each entry of the sample vector
(i.e., the data is isotropic), which cannot be satisfied in many
practice situations.

We consider the generalized Gaussian kernel:

𝑘 (𝑧
𝑖
, 𝑧
𝑗
) = exp {−1

2
(𝑧
𝑖
− 𝑧
𝑗
)
𝑇

𝐻
−1

(𝑧
𝑖
− 𝑧
𝑗
)} , (4)

where 𝐻 is a transformation matrix. In cases where certain
input transformations are known to leave function values
unchanged, the use of 𝐻 can also allow such invariance to
be incorporated into the kernel function.
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Table 1: Dimensionless statistical feature parameters.

Domain Parameter Formula Remark

Time

Waveform 𝐶
1
=
𝑥rms

𝑥abs
𝑥 =

1

𝑛

𝑛

∑

𝑖=1

𝑥
𝑖
, 𝑥rms = √

1

𝑛

𝑛

∑

𝑖=1

𝑥
𝑖

2,

Peak 𝐶
2
=
𝑥
𝑚

𝑥rms
𝑥abs =

1

𝑛

𝑛

∑

𝑖=1

|𝑥
𝑖
|, 𝑥
𝑚
= max{𝑥

𝑖
| 𝑖 = 1, . . . , 𝑛},

Kurtosis 𝐶
3
=
(∑
𝑛

𝑖=1
(𝑥
𝑖
− 𝑥)
4

)/𝑠
4

𝑛 − 1
− 3 𝑠 = √

1

𝑛 − 1

𝑛

∑

𝑖=1

(𝑥
𝑖
− 𝑥)
2

Where 𝑥
𝑖
is a signal series for 𝑖 = 1, 2, . . ., 𝑛, 𝑛 is the number of data points

Frequency

Stabilization ratio 𝐶
4
=
𝑁
0

𝑁
𝑚

𝑃
𝑚
= max{𝑃

𝑖
| 𝑖 = 1, . . . , 𝑛},

Wave-height ratio 𝐶
5
=
𝑃
𝑚

𝑃rms

Power spectrum
standard deviation

𝐶
6
= √

[∑
𝑛/2

𝑖=1
(𝑓
𝑖
− 𝑓
𝑚
)
2

⋅ 𝑃
𝑖
]

∑
𝑛/2

𝑖=1
𝑃
𝑖

𝑁
𝑚
= √

∑
𝑛/2

𝑖=1
{𝑓
4

𝑖
⋅ 𝑃
𝑖
}

∑
𝑛/2

𝑖=1
{𝑓2
𝑖
⋅ 𝑃
𝑖
}
,

Frequency high-low
ratio

𝐶
7
=
∑
𝑛/2

𝑖=𝑛/4
𝑃
𝑖

∑
𝑛/4

𝑖=1
𝑃
𝑖

𝑁
0
= √

∑
𝑛/2

𝑖=1
{𝑓
2

𝑖
⋅ 𝑃
𝑖
}

∑
𝑛/2

𝑖=1
𝑃
𝑖

,

Degree of irregular 𝐶
8
=
𝑁
0

𝑁
𝑚

𝑃rms = √
1

𝑛/2

𝑛/2

∑

𝑖=1

𝑃
𝑖

2

Where 𝑓
𝑖
is the frequency signal with 𝑥

𝑖
by Fast Fourier Transform (FFT) and 𝑃

𝑖
is the power spectrum of 𝑓

𝑖

A choice for𝐻 is the𝑚 × 𝑚 covariance matrix:

𝐻 = 𝐸 [(𝑧 − 𝜇
𝑧
) (𝑧 − 𝜇

𝑧
)
𝑇

] , (5)

where 𝑧 is the data vector and 𝜇
𝑧
is the corresponding mean

vector. By assuming that the entries of the sample vector
are independent, it can be simplified by dropping the off-
diagonal elements as

𝐻 = Diag [Diag [𝐸 [(𝑧 − 𝜇
𝑧
) (𝑧 − 𝜇

𝑧
)
𝑇

]]] . (6)

Here, diag(⋅) extracts the diagonal elements of covariance
matrix𝐻, which are then used to construct a diagonal matrix
by diag(⋅), and the obtained kernel by this matrix𝐻 is called
independent DDK [17].

While (3) implicitly assumes all sample vectors have
the same variance, this is not necessary for the generalized
Gaussian kernel. And if all sample vectors have the same
variance 𝜎2, then 𝐻 = 𝜎

2

𝐼 and the generalized Gaussian
kernel (4) will reduce to the conventional Gaussian kernel
(3). Using the kernel function (4) with covariance matrix of
sample data, the local geometric structure of data can remain
in the kernel feature space 𝐹.

3.3. Algorithm of Data-Dependent KPCA. The description of
feature extraction process of NC tools with data-dependent
KPCA is as follows.

(1) Gain 𝑉 groups vibration time-domain signals data
of NC machine, and transform every group data to
frequency-domain signals by FFT.

(2) Calculate eight feature parameters 𝐶
1
–𝐶
8
of each

group, respectively, to compose observed data set𝑋 =
{𝑋V𝑗}
𝑉×8

, define the average and standard deviation of
column vectors as 𝜇

𝑋
= {𝜇
𝑋𝑗
}
1×8

, 𝑆
𝑋
= {𝑆
𝑋𝑗
}
1×8

, and
normalize data set𝑋.

(3) Reduce dimension of 𝑋 by KPCA described in
Section 3. In the operation of KPCA, take (4) as the
kernel function and the covariance matrix of𝑋 as the
matrix𝐻 to transform𝑋 into new data𝑋𝐹.

(4) Compute the 8 × 8 kernel matrix 𝐾 and centralize 𝐾
to 𝐾 using (2). Solve the eigenvalue problem of 𝐾,
obtain the eigenvalues 𝜆

𝑗
and eigenvectors V

𝑗
of 𝐾.

Set Λ as the eigenvalue list sort by decreasing order,
choose the number of kernel principal components
𝑈 with the principle of the minimum value that the
cumulative contribution rate is above 75% [18, 19].

(5) Calculate the load matrix𝑊:𝑊 = 𝑌Λ
𝑈
, where Λ

𝑈

denotes the diagonal matrix by the first𝑈 eigenvalues
in Λ, and 𝑌 = {𝑌

1
, 𝑌
2
, . . . , 𝑌

𝑈
}
8×𝑈

is the eigenvectors
matrix corresponding to the first 𝑈 eigenvalues.

4. Multiclasses Fault Diagnosis
𝑘-Nearest Neighbor

The 𝑘NN method is the simplest, yet most useful approach
to general pattern classification, and has been widely applied
in pattern classification. Its principle is based on an intuitive
concept that data points of the same class should be closer in
the feature space. Specifically, for a given unlabeled sample,
𝑘NN finds the 𝑘-nearest labeled samples in the training data
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set and assigns to the class that appears most frequently
within the 𝑘-subset (i.e., 𝑘-nearest neighbors). 𝑘NN’s error
rate has been proven to be asymptotically at most twice that
of the Bayesian error rate [20]. 𝑘NN has been used for image
clustering [21] and cardiac arrhythmia diagnosis [22], and so
forth, but few published researches can be found in machine
fault detection. In this paper, the 𝑘NN classifier is used to
evaluate the reduced feature vectors by KPCA for avoiding
relatively local relevance between parameters and reducing
computation complexity.

He and Wang provided a fault detection method using
the 𝑘-nearest neighbor method for semiconductor manufac-
turing processes, named FD-𝑘NN [23]. It is based on the
idea that the trajectory of a normal sample is similar to the
trajectories of normal samples in the training data, and the
trajectory of a fault sample must exhibit some deviation from
the trajectories of normal training samples. However, FD-
𝑘NN just determines two classes (normal and abnormal)
which cannot be applied directly in NC machine tools,
because they have several fault classes (normal, wear, gap,
etc.) that we want to determine. In this paper, a multiclasses
fault diagnosis 𝑘NNmethod (MFD-𝑘NN) is proposed based
on FD-𝑘NN.

The proposed MFD-𝑘NN method consists of three steps
for model training.

(1) For the 𝑖th fault class 𝐵(𝑖) in training data, finding
𝑘 nearest neighbors for each sample 𝑠(𝑖)

𝑞
in the same

class, 𝑠(𝑖)
𝑞
denotes the 𝑞th sample in the 𝑖th fault class.

(2) Calculate the 𝑘NN squared distance for each sample:
𝐷(𝑠
(𝑖)

𝑞
) = √(1/𝑘)∑

𝑘

𝑡=1
(𝑑
(𝑖)

𝑞𝑡
)
2, where 𝑑(𝑖)

𝑞𝑡
denotes

squared Euclidean distance from sample 𝑠(𝑖)
𝑞
to its 𝑡th

nearest neighbor in the 𝑖th fault class.
(3) Determine the corresponding control limit𝐷(𝑖)

𝛼
of the

𝑖th fault class 𝐵(𝑖). The threshold 𝐷(𝑖)
𝛼

with a signif-
icance level 𝛼 can be determined by an assumption
that 𝐷(𝑠(𝑖)

𝑘
)
2

following a noncentral 𝜒2 distribution,
which can be estimated using the Matlab function
chilimit in the PLS Toolbox.

The choice of 𝑘 is usually uncritical [23]. In general, the
value of 𝑘 is greater and the effect of noise is fewer, but the
boundary betweennormal and faults is less distinct.The value
of 𝑘 can be set to be a modest number, such as 5, 7, and 10,
based on the sample size.

5. Fault Diagnosis Approach for NC Machine
Tools Based on KPCA and MFD-𝑘NN

The fault diagnosis approach for NC machine tools in this
paper includes two phases. The first phase focuses on model
training, reducing dimension of feature parameters by data-
dependent KPCA, and determining thresholds of different
fault classes using MFD-𝑘NN method. The second phase
is fault detection for unknown working tools. The specific
procedure is constructed through the following main steps
as shown in Figure 1.

5.1. Model Training

Step 1. Gain vibration time-domain signals of NC machine
in several fault classes 𝐵(𝑖), such as all tools normal, single
tool wear, and single tool gap. Then divide signals of each
fault class into 𝑉 groups which include continuous 𝑛 signals
data, respectively; transform every group data to frequency-
domain signals by FFT.

Step 2. For the normal class (all tools are normal), calculate
the average 𝜇

𝑋
and standard deviation 𝑆

𝑋
of feature vectors,

and extract nonlinear features using the data-dependent
KPCA algorithm provided in Section 3, obtain the kernel
principal components 𝑌, and load matrix𝑊.

Step 3. Standardize 𝐶(𝐵𝑖) by the average 𝜇
𝑋
and the standard

deviation 𝑆
𝑋
:𝐶(𝐵𝑖)∗ = {𝐶(𝐵𝑖)∗V𝑗 | 𝐶

(𝐵𝑖)∗

V𝑗 = (𝐶
(𝐵𝑖)

V𝑗 −𝜇𝑋𝑗)/𝑆𝑋𝑗, V =
1, 2, . . . , 𝑉, 𝑗 = 1, 2, . . . , 8}, and multiply 𝐶(𝐵𝑖)∗V𝑗 to the load
matrix𝑊 to obtain the time-frequency principal components
𝑌
(𝐵𝑖) of the 𝐵

𝑖
fault: 𝑌(𝐵𝑖) = 𝐶(𝐵𝑖)∗V𝑗 𝑊.

Step 4. For every fault class𝐵(𝑖), determine the corresponding
control limit 𝐷(𝑖)

𝛼
using the MFD-𝑘NN method proposed in

Section 4.

5.2. Fault Detection

Step 5. Collect continuous 𝑛 vibration time-domain signals
data 𝑈 of NC machine under operating condition period-
ically while the state of tools is unknown and to identify,
transform signals data of 𝑈 to frequency-domain signals by
FFT.

Step 6. Calculate eight feature parameters 𝑈
𝐶1
–𝑈
𝐶8

of sig-
nals, and standardize 𝑈 by the average 𝜇

𝑋
and the standard

deviation 𝑆
𝑋
: 𝑈∗ = {𝑈

∗

𝑗
| 𝑈
∗

𝑗
= (𝑈

𝑗
− 𝜇
𝑋𝑗
)/𝑆
𝑋𝑗
, 𝑗 =

1, 2, . . . , 8}. Then multiply to the load matrix𝑊 to obtain the
time-frequency principal components 𝑌(𝑈) of the unknown
tools: 𝑌(𝑈) = 𝑈∗𝑊.

Step 7. Identify𝑌(𝑈)’s 𝑘 nearest neighbors for each fault class
𝑌
(𝐵𝑖) in the training data set.

Step 8. Calculate 𝑌(𝑈)’s 𝑘NN squared distance 𝐷(𝑖)
𝑈

=

√(1/𝑘)∑
𝑘

𝑘=1
(𝑑
(𝑖)

𝑈𝑘
)
2.

Step 9. Calculate 𝑟(𝑖)
𝑢
= 𝐷
(𝑖)

𝑈
/𝐷
(𝑖)

𝛼
, and compare 𝑟(𝑖)

𝑢
with the

number 1, if 𝑟(𝑖)
𝑢
≤ 1, 𝑈 can be considered as a sample of the

𝑖th fault class. Otherwise, it is not belong to the 𝑖th fault class.

Step 10. Three results could possibly be obtained by Step 9.
One result is that 𝑈 belongs to a single class; it can be deter-
mined that 𝑈 belongs to the corresponding class distinctly.
The second result is that 𝑈 does not belong to any known
class, in other words, 𝑟(𝑖)

𝑢
> 1 for all 𝑖. In this case, they

have to stop working and check tools for a possible unknown
damage, handle it, and update the diagnosis model. And
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Figure 1: Sketch of fault diagnosis process for NC machine tools based on KPCA and MFD-𝑘NN.

the last result is that 𝑈 belongs to several classes. This
situation could happen despite very small probability. In this
case, calculate the confidence level cl(𝑖) of 𝐷(𝑖)

𝑈
using the

Matlab function chilimit with scaling value and degrees of
freedom calculated in Step 4. 𝑈 belongs to the class 𝑞: 𝑞 =
max{𝑖 | cl(𝑖) × (1 − 𝑟(𝑖)

𝑢
)}.

6. Experiment Design

The FV-2215 horizontal Longmen machining center (see
Figure 2) is used for the experimental test, in which char-
acteristics are illustrated in Table 2. The cutting tools used
in this test are carbide tools #RPMW1003# in a face milling
cutter #EMR 5R160-40-8T# with four teeth, its shape and
different tool state are shown in Figure 3. The experimental
setup for the in-process detection of tool fault is illustrated
in Figure 4. The tool vibration signals are monitored by a
uniaxial accelerometer (PCB352C22) which was placed at the
tool rest in the direction perpendicular to tool face, and sent
to a data acquisition instrument (ECON Avant (MI-7016))
and a portable computer.

Tool states in this experiment are alternatively three
situations: normal, single tool wear, and single tool gap, and
tool gap is cut with approximately 4mm depth using electro-
discharge machining. Aluminum alloy samples #7075-T351#
of size (150mm, 100mm, 500mm) are fixed on themachining
center. In this experiment, cutting speed and depth are
500 rpm and 2mm respectively.

7. Result and Discussion

In this experiment, three tool fault classes were measured
including (1) all tools normal (𝐵

1
), (2) single tool wear (𝐵

2
),

Figure 2: The FV-2215 horizontal Longmen machining center.

Table 2: Characteristics of the machining center.

Type Horizontal
Model FV-2215
Maximum speed of rotation 4000 (rpm)
Positioning accuracy 0.025 (mm)
Maximum feed rate 5000 (mm/min)

and (3) single tool gap (𝐵
3
). It is assumed that all investigated

tools have the samedamagemechanism.Thevibration signals
were measured and the sampling frequency was 48,000Hz,
which was determined by the frequency characteristics of
tool vibration. A time-domain waveform and its frequency-
domain waveform of vibration signals sample of classes (𝐵

1
)

and (𝐵
2
) in 10 s are shown in Figure 5. It can be observed from

the figure that the time-domain data appear periodically and
the energy of frequency-domain data is dispersed to several
band ranges. It is difficult to identify tool’s fault based on time-
domain or frequency-domain waveform simply.
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(a) Face milling cutter (b) Normal tool sample (c) Wear tool sample (d) Gap tool sample

Figure 3: Samples of milling cutter shape and different tools.

Sensor

Milling
cutter

Workpiece

and computer
Instrument 

Figure 4: Experiment illustration.

Vibration signals in three tool fault classes are measured
50 times which changes various tools partly in the same state
every time.These vibration signals are divided into two parts:
40 times as training set and 10 times testing set. The training
set is used to train model in Matlab R2012, which includes
calculation of time-frequency statistical parameters (shown
in Table 1) and dimensionality reduction by KPCA, and
determine the control limit of three fault classes by theMFD-
𝑘NN method. First in all, 40 group vibration signals in class
(𝐵
1
) (all tools are normal) are employed to reduce dimension

by data-dependentKPCA.The cumulative eigen contribution
rate with the first three eigenvalues is 94.3%, which is
above the down limit CPV (= 75%). Hence the number of
kernel principal components 𝐻 = 3, and kernel principal
components 𝑌(1) and the load matrix 𝑊 are obtained in
KPCA. Then, the other two classes’ vibration signals are
standardized by the average and the standard deviation of the
normal class signals, and transformed into kernel principal
components 𝑌(2) and 𝑌(3) which are multiplied by the load
matrix𝑊.

For every fault class 𝐵
𝑖
(𝑖 = 1, 2, 3), determine the cor-

responding control limit 𝐷(𝑖)
𝛼

using the MFD-𝑘NN method

Table 3: The values of threshold𝐷(𝑖)
0.01

of three fault classes.

Fault class Threshold value
All tools normal (𝐵

1
) 16.35

Single tool wear (𝐵
2
) 20.19

Single tool gap (𝐵
3
) 19.75

proposed in which the value of 𝑘 is set to be 5. Take 𝐵
1
as

an example, find 𝑘 nearest neighbors for each sample 𝑠(1)
𝑞

in
the 𝐵
1
class, and calculate the 𝑘NN squared distance for each

sample 𝑠(1)
𝑞
:

𝐷(𝑠
(1)

𝑞
) = √

1

5

5

∑

𝑡=1

(𝑑
(1)

𝑞𝑡
)
2

= √
1

5

5

∑

𝑡=1

(

3

∑

𝑖=1

(𝑦
(1)

𝑞𝑖
− 𝑦
(1)

𝑡𝑖
)
2

),

(7)

where 𝑦(1)
𝑞𝑖

and 𝑦(1)
𝑡𝑖

denote the vector of the 𝑞th sample and
its 𝑡th nearest neighbor.

The threshold 𝐷(1)
𝛼

(𝛼 = 0.01) is calculated using the
chilimit function in the Matlab PLS Toolbox.

The values of threshold 𝐷(𝑖)
0.01

of three fault classes are
shown in Table 3.

For validating the effectiveness of this proposed
approach, the remaining 10 times vibration signals in each
fault class are used as testing set. Firstly, calculate the testing
signals’ time-frequency statistical parameters (shown in
Table 1), and then these statistical parameters are standard-
ized by the average and the standard deviation of the normal
class signals in the training phase and transformed into
kernel principal components multiplied by the load matrix
𝑊. Sequentially, find 𝑘 (= 5) nearest neighbors for each
testing data 𝑈

𝑞
by calculating its distance with training data,
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(b) Frequency-domain waveform with all tools normal
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(d) Frequency-domain waveform with single tool wear

Figure 5: Time-frequency domain waveform sample of normal and single tool wear classes.

and calculate its 𝑘NN squared distance with the 𝑖th fault class
𝐷(𝑈
(𝑖)

𝑞
):

𝐷(𝑈
(𝑖)

𝑞
) = √

1

5

5

∑

𝑡=1

(𝑑
(𝑖)

𝑞𝑡
)
2

= √
1

5

5

∑

𝑡=1

(

3

∑

𝑗=1

(𝑈
(𝑖)

𝑞𝑗
− 𝑦
(𝑖)

𝑡𝑗
)
2

),

(8)

where 𝑈(1)
𝑞𝑖

and 𝑦(1)
𝑡𝑖

denote the vector of the 𝑞th testing data
and its 𝑡th nearest neighbor.

Finally, the value of 𝑟(𝑖)
𝑢𝑞
= 𝐷(𝑈

(𝑖)

𝑞
)/𝐷
(𝑖)

0.01
is compared with

1, the result is shown in Figure 6. Figure 6(a) is the testing
result with 𝐵

1
(all tools normal) training set, all points of

𝐵
1
testing set located below the threshold and the testing

data of other two classes are above the threshold. Figure 6(b)
is the testing result with 𝐵

2
(single tool wear) training set;

the second data of 𝐵
2
testing set is above the threshold

which should be below it, so this point is not determined
to 𝐵
2
. Figure 6(c) is the testing result with 𝐵

3
(single tool

gap) training set, the second data of 𝐵
2
testing set is below

the threshold which should be above it, so this point is
determined to 𝐵

3
. In brief, there is one fault detection error

by the proposed method.
PCA-MFD-𝑘NN method and standard KPCA-MFD-

𝑘NN method with the same vibration signals are used for
comparison, the standard KPCA take the conventional Gaus-
sian kernel (3) as the kernel function. Despite the cumulative

eigen contribution rate with the first three values by PCA and
standard KPCA being 77.19% and 88.35% which are above
the down limit CPV, they are both less than that value of
the proposed method. The testing results with PCA-based
method are shown in Figure 7. It can be observed that ten
points are judged erroneously in Figure 7, one point of 𝐵

1

class and one point of 𝐵
3
class in training set are excluded

from their class, and in the aspect of testing set, two points
of 𝐵
1
class are determined to 𝐵

2
class, three points of 𝐵

2
class

and one point of 𝐵
3
class are determined to 𝐵

1
class, and two

points of 𝐵
3
class are determined to 𝐵

2
class.

The testing results with standard KPCA-based method
are shown in Figure 8. It can be observed that five points
are judged erroneously in Figure 8, one point of 𝐵

3
class in

training set is excluded from its class, and in the aspect of
testing set, two points of 𝐵

2
class are determined to 𝐵

1
class,

two points of 𝐵
3
class are determined to 𝐵

2
class. It is clear

that the proposed method is outperforming than the PCA-
MFD-𝑘NN and standard KPCA-MFD-𝑘NNmethods in tool
fault diagnosis.

8. Conclusion

The present study proposes a fault detection approach to
NC machine tools, which is based on data-dependent kernel
principal component analysis (DKPCA) and multiclasses
fault diagnosis 𝑘-nearest neighbor (MFD-𝑘NN). Firstly, the
original data set are transformed high dimensional data into
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Figure 6: Test results of three classes with proposed method.
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Figure 8: Test results of three classes with standard KPCA-MFD-𝑘NNmethod.

low dimensional manifold feature space with the intrinsic
dimensionality by DKPCA, in which the kernel function is
constructed with covariance matrix of sample data.The 𝑘NN
technique is applied to low dimensional manifold feature
space to detect potential faults. Future work can be centered
on the expansion of fault classes of NCmachine’ tool and the
efficiency and calculation speed of the proposed method.
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Assembly line balancing not only directly determines production efficiency but also influences precision and quality of key
assemblies or even the overall performance of final products. Driven bymarket demand and development of science and technology,
product family must evolve constantly, which necessitates frequent adjustment and rebalancing of product family assembly line
(PFAL). In order to maintain production efficiency, improve assembly quality and precision, and reduce costs for adjustment, the
evolution balancing problem of PFAL for small-sized wheel loader is solved in this paper. Firstly, the evolution balancing model
of PFAL is put forward. Then, with minimizing the number of workstations, the in-station and between-station load indexes
and adjustment costs, and maximizing relevancy between activities as optimization objectives, meanwhile regarding product
platform planning, modularity design and the critical chain technology in concurrent engineering as constraint conditions, the
evolution balancing problem of PFAL is optimized using improved genetic algorithm (IGA). Finally, the whole analysis procedure
is demonstrated by the small-sized wheel loader PFAL case study and the effectiveness of the proposed method is verified.

1. Introduction

In most construction machinery manufacturing enterprises,
assembly is the last link of production involving many
operations and complex processes and has become the core
technology. Born in Ford Motor Company, assembly line has
greatly improved labor productivity and opened the prelude
tomodernmass production.However, frequent assembly line
adjustment, such as changes of operating personnel, assembly
equipment, and material flow, would decrease assembly pre-
cision and quality of final products, which further increases
difficulty of noise and vibration control [1], faults diagnosis
[2–4], bending, and vibration analysis of structural parts,
also influences the overall performance of such as suspension
systems [5], universal joint in steering handling mechanism
[6], and rotated shafts [7].

With customer demand for personalized and diversi-
fied product models, such as different requirements for
power, safety, comfortableness, and energy conservation,
mixed model assembly lines (MMALs) gradually replace
the conventional single model assembly lines (SMALs) and

become the mainstream assembly mode in the industry of
construction machinery. Proposed by Salveson in the 1950s
[8], assembly line balancing problem (ALBP) in essence is a
combinatorial optimization problem of rationally assigning
assembly tasks into workstations and meanwhile minimizing
differences of operation time between workstations. ALBP
can be divided into two categories, both of which are typical
NP-hard problems [9, 10]: given the cycle time, minimizing
the number of workstations and given the number of work-
stations, minimizing the cycle time.

Many researchers heretofore have launched in-depth
studies on assembly line balancing problem (ALBP), espe-
cially on the mixed-model assembly line balancing problem
(MMALBP) mainly owing to the capability of MMAL of
“producing the needed products in needed quantity at needed
time” to effectively improve enterprise competitiveness.
Scholl and Becker [11] carried out a comprehensive survey
of simple assembly line balancing problem (SALBP) research
with a special emphasis on exact and heuristic solution pro-
cedures of SALBP. Regarding MMALBP, Merengo et al. [12]
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analyzed some typical problems of manual, mixed-model
assembly lines and presented new balancing methodolo-
gies pursuing the common goals of minimizing the rate
of incomplete jobs in paced lines and in moving lines or
the probability of blocking/starvation events (in unpaced
lines) and reducing WIP. Haq et al. [13] dealt with mixed-
model assembly line balancing to minimize the number of
workstations by incorporating a hybrid genetic algorithm
approach which used the solution from the modified ranked
positional method as the initial solution to reduce the search
space within the global space, thereby reducing search time.
Bukchin and Rabinowitch [14] relaxed the restriction that a
task that is common to multiple models must be assigned to
a single station and developed an optimal solution procedure
based on a backtracking branch-and-bound algorithm to
minimize the sum of stations and task duplication costs.
Özcan and Toklu [15] presented a new mathematical model
minimizing the number of mated-stations as the primary
objective and the number of stations as a secondary objective
for a given cycle time and introduced a simulated annealing
algorithm for the mixed-model two-sided assembly line
balancing problem. Akpınar et al. [16, 17] proposed a hybrid
genetic algorithm sequentially hybridizing Kilbridge and
Wester Heuristic, Phase-I of Moodie and Young method and
Ranked Positional Weight Technique to solve mixed model
assembly line balancing problem of type I with objectives
of minimizing the number of workstations, maximizing
the workload smoothness between and within workstations.
Aiming at stochastic environment of MMALs, Xu and Xiao
[18] provided min-max related and a-worst scenario based
robust criteria to formulate corresponding optimization
models and introduced robust optimization approaches to
balance mixed model assembly lines with uncertain task
times and daily model mix changes by scenario planning.
Yagmahan [19] considered operation time variations together
with the number of stations, the line efficiency, and the
smooth production to formulate the mixed-model assembly
line balancing problem and proposed a more efficient and
effective multiobjective ant colony optimization (MOACO)
algorithm to solve this problem. Manavizadeh et al. [20]
presented a multiobjective genetic algorithm (MOGA) to
solve MMALBP in response to different market demands
considering cycle time (CT) and the number of stations
simultaneously and minimizing capital costs of design-
ing multiple assembly lines and carried out a comparison
between six multiobjective evolutionary algorithms (MOEA)
to determine the best method for specific situation. Most
recently, aiming at the balancing problem of product family
assembly line (PFAL), Hou et al. [21] established a balancing
model for PFAL and simultaneously proposed an improved
dual-population genetic algorithm to solve product family
assembly line balancing problem (PFALBP) with minimizing
the number of stations, minimizing the load indexes between
stations and within each station and maximizing task-related
degree are used as optimization objectives optimization
objectives.

The related research aforementioned is the basis of assem-
bly line planning and also the key of assembly line balancing.
However, most studies are limited to analyzing single-model

or mixed-model assembly line balancing problems from
static point of view, and research on dynamic evolution pro-
cess of assembly line is rare, especially the lack of evolution
balancing research on modular product family assembly line
which is typical in construction machinery manufacturing
enterprises. Assembly line evolution would certainly induce
adjustment costs, and product family design techniques such
as platform, modularity, and commonality would also affect
allocation of assembly tasks and assembly line balancing,
therefore, aiming at the small-sized wheel loader product
family and in order to better guide enterprises to implement
product family assembly line planning and innovation we
address the dynamic planning of evolution balancing for
PFAL based on analysis of product family evolution. Firstly,
relation between external influencing factors of product
family evolution and assembly line evolution is selectively
analyzed. Then, in order to improve assembly efficiency and
optimize the assembly line, the precedence graph of assembly
tasks is converted into AOE-net by specific rules; the critical
tasks and critical path are identified using critical chain
technology. Finally, in this paper minimizing the number
of workstations, minimizing in-station and between-station
load indexes, maximizing task correlation, and minimizing
adjustment costs are set as the optimization objectives;
the design techniques such as product platform and mod-
ularity and critical chain technology are introduced into
the evolution balancing model of PFAL, and the evolution
balancing problem of PFAL is optimized using improved
dual-population genetic algorithm to realize dual objectives
of improving assembly efficiency and reducing adjustment
costs.

2. Evolution Balancing Process of
PFAL for SWL

Driven by customer demand, core technology, and market
competition, product families evolve constantly [22], which
is mainly embodied in the replacement of modules or com-
ponents and variation in module partition on microscopic
level, such as the frame system module in small-sized wheel
loader evolving from 915 to 916B and to 918 and 918Te; and
embodied in the change of product family architecture and
configuration difference of product variants on macroscopic
level; as shown in Figure 1.There are two situations in the evo-
lution process of product family: gradual improvement and
abrupt change. The former includes adjustment of produc-
tion quantity for different product variants and operations
such as addition, removal, modification, and innovation on
variant/unique modules in order to accommodate customer
requirement differences in function or performance or to
implement continuous improvement in product cost or
quality, while the latter is mainly due to the emergence of
new technology, material, or process which promotes core
technology upgrading of product platform or product family.

Product family evolution propels incessant renewal and
adjustment of its assembly line. Change of product mix ratio
in different periods of time or operation time variation of
assembly tasks in new product variants leads the existing
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Figure 1: Evolution of small-sized wheel loader.

balancing scheme to be no longer valid; in other words,
when new products are introduced or operation time of tasks
changes, the tasks should be reassigned to maintain load
balancing of assembly line, which is defined as evolution
balancing problem of assembly line in this paper. Product
family assembly line planning must be able to rapidly and
efficiently respond to the dynamic evolution of product
family such as adding, removing, and upgradingmodules and
changes of various planning elements such as cost and new
technology introduction and fully consider the influence of
dynamic quantity change of variant products, task addition
or removal, operation time variation, and different solutions
of module partition on task assignment and assembly line
balancing schemes. In all, product family assembly line must
realize balancing in the coevolution process with product
family; namely, evolution balancing as shown in Figure 2,
share assembly resources between product variants and even
generational products to the greatest extent and provide high
quality and low cost individualized products in the shortest
possible time and reduce the adjustment costs of assembly
line [23, 24].

3. Evolution Balancing Model of
PFAL for SWL

In this paper, we focus on the evolution balancing process of
modular product family assembly line, where the modular
product family refers to a group/series of products oriented
to specificmarket segmentation derived by adding, removing
or replacing the variant or unique modules based on product
platform. To demonstrate the concepts of product platform
and modularity, a simplified example is shown in Figure 3,
where the working device is shared by different models and
the extinct accessory modules with standard interface can
realize specific functions.

Product platform and modularity play an important role
in product family development, configuration, production,
and so on. Generally, manufacturing enterprises achieve
product diversification and customization by means of addi-
tion, deletion, and/ormodification operations onto variant or
unique functional modules and meanwhile try to keep the
product platform constant; hence the product platform and
key functional modules possess the characteristic of relative
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higher stability; in other words, the product platform and key
functional modules would remain unchanged in the product
family evolution process with much higher probability. We
take the relative higher stability of product platform and key
functionalmodules into consideration in evolution balancing
planning process with the purpose of realizing assembly line
balancing as well as minimizing adjustment costs.

In addition, we pay attention to improving assembly
efficiency while balancing the assembly line.The critical tasks
in assembly process have larger space for improvement and
restrict/determine the overall assembly efficiency, and the
duration of critical tasks and even the tasks themselves are
with relative lower stability compared with product platform
and key functional modules; in other words, the duration of
critical tasks change frequently and/or greatly and the critical
tasks themselves are likely to be replaced by some other
tasks. Therefore, we treat critical tasks as flexible planning
constraints in the evolution balancing optimization model of
PFAL.

3.1. Product Platform/Modularity. Modularity is a prevailing
design method based on product functional analysis, in

which functional modules are divided according to specific
criteria and different products are configured through mod-
ule selection and combination to meet diversified market
demand [25]. Modular design supports mass customization
with costs close to that of mass production and finds the
best balancing point between product variety, cost, and
performance; in essence, it is the process of product structure
analysis and restructuring. Principle of module division is to
make components in some module with strong correlation,
while the components between modules with little correla-
tion. Modular design technique has an important influence
on the balancing planning of PFAL, whichmainlymanifested
that correlation between the assembly tasks for a certain
module is strong; enterprises usually assemble key functional
modules in advance and strictly assign the tasks strongly
correlated to some specific functional module into the same
station. In this paper, we define task correlation and tend to
assign tasks with higher correlation into the same station to
reflect the practical assembly situations.

Product platform is defined as “a set of subsystems and
interfaces developed to form a common structure fromwhich
a stream of derivative products can be efficiently developed
and produced” [26], which is an effective development
strategy to improve external diversity and reduce internal
differentiation bymeans of adding, deleting, and/or replacing
one or several modules based on platform to derive a family
of products and meet customers’ diversified needs. Once the
product platform is determined, it will generally be relatively
stable in the gradual evolution process of product family.
Therefore, in the evolution balancing planning process of
PFAL, the platform-related assembly tasks should be assigned
into fixed stations rather than influenced by variations of
other tasks, which is conductive to reducing adjustment costs.

Modular product family can be represented by a hier-
archical model, as shown in Figure 4, where the functional
modules are categorized into common modules, optional
modules, and unique modules. Within the same functional
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Figure 5: AOE-net.

module, there are several module instances with favorable
interchangeability, and designers can configure different
product variants to meet diversified customer requirements
by specific selection and combination mechanism. As in
small-sized wheel loader product family, according to the
technological capacity in the cooperating company, the brak-
ing systemmodule is shared by all the variants in the product
family, so it is defined as the common module. In order to
meet different requirements for power, the company pur-
chases different power systems such as ZH4100G2, LR4A3-
G84X1Q, and LR4B3-G84X4Q, as shown in Figure 1, so the
power system module is defined as the variant or optional
module.

3.2. Critical Chain Technique. AOE-net (Activity on Edge
net) represents the sequence of production activities by
directed edges and is mainly utilized to estimate the comple-
tion time of the whole project and to search the critical path,
by shortening the time of which the efficiency of the entire
project would be improved. Therefore, the activities in PFAL
could be shown as an AOE-net.

AOE-net is a weighted directed acyclic graph, where
the vertices denote events, the arcs, and the corresponding
weights denote activities and their duration, respectively. An
AOE net including nine events (V

1
, V
2
, . . . , V

9
) and eleven

activities (𝑎
1
, 𝑎
2
, . . . , 𝑎

11
) is shown in Figure 5. The whole

process has one and only one starting vertex V
1
and end vertex

V
9
; that is, the net has only one vertex with zero in-degree and

only one vertex with zero out-degree. The occurrence of an
event means the preceding activity has (activities have) been
completed and the subsequent activity (activities) can begin.

For example, the occurrence of event V
6
means activities 𝑎

5

and 𝑎
6
have been completed and activities 𝑎

8
and 𝑎

9
can be

carried out next, and the duration of activity 𝑎
1
is four units

of time.
The main research issues of AOE-net include the follow-

ing: (1) how much time at least is required to complete the
whole project and (2) what are the key activities affecting the
project progress. In an AOE-net, part of the activities can be
performed simultaneously, and the shortest possible time for
completing the whole project is the sum of weighted time in
the longest path from the starting vertex to the end vertex,
that is, the sum of duration required by the activities on the
longest path which is, therefore, defined as the critical path.

Assuming the starting point is V
1
, the length of the longest

path from V
1
to V
𝑖
is called the earliest starting time (EST)

of the event V
𝑖
which determines the earliest starting time

of activities represented by arcs starting with vertex V
𝑖
. Here

we use 𝑒(𝑖) to denote the earliest starting time (EST) and 𝑙(𝑖)
to represent the latest starting time (LST) of the activity 𝑎

𝑖
,

where LST means the latest time to start the activity 𝑎
𝑖
on the

premise of not delaying the whole project and the difference
(𝑙(𝑖)−𝑒(𝑖)) between ES and LS denotes the spare time (namely,
time remaining/surplus) of the activity 𝑎

𝑖
. When the time

remaining/surplus equals zero, the activity 𝑎
𝑖
has no spare

time indicating it is a critical activity. Consequently, the
critical activities constitute a critical path and it is important
for the progress of the whole project to improve efficiency
of the critical activities, while the early completion of the
noncritical activities cannot speed up the progress of the
project.

In Figure 5, the critical path from V
1
to V
9
is V
1
→ V
3
→

V
6
→ V
8
→ V
9
with the length 18 which indicates that

EST is 18, while EST of 𝑎
7
is 6 and LST is 16, which implies

that postponing or starting the activity ahead of time by 10
units of time would not influence the progress of the whole
project. Hence it is the key for improving the project progress
or efficiency to analyze the critical path or activities.

The core of acquiring the critical path is to seek out the
critical activity 𝑎

𝑖
meeting the requirement of 𝑙(𝑖) = 𝑒(𝑖).

To simplify analysis, we define the earliest and latest starting
time of event V

𝑖
as V𝑒(𝑖) and V𝑙(𝑖), respectively. Supposing
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Table 1: Precedence relation between assembly tasks.

Task A1 A2 A3 A4 A5 A6 A7 A8 A9 A10
Predecessor(s) — — — A1, A2, A3 A4 A5 A6 A6 — —
Duration 41 42 40 39 39 48 36 36 28 30
Operators assigned 5 6 4 10 14 2 3 1 1 1
Task A11 A12 A13 A14 A15 A16 A17 A18 A19 A20
Predecessor(s) — A6, A9, A10, A11 A12 A13 A13 A13 A13 A14, A15, A16, A17 A18 A18
Duration 35 14 13 12 15 18 15 5 8 7
Operators assigned 1 1 1 1 1 1 1 1 1 1
Task A21 A22 A23 A24 A25 A26 A27 A28 A29 A30
Predecessor(s) A18 A19, A20, A21 A22 A18, A23 A23 A18 A25, A26 A23 A23 A23
Duration 7 7 11 23 17 4 8 24 22 31
Operators assigned 1 1 1 1 1 1 1 1 1 1

the activity 𝑎
𝑖
is represented by the arc between vertex V

𝑗
and

V
𝑘
and the timeneeded is𝑇

𝑗𝑘
, then the critical activity 𝑎

𝑖
needs

to meet the following requirements:

𝑒 (𝑖) = V𝑒 (𝑗) ,

𝑙 (𝑖) = V𝑙 (𝑘) − 𝑇
𝑗𝑘
.

(1)

The algorithm to acquire the critical path or activities is
shown as follows:

(1) constructing and initializing an AOE-net containing
𝑛 vertexes;

(2) starting from the vertex V
1
and setting V𝑒(1) = 0

and then successively calculating EST V𝑒(𝑖) of all the
rest vertexes by topology algorithm: if the number of
vertexes in the some obtained topological sequence is
less than 𝑛, which means a loop exists in the net, then
it is impossible to acquire the critical path and the
algorithm terminates, shifting to step (3), otherwise;

(3) starting from the end vertex V
𝑛
and setting V𝑙(𝑛) =

V𝑒(𝑛) and then successively calculating LST V𝑙(𝑖) (1 ≤
𝑖 ≤ 𝑛 − 1) of all the rest events by topology algorithm;

(4) according to V𝑙(𝑖) and V𝑒(𝑖) of each event (vertex),
calculating EST 𝑒(𝑖) and LST 𝑙(𝑖) of activity 𝑎

𝑖
, if 𝑒(𝑖) =

𝑙(𝑖), then 𝑎
𝑖
is the critical activity;

(5) determining the critical activities and path according
to the results in step (4) and the algorithm terminates.

3.3. Optimization Objectives. Based on the mathematical
model of product family [21], we study both product family
assembly line balancing and evolution planning comprehen-
sively. The main objective of PFAL evolution planning is to
minimize change of assembly line while maximizing product
assembly capability, that is, tradeoff between minimization
of adjustment costs and maximization of productivity. We
suppose that the existing assembly line has already balanced
and needs adjustment owing to the influences of external
factors such as customer requirements, product functions
or quantities, materials, and technologies. The adjustment
costs in evolution balancing process include costs induced

by adjustment of tools, equipment, and labors, and the
objective of minimizing adjustment costs 𝐼 is represented in
the following:

𝐼 = 𝛼ΔNum
𝑠
+ 𝛽ΔNum

𝑝
+ 𝛾Δ𝑇total + 𝛿Δ𝑇idle

+ 𝜀Δ𝑇cycle + 𝜙Δ𝐿 + 𝜑ΔNum𝑤,
(2)

where Num
𝑠
, Num

𝑝
, 𝑇total, 𝑇idle, 𝑇cycle, 𝐿, and Num

𝑤
, respec-

tively, denote total number of stations, total number of
assembly workers, total time of assembly, idle time, cycle
time, logistical cost, and total number of tasks, while 𝛼, 𝛽,
𝛾, 𝛿, 𝜀, 𝜙, 𝜑 signify the degree of influence of each index
on adjustment costs and are determined on the basis of the
practical situations of enterprises and expert experiences.
According to (2), the objective of minimizing adjustment
costs is met only when variations of all indexes mentioned
above reach their lowest.

Aiming at the optimization problem for PFAL evolution
balancing, the optimization objective of evolution balancing
is determined by synthesizing the four balancing objectives
𝑍 proposed in [21] and the evolution objective of minimizing
adjustment costs 𝐼, as shown in (3). Besides, the influ-
ences of product family design and critical chain techniques
on assembly line evolution balancing are translated into
constraint conditions and introduced into the optimization
model of PFAL evolution balancing, and the evolution bal-
ancing problem is optimized by the dual-population genetic
algorithm proposed in [21]:

𝑃min = 𝜇𝑍 + 𝜂𝐼, (3)

where 𝜇, 𝜂 are coefficients for dimension adjustment.

3.4. Improved Dual-Population Genetic Algorithm. Product
family mixed-model assembly line balancing is a typical NP-
hard problemwithmany influencing factors and complicated
constraints, the number of task combination increases expo-
nentially with the number of tasks and it is difficult to solve
this type of problem using traditional optimization methods,
which makes genetic algorithm one of the best choices.
Therefore, in this paper we adopt the dual-population genetic
algorithmproposed in literature [21] to solve the optimization
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problem of product family assembly line. The process of this
algorithm is shown in Figure 6 and the main characteristics
are concluded as follows:

(1) using real number encodingmethod,where each gene
stands for one task and the encoding length equals the
total number of tasks;

(2) adopting single-point crossover mode as shown in
Figure 7 and themutation operation process as shown
in Figure 8.

3.5. Evolution Balancing Optimization Process. The evolution
planning process of PFAL based on product family design
and critical chain techniques is shown in Figure 9 and can be
implemented in the following steps.

Step 1. Based on the comprehensive precedence graph of
product family, we determine that the task sequence meets
the precedence order using topological sorting algorithm,
convert the precedence graph into AOE-net, and then seek
out the critical tasks and critical path by critical chain
algorithm.

2 3 1 4 5 7 6 9 8 10

2 3 1 4 5 9 7 6 8 10

Parent

Mutation point 1
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Mutation point 2

Figure 8: Process of mutation.

Comprehensive 
precedence graph

Product variants:
Configuration

Demand quantity
Assembly order
Task duration

AOE-
net

Feasible task 
sequence

Topological 
sorting algorithm

Task assignment and assembly
line balancing

Critical 
chain 

algorithm
Platform 

tasks
Fixed 
station

Critical 
tasks

Flexible 
station

Minimizing number of stations,
in-station and between-station
load index;

Constraints 

Optimization objectives

Im
pr

ov
ed

 g
en

et
ic

 al
go

rit
hm

 (I
G

A
)

Converting

maximizing task correlation;
minimizing adjustment cost

. . .

Figure 9: Evolution planning model of PFAL.

Table 2: Correlation between tasks.

Task Task Correlation Task Task Correlation
A1 A2 0.8 A15 A18 0.6
A1 A3 0.5 A16 A17 0.7
A1 A4 0.1 A17 A18 0.6
A1 A5 0.1 A19 A20 0.5
A2 A3 0.7 A19 A21 0.5
A2 A4 0.7 A19 A22 0.5
A3 A4 0.8 A19 A23 0.5
A4 A5 0.8 A20 A21 0.5
A4 A6 0.4 A21 A22 0.8
A5 A6 0.5 A21 A23 0.5
A6 A7 0.1 A22 A23 0.7
A6 A12 0.8 A25 A26 0.7
A7 A8 0.5 A25 A27 0.7
A9 A12 0.8 A26 A27 0.4
A10 A12 0.8 A28 A29 0.4
A11 A12 0.8 A28 A30 0.4
A14 A15 0.7 A29 A30 0.4

Step 2. We determine constraints and objectives of the
evolution balancing optimization problem. Besides the con-
straints in the load balancing model, we add two con-
straints: assigning platform-related tasks to fixed stations and
assigning critical tasks to flexible stations. The optimization
objectives include minimizing number of stations, in-station
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and between-station load index and adjustment cost, and
maximizing task correlation.

Step 3. We assign the tasks to stations using improved
dual-population genetic algorithm and obtain the optimal
assignment results of PFAL evolution balancing problem.

4. SWL Case Study

4.1. Evolution Balancing of PFAL. In this section, the assem-
bly line of small-sized wheel loader product family in some

international enterprise [21] is restudied to verify the effec-
tiveness and feasibility of the proposed evolution balancing
model of PFAL. The small-sized wheel loader is a typical
modular product family, which concludes frame system
module, braking system module, driving system module,
cab module, and so on, as shown in Figure 10. Different
modules have one ormoremodule instances, so the company
can configure hundreds of wheel loader models to meet
customer needs. Unavoidably, the functional or performance
requirements of customers in different period of time changes
abruptly, so the corresponding assembly line needs frequent
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Table 3: Relevant times in AOE-net.

Task A1 A2 A3 A4 A5 A6 A7 A8 A9 A10
LST 41 41 80 80 119 167 274 274 167 167
EST 41 41 40 80 119 167 203 203 28 30
Spare time 0 0 40 0 0 0 71 71 139 137
Task A11 A12 A13 A14 A15 A16 A17 A18 A19 A20
LST 167 181 194 212 212 212 212 217 225 225
EST 35 181 194 206 209 212 212 217 225 224
Spare time 132 0 0 6 3 0 0 0 0 1
Task A21 A22 A23 A24 A25 A26 A27 A28 A29 A30
LST 225 232 243 274 266 260 274 274 274 274
EST 224 232 243 255 260 221 260 267 267 274
Spare time 1 0 0 19 6 39 14 7 7 0

Table 4: Relevant tasks on the critical chain.

Critical chain 1 A1 A4 A5 A6 A12 A13 A16 A18 A19 A22 A23 A30
Critical chain 2 A2 A4 A5 A6 A12 A13 A16 A18 A19 A22 A23 A30
Critical chain 3 A1 A4 A5 A6 A12 A13 A17 A18 A19 A22 A23 A30
Critical chain 4 A2 A4 A5 A6 A12 A13 A17 A18 A19 A22 A23 A30

Table 5: Relevant tasks for certain modules.

Module Relevant tasks
Module A 1, 2, 4, 5
Module B 6, 10, 12
Module C 14, 15, 17
Module D 16, 18, 19, 21
Module E 20, 22, 23, 26, 28, 29

adjustment which induces considerable cost. To lower or
control the adjustment cost in product family evolution
process.

The characteristics and relevant parameters of the assem-
bly line of the small-sized wheel loader product family are
described as follows.

(1) The product family contains three series of products
(916, 918, and 920T), which are assembled on the same
line. The daily work time is 560 units of time and the
demand quantities of 916, 918, and 920T are 2, 4, and
1, respectively; thus the cycle time CT equals 80 units
of time (= 560/(2 + 4 + 1)).

(2) According to the precedence of assembly task, the
duration of tasks, and the demand quantity of each
variant, the comprehensive precedence graph can be
constructed [27] and converted into the precedence
relation table as shown in Table 1, including 30 tasks
and the corresponding operation time (duration).

(3) When operation time of a certain task is greater than
CT in the assembly process, increasing the number
of operators is more conducive to making operation
time less than CT.

(4) Certain correlation exists between tasks and grouping
tasks with good/better correlation into the same

Table 6: Planning results of assembly line evolution.

Station Task Balancing indexes
1 1, 9

(1) Nine stations
(2) Between-station load: 21
(3) In-station load: 5.1
(4) Correlation of tasks: 4.9

2 2, 10
3 3, 11
4 4, 5
5 6, 12, 13
6 7, 14, 15, 17
7 8, 16, 18, 19, 21
8 20, 22, 23, 26, 28
9 25, 27, 29, 30

station will bring convenience and operability to the
whole assembly line. By investigation and survey in
enterprise and the empirical knowledge of domain
experts, correlation values between 2 of 30 tasks are
shown in Table 2 while the task correlation not listed
in the table all equals zero.

According to the precedence relation between tasks as
shown in Table 1 and the transformation rules of AOE-net,
the AOE-net of the 30 assembly tasks is constructed as shown
in Figure 11.

Using the introduced algorithm of critical chain in
Section 3.2, the relevant times such as EST, LST, and spare
time and critical activities whose EST is equal to LST are
acquired as shown in Table 3.

Four critical chains are found out and listed in Table 4,
by shortening the duration of critical tasks on which would
greatly improve assembly efficiency.

Via investigation in cooperative enterprise and modu-
larity analysis, among all tasks of the 916, 918, and 920T
assembly line, the tasks involved in loader platform and
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Table 7: Comparison of planning results.

Model Station Task Balancing indexes Evolution assumptions Adjustment cost

Load balancing
model

1 1, 10

(1) Number of stations: 9
(2) Between-station load: 18
(3) In-station load: 4.5
(4) Correlation of tasks: 4.8

(1) Deleting task 7 (unique task)
(2) Deleting task 21 (unique task)
(3) Adding one new task in station 8
(4) Adding one new task after deleting task 7

5 + 6 + 7 + 5 = 23

2 2, 9
3 3, 11
4 4, 5
5 6, 12, 13
6 7, 16, 18, 19, 20
7 8, 14, 15, 17
8 21, 22, 23, 24, 26, 28
9 25, 27, 29, 30

Evolution
balancing model

1 1, 9

(1) Number of stations: 9
(2) Between-station load: 21
(3) In-station load: 5.1
(4) Correlation of tasks: 4.9

4 + 5 + 6 + 4 = 19

2 2, 10
3 3, 11
4 4, 5
5 6, 12, 13
6 7, 14, 15, 17
7 8, 16, 18, 19, 21
8 20, 22, 23, 26, 28
9 25, 27, 29, 30

certain modules are shown in Table 5. Adding the constraints
mentioned above into the improved genetic algorithm [21],
the number of stations, in-station and between-station loads,
and correlation between activities are optimized, meanwhile,
the evolution-related objectives such as minimizing varia-
tions of quantity of operators, cycle time, and material flows
are taken into consideration, and the optimization results are
shown in Table 6.

4.2. Performance Analysis. To further demonstrate the effec-
tiveness of the proposed planning model for PFAL evolution
in this paper, the results are compared with those of load
balancing model [21] as shown in Table 7.

It is observed from the table that, after adding constraints
related to product family design and critical chain techniques,
the optimized number of stations is still 9, but the between-
station and in-station indexes have higher values, which
indicates that the optimization result is not superior to that
of when only considering load balancing. However, not only
load balancing of PFAL but also its evolution process is
evolved in this paper.Through analysis of labor cost variation
induced by assembly line adjustment based on different bal-
ancing models (load balancing model or evolution balancing
model), it is not difficult to find that, if the load balancing
model adopted, then the adjustment cost is 23 units of labor
cost, while if we use the evolution balancing model proposed
in this paper, the adjustment cost is 19 units of labor cost.

Owing to individualization of customer requirement and
shorter lifecycle of seasonal product family, adjustment or
evolution balancing of PFAL becomes increasingly frequent;
hence the benefits of evolution balancing model are much
more considerable. Therefore, when dealing with assembly

line balancing oriented to product family evolution process,
we should not only consider loader balancing but also treat
evolution planning as one more important optimization
objective.

5. Conclusions

(1) Based on discussion of product family evolution process
and its influencing factors, the dynamic evolution process of
PFAL (coevolution of product family and its assembly line) is
analyzed and illustrated by the case of SWL product family;
combined with characteristics of PFAL and its balancing
research status, the evolution balancing problem of PFAL is
focused on in this paper.

(2) Product platform/key functionalmodules (such as the
working devicemodule or platform) change with a very small
probability in product family evolution process and it is the
key to raise efficiency of critical tasks (such as assembling
accessory module instances) for improvement of the overall
assembly efficiency; therefore, influences of the product
family design techniques and critical chain technology on
task assignment and assembly line balancing are discussed
comprehensively and translated into constraint conditions in
the evolution balancing model of PFAL.

(3)The evolution balancing problemof PFAL is optimized
using an intelligent evolutionary algorithm (dual-population
GA) and, compared with the traditional load balancing
model, results of the SWL case show that, in the constant
evolution process of product family, adjustment costs of PFAL
reduce significantly using the evolution balancing model
with other indicators largely unchanged, which generates
considerable economic benefits for enterprises.
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(4) The research on evolution balancing focuses on the
issue of assembly line adjustment when the current assembly
line has already balanced but was disturbed by external
dynamic factors with more planning constraints and much
more difficulty. Therefore, how to fully consider all factors
such as tradeoff between load balancing indicators and
adjustment costs, analysis of other adjustment costs besides
labor cost, and so on and then to establish an objective
model more precisely for the PFAL evolution balancing is an
interesting perspective, in which further research is needed.
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Due to the unsteady state evolution of mechanical systems, the time series of state indicators exhibits volatile behavior and staged
characteristics. To model hidden trends and predict deterioration failure utilizing volatile state indicators, an adaptive support
vector regression (ASVR)machine is proposed. InASVR, thewidth of an error-insensitive tube,which is a constant in the traditional
support vector regression, is set as a variable determined by the transient distribution boundary of local regions in the training time
series. Thus, the localized regions are obtained using a sliding time window, and their boundaries are defined by a robust measure
known as the truncated range. Utilizing an adaptive error-insensitive tube, a stabilized tolerance level for noise is achieved, whether
the time series occurs in low-volatility regions or in high-volatility regions. The proposed method is evaluated by vibrational data
measured on descaling pumps.The results show that ASVR is capable of capturing the local trends of the volatile time series of state
indicators and is superior to the standard support vector regression for state prediction.

1. Introduction

The state prognosis of mechanical systems is of critical
importance in modern industry to prevent unexpected
breakdowns, to improve machine availability, and to reduce
maintenance costs. Generally, the working state of mechan-
ical systems is represented by certain indicators, which are
either acquired from monitoring devices or calculated from
raw monitoring signals. The primary task of state prognosis
is to estimate the actual development of the state bymodeling
the trend of state indicators. Then, the trend model can
be extrapolated to predict the upcoming failure or estimate
the remaining useful life. After an accurate prognosis is
achieved, timelymaintenance actions can be planned to avoid
catastrophic failure.

Due to the unstable operating conditions and acciden-
tal disturbances, the time series of state indicators always
exhibits random fluctuations, whether the monitored system
works normally or not. Therefore, many intelligent methods
have been proposed to extract hidden trends from the

observed state indicators. Artificial neural network (ANN) is
one of the widely used methods in the prognostics literatures
[1]. Gebraeel et al. [2] developed a set of feed-forward
backpropagation networks to model the degradation process
of rolling element bearings and to estimate the failure time
of partially degraded bearings. Tse and Atherton [3] used
a recurrent neural network to determine the trend in the
monitoring values and to predict the value at the next time
step. Because the trend is learned and memorized by neu-
rons and network weights, ANN provides a nontransparent
solution to state prognosis, or rather, the way in which
forecast results are inferred by a trained network cannot be
observed. Random coefficient models are another category of
prognosis method for mechanical systems. In these models,
the trend in the state indicators is predefined as a linear,
polynomial, exponential, or any other functional form [4,
5]. Then, the coefficients, which include the deterministic
functional coefficients and the stochastic noise coefficients,
are jointly estimated with historical state indicators. Due
to the requirements for system-specific trend knowledge,
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the applications of random coefficient models are greatly
restricted. Nonparametric regression models, in which the
trend needs not to take a predetermined form, overcome the
barriers of prior knowledge and are also commonly used for
state prognosis [6]. Among this category of models, support
vector regression (SVR) [7], which has good generalization
ability even if training samples are not abundant, is the most
widely accepted method. By training an SVR machine, the
trend of the state indicators is represented as an explicit
regression function and is easily extrapolated to obtain future
values.The extrapolated values are used to prognose the state
evolution. Generally, while the extrapolated values reach a
failure threshold predefined by theoretical or experimental
analysis, a prospective failure is deduced and the failure time
is estimated [8]. Therefore, SVR has been extensively studied
to tackle the prognosis problem of mechanical systems or
components, such as bearings, gears, and pumps [9–12].

The life of mechanical systems can be divided into a nor-
mal working stage and a deterioration stage [13]. In the first
stage, the state indicators are generally shown as a stationary
time series. As initial defects emerge, the system steps into the
deterioration stage, including unsteady evolution and abrupt
changes. These nonstationary and transient phenomena are
reflected in the time series of the state indicators. To trace the
evolution of states, the regression model, which is capable of
adapting to staged development and volatile state indicators,
is required. However, the standard SVR seeks a globally
optimized regression, in which the tolerance level for noise is
fixed during the entire training time series.Therefore, it lacks
the flexibility to capture the local trend of a data series with
time-varying variance or staged characteristics. To improve
the adaptability of volatile time series, several modified SVR
machines, such as localized support vector regression (LSVR)
[14] and piecewise support vector regression [15], have been
developed and applied in the field of financial analysis. In
this paper, a novel SVR machine, called adaptive support
vector regression (ASVR), is proposed to model the trend of
state indicators measured from mechanical systems. We will
show that, by utilizing an adaptable error-insensitive tube,
ASVR can provide satisfactory performance for regression
and prediction while the system is in a deterioration stage.

The rest of the paper is organized as follows. We briefly
introduce related studies of standard SVR and LSVR in
Section 2. The methodologies of ASVR are described in
Section 3. In Section 4, standard SVR, LSVR, and ASVR
are applied to address the time series of vibration acquired
from actual pumps. The regression and prediction results are
compared and analyzed. Finally, conclusions and future work
are discussed in Section 5.

2. Related Studies

2.1. Standard Support Vector Regression. Given a time series
𝑇 = {(𝑡

1
, 𝑦
1
), (𝑡
2
, 𝑦
2
), . . . , (𝑡

𝑛
, 𝑦
𝑛
)}, where 𝑡

𝑖
is the time tag, 𝑦

𝑖

is the corresponding value, and 𝑛 is the number of data points,
the goal of SVR is to find a function 𝑓(𝑡) that has at most
𝜀 deviation from the actually obtained values 𝑦

𝑖
for all time

tags while being as flat as possible [7]. By mapping the time

Error

Loss
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𝜀

𝜀𝜀
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Figure 1: SVR with a soft margin.

series into a high-dimensionality feature space, the regression
function 𝑓(𝑡) has the linear form as

𝑓 (𝑡) = 𝜔 ⋅ 𝜙 (𝑡) + 𝑏, (1)

where 𝜔 denotes a weight coefficient, 𝜙( ) is the mapping
function, and 𝑏 is the bias. To obtain the optimal function
𝑓(𝑡), a convex optimization problem is constructed as fol-
lows:

minimize 1

2
‖𝜔‖
2

subject to 𝑦
𝑖
− (𝜔 ⋅ 𝜙 (𝑡

𝑖
) + 𝑏) ≤ 𝜀,

(𝜔 ⋅ 𝜙 (𝑡
𝑖
) + 𝑏) − 𝑦

𝑖
≤ 𝜀,

𝑖 = 1, 2, . . . , 𝑛.

(2)

In the constrained minimization problem, it is assumed that
a function 𝑓(𝑡) exists for which all data points in time series
lie in a tube determined by 𝑓(𝑡) ± 𝜀. 𝜀 defines the width of
the error-insensitive tube, or in other words, the precision of
regression is 𝜀. However, in many applications, it is preferred
to accept a number of errors, which are caused by the data
points outside the error-insensitive tube, to improve the
generalization ability. Therefore, the concept of a soft margin
is introduced, and the original optimization problem (2) is
reformed as

minimize 1

2
‖𝜔‖
2
+ 𝐶

𝑛

∑

𝑖=1

(𝜉
𝑖
+ 𝜉
∗

𝑖
)

subject to 𝑦
𝑖
− (𝜔 ⋅ 𝜙 (𝑡

𝑖
) + 𝑏) ≤ 𝜀 + 𝜉

𝑖

(𝜔 ⋅ 𝜙 (𝑡
𝑖
) + 𝑏) − 𝑦

𝑖
≤ 𝜀 + 𝜉

∗

𝑖

𝜉
𝑖
, 𝜉
∗

𝑖
≥ 0

𝑖 = 1, 2, . . . , 𝑛,

(3)

where 𝐶 is a positive constant, known as the regularization
parameter, which determines the trade-off between the flat-
ness of 𝑓(𝑡) and the amount up to which deviations larger
than 𝜀 are tolerated. 𝜉

𝑖
and 𝜉∗
𝑖
are called slack variables and

measure the deviation of |𝑦
𝑖
−𝑓(𝑡)| from the boundaries of the

error-insensitive tube. Figure 1 provides a depiction of SVR
with a soft margin.
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The minimization problem denoted as (3) is called stan-
dard SVR. By the Lagrange multiplier method, this problem
is transformed into its dual quadratic programming problem:

maximize −
1

2

𝑛

∑

𝑖,𝑗=1

(𝛼
𝑖
− 𝛼
∗

𝑖
) (𝛼
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𝑗
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, 𝑡
𝑗
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≤ 𝐶

0 ≤ 𝛼
∗
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≤ 𝐶

𝑖 = 1, 2, . . . , 𝑛,

(4)

where 𝛼
𝑖
and 𝛼∗

𝑖
are the Lagrange multipliers and 𝐾(𝑡

𝑖
, 𝑡
𝑗
) =

𝜙(𝑡
𝑖
) ⋅ 𝜙(𝑡

𝑗
) is a kernel function. After solving the dual

quadratic programming problem, the regression function is
formulated as

𝑓 (𝑡) =

𝑛

∑

𝑖=1

(𝛼
𝑖
− 𝛼
∗

𝑖
)𝐾 (𝑡
𝑖
, 𝑡) + 𝑏. (5)

According to the Karush-Kuhn-Tucker conditions, (𝛼
𝑖
−

𝛼
∗

𝑖
) equals zero when the data point (𝑡

𝑖
, 𝑦
𝑖
) lies in the

error-insensitive tube. Therefore, the regression function is
simply determined by the data points that are located on
the boundary or outside of the error-insensitive tube. These
data points, which support the definition of the regression
function, are called support vectors (SVs). Any functions that
satisfy Mercer’s condition can be treated as kernel functions.
In this study, the Gaussian radial basis function kernel is
chosen as

𝐾(𝑡
𝑖
, 𝑡
𝑗
) = exp(−


𝑡
𝑖
− 𝑡
𝑗



2

2𝜎2
) , (6)

where 𝜎 is the kernel parameter.
In standard SVR, 𝜀 is a predetermined constant. A large

𝜀 value provides a high noise-tolerance capability but may
lose the local details of a trend, whereas a small 𝜀 increases
the precision of regression but results in a complex learn-
ing machine. Generally, 𝜀 is chosen based on experiences.
However, for a volatile time series, in particular for the state
indicators of a mechanical systemwith staged characteristics,
it is almost impossible to find a global optimal. It is more
reasonable to set a narrow error-insensitive tube in the low-
volatility regions and a wide error-insensitive tube in the
high-volatility regions.

2.2. Localized Support Vector Regression. Many attempts have
been made to adjust error-insensitive tubes based on the
local characteristics of a time series. LSVR [14], which has
explicit theoretical justifications, is a representative method

of these attempts. In this modified SVR, a localized region
centered at the 𝑖th data point and with length 2𝑘 + 1,
that is, (𝑡

𝑖−𝑘
, 𝑦
𝑖−𝑘
), . . . , (𝑡

𝑖+𝑘
, 𝑦
𝑖+𝑘
), is considered.The standard

deviation of the data points in the regions is mapped into the
high-dimensionality feature space as follows:

𝑠
𝜙

𝑖
= √

1

2𝑘 + 1

𝑘

∑

𝑗=−𝑘

(𝜙 (𝑡
𝑖+𝑗
) − 𝜙
𝑖
)
2

, (7)

where 𝜙
𝑖
= 1/(2𝑘 + 1)∑

𝑘

𝑗=−𝑘
𝜙(𝑡
𝑖+𝑗
). Then, the constrained

minimization problem of LSVR is defined as

minimize 1
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(8)

where 𝑢
𝑖
is an auxiliary variable that is determined by the

upper bound of 𝜔 ⋅ 𝑠𝜙
𝑖
. The goal of LSVR can be interpreted

as finding a regression function 𝑓(𝑡) by making the localized
regions of function as low in volatility as possible while
keeping the error as small as possible. By introducing the
auxiliary variable 𝑢

𝑖
, LSVR can automatically adjust the error-

insensitive tube. If the 𝑖th data point lies in a localized region
with a larger standard deviation of noise, it will contribute
to a larger 𝜔 ⋅ 𝑠𝜙

𝑖
or a larger tube width 𝜀𝑢

𝑖
. The wider error-

insensitive tube reduces the impact of the noise around the
data point. Conversely, if the 𝑖th data point is in a region with
a smaller standard deviation of noise, it will play a greater role
in the learning process of regression. In this way, the volatile
noise of time series is flexibly tolerated, and the local trend of
the time series is captured.

To avoid the explicit mapping operation, 𝜔 is written as a
linear combination of all training data points:

𝜔 =

𝑛

∑

𝑖=1

𝜇
𝑖
𝜙 (𝑡
𝑖
) , (9)

and it is substituted into problem (8). The computation of
the kernel function𝐾(𝑡

𝑖
, 𝑡
𝑗
) is performed to substitute for the

inner products of 𝜙(𝑡
𝑖
) and 𝜙(𝑡

𝑗
) in the high-dimensionality

feature space. Finally, the kernelized LSVR is transformed
into a second order cone programming (SOCP) problem and
solved. The regression function is obtained in the following
form:

𝑓 (𝑡) =

𝑛

∑

𝑖=1

𝜇
𝑖
𝐾(𝑡
𝑖
, 𝑡) + 𝑏. (10)

Compared with standard SVR, LSVR has two disad-
vantages: its high computational complexity and its inade-
quate ability for multistep extrapolation. Because the time
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Figure 2: Schematic diagram of ASVR.

complexity for solving the SCOP problem is an open issue,
it largely restricts the computational efficiency of LSVR.
Additionally, the kernel operations within each localized
region also increase the consumption of computational time.
On the other hand, the value of the regression function at
a certain time 𝑡 is largely determined by the training data
points, which lie in the region neighboring 𝑡. While the
regression function is extrapolated in a multistep process,
the further the extrapolated time 𝑡

𝑝
is from the current

time 𝑡
𝑛
, the less the training data points support the region

neighboring 𝑡
𝑝
. As a result, the extrapolated value will soon

approach the bias 𝑏with an increase in the extrapolated steps.
Therefore, LSVR is mainly applied to the regression and one-
step prediction of volatile time series.

3. Adaptive Support Vector Regression

To capture the local trend of a volatile time series while
retaining the advantages of standard SVR, we made the
following assumptions to build an adaptive support vector
regression.

(a) The width of the error-insensitive tube 𝜀 determines
the proportion of training data points excluded from
the tube.

(b) To maintain a stabilized exclusion proportion, 𝜀
should keep pace with the variation of the margin of
the volatile time series.

(c) When the margin changes, the transient distribution
of a local time series is not a normal distribution but
a mixed distribution or a heavily tailed distribution.

Based on these assumptions, a strategy for adaptively
adjusting the error-insensitive tube is proposed. In this strat-
egy, the constant 𝜀 is replaced by the variable 𝜀

𝑖
determined

by the distribution characteristics of the localized time series.
Firstly, a sliding time window, which slides in the time
axis, is adopted to continuously obtain the local regions
of the training time series. For the 𝑖th sliding step, the
data points within the selected local region are denoted as
𝐿
𝑖
= {𝑦
𝑖−𝑙+1

, 𝑦
𝑖−𝑙+2

, . . . , 𝑦
𝑖
}, where 𝑙 is the length of the time

window, and 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑛. Because 𝐿
𝑖
does not always

follow the normal distribution, the conventional measures
of scale, such as the mean and variance, are not suitable for
describing the statistical distribution of 𝐿

𝑖
. Thus, a robust

measure, known as the truncated range, is utilized to define

the distribution scope of 𝐿
𝑖
. It involves the calculation of the

range after discarding given parts of the samples at the high
and low ends and typically discarding an equal amount of
both.This can be given as a percentage, but it is usually given
as a fixed number of points to facilitate calculation. Suppose
𝐿


𝑖
= {𝑦


𝑖−𝑙+1
, 𝑦


𝑖−𝑙+2
, . . . , 𝑦



𝑖
} is the series of 𝐿

𝑖
in descending

order, the upper bound of the truncated range is 𝑦
𝑖−𝑟

and
the lower bound of the truncated range is 𝑦

𝑖−𝑙+1+𝑟
, where 𝑟

is the number of truncated data points. It has been verified
that the truncated range is a robust estimator for mixed
distributions and heavy-tailed distribution [16]. Finally, to
obtain a symmetric error-insensitive tube, 𝜀

𝑖
is calculated as

follows:

𝜀
𝑖
=
𝑦


𝑖−𝑟
− 𝑦


𝑖−𝑙+1+𝑟

2
, 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑛. (11)

It is easy to know that 𝜀
𝑖
≥ 0. When 𝑖 < 𝑙 especially, 𝜀

𝑖
can

be set to 𝜀
𝑙
. Utilizing this strategy, the error-insensitive tube

is adaptive to the variation of local margins, and a stabilized
tolerance level for noise is achieved, whether the time series
is in a low-volatility region or a high-volatility region.

With the introduction of 𝜀
𝑖
, the constrainedminimization

problem of ASVR is defined as

minimize 1

2
‖𝜔‖
2
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∗

𝑖

𝜉
𝑖
, 𝜉
∗

𝑖
≥ 0

𝑖 = 1, 2, . . . , 𝑛.

(12)

This problem has the same form as that of standard SVR
except for the adaptive width of the error-insensitive tube.
Because 𝜀

𝑖
is precomputed, the dual problem of (12) has

the same solving algorithm and computational complexity as
does the quadratic programming problem (4). In each local
region, a fixed number of points are excluded from the error-
insensitive tube.Therefore, the SVs supporting the regression
function of ASVR would be more or less evenly distributed
during the entire time series.This ensures that the local trend
features of the volatile time series will not be omitted. The
schematic diagram of ASVR is shown in Figure 2.
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Figure 3: Regression results of the vibration RMS of a descaling pump: (a) time series of the vibration RMS; (b) regression curve of standard
SVR; (c) regression curve of LSVR; (d) regression curve of ASVR.

When the regression function of ASVR is extrapolated,
the current local region will exert a greater influence than the
distant regions by adjusting the error-insensitive tube. This
is favorable to improve the prediction accuracy for a volatile
time series.

4. Experimental Verification

To demonstrate the effects of the proposed method on
the state prognosis of mechanical systems, vibration signals
are collected from centrifugal water-descaling pumps and
processed. These descaling pumps, the function of which is
to generate high-pressure and high-rate water flows to wipe
away the oxide scale on a steel surface, are employed in a
stainless steel plant and have an important influence on the
surface quality of production. Due to working continuously
under heavy loads, the bearings inwater-descaling pumps are
frequently damaged [17]. To monitor the working state of the
bearings, high-precision velocity sensors are mounted on the
input end and output end of the descaling pumps to measure
the vibration velocity signals. According to the intensity of the
vibrational response, the measurement ranges of the input-
end sensor and the output-end sensor are set to 0–20mm/s

and 0–50mm/s, respectively. In this experimental research,
the rootmean square (RMS) is calculated from the vibrational
signals and recorded at intervals of one hour to form the
time series of state indicators. Because the behavior of the
output-end vibration is more volatile than that of the input-
end vibration, the RMS series monitored from the output end
of the descaling pumps are chosen for the case studies.

4.1. Performance Analysis of the Regression. Figure 3(a)
depicts a time series of vibration RMS values acquired from
the output end of a descaling pump. It is composed of
265 data points, which are used to indicate the evolution
process of the working state from normal to failure. Before
approximately 80 h, the descaling pump runs in the later
period of the normal stage, and the distribution region of
the RMS is narrow and stationary. Thereafter, the working
state continues to deteriorate until the descaling pump is
broken down by bearing damage. In this stage, the intensity
of the vibration rapidly increases to a high level, and the RMS
drastically changes in awide range. Standard SVR, LSVR, and
ASVR are used to model the trend of the volatile RMS series.
For comparison, similar parameters are chosen and listed
in Table 1. Regression curves solved by these three learning
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Table 1: Parameters setup for standard SVR, LSVR, and ASVR.

Parameters 𝐶 𝜎 𝜀 Length of localized region Number of truncated data points
Standard SVR 100 10 3 / /
LSVR 100 10 3 2𝑘 + 1 = 11 /
ASVR 100 10 / 𝑙 = 11 𝑟 = 1
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Figure 4: Prediction for the state of descaling pump number 1: (a) prediction results of standard SVR; (b) prediction results of ASVR.

machines, respectively, are presented in Figures 3(b)–3(d),
and themargins of each error-insensitive tube are also drawn.

Figure 3(b) shows the regression results of standard SVR.
To obtain global optimization, a compromise is reached
between the data points in the normal stage and those in
the deterioration stage. As a result, most of the regression
values in the normal stage are greater than the actual values,
and the drastic fluctuations in the deterioration stage are
excessively smoothed. For LSVR, the regression curve, as
shown in Figure 3(c), exhibits a rough trend. Although
the regression precision of LSVR may be superior to that
of the other regression machines, many unnecessary local
details are contained in the regression function. Therefore,
it is too complicated for modeling the state evolution of the
mechanical system. Figure 3(d) depicts the adaptive margins
of the error-insensitive tube, that is, the truncated range, and
the regression curve obtained by ASVR. In the normal stage,
high precision of the regression is achieved with the help of
the narrow error-insensitive tube. When the state enters the
deterioration stage, the error-insensitive tube is expanded to
adapt the high-volatility RMS. ASVR captures the local trend
features of the volatile RMS series well and provides a more
practical solution than LSVR for trending the state indicators
of mechanical systems.

In our research, the algorithm of standard SVR is per-
formed by a Matlab toolbox, SVM-KMToolbox [18]. The
ASVR algorithm is written based on the toolbox as well.
According to [14], the SOCP problem in LSVR is solved
using the software package CVX [19]. The regression results
shown in Figures 3(b)–3(d) are obtained by running these
algorithms on a PC with a 3GHz Intel core processor and
2GB of RAM. The average computational times are 0.188,

9.360, and 0.189 s for standard SVR, LSVR, and ASVR,
respectively. The algorithm of ASVR has approximately the
same computational speed as standard SVR and is suitable
for dealing with the monitored state indicators.

4.2. Performance Analysis of the Prediction. The RMS series
indicating two other state evolution processes of the descaling
pumps are applied to evaluate the prediction performance of
our method. Due to the disadvantage of LSVR for multistep
extrapolation, only standard SVR is used for comparison.
The parameters listed in Table 1 are still chosen for the
algorithms of standard SVR andASVR. In general, the longer
the prediction step is, the greater the prediction error is. In
this case study, the prediction step is set as 5. This means that
the time series of RMS are separated into two parts by the
time point of five hours before breakdown.The previous part
is used to train the regressionmodel, and the later part is used
to examine the prediction results. To quantify the prediction
accuracy, two criteria, including the root mean square error
(RMSE) and themean absolute percentage error (MAPE), are
introduced:

RMSE = √
∑
𝑛

𝑖=𝑛−4
[𝑦
𝑖
− 𝑓 (𝑡

𝑖
)]
2

5
,

MAPE = 1
5

𝑛

∑

𝑖=𝑛−4



𝑦
𝑖
− 𝑓 (𝑡

𝑖
)

𝑦
𝑖



× 100%.

(13)

The prediction results for these two descaling pumps are
shown in Figures 4 and 5, respectively. It can be observed
that the predicted values of ASVR conform better to the
actual values than those of standard SVR, even though
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Table 2: Prediction errors of standard SVR and ASVR.

Error criteria Descaling pump number 1 Descaling pump number 2
RMSE MAPE RMSE MAPE

Standard SVR 3.23 14.76% 4.12 10.44%
ASVR 2.87 11.31% 3.57 8.75%
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Figure 5: Prediction for the state of descaling pump number 2: (a) prediction results of standard SVR; (b) prediction results of ASVR.

the RMS series in the deterioration stage have dissimilar
volatile behaviors. The error criteria are calculated and listed
in Table 2. ASVR obtains better prediction performance
than standard SVR. For example, the prediction MAPE on
descaling pump number 2 utilizing standard SVR is 10.44%,
whereas the prediction MAPE utilizing ASVR is only 8.75%.
In conclusion, ASVR provides a capability for predicting the
state trend of mechanical systems with volatile time series
of state indicators. The results of the proposed regression
machine are superior to those of standard SVR.

5. Conclusion and Discussion

It is common for a deteriorating mechanical system to
generate volatile time series of state indicators. Due to the
fixed error-insensitive tube, the traditional support vector
regression is ill-suited to modelling a nonstationary state
trend. In this paper, an adaptive support vector regression
machine is proposed to capture the local trend of volatile
state indicators and to predict the deterioration behavior of
mechanical systems. Compared with traditional SVR, ASVR
has the significant characteristic that the error-insensitive
tube is adaptively adjusted according to the transient distri-
bution boundary of local regions in the training time series.
Considering the nonnormality of the transient distribution,
a truncated range is used to define the distribution scope
of localized regions and calculate the width of the error-
insensitive tube. The experimental results demonstrate that
ASVR has the same computational efficiency as standard
SVR and provides a more practical solution than LSVR for
trending state indicators. Moreover, the prediction accuracy
of ASVR for volatile state indicators is higher than those for
standard SVR.

However, the algorithm of ASVR on the entire training
time series will be implemented again while new state
indicators are obtained. For the data flow acquired from
mechanical systems in long-term operation, the calculation
is too huge to satisfy the trend analysis online. Thus, an
incremental algorithm for ASVR is required to meet the
further demand of state prognosis. Therefore, our research
work will focus on this topic next.
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This paper provides a comparative study on four different sensitivity-based damage detection methods for bridges. The methods
investigated in this study are approximation approach, semianalytical discrete approach, and analytical discrete approach, which
includes direct differential and adjoint variable methods. These sensitivity-based methods utilize finite element model updating
procedure and allow a wide choice of physically meaningful parameters leading to vast range of applications in damage detection.
The most important difficulty in these methods is calculation of sensitivity matrix. Calculation of this massive matrix is repeated
in each iteration and has a significant effect on the efficiency of method. In this study, the acceleration measurements are simulated
from the solution to the forward problem using finite element method under moving load with various speeds, along with the
addition of artificially produced measurement noise. Various damaged structures with different damage patterns including single,
multiple, and random damage are considered and efficiency of four sensitivity methods is compared. Moreover, various possible
sources of error such as the effects of measurement noise as well as initial assumption error in stability of the methods are also
discussed.

1. Introduction

Structural health monitoring is the implementation of a
damage identification strategy to different types of structures.
SHM is vital to evaluate the fitness of a structure, in var-
ious disciplines including aerospace, mechanical and civil
engineering, to perform its prescribed tasks properly. The
necessity of SHM is highlighted when it is recognized that
the performance of structures may change due to a gradual
or sudden change in states, load conditions, or response
mechanisms.

Bridges are truly the flagships of civil engineering, which
attract the greatest attention within the engineering commu-
nity. This is due to their small safety margins and their great
exposure to the public [1].

The main objective of developing the SHM system for
bridges is to enhance structural safety. However in bridges,
SHM serves other economic benefits such as increased
mission reliability, extended life of life-limited components,
reduced tests, reduction in “down time,” increased equipment
reliability, customization of maintenance actions, and greater

awareness of operating personnel, resulting in fewer acci-
dents. SHM also promises to help in reducing maintenance
costs [2].

SHM is an inverse problem wherein the flaws in the
structure are characterized using the measured data for some
known inputs [3]. Hence, SHM can be thought of as a system
identification problem and classified into two categories,
namely, the diagnosis and prognosis. Through diagnosis, one
can determine the presence of flaws, their locations, and their
extents along with the possibility of looking at the delaying
the propagation of flaws in the structure. The prognosis part
uses the information of the diagnosis part and determines
the remaining life of the structure. Therefore the SHM can
be broadly divided into five levels as follows [4]:

level 1: confirming the presence of damage;
level 2: determination of location and orientation of
the damage;
level 3: evaluation of the severity of the damage;
level 4: possibility of controlling or delaying the
growth of damage;
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level 5: determining the remaining life in the structure
(prognosis).

Dynamics-based SHM techniques assess the state of health
of a structural component on the basis of the detection and
analysis of its dynamic response. Such techniques can be
classified on the basis of the type of response being considered
for the investigations, on the frequency or time domain
of investigation, and on the modality used to excite the
component [5].

The developments in the field of structural damage detec-
tion (DD) using vibration data of civil engineering structures
have been recently studied by several authors; some of them
are briefly described herein.

Doebling et al. [6, 7] have presented comprehensive
review of literature mainly focusing on frequency-domain
methods for damage detection in linear structures and
declared that sufficient evidence exists to promote the use
of measured vibration data for the detection of damage in
structures, using both forced-response testing and long-term
monitoring of ambient signals and there is a significant need
in this field for research on the integration of theoretical
algorithms with application-specific knowledge bases and
practical experimental constraints. Another discussion on
methods of damage detection and location using natural
frequency changes has been presented by Salawu [8] and
his study showed that damage detection using vibration
frequencies is not very reliable. Zou et al. [9] summarized
themethods on vibration-based damage detection and health
monitoring for composite structures, especially in delamina-
tion modeling techniques and delamination detection.

Alampalli and Fu [10] and Alampalli et al. [11] conducted
laboratory and field studies on bridge structures to investigate
the feasibility of measuring bridge vibration for inspec-
tion and evaluation. These studies focused on sensitivity
of measured modal parameters to damage. Cross diagno-
sis using multiple signatures involving natural frequencies,
mode shapes,modal assurance criteria, and coordinatemodal
assurance criteria was shown to be necessary to detect the
damage. Casas and Aparicio [12] studied concrete bridge
structures and investigated dynamic response as an inspec-
tion tool to assess bearing conditions and girder cracking.
Their study showed the need to investigate more than one
natural frequency and also to determine mode shapes in
order that the damage could be successfully detected and
located.

Damage detection usually requires amathematical model
on the structure in conjunction with experimental modal
parameters of the structure.The identification approaches are
mainly based on the change in the natural frequencies [13–15],
mode shapes [16–18], ormeasuredmodal flexibility [7, 19–21].

The frequency-domain DD algorithms have been more
widely developed and applied as the amount ofmeasured data
is reduced dramatically after the transform; thus they can be
handled easily. Unfortunately, the effects of local damage on
the natural frequencies and mode shapes of higher modes
are greater than lower ones, but they are usually difficult to
measure from experiments. In addition, structural damping
properties cannot be identified in frequency domain DD.

The time-domain DD may be an attractive one to over-
come the drawbacks of the frequency-domain DD. For time-
domain DD, the forced vibration responses of the structure
are needed in the identification. However, in some cases it
is either impractical or impossible to use artificial inputs to
excite the civil engineering structures, so natural excitation
must be measured along with the structural responses to
assess the dynamic characteristics [22, 23]. In recent years,
some researchers have investigated both the problem of load
identification (moving load and impact load) and modal
parameters identification under operational conditions [24,
25]. In addition, identification of the structural parameters
applying a moving load has been considered in many papers.
Law et al. [26] presented a novel moving force and prestress
identification method based on the finite element and the
wavelet-based methods for a bridge-vehicle system. Jiang
et al. [27] identified the parameter of a vehicle moving on
multispan continuous bridges. Zhu and Law [28] presented a
method for damage detection of a simply supported concrete
bridge structure in time domain using the interaction forces
from the moving vehicles as excitation.

Sensitivity-based methods allow a wide choice of phys-
ically meaningful parameters and this advantage has led to
their widespread use in damage detection. Calculation of
sensitivity matrix has a significant effect on the efficiency of
these methods. Despite the high importance of calculation
method of sensitivity matrix and optimizing its performance
in DD procedure, there is not literature on this regard.
In this paper, computational methods for sensitivity matrix
are discussed and a novel sensitivity base damage detection
method in time-domain referred to as “adjoint variable
method” is introduced. Fundamental principles of proposed
method are presented and its performance is compared with
the conventional methods and it is shown that the numerical
cost is considerably reduced by using the concept of adjoint
variable.

The outline of the work is as follows: inverse prob-
lems along with model updating are briefly introduced in
Section 2. Different methods for sensitivity analysis along
with introduced method (adjoint variable method) are
addressed in Section 3. Numerical simulation is presented in
Section 4 and comparison studies are presented in Section 5
with studies on the effect of different factors whichmay affect
the accuracy and efficiency of different methods and finally
conclusion will be drawn in the last section.

2. Finite Element Model Updating and
Inverse Problem

A key step in model-based damage identification is the
updating of the finite element model of the structure in such
a way that the measured responses can be reproduced by the
FE model. A general flowchart of this operation is given in
Figure 1.The identification procedure presented in this paper
is a sensitivity-based model updating routine. Sensitivity
coefficients are the derivatives of the system responses with
respect to the physical parameters or input excitation force
and are needed in the cost function of the flowchart of
Figure 1.



Shock and Vibration 3

Starting values

Numerical model
updating model parameters

Experiment
test specimen

Improved parameters

Minimization cost function

Identified model parameters

Figure 1: General flowchart of a FEM-updating [31].

2.1. Finite ElementModeling of Bridge Vibration underMoving
Loads. For a general finite element model of a linear elastic
time-invariant structure, the equation of motion is given by

Mz
,𝑡𝑡

+ Cz
,𝑡

+ Kz = Bf , (1)

where M and K are mass and stiffness matrices and C
is damping matrix. z

,𝑡𝑡

and z
,𝑡

and z are the respective
acceleration, velocity, and displacement vectors for the whole
structure and f is a vector of applied forces with matrix B
mapping these forces to the associated DOFs of the structure.
Proportional damping is assumed to show the effect of
damping ratio on the dynamic magnification factor. Rayleigh
damping, in which the damping matrix is proportional to the
combination of the mass and stiffness matrices, is used

C = 𝑎
0

M + 𝑎
1

K, (2)

where 𝑎
0

and 𝑎
1

are constants to be determined from
two modal damping ratios. The dynamic responses of the
structures can be obtained by direct numerical integration
using Newmark method.

2.2. Objective Functions. The approach minimizes the differ-
ence between response quantities (acceleration response) of
the measured data and model predictions. This problemmay
be expressed as the minimization of j, where

𝑗 (𝜃) =




z
𝑚

− z(𝛼)


2

= 𝜖
𝑇

𝜖,

𝜖 = z
𝑚

− z (𝛼) .
(3)

Here z
𝑚

and z(𝛼) are the measured and computed response
vectors, 𝛼 is a vector of all unknown parameters, and 𝜖 is the
response residual vector.

2.3. Nonlinear Model Updating for Damage Detection. When
the parameters of a model are unknown, they must be esti-
mated using measured data. Since the relationship between
the acceleration responses ̈z

𝑖

and the fractional stiffness
parameter 𝛼 is nonlinear, a nonlinear model updating tech-
nique, like the Gauss-Newton method, is required. This kind
of method has the advantage that the second derivatives,
which can be challenging to compute, are not required. The
Gauss-Newton method in the damage detection procedure
can be described in terms of the acceleration response at the
𝑖th DOF of the structure as

z̈
𝑑𝑙

(𝛼
𝑑

) = z̈
𝑢𝑙

(𝛼
0

) + S (𝛼0) × Δ𝛼1

+ S (𝛼0 + Δ𝛼1) × Δ𝛼2 + ⋅ ⋅ ⋅ .
(4)

The superscripts 0, 1, and 2 denote the iteration numbers.
Index 𝑢 denotes the initial state or state 0 while index 𝑑
denotes the final damage state. z̈

𝑑𝑙

and z̈
𝑢𝑙

are vectors of the
acceleration response at the 𝑖th DOF of the damaged and
intact states, respectively.The damage identification equation
for (𝑘 + 1)th iteration is

Δz̈𝑘 = S𝑘 × Δ𝛼𝑘+1, (5)

where S𝑘 and Δz̈𝑘 are obtained from the 𝑘th iteration. The
iteration in (5) starts with an initial value 𝛼0 leading to Δz̈0 =
z̈
𝑑𝑙

− z̈
𝑢𝑙

(𝛼
0

) and S0 = S(𝛼0). The parameter vector 𝛼𝑘 =
𝛼
0

+∑
𝑘

𝑖=1

Δ𝛼
𝑖. Sensitivity matrix S𝑘 = S(𝛼𝑘), and the residual

vectorΔz̈𝑘 = z̈
𝑑𝑙

− z̈
𝑢𝑙

(𝛼
0

)−∑
𝑘−1

𝑖=0

S𝑖Δ𝛼𝑖+1, (𝑘 = 1, 2, . . .) of the
next iteration is then computed from results in the previous
iterations.

The acceleration response vector z̈
𝑢𝑙

from the physical
intact structure is computed, in general, from the associated
analytical model via dynamic analysis. z̈

𝑑𝑙

is the acceleration
response of the model of the damaged structure. In general,
the measured acceleration responses (including measure-
ment errors) from the damaged structure are obtained for z̈

𝑑𝑙

.
The iteration is terminated when a preselected criterion is

met. The final identified damaged vector becomes [17]

Δ𝛼 = Δ𝛼
1

+ Δ𝛼
2

+ ⋅ ⋅ ⋅ + Δ𝛼
𝑛

, (6)

where 𝑛 is the number of iterations.

2.4. Regularization. Like many other inverse problems, the
solution of (5) is often ill-conditioned and regularization
techniques are needed to provide bounds to the solution.The
aim of regularization in the inverse analysis is to promote cer-
tain regions of parameter space where the model realization
should exist. The two most widely used regularization meth-
ods are Tikhonov regularization [14] and truncated singular
value decomposition [29]. In the Tikhonov regularization,
the new cost function is defined as

𝑗 (Δ𝛼
𝑘+1

, 𝜆) =






S𝑘 ⋅ Δ𝛼𝑘+1 − Δz̈𝑘



2

2

+ 𝜆
2





Δ𝛼
𝑘+1






2

2

. (7)

The regularization parameter 𝜆 ≥ 0 controls the extent of
contribution of the two errors to the cost function in (7) and
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the fractional stiffness change incrementΔ𝛼𝑘+1 is obtained by
minimizing the cost function in (7).

The regularized solution fromminimizing the function in
(7) can be written in the following form as

Δ𝛼
𝑘+1

= ((S𝑘)
𝑇

S𝑘 + 𝜆2I)
−1

(S𝑘)
𝑇

Δz̈𝑘. (8)

To express the contribution of the singular values and the
corresponding vectors in the solution clearly and to showhow
the regularization parameter plays the role as the filter factor,
the sensitivity matrix is singular value decomposed and
singular value decomposition (SVD) applies to the sensitivity
matrix S𝑘 to obtain

S𝑘 = UΣV𝑇, (9)

where U ∈ 𝑅
𝑛𝑡×𝑛𝑡 and V ∈ 𝑅

𝑚×𝑚 are orthogonal matrices
satisfying U𝑇U = I

𝑛𝑡

and V𝑇V = I
𝑚

, and matrix Σ has the
size of 𝑛𝑡 × 𝑚 with the singular values 𝜎

𝑖

(𝑖 = 1, 2, . . . , 𝑚) on
the diagonal arranged in a decreasing order such that 𝜎

1

≥

𝜎
2

≥ ⋅ ⋅ ⋅ ≥ 𝜎
𝑚

≥ 0 and zeros elsewhere.
The regularized solution in (8) can be written as
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where 𝑓
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2

𝑖

/(𝜎
2

𝑖
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2

) (𝑖 = 1, 2, . . . , 𝑚) are referred as filter
factors. The solution norm ‖Δ𝛼
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‖
2

2

and the residual norm
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2
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(11)

These two quantities represent the smoothness and goodness-
of-fit of the solution and they should be balanced by choosing
an appropriate regularization parameter.

2.5. Element Damage Index. In the inverse problem of dam-
age identification, it is assumed that the stiffness matrix of
the whole element decreases uniformly with damage, and
the flexural rigidity EI

𝑖

of the 𝑖th finite element of the beam
becomes 𝛽

𝑖

EI
𝑖

, when there is damage. The fractional change
in stiffness of an element can be expressed as [30]

ΔK
𝑏𝑖

= (K
𝑏𝑖

− K̃
𝑏𝑖

) = (1 − 𝛽
𝑖

)K
𝑏𝑖

, (12)

where K
𝑏𝑖

and K̃
𝑏𝑖

are the 𝑖th element stiffness matrices of
the undamaged and damaged beam, respectively. ΔK

𝑏𝑖

is the
stiffness reduction of the element. A positive value of 𝛽

𝑖

∈

[0, 1] will indicate a loss in the element stiffness. The 𝑖th
element is undamaged when 𝛽

𝑖

= 1 and the stiffness of the
𝑖th element is completely lost when 𝛽

𝑖

= 0.

The stiffness matrix of the damaged structure is the
assemblage of the entire element stiffness matrix K̃

𝑏𝑖

K
𝑏

=

𝑁

∑

𝑖=1

A𝑇
𝑖

K̃
𝑏𝑖

A
𝑖

=

𝑁

∑

𝑖=1

𝛽
𝑖

A𝑇
𝑖

K
𝑏𝑖

A
𝑖

, (13)

where A
𝑖

is the extended matrix of element nodal displace-
ment that facilitates assembling of global stiffness matrix
from the constituent element stiffness matrix.

3. Sensitivity Analysis of
Transient Dynamic Response

The objective of sensitivity analysis is to quantify the effects
of parameter variations on calculated results. Terms such as
influence, importance, ranking by importance, and domi-
nance are all related to sensitivity analysis.

The simplest and most common procedure for assessing
the effects of parameter variations on a model is to vary
selected input parameters, rerun the code, and record the
corresponding changes in the results or responses, calculated
by the code. The model parameters responsible for the
largest relative changes in a response are then considered
to be the most important for the respective response. For
complexmodels, though, the large amount of computing time
needed by such recalculations severely restricts the scope of
this sensitivity analysis method; in practice, therefore, the
modeler who uses this method can investigate only a few
parameters that he judges a priori to be important [32].

When the parameter variations are small, the traditional
way to assess their effects on calculated responses is by
using perturbation theory, either directly or indirectly, via
variational principles. The basic aim of perturbation theory
is to predict the effects of small parameter variations without
actually calculating the perturbed configuration but rather by
using solely unperturbed quantities.

3.1. Methods of Structural Sensitivity Analysis. Various meth-
ods employed in design sensitivity analysis are listed in
Figure 2. Three approaches are used to obtain the design
sensitivity: the approximation, discrete, and continuum
approaches. In the approximation approach, design sensi-
tivity is obtained by either the forward finite difference or
the central finite difference method. In the discrete method,
design sensitivity is obtained by taking design derivatives
of the discrete governing equation. For this process, it is
necessary to take the design derivative of the stiffness matrix.
If this derivative is obtained analytically using the explicit
expression of the stiffness matrix with respect to the design
variable, it is an analytical method, since the analytical
expressions of stiffness matrix are used. However, if the
derivative is obtained using a finite difference method, the
method is called a semianalytical method.

In the continuum approach, the design derivative of
the variational equation is taken before it is discretized. If
the structural problem and sensitivity equations are solved
as a continuum problem, then it is called the continuum-
continuum method. However, only very simple, classical
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Figure 2: Approaches to design sensitivity analysis.

problems can be solved analytically. Thus, the continuum
sensitivity equation is solved by discretization in the same
way that structural problems are solved. Since differentiation
is taken at the continuum domain and is then followed by
discretization, this method is called the continuum-discrete
method.

3.2. Approximation Approach. The easiest way to compute
sensitivity information of the performance measure is by
using the finite difference method. Different designs yield
different analysis results and, thus, different performance
values.The finite differencemethod actually computes design
sensitivity of performance by evaluating performance mea-
sures at different stages in the design process. If u is the
current design, then the analysis results provide the value
of performance measure 𝜓(u). In addition, if the design is
perturbed to u + Δu, where Δu represents a small change in
the design, then the sensitivity of 𝜓(u) can be approximated
as

𝑑𝜓

𝑑u
≈

𝜓 (u + Δu) − 𝜓 (u)
Δu

. (14)

Equation (14) is called the forward difference method since
the design is perturbed in the direction of +Δu. If −Δu
is substituted in (14) for Δu then the equation is defined
as the backward difference method. Additionally, in central
difference method, the design is perturbed in both directions
and the design sensitivity is approximated by:

𝑑𝜓

𝑑u
≈

𝜓 (u + Δu) − 𝜓 (u − Δu)
2Δu

. (15)

Then the equation is defined as the central differencemethod.

3.3. Discrete Approach. A structural problem is often dis-
cretized in finite dimensional space in order to solve complex

problems. The discrete method computes the performance
design sensitivity of the discretized problem.

The design represents a structural parameter that can
affect the results of the analysis.

The design sensitivity information of a general perfor-
mance measure can be computed either with the direct
differentiation method or with the adjoint variable method.

3.3.1. Direct Differentiation Method. The direct differentia-
tion method (DDM) is a general, accurate, and efficient
method to compute FE response sensitivities to the model
parameters. This method directly solves for the design
dependency of a state variable and then computes perfor-
mance sensitivity using the chain rule of differentiation.
This method clearly shows the implicit dependence on the
design, and a very simple sensitivity expression can be
obtained.

Consider a structure in which the generalized stiffness
and mass matrices have been reduced by accounting for
boundary conditions. Let the damping force be represented
in the form of C(𝑏)z

,𝑡

where z
,𝑡

= 𝑑z/𝑑𝑡 denotes the
velocity vector. Under these conditions, Lagrange’s equation
of motion becomes the second-order differential equation, as
[33]

M (𝑏) z
,𝑡𝑡

+ C (𝑏) z
,𝑡

+ K (𝑏) z = f (𝑡, 𝑏) . (16)

With the initial conditions

z (0) = z0, z
,𝑡

(0) = z0
,𝑡

. (17)

If design parameters are just related to stiffness matrix, we
obtain

M
𝜕z
,𝑡𝑡

𝜕𝑏
𝑖

+ C
𝜕z
,𝑡

𝜕𝑏
𝑖

+ K 𝜕z
𝜕𝑏
𝑖

= −

𝜕K
𝜕𝑏
𝑖

z − 𝛼
2

𝜕K
𝜕𝑏
𝑖

z
,𝑡

, (18)
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in which 𝜕z/𝜕b𝑖, 𝜕z
,𝑡

/𝜕b𝑖, and 𝜕z
,𝑡𝑡

/𝜕b𝑖 are sensitivity vectors
of displacement, velocity, and acceleration with respect to
design parameter 𝑏

𝑖

, respectively. Assume that

y
,𝑡𝑡

=

𝜕z
,𝑡𝑡

𝜕𝑏
𝑖

, (19a)

y
,𝑡

=

𝜕z
,𝑡

𝜕𝑏
𝑖

, (19b)

y = 𝜕z
𝜕𝑏
𝑖

. (19c)

So, by replacing (19a), (19b), and (19c) into (18) we have

My
,𝑡𝑡

+ Cy
,𝑡

+ Ky = −𝜕K
𝜕𝑏
𝑖

z − 𝛼
2

𝜕K
𝜕𝑏
𝑖

z
,𝑡

. (20)

Right side of (20) can be considered as an equivalent force, so
(20) is similar to (16) and sensitivity vectors can be obtained
by Newmark method.

3.3.2. Adjoint Variable Method. Mirzaee et al. [34] proved
that sensitivity analysis can be performed very efficiently
by using deterministic methods based on adjoint functions.
This method constructs an adjoint problem that solves for
the adjoint variable, which contains all implicitly dependent
terms.

The adjoint variablemethod yields a terminal-value prob-
lem, compared with the initial-value problem of response
analysis.

For the dynamic structure, the following formof a general
performance measure can be considered:

𝜓 = 𝑔 (z (𝑇) , 𝑏) + ∫
𝑇

0

𝐺 (z, 𝑏) 𝑑𝑡. (21)

General form of sensitivity measure relative to the design
parameter (b) is as follows [33]:

𝜓


= [

𝜕𝑔

𝜕z
−

𝜕𝑔

𝜕z
z
,𝑡

(𝑇) + 𝐺 (z (𝑇) , 𝑏) 1
Ω
,𝑡

𝜕Ω

𝜕𝑧

] z (𝑇)

− [

𝜕𝑔

𝜕𝑧

z
,𝑡

(𝑇) + 𝐺 (z (𝑇) , 𝑏)] 1

Ω
,𝑡

𝜕Ω

𝜕𝑧
,𝑡

z
,𝑡

(𝑇)

+ ∫

𝑇

0

[

𝜕𝐺

𝜕z
z + 𝜕𝐺

𝜕𝑏

𝛿𝑏] 𝑑𝑡 +

𝜕𝑔

𝜕𝑏

𝛿𝑏

− [

𝜕𝑔

𝜕𝑧

z
,𝑡

(𝑇) + 𝐺 (𝑧 (𝑇) , 𝑏)]

1

Ω
,𝑡

𝜕Ω

𝜕𝑏

𝛿𝑏.

(22)

Note that𝜓 depends on z and z
,𝑡

at𝑇, as well as on z within
the integration.

Mirzaee et el. [34] showed that while structural vibration
responses are used for damage detection, solving (22) in
known time 𝑇 is as follows:

𝑑𝜓

𝑑𝑏

(𝑇) = ∫

𝑇

0

(
̃
−𝜆
𝑇

𝑎
0

𝜕K
𝜕𝑏

z̃
,𝑡

−
̃
𝜆
𝑇
𝜕K
𝜕𝑏

z̃)𝑑𝑡, (23)

𝜆
𝑇

(𝑡) = P
𝑇

𝑓 (𝑡) +Q
𝑇

𝑔 (𝑡) , (24)

in which

P
𝑇

= 𝑒
−𝜉𝜔𝑇

𝜆
,𝑡

(𝑇)

𝜔
𝐷

cos (𝜔
𝐷

𝑇) ,

𝑓 (𝑡) = 𝑒
𝜉𝜔𝑡 sin (𝜔

𝐷

𝑡) ,

Q
𝑇

= −𝑒
−𝜉𝜔𝑇

𝜆
,𝑡

(𝑇)

𝜔
𝐷

sin (𝜔
𝐷

𝑇) ,

𝑔 (𝑡) = 𝑒
𝜉𝜔𝑡 cos (𝜔

𝐷

𝑡) .

(25)

It is worth noting that terminal values for different values of
𝑇 are not similar and adjoint equation should be calculated
for corresponding 𝑇, separately.

Mirzaee et al. [34] presented a quite efficient incremental
solution for solving (24) which significantly improves the
proposed method.

3.4. Sensitivity Method Selection. In this paper four different
methods are presented to compute sensitivity information of
the performance measure for damage detection procedure.
First method is the finite Difference method (FD) which
is classified as an approximation approach. Second, it is
semianalytical discrete method which uses a finite difference
scheme to calculate stiffness matrix in direct differential
method (DDMFD) and third and fourthmethods are two dif-
ferent analytical discrete methods: direct differential method
(DDM) and adjoint variable method (ADM).

The first three methods including FD, DDMFD, and
DDM are widely used by other authors [35, 36] and the last
method (ADM) is proposed by the authors (Mirzaee et al.
[34]).

3.5. Procedure of Iteration for Damage Detection. The initial
analytical model of a structure deviates from the true model
and measurement from the initial intact structure is used to
update the analytical model. The improved model is then
treated as a reference model, and measurement from the
damaged structure will be used to update the reference
model.

When response measurement from the intact state of the
structure is obtained, the sensitivities are computed from
presented methods based on the analytical model of the
structure and the well knowing input force and velocity.
The vector of parameter increments is then obtained using
the computed and experimentally obtained responses. The
analytical model is then updated and the corresponding
response and its sensitivity are again computed for the next
iteration. When measurement from the damaged state is
obtained, the updated analyticalmodel is used in the iteration
in the same way as that using measurement from the intact
state. Convergence is considered to be achieved when the
following criteria are met:





E
𝑖+1

− E
𝑖










E
𝑖






× 100% ≤ Tol1,





Response

𝑖+1

− Response
𝑖










Response

𝑖






× 100% ≤ Tol2.

(26)
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The final vector of identified parameter increments corre-
sponds to the changes occurring in between the two states
of the structure. The tolerance is set equal to 1 × 10−5 in this
study except otherwise specified.

4. Numerical Results

In order to evaluate the efficiency and competency of intro-
duced methods, analysis of two FE models with extensive
available numerical studies has been carried out. Represen-
tative examples are presented to demonstrate the effects of
speed of loads, measurement noise level, and initial error on
the accuracy and effectiveness of the methods.

The relative percentage error (RPE) in the identified
results is calculated from (27), where ‖ ⋅ ‖ is the norm of
matrix and z

,𝑡𝑡identified
and z
,𝑡𝑡true

are the identified and the true
acceleration time history, respectively [26];

RPE =





z
,𝑡𝑡identified

− z
,𝑡𝑡true












z
,𝑡𝑡true







× 100%. (27)

Since the true value of elastic modulus is unknown, RPE can
just be used for evaluating the efficiency of the method.

4.1. Single-Span Bridge. A single-span bridge is studied to
compare different methods. This bridge consists of 10 Euler-
Bernoulli beam elements with 11 nodes each with two DOFs.
Total length of bridge is 10m and height and width of
the frame section are 200mm. Rayleigh damping model is
adopted with the damping ratios of the first two modes taken
equal to 0.05.

Structural properties are summarized in Table 1.
The transverse point load 𝑃 has a constant velocity, V =

𝐿/𝑇, where 𝑇 is the traveling time across the bridge and 𝐿 is
the total length of the bridge.

For the forced vibration analysis an implicit time integra-
tion method called as “the Newmark integration method” is
used with the integration parameters 𝛽 = 1/4 and 𝛾 = 1/2,
which leads to constant-average acceleration approximation.

Speed parameter is defined as

𝛼 =

𝑉

𝑉cr
, (28)

in which𝑉cr is critical speed (𝑉cr = (𝜋/𝑙)√EI/𝜌),𝑉 is moving
load speed, and 𝜌 is mass per unit length of the beams.

4.1.1. Damage Scenarios. Six damage scenarios of single,
multiple, and random damage along with initial error in the
bridge without measurement noise are studied and shown in
Table 2.

Local damage is simulated with a reduction in the elastic
modulus of material of an element. The sampling rate is
15000Hz and 250 data of the acceleration response (degree of
indeterminacy is 25) collected along the z-direction at nodes
2 and 7 are used in the identification.

4.1.2. Analysis Results. Tables 3–6 show the results of different
detection methods including solution time (ST), number of

loops (NL), and RPE. These are the most important param-
eters to compare the efficiency and accuracy of different
methods.

4.1.3. Effect of Noise. Noise is the random fluctuation in the
value of measured or input that causes random fluctuation in
the output value. Noise at the sensor output is due to either
internal noise sources, such as resistors at finite temperatures,
or externally generatedmechanical and electromagnetic fluc-
tuations [10].

To evaluate the sensitivity of results to suchmeasurement
noise, noise-polluted measurements are simulated by adding
to the noise-free acceleration vector a corresponding noise
vector whose root-mean-square (RMS) value is equal to
a certain percentage of the RMS. value of the noise-free
data vector. The components of all the noise vectors are of
Gaussian distribution, uncorrelated andwith a zeromean and
unit standard deviation. Then on the basis of the noise-free
acceleration z

,𝑡𝑡nf
the noise-polluted acceleration z

,𝑡𝑡np
of the

bridge at location 𝑥 can be simulated by

z
,𝑡𝑡np

= z
,𝑡𝑡nf

+ RMS (z
,𝑡𝑡nf
) × 𝑁level × 𝑁unit, (29)

where RMS (z
,𝑡𝑡nf

) is the RMS value of the noise-free accel-
eration vector z

,𝑡𝑡nf
× 𝑁level is the noise level, and 𝑁unit is a

randomly generated noise vector with zero mean and unit
standard deviation [36].

In order to study effects of noise in stability of different
sensitivity methods, scenario 3 (speed ratio of moving load
is considered to be fixed and equal to 0.5) is considered and
different levels of noise pollution are investigated, and also
RPE change with increasing the number of loops in iterative
procedure has been studied. The results are illustrated in
Figure 3 for all presented methods.

4.1.4. Effect of Initial Error. In order to study effects of initial
error in stability of sensitivity methods, scenario 6 (speed
ratio ofmoving load is considered to be fixed and equal to 0.5)
is considered. This scenario consists of no simulated damage
in the structure, but the initial elastic modulus of material
of all the elements is underestimated and different levels of
initial error are investigated; RPE changes with increasing the
number of loops in iterative procedure have been studied.The
results are illustrated in Figure 4 for all presented methods.

4.2. Plane Grid Model. A plane grid model of bridge is
studied as another numerical example to investigate the
efficiency and accuracy of discrete methods. It is notable that
according to complexity of this model, approximation and
semidiscrete methods are not useable and diverged in all
scenarios in all speed ranges.

The structure is modeled by 46 frame elements and 32
nodes with three DOFs at each node for the translation and
rotational deformations. Rayleigh damping model is adopted
with the damping ratios of the first two modes taken equal
to 0.05. The finite element model of the structure is shown
in Figure 5 and structural properties are summarized in
Table 1.
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Table 2: Damage scenarios for single-span bridge.

Damage scenario Damage type Damage location Reduction in elastic modulus Noise
M1-1 Single 4 17% Nil
M1-2 Multiple 2, 7 4%, 21% Nil
M1-3 Multiple 3, 5, 6, and 8 12%, 6%, 5%, and 2% Nil
M1-4 Random All elements Random damage in all elements with an average of 5% Nil
M1-5 Random All elements Random damage in all elements with an average of 15% Nil
M1-6 Estimation of undamaged state All elements 5% reduction in all elements Nil

Table 3: Solution time, number of loops, and RPE of ADMmethod for model 1.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE

M1-1 3.658 16 7.41E− 04 2.719 15 5.58E− 04 2.742 15 7.80E− 04 2.953 13 1.06E− 02 3.049 17 7.84E− 04
M1-2 4.142 16 5.92E− 04 3.225 14 5.35E− 04 2.873 15 6.91E− 04 2.576 14 1.02E− 03 3.098 17 7.00E− 04
M1-3 3.210 14 8.18E− 04 2.996 13 8.93E− 04 2.097 12 5.71E− 04 2.181 12 9.32E− 04 2.849 16 5.39E− 04
M1-4 3.966 15 9.06E− 04 2.744 12 1.03E− 03 2.548 14 6.14E− 04 2.821 15 1.16E− 02 3.078 16 5.19E− 04
M1-5 3.336 15 1.02E− 03 2.699 12 8.31E− 04 2.514 14 9.07E− 04 3.360 17 5.16E− 03 2.699 15 6.61E− 04
M1-6 3.512 16 5.83E− 04 2.731 15 5.12E− 04 2.573 14 7.64E− 04 2.907 13 1.70E− 03 2.825 16 6.25E− 04

Table 4: Solution time, loops, and RPE of DDMmethod for model 1.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST NL RPE ST NL RPE ST NL RPE ST NL RPE ST NL RPE

M1-1 6.947 11 2.25E− 03 7.081 12 1.59E− 03 7.171 12 2.17E− 03 9.711 11 2.89E− 03 6.532 11 2.00E− 03
M1-2 11.994 13 2.44E− 03 13.07 13 1.61E− 03 7.130 12 1.59E− 03 8.345 14 2.35E− 03 7.765 13 1.68E− 03
M1-3 8.733 12 2.37E− 03 10.64 10 1.85E− 03 6.070 9 1.42E− 03 5.790 9 2.16E− 03 5.978 9 3.03E− 03
M1-4 7.071 11 1.98E− 03 8.892 10 1.66E− 03 6.531 11 3.13E− 03 5.938 10 1.89E− 03 5.347 9 1.66E− 03
M1-5 9.629 15 1.73E− 03 10.69 12 2.18E− 03 7.727 13 1.98E− 03 5.278 9 2.05E− 03 7.620 13 2.88E− 03
M1-6 5.949 9 2.15E− 03 5.998 10 1.21E− 03 6.965 11 2.80E− 03 9.194 9 8.26E− 04 8.026 12 1.58E− 03

Table 5: Solution time, loops, and RPE of FD method for model 1.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE

M1-1 163.8 217 0.027 148.2 197 0.071 225.5 300∗ 0.101 257.6 300∗ 0.418 226.7 300∗ 0.923
M1-2 249.8 280 0.028 167.4 196 0.048 227.3 300∗ 0.189 227.1 300∗ 1.322 226.9 300∗ 0.627
M1-3 158.7 208 0.199 134.7 154 0.022 216.6 284 0.081 187.0 244 0.134 229.2 300∗ 0.570
M1-4 97.8 114 0.127 94.1 125 0.057 225.7 300∗ 0.072 226.8 300∗ 0.391 226.4 300∗ 0.627
M1-5 257.7 300∗ 0.030 123.0 160 0.031 323.9 300∗ 0.086 228.0 300∗ 0.367 230.2 300∗ 0.399
M1-6 107.6 140 0.019 94.3 125 0.029 225.7 300∗ 0.064 282.1 300∗ 0.536 228.5 300∗ 0.732
∗Max number of iterations reached and not converged.

4.2.1. Damage Scenarios. Six damage scenarios of single,
multiple, and randomdamage in the bridgewithoutmeasure-
ment noise are studied and shown in Table 7.

The sampling rate is 14000Hz and 460 data of the acceler-
ation response (degree of indeterminacy is 20) collected along
the z-direction at nodes 4, 11, 21, and 27 are used.

4.2.2. Analysis Results. Tables 8 and 9 show the results of
different detection methods including solution time (ST)

and RPE. Using both described methods, including ADM
and DDM method, the damage locations and amount are
identified correctly in all the scenarios (Figure 6).

4.2.3. Effect of Noise. In order to study effects of noise,
scenario 3 is considered and different levels of noise pollution
are investigated, and also RPE changes with increasing the
number of loops for iterative procedure have been studied.
The results are presented in Figure 7.
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Table 6: Solution time, loops, and RPE of DDMFD method for model 1.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE ST (s) NL RPE

M1-1 110.7 176 0.065 103.7 172 0.067 151.1 250 0.118 293.1 300∗ 0.243 207.1 300∗ 0.830
M1-2 180.6 206 0.079 150.8 165 0.088 109.8 170 0.773 203.3 300∗ 0.609 214.9 300∗ 0.573
M1-3 92.6 153 0.227 111.3 123 0.096 121.1 194 0.143 106.2 157 0.492 200.1 300∗ 0.449
M1-4 118.5 131 0.165 87.3 101 0.078 80.9 130 0.125 155.0 229 0.192 201.7 294 0.242
M1-5 100.6 167 0.107 158.2 191 0.049 168.7 258 0.161 181.3 267 0.254 203.5 300∗ 0.670
M1-6 70.1 101 0.253 71.5 102 0.084 114.3 167 0.136 229.1 223 0.275 228.6 300∗ 0.257
∗Max number of iterations reached and not converged.
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Figure 3: RPE contours with respect to noise level and loops in model 1.
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Figure 4: RPE contours with respect to initial error and loops in model 1.

4.2.4. Effect of Initial Error. Scenario 6 (speed ratio ofmoving
load is considered to be fixed and equal to 0.5) is considered to
study effects of initial error in stability of sensitivity methods.
RPE changes with increasing the number of loops for iterative
procedure have been studied. The results are illustrated in
Figure 8.

5. Comparison of Different Methods

According to the results obtained in the previous section,
different sensitivity methods considered in this study are
compared in this section. Iteration number, relative percent-
age of error (RPE), solution time, noise level, and initial
error effect in stability of damage detection procedure are
effective parameters to compare efficiency and accuracy of the
methods.

5.1. Iteration Number. Average number of iterations for
different scenarios with respect to the speed parameter is
illustrated in Figure 9.

As seen in Figure 9(a), the number of iterations in FD
and DDMFD methods is considerably larger than those
of analytical discrete methods (DDM and ADM). It has
been observed that in all cases DDMFD method has fewer
iterations than FD method. Average number of iterations is
207.57 and 251.467 for DDMFD and FD methods, respec-
tively. The larger the speed ratio of moving vehicle is the
larger the number of iterations in approximation methods
is. In FD method, for speed ratios more than 0.5 even by
using maximum number of iterations (300) convergence was
not achieved, while the ratio used in DDMFD method is
0.9.

Figure 9(b) shows comparison along with analytical dis-
crete methods. It can be seen that DDM has smaller iteration
number in all cases. Average number of iterations is 14.6
and 11.167 for ADM and DDM methods, respectively. Both
analytical discrete methods converged in all cases with
maximum iterations equal to 17 and increment in speed ratio
does not affect the number of iterations.
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Figure 5: Plane grid bridge model used in detection procedure.

Table 7: Damage scenarios for multispan bridge.

Damage scenario Damage type Damage location Reduction in elastic modulus Noise
M1-1 Single 23 5% Nil
M1-2 Multiple 8, 13, and 29 11%, 4%, and 7% Nil
M1-3 Multiple 3, 7, 19, 25, and 28 12%, 6%, 5%, 2%, and 18% Nil
M1-4 Random All elements Random damage in all elements with an average of 5% Nil
M1-5 Random All elements Random damage in all elements with an average of 15% Nil
M1-6 Estimation of undamaged state All elements 5% reduction in all elements Nil

5.2. Relative Percentage of Error (RPE). Using the same
convergence tolerance equal to 1 × 10−5 relative percentage
of error in different methods is illustrated in Figure 10.

As seen in this figure, with a maximum number of
iterations equal to 300, RPE in FD and DDMFD methods
are considerably larger than DDM and ADM methods.
DDMFD method has lower RPE than FD method in most
cases. Average of RPE is 0.26329 for DDMFD compared to
0.27766 in FD method. Again, the larger the speed ratio of
moving vehicle is, the larger the relative error percentage in
approximation methods is.

Figure 10(b) shows that relative error percentage in ADM
method is lower than DDM and speed ratio does not affect
the relative error.

Average of RPE is 0.000731 and 0.002037 for ADM and
DDM methods, respectively. Therefore ADM is nearly 2.8
times more accurate than DDM.

5.3. Solution Time. In order to investigate computational cost
of sensitivity methods, using the same amounts of RAM
and CPU resources for the presented numerical simulations,
solution time of different damaged models is evaluated and
shown in Figure 11.

As seen in Figure 11(a) solution times in FD and DDMFD
methods are considerably larger than analytical discrete
methods and the FDmethod with an average of 200.616 (s) is
themost time consumingmethod. Average time for DDMFD
method is 150.849 (s).

Figure 11(b) compares the time spent by DDM and ADM.
As illustrated in this figure ADM method has lower solution
time than DDMmethod in all cases and speed ratio does not
affect the solution time.

Average of solution time is 2.956 (s) and 7.794 (s) for
ADM and DDM methods, respectively; consequently ADM
is nearly 2.6 times faster than DDM.

5.4. Efficiency Parameter. In order to compare and quantify
the performance of different methods, relative efficiency
parameters of methods “𝑖” and “𝑗” (REP

𝑖,𝑗

) are defined as

REP
𝑖,𝑗

= √

ST
𝑗

ST
𝑖

×

RPE
𝑗

RPE
𝑖

, (30)

in which, ST is the solution time of system identification
method that represents the computational cost of themethod
and RPE is the relative error which represents the accuracy of
the method.
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Table 8: Solution time, number of loops, and RPE of ADMmethod for model 2.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%)

M1-1 71.527 1.26E− 03 75.320 2.03E− 03 72.340 1.09E− 03 54.745 2.30E− 03 75.389 1.74E− 03
M1-2 94.756 2.15E− 03 95.091 2.40E− 03 88.962 1.52E− 03 63.255 2.05E− 03 93.939 1.77E− 03
M1-3 158.37 2.62E− 03 106.582 1.86E− 03 96.323 1.26E− 03 92.704 2.12E− 03 166.000 1.71E− 03
M1-4 89.368 2.43E− 03 80.652 2.32E− 03 83.977 1.57E− 03 84.018 1.26E− 03 93.751 1.87E− 03
M1-5 147.69 2.59E− 03 81.132 3.76E− 03 96.077 2.00E− 03 88.054 3.35E− 03 138.399 1.48E− 03
M1-6 144.31 2.31E− 03 103.599 9.64E− 04 100.549 2.08E− 03 83.809 1.21E− 03 148.134 2.20E− 03

Table 9: Solution time, loops, and RPE of DDMmethod for model 2.

Damage scenario
Speed parameter

0.1 0.3 0.5 0.7 0.9
ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%) ST (s) RPE (%)

M1-1 126.055 2.15E− 03 109.767 3.68E− 03 111.271 2.64E− 03 126.776 3.42E− 03 110.576 2.91E− 03
M1-2 262.790 4.16E− 03 237.909 6.14E− 03 230.317 3.34E− 03 224.621 5.16E− 03 212.940 6.05E− 03
M1-3 289.739 5.89E− 03 318.109 4.91E− 03 292.011 2.87E− 03 257.903 4.57E− 03 298.917 4.70E− 03
M1-4 155.150 5.73E− 03 165.956 5.69E− 03 165.974 3.22E− 03 164.765 2.82E− 03 166.811 4.48E− 03
M1-5 299.442 3.55E− 03 252.091 5.58E− 03 329.452 5.02E− 03 252.018 6.32E− 03 270.098 3.28E− 03
M1-6 315.672 4.24E− 03 219.352 2.69E− 03 263.828 3.36E− 03 217.605 3.24E− 03 232.333 6.60E− 03

5.4.1. Relative Efficiency Parameter of Adjoint VariableMethod
with respect to DDM. Figure 12 shows REPadj,ddm changes
with respect to speed parameter in different scenarios.

Table 10 shows that in different scenarios and for different
speed parameters, the efficiency parameter is between 1.9713
and 5.5478 for model 1 and 1.5659 and 2.9893 for model
2 and its average is 2.8948 and 2.2248 for models 1 and
2, respectively. Compared to DDM, the adjoint variable
method is more efficient and needs 60.9% less computational
effort.

Changes in the average of REPadj,ddm in different scenarios
with speed ratio are shown in Figure 13. As shown in this
figure, REPadj,ddm increases with speed ratios lightly. This
indicates that efficiency of ADM with respect to DDM
increases with speed ratio.

5.4.2. Relative Efficiency Parameter of Adjoint VariableMethod
with respect to Approximation and Semianalytical Methods.
Figure 14 shows REPadj,FD and REPadj,DDMFD changes with
respect to speed parameter in different scenarios.

Table 11 shows the relative efficiency parameter for differ-
ent speed parameters in different scenarios. It can be seen that
the efficiency parameter is between 31.93 and 783.07 for finite
difference method and 49.16 and 505.42 for DDMFDmethod
with the average of 167.14 and 145.69 for FD and DDMFD
methods, respectively. Therefore the adjoint variable method
is extremely successful and the computational cost of this
method is just 0.6% and 0.69% of FD and DDMFDmethods,
respectively.

Changes in the average of REPadj,fd&ddmfd in different
scenarios with speed ratio are shown in Figure 15. As shown
in this figure, REPadj,fd&ddmfd rapidly increases with speed
ratio, which indicates the superiority of ADM over FD and
DDMFDmethods increases with speed ratio.
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Figure 6: Detection of damage location and amount in elements 5,
7, 12, 15, 24, and 37 and distribution of error in different elements
with ADM scheme.

5.4.3. Relative Efficiency Parameter of DDMFD with respect
to FD Method. Figure 16 shows REPddmfd,fd changes with
respect to speed parameter in different scenarios.
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Table 10: REPadj,ddm ranges in different scenarios.

Damage scenario Max REP Min REP Average
Model 1 Model 2 Model 1 Model 2 Model 1 Model 2

M1-1 4.2291 1.9262 2.3373 1.5659 2.8785 1.7420
M1-2 3.8674 2.9893 2.3880 2.3178 3.1318 2.6008
M1-3 3.5062 2.8052 2.6852 2.0291 3.0292 2.4267
M1-4 3.6137 2.2448 1.9713 2.0117 2.5682 2.0893
M1-5 3.5047 2.9353 2.1168 1.6647 2.5290 2.2304
M1-6 5.5478 2.6344 2.2784 2.0035 3.2318 2.2587
Total 5.5478 2.9893 1.9713 1.5659 2.8948 2.2248
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Figure 7: RPE contours with respect to noise level and loops in model 2.
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Figure 8: RPE contours with respect to initial error and loops in model 2.
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Figure 9: Comparison of iteration number between different sensitivity methods.
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Figure 10: Comparison of RPE between different sensitivity methods.

Table 12 shows the relative efficiency parameter for dif-
ferent speed parameters in different scenarios. Again, the
efficiency parameter is between 0.343 and 1.726 with the
average of 1.044.Thus, compared to FDmethod, theDDMFD
method is slightly more effective.

Changes in the average of REPddmfd,fd in different sce-
narios with speed ratio are shown in Figure 17. As shown in
this figure, REPddmfd,fd increases with speed ratio. For speed
ratio lower than 0.5 efficiency parameter is lower than 1 which
means FD method is more effective for this range.

5.5. Stability. Figures 3 and 7 show that all describedmethods
are sensitive to noise and if noise level exceeds the values
stated in Table 11, these methods lose their efficiency and are
not able to detect damage properly. Hence, in cases with noise

level larger than the values stated in Table 13, a denoising
tool like wavelet transforms should be used along with the
sensitivity methods.Wavelet transforms are mainly attractive
because of their ability to compress and encode information
to reduce noise or to detect any local singular behavior of a
signal [37].

Stability comparison of different methods shows that FD
is the most stable method and stability of analytical methods
is slightly lower than that.

Figures 4 and 8 show stability of sensitivity methods
with respect to the initial error. Summary of results for
stability investigation is presented in Table 13, which suggests
that stability of numerical methods is better than analytical
methods.
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Figure 11: Comparison of solution time between different sensitivity methods.
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Figure 12: REPadj,ddm changes in different scenarios with respect to speed parameter.

Table 11: REPadj,adm ranges in different scenarios.

Damage scenario Max REP Min REP Average
FD DDMFD FD DDMFD FD DDMFD

M1-1 295.79 268.06 40.073 51.54 156.94 138.31
M1-2 478.80 307.33 53.87 76.39 200.82 183.35
M1-3 291.43 241.65 33.28 63.32 142.48 148.26
M1-4 298.07 174.74 43.55 49.16 146.99 102.53
M1-5 226.85 276.31 41.57 56.07 105.03 114.62
M1-6 783.07 505.42 31.93 65.47 250.56 187.09
Total 783.07 505.42 31.93 49.16 167.14 145.69
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Figure 14: REPadj,FD&ddmfd changes in different scenarios with
respect to speed parameter.
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Table 12: REPadj,adm ranges in different scenarios.

Damage scenario Max REP Min REP Average
M1-1 1.23321 0.777484 1.095359
M1-2 1.557902 0.705181 0.964746
M1-3 1.226306 0.52565 0.931323
M1-4 1.726018 0.796804 1.277344
M1-5 1.349058 0.706861 0.949126
M1-6 1.686819 0.343253 1.04332
Total 1.726018 0.343253 1.043536

Table 13: Stability of different methods against noise and initial
error.

Method Noise level Initial error
Model 1 Model 2 Model 1 Model 2

ADM 2.5% 2.4% 20% 20%
DDM 2.5% 2.3% 20% 20%
FD 2.7% — 30% —
DDMFD 2.4% — 30% —

Comparing Figures 3 and 4 shows that divergence type
due to initial error is sharp unlike the noise level which occurs
gradually.

6. Conclusion

Different sensitivity-based damage detection methods are
presented and acceleration time history data affected by
a moving vehicle with specified load is used for damage
detection procedure. Newmark method is used to calculate
the structural dynamic response and its dynamic response
sensitivities are calculated by four different sensitivity meth-
ods (finite difference method (FD), semianalytical discrete
method (DDMFD), direct differential method (DDM), and
adjoint variable method (ADM)).

Different damaged structures including single, multiple,
and random damage are considered and efficiency of four
aforementioned sensitivity methods is compared and follow-
ing remarks are made.

(i) The advantage of the finite difference method is
obvious. If structural analysis can be performed and
the performance measure can be obtained as a result
of structural analysis, then FDmethod is independent
of the problem types considered. However, sensitivity
computation costs become the main concern in the
damage detection process for the large problems.
Comparison of sensitivity methods shows that FD
method is the most expensive method among other
procedures.

(ii) Semianalytical discrete method (DDMFD) alleviates
some disadvantages of FD method and its computa-
tional cost is rather lower than FD method.

(iii) The major disadvantage of the finite difference based
methods (FD and DDMFD) is the accuracy of their
sensitivity results. Depending on perturbation size,

sensitivity results are quite different. As a result, it is
very difficult to determine design perturbation sizes
that work for all problems.

(iv) The computational cost of damage detection pro-
cedure using these methods is too expensive and
these methods are infeasible for large-scale problems
containing many variables, for example, the second
case study (model 2).

(v) The DDM is an accurate and efficient method to
compute sensitivity matrix. This method directly
solves for the design dependency of a state variable
and then computes performance sensitivity using the
chain rule of differentiation. The comparative study
shows this has a very low computational cost method
in all cases and is more accurate than finite difference
methods.

(vi) ADM calculates each element of sensitivity matrix
separately by defining an adjoint variable parameter.
The main advantage is in evaluating the dynamic
response; an analytical solution exists which sig-
nificantly increases the speed and accuracy of the
solution.The comparative study shows that efficiency
parameter of ADM is 2.89, 167.14, and 145.69 com-
pared to DDM, FD, and DDMFD methods, respec-
tively. This result indicates that ADM is extremely
successful and can be applied as a powerful tool in
SHM.

(vii) Investigations of initial assumption error in stability
of methods show that finite difference based methods
have more enhanced stability than analytical discrete
methods and all sensitivity-basedmethods havemod-
erate stability against initial assumption error.

(viii) The drawback of all sensitivity-basedmethods is their
low stability against input measurement noise (about
2.5%), which can be improved by using low-pass
denoising tools.
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A new two-dimensional locally resonant phononic crystal with microcavity structure is proposed. The acoustic wave band gap
characteristics of this new structure are studied using finite element method. At the same time, the corresponding displacement
eigenmodes of the band edges of the lowest band gap and the transmission spectrumare calculated.The results proved that phononic
crystals with microcavity structure exhibited complete band gaps in low-frequency range. The eigenfrequency of the lower edge of
the first gap is lower than no microcavity structure. However, for no microcavity structure type of quadrilateral phononic crystal
plate, the second band gap disappeared and the frequency range of the first band gap is relatively narrow. The main reason for
appearing low-frequency band gaps is that the proposed phononic crystal introduced the local resonant microcavity structure.
This study provides a good support for engineering application such as low-frequency vibration attenuation and noise control.

1. Introduction

In recent years, a growing interest has been focused on the
study of the propagation of elastic waves in the periodic
phononic crystals (PCs) [1–4]. PCs composed of two or more
materials with different mechanical properties will generate
band gaps (BGs) within which the propagation of elastic or
acoustic waves is prohibited. The great attention on BGs is
mainly due to their rich physical properties and potential
applications in the design of acoustic devices such as noise
reduction, waveguides, and acoustic filters [5, 6].

In order to promote the application of phononic crystals
in the fields of vibration control and noise isolation, obtaining
tunable BGs with large bandwidth in the low-frequency
domain is significant. In the 2DPCs, a lot of studies on the
research of large band gap have been carried out to obtain
PC structures with excellent BGs. For example, Lai et al. have
studied the PC structure composed of the square lattice of
steel cylinders in air background and found that the BGs
could be tunable with various microstructures [7]. Wang
et al. have introduced the narrow slit structures into the
inclusions of the two-dimensional PC structure composed of

steel tubes in air and obtained large BGs in audible frequency
range. Wang et al. discussed the absolute band gap (ABG)
structures in PCs with cross-like holes [8]. Liu et al. designed
a tree-component PC structure that exhibits BGs two orders
of magnitude smaller than the relevant wavelength which
proposed the localized resonance (LR)mechanism [9]. As the
LRPCs allowed the acquisition of low-frequency band gaps
without considerably increasing the size of the structures,
they encouraged more extensive application prospects and
attracted more and more attention.

Recently, some novel periodic structures with large band
gaps are reported. Trabelsi et al. investigated the band
properties of a phononic crystal composed of alternating fluid
and fluid-saturated porous layers [10]. They observed low-
frequency band gaps of underwater structure. Manktelow et
al. studied the nonlinear periodic materials [11] and obtained
large band gap shifts in one and two dimensions via optimal
topologies. Salehi et al. researched the propagation of acoustic
waves in the phononic crystal of 3D with rhombohedral
lattice [12]. Sainidou and Stefanou analyse guided and
quasiguided elastic waves in a thin glass slab coated on one
sidewith a periodicmonolayer of polymer spheres, immersed
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Figure 1: The cross-section structure of the phononic crystal (a) and the unit cell structure of the phononic crystal (b).

in water [13]. Oudich et al. researched the band gaps in the PC
structure constructed by periodically depositing single-layer
or two-layer stubs on the surface of a thin plate and proposed
a “spring-mass” model to explain the opening of the LR band
gaps [14]. Yu et al. studied 2DPCs with neck structures and
obtained the large band gaps in the low frequency [15]. Wang
et al. also explained the ternary locally resonant PCs with a
comb-like coating using “spring-mass” model [8].

In this paper, new band gaps structure composed of
square scatter with microcavity structure embedded in a
homogeneous matrix is considered. We adopted the finite
elementmethod to investigate the variable of the band gaps in
low frequency. Different numbers of connection bridge plates
and connection forms will be studied to confirm the locally
resonant mechanism. Furthermore, microcavity structures
with different geometric dimension are studied in this work.
Finally, some conclusions are given.

2. Model and Method of the Calculation

PC structure considered here is a square lattice unit cell which
contains a square inclusion and junction plates embedded
in a homogeneous matrix. Figures 1(a) and 1(b) illustrate
the schematic view of the cross-sections of the PC structure
and one of the unit cells. Figures 1A, 1B, and 1C denote
the scatter, the matrix, and the microcavity, respectively.
The extended direction is selected along the x- and y-axes.
As shown in Figure 1(b), the microcavity structure falls in
between scatter andmatrix. Square scatter is connected to the
matrix via 4 connection bridge plates (in dashed box shown
in Figure 1(b)) which are the same materials with scatter. The
length and width of the connection bridge plates are 𝐿 and 𝑏,
respectively. The lattice spacing of the square constant is 𝑎.

In the present study, to research the band gap characteris-
tics of the proposed 2DPC structure, a lot of computes on the
dispersion relations and transmission spectra are performed

with the FEM [16]. For the calculations of the band structures
of the proposed PCs, the considered structure refers to an
infinite system.The governing field equations for elastic wave
propagation in solids are given by

3
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where 𝜌 is the mass density, 𝑐
𝑖𝑗𝑘𝑙

are the elastic constants,
𝑢
𝑖
is the displacement, 𝑡 is the time, and 𝑥

𝑗
(𝑗 = 1, 2, 3)

denotes the coordinate variables 𝑥, 𝑦, and 𝑧, respectively.
Because the infinite system is periodic along the 𝑥- and
𝑦-directions simultaneously, only the unit cell shown in
Figure 1(b) is taken into account, based on the Bloch theorem.
With the FEM, the Bloch theorem is adopted through the
implementation of the Bloch periodic boundary conditions
on the mentioned boundaries of the unit cell. The periodic
boundary conditions on the two group boundaries of the unit
cell yield

U (r + a) = 𝑒𝑖(𝑘⋅a)U (r) , (2)

where r is located at the boundary nodes, k is wave vectors,
U is the displacement at the nodes, and a is the vector
that generates the point lattice associated with the phononic
crystals. As the angular frequency 𝜔 is a periodical function
of the wave vector, the problem can be reduced to the
first Brillouin zone. The dispersion curves are eventually
built by varying the wave vector k = (𝑘

𝑥
, 𝑘
𝑦
) on the first

Brillouin zone for a given propagation direction. The full
band structure as well as the eigenmodes of the structure is
then deduced using symmetries.

For the analysis of the transmission spectra, a finite
systemmust be defined.We consider here the structure being
finite in the 𝑥-direction that contains 𝑁 units. In the 𝑦-
direction are𝑀 units; the periodic boundary conditions are
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Figure 2: The dispersion curves of the phononic crystal with microcavity structure (a) and the transmission spectra of the phononic crystal
with microcavity (b).

still utilized to represent the infinite units. In this case, a
finite array structure composed of 𝑁 × 𝑀 units is modeled
for the calculations. The plane waves with single frequency,
supplied by the acceleration excitation source, are incident
from the left side of the finite array and propagate along the
𝑥-direction, and the corresponding transmitted acceleration
value is recorded on the right side. The transmission is
defined as

𝑇𝐿 = 20 log
10
(
V
𝑜

V
𝑖

) , (3)

where V
𝑜
and V

𝑖
are the value of the transmitted and the

incident displacement, respectively. Then, by varying the
excitation value of the incident displacement, the transmis-
sion spectra can be obtained.

3. Numerical Examples and Discussion

In this section, the proposed 2DPCs with microcavity
structures will be studied using the finite element software
COMSOL. The detailed process can be found in [17]. The
wave vectors are restricted within the 𝑥-𝑦 plane and point to
the boundary ΓHMΓ of the irreducible first BZ of the square
lattice structure. Based on the Bloch theorem, this is sufficient
to determine the complete frequency band structures. The
material parameter of two kinds of materials is shown in
Table 1. The following structure parameters are used: 𝐿 =
0.001m and 𝑏 = 0.0002m, and the square lattice constant
is 𝑎 = 0.003m.

We observe that bands are contained in the frequency
range of 0–500 kHz, in Figure 2(a), where three complete

Table 1: Materials properties.

Materials Density (𝜌) Young’s modulus (𝐸) Poisson’s ratio (])
(Kg/m3) Pa

A 4.08 11600 0.369
B 0.435 1180 0.368

band gaps are involved. The lowest one ranges from 14.93
to 26.92 kHz (between the second and third band), while
the second and third band gaps are extended from 28.26 to
31.76 kHz (between the third and fourth bands) and 42.29 to
49.02 kHz (between the tenth and eleventh bands), respec-
tively. In order to verify the calculations of the band gaps,
the transmission spectra through the PC structure composed
of a finite array of 5 × 5 units are computed. As shown
in Figure 2(b), clearly existing a frequency range extending
from 14.93 to 32 kHz in which the attenuation is so large,
thus it can be treated as a complete band gap. The starting
and terminating frequencies of the band structure coincided
well with the result of band gap compute using FEM in
Figure 2(a), validating the numerical results of the band
structure calculations. The appearance of the two improving
frequency ranges in the band structure, which correspond
precisely to the third and fourth bands in the band gap, is
mainly owed to the existence of the localized modes.

As a comparison, we also compute the gap character-
istics of the traditional PC composed of scatter inclusions
embedded in the epoxy matrix with full contact, namely,
no microcavity structure. Obviously, it is a classic 2DPC
structure based on the Bragg scattering mechanism. During
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Figure 3: The dispersion curves of the phononic crystal with no microcavity structure (a) and the transmission spectra of the phononic
crystal with no microcavity (b).

the computations, the lattice constant and filling ratio are
selected to be the same as those used in Figure 2. The results
are shown in Figure 3. It can be revealed that there are few
bands in the frequency range of 0–500 kHz. The only band
gap locates upon the second band, with starting frequency
20.34 kHz. At the same time, the transmission spectra of the
finite array of 5×5 units are calculated to confirm the analysis
of the band structure. The results are shown in Figure 5; the
attenuation frequency range of the acceleration responses
coincides well with the frequency range that parallels the
band gap. Comparing the structures withmicrocavity, we can
discover that the frequency range of the band structure in
PC with microcavity structures is lower at the lower edge
of band gap than that of the PCs having no microcavity
structures; at the same time, the width of the gap is extremely
large compared to classic PC structures and meanwhile the
whole weight of the microcavity structures is lighter via some
material will removed. All these excellent characteristics
will promote the applications of these new microcavity PC
structures in the low-frequency noise control in engineering
field and the design of the low-frequency reductions.

In order to confirm the physicalmechanism for the occur-
rence of the low-frequency band structures in the proposed
PC structure, we compute the eigenmode shapes and dis-
placement vector fields at the edges of the first complete band
gap. The results are shown in Figure 4 and the behavior is
discussed in the following.The color maps of Figure 4 are the
magnitude of the total displacement vector field. The modes
on the lower and upper edges of microcavity structure are
discussed first. It can be obviously observed that the vibration
of mode A, which corresponds to the lower edge of the first

band structure, is mainly concentrated at the square scatter
and four connection bridge plates, while the matrix nearly
remainsmotionless.The connection bridge plates extrude the
matrix with the result that localized large deformation. The
vibration process can be seen as a mass-spring system. The
square scatter works as a resonator and the connection bridge
plates play the role of the spring. With different mode A,
the vibration of mode B is mainly the torsion of the matrix
and meanwhile the out-of-phase vibration of the matrix. The
square scatter and the connection bridge plates remain static.
Because the vibration direction of the matrix is outward,
the square scatter and the connection bridge plates remain
localized. Then, we investigated the modes on the lower and
upper edges of classic PC structure. From Figures 4(c) and
4(d), corresponding to the structure vibration ofmodesC and
D are mainly extrudes and compresses the matrix; that is to
say, there have been no localized conditions.

From the analysis above, we can conclude that the
occurrence of the large band gaps in low frequency is mainly
attributed to the existence of the localized resonance modes
resulting from the introduction of the four connection bridge
plates formed microcavity structures. Since the connection
bridge plates play the role of springs linking the square scatter
and the matrix, their shape features may influence the band
structure remarkably. In the following, we will study the
effects of the geometrical parameters on the typical large low-
frequency band gaps of the proposed PC structure.

Furthermore, we also investigated the band gaps of
microcavity structures with 1, 2, and 3 connection bridge
plates to the matrix, respectively. The calculated dispersion
curves are shown in Figure 5. The variation of the number
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Figure 4: Eigenmodes shapes and displacement vector fields of the modes marked in Figures 2 and 3 correspond to points A, B, C, and D,
respectively.

of connection bridge plates, however, does not significantly
influence the band structures, and they show for all four scat-
ter shapes very similar features. We can observe clearly exist-
ing incomplete band gaps X-M direction of the irreducible
first Brillouin zone in Figures 5(a) and 5(b). Because of these
two connection shapes, a connection plate plays a role of the
spring extruding the resonator and another connection plate
works as a spring to compress the resonator. So the vibration
process can be seen as two mass-spring systems with out-of-
phase vibration which leads to attenuation of frequency in X-
Mdirection. In addition, because the direction of vibration on
connection plates is not consistent in Figures 5(c) and 5(d),
band gaps of these structures do not exist. This is slightly
surprising and indicated that the connection form provides
a more important design factor.

3.1. Effect of the Length of Connection Plates on the Low-
Frequency Band Gap. The objective of the following is to
investigate the effects of geometric dimension on the low-
frequency band gap with microcavity structure. First, we
investigate the influence of the length of the connection
bridge plates on the band gap. Keeping the lattice constant
𝑎 = 3mm, the thickness of the matrix is 0.3mm and the
width of connection bridge plate 𝑏 = 1mm. The results are
shown in Figure 6. We can observe that the lower edges of

the first band gap move to a higher frequency range with
the increase of the length of the connection bridge plates 𝐿
from 0.2 to 1.8mm, while the variable is minor. At the same
time, the upper edges of the first band gap are larger and the
increase of the frequency of the upper edge is faster than that
of the lower edge. In fact, the length of the connection plates
influences not only the frequency range of the band gap but
also the value of the attenuation in the gap.

3.2. Effect of the Width of Connection Plates on the Low-
Frequency Band Gap. Second, we investigate the influence of
thewidth of connection plates on the band structure. Figure 7
displays the evolution of the band gap as a function of the
width 𝑏 with 𝑎 = 3mm and 𝐿 = 1.4mm and the thickness
of the matrix is 0.3mm, the upper edge (black dashed line
with square points) and lower edge (black solid line with
circle points). It can be observed that, with the width of the
connection plates increasing from 1.4 to 1.8mm, the upper
edge of the band gap rises rapidly from 305.4 to 318.4 kHz,
while the lower edge of the band gap declines slightly. We
can see that the width of the connection plates mainly affects
the upper edge of the band gap and has limited effect on
the lower edge. For the upper edge, with the increase of the
width, the stiffness of the connection plates in the mass-
spring system increases rapidly, quicker than that of the mass
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Figure 5: The dispersion curves of the phononic crystal with three connection plates (a). The dispersion curves of the phononic crystal with
two opposite connection plates (b). The dispersion curves of the phononic crystal with two adjacent connection plates (c). The dispersion
curves of the phononic crystal with only one connection plate.

of the resonator, resulting in the resonance frequency rising
accordingly. For the lower edge, whose relevant mode is
concentrated on thematrix, the increase of thewidth has little
influence on relevant mode.

3.3. Effect of the Density of Connection Plates on the Low-
Frequency Band Gap. Finally, we also research the effect
of the density of the connection plates on the band gaps.
Figure 8 shows the evolution of the band gap as a function of

the density with four connection plates; setting 𝑎 = 3mm,
𝐿 = 10mm, and 𝑏 = 2mm, the red, black, and blue
rectangular boxes denote the first, second, and third band
gap, respectively. It can be seen that, with the density of the
connection plates increasing from 800 to 11600 kg/m3, the
widths of the first and the second band gap vary slightly, while
the width of the third band gap rises rapidly. For the first
and second band gap, with the increase of the density of the
connection plate, the stiffness of the connection plates in the
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Figure 6: The dispersion curves of the phononic crystals with different length of connection plates structures.

mass-spring system increases rapidly, while the mass of the
resonator has no change, resulting in the resonance frequency
minor declining accordingly.

4. Conclusions

In this paper, the band structures of two-dimensional PCs
with the microcavity structure are investigated using FEM.
From these PC structures, a complete band gap can be
obtained. The band gap is notably lowered, as expected. The
microcavity structure formed with four connection plates
bridge to the resonator possess many locally resonators lead

to a low-frequency band gap. The displacement fields of
eigenmodes are studied to reveal the physical mechanism for
the existence of material’s periodic arrangement on the low-
frequency band gaps. It was shown that the influence of the
geometric dimension and connection plate adjacent shape is
much higher than the influence of the materials properties.
This provides a more important design factor in engineering
application.
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The precise measurement of the cable force is very important for monitoring and evaluating the operation status of cable structures
such as cable-stayed bridges. The cable system should be installed with lateral dampers to reduce the vibration, which affects the
precise measurement of the cable force and other cable parameters.This paper suggests a cable model updating calculation scheme
driven by the particle swarm optimization (PSO) algorithm. By establishing a finite element model considering the static geometric
nonlinearity and stress-stiffening effect firstly, an automatically finite element method model updating powered by PSO algorithm
is proposed, with the aims to identify the cable force and relevant parameters of cable-damper system precisely. Both numerical
case studies and full-scale cable tests indicated that, after two rounds of updating process, the algorithm can accurately identify the
cable force, moment of inertia, and damping coefficient of the cable-damper system.

1. Introduction

The cable force is an important mechanics parameter of
cable-stayed bridges and other cable structures. It is also an
important reference for evaluating the operation status of this
type of structure. Thus, the precise measurement of the cable
force is an important part of structural health monitoring of
cable structures. The cable force measurement method based
on environmental vibration has become the most commonly
used method by engineers because of its convenience, ease
of use, and practicality. This method indirectly obtains the
cable force by identifying frequencies from the vibrationmea-
surement data and establishing the relationship between the
frequency and cable force [1, 2]. Under the condition of a taut
string, this precise relationship can be transformed into an
explicit formula of a taut string cable force. However, under
normal circumstances where the bending stiffness of the
cables, sag, and boundary conditions should be considered,
errors would occur if this type of formula is employed to
identify the cable force [3].Thus, many researchers have been
focusing on reducing these errors. These researches have two
main approaches. One is to establish a more precise cable
force-frequency expression. For example, Ni et al. established

a frequency-cable force relationship that considers the sag
and bending stiffness in 2002 [4]. Zui et al. [5] and Ren et al.
[6] proposed a set of empirical formulas to identify the cable
force based on the cable sag span ratio and grading of the
bending stiffness in 1996. Ricciardi and Saitta established a
dimensionless frequency equation by differentiating symmet-
ric and asymmetric conditions in 2008 [7].The authors of the
present paper previously solved the zero root of this pair of
equations by Newton’s iteration method in 2014 to obtain the
corrected cable force [8]. Another approach is to transform
the calculation of the cable force into the identification of
systems or to obtain the cable force by using an optimization
method. Studies using this approach have been conducted by
Geier et al. [9] andKim and Park [10], Liwen et al. in 2012 [11],
and Sun et al. in 2015 [12].

For long-span structures like cable-stayed bridges, the
increased span makes cable dampers for vibration reduction
an essential component of the cable-damper system. Because
of the installation of external dampers, first-order derivative
arguments of the cable lateral displacement appear in the
vibration equation, and the single cable becomes a cable-
damper system. This changes the dynamic characteristics of
the structure and further affects the precision of the cable

Hindawi Publishing Corporation
Shock and Vibration
Volume 2015, Article ID 423898, 14 pages
http://dx.doi.org/10.1155/2015/423898

http://dx.doi.org/10.1155/2015/423898


2 Shock and Vibration

force identification by the frequency formulamethod [13, 14].
Krenk [15] and Main and Jones [16, 17] have established
sophisticated transcendental equations that describe the
relationship between the cable modal frequency and cable
parameters based on their research on the effect of dampers
in a cable-damper system, but none of these equations can
be used for solving the cable force because of the difficulty of
solving for the numerical values.

Currently, there have been very few studies on how
to identify the cable force and other cable parameters of
the cable-damper system based on vibration measurement.
The present paper presents a vibration measurement based
cable force identification method suitable for cable-damper
systems, which identify cable force and other parameters
efficiently by cable finite element model updating approach
driven by a novel stochastic search algorithm, namely, particle
swarm optimization (PSO). The influences of the main
parameters of the cable-damper system on the cable force
error were examined through simulations, and reasonable
guidelines for using this method were established.

2. Finite Element Model of
Stay Cable Considering Stiffness,
Sag, and Boundary Conditions

2.1. Finite Element Model of Stay Cable. It is difficult to
establish a formula to solve for the cable force analytically
when damper is added, especially when the bending stiffness,
sag, and boundary conditions of the actual cables are all
considered. Finite element methods are suitable for any com-
plex cable structure and can provide accurate solutions with
regard to the dynamic characteristics of relevant structures
for cables.

For a cable-damper system where the above factors are
considered, as shown in Figure 1, the finite element model
requires the precise static equilibrium configuration of the
cables to be determined first, which means that the sag effect
must be considered.When the strain is small and the bending
stiffness of cables is neglected, the precise expression of the
cable equilibrium position is as follows:

𝑦 =
𝐻

𝜌𝑔
[cosh(

𝜌𝑔𝑙

2𝐻
)− cosh

𝜌𝑔

𝐻
(
𝑙

2
−𝑥)] , (1)

where𝐻 is the horizontal tension, 𝜌 is the linear density, and
𝑙 is the horizontal distance between the two anchoring ends
of the cables. Depending on the cable length and boundary
conditions, if the tangential angle is small along the cable
length (i.e., 𝜃 ≈ 0), then

𝐻
𝑑
2
𝑦

𝑑𝑥2 = −𝜌𝑔
𝑑𝑠

𝑑𝑥
≈ − 𝜌𝑔. (2)

The shape of the cable’s equilibrium position can be
described by the following parabolic expression:

𝑦 = −
𝜌𝑔

2𝐻
𝑥 (𝑥− 𝑙) . (3)

In practical applications, the relative error of results
obtained from these two curves is less than 1%, and the
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Figure 1: Cable-damper system considering various factors.

follow-up calculation can be conducted with quadratic
parabolic functions.

Based on the finite element method, the cable is divided
into several sections according to the configuration after the
cable’s deformation, and the active position of the damper
should be one of the dividing nodes.This makes each divided
section into a simple cable segment and allows the cable-
damper system to be divided into multiple elements. An
elemental stiffness matrix is then established considering the
geometric nonlinearity of the axial force and the effect of the
bending moment. When the strain is small, the geometric
stiffness matrix 𝐾

𝜎
of the cable element can be determined

by the elasticity theory:

𝐾
𝜎
= 𝐾
𝜎,𝑁1

+𝐾
𝜎,𝑁2

+𝐾
𝜎,𝑀1

+𝐾
𝜎,𝑀2

, (4)

where 𝐾
𝜎,𝑁1

and 𝐾
𝜎,𝑁2

are the axial force stiffness matrices
and 𝐾

𝜎,𝑀1
and 𝐾

𝜎,𝑀2
are the bending moment stiffness

matrices. Their expressions are given in Appendix. The
element stiffnessmatrix of the cable element can be expressed
by the following formula:

𝐾 = 𝐾
𝑒
+𝐾
𝜎
, (5)

where 𝐾
𝑒
is the elasticity stiffness matrix, which is expressed

in the appendix.
The damper element can be modeled with suitable com-

ponents. 𝐾, 𝑀, and 𝐶 are the global stiffness matrix, global
mass matrix, and global damping matrix, respectively, for
assembling the cable elements and applying the boundary
conditions. Through eigenvalue analysis on this FEMmodel,
the modal frequencies of the system can be calculated.

2.2. FEM Model Verification and FEM Model Updating
Problem. To verify the model, a full-scale cable experiment
was conducted in a cable factory. The cable frequency was
obtained by spectrum analysis of the acceleration signals
from the full-scale vibration experiment under environmen-
tal excitation. The rationality of the finite element model was
preliminary and roughly verified through a comparison of the
calculated and measured frequencies.

The parameters of the full-scale cable were as follows: a
linear density of 96.85 kg/m, cable length of 95m, initial cable
force of 1460 kN, and cross-sectional area of 0.013m2. Both
ends were anchored. Figure 2 shows a drawing of the layout
for the experiment. During the experiment, four acceleration
transducers were placed 2, 7, 12, and 17m from the anchor
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Figure 2: Layout of full-scale cable experiment.

end and given serial numbers of 1, 2, 3, and 4, respectively. No
artificial excitation or external dampers were involved in the
experiment, and only the vibration signal of the cable under
the environmental excitation was measured. The duration of
the experimentwas set to 20min, and the sampling frequency
was 25.6Hz.

Figure 3 shows the acceleration power spectral density
obtained from spectrum analysis of the acceleration signal
at points 3 and 4. Both the calculated and measured fre-
quencies of the first and second modes of showed multiple
relationships. The calculated and experimental fundamental
frequencies were 0.8113 and 0.875Hz, respectively, and the
relative error was 7.28%.This indicates that this finite element
model basically reflected the conditions of the full-scale cable,
and the difference in the fundamental frequency was mainly
due to the difference in the parameters of the cable calculation
model and full-scale cable. That is the right difference for
model updating to eliminate. Thus, precise simulation of the
cable by the cable finite element model can be realized by
updating the parameters of this model.

The measure of this difference can be described by the
objective function 𝑓, which can be expressed as a function of
the cable calculation model parameter p and full-scale cable
parameter p∗:

𝑓 = 𝐹
𝑝
(p, p∗) = √

1
𝑛 − 𝑘 + 1

𝑛

∑

𝑖=𝑘

(𝑓
𝑖,fem − 𝑓

𝑖,test)
2
, (6)

where𝑓
𝑖,fem and𝑓

𝑖,test represent themodal frequency obtained
from the finite element analysis at the 𝑖th mode and the
measured frequency for the corresponding mode. 𝑛 is the
total number of frequencies which can be detected. The
mode order 𝑘 in the calculation can be determined from
the spectrum of the measured signal. Thus, the identification
of the cable force and other parameters can be transformed
into a form of classic model updating problem or math
optimization problem:

popt = arg min
p→ p∗

(𝐹
𝑝
(p, p∗)) . (7)

The optimal solution of the above optimization problem
can be solved under the constraint condition:

p𝐿 ≤ p ≤ p𝑈 (8)

in its feasible region, where p𝐿 and p𝑈 are the lower and
upper bounds of the feasible region of the cable parameter.
The element corresponding to the cable force in the vector of
optimal solutionpopt is the identified result for the cable force.

2.3. Sensitivity Analysis of Cable Parameters. The parameters
of the cable-damper system to be updated include the cable
force, bending stiffness, extension stiffness, cable length
(i.e., distance between the coordinates of the upper and
lower anchor points), linear density of the cable, boundary
conditions, and size of the lateral damper. Some of these
parameters are known and do not need to be updated, some
are still unknown and need to be updated, and some are
unknown but do not need to be updated. The preliminary
difficulty lies in selection of the reasonable updating variables
when pursuing a successful model updating effect. The good
selection of the parameters to be updated leads to both the
efficiency and the reasonability of the model updating. The
parameters of the cable-damper system to be updated can be
selected by sensitivity analysis of the cable parameters.

A sensitivity analysis was performed on the cable param-
eters based on the above updating objective functions. The
difference sensitivity vector s of the objective function for
cable parameters can be defined as

s =
Δ𝐹
𝑝
(p, p∗)
Δp

. (9)

For convenience, the sensitivity analysis in the above
formula can be substituted for by the dimensionless relative
sensitivity of the cable modal frequency to the system
parameters 𝑆

𝑖,𝑗
, which can be defined as the ratio between the

relative error of the structure modal frequency caused by a
change in the structure parameters and the relative variation
in the structure parameters:

𝑆
𝑖,𝑗

=
(𝑓
𝑖
(𝑝
𝑗
+ Δ𝑝
𝑗
) − 𝑓
𝑖
(𝑝
𝑗
)) /𝑓
𝑖
(𝑝
𝑗
)

Δ𝑝
𝑗
/𝑝
𝑗

, (10)

where𝑓
𝑖
(𝑝
𝑗
) is themodal frequency of the 𝑖thmodewhen the

structure parameter is 𝑝
𝑗
and Δ𝑝

𝑗
is the variation in the 𝑗th

parameter.
Parameters such as the cable length, elastic modulus, lin-

ear density, and sectional area of the cable and the installation
location of the damper were found to be easily determined
from the material, geometric, and physical parameters of
the cable-damper system. It was very difficult to precisely
measure the cross-sectional moment of inertia of the cable,
and the actual damping coefficient of the damper is affected
by its installation quality. Thus, the parameters of the cable-
damper system to be updated are cable force, cross-sectional
moment of inertia, and damping coefficient.

The finite element model of the cable presented in
Figure 2 was established, and the sensitivity of the first 10
modes of modal frequencies to the system parameters for the
cable-damper systemwas analyzed.These parameters include
the cable length, cable force, elastic modulus, linear density,
damping coefficient, and cross-sectional moment of inertia
of the cable. Figure 4 shows the sensitivity analysis results for
the cable force, damping coefficient, cross-sectional moment
of inertia, and elasticmodulus. Table 1 presents themaximum
sensitivity values of various mode frequencies.

The results in Figure 4 and Table 1 show that the modal
frequency was highly sensitive to the cable length, cable
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Figure 3: Acceleration of power spectral densities of points 3 and 4 in full-scale cable experiment.
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Figure 4: Sensitivity of first 10 modes of modal frequencies of cable to cable parameters.

Table 1: Results of sensitivity analysis.

Parameter Cable force Moment of inertia Cable length Elastic modulus Linear density Damping coefficient
(𝐻) (𝐼) (𝐿) (𝐸) (𝜌) (𝑐)

Max. sensitivity 0.4 0.004 −0.8 0.36 −0.5 0.001–0.01
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force, and elastic modulus and was relatively low sensitive
to the moment of inertia and damping coefficient of the
cable. However, because cable length and elastic modulus
are known physical quantities with low discreteness, they are
not regarded as updating variables. As shown in Figures 4(c)
and 4(d), although sensitivity to the moment of inertia is
low, the product of the moment of inertia and the elastic
modulus (i.e., sensitive to the bending stiffness) are very
sensitive and significant to be chosen as an updating param-
eter. With comprehensive analysis, the cable force, cross-
sectional moment of inertia, and damping coefficient of the
damper were selected as the updating variables for the model
updating of the cable-damper system.

3. PSO-Based Cable FEM Model Updating

3.1. Basic PSO Algorithm. The basic concept for a particle
swarm comes from the migration and bunching of birds
looking for food. A global random searching algorithm
based on group intelligence was proposed that imitates
and simulates these behaviors [18]. Kennedy and Eberhart
proposed a simulation model of birds feeding based on
the biologist Frank Heppner’s model of birds. Their model
allows the particle swarm to obtain the position of present
step in the solution space at any time during their flying
and the swarm to approach the target through information
exchanges among individuals until the entire swarm reaches
the destination. Thus, the optimal result of the swarm is
obtained [19]. Since the original PSO algorithm is present,
researchers continually introduced many new and more
sophisticated PSO variants with an attempt to improve
optimization performance. There are certain trends in that
research; one is to make a hybrid optimization method
using PSO combined with other optimizers [20]. Another
research trend is to try to alleviate premature convergence,
for example, by reversing or perturbing the movement of the
PSO particles [21]; another approach to deal with premature
convergence is the use of multiple swarms [22]. Finally, there
are developments in adapting the behavioural parameters of
PSO during optimization [23].

PSO needs few or no assumptions about the problem
being optimized and can search very large spaces of candidate
solutions. More specifically, PSO does not use the gradient
of the problem being optimized, which means PSO does not
require that the optimization problem be differentiable as is
required by classic optimization methods such as gradient
descent and quasi-Newton methods. PSO can therefore be
used on complicated optimization problems that cannot be
expressed explicitly and multiobjective problems.

The optimization problems have the objective function
defined as (6) which requires an eigenvalue analysis done
with a finite element model.The expression of gradient of (6)
can in general be obtained numerically but usually it requires
programming a subroutine to do it. In this particular case of a
cable it is specially complicated due to the involved matrices
of (4).The PSO algorithm is an easy-to-use approach and can
be used to solve FEMmodel updating problems as present in
this paper.

A basic frame of PSO algorithm can be described as
follows.

In a 𝑛 dimensional space, the particle swarm is assumed
to be made of 𝑠 particles, and every particle is flying at a
certain speed. 𝑋

𝑖
= (𝑥
𝑖1, 𝑥𝑖2, . . . , 𝑥𝑖𝑛) is assumed to be the

current location of the particle 𝑖. 𝑉
𝑖
= (V
𝑖1, V𝑖2, . . . , V𝑖𝑛) is the

current speed of the particle 𝑖. 𝑃
𝑖
= (𝑝
𝑖1, 𝑝𝑖2, . . . , 𝑝𝑖𝑛) is the

best location that the particle 𝑖 has ever been at and is also the
location with the best adaptive value that the particle 𝑖 has
ever been at. It is called the best individual location. (Unlike
above, 𝑖 represents the serial number of the particles. This
definition continues to be applied below.)

𝑓(𝑥) is assumed to be the optimized objective function,
and common optimization matters can be transformed into
the minimization of 𝑓(𝑥). Then, the best current location of
the particle 𝑖 is determined by the following method:

𝑃
𝑖
(𝑡 + 1)

=
{

{

{

𝑃
𝑖
(𝑡) , as 𝑓 (𝑥

𝑖
(𝑡 + 1)) ≥ 𝑓 (𝑃

𝑖
(𝑡))

𝑋
𝑖
(𝑡 + 1) , as 𝑓 (𝑥

𝑖
(𝑡 + 1)) < 𝑓 (𝑃

𝑖
(𝑡)) .

(11)

For particle swarms, 𝑃
𝑔
(𝑡) represents the best location

that all particles have ever been, and it is called the best global
location if marked with “𝑔.” This is determined as follows:

𝑃
𝑔
(𝑡) = arg min
𝑃
𝑖
(𝑡),𝑖=1,...,𝑠

(𝑓 (𝑃
𝑖
(𝑡))) . (12)

The evolution equation of the basic particle swarm algo-
rithm can be described as

𝑉
𝑖𝑗
(𝑡 + 1) = 𝑉

𝑖𝑗
(𝑡) + 𝑐1𝑟1𝑗 (𝑡) (𝑝𝑖𝑗 (𝑡) − 𝑥

𝑖𝑗
(𝑡))

+ 𝑐2𝑟2𝑗 (𝑡) (𝑝𝑔𝑗 (𝑡) − 𝑥
𝑖𝑗
(𝑡)) ,

𝑥
𝑖𝑗
(𝑡 + 1) = 𝑥

𝑖𝑗
(𝑡) +𝑉

𝑖𝑗
(𝑡 + 1) .

(13)

In the formula, 𝑗 represents the dimension of the particle,
𝑗 = 0, 1, . . . , 𝑖 represents the serial number of the particles,
𝑡 represents the evolution algebra, 𝑟1𝑗(𝑡) and 𝑟2𝑗(𝑡) are two
mutually independent random functions, and 𝑐1 and 𝑐2
represent the acceleration constants. These constants are
usually in the range of [0, 2], and the above two independent
random functions 𝑟1𝑗(𝑡) and 𝑟2𝑗(𝑡) are in the range of [0, 1].

According to formula (13), the speed evolution of particles
consists of three parts: the original speed term 𝑉

𝑖𝑗
(𝑡), the

correction term to consider the effect of the best location of
the particle on the current location 𝑐1𝑟1𝑗(𝑡)(𝑝𝑖𝑗(𝑡) − 𝑥

𝑖𝑗
(𝑡))

(i.e., individual cognition), and the correction considering
the effect of the best location of the particle swarm on the
current location 𝑐2𝑟2𝑗(𝑡)(𝑝𝑔𝑗(𝑡)−𝑥𝑖𝑗(𝑡)) (i.e., social cognition).
The evolution of speed is determined by all three parts.

In the primary stage, after the swarm size 𝑠 is set, the
initial swarm location and initial speed can be obtained in the
searching spaces [−𝑥max, 𝑥max] and [−𝑉max, 𝑉max] following
a certain pattern (e.g., obeying the uniform distribution).
Usually, 𝑉max = 𝛼𝑥max and 0.1 ≤ 𝛼 ≤ 1.0. If the value of
the optimal solution can be predicted, this discrete value can
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be selected as the seed of the particle swarm to form a swarm
location that is near to or even includes the optimal solution.
This would save the searching time of the calculation and
allow the algorithm to quickly obtain the optimal solution
[18].

3.2. Improved on PSO Algorithms. The particle swarm algo-
rithm has few requirements for objective functions. It is
easy to operate, and its optimization ability is high under
certain circumstances. Thus, it has shown great potential
as a random searching optimization algorithm. Particles in
PSO gather towards the best locations of themselves and the
neighborhood or swarm and form the rapid convergent of
the particle swarm. Thus, they easily cause local extrema,
premature convergence, or stabilization [19, 23]. The PSO
performance naturally also depends on the algorithm param-
eters [24, 25]. Various improvement measures have been
taken to overcome the above flaws, including partial escape
techniques, neighborhood topology, parameter optimization
selection, and mixed strategies.

As the focus here is on applied research, the performance
of various measures or a comparison of the selected methods
is outside the scope of this paper. However, some improve-
ments were made to the existing PSO algorithm based on
the optimization of specificmultidimensional spaces to avoid
local extrema, premature convergence, and so forth during
the optimization of high-dimensional spaces. Different status
update strategies can be used for the global optimal particles
and other particles obtained after each flying step. As shown
in Figure 5, the status of common particles is updated with
formula (14). For current global optimal particles, the speed
and direction at the next step are predicted with formula
(15) based on the records of the neighboring two-step global
optimal locations to realize a self-adapting partial searching
ability:

𝑃
𝑔
(𝑡 + 1) =

𝐸tol − 𝑓 (𝑃
𝑔
(𝑡))

𝑘
𝑔
(𝑡)

+ 𝑃
𝑔
(𝑡) . (14)

In the formula, 𝐸tol is the minimum tolerance value of the
objective function and 𝑘

𝑔
(𝑡) is the estimated slope of the

current global optimal performance curve, which can be
expressed as follows:

𝑘
𝑔
(𝑡) =

𝑓 (𝑃
𝑔
(𝑡)) − 𝑓 (𝑃

𝑔
(𝑡 − 1))

𝑃
𝑔
(𝑡) − 𝑃

𝑔
(𝑡 − 1)

. (15)

The second improvement measure is to increase the
escape speed of common particles when they are partially
premature to improve the global searching ability.

3.3. Flowchart of Cable FEM Model Updating Driven by PSO.
The minimum optimization as determined by the model
updating objective function can be solved by many algo-
rithms including genetic algorithms, simulated annealing,
andPSO.Thus, themechanical andphysical parameters of the
cable can be obtained. In this research, the optimal solution
of the objective function was conducted by PSO algorithm.
The flowchart of the model updating is shown in Figure 6.
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Figure 5: Adaptive state updating of global optimal particle.

4. Numerical Study

Three cable parameterization finite element models with
dampers were established based on cable numbers B01, B11,
and B17 of the Shanghai Yangtze River Bridge, and the
model updating of the cable-damper systemwas studied with
the proposed method to identify the cable force and other
parameters. During the modeling, the damper was installed
on the in plane, and the cable forcewas assumed to not change
either before or after the installation of the damper. Because
the anchoring end of the cable was stuck during the second
phase of construction, a simulation with a rigid connection
for the cable boundary condition was selected. Table 2 lists
the basic parameters of the cables.

4.1. Accuracy of Algorithm. Based on the above research
conclusions, the cable force, moment of inertia, and damping
coefficient of the damper were selected as the updating
variables. The finite element parameterization models were
evaluated with the basic parameters given in Table 2 in a
modal analysis, and the modal frequencies of the first five
modes obtained were used as the measured modal parame-
ters. A deviation was given to the three above parameters to
be updated, and the finite element parameterization model
was evaluated again. The calculated modal frequencies were
obtained by modal analysis and substituted into formula (6)
to obtain the value of the optimization objective function.
Then, the automatic updating was performed by using PSO.
Table 3 gives the operating parameters of the PSO updating
algorithm.

ThePSO algorithmneeds to select a group of initial values
for the updating variables. In this study, the initial values of
cable forces were selected as the value calculated by frequency
formula of taut string. The initial value of the cross-sectional
moment of inertia was calculated from the circular section
equivalent to the naked cable diameter. The initial value of
the damping coefficient of damper was selected according to
the nominal value of dampers. After several cycle iterations,
the proposedPSOalgorithmobtained satisfying optimization
results for the cable force and damping coefficient but poor
results for the cross-sectional moment of inertia. Figure 7
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Figure 6: Flowchart of cable FEMmodel updating driven by PSO method.

Table 2: Simulation parameters for cables.

Cable SN Cable length
(m)

Sectional area
(m2)

Cross-sectional
moment of inertia

(m4)

Linear density
(kgm−1)

Cable Force
(kN)

Cable angle
(∘)

Damping
coefficient
(N sm−1)

Height
m

B01 100.0 5.81e − 3 3.9496e − 7 48.1 3𝑒3 70.0 4.0𝑒4 2.0
B11 300.0 1.2970e − 2 1.9436e − 6 106.4 5.46𝑒3 28.0 5.0𝑒4 6.0
B17 150.0 1.0197e − 2 1.2776e − 6 84.1 4.5𝑒3 30.0 5.0𝑒4 4.0

Table 3: Parameters of correction algorithm.

Name of algorithm Iterative
step

Number of
swarms

Acceleration
constant

Inertia
weight

Number of
dimensions

Improved PSO algorithms 100 60.0 3.0 0.9 → 0.4 3

shows the evolutionary process of the objective function with
the iterations. The updating results are given in Tables 4–6.

Figure 7 shows that the simulated cable B01 converged
at the 45th steps of the iteration. The convergence speeds of
cables B11 and B17 are similar to that of cable B01. The model
updating results of the three simulated cables (see Tables 4–
6) indicated that the cable force and damping coefficient of
the numerical simulated cable showed a high identification
precision. The identification precision of the cable force

was within 0.5%, and the error of the identified damping
coefficient was less than 2% compared with the actual value.
The precision of cable moment of inertia was very low with a
maximum error of nearly 60%.

To overcome this flaw, the identified cable force and
damping coefficient were used as known values and act as
an input of these three cable finite element models, together
with other known parameters of cable-damper system. The
moment of inertia was used as the only updating variable
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Table 4: Model updating results for simulated cable B01.

Cable 1 Cable force Cross-sectional moment of inertia Damping coefficient
(kN) (m4) (N sm−1)

Correction result 2993.143 5.4𝑒 − 7 4.0789𝑒4

Full-scale cable parameter 3.0𝑒3 3.9496𝑒 − 7 4.0𝑒4

Relative error −0.23% 36.72% 1.97%

Table 5: Model updating results for simulated cable B11.

Cable 2 Cable force Cross-sectional moment of inertia Damping coefficient
(kN) (m4) (N sm−1)

Correction result 5476.563 8.4𝑒 − 7 4.94226𝑒4

Full-scale cable parameter 5.46𝑒3 1.9436𝑒 − 6 5.0𝑒4

Relative error 0.3% −56.78% 1.15%

Table 6: Model updating results for simulated cable B17.

Cable 3 Cable force Cross-sectional moment of inertia Damping coefficient
(kN) (m4) (N sm−1)

Correction result 4489.550 1.8𝑒 − 6 5.0353𝑒5

Full-scale cable parameter 4.5𝑒3 1.2776𝑒 − 6 5.0𝑒5

Relative error −0.23% 40.89% 0.71%
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Figure 7: Iteration history of model updating objective function
(cable B01).

to conduct a second round updating process. This time the
proposed algorithm quickly met the conditions of conver-
gence and obtained satisfying results.The relative error of the
moment of inertia was reduced to less than 5%, as given in
Table 7.This indicates that the moment of inertia of the cable
can be predicted grossly with a general scope in first round

Table 7: Second updating result for moment of inertia (m4).

Cable number Cable 1 Cable 2 Cable 3
First correction result 5.4e − 7 8.4e − 7 1.8e − 6
Second correction result 4.0724e − 7 1.9098e − 6 1.2896e − 6
Parameter of finite element
model 3.9496e − 7 1.9436e − 6 1.2776e − 6

First relevant error 36.72% −56.78% 40.89%
Second relevant error 3.11% −1.74% 0.94%

updating and then be identified precisely through a second
round updating process.

4.2. Stability of Algorithms. Because the PSO algorithm is a
kind of random searching algorithm, the results of a single
updating process would also be random.Thus, in order to test
the statistical stability of the proposed PSO algorithm, several
repeated updating processes were conducted on the above
cable B01 using identical configuration parameters to test the
convergence rate of the proposed algorithm, the convergence
objective function, and the quality of the convergence results.
The same algorithm parameters in Table 3 are used. It can be
seen fromFigure 7 that the identified values of cable force and
damping coefficient are fairly good when a target function
reaches a value of 10−4. However, to order to investigate the
stability of the algorithm, we still set the maximum epoch
of each updating round to 3000 steps and set the iteration
termination condition to 10−5. Fifty rounds of independent
updating processes were conducted under this iteration ter-
mination condition. Figure 8 shows the descending process
of the objective function during these 50 rounds of model
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Table 8: Identification results.

Identification parameter First cable force
(kN)

First damping
coefficient (N sm−1)

First cross-sectional
moment of inertia (m4)

Second correctional
moment of inertia (m4)

Correctional result 1.3927𝑒3 2.7988𝑒5 2.102𝑒 − 6 4.9159𝑒 − 6

Parameter of full-scale cable 1.4499𝑒3 2.737𝑒5 6.6783𝑒 − 6 6.6783𝑒 − 6

Relative error −3.95% 2.26% −68.52% −26.39%

updating. All 50 rounds of the iteration process reached
the value of 10−4 within 2000 steps, which means that the
algorithm is stable within 2000 steps, and fairly good global
optimal values can be obtained.

Figure 8 also indicates that the objective function in the
final terminated iteration may not reach the global optimal
value if the termination iteration step is set to be small num-
ber and the error of the updating parameter is relatively high.
Thus, the results of the above multiple rounds of updating
should be further investigated to discover the relationship
between the objective function and the relative error of the
updating variable at the relative small number; here, this
number is set to 300. The relative error of the updating
variable was defined as the ratio between the difference and
the actual value.

Figure 9 shows the relationship curve between the relative
errors of the objective function and the correction variables
of the cable force, moment of inertia, and damping coefficient
of the damper at the 300th iteration step. A good linear
relationship can be found between the objective function
value 𝑓 and the relative errors of the optimization variables
𝐻, 𝐼, and 𝑐.Their respective regression relationships are given
as follows:

𝑒
𝐻
= 14.3147×𝑓− 0.00045213

𝑒
𝐼
= 28.6342×𝑓− 0.00099901

𝑒
𝑐
= 14.7189×𝑓− 0.00045679.

(16)

Thus, the above formula can be substituted with the
objective function value when a certain round of itera-
tion is ended to estimate the error range of the updating
variable.

5. Application to Real Cable-Damper System

5.1. Introduction of Real Cable Test. In order to verify the
parameter identification of the model updating method for a
real cable-damper system, a dynamic experiment was carried
out on full-scale cables in same cable factory as mentioned
before. In the experiment, the cable was stretched across the
geosyncline horizontally with the two cable ends anchored.
Displacement meters were installed at 𝐿/2 and 𝐿/4 of the
cable as well as at the damper’s position. Accelerometers were
set up at 𝐿/4 and 3𝐿/8 of the cable. Figure 10 shows the layout
of the experiment site and photos of the experiment. The
parameters of the full-scale cable were as follows: a length of
95m, a linear density of 60.19 kg/m, a diameter of 125mm,
and an elasticity modulus of 2.0 × 1011 Pa. The damper’s
position was 2.2m from the left anchor point.

1e0

1e − 1

1e − 2

1e − 3

1e − 4

1e − 5

O
bj

ec
tiv

e f
un

ct
io

n

Iterations
0 500 1000 1500 2000 2500 3000

Figure 8: Multiple rounds of repeated tests of objective function.

5.2.The Results of Model Updating. The free decay oscillation
test was conducted and recorded. The sampling frequency
was 25.6Hz, and each sampling time lasted 300 s. Figure 11
shows the acceleration record and its corresponding PSD of
the cable-damper system. The frequencies of the first four
modes were 0.8879, 1.676, 2.526, and 3.376Hz.

The frequencies of the first four modes were regarded
as the updating objective functions, and the PSO algorithm
was adopted for the model updating. Table 8 provides the
updating results.

The cable force of the cable-damper system identified
after the first turn updating is 1.3927 × 106N, which was
less than the actual tensile force with an error of 3.95%.
The damping coefficient was 2.7988 × 105N sm−1 after the
first turn updating and identification error is 2.26%. Both of
these two parameters showed good precision. But the error
on moment of inertia after the first turn updating is quite
large. Therefore, the identified cable force and damper were
plugged into the finite element model as known values, and
the moment of inertia was updated again as the unknown
updating variable. This time, the error was smaller but was
still at a value of 26.39%. This is because the full-scale cable’s
moment of inertia was estimated under the assumption that
the cable’s section was made of homogeneous steel. However,
the actual cable was formed from tied cable strands, and its
actual moment of inertia was far smaller than that indicated
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Figure 11: Acceleration record and PSD of full-scale cable experiment.

in the figure. Thus, it is believed that the identified moment
of inertia is closer to the actual one of the cable than the value
gotten in first turn updating process.

6. Conclusion

The precise measurement of the cable force is essential to
understanding a bridge’s internal forces. When an external
damper is installed on a cable, the existing vibration method
employed to identify the cable force and other parameters
is quite imprecise. Particularly when some cable parameters
are unknown, large identification errors for the cable force
will be induced. The proposed model updating method for a
cable-damper system driven by PSO algorithm can perform
this optimization process and identify the basic mechanical
parameters of the cable-damper system automatically and
intelligently.

During the model updating, sensitivity analysis should
be applied to select suitable updating variables; these include
the cable force, damping coefficient, and moment of inertia.
The numerical simulated case on cable model updating
proves that PSO can be used to identify the cable force and
damping coefficient of cable-damper systemprecisely. Precise
identifications may also be obtained for the cable’s moment
of inertia after a second round of updating. The full-scale
cable experiment revealed that the suggested identification
scheme for cable parameters provides reliable and precise
identification results. It can be concluded that proposed
method is precise and reliable overall and thus can be
regarded as a good identification scheme.

Appendix

The contributions to the stiffness matrix 𝐾 in (5) can
bewritten as in the following, which can be found in some
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of FEM textbook which present the formulation for the
geometric nonlinearity, like, for example, [26]
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=
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[
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[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

0 −
1
𝑙2

−
1
𝑙

0 1
𝑙2

0

−
1
𝑙2

0 0 1
𝑙2

0 0

−
1
𝑙

0 0 1
𝑙

0 0

0 1
𝑙2

1
𝑙

0 −
1
𝑙2

0

1
𝑙2

0 0 −
1
𝑙2

0 0

0 0 0 0 0 0

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,

𝐾
𝜎,𝑀2

= 𝑀2 ⋅

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

0 1
𝑙2

0 0 −
1
𝑙2

1
𝑙

1
𝑙2

0 0 −
1
𝑙2

0 0

0 0 0 0 0 0

0 −
1
𝑙2

0 0 1
𝑙2

−
1
𝑙

−
1
𝑙2

0 0 1
𝑙2

0 0

1
𝑙

0 0 −
1
𝑙

0 0

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,

(A.1)

where 𝐾
𝜎,𝑁1

and 𝐾
𝜎,𝑁2

are the axial force stiffness matrices
and 𝐾

𝜎,𝑀1
and 𝐾

𝜎,𝑀2
are the bending moment stiffness

matrices. 𝐾
𝑒
is the elasticity stiffness matrix.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This study was supported by the State High-Tech Research
and Development Plans (863), Grant no. 2014AA110402, the
Project of the National Key Technology R&D Program in the
12th Five-Year Plan of China (Grant no. 2012BAJ11B01), the
Fundamental Research Funds for the Central Universities,
and the State Meteorological Administration Special Funds
of Meteorological Industry Research (Grant no. 201306102).

References

[1] H. M. Irvine and T. K. Caughey, “The linear theory of free
vibrations of a suspended cable,” Proceedings of the Royal Society
of London Series A:Mathematical and Physical Sciences, vol. 341,
no. 1626, pp. 299–315, 1974.

[2] M. Irvine and H. M. Irvine, Cable Structures, Volume 5, Dover
Publications, New York, NY, USA, 1992.

[3] B.H.Kim, T. Park,H. Shin, andT. Y. Yoon, “A comparative study
of the tension estimation methods for cable supported bridges,”
International Journal of Steel Structures, vol. 7, no. 1, pp. 77–84,
2007.

[4] Y. Q. Ni, J. M. Ko, and G. Zheng, “Dynamic analysis of large-
diameter sagged cables taking into account flexural rigidity,”
Journal of Sound and Vibration, vol. 257, no. 2, pp. 301–319, 2002.

[5] H. Zui, T. Shinke, and Y. Namita, “Practical formulas for
estimation of cable tension by vibration method,” Journal of
Structural Engineering, vol. 122, no. 6, pp. 651–656, 1996.

[6] W.-X. Ren, G. Chen, and W.-H. Hu, “Empirical formulas
to estimate cable tension by cable fundamental frequency,”
Structural Engineering and Mechanics, vol. 20, no. 3, pp. 363–
380, 2005.

[7] G. Ricciardi and F. Saitta, “A continuous vibration analysis
model for cables with sag and bending stiffness,” Engineering
Structures, vol. 30, no. 5, pp. 1459–1472, 2008.

[8] D. Dan, Y. Chen, and X. Yan, “Determination of cable force
based on the corrected numerical solution of cable vibration
frequency equations,” Structural Engineering and Mechanics,
vol. 50, no. 1, pp. 37–52, 2014.

[9] R. Geier, G. De Roeck, and R. Flesch, “Accurate cable force
determination using ambient vibration measurements,” Struc-
ture and Infrastructure Engineering, vol. 2, no. 1, pp. 43–52, 2006.

[10] B. H. Kim and T. Park, “Estimation of cable tension force using
the frequency-based system identification method,” Journal of
Sound and Vibration, vol. 304, no. 3–5, pp. 660–676, 2007.



14 Shock and Vibration

[11] Z. Liwen, H. Hua, C. Qingzhi, Z. Jianting, and N. Jincheng,
“Cable parameter identification with absorber based on PSO
algorithm,” Journal of Chongqing Jiaotong University (Natural
Science), vol. 2, article 007, 2012.

[12] K. Sun, Y. Zhao, and H. Hu, “Identification of temperature-
dependent thermal-structural properties via finite element
model updating and selection,” Mechanical Systems and Signal
Processing, vol. 52-53, no. 1, pp. 147–161, 2015.

[13] H. Tabatabai and A. B. Mehrabi, “Design of mechanical viscous
dampers for stay cables,” Journal of Bridge Engineering, vol. 5,
no. 2, pp. 114–123, 2000.

[14] S. Krenk, “Vibrations of a taut cable with an external damper,”
Transactions ASME—Journal of Applied Mechanics, vol. 67, no.
4, pp. 772–776, 2000.

[15] S. Krenk, “Complex modes and frequencies in damped struc-
tural vibrations,” Journal of Sound and Vibration, vol. 270, no.
4-5, pp. 981–996, 2004.

[16] J. A. Main and N. P. Jones, “Vibration of tensioned beams
with intermediate damper. I: formulation, influence of damper
location,” Journal of Engineering Mechanics, vol. 133, no. 4, pp.
369–378, 2007.

[17] J. A. Main and N. P. Jones, “Vibration of tensioned beams with
intermediate damper. II: damper near a support,” Journal of
Engineering Mechanics, vol. 133, no. 4, pp. 379–388, 2007.

[18] Y. Shi and R. Eberhart, “A modified particle swarm optimizer,”
in Proceedings of the 1998 IEEE International Conference on
Evolutionary Computation, 1998 IEEE World Congress on Com-
putational Intelligence, pp. 69–73, IEEE, May 1998.

[19] I. C. Trelea, “The particle swarm optimization algorithm:
convergence analysis and parameter selection,” Information
Processing Letters, vol. 85, no. 6, pp. 317–325, 2003.

[20] T. Niknam and B. Amiri, “An efficient hybrid approach based
on PSO, ACO and k-means for cluster analysis,” Applied Soft
Computing Journal, vol. 10, no. 1, pp. 183–197, 2010.

[21] Z.-H. Zhan, J. Zhang, Y. Li, and Y.-H. Shi, “Orthogonal learning
particle swarm optimization,” IEEE Transactions on Evolution-
ary Computation, vol. 15, no. 6, pp. 832–847, 2011.

[22] N. J. Cheung, X.-M. Ding, and H.-B. Shen, “OptiFel: a con-
vergent heterogeneous particle swarm optimization algorithm
for Takagi-Sugeno fuzzymodeling,” IEEETransactions on Fuzzy
Systems, vol. 22, no. 4, pp. 919–933, 2014.

[23] Z.-H. Zhan, J. Zhang, Y. Li, and H. S.-H. Chung, “Adaptive
particle swarm optimization,” IEEE Transactions on Systems,
Man, and Cybernetics, Part B: Cybernetics, vol. 39, no. 6, pp.
1362–1381, 2009.

[24] E. S. Peer, F. van den Bergh, and A. P. Engelbrecht, “Using
neighbourhoods with the guaranteed convergence PSO,” in
Proceedings of the IEEE Swarm Intelligence Symposium (SIS ’03),
pp. 235–242, IEEE, August 2003.

[25] W. B. Langdon and R. Poli, “Evolving problems to learn about
particle swarm and other optimisers,” in Proceedings of the IEEE
Congress on Evolutionary Computation (CEC ’05), vol. 1, pp. 81–
88, September 2005.

[26] K. J. Bathe and E. L. Wilson, Numerical Methods in Finite
Element Analysis, Prentice-Hall, 1976.



Research Article
Real Time Cardan Shaft State Estimation of High-Speed Train
Based on Ensemble Empirical Mode Decomposition

Cai Yi,1 Jianhui Lin,1 Tengda Ruan,1 and Yanping Li2

1State Key Laboratory of Traction Power, Southwest Jiaotong University, Chengdu 610031, China
2College of Mechanical Engineering, Southwest Jiaotong University, Chengdu 610031, China

Correspondence should be addressed to Cai Yi; justin.yi@163.com

Received 25 February 2015; Revised 21 May 2015; Accepted 31 May 2015

Academic Editor: Changjun Zheng

Copyright © 2015 Cai Yi et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Due to the special location and structure of transmission system on high-speed train named CRH5, dynamic unbalance state of
the cardan shaft will pose a threat to the train servicing safety, so effective methods that test the cardan shaft operating information
and estimate the performance state in real time are needed. In this study a useful estimation method based on ensemble empirical
mode decomposition (EEMD) is presented. By using this method, time-frequency characteristic of cardan shaft can be extracted
effectively by separating the gearbox vibration acceleration data. Preliminary analysis suggests that the pinions rotating vibration
separated from gearbox vibration by EEMD can be used as important assessment basis to estimate cardan shaft state. With two
sets gearbox vibration signals collected from the in-service train at different running speed, the comparative analysis verifies that
the proposed method has high effectiveness for cardan-shaft state estimate. Of course, it needs further research to quantify the
performance state of cardan shaft based on this method.

1. Introduction

In order to achieve the dynamic performance of the train
running at high speed, the transmission system structure
of high-speed train is always used with body hanging or
frame hanging method, both of which all need to use a
coupling to adapt to the free movement of the wheel [1]. For
the high-speed train centralized power, Blue Arrow EMU
(Electric Multiple Units) used the six hollow shaft couplings,
and French TGV adopted universal shaft couplings. For the
high-speed distributed power, such as CRH1 (China Railway
High-speed 1), CRH2 (China Railway High-speed 2), and
CRH3 (China Railway High-speed 3), all used the drum
gear coupling [2]. While the transmission system of CRH5
(China Railway High-speed 5) adopted the retractable cross
cardan shaft and the traction motor suspended from the
train body to reduce the bogie mass, both of the special
structures help to improve vehicle dynamics performance
but also improve the reliability and maintainability of the
motor. So being different from other high-speed trains, the
transmission system of CRH5 consists of the gearbox, cardan

shaft, traction motor, other rotating parts, and supporting
component parts, as shown in Figure 1. Motor is the drive
device, which is installed at the bottomof the train equipment
cabin to lighten the unsprung mass and promote the vehicle
dynamic performance. Cardan shaft disposed longitudinally
is connected to themotor and gearbox by cross gimbal at both
ends, and its main function is to transfer the drive torque
from motor to gearbox [3]. There is a set of conical gear pair
in gearbox, and the pinion is connected with cardan shaft,
so it has the synchronous rotating speed with the cardan
shaft.The big gear is connected with axle bearing, which also
have the same rotating speed. The transmission ratio of this
transmission system is 2.22.

The end of the cardan shaft is supported by rigid bear-
ing and bearing seat; obviously, it is a typical rigid rotor
mechanical system. Unbalance of the rotor system is the
main inducement in rotating machinery fault [4]. The defect
of design structure, the unreasonable and uneven of the
materials, assembling error, and the strain of the long-term
use all would lead to the unbalance of the rotor system.
When the rotor system is in a working state of imbalance,
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Gearbox Cardan shaft Traction motor

Figure 1: CRH5 transmission system.

its mass centre will offset from the rotation centre axis,
which will lead to the bend of shaft, the internal pressure
boosted, the abrasion of bearing parts accelerated, and even
horrific accident [5]. So the unbalance state estimation in real
time of cardan shaft is an important measure to ensure the
operational safety for CRH5.

By considering practical engineering application, we
focus on the indirect assessment method based on the gear-
box vibration acceleration as there is no effective monitoring
to directly access the signal of the cardan shaft state. The
ends of cardan shaft are connected to the traction motor and
gearbox, and maybe we could gain the state information of
cardan shaft by one end or two, so we must explore and
compare the vibration contribution of cardan shaft to two
sides separately.

According to the structure of the traction motor, there is
a spiral spring below the motor to achieve elastic suspension
which buffer and weaken most of the vibrational energy
of the motor [6, 7]. The vibration contribution of dynamic
imbalance of cardan shaft to the motor is relatively small, so
it is negligible for the preliminary estimation of the cardan
shaft state. However, it is quite necessary to monitor the
vibration of the motor when we want to detect and identify
the fault source of the transmission system accurately. On the
other hand, the vibration contribution of dynamic imbalance
of cardan shaft to the gearbox is quite significant, and the
gearbox vibration contains more state information of the
transmission system. To prove the effect relationship between
gearbox vibration and cardan shaft state, we implemented the
bench test which is shown in Figure 2.

There are three cardan shafts for the bench test, and the
state of these shafts, respectively, is new (represented by the
red line), special repairing (represented by the purple line),
and close to the use limit (represented by the black line);
the bench test result is shown in Figure 2. It can be seen
clearly that the higher the speed is, the severer the dynamic
imbalance state of the cardan shaft becomes and the larger the
vibration of gearbox generated by cardan shaft is. Obviously,
the gearbox vibration character to some extent reflects the
dynamic imbalance state of cardan shaft.

For exploring the mapping relationship between the
gearbox vibration and the cardan shaft state in practical
application, we conducted an in-service train monitoring
experiment and picked up the real-time detecting data while
the train was running at the different speed. To avoid chang-
ing the structure of the transmission system and bringing

additional risks to the train, the sensor was seated on the
auxiliary hole where it is in upper of the gearbox to monitor
the vibration acceleration of the gearbox, and as shown
in Figure 3 it can be seen that an advantage of gearbox
acceleration measurement device is their simple structures,
which make it easier to carry out maintenance. However, the
gearbox acceleration waveform contains too much vibration
information, and the amplitude is affected greatly by the train
running speed.

In this paper, we presented a method to measure cardan
shaft on servicing high-speed train named CRH5 using gear-
box vibration acceleration signal. Frequency family separa-
tion mechanism based on ensemble empirical mode decom-
position (EEMD) is applied, and the target frequency band
determination based on average instantaneous frequency and
the dominant frequency of Fourier spectrum is proposed,
which can be used as assessment basis for state estimation of
cardan shaft.The novelty of this work is that the data analysis
is based on real-world, and the signal processing technique
should be suitable for on-line application, which have more
practical significance.

The rest of this paper is organized as follows. In Section 2,
the EMD algorithm is described, briefly; then EEMD and
its superiority of decomposition are explained. Section 3
presents the method for state estimation. The verification
of the proposed method with in-service train monitoring
experiment is shown and discussed in Section 4. Section 5
summarizes the conclusion.

2. Ensemble Empirical Mode Decomposition

The review and principles of the EMDmethod are conducted
based on [8, 9]. Thanks to the definition of the interpolating
splines, the extraction of a mean function 𝑚(𝑡) is possible
and it can be removed from the initial signal 𝑥(𝑡) in order
to obtain

𝑥1 (𝑡) = 𝑥 (𝑡) −𝑚 (𝑡) . (1)
The obtained signal 𝑥1(𝑡) is now examinedwith the aimof

evaluating if it respects the intrinsic mode functions (IMFs)
definition. Each mode should be independent of the others.
In this way, it can smooth uneven signals, and each signal
could be decomposed into a number of IMFs [10–12]. An
IMF represents a simple oscillatory mode compared with the
simple harmonic function. If the two previous conditions are
not satisfied, the resulting signal 𝑥1(𝑡) is not an IMF, and then
the previous stems are repeated.The sifting process runs until
the extracted signal respects the two IMF conditions; then the
function obtained represents the first intrinsicmode function
𝑐1(𝑡) and it is subtracted from the initial signal:

𝑟1 (𝑡) = 𝑥 (𝑡) − 𝑐1 (𝑡) , (2)
where 𝑟1(𝑡) is the residual signal. This signal represents the
input for the second IMF calculation by means of the sifting
process. From the above and with the definition, any signal
𝑥(𝑡) can be decomposed as

𝑥 (𝑡) =

𝑛

∑

𝑖=1
𝑐
𝑖
+ 𝑟
𝑛
(𝑡) . (3)
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Figure 3: In-service train monitoring experiment.

The original signal can be expressed as the sum of all the
IMFs and the residue. The IMFs include different frequency
bands ranging from high to low.

Empirical mode decomposition is an adaptive time-
frequency signal processing method and has been success-
fully applied to rotating machinery fault diagnosis and struc-
ture health monitoring such as structural damage detection
[13], misalignment diagnosis [14], rolling bearing defect

diagnosis [15, 16], and rotor fault diagnosis [17, 18]. However,
it cannot extract fault features accurately because of the
problem of mode mixing [19]. To alleviate mode mixing, Wu
andHuang develop ensemble empiricalmode decomposition
(EEMD) to improve EMD [20]. By adding noise to the
original signal and calculating the means of IMFs repeatedly,
compared with EMD, EEMD is more accurate and effective
for rotating machinery fault diagnosis [21–23].
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EEMD’s Procedures Are as Follows

(1) Add a random white noise signal 𝑛
𝑗
(𝑡) to 𝑥(𝑡):

𝑥
𝑗
(𝑡) = 𝑥 (𝑡) + 𝑛

𝑗
(𝑡) , (4)

where 𝑥
𝑗
(𝑡) is the noise-added signal, 𝑗 = 1, 2, 3, . . .,

𝑀, and𝑀 is the number of trial.
(2) Decompose 𝑥

𝑗
(𝑡) into a series of intrinsic mode

functions 𝑐
𝑖,𝑗
utilizing EMD as follows:

𝑥
𝑗
(𝑡) =

𝑁𝑗

∑

𝑖=1
𝑐
𝑖𝑗
+ 𝑟
𝑁𝐽
, (5)

where 𝑐
𝑖𝑗
denotes the 𝑖th IMF of the 𝑗th trial, 𝑟

𝑁𝐽

denotes the residue of 𝑗th trial, and 𝑁
𝑗
is the IMFs

number of the 𝑗th trial.
(3) If 𝑗 < 𝑀, then repeat steps (1) and (2) and add

different random white noise signals each time.
(4) Obtain 𝐼 = min(𝑁1, 𝑁2, . . . , 𝑁𝑀) and calculate the

ensemble means of corresponding IMFs of the decom-
positions as the final result

𝑐
𝑖
=

(∑
𝑀

𝑗=1 𝑐𝑖𝑗)

𝑀

,
(6)

where 𝑖 = 1, 2, 3, . . . , 𝐼 and 𝑐
𝑖
(𝑖 = 1, 2, 3, . . . , 𝐼) is the

ensemble mean of corresponding IMF of the decom-
positions.

For each IMF 𝑐
𝑖
(𝑡), we can always have its Hilbert trans-

form, and 𝑓(𝑡) can be expressed by convolution of 𝑓(𝑡) and
1/𝜋𝑥 as

𝑐
𝑖
(𝑡) = 𝑐

𝑖
(𝑡) ∗

1
𝜋𝑡

= ∫

+∞

−∞

𝑐
𝑖
(𝑡


)

1
𝜋 (𝑡 − 𝑡


)

𝑑𝑡

= ∫

+∞

−∞

𝑐
𝑖
(𝑡 − 𝑡


)

1
𝜋𝑡

𝑑𝑡.

(7)

Then the analytical signal of the original signal is obtained
by

𝑧
𝑖
(𝑡) = 𝑐

𝑖
(𝑡) + 𝑖𝑐

𝑖
(𝑡) = 𝑎

𝑖
(𝑡) 𝑒
𝑗𝜃𝑖(𝑡)

. (8)

𝑎
𝑖
(𝑡) = √𝑐

𝑖
(𝑡)

2
+ 𝑐
𝑖
(𝑡)

2
. (9)

𝜃
𝑖
(𝑡) = arctan(

𝑐
𝑖
(𝑡)

𝑐
𝑖
(𝑡)

) . (10)

Instantaneous amplitude and instantaneous phase are
expressed by (9) and (10). In (10), we can have the instanta-
neous frequency as

𝜔
𝑖
(𝑡) =

𝑑𝜃
𝑖
(𝑡)

𝑑 (𝑡)

. (11)

Then

𝑧
𝑖
(𝑡) = 𝑐

𝑖
(𝑡) + 𝑖𝑐

𝑖
(𝑡) = 𝑎

𝑖
(𝑡) 𝑒
𝑗𝜃𝑖(𝑡)

= 𝑎
𝑖
(𝑡) 𝑒
𝑗 ∫

𝑇

0 𝜔𝑖(𝑡)𝑑𝑡. (12)

After performing the Hilbert transform to each IMF
component, the original signal can be expressed as the real
part (Re) in the following form:

𝑥 (𝑡) =

𝑛

∑

𝑖=1
𝑐
𝑖
(𝑡) = Re

𝑛

∑

𝑖=1
𝑧
𝑖
(𝑡) = Re

𝑛

∑

𝑖=1
𝑎
𝑖
(𝑡) 𝑒
𝑗𝜃𝑖(𝑡)

= Re
𝑛

∑

𝑖=1
𝑎
𝑖
(𝑡) 𝑒
𝑗 ∫

𝑇

0 𝜃𝑖(𝑡)𝑑𝑡.

(13)

Meanwhile, for the same signal 𝑥(𝑡), the Fourier expan-
sion can be expressed as

𝑥 (𝑡) =

∞

∑

𝑖=1
𝑎
𝑖
𝑒
𝑗𝜃𝑖𝑡
. (14)

From (13) and (14), it is shown that the Fourier transform
is a special form of the HT. Amplitude variation and instanta-
neous frequency not only improve the effectiveness of decom-
position significantly but also make HT based on EEMD
suitable for nonstationary signals. The transformations of
amplitude and frequency can be clearly separated by using
each IMF component’s expansion, which mitigates Fourier
transform’s limitation in terms of invariable amplitude and
frequency. The time-frequency amplitude distribution is
designated as the signal’s Hilbert spectrum 𝐻(𝜔, 𝑡), which
can accurately describe amplitude changes with time and
frequency and further reflect the signal’s inherent time-
varying characteristics. With the Hilbert spectrum defined,
the Hilbert marginal spectrum can be shown as

ℎ (𝜔) = ∫

+∞

−∞

𝐻(𝜔, 𝑡) 𝑑𝑡

= ∫

+∞

−∞

Re
𝑛

∑

𝑖=0
𝑎
𝑖
(𝑡) 𝑒
𝑗 ∫

𝑇

0 𝜔𝑖(𝑡)𝑑𝑡𝑑𝑡.

(15)

Obviously, the Hilbert spectrum offers a measure of
amplitude distribution from each frequency and time, while
the marginal spectrum gives a measure of the total amplitude
distribution from each frequency.

3. The Method for State Estimation

According to the motion transmission principles and struc-
ture of the transmission system, there are some characteristic
frequencies which have high relativity with cardan shaft
working condition being shaft rotation frequency, pinions
rotating frequency, big gear rotating frequency, and gear
mesh frequency. All of these characteristic frequencies are
calculated with the real-time train speed V, wheel diameter
𝑑, and transmission ratio 𝑖. According to the structure of the
cardan shaft and gearbox, the cardan shaft rotation frequency
is approximately equal as pinions rotating frequency, and
the big gear rotating frequency approximately equal as train-
wheel rotation frequency. When the train is running at the
speed 248 km/h, all the related parameters and characteristic
frequencies are shown as Table 1.
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Table 1: Related parameter and characteristic frequencies.

Index Value
Train speed (V) 248 km/h
Transmission ratio (𝑖) 2.22
Wheel diameter (𝑑) 0.88m
Number of teeth (𝑛) 27
Pinions rotating frequency (𝑓

𝑤
) 55.35Hz

Gear mesh frequency (𝑓
𝑛
) 1494.35Hz

Big gear rotating frequency (𝑓
𝑐
) 24.93Hz

Due to the sensor position locating on the upper of
gearbox, where is not effected by the damping device of the
bogie, the signal collected from gearbox contains a number of
wheel-rail coupling vibration noise. In addition, the vibration
of the wheel-shaft dynamic imbalance, cardan shaft dynamic
imbalance, and the gear meshing would also be collected by
themeasuring point.When the cardan shaftwith the dynamic
imbalance or the gears with fatigue crack are meshing,
both the amplitude and phase of vibration signal would be
modulated. Leaving out the effect of transport function, the
gearbox vibration signal picked up by sensor can be expressed
as follows [24]:

𝑦
𝑖
(𝑡)

=

𝑀

∑

𝑚=1
𝑋
𝑚
[1+𝑑

𝑚
] cos [2𝜋𝑚𝑧𝑓

𝑤
+𝜙
𝑚
+ 𝑏
𝑚
(𝑡)] ,

(16)

where 𝑋
𝑚
is the amplitude of the 𝑚 component, 𝜙

𝑚
is the

phase, and 𝑓
𝑤
is the main frequency. It is clear that it is

an amplitude modulation and frequency modulation signal.
Equation (14) can be also expressed as

𝑦 (𝑡) =

𝑀

∑

𝑚=1
𝑝
𝑚
(𝑡) cos 𝜃

𝑚
(𝑡) . (17)

In addition, according to (7)–(10), each IMF which
resulted from EEMD of the gearbox vibration signal can be
expressed as

𝑐
𝑖
(𝑡) = 𝑎

𝑖
(𝑡) cos𝜙

𝑖
(𝑡) . (18)

As the envelope amplitude function 𝑎
𝑖
(𝑡) obtained by (9)

is a slowly changing signal compared with the phase function
𝜙
𝑖
(𝑡) obtained by (10), each IMF 𝑐

𝑖
(𝑡) which resulted from

EEMD can be the signal which contains the frequency and
phase information.Therefore, omitting the residual 𝑟

𝑛
, (3) can

be expressed as

𝑥 (𝑡) =

𝑛

∑

𝑖=1
𝑎
𝑖
(𝑡) cos𝜙

𝑖
(𝑡) . (19)

By comparing (17) and (19), we know that gearbox
vibration signal consists of a number of frequency family
components, each of which is an amplitude modulation
signal. On the other hand, the gearbox vibration signal
consists of a number of IMFs, each of which is also exactly
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Figure 4: The IMF1∼6 of one set gearbox vibration acceleration at
speed 248 km/h.

a modulation signal. The representation forms in (17) and
(19) are different. However, the representative frequency
components are consistent. Therefore, it is viable to apply
EEMD method to decompose the gearbox vibration signal
into a number of IMF components, in which it contains the
information of the cardan shaft dynamic unbalance state and
other faults in the transmission system.

Freely choose one set of gearbox vibration acceleration
signal to analysis by EEMD, which is collected from in-
service train with a new cardan shaft at 248 km/h running
speed. In this case, the noise added has amplitude (standard
deviation) of 0.30, and the ensemble number of EEMD is 100.
The total number of IMFs is specified as log 2(𝑁)−1, in some
occasions, the components may be excessively extracted, and
in these cases the sum of the latest columns may already
satisfy the definition of a trend; in this paper, the number of
the IMFs is fixed as 20 by experience. Figures 4 and 5 give
the IMFs of this set data and the residue. It appears that the
first IMFs describe high frequency phenomena while the last
one is related to the low frequency components of the signals
that could have no physical meaning and could be due to the
stop criteria set in the sifting process. So the IMF1–IMF19
are the effective frequency components, and the IMF20 is the
residual frequency component that the whole signal deducts
IMF1–19, represented by a trend.

Then how to make sure the target family frequency or
corresponding IMFs component which is representative the
characteristic frequency, for example, gear mesh frequency?
There are two calculation methods to survey the frequency
characteristic of every IMF: one is the average instantaneous
frequency called A.I.F by us and the other is the dominant
frequency of Fourier spectrum called D.F.F by us; the calcu-
lation results are shown as Figure 6. Due to the complexity
and uncertainty of actual monitoring data in real-world, two
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Table 2: The frequency characteristic of the IMFs shown in Figures 10 and 11.

IMF 1 2 3 4 5 6 7 8 9 10 11 12
A.I.F/Hz 4845 3222 1549 877 559.9 396.3 209.3 57.1 42.3 26.8 15.3 7.2
D.F.F/Hz 4662 2998 1499 860.7 599.6 424.7 166.4 53.3 39.6 27.3 14.9 6
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Figure 5: The IMF7∼12 of one set gearbox vibration acceleration at
speed 248 km/h.

calculation methods all are used to ensure the credibility and
reliability of the vibration signals and method.

From Figure 6 we see that the average instantaneous
frequencies of the IMFs are basically consistent with the
dominant frequencies of Fourier spectrum of every IMF
except IMF1. Moreover, when the train running speed is
248 km/h, the meshing frequency of the transmission system
is 1494.35Hz, the pinions rotating frequency is 55.35Hz, and
the big gear rotating frequency is 24.93Hz; therefore IMF3 is
identified as the corresponding intrinsicmode function of the
gear mesh vibration, IMF8 as the corresponding one of the
pinions rotating vibration, and IMF10 as the corresponding
one of the big gear rotating vibration.The details of the time-
frequencies characteristic of the original signal, IMF3, IMF8,
and IMF10, are shown as Figures 7 and 8, which verifies that
although there always is great amount noise in the collected
data of the gearbox vibration in high-speed train from real-
world, it is very efficient to separate the vibration frequency
family of the signal by using EEMD; there is a high fit degree
between the original signal and gear mesh vibration, and
pinions rotating vibration curve is the centre line of their
changing curve; the big gear rotating vibration value is almost
constant when the train running speed remains stable, which
changes over the speed of the train. So for the contribution
amount of the measuring point vibration, the gear mesh
vibration and the pinions rotating vibration are bigger than
the big gear rotating vibration; on the other hand, based on
this measuring point seated on the auxiliary hole in upper of

the gearbox, the gear mesh vibration and the pinions rotating
vibration are more likely to be used to assess the work state of
cardan shaft.

IMF3 and IMF8 are exerted toHilbert transform to get the
Hilbert instantaneous frequency spectrum, and the spectrum
features can be surveyed from Figure 9. By comparing the
frequency characteristic of the gear meshing vibration and
the pinions rotation, the energy of the pinions rotating
vibration is more stable and constant when the high-speed
train keeps a certain speed, and the stability of the charac-
teristic value is the key property for evaluating benchmark;
according to the structure of the transmission system, the
cardan shaft rotation frequency is approximately equal as
pinions rotating frequency, so the vibration contribution
of cardan shaft rotation to the measuring point is passed
through the pinions rotation. From what has been discussed
above, we fully believe that the frequency characteristic of the
pinions rotating vibration separated by EEMD can be used
as important assessment basis to estimate the work state of
cardan shaft in operating high-speed train.

4. Verification with In-Service Train
Monitoring Experiment

There is another set of gearbox vibration signals collected
from the same in-service high-speed train at the same
pathway, and of course, they are also at the same speed
248 km/h; however, in this transmission system the cardan
shaft is close to the use limit, whose unbalance value is
355.2 gcm (the unbalance value of the criterion old cardan
shaft is 384 gcm), and the new cardan shaft was used to
take the place of this old one. Figures 10 and 11 describe
the EEMD calculated result of the gearbox vibration whose
cardan shaft is close to the use limit. To catch the target family
frequency, we calculate the A.I.F and D.F.F of IMF1–12 shown
in Table 2. Obviously, IMF3 is identified as the corresponding
intrinsic mode function of the gear mesh vibration, IMF8
as the pinions rotating vibration, and IMF10 as the big gear
rotating vibration, which are coincident with the new cardan
shaft.

Comparing the IMF3, IMF8, and IMF10 of gearbox
vibration whose cardan shaft is close to the use limit with
the new cardan shaft, respectively, is to demonstrate the
effectiveness of the conclusion in Section 3, and the results
are shown in Figures 12–14. The gear mesh vibrations of the
old cardan shaft and new one are basically identical described
by Figure 11, and there is no regularity for the big gear
rotating vibrations shown in Figure 13; it follows that when
the work state of cardan shaft is worse, there is almost no
obvious change for gear mesh vibration and big gear rotating
vibration. However, to the cardan shaft close to use limit and
the new one, the pinions rotating vibration shows apparently
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Figure 6: The frequency characteristic of the IMFs shown in Figures 4 and 5.
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Figure 7: The time domain characteristic of the original signal,
IMF3, IMF8, and IMF10.

sensitive characteristics; in a measure apparently, the pinions
rotating vibration amplitude of the cardan shaft close to
the use limit is much larger than the new one described in
Figure 12.

All of above seems that the method and analysis conclu-
sion are effective and correct described in Section 3 when
the two kinds of work state of cardan shaft are servicing in
the train running speed at 248 km/h; if the cardan shaft is
in another different kind of operating mode, would we get
the same conclusion? There are two sets gearbox vibration
signals collected from the same in-service high-speed train
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Figure 8: The detailed drawing of Figure 7.

and the same two state cardan shafts but at different pathway
with the above signals; however, one set data is collected
at the train running speed 199 km/h when the old cardan
shaft which is close to the use limit has not been replaced
by the new one, and the other set is collected at the train
running speed 201 km/h which has the new cardan shaft.
All the related parameters and characteristic frequencies of
the two sets signals are shown as Table 3, and the IMFs are
described by Figures 15–18.

In general, when the train is running at a lower speed,
the vibration response amplitude of the measuring point is
smaller; where 𝑇1 = 𝑇2, the time period of periodic shock
waves presented in IMF7, respectively, in Figures 16 and 18
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Figure 9: The instantaneous frequency spectrum of IMF3 and
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Figure 10: The IMF1∼6 of gearbox vibration whose cardan shaft
close to use limit at speed 248 km/h.

is consistent, which may be caused by the wheel-rail impact;
however, its further verification needs to take into account
the rail state and line information. Calculating the A.I.F and
D.F.F of IMF 1–12 is shown in Table 4, and comparing with
Table 3, obviously, IMF4 is identified as the corresponding
intrinsic mode function of the gear mesh vibration and IMF9
as the pinions rotating vibration, which are different from the
situation when the train running speed is 248 km/h.

Figure 19 is the comparison of gear mesh and pinions
rotating vibration at two kinds of cardan shaft states: one is
close to the use limit at train running speed 199 km/h and
the other is a new one at train running speed 201 km/h.
This figure shows that the time domain amplitude of gear
mesh vibration is almost overlapping although the state of
one cardan shaft has been close to the use limit when they
are servicing at the same speed; however, there is significant
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Figure 11: The IMF7∼12 of gearbox vibration whose cardan shaft
close to use limit at speed 248 km/h.
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cardan shaft at speed 248 km/h.

Table 3: Related parameter and characteristic frequencies.

Index Value (the old
shaft)

Value (the new
shaft)

Train speed V 199 km/h 201 km/h
Pinions rotating
frequency 𝑓

𝑤

44.4Hz 44.8Hz

Gear mesh frequency 𝑓
𝑛

1198.8Hz 1210.7Hz
Big gear rotating
frequency 𝑓

𝑐

20.0Hz 20.2Hz

difference between the pinions rotating vibration of the new
cardan shaft and the old one. As a result, the method and
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analysis conclusion are also effective and correct described in
Section 3 when the train is running at another speed level.

Figure 20 is another comparison of gearmesh andpinions
rotating vibration at two kinds of cardan shaft state: one
which is close to the use limit is at train running speed
199 km/h, but the new one is at train running speed 250 km/h.
Because the running speed of the new cardan shaft is higher,
the time domain amplitude of the gear mesh vibration is
also bigger than the old one, which has been verified in the
previous section; however, although the speed rating of the
new cardan shaft is higher than the old one, the pinions
rotating vibration amplitude of the new one is smaller than
the old one on the contrary. So this is more persuasive
to verify that the pinions rotating vibration characteristics
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Figure 15: The IMF1∼6 of gearbox vibration whose cardan shaft
close to use limit at speed 199 km/h.
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Figure 16: The IMF7∼12 of gearbox vibration whose cardan shaft
close to use limit at speed 199 km/h.

separated by EEMD can be used as important assessment
basis to estimate the work state of cardan shaft in operating
high-speed train.

5. Conclusion

In this paper, a state estimation method and technique based
on EEMD are proposed to identify the work state of cardan
shaft in case of in in-service high-speed train. The vibration
signals of running transmission system with the cardan shaft
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Figure 17: The IMF1∼6 of gearbox vibration whose cardan shaft is
new at speed 201 km/h.
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Figure 18: The IMF7∼12 of gearbox vibration whose cardan shaft is
new at speed 201 km/h.

at the bad work state, including unbalance and damage,
are decomposed by EEMD method and the target family
frequency of the associated IMF is determined by using
A.I.F and D.F.F calculation method. The calculation result
shows that the frequency characteristic of the pinions rotation
can be used as important assessment basis to estimate the
work state of cardan shaft in operating high-speed train,
and the effectiveness and usefulness of the proposed method
are verified by two sets gearbox vibration signals collected

Table 4:The frequency characteristic of the IMFs shown in Figures
15–18.

IMF Old shaft New shaft
A.I.F/Hz D.F.F/Hz A.I.F/Hz D.F.F/Hz

1 4694 5252.4 5235 5360.2
2 2340 2377.9 3524 3111.3
3 1664 1401.3 2416 2302.2
4 1170 1197.1 1208 1232.9
5 598.7 601.9 624.2 755.5
6 222.2 296.9 523.6 523.5
7 172.2 176 201.3 230.2
8 89.6 68.2 93.11 105.5
9 43.1 42.2 44.89 45.3
10 19.2 18.8 33.56 36.8
11 8.7 9.9 21.44 23.7
12 4.2 5.5 9.11 9.3
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Figure 19:The compare of gear mesh vibration and pinions rotating
vibration under two states of cardan shaft at speed 199 km/h versus
201 km/h.

from the in-service train at different speed. According to the
research work in this paper, it also can be concluded that

(1) EEMD can decompose the signal into a number
of IMF; each IMF contains the sampling frequency
and also changes with the signal itself. So EEMD
method has shown great recognition performances in
analyzing the nonlinear and nonstationary signals in
practical application of real-world;

(2) considering that there is no effective monitoring to
directly access the signal of the cardan shaft state, it
is feasible to estimate the work state of cardan shaft
from gearbox vibration by EEMDmethod, where the
sensor is seated on the auxiliary hole in upper of the
gearbox;
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(3) of course, there still is toomuch further researchwork
to do to format the quantitative estimation method
for quantifying the work state of cardan shaft in in-
service high-speed train on line.
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Masonry structure is the main form of Chinese urban and rural housing construction structure. And heavy casualties and huge
economic losses are caused by the damages of masonry structures in the previous destructive earthquake. So the failure modes of
masonry structures are analyzed in the paper. ABAQUS software was used; and the Xuankou High School Student Dormitory of
masonry structure in Yingxiu town, severely damaged under the Wenchuan earthquake, was taken for example. The influence of
the stiffness ratio of pier between windows and spandrel on the failure modes of masonry structures is discussed. The results show
that the failure modes in the earthquake could be changed by controlling the stiffness ratio. Suitable stiffness ratio helps proper
design of masonry structures.

1. Introduction

Since the 5.12 Wenchuan earthquake in Sichuan, China, with
a total of 7.79 million houses collapsed and 24.5 million
houses damaged, by investigating the building structure
damaged, scholars found that many of severe damaged
or collapsed buildings were masonry structure building
in earthquake disaster due to the unreasonable structural
design, the poor construction quality, and so on. Meanwhile,
some of masonry structures showed good seismic perfor-
mance even in high-intensity area. Also it is found that
although there are different degrees of damage on many
masonry structures buildings, they did not collapse. This
phenomenon causes people to pay attention to studies on
seismic performance and structural failure mode. Previous
studies of the masonry structure damage in the earthquake
are most focused on the survey of damage phenomena and
individual member’s damage [1–6]; few scholars study the
overall failure mode in destructive earthquake [7–9] and
failure criteria for masonry [10–13]. In this paper, there is
a more in-depth and quantitative description of the failure
mode of masonry structures, such as the impact of the ratio

of the horizontal lateral stiffness of pier betweenwindows and
the vertical stiffness of spandrel on the failure mode; and the
analysis gives some meaningful conclusions.

2. Finite Element Model of
Masonry Structure Built

For the comparative analysis of the impact of the ratio of the
horizontal lateral stiffness of pier between windows and the
vertical stiffness of spandrel on the failuremode, theXuankou
High School Student Dormitory of masonry structure in
Yingxiu town was taken for example. The structure, a new
masonry structure, was built in 2005 according to theChinese
design specifications. The structure has ring beams, lintels,
and structural columns; and the floor is the slab floor. The
building shown in Figure 1 was severely damaged in the
Wenchuan earthquake.

Considering the performance limitation of the computer,
the dimensions of the original structure, the Xuankou High
School Student Dormitory, are simplified as follows. The
impact of the stairwell on the overall seismic performance
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Figure 1: The Xuankou High School Student Dormitory.

of masonry structures is not discussed in this paper; so
part of structure is considered in horizontal direction. The
size of window openings is 1500mm × 1860mm, (width ×
height); the height of the window is 900mm; the size of the
door openings is 1000mm × 2760mm; and the structure is
the same as the original one in vertical direction. The plan
diagram is shown in Figure 2. Due to the decrease of span in
horizontal direction, the height of structure is also reduced.
There are four floors and the height of floors is 3m. The
strength class of brickmasonrymaterial isMU10; the strength
class ofmortar isM7.5; concrete strength grade of ring beams,
structural columns, and slabs is C25; and reinforced steel is I
grade.

Due to problems such as the heterogeneity of masonry
structures, masonry material constitutive relationship, and
the complexity of failure criteria, especially nonlinear analysis
of masonry structure considered, there is no ideal finite
element analysis software used for simulation of masonry
structures. Taking into account the limitations of the com-
puter performance and the macrosimulation analysis of fail-
ure mode for masonry structure focused on, the monolithic
finite element model is used to simulate masonry structure;
what is more, the material model is viewed as an isotropic
homogeneous continuum model.

In this paper, ABAQUS software is used to build the finite
element model of masonry structure. ABAQUS software is
designed for nonlinear finite element analysis software. It is
powerful engineering simulation finite element software to
solve problems ranging from relatively simple linear static
problems to many highly complex nonlinear problems [14–
16]. Based on two-step analysis of the static calculation and
dynamic calculation, the material model masonry structures
of piers and concrete comments are Concrete Damaged Plas-
ticity models. A solid element of linear reduced integration
unit (C3D8R) is used for piers and concrete comments. Flat
reduced integration unit (SFM3D4R) is used for steel surface
layer; and single precision arithmetic is used for nonlinear
computational analysis. Tie constraint (binding constraints)
in cell library is simulating the interaction between concrete
structuresmasonry piers, ring beams, and structural columns
without regard to the relative motion. In addition, taking into
account Rachel steel between structural columns and piers
at the actual structure and the contact surface to be made
of horse teeth Croucher, it is assumed that the movements
between structural columns and masonry piers are coupled

Table 1: The models.

The models The height of
spandrel (m)

Model 1 With structural columns 0.9
Model 2 Without structural columns
Model 3 With structural columns 1.2
Model 4 Without structural columns
Model 5 With structural columns 0.6
Model 6 Without structural columns

in order to replace the effects of pull binding of Rachel steel
between structural columns and masonry piers.

For the comparative analysis of the impact of the ratio
of the horizontal lateral stiffness of pier between windows
and the vertical stiffness of spandrel on the failure mode, in
this paper, six models are established. Three of them have
structural columns; and three of them do not have structural
columns. The material grade of models is the same; and the
stiffness of spandrel is changed in the way of increasing or
decreasing the height of spandrel by 300mm.Themodels are
shown in Table 1; and the model images are shown in Figures
3, 4, 5, 6, 7, and 8.

3. Failure Mode Analysis

3.1. Loading Input. Each model was set up two-step analysis
to calculate the structural response under seismic action. Two
steps are used in the analysis of single-precision dynamic
explicit solution. Explicit solution increment is set automat-
ically. The first step to analyze the input and calculation is
static loads. Static loads include the weight of the load and the
load slab of 3 kN/m2 uniform loads. The second calculation
step is seismic analysis. Each model is affected in two orthog-
onal horizontal ground motions. The ground motions come
fromWenchuan earthquake database. The location of Lixian
County ground motion andWolong ground motion which is
closer to Yingxiu town was used as the ground motion input.
Taking into account the amount of computation, this paper
processed and intercepted parts of the ground motion [17].
Ground motion parameters are shown in Table 2; and the
time history curve or the FFT curve is shown in Figures 9,
10, 11, 12, 13, 14, 15, and 16.

3.2.The Stiffness Ratio of Pier betweenWindows and Spandrel.
For the comparative analysis of the impact of the stiffness
ratio for pier between windows and spandrel on the failure
mode, the horizontal lateral stiffness of pier betweenwindows
and the vertical stiffness of spandrel should be calculated
under various conditions. Reinforced concrete structural
columns and ring beam can effectively improve the rigidity
and stability of masonry structure, improving deformation
capacity of masonry structure. Meanwhile, the improvement
ofmaterial strength and the geometry size of wall between the
windows and spandrel can change the stiffness of masonry
structure. Lateral piers stiffness of masonry structure without
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Figure 2: Plan diagram.
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Figure 3: Model 1 with structural columns (0.9m).
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Figure 4: Model 2 without structural columns (0.9m).
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Figure 5: Model 3 with structural columns (1.2m).
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Figure 6: Model 4 without structural columns (1.2m).
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Figure 7: Model 5 with structural columns (0.6m).
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Figure 8: Model 6 without structural columns (0.6m).
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Table 2: Ground motion parameters.

Name of ground motions Duration (s) PGA (cm/s2) Frequency (Hz)
𝑋 𝑌 𝑋 𝑌

Wolong ground motion 13 957.7 648.5 2.3 2.3
Lixian county ground motion 10 303.9 266.1 2.8 2.9

Table 3: The stiffness of pier between windows and spandrel (1 × 108 N/m).

The models Pier between windows Pier beside windows Spandrel
Model 1 With structural columns 2.83 1.15 1.61
Model 2 Without structural columns 2.43 0.74
Model 3 With structural columns 3.48 1.57 2.20
Model 4 Without structural columns 2.91 1.02
Model 5 With structural columns 2.35 0.86 1.00
Model 6 Without structural columns 2.10 0.55
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Figure 9: The time history curve of Wolong ground motion in 𝑋
direction.
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Figure 10: The FFT of Wolong ground motion in𝑋 direction.

structural columns is calculated [18]; lateral piers stiffness
of masonry structure with structural columns is calculated
[19, 20]; the stiffness ratio of pier between windows and
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Figure 11: The time history curve of Wolong ground motion in 𝑌
direction.
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Figure 12: The FFT of Wolong ground motion in 𝑌 direction.

spandrel is calculated [18, 21]; and according to the models
parameters, results are calculated as shown in Tables 3 and 4.
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Table 4: The stiffness ratio of pier between windows and spandrel.

The models The total stiffness of pier between windows The total stiffness of spandrel

The stiffness ratio
The total pier between
windows and the total

spandrel

One piece pier
between windows and
one piece spandrel

Model 1 15.25 9.66 1.58 1.76
Model 2 13.63 1.41 1.51
Model 3 18.83 13.20 1.43 1.58
Model 4 16.59 1.26 1.32
Model 5 12.72 6.00 2.12 2.35
Model 6 11.60 1.93 2.10
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Figure 13: The time history curve of Lixian County ground motion
in𝑋 direction.
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Figure 14:The FFT of Lixian County groundmotion in𝑋 direction.

3.3. The Influence of Pier Stiffness Ratio on the Failure Modes
of Masonry Structures

3.3.1. Analysis on the Model without Structural Columns.
The spandrel height of model 6, model 2, and model 4 is,
respectively, 0.6m, 0.9m, and 1.2m. Accordingly, the ratio of
the total horizontal lateral stiffness of pier between windows
and the total vertical stiffness of spandrel is, respectively, 1.93,
1.41, and 1.26; also, the ratio of one piece horizontal lateral
stiffness of pier between windows and one piece vertical
stiffness of spandrel is, respectively, 2.1000, 1.5093, and 1.3227.

0 2 31 4 5 6 7 8 9 10

0

100

200

300

Time (s)

−100

−200

−300

Ac
ce

le
ra

tio
n 

(c
m

/s
/s

) X: 0.08
Y: 266.1

Figure 15: The time history curve of Lixian County ground motion
in 𝑌 direction.
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Figure 16:The FFT of Lixian County groundmotion in𝑌 direction.

The stiffness ratio of pier between windows and spandrel
increases with the spandrel height decrease.

(1) The Analysis from Tension Crack Damage Cloud. The final
calculation results of model 6, model 2, and model 4 under
Lixian County groundmotion are shown in the tension crack
damage cloud, in Figures 17, 18, and 19. The final calculation
results of model 6, model 2, and model 4 under Wolong
ground motion are shown in the tension crack damage
cloud, in Figures 20, 21, and 22. To facilitate observation and
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Figure 17: Tension crack damage cloud of model 6 under Lixian County ground motion.
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Figure 18: Tension crack damage cloud of model 2 under Lixian County ground motion.
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Figure 19: Tension crack damage cloud of model 4 under Lixian County ground motion.
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Figure 20: Tension crack damage cloud of model 6 under Wolong ground motion.
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Figure 21: Tension crack damage cloud of model 2 under Wolong ground motion.
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Figure 22: Tension crack damage cloud of model 4 under Wolong ground motion.
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Figure 23: The tension crack damage parameter of pier between
windows under Lixian County ground motion.

comparison, only one vertical pier with window opening is
given.

From tension crack damage cloud under two ground
motions, when it is in the same conditions, piers between
window of model 4 suffer the heaviest damage, with the
maximum height of spandrel and the minimum stiffness
ratio of pier between windows and spandrel; otherwise, piers
between window of model 4 suffer the lightest damage, with
the minimum height of spandrel and the maximum stiffness
ratio of pier between windows and spandrel; piers between
window of model 2 suffer damage the middle with the
middle parameters. It is obvious that the destruction of piers
between windows becomes light from the bottom to the top
of masonry structure. From three models, the damage extent
of spandrel is heavier than that of pier between windows. It is
clearly shown that the damage extent of masonry structures
is heavier underWolong groundmotion with the bigger PGA
than Lixian County ground motion.

(2) The Analysis from Time History Curve of Tension Crack
Damage Parameter. The tension crack damage parameters at
the same location of piers between window or spandrel in
models 6, 2, and 4 are calculated under Lixian County and
Wolong ground motion. The time history curve of tension
crack damage parameter is shown in Figures 23, 24, 25, and
26. And the time history curve for tension crack damage
parameter ratio of pier between windows and spandrel is
shown in Figures 27 and 28.

From the time history curve of tension crack damage for
pier between windows and the time history curve for tension
crack damage parameter ratio of pier between windows and
spandrel of models 6, 2, and 4, in the same conditions,
with the increase of the stiffness ratio of pier between
windows and spandrel, the damage degree for piers between
windows is gradually reduced. Accordingly, the structural
failure mode is gradually transformed from heavy damage of
pier between windows and spandrel into the damage degree
of pier between windows significantly lighter than that of
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Figure 24: The tension crack damage parameter of spandrel under
Lixian County ground motion.
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Figure 25: The tension crack damage parameter of pier between
windows under Wolong ground motion.

spandrel. The time history curve of tension crack damage for
spandrel is shown that the spandrel of three models, as weak
areas in masonry structure, all suffers severely damage; and
the extent of the damage is not the great difference.

Time history curves of tension crack damage for pier
between windows and time history curves for tension crack
damage parameter ratio of pier between windows and
spandrel of models 6, 2, and 4 are also shown that when
the structure was destroyed, the time with the pier within
windows serious damage appearing is lag compared to that of
spandrel; and the phenomenon becomes more obvious with
the increase of the stiffness ratio of pier between windows
and spandrel. What is more, the time with the pier between
windows beginnings to be damaged is also lag compared
to that of the spandrel; especially under Wolong ground
motion with the obvious peak region, this phenomenon is
more pronounced. In addition, with respect to pier between
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Figure 26: The tension crack damage parameter of spandrel under
Wolong ground motion.
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Figure 27: The parameter ratio of pier between windows and
spandrel under Lixian County ground motion.

windows, spandrel, which is characterized by brittle fracture,
becomes more apparent.

3.3.2. Analysis on the Model with Structural Columns. The
spandrel height of model 5, model 1, and model 3 is,
respectively, 0.6m, 0.9m, and 1.2m. Accordingly, the ratio of
the total horizontal lateral stiffness of pier between windows
and the total vertical stiffness of spandrel is, respectively, 2.12,
1.58, and 1.43; also, the ratio of one piece horizontal lateral
stiffness of pier between windows and one piece vertical
stiffness of spandrel is, respectively, 2.35, 1.76, and 1.58. In
the model with structural columns, the stiffness ratio of pier
between windows and spandrel increases with the spandrel
height decrease.

(1) The Analysis from Tension Crack Damage Cloud. The final
calculation results of model 5, model 1, and model 3 under Li
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Figure 28: The parameter ratio of pier between windows and
spandrel under Wolong ground motion.

County andWolong groundmotion are shown in the tension
crack damage cloud, in Figures 29, 30, 31, 32, 33, and 34. To
facilitate observation and comparison, only one vertical pier
with window opening is given.

From tension crack damage cloud of models 5, 1, and
3 under Lixian County and Wolong ground motions, when
being in the same conditions, masonry structure with struc-
tural columns shows the same law that the destruction
extent of pier between windows gradually becomes light as
the stiffness ratio of pier between windows and spandrel
increases. It is also shown the rule that the destruction of piers
between windows become light from the bottom to the top of
masonry structure.

(2) The Analysis from Time History Curve of Tension Crack
Damage Parameter. The tension crack damage parameters at
the same location of piers between window and spandrel in
models 5, 1, and 3 are calculated under Lixian County and
Wolong ground motion. The time history curve of tension
crack damage parameter is shown in Figures 35, 36, 37, and
38. And the time history curve for tension crack damage
parameter ratio of piers between window and spandrel is
shown in Figures 39 and 40.

From the time history curve of tension crack damage for
pier between windows and the time history curve for tension
crack damage parameter ratio of pier between windows and
spandrel of models 5, 1, and 3, in the same conditions,
with the increase of the stiffness ratio of pier between
windows and spandrel, the damage degree for piers between
windows is gradually reduced. Accordingly, the structural
failure mode is gradually transformed from heavy damage of
pier between windows and spandrel into the damage degree
of pier between windows significantly lighter than that of
spandrel. The time history curve of tension crack damage
for spandrel is shown that the spandrel of three models, as
weak areas in masonry structure, all suffers severely damage;
and the extent of the damage is not the great difference.
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Figure 29: Tension crack damage cloud of model 1 under Lixian County ground motion.
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Figure 30: Tension crack damage cloud of model 5 under Lixian County ground motion.
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Figure 31: Tension crack damage cloud of model 3 under Lixian County ground motion.
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Figure 32: Tension crack damage cloud of model 1 under Wolong ground motion.
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Figure 33: Tension crack damage cloud of model 5 under Wolong ground motion.

Damaget (avg.: 75%)
+2.550e − 01

+2.337e − 01

+2.125e − 01

+1.912e − 01

+1.700e − 01

+1.487e − 01

+1.275e − 01

+1.063e − 01

+8.500e − 02

+6.375e − 02

+4.250e − 02

+2.125e − 02

+0.000e + 00

Figure 34: Tension crack damage cloud of model 3 under Wolong ground motion.
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Figure 35: The tension crack damage parameter of pier between
windows under Lixian County ground motion.
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Figure 36: The tension crack damage parameter of spandrel under
Lixian County ground motion.
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Figure 37: The tension crack damage parameter of pier between
windows under Wolong ground motion.
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Figure 38: The tension crack damage parameter of spandrel under
Wolong ground motion.
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Figure 39: The parameter ratio of pier between windows and
spandrel under Lixian County ground motion.
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Figure 40: The parameter ratio of pier between windows and
spandrel under Wolong ground motion.
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The masonry structure with or without structural columns
shows the same laws.

Time history curves of tension crack damage for pier
between windows and time history curves for tension crack
damage parameter ratio of pier between windows and span-
drel of models 5, 1, and 3 also show that when the structure
was destroyed, the time with the pier within windows serious
damage appearing is lag compared to that of spandrel; but this
lag is not very different with the increase of the stiffness ratio
of pier between windows and spandrel due to the structural
columns of models 5, 1, and 3. The structural columns could
improve the ductility of masonry structures. Being the same
as that of models 6, 2, and 4, the time with the pier between
windows beginnings to be damaged is also lag compared
to that of the spandrel; especially under Wolong ground
motion with the obvious peak region, this phenomenon is
more pronounced. In addition, with respect to pier between
windows, spandrel, which is characterized by brittle fracture,
becomes more apparent.

4. Conclusions

In this paper, as an example of Yingxiu High School
Dormitory, Concrete Damaged Plasticity material models
in ABAQUS software are used to calculate the structural
response for each model under Lixian County and Wolong
ground motions. The influence of the stiffness ratio of
pier between windows and spandrel on structural response
of the masonry structure is comparatively analyzed. The
conclusions are as follows.

(1) The stiffness ratio of pier between windows and
spandrel influences the extent of damage for pier between
windows and spandrel. And damage model of masonry
structures under earthquake is impacted by the ratio.

(2) With the increase of the stiffness ratio of pier between
windows and spandrel, the damage degree for piers between
windows is gradually reduced which are part of the vertical
load-bearing components. Accordingly, the structural failure
mode is gradually transformed from heavy damage of pier
between windows and spandrel into the damage degree
of pier between windows significantly lighter than that of
spandrel. The stiffness ratio effects on the spandrel are not
obvious.

(3) With the increase of the stiffness ratio of pier between
windows and spandrel, the phenomenon is that the time with
the pier within windows serious damage appearing obviously
lags compared to that of spandrel.

(4) With the similar stiffness ratio of pier between
windows and spandrel, the damage degrees of masonry
structures are similar; and the failure modes of them are also
similar.
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This paper presents an enhanced rolling bearing fault diagnosis approach, based on optimized wavelet packet transform (WPT)
assisted with quantitative wavelet function selection. Mutual information is utilized as a quantitative measure to select the most
suitable wavelet function for the WPT-based vibration analysis. Energy features from coefficients of an optimal set of orthogonal
wavelet subspaces which resulted from the WPT-based vibration analysis are input to different classifiers. The fault states of the
rolling bearings can then be identified. Experiment studies conducted on a rolling bearing test system have verified the effectiveness
of the proposed approach for rolling bearing fault diagnosis.

1. Introduction

In modern industry, the rotating machine is one of the most
important mechanical pieces of equipment and has been
widely used in each field of industrial production. The per-
formance of the key rotating components, such as bearings
and gears, has a severe influence on the working status of the
whole rotatingmachine [1] so that aweak defect of these com-
ponents may eventually lead to the machine collapse or
breakdown of the production. Therefore, fault diagnosis of
these key rotating components has become current research
trend.

An important prerequisite for accurate diagnosis is to
effectively extract characteristic features, which are indicative
of faults, from signals measured on the rotating machine.
As an effective tool for nonstationary signal analysis, wavelet
transform and its extension, wavelet packet transform, have
been widely used in feature extraction for fault diagnosis of
rotating machines [2, 3]. For example, the statistical param-
eters were extracted from the collected signals obtained via
the WPT at different decomposition depths and a support
vector regressive (SVR)-based generic multiclass solver was
proposed to identify the different fault patterns of rotating

machines [4]. The WPT was conducted to decompose mul-
ticlass signals into a library of time-frequency subspaces and
the wavelet packet energy in each subspace was calculated to
produce a feature vector for each signal for classification [5].
Renyi entropy values from subband coefficients of vibration
signals were obtained to detectmechanical faults in rotational
drives [6]. Such features were found to be sensitive to fault
occurrence and robust to varying operating conditions. Sen-
sitive subband feature set from theWPT-based signal decom-
position was also extracted for classifying bearing faults [7].
In addition, the WPT was used to clean noisy signal before
EEMD is applied to extracting informative feature vectors for
early damage detection of rolling bearings [8]. An alternative
empirical mode decomposition (EMD) method improved by
WPT was developed to process the fault signals [9]. A pre-
processing model of the bearing using WPT-EMD was con-
structed for feature extraction.Then it used self-organization
mapping (SOM) for the condition assessment of the perfor-
mance degradation [10]. Combined with manifold learning,
the WPT was implemented to extract weak transient signal
features for rolling bearing fault diagnosis [11]. Recently, a
comprehensive review on wavelet transform for fault diag-
nosis of rotating machines has been conducted [3], where
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the applications were summarized according to the following
categories: continuous wavelet transform-based fault diagno-
sis, discrete wavelet transform-based fault diagnosis, wavelet
packet transform-based fault diagnosis, and second genera-
tion wavelet transform-based fault diagnosis [3]. In addition,
some new research trends have been discussed, among which
wavelet function selection is considered as one of the impor-
tant factors that affect the results of wavelet applications.
This issue has also attracted more and more attention by
the research community. For example, Rafiee et al. [12] used
genetic algorithm to select proper Daubechies (Db) wavelet
for gear fault diagnosis. They also compared 324 wavelet
functions and found that Daubechies 44 wavelet showed the
most similar shape across both gear and bearing vibration
signals [13]. Jiang and Liu [14] applied 𝑡-test to validating
the correlation between features extracted from DWT coeffi-
cients and the original signal and then applied the estimated
probability from the 𝑡-test to guiding selection of wavelet
functions. Yang andRen [15] andChen [16] utilizedwaveform
matching method and similarity coefficient to select the
optimal wavelet function for impact signal analysis. Schukin
et al. [17] made use of the time-frequency window resolution
and the estimation error of impact signal parameters to
choose suitable wavelet functions. Li et al. [18–20] treated
Shannon entropy as a measure to determine optimal wavelet
function for lamb wave analysis and damage detection. Fur-
thermore, Yan and Gao [21] investigated the energy measure
for wavelet function selection in bearing vibration analysis.
Later an energy-to-Shannon entropy ratio measure was also
developed by Yan and Gao as a wavelet selection criterion for
rotatingmachine fault diagnosis [22].This criterion, together
with maximum relative wavelet energy, was used by Kankar
et al. to select appropriate wavelet function from six candidate
wavelet functions for bearing defect-related feature extrac-
tion [23]. The energy-to-Shannon entropy ratio was also
chosen byWu et al. to guide the selection of wavelet functions
for fault diagnosis of rolling bearings [24]. From these efforts,
it can be seen that some of these researchers used qualitative
method, such as waveform similarity method, to select
wavelet functions, which largely relies on subjective assess-
ment of the researchers. Other researchers designed quantita-
tive measures calculated from wavelet coefficients directly to
evaluate the similarity between signals andwavelet functions.
In fact, the study of the relationship between wavelet coeffi-
cients and raw signals may be another outstanding angle for
wavelet function selection, which has rarely been considered
in previous studies in the field of fault diagnosis. Therefore,
taking this relationship into consideration, this paper is
intended to investigate a quantitative wavelet function selec-
tionmethod based onmutual informationmeasure, with spe-
cific application for enhanced rolling bearing fault diagnosis.

This paper is organized as follows. After introducing the
basic knowledge of the wavelet packet decomposition, which
is used as the tool for analyzing bearing vibration signals,
the mutual information-based wavelet function selection is
illustrated with numerical verification in Section 2. Then
Section 3 presents the fault diagnosis method based on an
optimized wavelet packet transform. After that, experimental
studies are performed on a bearing test system to verify

the effectiveness of the proposedmethod in Section 4. Finally,
conclusions are drawn in Section 5.

2. Wavelet Function Selection

The essence of wavelet transform is to compare the signal
𝑥(𝑡) with a set of known functions {𝜓

𝑛
(𝑡)}
𝑛∈𝑧

and quantifies
the similarity between the signal and the function. Such an
operation can be mathematically expressed as

𝑤𝑡
𝑛
= ∫

∞

−∞

𝑥 (𝑡) 𝜓
∗

𝑛
(𝑡) 𝑑𝑡, (1)

where (⋅)∗ stands for the complex conjugate of the function
(⋅). The set of functions {𝜓

𝑛
(𝑡)}
𝑛∈𝑧

are derived from a single
wavelet function through a series of scaling (i.e., dilation and
contraction, as denoted by the parameter 𝑠) and shifting (i.e.,
time translation, denoted by the parameter 𝜏) operations, as
is expressed mathematically by

𝜓
𝑠,𝜏
(𝑡) =

1

√𝑠
𝜓(

𝑡 − 𝜏

𝑠
) ; (2)

then (1) can be represented as

𝑤𝑡 (𝑠, 𝜏) =
1

√𝑠
∫𝑥 (𝑡) 𝜓

∗

(
𝑡 − 𝜏

𝑠
) 𝑑𝑡. (3)

Through variations of the scales and time shifts of the
wavelet function, the wavelet transform can extract signal
features over the entire signal by using small scales for high
frequency components and large scales for low frequency
components. Generally, the wavelet transform can be rep-
resented in continuous (i.e., continuous wavelet transform)
as well as in discrete forms (i.e., discrete wavelet transform).
Dyadic discretization of the scaling parameter 𝑠 and shifting
parameter 𝜏 leads to the formulation of orthogonal basis for
the set of function𝜓

𝑠,𝜏
(𝑡); thus the discrete wavelet transform

can be realized.

2.1.Wavelet Packet Decomposition. Wavelet packet decompo-
sition is an extension of discrete wavelet transform and can be
obtained by a generalization of the fast pyramidal algorithm
[25]. Mathematically, a wavelet packet consists of a set of
linearly combined wavelet functions, which are generated
using the following recursive relationships:

𝜓
2𝑘

(𝑡) = √2∑

𝑛

ℎ (𝑛) 𝜓
𝑘

(2𝑡 − 𝑛) ,

𝜓
2𝑘+1

(𝑡) = √2∑

𝑛

𝑔 (𝑛) 𝜓
𝑘

(2𝑡 − 𝑛) ,

(4)

where 𝜓0(𝑡) = 𝜙(𝑡) is the scaling function and 𝜓1(𝑡) = 𝜓(𝑡)

is the wavelet function. The symbols ℎ(𝑛) and 𝑔(𝑛) represent
coefficients of a pair of quadrature mirror filters (QMF)
associated with the scaling function and wavelet function.
Furthermore, ℎ(𝑛) and 𝑔(𝑛) are related to each other by
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Figure 1: Illustration of a 3-level WPT (H-low pass filter, G-high pass filter).

𝑔(𝑛) = (−1)
𝑛

ℎ(1 − 𝑛). Using the QMF, a time-domain signal
𝑥(𝑡) can be decomposed recursively as

𝑥
2𝑘

𝑗+1
(𝑡) = ∑

𝑚

ℎ (2𝑘 − 𝑚) 𝑥
𝑘

𝑗
(𝑡) ,

𝑥
2𝑘+1

𝑗+1
(𝑡) = ∑

𝑚

𝑔 (2𝑘 − 𝑚) 𝑥
𝑘

𝑗
(𝑡) ,

(5)

where 𝑥𝑘
𝑗
(𝑡) denotes the wavelet packet coefficients at the 𝑗th

level, 𝑘th denotes sub-frequency band, and 𝑥0
0
(𝑡) = 𝑥(𝑡). The

symbol 𝑚 represents the number of the wavelet coefficients
at the 𝑘th sub-frequency band within the level 𝑗. Figure 1
illustrates a 3-level decomposition of the signal 𝑥(𝑡).

2.2. Wavelet Selection Criterion. When the WPT is used to
analyze vibration signals for rolling bearing fault diagnosis,
a critical issue is to choose the most suited wavelet function
for signal decomposition and feature extraction [22]. As it is
known, the wavelet transform or wavelet packet transform
can be considered as a kind of correlation calculation between
the signals and the wavelet function in different scales. The
more similar the signal and thewavelet function are, themore
accurate the feature will be extracted by the wavelet analysis.
In information theory, mutual information measures the
information that the variables𝑋 and𝑌 share: itmeasures how
much knowing one of these variables reduces uncertainty
about the other. In other words, the mutual information
measures the degree of similarity between two groups of data
sequences; it is presented in this study to direct the selection
of wavelet function. Mathematically, the mutual information
is described as

𝐼 (𝑋; 𝑌) = ∑

𝑥∈𝑋

∑

𝑦∈𝑌

𝑝 (𝑥, 𝑦) log
𝑝 (𝑥, 𝑦)

𝑝 (𝑥) 𝑝 (𝑦)

= ∑

𝑥∈𝑋

∑

𝑦∈𝑌

𝑝 (𝑥, 𝑦) log𝑝 (𝑥, 𝑦)

− ∑

𝑥∈𝑋

𝑝 (𝑥) log𝑝 (𝑥) − ∑

𝑦∈𝑌

𝑝 (𝑦) log𝑝 (𝑦) ,

(6)

where 𝑝(𝑥, 𝑦) indicates the joint probability density of data
sequences 𝑋 and 𝑌, 𝑝(𝑥) stands for the probability density
of data sequence 𝑋, and 𝑝(𝑦) represents the probability

density of data sequence 𝑌. The mutual information deter-
mines how similar the joint distribution 𝑝(𝑥, 𝑦) is to the
products of factored marginal distribution 𝑝(𝑥)𝑝(𝑦). Fur-
thermore, in (6), −∑

𝑥∈𝑋
∑
𝑦∈𝑌

𝑝(𝑥, 𝑦) log𝑝(𝑥, 𝑦) is the joint
entropy of data sequences𝑋 and𝑌. −∑

𝑥∈𝑋
𝑝(𝑥) log𝑝(𝑥) and

−∑
𝑦∈𝑌

𝑝(𝑦) log𝑝(𝑦) represent the Shannon entropy of data
sequence 𝑋 and the Shannon entropy of data sequence 𝑌,
respectively.Therefore, (6) can be expressed in another form:

𝐼 (𝑋; 𝑌) = −𝐻 (𝑋, 𝑌) + 𝐻 (𝑋) + 𝐻 (𝑌) . (7)

This equation indicates that the mutual information is the
sum of the entropies𝐻(𝑋) and𝐻(𝑌)minus the joint entropy
𝐻(𝑋, 𝑌). The relationships among entropies and mutual
information are illustrated in a Venn diagram as shown in
Figure 2.

In Figure 2, it can be seen that the mutual information
𝐼(𝑋, 𝑌) is the intersection part of two data sequences. The
greater the mutual information is, the more similar the
two groups of data sequence will be. Such a relationship
is applicable to wavelet selection for rolling bearing fault
diagnosis by taking the vibration signal and wavelet packet
coefficients as data sequences 𝑋 and 𝑌, respectively. It is
expected that defect-induced transient vibration can be fully
represented by the wavelet packet coefficients. In this study,
raw vibration signals of rolling bearings are viewed as data
sequence𝑋.The reconstruction signals of the subband which
contains the defect-induced transient components are viewed
as data sequence𝑌.Then themutual information entropy can
be used to evaluate the similarity between original vibration
signals and the reconstruction signals using different wavelet
functions. By comparison, the wavelet function that maxi-
mizes the mutual information between the vibration signal
and the reconstruction signal represents themost appropriate
wavelet for defect-induced transient vibration extraction.

To evaluate the applicability of the mutual information
for wavelet function selection, a simulation study is presented
here. In the simulation, data sequence 𝑥 is the Daubechies 10
wavelet (denoted as Db 10 wavelet). The sample signal 𝑥(𝑡)
is obtained by adding Gaussian white noise with signal-to-
noise ratio (SNR) at 20 dB, which is viewed as data sequence
𝑋 and decomposed by the wavelet packet transform, while
the reconstruction signal is viewed as data sequence 𝑌. The
waveforms of Daubechies 10 wavelet, data sequence 𝑋, and
data sequence 𝑌 are shown in Figure 3, respectively.
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Figure 3: Waveform of (a) Daubechies 10 wavelet, (b) data sequence𝑋, and (c) data sequence 𝑌.

Then the mutual information for each wavelet function
can be calculated and the results are listed in Table 1. Since
the sample signal is constructed by adding Gaussian white
noise to the waveform of the Db 10 wavelet, in principle, it
should be better characterized by theDb 10wavelet itself.This
is verified by the results shown in Table 1, as the Db 10 wavelet
maximizes themutual information between the sample signal
and the reconstruction signal, which validate the effectiveness
of the proposed quantitative wavelet selection method.

3. Fault Diagnosis Based on Optimized
Wavelet Packet Transform

With thewavelet function being chosen, theWPT can then be
used to decompose the vibration signal for extracting features

to characterize rolling bearing faults. It can be seen from
Figure 1 that there are multiple ways of decomposing a signal
with the WPT. For the purpose of rolling bearing fault diag-
nosis, the challenge is to find a better representation of the
signals that yields high discriminatory information among
different bearing conditions.Therefore, an optimized wavelet
packet transform (termed as OWPT) is applied to identifying
the set of best subspaces that can provide maximum dissim-
ilarity information between different classes of the signals,
based on the local discriminant bases (LDB) algorithm [26].
The LDB algorithm is a pruning algorithm that can select an
optimal set of complete orthogonal subspaces derived from
the WPT. This algorithm has been successfully used in vari-
ous engineering domains, such as audio signal analysis [27],
physiological signal classification [28], and vibration data
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Table 1: Mutual information resulted from the simulation signal for different wavelets.

Wavelet function Mutual information Wavelet function Mutual information Wavelet function Mutual information
Haar 20.325 Coif5 24.302 Bior2.6 24.284
Db2 24.268 Sym2 24.288 Bior4.4 24.241
Db4 24.297 Sym3 24.273 Bior5.5 24.279
Db6 24.307 Sym4 24.257 Bior6.8 24.264
Db8 24.294 Sym5 24.274 rBio1.3 24.277
Db10 24.313 Sym6 24.273 rBio2.4 24.254
Coif1 24.265 Sym7 24.280 rBio2.6 24.274
Coif2 24.245 Sym8 24.284 rBio4.4 24.257
Coif3 24.286 Bior1.3 20.317 rBio5.5 24.280
Coif4 24.265 Bior2.4 24.280 rBio6.8 24.296

processing [29, 30]. Specifically, if 𝐴
𝑗,𝑘

is used to represent
the desired local discriminant basis restricted to the span of
𝐵
𝑗,𝑘
, which is a set of basis vectors at (𝑗, 𝑘) subspace, then,

for a given training dataset consisting of 𝐿 classes of signals
{{𝑥
(𝑙)

𝑖
}
𝑁𝑙

𝑖=1
}
𝐿

𝑙=1
with𝑁

𝑙
being the total number of training signals

in class 𝑙, the LDB algorithm can be summarized as follows.

(a) The wavelet packet transform is used to decompose
the signals contained in the training dataset, and the
time-frequency energy maps 𝐶

𝑙
for 𝑙 = 1, . . . , 𝐿 on the

wavelet packet coefficients can be constructed using the
following equation:

𝐶
𝑙
(𝑗, 𝑘, 𝑚) ≡

∑
𝑁𝑙

𝑖=1
∑
𝑚
(𝑥
𝑘

𝑗
(𝑚)
𝑖

(𝑙)

)
2

∑
𝑁𝑙

𝑖=1


𝑥
(𝑙)

𝑖



2
. (8)

(b) Suppose that 𝐴
𝐽,𝑘

= 𝐵
𝐽,𝑘

and set Δ
𝑗,𝑘

= 𝐷({𝐶
𝑙
(𝑗,

𝑘, 𝑚)})
𝐿

𝑙=1
, where𝐷(⋅) represents the dissimilarity mea-

sure to characterize the signal classification capability;
then the best subspaces 𝐴

𝑗,𝑘
for 𝑗 = 𝐽 − 1, . . . , 0 and

𝑘 = 0, . . . , 2
𝑗

− 1 can be obtained through a bottom-up
search as follows.
If Δ
𝑗,𝑘

≥ Δ
𝑗+1,2𝑘

+ Δ
𝑗+1,2𝑘+1

, namely, the dissimilari-
tymeasure of the parent subspace is greater than those
of cumulative the children subspace. Then 𝐴

𝑗,𝑘
= 𝐵
𝑗,𝑘
.

Else𝐴
𝑗,𝑘
= 𝐴
𝑗+1,2𝑘

⊕𝐴
𝑗+1,2𝑘+1

and set Δ
𝑗,𝑘
= Δ
𝑗+1,2𝑘

+

Δ
𝑗+1,2𝑘+1

.
(c) After a complete set of orthogonal subspaces are found

in the decomposition results, they can be ranked from
higher to lower based on their discrimination power.

It should be noted that the optimal choice of the complete
subspaces for a given dataset is significantly affected by the
dissimilarity measures used to distinguish between classes,
as the dissimilarity measure indirectly controls the classi-
fication accuracy. Therefore, a good dissimilarity measure
should be able to differentiate various classes as much as
possible. Considering that a single dissimilarity measure for
the optimal subspace selection may not be able to capture all
the characteristic information of the signals, both the relative
entropy, which describes the difference of energy distribution

in different classes of signals, and the normalized energy dif-
ference between different classes of signals are used as the dis-
similarity measures in this study, which have been identified
as good measures for classification. The details of these two
measures can be seen in [30]. Features from these subspaces
can then be extracted to distinguish different classes in a
given set of data that belong to several classes. Therefore,
an enhanced rolling bearing fault diagnosis scheme can be
designed as shown in Figure 4. Vibration signals from each of
the classes are decomposed using the WPT with the selected
wavelet function. Then the LDB algorithm is used to identify
the set of best subspaces that provide maximum dissimilarity
information between different classes of the signals. Once the
optimal discriminatory subspaces are identified, the energy
feature of wavelet packet coefficients from each subspace is
then calculated. These features have better discriminatory
capability and are chosen as inputs to a diagnostic classifier
for characterizing rolling bearing faults.

4. Experimental Study

In order to verify the effectiveness of the proposed rolling
bearing fault diagnosis approach, experimental study was
conducted, where the data were collected on a bearing test
system (Figure 5) from the Case Western Reserve University
Bearing Data Center [31]. The system consists of a 2-horse
power (hp) motor, a torque transducer, a dynamometer, and
control electronics. Single point faults with the size of
0.18mm, 0.36mm, and 0.53mm were set on the drive-end
bearings (Type 6205-2RS JEM SKF) at the location of outer
raceway, inner raceway, and rolling element (ball), respec-
tively, using electrodischarge machining technique. The vib-
ration data were measured by using an accelerometer being
attached to the motor housing with the sampling frequency
of 12 kHz.

4.1. Diagnosis of Rolling Bearing Faults underDifferent Severity
Levels. The first study is to diagnose rolling bearing faults
under different severity levels.The vibration signals of rolling
bearings with different sizes of inner raceway defect are
illustrated in Figure 6. The mutual information for each
wavelet function is calculated and the results are listed in
Table 2. Considering that the reverse Biorthogonal wavelet
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Figure 6: Vibration signals of rolling bearings under different defect sizes: (a) normal, (b) 0.18mm hole, (c) 0.36mm hole, and (d) 0.53mm
hole (speed: 1797 rpm, load: 0 hp).

1.3 (denoted as rBio1.3) possesses the highest value, thus it
is identified as the most appropriate wavelet to analyze the
rolling bearing signals through an optimized wavelet packet
transform.

The energy values calculated from the optimal set of
orthogonal wavelet subspaces (40 groups of training signals
and 20 groups of testing signals, each containing 1,024 data
points) are then chosen as inputs to a support vectormachine
(SVM) classifier for characterizing the rolling bearing defect

severity levels. The classification results are listed in Table 3.
It can be seen that these features bring about much high
classification accuracy score at 100%, which indicates that the
developed fault diagnosis method is effective for classifying
rolling bearing defect severity.

For the purpose of comparison, the energy features are
also input to different classifiers, and Table 4 presents the
classification results achieved by four different classifiers. It
can be seen that, except for the HMM classifier, the other
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Table 2: Mutual information of the extracted bearing vibration signal using different wavelets.

Wavelet function Mutual information Wavelet function Mutual information Wavelet function Mutual information
Haar 17.007 Coif5 20.737 Bior2.6 20.801
Db2 20.781 Sym2 20.781 Bior4.4 20.762
Db4 20.740 Sym3 20.783 Bior5.5 20.765
Db6 20.771 Sym4 20.788 Bior6.8 20.773
Db8 20.772 Sym5 20.797 rBio1.3 20.879
Db10 20.762 Sym6 20.760 rBio2.4 20.741
Coif1 20.766 Sym7 20.783 rBio2.6 20.805
Coif2 20.795 Sym8 20.801 rBio4.4 20.760
Coif3 20.777 Bior1.3 16.953 rBio5.5 20.776
Coif4 20.764 Bior2.4 20.770 rBio6.8 20.789

Table 3: Classification results of rolling bearing faults under different severity levels.

Target classes Sample size Classification results Classification rate [%] Total [%]
Normal 0.18mm hole 0.36mm hole 0.53mm hole

Normal 20 20 0 0 0 100

1000.18mm hole 20 0 20 0 0 100
0.36mm hole 20 0 0 20 0 100
0.53mm hole 20 0 0 0 20 100

Table 4: Comparison for classification results using different classi-
fiers.

Classifier types Classification rate [%]
SVM classifier 100.00
Bayes classifier 100.00
HMM classifier 93.75
BP-NN classifier 100.00

three classifiers perform well for the selected features in
characterizing the rolling bearing faults.

Furthermore, control experiments using three different
wavelet functions are conducted. It can be seen that the test
using the reverse Biorthogonal wavelet 1.3 which is the most
suitable wavelet to analyze the rolling bearing signals acquires
higher classification accuracy than those using other wavelet
functions as shown in Table 5. This verifies the effectiveness
of the mutual information measures for wavelet selection.

4.2. Diagnosis of Rolling Bearing Faults with Different Loca-
tions. The second study is to diagnose rolling bearing faults
at different locations. Figure 7 illustrates the waveform of
the vibration signals of rolling bearings with different fault
locations under varying load and rotating speed.

Following the same procedure, the energy features
extracted from the selected subspaces (40 groups of training
signals and 20 groups of testing signals, each containing
1,024 data points) are chosen as inputs to the SVM classifier
for distinguishing different faults of rolling bearing. The
classification results for rolling bearing with different fault
locations are shown in Table 6. It can be seen that the selected
features produce the high accurate classification rate with
98.75%, where only one inner raceway fault is misclassified.

This indicates that the developed fault diagnosis approach is
also effective for bearing fault location classification.

The effects of different classifiers on test results are also
studied in the experiment to identify different fault locations.
The results shown in Table 7 indicate that the SVM classifier
is again good for rolling bearing fault location classification.

Similarly, control experiments using three different wave-
lets are conducted. In comparison, using the reverse Bior-
thogonal wavelet 1.3, which is the optimizedwavelet function,
to analyze the rolling bearing vibration signals has produced
a higher classification rate than those using other two wavelet
functions as shown in Table 8. This verifies the effectiveness
of the quantitativewavelet selection criterion proposed in this
paper.

5. Conclusions

This paper presents a quantitative wavelet selection approach
for rolling bearing vibration signal analysis. Based on the
quantitative wavelet selection and the optimized wavelet
packet transform using LDB algorithm, a new effective
approach for rolling bearing fault diagnosis has been devel-
oped. The results of the experiment studies indicate that the
proposed approach has good ability to diagnose the rolling
bearing faults. Furthermore, the comparison experiments
also show that the proposed quantitative wavelet selection
method improves the classification accuracy, which confirm
the performance for the enhanced rolling bearing fault
diagnosis approach.
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Table 5: The classification results under different wavelet functions.

Wavelet function Classification accuracy [%] Classification rate [%]
Normal 0.18mm hole 0.36mm hole 0.53mm hole

Bior5.5 100 95 85 100 95.00
Db10 100 90 85 100 93.75
rBio1.3 100 90 95 100 100.00

Table 6: Classification results of rolling bearing faults at different locations.

Target classes Sample size Classification results Classification rate [%] Total [%]
Normal Inner raceway fault Ball fault Outer raceway fault

Normal 20 20 0 0 0 100

98.75Inner raceway fault 20 0 19 0 1 95
Ball fault 20 0 0 20 0 100
Outer raceway fault 20 0 0 0 20 100

Table 7: Comparison for classification results using different classifiers.

Classifier types Classification rate [%]
SVM classifier 98.75
Bayes classifier 88.75
HMM classifier 86.25
BP-NN classifier 98.75

Table 8: The classification results under different wavelet functions.

Wavelet function Classification accuracy [%] Classification rate [%]
Normal Inner raceway fault Ball fault Outer raceway fault

Bior5.5 100 80 100 100 95.00
Db10 100 65 95 100 90.00
rBio1.3 100 95 100 100 98.75
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Figure 7: Vibration signals of bearings with different fault locations under varying load and rotating speed: (a) normal, (b) inner raceway
fault, (c) ball fault, and (d) outer raceway fault (fault diameter: 0.53mm).
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This paper collects a rich set of strong motion records in some typical earthquakes domestic and abroad, checks its seismic events,
converts the data format, corrects the zeroline and draws the waveform. Four kinds of abnormal phenomena on the acceleration
waveform are revealed, such as spike, asymmetric waveform, obvious baseline drift, and strong motion records packets separation.
Then reasonable processing approaches are derived from the preliminary analysis of the generation mechanism for abnormal
phenomena. In addition to the effects on time history, Fourier amplitude spectrum and response spectrum are studied before
and after strong motion records correction. It is shown that (1) mechanism of spikes is rather complicated; however spikes can
be eliminated by “jerk” method, ratio method, and the consistency of the three-component PGA time; (2) mechanism of the
asymmetric waveform is of diversity; however, to some extent, the Butterworth low-pass filtering can be applied to correct it;
(3) two pieces of strong motion record packets can be connected by searching continuous and repeated data; (4) the method of
cumulative adding can be used to find the clear baseline drift; (5) the abnormal waveform directly affects the characteristics of time
history and frequency spectrum.

1. Introduction

Strong motion records obtained from strong motion acceler-
ometers are the first-hand data for the study of strong ground
motion, which are precious indeed. However, there are some
abnormal data in a few strongmotion records, which reduces
the application confidence of the observed data. If they are
not corrected, these records could hardly reveal the correlated
information of the structure or the ground motion under
some earthquakes and thus affect the conclusion of the
following scientific research. For example, if such data are
used in the ground motion attenuation study, the shape of
the instruments seismic intensity would possibly be altered
and accordingly would mislead the emergency rescue and
disaster evaluation. As a result, the research on the abnormal
waveform in strong motion records is of great significance.
Its fundamental objective is to eliminate the false information
therein and warn the researchers against the distorted waves
in the process of selecting seismic waves.

At present, abnormal waves have attracted much atten-
tion of scientists; however, the domestic and abroad studies
on abnormal waves are relatively scarce. For example, Wen
et al. [1] conducted a study on the reasons for the abnormal
waves of PGA (peak ground acceleration) over 1 g in the
east-west direction of acceleration record belonging to the
station coded TCU129 in “9.21 Chi-Chi” earthquake. Zhou
et al. [2] probed the abnormal record caused by the pillars
in Yibin Gaochang station inWenchuan earthquake.The Sci-
ence journal attributed the asymmetry waves to “trampoline
effect” [3]. Douglas [4] classified the records according to the
recorded wave quality, holding that some of the accelerated
records, influenced by the nonstandardization and digitiza-
tion, could hardly be used in the research of seismic motion.
This phenomenon is common for both analog records and
the digital records. These abnormal waves can hardly be
corrected by filter techniques or baseline correction to erase
the low-frequency and high-frequency noises. Considering
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that the strong motion data is of great significance for the
earthquake engineering, the research on the mechanism of
abnormal records, therefore, appears particularly important.
This study summarized the abnormal records as follows:
there are four abnormal waves in the strong motion records,
as they are “spike,” “asymmetric waveforms,” strong motion
record separation, and obvious baseline translation. More-
over, the mechanism for the generation of abnormal records
is analyzed based on the characteristics of time history and
frequency spectrum. Finally, processing methods to correct
abnormal records are proposed.

2. On the ‘‘Spike’’

An obvious “spike” is attributed to the unreasonable peak
value [5–9] in the acceleration time history. Spike, according
to its English explanation, is something long and thin with a
sharp point. The high-frequency “spike,” which usually pops
up in the acceleration time history, is an isolated data point
incompatible with the neighboring data points. If used in the
earthquake engineering research, the objective of the research
findings will be endangered. As a result, it is necessary
to discriminate and dispose properly of the data abnormal
values. The reasons for the abnormality should be analyzed:
if it is caused by the earthquake source mechanism or travel
path, it should be kept; otherwise, necessary adjustments
should be made based on respective study objectives, and
the abnormal points should be replaced by the reasonable
and reliable data, in order not to have negative effect on
the relevant research. Generally, the “spike” can be further
classified into two types: the first type can be called simple
“spike,” as they often appear in the beginning or the end of
a record, and they are easier to detect by visual observation.
And the other type can be called complicated “spike,” as they
are hidden in the PGA of complicated waveforms and are
hard to discriminate and hazardous.

2.1. On the Simple “Spike”. The simple “spike” can be detected
visually. As illustrated in Figure 1, in the NS direction
of record 20050110234857 4805 in Turkey strong motion
database, the projected line in the red circle is a “spike.”
Its value of amplitude reaches −7.79 cm/s2, which is several
hundred times of that of the neighboring waves. It is incom-
patible with the neighboringwaves and can hardly be justified
physically. Figure 2 shows the acceleration time history of
051HSD080628022001, the aftershock of Wenchuan earth-
quake. An obvious “spike” appears in the rear part of time
history, which is incompatible with the neighboring waves
and easy to discern.

According to Bommer and Boore [7], a spike can be
discerned in this way: if there is a spike in the accelera-
tion, and a “jerk” time history produces with the differ-
ential of acceleration, whose unilateral pulse becomes the
bilateral pulse. The phenomenon of “spike” occurs in the
“5.12” Wenchuan earthquake mainshock in 2008. Taking
the example of the two records, 032XPX080512142802 and
062WIX080512142801 [10], their acceleration and “jerk” time
history are shown in Figures 3 and 4. Though the PGA in
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Figure 1: A “spike” in the beginning.
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Figure 2: A “spike” in the end.

032XPX080512142802 is relatively small, it still holds true.
The “spike,” with unilateral pulse in acceleration, turns into
a “jerk” with bilateral pulse, so the PGA is confirmed as a
“spike.”

2.2. On the Complex “Spike”. When earthquakes occur,
observed data is in dynamic and continuous change, which
will exceed the scope of the mutation confronted with
abnormal situation. So spike can be recognized with the ratio
of PGA to adjacent data. Strong motion records of the 1999
Chi-Chi, Taiwan, Mw7.6 earthquake [11], 2010 Christchurch,
Mw7.0 earthquake, and 2011 Mw6.3 earthquake in New
Zealand [12] are selected when PGA is greater than 20 gal.
Then statistics is carried out on the ratio of the PGA to
adjacent sampling points value, but it should be assumed that
the adjacent data is reliable without any distortion, and the
ratio is unlikely to be much higher normally.

It is recognized by the world that the quality of Taiwan
“9.21 Chi-Chi” earthquake strong motion records is very
high. Therefore, 1269 pieces of records are selected to make
statistical ratio of the PGA to adjacent sampling value,
including 481 of the EW direction, 498 of the NS direction,
and 290 of the UD direction [10]. We find that the level of
the ratio of more than 1.1 is less than 1% in the horizontal
components and less than 5% in the vertical components,
which indicates that the ratio of more than 1.1 is a small
probability event. Table 1 presents a summary of the ground
motions with ratio exceeding 1.1, wherein “LPGA” stands for
the ratio of PGA to the left adjacent sampling point, and
“RPGA” is the ratio of PGA to the right adjacent sampling
point. Figure 5 illustrates the acceleration time history of the
record named KAU022 N.SAC whose ratios are beyond 4, so
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the PGA point can be determined as “spike” because of the
obvious discordant with the surrounding waveform.

Mw7.0 and Mw6.3 earthquakes are studied in New
Zealand by applying the ratiomethod. ForMw7.0 earthquake,
there are 153 strong motion records including 55 of EW
direction, 55 of NS direction, and 43 of UD direction. It
is found that the ratio greater than 1.1 does not exceed 5%
in the horizontal components; however, the ratio greater
than 1.1 is more than 26% in the vertical direction. From
Table 2, all ratios are greater than 0, and the maximum ratio
is 2.75 coming from NZOXZ.raw. For Mw6.3 earthquake,
there are 128 pieces of strong motion records including
44 of EW direction, 46 of NS direction, and 38 of UD
direction. It is found that the ratio greater than 1.1 does
not exceed 5% in the horizontal components; however, the
ratio greater than 1.1 is in excess of 25% in the vertical
components. As shown in Table 3, all ratios are greater than
0, and the maximum ratio reaches 6.69 for the record named
NZMQZ.raw. Representative waveform diagrams are shown
in Figures 6–9, of which PGA can be deemed as “spike” [13].

In addition, the “spike” can be identified according
to the time where the three-component PGA occurs. As
shown in Figure 10, taking the three-component records from
Rushan Ms4.3 earthquake in 2014 as an example, the time
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Figure 5: Acceleration time history (KAU022 N.SAC, ratl = 4.48,
ratr = 4.48).

for PGA is 12.08 s, 13.70 s, and 13.66 s in UD, EW, and NS
direction, respectively, and the time for PGA of the vertical
component is ahead of more than 1.5 s compared with the
horizontal component. Furthermore, PGA is 29.5 times of
the former sampling point value and 2.19 times of the next
sampling point value. Therefore, the PGA can be considered
as “spike” in the UD direction. In addition, the “spike” can
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Table 1: Records with ratio of PGA to adjacent points greater than 1.1 in Chi-Chi earthquake.

(a)

Serial number Filename PGA (cm/s2) Time (s) LPGA (cm/s2) Left rate RPGA (cm/s2) Right rate
1 CHY028 E.SAC −626.71 37.92 −615.82 1.02 −507.73 1.23
2 CHY028.E.SAC −36.89 25.83 −33.06 1.12 −28.76 1.28
3 TCU088.E.SAC 60.29 12.24 57.00 1.06 50.60 1.19
4 CHY082.Z.SAC 30.79 22.18 30.73 1.00 27.92 1.10
5 TCU056.Z.SAC 25.60 27.12 22.61 1.13 24.64 1.04
6 TCU071.Z.SAC −140.09 26.41 −127.23 1.10 −138.71 1.01
7 TCU078.Z.SAC 219.87 24.85 214.85 1.02 183.26 1.20
8 TCU079.Z.SAC 160.21 25.31 127.91 1.25 156.20 1.03
9 CHY028 N.SAC −748.58 36.19 −745.89 1.00 −615.31 1.22
10 KAU022 N.SAC 59.23 53.70 13.23 4.48 13.23 4.48
11 TCU045 N.SAC 511.68 44.86 462.57 1.11 438.28 1.17
12 TCU071 N.SAC −638.90 32.01 −550.32 1.16 −637.53 1.00
13 CHY028.N.SAC 43.29 25.80 40.12 1.08 37.37 1.16
14 TCU048.N.SAC −30.71 21.19 −27.90 1.10 −28.08 1.09
15 TCU088.N.SAC 53.73 12.28 42.42 1.27 43.86 1.23
16 TCU067.E.SAC −164.30 32.61 −142.52 1.15 −163.46 1.01
17 TCU079.E.SAC −330.53 26.58 −215.92 1.53 −325.56 1.02
18 CHY028 Z.SAC 335.49 35.26 274.42 1.22 293.62 1.14
19 CHY032 Z.SAC −61.78 39.62 −61.66 1.00 −56.09 1.10
20 CHY036 Z.SAC 104.33 30.29 93.39 1.12 98.41 1.06
21 CHY041 Z.SAC −122.85 39.18 −111.06 1.11 −119.80 1.03
22 CHY082 Z.SAC −78.37 41.04 −69.45 1.13 −77.11 1.02
23 HWA007 Z.SAC −30.00 27.12 −26.35 1.14 −29.58 1.01
24 HWA032 Z.SAC −87.36 39.32 −76.06 1.15 −85.98 1.02

(b)

Serial number Filename PGA (cm/s2) Time (s) LPGA (cm/s2) Left rate RPGA (cm/s2) Right rate
25 TAP042 Z.SAC −24.15 53.71 −9.26 2.61 −8.42 2.87
26 TCU039 Z.SAC 121.91 44.81 119.52 1.02 109.47 1.11
27 TCU045 Z.SAC −353.17 44.82 −324.69 1.09 −292.03 1.21
28 TCU074 Z.SAC 270.16 37.64 245.45 1.10 255.86 1.06
29 TCU076 Z.SAC −275.44 28.24 −272.27 1.01 −237.88 1.16
30 TCU078 Z.SAC 170.98 27.34 163.62 1.05 154.05 1.11
31 TCU089 Z.SAC 190.13 41.01 159.14 1.19 183.37 1.04
32 TCU103 Z.SAC 142.29 33.93 128.89 1.10 129.91 1.10
33 TCU109 Z.SAC −133.03 28.17 −129.62 1.03 −119.46 1.11
34 TCU112 Z.SAC −65.26 40.32 −58.02 1.12 −65.20 1.00
35 TCU118 Z.SAC 98.79 42.15 97.89 1.01 87.48 1.13
36 TCU122 Z.SAC 236.03 33.58 213.77 1.10 218.38 1.08
37 HWA032.Z.SAC 23.67 21.50 20.92 1.13 22.00 1.08
38 TCU051.Z.SAC −30.08 21.11 −29.72 1.01 −27.09 1.11
39 TCU055.Z.SAC −50.62 6.07 −49.84 1.02 −45.47 1.11
40 TCU071.Z.SAC 26.11 22.51 23.54 1.11 26.05 1.00
41 TCU076.Z.SAC −35.93 13.73 −32.10 1.12 −33.66 1.07
42 TCU079.Z.SAC −260.84 14.39 −254.38 1.03 −225.01 1.16
43 TCU106.Z.SAC −26.92 13.65 −22.61 1.19 −25.36 1.06
44 TCU117.Z.SAC −20.52 11.33 −18.61 1.10 −19.68 1.04
45 TCU118.Z.SAC −20.02 34.33 −19.96 1.00 −17.45 1.15
46 CHY027.Z.SAC 23.86 21.42 20.99 1.14 21.95 1.09
47 CHY032.Z.SAC −30.16 22.00 −25.38 1.19 −27.47 1.10
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Table 2: Records with ratio of PGA to adjacent points greater than 1.1 in New Zealand Mw7.0 earthquake.

Serial number Filename PGA (cm/s2) Time (s) LPGA (cm/s2) Left rate RPGA (cm/s2) Right rate
1 NZGDLC.raw 757.45 19.59 731.22 1.04 609.28 1.24
2 NZLPCC.raw −351.17 24.71 −307.16 1.14 −345.18 1.02
3 NZOXZ.raw −123.11 5.17 −119.27 1.03 −92.84 1.33
4 NZTPLC.raw 293.60 26.88 264.31 1.11 280.44 1.05
5 NZLPCC.raw −235.65 24.24 −208.40 1.13 −228.80 1.03
6 NZOXZ.raw −143.11 8.21 −105.39 1.36 −89.06 1.61
7 NZROLC.raw −383.66 23.11 −351.29 1.09 −339.79 1.13
8 NZTPLC.raw 210.60 26.85 180.57 1.17 177.95 1.18
9 NZADCS.raw 54.63 38.73 53.68 1.02 49.25 1.11
10 NZASHS.raw −152.80 26.74 −144.96 1.05 −124.40 1.23
11 NZCBGS.raw −120.85 28.69 −114.03 1.06 −99.33 1.22
12 NZCCCC.raw 197.06 24.37 187.78 1.05 154.30 1.28
13 NZCMHS.raw 290.53 28.59 257.07 1.13 255.86 1.14
14 NZCRLZ.raw 89.77 28.95 88.81 1.01 75.57 1.19
15 NZDFHS.raw 367.40 16.53 295.80 1.24 329.44 1.12
16 NZDORC.raw 74.67 27.89 70.76 1.06 62.85 1.19
17 NZDSLC.raw −311.99 21.34 −285.78 1.09 −282.37 1.10
18 NZGDLC.raw 1234.74 19.97 1101.56 1.12 721.89 1.71
19 NZHORC.raw 803.65 26.25 528.37 1.52 705.96 1.14
20 NZHPSC.raw 136.27 25.00 133.20 1.02 119.93 1.14
21 NZHVSC.raw 295.10 27.76 266.71 1.11 288.25 1.02
22 NZLINC.raw 896.58 24.11 711.95 1.26 805.26 1.11
23 NZLPCC.raw −154.05 21.24 −133.39 1.15 −148.35 1.04
24 NZLRSC.raw 100.40 18.01 100.31 1.00 84.57 1.19
25 NZNNBS.raw 146.64 28.64 128.06 1.15 134.41 1.09
26 NZOXZ.raw 102.46 6.37 37.32 2.75 57.44 1.78
27 NZROLC.raw 725.94 24.52 500.13 1.45 319.60 2.27
28 NZSMTC.raw −228.36 22.72 −159.43 1.43 −210.30 1.09
29 NZSPFS.raw 101.45 27.24 90.27 1.12 93.95 1.08
30 NZTPLC.raw 860.73 26.90 375.54 2.29 857.08 1.00
31 NZTRCS.raw 35.21 32.84 34.85 1.01 31.44 1.12
32 NZWSFC.raw 64.51 28.66 54.87 1.18 61.15 1.05
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Figure 6: Acceleration time history (NZGDLC.raw, UP, ratl = 1.12,
ratr = 1.71).

be identified according to the overall strong ground motion
characterization in an earthquake [13].

2.3. Causes for the “Spike”. There are many causes for
a “spike,” including the pendulum and recorder, sudden
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Figure 7: Acceleration time history (NZROLC.raw, UP, ratl = 1.45,
ratr = 2.27).

changes in the surrounding environment, and interference,
as well as negligence operation of other workers; of course,
a large high-frequency “spike” may be caused due to brit-
tle failure of rock beneath the earth’s surface close to
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Table 3: Records with ratio of PGA to adjacent points greater than 1.1 in New Zealand Mw6.3 earthquake.

Serial number Filename PGA (cm/s2) Time (s) LPGA (cm/s2) Left rate RPGA (cm/s2) Right rate
1 NZCMHS.raw 344.94 14.40 329.01 1.05 290.36 1.19
2 NZHPSC.raw 211.59 13.75 71.65 2.95 143.39 1.48
3 NZHVSC.raw −1646.78 12.70 −1459.21 1.13 −1244.43 1.32
4 NZLPCC.raw −893.73 14.08 −726.55 1.23 −881.11 1.01
5 NZMQZ.raw 146.18 2.45 140.13 1.04 49.14 2.98
6 NZOXZ.raw 43.48 4.62 35.45 1.23 26.19 1.66
7 NZHPSC.raw −288.61 13.87 −236.95 1.22 −216.92 1.33
8 NZMAYC.raw 21.21 11.15 18.71 1.13 19.57 1.08
9 NZMQZ.raw −97.80 2.84 −92.48 1.06 −29.10 3.36
10 NZOXZ.raw −54.83 4.28 −40.52 1.35 −41.84 1.31
11 NZRKAC.raw 32.24 19.32 28.74 1.12 29.61 1.09
12 NZASHS.raw −38.18 17.19 −37.04 1.03 −32.18 1.19
13 NZCBGS.raw −353.23 14.74 −316.48 1.12 −337.77 1.05
14 NZCCCC.raw 787.09 13.67 669.82 1.18 716.81 1.10
15 NZCHHC.raw 589.61 15.10 586.08 1.01 481.80 1.22
16 NZCMHS.raw 835.87 14.36 762.42 1.10 689.95 1.21
17 NZDORC.raw 29.24 18.00 27.67 1.06 23.03 1.27
18 NZDSLC.raw 32.53 16.24 26.11 1.25 31.32 1.04
19 NZHPSC.raw 1052.26 13.92 985.14 1.07 955.03 1.10
20 NZHVSC.raw 2160.54 12.75 1079.29 2.00 1932.75 1.12
21 NZKPOC.raw −59.39 13.73 −57.27 1.04 −53.19 1.12
22 NZLINC.raw 94.04 12.93 83.32 1.13 88.77 1.06
23 NZLPCC.raw 485.45 12.94 469.74 1.03 403.58 1.20
24 NZMQZ.raw 72.05 2.52 33.59 2.15 10.77 6.69
25 NZOXZ.raw 40.74 5.01 33.58 1.21 33.49 1.22
26 NZRKAC.raw −29.85 12.83 −27.52 1.08 −25.26 1.18
27 NZROLC.raw 71.79 16.69 70.50 1.02 62.13 1.16
28 NZSBRC.raw 22.64 16.84 22.56 1.00 16.69 1.36
29 NZSHFC.raw 24.87 22.41 22.20 1.12 24.79 1.00
30 NZSMTC.raw −167.90 14.47 −151.59 1.11 −155.79 1.08
31 NZSWNC.raw 68.54 17.89 60.02 1.14 61.41 1.12
32 NZTPLC.raw 152.56 13.01 132.30 1.15 141.82 1.08
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Figure 8: Acceleration time history (NZHVSC.raw, UP, ratl = 2.00,
ratr = 1.12).

the station. And this destruction is triggered by the much
higher amplitude and a strong stress long cycle velocity
pulses. But there is no evidence to prove the causes for
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Figure 9: Acceleration time history (NZMQZ.raw, UP, ratl = 2.15,
ratr = 6.69).

a “spike.” Necessary experimental means should be provided
to explain the mechanism for “spike” so as to avoid another
abnormal strong motion record in the future.
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Figure 10: Acceleration time history.

2.4. Processing and Analysis of “Spikes” in Strong Motion
Records. Currently, two approaches in dealing with such
spurious “spikes” are to either remove the “spike” completely
or reduce its amplitude to a certain level in coordination with
adjacent data points; generally it is adjusted to the average
of two adjacent data points [14]. Two strong motion records
are selected in the “5.12”Wenchuan mainshock both far-fault
and near-fault, and two methods are provided to adjust the
“spike,” the solid line stands for the raw data, the dashed
means that this point is set to zero, and the dotted line
belongs to the case of the average of the two adjacent data
points (see Figure 11). Figure 11(a) shows that it is rich in the
long-period components in 032XPX08051214280, and little
change happens in the velocity and displacement waveforms;
however, the maximum amplitude corresponding to the
time history decreases accompanied with the reduction of
spike, the position of PGV (peak ground velocity) stays
unchanged at 88.000 s, and the position of PGD (peak
ground displacement) varies from 41.825 s to 41.810 s. Fourier
amplitude spectrum changes greatly from 2 s to 6 s with
the predomination period of 0.208 s; however, the peak
changes little. Great changes have happened between 0.04 s
and 0.2 s in absolute acceleration response spectrum, and
the maximum amplitude is 4.060 cm/s2, 4.129 cm/s2 and

4.930 cm/s2, respectively. It indicates that the “spike” has little
effect on the velocity, displacement, and Fourier amplitude
spectrum but for absolute acceleration response spectrum
at periods of 0.04–0.2 s. From Figure 11(b), much higher
frequency content is relatively abundant for the record of
062WIX080512142802, compared with Figure 11(a); Fourier
amplitude spectrum is changing over the entire frequency
range and changes little at periods of 0.06–1 s. The abso-
lute acceleration response spectrum has only a modest
change between 0.1 s–6 s, but the maximum amplitude is all
272.900 cm/s2 at 0.04 s. So the “spike” only impacts onFourier
amplitude spectrum and the absolute acceleration response
spectra greatly.

From two examples illustrated, the adjustment of the PGA
can be used to study the impact on relevant parameters, if
there is little for the effect, you can use it safely; otherwise,
necessary calculations should be carried out to reduce the
degree of distortion of data. If it is difficult to identify
the “spike,” what you should do is to choose other more
reasonable data other than the abnormal record in order to
ensure the quality of the data, which provides some reference
for selecting strong earthquake records in earthquake engi-
neering research.
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Figure 12: The three-component acceleration time history.

3. On Asymmetric Waveform

“Asymmetric waveform” is another abnormal waveform in
strong motion records. This phenomenon occurred in the
fixed station named Yibin Gaochang in “5.12” Wenchuan
earthquakemainshock [10], as shown in Figure 12, the north-
south and vertical components of the strong motion record

become asymmetric. Zhou et al. [2] thinks that the abnormal
waveform is caused by the instrument amplification and
collision effects.

An earthquake Ms6.3 struck the Christchurch, New
Zealand in February 21, 2011. As shown in Figure 13, the
vertical components waveform of code named HVSC and
PRPC show large asymmetric in amplitude with positive
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Table 4: The earthquake information corresponding to strong motion records.

Record number Magnitude Longitude (E∘) Latitude (N∘) Depth (m) Epicentral distance (km)
080815010639L2018a Ms4.2 103.50 30.98 16 59.6
080801163241L2018a Ms6.0 104.85 32.02 14 172.8
080804174001L2018a Ms3.3 103.36 31.37 13 20.1
080609152836L2018a Ms4.5 103.93 31.31 13 74.3
080628022054L2018a Ms4.2 103.45 31.43 13 27.5
080714001315L2018a ML4.0 103.37 31.41 19 20.1
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Figure 13: Acceleration waveforms of large amplitude.

accelerations larger than negative ones overall. This is similar
to the record of the 2008 Iwate-Miyagi Nairiku earthquake
in Japan. Asymmetric waveforms may be produced when a
near-surface layer slightly separates and then returns, striking
the separation surface [15]. Figure 14 is the latest 4 s display
of Figure 13. The positive acceleration (red) is narrow with
large amplitude, while the negative pulse (blue) is broader
with smaller amplitude. According to Tobita et al. [16], the
asymmetric motion is mainly due to the existence of a lower
bound of negative acceleration, which in most cases the
compression stress is produced by the disturbance of the
surface ground material so as to produce gravity acceleration
and a high positive pulse.

According to the “Science” printed on October 30, 2008,
the ground can be lifted vertically in addition to be shaken by
the earthquake, just like the Earth’s surface on a trampoline
bounce in general. Strongmotion records froman earthquake
with a moment magnitude of 6.9 in Japan were analyzed by
Aoi and his colleagues. They reported that an unprecedented
vertical surface acceleration is nearly four times gravity when
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Figure 14: Magnified view of waveforms (0–4 s).

the ground shakes up and down. Thus, this asymmetry
waveform is attributed to “trampoline effect” [3].

In the aftershocks records of “5.12” Wenchuan earth-
quake, as shown in Figure 15, six acceleration time histo-
ries from the Lixian mobile strong motion station coded
L2008 are asymmetry in amplitude, and the velocity and
displacement time history are similar, respectively, despite
differentmagnitude and epicenter shown in Table 4; however,
asymmetry waveform only appears in the direction of east-
west other than north-south and the vertical direction as
shown in Figure 16, which indicates that the most likely thing
is to be stuck in instrument failing to record the right strong
ground motion waveform.

To correct the asymmetry of a seismic record, taking
the vertical component of Yibin Gaochang strong motion
record for an example, the Butterworth low-pass filtering
with the second order is applied and Figure 17 shows the
time history after filtering with the corner frequency of
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Figure 15: Continued.
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Figure 15: Acceleration, velocity, and displacement time history.
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Figure 16: Acceleration three-component time history (080628022054L2018).

80Hz, 60Hz, and 40Hz, respectively. Obviously, the wave-
form tends to become symmetry after filtering; meanwhile,
the PGA reduces sharply from 120.41 cm/s2 to 35.43 cm/s2.
Therefore, we cannot make sure that such filtering is the best
correction way for the asymmetry waveform. However, to
some extent, filtering can be a correct way for the asymmetry
acceleration time history.

In summary, such asymmetric waveform mechanism is
of diversity, which consisted of instrument, instrument pier,

and trampoline effect. We think that certain number of tests
should be carried out to retrieve the abnormal waveforms in
order to figure out the exactmechanism. If it is the instrument
or the instrument pier that caused the asymmetric waveform,
low-pass filtering can be applied to make correction for the
asymmetry acceleration time history. However, if asymmetric
waveform is produced by trampoline effect, we believe that
it is reasonable to be applied to earthquake engineering
research.
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Figure 17: Acceleration time history (UD, after low-pass filtering).
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Figure 18: Acceleration time history.

4. On the Obvious Acceleration Baseline Drift

Under normal circumstances, it is difficult to find the accel-
eration baseline drift; however, there are some strong motion
recordswith obvious baseline drift. As shown in Figure 18, the
strong motion record named 051GYQ080805174903 comes
from the fixed station in “5.12” Wenchuan earthquake after-
shocks [9], and the PGA only reaches 13.04 cm/s2, but

there appears significant baseline shift in the vicinity of
25 s in original acceleration records. The apparent baseline
translational position can be determined by the accumulate
adding of acceleration. Figure 19 shows that obvious base-
line translational drift begins at 24.575 s. The acceleration
time history and response spectra are shown in Figures
20–23 before and after correction. It is not difficult to
find that PGA shifts from 13.04 cm/s2 to –10.91 cm/s2, and
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Figure 20: Acceleration time history.

Period (s)

Peak.raw: 29.81 cm/s2 at 0.51 s
Peak.cor: 28.09 cm/s2 at 0.51 s

10
2

10
1

10
0

10
−2

10
−1

10
0

10
1Ac

ce
le

ra
tio

n 
re

sp
on

se
 (c

m
/s
2
)

Figure 21: Absolute acceleration response spectrum.

the position of PGA is ahead of 1.8 s. And themaximumabso-
lute acceleration response spectrum reduces from 29.81 cm/s2
to 28.09 cm/s2, and the decline is only 5.8%; however, the
position of the maximum response stays unchanged. The
relative velocity response spectrum increases from 4.34 cm/s
to 4.38 cm/s, the decline is less than 1%, and the position of the
maximum response shifts from 1.3 s to 1.21 s. In contrast, the
maximum response of displacement reduces from 10.94 cm
to 4.80 cm, and the decline reaches 56.1% to a larger extent;
however, the position of the maximum response stays fixed.
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Figure 22: Relative velocity response spectrum.
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Figure 23: Relative displacement response spectrum.

Therefore, it will bring adverse effect on the time history
and response spectra with such type of strongmotion records
uncorrected. The reason for this phenomenon may be due
to the stuck sensor or sensor zero offset caused by tilt of the
instrument pier during an earthquake.

5. On Record Separation

There are some strong motion records with data separation
phenomenon in the Lushan earthquake mainshock ground
motions. Study shows that a number of data points at
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Figure 27: Acceleration time history (after splice).

the end of the first data packet are same as the initial part of
the second packet data. Therefore, as shown in Figures 24–
27 Yunnan depot station records [17] in the direction of EW
as an example, program codes are wrote to find two packets
continuously repeated points. When the tail and head data
of data packet consecutive coincide, as is shown in Figure 26,
there are 2000 data points with a ratio of 1, and then the two
parts of record are connected together as in Figure 27. We
spliced 15 pieces of Lushan earthquake records in thismethod
successfully, as shown in Table 5. We think that too short
preevent time is the cause for isolated records phenomenon.
Therefore, sufficient postevent time with 30 seconds should

be provided so as to ensure the integrity of the strong motion
records.

6. Discussion and Conclusions

A series of studies on the simple spike in strong motion
records which are selected for PGA greater than 20 gal are
carried out. The data includes Chi-Chi, Taiwan earthquake
with Mw7.6 in 1999, Christchurch, New Zealand with Mw7.0
and Mw6.3 in 2010 and 2011, respectively. And records
with typical spike feature are presented after applying ratio
method and the three-component PGA time consistency.
Furthermore, themechanisms of spike are studied in different
ways and the effect of different methods for adjusting the
spike in the time histories, Fourier amplitude spectrum, and
acceleration response spectrum has been presented. Some
representative strong motion records with the feature of
asymmetric waveform are analyzed and we propose different
mechanisms according to various records. We analyze the
Lushan earthquake strong motion records data packet iso-
lated phenomenon and give reasonable methods in stitching
together. Finally, generation mechanisms and correction
method are offered to the strong motion record with clear
baseline drift. Studies show that (1) simple “spike” can be
relatively easy to identify, and ratio method and three-
component PGA consistency can determine the complex
spike in general, and the appearance of “spike” will affect
the time history, frequency spectrum, and response spectrum
analysis; (2) the mechanism of “asymmetric waveform” is of
diversity, and it is difficult to make reasonable correction;
however, to some extent, the Butterworth low-pass filtering
can be applied to make correction; (3) two separated packets
can be spliced together by finding continuous and repeated
data; (4) acceleration records data accumulation at each time
point can be used to determine the moment when significant
baseline translation process occurs; (5) the wizard waveform
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Table 5: Cases for strong motion record splice.

Serial number Record 1 Record 2 Continuous coincidence points
1 53YSSZ20130420080249-1.001 53YSSZ20130420080249-2.001 3400
2 53YSSZ20130420080249-1.002 53YSSZ20130420080249-2.002 3400
3 53YSSZ20130420080249-1.003 53YSSZ20130420080249-2.003 3400
4 53KXRD20130420080249-1.001 53KXRD20130420080249-2.001 400
5 53KXRD20130420080249-1.002 53KXRD20130420080249-2.002 400
6 53KXRD20130420080249-1.003 53KXRD20130420080249-2.003 400
7 53KXEL20130420080249-1.001 53KXEL20130420080249-2.001 2000
8 53KXEL20130420080249-1.002 53KXEL20130420080249-2.002 2000
9 53KXEL20130420080249-1.003 53KXEL20130420080249-2.003 2000
10 53YJLL20130420080249-1.001 53YJLL20130420080249-2.001 2500
11 53YJLL20130420080249-1.002 53YJLL20130420080249-2.002 2500
12 53YJLL20130420080249-1.003 53YJLL20130420080249-2.003 2500
13 53YJBL20130420080249-1.001 53YJBL20130420080249-2.001 2800
14 53YJBL20130420080249-1.002 53YJBL20130420080249-2.002 2800
15 53YJBL20130420080249-1.003 53YJBL20130420080249-2.003 2800

directly affects the time history, frequency spectrum, and the
response spectra characteristic of acceleration records.

In addition, the mechanism on abnormal waveform has
yet been studied based on the theory and experiment and
given a more objective approach to promote the further
development of strong motion observation discipline, which
provides more reliable data to support earthquake engineer-
ing research.
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An innovative approach to condition-based maintenance of coal grinding subsystems at thermoelectric power plants is proposed
in the paper. Coal mill grinding tables become worn over time and need to be replaced through time-based maintenance, after a
certain number of service hours. At times such replacement is necessary earlier or later than prescribed, depending on the quality
of the coal and of the grinding table itself. Considerable financial losses are incurred when the entire coal grinding subsystem is
shut down and the grinding table found to not actually require replacement. The only way to determine whether replacement is
necessary is to shut down and open the entire subsystem for visual inspection. The proposed algorithm supports condition-based
maintenance and involves the application of 𝑇2 control charts to distinct acoustic signal parameters in the frequency domain and
the construction of HiddenMarkovModels whose observations are coded samples from the control charts. In the present research,
the acoustic signals were collected by coal mill monitoring at the thermoelectric power plant “Kostolac” in Serbia. The proposed
approach provides information about the current condition of the grinding table.

1. Introduction

In today’s industry, fault detection and preventive mainte-
nance are the most important tasks in ensuring reliability
and safety of automated and highly complex processes.There
are two main approaches to fault detection and isolation
(FDI), which are referred to in the literature as model-
based fault detectionmethods and data-driven fault detection
techniques [1]. The former was initially proposed by Beard
[2] and Jones [3]. Rapid development ensued and today this
field of study is rather prominent in engineering and control.
Being founded upon a model, the model-based approach
enables model simulation. A detailed description of various
model-based detection techniques is available in Frank [4]
and Ding [5].

The data-driven approach constitutes a family of different
techniques based on analyzing real process data in different
ways, expecting that a fault will be revealed by altered
statistical, spectral, or other signal properties.These methods
are founded upon rigorous statistical development of process
data and are mostly used in cases where the model of

the process is either highly complex or unreliable. Many
data-driven techniques are described and discussed in the
literature, such as univariate statistical process control [6],
multivariate statistical process control [7], PCA (Principal
Component Analysis) based techniques [8], and PLS (Projec-
tion to Latent Structures) based approaches [9].

In order to prevent failure fromoccurring at all, industries
undertake preventive maintenance. The goal of preventive
maintenance is to extend the period of time during which
the system will function well and at the same time reduce
the number of unnecessary delays and failures [10–12].
Preventive maintenance can be conducted in several ways.
It can be time-based and carried out at given time intervals,
depending on the traveled distance, number of service hours,
number of operations, or the like. Time-based maintenance
is certainly preferable to simply waiting for failure to occur.
Still, it is not the optimal solution, given that the life cycle
of the components is shorter than it should be and results
in higher costs of replacement and much more frequent
maintenance. A good solution is presented in this paper;
it is a type of predictive maintenance, or condition-based
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maintenance, where maintenance activities are undertaken
on the basis of the condition of the parts and the system.Many
authors prefer condition-based maintenance to time-based
maintenance, for example, Ahmad and Kamaruddin [13] and
Yang [14]. Condition-based maintenance actually proposes
time-based maintenance in conjunction with numerous con-
dition monitoring techniques [15, 16].

In condition-basedmaintenance, failure prognostic is one
of the main processes as it allows the Remaining Useful Life
(RUL) to be predicted before failure occurs [15]. Contrary
to fault detection that isolates the probable cause of failure,
undertaken after failure has occurred (or a posteriori), a
failure prognostic predicts the time of failure a priori. A
number of methods and tools can be used to assess the RUL.
The methods can be classified into three main groups: (1)
model-based prognostic, (2) data-driven prognostic, and (3)
experience-based prognostic [16].

Model-based prognostic techniques rely on a dynamic
model of the system. This approach uses a mathematical
model of the process to incorporate physical understanding
of the system into the diagnostic problem. The outcomes
include end-of-life (EOL) and RUL predictions [17, 18].
The resulting behavioral models are used to predict future
evolution or degradation [19, 20]. The main advantage of this
method is the precision of the results, given that predictions
are derived from a mathematical model of degradation. Its
shortcoming is that it is not always easy to construct an
accurate model.

The data-driven prognostic approach involves the con-
version of collected process data into reliable models of
degradation patterns. The collected data are first analyzed
to extract important features then used to learn behavioral
model parameters, and finally tools like neural networks,
hidden Markov models [21], dynamic Bayesian networks,
and trend analyses are applied. If the system in question is
well monitored, the advantage of this approach is that the
future evolution of degradation can be predicted without the
need for a prior mathematical model of degradation. Still, the
results can be less accurate than those obtained by model-
based prognostics [16].

The experience-based prognostic method relies on
stochastic models of degradation phenomena, or the life
cycle of the components, taking into account the data and
knowledge accumulated over the entire service life of the
industrial system. Such data are used to adjust the parameters
of certain reliability models (Weibull law, exponential law,
etc.) [22]. The disadvantages are that the method requires
a lot of data and it is rather difficult to construct accurate
models if there are variable statistics.

The present paper will focus on the data-driven approach
and the application of hidden Markov models (HMMs).
Given that condition-basedmaintenance is in fact comprised
of time-based maintenance and condition monitoring tech-
niques, the idea was to apply an HMM through a statistical
approach and identify the current condition of the system
from observable signals collected while the system was
operating. Even though HMMs have primarily been used
in speech recognition [23], many applications pertaining to
industry and fault detection are described in the literature

[24–27]. Also, HMM-based diagnostic models founded upon
the condition of the system have been addressed by, among
others, Ertunc et al.,Wang et al., Li et al., Lee et al., andTobon-
Mejia et al. [21, 24–26, 28].

On the other hand, statistical process control and diverse
applications of control charts in industry and fault detection
have been under development for years [6–9], including
solutions for constraints encountered in practice, such as
autocorrelation of collected data [29], design of control
charts for data that are not normally distributed [30], and
construction of control charts with adaptive limits [31].

The approach proposed in this paper is new because
it offers compromises that exceed existing solutions. It is
based on the data-driven method since it does not require
knowledge of the model, while the nonstationary state of
the model is addressed through the introduction of an
HMM. By defining different states, the HMM involves both
a dynamic model and nonstationary observations. On the
other hand, the observations entering the HMM are not raw
measured data from the system but parameterized statistics
from control charts. In other words, the proposed procedure
extracts the best features of the existing approaches and
incorporates them into an innovative algorithm.

The proposed algorithm was applied to a process that
takes place at the KostolacThermoelectric Power Plant (Kos-
tolac TPP), where the coal grinding subsystem is one of the
key subsystems. The grinding table of the coal mill becomes
worn over time and needs to be replaced after a certain
number of service hours, through time-based maintenance.
Depending on the quality of the coal and of the grinding
table itself, sometimes replacement needs to be made before
or after the specified time, resulting in considerable losses if
the entire subsystemwas shut down even though replacement
was not necessary, or if failure occurs before replacement.
The only way to ascertain the condition of the grinding
table is to shut down the entire subsystem and open it
for visual inspection of the mill. The goal of applying the
algorithm was to improve energy efficiency at the Kostolac
TPP through condition-based maintenance, by providing
information about the current condition of the grinding
tables.

The paper proposes an algorithm that uses process
data collected while the process was taking place, apply-
ing statistical process control or 𝑇2 multivariate control
charts [32] to extracted acoustic signal parameters in the
frequency domain. The acoustic signals were acquired from
monitoring of a coal mill at the Kostolac TPP, while the
mill was operating. Then an HMM was constructed with
coded samples from the control charts as observations, to
arrive at information about the condition of the subsystem
or the probability that the grinding table has become worn.
Reports of other researches dealing with the detection of
certain types of failures at thermoelectric power plants can
be found in the literature [33, 34]. The condition-based
maintenance approach proposed in this paper differs from
the solutions described in the literature in that it is a
specific combination of control charts and an HMM, aimed
at determining the condition of the system in order to
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implement condition-based maintenance. Namely, one of
the references describes an application of control charts
whose construction is based on spectral analysis of signals
by Tiplica et al. [35]. The present research proposes the
application of 𝑇2 control charts to the spectral components
of the signals, which was demonstrated as highly efficient.
The literature also describes an application of control charts
and HMM [27, 28], but there the standard 𝑝-chart and the
Hotelling 𝑇2 control chart were used. However, the present
research proposes that first the control chart is applied to the
spectral components of the signals and then coded samples
from the control charts are taken as HMM observations.
Also, the proposed algorithm has been implemented at the
Kostolac TPP and demonstrated as highly efficient from the
condition information gathering perspective. The advantage
of the method is that it is noninvasive; it is not necessary
to shut down the entire subsystem in order to inspect the
mill.

The paper is organized as follows: Section 2 describes
the system and parameter extraction from acoustic sig-
nals. A detailed presentation of the proposed algorithm for
condition-based maintenance, along with the general theo-
retical background of 𝑇2 control charts, HMMs, and vector
quantization, is provided in Section 3. Section 4 contains
the results. Section 5 is the conclusion, which highlights the
advantages and shortcomings of the proposed method.

2. Description of the System
and Data Acquisition

Thermoelectric power plants are the largest generators of
electricity in Serbia, contributing more than 65% to the
overall power supply. To ensure their steady and efficient
operation, the main subsystems and individual components
need to be monitored in order to detect any performance
variation or fault and thus improve energy efficiency and
reduce potential financial losses incurred by the national
electric power industry.

One of the key TPP components is the coal grinding
subsystem. Its physical layout is shown in Figure 1. Raw coal
enters the subsystem through a feeder and goes down a
chute to the grinding table that rotates at a constant speed.
The coal is then moved outward by centrifugal force and
goes under three stationary rollers where it is ground. The
outgoing coal moves forward to the mill throat where it
is mixed with hot primary air. The heavier coal particles
immediately move back to the grinding table for additional
grinding, while lighter particles are carried by the air flow
to the separator. The separator contains a large amount of
particles suspended in the powerful air flow. Additionally,
some of the particles drawn into the primary air-and-coal
mix lose their velocity and fall onto the grinding table (as
shown) for further grinding, while the particles that are
fast enough enter the classifier zone. These particles are
swirled by deflector plates. Lighter particles are removed as
classified fuel in the form of fine powder that goes to burners,
while heavier particles bounce off the classifier cone and fall
back onto the grinding table for additional grinding. Both

the separator and the classifier contain a significant amount of
coal. These coal masses, along with the coal on the grinding
table and the three recirculating loads (primary, secondary,
and tertiary), play a key role in the dynamic performance of
the mill [36].

The paper analyzes one such system at the Kostolac TPP.
As previously described, the coal inside the mill is ground
by impact and friction against the grinding table that rotates
around the mill centerline. The only way to ascertain the
current condition of the grinding table is to shut down
the entire subsystem and open it for visual inspection. This
time-based maintenance method guarantees that grinding
tables will be replaced before they become dysfunctional;
otherwise, the cost of frequent shutdowns has to be paid.
If inspection shows that grinding table replacement is not
yet necessary, Serbia’s electric power industry will incur a
significant financial loss.

The proposed solution to this problem relies on condi-
tion-basedmaintenance following the data-driven prognostic
approach. This approach was selected because the model-
based method requires an accurate model of the system,
which is highly complex. Maffezzoni [37] presents a useful
physical model of the mill, a mass-balance model with 76
ODEs (Ordinary Differential Equations), better known as
a knowledge-based model. Other models are also available,
but the main challenge is to verify model accuracy with real
data that are not readily obtainable. On the other hand, the
experience-based prognostic approach was not considered
due to variable data statistics and an insufficient amount
of data. For all these reasons the data-driven approach was
selected.

The first step of the data-driven prognostic approach is to
collect data. In the present research, acoustic signals recorded
in the vicinity of the mill were used to detect the condition of
the mill.

The acoustic signals were acquired from a coal mill at
the Kostolac TPP, while it was operational. The main mill
rotation frequencywas about 12.5Hz and themill fromwhich
the signals were acquired had ten impact plates. Namely,
certain references claim that rotary component condition and
failure information is hidden in the spectral characteristics of
vibration signals [38], but it has been demonstrated that in
some cases acoustic signals are equally informative.

In 2001, Baydar and Ball [39] conducted a parallel analysis
of the frequency characteristics of vibration signals and
acoustic signals to detect various types of failures of rotary
components, concluding that both signals can be used equally
effectively.The present research uses acoustic signals because
they are simpler and less costly to record than vibration
signals. They can also be acquired without interfering with
mill operation because they are recorded externally.

The acoustic signals were acquired by means of a direc-
tional microphone at a distance of several millimeters, while
the coal grinding subsystem was operational. The sampling
frequency was 48 kHz. Data acquisition was conducted every
twoweeks on average, and it lasted for severalminutes. Table 1
shows the dates of recording, the dates of grinding table
replacement, and the duration of each signal.
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Figure 1: Configuration of the coal grinding subsystem.

For faster implementation of the algorithm, the sampling
frequency was decimated from 48 kHz to 4.8 kHz, and the
duration of the analyzed signals was one minute.

A spectrogram was used to assess the acoustic signals
in the frequency domain, which represented very well the
spectral components of the signals in three dimensions: time
information along the horizontal axis, frequency information
along the vertical axis, and amplitude depicted by a color-
coded scale. Color intensity illustrated the strength of the
spectral components. Figure 2 shows the spectrogram of an
acoustic signal recorded on March 30, 2012, six days after
grinding table replacement.

Figure 2 clearly shows the dominant frequencies and
indicates that they are the high harmonics of the basic
frequency of mill rotation, which was 𝑓

0
= 12.5Hz. Also,

the dominant peaks in the spectrum occurred at frequencies

Table 1: Acquired acoustic signals.

Date of acquisition Signal duration Time since last
maintenance

Grinding table replaced on January 19, 2012
February 2, 2012 10min 51 s 14 days
February 24, 2012 8min 8 s 36 days
March 1, 2012 8min 8 s 42 days
March 15, 2012 7min 3 s 54 days

Grinding table replaced on March 24, 2012
March 30, 2012 6min 6 days
April 5, 2012 5min 12 days
April 19, 2012 6min 26 days

10𝑓
0
, 20𝑓
0
, and so forth, attributable to the fact that there

were ten impact plates inside the mill, such that the basic
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Figure 2: Spectrogram of acoustic signal.

frequency of grinding table travel alongside the microphone
was 10𝑓

0
.

Given that the microphone was positioned so as to be
as close as possible to the grinding table, these spectral
components were much more pronounced than the other
components.

3. Structure of Proposed Algorithm for
Condition-Based Maintenance

Following data acquisition, the next step was to extract
proper characteristics of the recorded acoustic signals in the
frequency domain, in order to obtain vector of observations
for analysis with 𝑇2 control charts. A spectrogram was used
for acoustic signal representation. If recorded acoustic signal
is denoted as 𝑦[𝑛], spectrogram of acoustic signal 𝑆

𝑝
is often

denoted as Short Time Fast Fourier Transform (STFFT) in
literature [40] and computed as FFT (Fast Fourier Transform)
on sliding window data. Therefore, spectrogram represents a
function of time and frequency arguments:

𝑆
𝑝
= STFFT {𝑦 [𝑛]} = 𝑆𝑝 [𝑓, 𝑛] , (1)

where 𝑓 denotes the frequency and 𝑛 the time argument of
spectrogram.

The extracted quality characteristics in the frequency
domain are the values of 𝑆

𝑝
across the time at the frequencies

which represents the values around the high harmonics or the
high harmonics themselves. Fourteen selected frequencies
are shown in vector 𝑓

𝑝
:

𝑓
𝑝
= [14 18.7 23.4 28.1 32.8 60.93 126.5 178.1 187.5 262.5 346.8 754.6 1200 2025] . (2)

Accordingly, 14-dimensional vector of observations is formed
at each time point:

𝑋 [𝑛] = [𝑥1 [𝑛] 𝑥2 [𝑛] ⋅ ⋅ ⋅ 𝑥14 [𝑛]]
𝑇

, (3)

whose coordinates are calculated as follows:

𝑥
𝑖 [𝑛] =

𝑛

∑

𝑗=𝑛−𝐿
𝑤

𝑆
𝑝
[𝑓
𝑖
, 𝑗] , (4)

where 𝑓
𝑖
represents the 𝑖th coordinate of frequency vector 𝑓

𝑝

and 𝐿
𝑤
is the length of window function. This is a procedure

for generation of initial observation vectors.
After obtaining the vector of observations, 𝑇2 control

charts were constructed. Generally speaking, a control chart
is a statistical tool used to detect failure. Control charts
make a clear distinction between ubiquitous, indeterminate
disturbances (i.e., the so-called common causes of variations
in the process), and failures of the system. A system affected
by such common causes of variation is deemed to be under
statistical control.

A control chart generally comprises a center line (CL),
upper control limit (UCL), and lower control limit (LCL).
The center line represents the mean value of the quality
characteristic of interest, detected while the process is under
statistical control. The control limits are selected such that

while the process is under statistical control, nearly all the
points in the control chart will fall between these two lines.

The first step in constructing control charts requires
an analysis of preliminary data, which are under statistical
control.This step is called Phase I and data used in this phase
are called historical data set. In Phase II, the control chart is
used tomonitor the process by comparing the sample statistic
for each successive sample as it is drawn from the process to
the control limits established in Phase I.

If only one quality characteristic of interest is monitored,
univariate control charts are used. Many types of control
charts are available and selection can be made depending on
the type of process. When several correlated quality char-
acteristics are monitored, multivariate control charts, which
take the correlation into account, are used. For example,
𝑇
2, MEWMA, and CUSUM charts are described in the

literature [6]. A multivariate analysis with 𝑇2 control charts
was undertaken in the present research.

The most familiar multivariate control procedure is the
Hotelling 𝑇2 control chart, for monitoring the mean vector
of a process. Hotelling was the first to propose a multivariate
control chart based on statistical distance.

Based on observation vectors, 𝑇2 sequence of values may
be calculated according to the following equation:

𝑇
2
[𝑛] = (𝑋 [𝑛] −𝑋)

𝑇

𝑆
−1
(𝑋 [𝑛] −𝑋) , (5)



6 Shock and Vibration

where 𝑋 and 𝑆 denote the sample estimators of mean value
vector and the covariance matrix, respectively. Assuming
that, during the data acquisition sequence of𝑁 observations
{𝑋[0], 𝑋[1], . . . , 𝑋[𝑁−1]} is generated, simple estimations of
vector of mean values and covariance matrix can be carried
out:

𝑋 =
1
𝑁

𝑁−1
∑

𝑖=0
𝑋 [𝑖] ,

𝑆 =
1
𝑁 − 1

𝑁−1
∑

𝑖=0
(𝑋 [𝑖] −𝑋) (𝑋 [𝑖] −𝑋)

𝑇

.

(6)

The control limits in Phase II are

UCL =
𝑝 (𝑛 + 1) (𝑛 − 1)

𝑛
2
𝑛𝑝

𝐹
𝛼,𝑝,𝑛−𝑝

,

LCL = 0,
(7)

where 𝐹
𝛼,𝑝,𝑛−𝑝

is the upper 𝛼 percentage point of the 𝐹
distribution with parameters 𝑝 and 𝑛 − 𝑝 (𝑝 represents
number of variables which is in our case 14). When the
number of preliminary samples 𝑛 is large (𝑛 > 100),
approximated control limits are generally used in practice,
such as

UCL =
𝑝 (𝑛 − 1)
𝑛 − 𝑝

𝐹
𝛼,𝑝,𝑛−𝑝

, (8)

or

UCL = 𝜒2
𝛼,𝑝
, (9)

where 𝜒2
𝛼,𝑝

is the upper 𝛼 percentage point of the chi-square
distribution with 𝑝 degrees of freedom. For 𝑛 > 100, (9) is a
reasonable approximation. In Phase I, the limits are based on
beta distribution:

UCL = (𝑛 − 1)
2

𝑛
𝛽
𝛼,𝑝/2,(𝑛−𝑝−1)/2, (10)

where 𝛽
𝛼,𝑝/2,(𝑛−𝑝−1)/2

is the upper 𝛼 percentile of beta distri-
bution with parameters 𝑝/2 and (𝑛 − 𝑝 − 1)/2.

As apparent from (5), the 𝑇2 statistic is a scalar. Conse-
quently, the values of the𝑇2 statistic can be plotted at different
points in time and, with appropriate control limits, a 𝑇2
control chart is produced. Each point on this chart represents
information obtained from all 𝑝 variables [6].

According to the relation (5) the time sequence of 𝑇2
values is formed, denoted as {𝑇2[0], 𝑇2[1], . . . , 𝑇2[𝑛]}, where
𝑛 denotes sequence number of sliding window data. After
analysis of Figure 8 which shows the estimated probability
density functions of the 𝑇2 control chart samples for the
signals recorded two, five, and eight weeks after grinding
table replacement, it is apparent that the 𝑇2 statistics change
over time and that they are a function of the condition
of the grinding table (i.e., they change as the condition of
the grinding table changes). In order to account for system
dynamics, instead of the very last control chart sample, the

�1 �2 �3 �M· · ·

· · ·

b11
b21

b12 b13

b23b22
bN2 bN3

b1M

b2M

bNM

bN1

a11 S1

a12

S2 SNa21

a22

aN2

aNN
a2N

Figure 3: Hidden Markov Model.

last ten samples were used for characterization of the actual
state of grinding tables. In other words, vector

𝑂 [𝑛] = [𝑇
2
[𝑛 − 9] 𝑇2 [𝑛 − 8] ⋅ ⋅ ⋅ 𝑇2 [𝑛]]𝑇 (11)

will be used for further estimation of system states. However,
if this vector had been introduced as observation in HMM, it
would be necessary to estimate joint probability function for
this tenth dimensional vector. In order to avoid this complex
numerical problem, it has been decided, as it is usual in
the literature, to apply the procedure of vector quantization.
In this purpose, the method of 𝑘-means clustering is used
[41, 42]. The result of 𝑘-means clustering is sequence of 𝑘
cluster centers (centroids). In our case, based on try-and-
error approach, it turned out that for 𝑘 = 4 satisfying
results and cluster centers (𝐶

𝑖
, 𝑖 = 1, 2, 3, 4) are obtained.

Accordingly, the final vectors of observations𝑂[𝑛] are formed
and forwarded to HMM in the following way:

min
𝑗


𝑂 [𝑛] −𝐶𝑗



2
=
𝑂 [𝑛] −𝐶𝑘

 => 𝑂 [𝑛] = 𝐶𝑘. (12)

After the samples were coded as described above, the next
step was to construct the HMM. An HMM (Hidden Markov
Model) is a statistical model used to describe the transition
of a system between states. It is an extension of the ordinary
Markov chains with nonobservable or partially observable
states. The general organization of a discrete HMM with 𝑁
states, 𝑆 = (𝑠

1
, 𝑠
2
, . . . , 𝑠

𝑁
) and 𝑀 observation symbols 𝑉 =

(V1, V2, . . . , V𝑀), is shown in Figure 3.The states are connected
in such a way that it is possible to move from any one to the
other. The hidden state at time 𝑡 is denoted by 𝑞

𝑡
, and the

move from one state to the other is subject to Markov’s rule
(that state 𝑞

𝑡
depends solely on state 𝑞

𝑡−1
). In addition to the

number of states,𝑁, and the number of observation symbols,
𝑀, several other HMM characteristics need to be defined.

The transition matrix A = {𝑎
𝑖𝑗
} represents the probability

of moving from state 𝑖 to state 𝑗. The coefficients 𝑎
𝑖𝑗
are

nonnegative in the general case and equal to zero if there
is no direct switching from one state to another. The sum
of probabilities in each matrix of type A needs to be equal
to 1. The observation matrix (also called emission matrix),
B = {𝑏

𝑗
(𝑘)}, shows the probability that observation 𝑘 was

produced by the 𝑗th state.
The sequence of initial states 𝜋 = {𝜋

𝑖
} carries information

about initial probabilities, indicating the likelihood that
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Time counter

Acquisition of data from 
sliding window

Computing of spectrogram 
(Eq. (1))

Calculation of vector
(Eq. (3), (4))

Calculation of observations

Calculation of HMM 
observations

(Eq. (12))

HMM updating

Estimated 
state

Initialization of sequence 
number of window data

n ⇐ 0

y[0], y[Lw − 1]

(Eq. (11))O[n]

Ô[n]

Sp[f, n]

X[n]

n ⇐ n + 1

. . . ,

(b) On-line procedure

Figure 4: Flow diagram of the proposed algorithm.

a new input sequence will move from a given state. Finally,
the HMM can be defined by the triplet:

𝜆 = (A,B,𝜋) . (13)

There are three fundamental problems that can be solved
by means of HMMs. The first is the so-called evaluation
problem, where the probability of a sequence of observations
𝑂 = {𝑂

1
, . . . , 𝑂

𝑇
} needs to be determined for the given

model. The solution to this problem is of the form of a
forward algorithm, which sums up all model pathways. In
this way the probability of a given sequence 𝑃(𝑂 | 𝜆) will
be computed. The second problem is to determine the most
probable sequence of states for the given model (13) and
sequence 𝑂. The Viterbi algorithm has been proposed as
a solution. The third problem is HMM training. Namely,

a model (13) that maximizes the probability of 𝑂 needs
to be found for a given sequence of observations 𝑂 and
model dimensions𝑁 and𝑀. The Baum-Welch algorithm or
forward-backward algorithm is commonly used to reestimate
model parameters. A detailed description of HMMs and the
solutions to these three problems are available in [23]. A
combination of the problems can facilitate solutions to many
other,more complicated formulations. It is for this reason that
HMMs are so popular.

Figure 4 shows how the proposed algorithm for condi-
tion-based maintenance is organized. For the purpose of the
practical implementation of the proposed method it should
be clarified that certain activities are realized only once (like
off-line procedure) in order to determine the necessary statis-
tics and HMM training. On the other hand, once the off-line
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Figure 5: 𝑇2 control chart for acoustic signal recorded two weeks
after grinding table replacement.

procedure is over, the algorithm can be implemented in
real time and thus providing on-line monitoring of the mill
grinding plates’ states.

To define clearly the order of operations, two flow-chart
diagrams have been prepared. Flow chart on Figure 4(a)
shows the sequence of activities for the off-line procedure
that precedes the real-time application, while flow-chart on
Figure 4(b) shows the sequence of activities in the on-line
part of the algorithm.

4. Results

The acoustic signal recorded on March 30, 2012, was used
for 𝑋 and 𝑆 estimations in (6), knowing that a new grinding
table was operational. In this way, this signal was observed
as historical data set. This was in effect Phase I of statistical
control, where the entire TPP subsystemwas under statistical
control.The estimated values of𝑋 and 𝑆 in Phase I were to be
used in Phase II of the multivariate analysis. The dominant
frequencies of the acoustic signal were expected to change
over time, or it was expected that the grinding table would
gradually become worn and that there will be an increasing
number of outliers, until the time of utter wear, when most
of the points would be beyond the control lines. The samples
from the control charts could be used as HMM observations,
to indicate the condition of the grinding table.

The chi-square control limit was taken as the UCL, as
in (9). For the 14 quality characteristics, UCL = 36.12 and
LCL = 0.

Figure 5 shows the𝑇2 control chart for the acoustic signal
recorded on February 2, 2012, two weeks after grinding table
replacement.

Figure 6 shows the 𝑇2 multivariate control chart for the
acoustic signal recorded on February 24, 2012, fiveweeks after
grinding table replacement.
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Figure 6: 𝑇2 control chart for acoustic signal recorded five weeks
after grinding table replacement.
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T2 control chart for acoustic signal recorded on March 15, 2012

Figure 7: 𝑇2 control chart for acoustic signal recorded eight weeks
after grinding table replacement.

Figure 7 shows the𝑇2 control chart for the acoustic signal
recorded on March 15, 2012, eight weeks after grinding table
replacement.

It is apparent from Figures 5, 6, and 7 that the number
of points above the UCL on the 𝑇2 control chart grew as the
grinding table became increasingly worn.

Eight weeks after replacement, nearly all the points were
beyond the UCL. To corroborate the results, the multivariate
analysis was repeated using the signals recorded on 5th and
19th of April 2012. Table 2 shows the exact number of outliers
for all the recorded signals.

The difference in the number of points above the UCL
for the signals recorded on February 2 and April 19, 2012, can
be explained. Namely, both signals were acquired two weeks
after grinding table replacement, but the results are different
for two reasons: (1) the signal acquisition conditions were not
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Table 2: Number of data points above the upper control limit.

Date of signal
acquisition

Number of
weeks after

grinding table
replacement

Number of data
points above

UCL

Data points
above UCL [%]

Feb. 2, 2012 2 8 1.43%
Feb. 24, 2012 5 383 68.27%
Mar. 15, 2012 8 476 84.85%
Apr. 5, 2012 2 94 16.75%
Apr. 19, 2012 4 323 57.58%

0 50 100 150 200
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

D
en

sit
y

Data

Estimated probability density function

Two weeks after grinding table replacement
Five weeks after grinding table replacement
Eight weeks after grinding table replacement

−50

Figure 8: Estimated probability density functions for signals record-
ed two, five, and eight weeks after grinding table replacement.

ideal in terms of noise. All the recorded signals reflect this
noise as well as other disturbances (e.g., when a large chunk
of coal or stone hit the mill). The signals were not filtered,
so as not to lose information. All this could have influenced
the accuracy of the results. (2) Grinding table wear depends
on the quality of the coal and of the grinding table itself.
It is therefore impossible to ascertain what the right time
for grinding table replacement would be, unless the entire
subsystem is shut down and opened for visual inspection.

After constructing the 𝑇2 control charts, vector quanti-
zation was undertaken, as described in the previous section,
in order to represent the control chart samples as a sequence
of observations for the HMM. Figure 8 shows the estimated
probability density functions of the 𝑇2 control chart samples
for the signals recorded two, five, and eight weeks after
grinding table replacement. As it is pointed out in Section 3,
it is apparent that the 𝑇2 statistics change over time and that
they are a function of the condition of the grinding table (i.e.,
they change as the condition of the grinding table changes).

The final step of the proposed algorithm was to con-
struct the HMM. The states of HMM are chosen so as
to represent physical condition of mill grinding plates. In
order to illustrate the proposed method, it is assumed that
HMM has three states. The first state is the condition of the
grinding table immediately after replacement (i.e., that of a
new grinding table). Having in mind that the average length
of mill grinding table duration is 1500 h approximately, the
fact that HMM is in the first state could be interpreted as
the grinding tables being in the first third of their life. The
second state was the “intermediate state,” where the grinding
table becomes partially worn out, but there is still time before
replacement is needed. Consequently, the system staying in
second state can be interpreted as the grinding tables entering
the second third of their lifetime. The third state means
that the condition of the grinding table had deteriorated
to the point where replacement is necessary. As shown,
research started from the assumption that HMM has only
three states; if it is needed that the grinding table conditions
are characterized with greater precision, the number of states
could be increased. In this way estimating the Remaining
Useful Life (RUL) would be much more reliable.

After the sequence of observations was calculated, the
third problem (HMM training) needed to be addressed. The
Baum-Welch algorithm was applied and then the values of
transition matrix 𝐴 and emission matrix 𝐵 were obtained as

𝐴 =
[
[

[

0.9982 0.0018 0
0 0.9982 0.0018
0 0 1

]
]

]

,

𝐵 =
[
[

[

1.0000 0.0000 0 0

0 0.8167 0.1115 0.0718
0 0.2776 0.3844 0.3379

]
]

]

.

(14)

FollowingHMMtraining, the second problem (described
in Section 3) was addressed by means of the Viterbi algo-
rithm. Figure 9 shows the sequence of observations and
corresponding HMM states.

It is apparent in Figure 9 that the HMM provides infor-
mation about a change in the condition of the grinding table.
It is obvious that the time of HMM entry into the third state
(worn out grinding table) coincides with the beginning of
observations that correspond to the control chart samples for
the signal recorded eight weeks after replacement.

5. Conclusion

Thepaper puts forward an innovative approach to condition-
based maintenance, which was applied to a coal grinding
subsystem at the Kostolac TPP in Serbia. The proposed
method is a trade-off between solutions already offered in
the literature, as it is based on the data-driven approach that
does not require knowledge of a model, while an HMM is
introduced to account for the fact that the process is nonsta-
tionary, where different states are defined to reflect a dynamic
system and nonstationary observations. The application of
𝑇
2 multivariate control charts to spectral components was
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demonstrated as highly efficient.The results were as expected:
as the coal mill grinding table became worn over time,
the number of outliers (points above the upper control
line) increased. After the control charts were constructed,
the control chart samples were coded by means of vector
quantization and taken as observations for the HMM. The
combination of control charts and the HMM was highly
effective; based on control chart samples, the HMMprovided
the needed information about the condition of the grinding
table. The goal of the proposed method is to improve energy
efficiency at the Kostolac TPP, which is likely achievable
if the proposed algorithm is applied to on-line data. The
advantage of the method is that it is noninvasive; it does not
require the entire coal grinding subsystem to be shut down
for inspection and thus prevents significant financial losses.
The disadvantage of the method is that acoustic signals are
recorded in the presence of unavoidable noise, which can
affect the accuracy of the results. Signals need to be acquired
bymeans of a directional microphone, at a distance of several
millimeters to minimize the noise effect. Additionally, a large
amount of data is needed for proper HMM training. Still, the
proposed method is able to improve the operational stability
and reliability of one of the key subsystems at thermoelectric
power plants.
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Vibrations are vital for derailment safety and passenger comfort which may occur on rail vehicles due to the truck and nearby
conditions. In particular, while traversing a bridge, dynamic interaction forces due to moving loads increase the vibrations even
further. In this study, the vertical vibrations of a rail vehicle at the midpoint of a bridge, where the amount of deflection is
expected to be maximum, were determined by means of a 1 : 5 scaled roller rig and Newmark-𝛽 numerical method. Simulations
for different wagon masses and vehicle velocities were performed using both techniques. The results obtained from the numerical
and experimental methods were compared and it was demonstrated that the former was accurate with an 8.9% error margin.
Numerical simulations were performed by identifying different test combinations with Taguchi experiment design. After evaluating
the obtained results by means of an ANOVA analysis, it was determined that the wagonmass had a decreasing effect on the vertical
vibrations of the rail vehicle by 2.087%, while rail vehicle velocity had an increasing effect on the vibrations by 96.384%.

1. Introduction

Design and production of high-speed trains require a thor-
ough understanding of the dynamic behaviour of these
vehicles moving on ground and flexible structure. In order to
determine the vibrations occurring on rail vehicles on flexible
structure under different loading conditions, a number of
numerical and experimental studies have been presented
in literature. A review of previous studies in the literature
indicated that the utilized mathematical models to assess
bridge-vehicle interaction have been developed using either
the Euler-Bernoulli theory [1–6] or the Timoshenko beam
theory [5, 7, 8]. Rail vehicles have been modelled as having
two wheel sets [9–11] and two-stage suspensions [10, 12] and
both with each axis being defined as a sprung mass. The
contact points between the rail vehicle and the bridge have
been modelled based on the assumption that the wheel sets

aremoving loads [3, 7] ormovingmasses [1, 3, 5].The vehicle-
bridge interactions have been modelled either by using the
mode superposition method, where the bridge, vehicle, and
rail irregularities interact with one another [4, 12], or by using
the discrete finite element method [2, 9, 13]. The interactions
between the modelled rail vehicle and the bridge have been
numerically determined using the Newton-Raphson and
Newmark methods [11]. The effect of velocity, load, and
damping on the vehicle and bridge has been investigated by
using a three-dimensional train and a finite element model
of the bridge [14]. Since the most commonly encountered
rail irregularities have been undulations, wearing, and rail-
road deteriorations due to certain ground movements, some
researchers have investigated the effects of the rail defects on
the dynamic behaviour of the vehicle and the bridge [6, 15, 16].
The deteriorating effects of the rails and the railroad have
been used as inputs in the system as random and nonrandom
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impacts [6]. Determination of driving comfort in high-speed
trains passing over a bridge has been performed [17]. To
this end, the rail vehicle, rail, rail pad, sleeper, ballast, and
the bridge have been modelled interactively. The effects of
velocity, rail irregularities, and the primary and secondary
suspension systems on driving comfort have been examined
separately, and it has been determined that the effect of rail
irregularity has been more significant than the effects of
the other parameters. In another study, the theoretical and
applied interaction between the high-speed train and the
bridge have been compared to each other [18]. Besides, the
acceleration values of the bogie were measured by means
of sensors, and the acceleration values of the rail vehicle
have been estimated using the Principle Component Analysis
(PCA) and Partial Least Square (PLS) techniques [19].

Since safety of the rail transport with increasing trans-
portation speeds is of importance in terms of derailment and
passenger comfort, some more precise studies have to be
performed. However, considering realistic test conditions, a
fully realistic experimental study cannot be performed since
the rail vehicles and other units of railway systems may be
costly. From this point of view, some economic small scale
test equipment and numerical models have been generally
used to estimate the dynamic behaviour of the rail vehicle
within the desired scenarios. The first small scale roller rig
[18, 20] has been produced in order to determine the wheel-
rail interaction. In the Chesapeake and Ohio Baltimore and
Ohio railways, bogie designs for the double modal load
wagon were tested in a 1 : 10 roller rig. In Japan, 1 : 5 and 1 : 10
scaled roller rigs have been used [4] to test the oscillation
features of the high speed vehicles. The 1 : 5 scaled roller rigs
have been constructed by Princeton University in USA [21]
and have been used to investigate contact forces between
wheel and flange and overturning modes of the rail vehicle.
On the other hand, theoretical models developed for vehicle
instability have been tested using 1 : 5 scaled roller rigs at
Manchester Metropolitan University in England [22, 23].The
first small scale roller rig inGermany [24] has been developed
by RWTH Aachen Technical University. A 1 : 5 scaled roller
rig has been developed in the German Aerospace Center [22]
on the basis of the ratio theory. At the National Institute for
Transport and Security Research in France, a 1 : 4 scaled roller
rig has been formed [25], and the rail vehicle suspension
system has been designed. On the other hand, the 1 : 4 and 1 : 5
scaled roller rigs developed by the Politecnico University [26]
has been used to investigate the stability conditions, contact
forces, and adhesion of rail vehicles [27, 28].

The studies of the accelerating motion of a rail vehi-
cle on flexible structures as a bridge are limited and this
phenomenon has not been fully studied yet. In addition,
experimental studies on rail vehicle-bridge interaction using
1 : 5 scaled roller rig have not been studied yet. In this study,
experimental and numerical methods have been applied in
order to determine the influences of vehicle velocity and
wagon mass for the following specific case: vehicle moves
at constant acceleration on a bridge and vehicle is at the
midpoint of the bridge. Experimental studies are carried
out using a 1 : 5 scaled roller rig. The interaction of the rail
vehicle and the bridge is modelled using mode superposition

of the bridge and its coupled equation of motion with an
accelerating vehicle.Then the coupled equation of themotion
of the whole system is solved using the Newmark-𝛽 method.
Then, the experimentally and numerically obtained results
are compared and the accuracy of the mathematical model
is tested. Numerical simulations are achieved by determining
different test combinations using the Taguchi design of
experiment (DOE). The obtained results are assessed using
ANOVA analysis; then, effects of the wagon mass and the
vehicle velocity on the vertical vibrations of a rail vehicle
crossing over the midpoint of the bridge.

2. Bogie-Bridge Interaction Model

2.1. Bogie Model. Rail vehicles could be modelled using
different degrees of freedom [2, 6, 9]. Figure 1(a) shows a
quarter-vehicle model passing over a bridge with a length
of 𝐿 with constant acceleration.

The bogie model shown in Figure 1(b) is modelled with
5 degrees of freedom of the vertical displacement of the rail
vehicle 𝑍V, the vertical displacement of the bogie frame 𝑍𝑏𝑗,
the angular displacement due to pitch motion of the bogie
frame 𝜃, and the vertical displacements of front and back
wheels of the bogie, 𝑍𝑡1 and 𝑍𝑡2, respectively.

Therefore, the equation of the vertical motion for the
wagon,

𝑚V�̈�V + 𝑐2�̇�V − 𝑐2�̇�𝑏𝑗 + 𝑘2𝑧V − 𝑘2𝑧𝑏𝑗 = 0, (1)

the definition for the vertical motion for the bogie frame,

𝑚𝑏𝑗�̈�𝑏𝑗 − 𝑐2�̇�V + (𝑐2 + 𝑐11 + 𝑐12) �̇�𝑏𝑗 + (𝑐11𝑙𝑎 − 𝑐12𝑙𝑏) �̇�

− 𝑐11�̇�𝑡1 − 𝑐12�̇�𝑡2 − 𝑘2𝑧V + (𝑘2 + 𝑘11 + 𝑘12) 𝑧𝑏𝑗

+ (𝑘11𝑙𝑎 − 𝑘12𝑙𝑏) 𝜃 − 𝑘11𝑧𝑡1 − 𝑘12𝑧𝑡2 = 0,

(2)

the definition for the pitch motion for the bogie frame,

𝐽𝑏𝑗�̈� + (𝑐11𝑙𝑎 − 𝑐12𝑙𝑏) �̇�𝑏𝑗 + (𝑐11𝑙
2
𝑎
+ 𝑐12𝑙

2
𝑏
) �̇� − 𝑐11𝑙𝑎�̇�𝑡1

+ 𝑐12𝑙𝑏�̇�𝑡2 + (𝑘11𝑙𝑎 − 𝑘12𝑙𝑏) 𝑧𝑏𝑗 + (𝑘11𝑙
2
𝑎
+ 𝑘12𝑙

2
𝑏
) 𝜃

− 𝑘11𝑙𝑎𝑧𝑡1 + 𝑘12𝑙𝑏𝑧𝑡2 = 0,

(3)

and the definition for the vertical motion for the wheel sets,

𝑚𝑡1�̈�𝑡1 − 𝑐11�̇�𝑏𝑗 − 𝑐11𝑙𝑎�̇� + (𝑐11 + 𝑐𝑡1) �̇�𝑡1 − 𝑐𝑡1�̇�𝑐𝑡1

− 𝑘11𝑧𝑏𝑗 − 𝑘11𝑙𝑎𝜃 + (𝑘11 + 𝑘𝑡1) 𝑧𝑡1 − 𝑘𝑡1𝑧𝑐𝑡1 = 0,

𝑚𝑡2�̈�𝑡2 − 𝑐12�̇�𝑏𝑗 + 𝑐12𝑙𝑏�̇� + (𝑐12 + 𝑐𝑡2) �̇�𝑡2 − 𝑐𝑡2�̇�𝑐𝑡2

− 𝑘12𝑧𝑏𝑗 + 𝑘12𝑙𝑏𝜃 + (𝑘12 + 𝑘𝑡2) 𝑧𝑡2 − 𝑘𝑡2𝑧𝑐𝑡2 = 0,

(4)

are obtained as above. Here, 𝑚V is the mass of the half
wagon; 𝑚𝑏𝑗 is the bogie mass; 𝐽𝑏𝑗 is the moment of inertia
of the bogie; 𝑚𝑡1 and 𝑚𝑡2 are the wheel masses; 𝑙𝑎 is the
distance between the front wheel axis and the center of bogie;
𝑙𝑏 is the distance between the rear wheel axis and the center
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Figure 1: (a) Bogie moving on a railway bridge with constant acceleration; (b) bogie-bridge model with 5 degrees of freedom.

of bogie; 𝑘11, 𝑐11, 𝑘12, 𝑐12 are the front and back suspension
parameters of the bogie primary suspension system, respec-
tively; 𝑘𝑡1, 𝑐𝑡1, 𝑘𝑡2, 𝑐𝑡2 are the parameters for Hertzian contact
occurring between the front and back wheels and the rail,
respectively; 𝑘2, 𝑐2 are the secondary suspension parameters;
𝑍𝑐𝑡1 and 𝑍𝑐𝑡1 are the displacements of the front and back
wheels at the contact points, respectively; �̇�𝑐𝑡1 and �̇�𝑐𝑡2 are
the displacement rates of the contact points for the front and
back wheels, respectively. From (1)–(4), the general equation
of the motion for the quarter vehicle is obtained as follows:

[𝑀𝑠V] {�̈�𝑠V} + [𝐶𝑠V] {�̇�𝑠V} + [𝐾𝑠V] {𝑍𝑠V} = {𝑄𝑠V} . (5)

Matrixes of general mass (𝑀𝑠V), general damping (𝐶𝑠V), and
general stiffness (𝐾𝑠V) and vectors of general displacement
(𝐾𝑠V) and general force (𝑄𝑠V) for the quarter vehicle are
calculated based on (5) (Appendix A).

2.2. Bridge Model. As the ratio of the bridge length to the
cross section is relatively small, the uniform simply supported
Euler-Bernoulli beam model and the mode superposition
method are selected [2, 29]:

𝐸𝐼
𝜕4𝑧𝑘 (𝑥, 𝑡)

𝜕𝑥4 +𝜌
𝜕2𝑧𝑘 (𝑥, 𝑡)

𝜕𝑡2
+𝜇

𝜕𝑧𝑘 (𝑥, 𝑡)

𝜕𝑡

= −𝐹 (𝑥, 𝑡) 𝛿 (𝑥−
𝑎𝑡2

2
) .

(6)

In (6), 𝐸𝐼 is the flexural rigidity of the beam, 𝐸 is Young’s
modulus of the beam, 𝐼 is the moment of inertia of the cross
section of the beam, 𝜌 is the mass of the beam per unit
length, 𝜇 is the damping coefficient per unit length, 𝐹(𝑥, 𝑡) is

the coupled force on the beam,𝑍𝑘 is the beam’s displacement
on the contact point 𝑡 of the vehicle on the bridge, and 𝛿 is
the function of Dirac [3].

The forces caused by the vehicle on the bridge during its
pass over the bridge based on the position of the front and
rear wheels are

∫
𝑚

2

𝑚1
𝑓 (𝑥) 𝛿 (𝑥 − 𝑡) 𝑑𝑥 =

{{{{
{{{{
{

0, 𝑡 < 𝑚1

𝑓 (𝑡) , (𝑚1 ≤ 𝑡 ≤ 𝑚2)

0, 𝑡 > 𝑚2,

(7)

where 𝑚1 stands for the time at which the front wheel enters
the bridge and 𝑚2 stands for the time atwhich the backwheel
leaves the bridge. According to the Galerkin method, the
vertical displacement in the bridge can be found as [2]

𝑧𝑘 (𝑥, 𝑡) =
𝑁

∑
𝑖=1

𝜙𝑖 (𝑥) 𝜂𝑖 (𝑡) , (8)

where 𝜙𝑖(𝑥) are the transverse Eigen functions (i.e., modal
shapes) of the beam and 𝜂𝑖(𝑡) are the generalized coordinates
for the elastic deflection of the beam element. Normalized
Eigen functions of a simply supported beam are given below
[2]:

𝜙𝑖 (𝑥) = 𝐴 sin 𝑖𝜋𝑥

𝐿
. (9)

The modal equation of the bridge is

�̈�
𝑛
+ 2𝜁𝑛𝜔𝑛�̇�𝑛 +𝜔2

𝑛
𝜂𝑛 = −𝐹1 (𝑡) 𝜙1𝑛𝛿1 −𝐹2 (𝑡) 𝜙2𝑛𝛿2. (10)
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In (10), 𝜁𝑛 and 𝜔𝑛 are the modal damping and the modal
natural frequency matrixes, respectively. The sizes of these
matrixes are defined by modal coordinate vector 𝜂𝑛, express-
ing the mode of vibration of the bridge.The modal equations
are composed of independent equations with single degree
of freedom, each of which expresses one vibration mode
of the bridge. In order to solve this equation, piecewise
interpolation techniques such as the Newmark and the
Runge-Kutta methods are used. The characteristic equations
describing the effects of the front wheel (11) and the back
wheel (12) on the bridge are as follows:

𝜙1𝑛 = 𝜙𝑛 (
𝑎𝑡2

2
) = √

2
𝜌𝐿

sin 𝑛𝜋𝑎𝑡2

2𝐿
, (11)

𝜙2𝑛 = 𝜙𝑛 (
𝑎𝑡2

2
− 𝑙) = √

2
𝜌𝐿

sin
𝑛𝜋 (𝑎𝑡2 − 2𝑙)

2𝐿
. (12)

The Dirac functions for the front wheel (13) and the back
wheel (14) are given as follows:

𝛿1 (𝑡) =
{
{
{

1, 0 ≤ 𝑡 ≤
𝑙

𝑎𝑡
,

0, else,
(13)

𝛿2 (𝑡) =

{{{
{{{
{

1,
𝑙

𝑎𝑡
≤ 𝑡 ≤

𝑙 + 𝐿

𝑎𝑡
,

0, else.
(14)

In this context, the vertical displacements that the front
and back wheels cause at contact points on the rail 𝑍𝑘 are
calculated using the vertical displacement of the bridge 𝑟 and
the rail irregularities. The total displacement values that the
front and the back wheels cause at the contact points on the
bridge can be determined using (15), while the change of these
points in time can be obtained by using (16). Consider

𝑧𝑐𝑡1
𝑥1=𝑎𝑡2/2

= 𝑧𝑘 (𝑥1, 𝑡)
𝑥1=𝑎𝑡2/2

+ 𝑟 (𝑥1, 𝑡)
𝑥1=𝑎𝑡2/2

= 𝑧𝑘 (
𝑎𝑡2

2
, 𝑡) + 𝑟(

𝑎𝑡2

2
)

=
𝑁

∑
𝑖=1

𝜑𝑖 (
𝑎𝑡2

2
)𝜂𝑖 (𝑡) + 𝑟1,

𝑧𝑐𝑡2
𝑥2=𝑎𝑡2/2−𝑙

= 𝑧𝑘 (𝑥2, 𝑡)
𝑥2=𝑎𝑡2/2−𝑙

+ 𝑟 (𝑥2, 𝑡)
𝑥2=𝑎𝑡2/2−𝑙

= 𝑧𝑘 (
𝑎𝑡2

2
−𝐿, 𝑡) + 𝑟(

𝑎𝑡2

2
)

=
𝑁

∑
𝑖=1

𝜑𝑖 (
𝑎𝑡2

2
−𝐿)𝜂𝑖 (𝑡) + 𝑟2,

(15)

�̇�𝑐𝑡1
𝑥1=𝑎𝑡2/2

= [
𝑁

∑
𝑖=1

�̇�
𝑖
(

𝑎𝑡2

2
)𝜂𝑖 (𝑡) + 𝜙𝑖 (

𝑎𝑡2

2
) �̇�
𝑖
(𝑡)]

+ ̇𝑟 (
𝑎𝑡2

2
) ,

�̇�𝑐𝑡2
𝑥2=𝑎𝑡2/2−𝑙

= [
𝑁

∑
𝑖=1

�̇�
𝑖
(

𝑎𝑡2

2
− 𝑙) 𝜂𝑖 (𝑡) + �̇�

𝑖
(

𝑎𝑡2

2
− 𝑙) �̇�

𝑖
(𝑡)]

+ ̇𝑟 (
𝑎𝑡2

2
− 𝑙) .

(16)

The resulting static loading at contact points is calculated
using the mass of the half wagon 𝑚V, mass of the bogie 𝑚𝑏𝑗,
and the mass of the wheel sets (𝑚𝑡1, 𝑚𝑡2):

𝑊1 = ((𝑚V +𝑚𝑏𝑗)
𝑙𝑏
𝐿

+𝑚𝑡1)𝑔,

𝑊2 = ((𝑚V +𝑚𝑏𝑗)
𝑙𝑎
𝐿

+𝑚𝑡2)𝑔.

(17)

Total force at the contact points on the bridge can be
calculated using the following equations:

𝐹1 (𝑥1, 𝑡) = 𝑊1 − 𝑘𝑡1 (𝑧𝑡1 − 𝑧𝑐𝑡1) − 𝑐𝑡1 (�̇�𝑡1 − �̇�𝑡1) ,

𝐹2 (𝑥2, 𝑡) = 𝑊2 − 𝑘𝑡2 (𝑧𝑡2 − 𝑧𝑐𝑡2) − 𝑐𝑡2 (�̇�𝑡2 − �̇�𝑐2) .
(18)

The general couple equation of the bogie and the bridge can
be obtained as follows:

[𝑀𝑐] {�̈�𝑐} + [𝐶𝑐] {�̇�𝑐} + [𝐾𝑐] {𝑍𝑐} = {𝑄𝑐} . (19)

The general mass 𝑀𝑐, general damping 𝐶𝑐, general stiffness
matrixes 𝐾𝑐, general force vector 𝑄𝑐, and the general dis-
placement vector 𝑍𝑐 of the vehicle-bridge interaction are all
provided in Appendix B.

2.3. Newmark-𝛽 Methodology. The Newmark-𝛽 method is
one of the numeric integration methods that calculate the
dynamic nature of the vehicle-bridge interaction at very short
time and condition intervals. To perform such calculations, it
is assumed that the structure has certain rigidity and damping
characteristics for each of these intervals and that the external
effects are known.The following points represent the content
of the Newmark-𝛽 algorithm [20]:

(i) In the initial stage (𝑡 = 0), the displacement 𝑍𝑐,
velocity �̇�𝑐, and acceleration �̈�𝑐 should be known.

(ii) The time intervals and Newmark-𝛽 constants should
be determined:

𝛽 ≥ 0.5,

𝛼 ≥ 0.25 (0.5+𝛽)
2
,

𝑎0 =
1

𝛼Δ𝑡2
,
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Figure 2: Rail irregularity with respect to (a) PSD and (b) distance.

𝑎1 =
𝛽

𝛼Δ𝑡
,

𝑎2 =
1

𝛼Δ𝑡
,

𝑎3 =
1
2𝛼

− 1,

𝑎4 =
𝛽

𝛼
− 1,

𝑎5 =
Δ𝑡

2
(

𝛽

𝛼
− 2) ,

𝑎6 = Δ𝑡 (1−𝛽) ,

𝑎7 = Δ𝑡𝛽.

(20)

(iii) The effective stiffness matrix is

[�̃�𝑐] = [𝐾𝑐] + 𝑎0 [𝑀𝑐] + 𝑎1 [𝐶𝑐] . (21)

(iv) The effective force at �̃� = 𝑡 + Δ𝑡 is
�̃�{𝑄𝑐} = �̃�{𝑄𝑐} + [𝑀𝑐] (𝑎𝑡0 {𝑍𝑐} + 𝑎𝑡2 {�̇�𝑐} + 𝑎𝑡3 { ̈𝑍𝑐})

+ [𝐶𝑐] (𝑎𝑡1 {𝑍𝑐} + 𝑎𝑡4 {�̇�𝑐} + 𝑎𝑡5 { ̈𝑍𝑐}) .
(22)

(v) The displacement at �̃� = 𝑡 + Δ𝑡 is

[�̃�𝑐]
�̃�

{𝑍𝑐} = �̃�{𝑄𝑐}. (23)

(vi) The general acceleration vector (24) and the general
velocity vector (25) at �̃� = 𝑡+Δ𝑡 are obtained from the
general displacement vector:
�̃�{ ̈𝑍𝑐} = 𝑎𝑡0 (�̃�{𝑍𝑐} − 𝑡{𝑍𝑐}) − 𝑎𝑡2 {�̇�𝑐} − 𝑎𝑡3 { ̈𝑍𝑐} , (24)

�̃�{�̇�𝑐} = 𝑡{�̇�𝑐} + 𝑎𝑡6 { ̈𝑍𝑐} + 𝑎�̃�7 { ̈𝑍𝑐} . (25)

The equation developed by taking the root mean squares
(RMS) of the rail vehicle accelerations [31] is

𝑎wrms = [
1
𝑇

∫
𝑇

0
[�̈�𝑤V (𝑡)]

2
𝑑𝑡]

0.5

. (26)

2.4. Rail Irregularities. Over time, wearing, undulation, and
ground movements cause certain irregularities on the rails.
These random rail irregularities are expressed as a Power
Spectral Density using a spatial frequency term, 𝜑 [32]:

𝑆𝑍𝑍 (𝑓) =
𝑆𝑍𝑍 (𝜑)

V0
, (27)

where V0 stands for the vehicle velocity. According to the
Federal Railway Administration (FRA), the rail irregularities
in the vertical direction are defined as 6 classes. The Power
Spectral Density (PSD) function of the rail irregularities is
given in [33]

𝑆𝑍𝑍 (𝜑) =
𝐴𝜑2

2 (𝜑2 + 𝜑2
1)

𝜑4 (𝜑2 + 𝜑2
2)

, (28)

where 𝐴 is the rail irregularity constant (0.1675), while 𝜑1
and 𝜑2 are the two cutoff spatial frequency values which are
(23.294) and (13.123), respectively. Wavelength values of the
frequency vary between (1.5) and (300)m [33]. In order to
obtain rail irregularities in time domain for the indicated PSD
(Power Spectral Density) function, Fourier transformations
are used:

ℎ (𝑥) = ∑
𝑘

√2Δ𝜑𝑆𝑍𝑍 (𝑘Δ𝜑)Cos (𝑘Δ𝜑𝑥+𝜓𝑘) , (29)

where 𝜓𝑘 stands for random numbers in the interval (−𝜋, 𝜋).
Figure 2 shows the rail irregularity with respect to (a) PSD
and (b) distance.
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Figure 3: Flowchart of the numerical method.

In the flow diagram obtained from the numerical model
(Figure 3), themathematicalmodels of the rail vehicle (5) and
of the bridge (10) are coupled by means of mode superposi-
tion method (19). The location of the rail vehicle axes on the
bridge is determined at each iteration and the general mass,
damping, and the stiffness matrixes of the system are formed
(Appendix B). With the Newmark-𝛽 numerical method, the
initial acceleration values are calculated for each iteration and
the location, velocity, and the acceleration of the wagon are
obtained.

3. 1 : 5 Scaled Roller Rigs

While forming a small scaled model of a rail vehicle, first
of all, the scale should be determined to design the unit.
The previous studies show that the scale has been generally
selected as 4 or 5 based on considerations of dimensions,
structure, and cost. Among these, there are four different
approaches for 1 : 5 scaled rail vehicle on the basis of length
[30]. A comparison of four scale factors based on the rail
vehicle parameters is given in Table 1.

The study in [30] has shown that the closest results to
1 : 1 scaled real model have been obtained from the Pascal
scale factor (Table 1). Therefore, the Pascal scale factor is
employed in this study. The design parameters for the 1 : 5

Table 1: Comparing of 1 : 5 scaled roller rig approaches [30].

Scaling factors Jaschinski Pascal Iwnicki Jaschinski modified
𝜑
𝑙
length 5 5 5 5

𝜑𝑡 time √5 5 1 √5
𝜑V velocity √5 1 5 √5
𝜑𝑎 acceleration 1 1/5 5 1
𝜑𝑚 mass 125 125 125 75
𝜑𝐹 force 125 25 625 75
𝜑𝜌 density 1 1 1 0.6
𝜑𝐸 elastic module 1 1 1 3
𝜑𝑤 weight 125 125 125 75
𝜑𝐾 stiffness 25 5 125 15
𝜑
𝑇
creep force 125 25 625 75

𝜑𝐶 damper 25√5 25 125 25√5
𝜑𝐶𝑡 torsion damper 625 125 3125 375
𝜑𝐾𝑡 torsion stiffness 625√5 625 3125 625√5
𝜑𝐼 inertia 3125 3125 3125 1875
𝜑𝜇 friction 1 1 1 1

Table 2: Bogie and bridge parameters for 1 : 5 scaled roller rig.

Parameters Values
𝐸𝐼: stiffness of bridge (MN/m) 319.2
𝑚V: mass of the wagon (kg) 166, 199
𝑚𝑏𝑗: mass of the bogie frame (kg) 24
𝑙𝑏 + 𝑙
𝑎
: distance between two centers of axles (m) 0.6

𝐽: moment of inertia of the bogie frame (tm2) 0.00128
𝑚𝑡1, 𝑚𝑡2: masses of front and rear wheel (kg) 14.4
𝑘11, 𝑘12: stiffness of primary suspension system
(MN/m) 0.8

𝑘
𝑡1, 𝑘𝑡2: stiffness of Hertz contact region (MN/m) 203.109

𝑐𝑡1, 𝑐𝑡2: damping of Hertz contact region (kNs/m) 16
𝑘2: stiffness of secondary suspension system (MN/m) 0.4
𝑐11, 𝑐12: damping of primary suspension system
(kNs/m) 0.16

𝑐2: damping of secondary suspension system
(kNs/m) 0.64

scaled rail vehicle calculated based on the Pascal scale factor
are presented in Table 2.

The 1 : 5 scaled roller rig has been designed so as to
identify the vertical vibrational features of Y32 bogie that is
also used in high-speed trains in Turkey.The drive system has
been composed of a three-phase ACmotor of 2 kW and a belt
and pulley system. In the UIP60 type driven by the belt and
pulley system, the rollers machined as 1 : 5 scaled rail profiles
move the bogie wheel sets. The bogie has been modelled so
as to have only the vertical components of the primary and
secondary suspension systems and without a traction and
bolster system. The maximum speed of the bogie in the 1 : 5
scaled roller rig can reach the speed as high as 300 km/h. To
simulate the wagon mass, steel bulks of 30 × 30 × 30 cm have
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Moving load model

Drive model

1 : 5 scaled Y32 bogie model

Figure 4: 3D CADmodel of 1 : 5 scaled roller rig.

Figure 5: Real-time simulation of the bogie-bridge interaction on
1 : 5 scaled roller rig.

been used. A flexible structure composed of nine springs has
been designed in the test stand in order to reproduce the real-
time loading due to SB30 type steel bridge [34] (Figure 4).

In order to measure the vertical vibrations on the wagon
masses, vibration sensors that can take measurements from
0 to 60Hz frequency interval with 50ms have been used
(Figure 6). Data taken from the sensors have been used after
filtering according to 1Hz cutoff frequency at a 1/3 octave
band. With the help of the sensors on the wagon masses, the
data taken from three different points have been averaged and

the passing of the rail vehicle over the central point of the
bridge has been simulated using the 1 : 5 roller rig (Figure 5).

4. Validation

For the accuracy of the dynamic model with five degrees of
freedom, a series of simulations are performed in MATLAB
for the rail vehicle moving over the bridge with a constant
acceleration equal to 0.37m/s2 for medium and 0.49m/s2
for less comfortable passenger comfort degree with respect
to ISO 2631 standard, and the simulations were executed on
the 1 : 5 scaled roller rig. Three different values for the vehicle
velocity (150, 200, and 250 km/h) are used for the simulations,
while the half wagon masses are chosen as 20.75 and 25.00
tons. After determining the midregion on the bridge where
the vehicle passes for 1-second sampling duration, the vertical
vibrations obtained from both simulations are compared, as
shown in Figures 6–9.

Figures 6–9 show that the results obtained from the 1 : 5
scaled roller rig and the simulations are quite closer to each
other, together with the increasing effect of the velocity values
of the rail vehicle on the vertical vibrations. When the RMS
values of the vertical vibrations obtained from the rail vehicle
bridge model with 5 degrees of freedom and from the 1 : 5
scaled roller rig are compared to each other, it can be seen that
the dynamicmodel and experimental methods bear the same
results by a maximum error margin of 7.423% for a vehicle
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Figure 6: Vibration values of the rail vehicle with a half wagon of
20.75 tons moving in the horizontal plane on the bridge with an
acceleration of 0.37m/s2 and with a velocity of (a) 150 km/h, (b)
200 km/h, and (c) 250 km/h.
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Figure 7: Vibration values of the rail vehicle with a half wagon
of 25 tons moving in the horizontal plane on the bridge with an
acceleration of 0.37m/s2 and with a velocity of (a) 150 km/h, (b)
200 km/h, and (c) 250 km/h.
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Figure 8: Vibration values of the rail vehicle with a half wagon of
20.75 tons moving in the horizontal plane on the bridge with an
acceleration of 0.49m/s2 and with a velocity of (a) 150 km/h, (b)
200 km/h, and (c) 250 km/h.
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Figure 9: Vibration values of the rail vehicle with a half wagon
of 25 tons moving in the horizontal plane on the bridge with an
acceleration of 0.49m/s2 and with a velocity of (a) 150 km/h, (b)
200 km/h, and (c) 250 km/h.
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Figure 10: Main effects of factors.

horizontal acceleration equal to 0.37m/s2 (Table 3) and a
maximum error margin of 8.899% for a vehicle horizontal
acceleration equal to 0.49m/s2 (Table 4). Also it can be seen
that an increase in the horizontal acceleration causes an
increase in the vertical vibration at medium vehicle velocities
of 150 km/h.

5. Taguchi and ANOVA Analysis

In this study, the Taguchi method is used as the simulation
design and analysis technique. For thismethod, factors, levels
for each factor, and data are analysed.

The standard orthogonal matrixes of the Taguchi method
are used to form a simulation plan. For our system, the
Taguchi L25 orthogonal matrix is selected. The wagon mass
and the rail vehicle velocity are chosen as factors, and each
factor has five levels. The tests designed on the basis of the
Taguchi method and the RMS values of vertical vibrations
obtained from numerical simulations results are given in
Table 5.

The Taguchi method uses 𝑆/𝑁 analysis to measure the
system variance [35], where 𝑆/𝑁 is the abbreviation of the
ratio of the Signal and Noise. There are a number of
different 𝑆/𝑁 analyses on the basis of quality characteristics.
These 𝑆/𝑁 values are calculated and analysed in different
ways based on the targeted quality value, where small values
are best (SB), large values are best (LB), and nominal values
are best (NB). Since the best acceleration values are the lowest
ones, SB 𝑆/𝑁 was chosen in this study:

𝑆

𝑁
= − 10 log[

1
𝑛

𝑛

∑
𝑘=1

𝑦2
𝑘
] . (30)

Here, 𝑛 stands for the number ofmeasurements and 𝑦 stands
for the characteristic value (RMS value of the vertical vibra-
tions on the half wagon).The averages where the best acceler-
ation values are the lowest, the ANOVAs of 𝑆/𝑁 values, and
main effects of individual factors are shown in Figure 10.

According to the 𝑆/𝑁 ratio obtained from the Taguchi
analysis, the vertical vibrations on the half wagon of the
rail vehicle passing over the central point of a bridge with
a constant acceleration decreased with increasing values

of wagon mass. In cases where the rail vehicle velocity
was between 150 and 200 km/h, the vertical vibrations of
the wagon increased, while this increase continued with a
decreasing rate for the rail vehicle velocity values between 200
and 250 km/h.

6. Conclusion and Discussion

In this study, effects of the wagonmass and vehicle velocity of
a rail vehicle on the vertical vibrations of the quarter vehicle
model have been determined by means of ANOVA analyses
that were carried out for the averages and the 𝑆/𝑁 using
the method of Taguchi’s design of experiment. Taguchi’s
design of experiment method chooses the most suitable
combination of the controllable factors for the product and
the process against the factors that are uncontrollable and
cause variability and tries to minimize the variability for the
product and the process [35].

The significance of the relevant parameter in ANOVA
is determined by comparing the 𝐹 value, which is the ratio
of the variance for that particular parameter to the error
variance, to the table value of 𝐹 (𝐹0.05). It is specified with
this method that howmuch the parameters determined from
experimental design can explain the system. Determination
of which output parameters are effected quantitatively from
which input parameters supplies the required data for the
optimum parameter design. Also, it can be compared that
how much the input parameters are effective on the system
and significance degrees of input parameters can be defined
for the experiment system.

In the last column of ANOVA, the significance of each
factor on the results has been given in percentages (Table 6).

The ANOVA analysis (Table 6) shows that the confidence
level of the simulations is 98.47%. By means of the ANOVA
analysis, it has been determined that the rail vehicle velocity
increases the vibrations by 96.384% and the wagon mass
decreases the vertical vibrations of the rail vehicle by 2.087%.
Therefore, it has been proven by the experimental and numer-
ical methods that, in the moving load-vehicle interactions,
the rail velocity dominantly increases the vibrations, while an
increase in mass decreases them.

In this study, the bogie-bridge interaction has been
modelled by experimental and numerical methods and
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Table 3: Comparison of the RMS values for the experimental and numerical results for a vehicle horizontal acceleration of 0.37m/s2.

20.75 tons 25.0 tons
150 km/h 200 km/h 250 km/h 150 km/h 200 km/h 250 km/h

1 : 5 scaled roller rig (RMS) 0.030 0.065 0.076 0.078 0.048 0.093
Numerical method (RMS) 0.029 0.060 0.080 0.075 0.052 0.099
Error % 3.974 7.109 4.8314 3.814 7.423 6.685

Table 4: Comparison of the RMS values for the experimental and numerical results for a vehicle horizontal acceleration of 0.49m/s2.

20.75 tons 25.0 tons
150 km/h 200 km/h 250 km/h 150 km/h 200 km/h 250 km/h

1 : 5 scaled roller rig (RMS) 0.044 0.062 0.075 0.078 0.046 0.093
Numerical method (RMS) 0.048 0.061 0.082 0.075 0.050 0.099
Error % 7.713 2.649 8.899 3.814 8.922 6.685

Table 5: DOE of Taguchi and result of numerical simulations.

Mass (ton) Velocity (km/h) RMS value of vertical
vibrations

20.75 150 0.0351351
20.75 175 0.0479867
20.75 200 0.0580008
20.75 225 0.0597233
20.75 250 0.0664698
21.81 150 0.0327729
21.81 175 0.0452646
21.81 200 0.0556734
21.81 225 0.0586297
21.81 250 0.0668451
22.87 150 0.0306099
22.87 175 0.0427376
22.87 200 0.0535974
22.87 225 0.0578077
22.87 250 0.0674095
23.93 150 0.0286403
23.93 175 0.040397
23.93 200 0.0517565
23.93 225 0.057224
23.93 250 0.0681211
25.00 150 0.0268451
25.00 175 0.0382161
25.00 200 0.0501209
25.00 225 0.0568453
25.00 250 0.0689533

a series of real-time simulations were performed. In the 1 : 5
scaled roller rig, only vertical vibrations can be determined;
however, future studies will concentrate on integrating lateral
vibrations and different road roughness types into the roller
rig and their effects on passenger comfort and driving safety
will be determined with real-time simulations.

Appendices

A. The Mass, Damping, Stiffness Matrices,
and Force and Displacement Vectors of
the Quarter Vehicle

Matrixes of general mass (𝑀𝑠V), general damping (𝐶𝑠V), and
general stiffness (𝐾𝑠V) and vectors of general displacement
(𝑍𝑠V) and general force (𝑄𝑠V) for the quarter vehicle are

𝑀𝑠V =

[
[
[
[
[
[

[

𝑚V 0 0 0 0
0 𝑚𝑏𝑗 0 0 0
0 0 𝐽𝑏𝑗 0 0
0 0 0 𝑚𝑡1 0
0 0 0 0 𝑚𝑡2

]
]
]
]
]
]

]

,

𝐶𝑠V =

[
[
[
[
[
[
[
[

[

𝑐2 −𝑐2 0 0 0
−𝑐2 𝑐2 + 𝑐11 + 𝑐12 𝑐11𝑙𝑎 − 𝑐12𝑙𝑏 −𝑐11 −𝑐12

0 𝑐11𝑙𝑎 − 𝑐12𝑙𝑏 𝑐11𝑙
2

𝑎
+ 𝑐12𝑙
2

𝑏
−𝑐11𝑙𝑎 𝑐12𝑙𝑏

0 −𝑐11 −𝑐11𝑙𝑎 𝑐11 + 𝑐𝑡1 0
0 −𝑐12 𝑐12𝑙𝑏 0 𝑐12 + 𝑐𝑡2

]
]
]
]
]
]
]
]

]

,

𝐾𝑠V

=

[
[
[
[
[
[
[
[

[

𝑘2 −𝑘2 0 0 0
−𝑘2 𝑘2 + 𝑘11 + 𝑘12 𝑘11𝑙𝑎 − 𝑘12𝑙𝑏 −𝑘11 −𝑘12

0 𝑘11𝑙𝑎 − 𝑘12𝑙𝑏 𝑘11𝑙
2

𝑎
+ 𝑘12𝑙

2

𝑏
−𝑘11𝑙𝑎 𝑘12𝑙𝑏

0 −𝑘11 −𝑘11𝑙𝑎 𝑘11 + 𝑘𝑡1 0
0 −𝑘12 𝑘12𝑙𝑏 0 𝑘12 + 𝑘𝑡2

]
]
]
]
]
]
]
]

]

,

𝑍𝑠V =

[
[
[
[
[
[

[

𝑧V
𝑧𝑏𝑗
𝜃

𝑧𝑡1
𝑧𝑡2

]
]
]
]
]
]

]

,

𝑄𝑠V =

[
[
[
[
[
[

[

0
0
0

𝑘𝑡1𝑧𝑐1 + 𝑐𝑡1�̇�𝑐1
𝑘𝑡2𝑧𝑐2 + 𝑐𝑡2�̇�𝑐2

]
]
]
]
]
]

]

.

(A.1)
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Table 6: Results of ANOVA.

Source Degree of freedom (DF) Sum of squares (SS) Mean of squares (MS) 𝐹 ratio 𝑃 value PCR (%)
Wagon mass 4 0.0000871 0.0000218 5.45 0.006 2.087027364
Velocity 4 0.0040225 0.0010056 251.92 0 96.38424306
Error 16 0.0000639 0.000004 1.531125701
Total 24 0.0041734 100

B. The General Mass, Damping, Stiffness
Matrices, and Force and Displacement
Vectors of the Vehicle-Brdige Interaction

Matrixes of general mass (𝑀𝑐), general damping (𝐶𝑐), and
general stiffness (𝐾𝑐) and vectors of general displacement

(𝑍𝑐) and general force (𝑄𝑐) for coupled of the vehicle bridge
interaction are

𝑀𝑐 =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑚V 0 0 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 𝑚𝑏𝑗 0 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 0 𝐽𝑏𝑗 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 0 0 𝑚𝑡1 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 0 0 0 𝑚𝑡2 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

−(
𝑙𝑏𝜙11 + 𝑙𝑎𝜙21

𝐿
)𝑚V (

𝑙𝑏𝜙11 + 𝑙𝑎𝜙21
𝐿

)𝑚𝑏𝑗 (
𝜙11 − 𝜙21

𝐿
) 𝐽𝑏𝑗 𝜙11𝑚𝑡1 𝜙21𝑚𝑡2 1 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

−(
𝑙𝑏𝜙12 + 𝑙𝑎𝜙22

𝐿
)𝑚V (

𝑙𝑏𝜙12 + 𝑙𝑎𝜙22
𝐿

)𝑚𝑏𝑗 (
𝜙12 − 𝜙22

𝐿
) 𝐽𝑏𝑗 𝜙12𝑚𝑡1 𝜙22𝑚𝑡2 0 1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

...
...

...
...

...
...

... ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0
...

...
...

...
...

...
... ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

...

− (
𝑙𝑏𝜙1𝑛 + 𝑙𝑎𝜙2𝑛

𝐿
)𝑚V (

𝑙𝑏𝜙1𝑛 + 𝑙𝑎𝜙2𝑛
𝐿

)𝑚𝑏𝑗 (
𝜙1𝑛 − 𝜙2𝑛

𝐿
) 𝐽𝑏𝑗 𝜙1𝑛𝑚𝑡1 𝜙2𝑛𝑚𝑡2 0 0 0 0 1

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,

𝐶𝑐 =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑐2 −𝑐2 0 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

−𝑐2 𝑐2 + 𝑐11 + 𝑐12 𝑐11𝑙𝑎 − 𝑐12𝑙𝑏 −𝑐11 −𝑐12 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 𝑐11𝑙𝑎 − 𝑐12𝑙𝑏 𝑐11𝑙
2

𝑎
+ 𝑐12𝑙
2

𝑏
−𝑐11𝑙𝑎 𝑐12𝑙𝑏 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 −𝑐11 −𝑐11𝑙𝑎 𝑐11 + 𝑐𝑡1 0 −𝑐𝑡1�̇�11 −𝑐𝑡1�̇�12 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −𝑐𝑡1�̇�1𝑛

0 −𝑐12 𝑐12𝑙𝑏 0 𝑐12 + 𝑐𝑡2 −𝑐𝑡2�̇�21 −𝑐𝑡2�̇�22 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ −𝑐𝑡2�̇�2𝑛

0 0 0 0 0 2𝜁1𝜔1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 0 0 0 0 0 2𝜁2𝜔2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0
...

...
...

...
...

...
... ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

...

...
...

...
...

...
...

... ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
...

0 0 0 0 0 0 0 0 0 2𝜁𝑛𝜔𝑛

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,
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𝐾𝑐 =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑘2 −𝑘2 0 0 0 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0
−𝑘2 𝑘2 + 𝑘11 + 𝑘12 𝑘11𝑙𝑎 − 𝑘12𝑙𝑏 −𝑘11 −𝑘12 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 𝑘11𝑙𝑎 − 𝑘12𝑙𝑏 𝑘11𝑙
2

𝑎
+ 𝑘12𝑙

2

𝑏
−𝑘11𝑙𝑎 𝑘12𝑙𝑏 0 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0

0 −𝑘11 −𝑘11𝑙𝑎 𝑘11 + 𝑘𝑡1 0 −𝑐𝑡1�̇�11 − 𝑘𝑡1𝜙11 −𝑐𝑡1�̇�12 − 𝑘𝑡1𝜙12 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0
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Among all the aspects that are linked to a structural healthmonitoring (SHM) system, algorithms, strategies, ormethods for damage
detection are currently playing an important role in improving the operational reliability of critical structures in several industrial
sectors. This paper introduces a bioinspired strategy for the detection of structural changes using an artificial immune system
(AIS) and a statistical data-driven modeling approach by means of a distributed piezoelectric active sensor network at different
actuation phases. Damage detection and classification of structural changes using ultrasonic signals are traditionally performed
usingmethods based on the time of flight.The approach followed in this paper is a data-based approach based onAIS, where sensor
data fusion, feature extraction, and pattern recognition are evaluated.One of the key advantages of the proposedmethodology is that
the need to develop and validate a mathematical model is eliminated. The proposed methodology is applied, tested, and validated
with data collected from two sections of an aircraft skin panel.The results show that the presentedmethodology is able to accurately
detect damage.

1. Introduction

Structural health monitoring (SHM) is a discipline that
makes use of sensors permanently attached to a structure
together with different software analysis developments in
order to detect damage and assess the proper performance of
structures. An SHM system traditionally includes continuous
monitoring, data processing algorithms, and pattern recogni-
tion techniques for a robust analysis. Differentmethodologies
have been developed in the last years in the field of SHM.
However, with the use of bioinspired algorithms, promising
results have been obtained, mainly due to its adaptive,
distributed, and autonomous features.

This work presents a damage detection methodology that
is mainly based on an artificial immune system (AIS) as a
pattern recognition technique and affinity plots to discrim-
inate the different structural states of the structure. This
methodology is applied to the collected data by a piezoelectric

system. The artificial immune system has been proposed
and used in several applications. However, in structural
healthmonitoring, thismethodology is relatively new. A brief
state of the art in structural health monitoring is presented,
in chronological order, in the next lines, highlighting the
most representative works with respect to artificial immune
systems.

The use of nondestructive testing inspection methods
(NDT) has proved to be a very useful tool for damage detec-
tion tasks. However, in some situations where it is impos-
sible to manually inspect a structure, as in the inspection
of large-scale structures, the use of automated methods
presents significant advantages. Some of these advantages
can be summarized as follows: (i) continuous monitoring,
since the sensors are permanently attached to the structure;
(ii) early damage detection; and (iii) damage identification,
among others. In this sense, structural health monitoring
(SHM) extends the limits of the NDT methods by including
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the use of data processing algorithms, pattern recognition,
and continuous monitoring because the sensors are perma-
nently attached to the structure. This is one of the reasons
why the development of improvements in data processing
algorithms is a current demand. The contribution of the
present work is the development of a methodology for data-
driven damage classification using a bioinspired algorithm,
which is applied to data that comes from a piezoelectric
system. More precisely, this work uses an artificial immune
system that allows the use of this methodology as a pattern
recognition approach. The use of artificial immune systems
(AIS) is relatively new in the literature and, compared with
the application of other approaches in SHM, there are still a
reduced number of works. In the next lines we briefly compile
in chronological order the most representative works in the
use of AIS.

In 2003 Branco et al. [1] developed three module algo-
rithms called T-module, B-module, and D-module. These
algorithms are based on immunologic principles to detect
anomalous situations in a squirrel-cage motor induction.
The T-module distinguishes between self- and non-self-
conditions, the B-module analyzes the occurrence of both
cells (self and non-self), and finally theD-module is similar to
aT-module butwith a reduced space. In thiswork, the normal
operation condition of the machine (self) is represented
by the frequency spectrum that can include or not include
harmonics.

In 2007, da Silva et al. [2] presented a damage detection
algorithm applying an autoregressive model and autoregres-
sive model with exogenous input (AR-ARX). This algorithm
is based on the structural vibration response measurements
and the residual error as damage sensitive index. Data com-
pression is used by means of principal component analysis
(PCA) and the fuzzy 𝑐-means clustering method is used
to quantify the damage sensitive index. In this paper, the
authors used a benchmark problem with several damage
patterns to test the algorithm. As the main result, a struc-
tural diagnosis was obtained with high correlation with the
actual state of the structure. Later, in 2008, da Silva et al. [3]
developed a strategy to perform structural healthmonitoring.
This strategy included three different phases as follows:
(i) the use of principal component analysis to reduce the
dimensionality of the time series data; (ii) the design of an
autoregressive-moving-average (ARMA) model using data
from the healthy structure under several environmental and
operational conditions; and finally (iii) the identification of
the state of the structure through a fuzzy clustering approach.
In this paper, the authors compared the performance of
two fuzzy algorithms, fuzzy 𝑐-means (FCM) and Gustafson-
Kessel (GK) algorithms. The proposed strategy was applied
to data from a benchmark structure at Los Alamos National
Laboratory. The work showed that the GK algorithm out-
performs the FCM algorithm, because the first algorithm
considers an adaptive distance norm and allows clusters with
several geometrical distributions.

Also, in 2008, Zhang et al. [4] used a clonal selection
algorithm to solve a combinatorial optimization problem
called sensor optimization. This problem consists in choosing
an appropriate distribution of a set of sensors in a structure

to detect impacts. To test the algorithm, the authors used a
composite plate instrumented with 17 lead zirconium titanate
(PZT) transducers.

Vieira de Moura et al. [5] presented a fuzzy-based meta-
model to detect damage in a flat structure under corrosion
conditions. This work considers data obtained from an SHM
approach based on electromechanic impedance. Chen [6],
in 2010, applied an agent-based artificial immune system for
adaptive damage detection. In the approach, a group of agents
is used as immune cells (B-cells) patrolling over a distributed
sensor network installed in the structure. The damage diag-
nosis is based on the analysis of structural dynamic response
data. Each mobile agent inspects the structure using agent-
based cooperation protocols. In 2010, Tan et al. [7] presented
a damage detection algorithm based on fuzzy clustering and
support vector machines (SVM). In this work, as a first
step, the wavelet packet transform is used to decompose the
accelerator data from the structure and extract the energy of
each wavelet component. Consequently, this energy is used
as a damage index. In further steps, damage is classified
by means of fuzzy clustering. As a final phase, damage is
identified using a vector machine. The numerical example
illustrated in this work shows that the proposed method is
able to identify the damage from the spatial truss structure.
In 2011, Chen and Zang [8] presented an algorithm based
on immune network theory and hierarchical clustering algo-
rithms. Chilengue et al. [9] presented an artificial immune
system (AIS) approach to detect and diagnose failures in
the stator and rotor circuits of an induction machine. In the
approach, the dynamic of the machine is compared before
and after the fault condition. Similarly, the alpha-beta (𝛼𝛽𝛾)
transformation (also known as the Clarke transformation)
was applied to the stator current to obtain a characteristic
pattern of the machine that is finally applied to the pattern
recognition algorithm.

In 2012, Zhou et al. [10], inspired by Chen’s work, devel-
oped a damage classifier in structures based on the immune
principle of clonal selection. Using evolution algorithms and
the immune learning, a high quality memory cell is created
that is able to identify several damage patterns. In 2012,
Xiao [11] developed a structural health monitoring and fault
diagnosis system based on artificial immune system. In this
approach, the antigen represents the structural state (health
or damage), whereas the antibody represents database infor-
mation to identify a damage pattern. In this work, the feature
space is formed by natural frequencies and modal shapes
collected by simulation of the structure in free vibration and
seismic response. Quite recently, Liu et al. [12], in 2014, pro-
posed a structural damage detection method using semisu-
pervised fuzzy 𝑐-means clustering method, wavelet packet
decomposition, and data fusion. This method is applied to
detect damage in a four-level benchmark model. The data
that was used includes 11 damage patterns and 9 samples per
damage. The method uses a Daubechies wavelet filter and 6
decompositions levels. According to the results, the method
can achieve a reasonable detection performance. Huang et al.
[13], in 2014, proposed an automatic methodology to know
the status of a machine. The introduced method includes a
semisupervised fuzzy-based method to detect the faults or
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anomalies in the machine and to classify the unknown faults.
The authors described two steps for the learning procedure
as follows: (i) a fuzzy 𝑐-means clustering to get candidates of
labels (fuzzy centers) and (ii) a label matching by filtering out
the unreasonable labels candidates. The proposed method is
validated in a roller bearing test top diagnosing the state of
the machine.

Compared with the works previously reviewed, the
methodology described on the current work presents a new
point of view, since this uses an artificial immune system
(AIS) and some damage indices to define feature vectors
which represents the structure under different conditions by
allowing the fact that the damage detection process can be
understood as a pattern recognition approach. More pre-
cisely, damage detection and classification using ultrasonic
signals have been traditionally performed using methods
based on the time of flight. The approach followed in this
paper, which complements and completes the initial work
by Anaya et al. [14], is rather different because it is a data-
based approach based on AIS (artificial immune system),
where sensor data fusion, feature extraction, and pattern
recognition are evaluated. A clear major advantage of the
methodology is that the development and validation of a
mathematical model are not needed. Additionally and in
contrast to standard Lamb waves-based methods there is
no necessity of directly analyzing the complex time-domain
traces containing overlapping, multimodal, and frequency
dispersive wave propagation which distorts the signals and
makes their analysis difficult. However, using the proposed
methodology, it is not possible to provide a multidamage
detection able to identify several occurring damage patterns
independently unless the model baselines are built with the
structural responses that have interacted with previously
detected and existing damage.

This paper is organized as follows. Section 2 describes the
theoretical background that includes basic concepts about the
methods and elements used in the methodology. Section 3
includes the damage detection methodology followed by the
description about the experimental setup in Section 4. The
experimental results are included in Section 5. Finally, some
conclusions are drawn.

2. General Framework

Thecurrentwork is based ondata-driven analysis.Thismeans
that the damage detection will be developed by analyzing
and interpreting the data collected in several experiments
from the structures under diagnosis. To perform this analysis,
a bioinspired methodology based on features extraction for
pattern recognition is developed. For the sake of clarity, basic
concepts and fundamentals about the methods that will be
used are presented in the following subsections.

2.1. Bioinspired Systems. The adaptation of the different liv-
ing beings of the planet in harsh environments and the
development of skills to solve the inherent problems in the
interaction with the world of nature have resulted in the
evolution of the species in order to survive and avoid their
extinction. Some examples are the communication abilities,

the reasoning, the physical structures design, or the response
of the body to external agents, among others [15].

Taking advantage of the fact that nature provides robust
and efficient solutions to many different problems, more and
more researchers on different areas work in the develop-
ment of biologically inspired hardware and algorithms. The
inspiration process is called biomimetic or bioinspired and
aims to apply the developments in the field of biology to the
engineering developments [16].

2.2. Natural Immune Systems. The human immune system
(HIS) is a complex and robust defense mechanism composed
of a large network of specialized cells, tissues, and organs.The
system further includes an elevated number of sensors and
a high processing capability. The human immune system has
proved its effectiveness in the detection of foreign elements by
protecting the organism against disease. The principal skills
of the human immune system are as follows:

(i) to discriminate between its own cells (self) and for-
eign cells (non-self);

(ii) to recognize different invaders (called antigens) in
order to ensure the protection of the body;

(iii) to learn from specific antigens and adapt to them in
order to improve the immune response to this kind of
invader.

In general, when a foreign particle wants to gain access to
the organism, it has to break several defense levels provided
by the immune system that protects the organism. The idea
of several defense levels is illustrated in Figure 1. These levels
can be summarized as follows [17].

(i) External Barriers. These are the first and the major
line of defense into the human body. This level can
include elements such as the skin, the mucus secreted
by the membranes, the tears, the saliva, and the urine.
All of these elements present different physiological
conditions that are harmful to the antigens, as the
temperature or the pH level, among others. The
response of these barriers is equal for any foreign
invader [18].

(ii) Innate Immune System. This barrier refers to the
defense mechanisms that are activated immediately
or within a short lapse of time of an antigen’s arrival
in the body. The innate immune system operates
when the first barrier has been broken This system,
in opposition to the adaptive immune system, is not
adaptive [17].

(iii) Adaptive Immune System.This is the last defense level
and reacts to the stimulus of foreign cells or antigens
that evade both the external barriers and the innate
immune defense [17]. Adaptive immunity creates
some sort of memory that leads to an improved
response to future encounters with this antigen.

With respect to different type of cells, the immune system
includes cells born in the bone marrow that are usually
called white blood cells, leukocytes, or leucocytes [19]. Among
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Figure 1: Schematic representation of a system’s defense barriers.

the white blood cells, it is possible to highlight the T-cells and
the B-cells. On the one hand, the T-cells are called so since
their maturation takes place in the thymus. Besides, this kind
of cells has high mobility and can also be found in the blood
and the lymph [20]. One can distinguish three types of T-cells
as follows:

(i) the T-helper cells, involved in the activation of B-cells;
(ii) the T-killer cells that destroy the invaders; and finally
(iii) the T-suppressor cells that avoid the allergic reactions

[21].
On the other hand, the B-cells produce and secrete a

special protein called antibody, which recognizes and binds
the antigen.The responsibility of each B-cell is the production
of a specific antibody. This protein is then used for signaling
other cells whose elements have to be removed from the
body [20]. When the antigen passes over the first barrier of
the immune system, the HIS performs the following steps to
eliminate the invader [20].

(1) The specialized cells of the immune system are called
antigen presenting cells (APCs) (e.g., macrophages).
These cells activate the immune response by ingesting
the antigen and dividing it into simple substances
known as antigenic peptides.

(2) These peptides are joined to the molecules called
major histocompatibility complex (MHC), inside of
the macrophage, and the result passes to the immune
cell surface.

(3) The T-cells have receptor molecules able to iden-
tify and recognize different combinations of MHC-
peptide. When the receptor molecule recognizes the
combination, the T-cell is activated and sends a
chemical signal to other immune cells.

(4) The B-cells are activated by chemical signals and they
initiate the recognition of the antigen in the blood-
stream. This process is performed by the receptor
molecules in the B-cells.

(5) The mission of the B-cells, when they are activated,
is to secrete antibodies to bind the antigens they find
and to neutralize and eliminate them from the body.

The T- and B-cells that have recognized the antigen
proliferate and some of them become memory cells. These
memory cells remain in the immune system to eliminate
the same antigen, in the future, in a more effective manner
[15, 20].

Three immunological principles are used in artificial
immune systems [11, 15, 20] as follows.

(i) Immune Network Theory. This theory was first intro-
duced by Niels Jerne in 1974 and describes how the
immune memory is built by means of the dynamic
behaviour of the immune system cells. These cells
can recognized by themselves, detect invaders, and
interconnect between them to stabilize the network
[17].

(ii) The Negative Selection. The negative selection is a
process that allows the identification and eradica-
tion of the cells that react to their own body cells.
This ensures a convenient operation of the immune
system since it is able to distinguish between for-
eign molecules and self-molecules, thus avoiding
autoimmune diseases. This process is similar to the
maturation of T-cells carried out in the thymus [15].

(iii) The Clonal Selection. This is a mechanism of the
adaptive immune responses in which the cells of the
system are adapted to identify an invader element
[20]. Antibodies that are able to recognize or identify
an antigen can proliferate.Those antibodies unable to
recognize the antigens are eliminated. The new cells
are clones of their parents and they are subjected to
an adaptation process by mutation. From the new
antibody set, the cells with the greatest affinity with
respect to the primary antigen are selected asmemory
cells, therefore excluding the rest.
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Table 1: Analogy between the biological immune system and
artificial immune system [11].

Biological immune system Artificial immune system in SHM
Antibodies A detector of a specific pattern

Antigens Structural health or damage
condition

Matured antibodies Database or information system for
damage detection

Recognition of antigens Identification of health and damage
condition

Process of mutation Training procedure
Immune memory Memory cells

2.3. Artificial Immune Systems. Artificial immune systems
(AIS) are an adaptive and bioinspired computational systems
based on the processes and performance of the human
immune system (HIS) and its properties, diversity, error
tolerance, dynamic learning, adaptation, distributed com-
putation, and self-monitoring [22, 23]. Nowadays, these
computational systems are used in several research areas
such as pattern recognition [16], optimization [20, 24], and
computer security [25] [26]. Table 1 presents the analogy
between the natural and artificial immune systems applied to
the field of structural health monitoring.

In the implementation of an artificial immune system,
it is fundamental to bear in mind two important aspects as
follows.

(i) The first is to define the role of the antigen (ag) and
the antibody (ab) in the context of the application.
Both are represented or coded in the same way. This
representation is generally given by a vector of binary
or real numbers [21].

(ii) The second is to define the mechanism that measures
the degree of correspondence between an antigen and
an antibody. This measure is usually related to the
distance between them [15]. If both an antigen and an
antibody are represented by 𝐿-dimensional arrays,

ab ∈ R
𝐿
,

ag ∈ R
𝐿
,

(1)

the distance 𝑑 between them can be computed using,
for instance, the Euclidean distance (related to the 2-
norm) or the so-called Manhattan distance (related
to the 1-norm) as in the following equations, respec-
tively [19]:

𝑑 (ab, ag) = 



ab− ag

2 = √

𝐿

∑

𝑖=1
(ab
𝑖
− ag
𝑖
)
2
, (2)

𝑑 (ab, ag) = 



ab− ag

1 =
𝐿

∑

𝑖=1





ab
𝑖
− ag
𝑖





. (3)

Finally, there exists the adaptation process of the
molecules in the artificial immune system. This adaptation
allows including the dynamic of the system, for instance, the
antibodies excitation, cloning of all the excited antibodies,
and the interconnection between them.All these elements are
adapted from the three immunologic principles previously
introduced.

2.4. Principal Component Analysis (PCA). Principal compo-
nent analysis (PCA) is a classical method used in applied
multivariate statistical analysis with the goal of dimension-
ality reduction and, more precisely, feature extraction and
data reduction. It was developed by Karl Pearson in 1901 and
integrated to the mathematical statistics in 1933 by Harold
Hotelling [27]. The general idea in the use of PCA is to find
a smaller set of variables with less redundancy [28]. To find
these variables, the analysis includes the transformation of
the current coordinate space to a new space to reexpress
the original data trying to filter the noise and redundancies.
These redundancies aremeasured bymeans of the correlation
between the variables.

2.4.1. Matrix Unfolding. The application of PCA starts, for
each actuation phase, with the collected data arranged in
a three-dimensional matrix 𝑛 × 𝐿 × 𝑁. The matrix is
subsequently unfolded, as illustrated in Figure 2, in a two-
dimensional 𝑛 × (𝑁 ⋅ 𝐿)matrix as follows:

X

=

(

(

(

(

(

(

𝑥
1
11 𝑥

1
12 ⋅ ⋅ ⋅ 𝑥

1
1𝐿 𝑥

2
11 ⋅ ⋅ ⋅ 𝑥

2
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.
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.

.
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1
𝑖𝐿

𝑥
2
𝑖1 ⋅ ⋅ ⋅ 𝑥

2
𝑖𝐿

⋅ ⋅ ⋅ 𝑥
𝑁

𝑖1 ⋅ ⋅ ⋅ 𝑥
𝑁
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.

.

.

.

.

. d
.
.
.
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.
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.
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.
.
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𝑥
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𝑛1 𝑥

1
𝑛2 ⋅ ⋅ ⋅ 𝑥

1
𝑛𝐿

𝑥
2
𝑛1 ⋅ ⋅ ⋅ 𝑥

2
𝑛𝐿

⋅ ⋅ ⋅ 𝑥
𝑁

𝑛1 ⋅ ⋅ ⋅ 𝑥
𝑁

𝑛𝐿

)

)

)

)

)

)

.

(4)

Matrix X ∈ M
𝑛×(𝑁⋅𝐿)

(R), where M
𝑛×(𝑁⋅𝐿)

(R) is the vector
space of 𝑛 × (𝑁 ⋅ 𝐿) matrices over R, contains data from
𝑁 sensors at 𝐿 discretization instants and 𝑛 experimental
trials [29]. Consequently, each row vector 𝑥

𝑇

𝑖
= X(𝑖, :) ∈

R𝑁⋅𝐿, 𝑖 = 1, . . . , 𝑛, represents, for a specific experimental
trial, the measurements from all the sensors. Equivalently,
each column vector X(:, 𝑗) ∈ R𝑛, 𝑗 = 1, . . . , 𝑁 ⋅ 𝐿,
represents measurements from one sensor in the whole set
of experimental trials.

In other words, the objective is to find a linear transfor-
mation orthogonal matrix P ∈ M

(𝑁⋅𝐿)×(𝑁⋅𝐿)
(R) that will be

used to transform the original data matrixX according to the
following matrix multiplication:

T = XP ∈ M
𝑛×(𝑁⋅𝐿) (

R) . (5)

Matrix P is usually called the principal components of the
data set or loading matrix and matrix T is the transformed
or projected matrix to the principal component space, also
called score matrix. Using all the𝑁⋅𝐿 principal components,
that is, in the full dimensional case, the orthogonality of P
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Figure 2: The collected data arranged in a three-dimensional matrix is unfolded in a two-dimensional matrix [30].

implies PP𝑇 = I, where I is the (𝑁 ⋅ 𝐿) × (𝑁 ⋅ 𝐿) identity
matrix. Therefore, the projection can be inverted to recover
the original data as

X = TP𝑇. (6)

2.4.2. Group Scaling. Since the data in matrix X come from
experimental trials and could have different magnitudes and
scales, it is necessary to apply a preprocessing step to scale the
data using the mean of all measurements of the sensor at the
same time and the standard deviation of all measurements of
the sensor [29].

More precisely, for 𝑘 = 1, 2, . . . , 𝑁, we define

𝜇
𝑘

𝑗
=

1
𝑛

𝑛

∑

𝑖=1
𝑥
𝑘

𝑖𝑗
, 𝑗 = 1, . . . , 𝐿, (7)

𝜇
𝑘
=

1
𝑛𝐿

𝑛

∑

𝑖=1

𝐿

∑

𝑗=1
𝑥
𝑘

𝑖𝑗
, (8)

𝜎
𝑘
= √

1
𝑛𝐿

𝑛

∑

𝑖=1

𝐿

∑

𝑗=1
(𝑥
𝑘

𝑖𝑗
− 𝜇
𝑘
)

2
, (9)

where 𝜇𝑘
𝑗
is themean of the 𝑛measures of sensor 𝑘 at the time

instant 𝑗; 𝜇𝑘 is the mean of all the measures of sensor 𝑘; and
𝜎
𝑘 is the standard deviation of all the measures of sensor 𝑘.

Therefore, the elements 𝑥𝑘
𝑖𝑗
of matrix X are scaled to define a

new matrix X̌ as

�̌�
𝑘

𝑖𝑗
:=

𝑥
𝑘

𝑖𝑗
− 𝜇
𝑘

𝑗

𝜎
𝑘

,

𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝐿, 𝑘 = 1, . . . , 𝑁.

(10)

When the data are normalized using (10), the scaling proce-
dure is called variable scaling or group scaling [29]. According
to former studies of the authors [30–32], group scaling
presents a better performance than other kind of normal-
izations. The reason is that group scaling considers changes
between sensors and does not process them independently.
Further discussion on this issue can be found in [29, 33].

For simplicity and throughout the rest of the paper the
scaled matrix X̌ is renamed as simply X. The mean of each
column vector in the scaled matrix X can be computed as

1
𝑛

𝑛

∑

𝑖=1
�̌�
𝑘

𝑖𝑗
=

1
𝑛

𝑛

∑

𝑖=1

𝑥
𝑘

𝑖𝑗
− 𝜇
𝑘

𝑗

𝜎
𝑘

=

1
𝑛𝜎
𝑘

𝑛

∑

𝑖=1
(𝑥
𝑘

𝑖𝑗
−𝜇
𝑘

𝑗
)

=

1
𝑛𝜎
𝑘
(

𝑛

∑

𝑖=1
𝑥
𝑘

𝑖𝑗
− 𝑛𝜇
𝑘

𝑗
) =

1
𝑛𝜎
𝑘
(𝑛𝜇
𝑘

𝑗
− 𝑛𝜇
𝑘

𝑗
)

= 0.

(11)

Since the scaled matrix X is a mean-centered matrix, it is
possible to calculate the covariance matrix as follows:

CX =

1
𝑛 − 1

X𝑇X ∈ M
(𝑁⋅𝐿)×(𝑁⋅𝐿) (

R) . (12)

The covariancematrixCX is (𝑁⋅𝐿)×(𝑁⋅𝐿) symmetricmatrix
thatmeasures the degree of linear relationshipwithin the data
set between all possible pairs of variables (sensors).

The subspaces in PCA are defined by the eigenvectors and
eigenvalues of the covariance matrix as follows:

CXP = PΛ, (13)

where the columns of P ∈ M
(𝑁⋅𝐿)×(𝑁⋅𝐿)

(R) are the eigenvec-
tors ofCX. The diagonal terms of matrixΛ ∈ M

(𝑁⋅𝐿)×(𝑁⋅𝐿)
(R)

are the eigenvalues 𝜆
𝑖
, 𝑖 = 1, . . . , 𝑁 ⋅ 𝐿, of CX whereas the

off-diagonal terms are zero; that is,

Λ
𝑖𝑖
= 𝜆
𝑖
, 𝑖 = 1, . . . , 𝑁 ⋅ 𝐿,

Λ
𝑖𝑗
= 0, 𝑖, 𝑗 = 1, . . . , 𝑁 ⋅ 𝐿, 𝑖 ̸= 𝑗.

(14)

The eigenvectors𝑝
𝑗
, 𝑗 = 1, . . . , 𝑁⋅𝐿, representing the columns

of the transformation matrix P, are classified according to
the eigenvalues in descending order and they are called the
principal components or the loading vectors of the data set.
The eigenvector with the highest eigenvalue, called the first
principal component, represents the most important pattern
in the data with the largest quantity of information.
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However, the objective of PCA is, as said before, to reduce
the dimensionality of the data setX by selecting only a limited
number ℓ < 𝑁 ⋅ 𝐿 of principal components, that is, only the
eigenvectors related to the ℓ highest eigenvalues. Thus, given
the reduced matrix

P̂ = (𝑝1 | 𝑝2 | ⋅ ⋅ ⋅ | 𝑝ℓ) ∈ M
𝑁⋅𝐿×ℓ (

R) , (15)

matrix T̂ is defined as

T̂ = XP̂ ∈ M
𝑛×ℓ (

R) . (16)

Note that opposite to T, T̂ is no longer invertible. Conse-
quently, it is not possible to fully recover X although T̂ can
be projected back onto the original 𝑚-dimensional space to
get a data matrix X̂ as follows:

X̂ = T̂P̂𝑇 ∈ M
𝑛×𝑚 (

R) . (17)

The difference between the original data matrixes X and
̂X is defined as the residual error matrix E or X̃ as follows:

E = X− ̂X, (18)

or, equivalently,

X = ̂X+E = ̂T̂P𝑇 +E. (19)

The residual error matrix E describes the variability not
represented by the data matrix ̂X and can be also expressed
as

E = X (I− ̂P̂P𝑇) . (20)

Even though the real measures obtained from the sensors
as a function of time represent physical magnitudes, when
these measures are projected and the scores are obtained,
these scores no longer represent any physical magnitude [34].

2.5. DamageDetection Indices Based on PCA. Several damage
detection indices based on PCA have been proposed and
applied with excellent results in pattern recognition applica-
tions. In particular, two damage indices are commonly used:
(i) the 𝑄 index (also known as SPE, square prediction error)
and (ii) Hotelling’s 𝑇2 index.

The𝑄 index of the 𝑖th experimental trial 𝑥𝑇
𝑖
measures the

magnitude of the vector 𝑥𝑇
𝑖
:= X̃(𝑖, :), that is, the events that

are not explained by the model of principal components [35],
and it is defined as follows:

𝑄
𝑖
= X̃ (𝑖, :) X̃ (𝑖, :)𝑇 = 𝑥

𝑇

𝑖
(I− P̂P̂𝑇) 𝑥

𝑖
. (21)

The 𝑇
2 index of the 𝑖th experimental trial 𝑥𝑇

𝑖
is the

weighted norm of the projected vector �̂�𝑇
𝑖
:= T̂(𝑖, :) = 𝑥

𝑇

𝑖
̂P,

that is, a measure of the variation of each sample within the
PCA model, and it is defined as follows:

𝑇
2
𝑖
=

ℓ

∑

𝑗=1

�̂�
2
𝑖,𝑗

𝜆
𝑗

= �̂�
𝑇

𝑖
Λ
−1
�̂�
𝑖
= 𝑥
𝑇

𝑖
(
̂PΛ−1̂P𝑇) 𝑥

𝑖
. (22)

3. Damage Detection Methodology

The damaged detection methodology that we present in this
paper involves an active piezoelectric system to inspect the
structure. This active system consists of several piezoelectric
transducers (lead zirconium titanate, PZT) distributed on
different positions of the structure and working as both
actuators or sensors in different actuation phases. Each PZT
is able to produce a mechanical vibration if some electrical
excitation is applied (actuator mode). Besides, the PZTs are
able to detect time varying mechanical response data (sensor
mode). In each phase of the experimental stage, just one PZT
is used as the actuator (exciting the structure). Then, the
propagated signal through the structure is collected by using
the rest of PZTs, which are used as sensors. This procedure is
repeated in as many actuation phases as the number of PZTs
on the structure.

To determine the presence of damage in the structure, the
data from each actuation phase will be used in the proposed
artificial immune system. The proposed methodology is
performed in three steps as follows: (i) data preprocess-
ing and feature extraction; (ii) training process; and (iii)
testing. More precisely, in the first step the collected data
is organized, preprocessed, and dimensionally reduced, by
means of principal component analysis, to obtain relevant
information. The damage indices in (21)-(22) are used to
define the feature vectors. The training step includes the
evolution of the data to generate good representatives for each
pattern, damage, or structural condition. A good accuracy in
the damage detection using AIS depends on a good training.
Finally, the testing step includes new data to evaluate the
training step and the knowledge of the current state of the
structure.

3.1. Data Preprocessing, PCA Modeling, and Feature Extrac-
tion. For each different phase (PZT1 will act as an actuator
in phase 1, PZT2 will act as an actuator in phase 2, and so
on) and considering the signals measured by the sensors, the
matrix X is defined and arranged as in (4) in Section 2.4.1
and scaled as stated in Section 2.4.2. PCAmodeling basically
consists of computing the projection matrix P for each phase
as in (7). Matrix P, renamed as Pmodel, provides an improved
and dimensionally limited representation of the original data
X. The number of principal components retained at each
different phase accounts for at least 90% of the cumulative
variance.

Subsequently, the data from different structural states are
projected into each PCA model in order to obtain the scores
and calculate the damage detection indices 𝑇2 and 𝑄 as in
Sections 2.4 and 2.5. In this way, for each experiment, a two-
dimensional feature vector

𝑓
𝑖
= (𝑇

2
𝑖
, 𝑄
𝑖
)

𝑇

∈ R
2
, 𝑖 = 1, . . . , ] (23)

is defined, where ] is the total number of experiments.
The feature vector could include more components, as, for
instance, the scores. Several tests were then performed in this
sense with the combination of scores and damage indices.
However, the results indicated that the single use of 𝑇2 and
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Figure 3: Random selection of the antibody (ABtraining) and antigen (AGtraining) training sets.

𝑄 leads to the best results. One of the reasons about the use
of the damage indices can be found in [35]. In this paper,
Tibaduiza et al. showed that the use of scores is not sufficient
for damage detection when two scores do not account for
a high cumulative variance. This result implies that it is
necessary to use another type of measurement or statistic to
obtain an accurate discrimination of the presence of damage
in a structure.

To keep the affinity values within the range of [0, 1], the
norm of the feature vectors 𝑓

𝑖
, 𝑖 = 1, . . . , ], is normalized to

the unit circle.The normalization process uses the maximum
norm of the feature vectors; that is,

𝑀 := max
𝑖=1,...,]






𝑓
𝑖



, (24)

where






𝑓
𝑖



= √(𝑓

𝑖

1)
2
+ (𝑓
𝑖

2)
2
, (25)

and therefore the normalized feature vector 𝑓𝑖norm of 𝑓𝑖 =
(𝑇

2
𝑖
, 𝑄
𝑖
)
𝑇 is as follows:

𝑓
𝑖

norm = (

𝑇
2
𝑖

𝑀

,

𝑄
𝑖

𝑀

) . (26)

Since all the feature vectors are locatedwithin a unit circle, the
Euclidean distance between any feature vectors is less than or
equal to 2. The healthy data set (HDS) is defined as

HDS =

]

⋃

𝑖=1
{𝑓
𝑖
} . (27)

3.2. Training Step. This step can be modified according
to different goals. For instance, in the most basic case in
damage identification, the detection, the training only needs
to consider the feature vectors that come from data of the
healthy structure. However, in a more complex analysis, the
classification, for instance, the training process must include
the feature vectors of data coming from the structure in
different and known structural states. The steps to perform
the training in the basic case are summarized as follows:

(i) Randomly select 2𝑘 ∈ N, 2𝑘 < ], feature vectors. The
remaining ] − 2𝑘 feature vectors will be used in the
testing process.This set of 2𝑘 feature vectors is divided
into two subsets of the same size 𝑘, the antibody
training set (ABtraining) and the antigen training set
(AGtraining). This step is represented in Figure 3.

(ii) Compute the affinity between the antibodies and anti-
gens of the ABtraining and AGtraining sets, respectively.
The affinity between an antibody and an antigen is
defined as

Aff (ab, ag) := 1− 1
2
𝑑 (ab, ag) , (28)

where𝑑(ab, ag) is the distance, defined in (2), between
the feature vectors of ab and ag, respectively. Since the
Euclidean distance between any feature vectors is less
than or equal to 2, their affinity lies within the range
of [0, 1].

(iii) Evolve the antibodies.The evolution of the antibodies
is performed when these are stimulated by an invad-
ing antigen invader and it consists in the mutation of
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the antibody.The mutation is performed by mutating
the feature vectors of the cloned antibodies as shown
in

abevolved = ab+MV ⋅ 𝜙, (29)

where abevolved is the mutated antibody and MV rep-
resents themutation value, a value used to indicate the
mutation degree of the feature vector of an antibody.
In the present implementation, the mutation value is
defined as in

MV = 1−CV, (30)

where CV is the clonal value, a value that measures
the response of an artificial B-cell to an antigen, and
is equal to the affinity between the antibody and the
stimulating antigen. The vector

𝜙 = (𝜙1, 𝜙2)
𝑇
∈ R

2 (31)

in (29) is a randomly generated vector. Each element
𝜙
𝑖
, 𝑖 = 1, 2, of the random vector is a normally dis-

tributed random variable with mean zero and stan-
dard deviation 𝜎 = 0.5.
The mutated antibody feature vectors must lie within
the unit circle. Therefore, the norm of the feature
vector for each mutated antibody is immediately
checked after the mutation according to the following
procedure:

(a) if ‖abevolved‖ ≤ 1, then no normalization is per-
formed;

(b) if ‖abevolved‖ > 1, then

abevolved = (‖ab‖ +U ⋅ (1− ‖ab‖)) ⋅
abevolved




abevolved






, (32)

where U is a uniform random function with a value
within the range of [0, 1].
The norm of the mutated antibody is greater than the
norm of the original antibody and less than 1.
The clonal rate (CR) is an integer value used to control
the number of antibody clones allowed. The number
of clones (NC) is defined in

NC = ⌊CR ⋅CV⌋ , (33)

where ⌊⋅⌋ is the floor function. In this paper the value
of CR is 8.
The highest affinity antibody is chosen as the candi-
date memory cell for possible updating of memory
cell set.

(iv) Define the threshold. A threshold 𝑇
ℎ
is defined in

order to update the memory cell set to improve the
representation quality of memory cells for the healthy
state of the structure. This threshold is defined as

a weighted affinity of the two elements in the healthy
data set (HDS) in (27) with the maximum Euclidean
distance. That is,

Δ = max
𝑖,𝑗=1,...,𝑛






𝑓
𝑖
−𝑓
𝑗



,

𝛿 =

7
25

Δ,

𝑇
ℎ
= 1− 1

2
𝛿.

(34)

Then a comparison between the candidate memory
cell and all the elements in the healthy data set (HDS)
is performed through the affinity. If the affinities are
greater than or equal to the threshold, the candidate
memory cell becomesmemory cell of the healthy state
of the structure. Otherwise, the candidate memory
cell is eliminated. The main outcome of this step
is the memory cell set of the healthy state (MCSH)
of the structure. This algorithmic training process is
represented in Figure 4.

3.3. Testing Step. The damage detection algorithm is finally
illustrated in Figure 5. The damage detection is based on the
affinity values between the elements in the memory cell set
of the healthy state (MCSH), acting as antibodies, and the
data coming from the structure to test (TD, test data), acting
as antigens. A detection threshold (𝐷Th) is defined in the
following equation for this purpose:

𝐷Th = min
ab∈MCSH
𝑖∈{1,...,]}

Aff (ab, 𝑓𝑖) , (35)

that is, the minimum affinity between the elements in the
memory cell set of healthy state (MCSH) and the elements
in the healthy data set (HDS).

When the affinity is less than the threshold 𝐷Th, we say
that the data has been collected from a damaged state of the
structure. Otherwise, the data comes from an undamaged
structure.

4. Experimental Setup and
Experimental Results

4.1. Experimental Setup. To test the proposed methodology,
data from an aircraft skin panel is used. The structure is
divided into small sections by means of stringers and ribs as
shown in Figure 6. To validate the proposed methodology,
two sections of this structure were used. The dimensions
of each section and the damage description are depicted
in Figure 7. These sections were instrumented with 6 PZT
transducers: two in the upper section, two in the lower
section, and two in the rib. The transducers dimensions are
as follows: 26mm diameter and 0.4mm thickness.

4.2. Experimental Results. As said in Section 3.1, the experi-
ments are performed in 6 independent phases: (i) piezoelec-
tric transducer 1 (PZT1) is configured as actuator and the rest
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Figure 6: Aircraft skin panel.

of PZTs as sensors; (ii) PZT2 is configured as actuator; (iii)
PZT3 is configured as actuator; (iv) PZT4 is configured as
actuator; (v) PZT5 is configured as actuator; and (vi) PZT6
is configured as actuator.

To apply the proposed methodology and for each phase
the collected data is arranged in a matrix as in (4) in
Section 2.4.1. With this unfolded data, the PCA model P is
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Figure 8: Amount of variance accounted for by each principal component, for phases 1, 3, 5, and 6.

built as explained in Sections 2.4 and 3.1 using data from
the healthy structure. In Figure 8 the amount of variance
accounted for by each principal component is illustrated, for
phases 1, 3, 5, and 6.

For each actuator phase, the number of principal com-
ponents adopted varies since the principal components
retained must account for at least 90% of the cumulative
variance. Although there is not an accurate criterion to state
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Figure 9: Projections onto the two first principal components of several experiments in actuator phases 1 (a) and 3 (b).

a percentage of cumulative variance to be retained for a good
representation, a high percentage can ensure that most of the
variability is incorporated into the statistical model.

Figure 9 shows the projections onto the two first principal
components of several experiments that come from the
undamaged and damaged structure under consideration. It
can be clearly observed that no separation of damaged/
undamaged can be determined using the scatter plot. These
are then two motivating depictions in the sense that with the
proposedmethodology we will be able to both detect damage
in the structure and classify it.

4.2.1. Damage Detection. After the baseline modeling, the
data coming from the structure to be diagnosed is projected
onto the PCA model. Then, for each experiment, the feature
vector in (23) formed by the two damage indices 𝑇2 and 𝑄 is
defined.

The ability of the proposed method to detect damage
in the structure is illustrated in Figures 10 to 15. In these
figures, the affinity of a memory cell from the memory cell
set of the healthy state (MCSH) and the data coming from
the structure to diagnosis is depicted.The 25 first experiments
correspond to data that come from the undamaged structure,
while the remainder 75 experiments come from the damaged
structure. More precisely, experiments 25 to 50 correspond
to damage 1 (𝐷1), experiments 51 to 75 to damage 2 (𝐷2),
and experiments 76 to 100 to damage 3 (𝐷3). The purple
solid horizontal line delimits the detection threshold (𝐷Th).
It can be clearly observed that experiments with an affinity
value less than𝐷Th, from the damaged structure, are correctly
defined as “damaged.” Similarly, experiments with an affinity
value greater than or equal to𝐷Th, from the healthy structure,
are correctly defined as “healthy.”
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Figure 10: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 1).

Actuation phases 1 to 5 show that it is possible to
distinguish the healthy and unhealthy states; in addition it
can be observed that different affinity values represent the
differences between the group of data which indicate that it is
possible to determine the presence of three damage patterns.
In contrast to the affinity in the rest of the actuation phases,
phase 6 in Figure 15 is showing that it is possible to detect
abnormal situations; however it is not possible to determine
the different structural states.
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Figure 11: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 2).
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Figure 12: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 3).

As it was shown, results from each actuation phase
showed different affinity values to the different structural
states; this is because the actuators are distributed by the
structure in different positions and to different distance to the
damage.

5. Concluding Remarks

In this paper, a newmethodology to detect structural changes
has been introduced.Themethodology includes the use of an
artificial immune system (AIS) and the notion of affinity for
the damage detection.

One of the advantages of the methodology is the fact that
to develop and validate a model is not needed. Additionally
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Figure 13: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 4).
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Figure 14: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 5).

and in contrast to standard Lambwaves-basedmethods there
is no need to directly analyze the complex time-domain
traces containing overlapping, multimodal, and frequency
dispersive wave propagation that distorts the signals and
makes the analysis difficult. Results have shown that different
actuation phases present different results.

The proposed methodology has been applied to data
coming from two sections of an aircraft skin panel. The
results indicate that the proposed methodology is able to
accurately detect damage by means of the analysis of the
affinity values. However, within the proposed methodology,
it is not possible to provide a multidamage classification able
to identify several simultaneous damage patterns. To ensure
the proper performance of the methodology, a study of the
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Figure 15: Affinity values between a memory cell of the memory
cell set of the healthy state (MCSH) and the data coming from the
structure to diagnosis (phase 6).

effect of changing environmental and operational conditions
needs to be considered, which is considered as a future
work. The methodology can be improved by applying data
fusion in order to obtain an only plot with the information
from the actuation phases. In this sense, the use of SOM or
fuzzy clustering will allow the data fusion and estimate more
information from the data.
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AlfredoGüemes for providing the structure used in this paper
and for his suggestions in the experimental setup and data
acquisition process.

References

[1] P. J. C. Branco, J. A. Dente, and R. V. Mendes, “Using immunol-
ogy principles for fault detection,” IEEE Transactions on Indus-
trial Electronics, vol. 50, no. 2, pp. 362–373, 2003.

[2] S. da Silva, M. Dias Jr., and V. Lopes Jr., “Damage detection in a
benchmark structure using AR-ARXmodels and statistical pat-
tern recognition,” Journal of the Brazilian Society of Mechanical
Sciences and Engineering, vol. 29, no. 2, pp. 174–184, 2007.

[3] S. da Silva, M. Dias Júnior, V. Lopes Junior, and M. J. Brennan,
“Structural damage detection by fuzzy clustering,” Mechanical
Systems and Signal Processing, vol. 22, no. 7, pp. 1636–1649, 2008.

[4] J. Zhang, K.Worden, andW. J. Staszewski, “Sensor optimisation
using an immune system metaphor,” in Proceedings of the 26th
International Modal Analysis Conference (IMAC ’08), 2008.

[5] J. R. Vieira de Moura Jr., S. Park, V. Steffen Jr., and D. J. Inman,
“Fuzzy logic applied to damage characterization through SHM
techniques,” in Proceedings of the International Modal Analysis
Conference, Society for Experimental Mechanics Series, 2008.

[6] B. Chen, “Agent-based artificial immune system approach for
adaptive damage detection in monitoring networks,” Journal of
Network and Computer Applications, vol. 33, no. 6, pp. 633–645,
2010.

[7] D. Tan, W. Qu, and J. Tu, “The damage detection based on the
fuzzy clustering and support vector machine,” in Proceedings of
the International Conference on Intelligent System Design and
Engineering Application (ISDEA ’10), pp. 598–601, Changsha,
China, October 2010.

[8] B. Chen and C. Zang, “Emergent damage pattern recognition
using immune network theory,” Smart Structures and Systems,
vol. 8, no. 1, pp. 69–92, 2011.

[9] Z. Chilengue, J. A. Dente, and P. J. C. Branco, “An artificial
immune system approach for fault detection in the stator and
rotor circuits of induction machines,” Electric Power Systems
Research, vol. 81, no. 1, pp. 158–169, 2011.

[10] Y. Zhou, S. Tang, C. Zang, and R. Zhou, “An artificial immune
pattern recognition approach for damage classification in struc-
tures,” in Advances in Information Technology and Industry
Applications, vol. 136 of Lecture Notes in Electrical Engineering,
pp. 11–17, Springer, 2012.

[11] W. Xiao, Structural health monitoring and fault diagnosis based
on artificial immune system [Ph.D. thesis], Worcester Polytech-
nic Institute, 2012.

[12] Z. Liu, Q. Zhou,Q. Chi, Y. Zhang, Y. Chen, and S.Qi, “Structural
damage detection based on semi-supervised fuzzy C-means
clustering,” in Proceedings of the 9th International Conference on
Computer Science & Education (ICCSE ’14), pp. 551–556, IEEE,
August 2014.

[13] Y. Huang, L. Gong, S. Wang, and L. Li, “A fuzzy based
semi-supervised method for fault diagnosis and performance
evaluation,” in Proceedings of the IEEE/ASME International
Conference on Advanced Intelligent Mechatronics (AIM ’14), pp.
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This study presents a new steady-state visual evoked potential (SSVEP) paradigm for brain computer interface (BCI) systems. The
new paradigm is High-Frequency Combination Coding-Based SSVEP (HFCC-SSVEP). The goal of this study is to increase the
number of targets using fewer stimulation frequencies, with diminishing subject’s fatigue and reducing the risk of photosensitive
epileptic seizures. This paper investigated the HFCC-SSVEP high-frequency response (beyond 25Hz) for 3 frequencies (25Hz,
33.33Hz, and 40Hz). HFCC-SSVEP produces 𝑛𝑛 with 𝑛 high stimulation frequencies through Time Series Combination Code.
Furthermore,The ImprovedHilbert-Huang Transform (IHHT) is adopted to extract time-frequency feature of the proposed SSVEP
response. Lastly, the differentiation combination (DC) method is proposed to select the combination coding sequence in order to
increase the recognition rate; as a result, IHHT algorithm and DCmethod for the proposed SSVEP paradigm in this study increase
recognition efficiency so as to improve ITR and increase the stability of the BCI system. Furthermore, SSVEPs evoked by high-
frequency stimuli (beyond 25Hz)minimally diminish subject’s fatigue and prevent safety hazards linked to photo-induced epileptic
seizures. This study tests five subjects in order to verify the feasibility of the proposed method.

1. Introduction

A brain computer interface (BCI) is a direct communication
pathway between a human or animal brain and an external
device. Nowadays, noninvasive scalp electroencephalogram
(EEG)measurements have become a popular solution in BCI
research. The most commonly used signals in EEG-based
BCI systems are event-related synchronization of mu and
beta bands, event-related potentials, and steady-state visual
evoked potential (SSVEP) [1–3].

The SSVEP is usually elicited by flickering stimulation
frequency higher than 6Hz, while the frequency for inducing
FVEP (Flash Visual Evoked Potential) should be lower than
2Hz [4]. The most common measure to assess the perfor-
mance of a BCI system is Shannon’s information transfer rate
(ITR) [5]. Steady-state visual evoked potential (SSVEP) has
been regarded as an efficient approach to design BCI with
high information transfer rate (ITR). SSVEP-based systems
lead to transfer rates of 100 bits/min and beyond [2, 6],
compared to about 10–25 bits/min of other BCI systems [5].
Furthermore, SSVEP-based BCI systems have the advantages

of short responding time, minimum training, and high ITR
[4, 7, 8].

The visual stimulator plays an important role in an
SSVEP BCI. Several visual stimulators have been used for
evoking SSVEP, such as a cathode ray tube (CRT) monitor
[9], liquid crystal display (LCD) monitor, and light-emitting
diode (LED) array [10]. Considering stimulation parameters
such as size, color, and position, LED arrays are not flexible
and increase the overall system cost; presenting flickers on
a computer monitor is more flexible than using stand-alone
lights/LEDs [9].

Current SSVEP-based BCI system utilizes single fre-
quency to encode each target. Hence, a large number of
targets require a large number of frequencies. Increasing the
number of targets then decreases the frequency resolution
which in turn makes classification more difficult. This is
especially problematic on computer screens. Recently, some
researchers began to study how to increase the number of
targets with fewer frequencies, such as stimuli flickered at the
same frequency and differed only in relative phase [11], right-
and-left field stimulationwith two frequencies [12], and using
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Figure 1: Block diagram of a TSCCBH-SSVEP for BCI.

dual frequency stimulation [4]. However, SSVEPs are usually
evoked by low-mid frequencies in the 7–30Hz, but the low-
mid frequency band has some disadvantages [8]. First, the
low frequency band covers the alpha band (8–13Hz) which
can cause a considerable amount of false positives. Second,
subjective evaluations showed that frequencies between 5 and
25Hz are more annoying than higher ones; visual fatigue
would easily occur. Third, flash and pattern reversal stimuli
can provoke epileptic seizures especially in the 15–25Hz
range [13]. All of these disadvantages can be avoided by using
the high frequency band [14–16].

This study proposes High-Frequency Combination
Coding-Based flickers for evoking SSVEP (HFCC-SSVEP).
The HFCC-SSVEP is essentially based on frequency
modulation. Each flicker comprises different high flickering
frequencies through High-Frequency Combination Code.
The High-Frequency Combination Coding-Based SSVEP
(beyond 25Hz) is induced by CRT (Cathode Ray Tube) and
LED. This system uses only one Oz-A1 EEG channel for
SSVEP recording. The proposed new paradigm produces
𝑛
𝑛 with 𝑛 high stimulation frequencies through Time Series

Combination Code. Furthermore, conventional spectral
methods are not always suitable for detecting high-frequency
SSVEPs. In this paper, an improved HHT- (Hilbert-
Huang Transform-) based high-frequency-modulated
SSVEP feature extraction method is proposed to extract
time-frequency feature of the proposed SSVEP response.

Furthermore, SSVEPs evoked by high-frequency stimuli
(beyond 25Hz) minimally diminish subject’s fatigue and
prevent safety hazards linked to photo-induced epileptic
seizures.

2. Subject and Experimental Condition

Three healthy volunteers (three males randomly selected
from the students in the research institution), aged from 21
to 25 years old, participated in this study from Xi’an Jiaotong
University. They were seated in a comfortable armchair in
a dimly illuminated EEG signals testing lab, which is quiet
without any distractions. All participants were 50 cm away
from the stimulation unit (CRT display OR LED). EEG sig-
nals were measured from three EEG electrodes (g.USBamp,
g.tec Guger Technologies, Austria) placed at Oz-A1 (Oz-
unilateral earlobe) and Fpz (ground) in compliance with the
international EEG 10–20 system.The unilateral (left or right)
earlobe was used as the recording reference, and all electrode
impedances were kept below 5 kOhm.The experimental data
sampling frequency is 1200Hz.

3. Experiment Paradigm

Figure 1 shows the block diagram of a HFCC-SSVEP for BCI.
HFCC-SSVEPs were induced by 27 stimulus series; these
stimuli were displayed by cycle flickers at the center of CRT.
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Figure 2: SSVEP signals of LED.

The 27 stimulus series were generated from 3 fundamental
frequency elements through Time Series Combination Code.
The used fundamental frequency elements were only three
high frequencies, that is, 25, 33.33, and 40Hz; the three
frequencies were labeled as 1, 2, and 3. The selection of
fundamental frequency elements depended on the screen
refresh rate and sampling rate. Each fundamental frequency
element was generated from 20 pulses. The data lengths
of 27 stimulus series were variably between 1.5 s and 2.4 s.
The subjects gazed each stimulus sequence and the stimulus
sequence was displayed by cycle flickers at the center of CRT.

4. Data Processing and Result

Figure 2 shows EEG signals of SSVEP response presented
through LEDwith 25Hz, 30Hz, 40Hz, and 75Hz.The length
of EEGdata is 8 s.The frequency spectrumof EEG signals was
determined using the fast Fourier transform (FFT) technique
in MATLAB software. Figure 3 shows the FFT spectrum
of SSVEP EEG signals of LED. The spectrum frequency

detection is usually the appropriate for frequency analysis of
SSVEPs in BCI applications. Figure 4 shows FFT’s amplitude
of EEG signals for LED. Figure 3 shows that SSVEP response
of 25Hz, 30Hz, and 40Hz is sensitive, but the 75Hz spectral
line cannot be distinguished in the FFT spectrum from
Figure 3. Figure 4 shows the fitted curve of FFT spectrum
energy.

In this study, each Oz-A1 EEG signal was segmented
into ten segments. Figure 10 shows that SCCBH-SSVEP EEG
signals 6 of 27 selections. The length of EEG data is unequal
between 1.5 s and 2.4 s. The frequency spectrum of averaged
EEG signals was determined using the fast Fourier trans-
form (FFT) technique in MATLAB software. The spectrum
frequency detection is usually the appropriate for frequency
analysis of SSVEPs in BCI applications; but the FFT spectrum
cannot contain temporal information. The 27 selections
represented by three high frequencies elements cannot be
distinguished from each other in the FFT spectrum.

Spectrum analysis is usually used to extract the frequency
information in traditional evoked SSVEPs responses. The
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Figure 4: The fitted curve of FFT energy.

underlying idea is always the same: a blinking or moving
visual stimulus at a constant frequency (the stimulus fre-
quency) elicits a response in the brain at the same frequency
and its even harmonics (SSVEP frequency is equal to stimulus
frequency plus its even harmonics). Note that this behavior
denotes a nonlinearity of the visual system [5].

The evoked SSVEP response of High-Frequency Combi-
nation Coding-Based stimulus not only contains frequency
information but also contains temporal information. The
frequency information consists of three frequencies through
Time SeriesCombinationCode; the length of 𝑡 evoked SSVEP
response data varies between 1.5 s and 2.4 s (see Figure 2);
as a result, the evoked SSVEP responses are nonstationary
and nonlinear. The traditional spectrum detection method
is not suited for analyzing the time series combination
coding-based high-frequency evoked SSVEP response. More
sophisticated nonstationary and nonlinear signal processing
techniques have recently been used to analyze the evoked
SSVEP response [17–19].
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Hilbert-Huang transforms [20], consisting of empirical
mode decomposition (EMD) and Hilbert spectral analysis,
is a newly developed adaptive data analysis method. The
HHT is designed specifically for analyzing nonlinear and
nonstationary data.The key part of HHT is EMDwith which
any complicated data set can be decomposed into a finite and
often small number of intrinsic mode functions (IMFs). The
instantaneous frequency defined using the Hilbert transform
denotes the physical meaning of local phase change better
for IMFs than for any other non-IMF time series. As the
decomposition is based on the local characteristics of the
data, it has been proved quite versatile in a broad range
of applications for extracting signals from data generated
in noisy nonlinear and nonstationary processes [21]. It
has been widely used to analyze EEG signals [22–26]. In
order to extract the time-frequency characteristics of high-
frequency time series combination coding-based SSVEPs,
we proposed IHHT-based high-frequency time-modulated
SSVEP method.

Figure 9 shows the steps of HHT-based high-frequency
time-modulated SSVEP feature extraction, a local spectrum
extreme target identification algorithm and differentiation
combination method. The extraction method consists of
synchronous averaging, band pass filtering, EMD, selection
of IMF, instantaneous frequency, and Hilbert spectrum.
In order to ensure that the time-frequency characteristics
of high-frequency time series combination coding-based
SSVEPs are efficiently extracted, we must choose and opti-
mize the key algorithm. The specific method is as follows.
The end effect and stopping criterion are the core problems
of empirical mode decomposition (EMD); two methods are
selected and optimized in order to overcome the shortage of
end effect and stopping criterion of empirical mode decom-
position (EMD) in the processing of variable frequency EEG
data.

(i) Optimization Selection of the EMD Endpoint Prediction.
Upper and lower envelope averaging is one of the cores
of the EMD algorithm; the upper and lower envelopes are
attained through the extreme value point of the spline curve
fitting. The EMD end effect is how to find the proper fitting
curve between the last extreme value point and endpoint
in the curve fitting. The boundary prediction method and
traditional method are compared in order to optimize the
problem for the end effect in the high-frequency time-
modulated SSVEP feature extraction.

Figure 5 shows the boundary prediction method. The
boundary predictionmethod is to use the 1 order approximate
point as the endpoint. Through the theoretical and real data
analysis [27], it is not only to conform to the conditions of
the cubic spline curve fitting but also to ensure that the fitting
curve fluctuation is minimal. In Figure 6, E-Natural curve
is the upper envelope curve fitting based on cubic spline
curve through the boundary prediction method, Natural
curve is the upper envelope curve fitting based on cubic
spline curve through the traditional method. Figure 6 shows
that the fluctuation of the fitting curve based on boundary
prediction in the end isminimal. So the boundary predictions
are used to overcome the shortage of end effect of empirical

mode decomposition (EMD) in the processing of variable
frequency EEG data.

(ii) The Parameter Optimization of EMD Stopping Criterion.
The EMD algorithm is essentially a process of screening; the
screening mathematical formula is as follows:

𝑥 (𝑡) =

𝑛

∑

𝑗=1
𝑐
𝑗

= 𝑥 (𝑡) −

𝑘

∑

𝑗=1
𝑚
𝑗
+(

𝑘

∑

𝑗=1
𝑚
𝑗
−

𝑝

∑

𝑗=1
𝑚2𝑗)+ . . . .

(1)

In formula, 𝑥(𝑡) is the target signal, 𝑐
𝑗
is the IMF that is

decomposed through the EMD algorithm, 𝑛 is the number of
IMF, 𝑚

𝑗
, 𝑚2𝑗 is the average of the upper and lower envelope

curve in the process of screening, and 𝑘, 𝑝 is the number of
screening.

The core problem of EMD is how to choose the end con-
ditions in every process of screening, which is the problem of
the EMD stopping criterion.

The EMD algorithm is essentially binary half-band filter,
which is actually binary wavelet. In order to ensure the
screening results of IMF in the amplitude and that frequency
has enough physical meaning, which essentially is to ensure
that scale ratio of the adjacent two IMF values is close to 2,
the number of screening (𝑘, 𝑝) must be limited in the process
of screening.

The fixed sifting (iterating) 10 times are used to overcome
the shortage of stopping criterion of empirical mode decom-
position (EMD) in the processing of variable frequency EEG
data, That is 𝑘 = 𝑝 = 10, which can ensure that scale ratio
of the adjacent two IMF values is close to 2. The advantage of
this selection is as follows [28]:

(a) Ensure that the EMD algorithm is essentially binary
half-band filter bank.

(b) Ensure that the result has physical meaning.

(c) The decomposition results number is limited <=
log 2(𝑁).

(iii) The Optimization of Calculation Method for Instanta-
neous Frequency. In order to ensure that the instantaneous
frequency based on Hilbert Transform (HT) has physical
meaning, the conditions are as follows:

(a) The result must be IMF.

(b) The signal amplitude change is not too large (due to
the Bedrosian theoretical limitation).

(c) The phase of signal cannot be too complicated (due to
the Nuttall theoretical limitation).

The GZC (generalized zero-crossing) algorithm is pro-
posed to calculate the instantaneous frequency of variable
frequency EEG data, as shown in Figure 7 and formula (2).
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The computational formula of instantaneous frequency
𝑓gzc is as follows:

𝑓gzc =
4𝑓1 + 2 (𝑓21 + 𝑓22) + 𝑓41 + 𝑓42 + 𝑓43 + 𝑓44

12
,

𝑓1 =
1
4𝑇1
,
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𝑓2𝑖 =
1

2𝑇2𝑖
, 𝑖 = 1, 2,

𝑓4𝑖 =
1
𝑇4𝑖
, 𝑖 = 1, 2, 3, 4.

(2)

In the formula, (2)𝑇 is the time frame between zero and peak
time.

The GZC algorithm is based on the average concept in
nature, so the GZC algorithm has the advantage of high
stability and high precision of calculation.Therefore the GZC
algorithm is very suitable for the fact that the frequency
fluctuation of signal is not big.The variable frequency charac-
teristics of high-frequency time series combination coding-
based SSVEPs in this paper is segment-wise stationary; as
a result, the generalized zero-crossing (GZC) is used to
compute the instantaneous frequency of the proposed SSVEP
respondent signals.

(iv) Local Spectrum Extreme Target Identification Algorithm.
The relevant IMFs are evenly divided into 3 sections, then
to respectively calculate their spectrum extreme 𝑋. Then
according to the following rules,𝑋 is encoded.

(a) 20 < 𝑥 <= 29, 𝑥 is 1.
(b) 29 < 𝑥 <= 37, 𝑥 is 2.
(c) 37 < 𝑥 <= 45, 𝑥 is 3.

Finally, compare the coding result to the element in the
encoded library; if the coding result is in the library, it is
marked as nonzero; otherwise it is marked as zero. The 𝑛
of nonzero number is the correct identification number;
as a result, the recognition rate is quantitatively calculated
through the local spectrum extreme target identification
algorithm. The recognition accuracy 𝑝 of computational
formula is as follows:

𝑝 =

𝑛

𝑁

. (3)

(v) Differentiation Combination Method. In the experiment,
the used fundamental frequency elements were only three
high frequencies, that is, 25, 33.33, and 40Hz, which are
labeled as 1, 2, and 3. The data lengths of 27 stimulus series
were variably between 1.5 s and 2.4 s. The 27 stimulus series
are averaged by superposition of 1∼10 times. The recognition
accuracy 𝑝 of the different superposition time’s average
results is calculated through the local spectrum extreme
target identification algorithm. Figure 8 shows the statistical
result between the different superposition time’s average
results, 𝑛, and the recognition accuracy, 𝑝.

From statistics results in Figure 8, we can see that the
recognition accuracy𝑝 is only 77.78% through 10 times super-
position average.This is obviously not what we expected.The
statistical result between the different superposition time’s
average results 𝑛 and the recognition accuracy 𝑝 in Figure 8
shows that the recognition accuracy 𝑝 is different for all
of the combinations of three stimulation units. Different

n
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Figure 8: Statistical result between the different superposition times
average results 𝑛 and the recognition accuracy 𝑝.

combinations make a difference in recognition rate. Through
the comparison and analysis, the recognition accuracy 𝑝
is larger through differentiation combination method of
three stimulation units. The reason is that differentiation
combination method can break the adaptability of the vision
system [29], compared with single frequency, so the different
frequency encoding (differentiation combination method)
can improve the recognition rate. As a result, on the basis of
the fundamental frequency elements, that is, 25, 33.33, and
40Hz, which are labeled as 1, 2, and 3, the differentiation
combination encoding of 27 combination encoding mode is
123, 132, 213, 231, 312, and 321. Figure 10 shows SCCBH-SSVEP
EEG single response signals of differentiation combination
method. Figure 12 shows that the Hilbert spectra of the
selections signals are presented by using HHT-based high-
frequency time-modulated SSVEP method.

Each Oz-A1 EEG signal is firstly segmented into ten
segments for synchronous averaging, which are to decrease
the noise of EEG data. Next, the data in the frequency
range of 25–45Hz are chosen for EMD analysis, owing to
the frequency range of three selected fundamental frequency
elements, 25Hz, 33.33Hz, and 40Hz. According to EMD
results, the relevant IMF is selected empirically for analysis.
Then, the instantaneous frequency of the selected relevant
IMF is calculated by using generalized zero-crossing algo-
rithm [30]. At last, according to the calculated instantaneous
frequency, the Hilbert spectrum is presented. A local spec-
trum extreme target identification algorithm is proposed to
calculate recognition rate; the experimental result shows that
the recognition rate is not high for all combination coding
sequences. So the differentiation combination method is
proposed to select the combination coding sequence in order
to increase the recognition rate; as a result, 6 combination
coding sequences are selected; they are 123, 132, 213, 231,
312, and 321 (fundamental frequency: 25, 33.33, and 40Hz,
number resp.: 1, 2, and 3).

Figure 11 shows that the spectra of selected EEG signals,
the frequency spectra of the selected EEG signals, were
determined using the fast Fourier transform (FFT) technique
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Figure 10: TSCCBH-SSVEP EEG signals.
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Figure 11: The FFT of TSCCBH-SSVEP.

in MATLAB software. In the spectrum in Figure 11, the lime
lines represent 25Hz, the red lines represent 33.33Hz, and the
springs green lines represent 40Hz. The spectrum frequency
detection is usually the appropriate for frequency analysis of
SSVEPs in BCI applications; but the FFT spectrum cannot
contain temporal information. The 6 selections represented
by three high frequencies elements cannot be distinguished
from each other in the FFT spectrum. Figure 12 shows that
the Hilbert spectra of the selected signals are presented by
using HHT-based high-frequency time-modulated SSVEP
method. Obviously, the Hilbert spectrum presents the time-
frequency characteristics of flashing sequences based on
high-frequency time series combination code using three
high frequencies. Compared to FFT spectrum, it not only
provides the frequency information but also presents fre-
quency change with time, which extracts the features of Time
Series Combination Code of three high frequencies. Accord-
ing to the combination code time-frequency characteristics,

the Hilbert spectra (see Figure 12) obviously identify the
selections.

Finally, six stimulus targets are presented with three high
frequencies through HFCC-SSVEP; in contrast, three stimu-
lus targets are presented with three low frequencies through
traditional SSVEP; the above two kinds of different contrast
experiments in Figure 13 are applied to intelligent wheelchair
navigation control in order to verify the technical advantage
of the proposed method and ensure the HFCC-SSVEP-
based intelligent wheelchair navigation system efficiency and
undamaging. Figure 13(a) shows the experimental paradigm
of HFCC-SSVEP with 6 targets: 123, 132, 213, 231, 312, and 321
(fundamental frequency: 25, 33.33, and 40Hz, number resp.:
1, 2, and 3); they are presented on the screen. Figure 13(b)
shows the experimental paradigm of the traditional SSVEP;
the frequencies of 3 targets are, respectively, 12, 12.5, and
15Hz. Table 1 is the comparison of HFCC-SSVEP and tra-
ditional SSVEP; it is average experimental results of five
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Table 1: Comparison of HFCC-SSVEP and traditional SSVEP.

Paradigm 𝑡/s 𝑝 df/h ITR (b/min)
CCH-SSVEP 1.9 92% 10 43
Traditional SSVEP 5.8 70% 2 13

subjects. In Table 1, 𝑡 is stimulation time, 𝑝 is the recognition
rate, df is the degree of fatigue (fatigue time), and ITR is the
information transmission rate of BCI system. Table 1 shows
that HFCC-SSVEP has the advantage of shorter time, higher
accuracy, not easy fatigue, and higher ITR, comparedwith the
traditional SSVEP (Figure 14).

5. Discussion and Conclusion

We studied SSVEP high frequency (beyond 25Hz) response
of SSVEP whose paradigm is on the LED. Figure 3 shows that
the 75Hz spectral line cannot be distinguished in the FFT
spectrum. The SNR (signal to noise ratio) of high frequency
(beyond 40Hz) response is very low, which has been unable
to be distinguished through the traditional analysis method.
So we must study the weak signal feature extraction method
for SSVEP high frequency (beyond 40) response.This part of
the research will be conducted in the future research work. As
a result, 25Hz, 33.33Hz, and 40Hz in the high frequency area
are selected as the fundamental frequency for HFCC-SSVEP
paradigm.

The proposed HFCC-SSVEP paradigm for a BCI system
not only can increase the number of targets through Time
Series Combination Code of fewer frequencies for stimula-
tion but also can shorten the recognition time. Furthermore,
it can diminish user’s fatigue and risk of photosensitive
epileptic seizures. This study specifies twenty-seven (33)

selections using only 3 frequencies with about 2 s EEG
data. However, the targets are not distinguished from each
other using traditional spectrum method. Consequently, in
this case, IHT-based high-frequency time-modulated SSVEP
feature extraction method, which is a nonlinear and non-
stationary signal processing method, is proposed to extract
the time-frequency characteristics of targets. As a result,
the HFCC-SSVEP targets can be obviously distinguished
from each other in the Hilbert spectrum. The proposed
method helps increase the recognition efficiency of SSVEP
for BCI systems. Results show that this High-Frequency
Combination Code paradigm is suitable for the SSVEP BCI
system.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

Thisworkwas supported by a grant from theNationalNatural
Science Foundation of PR China (Approval no. 51175412).

References

[1] A. Nijholt, D. Tan, G. Pfurtscheller et al., “Brain-computer
interfacing for intelligent systems,” IEEE Intelligent Systems, vol.
23, no. 3, pp. 72–79, 2008.

[2] G. Y. Bin, X. R. Gao, Z. Yan, B. Hong, and S. K. Gao, “An online
multi-channel SSVEP-based brain-computer interface using
a canonical correlation analysis method,” Journal of Neural
Engineering, vol. 6, no. 4, Article ID 046002, 2009.



12 Shock and Vibration

[3] J. R. Wolpaw, N. Birbaumer, D. J. McFarland, G. Pfurtscheller,
and T. M. Vaughan, “Brain-computer interfaces for communi-
cation and control,” Clinical Neurophysiology, vol. 113, no. 6, pp.
767–791, 2002.

[4] K.-K. Shyu, P.-L. Lee, Y.-J. Liu, and J.-J. Sie, “Dual-frequency
steady-state visual evoked potential for brain computer inter-
face,” Neuroscience Letters, vol. 483, no. 1, pp. 28–31, 2010.

[5] F. B. Vialatte, M.Maurice, J. Dauwels, and A. Cichocki, “Steady-
state visually evoked potentials: focus on essential paradigms
and future perspectives,” Progress in Neurobiology, vol. 90, no.
4, pp. 418–438, 2010.

[6] G. Bin, X. Gao, Y. Wang, B. Hong, and S. Gao, “VEP-based
brain-computer interfaces: time, frequency, and code modula-
tions,” IEEE Computational Intelligence Magazine, vol. 4, no. 4,
pp. 22–26, 2009.

[7] Y. Wang, X. Gao, B. Hong, C. Jia, and S. Gao, “Brain-computer
interfaces based on visual evoked potentials: feasibility of
practical system designs,” IEEE Engineering in Medicine and
Biology Magazine, vol. 27, no. 5, pp. 64–71, 2008.

[8] D. Zhu, J. Bieger, G. G. Molina, and R. M. Aarts, “A survey
of stimulation methods used in SSVEP-based BCIs,” Computa-
tional Intelligence andNeuroscience, vol. 2010, Article ID 702357,
12 pages, 2010.

[9] Y. Wang, Y.-T. Wang, and T.-P. Jung, “Visual stimulus design
for high-rate SSVEP BCI,” Electronics Letters, vol. 46, no. 15, pp.
1057–1058, 2010.

[10] K.-K. Shyu, P.-L. Lee, M.-H. Lee, M.-H. Lin, R.-J. Lai, and Y.-
J. Chiu, “Development of a Low-Cost FPGA-based SSVEP BCI
multimedia control system,” IEEE Transactions on Biomedical
Circuits and Systems, vol. 4, no. 2, pp. 125–132, 2010.

[11] P.-L. Lee, J.-J. Sie, Y.-J. Liu et al., “An SSVEP-actuated brain
computer interface using phase-tagged flickering sequences: a
cursor system,” Annals of Biomedical Engineering, vol. 38, no. 7,
pp. 2383–2397, 2010.

[12] Z. Yan, G. Bin, and X. Gao, “Right-and-left field stimulation
with two frequencies for a SSVEP-based brain-computer inter-
face,” Qinghua Daxue Xuebao/Journal of Tsinghua University,
vol. 49, no. 12, pp. 2013–2016, 2009.

[13] R. S. Fisher, G. Harding, G. Erba, G. L. Barkley, and A.Wilkins,
“Photic- and pattern-induced seizures: a review for the epilepsy
foundation of america working group,” Epilepsia, vol. 46, no. 9,
pp. 1426–1441, 2005.

[14] G. G. Molina, “Detection of high-frequency steady state visual
evoked potentials using phase rectified reconstruction,” in
Proceedings of the 16th European Signal Processing Conference
(EUSIPCO ’08), August 2008.

[15] U. Hoffmann, E. J. Fimbel, and T. Keller, “Brain-computer
interface based on high frequency steady-state visual evoked
potentials: a feasibility study,” in Proceedings of the 4th Interna-
tional IEEE/EMBS Conference on Neural Engineering (NER ’09),
pp. 466–469, May 2009.

[16] Y. J. Wang, R. P. Wang, X. R. Gao, and S. K. Gao, “Brain-
computer interface based on the high-frequency steady-state
visual evoked potential,” in Proceedings of the 1st International
Conference on Neural Interface and Control Proceedings, pp. 37–
39, May 2005.

[17] F. B. Vialatte, J. Dauwels, M. Maurice, Y. Yamaguchi, and A.
Cichocki, “On the synchrony of steady state visual evoked
potentials and oscillatory burst events,”Cognitive Neurodynam-
ics, vol. 3, no. 3, pp. 251–261, 2009.

[18] J. Cui and W. Wong, “The adaptive chirplet transform and
visual evoked potentials,” IEEE Transactions on Biomedical
Engineering, vol. 53, no. 7, pp. 1378–1384, 2006.

[19] S. Moratti, B. A. Clementz, Y. Gao, T. Ortiz, and A. Keil, “Neural
mechanisms of evoked oscillations: stability and interaction
with transient events,” Human Brain Mapping, vol. 28, no. 12,
pp. 1318–1333, 2007.

[20] N. E. Huang, Z. Shen, S. R. Long et al., “The empirical
mode decomposition and the Hilbert spectrum for nonlinear
and non-stationary time series analysis,” Proceedings of the
Royal Society of London, Series A: Mathematical, Physical and
Engineering Sciences, vol. 454, no. 1971, pp. 903–995, 1998.

[21] N. E. Huang and S. S. Shen, The Hilbert-Huang Transform and
Its Applications, World Scientific, Hackensack, NJ, USA, 2005.

[22] C. M. Sweeney-Reed and S. J. Nasuto, “A novel approach to the
detection of synchronisation in EEG based on empirical mode
decomposition,” Journal of Computational Neuroscience, vol. 23,
no. 1, pp. 79–111, 2007.

[23] S. Haufe, V. V. Nikulin, A. Ziehe, K.-R. Müller, and G. Nolte,
“Combining sparsity and rotational invariance in EEG/MEG
source reconstruction,”NeuroImage, vol. 42, no. 2, pp. 726–738,
2008.

[24] X. Li, “Temporal structure of neuronal population oscillations
with empirical model decomposition,” Physics Letters A, vol.
356, no. 3, pp. 237–241, 2006.

[25] X. Li, J. W. Sleigh, L. J. Voss, G. Ouyang, and Z. R. Bartelmus,
“Measure of the electroencephalographic effects of sevoflurane
using recurrence dynamics,” Neuroscience Letters, vol. 424, no.
1, pp. 47–50, 2007.

[26] X. Li, D. Li, Z. Liang, L. J. Voss, and J. W. Sleigh, “Analysis
of depth of anesthesia with Hilbert-Huang spectral entropy,”
Clinical Neurophysiology, vol. 119, no. 11, pp. 2465–2475, 2008.

[27] Z. Wu and N. E. Huang, “Ensemble empirical mode decom-
position: a noise-assisted data analysis method,” Advances in
Adaptive Data Analysis, vol. 1, no. 1, pp. 1–41, 2009.

[28] G. Wang, X.-Y. Chen, F.-L. Qiao, Z. Wu, and N. E. Huang, “On
intrinsic mode function,” Advances in Adaptive Data Analysis:
Theory and Applications, vol. 2, no. 3, pp. 277–293, 2010.

[29] M.Nakanishi, Y.Wang, Y. T.Wang, Y.Mitsukura, and T. P. Jung,
“A high-speed brain speller using steady-state visual evoked
potentials,” International Journal of Neural Systems, vol. 24, no.
6, Article ID 1450019, 17 pages, 2014.

[30] N. E. Huang, Z. Wu, S. R. Long, K. C. Arnold, X. Chen, and
K. Blank, “On instantaneous frequency,” Advances in Adaptive
Data Analysis:Theory and Applications, vol. 1, no. 2, pp. 177–229,
2009.



Research Article
Bridge Damage Severity Quantification Using Multipoint
Acceleration Measurement and Artificial Neural Networks

Pang-jo Chun,1 Hiroaki Yamashita,2 and Seiji Furukawa2

1Department of Civil and Environmental Engineering, Ehime University, Matsuyama, Ehime 790-8577, Japan
2West Nippon Expressway Engineering Shikoku Company Ltd., Takamatsu, Kagawa 760-0072, Japan

Correspondence should be addressed to Pang-jo Chun; chun.pang-jo.mj@ehime-u.ac.jp

Received 1 March 2015; Revised 6 April 2015; Accepted 7 April 2015

Academic Editor: Jiawei Xiang

Copyright © 2015 Pang-jo Chun et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The deterioration of bridges as a result of ageing is a serious problem in many countries. To prevent the failure of these deficient
bridges, early damage detection which helps us to evaluate the safety of bridges is important. Therefore, the present research
proposed a method to quantify damage severity by use of multipoint acceleration measurement and artificial neural networks.
In addition to developing the method, we developed a cheap and easy-to-make measurement device which can be made by bridge
owners at low cost and without the need for advance technical skills since the method is mainly intended to apply to small to
midsized bridges. In addition, the paper gives an example application of the method to a weathering steel bridge in Japan. It can be
shown from the analysis results that the method is accurate in its damage identification andmechanical behavior prediction ability.

1. Introduction

The deterioration of bridges as a result of ageing, which can
cause bridge disasters, is a serious problem inmany countries.
For example, the number of bridges increased rapidly during
the high economic growth of the 1960s and early 1970s in
Japan, and now they have exceeded their expected lifespan of
50 years [1]. The Ministry of Land, Infrastructure, Transport
and Tourism of Japan [2] reported that the percentage of
bridges more than 50 years old is around 18% now, and
this will rise to 43% in ten years. In the United States, the
American Society of Civil Engineers (ASCE) [3] reported that
the average age of the nation’s 607,380 bridges is currently
42 years, and one in nine of the nation’s bridges are rated as
structurally deficient. As a result, over two hundred million
trips are taken daily across structurally deficient bridges in
the nation’s 102 largest metropolitan regions. To prevent the
failure of these deficient bridges, developing a method which
evaluates their condition is desirable. For that purpose, there
has been considerable interest in methods that focus on the
vibration characteristics including natural frequencies [4, 5].
Rytter [6] suggested classification of vibration-based struc-
tural damage identification methods as follows:

Level 1 (detection): determination that damage is
present in the structure;
Level 2 (localization): determination of the geometric
location of the damage;
Level 3 (quantification): quantification of the severity
of the damage;
Level 4 (prediction): prediction of the remaining
service life of the structure.

While attempts to achieve more than Level 2 damage
assessment, shown above, have been made for long and
important bridges (e.g., [7]), previous studies on small to
midsized bridges have mainly attempted to achieve Level 1
damage detection by monitoring the changes in natural fre-
quencies [4, 5]. This method takes advantage of the fact that
the natural frequencies can be found inexpensively and easily
because only one (or a few) point measurement/s is/are
required. However, the method has not been put into prac-
tical use because the method often overlooks the damage.
The authors consider that one of the reasons it has been
overlooked is that the amount of information is not enough to
evaluate the bridge condition if only natural frequencies are
considered.
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Figure 1: Typical architecture of feed-forward ANNs.

One of themost effective approaches to solving this prob-
lem is multipoint measurement which greatly increases the
amount of information. However, this approach has not yet
been employed on small tomidsized bridges for the following
two reasons.

Problem 1. It is too costly to prepare a number of measuring
devices when taking account of the inspection budget for
small to midsized bridges.

Problem 2. It is difficult to process, understand, and interpret
the large amount of measurement data produced.

The purpose of the present research is to develop a
method to quantify the damage severity (categorized as level
3 in Rytter’s classification) of small to midsized bridges by
resolving the above two problems as follows.

Solution for Problem 1. Develop a very cheap and reusable
measurement device to reduce inspection costs. The device
can be made simply by assembling products freely available
on the market; therefore, it can be easily reproduced by
anyone.

Solution for Problem 2. Accumulate data which explains the
relations between the damage pattern of the bridge and
multipointmeasurement results by using FEManalysis.Then,
artificial neural networks (ANNs), which are a form of
supervised learning, are trained with the accumulated data.
The trained ANNs output the location and degree of damage
when the multipoint measurement results are given as input.
With the above framework, we can deal with a large amount
of data easily and obtain accurate damage quantification
results.

In addition to developing the method, this paper also
gives an example application of a highway bridge in Kochi
Prefecture in Japan (hereinafter referred to as “bridge H”).
Bridge H is made of weathering steel, which is widely used
nowadays because of its low cost and maintenance require-
ments [8]. It is known that weathering steel forms productive
rust layers which reduce the corrosion rate, and therefore the
maintenance costs are expected to be lower than those of
conventional painted steel bridges. However, it is also known

that weathering steel is not necessarily a maintenance-free
material and it is reported that the thickness reduces rapidly
when abnormal rust is formed unexpectedly [9]. According
to visual inspection results, abnormal rust can be observed on
the bottom flange of bridge H; therefore we plan to conduct a
long-term follow-up including evaluation of the rust thick-
ness reduction. However, it requires great effort to measure
the thickness of the plate. For example, we need to use an
ultrasonic thickness gauge after removing the rust by blast
cleaning.The authors are therefore planning to inspect bridge
H to evaluate the thickness reduction in the future using the
developed method which is much easier than the conven-
tional way, and the plan is described in a later chapter.

2. Damage Identification by ANNs

The present research developed the damage quantification
method by using multilayer perceptron feed-forward ANNs
[10]. ANNs simulate the structure of the biological nervous
system of the human brain and can provide a nonlinear
mapping between a set of input data and a set of output
data. ANNs consist ofmultiple layers including an input layer,
hidden layer(s), and an output layer as shown in Figure 1,
and these layers have nodes interconnected with the nodes
of adjoining layers by synapses. 𝑆 in Figure 1 is the activation
function which is chosen as the sigmoidal function as in

𝑆 (𝑎) =
1

1 + exp (−𝑎)
, (1)

where 𝑎 is the input of the activation function. Each synapse
has a weight called the synaptic weight which is updated by
the supervised learning process that uses the 𝑁 pairs of a
known set of input vectors {x

𝑛
} (𝑛 = 1 ⋅ ⋅ ⋅ 𝑁) and a corre-

sponding set of target vectors {t
𝑛
} (𝑛 = 1 ⋅ ⋅ ⋅ 𝑁).This research

has employed the backpropagation method [11] which is
typically used for training ANNs. The backpropagation
method changes the synaptic weight vector w to minimize
recursively the sum squared error norm 𝐸 shown in

𝐸 (w) = 1

2

𝑁

∑

𝑛=1

y (x𝑛,w) − t
𝑛



2

, (2)
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Figure 2: Overview of the method developed in the present research.

where y is the vector of output variables. The weight vector w
is adjusted iteratively based on

w(𝑟+1) = w(𝑟) + (−𝜂 𝜕𝐸

𝜕𝑤

𝑤=𝑤(𝑟)
+ 𝛼Δw(𝑟−1)) , (3)

where 𝜂 is defined as the learning rate; 𝛼 is the acceleration
coefficient; and 𝑟 in the parenthesis is the iterative number.
In this research, 𝜂 and 𝛼 are 0.2 and 0.8, respectively. Due to
the accuracy, versatility, and robustness of the ANNs trained
by the backpropagation method, ANNs have been applied
to a variety of problems including pattern recognition, data
mining, and image processing.

Figure 2 shows a well-rounded picture of the method
developed in this research. First of all, as shown in the left-
side of Figure 2 (described as the “training stage”), ANNs
are trained using a training set which explains the relation
between the damage pattern and the acceleration charac-
teristics at multiple measurement points. In this research,
the acceleration characteristics are maximum values and
variance of acceleration along the gravity direction calculated
from the time-series vibration signal. To develop perfor-
mance of ANNs, many training sets are required. However,
because it is not easy to obtain many pairs of measurement
results and damage assessments from actual bridges, the
present research has employed FEM analysis, by which a
bridge model with arbitrary corrosion damage can be made
and analyzed easily.

Then, the trained ANNs can be used to quantify the
damage severity of an actual bridge as in the right-side of
Figure 2 (described as the “inspection stage”). By inputting
the acceleration characteristics obtained from multipoint

measurement results to the trained ANNs, it is expected to
be possible to identify the location and degree of damage
reasonably well. In this framework, the kind of acceleration
characteristics used affects the performance. This research
uses amaximumvalue and variance of acceleration calculated
from time-series data at multiple measurement points caused
by impact load as the acceleration characteristics.

3. Development of the Measurement Device

Multipoint measurement results are required for the method
developed in the present research as shown in Figure 2.
However, it is not easy to prepare a number of commercial
accelerometers for the multipoint measurement of small to
midsized bridges because the inspection cost should not
be very high for those bridges. We therefore developed
the portable MEMS accelerometer shown in Figure 3 along
with the wiring diagram. The MEMS accelerometer consists
of a credit card sized single-board computer Raspberry
Pi Model B+ (Raspberry Pi Foundation, 700MHz CPU,
and 512MB RAM), an MMA8451Q 3-axis accelerometer
(Freescale, output data rates being 800Hz, 14 bit resolution,
and selectable scale of ±2 g/±4 g/±8 g), microSDHC card
(Transcend, memory size of 2GB), and mobile battery
QE-QL202X (Panasonic, 5,800mAh battery capacity). The
MEMS accelerometer runs formore than 24 hours on a single
charge. It is controlled by the python program run by the
Raspberry Pi, and for the reference of the reader, the authors
provide the source code on their website (http://www.mech
.cee.ehime-u.ac.jp/∼chun/acceleration raspberry.py). Since
the MEMS accelerometer developed here is much cheaper
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Figure 3: Portable MEMS accelerometer and wiring diagram developed in the present research.
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Figure 4: Side view of bridge H (unit: mm). Red circles indicate the points where strain was measured.

than that offered commercially, it can be used without entail-
ing a large cost for the multipoint measurement. Specifically,
the cost of making one unit is only 5500 JPY (47USD at the
date of January 21, 2015), which is less than 1/50 the cost of the
commercial accelerometer owned by the authors. In addition,
because theMEMS sensor is portable, it can be reused, which
is also expected to reduce costs. Moreover, the device can
be made only by building products freely available on the
market; therefore it is easy to reproduce by anyone.

4. Example Application

This chapter describes an application example of the devel-
oped method described above. According to a visual inspec-
tion, abnormal rust can be observed on bridge H. Therefore,
the authors are planning to conduct a long-term follow-
up inspection using the developed method to quantify the
damage severity, especially in terms of thickness reduction
due to corrosion.

4.1. Dimensions of Bridge H and Future Prediction Based
on the Inspection Results. Bridge H is a four-span bridge
constructed in 1992 and has four weathering steel I-girders
supporting a 305mm concrete deck as in Figures 4 and 5.

250

500 8500

250

500

805
120
305

2700

2500 × 3 = 7500

Figure 5: Cross-section drawing of bridge H (unit: mm).

Bridge H is located at a height of 200m above sea level, and
an antifreezing agent is used. As in Figure 6, another bridge
is located below bridge H, and the antifreezing agent on the
bridge is blown onto the external girder (girder G4) of bridge
H due to the valley wind, and this causes severe damage to the
girder. It is known that the corrosion damage on weathering
steel reduces the thickness very much, which in turn reduces
the load bearing capacity. Therefore, to clarify the condition
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Figure 6: Panoramic view of the exterior beam of bridge H (a) and the mechanism by which the G4 girder is corroded (b).

Figure 7: Photos of the bottom flange of the G4 girder at span 2, at
which the appearance rating is 2.

of bridge H, a visual examination based on the inspection
manual (Table 1) developed by three organizations (the Public
Works Research Institute of Japan’s Construction Ministry,
the Japan Association of Steel Bridge Construction, and the
Kozai Club [12]) was conducted in 2012. Then we found that
appearance rating 2, which means severe corrosion damage,
was seen on the bottom flange of the G4 girder of span 2. Fig-
ure 7 shows a picture of the damaged place. As for the other
members, the appearance ratings were from 3 to 5, which
means that the members may be safe.

It is reported in [12] that the thickness reduction rate
differs depending on the appearance grade determined by
visual inspection. The above described three organizations
have suggested the following equation to predict the thickness
reduction based on the exposure test data of 41 weathering
steel bridges in Japan:

𝑌 = 𝐴𝑋
𝐵

, (4)

where 𝑋 is bridge age in years, 𝑌 is the thickness loss (mm),
and 𝐴 and 𝐵 are corrosion rate parameters. The work in [12]
showed 𝐴 and 𝐵 of the 41 bridges along with the appearance
ratings evaluated by Table 1. From there, the mean and
standard deviations of the amount of thickness reduction dis-
aggregated by the appearance ratings of 1 to 5 can be derived
as in Table 2.

The work in [13] states that the thickness reduction does
not follow a normal distribution but follows the lognormal
distribution. The measurement results conducted by the
authors after 20 years of exposure, as shown in Figure 8, also
support a lognormal distribution of thickness reduction. As
shown in Figure 8(b), the histogram of thickness reduction is
not distributed symmetrically, and lognormal distribution fits
the histogram better than normal distribution in such a case.
The lognormal distribution is expressed as

𝑓 (𝑥) =
1

√2𝜋𝜎𝑥
exp(−

(ln𝑥 − 𝜇)2

2𝜎2
) , (5)

where 𝑥 is the random variable, which is the thickness reduc-
tion in this research. 𝜇 and 𝜎 are the location parameter and
scale parameter, respectively. These parameters are derived
from mean 𝑚 and standard deviation 𝑠 as in the following
equations:

𝜇 = ln𝑚 −

ln (𝑚2/𝑠2 + 1)
2

,

𝜎 = √ln(𝑚
2

𝑠2
+ 1).

(6)

Figure 9 shows the lognormal distribution of the thick-
ness reduction of appearance ratings 2 to 4 which can be seen
at bridge H at the bridge age of 50 years. As in the figure,
the worse the appearance grade is, the greater the thickness
reduction will be. The 99% two-sided confidence interval of
appearance rating 2 is between 0.07mm and 18.06mm. This
range is used in a later chapter.

4.2. Development of the FEMModel of BridgeH and Its Valida-
tion by a Vehicle Loading Test. As described above and in Fig-
ure 2, FEM results are used as training data of ANNs. For that
purpose, the commercial FEM program Abaqus/Standard
6.14 (Dassault Systèmes) was used to model and analyse
bridge H. Figure 10 shows an isometric view of the FEM
mode.Thematerial properties of the concrete andweathering
steel used here are shown in Table 3. In the model, the eight-
node isoparametric brick element C3D8R was used for the
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Table 1: Appearance ratings based on corrosion characteristics.

Appearance
rating Corrosion type Grain size Corrosion

thickness Color tone Instance of
appearance

1
(worst)

Laminated flaky
corrosion

Larger than
25mm

Thicker than
800 𝜇m

Varying color
tone

2 Imbricate corrosion 5mm to 25mm 400𝜇m to
800 𝜇m

Varying color
tone

3 Abnormal corrosion
of the early phase 1mm to 5mm Thinner than

400𝜇m
Varying color

tone

4 Protective lust layers Smaller than
1mm

Thinner than
400𝜇m Dark brown

5
(best)

In the early stage of
the formation of

protective lust layers

Smaller than
1mm

Thinner than
200 𝜇m Light brown

(a)
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Figure 8: Photo of exposure test (a) and histogram of thickness reduction after 20 years of exposure (b).

concrete deck, and a shell element with reduced integration
S4R was used for the steel girders and cross frames. The
number of nodes and elements were 46,580 and 27,172,
respectively.

To demonstrate the validity of the FEMmodel, a live load
test involving use of a sprinkler truck as shown in Figure 11

was conducted, and the strain at the bottom flange of the
G4 girder of span 2 was measured. We measured two points:
one at the distance of 8m from P1 pier and the other at the
center of span 2. For reference, red circles to indicate these
points are drawn on Figure 4. The measurement frequency
was 100Hz.The truck was driven six times over the bridge to
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Figure 10: Isometric view of the FEMmodel of bridge H.

Table 2: Mean and standard deviations of thickness reduction at
the bridge age of 50 years disaggregated by appearance rating. (As
for appearance rating 5, because only one bridge was tested, the
standard deviation is not included in the table.)

Appearance
rating

Mean thickness
reduction at the
bridge age of 50

years

Standard deviation of
thickness reduction at
the bridge age of 50

years
1 8.27mm 11.37mm
2 2.03mm 2.98mm
3 0.32mm 0.14mm
4 0.20mm 0.05mm
5 0.12mm N/A

Table 3: Material properties of concrete and weathering steel.

Concrete Weathering steel
Young’s modulus 25GPa 200GPa
Poisson’s ratio 0.17 0.3
Density 2.3 × 10−9 ton/mm3 7.8 × 10−9 ton/mm3

maximize the bending moment of the G4 girder. The speed
of the truck in the first three tests was 5 km/h to 15 km/h so
that the dynamic effect could almost be removed, and these
results were used to compare the static behavior between the

Table 4: Comparison of the first natural frequency between the live
load tests and FEM analysis.

First natural frequency
Test 4 3.27Hz
Test 5 3.27Hz
Test 6 3.32Hz
FEM 3.31Hz

live load test and the FEM result. The comparison results are
shown in Figure 12.The horizontal axis indicates the distance
between the edge of span 2 and the front axle, and the vertical
axis indicates the strain. Considering the figure, it is safe to say
that the FEM result shows good results in that the maximum
strain of the FEM result is within the range of the three test
results and the shape of the strain curve of the FEM result is
similar to that of the test results.

On the other hand, the truck speeds in the other three
tests were 30 km/h (Test 4) and 50 km/h (Tests 5 and 6) and
these results were used to compare the first natural frequency.
The test result is shown in Figure 13 and the first natural
frequency calculated from the measurement results is shown
in Table 4. Table 4 also includes the first natural frequency
calculated by FEM analysis for comparison. As shown in
the table, the first natural frequency of the FEM result is in
reasonable agreement with the live load tests; that is, the FEM
result is within the range of live load test results. From these
comparison results, it is safe to say that our FEM model is
well-verified, and themodel is used for further analysis in the
next section.

4.3. Training ANNs by FEM Results. This section trains the
ANNs by using the FEM results of damaged bridges. Here
we modeled the damage only to the bottom flange of the G4
girder at span 2, of which the appearance rating was 2 because
it is considered that the thickness of the other members, with
an appearance grademore than 3,will not decrease verymuch
in the future. Specifically, the average thickness reduction is
only 0.32mm and 0.20mm for ratings 3 and 4, which are
very small in comparison to the original thicknesses of 19mm
to 32mm. Figure 14 shows the dimensions of the bottom
flange of G4 of span 2. The bottom flange is broken down
into seven parts as shown in the figure, from 𝑝

1
to 𝑝
7
. Then,

different random thickness reductions 𝑑
1
to 𝑑
7
are given to

𝑝
1
to 𝑝
7
in the FEM model, respectively. The range of 𝑑

1

to 𝑑
7
is 0.073mm∼18.062mm, which is the 99% two-sided

confidence interval of rating 2.
In future inspections, we are planning to apply the impact

force to the deck above the center of the G4 girder using
our falling weight impact tester which drops a 20 kg weight
from a height of 1.2m. We simulate the impact force also
in the FEM analysis. From the analysis, maximum value
and variance of acceleration along the gravity direction are
obtained from the time-series data at 18 measurement points
(𝑚
1
⋅ ⋅ ⋅ 𝑚
18
) in Figure 14. Since plenty of data is required to

train theANNs appropriately, the present study develops 1500
FEM-damaged bridge models, changing 𝑑

1
to 𝑑
7
in the FEM

models randomly, and then explicit analysis is carried out.
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Figure 11: Sprinkler truck used for live load test.
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Figure 12: Comparison between live load tests (vehicle speed is 5 km/h to 15 km/h) and FEM analysis.

Table 5: The number of elements in the input and target vectors.

The number of elements in the vector

Input vector 2 × 18 = 36 (maximum value and variance of
acceleration at𝑚

1
to𝑚
18
)

Target vector 7 (𝑑
1
to 𝑑
7
)

From the analysis, we get input and target data as in Table 5,
and these data are used to train the ANNs.

We also need to determine the number of hidden layers
and nodes in the layers. In the application example, the
number of hidden layers is set to 1, and the number of nodes
in the hidden layer is 20, which is about half the number of
nodes of the input layer and of the output layer.

4.4. Discussion on Accuracy. The accuracy of the method is
discussed in this section. Note that this research conducted
the ANN-based damage quantification only numerically
because the damage to bridge H is not yet severe; that is,
the thickness reduction is very small. Nonetheless, numer-
ical analysis is meaningful for planning future inspections

because it is too late to develop the plan after the corrosion
damage becomes severe.

This paper confirms the accuracy of the developed
method by the leave-one-out cross validation as in Figure 15.
First of all, the accuracy of the prediction of thickness reduc-
tion is confirmed (“Comparison (1)” in Figure 15). Figure 16
shows a histogram of the error calculated by the following
equation, which is the mean squared error:

error = √
1

7

7

∑

𝑖=1

(𝑑
𝑖

target
− 𝑑
𝑖

output
)
2

, (7)

where 𝑑target
𝑖

and 𝑑
output
𝑖

are the 𝑑
𝑖
of the target and output

data, respectively. According to the calculation, it is found
that the average of the mean squared error of the amount
of thickness reduction is only 0.2mm. Figure 17 shows an
example of the calculation results which are randomly picked
up. As shown in the figure, the damage was properly evalu-
ated, and the same conclusion can be obtained from the other
cases.
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Figure 13: Results of live load tests with higher speed ((a): 30 km/h, (b) and (c): 50 km/h) used to derive natural frequency.

1960 3700 6700 10900 10900 11602 2138

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

Original
thickness

Thickness
reduction

Max width

28mm

530mm

25mm

450mm

19mm

340mm

25mm

610mm

25mm

610mm

28mm

580mm

32mm

670mm

Part 1 (p1) Part 2 (p2) Part 3 (p3) Part 4 (p4) Part 5 (p5) Part 6 (p6) Part 7 (p7)

d1 mm d2 mm d3 mm d4 mm d5 mm d6 mm d7 mm

m1 m2 m3 m4 m5 m6 m7 m8 m9 m10 m11 m12 m13 m14 m15 m16 m17 m18

Figure 14: Dimensions of bottom flange of G4 girder of span 2 (unit: mm).



10 Shock and Vibration

{ , }

{ }

{ }
{ }

{ }

ANNs
sets of data

Comparison (1)

FEM

FEM

Comparison (2)

Select one of the sets and calculate N times

{ }

Training data sets

Output data
Input data

Target data
: acceleration characteristics at 18 measurement points 
: amount of thickness reduction at 7 parts,

Input data1
Input data2

Input datak−1

Input datak+1

Input dataN

Target data1
Target data2

Input datak−1

Input datak+1

Target dataN

Input datak Target datak

Output datak

Training by N− 1

,

,

,

,
,

...

...

Figure 15: Validation of developed method by leave-one-out cross validation.

0.0 0.5 1.0 1.5 2.0
0

200

400

600

Fr
eq

ue
nc

y

Root mean squared error (mm)

Figure 16: Histogram of root mean squared error of thickness reduction obtained from leave-one-out cross validation.

Error by
Eq. (7)Original thickness

Example
dataset 1 

Target
Output

Example
dataset 2

Target
Output

Example
dataset 3

Target
Output

d1 d2 d3 d4 d5 d6 d7
28mm

27.46mm
27.12mm
27.32mm
26.89mm
26.95mm
26.89mm

25mm
23.58mm
23.21mm
23.42mm
23.12mm
13.14mm
13.21mm

19mm
16.82mm
15.99mm
18.18mm
17.89mm
18.27mm
17.91mm

25mm
23.10mm
24.21mm
24.13mm
24.22mm
14.63mm
15.38mm

25mm
13.04mm
14.23mm
24.60mm
24.24mm
23.00mm
23.64mm

28mm
25.25mm
25.31mm
25.75mm
25.89mm
20.25mm
20.53mm

32mm

0.73mm

0.28mm

0.42mm

29.66mm
29.23mm
31.21mm
30.99mm
27.39mm
27.20mm

Figure 17: Comparison example between target data and output data.

Both the accuracy of the thickness reduction prediction
and the accuracy of the mechanical behavior prediction are
confirmed here. The 1500 sets of 𝑑

1
to 𝑑
7
of the target data

and output results by ANNs are given to the FEM model,
and the maximum stress along the traffic direction at the
bottom flange of G4 girder of span 2 (“Comparison (2)” in
Figure 15) is compared. Loads applied to themodel are design
dead load and live load to maximize the bending moment at
span 2. These loads are determined in accordance with the
specifications for highway bridges in Japan [14]. Figure 18
shows the live load on span 2 and span 4. Note that live load
is not applied on spans 1 and 3 because these loads reduce the
bending moment at span 2. Figure 19 is a histogram showing
howmuch themaximumstress differs between the target data

and the output data. The average and standard deviations of
error are only −0.0028% and 0.4507%, respectively.Therefore
it is reasonable to say that the damage evaluation method
developed here has enough accuracy to determine the safety
of the structure and to decide whether maintenance action is
required or not.

5. Concluding Remarks

An ANNs-based damage severity quantification method
which is categorized as level 3 by Rytter’s classification is
proposed in this paper. In addition, an application example of
the method to bridge H is also presented here.Themethod is
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girder obtained from leave-one-out cross validation.

planned to be employed to evaluate the thickness reduction
due to corrosion as part of a long-term damage evaluation
follow-up plan. In the application example, FEM results
were used to train the ANNs, and the accuracy of ANNs is
confirmed by leave-one-out cross validation. It was found
that the proposed method could evaluate the location and
degree of damage well. Furthermore, by using FEM, the
accuracy of maximum stress prediction was also validated,
which in turn helps us to evaluate the safety of the structure
and develop appropriate maintenance strategies.

For further work, it is suggested to validate the proposed
method using actual damaged bridges because the present
study validates the method only numerically. While it would
be best to validate the method using actual data concerning
bridge H, it will take several years or maybe even decades
before thickness reduction becomes obvious. Therefore, we
will attempt to validate the method using a scaled damaged
bridge model, and this will be reported in our next paper.
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In situ damage detection and localization using real acceleration structural health monitoring technique are the main idea of this
study.The statistical and model identification time series, the response spectra, and the power density of the frequency domain are
used to detect the behavior of Yonghe cable-stayed bridge during the healthy and damage states. The benchmark problem is used
to detect the damage localization of the bridge during its working time. The assessment of the structural health monitoring and
damage analysis concluded that (1) the kurtosis statistical moment can be used as an indicator for damage especially with increasing
its percentage of change as the damage should occur; (2) the percentage of change of the Kernel density probability for the model
identification error estimation can detect and localize the damage; (3) the simplified spectrum of the acceleration-displacement
responses and frequencies probability changes are good tools for detection and localization of the one-line bridge damage.

1. Introduction

Structural health monitoring (SHM) systems are important
in assessing various forms of bridges, especially long-span
bridges damage detection and safety evaluation. Detecting
bridges damage existence and localization, identifying dam-
ages, and quantifying their severity are necessary to assess
and know previous stages of bridges state. Long-span bridges,
like cable-stayed, are often affected by different types of loads
[1–3]. The assessment of long-span bridges during working
process is a main advantage of SHM, while studying the effect
of environmental and traffic loads cannot be controlled or
measured easily [3, 4]. Li et al. [3] noted that the vibration
application damage detection for engineering structures is
strongly affected by some factors, namely, variations in mate-
rial properties, environmental variability (such as tempera-
ture, wind velocity, and humidity), variability in operational
conditions (such as traffic flow) during measurement, and
errors associated with measured datasets and processing

techniques. However, SHM of bridges with monitoring loads
effects is a good tool to measure and assess the behavior of
bridges. The early damage detection is one of the advantages
of SHM, while the vibration acceleration measurements are
sufficient to detect damage and localization [4].

The basic theory for damage detection and localization
depends on the vibration or oscillation performance response
measured of structures. For instance, frequencies changes,
damping rates geometric changes, and mode shapes which
represent the changes of the dynamic properties occurred
with damage effects [5–7]. Extensive research work was
carried out on the development of nondestructive damage
assessment methods and on the translation of changes in the
modal characteristics with damage in a structure [4, 5, 8].
Review techniques for the damage detection using model
properties changes can be found in [5]. The output only
and input-output techniques are almost used to detect the
damage of long-span bridges [4]. For continuous healthmon-
itoring study, the output technique is more suitable [4].
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The stochastic structural response analysis is one of random
nature structural parameters analysis [9], which can classify
global response properties.This type of analysis is depending
mainly on the SHM techniques and concerns studying the
performance of structures based on output or measurements
responses in both static and dynamic states. It is necessary
to employ signal processing and statistical classification to
convert sensor data on the bridge health status into damage
info for assessment.

The time and frequency domains statistical and identifi-
cation approaches are widely used to evaluate the stochastic
structures response [9–11]. For example, Catbas and Aktan
[12] proposed the global and local conditions damage indices
for the assessment of highway bridge. Furthermore, they
presented the linear and nonlinear conditions and damage
indices for the global condition assessment of structures. In
addition, they recommended that the structures monitoring
continuously can identify the damage and movement assess-
ment. Li and Chen [9] introduced and applied the probability
density evaluation method to the dynamic analysis of non-
linear behavior of structures with simulation response of tall
buildings, and they found that the probability density func-
tions for the dynamic response were irregular and far from
normal distribution. In addition, Kaloop [13] used the proba-
bility density function to evaluate long-span bridges based on
global positioning monitoring system and he found that this
method can be used to investigate the static and dynamic per-
formance of bridges. Follen et al. [11] proposed nonparamet-
ric and parametric statistical conditions to evaluate bridges
in long-term monitoring system. They used the probability
density function of absolute maximum strain of heavy truck
events to evaluate bridges status and concluded that damage
can be predicted by using the nonparametric probability pre-
diction method. Moreover, many studies used probability to
assess the time domain behavior of structures (e.g., [14–16]).

Moreover, the artificial neural networks are seen as a good
tool that can be used for model identification and damage
detection of different types of structures [1, 3, 4, 14]. Neural
networks for pattern recognition and dynamic response from
finite element simulated data were used for the identification
of damage in suspension bridges [14]. In addition, adaptive
neural networks based on local response of structure were
applied to detect bridges damage [17]. Arangio and Bontempi
[4] combined probability with neural networks to assess the
damage behavior of cable-stayed bridge and used thismethod
to study the behavior of Yonghe bridge due to damage
effects. Furthermore, they found that this method can be
applied to detect bridge behavior under damage effects. Lee
et al. [18] used a neural networks-based damage detection
method; two numerical example analyses on a simple beam
and a multigirder bridge are presented to demonstrate the
effectiveness of the used method. The results of their study
confirmed the applicability of neural networksmethod. From
the previous studies, it can be seen that the main basic of
damage detection and localization is structures parameters
change. Moreover, the nonlinearity soft computing model
identification techniques have proved to be very efficient.

Novel applications of time series and frequency domains
are presented in this paper for structural health monitoring

and in situ damage detection particularly for problems with
large measurements data. The objective of the paper is to
apply simple techniques that can be used to detect online
structural damage. The statistical moments and model iden-
tification are used as a simplemethod to detect in situ damage
and localization of structures. In addition, the spectrum
response and power for the acceleration time series measure-
ments are suggestedmethods to investigate the damage based
on real SHM data. The probability of the time series model
errors and frequency is used as new application in this study
to detect the damage.

2. Yonghe Bridge Description, Previous
Studies, and Structural Health Monitoring

The Yonghe bridge is one of the earliest cable-stayed bridges
constructed inMainlandChina (Figure 1). It connects Tianjin
and Hangu cities. The total length of bridge is 510m that
consists of 260m main span and two side spans of 25.15 and
99.85m each and 11m width. The towers heights are 60.5m.
More details of bridge construction materials and properties
can be found in [2, 7]. The bridge is opened to traffic at the
end of 1987 and after 19 working years, cracks are observed
at the bottom of the midspan girder. The bridge was repaired
between 2005 and 2007 and reopened for traffic at the end
of 2007 [7]. Moreover, to monitor and collect time series
data, a SHM system has been established and implemented
by the Harbin Institute of Technology Research Center. The
acceleration monitoring system contains fourteen uniaxial
accelerometers permanently installed on the deck of themain
span and the two side spans and one biaxial accelerometer
installed on the top of one tower (Figure 1); more details
about the bridge SHM design and observations can be found
in [2, 3, 7]. In August 2008, two different kinds of damage
were detected during the bridge inspection where the closure
segment at both side spans was seriously cracked. Meanwhile
the piers were damaged by overloading and the bridge expe-
rienced partial loss of the vertical supports [3, 4], as shown
in Figure 2. Li et al. [19] presented the history and reliability
indices for the damage. In addition, the results of their study
confirmed that the first failure mode has little influence on
the total bridge length reliability indices, while the reliability
indices of segments near midspan point are increased [19].
Furthermore, they found that the detachment of the supports
changed the structural system, so the reliability indices of
segments near the side span decrease dramatically.These seg-
ments will be seriously damaged in this failure mode, and the
analysis results agreed well with the practical situation [19].
Figure 2 illustrates the practical auxiliary pier detachment
and the damage situation of side span damage. Kaloop and Li
[1] studied the effect of environmental and traffic load on the
tower static and dynamic movements using global position
monitoring system measurements. Li et al. [3] presented the
temperature and wind effects on the bridge in both time and
frequency domains for the acceleration measurements.

The data for the reopening condition for the accelerations
were observed on September, 1, 2007. The data for the health
condition include time histories of the accelerations recorded
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Figure 1: Yonghe bridge elevation and accelerations health monitoring system.
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Figure 2: (a) Auxiliary pier detachment and (b) damage situation of segment Tianjin direction.

by the 14 deck sensors that were repeated for 24 hours on
January 17, 2008.The sampling frequency of the accelerations
is 100Hz and the accelerometer properties can be found
in [2]. The damage condition includes other measurements
recorded at the same locations shown on July 31, 2008.
Meantime, as has already been stated, some damages have
been observed. However, the 9th of April and the 7th of June,
2008, are the selected dates to estimate the exact time at which
damage occurred. The dataset again includes registrations of
1 hour of the accelerations repeated for the 24 hours at the
same sampling frequency (100Hz). Because the observation
numbers and based on previous studies [1–4, 7], it can be seen
that the maximum affected traffic loads are during 9.00 to
18.00. However, we selected one hour (11.00-12.00) for three
positions (1, 2; 7, 8; and 13, 14) to compare the result and assess
acceleration monitoring time in this study.

Figure 3 shows the (11.00-12.00) September 2007 (as a
base data), January 2008 (as a healthy state) for both sides
of the bridge, and one day (00.00–24.00) monitoring data for
the July 31st, 2008 to show clearly the damage behavior. The
prestatistical acceleration time series monitoring data show

that the amplitude of acceleration is seen smaller at the base
time and increased seriously to damage state. Moreover, the
difference between upstream and downstream acceleration
amplitude is shown; it means that the movement, torsion,
and damage occurred. Figure 3(c) shows that the amplitude
of acceleration for points 1, 2, 13, and 14 decreased by 80%,
while the amplitude acceleration for points 7 and 8 decreased
by 60%. Fortunately, load limitmeasureswere taken promptly
after the failure occurred [19]. Furthermore, a dramatically
acceleration amplitude decreased near 18.00 on the 31st of
July because the traffic load limit measures are taken at that
time to avoid the collapse of the bridge, and the cracks show
not propagate any more [2]. In addition, it can be seen that
the acceleration at the midspan point is approximately equal
to the side spans acceleration amplitude for the upstream
during the selected base and healthy states. Also, it can be
seen that the midspan acceleration is approximately equal to
the downstream acceleration amplitude during the selected
base and healthy states. Thus, it means that either the bridge
behavior from its reopening time is not stable or there are
some loads changes that occurred. Moreover, it can be seen
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Figure 3: Acceleration monitoring for selection points at (a) Sept, 2007, (b) Jan, 2008, and (c) Jul, 2008.
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Table 1: Mean and standard deviation of monitoring selection points (cm/sec2).

Mon. point Sep, 2007 Jan, 2008 Apr, 2008 Jun, 2008 Jul, 2008
Mean SD Mean SD Mean SD Mean SD Mean SD

AC1 0.019 0.495 0.015 0.3145 0.018 0.405 0.021 0.799 0.019 0.625
AC7 0.074 0.248 0.062 0.143 0.064 0.184 0.067 0.363 0.074 0.313
AC13 0.088 0.323 0.086 0.1438 0.078 0.240 0.083 0.516 0.087 0.412
AC2 0.127 0.372 0.142 0.249 0.135 0.304 0.134 0.586 0.127 0.469
AC8 −0.005 0.353 0.017 0.204 0.007 0.262 −0.0002 0.518 −0.005 0.439
AC14 0.072 0.375 0.090 0.231 0.078 0.292 0.074 0.580 0.072 0.472
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Figure 4: Monitoring acceleration (a) kurtosis and (b) skewness for selection points.

that the amplitude of the midspan acceleration is lower than
side spans amplitude observation during damage state. How-
ever, the suitable benchmark that can be used to detect the
behavior of the bridge is the midspan point. In addition, next
part will include more discussion for the monitoring points.

3. Methodology Results and Discussions

3.1. Time Series Acceleration Analysis

3.1.1. Statistical Moments Analysis. The first four statistical
moments (mean, standard deviation, skewness, and kurtosis)
are used to define the probability density function motion
change and interface between two surfaces in motion begin
damaged [20]. A brief review of the first four moments is
shown in the following references [20, 21].

The statistical moments for the acceleration monitoring
time selection (Sept, 2007; Jan, Apr, Jun, and Jul, 2008) at time
(11.00-12.00) for the upstream and downstream are shown
in Table 1 and Figure 4. From this table, it can be seen that
the mean and standard deviation for the monitoring points
with selection time show little changes, while, the standard
deviation is changed with damage\effects. However, the
accelerationmeasurements standard deviation can be used to
detect bridge behavior.

From Figure 4, it can be concluded that the relative
change of kurtosis between monitoring times for the mon-
itoring points AC1, AC7, and AC13 is 2.5, 12.6, and 11.6%
and that for points AC2, AC8, and AC14 is 17.2, 7.5, and
36.8% between base and healthy state times, respectively. In
addition, the change between healthy and damage states is
62.7, 56.2, and 60.7% for the AC1, AC7, and AC13, while
for points AC2, AC8, and AC14 it is 60.7, 52.9, and 64.6%,
respectively. However, the two monitoring areas for points
(1, 2) and (13, 14) are showing high relative change for the
kurtosis.Moreover, the changes values of skewness are shown
randomly and the maximum changes can be seen at points 13
and 14. However, from the statisticalmoment results, it can be
concluded that the standard deviation can refer to the damage
effect and kurtosis can be used to detect the damage and
localization based on relative monitoring data with previous
monitoring time. In addition, it can be seen that the statistical
moment method is easy in site or online damage detection
and localization.

3.1.2.Model Identification Analysis. The simple general regre-
ssion neural network (GRNN) is used in this study. This
method is presented in [22]. Figure 5 shows the diagram of
identification model damage detection. The monitoring time



6 Shock and Vibration

GRNN model identificationseries measured
Acceleration time

at sensor #

Target acceleration
Sep, 2007, time series
measured at sensor 7

Model test

−

Figure 5: Damage detection GRNNmodel diagram.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

Model error

KD
E

Sep, 2007
Jan, 2008
Apr, 2008

Jun, 2008
Jul, 2008

(a)

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

12

Model error

KD
E

Sep, 2007
Jan, 2008
Apr, 2008

Jun, 2008
Jul, 2008

(b)

Figure 6: Model error test for the points (a) 1 and (b) 13.

(Sep, 2007) at point 7 is used as a benchmark point to assess
themonitoring points (1 and 13) with time selection.TheKer-
nel density estimation (KDE) for the model error is used to
detect the bridge behavior from healthy to damage states for
themonitoring dates of Sep, 2007; Jan, Apr, Jun, and Jul 2008.

Figure 6 shows the KDE for points 1 and 13 model errors
estimation. From this figure, it can be seen that the probability
of the model identification error curve is flatting with bridge
working and the flatting increases with the damage effects.
In addition, it can be seen that the KDE values decreased at
twomonitoring points from Sept, 2007, to Jun, 2008, and then
increased. It means that the damage occurred about Jun 2008.
In addition, it can be seen that the KDE values at point 13
are greater than the values at point 1 by about 50% from the
beginning to the bridge damage. It means that the damage
occurred due to the unsymmetrical behavior of the bridge
during working status while the bridge is symmetrical, as
shown in Figure 1; moreover, it refers that damage behavior
effect at point 1 is more than for that at point 13. With these

results, it is clear that the percentage changes of KDE for point
13 to point 7 are 30, 26, and 21% at Jan, Apr, and Jun, Jul,
respectively.While, it can be seen that the percentage changes
of KDE for point 1 are 45 at Jan, Apr, Jul, and 52% at Jun,
respectively.This indicator can be used as a damage index for
the bridge. Accordingly, it can be concluded that the healthy
and damaged status of model identification results of the pro-
posed approach suggests the presence of an anomaly of the
bridge behavior; furthermore, the probability error estima-
tion is a simplemethod that can be used to detect the damage.

3.2. Frequency Spectrum Analysis

3.2.1. Response Spectrum Analysis. The response spectrum is
used mainly on the design of structures in the seismic areas
effects.The response spectrum is not usedmuch for the struc-
tures damage detection and localization. The theory of spec-
trum is discussed in [23]. The structures response spectrum
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Figure 7: Spectrum response for the bridge monitoring points selection at base, healthy, and damage cases.

is a peak or steady-state response (acceleration, velocity, and
displacement) of a time series dynamic monitoring data of
varying natural frequency.

This section contains the acceleration Yonghe bridge
health monitoring spectrum response.Themonitoring accel-
erationmeasurements in different cases are used with natural
design damping (5%) to calculate the bridge acceleration and
displacement responses. It should be noted that the maxi-
mum response will change when the design damping used
changes, but the damage indicator calculated will not change.
The damage indicator or index of acceleration response at
time 𝑖 (DIACC(𝑖)) can be calculated as follows:

DIACC (𝑖) =
𝑆

𝑎
(𝑖) − 𝑆

𝑎
(𝑏)

𝑆

𝑎
(𝑏)

, (1)

where 𝑆
𝑎
is the maximum acceleration response at monitor-

ing times 𝑖 and 𝑏 refers to benchmark (base point)monitoring
time.

The displacement response is calculated in this study to
compare the bridge behavior during monitoring time and
to assess the damage and detect it with location at period
1 sec, which refers to the elastic displacement response of the
bridge. The damage index for the displacement response at
time 𝑖 (DIDIS(𝑖)) can be calculated as follows:

DIDIS (𝑖) =
𝑆

𝑑
(𝑖) − 𝑆

𝑑
(𝑏)

𝑆

𝑑
(𝑏)

, (2)

where 𝑆
𝑑
is the displacement response at monitoring times 𝑖

and 𝑏 refers to benchmark monitoring time at period 1 sec.

Themonitoring point AC7 at September 1, 2007, is used as
a base or benchmark time monitoring and damage detection
for other monitoring points. The acceleration and displace-
ment responses of the bridge base for both the healthy and
damaged states are presented in Figures 7(a) and 7(b), respec-
tively. From Figure 7(a), it can be seen that the acceleration
response is increased with bridge working and is increased
more with bridge cracks and damages. Moreover, it can be
seen that the three selected positions acceleration response
are approximately equal, at the monitoring base time. While
the AC1 acceleration response can be seen higher than AC7
and AC13 responses at monitoring healthy state. Further-
more, the difference in acceleration response between mon-
itoring points is increased with bridge working and damage
cases and decreased with fully damage state. In addition, it
can be shown that the damping of the acceleration response
is decreased from base to damage cases, and the AC13
acceleration response has shown greater values than the AC7
acceleration response at damage case. From Figure 7(b), it
can be seen that the displacement response for the bridge
behavior at the selected monitoring times is the same for the
acceleration response results. Furthermore, it can be seen that
the maximum displacement response for the AC1 point is
0.55, 0.81, and 1.38mm at times April, June, and July, 2008,
with periods 3.27, 3.39, and 3.83 sec, respectively.

The bridge damage index calculation is presented in
Figure 8. It shows the acceleration response damage index
(1). From this figure, it can be seen that the bridge behavior
around AC1 is not normal from January 2008. Moreover,
the damage index shows that the damage occurred around
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Figure 8: Damage index for the monitoring points at base, healthy, and damage cases.

the monitoring point AC1, which coincides with the visual
inspection of the bridge state. In addition, it can be seen
that the damage index of both AC1 and AC13 is greater
than the AC7 damage index; it means that the bridge deck
cracks can be detected at points 1 and 13 during June 2008
monitoring time. Furthermore, it can be shown that the
damage index is decreased at July, 2008, that occurred due
to fully damage effects. The displacement response damage
index (2) is shown in Figure 8(b). From this figure, it can
be concluded that the displacement response damage index
is more accurate than that calculated from acceleration
response. Also, the displacement response damage index
refers that the damage occurred around points 1 and 13 and
these results are confirmed from the visual inspection. From
these results, it can be concluded that the acceleration and
displacement response can be used to detect the damage and
localization based on selected benchmark time. In addition,
the displacement response can be used to detect the bridge
girder cracks. Finally, the damage occurred around points 1
and 13 and these results are concluded in [1, 2, 4].

3.2.2. Frequency Probability Analysis. The frequency domain
change is one of the methods that can be used to detect
damage and localization [5–7]. In this section, the probability
and significant level power spectrum density calculation are
used to detect the bridge damage and localization.The power
spectrum methods are introduced in [21]. The time series
acceleration of SHM data are often evenly spaced; however,
there is no problem to use the Lomb-Scargle algorithm in
this study to calculate the significant and probability of the
frequency of the monitored points.

The algorithm evaluates the actual acceleration time
series data measured at monitoring time (𝑡). Assuming an
acceleration time series measurements 𝑦(𝑡) of𝑁 data points,

the Lomb-Scargle normalized periodogram 𝑃
𝑥
as a function

of angular frequency 𝜔 = 2𝜋𝑓 > 0 is given by [21]

𝑃

𝑥
(𝜔) =

1

2𝑆

2
(

(∑

𝑗
(𝑦

𝑗
− 𝑦) cos𝜔(𝑡

𝑗
− 𝜏))

2

∑

𝑗
cos2𝜔 (𝑡

𝑗
− 𝜏)

+

(∑

𝑗
(𝑦

𝑗
− 𝑦) sin𝜔(𝑡

𝑗
− 𝜏))

2

∑

𝑗
sin2𝜔 (𝑡

𝑗
− 𝜏)

) ,

(3)

where 𝑦 and 𝑆2 are the arithmetic mean and the variance
of the acceleration measurement data. The constant 𝜏 is an
offset that makes 𝑃

𝑥
(𝜔) independent of shifting the ti’s by any

constant amount. Scargle [24] showed that this particular
choice of the offset 𝜏 has the consequence that the solution
for 𝑃
𝑥
(𝜔) is identical to least-squares fit of sine and cosine

functions to the data series 𝑦(𝑡). The least-squares fit of
harmonic functions to data series in conjunction with spec-
tral analysis had previously been investigated by Lomb [25].
Scargle [24] showed that the Lomb-Scargle periodogram has
an exponential probability distribution with unit mean. The
probability that 𝑃

𝑥
(𝜔)will be between some positive quantity

𝑧 and 𝑧 + 𝑑𝑧 is exp(−𝑧)𝑑𝑧. If we scan 𝑀 independent
frequencies, the probability of none of them having a larger
value than 𝑧 is (1 − exp(−𝑧))𝑀. We can therefore compute
the false alarmprobability of the null hypothesis, for example,
the probability that a given peak in the periodogram is not
significant by

𝑃 (> 𝑍) ≡ 1 − (1 − 𝑒

−𝑍

)

𝑀

.

(4)

Press et al. [26] suggested using theNyquist criterion to deter-
mine the number of independent frequencies 𝑀 assuming
that the data were evenly spaced. In this case, the appropriate
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Figure 9: Significant and probability frequency changes.

Table 2: Lomb-Scargle frequencies and power spectrum.

Monitoring time AC1 AC7 AC13
Freq. (Hz) Max. PSD Freq. (Hz) Max. PSD Freq. (Hz) Max. PSD

Sep, 2007 4.2 35.14 3.16 39.35 4.2 39.65
Jan, 2008 3.49 119.7 3.49 47.43 3.92 55.3
Apr, 2008 4.19 117.3 3.1 84.07 4.18 88.27
Jun, 2008 2.8 181.9 2.4 154.3 3.05 84.57
Jul, 2008 3.3 110.3 3.09 101.4 3.29 40.25

value for the number of independent frequencies is𝑀 = 2𝑁,
where𝑁 is the length of the time series. More detailed discu-
ssions of the Lomb-Scargle method can be found in [24, 26].

Figure 9 shows the significant and probability of the
bridge frequency calculation based on Lomb-Scargle method
for point AC1. Figure 9(a) shows the power spectrum fre-
quency distribution and 95% significant frequencies at mon-
itoring times. From this figure, it can be seen that the bridge
first frequency mode is significant at 1.09Hz and 0.29Hz
with the bridge working and damage times, respectively. The
first mode bridge frequency is decreased by 56% and 88%
due to working and damage affects. Figure 9(b) shows the
probability frequencies of point AC1. From this figure, it can
be seen that the frequencies probability decreased also with
monitoring time. Table 2 presents the calculated maximum
power spectrum density (PSD) and the high PSD frequency.

From Table 2, it can be seen that the maximum power
spectrums and frequencies for the monitored points at the
beginning of the working of the bridge are highly correlated.
But with working and healthy status, it shows that the
increased rate for AC1maximumPSD is higher thanAC7 and
AC13. In addition, it can be seen that the PSD is increased
with traffic loads effect and it can be noticed that the PSDs

for point AC1 are still different for the AC7 and AC13 points
from the bridge working state, while, with bridge cracks and
damages, no correlation can be seen between the frequencies
and PSDs value. From the results, it can be concluded that
this method can be used to detect the bridge damage and
localization based on significant and probability frequencies
shift and different correlation PSD and frequencies between
monitoring points.

4. Conclusions

This study demonstrates that simple and effective damage
detection and localization algorithms based on a pattern clas-
sification framework can detect structural changes using the
data that was collected from a real structure.The acceleration
observation of the Yonghe bridge healthmonitoring system is
used in this study to represent four methods that can be used
to detect and localize the damage, which are the statistical
moment, the model identification in time domain, the power
spectrum, and the response spectra in frequency domain.The
conclusions drawn from this study are as follows.

Theprestatistical acceleration time seriesmonitoring data
show that the amplitude of acceleration is seen smaller at
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base time selection and increases seriously to damage state.
Moreover, the difference between upstream and downstream
acceleration amplitude is shown; itmeans that themovement,
torsion, and damage occurred. In addition, the standard devi-
ation can refer to the damage effect and kurtosis can detect
and localize the damage based on relative monitoring data
with benchmark monitoring time. Moreover, this method is
easy in site or online damage detection and localization. The
indicator of Kernel density error changes can be used as a
damage index for the bridge damage. Moreover, it can be
concluded that the health and damage status of model identi-
fication results proposed approach suggests the presence of an
anomaly in the bridge behavior and the probability error esti-
mation is a simple method can be used to detect the damage.

The acceleration and displacement response spectra are
used to detect and localize the damage based on benchmark
time selection. In addition, the displacement response can
detect the cracks behavior for the bridge’s girder. Moreover,
the simplified acceleration and displacement damage indica-
tors are good tools to estimate and localize the damage. The
probability Lomb-Scargle algorithm frequency time series
can detect and localize the damage based on the shift of
significant frequencies and maximum PSD with different
correlations between monitoring points.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research was supported by Basic Science Research Pro-
gram through the National Research Foundation of Korea
(NRF) funded by the Ministry of Science, ICT, and Future
Planning (Grant no. 2013R1A2A2A01068174).

References

[1] M. R. Kaloop and H. Li, “Multi input-single output models
identification of tower bridge movements using GPS monitor-
ing system,”Measurement, vol. 47, no. 1, pp. 531–539, 2014.

[2] S. Li, H. Li, Y. Liu, C. Lan, W. Zhou, and J. Ou, “SMC structural
health monitoring benchmark problem using monitored data
from an actual cable-stayed bridge,” Structural Control and
Health Monitoring, vol. 21, no. 2, pp. 156–172, 2014.

[3] H. Li, S. Li, and J. Ou, “Modal identification of bridges under
varying environmental conditions: temperature and wind
effects,” Structural Control and Health Monitoring, vol. 17, no. 5,
pp. 495–512, 2010.

[4] S. Arangio and F. Bontempi, “Structural health monitoring of
a cable-stayed bridge with Bayesian neural networks,” Structure
and Infrastructure Engineering, vol. 11, no. 4, pp. 575–587, 2014.

[5] S. W. Doebling, C. R. Farrar, M. B. Prime, and D. W. Shevitz,
“Damage identification and healthmonitoring of structural and
mechanical systems from changes in their vibration character-
istics: a literature review,” Tech. Rep. LA-13070-MS, 1996.

[6] D. Zonta, Structural damage detection and localization by using
vibrational measurements [Ph.D. thesis], Universitdeglistudi di
Bologna, Bologna, Italy, 2000.

[7] M. Kaloop, Structural health monitoring through dynamic and
geometric characteristics of bridges extracted from GPS measure-
ments [Ph.D. thesis], Harbin Institute of Technology, Harbin,
China, 2010.

[8] G. Gillich and Z. Praisach, “Damage-patterns-based method
to locate discontinuities in beams,” in Health Monitoring of
Structural and Biological Systems, vol. 8695 of Proceedings of
SPIE, San Diego, Calif, USA, April 2013.

[9] J. Li and J.-B. Chen, “The probability density evolution method
for dynamic response analysis of non-linear stochastic struc-
tures,” International Journal for Numerical Methods in Engineer-
ing, vol. 65, no. 6, pp. 882–903, 2006.

[10] H. Sohn, C. R. Farrar, N. F. Hunter, and K. Worden, “Structural
health monitoring using statistical pattern recognition tech-
niques,” Journal of Dynamic Systems, Measurement and Control,
vol. 123, no. 4, pp. 706–711, 2001.

[11] C. W. Follen, M. Sanayei, B. R. Brenner, and R. M. Vogel,
“Statistical bridge signatures,” Journal of Bridge Engineering, vol.
19, no. 7, 2014.

[12] F. N. Catbas and A. E. Aktan, “Condition and damage assess-
ment: issues and some promising indices,” Journal of Structural
Engineering, vol. 128, no. 8, pp. 1026–1036, 2002.

[13] M. R. Kaloop, “Bridge safety monitoring based-GPS technique:
case study Zhujiang Huangpu Bridge,” Smart Structures and
Systems, vol. 9, no. 6, pp. 473–487, 2012.

[14] M. Liu, D. M. Frangopol, and S. Kim, “Bridge system perfor-
mance assessment from structural health monitoring: a case
study,” Journal of Structural Engineering, vol. 135, no. 6, pp. 733–
742, 2009.

[15] T. Schweckendiek, A. C. W. M. Vrouwenvelder, and E. O.
F. Calle, “Updating piping reliability with field performance
observations,” Structural Safety, vol. 47, pp. 13–23, 2014.

[16] D. Mazurek, “Evaluating damage detection in bridges,” in
Proceedings of the 9th Conference on Engineering Mechanics,
College Station, Tex, USA, 1992.

[17] D. Settineri, “An effective method for the evaluation of the
pdf response of dynamic systems subjected to non-stationary
loads,” Engineering Structures, vol. 84, pp. 419–429, 2015.

[18] J. J. Lee, J. W. Lee, J. H. Yi, C. B. Yun, and H. Y. Jung, “Neu-
ral networks-based damage detection for bridges considering
errors in baseline finite element models,” Journal of Sound and
Vibration, vol. 280, no. 3–5, pp. 555–578, 2005.

[19] H. Li, S. Li, and J. Ou, “Reliability assessment of cable-stayed
bridges based on structural health monitoring techniques,”
Structure and Infrastructure Engineering:Maintenance,Manage-
ment, Life-Cycle Design and Performance, vol. 8, no. 9, pp. 829–
845, 2012.

[20] H. R. Martin and F. Honarvar, “Application of statistical
moments to bearing failure detection,” Applied Acoustics, vol.
44, no. 1, pp. 67–77, 1995.

[21] H. Martin, MATLAB Recipes for Earth Sciences, 3rd edition,
2010.

[22] E. W. M. Lee and H. F. Lam, “Intelligent-based structural
damage detectionmodel,”Mechanics of AdvancedMaterials and
Structures, vol. 18, no. 8, pp. 590–596, 2011.

[23] C. Rauscher, Fundamentals of Spectrum Analysis, Rohde &
Schwarz, 5th edition, 2011.



Shock and Vibration 11

[24] J. D. Scargle, “Studies in astronomical time series analysis. II.
Statistical aspects of spectral analysis of unevenly spaced data,”
The Astrophysical Journal, vol. 263, p. 835, 1982.

[25] N. R. Lomb, “Least-squares frequency analysis of unequally
spaced data,” Astrophysics and Space Science, vol. 39, no. 2, pp.
447–462, 1976.

[26] W. Press, S. Teukolsky, W. Vetterling, and B. Flannery, Numeri-
cal Recipes: The Art of Scientific Computing, Cambridge Univer-
sity Press, Cambridge, UK, 3rd edition, 2007.



Research Article
Theoretical Analysis and Experimental Verification of
Particle Damper-Based Energy Dissipation with Applications to
Reduce Structural Vibration

Wangqiang Xiao,1 Lina Jin,2 and Binqiang Chen1

1Department of Mechanical and Electrical Engineering, Xiamen University, Xiamen 361005, China
2Institute of Nuclear and New Energy Technology, Tsinghua University, Beijing 100084, China

Correspondence should be addressed to Binqiang Chen; 412639547@qq.com

Received 29 September 2014; Accepted 12 December 2014

Academic Editor: Changjun Zheng

Copyright © 2015 Wangqiang Xiao et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Particle damping technology can greatly reduce vibration of equipment and structure through friction and inelastic collisions of
particles. An energy dissipation model for particle damper has been presented based on the powder mechanics and the collision
theory. The energy dissipation equations of friction and collision motion are developed for the particle damper. The rationality of
energy dissipation model has been verified by the experiment and the distributions for the energy dissipation of particles versus
acceleration are nonlinear. As the experiment process includes lots of factors of energy dissipation, such as the noise and the air
resistance, the experimental value is about 7% more than the simulation value. The simulation model can provide an effective
method for the design of particle damper. And the particle parameters for damper have been investigated. The results have shown
that choosing an appropriate particle density, particle size, and particle filling rate determined based on the simulation model will
provide the optimal damping effect for the practical application of particle damping technology.

1. Introduction

Particle damping technology can greatly reduce vibration of
equipment and structure by friction and inelastic collisions
of particles [1, 2]. This technology has lots of advantages, for
example, reduced impact force, simple structure, low costs,
small modification of original structure, low additional mass,
and good adaptability to a wide temperature range. These
unique features provide for broad engineering prospects in
aerospace, automobile and precision machinery, and so forth
[3, 4].

The mechanism of energy dissipation for particle damp-
ing is involved in the mechanical behavior and particulate
matter dynamics. The high damping performance in vibra-
tion reduction has led to advances through research [5, 6].
Now, the research progress in the field is at an exploratory
stage. The research methods are mostly divided into the
simulation and the test [7–9].The simulation method mainly
includes the DEM (discrete element method), the regression

analysis, and the optimization design [10–17]. Because the
nonlinear contact model has a limit on the time step of
contact parameters,DEM is inappropriate for large numerical
computation when particle number is more than 107 [10]. In
fact, the number of particles is always more than 108, and it
hinders the development of DEM. Now, some new methods
are introduced into the research [18–23].

When the main structure and the damper are excited,
the kinetic energy is dissipated through friction and inelastic
collision between particles and damper. On this occasion,
the powder mechanics is effective for calculating frictional
energy dissipation, and the theory of collision energy is
effective for calculating collisional energy dissipation for
particle damper, which need less computation.

For the frictional motion, we established a model for
particle damper based on powder mechanics, and the fric-
tional energy dissipation was calculated. And for the inelastic
collision motion, we established a collision model based on
the motion of particles and the damper boundary. Then, the
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Figure 1: The forces on the particle layer 𝑑ℎ.

total energy dissipation was calculated, and the simulation
results were compared with experimental results. So the
simulation model can provide a new analysis method for the
practical application of particle damping technology.

2. Model of Frictional Energy Dissipation

The discrete element method can simulate the response of
particle and damper with small numbers of particles. The
large number of particles in the damper (in excess of 108) will
make the DEM method computationally very demanding. A
simple assessment method considering layer’s pressure is of
important value in the design of damper with large number
of particles.

In this paper, a parameter 𝐾
𝑝
is introduced to describe

the way, where the layer stress of the particles is redirected
perpendicularly to its initial load [20].

If the total height of the rectangular particle damper
is 𝐻, we establish a mechanical model. Figure 1 shows the
particle layer with infinitesimal thickness 𝑑ℎ. The forces on
the particle layer 𝑑ℎ at the vertical direction are balanced by

2𝐹
1
+ 2𝐹
2
+ 𝐹
3
− 𝐹
4
− 𝐺 = 0, (1)

where 𝐹
1
and 𝐹

2
represent the force of the damper side on

the particle layer, 𝐹
3
represents the force on the lower particle

layer, and 𝐹
4
represents the force on the upper particle layer.

The forces on the particle layer 𝑑ℎ in Figure 1 are given by

𝐹
1
= 𝜇
𝑠
𝐾
𝑝
𝜎
𝑝
𝐿
1
𝑑ℎ,

𝐹
2
= 𝜇
𝑠
𝐾
𝑝
𝜎
𝑝
𝐿
2
𝑑ℎ,

𝐹
3
= (𝜎
𝑝
+ 𝑑𝜎
𝑝
) 𝐿
1
𝐿
2
,

𝐹
4
= 𝜎
𝑝
𝐿
1
𝐿
2
,
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1
𝐿
2
𝑑ℎ,

(2)

where 𝐺 represents the gravity of the particle layer, 𝜇
𝑠

represents the friction coefficient between the inner damper
and the particles, 𝐾

𝑝
represents the Janssen coefficient, 𝜎

𝑝

represents the stress of the particle layer in the vertical
direction, and 𝜌

𝑏
represents the particle bulk density.
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Figure 2: Coordinates of collision for adjacent particles.

Substituting (2) into (1), the integration can be rewritten
as

𝜎
𝑝
=
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𝑏
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1
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2] . (3)

The distance of adjacent particles from the thinnest to the
thickest is given by

Δ𝑙 = (
4√3

3
− 2) 𝑟. (4)

During the slippage of particles, on the basis of the energy
conservation law, the kinetic energy for particle system will
be dissipated due to friction work. As the particle system is
under a harmonic excitation, the vibration of particle damper
will be reduced.

Assuming the depth of particles is ℎ
𝑖
and the filling rate

of particle volume is 𝜔, ℎ
𝑖
= 𝜔𝐻. It can be concluded that the

maximum friction work𝑊
𝑓
for particle damper is given by
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(5)

where 𝜇
𝑝𝑖

represents the friction coefficient of the particle
layer 𝑖,𝑁 represents the particle layer number in the damper,
𝑁 = 𝜔𝐻/𝑑, 𝑑 represents the particle diameter, and 𝑑 = 2𝑟.

3. Model of Collision Energy Dissipation

In this paper, a model of collision energy dissipation for
particle damper is established based on the collision theory.

3.1. The Model of Collision among the Particles. In order
to judge the particle position at every moment, the local
coordinates of interaction for the particles are established in
Figure 2.

Assuming that the mass of particle 1 is 𝑚
1
and particle

2 is 𝑚
2
and the radius of particle 1 is 𝑟

1
and particle 2 is

𝑟
2
, the position coordinates are, respectively, (𝑥

1
, 𝑦
1
, 𝑧
1
) and
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(𝑥
2
, 𝑦
2
, 𝑧
2
). So, the velocities are, respectively, (𝑥

1
, 𝑦


1
, 𝑧


1
) and

(𝑥


2
, 𝑦


2
, 𝑧


2
).The contact condition for particles 1 and 2 is given

by

𝑑
12
= √(𝑥

1
− 𝑥
2
)
2

+ (𝑦
1
− 𝑦
2
)
2

+ (𝑧
1
− 𝑧
2
)
2

<
𝑑
1
+ 𝑑
2

2
.

(6)

Before the collision of particles, assuming that the velocity
of particles 1 and 2 in the local coordinates is (V

1𝑙
, V
1𝑚
, V
1𝑛
)

and (V
2𝑙
, V
2𝑚
, V
2𝑛
), the equations of the velocity for particle

1 between the original coordinates and local coordinates are
given by

V
1𝑙
= 𝑥


1
cos𝛼 + 𝑦

1
cos𝛽 + 𝑧

1
cos 𝛾,

V
1𝑚
= −

cos𝛽

√cos2𝛼 + cos2𝛽
𝑥


1
−

cos𝛼

√cos2𝛼 + cos2𝛽
𝑦


1
,

V
1𝑛
= −

cos𝛼 ⋅ cos 𝛾

√cos2𝛼 + cos2𝛽
𝑥


1
−

cos𝛽 ⋅ cos 𝛾

√cos2𝛼 + cos2𝛽
𝑦


1

+ 𝑧


1
√cos2𝛼 + cos2𝛽,

(7)

where cos𝛼, cos𝛽, and cos 𝛾 are the cosine of direction for 𝑙
axis.

After the collision of particles, based on the momentum
theorem, the equation for particles 1 and 2 is given by

𝑚
1
⋅ 𝑉
1𝑚
+ 𝜆
1
⋅ 𝑚
2
⋅ 𝑉
2𝑙
= 𝑚
1
.V
1𝑚
+ 𝜆
1
⋅ 𝑚
2
.V
2𝑙
,

𝑚
1
⋅ 𝑉
1𝑛
+ 𝜆
2
⋅ 𝑚
2
⋅ 𝑉
2𝑙
= 𝑚
1
.V
1𝑛
+ 𝜆
2
⋅ 𝑚
2
.V
2𝑙
,

(8)

where (𝑉
1𝑙
, 𝑉
1𝑚
, 𝑉
1𝑛
) and (𝑉

2𝑙
, 𝑉
2𝑚
, 𝑉
2𝑛
) are the velocity com-

ponents for particles 1 and 2 in the local coordinates, 𝜆
𝑖
is the

friction coefficient in two directions, and 𝜆
1
= 𝐼
𝑚
/𝐼
𝑙
, 𝜆
2
=

𝐼
𝑛
/𝐼
𝑙
.
𝜆
1
and 𝜆

2
are given by sgn 𝜆

1
= sgn((V

2𝑚
−V
1𝑚
)/(V
2𝑙
−V
1𝑙
))

and sgn 𝜆
2
= sgn((V

2𝑛
− V
1𝑛
)/(V
2𝑙
− V
1𝑙
)).

The symbolic function sgn[⋅] is written as

sgn [𝑥] = {
1, 𝑥 ≥ 0,

−1, 𝑥 ≤ 0.
(9)

Assuming 𝑉 = {𝑉
1𝑙
, 𝑉
1𝑚
, 𝑉
1𝑛
, 𝑉
2𝑙
, 𝑉
2𝑚
, 𝑉
2𝑛
}
𝑇, V = {V

1𝑙
,

V
1𝑚
, V
1𝑛
, V
2𝑙
, V
2𝑚
, V
2𝑛
}
𝑇.

The equation of velocity before and after collision of
adjacent particles in local coordinates is given by

𝑉 = [𝐴]
−1
⋅ [𝐵] ⋅ V, (10)
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Figure 3: Model of collision between damper and particles.

where matrix 𝐴 and matrix 𝐵 are given by

[𝐴] =

[
[
[
[
[
[
[

[

𝑚
1
0 0 𝑚

2
0 0

0 𝑚
1
0 0 𝑚

2
0

0 0 𝑚
1

0 0 𝑚
2

−1 0 0 1 0 0

0 𝑚
1
0 −𝜆

1
𝑚
1
0 0

0 0 𝑚
1
−𝜆
2
𝑚
2
0 0

]
]
]
]
]
]
]

]

,

[𝐵] =

[
[
[
[
[
[
[

[

𝑚
1
0 0 𝑚

2
0 0

0 𝑚
1
0 0 𝑚

2
0

0 0 𝑚
1

0 0 𝑚
2

−𝑒 0 0 𝑒 0 0

0 𝑚
1
0 −𝜆

1
𝑚
1
0 0

0 0 𝑚
1
−𝜆
2
𝑚
2
0 0

]
]
]
]
]
]
]

]

.

(11)

When two particles collide, one particle will move to a
new position. After a time step Δ𝑡, the new coordinates of
position for particle 1 are given by

𝑥
1𝑡
= 𝑥
1
+
(𝑥


1𝑡
+ 𝑥


1
)

2
Δ𝑡,

𝑦
1𝑡
= 𝑦
1
+
(𝑦


1𝑡
+ 𝑦


1
)

2
Δ𝑡,

𝑧
1𝑡
= 𝑧
1
+
(𝑧


1𝑡
+ 𝑧


1
)

2
Δ𝑡.

(12)

3.2. The Model of Collision between the Damper and Particles.
As the particles keep moving in the damper, the particles
collide with the inner damper. The contact between the
damper and the particles can be done as the mass-spring-
damping system.

Assume that the mass for particle 𝑖 is 𝑚
𝑖
, and its motion

velocity is V
𝑖
. The collision process can be divided into two

phases “compression and recovery phase” [14]. Assuming that
the motion velocity of particle 𝑖 is V

𝑖𝑡
after the collision, the

model of collision is given in Figure 3.

3.2.1. Compression Phase. During the compression phase,
based on the theorem of impulse, the equation of impulse is
written as
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𝑚𝑥
𝑐

𝑖0
− 𝑚𝑥


𝑖0
= 𝐼
𝑐𝑥
,

𝑚𝑦
𝑐

𝑖0
− 𝑚𝑦


𝑖0
= 𝐼
𝑐𝑦
,

0 − 𝑚𝑧


𝑖0
= 𝐼
𝑐𝑧
,

(13)

where (𝑥
𝑖0
, 𝑦


𝑖0
, 𝑧


𝑖0
) is the motion velocity of particle 𝑚

𝑖
in

the tangent and the normal plane before the compression;
(𝑥
𝑐

𝑖0
, 𝑦
𝑐

𝑖0
, 𝑧
𝑐

𝑖0
) is the motion velocity of particle 𝑚

𝑖
in the tan-

gent and the normal plane after the compression; (𝐼
𝑐𝑥
, 𝐼
𝑐𝑦
, 𝐼
𝑐𝑧
)

is the impulse of particle 𝑚
𝑖
in the tangent and the normal

plane during the compression phase.
After the compression phase, the component V𝑐

𝑖0𝜏
of

motion velocity for particle𝑚
𝑖
in tangent plane is

V𝑐
𝑖0𝜏
= √(𝑥

𝑖0
)
2

+ (𝑦
𝑖0
)
2

− 𝜇
𝑐
𝑧


𝑖0
, (14)

where the dynamic friction coefficient 𝜇
𝑐
in the tangent plane

is defined by

𝜇
𝑐
= √

𝐼
2

𝑐𝑥
+ 𝐼
2

𝑐𝑦

𝐼2
𝑐𝑧

. (15)

3.2.2. Recovery Phase. During the recovery phase, the equa-
tion of collision impulse is written as

𝑚𝑥


𝑖𝑡
− 𝑚𝑥
𝑐

𝑖0
= 𝐼
𝑟𝑥
,

𝑚𝑦


𝑖𝑡
− 𝑚𝑦
𝑐

𝑖0
= 𝐼
𝑟𝑦
,

𝑚𝑧


𝑖𝑡
− 0 = 𝐼

𝑟𝑧
,

(16)

where (𝑥
𝑖𝑡
, 𝑦
𝑖𝑡
, 𝑧
𝑖𝑡
) is the position of particle𝑚

𝑖
in the tangent

and the normal plane after the recovery; (𝑥
𝑖𝑡
, 𝑦


𝑖𝑡
, 𝑧


𝑖𝑡
) is the

motion velocity of particle 𝑚
𝑖
in the tangent and the normal

plane after the recovery; (𝐼
𝑟𝑥
, 𝐼
𝑟𝑦
, 𝐼
𝑟𝑧
) is the impulse of particle

𝑚
𝑖
in the tangent and the normal plane during the recovery

phase.
The Newton recovery coefficient 𝑒

0
in the normal plane

at the contact area between particle 𝑚
𝑖
and the damper is

defined by

𝑒
0
=
𝑉
2𝑙
− 𝑉
1𝑙

V
1𝑙
− V
2𝑙

. (17)

After the recovery phase, the motion velocity V
𝑖𝑡𝜏

for
particle𝑚

𝑖
in the tangent plane becomes

V
𝑖𝑡𝜏
= √(𝑥

𝑖
)
2

+ (𝑦
𝑖
)
2

− 𝜇
𝑐
(1 + 𝑒

0
) 𝑧


𝑖
. (18)

After a whole collision process Δ𝑡, the new coordinates of
position for particle𝑚

𝑖
are given by

𝑥
𝑖𝑡
= 𝑥
𝑖0
+
(𝑥


𝑖0
+ 𝑥


𝑖𝑡
)

2
⋅ Δ𝑡,

𝑦
𝑖𝑡
= 𝑦
𝑖0
+
(𝑦


𝑖0
+ 𝑦


𝑖𝑡
)

2
⋅ Δ𝑡,

𝑧
𝑖𝑡
= 𝑧
𝑖0
+ 𝑟
𝑖
.

(19)

1 2 · · · n − 1 n

V

m1 m2 mn−1 mn

Figure 4: The model after collision with the inner damper.

3.3. The Model after Collision with the Inner Damper. After
the collision with the inner damper for particle 𝑚

1
, Figure 4

shows the model of the adjacent particles.
Assuming that the motion velocity of particle 1 is V

1
,

particle 2 is static during the collision between particle 1 and
the inner damper. After the collision with particle 2, based on
the momentum theorem, the motion velocity V

2
of particle 2

is given by

V
2
=
𝑚
1
(1 + 𝑒

12
) V
1

𝑚
1
+ 𝑚
2

, (20)

where 𝑒
12

is the recovery coefficient between particle 1 and
particle 2.

In Figure 4, the energy of particle 1 is transferred and
attenuated from particle 1 to particle 𝑛. By the recursion, the
motion velocity V

𝑛
during the collision of the 𝑛th particle is

given by

V
𝑛
=

𝑛

∏

𝑖=2

𝑚
𝑖−1
[1 + 𝑒

(𝑖−1)𝑖
]

𝑚
𝑖
+ 𝑚
𝑖−1

⋅ V
1
. (21)

Before and after the collision, assume that the motion
velocity for the damper is 𝑉

1
and 𝑉

2
. The recovery coefficient

𝑒
0
can be calculated by (17), and the motion velocity V

𝑛
is

written as

V
𝑛
=

𝑛

∏

𝑖=2

𝑚
𝑖−1
[1 + 𝑒

(𝑖−1)𝑖
]

𝑚
𝑖
+ 𝑚
𝑖−1

⋅ [𝑒
0
𝑉
1
+ 𝑉
2
] . (22)

From (22), we can see that the velocity V
𝑛
is associated

with the particle number, the particle material, the damper
material, and the damper velocity before the collision.

As the motion of particle changes, it will access the next
step size of time and return to the above process, which
calculates the increment of motion for particle again and
again. By the iterative calculation,we can achieve the real time
motion tracing for every particle.

For the particle damper, the energy dissipation of colli-
sion motion is defined as

𝑊
𝑐
=

𝑁
𝑡

∑

𝑛=1

[
1

2
𝑚
𝑛
V2
𝑛0
−
1

2
𝑚
𝑛
V2
𝑛𝑡
] , (23)

where 𝑁
𝑡
represents the particle number participating colli-

sion.
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Figure 6: Variation of 𝜎
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For the damper model, the total energy dissipation𝑊
𝑇
of

particles is given by

𝑊
𝑇
= 𝑊
𝑓
+𝑊
𝑐
. (24)

4. Result Analysis and Experimental
Verification

4.1. Discussion of Parameters for Friction Model. Assuming
that 𝜇

𝑠
= 0.45 (magnesium oxide to steel), 𝐾

𝑝
= 0.7, 𝜇

𝑝𝑖
=

0.25 (magnesium oxide), and 𝜌 = 1.65 g/cm3. Figure 5 shows
the variation of the stress 𝜎

𝑝
with the depth ℎ of the particle

layer and the ratio 𝛼 of the length 𝐿
1
to the width 𝐿

2
(𝛼 =

𝐿
1
/𝐿
2
) for the particle damper. As the depth ℎ increases, the

stress of the particle layer intensifies. When the layer depth ℎ
exceeds a value, the motion amplitude of the whole particle
keeps steady. As the particle depth ℎ is 1.35m, the limiting
value of the stress 𝜎

𝑝
is 4752 Pa. This particle layer can bear

the weight of the entire particle system. And, as shown in
Figure 5, at the same depth of particle layer, with the
increase of the ratio 𝛼 for the damper, the stress 𝜎

𝑝

increases.
Figure 6 shows the effects of layer depth ℎ and filling rate

𝜔 on the stress 𝜎
𝑝
. With the increase of filling rate 𝜔, the

stress 𝜎
𝑝
at the same depth of particle layer increases. But

with the increase of filling rate 𝜔, the total particle number
by frictionalmotion in the damper below reduces, weakening
the damping effect.
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4.2. Discussion of Parameters for Collision Model. Figure 7
shows the effects of the particle number 𝑛 and the recovery
coefficients 𝑒 on the velocity of adjacent particles. The
recovery coefficients of particles are 0.25, 0.45, 0.65, and
0.85. As shown in Figure 7, after collision between particles
and damper, the velocity for the adjacent particle drops
quickly. A lower recovery coefficient will lead to a greater
energy dissipation and damping effect. When the collision is
transferred to the seventh particle and 𝑒 is less than 0.65, the
particle velocity will drop to 6% initial velocity.

Figure 8 shows the effects of the recovery coefficients 𝑒
and the initial velocity𝑉 on the energy dissipation𝑊

𝑐
. When

the initial velocity for particle damper increases, the energy
dissipation rises. A higher initial velocity will result in a faster
energy attenuation. As the recovery coefficient increases, the
damping effect weakens in the particle damper.
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Figure 9: The schematic plot of experimental system.

Figure 10: The photograph of experimental system.

4.3. Experimental Verification. The energy dissipation exper-
iment is performed to verify the correctness of the model
for particle damping. The shape of experimental damper is
a cube, and the damper material is carbon steel, with the
dimensions of 150mm × 150mm × 400mm. The schematic
plot of experimental system is shown in Figure 9.

The test setup is mainly composed of test components,
electromagnetic exciter of JZ-30, acceleration sensors, and
signal acquisition analyzer of INV-3118. The electromagnetic
exciter produces the excitation signal through two-force bar.
The acceleration signal of the damper is acquired by a signal
collection and transferred to a signal analyzer. The sampling
number per cycle is more than 500 and the experimental
process is repeated 4 times. The excitation signal of the
electromagnetic vibrator JZ-30 is the sine wave.

In this experiment, the energy dissipation for particles is
written as

𝑊exp = 𝑊exc −𝑊kin, (25)

where 𝑊exp represents the energy dissipation for particles
in this experiment, 𝑊exc represents the excitation work of
damper which could be calculated by the force gauge, and
𝑊kin represents the kinetic energy which could be calculated
by the acceleration sensor.

The photograph of this experimental system is shown in
Figure 10.

Firstly, the aluminum oxide, the stainless steel, and the
tungsten carbide are used for experimental material. The
densities of the three materials are, respectively, 3.4 g/cm3,
7.9 g/cm3, and 18.4 g/cm3 with 85% volume filling rate and

Simulation of aluminum
Test of aluminum
Simulation of steel

Simulation of tungsten
Test of steel

Test of tungsten

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

En
er

gy
 d

iss
ip

at
io

n 
(J

)

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8 8.5
Acceleration (g)

Figure 11: The energy dissipation results for the simulation and
experiment.

4mm particle size. The results showing the energy dissipa-
tion versus acceleration distributions for the simulation and
experiment are shown in Figure 11 under the three densities
of particle.The distributions for the energy dissipation of par-
ticles versus acceleration are nonlinear. For the low density of
particle, the energy dissipation is less than the high density of
particle. As the particle density increases, the damping effect
rises, and the vibration attenuation of the tungsten carbide
particle material is optimal in the experiment.

FromFigure 11, the distributions of the energy dissipation
for the simulation and test are in good agreement, and the
experimental values of energy dissipation are slightly more
than the simulation results. It verifies the rationality for the
theoretical model of particle damper. As the experiment
process includes lots of factors of energy dissipation, such
as the noise and the air resistance, the experimental value is
about 7% more than the simulation value. So, for the design
process of particle damper, the simulationmodel can provide
an effective method to choose an appropriate particle density.
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Figure 12: The experimental results for the different particle size.

Secondly, in order to investigate the effect of particle
size and exciting acceleration on the energy dissipation, the
stainless steel is used for experimental material with 85%
volume filling rate. The experimental results showing the
energy dissipation versus acceleration distributions for the
different particle size are shown in Figure 12. As the particle
size increases from 1mm to 5mm, the energy dissipation
rises greatly. And as the particle size increases from 5mm
to 7mm, the energy dissipation drops. So we can draw
the conclusion that there is an optimum particle size for
vibration attenuation of a structure. In this experiment, the
5mm particle size is the best for stainless steel ball. One
reason for this result is that there is the adhesion among
the too small particle size; and another reason is that too
large particle size will result in fewer chances for friction
and collision, which will decrease the vibration attenuation
of an exciting structure. So, for the design process of particle
damper, choosing an appropriate particle size determined
based on the simulation model is important.

Thirdly, in order to investigate the effect of particle filling
rate and exciting acceleration on the energy dissipation, the
stainless steel is used for experimental material 4mmparticle
size.The experimental results showing the energy dissipation
versus acceleration distributions for the different particle
filling rate are shown in Figure 13.

As there is no particle in the damper, the energy dissi-
pation value is nearly zero. And as the particle filling rate
increases to 90%, the energy dissipation values rise. However,
as the particle filling rate exceeds 90%, the energy dissipation
values begin to drop. So we can see that there is an optimum
particle filling rate for damping effect. In this experiment, the
90% particle filling rate is the best for stainless steel ball of
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Figure 13: The experimental results for the different particle filling
rate.

4mm particle size. The main reason for this result is that
there is less clearance of particle motion in the damper for
too much particle, which will decrease the damping effect
of an exciting structure. So, choosing an appropriate particle
filling rate based on the simulationmodel will provide for the
practical application of particle damping technology.

5. Conclusions

An energy dissipation model for particle damper has been
established based on the powder mechanics and the collision
theory. The equations of friction energy dissipation and
collision energy dissipation are developed for the particle
damper. Through the experiment, the rationality of energy
dissipationmodel is verified and the important parameters of
particle damping have been investigated, such as the particle
density, the particle size, and the particle filling rate.
(1)The distributions for the energy dissipation of parti-

cles versus acceleration are nonlinear. For the low density of
particle, the energy dissipation is less than the high density of
particle. As the particle density increases, the damping effect
rises, and the vibration attenuation of the tungsten carbide
particle material is optimal in the experiment.
(2) As the particle size increases from 1mm to 5mm,

the energy dissipation rises greatly, and as the particle size
increases from 5mm to 7mm, the energy dissipation drops.
In this experiment, the 5mm particle size is the best for
stainless steel ball.
(3)As the particle filling rate increases to 90%, the energy

dissipation values rise. However, as the particle filling rate
exceeds 90%, the energy dissipation values begin to drop. In
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this experiment, the 90% particle filling rate is the best for
stainless steel ball of 4mm particle size.

For the design process of particle damper, choosing an
appropriate particle density, particle size, and particle filling
rate determined based on the simulation model will provide
the optimal damping effect for the practical application of
particle damping technology.
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In order to simulate the cutting performance of a spindle mounted in the machine tool, the finite element (FE) model of spindles
is required to be coupled with machine tool. However, the unknown joint dynamics (e.g., bolts) between the spindle and machine
tool column limit the accuracy of the model. In this paper, an FE model updating method is proposed based on the identification
of joint dynamics in both translational and rotational degrees-of-freedom (DOF). The receptance coupling (RC) technique is
enhanced to estimate frequency response functions (FRFs) corresponding to rotational DOFs. The joint stiffness is identified
through the iteration process by minimizing the difference between the simulated FRF and the measured FRF of the assembly.
The proposed method is verified with a machine-tool spindle system. The good agreement between simulation and experiment
shows the effectiveness of the method.

1. Introduction

Apart from excessive tool wear/breakage, chatter is still the
biggest obstacle in increasing material removal rates in high-
speed machining. In order to predict chatter vibrations, the
accurate prediction or measurement of the machine-tool
dynamics is critical. Among all the components of a machine
tool, the spindle-tool system is usually the most flexible part
that limits the overall dynamic stiffness. Therefore, a full
understanding of the dynamic response of the spindle-tool
system is required in order to avoid or suppress the chatter
problem.

In the past, many researchers have investigated the
dynamicmodeling of high-speed spindles with consideration
of the nonlinear behavior of bearings. Recently, Abele et al.
reviewed the historical development, recent challenges, and
future trends of the machine-tool spindle unit in detail [1].
Undoubtedly, these studies have promoted the development
of high-speed spindle technology to a new level. However,
due to the nonlinear behavior of machine joints, it is still
a challenge to accurately predict the dynamic performance
of the whole machine-tool spindle system at the design
stage. Once the spindle is installed on the machine tool, the
dynamic characteristics of the spindle change. Most existed

work mainly considered the spindle-bearing system as an
independent system, while the effects of the machine-tool
column on the spindle dynamics were neglected. In order to
simulate the cutting performance of a real high-speed spindle
mounted on themachine tool, the effects of the machine-tool
column on the spindle systemmust be included in themodel.
Cao and Altintas first considered the effects of the machine-
tool column on the spindle dynamics, and a coupled finite
element (FE) model of the machine-tool spindle system was
presented in [2]. However, the stiffness of bolted joints values
was estimated by experience and this procedure is very time-
consuming. Therefore, there is a critical need to develop a
scientific and systematic tool that can assist industrial engi-
neers in achieving a reliable FE model which can accurately
represent the dynamic characteristics of the machine-tool
spindle system.

While finite element analysis (FEA) is a well-established
and accepted technique for the dynamic analysis of structural
systems at the design stage, typically the joint dynamics in
the machine are not taken into account [3]. In the machine-
tool spindle system, the unknown joint dynamics are the
main obstacles to obtain an FE model with high accuracy.
Usually very little is known about the dynamic properties
of the joints in an assembly. The less-than-rigid bolted
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joints in the assembly are often inappropriately modeled
as rigid connections, which results in mismatch between
the finite element analysis and experimental measurements.
Inaccuracies in FE model lead to the development of model
updating techniques. Nowadays, FE model updating has
become a viable approach to identify and correct uncertain
modeling parameters [4]. A number of model updating
methods have been proposed in recent years as shown in
the text by Friswell and Mottershead [5]. FE model updating
methods are generally classified into two broad categories:
direct methods and iterative methods. The early algorithms
that directly solve updated global system matrices are
referred to as direct methods, which usually make use of the
measured eigenvalues and eigenvectors [6–8]. However, the
inherent coordinate incompatibility between the number of
measurement degree-of-freedom (DOF) and the number in
the analytical FE model is the main obstacle that restricts
the successful application of these methods. On the other
hand, the iterative methods are formulated in line with
the discrete nature of the FE model and introduce changes
to a predefined number of updated parameters (e.g., joint
dynamics) on an elemental basis. Iterativemethods use either
modal parameters (eigenvalue and eigenvector) or frequency
response functions (FRFs), which leads to modal-based
or FRF-based model updating approaches. Although good
experience has beenmadewithmodal-basedmodel updating
methods [9–11], the number of updated parameters is usually
limited as such formulations are often confined to a few of
updating eigenvalues only and nonunique solutions emerge
due to the underdetermined nature of the sensitivity matrix.

Differently, the FRF-based model updating methods
make use of the measured FRFs directly which circumvent
the need to identify the modal parameters from the exper-
iments [12–17]. These methods are able to produce highly
accurate updated systemmatrices through iteration.The idea
of usingmeasured FRFs directly formodel updating purposes
is not a new one and probably started to crystallize with
the paper by Natke [18]. Later, many researchers further
developed this type of updating approach. Chen et al. [19] and
Adhikari andWoodhouse [20, 21] respectively studied the use
of the FRFs andmodes in identifying linear dampingmodels.
Lu and Tu [22] proposed a two-step model updating proce-
dure for lightly damped structures using neural networks. In
the first step, mass and stiffness were updated using natural
and antiresonance frequencies. In the second step, damping
ratios were updated. Lin and Zhu [23] extended the response
functionmethodwhich is based on FRFdata to update damp-
ing coefficients in addition to mass and stiffness matrices.
Arora et al. [24] proposed a dampedmodel updating method
using complex updating parameters. Esfandiari et al. [25]
used the FRF-based structural updating to identify structure
damage. Pradhan and Modak [26] proposed a method for
dampingmatrix identification using frequency response data,
andWang et al. [27] established a method of identifying joint
dynamic properties using partially measured FRF. Sracic et
al. [28] calibrated nonlinear system models by comparing
measured and computed nonlinear frequency responses.
Additionally, Gang et al. [29] proposed a new iterative model
updating method using incomplete FRF data. However,

the majority of the mentioned studies update the FE model
only considering the FRFs of the translational DOFs, while
neglecting the FRFs of the rotational DOFs. Nevertheless, the
FRFs of rotational DOFs are indispensable for the estimation
of rotational stiffness and damping parameters at the joints.
Due to the infeasibility of accurate measurements of angular
displacements and appliedmoments, the directmeasurement
of rotational DOF dynamics through experiment is very
difficult.

Receptance Coupling (RC) method divides complex sys-
tems into several simple substructures, the FRFs of which
can be respectively obtained by analytical or experimental
methods. The system response can be gained by compos-
ing the subsystems, according to the coupling relationship
between the subsystems, that is, equilibrium condition and
compatibility condition on the common border. In 2000,
Schmitz introduced the RC technique into kinetic analysis
of the machine-tool field to predict the FRFs at the tool tip
in the spindle-tool system. Compared with the conventional
methods which measure the tool tip dynamic response after
each tool change, the RC technique can largely improve
the efficiency [30–33]. Later on, Altintas et al. improved
the RC technique with the consideration of the influence
of the rotational DOFs on the structural dynamic behavior
and systematically studied the dynamic performance of the
spindle-tool holder-tool system [34–37].

In this paper, the FRF-based iteration algorithm is intro-
duced and improved. The RC technique is enhanced to
predict the FRFs of the rotational DOFs, and then a general
FE model updating method is proposed. Next, the coupled
model of a machine-tool spindle system is updated using the
proposed method. The experimental results show that the
updated model can represent the dynamic behavior of the
spindle mounted in the machine-tool column fairly accu-
rately when the dynamics of the joints are largely unknown.

The rest of the paper is organized as follows. In Section 2,
a general FE model updating method is proposed. In
Section 3, the method is applied to a coupled model of the
machine-tool spindle system. Finally, conclusions are given
in Section 4.

2. Methods

2.1.The FRF-Based Iterative Algorithm. Theprinciple of FRF-
based iterative algorithm can be described in the form of

S ⋅ Δu = 𝜀, (1)

where S is the sensitivity matrix, Δu is the vector of updating
parameters, and 𝜀 denotes the residual, that is, the difference
between the analytical and measured dynamic FRFs. Such
a system of equations is often overdetermined and solved
by using least square method. After solving (1), the updated
parameter changes and the FE model is updated. Following
an eigen-solution of the updated FE model, a new residual
is obtained. This process of solving and updating the system
is repeated until the residual is zero or smaller than a defined
threshold.Unlike directmethods, the connectivity patterns of
the modified mass and stiffness matrices remain meaningful.
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Equation (1) can be derived in the form of
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In (3), each row of the sensitivity matrix contains the
same experimental information (𝐻𝑥
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𝑞V(𝜔𝑗)), so it is
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where 𝐻𝑎
𝑤𝑞
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(𝜔) are analytical FRFs, 𝐻𝑥
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and 𝐻𝑥
𝑞V(𝜔) are experimental FRFs, and the FRF residual
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𝑤V(𝜔)−𝐻
𝑥

𝑤V(𝜔). From (4), it can be seen that only
the experimental FRFs related to the joint points (the 𝑝th and
the 𝑞th DOFs) are needed for the iterative algorithm, which
decreases the number of measured DOFs largely.

2.2.FRFs Estimation of the RotationalDOFs. Figure 1 presents
a representative RC model with two substructures, including
the substructure 𝐴 and substructure 𝐵, and the joint 𝐽.

A force F
1
is applied to the node 1, but no force is applied

to nodes 2 and 3 of the overall structure. If only the responses
X
1
andX

2
corresponding to nodes 1 and 2 are considered, the

FRFs G
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and G

21
of the overall structure can be obtained as

G
11
=

X
1

F
1

= H
𝐴,11
−H
𝐴,12

H−1
2
H
𝐴,21
,

G
21
=

X
2

F
1

= H
𝐴,21
−H
𝐴,22

H−1
2
H
𝐴,21
,

(5)

where H
𝐴,𝑖𝑗

is the receptance matrix of substructure 𝐴, with
response at region 𝑖 and excitation at region 𝑗,H

2
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H
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+H𝐽), andH𝐽 = (M𝐽𝑠2 + C𝐽𝑠 + K𝐽)−1 is the receptance

matrix of the joint surface 𝐽.

Similarly, if the external force F
2
is just applied to joint 2,

the FRFs can be gained as
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(6)

For Timoshenko beam elements, the motion of nodes at
a specific surface is composed of translational and rotational
DOFs. The input force vector F consists of the force 𝑓 and
moment 𝑀, and the output response X is composed of the
translational displacement 𝑥 and the rotational displacement
𝜃. The input force and output response satisfy the following
relationship:

{
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where ℎ
𝑖𝑗,𝑓𝑓

is the receptance between translational DOFs
with response at region 𝑖 and excitation at region 𝑗, ℎ

𝑖𝑗,𝑀𝑓
and

ℎ

𝑖𝑗,𝑓𝑀
are receptances between translational and rotational

DOFs, and ℎ
𝑖𝑗,𝑀𝑀

is the receptance between rotational DOFs.
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Figure 1: RC model.

By substituting (7) into (5) and (6) and letting

H
2
= [

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

] , (8)

the systematic receptance matrix can be obtained as

[

𝑔

11,𝑓𝑓
𝑔

11,𝑓𝑀

𝑔

11,𝑀𝑓
𝑔

11,𝑀𝑀

]

= [

ℎ

𝐴11,𝑓𝑓
ℎ

𝐴11,𝑓𝑀

ℎ

𝐴11,𝑀𝑓
ℎ

𝐴11,𝑀𝑀

] − [

ℎ

𝐴12,𝑓𝑓
ℎ

𝐴12,𝑓𝑀

ℎ

𝐴12,𝑀𝑓
ℎ

𝐴12,𝑀𝑀

]

⋅ [

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

]

−1

[

ℎ

𝐴21,𝑓𝑓
ℎ

𝐴21,𝑓𝑀

ℎ

𝐴21,𝑀𝑓
ℎ

𝐴21,𝑀𝑀

] ,

[

𝑔

21,𝑓𝑓
𝑔

21,𝑓𝑀

𝑔

21,𝑀𝑓
𝑔

21,𝑀𝑀

]

= [

ℎ

𝐴21,𝑓𝑓
ℎ

𝐴21,𝑓𝑀

ℎ

𝐴21,𝑀𝑓
ℎ

𝐴21,𝑀𝑀

] − [

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑀𝑀

]

⋅ [

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

]

−1

[

ℎ

𝐴21,𝑓𝑓
ℎ

𝐴21,𝑓𝑀

ℎ

𝐴21,𝑀𝑓
ℎ

𝐴21,𝑀𝑀

] ,

[

𝑔

12,𝑓𝑓
𝑔

12,𝑓𝑀

𝑔

12,𝑀𝑓
𝑔

12,𝑀𝑀

]

= [

ℎ

𝐴12,𝑓𝑓
ℎ

𝐴12,𝑓𝑀

ℎ

𝐴12,𝑀𝑓
ℎ

𝐴12,𝑀𝑀

] − [

ℎ

𝐴12,𝑓𝑓
ℎ

𝐴12,𝑓𝑀

ℎ

𝐴12,𝑀𝑓
ℎ

𝐴12,𝑀𝑀

]

⋅ [

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

]

−1

[

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑀𝑀

] ,

[

𝑔

22,𝑓𝑓
𝑔

22,𝑓𝑀

𝑔

22,𝑀𝑓
𝑔

22,𝑀𝑀

]

= [

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑀𝑀

] − [

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑀𝑀

]

⋅ [

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

]

−1

[

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑀𝑀

] ,

(9)

where

[

ℎ

2,𝑓𝑓
ℎ

2,𝑓𝑀

ℎ

2,𝑀𝑓
ℎ

2,𝑓𝑀

]

−1

= ([

ℎ

𝐴22,𝑓𝑓
ℎ

𝐴22,𝑓𝑀

ℎ

𝐴22,𝑀𝑓
ℎ

𝐴22,𝑓𝑀

]

+ [

ℎ

𝐵22,𝑓𝑓
ℎ

𝐵22,𝑓𝑀

ℎ

𝐵22,𝑀𝑓
ℎ

𝐵22,𝑓𝑀

]

+

[

[

ℎ

𝐽

𝑓𝑓
ℎ

𝐽

𝑓𝑀

ℎ

𝐽

𝑀𝑓
ℎ

𝐽

𝑀𝑀

]

]

)

−1

.

(10)

By respectively extracting the first element of the receptance
matrices G

11
, G
12
, and G

22
, following equation set can be

gained:

𝑔

11,𝑓𝑓
= ℎ

𝐴11,𝑓𝑓
+

1

(ℎ

2,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
− ℎ

2,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
)

⋅ [ℎ

𝐴21,𝑓𝑓
(ℎ

𝐴12,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
− ℎ

𝐴12,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
)

+ ℎ

𝐴21,𝑀𝑓
(ℎ

𝐴12,𝑓𝑀
⋅ ℎ

2,𝑓𝑓
− ℎ

𝐴12,𝑓𝑓
⋅ ℎ

2,𝑓𝑀
)] ,

𝑔

12,𝑓𝑓
= ℎ

𝐴12,𝑓𝑓
+

1

(ℎ

2,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
− ℎ

2,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
)

⋅ [ℎ

𝐴22,𝑓𝑓
(ℎ

𝐴12,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
− ℎ

𝐴12,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
)

+ ℎ

𝐴22,𝑀𝑓
(ℎ

𝐴12,𝑓𝑀
⋅ ℎ

2,𝑓𝑓
− ℎ

𝐴12,𝑓𝑓
⋅ ℎ

2,𝑓𝑀
)] ,

𝑔

22,𝑓𝑓
= ℎ

𝐴22,𝑓𝑓
+

1

(ℎ

2,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
− ℎ

2,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
)

⋅ [ℎ

𝐴22,𝑓𝑓
(ℎ

𝐴22,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
− ℎ

𝐴22,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
)

+ ℎ

𝐴22,𝑀𝑓
(ℎ

𝐴22,𝑓𝑀
⋅ ℎ

2,𝑓𝑓
− ℎ

𝐴22,𝑓𝑓
⋅ ℎ

2,𝑓𝑀
)] ,

ℎ

2,𝑓𝑀
= ℎ

2,𝑀𝑓
.

(11)

As (11) is composed of four equations with four
unknowns, that is, ℎ

2,𝑓𝑓
, ℎ
2,𝑓𝑀

, ℎ
2,𝑀𝑓

, and ℎ
2,𝑀𝑀

, the analyt-
ical solutions of the FRFs H

𝐴,11
, H
𝐴,12

, H
𝐴,21

, and H
𝐴,22

of
the substructure 𝐴 at free state can all be gained by using the
FE model. The FRFs of the overall structures 𝑔

11,𝑓𝑓
, 𝑔
12,𝑓𝑓

,
and 𝑔

22,𝑓𝑓
can be gained by using the experimental method.

Therefore, the receptance matrix H
2
which includes the

coupling characteristics of the joint surface can be obtained
by solving (11).

The FRFs of each rotational DOF can be estimated
by using (9). For instance, the coupled FRF 𝑔

21,𝑀𝑓
of
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Figure 2: The flowchart of the proposed method.

the translational and rotational DOF between the node 1 and
2 can be solved by the following equation:

𝑔

21,𝑀𝑓
= ℎ

𝐴21,𝑀𝑓
+

1

(ℎ

2,𝑓𝑀
⋅ ℎ

2,𝑀𝑓
− ℎ

2,𝑓𝑓
⋅ ℎ

2,𝑀𝑀
)

⋅ [ℎ

𝐴21,𝑓𝑓
(ℎ

𝐴22,𝑀𝑓
⋅ ℎ

2,𝑀𝑀
− ℎ

𝐴22,𝑀𝑀
⋅ ℎ

2,𝑀𝑓
)

+ ℎ

𝐴21,𝑀𝑓
(ℎ

𝐴22,𝑀𝑀
⋅ ℎ

2,𝑓𝑓
− ℎ

𝐴22,𝑀𝑓
⋅ ℎ

2,𝑓𝑀
)] .

(12)

2.3. The Proposed Model Updating Method. The proposed
method is based on the assumption that the analytical
FE model of a mechanical structure (M𝑎,K𝑎,C𝑎) can be
modifiedwith an appropriate set of design parameter changes
(ΔM,ΔK,ΔC) and these changes lead to an updated FEmodel
whose predicted FRFs are identical to the corresponding
measurements. On the basis of the FRF-based iterative
algorithm, a method for finite element model updating and
joint stiffness identification is proposed, as shown in Figure 2.

The FE model updating process starts from analytical
modeling of the mechanical structure. The mass, stiffness,
and damping matrices are used to represent the properties
of each element and then assembled by nodes to obtain
the systematical matrices (M𝑎,K𝑎,C𝑎). For the complex
systems, the joint dynamics between each substructure are
usually unknown and initial dynamic parameters are given by
experience. Analytical FRFs (H𝑎(𝜔

𝑗
)) of every node can then

be predicted with the FE model. The experimental FRFs with
high quality are the base to update FE models successfully.
FRFs corresponding to translational DOFs can be measured
directly with modal tests, while FRFs corresponding to
rotational DOFs are calculated with the RC method.

After data is prepared, the analytical FRFs are compared
with experimental data. The residual between the analytical
and measured FRFs is calculated. As the initial FE model is
usually not accurate, the 2-norm of the residual (‖𝜀‖) is larger
than the threshold 𝑒. Then the iterative procedure starts. The
equation S ⋅ Δu = 𝜀 is solved by using least square method.
After the solution, the vector of updating parameters (Δu) is
obtained and the FEmodel is updated by addingΔM,ΔK, and
ΔC to the original systematical matrices. Following an eigen-
solution of the updated FE model, new analytical FRFs are
obtained and the 2-norm of the residual FRFs is refreshed.
This process of solving and updating the system is repeated
until the 2-norm of the residual is zero or smaller than the
defined threshold. Then the iterative process stops and a
reliable FE model can be obtained. In the FE model updating
procedure, the unknown dynamic characteristics of the joints
are identified and the FE model is updated simultaneously.

3. Application

The coupled model of the machine-tool spindle system was
presented by Cao and Altintas [2]. As shown in Figure 3, six
bolts are used to fix the front part of the spindle, while a
fastening ring is used between the rear part of the spindle
and the spindle-head. The bolted connection was modeled
by translational and rotational springs to represent the joint
stiffness. The detailed procedure can be referred to Cao and
Altintas’s work [2].

In the coupledmodel of themachine-tool spindle system,
the mass parameter of the joint surface is ignored and
the damping parameter is determined by the experimental
modal analysis method. Thus only the stiffness parameter
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Figure 3: Coupled modeling of the machine-tool spindle system.

of the joint surface needs to be identified. The stiffness
parameter of the joint surface between the spindle and
the spindle-head is expressed as equivalent springs. In the
following parts, the joint stiffness between the spindle and
the spindle-head will be estimated systematically by using the
proposed FE model updating method. Without considering
the joint dynamics between the spindle andmachine tool, the
global stiffness matrix of the machine-tool spindle system is

K𝑎 = [
K𝑆 0

0 K𝐻
] , (13)

where K𝑆 and K𝐻 are the stiffness matrices of the spindle
and the spindle-head, respectively, and there is no coupling
relationship between K𝑆 and K𝐻 by now.

If the node 𝑖 in the spindle substructure and the node 𝑗 in
the spindle-head substructure are connected and they have
the same joint stiffness K𝐽, then the global stiffness matrix
can be rewritten as

K𝑥

=

[

[

[

[

[

[

[

[

[

[

[

[

[

d

⋅ ⋅ ⋅

c

K𝑆
𝑖
+ K𝐽

.

.

.

−K𝐽

d

𝑆

d

⋅ ⋅ ⋅

c

𝑌

K𝐻
𝑗
+ K𝐽

.

.

.

𝑀

d

]

]

]

]

]

]

]

]

]

]

]

]

𝑖

𝑗

𝑖 𝑗

,

(14)

where K𝑆
𝑖
is the stiffness matrix of the node 𝑖 in the spindle

substructure, K𝐻
𝑗

is the stiffness term of the node 𝑗 in

the spindle-head substructure, and K𝐽 is the joint stiffness
matrix which is expressed as

K𝐽 = [
[

𝑘

𝐽

11
𝑘

𝐽

12

𝑘

𝐽

21
𝑘

𝐽

22

]

]

. (15)

The joint damping can be added in the same manner
as the joint stiffness. However, due to the complexity of the
nonlinear damping, the damping matrix is ignored when
modeling the system.Themodal damping ratios are obtained
by experimental modal analysis.

In the coupled model, the two ends of the equivalent
spring separately connect with the 40th node (substructure
of the spindle) and the 51st node (substructure of the spindle-
head); that is, 𝑖 = 40, 𝑗 = 51. Set the residual FRF 𝜀

𝐻1,1
(𝜔) =

𝐻

𝑎

1,1
(𝜔) − 𝐻

𝑥

1,1
(𝜔) of the translational DOF at the spindle

nose, that is, the first node of the FE model, as the objective
function of correcting algorithm. The parameters that need
to be updated are listed as follows:

Δu =
{

{

{

{

{

Δ𝑘

2𝑖−1,2𝑖−1

Δ𝑘

2𝑖,2𝑖−1

Δ𝑘

2𝑖,2𝑖

}

}

}

}

}

=

{

{

{

{

{

Δ𝑘

79,79

Δ𝑘

80,79

Δ𝑘

80,80

}

}

}

}

}

=

{

{

{

{

{

{

{

𝑘

𝐽

11

𝑘

𝐽

21

𝑘

𝐽

22

}

}

}

}

}

}

}

, (16)

where the stiffness parameter at the joint surface 𝑘𝐽
11

is
corresponding to the local stiffness of the translational DOF
79, 𝑘𝐽
21

is corresponding to coupled stiffness between the
rotational DOF 80 and translational DOF 79, and 𝑘𝐽

22
is

corresponding to the local stiffness of the rotational DOF
80. According to (4), the overdetermined equation of the
updating algorithm of the spindle model is gained as
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[

[

[

[

[

[

[

[

[

−𝐻

𝑎

1,79
(𝜔

1
)𝐻

𝑥

79,1
(𝜔

1
) (𝐻

𝑎

1,79
(𝜔

1
) − 𝐻

𝑎

1,80
(𝜔

1
)) (𝐻

𝑥

80,1
(𝜔

1
) − 𝐻

𝑥

79,1
(𝜔

1
)) −𝐻

𝑎

1,80
(𝜔

1
)𝐻

𝑥

80,1
(𝜔

1
)

−𝐻

𝑎

1,79
(𝜔

2
)𝐻

𝑥

79,1
(𝜔

2
) (𝐻

𝑎

1,79
(𝜔

2
) − 𝐻

𝑎

1,80
(𝜔

2
)) (𝐻

𝑥

80,1
(𝜔

2
) − 𝐻

𝑥

79,1
(𝜔

2
)) −𝐻

𝑎

1,80
(𝜔

2
)𝐻

𝑥

80,1
(𝜔

2
)

.

.

.

.

.

.

.

.

.

−𝐻

𝑎

1,79
(𝜔

𝑁𝑝
)𝐻

𝑥

79,1
(𝜔

𝑁𝑝
) (𝐻

𝑎

1,79
(𝜔

𝑁𝑝
) − 𝐻

𝑎

1,80
(𝜔

𝑁𝑝
)) (𝐻

𝑥

80,1
(𝜔

𝑁𝑝
) − 𝐻

𝑥

79,1
(𝜔

𝑁𝑝
)) −𝐻

𝑎

1,80
(𝜔

𝑁𝑝
)𝐻

𝑥

80,1
(𝜔

𝑁𝑝
)

]

]

]

]

]

]

]

]

]

⋅

{

{

{

{

{

Δ𝑘

79,79

Δ𝑘

80,79

Δ𝑘

80,80

}

}

}

}

}

= −

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

𝜀

𝐻1,1
(𝜔

1
)

𝜀

𝐻1,1
(𝜔

2
)

.

.

.

𝜀

𝐻1,1
(𝜔

𝑁𝑝
)

}

}

}

}

}

}

}

}

}

}

}

}

}

}

}

,

(17)

where𝐻𝑥
1,1
(𝜔) is the experimental FRF of translational DOF

at the free end (response DOF 1 and excitation DOF 1),
𝐻

𝑥

79,1
(𝜔) is the experimental FRF of the translational DOF

at joint surface (response DOF 79 and excitation DOF 1),
and𝐻𝑥

80,1
(𝜔) denotes the rotational DOF at the joint surface

(response DOF 80 and excitation DOF 1). The frequency
points (𝜔

1
, 𝜔

2
, . . . , 𝜔

𝑁𝑝
) are chosen randomly from the fre-

quency region of the FRF.
Utilize the RC technique to estimate the FRF of the

rotational DOF𝐻𝑥
80,1
(𝜔), as shown in Figure 4. Point 1 locates

the front end of the spindle and point 2 denotes the joint
point between the spindle and the spindle-head.Three groups
of hammer modal tests were conducted, respectively, to
measure the origin FRF 𝑔

11,𝑓𝑓
of point 1, the FRF 𝑔

12,𝑓𝑓

between the measured point 1 and measured point 2, and
the origin FRF 𝑔

22,𝑓𝑓
of point 2. The FRF matrices ℎ

2,𝑓𝑓
,

ℎ

2,𝑓𝑀
, ℎ
2,𝑀𝑓

, and ℎ
2,𝑀𝑀

can be obtained by solving (11),
and then FRFs with respect to each rotational DOF can
be calculated by using (9). In the FE model, point 1 is
corresponding to the 1st node, while point 2 is corresponding
to the 40th node. Thus,𝐻𝑥

80,1
(𝜔) is equivalent to the coupled

FRF 𝑔
21,𝑀𝑓

between point 1 and point 2; that is, excitation
is the force 𝑓 applied at point 1 (the 1st node) of the
model and the response is the rotational displacement 𝜃 at
point 2 (the 40th node). Lastly, 𝑔

21,𝑀𝑓
can be obtained by

using (12).
By using least squares algorithm to solve the overde-

termined equation (17) of the spindle model correcting
algorithm, the residual error stabilized after 30 iterations.The
variation tendencies of the updated parameters, including
the translational stiffness 𝑘𝐽

11
, coupled stiffness 𝑘𝐽

12
, and the

rotational stiffness 𝑘𝐽
22

of the joint surface, are respectively
depicted in Figures 5(a), 5(b), and 5(c).

Then the updated coupled model of the machine-tool
spindle system is applied to simulate the FRFs at the spindle
nose and the tool tip and the simulated results are compared
with experimental results so as to verify the validity of the
updated model. Figures 6(a) and 6(b), respectively, present
the FRF tests procedure at the Weiss spindle nose and tool

tip. In this experiment, the output oil pressure of the bearing
preload hydraulic oil pump was set to 100 psi, and the tool
used was a simulation tool without cutter tooth. A Kistler
9722 hammer (sensitivity 2.13mv/N) was used to excite the
spindle nose and tool tip, and an accelerometer PCB353B11
(sensitivity 5.325mv/g) was used to collect the vibration
response signals. After obtaining the input and output signals,
the experimental FRFs were calculated by utilizing themodal
analysis software CutPro-MalTF.

The FRF at the spindle nose in radial direction is sim-
ulated and compared with the measured value, as shown in
Figure 7. It can be seen that the FRF obtained by the updated
model agrees well with the experimental result.

When the tool holder and the tool are installed on the
spindle, the mode of the tool dominates the FRF. In the
modeling, the Timoshenko beam elements were still used to
build the FE model of the tool, assuming that the connection
between the tool and tool holder was rigid. In this way,
as shown in Figure 8, the FRF of the system is relatively
clean. The simulated FRF has satisfactory agreements with
the experimental result at the mainmodes.Thus, the updated
FE model can be considered reliable to describe the dynamic
behaviors of the spindle installed on the machine-tool and
the proposed method achieves the purpose of updating the
coupled model of the machine-tool spindle system.

4. Conclusions

In this work, a general FE model updating method has
been proposed to updatemechanical structurewith unknown
joints. The FRF-based iterative algorithm is improved to
lower the requirement for the experimental FRFs and the
RC technique is used to predict the FRFs of the rotational
DOFs. The translational stiffness, rotational stiffness, and
coupled stiffness of joints are identified after iterations, and
the coupled model of the machine-tool spindle system is
updated. The results show that the simulated FRFs at both
the spindle nose and the tool tip match very well with
measurements. With the updated model, it is possible to
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Figure 5: Iterative procedure of the updated parameters.

simulate the cutting performance of a high-speed spindle
mounted on the machine tool.
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An automatic condition monitoring for a class of industrial rolling-element bearings is developed based on the vibration as well as
stator current analysis.The considered fault scenarios include a single-point defect, multiple-point defects, and a type of distributed
defect. Motivated by the potential commercialization, the developed system is promotedmainly using off-the-shelf techniques, that
is, the high-frequency resonance technique with envelope detection and the average of short-time Fourier transform. In order to
test the flexibility and robustness, the monitoring performance is extensively studied under diverse operating conditions: different
sensor locations,motor speeds, loading conditions, anddata samples fromdifferent time segments.The experimental results showed
the powerful capability of vibration analysis in the bearing point defect fault diagnosis.The current analysis also showed amoderate
capability in diagnosis of point defect faults depending on the type of fault, severity of the fault, and the operational condition.The
temporal feature indicated a feasibility to detect generalized roughness fault. The practical issues, such as deviations of predicted
characteristic frequencies, sideband effects, time-average of spectra, and selection of fault index and thresholds, are also discussed.
The experimental work shows a huge potential to use some simple methods for successful diagnosis of industrial bearing systems.

1. Introduction

The bearing component plays a critical role in rotational
machines; its functionality is directly relevant to the oper-
ational performance and consequently the reliability and
safety of these machines and relevant systems [1]. It has been
discovered that bearing defects can account for up to 51% of
different AC motor faults [2]. Some cost-effective early fault
detection and diagnosis (FDD) of potential bearing faults
is very important and necessary with respect to the reliable
operation and reduction of system breakdown time [3–7].

As shown in Figure 1, a standard rolling-element bearing
consists of an inner and outer raceway with a set of balls
or rolling elements placed between these two raceways and
held by a cage. Bearing faults could happen with the raceways
and ball or rolling element as well as the cage, such as
a scratch on the surface of the raceway(s). The bearing
faults can be caused due to improper installation of the
bearing onto the shaft or into the housing, misalignment of
the bearing, contamination, corrosion, improper lubrication,

or simply wear [3, 6, 8]. According to different geometric
characteristics, the bearing faults can be classified into two
categories, that is, point defects and distributed defects [8].
A point defect is often referred to as a localized defect on
a bearing component surface, such as a pit, spall, or short
scratch on the raceway surface or ball surface [9, 10]. A
point defect can be single or multiple [11]. A distributed
defect is often referred to as some defect relevant to a large
area of irregular or deformed surface(s), such as generalized
roughness [10], waviness, or off-size rolling elements [8].

There is a huge amount of research work and literature
dedicated to bearing condition monitoring and the bearing
FDD in recent decades [12]. Some relevant review papers can
be found in [2, 4, 6, 8, 13–15] and references therein. FDD
can be carried out based on the measurement data from the
machine vibration response [14, 16, 17], the acoustic emission
response [8], or the stator current(s) [18, 19]. The analysis
can be signal-based (model-free) methods [18, 20] or model-
based methods [14, 21–23]. The techniques can be time-
domain oriented, such as RMS, crest factor, and kurtosis [3],
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Figure 1: Considered NSK 6305 ball bearings with some artificial
inner raceway/outer raceway point defects [27].

frequency-domain oriented, such as the envelope method
and high-frequency resonance method [9], or the combi-
nation of time and frequency domains, such as the wavelet
method and short-time Fourier transform (STFT) method
[24–27]. The FDD focus can be on a single-point defect [9],
multiple-point defects [11], or generalized roughness [10].

The vibration based methods have been most popularly
and extensively studied. Even some international standard
has been published [28]. The motivation for using vibration
analysis is due to the fact that the mechanical vibration
consists of the direct reflection of the possible bearing defect
and furthermore any point defect will excite vibration at
some specific frequency and its harmonies, depending on
which bearing component contains the defect. These specific
frequencies are referred to as (specific fault’s) characteristic
frequencies (CFs) [3, 8, 14]. These CFs can be predicted
based on the shaft speed and the bearing geometry. However,
practically these CF signals are modulated in the vibration
measurement; some demodulation techniques, such as enve-
lope detection or high-frequency resonance techniques, are
often required to extract these frequencies. By comparing
the generated spectra based on a nominal operation and a
fault-suspected operation around these CFs, the FDD can be
carried out. If some quantitative information and indices are
defined, an automatic diagnostic system can be developed
based on, for example, a pattern recognition technique [8] or
an amplitude modulation detector [29].

The effects of machine speeds on the bearing fault
detection is investigated in [30], and it was observed that
speed variations can retard or temporarily mask the bearing
fault effect in the measured machine vibration. The influ-
ence of different loading conditions on inner raceway fault
detection is investigated in [7]. These issues had previously
not received much attention. In order to cope with potential
nonstationary situations, a method using the wavelet to
analyze the vibration signal so as to trade off the time-
frequency resolution is proposed in [25]. Reference [21]
proposed a neural network-based diagnosis method so as to
cope with potential uncertainties and nonlinearities ignored
by theoretical analysis. A two-step data mining approach is
employed in [17] for a plastic bearing fault diagnosis.There is
no doubt that these artificial intelligencemethods can provide

an enhanced and more powerful capability for bearing fault
diagnosis compared to conventional spectrum methods;
however, the parameter selection and the computation load
of thesemethods can be very challengingwhen they are going
to be employed in a real-world application. Nevertheless,
compared with extensive studies on point defects, there are
few studies on distributed defects, even though this kind of
fault is common in industrial applications [8, 10]. The reason
mainly lies in the fact that there are not any characteristic
frequencies, reflected by vibration signals, associated with
this type of fault.

The vibration based FDD requires the installation of
vibration transducers on machines; this often leads to extra
expenses compared with standard machines. An alternative
method is to use the stator current measurement for bearing
FDD [13, 18, 19, 22, 24, 26, 31, 32]. The benefit of this idea is
quite obvious with respect to the fact that, in many motor-
driven rotational applications, the state current is already
measured for some specific purpose(s), for example, for
motor speed control. Reference [31] considered the gen-
eration of eccentricities due to some bearing fault, which
causes some periodical changes of the machine inductances.
The bearing defect exhibited peaks in current spectra at
some modulated CFs depending on the type of fault. This
model is extended in [22] by taking torque variations into
consideration. In general, compared with extensive work and
results focusing on vibration based analysis, the current based
bearing fault FDD approach is far more mature [4, 13, 18, 32].
Nevertheless, to the best of our knowledge, there is not much
extensive work being done about how much difference the
vibration analysis and the current analysis could lead to [23,
33].

Anothermotivation of this work is to check the possibility
of industrialization of some existing bearing FDD methods.
In particular, the feasibility of using the current signature
analysis for bearing FDD can be quite interesting to many
industrial pump producers. For instance, many commercial
pump systems already have the motor current measured
inside the integrated control module, which is apparently
used by the pump speed controller. If possible, it would be
quite cost-effective to use the already available motor current
measurement instead of installing extra vibration sensors for
bearing health monitoring. In addition, the integration of the
developed FDD algorithm into the existing control module is
also quite straightforward.

The contribution of this work lies in the following aspects:
(1) there is a bearing FDD study by implementing both vibra-
tion based methods and current based methods on the same
machine system; (2) the considered bearing fault scenarios
include a single-point defect, multiple-point defects, and a
type of generalized roughness; (3) the FDD performance
is evaluated under extensively diverse conditions, such as
different sensor locations, different motor speeds, different
loading conditions, and data samples from different time
segments; (4) many practical issues relevant to automatic
monitoring implementation are explored and discussed, such
as practical deviations of predicted CFs, sideband effects,
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time-average of spectra, and selection of fault index and
thresholds for FDD.

In the following, the high-frequency resonance technique
with envelope detection is employed for vibration analysis.
The amplitude average of a set of STFTs is used for the current
spectra analysis. By the end, a simple automatic FDD scheme
is proposed by checking the relative deviations of the spectra
around specific modulated CFs. The rest of this paper is
organized as follows: Section 2 introduces fault characteristic
frequencies and feature extraction methods employed here;
Section 3 gives a brief description of the considered testing
setup and apparatus; Section 4 presents experimental results
from vibration and current signature analysis; Section 5 pro-
poses an automatic bearing FDD system. Finally we discuss
and conclude the paper in Section 6.

2. Characteristic Frequencies and
Feature Extraction Methods

2.1. Fault Scenarios. Along with a set of healthy bearings,
one defective bearing is designed to have a scratch on the
inner raceway, which serves as (single-point) inner raceway
defect scenario. The second defective bearing has a hole with
a diameter of 3mm through the outer raceway and a scratch
on the outer raceway as well. The second bearing services
as (multipoint) outer raceway defect scenario. This type of
fault is used to emulate an extremely serious (multiple-) point
defect situation. Both bearings can be seen in Figure 1. The
third defective bearing is designed without lubricant, so that
it services as a generalized roughness condition. The FDD
algorithms are tested for different scenarios under different
operating conditions, that is,

(i) three different loading configurations,
(ii) different motor speeds,
(iii) different vibration measurement positions,
(iv) data samples from different time intervals.

Both the vibration and state current analyses are carried out
and compared in the following section.

2.2. Fault Characteristic Frequencies. For each type of bear-
ing point fault, a specific frequency, named characteristic
frequency (CF), is associated.This frequency corresponds to a
periodicity by which an anomaly appears due to the existence
of a specific fault. These CFs can be predicted based on the
bearing’s geometry and the rotating speed [14, 20, 22] under
the ideal situation, such as
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Figure 2: Sketch of envelope detection method [27].

where the fundamental cage fault frequency, denoted as 𝐹
𝑐
,

is the frequency by which the balls pass a defective cage
point; the inner/outer raceway fault frequency, denoted as
𝐹ri/𝐹ro, is the frequency by which the balls pass a defective
inner/outer raceway point. 𝐹

𝑏
/𝐹
𝑠
is the ball/motor shaft

rotational frequency, 𝑁
𝑏
is the number of balls, 𝐷

𝑏
/𝐷
𝑐
is the

diameter of the ball/cage, and 𝛼 is the contact angle between
the raceway and balls. For our considered bearing elements,
these parameters are 𝐷

𝑐
= 43mm, 𝐷

𝑏
= 10mm, 𝑁

𝑏
= 8,

and 𝛼 = 0. It should be noticed that this prediction is based
on the assumption of pure rolling races; however, in reality,
some sliding motion may occur which can cause deviations
of characteristic frequencies [8, 25, 30].

2.3. Envelope Detection. The potentially distinguishable
vibration due to a bearing point defect is often modulated
in the amplitudes of high-frequency vibration measurement
[14]. Thereby a demodulation of the measured data is
required before any specific characteristic feature can be
extracted. The envelope detection technique can be used for
this demodulation purpose. The envelope detection method
we used here is shown in Figure 2. For our considered
case, the cut-off frequency of the high-pass filter is selected
as 2500Hz, since the machine’s mechanical structure has
a number of resonances before that frequency and one
distinguished resonance afterwards. This resonance analysis
was carried out by properly hitting the motor with a hammer
and then analyzing the measured vibration [34]. The high-
pass filtered signal then passes through a full-wave rectifier,
and finally a low-pass filter is used to filter out the higher
harmonics of the rectified signal, where the low-pass filter
is used with a cut-off frequency of 500Hz. The low-pass
cut-off frequency is selected at least double of the highest
CF, which is 𝐹ri = 246.35Hz at full speed in our case. This is
also consistent with the notation given in [8] that for most
standard bearings the defect CFs are usually less than 500Hz.

2.4. Short-Time Fourier Transform. As one of the simplest
time-frequency techniques, the short-time Fourier transform
(STFT) is employed for current signal analysis. The STFT of
a time signal 𝑥(𝑡) over a time window𝑤(𝑡) with a length of 𝑇
is defined as

STFT (𝑡, 𝑓) = ∫
𝑡+𝑇/2

𝑡−𝑇/2

𝑥 (𝜏)𝑤 (𝜏 − 𝑡) 𝑒
−𝑗2𝜋𝑓𝜏

𝑑𝜏. (2)

Initially, the STFT is used to handle nonstationary signals.
Here we use the (magnitude) average in frequency of a set
of STFTs generated at different time segments (could be
partially overlapped) for a stationary signal in order to “filter”
out the frequency noise in the spectra. We call this averaged
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STFT magnitude mean of STFTs of the considered signal in
the following; that is,

Mean STFT (𝑓) =
1

𝐾

𝐾

∑
𝑘=0

STFT (𝑡
𝑘
, 𝑓)

 , (3)

where𝐾 is the number of STFTs. Usage of themean STFT can
help get rid of some rare situations and achieve a smoother
spectrum than the standard STFT.

2.5. Current Characteristic Frequencies. The characteristic
frequency of a bearing fault may also be reflected in the
stator current measurement besides vibration measurement
[18]. Intuitively, a bearing point defect can possibly cause a
radial motion between the rotor and stator. This mechanical
displacement then causes variations of the air gap flux density
inside the motor. Correspondingly, this changed air gap flux
produces the variation of stator currents at some specific
frequencies, which we referred to as current characteristic
frequencies (CCFs). These CCFs can be predicted according
to [13, 22, 24, 26, 31]. Consider

𝐹ccf =
𝐹𝑒 ± 𝑚𝐹

𝑖,𝑜

 , (4)

where integer 𝑚 = 1, 2, 3, . . ., 𝐹
𝑒
is the stator power supply

frequency, and 𝐹
𝑖,𝑜
is one of the CFs specified in (1).

3. Testing Setup and Apparatus

A type of 3 kW three-phase induction motor (MG100LC2-
28FT130-D1) is used for testing purpose. This type of motor
has two bearings with different sizes: the big one is mounted
at the load end of the shaft and the small one is at the
back end of the motor. The load side bearing is considered
for health monitoring. A set of accelerometers (W352B10)
produced by Piezotronics is used to measure the vibrations
of the motor. This type of sensor has a frequency range
of 1–10000Hz and can measure a peak acceleration up to
4900m/s2, while the sensor itself only weighs 0.7 gram. The
selected accelerometer is quite sensitive, and the 4294 Brüel &
Kjær calibrator is therefore used to calibrate all sensors before
they are deployed on the motor setup. The measurements
of the phase current are carried out by standard electrical
equipment. In order to determine the motor shaft speed, an
optical tachometer is used.The data acquisition is handled by
the Brüel & Kjær Dyn-X 3560B 5 channel data recorder. For
the vibrationmeasurements, the data recorder sets up a high-
pass filter with a cut-off frequency of 7Hz in order to remove
all possible DC offsets.

The sampling rate is selected as 16384Hz, which is the
highest sample rate the instrument can handle. The ISO
10816 standard is followed for selection of accelerometer
positions [28]. As shown in Figure 3, all six positions are
examined and analyzed. In the following we only distinguish
vibration measurements as radial position measurement or
axial position measurement. The bearings used in this study
are NSK 6305. A set of defective bearings are artificially
designed so as to study different fault scenarios.

The motor setup is arranged into three configurations in
order to study different load influences.

1

2

3

4

5

6

Figure 3: ISO 10816 recommended positions for vibration mea-
surements [28], where position-1 and position-4 indicate radial-
horizontal directions and position-2 and position-5 indicate radial-
vertical directions, while position-3 and position-6 indicate the axial
directions. Position-1, position-2, and position-3 locate nearby the
loading side, while position-4, position-5, and position-6 locate
nearby the nonloading side.

Figure 4:The inductionmotor placed in a water circulation system.

(i) Free load setup: the motor runs freely without any
external load and hence no cooling fan inside the
housing.

(ii) Fan load setup: the cooling fan is attached on the
motor shaft.

(iii) Pump load setup: the motor setup (with cooling fan)
is placed in a water circulation system and is used to
drive a Grundfos CR-8 centrifugal pump.

In order to minimize the impact from the surrounding
environment on the motor vibration dynamic, the induction
motor is suspended on a spring for the first two configura-
tions. The third configuration can be seen in Figure 4.

4. Experimental Results and Analysis

A simple bearing condition monitoring can be achieved by
checking magnitudes at specific CFs in the spectra, which are
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Figure 5: Nominal, inner defect, and outer defect spectra of 50Hz
motor input, free load condition, and radial vibration measure-
ments.

produced based on the measured data. By comparing with
a nominal bearing spectrum, if some large amplitude devia-
tions at some specificCFs can be observed, the corresponding
fault scenario will be suspected. In this section, we only
carry out this intuitive analysis and some systematical and
quantitative computation will be proposed in next section.
The tests are carried out under different conditions so as to
study the influence of different loads, different measuring
locations, different rotating speeds, and different sampling
segments. The considered motor is controlled by a frequency
converter; thereby speeds of the motor are denoted as 50Hz,
40Hz, and 20Hz, respectively. Some selected results are
presented in the following.

4.1. Vibration Analysis: Point Defect, Free Load, and Different
Shaft Speeds. One set of spectra based on the operating con-
dition with 50Hz motor input and radial position measure-
ments is shown in Figure 5. It is quite clear that these three
scenarios lead to significantly different averaged amplitude
levels. The nominal system curve (blue line) is the most flat
one with some small oscillations. There are distinguishable
peaks around the inner raceway CFs, 𝐹ri and 2𝐹ri, on the
inner raceway fault curve (red line). Some sideband effects,
peaks at frequencies 𝐹ri ± 4𝐹

𝑠
and 2𝐹ri − 4𝐹

𝑠
, are also clearly

observed on the inner raceway fault curve. This is consistent
with the statement in [8] that, in case of a defect on a moving
element, the spectrum has sidebands about the components
at this specific fault CF. The outer raceway fault curve (green
line) is themost complicated one. Some distinguishable peaks
appear around the outer raceway fault CFs, 𝐹ro and 2𝐹ro.
However, there are also a number of distinguishable peaks
shown around the cage CF, 𝐹

𝑐
and sidebands of 𝐹ro with 𝐹

𝑐
.

Therefore, the declaration of outer raceway fault is vague at
this moment.

150

150 200 250 300 350 400 500450

100

100

50

50
0
0

M
ag

ni
tu

de
 (d

B)

Frequency (Hz)

Envelope FFT spectra

Fc

2Fro2Fc

2Fs

4Fs

2Fb

Fro

Fri − Fs Fri + Fs

Fri

50Hz, 2998 rpm, no fault
50Hz, 2998 rpm, inner ring fault
50Hz, 2998 rpm, outer ring fault

Figure 6: Nominal, inner defect, and outer defect spectra of 50Hz
motor input, free load condition, and axial vibrationmeasurements.

It is also noticed that the measured shaft speed is
2998 rpmwhich corresponds to 49.97Hz.There is only 0.06%
speed deviation for this free load case [30].TheCFs calculated
through (1), based on this measured speed, are

𝐹
𝑐
= 19.17Hz, 𝐹ri = 246.35Hz,

𝐹ro = 153.38Hz, 𝐹
𝑏
= 101.62Hz.

(5)

The spectra under the same scenarios but using the axial
vibration measurement are illustrated in Figure 6. There are
a number of observable differences compared with Figure 5.
(1) The average level of the nominal curve is raised up about
5 dB, and some small but distinguishable peaks indicate the
rotational speed 𝐹

𝑠
and its harmonies. (2) The inner raceway

fault curve shows similar situation as in Figure 5, except
that the most distinguished sidebands are now at 𝐹ri ± 𝐹

𝑠
.

The outer raceway fault curve becomes slightly better for
diagnosis purpose. The two biggest, and also being able to
be distinguished from others, are the outer raceway fault CF,
𝐹ro, and its harmonic frequency 2𝐹ro. Different measurement
locations lead to slight different spectra exhibition that is
mainly due to different mechanical transmission paths from
the defect to sensors. This can be confirmed through the
machine resonance analysis by changing the measurement
locations.

The results based on radial vibration measurements
under 40Hz motor speed are shown in Figure 7. In general,
the detection situation is less good than the 50Hz situation.
The nominal curve starts to indicate the rotating speed and
some of its harmonies. There are a number of sidebands of
𝐹ri popping up. No matter how, the indication of an inner
raceway fault is still quite clear. The outer curve becomes
more distinguishable. The outer raceway fault CF, 𝐹ro, and its
harmonic frequency, 2𝐹ro, can be clearly seen and extracted.

The spectra based on the axialmeasurements under 20Hz
motor speed are shown in Figure 8. The good thing here is
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Figure 7: Nominal, inner defect, and outer defect spectra of 40Hz
motor input, free load condition, and radial vibration measure-
ments.
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Figure 8: Nominal, inner defect, and outer defect spectra of 20Hz
motor input, free load condition, and axial vibrationmeasurements.

that the outer raceway fault CF and its harmonies become
much more outstanding. On the contrary, there is not nearly
any clear indication of inner raceway fault. Meanwhile, the
nominal curve becomesmore oscillated, which has the risk to
give a wrong indication, for example, claiming a ball defect.

It is clear that different motor speeds can lead to signif-
icant different spectra features, which could cause the FDD
result to deviate from the real case [30]. Fundamentally,
different motor speeds cause different excitation signals due
to the defect to the machine; thereby the machine response
will be naturally different, even though the mechanical
transmission path is still the same. Different measurement
locations correspond to different mechanical transmission
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Figure 9: Inner defect spectra of 50Hz motor input, different load
conditions (free load, fan load, and pump load), and radial vibration
measurements.

paths. Modeling the mechanical excitation due to the bearing
fault at different motor speeds, the mechanic resonance anal-
ysis, andmodeling of differentmechanical transmission paths
might help a lot in getting a super feature extraction; however,
these issues are much more complicated and sophisticated
and thereby beyond this current scope.

4.2. Vibration Analysis: Point Defect, 50Hz Input, and Dif-
ferent Load Conditions. Regarding the inner raceway fault,
the spectra based on the radial measurements are shown in
Figure 9. A quite distinguishable peak appears around the
inner fault CF, 𝐹ri, for the free load curve (blue line) and the
fan load curve (read line). It should be noticed that a peak at
2𝐹
𝑏
also shows up on both curves. This can give some puzzle

to FDD decision. The spectra of the pump load are different
from the other two in terms of having a more flat spectrum
with smaller peaks and some small but observable deviations
of CFs. The CF’s deviations are mainly due to the drift of
actual shaft speed, which is measured as 48.96Hz, while the
motor input frequency is 50Hz.This observation is consistent
with [30].

Regarding the outer raceway fault, the spectra based on
the radial measurements are shown in Figure 10. There are
a lot of oscillations on both curves. However, basically, we
still can suspect an outer raceway fault might have happened
in this system. It should be noticed that the spectrum with
pump load does not suppress peaksmuch around CFs.This is
different from the inner raceway fault situation.This could be
mainly due to the centrifugal principle and a multiple-point
outer raceway fault as well.

Different load conditions change the machine system’s
mechanic features, including the resonance features. Even
though the mechanic excitation due to the defect is the same,
different load conditions lead to different mechanic system
features (from the vibration point of view) and naturally
different results are observed.The load condition needs to be
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Figure 10: Outer defect spectra of 50Hz motor input, different
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Figure 11: Generalized roughness spectra of 50Hz motor input,
different load conditions (free load, fan load, and pump load), and
radial vibration measurements.

coordinated into the model of the considered system in order
to obtain consistent results [7, 22].

4.3. Vibration Analysis: Generalized Roughness, 50Hz Input,
and Different Load Conditions. A bearing without lubricant
is used to test the FDDanalysis under a generalized roughness
situation. A set of spectra based on the radial position, 50Hz
input, and different load conditions is shown in Figure 11.
There is little difference between the spectra of free load and
fan load conditions. There are some small peaks in these
two spectra. However, no peak is over 48 dB. As shown in
Figure 5, the peak for the inner raceway fault can reach
74 dB; therefore, no point defect can be claimed based on
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Figure 12: Nominal, inner defect, and outer defect spectra (0–
300Hz) of 50Hz motor input, free load condition, and current
measurements.

the observation in Figure 11. The spectrum of the pump load
is even more flat than the other two.

There seems to be no way we can diagnose these dis-
tributed defects by only checking the spectral amplitude in a
stationary way. As also mentioned in [8], some other features
need to be considered or at least combined along with spectra
analysis.

4.4. Current Analysis: Point Defect, Free Load, and 50Hz
Input. The mean STFT spectrum of a current measure-
ment under the same operational condition as studied in
Section 4.1 is shown in Figures 12 and 13, respectively. Both
inner and outer fault CCFs can be observed in different
ranges. However, the amplitudes of inner raceway fault CCFs
quickly vanished with the increased frequency, whereas the
amplitudes corresponding to outer raceway fault become
more distinguished for the high-frequency range. It is noticed
that the power supply frequency (50Hz) and its harmonies
are dominant in this spectrum; they are disturbing the
intuitive judgement. One possible way to avoid this problem
is to use the shaft angle as a progression variable in place of
the time; then some angular position transmitter is required.
Alternatively, some quantitative evaluation is required in
order to get a reliable decision [13, 22, 26].This issue is studied
in the next section.

4.5. Current Analysis: Point Defect, 50Hz Input, and Different
Load Conditions. The mean STFT spectrum of a current
measurement with frequency range as 300–600Hz, under
the same operational conditions as studied in Section 4.2, is
shown in Figure 14. Intuitively, It seems hard to detect the
inner raceway fault from the free load and fan load curves
(due to the dominant peaks’ disturbance). However, it is quite
clear that the inner raceway fault CCFs appear significantly
in the pump load spectrum; we can easily suspect this type of
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Figure 14: Inner defect spectra of 50Hz motor input, different load
conditions, and current measurements.

fault under this kind of load condition. For other two cases,
some dedicated quantitative evaluation is required.

4.6. Temporal Feature Analysis: Generalized Roughness, 50Hz
Input, and Pump Load Setup. Similar to the vibration analy-
sis, the generalized roughness can not be detected by the cur-
rent signature analysis no matter under what kind of motor
speeds or loading configurations. However, by using a set of
data sampled fromdifferent running time segments, this kind
of fault can be indicated by checking the temporal features
of frequency analysis. A study of the no-lubricant fault with
50Hz input, pump load configuration, and vibration mea-
surement is shown in Figure 15. The temporal development
of this type of fault can be clearly observed.
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Figure 15: Generalized roughness spectra of 50Hzmotor input, the
pump load condition, radial vibration measurements, and sample
segments with one-hour interval.

Table 1: Statistical evaluation of vibration measurements.

Scenario Mean Variance MD (%) VD (%)
50Hz, Nom 0.3473 0.0846
50Hz, Inner 0.3478 3.1295 0.14 3.599 × 10

3

50Hz, Outer 0.3482 873.7352 0.26 1.033 × 106

50Hz, Lub. 0.3775 0.2715 0.87 2.2092 × 102

40Hz, Nom 0.3474 0.0597
40Hz, Inner 0.3484 2.0753 0.29 3.376 × 10

3

40Hz, Outer 0.3483 303.3030 0.26 5.08 × 10
5

20Hz, Nom 0.3487 0.0116
20Hz, Inner 0.3483 0.3039 −0.11 2.520 × 10

3

20Hz, Outer 0.3488 13.3662 0.01 1.150 × 105

5. An Automatic Monitoring System

A simple automatic monitoring system for bearing FDD is
proposed and discussed in the following.

5.1. Vibration Based Fault Detection. If the vibration mea-
surement is available, the fault detection can be carried
out simply using the statistic features of the vibration data.
For example, the statistical features of pieces of vibration
measurements are summarized in Table 1, where “MD/VD”
means deviation of the mean/variance with respect to the
corresponding nominal mean/variance, evaluated in terms of
percentage. It can be seen that different fault scenarios do not
cause much deviations of mean values, but the deviations of
variances are quite significant. Thereby, the considered three
types of fault scenarios can be easily detected by checking
the variance of the measured vibration signal; for example,
if the VD is over 100%, we can claim that some bearing fault
occurred in the system (under assumption that other system
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parts are healthy).Of course, the RMS, crest factor, or kurtosis
[3] can also be used for detection purpose.

Unfortunately, we observed that the statistical analysis
of the current measurement is not as good as the vibration
analysis. However, the current based fault detection can be
combined with the current based fault diagnosis procedure,
which is discussed in the following.

5.2. Vibration and Current Fault Indices. In order to develop
an automatic health monitoring system, some quantitative
indices and criteria need to be set up before proposing any
computation algorithm. In the following, two types of relative
spectral amplitudes are defined with respect to vibration and
current analysis, respectively.

A vibration fault index (VFI) is defined as a function of
the frequency on the vibration envelope spectrum as

𝑉 (𝑓
𝑖
) =̂

𝐴
V (𝑓
𝑖
) − averageV (𝑓

1
, 𝑓
2
)

averageV (𝑓
1
, 𝑓
2
)

× 100%, (6)

where 𝐴
V(𝑓
𝑖
) is the spectral amplitude at specific character-

istic frequency 𝑓
𝑖
. averageV(𝑓

1
, 𝑓
2
) is the average amplitude

value of the considered spectrum within frequency interval
[𝑓
1
, 𝑓
2
], and it can be calculated by

averageV (𝑓
1
, 𝑓
2
) =

∫
𝑓
2

𝑓
1

𝐴V (𝑓) 𝑑𝑓

𝑓
2
− 𝑓
1

. (7)

Usually, there is 𝑓
𝑖

∈ [𝑓
1
, 𝑓
2
]. The VFI is a type of relative

amplitude deviation, that is, a peak-to-average ratio [29].
A current fault index (CFI) is defined as a function of the

frequency on the mean STFT (3) of current as

𝐶 (𝑓
𝑖
) =̂

𝐴𝑐 (𝑓
𝑖
) − 𝐴𝑐
𝑛
(𝑓
𝑖
)

𝐴𝑐
𝑛
(𝑓
𝑖
)

× 100%, (8)

where 𝐴
𝑐(𝑓
𝑖
) is the spectral amplitude at a specific current

characteristic frequency 𝑓
𝑖
on the concerned current spec-

trum, and𝐴𝑐
𝑛
(𝑓
𝑖
) is the spectral amplitude at the correspond-

ing frequency 𝑓
𝑖
on the nominal current spectrum. Thereby,

this nominal spectrum needs to be obtained beforehand
when we are sure that the considered bearing is healthy. CFI
is a type of peak-to-peak ratio but defined on two different
spectra (nominal one and underchecked one) produced
under the same operating condition.

5.3. CF/CCF Deviations and CF/CCF Neighborhoods. As we
discussed in the previous section, there are some deviations
between the measured CFs and calculated ones; this issue
could be due to the slipping or sliding motions. Some
observed deviations are summarized in Table 2, where “C”
represents the calculated CF using (1), “M” represents the
measured one, and “D (%)” indicates the deviation of the
measured CF from the calculated one in terms of percentage.

The motivation for doing this is that, practically, when
the spectral amplitudes at CFs or CCFs need to be checked,
we need to keep in mind that the practical characteristic

Table 2: Deviations (percentage) of measured and calculated CFs at
20Hz and 50Hz motor inputs and free load condition.

Scenarios 50Hz input 20Hz input
Cage

C 19.18 7.67
M 19.5 8.0
D (%) 1.67 4.3

Ball
C 101.68 40.67
M 103.5 41.5
D (%) 1.79 2.04

Inner
C 246.51 98.60
M 244.5 97.5
D (%) −0.82 −1.12

Outer
C 153.49 61.39
M 155.5 62.0
D (%) 1.32 0.99

frequencies might have some drift from the theoretical ones
besides the frequency resolution issue. Howmuch drift needs
to be considered is determined by this CF deviation analysis.
As shown in Table 2, the largest value under this operation
condition is 4.3%. Furthermore, as we have observed in pre-
vious section, the different load conditions can also cause the
rotating speed deviated from the assumedone (e.g., according
to power supply frequency). For instance, when the power
supply is at 50Hz to the pump loaded motor, the measured
motor speed is actually at 48.96Hz. There is 2.08% deviation
regarding the converter frequency. Thereby, considering the
spectral amplitude within a frequency vicinity centralized at
one specific CF or CCF would be more reasonable than just
considering one specific frequency.Thereby, a neighborhood
of a specific CF or CCF is defined in the following.

A neighborhood of a specific CF or CCF, defined as a
frequency interval centralized at CF (or CCF), 𝑓cf, is denoted
as

Δ (𝑓
𝑖
) =̂ [𝑓
𝑖
− 𝛿
𝑖
, 𝑓
𝑖
+ 𝛿
𝑖
] , (9)

where the tolerance range 𝛿
𝑖
can be determined according to

the above CF deviation analysis.

5.4. Fault Detection and Diagnosis Scheme. Once the neigh-
borhood tolerance 𝛿

𝑖
of relevant CF or CCFs is defined, the

fault diagnosis can be committed by using the definedVFI for
vibration analysis and CFI for current analysis, respectively.
The procedure is briefed in the following.

(1) Determine all CFs/CCFs and possibly their har-
monies as well as neighborhoods within a considered
frequency range.
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Table 3: Calculated 𝑉Δ(𝑓
𝑖
)s within [0, 500Hz], 50Hz motor input,

free load condition, and radial vibration measurements.

CF (Hz ± 2%) No fault (%) Inner (%) Outer (%)
𝐹
𝑏
: 101.68 23.90 2.22 5.97

𝐹ro: 153.49 21.18 11.11 41.79
2𝐹
𝑏
: 203.36 27.88 6.67 22.39

𝐹ri: 246.51 14.8 51.11 13.43
3𝐹
𝑏
: 305.04 27.6 4.44 4.48

2𝐹ro: 306.98 32.4 8.89 40.30
4𝐹
𝑏
: 406.72 −14.00 −2.21 8.96

3𝐹ro: 460.47 −20.00 −1.18 20.90
2𝐹ri: 493.02 0.10 42.22 −11.94

(2) Find out the Δ-neighborhood VFI, denoted as 𝑉Δ(𝑓
𝑖
),

for each considered (vibration) characteristic fre-
quency, which is defined based on (6) as

𝑉
Δ

(𝑓
𝑖
) =̂ max
𝑓∈Δ(𝑓

𝑖
)

𝑉 (𝑓) . (10)

Similarly, in case of the current analysis, the Δ-
neighborhood CFI, denoted as 𝐶

Δ(𝑓
𝑖
), can be defined

based on (8) as

𝐶
Δ

(𝑓
𝑖
) =̂

𝐴𝑐 (𝑓
𝑚
) − 𝐴𝑐
𝑛
(𝑓
𝑚
𝑛

)

𝐴𝑐
𝑛
(𝑓
𝑚
𝑛

)
× 100%, (11)

with the parameters

𝑓
𝑚

= arg max
𝑓∈Δ(𝑓

𝑖
)

𝐴
𝑐

(𝑓) ,

𝑓
𝑚
𝑛

= arg max
𝑓∈Δ(𝑓

𝑖
)

𝐴
𝑐

𝑛
(𝑓) .

(12)

(3) List all results in a table and examine CF consistency
of the results. If most values corresponding to one
specific fault scenario’s CF/CCFs (and possibly their
harmonies as well) are significantly larger than any
other scenarios, then declare this fault scenario.

(4) If necessary, the amplitudes at sidebands frequency
neighborhoods also need to be checked.

By following this scheme, the vibration analysis regarding
the operation with 50Hz motor speed and free load (data is
shown in Figure 5) is summarized in Table 3. It can be noticed
that both inner and outer raceway spectra have two VFI
values above 40% at their CFs and double CFs, respectively.
Meanwhile, at these frequencies of the other scenarios, the
values are significantly small. There could be a risk to declare
the nominal bearing as with an outer raceway fault if we set
up the threshold as 30%. However, this false declaration is
clearly conflicted with the variance analysis listed in Table 1.
Thereby, we can see that the different faulty bearings can be
safely distinguished for this data.

The vibration FDD analysis regarding the operation with
20Hz motor speed and free load (data is shown in Figure 8)

Table 4: Calculated 𝑉Δ(𝑓
𝑖
)s within [0, 310Hz], 20Hz motor input,

free load condition, and axial vibration measurements.

CF (Hz ± 1.5%) No fault (%) Inner (%) Outer (%)
𝐹
𝑏
: 40.67 18.75 8.33 9.52

𝐹ro: 61.39 18.12 11.11 80.95
2𝐹
𝑏
: 81.34 100.63 30.56 20.24

𝐹ri: 98.60 87.50 44.44 23.81
3𝐹
𝑏
/2𝐹ro: 122.01/122.78 23.75 15.28 66.67

4𝐹
𝑏
: 162.68 5.10 6.94 7.14

3𝐹ro: 184.17 1.20 9.72 35.71
2𝐹ri: 197.20 −1.15 36.11 11.90
5𝐹
𝑏
: 203.35 1.16 10.56 7.11

6𝐹
𝑏
/4𝐹ro: 244.02/245.56 37.5 17.22 45.24

3𝐹ri: 295.80 18.75 20.83 16.67
5𝐹ro: 306.95 4.60 9.12 51.01

Table 5: Calculated 𝐶Δ(𝑓
𝑖
)s within [0, 540] Hz, 50Hz motor input,

free load condition, and current measurements.

CCF (Hz ± 2%) Inner (%) Outer (%)
|𝐹
𝑒
− 𝐹ro|: 105.5 17.26 10.10

𝐹ro : 155.4 −9.62 −70.50
|𝐹
𝑒
− 𝐹ri|: 194.4 21.90 −7.90

|𝐹
𝑒
+ 𝐹ro|: 205.4 10.54 −5.11

|𝐹
𝑒
− 2𝐹ro|: 260.9 18.75 66.90

|𝐹
𝑒
+ 𝐹ri|: 294.3 34.32 −7.82

|𝐹
𝑒
+ 2𝐹ro|: 360.8 −20.73 68.15

|𝐹
𝑒
− 3𝐹ro|: 416.3 8.80 56.90

|𝐹
𝑒
− 2𝐹ri|: 438.7 15.5 −8.51

|𝐹
𝑒
+ 3𝐹ro|: 516.3 12.23 57.61

|𝐹
𝑒
+ 2𝐹ri|: 538.6 11.11 −71.8

is summarized in Table 4. It can be noticed that the outer
raceway fault can be easily distinguished from other fault
scenarios: there are four values over 45%. The inner race
fault can also be moderately distinguished by checking the
CF consistency of the two biggest values. There can be a
trouble regarding the nominal bearing. However, a number
of observations could help minimize the risk. (1)There is not
anyCF consistency among values over 40%. (2)The statistical
evaluation is preferred to be a nominal bearing. (3) If possible,
speed up the motor to 50Hz and then generate Table 3 for
diagnosis.

The current FDD analysis based on the data shown in
Figures 12 and 13 is summarized in Table 5. It can be noticed
that the outer raceway fault can be easily distinguished from
others. The diagnosis of inner raceway fault can be a little
bit tough, even though the two biggest values consistently
indicate an inner defect bearing. The differences of all values
are not significantly large.This is partially due to the fact that
the inner raceway fault is just a tiny scratch on the surface,
and another reason could be due to the fact that normally the
inner raceway fault is more difficult to be diagnosed [7].
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Figure 16: Comparison of FWTand STFT current analysis for 50Hz
input, pump load, outer raceway fault, and current measurement.

6. Discussion and Conclusion

In general, the vibration based analysis showed a signif-
icant power in detection and diagnosis of bearing point
defects.The current based analysis also did give better results
than we thought before, even though it could not achieve
as good results as vibration analysis for some situations.
Among all the designed scenarios, the outer raceway fault
can be detected for different motor speeds and different
load conditions, whether using the vibration analysis or
using the current analysis. The inner raceway fault can be
clearly detected for the pump load condition whatever the
methods used. Some temporal features of bearing faults and
their influences on FDD analysis are also investigated in
this work. For instance, some different peaks showed up
in the demodulated vibration spectra corresponding to data
obtained from different time segments. Meanwhile, no much
difference is visible in the current spectra.

Apparently, the FDD thresholds for the proposed analysis
and approach are empirically determined. By considering the
statistical confidence of false alarm and miss probabilities, to
systematically determine a quantitative threshold for a spe-
cific fault scenario subject to different operating conditions
as well as configurations needs to be further investigated.

A preliminary study using the fast wavelet transform
(FWT) is also investigated. A comparison of the current
analysis using STFT and FWT for outer raceway fault, 50Hz
input, and pump load is shown in Figure 16. In this case,
the FWT does not show a good performance as STFT does.
Meanwhile it requires much more computation resource. Of
course, here we only consider the stationary situation. We
believe the FWT technique will perform much better in case
of coping with nonstationary situation.

The condition monitoring for a class of rolling-element
bearings is studied, using both vibration based methods and
stator current based methods. Three typical types of bearing

faults are considered, namely, single-point defect, multiple-
point defects, and a type of generalized roughness. The FDD
performance is examined under diverse conditions: with
respect to sensor locations, speeds, loading conditions, and
temporal samples. The high-frequency resonance technique
with envelope detection is used for vibration analysis, and
the mean magnitude of STFT is used for the current analysis.
A simple automatic FDD system is proposed after defining
a number of simple fault indexes. The experimental results
showed the super capability of vibration analysis under the
stationary operation. The current based analysis also showed
a moderate capability in diagnosis of point defect faults.
The generalized roughness fault can not be directly detected
by these proposed methods. However, the temporal feature
analysis indicated some feasibility to detect this kind of
fault. This work shows a huge potential to use some on-
shelf methods for successful diagnosis of industrial bearing
systems.

Of course, for a complex mechanical system, there might
be some more severe problems than the bearing faults,
such as the vibration overrun problem. Nevertheless, a good
bearing conditionmonitoring system could helpfully provide
necessary information to distinguish different fault resources
in a complex system at an early stage. Furthermore, if the
phase current analysis can be implemented and integrated
into an already existing motor control system, the early FDD
due to bearing problems could also be naturally committed
by the same control system, without requiring installation of
any extra hardware.
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The machining precision plays an important role in the operation reliability and service life of screw rotors. However, the actual
machined rotor profile of screw rotors is different from its theoretical profile due to the errors of the machine tool. This paper
proposes a novelmethod of error tracing and compensation to reduce themachined errors of rotor profile on the basis of the limited
sample trials, and the method is based on a matrix of error compensation.The errors of rotor profile are obtained based on limited
sample trials machining of screw rotors,and fitted into piecewise smooth data. A matrix of error compensation is established to
compute the errors of rotor profile to generate a compensated rotor profile.The compensated rotor profile is then used to regenerate
forming tool and a new rotor product is processed on the same machine tool. And the errors of new rotor profile are smaller and
can be reduced within (−0.01mm, 0.01mm) after compensations. Finally, the actual machining examples illustrate that the method
of error compensation can not only satisfy the machining requirement of high-precision rotors, but also has the characteristics of
good stability and applicability.

1. Introduction

The advantages of twin-screw compressor include high relia-
bility, good adaptability, ease of operation and maintenance,
and the ability to transport various mixed liquids. Therefore,
the twin-screw compressor has been widely used in auto-
motive, compression, refrigeration, metallurgy, buildings,
and other industrial fields. The design, manufacturing, and
operational maintenance of screw rotor have been a topic
that attracts more and more attention. As for bearings [1],
gears [2], and shafts [3–5], their operation conditions can be
investigated bymany advancedmonitoring technologies.The
screw rotor is a kind of nonstandard part whose manufactur-
ing quality is not so easy to guarantee. And a screw rotor of
inferior quality has a negative effect on the fault diagnosis,
condition monitoring, and operation maintenance of screw

rotors.Therefore, it is of significant importance to ensure high
machining precision of screw rotors.

A pair of conjugate screw rotors is the most crucial
component of the twin-screw compressor, whereby the
machining precision of the screw rotors can greatly affect
performance of the compressor. Screw rotors are treated as
helical gears with nonparallel and nonintersecting or crossed
axes. And themachining of helical gears can be applied to the
machining of screw rotors. Screw rotors are machined today
mainly by grinding or milling. Usually two stages are needed:
the first is the roughing, where the workpiece is machined to
its approximate size; the second is the finishing, where the
rotors are machined to their final dimensions.

Due to a variety of internal and external factors of
processing system of the machine tool, the machining errors
seriously affected the precision and quality of rotor profile.
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There are two common technologies to improve the accuracy
of rotor profile: direct compensation method and indirect
compensationmethod.Themachine tool is the compensation
object for the indirect compensationmethodwhich improves
the processing precision of rotor profiles by enhancing the
precision of machine tool. Meanwhile, rotor products are
the object for the direct compensation which makes direct
error compensation to rotor profile. Indirect compensation
method is realized by creating a new error artificially to offset
the original one, which can decrease the machining error
and improve the accuracy. However, this method has three
shortcomings: lack of an ideal modeling, obvious technical
defects in hardware error compensation, and immature
software error compensation. For the direct compensation
method, recent researches mainly focus on the change of
rotor profile under different errors. There are many errors
being discussed, including machine tool errors, parameter
errors of rotor structure, and wear of forming tool.Therefore,
the theory on direct compensation method of rotor profiles
could be further investigated.

Stosic et al. [6] presented amethod of general geometrical
definitions of screw machine rotors and their manufacturing
tools. Wu et al. [7] proposed a design method of forming
wheel edge shape for screw rotors machining when arbitrary
rotor profile is given. A contact line equation between the
rotor tooth surface and the forming wheel revolving surface
is derived based on the meshing theory, and then the
calculation method for theoretical edge shape of forming
wheel is proposed, which is applicable to both analytical
and discrete forms of the rotor profile. These methods are
extensively applied in this study to calculate forming tool
profile and normal vector of each point of rotor profile.

Guo and Tang [8] presented a model-based simulation to
analyze the influence of manufacturing process variations on
rotor profile, this simulation serves as a virtual machine tool
to machine rotors. By varying machine parameters within
their tolerance bands, the simulation predicts rotor profile
errors caused by various process parameter errors. Han and
Meng [9] presented a new ZK worm mathematical model
which involves several dressing parameters of cone grinding
wheel, and then the effects of wormparameters on the normal
tooth profile error along with the changing of the grinding
wheel radius are analyzed. Stosic [10, 11] introduced three
possible errors of forming tool set errors, namely, mismatch
of the angle between the tool and rotor shafts,mismatch of the
centre distance between the tool and the rotor, and mismatch
in the axial tool position, to quantify the tool set errors as
well as compensate the errors of rotor profile. Wu [12] also
defined three error factors based on the coordinate system
established, and then the effects of rotor profile error along
with the changing of these three error factors are analyzed.
These studies can only compensate the errors of rotor profile
which distribute regularly. These methods focus on finding
the changing law of rotor profile under different errors, and
limited compensation case only fits the situation when errors
distribute regularly, not suitable for random distribution.

In the study presented here, a novel method of error com-
pensation is proposed to reduce the errors of rotor profile.
The errors of rotor profile are obtained by trial machining of
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Figure 1: Coordinate system of forming tool for machining screw
rotor.

rotors and then fitted into piecewise smooth data. Amatrix of
error compensation is established firstly, and then the errors
of rotor profile are computed by this matrix to generate a
compensated rotor profile. The compensated rotor profile is
used to recalculate a new forming tool profile for machining
rotor. The errors of new machined rotor profile are smaller
than before and can be reduced within (−0.01mm, 0.01mm)
after compensations. Finally, the actual machining examples
illustrate the method of error compensation which can not
only satisfy the machining requirement of high-precision
rotors, but also has the characteristics of good stability and
applicability.

2. The Calculation of Forming Tool Profile

As is shown in Figure 1, a coordinate system of the forming
tool machining for screw rotor is presented. The coordinate
system 𝑆

𝑟
is attached to the rotor, rotating around the 𝑧

𝑟
-axis,

while the coordinate system 𝑆

𝑔
is affixed to the forming tool,

rotating around the 𝑧

𝑔
-axis. The center distance 𝐴 is defined

as theminimumdistance between the 𝑧

𝑟
-axis and the 𝑧

𝑔
-axis,

and Σ is the shaft angle between two axes. The coordinate
transformation from 𝑆

𝑟
to 𝑆

𝑔
can be derived as

[

[

𝑥

𝑔

𝑦

𝑔

𝑧

𝑔

]

]

=

[

[

1 0 0

0 cosΣ − sinΣ

0 sinΣ cosΣ

]

]

[

[

𝑥

𝑟

𝑦

𝑟

𝑧

𝑟

]

]

+

[

[

−𝑎

0

0

]

]

. (1)

There is a contact line between the forming tool contour
surface and the rotor helicoids during machining process.
When the contact line spirally rotates around the 𝑧

𝑟
-axis,

rotor helicoids are attained. Andwhen the contact line rotates
around 𝑧

𝑔
-axis, the contour surface of the forming tool would

be shaped. The rotor profile consisted of discrete points, and
the derivative of each discrete point of rotor profile is not
given. To calculate the derivative, themethod of accumulated
chord length parameter, which can solve the problem of
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the large deflection of rotor profiles, is used in this paper.
Assuming the coordinate of the discrete points is 𝑃 =

{(𝑥

𝑖
, 𝑦

𝑖
), 𝑖 = 1, 2, . . . , 𝑛}, the equation of rotor profile can be

obtained as

r
0

= [𝑥 (𝑠) , 𝑦 (𝑠)] , (2)

where 𝑠 is the accumulated chord length parameter. And then
the derivative of rotor profile can be attained as

T = [

𝜕𝑥 (𝑠)

𝜕𝑠

,

𝜕𝑦 (𝑠)

𝜕𝑠

] . (3)

The helicoids of the rotors can be expressed by the
following equation:

r (𝑠, 𝜃)

= [𝑥, 𝑦, 𝑧]

= [𝑥 (𝑠) cos 𝜃 − 𝑒𝑦 (𝑠) sin 𝜃, 𝑒𝑥 (𝑠) sin 𝜃 + 𝑦 (𝑠) cos 𝜃, 𝑝𝜃] ,

(4)

where 𝑒 = 1 for the right-hand rotor, 𝑒 = −1 for the left-
hand rotor, 𝜃 is the rotation angle of the rotor, and 𝑝 = 𝑃𝑧/2𝜋

is helix parameter, which means that the rotor translates a
distance of lead 𝑃𝑧 when it rotates one turn. The equation
of helicoids of the rotor has been obtained, and the partial
derivatives of the helicoids can be calculated as follows:

r
𝑠

= [

𝜕𝑥 (𝑠)

𝜕𝑠

cos 𝜃 − 𝑒

𝜕𝑦 (𝑠)

𝜕𝑠

sin 𝜃, 𝑒

𝜕𝑥 (𝑠)

𝜕𝑠

sin 𝜃

+

𝜕𝑦 (𝑠)

𝜕𝑠

cos 𝜃, 0] ,

r
𝜃

= [−𝑥 (𝑠) sin 𝜃 − 𝑒𝑦 (𝑠) cos 𝜃, 𝑒𝑥 (𝑠) cos 𝜃

−𝑦 (𝑠) sin 𝜃, 𝑝] .

(5)

And then the normal vector of the helicoids of the rotor
can be presented as

n = [𝑛

𝑥
, 𝑛

𝑦
, 𝑛

𝑧
]

= (r
𝑠

× r
𝜃
)

𝑇

= [𝑝 (𝑒

𝜕𝑥 (𝑠)

𝜕𝑠

sin 𝜃 +

𝜕𝑦 (𝑠)

𝜕𝑠

cos 𝜃) ,

𝑝 (−

𝜕𝑥 (𝑠)

𝜕𝑠

cos 𝜃 + 𝑒

𝜕𝑦 (𝑠)

𝜕𝑠

sin 𝜃) ,

𝑒 (𝑥 (𝑠)

𝜕𝑥 (𝑠)

𝜕𝑠

+ 𝑦 (𝑠)

𝜕𝑦 (𝑠)

𝜕𝑠

)] .

(6)

According to envelope principle, the relative velocity k
between the rotor and the forming tool can be presented as

k = [V
𝑥
, V
𝑦

, V
𝑧
]

= [𝑦 cosΣ + 𝑧 sinΣ, (𝑥 − 𝑎) cosΣ, (𝑥 − 𝑎) sinΣ] .

(7)

In order to determine the relationship equation between
the profile parameter 𝑠 and the rotational angle 𝜃, the
enveloping condition [13] is that the common normal vector
n at the contact point is perpendicular to the relative velocity
k direction between two conjugate surfaces and can be shown
as follows:

k ⋅ n = − 𝑝 cosΣ [𝑒𝑥 (𝑠) sin 𝜃 + 𝑦 (𝑠) cos 𝜃]

× [𝑒

𝜕𝑥 (𝑠)

𝜕𝑠

sin 𝜃 +

𝜕𝑦 (𝑠)

𝜕𝑠

cos 𝜃]

− 𝑝 cosΣ [𝑥 (𝑠) cos 𝜃 − 𝑒𝑦 (𝑠) sin 𝜃 − 𝑎]

× [

𝜕𝑥 (𝑠)

𝜕𝑠

cos 𝜃 − 𝑒

𝜕𝑦 (𝑠)

𝜕𝑠

sin 𝜃]

+ 𝑒 sinΣ [𝑥 (𝑠) cos 𝜃 − 𝑒𝑦 (𝑠) sin 𝜃 − 𝑎]

× [𝑥 (𝑠)

𝜕𝑥 (𝑠)

𝜕𝑠

+ 𝑦 (𝑠)

𝜕𝑦 (𝑠)

𝜕𝑠

]

− 𝑝

2

𝜃 sinΣ [𝑒

𝜕𝑥 (𝑠)

𝜕𝑠

sin 𝜃 +

𝜕𝑦 (𝑠)

𝜕𝑠

cos 𝜃] = 0.

(8)

Substituting the value of 𝑠 into (6) yields the correspond-
ing value 𝜃 = 𝑓(𝑠), for the rotational angle. Substituting the
value of 𝑠 and 𝜃 back into (4), the equation of contact line can
be expressed as

r
𝑐𝑟

= [𝑥

𝑐𝑟
, 𝑦

𝑐𝑟
, 𝑧

𝑐𝑟
]

= [𝑥 (𝑠) cos𝑓 (𝑠) − 𝑒𝑦 (𝑠) sin𝑓 (𝑠) , 𝑒𝑥 (𝑠) sin𝑓 (𝑠)

+ 𝑦 (𝑠) cos𝑓 (𝑠) , 𝑝𝑓 (𝑠)] .

(9)

Then transforming the equation of contact line r
𝑐𝑟
from

rotor coordinate system 𝑆

𝑟
to forming tool coordinate system

𝑆

𝑔
,

r𝑇
𝑐𝑔

=

[

[

𝑥 (𝑠) cos𝑓 (𝑠) − 𝑒𝑦 (𝑠) sin𝑓 (𝑠) − 𝑎

[𝑒𝑥 (𝑠) sin𝑓 (𝑠) + 𝑦 (𝑠) cos𝑓 (𝑠)] cosΣ − 𝑝𝑓 (𝑠) sinΣ

[𝑒𝑥 (𝑠) sin𝑓 (𝑠) + 𝑦 (𝑠) cos𝑓 (𝑠)] sinΣ + 𝑝𝑓 (𝑠) cosΣ

]

]

.

(10)

The contour surface of the forming tool can be generated
by rotating the contact line around its rotating axis, and the
equation of forming tool can be presented as

r
𝑔

= [𝑍

𝑔
, 𝑅

𝑔
] = [𝑧

𝑐𝑔
, √𝑥

2

𝑐𝑔
+ 𝑦

2

𝑐𝑔
] . (11)

3. The Error Compensation Method
of Rotor Profile

3.1. Analysis of Error Source. The errors of rotor profile are
mainly caused by the comprehensive errors of machine tool
which can be divided into two major categories of external
and internal errors according to its own attributes, as is shown
in Figure 2. The internal error is composed of geometric
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Thermal
errors

Machine tool

External errors
Temperature, humidity, adjacent

vibration, radiation, external heat, and so forth

Internal errors

Rotor
workpiece

Rotor
products

Geometric
errors

Force
errors

Wear of
forming tool

Figure 2: Classification of errors.

Table 1: The proportion of internal error factors.

Factors Proportion
Geometric errors 35%
Thermal errors 18%
Force errors 12%
Wear of forming tool 10%
Deformation error of workpiece 8%
Setting error 3%
Fixture error 5%
Others 9%

errors, force errors, thermal errors, wear of forming tool,
and its own vibration. The external error mainly considers
the influence of external environment including temperature,
humidity, and adjacent vibration. Ignoring the external error,
according to “machine tool, fixture, rotor, and forming tool”
machining system, the internal error can be divided into
more detailed categories, and the distribution of each error
factor is roughly shown in Table 1.

3.2. Method of Error Compensation. To improve the machin-
ing precision of rotor profile, this study presents a novel
compensation method for rotor profile errors. In order to
compare with the errors between different rotor profiles, the
overall error of rotor profile 𝜂 is introduced as an evaluation
index:

𝜂 =

(∑

𝑛

𝑖=1
𝛿

2

𝑖
)

1/2

𝑛

,

(12)

where 𝛿

𝑖
is the error of each point of rotor profile.

As is shown in Figure 3, the compensation procedure can
be divided into the following steps.

(1) According to the theoretical rotor profile, the profile
of forming tool is first calculated. On the basis of this
profile, a forming tool is dressed and then used to
process a rotor workpiece to obtain a rotor product.

Errors of rotor profile are obtained by measuring
the machined rotor, and the overall error 𝜂

1
can be

calculated.

(2) The measured error of rotor profile needs to be
processed on account of its large fluctuation feature.
According to the trend of error curve 𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑒,
𝑒𝑓,𝑓𝑔,𝑔ℎ, ℎ𝑖, and 𝑖𝑗, errors are divided into 9 sections.
If the radius of probe is larger than that of curvature
at the root of the rotor, the points are unable to be
measured; see 𝑒𝑓 section. A linear transition can be
used to fit the section 𝑒𝑓. So the fitting equation of 𝑎𝑏,
𝑏𝑐, 𝑐𝑑, 𝑑𝑒, 𝑒𝑓, 𝑓𝑔, 𝑔ℎ, ℎ𝑖, and 𝑖𝑗 can be expressed as
follows:

𝛿

𝑖
=

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

0.00166𝑖 + 0.00387, 𝑖 ∈ [1, 10] ,

−0.0016𝑖 + 0.03639, 𝑖 ∈ (10, 25] ,

−0.000065𝑖 + 0.00706, 𝑖 ∈ (25, 106] ,

0.00296𝑖 − 0.31445, 𝑖 ∈ (106, 117] ,

−0.001𝑖 + 0.148, 𝑖 ∈ (117, 147] ,

0, 𝑖 ∈ (147, 169] ,

0.01𝑖 − 1.69, 𝑖 ∈ (169, 174] ,

−0.00286𝑖 + 0.56302, 𝑖 ∈ (174, 212] ,

0.00115𝑖 − 0.2879, 𝑖 ∈ (212, 325] ,

−0.01091𝑖 + 3.63172, 𝑖 ∈ (325, 335] ,

0.000366𝑖 − 0.13513, 𝑖 ∈ (335, 340] .

(13)

(3) The errors data has been reconstructed, and then
the matrix of error compensation is established to
generate a compensated rotor profile:

r
𝑠

=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑥

𝑠1
𝑦

𝑠1

𝑥

𝑠2
𝑦

𝑠2

.

.

.

.

.

.

𝑥

𝑠𝑖
𝑦

𝑠𝑖

.

.

.

.

.

.

𝑥

𝑠𝑛−1
𝑦

𝑠𝑛−1

𝑥

𝑠𝑛
𝑦

𝑠𝑛

1 0

0 1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

𝛿

1
0 0 0 0 0 0 𝑥

1
𝑦

1

0 𝛿

2
0 0 0 0 0 𝑥

2
𝑦

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 𝛿

𝑖
0 0 0 𝑥

𝑖
𝑦

𝑖

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 0 𝛿

𝑛−1
0 𝑥

𝑛−1
𝑦

𝑛−1

0 0 0 0 0 0 𝛿

𝑛
𝑥

𝑛
𝑦

𝑛

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]
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Figure 3: Procedure of error compensation.
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where r
𝑠

= (𝑥

𝑠𝑖
, 𝑦

𝑠𝑖
) is the compensated rotor profile

and r
0

= (𝑥

𝑖
, 𝑦

𝑖
) is the theoretical rotor profile. n

0
=

(𝑥



𝑖
, 𝑦



𝑖
) is the normal vector of theoretical rotor profile

and can be calculated as follows:

n
0

= (𝑥



𝑖
, 𝑦



𝑖
)

=

[

[

[

𝜕𝑦

𝑖
/𝜕𝑠

√

(𝜕𝑥

𝑖
/𝜕𝑠)

2

+ (𝜕𝑦

𝑖
/𝜕𝑠)

2

,

−𝜕𝑥

𝑖
/𝜕𝑠

√

(𝜕𝑥

𝑖
/𝜕𝑠)

2

+ (𝜕𝑦

𝑖
/𝜕𝑠)

2

]

]

]

.

(15)

(4) Finally, the rotor profile r
𝑠
can be used to recalculate

the forming tool profile by (2)–(11). After a new rotor
ismachined, the overall error of new rotor profile 𝜂

2
is

calculated. By comparing the values of 𝜂

1
and 𝜂

2
, the

errors after compensation are smaller than the errors
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Figure 4: Cross-section contour of rotors.

before compensation, and that can be reduced within
(−0.01mm, 0.01mm). Thus, the error compensation
of rotor profile is achieved.

4. Example

The method above has been successfully applied to many
screw compressor manufacturers. Taking a machining exam-
ple of the male rotor and female rotor which were supplied
from a screw compressor manufacturer, the parameters of
the rotor are given in Table 2. Figure 4 shows the cross-
section contour of the male rotor and female rotor; they are
composed of discrete points.The forming tool profiles ofmale
and female rotors are calculated by (2)–(11) and shown in
Figure 5.

Figure 6 shows the process of machining rotors, and the
machined rotor products are shown in Figure 7. To assess the
precision of rotor profile, the end face of rotor is measured by
3D CMM, as is shown in Figure 8.

Themeasurement results ofmale and female rotors profile
are shown in Figures 9 and 10, in which the errors are
magnified by 50 times, and the tolerance of rotor profile is
(−0.01mm, 0.01mm). Figure 9 shows the rotor profiles after
trial machining, of which the overall errors are 𝜂male 1 =
0.06675mm and 𝜂female 1 = 0.1839mm under the effect of
comprehensive errors of machine tool. The method of error
compensation is used to reduce the errors as is shown in
Figure 10; the overall errors ofmale rotor and female rotor are
𝜂male 2 =0.00785mmand 𝜂female 2 =0.0127mm.By comparing
the value of 𝜂male 1 and 𝜂male 2 and 𝜂female 1 and 𝜂female 2, the
errors after compensation are far less than the errors before

compensation. Thus, the method of error compensation can
satisfy the machining requirement of high-precision rotors.

In the mass production of screw rotors, the precision
of rotor profiles is tracked. Figure 11 shows 20 consecutive
machined products of the same rotor profile, and the overall
errors distribute within (0.005mm, −0.0094mm). Figure 12
shows the comparison of profile errors of 5 different rotor
products before and after compensation. The result shows
that, after compensation, all errors of 5 different rotor prod-
ucts are reduced. Figures 11 and 12 illustrate that the method
of error compensation is stable and applicable.

5. Conclusions

(1) This paper investigates the envelope condition to
derive an equation of the contact line, and then the
contact line is used to generate the forming tool
profile.

(2) After analyzing the error sources of machine tool,
a method of error compensation is presented to
improve the accuracy of rotor profile. The errors of
rotor profile are obtained by small sample machining
trials of rotors and then fitted into piecewise smooth
data. A matrix of error compensation is established
firstly, and then the errors of rotor profile are com-
puted by this matrix to generate a compensated rotor
profile. The compensated rotor profile is then used to
regenerate forming tool and a new rotor product is
processed on the same machine tool. And the errors
of new rotor profile are smaller and can be reduced
within (−0.01mm, 0.01mm) after compensations.
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Table 2: The parameters of rotor.

Type Revolving direction Number of teeth Outer diameter (mm) Root diameter (mm) Lead (mm) Helical angle (deg) Material
Male Right-hand 4 68.25 39.7635 128 45 42CrMo
Female Left-hand 5 54.653 27.248 160

1 2 3 4 5
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0.08

0.10
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𝜂
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m
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Original rotors
Compensated rotors

Figure 12: Comparison of profile errors of 5 different rotor products.

(3) Finally, the actual fivemachining examples in the high
precision, stability, and applicability illustrate that the
method of error compensation can not only satisfy
the machining requirements of high-precision rotors,
but also has the characteristics of good stability and
applicability.
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Acoustical signals from mechanical systems reveal the operating conditions of mechanical components and thus benefit for
machinery condition monitoring and fault diagnosis. However, the acoustical signals directly measured by the sensors in essential
are the mixed signals of all the sources, and normally it is very difficult to be used for source identification or operating feature
extraction. Therefore, this paper studies the acoustical source tracing problem using independent component analysis (ICA) and
identifies the sources using correlation analysis: the measured acoustical signals are separated into independent components
by independent component analysis method, and thus all the independent information of all the sources is obtained; these
independent components are identified based on the prior information of the sources and correlation analysis. Therefore, all the
source information contained in the measured acoustical signals can be independently separated and traced, which can provide
more purer source information for condition monitoring and fault diagnosis.

1. Introduction

Vibration and acoustical signals caused by the collision and
friction of mechanical components normally can reduce the
operational precision and even shorten the service life of the
machinery.However, the vibration and acoustical signals pro-
vide important information of the operating conditions, and
thusmachinery conditionmonitoring and fault diagnosis can
be carried out based on a nondestructive measurement. As
themeasured acoustical signals are normallymixed signals of
all the sources and noises, they have great significance to trace
the source information from the measured signals and thus
provide pure and independent information of mechanical
components for an effective condition monitoring or fault
diagnosis.

Generally, the acoustical signals directly measured by
the sensors are complicated and rough information of the
mechanical systems because they are mixed signals of all
the sources and the transmission effects of the transmission
paths. Recently, many researchers have devoted their efforts
to transmission effects of vibration and acoustical signals. Xin
et al. [1] investigated the vibroacoustic performance of a rect-
angular double-panel partition with enclosed air cavity and

simply mounted on an infinite acoustic rigid baffle. Huang
andNutt [2] presented an analytical study of sound transmis-
sion through unbounded panels of functionally gradedmate-
rials. Bravo et al. [3] analyzed the sound absorption and trans-
mission properties ofmicroperforated panels backed by an air
cavity and a thin plate. Qian et al. [4] described an approach
on the prediction of sound transmission loss for a finite sand-
wich panel with honeycomb core. Posson et al. [5] developed
an analytical model for the sound transmission through an
annular stator row in a configuration without mean flow. Lee
and Kim [6] investigated the effects of structure on sound
absorption and transmission loss of a composite sheet. Chan-
dra et al. [7] analyzed the vibroacoustic and transmission
loss characteristics of functionally graded material plates.
All these articles studied the transmission characteristics of
structures and can help to carry out a passive vibration and
sound monitoring and control. However, normally it is a
challenging task and costs plenty of time to build a precise
model of acoustical transmission for complicatedmechanical
systems, and thus the engineering applications are limited.

To reveal the operating conditions of the mechanical
components, signal processing methods are developed to
extract the features hidden in the noisy response signals and
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thus benefit for system analysis, condition monitoring, or
fault diagnosis. To clearly reveal the operating conditions of
each mechanical component, blind source separation (BSS)
and independent component analysis (ICA) are developed
to separate the mixed signals into uncorrelated components
without the knowledge of the sources and their mixing
modes. Jutten and Herault [8] solved blind source separation
problem with an adaptive algorithm based on neuromimetic
architecture. Belouchrani et al. [9] proposed a technique
to blindly separate the sources using high-order statistics.
Comon [10] reexamined the concept of independent compo-
nent analysis (ICA) and proposed an efficient ICA algorithm.
Hyvärinen [11, 12] proposed a very famous ICA algorithm
called fast-fixed algorithm for independent component anal-
ysis, which is very effective and efficient for linear systems.
Since then, independent component analysis has attracted
a worldwide attention and has been widely used in many
engineering applications, such as image processing [13],
EEG/MEG analysis [14], communications [15], radar [16],
and modal parameter estimation [17]. In recent years, inde-
pendent component analysis has been applied to mechanical
signal processing, and some practical algorithms have been
constructed. Antoni [18] addressed the issues of blind separa-
tion of vibration components. Cheng et al. studied the source
number estimation [19], source separation [20], and source
contribution evaluation [21] methods for mechanical systems
based on an effective source separation. Henriquez et al. [22]
provided a review of automatic fault diagnosis using indepen-
dent component analysis and vibration signals. In this paper,
independent component analysis is applied to acoustical
source tracing (acoustical source separation and identifi-
cation), and the separation performances of independent
component analysis for acoustical signals are quantitatively
evaluated by a numerical case study and an experimental
study on a mechanical system with shell structures.

The remainder of this paper is organized as follows. In
Section 2, basic theory and key principals of independent
component analysis are introduced. In Section 3, the sepa-
ration performance of the independent component analysis
algorithm is tested by a numerical case study. In Section 4,
the independent component analysis algorithm is applied to
separate the acoustical signals, and then acoustical source
tracing is carried out based on the source separation and
correlation analysis. In Section 5, the conclusions of this study
are summarized.

2. Theory of Independent Component Analysis

2.1. PrincipalTheory of Blind Source Separation. Blind source
separation (BSS) including independent component analysis
(ICA) is a powerful tool to separate a set of source signals
S(𝑡) = [s

1
(𝑡), s
2
(𝑡), . . . , s

𝑛
(𝑡)]𝑇 from the mixed signals X(𝑡)=

[x
1
(𝑡), x
2
(𝑡), . . . , x

𝑚
(𝑡)]𝑇 without any information of the sour-

ces and their mixing approaches [8, 23, 24], which can be
described as follows:

x
𝑖
(𝑡) =

𝑛

∑
𝑗=1

𝑎
𝑖𝑗
s
𝑗
(𝑡) , 𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛,

X = AS Matrix form,

(1)

where𝑚 is the number of the mixed signals, 𝑛 is the number
of the sources, x

𝑖
is the 𝑖th mixed signal collected at location

𝑖, s
𝑗
is the 𝑗th source signal, 𝑎

𝑖𝑗
is a mixing coefficient, and

A = {𝑎
𝑖𝑗
} is a mixing matrix.

The key process of BSS or ICA is to find a separating
matrixW= [𝜔

1
,𝜔
2
, . . . ,𝜔

𝑛
]
𝑇 and recover the estimated sour-

ces Y(𝑡) = [y
1
(𝑡), y
2
(𝑡), . . . , y

𝑛
(𝑡)]𝑇 by

Y = WX = W (AS) . (2)

2.2. Measures of Independence. To effectively separate the
mixed signals into independent components, some quanti-
tative measures of the independence for a random variable
should be developed. A well-known theory of independence
is “non-Gaussian is independent,” and a classical measure of
non-Gaussianity is kurtosis or the fourth-order cumulant.
The kurtosis of y (zero-mean and unit-variance) is classically
defined by

kurt (y) = 𝐸 {y4} − 3 (𝐸 {y2})
2

. (3)

The main reason of kurtosis as a widely used measure of
independence is its computational and theoretical simplicity.
Computationally, kurtosis can be estimated simply by using
the fourth moment of the sample data.Theoretically, kurtosis
has good performances for linear transform:

kurt (y
1
+ y
2
) = kurt (y

1
) + kurt (y

2
) ,

kurt (𝛼y) = 𝛼
4kurt (y) ,

(4)

where 𝛼 is a scalar.
Another and very important measure of non-Gaussianity

is given by negentropy, which is based on the information
theoretical quantity of entropy. The more “random” the
variable is, the larger its entropy will be. Entropy is normally
defined as

𝐻(y) = −∫𝑓 (y) log𝑓 (y) 𝑑y, (5)

where 𝑓(y) is the density of a random vector y.
Negentropy is used to obtain an effective measure of non-

Gaussianity, and can be defined as follows:

𝐽 (y) = 𝐻 (ygauss) − 𝐻 (y) , (6)

where ygauss is a Gaussian variable of the same covariance
matrix as y.

The advantage of using negentropy as an effective mea-
sure of non-Gaussianity is that it is well justified by sta-
tistical theory. However, the estimation of negentropy is
difficult, and therefore some approximations have to be
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used to simplify the calculation. The classical method of
approximating negentropy is using higher-order moments:

𝐽 (y) ≈ 1

12
𝐸 {y3}

2

+
1

48
kurt (y)2 . (7)

2.3. Efficient ICA Algorithm

2.3.1. Centering. Themost basic and necessary process before
an effective source separation is to center x:

x = x −mean (x) . (8)

2.3.2. Whitening. One popular method for whitening is to
use the eigenvalue decomposition (EVD) of the covariance
matrix 𝐸{xx𝑇} = EDE𝑇, where E is the orthogonal matrix
of eigenvectors of 𝐸{xx𝑇} and D is the diagonal matrix of its
eigenvalues,D = diag(𝑑

1
, . . . 𝑑
𝑛
):

x̃ = ED−1/2E𝑇x, (9)

whereD−1/2 = diag(𝑑−1/2
1

, . . . , 𝑑−1/2
𝑛

).

2.3.3. Fixed Point Iteration Scheme for One Component

(1) Choose an initial weight vector w.

(2) Let w+ = 𝐸{x𝑔(w𝑇x)} − 𝐸{𝑔(w𝑇x)}w, where 𝑔
is the derivatives of the nonquadratic function and
normally has

𝑔
1
(u) = tanh (𝑎u) , 𝑔

2
(u) = u exp(−u

2

2
) , (10)

where 1 ≤ 𝑎 ≤ 2 is a suitable constant.

(3) Let w = w+/‖w+‖.

(4) If not converged, go back to (2).

2.3.4. Fixed Point Iteration Scheme for Several Components

(1) Let w
𝑝+1

= w
𝑝+1

− ∑
𝑝

𝑗=1
w𝑇
𝑝+1

w
𝑗
w
𝑗
.

(2) Let w
𝑝+1

= w
𝑝+1

/√w𝑇
𝑝+1

w
𝑝+1

.

Comparing the separating vector w for one component,
the separating matrixW = (w

1
, . . . ,w

𝑛
)𝑇 for several compo-

nents can be obtained as follows:

W =
W

√
WW𝑇

,

W =
3

2
W −

1

2
WW𝑇W.

(11)

2.4. Source Identification. For mechanical systems, some
information of the sources normally can be obtained by
theory study or instructions.Therefore, waveform correlation
can be used to identify the source information by a correla-
tion analysis between the sources and the separated signals.
For discrete signals s and y, waveform correlation coefficient
𝜌
𝑊
is defined as

𝜌
𝑊
=

max𝑅sy (𝑘)

√max𝑅ss (𝑘) ×max𝑅yy (𝑘)
, 0 ≤ 𝑘 ≤ 𝑇, (12)

where 𝑅sy(𝑘) = ∑
𝑇−𝑘−1

𝑖=0
s(𝑖 + 𝑘)y(𝑖), 𝑅ss(𝑘) = ∑

𝑇−𝑘−1

𝑖=0
s(𝑖 +

𝑘)s(𝑖), 𝑅yy(𝑘) = ∑
𝑇−𝑘−1

𝑖=0
y(𝑖 + 𝑘)y(𝑖), ∀𝑘 ≥ 0, and 𝑇 is the data

length.

3. Numerical Case Study

In this section, typical vibration and acoustical signals of
mechanical systems are artificially generated to test the sep-
aration performance of the ICA algorithm based on negen-
tropy. Since acoustical signals transmit from the sources to
the measured points through air, the mixing mode of all the
acoustical source signals tends to be a linear superposition.
Furthermore, the generating mechanism of different sources
is far from each other. Therefore, all the sources are consid-
ered to be linearly mixed and independent of each other.

The given source signals are typical vibration and acous-
tical signals of mechanical systems: signal s

1
(𝑡) is a sinusoidal

wave that simulates a vibration signal of rotational equip-
ment; signal s

2
(𝑡) is a periodic wave of oscillating attenuation

that simulates mechanical shocks; signal s
3
(𝑡) is a periodic

wave that simulates amplitude modulation; signal s
4
(𝑡) is

a periodic wave that simulates frequency modulation; and
signal s

5
(𝑡) is a white noise that simulates noises produced

by environment and structural transmission. The generating
functions of sources are as follows:

S (𝑡) =
[
[
[
[
[

[

s
1
(𝑡)

s
2
(𝑡)

s
3
(𝑡)

s
4
(𝑡)

s
5
(𝑡)

]
]
]
]
]

]

=

[
[
[
[
[
[
[
[

[

sin (15𝜋𝑡)

∑ sin (1000 (𝑡 − 0.1𝑛 − 0.02)) exp (−150 (𝑡 − 0.1𝑛 − 0.02)

2
) 𝑢 (𝑡 − 0.1𝑛 − 0.02)

sin (10𝜋𝑡) cos (150𝜋𝑡)
sin (6𝜋 cos (6𝜋𝑡))

𝑛 (𝑡)

]
]
]
]
]
]
]
]

]

, (13)

where 𝑢(𝑡) is a step function.
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Figure 1: Waveforms of the source signals.

Generally, the measured acoustical signals are mixed
signals of all the sources with noises. Furthermore, as the
acoustical signals transmit from the sources to themeasuring
points through air, linear superposition is applied to arti-
ficially produce the mixed signals. The mixing matrix A is
randomly generated as the following matrix:

A =

[
[
[
[
[
[
[
[
[
[
[

[

0.23 −0.58 0.73 −0.81 0.95

0.28 −0.89 0.49 −0.75 0.97

0.56 0.15 −0.72 0.58 0.99

−0.38 −0.52 0.45 0.61 0.99

−0.48 0.38 0.84 −0.51 0.98

0.88 −0.61 0.54 −0.20 0.95

]
]
]
]
]
]
]
]
]
]
]

]

. (14)

The waveforms of the source signals and the mixed
signals are shown in Figures 1 and 2. Obviously, all the
source signals have typical waveform features. However, it is
very difficult to directly identify the features of the mixed
signals as the complicated waveforms. Therefore, generally
signal processing methods are required to help to extract
the desired features clearly. In this numerical case study, the
ICA algorithm based on negentropy is applied to separate
the mixed signals into 5 independent components, and then
these separated components are identified by the correlation
analysis.

With the ICA algorithm, 6 mixed signals are separated
into 5 independent components, and the waveforms of these
independent components are shown in Figure 3. Comparing
Figure 3 with Figure 1, obviously the waveform features of
each source signal are well separated. Waveform correlation
analysis is used to quantitatively evaluate the separation
performances of the ICA algorithm and identify the sources,
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Figure 2: Waveforms of the mixed signals.

and the waveform correlation coefficients 𝜌
𝑊

are shown in
the following matrix:

Ω
𝑊
=

[
[
[
[
[
[
[
[

[

0.99 0.01 0.04 0.00 0.04

0.01 0.99 0.03 0.17 0.12

0.03 0.03 0.99 0.01 0.09

0.00 0.15 0.01 0.99 0.03

0.05 0.12 0.09 0.04 0.99

]
]
]
]
]
]
]
]

]

. (15)

Each correlation coefficient 𝜌
𝑖𝑗
inΩ
𝑊
= {𝜌
𝑖𝑗
} indicates the

similarity between the separated component 𝑖 and the source
𝑗. From the correlation matrix Ω

𝑊
= {𝜌
𝑖𝑗
}, the elements

in the diagonal show the correlation coefficients between
the separated components and related source signals: the
correlation coefficient of s

1
(s
2
, s
3
, s
4
, and s

5
) and related

separated component 1 (2, 3, 4, and 5) is 0.99, which indicates
that all the source information of s

1
(s
2
, s
3
, s
4
, and s

5
) has

been completely separated from themixed signals by the ICA
algorithm. The high correlation coefficients indicate that the
ICA algorithm can effectively separate the mixed signals into
independent components for the given sources and linearly
mixed mode. However, the correlation coefficients between
the independent components and the unrelated sources are
all less than 0.17, which indicates that all the separated
components have good independent properties. Therefore,
the ICA algorithm based on negentropy is applied to extract
the source information from the measured acoustical signals
from real mechanical systems, and the separated information
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Figure 3: Separated components by DSS.

is used to validate the effectiveness of ICAalgorithmand trace
the source information hidden in the measured signals.

4. Experimental Study

4.1. Introductions of the Test Bed. A test bed of a mechan-
ical system with shell structures is constructed to test the
separation performances of the ICA algorithm based on
negentropy, which is composed of four components: an end
cover, a shell, two clapboards, and supports. Rubber air
springs are used to support the whole test bed and reduce
the effects of the ground vibrations and environmental noises.
Three acoustical sources are designed in the test bed: two
loudspeakers controlled by the signal generators and one
motor controlled by the frequency converter. The structure
of the test bed is shown in Figure 4.

Six sound pressure sensors are used to measure the
acoustical signals, and they are located in six directions of
the test bed with a distance of 500 millimeters. HBM Gen2i
data acquisition system is applied to collect the acoustical
data from these six sensors. The framework of the measuring
system is shown in Figure 5, and the test parameters are
shown in Table 1.

4.2. Acoustical Signals of the Test Bed. The acoustical signals
measured by the six sound pressure sensors are the mixed
signals of all the sources as they are working together. In
the experimental study, the acoustical signals from sensors
1, 4, and 6 are used as the mixed signals so as to satisfy
the assumptions of ICA: the number of the mixed signals
should be no less than the number of the source signals.
Furthermore, the directions of these sensors represent a
diversified mixing mode of all the sources.

(a) (b) (c) (d) (e) (f) (g) (h) (i)

(a) End cover
(b) Loudspeaker I
(c) Left clapboard
(d) Loudspeaker II
(e) Shell

(f) Motor
(g) Right clapboard
(h) Rubber springs
(i) Supports

Figure 4: The structure of the test bed.

The test bed
HBM Gen2i

data acquisition

Sound pressure
s6

s5
s4

s3

s2

s1

500mm

500mm

system

sensor

Figure 5: The framework of the measuring system.

Table 1: The test parameters of the measuring system.

Parameters Values and units
Sound pressure sensors 6
HBM Gen2i data acquisition system 1
Test bed with shell structure 1
Sampling frequency 10240Hz
Sampling length 10 seconds
Rotational speed of motor 1800 r/min (20Hz)
Frequency of Loudspeaker I 1750Hz
Frequencies of Loudspeaker II 500, 1700, and 2000Hz

The waveforms and spectrums of the mixed signals are
shown in Figures 6 and 7, respectively. From waveforms in
Figure 6, it is difficult to identify the waveform features of the
source signals except some periodic waves, which indicates
that the waveforms of the mixed signals are complicated, and
normally signal processing method is required to extract the
desired features. From spectrums in Figure 7, some major
components of 20, 1100, 1700, 1750, and 2000Hz are clear,
which represent the characteristic features of the sources
as the experimental settings. Generally, the independent
information of the source signals cannot be directly identified
from the measured mixed signals as each mixed signal
contains all the major components of the source signals.
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Figure 6: Waveforms of the mixed signals.
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4.3. Acoustical Source Separation. The ICA algorithm based
on negentropy is applied to separate the mixed signals into
independent components, and 3 independent components
are extracted from the given mixed signals. The waveforms
and spectrums of the independent components are shown
in Figures 8 and 9, respectively. Figure 8 clearly shows that
the waveform of the separated component y

1
has typically

periodic and amplitude-modulation features, and the basic
components are sine waves, which are normally caused by the
eccentric vibration of mechanical systems. The spectrums in
Figure 9 also show that the separated component y

1
hasmajor

components of 20 and 2000Hz. The waveform of the sepa-
rated component y

2
has typical features of sine waves, and its

spectrum also clearly shows themajor component of 1750Hz.
The waveform of the separated component y

3
has an obvious

feature of sine waves with a periodic amplitude-modulation,
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Figure 8: Waveforms of separated components.
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Figure 9: Spectrums of separated components.

and its spectrum contains three major components of 500,
1700, and 2000Hz.

Comparing the spectrums of the separated components
with the parameters of the experimental settings, it can
be speculated that the separated component y

1
represents

the typical feature of the source 1 from a motor, while
the separated components y

2
and y

3
represent the typical

features of the sources 2 and 3 from Loudspeakers I and II,
respectively. However, this is just based on the parameters of
the experimental settings and it is still not a convincing and
reliable source tracing method.

4.4. Acoustical Source Tracing andValidation. To intelligently
trace the sources and validate the effectiveness of the ICA
algorithm in real mechanical systems, acoustical source
signals are measured independently by the closest sensors in
the condition that only one source is working with the given
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parameters.The independent source waveforms from sensors
1, 4, and 6 in the condition that only the motor, Loudspeaker
I, or Loudspeaker II is working with the given experimental
settings are shown in Figure 10, and their spectrums are
shown in Figure 11.

Comparing the waveforms and spectrums of the source
signals with those of the independent components, the
waveforms of the independent components are very similar
to those of the related source signals: the independent
component y

1
and the source signal s

1
have a typical feature

of sine waves with an uncertainty amplitude modulation,
which can be caused by the eccentric vibration of the motor,
and the uncertainty amplitude modulation can be caused
by the rubbing; the independent component y

2
and the

source signal s
2
have the same major component of 1750Hz,

which agrees with the experimental settings; the independent
component y

3
and the source signal s

3
have three samemajor

components of 500, 1700, and 2000Hz as the experimental
settings. Therefore, all the major components of the source
signals can be effectively traced by the ICA algorithm based
on negentropy.

To quantitatively and intelligently trace the sources, the
waveform correlation analysis is used to evaluate the simi-
larity between independent components and the sources. All
the independent components are made a correlation analysis
with all the sources, and the correlation coefficients are listed
in the correlation matrix Ω

𝑊
:

Ω
𝑊
=
[
[

[

0.90 0.07 0.06

0.05 0.76 0.08

0.10 0.16 0.85

]
]

]

. (16)

The correlation matrix Ω
𝑊

shows that the correlation
coefficients between the independent components and the
related sources are 0.90, 0.76, and 0.85, which indicate
high correlation coefficients and high similarity between the
independent components and the related sources (Liu et al.
[25] obtained waveform correlation coefficients of 0.77 ±

0.03 for ECG signals with noises, and Farina et al. [26]
obtained correlation coefficients of 0.70 ± 0.09 for nonsta-
tionary surface myoelectric signals), while the correlated
coefficients between the independent components and the
unrelated sources are less than 0.16, which indicates that
all the independent components and all the sources have
good independence property. Therefore, a threshold 𝛾 can
be set as 𝛾 ∈ (0.16, 0.76) (in practice 𝛾 ∈ (0.50, 0.70)) to
intelligently identify and trace the acoustical sources, and the
high correlation coefficients between the independent com-
ponents and the related sources validate the effectiveness of
the ICA algorithm based on negentropy in source separation
and acoustical source tracing.

5. Conclusions

This paper presents the fundamental theory of blind source
separation and key principals of independent component
analysis and validates the effectiveness of the ICA algorithm
based on negentropy according to a numerical case study
and an experimental study on a mechanical system with shell
structures. The experimental study indicates that the acous-
tical sources can be effectively separated and intelligently
traced.

In the numerical case study, five typical acoustical source
signals of mechanical systems are effectively separated from
six linearly mixed signals, and the correlation coefficients
between the independent components and the related source
signals are all more than 0.99, which indicates a complete
and highly effective source separation of the ICA algorithm
for the given mixed signals while in the experimental study
on a mechanical system with shell structures, the correlation
coefficients between the independent components and the
related source signals are all more than 0.76, which also
reveals an effective acoustical source separation. If artificially
giving a threshold 𝛾 ∈ (0.50, 0.70) for the correlation coef-
ficients, all the acoustical sources can be intelligently identi-
fied and traced.
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This work can provide pure source information for ma-
chinery condition monitoring and fault diagnosis, and the
independent source information can also be of benefit for
noise identification, reduction, and control.
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[17] R. Rodŕıguez-Rocha, F. J. Rivero-Angeles, and E. Gómez-
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The application of the improved empirical mode decomposition (EMD) theory in gearbox fault diagnosis has been studied in this
paper, and the transient features of gearbox vibration signals are shown. Based on using EMD, an improved algorithm of orthogonal
empirical mode decomposition (OEMD) is put forward and is applied to extract the fault feature. Finally, fault diagnosis application
in a gearbox is used as an example to prove the feasibility of the proposed method.

1. Introduction

Gearbox is the most important part of rotating machinery,
which covers a broad range of mechanical equipment and
plays a significant role in industrial applications. It generally
operates under tough working environment and is therefore
subject to faults, which may cause machinery to break down
and decrease machinery service performance such as manu-
facturing quality and operation safety. One of the commonly
used strategies in fault diagnosis of rotating machinery is
adopting effective signal processing techniques to analyze the
response signals and to reveal fault characteristics. However,
traditional signal processing techniques, including time-
domain and frequency-domain analysis, are based on the
assumption that the process generating signals is stationary
and linear. When transmission component faults occur in
machinery, the dynamic behavior of the component is shown
as nonlinear. The vibration signals have some characteris-
tics, such as being nonstationary and nonperiodic, and the
transient characteristics are especially obvious.Therefore, the
need of signal processing techniques fit to the nonstationary
and nonlinear signal is increasing in recent years.

Equipment vibration signals not only include vibration
signals, but also contain many background signals and noise
signals, which contain large amounts of energy and are related
with their own properties of each transmission component

[1]. And when the bands of these signals overlap, it is
difficult to extract the active fault information using the
traditional analysis methods of time and frequency domain
[2].Therefore, in order to get accurate fault features, the noise
signals and background signals must be removed from the
vibration signals. For a gearbox, the nonlinear characteristics
of its signals are very prominent and the filtering effects
are not sufficient by means of the traditional linear filtering.
Furthermore, the traditional method can easily cause signal
distortion.

Empiricalmode decomposition (EMD) is one of themost
powerful time-frequency analysis techniques and is based on
the local characteristic of a signal. With EMD, the signal can
be decomposed into a set of complete and almost orthogonal
components called intrinsic mode function (IMF). EMD
has a unique instantaneous ability of identification and the
local characteristics scale which is based on signals that
can decompose the complex vibration signals into a finite
number of IMFs, which can reflect the local characteristics
of the nonstationary signals [3]. The IMFs indicate the
natural oscillatory mode imbedded in the signal and serve
as the basis functions, which are determined by the signal
itself, rather than predetermined kernels. Therefore, it is a
self-adaptive signal processing technique and suitable for
nonlinear and nonstationary processes. Since EMD was
introduced in 1998, it has been extensively studied and
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widely applied to numerous fields, such as signal detection,
bridge fault detection, and medical signal detection [4–
6]. These applications can simultaneously demonstrate its
unique advantages.

However, currently the Hilbert Huang transform (HHT)
signal analysis scheme is only an immature method, and it is
inevitable that its theoretical basis and theoretical framework
need to be further refined [7]. To a large degree, the analysis
quality of this method depends on the EMD decomposition
quality, but there are various factors that influence the EMD
decomposition quality. One of the common causes is the poor
performance of the EMDdecomposition, which is influenced
by the component features and noise [8]. Now many new
methods, such as the mirroring closed continuation method,
the continuation method based on neural networks, the
continuation method based on support vector machines, the
waveform feature matching the continuation method, and
the mask signal method [9–13], are put forward by many
scholars to solve the problem of the mode mixing or end
effect; however, limitations still exist for each method that
exists.

For the multicomponent signals and the signals contain-
ing noise, mode mixing and false components may occur,
if these signals are decomposed directly by means of EMD.
Therefore, in this paper a method of extracting transient
features of a nonstationary signal without mode mixing is
proposed based on the combination of orthogonal empirical
mode decomposition (OEMD) and Hilbert transform.

2. Empirical Mode Decomposition

EMD is used to decompose the signals into IMFwith different
scale characteristics, and these functions need to satisfy two
conditions [14] as follows. (1)The number of extreme points
is equal to the number of the zero-crossing points or their
difference is one. (2) The mean value of the envelope, which
is constituted by the maximum and the minimum values of
dates, equals zero for any point.The signal filtering process is
represented as follows: themean value of the upper and lower
envelope is determined in accordance with all the minimum
points and maximum points of the analyzed data sequence
𝑥(𝑡). Namely,

ℎ (𝑡) = 𝑥 (𝑡) − 𝑚 (𝑡) , (1)

where 𝑥(𝑡) stands for the analyzed data sequence, 𝑚(𝑡)

represents the mean value of the upper and lower envelope,
and ℎ(𝑡) is regarded as the new analyzed data sequence
𝑥(𝑡). Then the first-order IMF is obtained by repeating
the above operations until ℎ(𝑡) satisfies the two conditions
mentioned above. 𝑐

1
(𝑡) denotes the component with the

highest frequency of the signal data sequence and it can be
represented as follows:

𝑐
1
(𝑡) = ℎ (𝑡) . (2)

Quasiresidual component function 𝑟(𝑡) is achieved by isolat-
ing the IMF as follows:

𝑟 (𝑡) = 𝑥 (𝑡) − 𝑐
1
(𝑡) , (3)

Start 

Extract the ith IMF

Yes

No

Report the final IMFs

End 

No
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Input signal x(t)

Initialize r0 = x(t) and let i = 1
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hik is an IMF

k = k + 1

i = i + 1
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ri+1 has more than
one extreme?

Get the residue rI = ri+1

Figure 1: Flow chart of EMD.

where 𝑟(𝑡) is not always a stationary data sequence, so a
repeated operation like above is needed so that the second
IMF is obtained. The process as expressed above should
be repeated until the final data sequence 𝑟

𝑛
(𝑡) cannot be

decomposed, while 𝑟
𝑛
(𝑡) stands for the tendency or mean

value of the analyzed data sequence 𝑥(𝑡). Figure 1 shows the
steps of the original EMDmethod.
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The detailed algorithm of the EMD is designed as below.

Step 1. Set 𝑟
0
(𝑡) = 𝑥(𝑡), 𝑖 = 1.

Step 2. The 𝑖th IMF is obtained by the following.

(a) Let ℎ
0
(𝑡) = 𝑟

𝑖
(𝑡), 𝑗 = 1.

(b) Find out the local extreme points of ℎ
𝑗−1

(𝑡).

(c) The maximum and minimum value points of ℎ
𝑗−1

(𝑡)

are interpolated so that the upper and lower envelope
are formed.

(d) Compute the mean value 𝑚
𝑗−1

(𝑡) of the upper and
lower envelope.

(e) Consider ℎ
𝑗
(𝑡) = ℎ

𝑗−1
(𝑡) − 𝑚

𝑗−1
(𝑡).

(f) If the judgment criteria of IMFs are contented, then
set 𝑐
𝑖
(𝑡) = ℎ

𝑗
(𝑡); otherwise set 𝑗 = 𝑗 + 1 and then

return to (b).

Step 3. Consider 𝑟
𝑖
(𝑡) = 𝑟

𝑖−1
(𝑡) − 𝑐

𝑖
(𝑡).

Step 4. If the number of the extreme points of 𝑟
𝑖
(𝑡) is less than

two, let 𝑖 = 𝑖 + 1 and then turn to Step 2; otherwise 𝑟
𝑖
(𝑡) is the

residual component and the decomposition is complete.

From the process above we can conclude that each mode
has the identical number of extreme points within the entire
length of the entire signals. The local mean value is defined
by the upper and lower envelope of the signals. On this
basis, the different mode components can be distinguished
according to the characteristic scales of the signals (the time
span between the adjacent extreme points of the signals).
IMFs are no longer limited into the narrow-band signals, and
simultaneously they can be presented as amplitude modula-
tions and frequency modulations. Generally, associated with
the addition of the order of IMFs, the characteristics scale of
IMFs will increase. And consequently the multiorder IMFs
sequence, whose time scales are varying from small to large,
is achieved. From a spectrum angle, the signals are filtered
from high frequency to low frequency.

We compare EMD with classical time-frequency analysis
methods, such as short time Fourier transform (STFT) and
wavelets as follows.

STFT adopts the samewindow for thewhole signal, which
makes it produce constant resolution for all frequencies.
Although STFT can overcome the disadvantages of FFT-
based methods in processing nonstationary signals, it still
cannot obtain a good frequency resolution using wide win-
dows and good time resolution (narrow window) at the same
time.Therefore, STFT is suitable for the analysis of stationary
signals instead of real nonstationary signals.

Comparing with STFT, wavelets can be utilized to ana-
lyze multiscale signals through dilation and translation and
extract time-frequency characteristics of the signals effec-
tively. That means wavelets are more suitable than STFT for
analyzing nonstationary signals. However, wavelets are non-
adaptive and have their own disadvantage that their analysis
results depend on the choice of the wavelet base function.

This may lead to a subjective and a priori assumption on the
characteristics of the signal.

Different fromwavelets and short time Fourier transform
(STFT), EMD is a self-adaptive signal processing method. It
is based on the local characteristic time scales of a signal and
could decompose the signal into a set of IMFs.The IMFs rep-
resent the natural oscillatory mode embedded in the signal
and work as the basis functions, which are determined by the
signal itself, rather than predetermined kernels. Although the
EMDmethod shows outstanding performance in processing
nonlinear and nonstationary signals, the algorithm itself has
some weaknesses. For example, mode mixing sometimes
occurs between IMFs; the IMFs are not strictly orthogonal
to each other. In conclusion, each time-frequency analysis
method suffers from various problems. It is hard to say that
one can always exceed the others for any case.

3. Mode Mixing Analysis

As discussed, after EMD, a complex signal 𝑠(𝑡) can be decom-
posed into several IMFs 𝑐

𝑗
(𝑡) and a residual component 𝑟

𝑖
(𝑡),

which is expressed by

𝑠 (𝑡) =

𝑖

∑
𝑗=1

𝑐
𝑗
(𝑡) + 𝑟

𝑖
(𝑡) . (4)

An IMF is defined as any function satisfying the following
conditions. (1) In the whole dataset, the number of extrema
and the number of zero crossings must either be equal or
differ by at most one. (2) At any point, the mean value of
the envelope defined by the local maxima and the envelope
defined by the local minima is zero.

Theoretically, EMD is perfect tool to separate monocom-
ponents. But when high frequency components in signal
create intermittence, the decomposition by EMD produces
mode mixing [15]. And if the frequencies of two individual
components lie close to each other, often within an octave,
EMD cannot separate them too. The situation in which
the IMF contains different time scales appearing after the
signals have been through screening formechanical vibration
signals is called mode mixing, and the mechanical vibration
signals stand for the signals containingmulticomponents and
complex noise. In other words, the variousmode components
cannot be effectively isolated according to the characteristics
scales, making a certain IMF contain multiple modes, and
consequently the intrinsic nature of the signals cannot be
clearly reflected.

There are two causes of the problem: (1) the IMF contains
signals of widely disparate scales or (2) signals of a similar
scale reside in different IMF components. To decompose

𝑠 (𝑡) = 𝑠
ℎ
(𝑡) + 𝑠

𝑙
(𝑡) (5)

by the EMD, where 𝑠
ℎ
(𝑡) and 𝑠

𝑙
(𝑡) denote the high frequency

component and the low frequency component, respectively,
the problem occurs when parts of the components of 𝑠

ℎ
(𝑡)

are completely immersed in the corresponding parts of 𝑠
𝑙
(𝑡).

Thus, the sifting process detects the extrema of 𝑠
𝑙
(𝑡) in

the parts of 𝑠
ℎ
(𝑡) that are immersed. However, the sifting
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Figure 2: Time-domain waveform of simulation signal 𝑥(𝑡) and the
frequency components.

process also detects the extrema of 𝑠
ℎ
(𝑡) in other parts of

the signal 𝑠(𝑡). This phenomenon can create intermittency in
the extrema of the signal; that is, the extrema detected in the
sifting process belong to different signals. As a consequence,
the IMF is a signal comprised of different scales; some parts
are from signal of high frequency component and the other
parts are from signal of low frequency component.

For the signals formed by 𝑥(𝑡) = sin(100𝜋𝑡) +

sin(180𝜋𝑡) + sin(440𝜋𝑡) in 0∼1 sec with the sample fre-
quency 512Hz, that means the signal is composed of three
components with frequencies 50Hz, 90Hz, and 220Hz,
respectively. The original signal and frequency components
can be achieved, as shown in Figure 2. As can be seen
from Figure 1, 𝑥(𝑡) can be decomposed into three simple
harmonic motions, several small amplitude IMFs caused by
some algorithm errors, and its residues.The IMF components
of the original signal and decomposed signal can be achieved;
the first four IMFs can be seen from Figure 3.

When the frequencies ratio of the two signal components
varies from 0.5 to 2, it can easily be interpreted that the signal
is made up of some IMFs with certain degrees of modulation
according to the standard algorithms of EMD, which deviate
from the nature of the original signals. Since the frequency
ratio 90/50 = 1.8 < 2 lies within the same octave, which
means normal EMD cannot separate the two modes, the
mode mixing clearly appears in the IMF component IMF2.
IMF2 contains not only 90Hz component but also part of
50Hz component during the intermittent period. Although
IMF3 contains the intermittent 50Hz component, the result
of IMF2 is severely distorted.

4. Orthogonal Empirical Mode Decomposition

Essentially, empirical mode decomposition is the nonsta-
tionary signals that are treated axisymmetrically, separated
the intrinsic mode functions according to the frequency
in descending order. The intrinsic mode functions need

to satisfy the two following conditions: (1) the number of
extreme points equals the number of the zero-crossing points
or their difference is one; (2) the mean value of the envelope
which constituted the maximum and the minimum values of
the dates equals zero for any point.

It is difficult to meet the second condition men-
tioned above, so various criteria are proposed by different
researchers to achieve ideal results. Aimed at the second
condition, the criterion is proposed as follows: the ratio of
the signals’ local mean curve and the energy of the signal is
smaller than a threshold, where the threshold is determined
by the characteristics of the components contained in the
signals and the decomposition accuracy of the signals.

Generally, the signals need to filter the IMF by EMD.
Actually, the empirical mode decomposition is a process of
adaptive filtering, obtaining the intrinsic mode functions by
the adaptive band-pass filter [16], and the specific decompo-
sition process is shown below.

First, let the signal be detected𝑥(𝑡)with a frequency range
of [0, 𝑓

𝑐
]. Then the frequency 𝑓

1
can be found by searching

within the frequency range above, making 𝑥(𝑡) pass through
the ideal band-pass filter. The filter is

𝐻
1
(𝑓) =

{

{

{

1, 𝑓
1
≤
𝑓

 < 𝑓
𝑐
,

0, else.
(6)

Then 𝑥(𝑡) canmeet the definition of IMF, therefore, obtaining
the first IMF and letting it be 𝑐

1
(𝑡). Second, the frequency 𝑓

2

is searched within [0, 𝑓
1
], obtaining the second IMF or 𝑐

2
(𝑡).

The frequency 𝑓
3
can be detected within [0, 𝑓

2
], achieving

𝑐
3
(𝑡). Then the IMFs 𝑐

1
(𝑡), 𝑐
2
(𝑡), . . . , 𝑐

𝑛
(𝑡) and the residual

function 𝑟(𝑡) can be obtained by repeating the operation
above, and the decomposition process ends when 𝑓

𝑛
= 0, 𝑟(𝑡)

is amonotonic function, or the energy of 𝑟(𝑡) is small enough:

𝐻
𝑑
(𝑓) =

{

{

{

1, 0 ≤
𝑓

 < 𝑓
𝑐
,

0, else.
(7)

Let 𝑓
𝑛

= 0; then 𝑟(𝑡) = 0. In order to get the frequency-
modulated (FM) signals and amplitude-modulated (AM)
signals,𝐻

𝑖
(𝑓) should be the filter with the widest bandpass.

It can be seen that when obtaining the kth intrinsic mode
function 𝑐

𝑘
(𝑡), the band-pass filter used can be presented as

follows:

𝐻
𝑘
(𝑓) =

{

{

{

1, 𝑓
𝑘
≤
𝑓

 < 𝑓
𝑘−1

,

0, else.
(8)

When 𝑘 = 1, 𝑓
0
= 𝑓
𝑐
. Let 𝐶

𝑘
(𝑓) = 𝐻

𝑘
(𝑓)𝑋(𝑓), where

𝑋(𝑓) = FT{𝑥(𝑡)}, FT denotes the Fourier transform, and
𝐻
𝑘
(𝑓) represents the kth filter. Then the kth IMF 𝑐

𝑘
(𝑡) can be

expressed as IFT{𝐶
𝑘
(𝑓)}, so that 𝑐

𝑘
(𝑡) = IFT{𝐶

𝑘
(𝑓)}, where

IFT indicates the inverse Fourier transform.



Shock and Vibration 5

Time (s)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (s)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (s)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (s)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

2

IM
F1

−2

0

2

IM
F2

−2

IM
F3 0

1

−1

IM
F4 0

1

−1 0

0.1

0.2

|IM
F(
f
)|

0

0.2

0.4

|IM
F(
f
)|

0

1

0.5

|IM
F(
f
)|

0

1

0.5

|IM
F(
f
)|

0 50 100 150 200 250 300 350 400 450 500
f (Hz)

0 50 100 150 200 250 300 350 400 450 500
f (Hz)

0 50 100 150 200 250 300 350 400 450 500
f (Hz)

0 50 100 150 200 250 300 350 400 450 500
f (Hz)

Figure 3: EMD effect and Hilbert spectrum of IMF1–IMF4.

For any two intrinsic modes function components 𝑐
𝑗
(𝑡)

and 𝑐
𝑘
(𝑡), according to the Parseval theorem, the following

formulation can be obtained:

∫
∞

−∞

𝑐
𝑗
(𝑡) 𝑐
∗

𝑘
(𝑡) 𝑑𝑡

= ∫
∞

−∞

𝐶
𝑖
(𝑓)𝐶

∗

𝑘
(𝑓) 𝑑𝑓

= ∫
∞

−∞

𝐻
𝑖
(𝑓)𝐻

𝑘
(𝑓)𝐶

∗

𝑘
(𝑓) 𝑑𝑓,

(9)

where 𝑗 < 𝑘. Consider 𝑓
𝑗
≥ 𝑓
𝑘−1

, so 𝐻
𝑗
(𝑓)𝐻
𝑘
(𝑓) = 0, and

then the following formula is successfully obtained:

∫
∞

−∞

𝑐
𝑗
(𝑡) 𝑐
∗

𝑘
(𝑡) 𝑑𝑡 = 0. (10)

Obviously, any two components 𝑐
𝑗
(𝑡) and 𝑐

𝑘
(𝑡) are mutu-

ally orthogonal and its one component has nothing to do
with the other. Moreover, its conversion does affect the
represented function itself. Similarly, we can achieve that 𝑟(𝑡)
is orthogonal to any 𝑐

𝑘
(𝑡):

𝑛

∑
𝑖=1

𝑐
𝑖
(𝑓) + 𝑅 (𝑓) =

𝑛

∑
𝑖=1

𝐻
𝑖
(𝑓)𝑋 (𝑓) + 𝐻

𝑑
(𝑓)𝑋 (𝑓) = 𝑋 (𝑓) ,

(11)

so

𝑥 (𝑡) =

𝑛

∑
𝑖=1

𝑐
𝑖
(𝑡) + 𝑟 (𝑡) . (12)

All components, obtained by the decomposition men-
tioned above, are mutually orthogonal, so the decomposition
process above is calledOEMD.Meanwhile, formula (12) indi-
cates the completeness of the method of OMED, where the
sequential search method is adopted to search the frequency
𝑓
𝑖
and the detailed algorithm flowchart can be seen in [7].
It can be seen from the decomposition process above

that every IMF can be obtained by applying OEMD to the
signal; meanwhile, IMF is a result which can be obtained by
filtering the original signal. Therefore, the resulting problem
is not very serious and the previous components’ boundary
effects will not have a later effect on the obtained component.
The phenomenon of divergence and inward pollution, which
appear in the data at both ends when the general EMD is
adopted, will not happen, overcoming the end effect problem
that exists in EMD.

5. Hilbert Transform

For an arbitrary time series, 𝑋(𝑡), we can always have its
Hilbert transform 𝑌(𝑡), as

𝑌 (𝑡) =
1

𝜋
𝑃∫

𝑋(𝑡)

𝑡 − 𝑡
𝑑𝑡

, (13)

where 𝑃 indicates the Cauchy principal value.This transform
exists for all functions of class 𝐿𝑃. With this definition 𝑋(𝑡)

and 𝑌(𝑡) form a complex conjugate pair, so we can have an
analytic signal, 𝑍(𝑡), as

𝑍 (𝑡) = 𝑋 (𝑡) + 𝑌 (𝑡) = 𝑎 (𝑡) 𝑒
𝑖𝜃(𝑡)

, (14)
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in which

𝑎 (𝑡) = √𝑋2 (𝑡) + 𝑌2 (𝑡), (15)

𝜃 (𝑡) = arctan 𝑌 (𝑡)

𝑋 (𝑡)
. (16)

In principle, there are infinitelymanyways of defining the
imaginary part, but the Hilbert transform provides a unique
way of defining the imaginary part so that the result is an
analytic function. A brief tutorial on the Hilbert transform
with the emphasis on its physical interpretationwas proposed
by Bendat and Piersol. Essentially (13) defines the Hilbert
transform as the convolution of𝑋(𝑡); therefore, it emphasizes
the local properties of 𝑋(𝑡). It is the best local fit of an
amplitude and phase varying trigonometric function to𝑋(𝑡);
in (14), the polar coordinate expression further clarifies
the local nature. To conduct the Hilbert transform, there
is considerable controversy in defining the instantaneous
frequency as

𝜔 =
𝑑𝜃 (𝑡)

𝑑𝑡
. (17)

Theoretically, some limitations on the data are necessary,
for the instantaneous frequency given in (16) is a single
value function of time. At any given time, there is only one
frequency value, so it can only represent one component,
“monocomponent.” Unfortunately, no clear definition of the
“monocomponent” signal was given to judge whether a
function is or is not “monocomponent.” But we can use
bandwidth to judge it.

After obtaining the intrinsic mode function components,
we will have no difficulties in applying the Hilbert trans-
form to each component and computing the instantaneous
frequency according to (16). After performing the Hilbert
transformon each IMF component, we can express the signal.
There are two steps: firstly, the signal is decomposed into
several IMFs and a residual function by means of OEMD;
secondly, the instantaneous frequency and the instantaneous
amplitude are calculated for every IMF by Hilbert transform.

Function V(𝑡) can be achieved by applying Hilbert trans-
form to the signal 𝑢(𝑡), and V(𝑡) can be shown as follows:

V (𝑡) =
1

𝜋
∫
∞

−∞

𝑢 (𝜏)

𝜏 − 𝑡
𝑑𝜏. (18)

Then the analytical signal is constructed as follows:

𝑧
𝑖
(𝑡) = 𝑢 (𝑡) + 𝑗V (𝑡) = 𝑎

𝑖
(𝑡) 𝑒
𝑗𝜙𝑖(𝑡). (19)

Thus, the amplitude function and phase function are all
obtained and can be expressed by the following formulae (20)
and (21), respectively:

𝑎
𝑖
(𝑡) = √𝑢2

𝑖
(𝑡) + V2

𝑖
(𝑡), (20)

𝜙
𝑖
(𝑡) = arctan

V
𝑖
(𝑡)

𝑢
𝑖
(𝑡)

. (21)

At the same time, the instantaneous frequency can be
obtained as follows:

𝑓
𝑖
(𝑡) =

1

2𝜋
𝜔
𝑖
(𝑡) =

1

2𝜋
⋅
𝑑𝜙
𝑖
(𝑡)

𝑑𝑡
. (22)

Therefore, the instantaneous frequency and amplitude are
used to depict the frequency of the signal instead of the power
spectrum. So the Hilbert spectrum can be denoted as follows:

𝐻(𝜔, 𝑡) = Re
𝑛

∑
𝑖=1

𝑎
𝑖
(𝑡) 𝑒
𝑗 ∫𝜔𝑖(𝑡)𝑑𝑡, (23)

where Re means that the real part is adopted and the residual
component 𝑟

𝑖
(𝑡) is ignored.

However, Hilbert marginal spectrum ℎ(𝜔) can be
expressed as follows:

ℎ (𝜔) = ∫
𝑇

0

𝐻(𝜔, 𝑡) 𝑑𝑡, (24)

where 𝑇 indicates the total length of the signal. With
time and frequency conversion, 𝐻(𝜔, 𝑡) can describe the
signals’ conversion law over the entire frequency range. The
instantaneous amplitude and instantaneous frequency are
the variables of time, constituting the three-dimensional
spectrum of time, frequency, and amplitude, that is, the
Hilbert spectrum. However, with the frequency conversion,
ℎ(𝜔) reflects the signals’ transform situation over the entire
frequency range.

6. Experimental Verification

6.1. Simulation Experiment. The method mentioned in this
paper is applied to analyze the aforementioned simulated
signal. The IMFs components and Hilbert spectrum are
shown in Figure 4.

As can be seen from Figure 4, the sinusoidal signals
with a frequency of 90Hz and 50Hz have been decomposed
successfully, and they correspond to IMF2 and IMF3. Com-
paring Figure 3 with Figure 4, we can conclude that the
method applied in this paper can not only eliminate the
influence cause by noise but also avoid the shortcomings of
the nonsingle component of IMF.

6.2. Vibration Feature Extraction Experiments of Gear Fault.
The experiments are conducted by means of a gearbox failure
detection experimental device in the Mechanical Transmis-
sion National Key Laboratory of Chongqing University. The
gearbox is constituted by two pairs of gear pairings. The
meshing frequencies of gear 1 and gear 2 are both 372Hz, and
the meshing frequencies of gear 3 and gear 4 are 228.5Hz.
Gear 1 with rational 𝑓 frequency of 𝑓

1
= 14Hz is installed

on axis I; gear 2 and gear 3 with their rotation frequency of
𝑓
2
= 20.4Hz are both installed on axis II; gear 4 with rotation

frequency 𝑓
3
= 7.2Hz is installed on axis III. The test point

of the gear vibration signals is chosen on the bearing seat of
axis I, and the sample frequency is 5 kHz. In order to get rid
of the impacts of the higher harmonic wave, the maximum
upper frequency of the analog filter is 1000Hz.
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Figure 4: Main IMF and Hilbert spectrum of IMFs obtained by OEMD.
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Figure 5: Time-domain signals of gearbox and description of
gearbox signal spectrums.

When the gearbox is in the fault state, its time-domain
waveform is shown as Figure 5. Not only are the impact
compositions caused by the fault of the gearbox difficult to
perceive, but also the failed gear position and failure mode
cannot be determined because of the influence of noise.
As can be seen from Figure 6 the main components of
the original signals are shown as below. The frequency of
the meshing vibration of the gear pair 1-2 is about 230Hz,
their frequency multiplication is about 466Hz, and the mesh
frequency of gear pair 3-4 is about 378Hz.

The results obtained after processing the gearbox signals
by means of EMD directly are shown as Figure 6. IMF1 is the
high frequency component of the sample signal, and some of
it is shown in IMF2. IMF3 and IMF4 are the components of
periodic vibration of gear. From the figure we cannot find the
characteristic frequency to diagnose fault.This indicates that,
because of the interference of the noise signals, the signals
are difficult to meet the requirements of the analysis signal
characteristics.

The signals are dealt with in accordance with the method
mentioned in this paper; the results of OEMD are shown in
Figure 7. It is clear that the signal mode mixing has been
eliminated and the influence of the white noise has been
reduced. It can be seen from Figure 7 that the edge fre-
quency of the intervals with its rotational frequency of 20Hz
emerges surrounding the 458.5Hz frequency multiplication
and 369.3Hz mesh frequency, which indicates that faults exit
on axis II. Ultimately this proves that a broken tooth fault
occurred on gear 2.

7. Conclusions

Themodemixing appearing in the process of EMD is brought
about by the IMF containing various time scales. The inter-
ference signals are eliminated by means of OEMD, avoiding
the mode mixing and reducing the influence of the false
frequency and noise. The results achieved by processing the
gearbox vibration signals show that the method is practical
and effective.
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Diesel engine works under variable speed conditions; fault symptoms are clearer in the angular/order domains than in the common
time/frequency ones. In this paper, firstly, the acceleration signal of diesel engine is resampled by order tracking, in which the
rotating speed is computed in every working cycle, and the order tracking spectrum is created in each interval’s speed; then different
order band accumulated energy is computed as feature vector. After standardizing these features, the fuzzy c-means (FCM) is
introduced to use them as input vector; the optimized classified matrix and clustering centers can be obtained using FCM iteration
method; then the fault can be detected by calculating the approach degree between the unknown samples and the known ones. To
validate themethod, some experiments have been performed; the results show that the signal can be reconstructed, and the features
of order band accumulated energy can reflect the information of different wear conditions in crank-shaft bearing; then the fault can
be detected accurately. The method of nonentire work cycle is also introduced as a comparison with our method; the result shows
our method has more accuracy classification.

1. Introduction

The vibration signal in diesel engine includes some useful
information, and the vibration signal in the process of diesel
engine’s acceleration or deceleration is captured usually to
detect the faults because the mechanical fault symptoms are
more apparent under the variable speed working conditions
of diesel engine [1]. However, there is not an obvious bound-
ary in mechanical faults caused by different degree of wear,
and there are some cross terms in different fault samples;
the fault classification is very vague; hence, this means that
mechanical fault detection of diesel engine is very difficult.
Actually, there are some methods reported on the analysis
of the nonstationary signals [2–5], for example, short-time
Fourier transform, wavelet transform, Hilbert-Huang trans-
form, and cyclostationarity.These methods are influenced by
noise, especially for the early weak fault, and some methods
may cause frequency aliasing.

Based on the above discussion, we develop a combined
method for diesel engine fault detection and isolation, which
is based on the order tracking and FCM. Order tracking
focuses mainly on the signal component associated with the
speed, which transforms the nonstationary signals in the time
domain to stationary signals in order domain for calculation
of the power spectrum. Hence, the vibration signal under the
variable speed working conditions can be analyzed by order
tracking, and the features can be extracted easily [6–8]. FCM
is an unsupervised machine learning technique, which can
objectively classify the categories with fuzzy characteristics
through uncertainty description of the sample class and
become an important tool in pattern recognition, image proc-
essing, fuzzy control, and other areas [9, 10]. Because the
fault classification is very vague in mechanical fault of diesel
engine, we can use this method to solve the problem of
pattern recognition in engine fault detection and isolation.
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Figure 1: The framework of measurement system.

In order to detect engine fault, we designed a measure-
ment system which is shown in Figure 1. We used vibration
sensor to capture the vibration signal fromdiesel enginewhen
it was running and speed sensor to monitor rotating speed
of the engine simultaneously; then computer could get the
vibration and speed signals including stationary and nonsta-
tionary signals under the variable speed working conditions
of diesel engine. According to the method of order tracking,
the signals were analyzed and the features were extracted.
Then, we used FCM to recognize the engine’s conditions.

In this paper, an analysis method about combining order
tracking with FCM was presented, in which the order track-
ing spectrum in the entire work cycle of engine is calculated,
and the different band energy of order tracking spectrum
is computed as feature vector; then the cluster centers of
samples are obtained by FCMmethod. Finally, the Hamming
approach degrees of the cluster centers are calculated between
test samples and known samples to classify the fault samples.
Hence, we use this method to detect crankshaft bearings fault
in diesel engine, and some experiments are performed to
validate the analysis results.

2. A Method Combining Order Tracking and
Fuzzy C-Means

2.1. Order Tracking

2.1.1. The Main Idea of Order Tracking. According to the the-
ory of order tracking, machines are assumed as uniform vari-
able rotation, and then rotation angle is a quadratic function
of time, as follows [9]:

𝜃 (𝑡) = 𝑏0 + 𝑏1𝑡 + 𝑏2𝑡
2
, (1)

where 𝜃(𝑡) is the rotation angle of crankshaft, 𝑏
0
, 𝑏
1
, and 𝑏

2
are

the polynomial coefficients, respectively, and 𝑡 is time.
In order to find the polynomial coefficients of (1), we

rewrite (1) as follows:

[
[

[

𝜃
1

𝜃
2

𝜃
3

]
]

]

=
[
[
[

[

1 𝑡
1
𝑡
2

1

1 𝑡
2
𝑡
2

2

1 𝑡
3
𝑡
2

3

]
]
]

]

[
[

[

𝑏
0

𝑏
1

𝑏
2

]
]

]

, (2)

where 𝑡
1
, 𝑡
2
, and 𝑡

3
are the times of three successive speed

pulse signals, respectively, and 𝜃
1
, 𝜃
2
, and 𝜃

3
are the angles of

the speed pulse signal intervals, respectively.

Based on (2), the corresponding angle change time can be
solved as follows:

𝑡
𝑘
=
1

2𝑏
2

(√𝑏2
1
+ 4𝑏
2
(𝜃
𝑘
− 𝑏
0
) − 𝑏
1
) , (3)

where 𝑡
𝑘
is the time corresponding to the position of angle

and 𝜃
𝑘
is the position of angle.

According to (3), the time of the same angular resampling
sampling interval can be obtained, and the signal can be
reconstructed after resampling by interpolation method.

In themethod of speed signal processing based on a quad-
ratic polynomial, there will be calculation error when some
speed pulses are lost or there is additional pulse interference.
In this paper, we process the speed pulse signal during accel-
eration; the speed signals are arranged with sort ascending
then retain the first speed signal after removing other points
among the same speed signals. After these, the speed signal
can be revised.

2.1.2. Order Tracking Spectrum in the Entire Work Cycle. The
vibration characteristics of the engine during acceleration
will be obvious by order tracking analysis. Usually, the order
tracking spectrum from a fixed speed is insignificant; how-
ever, if the engine were accelerated from idle speed to high
speed, the order tracking spectrum in different speed sections
with certain interval could be calculated; then, we can get the
order tracking spectrum in the process of acceleration. For
rotating machinery, the speed is generally divided into some
intervals.

Actually, the engine can complete a work cycle after
crankshaft rotating 2 laps due to the engine being special rota-
ting reciprocating machinery; then a working cycle of engine
is used as an interval. Hence, the order tracking spectrum
in these intervals is calculated and put together and the
order tracking spectrum of the entire working cycle will be
obtained.These show the character of the signal with variable
speed but also make the order tracking spectrum in different
conditions more comparable.

2.1.3. Speed Signal Processing. Speed signal processing is a
very important part of the order tracking analysis. In order
to estimate the instantaneous frequency of order tracking,
an accurate reference shaft speed curve is needed. Usually,
this can be calculated by pulse of speed sensor. If the speed
signals from the measurement channel were not good and
then signal from other channels was better, we cannot get
good order tracking results. Therefore, the higher accurate
speed signal means the more accurate order tracking.

However, the speed signal obtained by the actual mea-
surement will miss the pulses or extra pulses due to noise and
vibration; hence, the obtained speed curve has a great error as
shown in Figure 2(a); it is obvious that there are fluctuations
around 2200 rpm during acceleration; this will result in no
solution in (2). Hence, it is necessary to process the speed
signal.The speed signal will be distributed from small to large
after collecting the signal. Then, the same rotational speed
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Figure 2: Speed curve of acceleration process.
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Figure 3: Vibration signal of acceleration process.

is removed and only the first one is retained. Because the
rotation speed signal and vibration signal are synchronous
captured, the vibration signal will be also removed when
removing the error rotational speed, and the new rotation
speed and vibration signal remain synchronized. After this
process, the error from missing or additional pulses can be
eliminated. Figure 2(b) is the speed curve after modification,
where the rotation speed segment is the number of working
cycles computed through rotation speed sensor’s signal. It
should be noted that the vibration signal related with the
speed can also perform the appropriate sorting and removing.
Hence, the angle of the sampling time can be gotten by solving
(2). The resampled signal can be obtained by cubic spline
interpolation method. The vibration signal of acceleration
process (1500 rpm–2900 rpm) in time domain is shown in
Figure 3(a), and the resampled signal is shown in Figure 3(b).
According to Figure 3(b), the sample point of the signal is
increased after resampling.

2.1.4. Features Extraction in Order Tracking Spectrum. In the
order tracking spectrum, different energy band of order band
can reflect the engine’s conditions. In this paper, we use the
accumulated energy of order band to reflect the engine’s con-
ditions. The signals of known samples are resampled, and
some order bands are divided at regular interval in the whole
order domain.Then, the accumulated energies of these order
bands are calculated.We use Teager energy operator to calcu-
late the accumulated energy, as follows:

𝐸 (𝑗) =

𝑗+𝑙

∑

𝑖=𝑗

(𝑆
2

(𝑖)
− 𝑆
(𝑖−1)

𝑆
(𝑖+1)

) , (4)

where 𝐸(𝑗) is the accumulated energy of the order band. 𝑗
is the number of the order band, 𝑙 is the interval, and 𝑆

(𝑖)
is

the signal after resampling. After these, we find out the max-
imum of 𝐸(𝑗), as follows:

𝐹 = max {𝐸 (1) , 𝐸 (2) , . . . , 𝐸 (𝑗) , . . . , 𝐸 (𝑘)} . (5)
Then, the interval 𝑙 is changed, and we can find the 𝐹

which is the most sensitive to known samples with different
wear conditions. Hence, we divide the order tracking spec-
trum into different order band of the acceleration process and
then use the accumulated energy of order band as features.

2.2. Fuzzy C-Means and Selection Nearness Principle

2.2.1. FCM Algorithm. FCM clustering is an unsupervised
dynamic method. The sample space 𝑥 = {𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
}

is divided into 𝑐 classes (2 ≤ 𝑐 ≤ 𝑛) in this method.
Arbitrary sample point 𝑥

𝑖
is not strictly classified as a class.

The membership belongs to the 𝑗th (1 ≤ 𝑗 ≤ 𝑐) class of the
arbitrary sample which is defined as 𝑢

𝑖𝑗
(0 ≤ 𝑢

𝑖𝑗
≤ 1). If a

certain type of sample is considered to be a fuzzy subset of the
sample set of 𝑥, the corresponding membership matrix will
be a fuzzymembershipmatrix, which is denoted as𝑈 = {𝑢

𝑖𝑗
}.

Then 𝑈 has the following characteristics [10–12]:
0 ≤ 𝑢
𝑖𝑗
≤ 1,

𝑐

∑

𝑗=1

𝑢
𝑖𝑗
= 1,

0 <

𝑛

∑

𝑖=1

𝑢
𝑖𝑗
< 𝑛.

(6)

FCM algorithm is to make the objective function 𝐽fcm
minimization in the constraints of (6). Therefore,

𝐽fcm (𝑈, 𝐶) =
𝑛

∑

𝑖=1

𝑐

∑

𝑗=1

𝑢
𝑚

𝑖𝑗
𝑑
𝑖𝑗
(𝑥
𝑖
, 𝑐
𝑗
) , (7)
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where 𝑚 is the fuzzy weighted index and 𝑚 > 1. 𝑐
𝑗
is the

center of the 𝑗th class in 𝑐 classes. 𝑑2
𝑖𝑗
(𝑥
𝑖
, 𝑐
𝑗
) = ‖𝑥

𝑖
− 𝑐
𝑗
‖ is the

Euclidean distance from sample point (𝑥
𝑖
) to the center of

class (𝑐
𝑖
).

FCM algorithm uses an iterative approach to minimize
the objective function, and the main idea is as follows.

Step 1. The number of classes is given as 𝑐, and the fuzzy
weighted index is 𝑚. The stop threshold of iteration is set as
𝜀, the iteration number is 𝑘 = 0, and the maximum iteration
number is 𝑘max. Then, membership matrix 𝑈(𝑘) is initialized
by constraints.

Step 2. The cluster center is calculated by the membership
matrix:

𝑐
𝑗
=
∑
𝑛

𝑖=1
𝑢
𝑚

𝑖𝑗
𝑥
𝑖

∑
𝑛

𝑖=1
𝑢
𝑖𝑗

. (8)

Step 3. The membership matrix 𝑈(𝑘+1) is updated by the
cluster center 𝑐

𝑗
:

𝑢
(𝑘+1)

𝑖𝑗
= [

[

𝑐

∑

𝑙=1

(

𝑑
(𝑘+1)

𝑖𝑗

𝑑
(𝑘+1)

𝑖𝑙

)

2/(𝑚−1)

]

]

−1

, 𝑙 = 1, 2, . . . , 𝑐. (9)

Step 4. The convergence criterion is given as 𝜀 > 0.
If ‖𝑈(𝑘+1) − 𝑈(𝑘)‖ ≤ 𝜀, then the iteration will be stopped;
otherwise, 𝑘 = 𝑘 + 1, and the calculation will go to Step 2.

Step 5. Anoptimal fuzzy classification𝑈 = {𝑢
𝑖𝑗
} about sample

𝑥 is gotten, and the class center 𝐶 = {𝑐
𝑗
} is obtained.

2.2.2. Selection Nearness Principle. The principle of maxi-
mummembership and selection nearness principle are often
used to recognize fuzzy diagnosis. In this paper, we use the
selection nearness principle to detect the faults.

Let 𝐴
𝑖
(standard fuzzy pattern) and 𝐵 (to be identified

fuzzy object) be the fuzzy subsets, in which 𝑖 = 1, 2, . . . , 𝑛.
If 𝑖
0
is present to make (8) establishment, then 𝐵 and 𝐴

𝑖0
are

considered closest to each other, and 𝐵 is judged as 𝐴
𝑖0
class.

Consider

𝑁(𝐴
𝑖0
, 𝐵) = max {𝑁 (𝐴

1
, 𝐵) ,𝑁 (𝐴

2
, 𝐵) , . . . , 𝑁 (𝐴

𝑛
, 𝐵)} .

(10)

In this paper, the Hamming approach degrees are used to
calculate𝑁(𝐴, 𝐵):

𝑁(𝐴, 𝐵) = 1 −
1

𝑛

𝑛

∑

𝑘=1

𝐴 (𝑥𝑘) − 𝐵 (𝑥𝑘)
 . (11)

Figure 4: The experimental engine.

The greater the approach degrees 𝑁(𝐴, 𝐵) are, the more
similar the two fuzzy subsets are and vice versa worse. In
fuzzy diagnosis, each cluster center of known fault samples
is firstly obtained by using FCM algorithm, and then the app-
roach degrees between tested samples and cluster center are
calculated. Finally, the class of tested samples is determined.

3. Experimental Validations

In this paper, we used the Cummins 6BT engine as exper-
imental subjects, and there is a rotation speed sensor in its
flywheel housing which can capture the speed signal. The
experimental engine is shown in Figure 4. In this engine,
the fourth channel bearing of crankshaft was set as failure
bearing. In order to simulate a variety of wear conditions,
four kinds of bearings with the gap are set to normal (0.08–
0.1mm), slight (0.15–0.2mm), moderate (0.22–0.26mm),
and severe (0.4–0.5mm). The acceleration sensor was placed
on the left side of the fourth channelmain bearing at the junc-
tion of the sump and cylinder. The vibration signal during
engine acceleration process was collected. At the same time,
the rotation speed of the crankshaft was calculated by speed
sensor in the flywheel housing, and the sampling frequency
was 20000Hz.

After we collected the signals of rotation speed and vibra-
tion, we used the method of speed signal processing to
eliminate the error from the missing or additional pulse and
then resampled the vibration signal by cubic spline inter-
polation method. The vibration signal in time domain of
uniform acceleration process can be obtained. According to
this process, five groups of data were collected in each kind
of wear. The first three groups of signals were used as known
fault samples, and the rest would be classified as fault sample
data. Then, the vibration signals were analyzed using order
tracking in the whole work cycle. It shows the order tracking
spectrum of the first group of known samples with different
conditions in Figure 5. As apparent from this figure, in the
four kinds of conditions, the energy of vibration signal is
mainly concentrated when the rotation speed is 2000 rpm. In
the order band of (0–150), with the deepening of the fault,
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Figure 5: Order tracking spectrum of different bearing clearance (degree of wear: (a) normal, (b) slight, (c) moderate, and (d) severe).

there is a variation rule in the energy distribution of different
order band. So, the accumulated energy in the order bands of
(0–150), (0–20), (20–60), (60–100), (100–120), and (120–150)
was used as the features, and the feature vector of the order
band of the first 3 groups’ known fault sample data is shown
as follows in a matrix𝑋:

𝑋 =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

4.0165 0.3680 0.7626 2.1978 0.6465 0.3360

4.1761 0.3221 0.5268 2.2695 0.8346 0.5048

4.2169 0.3565 0.5548 2.3047 0.8693 0.4677

4.5499 0.6053 1.0953 2.3349 0.3323 0.5561

4.4224 0.5101 1.2202 2.4301 0.3574 0.4023

5.0879 0.8516 1.0642 2.5907 0.3732 0.6409

5.7589 0.6778 0.6708 4.1652 0.4309 0.1310

4.6537 0.4090 0.4355 3.4701 0.4693 0.1227

6.0114 0.7069 0.7270 4.3015 0.4341 0.1816

3.2437 0.5350 0.5040 1.7425 0.5213 0.2086

3.8354 0.7041 0.7217 2.1128 0.5153 0.1775

3.9487 0.7034 0.5767 2.2935 0.5064 0.1719

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

.

(12)

After these, we used FCM to classify the samples. Firstly,
the feature vectormatrix𝑋would be normalized to obtain the

initial membership matrix. We used the following formula to
normalize it:

𝑥
𝑖𝑗
=

𝑥
𝑖𝑗
−min (𝑥

𝑗
)

max (𝑥
𝑗
) −min (𝑥

𝑗
)
, (13)

where 𝑥
𝑗
is the 𝑗th column’s data of the feature matrix𝑋. The

denominator value is the difference between the maximum
value and the minimum value of the 𝑗th column in the
original matrix data. The data is converted into [0, 1] closed
interval by a standardized treatment. Then, the initial mem-
bership matrix𝑋 can be obtained by (13).

Hence, 𝑋 was used as the input of FCM clustering.
In practice, the appropriate 𝑚 has noise suppression and
smoothing effect of membership function. Usually, the range
of 𝑚 is [1.1, 5]. It is difficult to decide the values of 𝑚. Most
researchers have recommended 𝑚 = 2 based on empirical
studies [13]. A physical explanation of the FCM algorithm
with 𝑚 = 2 was given in [14]. So, we choose 𝑚 = 2 in
this paper. Because the set of fault classes was {normal, slight,
moderate, severe}, the number of clusters was set as 4.The stop
condition of iteration was 𝜀 = 10−5. The feature parameter
matrix was calculated by using FCM. After 14 iterations, the
value of the objective function was 0.8179, and the known
fault samples membership matrix 𝑈 was obtained as follows:
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Table 1: Diagnosis results of sample under test.

Number Features of the sample data Approach degree Classification results
Normal Slight Moderate Severe

1 4.0400 0.4239 0.7414 2.1345 0.6874 0.4030 0.81 0.55 0.62 0.56 Yes
2 4.3626 0.3592 0.8570 2.2606 0.7641 0.4970 0.90 0.60 0.66 0.59 Yes
3 4.5474 0.6386 1.1611 2.4145 0.3372 0.4678 0.62 0.90 0.55 0.51 Yes
4 4.5546 0.6696 1.0654 2.5060 0.3047 0.4386 0.63 0.93 0.55 0.52 Yes
5 5.9667 0.6100 0.8035 4.4526 0.3446 0.1232 0.69 0.66 0.89 0.43 Yes
6 6.7985 0.7553 0.7659 5.0582 0.4599 0.1558 0.55 0.62 0.83 0.33 Yes
7 2.9669 0.4705 0.4396 1.7863 0.3588 0.1473 0.67 0.65 0.42 0.89 Yes
8 3.1679 0.5943 0.5363 1.6174 0.4891 0.2050 0.61 0.49 0.36 0.87 Yes

Table 2: Diagnosis results in nonentire work cycle mode.

Number Features of the sample data Approach degree Classification results
Normal Slight Moderate Severe

1 5.4550 0.7025 0.9752 2.4580 0.7988 0.5205 0.78 0.65 0.61 0.58 Yes
2 6.0856 0.6027 1.2101 2.7543 0.9132 0.6054 0.85 0.59 0.64 0.65 Yes
3 6.3027 0.7899 1.4250 3.0012 0.4125 0.6741 0.66 0.90 0.63 0.51 Yes
4 5.6725 0.8221 1.1558 2.6998 0.3985 0.5962 0.56 0.86 0.60 0.65 Yes
5 7.6145 0.8500 0.9948 4.9538 0.5110 0.3048 0.65 0.70 0.76 0.66 Yes
6 8.0366 0.7993 0.8766 5.6023 0.4599 0.2985 0.58 0.65 0.60 0.40 No
7 4.1172 0.5905 0.6987 2.2458 0.3142 0.2679 0.61 0.45 0.52 0.83 Yes
8 4.1931 0.6213 0.8052 1.9871 0.4585 0.3210 0.67 0.58 0.45 0.81 Yes

𝑈 =

[
[
[
[
[

[

0.2628 0.0124 0.0106 0.0092 0.1067 0.1122 0.0028 0.3387 0.0123 0.7654 0.9103 0.9396

0.1256 0.0080 0.0063 0.9780 0.7552 0.7029 0.0020 0.1211 0.0115 0.0669 0.0345 0.0196

0.5381 0.9736 0.9780 0.0064 0.0685 0.0792 0.0015 0.1891 0.0074 0.1169 0.0282 0.0197

0.0735 0.0060 0.0051 0.0064 0.0696 0.1057 0.9938 0.3511 0.9688 0.0508 0.0270 0.0211

]
]
]
]
]

]

. (14)

The cluster center 𝐶 was calculated as follows:

𝐶 =

[
[
[
[
[

[

0.1969 0.6031 0.2246 0.1626 0.3377 0.1261

0.5035 0.5905 0.8641 0.2699 0.0386 0.7821

0.3375 0.0477 0.1720 0.2149 0.8988 0.6499

0.9207 0.6657 0.3188 0.9462 0.1910 0.0670

]
]
]
]
]

]

.

(15)

The cluster center could be available as standard
crankshaft bearing fault modes. In 𝐶, the first, second, third,
and fourth lines are the normal, slight, moderate, and severe
wear cluster center of sample data, respectively. Another two
groups of samples were used as diagnosed data 𝐵 after being
normalized by (13). According to (11), Hamming approach
degrees between 𝐵 and the standard mode 𝐶 were calculated
and used to decide the class of test samples. Parts of the
results were shown in Table 1 by this method. Bold part of
the table was the maximum approach degree of sample data.

As a comparison, we analyzed the vibration signal from
1000 rpm to 2500 rpm using nonentire work cycle mode

method. The order tracking spectrum is computed and the
accumulated energy in the order bands of (0–150), (0–20),
(20–60), (60–100), (100–120), and (120–150) was also used as
the features. Parts of the results were shown in Table 2 by this
method. Bold words in Table 2 were the maximum approach
degree of sample data.

Through statistics in 200 groups of unknown samples,
the classification accuracy was 89% in our method but that
was 69% in nonentire work cycle mode. This reveals that our
method has more accuracy classification.

4. Conclusions

In this paper, a method is introduced combining order tack-
ing and FCM, in which the order tracking spectrum of the
entire work cycle follows with the characteristics of recipro-
cating engine; hence, order tracking spectrum can well char-
acterize the vibration signal of the engine during acceleration
process, and the accumulated energy of different order band
can reflect the features of diesel engine faults. Based on the
results of order tacking, the FCM clustering algorithm can
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generate diagnostic criteria from existing troubleshooting
cases; then, the method by Hamming approach degrees to
pattern recognition is simple and effective in fault detection.
The experiments show that themethod canworkwell. A com-
parison with the method of nonentire work cycle shows our
method has more accuracy classification.
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The condition monitoring technology and fault diagnosis technology of mechanical equipment played an important role in the
modern engineering. Rolling bearing is the most common component of mechanical equipment which sustains and transfers the
load.Therefore, fault diagnosis of rolling bearings has great significance. Fractal theory provides an effective method to describe the
complexity and irregularity of the vibration signals of rolling bearings. In this paper a novel multifractal fault diagnosis approach
based on time-frequency domain signals was proposed. The method and numerical algorithm of Multi-fractal analysis in time-
frequency domain were provided. According to grid type J and order parameter q in algorithm, the value range of J and the cut-off
condition of q were optimized based on the effect on the dimension calculation. Simulation experiments demonstrated that the
effective signal identification could be complete by multifractal method in time-frequency domain, which is related to the factors
such as signal energy and distribution. And the further fault diagnosis experiments of bearings showed that themultifractal method
in time-frequency domain can complete the fault diagnosis, such as the fault judgment and fault types. And the fault detection can
be done in the early stage of fault. Therefore, the multifractal method in time-frequency domain used in fault diagnosis of bearing
is a practicable method.

1. Introduction

Recently, modern industry is gradually developing in the
direction of large-scale, continuous, high speed, and artificial
intelligence, with the main advantage of improving produc-
tivity, reducing the rejection rate, and ensuring quality of
products. But on the other hand, once there is some fault
happening on modern sophisticated equipment or structure,
the maintenance costs would be much increased and may
even lead to major accident [1].

Rolling bearings have been widely used in various
rotating machinery and play an important role in rotating
machinery, which is easy to go wrong.With the improvement
of automation equipment and device complexity, as well as
the wide usage of large-scale rotating machinery in engineer-
ing, high security and advanced fault prediction capability
for the devices and the new fault diagnosis methods are
required. Therefore, the fault diagnosis analysis of rolling
bearing, especially the correct detection of the early failure

has practical value in extending service life and reducing
cost. There is a wide range of needs in the exploration
and application of bearing fault diagnostic. It has practical
significance, broad market prospect, and economic value in
the social development [2, 3].

As a newly arisen subject, fractal theory is especially
suitable for analyzing complex system. Fractal theory is used
in the area of fault analyzing of mechanical system as a
current trend in academia. Based on the fractal theory, the
vibration signals of mechanical system are analyzed, and
fractal dimension is extracted as the feature information, and
then the running state of the system can be analyzed not
qualitatively but also quantitatively. Used with fractal theory,
the faults of complex machinery system can be diagnosed,
which can improve the fault identification and analysis ability.
It is a practical and promising signal analyzing method for
machinery devices. Based on the results of previous studies,
this paper presents some research on the vibration signals
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2 Shock and Vibration

in time-frequency domain by fractal theory. According to
the simulation and experimental data, the result has shown
that the analysis result varies with different vibration signals.
Compared with the obvious differences in dimensions and
parameters for different bearing failures, the method can be
used for fault diagnosis.

2. Empirical Mode Decomposition and
Time-Frequency Transform

In essence, the decomposition process for a signal based on
EMD is a smooth processing for a signal. This decompo-
sition will gradually decompose a complex nonlinear and
nonstationary signal into different components of intrinsic
mode function (IMF) and the remaining final trend. Each
basic component has different characteristic scales, and the
component of low-frequency limit stands for the trend and
DC component of the original signal. As each intrinsic mode
function stands for different local features of the original
signal, different local features of the original signal can be
acquired by separately analyzing the intrinsic mode function
[4].

By EMD decomposition, another expression of time
series can be acquired [5, 6]:

𝑥 (𝑡) =

𝑛

∑

𝑖=1

𝐶
𝑖
(𝑡) + 𝑟

𝑛
, (1)

where 𝐶
𝑖
(𝑡) is the intrinsic mode function and 𝑟

𝑛
is the

residual component.
The signal acquired is still a time-series signal, and

the basic parameters to express signal feature are time and
frequency [7]. The time characteristic scale describes the
variations of signal with time, and the other signal param-
eter is frequency characteristic scale. The common Fourier
transform can express the frequency characteristic in overall
scale.The instantaneous frequency can express the frequency
characteristic and time characteristic. So the instantaneous
frequency can bemore convincing in expressing signals [8, 9].

For signal 𝐶
𝑖
(𝑡), through Hilbert transform, 𝜑

𝐶𝑖
(𝑡) can be

acquired. Its analytic signal is

𝑍
𝐶𝑖
(𝑡) = 𝑎

𝐶𝑖
(𝑡) 𝑒
𝑗𝜑𝐶𝑖
(𝑡)

. (2)

Instantaneous frequency 𝜔
𝐶𝑖
is

𝜔
𝐶𝑖

= 𝜑


𝐶𝑖

=

𝑑𝜑 (𝑡)

𝑑𝑡

. (3)

It can be transformed into difference format, and the
frequency can be expressed as𝑓

𝐶𝑖
(𝑡):

𝑓
𝐶𝑖
(𝑡) = lim
𝛿𝑡→∞

1

4𝜋𝛿𝑡

[𝜑 (𝑡 + 𝛿𝑡) − 𝜑 (𝑡 − 𝛿𝑡)] . (4)

If sample frequency is 𝑓
𝑠
, instantaneous frequency can be

defined as follows according to discrete-time signal 𝑠(𝑛):

𝑓
𝐶𝑖
(𝑛) =

𝑓
𝑠

4𝜋

[𝜑 (𝑛 + 1) − 𝜑 (𝑛 − 1)] . (5)

Phase 𝜑(𝑛) can be acquired by arctan function, which has
the characteristic of periodicity.The value of phase is between
−𝜋 and 𝜋. Therefore, phase distribution has discontinuous
characteristic on the change point. When the value of phase
extends to 2𝜋, 2𝜋 phase aberration can be produced.

Phase unwrapping algorithm is to compare the principle
value of adjacent points. Consider

Δ𝜑 = 𝜑 (𝑛) − 𝜑 (𝑛 − 1) . (6)

If Δ𝜑 exceeds some threshold (such as 𝜋), then there is
2𝜋 jump in the phase. According to positive-negative sign of
Δ𝜑, phase jump value can be adjusted. If Δ𝜑 < 0, 𝜑(𝑛) =

𝜑(𝑛) + 2𝜋; if Δ𝜑 > 0, 𝜑(𝑛) = 𝜑(𝑛) − 2𝜋. And 𝜑


(𝑛) is the
practical phase.

3. Numerical Algorithm of Generalized
Dimension in Time-Frequency Domain

Currently, the fractal theory which is used in feature extrac-
tion of vibration signals is restricted in time domain. For
the nonlinear and nonstationary signal, it is not enough
to only analyze in the aspect of time domain. Combining
the advantages of time domain and frequency domain,
time-frequency analysis method is more suitable for the
nonlinear and nonstationary vibration signal analysis of
rotating machinery [10]. For time-varying characteristics of
nonstationary signals, the one-dimensional signal is extended
to two-dimensional time-frequency plane for calculation.
The purpose is to describe the frequency components of
signal or the variations of energy distribution. Using EMD
decomposition for the original signal, various basic mode
components and the corresponding instantaneous frequen-
cies can be obtained with high time-frequency concentration
and signal analyzing capability [11].

Multi-fractal in time-frequency domain is a method
which describes the complexity of energy distribution. The
traditional time domain fractal of vibration signal is based
on geometric measures. By analyzing the energy distribution
variations of the signals measured, Multi-fractal analysis in
time-frequency domain can extract the quantitative char-
acteristics of vibration signals. The numerical calculating
methodof generalized dimension of vibration signals in time-
frequency domain is shown as follows.

As time series is𝑋
𝑛
and𝑋

𝑛
is carried on EMD decompo-

sition and instantaneous frequency transform, the formula is
obtained as follows:

𝐽 (𝜔, 𝑡) =

𝑛

∑

𝑖=1

𝑏
𝑖
𝐴
𝑖
(𝑡) 𝑒
𝑗𝜔𝑖(𝑡)𝑡

. (7)

Based on the formula above, amplitude matrix 𝐴
𝑈𝑉

was
obtained by normalization. Each point inmatrix corresponds
to one time and one instantaneous frequency. The squared
value of the points stands for normalization energy in time-
frequency domain.

Similar to sampling space division of time-domain signal
[12], 𝜀

𝑗
stands for grid width, and 𝐽 stands for the number of

data points of grid generation, which is called grid type. The
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number of rows and columns is separately set to 𝑚 = 𝐹/𝜀
𝑗
,

𝑛 = 𝑇/𝜀
𝑗
. If the grid of𝑚 row and 𝑛 column is𝑚𝑛, the energy

of grid𝑚𝑛 is 𝐸
𝑚𝑛
, and the energy distribution probabilities of

grid is

𝑃 = 𝐾
𝑞
(𝜀
𝑗
) =

𝐸
𝑚𝑛

∑
𝑅

𝑚=1
∑
𝑃

𝑛=1
𝐸
𝑚𝑛

=

𝐸
𝑚𝑛

𝐸

. (8)

According to the above formula,𝐾
𝑞
(𝜀
𝑗
) can be calculated.

Define 𝑇(𝑗) = log(𝜀
𝑗
), 𝑆
𝑗
= 𝐾
𝑞
(𝜀
𝑗
), and 𝑆(𝑗) = −𝐷

𝑞
𝑇(𝑗) +

𝐵; 𝐷
𝑞
is the slope of characteristic straight line (generalized

dimensions) and 𝐵 is offset and the function can be defined
as follows:

𝑓 (𝐷
𝑞
, 𝐵) =

𝐽

∑

𝑗=1

[𝑆 (𝑗) + 𝐷
𝑞
𝑇 (𝑗) − 𝐵]

2

. (9)

According to least square method, the condition of get-
ting the minimum value for the function is [13]

𝜕𝑓

𝜕𝐷
𝑞

= 0,

𝜕𝑓

𝜕𝐷
𝑞

= 0. (10)

Then the following equation can be obtained through
calculation:

𝐷
𝐸

𝑞
(𝜀
𝑗
) =

𝐽∑
𝐽

𝑗=1
𝑇 (𝑗) 𝑆 (𝑗) − ∑

𝐽

𝑗=1
𝑆 (𝑗)∑

𝐽

𝑗=1
𝑇 (𝑗)

𝐽∑
𝐽

𝑗=1
𝑇 (𝑗)
2

− [∑
𝐽

𝑗=1
𝑇 (𝑗)]

2

=

𝐽∑
𝐽

𝑗=1
𝐾
𝑞
(𝜀
𝑗
) lg𝜀 (𝑗) − ∑

𝐽

𝑗=1
lg𝜀 (𝑗)∑𝐽

𝑗=1
𝐾
𝑞
(𝜀
𝑗
)

𝐽∑
𝐽

𝑗=1
(𝐾
𝑞
(𝜀
𝑗
))

2

− [∑
𝐽

𝑗=1
𝐾
𝑞
(𝜀
𝑗
)]

2
.

(11)

When 𝑞 = 0, it stands for box dimension; when 𝑞 = 1, it
stands for information dimension; when 𝑞 = 2, it stands for
correlation dimension. According to the rule, we can obtain
𝐷
3
, 𝐷
4
, . . .. When different failures happen in rolling bearing,

there are differences between each dimension. Particularly in
the condition of high dimensions, the failure type of bearing
can be judged by the differences.

4. Chosen Principle of Grid Type 𝐽 and
Order Parameter 𝑞

Through the experimental comparison analysis for the grid
generation of time-frequency signal, the change and stability
of themultifractal𝐷

𝑞
is differentwhen selecting different grid

type 𝐽, which can be shown in Figure 1. How to select grid
type 𝐽 is studied from the aspect of fractal geometry and the
multifractal original definition to know the character of 𝐷

𝑞

under different grid type 𝐽.
Fractal is an expression of object self-similar, so it can

indicate the complexity of the measured object. While when
the observation scale of the measured object is different,
its complexity is not the same also. For example, when
the map scale changed from big to small, the geomorphic
characteristics are more and more complex. That means that
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Figure 1: The generalized dimension curve of different grid types.

the more precise the map is divided, the higher the degree of
complexity is. And that is the same for signal, which is the
signal observed under high-resolution that is different from
that under low resolution. And theNyquist sampling theorem
restricts the sampling rate in the process of signal acquisition.

In fractal theory, this theorem can be interpreted that the
measured object should be divided into two parts at least
for the self-similarity comparison. Moreover, the amount
of information of every part should be same and without
overlap to do the self-similarity comparison. So the largest
segmentation scale of the measured object is half of itself.
There are two scales of time-frequency for the signal in time
and frequency domain, so the amount of information cannot
be larger than a quarter of the whole information.The higher
limit value of grid type 𝐽 can be obtained based on this theory.

For the discrete signal, it is the direct sampling value
with some loss and error during the process of sampling,
processing, and calculation. To eliminate the error, longer
time series is used in digital signal processing. So the grid
type 𝐽 cannot be too small; otherwise, themiscalculationmay
increase because of the lack of information.Therefore, how to
get the lower limit value of grid type 𝐽 is studied.

The following is the definition of the generalized dimen-
sion, which is introduced byRenyi for the first time and found
in the singular collection research by Junsheng et al. [14]:

𝐷
𝑞
=

− lim lg𝐾
𝑞
(𝜀)

log 𝜀
, (12)

where𝐾
𝑞
is called generalized entropy:

𝐾
𝑞
(𝜀) =

{log∑𝑁
𝑖=1

(𝑃
𝑖
)
𝑞

}

(1 − 𝑞)

. (13)

Most of the fractal dimensions in the self-similar fractal
theory are included in𝐷

𝑞
. Several properties of𝐷

𝑞
can be got

by analyzing the formula above:

(1) 𝐷
𝑞
≥ 0 (∀𝑞 ∈ 𝑅);

(2) the sum of generalized fractal dimension𝐷
𝑞
is mono-

tonically decreasing with 𝑞 strictly.

The grid type 𝐽 can be verified by the two properties
above. The 𝐽 is appropriate if it meets the two properties;
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Table 1: Components of two simulation signals.

Simulation
signal

Frequency 1
(Hz) Amplitude 1 Frequency 2

(Hz) Amplitude 2

Signal 1 80 10 200 10
Signal 2 80 10 200 5

otherwise, it is inappropriate. And the lower limit of 𝐽 can
be got by this method.

From a large number of simulations and experiments,
when the information distribution of the measured object is
different, the lower limit of grid type 𝐽 is different, which has
some laws as follows.

(1) The value size distribution can affect the lower limit
grid type 𝐽when the data distribution is the same; the
wider the value distribution range is, the smaller the
lower limit of grid type 𝐽 will be.

(2) The range and density of the data distribution can
affect the lower limit of grid type 𝐽 when the value
is the same; the wider the data distribution range and
the larger the density are, the smaller the lower limit
of grid type 𝐽 will be.

There is identifiable information in other extracted
parameters in different degrees. But it does not mean that
themore the characteristics are extracted, themore the useful
information therewill be.When the amount of characteristics
reaches a certain limit, the correlation will be enhanced
inevitably. But it is useless for increasing useful classified
information, even the identified performance may be weak-
ened in some cases because the important characteristicsmay
be submerged in the unimportant characteristics.

The range of order parameter 𝑞 mainly affects the
extracted parameters and different 𝑞 means that different
subsets play different roles in function. Appropriate selection
of 𝑞 can not only reflect the multifractal characteristics,
but also be able to decrease correlation among different
parameters asmuch as possible.Multi-fractal analysis divides
the object to several levels with different levels through
different 𝑞.Theoretically, the bigger the range of 𝑞 (−∞, +∞)

is, the better the results will be got [15].
In the real calculation, the value of 𝑞 has some limits;

for example, much bigger absolute value of 𝑞 can lead to
the several times workload and overflow error will happen
definitely when 𝑞 increases to a certain level. On the other
hand, if the range of 𝑞 in low level, the change of𝐷

𝑞
is unstable

but this 𝐷
𝑞
cannot overall reflect the multifractal spectrum

of the sample [16]. So the range of 𝑞 can be cut off at this
moment when the continued increase of 𝑞 cannot affect the
𝐷
𝑞
calculation result. 𝑞 is selected between 0 and 9 in this

paper.

5. Simulation Analysis

Two groups of simulation signals generated by LabVIEW are
compared to validate the feasibility of the theory as in Table 1.

The intensity maps are shown in Figures 2 and 3.

Time (ms)

Fr
eq

ue
nc

y 
(H

z)

100 200 300 400 500 600 700 800 900 1000

50
100
150
200
250

0
10
20
30
40
50
60
70
80
90
100

Figure 2: Intensity matrix of Signal 1.
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Figure 3: Intensity matrix of Signal 2.

Table 2: Components of four simulation signals.

Simulation
signal

Frequency 1
(Hz)

Frequency 2
(Hz)

Frequency 3
(Hz)

Signal 1 50 100 null
Signal 2 50 200 null
Signal 3 50 100 200
Signal 4 50 200 400

From the intensity matrixes shown in Figures 2 and 3, the
energy distribution of the two signal groups is roughly the
same, but the energy size of them is different. The curves can
be got after doing generalized dimension calculation (the grid
type 𝐽 = 5) for the two energy intensity matrixes.

From the curves in Figure 4, the simulation Signal 2meets
the requirement when the grid type 𝐽 = 5 which has a wide
amplitude distribution, while the simulation Signal 1 does
not reach the lower limit of its grid type obviously. So it is
explained that Rule 1 is correct. Then four simulation signals
which have the same amplitude are selected to verify Rule 2
as in Table 2.

The intensity matrixes can be got after doing time-
frequency analysis for the four signals shown in Figures 5, 6,
7, and 8.

The curves can be got after doing generalized dimension
calculation for the four signals, respectively, when grid type
𝐽 = 5, 10, 20, and 30 shown in Figures 9, 10, 11, and 12.

From the graphs, comparing between Signal 1 and Signal
2, Signal 1 does notmeet the requirement when 𝐽 = 5; the two
curvesmeet the requirement of theminimum grid type when
𝐽 = 10, but the difference is still small; the two curves have
some obvious differences when 𝐽 = 20; and the differences
of the two curves increase and the change of them has been
stable. Comparing between Signal 1 and Signal 3, the suitable
𝐽 of the two signals is not selected out when 𝐽 = 5; Signal 1 has
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Figure 4: The generalized dimension curve of two simulation
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Figure 5: Intensity matrix of Signal 1.
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Figure 6: Intensity matrix of Signal 2.
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Figure 7: Intensity matrix of Signal 3.
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Figure 8: Intensity matrix of Signal 4.
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Figure 9: The generalized dimension curve (𝐽 = 5).
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Figure 10: The generalized dimension curve (𝐽 = 10).
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Table 3: The bearing information of the equipment.

Equipment number Bearing model Rotating speed (rpm)
1# 22320CA 780
2# 22320CA 985
3# 22320CA 780
4# 22320CA 985
5# 22320CA 780

reached the lower limit of the grid type when 𝐽 = 10 and 20,
but Signal 2 still has not. The two signals all reach the lower
limit of 𝐽when 𝐽 = 30, so it is explained that Rule 2 is correct.

From the simulation experiments, the generalized dimen-
sion of different signals has good differentiation and stability
while 𝐽 is within a certain range.The difference of generalized
dimension is becoming not obvious when 𝐽 approaches its
upper limit, and the generalized dimension𝐷

𝑞
ismeaningless

when 𝐽 exceeds its upper limit. When 𝐽 = 130, 150, 150,
and 170, the calculation for the signal is shown in Figure 13
in which grid type is about 140. From the figure, curve 𝐷

𝑞

does not satisfy the monotonous restriction and loses its
significance when 𝐽 exceeds 140.

Therefore, the lower limit of grid type is almost constant
when the measured object is constant. To distinguish the dif-
ference of the generalized dimension when the fault happens,
the grid type 𝐽 is selected which is higher than the lower limit
until the difference can be distinguished.Meanwhile, the grid
type cannot be too high, which will only increase the amount
of computation but the changes of the differences are not
obvious.

6. Fault Diagnosis Example of Rolling Bearing

From the simulation experiments, the generalized dimension
can distinguish the different signals, while different signal
components are generated when different faults happen to
bearing, so this method can be applied in the bearing fault
diagnosis. The experiment has been done in this paper to
test the feasibility of the time-frequency domain dimension
method further.

Doing time-frequency domain generalized dimension
analysis for the real bearing measurement signal which is got
by the acceleration sensor, the experimental process is shown
in Figure 14.

We use the method on draught fan bearing fault detec-
tion. Table 3 is the bearing information of the equipment.

Figure 15 is the mechanical structure of the fan.Themain
objects are motor bearings, wheel bearings, and fan bearings.
At the same time, the signal measured position is marked in
the figure.

The information in detail of eachmeasuring point is given
in Table 4.

The analysis frequency of the measurement is 1 kHz,
and the sampling point is 1 kb. Data acquisition equipment
information is given in Table 5.

We obtained large fault data after long period measure-
ment. Those data could be classified to four types: the fault-
free signal, bearing cages fault signal, inner ring fault signal,

Table 4: Measuring point layout information.

Measurement
point Measurement position Measurement

direction
A

1 Belt wheel side bearing𝑋 direction Horizontal
2 Belt wheel side Vertical

B
3 Bearing box shell𝑋 direction Horizontal
4 Bearing box shell 𝑌 direction Vertical

C
5 Fan side bearing𝑋 direction Horizontal
6 Fan side bearing 𝑌 direction Vertical

D
7 Stents𝑋 direction Horizontal
8 Stents 𝑌 direction Vertical

E
9 Motor output end bearing𝑋 direction Horizontal
10 Motor output end bearing 𝑌 direction Vertical

F
11 Fan bearing box shell side 𝑍 direction Axial

Table 5: Data acquisition equipment information.

Equipment Types Model
Sensor ICP accelerometer YD84D-V
Acquisition equipment Data acquisition card MPS-060602

and outer ring fault signal. Those signals are selected to be
analyzed.

The decomposition results of the four signals by EMD are
shown in Table 6.

The first four IMFs of every signal are selected to be
compared as in Figures 16, 17, 18, and 19.

From the EMD results, the four signals have different
signal components. To know the characteristics of the signal
components, doing the instantaneous frequency calculation
and energy calculations for the four signals, respectively, the
energy intensity matrix can be got as in Figures 20, 21, 22, and
23.

The energy distributions of the four signals are different
at individual frequency scale. To show the difference clearly,
making the grid type 𝐽 = 120 and 𝑞 from 0 to 9, doing
generalized dimension calculation to the time-frequency
domain energy matrixes for four signals, then a series of
dimension values can be got as in Tables 7, 8, 9, and 10.

The curves for the four groups of data are shown in
Figure 24.

From Figure 24, the 𝐷
𝑞
of the fault signal is bigger than

the one of the normal signal, and the 𝐷
𝑞
value difference

between every fault signal and normal signal is also different.
The fault type can be estimated according to the difference.
So the time-frequency domain dimension method can be
applied in rolling bearing fault diagnosis.
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Table 6: The results of EMD.

Signal Fault-free Inner ring fault Bearing cages fault Outer ring fault
Number of IMFs 4 5 6 6
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Figure 13: The generalized dimension curve of exceeding higher
limit 𝐽.
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Fault diagnosis
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Figure 14: Experimental flow charts.

Table 7: The generalized dimension value of fault-free signal.

𝑞 0 1 2 3 4
𝐷
𝑞

2.10271 1.15764 0.68751 0.54359 0.47031
𝑞 5 6 7 8 9
𝐷
𝑞

0.43111 0.40787 0.39288 0.38257 0.37513

Table 8: The generalized dimension value of inner ring fault signal.

𝑞 0 1 2 3 4
𝐷
𝑞

2.10094 1.08670 0.89636 0.83366 0.78689
𝑞 5 6 7 8 9
𝐷
𝑞

0.75352 0.72955 0.71193 0.69860 0.68826

Y

X

Z

1 2

3

4

5

6

Bearing box

Fan cover

Belt cover

Motor

Figure 15: The schematic figure of equipment under test and
measurement layout.

Table 9: The generalized dimension value of bearing cages fault
signal.

𝑞 0 1 2 3 4
𝐷
𝑞

2.09131 1.08977 0.81367 0.71429 0.65361
𝑞 5 6 7 8 9
𝐷
𝑞

0.61586 0.59109 0.57394 0.56149 0.55209

Table 10:The generalized dimension value of outer ring fault signal.

𝑞 0 1 2 3 4
𝐷
𝑞

2.10112 1.23425 1.08282 1.04355 1.00652
𝑞 5 6 7 8 9
𝐷
𝑞

0.97820 0.95706 0.94106 0.92867 0.91884

7. Conclusion

Generalized dimension spectrum has been obtained after
the signals are calculated by doing time-frequency domain
generalized dimension method; slight difference in different
singles can be distinguished based on different values of
generalized dimension spectrum. And the specific algorithm
and experimental analysis method have been provided.
The correctness of the time-frequency domain generalized
dimension method has been verified by simulation signals
analysis and experimental signals analysis. The result shows
that the numerical distribution of fractal dimension is differ-
ent and has obvious separability under different fault modes.
This indicates the correctness and feasibility of estimating
the bearing fault condition qualitatively and quantitatively by
time-frequency domain generalized dimension. For single or
various fault types of rolling bearing, the fault mode can be
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Figure 16: Fault-free signal and IMFs.
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Figure 17: Inner ring fault signal and IMFs.
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Figure 18: Bearing cages fault signal and IMFs.
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Figure 19: Outer ring fault signal and IMFs.
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Figure 20: Intensity matrix of fault-free signal.
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Figure 21: Intensity matrix of inner ring fault signal.
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Figure 22: Intensity matrix of bearing cages fault signal.
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Figure 23: Intensity matrix of outer ring fault signal.
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Figure 24: The generalized dimension curve of four experimental
signals.

confirmed by comparing the generalized fractal dimension
spectrum value with the generalized fractal dimension value
in the sample databases.

The working feature of bearing can be extracted by time-
frequency generalized fractal dimension method. It can be
applied to the diagnosis of the rolling bearing fault, and it is a
simple and effective method to recognize accurately the fault
models, which opens a new way for the rolling bearing fault
diagnosis.
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In order to identify the fault of rotating machine effectively, a new method based on the morphological filter optimized by particle
swarm optimization algorithm (PSO) and the nonlinear manifold learning algorithm local tangent space alignment (LTSA) is
proposed. Firstly, the signal is purified by themorphological filter; the filter’s structure element (SE) is selected by PSOmethod.Then
the filtered signals are decomposed by the empirical mode decomposition (EMD)method, and the extract features are mapped into
the LTSA to extract the character features; then the support vector machine (SVM) model is used to achieve the rotating machine
fault diagnosis. The proposed method is evaluated by vibration signals measured from bearings with faults. Results show that the
method can effectively remove the noise and extract the fault features, so the rotating machine fault diagnosis can be achieved
effectively.

1. Introduction

Rotating machinery is widely used in industry. Unexpected
machine faults could cause unscheduled downtime and loss.
So it is very important to diagnose the fault of the rotating
machinery [1]. To diagnose the fault, we should take three
main steps: (1) the collection of the fault signals of the
machine, (2) the extraction of the fault features though signal
processing methods, and (3) condition identification and
fault diagnosis. In this research, we choose the vibration
signals to identify the faults. However, the vibration signals,
collected by a sensor, are often severely polluted by various
noises, for example, the background noise presented in the
measurement device, and the interfering vibrations generated
by othermechanical components which are of no significance
for condition monitoring [2]. The noise can seriously affect
the results, so we need to remove it. There are many methods
for filtering the noise, but they have different shortcomings
[3]. This paper uses the morphological filter to remove the

noise [4]. It can decompose the original signal into several
physical parts according to certain geometric characteristics.
The people who first introduced morphological filter into
fault diagnosis of rotating machinery were Nishida et al.
[5]. To construct the filter, we should first select the filter’s
structure element (SE); SE can decide the shape of the filter
and determine the performance of morphological filter, so
many researches had been done to select the optimal SE.
In this paper, the SE is chosen through PSO algorithm to
optimize the SE and construct an effective morphological
filter.

After removing the noise, the EMD method is used
to decompose the signal and the Shannon entropy of the
intrinsic mode function (IMF) is used to extract the features;
however, the extracted features remained high-dimensional
and has the characteristic of nonlinear, so we need to
reduce the dimensionality in order to extract the feature
and diagnose the fault of the rotating machine [6]. In this
paper a new fault feature extractionmethod LTSA [7] is used.
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Through LTSA we can observe high-dimensional nonlinear
data sets directly [8]. It can be used as a preprocessingmethod
to reduce high-dimensional data into more easily handled
low-dimensional data, so it has been used in many fields,
such as face recognition, character recognition, and image
recognition [9]. After the features are treated by the LTSA, the
SVMmodel [10] is used to achieve the bearing fault diagnosis.

The rest of this paper is organized as follows. In Section 1,
the morphological filter is described and the character of it is
discussed.The PSO algorithm is proposed to optimize the SE.
In Section 2, the theory of LTSA is described. In Section 3, the
proposedmethod is validated by practical examples.Then,we
conclude this work in Section 4.

2. Optimized Morphological Filter for
Noise Removing

The main characteristic of morphological filter is that it can
keep the phase and amplitude while filtering the signal; the
whole work is done in the time domain and is compared with
other methods such as Fourier transform and the wavelet
transform; this calculation is simpler [11]. To deal with the
signal only the calculation of adding and subtracting is done.
The performance of the transformation is decided by the SE
and the corresponding transformation operations.

2.1. The Fundamental Theory of Morphological Filter. Mor-
phological filter with functional SE for one-dimensional
time series data was first presented by Maragos and Schafer
[12] in 1987; it requires less computational time than other
traditional filters. Through constantly moving the SE to
match the signal, the purposes of denoising can be achieved.
The transformation consists of four basic operations: erosion,
dilation, opening, and closing operation. The operations
between two sets 𝐴 and 𝐵 of numbers are defined as follows:

𝐴 ⊕ 𝐵 = {𝑧 ∈ 𝑍
𝑛

: 𝑧 = 𝑎 + 𝑏, 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} = ⋃

𝑏∈𝐵

(𝐴)
𝑏
,

𝐴Θ𝐵 = {𝑧 ∈ 𝑍
𝑛

: 𝑧 = 𝑎 − 𝑏, 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} = ⋂

𝑏∈𝐵

(𝐴)
−𝑏

.

(1)

In formula, ⊕, Θ symbols correspond to the dilation and
erosion operations. Erosion means to filter the noise in the
internal of the signal. The dilation has the role of extending
the signal. The opening and closing operations are defined as
follows:

𝐴 ∘ 𝐵 = (𝐴Θ𝐵) ⊕ 𝐵,

𝐴 ∙ 𝐵 = (𝐴 ⊕ 𝐵)Θ𝐵.

(2)

In formula, ∘, ∙ symbols correspond to the opening
operation and closing operation. But the erosion operation
can remove all structures that do not accommodate with
the SE and can cause the contraction of the other structures
which may contain useful information. So the operation of
dilation can resume those structures which contain useful
information.

2.2. Design of Morphology Filter. Supposing the original
signal 𝑓(𝑥) is a discrete function defined on 𝐷

𝑓
boundary

and the structural element 𝑔(𝑥) is a discrete function defined
on 𝐷
𝑔
boundary, 𝑦 form of open-closing and close-opening

filters is

𝐹OC (𝑓 (𝑥)) = (𝑓 ∘ 𝑔 ∙ 𝑔) (𝑥) ,

𝐹CO (𝑓 (𝑥)) = (𝑓 ∙ 𝑔 ∘ 𝑔) (𝑥) .

(3)

The morphological filter removes the positive and nega-
tive noise by constructing a form of open-closing and close-
opening operation. But the opening operation leads to the
contraction of the output of the open-closing operation and
the closing operation leads to the expansion of the output
of the close-opening operation, so there is something wrong
with the value, which directly affect the denoising effort of
the filter. In order to avoid this problem, we construct the
nonlinear filter in the following form:

𝑦 (𝑥) =
1

2
[𝐹CO (𝑓 (𝑥)) + 𝐹OC (𝑓 (𝑥))] . (4)

In this research, the PSO algorithm is used to choose the
amplitudes of the SEs.

There are various kinds of SEs, such as flat SE, triangular
SE, and semicircular SE [13]. The size of the SE relies on the
period length of the noise, so the size of the SE is chosen from
3 to (2∗𝐿/2 + 1), where 𝐿 is the estimated length of the noise
period [4].

2.3. The Optimization of Morphological Filter. Now there are
many optimal algorithms, for example, genetic algorithm
(GA), ant colony algorithm, particle swarm optimization
algorithm (PSO), and so on. PSO is a population based
algorithm developed in 1995 [14, 15]; it is based on the theory
of swarm intelligence which is similar to GA but it searches
the optimal particle in the whole space and does not achieve
optimization through evolution. Compared with the GA and
ant colony, the PSO is easy to implement and is an effective
global optimization algorithm. PSO searches the space in
the 𝑛-dimension through the change of the position and the
speed to find the optimal solution of the current population.
Therefore, we choose the PSO to optimize the SE of the
morphological filter. Each individual (particle) adjusts its
flight speed and position according to the following formula:

V
𝑖𝑗
(𝑡 + 1) = 𝑤V

𝑖𝑗
(𝑡) + 𝑐

1
𝑟
1𝑗

(𝑝
𝑖𝑗
(𝑡) − 𝑥

𝑖𝑗
(𝑡))

+ 𝑐
2
𝑟
2𝑗

(𝑝
𝑖𝑗
(𝑡) − 𝑥

𝑖𝑗
(𝑡)) ,

𝑥
𝑖𝑗
(𝑡 + 1) = 𝑥

𝑖𝑗
(𝑡) + V

𝑖𝑗
(𝑡 + 1) ,

(5)

where “𝑗” represents the 𝑗-dimension. The subscript “𝑖”
represents the 𝑖-dimension. The subscript “𝑡” represents the
𝑡 generation. The 𝑤 represents the weight which has a great
influence on the performance of optimizing, the larger value
of the𝑤 can help the PSO avoid the local minimum value but
may cause local oscillator, and the smaller value of the 𝑤 can
help the PSO concentrate accurately but may be too slow to
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achieve the result. So we change the way to construct the𝑤 as
follows:

𝑤 = 𝑤max − 𝑡 ×
𝑤max − 𝑤min

𝑡max
, (6)

where 𝑤max, 𝑤min, respectively, represent the maximum and
minimum inertia weight.

𝑐
1
, 𝑐
2
are learning factors; the 𝑐

1
represents the best flight

speed in the memory location. The 𝑐
2
represents the best

position of particle groups in the memory. 𝑟
1

∼ 𝑈(0, 1),
𝑟
2
∼ 𝑈(0, 1) represent two independent random functions.

2.4. Determination of the Fitness Function. In order to obtain
the optimized SE, a criterion should be built as the fitness
function of the PSO. There is some relationship between the
fitness function and the signal. The fitness function should
be selected according to the characteristics of the fault signal
and this process needs the criteria to be changed according
to the optimization process. Therefore, the signal-to-noise
ratio (SNR) is selected as the fitness function. The function
is defined in the following form:

𝑅SN (𝑥) = 10 lg
𝑝 (𝑤)

𝑁 (𝑤)
, (7)

𝑝 (𝑤) = |𝑌 (𝑤)|
2

, (8)

where 𝑅SN(𝑥) is the SNR function of the system, 𝑦(𝑥) is the
output of the filter, 𝑌(𝑤) is the power spectrum of the output
signal, and 𝑁(𝑤) is the power spectrum of the noise signal.

The process of optimizing the SE based on the PSO is
given as follows.

(1) At the beginning of the optimization process, ran-
domly initialize positions and velocities, pbest, gbest
of the particles.

(2) Set the parameters of SEs equal to the parameters of
the particles’ positions.

(3) Use the SEs to construct the morphological filters.
(4) Use the morphological filters to remove the noise

and get the filtered signal 𝑦(𝑥) = (1/2)[𝐹CO(𝑓(𝑥)) +

𝐹OC(𝑓(𝑥))]; then use (7) to calculate the current
fitness value 𝑅(𝑥

𝑖
) of each particle.

(5) Use the pbest to construct the morphological filter,
calculate the fitness value 𝑅(𝑥

𝑝
), and compare the

𝑅(𝑥
𝑝
) with 𝑅(𝑥

𝑖
). If 𝑅(𝑥

𝑖
) is greater than 𝑅(𝑥

𝑝
), set

the parameters of particle 𝑥
𝑖
to the pbest.

(6) Use the gbest to construct the morphological filter,
calculate the fitness value 𝑅(𝑥

𝑔
), and compare the

𝑅(𝑥
𝑝
) with 𝑅(𝑥

𝑔
). If 𝑅(𝑥

𝑝
) is greater than 𝑅(𝑥

𝑔
), set

the parameters of pbest to the gbest.
(7) For each particle 𝑖 in the swarm, calculate positions

𝑥
𝑖+1

, velocities 𝑉
𝑖+1

using (5).
(8) If the termination conditions have not been met,

return to Step (3). Otherwise, end the loop.

2.5. Comparison among Different Methods. To evaluate the
denoising efficiency of different methods, the comparison
between the optimal morphological filter and other filtering
techniques (i.e., the morphological filter of flat SE and the
wavelet of Morlet) is carried out. The simulated signal is
formulated as follows (the sampling frequency is 1000Hz and
the sampling time is 1 s):

𝑥 (𝑡) = 𝑥
1
(𝑡) + 2𝑥

2
(𝑡) + 𝑥

3
(𝑡) , (9)

where 𝑥
1
(𝑡) is the sum of three harmonic waves 𝑥

1
(𝑡) =

0.8 sin(2𝜋 ⋅ 10𝑡) + sin(2𝜋 ⋅ 30𝑡) + 0.3 sin(2𝜋 ⋅ 45𝑡), 𝑥
2
(𝑡) is

sin(2𝜋𝑡), and 𝑥
3
(𝑡) is the Gaussian noise (SNR = 16.54 dB).

We use the following three methods to filter the signal:
the optimal filter (the optimal size of the SE is 3, and the
optimal amplitudes of the SE are (0.0032, 0.0151, 0.0031));
the morphological filter of flat SE (the size of the SE is 3,
and the amplitudes of the SE are (0,0,0)); and the wavelet
of Morlet (the optimal parameters 𝛽 = 0.5 and 𝑓

0
= 1Hz).

Among them, the parameters of the PSO for optimizing the
SE are set as the original position (0,0,0) and velocity (0,0,0),
pbest (0,0,0), gbest (0,0,0), the population scale 𝑚 = 20,
the terminal interaction time 𝑡max = 300, the inertia weight
𝑤 = 0.5, 𝑐

1
= 𝑐
2
= 1.2, and the search space dimension 𝑑 = 3.

The obtained results are shown in Figure 1.
From the results we can conclude that the optimal

morphological filter effectively extract the impulse signal and
remove the noise. In contrast, the morphological filter of flat
SE and theMorlet wavelet can eliminatemost of the noise, but
there is still a certain noise reserved.Therefore, we choose the
optimal morphological filter to remove the noise.

3. Basic Concepts of Local Tangent
Space Alignment

The basic idea of LTSA is to use the tangent space of sample
points to represent the geometry of the local character.
Then these local manifold structures of space are lined
up to construct the global coordinates. Given a data set
𝑋 = [𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑁
], 𝑥
𝑖

∈ 𝑅
𝑚, a mainstream shape of 𝑑-

dimension (𝑚 > 𝑑) is extracted. The LTSA feature extraction
algorithm is as follows:

(1) extracting local information: for each 𝑥
𝑖
, 𝑖 =

1, 2, . . . , 𝑁, the Euclidean distance to determine a set
𝑥
𝑖
= [𝑥
𝑖,1
, 𝑥
𝑖,2
, . . . , 𝑥

𝑖,𝑘𝑖
] of its neighborhood adjacent

points (𝑘 nearest neighbors, e.g.) is used;
(2) local linear fitting: in the neighborhood of data points

𝑥
𝑖
, a set of orthogonal basis 𝑄

𝑖
can be selected to

construct the 𝑑-dimension neighborhood space of 𝑥
𝑖

and the orthogonal projection of each point 𝑥
𝑖,𝑗

(𝑗 =

1, 2, . . . , 𝑁) can be calculated to the tangent space
of 𝜃
(𝑖)

𝑗
= 𝑄
𝑇

𝑖
(𝑥
𝑖,𝑗

− 𝑥
𝑖
); 𝑥
𝑖
is the mean data for

the neighborhood; the orthogonal projection in the
tangent space of neighborhood data of 𝑥

𝑖
is composed

of local coordinate Θ
𝑖

= [𝜃
(𝑖),1

, 𝜃
(𝑖),2

, . . . , 𝜃
(𝑖),𝑘𝑖

] that
describes the most important information of the
geometry of the 𝑥

𝑖
;
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Figure 1: Comparison of denoised results obtained by optimal filter, morphological filter of flat SE, and the wavelet of Morlet, for the impulse
signal: (a) the original signal, (b) the wavelet of Morlet, (c) the morphological filter of flat SE, and (d) the optimized morphological filter.

(3) global order of the local coordinates: supposing the
global coordinates of 𝑥

𝑖
converted by the Θ

𝑖
is 𝑇
𝑖
=

[𝑡
𝑖1
, 𝑡
𝑖2
, . . . , 𝑡

𝑖𝑘𝑖
], then the error is

𝐸
𝑖
= 𝑇
𝑖
[𝐼 − (

1

𝑘
) 𝑒𝑒
𝑇

] − 𝐿
𝑖
Θ
𝑖
, (10)

where the 𝐼 is the identity matrix, the 𝑒 is the unit vec-
tor, the 𝑘 is the points number of the neighborhood,
and the 𝐿

𝑖
is the transformation matrix; in order to

minimize the error, the 𝑇
𝑖
and 𝐿

𝑖
should be found;

then

𝐿
𝑖
= 𝑇
𝑖
(𝐼 − (

1

𝑘
) 𝑒𝑒
𝑇

)Θ
∗

𝑖
,

𝐸
𝑖
= 𝑇
𝑖
(𝐼 − (

1

𝑘
) 𝑒𝑒
𝑇

) (𝐼 − Θ
∗

𝑖
Θ
𝑖
) ,

(11)

where theΘ∗
𝑖
is theMoor-Penrose generalized inverse

of Θ
𝑖
; supposing the

𝐵 = 𝑃𝑊𝑊
𝑇

𝑃
𝑇

; (12)

let 𝑃 = [𝑃
1
, 𝑃
2
, . . . , 𝑃

𝑁
], 𝑇𝑃
𝑖

= 𝑇
𝑖
, 𝑃
𝑖
is a selected

matrix from 0-1, and 𝑇 is global coordinates; their
weight matrix

𝑊 = diag (𝑊
1
,𝑊
2
, . . . ,𝑊

𝑁
) ,

𝑊
𝑖
= (𝐼 − (

1

𝑘
) 𝑒𝑒
𝑇

) (𝐼 − Θ
∗

𝑖
Θ
𝑖
) ;

(13)

the constraint is

𝑇𝑇
𝑇

= 𝐼
𝑑
; (14)

(4) extract of the low-dimensional manifolds feature:
since the 𝑒 is the eigenvalue of matrix 𝐵, so the
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correspondingminimum eigenvectorsmatrix is com-
posed of eigenvalue; Section 2 to section 𝑑 + 1 of
matrix 𝐵 make of the 𝑇. 𝑇 is the global coordinate
mapping in theMainstream form of low-dimensional
transformed from the nonlinear high-dimensional
data set of 𝑋.

Themethod consists of four procedures sequentially: data
processing and features extracting, merging of the original
features, and constructing-training SVM model for fault
diagnosis. The role of each procedure is explained as follows.

Step 1 (data processing and features extraction). The opti-
mized morphological filter is used to filter the signal, and
the EMD signal processing methods are used to extract the
original features from the collected mass vibration data.

Step 2 (merging of the original features). TheLTSAmethod is
used to extract the typical features and reduce the dimension
of the features.The extracted features are used for training the
SVMmodel.

Step 3 (construct the SVM model). The SVM model is
constructed.The rotatingmachine fault diagnosis is achieved.

The flowchart of the proposed method is shown in
Figure 2.

4. Experimental Validation

The proposed method is applied to bearing fault signals
obtained from the Case Western Reserve University [16].
The bearing type in the experiments is SKF 6205-2RS JEM.
Experiments were conducted by using a 2 hp reliance electric
motor. Bearings were seeded with faults by using electrodis-
charge machining. Faults were 0.021 inches in diameter and
0.011 inches in depth and were introduced at the inner
raceway, rolling element (i.e., ball), and outer raceway. Motor
speeds is set to 1797 RPM. Data were collected at 12,000
samples/second.

The parameters of the PSO for optimizing the SE are set
to the following: the original position (0,0,0) and velocity
(0,0,0), pbest (0,0,0), gbest (0,0,0), the population scale 𝑚 =

30, the terminal interaction time 𝑡max = 300, the inertia
weight𝑤 = 0.5, 𝑐

1
= 𝑐
2
= 1.2, and the search space dimension

𝑑 = 3. The curve of the PSO optimization process is shown in
Figure 3.

The fault signals aremashedwith a lot of impulse, random
signals, and noise. In order to verify the denoising effect of the
optimized filter, the fault signals of inner and outer rings were
used to be denoised. Filtering results are shown in Figures 4
and 5.

From the results we can get that Morlet wavelet can filter
out some noise, but the effect is not very conspicuous; there is
still some noise in the signal. The effect of the morphological
filter of flat SE for denoising is better than the wavelet of
Morlet. The optimal filter works very well in denoising and
effectively shows the impact within and outside the bearing.

After the fault signals are filtered, 40 specimens are
collected from each type of the three different faults; every
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Figure 2: The flowchart of the proposed method.
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Figure 3: The curve of the PSO optimization process.

specimen has 1024 points. The EMD method is used to
decompose the filtered signals and the Shannon entropy of
the IMFs works as the original features.

The LTSA algorithm is used to deal with the original
features. It switches the features from high-dimensional
to the low-dimensional space to construct the liner one-
dimension characteristic curves of the faults. In this paper
the parameters of the neighborhood factor 𝑘 equal 10 and
the embedding dimension 𝑑 equals 3. To demonstrate the
superiority of the LTSA in this paper, the PCA was used.
Figure 6 illustrated the result of the signal not purified by
morphological filter and use of the LTSA to extract the
original features and Figure 7 illustrated the result of the
purified signal and use of the PCA to extract the original
features, while using the purified signal and the LTSA to
extract the original features in Figure 8.

It can be seen from Figure 6 that because of the effect of
the noise, the LTSA analysis result is not very good; it cannot
extract the typical features of the faults effectively. So it is
necessary to remove the noise firstly.

It can be seen from Figure 7 that the effect of clustering
the data types based on the purified signal and the PCA
analysis is also not very good.Themain reason is that the PCA
analysis is mainly for the linear data; while dealing with the
nonlinear data, it cannot work effectively.

From Figure 8, we can get that the combining of the
purified signal and the LTSA can work well in clustering the
data types and extracting the features effectively.
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Figure 4: Comparison of denoising results obtained by the optimal filter (0, 0.01, 0), the morphological filter of flat SE (0, 0, 0), and the
wavelet of Morlet (with𝑤

0
set to 5, 𝑎

𝑗
equal to 𝑎 set to 0.3), for the vibration signal of a roller bearing with an inner-race fault: (a) the original

signal, (b) the wavelet of Morlet, (c) the morphological filter of flat SE, and (d) the optimal filter.

Then the extracted features are input into the SVM to
train the model and recognize the fault states (with penalty
factor 𝐶 set to 100 and nuclear parameter 𝛾 is set to 0.1) and
the BP neural network (with the learning rate of the neural
network 0.01; the iteration number is 2000; the training error
is 0.001; the hidden number 𝑛 = 15). The comparison results
are shown in Table 1.

From Table 1 we can see that the SVM can better identify
and approach the sensitive features. So the choice of SVM to
determine the bearing running states can effectively improve
the recognition accuracy.

A comparison between the training and test time loss of
different methods is implemented.

(1) The vibration data is filtered by the optimized mor-
phological filter, and the EMD Shannon entropy is
used to extract the typical features, the extract features

Table 1: The recognition rate of traditional RBF SVM and the
MWSVM.

Model type Recognition rate 𝜂/%
Inner race fault Ball fault Outer race fault

BP kernel 95 90 93
SVM 100 100 100

are direct input into the SVM, without the LTSA
dimension reduction.

(2) The vibration data is filtered by the optimized mor-
phological filter, and the EMD Shannon entropy is
used to extract the typical features; the features are
processed by LPP to reduce the dimension; then
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Figure 5: Comparison of denoising results obtained by the optimal filter, the morphological filter of flat SE, and the wavelet of Morlet, for
the vibration signal of a roller bearing with an outer-race fault: (a) the original signal, (b) the wavelet of Morlet, (c) the morphological filter
of flat SE, and (d) the optimal filter.

the extracted features are input into the BP neural
network.

(3) The proposed method in this research.

The comparison results are shown in Table 2.
From Table 2 we can see that, after the dimension reduc-

tion, the recognition speed of SVM improved significantly.
The time loss of the proposed method is the shortest; the
reason is that the proposed method uses the LTSA to extract
the typical features to make sure the SVM can efficiently deal
with the fault.

5. Conclusion

(1) This research proposed uses the optimized morpho-
logical filter to purify the signal, so as to extract the

Table 2: The time loss of three different methods.

Methods
Without LTSA
dimension
reduction

By BP neural
network

The proposed
method

Time/s 231 215 210

character features effectively from background noise
more than other methods.

(2) Themanifold learningmethod LTSA is used to reduce
the dimension and data redundancy of the entropy
features.

(3) In order to more accurately identify the bearing
running state, the SVM is used to achieve the bearing
fault diagnosis.



8 Shock and Vibration

1

1

0.5

2

1.5

2.5

0.5

0

0

−1

−1

−1.5

−0.5

−0.5

3

2

1

0

−1

−2

Inner race fault
Ball fault
Outer race fault

Figure 6:The result of the signal not purified by optimizedmorpho-
logical filter and use of the LTSA to extract the original features.
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Figure 7:The result of the signal purified by optimized morpholog-
ical filter and use of the PCA to extract the original features.

(4) Despite the different comparisons we can see that the
proposed method makes good use of the advantage
of all parts and together to obtain a better recognition
accuracy and efficiency.
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The total weight of Extended-Range Electric Vehicle (E-REV) is too heavy, which affects rear-end collision safety. Using numerical
simulation, a lightweightmethod is designed to reduce E-REVbody and key partsweight based on rear-end collision failure analysis.
To calculate and optimize the performance of vehicle safety, the simulationmodel of E-REV rear-end collision safety is built by using
finite element analysis. Drive battery pack lightweight design method is analyzed and the bending mode and torsional mode of E-
REV before and after lightweight are compared to evaluate E-REV rear-end collision safety performance. The simulation results of
optimized E-REV safety structure are verified by both numerical simulation and experimental investigation of the entire vehicle
crash test.

1. Introduction

Fuel-efficient and new energy vehicles were being formulated
with more severe engine emission standard and fuel con-
sumption standard. But the design of fuel-efficient and new
energy vehicles must be secondary development on the basis
of traditional fuel vehicle and increase the parts such as power
battery and drive motor. So, reducing the auto body weight
is important to improve vehicle fuel economy. According to
statistics, fuel consumptionwill be saved from6% to 8%when
10 percent of vehicle weight is reduced. In other words, the
fuel consumption per hundred kilometers will be cut down
from 0.3 to 0.5 L and carbon dioxide emission will lessen
from 8 to 10 g when the vehicle weight is reduced 100 kg.
Therefore, reducing the vehicle weight is an effective measure
for decreasing fuel consumption and emission pollution [1, 2].

There are two ways to achieve vehicle body structure
lightweight [3]. One is by using light and high strength mate-
rials such as aluminum and high strength steel [4]; the other
is by designing rational structure to make the parts thinner,
hollow, and composite [5, 6].

The vehicles safety will be greatly affected as vehicle
weight increases largely. So, the chassis performance must be

adjusted and the crash performance must be analyzed.
According to the car regulations, the new energy vehicles
request not only the properties of good fuel economy and
emissions but also the vehicle safety close to the traditional
fuel cars.

Recently, the research on new energy vehicles has just
started and the research results are limited. Most of auto-
mobile lightweight achievements mainly focus on traditional
fuel vehicles.Therefore, it is necessary to study the analysis of
vehicle lightweight technology based on crash safety.

In this paper, an Extended-Range Electric Vehicle (E-
REV) will be analyzed to satisfy the lightweight design based
on rear-crash safety.

2. The Basic Structure of E-REV

E-REV is a new pure electric vehicle with Range Extender
(RE). When the battery power is enough, E-REV will move
under the pure electric mode; if not enough, RE will work to
charge the batteries or direct drivemotor work [7, 8].The rear
floor structure of E-REV is shown in Figure 1.

The prototype vehicle is a mass-produced vehicle, so the
structure of vehicle cannot be altered too much and can
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Figure 1: The rear floor structure of E-REV.

only transform in a small area. Compared with the prototype
vehicle, the E-REV weight is increased about 270 kg.

The rear axle and rear floor structure of E-REV changed
a lot (shown in Figure 1). In engine compartment, original
engine is replaced by RE, and motor and poor fuel reduction
are installed on rear axle.The battery pack 1 is added between
the rear seats with car trunk. The battery pack 2 was placed
on the location of the spare tire.The charger and the 12 v lead-
acid battery were placed on both sides of car trunk; therefore,
the drive motor and power battery boxes could bring great
influence to the safety of vehicle rear-crash.

As E-REV before lightweight has passed standards GB/T
15083-2006 (seat and seat fastness equipment and pillow
intension requirements and test method) [9], GB/T 19751-
2005 (hybrid electric vehicles safety specification) [10], and
GB 20072 (the requirements of fuel system safety in the event
of rear-end collision for passenger car test) [11], the simula-
tion results agreed well with the test results. Therefore, the
same simulation method can be used to analyse lightweight
design of E-REV.

3. The Finite Element Analysis of
E-REV before Lightweight

According to standard GB 20072, the simulation model of
E-REV is built and analyzed. The pre- and postprocessing
of FEM choose OASYS and solver chooses LS-DYNA. The
simulation parameters are based on the prototype vehicle
test data. The material of vehicle body and fixed frame
both choose steel, modulus of elasticity is 211 GPa, density is
7.85 g/cm3, Poisson’s ratio is 0.4, and yield limit is 340MPa.
The simulation model has 699924 elements, 718797 nodes,
and 5799 welding spots [12].

3.1. The Finite Element Analysis Result of E-REV before
Lightweight. Table 1 shows the finite element analysis results
of E-REV body before lightweight with dormer, front, and
back windshield glasses and front subframe. As shown in
Table 1, the bending mode and torsional mode of the E-REV
bodymeet with the design requirement. But the first torsional
mode simulation result is close to the lower limits of target
value. So it needs to improve.

The data of Table 2 come from prototype vehicle. As
shown in Table 2, the BIW rigidity before lightweight is far
greater than target value and satisfies the design require-
ments. Therefore, the NVH performance of E-REV after
lightweight design must be similar to the prototype vehicle.

Table 1: The mode simulation results of E-REV before weight loss
of main parts.

First bending mode (Hz) First torsional mode (Hz)
E-REV 44.5 38.3
Target value ≥35

Table 2: The vehicle rigidity simulation results of E-REV before
weight loss of main parts.

BIW
BIW + front and
back windshield +
front subframe

Bending rigidity
(N/mm) 28541 28302

Target value ≥8700
Torsional
rigidity (Nm/∘) 15232 19587

Target value ≥10500 ≥16000

3.2. The Result of Rear-End Collision Simulation of E-REV
before Lightweight. The simulation model is imported in
the FEM software and is simulated. The processor chooses
OASYS while solver chooses LS-DYNA. The result of rear-
end collision simulation of E-REV is shown in Figure 2.

The simulation result shows that the right and left
back stringer and subframe were greatly crumpled, and the
crumple pattern is conductive to absorb the crash energy.The
subframemoved backward and extruded fuel tank.Themax-
imal stress of subframe is 244.6MPa. The drive motor and
subtractive assembly have a collision with fuel tank, but the
collision force is not big. The maximal plastic deformation of
fuel tank is 21mm.

3.3. The Rear-End Collision Simulation Results of E-REV
Battery Pack before Lightweight. As the E-REV rear bumper is
impacted directly in the process of the rear-end collision test,
the battery pack and its fixed support are greatly impacted
and the battery pack fixed support needs to bear the high
extruding strength. So the special structure must be designed
to protect batteries when the battery pack can turn or move
along the direction of the collision slope to provide enough
space for absorbing crash energy in rear-crash test. At the
same time, it can prevent the battery electrolyte leak as
battery pack mutual extrusion or other potential risks. The
simulation results are shown in Figure 3.

As shown in Figure 3, battery pack 1 can rotate some angle
around the upper fixed point and give some deformation
space to battery pack 2.The design scheme avoids two battery
packs’ mutual extruding and protects two battery packs.

The lower part of battery pack 1 is shocked largely
and middle battery module deforms seriously. The result is
present in Figure 4(a). The front left battery module bracket
is severely crushed and severely deforms in rear-end collision
simulation. The simulation result is present in Figure 4(b).
The maximal deformation is over 30mm. Battery pack 2
deforms apparently but the rear battery module deforms
relatively smaller. Judging from the analysis results, it could
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Figure 2: The rear-end collision simulation of E-REV.

Battery pack 1

Battery pack 2

Figure 3: The impact simulation results of E-REV drive battery
under rear-end collision test.

pass the requirement of standards GB 20072 and GB/T 19751.
The deformation of two battery packs must be as small as
possible. Otherwise, the risk of collision exists [13].

In rear-end collision test, the car trunk and low voltage
battery on car trunk right stringer fixation were serious
extrusion deformation; it may lead to battery electrode direct
touch with vehicle body sheet metal. The potential risks
require the special attention during lightweight design.

In conclusion, although the fuel tank does not leak and
can pass the rear-end collision test, some risks still exist.

4. E-REV Lightweight Design Program

The lightweight design program of E-REV should consider
not only the weight and vehicle performance but also the
suitable price of parts. According to the optimization target
of the lightweight design, all effective factors should be
considered. So the problem of selecting lightweight design
program is a complex multiobjective optimization problem.
Look for the optimization values after considering all factors;
then the lightweight design program could be gained.

4.1. Sensitivity Analysis of Vehicle Body Parts. In order to
simplify the process, select the bending and torsionalmode as
themodes constraint condition and the vehicle body bending

Table 3: The mode sensitivity of main parts thickness.

Variable
number

Thickness
(t/mm)

Torsional
sensitivity
(Hz⋅m−1)

Bending
sensitivity
(Hz⋅m−1)

02 1.5 −0.0065 −0.0057

03 1.5 −0.0017 −0.0023

07 1.5 −38.17 84.16

09 1.75 16.58 34.58

12 0.8 229.4 −843.7

15 0.8 −1563 −373.7

17 0.8 5198 4318

18 1.2 −687.3 1192

22 1.5 −1125 237.8

26 2.0 −1008 32.46

29 1.0 −754.1 398.7

35 2.0 −0.0018 0.0016

47 1.5 −0.0024 0.0031

55 1.5 −0.0026 0.0018

57 1.5 −0.0040 −0.0033

and torsional rigidity as rigidity constraint condition for opti-
mization design. Then the sensitivity relationship between
the thickness of the main vehicle body parts and torsional
and bending sensitivity is obtained as shown in Table 3.

In Table 3, the sensitivity of thickness of number 15 (left
stringer), number 17 (vehicle side panels), and number 22
(right stringer) is high for the first mode of the E-REV
body. From the prototype vehicle test data, the vehicle front
floor, middle floor, rear floor, rear stringer, threshold, and
reinforced plate of the central channel constitute the vehicle
basic torsional loading area; the area and its reinforced lateral
confining structure components are effective to improve the
vehicle first torsionalmode.Therefore, it is important to avoid
weak parts which are sensitive to the vehicle first mode and
the main lightweight design targets should focus on parts
which are insensitive to vehicle mode.

4.2. Optimization Design of E-REV. According to the opti-
mization design, the weight of the key parts can be reduced
effectively by using the strong and light materials.

Suppose the optimization target 𝑃 = {𝑃
1
𝑃
2
⋅ ⋅ ⋅ 𝑃
𝑚
},
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(a) Deformation of battery pack 1 (b) Deformation of battery pack 2

Figure 4: The rear-end collision simulation of battery pack 1 and battery pack 2.
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where 𝐶 is the standardization target matrix after dimension
magnitude target value is standardized, 𝑐
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𝑗
. As the optimization value is as small as

possible, the optimal value is defined as
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𝑗
= min 𝑐
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. (2)

The E-REV vehicle lightweight design target is set as
𝑃 = {bending rigidity, torsional rigidity, plastic deformation,
first bending mode, first torsional mode, weight, and parts
price}. As optimization estimate algorithm, AHP method
(AHP is the abbreviation of Analytic Hierarchy Process) is
applied in optimization effective factors calculation of E-REV
lightweight design. Comparison matrix according to 9-level
score standard is described below:
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The eigenvector matrix weighted values of different
influence factors 𝑊

𝑖
= [plastic deformation, bending rigid-

ity, torsional rigidity, first bending mode, first torsional

mode, weight, and parts price] = 𝑛

√∏
𝑛

𝑖=1,𝑗=1
𝑃
𝑖𝑗
/(∑
𝑛

𝑘=1
𝑃
2

𝑘
) =

[0.031, 0.083, 0.052, 0.083, 0.128, 0.218, 0.405]. The maximal
eigenvalue of matrix is 𝜆max = ∑((𝑃𝑊)

𝑖
/𝑊
𝑖
)/𝑛 = 7.213. The

consistency index CI = (𝜆max − 𝑛)/(𝑛 − 1) = 0.036. By using
the methods of table look-up we can know the consistency
index RI = 1.32 and the consistency ratio CR = CI/RI < 1.
Therefore, the effective factors proportion is rational.

The optimization function can be built considering every
effective factor for E-REV lightweight designweighted values:

𝐹 (𝑀
𝑖
) = min [𝐹
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,

(4)

where 𝐹
1
(𝑀
𝑖
) is plastic deformation and its calculation value

is as small as possible. 𝐹−1
2
(𝑀
𝑖
), 𝐹−1
3
(𝑀
𝑖
), 𝐹−1
4
(𝑀
𝑖
), and

𝐹
−1

5
(𝑀
𝑖
) represent the bending rigidity, the torsional rigidity,

the first bending mode, and the first torsional mode. The
higher their value is, the better the design is. So take its
reciprocal. 𝐹

6
(𝑀
𝑖
) and 𝐹

7
(𝑀
𝑖
) are the weight and the part

prices. Therefore the calculated value should be as small as
possible.

The restriction condition can be derived:

𝐹
1
(𝑀
𝑖
) < 𝐹
1
(𝑀
0
) ,

𝐹
𝑖
(𝑀
𝑖
) > 𝐹
1
(𝑀
0
) ; 𝑖 = 2, . . . , 5,

𝐹
6
(𝑀
0
)—80 kg < 𝐹

6
(𝑀
𝑖
) < 𝐹
6
(𝑀
0
) ;

𝐹
7
(𝑀
0
)—30 thousand yuan < 𝐹

7
(𝑀
𝑖
) < 𝐹
7
(𝑀
0
) ,

(5)

where [𝐹
1
(𝑀
0
), . . . , 𝐹

7
(𝑀
0
)]
𝑇 are the optimization target

default values. According to the prototype test data, the
default values are [35mm, 28000N/mm, 19000N⋅m/∘, 45Hz,
40Hz, 1900 kg, �80,000]. The maximized reduction of the
vehicle body weight and the part prices are 80 kg and
�30,000, respectively (approximately $5,000). In order to
reduce the calculatingworkload, the relationship between the
whole part prices and the part weight is presented and solved
by the linear curve.

Compared with the prototype vehicle, the front floor, the
central floor, the roof cover, the threshold, and the central
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channel stiffener are not changed much, while the vehicle
rear floor, the rear stringer, and the side hoarding have
been strengthened. Compared with the prototype vehicle, the
whole weight of E-REV before lightweight adds 5.206 kg.The
weight of the rear floor and the rear beam has been increased
about 2.5 kg. Based on the previous experiences, the affected
parts are usually the BIW rear floor, the rear beam, the spare
pool, and the rear stringer.

The weight of the parts is 0.5 kg when simplifying the
optimization calculation process and accelerating the compu-
tation speed. The thicknesses of the 70 parts which are taken
as the optimization targets are input the formula (4), and then
calculate and gain the 4 optimal results by 91 iterations.

The weight of optimal point influential factors after stan-
dardization 𝑊

0
= [0.051, 0.372, 0.042, 0.383, 0.115, 0.481,

0.324], while the optimal result 𝐹
0
(𝑀) = [35.4mm, 28146N/

mm, 18235Nm/∘, 43.6Hz, 42.8Hz, 1878 kg, �67,000].
According to the actual situation, the optimal results need

to be adjusted again. However, according to the analysis and
the calculating results, the part weight has a great influence
on lightweight design and part price.Therefore, to control the
part weight and the thickness is themost effectivemethod for
E-REV lightweight.

Based on the previous experiences, the two effective
methods of reducing parts weight are to reduce the thickness
of parts and to use high strength steel under the condition of
keeping parts performance.

Suppose the thickness of steel is 𝑡 and width is𝑤; the face
maximal stress of plate without damage is defined as

𝑃max = 𝑤𝑡𝜎
𝑦
, (6)

where 𝑤 and 𝑡 are the width and thickness of plate and 𝜎
𝑦
is

the yield stress. If steel was changed by high strength steel,
plate thickness with no plastic deformation is defined as

𝑡

=

𝑡𝜎
𝑦

𝜎


𝑦

, (7)

where 𝜎
𝑦
is high strength plate yield stress. Similarly, the high

strength plate thickness with no plastic bending deformation
is described as follows:

𝑡

=

𝑡√𝜎𝑦

√𝜎


𝑦

. (8)

The manufacturability of complex parts during the
lightweight design process needs to be considered. Accord-
ing to the simulation result, reset the weight optimization
objective function to make the weight of optimized body
structure as close as possible to the performance parameters
optimization target, and then the optimization constraints
are set. The parts rigidity and mode are the basic static
and dynamic performance for traditional vehicle, therefore,
setting the rigidity and mode of E-REV optimization con-
straints, building the weight optimization design program.

Table 4: The sensitivity of main parts weight and thickness.

Variable number 02 03 35 47 55 57
Contribution ratio (%) 17.3 21.1 1.23 0.91 0.87 0.63

The weight optimization target function and constraints are
given by

𝐹 = min𝑊(𝑋) ,

𝑔
𝑗
(𝑋) ≤ 0, 𝑗 = 1, 2, . . . , 𝑚,

𝑡
𝑖min ≤ 𝑡

𝑖
≤ 𝑡
𝑖max, 𝑖 = 1, 2, . . . , 𝑛,

(9)

where 𝐹 is target function, 𝑊(𝑋) is part weight function,
𝑋 = [𝑡

1
𝑡
2
⋅ ⋅ ⋅ 𝑡
𝑛
]
𝑇 is optimization vector, 𝑡

𝑖
is optimiza-

tion design part thickness, 𝑡
𝑖min and 𝑡

𝑖max are optimization
design upper limit and lower limit of part thickness, and
𝑔
𝑗
(𝑋) is constraint function.
Set the initial value of the optimization variable into the

original thickness of the car body structure parts; 𝑋
0
is the

initial optimization vector, and the iteration point is given by

𝑋
𝑞+1

= 𝑋
𝑞
− 𝑞

𝑃 ⋅ ∇𝑊(𝑋
𝑞
)


𝑃 ⋅ ∇𝑊(𝑋

𝑞
)


,

𝑃 = 𝐼 − 𝐺 [𝐺
𝑇
− 𝐺]
−1

𝐺
𝑇
,

𝐺 = ⌊∇𝑔
1
(𝑋
𝑞
) ∇𝑔
2
(𝑋
𝑞
) Λ∇𝑔

𝑚
(𝑋
𝑞
)⌋ ,

(10)

where 𝑃 is calculated factor, 𝐼 is units matrix, and 𝐺 is the
gradient matrix of constraint function. The initial optimiza-
tion can be gotten from part thickness and the optimiza-
tion function iterates convergence along negative gradient
direction. The optimal value would be gotten in calculated
region. The sensitivity of main parts weight and thickness
is shown in Table 4.

The number 02 and number 03 variables are the mass of
battery pack 1 and battery pack 2, and number 35 variable is
the mass of battery pack 1 mounting bracket, while number
47 variable is the thickness of the upper box. Number 55
and number 57 variables are the thickness of battery pack
2 lower box and cover plate. From the simulation results in
Table 4, the weight sensitivity of battery pack 1 and battery
pack 2 is the highest. It is obvious that reducing the weight of
battery pack 1 and battery pack 2 is a great contribution to the
lightweight design. The results of the optimizing calculation
are similar to the simulation results. The total weight of
battery pack 1 and battery pack 2 is 220 kg, which accounts
for 81.5%proportion of the addedweight of E-REV.Therefore,
the lightweight of the battery packs andmounting bracket has
the greatest influence on E-REV lightweight.

5. Analysis of E-REV Lightweight Design

5.1. The Lightweight Design of E-REV. Table 5 shows the
bending sensitivity of main parts weight and thickness.
Variable number 05 is the weight of charger on left rear
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Table 5:The bending sensitivity ofmain parts weight and thickness.

Variable
number 02 03 05 07 24 46

Bending rigidity
contribution
ratio (%)

1.7 2.5 0.25 0.48 0.24 0.03

Torsional
rigidity
contribution
ratio (%)

0.9 1.1 0.11 0.09 0.07 0.02

Iterations
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Figure 5: The simulation result of vehicle weight.

stringer, variable number 07 is the weight of drive motor on
rear drive shaft, variable number 24 is the weight of lead-
acid battery, and variable number 46 is the thickness of
charger mounting bracket. According to the analysis results
in Table 5, the weight and thickness of the main parts have
little influence on bending sensitivity [14].

The parts’ optimized thickness and the result of the
optimized objective function are shown in Figure 5; the
vehicle weight reduces from 1935 kg to 1861 kg. However,
according to the actual steel plate standard, the optimized
thickness should be adjusted again.

According to (8), the Q235 (yield stress is 215MPa) steel
sheet of the primary battery box is changed into the high
strength steel sheet (yield stress is 410MPa). The thickness
𝑡 = 2.0mm of Q235 sheet is reduced to the thickness 𝑡 =
1.448mm of the new high strength steel sheet under the
circumstance of the plastic deformation not occurring.

According to the simulation analysis, the weight loss
results of main parts are shown in Table 6.

If the large capacity batteries are used, then total battery
voltage drops from 352V to 320V and the total weight of
the batteries reduces by 28.78 kg based on the constant total
battery energy. In this case, the lightweight proportion is
13.08% and the lightweight effect is obvious.

In order to guarantee the strength and rigidity of the
important loaded components during car body lightweight-
ing design, the shape of some parts is changed from opening
shape to closed shape. Then the thickness of those parts can
be reduced and the strength and rigidity of those parts are
greatly improved without added weight [15].

The lightweight of the fixed structure of the E-REV body
is also designed.The thickness of the plate sheet reduces from

Table 6: Weight loss comparison of main parts in battery pack.

Parts Thickness
(mm)

Lightweight
thickness
(mm)

Reducing
weight (kg)

Battery pack 1
upper box 2.0 1.0 2.28

Battery pack 1
low box 2.0 1.5 0.186

Battery pack 1
mounting
bracket

2.0 1.5 0.22

Battery pack 2
cover 2.0 1.0 5.26

Battery pack 2
low box 2.0 1.0 7.26

Table 7: The rear-end collision simulation comparison of E-REV
before and after lightweighting the main parts.

Before
lightweight

(mm)

After
lightweight

(mm)

Difference
(%)

Maximal
deformation of
vehicle body

350 344 1.7

Maximal
deformation of
battery pack 1

31 22 29

Maximal
deformation of
battery pack 1
mounting bracket

14.1 13.8 1.4

Maximal
deformation of
battery pack 2

35 27.8 20.6

Maximal
deformation of
battery pack 2
mounting bracket

26.7 25.3 3.1

2.0mm to 1.5mmand the total weight of the car body reduces
by 37.62 kg, the proportion of weight loss is 13.9%, and the
total vehicle weight after lightweight is 1868.68 kg.The results
agree well with the optimization function calculated results
and the lightweight effect is obvious.

5.2. The Rear-End Collision Simulation of E-REV after Light-
weight. The lightweight FEMmodel of E-REV is input again
and is calculated. From the simulation result, the mounting
bracket of battery pack 1 is impacted and the deformation
process and the time of appearing maximal acceleration are
similar to before. It explains that energy absorption capability
of battery pack 1 mounting bracket does not drop after
lightweight design. The crash force is close to the crash force
before lightweight under rear-end collision test.The rear-end
collision simulation comparison of E-REV before and after
weight loss of main parts is shown in Table 7.
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Table 8: The mode simulation of E-REV before and after light-
weighting the main parts.

Bending mode (Hz) Torsional mode (Hz)
Before lightweight 44.5 38.3
After lightweight 43.7 42.4

To some extent, the maximal deformations of two battery
packs’ mounting brackets drop and the box structures are
strengthened after the lightweight design as shown in Table 7.
The collision protection of the battery packs has strengthened
and then the electric shock risk will be reduced because the
risk of the battery module damage and electrolyte leakage is
largely reduced. The results are very important for passing
standards GB 20072 and GB/T 19751 during the rear-end
collision test of E-REV.

The mode simulation results of E-REV are shown in
Table 8. The simulation results are based on the complete
BIW (body in white) with dormer, front subframe, and
front and rear windshield. They show that the first-order
bendingmode of E-REV after lightweight is close to the result
before lightweight and the torsional modal frequency greatly
improved. Similarly, they can predict that rigidity of E-REV
BIW after lightweight is close to the result before lightweight.

As the lightweight model has passed rear-end collision
test, it can be predicted that the E-REV after lightweight will
get better experimental results and pass the rear-end collision
test.

6. The Rear-End Collision Test of
E-REV after Lightweight

The rear-end collision test of lightweight E-REV operates
according to standard GB 20072-2006. The collision speed is
50 ± 2 km/h and fuel is replaced by water before the test.

The collision acceleration curves of battery pack 1 bracket
under rear-end collision test before and after weight loss
of main parts are shown in Figure 6. Compared with the
simulation, the peak acceleration and appearing time have
some deviation, but the acceleration curves are coincident.
All the curve trends are similar and the discrepancy is very
little (<10%) at the maximal acceleration happen time; then
the test data show that the simulation model is accurate and
can be used to analyze the rear-end collision safety of E-REV.

Figure 7 is the knocked-down picture of E-REV battery
pack 1 and battery pack 2 under rear-end collision test after
weight loss ofmain parts. As shown in Figure 7(a), the battery
mounting bracket deforms, but the deformation is not large
and the battery module of the battery pack 1 is not obviously
damaged. So the batterymounting bracket plays an important
role in resisting deformation and energy absorption. After
rear-end collision test, the left-front module bracket of the
battery pack 2 has a little deformation, but bolt, cable, harness,
and connection are not damaged.The bakelite plate is broken
but with no battery damage and leak, as shown in Figure 7(b).
It is found that the voltages of three battery modules are
abnormal in battery pack 2, but the voltages of other battery
modules in battery pack 1 and battery pack 2 are normal.
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Figure 6: The collision acceleration of battery pack 1 bracket under
rear-end collision test before and after lightweighting themain parts.

Table 9:The test result of E-REV vehicle modality after lightweight-
ing the main parts.

Test Simulation Deviation
Torsional mode (Hz) 41.3 42.4 2.66%
Bending mode (Hz) 42.9Hz 43.7 1.86%

The experimental results can pass the requirement of stan-
dard GB/T 19751.

The simulation results of the maximal vibration displace-
ment under rear-end collision test after lightweighting the
main parts can be shown in Figure 8. The locations of the
maximal vibration displacement and bending displacement
are consistent with the test results.The rear-crash testmethod
is done according to the test process in GB 20072.

The test results of E-REV vehicle modality after weight
loss ofmain parts are given inTable 9.They draw a conclusion
that they are similar to simulation result of torsional and
bending modal after lightweight.The reliability of simulation
model and theory analysis is proved to be right from data in
Table 9. The BIW mode of E-REV after weight loss of main
parts is similar to before.

Thedeviation of battery pack 1maximal deformation sim-
ulation compared with test data reaches to 15.7%, but other
parts’ maximal deformation simulation deviation is accurate
and less than 10%.On the other hand, it demonstrates that the
simulation model is reliable. The comparison data are given
in Table 10.

The rear-end collision test of E-REV completely satisfied
standards GB/T 19751-2005 (hybrid electric vehicles safety
specification) and GB 20072-2006 (the requirements of fuel
system safety in the event of rear-end collision for passenger
car) [16, 17].
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(a) Deformation of battery pack 1 (b) Deformation of battery pack 2

Figure 7: The knocked-down picture of E-REV battery pack 1 and battery pack 2 under rear-end collision test after lightweighting the main
parts.

Contour plot
Displacement (Mag)
Analysis system

5.056E + 00

4.496E + 00

3.937E + 00

3.377E + 00

2.817E + 00

2.258E + 00

1.698E + 00

1.139E + 00

5.791E − 01

1.953E − 02

No result

Figure 8: The deformation comparison of simulation picture of E-
REVbattery pack 1 inner structure under rear-end collision test after
lightweighting the main parts.

7. Conclusions

The totalmass of E-REV is heavier than the prototype vehicle.
In view of themassive influence of the totalmass of E-REVon
fuel economy and passive safety, the lightweight design of E-
REV is analyzed and the optimized objective function is built
based on the rear-end collision safety. The influence factor
and weight sensitivity of E-REV lightweight design are ana-
lyzed. According to the simulation results, the battery pack
structures and the battery packmounting brackets aremainly
lightweight objects to be optimized to drop E-REV weight. It
is proved that the total mass of E-REV is cut down largely
under the precondition of enough passive safety. So the fuel
economy and emission of the vehicle are improved largely
after lightweight. It is proved that E-REVhas enough safety by
rational lightweight optimization methods from the rear-end
collision results of the simulation and test. It can effectively
reduce the weight of key parts using the high strength and
light materials under the precondition of crash safety and
manufacturing cost control by the optimization design. The
multitarget optimization function is an important method
for lightweight. The results show that the lightweight design
method is effective and the simulation model is correct. It

Table 10: The rear-end collision test of E-REV after lightweighting
the main parts.

Test Simulation Deviation
Maximal
deformation of
vehicle body (mm)

341 344 1.7%

Maximal
deformation of
battery pack 1
(mm)

19 22 15.7%

Maximal
deformation of
battery pack 1
mounting bracket
(mm)

14 13.8 1.43%

Maximal
deformation of
battery pack 2
(mm)

28 27.8 0.7%

Maximal
deformation of
battery pack 2
mounting bracket
(mm)

24 25.3 5.4%

is possible to analyze other similar lightweight problems of
new energy vehicles by the similar simulation model and
optimization methods.
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Interaction of process andmachine in grinding of hard and brittlematerials such as cemented carbidemay cause dynamic instability
of the machining process resulting in machining errors and a decrease in productivity. Commonly, the process and machine tools
were dealt with separately, which does not take into consideration the mutual interaction between the two subsystems and thus
cannot represent the real cutting operations. This paper proposes a method of modeling and simulation to understand well the
process-machine interaction in grinding process of cemented carbide indexable inserts. First, a virtual grindingwheelmodel is built
by considering the random nature of abrasive grains and a kinematic-geometrical simulation is adopted to describe the grinding
process. Then, a wheel-spindle model is simulated by means of the finite element method to represent the machine structure. The
characteristic equation of the closed-loop dynamic grinding system is derived to provide a mathematic description of the process-
machine interaction. Furthermore, a coupling simulation of grinding wheel-spindle deformations and grinding process force by
combining both the process andmachinemodel is developed to investigate the interaction between process andmachine.This paper
provides an integrated grinding model combining the machine and process models, which can be used to predict process-machine
interactions in grinding process.

1. Introduction

High performance cutting tools play an important role in
modern manufacturing. To some extent, the performance
of a cutting tool determines the cutting behavior and the
process capability. With recent developments in aerospace
and automobile industries, there are increasing demands
for high-quality parts [1, 2]. In order to meet the urgent
requirements for high quality parts, cutting tools made of
cemented carbide are used, which is a very hard and brittle
material.

Due to the hardness of cemented carbide cutting tools are
mainly manufactured by grinding process. Grinding is one
of the most common material removal processes to achieve

desired surface integrity, dimensional tolerance, and form
tolerance. It is used as a typical finishing process as well as
for high material removal rates. In the grinding process, the
machine tools and process constitute a closed loopmachining
system. The generated cutting forces and temperature cause
elastic deformations in themachine tool systemwhich change
the instantaneous chip area which in turn has an influence on
the cutting forces.

During precision machining, the dynamic interactions
between machining process and grinding machine structure,
for example, vibrations, deflections, or thermal deforma-
tions, result in poor quality of produced parts, short life of
machine components and tools [3, 4]. Different methods
have been developed and used to detect and diagnose the
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machine faults [5–7]. In the past, the process and machine
tools were dealt with separately. However, the separation
of the machining system into the two subsystems does not
take into consideration the mutual interaction between the
two subsystems and thus cannot represent the real cutting
operations. The continuous and mutual influence exerted by
both machine and process results in the often unpredictable
effects in precision grinding of hard and brittlematerials such
as cemented carbide, which may cause dynamic instability of
the machining process resulting in machining errors and a
decrease in productivity.

In order to meet requirements of high accuracy and
productivity in grinding of cemented carbide cutting tools,
it is essential to understand well the interaction between the
process and the machine tool system linked with the force
and the deformation. The interaction between process and
machine is usually hard to predict due to its complexity, and
extensive experiments are laborious and expensive. In many
cases, predictions can only be made by means of complex
simulations [3]. There has been numerous researches con-
ducted to the modeling and simulation of grinding processes
in the last two decades; however, commonly most focus
on simulation of local contact area interaction between the
grinding wheel and workpiece and neglect displacements of
the machine system [8–12]. Once vibrations and deforma-
tions of machine structure caused by process forces can be
determined, strategies can be derived to reduce geometry as
well as thermomechanical errors by process parameter and
tool path optimization [4]. Therefore, it is necessary to treat
process and machine structure in an integrated way.

The prediction of process-machine interactions requires
models of machine and process. To predict the interactions
thesemodels have to be built and then coupled and simulated.
Due to the large number of abrasive grains with unknown
time-dependent geometry and distribution, grinding is a
complex material-removal process [13]. Based on kinematic-
geometrical simulations, numerous macroscopic and micro-
scopic approaches have been used to build the grinding
process model up to now [9]. On the machine tool side,
the integrated models providing data on static and dynamic
behavior of the structure must be appropriately parameter-
ized. Multiple approaches for building a machine model are
presented in [10].

The simulation of cutting processes under consideration
of process and machine properties can be carried out along
with different methods. The coupled simulation was a rel-
atively new approach which permits simultaneous usage of
two different simulation environments with data exchange
by means of a suitable interface [3]. Brecher and Witt [14]
proposed an approach for simulating a machining process,
including interactions between machine tool and a cutting
process. Three different approaches were used to carry out
a coupled simulation of machine and process. Herzenstiel
et al. [15] developed a comprehensive simulation of the
grinding process and the grinding machine. They combined
the process model (KSIM) and the machine model (FEM)
and proposed a staggered iteration scheme. Weinert et al.
[16] used a cosimulation comprising a geometric-kinematical
process simulation and a finite elements simulation to

50𝜇m

Figure 1: Topographies of grinding wheel.

investigate NC shape grinding. The authors also provided
an iterative solution for nonlinear process-structure coupling
problems. Aurich and Kirsch [17] presented new insights
in the modeling process and the examination of process-
machine interactions using kinematic simulation.

In this paper, the interaction of process and machine
in cemented carbide insert grinding is studied. The authors
propose a geometric-kinematical simulation and a wheel-
spindle model based on finite element method. Furthermore,
a couple simulation approach which treats the grinding
process and machine tool structure in an integrated manner
is presented. Also, an investigation of the results of process-
machine interaction is described.

2. Process Model

A kinematic-geometrical simulation model (KSIM) is
adopted in this research work, which was first developed by
Warnecke and Zitt [18]. The concept of KSIM is based on the
observed micro- and macroscopic cause and effect chain in
grinding and simulates the grinding process as a penetration
between the enveloping profile of the grinding wheel and the
workpiece [17]. Therefore, the micro and macro geometry
of the grinding wheel and workpiece have to be modeled.
In the simulation, ideal cutting is assumed by not taking
account of rubbing and ploughing of materials and each
grain removes the whole material volume encountered. In
the simulation, the loads and stresses can be calculated
in FEM for every single grain by using material models.
On the other hand, the forces that are generated can be
calculated using modified Kienzle equations together with
the knowledge of the accumulated machined material and
the chip corss-section [3].

2.1. Modeling of the Grinding Wheel. To gain realistic sim-
ulation results the grinding wheel topography has to be
modeled precisely. The topography of a diamond wheel in
a stationary wear state was measured by using a KEYENCE
VHX-5000 3D-measuring system. Figure 1 shows the top
view of the topography at working face. As can be seen
from Figure 1, the real geometry of single grain is similar to
pyramid; therefore hexahedron was chosen in this work for
mathematical simplification in modeling. It is noted that the
process model to be built requires considering the combined
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Figure 2: Virtual grids of abrasive grains distribution.

Figure 3: Virtual grinding wheel archetype.

action of the grains which are stochastically spaced in the
grinding wheel. The authors proposed a novel approach to
take account for the random nature of grinding wheel [19].
The average grit spacing is estimated by using the density of
the grits.The location of each grain is represented by its center
coordinate. The spatial probability distribution of the grains
is obtained by adjusting the location of each individual grain
center in three-dimensional space.

In order to avoid the overlapping between abrasive grains
in the binder, a virtual grid approach is used to account for
the random nature of the grinding wheel. Assuming abrasive
grains are distributed in a square area of the grinding wheel
and each grain is restrained in an imaginary grid, see Figure 2.
𝐴 is the length of the virtual grid which depends on the
grain density. 𝐷 is the diameter of the grain. The location
coordinates of the grains are randomly distributed in a 𝑙 × 𝑙
square area.

The major components of the topography of grinding
wheel are abrasive grains and bonds. Since only the grains
participate in actual cutting process, the influence of binds
is neglected in modeling. For modeling the grinding, a real
diamond 12A2T grinding wheel in stationary wear state with
a dimension of Φ400 × 4.8mm was used as archetype; see
Figure 3. The density of the grits was 127 per mm2 and the
nominal grit size was between 50 𝜇m and 70 𝜇m. As to the
grain geometry, a hexahedron with each side length of 50 𝜇m
was adopted. A method in [19] was used to build the detail
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Figure 4: Random position coordinates of grains.

Figure 5: Modeled grinding wheel section.

grindingwheelmodel. First, the randomposition coordinates
of the abrasive grains were generated; see Figure 4. Then,
the geometry model was built with a commercial three-
dimensional software. For a section of the modeled virtual
grinding wheel, see Figure 5.

2.2. Process Model. With the grinding wheel model at hand,
simulations for different combinations of the input grinding
parameters can be conducted. In the simulation, ideal cutting
is assumed neglecting ploughing and friction effects; there-
fore the process force at a given time depends linearly on the
cutting depth based on Kienzle approach:

𝐹 (𝑡) = 𝑘
𝑐
⋅ Δ (𝑡) , (1)

where 𝑘
𝑐
denotes the process stiffness.The output parameters

of the simulation are the experimentally not measurable
undeformed chip thickness, chip length, chip width and chip
cross section of every single grain. Using the simulated chip
cross section from simulation, the process force can be cal-
culated. Process stiffness 𝑘

𝑐
is an experimentally determined

parameter, which can be determined by executing series of
tests. In this work, the face grinding of a cemented carbide
indexable insert is investigated; see Figure 6.Thedetails of the
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Indexable insert Grinding wheel 

Figure 6: Cemented carbide cutting insert grinding.
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Figure 7: Simulated process force.

grinding tests can be found in [19]. It has to be noted that the
grinding tests conducted in this work were based on a fixed
𝑦-axis, which was different from [19].

The exemplary parameter combination of cutting speed
42m/s, depth of cut 0.02mm, and feed rate 300mm/min
was chosen to show and explain the results of simulation.
In Figure 7 the grinding force for one wheel revolution of
the simulated process force is depicted. Due to the constant
change of protrusion heights on the topography of grinding
wheel, the chip cross-sectional areas fluctuate and result in an
oscillating simulated force signal.

3. Machine Model

For an exact simulation of the mutual interaction between
grinding process and machine, the machine structure has
to be modeled accurately. Therefore the machine model
has to be able to respond to excitations coming from the
grinding process and to create an output which again has
an influence on the calculated grinding process. Since the
modeling of a complete machine is usually very complex and
time consuming, if some of the machine components react
to an excitation by the grinding process, a selective model
can be adopted [4].Themainmodelingmethods for grinding

Grinding wheel

Spindle 

Figure 8: Wheel-spindle FE model.

Workpiece Grinding wheel

u

Figure 9: Point contact.

Table 1: Material properties of spindle and wheel hub.

Steel 40Cr
Density [kg/m3] 7890 7870
Young modulus [GPa] 209 211
Poisson’s ratio 0.269 0.277

machines are finite element, multibody simulation, boundary
element, and analytical methods [3]. In this work, a wheel-
spindle finite element (FE) model is chosen and built; see
Figure 8. The spindle is made of steel and the wheel hub is
made of 40Cr. Material properties are listed in Table 1. Apart
from the wheel-spindle model, the contact between wheel
and workpiece can be simplified to single point contact [12];
see Figure 9. Accordingly, only one node is in contact. The
contact force returned for a single contact point is a function
of time and displacements.

For parameterising the wheel-spindle model, static and
dynamic behavior of the real machine must be measured and
characterized accurately. Amodal experiment was conducted
by using an impact hammer instrumented with a piezoelec-
tric transducer and an accelerometer. Then the measured
eigenfrequencieswere comparedwith the results of themodal
analysis by using commercial FEA software to verify and
validate the related FE model. All eigenfrequencies extracted
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Figure 10: Coupling simulation of process-machine interaction.

Table 2: Eigenmodes 1–5 extracted from experimental data and FE
simulations.

Mode Experiment [Hz] FE model [Hz] Difference [%]
1 220 215.62 1.99%
2 330 353.64 7.16%
3 780 753.23 3.43%
4 950 929.53 2.16%
5 1050 1019 2.95%

from FE simulations are well matched to the experimental
data; see Table 2.

4. Process-Machine Interaction

4.1. Modeling of Process-Machine Interaction. Assuming the
dynamic displacements of machining system under excita-
tion of grinding process forces at a given time will be

𝑥 (𝑡) = Δ (𝑡) − Δ (𝑡 − 𝑇) , (2)

whereΔ(𝑡) andΔ(𝑡−𝑇) are the present and past instantaneous
grinding depth, 𝑇 is grinding rotation period. Assuming the
nature frequency of the machine tool is 𝑤, the variation of
dynamic displacement 𝑥(𝑡) in the frequency domain can be
represented as

𝑋(𝑖𝑤) = 𝐺
𝑚
(𝑖𝑤) 𝐹 (𝑖𝑤) , (3)

where 𝐺
𝑚
(𝑖𝑤) is the transfer function of the machine tool.

Convert (1) and (2) from the time domain to the frequency

domain and combine with (3); we can obtain the characteris-
tic equation of the closed-loop dynamic grinding system

[1 − (1 − 𝑒
−𝑖𝑤𝑇
) 𝑘
𝑐
𝐺
𝑚
(𝑖𝑤)] Δ (𝑖𝑤) = 0. (4)

With (4) the dynamic behavior of machine tool 𝐺
𝑚
(𝑖𝑤)

and the grinding parameters 𝑘
𝑐
, Δ are linked. The dynamic

forces generated in grinding process continually excite the
machine structure. The local cutting depth of grinding wheel
varies, which in turn influences the grinding force. When the
exciting frequency approaches the nature frequency of the
machine structure, instability of the grinding process occurs.

4.2. Coupling Simulation. In order to simulate the interac-
tion of grinding process and machine structure, a coupling
simulation method is adopted in this work. In coupling
simulation, both simulations run simultaneously in different
simulation environments and communicated to each another
in synchronized cycles [3]; see Figure 10.

A simulation cycle is developed in a coupling simulation.
First, a simulated force signal generated by the process model
starts as input data for the machine model. The machine
model delivers displacements related to the contact zone
for one wheel revolution, which again constitutes input data
for the process model. Equation (1) is only valid for an
ideally stiff grindingwheel; however, grindingwheel has axial
deformation 𝑢 due to forces in grinding process; see Figure 9.
Assuming the initial grinding depth isΔ

0
, the actual grinding

depth will be (Δ
0
+𝑢). By multiplying (Δ

0
+𝑢) by the process

stiffness 𝑘
𝑐
an adjusted force value is then obtained and can be

subsequently used to calculate the deformation again. Since
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Initial grinding Grinding wheel 

The first time step iteration

Grinding depth Grinding wheel 

Convergence iteration

Grinding depth Grinding wheel 

Uncoupled solution

Coupling iteration

Coupled solution

Next time step

depth Δ0

Δ1 = Δ + u0

Grinding force F0

Grinding force F1

Grinding force Fconv Δconv 

deformation u0

deformation u1

deformation uconv 

Figure 11: Data exchange and convergence for iteration process.

the process and machine state vary in time, the coupling
simulation has to be solved iteratively.Weinert et al. proposed
an iteration approach to solve the problem [16]. In order to
evaluate the process and machine state after each iteration
step, the convergence criteria have to be given. The iteration
is repeated until the simulated force or displacement signals
of two consecutive iteration steps showminor deviations; see
Figure 11. Figure 12 shows the mean values for force and the
displacement converge over one grinding wheel revolution
after 5 iterations from (31.9N, 11.56𝜇m) to (29.2N, 8.5 𝜇m).
These values are smaller than the values corresponding to the
uncoupled solution.

4.3. Coupling Results. A fast Fourier transform of the force
signal in Figure 6 shows the exciting frequencies of grinding
forces with a dominating contribution of frequencies of up
to 1100Hz; see Figure 13. As can be seen from Figure 13, the
dominating frequencies of force signal cover the top 5 order
frequencies of wheel-spindle structure. The force signal can
be substituted by a set of harmonic function of harmonic

depths of cut and the generated harmonic loads are able to
excite the grinding wheel. The force and the deformation
are normalized so that they can be represented in the same
diagram [20]. All forces shown are normalized by dividing
the amplitudes of the initial force value. And all deformations
are normalized by dividing themaximum deformation value.

Considering the force and deformation in one wheel
revolution, the coupling simulation between grinding wheel
and process is performed in a set of harmonic grinding depths
with a fixed amplitude of 20 𝜇m and a fixed frequency of
210Hz, which corresponds to an eigenfrequency of wheel-
spindle structure. Figure 14 shows that the effectively applied
force and the resulting deformation oscillate with the same
frequencies and they are inversely influenced by each other.
The frequency corresponding to the eigenfrequency of the
machinemay lead to a nonstable process. Figure 15 shows that
through coupling the effective force signal acquires smaller
amplitudes than the initial one. The effective force acting at
the grinding wheel is smaller than the value corresponding
to the uncoupled solution, and the effective force is only
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Figure 13: FFT-transform of force signal.

about 47% of the initial force in the first cycle which is most
likely due to the deformation of grinding wheel. When a
grinding wheel experiences deformations the actual depth of
cut generated will be smaller, which subsequently causes a
smaller grinding force value.

5. Conclusions

In this paper, a method of modeling and simulation for
process-machine interaction in grinding of cemented carbide
indexable inserts was presented.

A center coordinate adjusting method and a virtual grid
method were adopted to model the topographies of grinding
wheel. The methods proposed in this work take account
of the random nature of abrasive grains and were able to
avoid overlapping between abrasive grains in the binder in
modeling. With the grinding wheel model at hand, a process
model base on KSIMwas able to generate forces as input data
in process-machine interaction. A wheel-spindle structure
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Figure 14: Effective force and displacement.
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was selected andmodeled bymeans of finite elementmethod.
The dynamic characteristic of the model was then verified
by experimental modal analysis, which proves to match well
with the experimental results.

The characteristic equation of the closed-loop dynamic
grinding systemwas derived to account for the inner-relation
of process and machine. A coupling simulation with an iter-
ation algorithm was proposed to investigate the process and
machine interaction. In the coupling approach, process and
machine structure were dealt with in an integrated manner
and interacted in synchronized cycles. Dynamic interaction
of grinding forces and grinding wheel deformations were
then investigated based on the proposed simulation method.
It shows that the grinding wheel deformations have an influ-
ence on the cutting forces. The coupling method serves as a
useful tool to understand well the interaction phenomenon
in grinding of cemented carbide indexable inserts.
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We present an algorithm of quantum restricted Boltzmann machine network based on quantum gates. The algorithm is used to
initialize the procedure that adjusts the qubit and weights. After adjusting, the network forms an unsupervised generative model
that gives better classification performance than other discriminative models. In addition, we show how the algorithm can be
constructed with quantum circuit for quantum computer.

1. Introduction

The restricted Boltzmann machine (RBM) is a probabilistic
networkmodel that has one visible layer and one hidden layer.
In the RBM structure, the connections between visible vari-
ables and hidden variables are excluded, so a visible variable is
conditionally independent influenced by the units of hidden
layer, and a hidden variable is conditionally independent
influenced by the units of visible layer. The RBM has been
applied in many fields, such as text [1, 2] and images [3].
In [4], using complementary priors, a fast, greedy algorithm
can learn deep, directed belief networks one layer at a time,
provided the top two layers form an undirected associative
memory. In deep belief nets (DBN) for phone recognition
[5], the mean covariance RBM is firstly introduced to learn
features of speech data that serve as input into a DBN. The
result of the proposed method is superior to all published
results on speaker-independent TIMIT to date. For using
RBM better, the research in RBM is introduced precisely for
now in [6]. It provides a series of methods for the param-
eters of RBM to solve the existing problem. In [7], the spike
and slab RBM are characterized by having both a real-valued
vector, the slab, and a binary variable, the spike, associated
with each unit in the hidden layer. The proposed method
can achieve competitive performance on the CIFAR-10 object
recognition task. As the classification RBM is established,

different strategies for training and different approaches to
estimating gradient are studied. The proposed method is
applied in, namely, semisupervised and multitask learning
[8]. The present paper describes a novel algorithm for
automate brainMRI scan tissue segmentation which employs
a continuous RBM.The results of a pilot performance test are
presented. The proposed method can approach and possibly
surpass the performance of existing segmentation algorithms
[9]. For now, there are two ways. One is that a RBM is
trained as an unsupervised neuron model for Deep Belief
Network. The other is that a RBM is paired with some other
evolution algorithms or computationmethods to improve the
performance of learning methods.

Quantum computation was firstly proposed by Kak [10].
Nielsen and Chuang extended the field and applied the
algorithm in factoring [11]. In quantum computation, qubit
is the basis of computation, which can contain many system
conditions.The parallelismmakes the algorithm execute fast.
Therefore, quantum computation has better performance
in computational complexity, convergence, and arithmetic
speed. Nowadays, quantum computation combines other
evolution algorithms, such as quantumFourier transform [12,
13], quantum neural network [14, 15], and quantum genetic
algorithm [16, 17]. Quantum algorithm is applied in bilevel
multiobjective programming, parameter optimization, and
pattern recognition [18–20].The best way to achieve quantum
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computation is to construct a quantum circuit for quantum
computer. Maeda et al. [21] used a quantum circuit to con-
struct a qubit neuron model to solve XOR problem. P. C. Li
and S. Y. Li [22] established a learning algorithm of quantum
neural network based on universal quantum gate, which got
a superior performance in pattern recognition. Aiming at fast
computation and efficient convergence, the quantum circuit
has been applied in eigenvalues search [23], optimal method
[24], probability calculation [25], and so on [26].

In this paper, we argue that quantum computation can
provide a novel, fast, and stable framework for RBM to
solve unsupervised nonlinear problems. An algorithm of
quantum restricted Boltzmann machine (QRBM) network is
proposed. In the proposed method, quantum representation
is used as input, and quantum gates are used for data training
and parameters updating. By modeling the quantum circuit
of visible layer and hidden layer, QRBM will be used for
locating the best global solution in the network outputs. We
compare different number of hidden layers, which is the
key of convergence speed and complexity. We also describe
how the QRBM can be used for pattern recognition. Using
experiments on fault diagnosis of gear box, we show that
the classification performance of QRBM is more competitive
than other classifiers such as standard RBM (SRBM) network
and standard neural network (SNN).

The structure of the paper is organized as follows. In
Section 2, the principle of RBM network is introduced.
Section 3 shows the quantum computation and quantum
gates for QRBM. In Section 4, the execution steps of QRBM
are given, and it shows how the quantum circuit is composed
of quantum gates, which provides a simulation progress.
Section 5 shows the pattern recognition performance of
QRBM for gear box with different hidden layers.

2. Restricted Boltzmann Machine Network

In RBM with one hidden layer, consider the state of 𝑛 visible
layer and the state of𝑚 hidden layer ℎ; the energy function is
given by

𝐸 (V, ℎ) = −∑
𝑖,𝑗

V
𝑖
ℎ
𝑗
𝑤
𝑖𝑗
−∑

𝑖

𝑏
𝑖
V
𝑖
−∑

𝑗

𝑐
𝑗
ℎ
𝑗
, (1)

where𝑤
𝑖𝑗
is the connection weight and 𝑏

𝑖
and 𝑐
𝑗
are the biases

of two layers, 𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑚.
According to energy function, the joint probability of a

visible and a hidden variable V, ℎ is assigned:

𝑝 (V, ℎ) =
1

𝑍

𝑒
−𝐸(V,ℎ)

, (2)

where 𝑍 = ∑V,ℎ 𝑒
−𝐸(V,ℎ).

The probability for visible layer V is given by summing the
whole possible variables in hidden layer:

𝑝 (V) =
∑
ℎ
𝑒
−𝐸(V,ℎ)

𝑍

. (3)

The probability that the RBM is assigned to a training
set can be raised by finding the minimum energy in energy
function. Define free energy as

Free Energy (V) = − ln∑
ℎ

𝑒
−𝐸(V,ℎ)

. (4)

Then the probability can be rewritten as

𝑝 (V) =
𝑒
−Free Energy(V)

𝑍

. (5)

Because of probabilistic network, the performance of
RBM, whose standard is likelihood function, is evaluated on
probability theory. The method of maximum likelihood is
used for estimation for model parameters, which makes the
maximum probability for variables of visible layer and finds
the minimum free energy of the RBM network:
𝜕 ln𝑝 (V)
𝜕𝑤
𝑖𝑗

= 𝑝 (ℎ
𝑗
= 1 | V) V

𝑖
−∑

V
𝑝 (V) 𝑝 (ℎ𝑗 = 1 | V) V𝑖,

𝜕 ln𝑝 (V)
𝜕𝑏
𝑖

= V
𝑖
−∑

V
𝑝 (V) V𝑖,

𝜕 ln𝑝 (V)
𝜕𝑐
𝑗

= 𝑝 (ℎ
𝑗
= 1 | V) −∑

V
𝑝 (V) 𝑝 (ℎ𝑗 = 1 | V) ,

(6)

where 𝑝(ℎ
𝑗
= 1|V) = sigm(∑𝑛

𝑖=1
𝑤
𝑖𝑗
V
𝑖
+ 𝑐
𝑗
).

For sampling problem in RBM, it starts at any random
state in visible layer andperformsGibbs sampling [1]. In order
to simplify the procedure of sampling, a gradient of objective
function called contrastive divergence is shown, which needs
fewer steps.

3. Quantum Computation

In quantum computation, because of the entanglement,
superposition, and no-cloning of qubit, a random state can
represent linear combination of two basic states:





𝜙⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ , (7)

where 𝛼 and 𝛽 are the probability amplitude.The relationship
between 𝛼 and 𝛽 satisfies the following:

|𝛼|
2
+




𝛽





2
= 1. (8)

In this paper, the independent variables can be described
as follows:

x
𝑖
= (𝛼𝑖

𝛽
𝑖)
T
, (9)

where 𝑖 = 1, 2, . . . , 𝑛.
In quantum computation, the quantum gates are used for

random and complicated computation. In Hilbert space, a
random unitary transformation can be decomposed into the
combination of single qubit gates and two-qubit gates. The
common quantum gates have Hadamard gate (𝐻), rotation
gate (𝑅), and controlled-NOT gate (𝑈cnot), which are shown
in Figures 1, 2, and 3.

In order to carry out the proposed QRBM algorithm, the
three quantum gates are the basis for constructing a quantum
circuit to execute.
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H

Figure 1: Hadamard gate.

𝜑

Figure 2: Rotation gate.

Figure 3: Two qubit controlled-NOT gates.

4. The Algorithm of Quantum Restricted
Boltzmann Machine

4.1.The Quantum Representation. There is a set of dependent
variablesH = (ℎ

1
, ℎ
2
, . . . , ℎ

𝑞
) and a set of independent varia-

bles X = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑝
).

Definition 1. A formula which is to transform the real values
into the quantum representation of variables is said to be
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(11)

where 𝑖 = 1, 2, . . . , 𝑝, 𝑘 = 1, 2, . . . , 𝑞.

In Formula (9) and Formula (10), one can see that
𝛼, 𝛽, 𝜃, 𝛾 ∈ [−1, 1]. After transformation, the qubit sets are
got:
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Figure 4: The quantum circuit of QRBM.

4.2. Quantum Circuit for QRBM. Based on quantum gates, a
quantum circuit can be constructed. Set a quantum register
{|0⟩, |0⟩, . . . , |0⟩}, which can store the state of assistant qubits.
The specific quantum circuit of QRBM network is shown in
Figure 4.

In Figure 4, we show the variables of visible layer
(|𝑥
1
⟩, |𝑥
2
⟩, . . . , |𝑥

𝑝
⟩) and the variables of hidden layer

(|𝑦
1
⟩, |𝑦
2
⟩, . . . , |𝑦

𝑞
⟩) and a quantum register contained 𝑝

qubits. Hadamard gate is the preprocessing step, which is
the basis of unitary transformation. The matrix of quantum
rotation gates is used for phase transformation to calculate
the coefficients of variables in visible layer.With a controlled-
NOT gate, a quantum state of each variable is switched, and
thewhole variables in visible layer are summed into one qubit.
After phase transformation with Hadamard gate again, the
states of one qubit in hidden layer are given, which represents
the output matrix.

As we all see, the quantum circuit in Figure 4 is a simple
circuit with one hidden layer. In order to enhance the per-
formance of QRBM, we can increase the number of hidden
layers to compose different QRBM network, such as QRBM1,
QRBM2, and QRBMn. A suitable number of hidden layers
can shorten execution time and maintain high classification
accuracy. The number of hidden layers in learning algorithm
is depended on the actual need for pattern recognition and
fault diagnosis.

4.3. The Strategy of Parameter Update. In QRBM algorithm,
there is amatrix of quantum rotation gate updated, which has
𝑝 × 𝑞 parameters:

𝑅 (𝜑) =

[
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.

.

. d
.
.
.

𝜑
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𝜑
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]

]

]

]

]

. (13)

Set QRBM1 algorithm as an example; the output after
quantum operations can be denoted as





ℎ
𝑘
⟩ = cos (𝜓

𝑘
) |0⟩ + sin (𝜓

𝑘
) |1⟩

= cos(𝜙
𝑘
+

𝜋

4

) |0⟩ + sin(𝜙
𝑘
+

𝜋

4

) |1⟩ ,

(14)

where 𝜓
𝑘
= 𝜙
𝑘
+ 𝜋/4, 𝜙

𝑘
= arcsin(∏𝑝

𝑖=1
sin(𝜀
𝑖
+ 𝜑
𝑖𝑘
+ 𝜋/4)).
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Figure 5: The quantum circuit of QRBM.

We put the coefficient of qubit |1⟩ as the actual output, so





ℎ
𝑘
⟩ = sin (𝜓

𝑘
) = sin(𝜙
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+

𝜋

4

) . (15)

Quantum computation is also a probability computation.
So the probability formula of hidden layer for QRBM is
obtained:

𝑝 (




ℎ
𝑘
⟩) = sin2 (𝜓

𝑘
) . (16)

Definition 2. For 𝑘 = 1, 2, . . . , 𝑞, the free energy for hidden
layer in QRBM can be said to be

Free Energy (𝜑) = FE (𝜑)

=

1

4

𝑎

∑
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(𝑝 (
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2

,

(17)

where 𝑝(|̃ℎ
𝑘
⟩) is the expected probability and 𝑝(|ℎ

𝑘
⟩) is the

actual probability.

The bigger the FE is, the worse the robustness of neural
networkmodel is. It will be sensitive for the change of sample.

For the updating of parameter 𝑅(𝜑), the gradient descent
method that can approach the minimum error is applied. Put

−
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where 𝑆
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= sin(𝜙

𝑘
) ∑
𝑝

𝑖=1
cot(𝜀
𝑖
+ 𝜑
𝑖𝑘
+

𝜋/4).



Shock and Vibration 5

So the formula of parameter updating is denoted as

𝜑
𝑖𝑘 (
𝑡 + 1) = 𝜑𝑖𝑘 (

𝑡) −

𝜕FE
𝜕𝜑
𝑖𝑘

, (19)

where 𝑡 is the iteration step.

5. Experiment

In this work, we applied the proposed algorithm, QRBM,
into the pattern recognition of gear box. The computation
operation has been carried out on a computer that had an
Intel Core 2 Duo CPU with 2.00GB of main memory. We
compared quantum restricted Boltzmann machine (QRBM)
with the other two traditional methods, standard neural
network (SNN) and standard restricted Boltzmann machine
(SRBM).

In gear box experiment for collecting vibration signals,
we set four working conditions, that is, normal condition,
gear tooth wear fault, gear root crack fault, and gear tooth
broken fault. The speed is 600 r/min. The sampling number
is 2048. The sampling frequency is 12800Hz. The mode of
sensor is CA-YD-185. For eachworking condition, 50 samples
are collected, in which there are 20 samples for training
and 30 samples for testing. Figures 5(a) and 5(b) give the
demonstration of vibration signal in fourworking conditions.

Considering amplitude and its distribution, we can see
some obvious differences in Figures 5(a)–5(d). Meanwhile,
the waves in Figure 5 are a little confused. In gear tooth wear
fault, there is much noise. In gear root crack fault, there is a
strong impact at the crack. In gear tooth broken fault, there is
lots of noise and a stronger impact at the broken point.

In order to find the best number of hidden layers, we
compared the performance of four QRBM algorithms in
execution time and classification accuracy. The number of
hidden layers is set at 1, 2, 3, and 4, which are called
QRBM1, QRBM2, QRBM3, and QRBM4. The parameters in
four algorithms are listed as follows. The initial value of 𝜑
is the random value in [0, 2𝜋]. The number of iteration 𝑡 is
1000. The structure of three algorithms is separately 2048-
1800-4, 2048-1800-1024-4, 2048-1800-1024-800-4, and 2048-
1800-1024-800-400-4. So, the comparison results are shown
in Figure 6.

As we can see from Figure 6, QRBM4 had the lowest
accuracy 85.6%, which took 11.27 s. QRBM3 had the accuracy
90.3%, which took 8.41 s. The classification accuracy of
QRBM2 was the highest accuracy 97.1%, which took 6.13 s.
QRBM1 had the accuracy 95.8%, which took 4.28 s. As the
number of hidden layers increases, the classification accuracy
is lower and the run time is longer. The reason that QRBM4
had lowest accuracy and longest execution time was that
there are too many quantum gates calculated and the value
is stuck in local optimum. For QRBM2, because of suitable
quantum gates, it had the highest classification accuracy, but
the execution timewas longer thanQRBM1.Therefore, in this
paper, we choose QRBM1 as the main learning algorithm.

To evaluate the performance of QRBM1, we compared
the classification performance to SNN and SRBM, which are
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Figure 6: The comparison result with four algorithms.

the traditional methods for pattern recognition. In SNN, the
parameters were set as follows. The structure is 2048-1024-
4. The learning rate is 0.9. The number of iteration steps is
1000. The tolerated error is 0.05. In SRBM, the parameters
were set as follows.The structure is 2048-1024-4.The number
of iteration steps is 1000.The tolerated error is 0.05.The three
algorithms were carried out 50 times, and these results are
presented in Table 1.

In Table 1, SNN, SRBM, and QRBM1 can reach the accu-
racy rate 100%, but QRBM1 had the shortest execution time.
Meanwhile, the performance of SRBM was better than SNN.
With observing all the results of four working conditions, the
best performance algorithm is QRBM1, which enhanced 2–
4% of classification accuracy rate and saved 63% of execution
time at most. So, QRBM algorithm has better feasibility and
practicability.

6. Conclusions

The intention of this paper is to propose an algorithm of
quantum restricted Boltzmann machine based on quantum
gate. We considered the universality of quantum computa-
tion for RBM for pattern recognition and evaluated it. In
particular, we highlighted the quantum circuit for QRBM
and explored the suitable number of hidden layers. We also
extended the application field where the QRBM can be
employed and multiclass problem can be solved.

As discussed and analysed previously, the algorithm of
QRBM is an effective and practical learning method, which
can achieve superior classification performance. As a prog-
nosis for quantum computation applied in RBM, with these
improvements to QRBM, this review could help us construct
a more precise quantum circuit for quantum computer in
future.
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Table 1: Comparison results of pattern recognition for gear box.

Condition Algorithms SNN SRBM QRBM1

Normal condition
Correct number 50 50 50
Accuracy rate (%) 100 100 100
Execution time (s) 12.9 8.4 5.8

Gear tooth wear fault
Correct number 48 50 50
Accuracy rate (%) 96 100 100
Execution time (s) 13.7 8.9 6.3

Gear root crack fault
Correct number 43 47 49
Accuracy rate (%) 86 94 98
Execution time (s) 18.3 9.2 6.7

Gear tooth broken fault
Correct number 45 47 48
Accuracy rate (%) 90 94 96
Execution time (s) 15.8 8.1 6.8
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The resonant characteristic of hydraulic system has not been described yet because it is necessarily restricted by linear assumptions
in classical fluid theory. A way of the resonance analysis is presented for an electrohydraulic exciter controlled by 2D valve. The
block diagram of this excitation system is established by extracting nonlinear parts from the traditional linearization analysis; as
a result the resonant frequency is obtained. According to input energy from oil source which is equal to the reverse energy to oil
source, load pressure and load flow are solved analytically as the working frequency reaches the natural frequency. The analytical
expression of resonant peak is also derived without damping. Finally, the experimental system is built to verify the theoretical
analysis. The initial research on resonant characteristic will lay theoretical foundation and make useful complement for resonance
phenomena of classical fluid theory in hydraulic system.

1. Introduction

Material fatigue or crack growth is a phenomenon commonly
met in mechanical engineering practice [1, 2]. Thus, fatigue
testing becomes an important and wise means to objectively
determine the performance of a mechanical product working
under vibrating condition [3]. Recently high-cycle fatigue
testing is more and more of interest. In Wright Patterson
Air Force Base, an electrodynamic shaker has been designed
to study high-frequency characteristics, of which working
frequency is from 350Hz to 600Hz depending on the
system itself. And a magnetostrictive material as an actuator
is used in electromagnetic exciter in order that working
frequency is up to about 2 kHz [4]. In Southwest Research
Institute, a piezoelectric driver is used in a new exciter for
enhancing frequency bandwidth in a large scale. Working
frequency, as a function of the specimen and grips, can
be achieved near 2 kHz, but it is limited to the resonance
point [5]. The vibrating enviroment is created artificially by
an exciter, which is driven by mechanical power, electrical

power, or hydraulic power [6]. However, in the case of heavy
power, an electrohydraulic exciter is commonly used. An
electrohydraulic exciter is designed by MTS specifically for
high-cycle fatigue testing [7]. It is controlled by a two-stage
servo valve. Though working frequency is improved greatly,
flow capacity is limited because of the structure of nozzle
flapper. So a voice valve with higher flow rate and frequency
response is used in an electrohydraulic exciter designed by
MTS Corporation. This system is integrated for elastomeric
material testing and crack growth testing in Michigan Tech-
nological University. This exciter’s operating frequency is
increased (1000Hz or above), but voice coil motor requires
additional cooling device to reduce the temperature under
a high current working environment. A three-stage servo
valve is produced by Rexroth [8]. It has better dynamic
response than nozzle-flapper structure, but the bandwith of
big flow valve is about 200Hz. In addition to designing new
electromechanical transformer and two-stage or three-stage
structure of servo valve, new control components have been
tried to replace servo valve used in electrohydraulic exciter.
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2 Shock and Vibration

Hao and Zhang [9] used a rotary valve in exciter to improve
vibration frequency. By controlling this rotary valve, the spool
will make a reciprocating motion to switch pressurized flow
rate to chambers of the cylinder or motor alternatively and
thus a vibration is created to the piston of the cylinder and
connected load. But vibration amplitude was dominated by
the oil’s pressure and thus had low accuracy, and the offset
control was difficult to achieve.

The hydraulic exciter is much restrained by the dynamic
performance of the servo valve, which is difficult to enhance
working frequency to a very high level. A novel scheme for an
electrohydraulic exciter controlled by a 2D valve is therefore
proposed to achieve higher frequency. The frequency and
the amplitude of sinusoidal vibration wave are separately
controlled by circumferential rotation and axial sliding of
spool, respectively [10]. But the relationship of vibration
frequency and the amplitudes is intercoupling; real data is
scarce. Therfore a promising solution is increasing working
frequency up to natural frequency of hydraulic system.
When frequency of the excited vibration comes close to
the natural frequency, resonance occurs and can improve
vibration amplitude greatly. This hydraulic resonance will
be researched and discussed through theoretical analysis
and experimental system, and finally some conclusions are
given.

2. Working Principle

2D valve, as a necessary control component, is used in
high-frequency electrohydraulic exciter because of this valve’s
special structure. 2D valve has two degrees of freedom, the
rotational and sliding motions of the spool. Such structure
not only acts a two-stage valve with pilot stage and direct
position feedback but also greatly improves the excited
frequency by increasing spool’s rotational speed. The spool is
continuously rotated by an electric motor and gear combina-
tion and sliding by an eccentric mechanism driven by other
electric motors, as shown in Figure 1.

The rotation of the 2D valve spool can produce the
alternatively varied valve port area which is formed between
the grooves on a spool land and the rectangular windows
on the sleeve. There is a series of grooves symmetrically
distributed on the spools (central angle of every groove is
𝛼) coordinated with the windows distributed uniformly on
the sleeve which create an “alternately varied” valve port area,
as shown in Figure 2. Then geometrically, the groove has 2𝛼
angle difference with respect to one on any two adjacent
shoulders. Such arrangement will cause a waveform with
180∘ phase angle between the meter-in valve port and the
meter-out valve port. The varied valve port area depends on
rotary speed and axial sliding of the spool. Consequently
the electrohydraulic vibrator controlled by 2D valve could
realize that the frequency and the amplitude of vibration are
dominated, respectively, by the rotary speed and the sliding
displacement of the spool of 2D valve.

The combination of 2D valve and a piston is selected as a
hydraulic power element to produce a reciprocating motion.
One chamber of the biactuation cylinder is controlled by

1 2 3
4

5

6

7

Figure 1: 2D valve with twomotors. 1: valve body, 2: sleeve, 3: spool,
4: eccentric mechanism, 5: stepping motor, 6: electric motor, and 7:
gearbox.

3

1

2

𝛼

𝜔

Figure 2: Coupling pattern of 2D valve. 1: groove on the spool, 2:
window on the sleeve, and 3: rectangular area.

a hydraulic bridge formed by meter-in and meter-out alter-
natively varied valve ports. Another chamber is a hydraulic
bridge with a 180∘ phase angle difference. As the spool of
the 2D valve makes a rotary motion the pressure inside two
chambers of the cylinder will change alternatively to make
the piston output a reciprocating vibration by reference to
Figures 3(a) and 3(b). Obviously, it is easy to obtain high-
frequency vibration by improving rotary speed of the spool.
The working frequency is also related to the number of the
grooves on a single spool land and the coupling pattern
between the grooves on the spool land and the windows on
the sleeve. However, this is achieved at the price of sacrificing
the magnitude of the 2D valve orifice area that decides the
amplitude of vibration. So in high-frequency section, the
excited amplitude will be to a large extent limited.
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Figure 3: Valve ports I and III open; piston moves to the right (a), and valve ports II and IV open; piston moves to the left (b). 1: cylinder, 2:
sleeve, 3: spool, 4: window, 5: groove, and 6: excited object.

3. Resonant Characteristics

The resonant principle of hydraulic fluid andmechanical sys-
tem is thoroughly different because the elements of mechan-
ical resonance including mass, damping, and spring are
mutually independent and the relevance among them is very
weak. However, hydraulic resonance elements composed of
spring, damping, and flow force are almost made with flow
power transmission mediums except mass. This hydraulic
medium that is working fluid not only acts as a force to
drive cycle oscillation of the piston, but also is a centering
spring of stiffness is a function of piston displacement and
takes into effect like a viscous damping because of a leakage
path acting to increase damping. Therefore this hydraulic
resonance will come out with peculiar resonant phenomenon
and theoretical results.

3.1. Resonance Process. This exciter producing hydraulic res-
onance is under a condition that working frequency should
reach system natural frequency. So acceleration of the piston
will be greatly increased so that the piston still moves in
the left-hand direction even though passing by the center
position of hydraulic cylinder when valve ports 1 and 3 are
open (the orifice areas are denoted by 𝐴V1 and 𝐴V3), where
oil is directed to the left cylinder chamber and then drained
from the right cylinder chamber to the tank (the flow rates
are, resp.,𝑄V1 and𝑄V3). This leads to the fact that the volume
of the left chamber tapers off and then the pressure of the
left chamber 𝑝

1
gradually increases. As a result, the oil in

this chamber is compressed until the pressure of the left
chamber𝑝

1
is higher than the system pressure𝑝

𝑠
, as shown in

Figure 4(a). When 𝑝
1
is high enough, a phenomenon about

oil backward will appear, because this pressure exceeding
the system pressure is so high that the oil retrogrades back
into the tank, as shown in Figure 4(b). Then the compressed
oil starts to expand gradually so that the inertia force is
reduced to zero and then the piston is driven to make reverse

motion, which could be obtained from arrowhead direction
of displacement 𝑦

𝑝
in Figure 4(c). This makes the volume

of left chamber be higher and the pressure of left chamber
decrease. Until 𝑝

1
becomes lower than 𝑝

𝑠
, the oil stops

backing into the tank and repeats to enter the left cylinder
chamber and exit from the right cylinder to drive the piston
moving to the right, as shown in Figure 4(d).When the piston
moves to the center position of hydraulic cylinder, valve ports
1 and 3 are closed.

As the spool of 2D valve spins, the high-pressure oil flows
into the right chamber of the cylinder through the valve port
2 and out from the left chamber through the valve port 4
(valve ports 2 and 4 are open; the orifice areas are denoted
by 𝐴V2 and 𝐴V4); the piston is driven to move rightward
under the effect of inertia force. The volume of the right
chamber decreases and then the pressure of the right chamber
𝑝
2
gradually increases. When this pressure 𝑝

2
is higher than

the system pressure 𝑝
𝑠
, the phenomenon about oil backward

will appear again, as shown in Figures 5(a) and 5(b). Then
the compressed oil in the right chamber starts to expand
gradually so that inertia force is reduced to zero and then the
piston is provided direction reversal. This makes the volume
of right chamber become higher and the pressure of right
chamber decrease. When 𝑝

2
is lower than 𝑝

𝑠
, the oil stops

backing into the tank and flows into the right chamber and
out of the left chamber (the flow rates are, resp., 𝑄V2 and
𝑄V4) to drive the piston moving to the left. It is illustrated
by Figures 5(c) and 5(d). When the piston moves to the
center position of hydraulic cylinder, valve ports 2 and 4
are closed and valve ports 1 and 3 are open simultaneously.
Consequently, the piston of hydraulic cylinder is driven to
make reciprocating motion. A vibration excited is achieved
under the condition of resonant frequency.

3.2. Dynamic Analysis. In making a dynamic analysis, it
is necessary that the nonlinear algebraic equations which
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Figure 4: Resonance process of piston being in the left chamber (a), (b), (c), and (d).
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Figure 5: Resonance process of piston being in the right chamber (a), (b), (c), and (d).

describe the pressure-flow curves be linearized. A general
expression for the load flow is

𝑄
𝐿
= 𝐾
𝑞
𝑋V − 𝐾𝑐𝑃𝐿, (1)

where 𝑄
𝐿
is then flow through the load, 𝐾

𝑞
is the flow gain,

𝑋V is the valve position, 𝐾𝑐 is the flow-pressure coefficient,
and 𝑃

𝐿
is the pressure drop across the load.

In the combination of 2D valve and piston, ideal geometry
of 2D valve ports is completely analogous to matched and
symmetrical orifices of critical center servo valve. So applying
the continuity equation to each of the piston chambers yields

𝑄
𝐿
=

𝑄
1
+ 𝑄
2

2

= 𝑘
𝑖𝑐
(𝑝
1
− 𝑝
2
) +

1

2

𝑘
𝑒𝑐
(𝑝
1
− 𝑝
2
) +

𝐴
𝑝
𝑑𝑦
𝑝

𝑑𝑡

+

𝑉
01
𝑑𝑝
1

2𝐸
ℎ
𝑑𝑡

−

𝑉
02
𝑑𝑝
2

2𝐸
ℎ
𝑑𝑡

+

𝐴
𝑝
𝑦
𝑝

2

(

𝑑𝑝
1

𝑑𝑡

+

𝑑𝑝
2

𝑑𝑡

) ,

(2)

where𝑄
1
,𝑄
2
are forward and return flows,𝑝

1
,𝑝
2
are forward

and return pressures, 𝑘
𝑖𝑐
is internal or cross-port leakage

coefficient of piston, 𝑘
𝑒𝑐

is external leakage coefficient of
piston, 𝑦

𝑝
is displacement of piston, 𝐴

𝑝
is the area of piston,

𝑉
01
is initial volume of forward chamber,𝑉

02
is initial volume

of return chamber, and 𝐸
ℎ
is the bulk modulus of oil.

It is assumed that the piston is centered and the volumes
of the piston chambers are equal; that is, 𝑉

01
= 𝑉
02
= 𝑉
𝑡
/2.

This assumption is made that vibration amplitude is smaller
in high working frequency so that 𝐴

𝑝
⋅ 𝑦
𝑝
is ignored here.

Therefore

𝑄
𝐿
=

𝑄
1
+ 𝑄
2

2

= 𝑘
𝑡𝑐
𝑝
𝐿
+

𝐴
𝑝
𝑑𝑦
𝑝

𝑑𝑡

+

𝑉
𝑡
𝑑𝑝
𝐿

4𝐸
ℎ
𝑑𝑡

, (3)

where 𝑘
𝑡𝑐
is the total leakage coefficient of piston and𝑉

𝑡
is the

total volume of fluid under compression in both chambers.
The volume and continuity expressions can be Laplace-

transformed to yield

𝑄
𝐿
= 𝐴
𝑝
𝑠𝑌
𝑝
+ [𝑘
𝑡𝑐
+

𝑉
𝑡

4𝐸
ℎ

𝑠] 𝑝
𝐿
. (4)

The resulting force equation, Laplace-transformed, is

𝑝
𝐿
=

1

𝐴
𝑝

[(𝑚𝑠
2

+ 𝐵
𝑝
𝑠 + 𝐾
𝐿
) 𝑌
𝑝
+ 𝐹
𝐿
] , (5)

where𝑚 is the totalmass of piston and load referred to piston,
𝐵
𝑝
is viscous damping coefficient of piston and load, 𝐾

𝐿
is

load spring gradient, and 𝐹
𝐿
is arbitrary load force on piston.

The three basic equations (1), (4), and (5) are represented
in block diagram fashion in Figure 6.
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Figure 6: Diagram based on obtaining piston position from flow.
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Figure 7: Block diagram of electrohydraulic exciter controlled by 2D valve.

The load flow as a function of valve position and load
pressure being linearized can give a complete description of
steady-state valve performance. However, in electrohydraulic
excited system controlled by 2D, the load pressure with high-
frequency period variations has not been satisfied for linear
conditions. So the block diagram of this model is shown in
Figure 7.

The transfer function for this condition is

𝑌
𝑝

𝑄
𝐿

= (

4𝐸
ℎ
𝐴
𝑝

(𝑉
𝑡
𝐾
𝐿
+ 4𝐸
ℎ
𝐴
2

𝑝

)

)

× (𝑠(

𝑠
2

(𝑉
𝑡
𝐾
𝐿
+ 4𝐸
ℎ
𝐴
2

𝑝

) / (𝑉
𝑡
𝑚)

+

𝑠

(𝑉
𝑡
𝐾
𝐿
+ 4𝐸
ℎ
𝐴
2

𝑝

) / (𝑉
𝑡
𝐵
𝑝
)

+ 1))

−1

=

𝐾
𝑉

𝑠 (𝑠
2

/𝜔
2

0

+ (2𝜉
0
𝑠) / (𝜔

0
) + 1)

.

(6)

Analysis of describing function equation (6) yields the
resonant frequency:

𝜔
0
=
√

𝑉
𝑡
𝐾
𝐿
+ 4𝐴
2

𝑝

𝐸
ℎ

𝑉
𝑡
𝑚

.
(7)

Obviously, the resonant frequency for electrohydraulic
exciter controlled by 2D valve consists of hydraulic natural
part and mechanical part.

3.3. Resonant Peak. There is resonance in this electrohy-
draulic exciter system when working frequency is increased
to systemnatural frequency.This phenomenon causes excited
output oscillating with a fixed amplitude and frequency.
Because excited waveform just contains a dominant fre-
quency but no other harmonics, it is assumed as follows:

𝑦
𝑝
= −𝐴

𝑝𝑓
sin (𝑧𝜃) , (8)

where 𝐴
𝑝𝑓

is resonant peak.
And the pressure drop across the load under resonant

frequency is

𝑝
𝐿
= 𝑝
𝐿𝑓
sin (𝑧𝜃) , (9)

where 𝑝
𝐿𝑓

is amplitude of load pressure.
As discussed in Section 3.1, flow equations are rewritten

as

𝑄
𝐿
=

{

{

{

sign (𝑝
𝑠
− 𝑝
𝐿
) 𝐶
0
𝐴V1√





𝑝
𝑠
− 𝑝
𝐿






𝜃 ∈ [0, 2𝛼]

− sign (𝑝
𝑠
+ 𝑝
𝐿
) 𝐶
0
𝐴V2√





𝑝
𝑠
+ 𝑝
𝐿





𝜃 ∈ [2𝛼, 4𝛼] ,

(10)



6 Shock and Vibration

(a)

Amplifier

PCI 1714

BL2600

7

1 2 3

Frequency
controller

6 T

T

5 4

Amplitude
controller

Bias
controller

ps

ps

(b)

Figure 8: Photo of experimental system (a) and schematic diagram of experimental system of high-frequency electrohydraulic exciter (b).
1: force cell, 2: cylinder, 3: displacement transducer, 4: pressure sensor for the left chamber, 5: pressure sensor for the right chamber, 6: servo
valve, and 7: 2D valve.

where 𝐶
0
is a constant related to flow rate coefficient and oil

density.
On the basis of energy conservation input energy is equal

to output energy in a cycle; that is,

4

∑

1

𝐼
𝑖
= ∫

4𝛼

0

𝑄
𝐿
𝑝
𝐿
𝑑𝜃 = 0, (11)

where

𝐼
1
+ 𝐼
2

= ∫

2𝛼

0

𝑝
𝐿𝑓
sin (𝑧𝜃) sign (𝑝

𝑠
− 𝑝
𝐿𝑓
sin (𝑧𝜃))

× 𝐶
0
𝐴V1√






𝑝
𝑠
− 𝑝
𝐿𝑓
sin (𝑧𝜃)


𝑑𝜃,

𝐼
3
+ 𝐼
4

= ∫

4𝛼

2𝛼

−𝑝
𝐿𝑓
sin (𝑧𝜃) sign (𝑝

𝑠
+ 𝑝
𝐿𝑓
sin (𝑧𝜃))

× 𝐶
0
𝐴V2√






𝑝
𝑠
+ 𝑝
𝐿𝑓
sin (𝑧𝜃)


𝑑𝜃.

(12)

Equations (9), (10), and (11) can be solved simultaneously
to obtain

𝑝
𝐿𝑓
= 𝑤𝑝
𝑠
, (13)

where 𝑤 is a pressure ratio.
Assuming mass force and spring force dominant, force

equation on the piston is

𝐴
𝑝
𝑝
𝐿
= 𝑚𝜔

2

0

𝑑
2

𝑦
𝑝

𝑑𝜃
2

+ 𝐾
𝐿
𝑦
𝑝
.

(14)

Therefore these equations may then be combined to yield
the resulting resonant peak:

𝐴
𝑝𝑓
=

𝑉
𝑡
𝑝
𝐿𝑓

4𝐴
𝑝
𝐸
ℎ

. (15)

It is clear that resonant peak depends on electrohydraulic
exciter system and is irrelevant to input parameters including
the orifice areas or shapes of valve ports.

4. Experiments and Results

The experimental system is illustrated by reference to
Figure 8, which mainly consists of the combination of 2D
valve and piston, acquisition elements and a control part.
This exciter is mostly applied to the high-cycle fatigue testing
machine, so the load force can be considered as the frame in
an axial direction of the cylinder. A displacement transducer
is chosen to be mounted inside the cylinder rod to measure
the displacement of the piston. A force cell is placed between
the end of the cylinder rod and the rigid frame to measure
the output force of the cylinder’s piston. And two pressure
sensors, respectively, are used to acquire the pressures in the
right and left chambers. These signals are amplified and then
are sent to industrial computer to display, save, and further
treat.The frequency and amplitude signals are sent separately
to two motors to control the rotary and linear motion of 2D
valve’s spool.The bias signal is sent to a servo valve connected
in parallel with 2D valve to control the bias displacement of
output vibration.

The partial experimental excited waveforms are shown in
Figure 9. And the relationship between vibration amplitude
and working frequency is summarized and also presented
in this figure. The vibration amplitude descends rapidly with
the working frequency increasing but tends to be flat as this
frequency is much close to the natural frequency.
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Figure 9: Excited waveform 𝑓 = 40Hz (a), excited waveform 𝑓 = 300Hz (b), excited waveform 𝑓 = 800Hz (c), and amplitude-frequency
curve (d).

Primary resonant results are given in Figure 10, which
includes the displacement waveform, pressure waveform in
each chamber, and frequency composition.

By referring to Figure 10, it can be seen that vibration
amplitude is increased obviously at resonant frequency point.
But pressure in each chamber is not higher than system
pressure, which causes experimental resonant amplitude
which is smaller than the theoretical result. A major source is
that viscous force is completely ignored in resonant analysis
even though it is not dominant and is a soft quantity that is
difficult to be measured and computed.

5. Conclusions

A 2D valve is adopted to control electrohydraulic exciter
for working frequency greatly increasing and even reaching
the resonant frequency. Hydraulic resonance is a peculiar
resonant phenomenon, so it is necessary to analyse its charac-
teristic especially within the context of energy conservation.
Theoretical resonant peak is a constant and its analytical
expression is given which just depending on this exciter
system itself and not like mechanical resonant amplitude
becomes higher to destroy the whole system at resonant
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Figure 10: Resonantwaveform𝑓 = 1800Hz (a), pressure of the left chamber (b), pressure of the right chamber (c), and frequency composition
(d).

frequency. The experimental system is built to verify the
theoretical analysis. Though there is a coupling relationship
between vibration amplitude and working frequency, this
amplitude is suddenly enlarged to resonant peak at resonant
frequency. Consequently, resonant energy can be used in
high-cycle fatigue test to reduce the external input to this sys-
tem and improve the vibration amplitude at high frequency.
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Identification of structural crack location has become an intensely investigated subject due to its practical importance. In this paper,
a hybrid method is presented to detect crack locations using wavelet transform and fractal dimension (FD) for beam structures.
Wavelet transform is employed to decompose the mode shape of the cracked beam. In many cases, small crack location cannot
be identified from approximation signal and detailed signals. And FD estimation method is applied to calculate FD parameters of
detailed signals. The crack locations will be detected accurately by FD singularity of the detailed signals. The effectiveness of the
proposed method is validated by numerical simulations and experimental investigations for a cantilever beam.The results indicate
that the proposed method is feasible and can been extended to more complex structures.

1. Introduction

Crack identification has gained increasing attentions from
the scientific and engineering domains since the unpredicted
structural failure may cause catastrophic, economic, and
life loss. In the past several decades, many crack detection
methods and techniques have been developed. Among them,
nondestructive detecting technique is reliable and effective in
maintaining safety and integrity of structures [1, 2]. However,
most nondestructive crack identification methods, such as
ultrasonic methods and X-ray methods, are costly and time-
consuming for large structures. In the last several decades, a
lot of research efforts have been made to develop an effective
approach to detect cracks in structures. The vibration-based
crack detection methods are developed to overcome these
difficulties [3, 4]. The fundamental idea of vibration-based
crack identification is to detect the crack-induced changes in
the physical properties, which will lead to detectable changes
in mode properties [5–7].

Natural frequency-based crack identification methods
employ the natural frequency change as the basic feature
[8–11]. The natural frequency-based method is attractive

because the natural frequencies can be conveniently mea-
sured from just a few accessible points. By aid of the fre-
quency, many crack identification methods were developed
[12–16]. Although frequency is usually regarded as an easy-
obtained characteristic with satisfying accuracy even for
complex structures, its properties of lumped parameter
greatly restrict wide application of frequency-based crack
detection methods. Another limitation is that the crack
identification problem is often ill-posed even without noise
pollution, which leads to nonuniqueness of the solutions of
crack location and severity. First, it is obvious that crack
with same severity in symmetric locations of a symmetric
structure will cause identical frequency changes. Further-
more, crack with different severity in different locations can
also produce identical changes in a few measured natural
frequencies.

Crack detection methods have been developed based
on measured mode shapes directly or indirectly [17–19].
These methods are roughly divided into two categories. The
traditional methods based on mode shape try to construct a
relationship between crack location and mode shape change
by a finite element method or experimental test. However,
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Figure 1: Cracked cantilever beam: (a) geometry, (b) model of cracked beam.

they need mode shape data from intact structures. Because
of the development of modern signal processing techniques,
modern signal processing methods can be employed to
extract singularity information of the mode shape in the
cracked structures [16, 20–22]. Singularity detection using
mode shape is attractive mainly because it is possible to
detect crack location without the a priori knowledge in the
cracked zones. However, small crack has a minor effect on
the mode shape. So singularity information of the mode
shape is not identified directly without further analysis.
Wavelet transform is a useful tool to detect local singularity
characteristic of many different kinds of signals through
decomposing the signals [23–27]. These methods treat mode
shape data as a signal in spatial domain, and they use spatial
wavelet transform technique to detect the irregularity of
the signal caused by crack. To detect the singularities using
wavelet transform, the mode shapes of cracked structure
should be acquired first. Then the wavelet coefficients are
calculated from themode shapes, and the wavelet coefficients
are plotted in the full region for each level of wavelets.
Finally the distributions of the wavelet coefficients at each
level are examined, and the peaks or sudden changes in
the distributions of the wavelet coefficients are applied to
locate the crack positions.The limitation ofwavelet transform
methods is very common; that is, there are serious boundary
effects. In many cases, the irregularity of the signal caused by
crack is not detected using wavelet transform alone.

As an efficient index of crack, fractal dimension is also
introduced to detect crack for beam and plate structures by
Hadjileontiadis et al. [28, 29]. Due to its simplicity of the
fractal dimension (FD) evaluation and its robustness against
noise, a FD-based technique has been developed to identify
cracks of structures [28–31]. Crack location is determined
by a peak on the FD curve through the local irregularity of
the fundamental mode shape introduced by the crack. If the
higher mode shapes were considered, this methodmight give
misleading information.

In the present work, a hybrid method is presented to
detect crack locations based on wavelet transform and fractal
dimension (FD) for beam structures, which can enhance
the high sensitivity to the singularities induced by structural
crack. Using Db4 wavelet decomposition, approximation
signal and wavelet detailed signals of the mode shape are
obtained. Then FD estimation method is used to calculate
FD parameter of detailed signal. The crack location can be
determined by the abrupt change of the FD along the beam

length. Numerical simulation and experimental investigation
are performed to testify the presentmethod. In the numerical
simulation, the mode shapes of the beam with crack are
obtained based on wavelet-based Euler beam elements using
B-spline wavelet on the interval (BSWI), whereas in the
experimental investigation, the mode shapes are measured
using Polytec Vibrometer PSV-400.

2. BSWI Finite Element Model of
Cracked Beam

Figure 1(a) shows a model of cracked cantilever beam with
dimensions of length𝐿 and uniform cross section 𝑏×ℎ (where
𝑏 is the width and ℎ is the depth of beam), two open cracks
of depth 𝑎

𝑖
locates at 𝐿

𝑐𝑖
away from the clamped end, where

the subscript 𝑖 expresses the serial number of cracks. Since
the linear rotational spring model can describe open crack
effectively, present work is based on this model (as show
in Figure 1(b)). The stiffness of rotational springs 𝐾

𝑡
can be

written as

𝐾
𝑖

𝑡
=

𝑏ℎ
2
𝐸

72𝜋 (𝑎/ℎ) 𝑓 (𝑎/ℎ)
, (1)

where 𝐸 is the modulus of elasticity of beams, ℎ is the depth
of beams, and 𝑓(𝑎/ℎ) is a dimensionless local compliance
function expressed as follows [32]:

𝑓(
𝑎

ℎ
) = 0.6384 − 1.035

𝑎

ℎ
+ 3.7201 (

𝑎

ℎ
)

2

− 5.1773 (
𝑎

ℎ
)

3

+ 7.553 (
𝑎

ℎ
)

4

− 7.332 (
𝑎

ℎ
)

5

+ 2.4909 (
𝑎

ℎ
)

6

.

(2)

To express briefly, we denote two dimensionless parameters
to describe cracks: relative crack size 𝛼

𝑖
= 𝑎
𝑖
/ℎ and normal-

ized location 𝛽
𝑖
= 𝐿
𝑐𝑖
/𝐿.

As shown in Figure 1(b), the continuity conditions at
crack positions 1 and 2 indicate that the left nodes 𝑗, 𝑘 and the
right nodes 𝑗+1, 𝑘+1 have the same transverse displacement,
namely, 𝑢

𝑗
= 𝑢
𝑗+1

and 𝑢
𝑘
= 𝑢
𝑘+1

, whereas the rotations 𝜃
𝑗
,

𝜃
𝑘
and 𝜃
𝑗+1

, 𝜃
𝑘+1

are connected through the cracked stiffness
submatrix K𝑖

𝑠
(𝑖 = 1, 2) as follows:

K𝑖
𝑠
=



𝐾
𝑖

𝑡
−𝐾
𝑖

𝑡

−𝐾
𝑖

𝑡
𝐾
𝑖

𝑡



. (3)
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The global stiffness matrixK andmass matrixM of BSWI
Euler beam can be obtained according to the literature [33],
in which the specific formulas about wavelet-based modeling
for beam using BSWI bases are shown. According to relative
locations 𝛽

1
and 𝛽

2
of the crack, we can assemble cracked

stuffiness submatrix K𝑖
𝑠
(𝑖 = 1, 2) into the global stuffiness

matrix K in the corresponding place. The global mass matrix
M of the cracked beam is the same as the uncracked one.

The free vibration problem of plate is expressed as a
generalized eigen-problem:

(K − 𝜔
2M)X = 0, (4)

where 𝜔 is the natural frequency and X is the mode shape.
Submitting matrix K and matrix M into (4), the natural
frequency and mode shape of beam vibration are obtained.

In the present, the command EIG in softwareMATLAB is
employed to solve (4). The QR-algorithm and QZ-algorithm
are automatically selected to solve the symmetry and non-
symmetry generalized eigenvalue problems [34].

3. Fractal Dimension

The concept of FD and its relevant mathematical model
were originally introduced byMandelbrot [35].The proposed
approach adopts Katz’s estimation of the FD. According to
Katz [36], the FD of a curve defined by a sequence of points
is estimated by

FD =
log
10
(𝑛)

log
10
(𝑑/𝐿) + log

10
(𝑛)

, (5)

where 𝑛 is the number of steps in the curve, 𝑑 is the diameter
estimated as the distance between the first point of the
sequence 𝑃

1
and the 𝑖th point 𝑃

𝑖
of the sequence that provides

the farthest distance; and 𝐿 is the total length of the curve or
the sum of distances between successive points.

𝑑 = max dist (𝑃
1
, 𝑃
𝑖
) ,

𝐿 =

𝑛−1

∑

𝑖

dist (𝑃
1
, 𝑃
𝑖+1
) .

(6)

This method can also be applied to calculate the FD of
the mode shapes. Since it exhibits high-noise insusceptibility
[37], FD has been applied to crack detection. Crack locations
are determined by peaks on the FD curve, which indicates the
local irregularity of the fundamental mode shape introduced
by the crack. However, inflexions appearing in higher mode
shapeswould cause false peaks covering up the peaks induced
by cracks. Qiao and Cao [38] verified that these false peaks
can be inhibited well, using a specific bijective linearmapping
from vector space 𝑍 to 𝑍∗ as shown in

[

𝑥
∗

𝑖

𝑦
∗

𝑖

] = [

1 0

sin𝛼 cos𝛼
][

𝑥
𝑖

𝑦
𝑖

] ,

𝑖 = 1, 2, . . . , 𝑛; −
𝜋

2
< 𝛼 <

𝜋

2
,

(7)

where (𝑥
𝑖
, 𝑦
𝑖
) and (𝑥∗

𝑖
, 𝑦
∗

𝑖
) are the vectors in vector spaces 𝑍

and 𝑍
∗, respectively. In this paper, 𝑥

𝑖
and 𝑥

∗

𝑖
denote beam

length and 𝑦
𝑖
and 𝑦∗
𝑖
certain order mode shape data in vector

spaces𝑍 and𝑍∗, respectively.𝛼 is within interval (−𝜋/2, 𝜋/2).
And the selection of 𝛼 is usually done by trial and error.

4. Numerical Simulations

4.1. Crack Detection Method. This paper proposes a hybrid
method to detect crack locations based on wavelet transform
and FD for beam structure.The steps of the proposedmethod
are followed.

4.1.1. Obtain the First Several Mode Shapes of the Cracked
Beam. The cracked beam is modeled using the B-spline
wavelet on the interval (BSWI) finite element method. The
beam crack is modeled according to linear elastic fracture
mechanics theory. The first several mode shapes of the
cracked beam is acquired from eigen formulation.

4.1.2. Decompose Mode Shape Using 1D Daubechies Wavelet
Transform. By Db4 wavelet transform, the wavelet coeffi-
cients are calculated for themode shape. Applying thewavelet
coefficients and reconstructing the original mode shapes,
approximation signal in scaling space and detailed signals in
wavelet spaces are gained.

4.1.3. Calculate FDofDetailed Signals. FDestimationmethod
is used to calculate FD values of detailed signal.

4.1.4. Distinguish Crack Locations. Themode shapes, approx-
imation and detailed signals, and FD are plotted in the
geometry space of the beam structure.The crack locations can
be identified by the peak points of the signals along the beam
length.

4.2. Numerical Examples. Numerical simulation is carried
out to verify the effectiveness of the proposed method for a
cantilevered steel beam with two cracks. The cantilever beam
length 𝐿 = 0.5m, cross section 𝑏 × ℎ = 0.012m × 0.019m,
and material parameters are Young’s modulus 𝐸 = 2.06 ×

1011N/m2 and material density 𝜌 = 7860 kg/m3. The crack
parameters are 𝛼

1
= 0.1, 𝛽

1
= 0.4, and 𝛼

2
= 0.15, 𝛽

2
= 0.6.

The BSWI4
3
Euler beam element is used as approxima-

tion bases to model the cracked beam, where 4 and subscript
3 denote the order and the level of the BSWI wavelet. In
the simulation, we use 20 BSWI4

3
Euler beam element (184

DOFs). The left of the beam is fixed and its right is free. In
this paper, we do not consider damping.

The first three mode shapes of the cracked beam are
acquired from eigen formulation. For comparison purpose,
mode curvature-basedmethod and the proposedmethod are
adopted to detected crack locations.

The size of sliding window is a crucial parameter, which
significantly affects the results of crack identification. And the
selection of the size of sliding window is usually done by trial
and error. In this paper, the size of sliding window is set as
5mm.



4 Shock and Vibration

M
od

e c
ur

va
tu

re
M

od
e s

ha
pe

−1

−0.5

0

200

400

Relative length of beam
0

0

0.2 0.4 0.6 0.8 1

Relative length of beam
0 0.2 0.4 0.6 0.8 1

(a)

M
od

e c
ur

va
tu

re
M

od
e s

ha
pe

−1

0

1

1000

2000

Relative length of beam
0 0.2 0.4 0.6 0.8 1

Relative length of beam
0

0

0.2 0.4 0.6 0.8 1

(b)

Figure 2: Crack location identification results using mode curvature-based method. (a) The first mode shape. (b) The third mode shape.
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Figure 3: Crack location identification results using the proposed method for the first mode shape. (a)The first mode shape S and its wavelet
decomposition at level 2. (b) FD of the detailed signal D

1
.

Mode curvature-based method is applied to the first and
third mode shapes, respectively. The detection results are
show inFigure 2. It can be seen that the crack locations are not
identified clearly. By comparison, it is seen that the proposed
method is more effective to detect crack locations than mode
curvature-based method.

The proposed method is used to detect crack locations.
The detection results of crack locations are showed in Figures
3 and 4 using the first mode shape and the third mode
shape. The mode shape S, the approximation signal A, and
the detailed signals D

2
and D

1
are showed in Figures 3(a)

and 4(a), respectively. According to Figure 3(b), the relative

locations of two cracks are clearly identified by the peak
points at 𝛽

1
= 0.4 and 𝛽

2
= 0.6, respectively. However,

from Figure 3(a), crack locations are not detected from
approximation signals and detailed signals.

The proposed method is directly applied to third mode
shape, crack locations are shadowed by two false peaks
induced by two inflexions of the thirdmode shape, as showed
in Figure 4(b). As mentioned above, a linear mapping as
shown in (7) was applied to solve the inflexion problem. The
parameter 𝜑 is selected as −89∘. After a linear mapping, the
detection result is displayed in Figure 4(c), and the crack
locations are accurately identified at 𝛽

1
= 0.4 and 𝛽

2
= 0.6.
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Figure 4: Crack location identification results using the proposed method for the third mode shape. (a) The third mode shape S and its
wavelet decomposition at level 2. (b) FD of the detailed signal D
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without linear mapping. (c) FD of the detailed signal D

1
by linear mapping.

However, from Figure 4(a), singular locations induced by
small beam crack cannot be detected from approximation
signal and detailed signals.

By comparison, it is concluded that the proposedmethod
can detect crack locations more accurately than mode
curvature-based method and wavelet-based method.

4.3. Noise Immunity. Noise immunity is a vital characteristic
to crack detection method. To study noise immunity of the
proposed method, Gaussian random white noise with SNR
= 80 and 100 dB is added to mode shape to simulate noise
environment, where SNR is abbreviations of signal-to-noise
ratio. A linear mapping as shown in (7) was applied to
solve the inflexion problem. The parameter 𝜑 is selected as
a constant near −89∘. Since wavelet transform has multires-
olution analysis characteristics. And wavelet transform db 4
at level 2 is used to decompose mode shape to obtain high-
frequency detail signal D

1
and low-frequency approximation

signal A and detail signal D
2
. In 80 and 100 dB noise level,

the detection results are showed in Figures 5–8. From Figures
5–8, crack locations are accurately detected at 𝛽

1
= 0.4 and

𝛽
2
= 0.6, respectively. It can be concluded that the proposed

method performed well below 80 dB noise level.

5. Experimental Validations

In this section, an experiment is conducted to validate the
proposed method on steel cantilever beam with two cracks.
The experimental setup is shown in Figure 9. The test system
consists of a Polytec Vibrometer PSV-400 and its control
system, a shaker, a power amplifier, and a cantilever beam
with two cracks.

The geometry of the cantilever beam is shown in Figure 1.
Thegeometry of the cantilever beam is length𝐿 = 0.5m, cross
section 𝑏 × ℎ = 0.02m × 0.02m. And material parameters are
Young’s modulus 𝐸 = 2.06 × 1011N/m2 and material density
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Figure 5: Crack location identification results in 80 dB noise level for the first mode shape. (a) Noise contaminated the first mode shape SN
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𝜌 = 7860 kg/m3. The artificial cracks are prepared on the
numerical milling machine.The parameters of two cracks are
𝛼
1
= 0.1, 𝛽

1
= 0.4 and 𝛼

2
= 0.15, 𝛽

2
= 0.6.

The beam is fixed in its left by a holder and connected
with electrodynamic mode shaker JMJ-5 near the right,
which excites the investigated specimen by the random noise
signal. The displacements are acquired using scanning laser
Doppler vibrometer (LDV) Polytec PSV-400 connected with
a vibrometer controller OFV-5000. 41 equidistant measuring
points are arranged along the cantilever beam.The frequency
bandwidth is defined within the range of 0–2.5 kHz, the
resolution is 1Hz, the sampling frequency is 6.4 kHz, and the
sampling time is 40ms.

The first several mode shapes can be acquired by the
vibrometer-dedicated software. The first mode shape and
the third mode shape are processed based on the proposed
method. The experiment results are showed in the Figures
10 and 11, respectively. In Figures 10(a) and 11(a), solid line
denotes the FE mode shapes, and black dot denotes the
measured mode shapes. By comparison, the first FE mode
shape and the first measured mode shape are more fit than
the third FEmode shape and the thirdmeasuredmode shape.
The reason resulting in this phenomenon is that the third
mode shape is more sensitive to environmental noise and
measuring error than the first mode shape. From Figure 10,
the crack locations are at 𝛽

1

∗ = 0.41 and 𝛽
2

∗ =0.58 using
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the first mode shape, whose relative error is 𝜀
1
= |𝛽
1

∗
−

𝛽
1
|/𝛽
1
= 2.5% and 𝜀

2
= |𝛽
2

∗
− 𝛽
2
|/𝛽
2
= 3.3%, respectively.

From Figure 11, the crack locations are at 𝛽
1

∗ = 0.38 and
𝛽
2

∗
= 0.66 using the third mode shape, whose relative error

is 𝜀
1
= |𝛽
1

∗
− 𝛽
1
|/𝛽
1
= 5% and 𝜀

2
= |𝛽
2

∗
− 𝛽
2
|/𝛽
2
=

10%, respectively. According to the experimental results, the
relative errors of crack location estimations are within 10%.
Hence, the proposed method is effective and can be used
for real applications with reasonable accuracy. However, by
comparison, it can conclude that the detection accuracy
is higher using the first mode shape than using the third
mode shape, since high mode shape is more sensitive to
environmental noise and measuring error than low mode
shape.

6. Conclusions

In the present study, a hybrid method is presented to detect
crack locations using wavelet transform and fractal dimen-
sion (FD) for beam structures. Wavelet transform is applied
to decompose the mode shapes of beam structures. To
improve the sensitivity of location detection, FD estimation
method is employed to analyze detailed signal of the mode
shape. For comparison purpose, curvaturemode shape based
method is also used to identify the crack locations. Numerical
simulations and experimental investigations are carried out
to test effectiveness of the proposed method for a cantilever
beamwith two cracks.The results indicate that, using wavelet
decomposition or curvature mode alone, the locations of
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small cracks are not detected for beam structures but are
identified accurately according to FD singularity of detailed
signal. At the same time, the proposed method performs well
below 80 dB level noise and can been extendedmore complex
structures. It is worth to point out that onemode shape should
be identified using experimental modal analysis, which is
only suitable for offline crack detection. However, for the
structures under working condition, many mode shapes
will be measured simultaneously to generate the operating
deflection shape (ODS). Therefore, the further work is to
extend the present approach for online detection of cracks in
structures.
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