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Quantum gravitational spectroscopy with ultracold systems
is an emerging field of particle physics based on recent major
advances in related experimental and theoretical develop-
ments. The gravitational spectroscopy is profiting from its
exceptional sensitivity due to extreme weakness of the gravi-
tational interaction compared to other fundamental interac-
tions; thus it provides us with access to the precision frontier
in particle physics and other domains. Quantumgravitational
spectroscopy is the ultimate limit of gravitational spectrosco-
py, which studies/measures fragile and thus sensitive quan-
tum states of ultracold particles and systems. To provide
observable phenomena with ultracold systems, like neutrons,
atoms, or antiatoms, in gravitational quantum states, one has
to produce them with sufficiently high phase-space density.
Some of such studies in a gravitational field, like those with
ultracold neutrons, have become reality; otherswith ultracold
atoms and antiatoms are in preparation.

This subject is traditionally covered in a series ofGRANIT
Workshops (http://lpsc.in2p3.fr/Indico/conferenceDisplay
.py?confId=947, https://lpsc.in2p3.fr/Indico/conferenceDis-
play.py?confId=371, and http://lpsc.in2p3.fr/congres/granit-
06/index.php) [1]. Quantum gravitational spectroscopy with
ultracold systems plays an important interdisciplinary role on
a crossroad of many scientific domains. We are particularly
interested in contributions describing research to be done
with the new GRANIT facility, including not only all aspects
from the theoretical motivation and analysis of already
measured results but also potentially new areas, methodical
and instrumental developments, which could improve its

performance and universality, and finally analyzing priorities
of these studies.

The topics include the following: (i) the GRANIT facility,
measurements of gravitational quantum states of neutrons,
including experimental results and theoretical developments,
and also neutron interferometry in broad sense; (ii) novel
instruments and methods for gravitational spectroscopy and
interferometry, including those capable of improving the
performance of GRANIT facility; (iii) fundamental interac-
tions in near-surface quantum systems, including shortrange
forces, chameleon-like forces, noncommutative quantum
mechanics, emerging gravity, and antimatter and gravity;
(iv) precision fundamental measurements with ultracold sys-
tems, including gravity with atoms, molecules, neutrons, and
antimatter, quantum reflection, and dissipation; (v) surface
studies with the GRANIT facility, including materials with
predefined properties, levitating nanoparticles, and whisper-
ing gallery effect.

Bound states of a system could be formed by interactions
of different kind. Detailed studies of such states do not only
serve to explore the system itself, but also are a good tool to
better understand the interaction responsible for the binding
force.The problem is that a gravitational force is very weak to
form easily a quantum bound system. One could cite Brian
Hatfield in “Feynman Lectures on Gravitation” published
in 1995 by Addison-Wesley Publishing Company: “Let us
consider another possibility, an atom held together by gravity
alone. For example, we might have two neutrons in a bound
state. When we calculate the Bohr radius of such an atom, we
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find that it would be 108 light years, and that the atomic bind-
ing energy would be 10−70 Rydbergs. There is then little hope
of ever observing gravitational effects on systems which are
simple enough to be calculable in quantum mechanics.” How-
ever, gravitationally bound quantum states of neutrons were
discovered in a quite special configuration of the potential.

For this observation, one used the fact that ultracold neut-
rons (UCNs) experience a neutron-optical potential (some-
times called Fermi potential) in matter of a size big enough
that matter can totally reflect UCNs if their energy is suffi-
ciently low. In fact, the term “ultracold neutron” is loosely
defined as the neutrons which are totally reflected at all
incidence angles by the matter used for the confining bottle
for them.Here, we focus onUCNswith even lower energy, for
which we can approximate the potential in matter as infinite.
These neutrons bounce on a horizontal table essentially like
ping-pong balls on a table.They are confined in a box formed
by the infinite potential of the table and the linear gravita-
tional potential. In order to detect effects of the quantization,
one has to focus on neutrons in one of the lowest possible
states in such a system.

General solutions of the corresponding one-dimensional
Schrödinger equation are given in all major textbooks on
quantum mechanics, for instance, in [2, 3]. In relation to the
neutron, this problemwas considered for the first time in [4].
Energies of the lowest quantum states are very small, a few
peV, which can be compared with the upper energy limit for
UCNs which is of the order of hundred neV. The size of the
lowest quantum states is of the order of tens of micrometers.

The aim of previous experiments performed in the last
decade was to discover these quantum states. For the discov-
ery, a method was used that is essentially a measurement of
the height and shape of wave functions [5–7].The accuracy of
such height measurement was not very high, ∼10−1. In order
to improve it, efforts are currently undertaken by qBounce
and Tokyo collaborations; the methods used are resonant
transitions between quantum states induced by mechanical
vibrations of the bottom mirror [8] and precision studies
of wave functions of neutrons in gravitational quantum
states [9]. Analysis of systematic effects and estimations of
actual accuracy are in progress.TheGRANIT collaboration is
aiming at achieving an ultimate accuracy using long storage
of UCNs in gravitational quantum states in a closed trap
[10] with a dedicated UCN source [11] with high phase-space
density to be put in reliable operation soon.

One of the main goals for improving the accuracy of
quantumgravitational spectroscopywith neutrons is searches
for extra short-range fundamental forces [12]. As usual, we
discuss also any progress in all competing nonneutron meth-
ods as well as constraints at other characteristic distances.
Among major methodical developments related to the phe-
nomenon of gravitational quantum states are the detailed
theoretical analysis and the planning experiments on obser-
vation of gravitational quantum states of antihydrogen atoms.
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Neutron interferometry has proved to be a very precise technique formeasuring the quantummechanical phase of a neutron caused
by a potential energy difference between two spatially separated neutron paths inside interferometer. The path length inside the
interferometer can be many centimeters (and many centimeters apart) making it very practical to study a variety of samples, fields,
potentials, and other macroscopic medium and quantum effects. The precision of neutron interferometry comes at a cost; neutron
interferometers are very susceptible to environmental noise that is typically mitigated with large, active isolated enclosures. With
recent advances in quantum information processing especially quantum error correction (QEC) codes we were able to demonstrate
a neutron interferometer that is insensitive to vibrational noise. A facility at NIST’s Center for Neutron Research (NCNR) has just
been commissionedwith higher neutron flux than theNCNR’s older interferometer setup.This new facility is based onQECneutron
interferometer, thus improving the accessibility of neutron interferometry to the greater scientific community and expanding its
applications to quantum computing, gravity, and material research.

1. Introduction

Thefirst single crystal neutron interferometer ofMach-Zehn-
der type was demonstrated by Rauch et al. in 1974 [1]. A few
months later Colella, Overhauser, and Werner studied the
effects of gravity on a neutron by tilting the interferometer
and observing a gravity induced phase shift [2]. In subsequent
years the experiment was improved and repeated several
times with thorough studies of systematic uncertainties (such
as Sagnac effect and crystallographic stress [3–6]). In recent
years there has been renewed interest in use of single crystal
neutron interferometry to study gravity [7, 8] and also in
proposals for searching for non-Newtonian gravity [9], dark
energy [10, 11], and other forces [12].

2. Neutron Interferometer and
Optics Facility at NIST

The Neutron Interferometer and Optics Facility (NIOF) at
NIST was built during the construction of the guide hall
with vibration isolation in mind. It is placed on a separate
foundation from the guide hall floor and consists of two
vibration isolation stages. The first stage is a 40,000 kg table
suspended on air-springs and controlled via a computer with
micrometer level position. For a more detailed description
of the system see [13]. The second vibration isolation stage
consists of a 1,000 kg table and is not currently in use. The
facility also has sound dumping panels and a temperature
controlled enclosure around interferometer. Temperature is
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stabilized to 5mK precision at room temperature in order
to improve the phase stability of the system [14]. When
the temperature is stabilized at this level the interferometer
phase is stable within a couple of degrees over a one-
month time scale. Neutrons are extracted from the cold
guide and redirected to the interferometer enclosure via
two sets of pyrolytic graphite (PG) crystal monochromators.
The interferometer facility has access to a wide range of
neutron wavelengths from 0.2 nm to 0.45 nm. Neutrons in
this facility can be polarized via a V-shaped transmission
supermirror polarizer with 93% polarization efficiency for
0.235 nm wavelength neutrons [15].

3. Equivalence of a Neutron Interferometer
and Light Mach-Zehnder Interferometer

In the past years we have used several neutron interferometer
designs that are equivalent to Mach-Zehnder optical inter-
ferometers (Figure 2). The first blade of the interferometer
coherently splits the neutron beam into two paths (upper
and lower) via Bragg diffraction, as illustrated in Figure 2(a).
Themiddle blade(s) work as mirrors.They redirect and focus
neutron paths into the third blade. At the third blade the
neutron paths are recombined, and the resulting interference
effects can be observed by 3He-detectors placed in both paths
behind interferometer. Each neutron inside the interferom-
eter (satisfying the Bragg conditions) can be described as the
superposition of the two paths (i.e., “upper” and “lower”):

Ψ = 𝑒

𝑖𝜙
1
𝐶

1









upper⟩ + 𝑒𝑖𝜙2𝐶
2 |
lower⟩ , (1)

where 𝐶
1
and 𝐶

2
are normalization coefficients that depend

on the reflection and transmission coefficients of the inter-
ferometer blades and 𝜙

1
and 𝜙

2
are phases that the neutron

acquires passing through different paths. An important point
is that the reactor flux is so low that therewill be only one neu-
tron inside the interferometer at a time.Thus we only observe
neutron self-interference, and neutron-neutron interferences
can be neglected. Several high contrast (>75%) perfect Si
crystal neutron interferometers are shown in Figure 2(b).
They are on the order of 10 cm in size and so allow for the
placement of an object (such as a sample, phase rotator, spin
flipper, and neutron absorber) in one path without affecting
the other path.This allows for the observation of interference
effects due to neutrons passing through the interferometer
with one path modified by this object [16]. This is why
neutron interferometry is a clear example of macroscopic
quantum coherence and a convenient test bed to study many
aspects of quantum mechanics, neutron interactions, quan-
tum information processing (QIP), and fundamental physics.

4. Coherence and QIP

The single crystal neutron interferometer is an ideal tool
for the study of neutron coherence length. The clear way of
changing the optical path length and shifting one path with
respect to the other [14, 17–20] allows direct measurement of
coherence lengths. The coherence length (𝑙

𝑐
) often depends

on the momentum distribution (𝛿𝑘) of neutrons entering the

interferometer, and it is limited by Heisenberg’s uncertainty
relation

𝑙

𝑐
=

1

2𝛿𝑘

. (2)

To understand this limit in the measurement of the vertical
coherence length we have engineered different momentum
distributions using the focusing monochromator and set of
slits as shown in Figure 3(a). By shielding some of the PG
blades of the focusing monochromator we were able to create
different vertical momentum distributions for the neutrons.

By measuring the contrast of the neutron interferometer
we can directly map out the coherence function. In order
to measure contrast we usually place fused silica flat (phase
flag) in both neutron paths. By rotating this phase flag around
vertical axis we modify the optical path length of neutrons
traveling through different interferometer paths. This allows
oscillations of neutron intensity (𝐼) on the detectors behind
the interferometer. The contrast is defined as the ratio:

Contrast = max (𝐼) −min (𝐼)
max (𝐼) +min (𝐼)

. (3)

The dependence of the contrast on the vertical path sepa-
ration created by prisms inside neutron interferometer [14]
with different initial momentum distributions is shown in
Figure 3(b) (from top: 9 blades, 5 blades, and 1 blade of
the focusing monochromator). The red dots are measured
data while straight lines are obtained from the measured
momentum distributions. Hence by shaping the momentum
distribution we can, in principle, achieve a desired coherence
length. In this measurement the neutron wavelength was
0.271 nmwhile the highest obtained vertical coherence length
was 79 nm. Another important aspect to note is that the
neutron path length is about 0.1 × 109 nm and is about
10

9 bigger than the neutron wavelength. That is why the
neutron interferometer is an extremely sensitive device. It is
also very sensitive to external disturbances such as vibrational
noise, temperature instabilities and gradients, and sounds.
Neutrons used for interferometry have velocities on the order
1000m/s (which is relatively slow compared to the speed of
light); that is why neutron interferometers are sensitive to low
frequency vibrations.The setup shown in Figure 1 is designed
to remove most of such disturbances and preserve long-time
phase stability. However the massive vibration isolation stage
keeps the interferometer further away from the source and
makes it difficult to operate. As a result the facility has a low
neutron fluency and is not particularly user friendly which
is why neutron interferometers are rarely used for condensed
matter applications.

To further help us deal with noise we can employ
techniques from quantum information processing such as
quantum error correction (QEC) schemes. One approach to
passive QEC (well described by Lidar and Whaley in [21])
is a decoherence-free subspace (DFS), which corresponds to
finding a subspace of a larger quantum system that is not
affected by a noise process and then encoding our desired
quantum state in this subspace. A DFS can be implemented
in a neutron interferometer to make it insensitive to low
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Figure 1: Schematic of the Neutron Interferometry and Optics Facility for Neutron Research at the National Institute of Standards and
Technology. The isolated 40,000 kg room is supported by six air-springs. The system uses active vibration control to eliminate vibrations
above 0.5Hz. The temperature of the interferometer enclosure is stabilized to 5mK precision to improve long-term phase stability (diagram
also appeared in [16]).

𝜓 =
1

√2
(|upper⟩ + |lower⟩)

(a) (b)

Figure 2: (a) Schematic diagram of the neutron paths in a perfect single crystal neutron interferometer. The neutron passing through the
interferometer is coherently split into two paths (upper and lower) by the first interferometer blade, redirected by the middle blades (these
blades represent mirrors of the light Mach-Zehnder interferometer and are recombined to observe interference effects by the last blade). The
neutron’s wave function can be described as superposition of the paths inside the interferometer. (b) Pictures of NIST interferometers with
high contrast (>75%).

frequency center-of-mass vibrations. The idea comes from
using 2-qubit system shown in Figure 4(a), where each path
represents a neutron basis state. In this system vibrational
noise enters as the phase difference a neutron acquires by
passing through different paths due to movement of the

interferometer. This noise can be represented in a form of 𝜎
𝑧

Pauli operator. By removing the center blade (Figure 4(b))
we notice that the phase difference acquired by a neutron
traveling through paths |01⟩ and |10⟩ due to the vibrational
noise will be the same.Thus if we encode the state into logical
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Figure 3: (a) Schematic of the second focusing PG monochromator for shaping the vertical momentum distribution of the neutron beam.
By shielding some of the blades of the monochromator we can select different neutron momentum distributions. (b) Contrast versus path
separations for different momentum distributions. The top figure is obtained when 9 blades of the 2nd monochromator are open, the middle
figure when 5 middle blades are open, and the bottom figure when only one middle blade is open [14].
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Figure 4: (a) Schematic of the 2-qubit (four paths) interferometer. (b) Schematic of the DFS interferometer.

states |0
𝐿
⟩ = |01⟩ and |1

𝐿
⟩ = |10⟩ then any state represented

in this basis will be protected against this vibrational noise.
As a result we came up with a DFS design for neutron
interferometer shown in Figure 4(b).

To test our theory we built a 5-blade neutron interfer-
ometer [22] to accommodate both the Mach-Zehnder and
DFS interferometer designs. This allows us to in situ change
between these two designs without disturbing the facility
and avoids discrepancies due to different crystal qualities.

Experimental results are shown in Figure 5(a). Here the top
and bottom figures show data for the Mach-Zehnder and
DFS interferometers, respectively. The red points give the
interferogram without applied vibrations while blue points
are when an 8Hz vibration is applied to the interferometer.
Figure 5(a) shows that 8Hz vibrations are enough to destroy
interference of the Mach-Zehnder interferometer while they
do not have much effect on the contrast of the DFS interfer-
ometer. Figure 5(b) represents numerical simulation of the
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Figure 5: (a) Comparison data for standard (top) and DFS (bottom) interferometer designs without (red) vibrations and with (blue) 8Hz
applied vibrations. (b) Numerical simulation of standard interferometer (blue) and DFS (red) contrast versus rotational vibrations [22].

contrast for both the Mach-Zehnder (3-blade) and DFS (4-
blade) setups versus frequency of applied vibrations [23].
These simulations clearly show the advantage of the DFS
setup in the presence of vibrational noise.

Another aspect of noise in the neutron interferometer
we investigated was the effect of random phase noise on the
correlations between the neutron path and neutron spin.This
type of noise can arise due to surface imperfections in the
interferometer blades which introduce a random phase to
neutrons traveling through interferometer, thus reducing the
measured contrast of the interferometer when averaged over
many neutrons. By entangling the path degree of freedom of
the neutrons with the neutron spin we investigated how the
phase noise behaves in the presence of a postselected spin
measurement on the neutron beam. To quantify the correla-
tions between the spin and path degree of freedom we com-
pared quantum discord and entanglement. Quantum discord
was originally proposed as ameasure of the “quantumness” of
correlations between two quantum systems that is more gen-
eral than entanglement. It can be thought of as quantifying
howmuch disturbance the measurement of one subsystem of
a bipartite quantum system can induce on the other.

To investigate this effect we considered a configuration
where we entangled the spin and path degrees of freedom
of the neutron by placing a spin-rotator in one path of the
interferometer and then observed the output path contrast
and spin contrast with and without postselected spin mea-
surements [24]. In the absence of spin measurements, our
theoretical calculations found that strong phase noise caused

the entanglement to reduce to zero; however the quantum
discord remained nonzero. This indicates that nonclassical
correlations persist between the spin and path of the neutron
and therefore must still be treated as a quantum system.
Our calculations predicted, and our experimental results con-
firmed, that by measuring the Z-component of the neutron
spin we could revive spin contrast even in the strong noise
case where it would be zero in the absence of spin filtering.
Our experimental setup consisted of thin permalloy films
deposited on a Si substrate to implement the path-dependent
spin rotation, and the spin measurements were implemented
using an adiabatic coil to rotate the desired neutron spin state
to the Z-basis where spin-up and spin-down neutrons were
absorbed and transmitted, respectively, by either Heusler
crystals or reflection-mode curved supermirrors.

5. A New Beam Line

Following our progress in understanding the effects of noise
on the neutron interferometer and our advances in DFS
interferometer design, we have decided to build a new
beam line which utilizes the DFS interferometer. This beam
line would have relaxed restrictions on the low frequency
vibration isolation system. A typical optical table should be
sufficient to operate a DFS interferometer beam line. This
tremendously simplifies the beam line construction and, in
principle, should improve neutron fluency with respect to
the existing setup. Figure 6 shows a schematic of the existing
beam line and outline for the new beam line.
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Figure 6: Schematic of the existing beam line setup with the hutch
and a new beam line for the DFS interferometer.
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PG (002)
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Figure 7: A picture of the monochromators for both beam lines
inside the guide shielding of the NG7 guide. The crystals are PG
crystals with 0.5∘ mosaic placed in the NG7 guide break.

We extract neutrons from the NG7 NIST NCNR cold
beam guide by Bragg diffraction of PG crystal monochro-
mators. Figure 7 shows the NG7 guide break with two new
PG crystal monochromators: one is for the existing beam
line and another is for the DFS interferometer beam line.
This configuration will allow us to independently control the
wavelength of the neutrons of both beam lines.

The current configuration shown in Figure 8 is configured
for 𝜆 = 0.44 nm neutron wavelength and consists of an
optical table (without vibration isolation), a pair of double-V
cavity polarizer/analyzer (with greater than 98% polarization
efficiency), and 3He-detectors. Due to the high relative count
rate at fractional wavelengths (𝜆/𝑛, where 𝑛 = 2, 3, . . .) we
have installed a Be filter as shown in Figure 8. The beam line
is currently under active construction and development.
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The GRANIT facility is a follow-up project, which is motivated by the recent discovery of gravitational quantum states of ultracold
neutrons. The goal of the project is to approach the ultimate accuracy in measuring parameters of such quantum states and also to
apply this phenomenon and related experimental techniques to a broad range of applications in particle physics as well as in surface
and nanoscience studies. We overview the current status of this facility, the recent test measurements, and the nearest prospects.

1. Introduction

The GRANIT facility [1, 2] is a follow-up project, which
is motivated by the recent discovery of gravitational quan-
tum states of ultracold neutrons (UCNs) [3–5]. The main
goal of the project is to realize the resonance spectroscopy
of those quantum states, with the prospect of achieving
an unprecedented sensitivity. Such precision measurements
would address in particular searches for extra short-range
fundamental forces [6–9]. Also the phenomenon of gravita-
tional quantum states and related experimental techniques
could be applied to a broad range of other applications in
particle physics as well as in surface and nanoscience studies
[10].

GRANIT is located at the level C of the Institut Laue-
Langevin (ILL) in Grenoble, at the H172A beamline as shown
in Figure 1. The instrument comprises an ultracold neutron
source based on the production of UCNs in superfluid
helium and a spectrometer installed in an ISO 5 class clean
room, pictured in Figure 2. A monochromatic neutron beam
(0.89 nm wavelength) is extracted from a white cold neutron
beam with a monochromator [11] and guided towards the

superfluid helium bath where UCNs are produced [2, 12, 13].
An extraction guide allows us then to transfer those UCNs to
the spectrometer.

In the spectrometer, UCNs are first stored in an interme-
diate storage volume. To exit this volume, neutrons must go
through an extraction slit of height ≈100 𝜇m, a compromise
between the total UCN flux and the UCN phase-space
density. Then neutrons will bounce over high quality mirrors
very close to the surface and the method of resonance
spectroscopy [14] will be applied. The resonance can be
induced by a vibration of the bottom mirror, as used by the
QBounce collaboration [15] or an oscillating magnetic field
gradient as in the GRANIT spectrometer [16].

In 2013 we have performed extensive tests of the vari-
ous components of the facility and connected for the first
time the source to the spectrometer. In this paper we will
present the characterization of the whole UCN chain: the
0.89 nm neutron beam, the cryogenic production volume,
the extraction guides, and the mirror assembly. We also
present a confrontation of the measurements to Monte-
Carlo simulations. Finally we present the first UCN flux
measurement in the GRANIT spectrometer.
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Figure 1: The GRANIT instrument at Level C of ILL, Grenoble.
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Figure 2: The spectrometer in the cleanroom. Measurement and
control instruments are installed on a flat massive granite table with
the mass of 550 kg, all inside a welded aluminum vacuum chamber
with passivated wall surfaces. All this is placed in a clean controlled
area (ISO 5) in order to protect the delicate optical elements.

2. 0.89 nm Neutrons Beam

In superfluid helium, cold neutrons with the wavelength of
𝜆 = 0.89 nm can be converted into UCNs through resonant
phonon excitation [17]. Therefore, the UCN production rate
in the source will depend directly on the neutron flux at this
precise wavelength (𝑑Φ/𝑑𝜆)|

0.89 nm.

2.1. Monochromator Adjustment. Themonochromator [11] is
composed of 18 intercalated stage-2 KC

24
crystals, with a

lattice constant of𝑑 = 8.74 Å. According to the Bragg formula
for the first order reflection, 2𝑑 sin 𝜃 = 𝜆, the outgoing
beamline angle corresponding to 𝜆 = 0.89 nm is found to be
2𝜃 = 61.2 degrees, defining the geometry of the installation
downstream.
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Figure 3: Neutron rate as a function of themonochromator rotation
angle, for UCNs (dots) and cold neutrons (squares).

The position and orientation of the monochromator can
be adjusted remotely with five parameters: rotation, two
tilt angles, and two translation axes. These parameters are
optimized bymaximizing theUCNflux out of the source.The
most critical parameter is the rotation of themonochromator,
for which the neutron count rate varies by 80% of maximum
a few degrees away from the optimal position. For the other
parameters, within their whole range, the count rate varies
at most by 40%. The result of the scan is shown in Figure 3.
We checked that maximum UCN flux coincides with the
maximum cold neutron flux, indicating that the setup is
aligned correctly.

2.2. Differential Neutron Flux. We have characterized the
wavelength distribution in the beam using the time of flight
(TOF) technique. Two measurements were performed: the
first over a flight length of 78 ± 1 cm, the second over 28 ±
1 cm. The spectrum of the first measurement is presented in
Figure 4, together with a fit of the peaks. We obtained for the
first order peak the central wavelength 𝜆 = 0.879(11) nm.The
uncertainty is dominated by the error on the flight length,
which is itself defined by the uncertainty of knowledge of the
position in the gaseous detector where the reaction occured.
The width of the peak, 𝜎 = 0.022 nm, is compatible with the
expected TOF resolution.

The relative intensities of the peak shown in Figure 4
do not reflect the relative intensities of the corresponding
neutron fluxes due to at least three important effects. First,
the detector efficiency is proportional to 𝜆 according to the
1/V law. Second, losses in air, estimated to be 13% for 0.89 nm
neutrons, are also proportional to 𝜆. Finally, since different
wavelength components of the beam have different angular
divergencies, the geometrical acceptance of the setup is also
wavelength dependent. To suppress the latter, a second TOF
measurement with a shorter flight length of 28 ± 1 cm was
performed.

We show in Figure 5 the TOF spectrum recorded at the
short distance. After correcting for the detector efficiency, we
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determined the relative contribution of the first and second
order diffraction peaks to the total flux as

𝑝

0.89
= 0.74, 𝑝

0.445
= 0.26. (1)

2.3. Integral Neutron Flux. To determine the integral neutron
flux of the H172A beamline, we have used the standard gold
foil activation technique that allows us tomeasure the capture
flux density defined by

Φgold = ∫
𝑑𝜙

𝑑𝜆

𝜆

𝜆th
𝑑𝜆, (2)

where 𝜆th = 0.18 nm is the wavelength of thermal neutrons.
In July 2012 with a reactor power of 48MW, we have obtained
the following capture flux density:

Φgold = 6.5 × 10
8 cm−2s−1. (3)

Knowing the proportion of each diffracted peak 𝑝
𝜆
,

neutron flux in the 0.89 peak can be calculated:

Φ

[0.89 nm] = Φgold ×
0.18 nm
0.89 nm

× ( ∑

𝜆∈peaks

𝑝

𝜆

𝑝

0.89

×

𝜆

0.89 nm
)

−1

.

(4)

From the differential neutron flux results (equation (1)), we
estimate Φ

[0.89 nm] = (1.1 ± 0.1) × 10
8 cm−2 s−1. Although the

intrinsic width of the peak is unknown, it cannot be larger
than the measured TOF width 𝜎 = 0.02 nm. Assuming a
Gaussian shape for 𝑑Φ/𝑑𝜆, we deduce a worst case scenario
estimate (with our limit on 𝜎) of the differential neutron flux
at 0.89 nm:

𝑑Φ

𝑑𝜆















0.89 nm
= Φ

[0.89 nm] ×
1

𝜎
√
2𝜋

. (5)

The actual flux inside the UCN conversion volume is fur-
ther reduced by two effects. First, the walls of the conversion
volume (0.85mm thick aluminum and 1mm thick beryllium)
attenuates the beam by a factor of 0.895.Then, because of the
angular divergence of the beam of 30mrad, the fraction of the
cold beam interacting with the source is 0.72 (estimated with
a Monte-Carlo simulation).

Thus, the effective 0.89 nm differential flux inside the
source is

𝑑Φ

𝑑𝜆

















eff

0.89 nm
= (1.3 ± 0.2) × 10

9 cm−2s−1nm−1 (6)

with the reactor power of 48MW. As the conversion rate in
BeO vessel can be estimated [2], the volumic production rate
is

𝑃 = (4.97 ± 0.38) × 10

−9 nm ⋅ cm−1 × 𝑑Φ
𝑑𝜆

















eff

0.89 nm
.

(7)

We deduce that we produce 𝑃 × 𝑉 = 32000UCN/s in our
5-liter vessel with the reactor power of 48MW.

3. UCN Source

The GRANIT superthermal UCN source is an evolution of
the SUN1 apparatus [12, 13]. The UCN conversion volume
consists of a vessel made out of BeO/Be filled in with
superfluid 4He, where 0.89 nmneutrons are downscattered to
the UCN energy range by resonant phonon excitation. This
rectangular volume of the size 7 × 7 × 100 cm3 is placed in
continuity with the neutron guide, which is also of squared
section (7 × 7 cm2). The conversion volume is encased in a
cryostat that allows cooling the volume down to below 0.8 K.
A first commissioning of SUN1 at its definitive position was
reported in [12, 13], where a large diameter extraction guide
from the source to a UCN detector was installed. In order to
avoid diluting of UCNs in the phase-space density, a more
elaborate extraction guide assembly, with smaller diameter
in particular, was designed and built. In the following we
report the necessarymodifications to the source as well as the
current performances.
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Figure 6: Extraction guides from the source to the spectrometer.
The extraction guides are composed of several tubular elements,
which are thin foils of stainless steel inserted inside tubes.The design
of the guides allows compensating for themisalignment between the
source and the spectrometer.

To determine these performances, a temporary set-up
was installed. A box (filled in with Argon to reduce the UCN
losses) was connected to the UCN extraction guide outside
the clean room. That set-up allowed us to perform our first
measurements with UCNs.

3.1. Cryostat. With the assembly of the new extraction pre-
sented in Figure 6, which connects the coldest part to the
ambient temperature, first tests showed a loss of cryogenic
power. In the first configuration it was not possible to cool
down the UCN volume below the temperature of 1 K; thus
we had to increase the cryogenic power of the refrigerator.
A first temporary set-up using a LN

2
cooling system for the

thermal screens (around the inner parts of the extraction)
was installed in order to validate that increasing power could
solve the problem. This set-up permitted us to reach the
temperature of 0.74K. In the second configuration this LN

2

cooling system was replaced with a Sumitomo cold head
150W @ 77K. The outlet box of the cryostat and some
thermal screens were also replaced. The current cryogenic
system is now adapted for our configuration. Figure 7 shows
a cool down and filling of the conversion volume.

3.2. Separation Windows. In several occurrences, we need
to physically separate volumes at different pressures keeping
UCN-transparency. This is the case for any gaseous UCN
detector. Also, the spectrometer vacuum has to be separated
from the extraction vacuum to avoid reheating in case of
spectrometer openings. Any material separation is a cause of
extra UCN losses due to quantum reflection and absorption.

The first choice for a material was aluminum that has
both low optical potential (54 neV, corresponding to a critical
velocity of 3.2m/s) and small neutronic absorption cross-
section (∼102 barn for 5m/s neutrons). However, soft UCNs
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Figure 7: A successful cooldown in 100 hours. The temperature
of several areas of the cryostat is constantly monitored. It takes
48 hours from the beginning to start 4He liquefaction, which
helps cooling the conversion volume. 48 hours later, the conversion
volume is cold enough for keeping liquid 4He. 52 additional hours
are needed to fill in this volume.Then, He-II can be cooled down to
the temperature of 0.74K.
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30 𝜇m each for Al) for an isotropic UCN gas as a function of UCN
energy.

(with the velocity lower than 3.2m/s) are supposed to
represent a nonnegligible fraction of UCNs extractable out of
the source. A simple calculation of the transmission through
two windows (one in the extraction and one for the gaseous
detector) considering an isotropic angular distribution of
UCNs, illustrated in Figure 8, shows that better materials
exist for our application.

We conclude that titaniumwould be better-suited as long
as soft UCNs are available, and pure titanium windows are
quite easy to set up. However, the thickness of the windows is
far more critical for titanium than for aluminum (because of
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Figure 9: Vacuum-separating window in the extraction guides.The
foil must guarantee the vacuum tightness but also it should resist to
an overpressure of 1.5 bar max in both directions in case of eventual
fast heating of the source. Such overpressure is limited using two
safety valves. The window is made with 2 aluminum half pieces
milled by electrocutting reinforced by letting ribs 0.25mm thick.
Between these two parts a titanium foil 0.015mm thick and 2 o’rings
are inserted.The assembly is bolted.The window assembly had been
tested with success under vacuum and under 5 bar pressure.

the absorption cross-section for neutrons). Thus, depending
on mechanical constraints, the windows should be as thin
as possible. Figure 9 shows the extraction window between
the extraction and the spectrometer that was designed for
GRANIT.

3.3. UCN Count Rate versus Temperature. Ameasurement of
the UCN count rate as a function of He-II temperature was
realizedwith a 3He counter.The extractionwindowwasmade
of a 30 𝜇m aluminum foil, as well as the detector entrance
window. The result is presented in Figure 10.

Two regimes appear. When 𝑇 ≥ 1.2K, the UCN flux is
highly dependent on temperature because of the upscattering
of UCNs in He-II. At lower temperature (𝑇 ≤ 0.9K), the
UCN flux saturates, because the main losses are caused by
absorption of UCNs in the beryllium walls of the conversion
volume. If this effect was an order of magnitude smaller,
the transition would occur at a lower temperature and
the saturation UCN density would be nearly an order of
magnitude higher.

When the UCN valve of the source is open, radiative
heat on He-II causes an important increase in temperature
(0.045K/min). For this reason, the valve should not be
opened for longer than 10–15 seconds in order to have a
reliable and stable measurement, as well as to be able to cool
back down He-II (∼10min). Thus, the source can operate in
a pulsed regime at a temperature below 0.9 K (stable as long
as the opening time of the valve is short), or in a continuous
mode at a higher but always stable temperature (∼1.3 K), but
with a smaller UCN flux.

3.4. Source and Extraction Characteristic Times. We define
two characteristic times for this system. The emptying time
𝜏emptying is the average time necessary to extract UCNs from
the apparatus. The storage time 𝜏storage is the average lifetime
of UCNs in the isolated source.
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Figure 10:UCNcount rate versus the temperature ofHe-II.The cold
neutron beam constantly passes through the source and the UCN
valve is opened periodically.
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Figure 11: Emptying time ofUCNs in the source and extractionwith
Ti windows.

Table 1: Emptying time of UCNs in the source and extraction with
two titanium windows for several waiting times.

Waiting time (s) 𝜏emptying (s)
0 12.9 ± 0.4

50 18.6 ± 0.6

100 23.8 ± 1.4

Theemptying time ismeasured by accumulatingUCNs in
the source during 2min, then closing the cold beam shutter
and waiting for a few seconds. The UCNs are then released
through the extraction to a UCN detector, with a differential
UCN count measurement. The data are fitted with a single
exponential as illustrated in Figure 11.The results for different
wainting times are summarized in Table 1. One can notice
that the longer the waiting time, the longer the emptying
time. We conclude that the softer UCNs are stored longer
in the source, and that a sufficiently long time must be
chosen to integrate the number of neutrons extractedwithout
introducing a bias between measurements with different
waiting times.

The storage time ismeasured in a similar way, but the total
number of extracted neutrons is counted, and the procedure
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Figure 12: Storage time of UCNs in the source with Ti windows.

Table 2: Storage time in different configurations.

Extraction Detector 𝜏storage (s) @ 0.81 K
Al Al 21.0 ± 0.4

Ti Al 21.3 ± 0.4

Ti Ti 30.4 ± 0.7

is repeated for different waiting times. This time is obtained
by fitting the data with a double exponential, as shown in
Figure 12, and calculating theweighted geometricmean of the
two decay constants. The two exponentials allow accounting
for several UCN populations with different velocities and
storage times where a single exponential is not sufficient.

The storage timemeasurement was performed for several
combinations of extraction and detector windows materials.
The results are summarized in Table 2. Having at least one
aluminum window cuts out the soft UCNs, resulting in
similar storage times for Al-Al and Ti-Al configurations.
Using only titanium allows recovering the soft UCNs. The
noticable increase of the storage time is expected as slower
UCNs have less collisions on the source walls. The choice of
titanium windows is therefore justified and gives us access to
a nonnegligible fraction of the UCN velocity spectrum.

The results show that 𝜏emptying < 𝜏storage: the source can
work in an accumulationmodewhereUCNs are accumulated
in the source and then released all at the same time towards
the spectrometer.

3.5. UCN Velocity Spectrum. The velocity distribution of
UCNs can be determined with a free fall experiment, as
described in Figure 13. The height of free fall for a UCN with
a defined horizontal velocity is

ℎ =

𝑔

2

(

𝑑freefall
VUCN
)

2

. (8)

Assuming we have spatially isotropic distribution of
UCNs within our collimation system (this assumption is
valid with high accuracy for any broad angular distribution
of UCNs in the extraction system), the measurement of

Vacuum UCNs

UCNs

Ti foil

Absorber
Mirror

B4C Argon

500𝜇m

26 cm

12 cm

Polyethylene foil

D

H

Figure 13: Set-up for free fall measurement: in an argon-filled box,
the UCN beam is collimated with a 12 cm long absorber-mirror
system forming a slit of height 500 𝜇m.A detector with a 15 𝜇m thick
titaniumwindow is placed at the distance of 26 cm from the slit, and
record the neutron count as a function of the fixed free fall height.

horizontal velocity of the collimated UCNs is representative
of the velocity distribution of the UCNs in the extraction.

The recorded UCNs counts as a function of the free fall
height are shown in Figure 14. In order to obtain a velocity
spectrum for this measurement, we make a Monte-Carlo
simulation of the experiment to fit the initial velocity spectra
to the data. Two shapeswere assumed for the initial spectrum:
a Gaussian distribution and an asymetric triangular distribu-
tion. Both fitted correctly the data, and the obtained results
for the mean and RMS of the distribution are

𝜇Gauss = 5.1m ⋅ s
−1
, 𝜎Gauss = 1.6m ⋅ s

−1
,

𝜇Triangle = 5.3m ⋅ s
−1
, 𝜎Triangle = 1.4m ⋅ s

−1
.

(9)

The asymetric triangular distribution is zero below 2.2m/s,
maximum at 4.5m/s, and zero above 9.0m/s. In both cases,
we obtain a coarse UCN velocity spectrum and notice a quite
wide distribution around the mean value.

Because of the low statistics (some hundreds of UCNs
counted for 30 minutes), the valve was always open (thus
the temperature was 1.35 K). In this configuration, there is
no accumulation of soft UCNs in the source, thus a higher
mean velocity than what we could have. This method of
measurement for the velocity spectrum of UCNs, though
lacking in precision, was successful. The precision could be
improved by designing a UCN detector with a dedicated
geometry or a large position-sensitive detector and a vacuum-
tight environment.The result itself is in agreement with what
we expected and confirms that the source/extraction system
we use is well-suited for the GRANIT spectrometer.

4. Spectrometer

4.1. Description. UCNs are transported through the extrac-
tion guide from the He-II source to the spectrometer as
shown in Figure 6. The extraction guides and the extraction
window are the same as the previous configuration. The
guides connect the source to an intermediate storage volume
depicted in Figure 15. Optical elements, at the heart of
the spectrometer, are connected at the exit of the storage
volume. They are sets of silica pieces with different coatings
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Figure 14: Number of UCNs detected for 30min versus the free
fall height. During the measurement, the temperature of He-II was
1.35 K. Since the UCN spectrum is defined by the storage and
transmission properties of the whole system, and the temperature
of He-II affects only the total count rates, the exact value of the
temperature is of no importance.Thismeasurement was fittedwith a
Monte-Carlo simulation, assuming an initial triangular or Gaussian
spectrum.

Connection with 

Window for the 

Aluminum plates
coated with DLC

the UCN valve

connection of mirrors

Figure 15:The DLC-coated storage volume.The inner sizes are 40×
40 × 340mm3.

and roughness states, providing different conditions to the
transport of UCNs. They are described in Figures 16 and 17.
All these parts have been provided by the SESO Company in
Aix en Provence (France), and Diamond-Like Carbon (DLC)
coatings were applied by Advanced Material Laboratory
(IN2P3, France).

The intermediate storage volume, made of several alu-
minum parts coated with DLC, is designed to randomize the
UCNs trajectories. In order to close the storage volume, a
nickel-coated butterfly valve is used, preventing the UCNs
from returning into the source. The exit of the intermediate
storage volume is closed by the first optical elements of
the spectrometer, forming a slit and allowing only UCNs

Transport mirror
with edges

Scatterer

Extraction mirror

Resonant transitions

Absorber

UCNs

Adjustment micrometric screws

0.05 < slit < 0.2mm

Figure 16: Schematics and pictures of the optical elements. The
extraction mirror and the scatterer have the same sizes (300 × 100 ×
20mm3) and each consists of 3 pieces of 100 × 100 × 20mm3 glued
together. The mean roughness of the extraction mirror (floor) is
very low (0.5 nm) to allow for specular bouncing, whereas the mean
roughness of the scatterer (ceiling) is intentionally high (5.6 𝜇m)
to allow UCNs with too high vertical velocity to be diffused back.
The transport mirror (300 × 250 × 70mm3) has a surface mean
roughness of 0.5 nm and a planarity of 80 nm. The absorber mirror
is 300 × 90 × 30mm3.

UCNs

Piezo element

 

Piezo element

The complete installation

Transport mirror

Absorber
Extraction mirror and scatterer

UCN detector 
with Cd shielding

adjustment of the
transport mirror absorber

adjustment of the

Figure 17: The optical elements on the granit table. The extraction
mirrors assembly and the transport mirror are placed on two
separate adjustable supports. Their adjustment could be done with
3 + 3 micrometric screws. To adjust the height and the orientation
of the surface of the transport mirror with a great accuracy, we use 3
piezo-electric elements. The distance between the absorber and the
transportmirror is adjustable as well using 3 piezo-electric elements.
The piezos are driven from the control computer with a Labview
application.

with negligible vertical velocity to be transmitted. The slit
is composed of an extraction mirror and a scatterer. The
scatterer is placed above the extraction mirror at a height
between 50 and 200 𝜇m. Both are coated with DLC in order
to provide reflection of UCNs with a broad velocity range
from the surfaces and thus to assure proper operation of the
so-called semidiffusive slit [18, 19].
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4 modules ready to be connected

128-wires array

No convection
Cooling system is required

Circulation of cooled N2

+ LN2 heat exchanger

50W to be evacuated

Figure 18: The magnetic excitation array is made of 4 modules of 32 wires each (1mm2) constituting a 128-wire array. The wires are spaced
by 0.25mm.

The second part of the spectrometer is a transport
mirror, aligned with the slit (or positionned a few microm-
eters above/below the slit, allowing the selection of quan-
tum states). The magnetic excitation array [16], described
in Figure 18, can be placed above it. To induce resonant
transitions between quantum states, a periodicmagnetic field
gradient will be producedwith an array of wires located above
the transport mirror. The third part of the spectrometer is an
absorber, placed above and at the end of the transport mirror
at an adjustable height to filter the quantum states.

4.2. Cooling of the Magnetic Excitation Array. The magnetic
excitation array was built and tested before set-up. The
current needed (5A in average) to generate a sufficient
magnetic field gradient produces 50W of power that has
to be dissipated without affecting too much the transport
mirror. The wire system must be cooled down. Circulation
of cooled gaseous N

2
will be used for that purpose. To test

the cooling in conditions as close as in the experimental set-
up, the magnetic excitation array was placed in a vacuum
chamber and connected to a power supply (5 A, 8V). The
heat exchanger was placed in a LN

2
tank at a distance of

9m from the magnetic excitation array, and a circulating N
2

circuit linked the heat exchanger to the magnetic excitation
array. Results of that test were very good, and we could easily
stabilize the temperature of the wires at 15∘C during 12 h
without human intervention. The magnetic excitation array
equipped with the cooling system will be installed during
autumn 2014.

4.3. Preliminary Results. In summer 2013, we conducted the
first tests of the full extraction chain. During this cycle, the
source temperature could not be cooled lower than 1.35 K.
Removing the transport mirror and the absorber, and placing
the detector at the exit of the extraction slit of height 127 𝜇m,
we measured the first UCNs in the GRANIT spectrometer.
The 3He detector was equipped with a titanium window. In
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Figure 19: Amplitude spectrum of UCNs and background. The
temperature of the source was 1.35 K.

this configuration, we measured (10.9 ± 1.5) × 10−3UCN/s as
shown in Figure 19.

This count rate is one order of magnitude lower than
expected in this configuration and two orders of magnitude
lower than targeted. Potential explanations include (i) a defect
in the extraction which, because of the modifications of the
configuration, did not exist in the previous measurements,
(ii) defects in the DLC-coated storage volume, which has
not been characterized on its own due to its particular
geometry, and (iii) the collection of impurities on a cold spot
on the extraction window. This opens the way to further
improvements and tests in the next cycles, which could not
be done immediately because of the long reactor shutdown
right after this measurement. In addition, the background,
estimated to 14×10−3 events/s, is high compared to the signal
because of background fast neutrons in the reactor building.
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Be/BeO volume

Iron valve Extraction

Titanium window

Figure 20: Geometry described and used in the simulation.

Extra-shielding will be added to the installation in order to
reduce this background.

5. Simulation

STARucn (Simulation of Transmission, Absorption and
Reflection of ultracold neutrons) is a public Monte-Carlo
software designed to simulate experimental set-ups and
guides for UCNs, developped at LPSC Grenoble [20]. It relies
heavily on CERN’s ROOT packages [21]. Its main features are
modularity, easy configuration of geometry and simulation,
propagation of UCNs, with or without gravity, interaction in
volumes through effective lifetime, and interaction at surface
(quantum reflection or transmission, surface losses due to
absorbtion upon reflection, and specular and diffuse reflec-
tion). These features had been successfully benchmarked
against analytical calculations and existing codes such as
MCUCN of PSI and GEANT4UCN [22].

In STARucn, a material is described with its Fermi
potential𝑉

𝐹
, its fraction of diffuse reflections 𝑑, its loss factor

𝜂 defined as the ratio of imaginary to real part of the Fermi
potential, and its effective lifetime 𝜏 in the material.

Severalmeasurements of the source characteristics can be
used to estimate the unknown values of the parameters of the
various materials. Our simulation (with geometries such as
in Figure 20) shows that the build-up time within the source
is only driven by the losses on the Be and BeO surfaces of
the source. Using results from 2010 measurement [12, 13], we
set 𝜂Be = 2.7 × 10

−4. In a similar way, the emptying time
depends mostly on the reflective properties of the stainless
steel extraction. Assuming this property is uniform in all
the extraction, the best fit is found at 𝑑steel extraction = 3%.
The parameter 𝑑Be was arbitrarily set to 0.1 because the
simulation showed that it had no significant influence on any
measurement.

Assuming a production of 38000UCN/s isotropically
distributed in phase space in the source (corresponding to
the reactor power of 56MW), the expected number of UCNs
detected in the simulation is around 5 times higher than
what is measured. No satisfactory explanation was found: for
instance, a 12 cm2 hole in the extraction combinedwith a high
𝜂steel extraction would be needed. The most relevant figures are
in Table 3.

Possible candidates to explain these losses are a larger
angular divergency of the incoming beam of cold neutrons
in the source than estimated, an eventual misalignement of
the monochromator reducing the production rate, eventual

Table 3: Comparison of previous and recent measurements with
simulations. The number of extractible UCNs correponds to the
number of UCNs available in the source after the UCN density
has been saturated according to the simulation. The number of
extracted UCNs corresponds to the number of UCNs detected
during the experiments. The measured (resp., simulated) extraction
efficiency is the ratio of the number of UCNs detected during the
measurement (resp., the simulation) to the simulated number of
extractible UCNs. The missing factor is calculated according to the
discrepancy between these two efficiencies.

Configuration 2010 [12, 13] 2013
Storage time (meas.) 67 s 30 s
Extractible UCNs (sim.) 2.2 × 10

6
1.0 × 10

6

Extracted UCNs (meas.) 274000 21000

Extraction efficiency (meas.) 13% 2.1%
Extraction efficiency (sim.) 65–50% 15–5%
Missing factor 4-5 2.5–7

defects or losses in the extraction, and/or degradation of the
BeO source volume.These options will be investigated during
the next ILL reactor cycles.

Moreover, simulating the experiment of Section 4.3, with
the corresponding count rate as measured in Section 2.1
and the spectrum as measured in Section 3.5, the number
of neutrons measured is 10 times lower than simulated.
However, no other measurement during this cycle can rule
out a problem with the source or the extraction.

6. Improvements

These tests of all elements of theGRANIT experiment prompt
us tomodify some parts of the set-up. Some of improvements
are quite easy to perform. The cleanliness of the extraction
guides could be easily improved, starting with a rigorous and
defined production process, then having good procedures
for washing, stoving, and packaging each part just before
installation.

Moreover, due to the narrow UCN velocity range pro-
duced in the UCN source, DLC coating in extraction, mir-
rors, and intermediate storage volume is no longer crucial.
For the next steps, we will replace the stainless steel foils of
the extraction (that were dued to be DLC-coated) by elec-
tropolished tubes. This will decrease the UCN losses due to
the properties of the surface (mainly roughness and hydrogen
adsorption) of these foils and will considerably help for the
assembly of the guide, as well as for connecting source to
spectrometer, thus diminishing risks of damage.

For the same reasons the intermediate storage volume
will be replaced with a new one made of oxygen free high
conductivity copper and in a cylindrical shape thus increasing
the life time of UCNs in the volume and decreasing UCN
losses. Another effort must be done to adjust the optical
elements with more reliability without the contact of a probe.
A solution using laser sensors is under study.
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7. Conclusion

We have overviewed the current status of the GRANIT
facility. First complete test of the GRANIT UCN source and
spectrometer was performed during the last reactor cycle
in 2013. Further improvements are identified based on the
measured results, and they are being implemented.
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Results of recent SANS experiments with impurity-helium gel (IHG) samples in He-II are presented. We estimate the mean size of
the impurity nanoparticles that form the frame of the IHG samples and discuss the possibility to use IHG samples for the production
of ultracold neutrons (UCNs) in He-II cooled to the temperature of a fewmK, as well as the reflection of UCNs at any temperature.
Our results indicate that the most promising materials for these purposes might be the heavy water gel samples with the mean sizes
of D
2
O clusters of 𝑑 ∼ 8 nm and the heavy alcohol gel samples with the mean sizes of clusters of 𝑑 ∼ 15 nm.

1. Introduction

Many current investigations with ultracold neutrons (UCNs)
are limited by available UCN densities [1–3]. Intense efforts
are undertaken all over the world to increase the UCN
densities.Themost promising techniques are based on down-
scattering of cold neutrons, mainly those with the wavelength
of 8.9 Å, to the UCN energy due to phonon production in
the bulk of superfluid He-II cooled below the temperature
of 0.8 K or downscattering of neutrons with a broad initial
energy spectrum in solid deuterium at the temperature of
about 5 K [4].

Our primary goal in relation to the GRANIT project
[5, 6] is to develop and model a new type of neutron
moderator [7, 8] suitable for equilibrium cooling of UCNs in
ultracold impurity-helium gel (IHG) matter. We will check
the feasibility of the method based on equilibrium cooling of
very cold neutrons (VCNs) in the process of their interaction
with an IHG sample in superfluid He-II cooled below a
temperature of a few mK. An IHG sample could play the role
of amoderator for (very) cold neutrons and convert them into
UCNs due to their quasielastic scattering by impurity clusters
which are weakly connected with each other inside the gel
frame (the dispersionmatter) as well as with the surrounding

He-II (the dispersionmedium of the gel), and in this manner,
the energy could be transferred from VCNs to the dispersion
medium. It should be noted that in this consideration we
suppose that the wavelength of incident VCNs is comparable
to characteristic sizes of the impurity nanoclusters.

The main goal of the SANS experiments discussed below
was to study the structure of the IHG samples and to estimate
themean sizes of the impurity nanoclusterswhich formafirm
skeleton (frame) of the sample in superfluid He-II. The IHG
samples were prepared of the impurity nanoparticles weakly
interacting with each other and weakly absorbing neutrons,
like those prepared frommolecular gasesD

2
andO

2
or liquids

like D
2
O and C

2
D
5
OD [9–17].

Our preceding measurements of neutron transmission
through a heavy water gel sample with the diameter of 2.5 cm
in He-II at the temperature of 𝑇 = 1.5K have shown
[18] that, with lowering the cold neutron velocity V from
160m/s to 30m/s, the angular distribution of the intensity of
transmitted neutrons 𝐼(𝛼) changed significantly: from near
straightforward scattering at the velocities significantly larger
than 60m/s to preferred backscattering for velocities sig-
nificantly smaller than 60m/s (the corresponding transition
neutron kinetic energy ≤ 0.2 K and the wavelength 𝜆 ≥
6 nm). In the case of transmission of a VCN beam through
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a massive IHG sample, with increasing the sample diameter
𝐷 from 2.5 cm to 25 cm, one might hope that the mechanism
of transmission of VCNs with a velocity slightly above this
transition velocity through the sample would change from
straight forward to diffusion propagation (note that 25 cm is
the inner diameter of the vessel in an industrial 10 𝑙 cryostat
for storage of liquid helium).The total content of the impurity
molecules could reach ∼1020 cm−3, and supposing that about
∼1% of the impurity molecules is contained in particles of
small sizes (up to 100 molecules in a single cluster), one can
estimate that the number density of small clusters in the IHG
sample could reach 𝑁 ∼ 1016 cm−3. In the case of diffusion
propagation of an VCN through a massive spherical sample
with the diameter of𝐷 = 25 cm, the effective length between
two crossings of the neutron trajectory with walls of the
vessel 𝐿eff ≈ 1/3(𝐷

2
/𝐿

𝑁
) ≫ 𝐷, while the distance between

two elastic collisions of the neutron with nanoclusters in
the bulk of the massive IHG sample 𝐿

𝑁
≈ (1/𝜎𝑁) ≪ 𝐷.

Though the probability of inelastic scattering of VCNs on
single nanoclusters with the diameter 𝑑 ≤ 1 nm is much
smaller than the probability of elastic scattering and also
could not be estimated reliably at this stage, the total number
of collisions of the neutron with the impurity nanocluster
particles in the volume of sample, proportional to the ratio
𝐷/𝐿

𝑛
, could be large enough under certain conditions for

effective cooling of neutrons to the bath temperature.
Thus, the primary focus of our participation in this

GRANIT project includes a series of experiments relevant
to the development of VCN moderators suitable for a new
UCN source. We carried out a set of experiments to gain
a better understanding of the properties and the behavior
of IHG samples in He-II as a cold neutron moderator
and UCN converter. The neutron studies are supported by
X-ray investigations [19] of the structure and the phase
transitions in the highly dispersed icy powder which are
created following the decay of the water and ethanol gel
samples on heating them above the temperature of 5 K in He
gas atmosphere.

2. Experimental Technique and Results

The investigation was carried out using the SANS spectrome-
ter D22.The range of neutron wavelengths 𝜆was varied from
0.4 nm to 2.4 nm. The main measurements were performed
at the wavelength of 𝜆 ≈ 0.6 nm. The spectrometer covers a
total momentum transfer range 𝑞 from 0.003 to 0.8 Å−1 (see
Figure 1).

For thesemeasurements, we designed and tested a special
optical cryostat [20]. Samples with the volume of a few cubic
cm (∼2.5 cm in diameter) were prepared in situ in a quartz
glass cell filled with superfluid He-II at the temperature of
𝑇 ∼ 1.6K. The process of sample preparation was controlled
with a video camera installed outside the cryostat near the
upper pairs of optical windows placed in the middle part of
the cryostat. After preparation of a sample, the experimental
cell was shifted down to the tail of the cryostat. All the
pieces of the tail were produced from aluminum in order to
decrease neutron scattering in the cryostat walls. The time of
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Figure 1: The intensity of small angle neutron scattering on
impurities-helium gel samples and diamond nanopowder.

preparation of a sample was about 1 hour.The time of storage
of superfluid He-II in the cryostat was longer than 10 hours.

The samples were prepared by means of condensation of
a mixture of pure 4He and the impurity vapors on the surface
of He-II in the experimental quartz cell. For comparison,
we have measured the scattering of neutrons on diamond
nanopowder (by certificate, the size of diamondnanoparticles
was 𝑑 ≤ 10 nm). The results of SANS measurements are
shown in Figure 1. All thesemeasurementswere carried out in
He-II at a temperature of𝑇 ∼ 1.66K except diamond powder.
A thin layer of the commercial powder of nanodiamond [21]
in an Al envelope was studied at the room temperature.

The dashed line in Figure 1 corresponds to the Porod law:
𝐼(𝑞) ∼ 𝑞

−4 provided the condition 𝑞∗𝑑 ≫ 1 [22].The arrows
above the curves 𝐼(𝑞) indicate the points of cusps, which were
defined by approximating the slope of the 𝐼(𝑞) curves at small
and large 𝑞 values.

Some results of numerical estimations of the intensity
dependence 𝐼(𝑞) in the Born approximation [23] are shown
in Figure 2. The dashed line corresponds to the Porod law
𝐼 ∼ 𝑞

−4; curve 1 shows scattering of neutrons on spherical
nanoparticles with the radius of 𝑅 = 10 nm; curve 2 indicates
results for the particle sizes distributed randomly from 1 nm
to 19 nm (with the mean value 10 nm); and curve 3 is for
the Gaussian distribution with the mean size of 10 nm. The
change of the slope of the 𝐼(𝑞) curve at low 𝑞 values is
attributed to the transition to the Guinier region [24] in the
range of 𝑞𝑅

𝑔
< 1. Here, 𝑅

𝑔
= (3/5)

1/2
∗ 𝑅 for spherical

particles, and the particle diameter is 𝑑 < 2.6/𝑞. If the size of
spherical particles d > 2.6/𝑞, one could observe a number of
interference minima in the 𝐼(𝑞) curve (1 curve in Figure 2).
Whether the sizes of clusters are distributed randomly in
the range from 1 nm to 19 nm (the mean value 10 nm, curve
2) or assuming the Gaussian distribution (with the mean
size 10 nm and the width of the distribution curve equal to
4.5 nm) as shown in curve 3, the interference minima had
disappeared and 𝐼(𝑞) became smooth enough. It is clear that
with increasing the size of particles the kinks in the curves
𝐼(𝑞) are shifting to the lower 𝑞wave range (curves 1, 3, and 2).
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The results of our estimations of the size of nanoparticles
in different IHG samples are plotted in Figure 3. The dotted
line indicates the transition into the Guinier region. The
points correspond to the positions of kinks in the calculation
of the particle size distribution. The diamond point shows
the position of the kink in the 𝐼(𝑞) curve for the diamond
nanopowder (by the company certificate the size of particles
was 𝑑 ≤ 10 nm).

As follows from Figure 3, the mean sizes of clusters
in D
2
O gel samples were equal to 𝑑 ∼ 8 nm and 𝑑 ∼

15 nm for the deuterated ethanol sample. It is interesting to
note that mean sizes of the bcc crystals in the icy powder,
created following the decay of the IHG samples, were close
to these sizes, as it was observed in our X-rays studies
[25]. The icy powder was warming up first to the liquid
nitrogen temperature and then we studied the transitions
from amorphous to nanocrystalline structures with further
increasing the temperature of the sample. In the beginning,

the total content of the amorphous phase in the water ice
samples reached up to 40% in the normalwater and up to 90%
in the powder of heavywater. Onheating the icy sample to the
temperature of up to 110 K (for heavy water up to 130K), the
amorphous phase was transformed to crystalline cubic phase
and then we observed the transformation into the convenient
hexagonal phase. As mentioned above, the sizes of initial
cubic ice crystals were 6–10 nm [19]. In the case of ethanol
samples, the transition from amorphous to monoclinic phase
occurred at a temperature of 𝑇 ∼ 110K and the sizes of
crystallites were close to 30–40 nm.

3. IHG Samples as Neutron Moderators

As pointed out in [7], small sizes of impurity clusters weakly
interacting with each other in the frame of the gel sample
and with superfluid He-II in nanopores might be useful for
developing VCN moderators of a new type, in which the
energy of VCNs is transferred into the helium bath cooled
down to the temperature of a few mK via their inelastic
interaction with the clusters.

According to [8], the most interesting for these modera-
tors could be D

2
O or the heavy alcohol C

2
D
5
OD gel samples.

In principle, the total content of small (about 1 nm) particles
in bulk of these samples can be increased significantly on
heating the freshly prepared sample in liquid helium up to
4K and subsequent cooling [25].

The time-of-flight measurements of inelastic neutron
scattering on these samples could give any answer on effi-
ciency of the inelastic scattering of CNs and VCNs on the
gel samples as well as on the gel samples prepared from other
materials.

Elastic Neutron Scattering. The first experiment on VCN
scattering yielded very encouraging results. It was observed
that the beam transmission through a heavy water-helium gel
sample with the volume of∼3 cm3 inHe-II at the temperature
𝑇 ∼ 1.6K changed from ∼50% to ∼0% on decreasing the neu-
tron velocity from 160m/s to 30m/s.The angular distribution
of neutron scattering changes as well: at higher neutron
energies, the scattering is directed into the front hemisphere
mainly (<30∘), and at low energies, the angular distribution
of scattered neutrons is close to spherical [18]. The transition
from straight to diffusion propagation of VCNs in the bulk of
a massive gel sample with increasing the sample volume with
diameter up to 25 cm might result in a significant increase in
the time of propagation of neutrons between two consequent
crossings of the vessel walls and thus in a corresponding
increase of the probability of decreasing the energy of neu-
trons down to the temperature of theHe-II bath cooled below
10mK.

4. Conclusion
We have made neutron scattering measurements on
impurity-helium gels—a new class of “soft-matter.” As an
impurity, we used gases D

2
and O

2
and vapor of liquids

D
2
O and C

2
D
5
OD. The mean sizes of nanoparticles in the

gels were 6–10 nm for heavy water gel and 15–30 nm for
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deuterated ethanol samples. We propose that the massive
IHG samples could be promising for the purposes of VCN
cooling down to UCNs.
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We propose a new method for production of ultracold neutrons (UCNs) in superfluid helium. The principal idea consists in
installing a helium UCN source into an external beam of thermal or cold neutrons and in surrounding this source with a solid
methane moderator/reflector cooled down to ∼4K. The moderator plays the role of an external source of cold neutrons needed to
produceUCNs.The flux of accumulated neutrons could exceed the flux of incident neutrons due to their numerous reflections from
methane; also the source size could be significantly larger than the incident beam diameter. We provide preliminary calculations
of cooling of neutrons. These calculations show that such a source being installed at an intense source of thermal or cold neutrons
like the ILL or PIK reactor or the ESS spallation source could provide the UCN density 105 cm−3, the production rate 107 UCN/s−1.
Main advantages of such an UCN source include its low radiative and thermal load, relatively low cost, and convenient accessibility
for any maintenance. We have carried out an experiment on cooling of thermal neutrons in a methane cavity. The data confirm the
results of our calculations of the spectrum and flux of neutrons in the methane cavity.

1. Introduction

Further progress in the field of studies with ultracold neu-
trons (UCNs) [1, 2], as a tool for nuclear and particle physics
[3–5], is often limited by available UCN densities. Therefore
many projects of new advanced UCN sources are pursued
in various scientific centers in the world; they are aiming to
increase the available UCN densities and fluxes by at least 1-2
orders of magnitude.

Theprinciple of production ofUCNs in superfluid helium
was proposed already in 1975 in [6]. It is based on the fact that
a neutron could excite a phonon with the energy of 1.02meV
in liquid 4He. If the energy of incident neutron exceeds
slightly this value (1.02meV), the neutron will be scattered to
the UCN energy. UCNs could be produced via this mecha-
nism only from incident cold neutrons with energies from a
very narrow range as the UCN energy is as small as <300 neV.
A neutron could also excite two or more phonons in helium
simultaneously. The cross section of such multiphonon scat-
tering is lower by several orders of magnitude than the

cross section of one-phonon scattering. However the total
energy of exited phonons could be found within a much
broader energy range, and thus UCNs could be produced in a
multiphonon process from a much broader energy range of
incident neutrons.Therefore both processes would give com-
parable contributions to the UCN production provided that
the initial cold neutron spectrum is broad.

It was also shown in the cited work that the produced
UCNs could be stored in superfluid helium for a long time if
the helium temperature is ∼1 K or lower. This fact allows
building up the UCN density in a source of this type up to
very high values.

Helium UCN sources, as well as solid-deuterium UCN
sources, seem to be most promising at present. There are
several projects of helium UCN sources in the stage of their
realization or design [7–11]. A drawback of helium sources as
compared to solid-deuterium sources consists of very low
temperatures needed in order to provide long UCN lifetimes
in superfluid 4He: thus the lifetime drops down from 104 s to
1 s if the temperature increases from 0.6K to 2K [12, 13].
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Advantages of helium sources consist of the transparency of
the physical processes involved, the relatively low cost, and
the possibility to install them outside of a reactor/spallation
source zone.

2. The Concept of UCN Sources at External
Beams of Thermal Neutrons

It was noted in [14] in 1998 that if anUCN source filled inwith
liquid helium at the temperature of below 1K is installed in a
beamof cold neutrons surroundedwith a cold neutron reflec-
tor (i.e., the reflector provides a trap for cold neutrons used
to produce UCNs), then one could noticeably increase the
flux of cold neutrons in the source and thus increase theUCN
generation rate. Beryllium oxide and Plexiglas at a tempera-
ture of several degrees were considered as possible materials
for the reflector. The mean path of cold neutrons in the
source of a cylindrical or spherical shape could increase by the
factors 2.2 and 2.5 accordingly.This idea has not been realized
as such gains could be achieved only in relatively small vol-
umes.The reason is in the fact that the angular distribution of
reflected neutrons is isotropic in contrast to the initial narrow
angular distribution. Thus one could not use a section of a
neutron guide (with the length several times larger than the
width) for such a source; the path of cold neutrons in a guide-
shaped source (and thus the generation rate) would be higher
anyway than in a spherical source of equal volume.

However if we replace the reflector material by another
one providing simultaneously good moderation and reflec-
tion properties, then one could (1) considerably increase the
flux of cold neutrons in the source and thus its production rate
and also (2) use “cheap” and intense thermal neutrons instead
of “expensive” and less intense cold neutrons for UCN
production [15]. In fact such a moderator/reflector plays the
role of a cold neutron source. Thus the maximum flux
density in beams of cold neutrons at the ILL reactor reaches
∼1010 cm−2 s−1, while the maximum flux density in beams of
thermal neutrons at the same reactor could reach ∼1011
cm−2 s−1 as it will be shown in the next section.

Such an UCN source is shown schematically in Figure 1;
it is surrounded with a moderator/reflector, which plays the
role of an external cold neutron source. The moderator/
reflector in the figure surrounds also the input neutron guide
in order to avoid leakages of neutrons (from the trap) with the
angular divergence exceeding the narrow angular divergence
in the initial neutron beam.The larger the albedo of the reflec-
tor is, the higher the saturated neutron flux density in the
source is; in the limit of the reflector albedo equal unity, the
neutron flux density accumulated in the cavity is strictly equal
to the neutron flux density in the thermal neutron source.
For the PIK and ILL reactors it would be equal to
∼1015 n⋅cm−2 s−1.

A matter with maximum albedo for cold neutrons, which
we have found, is solid methane in phase II at the temper-
ature of ∼4K (we leave aside composite materials based on
nanoparticle reflectors [16–18], which we are analyzing cur-
rently in view of even further increase in the attainable
albedo). On the one hand, albedo of methane is slightly

Al window
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neutron
source

Moderator/reflector

UCN

Be (BeO)

4He (0.6 K)

n· −cm−2 s−1
∼1015

Figure 1: A scheme of an UCN source surrounded by a modera-
tor/reflector.
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higher than albedo of reflectors considered in [9]. On the
other hand, solid methane is simultaneously one of the best
coldmoderators.This latter property of methane is due to the
fact that it is a molecular crystal with a very round molecule;
thus it provides rather flexible rotational degrees of freedom
even at very low temperatures.

Another particularity of solid methane is parallel align-
ment of spins of hydrogen atoms in the methane molecule
at low temperatures. The scattering of low energy neutrons
becomes coherent for one molecule and stays incoherent for
different molecules.Therefore there is no optical potential for
neutrons of low energy as there is for materials with coherent
scattering, and the cross section increases with decreasing the
neutron energy. Cross sections of neutron scattering in solid
methane at different temperatures are presented in Figure 2 as
a function of neutron energy; the data are taken from [19, 20].

Solid color lines correspond to the cross sections of elastic
scattering at respective temperatures. Black dashed-dotted
line indicates the cross section of inelastic scattering. Color
dashed lines show the total scattering cross section at a
given temperature. Black solid line gives the absorption cross
section.
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3. Estimation of Thermal Neutron Flux
Density in a Neutron Guide

Before calculating parameters of the proposed UCN source,
we estimate the flux of thermal neutrons, which could be
achieved in an external neutron guide of existing neutron
sources.

The most intense worldwide steady neutron source is
currently the ILL reactor; it provides the thermal neutron flux
density of 𝐽

0
= 1.2 ⋅ 10

15 n/(cm2 s) in the vicinity of its active
zone. The distance from its active zone to the outside surface
of its biological shielding is about 4m. There are holes with
themaximumdiameter of 20 cm in the biological shielding of
the reactor for the installation of neutron guides. It is realistic
to install an UCN source at the end of a neutron guide with
the diameter of 20 cm at the distance of 5m from the center
of the reactor active zone.

So, let us assume that there is a cylindrical tube with the
length of 𝐿 = 5m and the diameter of𝐷 = 20 cm (the square
area cross section is thus 𝑆 = 314 cm2). Let us assume also that
one end of the tube is an isotropic source of thermal neutrons
with the flux density equal to 𝐽

0
= 1.2 ⋅ 10

15 n/(cm2 s). Then
the neutron flux density through the opposite end of the tube
is

𝐽 = 𝐽

0

𝑆

4𝜋𝐿

2
= 𝐽

0
⋅ 10

−4
= 1.2 ⋅ 10

11 n/ (cm2 s) . (1)

The integral flux will be equal to

𝐹 = 3.8 ⋅ 10

13 n/s. (2)

Note that a real neutron flux could be about twice larger
due to the radiation of neutrons through side walls of the tube
and reflection of neutrons from the biological shielding.

Note also that the flux density is proportional to the
square of the tube diameter, and the integral flux is propor-
tional to the 4th power of the diameter.

4. Modeling of Neutron Spectrum in
the Solid Methane Cavity

We have simulated the spectrum of neutrons accumulated in
a solid methane cavity. The simulation was carried out using
the programMCNP 4c with a special kern for solid methane;
the kern was used in [20, 21] and was kindly provided to us
by the authors.

As a result of this model calculation, we established the
optimum parameters of moderator/reflector. We found that
the optimum thickness of methane is ∼3 cm; an increase in
its thickness does not increase noticeably the number of neu-
trons in the cavity. The optimum temperature of methane is
∼4K; a decrease in the temperature also does not increase the
number of neutrons in the cavity. The optimum diameter of
the cavity is 40–50 cm if the input neutron guide diameter is
20 cm.

Figures 3 and 4 show spectra of neutrons accumulated in
a spherical cavity with the internal diameter of 40 cm sur-
rounded with solid methane. Here Φ is the neutron fluence
averaged over the cavity volume per one incident neutron.

1E − 3

1E − 4

1E − 5

0 2 4 6 8 10 12 14

𝜆 (A)

Initial spectrum
CH4: 3 cm

CH4: 2 cm
CH4: 1 cm

Φ
(n
−
1

cm
−
2

A
−
1
)

CH4: 4K, 𝜙 40 cm. Entrance hole 𝜙 20 cm

Figure 3: Mean neutron fluence in a spherical cavity with the diam-
eter of 40 cm surrounded with solid methane at the temperature of
4 K is shown as a function of neutron wavelength.
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Figure 4: Mean fluence in a spherical cavity with the diameter of
40 cm surrounded with solid methane walls with the thickness of
3 cm.

The velocity distribution of incident neutrons is Maxwellian
with the temperature of 300K; they enter the cavity through
the input guide with the diameter of 𝜙 20 cm.

Line indicates themean fluence of incident neutrons with
the temperature of 300K normalized per 1 neutron.

Points show the mean fluence of accumulated neutrons,
normalized per 1 incident neutron, for different thicknesses
of the cavity walls equal to 1, 2, and 3 cm.

Line indicates themean fluence of incident neutrons with
the temperature of 300K normalized per 1 neutron.
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Points show the mean fluence of accumulated neutrons,
normalized per 1 incident neutron, for different temperatures
of methane equal to 7 K and 4K.

5. Estimation of the Generation
Rate in the Source

For one-phonon processes only and for the UCN energy
below the beryllium optical potential, the UCN generation
rate in liquid helium [22] equals

𝑅

1
= 4.55 ⋅ 10

−8 𝑑𝐽

𝑑𝜆

(8.9 Å) cm−3 s−1. (3)

For the input flux (2), a spherical cavity with the diameter
of 40 cm, and the mean fluence 𝑑Φ/𝑑𝜆 (8.9 Å) = 6.7 ⋅
10

−5 n/(cm2 Å), (see Figures 3 and 4) one could get

𝑑𝐽

𝑑𝜆

(8.9 Å) = 2.5 ⋅ 109 n/cm2 s Å,

𝑅

1
= 116 n/ (cm3 s) .

(4)

Estimations of UCN production due to multiphonon
processes differ in different works. Thus for the spectra of
accumulated neutrons as shown in Figures 3 and 4, multi-
phonon processes could contribute with a factor of increase
in the UCN production rate equal to a value ranging from
1.25 to 3.5 [22–24]. Thus the lower estimation of the UCN
production rate is 𝑅 = 145 n/(cm3 s).

The total number of UCNs produced in the source per
second is 5 ⋅ 106UCN/s.

One could propose the following characteristics of the
source: the number of UCNs produced in the source per one
incident thermal neutron is 1.3 ⋅ 10−7UCN/s/n.

For the coefficient of loss ofUCNs in thewalls of theUCN
accumulation volume equal to 𝜂 = 10−4, the mean partial
storage time of UCNs related to wall losses is 𝜏

𝑤
≈ 450 s; with

account for the neutron 𝛽-decay lifetime the storage time will
be equal to 𝜏 ≈ 300 s.

Preliminary estimations indicate that the thermal heat to
the source with the diameter of 40 cm will raise to ∼0.2W for
the input neutron flux (2); at such a heat load the source could
be cooled down to the temperature of 0.6 K.

If the helium temperature is 0.8 K, the UCN storage time
in helium is equal to the neutron 𝛽-decay lifetime. If the
helium temperature is 0.6 K, it is a factor of 10 larger and thus
such losses even could be neglected.

Thus, the maximum UCN density in the source is

𝑛UCN = 𝑅 ⋅ 𝜏 = 4.4 ⋅ 10
4UCN/cm3. (5)

Wehave given the lower estimate for theUCNproduction
rate in the source. The upper estimation would be a factor of
∼5 larger.

These estimations are valid for a source with the diameter
of 40 cm and the neutron guide diameter of 20 cm. If the
source diameter is 30 cm, the UCN density would practically
stay the same because the leakage of 8.9 Å “parent neutrons”
through the input neutron guide will increase. On the other

20m

7
mCryostat

Detectors

Monochromator
Moderator

IBR-2 reactor
active core

n

n

Figure 5: A scheme of measurement of the spectra and intensities
of neutrons accumulated in a methane cavity performed with the
instrument DIN-2Pi.

hand, the total number of producedUCNs (“children”) would
decrease by a factor of ∼2. An increase of the source size will
increase the production rate proportionally to the diameter
value; however it will decrease the UCN density proportional
to the reciprocal diameter square.

6. Measurements

In order to verify validity of the calculations presented in
Figures 3 and 4, we have measured the spectra and intensities
of neutrons accumulated in a solid methane cavity.

The measurements were performed using the instrument
DIN-2Pi [25] at the reactor IBR-2 [26] (JINR, Dubna). The
instrument was designed to measure inelastic scattering of
neutrons using the time-of-flight method. The length of the
input arm of DIN-2Pi is 20m; it is measured between the
reactor and a sample, which scatters neutrons (a cryostat with
solid methane in our case). The output arm length is 7m; it
is measured between the sample and the detectors. Choppers
are installed in the input arm of the spectrometer; they select
a monoline with the wavelength (time-of-flight) resolution of
∼1%.

A scheme of measurement is shown in Figure 5.
A sample of solid methane with a cylindrical cavity mea-

suring 12×12 cmwith thewall thickness of 3 cmwas grown in
the cryostat. The temperature of methane was slightly differ-
ent in different points of the sample within the range from
6K to 7.2 K. The temperature was stable in time. Two holes
were left in the walls of methane cavity, one for the neutron
entrance and another one for their exit, at the angle of 90∘
relative to each other.The square area of every hole was equal
to ∼7 cm2.The cryostat was surrounded with Cd-shielding so
that thermal neutrons could enter into the cryostat only
through the entrancewindow, and they could escape from the
cavity to the detectors only through the exit window. Before
escaping into the detector, neutrons had to have two or more
reflections from the cavity walls.

7. Results of the Measurements

We selected only one monoline of incident thermal neutrons
with the energy of 25.0meV (1.81 Å). There were also many
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“background” fast and epithermal neutrons (that could pass
through a cadmium sheet) in the initial beam. A major
fraction of these neutrons could be separated using the time-
of-flight technique.However some faster neutrons could pen-
etrate into the cryostat, scatter in methane, and escape to the
detector during the same time intervals as neutrons from the
initial thermal monoline do. To exclude an influence of fast
neutrons, we measured the so-called cadmium difference,
that is, the difference of the count rate with the input beam
open and the count rate with a sheet of cadmium in the
input beam, which totally absorbed the initial thermal beam.
Figure 6 shows the results of these measurements.

The difference of these measurements allows calculating
the spectrum of neutrons thermalized in methane.

Figure 7 presents the results ofmeasurements of the spec-
trum of neutrons escaping from the methane cavity through
the exit window.We performed a numerical simulation of our
experiment using the same computer MCNP 4c code as used
for the source simulation. The numerical simulation almost
ideally coincides with the measurements, except for one
feature, which is not important in this case. Namely, one
clearly observes measured extra neutrons, which did not
change their energy during their storage in the cavity, the
elastic peak. We do not reproduce this peak in simulations.

Also we showMaxwellian spectra in Figure 7 for compar-
ing them with the measured results. One spectrum (dashed
line) provides the maximum number of neutrons with the
wavelength of 8.9 Å (our “ideal” spectrum). Another one
(solid blue line) provides a shape closest to themeasured data.
This latter spectrum is also very close to cold neutron spectra
in beams at the ILL. The integrals under all spectra are equal
to each other.
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Figure 7: Spectrum of neutrons escaping from the methane cavity
through the exit window.Thin line indicates the results of measure-
ments. Points correspond to the numerical simulation of our exper-
iment. Dashed line illustrates the Maxwellian distribution, which
provides the largest count rate of neutrons with the wavelength of
8.9 Å. Blue line shows a Maxwellian distribution fitting the data in
the best way. The integrals under all curves are equal to each other.

As an additional verification of validity of simulations of
neutron fluxes accumulated in the methane cavity, we per-
formed an analogous measurement with methane replaced
with distillated water at the temperature of 292K. In this test,
the number of initial neutrons entering the cryostat was the
same, and the spectrum was the same, as in measurements
with methane. Results of this measurement are shown in
Figure 8.

The initial spectrum, as mentioned above, is a monoline
with the wavelength width smaller than 1%. Such a width
could not be shown graphically in the scale in Figure 8 (the
“elastic peak” in Figures 6 and 7 has larger width as it is
washed out due to time-of-flight spread caused by some delay
of neutrons in the methane cavity).

As clear from this figure, the results of numerical simula-
tions perfectly agree with the measured data. Also the ratios
of integrals under the spectra for water and methane agree
with results of simulations and measurements.

Experiment:

∫𝑁

H
2
O

det (𝜆) 𝑑𝜆

∫𝑁

CH
4

det (𝜆) 𝑑𝜆
= 2.01 ± 0.02. (6)

Simulation:

∫𝑁

H
2
O

det (𝜆) 𝑑𝜆

∫𝑁

CH
4

det (𝜆) 𝑑𝜆
= 1.94 ± 0.04. (7)

Here𝑁H
2
O

det is the count rate forwater at the temperature of
292K and𝑁CH

4

det is the count rate for methane at the temper-
ature of 6.6 K.
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All these performed measurements demonstrated high
accuracy of simulations both in terms of absolute values of
neutron fluxes accumulated in a methane cavity and also in
terms of spectra of accumulated neutrons. Accordingly, we
confirm all simulated characteristics of the UCN source. On
the other hand, one should underline that now we could
provide rather precise estimations of these characteristics
basing these estimations solely on the measured data, even
without simulations.

In fact, if we know the value of albedo of thermal neutrons
from water, then relation (6) and a known geometry of the
cavity (see above) allow calculating the albedo from solid
methane.

MCNP simulations of neutron albedo from water at the
temperature of 292K, for normal incidence of neutrons with
the energy of 25meV, provide the value 0.787 ± 0.008. Nearly
the same value could be obtained for isotropic incidence of
neutrons with the Maxwellian distribution with the temper-
ature of 292K: 0.806 ± 0.008. Thus, in all cases typical for
experiments, the albedo from water is about 0.8. Taking into
account that we observe in experiments the neutrons after
their second and further reflections from the cavity walls and
also taking into account the sizes of entrance and exit holes
and relation (6), we get albedo from methane equal to 0.65.
Assuming the spectrum of neutrons in the methane cavity is
the same as that shown in Figure 7, one could calculate the
neutron flux in amethane cavity of any geometry and thus the
UCN production rate in the source.

The characteristics of the UCN source estimated in this
way are higher by ∼20% than those given above that means a
very good accuracy. The main reason for this deviation con-
sists of the fact that the neutron energy after their first
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Figure 9: The neutron spectrum inside the methane cavity and the
spectrum of neutrons escaping through the exit hole are compared.
Thin line indicates results of measurements outside of the cavity.
Points correspond to the numerical simulation of the spectrum
inside the cavity.

reflection from a methane cavity wall is higher than their
energy after subsequent reflections, and the contribution of
such neutrons into the total neutron flux is more important
(as the number of neutrons decreases after each reflection).

The measured spectrum (Figure 7) is compared with the
simulated spectrum inside the cavity (Figures 3 and 4) in
Figure 9. For convenience of normalization, we excluded
from the simulated spectrum inside the cavity a contribution
of neutrons from the initial beam; they marginally affect the
UCN production.

8. Conclusion

Our calculations showed that the installation of a helium
UCN source in an external beam of thermal neutrons at the
ILL reactor in Grenoble, at the PIK reactor in Gatchina, or at
the ESS spallation source in Lund would allow achieving the
UCN density of ∼105UCN⋅cm−3.The production rate of such
an UCN source is ∼107UCN⋅s−1. Our measurements con-
firmed validity of these calculations.

The main source of thermal load in such a source, if it
is installed at a heavy-water reactor like that at the ILL, for
instance, consists of gamma-quanta produced in the capture
of neutrons in the moderator/reflector itself. The estimated
value of the heat load caused by such gamma-quanta in
helium of the UCN source is 0.2W for the considered
geometry and the neutron flux (2).This estimation of the heat
load means that one could even considerably increase the
flux of incoming neutrons, and thus one could increase the
density and the flux of UCNs in the source. For instance,
an increase of the diameter of the input neutron guide from
20 cm to 30 cm would increase the input neutron flux by a
factor of ∼5. However, one should take into account that a
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further increase of the heat load over 1-2Wwould complicate
cooling of liquid helium in the source below the required
temperature of 0.8 K provided that the method of pumping
of 3He vapors or the method of dilution of 3He in 4He is
used. Therefore the limit of production rate in such a source
is probably close to ∼108 n⋅s−1.

On the one hand, the proposed UCN source provides
parameters much better than those of existing UCN sources;
in particular the UCN density would be a factor of 103 higher.
On the other hand, its parameters are similar to those inmost
optimistic alternative projects while the price is much lower.
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Different experiments are ongoing to measure the effect of gravity on cold neutral antimatter atoms such as positronium,
muonium, and antihydrogen. Among those, the project GBAR at CERN aims to measure precisely the gravitational fall of ultracold
antihydrogen atoms. In the ultracold regime, the interaction of antihydrogen atoms with a surface is governed by the phenomenon
of quantum reflection which results in bouncing of antihydrogen atoms onmatter surfaces.This allows the application of a filtering
scheme to increase the precision of the free fall measurement. In the ultimate limit of smallest vertical velocities, antihydrogen
atoms are settled in gravitational quantum states in close analogy to ultracold neutrons (UCNs). Positronium is another neutral
system involving antimatter for which free fall under gravity is currently being investigated at UCL. Building on the experimental
techniques under development for the free fallmeasurement, gravitational quantum states could also be observed in positronium. In
this contribution, we report on the status of the ongoing experiments and discuss the prospects of observing gravitational quantum
states of antimatter and their implications.

1. Introduction

At present, together with the dark matter problem, one of
the most tantalizing open questions in physics is the baryon-
antibaryon asymmetry; that is, why are we living in a matter-
dominated universe? Where did all the antimatter go? Dif-
ferent theoretical and experimental efforts trying to address
this question are ongoing, including activities focusing on
the gravitational behavior of antimatter [1–5]. No compelling
theoretical argument seems to support that a difference
between the gravitational behavior of matter and antimatter
should be expected [6], although some attempts have been
made to show the contrary [7–11]. Moreover observations
and experiments have been interpreted as evidence against

the existence of “antigravity” type forces [12–15]. However,
those could be argued to be model dependent and, therefore,
a simple free fall measurement is preferable. This justifies
ongoing experimental efforts in that direction. A first attempt
in this direction was made recently by the ALPHA collabora-
tion [1] that bounds the ratio of gravitational mass to inertial
mass of antihydrogen between −65 and 110.

The idea of directly measuring the gravitational force
acting on antiparticles in the Earth’s field goes back many
decades, from the work of Witteborn and Fairbank, attempt-
ing to measure the acceleration of gravity for electrons and,
eventually, positrons [16] to the PS200 experiment at CERN
in the 1980s which included measurements on antiprotons
[17]. Such measurements are extremely difficult because
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measuring the force of gravity on a charged particle requires
a physically unrealistic elimination of stray electromagnetic
fields. The obvious solution to this problem is to use neutral
antimatter particles. However, at the present time, it is not
technically feasible to do so; antineutrons cannot be produced
in a controllable manner and antineutrinos are similarly
elusive to experimenters. One may instead consider using
composite systems that are electrically neutral, in which case
it is only necessary to contend with dipole moments. Only a
few systems that are composed of or contain some fraction
of antimatter are available for scientific study. These are anti-
hydrogen, muonium, and positronium, which have all been
suggested as possible candidates for gravity measurements
[18].

Selecting between different experimental methods, one
should aim at precision experiments as they are much more
strongly motivated theoretically. Among these, the method
of quantum gravitational spectroscopy stands out by its
remarkable statistical sensitivity and its cleanness from a
systematic point of view.

Gravitational quantum states are solutions of the
Schrödinger equation in a gravity field above a surface. They
are characterized by the following energy (𝐸

𝑛
) and spatial

scale (𝐻
𝑛
):

𝐸

𝑛
= 𝜀

0
𝜆

𝑛
, 𝜀

0
=

3
√

ℏ

2
𝑀

2
𝑔

2

2𝑚

,

(1)

𝐻

𝑛
=

𝐸

𝑛

𝑀𝑔

, (2)

Ai (−𝜆
𝑛
) = 0,

𝜆

𝑛
≈ {2.34, 4.09, 5.52, 6.79, 7.94, 9.02, 10.04, . . .} .

(3)

Here, 𝑀 is the gravitational mass of the particle, 𝑚 is its
inertial mass (we distinguish between 𝑀 and 𝑚 in view of
discussing EP tests), 𝑔 is the gravitational field intensity near
the Earth’s surface, 𝑔 = 𝑀𝑔/𝑚 is the acceleration of the parti-
cle in that field, and Ai(𝑥) is the Airy function [19, 20]. For
neutrons and antihydrogen atoms, the height of the lowest
gravitational level is 13.7 𝜇m. For positronium, whose mass is
approximately 1000 times smaller, it extends over 1.3mm.The
frequency of transitions between first and second quantum
states equals 254Hz for neutrons and antihydrogen and
26Hz for positronium. The corresponding characteristic
times needed to form quantum states are 0.5ms and 5ms,
respectively.

Quantum gravitational states were observed for the first
time with neutrons by measuring their transmission through
a slit made of a mirror and an absorber in the GRANIT
experiment [21]. If the distance between the mirror and the
absorber (which is a rough surface used as a scatterer to mix
the velocity components) is much higher than the turning
point for the corresponding gravitational quantum state, the
neutrons pass through the slit without significant losses. As
the slit size decreases, the absorber starts approaching the size
of the neutron wave function and the probability of neutron
loss increases. If the slit size is smaller than the characteristic
size of the neutronwave function in the lowest quantum state,

the slit is not transparent for neutrons as was demonstrated
experimentally.

Here, we analyze, in detail, several experimentswhichwill
study the free fall of antiatoms and argue that the observation
of gravitational quantum states of antimatter is feasible. In
Section 2, we describe the forthcomingH experiment GBAR.
We explain in Section 3 the quantum reflection mechanism
which allows the formation of gravitational quantum states
of H above material surfaces. In Section 4, we show how
the filtering scheme of the GRANIT experiment could be
implemented in GBAR and, in Section 5, we describe a
possible spectroscopy of gravitational quantum states of H.
Section 6 reviews the status of positronium free fall exper-
iment at UCL and Section 7 explores the possibility of
observing gravitational quantum states of positronium.

2. The GBAR Experiment

GBAR is an experiment in preparation at CERN. Its goal is to
measure the gravitational acceleration (𝑔 = 𝑀𝑔/𝑚) imparted
to freely falling antihydrogen atoms, in order to perform a
direct experimental test of the Weak Equivalence Principle
with antimatter. The objective is to reach a relative precision
on 𝑔 of 1% in a first stage, with the perspective to reach a
much higher precision using quantum gravitational states in
a second stage, as is described in Section 5.

The principle of the experiment is described in detail in
[22] and is briefly recalled here. It is based on an idea pro-
posed in [23]. Antihydrogen ions H+ are produced, trapped,
and sympathetically cooled to around 10𝜇K. The excess
positron is detached by a laser pulse, which gives the start
signal for the free fall of the ultracold antihydrogen atom H.
TheH subsequent annihilation on a plate is detected and pro-
vides the information to measure 𝑔. The choice of producing
H+ ions to get ultracold antihydrogen atom is the specificity of
the GBAR experiment. It is very costly in statistics but makes
the cooling to 𝜇K temperatures a realistic aim.

We report, in this section, on three recent progresses in
the preparation of the experiment: estimations of the H+

production cross-sections, accumulation of positrons, and
cooling of the H+ ions.

2.1. Production Cross-Sections of H+ Ions. The H production
proceeds in two steps: 𝑝 + Ps → H + e− (1) followed by
H+Ps → H++e− (2).The Ps symbol stands for positronium.
The cross-sections of these reactions are not well known and
are very low.The matter counterpart of the first one has been
measured. It is around 10

−15 cm2 (109 barn) for tens of keV
protons [24]. The second one is estimated to be around
10

−16 cm2 (108 barn) [25].
New calculations of these reactions have been performed

inwhich the first excitations levels for the Ps (up to 𝑛 = 3) and
the H (up to 𝑛 = 5) have been considered.The results suggest
that the production ofH+ can be efficiently enhanced by using
either a fraction of Ps(2p) and a 2 keV antiproton beam or
a fraction Ps(3d) and antiprotons with kinetic energy below
1 keV [26]. The product of the cross-sections of reactions
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(1) and (2) reaches values around 10

−29 cm4 (1019 barn2) for
an optimized fraction of excitedPs. Simulations are underway
to estimate the effective gain with a realistic experimental
setup.

This shows that very low energy antiprotons are needed.
The extremely low energy antiproton (ELENA) ring which
is in construction at CERN and which will complement the
antiproton decelerator (AD) will provide 75 ns rms bunches
of 5 × 10

6 100 keV antiprotons every 100 s. Those have to be
further decelerated and cooled to match the GBAR require-
ments. The decelerator is under construction at CSNSM
(Centre de Sciences Nucléaires et de Sciences de la Matière)
in Orsay, France.

2.2. Positron Accumulation. In addition to a high flux of low
energy antiprotons, the production of H+ via reactions (1)

and (2) requires to form a dense cloud of positronium. It has
been shown that Ps can be efficiently produced by dumping
few keV positrons on mesoporous silica films. Yields of 30
to 40% depending on the incident positron energy (few keV)
have beenmeasured [27, 28].The accumulation of a very large
number of positrons, around 2 × 10

10, between two ejections
of antiprotons from ELENA is thus necessary to produce a
dense enough positronium cloud.

A demonstration facility for the production and accu-
mulation of positrons is currently running at CEA/Saclay. It
consists of a low energy electron linear accelerator (LINAC), a
high field Penning-Malmberg trap from the Atomic Physics
Laboratory in RIKEN, Japan, and a dedicated beam line for
further studies of positron-positronium conversion and for
applications in material science. In addition, a laser system is
now being built at LKB (Laboratoire Kastler-Brossel) in Paris
to test the excitation of the positroniumwhich will be formed
downstream of the trap.

The LINAC produces a 4.3MeV electron bunched beam.
The bunch length is 200𝜇s, and the LINAC runs at 200Hz,
producing amean current of 120 𝜇A. Electrons are sent onto a
tungstenmeshmoderator. A flux of typically 3×106 slow (few
100 eV) positrons per second is driven towards the Penning
trap through a vacuum tube equipped with solenoid coils
producing a 80mT field.They are accelerated to around 1 keV
to enter the high magnetic field (5 T) region. They reach
the Penning trap which is made of 23 cylindrical electrodes,
surrounded by 4 additional long electrodes to control the
admission and the trapping of incident particles. Positrons
make a round trip in less than 100 ns. In order to trap them,
it is necessary to compress the 200𝜇s bunch. This is done by
applying a varying voltage (20 to 150V) when extracting the
slow positron from themoderator. In this way, it is possible to
close the entrance of the trap before the bunch escapes. With
this method, one can trap one single bunch.

In order to accumulate a large number of bunches,
positrons have to be slowed down and stored in a dedicated
potential well formed by a subset of electrodes of the trap (see
Figure 1) before the next bunch arrives. Positrons are cooled
by passing through a preloaded electron plasma in another
dedicated potential well. This method has been set up and
demonstrated in [29] with a continuous positron beam issued
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Figure 1: The positron trapping mechanism (from [30]). The
horizontal axis is the position along the trap axis. The left vertical
axis is the voltage seen by particles. The magnetic field strength is
shown by the green curve, with the scale on the right vertical axis.
In blue, the electron potential well filled with electrons is drawn,
reducing the apparent voltage shown by black curve with the value
on the left vertical axis. The positron potential is shown well in
red. When a positron bunch arrives, the entrance electrode voltage
is low (dashed dotted line). It is then increased and positrons go
back and forth (it is depicted by red arrows) between this gate and
the downstream part of the trap. They pass many times through
the electron plasma and are eventually slowed down and fall into
their well. The presence of residual H

2

+ helps the final catching of
positrons. In order to reach the desired number of trapped positrons,
the positron well has to be enlarged and deepened during the
accumulation process from around 200V to around 1 kV. Positrons
may also be trapped in the potential well formed between the
entrance electrode and the electron well, but its depth remains
constant and the induced loss is small.

from a 22Na source. With such a beam, it is not possible to
close the entrance gate, and positrons must be slowed down
in one step. This was done with a remoderator downstream
of the trap. An efficiency of 1% was obtained.With a bunched
positron beam, the remoderator is not necessary, and a much
higher efficiency is expected.

The cooling time fixes the maximal LINAC frequency
and depends on the density of the electron plasma. With
10

17 e−/m3, simulations show that the cooling time is around
3ms.

The principle of this accumulation scheme has now been
successfully demonstrated at Saclay. The details of the exper-
imental setup used during accumulation are given in [30].
The result of a successful set of accumulation trials is shown
in Figure 2. Given the characteristics of the demonstrator
facility at Saclay, a realistic objective is now to accumulate
around 108 positrons in the trap within 2 minutes.

2.3. Cooling of the H+ Ions. Recent progresses have been
made for the design of the cooling of H+ ions. The cooling
proceeds in two steps: Doppler cooling at the mK level and
Raman side band cooling to reach 10 𝜇K.

In the first step, ions are captured in a linear Paul trap
inside which Be+ ions are preloaded and laser cooled. In the
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Figure 2: The accumulation of positrons (from [30]).

original scheme of GBAR, it was assumed that the H+ ions
would be cooled by Coulomb interactions with the Be+ ions
(sympathetic cooling). Simulations show that this process is
very slow.This is due to the large mass ratio between the ions.
As a consequence, one cannot reach the mK level in a short
enough time to avoid the destruction of the H+: the laser
cooling of Be+ induces the photodetachment of the excess
positron in a fraction of a second. However, the simulations
show also that the addition of a third species of ions of
intermediate mass, namely, HD+ ions, makes the process effi-
cient enough [31]. Starting with 1800 Be+ and 200 HD+ ions,
cooling times of ms are achievable.

In the second step, to reach the 10 𝜇K level necessary for
the free fall experiment, a Be+/H+ ion pair must be trans-
ferred to a precision trap to undergo a ground state Raman
side band cooling. Calculations show that one may achieve
the desired cooling in less than a second. This is shown
in [31] and references therein. This method will be tested
with matter ions (Ca+/Be+, H

2

+
/Be+) before being imple-

mented for the GBAR experiment. Traps are being mounted
at LKB in Paris and at Mainz University.

Since the uncertainty on the measurement of 𝑔 is fully
dominated by the initial velocity dispersion due to both
the vertical velocity after cooling and the recoil due to the
positron photodetachment, the implementation of a vertical
velocity selector will allow a drastic gain in the statistics
needed to reach the 1% precision on 𝑔 as is described in
Section 4.

3. Quantum Reflection of Antihydrogen on
Material Surfaces

In the ultracold regime, the interaction of antihydrogen (H)
atomswith a surface is governed by the phenomenonof quan-
tum reflection. Although the atoms are strongly attracted
to the surface, the atomic wave function can be partly
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(full line), silicon (dashed line), and silica (dotted line); inset: ratio
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∗ to the retarded potential𝑉∗ for a perfectly conductingmirror;
see text.

reflected on the steep atom-surface potential, leading to
a nonzero probability of classically forbidden reflection.
This effect is relevant to experiments such as GBAR where
ultracold H atoms are detected by annihilation on a plate (see
Section 2).

A single atom placed in vacuum near a material surface
experiences an attractive Casimir-Polder (CP) force [32, 33].
This force is a manifestation of the electromagnetic quantum
fluctuations which are coupled to the atomic dipole. Quan-
tum reflection occurs if an atom impinges with low velocity
on such a rapidly varying potential [34]. We will give a more
explicit condition later on.

In this section, we first describe how the CP potential is
calculated for realistic experimental conditions. We then go
on to compute the scattering amplitudes of an atom on this
potential. We show that quantum reflection can be under-
stood as a deviation from the semiclassical approximation.
Finally, we describematerials fromwhich quantum reflection
is enhanced and above which gravitationally bound states of
H could be observed.

3.1. Calculation of the Casimir-Polder Potential. We use the
scattering approach to Casimir forces [35] to give a realistic
estimation of the atom-surface interaction energy. In this
approach, the interacting objects are described by reflection
matrices for the electromagnetic field. Reflection on a plane is
described by Fresnel coefficients, while reflection on the atom
is treated in the dipolar approximation and depends on the
dynamic polarizability [36]. This allows an evaluation of the
CP potential for any material when its optical properties are
known. Those used here are detailed in [37]. Note that since
the typical length scale for quantum reflection (∼100 nm) is
below the thermal wavelength at 300K (∼1 𝜇m), we carried
out all calculations at null temperature.

The CP potential for H at a distance 𝑥 of a perfectly
conducting plane and thick silicon and silica slabs are
presented in Figure 3. For a perfectly conducting mirror in
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the long-distance regime, we recover the historic result of
Casimir and Polder [32, 33]:

𝑉 (𝑥) ≈

𝑥≫𝜆

𝑉

∗
(𝑥) = −

3ℏ𝑐

8𝜋𝑥

4

𝛼 (0)

4𝜋𝜖

0

, (4)

where 𝛼(0) is the static polarizability of the atom.
For real mirrors, the potential is reduced but it shows

the same power law dependence in the van der Waals (short
distance) and retarded (long-distance) regimes:

𝑉 (𝑥) ≈

𝑥≪𝜆

−

𝐶

3

𝑥

3
, 𝑉 (𝑥) ≈

𝑥≫𝜆

−

𝐶

4

𝑥

4
, (5)

where 𝜆 is a typical wavelength associated with the optical
response of atom and plane.

3.2. Scattering on the Casimir-Polder Potential. We now solve
the Schrödinger equation for an atom of energy 𝐸 > 0

scattering on the CP potential 𝑉(𝑥):

d2

d𝑥2
𝜓 (𝑥) +

𝑝 (𝑥)

2

ℏ

2
𝜓 (𝑥) = 0,

(6)

with 𝑝(𝑥) = √2𝑚(𝐸 − 𝑉(𝑥)) being the classical momentum.
We write the exact wave function as a sum of counter-
propagating WKB waves whose coefficients are allowed to
vary:

𝜓 (𝑥) =

𝑐in (𝑥)

√𝑝 (𝑥)

exp(−

𝑖

ℏ

∫

𝑥

𝑝 (𝑥


) d𝑥)

+

𝑐out (𝑥)

√𝑝 (𝑥)

exp(

𝑖

ℏ

∫

𝑥

𝑝 (𝑥


) d𝑥) .

(7)

Upon insertion in the Schrödinger equation, we obtain
coupled first-order equations for the coefficients 𝑐in(𝑥), 𝑐out(𝑥)
[38]. The annihilation of H on the material surface translates
as a fully absorbing boundary condition on the surface:
𝑐out(𝑥 = 0) = 0. This is in contrast with matter atoms, for
which more complicated surface physics is involved in the
boundary condition. We emphasize that H-surface interac-
tion at distances below few atomic units differs significantly
from 𝐻-surface interaction. It is remarkable that, due to
complete annihilation of H in the bulk of the surface, the
details of such short-range physics are not important [39].
Indeed, any information about antiatom-wall interaction is
encrypted in the reflected wave, which, as we will show in the
following, is produced at asymptotically large distances.

Close to the surface, the energy becomes negligible
compared with the potential, which takes the van der Waals
form and 𝑐in(𝑥), 𝑐out(𝑥) can be solved analytically [37]. The
equations are then integrated numerically until 𝑐in(𝑥), 𝑐out(𝑥)
become constants.

The reflection probability |𝑟|

2
= lim

𝑥→∞
|𝑐out(𝑥)/𝑐in(𝑥)|

2

is plotted against the energy 𝐸 in Figure 4 for various semi-
infinite media. Note that the quantum reflection probability
is larger for materials with a weaker CP interaction, such as
silica.
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Figure 4: Quantum reflection probability |𝑟|

2 as a function of the
energy for antihydrogen atoms on bulkmirrors; from bottom to top:
perfect conductor (full line), silicon (dashed line), and silica (dotted
line).

3.3. The Badlands Function. To understand this surprising
result, we look more closely at what distinguishes the exact
solution of the Schrödinger equation from the reflectionless
WKB approximation. If 𝑐in, 𝑐out are no longer allowed to vary,
one can show that the wave function (7) obeys a modified
Schrödinger equation where 𝑝(𝑥)

2 is replaced by ̃
𝑝(𝑥)

2
=

𝑝(𝑥)

2
(1+𝑄(𝑥)) [38].𝑄(𝑥) is known as the badlands function

since theWKB approximation is not valid in regions where it
is nonnegligible:

𝑄 (𝑥) =

ℏ

2

2𝑝 (𝑥)

2
(

𝑝


(𝑥)

𝑝 (𝑥)

−

3

2

𝑝


(𝑥)

2

𝑝 (𝑥)

2
) . (8)

For the CP potential, the badlands function exhibits a
peak in the region where |𝑉(𝑥)| = 𝐸 but goes to zero both as
𝑥 → ∞ (where the potential cancels) and as 𝑥 → 0 (where
the classical momentum diverges).

As the energy is decreased, the semiclassical approxima-
tion breaks down and the badlands function’s peak becomes
larger. But, for a given energy, the peak is larger and closer
to the surface when the potential is weak, as shown in
Figure 5. The difference between exact and WKB solutions is
larger in weaker CP potentials, leading to enhanced quantum
reflection.

3.4. Enhancing QuantumReflection. Quantum reflection first
appears as a bias in the context of the GBAR experiment,
since it tends to exclude low energy atoms from the statis-
tics. However, this phenomenon opens perspectives for the
storage and guiding of antimatter with material walls. With
this in mind, we consider materials which couple weakly to
the electromagnetic field and are therefore good mirrors for
atoms, as we have seen in the previous paragraph.

A simple strategy is to remove matter from the reflective
medium, by using thin slabs or porous materials for exam-
ple. Our versatile approach allowed us to compute the CP
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Table 1: The lifetime of the first gravitationally bound state of
antihydrogen above various surfaces.

Surface (porosity) Lifetime (s)
Perfect conductor 0.11
Bulk silicon 0.14
Bulk silica 0.22
Nanodiamond powder (95%) 0.89
Porous silicon (95%) 0.94
Silica aerogel (98%) 4.6

interaction near thin slabs, an undoped graphene sheet [37]
and nanoporous materials [40]. The latter consist of a solid
matrix which forms an array of nanometric pores. Aerogels,
which are obtained by supercritically drying a silica gel,
are a well-known example. We also consider porous silicon
and powders of diamond nanoparticles formed by explosive
shock.

From a distance larger than the typical pore size, such
materials can be modeled as homogeneous effective media
with properties averaged between that of vacuum and that
of the solid matrix. In consequence, their effective dielectric
constant is extremely low, as a result of which quantum
reflection is exceptionally efficient. In Table 1, we show the
lifetime of an antihydrogen atom in the first gravitationally
bound state above a surface (see Section 5 for more details).

Note that this approach does not take into account the
possible presence of stray charges on the surface, a question
that would have to be addressed to observe the predicted
reflection probabilities. Moreover, the effective medium
approximation is applicable only for low atom velocities,
such that the atom is reflected far enough from the surface.
With these caveats, nanoporous materials are an outstanding
candidate for the manipulation and study of antihydrogen
and its gravitationally bound states over lifetimes of a few
seconds.

4. Shaping of Vertical Velocity Components of
Antihydrogen Atoms for GBAR

The main source of uncertainty on the determination of 𝑔
in the GBAR experiment is the width of the vertical velocity
distribution of the atom at the beginning of the free fall. This
spread in velocities is due to the quantum uncertainty on
the momentum of H+ in the ground state of the harmonic
Paul trap and to the additional recoil associated with the
photodetachment of the extra positron (see Section 2).

In this section, we give an estimation of the uncertainty
on the arrival time associated with the initial vertical velocity
spread and show how it can be reduced by filtering out
the fastest atoms. Since slow antihydrogen atoms bounce on
material surfaces thanks to quantum reflection (see previous
section), the filtering scheme used in GRANITwith ultracold
neutrons [21] can also be applied in GBAR.

4.1. Width of the Arrival Time Distribution. We consider
a wave packet falling in a linear gravitational potential
and want to determine the arrival time distribution on a
fixed horizontal plane, supposing there is no reflection from
that (ideal) detector. In this case, classical and quantum
calculations give identical results, as can be seen by noticing
that theWigner quasidistribution function obeys the classical
equations of motion if the potential is at most quadratic.
Therefore, in a linear potential, a given initial phase-space
distribution simply propagates along the classical trajectories.

For a wave packet initially centered at a height 𝐻 above
the detector, with zero mean velocity and uncorrelated
vertical position and velocity distributions of widths Δ𝑧 and
ΔV, respectively, the spread of the arrival time distribution is

Δ𝑡

𝑡

𝐻

=
√
(

Δ𝑧

2𝐻

)

2

+ (

ΔV
√2𝑔𝐻

)

2

,

(9)

with 𝑡

𝐻
= √2𝐻/𝑔 being the classical free fall time.This trans-

lates as a statistical uncertainty Δ𝑔/𝑔 = 2Δ𝑡/
√
𝑁𝑡

𝐻
on the

determination of 𝑔 after𝑁 independent measurements.
If the particle is initially in the ground state of a harmonic

trap, the distribution is Gaussian and saturates the Heisen-
berg inequality: Δ𝑧ΔV = ℏ/2𝑚. Then, the time uncertainty is
minimal for

ΔV = ΔVopt = √

ℏ

2𝑚

√

𝑔

2𝐻

.

(10)

For 𝐻 = 30 cm and 𝑔 = 𝑔, this evaluates ΔVopt ≈ 3.6 ×

10

−4m/s, and the relative uncertainty on the arrival time is
2 × 10

−4. However, the current expected value for GBAR is
three orders of magnitude larger ΔV

0
≈ 0.5m/s, which leads

to a relative uncertainty of 0.2.
The uncertainty in GBAR is largely dominated by the

vertical velocity dispersion. If the initial velocity dispersion
can be reduced from ΔV

0
to ΔV by filtering out the hottest

atoms, the single-shot precision and the number of atoms are
both reduced by a factorΔV/ΔV

0
. Despite the loss in statistics,
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velocity spread of the falling wave packet (see text).

this results in a net reduction of the statistical uncertainty on
𝑔.

4.2. Shaping of the Vertical Velocity Distribution. Our pro-
posal [41] to realize this filtering is to let the atoms pass
through a horizontal slit between two disks. The bottom
disk has a smooth top surface on which atoms reflect with
high probability whereas the top disk has a rough bottom
surfacewhich effectively acts as an absorber for the atoms (see
Figure 6). Antihydrogen is initially trapped in the center of
the two disks (openings are made in the center of the disks
to allow operation of the trap). If its vertical velocity is high
enough to reach the rough surface, it is reflected nonspecu-
larly and remains inside the device until it annihilates with
high probability. On the contrary, if it cannot reach the top
disk, the atom will exit the device with high probability after
bouncing on the bottommirror a few times. It then falls freely
to a detector located at a height𝐻 below. Since the horizontal
velocity is conserved, the knowledge of the total time between
photodetachment and annihilation and of the total horizontal
𝐿 distance traveled allows one to correct for the time spent
inside the device before the free fall.

If ℎ is the height of the slit, the velocity spread at the
output is ΔV ≈ √2𝑔ℎ and the proportion of atoms that exit
the device is 𝑁/𝑁

0
≈ ΔV/√2𝜋ΔV

0
. Using the shaping device

therefore reduces the statistical uncertainty on 𝑔 by a factor
which scales ℎ1/4.

Classically, going to ever smaller slit heights leads to
arbitrarily good precision. For example, for ℎ = 1mm, ΔV ≈

0.14m/s, 𝑁/𝑁

0
≈ 5%, and the accuracy is improved by a

factor 2, whereas, for ℎ = 50 𝜇m, ΔV ≈ 0.03m/s,𝑁/𝑁

0
≈ 1%,

and the accuracy improved by a factor 4.
There are, however, two limits: the number of repetitions

of the experiment must be large enough that at least some
atomsmake it through the filter, but, more fundamentally, the
wave function of the atom must fit inside the slit. Indeed for
slit sizes below 50𝜇m the discrete spectrum of states bound
by gravity must be taken into account. For a slit size of 20𝜇m,
only the ground state can travel through the guide; below that,
the transmission drops to zero.

This fact has been used to demonstrate the existence
of gravitationally bound states for neutrons [21]. The next
section explores the possibilities of similar experiments with
antihydrogen to further increase the precision of equivalence
principle tests on antimatter.

5. Resonance Spectroscopy of
Gravitational States of Antihydrogen
Near Material Surface

In this section, we will study amotion of anH atom, localized
in a gravitational state near a horizontal plane mirror. The
existence of such states though counterintuitive is explained
by the phenomenon of quantum reflection of ultracold
(anti-)atoms from a steep attractive Casimir-Polder atom-
surface potential. Such states have similar properties with
those discovered for neutrons [21, 42–45].

To account for the interaction of H with a material wall,
the gravitational quantum states (1) receive a complex energy
shift 𝜀

0
Δ, with Δ ≃ −𝑖0.005 for a perfectly conducting wall

[46]. All states, therefore, acquire equal shift andwidth,which
is a function of a material surface substance Γ = 2|Δ|𝜀

0
.

This width corresponds to the lifetime of 0.1 s in case of a
perfectly conducting surface and is twice longer for silica [37,
39, 40], for instance.The equal shifts of all gravitational states
energy levels mean that already small modification of gravi-
tational states due to antiatom-surface interaction is canceled
out in the transition frequencies. This makes resonance
spectroscopy of gravitational states particularly interesting
for measuring gravitational properties of H.

The interest to study gravitational quasistationary states
of H is due to their comparatively long life-time on one
hand and easy identification of certain state because of it is
mesoscopic spatial scale. This opens an interesting perspec-
tive to apply potentially very precise resonance spectroscopy
method to establish the gravitational properties of antiatoms.
These methods are based on inducing an observation of res-
onance transitions between gravitational states. One possible
approach is to use an alternating inhomogeneous magnetic
field for such a purpose.

The interaction of a magnetic field with a ground state𝐻
atom moving through the field [47–49] is dominated by
the interaction of an average magnetic moment of the atom
[20] in a given hyperfine state with the magnetic field. We
are going to focus on an alternating magnetic field with a
gradient in the vertical direction. This condition is needed
for coupling the field and the center of mass (c.m.) H motion
in the gravitational field of the Earth. It allows one to induce
resonant transitions between quantum gravitational states of
H [46].

We will consider themagnetic field in the following form:
⃗

𝐵(𝑧, 𝑥, 𝑡) = 𝐵

0
⃗𝑒

𝑧
+ 𝛽 cos (𝜔𝑡) (𝑧 ⃗𝑒

𝑧
− 𝑥 ⃗𝑒

𝑥
) . (11)

Here, 𝐵
0
is the amplitude of a constant, vertically aligned,

component of magnetic field, 𝛽 is the value of magnetic field
gradient, 𝑧 is a distance measured in the vertical direction,
and 𝑥 is a distance measured in the horizontal direction,
parallel to the surface of a mirror. A time-varying magnetic
field (11) is accompanied with an electric field ([ ⃗

∇

⃗

𝐸] =

−(1/𝑐)𝜕

⃗

𝐵/𝜕𝑡). However, for the velocities of ultracold atoms,
corresponding interaction terms are small and thus will be
omitted.

An inhomogeneous magnetic field couples the spin
and the spatial degrees of freedom. A H wave function is
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described in this case using a four-component column (in
a nonrelativistic treatise) in the spin space, each component
being a function of the c.m. coordinate ⃗

𝑅, relative 𝑝 − 𝑒

coordinate ⃗𝜌, and time 𝑡. The corresponding Schrödinger
equation is

𝑖ℏ

𝜕Φ

𝛼
(

⃗

𝑅, ⃗𝜌, 𝑡)

𝜕𝑡

= ∑

𝛼


[−

ℏ

2

2𝑚

Δ

𝑅
+ 𝑀𝑔𝑧

+𝑉CP (𝑧) + ̂

𝐻in +

̂

𝐻

𝑚
]

𝛼,𝛼


Φ

𝛼
 (

⃗

𝑅, ⃗𝜌, 𝑡) .

(12)

A subscript 𝛼 in this equation indicates one of four spin
states of the 𝑝 − 𝑒 system. The meaning of the interaction
terms is the following. 𝑉CP(𝑧) is an atom-mirror interaction
potential, which turns into the Casimir-Polder potential at an
asymptotic atom-mirror distance (see [39, 50] and references
therein). ̂𝐻in is theHamiltonian of the internalmotion, which
includes the hyperfine interaction:

̂

𝐻in = −

ℏ

2

2𝜇

Δ

𝜌
−

𝑒

2

𝜌

+

𝛼HF
2

(

̂

𝐹

2
−

3

2

) . (13)

Here, 𝜇 = 𝑚

1
𝑚

2
/𝑚, 𝑚

1
is the antiproton mass, 𝑚

2
is the

positron mass, 𝑚 = 𝑚

1
+ 𝑚

2
, 𝛼HF is the hyperfine constant,

and ̂

𝐹 is the operator of the total spin of the antiproton
and the positron. We will treat only H atoms in a 1𝑆-state
(below, we will show that the excitation of other states in
the studied process is improbable). The term (𝛼HF/2)( ̂𝐹

2
−

3/2) is a model operator, which effectively accounts for the
hyperfine interaction and reproduces the hyperfine energy
splitting correctly. The term ̂

𝐻

𝑚
describes the field-magnetic

moment interaction:
̂

𝐻

𝑚
= −2

⃗

𝐵(𝑧, 𝑥, 𝑡) (𝜇𝑒
𝑠

𝑒
×

̂

𝐼

𝑝
+ 𝜇

𝑝
𝑠

𝑝
×

̂

𝐼

𝑒
) . (14)

Here, 𝜇
𝑒
and 𝜇

𝑝
are magnetic moments of the positron and

the antiproton, respectively, 𝑠
𝑒
, 𝑠
𝑝
is a spin operator, acting

on spin variables of positron (antiproton), and ̂

𝐼

𝑒
, ̂

𝐼

𝑝
is a

corresponding identity operator. As far as the field ⃗

𝐵(𝑧, 𝑥, 𝑡)

changes in space and in time, this term couples the spin and
the c.m. motion.

We will assume that in typical conditions of a spec-
troscopy experiment the H velocity component V parallel to
the mirror surface (directed along 𝑥-axis) is of the order of a
few m/s and is much larger than a typical vertical velocity in
lowest gravitational states (which is of the order of cm/s). We
will treat the motion in a frame moving with the velocity V of
the H atom along the mirror surface. Thus, we are going to
consider the 𝑥-component motion as a classical motion with
a given velocity V, and we will substitute a 𝑥-dependence by
a 𝑡-dependence. We will also assume that 𝐵

0
≫ 𝛽𝐿, where

𝐿 ∼ 30 cm is a typical size of an experimental installation of
interest. This condition is needed for “freezing” the magnetic
moment of an atom along the vertical direction; it provides
the maximum transition probability.

We will be interested in the weak field case, such that the
Zeeman splitting is much smaller than the hyperfine level
spacing 𝜇

𝐵
𝐵

0
≪ 𝛼HF. The hierarchy of all mentioned above

interaction terms could be formulated as follows:

𝑚

2
𝑒

2

ℏ

2
≫ 𝛼HF ≫ 𝜇

𝑒









𝐵

0









≫ 𝐸

𝑛
,

(15)

and, thus, it justifies the use of the adiabatic expansion for
solving (12); it is based on the fact that an internal state
of an H atom follows adiabatically the spatial and temporal
variations of an external magnetic field. Neglecting nonadi-
abatic couplings, an equation system for the amplitude 𝐶

𝑛
(𝑡)

of a gravitational state 𝜓
𝑛
(𝑧) has the following form:

𝑖ℏ

𝑑𝐶

𝑛 (
𝑡)

𝑑𝑡

= ∑

𝑘

𝐶

𝑘 (
𝑡) 𝑉𝑛,𝑘 (

𝑡) exp (−𝑖𝜔

𝑛𝑘
𝑡) . (16)

The transition frequency 𝜔
𝑛𝑘

= (𝐸

𝑘
− 𝐸

𝑛
)/ℏ is determined by

the gravitational energy level spacing. This fact is used in the
proposed approach to access the gravitational level spacing
by means of scanning the applied field frequency, as will be
explained in the following.

Within this formalism, the role of the coupling potential
𝑉(𝑧, 𝑡) is played by the energy of an atom in a fixed hyperfine
state thought of as a function of (slowly varying) distance 𝑧

and time 𝑡. Consider

𝑉

𝑛,𝑘
(𝑡) = ∫

∞

0

𝜓

𝑛
(𝑧) 𝜓

𝑘
(𝑧) 𝐸 (𝑡, 𝑧) d𝑧. (17)

Here, 𝜓
𝑛
(𝑧) is the gravitational state wave function, which is

known in terms of the Airy function [46].
The energy 𝐸(𝑧, 𝑡) is the eigenvalue of the internal and

magnetic interactions ̂

𝐻in + ̂

𝐻

𝑚
, where the c.m. coordinate ⃗

𝑅

and time 𝑡 are treated as slow-changing parameters. Corre-
sponding expressions for the eigenenergies of a 1𝑆 manifold
are

𝐸

𝑎,𝑐
= 𝐸

1𝑠
−

𝛼HF
4

∓

1

2

√

𝛼

2

HF +











(𝜇

𝐵
− 𝜇

𝑝
) 𝐵 (𝑧, 𝑡)











2

,

𝐸

𝑏,𝑑
= 𝐸

1𝑠
+

𝛼HF
4

∓

1

2











(𝜇

𝐵
+ 𝜇

𝑝
) 𝐵 (𝑧, 𝑡)











.

(18)

Subscripts 𝑎, 𝑏, 𝑐, 𝑑 are standard notations for hyperfine states
of a 1𝑆 manifold in a magnetic field. The presence of a con-
stant field 𝐵

0
produces the Zeeman splitting between states

𝑏 and𝑑. As far as the energy of states 𝑏,𝑑depends onmagnetic
field linearly, while, for states 𝑎, 𝑐, it depends onmagnetic field
quadratically, only transition between 𝑏, 𝑑 states takes place
in case of a weak field. In the following, we will consider only
transitions between gravitational states in a 1𝑆(𝑏, 𝑑)manifold.

A qualitative behavior of the transition probability is
given in the Rabi formula, which can be deduced by means
of neglecting the high frequency terms compared to the
resonance couplings of only two states, initial 𝑖 and final 𝑓,
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Figure 7: A sketch of the principle scheme of an experiment on
magnetically induced resonant transitions between H gravitational
states. 1: a source of ultracold antihydrogen, 2: a mirror, 3: an
absorber, 4: a magnetic field, and 5: a detector.

in case the field frequency 𝜔 is close to the transition
frequency 𝜔

𝑖𝑓
= (𝐸

𝑓
− 𝐸

𝑖
)/ℏ:

𝑃 =

1

2

(𝑉

𝑖𝑓
)

2

(𝑉

𝑖𝑓
)

2

+ ℏ

2
(𝜔 − 𝜔

𝑖𝑓
)

2

× sin2(
√
(𝑉

𝑖𝑓
)

2

+ ℏ

2
(𝜔 − 𝜔

𝑖𝑓
)

2

2ℏ

𝑡) exp (−Γ𝑡) .

(19)

The factor 1/2 appears in front of the right-hand side of
the above expression due to the fact that only two (𝑏, 𝑑) of
four hyperfine states participate in the magnetically induced
transitions.

It is important that the transition frequencies 𝜔
𝑖𝑓
do not

depend on the antiatom-surface interaction up to the second
order in the splitting Δ. This is a consequence of the already
mentioned fact that all energies of gravitational states acquire
equal shift due to the interaction with a material surface.

A resonant spectroscopy of H gravitational states could
consist of observing H atoms localized in the gravitational
field above a material surface at a certain height as a function
of the applied magnetic field frequency. A “flow-through
type” experiment, analogous to the one discussed for the
spectroscopy of neutron gravitational states [51], includes
three main steps. A sketch of a principle scheme of an
experiment proposed in [41] is shown in Figure 7 (see also
Section 4).

First, an atom of H is shaped in a ground gravitational
state. This is achieved by means of passing H through a slit,
formed by a mirror and an absorber, which is placed above
the mirror at a given height𝐻

𝑎
. The mirror and the absorber

form a waveguide with a state-dependent transmission [45].
The choice of 𝐻

𝑎
= 𝐻

1
≃ 13.6 𝜇m implies that only H atoms

in the ground gravitational state pass through the slit. Second,
H atoms are affected by an alternating magnetic field (11)
while they are moving parallel to the mirror. An excited
gravitational state is resonantly populated.Third, the number
of H atoms in an excited state is measured by means of
counting the annihilation events in a detector, which is placed
at a height 𝐻

𝑑
above the mirror. The value of 𝐻

𝑑
is chosen

960 980 1000 1020
(Hz)

0.1
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P

Figure 8: The transition probability as a function of the magnetic
field frequency for the transition from the ground state to 6th
gravitational state.

to be larger than the spatial size of the gravitational ground
state and smaller than the spatial size of the final state (2),
𝐻

1
≪ 𝐻

𝑑
< 𝐻

𝑓
, so that the ground state atoms pass through,

while atoms in the excited state are detected.
We present a simulation of the number of detected

annihilation events as a function of the field frequency in
Figure 8 for the transition from the ground to the 6th excited
state, based on a numerical solution of the equation system
(16). The corresponding resonance transition frequency is
𝜔 = 972.46Hz. The value of the field gradient, optimized to
obtain the maximum probability of 1 → 6 transition during
the time of flight 𝑡fl = 𝜏 = 0.1 s turned to be equal to 𝛽 =

27.2Gs/m; the corresponding guiding field value, which
guarantees the adiabaticity of the magnetic moment motion,
is 𝐵
0
= 30Gs.

It follows from (1) that the H gravitational mass could
be deduced from the measured transition frequency 𝜔

𝑛𝑘
as

follows:

𝑀 = √

2𝑚ℏ𝜔

3

𝑛𝑘

𝑔

2
(𝜆

𝑘
− 𝜆

𝑛
)

3
. (20)

Let us mention that 𝑔 in the above formula means the
gravitational field intensity near the Earth’s surface, a value
which characterizes properties of the field and is assumed to
be known with a high precision. At the same time, all the
information about gravitational properties of H is included
in the gravitational mass 𝑀. Equality of the gravitational
mass𝑀 and the inertial mass𝑚, imposed by the equivalence
principle, results in the following expression:

𝑀 =

2ℏ𝜔

3

𝑛𝑘

𝑔

2
(𝜆

𝑘
− 𝜆

𝑛
)

3
. (21)

Estimation of the accuracy of the above expression
requires accounting for different effects, including dynamical
Stark shift of the resonance line, nonadiabatic corrections
to the transition probability, and interaction of alternating
magnetic field with a mirror. The detailed study of different
systematic effects is under way. Assuming that the spectral



10 Advances in High Energy Physics

1× 105

1× 104

1× 103

100

10

1

0.1

Li
fe

tim
e (
𝜇

s)

50454035302520151050

Principal quantum number n

s annihilation
s
p

d
Circular

Figure 9: Radiative lifetimes of various Ps states as a function of
the principal quantum number 𝑛. The lifetimes were calculated by
summing the Einstein 𝐴 coefficients of all electric-dipole-allowed
decay channels from each Rydberg state. For each 𝐴 coefficient
the appropriate radial integrals were determined using analytic
expressions for the radial wave functions in a pure Coulomb
potential [53].Thedashed line is the annihilation lifetime of 𝑛s states.
After [5].

line width is determined by the lifetime 𝜏 ≈ 0.1 s of gravita-
tional states, we estimate that the gravitational mass 𝑀 can
be deduced with the relative accuracy 𝜖

𝑀
∼ 10

−3 for 100

annihilation events for the transition to the 6th state.

6. Gravitational Free Fall of Cold Positronium

Antihydrogen, muonium, and positronium are the possible
candidates for gravity measurements on antimatter, with
various pros and cons. Antihydrogen and muonium [4] are
extremely difficult to produce, requiring large facilities (i.e.,
PSI, CERN), whereas positronium is relatively easy to pro-
duce in smaller university laboratories. However, Ps has an
inconvenient propensity to self-annihilate; the triplet ground
state vacuum lifetime of only 142 ns would seem to preclude
using this system for a free fall measurement. As has been
pointed out by various authors, in particular Mills, Jr., [52],
this is not the case, since one need only excite Ps atoms
into long-lived Rydberg states to prevent self-annihilation.
Indeed, for any Ps state with 𝑛 > 1 the radiative lifetime is
always less than the annihilation lifetime. The only excited
state for which this is not true is the metastable 2s state. That
is to say, for excited states, the overlap of the positron and
electron wave functions is sufficiently low that annihilation
can be considered to be negligible (see Figure 9).

The radiative lifetimes of excited Ps states, shown in
Figure 9, are almost twice those of the corresponding states in
hydrogen. For practical reasons, the smallest Ps beam deflec-
tions one can expect to observe will be 10s of micrometers
or more. Therefore, if Ps falls with the usual gravitational
acceleration, it would be necessary to produce states with
lifetimes of the order of a few ms to observe such deflections.
As is evident from Figure 9, achieving such long radiative

Table 2: The 𝑛-dependence of several properties of Rydberg atoms,
with examples shown for the 30 d state of Ps, H, and He. The state
separation is calculated for 30 d→ 31 d. The orbital radius is defined
here as the expectation value ⟨𝑟⟩ = (1/2)(3𝑛

2

eff − 𝑙(𝑙 + 1)), where 𝑛eff
includes the relevant quantum defect. The electric dipole moment-
to-mass ratios are calculated for the outermost state of the 𝑛 = 30,
𝑚 = 2 Stark manifold. The radiative lifetime 𝑛-dependence applies
only to low 𝑙 states: for circular states, the scaling is closer to 𝑛

5 (see
Figure 9).

𝑛-Scaling Ps H He
Binding energy (meV) 𝑛

−2
−7.56 −15.11 −15.12

State separation (meV) 𝑛

−3 0.48 0.96 0.96
Orbital radius (𝑎

0
) 𝑛

2 2694 1347 1347
Radiative lifetime (𝜇s) 𝑛

3 28.4 14.2 12.2
Dipole moment/mass (𝑒𝑎

0
/amu) 𝑛

2
2.2 × 10

6 1206 304

lifetimes requires exciting either low 𝑙 Rydberg levels (i.e., s
or d) to extremely high principal quantum numbers, or going
to lower 𝑛 states (perhaps around 𝑛 = 30 or so) and then
transferring the atoms to circular states, or if not true circular
states, at least states with higher angular momentum. For a
discussion of the properties of circular states andmethods for
producing them, see [54].

Aside from the creation of sufficiently long-lived Rydberg
levels, conducting a Ps free fall experiment will require
solving many other problems. In order to accomplish an
experiment of the type first outlined by Mills and Leventhal
[55], it will be necessary to produce a small (10–50 micron)
“point” source of slow positronium in a cryogenic environ-
ment. The resulting long-lived Rydberg atoms will then have
to be formed into a beam, perhaps by electrostatic manip-
ulation (focusing and deceleration) via their electric dipole
moments [56], and finally detected with good spatial resolu-
tion (as a function of flight time) in order to observe a deflec-
tion due to gravity. A schematic view of such an experiment
is presented in Figure 10. Possible methods to accomplish
some of these tasks are considered elsewhere [5, 55].

The production of Ps Rydberg states with principal
quantum numbers around 30 can be accomplished using a
two-step process (1s → 2p → 𝑛d) and has already been
experimentally demonstrated using broadband (∼100GHz)
lasers to accommodate the large Doppler-broadened width
of the transitions [57]. However, this methodology is not well
suited to the requirement that these atoms are subsequently
transferred to higher angularmomentum states, and, in order
to achieve the required state selectivity, it may be necessary
to use a different excitation mechanism; that is, a Doppler-
free two-photon transition from the ground state directly to
a well-defined Rydberg Stark state [58].

As is well known, Rydberg atoms exhibit exaggerated
properties [54] (see Table 2). In the present case, this is
critical, since we seek to produce Ps atoms with very long
lifetimes, and also take advantage of the large electric dipole
moments of Rydberg atoms to create and control an atomic
beam. However, insofar as we are compelled to make use
of electrically neutral systems to measure the weak gravita-
tional force acting on antimatter particles without extraneous
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Figure 10: A schematic representation of aMills-Leventhal type of Ps free fall experiment. A real experiment will undoubtedly be significantly
different from this illustration, which is intended only to highlight some of the different steps involved. Of distinct practical concern will be
the need to keep the apparatus at low temperatures to mitigate effects of black body radiation, as well as minimizing the Ps speed, which will
determine the length of the flight path and hence the experiment.

electromagnetic fields dominating their motion, excitation
to states with very large dipole moments brings us back to
the original problem of extraneous field effects. The situation
is considerably less dire when dealing with electric dipoles
and, to a much lesser extent, magnetic dipoles, since, in this
case, only field gradients give rise to forces; nevertheless, in
an experiment designed to probe the weak force of gravity
with Rydberg atoms, forces due to stray fields must be
taken into account. Magnetic dipoles are less important in
this regard. Ordinarily, atoms in weak magnetic fields will
experience linear Zeeman shifts, but, in the case of ortho-Ps,
there is no permanent magnetic dipole moment because the
electron and positron contributions cancel exactly.Thus, only
diamagnetic interactions or induced dipole moments have to
be taken into account, which we expect to be negligible for
realistic experimental conditions.

When an atom is placed in an external electric field
of strength 𝐹 and direction 𝑧, the field mixes the atom’s
angular momentum states. To first-order, the state |𝑛, 𝑙, 𝑚⟩

is mixed with states of adjacent 𝑙 but the same 𝑛 and 𝑚

[59]. The resulting Stark states repel each other, causing
them to spread out as the electric field strength is increased,
as shown in Figure 11. Following the example of hydrogen,
where the first-order Stark shift is analytically calculable,
the Schrödinger equation for an atom in an electric field
can be written in cylindrical coordinates, where the relevant
quantum numbers are 𝑛, 𝑚 and the parabolic quantum
numbers are 𝑛

1
and 𝑛

2
, which together satisfy the condition

𝑛 = 𝑛

1
+ 𝑛

2
+ |𝑚| + 1.

The Stark states in a given |𝑛, 𝑚⟩ manifold are described
by the index 𝑘 = 𝑛

1
− 𝑛

2
, where 𝑘 has values in the range

from 𝑘min = −(𝑛 − |𝑚| − 1) up to 𝑘max = 𝑛 − |𝑚| − 1 (with
Δ𝑘 = 2). The first-order Stark shift in Ps is given by 𝐸

𝑆
=

−𝜇×𝐹, where the electric dipolemoment hasmagnitude |𝜇| =
(3/2)𝑛|𝑘|𝑎Ps (where the Ps Bohr radius 𝑎Ps is (almost) twice
that of hydrogen, i.e., 2𝑎

0
). For a high-𝑛 Rydberg state with

low angular momentum, for example, the 30d state with𝑚 =

2, the value of the electric dipole moment can be very large.
The Stark state with 𝑘max = 27 has an electric dipole
moment of 2430𝑒𝑎

0
. This large electric dipole moment arises

because within this 𝑛-state there aremany degenerate angular
momentum states with the same value of 𝑚 that are coupled
by the electric field. While this is extremely useful for
atomic control [56, 60, 61], it presents a significant problem
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Figure 11: Stark states of 𝑛 = 30 and 31 states of Ps, with𝑚 = 2 (grey
dashed) and 𝑚 = 29 (black). In the 𝑛 = 30 level, the 𝑚 = 29 state is
a circular state and experiences no first-order Stark shift and only a
very weak second-order shift, as explained in the text.

for gravity measurements, since the electric field gradient
experienced by a Ps atom in this state which would result in a
force equal to that of “normal” gravity (∼2 × 10−29N) is only
∼10−3 V/m2. Although this is by no means insignificant, it
does compare favorably with the ∼5 × 10−11 V/m electric field
thatwould apply a𝑔-like force to a bare positron (or electron).

States with the maximum absolute values for the orbital
and magnetic quantum numbers for a given 𝑛, the so-called
circular states, experience no first-order Stark shift. For these
states, 𝑚 = |𝑛| − 1, meaning that there is only one Stark
state associated with this value of 𝑚, which has 𝑘 = 0, and,
thus, to first-order, no electric dipole moment (see Figure 11).
The explanation for this is that, within a given 𝑛-manifold,
the circular states have unique values of 𝑚, and thus are not
coupled to any other degenerate angularmomentumstates. In
the classical limit, these states correspond to circular orbits, in
which the average 𝑧-position of the electron is zero, resulting
in no electric dipole moment, unlike the lower angular
momentum Rydberg states where, in the classical limit, the
electronic orbit is highly anisotropic, with the electron having
a large average displacement from the atomic core. Although
there is no atomic core or nucleus in the case of Ps, the wave
function is nevertheless hydrogenic, and the same arguments
apply. The circular states do experience a second-order Stark
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Figure 12: Possible scheme for the observation of the gravitational quantum states of positronium.

shift, from coupling of adjacent 𝑛-states; however, this shift is
extremelyweak. It should, therefore, be possible to producePs
states with high angularmomentum andminimize the effects
of stray fields while simultaneously extending the lifetimes
to useful levels. However, any manipulation techniques that
rely on large dipole moments will obviously have to be
performed after the optical excitation to the relevant 𝑛 states,
but before transferring the atoms to states with high angular
momentum.

Performing a gravity measurement on any system con-
taining antimatter is clearly very challenging, and many
of the potential obstacles are currently being investigated.
The ability to produce controllable beams of Ps atoms may
also open the door to other types of experiments, such as
interferometry [62, 63], which could provide an alternative
route to an antimatter gravity measurement.

7. Can We Observe Gravitational Quantum
States of Positronium?

Positronium is about 1000 times lighter than a neutron or
antihydrogen. Therefore, the expected height of the grav-
itational quantum state is 100 larger corresponding to a
macroscopic size of𝐻

1
= 1.3mmwhile the energy is 10 times

smaller, 𝐸
1
= 0.13 peV (see (1)-(2)). The observation time to

resolve a quantum gravitational state can be estimated using
the Heisenberg uncertainty principle to be of the order of
ℏ/𝐸

1
≃ 4.5ms. This value is much larger than the long-

lived triplet positronium lifetime in the ground state which
is 142 ns (the Ps singlet state only lives 125 ps and thus, in
the following, we will only consider the triplet state and
refer to it as Ps). Hence, as for the case of a measurement
of the gravitational free fall of Ps described in the previous
section, the Ps lifetime must be increased by excitation to a
higher level. A possible scheme to observe the Ps gravitational
quantum states could employ the flow-through technique
used for the first observation of this effect with neutrons (see
Figure 12). Greater details of the proposed experimental set-
up and technique are described in a dedicated contribution to
this workshop [64]. Here, we describe the main idea.

Positronium is formed by implanting keV positrons from
a remoderated pulsed slow positron beam in a positron-
positronium converter. To observe the quantum mechanical

behavior of Ps in the gravitational field, its vertical velocity
should be of the same order of the gravitational energy levels
and thus V

𝑦
< 0.15m/s. Furthermore, to resolve the quantum

state, the Ps atom has to interact long enough with the slit
and, therefore, it has to be laser excited to a Rydberg state
with 𝑛 > 30 and maximum 𝑙 quantum number (see previous
section). To keep a reasonable size of the experimental setup
(i.e., a slit size of the order of 0.5m) and minimize the
number of detectors, the velocities in the horizontal plane
should be smaller than V

𝑥,𝑧
< 100m/s. Similar to neutrons

a collimator could be used to select the velocity compo-
nents V

𝑥
, V
𝑦
of the positronium distribution. However, since

no reliable thermal cold source of positronium exists, the
velocity component perpendicular to the surface V

𝑧
has to

be lowered by some other means. Relying on the fact that
atoms in Rydberg states have a large dipole moment, Stark
deceleration can be used for this purpose. This method has
been demonstrated for different atomic species (including
hydrogen) [61] and molecules [65]. Atoms in Rydberg states
have large dipole moments; thus, electric field gradients can
be used to manipulate them. The acceleration/deceleration 𝑎

imparted to the Rydberg atoms is given by

𝑎 = 76∇𝐹

1

𝑚

𝑛𝑘, (22)

where ∇𝐹 is the gradient of the electric field in V cm−2, 𝑚
is the mass of the decelerated particles in atomic units, and 𝑛

and 𝑘 are the Stark state quantumnumbers.H atoms in 𝑛 = 25

and an initial velocity of 700m/s can be brought at rest in
3mm [61].

As Ps is 1000 times lighter, decelerations exceeding
10

9m/s could be realized and therefore the vertical velocity of
Ps emitted from thin silica films with initial velocities of the
order of 105m/s [66, 67] could be reduced to below 100m/s.
Since one is interested only in decelerating the distribution
that is almost perpendicular to the surface of the Ps target, one
can expect for those atoms an efficiency close to 100%.This is
confirmed by preliminary simulations.The collimator will be
placed after the deceleration stage and the microwave region
where circularly polarized radiation will spin up the Ps to the
maximum 𝑙 so that kicks to the momentum imparted to the
atoms in the vertical direction during these processes will be
accounted for.
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The fraction of atoms with V
𝑦
< 0.15, V

𝑥
, V
𝑧
< 100m/s is

estimated to be of the order of 2 × 10

−9. After the collimator,
the Ps will fly through the slit made of a mirror and the
absorber. If the distance between them is smaller than the
first expected gravitational state (i.e <1mm), this will not
be transparent and, therefore, no signal will be detected
above the expected background in the detectors. If the
width of the slit is increased to a value lying between the
first and the second gravitational state (i.e. <2mm), the Ps
wave function can propagate and a signal is expected to be
detected via field-ionization and subsequent detection with
MCPs. This quantum jump would provide the unambiguous
indication of the observation of a quantum gravitational state
of positronium.

As a mirror for Ps, it was proposed to exploit a gradient
ofmagnetic field created using wires arranged parallel to each
other with a constant current to create a uniform gradient of
the magnetic field. Only the Ps triplet atoms with𝑚 = 0 have
a nonzero netmagneticmoment. For the𝑚 = ±1, the electron
and the positron magnetic moments cancel and therefore
those are insensitive to themagnetic field.Therefore, only one
third of the initial population will be reflected. To equate the
𝐸

𝑦
= 0.1 peV a field of few mG at the wire surface will be

sufficient.
Because of the large spacial size of gravitational quantum

states and the very large characteristic length of the mirror
needed to form the gravitational states that is much larger
than a characteristic interwire distance, we expect that the
very weak magnetic gradient will not perturb the gravita-
tional states. The strict theoretical analysis of this clearly
mathematically defined problem is ongoing. A matter mirror
could also be considered. Due to the large spacial size of the
gravitational quantum state, the surface potential is expected
to be very sharp and therefore results in efficient quantum
reflection (see Section 3). In both cases (magnetic or material
mirror), we expect to have effectively (quasiclassically) only a
few collisions with the surface. Nevertheless, the transitions
rates due to quenching and ionization caused by the electric
or magnetic fields have to be calculated. The absorber as for
the neutrons is a rough surface on which the impinging Ps
will mix its velocity components and therefore be lost.

With such a scheme assuming a monoenergetic slow
positron beam flux of 9 × 10

8 e+/s (this being the highest
intensity reported so far reached at the FMR II NEMOPUC
source in Munich [68]), an event rate of 0.8 events/day with
a background 0.05 events/day might be achievable with a
realistic extrapolation of current technologies. Possible losses
due to spurious effects like stray electric or magnetic fields
or black body radiation seem to be negligible but as for the
case of a free gravity fall further calculations and preliminary
experiments should be done to confirm this assumption and
that all the required efficiencies (e.g., Ps excitation in the
𝑛 = 33, 𝑙 = 32 state) can be attained.

Note that the expected height of the gravitational state
is related to the gravitational mass 𝑀 by (2). This means
that, for an uncertainty in the determination of 𝐻

1
of 𝛿𝐻

1
,

one can get an accuracy in the determination of 𝑀 at the
level of 𝛿𝑀/𝑀 = 3𝛿𝐻

1
/𝐻

1
√
𝑁 where 𝑁 is the number of

detected signals. Assuming an uncertainty of 𝛿𝐻
1
= 0.1mm

which is mainly determined by the finite source size, the
value of 𝛿𝑀/𝑀 can be determined to be at a level of 3% in
three months. This precision is comparable to the one that is
aimed for by the antihydrogen experiments at CERN [69–71].
Therefore, observation of Ps gravitational quantum states
offers a complementary approach to test the effect of gravity
on a pure leptonic system.Most of the techniques required for
such an experiment are under development for the ongoing
free gravity fall experiment of Ps (see Section 6) and Rydberg
Ps deceleration experiments are being considered at ETH
Zurich where Professor B. Brown’s (Marquette University)
buffer gas trap is being commissioned.The advantage of using
gravitational quantum states is that unpredicted perturba-
tions of the Ps atoms will not result in a systematic effect
for the experiment but will only affect the signal rate. There-
fore, as for the case of antihydrogen, this approach seems
promising to provide a much higher accuracy than a free fall
experiment.

8. Conclusion

In this contribution,we have reported the progress of ongoing
experiments to measure gravitational free fall of antimatter.
The GBAR experiment will produce antihydrogen atoms in
the ultracold regime where quantum reflection from surfaces
takes place. Quantum reflection will allow the observation
of gravitational quantum states of antimatter which promise
to lead to a very sensitive probe of the effect of gravity on
antiatoms (2 orders of magnitude improvement compared to
the free fall experiments).

The techniques developed in experiments designed to
produce a cold beamof Ps for a free fallmeasurementwill also
eventually find application in creating ultracold Ps atoms, as
required for observing gravitational quantum states.Theywill
also enable a wide variety of other experimental areas, such as
precision spectroscopy.

Antimatter atoms in gravitational quantum states also
provide a unique opportunity to constrain experimentally
extra short-range forces between themirror and the antiatom
with about the same sensitivity as we do for normal matter
[72].
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We consider the feasibility of observing the gravitational quantum states of positronium. The proposed scheme employs the
flow-throw technique used for the first observation of this effect with neutrons. Collimation and Stark deceleration of Rydberg
positronium atoms allow selecting the required velocity class. If this experiment could be realized with positronium, it would lead
to a determination of 𝑔 for this matter-antimatter system at the few % level. As discussed in this contribution, most of the required
techniques are currently available but important milestones have to be demonstrated experimentally before such an experiment
could become reality. Those are the efficient focusing of a bunched positron beam, Stark deceleration of Rydberg positronium, and
its subsequent excitation into states with large angular momentum. We provide an estimate of the efficiencies we expect for these
steps and assuming those could be confirmed we calculate the signal rate.

1. Introduction

Quantum gravitational states were observed for the first time
with neutrons by measuring their transmission through a
slit made of a mirror and an absorber [1]. If the distance
between the mirror and the absorber (which is a rough
surface used as a scatterer to mix the velocity components)
is much higher than the turning point for the corresponding
gravitational quantum state, the neutrons pass through the
slit without significant losses. As the slit size decreases the
absorber starts approaching the size of the neutron wave
function and the probability of neutron loss increases. If
the slit size is smaller than the characteristic size of the
neutron wave function in the lowest quantum state, the slit
is not transparent for neutrons as this was demonstrated
experimentally. The height and energies of the gravitational
quantum states can be determined analytically and the
solution of the Schrödinger equation contains airy functions.
Amore transparent and simple equation can be derived using
a semiclassical approach [2]. This solution reproduces the
energy of the gravitational states within 1% and is given by

𝐸

𝑛
≃

3
√

9𝑚

8

⋅ (𝜋ℏ𝑔 (𝑛 −

1

4

)),
(1)

where𝑚 is the particle mass, 𝑔 the gravitational acceleration,
𝑛 the principal quantum number, and ℏ the reduced Planck
constant. The characteristic scale for the gravitational quan-
tum states is equal to

𝑧

0
=

3
√

ℏ

2

2𝑚

2
𝑔

.
(2)

The corresponding classically allowed heights are given
by

𝑧

𝑛
=

𝐸

𝑛

𝑚𝑔

= 𝜆

𝑛
𝑧

0
, (3)

where 𝜆
𝑛
= {2.34, 4.09, 5.52, 6.79, 7.94, 9.02, 10.04, . . .} are

the zeros of the airy function. For neutrons the height of
the lowest gravitational level is 13.7 𝜇m. For positronium, the
electron-positron bound state, that is, 1000 times lighter than
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Figure 1: Scheme of the proposed experimental setup.

a neutron, one gets a 100 larger size corresponding to 𝑧
1
=

1.3mm while the energy is 10 times smaller, 𝐸
1
= 0.13 peV.

The observation time to resolve a quantum gravitational state
can be estimated using the Heisenberg uncertainty principle
to be of the order of ℏ/𝐸

1
≃ 4.5ms. This value is much larger

than the long lived triplet positronium lifetime in the ground
state which is 142 ns (the Ps singlet state lives only 125 ps and
thus in the followingwewill only consider the triplet state and
refer to it as Ps). Luckily, the Ps lifetime can be increased by
exciting it to a higher level. In a Rydberg state the Ps lifetime
against annihilation is increased by a factor of 𝑛3, where 𝑛
is the principal quantum number, because of the decrease of
the overlap of the positron and the electron wave functions.
As for the case of a measurement of the gravitational free fall
of Ps proposed byMills and Leventhal [3], the usable lifetime
to observe a quantum gravitation state of a Rydberg Ps atom
(hereafter Ps∗) is the one before it emits the first photon. In
fact, after that the recoil will modify its trajectory and vertical
energy; thus the Ps atom will be lost inside the slit. For this
reason, the excited Ps has to be spun up to high 𝑙 values with
circularly polarized microwave radiation.

2. Experimental Technique

A scheme of the proposed experimental setup is shown in
Figure 1. Positronium is formed by implanting keV positrons
from a remoderated pulsed slow positron beam in a positron-
positronium converter (see Section 3.3). To observe the
quantum mechanical behavior of Ps in the gravitational field
its vertical velocity should be of the same order as the grav-
itational energy levels and thus V

𝑦
< 0.15m/s. Furthermore

to resolve the quantum state the Ps atom has to interact long
enough with the slit and therefore it has to be laser excited
to a Rydberg state with 𝑛 > 30 and maximum 𝑙 quantum
number. To keep a reasonable size of the experimental setup
(i.e., a slit size of the order of 0.5m) andminimize the number
of detectors the velocities in the horizontal plane should be
smaller than V

𝑥,z < 100m/s. Similar to neutrons a collimator
will be used to select the velocity components V

𝑥
, V
𝑦
of the

positronium distribution. However since no reliable thermal
cold source of positronium exists, the velocity component
perpendicular to the surface V

𝑧
has to be lowered by some

other means. Relying to the fact that atoms in Rydberg states
have a large dipole moment, Stark deceleration can be used

for this purpose. After deceleration the Ps∗ are driven by
circularly polarized microwaves to a state with high 𝑙. If the
slit width is smaller than the first expected gravitational state
(i.e., <1mm), this will not be transparent and therefore no
signal will be detected above the expected background in the
detectors. If the width is increased to a value lying between
the first and the second gravitational state (i.e., <2mm) the
Ps wavefunction can propagate and a signal is expected to
be detected. This quantum jump provides the unambiguous
indication of the observation of a quantum gravitational state
of positronium.

3. Experimental Setup

3.1. Positron Beam. Few facilities around the world are
nowadays capable of producing fluxes of positrons exceeding
1 × 10

8
𝑒

+/s [4–11]. The highest intensity reported so far has
been reached at the FMR II NEMOPUC source in Munich
where amonoenergetic slow positron beam of 9×108 𝑒+/s has
been achieved [12]. We will base our estimation of the signal
rate assuming that such a beam could be used. In principle,
even higher fluxes are conceivable (see, e.g., [13, 14]) and
hopefully those will be available in the near future.

The beam will be coupled to a buffer gas trap. This is
necessary in order to produce positron pulses at a rate of
tens of Hz to synchronize positronium formationwith pulsed
lasers in order to drive the transition of Ps in a Rydberg
state. The typical trapping efficiency is 20% and the positron
lifetime in the trap is 2 s. Therefore above a few Hz repetition
rate, the losses are minimized. The positrons are dumped in
bunches of 20 ns using the standard electrodes of the trap and
by adding a buncher one can achieve <1 ns pulses [15, 16].The
typical positron beam size of such a system is 1mm (FWHM).
This has to be reduced via positron remoderation in order to
achieve a good geometrical overlap of the Ps source with the
opening of the slit (mirror-absorber).

Note that a new concept for a positron buffer gas trapwith
the prospect of obtaining up to 92% trapping efficiencies has
been recently proposed [17].

3.2. Remoderation. Remoderation of positron beam allows
brightness enhancement. Microbeams of 1-2𝜇m were devel-
oped by the use of two successive stages of focusing, accel-
eration, and remoderation [18]. The loss of beam intensity is
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about a factor 10 per stage in reflection geometry. To achieve
a positron beam of 50 𝜇m, only one moderator stage will be
required. One can use aNi(100) foil in transmission geometry
which even being a factor 2 less efficient allows the beam to be
extracted from the magnetic field region with a transmission
of 71% [19, 20]. Such a remoderator leads to about 5% of the
incoming positrons in a beam of 50 𝜇m [19, 20]. This was
achieved using a continuous positron beam but it has not
been yet demonstrated for a bunched beam. Such a scheme
is currently under investigation at the University College of
London (UCL) for their ongoing free fall measurement of
Ps. Their preliminary simulations show that one should be
able to obtain 1 ns positron bunches of about 25 𝜇m spot size
[21]. Assuming that a remoderation efficiency of 5% could be
attained, the positron flux at the target will be of the order of
6.3 × 10

6
𝑒

+/s (1.25 × 105 𝑒+ per bunch at a repetition rate of
50Hz).

3.3. Positronium Source. Positrons implanted in silica thin
films with 3 keV will form Ps emitted into vacuum with an
efficiency of about 30% and an energy of 75meV [22, 23].
The vacuum yield is basically constant in the temperature
range from 50K to 400K [22]. The emission energy of Ps is
determined by the diameter of the pores (3 nm). In fact for Ps
energies of a few hundred meV, the Ps de Broglie wavelength
is comparable with the energy levels of positronium confined
inside a pore of this size and therefore it has to be treated
quantum mechanically. A simple particle in a box model is a
good approximation to describe Ps in such porous materials
[22, 24, 25]. Ps formed inside the film with an initial energy
of 1 eV (corresponding to the negative workfunction of Ps
in silica) starts diffusing through the interconnected pore
network tunneling from one pore to the other and loses
energy via collision until the ground state energy is attained.
A fraction of those atoms (30% of the incoming positrons)
will make it to the surface before decaying and are emitted
into vacuum. At temperatures below 100K in films of 3-
4 nm diameter only the ground state of Ps in the pore is
populated. Therefore, Ps emitted into vacuum is basically
monoenergetic. Since the pore orientation at the surface of
these materials is random, the emission distribution follows
a cos 𝜃 distribution [22, 23].

At 3 keV, the positrons have a mean implantation depth
of 150 nm. The time required for the Ps atoms to exit the
film and be emitted into vacuum has been measured to
be about 1 ns [26]. Since the areal density per pulse is of
the order of 109 Ps/cm2, the spin exchange quenching and
formation of molecular positronium inside the films should
be considered.The total cross section in those targets for these
processes has been determined to be 3.4 × 10−14 cm−2 [27].
In those measurements, a source based positron beam was
used and at areal densities of 4 × 1010 Ps/cm2 a saturation of
the quenching process was observed. A fraction of 0.3 of the
initial positronium population survives since the positrons
from a radioactive source are spin polarized (due to parity
violation). For positrons produced in a reactor, this is not
the case and therefore the losses will be higher. However,
using the measured cross sections and taking into account

that once emitted into vacuum after 1 ns the Ps cloud expands
and therefore the density decreases rapidly, we estimated that
this effect can be neglected.

To reduce the perpendicular velocity V
𝑧
≃ 10

5m/s,
we plan to use Stark deceleration. This method has been
applied to different atomic species (including hydrogen) [28]
and molecules [29]. Atoms in Rydberg states have large
dipole moments; thus electric field gradients can be used to
manipulate them. The acceleration/deceleration 𝑎 imparted
to the Rydberg atoms is given by

𝑎 = 76∇𝐹

1

𝑚

𝑛𝑘, (4)

where ∇𝐹 is the gradient of the electric field in Vcm−2,𝑚 the
mass of the decelerated particles in atomic units, and 𝑛 and
𝑘 the Stark state quantum numbers. H atoms in 𝑛 = 25 and
an initial velocity of 700m/s can be brought at rest in 3mm
[28]. For Ps being 1000 times lighter, decelerations exceeding
10

9m/s could be realized. Since one is interested only in
decelerating the distribution that is almost perpendicular to
the surface of the Ps target, one can expect an efficiency
close to 100%. This is confirmed by preliminary simulations
(private communication with Dr. C. Seiler). The collimator
will be placed after the deceleration stage and the microwave
regionwhere circularly polarized radiationwill spin up the Ps
to the maximum 𝑙 so that kicks to the momentum imparted
to the atoms in the vertical direction during these processes
will be accounted for.

The fraction of atoms with V
𝑦
< 0.15, V

𝑥
, V
𝑧
< 100m/s is

estimated using aMonteCarlo simulation taking into account
the angular of the Ps emitted into vacuum from porous silica
to be of the order of 2 × 10−9.

Other promising candidates for Ps formation that should
be considered for this experiment are aluminum oxidized
nanochannels of 5–8 nm [30], Si and Ge surfaces [31], and
hydrophobic silica aerogels [32].

To produce a source of cold Ps, another option would be
to use the tails of the distribution of Ps thermally desorbed
and emitted into vacuum. For Al(111) kept at 600K, the
conversion efficiency 𝑒+-Ps was measured to be as high as
30% [33]. However, the surface quality is very important, and
degradation is observed in a short time scale especially when
a laser is positioned near the surface [31, 34]. Therefore, until
stable desorption at room temperature (or lower) could be
demonstrated, this does not seem to be an attractive path.

3.4. Laser for Rydberg Excitation. Positronium excitation in
Rydberg states was first demonstrated by Ziock et al. [35].
Recently, an excitation of Rydberg Ps with a two-step process
1S→ 2P and 2P→ 25 with an efficiency of 25% was reported
[36, 37]. Two broadband (150GHz) dye lasers were used in
order to maximize the overlap with the large Doppler profile
of the Ps atoms. This led to an occupation of the Stark levels
that could not be resolved. In the experiment proposed here,
one is interested to excite only a small fraction of the atoms
with the correct velocity characteristic. The lasers axis will
be set parallel to the V

𝑥
component. For V

𝑥
= 100m/s,

the Doppler profile will be of the order of 1 GHz and thus
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narrow dye lasers at 243 nm and 730 nm can be used. One
has to consider that in both cases the photon absorbed by the
atom will result in recoil and therefore the laser frequency
has to be tuned in order to compensate for this effect. This
can be optimized by detecting the Rydberg atoms via field
ionization after the collimator slit maximizing their flux. In
such a scheme, the excitation probability will be at least as
large as 25% (as for the case of broadband excitation) with the
advantage of populating only the desired Stark state (𝑛 = 33
and 𝑘 = 19). As a base for our estimation of the signal rate,
we take conservatively this value. An alternative might be
to use Doppler free two-photon excitation from the ground
state directly to 𝑛 = 33. This could lead to higher efficiencies
exceeding 50% [21, 38] but it has not been yet realized for Ps.
After deceleration, the Ps∗ will be driven to its highest circular
state 𝑙 = 32 using polarized microwave radiation.

3.5. Mirror and Absorber. As a mirror for Ps, we propose
to exploit a gradient of magnetic field created using wires
arranged parallel to each other with a constant current to
create a uniform gradient of the magnetic field. Only the
Ps triplet atoms with 𝑚 = 0 have a nonzero net magnetic
moment. For the 𝑚 = ±1, the electron and the positron
magnetic moments cancel and therefore those are insensitive
to the magnetic field. Therefore, only one-third of the initial
population will be reflected. To equate the 𝐸

𝑦
= 0.1 peV, a

field of a few mG at the wire surface will be sufficient.
Because of the large spatial size of gravitational quantum

states and the very large characteristic length of the mirror
needed to form the gravitational states that is much larger
than a characteristic interwire distance, we expect that the
very weak magnetic gradient will not perturb the gravita-
tional states. The strict theoretical analysis of this clearly
mathematically defined problem is ongoing.

It is important to note that a well-defined (𝑛, 𝑙) state
should be used in order to avoid the fact that the spread in the
magnetic moment would wash out the transmission versus
the slit height dependence.

A matter mirror should also be considered. Due to the
large spatial size of the gravitational quantum state, the sur-
face potential is expected to be very sharp and therefore result
in efficient quantum reflection [39]. In both cases (magnetic
or material mirror), we expect to have effectively (quasi-
classically) only a few collisions with surface. Nevertheless,
the transitions rates due to quenching and ionization caused
by the electric or magnetic fields have to be calculated.

The absorber as for the neutrons is a rough surface on
which the impinging Ps will mix its velocity components and
therefore be lost (i.e., it will not be reflected by the mirror).

3.6. Detectors. The detectors are made of an array of ten
standard rectangular MCPs (e.g., Hamamatsu F4772-01, 55 ×
8mm2) placed 50mm from the end of the mirror-absorber
region. A uniform electric field will ionize the Ps∗ and
guide the positrons to the MCPs where they can be detected
with high efficiency (80%). In order to reduce accidental
background, the MCPs will be surrounded by an almost 4𝜋
calorimeter made of 100 BGOs (hexagonal shape of 55mm

outer diameter and 200mm length) placed outside of the
vacuum chamber to detect the back to back 511 keV annihi-
lation gamma rays from the 𝑒+ annihilation. This detector
was used in the search for Ps→ invisible decays where the
efficiency for detection of two 511 keVphotonswas larger than
99.99999% [40]. An energy cut of 400 keV< 𝐸 < 600 keVwill
be applied and the coincidence between the two back to back
crystals within 10 ns will be required. Based on simulation
with Geant 4 (validated with measurements that used a BGO
calorimeter), this will result in an efficiency for the detection
of the photons from the positrons annihilation of more than
80% (arising from the geometrical limitations that do not
allow for a full coverage). The measured background for
such a signature for the BGO detectors is of the order of
0.25 events/s. By adding the requirement that a positron is
detected in the MCP (dark count of 100 counts/s) within
10 ns will result in 0.04 background event/day accidental rate
(this includes environmental, internal BGO radioactivity, and
cosmic rays). The combination of the coincidence between
the positron detection in the MCP and the detection of its
annihilation photons will result in an efficiency of 64%. The
positronium time-of-flight will be used to suppress acciden-
tals from the prompt positron and positronium annihilation.

3.7. Experimental Environment Considerations. Due to their
sensitivity to black body radiation, the absorber and the
mirror have to be kept at 4 K. Furthermore, special care has to
be taken in order to avoid stray electric and magnetic fields.
A mumetal shielding should be foreseen. The target and the
electrodes for the Rydberg deceleration can be kept at higher
temperature of 150K since the collimator will act as a thermal
shielding and in addition it will prevent a leak of the electric
fields from the deceleration stage. The MCPs are also kept at
this higher temperature.

4. Expected Rate

The expected signal rate can be estimated using

𝑅signal = 𝑅𝑒+ ⋅ 𝜖Ps ⋅ 𝜖𝑛33 ⋅ 𝜖𝑙32 ⋅ 𝜖collimator ⋅ 𝜖tau ⋅ 𝜖dec ⋅ 𝜖det

= 8.7 × 10

−6 events/s,
(5)

where

(i) 𝑅
𝑒+
= 6.25×10

6
𝑒

+/s is the positron flux on target.This
was estimated assuming that one could use the full
intensity of the currently strongest existing positron
source, a buffer gas trap efficiency of 20%, extraction
losses to a field free magnetic field region of 70%, and
a remoderation efficiency of 5%. This last one was
realized for a continuous positron beam but not yet
for a bunched beam as required for this experiment
(see Section 3.2);

(ii) 𝜖Ps = 0.1 is the fraction of Ps emitted into vacuum
from the proposed porous silica film. This includes
the losses due to spin quenching and Ps

2
molecule

formation and the fact that only the𝑚 = 0 triplet state
will be reflected from the proposed mirror;
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(iii) 𝜖
𝑛33
= 0.25 is the excitation probability in the 𝑛 = 33,

𝑘 = 19 state;
(iv) 𝜖
𝑙32
= 0.1 is the efficiency to drive the Ps in the 𝑛 = 33,
𝑙 = 32 state. This has been realized for other atomic
species (see, e.g., [41] and reference therein) but never
for Ps;

(v) 𝜖collimator = 2 × 10
−9 is the fraction of Ps atoms

remaining after the collimator (V
𝑥
< 100m/s and

V
𝑦
< 0.15m/s). This was estimated with a Monte

Carlo simulation (see Section 3.3);
(vi) 𝜖tau = 0.5 is the fraction of atoms in the 𝑛 = 33, 𝑙 = 32

state, which has a lifetime of about 8ms, surviving the
5ms time-of-flight;

(vii) 𝜖dec = 0.8 is the deceleration efficiency for the
V
𝑧
< 100m/s estimated with preliminary simulations

validated for different atomic species;
(viii) 𝜖det = 0.64 is the efficiency of signal detection.

Assuming that all the efficiencies quoted above could be
confirmed experimentally, a rate of 0.7 events/day with a
background 0.05 events/day is anticipated. Possible losses
due to spurious effects like stray electric or magnetic fields
or black body radiation seem to be negligible but further
calculations and preliminary experiments should be done to
confirm this assumption.

Note that the expected height of the gravitational state
is related to 𝑔 by (3). This means that for an uncertainty in
the determination of 𝑧

1
of 𝑑𝑧
1
one can get an accuracy in

the determination of 𝑔 at the level of 𝑑𝑔/𝑔 = 3𝑑𝑧
1
/𝑧

1
√
𝑁,

where 𝑁 is the number of detected signals. Assuming an
uncertainty of 𝑑𝑧

1
= 0.1mm which is mainly determined by

the finite source size, the value of 𝑑𝑔/𝑔 can be determined
to 3% in three months. This is comparable to the accuracy
that is aimed for by the antihydrogen experiments at CERN
[42–44]. Therefore, observation of Ps gravitational quantum
states offers a complementary approach to test the effect of
gravity on a pure leptonic system. In comparison to a free-
fall experiment [21], perturbations of the Ps atoms arising
from uncontrolled patch electric fields will not result in a
systematic effect for the experiment but will only affect the
signal rate.

5. Conclusions

The observation of the gravitational quantum states of
positronium is very challenging and at this point we cannot
conclude that it is feasible. In fact, even though most of the
techniques are currently available, some essential milestones
have to be demonstrated experimentally before such an
experiment could be realized.Those are the efficient focusing
of a bunched positron beam, the Stark deceleration of Ryd-
berg positronium, and the subsequent excitation of Rydberg
positronium into stateswith large angularmomentum. In this
contribution, we provide our expectations for the efficiencies
of these various steps based on published work with Ps
and other atomic species. Our estimation of the signal rate
is encouraging thus justifying and stimulating preliminary

experiments, further calculations, and simulations. Further-
more, the developed techniques could also find an application
in other fields. Rydberg deceleration of Ps atoms would be
a major step to open a new era in Ps spectroscopy. If this
would be realized, the main systematical effects (second
order Doppler shift and time-of-flight broadening) would
be reduced by two orders of magnitude (well below its
natural linewidth of 1.2MHz); thus an uncertainty in the
measurement of the 1S-2S interval of positronium at the
few kHz level might be possible. Assuming that the QED
corrections could be calculated at the same level, this would
lead to a new, independent (Ps, being purely leptonic, is free of
nuclear size effects) determination of the Rydberg constant at
the same level of precision as the current one [45].This might
help to shed some light on the proton size puzzle [46, 47]
since this can be solved by shifting by 5 standard deviations
the value of the Rydberg constant [48].

If an observation of the gravitational quantum states
of positronium could be realized, this would result in a
determination of 𝑑𝑔/𝑔 for positronium at a level of 3%
assuming 70 events could be detected. If successful, the
ongoing efforts to increase the positron buffer gas trap
efficiency [17], the available slow positron fluxes, seeking to
produce a source of colder Ps [30–32], would certainly help
to make the observation of the gravitational quantum states
of positronium feasible.
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We establish asymptotic expressions for the positions of Regge poles for cold neutron scattering on mesoscopic cylinder mirror as
well as for the 𝑆-matrix residuals. We outline the correspondence between Regge poles and near-surface quasi-stationary neutron
states. Such states are of practical importance for studying subtle effects of neutron-surface interaction.

1. Introduction

Neutron scattering on curved surface has all peculiar features
characteristic for wave scattering known in acoustics, optics,
and matter waves. The most intriguing phenomena are
related to localization of neutrons in long-living states near a
curved surface. Such localization is responsible for large angle
scattering of cold neutrons on macroscopic radius cylinder
mirror, discovered in [1–4]. It is a matter-wave analog of the
so-called whispering gallery wave [5–10].

Neutron localization in a resonant state in effective
potential, which originates from superposition of centrifu-
gal potential and optical Fermi-potential of the cylinder,
results in a large time spent by neutron near the material
surface at distances from tens to hundreds nanometers. Thus
neutron scattering on curved mirror is particularly sensi-
tive to neutron-surface interaction at such distances. This
opens interesting perspective of using interference pattern
produced by neutrons scattered from curved surface as a
sensitive tool for studying neutron-surface interactions. The
detailed information about neutron-surface interaction could
be of importance for multiple problems related to surface
physics. Another important field is the study of extra forces
with characteristic range 10 < 𝜆 < 1000 nm.These forces are
predicted in the extensions of the standard model as a result
of exchange of hypothetical light bosons.

We have developed an approach based on a linear
approximation of the potential in Schrödinger equation in
[4]. Here we propose an alternative method based on exact
solution with consequent approximations in the exact result.
The approach obtained in present paper could be applied at
least formally in wider parameter range than that obtained
in [4] and, in particular, for neutrons of lower energies. This
method allows us also to give another vision to the problem
and to establishmore clear analogies with another extensively
studied case, that is, scattering of light by a sphere and, in
particular, useful similarities with phenomena of rainbow,
Gloria, surface waves, and so forth, treated in detail in a
book by Nussenzweig [11]. The complex angular momentum
(CAM) method plays an essential role in this study.

The concept of Regge poles, which are 𝑆-matrix sin-
gularities, thought of as a function of complex angular
momentum is essential for establishing relation between
scattering phenomena and the properties of long-living near-
surface states of neutron.

In this paper we find asymptotic expressions for the posi-
tions of Regge poles in the limit of large angular momenta,
which mainly contribute to large angle scattering of cold
neutrons. We study a case of cold neutron scattering, as far as
comparatively large amount of cold neutrons available makes
possible high statistical accuracy in resolving interference
pattern of scattered neutron wave.
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2. Formal Solution and Regge Poles

In this section we develop the formalism describing the
scattering of a plane neutron wave by a cylindrical mirror.
We will study cases of both attractive and repulsive optical
Fermi-potential of a cylinder material.

The scattering obeys the following Schrödinger equation
in the cylindrical coordinates:
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Here Ψ(𝜌, 𝜑) is the neutron wave function, ℏ𝑘 is the
neutronmomentum,𝜌 is the radial distance from the cylinder
axis, 𝜑 is the angle, and 𝑈(𝜌) is the value of mirror optical
potential:
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Here 𝑅 is the cylinder radius and Θ(𝑅 − 𝜌) is the step
function. 𝑈

0
is negative for attractive potential and positive

for repulsion one. In (1), we omit the trivial dependence on 𝑧
coordinate directed along the cylinder axis. By standard sub-
stitution of an analytical form of a wave function Ψ(𝜌, 𝜑) =
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The wave functionΦ(𝜌, 𝜑) asymptotic behavior at large 𝜌
values is

Φ(𝜌, 𝜑) → √𝜌 exp (𝑖𝑘𝜌 cos (𝜑)) + 𝑓 (𝜑) exp(𝑖𝑘𝜌 +
𝑖𝜋

4
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(4)

where 𝑓(𝜑) is the scattering amplitude. The standard expan-
sion of the two-dimensional wave function Φ(𝜌, 𝜑) in the
complete basis of the angular momentum states exp(𝑖𝜇𝜑) is

Φ(𝜌, 𝜑) =
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where 𝜒
|𝜇|
(𝜌) are the radial wave functions.

The scattering amplitude 𝑓(𝜑) expansion in the complete
basis of the angular momentum states exp(𝑖𝜇𝜑) follows from
(5) and has the following form [12]:
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Here 𝑆(𝜇, 𝑘) = exp(2𝑖𝛿
𝜇
(𝑘)) is the scattering matrix in

partial wave with angular momentum 𝜇 and 𝛿

𝜇
(𝑘) is the

scattering phase shift, which can be found by solving the
corresponding radial equation:
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The typical values of angularmomentum 𝜇

0
≡ 𝑘𝑅 ≫ 1. In

particular, in case of cold neutron scattering on macroscopic
cylinder with few centimeters radius the corresponding value
𝜇

0
∼ 10

8.
In order to perform a sum over a large number of partial

waves we will use the method of complex angular momen-
tum. We introduce, following the Regge approach, 𝑓(𝜇, 𝑘) as
a function of complex momentum 𝜇, which coincides with
the scattering matrix for integer values of 𝜇 and has standard
analytical properties in the complex plane of 𝜇 [13, 14]. The
sum (6) over integer 𝜇 is then transformed to an integral in
the complex 𝜇 plane, which is calculated by using the residue
theorem and is replaced by a sum over poles contributions. In
two-dimensional problems, an elegant way to perform such a
transformation is to use Poisson sum formula [15]:
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Here 𝑓(𝜇, 𝑘) is the analytical function of 𝜇 as mentioned
above. The integer number 𝑛 has a sense of the number of
neutronwave rotations around the cylinder surface.Using the
analytical properties of the amplitude we transform the above
integral to the sum of the amplitude poles contribution:

𝑓 (𝜑) = 2𝜋𝑖

∞

∑

𝑛=−∞

∑

𝑗

Res𝑓 (𝜇
𝑗
, 𝑘) 𝑒

𝑖𝜇
𝑗
(𝜑+2𝜋𝑛)

. (11)

Here 𝜇
𝑗
is the 𝑗th pole of the amplitude 𝑓 and Res𝑓(𝜇

𝑗
, 𝑘) is a

residue of the amplitude in this pole. In the above expression
the integration contour is chosen such that Im𝜇

𝑗
𝜑 > 0 and

Im𝜇

𝑗
(𝜋 − 𝜑) > 0. The summation over 𝑛 can be performed

after taking into account that the amplitude in our case is
symmetric under substitution 𝜇 → −𝜇. Such an expression
takes the form

𝑓 (𝜑) = 2𝜋𝑖∑
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The above expression clearly demonstrates the role
of Regge poles; namely, the scattering amplitude can be
expressed as a converging sum of Regge poles contributions.
Each contribution can be associated with decaying quasi-
stationary states. The states with the longest lifetime con-
tribute to scattering on largest deflection angles. In the fol-
lowing section we will get formal mathematical expressions
for the Regge poles and discuss their physical meaning.
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2.1. Equation for Regge Poles. The formal solution of (3) can
be easily expressed in terms of Bessel functions.

Inside the cylinder 𝜌 < 𝑅, the regular solution (8) of (7)
is proportional to the Bessel function
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2. Let us remind the
reader that𝑈
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is negative for attractive potential and positive

for repulsion one. Outside the cylinder one has a sum of two
independent solutions of Bessel equation:
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The condition of continuity of the logarithmic derivative
of the wave function on the boundary of the cylinder 𝜌 = 𝑅

gives the equation
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which allows us to determine the value of the phase-shift 𝛿
𝜇
.

Finally, one obtains
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For the 𝑆-matrix, one obtains
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which coincides with the solution for 3-dimensional problem
(scattering by a spherical potential well) if one replaces 𝜇 →

𝑙 + 1/2.
These general expressions for Bessel 𝐽

𝜇
(𝑧) and Neumann

𝑁

𝜇
(𝑧) functions can be simplified in the limit of very big

index 𝜇 which is close to the value of the argument of the
Bessel function:

𝜇 ∼ 𝜇

0
≡ 𝑘𝑅 ∼ 𝜅𝑅 ≫ 1. (19)

Let us use the asymptotic for the Bessel function [16] in
the form 𝐽

𝜇
(𝜇𝑧) with two complex variables 𝜇 and 𝑧.

In the limit of large index one can use the following
asymptotic behaviour for Bessel functions (only a leading in
𝜇 term is written here):

𝐽

𝜇
(𝜇𝑧) ≈ (

4𝜁

1 − 𝑧

2
)

1/4Ai (𝜇2/3𝜁)
𝜇

1/3
,

(20)

where

2

3

𝜁

3/2
= ∫

1

𝑧

√
1 − 𝑡

2

𝑡

𝑑𝑡 = ln 1 +
√
1 − 𝑧

2

𝑧

−

√

1 − 𝑧

2 (21)

or equivalently

2

3

(−𝜁)

3/2
= ∫

𝑧

1

√
𝑡

2
− 1

𝑡

𝑑𝑡 =

√

𝑧

2
− 1 −

1

𝑖

ln 1 + 𝑖
√
𝑧

2
− 1

𝑧

.

(22)

Ai(𝑧) is the Airy function.
For 𝑧 close to 1,

𝜁 ≈ 2

1/3
(𝑧 − 1) . (23)

Analogous expression can be obtained for Neumann
function as well as for the derivatives of Bessel and Neumann
functions

𝑁

𝜇
(𝜇𝑧) ≈ −(

4𝜁

1 − 𝑧

2
)

1/4Bi (𝜇2/3𝜁)
𝜇

1/3
,

(24)

𝐽



𝜇
(𝜇𝑧) ≈ −

2

𝑧

(

1 − 𝑧

2

4𝜁

)

1/4Ai (𝜇2/3𝜁)
𝜇

2/3
,

(25)

𝑁



𝜇
(𝜇𝑧) ≈

2

𝑧

(

1 − 𝑧

2

4𝜁

)

1/4Bi (𝜇2/3𝜁)
𝜇

2/3
.

(26)

Bi(𝑧) is an Airy function of the second kind.
If one introduces the notations

𝜁in = 2

1/3
(

𝜅𝑅

𝜇

− 1) , 𝜁out = 2

1/3
(

𝑘𝑅

𝜇

− 1) , (27)

one finds the expression for the 𝑆-matrix

𝑆 (𝜇, 𝑘) =

𝑇

−
(𝜇, 𝑘)

𝑇

+
(𝜇, 𝑘)

(28)

with

𝑇

±
(𝜇, 𝑘) = Bi (𝜇2/3𝜁out) ± 𝑖Ai


(𝜇

2/3
𝜁out)

−

Ai (𝜇2/3𝜁in)
Ai (𝜇2/3𝜁in)

[Bi (𝜇2/3𝜁out) ± 𝑖Ai (𝜇
2/3
𝜁out)] .

(29)

The poles of the 𝑆-matrix can be found from the equation

𝑇

+
(𝜇, 𝑘) = 0, (30)

or in explicit form:

Ai (𝜇2/3𝜁in)
Ai (𝜇2/3𝜁in)

=

Bi (𝜇2/3𝜁out) + 𝑖Ai

(𝜇

2/3
𝜁out)

Bi (𝜇2/3𝜁out) + 𝑖Ai (𝜇2/3𝜁out)
.

(31)
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2.2. Asymptotic Expressions for Regge Poles. In the following
we will be interested in the extremely large values of angular
momentum. These are angular momenta which contribute
to large angle neutron scattering. Indeed, the energy of cold
neutrons is much larger than optical Fermi-potential of a
cylinder; thus, most neutrons would pass without significant
deflection. Only a small fraction of neutrons which moves
parallel to the cylinder surface is captured into comparatively
long-living near-surface states, which explains large angle
scattering.

An argument of Airy function equation (31) can be
further expanded, taking into account large values of 𝜇 ∼

𝜇

0
≫ 1:

𝜇

2/3
𝜁in = (

2

𝜇

)

1/3

(𝜅𝑅 − 𝜇) ≈ −𝑢

0
− 𝑥𝑚,

𝜇

2/3
𝜁out = (

2

𝜇

)

1/3

(𝑘𝑅 − 𝜇) = −𝑥.

(32)

Here,

𝑢

0
=

𝑀𝑈

0
𝑅

ℏ

2
𝑘

(

2

𝜇

0

)

1/3

=

2𝑀𝑈

0

ℏ

2
𝑘

2
(

𝜇

0

2

)

2/3

,

𝑥 = (𝜇 − 𝜇

0
) (

2

𝜇

0

)

1/3

.

(33)

The complex variable 𝑥 is proportional to the difference
between actual angular momentum 𝜇 and “edge scattering”
angular momentum 𝜇

0
.

Equation (31) for the Regge poles in new variable 𝑥
𝑛
takes

the form

Ai (−𝑢
0
− 𝑥

𝑛
)

Ai (−𝑢
0
− 𝑥

𝑛
)

=

Bi (−𝑥
𝑛
) + 𝑖Ai (−𝑥

𝑛
)

Bi (−𝑥
𝑛
) + 𝑖Ai (−𝑥

𝑛
)

. (34)

This form of equation is convenient for further asymp-
totic expansions for large values of 𝑥

𝑛
. The particular form

of asymptotic expansion of Airy function in complex plane
of 𝑥 depends on the argument of 𝑥. This is known as
Stock’s phenomenon. Thus we will study different domains
of complex momentum plane.

First we study a case of narrow resonances which are
situated close to real axis of complex momentum plane. In
this case the following asymptotic form of Airy functions can
be used:

Ai (−𝑧) ∼ 1

√𝜋𝑧

1/4
cos(2

3

𝑧

3/2
−

𝜋

4

) ,

Bi (−𝑧) ∼ −

1

√𝜋𝑧

1/4
sin(2

3

𝑧

3/2
−

𝜋

4

)

(35)

with |arg(𝑧)| < 2𝜋/3 and

Ai (𝑧) ∼ 1

2√𝜋𝑧

1/4
exp(−2

3

𝑧

3/2
) with 







arg (𝑧)


< 𝜋,

Bi (𝑧) ∼ 1

√𝜋𝑧

1/4
exp(2

3

𝑧

3/2
) with 







arg (𝑧)


<

𝜋

3

.

(36)

In case of attractive potential (𝑢
0
< 0) there could be poles

with 𝑢
0
< Re𝑥

𝑛
< 0, |Im𝑥

𝑛
| ≪ |Re𝑥

𝑛
|. For |𝑢

0
| ≫ 1 (34) takes

the form

√









𝑢

0









+ 𝑥

𝑛

−𝑥

𝑛

tan [2
3

(









𝑢

0









+ 𝑥

𝑛
)

3/2
−

𝜋

4

]

= 1 − 𝑖 exp [−4
3

(−𝑥

𝑛
)

3/2
] .

(37)

The approximate solution of the above equation gives
exponentially small values for the imaginary part:

Im𝑥

𝑛
∼ exp [−4

3

Re(−𝑥
𝑛
)

3/2
] , (38)

with real part Re𝑥
𝑛
being a solution of equation:

√









𝑢

0









+ 𝑥

𝑛

−𝑥

𝑛

tan [2
3

(









𝑢

0









+ 𝑥

𝑛
)

3/2
−

𝜋

4

] = 1.
(39)

In the limiting case of deeply bound states ||𝑢
0
| + 𝑥

𝑛
| ≪

|𝑥

𝑛
| one gets, for real part Re𝑥

𝑛
,

Re𝑥
𝑛
≃ −[

3

2

𝜋 (𝑛 −

1

4

)]

2/3

.
(40)

In case of weakly bound states ||𝑢
0
| + 𝑥

𝑛
| ≫ |𝑥

𝑛
|,

Re𝑥
𝑛
≃ −[

3

2

𝜋 (𝑛 −

3

4

)]

2/3

.
(41)

Here and further on 𝑛 = 1, 2, . . ..
There are a limited number of such resonances deter-

mined by the value of dimensionless depth of optical poten-
tial 𝑢
0
.

Narrow resonances |Im𝑥

𝑛
| ≪ |Re𝑥

𝑛
| with positive real

part Re𝑥
𝑛
> 0 in case of attractive potential and Re𝑥

𝑛
>

𝑢

0
in case of repulsive potential are given by the following

asymptotic form of (34):

tan [2
3

(𝑥

𝑛
− 𝑢

0
)

3/2
−

𝜋

4

] = 𝑖√

𝑥

𝑛

𝑥

𝑛
− 𝑢

0

. (42)

Its approximative solutions are given by the following
expressions:

Re𝑥
𝑛
= [

3

2

𝜋 (𝑛 −

3

4

)]

2/3

+









𝑢

0









Θ (𝑈

0
) ,

Im𝑥

𝑛
= −

1

√
Re𝑥
𝑛

(

1

2

ln
4Re𝑥
𝑛









𝑢

0









−









𝑢

0









4Re𝑥
𝑛

) .

(43)

Here Θ(𝑈
0
) is equal to unity for repulsive potential and is

equal to zero for attractive potential.
Formally, there are an infinite number of mentioned

above-barrier resonances. However, for too large 𝑛 the
approximation based on asymptotic expansion of Bessel
functions (20) and (24) is no longer valid, as far as their
validity is limited with cases when |𝜇 − 𝜇

0
| ≪ 𝜇

0
. In opposite
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case one has to take into account exact form of the 𝑆-matrix,
given by (18).

These are the Regge poles of so-called class I [14] cor-
responding to the narrow resonances. The corresponding
values of complex angular momentum 𝜇

𝑛
are

𝜇

𝑛
= ±[𝜇

0
− 𝑥

𝑛
(

𝜇

0

2

)

1/3

] . (44)

They are situated in the complex 𝜇-plane symmetrically
related to the origin 𝜇 = 0.

Long-living quasi-bound states and narrow over-barrier
resonances play important role in the phenomena of whis-
pering gallery scattering of neutrons at large angles, studied
in [4].

Another type of asymptotic expansion is obtained when
the argument of the Airy functions | arg(𝑧)| ≥ 2𝜋/3. To study
this case we make the following substitution:

𝑥

𝑛
= −𝑧

𝑛
exp(𝑖𝜋

3

) . (45)

With the use of the following relations between Airy func-
tions

Ai (−𝑧) = 𝑒

𝑖𝜋/3Ai (𝑧𝑒𝑖𝜋/3) + 𝑒−𝑖𝜋/3Ai (𝑧𝑒−𝑖𝜋/3) ,

Bi (−𝑧) = 𝑒

−𝑖𝜋/6Ai (𝑧𝑒𝑖𝜋/3) + 𝑒𝑖𝜋/6Ai (𝑧𝑒−𝑖𝜋/3) ,
(46)

(34) turns into

Ai (𝑢
0
+ 𝑧

𝑛
𝑒

𝑖𝜋/3
)

Ai (𝑢
0
+ 𝑧

𝑛
𝑒

𝑖𝜋/3
)

=

Ai (−𝑧
𝑛
)

Ai (−𝑧
𝑛
)

. (47)

For |𝑧

𝑛
| ≫ 1 we get the following asymptotic form

equation:

tan(2
3

𝑧

3/2

𝑛
−

𝜋

4

) =
√

𝑧

𝑛
𝑒

𝑖𝜋/3
+ 𝑢

0

𝑧

𝑛

.

(48)

Its solution for large 𝑛 is

𝑧

𝑛
= {

3𝜋

2

[𝑛 −

3

4

+ arctan (𝑒𝑖𝜋/6)]}
2/3

.
(49)

The corresponding Regge poles are

𝜇

𝑛
= ±(𝜇

0
+ 𝑧

𝑛
𝑒

𝑖𝜋/3
(

𝜇

0

2

)

1/3

) . (50)

There are an infinite number of Regge poles of this type; their
imaginary part increases rapidly with 𝑛 and they correspond
to the so-called surface wave states. Such states have much
shorter lifetimes than narrow resonances, described above.

The positions of these poles in the upper half plane of
complex variable 𝜇 are presented in Figures 1 and 2 for
attractive and repulsive potential, respectively.
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𝜇0

)(2/ 1/3

Im(𝜇)(2/ )

)

1/3

Figure 1: Position of Regge poles for attractive Fermi-potential.
Shown are the poles, corresponding to near-surface states. 1: narrow
quasi-bound states (whispering gallery states), 2: surface waves, and
3: narrow over-barrier resonances.

Re(𝜇 − 𝜇0 𝜇0

𝜇0

)(2/ 1/3
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Figure 2: Position of Regge poles for repulsive Fermi-potential.
Shown are the poles, corresponding to near-surface states. 2: surface
waves and 3: narrow over-barrier resonances.

3. Residuals

Complex angular momentum methods require knowledge
of the residuals of 𝑆-matrix in the Regge poles. Here we
obtain corresponding expressions for residuals, which follow
from expression (28). In the vicinity of the pole 𝑥

𝑛
the

corresponding 𝑆-matrix written in variable 𝑥 is

𝑆 (𝑥) ≈

𝑇

−
(𝑥

𝑛
)

𝑇

+


(𝑥

𝑛
) (𝑥 − 𝑥

𝑛
)

. (51)

Function 𝑇 in the above expression has the form

𝑇

±
(𝑥) = Ai (−𝑢

0
− 𝑥) (Bi (−𝑥) ± 𝑖Ai)

− Ai (−𝑢
0
− 𝑥) (Bi (−𝑥) ± 𝑖Ai (−𝑥)) .

(52)
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Thus residual is

Res𝑆 (𝑥
𝑛
) =

𝑇

−
(𝑥

𝑛
)

𝑇

+


(𝑥

𝑛
)

. (53)

The above expression can be further simplified if one
takes into account that 𝑥

𝑛
is a root of equation 𝑇

+
(𝑥

𝑛
) = 0.

One can get for the nominator of fraction (53) the following
expression:

𝑇

−
(𝑥

𝑛
) = −

2𝑖

𝜋

Ai (−𝑢
0
− 𝑥

𝑛
)

Bi (−𝑥
𝑛
) + 𝑖Ai (−𝑥

𝑛
)

. (54)

In derivation of the above equation we took into account that
the Wronskian Ai(−𝑥)Bi(−𝑥) − Bi(−𝑥)Ai(−𝑥) = 1/𝜋.

The corresponding expression for the denominator of
fraction (53) reads

𝑇

+


(𝑥

𝑛
) = −𝑢

0
Ai (−𝑢

0
− 𝑥

𝑛
) (Bi (−𝑥

𝑛
) + 𝑖Ai (−𝑥

𝑛
)) . (55)

One should use the equation for Airy functions Ai(−𝑥) =
𝑥Ai(−𝑥) to establish the above expression.

Combining these results we finally get the following
expression for the residual:

Res𝑆 (𝑥
𝑛
) =

2𝑖

𝜋𝑢

0
(Bi (−𝑥

𝑛
) + 𝑖Ai (−𝑥

𝑛
))

2
. (56)

4. Physical Meaning of Regge Poles

In order to establish physical meaning of the Regge poles
found in the previous section we will establish a relation
between Regge poles and quasi-stationary states of neutrons
near a curved surface of macroscopic mirror. For such a
purpose we will study an effective potential produced by
superposition of optical Fermi-potential of themirror and the
centrifugal potential near the mirror surface.

We expand the expression for the centrifugal energy in
(7) in the vicinity of 𝜌 = 𝑅 introducing the deviation from
the cylinder surface 𝜉 = 𝜌 −𝑅. In the first order of small ratio
𝜉/𝑅, we get the following equation:

[−

ℏ

2

2𝑀

𝜕

2

𝜕𝜉

2
+ 𝑈

0
Θ (−𝜉) + ℏ

2 𝜇
2
− 1/4

2𝑀𝑅

2
(1 −

2𝜉

𝑅

) − 𝐸]

× 𝜒

𝜇
(𝜉) = 0.

(57)

Introducing a new variable

𝜀

𝜇
= 𝐸 − ℏ

2 𝜇
2
− 1/4

2𝑀𝑅

2
≃

(𝑀V𝑅)2 − ℏ2𝜇2

2𝑀𝑅

2
(58)

we get the following equation for the neutron radial motion
near the surface of the cylinder:

[−

ℏ

2

2𝑀

𝜕

2

𝜕𝜉

2
+ 𝑈

0
Θ (−𝜉) −

𝑀V2

𝑅

𝜉 − 𝜀

𝜇
]𝜒

𝜇
(𝜉) = 0. (59)

Equation (59) describes the neutron motion in a constant
effective field 𝑎 = −V2/𝑅 superposed with the mirror optical

potential 𝑈
0
Θ(−𝜉). A sketch of the corresponding potential

for attractive and repulsive optical potential is shown in
Figure 3.The value 𝜀

𝜇
can be understood as the radial motion

energywithin the linear expansion used above for the angular
momentum |𝜇 − 𝜇

0
| ≪ 𝜇

0
.

Characteristic spatial and energy scales of the above
equation are

𝑙

0
=

3
√

ℏ

2
𝑅

2𝑀

2V2
=

𝑅

2

(

2

𝜇

0

)

2/3

,

𝜀

0
=

3
√

ℏ

2
𝑀V4

2𝑅

2
=

𝑀V2

2

(

2

𝜇

0

)

2/3

.

(60)

Equation (59) in units of 𝑙
0
and 𝜀
0
is

[−

𝜕

2

𝜕𝑥

2
+ 𝑢

0
Θ (−𝑥) − 𝑥 − 𝜆

𝜇
]𝜒

𝜇
(𝑥) = 0. (61)

Here 𝑥 = 𝜉/𝑙

0
, 𝜆
𝜇
= 𝜀

𝜇
/𝜀

0
, and 𝑢

0
= 𝑈

0
/𝜀

0
.

The regular solution of (61) is given by the Airy function
Ai(𝜉):

𝜒

𝜇
(𝑥) ∼ {

Ai (−𝑥 − 𝜆
𝜇
) if 𝑥 > 0

Ai (𝑢
0
− 𝑥 − 𝜆

𝜇
) if 𝑥 ≤ 0.

(62)

Let us mention that the case of attractive cylinder
potential 𝑈

0
could be practically realised if cold neutrons

are scattered in the bulk of the media with positive optical
potential +𝑈

0
on a cylinder hole [4].

By matching the logarithmic derivatives of the “out”
(incoming plus reflected wave, 𝜉 > 0) and “in” (wave function
inside cylinder, 𝜉 < 0) solutions at 𝜉 = 0 one can get
exactly the same equation for the 𝑆-matrix as (28) and,
correspondingly, the same equation for the 𝑆-matrix poles as
(34).

Thus the complex values of𝑥
𝑛
in (34) could be interpreted

as the complex values of the radial energy 𝜆
𝑛
(in units 𝜀

0
)

of the quasi-stationary centrifugal states of neutrons near the
cylinder surface [17].

Let us mention that for extremely large angular momenta
of interest neutron motion along angular variable 𝜑 is
classical; thus we can establish direct relation between angle
and time:𝜑 ≃ ℏ𝜇

0
/(𝑀𝑅

2
)𝑡.This turns the problemof neutron

scattering on a cylinder into a problem of temporal evolution
of resonant states in effective potential of the neutron radial
motion.

For attractive potential there are states bound inside an
effective potential well.These are quasi-stationary states given
by (37).Thequasi-stationary nature of such states is explained
by the nonvanishing probability of the neutron penetration
through the triangular barrier (Figure 3) into themirror bulk.
This probability strongly depends on the effective triangular
barrier height 𝑢

0
, which is a function of neutron velocity,

𝑢

0
=

𝑈

0

𝜀

0

=

2𝑀𝑈

0

ℏ

2
𝑘

2
(

𝜇

0

2

)

2/3

(63)
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U
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−U0
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21

(a)

U 3

U0

R − 𝜌

2

(b)

Figure 3: A sketch of the potential in the mirror surface vicinity is shown for the case of attractive (a) and repulsive (b) optical Fermi-
potentials. The potential step at 𝜉 = 0 is equal to the mirror optical potential 𝑈

0
. The potential slope at 𝜉 ̸= 0 is governed by the centrifugal

effective acceleration 𝑎 = V2/𝑅. The regions, responsible for different type of resonances, are indicated with numbers: 1: long-living quasi-
bound states, 2: surface waves, and 3: narrow over-barrier resonances.

and determines the width Γ

𝑛
of the centrifugal state. These

states are particularly important for a whispering gallery
neutron scattering [4].

Another type of states, given by (42), is narrow over-
barrier resonances.They are explained by phenomenon of so-
called quantum reflection from the sharp edge of the effec-
tive potential. The condition of efficient quantum reflection
consists in smallness of the characteristic scale of potential
change compared to the wave-length of the neutron radial
motion. It was shown in [4] that thewidths of such resonances
are particularly sensitive to the shape of the edge of effective
potential, and its smoothing results in fast increase of the
width of such states.

Let us mention that these narrow over-barrier resonances
exist in case of both attractive and repulsive optical Fermi-
potential. In case of cold neutrons scattering on a cylinder
of few centimeters radius they contribute to scattering to few
degrees angles. Such states are analogous to the gravitational
quasi-stationary states of antiatoms above material surface,
predicted in [18, 19] .

Finally, resonances given by (48) are responsible for
phenomenon of so-called surface waves. They can be inter-
preted as a result of neutron evanescent wave reflection
from the sharp edge of the optical Fermi-potential when
neutron tunnels throw the centrifugal barrier and penetrate
to the cylinder surface. Due to rapidly increasing width as a
function of 𝑛 and correspondingly short lifetimes only few
lowest states contribute to the neutron scattering at large
angles.

Figure 3 illustrates the regions of effective potential,
responsible for “production” of resonances of certain type.

5. Conclusion

We studied the position of Regge poles in complex momen-
tum plane for the case of cold neutron scattering on a
macroscopical curved mirror. Typical angular momenta
which contribute to large angle scattering are of order of
10

8, so asymptotic methods are required. We establish the
corresponding equations for the Regge poles and find two
types of such poles: narrow resonances and wide surface
waves resonances. We establish the direct relation between
the values of complex angular momenta, corresponding to
Regge poles and complex radial energies of quasi-stationary
states of neutron, bound near the curved surface by effective
potential. The Regge poles imaginary part gives the width
of such states. These states are particularly important for
large angle scattering. Such scattering, determined by near-
surface neutron states, is particularly sensitive to the details
of neutron-surface interaction. It could be a promising tool
for studying such kind of interactions.
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Gravity is the most familiar force at our natural length scale. However, it is still exotic from the view point of particle physics. The
first experimental study of quantum effects under gravity was performed using a cold neutron beam in 1975. Following this, an
investigation of gravitationally bound quantum states using ultracold neutrons was started in 2002. This quantum bound system
is now well understood, and one can use it as a tunable tool to probe gravity. In this paper, we review a recent measurement
of position-space wave functions of such gravitationally bound states and discuss issues related to this analysis, such as neutron
loss models in a thin neutron guide, the formulation of phase space quantum mechanics, and UCN position sensitive detectors.
The quantum modulation of neutron bound states measured in this experiment shows good agreement with the prediction from
quantum mechanics.

1. Introduction

Phenomena due to the gravitational field have been well un-
derstood at the macroscopic scales. However, there are only a
few cases of experiments at microscopic scales, due to grav-
ity’s extreme weakness when compared to the other forces,
such as electromagnetic and nuclear forces.

Even though quantum mechanics was established in the
early 1900s, the first experiment to investigate a quantum
effect under gravity was reported in 1975 by the group of
Colella [1], where a neutron interference pattern induced
by a gravitational potential was observed. The major sys-
tematic uncertainty was attributed to a bending effect of an
interferometer when one rotates the system to manipulate
a relative quantum phase difference between two neutron
paths. A subsequent series of experiments were carried out
with careful studies of systematic effects by measuring the
bending effect using X-rays and considering the Sagnac
effect [2] due to the rotation of the Earth [3, 4]. The latest
attempt was performed using normal-symmetric and skew-
symmetric interferometers and a two-wavelength difference

measurement method.The agreement with theoretical calcu-
lation is at the 1% level [5].

Another approach to observe quantum effects under
gravity was carried out by the group of Nesvizhevsky [6, 7].
In this experiment, one measured a transmission of ultracold
neutrons (UCNs) through a vertically thin neutron guide
in the terrestrial gravitational field as a function of the slit
thickness and showed the evidence of quantum bound states
in the gravitational potential by analyzing the minimum
height of a guide through which UCN can be transmitted. In
a later detailed analysis, the characteristic sizes of position-
space wave functions for the first and second quantum
states were evaluated with an uncertainty of around 10%
[8]. The major systematic uncertainty in this evaluation
came from the difficulty in modeling the rough surface of a
scatterer used on the ceiling of the guide, which causes some
deformation of the wave functions. To minimize the effects
of the deformation, a “differential method” was designed,
in which one directly measures the wave functions using a
position sensitive detector. In this method, a neutron guide
of moderate height can be used and the deforming effect
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Figure 1: Probability distributions of gravitationally bound states
of neutrons for the first five states [35]. Horizontal lines indicate
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and vertical lines show the classical turning points

𝑧
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for each state.

was kept rather small compared to the previous “integrated
method.” The first attempt of the differential method was
reported in [8], where a plastic nuclear track detector (CR39)
with a uranium coating [9] was used as the detector.

These quantum systems, in which the UCN bounces
on a smooth floor, are expressed by the time-independent
Schrödinger equation

{−

ℏ

2

2𝑚

d2

d𝑧2
+ 𝑉 (𝑧)}𝜓𝑛 (

𝑧) = 𝐸𝑛
𝜓

𝑛 (
𝑧) (1)

with the linear potential

𝑉 (𝑧) = {

𝑚𝑔𝑧, 𝑧 ≥ 0,

∞, 𝑧 ≤ 0,

(2)

where 𝜓
𝑛
and 𝐸

𝑛
are the eigenfunctions and eigenenergies, ℏ

is the reduced Planck constant,𝑚 is the neutron mass, and 𝑔
is the standard gravitational acceleration. Equation (1) can be
rewritten in dimensionless form as

(

d2

d𝜉2
𝑛

− 𝜉

𝑛
)𝜓

𝑛
(𝜉

𝑛
) = 0, (3)

where 𝜉
𝑛
≡ 𝑧/𝑧

0
− 𝐸

𝑛
/𝐸

0
and the characteristic length and

energy are given by

𝑧

0
= (

ℏ
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2𝑚

2
𝑔

)

1/3

∼ 6 𝜇m,

𝐸

0
= (

𝑚𝑔

2
ℏ

2

2

)

1/3

∼ 0.6 peV.

(4)

This is the Airy equation and solutions are described by Airy
special functions, Ai(𝜉

𝑛
) and Bi(𝜉

𝑛
). Calculated probability

distributions for the first five states are illustrated in Figure 1.
Note that 𝜉

𝑛
= 0, where 𝑧

𝑛
≡ 𝑧

0
𝐸

𝑛
/𝐸

0
, are the classical

turning points of a classical bouncing ball, which are denoted
in the cross points of each eigenenergy and the potential line
of𝑚𝑔𝑧 in Figure 1.

This system is a suitable device with which to test the
inverse square law of standard Newtonian gravity and to
search for new gravity-like short-range interactions around
these scales. The first limit to a non-Newtonian force with
a Yukawa-type interaction potential using this microscopic
system was reported in [10]. The limits for a CP-violating
Yukawa-type potential were shown in [11, 12]. Several exper-
imental schemes have been proposed to improve the sensi-
tivity to such hypothetical new physics. One idea to achieve
a better resolution on the measurement of the characteristic
length is to utilize a convex reflection mirror to magnify
the neutron distributions [13, 14]. In this review, we discuss
an experiment using this scheme to precisely measure the
UCN position-space wave functions, performed by the group
of Komamiya of the University of Tokyo [15]. Experiments
exploiting other ideas for measuring the energy scale, that is,
the energy differences between quantum states, are proposed
by observing resonance transitions induced by a magnetic
field [16–19] and mechanical vibrations [20]. These projects
are called GRANIT [21] and qBounce, respectively. The first
measurement of the resonance transition from the ground
to the third state was reported by the group of Abele in
[22]. Recently, a new limit for the CP-violating Yukawa-type
potential using the resonance method was reported in [23].
It also shows a limit for the chameleon field [24–26], a dark
energy candidate.

2. Precision Measurement and Issues Related
to This Analysis

The precision measurement with a convex magnification
mirror [15] was performed using a UCN source provided at
ILL (Institut Laue-Langevin) [27]. The velocity distribution
was measured by a TOF method and is well characterized by
a Gaussian distribution with mean of 9.4m/s and standard
deviation of 2.8m/s. Figure 2(a) shows a schematic drawing
of the experiment. The entire system was mounted on an
antivibration table and magnetically shielded by a Permalloy
sheet. The main components can be separated into three
parts: a vertically thin collimating guide, a magnification
mirror (rod), and a pixelated position sensitive detector. The
layout of these components is shown in Figure 2(b).

2.1. Collimating Guide. The guide settles gravitationally
bound quantum states. To clearly distinguish each quantum
state, which has energy differences of order of Δ𝐸 ∼ 1 peV,
a resolving time of Δ𝑡 ∼ ℏ/Δ𝐸 ∼ 1msec is required. Con-
sidering that the horizontal velocities of UCNs which we use
are less than 15m/s, the collimating guide was designed to
have a sufficient length (192mm in our setup) to form each
quantum state. The bottom mirror is made of polished glass
with roughness of 𝑅

𝑎
(arithmetic average) = 0.03 𝜇m. The

ceiling scatterer is a Gd-Ti-Zr alloy (54/35/11) deposited on
glass, with a Fermi potential tuned to be nearly zero and
roughness of 𝑅

𝑎
= 0.4 𝜇m [28], which scatters out neutrons
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Figure 2: Schematic drawing of the precision measurement experiment using a convex magnification mirror [15]. (a) is an overview of the
system and (b) shows the geometry of the main components.

in the higher states.The guide selects lower states with appro-
priate populations to improve the contrast of the quantum
spatial modulation. (The eigenfunctions modulate somewhat
coherently, especially around the lower region, except for the
ground state, as seen in Figure 1. To improve the contrast
of the quantum modulation, a method using a negative step
of several tens of 𝜇m, which transfers neutrons from the
ground state to higher states, was considered in [9]. Results
were reported in [29–31].) The neutron loss models for the
scatterer or rough surface have been discussed in detail in
[32–34], and they are still interesting issues not only for UCN
guiding applications but also for storage experiments such as
neutron EDMmeasurements. In the experiment reviewed in
this paper, empirical models of the loss rates are adopted [15].
The loss rate by the scatterer, Γ

𝑛
, is assumed to be proportional

to the probability of finding neutron in the roughness region
and is given by

Γ

𝑛
= 𝛾∫

ℎ

ℎ−2𝛿









̃
𝜓

𝑛









2d𝑧, (5)

where 𝛾 is a scaling constant, estimated from data to be
9.5

+0.7

−0.9
× 10

4 s−1, ℎ is the height of the guide (100 𝜇m),
𝛿 is the roughness of the scatterer (0.4 𝜇m), and ̃

𝜓

𝑛
are

deformed wave functions in the guide. Neutron losses at
the bottommirror due to absorption, nonspecular reflection,
upscattering, and other processes are modeled empirically as

𝐵

𝑛
= 𝛽

𝑔

2
√
2

√

𝑚

̃

𝐸

𝑛

, (6)

in which the loss rate is assumed to be proportional to the
classical bouncing number per unit time, 𝑔/2Ṽ

𝑧,𝑛,max, where
𝛽 is a scaling constant (estimated to be 0.38+0.04

−0.03
), Ṽ
𝑧,𝑛,max ≡

√
2

̃

𝐸

𝑛
/𝑚 is the maximum vertical velocity of a neutron in the

𝑛th state, and ̃

𝐸

𝑛
is the eigenenergy of the deformed wave

functions. The transmissivity of the guide for each state can
be written as

̃
𝑝

𝑛
∝ ⟨exp [− 𝑙

V
𝑥

(Γ

𝑛
+ 𝐵

𝑛
)]⟩

V
𝑥

, (7)

where ⟨⋅ ⋅ ⋅ ⟩V
𝑥

indicate the average over the neutron horizon-
tal velocities. By applying a diabatic transition from region
II to III, the population distribution (a probability in [15]) of
neutrons for each state at the end of region III is estimated as
in Figure 3(a).

2.2. MagnificationMirror. ANi coated cylindrical rod is used
as a magnifying convex mirror. Its radius is 3mm and it is
placed to have a grazing angle of 20 deg. for horizontally
moving neutrons at the bottom floor level (𝑧 = 0). Figure 4
shows the magnification power as a function of the height
[35]. It gives about 20 times magnification around the lower
region of 𝑧 ∼ 20 𝜇m. Before depositing the Ni coating, the
cylinder was polished at the Research Center for Ultra-
Precision Science and Technology, Osaka University. The
roughness of the rod after the depositing was measured to
be 𝑅
𝑎
= 1.9 nm, two orders of magnitude smaller than the

neutron wavelength.
To calculate the detected position distribution on the

detector surface, the wave function at the end of the bottom
floor is reexpressed by the Wigner phase space distribution
[36, 37]:

𝑊(𝑧, 𝑝

𝑧
) ≡

1

2𝜋ℏ

∫

∞
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𝛿𝜂𝑒
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𝜂
⟨𝑧 +

1

2

𝜂









𝜌









𝑧 −

1

2

𝜂⟩ ,

(8)

where 𝑝
𝑧
is the momentum and 𝜌 is a density operator. The

Wigner distribution is known as a phase space formulation
of quantum mechanics and is widely used for quantum
optics, for example, in the study of decoherence [38]. As an
application to massive particles, one can find a paper which
shows a phase space tomography of the Wigner distribution
for a coherent atomic beam in a double-slit experiment
[39]. Figure 3(b) shows the Wigner distribution constructed
from the estimated populations in our experiment [15].
The time evolution of the Wigner distribution is calculated
by the evolution of the density operator described by the
Liouville-von Neumann equation

𝜕𝜌

𝜕𝑡

= −

𝑖

ℏ

[

̂

𝐻, 𝜌] ,
(9)
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By evaluating the kinetic part as

𝑇 = −
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and the potential part as
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one can obtainthe quantumLiouville equation for theWigner
distribution [40]

(

𝜕

𝜕𝑡

+

𝑝

𝑧

𝑚

𝜕

𝜕𝑧

−

d𝑉 (𝑧)
d𝑧

𝜕

𝜕𝑝

𝑧

)𝑊(𝑧, 𝑝

𝑧
) =

∞

∑

𝑙=1

𝑈

𝑙
. (13)

In the case of𝑉(𝑧) = 𝑚𝑔𝑧, the right-hand side of the equation
vanishes and it becomes the classical Liouville equation.
Therefore, in region IV, one can treat the evolution of each
phase point of the Wigner distribution as a classical path
under gravity. Figure 5 shows the measured data and the best
theoretical estimation using this model.The corresponding 𝑃
value is 0.715, and the experimental data support the quantum
features described by the phase space formulation using the
Wigner distribution [15].

2.3. Position Sensitive Detector for UCNs. A back-thinned
CCD (HAMAMATSUS7030-1008) with thin Ti-10B-Ti layers
is used for the position sensitive detector in the experiment
[15]. Its pixel size is 24 𝜇m × 24 𝜇m and the thickness of the
active volume is about 20 𝜇m.The 10B layer converts neutrons
into charged particles by the nuclear reaction 10B(𝑛, 𝛼)7Li.
The secondary particles are emitted in a nearly back-to-back
configuration. One of them deposits its kinetic energy in
the active area and creates a charge cluster, which typically
spreads into nine pixels. The weighted center of the charge
cluster is a good estimation of the incident neutron position.
The thicknesses of the layers are 20 nm and 200 nm for Ti and
10B, respectively, and they are formed by evaporating directly
on the CCD surface. The spatial resolution is measured to
be 3.35 ± 0.09 𝜇m by evaluating the line spread function
(LSF) (see Figure 6) using very cold neutron beams at ILL
[35]. For the details of the evaluation scheme, see [14, 41]. A
neutron converter of 6Li using 6Li(𝑛, 𝛼)3H reaction was also
investigated. It is concluded that the use of 10B gives better
spatial resolution [41].

Other detectors using a silicon pixel device, Timepix [42],
with 6LiF and 10B converter were studied in [43]. Its pixel
pitch is 55 𝜇m × 55 𝜇m and the thickness of its silicon layer
is about 300 𝜇m.The spatial resolution for the 6LiF converter
was evaluated by LSF to be 2.3 𝜇m, corresponding to about
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5.3 𝜇m in FWHM of the point spread function (PSF). The
performance of the 10B converter is estimated by Monte-
Carlo simulations to be better than 3 𝜇m in FWHM of the
PSF.

Another detector concept of uranium coated plastic
nuclear tracker (CR39) [9] was used in several experiments
[8, 29–31, 44]. Usually two fission fragments are emitted from
a thin 235U coating, and one of the daughter nuclei makes
a track of defects in the CR39. By chemical etching, the
diameter of track points is increased up to 1 𝜇m, allowing us
to scan these vertexes using an optical microscope. Position
resolution is around 1 𝜇m [9]. By carefully analyzing the

vertex shape, the spatial resolution can be improved to 0.7 𝜇m
[44].

3. Summary

The quantum system of a gravitationally bound neutron is
one of themost suitable tools to investigate gravity or gravity-
like hypothetical interactions around the scale of 10 𝜇m in
length or 1 peV in energy. After establishing this research
field by the pioneering work in observation of the quantum
state [6], experimental schemes for precision measurements
of these characteristic scales have developed rapidly, and
nowadays one can establish limits for parameter spaces of
new physics experimentally [10–12, 23]. Furthermore one
can start discussing a phase space formulation of quantum
physics for the gravitationally bound quantum state [15]. An
experiment for a possible test of phase space formalization
using spatial interference is under preparation.
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In his seminal paper, which was published in 1927, Heisenberg originally introduced a relation between the precision of a
measurement and the disturbance it induces onto anothermeasurement. Here, we report a neutron-optical experiment that records
the error of a spin-component measurement as well as the disturbance caused on a measurement of another spin-component to
test error-disturbance uncertainty relations (EDRs). We demonstrate that Heisenberg’s original EDR is violated and the Ozawa and
Branciard EDRs are valid in a wide range of experimental parameters.

1. Introduction

The uncertainty principle represents, without any doubt, one
of themost important cornerstones of the Copenhagen inter-
pretation of quantum theory. In his celebrated paper from
1927 [1], Heisenberg gives at least two distinct statements
about the limitations on preparation and measurement of
physical systems: (i) incompatible observables cannot be
measured with arbitrary accuracy: a measurement of one of
these observables disturbs the other one accordingly, and vice
versa; (ii) it is impossible to prepare a system such that a pair
of noncommuting (incompatible) observables are arbitrarily
well defined. In [1], the observables are represented by
position and momentum.

In his original paper [1], Heisenberg proposed a recip-
rocal relation for measurement error and disturbance by the
famous 𝛾-raymicroscope thought experiment: “At the instant
when the position is determined—therefore, at the moment
when the photon is scattered by the electron—the electron
undergoes a discontinuous change in momentum. This change
is the greater the smaller the wavelength of the light employed—
that is, the more exact the determination of the position. . .” [1].
Heisenberg follows Einstein’s realistic view, that is, to base a
new physical theory only on observable quantities (elements
of reality), arguing that terms like velocity or position make

no sensewithout defining an appropriate apparatus for amea-
surement. By solely considering the Compton effect, Heisen-
berg gives a rather heuristic estimate for the product of the
inaccuracy (error) of a position measurement 𝑝

1
and the

disturbance 𝑞
1
induced on the particles momentum, denoted

by

𝑝

1
𝑞

1
∼ ℎ. (1)

According to (1), it can be referred to as a measurement
uncertainty (i) or as an error-disturbance uncertainty relation
(EDR).

Heisenberg’s original formulation [1, 2] can be read in
modern treatment as 𝜖(𝑄)𝜂(𝑃) ≥ ℏ/2, for error 𝜖(𝑄) of a
measurement of the position observable 𝑄 and disturbance
𝜂(𝑃) of the momentum observable 𝑃 induced by the position
measurement. However, most modern textbooks introduce
the uncertainty relation in terms of a preparation uncertainty
(ii) relation denoted by

Δ (𝑄)Δ (𝑃) ≥ ℏ/2. (2)

Equation (2) was proved by Kennard in 1927 [3] for the
standard deviationsΔ(𝑄) andΔ(𝑃) of the position observable
𝑄 and the momentum observable 𝑃, given by Δ(𝑋) =

√
⟨𝑋

2
⟩ − ⟨𝑋⟩

2. But this is a different physical situation: here
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statistical distributions of not a joint but a single measure-
ment of either 𝑄 or 𝑃 are considered. Kennard’s relation
addresses an intrinsic uncertainty which every quantum sys-
tem must possess, independent of whether it is measured or
not.The unavoidable recoil caused by themeasuring device is
ignored here. Later Robertson generalized Kennards relation
between standard deviations to arbitrary pairs of observables
𝐴 and 𝐵:

Δ (𝐴) Δ (𝐵) ≥

1

2









⟨𝜓 |[𝐴, 𝐵]| 𝜓⟩









. (3)

Robertson’s relation (3) has been confirmed bymany different
experiments [4–6] and is uncontroversial.

A corresponding generalized form of Heisenberg’s origi-
nal error-disturbance uncertainty relation would read

𝜖 (𝐴) 𝜂 (𝐵) ≥

1

2









⟨𝜓 |[𝐴, 𝐵]| 𝜓⟩









. (4)

However, certain measurements do not obey (4) [7–9],
proving (4) to be formally incorrect.

In 2003, Ozawa introduced the correct form of a general-
ized error-disturbance uncertainty relation based on rigorous
theoretical treatments of quantum measurements:

𝜖 (𝐴) 𝜂 (𝐵) + 𝜖 (𝐴) Δ (𝐵) + Δ (𝐴) 𝜂 (𝐵) ≥

1

2









⟨𝜓 |[𝐴, 𝐵]| 𝜓⟩









,

(5)

where 𝜖(𝐴) denotes the root-mean-square (r.m.s.) error of
an arbitrary measurement for an observable 𝐴, 𝜂(𝐵) is the
r.m.s. disturbance on another observable 𝐵 induced by the
measurement, andΔ(𝐴) andΔ(𝐵) are the standard deviations
of 𝐴 and 𝐵 in the state |𝜓⟩ before the measurement. Ozawa’s
inequality (5) was tested experimentally with neutronic [10,
11] and photonic [12–14] systems.

Though universally valid, Ozawa’s relations (5) are not
optimal. Recently, Branciard [15] has revised Ozawa’s EDR,
resulting in a tight EDR, describing the now optimal trade-
off relation between error 𝜖(𝐴) and disturbance 𝜂(𝐵):

𝜖(𝐴)

2
Δ(𝐵)

2
+ Δ(𝐴)

2
𝜂(𝐵)

2

+ 2
√
Δ(𝐴)

2
Δ(𝐵)

2
− 𝐶

2

𝐴𝐵
𝜖 (𝐴) 𝜂 (𝐵) ≥ 𝐶

2

𝐴𝐵
,

(6)

with 𝐶
𝐴𝐵

= 1/2|⟨𝜓|[𝐴, 𝐵]|𝜓⟩|. Experimental demonstrations
of (6) using photons are reported in [16, 17].

2. Materials and Methods

In our experiment the error-disturbance uncertainty rela-
tions, as defined in (5) and (6), are tested via a successive
measurement for spin observables𝐴 and𝐵.The experimental
scheme is depicted in Figure 1. The observables 𝐴 and 𝐵 are
set as the 𝑥 and 𝑦 components of the neutron 1/2 spin. (For
simplicity, ℏ/2 is omitted for each spin component.) The
error 𝜖(𝐴) and the disturbance 𝜂(𝐵) are defined for a joint
measurement apparatus, so that apparatus A1 measures the
observable 𝐴 = 𝜎

𝑥
with error 𝜖(𝐴) and disturbs the

A1 A2

Preparation
Successive measurements of A and B

A

OA B
|𝜓⟩

(+)

(−)

(++)
(+−)
(−+)
(−−)

Figure 1: A successive measurement scheme of observables𝐴 and 𝐵
exploited for the demonstration of the error-disturbance uncertainty
relation. After state preparation (blue) apparatus A1 carries out
a projective measurement of 𝑂

𝐴
instead of 𝐴 (light red), thereby

disturbing observable 𝐵 which is detected by apparatus A2 (green),
error 𝜖(𝐴) and disturbance 𝜂(𝐵) are quantitatively determined by the
four possible outcomes denoted by (++), (+−), (−+), and (−−).

observable 𝐵 = 𝜎

𝑦
thereby with disturbance 𝜂(𝐵) during

the measurement (here 𝜎
𝑥
and 𝜎
𝑦
denote the Pauli matrices).

Finally apparatus A2 measures 𝐵 = 𝜎

𝑦
. To control the error

𝜖(𝐴) and the disturbance 𝜂(𝐵), apparatus A1 is designed to
actually carry out not the maximally disturbing projective
measurement 𝐴 = 𝜎

𝑥
, but the projective measurement along

a distinct axis ⃗𝑜

𝑎
(𝜃, 𝜙) denoted by𝑂

𝐴
= ⃗𝑜

𝑎
(𝜃, 𝜙)⋅ ⃗𝜎, where ⃗𝜎 =

(𝜎

𝑥
, 𝜎

𝑦
, 𝜎

𝑧
)

𝑇. Here 𝜃, 𝜙 denote polar and azimuthal angle of
the measurement direction ⃗𝑜

𝑎
and are experimentally con-

trolled detuning parameters, so that 𝜖(𝐴) and 𝜂(𝐵) are deter-
mined as a function of 𝜙 and 𝜃. A schematic illustration of
the experimental apparatus for successive neutron-spin mea-
surements is given in Figure 2.

For (5) and (6), error 𝜖(𝐴) and disturbance 𝜂(𝐵) are
defined via an indirect measurement model for an apparatus
Ameasuring an observable 𝐴 of an object system S as

𝜖 (𝐴) =











(𝑈

†
(1 ⊗𝑀)𝑈 − 𝐴 ⊗ 1)









𝜓⟩









𝜉⟩











, (7a)

𝜂 (𝐵) =











(𝑈

†
(𝐵 ⊗ 1) 𝑈 − 𝐵 ⊗ 1)









𝜓⟩









𝜉⟩











, (7b)

where |𝜓⟩ is the state before the measurement of system S,
which is described by a Hilbert space Hobj, and |𝜉⟩ and 𝑀

are the initial state of the probe system P (in Hilbert space
Hpro) and an observable𝑀, referred to asmeter observable, of
P which accounts for the meter of the apparatus. A unitary
operator𝑈 onHobj

⊗Hpro describes the time evolution of the
composite system S+P during the measurement interaction.
Here the Euclidean norm is used where the norm of a state
vector in Hilbert space 𝑋|𝜓⟩ is given by the square root of
its inner product: ‖𝑋|𝜓⟩‖ = ⟨𝜓|𝑋

†
𝑋|𝜓⟩

1/2. A schematic
illustration of a measurement apparatus A is given in
Figure 3.

A nondegenerate meter observable 𝑀 has a spectral
decomposition 𝑀 = ∑

𝑚
𝑚|𝑚⟩⟨𝑚|, where 𝑚 varies over

eigenvalues of𝑀, and then the apparatusA has a family {𝑀
𝑚
}

of operators, called the measurement operators, acting on
Hobj and defined as𝑀

𝑚
= ⟨𝑚|𝑈|𝜉⟩. Hence, the error is given

by 𝜖(𝐴)

2
= ∑

𝑚
‖𝑀

𝑚
(𝑚 − 𝐴)|𝜓⟩‖

2. If 𝑀
𝑚

are mutually
orthogonal, projection operators sum and norm can be
exchanged and the error can be written in compact form as
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𝜃
OA

A

𝜎x

𝜙

B

Polarizer

From
monochromator

Analyzer 1

Analyzer 2

x

y

z

Detector

Preparation

A2: B = 𝜎y

| + z⟩

| − z⟩

| + y⟩

| + x⟩

DC-1
DC-2

DC-3
DC-4

(OA = cos𝜙 sin𝜃𝜎x + sin𝜙 sin𝜃𝜎y + sin𝜃𝜎z)

B0 · ẑ

B · x̂

B · x̂

B · x̂

B · x̂

Apparatus A1:OA

Figure 2: Neutron polarimetric setup for demonstration of the universally valid uncertainty relation for error and disturbance in neutron-
spin measurements. The setup is divided into three stages: state preparation (blue region), apparatus A1 carrying out the measurement of
observable 𝑂

𝐴
= ⃗𝑜

𝑎
(𝜃, 𝜙) ⋅ ⃗𝜎 (red region), and apparatus A2 performing the measurement of observable 𝐵 = 𝜎

𝑦
(green region). All required

terms of (5), that is, error 𝜖(𝐴) and disturbance 𝜂(𝐵) as well as the standard deviations Δ(𝐴) and Δ(𝐵), are determined from the expectation
values of the successive measurement.

Composite quantum system object + measurement probe

Object system: S Probe system: P

(initial state,
observables)

(initial state,
meter observable)

ℋobj : |𝜓⟩, A, B ℋpro : |𝜉⟩,M

ℋobj ⊗ ℋpro : U(t)

Figure 3: An indirect measurement model for apparatusAmeasur-
ing an object system S, defined onHilbert spaceHobj, is specified by
a quadruple (Hpro

, |𝜉⟩, 𝑈(𝑡),𝑀).

𝜖(𝐴)

2
= ∑

𝑚
‖(𝑂

𝐴
− 𝐴)|𝜓⟩‖

2, where 𝑂
𝐴
is the output operator

given as 𝑂
𝐴
= ∑

𝑚
𝑚𝑀

𝑚
. The disturbance can be written as

𝜂(𝐵)

2
= ∑

𝑚
‖[𝑀

𝑚
, 𝐵]|𝜓⟩‖

2. All these calculations are elabo-
rated in detail in [18].

In our experiment, the measuring apparatus A1 is con-
sidered to carry out a projective spin measurement along a
distinct axis ⃗𝑜

𝑎
(𝜃, 𝜙)denoted by𝑂

𝐴
= ⃗𝑜

𝑎
(𝜃, 𝜙)⋅ ⃗𝜎 = 𝑀

+1
−𝑀

−1

(where𝑀
±1
= 1/2(1± ⃗𝑜

𝑎
(𝜃, 𝜙)⋅ ⃗𝜎)) instead of precisely𝐴 = 𝜎

𝑥
.

In order to detect the disturbance 𝜂(𝐵) on the observable 𝐵,
induced by measuring 𝑂

𝐴
, apparatus A2 carries out the pro-

jective measurement of 𝐵 = 𝜎

𝑦
in the state just after the first

measurement.Though claimed to be experimentally inacces-
sible [19, 20], in the case of projection operators error 𝜖(𝐴)
and disturbance 𝜂(𝐵) can be expressed as a sum of expec-
tation values in three different states, applying the method
proposed in [21]. Using the modified output operators of the
apparatus A2 defined as 𝑋

𝐵
= 𝑀

+1
𝐵𝑀

+1
+ 𝑀

−1
𝐵𝑀

−1
and

𝑋

(2)

𝐵
= 𝑀

+1
𝐵

2
𝑀

+1
+ 𝑀

−1
𝐵

2
𝑀

−1
, measurement error and

disturbance are given by

𝜖(𝐴)

2
= 2 + ⟨𝜓









𝑂

𝐴









𝜓⟩ + ⟨𝜓









𝐴𝑂

𝐴
𝐴
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The expectation values of 𝑂
𝐴
in a state |𝜓⟩ (see (8a)

and (8b)), necessary for the determination of error 𝜖(𝐴), are
derived from the intensities at the four possible output ports,
depicted in Figure 4, denoted by 𝐼

++
, 𝐼
+−
, 𝐼
−+
, and 𝐼

−−
. The

expectation value is obtained from the following combination
of count rates: ⟨𝜓|𝑂

𝐴
|𝜓⟩ = (𝐼

++
+ 𝐼

+−
− 𝐼

−+
− 𝐼

−−
)/(𝐼

++
+

𝐼

+−
+ 𝐼

−+
+ 𝐼

−−
), using intensities at the four possible output

ports, indicating which projections have been carried out.
As already discussed due to the prior measurement of 𝑂

𝐴
,

the operator of apparatus A2 is modified from 𝐵 to 𝑋

𝐵
,

with the corresponding expectation value expressed as
⟨𝜓|𝑋

𝐵
|𝜓⟩ = (𝐼

++
+ 𝐼

−+
− 𝐼

+−
− 𝐼

−−
)/(𝐼

++
+ 𝐼

+−
+ 𝐼

−+
+ 𝐼

−−
),

required to determine the disturbance 𝜂(𝐵). Consequently
all expectation values necessary to determine error 𝜖(𝐴) and
disturbance 𝜂(𝐵) can be derived from the intensities in the
three input states |𝜓⟩, 𝐴|𝜓⟩, (𝐴 + 1)|𝜓⟩ and |𝜓⟩, 𝐵|𝜓⟩, (𝐵 +

1)|𝜓⟩, respectively.
These states are generated by spinor rotations within DC-

1 and induced by the guide field, due to an appropriate coil
positionwithin the preparation section (blue) of the neutron-
optical setup depicted in Figure 2. The projective measure-
ment of 𝑂

𝐴
(apparatus A1, light red in Figure 2) consists

of two sequential steps: first the initially prepared state is
projected onto the eigenstates of 𝑂

𝐴
by DC-2, which rotates

the respective spin component of ⃗𝜎

𝑎
belonging to 𝑂

𝐴
in

+𝑧 direction. Then, in order to complete the projective mea-
surement the spin, which is pointing in +𝑧 after the analyzer,
has to be prepared in an eigenstate of 𝑂

𝐴
. This is achieved

by proper positioning and magnetic field of DC-3 (thereby
applying the same procedure as that for DC-1 in the initial
state preparation). Finally the 𝐵 measurement is performed
(apparatus A2, green in Figure 2) utilizing DC-4 and the
second analyzer. Unlike the 𝑂

𝐴
-measurement, subsequent

preparation of the eigenstates of 𝐵 is not necessary since the
detector is insensitive to the spin state. For the measurement
of the standard deviations of the observables 𝐴 and 𝐵, which
are also required to test Ozawa’s relation (see (5)), the two
measurement apparatuses are used individually.

3. Results and Discussion

The experiment was carried out at the polarimeter beam line
of the tangential beam port of the research reactor facility
TRIGA Mark II at the Atominstitut, Vienna University of
Technology, where mainly fundamental aspects of quantum
mechanics are investigated [22–25]. The experimental set-
tings for initial state |𝜓⟩ = | ⇑⟩

𝑧
≡ | + 𝑧⟩ and observables

𝐴 = 𝜎

𝑥
and 𝐵 = 𝜎

𝑦
require the auxiliary input states |𝐴𝜓⟩ =

|𝐵𝜓⟩ = | ⇓⟩

𝑧
≡ | − 𝑧⟩, |(𝐴+1)𝜓⟩ = | ⇑⟩

𝑧
+ | ⇓⟩

𝑧
≡ | +𝑥⟩, and

finally |(𝐵 + 1)𝜓⟩ = | ⇑⟩

𝑧
+ 𝑖| ⇓⟩ ≡ | + 𝑦⟩ to be prepared.

In Figure 4, explicit examples of related intensity sets for
different values of 𝜙 are depicted. Standard deviations yield
Δ(𝐴) = Δ(𝐵) = 1 and the right-hand side of the uncertainty
relations gives a lower bound of (1/2)⟨𝜓|[𝐴, 𝐵]|𝜓⟩ = 1.

In a first experimental run,𝑂
𝐴
is varied along the equator

(𝜃 = 𝜋/2) parameterized by its azimuthal angle 𝜙. The theory
curves for 𝜖(𝐴) and 𝜂(𝐵) are then given by

𝜖 (𝐴) = 2 sin
𝜙

2

, 𝜂 (𝐵) =
√
2
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.
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Figure 4: Normalized intensity of the successive measurements
carried out by apparatuses A1 and A2. The combined projective
measurements of 𝑂

𝐴
and 𝐵 have four outcomes, denoted by (++),

(+−), (−+), and (−−), and have to be recorded for each initial state,
that is, |𝜓⟩, |𝐴𝜓⟩, |𝐵𝜓⟩, |(𝐴 + 1)𝜓⟩, and |(𝐵 + 1)𝜓⟩. Here 𝑂

𝐴
is

variedwithin the 𝑥𝑦-planewith azimuthal angle given by𝜙 = 0, 𝜋/4.
Error bars represent ± one standard deviation of the normalized
intensities. Some error bars are at the size of the markers.

For 𝜙 = 0, the error 𝜖(𝐴) vanishes and the disturbance 𝜂(𝐵) is
maximal. The disturbance 𝜂(𝐵) vanishes for 𝑂

𝐴
= 𝐵 (𝜙 =

𝜋/2) and reaches a second maximum for 𝑂
𝐴

= −𝐴. Note
that at this point also the error 𝜖(𝐴) has its (only) maximum.
The famous trade-off relation, that is, the reciprocal relation
for error and disturbance, only holds for −𝜋/2 ≤ 𝜙 ≤ 𝜋/2,
which can be seen in Figure 5(a). The product of error and
disturbance 𝜖(𝐴)𝜂(𝐵)—left-hand side of (4) or Heisenberg
term—is below the limit given by (1/2)⟨𝜓|[𝐴, 𝐵]|𝜓⟩ in a
wide range of 𝜙-values, thereby revealing a violation of the
generalized Heisenberg relation (see (4)). On the contrary,
the left-hand side of Ozawa’s relation 𝜖(𝐴)𝜂(𝐵) + 𝜖(𝐴)Δ(𝐵) +
Δ(𝐴)𝜂(𝐵) (see (5)) is always above the lower bound defined
by the expectation value of the commutator demonstrating
the validity of Ozawa’s new relation.

In the following experimental setting, 𝑂
𝐴
is rotated out

of the equatorial plane, when the evolution is on circles of
latitude on theBloch sphere (fixedpolar angle𝜃), which yields
𝜖(𝐴) = √2 − 2 cos𝜙 sin 𝜃 and 𝜂(𝐵) = √

2 − 2sin2𝜙 sin2𝜃.
The observed values are depicted in Figure 5(b). Now nei-

ther the error 𝜖(𝐴) nor the disturbance 𝜂(𝐵) vanishes, since
they never coincide with 𝐴, 𝐵, or −𝐵. This behaviour affects
the curves in such a way that they are now shrunken from
below. The smaller 𝜃 is, the less regions the polar angle of 𝑂

𝐴

gets where the Heisenberg term 𝜖(𝐴)𝜂(𝐵) remains below the
limit. Ozawa’s inequality is again fulfilled over the entire range
of 𝜙. The relations shown in Figure 5 are verified for all
directions of 𝑂𝐴.

A modification of the measurement apparatus allows for
reducing the disturbance and saturating Branciard’s EDR
given in (6). If we apply an arbitrary unitary rotation after the
first measurement, the error remains unchained but the
disturbance is altered. By investigating all possible rotation
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Figure 5: Experimentally determined values of 𝜖(𝐴)Δ(𝐵), Δ(𝐴)𝜂(𝐵), and 𝜖(𝐴)𝜂(𝐵). This last term corresponds to the left-hand side of the
Heisenberg relation (4), and the sum of the three terms corresponds to the left-hand side of Ozawa’s relation (5), including Bloch sphere
representation of observables and initial state.

axes and angles, one finds out that 𝑈
𝑅

= 𝑒

−𝑖((𝜙
𝐴𝐵
−𝜙)/2)𝜎

𝑧

minimises the disturbance yielding

𝜖 (𝐴) = 2 sin
𝜙

2

, 𝜂 (𝐵) = 2 sin
𝜙

𝐴𝐵
− 𝜙

2

,
(10)

where 𝜙
𝐴𝐵

is the relative angle between the 𝐴 and 𝐵 mea-
surement direction in the equatorial plane. Note that this
particular rotation just generates the eigenstates of observable
𝐵, that is, | ± 𝑦⟩, making the result of the optimisation
procedure more intuitive. For a detailed calculation see [15].

This is experimentally achieved by an appropriate dis-
placement of DC-3, such that the required rotation is
induced, and by additional Larmor precision in the guide
field. The results, both for modified and for original appara-
tuses, are plotted in Figure 6, demonstrating the tightness of
Branciard’s inequality, defined in (6).

4. Conclusions

To summarize, we have experimentally tested the Ozawa and
Branciard error-disturbance uncertainty relations in succes-
sive neutron-spin measurements. Our experimental results
clearly demonstrated the validity of Ozawa and Branciard
EDRs and that the original Heisenberg EDR is violated
throughout a wide range of experimental parameters.
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Gravitational resonance spectroscopy consists in measuring the energy spectrum of bouncing ultracold neutrons above a mirror
by inducing resonant transitions between different discrete quantum levels. We discuss how to induce the resonances with a flow
through arrangement in the GRANIT spectrometer, excited by an oscillating magnetic field gradient. The spectroscopy could be
realized in two distinct modes (so called DC and AC) using the same device to produce the magnetic excitation. We present
calculations demonstrating the feasibility of the newly proposed AC mode.

1. Introduction

Ultracold neutrons bouncing over a horizontal mirror are
used to probe quantum effects of a particle in the gravitational
field [1]. The vertical motion of such neutrons bouncing
at submillimeter distance from the mirror has discrete
energy spectrum that can be calculated from the stationary
Schrödinger equation:

ℏ

2

2𝑚

𝑑

2

𝑑𝑧

2
𝜓

𝑛
+ 𝑚𝑔𝑧𝜓

𝑛
= 𝐸

𝑛
𝜓

𝑛
,

(1)

where 𝑚 is the neutron mass, 𝑔 = 9.81m/s2 is the local
gravitational acceleration, and 𝜓

𝑛
(𝑧)

𝑛=1,2,...
are the stationary

wavefunctions with associated energy 𝐸

𝑛
. The existence of

the quantization of the vertical motion was demonstrated
a decade ago [2], profiting from the relatively large spatial
extension of the ground state wavefunction characterized by
𝑧

0
= (ℏ

2
/2𝑚

2
𝑔)

1/3
≈ 5.87 𝜇m.

Precision study of the quantum states is motivated by
their sensitivity to extra short range interactions (see [3]
and references therein), in particular, those induced by
Chameleon Dark Energy [4–6]. In addition, the neutron
quantum states provide a unique test of the weak equivalence
principle in a quantum regime, since the inertial and gravita-
tional masses in (1) do not cancel.

High precision measurements can be achieved with
the gravitational resonance spectroscopy technique, where
transitions between quantum states are induced by a periodic
excitation [7]. The characteristic frequencies of the transi-
tions, as low as 𝑓

0
= 𝑚𝑔𝑧

0
/2𝜋ℏ ≈ 145Hz, are accessible

by electrical as well as mechanical oscillators. More precisely,
the quantum frequencies for a transition 𝑛 → 𝑚 from the
state of energy 𝐸

𝑛
to the state of energy 𝐸

𝑚
is given by 𝑓

𝑛𝑚
=

(𝐸

𝑛
− 𝐸

𝑚
)/2𝜋ℏ. Solving the problem (1), one can show that

𝑓

𝑛𝑚
= 𝑓

0
(𝜖

𝑛
− 𝜖

𝑚
) , (2)
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Figure 1: Sketch of the flow through setup. Ultracold neutrons
enter from the left; they go through the step to depopulate the
ground quantum state (1), 16 cm long transition region (2), 9 cm long
analyzer (3), and detector (4).

where 𝜖

𝑛
= [2.338, 4.088, 5.521, 6.787, . . .] is the series of

the negative zeros of the Airy function. To perform the
spectroscopy of the bouncing neutron, the interaction that
couples different quantum states can be a vibration of the
bottom mirror or an oscillating magnetic field gradient [8].
The former has been used by the QBounce collaboration [7];
the latter will be used in the GRANIT spectrometer [9].

As a first step of GRANIT, a flow through measurement
of the resonant transitions magnetically excited between the
first three quantum states will be realized as first proposed in
[10]. According to this proposal, a space periodic (but static)
magnetic field gradient will be generated at the surface of
the bottom mirror. The frequency of the excitation seen by
a neutron will thus vary according to its horizontal velocity.
A detailed analysis of this scheme is provided in [9]. Another
mode of operation (the AC mode) can be implemented with
the same setup, consisting in generating a homogeneous
gradient but oscillating in time, which should allow a more
direct probe of the resonances.

The paper is organized as follows: in Section 2, we present
the flow through setup, in Section 3, we describe in some
details the magnetic excitation, in Section 4, we calculate
the conditions for the adiabaticity of spin transport, and,
in Section 5, we present a theoretical description of the
magnetically induced transitions in the AC mode.

2. The GRANIT Flow through Setup

The sketch of the flow through setup is shown in Figure 1.
Ultracold neutrons are produced from a dedicated superther-
mal source installed at a cold beamline of the high flux
reactor of the Institut Laue-Langevin. The source relies on
downscattering of neutrons with a wavelength of 0.89 nm
in a superfluid helium bath cooled down to 0.8 K [11, 12].
According to a preliminarymeasurement of theUCNvelocity
spectrum [13], we expect the V

𝑥
velocity along the beam

to be distributed with a mean value of V
0

= 4m/s and a
standard deviation of 1.5m/s. In the rest of this paper, we
will assume a Gaussian profile for the V

𝑥
distribution with

those parameters. UCNs are extracted using a narrow slit
to accept only those with practically no vertical velocity.
The spectroscopy is performed with four steps: (1) state
preparation, (2) resonant transition, (3) state analysis, and (4)
detection of transmitted flux.

(i) UCNs are first prepared in an excited state by going
down step (1) of height 15 𝜇m. The populations 𝑝

𝑛
of

the quantum states after the step are expected to be
about 𝑝

1
= 0.02, 𝑝

2
= 𝑝

3
= 𝑝

4
= 0.3. Thus, the

population of the ground quantum state is suppressed
as compared to the populations of excited states.

(ii) Next, transitions between quantum states are induced
with a periodic magnetic field gradient. The length of
the transition region is 𝐿 = 16 cm, corresponding to
an average passage time 𝑡

0
= 40ms. Two different

schemes could be implemented in principle: the AC
excitation and the DC excitation. In the DC mode,
the field gradient is static and spatially oscillating in
the 𝑥 direction with a period of 𝑑 = 1 cm. In this
case, only neutrons with specific horizontal velocities
meet the resonance condition. The deexcitation 2 →

1 is expected to be induced by an excitation fre-
quency 𝑓

21
= 254Hz, corresponding to the resonant

horizontal velocity of V
21

= 𝑑𝑓

21
= 2.54m/s; for

the 3 → 1 case, we expect 𝑓

31
= 462Hz and

V
31

= 4.62m/s. In the AC mode, the field gradient is
spatially uniform, oscillating in time. One would then
find the resonances by directly scanning the excitation
frequency.

(iii) A second horizontal mirror above the main mirror
serves as a state analyzer. For a slit opening of about
25 𝜇m, only ground state neutrons are accepted; high-
er quantum states are rejected. The length of the
analyzer in the 𝑥 direction is 9 cm.

(iv) Finally, neutrons are detected at the exit of the ana-
lyzer. In AC mode, the flux of transmitted neutrons
should display a resonance pattern as a function of the
excitation frequency. InDCmode, one has tomeasure
the horizontal velocity of the transmitted neutrons to
deduce the resonant frequency. This is achieved by
measuring the height of the neutrons with a position
sensitive detector after a free fall distance of 30 cm.

Before developing the details, let us estimate the strength
of the needed oscillatingmagnetic field gradient.The interac-
tion of a neutron with a magnetic field ⃗

𝐵 is described by the
operator −

̂

⃗𝜇 ⋅

⃗

𝐵, where ̂

⃗𝜇 is the neutron magnetic moment
observable acting on the internal spin degree of freedom.
When the variation of the magnetic field is slow compared to
the Larmor frequency, the spin will follow the direction of the
magnetic field. This adiabaticity condition will be addressed
in Section 4. In this case, the neutron trajectory and the spin
dynamics are effectively decoupled. Then, the motion of the
neutron is determined by the potential 𝑠𝜇|

⃗

𝐵| where 𝜇 =

60.3 neV/T is the magnetic moment of the neutron and 𝑠 = 1

for “spin up” neutrons and 𝑠 = −1 for “spin down” neutrons.
Classically, a vertical force is applied on the neutron by the
field gradient 𝜕

𝑧
|

⃗

𝐵|. Let us now assume a magnetic excitation
of the form |

⃗

𝐵| = 𝛽𝑧 cos(𝜔𝑡). The quantum mechanical
excitation potential reads

̂

𝑉 = 𝑠𝜇𝛽�̂� cos (𝜔𝑡) . (3)
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When the excitation frequency is close to a resonance, 𝜔 ≈

2𝜋𝑓

𝑛𝑚
, a Rabi oscillation between states |𝑛⟩ and |𝑚⟩ will take

place at the angular frequency

Ω

𝑛𝑚
=

𝜇

ℏ

⟨𝑛 |�̂�| 𝑚⟩ 𝛽, (4)

where the matrix elements of �̂� can be expressed as (see, e.g.,
[14])

⟨𝑛 |�̂�| 𝑚⟩ =

2𝑧

0

(𝜖

𝑛
− 𝜖

𝑚
)

2
(𝑛 ̸= 𝑚) ,

⟨𝑛 |�̂�| 𝑛⟩ =

2

3

𝑧

0
𝜖

𝑛
.

(5)

To maximize the transition probability at resonance, the
excitation strength 𝛽 should verify Ω𝑡

0
= 𝜋, where 𝑡

0
is the

excitation time.This condition can be expressed using (4) and
(5) as

𝛽needed =

𝜋

2

ℏ

𝜇𝑧

0

(

𝑓

𝑛𝑚

𝑓

0

)

2
1

𝑡

0

. (6)

One finds a needed field gradient of 𝛽 = 0.22T/m to induce
the 2 → 1 transition and 𝛽 = 0.74T/m to induce the 3 → 1

transition.

3. The Magnetic Excitation

Themagnetic field excitation will be generated by an array of
128 copper wires with square section arranged as shown in
Figure 1. In practice, the system is constituted of four mod-
ules, each one holding 32 adjacent wires. A wire has a section
of 1mm2 and a length of 30 cm in the 𝑦 direction. Adjacent
wires are separated by a gap of 0.25mm. Electrical connectors
are arranged so that the following 8-periodic pattern current
could be applied 𝐼

1
, 𝐼

2
, 𝐼

3
, 𝐼

4
, −𝐼

1
, −𝐼

2
, −𝐼

3
, −𝐼

4
, 𝐼

1
, . . .. Thus,

the magnetic field will be 1 cm periodic. The system will be
placed above the horizontal mirror in the transition region as
shown in Figure 1 at a distance of 0.8mm from the mirror.

The magnetic field generated by a single infinitely long
square wire can be calculated analytically; the corresponding
formulas are reported in the appendix. The magnetic field
components 𝐵

𝑥
(𝑥), 𝐵

𝑧
(𝑥) and gradients 𝜕

𝑧
𝐵

𝑥
(𝑥), 𝜕

𝑧
𝐵

𝑧
(𝑥) at

the surface of the mirror are obtained by summing the cor-
responding quantities for each of the 128 wires weighted by
the individual currents. Then, the field gradient is calculated
according to

𝜕

𝑧 |
𝐵| =

𝐵

𝑥
𝜕

𝑧
𝐵

𝑥
+ 𝐵

𝑧
𝜕

𝑧
𝐵

𝑧

|𝐵|

. (7)

It is possible to tune the currents to obtain a homogeneous
gradient at the surface of the mirror. We show, in Figure 2,
the result for 𝐼

1
= 𝐼

4
= 1.4A and 𝐼

2
= 𝐼

3
= 3.5A

where a field gradient of 0.52 T/m is obtained, as needed to
induce resonant transitions between quantum states.Thiswill
be the benchmark configuration for the rest of the paper.
The residual “noise” seen in Figure 2 has an amplitude of

x (cm)
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d
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|/
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)
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B0,x = 0.0mT
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Figure 2: Magnetic field gradient 𝜕
𝑧
|𝐵| produced at the surface of

the main mirror, without any external magnetic field.

x (cm)
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𝛽
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/m
)
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B0,x = 1.5mT B0,y = 0.0mT B0,z = 1.5mT−0.6
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0

0.2

0.4

0.6

Figure 3: Magnetic field gradient 𝜕
𝑧
|𝐵| produced at the surface of

the main mirror with external magnetic field applied in the 𝑥, 𝑧

plane.

0.02 T/m; this noise would increase for a wire array closer
to the mirror. The frequency of this noise seen by a neutron
passing at 4m/s is about 2 kHz, much higher than the
frequencies of interest for resonant transitions between low
lying quantum states.

Note that the result shown in Figure 2 assumes that no
external field is applied. By applying an external field ⃗

𝐵

0
, with,

for example, 𝐵
0,𝑥

= 𝐵

0,𝑧
= 1.5mT and 𝐵

0,𝑦
= 0, the situation

changes dramatically as shown in Figure 3. With a strong
external field applied, a gradient oscillating in the 𝑥 direction
with a period of 1 cm is generated.

As a result, the wire array is a versatile device to generate
the field gradient that can be used for the AC excitationmode
as well as for the DC excitation mode. In the DC mode, we
applyDC current in thewire array and apply a strong external
field in the 𝑥, 𝑧 direction. The vertical force exerted by the
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Figure 4:Magnetic field generated at the surface of themainmirror
assuming the benchmark configuration 𝐼

1
= 𝐼

4
= 1.4Aand 𝐼

2
= 𝐼

3
=

3.5A.

field gradient on the neutron will oscillate in space. In the
AC mode, we apply AC current in the wire array and a small
external field 𝐵

0,𝑦
to satisfy the adiabaticity of spin transport,

as detailed in the next section.

4. The Adiabaticity of Spin Transport

The magnetic field gradient produced by the array of wires
described in the previous section will exert a force on the
passing neutrons.The sign of the force depends on the relative
orientation between the neutron spin and the magnetic field.
To induce resonant transitions between quantum states, a
neutron should feel a well-defined oscillating vertical force.
Thus, one must make sure that the magnetic field is strong
enough to hold the neutron spins parallel or antiparallel to
the magnetic field at any time. If the adiabaticity condition
for spin transport along the wire array is fulfilled, then the
spin dynamics and the neutron trajectory are decoupled.

In theACmode of excitation, the input current in thewire
array is oscillating with driving frequency 𝑓. The magnetic
field amplitude created by the wire array at the surface of the
mirror is given by the pattern shown in Figure 4, with the
whole pattern oscillating in time at the driving frequency 𝑓.
Thus, the magnetic field generated by the wire array will not
be sufficient to hold the neutron spin, since the magnitude
of the field crosses zero at a frequency 𝑓. To maintain a
nonzero value of the field magnitude at any time, a static,
homogeneous external field 𝐵

0,𝑦
is applied in the transverse

𝑦 direction. The purpose of this section is to calculate the
minimum 𝐵

0,𝑦
field to apply in order to guarantee the

adiabaticity of neutron spin transport when passing by the
magnetic excitation.

Here, we calculate the spin dynamics only, assuming that
a neutron pass below the wire array in a straight horizontal
line trajectory, at the surface of the bottommirror. A neutron

with velocity V along the 𝑥 direction sees a time dependent
magnetic field in its rest frame given by

𝐵

𝑥
(𝑡) = 𝐵

1
cos (2𝜋𝑓𝑡 + 𝜙) sin(

2𝜋V𝑡
𝑑

) ,

𝐵

𝑦 (
𝑡) = 𝐵

0,𝑦
,

𝐵

𝑧 (
𝑡) = − 𝐵

1
cos (2𝜋𝑓𝑡 + 𝜙) cos(2𝜋V𝑡

𝑑

) .

(8)

It results from the combination of the oscillation of the field in
spacewith period𝑑 and the oscillation in timewith frequency
𝑓. We will set 𝐵

1
= 0.8mT for the benchmark wire currents

described in the previous section.
The spin dynamics is given by the Bloch equation for the

polarization vector ⃗

Π:

𝑑

⃗

Π

𝑑𝑡

= 𝛾

⃗

Π ×

⃗

𝐵(𝑡) ,
(9)

where 𝛾 = 2𝜇/ℏ = 183 kHz/mT is the neutron gyromagnetic
ratio.

We have solved numerically the Bloch equation using a
Runge Kutta solver. The initial condition for the polarization
vector ⃗

Π(0) was set to the unit vector aligned with ⃗

𝐵(0),
describing a “spin up” neutron. We define the spin-flip
probability at time 𝑡 as 𝑝(𝑡) = (1 −

⃗

Π ⋅

⃗

𝐵/|

⃗

𝐵|)/2. With this
definition, 𝑝(𝑡) = 0 if the spin is aligned with the magnetic
field at time 𝑡 and𝑝(𝑡) = 1 if the spin has reversed its direction
relative to the magnetic field at time 𝑡. As an adiabaticity
criterion, we take 𝑝max, the maximum spin-flip probability
during the passage of a neutron below the wire array of
duration 𝐿/V. For a given set of parameters 𝐵

0,𝑦
, 𝑓, V, and 𝜙,

the criterion 𝑝max was numerically calculated. The result was
then averaged over the phase 𝜙 and the velocity spectrum V.
The final result is presented in Figure 5 as a function of the
driving frequency 𝑓, for different values of the external field
𝐵

0,𝑦
.
As a conclusion of the numerical study, the value of

the external field 𝐵

0,𝑦
= 0.3mT is sufficient to hold the

neutron spin with an accuracy better than one percent, in
the frequency range of interest between 0 and 300Hz. In the
following calculations, the external holding transverse field
will thus be set to 𝐵

0,𝑦
= 0.3mT.

5. The Resonant Transitions in the AC Mode

We have now defined a magnetic configuration for the AC
mode with the wire array (oscillating currents at variable
frequency 𝑓 and fixed amplitudes 𝐼

1
= 𝐼

4
= 1.4A

and 𝐼

2
= 𝐼

3
= 3.5A) and the external field (𝐵

0,𝑦
=

0.3mT) that (i) holds the neutron spin and (ii) generates an
oscillating gradient with the required amplitude to induce
resonant transitions between quantum states. Note that the
time dependent gradient 𝛽(𝑡) seen by the neutrons is not
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Figure 5: Numerically calculated neutron spin-flip probability dur-
ing the passage below the wire array in the benchmark configuration
𝐼
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Figure 6: Time dependent gradient 𝛽(𝑡) for a driving frequency of
𝑓 = 100Hz, corresponding to an excitation frequency of 200Hz.
Solid black line: (10), dashed red line: first order Fourier expansion
equation (14).

perfectly harmonic. Following (7), the expression of the time
dependent gradient is

𝛽 (𝑡) = 𝜕

𝑧











⃗

𝐵











=

̂

𝛽

𝐵

1
cos2 (2𝜋𝑓𝑡 + 𝜙)

√𝐵

2

1
cos2 (2𝜋𝑓𝑡 + 𝜙) + 𝐵

2

0,𝑦

, (10)

where 𝑓 is the driving frequency of the current in the wire
array, 𝐵

1
= 0.8mT, and ̂

𝛽 = 0.52T/m. We plot 𝛽(𝑡) in
Figure 6, where it is apparent that the excitation frequency
(the frequency of the 𝛽(𝑡) excitation) is twice the driving
frequency 𝑓 (the frequency of the oscillating currents in the
wire array).
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Figure 7: Numerical solution of the Schrödinger equation (12). The
probability of the 2 → 1 transition is plotted as a function of the
driving frequency.

We will now simulate the transition probabilities that
could be observed in the GRANIT flow through setup as
described in Section 2, assuming the benchmark magnetic
configuration resulting in the excitation (10). The problem
consists in calculating the time evolution of a neutron
quantum state









𝜓 (𝑡)⟩ = ∑

𝑛

𝑎

𝑛
(𝑡) |𝑛⟩ , (11)

which is the solution of the time dependent Schrödinger
equation

𝑖

𝑑𝑎

𝑛

𝑑𝑡

=

𝐸

𝑛

ℏ𝑎

𝑛

+ ∑

𝑚

𝑠

2

𝛾𝛽 (𝑡) ⟨𝑛 |�̂�| 𝑚⟩ 𝑎𝑚
. (12)

Here, we assume that the adiabaticity condition is fulfilled.
The initial condition of the state is chosen to be |𝜓(0)⟩ = |2⟩

immediately after the preparation step. Then, we solved (12)
with a Runge-Kutta algorithm for a given set of parameters
𝑓, V, 𝑠, and𝜙, where the sum is restricted to the first four quan-
tum states. For a given horizontal velocity V, the probability
|𝑎

1
(𝐿/V)|2 for the neutron to be detected in the ground state

at the exit of the magnetic excitation is calculated. The result
is then averaged over the excitation phase 𝜙, the spin state
𝑠 = ±1, and the velocity spectrum. We plot in Figure 7 the
transition probability as a function of the driving frequency
𝑓.

According to this numerical calculation, we expect to see
two resonances in the transmitted UCN flux associated with
the 2 → 1 transition, with frequencies

𝑓

+
= 141.5H𝑧, 𝑓

−
= 113.5H𝑧, (13)

where 𝑓

+ and 𝑓

− are the maxima of the resonance curve
corresponding to spin “up” neutrons (𝑠 = 1) and spin “down”
neutrons (𝑠 = −1), respectively.
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The splitting of the resonances depending on the spin
state could be interpreted as a “Stern-Gerlach” split due to a
constant magnetic field gradient. To see this, it is useful to
perform the Fourier expansion of the gradient excitation 𝛽(𝑡)

given by (10)

𝛽 (𝑡) = 𝛽

0
+ 𝛽

1
cos (4𝜋𝑓𝑡 + 2𝜙) + ⋅ ⋅ ⋅ , (14)

where 𝛽

0
= 0.289T/m and 𝛽

1
= 0.228T/m. The constant

term 𝛽

0
of the excitation should be thought of as an spin-

dependent effective modification of 𝑔. This is done by
identification of the total constant vertical force (gravity plus
constant gradient) to an effective gravitational force:

𝑚𝑔

±
= 𝑚𝑔 ± 𝜇𝛽

0
. (15)

Thus, we expect a spin-dependent resonance frequency of the
𝑛 → 𝑚 transition given by

𝑓

±

𝑛𝑚
=

(𝑚𝑔

±
)

2/3

2𝜋(2𝑚ℏ)

1/3
(𝜖

𝑛
− 𝜖

𝑚
) = 𝑓

𝑛𝑚
(1 ±

𝜇𝛽

0

𝑚𝑔

)

2/3

,
(16)

where 𝑓

𝑛𝑚
is the unperturbed transition frequency. The

splitting of the resonances obtained by the numerical reso-
lution of the full Schrödinger equation (12) is in quantitative
agreement with (16).

In addition, (16) motivates a combination of the two
resonant frequencies 𝑓

+ and 𝑓

− to extract the unperturbed
transition frequency 𝑓

21
, namely,

𝑓

21
= (

(2𝑓

+
)

3/2

+ (2𝑓

−
)

3/2

)

2

)

2/3

.
(17)

Remember that 𝑓+ and 𝑓

− refer to driving frequencies, that
correspond to excitation frequencies of 2𝑓+ and 2𝑓

−. When
applied to the maxima of the curve shown in Figure 7, one
extracts𝑓

21
= 255.8Hzwhich differs from the true resonance

frequency 𝑓

21,true = 253.8Hz given by (2) by 2Hz. In fact,
there are several features of the full problem (given by (12))
that the simple estimate (16) does not catch. The simplified
formula (16) can be obtained by assuming a two-level system
(states |1⟩ and |2⟩) excited by a harmonic force given by (14)
that couple states |1⟩ and |2⟩, neglecting the self-couplings of
the types ⟨1|�̂�|1⟩ and ⟨2|�̂�|2⟩. The full calculation (12) takes
into account the nonharmonic excitation given by (10) that
couples all states |1⟩, |2⟩, |3⟩, and |4⟩ including self-couplings.
All these complications are potential sources of frequency
shifts of the resonance line.We then conclude that these shifts
are below the percent level.

6. Conclusion

In the GRANIT flow through arrangement, two possible
modes to induce resonant transitions between the quantum
states could be used. In the DC mode, where the magnetic
field gradient oscillates spatially along the 𝑥 direction, the
excitation frequency is controlled by the horizontal neutron
velocity. In the ACmode, where the gradient is homogeneous
in space and oscillates in time, the excitation frequency is

selected directly by the frequency of the current driving the
magnetic excitation. We have shown that the condition of
adiabaticity of spin transport can also be fulfilled in the AC
mode using a moderate horizontal magnetic field normal to
the neutron propagation axis. Finally, a calculation of the
expected resonance line for the 2 → 1 transition indicates
that a measurement of the transition frequency at a precision
better than a percent is possible. A detailed comparison
describing the relative merits of the two methods with the
associated systematic effects is left for a future work.

Appendix

Magnetic Field of a Square Wire

Here, we provide formulas for the magnetic field generated
by an infinitely long square wire with current 𝐼 flowing
uniformly in the wire in the 𝑦 direction. The magnetic field
lies in the (𝑥, 𝑧) plane. We assume that (𝑥 = 0, 𝑦 = 0)

corresponds to the center of the wire.The length of the square
is denoted by 𝑐 (𝑐 = 1mm for the purpose of this paper).
Formulas are valid outside the wire. We define the following
quantities:

𝑥

𝑚
= 𝑥 −

𝑐

2

, 𝑧

𝑚
= 𝑧 −

𝑐

2

,

𝑥

𝑝
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𝑐

2
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𝑝
= 𝑧 +

𝑐

2

,

𝐿

1
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2

𝑚
+ 𝑧
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2
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𝑚
) (𝑥
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By integrating the Biot-Savart law over the volume of thewire,
we find the following expressions for the field components:
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By taking the derivative, we find the following expressions for
the gradients:
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We report analysis of rough mirrors used as the gravitational state selectors in neutron beam and similar experiments. The key to
mirror properties is its roughness correlation function (CF)which is extracted from the precision optical scanningmeasurements of
the surface profile. To identify CF in the presence of fluctuation-driven fat tails, we perform numerical experiments with computer-
generated random surfaces with the known CF.These numerical experiments provide a reliable identification procedure which we
apply to the actual rough mirror. The extracted CF allows us to make predictions for ongoing GRANIT experiments. We also
propose a radically new design for rough mirrors based on Monte Carlo simulations for the 1D Ising model. The implementation
of this design provides a controlled environment with predictable scattering properties.

1. Introduction

One of the intriguing options for designing quantum state
selectors which separate particles in desirable quantum states
from all other particles is to use rough mirrors [1]. The idea
is quite simple: the particles that reach the rough mirror are
scattered away, while the particles locked in quantum states
without an access to the rough mirror remain in the system.

Recent first experimental observation of gravitationally
quantized ultracold neutrons (UCNs) [2–6] stimulated use
of mirrors with random rough surfaces as state selectors
instead of simple absorbers in beam and similar experiments
with UCNs [7–9], as well as for shaping UCN spectra [10–
12] or exploring the whispering gallery quantum states of
cold neutrons [13]. In these experiments a beam of UCNs
with large horizontal and small vertical velocities propagates
between two horizontal mirrors. The upper mirror is rough
and serves as a state selector by scattering away the neutrons
in the highest gravitational states which can reach it. The
lower mirror is an ideal specular reflector for the neutrons.
In the end, only the neutrons in the lowest gravitational
states (neutrons with the lowest vertical velocities) remain
in the system and continue bouncing along the lower mirror

without scattering. Thus the absence of roughness is crucial
for flat bottom mirrors [14, 15].

These types of selectors may have a wide range of
applications and can be built not only for neutron beams, but
also for other experiments with UCNs, ultracold atoms, and
antiatoms [16–19], in particular within theGBARproject with
ultracold antihydrogen at CERN [20], as well as, probably,
with positronium [21] and so forth.

The ultimate resolution and precision for experiments of
this kind with gravitational and whispering gallery quantum
states of UCNs in the framework of GRANIT project [22–
24] benefits from the method of long storage of UCNs in
closed quantum traps as well as from high UCN space-phase
density in a dedicated UCN source [25]. More examples and
details could be found in proceedings of dedicated GRANIT
workshops [26, 27].

The ability of rough mirrors to serve as state selectors
hinges on producing a desired pattern in scattering of parti-
cles by surface inhomogeneities.This scattering is determined
by the correlation function of surface roughness (see, e.g.,
[28] and references therein). In beam experiments, scattering
by the rough upper mirror turns the velocity vector thus
increasing its vertical component. When the component of

Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2014, Article ID 764182, 11 pages
http://dx.doi.org/10.1155/2014/764182

http://dx.doi.org/10.1155/2014/764182


2 Advances in High Energy Physics

velocity normal to the mirrors exceeds a certain threshold
velocity V

𝑐
, the neutrons can penetrate the mirror material

and get absorbed; this threshold velocity can be translated
into the absorption potential 𝑈

𝑐
= 𝑚V2

𝑐
/2 ∼ 10

−26 J.
The roughness-driven transition probabilities between the
quantum states (𝑗, q) and (𝑗, q) for a mirror with slight
roughness and the absorption threshold 𝑈

𝑐
are [28]

𝑊

𝑗𝑗
 (q, q) = 𝜁 (q − q)𝑈2
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whereq is the particlemomentumalong thewall,Ψ
𝑗
(𝐻) is the

value of the wave function in quantum state 𝑗 on the mirror
in the absence of roughness, and 𝜁(q) is the Fourier image of
the correlation function of surface roughness (the so-called
power spectrum). If the threshold is very high or the particle
cannot penetrate the mirror material at all, 𝑈

𝑐
→ ∞, (1)

becomes [28]
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In essence, the roughness correlation function 𝜁(q) plays
the same role for scattering by surface roughness as the
impurity cross-section for scattering by static bulk impurities.
It is known that surface scattering depends not only on the
main parameters of roughness, such as its average amplitude
or correlation radius, but also on the functional form of
the correlation function (see, e.g., [29, 30] and references
therein). Therefore, the proper identification of the surface
correlator is paramount for the use of rough mirrors in
precision measurements. It turns out that such accurate
identification of the correlation function, which is necessary
for precision experiments, is not trivial. The difficulties in
identifying the correlation parameters go well beyond the
recognized ones [31, 32] such as a tip profile [33] or the step
size [34].

The purpose of this paper is to analyze and compare
the properties of real and computationally generated rough
mirrors and find out the limits on their use as state selectors
by evaluating the accuracy of predictions for the observables.
We also propose a radically new design for rough mirrors,
what we call an Ising mirror, which might provide a much
more controllable environment for experiment.

2. Experiment

2.1. Mirror Design and Roughness Measurements. The exper-
imental part of the paper deals with a new large rough glass
mirror produced for ongoing GRANIT experiments at ILL
(Figure 1) [22–24].

Thedesign and construction of themirror are determined
by the following considerations. This mirror should serve for
shaping of the initial UCN spectrum and will be installed
at the most upstream part of the transport mirror. In first
test experiments, it will be used also for measurements
of parameters of gravitational quantum states of UCNs.
Since the principle application of the mirror is to serve as
a gravitational state selector, our choice is to have large
roughness amplitudes thus maximizing its efficiency at the
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Figure 1: The rough mirror with five control patches. The surface
roughness is assumed to be uniform across the mirror.

expense of precision of absolute measurements with this
rough scatterer/absorber. The total length along the beam
of UCNs is restricted by a length of the flat bottom mirror;
therefore, we limited the length of the rough mirror by some
reasonable small value (9 cm).The width of the rough mirror
is similar to the width of the bottom mirror (30 cm).

The surface profile for this newmirror has beenmeasured
at ESRF using the vertical scanning interferometry (VSI)
technique (see, e.g., [35]). Light is split into two coherent
light beams. One beam is sent onto the measured mirror and
is coupled after reflection with another light beam reflected
from a perfectly flat sample (with the roughness of 0.5 Å).
The resulting beam is analyzed in a CCD camera and the
interference patterns give the profile of the rough mirror.
Scanning over a certain surface area of the rough mirror
allows one to measure the distribution of roughness. If the
roughness is too sharp in a particular point, the beamdeviates
from its vertical trajectory and does not get back into the
detector resulting in a “bad” point in the data set. The
fabrication of the rough mirror favors producing moderate
roughness without large angles between the local surface and
the global reference plane (too large amplitudes have been
eliminated by the surface production technique). There are
about 1.5–2% of “bad” points among the whole data. Most of
the “bad” points are isolated, but some form small clusters
(the largest cluster contains 8 “bad” points).

An alternative method to the VSI technique would
have been the atomic force spectroscopy (AFM). However,
using the VSI technique in this particular case had several
advantages. First, the characteristic size of the surface to be
scanned has to be much larger than the correlation length of
the roughness, that is, at least a few hundreds of micrometers.
Such areas are too large for a standard AFM. Second, the
amplitude of the roughness should be comparable to the
characteristic quantum gravitational length scale [2–6] equal
to

𝑙

0
= ℏ

2/3
(2𝑚

2
𝑔)

−1/3

∼ 5.871 𝜇m (3)

in order to provide high efficiency of neutron absorption in
this rough mirror. Such amplitudes are too large for an AFM
which measures irregularities in the angstrom range.
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The raw data set contains surface profiles 𝑦
𝑖
(𝑠, 𝑡) mea-

sured in five patches (𝑖 = 1; 2; 3; 4; 5), Figure 1. The mirror is
90mm long in the direction of the beam and 300mm wide.
The size of each patch is 0.504 × 0.504mm2. The data set for
each patch contains 2, 557 × 2, 557 ≈ 6.5 × 10

6 points.
The distance between individual data points is 0.19 𝜇mwhich
is much smaller than 𝑙

0
and the characteristic amplitude and

correlation length of the roughness.

2.2. Extraction of the Roughness Correlation Function. The
data analysis consists of several steps. First, the “bad” points
have been replaced by the averages of surrounding points.
Second, the proper reference planes for individual patches are
restored by fitting each of the five data sets𝑦

𝑖
(𝑠, 𝑡) to the planes

𝑎

𝑖
+𝑏

𝑖
𝑠+𝑐

𝑖
𝑡 to eliminate the tilting and ensure the zero average

for the roughness profile ⟨𝑦
𝑖
(𝑠, 𝑡)⟩ = 0. The set of coefficients

𝑎

𝑖
, 𝑏

𝑖
, 𝑐

𝑖
provides the best fit to the profile data for the patch

𝑖 and the values of 𝑎
𝑖
+ 𝑏

𝑖
𝑠 + 𝑐

𝑖
𝑡 are subtracted from 𝑦

𝑖
(𝑠, 𝑡). By

itself, eliminating the tilting in this way is not controversial.
The only potential problem here could arise if the mirror as
a whole is slightly curved and the reference planes for the
individual patches are different from each other.

Since the primary designation of this mirror is to serve
as a state selector in new GRANIT experiments aimed
at selecting and identifying neutron states in quantizing
gravitational field, it is convenient to measure all length
parameters, including the roughness correlation function, in
units of 𝑙

0
, (3), which is the size of the lowest quantum state

for a neutron in the Earth gravity field in open geometry.
Below all lengths in the figures and tables are given in the
corresponding dimensionless units.

The analysis of the data sets and the results are similar to
[36] in which we analyze computationally generated rough
surfaces. The two-dimensional (2D) correlation function is
defined as

𝜁 (𝑠, 𝑡) = ⟨𝑦 (𝑠


, 𝑡


) 𝑦 (𝑠
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+ 𝑡) 𝑑𝑠


𝑑𝑡


,

(4)

where 𝐴 is the averaging area. The discrete analog of this
equation is

𝜁 (𝑠 > 0, 𝑡 > 0) =

1

(𝑁 − 𝑠) (𝑁 − 𝑡)

𝑁

∑

𝑡

=1+𝑡

𝑁−𝑠
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𝑠

=1

𝑦

𝑡

,𝑠
𝑦
𝑡

−𝑡,𝑠

+𝑠
.

(5)

We try to improve the accuracy by maximizing utilization of
the data points though the finite size of the patches degrades
the accuracy of the computations in (5) for large 𝑠, 𝑡. This
degradation (the so-called wagging tails) becomes very rapid
at 𝑠, 𝑡 > 𝑁/2.

The extraction of the correlation information from the
profile data sets is routine with the only limitation being the
large volume of profile data. A typical 2D correlation function
for one of the patches is given in Figure 2 (light blue surface).
For comparison, the dark blue surface presents the best fit
of this correlation surface 𝜁(𝑠, 𝑡) by an isotropic exponential
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Figure 2: 2D correlation function 𝜁(𝑠, 𝑡) for the Patch 5 (light blue
surface). All axes are in units of 𝑙

0
, (3). The darker surface is given

by the best fit for 𝜁(𝑠, 𝑡) by an isotropic exponential fitting function
𝜁(𝑟) = 𝜁(0, 0) exp(−𝑟/𝑟

𝐸
) with 𝑟 = √𝑠2 + 𝑡2. The best fitting values

of the correlation radius 𝑟𝐸 are summarized in Tables 1 and 2 for all
five patches.

Table 1:The parameterization of the extracted correlation functions
𝜁(𝑠, 𝑡) by anisotropic exponential and power law fitting functions,
(6). Rows 1–5 give the data for the individual patches and the last
row for the correlation function averaged over all patches.

# 𝜂 𝑟

𝐸

𝑠
, 𝑟

𝐸

𝑡
, 𝜎

𝐸
× 10

2
𝑟

PL
𝑠
, 𝑟

PL
𝑡
, 𝑢, 𝜎PL × 10

2

1 1.03 0.62, 0.63, 1.42 0.45, 0.45, 0.9997, 1.56
2 1.14 0.70, 0.73, 2.69 0.44, 0.46, 0.864, 2.04
3 0.97 0.64, 0.74, 2.71 0.28, 0.31, 0.658, 1.37
4 0.99 0.64, 0.66, 2.35 0.32, 0.34, 0.73, 1.26
5 0.96 0.57, 0.60, 0.83 0.46, 0.48, 1.10, 1.20
Av. 1.02 0.64, 0.67, 1.84 0.38, 0.40, 0.842, 1.33

surface. The figure demonstrates that the anisotropy of the
roughness correlation function is noticeable but not very
large.

We checked the isotropy of five extracted correlation
functions by fitting them to anisotropic exponential and
power law fitting functions:

𝜁

𝐸
= 𝜂

2

𝐸
exp(−√( 𝑠

𝑟

𝐸

𝑠

)

2

− (

𝑡

𝑟

𝐸

𝑡

)

2

),

𝜁PL =
𝜂

2

PL

(1 + (𝑠/𝑟

PL
𝑠
)

2
+ (𝑡/𝑟

PL
𝑡
)

2
)

𝑢
.

(6)

The best fit parameters are summarized in Table 1.
The first five rows in the table provide the data for

the individual patches, while the last row describes the
correlation function averaged over all patches. One canmake
two conclusions. First, the statistical quality of the fit by each
fitting function 𝜁fit, which is measured by 𝜎fit,

𝜎

2

fit =
⟨(𝜁 − 𝜁fit)

2
⟩

𝜁

2
(0, 0)

,

(7)

for each patch is roughly the same for both fitting functions
𝜁

𝐸
and 𝜁PL. Second, the anisotropy of the correlation function
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Table 2: Results of the fit of the extracted correlation functions for five patches and for the averaged correlation function (last row) by the
exponential (𝐸), Gaussian (𝐺), and power law (PL) fitting functions, (8)–(10). For each fitting function the table shows the correlation radii
𝑟

𝐸,𝐺,PL and the quality of the fits 𝜎, (7). The last column shows the calculated parameterΦ
𝐸,𝐺,PL [37] responsible for the exit neutron count.

# 𝜂 𝑟

𝐸
, 𝜎

𝐸
× 10

2
𝑟

𝐺
, 𝜎

𝐺
× 10

2
𝑟PL, 𝜎PL × 10

2
(Φ

𝐸
, Φ

𝐺
, ΦPL) × 10

−3

1 1.03 0.62, 1.42 0.49, 3.93 0.66, 2.04 5.44, 3.94, 4.18
2 1.14 0.72, 2.44 0.56, 5.75 0.76, 3.15 6.23, 4.52, 4.78
3 0.97 0.68, 2.61 0.50, 4.94 0.70, 3.23 4.63, 3.46, 3.6
4 0.99 0.65, 2.25 0.49, 4.56 0.68, 2.80 4.92, 3.64, 3.81
5 0.96 0.58, 0.68 0.47, 3.0 0.62, 1.48 4.87, 3.50, 3.75
Av. 1.02 0.65, 1.75 0.50, 4.39 0.69, 2.44 5.22, 3.83, 4.01

as measured by difference in the correlation radii 𝑟
𝑠,𝑡

in
𝑠 and 𝑡 directions is of the order of several percent and
is small, smaller than the difference between the patches
which is rather pronounced. For this reason we neglect
the anisotropy and concentrate on analyzing the extracted
correlation functions averaged over the angles, 𝜁(𝑥), 𝑥 =

√
𝑠

2
+ 𝑡

2.

2.3. Identification of the Correlation Function. We fitted
the correlation functions averaged over the angles with
the isotropic exponential, Gaussian, and power law fitting
functions:

𝜁

𝐸
= 𝜂

2 exp(−𝑥
𝑟

𝐸

) , (8)

𝜁

𝐺
= 𝜂

2 exp(−𝑥
2

2𝑟

2

𝐺

) , (9)

𝜁PL =
𝜂

2

(1 + 𝑥

2
/𝑟

2

PL)
3/2
. (10)

The results of best fits are summarized in Table 2.
Table 2 is structured similarly to Table 1 but has an extra

column with Φ
𝐸,𝐺,PL calculated using the fitting functions

with parameters from the table. Without going into details,
we justmention thatΦ is a normalized linewidth for neutrons
in the lowest gravitational state and is a complicated integral
of the power spectrum 𝜁(q). Its value strongly depends not
only on the time of flight through the waveguide, dimen-
sionality of roughness, correlation radius, and amplitude of
inhomogeneities, but also on the functional form of 𝜁(q) [37].
The value of Φ serves here as a descriptor for observables:
it determines the exit neutron count for GRANIT-type
experiments (see Section 4). In essence, the appropriateness
of the choice of the fitting functions should be judged not by
the standard deviation 𝜎 but by the value of Φ. But which
value of Φ from the table is the closest to the “true” value of
Φ in experiments with this mirror?

The statistical quality of the fits 𝜎 for all three fitting
functions are close to each other, while the values of the
observables, in this case Φ, are noticeably different. An
explanation is simple. A typical correlation function consists
of a peak area and long tail. For finite size samples the
fluctuation-driven tail is rather fat and does not go to zero
at large distances. As a result, the standard deviation 𝜎

between the extracted correlator and any reasonable fitting
function, which goes to zero relatively fast at large distances,
is determined not by the peak area where the fitting functions
differ from each other, but by the contributions from the
tails, where all the fitting functions are zero. As a result, the
values of 𝜎 for all three fitting functions are similar, while
the values of the observable, Φ, are noticeably different. The
main conclusion is that selection of the fitting function could
not and should not be judged just by the value of 𝜎, (7). An
increase in sample size does not help much: though the size-
driven fluctuations and, therefore, 𝜎 decrease with increasing
sample as √2/𝑁 (𝑁 is the sample size), the tails get longer
with increasing𝑁, and the values of 𝜎 go down for all fitting
functions in the same way. We will explore this point in more
detail in the next section.

There are several ways how to suppress fluctuations and
make identification of the correlation function easier. One
can average the correlation function over several samples
and use the averaged values for identification as in, for
example, [38, 39]. This is done in the last row in Tables 1
and 2. This assumes that the correlations are the same in all
samples and that any long-range oscillations are non-physical
and are purely fluctuation-driven. One can also disregard
the tails and use for identification purposes only the peak
and its immediate vicinity thus ignoring the long-range tails
as spurious. We need to develop a reliable identification
procedure. Our recommendation, based on the results of the
next section, is given in the beginning of Section 4.

3. Numerical Experiments

The difficulties that we face when trying to identify the
roughness correlation function for the rough mirror are
typical. The best way to overcome these difficulties would
be extracting the correlation functions from profile mea-
surements for surfaces with known roughness correlation
functions and comparing the results with these known
correlators. Unfortunately, it is virtually impossible to prepare
the surfaces with the predetermined roughness correlation
functions.

The best available alternative is to numerically generate
surfaces with the predetermined roughness correlators and
extract the correlation function from a numerical experiment
which emulates precise scanning measurements of the sur-
face profile. Below we report numerical experiments of this
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Figure 3: The illustration of the fluctuation-driven tails of the
correlation function 𝜁(𝑠, 0) for the Patch 2 of the actual mirror
(curve 1, blue) and for the numerically generated surface with
roughness emulating the exponential correlation function with the
same amplitude and the correlation radius as in Table 2 (curve 2,
red).

type and compare the extracted informationwith the physical
experiments on the rough mirror in Section 2. The results
allowed us to better understand the accuracy and pitfalls of
the identification procedures.

3.1. Surfaces with any Predetermined Roughness Correlators.
We can generate surfaces with any predetermined discrete
correlation function ̂𝜁

𝑖𝑘
= 𝜁(𝑖 − 𝑘). The technique starts from

using the Gaussian distribution, which is embedded in most
random number generators, for generating uncorrelated
random numbers 𝑔

𝑖
with the 𝛿-type correlation function

(white noise), ⟨𝑔
𝑖
𝑔

𝑘
⟩ = 𝛿

𝑖𝑘
. We then rotate this vector ⃗𝑔 using

the rotation matrix ̂𝐴 =

̂

𝜁

1/2. The resulting set of numbers
𝑦

𝑖
, ⃗𝑦 =

̂

𝐴 ⃗𝑔, exhibits desired correlations, ⟨𝑦
𝑖
𝑦

𝑘
⟩ = 𝜁

𝑖𝑘
(for

more details see [36, 37]). Next we “measure” the generated
profile 𝑦

𝑖
= 𝑦(𝑥

𝑖
) by emulating the scanning technique

and extract the “experimental” correlation function. We
then try to identify this extracted correlator by fitting it to
various fitting functions (in practice, Gaussian, exponential,
and power law functions), calculate the observables (for the
purpose of this paper,Φ), and compare the results with those
obtained using the “true” correlation function 𝜁

𝑖𝑘
. Below we

report such experiments for both 1D and 2D roughness. For
computational reasons the linear sizes of our 2D samples are
smaller than in 1D cases, though the overall number of profile
points is larger.

The difficulties that we encounter in our numerical
experiments are exactly the same as in our analysis of the
real mirror in Section 2. The main source of uncertainty is
the fluctuations related to the final size of the samples. For
illustration, in Figure 3 we plot the fluctuation-driven tails for
the extracted roughness correlation function 𝜁(𝑠, 0) for Patch
2 of the actual mirror (curve 1, blue) and for the correlation
function 𝜁(𝑥) for a generated 1D rough surface of the same
size (2,500 points; curve 2, red) which emulates roughness
with the exponential correlation function 𝜁 = 𝜂2 exp(−𝑥/𝑟)

with 𝜂 = 1.14 and 𝑟 = 0.72 as for this patch in Table 2.
The similarity between these two fluctuation-driven tails is
striking.

Our ability to generate surfaces with roughness emulating
any predetermined correlation function allows us to analyze
the use of fitting functions for our extracted correlators and
to determine whether it is possible to avoid using the fitting
functions by inputting the raw correlation data directly into
equations for observables (Φ). Some of our findings are
summarized in the following two tables.

The quality of the fits 𝜎
𝐺
, 𝜎

𝐸
, 𝜎PL for all three types of

the fitting functions is more or less the same, about 5 ×

10

−4, but the results for the physically important parameter
Φ

1𝐺,𝐸,PL, which predicts the exit neutron count in GRANIT
experiments, differ considerably from each other by about
25%. In our numerical experiment, the “true” shape of
the correlation function is known to be Gaussian and, not
surprisingly, the fitting by the Gaussian function yields the
values of Φ

1
very close to the “true” value 23.48. This brings

us to an inevitable conclusion that the statistical quality of the
fit𝜎 by any reasonable ad hoc fitting function 𝜁fit, (7), does not
predict the quality of physical conclusions obtained using this
fitting function. Note that the results for fitting by the power
law and exponential correlation functions are relatively close
to each other and very different from those for the Gaussian
fit. The explanation is simple: the Gaussian function has a
much shorter tail.

The last column in Table 3 shows the values ofΦ
1𝑛
which

are calculated by inputting the discrete raw correlation data
directly into the equations forΦ

1
. In 1D this procedure works

better than using the fitting function of the “wrong” shapes
𝜁

𝐸,PL, but still noticeably worse than for the “right” fitting
function 𝜁

𝐺
though the statistical quality 𝜎

𝑛
of the used

spectral decomposition of the raw data 𝜎
𝑛
is perfect.

The 2D results (Table 4) are different because of different
dimensionality and smaller linear sizes of our samples. Here
as an observable, which is used to compare the results, we
use Φ

2
which describes the neutron count in experiments

with 2D roughness [38, 41]. The generated rough surfaces
are emulating the Gaussian roughness with the correlation
function 𝜁(|x|) = exp(−|x|2/8) (i.e., 𝜂 = 1, 𝑟 = 2) for
which Φ

2
= 2.58 × 10

3. The sample size is 61 × 61 points.
The table contains the results extracted from the best fit of
the extracted correlator to the Gaussian, exponential, and
power law functions. The Gaussian fit is done independently
for the correlation function 𝜁(|x|) averaged over the angles
and the 2D correlation function 𝜁(x); the results are close
to each other. The statistical quality of the fits 𝜎 is worse
than in the 1D case though the overall number of the data
points in our 2D computations is larger (3,600 versus 2,000
points): the linear size of the sample is noticeably smaller
while the correlation radius is slightly bigger. Table 4 provides
the values of the extracted fitting parameters 𝜂 and 𝑟, values
of 𝜎, and, most importantly, the corresponding values of the
physical observableΦ

2
.The results for direct use of numerical

data without fitting are too unstable to be included in the
table; we are not sure whether this is a result of higher
dimensionality or smaller linear sizes of the samples. The
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Table 3: Three numerical runs for 1D surfaces emulate the Gaussian correlation of inhomogeneities 𝜂2 exp(−𝑥2/2𝑟2) with 𝑟 = 1.19 and
𝜂 = 0.119 (the assumed [37] roughness of the mirror in earlier GRANIT experiments [2–4, 6]). The true value of the observable Φ

1
for

such a surface is Φ
1
= 23.48. The extracted correlators are fitted with Gaussian, 𝜂

𝐺
exp(−𝑥2/2𝑟

𝐺
), exponential, 𝜂

𝐸
exp(−𝑥/𝑟

𝐸
), and power

law, 𝜂PL/[1 + (𝑥/𝑟PL)
2
]

3/2 fitting functions. The table contains the best fitting values of 𝑟
𝐺,𝐸,PL, statistical quality of the fits 𝜎

𝐺,𝐸,PL, and the
recalculated values ofΦ

1𝐺,𝐸,PL. The best fitting values of 𝜂
𝐺,𝐸,PL are close to each other and are not listed.The columns withΦ

𝑛
and 𝜎

𝑛
give the

values ofΦ
1
and the standard deviation when the spectral decomposition of the raw correlation data is put directly into equations forΦ

1
[37]

without using the fitting functions.

# 𝑟

𝐺
, 𝜎

𝐺
× 10

4
𝑟

𝐸
, 𝜎

𝐸
× 10

4
𝑟PL, 𝜎PL × 10

4
𝜎

𝑛
× 10

17
Φ

1𝐺
, Φ

1𝐸
, Φ1PL, Φ1𝑛

1 1.19, 5.24 1.59, 5.81 1.44, 5.81 1.92 23.86, 18.19, 18.81, 21.96
2 1.15, 4.49 1.53, 4.56 1.36, 4.64 1.83 23.33, 17.84, 18.65, 21.14
3 1.25, 4.37 1.69, 4.40 1.54, 4.47 1.69 23.56, 17.26, 17.85, 20.96

Table 4: The same as in Table 3 for generated 2D rough Gaussian surfaces with 𝑟 = 2 and 𝜂 = 1. The expected value of Φ
2
≈ 2.58 × 10

3. The
table contains the extracted fitting parameters 𝜂fit

𝐺,𝐸,PL and 𝑟
fit
𝐺,𝐸,PL, together with 𝜎𝐺,𝐸,PL, and the recalculated values ofΦ2. The fourth row gives

the results for the correlation function averaged over 10 independent runs.

# 𝜂

𝐺
, 𝑟

𝐺
, 𝜎 × 10

2
𝜂

𝐸
, 𝑟

𝐸
, 𝜎 × 10

2
𝜂PL, 𝑟PL, 𝜁

PL
0
, 𝜎 × 10

2
(Φ

𝐺

2
, Φ

𝐸

2
, Φ

PL
2
) × 10

−3

1 1.04, 1.97, 5.7 1.14, 2.04, 6.2 1.08, 2.45, 5.9 2.81, 5.51, 1.68
2 1.10, 1.80, 6.5 1.20, 1.76, 7.4 1.14, 2.15, 7.2 3.23, 6.56, 1.99
3 0.90, 1.84, 4.1 0.98, 2.05, 4.3 0.94, 2.40, 4.1 2.18, 4.06, 1.28
Av. 1.00, 1.98, 1.9 1.10, 2.11, 2.9 1.05, 2.49, 2.4 2.60, 5.05, 1.57

table contains results of three numerical runs and (the fourth
row) the average for ten numerical runs.

3.2. Surfaces with Quantized Amplitudes of Inhomogeneities:
Ising Roughness. The above approach allow us to create and
analyze random rough surfaces with arbitrary correlation
functions. The drawback of our procedure is that while it
is appropriate for macroscopic roughness, it cannot produce
roughness with quantized amplitudes which is desirable for
the study of atomic-scale roughness.

It might be impossible to computationally emulate a
random rough surface with an integer profile 𝑦(𝑥

𝑖
) with

an arbitrary predetermined correlation function ̂𝜁(𝑖 − 𝑘) =
⟨𝑦

𝑖
𝑦

𝑘
⟩ except, of course, for “classical” surfaceswith very large

amplitude of roughness. However, several specific “quan-
tized” correlators can still be generated using Monte Carlo
simulations for spin lattice models with various Hamilto-
nians. This might help in extracting the proper correlation
functions from experimental data on the surface profile
based on realistic assumptions on the interaction of the
surface defects. This can also help to guess which correlation
functions to use in theoretical calculations. Needless to say,
many of the lattice models produce the correlation functions
which are exponential at large distances and have compli-
cated, often analytically unresolved structure in the peak
area.

Unfortunately, the universe of the correlation functions
which are accessible in this way is limited by the number of
known exactly solvable lattice models, mostly in 1D, some of
which may have little resemblance to real surfaces. It is even
unclear whether there are any restrictions on allowed forms
of the correlation functions. In 2D even the simplest models,
such as the Ising model, lead to the correlation functions for
which we do not have explicit analytical expressions making
them virtually useless for our purposes.

The simplest example [36] is, of course, the ferromagnetic
Ising lattice 𝑦

𝑖
= ±1 for which the correlation function

is determined by the attractive coupling constant 𝐽 in the
Hamiltonian (or, what is the same, by the Boltzmann factors
exp(±2𝐽/𝑘𝑇)). In the 1D case the correlation function is
exponential:

𝜁

𝐸
(𝑥) = 𝜂

2 exp(−𝑥
𝑟

) , 𝑟 =

1

2

exp( 2𝐽
𝑘𝑇

) . (11)

The correlation function for the 2D Ising model, though
known in principle, [40, 42], is described by a set of compli-
cated equations involving elliptical integrals.

In 1D computations we used 1000 positions 𝑥
𝑖
and

performed 106 Monte Carlo cycles. The correlation function
𝜁(𝑠) should emulate function (11) with 𝑟 = 𝑅/𝑙

0
= 1.19 and

𝜂 = ℓ/𝑙

0
= 0.119 as in the earlier GRANIT experiments.

The results for five runs are summarized in Table 5. The true
value of Φ

1
for the exponential correlation function with

𝑟 = 1.19 and 𝜂 = 0.119 is Φth
𝐸
= 19.5 (with the same

values of 𝑟 and 𝜂, Φth
𝐺
= 23.7 and Φth

PL = 20.4). Since
the simulation is based on the Ising model with spins ±1,
the extracted average amplitudes of roughness differ from
𝜂 = 0.119 by less than 1% for all fitting functions and there
is no need to present the values of 𝜂

𝐸,𝐺,PL. Of course, the fit
using the exponential correlator provides the best values for
Φ

1
though here again the values of 𝜎 for all fitting functions

are practically indistinguishable. Of the other two fits, it is not
clear why the power law fit provides much better values ofΦ

1

than theGaussian one.The last column in the table also shows
the values ofΦ

𝑛
which are obtained by direct spectral analysis

with𝑁/2 harmonics of the raw correlation data without any
fitting. These data display the worst agreement with Φth

𝐸
=

19.5, while the value of 𝜎
𝑛
is by 13 orders of magnitude better

than 𝜎 for any of our fitting functions. The explanation is the
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Table 5: Five Monte Carlo runs for the 1D Ising model. The “true” correlation function is exponential with 𝑟 = 1.19 and 𝜂 = 0.119 and yields
Φ

th
𝐸
= 19.5. The correlation functions extracted from the generated rough surfaces were fitted with the exponential, Gaussian, and power

law functions. The Table contains the best fitting values of 𝑟
𝐸,𝐺,PL and the corresponding values of 𝜎

𝐸,𝐺,PL and Φ𝐸,𝐺,PL. Since the simulation is
based on the Ising model with spins ±1, the best fitting values of 𝜂 differed from 0.119 by less than 1% for all fitting functions. The values of
Φ

𝑛
were obtained by direct spectral decomposition of the raw correlation data. The size of the sample was𝑁 = 1000 and we performed 106

Metropolis cycles.

# 𝑟

𝐸
, 𝜎

𝐸
× 10

4
𝑟

𝐺
, 𝜎

𝐺
× 10

4
𝑟PL, 𝜎PL × 10

4
𝜎

𝑛
× 10

17
Φ

𝐸

1
, Φ

𝐺

1
, Φ

PL
1
, Φ

𝑛

1 1.27, 6.69 0.85, 6.93 1.26, 6.72 3.79 18.6, 27.4, 19.6, 25.8
2 1.23, 6.83 0.88, 6.94 1.25, 6.84 1.49 19.1, 26.8, 19.7, 26.2
3 1.04, 6.51 0.73, 6.74 1.07, 6.54 2.82 20.7, 30.2, 21.4, 27.3
4 1.18, 6.65 0.87, 6.71 1.23, 6.62 3.01 19.7, 27.1, 20.0, 26.1
5 0.94, 6.44 0.74, 6.42 1.03, 6.38 1.91 22.2, 29.8, 21.9, 27.7

Table 6: Results for three rough surfaces generated using the 2D Ising model (the first three rows) and for the correlation function averaged
over ten runs (the last row).TheMonte Carlo simulations have been done at𝑇 = 1.2𝑇

𝑐
with 106Metropolis cycles.The surface size is 101×101.

TheTable is arranged similarly to Table 2.The table contains the best fitting values of 𝑟
𝐸,𝐺,PL and the corresponding values of𝜎𝐸,𝐺,PL andΦ

𝐸,𝐺,PL
2

.
The results for the exponential fits Φ𝐸1,2

2
for 𝜁(|x|) and 𝜁(x) should be the closest to the true physical parameters.

# 𝑟

𝐸1
, 𝜎

𝐸1
× 10

2
𝑟

𝐸2
, 𝜎

𝐸2
× 10

2
𝑟

𝐺
, 𝜎

𝐺
× 10

2
𝑟PL, 𝜎PL × 10

2
(Φ

𝐸1

2
, Φ

𝐸2

2
, Φ

𝐺

2
, Φ

PL
2
) × 10

3

1 1.56, 2.03 1.60, 2.75 1.06, 2.41 1.55, 2.12 3.37, 3.32, 2.53, 2.58
2 1.43, 1.56 1.43, 2.27 1.06, 1.89 1.48, 1.63 2.53, 2.53, 2.53, 2.64
3 1.53, 1.66 1.53, 2.49 1.11, 2.04 1.57, 1.75 3.40, 3.40, 2.48, 2.57
Av. 1.54, 0.69 1.57, 0.89 1.10, 1.42 1.57, 0.91 3.39, 3.36, 2.49, 2.57

same as before: the full set of raw data is dominated by the
long correlation tails which come from the fluctuations.

The last table, Table 6, presents results for three rough
surfaces generated using the 2D Isingmodel plus a row for the
correlation function averaged over ten runs. The observable
here is again Φ

2
.

The computations are done above the phase transition,
𝑇 = 1.2𝑇

𝑐
. At this temperature the correlation function is,

probably, still close to the exponential, but it is not clear
how close. Here we do not know exactly what should be the
“true” value of Φ

2
but expect that the exponential correlator

provides the best estimate. At this temperature the domains
are relatively small and the relaxation times are manageable.
The size of the surface is relatively large, 101 × 101, and
each computation runs 106 Metropolis cycles. The table is
arranged similarly to Table 5. The values of 𝜎 for all fitting
functions are again close to each other, while the values ofΦ

2

and 𝑟 are noticeably different. The results for the exponential
fit should be the closest to the true physical parameters.
The first column for the exponential fitting gives results
obtained from the flat file 𝜁(|s|). The second column gives
the results of fitting 𝜁(s) by the 2D exponential function. For
the Gaussian and power law correlators, columns 3 and 4, we
used only the flat files 𝜁(|s|). What is somewhat surprising
is that the results for our choice of the power law correlator,
which is the Fourier image of the exponential one, are again
close to those using the exponential fit. What is even more
surprising, the values of Φ

2
for the power law fit using 𝜁(|s|)

are systematically closer to the exponential fit using 2D 𝜁(s)
than to the exponential fit using 𝜁(|s|). The Gaussian fit yields
very different Φ

2
, while the value of 𝜎 is comparable with

the others. The direct spectral analysis of the raw correlator
data again yields the worst physical results and changes from

run to run; these results are not even worth listing. The
spectral analysis of the correlation function averaged over
ten runs worked slightly better than the Gaussian fit. The
difference between results obtained using different fitting
functions once again illustrates the uncertainty in comparing
computational and experimental data to theoretical results.
One should have at least some information about the shape
of the “true” correlation function.

4. Experimental Consequences

The main conclusion from the previous sections is that
the difficulties that we experience trying to identify the
correlation function for the actualmirror are exactly the same
as in our numerical experiments. Our extensive numerical
data show that the best way of identification seems to be
the averaging over several samples in combination with the
graphical and numerical analysis of the peak area without
much reliance on the overall standard deviation 𝜎. We do not
recommend putting the discrete raw correlation data directly
into equations for the observables.

Our reluctant conclusion from the analysis of experimen-
tal data on the roughness of the actual mirror in Section 2 is
that its roughness correlation function is close to the isotropic
exponential function (8) with the amplitude 𝜂 = 1.02 and
the correlation radius 𝑟 = 0.65. This yields the value of
Φ

2
≈ 5.22 × 10

3.The uncertainty in parameters is about 10%
because of the presence of bad points in the data sets, residual
anisotropy, and, most of all, difference in values between the
patches.

Knowing the value of Φ
2
we can predict the exit neutron

count in experiment with thismirror. Luckily, the uncertainty
in Φ
2
in this range of values, in contrast to smaller Φ in
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Figure 4: The exit neutron count 𝑁
𝑒
/𝑁

0
as a function of the slit

width ℎ for several values ofΦ
2
close to 5×103 (𝑁

0
is the number of

neutrons entering the slit in each quantum state). Eight curves from
left to right correspond to Φ

2
× 10

−3
= 1; 2; 3; 4; 5; 6; 7; 8; neutron

count decreases with increasing Φ
2
.

[37, 43, 44], does not affect the dependence of the exit
neutron count on the slit width much (see Figure 4). Eight
curves in the figure correspond to the dependence of the exit
neutron count 𝑁/𝑁

0
on the slit width ℎ for Φ

2
× 10

−3
=

1; 2; 3; 4; 5; 6; 7; 8 (𝑁
0
is the number of neutrons in each state

entering the slit). All curves in Figure 4 demonstrate the well
pronounced predicted quantum steps which is a very good
news for the ongoing experiment.

There are factors that might limit the accuracy of this
prediction. On the theoretical side, the value of the average
amplitude of roughness 𝜂 is too large considering the main
theoretical assumption 𝜂 ≪ 𝑟, ℎ. Also, there is still some
uncertainty in the correlation parameters.

From the point of view of experiment, a large value of 𝜂
is also not very good. It results in a noticeable broadening of
the levels and in inability to measure precisely the height of
the reference plane and, therefore, the width of the slit. The
latter factor leads to uncertainty in the values of quantized
energy levels thus limiting the use of the setup for precision
measurements of fundamental forces.

In addition, both theory and experiment require better
information on the distribution of neutrons entering the slit
over the quantum states.

5. An Alternative Design: Ising Mirror

Many of the sources of errors mentioned above disappear if
one uses an alternative mirror design based on the 1D Ising
model described in Section 3. In essence, we are proposing to
make the rough mirror like an interferometric grating with
trenches of constant depth but with randomly varying widths
and separations [36]. Such an Ising grating can be easily
generated computationally as it is done in Section 3. Since the
characteristic length is macroscopic, 𝑙

0
= ℏ

2/3
(2𝑚

2
𝑔)

−1/3

∼

5.871 𝜇m, the generated pattern can then be transferred to the
mirror surface.

0.2
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0.0
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−0.2

0 10 20 30 40 50

Mirror

Beam

Figure 5: A fragment of the proposed rough upper mirror based on
Monte Carlo simulations (106 cycles) for the 1D Ising model with
𝐽/𝑘𝑇 ≈ 0.7. Thick red line is the surface profile and dark bars are
the “Ising spins.” Mirror material is above the red line (the filled
area). The amplitude of roughness 𝜂 = 0.2, the correlation radius
𝑟 = 2, and the value of Φ

1
≈ 43.5. Both axes are in units of

𝑙

0
= ℏ

2/3
(2𝑚

2
𝑔)

−1/3

∼ 5.871 𝜇m. The vertical scale is about 100
times smaller than the horizontal one.The value of 𝜂 can be changed
simply by rescaling the vertical axis.

An element of such a mirror is plotted in Figure 5.
The thick (red) line shows the surface of the mirror (since
this is an upper mirror for a GRANIT-like experiment, the
mirror material is above the red line and the neutron beam is
propagating below it). The dark rectangles of the width ℓ

0
are

the “Ising spins.” Both axes are measured in units of ℓ
0
, but

the vertical scale is about 100 times larger than the horizontal
one and the roughness is actually very mild.

Since the real mirror is continuous in contrast to the
discrete Ising model, the roughness correlation function
coincides with the Ising exponent (11) only in the integer
points and is slightly different elsewhere:

𝜁 (𝑥) = 𝜂

2
[exp (−⌊𝑥⌋

𝑟

) + (𝑥 − ⌊𝑥⌋)

× (exp (−⌈𝑥⌉
𝑟

) − exp (−⌊𝑥⌋
𝑟

))] .

(12)

The neutron count predictor Φ
1
for the correlation function

(12) can be calculated only numerically. It differs from the
one for a purely exponential function by not more than 5%.
The values of Φ

1
with 𝑟 = 2 and 𝜂 = 0.2 ÷ 0.4 are in the

42.5 ÷ 170 range with the original waveguide parameters and
in the 30.3 ÷ 121.5 range with the new ones. Because the
amplitude of roughness is quite small, these values are much
smaller than the ones in Figure 4 and the quantum steps are
less pronounced (Figure 6).

Most of the factors, which are listed in the previous
section as affecting the accuracy, disappear for this design.
The width of the slit can be easily measured and the energy
levels are much better defined. The design is easily scalable
in both vertical and horizontal directions and creates a well-
controlled environment.
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Figure 6: Predicted exit neutron count 𝑁(ℎ)/𝑁
0
for the mirror

similar to the one in Figure 5 with roughness generated usingMonte
Carlo simulations for the 1D Isingmodel.The roughness amplitudes
are 𝜂 = 0.3 (red) and 𝜂 = 0.4 (blue) and the correlation radius 𝑟 = 2.
One can make steps more pronounced by further increasing 𝜂.

6. Summary and Conclusions

In summary, we analyzed roughness of the roughmirror built
as a gravitational quantum state selector for a new cycle of
GRANIT experiments. We extracted the correlation parame-
ters of this mirror which are important for determining its
scattering properties. The straightforward identification of
the correlation function 𝜁(q) was impossible because of the
unavoidable fluctuations associated with the finite sizes of the
samples. All reasonable fitting functions 𝜁fit exhibited more
or less the same statistical quality of the fit 𝜎, (7) but led to
considerably different predictions for the observables.

Independently, we performed a series of numerical exper-
iments aimed at identification of the correlation function
extracted by the same techniques as used for the actual
mirror from computationally generated rough surfaces with
predetermined 𝜁(q). Remarkably, the difficulties in the iden-
tification of the correlation functions in our numerical
experiments were the same as we experienced with the real
rough mirror and were associated with similar fluctuation-
driven fat tails. However, since in numerical experiments we
knew the true correlation functions, we were able to hone our
identification techniques.

In our numerical experiments we also tried avoiding the
use of fitting functions by inputting the spectral decom-
position of extracted raw correlation data directly into the
equations for the observables. This option turned out to be
marginally acceptable for 1D rough surfaces and did not work
at all for 2D surfaces. Our main conclusion here is that the
direct use of the raw correlation data is worse than the careful
analysis of the fitting functions.

The results of our numerical experiments led us to believe
that the proper identification of 𝜁(q) required, in addition to
measuring the statistical quality of the fittings 𝜎, averaging of
the correlation functions extracted from several independent
samples plus graphical and numerical analysis of the averaged
correlator in the peak area. Based on this experience, we

identified the correlation function for the actual mirror
as an exponential one and obtained its parameters. This
information allowed us to predict the exit neutron count for
new GRANIT experiments utilizing this rough mirror as a
function of the distance between the flat and rough mirrors.
The predicted neutron count exhibited well-formed quantum
steps which would allow us to use the setup for planned
measurements of fundamental forces.

We also propose a radically new design for rough
mirrors—what we called the Ising mirrors—for use as state
selectors. The design is based on the Monte Carlo simulation
of a 1D random pattern based on the 1D Ising model which
is then transferred as a grating onto the actual mirror.
Such transfer is feasible when the characteristic length is
macroscopic as it is for the gravitational quantum state of
neutrons in GRANIT experiments (about 6𝜇m). Such Ising
mirror should look like an interference grating of straight
1D trenches of the same depths but with randomly varying
widths and separations. Since the correlation function for
such a randomsurface is known, one can easily get the reliable
predictors for the observables which depend on scattering
parameters. In addition, the environment is much better
controllable than for usual rough mirrors for which the
random variations in profile heights from point to point
makes it extremely difficult, if not impossible, to determine
the reference plane and accurately measure the height of the
mirror.
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We apply our general theory of transport in systems with random rough boundaries to gravitationally quantized ultracold neutrons
in rough waveguides as in GRANIT experiments (ILL, Grenoble). We consider waveguides with roughness in both two and one
dimensions (2D and 1D). In the biased diffusion approximation the depletion times for the gravitational quantum states can be easily
expressed via each other irrespective of the system parameters. The calculation of the exit neutron count reduces to evaluation of a
single constant which contains a complicated integral of the correlation function of surface roughness. In the case of 1D roughness
(random grating) this constant is calculated analytically for common types of the correlation functions. The results obey simple
scaling relations which are slightly different in 1D and 2D. We predict the exit neutron count for the new GRANIT cell.

1. Introduction

One of the most interesting recent achievements in neutron
physics is a series of GRANIT [1–4] and GRANIT-inspired
[5–7] experiments aimed at detection of quantization of neu-
tron motion by the Earth gravitational field. The experiment
hinges on sending a beam of ultracold neutrons between
rough and flat mirrors. The rough mirror scatters away
and, eventually, absorbs the neutrons in higher gravitational
quantum states leaving only the particles in the lowest states
which reach the neutron counter. The observation of these
quantized ultralow energy levels in the peV range opens a
door to using neutrons for probing weak fundamental forces.
Success of these experiments stimulates similar proposals for
studying atomic and antimatter beams [8–13].

Another potential application area is the use of such
experiment as a test for a quantum transport theory in
systems with random rough boundaries (see, for example,
[14–23]; a brief review of relevant theoretical methods can be
found in the beginning of [24]). The neutrons are sensitive
only to geometrical and statistical properties of random
surface inhomogeneities and their behavior in the rough

waveguide can serve as a perfect application of our transport
theory including a model-free description of the GRANIT
experiments which is themain goal of this paper. Some of our
earlier results for a neutron waveguide with 1D roughness (a
mirror with random grating) can be found in [25, 26].

2. General Equations

Recently we developed a consistent perturbative approach
to quantum transport along rough surfaces [24]. Within
our approach, the roughness-driven transition probabilities
𝑊

𝑗𝑗
(q − q) between the states (𝑗, q) → (𝑗


, q) decouple

into a product of the Fourier image of the correlation
function of surface roughness 𝜁(q − q) and the boundary
values of the wave functions in the absence of roughness
(q is the particle momentum along the surface; 𝑗, 𝑗 are
the quantum numbers describing the spatial quantization
for confined motion perpendicular to the walls). In essence,
the correlation function of surface roughness plays the role
similar to the impurity cross-section for transport in systems
with bulk impurities.
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In the case of neutron beams propagating between one
rough mirror and one flat mirror, the transition probabilities
have the form

𝑊

𝑗𝑗
 (q, q) = 𝜁 (q − q)𝑈2

𝑐
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𝑗 (
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,
(1)

where Ψ
𝑗
(𝐻) is the value of the wave function in quantum

state 𝑗 on the mirror in the absence of roughness and 𝑈

𝑐
is

the neutron absorption barrier for the mirror material. If the
absorption barrier is very high, 𝑈

𝑐
→ ∞ (1) becomes
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The wave functions Ψ
𝑗
and the gravitational quantum states

𝜖

𝑗q of neutrons between two horizontal mirrors are described
in detail in [25, 27]. The transition probabilities 𝑊

𝑗𝑗
(q, q)

determine the collision operator in the transport equation
which in this case is a set of coupled Boltzmann-like equa-
tions for the distribution functions 𝑛

𝑗q:

𝜕

𝑡
𝑛

𝑗q = 2𝜋∑

𝑗


∫𝑊
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 (q, q)

× [𝑛

𝑗
q − 𝑛𝑗q] 𝛿 (𝜖𝑗q − 𝜖𝑗q)
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(2𝜋ℏ)

2
.

(3)

The contribution from transitions to the states within contin-
uous spectrum above the absorption threshold 𝑈

𝑐
, for which

there are no reverse processes, is negligible [25]. Integration
with the energy 𝛿-function in (3) reduces these equations in
the relaxation time approximation 𝑛

𝑗q(q) = 𝛿(𝑞 − 𝑞

𝑗
)𝑁

𝑗
to
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(4)

where 𝑞2
𝑗
/2𝑚 = 𝐸 − 𝜖

𝑗
and 𝜃 is the angle between q

𝑗
and q

𝑗
 .

We use the dimensionless variables, which are common
to the field (for details see [25]). All distances are measured
in units of 𝑙

0
, where 𝑙

0
= ℏ

2/3
(2𝑚

2
𝑔)

−1/3

∼ 5.871 𝜇m is the
size of the lowest quantum state for neutrons in the infinite
gravitational trap (open geometry without an upper mirror).
The dimensionless distance between the mirrors ℎ = 𝐻/𝑙

0
in

experiment typically does not go down below 2. The average
amplitude and the correlation radius of surface roughness
𝜂 = ℓ/𝑙

0
and 𝑟 = 𝑅/𝑙

0
are usually within the 0.1 ÷ 1

range. The energies are scaled by 𝑒
0
= 𝑚𝑔𝑙

0
∼ 0.602 peV∼

9.6366 × 10

−32 J which is the energy of a neutron in the
lowest gravitational quantum state. The quantized levels in
the gravity field 𝜆

𝑗
(ℎ) = 𝜖

𝑗
(𝐻)/𝑒

0
start from about 2. In

these units, the typical kinetic energy of particles in the beam
𝜀 = 𝐸/𝑒

0
and the absorption threshold 𝑢

𝑐
= 𝑈

𝑐
/𝑒

0
are very

large, 𝜀, 𝑢
𝑐
∼ 10

5, and low gravitational states 𝜆
𝑗
≪ 𝜀 are not

sensitive to the behavior of the potential near the absorption
threshold 𝑢

𝑐
. Velocities (momenta) along the wall V

𝑗
in the

beam direction 𝑥 are measured in units of V
0
= √2𝑔𝑙

0
=

ℏ/𝑚𝑙

0
∼ 1.073 × 10

−2m/s, 𝛽
𝑗
= V
𝑗
/V
0
= √𝜀 − 𝜆𝑗

≡ 𝑞

𝑗
𝑙

0
.

The characteristic times can be measured in units of 𝜏
0
,

1

𝜏

0

=

√
2𝜋

4𝑚

ℏ

𝑙

2

0

≈ 1148.7 s−1, (5)

which provides the scale for the oscillation frequency of
neutrons in the gravitational well. In the original GRANIT
cell [1–3] 𝑢

𝑐
/𝜀 ∼ 0.16 and the time of flight of neutrons

through the cell 𝑡
𝐿
is 𝑡
𝐿
/𝜏

0
≃ 23. In the new cell [28] 𝑢

𝑐
∼ 𝜀

and 𝑡
𝐿
/𝜏

0
≃ 26.

Diffusion of neutrons between discrete states 𝑗 has a
strong directional bias upward, towards higher states [25].
The bias is explained by the rapid growth of the boundary
values of the product of wave functions in (1) and (2) with
increasing 𝑗 and 𝑗 (roughly, as 𝑗2𝑗2).This increase in the rate
of jumps 𝑗 → 𝑗

 is checked by the decay of the correlation
function 𝜁(|q

𝑗
− q
𝑗
 |) at large |q

𝑗
− q
𝑗
 | which is determined

by the value of the correlation radius 𝑅, |q
𝑗
− q
𝑗
 | ≲ 1/𝑅. In

the end, the transition rates 𝑗 → 𝑗

 represent, as a function
of 𝑗, a relatively narrow peak around some 𝑗

1
≫ 𝑗.

This strong upward bias has two consequences. First,
almost all the time 𝜏

𝑗
necessary for a neutron, which is

initially in a low gravitational state 𝑗, to go up in states and
disappear over the absorption barrier 𝑢

𝑐
, is spent on the first

transition upwards. Further transitions to higher and higher
states are going faster and faster. And second, this bias allows
one to neglect the return of particles back to the lowest states.
This results in decoupling of (4):
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𝑡
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𝑗
= −
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Since the high narrow peak for transitions rates 𝑗 → 𝑗

 is
centered around some 𝑗

1
≫ 𝑗, the absorption times 𝜏

𝑗
for

neutrons that initially occupy low gravitational states 𝑗 differ
from each other, according to (1), only by the values of the
wave functions on the rough mirror Ψ2

𝑗
(𝐻),

1

𝜏

𝑗

=

𝑏

𝑗

𝑏

1

1

𝜏

1

, 𝑏

𝑗
=

10

5
𝑙

0
Ψ

2

𝑗
(𝐻)

2

, (7)

where 𝜏

1
is the depletion time for the first—the lowest—

gravitational state, and the coefficient 105 is inserted purely
for the computational convenience. The ratios 𝜏

𝑗
(ℎ)/𝜏

1
(ℎ)

(7) are plotted in Figure 1 for 𝑗 = 2; 3; 4; 5 as a function of
the distance between the mirrors ℎ. Note that these ratios
𝜏

𝑗
/𝜏

1
in the biased diffusion approximation are the same for

1D and 2D roughness and do not depend on the roughness
parameters at all. Though all the depletion times 𝜏

𝑗
rapidly

decrease with decreasing ℎ (see below), the ratios 𝜏
𝑗
(ℎ)/𝜏

1
(ℎ)

are increasing.
In [29, 30] the linewidths 1/𝜏

𝑗
were considered as inde-

pendent fitting parameters. Equation (7) shows that these 𝜏
𝑗

are not independent and are trivially related to each other.
In the next two sections we calculate these 𝜏

𝑗
and express
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1
(ℎ) (7) for the lowest quantum levels

𝑗 = 2; 3; 4; 5 as a function of the slit width ℎ. The curves are marked
by the values of 𝑗. These functions are the same for 1D and 2D
roughness and in the biased diffusion approximation do not depend
on the roughness parameters.

them via the parameters of the correlation function of surface
roughness.

The fact that the depletion times 𝜏

𝑗
can be relatively

close to each other illustrates the difficulty in observing the
stepwise dependence of the exit neutron count𝑁

𝑒
on ℎ,

𝑁

𝑒
= ∑𝑁

𝑗
= ∑𝑁

𝑗
(0) exp( −𝐿

V
𝑗
𝜏

𝑗

) , (8)

where𝑁
𝑗
(0) is the number of neutrons in state 𝑗 entering the

waveguide of length 𝐿. For the lowest gravitational states the
velocities V

𝑗
are more or less the same, V

𝑗
≈ V
0
√𝜀, and the exit

neutron count is

𝑁

𝑒
= ∑𝑁

𝑗
(0) exp(

−𝑡

𝐿

𝜏

𝑗

) ≡ ∑𝑁

𝑗
(0) exp (−Φ𝑏

𝑗
) , (9)

Φ =

𝑡

𝐿

𝑏

1
(ℎ) 𝜏

1
(ℎ)

. (10)

If all the states in front of thewaveguide are equally populated,
𝑁

𝑗
(0) = 𝑁

0
(9) becomes

𝑁

𝑒
(ℎ)

𝑁

0

= ∑ exp (−Φ𝑏
𝑗
(ℎ)) (11)

and all parameters of the experimental setup collapse into the
single constantΦ (or 𝜏

1
). What makesΦ the most important

parameter in the problem, technically more important than
even 𝜏

1
, is that it does not depend on the waveguide width ℎ

while the relaxation time 𝜏
1
is inversely proportional to 𝑏

1
(ℎ).

ConstantΦ is obviously different for waveguides with 1D and
2D roughness,Φ

1
andΦ

2
, and these two situations should be

considered separately.
The value of the dimensionless constant Φ depends on

the properties of the waveguide, but the moment we calculate
Φ we know the dependence of the exit neutron count on
the waveguide width ℎ, Figure 2, irrespective of the origin of
these particular values of Φ.
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Figure 2: The dependence of the exit neutron count 𝑁
𝑒
/𝑁

0
(11)

on the waveguide width ℎ for different values of Φ. The curves are
marked by the values of Φ. The experimental data are fitted to the
curve with Φ = 23.5 which corresponds to 1D Gaussian roughness
with 𝜂 = 0.19 and 𝑟 = 1.19.

In Figure 2 taken from [26] we plot the exit neutron
count 𝑁

𝑒
(ℎ)/𝑁

0
(11) for several values of Φ. The noticeable

quantum steps on the curves start appearing for Φ > 40.
These steps correspond to distinct consecutive depletions of
the gravitational quantum states; at lower Φ the depletion
processes overlap.The experimental data from [1–4] are fitted
to the curve with Φ = 23.5 which assumes 1D Gaussian
roughness with 𝜂 = 0.19 and 𝑟 = 1.19 (see below).
The fitting parameters are the number of neutrons entering
the waveguide 𝑁

0
and, to a lesser degree, the width of the

waveguide which cannot be measured precisely.This is much
smaller than the set of fitting parameters used in [29, 30].The
quality of the fit is reasonably good taking into account that
in earlier experiments [1–4] the absolute value of the width
of the rough waveguide ℎ could not be measured with an
accuracy better than 10% and that the correlation function of
surface roughness and the distribution of neutrons entering
the waveguide𝑁

𝑗
(0) have not been measured at all.

The only remaining task is to calculate 𝜏
1
,

1

𝜏

1

= 𝑚∑

𝑗

>1

∫

𝑑𝜃

2𝜋

𝑊

1𝑗
 (











q
1
− q
𝑗












) , (12)

and, by extension, the dimensionless parameter Φ (10).

3. Waveguides with 1D Roughness

We start from waveguides with 1D roughness for which most
of the calculations can be carried out analytically. Towards
the end of the paper we will mention why 1D roughness
is important though the existing rough mirrors exhibit 2D
roughness [31].

It is more convenient to start not from (12) but from
(6). 1D roughness is a random grating perpendicular to
the direction of the beam and the 2D momentum both
before and after scattering has only one component 𝑝 along
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the beam, q = (𝑝, 0).The transition probabilities𝑊
𝑗𝑗
 and the

distribution function have the form

𝑊

𝑗𝑗
 (q, q) = 𝛿 (𝑞 − 𝑞


)𝑊

𝑗𝑗
 (𝑝, 𝑝


) , (13)

𝑛

𝑗 (
q) = (2𝜋)

2

𝐿

𝑝
𝐿

𝑞

𝛿 (𝑞) 𝛿 (𝑝 − 𝑝

𝑗
)𝑁

𝑗
, (14)

where𝑁
𝑗
is the number of particles in state 𝑗 per unit length

of the beam and 𝑝
𝑗
=
√
𝐸 − 𝜖

𝑗
, and 𝐸 is the overall energy of

the neutrons. Then (6) reduce to

𝜕

𝑡
𝑁

𝑗
= −

𝑁

𝑗

𝜏

𝑗

,

1

𝜏

𝑗

= ∑

𝑗

>𝑗

𝑊

𝑗𝑗
 (𝑝
𝑗
− 𝑝

𝑗
)

V
𝑗


. (15)

In our dimensionless variables the scattering probabilities
(1) and (13) in (15) obtain the form

1

𝜏

𝑗

=

1

𝜏

0

∑

𝑗

>𝑗

𝑤

𝑗𝑗
 (𝑝
𝑗
− 𝑝

𝑗
)

V
𝑗


, (16)

𝑤

𝑗𝑗
 =

4 × 10

−10
𝑢

2

𝑐
𝜂

2
𝑟𝜓

1
(𝑦

𝑗𝑗
) 𝑏
𝑗
𝑏

𝑗


𝛽

𝑗

,
(17)

𝑦

𝑗𝑗
 = 𝑟 (𝛽

𝑗
− 𝛽

𝑗
) , (18)

where 𝜓
1
stands for the dimensionless part of the Fourier

image of 1D correlation function of surface roughness:

𝜁

1
(𝑝

𝑗
− 𝑝

𝑗
) =

√
2𝜋𝑙

3

0
𝜂

2
𝑟𝜓

1
(𝑦

𝑗𝑗
) (19)

the lower index 1 indicates that this equation describes the
case of 1D roughness.

Since the transition rate 𝑗 → 𝑗

 rapidly increases with
increasing 𝑗, only the terms with large 𝑗 make a noticeable
contribution to the sum (16) which can be replaced by the
integration:

𝜏

0

𝜏

1

= 2 × 10

−5
𝑢

2

𝑐
(

𝜂

2

𝑟

2
)𝑏

1
(ℎ) 𝐹

1
(𝑟, ℎ) , (20)

𝐹

1
(𝑟, ℎ) = 2 × 10

−5
𝑟

3
𝜀

−1/2
∑𝑏

𝑗
𝜓

1
(𝑦

1𝑗
)

=

2𝑟

3
𝜀

𝜋𝑢

𝑐

∫

1

0

𝑑𝑧 ⋅ 𝑧

2
𝜓

1
(𝑦) ,

(21)

𝑦 = 𝑟𝜀

1/2
(1 −

√

1 − 𝑧

2
) . (22)

In these notations our main parameter Φ
1
obtains a very

simple form:

Φ

1
= 𝐴

1
𝜂

2
𝑟 ∫

1

0

𝑑𝑧 ⋅ 𝑧

2
𝜓

1
(𝑦) , (23)

𝐴

1
=

4 × 10

−5

𝜋

𝑡

𝐿

𝜏

0

𝜀

𝑢

𝑐

, (24)

and the problem reduces to the integrations (21) and (23) of
the correlation functions of various functional forms.

If, as it is often assumed, the correlation function is
Gaussian, 𝜁

1
(𝑥/𝑟) = 𝑙

2

0
𝜂

2 exp(−𝑥2/2𝑟2), its Fourier image is
also Gaussian, 𝜓

1
(𝑦) = exp(−𝑦2/2) and

Φ

1

𝐴

1
𝜂

2
=

1

3√𝑟

(

8

𝜀

)

3/4

Γ (

7

4

) . (25)

This equation has been used in [26] when fitting the experi-
mental data from [1–4] (see Figure 2). The only information
we have about the mirror roughness in those earlier exper-
iments is that the average lateral size of inhomogeneities is
of the order 1.19 and the average amplitude is approximately
0.119. Assuming that these numbers give the values of 𝑟 and 𝜂
and that we are dealing with the 1D Gaussian roughness, (25)
yieldsΦ

1
∼ 23.5.This value is used in the fit in Figure 1. Since

these assumptions are somewhat arbitrary, the quality of the
fit is actually much better than one might expect with all the
uncertainties.

The Fourier image of a power law correlation function,

𝜁

1
(

𝑥

𝑟

) = 𝑙

2

0
𝜂

2 2𝜇

(1 + 𝑥

2
/𝑟

2
)

1+𝜇
, (26)

behaves like an exponential function:

𝜓

1
(𝑦) =

𝑦

𝜇
𝐾

𝜇
(𝑦)

2

𝜇−1
Γ (𝜇)

, (27)

Φ

1

𝐴

1
𝜂

2
= √

𝜋

𝑟

𝜀

−3/4
2

1−𝜇
𝜇. (28)

In the opposite case, when the power spectrum of
roughness 𝜓

1
(𝑦) is given by a power law function,

𝜓

1
(𝑦) =

1

(1 + 𝑦

2
)

1+𝜆
, (29)

the correlation function itself behaves exponentially:

𝜁

1
(

𝑥

𝑟

) =

𝑙

2

0
𝜂

2
(𝑥/𝑟)

𝜆
𝐾

𝜆
(𝑥/𝑟)

2

𝜆
Γ (1 + 𝜆)

(30)

and the constant Φ
1
has the form

Φ

1

𝐴

1
𝜂

2
=

1

3√𝑟

(

4

𝜀

)

3/4
Γ (𝜆 + 1/4)

Γ (𝜆 + 1)

. (31)

The purely exponential correlation functions in configu-
ration or momentum spaces emerge from (30) or (27) when
𝜆 = 1/2 or 𝜇 = 1/2 :

exp (−𝑠) = √

2𝑠

𝜋

𝐾

1/2
(𝑠) .

(32)

The parameter Φ

1
and the relaxation times 𝜏

𝑗
exhibit a

universal dependence on the amplitude 𝜂 and the correlation
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Figure 3: The inverse depletion times 1/𝜏
𝑗
for the lowest gravita-

tional states 𝑗 = 1; 2; 3; 4; 5 for a waveguide with 1D exponential
roughness with 𝜂 = 𝑟 = 1. The curves are marked by the values
of 𝑗. The vertical scale is in kHz. Equation (33) extends the results to
other values of 𝜂 and 𝑟.

radius 𝑟 of the surface roughness and on the overall kinetic
energy of particles in the beam 𝜀:

Φ

1
,

1

𝜏

𝑗

∝

𝜂

2

𝑟

1/2
𝜀

3/4
. (33)

This scaling is precise only at 𝑢
𝑐
→ ∞. For finite 𝑢

𝑐
the

powers of 𝑟 and 𝜀 are slightly different (e.g., at 𝑢
𝑐
≈ 10

5 the
scaling for the exponential correlator is 𝑟−0.493).

These equations allow one to find the depletion times 𝜏
𝑗

for each gravitational state, (7) and (10). Figure 3 presents
inverse depletion times 1/𝜏

𝑗
(ℎ) in kHz for 𝑗 = 1; 2; 3; 4; 5

in a waveguide with exponential roughness 𝜂 = 𝑟 = 1, (31)
and (32).The values of the neutron velocity and time of flight
entering 𝐴

1
(24) correspond to the original GRANIT cell [1–

4]: 𝑡
𝐿
/𝜏

0
≈ 23, 𝑢

𝑐
/𝜀 ≈ 0.16. The scaling (33) allows one to get

1/𝜏

𝑗
for other values of 𝜂, 𝑟. The depletion becomes faster or

slower depending on the value of 𝜂−2𝑟1/2.
The depletion times 𝜏

𝑗
determine both the disappearance

of neutrons and broadening of the gravitational energy states
𝜖

𝑗
+ 𝑖ℏ/𝜏

𝑗
(ℎ) with decreasing width of the waveguide ℎ. The

broadening of the state 𝑗 increases dramatically and rapidly
reaches the separation between the states after the width
ℎ becomes smaller than some critical value ℎ

𝑗
. Below ℎ

𝑗

the gravitational state 𝜖
𝑗
looses its discrete quantum nature;

this happens simultaneously with depletion of the neutron
population of this state.

4. Waveguides with 2D Roughness

In contrast to systems with 1D roughness, most of the
calculations in 2D cases can be done only numerically. We
start from (12) which in our notations acquires the form
similar to (20):

𝜏

0

𝜏

1

= 2 × 10

−5
𝑢

2

𝑐
(

𝜂

2

𝑟

2
)𝑏

1
𝐹

2
(𝑟, ℎ) , (34)

where

𝐹

2
(𝑟, ℎ) = 10

−5
√

2

𝜋

𝑟

4
∑𝑏

𝑗
𝜓

(0)

2
(𝑄

1
, 𝑄

𝑗
) ,

𝑄

𝑗
= 𝑞

𝑗
𝑟, 𝑞

𝑗
= √𝜀 − 𝜆

𝑗
.

(35)

After replacing the summation by the integration, we get
equations similar to (23) and (24):

Φ

2
= 𝐴

2
𝜂

2
𝑟

2
∫

1

0

𝑑𝑧 ⋅ 𝑧

2
𝜓

(0)

2
(𝑦

1
, 𝑦) , (36)

𝑦

1
= 𝑟𝜀

1/2
, 𝑦 = 𝑟𝜀

1/2
√

1 − 𝑧

2 (37)

𝐴

2
= 10

−5
(

2

𝜋

)

3/2
𝑡

𝐿

𝜏

0

𝑢

𝑐
𝜀

3/2
. (38)

The calculation of the zeroth angular harmonic of the 2D
correlation function in momentum space 𝜓(0)

2
can be done

analytically [32] for the Gaussian

𝜓

(0)

2
(𝑄,𝑄


) = 4𝜋𝑒

−𝑄𝑄


𝐼

0
(𝑄𝑄


) 𝑒

−(𝑄−𝑄

)
2

/2 (39)

and exponential

𝜓

(0)

2
(𝑄,𝑄


) =

8𝐸 (Ω)

[1 + (𝑄 − 𝑄


)

2
]
√
1 + (𝑄 + 𝑄


)

2

,

Ω = 2√

𝑄𝑄



[1 + (𝑄 + 𝑄


)

2
]

,

(40)

correlation functions. Even in these cases all further calcula-
tions should be done numerically.

In contrast to the earlier experiments, the roughness
correlation function for the ongoingGRANIT experiments in
a new cell has been measured [31]. This correlation function
is very close to the isotropic 2D exponential function with
the correlation radius 𝑟 = 0.65 and amplitude 𝜂 = 1.02

while the time of flight 𝑡
𝐿
/𝜏

0
≃ 26. This roughness yields

Φ

2
= 5.22 × 10

3. The numerical examples below assume
this setup. Our results for other correlation functions can be
found in [31] in which we discuss the identification of the
correlation function for the new rough mirror.

As in the case of 1D roughness, both Φ and 1/𝜏
𝑗
remain

proportional to 𝜂2. This scaling is obvious. The dependence
on the correlation radius is more elusive and we cannot get
an analytical expression similar to (33). The reason is the
presence of 𝑟𝜀1/2 in the argument of𝜓(0)

2
(40) in the integrand

in (36). Our numerical data show that the scaling for 𝑟 > 0.3

remains similar to (33):

Φ,

1

𝜏

𝑗

∝ 𝜂

2
𝑟

𝛾
𝜀

𝛿
. (41)

At 𝑢
𝑐
→ ∞ the index, 𝛾 = −1/2, the same as in the case of 1D

roughness. The deviation from 𝛾 = −1/2 at finite 𝑢
𝑐
is more

pronounced than in 1D case: at 𝑢
𝑐
= 10

5, as in experiment,
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Figure 4:The same as Figure 3 for 2D exponential roughness in the
new cell.

the index 𝛾 becomes −0.465 instead of −0.493 as in 1D. The
scaling index for energy in the 2D case is obviously different
from (33) because of different dependencies on velocities in
the integrand. Instead of 𝛿 = −3/4 as in (33), we find 𝛿 ≃

−1.165 though, in contrast to 𝛾, the quality of the fit is not
very good.

Figure 4 presents inverse depletion times 1/𝜏
𝑗
(ℎ) in kHz

for 𝑗 = 1; 2; 3; 4; 5 in a waveguide with 2D exponential
roughness 𝜂 = 𝑟 = 1, (34), (36), and (40). The values
of the neutron velocity and time of flight entering 𝐴

2
(38)

correspond to the new GRANIT cell [1–4]: 𝑡
𝐿
/𝜏

0
≈ 26, 𝑢

𝑐
/𝜀 ∼

1. The scaling 𝜂2𝑟𝜇 (41) allows one to get 1/𝜏
𝑗
for other values

of 𝜂, 𝑟.
The critical values of ℎ

𝑗
, below which the depletion

and the broadening of the gravitational state 𝜖
𝑗
(ℎ) explode,

are slightly larger than those for the 1D roughness. This is
explained by the role of the sideway scattering which is absent
in the 1D case. Otherwise, Figures 3 and 4 are similar.

Our prediction for the neutron count 𝑁
𝑒
(ℎ)/𝑁

0
for the

new GRANIT cell with the 2D exponential roughness with
𝜂 = 1.03 and 𝑟 = 0.65 (Φ

2
= 5.22 × 10

3) is given in Figure 5.
The curve exhibits much more pronounced quantum steps
than those in Figure 1. It is worthmentioning that the neutron
count𝑁

𝑒
is much less sensitive to the value ofΦwhenΦ is in

(2 ÷ 8) × 10

3 range than when it is in the range 5 ÷ 40 as in
Figure 1.

The presence of well-developed steps on the curve, which
correspond to consecutive depletion of the gravitational
quantum states, is explained mostly by a relatively large
amplitude of roughness 𝜂, several times bigger than for the
older cell. This large value of the amplitude of roughness 𝜂
presents challenges for both theory and experiment and can
potentially degrade the accuracy of information extracted
from the experimental data. On a theoretical side, the
main assumption of the theory, 𝜂 ≪ 𝑟, ℎ, is violated.
For experiment, the large amplitude of roughness means
that it becomes virtually impossible to accurately measure
the distance between the mirrors ℎ. It also means that the
energy levels become broad and not very well defined even
if one disregards the interlevel transitions. The most likely
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Figure 5: The prediction for the neutron count for the new
waveguidewith 2D exponential roughnesswith parameters 𝑟 = 0.65,
𝜂 = 1.02.

consequence of all these factors would be some smearing of
the steps in comparison to those in Figure 5.

5. Conclusions

In summary, we developed a quantitative theory of prop-
agation of ultracold neutrons through a rough waveguide.
The immediate applications are the ongoing GRANIT exper-
iments at ILL (Grenoble) aimed at analysis of quantization
of neutrons by the gravity field. There are also other exper-
imental groups exploring similar setups. If successful, these
experiments will produce neutrons in well defined ultralow
energy states in the peV range which can be used for precise
measurements of fundamental forces.

We analyzed waveguides with 1D and 2D roughness.
The ratios of the depletion times (line broadenings) in the
biased diffusion approximation were the universal functions
of the waveguide width and did not depend on the waveguide
parameters. All relevant waveguide and roughness parame-
ters collapsed into a single constant (essentially, a linewidth
of the lowest quantum state), which was responsible for the
exit neutron count. This constant strongly depended on the
functional form of the roughness correlation function. We
calculated this constant for various waveguides. In waveg-
uides with 1D roughness the calculations could be carried
out analytically for the most common types of the correlation
functions; the 2D calculations were mostly numerical.

Our results were in good agreement with earlier exper-
imental data despite the lack of experimental informa-
tion about many important parameters. The predicted neu-
tron count for the new experimental setup, for which
the roughness profile was accurately measured, exhibited
well-developed quantum step corresponding to consecutive
depletion of the lower and lower gravitational states. Large
amplitude of roughness in this setup could degrade the
usability of the results. One of the possibleways to circumvent
these difficulties and produce a much more controllable
environment would be the use of a radically new design for a
rough mirror which we called an Ising mirror [31, 33].
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ESS will be a premier neutron source facility. Unprecedented neutron beam intensities are ensured by spallation reactions of
a 5MW, 2.0GeV proton beam impinging on a tungsten target equipped with advanced moderators. The work presented here
aims at investigating possibilities for installing an ultra cold neutron (UCN) source at the ESS. One consequence of using the
recently proposed flat moderators is that they take up less space than the moderators originally foreseen and thus leave more
freedom to design a UCN source, close to the spallation hotspot. One of the options studied is to place a large 4He UCN source
in a through-going tube which penetrates the shielding below the target. First calculations of neutron flux available for UCN
production are given, along with heat-load estimates. It is estimated that the flux can give rise to a UCN production at a rate
of up to 1.5 ⋅ 108 UCN/s. A production in this range potentially allows for a number of UCN experiments to be carried out at
unprecedented precision, including, for example, quantum gravitational spectroscopy with UCNs which rely on high phase-space
density.

1. Introduction

The fundamental physics community has expressed strong
interest to investigate the possibility of installing source of
ultra cold neutrons (UCNs) at the ESS. There are a number
of different ways in which this could be realized. This paper
focuses on the in-pile option, in particular the possibility
that a UCN source could be hosted in a through-going tube
that penetrates the monolith shielding as well as the outer
and inner reflectors. This would allow the UCN converter
to come as close as possible to the spallation region, thereby
subject to the highest possible input neutron flux. In order
not to conflict with the cold/thermal moderators at the
ESS, the tube must pass under the lower moderator. The
study presented here details the impact on the cold/thermal
moderator performance inflicted by the introduction of a
through-going tube and relates this to the location of the
through-going tube. In addition first estimates of the possible
UCN production rate are given.

2. Through-Going Tube in Baseline Design

The possibilities for installing a UCN moderator at the
ESS strongly depend on the layout of the target-moderator-
reflector. In Figure 1, the central parts of the target-
moderator-reflector are shown according to the baseline
design of the Technical Design Report [1]. In this scenario,
voluminous parahydrogen moderators (two cylinders of
16 cm diameter, 13 cm high) are situated on each side of
the target and thus close to the spallation neutron density
hotspot. The introduction of a UCN moderator would have
to stay clear of the two existing moderators, for example,
by placing it in a through-going tube underneath the lower
parahydrogen moderator. As the main focus of the ESS
facility is providing cold and thermal neutrons, it is essential
when altering the baseline design to monitor the perfor-
mance impact on the cold/thermal neutrons available in the
instruments beamlines. Therefore, a study was carried out
monitoring the flux available for UCN moderation versus
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Figure 1: Vertical (a) and horizontal (b) cross-section of the target-moderator-reflector geometry in the Technical Design Report [1].

(a)

(b) (c)

Figure 2: Geometry of the target, moderator, and reflector showing the UCN through-going tube (white areas in upper and lower left-hand
inserts) placed at 𝑦 = −47.5 cm (central), corresponding to the topmost of the studied geometries. The blue stars in the lower right-hand
insert show the position of the lower point detectors. Note that the 𝑥𝑧-plane (lower right-hand insert) is cut at 𝑦 = −18 cm; wherefore the
UCN tube is not visible.

the impact on neutron flux in the cold/thermal beamlines—
for different vertical positions of the through-going tube.

3. Simulation Setup

Based on the baseline MCNPX [2, 3] model used for the
neutronics calculations of the ESS Technical Design Report
(TDR) [1], a 25 cm × 25 cm tube is defined. To avoid the for-
ward directed high energy shower particles from the proton
beam impacting the target wheel, while obtaining maximal
thermal flux, the tube is centered around and parallel to the
𝑥-axis (i.e., perpendicular to the proton beam). The tube
is centered at 𝑧 = 0 while the 𝑦 coordinate (the “depth”
under the proton beam) is left free and various possibilities
are studied: 𝑦 ∈ [−47.5; −62.5] cm (central in tube) (the
coordinate system used at the ESS is right-handed, with

the protons travelling along the z-axis, impacting the target
in the origin; the y-axis is positive upwards (i.e., opposite
gravity)). Figure 2 shows an example in which the void
volume (the UCN through-going tube) replaces parts of the
beryllium inner reflector (red) but more severely impacts the
outer reflector (orange).

To measure the possible impact on cold/thermal beam-
lines, eight representative point detectors are placed in the
beam-ports at the boundary of the target-moderator-reflector
(TMR) plug, corresponding to the blue stars on the lower
right insert of Figure 2.

4. Results

Comparing flux ratios betweenmodified (i.e., includingUCN
tube) and baseline design in the three energy bins (cold,
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Table 1: Heat-load on cryogenic 4He and integrated cold/intermediate/thermal flux for the ESS implementation of Golub’s UCN design
discussed in the text and shown in Figure 4. The relative statistical uncertainties are ∼0.1%.

Heat-load Flux [0–5]meV Flux [5–20]meV Flux [20–100]meV
[mW/cm3

] [n/cm2/s] [n/cm2/s] [n/cm2/s]
2.5 3.8 ⋅ 1012 9.0 ⋅ 1012 1.8 ⋅ 1012
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Figure 3: Relation between cold, intermediate, and thermal flux
in the lower cold/thermal beamlines versus the flux available for
UCN, central in the through-going tube. The black curve shows the
(unweighted) average between the cold, intermediate, and thermal
curves. Each point corresponds to a specific vertical position of the
through-going tube.

intermediate, and thermal) shows that regardless of the
position of through-going tube, the upper beamlines are
unaffected.

Furthermore, the impact is approximately energy inde-
pendent and does not fluctuate significantly between the four
lower tally positions; therefore, the response of all lower tallies
is collapsed to one average for each position of the through-
going tube.

Finally, the relation between the impact in terms of
relative decrease in available cold/thermal flux at the
cold/thermal instruments versus the (central) flux available
for UCN production is shown in Figure 3.

5. Discussion

There are several conclusions to be drawn for Figure 3. First,
one can conclude that with proper design and carefully
chosen distance from other moderators, a UCN moderator
could be installed at the ESS without seriously impacting the
performance of the scattering experiments. Unfortunately,
one can also see from the figure that regardless of position
under the lower parahydrogen moderator, the flux available
for UCN production is very limited.

FePbBi

He

Be

Pb
H

Figure 4: Assuming that all cold/thermal neutron scattering instru-
ments can be served by a single flat moderator on top of the target
wheel, a large 4He source is installed below the target.

Despite these somewhat discouraging conclusions, there
is some reason for hope. Simultaneously to the work pre-
sented here on through-going tube options, work is being
carried out on the design of the cold moderators at the ESS.
From the neutronics group of the ESS it is suggested to use flat
moderator(s) for increased brightness [4, 5]. One feature of a
flatmoderator is that it is only viewed at a small area.Thus the
amount of reflector “removed” per beamline is rather small,
and the number of beamlines viewing a single moderator can
be increasedwith respect to setup outlined in the TDR. In fact
all the 22 foreseen instruments at the ESS can view one single
flat moderator, with insignificant performance loss. Even in
the case where two flat moderators of different heights will
be installed, the reduced height of the moderator could allow
for the installation of a second moderator below the target at
a position favourble in terms of neutron flux (see Figure 3). In
principle this reopens opportunity for installing a moderator
below the target of a completely different type than the upper
flat parahydrogen moderator.

One possibility would be to install a large 4He moderator
close to the spallation target, as initially suggested by Golub
and colleagues more than 30 years ago [6]. Figure 4 shows
an implementation of a UCN source inspired from this early
work.

From this design, the heat-loads and fluxes shown in
Table 1 are obtained from a MCNPX simulation of the
geometry shown in Figure 4.

In [7] Golub and coauthors provide a scheme for cal-
culating maximum UCN production, given an incoming
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cold/thermal spectrum and integrated flux. Inserting the
values of Table 1 and the observed spectrum, one arrives at a
totalmaximalUCNproduction rate in 30 cm× 30 cm× 30 cm
4He to be 1.5 ⋅ 108UCN/s. It should be stressed that this is the
maximum production rate, and it does not take into account
any of the challenges confronted when attempting to store,
extract or handle the UCN’s.
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