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José M. Balthazar, Brazil
Alfonso Banos, Spain
Roberto Baratti, Italy
Abdel-Hakim Bendada, Canada
Rasajit K. Bera, India
Simone Bianco, Italy
Jonathan N. Blakely, USA
Daniela Boso, Italy
Taha Boukhobza, France
Francesco Braghin, Italy
Reyolando M. Brasil, Brazil
Michael J. Brennan, UK
Javier Buldufh, Spain
Salvatore Caddemi, Italy
Jose E. Capilla, Spain
Carlo Cattani, Italy
Marcelo M. Cavalcanti, Brazil
Mohammed Chadli, France
Shuenn-Yih Chang, Taiwan
Ching-Ter Chang, Taiwan
Michael J. Chappell, UK
Kacem Chehdi, France
Kui Fu Chen, China
Xinkai Chen, Japan

Jianbing Chen, China
Xuefeng Chen, China
Chunlin Chen, China
Zhang Chen, China
Singa W. Chiu, Taiwan
Jyh-Hong Chou, Taiwan
Slim Choura, Tunisia
Hung-Yuan Chung, Taiwan
Marcelo J. Colao, Brazil
Carlo Cosentino, Italy
Erik Cuevas, Mexico
Weizhong Dai, USA
Binxiang Dai, China
Purushothaman Damodaran, USA
Farhang Daneshmand, Canada
Swagatam Das, India
Fabio De Angelis, Italy
Filippo de Monte, Italy
Yannis Dimakopoulos, Greece
Baocang Ding, China
Zhengtao Ding, UK
Mohamed Djemai, France
Joao B. R. Do Val, Brazil
Alexandre B. Dolgui, France
Rodrigo W. dos Santos, Brazil
Alexander N. Dudin, Belarus
George S. Dulikravich, USA
Horst Ecker, Austria
Mehmet Onder Efe, Turkey
Karen Egiazarian, Finland
Elmetwally Elabbasy, Egypt
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In recent years, complex logistic processes and supply chains
have been considered to be among the most important
activities in the modern economy and societies, and it is well
known that they are subject to many disturbances such as
rapid shifts in customer demand, changes in orders, trans-
portation congestion, and communications and machine
failures. Obviously, their complexity is becoming increasingly
more difficult to manage due to increasing numbers of
production facilities linked by expanding global networks
of transportation services. There are many different tech-
nologies emerging for helping to improve complex supply
chain logistics, for example, sensor networks, mass data
management, and decentralized control. This special issue
targets active research in logistic processes and supply chains
to provide an up-to-date overview of the research directions
and advanced methods in the field. Of particular interest
are the development of mathematical methodologies for
modeling, optimization, and control of complex logistics
networks. Topics are as follows:

(i) intelligence techniques, such as fuzzy logic and neural
network approaches;

(ii) intelligent production and logistics systems;
(iii) effects of uncertainty in production networks;
(iv) mathematical modeling, robustness, and stochastic

optimization of complex logistic processes;
(v) interrelation of demand forecasting and production

planning;

(vi) decentralized control of logistic processes in produc-
tion and distribution networks;

(vii) applications in complex logistics system.

The special issue attracted submissions from many insti-
tutes and countries. There are important results on the topic
of production systems; for example, in the work entitled
“Robust Production Planning in Fashion Apparel Industry
under DemandUncertainty via Conditional Value at Risk” by
A. Ait-Alla et al., amathematicalmodel for robust production
planning is introduced. The model helps fashion apparel
suppliers in making decisions concerning allocation of pro-
duction orders to different production plants characterized
by different lead times and production costs and proper time
scheduling and sequencing of these production orders. In
the paper entitled “An Integrated Model for Production and
Distribution Planning of Perishable Products with Inventory
and Routing Considerations” by S. M. Seyedhosseini and S.
M. Ghoreyshi, a new integrated production and distribution
planning model for perishable products is formulated. The
proposed model considers a supply chain network consisting
of a production facility and multiple distribution centers.
In the paper entitled “Application of Fuzzy Optimization to
Production-Distribution Planning in Supply Chain Manage-
ment” by S. Ariafar et al., a production-distribution model is
presented that not only allocates limited available resources
and equipment to produce products over the required time
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periods, but also determines the most economical distribu-
tors for dispatching the products to the distribution centers
or retailers. The goal of the paper entitled “An Uncertain
Programming for the Integrated Planning of Production and
Transportation” by D. Mou and X. Chang is to tackle joint
decisions in assigning production and organizing transporta-
tion for a single product in a production-transportation
network system with multiple manufacturers and multiple
demands. The work entitled “A Multiobjective Optimization
Model of Production-Sourcing for Sustainable Supply Chain
with Consideration of Social, Environmental, and Economic
Factors” by Z. Chen and S. Andresen incorporates the three
pillars of sustainability, economic, environmental, and social
dimensions, into a supply chain. Moreover, a multiobjective
programming model that jointly minimizes costs, emissions,
and employee injuries in a supply chain is constructed. In
the work entitled “Application of Stochastic Regression for
the Configuration of Microrotary Swaging Processes” by D.
Rippel et al. the cause-effect relationships between relevant
process parameters are analyzed using stochastic regression
models in order to determine cost-efficient process config-
urations for the manufacturing of bulk and tubular micro-
components. In the paper “Multiobjective Order Assignment
Optimization in a Global Multiple-Factory Environment” by
R.-C. Chen and P.-H. Hung an effective method is presented
for solving the order assignment problem of companies
with multiple plants distributed worldwide. A multiobjective
genetic algorithm (MOGA) is used to find solutions. To
validate the effectiveness of the proposed approach, this study
employs real data, provided by a famous garment company
in Taiwan, as a base to perform experiments. In the paper
“A Generalized Minimum Cost Flow Model for Multiple
Emergency Flow Routing” by J. Cui et al., a novel generalized
minimum cost flow model is presented for optimizing the
distribution pattern of two types of flow in the same network
by introducing the conflict cost.

In the context of logistics and transportation, in the
paper entitled “A Transient Queuing Model for Analyzing
and Optimizing Gate Congestion of Railway Container Ter-
minals” by M. Zeng et al., the queue length and the average
waiting time of the railway container terminal gate system,
as well as the optimal number of service channels during the
different time period, are investigated. In the paper entitled
“Optimizing Gear Shifting Strategy for Off-Road Vehicle
with Dynamic Programming” by W. Zhang et al., a dynamic
programming (DP) algorithm is introduced to optimize the
gear shifting schedule for an off-road vehicle by using an
objective function that weighs fuel use and trip time. In
the paper entitled “Adaptability of the Logistics System in
National Economic Mobilization Based on Blocking Flow
Theory” by X. Jing et al. a blocking-resistance optimum
model and an optimum restructuring model based on block-
ing flow theories are constructed, both ofwhich are illustrated
by numerical cases and compared in characteristics and
application. In the paper entitled “Unrecorded Accidents
Detection on Highways Based on Temporal Data Mining”
by S. An et al., a new method of detecting traffic accidents
is proposed based on temporal data mining, which can
identify unknown and unrecorded accidents by traffic police.

A time series model was constructed using ternary numbers
to reflect the state of traffic flow based on a cellular telephone
transmission model. In the work entitled “Service Capacity
Reserve under Uncertainty by Hospital’s ER Analogies: A
Practical Model for Car Services” by M. A. P. Salaverŕıa and
J. M. McWilliams, a capacity reserve model is introduced for
dimensioning passenger car service installations according to
the demographic distribution of the area to be serviced by
using hospital’s emergency room analogies.

Of course, the above topics and papers are not a compre-
hensive list of those covered by this special issue. Nonetheless,
they represent the rich and many-faceted knowledge that we
have the pleasure of sharing with the readers.
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This paper presents a discrete time-space networkmodel for a dynamic resource allocation problem following an epidemic outbreak
in a region. It couples a forecasting mechanism for dynamic demand of medical resource based on an epidemic diffusion model
and a multistage programming model for optimal allocation and transport of such resource. At each stage, the linear programming
solves for a cost minimizing resource allocation solution subject to a time-varying demand that is forecasted by a recursion model.
The rationale that themedical resource allocated in early periods will take effect in subduing the spread of epidemic and thus impact
the demand in later periods has been incorporated in such recursion model. A custom genetic algorithm is adopted to solve the
proposedmodel, and a numerical example is presented for sensitivity analysis of the parameters.We compare the proposedmedical
resource allocation mode with two traditional operation modes in practice and find that our model is superior to any of them in
less waste of resource and less logistic cost.The results may provide some practical guidelines for a decision-maker who is in charge
of medical resource allocation in an epidemics control effort.

1. Introduction

Over the past few years, the world has grown increasingly
concerned about the threat of different epidemics. Disas-
trous epidemic events such as SARS and H1N1 significantly
impacted people’s life. The outbreak of infections in Europe
is another recent example. The infection, from a strain of
Escherichia coli, can lead to kidney failure and death and is
difficult to treat with antibiotics. It is now widely recognized
that a large-scale epidemic diffusion can conceivably cause
many deaths and more people of permanent sequela, which
presents a severe challenge to local or regional healthcare
systems.

After an epidemic outbreak, public officials are faced with
many critical issues, the most important of which being how
to ensure the availability and supply of medical resource so
that the loss of life may be minimized and the rescue opera-
tion efficiency maximized. The medicine logistics in an epi-
demics controlling system is often complex and difficult. Hu
et al. [1] compared public-health management mechanisms
in both USA and China from the following three aspects,
organizational structure, management system, and logistics
network, and pointed out some deficient areas in the Chinese

public-health management mechanism. To date, medicine
logistics operation in epidemic control activities in China
has traditionally been done unsystematically and separately,
based on the decision-makers’ experience and disregarding
the interrelationship between the time-varying demand and
the logistics operation planning from a systematic perspec-
tive. Thus, this paramount life-saving and costly logistics
problem opens up a wide range of applications of Operations
Research/Management Science techniques andhasmotivated
many recent research works.

In this paper, a time-space network model for the medi-
cal resource allocation problem in controlling epidemic dif-
fusion is proposed. It couples a forecasting mechanism for
the dynamic demand of the medical resource based on the
epidemic diffusion pattern of susceptible-exposed-infected-
recovered (SEIR) model [2] and a multistage programming
model for optimal allocation and transport of such resource.
The two dynamic processes are woven together and inter-
actively proceed to model the epidemic diffusion and the
medical resource allocation. Particularly, given the dynamic
demand for the medical resource at each stage predicted by
the forecastingmechanism, the linear programming problem
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solves for the cost minimizing resource allocation pattern
subject to related operating constraints.The optimal solution
of the resource allocation will then determine their avail-
ability at each emergent district hospital, upon which the
efficiency of rescuing effort is conditioned (assuming the
other needed healthcare technologies and human resource
are guaranteed). The efficiency of the rescuing effort will
determine the recovering rate of the infected population,
which, in turn, will generate the new forecast of the demand
for medical resource by updating the SEIR diffusion model.
The above described model is expected to be an effective
decision-making tool that can help improve the efficiency of
medicine logistics when an epidemic outbreaks. To the best
of our knowledge, the dynamic and interactive optimization
process has never been reported in the existing works.

The remainder of the paper is organized as follows:
Section 2 is the literature review. Section 3 introduces the
time-space network model, which combines a time-varying
demand forecast model based on the epidemic diffusion rule,
and a multistage programming model for cost minimizing
allocation of themedical resource.The solution procedure for
the optimizationmodel is proposed in Section 4. Anumerical
example and a short sensitivity analysis are presented in
Section 5. Finally, Section 6 discusses the limitations of the
proposed approach and suggests future research directions.

2. Literature Review

Considering the relationship between the epidemic diffusion
and the associatedmedical resource allocation, we review two
streams of recent research efforts here: one is focused on the
epidemic diffusion modeling and the other is related to the
medical resource allocation modeling.

2.1. Epidemic Diffusion Modeling. Most analytical works on
epidemic diffusion are concentrated on the compartmental
epidemicmodels described by ordinary differential equations
[3–5]. In these models, the total population is divided into
several classes and each class of people is closed into a com-
partment. The sizes of the compartments are assumed to be
large enough and themixing ofmembers to be homogeneous.

The second stream of research is on the development of
epidemic diffusionmodels by applying complex network the-
ory to the traditional compartment models [6–8]. Recently,
Jung et al. [9] extended the previous studies on the prevention
of the pandemic influenza to evaluate time-dependent opti-
mal prevention policies, and they found that the quarantine
policy was very important and more effective than the elim-
ination policy, during the disease spread. Wang et al. [10]
presented some suggestions for the epidemic prevention and
infection control in theWenchuan earthquake areas, Sichuan
Province, China.

The third stream of research is on the development of
epidemic diffusion models by applying simulation methods,
including computer simulation and numerical computation
[11–13]. For example, Samsuzzoha et al. [14] used a diffusive
epidemic model to describe the transmission of influenza.
The equations were solved numerically by using the splitting
method under different initial distribution of population

density. Further, Samsuzzoha et al. [15] presented a vaccinated
diffusive compartmental epidemic model to explore the
impact of vaccination as well as diffusion on the transmission
dynamics of influenza.

Recently and importantly, a robust data-driven fault
detection approach is proposed with application to a wind
turbine benchmark [16]. The main challenges of the wind
turbine fault detection lie in its nonlinearity, unknown dis-
turbances, and significant measurement noise. Sometimes
the relative data may be missed [17, 18]. These works are con-
structive and helpful to understand and model the epidemic
diffusion process in a very different way.

The above mentioned works represent some of the
research on various differential equationmodels for epidemic
diffusion and control. Although the emphasis of this paper is
on the efficient allocation of medical resource, a basic com-
ponent of our model, the forecasting mechanism for their
dynamic demand, utilizes one of such epidemic diffusion
models.

2.2. Medical Resource Allocation Modeling. To the best of our
knowledge, a great deal of researches has been published
with the topic on optimal allocation of medical resource [19–
23]. To optimize the process of materials distribution in an
epidemic diffusion system and to improve the distribution
timeliness, Liu and Zhao [24] modeled the emergency mate-
rials distribution problem as a multiple traveling salesman
problem with time window. Wang et al. [25] constructed
a multiobjective stochastic programming model with time-
varying demand for the emergency logistics network based
on the epidemic diffusion rule. A genetic algorithm coupled
with Monte Carlo simulation was adopted to solve the
optimization model. Qiang and Nagurney [26] proposed
a humanitarian logistic model for supply/distribution of
critical needs in a disruption caused by a natural disaster.
They considered a general network structure and disruptions
that may have an impact on both network link capacities
and product demand.The problem was studied in a bicriteria
system optimization framework for network performance.
Recently, Rachaniotis et al. [27] presented a deterministic
resource schedulingmodel in epidemic control. In theirwork,
a deterministic model, appropriate for large populations,
where random interactions could be averaged out, was used
for the epidemic’s rate of spread. Besides, a case of the
mass vaccination against H1N1 influenza in the Attica region,
Greece, and a comparative study of the model’s performance
versus the applied random practice were presented.

To deal with the complexity and difficulty in solving the
medical resource allocation problem, we observe a trend in
solution methodologies, that is, decomposing the original
problem, which can be a multicommodity, multimodal, or
multiperiodmodel, into severalmutually correlated subprob-
lems, and then solve them systematically in same decision
scheme. For instance, Barbarosolu et al. [28] proposed a
bilevel hierarchical decomposition approach for helicopter
mission planning during a disaster relief operation. The
top-level model was formulated to deal with the tactical
decisions, covering the issues of helicopter fleet management,
crew assignment, and the number of tours undertaken by
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Figure 1: Operational procedure of the dynamic medicine logistics network.

each helicopter. The base-level model aimed to address
the corresponding operational decisions, including routing,
loading/unloading, and refueling scheduling. References [25,
29] were more recent works following this line.

Furthermore, we note that most of the previous works
were carried out under the assumption that the relief demand
is not time sensitive.While in reality, the demand for medical
resource is dynamic, and the medical resource allocated in
early cycles will affect the demand in later periods. In this
paper, we will use a discrete time-space network to model
the medical resource allocation problem when an epidemic
outbreaks. In each decision cycle, the problem is constructed
as a linear programmingmodel to solve for the cost minimiz-
ing allocation solution subject to the time-varying demand
that is predicted by the epidemic diffusion rule. As such, this
paper attempts to bridge the two streams of literature, the
epidemic diffusion and the medicine logistics, which were
studied separately in existing literature.

3. The Mathematical Model

Epidemic diffusion process can be divided according to its
development into three stages [30]. The first stage is the
inception of the epidemic in very limited population, which
if noticed in time and treated properly can be controlled
effectively without causing a wide spread. In the second stage,
the epidemic has broken out into a widespread diffusion. An
important part of epidemic control and rescue campaign is
to ensure the timely delivery of the needed medical resource
according to the dynamic demand as determined by the
progress of the epidemic spread. In the third stage, the
epidemic diffusion has been controlled and the demand for
medical resource has significantly declined. Liu et al. [31]
proposed a model for studying medical resource distribution
in the first stage. In this paper, we will concentrate on the
logistics problemofmedical resource allocation in the second
stage. Particularly, we will study how the area distribution
centers (ADC) should supply the district distribution centers
(DDC) and how theDDCs should deliver the neededmedical
resource to the emergency designated hospitals (EDH) in the
most efficient and cost-effective way. Here we assume there
are several ADCs in the epidemic spread area, which can
be divided into several municipal districts or towns. Each
district will have one ormore DDCswhich supply the needed
medical resource to the EDHs in that district.

S I RE
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Figure 2: SEIRS model based on a small-world network.

Since demand from each EDH is determined by the num-
ber of patients hospitalized there and varies according to
the progress of epidemic diffusion, the allocation of medical
resource need to chase the demand over time. Figure 1 below
gives a diagram of operations outlining the execution of the
proposed model. The sequential operational routine contin-
ues until the epidemic diffusion gets under control. As Fig-
ure 1 shows, medical resource allocation process is decom-
posed into 𝑛 decision-making cycles. Each decision-making
cycle includes three phases: epidemic diffusion analysis,
demand forecasting, and medical resource allocation. These
three phases are executed iteratively.The effect of the medical
resource allocation is analyzed, and the number of infected
people is updated at each cycle during the entire distribution
process.

In the sequel, we will introduce SIERS model, a well-
recognized epidemic diffusion model, in Section 3.1, propose
a forecasting model for the dynamic demand for the medical
resource during the epidemic diffusion in Section 3.2, and
a linear programming model for distribution of medical
resource according to the forecasted dynamic demand.

3.1. SEIRS Epidemic Diffusion Model. The SEIR model has
been widely adopted by researchers to study epidemic diffu-
sion. It is based on small-world network theory and provides
a good match to the actual social network [2]. Generally,
the total population is divided into four classes, susceptible
people (𝑆), exposed people (𝐸), infected people (𝐼), and
recovered people (𝑅), and each class of people is closed into a
compartment. Tham [32] showed that some of the recovered
people who were discharged from hospitals might be rein-
fected. Figure 2 shows, without consideration of migration,
the natural birth rate and death rate of the population, the
epidemic process can be described by a SEIRS model based
on a small-world network [25].
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The dynamic system for the SEIRS diffusionmodel can be
rewritten by the following ordinary differential equations:

𝑑𝑆

𝑑𝑡

= − 𝛽𝑘𝑆 (𝑡) 𝐼 (𝑡) + 𝛾𝑅 (𝑡) ,

𝑑𝐸

𝑑𝑡

= 𝛽𝑘𝑆 (𝑡) 𝐼 (𝑡) − 𝛽𝑘𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏) ,

𝑑𝐼

𝑑𝑡

= 𝛽𝑘𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏) − (𝛼 + 𝛿) 𝐼 (𝑡) ,

𝑑𝑅

𝑑𝑡

= 𝛿𝐼 (𝑡) − 𝛾𝑅 (𝑡) .

(1)

In the above system of equations, 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), and 𝑅(𝑡)

represent, respectively, the number of susceptible people, the
number of exposed people, the number of infected people,
and the number of recovered people. 𝑘 is the average degree of
distribution for this small-world network, which can be inter-
preted as the average contact number of susceptible people of
each infected person; 𝛽 is the propagation coefficient of the
epidemic; 𝛾 is the rate of the recovered people who are not
immune and thus may be reinfected; 𝛿 is the recovery rate;
𝛼 is the death rate; 𝜏 represents the incubation period of the
disease. Consider 𝑘, 𝛽, 𝛾, 𝛿, 𝛼, 𝜏 > 0.

ODE (1) states the following: (i) the growth rate of
the susceptible population is determined by the returning
population who are recovered but not immune and the
losing population who actually get exposed to the disease
and thus are counted towards the class of 𝐸(𝑡). The latter is
in proportion to the propagation coefficient 𝛽, the average
contact number of susceptible people of each infected person,
𝑘, and both of the current mass of the susceptible population
and the current mass of the infected population. (ii) The
growth rate of the exposed population is determined by
the difference between the entering population, those of
susceptible people who actually get exposed to the disease,
and the exiting population, those of exposed population who
get sick after the incubation period of the disease; (iii) the
growth rate of the infected population is determined by the
difference between the entering population, those of exposed
population who get sick, and the exiting population who are
either recovered or dead; and, finally (iv) the growth rate
of the recovered population is determined by the difference
between the joining population of the newly recovered and
the losing population of the reinfected people.

Particularly, as we noted in (iii), the number of infected
people, 𝐼(𝑡), is determined by the population of the recovered
people and the onset exposed people at the end of the
incubation period. Hence, improving the recovery rate, 𝛿,
and reducing the propagation coefficient, 𝛽, are the two
effective measures to take in suppressing the growth of
𝐼(𝑡). In the context of epidemic controlling operation, that
means sufficient medical resource should be allocated to the
emergent designated hospitals (EDH).

3.2. The Forecasting Model for the Time-Varying Demand.
Demand for medical resource has been studied in a variety
of forms in the literature, such as a time-varying value
[33] or obeying some stochastic distribution [29]. However,
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Figure 3: Diagrammatic sketch of the time-varying demand.

the impact of earlier resource allocation to the demand in
later periods has basically been ignored in these approaches.

To address this deficiency, we propose the following linear
relationship between the demand for medical resource and
the number of infected people at time 𝑡 based on the SEIRS
epidemic diffusion model:

𝑑
𝑡
= 𝑎𝐼 (𝑡) , (2)

where 𝑑
𝑡
refers to the demand for medical resource at time

𝑡 and 𝑎 is the proportionality coefficient. In our interviews
with the public-healthcare administrative personnel about
controlling the epidemic spread, we found this linear fore-
casting function is the one they commonly adopted. Here we
define it as the traditional demand (TD). However, a lag effect
of earlier medicine allocation should be taken into account
in the current demand forecast. As shown in Figure 3, the
horizontal axis represents the decision-making cycle, and
the vertical axis stands for demand in an epidemic area.
The dotted line is a trajectory of (2), and the solid curve is
the expected demand (ED). For instance, if the demand for
medical resource at cycle 𝑡 is 𝑑

∗

𝑡
, and according to (2), the

demand at cycle 𝑡+1would have been𝑑
∗

𝑡+1
. However, a certain

amount of medical resource, 𝑝
𝑡
, had been allocated to the

disaster area during cycle 𝑡, and it would be taking effect in
cycle 𝑡 + 1 in curing the infected patients in hospitals and
thus subduing the diffusion. Hence, the expected demand for
medical resource at cycle 𝑡 + 1 should be 𝑑

𝑡+1
, instead of 𝑑∗

𝑡+1
.

The following growth factor is introduced by the above
observation to account for the lag effect:

𝜂
𝑡
=

𝑑
∗

𝑡+1
− 𝑑
∗

𝑡

𝑑
∗

𝑡

. (3)

Herein, the growth factor 𝜂
𝑡
can be either positive

(increasing demand) or negative (decreasing demand) and
may vary in different cycles for the different demand 𝑑

∗

𝑡
. As

mentioned before, part of the recovered people who are dis-
charged from the healthcare department may be reinfected.
Thus, we define the effective cure rate as 𝜃 as the percent
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Figure 4: Time-space network of medical resource allocation.

of recovered people who are not reinfected. Considering
that each infected person needs a period of time to receive
treatment and get cured, hereinwe denote the treatment cycle
as Γ andwe assume it to be an integralmultiple of the decision
cycle.Then, the commuted effective cure rate in each decision
cycle can be obtained as 𝜃/Γ. Such an assumption would be
feasible if the decision cycle is small enough, for example, one
day. Hence, it helps us get the following recursion formulas:

when 𝑡 = 1, 𝑑
1
= (1 + 𝜂

0
) (1 −

𝜃

Γ

)𝑑
0
;

when 𝑡 = 2, 𝑑
2
= (1 + 𝜂

1
) (1 −

𝜃

Γ

)𝑑
1

= (1 + 𝜂
0
) (1 + 𝜂

1
) (1 −

𝜃

Γ

)

2

𝑑
0
;

.

.

.

when 𝑡 = 𝑛, 𝑑
𝑛
=

𝑛−1

∏

𝑖=0

(1 + 𝜂
𝑖
) (1 −

𝜃

Γ

)

𝑛

𝑑
0
.

(4)

Herein, ∏𝑛−1
𝑖=0

(1 + 𝜂
𝑖
) = (1 + 𝜂

0
)(1 + 𝜂

1
) ⋅ ⋅ ⋅ (1 + 𝜂

𝑛−1
).

𝑑
0

= 𝑎𝐼(0) is the initial demand for medical resource in
the epidemic area, and 𝐼(0) is the initial number of infected
people in the epidemic area. Recursion formulas (4) are
our prescribed forecast model for the demand of medical
resource. Inwhat follows, wewill propose amedicine logistics
operation model to minimize the total allocation cost based
on the forecasting model.

3.3. Time-Space Network of the Medicine Logistics. In this
subsection, a multistage programming model for cost min-
imizing allocation of the medical resource is built upon a
time-space network. Figure 4 is the schematic diagram of the
network. The vertical axis represents the time duration. The
horizontal axis represents the area distribution center (ADC),
the district distribution center (DDC), and the emergency
designated hospital (EDH), respectively. The allocation arcs
are defined as follows: (a) represents that medical resource is
transported from ADC to DDC; (b) stands for that medical
resource is allocated from DDC to EDH in the same district;
(c) refers to that medical resource is allocated from DDC to
EDH in the other district; (d)∼(f) are time duration arcs for
different departments.
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3.3.1. Assumptions. The following assumptions are needed to
facilitate the model formulation in the following sections.

(1) In the event of an epidemic outbreak, it is paramount
for the government and the entire society to control
the spread and rescue the infected. Thus it is rea-
sonable to assume that the government can ensure
the adequate supply of the needed medical resource
either from domestic pharmaceutical companies or
imported. Hence, there is enoughmedical resource in
ADCs during the entire operation process.

(2) Once an epidemic outbreak, the government will take
strict control measures so that each epidemic area
can be isolated from other areas to avoid the cross
spread of the disease. In each epidemic area, the
government will appoint a hospital to be the EDH, to
be responsible for the rescue work in such an isolated
area.

(3) Medical resource in this paper is an assembled prod-
uct, which may include water, vaccine, antibiotic, and
so forth.

3.3.2. Notations. Notations used in the following program-
ming model are specified as follows:

𝑐𝑐
𝑖𝑗
: unit transportation cost of medical resource from
ADC 𝑖 to DDC 𝑗,

𝑐𝑟
𝑖𝑗
: unit transportation cost of medical resource from
DDC 𝑖 to EDH 𝑗,

𝑒𝑠
𝑖𝑡
: the available quantity of medical resource in ADC 𝑖 in
decision cycle 𝑡,

𝑧𝑟
𝑖𝑡
: quantity of medical resource allocated to DDC 𝑖 in
decision cycle 𝑡,

𝑥
𝑖𝑗𝑡
: medical resource transported from ADC 𝑖 to DDC 𝑗

in decision cycle 𝑡,

𝑦
𝑖𝑗𝑡
: medical resource transported from DDC 𝑖 to EDH 𝑗

in decision cycle 𝑡,

𝑑
𝑖𝑡
: demand for medical resource in EDH 𝑖 in decision
cycle 𝑡,

𝑇: set of decision cycles,

𝐶: set of ADCs,

𝑅: set of DDCs,

𝐻: set of EDHs.

3.3.3. Model Formulation. Let 𝐹(𝑥, 𝑦) be the objective func-
tion of the total cost of medical resource allocation. Based

on the above assumptions and descriptions, the proposed
problem can be formulated as follows:

Min 𝐹 (𝑥, 𝑦) = ∑

𝑡∈𝑇

∑

𝑖∈𝐶

∑

𝑗∈𝑅

𝑥
𝑖𝑗𝑡
𝑐𝑐
𝑖𝑗
+ ∑

𝑡∈𝑇

∑

𝑖∈𝑅

∑

𝑗∈𝐻

𝑦
𝑖𝑗𝑡
𝑐𝑟
𝑖𝑗

(5)

s.t. ∑

𝑖∈𝐶

𝑥
𝑖𝑗𝑡

= 𝑧𝑟
𝑗𝑡
, ∀𝑗 ∈ 𝑅, 𝑡 ∈ 𝑇 (6)

∑

𝑗∈𝑅

𝑥
𝑖𝑗𝑡

≤ 𝑒𝑠
𝑖𝑡
, ∀𝑖 ∈ 𝐶, 𝑡 ∈ 𝑇 (7)

∑

𝑖∈𝑅

𝑦
𝑖𝑗𝑡

= 𝑑
𝑗𝑡
, ∀𝑗 ∈ 𝐻, 𝑡 ∈ 𝑇 (8)

∑

𝑗∈𝐻

𝑦
𝑖𝑗𝑡

≤ 𝑧𝑟
𝑖𝑡
, ∀𝑖 ∈ 𝑅, 𝑡 ∈ 𝑇 (9)

𝑑
𝑖0

= 𝑎𝐼
𝑖
(0) , ∀𝑖 ∈ 𝐻 (10)

𝑑
𝑖𝑡
=

𝑡−1

∏

𝑡=0

(1 + 𝜂
𝑖𝑡
) (1 −

𝜃

Γ

)

𝑡

𝑑
𝑖0
,

∀𝑖 ∈ 𝐻, 𝑡 ∈ {𝑇, 𝑡 ̸= 0}

(11)

𝑥
𝑖𝑗𝑡

≥ 0, ∀𝑖 ∈ 𝐶, 𝑗 ∈ 𝑅, 𝑡 ∈ 𝑇 (12)

𝑦
𝑖𝑗𝑡

≥ 0, ∀𝑖 ∈ 𝑅, 𝑗 ∈ 𝐻, 𝑡 ∈ 𝑇. (13)

In this optimization model, 𝑥
𝑖𝑗𝑡

and 𝑦
𝑖𝑗𝑡

are the decision
variables. The objective function (5) is to minimize the total
cost of medical resource allocation, which is the transporta-
tion cost for delivering the medical resource from ADCs to
DDCs and from DDCs to EDHs. Constraints (6)∼(9) are
the flow conservation equations. Particularly, constraint (6)
suggests that each DDC can obtain medical resource from
all ADCs. Constraint (7) ensures that the total shipments
from any ADC cannot exceed the available amount of the
resource in this ADC. Constraint (8) states that the period
demand generated by the forecasting model in Section 3.2 at
each EDH must be satisfied. That is, the shipments from all
DDCs to each EDHmust be equal to the demand at this EDH.
Constraint (9) implies that the total shipments from anyDDC
cannot exceed the available stock in this DDC. Constraints
(10)-(11) are forecasting model for the time-varying demand
(Section 3.2). Herein, 𝜂

𝑖𝑡
is the growth factor (can be either

positive or negative) of the demand for medical resource
in EDH 𝑖 in decision cycle 𝑡. Finally, (12) and (13) are the
nonnegativity of the flows. Such model is a dynamic and
multistage programming model.

4. Solution Methodology

To solve the above optimizationmodel, (10)–(12) are adopted
to calculate the time-varying demand firstly. After that, to
∀𝑡 ∈ 𝑇, the research model can be converted as a two-
stage linear programming model. The feature of such a two-
stage programming problem is that both the input quantity
and the output quantity of the medical resource in the
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Table 1: Values of parameters in the SEIRS model.

ADC 1 ADC 2
DDC 1 DDC 2 DDC 3 DDC 4

EDH 1 EDH 2 EDH 3 EDH 4 EDH 5 EDH 6 EDH 7 EDH 8
𝑆(0) 5 × 10

3
4.5 × 10

3
5.5 × 10

3
5 × 10

3
6 × 10

3
4.8 × 10

3
5.2 × 10

3
4 × 10

3

𝐸(0) 30 35 30 40 25 40 50 45
𝐼(0) 5 6 7 8 4 7 9 10
𝑅(0) 0
𝛽 5 × 10

−5

⟨𝑘⟩ 6
𝛿 0.3
𝑑 1 × 10

−3

𝛾 1 × 10
−3

𝜏 5

DDCs are unknown.There are many available techniques for
solving such a problem, and a genetic algorithm is commonly
used. Hence, a genetic algorithm coupled with MATLAB 7.0
mathematical programming solver is adopted to solve the
model.

4.1. Chromosome Coding and Population Initializing. Thefirst
step of a genetic algorithm is to define the coding method of
the chromosome. As is well known, the real number coding
is superior to the binary coding in both aspects of quality and
efficiency of the solution. Besides, the real number coding is
closer to the actual problem findings and easier to interpret
in the real world problem. Herein, the real number coding is
adopted. For ∀𝑡 ∈ 𝑇, each chromosome contains 𝑅 bit gene,
where 𝑅 is the number of DDC. The value of each bit refers
to the available amount of medical resource in each DDC,
which is also the quantity of medical resource replenished
from all ADCs. Each individual in the initial population
is generated by a random method, subject to the related
resource constraints in the programming model.

4.2. Fitness Definition. The fitness of each individual is
obtained by computing the objective function

𝐹 (𝑥, 𝑦) = ∑

𝑡∈𝑇

∑

𝑖∈𝐶

∑

𝑗∈𝑅

𝑥
𝑖𝑗𝑡
𝑐𝑐
𝑖𝑗
+ ∑

𝑡∈𝑇

∑

𝑖∈𝑅

∑

𝑗∈𝐻

𝑦
𝑖𝑗𝑡
𝑐𝑟
𝑖𝑗
. (14)

Herein, the fitness function contains two parts. The first
part is the total transportation cost between ADCs and
DDCs. The second part is the total transportation cost
between DDCs and EDHs. Obviously, the lower the total cost
is, the better the fitness of the individual is.

4.3. Selection Operator. The best individual copy strategy is
adopted in selection section. That means, each time when
selection operator is iterated, the worst chromosome in the
population will be replaced by the best one.

4.4. Crossover Operator. A crossover operator is one of the
most important operators in a genetic algorithm. Different
crossover operators are suitable for different kinds of chro-
mosomes. According to the real number coding in this paper,

an arithmetic crossover is adopted. Let𝑃
1
and𝑃
2
represent the

two parent chromosomes, and 𝑃
𝑐1
and 𝑃

𝑐2
stand for the two

children chromosomes, respectively. The linear relationship
between the parent and the children chromosomes can be
formulated as follows:

𝑃
𝑐1

= 𝜇𝑃
1
+ (1 − 𝜇) 𝑃

2
,

𝑃
𝑐2

= (1 − 𝜇) 𝑃
1
+ 𝜇𝑃
2
.

(15)

Herein, 𝜇 = 𝑈(0, 1) is a uniform random number
between 0 and 1. Note that both of these two children
chromosomes automatically satisfy the resource constraints
in the multistage programming model. The range of the
crossover probability 𝑝

𝑐
is 0.2∼0.8.

4.5. Mutation Operator. A mutation operator is intended to
simulate genetic mutation during biological evolution.Muta-
tion is operated on some bits of individuals at a probability of
𝑝
𝑚
. This probability is generally very small and is set in the

range 0.001 ≤ 𝑝
𝑚

≤ 0.1. When mutating, we exchange a pair
of genes in the individual.

4.6. Termination Condition. As the optimal result is unpre-
dictable, a max iteration is given for the termination.

5. Numerical Tests

5.1. A Numerical Example. We present a numerical example
to illustrate the efficiency of the proposed model. Assume
there is a smallpox outbreak in a city, which has two ADCs
and four DDCs. Two hospitals are designated in each district,
and each EDH can service a certain amount of patients. The
values of the parameters in the epidemic diffusion model are
given in Table 1.

Figure 5 depicts a numerical simulation of the epidemic
model at EDH1 in this effected region. The four curves,
respectively, represent the number of four groups of people
(𝑆, 𝐸, 𝐼, 𝑅) over time. As mentioned in Section 3, the process
of epidemic diffusion is divided into three stages and our
work in this paper is focused on the second stage. According
to Figure 5, such a stage can be ranged from the 10th day
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Figure 5: Solution of the SEIRS epidemic diffusion model (EDH1).
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(decision-making cycle 𝑡 = 0) to the 40th day (decision-
making cycle 𝑡 = 30). Of course, when different emergency
outbreak happens, the result can be adjusted correspondingly.

To facilitate the calculate process in the following sec-
tions, the decision-making cycle is assumed to be one day. Let
𝑎 = 1; MATLAB 7.0 mathematical programming solver
coupled with (1) and (2) is adopted to calculate the TD
for medical resource in each EDH. Furthermore, given that
𝜃 = 90% and Γ = 15 (days), the growth factor 𝜂

𝑖𝑡
in each

decision-making cycle can be obtained. Then, the ED for
medical resource in each EDH in each decision cycle can be
forecasted according to (12)-(13). Taking EDH1 as an example,
the demand for medical resource in each decision-making
cycle by these two different methods is compared as shown
in Figure 6.
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Figure 7: Total cost in each decision-making cycle (Unit: $).

One can observe in Figure 6 that ED is way below TD,
suggesting that the allocation of medical resource in the early
periods will significantly reduce the demand in the following
periods. The second observation is that both curves exhibit
similar trends; namely, the demand will first increase along
with the spreading the epidemic and then will decrease after
the epidemic is brought under control.

We now proceed to illustrate the optimal allocation of the
resource at each EDH. Table 2 shows the unit operation cost
of medicine between two different departments.

Let 𝑛 = 200, 𝑝
𝑐
= 0.75, and 𝑝

𝑚
= 0.01. The algorithm is

set to terminate in 200 generations. Taking the allocation at
cycle 𝑡 = 0 as the initial example, we solve the above program-
mingmodel (7)–(15) according to the solution procedure.The
convergent allocation scheme is reported in Table 3 and the
total operation cost is 2663.22.

To test the accuracy and stability of the algorithm, the
computation process has been repeated for six times indepen-
dently. As shown in Table 4, the convergent results in these
six times are very close and the deviation is less than 0.065%.
This proves the proposed algorithm is stable and accurate.We
execute the solution procedure (Table 1) to find the dynamic
allocation result of medical resource and show in Figure 7 the
total cost at each decision-making cycle.

Comparing Figure 7 with Figure 6, one can find that the
curve of the total operation cost matches well the demand
curves in their variation pattern, suggesting that the cost of
medical resource allocation mainly depends on the demand.
The characteristics also reflect the hysteresis effect in an epi-
demic controlling system that medicine logistics lags behind
the epidemic diffusion.

In next subsection, we will compare the proposed model
with the two traditional allocation measurements that have
been used in practice.

5.2. Model Comparison. Based on our interviews with the
public healthcare administrative personnel in China, there
are two traditional measurements in practice to predict
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Table 2: Unit operation cost between two different departments (Unit: $).

Cost ADC1 ADC2 EDH1 EDH2 EDH3 EDH4 EDH5 EDH6 EDH7 EDH8
DDC1 3.5 2 1 2 4 2.5 5 5 2.5 1.5
DDC2 1.5 2 2 2.5 2 3 5 4 2.5 2
DDC3 3 1.5 2.5 3 5 2 1 3 1.5 4
DDC4 2.5 3 4 4 1.5 2.5 3 2 2 1.5

Table 3: Medical resource allocation result at decision-making cycle 𝑡 = 0 (Unit: $).

DDC1 DDC2 DDC3 DDC4
ADC1 0 186.6901 0 163.759
ADC2 188.8323 0 191.9134 0

EDH1 EDH2 EDH3 EDH4 EDH5 EDH6 EDH7 EDH8
DDC1 67.1588 43.0695 0 31.1464 0 0 0 47.4576
DDC2 0 23.5330 82.9355 22.1931 0 0 31.4635 26.5650
DDC3 0 0 0 38.6671 74.9403 0 78.3061 0
DDC4 0 0 28.1169 14.6546 0 86.9697 18.6328 15.3849

Table 4: Total cost in cycle 𝑡 = 0 (Unit: $).

Run 1 2 3 4 5 6
Total
cost 2664.97 2663.22 2663.22 2663.22 2664.97 2663.22

the demand for medical resource in case of an epidemic
outbreak. Both of them utilize (2) as the basic forecasting
method. In the first traditional measurement, referred as
Traditional 1, the medical resource will only be allocated
through administrative distribution. That is, an ADC will
only service the DDCs in its own area, and a DDC will only
service the EDHs in its own district. For instance, as Table 1
shows, ADC 1 will only service DDC1 and DDC2, and DDC1
will only replenishmedical resource to EDH1 and EDH2.The
second traditional measurement, referred here as Traditional
2, is based on the same forecasting method of (2) but allows
cross area distribution.The total costs of these three different
models are compared and illustrated in Figure 8.

Several interesting observations can be drawn from Fig-
ure 8. First, the total operation costs by model Traditional 2
are all time lower than those by Traditional 1, although the
difference is not large, suggesting that cross area distribution
has a definite advantage in saving allocation cost, which is
of course not surprising from an optimization perspective.
Secondly, the two cost curves by Traditional 1 and Traditional
2 behave consistently in their rising and falling trend and
arrive at their maximum at the exact same time 𝑡 = 26.
This is because these two traditional models are based on
the same demand forecasting mechanism for the medical
resource, and the allocation cost is mainly determined by the
allocation volume, that is, the demand.Thirdly, the cost curve
generated by our time-space network model is the all time
minimum and much lower than that by the two traditional
measurements.The allocation cost generated by our model is
obvious less than the traditional methods inmost of the time.
We attribute this significant cost reduction to our proactive
forecasting that takes into account the positive impact of
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Figure 8: Total cost in three different patterns (Unit: $).

the early allocation of medical resource to the demand in
following periods. Finally and most importantly, one can
notice that the cost curve by our model reaches its maximum
at 𝑡 = 24.5, comparing the two traditional measurements
at 𝑡 = 26. This suggests that by using our proposed model
we can get control of the epidemic spread earlier, which
stands for an invaluable social merit on top of the economic
savings. To conclude our findings in this example, the cross
area distribution that features our proposed model and Tra-
ditional 2 can reduce the logistic part of the allocation cost.
The proactive forecastingmodel coupled with our time-space
optimal allocation programming proposed in this paper can
subdue the epidemic diffusion and thus significantly reduce
the demand for the medical resource, resulting greater saving
in the total operation cost.
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5.3. Sensitivity Analysis. In this section, a sensitivity analysis
of the three key parameters (𝜂, 𝜃 and Γ) in the time-
varying demand forecast model is conducted. According to
the definition in Section 3.2, the parameter 𝜂 is closely related
to the decision-making cycle. In this paper, the decision-
making cycle is set to be one day (24 hours); so we get a
total of 240 𝜂 and 7680 arcs in the experiment. Figure 9 shows
the relationship between the scale of the problem and the
decision-making cycle (Unit: hour).

In practice, the decision-maker can choose the decision-
making cycle according to the actual situation. Generally
speaking, the shorter the cycle is, the better the forecast
accuracy is, but the larger the scale of the problem and its
complexity is. On the other hand, if the decision-making
cycle is set too short to let the actual distribution opera-
tions uncomplete, then the accuracy of the model might
be adversely affected. Therefore, the decision-making cycle
should be selected appropriately in a practical problem.

As total cost of the proposed medicine logistics network
mainly depends on the demand for medical resource, these
two variables get a similar variation tendency. Thus, taking
EDH1 as an example, we can hold all the parameters fixed, as
in the numerical example given in Section 5.1, and let 𝜃 and
Γ take on five different values, respectively. The demand for
medical resource in each decision-making cycle is shown in
Figures 10 and 11.

As Figure 10 shows, 𝜃 takes on five values ranging from
60% to 100%.The larger 𝜃 is, the lower the demand is. Accord-
ingly, the lower the total cost would be. As Figure 11 shows,
Γ takes on five values ranging from 10 to 20. The shorter
Γ is, the lower the demand is, and thus the lower the total
cost would be.The above analysis confirms that both of these
two key parameters play important roles in medical resource
allocation decisions. For a small change of 𝜃 and Γ, the final
allocation decisions and the total operation cost in each cycle
can change significantly. Unfortunately, the precise values for
these two parameters in an epidemic control are difficult
to get. As the accuracy of these two parameters is vital to
the success of medicine logistics operation, it calls for more

10 15 20 25 30 35 40
0

100

200

300

400

500

Time, t

D
em

an
d 

fo
r E

D
H

1

𝜃 = 60%

𝜃 = 70%

𝜃 = 80%

𝜃 = 90%

𝜃 = 100%

Figure 10: Demand in EDH1 with different value of 𝜃.

10 15 20 25 30 35 40
0

100

200

300

400

500

Time, t

D
em

an
d 

fo
r E

D
H

1

Γ = 10
Γ = 12

Γ = 15

Γ = 18
Γ = 20

Figure 11: Demand in EDH1 with different value of Γ.

research work to scientifically estimate these two parameters
for different epidemics.

6. Conclusions

In this paper, we develop a discrete time-space network
model to study the medical resource allocation problem in
an epidemic outbreak. In each decision-making cycle, the
allocation of medical resource across the region from ADCs
through DDCs to EDHs is determined by a linear program-
ming model with the dynamic demand that is forecasted
by an epidemic diffusion rule. The novelty of our model
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against the existing works in literature is characterized by the
following three aspects.

(1) While most research on medical resource allocation
studies a static problem which takes no consideration
of the time evolution and dynamic nature of the
demand, the model proposed in this paper addresses
a time-series demand that is forecasted in match of
the course of an epidemic diffusion.

(2) The model couples a multistage linear programming
for optimal allocation of medical resource with a
proactive forecasting mechanism cultivated from the
epidemic diffusion dynamics. The two dynamic pro-
cesses are woven together and interactively proceed
to model the epidemic diffusion and the medical
resource allocation. The rationale that the medical
resource allocated in early periods will take effect in
subduing the spread of the epidemic spread and thus
impact the demand in later periods has been for the
first time incorporated into our model.

(3) The computational results show that the proposed
model remarkably outperforms the traditional mea-
surements in both terms of cost reduction and epi-
demic control. Ourmodel can significantly reduce the
total operation cost of themedical resource allocation
and may get the epidemic diffusion in control earlier
than the traditional measurements.

Furthermore, the medicine logistics operation problem
has been decomposed into several mutually correlated sub-
problems and then been solved systematically in the same
decision scheme. Thus, the result will be much more suitable
for a real operation. As the limitation of themodel, it is devel-
oped for the medical resource allocation in a geographic area
where an epidemic disease has been spreading and it does not
consider possible cross area diffusion between two or more
geographic areas. We assume that once an epidemic outbreak
exists, the government has effective means to separate the
epidemic areas so that cross area spread can be basically
prevented. However, this cannot always be guaranteed in
reality.
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In highly dynamic and uncertain transport conditions, transport transit time has to be continuously monitored so that the service
level is ensured at a proper cost. The aim of this research is to propose and to test a procedure which allows an agile planning
and control of transport flows in port logistic systems. The procedure couples an agent-based simulation and a queueing theory
model. In this paper, the transport scheduling performed by an agent at the intermodal terminal was taken into consideration. The
decision-making agent takes into account data which is acquired in remote points of the system. The obtained results indicate the
relevance of continuously considering, for the transport planning and control, the expected transit time and further waiting times
along port logistic systems.

1. Introduction

Disturbances of internal or external origin can impact the
reliability of freight transport. In this case, unreliable trans-
port service generates inefficiencies associated with not only
an increase in costs but also a reduction in the service
level. Among the disorders which can impact the stability
of transport flows two stand out: traffic congestion due to
the increasing traffic of vehicles and delays in the decision
making process. Notwithstanding these occurrences which
indicate capacity constraints, it is likely that the overall
logistic infrastructure is still not used optimally in full.

Infrastructure issues of road access can impair the oper-
ational efficiency of the entire port sector, thus becoming
an obstacle for social and economic national development
[1]. According to Hijjar and Alexim [2], when port access is
inefficient, the entire cargo transport operation is damaged
because bottlenecks in the entrance of the port terminal
can result in delays and extra need for storage, therefore,
increasing the total logistic cost. To sum up, issues in port
access directly affect the efficiency of terminals, exporting
companies, and transportation costs. Chin and Tongzon [3]
affirm that logistic infrastructure makes up a vital link in

the overall chain of commerce, contributing to the interna-
tional competition of a nation. Bittencourt [4] has stated that
the logistic port model to send and receive cargo usually
consists of port operators making time windows available,
in which each shipper sends their vehicles into the port.
However, once traffic conditions are uncertain and there is
no access control to the port zone, shippers ultimately send
in their vehicles at same time window, looking either for
convenience or for guaranteeing goods delivery. Studies on
new port logistic methods which enable rationalizing vehicle
traffic and optimizing port cargo load meet the current need
to improve road infrastructures, stimulating greater control
and improvements in the national logistic scenario [5, 6].

Between two nodes in a logistics network, normally more
than one possible route is available. In otherwords,more than
one route choice linking the transport origin and destination
may be chosen. In this case, the decision on which route
should be used can reduce the impact caused by the large
amount of traffic flow at a given time, mainly if the routing
decision is taken quickly on the basis of the observation
of changes in the environment. It is also pointed out that
competitive markets require greater agility from transport
operations so that they can respond quickly to fluctuations
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[7–9]. Nevertheless, currently, most transport schedules take
into account only local restrictions, ignoring dynamic envi-
ronmental variables or external disturbances [10].

An important review of recent mathematical program-
ming models that deal with this subject was made by Mula
et al. [11]. Apart from that, noteworthy real-time approaches
are being studied in order to address requirements of highly
dynamic systems.Among the programming techniques being
studied, robust programming can be highlighted. This type
of programming is aimed at creating intelligent predictive
schedules that minimize the effects of disturbances on the
performance of the implemented schedule. Among various
existing robust programming techniques, genetic algorithms,
multiple predefined schedules, and fuzzy stand out [12, 13].

The application of an agent-based simulation in the
preparation of the transport schedule can be an effective
solution to mitigate the aforementioned impacts of raising
transport volumes. Taking into account the complexity of the
involved structures and the set of factors to be considered,
the development of a procedure to decide the route to be
used by a transport vehicle so that it can be applied on
port logistic chains is quite challenging, both in scientific
and in practical terms. In this context, this paper proposes
a procedure, based on the application of stochastic queueing
models, to reduce the impacts caused by increased transport
time due to traffic congestion on the route.The analysis of the
performance of the proposed procedure employs a test case,
implemented through a simulationmodel representing a port
logistic chain that includes transport flows, an intermodal
logistics terminal, and a port terminal.

2. Literature Review

Several transport flow optimization problems can be solved
using exact methods, such as Assad [14], for instance, route
displacement minimization and minimization of number
of used routes. However, despite the capability of exact
methods to find a solution, these techniques are not the
most used for solvingNP-hard problems, since the processing
time increases with the complexity of mentioned problems
[15]. Apart from exact methods, other techniques available
for solving transport flow optimization problems can be
classified as [16] heuristic and metaheuristic methods. In a
study by Bonasser and Gualda [17], several techniques are
presented.

When there is a problem that takes into account only the
length of the route to be used by a vehicle, this problem can
be classified as a vehicle routing problem (VRP). In Bonasser
and Gualda [17], the following variants of the vehicle routing
problem are presented: heterogeneous fleet and sizing and
allocation of fleet (fleet size and mix VRP). Furthermore,
this study shows subvariants of the heterogeneous fleet and
also techniques used to solve each variant of the VRP. Oth-
erwise, Raff [15] classifies routing problem into the following
types: single depot, multiple-vehicle, node routing problem;
multiple depot, multiple-vehicle, node routing problem; and
single depot, multiple-vehicle, node routing problem with
stochastic demand. Regarding the complexity of a rout-
ing problem, this is enhanced through the inclusion of

the following constraints [15]: specification of a time period
in which a vehicle must be in service before it returns to
its point of origin; specification of tasks that can only be
performed by certain types of resources; and specification of
multiple garageswhere the vehiclesmay be stored. In addition
to the concept of vehicle routing problems, it is necessary to
differentiate it from the concept of scheduling problems. The
last ismainly characterized by the routingmechanism of each
vehicle that is established in the transport schedule and only
takes into account time and space.

Concerning the existing queueing models, depending on
the perspective utilized, those can receive different classi-
fications. Thus, from the user point of view, the existing
queues are classified as follows [18]: generative models—they
provide the user with an optimal solution that satisfies the
objective function; and evaluative models—although they
do not provide an optimal solution that satisfies the user
objective function, those models help in the evaluation of a
set of decisions by providing performance metrics. Queueing
networksmodels are classified as evaluativemethods. Besides
this form of classification, it is possible to classify queueing
methods by the accuracy of obtained results [18]: (i) models
that provide exact results—thesemodels are difficult to obtain
and only available for queueing networkmodels of small size;
(ii)models that provide approximate results. So, in this type of
model, there is a tradeoff between complexity and accuracy.
Still, if one wishes to efficiently analyse a network queue
model with finite overall processing time, this approach is
the most appropriate [18]. Other recent studies involving
queuingmodels are described in Abdelkader and Al-Wohaibi
[19] and Dragović et al. [20]. The first study proposed a new
performance measure in a single server Markovian queuing
system. The second one refers to a model that combines
finite waiting areas, batch arrival queues, and identical and
independent cargo-handling capacities.

The following dispatching methods were listed in a study
by Wu and Chen [21]: dispatching rules; heuristics; data
mining based approaches; agent technologies; and simula-
tion. Moreover, the aforementioned work demonstrated that
several studies have been conducted in an attempt to solve
the problem of scheduling. Regarding the approaches used
in these studies, Wu and Chen [21] highlight the following:
(i) selection of the most appropriate dispatching rule among
those that are available; (ii) inclusion of adjustable parameters
that can optimize the dispatching rule; and (iii) best estimate
of the schedule through the results of a limited number of
simulations. As for the approach (ii), it is emphasized that this
can only be used with factors that are defined previously and
remain static [21]. Regarding dispatching rules, these can be
considered a practical method for scheduling [22]. Different
classifications of dispatching rules can be described [23]:
static—the priority of waiting jobs does not change over time;
dynamic—the priority of waiting jobs changes over time;
local—decisions are taken only from the jobs that are waiting
for service; and global—decisions are made with the use
of additional information about jobs or other workstations
machines.

In a study by Panwalker and Iskander [23], the ordering
rules and their respective characteristics were also presented.
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Figure 1: Approach to a simulation-based planning and control of port logistic system.

The rules listed in this study are classified as below: simple
rules priority—based on information related to a single job;
combination of simple rules of priority—two simple priority
pieces of information are used when defining the priority;
weighted priority rules—similar to the above classification,
but with the use of weights; heuristic scheduling rules; and
other rules, such as the use of specific rules for particular
production sets. In the study of Azimi et al. [24], different
kinds of dispatching rules were detailed. Although this study
focused on amultiple-load AGV System, the concepts related
to dispatching rules also apply to the transport scheduling
problem. The study also differentiated categories of the route
selection problem regarding the presence of stochastic events.

Due to the increasing complexity of transport flow prob-
lems as it integrates a larger number of elements in the model
and the increase in the computing power, the use of simu-
lation to solve this kind of problem has become an attractive
option. In this case, simulations are usually employed when
[25] a model presents variables that are not deterministic and
when the problem requires both time and space integration.
Models are the translation of operational requirements and
constraints to the understanding of the process by the com-
puter [26]. The representation quality of a model regarding
the analysed logistics process influences directly the results
provided by the model. Once the model of a logistics process
is complete, the simulation is typically applied to one of
the following purposes [25]: as a tool for identifying and
evaluating the improvement of the operating performance
or as a tool to gain a better understanding of the costs and
performance potential of logistics operations. In this sense,
customized simulations can be used to support reengineering
decisions [27]. According to Swaminathan et al. [27], sim-
ulation is the only viable platform for detailed analysis
of alternative solutions because the complex interactions
between the entities of a supply chain do not allow the use of
analytical solutions. Furthermore, nonprescriptive insights
generated from qualitative analyzes, such as benchmarking,
do not allow other conclusions that are not related to

the current trends. Swaminathan et al. [27] also point out
that the major problems of simulation are associated with
the time and effort required to develop specific models with
sufficient fidelity to the actual supply chain of interest and
the limited reuse of the simulation models.

3. Simulation-Based Planning and Control of
Transport Flows

The approach is embedded in a procedure, which is based on
the application of stochastic queueing models for improving
dispatching rules and synchronizing transport flows in port
logistic systems. The aim of this research is to propose and to
test a procedure which allows for an agile planning and con-
trol of port logistics. The procedure couples an agent-based
simulation and a queueing theory model. From the literature
review, the proposed procedure considers the following:

(i) maximization of the quantity of goods delivered as the
objective function;

(ii) a solution of the following vehicle routing prob-
lem: single depot, multiple-vehicle, and node rout-
ing problem; moreover, the problem addressed in
this proposal presents a high degree of complexity,
because it is constrained by a time window in which a
vehicle must be in service before it returns to its point
of origin [15];

(iii) use of queueing theory models as evaluative models
as well as to provide approximate results [18];

(iv) use of dispatching rules which are classified as static at
the bottleneck and global at the intermodal terminal
[23];

(v) use of simulation as a tool to identify and evaluate the
performance improvement operations [25].

The conceptual view which motivated the proposed
approach for the simulation-based planning and control of
port logistic systems is presented in Figure 1. For a generic
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Figure 2: Approach to stages 2 and 3 of the simulation-based
planning and control of transport flows.

export logistics chain, the concept embraces the following
stages: (1) a representation of the real scenario, occurring
in real time, subject to the input parameters and generating
the output data (real performance) at each time interval;
(2) a simulation model, subject to the input parameters and
generating the output data (simulated performance), running
in simulated time, to be executed numerous times, so that
the results can be evaluated by an external control element;
(3) a control element that evaluates the obtained simulated
performance and, according to a predetermined control logic,
allows for the effective implementation in the real scenario.

The research conducted in this paper comprises stages 2
(simulation model) and 3 (control element) for a simplified
port logistic chain embracing an intermodal terminal, a
transport operation, and the arrival at a port terminal, as
represented in Figure 2.

As for the control element, this part has been accom-
plished through the use of predefined parameters. Thus,
with the exception of the number of customers waiting for
service on the bottleneck, the control assumed that all other
parameter settings of the model remained constant.This case
will be performed using a model that includes a scenario of
an export logistics chain in which the cargo of an intermodal
terminal should be dispatched at the lowest possible cost to a
port terminal.

The simulation model represents the actual operation of
a port logistic system comprising an intermodal terminal,
a transport operation, and the arrival at a port terminal.
Figure 3 illustrates the structure of the model.

The decision to dispatch the cargo is carried out early in
the day and involves only the choice of the route to be held
by transport vehicles. Besides that, the dispatching decisions
vary in accordance to the following factors: quantity of goods
in inventories of the intermodal terminal; traffic congestion of
each road; and end time scheduled for the carriage of goods
by the transport vehicle.

Furthermore, in an effort to address the above problem as
a nondeterministic, this problem will not only have random
components but also display queuing along the routes due to
the low carrying capacity compared with the traffic demand.
With this purpose, this study will evaluate the impact of
the transport scheduling when the responsible agent takes
decisions based on the information provided by a control
element.The control canmonitor the traffic on the routes that
can be used by transport vehicles.The information thatwill be
used as input to the control is the quantity of goods that are in
the intermodal terminal; the estimated transport transit time
on the routes due to the presence of traffic congestion; and
the amount of time remaining for the cargo transportation by

Table 1: Notation of transport transit time components.

Constant parameters

𝑇
𝑅

Travel time required to return the vehicle
to the intermodal terminal from the port
(hours)

𝑇
𝐿

Time to load the cargo at the vehicle
(hours)

𝑇
𝑈

Time to unload the cargo at the vehicle
(hours)

Variables
𝑇VT Travel time to the port terminal (hours)
𝑇
𝑃 Processing time at the bottleneck (hours)

the available transport vehicles. To calculate the transport
transit time, the following equation will be used:

𝑇
𝑇
= (𝑇
𝑃
+ 𝑇
𝑉𝑇
+ 𝑇
𝐿
+ 𝑇
𝑈
+ 𝑇
𝑅
) . (1)

Table 1 presents the description of the parameters of the
above formula.

In an effort to calculate the estimated processing time
(𝑇
𝑃
) of the vehicles at the bottlenecks of the routes where

traffic congestion occurs, the problem was modelled as the
type M/M/C: (∞, FIFO). In this modelling, 𝐶 is the number
of tracks of a given route. Thus, to support the transportation
schedule of the day, the estimated transport transit time (𝑇

𝑇
)

on the routes was calculated from an estimate of the average
waiting time of the vehicles in the system when a certain
amount of vehicles in the queue was observed. For instance,
this information could be obtained by monitoring cameras at
the critical bottleneck of each route (Figure 3).

With the purpose of clarifying the understanding of the
procedure used to calculate the estimated processing time
(𝑇
𝑃
) of the vehicles at the bottlenecks, the steps used by the

control element are described below:

(1) data-collection regarding the amount of vehicles at
the bottleneck of each route;

(2) the control element’s identification of the class that
includes, in its amplitude, the information collected in
step 1, through the use of a table previously generated;

(3) association of the situation observed in step 1 to a
queue problem which presents a service rate (𝜇) pre-
viously raised and an arrival rate (𝜆) corresponding to
the class identified in step 2;

(4) utilization of the average waiting time (𝑊) from the
queue problem associated in step 3 as the estimative
of the processing time (𝑇

𝑃
) of the vehicles at the

bottleneck.

Regarding the table used in step 2 of the aforementioned
procedure, it was created using a computational algorithm. In
this case, a range of data was defined for each bottleneck that
would be used for the control decision. After that, this range
of data was divided into 4 classes of equal amplitude. Using 4
classes of equal amplitude allows for the construction of the
simulation model. It is important to remark that the use of
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Input: 𝜇, 𝜆
𝑃
, 𝑃
𝐶
,𝑁
𝐶
, 𝑃
𝑀
, step

𝜆
𝑃
= 𝜇 − 1/𝑊min

aux = 0
While aux = 0

Ro1 = 𝜆
𝑃
/𝜇

𝑃 = 1 − ro1
𝑃
𝑀
= 1 − 𝑃

For 𝑖 = 1, . . . , |𝑁
𝐶
|

𝑃 = 𝑃 ∗ ro1
𝑃
𝑀
= 1 − 𝑃

End For
If ((𝑃
𝑀
> 𝑃
𝐶
) or (𝜆

𝑃
≥ 𝜇)), aux = 1

If (𝜆
𝑃
< 𝜇), best = 𝜆

𝑃

Else
best = 𝜆

𝑃

𝜆
𝑃
= 𝜆
𝑃

+ step
End While
If (best < 𝜇), Return best
Else, Return 𝜆

𝑃
not found

Algorithm 1

a greater amount of data classes increases the sensitivity of
the control element.

In the sequence, for each class, several iterationswere per-
formed, in order to identify the queue model that possesses
the following characteristics: service rate (𝜇) corresponding
to the bottleneck in analysis and probability of finding a
number of customers at the top of the central element of the
class greater than 50%.After that, the information concerning
the arrival rate (𝜆) and average waiting time (𝑊) of the
identified queuemodel was recorded in the respective classes.
This computational algorithm is presented in Algorithm 1.

Algorithm 1 starts with the following input data:

(i) service rate of the modelled bottleneck (𝜇),
(ii) lowest average waiting time in the system (𝑊min);
(iii) thenumber of customers that, above this, has a prob-

ability of occurrence greater than 𝑃
𝐶
(𝑁
𝐶
);

(iv) minimumprobability of findingmore than𝑁
𝐶
clients

(𝑃
𝐶
);

(v) step size used by the algorithm to find the arrival rate
(step).

Algorithm 1 calculates the initial value of the arrival rate
of customers in the queue (𝜆

𝑃
) that will later be incremented,

throughout the execution of the algorithm. In doing so, while
the probability of occurrence of more than 𝑁

𝐶
customers in

the queue is less than 𝑃
𝐶
, the value of the variable 𝜆

𝑃
will

be increased by the step value. However, if the value of 𝜆
𝑃

becomes greater than or equal to 𝜇, the value of the variable
𝜆
𝑃
will no longer receive any increment. This way, in order

to make 𝜆
𝑃
receive the least amount of increment, a variable

of control (aux) was included in the algorithm. Thus, while
this control variable remains at zero, the algorithm through
the while loop calculates the probability of finding more than
one customer in the queue when it presents an arrival rate
𝜆
𝑃
and a service rate 𝜇. The result of this calculation is stored

in the variable 𝑃
𝑀
. Next, the algorithm uses the For loop to

calculate the probability of finding more than𝑁
𝐶
customers

in the queue.This calculation involves an update on the value
of the variable 𝑃

𝑀
.

At the end of the For loop, the algorithm makes a
comparison of the value of 𝑃

𝑀
found with the value of 𝑃

𝐶
, as

well as the value of 𝜆
𝑃
with the value of the service rate of the

modeled bottleneck (𝜇). In this case, the control variable aux
is updated with the value 1 if it satisfies one of the following
conditions: the value of the probability of finding more than
𝑁
𝐶
customers in the queue (𝑃

𝑀
) is greater than𝑃

𝐶
and the 𝜆

𝑃

is greater than or equal to 𝜇, in which the algorithm cannot
determine an arrival rate that meets the input requirements
without amodification on the value of𝜇or step. Furthermore,
if the value of 𝑃

𝑀
is greater than the value of 𝑃

𝐶
and 𝜆

𝑃
is less

than 𝜇, the algorithm stores the value of the variable 𝜆
𝑃
on

the variable best. If the required conditions to an update of
the variable aux to 1 were not met, the algorithm stores the
value of the variable 𝜆

𝑃
on the variable best and increments

the 𝜆
𝑃
value in a step value. At the end of the While loop, the

algorithm returns the value of 𝜆
𝑃
found in the last iteration

of this loop if that variable was lower than 𝜇. Otherwise, the
algorithm reports that it failed to find a 𝜆

𝑃
that meets the

entry restrictions.
Finally, the goal is to evaluate transport scheduling

performed by an intermodal terminal agent seeking the
lowest transport cost. Therefore, agent’s objective function is
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Table 2: Notation of the objective function.

Index
𝑊 Days (1, . . . , 10)
Constant parameters
𝑐
𝐼 Storage cost in the intermodal (mu/hour)
ct
𝐷 Cost of the transportation (mu/hour)

ct
𝑁

Additional cost of transportation added
after 9 p.m. at the cost of the
transportation (mu/hours)

𝑐
𝐹 Cost of not transported goods

Variables

𝑡
𝐼

Total time in which the products were at
intermodal (hours)

𝑡
𝐷

Total time in which the products were in
transit (hours)

𝑡
𝑁

Total travel time of vehicles that were still
in use after 9 p.m. (hours)

𝑄
Quantity of goods that were not
transported

the minimization of all costs perceived by that agent. The
respective cost formula is presented in

min𝑍 =
10

∑

𝑤=1

(𝑐
𝐼
∗ 𝑡
𝑤𝐼
+ ct
𝑁
∗ 𝑡
𝑤𝑁
+ ct
𝐷

∗𝑡
𝑤𝐷
+ 𝑐
𝐹
∗ 𝑄) .

(2)

Table 2 presents parameters description.
The objective function will be used in the analysis of each

simulation scenario, enabling the performance assessment of
the proposed procedure. It is noteworthy that the decision of
the control element will be based on estimates of the traffic
arrival rate (𝜆) at the bottleneck. Moreover, as this decision is
made based on information gathered by an observer who is
far from the decisionmaker, differences are expected between
the results obtained and those predicted processing time at
the bottleneck.

The computational algorithm used by the control element
is presented in Algorithm 2. Algorithm 2 receives as input the
results obtained by the use of Formula 1 for each one of the
routes to the port.Thus, Algorithm 2 starts with the following
input data:

(i) expected transport transit time for route A;
(ii) expected transport transit time for route B.

Algorithm 2 checks which route has the lowest transport
transit time (𝑇

𝑇
). This verification by the control element

is required every time a transport vehicle is available at the
intermodal terminal and cargo needs to be transported to
the port terminal. In the sequence, the algorithm checks
if the transport of the goods can be performed before 9
p.m. (21:00 h). If possible, the transportation will be assigned
to the vehicle. Otherwise, there will be no more transport
assigned for that vehicle on that day. Besides that, once a cargo
transport is assigned to a vehicle, it will be carried out.

Input: 𝑇Ta, 𝑇Tb
If (TTa < TTb)

If (Clock < (21 − 𝑇Ta)), Return Route A
Else, Return No route

Else
If (Clock < (21 − 𝑇Tb)), Return Route B
Else, Return No route

Algorithm 2

The control element makes its decisions based on an
expectation of transport transit time (𝑇

𝑇
) due to the uncer-

tainty regarding the processing time (𝑃
𝑇
) at the bottleneck.

The 𝑃
𝑇

used is based on an estimate of the average waiting
time (𝑊) if this problem was modelled as a queue of type
M/M/C: (∞, FIFO). Still, since the decisions of the control
element are based on expectation that may change by the
time the transport vehicle reaches the bottleneck, it is possible
that some transportation vehicles continue in operation after
9 p.m. In this case, it is noteworthy that while the 𝑊 used
by the control element depends on the traffic observed in
the bottleneck when the transport vehicle is still in the
intermodal terminal, the ideal𝑊 depends on the arrival rate
(𝜆) in the bottleneck when the transport vehicle reaches it.

4. Test Case of Port Logistic Systems

This research comprised the modelling of agents involved in
the chain through the use of process modelling techniques.
After that, the impact of decisions of an agent in the rest of the
chainwas analysed, using a simulationmodel.The simulation
model was implemented using Simio LLC software [28].
Initially, the model was calibrated so that, depending on the
traffic flow, a queue could be formed in any of the routes
used to transport the cargo from the intermodal terminal to
the port terminal. Moreover, an additional calibration was
performed in the traffic flow to eliminate the possibility of a
modelled route becoming predominantly better than others
due only to their travel time (𝑇

𝑉𝑇
). In addition, the following

operational constraints were established in the model: the
transport vehicle should return to its place of departure
before the end of the day; the carrying capacity of each vehicle
is limited to only 1 unit; refusal of transport services occurs if
the total journey is set to finish after 9 p.m.; and an additional
cost is set when the transport vehicle cannot finish its journey
before 9 p.m. due to the elapsed time in the queue.

Figure 4 illustrates the simulation model that was imple-
mented in Simio LLC to evaluate the impact of decisions of
an agent in the rest of the export logistics chain.

Concerning the modelling, not only of the delivery of
goods to the port but also of the end of the traffic congestion
after the bottleneck of each route, two sinks were included
at the end of the routes: one traffic sink and one port sink.
While the traffic sink absorbs all vehicles originating traffic
on each route, the port sink absorbs all goods shipped at the
intermodal terminal.
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Figure 4: Simulation model implemented in Simio LLC.
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Figure 5: Frequency distribution of the traffic arrival rate (𝜆) at
route A.

In order to enable the comparison of results, the amount
of products available to be shipped at the intermodal terminal
inventories will be set to the value of 9 units at the beginning
of each day. Besides that, 3 vehicles were also used, each one
with the capacity to transport one cargo at a time.

With regard to the traffic congestion representation in
the model, this was accomplished with the inclusion of other
vehicles in each of the routes used by the cargo transportation.
In this case, the arrival rate of these vehicles at the bottlenecks
of each route can assume values varying in accordance to a
frequency distribution. Figures 5 and 6 present, respectively,
the frequency distribution of the possible values of the traffic
arrival rate (𝜆) that were used to induce traffic congestion at
routes A and B.

The values regarding the traffic arrival rate (𝜆) at the
bottleneck were used in order to allow the processing time
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Figure 6: Frequency distribution of the traffic arrival rate (𝜆) at
route B.

(𝑃
𝑇
) of the vehicle on the bottleneck to match the average

waiting time (𝑊) calculated numerically.
The decisions to be taken by the control element will be

performedwith the use not only of information regarding the
number of vehicles at the bottlenecks of each route but also
of information stored in its database. Tables 3 and 4 show,
respectively, the information stored in the control element
database that is used to assess the situation observed at the
bottlenecks of routes A and B.

Regarding the values presented at the column “average
waiting time” of Tables 3 and 4, they were previously calcu-
lated. These values were obtained not only by modelling the
bottleneck problem as a queue of typeM/M/1: (∞, FIFO) but
also by considering knowledge of the arrival rate and service
rate. It is pointed out that the control element decides which
route should be used without being certain about the amount
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Table 3: Control element database used to evaluate the traffic conditions of route A.

Route A

Lower limit of
customers

Upper limit of
customers

Number of customers
whose probability of

finding this amount in
the queue is greater than

50%

Number of vehicles
per hour (𝜆)

Average waiting time in
the system in hours (𝑊)

0 79 40 98,7951807228916 0,8300
80 159 120 98,8951807228916 1,9809
160 239 200 99,3951807228915 3,2806
240 319 280 99,5951807228915 4,8824

Table 4: Control element database used to evaluate the traffic conditions of route B.

Route B

Lower limit of
customers

Upper limit of
customers

Number of customers
whose probability of

finding this amount in the
queue is greater than 50%

Number of vehicles
per hour (𝜆)

Average waiting time in
the system in hours (𝑊)

0 6 3 25,3000000000001 0,2128
7 13 10 28,2000000000001 0,5556
14 20 17 28,9000000000001 0,9091
21 27 24 29,2000000000001 1,2500

of vehicles which will be waiting at the time the transport
vehicle reaches the bottleneck.

This uncertainty arises from the following reasons: (i)
there is a time difference between the time when the control
element takes its decision and the time when the transport
vehicle arrives at the bottleneck, since this decision occurs
when the vehicle is still in the intermodal terminal and (ii)
the traffic arrival rate (𝜆) of each route follows an exponential
distribution.

Given the above reasons, the decision on the route that
should be used is based on an estimation about the number
of vehicles per hour (𝜆) on each route. Furthermore, in order
to create a comparison among the proposed scenarios, the
corresponding values of the variables that follow a frequency
distribution were selected from random numbers. Table 5
illustrates the values that were randomly selected for these
variables in each day contemplated in the simulation period.
In this table, the random values obtained for the selection of
the traffic arrival rate of routes A and B are shown in columns
“A.N. flow of vehicles,” where A.N. means aleatory number.

Regarding the return of the vehicle to the intermodal
terminal, it was assumed that the vehicle would perform
this route without any delay caused by traffic. Furthermore,
as a consequence of modelling traffic arrival rate (𝜆) at the
bottlenecks as an exponential distribution, the model needed
to be run 100 times, for each day, so that the stochastic
results converged. As for the other parameters required for
the implementation of the model, their values did not vary in
the days contemplated in the simulation period.The values of
these parameters are shown in Table 6.

Concerning the cost factors of the proposed model, it
is pointed out that the costs relating to ct

𝐷
and ct

𝑁
are

associated with variables 𝑎
1
, 𝑎
2
, 𝑎
3
, 𝑎
4
, and 𝑎

5
. In reference to

the costs related to the unloading cargo at the port terminal,
they are considered to be zero in this model.

5. Results and Discussion

In addition to the simulation model developed in Simio LLC
for the impact analysis of the transport scheduling performed
by an agent using the proposed procedure, comparisons of the
results for the following scenarios were conducted.

(i) 1st Scenario: transport schedule considers that all
transport is carried out through the arch which
presents a shorter route, but high traffic.

(ii) 2nd Scenario: transport schedule considers that all
transport is carried out through the arch which
presents a longer route, but low traffic.

(iii) 3rd Scenario: transport schedule is adjusted through-
out the day according to an expectation of the time
spent by the available vehicles to perform a given
transportation.

5.1. 1st Scenario: Transport Schedule—All Vehicles Use Route
A. In this scenario, the transport schedule is performed such
that all transport to the port is made at route A (route
that has the shortest path but high traffic). Moreover, the
transport schedule did not take into account an evaluation
of the expected transport transit time, in other words, did
not evaluate the processing time at the bottleneck. Thus, the
information taken into account in the transport schedule is
referring to (i) number of vehicles available; (ii) amount of
each type of product to be transported; (iii) the remainder of
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Table 5: Selected values for each random variable comprised in the period of simulation.

Days A.N. flow of vehicles:
route A

Traffic arrival rate (𝜆) at
route A

(no. of vehicles/hour)

A.N. flow of vehicles:
route B

Traffic arrival rate (𝜆) at
route B

(no. of vehicles/hour)
1 0,72 99,3951807228915 0,56 28,9000000000001
2 0,94 99,5951807228915 0,33 28,2000000000001
3 0,91 99,5951807228915 0,69 28,9000000000001
4 0,25 98,8951807228916 0,79 28,9000000000001
5 0,1 98,7951807228916 0,31 28,2000000000001
6 0,66 99,3951807228915 0,93 29,2000000000001
7 0,59 99,3951807228915 0,07 25,3000000000001
8 0,53 98,8951807228916 0,94 29,2000000000001
9 0,58 99,3951807228915 0,42 28,9000000000001
10 0,94 99,5951807228915 0,96 29,2000000000001

Table 6: Value of the constant parameters.

Parameter Value Description
𝑎
1

0,9167 Travel time of arc 1 from route A (hours)
𝑎
2

0,9167 Travel time of arc 2 from route A (hours)
𝑎
3

1,25 Travel time of arc 3 from route B (hours)
𝑎
4

1,25 Travel time of arc 4 from route B (hours)

𝑎
5

1,833 Travel time of the vehicle return path
(hours)

𝑐
𝐼

1,875 Storage cost in the intermodal (mu/hour)
ct
𝐷

11,25 Cost of the transportation (mu/hour)

ct
𝑁

16,25
Additional cost of transportation added
after 9 p.m. at the cost of the
transportation (mu/hour)

𝑐
𝐹

250,00 Cost of goods that were not transported

𝜇
𝑎

100 Service rate (no. of vehicles/hour) of the
bottleneck of the route A

𝜇
𝑏

30 Service rate (no. of vehicles/hour) of the
bottleneck of the route B

Λ
𝐴

3 Loading/unloading time of transport
vehicles (minutes)

the transport vehicle; and (iv) time needed for the transport
vehicle which can carry out the collection and delivery of
the product. Furthermore, in every day of the simulation
period, the amount of goods available in the intermodal
terminal, 9 in total, can be sent to the port by 3 vehicles
at the time. Therefore, from this consideration and also
from the considerations above, the transportation schedule
for this scenario presents no difficulties. Using the above
transportation schedule as input to the simulation model
implemented in Simio LLC, the results were obtained in
Table 7.

5.2. 2nd Scenario: Transport Schedule—All Vehicles Use Route
B. Similar to the 1st simulation described, a new simulation
was implemented, but the transport was performed only
through route B (route that has the longest route, but little
traffic) during the transport of goods from the intermodal

terminal to the port terminal. Using the above transport
schedule as input to the simulation model implemented in
Simio LLC, the results were obtained in Table 8.

5.3. 3rd Scenario: Transport Schedule—Adjusted throughout
the Day according to an Expectation of the Time Spent by the
Available Vehicles to Perform a Given Transportation. In this
scenario, a change was made in the process that generates the
transport schedule. At other scenarios, the transport schedule
was used as input to the simulation model in Simio LLC.
However, in this scenario, the transportation schedule was
also generated at Simio LLC.

The transport schedule at this scenario was generated,
during the simulation, while the need for transport and
the vehicle availability were presented. Besides that, this
transportation schedule did also take into account the traffic
conditions that were observed at each bottleneck.

Furthermore, a restriction in the model was included so
that only freights with the expected completion time before
9 p.m. were scheduled. Thus, during the simulation period of
10 days, in the simulation model implemented in Simio LLC,
the results were obtained in Table 9.

5.4. Analysis. It was observed, in all scenarios, that transport
was performed after 9 p.m. In spite of that, it was also
possible to visualise different costs for each scenario. In the
1st Scenario, due to shorter travel time in the days when the
traffic at route Awas not intense, the transport transit time on
this route became significantly lower when compared to the
transport transit time on route B. Regarding the amount of
goods that were not transported and the total travel time after
9 p.m., this scenario presented the worst results, due to those
days of high traffic at route A. Concerning the sum of average
costs after simulation replications of this scenario, it displays
the highest values when compared to other scenarios.

In the 2nd Scenario, the dispatch of all goods was carried
with the use of route B. In this case, with the exception of the
total time in which the products were in transit, all other cost
factors were lower when compared to the results of the 1st
Scenario. Thus, despite the fact that the travel time of route
B is longer than the respective time of route A, it is pointed
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Table 7: Results when all transports are made with the use of route A.

Average results from 1st Scenario after simulation replications Sum of average
Costs after
simulation
replications

Total time in which
the products were

in transit (h)

Number of vehicles
in use after 9 p.m.

Total travel time
after 9 p.m.

Total time in which
the products were
found stored (h)

Amount of
products that were
not transported

Average results
after simulation
replications

295,74 17 88,25 515,17 5,87 —

Average costs after
simulation
replications

3768,39 — 1434,11 965,94 1466,4 6200,73

Table 8: Results when all transports are conducted through route B.

Average results from 2nd Scenario after simulation replications Sum of Average
Costs after
simulation
replications

Total time in which
the products were

in transit (h)

Number of vehicles
in use after 9 p.m.

Total travel time
after 9 p.m.

Total time in which
the products were
found stored (h)

Amount of
products that were
not transported

Average results
after simulation
replications

306,12 17 66,38 502,07 2,84 —

Average costs after
simulation
replications

3775,8 — 1078,7 941,38 710,2 5427,38

Table 9: Results when the decision making process uses the proposed control.

Average results from 3rd Scenario after simulation replications Sum of average
Costs after
simulation
replications

Total time in which
the products were

in transit (h)

Number of vehicles
in use after 9 p.m.

Total travel time
after 9 p.m.

Total time in which
the products were
found stored (h)

Amount of
products that were
not transported

Average results
after simulation
replications

249,84 12 65,89 461,44 1,32 —

Average costs after
simulation
replications

3140,15 — 1070,64 865,19 331,05 4336,39

out that the difference between the results of the 1st and 2nd
Scenarios is due to the low processing time (𝑇

𝑃
) for transport

vehicles at the bottleneck of route B. Compared to the sum of
average costs after simulation replications of the 1st Scenario,
the 2nd Scenario presented a lower value.

In the 3rd Scenario, the decision on the route that was
used to carry out the shipping of the goods was made with
the aid of the proposed control element. In this case, it was
observed that all cost factors were lower compared to the
other two scenarios.The sumof average costs after simulation
replications of this scenario, in comparison to the cost of all
other scenarios, presented the lowest value.

6. Conclusion

A greater consistency of goods carried was identified when
the transport scheduling decision takes into account the
expectation about the time calculated by applying queues
stochastic models, which would be spent in queues. Further-
more, it was also possible to observe a reduction in storage

time and the time of goods in transit after the change in the
decision process.The improvement performed at the decision
process could be implemented in real-world port logistic
systems through the application of a customised version of
the proposed model.

Regarding reductions in storage time and the time of
goods in transit after the change in the decision process,
although this study did not demonstrate these benefits, they
are related to the reduction in the level of safety stock held
along the port logistic system. Thus, this work demonstrated
the possibility of achieving a better performance of a port
logistic system without necessarily making a change in its
structure or infrastructure, only by improving the synchro-
nization of transport flows through the application of a
queueing model for supporting scheduling decision making.

Nevertheless, some limitations have to be pointed out.
The model assumes the occurrence of only one queue along
the transport route. When there is more than one bottleneck
on the same route, the resulting flow of goods is determined
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by the bottleneck with the lowest capacity. During a transport
journey, it is possible that the vehicle passes through several
traffic congestions. In this case, the elapsed time in the traffic
congestion is associated with the service capacity limit of
different segments along a route. The control element takes
into account an expectation about the time that would be
spent in queues. If there is more than one queue on a route,
it would be necessary to monitor and inform the size of these
queues to the control element.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This paper was supported by (i) a Grant from Simio LLC
covering software licenses; (ii) two Grants from CNPq (the
Brazilian National Council for Scientific and Technologi-
cal Development): a Scientific Initiation Grant (Bolsista de
Iniciação Cient́ıfica—PIBIC) and a Senior Researcher Grant
(Bolsista de Produtividade em Pesquisa do CNPq—PQNı́vel 2,
Processo 303879/2012-2); and (iii) one Master Student Grant
from CAPES (Coordenação de Aperfeiçoamento de Pessoal
de Nı́vel Superior). The authors would also like to thank the
reviewers for the important comments and suggestionswhich
contributed to the continuous improvement of this research
paper.

References

[1] A. M. Valente, E. Passaglia, J. A. Cruz et al., Qualidade E
Produtividade Nos Transportes, Cengage Learning, São Paulo,
Brazil, 2008.

[2] M. F. Hijjar and F. M. B. Alexim, “Avaliação do acesso aos
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[5] O. Sharif, N. Huynh, and J. M. Vidal, “Application of El Farol
model formanagingmarine terminal gate congestion,”Research
in Transportation Economics, vol. 32, no. 1, pp. 81–89, 2011.

[6] G. Chen, K. Govindan, and Z. Yang, “Managing truck arrivals
with time windows to alleviate gate congestion at container
terminals,” International Journal of Production Economics, vol.
141, no. 1, pp. 179–188, 2013.

[7] B. Yang and N. Burns, “Implications of postponement for the
supply chain,” International Journal of Production Research, vol.
41, no. 9, pp. 2075–2090, 2003.

[8] B. Scholz-Reiter, E. M. Frazzon, and T. Makuschewitz, “Inte-
grating manufacturing and logistic systems along global supply

chains,” CIRP Journal of Manufacturing Science and Technology,
vol. 2, no. 3, pp. 216–223, 2010.

[9] E. M. Frazzon, S. Loureiro, J. R. Orlando Fontes Lima, and
B. Scholz-Reiter, “A knowledge management approach for the
integration of manufacturing and logistics in global production
networks,” in Proceedings of the 44th CIRP Conference on
Manufacturing Systems, Madison, Wis, USA, June 2011.

[10] A. Scholl, Robuste Planung und Optimierung: Grundlagen,
Konzepte undMethoden; Experimentelle Untersuchungen, Phys-
ica, Heidelberg, Germany, 2001.

[11] J. Mula, D. Peidro, M. Dı́az-Madroñero, and E. Vicens, “Mathe-
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In this study, an attempt has been made to develop a multiobjective fuzzy aggregate production planning (APP) model that best
serves those companies whose aim is to have the best utilization of their resources in an uncertain environment while trying to keep
an acceptable degree of quality and customer service level simultaneously. In addition, the study takes into account the performance
and availability of production lines. To provide the optimal solution to the proposed model, first it was converted to an equivalent
crispmultiobjectivemodel and then goal programmingwas applied to the convertedmodel. At the final step, the IBM ILOGCPLEX
Optimization Studio softwarewas used to obtain the final result based on the data collected froman automotive partsmanufacturing
company.The comparison of results obtained from solving themodelwith andwithout considering the performance and availability
of production lines, revealed the significant importance of these two factors in developing a real and practical aggregate production
plan.

1. Introduction

Since the introduction of aggregate production planning
(APP) problem in 1950s, it has been studied vastly by many
researchers.The interest in APP has a root in the ability that it
provides to companies for effective control of production and
inventory costs as the two substantial portions of the overall
cost of manufacturers [1]. It also helps to identify decisions
concerning layoff and hiring of workers, overtime production
quantities, backorder and inventory levels, subcontracting,
and all the required resources [2, 3].

The overall goal of APP is to set the overall production
rates for each product category to meet the fluctuation of
customers’ demand in a cost-effective manner and for a
certain time horizon [4].WhileAPP is considered as an upper
level planning in the process of production management,
other forms of disaggregation plans (e.g., master production
schedule, capacity plan, and material requirements plan) are
all related and dependent on APP in a hierarchical way
[5]. The costs associated with APP mostly consist of costs
related to payroll, inventory, backordering, hiring and layoff

of workers, overtime, and regular time production [6]. The
time horizon for developing an APP is often from 3 to 18
months forward [7].

Taking into account the beneficial impact of applying
APP in companies, different approaches and methodologies
such as linear programming [8, 9], mixed integer linear
programming [6, 10–13], goal programming [14–17], or, in the
case of providing solutions to the developed mathematical
models, some heuristic algorithms such as genetic algorithm
[7, 18, 19] and tabu search [17, 20–22] have been applied.
In most of the previously performed studies, APP has been
introduced as the method by which decisionmakers trade off
between incurring cost and increasing capacity, having inven-
tory or backlog orders. Although, a successful combination of
such trade-offs can bring beneficial results to the company,
there may be some other influential factors that should be
taken into account when developing an APP. For instance,
the quality of products has not received adequate attention
in previous studies in the area of APP. Ignoring the quality
of products and just focusing onminimizing operational cost
in the process of production planning lead to poor customers’
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perception about the products and consequently sales loss in
the long term.

The other issue in developing an aggregate production
plan is the uncertain environment that the planner has to
deal with. The uncertainty in production planning process is
due to imprecise input data such as the size and amount of
required or on-hand resources, customers’ demand, or uncer-
tainty about the aspiration levels of a decision maker’s goals
and objectives [23]. Therefore, suitable approaches should be
followed to incorporate these uncertainties when developing
an APP. Fuzzy programming is one of the main approaches
used vastly in the literature to incorporate uncertainty into
production plans [24]. This study also applies the fuzzy
programming approach to consider the aforementioned
uncertainties in developing the APP. In addition, because
of the lack of attention given to the quality of products in
previous related research, this study incorporates quality as
an objective function in developing the APP.

The other contribution of this paper is the capability of
the developed APP model in considering the real capacity of
production lines through incorporating their availability and
performance percentage into the capacity constraint of the
mathematical model. Considering performance and avail-
ability levels of production lines, which takes into account
their down time and speed loss, provides the planner with a
realistic view of on-hand capacity and consequently results in
a more practical APP.

This paper contains eight sections. The next section pro-
vides some information about fuzzy programming together
with a brief review on some relevant previous studies.
Section 3 provides information about the construction of the
mathematical model. In Section 4, the approach applied for
providing the solution to the model is discussed. Section 5
confirms the applicability of the proposed model using data
collected from the company under study. In Section 6, a
comparisonwill bemade in order to signify the consequences
of ignoring the performance and availability of production
lines in developing a practical APP. Sensitivity analysis and
conclusionswill be presented in Sections 7 and 8, respectively.

2. Literature Review

Application of fuzzy set theory in the conventional linear
programming model was first introduced by Zimmermann
[25, 26] in 1978. The purpose was to deal with the uncer-
tainties in the input data which are mostly due to the lack
of decision makers’ knowledge and unavailability of required
data. Due to the nonrandomness nature of such uncertainties,
they cannot be expressed by probability distributions and
considering conventional stochastic programming models
leads to inefficient and impractical results. On the other hand,
assuming the uncertain parameters to be deterministic can
also lead to unreal and impractical results [27].

In the fuzzy model proposed by Zimmermann [25] both
the objective function and constraints were formulated in a
fuzzy environmentwhere imprecise parameters are processed
as fuzzy numbers and imprecise constraints as fuzzy sets.
Using themin-operator, he showed that there is an equivalent

linear programming model to the original constructed fuzzy
multiobjective model.

Narasimhan [28] demonstrated how fuzzy subset concept
can be incorporated into a goal programming model in a
fuzzy environment. Hannan [29] illustrated the application
of piecewise membership functions in quantifying fuzzy
aspiration levels. He considered a fuzzy goal-programming
model with preemptive priorities and Archimedean weights
and solved the model by maximization of the membership
function of the minimum goal.

Introduction of fuzzy set theory into linear programming
models by Zimmermann [26] has opened new windows for
researchers who are dealing with a fuzzy environment in
different areas of operations management. Based on a survey
conducted by Wong and Lai [30], between the years 1998
and 2009, the number of applications of fuzzy set theory in
different areas of operations and production management
was about 400. Among them, the area of long term capac-
ity planning had the highest share of application, namely,
16.13%, followed by short term capacity planning (14.4%)
and inventory control (11.17%). However, the least number
of applications was found in the areas of job design and
long term forecasting with almost no application. In the
area of APP, fuzzy set theory has its own significant place
[5, 28, 31–33]. Jamalnia and Soukhakian [23] developed a
fuzzy multiobjective nonlinear APP model to address the
fuzzy aspiration levels of objective functions. In their model,
three quantitative objective functions, namely, minimization
of production, inventory, and changes in workers costs, and
one qualitative objective function of maximizing customer
satisfaction were taken into account. The nonlinearity of the
modelwas due to the effect of the learning curve in decreasing
production time as workers achieve more experience. By
applying the triangular fuzzy membership function, the
model was converted to a crisp one and finally it was solved
using a branch of genetic algorithm.

Wang and Fang [34] developed an aggregate production
plan with some fuzzy parameters including product price,
unit cost of subcontracting, workforce level, production
capacity, andmarket demand along with fuzzy aspiration lev-
els of objective functions. Providing a systematic framework,
the proposed approach supports decision makers through an
interactive way until the satisfactory results are obtained. At
the final step, an aggregation operator was employed in order
to obtain the compromised solution of the proposed system.

Wang and Liang [35] also proposed a fuzzy linear
programming model and developed an APP. Minimization
of total production costs, carrying and backordering costs,
and rates of changes in labor levels are the three objective
functions of that study. In order to convert the problem
into an ordinary linear programming problem, the piecewise
linear membership function of Hannan [29] (to represent the
fuzzy goals of decision makers) along with the fuzzy decision
making approach of Zadeh [36] were taken into account.

The review of several studies in the APP area described
in this section obviously shows that almost all researchers
have considered cost as the first objective to be minimized.
Minimization of inventory, backorder level, and changes in
workforce are the other main objectives that have been taken
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into consideration as the second or third objective function.
However, enhancing the quality of products as an objective
function has been widely ignored in developing APPmodels.
Particularly, there is no study that has taken into account
the quality of products when developing an APP in the
fuzzy environment. Another deficiency in this area was the
overestimation of the real capacity of production lines due to
the ignorance of two important factors, that are, performance
and availability of production lines in the capacity constraints
of the constructed APP models. In this study, an effort
has been made to bridge these gaps through developing a
multiobjective integer linear programming model in a fuzzy
environment in which the quality of products as well as
the real capacity of production lines have been taken into
consideration. Since, in the real world, planners are faced
with qualitative as well as quantitative goals, this study tries
to present the application of both qualitative and quantitative
objective functions in the construction of the proposed APP
model. To test the applicability of the proposed model, it has
been applied to a case study chosen from Iran’s automotive
industry.

3. Construction of the Mathematical Model

In this section a multiperiod, multiobjective integer fuzzy
linear programming model is constructed based on the
operational conditions of an automotive parts manufacturing
company in Iran which is producing three types of products
for local customers.

3.1. Operational Conditions and Assumptions of the Model.
The operational conditions together with the assumptions of
the model are as follows.

(i) Forecasted customers’ demand, production cost,
inventory carrying cost, cost of training, cost of
purchasing rawmaterials, reject rate of rawmaterials,
and performance and availability percentages of all
production lines are assumed to be imprecise and are
modeled by fuzzy numbers.

(ii) Production lines are balanced.
(iii) Constant number of operators and workers has been

dedicated to each production line throughout the
specified time horizon.

(iv) The cost of hiring is not included in the overall
production cost, since all the operators and workers
are hired at the beginning of the time horizon.

(v) Firing the hired workers is not allowable. Workers are
trained to acquire the required level of skills in each
time period.

(vi) Regular and overtime production and warehouse
space cannot exceed their maximum levels.

(vii) Backordered demand must be satisfied in the next
time period.

(viii) All customers’ demand for all types of products
should be fulfilled at the end of the time horizon.

(ix) Outsourcing is not allowable for any type of products.
(x) The number of workers with a certain skill level in a

time period is not reduced in the next time period.
(xi) Work in process (WIP) inventory cost is not consid-

ered.
(xii) The specified time horizon contains six monthly

periods.
(xiii) Two separated warehouses are used for final products

storage; one is assigned to the type one and type
two products and the other warehouse is for storing
products of type three.

(xiv) The level of inventory is assumed to be zero at the
beginning of the first period.

(xv) Each type of products is assigned to just one produc-
tion line.

(xvi) All components can be purchased from all suppliers.
In total, three suppliers are considered.

(xvii) Reject rates and costs of raw materials, purchased
from different suppliers, are different.

(xviii) Rejected raw materials are sent back to the relevant
suppliers and the company does not pay for them.

(xix) Higher skilled workers are paid more.
(xx) The salary of workers is not included in the overall

production cost and is considered separately.

3.2. Objective Functions

3.2.1. Quantitative Objective Function. Quantitative objective
functions are as follows:

(i) minimization of total cost,
(ii) maximization of product quality (through minimiza-

tion of quality degradation).

3.2.2. Qualitative Objective Function. Customer service level
should be “rather high.”

The desired service level, that is, “rather high,” in the
above objective has been identified by the decision maker
(production planner in the company under study).

3.3. Parameters Definition. Consider the following:

𝑇 = planning time horizon including six monthly
periods;
𝑡 = time period;
𝑚 = type of product (𝑚 ∈ 𝑀);
𝑘 = supplier index (𝑘 ∈ 𝐾);
𝑖 = raw material component (𝑖 ∈ 𝐼);
𝑛
𝑖𝑚
= usage coefficient of component 𝑖 in product𝑚;

ℎ = regular (ℎ = 1) or overtime (ℎ = 2) production
hours (ℎ ∈ 𝐻);
sk = skill level of a worker (ordinary (sk = 1), good
(sk = 2), and excellent (sk = 3));
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𝑆sk = salary of a worker with skill level of sk;

𝐶
𝑖𝑘
= cost of component 𝑖 purchased from supplier 𝑘

(cost of placing and receiving orders);
̃
𝜃
𝑖𝑘
= reject rate of component 𝑖 purchased from

supplier 𝑘;

𝐷
𝑚𝑡
= forecasted demand of product type𝑚 in period

𝑡;
𝜏
𝑚
= ideal production cycle time for product type𝑚;

𝐶
𝑝

𝑚ℎ
= cost of producing one unit of product type 𝑚

in production time ℎ;

𝐶
𝐼

𝑚𝑡
= inventory carrying cost per unit of product 𝑚

in period 𝑡;
𝐶
𝐵

𝑚
= backorder cost per unit of product𝑚;

𝐶
ℎ𝑡
= cost to train one worker in period 𝑡;

P̃r
𝑚
= performance percentage of production line𝑚;

̃Av
𝑚
= availability percentage of production line𝑚;

𝐿
𝑊

𝑚𝑡
= number of workers to be assigned for produc-

ing product type𝑚 in period 𝑡;

Max𝑤𝑚1 = maximum warehouse space for storage of
product types 1 and 2;

Max𝑤𝑚2= maximum warehouse space for storage of
product type 3;

Maxℎ𝑡= maximum allowable regular time (ℎ = 1) or
overtime (ℎ = 2) production in period 𝑡;
𝑊
𝑚
= required warehouse space per unit of product

𝑚.

All input data related to the parameters will be made
available upon request.

3.4. Decision Variables. Decision variables (outputs of the
model) are as follows:

𝑃
𝑚ℎ𝑡

= unit of product type 𝑚 to be produced
in production time ℎ (regular time or overtime) in
period 𝑡;

𝐿
ℎ

𝑚𝑡
= number of workers to be trained in period 𝑡 for

product type𝑚;
𝐵
𝑚𝑡

= backorder level at the end of period 𝑡 for
product type𝑚;
𝐼
𝑚𝑡
= available inventory level of product type 𝑚 at

the end of period 𝑡;
𝑄
𝑖𝑘𝑡
= quantity of component 𝑖 to be purchased from

supplier 𝑘 in period 𝑡;
𝐿 sk𝑚𝑡 = number of workers with skill level of sk to
produce product type𝑚 in period 𝑡.

3.5. Formulation of Objective Functions. The objective func-
tions are formulated as follows.

3.5.1. Quantitative Objective Functions

(i) Minimization of cost is as follows:

Min𝑍
1

=

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝐻

∑

ℎ=1

𝐶
𝑝

𝑚ℎ
𝑃
𝑚ℎ𝑡
+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

(𝐶
𝐵

𝑚
𝐵
𝑚𝑡
+ 𝐶
𝐼

𝑚𝑡
𝐼
𝑚𝑡
+ 𝐶
ℎ𝑡
𝐿

ℎ

𝑚𝑡
)

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

3

∑

sk=1
𝑆sk𝐿 sk𝑚𝑡 +

𝑇

∑

𝑡=1

𝐾

∑

𝑘=1

𝐼

∑

𝑖=1

𝐶
𝑖𝑘
𝑄
𝑖𝑘𝑡
.

(1)

This objective function tries to minimize operational
costs including production cost, backorder cost,
inventory cost, training cost, and costs associatedwith
salary and raw materials procurement.

(ii) Maximization of quality of products (minimization of
quality degradation) is as follows:

Min𝑍
2
=

∑
𝐼

𝑖=1
∑
𝐾

𝑘=1
∑
𝑇

𝑡=1
𝑄
𝑖𝑘𝑡
̃
𝜃
𝑖𝑘

∑
𝐼

𝑖=1
∑
𝑀

𝑚=1
∑
𝑇

𝑡=1
𝐷
𝑚𝑡
𝑛
𝑖𝑚

+

∑
𝑀

𝑚=1
∑
1

sk=1∑
𝑇

𝑡=1
𝐿 sk𝑚𝑡

∑
𝑀

𝑚=1
∑
𝑇

𝑡=1
𝐿
𝑊

𝑚𝑡

.

(2)

The aim of this objective function is to maximize quality
by minimizing quality degradation of products using two
strategies. The first strategy, as has been formulated in the
first element, is to decrease the number of rejected raw
materials purchased from suppliers and the second strategy
represented in the second element of the objective function
is to decrease the number of hired workers with a lower
skill level. These two elements have a significant effect on the
quality of finished products produced during the specified
timehorizon.One can addother elements that are effective on
the quality of finished products, depending on the situation
of the company under study.

3.5.2. Qualitative Objective Functions

(i) “Customer service level should be rather high.”

In order to measure customer service level, backorder
level is used. The term “rather high” has been defined by
the decision maker as the desired service level that the
company aims to provide to its customers. Figure 1 shows
the corresponding membership functions [27] constructed
based on the definition of the decision maker and assigned
to each linguistic term in Set 𝐴, where 𝐴 = {very low,
low, rather low,medium, rather high, high, very high}.

To formulate the required linguistic term, the part that
has been assigned to “rather high (RH)” and highlighted in
Figure 1 has been selected and formulated as shown in

𝜇BLP
𝑡

=

{
{
{

{
{
{

{

1 BLP
𝑡
≤ 25

30 − BLP
𝑡

5

25 < BLP
𝑡
≤ 30

0 BLP
𝑡
> 30,

(3)
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Figure 1: Membership functions for different linguistic terms.

where

BLP
𝑡
(Backorder level percentage at the end of period 𝑡)

=

Backorder at the end of period 𝑡
Demand in period 𝑡

× 100.

(4)

Therefore the final formula for the third objective function
can be constructed as presented in

Max𝑍
3
=

𝑇

∑

𝑡=1

𝜇BLP
𝑡

=

𝑇

∑

𝑡=1

30 − BLP
𝑡

5

. (5)

3.6. Constraints. The following constraints have been formu-
lated based on the assumptions and the company’s opera-
tional conditions defined earlier:

2

∑

ℎ=1

𝑃
𝑚ℎ𝑡

= 𝐷
𝑚𝑡
− 𝐼
𝑚(𝑡−1)

− 𝐵
𝑚𝑡
+ 𝐼
𝑚𝑡
+ 𝐵
𝑚(𝑡−1)

;

∀𝑡 > 1, ∀𝑚

(6)

2

∑

ℎ=1

𝑃
𝑚ℎ𝑡

= 𝐷
𝑚𝑡
− 𝐵
𝑚𝑡
+ 𝐼
𝑚𝑡
; ∀𝑚, 𝑡 = 1 (7)

3

∑

sk=1
(𝐿 sk𝑚𝑡 − 𝐿 sk𝑚(𝑡−1)) = 𝐿

ℎ

𝑚𝑡
; ∀𝑡 > 1, ∀𝑚 (8)

𝐿 sk𝑚𝑡 ≥ 𝐿 sk𝑚(𝑡−1); ∀𝑡 > 1, ∀𝑚, ∀sk (9)

3

∑

sk=1
𝐿 sk𝑚𝑡 = 𝐿

𝑊

𝑚𝑡
; ∀𝑚, ∀𝑡 (10)

𝑃
𝑚ℎ𝑡
𝜏
𝑚
≤ Maxℎ𝑡 × P̃r

𝑚
×
̃Av
𝑚⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

P̃A
𝑚

; ∀𝑚, ∀𝑡, ∀ℎ (11)

𝐵
𝑚𝑡
≤ 𝐷
𝑚𝑡
; ∀𝑡, ∀𝑚 (12)

𝐵
𝑚𝑡
= 0; ∀𝑚, ∀𝑡 = 6 (13)

2

∑

𝑚=1

𝑊
𝑚
𝐼
𝑚𝑡
≤ Max𝑤𝑚1; ∀𝑡 (14)

𝑊
𝑚
𝐼
𝑚𝑡
≤ Max𝑤𝑚2; ∀𝑡, ∀𝑚 = 3 (15)

3

∑

𝑘=1

𝑄
𝑖𝑘𝑡
=

3

∑

𝑚=1

2

∑

ℎ=1

(𝑃
𝑚ℎ𝑡
× 𝑛
𝑖𝑚
) ; ∀𝑡, ∀𝑖. (16)

Constraints (6) and (7) determine the production quan-
tities in regular and overtime production hours. Constraint
(8) defines the number of workers to be trained in each time
period. Constraint (9) is generated based on the company’s
layoff strategy that forbids firing the hired workers and
hiring higher skill workers. Due to the company’s training
strategy, workers are trained to achieve the required skills.
Therefore, as formulated in constraint (9), the number of
workers with higher skills in a time period should increase
or remain constant compared to the former time period.
Constraint (10) ensures that the total number of workers
with different skill levels for producing a certain type of
product is equal to the number of dedicated workers to the
corresponding production line. Constraint (11) considers the
limitation associated with the capacity of production lines
taking into account performance and availability percentages
of production lines. To be more illustrative, the formulas
used for obtaining the values of performance and availability
percentages of production lines are presented as follows:

Availability percentage of production line 𝑚(Av
𝑚
)

= (

Operating time
Planned production time

) × 100,

(17)

in which operating time is obtained from subtracting shut
down durations (such as equipment failure, material short-
age, and changeover time) from the planned production time.

Performance percentage of production line 𝑚(Pr
𝑚
)

= (

Net operating time
Operating time

) × 100,

(18)

where net operating time is the result of removing speed loss
durations (such as machine wear, substandard material, and
operator inefficiency) from the operating time.

Constraint (12) states that the backorder level must not
exceed the customer demand in each time period. Constraint
(13) imposes an obstacle on having any backorder level at the
end of the specified time horizon. Constraints (14) and (15)
emphasize the limits on the warehouses’ capacity for storing
finished products and finally constraint (16) identifies the
quantity of raw materials to be purchased from the suppliers.

4. Providing a Solution to the Model

In general, in the process of solving a possibilistic fuzzy
programming problem, the uncertain nature of parameters
imposes two main issues: managing the relationship between
the fuzzy sides of constraints and obtaining the optimal
value for the objective function which involves some fuzzy
parameters. Based on Jiménez et al. [37] the answers for these
two questions are related to the process of ranking fuzzy
numbers. Many approaches have been introduced in the
literature addressing the problem of ranking fuzzy numbers
[38]. This study applies the method introduced by Jiménez
et al. [37] to rank the fuzzy constraints and objectives. The
method uses two main concepts, that are, feasibility and
optimality, for dealing with inequality relations in constraints
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and ranking fuzzy objective functions, respectively. Unlike
some ranking approaches that do not agree with each
other, this approach verifies all properties used in other
ranking approaches applied for ranking fuzzy numbers [37].
In addition, the method preserves the linearity of a linear
programming model that makes it computationally efficient.
It also does not increase the number of objective functions
and inequality constraints [27]. Therefore, it is suitable for
solving large scale fuzzy linear programming models. The
method uses fuzzy relation for comparison of fuzzy numbers,
while many other relevant methods use comparison relation
that does not provide any information about likely violation
of constraints (feasibility concept) and just simply state that
a fuzzy number is bigger or smaller than others [37]. The
feasibility and optimality concepts in this method allow the
decision maker to interactively make a trade-off between
the degree of violation of constraints (feasibility degree) and
the degree of accomplishment of her/his targeted goal. This
method is based on an expected interval and expected value
of fuzzy numbers, which are considered as the two strong
mathematical concepts [39] and were initially introduced by
Yager [40] and Dubois and Prade [41] and continued by
Heilpern [42] and Jiménez et al. [37]. Prior to explaining
the methodology used for solving the constructed fuzzy
mathematical model, some relevant terms are defined in the
following section.

4.1. Definition of Terms

Fuzzy Number.A fuzzy number is a fuzzy set 𝑎 on the real line
𝑅 with the membership function shown in

𝑢 = 𝜇
𝑎
(𝑥) =

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

0 ∀𝑥 ∈ (−∞, 𝑎
1
]

𝑓
𝑎
(𝑥) increasing ∀𝑥 ∈ [𝑎

1
, 𝑎
2
]

1 ∀𝑥 ∈ [𝑎
2
, 𝑎
3
]

𝑔
𝑎
(𝑥) decreasing ∀𝑥 ∈ [𝑎

3
, 𝑎
4
]

0 ∀𝑥 ∈ [𝑎
4
, +∞)

(19)

in which 𝑎 = (𝑎
1
, 𝑎
2
, 𝑎
3
, 𝑎
4
).

An 𝛼-Cut of a Fuzzy Number 𝑎. It is a slice through the fuzzy
number 𝑎 which produces a nonfuzzy set and is defined as
𝑎
𝛼
= {𝑥 ∈ 𝑅; 𝜇

𝑎
(𝑥) ≥ 𝛼; 0 < 𝛼 ≤ 1}. Based on this definition,

it can be written as 𝑎
𝛼
= [𝑓
−1

𝑎
(𝑢), 𝑔
−1

𝑎
(𝑢)]. In such cases when

𝑓
𝑎
and 𝑔

𝑎
are linear functions, the membership function

presented in (19) is the membership function of a trapezoidal
fuzzy number, denoted by (𝑎

1
, 𝑎
2
, 𝑎
3
, 𝑎
4
). If 𝑎

2
= 𝑎
3
, the

trapezoidal fuzzy number is converted to the triangular fuzzy
number denoted by (𝑎

1
, 𝑎
2
, 𝑎
3
) [37].

Expected Interval and Expected Value of a Fuzzy Number.
Expected interval of a fuzzy number was first introduced by
Heilpern [42]. Considering (19), an expected interval of a
triangular fuzzy number can be represented as

EI (𝑎) = [𝐸𝑎
1
, 𝐸
𝑎

2
] = [∫

1

0

𝑓
−1

𝑎
(𝑢) 𝑑𝑢, ∫

1

0

𝑔
−1

𝑎
(𝑢) 𝑑𝑢] . (20)

In addition, based on Heilpern’s [42] definition, an expected
value of a fuzzy number is half point of its expected interval.
Then, we have

EV (𝑎) =
𝐸
𝑎

1
+ 𝐸
𝑎

2

2

. (21)

Therefore, for a triangular fuzzy number 𝑎 = (𝑎
1
, 𝑎
2
, 𝑎
3
), the

resulting interval and expected value would be

EI (𝑎) = [
𝑎
1
+ 𝑎
2

2

,

𝑎
2
+ 𝑎
3

2

] ,

EV (𝑎) =
𝑎
1
+ 2𝑎
2
+ 𝑎
3

4

.

(22)

It is notable that in some literature, the degree of a deci-
sion maker’s optimism has been incorporated in calculating
the expected interval of a fuzzy number as well.
In addition, based on Dubois and Prade [41], for two fuzzy
numbers 𝑎 and ̃𝑏, the following equalities are used:

EI (𝜌𝑎 + 𝜎̃𝑏) = 𝜌EI (𝑎) + 𝜎EI (̃𝑏) ,

EV (𝜌𝑎 + 𝜎̃𝑏) = 𝜌EV (𝑎) + 𝜎EV (̃𝑏) .
(23)

Definition 1 (see [43]). For any pair of fuzzy numbers 𝑎 and
̃
𝑏, the degree in which 𝑎 is bigger than ̃𝑏 can be defined as
follows:

𝜇
𝑀
(𝑎,
̃
𝑏)

=

{
{
{
{

{
{
{
{

{

0 if 𝐸𝑎
2
− 𝐸
𝑏

1
< 0

𝐸
𝑎

2
− 𝐸
𝑏

1

𝐸
𝑎

2
− 𝐸
𝑏

1
− (𝐸
𝑎

1
− 𝐸
𝑏

2
)

if 0 ∈ [𝐸𝑎
1
− 𝐸
𝑏

2
, 𝐸
𝑎

2
− 𝐸
𝑏

1
]

1 if 𝐸𝑎
1
− 𝐸
𝑏

2
> 0,

(24)

where [𝐸𝑎
1
, 𝐸
𝑎

2
] and [𝐸𝑏

1
, 𝐸
𝑏

2
] are the expected intervals of 𝑎 and

̃
𝑏.

When 𝜇
𝑀
(𝑎,
̃
𝑏)= 0.5, it is said that 𝑎 and ̃𝑏 are indifferent,

and when 𝜇
𝑀
(𝑎,
̃
𝑏) ≥ 𝛼 it is said that 𝑎 is bigger than, or equal

to, ̃𝑏 at least in degree 𝛼 and we indicate it by 𝑎≥
𝛼
̃
𝑏.

Definition 2 (see [43]). Given a decision vector 𝑥 ∈ 𝑅𝑛, it is
feasible in degree 𝛼 (or 𝛼-feasible) if

min
𝑖=1,...,𝑚

{𝜇
𝑀
(𝑎
𝑖
𝑥,
̃
𝑏
𝑖
)} = 𝛼, (25)

where 𝑎
𝑖
= (𝑎
𝑖1
, 𝑎
𝑖2
, . . . , 𝑎

𝑖𝑛
); it can be said that

𝑎
𝑖
𝑥 ≥
𝛼
̃
𝑏
𝑖
, 𝑖 = 1, . . . , 𝑚. (26)

Referring to (24), it is equivalent to

𝐸
𝑎
𝑖
𝑥

2
− 𝐸
𝑏
𝑖

1

𝐸
𝑎
𝑖
𝑥

2
− 𝐸
𝑎
𝑖
𝑥

1
+ 𝐸
𝑏
𝑖

2
− 𝐸
𝑏
𝑖

1

≥ 𝛼, 𝑖 = 1, . . . , 𝑚, (27)

or

[(1 − 𝛼) 𝐸
𝑎
𝑖

2
+ 𝛼𝐸
𝑎
𝑖

1
] 𝑥 ≥ 𝛼𝐸

𝑏
𝑖

2
+ (1 − 𝛼) 𝐸

𝑏
𝑖

1
. (28)
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Definition 2 answers the feasibility issue. In other words, 1−𝛼
is the risk of unfeasibility of the solution. However, for the
optimality issue, we should refer to Definition 3.

Definition 3 (see [43]). Consider the following classical fuzzy
linear programming problem with all fuzzy parameters:

Min 𝑐𝑡𝑥,

𝑥 ∈ {𝑥 ∈ 𝑅
𝑛
| 𝑎
𝑖
𝑥 ≥

̃
𝑏
𝑖
, 𝑖 = 1, . . . , 𝑚, 𝑥 ≥ 0} ,

(29)

in which 𝑐 = (𝑐
1
, 𝑐
2
, . . . , 𝑐

𝑛
) and 𝑎

𝑖
= (𝑎
𝑖1
, 𝑎
𝑖2
, . . . , 𝑎

𝑖𝑛
). All the

parameters are described based on triangular fuzzy numbers
and decision vector 𝑥 ∈ 𝑅𝑛 is assumed to be crisp. A vector
𝑥
∗

𝛼
∈ 𝑅
𝑛 is an 𝛼-acceptable optimal solution for model

(29), if it is an optimal solution to the following crisp linear
programming model:

Min EV (𝑐𝑡) 𝑥

𝑥 ∈ {𝑥 ∈ 𝑅
𝑛
| 𝑎
𝑖
𝑥 ≥

̃
𝑏
𝑖
, 𝑖 = 1, . . . , 𝑚, 𝑥 ≥ 0} ,

(30)

in which 𝑐 = (𝑐
1
, 𝑐
2
, . . . , 𝑐

𝑛
) and 𝑎

𝑖
= (𝑎
𝑖1
, 𝑎
𝑖2
, . . . , 𝑎

𝑖𝑛
).

On the other hand, the set of inequality fuzzy constraints
𝑎
𝑖
𝑥 ≥
𝛼
̃
𝑏
𝑖
, 𝑖 = 1, . . . , 𝑚, can be converted to their equivalent

crisp ones based on Expression (28). Also based on Jiménez
et al.’s [37] approach, equality constraints of 𝑎

𝑖
𝑥 =
𝛼
̃
𝑏
𝑖
are

converted to the following crisp inequalities:

[(1 −

𝛼

2

)𝐸
𝑎
𝑖

2
+

𝛼

2

𝐸
𝑎
𝑖

1
] 𝑥 ≥

𝛼

2

𝐸
𝑏
𝑖

2
+ (1 −

𝛼

2

)𝐸
𝑏
𝑖

1

[(1 −

𝛼

2

)𝐸
𝑎
𝑖

1
+

𝛼

2

𝐸
𝑎
𝑖

2
] 𝑥 ≤ (1 −

𝛼

2

)𝐸
𝑏
𝑖

2
+

𝛼

2

𝐸
𝑏
𝑖

1
.

(31)

4.2. Application of Jiménez et al.’s [37]Approach to the Proposed
Mathematical Fuzzy Model. As described before, to provide
a solution to the model, two main issues of feasibility and
optimality of solution must be taken into account. The
solution feasibility means to what degree it violates none of
the model constraints while the solution optimality implies
to what extent the solution achieves the fuzzy goals [44].
In order to answer these main issues, the novel approach
of Jiménez et al. [37], with all those details clarified in
Section 4.1, are applied to the proposed fuzzy APP model. In
brief, the solution to the model will be provided after passing
through these phases:

(i) modeling the imprecise data using triangular fuzzy
numbers;

(ii) converting themultiobjective fuzzy linearmodel to an
equivalent crisp one;

(iii) solving the resulting multiobjective crisp linear pro-
gramming model using fuzzy goal programming
approach.

4.2.1. Modeling the Imprecise Data Using Triangular Fuzzy
Numbers. The first step in solving a fuzzy mathematical
model is to represent the uncertain parameters by fuzzy

𝜇ã(x)

a1 a2 a3 x

1

Figure 2: Triangular distribution of fuzzy number 𝑎 = (𝑎
1
, 𝑎
2
, 𝑎
3
).

numbers. The triangular possibilistic distribution is the
most common tool to model the imprecise nature of the
fuzzy parameters because of its computational efficiency and
simplicity in acquisition of data [45]. In this phase, those
imprecise data including forecasted demand, production
cost, inventory carrying cost, cost of training workers, cost
of purchasing raw materials, reject rate of raw materials, and
performance and availability percentages of all production
lines are modeled by fuzzy numbers. Figure 2 presents a
triangular distribution corresponding to a fuzzy number 𝑎 =
(𝑎
1
, 𝑎
2
, 𝑎
3
).

The lower bound value 𝑎
1
of fuzzy number 𝑎 shows the

most pessimistic value that has a small likelihood to belong to
the set of available values (with a membership value of zero if
normalized). The value 𝑎

2
of fuzzy number 𝑎 shows the most

possible value that certainly belongs to the set of available
values (with a membership value of 1 after it is normalized).
The upper bound value 𝑎

3
as the most optimistic value has a

small likelihood to belong to the set of available values (with
a membership value of zero if normalized) [46]. Therefore,
fuzzy parameters of the proposed model are modeled as
follows:

𝐷
𝑚𝑡
= (𝐷
1

𝑚𝑡
, 𝐷
2

𝑚𝑡
, 𝐷
3

𝑚𝑡
) ; P̃r

𝑚
= (Pr1
𝑚
,Pr2
𝑚
,Pr3
𝑚
) ;

̃Av
𝑚
= (Av1

𝑚
,Av2
𝑚
,Av3
𝑚
) ; 𝐶

𝑖𝑘
= (𝐶
1

𝑖𝑘
, 𝐶
2

𝑖𝑘
, 𝐶
3

𝑖𝑘
) ;

̃
𝜃
𝑖𝑘
= (𝜃
1

𝑖𝑘
, 𝜃
2

𝑖𝑘
, 𝜃
3

𝑖𝑘
) ; 𝐶

ℎ𝑡
= (𝐶
1

ℎ𝑡
, 𝐶
2

ℎ𝑡
, 𝐶
3

ℎ𝑡
) ;

𝐶
𝐼

𝑚𝑡
= (𝐶
𝐼1

𝑚𝑡
, 𝐶
𝐼2

𝑚𝑡
, 𝐶
𝐼3

𝑚𝑡
) ; 𝐶

𝑝

𝑚ℎ
= (𝐶
𝑝1

𝑚ℎ
, 𝐶
𝑝2

𝑚ℎ
, 𝐶
𝑝3

𝑚ℎ
) ;

̃PA
𝑚
= P̃r
𝑚
×
̃Av
𝑚
= (PA1

𝑚
,PA2
𝑚
,PA3
𝑚
) .

(32)

4.2.2. Converting the Multiobjective Fuzzy Linear Model to
an Equivalent Crisp One. Since some of the parameters in
the objective functions and constraints are fuzzy numbers,
we are faced with both imprecise objectives and imprecise
constraints (possibilistic programming). This phase involves
the following:

(i) treating imprecise objective functions (optimality
issue);

(ii) treating imprecise constraints (feasibility issue).

(a) Treating Imprecise Objective Functions. Since there are
some triangular fuzzy parameters in the objective functions,
we can express them based on a triangular possibilistic
distribution. To obtain𝑍1

𝑖
, 𝑍
2

𝑖
, 𝑍
3

𝑖
, all fuzzy parameters in the
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objective function 𝑍
𝑖
are set at their pessimistic, most likely,

and optimistic values, respectively. Therefore, the triangular
fuzzy numbers for the first objective function (quantitative
objective) can be stated as 𝑍

1
= (𝑍
1

1
, 𝑍
2

1
, 𝑍
3

1
), in which

𝑍
1

1
=

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝐻

∑

ℎ=1

𝐶
𝑝1

𝑚ℎ
𝑃
𝑚ℎ𝑡

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

(𝐶
𝐵

𝑚
𝐵
𝑚𝑡
+ 𝐶
𝐼1

𝑚𝑡
𝐼
𝑚𝑡
+ 𝐶
1

ℎ𝑡
𝐿

ℎ

𝑚𝑡
)

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

3

∑

sk=1
𝑆sk𝐿 sk𝑚𝑡 +

𝑇

∑

𝑡=1

𝐾

∑

𝑘=1

𝐼

∑

𝑖=1

𝐶
1

𝑖𝑘
𝑄
𝑖𝑘𝑡

(33)

𝑍
2

1
=
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𝑡=1

𝑀
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𝑚=1

𝐻
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∑
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𝑇

∑

𝑡=1

𝐾

∑

𝑘=1

𝐼

∑

𝑖=1

𝐶
2

𝑖𝑘
𝑄
𝑖𝑘𝑡

(34)

𝑍
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=
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∑
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∑
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𝐶
3
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𝑄
𝑖𝑘𝑡
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(35)

The same approach is applied to the second and third
objective functions in order to transform them into their
equivalent crisp ones. Based on the methodology explained
earlier, this phase is continued by introducing expected values
of these objective functions as follows:

EV
𝛾
(
̃
𝑍
1
) = (1 − 𝛾)

𝑍
1

1
+ 𝑍
2

1

2

+ (𝛾)

𝑍
2

1
+ 𝑍
3

1

2
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𝛾
(
̃
𝑍
2
) = (1 − 𝛾)

𝑍
1

2
+ 𝑍
2

2

2

+ (𝛾)

𝑍
2

2
+ 𝑍
3

2

2

EV
𝛾
(
̃
𝑍
3
) = (1 − 𝛾)

𝑍
1

3
+ 𝑍
2

3

2

+ (𝛾)

𝑍
2

3
+ 𝑍
3

3

2

.

(36)

Parameter 𝛾 defines the degree of a decision maker’s
optimism and can be varied between zero and one [27]. This
study takes a value of 0.3 for parameter 𝛾.

(b) Treating Imprecise Constraints.This section addresses the
issue of feasibility of solution. Here, based on the ranking
approach of Jiménez et al. [37] as presented in (31), all

imprecise (fuzzy) constraints of the model are converted to
their equivalent crisp ones as follows:
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(37)

𝛼 is the feasibility degree [37] of the constraints that has been
assigned by the decision maker based on the risk that he/she
accepts about the violation of constraints imposed by the
obtained solution [44]. In this study, a value of 0.8 has been
considered for the parameter 𝛼.

4.2.3. Solving the Resulting Multiobjective Crisp Linear Pro-
gramming Model. Passing through stages 1 and 2, as shown
in the previous sections, a multiobjective crisp model is
obtained as follows:

Min(EV
𝛾
(
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𝑍
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) = (1 − 𝛾)
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3

3

2

)

Subject to: Equations (8) – (10) ;

Equations (13) – (16) ;

Equation (37) .

(38)
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Table 1: A typical payoff table for identification of positive and
negative ideal solutions.

V∗
1

V∗
2

V∗
3

𝑍
1

𝑍
1
(V∗
1
) 𝑍

1
(V∗
2
) 𝑍

1
(V∗
3
)

𝑍
2

𝑍
2
(V∗
1
) 𝑍

2
(V∗
2
) 𝑍

2
(V∗
3
)

𝑍
3

𝑍
3
(V∗
1
) 𝑍

3
(V∗
2
) 𝑍

3
(V∗
3
)

Table 2: Payoff table for obtaining positive and negative ideal
solutions for the case study.

V∗
1

V∗
2

V∗
3

EV
0.3
(
̃
𝑍
1
(𝑥)) 6171886216 11746702890 6217647286

EV
0.3
(
̃
𝑍
2
(𝑥)) 6.349 0.192 4.873

EV
0.3
(
̃
𝑍
3
(𝑥)) 5.826 4.402 5.826

Table 3: Obtained positive and negative ideal solutions.

PIS NIS
EV
0.3
(
̃
𝑍
1
(𝑥)) 6171886216 11746702890

EV
0.3
(
̃
𝑍
2
(𝑥)) 0.192 6.349

EV
0.3
(
̃
𝑍
3
(𝑥)) 5.826 4.402

To solve the resulting multiobjective model, the fuzzy
goal programming approach has been applied.This approach
involves three different steps including identifying goal values
for the defined objective functions, constructing a mem-
bership function for each of the objective functions based
on the defined goal values, and lastly transforming multiple
objectives to a single one by applying an aggregation operator.
Consider an objective function 𝑍

𝑖
(minimization objective);

the corresponding membership function is presented in
Figure 3.
𝑍
PIS
𝑖

and 𝑍NIS
𝑖

are positive and negative ideal solutions
of objective function 𝑍

𝑖
, respectively. To determine the

values of these two parameters, the approach used by Abd
El-Wahed and Lee [47] has been followed in this study.
Based on their approach, the maximum aspiration level
𝑍
PIS
𝑖

is obtained by solving the model based on a single
objective of 𝑍

𝑖
and ignoring other objective functions.

However, for obtaining the negative ideal solution of an
objective function, one of the following equations should be
applied:

𝑍
NIS
𝑖
= max {𝑍

𝑖
(V∗
𝑗
) ; 𝑖 ̸= 𝑗}

in case of having a minimization objective

𝑍
NIS
𝑖
= min {𝑍

𝑖
(V∗
𝑗
) ; 𝑖 ̸= 𝑗}

in case of having a maximization objective,

(39)

in which V∗
𝑗
is the positive ideal solution of objective function

𝑍
𝑗
. A typical payoff table is shown in Table 1.
Once all the membership functions are constructed, the

fuzzy goal programming model can be formulated. Here, as

𝜇

0
ZPIS
i ZNIS

i

Zi(x)

1

Figure 3: A typical membership function for a minimization
objective.

the final step, the aim is to formulate an equivalent optimiza-
tionmodel taking into account the goal values of all objective
functions as well as the feasibility degree of constraints. To
do so, the max-min operator of Bellman and Zadeh [48] was
selected in order to convert the multiobjective linear model
to an ordinary single objective linear programming model.
By applying the max-min operator, the final model is derived
as follows:

Max 𝜑

Subject to: 𝜑 ≤ 𝜇EV
𝛾
(𝑍
𝑖
(𝑥))
; 𝑖 = 1, 2, 3

Equations (8) – (10) ;

Equations (13) – (16) ;

Equation (37) ;

0 ≤ 𝜑 ≤ 1; 𝑥 ≥ 0.

(40)

It is notable that the values of 𝛼 and 𝛾 are assigned by the
decision maker. In some cases when an unsatisfactory result
is obtained, she/he can change them until a satisfactory result
is achieved.

5. Applying the Proposed Model to the
Company under Study

Using the IBM ILOG CPLEX Optimization Studio (version
12.4) software and applying the data gathered from the
company under study as well as the approach described
earlier, a payoff table for identifying positive and negative
ideal solutions of each objective function was constructed as
shown in Table 2.

Therefore, the positive and negative ideal solutions are
obtained as shown in Table 3.

Applying the obtained PISs and NISs and referring to
Figure 3, the membership functions can be constructed as
depicted in Figures 4, 5, and 6 and formulated in
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𝜇EV
0.3
(𝑍
1
(𝑥))
=

{
{
{
{

{
{
{
{

{

1 EV
0.3
(
̃
𝑍
1
(𝑥)) ≤ 6171886216

11746702890 − EV
0.3
(
̃
𝑍
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0 EV
0.3
(
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{
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{
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1 EV
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6.349 − EV
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(
̃
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6.349 − 0.192

0.192 < EV
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(
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(𝑥)) ≤ 6.349

0 EV
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(
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(
̃
𝑍
3
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1 EV
0.3
(
̃
𝑍
3
(𝑥)) > 5.826.

(41)

As the final step for solving the constructed fuzzy goal
programming model, the max-min operator of Bellman
and Zadeh [48] was applied as an aggregation operator to
convert the multiobjective linear model to an equivalent
single objective one. Therefore, the final model is shown as
follows:

Max 𝜑

Subject to: 𝜑 ≤ 𝜇EV
0.3
(𝑍
1
(𝑥))

𝜑 ≤ 𝜇EV
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Equations (8) – (10) ;

Equations (13) – (16) ;

Equation (37) ;

0 ≤ 𝜑 ≤ 1; 𝑥 ≥ 0,

(42)

where 𝛼 = 0.8 is substituted in (37).

6. Discussion of Results

Using the aforementioned software, the detailed solutions to
the above model were obtained as presented in Tables 4, 5,
and 6. As stated earlier, the values for parameters𝛼 and 𝛾 have
been considered as 0.8 and 0.3, respectively.

Table 4 contains the optimal values obtained for each of
the objective functions. As can be seen, the obtained optimal
values of objective functions are relatively close to the aspi-
ration levels that have been defined in (41) and presented in
Figures 4 to 6. Table 5 presents the results obtained for some
decision variables, including inventory and backorder levels,
production quantities, and number of workers to be trained
in different time periods. Investigating these results shows
that incurring inventory and having overtime production are
more preferred than having backorders inmany time periods.
The reason can be attributed to the higher penalty cost of
backorders compared to the cost of carrying inventory or/and
having overtime production in the company under study. In
addition, considering the third objective function that aims to
increase customer service level by reducing backorder levels
has its own effect on obtaining such results.

Based on the results obtained for the number of workers
to be trained (the last column of Table 5) and the results
shown in Table 6 which suggest the number of workers with
certain level of skill to be hired at the beginning of each time
period, it is concluded that hiring workers with the required
skill levels and avoiding training cost is more beneficial for
the company under study.

Results related to purchasing raw materials 𝑄
𝑖𝑘𝑡

which
are not shown because of space limitation determine the
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6171886216 11746702890

1

𝜇EV0.3 (Z̃1(x))

EV0.3(Z̃1(x))

Figure 4: Membership function for the first objective.

0.192 6.349

1

𝜇EV0.3 (Z̃2(x))

EV0.3(Z̃2(x))

Figure 5: Membership function for the second objective.

Table 4: Results obtained for objective functions and 𝜑.

1st objective 6277251051
2nd objective 0.31
3rd objective 5.83
𝜑 0.98

quantity of different types of raw materials to be purchased
from different suppliers in various time periods, taking into
account two important elements, that are, cost of purchasing
and lower reject rate of purchased components as a measure
of quality.

As one of the contributions of this research is to signify
the importance of considering the performance and avail-
ability levels of production lines in developing an APP, a
comparisonwas performed between the results obtainedwith
and without considering these two parameters in the model.

Figures 7, 8, and 9 present a comparison between the
results obtained for the three objective functions, that are,
minimization of cost, maximization of quality (minimization
of quality degradation), and maximization of customer ser-
vice level, with and without considering the performance and
availability of production lines. In addition, Figures 10 to 12
provide the same comparison between the results obtained
for some decision variables including production quantity
(in regular time and overtime), inventory level, and backo-
rder level, respectively. The differences between the results
obtained illustrate the role of the two factors (performance
and availability levels) in developing a practical and real
APP. Failure to take into account these two parameters can
lead planners to inaccurate results which are completely
different from the actual results obtained in their presence.
The differences between the outputs in the two considered
situations are due to the overestimation of production capac-
ity stemming from ignoring the level of performance and

1

4.402 5.826

EV0.3(Z̃3(x))

𝜇EV0.3 (Z̃3(x))

Figure 6: Membership function for the third objective.
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Figure 7: Comparison between the results obtained for the first
objective function.

availability of production lines. In other words, unrealistic
assumption about the capacity of production lines results in
ineffective production planning. For example, the quantity
of products that can be generated during regular time has
been overestimated and the required quantity to be produced
during overtime has been underestimated (Figure 10). Fig-
ures 11 and 12 also show the underestimation of inventory
and backorder levels, respectively. The overestimation of
production quantity in regular time is due to the overesti-
mation of production capacity that allows generating more
products in regular time in order to lower the production
quantity in overtime and consequently the associated cost.
The higher levels of total inventory and backorder, when
considering the performance and availability parameters, can
be associated with the lack of capacity for producing the
required number of products in the corresponding time
periods. Therefore, the company should compensate for the
shortage by incurring higher inventory and carrying more
backorder levels. Underestimating backorder and inven-
tory levels can have at least two consequences. The first
one results in underestimation of operational cost due to
underestimation of backorder and inventory levels as the
two main portions of the total operational cost (Figure 7)
and the second consequence manifests itself in producing
behind schedule and having inaccurate backorder levels
which ultimately leads to customer dissatisfaction and sales
loss. Therefore, in order to avoid developing an impractical
APP with unrealistic estimation of resources on hand, it is
necessary to take into account performance and availability
factors when developing a practical APP.
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Table 5: Results corresponding to inventory and backorder levels, production quantity, and number of workers to train.

Product Time period Inventory level Backorder level
Regular time
production
quantity

Overtime
production
quantity

Number of
workers to train

1 1 9031 0 8445 5278 0
1 2 4538 0 8445 5278 0
1 3 3081 0 8445 5278 0
1 4 0 6587 8445 5278 0
1 5 0 9424 8445 5278 0
1 6 0 0 7082 5278 0
2 1 3265 0 0 4579 0
2 2 7312 0 4800 4579 0
2 3 5018 0 0 0 0
2 4 0 0 0 0 0
2 5 2837 0 7326 0 0
2 6 0 0 0 3517 0
3 1 7981 0 7420 10929 0
3 2 19260 0 17487 10929 0
3 3 8679 0 17487 10929 0
3 4 20205 0 17487 10929 0
3 5 18433 0 17487 10929 0
3 6 0 0 17487 10929 0

Table 6: Number of workers with the required skill levels in different time periods.

Product Skill
level

Time
period

Number of
workers Product Skill

level
Time
period

Number of
workers Product Skill

level
Time
period

Number of
workers

1 1 1 0 2 1 1 0 3 1 1 0
1 1 2 0 2 1 2 0 3 1 2 0
1 1 3 0 2 1 3 0 3 1 3 0
1 1 4 0 2 1 4 0 3 1 4 0
1 1 5 0 2 1 5 0 3 1 5 0
1 1 6 0 2 1 6 0 3 1 6 0
1 2 1 10 2 2 1 10 3 2 1 6
1 2 2 10 2 2 2 10 3 2 2 6
1 2 3 10 2 2 3 10 3 2 3 6
1 2 4 10 2 2 4 10 3 2 4 6
1 2 5 10 2 2 5 10 3 2 5 6
1 2 6 10 2 2 6 10 3 2 6 6
1 3 1 0 2 3 1 0 3 3 1 0
1 3 2 0 2 3 2 0 3 3 2 0
1 3 3 0 2 3 3 0 3 3 3 0
1 3 4 0 2 3 4 0 3 3 4 0
1 3 5 0 2 3 5 0 3 3 5 0
1 3 6 0 2 3 6 0 3 3 6 0

7. Sensitivity Analysis

Figures 13 to 15 provide information about sensitivity analysis,
which was performed on parameters 𝛼 and 𝛾. As clarified
earlier, these two parameters were arbitrarily set by the

decision maker. In selecting these parameters, the decision
maker ran into performing a trade-off between obtaining a
better optimal value which is closer to the targeted aspiration
level of the objective function (the set composed of those
values whose membership functions are equal to one) and
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Figure 13: Sensitivity analysis on the first objective function.

having a higher degree of satisfaction of constraints, that
is, selecting a higher feasibility degree. A general view of
the results associated with the performed sensitivity analysis
reflects the fact that a better optimal value of an objective
function requires a lesser degree of feasibility (a higher risk
of violating constraints) [37]. As can be generally observed
from Figure 13, better optimal values for the first objective
function, that are, values with higher membership degrees
for the set {𝑥 ∈ 𝑅 | 6171886216 ≤ 𝑥 ≤ 11746702890}

(see Figure 4), are obtained at lesser degrees of feasibility
(lesser values of parameter 𝛼). For example, for a certain
value of 𝛾 in Figure 13, increasing the value of parameter 𝛼
generally results in worsening the value of cost (higher cost)
and obtaining optimal solutions with a lower membership
degree for the set introduced above. Although the second
and third objective functions (Figures 14 and 15, resp.) show
relatively subtle sensitivity, the trends shown in these two
figures do not reveal conflicts with the aforementioned fact.

8. Conclusions

In this paper, an attempt was made to propose an integer
linear programming model for APP of an automotive parts
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Figure 14: Sensitivity analysis on the second objective function.
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Figure 15: Sensitivity analysis on the third objective function.

manufacturing company in a fuzzy environment that takes
into account quality of products as well as other common
objectives used in the literature which are minimization
of cost and maximization of customer service level. Since,
in the real world, many planners have some qualitative
objectives expressed in the form of linguistic terms, an effort
was made to incorporate a qualitative objective function
in the construction of the mathematical model. To make
the plan more practical, it has taken into account the real
capacity of production lines when formulating the model
through the consideration of two important factors which
are performance and availability of production lines. The
model was solved using the IBM ILOG CPLEX software.
To highlight the importance of considering the performance
and availability of production lines, a comparison was made
between the results obtained from solving the model with
and without the consideration of these two factors. The

comparison obviously showed that ignoring these two factors
can result in generating an inaccurate plan which is not
practical in reality.
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As the significant connection between the external and internal of the railway container terminal, the operation performance of
the gate system plays an important role in the entire system. So the gate congestion will bring many losses to the railway container
terminal, even the entire railway container freight system. In this paper, the queue length and the average waiting time of the railway
container terminal gate system, as well as the optimal number of service channels during the different time period, are investigated.
An𝑀/𝐸

𝑘
/𝑛 transient queuingmodel is developed based on the distribution of the arrival time interval and the service time; besides

the transient solutions are acquired by the equally likely combinations (ELC) heuristic method. Then the model is integrated into
an optimization framework to obtain the optimal operation schemes. Finally, some computational experiments are conducted for
model validation, sensitivity testing, and systemoptimization. Experimental results indicate that themodel can provide the accurate
reflection to the operation situation of the railway container terminal gate system, and the approach can yield the optimal number
of service channels within the reasonable computation time.

1. Introduction

Nowadays, the container transportation has been fast devel-
oped throughout the world. It becomes the best mode of
transportation for the commercial intercourse of various
countries, and the containerization ratio of the general cargos
in some countries has exceeded 80%. The statistics of the
United Nations Conference on Trade and Development
(UNCTAD) present that Germany is the first country of
European Union containerized exports and imports, which
has 3.04 million TEUS in export and 2.84 million TEUS
in import in 2010. Meanwhile, China ranks as the first of
all the exporters of containerized cargo in 2010, which has
31.3 million TEUS, and it also has 12.0 million TEUS import
volume of containerized cargo in 2010 which is ranked the
second. The first country is the United States which has 17.6
million TEUS [1]. The railway container transportation was
firstly carried out in the United States in 1853, and China
began this practice in the 1950s. In the recent years, the
railway container transportation volume of China is on a
rapid growth. Compared with 2000, the dispatch volume of

railway container cargos increased by 60.1% in 2005, and
the average growth rate per annum of railway container
transportation volume in China is 11.6% in 2000–2004. In
2006, the volume has a 16.7% increase to the year 2005, that is,
68.91million tons. Furthermore, the container transportation
volume is as much as 471 TEU which is equivalent to 90.65
million tons in 2012 [2].

According to the huge demand, China increases the
investment to the relevant facilities and the infrastructure
construction and has established a railway container trans-
portation support system which takes 18 railway container
terminals as the hub. Railway container terminals are always
established in the main economic centers and the impor-
tant ports, which are the collecting and distributing centre
of the railway container transportation. Railway container
terminal has many functions as marshalling, declassification,
handling, warehousing, and some other logistics service.
Nonetheless, with the constant development of the regional
economy and the rapid growth of transportation volume,
there still are many challenges to the railway container termi-
nals. Generally, the maximum backlog time of the combined
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type marshalling cargos in the container terminals may be
up to 15–20 days. Hence, the improving of the operation
efficiency in railway container terminal under the existing
conditions is a serious problem at present. As one of the most
important procedures in the railway container terminal oper-
ation system, the through capacity and service level of the
gate system have significant impacts on the efficiency of the
railway container terminal, even the whole railway container
freight system. Currently, the operation management of the
railway container terminal gate system relies on the empirical
estimation and the real time information feedback in the
most cases. However, these methods are not accurate and
efficient in reality, so they are not able to solve this problem
fundamentally.

Recently, the researchers pay more attention to the
study of container terminals. Meanwhile, their research
areas mainly focus on the operation management and the
equipment scheduling. Mattfeld and Kopfer [3] developed an
integral decision model for the operations of the terminal.
Kim et al. [4] proposed a dynamic programming model to
evaluate the delay time of outside trucks in port container
terminals and discussed the different situations, respectively.
Lee et al. [5] presented a mixed integer programming model
together with a genetic algorithm to solve the quay crane
scheduling problem and then extended the problem with
the noninterference constraints [6]. Similar problemwas also
studied by using different constrains and algorithms [7–9].
In addition, the relevant layout planning [10, 11], the berth
allocation [12], and the programming problems [13–18] are
also researched comprehensively.

Similarly, the researches of the railway container termi-
nals and the intermodal terminals are conducted in these
fields, and the loading/discharging equipment scheduling
problems have become the hot issues [19–21]. Guo et al. [22]
presented a mixed integer programming model with a dis-
crete artificial bee colony algorithm to solve the gantry crane
scheduling problem in railway container terminals. Dorndorf
and Schneider [23] studied the triple cross-over stacking
cranes scheduling problem in order to increase the productiv-
ity and reduce the delays. Besides, the operation researches,
for example, the loading planning [24, 25], the shunting of rail
container wagons [26], the container stacking [27], and the
layout planning like the crane areas determination [28, 29],
are some other research interests in this field. The strategic
planning and the scenario generating for the railway con-
tainer terminals are usually implemented by the simulation
methods [30–32]. Guo et al. [33] developed a discrete event
simulation model for the container handling process of the
railway container logistic center to make the evaluation and
improvement.However, there exist somedisadvantages in the
simulation methods; for example, the quantitative solutions
cannot be provided and they are unable to be nested with
the optimizationmodels.Therefore, Edmond andMaggs [34]
have pointed out the importance of queuing theory in the
related decision making of container terminals many years
before. Recently, some literature began to use the queuing
methods to analyze the problems. For instance, Canonaco
et al. [35] proposed a queuing network model to solve the
machine operations problem of the container terminal. But

the researches of queuing models for the railway container
terminal gate system are still relatively small, because the
railway container terminal gate system cannot be described
completely and accurately by the traditional queuing models,
which are also incapable of analyzing the instantaneous
features of this system, so there are some limitations in this
field.

The queuing models can be classified into stationary
queuing models and transient queuing models. Because it
is difficult to describe and calculate all the system states of
the transient queuing models, the majority of the queuing
models which are applied in various important research areas
only take the steady solution into consideration [36, 37].
However, the theory and application research of transient
queuing models has gone through some development in the
past ten years. Ausin et al. [38] used the Bayesian analysis
method to solve the optimized number of servers in the
GI/M/c queuing system on the basis of the minimum total
costs. Besides, they utilized the Bayesian inference to predict
the transient features of the GI/G/1 system [39]. Czachórski
et al. [40] studied the transient features of the G/G/1 queuing
system from the diffusion approximation model. Parlar and
Sharafali [41] created a time-related queuing model to opti-
mize the airport security checkpoints and briefly discussed
a general condition that the service time follows the Erlang
distribution.

In this paper, a transient queuing model and an opti-
mization model are established to analyze and optimize the
gate congestion according to the arrival time interval of
the external container trucks and the distribution regularity
of the service time for the railway container terminal gate
system. Then the equally likely combinations heuristic solu-
tion and the optimization solution methods are adopted to
solve these models. After that, the system simulation and
sensitivity analysis are conducted to verify the rationality
and validity of our approach. Finally, the optimal num-
bers of the service channels in different time periods are
determined by the optimization experiment. The remainder
of this paper is structured as follows. Section 2 provides
some background information to the case study.The queuing
model and optimization model together with the solution
methods are presented in Section 3. The model validation,
sensitivity analysis, and the optimization experiments are
given in Section 4. Finally, Section 5 concludes the paper with
an outline of future study.

2. Chengdu Railway Container Terminal

Chengdu railway container terminal is located in the north-
east of Chengdu, where it is near the Chengxiang railway
station which connects with many key rail routes of China.
Chengdu railway container terminal is the largest railway
container terminal of Asia, which is also the container
logistics hinge of southwest China. Therefore, it acts as an
important part to the entire container transportation net-
work. The terminal was built in 2010, which is 8.4 kilometers
long and 850 meters wide. The annual cargo throughput is 1
millionTEU in recent period, and the forward cargo handling
capacity will be 2.5 million TEU.
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Figure 1: Chengdu railway container terminal gate system.
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Figure 2: Schematic representation of the railway container termi-
nal gate system.

Railway container terminal gate system is the access of
the container trucks to go through. There are some service
channels which have the technical facilities to conduct the
necessary processes in the railway container terminal gate
system. A picture of Chengdu railway container terminal gate
system can be seen in Figure 1.Themajor works at the service
channels are container number identification, information
verification, inspection, and position assignment.The railway
container terminal gate system is schematically depicted in
Figure 2. However, because of the limitations of the facilities
and the service conditions, the container trucks have to line
up to complete the processes before they enter into or get out
of the terminal.Therefore, the whole processes can be seen as
a queuing process, in which the container trucks are the input
flows and the channels are the service stations.

3. Railway Container Terminal Gate
System Modelling

3.1. 𝑀/𝐸
𝑘
/𝑛 Queuing Model. All the data with respect to

the time intervals of two container trucks that arrive in
succession and the service time of the service channels were
collected to ascertain the best fitting distributions. 560 arrival
time intervals of container trucks and 350 service times of
the service channels were field-measured in Chengdu railway
container terminal gate system for the observation period of
two weeks, and then probability information of the collected
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Figure 3: The distribution of arrival time interval.
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Figure 4: The distribution of service time.

data along with the relevant distribution curves was acquired
as follows.

The best fitting distribution of the arrival time intervals as
displayed in Figure 3 is the exponential distribution 𝑓(𝑥) =
0.212𝑒

−0.212𝑥, 𝑥 ≥ 0, and the average arrival time interval
is 4.714 minutes. The fit of arrival time interval distribution
to the collected data is calculated by 𝑅-square which equals
0.9542 and RMSE (root mean square error) which is 0.012.
The distribution of the service time as shown in Figure 4 is
best fitted by the Erlang distribution 𝑓(𝑥) = 0.0625 ⋅ 𝑥 ⋅

𝑒
−0.25𝑥, 𝑥 ≥ 0, with 𝑘 equal to 2, and the mean service
rate is 0.25. The 𝑅-square value for fitting the service time
distribution to the collected data is 0.9078, and the RMSE is
0.096. Thus, the appropriate queuing model for the railway
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container terminal gate system is exponential arrival intervals
with Erlang service times andmultiple service stations, which
is represented as𝑀/𝐸

𝑘=2
/𝑛. The solution for this model can

be divided into two types: the exact solution method and
the approximate solution method. However, the former has
a large number of possible states and the state transitions
are complicated; the calculation is quite difficult. So here we
utilize the approximate solutionmethod to solve the𝑀/𝐸

𝑘
/𝑛

queuing model. Equally likely combinations (ELC) heuristic
solution technique has been put forward by Escobar et al.
[42], the basic assumption of which is the combinations of the
stages unfinished in the servers are equally likely.The detailed
description of this heuristic solution method is as follows.

3.1.1. System States Description. For the sake of simplifying
the Erlang distribution and then forming an efficient solution,
the system states are represented by three elements and
(𝑠, V, 𝑚); 𝑠 means the stages have to be finished by the
container trucks in the system at this moment; V is the total
number of container trucks in the system at present;𝑚 refers
to the mode number. The reason for introducing the third
element is to distinguish the different modes with the same
𝑠 and V. For example, the state (7, 4), as shown in Figure 5,
eithermeans four trucks in the systemwith two trucks having
one stage unfinished, one having two stages unfinished, and
the other one just arriving (i.e., Mode 1) or represents one
truck having one stage left over and the other three all having
two stages (i.e., Mode 2).

3.1.2. State Transition Probability. Before doing the descrip-
tion of the state transition probability, firstly let 𝑃

𝑠,V represent
the probability of state (𝑠, V), because the relevant calculation
will be conducted, so the mode number is discarded for
conciseness. Compared with the original ELC solution which
considers new trucks will arrive at each time step, in this
paper, we take the average arrival time interval into account,
in order to reduce the state space dimension and calculation
difficulty.

Suppose there are V container trucks and 𝑠 stages have to
be finished at current time 𝑡 for the next time step (i.e., 𝑡 + 1);
the possible states and state transition are as below.

Let 𝑡
𝑎
denote the average time interval between two trucks

arriving at the gate system and let 𝑡
𝑁
represent the𝑁th truck

had arrived. For the next time step, before the (𝑁+1)th truck
arrived, there are two possible transitions that may happen
when a truck finishes one stage.

(a) The stage is the last one to finish for a truck, and the
truck leaves the gate system.

Under this situation, the state is transferred from (𝑠, V) to
(𝑠−1, V−1). As mentioned in Section 3.1.1, there are different
modes for the same state and different combinations for the
same mode.Therefore, the combinations for one given mode
𝐼 can be calculated as follows:

𝐶
𝑖
=

𝜔!

𝜔
1
!𝜔
2
! ⋅ ⋅ ⋅ 𝜔

𝑝
!

, (1)

where 𝜔 is the min{V, 𝑛}, which means the active service
channels; 𝑝 is the number of combinations of stages in

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Stage 1 Stage 2 Stage 3

Mode 1 Mode 2

Figure 5: An example of different modes and stages for the same
state.

the service channels; 𝜔
𝑗
is the number of channels that have

the same number of unfinished stages; 𝑗 = 1, 2, . . . 𝑝.
Accordingly, the total number of combinations for a

specific state is

𝐶total = ∑
𝑖∈𝑀

𝐶
𝑖
, (2)

where𝑀 is a set of all the mode numbers for this state.
Then the probability of this situation (i.e., the last stage is

finished and the truck leaves the gate system) is calculated by

𝜎
𝑠,V =

1

𝜔𝐶total
∑

𝑖∈𝑀

𝐸
1,𝑖
𝐶
𝑖
, (3)

where 𝐶
𝑖
/𝐶total means the probability of mode 𝑖; 𝐸

1,𝑖
is the

number of service channels with one stage unfinished in
mode 𝑖, so 𝐸

1,𝑖
/𝜔 means the probability of service channels

with only one stage left in mode 𝑖.
Suppose the service rate is 𝜆(𝑡); the transition probability

from state (𝑠, V) to (𝑠 − 1, V − 1) can thus be given by

𝑃
(𝑠,V)→ (𝑠−1,V−1) = 𝜎𝑠,V × 𝜆 (𝑡) × 𝑘 × V. (4)

(b) The truck is still in the gate system to finish the other
stages.

Because the probability that the last stage is finished and
the truck leaves the gate system is 𝜎

(𝑠,V), the probability that
one more stage is completed but there is no truck leaving the
gate system can be simply represented by

𝛿
𝑠,V = 1 − 𝜎𝑠,V. (5)

Consequently, the transition probability from state (𝑠, V)
to (𝑠 − 1, V) is calculated as

𝑃
(𝑠,V)→ (𝑠−1,V) = 𝛿𝑠,V × 𝜆 (𝑡) × 𝑘 × V. (6)

On the other hand, when the next time step (i.e., 𝑡 + 1)
exactly equals 𝑡

𝑁
+𝑡
𝑎
, whichmeans the (𝑁+1)th truck has just

arrived, the only possible state transition is from (𝑠, V) to (𝑠 +
𝑘, V + 1); 𝑘 is the total number of stages for a container truck
to finish in the gate system. Hence, the transition probability
is 𝑃
(𝑠,V)→ (𝑠+𝑘,V+1) = 1.
The entire state transitionmentioned above for𝑀/𝐸

𝑘=2
/𝑛

queuing model can be explained by the state transition
diagram of Figure 6.
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Figure 6: State transition diagram of the𝑀/𝐸
𝑘=2
/𝑛 queuing model.

For Figure 6, the numbers in the first row denote the total
number of trucks in the system (i.e., V), and the numbers in
the circles represent the unfinished stages in the system (i.e.,
𝑠); a state (𝑠, V) can thus be expressed. The solid arrows that
point to the right indicate the transitions that one truck just
arrives. The slanted arrows represent the transitions that one
truck finishes the last stage and leaves the system. And the
downward dotted arrows are used to denote the transitions
that one more stage is finished but the truck is still in the
system.

3.1.3. State to State Transition Probabilities Calculation. On
the basis of what is discussed in Section 3.1.2, the state
to state transition probabilities at each time step 𝑡

𝑖
then

can be calculated and updated accordingly by the following
equations. For the time steps, 𝑡

𝑖
= 𝑡, . . . , 𝑡 + 𝑡

𝑎
− 1, that

is, the time period when the 𝑁th truck had arrived and
one time step before the (𝑁 + 1)th truck arrives. Let 𝑃

𝑠,V(𝑡𝑖)

represent the probability of state (𝑠, V) at current time 𝑡, and
let 𝑃
𝑠,V(𝑡𝑖) represent the variation of 𝑃

𝑠,V(𝑡𝑖) at each time step,
so obviously the state probabilities of the next time step can
be given by

𝑃
𝑠,V (𝑡𝑖 + 1) = 𝑃𝑠,V (𝑡𝑖) + 𝑃



𝑠,V (𝑡𝑖) . (7)

The calculation processes of the variation of probabilities
are as below.

(a)When the number of trucks is less than the number of
service channels in the system, V < 𝑛, we have the following.

For the state (0, 0),

𝑃


0,0
(𝑡
𝑖
) = 𝜆 (𝑡

𝑖
) × 𝑘 × 𝑃

1,1
(𝑡
𝑖
) . (8)

For V = 1, 2, . . . , 𝑛 − 1,

𝑃


V𝑘,V (𝑡𝑖) = −𝜆 (𝑡𝑖) ⋅ 𝑘 ⋅ V ⋅ 𝑃V𝑘,V (𝑡𝑖) + 𝜎V𝑘+1,V+1

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ (V + 1) ⋅ 𝑃V𝑘+1,V+1 (𝑡𝑖) .

(9)

For V = 1, 2, . . . , 𝑛 − 1, 𝑎 = 1, 2, . . . , V ⋅ (𝑘 − 1),

𝑃


V𝑘−𝑎,V (𝑡𝑖) = −𝜆 (𝑡𝑖) ⋅ 𝑘 ⋅ V ⋅ 𝑃V𝑘−𝑎,V (𝑡𝑖) + 𝛿V𝑘−𝑎+1,V

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ V ⋅ 𝑃V𝑘−𝑎+1,V (𝑡𝑖) + 𝜎V𝑘−𝑎+1,V+1

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ (V + 1) ⋅ 𝑃V𝑘−𝑎+1,V+1 (𝑡𝑖) .

(10)

(b) When the number of trucks equals or is greater than
the number of service channels in the system, V ≥ 𝑛, we have
the following.

For V = 𝑛, 𝑛 + 1, . . . , 𝑁,

𝑃


V𝑘,V (𝑡𝑖) = −𝜆 (𝑡𝑖) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘,V (𝑡𝑖) + 𝜎(𝑛−1)𝑘+1,𝑛

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘+1,V+1 (𝑡𝑖) .

(11)

For V = 𝑛, 𝑛 + 1, . . . , 𝑁, 𝑎 = 1, 2, . . . , (𝑛 − 1) ⋅ (𝑘 − 1),

𝑃


V𝑘−𝑎,V (𝑡𝑖) = −𝜆 (𝑡𝑖) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘−𝑎,V (𝑡𝑖) + 𝛿𝑛𝑘−𝑎+1,𝑛

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘−𝑎+1,V (𝑡𝑖) + 𝜎(𝑛−1)𝑘−𝑎+1,𝑛

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘−𝑎+1,V+1 (𝑡𝑖) .

(12)

For V = 𝑛, 𝑛 + 1, . . . , 𝑁, 𝑏 = (𝑛 − 1) ⋅ (𝑘 − 1) + 1, (𝑛 − 1) ⋅ (𝑘 −
1) + 2, . . . , 𝑛(𝑘 − 1),

𝑃


V𝑘−𝑏,V (𝑡𝑖) = −𝜆 (𝑡𝑖) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘−𝑏,V (𝑡𝑖) + 𝛿𝑛𝑘−𝑏+1,𝑛

⋅ 𝜆 (𝑡
𝑖
) ⋅ 𝑘 ⋅ 𝑛 ⋅ 𝑃V𝑘−𝑏+1,V (𝑡𝑖) .

(13)

Then for the time point 𝑡
𝑖
= 𝑡 + 𝑡

𝑎
, the (𝑁 + 1)th

truck arrives in the system. Asmentioned in Section 3.1.2, the
probability of state transition from (𝑠, V) to (𝑠 + 𝑘, V + 1)
is equal to 1. Therefore, the state probabilities under this
situation can be calculated as below.

For V = 0, 1, . . . , 𝑁, 𝑁 + 1, 𝑎 = 0, 1, . . . , (𝑛 − 1) ⋅ (𝑘 −
1), . . . , 𝑛 ⋅ (𝑘 − 1), if the states (V𝑘 − 𝑎 − 𝑘, V − 1) exist, then

𝑃V𝑘−𝑎,V (𝑡𝑖) = 𝑃V𝑘−𝑎−𝑘,V−1 (𝑡𝑖) . (14)
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The probabilities of the states which are not included in
(8)–(14) are all equal to 0. The processes mentioned above
are repeated until the time step reaches the end of analysis
time period. Then all the transient state probabilities can be
acquired using the decoding procedure in Algorithm 1.

3.1.4. The Calculation of Gate Congestion Indicators. After
calculating the entire probabilities for each time step in the
analysis timeperiod, some significant performance indicators
such as the probability of V container trucks in the system, the
queue length, and the average waiting time for the V container
trucks at any time point 𝑡 all could be calculated accordingly.
Moreover, these results can be obtained promptly without
doing the unnecessary or repetitive calculation as the sim-
ulation models. The value of the performance indicators is
provided by the following equations separately.

(a) The probability of V container trucks in the system at
time 𝑡:

𝑃V (𝑡) =

{
{
{
{
{

{
{
{
{
{

{

𝑘V

∑

𝑠=V
𝑃
𝑠,V (𝑡) , 0 ≤ V ≤ 𝑛

𝑘V

∑

𝑠=𝑛+𝑘⋅(V−𝑛)
𝑃
𝑠,V (𝑡) , V > 𝑛.

(15)

(b) The queue length at time 𝑡:

𝐿V (𝑡) = 𝑙 ×∑
V
(𝑃V (𝑡) × V) , 0 ≤ V ≤ 𝑁, (16)

where 𝑙 is the average length of the container trucks.
(c) The average waiting time for the V container trucks in

the system at time 𝑡:

𝑊V (𝑡) = 𝜇∑
V
(𝑃V (𝑡) × V) . (17)

3.2. Optimization Model. As mentioned before, this𝑀/𝐸
𝑘
/𝑛

transient queuing model is easy to be integrated into an
optimization framework in order to get some useful results
to support the related decision making. So in this section, a
simple and valid optimizationmodel for the railway container
terminal gate system is proposed.

The objective of the optimization is to minimize the total
cost of the railway container terminal gate system in a certain
analysis time period 𝑇. The total cost here consists of two
parts: the operation expenses of the supply side and the
waiting cost of the demand side. Therefore, in other words,
the goal of this optimization problem is to find the optimal
number of service channels which strike a balance between
the supply and demand. Then the objective function and
the constraints can be determined accordingly. As shown in
function (18), the operating cost of the service channels is
expressed by the multiplication of operation cost per hour
of a service channel, the number of service channels, and
the certain analysis time period 𝑇. The waiting cost of the
container trucks in the queue is calculated by multiplying the
hourly waiting value of each container truck by the number
of container trucks waiting in the queue by the analysis time
period 𝑇. There are two constraints represented in functions

(19) and (20) separately. All the above mentioned expressions
are presented as below.

Let 𝐶
𝑡
denotes the total cost of the gate system during the

time period 𝑡. Then

min 𝐶
𝑡
= (𝐶
𝑛
× 𝑛
𝑡
+ 𝐶
𝑤
× 𝑅
𝑡
) × 𝑇 (18)

s.t.
𝜇 × 𝑅
𝑡

𝑛
𝑡

≤ 𝜀, (19)

𝑛min ≤ 𝑛𝑡 ≤ 𝑛max, (20)

where 𝐶
𝑛
is the operation cost per hour of a service channel;

𝐶
𝑤
is the waiting cost per hour of a container truck; 𝑛

𝑡
is the

number of service channels opened in the time period 𝑡; 𝑛min
and 𝑛max are the minimum and maximum number of service
channels available in the system;𝑅

𝑡
is the number of container

trucks waiting in the system in the time period 𝑡; 𝑇 is the
time span of time period 𝑡; 𝜇 is the average service time of
the service channel; 𝜀 is the threshold of the average waiting
time; (𝜇×𝑅

𝑡
)/𝑛
𝑡
≤ 𝜀 ensures the average waiting time of each

container truck does not exceed the threshold. 𝑛min ≤ 𝑛𝑡 ≤
𝑛max indicates that the number of service channels opened in
the time period 𝑡 cannot go beyond the available range.

For the solution of this optimization problem, first
integrate the transient queuing model into the optimization
framework, and then conduct an optimization calculation in
each time period 𝑡. That is to say, the optimal number of the
service channels that satisfied the objective function and con-
strains is searched at each round of the transient calculation
procedure in Section 3.1.3. This computation process will be
carried out in MATLAB R2008a, and the detailed results and
discussions are listed in Section 4.3.

4. Computational Experiments

4.1. Model Validation. For the purpose of verifying the
transient queuing model and the corresponding solution
method, a simulation method is adopted simultaneously to
acquire the estimators of the railway container terminal gate
system. eM Plant is a professional object-oriented simulation
software formanagement, industrial engineering, and system
engineering. It is able to analyze the operation conditions
of the railway container terminal gate system by running
the visual simulation models. One simulation model of the
railway container terminal gate system is shown in Figure 7.

In the simulation model, the Container trucks arrival
is the producer of container trucks which is set at the
exponential arrival time interval to represent the truck arrival
situations.TheQueuing place and waiting signs represent the
container trucks in the queue.The Service station denotes the
service channels in the railway container terminal gate system
which is commanded to satisfy the Erlang service time. The
Container trucks move is the saver of the produced container
trucks and indicates the trucks move to the container yard.
Event controller is used to determine the beginning and
ending time of the simulation.

The experiments are conducted by using the 𝑀/𝐸
𝑘
/𝑛

transient queuingmodel and the eM Plant simulationmodel,
respectively. Take 30 trucks per hour as a possible volume
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Procedure: the state to state transition probabilities transient calculation
Initialization:
Input the initial value of 𝑘, 𝑛, 𝑡 max, 𝑡

𝑎
, 𝜆. Set 𝑡 = 0,𝑁 = 0, 𝑠 = 0, 𝑃

0,0
(0) = 1, isend = 0

Initialize the 𝑃
𝑠,V(𝑡𝑖) and 𝑃



𝑠,V(𝑡𝑖)

while isend = 0 do
for 𝑡
𝑖
= 𝑡 : 𝑡 + 𝑡

𝑎
− 1 do

if 𝑁 < 𝑛 then
calculate 𝑃

0,0
(𝑡
𝑖
) by (8) and 𝑃

0,0
(𝑡
𝑖
+ 1) by (7)

for V = 1 :𝑁 do
calculate 𝑃V𝑘,V(𝑡𝑖) by (9) and 𝑃V𝑘,V(𝑡𝑖 + 1) by (7)
for 𝑎 = 1 : V(𝑘 − 1) do

calculate 𝑃V𝑘−𝑎,V(𝑡𝑖) by (10) and 𝑃V𝑘−𝑎,V(𝑡𝑖 + 1) by (7)
end for

end for
else if 𝑁≥ 𝑛 then

calculate 𝑃
0,0
(𝑡
𝑖
) and 𝑃

0,0
(𝑡
𝑖
+ 1)

for V = 1 : 𝑛 − 1 do // calculate the part of probabilities that V < 𝑛 //
calculate 𝑃V𝑘,V(𝑡𝑖), 𝑃



V𝑘−𝑎,V(𝑡𝑖) and 𝑃V𝑘,V(𝑡𝑖 + 1), 𝑃V𝑘−𝑎,V(𝑡𝑖 + 1)
end for
for V = 𝑛 :𝑁 do // calculate the part of probabilities that V ≥ 𝑛 //

calculate 𝑃V𝑘,V(𝑡𝑖) by (11) and 𝑃V𝑘,V(𝑡𝑖 + 1) by (7)
for 𝑎 = 1 : (𝑛 − 1)(𝑘 − 1) do

calculate 𝑃V𝑘−𝑎,V(𝑡𝑖) by (12) and 𝑃V𝑘−𝑎,V(𝑡𝑖 + 1) by (7)
end for
for 𝑏 = (𝑛 − 1)(𝑘 − 1) + 1 : 𝑛(𝑘 − 1) do

calculate 𝑃V𝑘−𝑏,V(𝑡𝑖) by (13) and 𝑃V𝑘−𝑏,V(𝑡𝑖 + 1) by (7)
end for

end for
end if

end for
𝑡
𝑖
= 𝑡 + 𝑡

𝑎
, V = 𝑁 + 1

calculate the probabilities when a new container truck arrives 𝑃V𝑘−𝑎,V(𝑡𝑖) by (14)
V = V − 1, 𝑡 = 𝑡

𝑖
,𝑁 = 𝑁 + 1

if 𝑡 ≥ 𝑡 max then
isend = 1
end if

end while

Algorithm 1: The state transition probabilities transient calculation procedure.
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Figure 7: Simulation model in eM Plant.

of the container trucks for the experiment. The service time
follows the 𝐸

𝑘=2
distribution and the mean value is set

as 8 minutes. The analysis time period is instructed to be
60 minutes. Besides, to relieve the impact of randomness,
the simulation model needs to be run several times to get

the mean value and standard variance for each case. Mean-
while, in consideration of the running time, the simulation
model is run 20 times and all the results are shown in Table 1.

It can be seen, from the comparison experiment results,
that the average number of trucks in the queue at the end of
60 minutes calculated from the𝑀/𝐸

𝑘=2
/𝑛 transient queuing

model is approximate to the simulation model. This means
the transient queuing model is correct and the equally likely
combinations (ELC) heuristic method is effective. Therefore,
the model together with the solution method can be applied
to analyze the queuing situation of the railway container
terminal gate system.

4.2. Sensitivity Analysis. The sensitivity tests of the𝑀/𝐸
𝑘
/𝑛

transient queuing model are carried out in three ways, which
are to analyze the changes of the results, while the number of
service channels, the mean arrival volume of the container
trucks, and the average service time are different. From
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Table 1: Results of the queuing method and the simulation method.

Arrival volume
(trucks/h)

Number of
service channels

Average number of trucks in the queue

Queuing model Simulation model Relative error
Mean value Standard

variance

30

1 23.00 22.16 6.94 0.038
2 16.28 14.73 5.75 0.105
3 9.96 8.68 3.62 0.147
4 4.73 4.41 2.28 0.073

these tests, the results of the model can be demonstrated
and can provide some insights to the railway container
gate system management. The calculated values of the mean
arrival volume of the container trucks and the average service
time are determined in accordance with the distributions in
Section 3.1, that is, the mean arrival time interval equals 4.714
minutes (i.e., the mean arrival volume of the container trucks
is 12 trucks per hour) and the average service rate is 0.25
(i.e., the average service time is 4 minutes). Besides, in order
to confirm the results and present the trend more obviously,
another set of severe values are also adopted as a comparison.
The mean arrival volume of the container trucks and the
average service time are set as 30 trucks per hour and 10
minutes, respectively.

4.2.1. The Influence of Increasing the Number of Service
Channels. This sensitivity analysis test is on the purpose
of observing the change of the average waiting time when
increasing the number of service channels. As mentioned
above, the calculated mean arrival volume of the container
trucks is 12 trucks per hour and the average service time is 4
minutes which followed the mean values of the distributions
in Section 3.1. Meanwhile, the comparison analysis which has
themean arrival volume of 30 trucks per hour and the average
service time of 10minutes is also conducted. According to the
practical condition of the current railway container terminal
gate system, the maximum number of service channels is 8.
Therefore, let the number of service channels range from 1
to 8 to see the changes of the average waiting time for the
container trucks at the end of 60 minutes. The results of the
calculated value and the comparison analysis tests are shown
in Figures 8 and 9, respectively.

It can be observed from the results in Figure 8 that
the average waiting time has a dramatic decrease while the
number of service channels increases from 1 to 2, and there
is also an obvious decrease when another service channel is
added; the average waiting time goes down to 2.3 minutes.
However, there has hardly been any change when the number
of service channels increases further. A similar situation
can be seen in Figure 9. There is 148.92 minutes’ reduction
of the average waiting time when the number of service
channels increases from 1 to 2, and the time decreases 48.76
minutes while one more service channel is increased. Then
the declines slow down and the average waiting time has been
reduced to 11.44minutes when 5 service channels are opened.
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Figure 8: Results of the calculated value analysis test.
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Figure 9: Results of the comparison analysis test.

After this, the changes are not very obvious. Consequently,
the results can be used to decide the number of service
channels under a certain average waiting time limitation. For
example, the most reasonable number of service channels
must be 5 if the average waiting time needs to be around 10
minutes in the second case.
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Table 2: Results of the calculated value analysis test.

Mean arrival volume (trucks/h) 10 12 15 20 30 60
Average number of trucks 1.11 1.20 1.35 1.63 2.50 31.3
Average waiting time (minutes) 2.23 2.40 2.7 3.27 5.0 62.5

Table 3: Results of the comparison analysis test.

Mean arrival volume (trucks/h) 10 12 15 20 30 60
Average number of trucks 2.33 3.14 5.10 9.50 19.12 48.8
Average waiting time (minutes) 11.65 15.7 25.51 47.48 95.6 244

4.2.2. The Impact of Raising the Mean Arrival Volume of the
Container Trucks. The objective of this sensitivity analysis
test is to research the variation of the queue length and the
average waiting timewhen raising themean arrival volume of
the container trucks.The average service time is also set by the
calculated value (i.e., 4 minutes) and the comparison value
(i.e., 10 minutes), but the mean arrival time interval in this
test is reduced from 6 to 1 minute in decrement of 1 minute
(i.e., the mean arrival volumes of the container trucks are 10,
12, 15, 20, 30, and 60 trucks per hour) by considering themean
arrival time interval of the exponential distribution (i.e., 4.714
minutes). Assume the number of service channels equals
2. Then obtain the number of the trucks in the queue and
the average waiting time 60 minutes later. The results of the
calculated value analysis tests and the comparison analysis
tests can be found in Tables 2 and 3.

The results in Table 2 show a linear increasing trend along
with the raise in the mean arrival volume of container trucks.
The average waiting time is 2.23 minutes at the end of 60
minutes when the mean arrival volume is 10 trucks per hour.
However, there exists a severe congestion (the averagewaiting
time is as long as 62.5minutes) when themean arrival volume
comes to 60 trucks per hour under this condition. The same
trend but with a more significant increase appears in the
comparison analysis test. It can be seen from Table 3 that the
average waiting time quadruples (from 11.65 minutes to 47.48
minutes) while the mean arrival volume is increased from 10
trucks per hour to 20 trucks per hour. And more notably, the
average waiting time reaches up to 244minutes which cannot
be accepted by the people in practice. Therefore, the relevant
authorities can use the results to make some decisions to
control the average waiting time of the container trucks in the
railway container terminal gate system. For example, in the
second case, if we want to maintain the average waiting time
less than 20minutes, thenmore service channels are required
or the service rate must be increased when the mean arrival
volume is equal to or greater than 15 trucks per hour.

4.2.3. The Effect of Altering the Average Service Time. The last
sensitivity analysis test is aimed at investigating the influence
of varying the average service time. To be more specific, this
test is to seek the appropriate number of service channels
when altering the average service time and also ensuring that
the average waiting time remains at the same level. The mean
arrival volume of the container trucks is assigned as well by
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Figure 10: Results of the calculated value analysis test.

the calculated value of 12 trucks per hour and the comparison
value of 30 trucks per hour, respectively. Considering the
calculated value (i.e., 4 minutes) and the comparison value
(i.e., 10 minutes) of the average service time, the range of the
average service time in this test is set from 3 to 10 minutes in
increment of 1 minute. Make the average waiting time of the
container trucks around 20 minutes, and then determine the
number of service channels needed at the end of 60 minutes.
The computation results of the calculated value analysis test
and the comparison analysis test are presented in Figures 10
and 11 as below.

A stepped growth trend can be seen from the results of
the calculated value analysis test in Figure 10. There is only
need for 1 service channel to be openwhen the average service
time is less than 5 minutes under the first condition. Another
service channel is needed while the average service time is
more than 5 minutes but less than 8 minutes. However, the
number of service channels shows a linear increasing when
the average service time increases more; that is, with one-
minute increase in average service time one more service
channel is required. The growth trend of the comparison
analysis test in Figure 11 is corresponding to the calculated
value analysis test in Figure 10; there is also a rapid increase
after the stepped growth with the average service time going
up.On thewhole, the necessary number of service channels is
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Figure 11: Results of the comparison analysis test.

threefoldwhen the average service time varies from3minutes
to 9minutes in the second case. It can be concluded fromall of
these results that if the average waiting time of the container
trucks should be controlled in a certain rangewithout varying
the mean arrival volume, more service channels are needed
when the average service time increases. Meanwhile, the
results are capable of helping the administrators to make
some relevant policies for these cases. For example, the
appropriate number of service channels is equal to 3 when
the mean arrival volume of the container trucks is 30 trucks
per hour and the acceptable average waiting time is around
20 minutes.

4.3. Optimization Results and Discussion. The model vali-
dation and the analysis tests have verified the established
𝑀/𝐸
𝑘
/𝑛 transient queuing model is reasonable and effective.

Hence, a real data experiment is put forward accordingly for
the solution of the optimization model. Moreover, through
the discussion of the experiment results, some features in
practical operations of the railway container terminal gate
system are also revealed at the end.

The aim of the optimization experiment here is to find the
optimal number of service channels for each time period and
make some conclusions from the results. In this experiment,
the hourly arrival volume of container trucks is the real data
collected from 4:00 a.m. to 6:00 p.m. of Chengdu railway
container terminal gate system for a certain day; the details
can be seen in Figure 12. Thus, the analysis time period is
14 hours and the time period 𝑡 is 1 hour (i.e., the system
performance indicators such as the queue length, the average
waiting time, and the optimal number of service channels are
calculated every one hour until all the results of 14 hours have
been output). The average service time of Chengdu railway
container terminal gate system is the mean value of Erlang
distribution in Section 3.1. For comparison, the operation
cost per hour of a service channel, 𝐶

𝑛
, is set as two different

values: one is $40 per hour and another is $80 per hour.
Assume the waiting cost per hour of a container truck, 𝐶

𝑤
,
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Figure 12: Arrival volume during the analysis time period.

is $15 per hour. Meanwhile, based on the practical situation
of the Chengdu railway container terminal gate system, the
minimum and maximum number of service channels 𝑛min
and 𝑛max are set as 1 and 8. In addition, the acceptable average
waiting time for each container truck is about 10 minutes in
practice.Therefore, the threshold 𝜀 is set as 10minutes. All the
optimization results for the duration of 14 hours are presented
in Figure 13.

The sequence number of time period in Figure 13 is cor-
responding to the above mentioned time period 𝑡, the initial
number indicates the time period from 4:00 a.m. to 5:00 a.m.,
and the rest are expressed in the same way. Graph (a) is the
minimum total cost of Chengdu railway container terminal
gate system in different time period, which is calculated from
the established optimization model. The solid line and the
marked dash line are generated from the two cases that the
operation cost per hour of a service channel is $80 and $40,
respectively. Graph (b) is the optimal numbers of service
channels during all the time periods under these two cases.
On the whole, the optimization results have a similar trend
with the arrival volume of the container trucks for the analysis
time period, which is the same as the intuition. When the
arrival volume of the container trucks is low, the number
of service channels and the total cost are small. With the
growth of the arrival volume, the number of service channels
and the total cost are increased. It also can be concluded
from this optimization experiment that when the operation
cost of the service channel is relatively high compared to the
waiting cost of the container truck, the average waiting time
of the container trucks should be sacrificed so as to obtain
the minimum total cost of the system. As seen in Graph (b),
the optimal number of service channels when the hourly cost
of operating a service channel is $80 is less than the number
of service channels in the other case (i.e., the operation cost
per hour of a service channel is $40). By comparison between
the two Graphs, although opening more service channels
causes more expenses, the total cost is still less when the
level of operation cost of a service channel for an hour is
comparatively low.
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Figure 13: Optimization results for the analysis time period.

Table 4: Optimization results of the railway container terminal gate system in different time sections.

Time section Number of service channels Average number of trucks in the queue Average total cost ($)
4:00–6:00 1 1.56 103.41
6:00–8:00 2 1.80 186.93
8:00–12:00 3 3.29 289.38
12:00–14:00 2 2.20 192.99
14:00–18:00 4 4.89 393.36

Beyond the analysis conclusions above, the other useful
information also can be obtained from the further study of
this optimization experiment. Take the case that the opera-
tion cost of a service channel is $80 per hour as an example,
although the optimal number of service channels is altered
in time with the variation of the service demand at different
time period, a general pattern still can be summarized for
a typical day of Chengdu railway container terminal gate
system. Then accordingly, the analysis time period is divided
into several sections on the basis of the same optimal number
of service channels. For example, the optimal numbers of
service channels are all equal to 1 for the time periods 1 and
2 (i.e., 4:00-5:00 and 5:00-6:00); therefore they are taken as
one separate time section. And the rest are treated in the
same way. All the number of service channels, the average
number of trucks in the queue, and the average total cost of
different time sections are provided in Table 4. As shown in
the table, the number of service channels is the least in the
early morning of the railway container terminal gate system
and is gradually increasing until noon; then after a little
decrease, the number reaches the peak in the late afternoon.
These results make sense to the relevant optimization of the
railway container terminal gate system and give the decision
makers some reference to grasp the pattern of the variation

and help in forming the most economic and reasonable
operation scheme.

5. Conclusion

This paper contributes to analyzing the railway container
terminal gate system by the𝑀/𝐸

𝑘
/𝑛 transient queuingmodel

with the equally likely combinations (ELC) heuristic solution.
The comparison experiment was then conducted with the
eM Plant simulation method. The experiment results indi-
cate that the𝑀/𝐸

𝑘
/𝑛model is capable of providing a precise

reflection to the queuing process of the railway container ter-
minal gate system, and the relevant performance indicators of
gate congestion such as the number of container trucks in the
system, the queue length, and the average waiting time can
be obtained by the ELC transient solution dynamically and
effectively.Moreover, a variety of sensitivity tests were carried
out for analysis. It turned out that the model is efficient under
different conditions with low computational consumption,
so it is able to be applied to assist decision making. In
addition, because of the flexibility of the analyticmethod, this
model can be easily integrated in an optimization framework.
Therefore, the optimization of the railway container terminal
gate system was implemented ultimately. All these results
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can provide some support to the relevant authorities, so the
model and method of this paper have the value of practical
application.

Furthermore, there are some related works that can be
done for the following research. For example, the applicability
of the model and methods for the other railway container
terminals needs further observations. In addition, take the
railway container terminal system as a whole; combine the
gate system optimization to the other parts of the entire
system.
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Wedefine a capacity reservemodel to dimension passenger car service installations according to the demographic distribution of the
area to be serviced by using hospital’s emergency roomanalogies.Usually, service facilities are designed applying empiricalmethods,
but customers arrive under uncertain conditions not included in the original estimations, and there is a gap between customer’s real
demand and the service’s capacity. Our research establishes a validmethodology and covers the absence of recent researches and the
lack of statistical techniques implementation, integrating demand uncertainty in a unique model built in stages by implementing
ARIMA forecasting, queuing theory, and Monte Carlo simulation to optimize the service capacity and occupancy, minimizing
the implicit cost of the capacity that must be reserved to service unexpected customers. Our model has proved to be a useful
tool for optimal decision making under uncertainty integrating the prediction of the cost implicit in the reserve capacity to serve
unexpected demand and defining a set of new process indicators, such us capacity, occupancy, and cost of capacity reserve never
studied before.The new indicators are intended to optimize the service operation.This set of new indicators could be implemented
in the information systems used in the passenger car services.

1. Introduction and Literature Review

Today, the passenger car industry is one of the world’s
most important industries encompassing investment groups
and manufacturers. All passenger car brands operate in a
global competitive marketplace with commercial brands that
must offer a wide range of products, including repair and
maintenance services.

Historically, passenger car services were intended to fix
product issues and carry out the scheduled maintenance
routines. However, at present time, after-sale services have
evolved, becoming an indispensable part of the business
to ensure current customer retention and new customer
conquest.The after-sales servicemarket has ballooned to four
to five times the size of the original equipment business [1].

Under the above scope, any after-sales service opportu-
nity is taken into account, not only to fix or maintain the
car but also to respond to customer demands and increase
company’s revenue. Escalating customer expectations for

rapid, flawless service support has increased the opportunity
for firms to profit from appropriately priced differentiated
service products targeted to meet the needs of particular
market segments [1].

Thus, customer demands are not exclusively related to
product issues; therefore, services are conveniently designed
to suit customer needs and exceed initial expectations to
make sure clients remain loyal to the brand and keep pur-
chasing new products. On the other hand, services are usually
planned in advance and customers are required to arrange
an appointment prior to visiting the workshop, but whenever
there is a breakdown, servicing unexpected visits introduces
a random component and its resolution will always depend
on the workshop availability.

As a consequence of the additional challenges in the
after sales we have described in the previous paragraphs that
passenger car companies embrace commercial relationships
with a focus on maximizing revenue. That revenue will be
obtained only if the direct result of the customer lifetime value
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is positive. With this in mind, passenger car brands adopt the
motto “a happy customer is a returning customer,” but there
is an important difference between the meanings of satisfac-
tion and retention [2]. Nevertheless, even when everything
has been carefully planned, an unexpected customer might
appear, and independently of how the service manages the
customer, the emergency will affect the service revenue.

A very recent research [3] has demonstrated that the
integrated nature of the after-sales quality in the passenger
car service is strongly associated with the retention rate of
the customers. In that study, the authors confirmed that when
customers perceive the poor service quality, immediately they
switch to another service centre. In this study it is also proved
that, in this highly competitive environment, it is the service
quality only by which brands can retain their customers.
This confirms there is a real gap [4] between customer’s real
demand and actual service capacity.

The above gap is also studied by other authors. Literally
citing an article published by Cohen et al. [1] in 2006,
“Customers don’t expect products to be perfect, but they
do expect manufacturers to fix things quickly when they
break down. Not surprisingly, customers are usually unhappy
with the quality of after-sales support.” According to the
same publication, “That’s mainly because after-sales support
is notoriously difficult to manage, and only companies that
provide services efficiently can make money from them.”

Essentially, passenger car breakdowns are unexpected
and do not adhere to planned schedules, like maintenance.
Only those passenger car brands that manage after-sales
service skilfully make money from it [1, 5].

1.1. Service Quality and Service Capacity. Service quality as
a generic concept is well defined by various researchers in
several ways [6–9]; technical quality, functional quality, and
reputation are identified as the most frequent components of
service quality. Usually, passenger car brandsmeasure service
quality by comparing initial customer expectations before the
service with the perception after it has been delivered.

While service quality is a popular term in the passenger
car industry, service capacity is not. Only limited research
has been published on service capacity in the passenger car
industry with respect to the extra capacity required to serve
unexpected demand. Recent service capacity studies focus
mainly on the specific situation in emerging markets, such as
China and India, but no new researches have been published
in regard to mature markets, such as Europe or USA.

Although there are no new specific publications in the
passenger car field from an operations research approach,
there are other studies fromamarketing perspective [3, 10, 11].
This means that the issue of service capacity in the passenger
car service industry has hardly been dealt with [7].

1.1.1. A Very Different Approach: Hospital’s Service Capacity.
As opposed to the situation in the passenger car industry,
hospitals often reserve capacity for patients arriving to their
hospital’s emergency room (ER) in response to demand
uncertainty. Reserving part of the hospital’s capacity ensures
enough flexibility for urgent admissions. Particularly, this is

the usual scenario for premium passenger car manufacturers
and traders, but it is not limited to them. Passenger car
brands set up processes to ensure that customers are taken
care of with the maximum convenience, which allows us to
compare workshops with hospital’s emergency room (ER).
Under this scope, workshop bays are intended as ER beds,
technicians are like themedical staff and the service reception
and foreman must act like the hospital’s emergency room
(ER) capacity planner. Thus, there is a tradeoff to be opti-
mized between service efficiency and the capability to admit
unexpected customers in the process by reserving some of the
service capacity.

The seminal references in the healthcare sector for the
present document are based on the work of Kamenetzky et al.
[12], who studied, in 1982, how to estimate necessities and
demands for prehospital care. Subsequently in 1993, Badri
and Hollingsworth [13] published a simulation model for
scheduling in the hospital’s emergency room (ER). Later, in
1996, Gerchak et al. [14] studied a reservation planning under
uncertain demand for emergency surgery. Additionally, in
1998, Bazargan et al. [15] set an initial approach to hospital’s
emergency room (ER) and hospital services utilization using
a theoretical model from historical data (kind of patient,
demography, etc.).

Other authors approached hospital’s capacity problem
from an operational research point of view. In 2004, Brails-
ford et al. [16] developed a model for emergency and on-
demand health care for large complex systems. Also in 2004,
Beraldi et al. [17] created a stochastic programming routine
with probabilistic constraints aimed to solve a location and
dimensioning problem. Then in 2006, Green et al. [18]
developed a model to manage patient service in a diagnostic
medical facility.

Unlike the passenger car industry, hospitals usually man-
age their hospital’s emergency room (ER) capacity by making
the distinction between elective and emergency (nonelective)
admissions and highlight the importance of an accurate
forecast on both [19], estimating how fixed capacity on the
nonelective admission expectations of unexpected demand
turns into effective demand.

In other words, if a hospital capacity requires a number
of available beds to assign to incoming patients, health
managers have capacity for those patients who might enter
the hospital as elective demand; that is, after a specialist
diagnoses and retains some of the whole hospital capacity for
those patients entering from the emergency room, because as
depending on the severity of their disease they might not be
rejected.

In contrast to what is described as a standard process in
the passenger car arena, hospitals usually reserve some capac-
ity in response to demand uncertainty to support the specifi-
cation for optimal capability, incorporating cost derived from
capacity reservation. By reserving some “empty” beds in the
hospital, capacity planners ensure the required capacity to
serve “emergency” admissions of patients.

Unfortunately, the literature review, in regard to health
management, confirms that seldom estimations of hospi-
tal cost structures have taken production into account by
incorporating the impact of nonelective demand on hospital
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cost structures. The same papers establish that hospitals
are in control of the output decisions, in response to such
unexpected demand [20]. In these studies the emphasis has
been on estimating (andminimizing) the cost of maintaining
reserve capacity rather than using nonelective demand as part
of a decision support system. Our research will lean on the
work referred to in this paragraph to apply the proposed
methodology to the unexpected demand in the passenger car
service industry.

1.2. Usual Tools and Models in the Passenger Car Industry and
the Service Sector. An extended tool along the passenger car
industry is an IT system called “dealer management system,”
known as dealer management system (DMS). Generically,
dealer management system (DMS) includes inventory tool
kits to manage parts availability information while arranging
appointments. Often, the same solution is applied to book
available dates in the service diary, but inventory techniques
are intended for basic control and future decisions are not
supported properly.

Inventory models, particularly “newsvendor” solutions,
built in the current dealer management systems (DMS) have
been studied intensively. Unfortunately, inventory models
have an important limitation as they are intended to obtain
a point forecast [21], a mathematical expression to help
in determining the economic order quantity [22], or the
ordering frequency, to keep goods or services flowing to the
customer without interruption [23] or delay [24]. Therefore,
inventory models only deal with part of the problem of
capacity reserve.

The second limitation of inventory models is, even when
they can incorporate uncertain demand, themain application
that is directed to quantify decisions or to estimate profit (or
loss) of unsold units, and so forth, but, whatever themodel is,
there is a common goal: to maximize the expected profit [25].
An important constraint of inventory models is, according
to the reviewed literature [26], the resource requirements
that are not fully known when a decision about the service
resource distribution is taken due to the nature of customer
behaviour. Thus, a strategy that balances service quality and
cost yields must be found [27].

A third limitation of inventory models is the dating
process that frequently does not work properly given that
customers are not always able to arrive within the appointed
time window, delaying the reception operation and creating
a bullwhip effect in upstream dates [28].Therefore, inventory
models cannot respond to the car manufacturer problem
since they do not cover potential emergencies or capacity
reserve. Additionally, in the passenger car industry, profit is
not always related to stock trade but to a customer long-term
relationship.

Yieldmanagement [29] is anothermethodology intended
to manage the capacity of service systems. An important
limitation is yieldmanagement that focuses on service pricing
instead of service constraints and system capacity. This
approach seems to be interesting for other service sectors,
such as hotels and airlines, where the service duration is well
known (i.e., one night, 3 hours flight) and service prices vary

with the demand. Therefore, yield management models are
not specifically developed to respond to the questions we aim
to answer with our suggested service model for the passenger
car industry.

In addition to the above methods, a common optimiza-
tion methodology used in the service operation consists in
running a simple forecast to estimate future demand values,
without estimating uncertainty by means of a probability
model [5]. Forecasts are then used to feed a mathematical
expression that can be derived to minimize or maximize a
variable. Nonetheless, there is no uncertainty quantification
incorporated in the above optimization method as input
demand is taken as an aggregated value, without differenti-
ating between elective and nonelective demands.

In other cases [4], previous service’s research mainly
focuses on understanding and measuring customer expec-
tations and perceptions about the quality of service being
provided. This would result in ascertaining the gap between
customers’ expectation and perception. The obvious next
stage is to identify the reasons for the gap between customer’s
expectation and service capacity and finally provide sugges-
tions for bridging this gap and a follow-up of the effectiveness
of the actions taken.

1.3. Research Purpose. In the context of demand uncertainty,
resolution of optimal capacity is very strongly dependent
on an appropriate specification of the service outputs. One
limitation of previous studies is that they have used aggregate
measures of service to define outputs [30]; a second limitation
is the reliance on annual or quarterly fluctuations in demand
to system responses to nonelective demand [31], but failing to
take account nonelective demand leads to a misspecification
of system cost output relation [32].

With the input desegregation in mind [33], just after the
beginning of a time period, when the aggregated demand
for this period is known, a decision can be made, but this
works against optimal capacity. Thus, when capacity reserve
is expensive or the rejection rate is high, any further increase
of its value will cause a decrease in optimal capacity [34].

An important property of the time series is that con-
straints on elective and nonelective demand are separated
from other constraints [35]. On the other hand, in hospital
emergency room (ER) applications it is being assumed that
all hospitals have similar patient stream structure and that
patients arrive at the hospital according to a Poisson flow
[36], but without taking into account how the stochastic
nature of demand is related to the type of case being serviced,
while in this paper wewill incorporate this relationship.Thus,
our research will implement queuing theory to study arrival
patterns at the service reception, waiting lines and servers,
waiting times, and tasks completed [37].

To summarize, this paper is about the stochastic simula-
tion of the process of service capacity reserve in the passenger
car industry. A stochastic model has been implemented
in a Monte Carlo simulation code written in Matlab and
has proved to be a very useful tool for optimal decision
making under uncertainty, involving an optimization process
to define and maximize new key process indicators (KPIs).
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The major contributions of this paper are the definition of
new key process indicators (KPIs) and the development of
valid integrated capacitymodel to respond to the needs of the
passenger car service industry.

2. Our Integrated Approach: Capacity
Reserve Model

There is a very scarce literature on applying simulation
techniques to capacity reserve in the car industry, and inven-
tory models do not include customer expectations but are
intended to define some constraints related to supply chain
specifics. Our simulation process has been developed to fill
this gap, finding the conditions for maximum average service
occupancy and average minimum capacity reserve cost; the
probability distributions are obtained from the Monte Carlo
simulations.

According to specific studies [38], in practice, service
operation algorithms are ultimately carried out by computer
simulations. Therefore, the Markov chain usually simulated
is only an approximation to the true chain. Such limitations
affect the simulation process, reducing the final results and
raising questions about the validity of the previous algorithms
used to build the model.

In this paper, we propose a new methodology which
substantiates the integration of existing strategies used in
medical installations to develop a valid model to be used
in the passenger car industry. The model will be used
to predict unexpected service demand and set a decision
support system to estimate (in accordance with the tradeoff
of above) the optimal operational costs (service efficiency
mentioned above) and optimum service capacity reserve
(servicing unexpected customers) by coupling discrete events
with simulation techniques.

Additional references [39–41] will be cited below when
describing the methodology.

2.1. Basics of the Methodology. We propose a major innova-
tion which implements changes in demand estimation for the
initial inputs, providing definition of new outputs and the
development of a stochastic simulator for the whole process.

Our methodology incorporates the risk in quantitative
analysis and decision making; thus, we are able to provide
service managers with a range of possible outcomes and the
probability for each of them. Thus, we can select different
simulated variables and compare with the logical solution of
going for the most conservative decision; this is, keeping the
service workshop layout as is, but considering the impact of
increasing service staff.

The methodology follows the 5-stage process flow as
displayed in Figure 1.

(i) 1st Stage: Service Demand Estimation. We split the
total demand (TV) in two major types, elective and
nonelective, each with its own probabilistic distribu-
tion; therefore, we can integrate the stochastic models
and sources of uncertainty of demand (elective and
nonelective) and propagate this uncertainty to the
output, thus adding value to predictions and allowing

for statistical interpretation. We do this by applying
ARIMA models to stepA in Figure 1, for both types,
and specific models are developed for each. Input
data is gathered from the dealer management system
(DMS).

(ii) 2nd Stage: Service Times Definition. Dealer’s historic
service data are gathered from the dealer man-
agement system (DMS) to estimate the probability
distribution of each service time variable (reception,
parts, and workshop). A stochastic queuing system is
thus defined and fed with the adequate probabilistic
models at stepB in Figure 1.

(iii) 3rd Stage: Service KPI Definition. We define a new set
of output key process indicators (KPIs) at step C in
Figure 1, which are functions of the random variables
defined in stages 1 and 2.

(iv) 4th Stage: Monte Carlo Simulation. We run simula-
tions to generate samples of the random variables of
stages 1 and 2 and then propagate this uncertainty
to obtain samples of the joint distribution of the
different key process indicators (KPIs). If we do this
for a number of scenarios (changing the number of
technicians and of work bays), we will obtain different
samples of the KPI joint distribution, one sample
for each scenario. From each Monte Carlo sample
we produce a report which displays a probabilistic
analysis.

(v) 5th Stage: Results Analysis and Optimization: Here we
analyse the simulation results to identify the service
operation conditions for maximum average service
occupancy and average minimum capacity reserve
cost; the different scenarios are given in terms of the
number of work bays and technicians. During the
optimization stage, our methodology incorporates
other variables, that will be defined later, which are
used to identify the optimal scenario to assess the
current system’s effectiveness and improve ability to
anticipate the impact of various changes in the service
settings, similarly to previous researches [13].Thiswill
be discussed in Section 3.

2.2. Stage 1: Service Demand Variable Definition and Mod-
elling. A common way to manage service times is to request
the customer to arrange a valid date for the next visit in
advance.We define elective demand (ED) as the total number
of prearranged visits to the service. This variable increases
service reception managing capacity and saves time and
money by arranging parts and skilled staff in advance.

As discussed in the introduction, the dating process does
not work properly if customers do not arrive in time or
change their minds, delaying the reception operation and
creating a bullwhip effect in upstream dates [28]. Some
customers dislike the dating process due to the inflexibility
and lack of same or next day availability. Elective demand
(ED) is thus a stochastic variable subject to high variability,
partially dependable on customer requests which are only
known with certainty after the arrival. We define nonelective
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Figure 1: Methodology.

demand (NED) as the total number of unexpected ser-
vices accepted in the system without a previous appoint-
ment.

As stated before, [26], resource requirements are not fully
known at the time when a decision about the service resource
distribution is taken. Therefore, in order to obtain valid
forecasts, elective demand (ED) and nonelective demand
(NED) should be the result of different randomprocesses and
can be expressed in a mathematical form as a probabilistic
concept used to describe a sequence of random variables
(stochastic process) that evolves in terms of another variable
(index), usually time. Each of the random variables of the
full service process has its own probability distribution, and
variables may be correlated or not.

Hence, we suggest using ARIMA models for elective
demand (ED) and nonelective demand (NED) forecasting. It
should be noted there is a clear difference between both vari-
ables, and that is the reason to use separated variables (ED &
NED) and feed the queuing systemwith each variable unique
probabilistic distribution.This is required to demonstrate our
methodology obtains valid results, integrating uncertainty
and adding statistical value to the simple forecasting pro-
cesses.

As discussed previously, nonelective demand (NED) has
never been studied or estimated in the passenger car industry
yet; therefore, there are no time series data to work with,
neither the cost implicit in reserving capacity to service
unexpected demand has been part of any research. This cost
is a new concept which we will define below, in stage 3, as

the capacity reserve cost to serve all nonelective demands
(CAPRNED).

In the current economic situation, customers are
demanding prompt and flexible service; thus, nonelective
demand (NED) is becoming a huge issue for all passenger
car brands. Elective demand (ED) and nonelective demand
(NED) balance has a cost related to the capacity reserve to
suit nonelective demand (NED) service needs.

If capacity reserve for nonelective demand (NED) is high,
services could lose elective demand’s (ED) service income
and profit would be lower than expected. Also, if service is
full with elective demand (ED) only, there is no capacity to
suit nonelective demand (NED) arrivals and customers will
turn away.

Else, operating at full capacity sets the optimal reserve
capacity levels compatible with economically efficient utiliza-
tion but imposes a cost, however, in the form of production
inflexibility, leading to patients being queued or turned away.
At the same time, failing to take account nonelective demand
leads to a misspecification of system cost output relation [32].

As explained in the literature review, emphasis has been
on estimating (and minimizing) the cost of maintaining
reserve capacity rather than using nonelective demand as part
of a decision support system. Our research will lean on the
work referred to in this paragraph and extend it to apply
the proposed methodology to unexpected demand at the car
industry, according to the reviewed literature [12–18, 20].

Even when dealer management systems (DMS) are not
focused on time series analysis, we can gather sufficient data
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to create time series to work with, which will include the
following information:

(i) period,
(ii) total demand (TV),
(iii) elective demand (ED),
(iv) monthly work time,
(v) monthly invested time,
(vi) monthly invoiced time,
(vii) total part sales,
(viii) cost of part sales,
(ix) vehicle sales,
(x) cumulative vehicle car park.

Now, we can estimate the following parameters with the
previous data:

(i) average invested hours per vehicle (invested time/car
park),

(ii) average invoiced hours per vehicle (invoiced time/car
park),

(iii) average sold parts per vehicle (total part sales time/car
park),

(iv) average technician employment (invested time/work
time),

(v) average technician productivity (invoiced time/work
time),

(vi) average technician efficiency (invoiced time/invested
time).

A simpler modelling could be developed by using an
aggregated ARIMAmodel for total demand (TV) time series
data only, but this would not allow us to relate the model
to unexpected visits. Thus, in order to obtain a valid time
series for nonelective demand we must gather the relevant
data from the dealer management systems (DMS).

Dealer management systems (DMS) usually register all
service visits but also manage the appointment process
effectiveness by registering elective demand separately. We
define total demand (TV) as the total number of visits in a
given time period:

TV = ∑(ED +NED) . (1)

Total demand (TV) is thus the sum of elective and non-
elective demands. Since this paper is intended to set a valid
methodology to estimate the unexpected demand reserve
costs, we need to differentiate between elective demand (ED)
and nonnlective demand (NED) rather than using a single
nondisaggregated variable, as total demand (TV) is.

Once a time series is available for total demand (TV) and
elective demand (ED), we will be able to obtain the nonelec-
tive demand (NED) time series to predict future values with
specific ARIMA models for each. This analysis will produce
a forecast with uncertainty bands and confidence intervals
that can be used to confirm if both time series forecasts are
confident simultaneously.

The sample data time series from a real service is shown in
Table 1; also data graph is displayed in Figure 2. Data will be
used to estimate valid service demand ARIMA models, for
elective demand (ED) and nonelective demand (NED), and
to feed the stochastic queuing system.

An important property of the observed samples of time
series is that constraints on elective demand (ED) and non-
elective demand (NED) are independent of other constraints
[35]. One axiom of our research is that elective demand (ED)
and nonelective demand (NED) are independent. To check
this, we must confirm from the data that elective demand
(ED) and nonelective demand (NED) are not correlated.

Thus, individualARIMAmodels and forecasts for elective
demand (ED) and nonelective demand (NED) will have the
form of a parametric expression that relates the future value
to previous ones, plus the noise. Given an ARIMA model of
consumer demand and the lead times at each stage, it has been
proven that the orders and inventories at each stage are also
ARIMA [28], and closed-form expressions for these models
are given.

2.3. Stage 2: Service Times. We now deal with the second
stage: we estimate the probability distributions required to
feed a stochastic queuing system and emulate the whole
service operation.

We build the queuing model to analyse the behaviour of
the system along time and the reaction to different stimuli
and waiting times for a queue in which customers require
simultaneous service from a variable number of servers
[41]. In previous studies, the service systems considered are
centralized and controllable and do not generate labour at a
constant rate [40].

Tasks are admitted upon generation and processed by the
system and completed labour is ejected from the system that
has the capability of dealing with as many jobs per unit time
on average as possible. Under this generic framework the
system capability is measured as the maximum rate of work
arrivals for which the system has a steady state [39].

We differ from the previous statement since we are
considering service operation as a complete unit; that is, we
include additional departments and not just service’s work-
shop. This is, we are considering Parts and Reception times,
including reception delays due to customer unavailability to
arrive, “elective” customers changing to “nonelective,” and
other delays related to parts ordering and delivery.

We propose to measure the full service system capability
(as shown in Figure 3) by running a queuing model built in
the simulation loop at a constant arrival rate of work (arrival
rate 𝜆: shown in Figure 3 and defined in Table 2). Therefore,
ourmethodology will cover a unique service cycle (as seen by
customers) with the following phases, shown in Figures 2 and
3:

(1) arrival,

(2) reception,

(3) parts,

(4) service workshop.
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Table 1: Sample data.

Period TV ED NED
1 107 91 16
2 94 91 3
3 131 119 12
4 116 113 3
5 172 172 0
6 184 182 2
7 154 148 6
8 75 75 0
9 107 97 10
10 125 107 18
11 129 108 21
12 103 91 12
13 149 135 14
14 130 130 0
15 165 147 18
16 249 248 1
17 137 137 0
18 179 179 0
19 145 145 0
20 117 117 0
21 195 179 16
22 149 131 18
23 205 169 36
24 135 122 13
25 150 121 29
26 149 115 34
27 144 140 4
28 132 127 5
29 252 243 9
30 165 159 6
31 169 144 25
32 105 94 11
33 172 142 30
34 131 109 22
35 180 144 36
36 128 115 13
37 180 141 39
38 148 127 21
39 155 127 28
40 138 124 14
41 258 222 36
42 168 152 16
43 151 135 16
44 114 99 15
45 128 97 31
46 151 140 11
47 139 111 28
48 97 85 12
49 160 136 24
50 173 149 24

Table 1: Continued.

Period TV ED NED
51 146 119 27
52 331 307 24
53 140 129 11
54 137 124 13
55 174 163 11
56 88 86 2
57 131 117 14
58 183 162 21
59 135 120 15
60 125 119 6
61 98 93 5
62 145 124 21
63 138 116 22
64 200 185 15
65 226 212 14
66 166 156 10
67 151 139 12
68 124 99 25
69 156 137 19
70 183 165 18
71 141 118 23
72 118 109 9
73 119 111 8
74 122 109 13
75 113 95 18
76 221 197 24
77 193 171 22
78 140 133 7
79 160 144 16
80 117 92 25
81 141 130 9
82 148 139 9
83 135 123 12
84 111 99 12
85 108 105 3
86 110 109 1
87 112 106 6
88 132 131 1
89 128 126 2
90 129 127 2
91 117 109 8
92 95 91 4
93 117 103 14
94 119 116 3
95 134 126 8
96 136 134 2
97 112 111 1
98 70 61 9
99 89 82 7
100 84 81 3
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Figure 2: Sample data plot.

The arrival rate (𝜆) is given by the elective demand (ED)
and nonelective demand (NED) forecasts.

Now the purpose of this section is to do the following.

(1) We use the dealer management system (DMS) data to
estimate the probability distributions of the following
random variables:

(a) reception time,
(b) parts time,
(c) workshop time.

(2) Subsequently, we use these distributions to feed our
queuing system and estimate the distribution of its
random variables, in terms of the reception time,
parts time, and workshop time described referred in
the previous point:

(a) customer time at the reception of the service,
(b) parts lead time,
(c) parts availability,
(d) working time per vehicle,
(e) additional specific queuing model parame-

ters (defined below in Section 2.3.1 Queuing
Methodology for Service Times).

We define the total preparation time (TSR) as the nec-
essary time in minutes to deal with the customer, find the
required parts, and take the vehicle to the technician. This
variable is notmeasured in the industry and requires physical
checks on the field and data sampling to understand its
structure. The total preparation time (TSR) is thus the result
of adding the time the customer is at the dealership and the
time to get the parts physically:

TSR = TCust + TParts, (2)

where

(i) TCust (customer waiting time) is the time to manage
customer request at the reception desk and raise a job
card;

(ii) TParts (parts lead time) is the time to get the parts
supplied before being fitted to the car in the service.

Now, knowing the car fleet for a particular region we
estimate from the dealermanagement system (DMS) data the
distribution of the service time per vehicle (TSW), which will
vary with the model, region, service skills and competency,
workshop layout, and other parameters.

2.3.1. Queuing Methodology for Service Times. As we dis-
cussed in the introduction, queuing theory allows for the
study of waiting lines and servers, including arriving patterns
at the queue, waiting times, and tasks completed [37].

We build a queuing system into theMatlab code, with the
following 6 characteristics.

(1) Arrival pattern of customers: as mentioned before, it
is a constant rate process, where the rate is a function
of the total demand (TV) and therefore will depend
on the elective demand (ED) and nonelective demand
(NED) probability distributions.

(2) Service pattern of customers: it depends on the
number of customers queuing for service and will be
a function of the distribution of the customer waiting
time (TCust).

(3) Queue discipline: in our research we set priorities in
terms of part availability. If a part is backordered, the
customer will be requested to wait.Therefore, this will
be a function of the distribution of the parts lead time
(TParts).

(4) Queuing capacity: it is limited by the number of
appointments plus the emergency visits. It depends on
the customer waiting time (TCust) and the parts lead
time (TParts).Thus, it is a function of the distribution
of the total preparation time (TSR).

(5) Number of servers: rather than considering a two-
stage server system (reception and workshop), we set
our system as a single-level server, where customers
leave their vehicles at the reception but they do not
physically wait until it is taken to the workshop.
Therefore, this characteristic will be a function of the
service time per vehicle (TSW).Maximumnumber of
servers is given by the facility layout and could vary
with time depending on the technician’s availability,
including holiday periods, sick leaves, and training
courses.Wewill simulate this variability as part of our
methodology.

(6) Number of work phases along the complete service
process: similar to hospital’s emergency room (ER)
we assume a single stage service for the whole service
process, but we simulate the time variability due to the
work complexity and different kinds of servicesThus,
it is a function of the service time per vehicle (TSW).

In Figure 4, customers (C1,C2, . . . ,Cc) arrive at the
reception area; they could be part of elective demand (ED)
or nonelective demand (NED) with their own probability
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distribution, but once at the service reception, they travel
through the network and are served at the reception nodes
(receptions 1, 2, . . . , 𝑟) through parts and to the workshop
nodes (Tech. 1, 2, . . . , 𝑡).

The first variable to be defined is the customer’s arrival
rate (𝜆), where Cc is the number of customers waiting at the

queue, where, as an open network, customers can join and
leave the system as shown in Figure 4.

Arrival rate (𝜆) and service rate (𝜇) are function random
variables: the total preparation time (TSR) and the service
time per vehicle (TSW), respectively; therefore, they are
random variables.
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Table 2: Queuing system steady-state measures of effectiveness.

Steady-state measures of effectiveness Variable Name

Nveh = TV
WDM Number of vehicles arriving to the service Nveh

Simulation variable Average number of vehicles in the Q-NTec 𝐿

Simulation variable Average number of vehicles in the Queue Lq

FTI = 1 − Wtecx
NTec
= 𝑃
0
+ (

𝑠 − 1

𝑠

) × 𝑃
1
+ ⋅ ⋅ ⋅ + (

1

𝑠

) × 𝑃
𝑆−1 Fraction of time that a technician is idle FTI

VhW = NVeh − 𝐿 Average number of vehicles that are being worked VhW

Wtec = 𝐿 − Lq = NTec −
𝑠−1

∑

𝑛=0

(𝑠 − 𝑛) ∗ 𝑃
𝑛 Average number of technicians that are working Wtec

EFCTec = VhW
NVeh Operating efficiency per vehicle EFCVeh

EFCVeh =
Wtec
NVeh Operating efficiency per technician EFCTec

𝜇 =

1

TSW × 60 Service rate [vehicles/hour] 𝜇

𝜆 =

1

TSR × 60 Arrival rate [vehicles/hour] 𝜆

𝑃
𝑛
=

NVeh!
ℎ! × (NVeh − ℎ)!

× (

𝜆

𝜇

)

ℎ

× 𝑃
0

Probability 𝑛 vehicles are in the queuing system
(Q-Ntec) Pn

𝑃
𝑛
=

1

(𝑃
0
)
−1 Probability of no calling units in the queuing system. Po

Initial Po inverse = 0, then: 𝑃
0
= (𝑃
0
)
−1
+ den 1 Po inverse Po−1

f(den 1) = NVeh!
ℎ! × (NVeh − ℎ)!

× (

𝜆

𝜇

)

ℎ

Operator f(den 1)

In queuing theory, the state of the system is given by a
vector with different variables. The complete list of variables
to be used in the stochastic queuing system (defined by the
above characteristics) is detailed in Table 2.

The queuing system allows us to estimate the average
cycle service time per vehicle (ATPV), this time is not just
calculated adding the service time per vehicle (TSW) and
the total preparation time (TSR). It is the result of a complex
forecast process to estimate the whole service time, including
timing delays due to operational inefficiencies and other
system limitations; that is, vehicle movements included in the
Service Time per Vehicle (TSW) or some Elective Demand
(ED) missing the time window appointment.

The time spent in each of the processes above is a
random variable, with its own probability distributions and
parameters.

2.4. Stage 3: Service Key Process Indicators (KPIs). This is an
essential contribution of this research and consists of the
definition of a set of new KPIs for the passenger car industry,
in terms of the inputs defined above and of additional
random variables and parameters to be defined as follows. A
comprehensive list of key process indicators (KPIs) is detailed

in Table 3, showing input variables to feed the model with
and output variables to be obtained from the Monte Carlo
simulation.

Traditionally, service management organizes and mea-
sures the technician’s time to administer the service depart-
ment’s labour availability and performance to maximize
operational net profit. Technician performance and time
control are basically monitored upon the 3 measurement
ratios below.

(i) Productivity: time the technician is physically present
at work divided by the actual working hours.

(ii) Efficiency: time spent working on a vehicle divided by
the flat rate time received.

(iii) Availability: flat rate time received divided by the time
the technician is physically present.

Without doubt, these three indicators are useful to mon-
itor technical service performance, but they do not incor-
porate delays on reception or parts backorder. Therefore, we
need to define new measures of effectiveness which take into
account inputs from service, parts, and reception and include
customer “expectations” in our model. We now focus on the
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Table 3: List of acronyms: parameters and variables-simulation inputs and outputs.

(a)

Acronym Definition Source Parameter
Lab Retail labour rate DMS data Constant
Ntec Number of available technicians Constant
WBN Total number of staffed work bays Constant
Ψ Number of work bays per technician (WBN/Ntec) Constant (from 1 to 2)

(b) Simulation Random Inputs

Acronym Definition Source Prob. distribution
ED Elective demand

DMS data

ARIMA
HPRES Working time per month (hours) 𝑁(399,65; 85,92)
InvoT Invoiced time 𝑁(373,76; 76,9)
NED Nonelective demand (NED = TV – ED) ARIMA
Nveh Number of vehicles arriving to the service per day 𝑁(6,13; 1,85)
PartsCost Cost of parts sale 𝑁(21297,95; 11963,79)
PS Parts sale 𝑁(27278,41; 13517,82)
TV Total demand ARIMA
WDM Working days per month 𝑁(21; 1)
WTD Daily working time (hours per day) 𝑁(6,51; 1,13)

(c) Simulation random outputs

Acronym Definition Source
ATPV Average cycle service time per vehicle (hours)

Queuing + simulation

CAP Service incremental capacity
CAPRNED Capacity reserve cost to serve all nonelective demands
CAPRNED1 Capacity reserve cost to serve 1 unexpected vehicle
CEW Empty work bay cost estimation
DMS Dealer management system
EFC Service system efficiency
EFCTec Operating efficiency per technician
EFCVeh Operating efficiency per vehicle
GSR Monthly gross service revenue estimation
InvoTn Invoiced time estimation
OCC Service occupancy
PartsCostn Cost of parts sale estimation
PFunit Profit per vehicle in service
PSn Parts sale estimation
Pstec Parts sale per technician
Tcust Customer waiting time
TEXP Monthly workshop total cost estimation
Tparts Parts lead time
TPF Service total gross profit estimation
TSR Total preparation time. TSR = TCust + TParts
TSW Service time per vehicle
VhW Average number of vehicles that are being worked
Wtec Average number of technicians that are working

(d) Other queuing system outputs

Acronym Definition Source
f(den 1) Mathematical operator

Queuing + simulationFTI Fraction of time that a technician is idle
𝐿 Average number of vehicles in the Q-NTec
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(d) Continued.

Acronym Definition Source
Lq Average number of vehicles in the queue
𝑃
𝑛

Probability 𝑛 vehicles are in the queuing system (Q-Ntec)
Po Probability of no calling units in the queuing system
Po−1 Po inverse
𝜆 Arrival rate [vehicles/hour]
𝜇 Service rate [vehicles/hour]

seven new key process indicators (KPIs) that we are going to
define:

(i) service incremental capacity (CAP),

(ii) service occupancy (OCC),

(iii) nonelective demand (NED),

(iv) cost of capacity reserve (RCAP),

(v) cost of empty work bay (CEW),

(vi) capacity reserve cost to serve all nonelective demand
(CAPRNED),

(vii) profit per vehicle in service (PFUNIT).

2.4.1. Service Incremental Capacity. We define the service
incremental capacity (CAP) as the system potentiality to
admit additional workload without interrupting on-going
works. In other words, the service incremental capacity
(CAP) is the capability to accommodate unexpected cus-
tomers during the normal working time.

Service incremental capacity (CAP) is calculated as a
percentage rate of the whole service process capacity that will
decrease as long as the number of vehicles through the system
increases:

CAP = WBN ×WTD
ATPV

× Ψ × EFC. (3)

Therefore, we express the service incremental capacity (CAP)
as a function of the following.

(i) WBN is the total number of staffed work bays. It is
constant and depends on the workshop layout.

(ii) WTD is the daily working time.

(iii) ATPV is the average cycle service time per vehicle.

(iv) Ψ is the number of work bays/technician, which
usually can vary from 1 to 2. It is constant and will
depend on the facility layout.

(v) EFC is the average workshop efficiency rate.

2.4.2. Service Occupancy. We define the service occupancy
(OCC) as the measurement of vehicles in-progress through
the service system. It is related to the number of vehicles
entering the system divided by the work bays and the system
capability expressed as service incremental capacity (CAP).

Service occupancy (OCC) is calculated as a percentage
rate of the whole service process workload that will grow as
long as the number of vehicles through the system increases.

OCC = TV
CAP ×WDM

. (4)

OCC is the service occupancy expressed above as a function
of the following.

(i) Total demand (TV) is the total visit number in a given
time period.

(ii) WDM is the total working days in a given month.

Now, if we write nonelective demand (NED) as a function of
(1) and (4), then

NED = (OCC × CAP ×WDM) − ED. (5)

2.4.3. Cost of Capacity Reserve. We define cost of capacity
reserve (RCAP) as the opportunity cost in C to reserve service
capacity in the form of empty work bay. It is expressed as the
following equation:

RCAP = TPF
TV
+

TEXP
TV
, (6)

where

(i) TPF is the monthly workshop gross profit,
(ii) TEXP is the monthly workshop total cost.

The first component of the above expression is the profit per
unit (PFUNIT):

PFUNIT =
TPF
TV
. (7)

By replacing (7) with (6), we define the capacity reserve cost
for a single nonelective demand (CAPRNED

1
):

CAPRNED = PFUNIT +
TEXP
NED
. (8)

Also, by replacing (5) with (8),

CAPRNED
1
= PFUNIT +

TEXP
(OCC × CAP ×WDM) − ED

.

(9)
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Therefore, the capacity reserve cost to serve all nonelective
demand (CAPRNED) will be

CAPRNED = NED × CAPRNED
1
. (10)

And then replacing (8) with (10),

CAPRNED = (NED × PFUNIT) + TEXP. (11)

Given that service incremental capacity (CAP), service occu-
pancy (OCC), nonelective demand (NED), and capacity
reserve cost to serve all nonelective demand (CAPRNED)
are function of the random variables detailed in Table 3, they
are also random variables whose joint distribution will be
estimated through Monte Carlo simulation.

2.5. Stage 4: Monte Carlo Simulation. The purpose of this
section is to obtain Monte Carlo samples of the distributions
of the key process indicators (KPIs) defined above.

As covered in the literature review, the queuing system, or
Markov chain, actually simulated is only an approximation
of the true chain. Such results with finite precision and
range are introduced and pose further questions about
the validity of these algorithms [38]. Thus, we apply the
Monte Carlo methodology to generate samples of the input
variables defined in Section 2 and propagate their uncertainty
obtaining samples of the distributions of the key process
indicators (KPIs).

This stage has been implemented in a Matlab code which
runs a complete set of calculations to simulate capacity
reserve with a queuing model to obtain samples of the same
size for each KPI.

We repeat the simulations for a number of scenarios
(changing number of technicians and of work-bays). The
Matlab code will run two loops taking different values of both
variables (number of technicians and of number of work-
bays). The value of each variable will be increased 1 by 1 each

loop to obtain different samples of the joint distribution of the
key process indicators (KPIs). The sequence is as follows:

number of technicians → number of work bays →
queuing system loop.

For each KPI, the simulation will then store the results
in a tridimensional matrix: the first index varies with the
sample (i.e., from 1 to 1000), the second with the number of
technicians, and the third with the number of work bays.

3. Statistical Analysis of Key Process Indicators
and Optimization

The purpose of this section is twofold:

(a) statistical analysis of the Monte Carlo samples of the
joint distributions of our new key process indicators
(KPIs);

(b) set the optimization criteria to define the optimum
scenario in terms of recommended number of tech-
nicians and number of work bays.

After running the simulation we can estimate the joint
and marginal distributions of the key process indicators
(KPIs) and identify if there are additional relationships
among them. A further statistical analysis is discussed in
Section 4.

After the previous stages have been fully completed,
our Matlab code identifies the service optimal scenario as
a tradeoff between the dealer’s total demand (TV) and
the capacity reserve cost to serve all nonelective demands
(CAPRNED).
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Table 4: Simulation-decision support system final report.

(a)

Description Constant
Working days per month WDM 21
Nonelective demand NED1 12
Work bays per technician WBtec2 1,25

(b)

Description Variable Average Standard deviation
Customer waiting time (min) TCust 37,61 12,966
Pats lead time (min) TParts 3586,87 2080,052
Total preparation time (min) TSR 3624,48 2080,052
Service time per vehicle (min) TSW 6533,74 3730,76
% Time a technician is idle FTI 16,89% 0,24
Working time per day (hours) WTD 7,5 0,58
Parts sold per technician (C) PStec 4755,03 1458,17
% Time sold at retail price RLab 72,40% 0,072
Effective labour price (C) ELab 66,13 0,486

(c)

Description
Simulation results (Ntec) Simulation results (Ntec + 1)

Variable Average Standard
deviation Variable Average Standard

deviation

Efficiency per vehicle EFCvh1 34,60% 0,25 EFCvh2 36,31% 0,24
Average service efficiency EFC1 86,50% 0,23 EFC2 83,11% 0,24
Workshop available time (min) HPRES1 1102,43 85,3 HPRES2 1259,92 97,48
Average cycle service time per vehicle (hours) ATPV1 3,46 0,95 ATPV2 3,79 1,13
Service incremental capacity CAP1 26,80% — CAP2 20,50% —
Service occupancy OCC1 49,00% — OCC2 64,00% —
Profit per vehicle (C) PFunit1 120,84 36,98 PFunit2 137,83 42,27
Estimation of parts sale (C) PS1 33285,2 10207,19 PS2 38040,2 11665,36
Work bays per technician WBtec1 1,43 0 WBtec2 6,65 1,917
Cost of empty bay (C) CEW1 34,27 6,301 CEW2 39,07 7,191
Capacity reserve cost for all nonelective
demands (C) CAPRNED1 1861,32 449,97 CAPRNED2 2122,85 514,798

Capacity reserve cost to serve 1 unexpected
customer (C) CAPRNED11 155,11 37,498 CAPRNED21 176,9 42,9

Number of cars in the workshop VhW1 4,5 3,206 VhW2 4,72 3,15

The optimal scenario will be selected following the hier-
archical approach displayed in Figure 5 and detailed below.

(1) The code will select those scenarios with a maxi-
mumservice occupancy (OCC) andminimumcapac-
ity reserve cost to serve all nonelective demands
(CAPRNED).

(2) Then it will order the selected scenarios starting from

(a) the lowest number of work bays (layout con-
straints and cost),

(b) the lowest number of technicians (operational
constraints and cost),

(c) the lowest number of unobserved unexpected
customers.

(3) A 3rd level will filter those scenarios with the lowest
cost for an empty server (work bay).

(4) The final level filters and selects the scenario with
the highest whole service (reception, parts, and
workshop) operational efficiency out of the previous
selection. With the information from the “optimal
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Table 5: 95% confidence intervals.

(a)

Description Input variable Mean Standard error 95% Confidence intervals
Lower limit Upper limit

Elective demand ED 147,859 4,32304 139,305 156,414
Nonelective demand NED 13,3672 0,824012 11,7366 14,9978
Total demand TV 161,328 4,51834 152,286 170,168

(b)

Description Input variable Sigma Lower limit Upper limit
Elective demand ED 48,9096 43,5628 55,7652
Nonelective demand NED 9,32263 8,30348 10,6294
Total demand TV 51,1192 45,5308 58,2845

(c)

Output variable Output variable Mean Standard error Lower limit Upper limit

Capacity reserve cost for all nonelective demands (C) CAPRNED1 1861,14 4,5 1852,31 1869,96
CAPRNED2 2122,64 5,15 2112,54 2132,74

Cost of an empty work bay (C) CEW1 34,26 0,06 34,14 34,39
CEW2 39,07 0,07 38,93 39,21

Efficiency per vehicle in service (%) EFCvh1 0,35 0,001 0,34 0,35
EFCvh2 0,36 0,001 0,36 0,37

Cost of purchased parts (C) PartCost1 402,27 0,76 400,79 403,75
PartCost2 458,65 0,86 456,96 460,34

Average profit per vehicle in the workshop (C) PFunit1 120,83 0,37 120,11 121,56
PFunit2 137,82 0,42 136,99 138,65

Monthly workshop total cost (C) TExp1 411,18 0,76 409,69 412,66
TExp2 468,83 0,86 467,14 470,52

(d)

Output variable Output variable Sigma Lower limit Upper limit

Capacity reserve cost for all nonelective demands (C) CAPRNED1 450,33 444,18 456,66
CAPRNED2 515,21 508,17 522,45

Cost of an empty work bay (C) CEW1 6,31 6,22 6,4
CEW2 7,2 7,1 7,3

Efficiency per vehicle in service(%) EFCvh1 0,25 0,24 0,25
EFCvh2 0,24 0,24 0,25

Cost of purchased parts (C) PartCost1 75,54 74,51 76,6
PartCost2 86,22 85,04 87,43

Average profit per vehicle in the workshop(C) PFunit1 37 36,49 37,52
PFunit2 42,29 41,71 42,88

Monthly workshop total cost (C) TExp1 75,71 74,68 76,78
TExp2 86,42 85,24 87,64

scenario,” we will produce a final report (Table 4)
which displays the expected key process indicators
(KPIs) for the recommended number of work bays
(WBN) and the recommended number of technicians
(NTec). It also displays a second simulation with
an additional technician (NTec + 1) to support the
decision making in the following scenarios:

(i) Short term: identifying how indirect operational
revenue or cost can be improved by increasing
the operational staff.

(ii) Medium term: assessing the effectiveness of
the current service system and identifying the
impact of applying changes to the original ser-
vice settings.

The report identifies also capacity and occupancy levels
for the optimal scenario and how they could be affected when
the existing staffs are increased by 1 head, provided that there
is at least 1 additional work bay to be used for servicing
nonelective demand (NED).
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Also, we noticed when service staff is increased and
unexpected demand is part of the capacity reserve, the empty
work bay cost estimation is also reduced. As stated before,
service incremental capacity (CAP) is inversely proportional
to the service productive headcount, as it drops as soon as
staff increases, while service occupancy (OCC) is directly
proportional to the service staff.

This makes sense and confirms the expected outcome;
the potential capacity we could have in the system should be
lower when an additional vehicle is processed in the service
system, showing an increment in the system occupancy rate.
The simulation results suggest that services generate costs
when reserving service capacity to serve nonelective demand.

4. Simulation Results Analysis and Uncertainty

This section shows the simulation results report in Table 4,
including the relevant key process indicators (KPIs) informa-
tion, and a sample of variables histograms in Figure 6. As said
before, we use probabilistic distributions to demonstrate that
ourmethodology obtains valid results integrating uncertainty
and adding value to the simple forecasting processes which
are common in the passenger car service industry.

In addition to the standard deviations shown below,
interquartile ranges or 95% intervals could be easily com-
puted from the samples as complementary measures of
uncertainty. This is done in Table 5, where we are showing
95% confidence intervals for the means and standard devia-
tions of each of the selected variables.

Other key process indicators (KPIs) are used to under-
stand how economic variables could change depending on
the solution applied, comparing the current layout and
situation with the possibility of increasing service staff in one
head.

Thus, the cost of empty work bay (CEW
1
and CEW

2
in

Table 5) is increased as long as the profit per unit (PFunit
1

and PFunit
2
in Table 4) raises, so the cost implicit in capacity

reserve to suit customer needs affects all the economic factors
as we wanted to demonstrate.

Now we will study six variables out of the total number
displayed in Table 4 (see Figure 6 and Table 5).

5. Conclusions

This paper studies a new approach, where, by analysing
nonelective demand (NED), the apparent inefficiency result-
ing from services operating within production limits is
understood. This analysis could also help brand managers
when setting efficiency objectives with adequate adjustment
for unexpected demand and its impact on cost structures.

We confirm here how separating nonelective demand
(NED) from elective demand (ED) when estimating service
costs is of paramount importance, as well as for labour fees
setting and service level, which will depend also on how
accurate service demand and general costs predictions are.
Furthermore, the leftmost column of the simulation report,
as displayed in Table 4, identifies some apparent inefficiencies
resulting from services operating within production limits.

With this information, the report compares several service
process indicators to demonstrate how results can be affected
by hiring additional technical staff.

The significance of the contribution of our research is the
definition of new key process indicators (KPIs) to be used as
a management tool for services.The capacity reserve strategy
has been proved to be plausible and consistent, according to
the reviewed literature of the hospital’s emergency room (ER)
field, with our conceptual arguments relating to production
responses to demand uncertainty.Therefore, the information
used allows for amore detailed specification of service output
that can be applied to the passenger car industry to forecast
service requisites and plan brand strategies which are aligned
with the customer’s real demand.

Future research could afford an exhaustive analysis to
the data gathered after the Monte Carlo simulation. This
could be done with the support of any of the existing
statistical software packages to fully understand the existing
relations among the multiple key process indicators (KPIs)
and between inputs and outputs, like partial correlations
and stochastic dependence between the new key process
indicators (KPIs) defined in this paper.
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The purpose of this paper is to provide a framework that can identify and evaluate the effectiveness of a given maintenance strategy
and to rank components of maintenance system. The framework is developed using DEMATEL method on maintenance strategy
as a guideline. To gain a richer understanding of the framework, a questionnaire is constructed and answered by experts. Then the
DEMATELmethod is applied to analyze the importance of criteria and the casual relations among the criteria are constructed.The
scope of the paper is limited to performancemeasurement ofmaintenance strategies. It is found that the framework is applicable and
useful for the strategicmanagement of themaintenance function. It is observed that the influencing and preferred infrastructures for
designing Learning and Training are three components, that is, optimal maintenance, CMMS, and RCMwhich are interdependent
on each other and are the fundamental components to realize the designed goals of maintenance process. This paper provides an
overview of research and developments in the measurement of maintenance performance. Many tools and techniques have been
developed in other fields. However, the applicability of those tools to maintenance function has never been tried. In that respect
this topic is novel. It helps in managing maintenance more effectively.

1. Introduction

Some challenges from modern competitors have provoked
many industrial companies to implement newmanufacturing
approaches [1, 2]. Particularly salient among these is the con-
cept of lean production [3, 4]. Lean production is an approach
that includes a set of management practices, including just
in time, quality systems, work teams, cellular manufacturing,
and supplier management, in an integrated system.Themain
core of lean production is that these practices can work
synergistically to create a high quality system for reaching
customer demand with no waste.

Some articles on the topic of lean production system
emphasize the relationship between implementation of lean
and performance. While most of these studies have focused
on a single aspect of lean and its performance implications
(e.g., [6–8]), a few studies have explored the implementation
and performance relationship with two aspects of lean (e.g.,

[8, 9]). Even fewer studies have investigated the simultaneous
synergistic effects of multiple aspects of lean implementation
and performance implication. A noteworthy exception is
Cua et al.’s [10] investigation of implementation of practices
related to just in time (JIT), total qualitymanagement (TQM),
and total preventive maintenance (TPM) programs and their
impact on operational performance. However, conceptual
research continues to stress the importance of empirically
examining the effect of multiple dimensions of lean produc-
tion programs simultaneously [11].

Companies implement lean strategies to achieve bet-
ter quality, designing the processes which meet customer
requirements and expectations, waste elimination (waste is
any activity that does not add value to the product or service)
and lead time reduction (it helps a Lean enterprise deliver the
products to the customer in a shorter time and reduce total
costs, both direct and indirect) [12].
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Since waste elimination is one of the Lean objectives, it is
crucial for companies to identify wastes relevant to defects,
waiting time, overproduction (producing more, earlier, or
sooner than next workstation demand results in larger
inventory and costs), transportation (transportation within
Work-In-Process (WIP) resulting from weak plant layout
and shortage in understanding of production or process
flow), inventory (excess rawmaterials, finished products, and
WIP), unused creativity (failure in exploiting the knowledge
and unique abilities of the employees), movement (extra
transportation due to wrong location of equipment and
tools), and overprocessing (parts of processes that create no
added-value to the product or service) [13, 14].

Lean principles have been originated from Toyota’s pro-
duction system known as just in time (JIT) production
[15, 16]. The term lean has become widespread after the
publication of a book titled The Machine That Changed the
World. Then, the term lean production was widely used.
Mason-Jones et al. [17] have matched various strategies of
supply chain with product type. They have introduced a
“leagile” approach which determines the decoupling point
between lean and agile paradigms in a supply chain. Sullivan
et al. [18] have presented the performance of equipment
replacement decision problems within the context of lean
manufacturing.

They utilized VSM as a road map for providing necessary
information for the analysis of equipment replacement deci-
sion problem in lean manufacturing implementation.

Muda and Hendry [19] have proposed a world class
manufacturing concept incorporated with lean principles for
themake-to-order sector. Pavnaskar et al. [20] have presented
a classification scheme for lean manufacturing tools. They
have suggested that their classifications scheme enables com-
panies to become lean and serve as a foundation for research
into lean concepts. Many researchers have contributed to
the definition of lean manufacturing. Shah and Ward [11]
have provided a comprehensive definition of lean production
which is an integrated sociotechnical system whose objective
is to eliminatewaste by reducing andminimizing the supplier,
customer, and internal variability.

The tools and techniques of lean manufacturing include
TQM, TPM, Kanban, Kaizen, SMED, Poka-Yoke, and visual
control. Houshmand and Jamshidnezhad [21] have presented
an extended model of design process of lean production sys-
tem by means of process variables. They have used axiomatic
design theory for developing hierarchical structure to model
a design process of lean production system composed of
functional requirements, design parameters, and process
variables. Braglia et al. [22] have presented a new approach for
a complex production system based on seven iterative steps
associated with typical industrial engineering tools including
VSM. Shah and Ward [23] have defined the measures of lean
production. They have mapped the various conceptual lean
strategies [24].

Shin et al. [25] have provided the basic data-driven
methods including off-line design and on-line computation
algorithms; original idea, basic assumption/condition, and

computation complexity were presented. Provided methods
were implemented on an industrial benchmark.

1.1. Evolution of Equipment Management. To begin with,
there is a requirement to improve an understanding of the
basic perception of the maintenance role. Here, it is pertinent
to note that the maintenance function has undergone serious
change in the last three decades. The traditional perception
of maintenance’s role is to fix broken items. Taking such
a narrow view, maintenance activities have been confined
to the reactive tasks of repair actions or item replacement.
Thus, this approach is identified as reactive maintenance,
breakdown maintenance, or corrective maintenance. A more
recent view of maintenance is defined by Gits [26] as “All
activities aimed at keeping an item in, or restoring it to, the
physical state considered necessary for the fulfilment of its
production function.” Clearly, the scope of this opinion also
contains the proactive tasks such as the following:

routine servicing and periodic inspection,
preventive replacement,
condition monitoring.

In order to maintain equipment, maintenance must carry out
some further activities. These activities contain the planning
of work, purchasing and control of materials, personnel
management, and quality control [27].This variety of respon-
sibilities and activities convert maintenance from a simple
function to a complex function to manage.

Maintenance should ensure equipment availability in
order to produce products at the compulsory quantity and
quality levels [28]. The scope of maintenance management
includes every phase in the life cycle of technical systems
(plant, machinery, equipment, and facilities), specification,
acquisition, planning, operation, performance evaluation,
improvement, and disposal [29].

1.1.1. Breakdown Maintenance (BM). This type of mainte-
nance states the maintenance strategy, after the equipment
failure equipment is repaired [30].This maintenance strategy
was mainly implemented in themanufacturing organizations
before 1950. In this stage, machines are serviced only when
repair is required. This idea has some weaknesses such as the
following:

unplanned stoppages,
excessive damage,
spare parts problems,
high repair costs,
excessive waiting and maintenance time,
high trouble shooting problems [31].

1.1.2. Preventive Maintenance (PM). This concept is a type
of physical checkup of the equipment to prevent equipment
breakdown. Preventivemaintenance includes activitieswhich
are started after a period of time or amount of machine use
[32]. This type of maintenance depends on the estimated
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probability that the equipment will break down in the
specified interval. The preventive works are as follows:

equipment lubrication,
cleaning,
parts replacement,
tightening,
adjustment.

1.1.3. Predictive Maintenance (PdM). Predictive maintenance
is often mentioned as condition based maintenance (CBM).
In this strategy, maintenance is started in response to a
specific equipment condition or performance deterioration
[33]. The analytic techniques are organized to measure the
physical condition of the equipment such as temperature,
noise, vibration, lubrication, and corrosion [34]. When one
or more of these indicators reach a set deterioration level,
maintenance initiatives are assumed to restore the equipment
to desired condition. This means that equipment is taken out
of service only when direct evidence exists that deteriora-
tion has happened. Predictive maintenance is based on the
same principle as preventive maintenance. The advantages
of predictive maintenance are based on the need to perform
maintenance onlywhen the repair is really necessary, not after
a specified period of time [32].

1.1.4. Corrective Maintenance (CM). The main core of this
concept is to prevent equipment failures. This type of main-
tenance system has been applied to the improvement of
equipment; hence the equipment failure can be removed
(improving the reliability) and the equipment can be simply
maintained (improving equipment maintainability) [35].The
main difference between corrective and preventive main-
tenance is based on the time of maintenance action. In
the corrective action system a problem must exist before
corrective actions are taken [36].The corrective maintenance
is following some purposes such as

improving equipment reliability,
maintainability,
safety,
reducing design weaknesses (material, shapes),
reducing deterioration and failures,
aiming at maintenance-free equipment.

1.1.5. Maintenance Prevention (MP). This type of mainte-
nance system is based on the design phase of equipment.
Equipment is designed such that they are maintenance free
and an ideal condition of “what the equipment and the
line must be” is attained [35]. In the development of new
equipment, MP activities must begin at the design stage of
equipment [37]. Maintenance prevention often applies some
earlier equipment failures and feedback from production
areas to ensure equipment design for production systems.

1.1.6. Reliability Centered Maintenance (RCM). RCM can
be defined as an organized, rational process for improving
the maintenance requirements of a physical resource in its
operating context to understand its “inherent reliability,”
where “inherent reliability” is the level of reliability which
can be attained with an effectivemaintenance program. RCM
is a process implemented to determine the maintenance
requirements of any machines or equipment in its operating
context by recognizing their functions, the causes of failures,
and the effects of the failures.

RCM has seven basic steps:

(1) identify the equipment/system to be analyzed;
(2) determine its functions;
(3) determine what constitutes a failure of those func-

tions;
(4) identify the failure modes that cause those functional

failures;
(5) identify the impacts or effects of those failures’ occur-

rence;
(6) use RCM logic to select appropriate maintenance

tactics;
(7) document your finalmaintenance program and refine

it as you gather operating experience [38].

The various tools employed for affectingmaintenance impro-
vement on these 7 steps include

(1) failure mode and effect analysis (FMEA),
(2) failure mode effect and criticality analysis (FMECA),
(3) physical hazard analysis (PHA),
(4) fault tree analysis (FTA),
(5) optimizing maintenance function (OMF),
(6) hazard and operability (HAZOP) analysis.

1.1.7. Productive Maintenance (PrM). The main aim of pro-
ductive maintenance is to increase the productivity of a man-
ufacturing unit by decreasing the total cost of the equipment
over the whole life from design to equipment degradation.
The significant features of this maintenance viewpoint are
equipmentmaintainability and reliability focus, aswell as cost
reduction of maintenance actions. The maintenance strategy
including all previous viewpoints to increase equipment
productivity by applying preventive maintenance, corrective
maintenance, andmaintenance prevention is named produc-
tive maintenance [39, 40] (see Figure 3).

1.1.8. Computerized Maintenance Management Systems
(CMMSs). Computerized maintenance management sys-
tems (CMMSs) are vigorous for the management of all
activities related to the availability, productivity, and main-
tainability of complex systems. Modern computational facil-
ities have offered a dramatic scope for improved effectiveness
and efficiency in, for example, maintenance. Computerized
maintenancemanagement systems (CMMSs) have existed, in



4 Mathematical Problems in Engineering

Maintenance 
strategy 

formulation

Leading 
performance 

indicators

Lagging 
performance 

indicators

∙ Corporate strategy
∙ Manufacturing perf. requirement
∙ Maintenance objective

∙ Work identification
∙ Work planning
∙ Work execution
∙ Work scheduling

∙ Equipment performance
∙ Maintenance cost
∙ Performance analysis

Figure 1: The performance measurement framework for the maintenance function.

one form or another, for several decades. CMMS can be used
to mechanize the PM function and to help in the control of
maintenance inventories and the buying of materials. CMMS
can reinforce reporting and analysis capabilities [41, 42].
Accessibility and accuracy of information can provide more
reliable decisions in CMMS because of closer working
relationships between maintenance and production [43, 44].

1.1.9. Total Productive Maintenance (TPM). This method-
ology is linked to the maintenance systems designed and
perfected by “Toyota family” companies includingDenso and
Aisin Seiki [45, 46].

TPM is an innovative approach to maintenance that
optimizes equipment effectiveness, removes breakdowns, and
promotes autonomous maintenance by operators through
day-to-day activities involving total workforce [47]. A strate-
gic approach to improve the performance of maintenance
activities is to effectively implement strategic TPM initiatives
in the manufacturing organizations. TPM brings mainte-
nance into attention as a necessary part of the business.
The TPM initiative is aimed at improving competitiveness of
organizations TPM try to find to involve all levels and func-
tions in an organization to optimize the overall effectiveness
of production equipment.This method also tunes up existing
processes and equipment by reducingmistakes and accidents.
TPM is a world class manufacturing (WCM) initiative that
pursues to optimize the effectiveness ofmanufacturing equip-
ment [48].

1.2. Lean TPM and Maintenance Performance Framework.
The integration of Lean Thinking [3] and total productive
manufacturing (Lean TPM) applies the proven business
models of “world class” manufacturing enterprise.

The maintenance performance conceptual framework
proposed by Muchiri et al. [49] recognizes main processes

that lead the maintenance function to delivery of perfor-
mance required bymanufacturing objectives.The conceptual
framework supports alignment of maintenance objectives
with the manufacturing and corporate objectives. The con-
ceptual framework has three main sections that include
maintenance alignment with manufacturing, maintenance
effort/process analysis, and maintenance of results perfor-
mance analysis.

The first area of the conceptual framework pursues
aligning the maintenance objectives with the manufacturing
strategy. By studying the requirements of the stakeholders,
the performance requirements of the manufacturing system
can be well-defined. Cognitive mapping is a crucial tool for
studying the cause and effect relationship between strategic
essentials [50].

1.3. The Maintenance Performance Indicators. The mainte-
nance performance framework summarizes the main essen-
tials that are central in the management of the mainte-
nance function. The essentials make sure that the right
work is recognized and effectively implemented for definite
results that are in line with the manufacturing performance
requirements. Each step is important for effective manage-
ment of the maintenance function. Both the maintenance
process (leading) indicators and maintenance results (lag-
ging) indicators are vital for measuring the performance
of the maintenance function. For each essential, the main
encounter is to recognize the performance indicators that
will express whether the essentials aremanagedwell. Efficient
indicators should cover control andmonitoring performance
and support maintenance actions towards achievement of
objectives. Muchiri et al. [49] have provided some indicators
that appear often in literature. The classification of Muchiri
et al. [49] is applied in this paper for facilitation of perfor-
mance measurement of maintenance system (see Figure 1).
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Figure 2: The process of the DEMATEL method (adopted from [5]).

1.3.1. Maintenance Process (Leading) Indicators. The main-
tenance leading indicators monitor some maintenance pro-
cesses that are as follows:

work identification,
work planning,
work scheduling,
work execution.

Key performance indicators for each process are pro-
posed by Muchiri et al. [49] to measure if requirements of
each process are satisfied.

1.3.2. Maintenance Results (Lagging) Indicators. The results
of the maintenance process can be divided into efficiency of
technical systems and cost systems.The lagging indicators are
used to measure maintenance results in terms of equipment
performance and maintenance cost [49].

1.4. DEMATEL Method. DEMATEL method was developed
between 1972 and 1979 by the Science and Human Affairs
Program of the Battelle Memorial Institute of Geneva, with
the purpose of studying the complex and intertwined prob-
lematic group.

It has been extensively recognized as one of the methods
to explain the cause and effect relationship among the criteria
[51–55]. This method is applied to analyze the relationship
between cause and effects and among evaluation criteria [56]
or to originate interrelationship among factors [55].

Based on Shieh et al. [57], the procedure of DEMATEL
method is presented in Figure 2.

2. Research Methodology

This research includes both classes of fundamental and
applied researches because it seeks to explain relations and
indices and present model. In this research, survey method
is used in terms of time and is descriptive (nonexperimen-
tal) research in terms of data collection and classification.
Case and field research method is used for presentation
of model and technique and final conclusion because the
present research includes a series of the methods which

aims to describe conditions or relations between the studied
phenomena on which basis the technique and model are pre-
sented by recognizing the previous position and presenting
the present position completely.

The present research is conducted with field and library
method such as library references including books, publica-
tions, theses, and sources available in the university, scientific
centers have been used for theoretical information and review
of the literature, and direct observation has been used for
collecting data.

2.1. Research Domain (Theme, Space, and Time). Business
management and plant management problems particularly
problems of maintenance management are some of the
multidimensional problems and have abundant complexities
which may not be evident at the first look. But it becomes
evident after deliberation that these problems have deep
and extensive dimensions and their multilateral study may
be time consuming. Therefore, it is necessary that each
researcher first specify limits of his research to prevent
confusion and waste of time and sources.

Thematic domain: in this research, researcher tries to
study empowering and effective components of mainte-
nance process optimization in manufacturing industries and
presents a suitable and practical model for effective applica-
tion of each component to achieve goals of organization.

Spatial domain: place of this research includes 9 plants,
that is, Pol Film and Atlas Film (production of polymer
packaging), Plot and Azin Chap (printing and production of
heliogravure print cylinder), Zanjan and Bead Wire Indus-
tries in the field of wire and welding electrode production,
Fardan Aryan Industries (production of food packs and pre-
form), MEdisk (production of optical compact disc, CD
and DVD) and Arya Kian Industries (automobile steering
assembly line).

Time domain: time of the present research is year of
2012 in six-month period and information, statistics, and
documents relate to this time period.

Requirement of each applied research is study and
recognition of factors affecting working field of research.
Information collection instrument is questionnaire. Different
maintenance strategies and indices and key elements for



6 Mathematical Problems in Engineering

implementation of lean maintenance were identified and
these concepts were used in two questionnaires.

In questionnaire 1, the experts were asked to specify effect
of each lean maintenance element as pairwise comparison
and announce in front of each row if these components
have been applied in their plants and in what level these
components are applied for its implementation.

In questionnaire 2, experts were asked to determine
effect and significance of each component affecting making
maintenance process lean based on four groups of leading
indicators and two groups of lagging indicators. This effect is
specified according to Saati’s scale. It is necessary to note that
the following scale is positive for the positive indicators. To
determine effect and significance of the component relating
to negative indicators, reverse Saati’s scale is used.

The indices were determined considering application of
interpretive structural modeling approach to ensure theoret-
ical dominance, practical experience, and access due to time-
consuming and different types of the questionnaire compared
with the common questionnaires. To ensure comprehensive-
ness of attitudes, the following indices were obtained:

relationship between working experience of experts
and maintenance issue,
the presence of experts as maintenance managers and
senior experts,
experts with the related academic education.

Study of the papers which have used interpretive structural
method for analyzing results has suggested the number of
experts to be between 4 and 64. 64 selected experts include
maintenance managers of 9 plants selected for field studies
and 5 experienced maintenance experts are working in these
plants.

2.2. Data Analysis Method. Extraction of useful results from
a research requires application of suitable scientific, accurate,
and confirmed methods. In this regard, the following stages
are used for analyzing data in this research.

Step 1. It is extraction of approximate agreement matrix
for intensity of direct relations between lean maintenance
process components adapted from data of questionnaire 6
which was filled by 64 selected experts.

Step 2. This is to structure effect of each lean production
component on each other and study feedback and its rela-
tions and determine effect of DEMATEL method on lean
maintenance process. Application of thismethod can give the
research a suitable structure considering relations between
lean maintenance components and make the optimal model
policy possible for explaining strategy with lean approach
in maintenance process. By extracting two influencing and
influenced indices between components of lean maintenance
process, effect of components on each other can be evaluated
to analyze them properly for ranking these components
considering significance of each of them:

making direct relations matrix normal,
creating general relations matrix,

creating cause and effect matrix,
creating Dependence matrix,
specifying influence order of elements on each other,
extracting influencing and influenced indices of lean
production components.

Step 3. Approximate agreement matrix is extracted using
data of questionnaire 2 and leanmaintenance components are
regarded as alternative and maintenance leading and lagging
indices are regarded as criterion to which output of Step 2,
that is, influencing and influenced indices of components, is
added.

Step 4. Determining weight of indices using Shannon
entropy method: to determine weight of the index, Shannon
entropymethod is used instead of experts’ view due to uncer-
tainty. In this analysis, it specifies weight and significance of
each group of leading and lagging indices and influencing
and influenced indices of the process lean production com-
ponents.

Step 5. Ranking and determining weights of lean mainte-
nance components using TOPSIS technique: TOPSIS tech-
nique has been used for ranking and weighting because
this technique is a compensatory summative method which
compares alternatives through weight of each criterion and
normalized numbers on each criterion and calculation of the
criterion. It is assumed that TOPSIS has an equal measure for
increasing or decreasing values.

Normalization usually requires parameters and criteria
which almost have heterogeneous dimensions in multicri-
teria problems. In compensatory methods, such as TOPSIS,
exchange between criteria is compulsory so that weak results
of a criterion are neutralized and compensated through good
results. Compensatory methods preset more realistic form
than noncompensatory methods which ignore the solutions
obtained through cuts applied on them:

creating normalized decision matrix,
calculating weighted normal matrix,
determining positive and negative ideal point,
calculating Euclidean distance of positive and nega-
tive ideal solutions,
ranking: these numbers are ranked decreasingly to
select the preferred option.

Based on output values of TOPSIS, weights of each compo-
nent are specified using weighted mean method.

Step 6. This step encompasses studying the trend of indices
considering implementation levels of leanmaintenance com-
ponents to determine relationship between components of
leanmaintenances process and trend ofmaintenances indices
in 9 plants selected for field studies, to evaluate effectiveness
or loss of efficiency of maintenance process in each one of the
plants in six-month period for application or nonapplication
of the lean maintenance components.
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Model of effective maintenance strategy
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Figure 3: Model of effective maintenance strategy.

2.3. Model Integration. There is an integration of outputs
of DEMATEL and TOPSIS methods that shows elements
dependency and ranks that have been specified. Final results
of the conducted field studies and analysis of trend between
lean maintenances components and trend of maintenances
indices have been achieved. An optimizedmodel is presented
for explaining maintenance strategy with lean thinking
approach and depicted in Figure 3.

3. Research Findings and Analysis

In this way, 9 components have been identified as the factors
of which proper implementation can make maintenance
process lean and optimal. These components are as follows:

inventory management with lean approach,
5S,
CMMS,
training and learning,
CBM,
RCM,
AM,
PM,
CM.

Extraction of approximate agreement matrix for intensity of
direct relationship between components of lean maintenance
process.

9 × 9 the following pairwise comparison matrix of which
components are taken from the studies conducted in review
of the literature is a matrix 9 which has been taken from
data of questionnaire 6 by 64 selected experts based on group
decision making entitled approximate agreement matrix for
intensity of direct relationship between components of lean
maintenance process. The results have been shown is Table 1.

3.1. Determining Effect of Lean Maintenance Components
Using DEMATEL. The following results are obtained by
implementing DEMATEL technique as shown in Table 2.

In this step, we specify influence order of elements on
each other. Elements of column di indicate hierarchy of
the influencing elements and order of elements of column
ri indicates hierarchy of the influenced elements. (𝑑 − 𝑗)
indicates position of an element and this position will be
certainly influencing in case of positivity (𝑑 − 𝑗) and will be
certainly influenced in case of negativity. (𝑑 + 𝑗) indicates
sum of intensity of an element in terms of influencing
element and influenced element. Position of an element will
be certainly influencing in case of positivity (𝑑 − 𝑗) and
will be certainly influenced in case of negativity. The above
analysis shows that CMMS, RCM, education, and culture
building are the most effective on their effective execution in
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Table 1: Pairwise matrix of Lean elements of maintenance.

Lean elements of
maintenance

Inventory
management with
lean approach

5S CMMS
Training
and

learning
CBM RCM AM PM CM

Inventory management
with lean approach 0 3 1 2 2 2 2 4 4

5S 4 0 3 3 3 2 4 3 3
CMMS 4 3 0 2 4 4 2 4 4
Training and learning 2 4 2 0 3 3 4 3 4
CBM 3 2 3 2 0 4 3 3 4
RCM 3 2 2 4 4 0 3 4 4
AM 1 2 2 2 3 3 0 4 4
PM 4 2 3 2 2 2 3 0 4
CM 4 2 2 1 1 2 2 2 0

Table 2: Determining effect of Lean maintenance components using DEMATEL.

Influence matrix T : 9 criteria
Row sum (di) Column sum (ri) di + ri di − ri

Inventory management with lean approach 4.33 5.54 9.87 −1.20
5S 5.42 4.38 9.80 1.04
CMMS 5.82 4.03 9.85 1.79
Training and learning 5.42 3.96 9.38 1.47
CBM 5.22 4.68 9.90 0.54
RCM 5.60 4.75 10.35 0.85
AM 4.61 4.98 9.58 −0.37
PM 4.75 5.80 10.54 −1.05
CM 3.57 6.63 10.20 −3.06

Table 3: Ranking based on influenced indices of lean production
components.

Ranking based on influenced indices of lean production
components

Component Column sum (ri)
CM 6.63
PM 5.80
Inventory management with lean approach 5.54
AM 4.98
RCM 4.75
CBM 4.68
5S 4.38
CMMS 4.03
Training and learning 3.96

the first level comparedwith other components. Such analysis
specifies that CM and PM, spare parts store and purchase
will be mostly influenced by application and execution of
other components. It is necessary to note that these three
components are certainly influenced by other components.
Outputs of di will be used as influencing positive index and
ri will be used as influenced negative index in the next step

Table 4: Ranking based on influencing indices of lean production
components.

Ranking based on influencing indices of lean production
components

Component Row sum (di)
CMMS 5.82
RCM 5.60
Training and learning 5.42
5S 5.42
CBM 5.22
PM 4.75
AM 4.61
Inventory management with lean approach 4.33
CM 3.57

for ranking lean maintenance components. The results have
been shown in Tables 3 and 4.

3.2. Extraction of Approximate Agreement Matrix for Evalu-
ating Lean Maintenance Components as Maintenance Indices.
Approximate agreement matrix is extracted using data of
questionnaire 2 and lean maintenance components are
regarded as alternative and maintenance leading and lagging
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Table 5: Determining weight of indices using Shannon entropy
method.

Type Group Weight

Leading indicator

Work identification 12.32%
Work planning 12.40%
Work scheduling 13.24%
Work execution 20.69%

Lagging indicator Equipment performance 13.22%
Maintenance cost 28.12%

Table 6: Ranking by TOPSIS.

Ranking by TOPSIS

Lean production components cli + Cumulative
weight

PM 0.6422 13.8%
CMMS 0.6286 13.5%
RCM 0.5918 12.7%
Inventory management with lean
approach 0.5325 11.5%

CM 0.4955 10.7%
Training and learning 0.4758 10.3%
CBM 0.4479 9.6%
5S 0.4172 9.0%
AM 0.4104 8.8%

indices are regarded as criterion to which output of Step 2,
that is, influenced and influencing indices of components,
is added. The indices which are included in dark cells are
regarded as positive indices and the indices which are in
bright cells are regarded as negative indices.

3.3. Determining Weight of Indices Using Shannon Entropy
Method. Considering the extracted weights, it is observed
that weight of eachmain class of themaintenance leading and
lagging indices is shown in Table 5.

Considering the analysis in Table 6, we see that 4 compo-
nents, that is, PM, CMMS, RCM, and spare parts purchase
and store, with lean thinking approach are the most impor-
tant components for moving toward optimum in mainte-
nance.These four components include 52% of the lean weight
of the maintenance process.

4. Model Presentation

Outputs of integration methods have been applied in select-
ing optimalmaintenance strategy, optimalmodel is presented
for explaining maintenance with lean thinking approach.

In thismodel which was presented as bottom-upmethod,
it is observed that the influencing and preferred infras-
tructures for designing Learning and Training are three
components, that is, optimal maintenance, CMMS, and
RCM which are interdependent on each other and are the
fundamental components to realize the designed goals of

maintenance process. In the next step, other components of
lean maintenance are given to realize other goals.

5. Conclusion

The presented model is an applied model which can be
used in different plants and different production lines for
optimizing maintenance process. In the performed analyses,
it was observed that each one of the lean maintenance com-
ponents should be valued differently; significance and weight
of each of them should be included properly in budgeting
for execution. To execute these components for realizing
maintenance goals, one should start with the mentioned
infrastructures and then apply other components.

In the further researches based on the methodology
introduced in the research, one can replace ANP (analytical
network process)withTOPSIS or utilize combinatory statisti-
cal analysis of Fisher’s test and logistic regression test instead
of multicriteria decision methods and compare their results
with the present research.
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Demand management (DM) is the process that helps companies to sell the right product to the right customer, at the right time,
and for the right price. Therefore the challenge for any company is to determine how much to sell, at what price, and to which
market segment while maximizing its profits. DM also helps managers efficiently allocate undifferentiated units of capacity to the
available demand with the goal of maximizing revenue. This paper introduces control system approach to demand management
with dynamic pricing (DP) using themodel predictive control (MPC) technique. In addition, we present a proper dynamical system
analogy based on active suspension and a stability analysis is provided via the Lyapunov direct method.

1. Introduction

A supply chain is a complex system that involves suppliers,
producers, distribution centers, retailers, and finally the cus-
tomers. The main purpose of the supply chain management
(SCM) is to optimize the entire chain. In other words, SCM
manages efficiently the flow of products and information
between elements of the chain in order to attain goals that
cannot be reached in an isolated manner. The application of
DM to SCM allows us to efficiently balance the customer’s
requirements and the capabilities of the supply chain (e.g., see
[1]).

Nowadays, in such dynamic business world, the rapid
learning about the behaviour of demand and its yield is
required. The adequate management of these two variables
is an important source of competitive advantage for any
company in the supply chain. Moreover, traditional yield
management is switching into the more complex activity of
DM. Therefore our research focuses on the integration of
yield or revenuemanagement into the framework of DM. It is
well known that hoteliers, airlines, and car rentals companies
have implemented yield management activities successfully.
According to [2], to include yield management activities
into DM enhances profitability and long run sustainability.

Furthermore, DM allows managers to sell the right product
or service to the right customer, at the right time, and for the
right price with the main objective of maximizing the profits
margins. This action can be made through the assignation
of units of capacity to the available demand. For example,
when dealing with perishable products, DM assumes a fixed
capacity. However, in the case of wafer fabrication facilities, if
product mix is highly predictable, or if all products use each
piece of production equipment equally, all overall production
forecast is needed to determine equipment requirements.
However, demand hasmultiple dimensions such as the differ-
ent products sold, the types of customers served (preferences
and purchase behavior), and time. In this context, decisions
made about the price or quantity of a product may affect the
demand for related products and/ormay also affect the future
demand for the same product. This scenario represents an
opportunity to develop a model that determines how much
to sell at what price and to which market segment. Thus
we propose the application of DM to SCM as a helpful tool
which integrates capacity, inventory level, and demand in
DP framework. Dynamic pricing (DP) is the core element
of DM and refers to fluid pricing between the buyer and
the seller, rather than the more traditional fixed pricing [3].
Based on this, the company’s main goal is to maximize its

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 702642, 11 pages
http://dx.doi.org/10.1155/2014/702642

http://dx.doi.org/10.1155/2014/702642


2 Mathematical Problems in Engineering

total expected revenues bymaking the correct decision. From
here our premise is to show that DP can be modeled applying
control systems and specifically addressed by the techniques
of optimal control in real time, as the well-known model
predictive control (MPC). This research work introduces a
second order dynamical system which integrates capacity,
inventory level, and biding price in the framework of DM via
DP. We utilize a dynamical 1/4 active suspension system to
model and prove the applicability of DP to SCM. Moreover,
by using the Lyapunov direct method we concluded that a
sufficient and necessary condition for stability is the presence
of inventory level along the supply chain.

The remainder of this paper’s structure is as follows.
Section 2 describes DM in semiconductor manufacturing;
Section 3 presents sensitivity and stability analysis for DM;
Section 4 considers model predictive control formulation
for DM with respective simulations, while conclusions are
provided in Section 5.

2. Demand Management Sector Applications

2.1. Demand Management Sector Applications: A Review of
the Current Literature. The techniques of DM are relatively
new and the first research that dealt directly with these
issues appeared less than 20 years ago. The major sector
of application of DM has been in the airline industry and
different approaches have been presented in the literature
for airlines and hotels [4–12] (see Table 1), manufacturing,
services, and transportation [13–22] (see Table 2). So much
research has been done in the DM field. Please refer to
Tables 1 and 2 for an extended list of authors and a brief
description of their work. There are many different areas in
whichDMhas been applied successfully, as shown in Figure 1.
To this day, most of the research has been performed in the
airline sector (which is justified because DM was developed
to solve problems in this area) and in the area of hotel
management, where, by applying DM techniques, it has been
possible tomitigate some of the booking limit problems based
on reservations. We present a novel approach for dynamic
pricing-inventory level based on DM, assuming that we have
a pair of products subject to the same demand profile.

2.2. From Supply to Demand Management: The Damping
Effect. Synchronization between supply and demand is the
optimal scenario in any complex supply network. In dynam-
ical systems, dissipation is considered the loss of energy
over time; this is because of damping. It is common to
take into account the damping effect in different situations
like economics, finance, and electromechanical systems and
much more in biological systems. In DM, the notion of
damping is related to inventory level, basically to achieve
stability conditions over the supply chain.

2.2.1. Finite Dimensional Formulation for Demand Man-
agement. The ordinary differential equation (ODE) for the
dynamic system (DS) with damping is

𝑀

𝑑
2
𝑥

𝑑𝑡
2
+ 𝛽

𝑑𝑥

𝑑𝑡

+ 𝐾𝑥 = 𝑓 (𝑡) . (1)

36%

28%

14%

3%
19%

Airlines
Services
Manufacturing

Transportation
Hotels

Figure 1: Demand management sector applications.

The present model in (1) describes the dynamics of mass-
spring-damper second order dynamical system. Also, pub-
lished by us [23] this model proposes a dynamic pricing for
DM applying fast model predictive control approach. The
present work is an extension of our previously published
work.

For purposes of demand management we present the
following model in the damping part of (1):

𝐶

𝑑
2
𝑝

𝑑𝑡
2
+ [∫

∞

0

𝛽 (𝑡) 𝑑𝑡]

𝑑𝑝

𝑑𝑡

+ 𝐾𝑝 = 𝑑 (𝑡) . (2)

Equation (2) presents 𝑝—price level, 𝐶—capacity, 𝑑(𝑡)—
demand, 𝐾—biding price restitution coefficient, and 𝛽(𝑡)—
damping coefficient-inventory level.

The damping factor in (2) has the characteristic to be a
function over time and then Lipschitz property can be applied
and requires convergence in a scalar value (see Appendix A).

The demand management problem for optimal control
has been addressed previously by different research groups
[24]; dynamic pricing for optimum inventory level has been
previously integrated as a first order ODE as shown in
[25]. Moreover, [26] has extended this work by integrating
dynamic pricing and demand level into a second order
ODE. The interaction of dynamic pricing and demand level
[27] presents a dynamic pricing model on web service, in
which case the demand function is nonlinear. Optimization
techniques have been shown [28] and have been used to
quantify demand response in energy industry applying bid-
pricing approaches; also, integer linear programming has
been applied to model inventory level, production level, and
capacity for dynamic pricing in [29].

2.2.2. Infinite Dimensional Formulation for Demand Manage-
ment. An extended version of ODE in (2) is expressed as a
generalized wave equation first proposed in [30] for flexible
systems such as

𝐶 (𝑝)

𝜕
2
𝜑

𝜕𝑡
2
+ 𝛽

𝜕𝜑

𝜕𝑡

+ 𝐾𝜑 = 𝐷 (𝑝, 𝑡) . (3)
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Table 1: Demand management for airlines and hotels: literature review.

Author Sector application Methodology Contribution

Abdel Aziz et al. [4] Hotels Research article (case
studies)

Application to address the problem of room pricing in
hotels. Optimization techniques are present. Multiclass
scheme similar to the one implemented in airlines is
studied

de Boer [5] Airlines Research article
(theoretical)

Determination of a revenue management policy in
response to the realization of the demand. This is done
by matching supply and demand for seats

Hung and Chen [6] Airlines Research article (case
studies)

This study develops and tests two heuristics approaches:
the dynamic seat rationing and the expected revenue
gap to help the airline make a fulfillment or rejection
decision when a customer arrives

Gosavi et al. [7] Airlines
Research article
(simulation based
optimization)

Application of simulation based optimization for seat
allocation in airlines. The model considers real life
assumption such as cancelations and overbooking

Graf and Kimms [8] Airlines Research article (case
studies)

The optimal transfer prices are determined by a
negotiation process. Option-based capacity control
process results combined with transfer price
optimization are compared with a first come first served
approach

Kimms and
M ̈uller-Bungart [9] Airlines

Research article
(simulation based

case study)

Application of heuristics and optimal networks in
revenue management. Assuming stochastic demand

Netessine and Shumsky [10] Airlines Survey
Analysis of fundamental concepts and trade-offs of
yield management to describe the parallels between
yield management and inventory management

Rannou and Melli [11] Hotels Research article (case
study)

Analysis and application of revenue management in
hospitality industry. The idea is to achieve a
performance measure for the return of investment

Walczak and Brumelle [12] Airlines Research article
(theoretical)

Problem formulation of semi-Markov model for
dynamic pricing and revenue management in airline
industry, assuming continuous demand

Equation (3) is called master damping equation for demand
management, which can be written as partial differential
equation (PDE) as follows:

V
𝑝

𝜕
2
𝜑 (𝑝, 𝑡)

𝜕𝑝𝜕𝑡

+ (𝛽 + 𝑎
𝑝
)

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

+ 𝛼𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑡

+ 𝐾𝜑 (𝑝, 𝑡) = 𝐷 (𝑝, 𝑡) ,

(4)

where first derivative of price in time is V
𝑝
and second

derivative in time is 𝑎
𝑝
. See Appendix B for a detailed proof

of (3) and (4).

3. Robust and Stability Analysis for
Demand Management

DM can be stated as follows: how to select the product’s mix
amount and price in order to satisfy a fluctuating demand
with the main goal of maximizing the profit. For this reason,
in this document we propose the use of MPC by comparing
DM and DP using an active suspension with damping.

3.1. Physical Modeling in DM-DP Problem. The use of a
physical model represents an approach to obtain a suitable
model to be controlled. According to [31], DM is the creation
across the supply chain and its markets of a coordinated flow
of demand. Also, the role of DM is to decrease demand.
The application of the active suspension analogy to track
both problems is suitable, because the price level (which
represents outputs) and demand (which represents input)
converge to a stability condition that requires inventory level
in the dissipation of the dynamical system. DM assumes fixed
capacity (which in terms of active suspension is the mass),
inventory level (damping of the system), and biding price
(restitution coefficient). In this case the idea is to present a
model in which, by using DM, we can assess how demand
does affect prices. We have chosen an active suspension
system to approach the system model; see Figure 2.

The dynamic equations for the system are as follows.
For the capacity fixed 𝐶

𝑓
:

𝐶
𝑓

̈𝑝
𝑓
= 𝑘
𝑓
(𝑤 − 𝑝

𝑓
) − 𝑘
𝑢
(𝑝
𝑓
− 𝑝
𝑢
)

− 𝛽 ( ̇𝑝
𝑓
− ̇𝑝
𝑢
) − 𝛼 ⋅ 𝑑.

(5)
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Table 2: Demand management for manufacturing and services: literature review.

Author Sector application Methodology Contribution

Bertsimas and Shioda [13] Services Research article (case
studies)

Application of revenue management in restaurants.
Using stochastic optimization via dynamic
programming. Computational experiments are
presented for reservation and without reservation case
studies

Boyd and Bilegan [14] Services Research article (case
study in e-commerce)

Analysis of revenue management applied to
e-commerce in the airline industry. Optimization
techniques are shown in inventory control mechanism

Defregger and Kuhn [15] Manufacturing Research article (case
studies)

Application of revenue management to a make-to-order
manufacturing company with limited inventory
capacity. Classifying the underlying Markov decision
process, by introducing a heuristic procedure

Kimes [16] Services Survey Revenue management analysis via the application of
optimization, forecasting, and overbooking

Kumar and Frederik [17] Services Survey

Application of revenue management in construction
industry. The benefits of revenue management can be
realized at manufacturing companies. Uncertain
demand and pricing of available capacity are analyzed
via this approach

Lee et al. [18] Transportation Research article (case
studies)

Analysis and application of heuristic to solve a single
revenue management problem with postponement,
arising from the sea cargo industry. Optimization based
case studies are addressed

Nair and Bapna [19] Services Research article
This paper studies optimal policies for allocating
modems capacity among segments of customers using a
continuous time Markov decision

Spengler et al. [20] Manufacturing Research article (case
studies)

Revenue management approach for companies in the
iron and steel industry is developed. The aim is to
improve short-term order selection

Shin and Park [21] Manufacturing Research article
(theoretical)

Yield improvement is analyzed in semiconductor
manufacturing via machine learning

Steinhardt and G ̈onsch [22] Services Research article (case
studies)

This paper addresses the problem of integrating revenue
management capacity control with upgrade decision
making. A new structural property for an integrated
dynamic programming formulation is present

ku

Cu

Cf

d

d

pf

pu

w
kf

𝛽

Figure 2: Active suspension analogy for DM-DP model.

For the capacity unfixed subject to active suspension perfor-
mance 𝐶

𝑢
:

𝐶
𝑢
̈𝑝
𝑢
= 𝑘
𝑢
(𝑝
𝑓
− 𝑝
𝑢
) + 𝛽 ( ̇𝑝

𝑓
− ̇𝑝
𝑢
) + (1 − 𝛼) 𝑑. (6)

Variables definition is as follows:

𝐶
𝑓
: capacity fixed,

𝐶
𝑢
: capacity fixed subject to active suspension,

𝑝
𝑓
: price level for the 𝐶

𝑓
capacity fixed,

𝑝
𝑢
: price level for the 𝐶

𝑢
subject to active suspension,

𝑤: price level disturbance in the market,
𝑑: demand,
𝑘
𝑓
: biding price restitution coefficient based on price

for 𝐶
𝑓
,

𝑘
𝑢
: biding price restitution coefficient based on price

for 𝐶
𝑢
,
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𝛽 : damping-inventory level in the system,

𝛼 : embedding parameter 0 ≤ 𝛼 ≤ 1.

As it is stated in DM, 𝐶
𝑓
and 𝐶

𝑢
are assumed fixed;

the characteristic of this system is such that the damping
coefficient is 𝛽. The nature of the input signal is the demand
and the output is the price level for the capacity fixed and
for the price level subject to active suspension. There exists a
relation between biding prices and restitution coefficients 𝑘

𝑓

and 𝑘
𝑢
; this means the amount of product per unit of price.

Themodel presented in the active suspension for demand and
price modeling, from Figure 2, is based on the assumption
that the analysis is for two products in the system. We plan
to extend our model to a half-car active suspension with
balanced capacity and unbalanced capacity for four products.
Finally, in future work, we intend to extend it to a full-car
model for a multiproduct system and analyze if the system
is balanced (with the same amount of capacity in each active
suspension).

3.2. Robust Policies in DM: A Sensitivity Analysis. The follow-
ing approach can be used for the design of robust controllers,
as suggested in [32], which analyzed the robustness for mass-
spring systemwithout damping. Consider a representation of
an uncertain linear dynamical system in state-space form:

̇𝑧 = 𝐴 (𝑞) 𝑧 + 𝐵 (𝑞) 𝑢, (7)

where 𝑧 ∈ R𝑛, 𝑢 ∈ R𝑚, and 𝑞 is a vector of uncertain
parameters. The sensitivity of the states with respect to
parameter 𝑞 is

𝑑 ̇𝑧

𝑑𝑞
𝑖

=

𝜕𝐴

𝜕𝑞
𝑖

𝑧 + 𝐴

𝜕𝑧

𝜕𝑞
𝑖

+

𝜕𝐵

𝜕𝑞
𝑖

𝑢. (8)

Consider the quarter active suspension system; from
Figure 2, the equations of motion, assuming that the uncer-
tain parameter is the damping coefficient (𝛽), and the partial
derivative of (5) and (6) with respect to 𝛽 are

𝜕 ̈𝑝
𝑓

𝜕𝛽

=

1

𝐶
𝑓

[( ̇𝑝
𝑢
− ̇𝑝
𝑓
) + 𝛽(

𝜕 ̇𝑝
𝑢

𝜕𝛽

−

𝜕 ̇𝑝
𝑓

𝜕𝛽

)] , (9)

𝜕 ̈𝑝
𝑢

𝜕𝛽

= −

1

𝐶
𝑢

[( ̇𝑝
𝑢
− ̇𝑝
𝑓
) − 𝛽(

𝜕 ̇𝑝
𝑓

𝜕𝛽

−

𝜕 ̇𝑝
𝑢

𝜕𝛽

)] . (10)

Both equations are not independent of one another; the
sensitivity states are expressed as

𝜕 ̈𝑝
𝑓

𝜕𝛽

= −

𝐶
𝑢

𝐶
𝑓

(

𝜕 ̈𝑝
𝑢

𝜕𝛽

) . (11)

The following boundary conditions increase the robust-
ness:

𝜕𝑝
𝑓

𝜕𝛽

=

𝜕𝑝
𝑢

𝜕𝛽

=

𝜕 ̇𝑝
𝑓

𝜕𝛽

=

𝜕 ̇𝑝
𝑢

𝜕𝛽

= 0. (12)

Integrating (11) in time and subject to boundary conditions
(12), finally the relationship is such that

𝜕 ̇𝑝
𝑓

𝜕𝛽

= −

𝐶
𝑢

𝐶
𝑓

(

𝜕 ̇𝑝
𝑢

𝜕𝛽

) . (13)

Substituting (13) into (10) permits achieving the general state
sensitivity equation of the form:

𝜕 ̈𝑝
𝑢

𝜕𝛽

= −

1

𝐶
𝑢

( ̇𝑝
𝑢
− ̇𝑝
𝑓
) + (

𝛽

𝐶
𝑓

+

𝛽

𝐶
𝑢

)(

𝜕 ̇𝑝
𝑢

𝜕𝛽

) . (14)

The sensitivity analysis presented in Section 3.2 considers
variations in the inventory level, which gives a capacity
equivalent, 𝐶eq = 𝐶

𝑢
𝐶
𝑓
/(𝐶
𝑢
+ 𝐶
𝑓
), to be used in the

dynamical system for modeling consideration and it refers to
robust policies. We conclude that a robust inventory policy is
represented by the following equation: 𝛽/𝐶eq = 𝛽((1/𝐶

𝑓
) +

(1/𝐶
𝑢
)).

3.3. Stability Analysis for DM. For the behavior of the damp-
ing effect in DM, this section proposes the stability criteria
via Lyapunov direct method.

Definition 1. A linear system is stabilizable if all unstable
modes are controllable.

DM-ODE equation (2) is necessary to analyze the stability
performance. Assume the DM-ODE equation has the struc-
ture ̇𝑥 = 𝐴𝑥 + 𝐵𝑢.

Theorem 2. For the dynamical system (2), and considering
that (A, B) are controllable, a necessary and sufficient condition
for stability in DM is 𝛽 > 0.

Proof. The following condition in the demand of the system
is assumed:

𝑑 (𝑡) = 0. (15)

Equation (2) can be formulated as

𝐶eq ̈𝑝 + 𝛽 ̇𝑝 + 𝑘𝑝 = 0. (16)

From (16) we use energy as the Lyapunov function:

𝑉 (𝑝, ̇𝑝) =

1

2

𝐶eq ̇𝑝
2
+

1

2

𝑘𝑝
2
, (17)

𝑑𝑉

𝑑𝑡

=

𝜕𝑉

𝜕𝑝

𝑑𝑝

𝑑𝑡

+

𝜕𝑉

𝜕 ̇𝑝

𝑑 ̇𝑝

𝑑𝑡

, (18)

𝑑𝑉

𝑑𝑡

= 𝑘𝑝 ⋅ ̇𝑝 + 𝐶eq ̇𝑝 ⋅ ̈𝑝, (19)

𝑑𝑉

𝑑𝑡

= 𝑘𝑝 ⋅ ̇𝑝 + 𝐶eq ⋅ ̇𝑝(

−𝛽

𝐶eq
̇𝑝 −

𝑘

𝐶eq
𝑝) . (20)

Eliminating terms from (20), the following condition is
achieved: −𝛽 ⋅ ̇𝑝

2
≤ 0. Finally, the presence of inventory level

in the system 𝛽 > 0 is a necessary and sufficient condition for
stability purposes.
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Figure 3: Schematic receding horizon control philosophy.

4. Model Predictive Control
Analysis for Demand Management

4.1.Model Predictive Control: TowardsOptimal Policies inDM.
Model predictive control (MPC) is a real time optimal control
strategy that has been applied in process control, aerospace,
automotive, management science, and robotic applications.
Besides these applications, MPC has other advantages such
as good tracking performance, physical constraints handling,
and extension to nonlinear systems [33]. MPC has been used
to address production-inventory systems. For example, in
adaptive MPC, the adapted model along with a smoothed
estimation of the future customer demand is used to predict
inventory levels over the optimization horizon [34]. MPC
policy shows improved performance, greater flexibility, and
higher functionality relative to an advanced order-up-to
policy based on control engineering principles found in the
literature [35]. The philosophy of MPC, also known as reced-
ing horizon control (RHC), has the advantage of handling
control and state constraints [36]. The RHC strategy takes
into account an objective function and many constraints; see
Figure 3. In RHC to define an optimal strategy, the first step
requires calculating a control law and repeating this process
indefinitely, each sampling time.

With MPC, an optimization problem is solved at each
time step to determine a plan of action over a fixed time
horizon [37]. MPC is a nonlinear control policy that handles
input and output constraints, as well as various control
objectives. Using MPC, a system can be controlled near its
physical limits, often outperforming linear control. It is well
known that the computation of predictive control laws is a
crucial task in every MPC application to systems with fast
dynamics due to the fact that an optimization problem has
to be solved online [38]. Other approaches, applying MPC
techniques, have been developed such as simplified MPC
algorithm for Markov jump systems [39] and constrained
robust MPC effective for uncertain Markov jump systems, as
previously shown [40].

For the active suspension analogy to DM-DP, we will use
a linear MPC for purposes of analysis and control. Based on
this, we are interested in optimal control problems of the form

min
𝑑
𝑘
,...𝑑
𝑘+𝑁−1

𝐽 =

𝑁−1

∑

𝑘=0





𝑝
𝑘
− 𝑝
𝑟






2

+




𝑑
𝑘
− 𝑑
𝑟






2

, (21a)

Table 3: MPC design parameters for optimal and robust policies.

Policy case 𝑇
𝑠

𝑁
𝑝

𝑁
𝑢

Optimal policies 0.05 10 2
Robust policies 0.03 10 2

s.t. 𝑥
𝑘+1

= 𝐴 ⋅ 𝑥
𝑘
+ 𝐵 ⋅ 𝑑

𝑘
,

𝑝
𝑘
= 𝐶 ⋅ 𝑥

𝑘
+ 𝐷 ⋅ 𝑑

𝑘
,

𝑑min ≤ 𝑑𝑘 ≤ 𝑑max,

𝑝min ≤ 𝑝𝑘 ≤ 𝑝max,

𝑥
𝑘
= 𝑥 (𝑘) , 𝑘 = 0, . . . , 𝑁 − 1.

(21b)

Here 𝑥 : R → R𝑛 denotes the state, 𝑑 : R → R𝑛 the
control input, and 𝑝 : R → R𝑛 the output of the system.

The conventional linear MPC law is based on the follow-
ing algorithm.

Algorithm (linear MPC)

(1) Achieve the new state 𝑝
𝑘
.

(2) Solve the optimization problem (21a) and (21b).
(3) Calculate the law 𝑑(𝑘) = 𝑑(𝑘 + 0 | 𝑘).
(4) 𝑘 ← 𝑘 + 1. Go to (1).

Computational Complexity Analysis. The complexity of the
solver for the optimization problem (21a) and (21b) depends
on the choice of the performance index, the model, and
constraints. For our algorithm the optimization problem is
a quadratic program (QP).

Based on the nature of the proposed algorithm, which
is a QP related to an active set method, each iteration
has cost 𝑂(𝑛2) floating point operations (flops), where 𝑛 is
the number of decision variables and 𝑛 is proportional to
horizon𝑁

𝑝
. It is important to notice that active set methods

are exponential in the worst case but show good practical
performance. Also, active set methods work best for small
and medium size problems.

4.2. Simulations Results. After the presented analysis two
scenario simulations are shown for optimal policies in Figures
4 and 5. The robust policies for DM are presented in Figures
6 and 7. The main goal is to contribute in the performance
of MPC for optimal policies and robust policies in DM and
to compare it with linear quadratic regulator (LQR). The
application of tracking MPC in DM approaches achieves
a suitable response for optimal policies. In Figure 6 price
level is shown taking into account capacity fixed and unfixed
responses. It is important to notice that the demand response,
in Figure 7, is constrained.

MPC design parameters for optimal and robust policies
are present in Table 3. It is important to note that 𝑇

𝑠
is the

sampling time, 𝑁
𝑝
is the prediction horizon, and 𝑁

𝑢
is the

control horizon, where𝑁
𝑢
< 𝑁
𝑝
.

In Figure 4, the MPC simulation reflects under optimal
policies a performance with small overshoot in prices and
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Table 4: Design parameter for DM-active suspension dynamical system.

Policy case 𝐶
𝑢

𝐶
𝑓

𝑘
𝑢

𝑘
𝑓

𝛽

Optimal policies 300 50 2000 2000 500
Robust policies 500 300 10000 10000 1000
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Figure 4: Simulation response for optimal policy price level-
tracking MPC.
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Figure 5: Optimal policies for demand management.

considerable fluctuations in demand. It is important to
remember that we have the price level as output for the
dynamical system and demand as input.

The MPC simulation shows in Figure 6 the performance
in the application of the robust policies obtained from the
analysis showed in Section 3.2. It is important to note that
the price level in both responses is reduced by half compared
with scenario 1 from Figure 10.This reduction is based on the
notion that there is a relation between inventory level and
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Figure 6: Simulation response for robust policy price level-tracking
MPC.
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Figure 7: Robust policies for demand management.

capacity equivalent for the robust policy. Under variations
in this relation, the price level is reduced and the demand
presents small variations.

Design parameters for DM-active suspension are shown
in Table 4, for optimal and robust policies. It is important to
note that these parameters are the same over both policies for
purposes of control via MPC and LQR.



8 Mathematical Problems in Engineering

0 1 2 3 4 5 6 7 8
0

0.5

1

1.5

2

2.5

3

3.5

4

Time scale

Pr
ic

e l
ev

el 
(d

lls
)

Optimal policies for capacity-LQR

Capacity fixed-Cf
Capacity unfixed-Cu

Figure 8: Optimal policies for capacity via LQR.

In summary, from demand curve in economics, which
establish that if price is lower consumers are ready to buy
more, based on this context, with an optimal policy, the prices
are higher and demand is low. However for robust policies
the prices are lower than in optimal policies and the demand
is higher. In this case the relation between the price and the
demand is satisfied from economic theory.

Linear Quadratic Regulator. Consider that MPC is an online
solution of a LQR optimization problem. The approach here
is to introduce the LQR methodology and compare it with
the MPC results. In the state-feedback version of the LQR
problem we assume that the whole state 𝑥 can be measured
and therefore it is available to control [41].The state-feedback
control law 𝑢(𝑡) = −𝐾𝑥(𝑡)minimizes the cost function:

𝐽LQR = ∫
∞

0

(𝑥
𝑇
𝑄𝑥 + 𝑢

𝑇
𝑅𝑢) 𝑑𝑡, (22)

where 𝐾 = 𝑅
−1
𝐵
𝑇
𝑃, and 𝑃 is solved by an algebraic Riccati

equation. The results achieved by the application of LQR in
the optimal and robust policies are presented in Figures 8 and
9.

Once LQR is applied for optimal and robust policies,
simulations present more oscillations when compared to
MPC, using the same parameters from Table 4. In Figure 8,
for optimal policies the price level achieves more overshoot
and a larger setting time. Also in Figure 9 the demand level
presents higher variation than in MPC optimal policies. The
demand level is reduced at the end of time horizon, as it has
been proposed in DM theory.

Robust policies achieve an oscillatory performance in the
price level as it is noted in Figure 10; however, the price level
is reduced considerably when compared to optimal policies
via LQR. In Figure 11, demand level achieves a low value in
units at the end of time horizon, which is expected, but the
oscillation is persistent.
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Figure 10: Robust policies for capacity via LQR.

In summary,MPC simulations fromFigures 4 to 7 present
better performance than LQR which are shown in Figures 8
to 11, for optimal and robust policies.

Based on this context and these results, we aim to explore
other control oriented approaches for DM-active suspension
analogy via dynamic pricing such as robust control tech-
niques, as developed in [42, 43] with the goal to compare its
performance with MPC techniques. Also we plan to explore
adaptive control techniques [44], output feedback control
[45], and sample data control present [46] and to develop a
trade-off with optimal control techniques.

5. Conclusions

This research work presents a novel DM-DP approach based
on MPC for second order systems with damping, which
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in terms of DM tell us that dissipation process is present
with inventory storage level in the system. Our results of
the stability analysis from Lyapunov direct method show
that an inventory level is needed in the system. The one-
quarter active suspension model presents the analogy for
a DM-DP process system behavior. Besides the sensitivity
analysis shows us that an equivalent capacity level will
provide reduced price level. Simulations results show that
under robust policies the price level is reduced by half; this
is because of the ratio between inventory level and capacity
in the active suspension dynamical system. For future work,
the intention is to develop a full active suspension model
for multiple product system as well as to achieve inventory
level dynamics via first order ordinary differential equations.
Another future research area will focus on the exploration of
a full active suspensionmodel for one ormultiple products in
a multistage supply chain.

Appendices

A. Inventory Level Derivation

The derivation of the value of 𝛽 requires the following
analysis:

Let 𝛽 (𝑡) = ∫
∞

0

𝑒
−𝑡/𝛽

𝑑𝑡, Finally 𝛽 (𝑡) = 𝛽. (A.1)

B. Infinite Dimensional Analysis for
Demand Management

We propose the following generalized wave equation which
describes the behavior of flexible systems, presented first in
[30]:

𝑚(𝑥)

𝜕
2
𝑢 (𝑥, 𝑡)

𝜕𝑡
2

+ 𝛽

𝜕𝑢 (𝑥, 𝑡)

𝜕𝑡

+ 𝐾𝑢 (𝑥, 𝑡) = 𝐹 (𝑥, 𝑡) . (B.1)

The purpose is to obtain a PDE description for demand
management via dynamic pricing. Based on this

𝐶 (𝑝)

𝜕
2
𝜑 (𝑝, 𝑡)

𝜕𝑡
2

+ 𝛽[

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

+ 𝛼

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑡

]

+ 𝑘𝜑 (𝑝, 𝑡) = 𝐷 (𝑝, 𝑡) ,

(B.2)

where

𝜕𝜑

𝜕𝑡

=

𝜕𝜑

𝜕𝑝

𝜕𝑝

𝜕𝑡

= V
𝑝

𝜕𝜑

𝜕𝑝

, (B.3)

substituting (B.3) in (B.2) which gives

𝐶 (𝑝) [

𝜕

𝜕𝑡

(V
𝑝

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

)] + 𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

+ 𝛼𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑡

+ 𝐾𝜑 (𝑝, 𝑡) = 𝐷 (𝑝, 𝑡) .

(B.4)

Developing partial derivatives:

𝐶 (𝑝)(V
𝑝

𝜕
2
𝜑 (𝑝, 𝑡)

𝜕𝑝𝜕𝑡

+ 𝑎
𝑝

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

) + 𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

+ 𝛼𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑡

+ 𝐾𝜑 (𝑝, 𝑡) = 𝐷 (𝑝, 𝑡) .

(B.5)

Define 𝐶(𝑝) ≡ 1 and 0 ≤ 𝛼 ≤ 1.
The PDE description for demand management is

V
𝑝

𝜕
2
𝜑 (𝑝, 𝑡)

𝜕𝑝𝜕𝑡

+ (𝛽 + 𝑎
𝑝
)

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑝

+ 𝛼𝛽

𝜕𝜑 (𝑝, 𝑡)

𝜕𝑡

+ 𝐾𝜑 (𝑝, 𝑡) = 𝐷 (𝑝, 𝑡) ,

(B.6)

where 𝛽 + 𝑎
𝑝
> 0.
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The reuse of data oriented workflows (DOWs) can reduce the cost of workflow system development and control the risk of
project failure and therefore is crucial for accelerating the automation of business processes. Reusing workflows can be achieved
by measuring the similarity among candidate workflows and selecting the workflow satisfying requirements of users from them.
However, due to DOWs being often developed based on an open, distributed, and heterogeneous environment, different users
often can impose diverse cost constraints on data oriented workflows. This makes the reuse of DOWs challenging. There is no
clear solution for retrieving DOWs with cost constraints. In this paper, we present a novel graph based model of DOWs with cost
constraints, called constrained data oriented workflow (CDW), which can express cost constraints that users are often concerned
about. An approach is proposed for retrieving CDWs, which seamlessly combines semantic and structural information of CDWs.
A distance measure based on matrix theory is adopted to seamlessly combine semantic and structural similarities of CDWs for
selecting and reusing them. Finally, the related experiments are made to show the effectiveness and efficiency of our approach.

1. Introduction

Data oriented workflows (DOWs) nowadays have been
adopted in diverse areas such as high quality computation
[1–4] and supply chain process [5, 6]. The reuse of DOWs
can reduce the cost of workflow system development and
control the risk of project failure and is crucial for accelerating
the automation of business processes. For example, managers
want to find and customize a logistic workflow such that cus-
tomers can quickly perform the tasks of inquiry/quotation,
order conformation, payment, and delivery within the least
cost. Because each step in a logistic workflow system has to
spend some cost to perform, managers are concerned about
how to make the least cost of the whole logistic workflow
by selecting suitable tasks from those developed logistic
workflows and assembling a new one instead of developing
a new workflow.The reuse of workflows with cost constraints
is a challenging problem.

Reusing workflows can be achieved by measuring the
similarity among candidate workflows and selecting the
workflow satisfying requirements of users from them. Most
existing approaches of retrieving DOWs are made based

on their structures [7–9] because of most real-life work-
flows such as [10]. However, the structure based approaches
often concentrate on data flows and invocation relations
between services, but they neglect the semantic information
that services and data rely on. As a result, the accuracy
of retrieving DOWs is low, which is hard to satisfy the
users’ requirements indeed. Semantic based approachesmake
full use of semantic information of services and data in
workflows and retrieve workflows by comparing them from
the perspective of semantics [8], where ontologies are used to
represent semantic information of services and data [11, 12].
These approaches have illustrated their potential in reusing
DOWs.

However, due to DOWs being often developed based
on an open, distributed, and heterogeneous environment,
different users often can impose diverse cost constraints on
data oriented workflows. This makes the reuse of DOWs
challenging. There is no clear solution for retrieving DOWs
with diverse cost constraints. On one hand, there is no formal
representation model that not only represents both semantic
and structure information within DOWs, but also encodes
diverse cost constraints that are imposed on DOWs by
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different users. The vendors of DOWs cannot represent and
publishmore semantic enriched information for their DOWs
that will be reused by users. This will straightforwardly
bring about the poor accuracy in retrieving DOWs. On the
other hand, we lack a feasible method to seamlessly combine
the semantic and structure based approaches for retrieving
and reusing DOWs. This makes the retrieval results full of
uncertainty. These problems will impede the more accurate
DOW retrieval and therefore have a significance to the reuse
of DOWs.

In this paper, we present a novel graph based model
of DOWs with diverse cost constraints, called constrained
data oriented workflow (CDW), which can express cost con-
straints that users are often concerned about. An approach is
proposed for retrieving CDWs, which seamlessly combines
semantic and structural information of workflows by com-
puting the similarities between CDWs. A distance measure
based on matrix theory is adopted to seamlessly combine
semantic and structural similarities of CDWs for selecting
and reusing them. Finally, the related experiments are made
to show the effectiveness and efficiency of our approach.

This paper is organized as follows. Section 2 is the related
work of the development for data orientedworkflow retrieval.
An overview of our work will be discussed in Section 3.
Section 4 is some basic notations about constrained data
oriented workflows. Semantic similarity computation of task
nodes will be discussed in Section 5. In Section 6, we discuss
CDW structure based similarity and comparison. Section 7
is the experiments and evaluation with other methods.
Section 8 is the conclusion and future work.

2. Related Work

The main actuating force of workflow retrieval is naturally
derived from the nonlinearities and uncertainties of planning
and modeling of real world applications, which have been
recognized and researched in some interesting work [13–18].
We also need to consider such nonlinearities and uncertain-
ties in business process management. Traditional workflow
representations mainly focus on activities/tasks and control
oriented flow [19, 20]. Dataflow is not paid more attention
to because traditional workflows are executed on a closed
environment within a specific corporation rather than an
open one. Some methods consider the semantic information
but ignore the constraint which can reflect the quality of
services.

Many workflow systems have emerged based on the
recent research within semantic community [21–24]. Berg-
mann and Gil proposed a novel representation and retrieval
method based on graph [20]. They extended a traditional
workflow into a new representation whose nodes had three
types: task node, dataflow node, and semantic node rep-
resented by a RDF file. However, specific applications or
services cannot be provided by one single corporation due
to the open, distributed, and heterogeneous execution envi-
ronment. They need the cooperation of different kinds of
service providers. Most of them did not consider constraint
information which reflects requirements of specific users

[25]. Some constraints such as time and cost, are important
to reflect the quality of services provided by workflows.
They cannot be defined and formulated in advance. Internal
dependencies between semantic information residing in
tasks/services such as hierarchical relationship and primary
and secondary relationshipmust also be considered. Seamless
integration of semantic and structure information is neces-
sary to represent, execute, and reuse workflows because of
the open, heterogeneous, and distributed environment on the
Web.

Graphmatching plays a key role tomeasure the similarity
of two workflow models. It is a popular and mutual research
topic. There are two classes of graph matching. One is the
exact graph matching which includes graph isomorphism
and subgraph isomorphism. The other is the inexact graph
matching which includes attributed graph matching and
attributed subgraph matching. Time complexity is a difficult
problem in real-life applications that should be considered.
From the perspective of implementing algorithms, graph
matching can be also classified into three classes: graph iso-
morphism, feature extraction, and iterative methods. Graph
isomorphism is a common approach introduced in [26].
Feature extraction [27] uses the idea that certain properties
might be shared by similar graphs. This method has been
widely used in the applications of character recognition,
fingerprint images. In the iterative method, it is assumed
that the similarity of two nodes depends on the similarity of
their adjacent nodes. After multiple iterations, the similarity
between two graphs will be obtained. Key words instead of
data and semantic information play an important role in
traditional workflow retrieval. The seamless combination of
structure and semantic similarities is an urgent challenge
for workflow retrieval. Bergmann and Gil presented a new
similarity model which could seem as an enhancement
of the well-known local/global approach [28]. However, it
seems that they had not considered the constraints between
semantic information of nodes and data types. In essence,
these approaches are control flow based rather than dataflow
based. They cannot seamlessly combine semantic and struc-
ture information together for representation and similarity
comparison of constrained data oriented workflows. In our
paper, a holistic approach based on matrix norm is proposed
to measure the similarity of two workflow models. The time
complexity can be also acceptable for workflow retrieval.
Furthermore, the increasing speed of execution time is
no faster than the growing speed of graph size. Seamless
integration of semantic and structure similarities leads to a
high retrieval accuracy and efficiency.

3. Overview of Process for Retrieving CDWs

In the section, we give an overview of the whole procedure
of our approach using a formal graph based representation
model called CDW for data oriented workflows retrieval
with constraints, where a CDW model seamlessly integrates
the structural and semantic information, as well as the cost
constraints, and so forth. We attempt to effectively and
efficiently retrieve CDWs by measuring and comparing the
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similarities of both the semantic and structural information
between CDWs.We argue that combination of structural and
semantic information within CDWs will be greatly helpful to
find more suitable workflows that satisfy both the functional
requirements and diverse constraints from users. The whole
procedure for retrieving CDWs can be mainly divided into
five steps.

Step 1. Arepository SCDWof candidate constrained data ori-
ented workflows should be constructed beforehand, denoted
by SCDW = {CDW

1
,CDW

2
,CDW3, . . . ,CDW𝑛}. Each

workflow in the repository can be represented by a formal
representation model called CDW, which will be introduced
in Section 4. Similarly, the request workflow that users
require can be also represented by the CDW representation
model, which is denoted by RCDW. Furthermore, we define
a counter variable 𝑖, which will be used for traversing all the
candidate CDWs in SCDW.

Step 2. We traverse each candidate CDW
𝑖
in SCDW and

compute the semantic similarity between RCDW and CDW
𝑖
.

The semantic information residing in task nodes is rep-
resented by the RDF ontology language. Each task node
corresponds to a RDF file. During the semantic similarity
computation for RCDW and CDW

𝑖
, the semantic similarity

between task nodes within RCDWandCDW
𝑖
can be reduced

to matching their similarity between their RDF files. Mean-
while, the data types of input data and output data between
task nodes are also matched. For two task nodes, respectively,
from RCDW and CDW

𝑖
, both the similarity for matching

their RDF files and the similarity for matching their data
types will be considered to compute the semantic similarity
between them.

Step 3. We need to determine the identicalness between task
nodes within RCDWandCDW

𝑖
. A similarity threshold value

is set, which is 0.7 in this paper. That is, if the semantic
similarity obtained in Step 2 between two task nodes is not
less than the threshold value (i.e., 0.7), then we regard the
two nodes as identical. The reason why we do that is the fact
that task nodes in CDWs are very likely to be semantically
heterogeneous in an open environment such as polysemy and
toponymy.

Step 4. We further compute the similarity between RCDW
and CDW

𝑖
by comparing their structures. Structural similar-

ity between RCDW and CDW
𝑖
is made based on normalized

matrices proposed in our previous work [7]. The normalized
matrices for RCDWandCDW

𝑖
are, respectively, constructed.

Then, a distance based metric is used to compute their struc-
tural similarity, that is, the distance between their normalized
matrices.

Step 5. If 𝑖 ≤ 𝑛, then go to Step 2 for comparing the
next CDW with RCDW. We select the candidate CDW

𝑘

as the one that is the most similar to RCDW, where 𝑘

satisfies the following condition: sim (RCDW,CDW
𝑘
) =

min{sim(RCDW,CDW
𝑖
) for each 1 ≤ 𝑖 ≤ 𝑛}.

4. Basic Notations

4.1. Formal Representation for CDWs

Definition 1 (constrained data oriented workflow, CDW). A
constrained data oriented workflow (CDW) is denoted by
CDW = (𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂), which is a directed labeled graph.

(i) 𝑉 is a set of nodes representing tasks/services in
actual applications.

(ii) 𝐸 ⊆ 𝑉 × 𝑉 is a set of ordered pairs of nodes, called
directed edges.

(iii) 𝛼 : 𝑉 → 𝐿
𝑉
is a mapping function which assigns

each node a label, where 𝐿
𝑉
is a set of label names for

tasks.
(iv) 𝛽 : 𝑉 → RF is a mapping function which maps each

node to a RDF file, where RF is a set of RDF files that
illustrate the semantic information of task nodes.

(v) 𝛾 : 𝑉 → 2
DT is a mapping function which maps each

node to a subset of data types. It represents the input
information which can be processed by task nodes,
where DT is the set of data types.

(vi) 𝜆 : 𝑉 → 2
DT is a mapping function whichmaps each

node to a subset of data types. It represents the output
information provided by task nodes.

(vii) 𝜂 : 𝐸 → 𝐿
𝐸
is amapping functionwhich assigns each

edge a constraint label in set 𝐿
𝐸
.

In the representation of CDW, nodes represent different
tasks or functional activities in an actual application. A
service can be provided by a specific task node. Some of
them integrated together can accomplish a complex and
comprehensive service such as scientific computation.

Semantic information is represented using the RDF
language and is defined as a property of node, which is a key
feature of semantic representation of task nodes.We establish
the correspondence relations between nodes and RDF files
using amapping function instead of extending each task node
with a RDF graph. This method can largely eliminate the
degree of redundancy of a graph and clearly reflect the main
workflow execution.

Data oriented workflows are often designed based on
open, distributed, and heterogeneous environment to accom-
plish complex data processing. Therefore, it should have
a high degree of modularity. True users care much about
the input and output parameters that the task node could
process and provide instead of data processing details. The
representation for dataflowmainly emphasizes the data types
that are used to communicate information between task
nodes.

Now, we will give an example of CDWs to intuitively
illustrate a data oriented workflow with constraint shown
in Figure 1. In this figure, there are three task nodes which
provide the services of function analysis, price analysis, and
audit, respectively. Task nodes are represented by rectangles.
Two control flows are represented by solid arrows as two
edges with the constraints [1, 2] and [0, 3]. Solid line ovals are



4 Mathematical Problems in Engineering

Function
analysis

Price
analysis

[1,2] [0,3]

OP DataType
{.xml, .doc, .pdf}

rdf: type machine instance;
function analysis can print true

 rdf: type continuous instance;
price analysis has price of 100 dollars

OP DataType
{.txt, .doc, .bin}

IP DataType
{.txt, .xml, .doc}

 rdf: type continuous instance;
audit can audit true

IP DataType
{.doc, .xml}

IP DataType
{.pdf, .doc}

OP DataType
{.bin, .xml}

Audit

Figure 1: An example of CDW.

used to illustrate the input and output data types for each task
node. Dotted lines are used to represent the relations between
task nodes and data types properties. Dotted line ovals are
used to represent corresponding RDF files of task nodes.

4.2. Definitions Related to Constraints

Definition 2 (constraint). Let CDW = (𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂) be
a CDW. A constraint of edge ⟨V

𝑖
, V
𝑗
⟩ is represented by an

interval of the form [𝑎, 𝑏], where 𝜂(⟨V
𝑖
, V
𝑗
⟩) = [𝑎, 𝑏], and 𝑎

and 𝑏 are real numbers and 𝑎 ≤ 𝑏.

In actual applications, specific constraints can be deter-
mined in the domain of [𝑎, 𝑏]. It reflects the variable and
dynamic features of our representation for constrained data
oriented workflows.

Definition 3 (intersection of constraints). Let CDW = (𝑉, 𝐸,

𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉

, 𝐸

, 𝛼

, 𝛽

, 𝛾

, 𝜆

, 𝜂

) be two

CDWs. Let 𝜂(⟨V
1
, V
2
⟩) = [𝑎, 𝑏] and 𝜂


(⟨V
3
, V
4
⟩) = [𝑐, 𝑑] be

two constraints for edges ⟨V
1
, V
2
⟩ ∈ 𝐸 and ⟨V

3
, V
4
⟩ ∈ 𝐸

,
respectively. The intersection of constraints between the two
edges can be computed by the following:

[𝑎, 𝑏] ∩ [𝑐, 𝑑] = {

[max (𝑎, 𝑐) ,min (𝑏, 𝑑)] , if 𝑎 ≤ 𝑑 ∧ 𝑐 ≤ 𝑏,

0, otherwise.
(1)

Definition 4 (union of constraints). Let CDW = (𝑉, 𝐸, 𝛼, 𝛽,

𝛾, 𝜆, 𝜂) and CDW = (𝑉

, 𝐸

, 𝛼

, 𝛽

, 𝛾

, 𝜆

, 𝜂

) be two CDWs.

Let 𝜂(⟨V
1
, V
2
⟩) = [𝑎, 𝑏] and 𝜂


(⟨V
3
, V
4
⟩) = [𝑐, 𝑑] be two

constraints for edges ⟨V
1
, V
2
⟩ ∈ 𝐸 and ⟨V

3
, V
4
⟩ ∈ 𝐸

,
respectively. The union of constraints between the two edges
can be computed by the following:

[𝑎, 𝑏] ∪ [𝑐, 𝑑] = [min (𝑎, 𝑐) ,max (𝑏, 𝑑)] . (2)

Definition 5 (duration of constraint). Let CDW = (𝑉, 𝐸, 𝛼, 𝛽,

𝛾, 𝜆, 𝜂) be a constrained data oriented workflow and ⟨V
𝑖
, V
𝑗
⟩ ∈

𝐸. Let 𝜂(⟨V
𝑖
, V
𝑗
⟩) = [𝑎, 𝑏] be the constraint for edge ⟨V

𝑖
, V
𝑗
⟩.

The duration of this constraint is denoted by Dur([𝑎, 𝑏]) =

𝑏 − 𝑎.

Definition 6 (summation of constraints). Let CDW = (𝑉, 𝐸,

𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉

, 𝐸

, 𝛼

, 𝛽

, 𝛾

, 𝜆

, 𝜂

) be two

CDWs. Let 𝜂(⟨V
1
, V
2
⟩) = [𝑎, 𝑏] and 𝜂


(⟨V
3
, V
4
⟩) = [𝑐, 𝑑] be

two constraints for edges ⟨V
1
, V
2
⟩ ∈ 𝐸 and ⟨V

3
, V
4
⟩ ∈ 𝐸

,
respectively.The summation between their constraints can be
denoted by [𝑎, 𝑏] + [𝑐, 𝑑] = [𝑎 + 𝑐, 𝑏 + 𝑑].

5. Semantic Similarity Computation

In our representation of CDW, all semantic information is
represented as properties of nodes. Four mapping functions
𝛼, 𝛽, 𝛾, and 𝜆 are to, respectively, associate a node V with
its node name, its input set of data types, its output set of
data types, and a RDF file RTV. A RDF file represents the
service function of a task node in the semantic level while
a name is only a label in actual applications. The similarity
between RDF files of two nodes can be used to measure the
actual functional similarity in an open and heterogeneous
environment. For example, we can measure the similarity
between two nodes with different names that have the same
function. It is also important for measuring the similarity
between two task nodes to consider their data types that
includes the semantic information of service data. As a
consequence, the semantic similarity includes two closely
related parts: the similarity for RDF files and the similarity
for data types.

5.1. Similarity for RDF Files. In this paper, we use RDF to
describe the semantic information of a task node, which
is regarded as a property in the task node by function 𝛽.
The similarity computation of RDF files can be reduced to
the comparison of their corresponding RDF graphs. The
matching for RDF graphs has been studied for decades, and
many good methods have been proposed. Each RDF graph
is composed by a set of statements (triples). Each statement
consists of three elements: subject, property, and object. The
similarity of two RDF graphs can be divided into three steps.

(1) We use a three-dimension vector →ssv to represent the
similarity between two statements. Let statement = (𝑠, 𝑝, 𝑜)

and statement = (𝑠

, 𝑝

, 𝑜

) be any two statements. The

elements 𝑠, 𝑝, 𝑜, 𝑠, 𝑝, and 𝑜
 are the label strings of elements

in statements. Vector →ssv = (ssv1, ssv2, ssv3)
𝑇, where ssv1 =

SimLD(𝑠, 𝑠

), ssv2 = SimLD(𝑝, 𝑝


), and ssv3 = SimLD(𝑜, 𝑜


).
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Thenotation SimLD(s1, s2) is the similarity of label strings
𝑠
1
and 𝑠
2
by using the Levenshtein distance; that is,

SimLD (𝑠
1
, 𝑠
2
) = 1 −

LevD (𝑠
1
, 𝑠
2
)

max (




𝑠
1





,




𝑠
2





)

, (3)

where |𝑠
1
| and |𝑠

2
|, respectively, represent the length of strings

𝑠
1
and 𝑠
2
. Obviously, the value of SimLD(𝑠

1
, 𝑠
2
) is between

0 and 1. The notation LevD(𝑠
1
, 𝑠
2
) refers to the Levenshtein

distance between strings 𝑠
1
and 𝑠
2
.

(2) We use a matrix 𝑆𝑇 as an auxiliary matrix for further
computation of two RDF graphs: RDF

1
= {𝑠𝑡
1
, 𝑠𝑡
2
, . . . , 𝑠𝑡

𝑚
}

and RDF
2

= {𝑠𝑡


1
, 𝑠𝑡


2
, . . . , 𝑠𝑡



𝑛
}. STU is the union of RDF1

and RDF2. All elements in STU are contained in the row
and column of 𝑆𝑇. For any 1 ≤ 𝑖, 𝑗 ≤ 𝑚 + 𝑛, the matrix
𝑆𝑇
(RDF1,RDF2)(𝑖, 𝑗) between RDF

1
and RDF

2
is represented as

follows:

𝑆𝑇
(RDF1 ,RDF2) (𝑖, 𝑗) = √ssv𝑇

𝑖𝑗
× ssv
𝑖𝑗
, (4)

where ssv
𝑖𝑗
is the statement similarity vector between the

statement
𝑖
in row and the statement

𝑗
in column in the matrix

𝑆𝑇.
(3) The similarity between RDF

1
and RDF

2
can be com-

puted by the notation SimRG(RDF1,RDF2), where

SimRG (RDF1,RDF2) = √tr [𝑆𝑇(RDF1,RDF2) × 𝑆𝑇
𝑇

(RDF1,RDF2)].

(5)

Definition 7 (similarity for RDF files). Let CDW = (𝑉, 𝐸, 𝛼,

𝛽, 𝛾, 𝜆, 𝜂, ) and CDW = (𝑉

, 𝐸

, 𝛼

, 𝛽

, 𝛾

, 𝜆

, 𝜂

) be two

CDWs. For any two nodes V ∈ 𝑉 and V ∈ 𝑉
, the similarity

between their RDF files can be computed according to the
following equation:

SimRF (V, V) = SimRG (𝛽 (V) , 𝛽 (V))

= √tr (𝑆𝑇
(𝛽(V),𝛽(V)) × 𝑆𝑇

𝑇

(𝛽(V),𝛽(V))),

(6)

where 𝛽(V) and 𝛽(V) are the RDF graphs for nodes V and V,
respectively, according to Definition 1.

5.2. Similarity for Input and Output Data Types. Data types,
including input and output data types, indicate that informa-
tion can be operated by specific task nodes. In this paper,
they are represented by file names or information format
such as .doc, .pdf, and .bin. Different task nodes may deal
with different kinds of data types of services. Therefore, the
compatibility of input and output data types of different
nodes could be another factor to measure the services
similarity provided by task nodes. We use ComIP(V, V) and
ComOP(V, V) to represent the input data types compatibility
and output compatibility, respectively, for nodes V and V.
SimDT(V, V) is the data types similarity between nodes V and
V considering both input and output data types similarities.
The definitions are as follows.

Definition 8 (compatibility for input and output data types).
Let CDW = (𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉


, 𝐸

, 𝛼

,

𝛽

, 𝛾

, 𝜆

, 𝜂

) be two CDWs. For any two task nodes V ∈ 𝑉

and V ∈ 𝑉
, the compatibility of input data types and output

data types between V and V can be computed by the following
formula:

ComIP (V, V) = {

1, if 𝛾 (V) ∩ 𝛾 (V) ̸= 0;

0, otherwise,

ComOP (V, V) = {

1, if 𝜆 (V) ∩ 𝜆 (V) ̸= 0;

0, otherwise.

(7)

Definition 9 (similarity for input and output data types). Let
CDW = (𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉


, 𝐸

, 𝛼

, 𝛽

, 𝛾

,

𝜆

, 𝜂

) be two CDWs. For any two task nodes V ∈ 𝑉 and

V ∈ 𝑉
, the similarity of data types between V and V can be

computed by the following equation:

SimDT (V, V) =

[ComIP (V, V) + ComOP (V, V)]
2

.
(8)

6. Similarity Computation between
CDWs Based on Distance Metric

6.1. IdenticalnessMeasure of Two Task Nodes. Semantic infor-
mation similarity between two task nodes, which ismeasured
by RDF files and data types similarities, can be used to
indicate the identicalness of services provided by them. In this
paper, we use an index IM(V, V) to measure the identicalness
of two task nodes from different constrained data oriented
workflows. We set the threshold of IM 0.7. This index will be
used to determine whether it is suitable to assign two task
nodes the same name from two workflows for comparison as
follows:

IM (V, V) = SimRF (V, V) × SimDT (V, V) , (9)

where SimRF(V, V) and SimDT(V, V) are, respectively, the
RDF files similarity and data types similarity according to
Definitions 7 and 9.

Identifying the identical task nodes between two CDWs
is a preprocessing for comparing their similarity of the future.
In this paper, the similarity computation of CDWs depends
on their normalized matrices. We need to determine the
task nodes related to the normalized matrices. Let CDW =

(𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉

, 𝐸

, 𝛼

, 𝛽

, 𝛾

, 𝜆

, 𝜂

) be

two CDWs.
Our preprocessing can be formally represented as follows.

(1) For any two nodes V ∈ 𝑉and V ∈ 𝑉
, we use the

notation Ident(V, V) to represent that V and V are
identical. Ident(V, V) if and only if IM(V, V) > 0.7 and
IM(V, V) = max{IM(V, V), IM(V, V) for all V ∈

𝑉
 and 𝑉


∈ 𝑉}. If Ident(V, V), then V and V will

be assigned the same name label.
(2) The set of task nodes related to normalizedmatrices is

denoted by STN = {V
1
, V
2
, . . . , V

𝑘
}, where V

𝑖
∈ 𝑉 ∪ 𝑉



for all 1 ≤ 𝑖 ≤ 𝑘, and, for any V
𝑖
, V
𝑗
∈ 𝑉 ∪ 𝑉

 and 𝑖 ̸= 𝑗,
V
𝑖
and V
𝑗
are not identical.



6 Mathematical Problems in Engineering

6.2. Normalized Matrices and Distance Metric

Definition 10 (normalized matrices for two CDWs). Let
CDW = (𝑉, 𝐸, 𝛼, 𝛽, 𝛾, 𝜆, 𝜂) and CDW = (𝑉


, 𝐸

, 𝛼

, 𝛽

, 𝛾

,

𝜆

, 𝜂

) be two CDWs. NM and NM are, respectively, the two

normalizedmatrices for CDWandCDW. 𝑛 is the cardinality
of the set STN after preprocessing. Let STN = {V

1
, V
2
, . . . , V

𝑘
},

where V
𝑖
∈ 𝑉∪𝑉

 for all 1 ≤ 𝑖 ≤ 𝑘, and, for any V
𝑖
, V
𝑗
∈ 𝑉∪𝑉



and 𝑖 ̸= 𝑗, V
𝑖
and V
𝑗
are not identical. The normalized matrices

NM and NM are computed by the formulas as follows:

NM (𝑖, 𝑗) =

{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{

{

1

𝑛

, if (V
𝑖
, V
𝑗
) ∈ 𝐸 \ 𝐸


,

Dur (𝜂 (V
𝑖
, V
𝑗
)) ∩ Dur (𝜂 (V

𝑖
, V
𝑗
))

Dur (𝜂 (V
𝑖
, V
𝑗
))

×

1

𝑛

,

if (V
𝑖
, V
𝑗
) ∈ 𝐸 ∩ 𝐸


,

0, otherwise,
(10)

NM (𝑖, 𝑗) =

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

1

𝑛

, if (V
𝑖
, V
𝑗
) ∈ 𝐸

\ 𝐸,

Dur (𝜂 (V
𝑖
, V
𝑗
)) ∩ Dur (𝜂 (V

𝑖
, V
𝑗
))

Dur (𝜂 (𝑣
𝑖
, 𝑣
𝑗
))

×

1

𝑛

,

if (V
𝑖
, V
𝑗
) ∈ 𝐸 ∩ 𝐸


,

0, otherwise.
(11)

Definition 11 (distance metric [28]). Based on Definition 10,
one uses a distancemetric proposed in [28] formeasuring the
similarity between two constrained data oriented workflows
CDW and CDW whose normalized matrices are, respec-
tively, NM and NM. Their distance metric between NM and
NM is defined as follows:

DM (NM,NM) = √tr [(NM − NM)𝑇 × (NM − NM)].
(12)

The notation tr[∙] means the trace of matrix ∙, which is
the sum of elements in the main diagonal of a matrix.

The distance metric DM satisfies all the three properties
of distance measure as follows:

(1) DM(NM,NM) ≥ 0 if and only if NM = NM;
(2) DM(NM,NM) = DM(NM,NM);
(3) (DM(NM,NM) + DM(NM,NM)) ≥ DM(NM,

NM).

What is worth noting is that DM(NM,NM), de facto, is
the dissimilarity of NM and NM. The larger the DM value
between two CDWs is, the more dissimilar they are.

7. Experiments and Evaluation

7.1. Evaluation Indices, Workflow Repository, and Benchmark
Methods. In this paper, we will evaluate the effectiveness
and efficiency of our method by comparing it with the
three methods. We use the two indices: degree of richness

Table 1: List of indices of all methods.

Approach ExT DRR
Our method ExT CDW DRR CDW
Method in [29] ExT MCS DRR MCS
Method in [7] ExT CW DRR CW
Method in [28] ExT SSW DRR SSW

of retrieval (DRR) and time complexity. Evaluation of time
complexity is mainly done by computing the execution time
of workflow retrieval. So this index is shortened as ExT.
Another index DRR is defined as follows:

DRR =

SW R
SW C

, (13)

where SW R is the number of the workflows satisfying
requirements of users in the retrieved results. SW C is the
number of the workflows satisfying requirements of users in
the workflow repository.

We extended the functionality of workflowmodeling tool
[7]. In the extended tool, workflows with constraints can be
graphically constructed. In addition, it can store ontology
based semantic information. Each task node can be also
associated with a set of data types describing the input and
output parameters of the task node and a RDF file describing
the semantic information of the task node. A workflow
repository is implemented by a file directory in which many
CDWs are stored as .xml files, and semantic information of
nodes is stored as .rdf files. We manually constructed ten
groups of CDW models with different sizes (i.e., the node
number of a CDW) and depths (i.e., the node number of path
from the start node to the last node in a CDW) as the testing
data set for our experiments and evaluation.

The benchmark methods to compare are as follows.
Bunke and Shearer [29] presented a distance metric for com-
paring the similarity of graphs based on maximal common
subgraphs. This approach can be used for measuring the
similarity among workflow structures. The second approach
fully considers the constraints residing in workflows, such
as cost. Ma et al. [7] proposed an approach to compare
workflows with time constraints, where a time constraint is
represented by an interval. The third approach concentrates
on the comparison among semantic workflows, which was
proposed by Bergmann and Gil [28]. This method considers
comparing the semantic information in workflows.

In the following, we will compare our method with the
other three methods mentioned above according to the two
indices ExT and DRR. For simplification, Table 1 is the list of
indices of all methods.

7.2. Experimental Evaluation

7.2.1. Comparing Degrees of Retrieval Richness for Evaluating
Effectiveness. Figure 2 shows the degree of retrieval richness
of four methods. From this figure, we can find some facts.
Generally speaking, the larger the size of data set becomes,
the more suitably the candidate workflows may be contained.
Therefore, the value of DRRwill rise. From this figure, we can
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Figure 2: Comparison of degrees of retrieval richness.

find that the retrieval richness of our method is larger than
others. It indicates that our method will find more suitable
workflows with less irrelevant ones. DDR indicates that our
approach has a stronger ability to discover information in a
deeper level and will have a better retrieval effect obviously.

Higher value ofDRR reflects thatmore suitableworkflows
have been discovered. One possible reason is that ourmethod
considers semantic and structural similarities for constrained
data oriented workflows retrieval, which could discover deep
relations such as nodes with different names but the same
quality of service. This is quite important because users may
choose cheaper services that are sufficient for their require-
ments. From the experimental results, we can conclude that
ourmethodwith a higher degree of richness has an advantage
over others to find more suitable information for specific
users.

7.2.2. Comparing Time Complexity Based on Graph Depth
for Evaluating Efficiency. Figure 3 is the comparison result
of execution time between our method and that proposed
in [28]. From the experimental results, we can have the
following observation. As the size of graph grows larger,
the execution time of both methods increases. For example,
execution time of comparison between workflows with 70
nodes is longer than that with 30 nodes. In general, the
execution time of our method is lower than that proposed
in [28]. Graph depth has a larger effect on the execution
of approach in [28], but less on our method. From the
experimental results, we can find with the growing depths
of the same size of graphs that the execution time increases
faster than ours.
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Figure 3: Execution time comparison based on depth.

There are many factors that will bring about these
experimental results. First, both methods adopt graph to
represent workflow models. When workflow models became
complex and large,more structural and semantic information
needed to be dealt with through the whole comparison
process which demands more execution time obviously.
Second, Bergmann and Gil in [28] used a case reasoning
approach to measure the similarity of semantic information
of different nodes.Thismethod depends heavily on the depth
of graph. Time complexity of this method will grow faster
when the depth of graph increases. It straightly influences the
whole similarity measure time. In our method, we seamlessly
combine semantic and structural similarities into normalized
matrices. The whole time complexity largely depends on
the matrix computation. Usually time complexity of matrix
computation can be affordable in many cases. For example,
we have three workflow groups with 100 nodes in graphs but
different graph depths: 16, 17, and 19, respectively. From the
experimental results, ExT SSW grows faster than ExT CDW.

7.2.3. Comparing Total Time Complexity for Evaluating Perfor-
mance. Figure 4 is the execution time comparison between
our method and the other two. From this figure, we can find
that all methods cost more time with the growing of graph
sizes. The execution time of our method increases a little
faster than the other two methods. However, the extra time
cost will be tolerant and affordable if we further take a look
at Figure 4 because extra time cost will contribute to a better
degree of richness of retrieval.
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Figure 4: Execution time among the three methods.

Task nodes and relations between them are represented
in a graph by Bunke and Shearer in [29]. The authors
proposed a distance measure by maximal common sub-
graph. The formula is as follows: D MCS(𝑊

1
,𝑊
2
) = 1 −

(|𝑉|/max{|𝑉
𝑊1

|, |𝑉
𝑊2

|}). D MCS(𝑊
1
,𝑊
2
) computes the dis-

tance of 𝑊
1
and 𝑊

2
, where |𝑉| is the number of maximal

common subgraph between workflows 𝑊
1
and 𝑊

2
. Time

complexity mainly depends on the algorithm of subgraph
isomorphism.The time complexity of subgraph isomorphism
with unlabeled nodes in a graph has been proven to be anNP-
complete problem. However, if each node has a unique label,
the time complexity will decrease. Semantic information was
not considered in theworkflowmodels whichwould decrease
the execution time.

In brief, we evaluate the effectiveness and efficiency of
our approach by comparing it with the existing approaches of
workflow retrieval.The experimental results show that (1) our
method has more degree of semantic richness, which means
that our approach can find out more accurate candidate
workflows and has a higher retrieval precision; (2) the
execution time that our method needs is no more than the
other methods and is even lower than them. So our method
outperforms the existing approaches of workflow retrieval
and has higher performance.

8. Conclusion

In this paper, we proposed a graph based representation to
describe constrained data oriented workflows, which seam-
lessly combines semantic and structure similarities to gain a
better retrieval effect. It can mine out more and more deep

information that is crucial to reflect the quality of services
provided by workflows. It is convenient for workflows reuse
for different domain scientists with specific requirements.
The similarity comparison is based on matrix norm to
measure the distance of two normalized matrices for cor-
responding workflow models. The experimental evaluation
shows that our method outperforms the existing approaches
of workflow retrieval.Themethod proposed in this paper can
bewidely used inworkflows retrieval, reuse,matching, and so
on.
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Gear shifting strategy of vehicle is important aid for the acquisition of dynamic performance and high economy. A dynamic
programming (DP) algorithm is used to optimize the gear shifting schedule for off-road vehicle by using an objective function that
weighs fuel use and trip time. The optimization is accomplished through discrete dynamic programming and a trade-off between
trip time and fuel consumption is analyzed. By using concave and convex surface road as road profile, an optimal gear shifting
strategy is used to control the longitudinal behavior of the vehicle. Simulation results show that the trip time can be reduced by
powerful gear shifting strategy and fuel consumption can achieve high economy with economical gear shifting strategy in different
initial conditions and route cases.

1. Instruction

The notable differences between off-road vehicle and pas-
senger car include special functions, huge weight capacity,
and rough driving area, which may lead to gear shifting
frequently. The automatic transmission had been installed in
construction vehicle since the mid of last century. Mining
trucks with mechanical powertrain system often equip auto-
matic transmissions, which could enhance the production
efficiency. To achieve high economy, gear shifting strategy
of automatic transmission is a challenging problem for
researchers. For a heavy vehicle weighing more than 15 tons,
about 1/3 of the life cycle cost comes from the cost of fuel [1].
As a special vehicle, mining truck weighting around 50 tons,
the average fuel consumption is around 100 L/100 km. For
this type of vehicle, the gear shifting strategy improving fuel
efficiency in every trip has good benefit in thewhole life cycle.

The drive cycle of mining truck is often regulated in
advance, which locates between source area and storage area.
It leads to collecting elevation and slope data easily. With
known road data, it is available to use dynamic programming
approach to optimize the gear shifting strategy to reduce
the fuel consumption and trip time. As a numerical method

for solving multistage decision-making problems, dynamic
programming has been applied to optimize fuel and electric-
ity costs associated with two supervisory control strategies
for a series of plug-in hybrid electric vehicle and control
strategy for heavy hybrid electric truck [2, 3]. Besides, it
is proposed for design of the optimal gear shift strategy to
study quantitatively an optimal trade-off between the fuel
economy and the drivability [4]. At present, some researchers
have developed economical gear shifting strategy applying
for heavy duty truck. The problem that which kind of speed
profile will minimize fuel consumption of a land vehicle
is stated. Based on different guide way characteristics, the
optimal speed profile is analyzed for minimizing fuel con-
sumption [5]. Lattemann and his colleagues used predictive
cruise control allowing the vehicle speed to vary around
the cruise control by setting speed within a defined speed
band in an effort to reduce fuel consumption for trucks
[6]. The efficiency of engine, the powertrain system, and
the pump are considered and set up the optimal economy
gear shifting strategy for construction vehicles [7, 8]. Shi
et al. used a modified recursive least square method to
estimate the vehicle mass and generalized slope and made
a self-adaptive gear shifting strategy of uphill and downhill
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slopes without considering fuel consumption [9]. For costing
lots of fuel consumption, it should be considered into gear
shifting strategy. The method of modeling and calculating
fuel consumption for heavy-duty vehicle was illustrated, and
it had been verified by experiments [10]. Therefore, it is
plausible to calculate the fuel consumption based on the
accurate powertrain system model and real road profile.
For optimization, economical strategy for a heavy truck is
conducted by finding how to drive a truck over various
road topographies. While the results show that the optimal
solution is to keep constant speed for level road and in small
gradients [11], Delgado et al. got the results which show that
the use of average velocity and average positive acceleration
was suitable for the translation of fuel consumption [12].

In this work, an optimal control algorithm based on
dynamic programming is formulated to find gear shifting
strategy for a mining truck weighting 50 tons. Comparing
different step lengths, the proper length had been found with
considering accuracy and enumeration load. With a tradi-
tional powertrain model and known road profile ahead, we
minimized trip time and fuel consumption in different initial
states on simple road profile separately.The results show there
is a trade-off between trip time and fuel consumption in all of
cases andwhen it achieves the highest fuel economywith sac-
rificing the trip time. Taking into account all characteristics
of powerful strategy and economical strategy, the trip time
becomes a constraint instead of a part of objective function.
The optimal gear shifting strategy presents that it spends less
fuel consumption than powerful strategy and takes fewer
time than economical strategy. The optimal algorithm could
be applied to find an economical gear shifting strategy with
desired average speed. In addition, two special road profiles
are substituted for simple road and the optimal results accord
with the results derived from simple road profile. Combing
a two-dimensional dynamic programming algorithm with
weighted cost function and known route information will be
discussed and compared in trip time and fuel consumption.

2. Modeling for Mining Truck
Powertrain System

2.1. Powertrain System Configuration and Dynamics Analysis.
Powertrain system of mining truck comprises an engine, an
automatic transmission, a drive shaft, a retarder, and a wheel-
side reducer. The power produced by engine transfers from
engine to wheel through transmission system to drive the
vehicle [13]. Figure 1 shows the configuration and torque pass
line of driveline for a 50-ton mining truck. Table 1 shows the
main parameter of the truck.

The truck equips one of the M11 series diesel engines
produced by Cummins, and the output power is related to
the mass of fuel in every stroke cycle 𝑢

𝑓
and engine angle

speed 𝜔
𝑒
. Based on experimental data, the output torque can

be expressed by a polynomial as follows:

𝑇
𝑒
(𝜔
𝑒
, 𝑢
𝑓
) = 𝑎
1
𝜔
𝑒
+ 𝑎
2
𝑢
𝑓
+ 𝑎
3
, (1)

Engine Automatic
transmission

Drive shaft

Retarder

Wheel-side reducer

Wheel-side reducer

Figure 1: The scheme of the powertrain system for a 50-ton mining
truck.
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Figure 2: Fueling bounds and experimental data.

where the maximum value of fueling depends on a quadratic
polynomial of the engine angle speed, like

𝑢
𝑓,max = 𝑎4𝜔

2

𝑒
+ 𝑎
5
𝜔
𝑒
+ 𝑎
6
. (2)

In the above equation, the coefficients from 𝑎
1
to 𝑎
6
are

derived from the experimental data of this engine. From
Figure 2, it shows that the fueling bounds appear to be well
approximated by using the polynomial (2).

Newton’s second law of the motion gives the relation
between the engine acceleration of angle speed ̇𝜔

𝑒
, the inertia

of the rotating parts 𝐽
𝑒
, the output torque of engine 𝑇

𝑒
, the

input torque 𝑇
𝑡
to converter, and loss torque 𝑇fric,𝑒. Consider

𝐽
𝑒
̇𝜔
𝑒
= 𝑇
𝑒
− 𝑇fric,𝑒 − 𝑇𝑡. (3)
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Table 1: Main parameters of the vehicle.

Item Description or quantity

Engine Diesel; displacement: 8.9 L; maximum
power: 242 kw; maximum torque: 1424Nm

Transmission Five-speed AT;
Vehicle mass 25400 kg

Table 2: Resistance.

Symbol Explanation Equation

𝐹wind Air drag 1

2

𝑐
𝑤
𝐴
𝑎
𝜌
𝑎
V2

𝐹
𝑅

Rolling resistance 𝑚𝑔𝑐
𝑟
cos𝛼

𝐹gra The gravitational force 𝑚𝑔 sin𝛼

When a gear is engaged, the torque at wheel 𝑇
𝑤
can be

determined by the lumped rotating inertia 𝐽
𝑙
, the gear ratio

𝑖
𝑔
, and the lumped reduction ratio from retarder and wheel-

side reducer. Ignoring the brake torque, denote 𝑇
𝑤
and 𝑇

𝑡
as

the following equations:

𝑇
𝑤
= 𝑖𝑖
𝑔
𝜂𝑇
𝑡
,

𝐽
𝑙
̇𝜔
𝑤
= 𝑇
𝑤
− 𝑇
𝐿
− 𝐹
𝐿
𝑟
𝑤
,

(4)

where 𝜂 is the transmission efficiency of the driveline system
and ̇𝜔

𝑤
, 𝑇
𝐿
, 𝐹
𝐿
, and 𝑟

𝑤
represent the angular acceleration,

braking torque, friction, and radius of wheel, respectively.
Based on the longitudinal dynamics of vehicle, the fric-

tion of wheel can be described by Newton’s second law. The
equation shows the following, where𝑚 is the mass of vehicle
and V is velocity of vehicle. In the longitudinal direction, the
main resisting forces are considered to be air drag, rolling
resistance, and gravitational force, which are illustrated in
Table 2. Consider

𝐹
𝐿
= 𝑚

𝑑V
𝑑𝑡

+ 𝐹wind + 𝐹𝑅 + 𝐹gra. (5)

Combining (1) to (5), the acceleration of vehicle can be
represented by parameters that are mentioned in this section
[14]. Consider

𝑑V
𝑑𝑡

(V, 𝑢
𝑓
, 𝛼) =

𝑟
𝑤

𝐽
𝑙
+ 𝑚𝑟
2

𝑤
+ 𝜂𝑖
2
𝑖
2

𝑔
𝐽
𝑒

⋅ (𝑖𝑖
𝑔
𝜂𝑇
𝑒
(V, 𝑢
𝑓
)

−𝑟
𝑤
(𝐹wind (V) + 𝐹𝑅 (𝛼) + 𝐹gra (𝛼)) ) .

(6)

2.2. Fuel Consumption. The advanced internal combustion
engine produces power and emission from fuel and air in
every stroke. The fuel consumption 𝑚

𝑓
(g/s) is identified

depending on fueling 𝑢
𝑓
(g/stroke ∗ cylinder) and engine

speed 𝜔
𝑒
(rad/s) [15]. Consider

𝑑𝑚
𝑓

𝑑𝑡

(𝜔
𝑒
, 𝑢
𝑓
) =

𝑛cyl

2𝜋𝑛
𝑟

𝜔
𝑒
𝑢
𝑓
=

𝑛cyl𝑖𝑖𝑔

2𝜋𝑛
𝑟
𝑟
𝑤

V𝑢
𝑓
, (7)

where 𝑛cyl is the number of cylinders and 𝑛
𝑟
is the crank

rotation number in every stroke.

2.3. Reformulation Model by Displacement. For optimization
by numerical method, the model should be transformed
from being parameterized by time to being parameterized
by position. Since the states including velocity and fuel
consumption are discrete in regard to time, they need to be
represented by position. Assuming a short distance 𝑝, it is the
function of time 𝑡 and the function of displacements [16, 17].
Then, 𝑝 can be represented as follows:

𝑑𝑝

𝑑𝑠

=

𝑑𝑝

𝑑𝑡

𝑑𝑡

𝑑𝑠

=

𝑑𝑝

𝑑𝑡

1

V
⇒ Δ𝑡 =

Δ𝑝

V
. (8)

When the speed V > 0, the short distance is assumed to be
𝑝
𝑘
. Therefore, (6) and (7) will be transferred to the next two

equations:

V
𝑘+1

= V
𝑘
+ Δ𝑡
𝑘
⋅

𝑑V
𝑑𝑡

= V
𝑘
+

𝑝
𝑘

V
𝑘

⋅

𝑑V
𝑑𝑡

,

𝑚
𝑓,𝑘+1

= 𝑚
𝑓,𝑘
+ Δ𝑡
𝑘
⋅

𝑑𝑚
𝑓

𝑑𝑡

= 𝑚
𝑓,𝑘
+

𝑝
𝑘

V
𝑘

⋅

𝑑𝑚
𝑓

𝑑𝑡

.

(9)

In this problem, the velocity of vehicle, fuel consumption,
and gear number in current state can be described by
their value of last state. The state vector is assumed to be
𝑥 = [V, 𝑔

𝑘
]
𝑇. By ignoring the braking torque, the control

trajectory is the gear shifting state 𝑢 = [𝑢
𝑔
]
𝑇.

3. Optimizing Gear Shifting Strategy by
Dynamic Programming

Mining truck is different from passenger car in several
aspects, such as driving condition. The trajectory of off-road
vehicle is usually fixed from mining area to intermediate of
transport. This route can be divided into small steps and the
distance of each part is equal to 𝑝

𝑘
. The gear number for the

next step is decided by dynamic programming algorithm to
minimize cost function for the next step. Following the same
way, the gear shifting strategy will be acquired for the whole
route.

3.1. Constraints of State. The roads of mining truck may
decline sharply which results in the actual speed just achiev-
ing 80%of themaximumspeed.The speed should be less than
the maximum speed of current gear (V

𝑔,max) and larger than
theminimum speed of current gear (V

𝑔,min) [18]. For different
gear, the range of speed is shown as follows:

0 < Vmin ≤ V (𝑔) ≤ 0.8Vmax, 0 < V
𝑔,min ≤ V (𝑔) ≤ V

𝑔,max.

(10)

There are five gears for the automatic transmission
equipping in mining truck, and the gear number should
be continuously assuming no gear skipping. Therefore, gear
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number needs to satisfy the following constraints, when the
current gear is 𝑔

𝑘
and the next gear is 𝑔

𝑘+1
. Consider

𝑔
𝑘+1

∈

{
{

{
{

{

(1, 2) , if 𝑔
𝑘
= 1,

(4, 5) , if 𝑔
𝑘
= 5,

(𝑔
𝑘
, 𝑔
𝑘+1

, 𝑔
𝑘+2

) , otherwise.
(11)

Because of the fuel consumption calculated by real engine
speed and torque, there are no other constraints.

3.2. Constraints of Control. The transmission control unit
(TCU) sends gear shifting signals to transmission. The range
of control policy also needs to be considered with the
current gear number. When the gear is the highest gear, it is
impossible to upshift any more. While the gear is the lowest
gear, it cannot continue to downshift. Otherwise, the control
policy can be any plausible value of −1, 0, and 1. Consider

𝑢
𝑔,𝑘

∈

{
{

{
{

{

(0, 1) , if 𝑔
𝑘
= 1,

(−1, 0) , if 𝑔
𝑘
= 5,

(−1, 0, 1) , otherwise.
(12)

3.3. Objective Function. Considering fuel consumption with
ignoring trip time, a truck will have a powerful performance.
Therefore, the objective function included not only fuel
consumption costing on a known route but also trip time.
Moreover, penalty coefficients in the cost function are used
to adjust a trade-off between powerful and economical per-
formances of vehicle. The cost function taking into account
both trip time and fuel consumption is shown as follows:

𝐽 = 𝜉
𝑘
(𝑥
𝑘
, 𝑢
𝑘
) =

𝑁−1

∑

𝑘=0

𝛼 ⋅ 𝑚
𝑓,𝑘
(𝑥
𝑘
) +

𝑁−1

∑

𝑘=0

𝛽 ⋅ 𝑡
𝑘
(𝑥
𝑘
) ,

𝑘 = 0, 1, 2, . . . , 𝑁 − 1,

(13)

where 𝛼 and 𝛽 are the penalty coefficients for fuel consump-
tion and trip time, respectively, and𝑁 is the number of steps
dividing the whole journey.

3.4. Application of the Dynamic Programming Algorithm.
For a given system, dynamic programming can be used to
find the optimal control input that minimizes a chosen cost
function. However, all dynamic programming algorithms are
based on decision processes. It means that a dynamic system
with continuous inputs and states has to be approximated
by a discrete-value system. There are several issues need to
be considered for implementing the algorithm, including
grid selection, interpolation, and assuming parameters of
algorithm. For dynamic programming approach, the control
variable needs to be discrete firstly. Plausible values of gear
control 𝑢 = [𝑢

𝑔
]
𝑇 are given by the constraint of gear number.

For system state𝑥 = [V, 𝑔
𝑘
]
𝑇 in stage 𝑘, all plausible next states

can be described by (14). When the state is shown as follows,

Table 3: Parameters for dynamic programming.

Parameter Explanation Value
𝑝
𝑘

Step length 5m
𝑁 Number of step 20
𝑝
𝑘
⋅ 𝑁 Distance 100m

𝛼 Coefficient of economical performance 1 or 0
𝛽 Coefficient of powerful performance 1 or 0

the cost-to-go function is written as (15), where 𝑥𝑛
𝑘+1

are state
vectors at stage 𝑘 + 1. Consider

𝑥
𝑘+1

= [

V
𝑘+1

𝑔
𝑘+1

] = [

V
𝑘

𝑔
𝑘

] + [

0

1
] ⋅ [𝑢
𝑔
] +

[

[

𝑑V
𝑑𝑠

0

]

]

⋅ [𝑑𝑠] , (14)

𝐽
𝑘+1

(𝑥
𝑘+1

) =

𝑚+1

∑

𝑛=𝑚

𝜓
𝑛
𝐽 (𝑥
𝑛

𝑘+1
) . (15)

Based on the cost-to-go function and state values,
the algorithm is illustrated as the following procedures of
dynamic programming [19]:

(i) find the 𝐽
𝑁
(𝑓(𝑥, 𝑢)) = min{𝐽(𝑥𝑛

𝑘+1
)};

(ii) let 𝑘 = 𝑁 − 1;
(iii) let 𝐽

𝑘
(𝑓(𝑥, 𝑢)) = min

𝑢∈𝑈
{𝜉
𝑘
(𝑥, 𝑢) + 𝐽

𝑘+1
(𝑓(𝑥, 𝑢))};

(iv) repeat the last step for 𝑘 = 𝑁 − 𝑎, 𝑎 = 2, 3, . . . , 𝑁;
(v) the minimum cost based on the optimal control is 𝐽

0
,

where the controls are coming from the initial state.

To find the optimal gear shifting schedule for making
mining truck powerful and economical, (13) is used as the
cost function with considering constraints of states and
controls. The states are discrete into a matrix whose size is
9×5. Because velocity is continuous and valuable, the interval
of discretization is assumed to be 5 km/h. Allowable controls
are applied in every step, and the optimal control is recorded
in every step, which makes cost become the minimum one.
Repeating mentioned process, the minimum cost will be
found when the step goes to the first step. It means that
the controls are the best gear shifting strategy combining
powerful and economical performance for mining truck.The
parameters of approach are presented in Table 3.

4. Discussion

Theproblemoptimizing gear shifting strategy tomake vehicle
performance powerful and economical will be transferred to
a general problem that is searching an array control policy
to minimize the cost function with specific constraints. In
this section, the results are described with adjusting different
step lengths, initial states, and coefficients of powerful and
economical performance. How those mentioned parameters
influence results is conducted in this section.

4.1. Optimizing Gear Shifting Strategy in Different Step
Lengths. Assume the route ahead of mining truck is 100m
straight without any slope. The powerful coefficient is set to
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Figure 3: The performance of vehicle in different step lengths.

be 1 while economical coefficient is set to be 0. It means
that the objective function just considered trip time and
the optimal results are the powerful gear shifting strategy.
The simulations in same initial state (10 km/h, 2nd gear)
are conducted with different step lengths, such as 10m, 5m,
and 1m. Comparing the results in different step lengths, the
optimal gear shifting strategy based on minimizing trip time
can be seen in Figure 3.

The final states of different step lengths are almost the
same, while the trip time of those conditions almost spends
the same time: 11.48 s for 10m/step, 11.41 s for 5m/step, and
11.21 s for 1m/step. The moments achieving the fifth gear for
different conditions are different. For step length of 10m,
the gear increases by the fifth gear after the vehicle runs to
50m, while the distances are 40m and 37m for 5m/step
and 1m/step, respectively. Therefore, the optimal control is
influenced by step length in the same horizon. However, step
length is not as small as possible for a numerical approach.

The smaller step length is applied, the more times iteration is
used. It results in increasing the computational complexity.
For actual problem, the step length should consider the
response performance of vehicle system. If the frequency of
gear shifting exceeds the intrinsic system value, it deteriorates
the comfort performance and components abrasion. As can
be seen from Figure 3, the results of 5m/step state the
main performance index of vehicle gear shifting without
calculation burden and this length is adapted in the following
work.

The computational complexity is determined by the
dimensions and the number of quantization levels used for
the state and control spaces. The step length determines the
minimum interval for gear shifting [20]. In different step
lengths, the required computation time becomes

𝑇 = 𝑧𝑁𝑁
𝑥
𝑁
𝑢
, (16)
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where 𝑧 is a constant and 𝑁
𝑥
and 𝑁

𝑢
are the total number

of state grid points and discrete controls, respectively. The
constant is mainly dependent on the capacity and speed of
the available computer hardware.

4.2. The Relationship between Fuel Consumption and Trip
Time. The best shifting schedule is to take the lowest fuel
consumption and the shortest trip time in the same time.
However, there is a coupling relationship between trip time
and fuel consumption. According to the conservation of
energy, it takes more fuel consumption to obtain more power
when the trip time is too short, but when we need to save
the fuel, the trip time should be increased to produce the
same amount of power. Therefore, how much of the fuel
consumption increases when reducing the trip time is the key
to choose which kind of shifting schedule for this system.

To solve this problem, the trip time is changed to become
a constraint by modifying the previous model of dynamic
programming. The result shows that the optimized shifting
schedule balances the power and the economy. Using the
10 km/h at the first gear as the initial state, the results are
showed in Figure 4. The quantitative relationship between
trip time and fuel consumption is set up, which has been
improved and is acceptable. In Figure 4 the left figure shows
the results in 100m straight road, and right one states the
results in 100m uphill road with a 2.5 (rad) slope.

Choosing four kinds of states as initial states, the model
is conducted in straight road and uphill road, respectively.
As showed in Figure 4, when initial state is 35 km/h at the
fourth gear, the results are in the area of high speed with low

Table 4: Main parameters on convex road.

Specific strategy Trip time/s Fuel
consumption/L

Economical gear shifting
strategy 62.15 0.7522

Powerful gear shifting
strategy 53.23 0.7527

fuel consumption, which indicates that the result of powerful
shifting schedule is the same as that economical shifting
schedule. The gear shifting schedule by using the dynamic
programming is beneficial for finding optimal strategy with
fixed real road profile.

4.3. Comparison of Performances in Different Road Profiles

4.3.1. For Convex Road Surface. Examples of convex road
are seen in Figure 5, which is 340m. It gives the variation
of trip time, fuel consumption, velocity, and gear versus
the displacement. The blue stars represent the gear shifting
schedule for minimizing fuel consumption. Gear increases to
the fourth gear before 100m while gear in optimizing trip
time case keeps on low gear at that moment. The reason is
that vehicle at low gear is easy to achieve high acceleration.
The trip time taking by minimizing fuel consumption case is
longer than another case, and velocity has achieved the same
value at the end of route.

The specific value of trip time and fuel consumption is
shown in Table 4, where the data in the row of economical
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Figure 5: Vehicle performances on convex road.

gear shifting strategy means the results by minimizing fuel
consumption. Simulations on 340m convex route show that
the trip time for amining truck was reduced by 14.3%with an
insignificant change in trip time with powerful gear shifting
strategy. Although there are few differences for trip time and
fuel consumption, it will become a large value when route
extends to hundreds of miles.

4.3.2. For Concave Road Surface. In Figure 6 an example
of concave road is shown. Simulations on the entire rote
are made with varying horizon lengths. The gear shifting
strategies in different cost functions have similar trends
before 300m, while gear is decreased from fifth to third gear
at the end of route when minimizing trip time. It leads to the
fact that the velocity for optimizing fuel consumption is less
than the velocity in another case. To see results clearly, the
specific values were shown in Table 5.

Based on all of the results, the gear shifting strategy
with different cost functions has correct response for the
minimized parameter, and it validates that the algorithm of
dynamic programming is reasonable. It can be applied for the

Table 5: Main parameters on concave road.

Specific strategy Trip time/s Fuel
consumption/L

Economical gear shifting
strategy 30.56 0.3883

Powerful gear shifting
strategy 29.58 0.3998

real road profile for looking for the economical gear shifting
strategy and powerful gear shifting strategy.

5. Conclusion

The paper established a shifting schedule based on the
dynamic programming (DP) theory for off-road vehicle, with
making fuel consumption and trip time as the objective
function and gear changing as the controlling variable. Com-
paring and selecting the appropriate step length, it ensures the
simulation to be accurate and efficient.
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Figure 6: Vehicle performances on concave road.

Adjusting the penalty coefficients in the objective func-
tion is to optimize the powerful and economical strategy.
The trip time is considered to be a constraint when making
economical shifting strategy that balances the power and
economy formining truck. For the actual condition, the pow-
erful shifting schedule has contributed to get the relationship
between increment of the fuel consumption and decrement
of the trip time. For the future work, the road profile should
be alerted to the actual road with sorted of conditions and
desired velocity penalty function can be added into objective
function. Based on real road profile, the optimization will
be conducted for minimizing fuel consumption for mining
truck by using this method. The optimal control strategy
derived from dynamic programming can be applied to the
transmission control unit for saving fuel and time.
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During real-life disasters, that is, earthquakes, floods, terrorist attacks, and other unexpected events, emergency evacuation and
rescue are two primary operations that can save the lives and property of the affected population. It is unavoidable that evacuation
flow and rescue flowwill conflict with each other on the same spatial road network and within the same time window.Therefore, we
propose a novel generalized minimum cost flow model to optimize the distribution pattern of these two types of flow on the same
network by introducing the conflict cost. The travel time on each link is assumed to be subject to a bureau of public road (BPR)
function rather than a fixed cost. Additionally, we integrate contraflow operations into this model to redesign the network shared by
those two types of flow.Anonconvexmixed-integer nonlinear programmingmodelwith bilinear, fractional, andpower components
is constructed, and GAMS/BARON is used to solve this programming model. A case study is conducted in the downtown area of
Harbin city in China to verify the efficiency of proposed model, and several helpful findings and managerial insights are also
presented.

1. Introduction

Unfortunately, real-life situations such as floods, hurricanes,
chemical accidents, nuclear accidents, terrorist attacks, and
other events may occur and threaten the lives and the health
of human beings [1]. Evacuation and emergency rescue are
twomajor activities in disaster response. Evacuation involves
relocating the threatened populations to safer areas (i.e.,
shelters) as soon as possible, whereas emergency rescue
operations aim to dispatch various special vehicles (i.e., police
cars, fire trucks, ambulances, etc.) to save lives, mitigate
emergency situations, or conduct other special operations.
These two types of flow will inevitably conflict with each
other during the emergency response phase because they
share the same spatial road network during the same time
window. Usually, emergency vehicles have a higher priority
to obtain the right-of-way when they share the same link
or intersection with evacuation vehicles. Evacuation vehicles
and other public vehicles must be stopped to reduce response
times and enhance traffic safety when a rescue vehicle
approaches. As many researchers have claimed, when evac-
uation is implemented, the evacuation traffic demand will

surge into the capacitated road network over a short period of
time and consequently may cause significant transportation
problems. Traffic delays during evacuation may range from
inconvenient to catastrophic. Clearly, traffic delays will fur-
ther be aggravated if evacuation flow and rescue flow conflict
with each other in the same spatial and temporal space,
especially when evacuation vehicles on the roadmay be often
required to yield the right-of-way to rescue vehicles that use
their warning devices. Therefore, emergency managers face a
serious and difficult problem, namely, how to establish collab-
oration between evacuation flow and rescue flow in a shared
and capacitated road network to mitigate negative influence
due to conflicts. An obvious solution is to completely separate
these two types of flow using selected management policies,
such as setting up special emergency lanes for rescue vehicles
to pass. The major drawback of this effort may be that the
network capacity will not be fully explored because mixing of
two flows is absolutely excluded. Thus, emergency managers
must not only reduce conflict between two flows but also
waste as little network capacity as possible.

The other issue commonly faced by emergency managers
is how to implement contraflow design (also referred to
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as lane reversal operations) during emergency response to
fully explore the capacity of the current network. Contraflow
design commonly refers to the shift of the normal driving
directions of a subset or all danger-bound lanes for use by
safety-bound evacuation traffic. Such control is based on
the observation that danger-bound traffic is usually light,
whereas evacuation traffic always oversaturates the safety-
bound capacity. In nature, contraflow design constitutes a
network redesign problem. If evacuation flow and rescue
flow exist together in the same network, we can reshape the
network to better serve these two flows.

Based on the previous discussion, this paper aims to
present a generalized minimum cost flow model for collab-
oration between evacuation flow and rescue flow that also
accounts for optimal contraflow design in a complex road
network.

The paper is organized as follows. We first review related
prior work, and the subsequent section presents the model
formulation.The Baron solver is used to solve the nonconvex
mixed-integer nonlinear programming model, and a local
network in downtown Harbin City, Heilongjiang, China, is
adopted to implement the case study. The paper concludes
with a discussion of the results and areas for further research.

2. Literature Review

Over the past several decades, a wide range of network flow
models has been introduced to describe different versions of
routing and evacuation problems. The maximum dynamic
flow problem introduced by Ford and Fulkerson [2] can be
easily interpreted in the evacuation context as the evacuation
of as many people as possible from a danger zone (source
node) into a safe zone (sink node). The earliest arrival
flow problem presented by Gale [3] is an extension of
the maximum dynamic flow problem. The earliest arrival
flow translated into the evacuation context means that the
maximal amount of evacuees enters the safe area in each time
period. To represent the evolution of a building evacuation
process over time, Chalmet et al. [4] constructed a dynamic
network flow model by expanding the network into a time-
space network. The objective is to minimize the time until
the last evacuee exits, which is known as the quickest flow
problem. Following the same line of inquiry, Hamacher and
Tufekci [5] extended the quickest flow problem to take into
account different priority levels for different components of
the evacuation network. Choi et al. [6] formulated three
dynamic network flow problems for building evacuation
(i.e., maximum flow, minimum cost, and the quickest flow
problems) and introduced additional constraints to define
link capacity as a function of the incoming flow rate. By
formulating evacuation routing as a minimum cost flow
problem, Dunn and Newton [7] proposed two algorithms
for finding the set of path flows that minimize the total
travel distance through a capacity-constrained network. Cova
and Johnson [8] proposed the concept of lane-based routing
to reduce intersection delays by temporarily transforming
intersections into uninterrupted flow facilities using proper
turning restrictions. As an extension of the minimal cost

flow problem, the model minimizes the total travel distance
while preventing flow conflicts and restricting merge points
at intersections. Miller-Hooks and Patterson [9] proposed
the time-dependent quickest flow problem in time-varying
capacitated evacuation networks in which link travel times
and capacities vary with time. Network flow is modeled
with flow conservation constraints at each node as well
as link capacity constraints. As an extension of the time-
dependent quickest flow problem, Opasanon [10] addressed
the stochastic nature of the evacuation network for a large
building and formulated two network flow problems to
generate the optimal path flows. The minimal cost problem
seeks to minimize the total travel time if both link capacities
and travel time are random variables with time-varying
probability mass functions. In contrast, the safest escape
problem aims to maximize the minimum path probability
of successful arrivals at destinations on a network with a
deterministic travel time and stochastic time-varying link
capacities. Recently, Bretschneider and Kimms [1] presented
a basic mathematical model for evacuation problems based
on time-expanded network flow model that minimizes the
evacuation time and prohibits conflicts within intersections.

Besides using network flow model to produce origin-
destination routes and schedules of evacuees on each route,
traffic assignment-simulation approaches are also employed
to model evacuation problems. These approaches often use
static/dynamic, deterministic/stochastic traffic assignment
models to get evacuation flow pattern on road network
(e.g., [11, 12]) and then use traffic simulation tools, such as
DYNASMART [13] and DynaMIT [14], to conduct stochastic
simulation of traffic movements based on origin-destination
traffic demands and use queuingmethods to account for road
capacity constraints. However, it may take a long time to
complete the simulation process for a large transportation
network.

Lane reversal, which is also known as a contraflow lane,
is another common topic during evacuation modeling. The
effectiveness, feasibility, and safety issues of implementing
lane reversal have been extensively discussed in, for example,
MacDorman [15], Glickman [16], Hemphill and Surti [17],
and Caudill and Kuo [18]. In evacuation cases, it has been
suggested that the traffic direction of the inbound lanes of
eligible roadway segments may be reversed in the case of
an overwhelming flow of outbound traffic to increase the
outbound capacity. Since the late 1990s, lane reversal has
been widely used for hurricane evacuations in the states of
the U.S. located on the Atlantic and Gulf Coasts [19]. The
results from both evacuation practices [19, 20] and numerical
studies [21–24] show that lane reversal has great potential to
enhance evacuation performance and reduce traffic delays. It
is worth noting that Xie and Turnquist [25] presented a lane-
based evacuation bilevel programming model that integrates
lane reversal and crossing elimination strategies in which
network redesign and evacuation flowmodeling are perfectly
integrated. However, this research only aims to minimize the
total evacuation time without considering that there may be
multiple emergency flows that conflict with each other.

In summary, prior studies primarily formulate the evac-
uation networks in terms of facilities with limited capacity
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in which traffic can travel through links with known travel
times if they do not exceed the link capacity. These problems
typically involve two types of network flow constraints,
namely, flow conservation constraints at every node and
capacity constraints for each link. However, certain traffic
phenomena, for example, congestion-caused delays, are not
captured in such models. Additionally, evacuation flow does
not independently move during the emergency response
phase and usually coincides with emergency rescue flow in
the same spatial and temporal framework. Ensuring that all
flows collaborate together could be a more practical step
for the emergency management field. Few researches have
been conducted to investigate multiple flow conflict during
evacuation flow modeling and integrating contraflow lane
design together, except the research presented by Xie and
Turnquist [26], which integrated reversing lanes, eliminating
intersection crossings, and reserving lanes for use by emer-
gency vehicles together into one model. Although reserving
a specific lane for emergency vehicles’ exclusive use would
improve the rescue efficiency, it may cause some extent of
waste of road capacity, since the reserving lanes cannot be
used for evacuation even though rescue flow is relatively low.
In our research, instead of separating evacuation flow and
rescue flow absolutely, we define conflict cost to account for
the result of two flows mixing, which can be regarded as a
general extension of Xie and Turnquist research [26].

3. Model Formulation

In this section, we model multiple emergency flow routing
(MEFR). It is assumed that, in a specified emergency scenario,
evacuation and rescue operations are both necessary, and
contraflow design also can be implemented to explore further
capacity of original road network in an emergency area. The
emergency manager seeks to maximize the efficiency of the
emergency response. The mathematical notation used in our
models is introduced in Notation summary.

Before developing themodel formulation, we first present
selected illustrations of road network representation. In a
specified emergency response network, several evacuation
origins and destinations may exist as well as several res-
cue origins and destinations. The original network can be
augmented with “virtual links” leading from each real-
world origin/destination point to one common virtual ori-
gin/destination point [27]. All these virtual links are assumed
to have infinite capacity and zero cost (i.e., zero travel time)
so as not to influence the flow routing.

The MEFR problem described in this section is based
on the minimum cost flow problem [28]. The min-cost flow
problem occupies a central position among the network
optimization models because it encompasses a broad class
of applications [29]. The objective is to minimize the cost of
transporting all supply (source nodes) to meet all demand
(destination nodes) in a capacitated network. The MEFR
model is an extension of min-cost flow problem. The objec-
tive of MEFR is to minimize the four components of the
cost, that is, evacuation-flow time cost, rescue-flow time cost,
conflict cost, and lane reversal cost.

During emergency operations, evacuation flow and res-
cue flow may conflict with each other, and we define this
conflict as follows.

Conflicting Flows. If evacuation flow and emergency flow
coexist on a same road link, they are treated as conflicting
flows.

The inspiration for this definition originates from events
that often occur during emergency response. If a rescue flow
mixes with the evacuation flow, significant traffic delay may
result. For example, if an emergency vehicle is required to
rapidly pass through a link, evacuation flow on that linkmust
be stopped or slowed to avoid conflict. It is usually true that
rescue flow has a higher level of priority than evacuation
flow, whereas evacuation flow possesses a relatively higher
demand. It can be observed that this type of conflict (two
types of flow coexisting on the same links) can cause large
traffic delays or even serious disorder. The resulting cost due
to emergency flow conflict should be proportional to the size
of the coexisting evacuation and rescue flow on a specified
link (𝑖, 𝑗) ∈ 𝐴, which is presented as follows:

𝐻 = 𝜃 ∑

(𝑖,𝑗)∈𝐴

𝑥
𝑖𝑗
𝑦
𝑖𝑗
, (1)

where𝐻 is the total conflict cost resulting from two types of
flow. For special cases, when 𝑥

𝑖𝑗
= 0 (that is no evacuation

flow on link (𝑖, 𝑗)) or 𝑦
𝑖𝑗
= 0 (that is no rescue flow on link

(𝑖, 𝑗)), the conflict cost on link (𝑖, 𝑗) will be zero.
There are also two components of time cost during

emergency response: the time cost of evacuation flow and the
time cost of rescue flow, which are determined by formulas
(2):

𝐸 = 𝜆
1
∑

(𝑖,𝑗)∈𝐴

𝑡
𝑖𝑗
𝑥
𝑖𝑗
,

𝑃 = 𝜆
2
∑

(𝑖,𝑗)∈𝐴

𝑡
𝑖𝑗
𝑦
𝑖𝑗
,

(2)

where 𝐸 is the total evacuation time cost and 𝑃 is the total
rescue time cost. In a classical min-cost flow problem, the
travel times of the links are assumed to be constant, but,
for road transportation problems, this assumption should be
relaxed because the travel speed of the link will decrease
together with the increase in link traffic flow. To account for
this traffic phenomenon, we introduce the BPR function [30]
to describe the link travel time.

The final component of cost is the lane reversal cost. It
should be noted that during contraflow lane design, two links
are required for use in operations, one for each direction.
These two links are referred to as a “pair” of links, and oper-
ators will not reverse them concurrently [31]. Normally, each
road will contain two links serving two different directions,
and, naturally, they will be considered as paired links. If a
given road is one way (i.e., only one link), we can imagine
that there is also a virtual link serving the opposite direction
with zero capacity, and these consequentlywill becomepaired
links. Contraflow lane operations can also incur costs because
human resources and certain essential devices are needed to
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manage the contraflow lane to avoid confusing drivers. This
cost should be proportional to the number of reversal lanes
and is described as follows:

𝑀 =

𝛿∑
(𝑖,𝑗)∈𝐴






NL
𝑖𝑗
− 𝛾
𝑖𝑗







2

,
(3)

where𝑀 is the total line reversal cost and 𝛿|NL
𝑖𝑗
− 𝛾
𝑖𝑗
| is the

lane reversal cost shared by link (𝑖, 𝑗) and its pair link (𝑗, 𝑖).
Based on the discussion of the four components of emer-

gency cost, a programmingmodel is presented to describe the
MEFR problem by extending theminimal cost flow as follows
(MEFR):

min
𝑥,𝑦,𝛾

𝑧 = 𝜆
1
∑

(𝑖,𝑗)∈𝐴

𝑡
𝑖𝑗
𝑥
𝑖𝑗
+ 𝜆
2
∑

(𝑖,𝑗)∈𝐴

𝑡
𝑖𝑗
𝑦
𝑖𝑗
+ 𝜃 ∑

(𝑖,𝑗)∈𝐴

𝑥
𝑖𝑗
𝑦
𝑖𝑗

+

𝛿∑
(𝑖,𝑗)∈𝐴
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𝑖𝑗
− 𝛾
𝑖𝑗







2

(4)

s.t.

∑

𝑗∈𝜉(𝑖)

𝑥
𝑖𝑗
− ∑

𝑘∈𝜁(𝑖)

𝑥
𝑘𝑖
= 𝑚
𝑖
, ∀𝑖 ∈ 𝑉 (5)

∑

𝑗∈𝜉(𝑖)

𝑦
𝑖𝑗
− ∑

𝑘∈𝜁(𝑖)

𝑦
𝑘𝑖
= 𝑛
𝑖
, ∀𝑖 ∈ 𝑉 (6)

𝑚
𝑖
=

{
{

{
{

{

+𝑑
1
, if 𝑖 is the virtual evacuation origin node

0, if 𝑖 is an intermediate transfer node
−𝑑
1
, if 𝑖 is the virtual evacuation sink node

(7)

𝑛
𝑖
=

{
{

{
{

{

+𝑑
2
, if 𝑖 is the virtual rescue origin node

0, if 𝑖 is an intermediate transfer node
−𝑑
2
, if 𝑖 is the virtual rescue sink node

(8)

𝛾
𝑖𝑗
+ 𝛾
𝑗𝑖
= NL
𝑖𝑗
+NL
𝑗𝑖
, ∀ (𝑖, 𝑗) , (𝑗, 𝑖) ∈ 𝐴 (9)

𝑥
𝑖𝑗
+ 𝑦
𝑖𝑗
≤ 𝜇
𝑖𝑗
, ∀ (𝑖, 𝑗) ∈ 𝐴 (10)

𝑡
𝑖𝑗
= 𝑡
0

𝑖𝑗
×
[

[

1 + 𝛼(

𝑥
𝑖𝑗
+ 𝑦
𝑖𝑗

𝜇
𝑖𝑗

)

𝛽

]

]

(11)

𝜇
𝑖𝑗
=

(𝛾
𝑖𝑗
× 𝜇
𝑖𝑗
)

NL
𝑖𝑗

(12)

𝑥
𝑖𝑗
= 𝑆
𝑒,𝑜

𝑗
, 𝑖 = 𝑂

∗

𝑒
, ∀𝑗 ∈ 𝑂

𝑒 (13)

𝑥
𝑖𝑗
= 𝑅
𝑒,𝑑

𝑗
, 𝑖 = 𝐷

∗

𝑒
, ∀𝑗 ∈ 𝐷

𝑒
(14)

𝑦
𝑖𝑗
= 𝑆
𝑟,𝑜

𝑗
, 𝑖 = 𝑂

∗

𝑟
, ∀𝑗 ∈ 𝑂

𝑟 (15)

𝑦
𝑖𝑗
= 𝑅
𝑟,𝑑

𝑗
, 𝑖 = 𝐷

∗

𝑟
, ∀𝑗 ∈ 𝐷

𝑟
(16)

𝑥
𝑖𝑗
≥ 0, 𝑦

𝑖𝑗
≥ 0; ∀ (𝑖, 𝑗) ∈ 𝐴 (17)

𝛾
𝑖𝑗
∈ Integer; ∀ (𝑖, 𝑗) ∈ 𝐴. (18)

Figure 1: Road network for the case study.

In MEFR, 𝑥
𝑖𝑗
, 𝑦
𝑖𝑗
, and 𝛾

𝑖𝑗
for each (𝑖, 𝑗) ∈ 𝐴 are decision

variables. The objective of (1) is to minimize the total cost
composed of the four components of cost in which 𝑡

𝑖𝑗
is

defined in Constraint (11). Constraint (5) is the evacuation
flow conservation at each node, and Constraint (6) is the res-
cue flow conservation at each node in which 𝑚

𝑖
(evacuation

flow at node 𝑖) and 𝑛
𝑖
(rescue flow at node 𝑖) are defined by

Constraints (7) and (8). Constraint (9) guarantees that the
summation of the lane numbers of two arbitrary “paired”
links after contraflow design is equal to the summation
of lane numbers before contraflow design. Constraint (10)
illustrates that the summation of two flows on each link is
always not greater than the link capacity after contraflow
design in which 𝜇

𝑖𝑗
is defined by Constraint (12). Constraints

(13)–(16) define the flow of virtual links to guarantee that
each evacuation/rescue origin can send a specified amount
of flow, and each evacuation/rescue destination can receive
a specified amount of flow. Constraint (17) states that the
evacuation flow and rescue flow on each link are nonnegative.
Constraint (18) means that the number of lanes on each link
after the contraflow design must be an integer.

The MEFR is relatively difficult to solve because it is a
nonconvex mixed-integer nonlinear programming (noncon-
vexMINLP) model with bilinear, fractional, and power com-
ponents. The MINLP problems are difficult to solve because
they combine all the difficulties of both of their subclasses:
the combinatorial nature of mixed-integer programs (MIP)
and the difficulty of solving nonconvex (and even convex)
nonlinear programs (NLP). Because subclassesMIP andNLP
are among the class of theoretically difficult problems (NP-
complete), it is not surprising that solving the MINLP can
be a challenging and daring venture [32]. In this paper, the
branch-and-reduce optimization navigator (BARON), that is,
a GAMS solver for the global solution of nonlinear (NLP) and
mixed-integer nonlinear programs (MINLP), is used to solve
the MEFR model.

4. Case Study

This section presents a case study of the MEFR model.
The study area consists of the downtown area of Nangang
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Figure 2: Network representation with virtual nodes and links.

District, Harbin City, China, which contains 27 intersections
and 86 links (see Figure 1). This area includes a large-scale
comprehensive international exhibition and sports center,
the Heilongjiang Province TV Station, Wanda Plaza (the
city’s comprehensive business center), large movie centers,
shopping malls, hotels, hospitals, and many residential areas.
Additionally, the density of roads is quite large in this area,
including manymain roads.The area is capable of generating
many thousands of vehicle trips during a daytime evacuation
and is therefore suitable for testing our model.

As stated in Section 3, we must transform the real-world
road network into an arc-node network that integrates the
virtual evacuation/rescue origin and the evacuation/rescue
destination (see Figure 2). In Figure 2, the nodes shown in red
(i.e., 12, 13, 14, 17, 18, and 19) are the hypothetical real-world
evacuation/rescue origins, whereas the green nodes are the
hypothetical real-world evacuation/rescue destinations (i.e.,
1, 4, 24, and 27). In addition, the virtual origin node (i.e., 28)
and the virtual destination node (i.e., 29) are introduced to
generate and receive evacuation/rescue flows. All roads are
bidirectional, and two links are paired for potential use in
contraflow operations. The link IDs are depicted in Figure 2,
and the characteristics of each link are presented in Table 1.

The evacuation flow demand and rescue flow demand
in this hypothetical emergency scenario are presented in

Table 2 in which a positive number indicates origin flow and
a negative number denotes sink flow.

We conducted four groups of experiments to test our
model. In the first two groups, contraflow lane design and
flow conflict are not considered together, that is, only con-
traflow lane or flow conflict is investigated independently in
our model, whereas these flows are combined together in the
other two groups.We aim to explore how the variations of the
unit cost of lane reversal operations and flow conflict affect
the four components of cost and total cost.

Group 1. In this group of tests, we do not consider flow con-
flict, which means that we do not emphasize the separation
of evacuation flow and rescue flow.We aim to investigate how
the unit cost of lane reversal operations affects the evacuation
cost, rescue cost, lane reversal cost, and total cost. We define
the values of the parameters as follows. The unit evacuation
cost 𝜆

1
= 1, the unit rescue cost 𝜆

2
= 3, and the unit lane

reversal cost 𝛿 increases 200 times from 0.1 in step sizes of
0.4. The results are shown in Figure 3.

We observe that, after the unit lane reversal cost reaches
slightly more than 40, the lane reversal cost stabilizes at
zero, and the evacuation cost, rescue cost, and total cost also
stabilize at certain values. This result indicates that when the
lane reversal cost becomes too large (i.e., larger than 40), we
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Table 1: Characteristics of links.

Link ID Number of lanes 𝑡
0
(h) Capacity (pch/h) Link ID Number of lanes 𝑡

0
(h) Capacity (pch/h)

1 3 0.022 3503.04 44 3 0.009 3503.04
2 3 0.022 3503.04 45 3 0.009 3503.04
3 3 0.005 3503.04 46 3 0.009 3503.04
4 3 0.005 3503.04 47 3 0.018 3503.04
5 3 0.005 3503.04 48 3 0.018 3503.04
6 3 0.005 3503.04 49 3 0.005 3503.04
7 3 0.024 3503.04 50 3 0.005 3503.04
8 3 0.024 3503.04 51 3 0.005 3503.04
9 5 0.016 4723.2 52 3 0.005 3503.04
10 5 0.016 4723.2 53 3 0.005 3503.04
11 5 0.018 5038.08 54 3 0.005 3503.04
12 5 0.018 5038.08 55 2 0.009 2634.66
13 5 0.009 5038.08 56 2 0.009 2634.66
14 5 0.009 5038.08 57 2 0.009 2634.66
15 5 0.008 5038.08 58 2 0.009 2634.66
16 5 0.008 5038.08 59 3 0.005 3503.04
17 2 0.018 2634.66 60 3 0.005 3503.04
18 2 0.018 2634.66 61 3 0.005 3503.04
19 2 0.012 2634.66 62 3 0.005 3503.04
20 2 0.012 2634.66 63 3 0.011 3503.04
21 3 0.021 3721.98 64 3 0.011 3503.04
22 3 0.021 3721.98 65 3 0.008 3503.04
23 3 0.011 3503.04 66 3 0.008 3503.04
24 3 0.011 3503.04 67 3 0.006 3503.04
25 2 0.015 2634.66 68 3 0.006 3503.04
26 2 0.015 2634.66 69 3 0.013 3503.04
27 2 0.006 2634.66 70 3 0.013 3503.04
28 2 0.006 2634.66 71 2 0.009 2634.66
29 2 0.008 2634.66 72 2 0.009 2634.66
30 2 0.008 2634.66 73 2 0.01 2634.66
31 2 0.014 2634.66 74 2 0.01 2634.66
32 2 0.014 2634.66 75 2 0.009 2634.66
33 2 0.007 2634.66 76 2 0.009 2634.66
34 2 0.007 2634.66 77 2 0.017 2479.68
35 3 0.006 3503.04 78 2 0.017 2479.68
36 3 0.006 3503.04 79 2 0.02 2634.66
37 3 0.005 3503.04 80 2 0.02 2634.66
38 3 0.005 3503.04 81 3 0.017 3503.04
39 3 0.006 3503.04 82 3 0.017 3503.04
40 3 0.006 3503.04 83 2 0.009 2634.66
41 3 0.006 3503.04 84 2 0.009 2634.66
42 3 0.006 3503.04 85 2 0.009 2634.66
43 3 0.009 3503.04 86 2 0.009 2634.66

Table 2: Evacuation and rescue flow demand (Veh/h).

Origins Destinations
12 13 14 17 18 19 1 4 24 27

Evacuation flow 2500 2400 2200 2100 3400 3200 −3900 −6000 −3500 −2400
Rescue flow 1600 500 400 190 210 200 −600 −700 −900 −900
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Figure 3: Results from tests of Group 1.

cannot use contraflow operation to obtain benefits because
the reduction of the evacuation cost and rescue cost due
to lane reversal operations will not produce an increase of
the lane reversal cost. This finding is helpful for emergency
managers to control lane reversal costs to a certain extent and
obtain benefits from contraflow lane operations.

Group 2. In this group of tests, we do not consider contraflow
lane operations, which means that we cannot change the
network structure. We aim to investigate how the unit cost of
flow conflict affects the evacuation cost, rescue cost, conflict
cost, and total cost. The unit evacuation cost 𝜆

1
and unit

rescue cost 𝜆
2
take on the same values as in Group 1.The unit

flow conflict cost 𝜃 increases 200 times from 0 in step sizes of
0.000003. The results are shown in Figure 4.

In Figure 4, we observe the following three findings. (1)
We find several intervals in which the flow conflict cost
increases linearly while the evacuation cost and rescue cost
do not change.This result indicates that in these intervals, the
linear increase of 𝜃 does not further separate the evacuation
flow and rescue flow, and only the flow conflict cost increases

linearly. This phenomenon also can be verified by the “total
cost” curve in these intervals in which total cost linearly
increases due to the linear increase of the conflict cost and
the stabilization of the evacuation and rescue costs. (2)
Additionally, at the beginning stage of varying unit conflict
cost, an interesting phenomenon occurs in that the conflict
cost decreases and increases alternately. This result may
indicate that when the unit flow conflict cost 𝜃 increases,
the flow conflict cost also increases because evacuation flow
and rescue flow do not change routes. When 𝜃 increases to
a certain extent (we refer to this as a “critical point”), the
evacuation flow and rescue flow separate further, and the
flow conflict cost decreases. Until 𝜃 is increased to the next
critical point, the evacuation cost/rescue cost will remain
constant, and the flow conflict cost linearly increases. (3)
From the “conflict cost” and “total cost” curves, it can be
observed that after certain periods of disturbances of the flow
conflict cost and total cost, they increase linearly together.
This result may indicate that, at the current evacuation and
rescue demand, no matter how large 𝜃 becomes, we cannot
obtain a solution thatwill separate the two types of emergency
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flow completely. This observation also inspires us to use lane
reversal operations to improve this situation.

Group 3. In this group of tests, we consider contraflow lane
operation and flow conflict together. We aim to investigate
how the unit cost of flow conflict affects the evacuation cost,
rescue cost, conflict cost, contraflow lane operation cost, and
total cost.The unit evacuation cost 𝜆

1
and unit rescue cost 𝜆

2

take on the same values as in Group 1, whereas the unit lane
reversal cost 𝛿 is equal to 0.4. The unit flow conflict cost 𝜃
increases 41 times from 0 in step sizes of 0.000003.The results
are shown in Figure 5.

From the “evacuation and rescue cost” curve, we find that
the evacuation cost and rescue cost vary nearly symmetri-
cally. This result is true because, together with the increase in
𝜃, the two types of flow will be separated increasingly further,
and one of themwill be “pushed out” from the original routes
with less travel time to other routes with more travel time to
avoid conflict. This observation leads to the fact that if the
evacuation cost increases, the rescue cost will decrease and
vice versa. From the “conflict cost” curve, it can be observed

that the conflict cost stabilizes at zero after 𝜃 increases to a
certain extent.This phenomenon is rather interesting because
it is completely different than the result from Group 2 in
which the conflict cost does not stabilize but increases linearly
togetherwith the increase of 𝜃.This observation indicates that
the conflict between evacuation flow and rescue flow could be
fully avoided using network redesign.

Group 4. In this groupof tests, we consider the contraflow lane
operation and flow conflict together. We aim to investigate
how the unit cost of lane reversal affects the evacuation cost,
rescue cost, conflict cost, contraflow lane cost, and total cost.
The unit evacuation cost 𝜆

1
and unit rescue cost 𝜆

2
take on

the same values as in Group 1, whereas the unit conflict cost
𝜃 is equal to 0.000003. The unit lane reversal cost 𝛿 increases
41 times from 0.1 in step sizes of 0.4. The results are shown in
Figure 6.

From the “evacuation and rescue cost” curve, we find that
the evacuation cost and rescue cost vary nearly with the same
trend, which is quite different from the result in Group 3.This
observation is reasonable because in Group 3, the variation
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of 𝜃 will result in the separation of two flows such that the
corresponding costs will change in different directions, but
in Group 4, the increase and decrease of number of lane
reversals together with the increase of 𝛿 will change the costs
related to the two flows in the same direction. It also can
be observed that, after 𝛿 becomes slightly larger than 10,
the lane reversal cost stabilizes at zero, and the conflict cost,
evacuation cost, rescue cost, and total cost stabilize together.
The emergency manager can also use this finding to control
lane reversal unit cost tomaintain the efficiency of contraflow
operations.

Selected Managerial Discussions. In emergency management
practice, multiple emergency flows should be considered
together and collaborate together in the same temporal and
spatial framework. Identifying how best to utilize the current
road network and route the different types of flow under
emergencies in an efficient manner can be a challenging
problem.The critical question related to this situation is how
to determine the unit values of the four components of cost
because the different values that they take on can lead to obvi-
ously different decision. For example, if the decision-makers
emphasize no conflict between multiple flows, this means
that 𝜃 will be relatively large, the capacity of the links will
likely not be fully explored because various types of flow will
independently occupy certain links to avoid conflict among
them, and certain links may still contain much capacity. If 𝜃

takes on a relatively small value, which occurs if managers
do not pay much attention to conflict, this will lead to an
absolutely different routing plan and contraflow operation
strategy. Therefore, in practice, decision-makers should pay
careful attention to deciding on the values of various unit
costs to obtain a valuable and practical emergency solution.

Another interesting point is that the model presented in
this research can be used in emergency flow cooperation
scenarios but also can be used in other fields. A typical
example is the assumption that a pipe network will be used
for transportation ofmultiplematerials. Certainmaterials are
not allowed to conflict with each other or chemical reactivity
will occur and cause damage, whereas other materials are
allowed to conflict to a certain extent, but this will lead to
an additional cost for separating the materials. The problem
of how to decide on a plan to use the current pipe network
to transport these materials is quite similar to the problem
presented in this research.

5. Conclusions

This work studies a multiple emergency flow collaboration
and optimal contraflow design (MEFR) problem in an urban
highway network. A nonconvex mixed-integer nonlinear
programming model is developed to describe this prob-
lem, which integrates four components of emergency cost:
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evacuation time cost, rescue time cost, flow conflict cost,
and contraflow lane operation cost. Because this model is
relatively difficult to solve, we use the GAMS/BARON solver
to obtain solutions. Case studies in the downtown area of
Harbin City in China are conducted to illustrate how our
model operates. Various managerial insights are also drawn
from the results as follows: (i) decision-makers should pay
careful attention to determination of the values of various
unit costs because these decisions will lead to completely
different emergency strategies; (ii) decision-makers should
properly control the lane reversal cost to guarantee that the
operation of contraflow will produce a positive benefit; and
(iii) different values of unit conflict cost can be used to adjust
the separation level of multiple emergency flows.

In future work, an effective algorithm should be devel-
oped to solve the nonconvex MINLP model presented in
this research. The solution of this model is relatively time
consuming with an average cost of 15 minutes required to
solve the model with BARON. Certain heuristic algorithms
should be developed to achieve good balance between solu-
tion precision and solution efficiency.

Notation Summary

𝐺 = (𝐴,𝑉): A directed network with link set 𝐴 and
node set 𝑉

𝑂
∗

𝑒
: Virtual evacuation origin node

𝐷
∗

𝑒
: Virtual evacuation destination node

𝑂
𝑒
: Real-world evacuation origin node set;

𝐷
𝑒
: Real-world evacuation destination node set

𝑂
∗

𝑟
: Virtual rescue origin node

𝐷
∗

𝑟
: Virtual rescue destination node

𝑂
𝑟
: Real-world rescue origin node set

𝐷
𝑟
: Real-world rescue destination node set

𝑥
𝑖𝑗
: Evacuation flow on link (𝑖, 𝑗) ∈ 𝐴 (decision

variable)
𝑦
𝑖𝑗
: Rescue flow on link (𝑖, 𝑗) ∈ 𝐴 (decision

variable)
𝛾
𝑖𝑗
: Number of lanes of link (𝑖, 𝑗) ∈ 𝐴 after

optimal contraflow design (decision
variable)

NL
𝑖𝑗
: Number of lanes of link (𝑖, 𝑗) ∈ 𝐴 before

optimal contraflow design
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𝑡
0

𝑖𝑗
: The free flow travel time of link (𝑖, 𝑗) ∈ 𝐴

𝑡
𝑖𝑗
: Travel time of link (𝑖, 𝑗) ∈ 𝐴

𝜇
𝑖𝑗
: Capacity of link (𝑖, 𝑗) ∈ 𝐴 before optimal

contraflow design
𝜇
𝑖𝑗
: Capacity of link (𝑖, 𝑗) ∈ 𝐴 after optimal

contraflow design
𝜉(𝑖), 𝜁(𝑖): The downstream nodes set and upstream

nodes set of node 𝑖 ∈ 𝑉
𝑆
𝑒,𝑜

𝑗
: Sending flow demand of evacuation origin

node 𝑗 ∈ 𝑂
𝑒

𝑅
𝑒,𝑑

𝑗
: Receiving flow demand of evacuation

destination node 𝑗 ∈ 𝐷
𝑒

𝑆
𝑟,𝑂

𝑗
: Sending flow demand of rescue origin

node 𝑗 ∈ 𝑂
𝑟

𝑅
𝑟,𝑑

𝑗
: Receiving flow demand of rescue

destination node 𝑗 ∈ 𝐷
𝑟

𝜆
1
: Generalized cost of unit evacuation flow

travel time
𝜆
2
: Generalized cost of unit rescue flow travel

time
𝜃: Generalized cost of the conflict between

unit rescue flow and unit evacuation flow
𝛿: Generalized cost of the one lane reversal
𝑑
1
: Total evacuation demand flow; that is,

𝑑
1
= ∑
𝑗∈𝑂
𝑒

𝑆
𝑒,𝑜

𝑗
= ∑
𝑗∈𝐷
𝑒

𝑅
𝑒,𝑜

𝑗

𝑑
2
: Total rescue demand flow; that is,

𝑑
2
= ∑
𝑗∈𝑂
𝑟

𝑆
𝑟,𝑜

𝑗
= ∑
𝑗∈𝐷
𝑟

𝑅
𝑟,𝑜

𝑗

𝛼, 𝛽: Coefficients of the BPR function.
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Perishable products, which include medical and pharmaceutical items as well as food products, are quite common in commerce
and industries. Developing efficient network designs for storage and distribution of perishable products plays a prominent role in
the cost and quality of these products. This paper aims to investigate and analyze the impact of applying an integrated approach
for network design of perishable products. For this purpose, the problem has been formulated as a mixed integer nonlinear
mathematical model that integrates inventory control and facility location decisions. To solve the integrated model, a memetic
algorithm (MA) is developed in this study. For verification of the proposed algorithm, its results are compared with the results of
an adapted Lagrangian relaxation heuristic algorithm from the literature. Moreover, sensitivity analysis of the main parameters of
the model is conducted to compare the results of the integrated approach with a decoupled method. The results show that as the
products becomemore perishable, application of an integratedmethod becomesmore reasonable in comparisonwith the decoupled
one.

1. Introduction

Perishable products are very common in industries, com-
merce, and our daily life [1]. Major categories of perishable
products include food products, medicines, pharmaceutical
items, and many other plants and industrial goods. These
products are only usable during their lifetime; when their
lifetime is over, they must be discarded [2]. Nahmias [3] has
classified perishable products based on their lifetime into two
groups: (1) fixed-lifetime items that have a predetermined
expiry date and (2) random-lifetime items for which there is
no specified expiry date.

The most challenging nature of perishable products is
their limited lifetimes thatmust be considered when deciding
on the inventory control policies of these products [4–6].
However, traditional distribution network design models
considered that products can be stored indefinitely in the
stocking points (warehouses, distribution centers) of distri-
bution networks. In other words, lifetime is not taken into

account in previous distribution network design modeling
when deciding on inventory control policy of the network.
Recently, perishable inventory control has gained much
attention in distribution network design literature. Studies by
Leśniewski and Bartoszewicz [7], Su et al. [8], Drezner and
Scott [9], Firoozi et al. [10], and Coelho and Laporte [11] are
some recent researches in this area.

Distribution network design (DND) problem, which is
also known as supply chain network design, is one of themost
promising areas in logistics and supply chain management
[12, 13]. In a distribution network, items are produced at the
manufacturers and shipped to the warehouses and then to the
retailers to finally meet the customers’ demand. Distribution
network design plays a key role in the cost and quality of
every final product [14], and this role becomes more critical
when the products are perishable. There are a large number
of distribution networks in the real world dealing with
distribution and storage of perishable products [5, 6, 15, 16].
However, decisions to be made for designing a network are
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highly interrelated [17, 18]. An obvious instance of this fact
is the mutual effect of facility location and inventory control
decisions of a distribution network, so that any change in
facility location decisions, that is, the number and location
of facilities, may influence the transportation and replenish-
ment cost and, so, affects the optimal inventory policy. On
the other hand, inventory policy determines the frequency of
orders and, so, has some effects on the transportation cost.
Due to the mentioned interrelationship, a huge amount of
potential cost saving will be lost if relevant decisions are not
optimized simultaneously [19].

In spite of the reasons counted above, meaning (1) exis-
tence of large numbers of distribution networks dealing with
perishable products, (2) the difference between inventory
control modeling of perishable and nonperishable items, and
(3) the vast interrelation that exists between network design
decisions, still, most of the network design models suffer
from incorporation of perishable inventory control into other
decisions of a distribution network. The model, which is
developed in this study, therefore, aims to investigate the
potential benefits derived from the integration of facility loca-
tion and inventory control decisions of a distribution network
that is responsible for distribution of perishable products.
Hence, an integrated and a decoupled model are developed
for the network design in this study, where the integrated
model optimizes network design decisions simultaneously
and the decoupled method optimizes decisions sequentially.
Sensitivity analysis is conducted to show if the value of
integration could be affected by the lifetime of products.

2. Literature Review

A distribution network normally consists of suppliers, retail-
ers, and distribution centers (DCs) or warehouses. In order
to take the advantages of risk pooling, each DC receives
demands from several retailers and places order to the sup-
plier.The inventory is kept by theDCs tomeet the demands of
retailers.The objective of distribution network designmodels
is to determine the optimal number and location of DCs,
allocation of retailers to DCs, and the ordering cycle and
frequency of orders of DCs so that the total cost is minimized
[20].

Daskin et al. [21] introduced one of the most well-known
inventory-locationmodels known as the locationmodel with
risk pooling (LMRP). The model integrated inventory and
safety stock decisions with uncapacitated facility location
model (UFLP). A Lagrangian relaxation heuristic was devel-
oped to solve the model. It was assumed in this model that
the mean-to-variance ratios were identical for all retailers. In
addition to that, the model assumed an identical lead time
between supplier andDCs.TheLMRPmodelwas also studied
by Shen et al. [22], but using a set partitioning approach for
solving the model.

LMRP became the basis of many consecutive network
design models. Several capacitated versions of LMRP were
developed by Miranda and Garrido [23], Ozsen et al. [17],
andMiranda and Garrido [24]. Shen [25] extended LMRP by
considering multiple products for the model. Shu et al. [26]

removed the assumption of identical mean-to-variance ratio
for demands of retailers.

Sourirajan et al. [27, 28] developed the LMRP by remov-
ing the assumption of identical lead times between supplier
and distribution centers (DCs). Qi and Shen [29], Shavandi
and Bozorgi [30], and Atamtürk et al. [31] studied the effects
of uncertainty on network design decisions. Gebennini et al.
[32] developed a dynamic version of LMRP, and Melo et al.
[33] studied the redesigning of a distribution network.

Despite the existence of a large number of distribution
networks that are dealing with the distribution of perishable
products, integration of perishable inventory models with
other network design decisions has not been considered in
the distribution network design studies. Therefore, the aim
of this study is to evaluate the effects of integrating network
design decisions of a distribution network that is dealing with
perishable products. The results of this study also help to
answer the question as to whether the value of integration is
affected by the length of the lifetime of products.

3. Problem Definition and Modeling

The distribution network considered in this study consists of
one supplier, a set of retailers, and a set of distribution centers.
In order to take the advantages of risk pooling, distribution
centers order products from the supplier and store the
inventory of products to satisfy the stochastic demands of
retailers. In otherwords, the inventories of the retailers, which
are assigned to a DC, are aggregated in that DC. This way
results in a decrease in safety stock inventory of the network
[34]. The products are perishable and have a limited lifetime.
The objective is to estimate the possible cost saving that could
be achieved by applying an integrated approach for network
design instead of a decoupled approach. For this purpose,
an integrated and a decoupled approach are developed and
are compared with each other. The decoupled approach first
determines the number and location of DCs and allocation of
retailer to DCs, and then finds the optimal inventory policy
of the DCs. However, the integrated approach optimizes
these decisions simultaneously.The remainder of this section
describes the integrated and the decoupled approaches.
Moreover, the notation used to model the problem is listed
at the end of the paper.

Effect of Lifetime on the Inventory Policy. Traditional EOQ
inventory models compute the ordering cycle by the formula
𝑄/𝐷, where 𝑄 is the order quantity and 𝐷 is the total mean
demand. However, if products have a lifetime less than the
ordering cycle, this formula cannot be used because, in that
case, some products may meet their lifetime, while they are
still keeping in theDCs. To prevent this situation the ordering
cycle is required to be restricted in such a way that it does not
exceed the products lifetime. So, if products lifetime starts as
soon as they left the supplier to the DCs, then when products
are delivered to DCs, they have lost a part of their lifetime
equal to supplier-DC lead time. On the other hand, according
to Figure 1, that shows the profile of inventory versus time in
EOQ (𝑄, 𝑟) policy, the longest time that a product stays in
a DC (or warehouse) equals the ordering cycle plus a time
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Figure 1: Profile of inventory level over time.

shown by 𝑡SS, where 𝑡SS is the period of time that takes for
safety stock to be totally replaced by fresh inventory.Thevalue
of 𝑡SS is computed by SS

𝑖
/𝐷
𝑖
. Therefore, we can write

𝑄
𝑖

𝐷
𝑖

+

SS
𝑖

𝐷
𝑖

≤ 𝑝𝑡
𝑖
− 𝑙𝑡
𝑖
. (1)

On the left-hand side of inequality (1), the first term equals
the ordering cycle, and the second term is 𝑡SS. The terms
appearing on the right-hand side of this inequality are,
respectively, lifetime and lead time. Inequality (1) can be
rewritten as follows:

𝑄
𝑖
≤ (𝑝𝑡
𝑖
− 𝑙𝑡
𝑖
)𝐷
𝑖
− SS
𝑖
. (2)

Constraint 2, that restricts the order quantity, will be consid-
ered in both integrated and decoupled approaches.

3.1. Cost Components. The following section describes the
cost components that occur in the network design, compris-
ing holding inventory and safety stock cost, ordering cost,
transportation cost, and fixed installation cost of DCs.

Inventory Holding Cost. The total cost of holding inventory
in a DC is determined by (3), where ℎ

𝑖
is the unit inventory

holding cost of DC
𝑖
and the terms 𝑄

𝑖
/2 and 𝑍

𝛼
√𝑙𝑡
𝑖
√𝑉
𝑖
,

respectively, calculates the average working inventory and
safety stock of a DC:

ℎ
𝑖
𝑄
𝑖

2

+ 𝑍
𝛼
ℎ
𝑖
√𝑙𝑡
𝑖
√𝑉
𝑖
. (3)

Ordering Cost. The annual cost of placing orders by DC
𝑖
to

the supplier is computed by

𝑂
𝑖
𝐷
𝑖

𝑄
𝑖

, ∀𝑖 ∈ 𝐼, (4)

where 𝐷
𝑖
/𝑄
𝑖
determined the total orders placed by DC

𝑖
in a

year.

Transportation Cost. The total fixed and variable transporta-
tion cost from the supplier to DCs and from DCs to retailers
is computed by (5). The first term in this equation is the
fixed transportation cost and the second term is the variable
transportation cost:

𝐴
𝑖
𝐷
𝑖

𝑄
𝑖

+ 𝑇𝐷
𝑖
(𝑑𝑖𝑠
𝑖𝑗
+ 𝑡DC-su) , ∀𝑖 ∈ 𝐼. (5)

Fixed Setup Cost. The annual setup cost of DC
𝑖
is calculated

by

𝐹
𝑖
𝑥
𝑖
, ∀𝑖 ∈ 𝐼, (6)

where 𝑥
𝑖
is a binary variable that is equal to 1 if DC

𝑖
is

established; otherwise, it is equal to 0.

3.2. Integrated Approach. The integrated model optimizes
location allocation and inventory decisions simultaneously.
The objective function and constraints of this model are
provided in the following:

Min ∑

𝑖

ℎ
𝑖
⋅ (

𝑄
𝑖

2

+ 𝑍
𝛼
√𝑙𝑡
𝑖√
∑

𝑗

(V
𝑗
𝑦
𝑖𝑗
))

+∑

𝑖

∑

𝑗

(𝑂
𝑖
+ 𝐴
𝑖
)

(𝑑
𝑗
𝑦
𝑖𝑗
)

𝑄
𝑖

+∑

𝑖

𝐹
𝑖
𝑥
𝑖

+∑

𝑖

∑

𝑗

𝑇 (𝑑𝑖𝑠
𝑖𝑗
+ 𝑡DC-su) 𝑑𝑗𝑦𝑖𝑗

(7)

s.t. ∑

𝑖

𝑦
𝑖𝑗
= 1, ∀𝑗 ∈ 𝐽 (8)

𝑥
𝑖
≥ 𝑦
𝑖𝑗
, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (9)

𝑄
𝑖
≤ (𝑝𝑡
𝑖
− 𝑙𝑡
𝑖
)∑

𝑗

(𝑑
𝑗
𝑦
𝑖𝑗
) − 𝑍
𝛼
√𝑙𝑡
𝑖√
∑

𝑗

(V
𝑗
𝑦
𝑖𝑗
),

∀𝑖 ∈ 𝐼.

(10)

𝑄
𝑖
≥ 0, 𝑥

𝑖
, 𝑦
𝑖𝑗
= {1, 0} , ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽. (11)

Since the integratedmodel optimizes the facility location and
inventory decisions simultaneously, the mean and variance
of demand of a DC are not known in advance. Therefore, in
the integrated model, mean and variance of demand of DC

𝑖

are, respectively, written in the form of 𝐷
𝑖
= ∑
𝑗
(𝑑
𝑗
𝑦
𝑖𝑗
) and

𝑉
𝑖
= ∑
𝑗
(V
𝑗
𝑦
𝑖𝑗
), where 𝑑

𝑗
and V

𝑗
are, respectively, mean and

variance of demand of retailerj. Then, binary variables of 𝑦
𝑖𝑗

determine whether retailerj should be assigned to DC𝑖 or not.
Moreover, in thismodel the first term is the holding inventory
cost.The second term is the fixed ordering and shipment cost.
The third term is the DC setup cost, and the last term is the
variable transportation cost. Constraint set (8) specifies that
each retailer can only be assigned to one DC. Constraint set
(9) guarantees that retailers are only assigned to open DCs.
Constraint set (10) makes sure that products are not kept in
a DC for a time longer than their lifetime, and constraint
set (11) specifies that 𝑥

𝑖
, 𝑦
𝑖𝑗
are binary variables and 𝑄

𝑖
is a

nonnegative value.

3.3. Decoupled Approach. The decoupled approach is a two-
stage procedure in which the first stage applies the classical
UFLP model to determine the configuration of the network
taking into account the transportation and DCs’ installation
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cost. Then the acquired configuration is given to the second
stage where the order quantities and ordering cycles of DCs
are determined. This two-stage approach is presented in the
following and is solved by Lingo 12.0 software:

first stage:

Min ∑

𝑖

𝐹
𝑖
𝑥
𝑖
+∑

𝑖

∑

𝑗

𝑇 (𝑑𝑖𝑠
𝑖𝑗
+ 𝑡DC-su) 𝑑𝑗𝑦𝑖𝑗

s.t. ∑

𝑖

𝑦
𝑖𝑗
= 1, ∀𝑗 ∈ 𝐽

𝑥
𝑖
≥ 𝑦
𝑖𝑗
, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽

𝑥
𝑖
, 𝑦
𝑖𝑗
= {1, 0} , ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽,

(12)

second stage:

Min ∑

𝑖

ℎ
𝑖
⋅ (

𝑄
𝑖

2

+ 𝑍
𝛼
√𝑙𝑡
𝑖
√𝑉
𝑖
) +∑

𝑖

∑

𝑗

(𝑂
𝑖
+ 𝐴
𝑖
)

𝐷
𝑖

𝑄
𝑖

s.t. 𝑄
𝑖
≤ (𝑝𝑡
𝑖
− 𝑙𝑡
𝑖
)∑

𝑗

(𝑑
𝑗
𝑦
𝑖𝑗
) − 𝑍
𝛼
√𝑙𝑡
𝑖 √
∑

𝑗

(V
𝑗
𝑦
𝑖𝑗
),

∀𝑖 ∈ 𝐼

𝑄
𝑖
≥ 0, ∀𝑖 ∈ 𝐼.

(13)

4. Solution Method for Integrated Approach

In this study, a memetic algorithm (MA) is developed to
solve the integrated nonlinear mixed model described in
Section 3.2. The efficiency of the developed algorithm is
measured by comparing its results in terms of the total cost
with a Lagrangian relaxation algorithm developed by Firoozi
et al. [10]. The following sections describe the proposed
memetic algorithm (MA).

4.1. Memetic Algorithm. Memetic algorithm (MA) is a meta-
heuristic algorithm that is a hybrid of an evolutionary frame-
work (such as genetic algorithm) and local search algorithms
[35]. MA has been applied successfully to solve various
optimization problems.Thememetic algorithm developed in
this study is a hybrid of a genetic algorithm (GA) and a local
research. GA is a stochastic metaheuristic that is inspired by
the principles of genetics and natural selection [36]. It initially
generates a population of chromosomes each representing a
possible solution to the problem. Each chromosome consists
of a number of genes that encode representations of a part
of the solution. A number of chromosomes from the current
population (called parents) are selected based on some
selection rules and undergo mutation and crossover to make
offspring. Other than offspring produced by crossover and
mutation, elitism strategy selects the best fitted chromosomes
in terms of the fitness function to survive in the next gener-
ation (new population). This strategy is to protect the search
from losing the best found solutions so far. The combination

5 5 4 1 4 4

R1 R2 R3 R4 R5 R6

Figure 2: Chromosome representation.

of crossover, mutation, and elitism improves the population
over generations until the fittest member of the population
represents the optimal or a near optimal solution [28]. Size
of the population remains constant over the generations. The
following subsection describes the structure of chromosomes
and the way of producing them.

4.1.1. Chromosome Representation. In this paper, an integer
vector encoding scheme is applied for chromosome repre-
sentation. This encoding is similar to the one considered by
Diabat et al. [37] in which the length of a chromosome equals
the number of retailers. The 𝑖th gene of the chromosome
shows which DC supplies the 𝑖th retailer. Figure 2 displays a
possible chromosome for a distribution network consisting
of 5 potential distribution centers and 6 retailers. According
to this figure the first and second retailers are supplied by
distribution center number five; the third, fifth, and the last
retailers are supplied by distribution center number four; and
the retailer number four is supplied by distribution center
number one.

A very important advantage of this kind of encoding is
that it always ensures that the single sourcing assignment, that
is, constraint (8), is satisfied. More importantly the length of
chromosome (number of genes) is equal to the number of
retailers. Hence, the time complexity of the algorithm will
be less in comparison to other encoding that has 𝑚 × 𝑛

genes, where 𝑛 is the number of DCs and 𝑚 is the number
of retailers.

Theonly concern about this encoding is that the produced
chromosomemight be infeasible with regard to constraint set
(10), meaning there is at least one open distribution center in
a generated solution (chromosome) with an order quantity
greater than the right-hand side of constraint set (10). To settle
this problem, the algorithm first obtains the value of order
quantity,𝑄, for all DCs that are open in a given chromosome.
This is done by taking the derivative of objective function (7)
with respect to 𝑄

𝑖
and solving it for 𝑄

𝑖
, where 𝑄

𝑖
is the order

quantity of DC
𝑖
:

𝑄
𝑖
= √

2 (𝐴
𝑖
+ 𝑂
𝑖
)𝐷
𝑖

ℎ
𝑖

. (14)

If the order quantity of DC
𝑖
obtained by (14) satisfies

constraint set (10), then this 𝑄
𝑖
is considered as the optimal

order quantity for DC
𝑖
. However, if there is at least one DC

whose order quantity violates constraint (10), the condition
would be different. In that case, since objective function (7) is
convex, the optimal value of𝑄

𝑖
will occur at the border of the
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interval. So, the optimal order quantity is obtained by setting
constraint (10) equal to zero, as shown in the following:

𝑄
𝑖
= (𝑝𝑡
𝑖
− 𝑙𝑡
𝑖
) ∑

𝑗

(𝑑
𝑗
𝑦
𝑖𝑗
) − 𝑍
𝛼
√𝑙𝑡
𝑖√
∑

𝑗

(V
𝑗
𝑦
𝑖𝑗
). (15)

Another issue that arises here is that (15) may result in
a negative order quantity for a DC. In such a case, the
infeasible chromosome would be ignored, and the algorithm
keeps running until the desired number of chromosomes
that satisfy the nonnegativity condition of the order quantity
for all DCs is generated. These two feasibility conditions are
checked for every new chromosome generated during the
search process of the algorithm.

4.1.2. Elitism. During the search process, the algorithm
always keeps the best found solutions and stores them into
a so-called elite population. The number of individuals in
the elite population is one of the input parameters that must
be tuned. Each time that an iteration is executed the elite
population is updated.

4.1.3. Crossover and Mutation Operators. Crossover and
mutation operators protect the search from being trapped
into local optimal solutions [38]. In the crossover, two
parents are combined and two offspring are produced. This
operator chooses a similar position at random along the
two parents’ chromosomes and swaps the portions located
after the positions. A sample for this operator is displayed in
Figure 3. In this algorithm, parents for crossover operation
are selected by tournament selection method. This method
has a parameter of tournament size. A tournament size of
𝑛 means “𝑛” chromosomes are randomly selected from the
current population, and the best of them in terms of the
cost function is selected as one of the parents required for
crossover operation. In contrast to crossover, in mutation
only one parent is required and one offspring is generated.
This operator chooses a number of genes at random along
the chromosome and exchanges the value of selected genes
for another feasible value (a number between 1 and the
number of DCs). In this algorithm, parents for mutation are
randomly chosen from the elite population. Figure 4 displays
how mutation generates a new chromosome.

4.1.4. Improvement Algorithms. A five-step improvement
heuristic is embedded into the GA to enhance the search.
The improvement heuristic is executed on the elite and the
mutation population. The steps of this algorithm are selected
randomly for each individual and each step is run on an
individual until no more improvement could be achieved. In
each step of this algorithm, if a better solution is attained in
terms of the total cost, the old solution is replaced with the

Parent Single point Offspring

3 4 2 2 7 2 crossover 3 4 2 2 2 3

9 1 5 4 2 3 9 1 5 4 7 2

Figure 3: A sample of crossover operator.

Parent 2 1 5

Mutation

Offspring 2 1 5

6 8

4 7

1

8

Figure 4: A sample of mutation operator.

better one. Otherwise, the previous solution does not change.
The algorithm steps are as follows.

Step 1. This step assigns a retailer to other DCs other than the
one that is currently assigned to.

Step 2. This step considers two DCs and exchanges their
retailers.

Step 3. This step considers one retailer from a DC and
one retailer from another DC and then swaps the retailers’
assignment.

Step 4. This step considers a DC and assigns all of its retailers
to another DC (either an open or a close DC).

Step 5. This step considers a DC and assigns all of its retailers
to other randomly selected DCs (not all retailers to one DC).

4.2. MA Procedure. This section described how MA devel-
oped in this paper works.This algorithm randomly generates
the initial population. The initial population is considered
as the current population for the algorithm. Then the elite
population that consists of the best members of the current
population is made. The mutation population is generated
afterward by randomly selecting individuals from the elite
population and mutating the genes of selected individuals.
Parents for crossover are selected from the current population
by tournament selectionmethod.Then an improvement local
search heuristic described in Section 4.1.4 modifies the elite
andmutation population, and a new population will be made
by three operators (crossover, mutation, and elitism). The
current population then is replaced with the new one. The
algorithm keeps running until the maximum number of
iterations is achieved. The stages performed by GA and MA
are displayed in Figure 5.

5. Validation of the Proposed Algorithm

This section conducts numerical experiments to investigate
the performance of the developed MA. A total number of
36 test problems are generated by varying the parameters
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Figure 5: MA procedure.

Table 1: Memetic algorithm parameters.

Data set Population size Crossover percentage Mutation percentage Elitism percentage Number of generations
15-node data set 10 20% 40% 40% 30
49-node data set 15 26.3% 20.3% 53.3% 60

of 15-node and 49-node data sets from Daskin [39]. These
test problems are generated by considering three amounts
for the inventory cost and fixed ordering cost and two
amounts for products’ lifetime. The results obtained by MA
are compared with the results of a Lagrangian relaxation
algorithm developed by Firoozi et al. [10]. Parameters of
the memetic algorithm and Lagrangian relaxation are shown
in Tables 1 and 2, respectively. The means and variances of
retailers’ demands are selected to be the same as the demand
parameters of Daskin [39]. Distances between retailers are
calculated using the great circle distance formula, based
on the longitude and latitude of retailers’ locations. Fixed
installation costs are set to the fixed installation costs, as
considered by Daskin [39], but divided by 10. Variable
transportation costs are set to 0.4 units of cost and lead
time is set to 1 day. Tables 3 and 4 compare the results
of the two methods. As the results show, the gap between
the results of two methods is zero for all the generated test
problems.

6. Results and Discussion

This section is to investigate the average cost saving obtained
by applying the integrated approach instead of a decoupled
approach. The amount of cost saving or the value of integra-
tion is computed by the following formula:

Value of integration

=

results of sequential approach − results of intgrated approch
results of intgrated approch

∗100.

(16)

To find the average value of integration, sensitivity analysis is
conducted on fourmain parameters of the problem including
inventory holding cost, ordering cost, products’ lifetime, and
variances of demands. Sensitivity analysis investigates how
parameters of the problem influence the value of integration.
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Table 2: Lagrangian relaxation parameters.

Parameters 15-node 49-node
Maximum iterations 500 1500
Number of nonimproving iterations before halving step size 30 30
Initial value of step size 2 2
Minimum value of step size 10

−7
10
−7

Initial value of Lagrangian multiplier 10(𝑑 + 𝑓) 10(𝑑 + 𝑓)
Maximum optimality gap ((UB − LB) /UB) ∗ 100% 0.1% 0.1%
𝑑, 𝑓 are, respectively, the average demands of retailer and the average fixed installation costs of the DCs.

Table 3: Comparison of results for 15-node data set.

Input data MA result Lagrangian
relaxation results Gap

ℎ 𝑎 𝑝𝑡

1 1 3 1274300 1274300 0
1 10 3 1307100 1307100 0
1 100 3 1561000 1561000 0
10 1 3 1314300 1314300 0
10 10 3 1411400 1411400 0
10 100 3 1739100 1739100 0
100 1 3 1504200 1504200 0
100 10 3 1811300 1811300 0
100 100 3 2782500 2782500 0
1 1 11 1274300 1274300 0
1 10 11 1305000 1305000 0
1 100 11 1402300 1402300 0
10 1 11 1314300 1314300 0
10 10 11 1411400 1411400 0
10 100 11 1718500 1718500 0
100 1 11 1504200 1504200 0
100 10 11 1811300 1811300 0
100 100 11 2782500 2782500 0

The base case to perform the tests on is a 49-node data set
from Daskin [39]. Four mentioned parameters of this case
are designed carefully over a wide range to make a total of
1715 different test problems. These total cases are generated
by varying the variance of demand, ordering cost, product
lifetime and inventory holding cost. For this purpose, the
variances of demands are altered from 0.25 to 1.75 times
of their initial values, in steps of 0.25. The ordering cost is
changed from 0 to 600 units of cost in steps of 100. The
product lifetime is varied from3 to 7 days, in steps of 1. Finally,
the inventory holding cost is changed from 2 to 152 units of
cost in steps of 25. For each parameter the average value of
integration is calculated and analyzed.

In this section, demand parameters are selected from
Daskin [39]. Distances between retailers are calculated using
the great circle distance formula based on the longitude and
latitude of locations provided by Daskin [39]. Fixed setup
costs are selected from Daskin [39] but divided by 10. Total
fixed transportation and ordering cost is set to 500 units of
cost. Variable transportation cost is set to 50 units of cost.

Table 4: Comparison of results for 49-node data set.

Input data MA result Lagrangian
relaxation results Gap

ℎ 𝑎 𝑝𝑡

1 1 3 412400 412400 0
1 10 3 506490 506490 0
1 100 3 1367300 1367300 0
10 1 3 490510 490510 0
10 10 3 686850 686850 0
10 100 3 1627700 1627700 0
100 1 3 863870 863870 0
100 10 3 1467900 1467900 0
100 100 3 3431300 3431300 0
1 1 11 411870 411870 0
1 10 11 472400 472400 0
1 100 11 694980 694980 0
10 1 11 490500 490500 0
10 10 11 681490 681490 0
10 100 11 1286800 1286800 0
100 1 11 863870 863870 0
100 10 11 1467800 1467800 0
100 100 11 3377800 3377800 0

Inventory holding cost is set to 5 units of cost, and lead time
is set to 1 day.

Figure 6 shows the average value of integration versus
changes in the products lifetime and holding inventory cost.
This graph consists of seven curves; each one is correspond-
ing to a different level of holding inventory cost. Each point in
this graph is the average of 49 test problems that are rendered
by keeping holding inventory cost and product lifetime by a
constant amount and varying the other two parameters. It
is observed from this figure that as the lifetime of products
becomes shorter, that is, as the products become more
perishable, the value of integration increases dramatically.
Additionally, it is evident from Figure 6 that the value of
integration increases as the holding inventory cost increases.
The same conclusion can be derived when fixed ordering cost
is changing instead of inventory holding cost as shown in
Figure 7.

The average cost reduction observed by varying the
variances of demands and products’ lifetime are plotted in
Figure 8. As this figure shows, the value of integration gets
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Figure 6: Value of integration versus change in lifetime and holding
inventory cost.
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Figure 7: Value of integration versus change in lifetime and fixed
ordering cost.

higher as the variances of demand increase, although this rise
is not very noticeable. However, it is very evident from the
figure that the average cost saving is directly dependent on
the products’ lifetime in such a manner that the integration
value increases as the products lifetime decreases.
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Figure 8: Value of integration versus changes in lifetime and
variance of demand.

7. Conclusion

The impact of an integrated approach for optimizing network
design decisions has been investigated in this study. For this
purpose, the network design problem of perishable products
was formulated as an integrated and a decoupled model. The
integrated model optimized inventory control and location
allocation decisions of the network simultaneously. How-
ever, the decoupled model optimized location allocation
decisions first and inventory control decisions afterward.
On key parameters of the problem, sensitivity analysis was
performed to obtain the value of the integration. It was
evident from the comparison of the results that the average
cost saving obtained by integrated approach increased as
the lifetime decreased. In other words, the more perishable
the product was, the more valuable the integrated approach
was. Furthermore, the performance of the developed MA
was compared with a Lagrangian relaxation from the
literature.

The models that are developed in this study are for fixed-
lifetime perishable items, that is, items with known expiry
dates, like processed food, dairy products, or many industrial
items. For future works, it would be interesting to extend the
results of this study to random-lifetime perishable items for
which there is no specified expiry date.

Notation

Sets

𝐽: Set of retailers
𝐼: Set of candidate DC locations.



Mathematical Problems in Engineering 9

Indices

𝑖: Index for DCs
𝑗: Index for retailers.

Input Parameters

𝐹
𝑖
: Annual fixed setup cost for DC

𝑖

𝑇: Transportation cost per unit of product
per unit of distance

𝑡DC-su: Per item transportation cost from the
supplier to a DC

𝐴
𝑖
: Per shipment transportation cost from

supplier to DC
𝑖

ℎ
𝑖
: Inventory holding cost at DC

𝑖
per unit

of product per year
𝑂
𝑖
: Fixed ordering cost per order placed by

DC
𝑖
to the supplier

𝑑
𝑗
: Annual mean demand of retailerj

𝐷
𝑖
: Annual mean demand of DC

𝑖

V
𝑗
: Variance of annual demand for retailerj

𝑉
𝑖
: Variance of annual demand for DC

𝑖

𝑑𝑖𝑠
𝑖𝑗
: Distance between DC

𝑖
and retailerj

𝑙𝑡
𝑖
: Lead time in terms of year from the

supplier to DC
𝑖

𝑝𝑡
𝑖
: Lifetime of product at DC

𝑖

𝛼: Level of service that has to be achieved
at the retailers

𝑍
𝛼
: Standard normal deviation such that

𝑃(𝑧 ≤ 𝑧
𝛼
) = 𝛼.

Decision Variables

𝑄
𝑖
: Order quantity of DC

𝑖

𝑦
𝑖𝑗
: Binary variable, taking the value 1 if
retailer

𝑗
is assigned to DC

𝑖
and 0

otherwise
𝑥
𝑖
: Binary variable, taking the value 1 if DC

𝑖
is

open and 0 otherwise.
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In this work, an efficient strategy was proposed for efficient solution of the dynamic model of SWRO system. Since the dynamic
model is formulated by a set of differential-algebraic equations, simultaneous strategies based on collocations on finite element
were used to transform the DAOP into large scale nonlinear programming problem named Opt2. Then, simulation of RO process
and storage tanks was carried element by element and step by step with fixed control variables. All the obtained values of these
variables then were used as the initial value for the optimal solution of SWRO system. Finally, in order to accelerate the computing
efficiency and at the same time to keep enough accuracy for the solution of Opt2, a simple but efficient finite element refinement
rule was used to reduce the scale of Opt2. The proposed strategy was applied to a large scale SWRO system with 8 RO plants and 4
storage tanks as case study. Computing result shows that the proposed strategy is quite effective for optimal operation of the large
scale SWRO system; the optimal problem can be successfully solved within decades of iterations and several minutes when load
and other operating parameters fluctuate.

1. Introduction

The shortage of freshwater resources is expected to worsen
with the growth of population and industrialization, as well
as climate change [1, 2]. Seawater desalination is one of the
most promising approaches to get freshwater resources in the
world and is considered as the most important strategy to
develop new freshwater for the coastal counties [3, 4]. With
the process of low-cost, high rejection membrane technique
and high efficiency energy recovery device, seawater reverse
osmosis (SWRO) technique is becoming the most popular
and attractive seawater technique for its economy and con-
venience [5–7].

Recently, more attention was paid to optimal operation
and energy management to further reduce the energy con-
sumption of SWRO system [8]. Modeling methods based on
first principle and data-driven are used for practical control
and fault diagnosis [9]. And with development of advanced
control techniques such as predictive control, sliding-mode
control, and optimal control [10–13], more potential benefit
can be expected.

Kim et al. comprehensively studied the RO process espe-
cially on the minimization of product cost with system
engineering method [14]. Sassi and Mujtaba and Palacin
et al. evaluated the optimal operation of SWRO system
throughminimizing the specific energy consumption [15, 16];
with the consideration of thermodynamic restriction, Zhu
studied the energy cost optimization problem. Among which
factors such as stages and energy recovery efficiency were
discussed to get the optimal operation condition [17]. After
a comprehensive first-principle based mathematical model
has been developed and validated by plant data, Li studied
the optimal plant operation of brackish water reverse osmosis
(BWRO) desalination to reduce specific energy consumption
(SEC). His computing results show that about 16% reduction
of SEC can be achieved by optimizing operating condition
[18]. Since all the cost spent on SWRO system includes not
only operational cost but also capital cost, Geraldes studied
the optimization problem through minimizing the objective
function including all these costs; but to make solution of
the problem with DAEs easier and simple, Geraldes used
differential technology to discretize the equations and then
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obtained the optimal results with low accuracy [19]. Since the
operating environments change frequently, Sassi andMujtaba
studied the optimal operation problem which is the variation
of load and feed temperature. In his study, storage tank was
used as the buffering unit between water production and
water supply, and water level of storage tank can be freely
adjusted to add the flexibility of operation [20].

The researches above are of great significance to improve
the economical performance of desalination, but most of
them put emphasis on the optimal operation of steady-state
process. As we know, in the actual process many operating
parameters such as feed temperature, electricity price, and
water supply requirement change dynamically over time
[21]; the performance of equipment and reverse osmosis
membrane also constantly change over time, so dynamic
optimization to improve the operation will be more mean-
ingful. However, since the dynamical optimization problem
includes a set of differential and algebraic equations (DAEs),
its efficient and stable solution is fairly tough when inequality
constraints enforced on the bounds. Direct methods such as
variational principle based method often failed because of
their disadvantage in dealing with active inequalities [22, 23].

Though with development of computing technique, si-
multaneous approach with collocation on finite element is
more suitable for this kind of problems, and large scale solvers
such as sparse SQP and IPOPT become more powerful to
solve large scale nonlinear problems, there are still many
works to do to make the solution more efficient and stable,
especially when the optimal problem is not convex and
with the characteristic of strong nonlinear. But the real time
optimization need the optimal operation problem be solved
efficiently. In this paper, to solve optimization problem of
RO process system with network structure more efficiently,
based on the well-developed dynamic models of RO process
and water storage process, an efficient optimization strategy
to optimize the dynamic operation of SWRO system is
proposed, which will be helpful to the reduction of energy
cost and to the realization of real time optimization.

2. Dynamic Model of SWRO System

According to the flowsheet of SWRO system, RO unit is the
key part for freshwater production. After the pretreatment,
the seawater was pumped into RO modules by high pressure
pump, from which the freshwater and the salt were separated
through the work of solution-diffusion; then with simple
posttreatment, the freshwater was pumped to terminal user
[19] to meet the needs of daily life. In the RO module,
the pressure, flow rate, and concentration change along
the channel (shown in Figure 1). These variables satisfy the
following equations [19]:

𝑑𝑉

𝑑𝑧

= −

2𝐽V
ℎsp

𝑧 = 0, 𝑉 = 𝑉
𝑓
; 𝑧 = 𝑧

𝑓
; 𝑉 = 𝑉

𝑟
;

𝑑𝑃
𝑑

𝑑𝑧

= −𝜆

𝜌

𝑑
𝑒

𝑉
2

2

𝑧 = 0, 𝑃
𝑑
= 0; 𝑧 = 𝑧

𝑓
; 𝑃

𝑟
= 𝑃

𝑓
− 𝑃

𝑑
;

𝑑𝐶
𝑏

𝑑𝑧

=

2𝐽V
ℎsp𝑉

(𝐶
𝑏
− 𝐶

𝑝
)

𝑧 = 0, 𝐶
𝑏
= 𝑉

𝑓
; 𝑧 = 𝑧

𝑓
, 𝐶
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(1)

here, 𝐽V denotes solvent flux, and 𝑉 represent the axial
velocity in feed channel. 𝐶

𝑏
is the bulk concentration of RO

module, and 𝑃
𝑑
is the pressure drop along the RO module.

The parameters and variables from the above equations can
be obtained from the solution-diffusion mass transport rela-
tions and principle of energy conservation; all the equations
involved are listed as follows [19, 24–27].

RO process model equations are

𝑄
𝑝
= 𝑄
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See [24]
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Figure 1: Scheme of the rectangular channel model of spiral wound module.

Consider (Masaaki Sekino, 1995)
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2
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(6)

As to the large scale SWROsystemwithmultiple ROunits
and multiple storage tanks, the storage tanks perform as the
buffering units between water production of RO units and
water supply. Since there are pipes to connect each RO unit
with storage tanks, the feed water can come from each RO
unit; the dynamic process can be formulated as

𝑑𝐻
𝑡,𝑗𝑗

(𝑡)

𝑑𝑡

=
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and equations
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Bound constraint is as follows:

𝐻
𝑡,𝑗𝑗,lo < 𝐻

𝑡,𝑗𝑗
< 𝐻

𝑡,𝑗𝑗,up. (9)

Initial condition is as follows:

𝑡 = 0; 𝐻
𝑡,𝑗𝑗

= 𝐻
𝑡,𝑗𝑗

(0) ,

𝐶
𝑡,out,𝑗𝑗 = 𝐶

𝑡,out,𝑗𝑗 (0) .
(10)

Here 𝑁𝑃𝑇 denotes the number of RO units, 𝑁𝑇𝐾 denotes
the number of storage tanks, 𝑄

𝑝𝑘
(𝑖𝑖, 𝑗𝑗) denotes the flow

rate from the 𝑖𝑖th RO units to the 𝑗𝑗th storage tanks, 𝑄out,𝑗𝑗
denotes the load requirement of freshwater of the 𝑗𝑗th storage
tank,𝑄sup denotes the total flow rate of freshwater supply, and
the𝐶sup denotes the concentration of the supplied freshwater.
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3. Formulation of Dynamic Optimization
Problem of SWRO System

Energy cost is the largest portion of the SWRO system’s
operation cost; generally it accounts for over 50% of the
operation cost. So minimizing the energy cost can be set as
the objective function. It is affected by the electricity price
and the specific energy consumption (SEC) which is defined
as [28]

SEC =

𝑃
𝑓
𝑄
𝑓
/𝜀
𝑝
− 𝑃

𝑟
𝑄
𝑟
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𝑒𝑓

𝑄
𝑝

. (11)

With the consideration of daily fluctuation of feed tem-
perature, electricity price, and the load requirement, the daily
objective function can be denoted by

min
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Since the control variables cannot be adjusted too fre-
quently and the change of electricity price is based on an hour,
it is reasonable to adjust the control variables one hour by one
hour, and so (12) can be renewed in another form, and the
optimization problem named Opt1 can be denoted by

Objective Function.

min
𝑃
𝑓,𝑖𝑖
,𝑄
𝑓,𝑖𝑖
,𝐻
𝑡,𝑖𝑖

𝐹obj =
24

∑

𝑡𝑖=1

[𝐸
𝑃,𝑖𝑖

𝑁𝑇𝑃

∑

𝑖𝑖=1

(𝑄
𝑝,𝑖𝑖

SEC
𝑖𝑖
)] . (13)

Equality Constraints.
RO process model ((1)–(6)).
Dynamic model of storage tanks ((7)-(8)).
Specific energy cost (11).

Inequality Constraints.
Water quality: 𝐶sup ≤ 𝐶

𝑤𝑞,limit.
Scaling resistant: 𝐶

𝑟,𝑖𝑖
≤ 𝐶

𝑟,𝑖𝑖,limit.
Concentration polarization: 𝜙 ≤ 1.2.
Pressure constraints: 𝑃

𝑓,𝑖𝑖,lo ≤ 𝑃
𝑓,𝑖𝑖

≤ 𝑃
𝑓,𝑖𝑖,up.

Flowrate of RO units: 𝑉
𝑓,𝑖𝑖,lo ≤ 𝑉

𝑓,𝑖𝑖
≤ 𝑉

𝑓,𝑖𝑖,up.
Water level 𝐻

𝑡,𝑗𝑗,lo < 𝐻
𝑡,𝑗𝑗

< 𝐻
𝑡,𝑗𝑗,up.

Initial conditions of RO at each hour are as follows:

𝑧 = 0, 𝑉
𝑖𝑖
= 𝑉

𝑓,𝑖𝑖
=

𝑄
𝑓,𝑖𝑖

𝑛
𝑙
𝑊ℎsp

;

𝑧 = 𝐿, 𝑉
𝑖𝑖
= 𝑉

𝑟,𝑖𝑖
=

𝑄
𝑟,𝑖𝑖

𝑛
𝑙
𝑊ℎsp

𝑧 = 0, 𝑃
𝑏
= 𝑃

𝑓
; 𝑧 = 𝐿, 𝑃

𝑏
= 𝑃

𝑟

𝑧 = 0, 𝐶
𝑏
= 𝐶

𝑓
; 𝑧 = 𝐿, 𝐶

𝑏
= 𝐶

𝑟
.

(14)

Initial condition of storage tanks 𝑡 = 0, (10).

4. The Strategy to Solve Opt2

4.1. Simultaneous Approach Based on Collocation on Finite
Element. Since the Opt1 includes differential equations as
well as strongly nonlinear algebraic equations, it belongs
to a kind of differential-algebraic optimization problems
(DAOPs).The Opt1 problem of SWRO system with𝑁𝑃𝑇 RO
plants and 𝑁𝑇𝐾 storage tanks will have (3 × 𝑁𝑃𝑇 + 2 ×

𝑁𝑇𝐾) differential equations and more nonlinear algebraic
equations, since there are also constraints to satisfy the
water quality and the equipment’s safety; it is really hard
to get the solution efficiently through direct ways such as
variational principle. Here we use the simultaneous approach
to fully discretize all the control variables and status variables,
which is quite suitable and has many advantages for this
kind of problems. We use the following monomial basis
representation for the differential profiles, which is popular
for Runge-Kutta discretization [29]:

𝑤 (𝑧) = 𝑤
𝑖−1

+ ℎ
𝑖

𝐾

∑

𝑞=1

Ω
𝑞
(

𝑧 − 𝑧
𝑖−1

ℎ
𝑖

)

𝑑𝑤

𝑑𝑧
𝑖,𝑞

. (15)

Here 𝑤
𝑖−1

is the value of the differential variable at the
beginning of element 𝑖, ℎ

𝑖
is the length of element 𝑖, 𝑑𝑤/𝑑𝑡

𝑖,𝑞

denotes the value of its first derivative in element 𝑖 at the
collocation point 𝑞, and Ω

𝑞
is a polynomial of order 𝐾,

satisfying

Ω
𝑞
(0) = 0 𝑞 = 1, . . . , 𝐾

Ω


𝑞
(𝜌

𝑟
) = 𝛿

𝑞,𝑟
𝑞 = 1, . . . , 𝐾;

(16)

here 𝜌
𝑟
is the location of the rth collocation point within each

element. Continuity of the differential profile is enforced by

𝑤
𝑖
= 𝑤

𝑖−1
+ ℎ

𝑖

𝐾

∑

𝑞=1

Ω
𝑞
(1)

𝑑𝑤

𝑑𝑧
𝑖,𝑞

. (17)

In addition, the control and algebraic profile are approxi-
mated using a Lagrange basis representation which takes the
form:

𝑦 (𝑧) =

𝐾

∑

𝑞=1

𝜓
𝑞
(

𝑧 − 𝑧
𝑖−1

ℎ
𝑖

)𝑦
𝑖,𝑞
,

𝑢 (𝑧) =

𝐾

∑

𝑞=1

𝜓
𝑞
(

𝑧 − 𝑧
𝑖−1

ℎ
𝑖

)𝑢
𝑖,𝑞
.

(18)

Here 𝑦
𝑖,𝑞

and 𝑢
𝑖,𝑞

represent the values of the algebraic and
control variables, respectively, in element 𝑖 at collocation
point 𝑞, 𝑧 is the value satisfying 𝑧

𝑖−1
≤ 𝑧 ≤ 𝑧

𝑖
, and Ψ

𝑞
is the

Lagrange polynomial of degree 𝐾.
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Through the simultaneous method mentioned above, the
Opt1 in the form of DAEs is discretized into theNLP problem
denoted by (19a)–(19i); here the problem is named Opt2.

min
𝑤(𝑧
𝑗

𝑖
),𝑑𝑤/𝑑𝑧

𝑗

𝑖
,𝑢(𝑧
𝑗

𝑖
),𝑦(𝑧
𝑗

𝑖
)

𝜑 (𝑤 (𝑧
𝑗

𝑖
) , 𝑢 (𝑧

𝑗

𝑖
) , 𝑦 (𝑧

𝑗

𝑖
) , 𝑝V) (19a)

𝑑𝑤

𝑑𝑧
𝑖,𝑗

− 𝐹 (𝑤 (𝑧
𝑗

𝑖
) , 𝑢 (𝑧

𝑗

𝑖
) , 𝑦

𝑗

𝑖
, 𝑧

𝑗

𝑖
, 𝑝V) = 0 (19b)

𝐻(𝑤(𝑧
𝑗

𝑖
) , 𝑢 (𝑧

𝑗

𝑖
) , 𝑦

𝑗

𝑖
, 𝑧

𝑗

𝑖
, 𝑝V) = 0 (19c)

𝑤
𝑖,𝑗

= 𝑤
𝑖−1

+ ℎ
𝑖

𝐾

∑

𝑗=1

Ω
𝑗
(

𝑧 − 𝑧
𝑖−1

ℎ
𝑖

)

𝑑𝑤

𝑑𝑧
𝑖,𝑗

(19d)

𝑤
0

𝑖
− ℎ

𝑖

𝑘

∑

𝑗=1

Ω
𝑗
(1)

𝑑𝑤

𝑑𝑧
𝑖,𝑗

= 0 (19e)

𝑤
0

1
= 𝑤

0 (19f)

𝑤
𝐿
≤ 𝑤

𝑗

𝑖
≤ 𝑤

𝑈 (19g)

𝑢
𝐿
≤ 𝑢

𝑗

𝑖
≤ 𝑢

𝑈 (19h)

𝑦
𝐿
≤ 𝑦

𝑗

𝑖
≤ 𝑦

𝑈
. (19i)

Here 𝑧
0
≤ 𝑧

𝑗

𝑖
≤ 𝑧

𝑓
, 𝑖 = 1, . . . , 𝑛𝑒 𝑗 = 1, . . . , 𝐾.

Since all the differential variables and continuous vari-
ables are fully discretized into algebraic variables along
the spacious or time horizon, and large number of finite
elements is generally selected to ensure the accuracy of the
discretization, all the factors led to the great increase of the
size of discretized problem of Opt2. As the result, though
with the development of computing technique such as spare
matrix and automatic differentiation, large scale solvers such
as IPOPT and CONOPT can solve problems with millions
of variables, and its efficient and stable solution is a big
challenge. Special work need to be paid attention to to reduce
the computing time and to keep the stability of the problem.

There are still two key factors influencing the efficient
solution of the discretized problem ofOpt2: the first is to con-
figure the number of finite element. Too large number of finite
elements will lead to rapid increase in the size of variables and
equations, which will greatly increase the computing time
and memory occupation. The second problem is to obtain
initial values for all the discretized variables, which is very
critical to the stability of Opt2 formulated in (19a)–(19i). If
the initial values are not carefully given, time-consuming and
even failure of convergencewill happen during the solution of
Opt2. Based on the above reasons, techniques for assignment
of initial values and suitable division of finite element are
carefully designed as below.

4.2. Assignment of Initial Value through Simulation on Finite
Element Individually. If all the control variables are fixed as
constant values, all the variables of Opt2 can be obtained
by simulation of the whole process model. According to

the flowsheet of SWRO system, the permeate flow rate and
concentration of the permeate water are the input parameters
for the dynamic process of storage tanks, so variables of
storage tanks can only be obtained after the simulation of RO
process.

The principle of collocation on finite element is shown in
Figure 2. Though all the variables are discretized, to keep the
continuity, the final values of the first finite element are equal
to the initial value of the second finite element. So to get all
the values of RO process, the control variables are fixed as
constant values, and then the simulation is carried out from
one finite element to the next along the space or time horizon.
After the simulation of RO process was finished, the values
of 𝑄

𝑝
, 𝐶

𝑝
, and so on were used as input parameters and the

simulations of storage tanks are then carried out in the same
way of RO process.

After all the values of the discretized variables of Opt2
were obtained, we relax the control variables and enforce the
constraints again. Then those obtained values were set as the
initial value for Opt2, and nonlinear solver of IPOPT is used
for the solution. The whole process of the technique to get
good initial values is shown in Figure 3.

4.3. Method for Suitable Division of Finite Element. To bal-
ance the relationship of the discrete accuracy and computing
efficiency, suitable ways to determine the number of finite ele-
ment are necessary. Truong et al. improved an adaptive mesh
refinementmethod [30] to improve the computing efficiency;
Lan and Taylor designed a moving grid computing strategy
[31], though the computational efficiency is not high, the
method is more stable. Binder proposed a mesh refinement
strategy, making it superior to the average grid distribution
strategy [32]. Biegler et al. proposed a dynamic optimization
method [33–35] based on moving finite element technique;
the finite element is automatically adjusted through error
analysis. In this work, with the consideration of the special
structure of SWRO system, and the relationship between the
change of objective function value and the number of finite
element which affect discrete state and control variables, a
simple but effective method to get suitable division of finite
element is designed as follows.

(1) Set the accuracy of the objective function which is
defined as 𝜎 = [1 − abs(𝐹obj0/𝐹obj1)] ≤ 𝛾; 𝛾 is a small
positive value such as 1.0𝐸 − 7.

(2) Set the number of finite element as Nef1 and the
corresponding collocation point by conventional way.

(3) Solve the discretized problem of Opt2, and get the
value of objective function 𝐹obj0.

(4) Add the number of finite element to Nef1.

(5) Resolve the discretized problem of Opt2, and then
obtain another value of objective function 𝐹obj1.

(6) Compute the value of 𝜎.

(7) If the required accuracy is satisfied, then stop; other-
wise, let 𝐹obj0 = 𝐹obj1, and go to step (4).
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Figure 2: Schematic of collocation on finite elements.

Since IPOPT is one of the best solvers to solve large scale
dynamical problems, here it was used for the solution of Opt2
quickly.

5. Case Study

The large scale SWRO system has 8 RO plants and 4
storage tanks, and the RO membranes are the products of
Dow Chemical Company named SW30HR. Each RO plant
has decades of pressure vessels in parallel, and several RO
membranes in the pressure vessel connected in series are
used to separate salt and pure water. The storage tanks are
used as the buffering units between water supply and water
production. The electricity price and other information for
the system are listed in Tables 1-2 and shown in Figure 4. Here
NPT rays andNMODrepresent the number of pressure vessel
and the number ofmembranes in pressure vessels. FF denotes
the fouling factor, and 𝜀

𝑝
and 𝜀

𝑝𝑓
denote the efficiency of high-

pressure pumps and energy recovery unit.
The optimization problem of this system was discretized

by simultaneous approach based on collocation on finite
element. Since the control variables are not allowed to adjust
frequently and the electricity price changes at different hour,
24 finite elements and 3 collocation points are selected to
discretize the dynamic variables of storage tanks. For the
RO process, 3 collocation points are used and the number
of finite element is determined by the proposed technique.
To get good initial values, the developed method in chapter
3.2 was used for the solution of Opt2. To comprehensively
understand the effect of finite element on the solution,
information of problem Opt2 with different finite element
of RO process is listed in Table 3. Table 3 shows that when
the number of finite element of RO increased to 40, the
discretized variables and the equations of Opt2 reached
495371 and 494411, respectively; the size of the problem is
quite large.

Nonlinear solver IPOPT [36, 37] which is based on
interior point method was used for the solution of Opt2, and
computing results with different finite element of RO process
were listed in Table 4. The results show that the problem
of Opt2 can be successfully solved when the finite element
increases from 2 to 40, and the solution converged to the
best point within decades of iterations. The computing time
of simulation and optimization increased much more greatly
when the finite element increases. In particular, it can be seen

Table 1: Designed operating parameters of RO unit.

Feed concentration (kg/m3) 30
Feed temperature (∘C) 25
Feed pressure (Bar) 59
Feed PH 5–8
Kinematic viscosity (kg/m/s) 1.02𝑒 − 6 (at 0∘C)
Mechanical efficiency of HP 0.85
Energy efficiency of PX 0.9
Mechanical efficiency of 𝜂vd 0.95
Single water quality limit (kg/m3) 0.9
Water quality limit (kg/m3) 0.9
Spiral wound modules SW30HR series

Table 2: Structure information about RO units.

Number of plant NMOD NPTrays FF 𝜀
𝑝

𝜀
𝑝𝑓

1 8 25 1.0 0.85 0.9
2 8 30 1.0 0.85 0.9
3 7 35 1.0 0.85 0.9
4 7 55 1.0 0.85 0.9
5 7 40 1.0 0.85 0.9
6 7 50 1.0 0.85 0.9
7 6 30 1.0 0.85 0.9
8 6 32 1.0 0.85 0.9

that the optimization time increases almost in the form of
exponential.When 40finite elements and 3 collocation points
were selected, the optimization time will reach 3519.953 CPU
seconds.

It can also be seen that the change of objective function
became much smaller with the increase of finite elements.
Compared with the objective function of 40 finite elements,
the relative errors were obtained and showed in Figure 5. As
the finite elements increased to 10, the relative errors become
fairly small, and the required accuracy can be reached at
this time. Compared with the computing time with 40 finite
elements,more than 94% computing timewas saved. To show
the effectiveness of the above method, initial values for Opt2
were given by reasonable assumption near the set point, the
optimal solution failed to converge when the finite element
is 40; and even when the finite element is 10, more than 1187
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ith element
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jth element
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element = initial value of

Simulation of the ith

(a) Simulation of RO process
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(b) Simulation of storage tanks

Discretized problem Opt2

Give and fix control variables
relax bound constraints

Simulation of RO process

Save variable values of RO
process

Simulation of storage tanks

Save variable values of storage
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Get all initial values

Relax control variables;
reset bound constraints

Solve Opt2 with IPOPT

Nef1 = finite element of RO
Nef2 = finite element of storage tank

(c) The whole process of the strategy

Figure 3: Initial value strategy based on step by step simulation.
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Table 3: Information of the Opt2 through discretization.

Item number Nef1 Ncp Total variables Equalities Nonzero equality Jacobian Nonzero Lagrangian Hessian
1 2 3 100378 40260 28427 27467
2 5 3 65291 64331 227674 86916
3 10 3 126731 125771 439834 164676
4 20 3 249611 248651 864154 320196
5 40 3 495371 494411 1712794 631236

Table 4: Computing results with different finite elements.

Number Nef1 Sim. time (s) Opt. time (s) Total time (s) Iteration 𝐹obj (10
4 CNY) Relative errors (×105)

1 2 29.374 13.907 43.281 32 3.5913297 0.66349
2 5 60.407 46.64 107.047 33 3.5913061 0.00635
3 10 103.328 162.453 265.781 56 3.59130588 0.00022
4 20 209.14 868.328 1077.468 66 3.591305841 −0.00086
5 40 609.172 3519.953 4129.125 121 3.591305872 0
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Figure 4: Daily profile of electricity price.
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Figure 5: Relationship between errors of objective function values
and number of finite element.

iterations and more than 4680 seconds were spent to get the
optimal solution.

As 10 finite elements of RO unit were selected, the
solution of problem of Opt2 was resolved under default
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Figure 6: Profiles of feed flow rate of each RO plant.

operating conditions. The solution led to the profiles of
control variables-feed flow rates and feed pressures along
time horizon, fromwhich the best control trajectory as well as
the various status variables are achieved. Some of these results
can be seen from Figures 6, 7, 8, and 9.

Since the feed temperature changes frequently and has
significant effect on performance of RO membranes, it is
necessary to optimize the process quickly through adjusting
the control variables to the aimed value. To validate the
performance of the proposed strategy with large fluctuation
of feed temperature, increase the feed temperature from
21∘C to 29∘C and keep other parameters as default, and
then solve the Opt2 individually. Summary of the computing
results can be seen from Table 5. From which it can be seen
that temperature has significant effect on the energy cost.
The optimal energy cost reduces quickly as the temperature
increases, when feed temperature increases from 21∘C to
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Table 5: Comparison of computing results with different feed temperatures.

𝑇 (∘C) Simulation time (s) Optimization time (s) Total time (s) Iter. 𝐹obj (10
4 CNY) Bias (%)

21 79.608 129.985 209.593 43 3.8654 7.63
23 86.235 132.297 218.532 43 3.7166 3.49
25 103.328 162.453 265.781 56 3.5913 0.00
27 97.141 120.875 218.016 39 3.4915 −2.78
29 109.032 123.031 232.063 42 3.4202 −4.76
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Figure 7: Profiles of feed pressure of each RO plant.
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29∘C, the optimal energy cost reduces from 3.8654Wan CNY
to 3.4202WanCNY. It can also be seen that the change of feed
temperature has little effect on the computing performance
and convergence of the proposed method. All the solution
can be successfully achieved within decades of iterations and
within several minutes. The results show that the proposed
strategy for the SWRO system not only is quite effective
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Figure 9: Profiles of water level of each storage tank.

but also has wide temperature adaptability. All the results
show the good potential to the on-line optimization of actual
SWRO system.

6. Conclusions

It is of significance to reduce the energy cost of seawater
reverse osmosis (SWRO) system through the system engi-
neering approach, especially when the system is operated in
dynamical environments due to the changes of load and other
operating parameters.

In this work, a dynamic optimization strategy for opti-
mizing operation of large scale SWRO system was proposed.
Based on first principle, the dynamic models of RO units
and storage tanks which are developed by were formulated
by differential-algebraic equations, and the objective function
is formulated to minimize the energy cost. The optimization
problem in the form of DAOPs was fully discretized into
large scale NLP through simultaneous method, with which
all the dynamic variables were approximated by polynomial
equations with collocation point on each finite element. To
solve the large scale NLP problem named Opt2 efficiently, a
method was developed to get the initial value of all variables
through simulation element by element and step by step.Then
a simple but effective rule to determine the number of finite
element was used to reduce the scale and at the same time to
keep enough accuracy of Opt2.

Case study of a large scale SWRO system which includes
8 RO plants and 4 storage tanks was studied to validate
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the proposed strategy. Computing results demonstrate that
the method is quite efficient for the solution of dynamic
optimization of SWRO system. The problem can be solved
in decade’s iterations within several minutes. The minimized
objective function and accordingly the best daily profiles of
control variables can be achieved.The proposed strategy also
performs well with large fluctuation of feed temperature,
which can fully satisfy the requirement of on-line real time
optimization.

Appendix

Nomenclature

𝐴
𝑤
: Membrane water permeability

(m⋅s−1⋅Pa−1)
𝐴
𝑤0
: Intrinsic membrane water permeability

(m⋅s−1⋅Pa−1)
𝐵
𝑠
: Membrane TDS permeability (m/s)

𝐵
𝑠0
: Intrinsic membrane TDS permeability

(m/s)
𝐶
𝑏
: Bulk concentration along feed channel

(kg/m3)
𝐶
𝑓
: Feed salt concentration (kg/m3)

𝐶
𝑚
: Salt concentration of membrane surface

(kg/m3)
𝐶
𝑝,𝑖𝑖

: Permeate concentration of 𝑖𝑖th RO unit
(kg/m3)

𝐶
𝑟
: Brine concentration (kg/m3)

𝐶
𝑡,𝑗𝑗

: Salt concentration of output freshwater
from 𝑗𝑗th tanks (kg/m3)

𝐷
𝐴𝐵
: Dynamic viscosity (m2/s)

𝑑
𝑒
: Hydraulic diameter of the feed spacer

channel (m)
𝐸
𝑝
: Electricity price at different hours

(CNY/kw⋅h)
𝐻
𝑡,𝑗𝑗

: Water level of 𝑗𝑗th storage tank (m)
ℎ
𝑖
: The length of the 𝑖th finite element

ℎsp: Height of the feed spacer channel
𝐽V: Solvent flux
𝐽𝑠: Solute flux
𝐾
𝜆
: Empirical parameter

𝑘
𝑐
: Mass transfer coefficient (m/s)

𝐿: Length of the RO module (m)
𝑁𝑃𝑇: The number of RO units
𝑁𝑇𝐾: The number of storage tanks
𝑛
𝑙
: Number of leaf in RO module

𝑃
𝑏
: Pressure along feed channel (bar)

𝑃
𝑑
: Pressure drop along RO spiral wound

module (bar)
𝑃
𝑓
: Feed pressure (bar)

𝑃
𝑝
: Pressure in permeate side (bar)

𝑃
𝑟
: Brine pressure (bar)

𝑄
𝑓
: Feed flow rate (m3/h)

𝑄out,𝑗𝑗: Output flow rate of the 𝑗𝑗th tank (m3/h)
𝑄
𝑝,𝑖𝑖

: Permeate flow rate from 𝑖𝑖th RO unit
(m3/h)

𝑄
𝑝𝑘(𝑖𝑖,𝑗𝑗)

: Flow rate from 𝑖𝑖th RO unit to the 𝑗𝑗th
tank (m3/h)

𝑄
𝑟
: Brine flow rate (m3/h)

𝑄sup: Total water supply flowrate (m3/h)
𝑅: Gas law constant
Re: Reynolds number (dimensionless)
𝑅ec: Water recovery ratio (%)
Sc: Schmidt number (dimensionless)
SEC: Specific energy consumption (kw⋅h/m3)
Sh: Sherwood number (dimensionless)
Sp: Salt passage coefficient (%)
𝑆
𝑡
: Area of storage tank (m2)

𝑇: Operational temperature (K)
𝑉: Axial velocity in feed channel (m/s)
𝑉
𝑓
: Input axial velocity in membrane (m/s)

𝑉
𝑟
: Output axial velocity inmembrane (m/s)

𝑊: Width of the RO module (m)
𝑅𝑦: Salt rejection coefficient (%)
𝑦
𝑖,𝑞
: Algebraic variables in element 𝑖 at collo-

cation point 𝑞
𝑢
𝑖,𝑞
: Control variables in element 𝑖 at colloca-

tion point 𝑞
𝑤(𝑡): Differential variable
𝑤
𝑖−1

: Differential variable at the beginning of
element 𝑖.

Greek Symbols

𝛼
1
, 𝛼

2
, 𝛽

1
: Constant parameters

Δ𝜋: Pressure loss of osmosis pressure (bar)
𝜌: Density of permeate water (kg/m3)
𝜇: Kinematic viscosity (kgm−1 s−1)
𝜆: Friction factor
𝜀
𝑝
: Mechanical efficiency of high pressure pump

𝜀
𝑝𝑓
: Energy recovery efficiency

Ω
𝑞
(𝑡): Polynomial of order 𝐾

𝜓
𝑞
(𝑡): Lagrange polynomial of degree 𝐾.

Subscripts

b: Bulk
f : Module feed channel
m: Membrane surface
p: Permeate side
s: Salt.
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This study focuses on planning interceptor locations in a general transportation network to maximize the expected benefits from
catching violators mixing in public traveler flow. Two reliability-related characteristics are also integrated into the planning model
to make it more practical. One is that each interceptor (e.g., a sensor or a checkpoint) has a failure probability. The second is the
existence of a “game” between the interceptor planner and violators. A nonlinear nonconvex binary integer programming model
is presented. We develop a simulated annealing (SA) algorithm to solve this model, and numerical experiments are conducted to
illustrate the computational efficiency of the proposed algorithm. We also analyze the sensitivity of the disruption probability of
interceptors to optimal objective function values and discuss how to determine the values of these parameters in a violator route
choice model.

1. Introduction

There currently exist many types of violators in daily life
networks (such as ground transportation networks, commer-
cial airline networks, and communication networks), any of
whom may pose a serious threat to public safety. A typical
example is that of the drunk drivers who frequently emerge
in an urban road network [1–4]. This is a difficult, real,
and common problem troubling many local governments
in many countries. Car accidents caused by drunk driving
claim the lives of more than 15,000 people in the US every
year and injure many more. More intuitively, as concluded
by authorities [5], (1) one-third of all Americans will be
involved in drunk driving accidents at some point in their
lifetimes; (2) someone is injured in an alcohol-related car
accident approximately every 60 seconds; (3) someone is
killed in an alcohol-related car accident approximately every
40 minutes; and (4) drunk driving car accidents cost the US
an average of $114 billion annually. This phenomenon also
exists in China, where drunk driving and consequent traffic
accidents are even more prevalent and serious. Eliminating
drunk driving has long been a major focus of traffic safety
professionals at the federal, state, and local levels. Terrorists,
another type of violators, aim to attack airline networks

[6–9]. They mix in with the public flow of passengers and
watch for an opportunity to launch an attack. As further
examples, viruses and illegal data may exist within the public
information flow in a local intranet or a world-wide internet.
Viruses, in particular, may steal or violate a public user’s
private information or cause disruption to public internet
users. Means of intercepting and eliminating illegal viruses
is an important subject in the field of network security.

A common problem faced by decision makers who want
to protect networks is how to catch violators mixing in the
public flow as soon as possible by setting up interceptors
(which could be DUI checkpoints for catching drunk drivers,
or a virtual network police force that screens for viruses
and illegal information). A network cannot have unlimited
numbers of interceptors due to budgetary or logistical limits
(e.g., a DUI checkpoint for drunk driving at one location will
cause delays because vehicles need to stop and be checked,
limiting the number of checkpoints that can be established).
Furthermore, an unlimited number of interceptors is not nec-
essary. One can always attempt to find an optimal interceptor
layout with less than a given number of interceptors to obtain
the largest expected benefit. This interceptor location prob-
lem (ILP) is very similar to “network interdiction” problems.
The deterministic network interdiction problem has been
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studied by Zenklusen [10], Granata et al. [11], Rad andKakhki
[12], and Yates and Sanjeevi [13] with military applications
and with applications to the interdiction of illegal drugs and
precursor chemicals. In this problem, given a capacitated
network, a source s and a sink t, the aim is to interdict arcs
in the network to minimize the maximum flow from s to t,
subject to constraints on the number of prohibited arcs. The
stochastic version of this problem studied by Cormican et al.
[14] and Ramirez-Marquez and Rocco S. [15] assumes that
interdictions on arcs do not always succeed but may be either
completely unsuccessful, partially successful, or completely
successful.

All network interdiction problems are rooted in the well-
known max-flow-min cut theorem.These problems consider
violators a type of commodity and attempt to break arcs
to leave as few as possible arc-disjoint paths remaining for
violators to use. However, for the ILP, we treat violators
as a minority mixing in with public travelers, who are the
majority. We attempt to discriminate violators from innocent
public travelers as soon as possible, while they share the same
network at the same time. ILP is not amax-flow-min problem
in nature, as the purpose of network interdiction problems is
to intercept as many violators as possible regardless of how
long the violator will travel in the network or how many
public travelers will be threatened by the violator. Addition-
ally, in practice, we implement a “game” between interceptor
planners and violators. After planners instantiate a specific
interceptor layout, violators will adjust their route choices as
much as possible to avoid being caught by interceptors.Thus,
we expect that a robust solution to the interceptor layout will
achieve equilibrium between planners and violators.

For the ILP, which is different from network interdiction
research, we propose a reliable interceptor location problem
(RILP). We assume that, in a general network, two types
of flow exist: one is the public traveler flow, composed of
innocent travelers, and the other is the flow of violators,
who are mixed in with the public traveler flow and pose
a threat to public travelers. We aim to effectively identify
violators from the public flow by setting up interceptors along
routes of flow. The installed interceptors are assumed to have
a given probability of failure at capturing violators as they
pass by. Additionally, “game” behaviors between planners and
violators are integrated into the proposed model. To the best
of our knowledge, our attempt is the first attempt to study ILP
in a reliable and gamified manner.

This paper is organized as follows. Section 2 presents the
model formulation. Section 3 discusses the algorithms for
this proposedmodel. Section 4 presents some numerical tests
to investigate the computational performance of the proposed
model and algorithms. Section 5 concludes the paper and
discusses future research directions.

2. Model Formulation

To formulate RILP, a network should first be classified into a
series of origin-destination (OD) pairs between which daily
traffic demand (including violators) is generated. We use 𝑤

to represent the set of all OD pairs, 𝜑
𝑟
to represent the set

of available routes between a specified OD pair 𝑟 ∈ 𝑤 and
𝜑 to represent the set of all possible routes between OD
pairs. Let 𝜙

𝑖
be the set of candidate locations along route

𝑖 ∈ 𝜑
𝑟
for interceptors and let 𝜙 be the set of all candidate

interceptor locations. 𝐷
𝑟
represents the expected number of

violators generated in OD pair 𝑟 ∈ 𝑤 during any specified
time interval.

For any OD flow, an interceptor will check passengers
if and only if the flow passes the interceptor. Any violators
in the flow will be caught. In this case, we say that the flow
is covered by the interceptor or that we have flow coverage.
The benefit obtained from setting up an interceptor along a
specific route, which we denote by path coverage, depends
on not only the inspected passenger volume but also the
lengths of the covered OD paths. For simplicity, this study
adopts a vehicle-mile coverage measure [16] such that the
path coverage benefit for an OD path is proportional to both
its traffic volume and the covered length.

The existence of violators will pose a safety threat to the
traveling public. The magnitude of the threat is dependent
on the public traveler flow encountered and the length of
the path traveled by the violators before their interception.
For a specific route 𝑖, setting up an interceptor at candidate
location 𝑗 ∈ 𝜙

𝑖
results in a corresponding potential benefit

𝑏
𝑖𝑗
stemming from the public’s protection from violators on

that route. Therefore, in a network with link set 𝐴, the path
coverage benefit 𝑏

𝑖𝑗
can be defined as follows:

𝑏
𝑖𝑗

= ∑

𝑎∈𝐴

𝛿
𝑎

𝑖𝑗
𝑓
𝑎
𝐿
𝑎
, ∀𝑖 ∈ 𝜑, ∀𝑗 ∈ 𝜙

𝑖
, (1)

where 𝐿
𝑎
and 𝑓

𝑎
are, respectively, the length and the public

traveler flow on link 𝑎 ∈ 𝐴 and parameter 𝛿
𝑎

𝑖𝑗
is defined as

follows:

𝛿
𝑎

𝑖𝑗

= {

1, link 𝑎 is on path 𝑖 and downstream of location 𝑗

0, otherwise.
(2)

In practice, due to the performance limit of interceptors,
violators may not always be caught when they pass by
interceptors. Even when interceptors are fully competent
to discriminate violators from the public flow, we should
not assume that all passing passenger flows are checked by
interceptors because it is not practical to stop the flow to
check every passenger (i.e., checking for drunk drivers at a
DUI checkpoint will cause traffic delays if the sampling rate
is high). This is similar to the concept of “sensor failure” that
is widely studied in the literature [17–21]. In this paper, we
define this failure as “interceptor failure.” Complementary to
the introduction of interceptor failure, the expected inter-
cepting benefit from setting up an interceptor at candidate
location 𝑗 along route 𝑖 is related to the “head level” of that
interceptor. Supposing that there are 𝑛

𝑖
interceptors installed

on route 𝑖. We see that once the locations with installations
on 𝑖 are given (i.e., {𝑗𝑖

1
, 𝑗
𝑖

2
, . . . , 𝑗

𝑖

𝑛
𝑖

} ordered from upstream to
downstream), their head levels are defined as follows.
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Definition 1 (head level). An interceptor at location 𝑗
𝑖

𝑠
is the

level-𝑠 head interceptor along route 𝑖.
The primal decision variables 𝑥 = {𝑥

𝑗
} determine where

to install DUI sites, where

𝑥
𝑗
= {

1, a interceptor is installed at candidate location 𝑗

0, otherwise.
(3)

Given 𝑥, the auxiliary variables ℎ = {ℎ
𝑚

𝑖𝑗
} decide how inte-

rceptors are assigned to paths, where

ℎ
𝑚

𝑖𝑗

=

{
{

{
{

{

1, a interceptor is installed at candidate location 𝑗

along route 𝑖 and assigned to head level 𝑚
0, otherwise.

(4)

Assume that each interceptor fails independently with an
identical probability 0 ≤ 𝑝 < 1. The path coverage benefit
from setting up interceptors at location 𝑗 along route 𝑖 is 𝑏

𝑖𝑗
.

As interceptor 𝑗 functions to catch violators with probability
(1 −𝑝)𝑝

𝑚−1, its expected contribution to catching violators is
(1 − 𝑝)𝑝

𝑚−1
ℎ
𝑚

𝑖𝑗
𝑏
𝑖𝑗
.

Additionally, each route 𝑖 ∈ 𝜑
𝑟
has a probability 𝛼

𝑖
of

being selected by violators, such that ∑
𝑖∈𝜑
𝑟

𝛼
𝑖

= 1, ∀𝑟 ∈

𝑤. This route selecting probability should not be defined
statically but should instead be related to the layout of
interceptors. For example, locating a DUI checkpoint at a
certain location one night may induce drunk drivers to
avoid this location later. To account for this “game” between
interceptor planners and violators, we assume that violators
will select a route between a specific OD pair according to
a Logit model, in which the utility of violators to select a
specific route is determined by two aspects: the numbers of
installed interceptors along all possible OD routes and the
travel lengths of these routes.We assume that violators always
try to find a route that possesses as few interceptors as possible
and a short travel distance. We define 𝛼

𝑖
as follows:

𝛼
𝑖
=

exp (𝛽
1
𝑝
𝑛
𝑖
− 𝛽
2
𝐿
𝑖
)

∑
𝑘∈𝜑
𝑟

exp (𝛽
1
𝑝
𝑛
𝑘 − 𝛽
2
𝐿
𝑘
)

, ∀𝑟 ∈ 𝑤, ∀𝑖 ∈ 𝜑
𝑟
, (5)

where 𝑛
𝑖

= ∑
𝑗∈𝜙
𝑖

∑
𝑅
𝑖

𝑚=1
ℎ
𝑚

𝑖𝑗
is the number of installed

interceptors along route 𝑖, 𝐿
𝑖
is the travel length of route 𝑖,

and 𝛽
1
, 𝛽
2
are two coefficients corresponding to interceptor

number and travel length, respectively, in the utility function.
Taking into account the discussion above, the expected

intercepting benefits across an exponential number of failure
scenarios and the game behavior between planners and

violators can be consolidated into a compact expression, and
RILP can be written as follows:

(RILP) max
𝑥,ℎ

∑

𝑟∈𝑤

∑

𝑖∈𝜑
𝑟

∑

𝑗∈𝜙
𝑖

𝑅
𝑖

∑

𝑚=1

𝐷
𝑟
𝛼
𝑖
𝑏
𝑖𝑗
ℎ
𝑚

𝑖𝑗
𝑝
𝑚−1

(1 − 𝑝) (6)

s.t. ∑

𝑗∈𝜙

𝑥
𝑗
≤ 𝑁 (7)

𝑅
𝑖

∑

𝑚=1

ℎ
𝑚

𝑖𝑗
= 𝑥
𝑗
; ∀𝑖 ∈ 𝜑, ∀𝑗 ∈ 𝜙

𝑖
(8)

∑

𝑗∈𝜙
𝑖

ℎ
1

𝑖𝑗
≤ 1; ∀𝑖 ∈ 𝜑 (9a)

∑

𝑗∈𝜙
𝑖

ℎ
𝑚

𝑖𝑗
≤ ∑

𝑗∈𝜙
𝑖

ℎ
𝑚−1

𝑖𝑗
; ∀𝑖 ∈ 𝜑, ∀𝑚 ∈ [2, 𝑅

𝑖
]

(9b)

𝑅
𝑖
= min (





𝜙
𝑖





, 𝑁) ; ∀𝑖 ∈ 𝜑 (10)

𝑥
𝑗
, ℎ
𝑚

𝑖𝑗
∈ {0, 1} ; ∀𝑖 ∈ 𝜑, ∀𝑗 ∈ 𝜙

𝑖
,

∀𝑚 ∈ [1, 𝑅
𝑖
] .

(11)

Objective function (6) aims to maximize the total expected
benefit from all interceptors. Constraint (7) enforces the
budget limit, which is that no more than 𝑁 interceptors
are allowed to be installed. Constraint (8) ensures that each
installed interceptor is assigned to each of its corresponding
paths at one and only one head level. Constraint (9a) indicates
that no more than one head interceptor is assigned to each
path at each level. Constraint (9b) implies that, for each path
𝑖, all the implemented head assignment levels {𝑚 | ∑

𝑗∈𝜙
𝑖

ℎ
𝑚

𝑖𝑗
=

1} start from 1 and form a consecutive sequence. Constraint
(10) is the definition of the head level number along a specific
route. Constraint (11) defines the binary variables.

3. Solution Algorithms

Solving the model of RILP is relatively difficult, as it is a non-
linear, nonconvex binary integer programming model, the
objective function of which contains exponential, fractional
forms of decision variables. We will introduce simulated
annealing (SA) to solve this model.

SA is a generic probabilistic metaheuristic for the global
optimization problem of locating a good approximation to
the global optimumof a given function in a large search space.
SA is often used when the search space is discrete (e.g., all
tours that visit a given set of cities). For certain problems,
simulated annealing may be more efficient than exhaustive
enumeration, provided that the goal is merely to find an
acceptably good solution in a fixed amount of time, rather
than to find the best possible solution. The algorithm is well
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Step 1. Initialization.
(1.1) Randomly select 𝑁 candidate locations to initialize an initial feasible solution 𝑥

0. For an arbitrary
route 𝑖, determine ℎ

0 according to interceptor layout 𝑥0, then compute objective function value 𝑧(𝑥
0
)

according to (6). Let 𝑥 = 𝑥
0.

(1.2) Set Markov length ML, initial temperature 𝑇
0
, error 𝜀, and let 𝑇 = 𝑇

0
.

(1.3) Set the outer iteration counter 𝑛 = 1.
Step 2. For the given 𝑇, perform the following:

(2.1) Set the inner iteration counter to 𝑘 = 1.
(2.2) Randomly select an element from 𝑥 (selected candidate locations) and 𝜙 − 𝑥 (unselected candidate

locations), respectively, and exchange them to produce a new solution 𝑥.
(2.3) Compute the objective function value 𝑧(𝑥) according to (6).
(2.4) Set Δ𝑧 = 𝑧(𝑥) − 𝑧(𝑥), if Δ𝑧 > 0, 𝑥 = 𝑥; else let 𝑥 = 𝑥 with probability 𝑝(Δ𝑧) = exp(Δ𝑧/𝑇).
(2.5) Check whether 𝑘 = ML. If 𝑘 = ML, go to Step 3; else 𝑘 = 𝑘 + 1, return to (2.2).

Step 3. Determine whether to stop
(3.1) Check whether 𝑇 < 𝜀. If 𝑇 < 𝜀, stop; go to (3.2)
(3.2) Let 𝑇 = 𝜂𝑇, 𝑛 = 𝑛 + 1, and return to Step 2. (where 𝜂 decides the speed of annealing)

Algorithm 1: SA on RILP.
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Figure 1: Sioux Falls network.

described by Liu [22]. A brief summary of the algorithm is
given below.

(1) Initialization. An initial solution is generated randomly
from the feasible region. The initial temperature should be
high enough to allow all candidate solutions to be accepted.

(2) Markov Length. The iteration number 𝑀 is used in each
temperature. This number should be set appropriately high
such that the objective function values reach a Boltzmann
distribution.

(3) Cooling Schedule.The cooling schedule is the rate at which
the temperature is reduced. In this paper, 0.8 is used for
the first 12th temperature reductions. A cooling schedule of
0.8 means the temperature of the next stage is 0.8 times the

current temperature. A cooling schedule of 0.5 is used after
the 12th temperature reduction.

(4) Step Size. Step size at each move should be decreased
along with the reduction in temperature. Feasible solutions at
lower temperatures are close to the optimal solution. When
the temperature is low, a stochastic search tends to be a
deterministic search. If the step size is too large, at low
temperature, some feasible solutions will be rejected, thereby
wasting computation time.

(5) Neighboring Solutions. Neighboring solutions are the set
of feasible solutions that can be generated from the current
solution. Each feasible solution can be directly reached from
the current solution by a move and the resulting neighboring
solution.

(6) Stopping Criteria. The algorithm stops when the number
of temperature transitions reaches a prespecified number, or
when the temperature is reduced to a threshold or when the
neighboring solution was not improved after a given period
of time.

The algorithm of SA on RILP is summarized
in Algorithm 1.

4. Case Study

In this section, we consider a special type of violator, drunk
drivers who blend in with public travelers in an urban road
network and aim to find a reliable layout of interceptors (DUI
checkpoints) to catch them and consequently protect public
innocent travelers. Several sets of numerical experiments
are performed to test the computational performance of the
proposed model and solution algorithm. All algorithms are
coded in MATLAB R2010b and run on a desktop computer
with 2.70GHz CPU and 4.00GB memory.

The proposed models are applied to the Sioux Falls
network, which includes 24 nodes and 76 links, as shown
in Figure 1. Every node represents a zone. The nodes with
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Figure 2: Objective function values generated by SA with𝑁 = 5, 𝑇
0
= 500, Markov length = 100, 𝜂 = 0.8, 𝜀 = 0.005.

red/green colors are assumed to be the origins/destinations of
drunk drivers. All OD trip data and network data, including
the link lengths, link free flow travel times, link capacity,
link characteristics (i.e., BPR function), and link indices, are
downloaded from Bar-Gera [23]. Using network data and
OD trip data, the traffic assignment of user equilibrium (UE)
criteria [24] is implemented to obtain the link flow 𝑓

𝑎
, ∀𝑎 ∈

𝐴. We then use 𝑓
𝑎
to calculate 𝑏

𝑖𝑗
with formula (1).

The difficulty of implementing RILP lies in the exponen-
tial number of routes between each OD pair. This will be
exacerbated for larger networks. However, it can reasonably
be assumed that not every routewill be used by drunk drivers.
Based on this fact, we select a feasible and reasonable number
of routes between each OD pair for drunk drivers. We only
use those routes whose probabilities of being taken by drunk
drivers are no less than a certain small value (e.g., 0.1). The
probability that each route between a given OD pair is taken
by drunk drivers is computed by the following Logit-like
formula:

𝑝
𝑖
=

exp (∑
𝑚∈𝜑
𝑟

𝑡
𝑚
/𝑡
𝑖
)

∑
𝑛∈𝜑
𝑟

exp (∑
𝑚∈𝜑
𝑟

𝑡
𝑚
/𝑡
𝑛
)

, ∀𝑟 ∈ 𝑤, ∀𝑖 ∈ 𝜑
𝑟
, (12)

where 𝑡
𝑖
, 𝑡
𝑚
, and 𝑡

𝑛
are the travel times of routes 𝑖, 𝑚, and

𝑛 between OD pair 𝑟, respectively, which can be obtained
by the implementation of UE. The loop-less 𝑘-shortest path

algorithmpresented by Yen [25] can find an arbitrary number
of ranked shortest paths between each OD pair. We use that
algorithm to successively find and add a new route to the set
of k paths until the selected probability, computed by formula
(12), is smaller than a predefined small value.

In our example, there are a total of 30 OD pairs (with
5 origins and 6 destinations) for generating and absorbing
drunk drivers. The “demand” of drunk drivers between each
OD pair is randomized between 1 and 100 in Excel 2010.
The total number of routes generated by the 𝑘-shortest path
algorithm is 99. In this example, all 24 nodes in the Sioux
Falls network are assumed to be candidate locations for
interceptors.

4.1. Solution Algorithm Performance. To analyze the perfor-
mance of the SA algorithm in solving our RILP model, we
run a series of instances for 𝑝 = 0.1, 𝛽

1
= 1000, 𝛽

2
= 2.5,

𝑁 ∈ {5, 10}, 𝑇
0

= 500, 𝑀𝑎𝑟𝑘𝑜V 𝐿𝑒𝑛𝑔𝑡ℎ = 100, 𝜂 = 0.8,
and 𝜀 = 0.005. In each instance, the initial solution for the
interceptor layout is randomized by the MATLAB function
“Randperm”. The results are shown in Figures 2 and 3. As
observed, the best objective function value always stabilizes
after several iterations of SA in each run, and the near-
optimal result is very similar across all runs for a specified
𝑁 (𝑁 = 5 or 𝑁 = 10). This indicates that the proposed
SA algorithm for RILP is nonsensitive to the initial solution
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Figure 3: Objective function values generated by SA with𝑁 = 10, 𝑇
0
= 500, Markov length = 100, 𝜂 = 0.8, 𝜀 = 0.005.

and performs stably. Additionally, each run almost stabilizes
at close to 20 iterations, and in each iteration 100 (because
Markov length = 100) computations are necessary to obtain
objective function values. Thus, SA uses approximately 22 ×

100 computations to approach an optimal solution, while an
enumeration algorithmmay cost 𝐶5

24
= 42504 computations.

Therefore, the proposed SA algorithm is more effective at
solving RILP than enumeration.

4.2. Sensitivity Analysis of Disruption Probability 𝑝. In this
set of experiments, we aim to investigate changes in objective
values and interceptor deployment solutions under different
disruption scenarios.

Using four different disruption probability (𝑝) values, we
use SA to solve RILP with 𝑁 values from 1 to 24. For each
𝑁, we implement SA 4 times and use the average objective
value as the final result. Figure 4 shows the benefits obtained
for each 𝑝 over varying numbers of installed interceptors.
Overall, objective values approach stability when the number
of installed interceptors is more than 5 under each disruption
scenario. We call 𝑁 = 5 the “critical point”. This is a
reasonable result becausewe assume there are only 5 potential
origins for violators, and if these 5 origins all contain installed
interceptors, all of the first nodes of each violator route
will be covered. Before the number of installed interceptors
achieved at the “critical point”, the potential improvement of
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Figure 4: Objective values under different disruption probabilities
𝑝.

the objective value from adding a new interceptor will be
much greater than that after the critical point. Under each
disruption scenario, the curve of objective values increases
very steeply before the “critical point”, then increases at a
flatter trajectory after 𝑁 = 5. We can see that the larger
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Table 1: Interceptor deployment solutions under four disruption
scenarios.

Selected candidate interceptor
𝑁 = 3

𝑝 = 0.1 8, 10, 15
𝑝 = 0.3 8, 10, 15
𝑝 = 0.5 9, 10, 15
𝑝 = 0.7 9, 10, 15

𝑁 = 4

𝑝 = 0.1 8, 9, 10, 15
𝑝 = 0.3 8, 9, 10, 15
𝑝 = 0.5 8, 9, 10, 15
𝑝 = 0.7 9, 10, 15, 16

𝑁 = 5

𝑝 = 0.1 8, 9, 10, 15, 17
𝑝 = 0.3 8, 9, 10, 15, 17
𝑝 = 0.5 8, 9, 10, 15, 17
𝑝 = 0.7 8, 9, 10, 15, 16

the disruption probability, the sharper the increase in the
objective value before the “critical point” and the slower the
increase after the “critical point”. Figure 4 also indicates that
while 𝑁 is determined, the decrease in objective values is
not linear across different disruption probabilities, although
we attempt to linearly increase the probability.The difference
in objective values between any two neighbor disruption
scenarios is exacerbated sequentially.

Table 1 presents interceptor solutions under four different
disruption scenarios (with only 𝑁 = 3, 4, 5 shown as
examples). We can see that when the disruption probability
varies, the “optimal” interceptor solution also changes.

4.3. Additional Discussions. In practice, 𝛽
1
represents the

resultant benefit from a one unit increase in the probability
of a drunk driver avoiding an interceptor, and 𝛽

2
represents

the cost incurred by increasing the travel distance by one
unit. One should be careful in determining the values of these
two parameters because theywill cause significant differences
in how drunk drivers select routes and, consequently, dif-
ferences in the optimal interceptor layout. If a government
increases the amount of attention it pays to eliminating drunk
driving, 𝛽

1
should be very large (e.g., in China, drunk driving

leads to high fines and also may lead to suspended driver’s
licenses and jail time).

5. Conclusion

This paper studies an interceptor location problem in an
arc-node network. The interceptor identifies violators from
network traffic and reduces the safety risk for the general
public. We propose a reliable interceptor location model
(RILP) to account for interceptor disruption and the “game”
played between interceptor planners and violators. The RILP
is a nonlinear, nonconvex binary integer programmingmodel
that is difficult to solve. We develop a simulated annealing
(SA) algorithm to solve the RILP, and numerical case studies

are conducted to test the algorithm. Various managerial
insights are also drawn from the numerical results. We
find that the proposed algorithm is able to effectively and
efficiently solve the RILP. Sensitivity analysis of the disruption
probability shows that (i) the total benefit of the system
decreases as the disruption probability increases and (ii)
there exists a “critical point” for the number of installed
interceptors. We further discussed the physical meanings of
two parameters in a Logit model for the selection of routes by
drunk drivers and how to determine these parameters.

In this study, we consider a heuristic algorithm, SA.
Because of the uncertainty inherent in heuristic methods,
future studies should aim to develop global optimal algo-
rithms to solve this nonlinear programming model.
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Automatic traffic accident detection, especially not recorded by traffic police, is crucial to accident black spots identification and
traffic safety. A new method of detecting traffic accidents is proposed based on temporal data mining, which can identify the
unknown and unrecorded accidents by traffic police. Time series model was constructed using ternary numbers to reflect the state
of traffic flow based on cell transmission model. In order to deal with the aftereffects of linear drift between time series and to
reduce the computational cost, discrete Fourier transform was implemented to turn time series from time domain to frequency
domain.The pattern of the time series when an accident happened could be recognized using the historical crash data.Then taking
Euclidean distance as the similarity evaluation function, similarity datamining of the transformed time series was carried out. If the
result was less than the given threshold, the two time series were similar and an accident happened probably. A numerical example
was carried out and the results verified the effectiveness of the proposed method.

1. Introduction

Road accidents are regarded as one of the leading causes of
death for people between the ages of 5 and 44 according to the
WorldHealthOrganization [1].More than that, traffic crashes
result in serious economic losses on account of traffic con-
gestion which in turn leads to a wide variety of adverse con-
sequences such as traffic delays, supply chain interruptions,
travel time unreliability, and increased noise pollution, as well
as deterioration of air quality [2]. Thus, reducing or avoiding
traffic collisions is of great significance to traffic safety. High
collision concentration location (HCCL) [3] detection is an
effective means to find out the accident black spots and take
some necessary continuous improvement measures. Histori-
cal accident data is the necessary foundation of any research
on this subject. One of the main problems of the accident
data was considered as the heterogeneity [4] in the previous
studies. A great many methods had been proposed to solve
this problem, such as latent class clustering [5–8], Bayesian
networks (BNs) [9–11], and continuous risk profile (CRP)
[12, 13]. One of the commonalities between these methods
is that historical accident data, more specifically, recorded
historical accident data, were used as the basic data. However,

not all traffic crashes are known and recorded by traffic police.
It is undeniable that someminor accidents often happened on
highways and were settled privately for trivial losses. Usually,
traffic accident black spots are identified mainly based on the
traffic crash data recorded by traffic police departments [14].
This just helps to find out the collisions we know, while ones
we do not know, which did happen, keep unconsidered yet.
In part, these observations motivated our study.

Traffic accidents are contingent events and are difficult
to detect if there is no alarm. Nonetheless, a traffic accident
was bound to create an impact on traffic flow pattern and
cause different levels of congestion [15, 16].The traffic volume,
traffic speed, and trafficdensitywere changed by crashes, even
minor accidents. Thus, capturing the change of these traffic
flow parameters is very helpful for traffic accidents, especially
unrecorded traffic accidents detection.

Given this, an automatic traffic accident detection
method was proposed in this paper. Traffic flow data was
used and simulated by cell transmission model (CTM).
According to the different inflow between two cells, time
series model was constructed to reflect traffic flow state. Time
series pattern, when accidents happened, was established
based on historical accident data. To overcome the defect

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 852495, 7 pages
http://dx.doi.org/10.1155/2014/852495

http://dx.doi.org/10.1155/2014/852495


2 Mathematical Problems in Engineering

of Euclidean distance, which does not consider the linear
drift in the time domain, and to reduce the computational
cost, discrete Fourier transform was implemented to turn
the time series from time domain to frequency domain.
Leveraging the strengths of temporal data mining at finding
time-varying patterns, any time series that were similar to the
given pattern could be figured out, namely, the unknown and
unrecorded accidents, by similarity search. The premier aim
and contribution of this paper are to find out “the hidden
accidents,” such as compounding in private, using temporal
data mining method. A case study using the real highway
traffic data in Harbin, China, was conducted for verification.

2. Material and Methods

2.1. Construction of Time Series Reflecting Traffic Flow State.
For highway traffic flow, there was a unique state in each
period. One of the ways to describe this was the metaphor of
a screen capture for the traffic flow over consecutive periods
of time. Every picture reflected the state of the traffic flow
at a certain time. These pictures constituted a sequence over
time. This was the consideration of building the time series
model to describe the evolution of traffic flow in this paper.
Traffic conditions estimation was achieved through dynamic
traffic assignment (DTA) simulation that utilized temporal
aspects of a transportation system. Different values of inflow
between cells in CTM were typically expressed as ternary
numbers (0, 1, and 2). A series of ternary numbers, generated
by CTM, were introduced to illustrate the traffic flow state.
Then, time series data were created by converting ternary
numbers to decimal numbers. Thus, the traffic flow state
could be reflected by time series data, and it was the basic
work for unrecorded accidents mining.

2.1.1. Cell Transmission Model. To model the propagation of
trafficflowand construct time series data in the section below,
the spread of highway traffic flow was simulated by CTM
in this paper. CTM was proposed by Daganzo [17, 18] and
was considered as a proper method. It was believed that the
relationship between traffic flow (𝑞) and density (𝑘) was of the
form depicted figurally as follows:

𝑞 = min {V𝑘, 𝑞max, 𝜔 (𝑘𝑗 − 𝑘)} , (1)

where V, 𝑞max, 𝜔, and 𝑘𝑗 denoted the free-flow speed, the
maximum flow (or capacity), the backward wave speed, and
the maximum (or jam) density, respectively, as shown in
Figure 1.

In Figure 1, if the density is less than 𝑘
1
, the traffic flow

𝑞 is equal to V𝑘; if it is between 𝑘
1
and 𝑘

2
, then 𝑞 reaches its

maximum, 𝑞max; if it is between 𝑘2 and 𝑘𝑗, 𝑞 is equal to 𝜔(𝑘𝑗 −
𝑘); and 𝑞 is 0 when the density reaches 𝑘

𝑗
.

Then, the continuous Lighthill-Whitham-Richards
(LWR) equations [19, 20] for a single highway link were
discretized through this method and could be approximated
by a set of difference equations. The state of the system was
updated over time.Thus, the discontinuous changes of traffic
flow could be captured.

kj
1

�
+
1

𝜔

qmax

Fl
ow

�

k1 k2 kj

−𝜔

Density

Figure 1: The relationship of traffic flow and density in CTM.

InCTM, a single roadwas divided into homogeneous sec-
tions (cells), 𝑖, whose lengths equaled the distance traveled by
free-flowing traffic speed in one clock interval.The state of the
system at instant 𝑡 was then given by the number of vehicles
contained in each cell, 𝑛

𝑖
(𝑡). The following parameters were

defined for each cell.
𝑁
𝑖
(𝑡) is the maximum number of vehicles that can be

present in cell 𝑖 at time 𝑡, and 𝑄
𝑖
(𝑡) is the maximum number

of vehicles that can flow into cell 𝑖 when the clock advanced
from 𝑡 to 𝑡 + 1.

These constants could vary with time (e.g., contingent
traffic incidents or conscious traffic control measures), but
this dependence was able to be ignored for simplicity of
notation. The first constant 𝑁

𝑖
(𝑡) was defined to be the

product of the cell’s length and its jam density, and the second
onewas the product of the time interval and the cell’s capacity.

If cells were numbered consecutively starting with the
upstream end of the road from 𝑖 = 1 to 𝐼, the recursive
relationship of the CTM, as discussed by Daganzo [17, 18],
could be expressed as

𝑛
𝑖
(𝑡 + 1) = 𝑛

𝑖
(𝑡) + 𝑦

𝑖
(𝑡) − 𝑦

𝑖+1
(𝑡) , (2a)

where𝑦
𝑖
(𝑡)was the inflow to cell 𝑖 in the time interval (𝑡, 𝑡+1),

given by

𝑦
𝑖
(𝑡) = min {𝑛

𝑖−1
(𝑡) , 𝑄

𝑖
(𝑡) , 𝛿 [𝑁

𝑖
(𝑡) − 𝑛

𝑖
(𝑡)]} , (2b)

where 𝛿 = 𝜔/V.
The formulas (2a) and (2b) constituted the fundamental

equations of CTM. Equation (2a) expressed the status updates
of cells over time, while the latter gave the variations for
updating.

2.1.2. Constructing Time Series of Traffic Flow. Time series
data was a sequence of data evolving through time. There
were two strengths of temporal data mining: data-based and
pattern-based. The former was more likely to approach the
truth; the latter was more likely to extract the features. Every
traffic accident was considered to change the traffic flow state
more or less. Features of this change were supposed to be
extracted by temporal data mining and these features were
able to be used to find out “the hidden accidents.”

Gao et al. used the NaSch traffic model to simulate the
evolution of traffic flow [21, 22]. The state of traffic flow at
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Figure 2: The traffic flow trends with the tick of a clock.

each time periodwas regarded as a node of a network.Then, a
complex network was constructed, also known as a multiple-
mode system model, which could describe the evolution of
traffic flow. Zhao et al. studied state estimation of this kind of
systems [23]. However, the temporal relations among these
nodes were ignored in their research.

According to CTM, at each time step, the inflow 𝑦
𝑖
(𝑡) to

cell 𝑖 could be 𝑛
𝑖−1
(𝑡), 𝑄
𝑖
(𝑡) or 𝛿[𝑁

𝑖
(𝑡) − 𝑛

𝑖
(𝑡)]. When 𝑦

𝑖
(𝑡) =

𝑛
𝑖−1
(𝑡), the state of the cell was represented by number 0;

when 𝑦
𝑖
(𝑡) = 𝑄

𝑖
(𝑡), it was represented by number 1, otherwise

represented by number 2. Then, the state of the system was
expressed by a sequence of ternary numbers, for example,
{0, 0, 1, 2, 1}.

The model employed was described as follows. For 𝑁
cells, we assumed that, at time period (𝑡, 𝑡 + 1), the state
was represented by a set of ternary numbers, namely, 𝑆

𝑡
=

{𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑁
}. Then, 𝑆

𝑡
is the precursor of 𝑆

𝑡+1
. Here, each

ternary number 𝑠
𝑖
can be considered as an element, which

can take three different states; that is, 𝑠
𝑖
= 0, 1, 2. Figure 2

depicted the evolution of traffic flow with the tick of a clock.
As shown in Figure 2, when the clock advanced from 0

to 4, the system (a single segment) state change could be
discovered clearly using the “screen capturing” method. The
state 𝑆

𝑡
was time-varying and was represented by a sequence

of numbers. For convenience, a parameter𝑀was introduced
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Figure 3: Time series data reflecting traffic flow trends of a five-cell
road.

in this paper to represent the value of 𝑆
𝑡
and𝑀 = ∑𝑁

𝑖=1
3
𝑖
𝑠
𝑖
;

thus, ternary numbers were converted to decimal numbers;
for example, {0, 0, 1, 2, 1} was converted to 16. Thus, time
series data was created (see Figure 3).

Each single decimal number represented a system’s state.
As shown in Figure 3, at time step 9, for instance, the value
of the system state was 78; thus, the ternary numbers were
{0, 2, 2, 2, 0}, which was the state of traffic flow.

2.2. Feature Extraction. Noise in the raw time series data
could reduce accuracy and creditability of data mining.
Linear drift was certainly an example. In many clustering
analysis methods,𝐾-means, for example, Euclidean distance,
was frequently used as a similarity measure function. The
unrecorded accidents detection method proposed in this
paper was mostly based on similarity mining, which would
be discussed later. Linear drift was the most important factor
to influence the accuracy of the results.

For time series, 𝑋 = {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
} and 𝑌 = {𝑦

1
,

𝑦
2
, . . . , 𝑦

𝑛
}, if, at time 𝑡, 𝑥

𝑖
− 𝑦
𝑖
= 𝜀, 𝑖 = 1, . . . , 𝑛, where 𝜀 was a

constant.That was to say that the relationship between𝑋 and
𝑌 was linear drift in the time domain, as shown in Figure 4.

In this case, if Euclidean distance was used and 𝜀 was
beyond the threshold, these two time series𝑋 and𝑌were not
considered to be similar by mining algorithms. While they
had similar shape and trend apparently, the judging result
was inaccurate obviously. Aiming to prevent such errors and
to realize data compression and reduce the computational
cost, it was necessary to extract feature from the original time
series data, using the image in feature space to replace the
original one.

Discrete Fourier transform (DFT), which had unique
merits in time series analysis, was an alternative way. For
a given time series object, DFT could be used to turn
it to frequency domain from time domain. According to
Parseval theory, the time-domain energy function was equal
to the frequency-domain energy function. And most of the
energy in frequency domain concentrated on the first few
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Figure 4: Linear drift between time series𝑋 and 𝑌.

coefficients; hence, other coefficients could be omitted. Thus,
the remaining coefficients were able to be seen as the features
of the original time series.

For a given time series 𝑋 = {𝑥
𝑡
}, 𝑡 = 0, 1, . . . , 𝑛 − 1,

translating the series from time domain to frequency domain,
the new sequence obtained byDFTwas denoted by𝑋 = {𝑥

𝑓
},

𝑓 = 0, 1, . . . , 𝑛 − 1, where

𝑥


𝑓
=

1

√𝑛

𝑛−1

∑

𝑡=0

𝑥
𝑡
exp(−

𝑗2𝜋𝑓𝑡

𝑛

) , 𝑓 = 0, 1, . . . , 𝑛 − 1. (3)

Taking the data in Figure 3, for example, the result of DFT
was shown in Figure 5.

The area, in which the frequency was greater than 0.0,
was the real transformed data of the original finite time
series. 17 elements were left out of the initial total of 21
ones. Data compression had been realized and as a result of
the transformation from time domain to frequency domain,
linear drift no longer existed aswell as other noises in the time
domain.

2.3. Unrecorded Accidents Detection Using Similarity Mining.
Similarity search is an important research field in temporal
data mining. As mentioned above, each recorded accident
could bring a piece of time series data, and all recorded
historical accidents data over a period of time could explain
the traffic flow trends when accidents happened. After data
processing, using the above methods, which could be called
data preprocessing, clustering analysis was supposed to be
implemented in this paper. The classical 𝐾-means method
would be able to meet the accuracy requirements due to
the appropriate data preprocessing. Results of cluster were
considered as “normal traffic flow trends” under accidents
and the “hidden accidents” could be found out by similarity
search.

Themethod of similarity measurement used in this paper
was Euclidean distance. Set the time sequence of “normal
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Figure 5: Discrete Fourier transform.
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Figure 6: The procedure of unrecorded accidents detection.

traffic flow trends” of a single road segment which was {𝑥
𝑖
},

whose length was 𝑛. The time series to be measured was
denoted by {𝑦

𝑖
} with its length 𝑁, 𝑁 ≥ 𝑛 generally. In

similarity search, subsequences of {𝑦
𝑖
}, whose lengths were 𝑛,

were themeasuring object.These subsequences were denoted
by {𝑧
𝑖
}. It was known that the number of {𝑧

𝑖
} was 𝐽, 𝐽 =

𝑁−𝑛+1.Then, the similaritymetric function could be defined
as follows:

min
𝐽

𝑛

∑

𝑖=1

(𝑥
𝑖
− 𝐾
𝐽
𝑧
𝐽

𝑖
)

2

, (4)

where 𝐾
𝐽
was the scaling factor. The calculation times were

𝑁 − 𝑛 + 1 obviously.
So far, for a single road segment, the procedure to detect

unrecorded accidents was described in Figure 6.
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Figure 7: The study site and data.

3. Results and Discussions

3.1. The Study Site and Data Preparation. A case study was
conducted based on the data extracted from records collected
on Beijing-Harbin Expressway (G1) between Harbin and
Lalinhe from January 2010 to July 2011. The traffic accidents
dataset included a total of 73 crashes recorded on the 72-
kilometer length road in total. The study site and the traffic
accidents data were shown in Figure 7.

In one and a half years, for such a highwaywith the annual
traffic reaching 8–10 million, “only” 73 crashes happened.
Experience told us that it did not indicate how safe the
highway was, but some minor accidents were not known
or recorded. It was meaningful to detect the unrecorded
collisions for traffic safety research.

As the limit of detection device, traffic flow data worked
out using data collected by highway toll collection system. For
detailed calculation process, readers could refer toWeng et al.
[24]. The estimation accuracy could meet the requirements
technically.

3.2. Numerical Experiment. In the numerical experiment, the
time horizonwas set within half an hour and the time interval
was 30 seconds.The accidents happened at the eleventh clock
interval, namely, 5 minutes after the start time of simulation.
Thus, therewere 60 points in one piece of time series data.The
free-flow speedwas 120 km/h; thus, the length of each cell was
the product of the free-flow speed and the unit clock interval
that was 120 km/h ∗ 30 s = 1 km. Based on the historical
accident data, the accident location was set in the middle
cell in CTM and five cells were brought in to represent a
single highway segment where a crash happened, as shown
in Figure 8.

The virtual cell in Figure 8 was on behalf of the demand
generation. There were five inflow states, as shown by the
five arrows in the figure above. Using the method shown
in Figure 6, first of all, it was significant to identify the
“normal traffic flow trends” under accidents. Time series
data was conducted using the method mentioned above and
DFT was implemented then for each crash record. 𝐾-means
cluster analysis was adopted and the results were indicated
in Figure 9.

As is shown in Figure 9, two clusters were generated by
this method. In Figure 9(a), there were 34 accidents gathered
together. The common point of them was that congestion
formed anddissipated gradually in the simulation period.The

Accident spotVirtual cell

Figure 8: CTM for a single highway segment.

shapes of these time series data were similar to the normal
distribution curve.According to the accident records of traffic
police, most of these crashes were single-vehicle crashes and
both-car accidents. In Figure 9(b), 33 crashes were involved
and the congestion was not eliminated in study period. Two-
thirds of them were crashes between two heavy trucks and
one-third were multivehicle accidents. This kind of crashes
could cause severe congestion and influence traffic seriously.
Actually, another cluster existed in this case and only five
accidents were involved. This cluster had less interference
to traffic, but, for the records, they were collisions between
vehicles and pedestrians. It was a serious threat to traffic
safety but beyond the scope of this paper, so the result was
not shown here.

For the unrecorded accidents, usually there were no
casualties and little losses. The reason why they were not
recordedwas that theseminor accidentswere settled privately
and even kept unknown by the traffic police. So, there was
every reason to believe that these unrecorded accidents were
single-vehicle crashes or both-car accidents.Thus, the cluster
shown in Figure 9(a) was our target in the similarity search.
For verification, one accident out of the 73 crashes was
separated out, pretending to be unknown.

By similarity search, the “prepared” accident was found
out and the time series data was shown in Figure 10. The
traffic flow trend in Figure 10 was indeed similar to the cluster
in Figure 9(a). At the first 10 clock intervals in both figures,
the traffic was smooth because of the unsaturated traffic flow
and no accidents. Then, congestion formed and dissipated
gradually in a certain period. The result of similarity search
proved the reliability of the proposed method.

4. Conclusions

Unrecorded accidents were significant to identify traffic
accident-prone location. Based on the observation that the
traffic volume, traffic speed, and traffic density were changed
by crashes, even minor accidents, an automatic traffic acci-
dent identification method was proposed. As most of the
current studies did not pay enough attention to the time
factor when studying the relationship between traffic state
and crashes on highways, this paper proposed a method
to construct time series data using traffic flow data when
accidents happened. To avoid the defect of not considering
the linear drift in the time domain between two sequences,
DFT was carried out to extract features from original time
series data. Traffic flow trend could be well understood by
clustering analysis. Then, through the method of similarity
search, unrecorded accidents, which were believed to be
single-vehicle crashes or both-car accidents, were found
out. The case study using real data in Harbin showed the
feasibleness of the proposed method.
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Figure 10: Result of similarity search.

For further research, data of car insurance would be
valuable for data mining in this area or for verification of the
automatic traffic accidents identification. And further study
could focus on the traffic flow trends under accidents, such
as the influence diffusion and the elimination of the crash
influence.
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The underwater recovery of autonomous underwater vehicles (AUV) is a process of 6-DOF motion control, which is related to
characteristics with strong nonlinearity and coupling. In the recovery mission, the vehicle requires high level control accuracy.
Considering an AUV called BSAV, this paper established a kinetic model to describe the motion of AUV in the horizontal plane,
which consisted of nonlinear equations. On the basis of this model, the main coupling variables were analyzed during recovery.
Aiming at the strong coupling problembetween the heading control and swaymotion, we designed a decoupling compensator based
on the fuzzy theory and the decoupling theory. We analyzed to the rules of fuzzy compensation, the input and output membership
functions of fuzzy compensator, through compose operation and clear operation of fuzzy reasoning, and obtained decoupling
compensation quantity. Simulation results show that the fuzzy decoupling controller effectively reduces the overshoot of the system,
and improves the control precision. Through the water tank experiments and analysis of experimental data, the effectiveness and
feasibility of AUV recovery movement coordinated control based on fuzzy decoupling method are validated successful, and show
that the fuzzy decoupling control method has a high practical value in the recovery mission.

1. Introduction

Autonomous underwater vehicles (AUV) are widely used
in hydrographical surveys, security check near the coasts
of ports, marine environmental monitoring, and salvage
operations. The data collected by AUV is very important,
which means that the vehicle needs to be recovered safely
aftermissions. Voluminous literatures have been presented in
AUV recovery area, which could be basically classified into 2
types:

(1) surface recovery, which is conducted by a surface
mother ship;

(2) underwater recovery, which is carried out by using an
underwater lifting platform for underwater docking
recovery operation.

The latter 2nd type is AUV clients’ favour for its conve-
nience in recovery operation, where the simulation results
and pool experiments have demonstrated the feasibility of
this type.

Currently, there are some approaches for the AUV under-
water recovery as follows.

(1) Pole docking: this recovery method needs to equip
the recovery mechanism which can capture the rope
or the pole target. Typical representative is Odyssey
IIB which was developed by Woods Hole Marine
research institute and the MIT and Starbug MKIII
AUVwhich was developed by Queensland University
of Technology [1].

(2) Funnel Docking Station: typical representatives have
the FDS Funnel Docking Station which was devel-
oped by Eurodocker for REMUS [2] and a Funnel
Docking Station that was developed byTheMonterey
Bay Aquarium Research Institute for the 54 cm diam-
eter (21-in) AUV [3].

(3) The torpedo tube recovery mode: the recovery
method is mainly used in themilitary field, belonging
to a kind of independent recovery mode. The first
successful case of the torpedo tube recovery mode,
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which was a LMRS [4] type AUV, about 5.88m
long, 51 cm diameter, was completed on “Hart Mesa”
nuclear submarine in 2007.

(4) The embedded equipped recovery mode: the mode
is a deep water recovery technology as follows: build
deep space station as a platform, build a boat of AUV,
sail the boat back to the nonpressure hull of mother
ship, or build a boat in the side ofmother ship. Typical
representative is the ALVIN [4], developed by the
United States, which returns to a huge dry shelter
cabin, such as DDS, on the back of the mother ship,
during recovery. Another one is DSRV; it adopts the
docking during recovery, which also belongs to such
a mode of recovery.

(5) The platform recovery mode: the recovery method
uses underwater platform to achieve the task of
the recovery of AUV. Typical representatives are
the Marine-Bird [5], developed by Kawasaki Heavy
Industries of Japan and FAU AUV [4] and developed
by USA, which adopt Cable Latch Docking, both
belonging to this recovery method.

The AUV control of recovery mission is working with
each linked coordinate; it will decrease the regulating quality
of the control system if the objects have coupling.The system
even cannot operate in the condition of serious coupling.
Therefore, the discussion of the decoupling problem is very
meaningful work for both the control theory and engineering
practice [3]. In spite of the theoretical research which has
gained substantial achievements, it is not satisfactory when
we compare the decoupling theory in engineering application
with other branches such as the optimal control and the
adaptive control in engineering application [6, 7].

Many scholars have researched fuzzy control with strong
robustness a lot and used it in decoupling systems. From the
perspective of reducing the inputs dimension of the decou-
pling controller, we distinguish in real-time the coupling
relationship of the asymmetrical gas collector pressure by
using dynamic coupling analysis method, and then fuzzy
decoupling controller is employed to decouple and control
the gas pressure of collector. Paper [8] outlined the Zadeh-
MacFarlane-Jamshidi trio in their pursuit concerning the
theory and application of fuzzy logic. These developments
built a theoretical basis to apply single-context decisionwhich
makes a problem governed by the knowledge based on
coupled fuzzy rules. The developed theorems establish an
analytical equivalence to analyze the relationship between
the decisions made from a coupled set of fuzzy rules and an
uncoupled set of fuzzy rules concerning the same problem
domain. These developments have been widely adopted in
the field of supervisory control of an industrial fish cutting
machine. Paper [9] designed a unique fuzzy self-tuning
disturbance decoupling controller for a serial-parallel hybrid
humanoid arm to complete the throwing trajectory-tracking
mission. Paper [10] proposed a self-learning fuzzy decoupling
controller. This method can online generate and modify the
fuzzy rules through the method of self-learning. And this
kind of controller was applied to the control of aircraft engine.

(1) (2) (3) (4) (5) (6) (7)

(1) Rudder
(2) Elevator
(3) Main thrusters
(4) Auxiliary thrusters

(5) SBL
(6) Underwater camera
(7) DVL

Figure 1: AUV structure layout.

The simulation results showed that the control effect was
ideal.

2. AUV Recovery System

The overall layout of the BSAV AUV is shown in Figure 1.
It is mainly composed of four main thrusters, four auxiliary
thrusters, a rudder, and an elevator. The main thrusters and
control planes are located in the stern of the AUV. The
auxiliary thrusters, whose centerlines are designed with a
certain angle to its water plane, are placed in themain section
of the vehicle. These thrusters can provide sway and heave
control forces at the same time.The SBL (short base line) is an
underwater position system which can provide the vehicle’s
position information relative to the recovery platform where
hydrophones are placed. The DVL (Doppler velocity log) is
used to measure the AUV’s velocity relative to the bottom of
water. And the underwater camera is very helpful to obtain
a more accurate position measurement with optical method
when the vehicle is near the platform with guiding lights
mounted. On the horizontal plane motion, it will produce
coupling against sway motion and surge motion through the
differential of the left and right main thruster to adjust the
heading angle of AUV. The main problem is the coupling
between the heading angle control and the sway motion
control. And it is also the focus of this study. However, we will
do a further research in a follow-up article on the coupling
between the heading control and the surge motion control.

3. The Coordination Control Strategy in
AUV Recovery

The AUV recovery control system is designed by the hier-
archical structure of discrete event perception; it consists of
three top-down layers, including layer for mission planning
(mission layer), task transfer (task layer), and behavior
realization (behavior layer). The mission layer is mainly
responsible for the planning of movement coordination
control strategy during the whole AUV recovery process,
the state, and planning the next state. The task layer is
mainly responsible for transferring the planning information



Mathematical Problems in Engineering 3

AUV’s 
mission 

layer

Monitor 
command

Mission 
decision

Control strategy
Mission 
strategy

AUV’s
 task 
layer

AUV’s 
behavior 

layer

Perceptive 
discrete events

Task disassembling 
and corresponding

Behavior 
command

Underwater 
camera

SBL Attitude 
sensor

Other 
sensors

Main 
thrusters 
(up and 
down)

Main 
thrusters 
(right and 

left)

Data’s accepting 
and processing

Hypsometer 
sonar The

auxiliary 
thrusters

Figure 2: The AUV recovery control system.

Heading adjusting Heading adjusting
Direct sail

Pool

Recovery platform

Dive 2

Dive 1

Figure 3: A diagram of AUV’s recovery process.
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Figure 4: The Petri network structure of mission layer.

in various stages of recovery of AUV to the specific controller
implementation.The behavior layer is the lowest layer system

structure; it is mainly responsible for that data acquisition,
fusion, and controller action execution, as shown in Figure 2.

During the AUV recovery of the whole process, after
starting recovery command, AUV in unmanned condition
approached the recovery platform, finally seated to the
recovery platform, and completed the underwater recovery
mission. We can see that in Figure 3. For such a complex
process control containing a lot of conflict and concurrent
events, it is wise to introduce Petri net theory into the design
of the mission layer and task layer of the control system.

Firstly, we design the mission layer. The entire recovery
process of AUV consists of heading adjusting, then direct
sailing, dive, heading adjusting, dive, and several discrete
events. The transition between the various discrete events
is continuous and dynamic. The Petri network structure
is shown in Figure 4. Then Table 1 shows the transition
meanings of the Petri net structure library of mission layer,
in which we have the following:

region A: the horizontal circle is at the top of coordi-
nate origin, and the circle’s radius is 0.5m;
region B: the horizontal circle is above the platform
3m and the circle’s radius is 0.1m;
region C: the region is above the platform 3m (𝑍 =
2m in depth).

The task layer of AUV control system is a transition layer
between the mission layer and the behavior layer. It includes
the processing of data information and the coordinating of
control strategy.



4 Mathematical Problems in Engineering

0 100 200
−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

y
(m

)

t (s)

200

100

50

Figure 5: The effect of heading control to sway motion.

0 100 200

t (s)

200

100

50

−1

0

1

2

3

4

5

6

7

r
(d

eg
/s

)

Figure 6: The change of heading angle velocity.

Coupling variables of the control of recovery of AUV
mainly exist in the horizontal movement, and the movement,
horizontal motion control is the key point of this research.
Starting from the design of single degree of freedom con-
troller, and the decoupling control of coupling variables, we
can design the horizontal motion coordination controller,
and finally we can get the recovery control system of AUV.

4. Coupling Analysis and Decoupling
Controller Design

4.1. Coupling Analysis. Due to the complication and intel-
ligent development of the modern control system, along

Table 1:The transitionmeanings of the Petri net structure library of
mission layer.

The meaning of Library The meaning of transition
𝑃
1
standby state 𝑡

1
starting system

𝑃
2
the ready for heading adjusting 𝑡

2
heading adjusting to the

target value
𝑃
3
the ready for direct sailing 𝑡

3
sailing to A region

𝑃
4
sailing at A region and ready for

dive 𝑡
4
dive to B region

𝑃
5
sailing at C region with position

deviations 𝑡
5
heading adjusting

𝑃
6
sailing at C region and ready for

docking
𝑡
6
seated to the recovery

platform
𝑃
7
the success of recovery of AUV

with the increasing number of variables, the system becomes
more difficult to control because of the coupling between
variables [11, 12]. There are multiple couplings among the
recovery motion. The main problem is the coupling between
the heading angle control and the swaymotion control. And it
is also the focus of this study. Now through a case to illustrate
the coupling between them and the reasons, then provide the
basics for decoupling controller design.

Without the controller, adjusting the AUV heading can
affect the sway motion. Through the differential of the left
and right main thruster to adjust the heading, that is, equal
the thruster thrust and opposite in direction to adjust the
heading. Figures 5 and 6 show the effect on sway motion
and longitudinal motion as adjusting heading while the left
and right thruster thrust are 200N, 100N, and 50N (the left
thruster is positive and the right thruster is negative).

First, we can analyze AUV structure and hydrodynamic
characteristics. When AUV began to adjust heading, the
torque was almost equal in size and relatively balanced, so
it had little effect from the surge and sway motion. We
can see from Figure 5 that the curve is relatively flat in
the first 15 seconds. But as the rotation continues, it has a
relative motion between AUV bow and stern around the
barycenter and the surrounding water. When the speed
reaches a certain level, the resistance that rudder suffered
significantly increased. However, streamlined bow has a
relatively small resistance so that the moment balance is
broken. AUV is clockwise (overlooking) when the heading
angle increases, but AUV deviates to the right relative of
the original barycenter because of the reaction of the stern
strong resistance. With the heading angle increasing, the
value of sway motion begins to decrease when it exceeds 90
degrees. So the barycenter presents an elliptical track along
with the unceasing changing of the heading angle. The track
is shown in Figures 7, 8, and 9. It also has effects from surge
motion, but it is the main thruster that the surge motion
controller has enough power and energy to control the effects
of this interference. However, the auxiliary thruster has a
problem that the thrust is insufficient compared to the main
thruster. So it is necessary to add decoupling to suppress its
effects.
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Figure 7: The track of the horizontal plane while adjusting heading
with 200N.
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Figure 8: The track of the horizontal plane while adjusting heading
with 100N.

4.2. Design of Decoupling Control System. In control theory
for multivariable systems, fuzzy decoupling is a kind of
theory that combines decoupling theory with fuzzy control
theory, which has a low demand to the mathematical model
of system. Analysis of the coupling between variables can
achieve decoupling control, weaken the influence between
each other from a certain extent, coordinate output control
quantity of each variable in order to improve the control
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Figure 9: The track of the horizontal plane while adjusting heading
with 50N.

efficiency of control system, and also have a great significance
to solve the problem of multivariable coupling.

In coupling analysis, the simulation results in coupling
of sway motion control and heading control in the AUV
recovery mission which shows that when the speed reaches
a certain degree and the torque balance is broken, the
greater the heading control force, the greater the impact from
motion. So this paper designed a decoupling compensator
and we can see the structure of fuzzy decoupling controller
shown in Figure 10.The 𝑢

1
and 𝑢
2
are output control quantity

of the controller, and they can be as two inputs of the fuzzy
compensator after appropriate adjustment through adjusting
parameters 𝑘

1
and 𝑘

2
. For fuzzy compensator, a two-input

and one-output fuzzy controller that is in common use,
compute an output 𝑢

3
by two inputs that have been adjusted

by adjusting parameter, and then add 𝑢
3
that have been

adjusted by 𝑘
3
and 𝑘

4
to the original output of the controller

to constitute control quantity to send to the actuator. Among
that, al and 𝑎

2
can be +1 or −1, which is to determine whether

compensation quantity on the variable is positive or negative
compensation.

The design of fuzzy compensator is critical in decoupling
control system design. Firstly, we should fuzz the accurate
quantity when we design a fuzzy compensator.The process of
fuzz is to map the accurate input to the domain of language
value. For two-input and one-output fuzzy compensator
which is more commonly used, we concern, under normal
circumstances, the deviation 𝐸 and the deviation change rate
EC of controlled quantity as input language variable and the
control quantity to the object as output language variable of
fuzzy compensator.

The membership function is shown in Figures 11, 12, and
13. In fuzzy compensation rule table shown in Table 2, 𝑌prop
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Table 2: Compensation rules.

𝑈

𝑁prop

NB NM NS O PS PM PB
𝑌prop

NB NS NS NS O PS PS PS
NM NM NM NS O PS PM PM
NS NB NM NS O PS PM PB
O O O O O O O O
PS PB PM PS O NS NM NB
PM PM PM PS O NS NM NM
PB PS PS PS O NS NS NS

and 𝑁prop are two input language variables, namely, sway
thrust and transgenic bow thrustmoment and𝑈 is the output
language variable.

According to the rules of fuzzy compensation, by the
input and output membership functions of fuzzy compen-
sator, through compose operation and clear operation of
fuzzy reasoning, obtained decoupling compensation quantity
and made fuzzy decoupling compensation table, as shown
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Figure 12: Membership function of deviation change rate.
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Figure 13: Membership function of the output.

in Table 3. In practical engineering, we can get the corre-
sponding compensation value through interpolation to query
fuzzy decoupling compensation table after the fuzzification
operation of the output of heading controller and sway
motion controller. The compensation value multiplied by a
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Table 3: The nondimensional hydrodynamic coefficients of the AUV.

𝑈

𝑁prop

−6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6
𝑌prop

−6 −2.13 −2.20 −2.13 −2.25 −2.13 −1.09 0.00 1.09 2.13 2.25 2.13 2.20 2.13
−5 −2.79 −2.79 −2.79 −2.85 −2.20 −1.09 0.00 1.09 2.20 2.85 2.79 2.79 2.79
−4 −3.16 −3.11 −3.16 −3.00 −2.13 −1.09 0.00 1.09 2.13 3.00 3.16 3.11 3.16
−3 −3.97 −3.97 −3.90 −3.00 −2.25 −1.07 0.00 1.07 2.25 3.00 3.90 3.97 3.97
−2 −4.85 −4.41 −3.91 −3.00 −2.13 −1.09 0.00 1.09 2.13 3.00 3.91 4.41 4.85
−1 −2.85 −2.94 −2.64 −2.41 −1.65 −1.09 0.00 1.09 1.65 2.41 2.64 2.94 2.85
0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1 2.85 2.94 2.64 2.41 1.65 1.09 0.00 −1.09 −1.65 −2.41 −2.64 −2.94 −2.85
2 4.85 4.41 3.91 3.00 2.13 1.09 0.00 −1.09 −2.13 −3.00 −3.91 −4.41 −4.85
3 3.97 3.97 3.90 3.00 2.25 1.07 0.00 −1.07 −2.25 −3.00 −3.90 −3.97 −3.97
4 3.16 3.11 3.16 3.00 2.13 1.09 0.00 −1.09 −2.13 −3.00 −3.16 −3.11 −3.16
5 2.79 2.79 2.79 2.85 2.20 1.09 0.00 −1.09 −2.20 −2.85 −2.79 −2.79 −2.79
6 2.13 2.20 2.13 2.25 2.13 1.09 0.00 −1.09 −2.13 −2.25 −2.13 −2.20 −2.13

certain factor, and then adds to the output of sway motion
and heading controller, so can form the final control quantity
of the actuator.

5. Simulation

Simulation Case 1. Two simulations were carried out here to
demonstrate the effect of the proposed controller. In the first
one, a heading command was issued from 0 degrees to 60
degrees using the left and right thrusters, where the vehicle
was initially static at the surface. For comparison, another
simulation was conducted under the same condition using
the decoupling compensator.

The hydrodynamic coefficient of model and some adjust-
ing parameters of fuzzy decoupling compensator are set as
follows: 𝑘

1
= 3, 𝑘

2
= 1, 𝑘

3
= 0.15, 𝑘

4
= 0.1, 𝑎

1
= 1,

and 𝑎
2
= 1. The quantitative factor of sway thrust 𝑌prop

and heading control moment 𝑁prop is set as follows: 𝐾
𝑌
=

0.02, 𝐾
𝑁

= 0.05, and the scale factor 𝐾 = 1. Figure 14
shows the deviation of effects on sway motion before and
after decoupling compensation. Two inputs and one output
of compensator were shown in Figures 15 and 16. Figure 17
shows the compensation force that sways motion control
obtained while adjusting heading.

From the simulation result, we can see that heading
control has a relatively large effect on sway motion before
decoupling. It is dangerous to high-accuracy motion like
AUV recovery. After decoupling, although there is a certain
deviation on the opposite direction, the overshoot is reduced
by half overall.

6. Water Tank Experiment

The preliminary verification of AUV recovery experiment
based on the coordinated control strategy and fuzzy decou-
pling compensator design was carried out. The details are as
follows.
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Figure 14:The comparison of transversemovement before and after
decoupling compensation.

6.1. Introduction of Water Tank Experiment’s Guiding Device.
Guiding device for the water tank experiment is mainly
composed of monocular imaging system, linear light source
array, and underwater recovery guide positioning system of
AUV, which is based on the short baseline.

6.1.1. Monocular Imaging System. Monocular imaging system
is composed of cameras, capture cards, and processing host.
The underwater experiment employs black and white camera
Tornado with low illumination. Image acquisition card uses
the DaHeng DH-CG320 image capture card that supports
PC104-Plus bus mode, and the card can be used to collect
high-quality colour/black and white video signal in real
time and transfer it to the memory for real-time storage
via PC104-Plus bus. Visual processing host is AUV visual
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brain responsible for image acquisition, image processing,
positioning solver, and so forth, adopting PC104 + bus based
on embedded systems.

6.1.2. Linear Light Source Array. A linear light source array
for monocular vision on the wire position is designed in this
underwater experiment. Where the reference light source is
a heart-shaped light source that is made by transforming
a rectangular surface light source, which uses the U.S. AI
company’s SL6404 (Figure 18). Other eight light sources all
use blue astigmatism LED point light source assembled
add waterproof cover. All light sources are arranged on the
longitudinal center line at the bottom of the recovery dock
tank. Heart-shaped vertex points to the heading of the dock
tank, the distance between the adjacent sources is 350mm,
and the entire lighting system is 2800mm long.

6.2. The Composition and Installation of the AUV Underwater
Recovery Guide Positioning System Based on the Short Base-
line. The short baseline positioning sonar system adopted
by the system basically has the following several parts:
short baseline sonar array (four transducers, Figure 19(a)), a
beacon host, and two beacons (transducers F1, F2).

Transponder beacon consists of beacon host and F1, F2.
F1 is hairstyle and F2 is emission type, radiating device faces
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Figure 17: The compensation force of sway control.

(a) (b)

Figure 18: The reference light SL6404.

to the surface of the water when used. The beacon host is
installed as shown in Figure 19(b), and transducers F1 are
instillated as shown in Figure 19(c).

6.3. The Analysis of Water Tank Experimental Data. The
trajectory of the recovery process AUV obtained from each
projection plane, such as the 𝑥-𝑦, 𝑥-𝑧, and three-dimensional
trajectories, is shown as follows in Figure 20.
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Figure 19: Short baseline physical installation diagram.
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Figure 20: The track graph of water tank experiment.
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As to the analysis of experimental data obtained by water
tank, since this type of AUV has better suppression and self-
recovery performance to roll, shielding the 𝑥-axis torque
output of the controller did not take the initiative to suppress
the roll. Since the data is based on body-fixed frame, the
starting point of 𝑦 is small only means that heading direction
is almost aligned with the recovery platform at this moment.
Also in the height of the curve, jump section shows that depth
sonar’s surveying sound waves hit the recovery platform
frame.

Since the data is based on body-fixed frame, this is rather
distinct with the actual trajectory in the water tank, which
only is used to verify the effectiveness of the controller here.
In addition, according to the entire recovery process which
is divided into several stages, it needs to analyze actions
according to the characteristics of the various stages. In the
vertical plane, although the height value of space has more
jump error, due to the fact that the speed is faster, there are
only a few points that have the jump error and do not use the
height value in the process. Until the coordinate stabilizes, it
has no jump error during the whole process. Therefore, it did
not affect the control process.

Through the water tank experiments and analysis of
experimental data, the effectiveness and feasibility of AUV
recovery movement coordinated control based on fuzzy
decoupling method are validated successfully. However, fur-
ther trials need to be carried out in order to achieve the
parameter optimization.

7. Conclusion

In this paper the coupling relationship between sway move-
ment and heading control in AUV recovery process was
studied. Based on BSAV- AUV platform, this paper proposed
an underwater recovery strategy and analyzed the coupling
variable and coupling reason in recovery motion control
through simulation. It has a high demand to sway and surge
motion control in AUV recovery process. But the actuator
(auxiliary thruster) of sway motion controller has a problem
which is insufficient thrust compared with the actuator
(main thruster) of surge motion controller. Therefore, this
paper mainly focuses on the influence that the heading
control acts on sway motion. And according to the coupling
mechanism formulate fuzzy decoupling rules and design
fuzzy decoupling compensator. The results of simulation and
water tank experiments have shown that the sway movement
was eliminated to a permitted range with the help of a
fuzzy decoupling controller, which was considered to be
effective in the AUV recovery motion control. However,
other aspects of tuning parameters need to be further
improved and optimized and still need further experimental
verification.
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In response to radically increasing competition, many manufacturers who produce time-sensitive products have expanded their
production plants to worldwide sites. Given this environment, how to aggregate customer orders from around the globe and assign
them quickly to the most appropriate plants is currently a crucial issue. This study proposes an effective method to solve the order
assignment problem of companies withmultiple plants distributed worldwide. Amultiobjective genetic algorithm (MOGA) is used
to find solutions. To validate the effectiveness of the proposed approach, this study employs some real data, provided by a famous
garment company in Taiwan, as a base to perform some experiments. In addition, the influences of orders with a wide range of
quantities demanded are discussed. The results show that feasible solutions can be obtained effectively and efficiently. Moreover, if
managers aim at lower total costs, they can divide a big customer order into more small manufacturing ones.

1. Introduction

To best satisfy the requirements of customers and quickly
respond to changes in the market environment, some man-
ufacturers who produce time-sensitive products, such as
fashion garments or high-tech goods, have established many
manufacturing sites in other countries. Global manufac-
turing has become a competitive strategy for many manu-
facturers due to the cheaper labor and raw material costs
overseas. The reduction of these costs, however, is generally
accompanied by longer production times. How to assign
customer orders rapidly to the most suitable sites while
lowering costs and shortening production times has thus
become an urgent issue for global companies.

The issue mentioned above is concerned with order
assignment [1, 2] of companies with factories spreading
over the globe. Companies have to consider a number of
influencing factors [3].The first factor is related to customers’
requirements, which are generally diverse in quantity. Some
customers have significant changes in the order quantities
which range from tens of sample products to hundreds of
thousands [4]. If companies can respond to a wide range of

quantities demanded, then their responsiveness [5] can be
enhanced. Next, the production capacity of each plant should
be considered. Due to the variation in production capacity at
different plants, the processing time of an order is dependent
on the plant to which it is assigned.The production capability
of each site should also be considered. Production capability
at each site significantly influences the fulfillment of orders.
For instance, in some African countries, product quantities
are limited by lower skill levels, whereas plants in some
Asian countries have high-level skills to produce a variety of
products. Some products requiring higher skill levels have
to be produced at specific sites [4]. Therefore, using a good
scheme to select proper sites is very important for global
companies. The last issue that a company should consider
is its objectives. What a company pursues today has become
multiple objectives instead of single ones. For manufacturers
who produce time-sensitive products such as fashion apparel
or high-tech products that typically have a short life cycle,
the shortest total production time undoubtedly is the most
important objective. The main objectives for a company are
to pursue the lowest cost and the shortest total production
time, in order to achieve the global optimization of their
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supply chain. Multiple objectives make the order assignment
problem more difficult to deal with.

Multiobjective order assignment for companies with
multiple plants worldwide is very complex. It belongs to
the combinatorial optimization problem, which is known
to be NP-hard [6]. One effective scheme is required. A
company expects to obtain practical plans soon to respond
to fast changing business environment.Therefore, a heuristic
algorithm such as genetic algorithm (GA) [7–11] which can
provide feasible solutions in a short time ismore suitable than
an exact algorithm that can get optimal solutions but that also
requires more computation time.

There have been a number of studies related to this
issue [12–19]. However, some [13–16] focus little concern on
globalized industry. On the other hand, some studies focus on
single objective problems [12, 17, 18]. As mentioned before,
in a now extremely competitive environment, the capability
to achieve multiple objectives is a necessity for a company.
To address the described issue, Chen et al. [19] considered
a two-objective optimization in a global multiple-factory
environment, but they did not take production time into con-
sideration. This paper proposes an effective mechanism and
uses genetic algorithm to find a solution. To prove the validity
of the proposed method, real data from a famous company
in Taiwan are used as the basis for some experiments. Plant-
related factors such as production capacity, manufacturing
costs, material costs, and transportation costs are considered.
Subsequently, MOGA (multiobjective genetic algorithm) is
employed to assign orders to optimally satisfy the objectives
of a company, that is, the lowest total cost and the shortest
production time. Some possible solutions are generated by
using the genetic algorithm. One clear advantage of the
genetic algorithm is that, by its very nature, we are able
to produce a number of feasible solutions, thus facilitating
discussion on the merits of various decisions and supporting
multiobjective decision making [20]. Therefore, the decision
maker can choose the solution that best satisfies customers’
requirements and also achieves the company’s objectives.

The rest of this paper is organized as follows. Section 2
describes the problem. Section 3 contains the model and
the method of solution. In Section 4, results and discussion
are presented. Section 5 presents concluding remarks and
suggestions for further studies.

2. The Problem

2.1. Problem Description. The order assignment issue can be
briefly described as below. A company has a logistics center
and many sites for production, as illustrated in Figure 1.
Here, the number of production sites is represented as m.
The logistics center aggregates customer orders demanded
from anywhere in the world and divide them into several
manufacturing orders (MO), the total number of which is
expressed as n. Next, the company intends to assign n MOs
to m production sites and once production is completed, the
plant will deliver it to the place designated by customers.
Main factors that a company in pursuit of “the lowest total
cost” and “the shortest production time” should consider

are customer demands, production capacity, production skill
level, due date, manufacturing cost, material cost, and deliv-
ery cost. At the same time, companies would like to respond
to awide range of order quantities demanded, in order to gain
the largest advantage under a competitive environment.

2.2. Modeling

2.2.1. Assumptions. To simplify the problem, some assump-
tions are made.

(1) A customer order can be divided into several MOs.
Each MO produces only one product and can be
fulfilled only at a manufacturing site.

(2) Each product is composed of some kinds of raw
materials. The related information on raw material is
known.

(3) Each kind of raw material is provided by only one
supplier.

(4) The production capacity of a manufacturing site is
stable and constant. That is, the production capacity
is known and fixed, but different manufacturing sites
may have different capacities.

(5) The production type is MTO (make to order). Thus,
there is no inventory.The quantity demanded for each
product is known; there is no stock andno production
in advance.

(6) Due dates of orders are known and fixed.

(7) The material cost, manufacturing cost, delivery cost,
and order delay cost are known. The mode of trans-
portation is by sea or by land, so the transportation
cost can be estimated. The inbound tax on raw mate-
rial and inbound transportation cost are included
in the material cost. Similarly, the manufacturing
cost includes the labor cost and the manufacturing
overhead. The delivery cost includes the outbound
transportation cost and tariff.

(8) The transportation modes from a raw material sup-
plier to a manufacturing site and from a manufac-
turing site to the destination are known. Therefore,
the transportation cost is known if the origin and the
destination are given.

(9) Lack of material is negligible.

2.2.2. Formulation. For easy description, some symbols are
defined as shown in abbreviation section.

Thefirst objective that global companies take into account
is the total cost, which can be expressed as follows:

Total cost = material cost (includes direct material cost,
inbound tax, and inbound transportation cost) + manufac-
turing cost (includes labor cost andmanufacturing overhead)
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Figure 1: A schematic diagram of the deployment of a global garment company [4].

+ delivery cost (includes outbound transportation cost and
tariff) + order delay cost:
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Note that in (1), the final term is the cost caused by order
delay. This cost arises in some industries such as the garment
sector. In practice, some companies will be asked to pay a
penalty if an order is delayed. For example, the penalty rate
is about 3%–5% of the transaction amount for some garment
companies. This term is related to due dates. Some might
argue: why not using due dates (such as on-time delivery
rate) as an objective? One advantage of using the delay cost
over using the due date as an objective is that the former
provides a more accurate calculation on delayed days. As
an example shown in Table 1 and Figure 2, suppose that the
number of MOs is 10 and the due date for each MO is 5
days. Two different solutions (E and F) are obtained. The
on-time delivery rates for solutions E and F are 0.9 and 0.8,
respectively, indicating that solution E is better than solution

Table 1:The comparison between due dates and delayed days based
objectives.

Solution On-time
delivery rate

Total delayed
days

E (upper chart in
Figure 2) based on due
dates

90% 5

F (lower chart in
Figure 2) based on
delayed days

80% 3

F. However, the total delayed days for solution E is 5 and
for solution F is 3, conversely showing that solution F is
better than solution E. For manufacturers who produce time-
sensitive products such as fashion garments or high-tech
goods, an objective based on the number of delayed days
might be more suitable than one based on due dates.

Another important objective for global companies to
consider is total production time. If an order can be finished
within a shorter time, then the lead time can be reduced
and the company has more time to deliver the products. For
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Figure 2: Illustration of two different solutions for comparison. The dashed line indicates the due date.

time-sensitive products, the achievement of this objective is
a necessity:
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The constraints to be considered are
∑
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= {

1 if MO 𝑖 is assigned to site 𝑘,
0 otherwise.

(5)

Equation (3) requires each MO to be assigned to only
one manufacturing site, while (4) requires that the necessary
capacity to finish products must not be greater than the
capacity of each manufacturing site. 𝑥

𝑖𝑘
is the decision

variable. As indicated in (5), 𝑥
𝑖𝑘
is either 0 or 1.

3. The GA Structure

This paper employs MOGA as a tool to find solutions.
Detailed description of the GA structure is introduced in the
following.

(1) Encoding. Each chromosome represents a solution, which
is comprised by some genes. To implement GA, chromo-
somes must be encoded first. A simple and efficient encoding

MO 1 2 3 4 5 6

Site 2 5 3 4 1 5 1

n· · ·

· · ·

Figure 3: Representation of a chromosome.

method is used in this paper. The sequence of genes from left
to right indicates the index number of MO. The value of a
gene (alleles) stands for the index number of amanufacturing
site. For example, MO “1” is assigned to site “2” and MO “2”
is assigned to site “5,” as illustrated in Figure 3.

(2) Initial Solutions and Calculation of Fitness Values. The
initial population is generated at random. In general, the
larger the population is, the wider the search range will be.
A larger population is likely to obtain better fitness values.
However, the computation time for a larger population is
increased.

The evaluation of a solution is performed by calculation
of the fitness value of a chromosome. In this paper, the calcu-
lation is based on the total cost and the total production time.
Better fitness values are retained and the best ones are chosen
as the Pareto solutions, which are nondominated by other
chromosomes. An efficient scheme proposed by Fonseca and
Fleming is called FFGA [21], as indicated in Figure 4. By
this scheme, the evolutionary time can be reduced. Let Gi
represent a chromosome at generation t which is dominated
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by 𝑝(𝑡)
𝑖

individuals in the current generation.Then the rank of
the individual at generation t can be expressed as [21]

rank (𝐺
𝑖
, 𝑡) = 1 + 𝑝

(𝑡)

𝑖
. (6)

FFGA sorts the fitness values of chromosomes in the
population. Each chromosome is ranked by the number of
chromosomes which dominate it according to the fitness
values. The number plus one is set to be the rank of a chro-
mosome. The more a chromosome is dominated by others,
the larger value its rank is. In contrast, if a chromosome does
not have others which dominate it, according to (6), it is
assigned rank 1. The one which is not dominated by anyone
is designated as rank “1” and is collected into the Pareto set;
the one dominated by two chromosomes is designated as
rank “3” (see chromosome A in Figure 4). This makes the
ranking process of chromosomes more efficient and shortens
the evolutionary time.

(3) Selection and Reproduction.The modified Roulette wheel
selection method is applied to select chromosomes. First,
all the chromosomes’ fitness values are calculated and then
sorted.The larger the fitness value is, the lower the priority is.
For example, if there are 20 chromosomes and their fitness
values are 1 to 20, respectively, then the chromosome with
a fitness value of 1 will have the probability of 20/(1 + 2 +
3 + ⋅ ⋅ ⋅ + 20), the chromosome with a fitness value of 2 will
have the probability of 19/(1 + 2 + 3 + ⋅ ⋅ ⋅ + 20), and the
like. In otherwords, superior parent chromosomes havemore
opportunities to be selected into next generation.

(4) Crossover.This study employs partiallymatched crossover
to avoid repeating. As Figure 5 shows, two points of crossover
are chosen at random, which will divide parent generations
into three parts, respectively.The child chromosomewill grab
the first and third parts of parent chromosome 1 and the
second part of parent chromosome 2. At the same time, the
program checks whether the values of genes from parent
chromosomes are repeated or not. If they are repeated, skip

Parent 1 1 2 3 4 8 7 6 5

Parent 2 8 7 6 5 4 3 6 1

Child 1 2 8 7 4 3 6 5

Figure 5: Illustration of partially matched crossover.

Before 1 2 3 4 8 7 6 5

After 1 7 2 3 4 8 6 5

Figure 6: Illustration of insertion mutation.

the repeated gene value and fill in a new value. This step will
not end until all crossovers have been done.

(5) Mutation. This study adopts the insertion mutation
method tomutate. A point is randomly chosen as an insertion
point and a gene is chosen to insert. As Figure 6 shows, the
sixth gene is chosen and the second position is an insertion
point.The rest of the genes from and after the second gene are
moved to the right.The insertionmutationmethod can avoid
the repetition of a number, which represents an unfeasible
solution.

(6) Creating Next Generation. To create the next generation,
the tournament selection method is used. A gene pool is
set up to store chromosomes. Two chromosomes are then
chosen at randomand comparedwith each other. If the fitness
value of a chromosome is superior to that of a counterpart
chromosome, then the chromosome is stored into the pool
and used to generate the child chromosome.

(7) Termination. A number of ways can be used to terminate
the program. The termination condition in this study is the
achievement of a preassigned number of evolution genera-
tions set by the user. If the generation number is reached, the
program will stop running and the solutions will be output.
To obtain better solutions, multiple trials are suggested if the
initial population is generated randomly.

4. Results and Discussion

This paper employsMOGA to find solutions. In addition, the
Brutal-force method (BFM, or exhaustion method), which
can obtain the optimal solution, is used to evaluate the
performance of the MOGA program. The comparison of
these two methods is shown in Section 4.1. Influences of
genetic parameters are discussed in Section 4.2. Next, the
influences of plant amount and order amount on the order
assignment are introduced. Section 4.3 discusses the results
concerning orders with wide ranges of quantities demanded.
Finally, the reassignment of orders is addressed.
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The program was run in a PC with an operating system
of Windows XP Professional SP2. The CPU is Intel Core 2 at
2.6GHz and the RAM is 1 GB.

4.1. Data Input and Validation of MOGA. To evaluate the
effectiveness of the proposed approach, real data from a
famous garment company in Taiwan are used as a base to
perform some experiments. The base case is set as follows:
five garment plants and eight end products. The plants are
in Taiwan (A and B plants), China, Vietnam, and the USA.
Products are classified into four types: shirt, skirt, pants,
and overcoat. Each one has two styles. Therefore, there
are eight types of finished products, which are assigned
numbers from one to eight, respectively. Input data of the
numerical examples for the base case are shown in Tables 2, 3
and 4.

The data concerning MOs include its number, quantity
demanded, due date, daily cost for delay, the arrival destina-
tion, and the index number of finished products. The plant-
related data include production capacities andmanufacturing
costs. Each plant has a monthly capacity and a daily capacity.

For easy description, we designate the number of gener-
ation as 𝑁

𝑔
, the population size as Pop, the crossover rate as

𝑅
𝑐
, the mutation rate as Rm, and the coefficient of variation as
𝐶V. Each case was run 30 times to evaluate the GA program.

BFM is an exact algorithm that can obtain optimal
solutions. If the result from MOGA is near or equal to that
from BFM, then the correctness of MOGA developed in this
study can be supported. On the other hand, computation
time is one of the performance indices that can evaluate the
efficiency of the approach. The shorter the computation time
is, the faster a decision can be made.

As for genetic parameters, the generation numbers 𝑁
𝑔

are changed from 50 to 500; the population sizes Pop are
set to be 200 and 500. The crossover rate 𝑅

𝑐
is set to be

0.5 and the mutation rate Rm is 0.05 at the base case. The
results are summarized in Table 5. From experimental results
we may find that MOGA can get good workable solutions.
The accuracy for each case is over 96%, even to 100%. The
accuracy is defined as (based on total cost):

Accuracy = {1 −









MOGA solution − BFM solution
BFM solution










}

× 100%.
(7)

The comparison of the computation time between
MOGA and BFM is shown in Figure 7. As the number of
MO increases from 8 to 13, the computation times of MOGA
and BFM differ increasingly. When the number of MOs is
over 11, the difference rapidly increases. Though BFM can
get optimal results, the required computation time exceeds
10 hours, as the MO number is over 13. When the number
of MOs becomes larger, the computation time may be over a
hundred days. In practice, managers hope to get a reasonable
result in a short time. BFM cannot satisfy their needs. On the
contrary, by using MOGA as an analytical tool, they can get
good results within seconds. It is very efficient, making the
order assignment mechanism more practical.
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Figure 7: Comparison of the computation times between MOGA
and BFM.

4.2. Influences of Genetic Parameters. There are four impor-
tant genetic parameters when using MOGA: generation
number, population size, crossover rate, andmutation rate. At
the base case, there are ten MOs, eight types of products, and
five plants.The crossover rate and the mutation rate are set to
be 0.9 and 0.01, respectively. The number of generation is set
to be 50, 100, 200, 300, and 500.The number of population is
set to be 200 and 500.TheMOGA program randomly creates
an initial population. The results, therefore, are different by
randomnature. To investigate the performance of theMOGA
program, each case was run with 30 trials.

When the generation number and population size equal
500 ∗ 200 and 500 ∗ 500, it is easier to obtain good results
by MOGA, as shown in Table 6. Generally, the coefficient
of variation falls between 0.01 and 0.04, indicating that the
MOGA program is stable. However, from Figure 8 we may
see that the computation time for the latter is about triple that
of the former. Thus, this study uses 500 ∗ 200 to perform the
following tests.

To understand the influences of the crossover rate and
mutation rate, the generation number is fixed at 500 and
the population size is fixed at 200. Crossover rates are then
changed from 0.5 to 0.9 with an increase of 0.1 each time;
mutation rates are changed from 0.01 to 0.05. When the
mutation rate is 0.05, the results are quite stable; when the
crossover rate is 0.5 and the mutation rate is 0.05, coefficients
of variation 𝐶V are between 0.006 and 0.028. As compared
to the result from BFM, the accuracy is 98.07% to 99.98%,
showing that these parameter values can give quite good
results.

4.3. Influences of Changes in Plant Number and Order Quan-
tity. As Figure 9 illustrates, the total cost increases when the
total production time decreases. However, the average cost
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Table 2: Input data related to manufacturing orders for the base case.

MO Demand (piece) Due date (day) Delayed cost (NTD/day) Destination Product number
1 13,500 1 10,000 2 7
2 28,800 5 20,000 1 5
3 30,000 2 50,000 4 5
4 23,100 2 38,500 2 6
5 13,500 3 22,500 2 2
6 20,100 2 33,500 5 6
7 16,800 4 28,000 3 1
8 7,500 1 12,500 3 3
9 10,500 5 17,500 3 2
10 19,800 3 33,000 2 1

Table 3: Input data related to manufacturing sites for the base case.

Site Capacity (piece/day) Capacity (piece/month)
1 7,000 210,000
2 7,000 210,000
3 10,000 300,000
4 16,000 480,000
5 10,000 300,000

Table 4: Sites eliminated because of unsuitable production skill
levels.

MO Eliminated sites
1 3, 4, 5
2 1, 2, 3
3 5
4–10 None

per plant decreases as the total production time decreases.
When the plant number is changed, there is no great change
in the coefficient of variation, which falls between 0.0018 and
0.0146. This indicates that changes in plant number do not
affect the stability of the GA program.

If the plant number increases, what influences will
have on order assignment is worth discussing. To address
this, some experiments are performed. The experiments
performed here consider the cost of a new plant. Figure 9
shows the variation of the optimal total cost and total
production time with the number of plants. With an increase
in plant number, though the extra cost for a new plant is
added, the total production time and total cost decrease.
The computation time increases linearly with the number of
plants.

After a company receives orders from all over the world,
their logistics center will gather together all the customer
orders and then assign them. In practice, the range of
order quantity changes a lot and the amount of different
customers’ demands also varies. Wal-Mart, as an example,
may have up to ten thousand, even hundreds of thousands of
products demanded. However, only several sample products
are needed for factory owners. When the quantity of an
order demanded is over hundred thousand, to enhance the
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Figure 8: Variations of computation times with different generation
numbers and population numbers.

capacity utilization rate or to balance the production loads
between plants, an additional manual operation for order
assignment is considered. To utilize the production capacity
properly, a company may divide a big order into several
smaller ones. This process is called division. If there is no
process of division, it will cause some plants to be left unused
and some other plants to be insufficient in production capac-
ity. Consequently, companies should consider the capacity
utilization (the percentage of the capacity that was used to the
available capacity) and on-time delivery rate (the percentage
of the number of on-time delivery orders to the total number of
orders) as well when aiming at the shortest total production
time and minimal total cost.

To investigate the influences of such a wide range of
quantities demanded on the order assignment, the quantities
of orders are set between 80 and 200,000 and divided on
average into 10, 15, 20, 25, and 30 smaller orders. The
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Table 5: Comparison of MOGA results with those by BFM.

𝑁
𝑔
∗ Pop Total Production

time (day)
Total cost by
MOGA 𝐶

𝑣

Total cost by
BFM Accuracy (%) Average computation time (sec)

50 ∗ 200

27 33,768,890 0.016 33,410,860 98.93

0.41828 33,046,345 0.020 32,566,915 98.53
29 33,061,395 0.013 32,519,485 98.33
30 33,264,065 0.007 32,408,030 97.36

100 ∗ 200

27 33,668,865 0.022 33,410,860 99.23

0.79028 33,064,945 0.014 32,566,915 98.47
29 32,979,000 0.013 32,519,485 98.59
30 33,176,050 0.008 32,408,030 97.63

200 ∗ 200

27 33,890,290 0.018 33,410,860 98.57

1.56128 33,393,335 0.018 32,566,915 97.46
29 33,075,020 0.013 32,519,485 98.29
30 33,075,060 0.009 32,408,030 97.94

300 ∗ 200

27 33,668,865 0.018 33,410,860 99.23

2.33828 32,834,345 0.017 32,566,915 99.18
29 32,760,385 0.018 32,519,485 99.26
30 33,143,460 0.016 32,408,030 97.73

500 ∗ 200

27 33,654,765 0.014 33,410,860 99.27

3.90728 32,566,915 0.023 32,566,915 100.00
29 33,012,990 0.011 32,519,485 98.48
30 33,564,380 0.005 32,408,030 96.43

50 ∗ 500

27 33,659,265 0.019 33,410,860 99.26

0.99128 33,085,945 0.018 32,566,915 98.41
29 32,579,885 0.016 32,519,485 99.81
30 32,945,955 0.016 32,408,030 98.34

100 ∗ 500

27 33,900,290 0.017 33,410,860 98.54

1.96128 33,096,345 0.022 32,566,915 98.37
29 32,559,485 0.015 32,519,485 99.88
30 32,923,960 0.009 32,408,030 98.41

200 ∗ 500

27 33,653,865 0.024 33,410,860 99.27

3.91628 33,045,945 0.018 32,566,915 98.53
29 32,539,485 0.027 32,519,485 99.94
30 33,030,060 0.018 32,408,030 98.08

300 ∗ 500

27 33,648,865 0.018 33,410,860 99.29

5.89828 32,983,840 0.017 32,566,915 98.72
29 32,997,990 0.014 32,519,485 98.53
30 33,114,460 0.011 32,408,030 97.82

500 ∗ 500

27 33,644,265 0.015 33,410,860 99.30

10.05228 33,085,945 0.020 32,566,915 98.41
29 33,179,515 0.014 32,519,485 97.97
30 32,822,455 0.016 32,408,030 98.72

influences of the division number (C) on the production time,
the production cost, the capacity utilization, and the on-time
delivery rate are examined. Results from the experiments
show that although the division process will lead to an
increase in the total production time, it helps enhance the
capacity utilization. In addition, no matter whether an order

is divided or not, the on-time delivery rates are ranging from
88% to 96%.

For the division numbers C = 25 and C = 30, the results
are crossed, as shown in Figure 10. On the right side of the
crossed point, the higher the division number is, the smaller
the total cost will be. If managers aim at decreasing the total
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Table 6: Variations of solutions with different crossover rates and different mutation rates.

𝑅
𝑐
∗ 𝑅
𝑚

Production time (day) Total cost by MOGA 𝐶
𝑣

Total cost by BFM Accuracy (%) Average computation time (sec)

0.9 ∗ 0.01

27 33,644,265 0.021 33,410,860 99.30

3.90128 32,833,315 0.023 32,566,915 99.18
29 32,800,385 0.014 32,519,485 99.14
30 33,087,465 0.014 32,408,030 97.90

0.9 ∗ 0.02

27 33,425,860 0.022 33,410,860 99.96

3.89928 32,973,440 0.019 32,566,915 98.75
29 32,539,485 0.017 32,519,485 99.94
30 32,885,040 0.009 32,408,030 98.53

0.9 ∗ 0.03

27 33,774,290 0.012 33,410,860 98.91

3.90328 32,828,945 0.024 32,566,915 99.20
29 32,997,990 0.016 32,519,485 98.53
30 33,161,450 0.010 32,408,030 97.68

0.9 ∗ 0.04

27 33,768,890 0.018 33,410,860 98.93

3.89928 33,056,345 0.020 32,566,915 98.50
29 32,979,000 0.016 32,519,485 98.59
30 33,114,460 0.011 32,408,030 97.82

0.9 ∗ 0.05

27 33,677,260 0.019 33,410,860 99.20

3.89928 32,983,840 0.017 32,566,915 98.72
29 32,539,485 0.014 32,519,485 99.94
30 33,170,355 0.008 32,408,030 97.65

0.8 ∗ 0.01

27 33,668,865 0.020 33,410,860 99.23

3.46328 33,778,930 0.017 32,566,915 96.28
29 32,965,995 0.015 32,519,485 98.63
30 32,896,955 0.014 32,408,030 98.49

0.8 ∗ 0.02

27 33,768,890 0.019 33,410,860 98.93

3.46128 33,060,345 0.018 32,566,915 98.48
29 33,061,395 0.014 32,519,485 98.33
30 33,087,465 0.012 32,408,030 97.90

0.8 ∗ 0.03

27 33,659,265 0.025 33,410,860 99.26

3.45928 33,219,365 0.011 32,566,915 98.00
29 33,075,020 0.011 32,519,485 98.29
30 32,669,940 0.014 32,408,030 99.19

0.8 ∗ 0.04

27 33,677,260 0.026 33,410,860 99.20

3.46028 32,983,840 0.024 32,566,915 98.72
29 32,941,010 0.018 32,519,485 98.70
30 33,392,075 0.007 32,408,030 96.96

0.8 ∗ 0.05

27 33,416,260 0.028 33,410,860 99.98

3.46028 32,838,715 0.014 32,566,915 99.17
29 33,176,000 0.013 32,519,485 97.98
30 33,384,470 0.009 32,408,030 96.99

0.7 ∗ 0.01

27 33,768,890 0.020 33,410,860 98.93

3.03628 33,056,345 0.019 32,566,915 98.50
29 32,898,985 0.013 32,519,485 98.83
30 33,173,460 0.009 32,408,030 97.64

0.7 ∗ 0.02

27 33,659,265 0.018 33,410,860 99.26

3.03128 33,045,945 0.020 32,566,915 98.53
29 32,941,010 0.014 32,519,485 98.70
30 33,161,550 0.009 32,408,030 97.67
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Table 6: Continued.

𝑅
𝑐
∗ 𝑅
𝑚

Production time (day) Total cost by MOGA 𝐶
𝑣

Total cost by BFM Accuracy (%) Average computation time (sec)

0.7 ∗ 0.03

27 33,644,265 0.016 33,410,860 99.30

3.03128 33,203,965 0.020 32,566,915 98.04
29 33,022,990 0.015 32,519,485 98.45
30 33,087,065 0.012 32,408,030 97.90

0.7 ∗ 0.04

27 33,683,865 0.021 33,410,860 99.18

3.02928 33,045,945 0.015 32,566,915 98.53
29 33,055,020 0.014 32,519,485 98.35
30 33,333,480 0.007 32,408,030 97.14

0.7 ∗ 0.05

27 33,644,265 0.014 33,410,860 99.30

3.03028 33,203,965 0.017 32,566,915 98.04
29 32,779,985 0.016 32,519,485 99.20
30 33,170,355 0.009 32,408,030 97.65

0.6 ∗ 0.01

27 33,659,265 0.013 33,410,860 99.26

2.60528 32,838,715 0.012 32,566,915 99.17
29 32,975,995 0.012 32,519,485 98.60
30 33,466,585 0.007 32,408,030 96.73

0.6 ∗ 0.02

27 33,904,890 0.021 33,410,860 98.52

2.60428 33,085,945 0.018 32,566,915 98.41
29 32,559,485 0.019 32,519,485 99.88
30 32,858,030 0.014 32,408,030 98.61

0.6 ∗ 0.03

27 33,649,365 0.018 33,410,860 99.29

2.60328 32,833,315 0.020 32,566,915 99.18
29 33,075,020 0.015 32,519,485 98.29
30 33,156,050 0.009 32,408,030 97.69

0.6 ∗ 0.04

27 33,668,865 0.011 33,410,860 99.23

2.60528 33,096,345 0.016 32,566,915 98.37
29 32,779,985 0.015 32,519,485 99.20
30 33,395,860 0.006 32,408,030 96.95

0.6 ∗ 0.05

27 33,649,365 0.021 33,410,860 99.29

2.60528 33,126,935 0.019 32,566,915 98.28
29 33,135,420 0.017 32,519,485 98.11
30 32,878,960 0.012 32,408,030 98.55

0.5 ∗ 0.01

27 33,410,860 0.021 33,410,860 100.00

2.17528 32,973,440 0.021 32,566,915 98.75
29 32,974,905 0.016 32,519,485 98.60
30 32,854,560 0.013 32,408,030 98.62

0.5 ∗ 0.02

27 33,644,265 0.011 33,410,860 99.30

2.17828 33,085,945 0.021 32,566,915 98.41
29 32,519,485 0.016 32,519,485 100.00
30 33,191,450 0.012 32,408,030 97.58

0.5 ∗ 0.03

27 33,697,660 0.024 33,410,860 99.14

2.17828 32,833,315 0.018 32,566,915 99.18
29 33,171,910 0.015 32,519,485 97.99
30 32,838,960 0.012 32,408,030 98.67

0.5 ∗ 0.04

27 33,644,265 0.020 33,410,860 99.30

2.17928 33,096,345 0.018 32,566,915 98.37
29 33,075,020 0.014 32,519,485 98.29
30 33,065,060 0.010 32,408,030 97.97
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Table 6: Continued.

𝑅
𝑐
∗ 𝑅
𝑚

Production time (day) Total cost by MOGA 𝐶
𝑣

Total cost by BFM Accuracy (%) Average computation time (sec)

0.5 ∗ 0.05

27 33,682,660 0.018 33,410,860 99.19

2.1828 32,572,315 0.022 32,566,915 99.98

29 32,760,385 0.013 32,519,485 99.26

30 33,033,580 0.008 32,408,030 98.07
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Figure 9: Variations of the optimal total costs and total production
times with the number of plants.

cost, this way can be chosen. On the contrary, if they hope to
get theminimumproduction time, the way in the left side can
be chosen: the smaller the division number is, the shorter the
production time is. If there is no division process, although it
can enable the total cost to be lower, it prevents the capacity
to be fully used and thus results in a low utilization rate.
The division process increases the cost but enhances capacity
utilization.

Some good and interesting questions might come up as
a result of order division process. The first one is “should
the same products produced at different manufacturing sites
be gathered again before delivery?” In practice, not a few
global companies prefer to deliver products directly from the
manufacturing sites to the destinations. Since the contexts
discussed in this paper occur in the environment of business-
to-business (B2B) commerce, the destinations are usually
fixed in a period of time. Direct shipment from different sites
can not only reduce the transportation costs, but also shorten
the delivery time. Another question is concerned with the
additional shipping cost caused by the order division process.
Since the division process occurs only on orders with huge
amounts, the influence is very likely to be small. Even if
the shipping cost is increased, minimizing the total cost can
benefit the company as a whole.
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Figure 10: Changes in the minimum total cost and shortest total
production time of each division number (C = 0, nondivision; C =
10, division number is 10, . . . , 𝐶 = 30, division number is 30).

4.4. Assignment and Reassignment. As time proceeds, new
orders will be released. How to deal with new incoming
orders is an important issue for managers. In this paper, we
reassign the new incoming orders on a rolling time basis
[12], as illustrated in Figure 11. At time t

1
, new orders are

released. At this time, some previous orders are completed,
while orders are in process.The unfinished orders will be kept
in process and the rest will be rescheduled (reassigned).

For easy reassignment, a visualized system is developed.
The results of assignment and reassignment are shown in
Figures 12(a) and 12(b).

The visualized system developed by this study is easy
to use. It is very convenient for users to change, cancel, or
move the orders. If the managers are not satisfied with the
assignment result, they can draw the mouse cursor onto
the selected orders and move them to the desired locations.
Managers can also cancel an order easily, as shown in
Figure 13.

5. Conclusions

This paper employs multiobjective genetic algorithm
(MOGA) as an analytical tool to investigate the order
assignment issue for global companies with multiple plants
around the world. MOGA is used to deal with order



12 Mathematical Problems in Engineering

2 3

3

3

1
1

1

3

2

3 1

2

1

2
2

3
(1) Snapshot

3

1

21

2

(2) Rescheduling

(3) Implementation

3

3

1

4 2 3

4

3

Released order

M1

M2

M3

M1

M2

M3

t1 t2t0

t1t0

Figure 11: Orders are assigned and reassigned on a rolling time basis [12].
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Figure 12: (a) The assignment result. The MO USA-008 is unfinished at time 04/18 10:00. (b) The reassignment result. Note that the MO
USA-008 is fixed and the new coming MOs are reassigned.
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Figure 13: The system makes it easy to move or change orders. MO USA-102 was moved from the site in Taiwan A to the site in Cambodia,
as compared with Figure 12(b).

assignment under the objectives of the lowest total cost
and shortest total production time. To investigate the
effectiveness of the proposed approach, this study uses a
famous garment company’s real data as a base to perform
some experiments. This study also discusses the influences
caused by a wide range of order amount demanded. Results
from this study show that good workable solutions are
obtainable efficiently. When it comes to orders with a wide
range of changes in quantity, if managers consider the lowest
total cost, they can choose solutions with larger division
numbers; on the contrary, if they hope the production time is
the shortest, they can choose the ones with smaller division
numbers.

There are several suggestions for further studies in the
future.This study makes some assumptions for the reduction
of complexity. In reality, many uncertain factors, such as
cancellation of order, rush order, material shortage and
political factors, will cause certain plants to be unable to
produce. One possible solution is to introduce autonomous
control, that is, to allow some parts of a large network
to make their own decisions based on local situations and
available information [22, 23]. Studies may also combine
MOGA with other methods. In addition, real data in other
industries can be collected to perform more experiments
to help further understand the differences between different
industry sectors.

Abbreviations

Superscripts

DELAY: Delayed delivery
DELIV: Delivery
FG: Finished goods
MANU: Manufacturing or production
RM: Raw material.

Subscripts

ℎ: ℎth destination
𝑖: 𝑖th MO
𝑗: 𝑗th material
𝑘: 𝑘th Manufacturing site
𝑐
DELAY
𝑖

: The penalty cost per day of the 𝑖th order
caused by delayed delivery

𝑐
MANU
𝑘

: The unit manufacturing cost of site 𝑘
𝑐
RM
𝑗

: The unit material cost of raw material 𝑗
𝑐
DELIV
𝑘ℎ

: The unit delivery cost from site 𝑘 to
destination ℎ

𝐶: The number of smaller orders; the larger
order was divided into groups of 𝐶

𝐷
𝑖
: The delayed days of the 𝑖th order
𝑄
𝑖
: The quantity of the 𝑖th MO
𝑄

FG
𝑖
: The quantity of finished goods of 𝑖th

MO
𝑄

FG
𝑖ℎ
: The quantity of finished goods of 𝑖th

MO delivered to destination ℎ
𝑄

RM
𝑖𝑗

: The quantity of the 𝑖th raw material of
𝑖th MO,

𝑚: The number of factories
𝑛: The number of manufacturing orders
𝑆
𝑖
: The required capacity of MO 𝑖
𝑆
𝑘
: The capacity of the 𝑘th site
𝑧
𝑘ℎ
: 0-1 variable; 𝑧

𝑘ℎ
= 1 if site 𝑘 delivers

products to destination h; otherwise,
𝑧
𝑘ℎ

= 0.
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In micromanufacturing, a precise adjustment of manufacturing, handling, and quality control processes constitutes an essential
factor for success. The continuing miniaturization of workpieces and production devices results in ever decreasing tolerances,
whereas machines and processes become increasingly more specialized. Thereby, the so-called size effects render the direct
application of knowledge from the area of macromanufacturing impossible. In this context, this paper describes the application
of the 𝜇-ProPlAn method for the configuration of an infeed rotary swaging process for microcomponents. At this, the cause-effect
relationships between relevant process parameters are analyzed using stochastic regression models, in order to determine cost-
efficient process configurations for the manufacturing of bulk and tubular microcomponents.

1. Introduction

During the last years, the demand of microcomponents
increased strongly. Thereby, single components became
increasingly smaller, while providing more functionality and
consisting of more complex geometries [1]. In addition,
increasing production rates and high demands regarding the
components quality render the manufacturing of microcom-
ponents a complex task. In this context, several authors define
a microcomponent as being smaller than one millimeter in
at least two geometrical dimensions [2]. One approach to
achieving high throughput rates at comparably low costs
is the application of cold forming techniques for micro-
manufacturing [3]. Different cold forming processes can be
combined to achieve highly flexible manufacturing facilities
with comparably low spatial requirements, for example, by
applying desktop factories [4]. Such production systems face
the challenge of producing vast amounts of high quality
components while remaining cost efficient. Thereby, micro-
manufacturing is characterized by very low tolerances, the
occurrence of so-called size effects [5], and a high degree of
specialized manufacturing technologies.

As a result, the adjustment of a diversity of processes in
micromanufacturing poses several challenges to the process
designer. On the one hand, a careful selection of available
process technologies is required. The suitability of certain
process technologies strongly depends on the manufactur-
ing context (e.g., materials, tools, preceding, or succeeding
processes). Due to the high specialization, it might even be
possible that processes have to be adapted or developed for
a certain task. On the other hand, the adjustment of selected
processes in a process chain has to be performed carefully.
This includes manufacturing, handling, and quality control
processes. Thereby, the design of process chains in micro-
manufacturing involves the configuration of relevant process
parameters [6]. Such parameters cover material properties,
machine settings, or specific tool configurations. Due to the
low tolerances, slight changes to a single parameter can affect
the overall process chain, causing high costs for setups or
reconfigurations. Consequently, designers require additional
support in the selection and adjustment of manufacturing,
handling, and quality inspection processes in the area of
micromanufacturing [7].
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Figure 1: Components of the 𝜇-ProPlAn framework (after [11]).

In order to support process designers with the design
and configuration of process chains in micromanufactur-
ing, the 𝜇-ProPlAn (microprocess planning and analysis)
framework (Figure 1) is being developed. The framework
comprises methods to model and evaluate process chains in
the context of micromanufacturing, covering all aspects from
the process flow over material-flows to the modeling of so-
called cause effect networks (Figure 1).These cause-effect net-
works describe correlations between technical and/or logistic
parameters, within the microprocess chain. Moreover, the 𝜇-
ProPlAn framework provides different methods to assess the
quality of the designed process chains in terms of logistic
performance and technical feasibility by computer-aided
evaluations.

This paper demonstrates the application of 𝜇-ProPlAn
for the configuration of a rotary swaging process in a
micromanufacturing scenario. In contrast to classical process
designmethods, 𝜇-ProPlAn enables an integrated design and
evaluation of the (logistic) process flow with respect to the
manufacturing processes configurations. Thereby, statistical
methods are applied to facilitate material-flow simulations by
approximating the single manufacturing processes behaviors
and results, based on experimental- or production-related
data. The focus of this paper’s case study is set on the
production of high quality components, while avoiding costly
setup operations by reconfiguring related process parameters.
The next section introduces the area of micro-cold form-
ing and describes particular challenges encountered in this
area. Section 3 outlines the 𝜇-ProPlAn framework and its
components. Afterwards, Section 4 describes the use-case
scenario and the corresponding process models. Afterwards,
it provides the simulation study conducted upon the use-case
scenario and presents the results. The paper closes with a
conclusion and outlines further work in this area.

2. Micro-Cold Forming

Cold forming processes provide a suitable approach to
manufacturing high quality microcomponents, while main-
taining highmanufacturing accuracies andhigh throughputs.
Additionally, workpieces usually become hardened during
the cold forming process, resulting in products that are more
robust. Compared to other manufacturing approaches, cold
forming processes lead to a reduction of waste materials and
energy consumption, leading to an environmentally friendly
production [12].

Although cold forming processes are well known and
widely used in macromanufacturing for mass production,
they cannot be applied directly to micromanufacturing. The
downscaling of those cold forming processes, and thus of
the workpieces, tools, and machines, is only possible up to a
certain degree. Thereafter, the impact of so-called size effects
impedes a further downscaling of the cold forming process.

Vollertsen et al. define size effects as “deviations from
intensive or proportional extrapolated extensive values of a
process, which occur when scaling the geometrical dimen-
sions” [2]. In this context, they define intensive values as
parameters, which are not expected to change due to a change
of an object’s mass (e.g., its temperature or its density). In
contrast, extensive values are expected to vary with a different
mass (e.g., the object’s inertia force or its heat content).
Generally, size effects occur due to the inability to scale
all relevant process parameters equally [2]. As an example,
the downscaling of a metal sheet’s thickness can result in a
changing density due to local defects, although the density is
considered an intensive variable. In addition to these effects,
technical limitations further facilitate the occurrence of size
effects. For example, the downscaling of mechanical grippers
is limited by technical factors. For very small workpieces,
the gripper’s Van-der-Waals forces will eventually overcome



Mathematical Problems in Engineering 3

Tool

Tool

Workpiece

Workpiece

Lubricant

Local defectD
ow

ns
ca

lin
g

U
ps

ca
lin

g

Density Size Microstructure

Fa

Fa

Fg

Fg

Fg > Fa

Fg < Fa

Figure 2: Categories of size effects [2].

the gravitational force at a certain point. Consequently, the
gripper will not be able to release the workpiece without
aid. Basically, Vollertsen and Walther define three distinct
categories of size effects (Figure 2) [2].

(i) Density size effects occur, when the density of a
material is held constant while scaling down its
geometrical dimensions. For instance, local defects
become more serious with a continuing miniaturiza-
tion. Thereby, the distribution of local defects within
amaterial can lead tomore delimited sets of good and
bad parts.

(ii) Shape size effects occur due to the increasing ratio
of an object’s total surface area, compared to its
volume. An example of this category is provided
by the described imbalance of the adhesive force in
relation to the gravitational force.

(iii) Microstructure size effects occur becausemicrostruc-
tural features (e.g., the grain size or the surface
roughness) cannot be scaled down the same way as
the geometrical size of an object.

The occurrence of size effects requires a precise planning
of technical parameters throughout the overall process chain.
Technical parameters between, as well as within, each manu-
facturing, handling, and quality-inspection process have to
be regarded and adjusted to each other. Moreover, as new
processes and technologies for micromanufacturing emerge
quickly, interdependencies between those parameters cannot
be described precisely or are unknown in several cases. As
a result, the 𝜇-ProPlAn framework incorporates different
methods to determine correlations between production rel-
evant parameters by the application of stochastic methods
from the fields of mathematics and artificial intelligence.
These methods, on the one hand, enable a detailed analysis of
cause-effect relations, while, on the other hand, they provide
a suitable approach to determine parameter configurations
based on production or experimental data.

3. Microprocess Planning and
Analysis (𝜇-ProPlAn)

As depicted in Figure 1, 𝜇-ProPlAn consists of three basic
parts. First, the modelling notation enables a clear and
detailedmodelling of the production system, coveringmanu-
facturing, handling, and quality inspection aspects through-
out the process level, the material-flow level down to the
configuration level. As a second part, a simultaneous engi-
neering procedure model guides the modelling process. This
procedure model aims at iteratively creating and adapting
the model in parallel to the product development, enabling
the detection of problems or inconsistencies early in the
development phase. The third part finally covers the evalu-
ation of the models. This includes the analysis of cause-effect
relations during model creation, as well as the evaluation
of the modelled production system concerning its technical
feasibility and its logistic performance.

3.1. Modelling Notation. The modelling notation relies on
the notation of process chains for the description of the
overall process (Figure 3) [6, 13]. Thereby, a process chain
consists of a sequence of manufacturing, handling, and
quality inspection processes. Each process again consists of
one or more operations, relating to manufacturing, handling,
or quality inspection tasks.The distinction between processes
and operations enables the integration of several tasks in
one process. For example, in-process quality inspections or
simple transportation tasks can be represented as operations
within a single process, if all of these tasks are conducted
by a single workstation. In contrast, more complex tasks, for
example, the separation of workpieces, can be represented as
independent processes. In particular, complex quality inspec-
tion tasks often require several handling and inspection
operations as a part of the overall quality inspection process
to be conducted.

In order to adjust processes and operations to each
other, the concept of process chains applies the so-called
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technological interfaces [13]. Therefore, each operation and,
respectively, each process are assigned a set of technological
input and output variables, which are modified during the
operation. These variables usually constitute attributes of the
workpiece, for example, geometrical features, its hardness,
or surface roughness. Thereby, input variables describe the
required state of the workpiece before the operation, while
output variables describe the operations result.

While technological interfaces provide a powerful tool for
the configuration of well-known processes in macromanu-
facturing, they are often inadequate for the configuration of
processes in the microdomain. In micromanufacturing, the
relationship between process parameters, related to machine
or workstation settings, and the effects they have on the
workpieces’ properties are often unknown or underspecified.
In addition, due to the very small tolerances inherent to the
microdomain, even small changes to a process parameter can
have a strong influence on the resulting workpiece’s proper-
ties. Consequently, 𝜇-ProPlAn extends the classical concept
of process chains by the so-called cause-effect networks.
These networks consist of all relevant process and workpiece
parameters and depict the cause-effect relations between each
parameter. In order to minimize the modelling effort and to
facilitate the reuse of cause-effect networks, they aremodelled
as a part of the respective material-flow element, for example,
the machine, workpiece, or tool, and later on combined
to cause-effect networks for an operation by assigning the
material-flow elements used in the respective operation.
Thus, each operation at least consists of an input and an
output workpiece, usually constituting the operation’s tech-
nological interfaces, as well as a machine and a tool, used to
conduct the operation. Additionally, personnel and operating

supplies can be assigned in order to enable a comprehensive
logistic evaluation. Figure 4 shows a simplified cause-effect
network for the operation “Rotary Swaging,” at which several
technological and logistic parameters were left out to increase
the readability. This network is constructed from the cause-
effect networks modelled for the rotary swaging machine
(left), the respective workpiece (center), and the tool (right)
used in this operation. Therefore, the single networks are
connected via cause-effect relations between their parame-
ters. In addition to the technological parameters, each cause-
effect network contains a set of default logistic parameters.
For example a tool requires the definition of its durability
and its investment costs; operations require the specification
of their duration and rejection rates, while machines provide
parameters related to maintenance, malfunctions, and costs
inflicted while processing or while being idle (for a complete
list see [11]).

In order to enable the configuration of each operation and
to enable a comprehensive technological and logistic evalu-
ation of the modelled production system, the value of each
parameter should be estimated based on its input parameters.
Therefore, 𝜇-ProPlAn requires each parameter’s cause-effect
relations to be described quantitatively. In cases, in which
the relationships are known, a mathematical function 𝑦 =
𝑓(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) can be defined for each parameter. In case

of unknown cause-effect relations between the predictors and
the dependent parameter, 𝜇-ProPlAn offers a set of methods
to create an analytical regression model or to learn abstract
prediction models, based on experimental or production-
related data. A summary of these methods is provided in
Table 1, together with a short description of each method.
In addition to this quantitative description, each parameter
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is assigned an interval of valid values. For example, some
machines can only use tools with a specific range of sizes or
operate using specific feed rates.

3.2. Simultaneous Engineering Procedure Model. The 𝜇-
ProPlAn procedure model aims to support the development
of new process chains in the context of a running production.
Thereby, it relies on the existence of premodelled material-
flow elements, although it is easily possible to add addi-
tional machines, tools, and so forth during the development.
The procedure model utilizes concepts of “Simultaneous
Engineering” [6]. In general, “Simultaneous Engineering”
describes an approach, in which the different phases of new
product development, from the first basic idea to themoment
when the new product finally goes into production, are
carried out in parallel [14]. By parallelizing the development
of the product and of the manufacturing processes, all
characteristics of the product’s life cycle can be taken into
account early. Ignoring such issues may lead to high costs
in later stages of the product development [15]. Due to the
high specialization of micromanufacturing processes, avail-
able manufacturing and handling technologies might not be
suitable for a provided task. Accordingly, new technologies
or tools have to be developed or the product design has
to be adapted. The application of Simultaneous Engineering
techniques enables an early detection of such problems,
which would usually emerge at later stages of the production
planning [16].

The procedure model consists of three phases (Figure 5).
During the first phase, the overall process chain is devel-
oped and configured. Thereby, the process designer includes
required manufacturing, handling, and quality inspection
processes and defines the processes’ technological inter-
faces, based on the product structure. In case of changes
to the product structure, this phase can be repeated to
adapt the model. The second phase covers the specifica-
tion and configuration of the required resources. Thereby,

the process designer selects suitable technologies and
machines for each operation and combines their respective
cause-effect networks. The last phase covers the model anal-
ysis. As a first step, he evaluates the cause-effect networks to
ensure the technical feasibility of the process chain concern-
ing the product’s and the respectivemachines’ tolerances. In a
second step, valid process chains can be analyzed bymeans of
a material-flow simulation, in order to determine and com-
pare their logistic performances, for example, throughput
times, due date adherence, workloads, or total costs.Thereby,
it is possible to compare different process chains, for example,
by varying used technologies, machines, or configurations, in
order to determine the optimal setup and configuration.

3.3. Model Evaluation. The evaluation of the modelled pro-
duction system is split in two parts: first, the evaluation of a
process chain’s configuration, and thus, its technological fea-
sibility and second, the evaluation of its logistic performance.
In order to validate the technological feasibility, all parameter
values are propagated throughout the complete process chain
using the quantitative cause-effect relations. Thereby, each
parameter is calculated based on its input parameters and
checked against the specified tolerances with respect to the
technological interfaces and to the machines capabilities. If a
parameter exceeds these tolerances, the configuration has to
be adapted or, in the worst case, a more suitable technology
or machine has to be selected.

After defining one or more technically feasible process
chains, these models can be evaluated with reference to their
logistic performance. Therefore, the process chain model
is converted into a material-flow simulation, whereby the
cause-effect networks’ parameters are directly conveyed into
the simulation. Due to the integration of technological and
logistic parameters within the cause-effect networks, changes
to technological parameters can directly influence their
logistic counterpart. For example, an increasing feed rate
usually decreases the duration, while increasing the rejection
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Table 1: Regression and learning methods included in the 𝜇-ProPlAn software prototype.

Method Description

Linear regression

As fundamental multivariate regression function, 𝜇-ProPlAn
offers the option to perform a simple linear regression on the
provided data. As a result, a function of the form
𝑦 = ∑

𝑛

𝑖=1
(𝑎
𝑖
⋅ 𝑥
𝑖
) + 𝑏 is determined. Thereby, the least squares

method is applied to minimize the distance between the
regression model and the original data points. Additionally,
𝜇-ProPlAn offers additional functionality to linearize, for
example, exponential or logarithmic data to enable linear
regressions.

Polynomial regression
In case of univariate cause-effect relations, a polynomial
regression can be conducted to achieve functions of the form
𝑦 = 𝑎

0
+ 𝑎
1
𝑥 + 𝑎
2
𝑥
2
+ 𝑎
3
𝑥
3
+ ⋅ ⋅ ⋅ + 𝑎

𝑛
𝑥
𝑛
+ 𝜀. This method again

uses the least squares method.

Tree-/rule-based regressions (e.g., [8])

In contrast to the methods above, tree- or rule-based
approaches do not result in a single analytic function. In
general, they divide the search space into smaller segments,
for which a regression can be performed. Usually, both
methods use linear regressions for each segment.

Locally weighted linear regression (LWL) (e.g., [9])

LWL constitutes an abstract prediction model, which
performs a locally weighted linear regression each time a
prediction is requested. Thereby, a kernel function is used to
weight adjacent data points and finally a linear regression is
performed. This method particularly excels in interpolating
missing data in between available data points.

Support vector regression(e.g., [10])

A support vector machine is usually used as classifier.
Thereby, it learns a model, which separates a set of data
points in one or more classes, maximizing the distance
between each data point and the classification curve. The
same method can be used for regression, particularly if the
provided data contains strong variances.

Neuronal networks

A neural network usually consists of a number of layers, each
containing a defined number of nodes. The nodes of each
layer are interconnected. During the supervised training of
the network, these connections’ weights are adapted to
recreate the desired output on the last layer. Thereby, the
quality of the prediction strongly depends on a suitable
network structure (i.e., number of layers/nodes, selected
activation functions, etc.)

rate of an operation. The material-flow simulation provides
several statistics regarding the underlying production system.
General statistics refer to the throughput times, the due-
date adherence, the single devices utilization, the work-in-
progress, and the costs incurred. For each machine, more
specific statistics regarding costs, down times, rejection rates,
and so forth are recorded to enable a comprehensive evalua-
tion of a single process chain as well as a comparison between
different process chain models.

4. Use-Case Scenario

This section describes the application of 𝜇-ProPlAn for the
configuration of a microrotary swaging process. Although 𝜇-
ProPlAn was originally designed to adjust several processes
along a process chain, the same methods can be applied for
the optimization of a single process within a given process
chain.

4.1. Rotary Swaging Process. Rotary swaging is a well-known
cold forming process, for example, in the automotive indus-
try. Specific characteristics of this process support lightweight
and stress optimized designs of tubular components like
steering columns or drive shafts [17]. The workpiece forming
takes place in the swaging head in incremental steps by radial
oscillating dies. Two process types are established: infeed
swaging and plunge swaging that differs in the direction of
the feed motion (Figure 6(a)).

An ongoing demand for miniaturization and functional
integration of mechatronic systems, for example, in medical
applications (minimally invasive diagnosis and surgery) or
automotive industry (miniature pumps and valves), increas-
ingly brings rotary swaging into the focus of interest, partic-
ularly on the microscale. Since 2007, research is performed
to adapt the rotary swaging process to microcomponents,
with a diameter between 0.3 and 1.0mm (c.f. Figure 6(b))
[18, 19]. Actually, the prediction of the resulting workpiece’s
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quality, for example, the final diameter with respect to the
process parameters, is insufficient, even in the macroscale
[20]. Material properties (e.g., its hardness), the die closing
pressure, the dies’ oscillation frequency, and the feed rate
mainly affect the remaining spring-back, which leads to a
difference between the closed dies’ diameter and the finished
workpiece’s diameter.

4.2. Model Definition and Simulation Study. In general, the
process chain for this use-case scenario consists of four
processes. First, the rawmaterial, a steel wire with a diameter
of 1mm, is heat treated to increase its degree of deformation
and to achieve a consistent hardness. Then, the described
rotary swaging process is applied to decrease the diameter.
Afterwards, a laser-based free from heating process is applied
to create a mass accumulation at the end of the wire. Finally,
plunge rotary swaging or another cold forming process is
used to calibrate the mass accumulation into its final shape.
As the primary focus of the experiment was the determina-
tion of the most cost-efficient setup in manufacturing steel

wires with a defined diameter and mechanical properties
(second process), the remaining processes were considered
constant within the model. Thus, they were assigned a
fixed duration and a fixed rejection rate independent of the
microrotary swaging process’ configuration.

In order to determine the most cost-efficient config-
uration for the microrotary swaging process, a set of 55
experiments was conducted using the described device. For
these experiments, each of the three primary machining
parameters (feed rate, oscillation frequency/stroke frequency,
and die closing pressure) was modified, while the other two
were held constant. As a result, the diameter of the resulting
wirewasmeasured seven times along thewire, with a distance
of 1 cm between each measurement. Each experiment was
repeated four times to determine process variances. For all
experiments, the remaining process parameters were held
constant, while the same material and tools were used to
reduce their effects on the process and to simplify the cause-
effect network. In case of the experimental setup, the die
closing pressure is regulated using an additional, adjustable
wedge, inflicting pressure on the dies (compare Figure 6(a)).
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Table 2: Parameter definition.

Parameter Unit Quantitative function Valid values
Die closing pressure 𝑃 [Position] — [69; 73]
Oscillation frequency 𝐹 [Hz] — [30; 120]
Feed rate 𝑉f [𝜇m/s] — [1000; 4000]
Initial diameter 𝐷

0
[𝜇m] — [350; 1000]

Final diameter 𝐷
1

[𝜇m] 𝐷
1
= 𝐷
𝑇
− 35.20195 ⋅ 𝑃 + 9.747 ⋅ ln (𝑉

𝑓
) − 0.36423 ⋅ 𝐹 + 2.472𝑒03 [300; 1000]

Final diameter variance 𝐷v [𝜇m] Random value in between 0 and 2.5 [0; 1000]
Tool-diameter 𝐷T [𝜇m] — [300; 1000]
Output-length 𝐿 [𝜇m] — [1000;∞]
Tolerance 𝑇 [%] — [0; 100]
Operation-duration 𝑂T [Time Units] 𝑂

𝑇
= 𝐿/𝑉f [0;∞]

Operation-rejection rate 𝑂R [%] 𝑂
𝑅
= 𝑚𝑎𝑥(2, (100/𝐷

1
) ⋅ (𝐷
𝑣
− 𝑇)) [2; 100]
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Figure 6: Infeed rotary swaging.

Thematerial-flow elements (workpieces, the rotary swag-
ing device, and the tools) were created and assigned all
relevant parameters. For the rotary swaging operation, a
cause-effect network was constructed as sketched in Figure 7.
Thereby, the final diameter is assumed to depend on the
tool diameter as well as on the three machining parameters.
For the rotary swaging operation, the duration depends on
the feed rate and the desired length of the final wire, while
its rejection rate depends on a specified tolerance and the
maximal variance of the final diameter. The variance itself is
assumed to depend on the machining parameters.

In order to quantify the cause-effect network, the data
was first preexamined. In a first step, the single relations
between the machining parameters and the final diameter
were investigated, to enable a suitable selection for the
learning/regression algorithm. Therefore, a small subset of
experiments was taken from the training data, in which
only one of the respective parameters varied. As depicted
in Figures 8(a)–8(c) the machining parameters showed a
linear, respectively, logarithmic influence. Consequently, the
final diameter was quantified using a generalized adaptive
linear regression model of the form 𝐷

1
= 𝐷
𝑇
+ 𝑐
1
⋅ 𝑃 +

𝑐
2
⋅ ln(𝑉

𝑓
) + 𝑐
3
⋅ 𝐹 + 𝑐

4
. As a result of the regression, the

coefficients were determined as provided in Table 2.Thereby,
a residual standard error of 3.287 remainedwhile themultiple
𝑅-squared value of 0.992 (adjusted 𝑅-squared: 0.9915) was
achieved.

Another result of this preliminary investigation showed a
clear process window for each of these parameters (summa-
rized in Table 2). Exceeding these windows generally leads
either to strong, visible deformations of the final workpiece
or to insufficient deformation results. In a second step, the
diameters variance was characterized as the standard devi-
ation over the distinct measurements of the final diameter
for each experiment. Unfortunately, no covariance between
the variance and any other parameter within the cause-effect
network could be determined. Due to the consistent variance
between 0 and 2.5 𝜇m for all final diameters between 370 𝜇m
and 570𝜇m (Figure 8(d)), the variance was treated as a
random variable. Nevertheless, some experiments resulted in
higher variances, assumingly due tomaterial defects. In order
to include these outliers in the model, a minimum rejection
rate of 2% was assumed. Table 2 summarizes the parameters
together with their valid ranges and quantitative functions.

4.3. Simulation Model and Results. In general, for a given
set of material-flow elements (machine, tool, workers, etc.),
the balancing of the process duration and its rejection rate
(based on the quality of the resulting workpieces) implicates
a major task in the process configuration, in order to balance
the incurring process and material costs. Nevertheless, the
quantification and the respective preevaluation of the data
on the one hand demonstrated that the process behaved very
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Table 3: Parameter configurations used in the second simulation scenario.

Final
diameter
[𝜇m]

Tool
diameter
[𝜇m]

Die closing
pressure
[position]

Feed rate
[𝜇m/s]

Oscillation
frequency

[Hz]

Process
duration
[sec]

300 300 72.0 3000 36,587 33
350 300 70.0 2000 87,808 50
400 300 69.0 1350 36,587 74
350 400 73.0 2100 73,173 48
400 400 71.5 2000 80,491 50
450 400 70.0 2000 87,808 50
500 400 69.0 2000 43,904 50
450 500 73.0 2100 73,173 48
500 500 71.5 2050 80,491 49
550 500 70.0 2000 80,491 50
600 500 69.0 1350 36,587 74

Table 4: Simulation results.

Scenario 1 Scenario 2
Simulation statistics

Simulated time elapsed (time units) 76838.0 50358.8
Number of jobs finished 1000.0 1000.0
WIP 5048,0 2974,1

Machine statistics
Average queue length (Jobs) 2581,7653 1492,5153
Maximum queue length (Jobs) 3104,7659 1568,2296
Average utilization (incl. setup) (%) 100,0000 100,0000
Average utilization (incl. setup) (time units) 76838,0000 50358,8000
Average utilization (excl. setup) (time units) 50000,0000 49938,8000
Average utilization (excl. setup) (%) 65,0720 99,1660

stable, as long as all parameters remained within their respec-
tive windows. In contrast to other processes investigated
using 𝜇-ProPlAn (e.g., [21]), an increasing feed rate does not
lead to a significant decrease of the final workpieces quality.
On the other hand, the experiments showed a very strong
influence of themachining parameters on the final workpiece
diameter. Thereby, a broad range of final diameters could be
achieved using the same tool (in terms of the die opening
diameter) while altering the parameters. Actually, manufac-
turing takes place using a tool with a diameter of about
±50𝜇m difference to the final diameter, while producing
several test components to calibrate the process parameters.
Using the regression function provided in Table 2, a more
precise adjustment of the parameters could be achieved.
Moreover, by exploiting the wide range of final diameters
achievable with a single tool, setup times can be reduced
strongly. Therefore, this subsection describes a simulation
study conducted to compare the classical approach with an
approach based on the application of the regression model
with the aim to reduce setup times.

The simulation model covers the process chain described
earlier, whereby the other three processes retain a constant
duration and rejection rate.The infeed rotary swaging process

assumes the same machine used in the experiments in
order to derive real-world information about setup times
and process behavior. For this device, it is possible to
change themachining parameters in-process.Oncemodified,
the machine directly operates using the new settings. The
exchange of a tool requires about 7 minutes including the
de- and reconstruction of the outer casings. To ease the
simulation, all wires (jobs) are presumed to have a pre-
determined, consistent length of 10 cm (100.000 𝜇m), while
the diameter varies between 300𝜇m and 600𝜇m in steps
of 50𝜇m depending on the job. Setup—thus a change of
parameters and/or the exchange of a tool—is only performed
after a job is completed. The simulation uses a dynamic job
source for each type of job (diameter). Consequently, jobs
are generated in a random sequence and amount for all
available diameters. Thereby, the random generators use a
fixed seed to ensure the same random sequence of orders for
all simulation scenarios. In general, the simulation assumes a
buffered production and applies priority rules for shop floor
control. Priority rules enable each machine to select the most
appropriate job from their buffers. For this simulation, the
priority rule first selects jobs with a minimum setup time. If
several jobs require the same setup time, themost urgent jobs
are selected and executed.



Mathematical Problems in Engineering 11

For the classic simulation scenario, an individual tool is
used for each type of job. Thus, to manufacture a wire with
a diameter of 300 𝜇m a tool with a diameter of 300𝜇m is
used, resulting in 7 tools in total. Thereby, the simulation
assumes that the parameter settings for each configuration
are known and no further experiments are required to restart
manufacturing after the setup. For the simulation scenario
that uses the parameter settings from the regression model,
only three different tools are required to cover the complete
range of products. Table 3 summarizes the parameter settings
and tool selections used in this simulation scenario.

Each simulation scenario was conducted ten times,
whereas the simulation covered the fixed production of 1000
workpieces. The approach relying on parameter reconfigu-
ration was thereby capable of reducing the required setup
time by 34%. Table 4 summarizes the main results of both
simulation scenarios.

5. Conclusion and Future Work

The application of regression models provides a suitable
approach to describing the interrelations between different
parameters in a manufacturing context. Particularly for
domains such as micromanufacturing, in which the specific
effects of parameter changes are unknown or barely describ-
able, such models can provide a deeper understanding of the
processes based on experimental data. As demonstrated, a
more detailed understanding of these effects can be used in
the development of process control strategies, for example,
to avoid expensive setup operations or to reduce process
times in general. Future work in this use-case will deal
with the inclusion of additional data and parameters to the
cause-effect networks (e.g., material properties) to cover a
wider range of manufacturing scenarios. In addition, more
elaborate production controllers or production control strate-
gies will be developed based on the extended cause-effect
networks. In general, future work will focus on extending 𝜇-
ProPlAn by methods for the automatic deduction of suitable
process configurations along a process chain.This will enable
a more precise adjustment of single processes. Moreover,
future work will investigate possible methods to combine
discrete information derived from single experiments with
continuous sensor data gained during production. By com-
bining these different types of values, more detailed cause-
effect networks can be created and the acquisition of data,
particularly in industrial applications, can be eased.
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The goal of this paper is to tackle joint decisions in assigning production and organizing transportation for single product in a
production-transportation network systemwithmultiplemanufacturers andmultiple demands. In order tomeet practical situation,
assume that the variant costs and the amounts of the consumption of raw materials that every manufacturer produces per unit
product are all uncertain variables in manufacturing processes; meanwhile, the demands that each destination needs are random
variables in the transportation problem. Then, a joint optimization model of production and transportation is developed, in
which the uncertain chance constraint and the stochastic chance constraint are applied in the manufacturing processes and the
transporting processes, respectively, and transformed into a deterministic form by taking expected value on objective function and
confidence level on the constraint functions. Finally, a practical example points out the effectiveness of our model.

1. Introduction

Production problem and transportation problem,whichwere
solved separately in the past, are two important problems
for the manufacturing firms. But in order to pursue the
maximization of benefits, the firms have to consider the
whole process of production and transportation which con-
tains not only how to assign the production but also how
to design the transportation plan. Hence, many researches
have beenmade to coordinate production and transportation
network, and more effort is now being made to do this
work. Glover et al. [1] presented the production, distribution,
and inventory planning system (PDI) in the form of supply
chain management (SCM). In the network, by introducing
the supply policy node and supply policy arcs to each of
the supply sites and demand policy arcs from each demand
site to a demand policy node, the Agrico PDI network
model was established to minimize the costs. After that, the
integrated models in production and transportation ([2–5])
and production and inventory [6–8], as well as transportation
and inventory were investigated one after another. All of
these models are directly or indirectly linked with inventory
and inventory cost is a significant portion of the total cost.

Additionally, thesemodelswere also formulated into different
versions of single or multiple periods, single or multiple
products [9], and so on.

On the other hand, in almost all the works mentioned
above, the conventional mathematical programming meth-
ods are used to solve problems in SCM and the goals and rel-
evant inputs are generally assumed to be deterministic/crisp.
However, in real-world problems in supply chains, environ-
mental coefficients and/or parameters, involving available
supply, resources, capacities, demand, and related operating
costs, are often uncertain owing to information being incom-
plete and unavailable over the planning horizon. There-
fore, conventional deterministic mathematical programming
methods cannot solve all programming problems in uncer-
tain environments. Holmberg and Tuy [10] developed a
stochastic programming to deal with the integrated decisions
of production and transportation modeled by the convex
nonlinear production costs and stochastic demand. They
reported computational tests that indicated that quite large
problems can be solved efficiently. Liang [11] presented a
possibilistic linear programming (PLP) method for solving
the integrated manufacturing/distribution planning decision
problems with multiple imprecise goals in supply chains
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under an uncertain environment. An industrial case was
used to demonstrate the feasibility of applying the proposed
method to a real problem.

Because of the lack of the information about the raw
materials, changes in sales, weather and road conditions, and
so forth, there are unpredicted things which will make the
amounts of the supply of the raw materials, the costs of
production and transportation, and the demands be uncer-
tain values. There are some limitations when the traditional
stochastic models and possibilistic methods above deal with
such problems at these situations. In such cases, we have to
invite some experts to evaluate their degree of belief that
each event will occur. However, humans tend to overweigh
unlikely events [12]; thus, the degree of belief may have a
much larger range than the real frequency. In this situation,
if we insist on dealing with the degree of belief using
the probability theory, some counterintuitive results will be
obtained. In order to deal with the uncertain situations,
Liu [13] presented the uncertainty theory. After that, Liu
[14, 15] made some researches about uncertainty theory and
proposed the uncertain programming and then applied the
uncertainty theory to model human uncertainty [16] and
refined the uncertainty theory in 2013 [17]. More and more
researchers have contributed to this area. Liu and Ha [18]
researched the expected value of function of uncertain vari-
ables. Rong [19] proposed two new uncertain programming
models of inventory with uncertain cost. So the uncertain
programming began to be regarded as a new technique
of mathematic programming and be applied widely. Based
on the uncertain programming, the transportation problem
[20, 21], the facility location problem [22], and the vehicle
routing problem [23] were all discussed in the simplest basic
form. Until now, no studies are found on the integrated
decisions by exploiting uncertainty theory about production,
transportation, or inventory. In other ways of application of
the uncertainty theory, uncertain hypothesis testing [24] and
uncertain optimal control [25] were also studied, respectively.

Motivated by the above-described applications in the
production problem and transportation problem, in this
paper we study an integrated optimization model of produc-
tion and distribution operations which applies the uncertain
programming from uncertainty theory into the joint model.
Therefore, optimizing the trade-off between the production
cost and the transportation cost is the goal of our systems.
The problem is to find an optimal operation of production
and transportation at the level of detailed scheduling such
that the rawmaterial gets used adequately and the demands of
transportation are satisfied completely. As we know, when the
production and transportation happen in reality, the different
production plans need to arrange different transportation
solutions; inversely, the different transportation demands also
need the production plans to be adjusted accordingly. The
joint decision problem addressed here attempts to make the
total cost of production and transportation be the least.

The rest of this paper is organized as follows. In Section 2,
some preliminaries from the uncertainty theory are provided
for use in the next few sections, and, in Section 3, the problem
formulation and some basic assumptions about this paper are
given. Then, Section 4 will develop the uncertain production

model and the stochastic transportation model, respectively.
Subsequently, the joint optimization model of production
and transportation for a single product is obtained. In
Section 5, one numerical example with multiple manufactur-
ers and multiple destinations of demand is presented. At the
end of this paper, the conclusions are proposed in Section 6.

2. Preliminaries

In this section, we will introduce some basic knowledge
on uncertainty theory which will be used in the next few
sections.

Definition 1 (see [17]). Anuncertain variable 𝜉 is ameasurable
function from an uncertainty space (Γ,L,M) to the set of
real numbers; that is, for any Borel set 𝐵 of real numbers, the
set

{𝜉 ∈ 𝐵} = {𝛾 ∈ Γ𝜉 (𝛾) ∈ 𝐵} (1)

is an event.

For a sequence of uncertain variables 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
and a

measurable function 𝑓, Liu [17] proved that

𝜉 = 𝑓 (𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
) , (2)

defined as 𝜉(𝛾) = 𝑓(𝜉
1
(𝛾), 𝜉
2
(𝛾), . . . , 𝜉

𝑛
(𝛾)), ∀𝛾 ∈ Γ, is also an

uncertain variable.
In order to research an uncertain variable more deeply, a

concept of uncertainty distribution is given as follows.

Definition 2 (see [17]). The uncertainty distribution Φ of an
uncertain variable 𝜉 is defined by

Φ (𝑥) = M {𝜉 ≤ 𝑥} , (3)

for any real number 𝑥.

To calculate the uncertain measure from an uncertainty
distribution, Liu presented the measure inversion theorem.

Theorem 3 (see [17]). Let 𝜉 be an uncertain variable with
continuous uncertainty distribution Φ. Then, for any real
number 𝑥, one has

M {𝜉 ≤ 𝑥} = Φ (𝑥) , M {𝜉 ≥ 𝑥} = 1 − Φ (𝑥) . (4)

Theorem 4 (see [17]). Let 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
be independent

uncertain variables with regular uncertainty distributions
Φ
1
, Φ
2
, . . . , Φ

𝑛
, respectively. If 𝑓(𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) is strictly

increasing with respect to 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑚
and strictly decreasing

with respect to 𝑥
𝑚+1

, 𝑥
𝑚+2

, . . . , 𝑥
𝑛
, then

𝜉 = 𝑓 (𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
) (5)

is an uncertain variable with inverse uncertainty distribution

Φ
−1

(𝛼) = 𝑓 (Φ
−1

1
(𝛼) , . . . , Φ

−1

𝑚
(𝛼) ,

Φ
−1

𝑚+1
(1 − 𝛼) , . . . , Φ

−1

𝑛
(1 − 𝛼)) .

(6)
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Definition 5 (see [17]). Let 𝜉 be an uncertain variable. Then
the expected value of 𝜉 is defined by

𝐸 [𝜉] = ∫

∞

0

M {𝜉 ≥ 𝑟} 𝑑𝑟 − ∫

0

−∞

M {𝜉 ≤ 𝑟} 𝑑𝑟, (7)

provided that at least one of the two integrals is finite.

Theorem 6 (see [17]). Let 𝜉 be an uncertain variable with
regular uncertainty distributionΦ; if the expected value exists,
then

𝐸 [𝜉] = ∫

1

0

Φ
−1

(𝛼) 𝑑𝛼. (8)

For 𝜉 = 𝑓(𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
), we have

𝐸 [𝜉] = ∫

1

0

𝑓 (Φ
−1

1
(𝛼)) , . . . , Φ

−1

𝑚
(𝛼) ,

Φ
−1

𝑚+1
(1 − 𝛼) , . . . , Φ

−1

𝑛
(1 − 𝛼) 𝑑𝛼.

(9)

At the same time, Liu proved the linearity of expected
value operator, that is,

𝐸 [𝑎𝜉 + 𝑏𝜂] = 𝑎𝐸 [𝜉] + 𝑏𝐸 [𝜂] , (10)

for any two independent uncertain variables 𝜉, 𝜂 with finite
expected values and any two real numbers 𝑎, 𝑏.

3. Problem Formulation

For amanufacturing enterprise, there are plants each produc-
ingmultiple parts andmultiple assemblies that serve different
assembly plants in a year; meanwhile, each assembly plant
demands multiple parts from many different manufacturers.
Hence, the two processes of production and transportation
are integrated into a combined production-transportation
network consisting of multiple manufacturers and multiple
demands. The basic objective for an effective supply-demand
system is the integration of production and transportation
functions, which needs the simultaneous consideration of
cost of consumption in production and cost-savings oppor-
tunity in transportation. In production, in order to minimize
production cost which contains the setup cost and processing
cost of each manufacturer, they must finish the task that
they are asked according to their own producing capacities.
After that, the transportation will come as follows. The
produced final goods are packed in a cargo, from which
unit delivery cost is incurred, and are then delivered to
different destinations via transportation fleets such as trucks,
railroads, or aircrafts. Therefore, a reasonable transportation
program based on demandsmust be drawn up so as to reduce
unnecessary deliveries and lower delivery cost.

In this study, a single-product problem is considered
for uncertain demands under the integrated production
and transportation operations. The joint decision problem
addressed here is, based on the delivery amounts from
each manufacturer to individual destinations to meet their
respective total demands at a minimum total cost in the

system, to determine production quantity to be assigned
to each manufacturer. Then, an uncertain and stochastic
programming model about production and transportation
is developed under the assumptions that production costs
and the amounts of the consumption of raw materials are
uncertain variables and the delivery demands are random
variables.

4. Joint Decision Model Development

4.1. Uncertain Production Model. Assume that there are sets
of 𝑚 manufacturers and 𝑛 destinations, where each of the
manufacturers and destinations is indicated by the subscripts
𝑖 and 𝑗, respectively. The manufacturers produce a certain
product 𝑃 for the destinations, where the 𝑃 is processed
by kinds of 𝑙 (𝑙 = 1, 2, . . . , 𝑘) raw materials ℎ

1
, ℎ
2
, . . . , ℎ

𝑘
.

In order to describe the production model, the following
notations are applied to serve a single product:

𝑐
𝑖0
: the setup cost at manufacturer 𝑖;

𝜂
𝑖
: uncertain variable, the unit variant cost for produc-

ing the product 𝑃 at manufacturer 𝑖;
𝜉
𝑖ℎ
𝑙

: uncertain variable, the amounts of the consump-
tion of rawmaterials ℎ

𝑙
(𝑙 = 1, 2, . . . , 𝑘) for producing

per unit product 𝑃 at manufacturer 𝑖;
𝜑
𝑖
: the uncertain distribution of the uncertain variable

𝜂
𝑖
;

Φ
𝑖ℎ
𝑙

: the uncertain distribution of the uncertain vari-
able 𝜉

𝑖ℎ
𝑙

;
𝑆
ℎ
𝑙

: the amounts of the supply of raw materials ℎ
𝑙
;

𝑦
𝑖
: decision variable, the yield for producing the

product 𝑃 at manufacturer 𝑖;
𝑉
𝑖
: production capacity for producing the product 𝑃

at manufacturer 𝑖;
𝛼
ℎ
𝑙

: the predetermined confidence level.

Based on the above assumptions, not only do we mini-
mize the production cost, but also we should make best use
of the raw materials in the whole producing process. So we
have proposed the uncertain production-producingmodel as
follows:

Min 𝑍
1
=

𝑚

∑

𝑖=1

𝑐
𝑖0
+ 𝐸[

𝑚

∑

𝑖=1

𝜂
𝑖
𝑦
𝑖
]

subject to

M{

𝑚

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖
≥ 𝑆
ℎ
𝑙

} ≥ 𝛼
ℎ
𝑙

, (𝑙 = 1, 2, . . . , 𝑘)

0 ≤ 𝑦
𝑖
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚) .

(11)

In this model, the objective is to minimize the expected
production cost, and the major constraint is an uncertain
chance constraint which will make raw materials be fully
used. In order to solve this model, we will have the following
corollary according to the uncertainty theory that was intro-
duced in the preliminaries.
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Corollary 7. Assume the constraint function 𝑔(𝑥, 𝜉
1
, 𝜉
2
, . . . ,

𝜉
𝑛
) is strictly increasing with respect to 𝜉

1
, 𝜉
2
, . . . , 𝜉

𝑘
and strictly

decreasing with respect to 𝜉
𝑘+1

, 𝜉
𝑘+2

, . . . , 𝜉
𝑛
. If 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
are

independent uncertain variables with uncertainty distributions
Φ
1
, Φ
2
, . . . , Φ

𝑛
, respectively, then the chance constrain

M {𝑔 (𝑥, 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
) ≥ 0} ≥ 𝛼 (12)

holds if and only if

𝑔 (𝑥,Φ
−1

1
(𝛼) , . . . , Φ

−1

𝑘
(𝛼) , Φ

−1

𝑘+1
(1 − 𝛼) , . . . ,

Φ
−1

𝑛
(1 − 𝛼)) ≥ 0.

(13)

Proof. It follows fromTheorem 4 that the inverse uncertainty
distribution of 𝑔(𝑥, 𝜉

1
, 𝜉
2
, . . . , 𝜉

𝑛
) is

Ψ
−1

(𝑥, 𝛼) = 𝑔 (𝑥,Φ
−1

1
(𝛼) , . . . , Φ

−1

𝑘
(𝛼) ,

Φ
−1

𝑘+1
(1 − 𝛼) , . . . , Φ

−1

𝑛
(1 − 𝛼)) .

(14)

Thus M{𝑔(𝑥, 𝜉
1
, 𝜉
2
, . . . , 𝜉

𝑛
) ≥ 0} ≥ 𝛼 holds if and only if

Ψ
−1
(𝑥, 𝛼) ≥ 0. The theorem is thus verified.

Theorem 8. The uncertain chance constraint

M{

𝑚

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖
≥ 𝑆
ℎ
𝑙

} ≥ 𝛼
ℎ
𝑙

, (15)

in model (11), is equivalent to

𝑚

∑

𝑖=1

Φ
−1

𝑖ℎ
𝑙

(𝛼
ℎ
𝑙

) 𝑦
𝑖
≥ 𝑆
ℎ
𝑙

. (16)

Proof. It is obvious that the function

𝑔 (𝑦, 𝜉) =

𝑚

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖 (17)

is strictly increasing with respect to 𝜉
1ℎ
𝑙

, 𝜉
2ℎ
𝑙

, . . . , 𝜉
𝑚ℎ
𝑙

. And
𝜉
𝑖ℎ
𝑙

are independent uncertain variables with uncertainty
distributionsΦ

𝑖ℎ
𝑙

, respectively. Therefore

M{

𝑚

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖
≥ 𝑆
ℎ
𝑙

} = M {𝑔 (𝑦, 𝜉) − 𝑆
ℎ
𝑙

≥ 0} . (18)

It follows from Corollary 7 that we have immediately that

𝑚

∑

𝑖=1

Φ
−1

𝑖ℎ
𝑙

(𝛼
ℎ
𝑙

) 𝑦
𝑖
− 𝑆
ℎ
𝑙

≥ 0. (19)

The theorem is proved.

Then, the uncertain production-producing model is
expressed in the following deterministic model with the goal
of minimizing the production cost:

Min 𝑍
1
=

𝑚

∑

𝑖=1

𝑐
𝑖0
+

𝑚

∑

𝑖=1

𝑦
𝑖
∫

1

0

𝜑
−1

𝑖
(𝛼) 𝑑𝛼

subject to
𝑚

∑

𝑖=1

Φ
−1

𝑖ℎ
𝑙

(𝛼
ℎ
𝑙

) 𝑦
𝑖
≥ 𝑆
ℎ
𝑙

, (𝑙 = 1, 2, . . . , 𝑘)

0 ≤ 𝑦
𝑖
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚) .

(20)

4.2. Transportation Model with Stochastic Demands. Assume
that the demands at the 𝑛 destinations are stochastic and are
supplied by the above-described sets of 𝑚 manufacturers.
Additionally, there are some parameters which will be used
in the transportation problem as follows:

𝑐
𝑖𝑗
: the transportation cost of delivering unit value of

product from manufacturer 𝑖 to destination𝑗;
𝑥
𝑖𝑗
: decision variable, the number of units shipped

from manufacturer 𝑖 to destination 𝑗;
𝑏
𝑗
: independent random variable, the demand at

destination 𝑗 which follows the normal distribution
𝑁(𝜇
𝑗
, 𝜎
2

𝑗
);

𝛽
𝑗
: the predetermined confidence level (𝑗 = 1, 2,

. . . , 𝑛);
Φ(𝜃): the standard normal distribution function.

Thus, on the basis of the typical transportation problem,
the transportation model with stochastic demands is formu-
lated into the following form:

Min 𝑍
2
=

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to

Pr{
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝑏
𝑗
} ≥ 𝛽

𝑗
, (𝑗 = 1, 2, . . . , 𝑛)

𝑛

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛) .

(21)

Based on the possibility theory, we also get the theorem
below.

Theorem 9. Assume that 𝑏
𝑗
(𝑗 = 1, 2, . . . , 𝑛) are random

variables which follow the normal distribution of 𝑁(𝜇
𝑗
, 𝜎
2

𝑗
).

Then, the chance constraint

Pr{
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝑏
𝑗
} ≥ 𝛽

𝑗
(22)
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in model (21) is equivalent to
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝜇
𝑗
+ 𝜎
𝑗
Φ
−1

(𝛽
𝑗
) . (23)

Proof. Since 𝑏
𝑗
are random variables, 𝑦(𝑥) = ∑

𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝑏
𝑗
are

also random variables. Then we have

𝐸 (𝑦 (𝑥)) =

𝑚

∑

𝑖=1

𝑥
𝑖𝑗
− 𝜇
𝑗
, 𝑉 (𝑦 (𝑥)) = 𝜎

2

𝑗
, (24)

where 𝐸(⋅) and 𝑉(⋅) denote expected value and variance,
respectively.

On the other hand, since the inequalities∑𝑚
𝑖=1

𝑥
𝑖𝑗
≥ 𝑏
𝑗
are

equivalent to

−

∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝑏
𝑗
− [∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝐸 (𝑏

𝑗
)]

𝜎 (𝑏
𝑗
)

≤

∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝐸 (𝑏

𝑗
)

𝜎 (𝑏
𝑗
)

,

𝜂 = −

∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝑏
𝑗
− [∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝐸 (𝑏

𝑗
)]

𝜎 (𝑏
𝑗
)

,

(25)

are random variables which follow standard normal distribu-
tion of 𝑁(0, 1) with possibility distribution function Φ(𝜂) =

(1/√2𝜋) ∫

𝜂

−∞
𝑒
−𝑡
2
/2
𝑑𝑡. Thus, we have

Pr{𝜂 ≤

∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝐸 (𝑏

𝑗
)

𝜎 (𝑏
𝑗
)

} ≥ 𝛽
𝑗
. (26)

According to the definition of possibility distribution
function, we also have

Φ{

∑
𝑚

𝑖=1
𝑥
𝑖𝑗
− 𝐸 (𝑏

𝑗
)

𝜎 (𝑏
𝑗
)

} ≥ 𝛽
𝑗
. (27)

So, we have
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝜇
𝑗
+ 𝜎jΦ

−1
(𝛽
𝑗
) . (28)

The theorem is proved.

According to Theorem 9, the improved transportation
model with stochastic demands will be transferred into the
following model:

Min 𝑍
2
=

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝜇
𝑗
+ 𝜎
𝑗
Φ
−1

(𝛽
𝑗
) , (𝑗 = 1, 2, . . . , 𝑛)

𝑛

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛) .

(29)

4.3. The Joint Optimization Model of Production and Trans-
portation. In actual life, the production and transportation
are usually combining closely. So in order to reduce the
total cost of the production and transportation, we have
to consider the two great problems comprehensively rather
than one by one. Firstly, we must organize the production
effectively and arrange the transportation reasonably for
reaching the aim of saving the cost. Thus, we could get the
number of units that every manufacturer produces to be
transported completely. That is,

𝑦
𝑖
=

𝑛

∑

𝑗=1

𝑥
𝑖𝑗
. (30)

Upon this, we can effectively adjust the production of the
product according to the changes of the demands and then
reach the goal of reducing the cost of each of the counterparts
and optimizing the production-transportation network.

Then, combiningmodels (11) and (21), we can get the joint
optimization model of production and transportation under
uncertain environment:

Min 𝑍 = 𝑍
1
+ 𝑍
2
=

𝑚

∑

𝑖=1

𝑐
𝑖0
+ 𝐸[

𝑚

∑

𝑖=1

𝜂
𝑖
𝑦
𝑖
] +

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to

M{

𝑚

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖
≥ 𝑆
ℎ
𝑙

} ≥ 𝛼
ℎ
𝑙

, (𝑙 = 1, 2, . . . , 𝑘)

Pr{
𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝑏
𝑗
} ≥ 𝛽

𝑗
, (𝑗 = 1, 2, . . . , 𝑛)

0 ≤ 𝑦
𝑖
=

𝑛

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛) .

(31)

Combining models (20) and (29), we can get the equiva-
lent model of model (31) immediately:

Min 𝑍 =

𝑚

∑

𝑖=1

𝑐
𝑖0
+

𝑚

∑

𝑖=1

𝑦
𝑖
∫

1

0

𝜑
−1

𝑖
(𝛼) 𝑑𝛼 +

𝑚

∑

𝑖=1

𝑛

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to
𝑚

∑

𝑖=1

Φ
−1

𝑖ℎ
𝑙

(𝛼
ℎ
𝑙

) 𝑦
𝑖
≥ 𝑆
ℎ
𝑙

, (𝑙 = 1, 2, . . . , 𝑘)

𝑚

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝜇
𝑗
+ 𝜎
𝑗
Φ
−1

(𝛽
𝑗
) , (𝑗 = 1, 2, . . . , 𝑛)

0 ≤ 𝑦
𝑖
=

𝑛

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, . . . , 𝑚)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛) .

(32)
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This model is a typical linear programming which can be
solved easily by the simplex method.

5. Numerical Experiment

To evaluate and test the performance of the above uncertain
and stochastic model, this section presents an example with
three manufacturers and four destinations to illustrate the
application of the model.

Assume that the production of 𝑃, which is made up of
three raw materials ℎ

1
,ℎ
2
,ℎ
3
, is assigned to be produced by

three manufacturers𝐴
1
,𝐴
2
,𝐴
3
, and then the production of 𝑃

will be delivered to four destinations 𝐵
1
,𝐵
2
,𝐵
3
,𝐵
4
. According

to the expertise experience, the amounts of the consumption
of raw materials ℎ

1
,ℎ
2
,ℎ
3
for producing per unit product 𝑃

follow linear uncertain distribution 𝐿(𝑎
𝑖ℎ
𝑖

, 𝑏
𝑗ℎ
𝑗

), 𝑖 = 1, 2, 3, 𝑗 =

1, 2, 3, respectively. The unit variant cost for producing the
product 𝑃 and the demand at destination 𝑗 follow the zigzag
uncertain distribution 𝑍(a

𝑖
, 𝑏
𝑖
, 𝑐
𝑖
), 𝑖 = 1, 2, 3, and the normal

random distribution 𝑁(𝜇
𝑗
, 𝜎
2

𝑗
), 𝑗 = 1, 2, 3, 4, respectively.

Tables 1, 2, and 3 give the value of the parameters and others.
It follows from model (31) that we have the following

model about this problem:

Min 𝑍 =

3

∑

𝑖=1

𝑐
𝑖0
+ 𝐸[

3

∑

𝑖=1

𝜂
𝑖
𝑦
𝑖
] +

3

∑

𝑖=1

4

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to

M{

3

∑

𝑖=1

𝜉
𝑖ℎ
𝑙

𝑦
𝑖
≥ 𝑆
ℎ
𝑙

} ≥ 𝛼
ℎ
𝑙

, (𝑙 = 1, 2, 3)

Pr{
3

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝑏
𝑗
} ≥ 𝛽

𝑗
, (𝑗 = 1, 2, 3, 4)

0 ≤ 𝑦
𝑖
=

4

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, 3)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, 3, 𝑗 = 1, 2, 3, 4) .

(33)

Note that the confidence levels are 𝛼
ℎ
𝑙

= 0.9, 𝑙 = 1, 2, 3,
𝛽
𝑗

= 0.95, and 𝑗 = 1, 2, 3, 4. Since the inverse uncertainty
distribution of linear uncertain variable 𝐿(𝑎, 𝑏) is

Φ
−1

(𝛼) = (1 − 𝛼) 𝑎 + 𝛼𝑏, (34)

the inverse uncertainty distribution of zigzag uncertain vari-
able 𝑍(𝑎, 𝑏, 𝑐) is

Φ
−1

(𝛼) = (2 − 2𝛼) 𝑏 + (2𝛼 − 1) 𝑐, if 𝛼 ≥ 0.5. (35)

Table 1: Parameters of linear distribution of the consumption and
the supply of the raw materials.

ℎ
1

ℎ
2

ℎ
3

𝐴
1

𝐿(2, 4) 𝐿(3, 5) 𝐿(4, 6)
𝐴
2

𝐿(0, 2) 𝐿(1, 3) 𝐿(2, 4)
𝐴
3

𝐿(1, 3) 𝐿(2, 4) 𝐿(3, 5)
𝑆
ℎ𝑙

60 80 100

Table 2: Parameters of the setup cost, the capacity, and the unit
variant cost at the manufacturers.

𝑐
𝑖0

𝑉
𝑖

𝜂
𝑖

𝐴
1

35 15 𝑍(90, 100, 110)
𝐴
2

30 25 𝑍(50, 60, 70)
𝐴
3

35 10 𝑍(70, 80, 90)

Table 3: Parameters of the unit delivery cost and the normal
distribution of demands at the destinations.

𝐵
1

𝐵
2

𝐵
3

𝐵
4

𝐴
1

7 5 12 9

𝐴
2

6 3 6 5

𝐴
3

9 5 8 5

(𝜇
𝑗
, 𝜎
2

𝑗
) (5, 2

2
) (10, 2

2
) (8, 2

2
) (6, 2

2
)

For the standard normal distribution, we have that
Φ
−1
(0.95) = 1.645. Thus, model (33) has the form as

follows:

Min 𝑍 =

3

∑

𝑖=1

𝑐
𝑖0
+

3

∑

𝑖=1

𝑦
𝑖
∫

1

0

𝜑
−1

𝑖
(𝛼) 𝑑𝛼 +

3

∑

𝑖=1

4

∑

𝑗=1

𝑐
𝑖𝑗
𝑥
𝑖𝑗

subject to

3

∑

𝑖=1

(0.1𝑎
𝑖ℎ
𝑙

+ 0.9𝑏
𝑖ℎ
𝑙

) 𝑦
𝑖
≥ 𝑆
ℎ
𝑙

, (𝑙 = 1, 2, 3)

3

∑

𝑖=1

𝑥
𝑖𝑗
≥ 𝜇
𝑗
+ 1.645𝜎

𝑗
, (𝑗 = 1, 2, 3)

0 ≤ 𝑦
𝑖
=

4

∑

𝑗=1

𝑥
𝑖𝑗
≤ 𝑉
𝑖
, (𝑖 = 1, 2, 3)

𝑥
𝑖𝑗
≥ 0, (𝑖 = 1, 2, 3, 𝑗 = 1, 2, 3, 4) .

(36)

By means of the simplex method, the optimal production
plan, transportation scheme, and the demands are listed in
Table 4.

The production cost is 302.0000, the transportation cost
is 21.2600, and the total cost is 333.2600.

6. Conclusions

This paper considers the whole process of production and
transportation and establishes the joint optimal model for a
single product withmultiplemanufacturers andmultiple des-
tinations. By introducing uncertainty theory, we presented
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Table 4: The results of the transportation scheme, the yields of the manufacturers, and the demands of the destinations.

𝑥
𝑖𝑗

𝐵
1

𝐵
2

𝐵
3

𝐵
4

𝑦
𝑖

𝐴
1

7.2000 0.0000 0.0000 0.0000 7.2000

𝐴
2

1.1000 12.6000 11.3000 0.0000 25.0000

𝐴
3

0.0000 0.7000 0.0000 9.3000 10.0000

Demands 8.3000 13.3000 11.3000 9.3000

uncertain production model, and in the transportation pro-
cess, we assumed that the demands are random variables and
proposed the stochastic transportationmodel. Based on these
above, the uncertain and stochastic model was developed by
taking expected value on objective function and confidence
level on the constraint functions. In the end of this paper, a
numerical example was given and showed the effectiveness
of the method by which we establish the model. Then, the
production plan and transportation schemewere obtained by
the simplex method.
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A production-distribution model has been developed that not only allocates the limited available resources and equipment to
produce the products over the time periods, but also determines the economical distributors for dispatching the products to the
distribution centers or retailers. The model minimizes production, inventory holding, backordering, and transportation cost while
considering the time value of money. Since uncertainty is an inevitable issue of any real-world production system, then to provide
a realistic model, the concept of fuzzy sets has been applied in the proposed mathematical modeling. To illustrate and show the
feasibility and validity of the model, a real case analysis, which is pertaining to a mineral water bottling production factory, has
been used. The case has been solved using a three-step solution approach developed in this study. The results show the feasibility
and validity of the mathematical model, and also the solution procedure.

1. Introduction

Nowadays, with the globalization and the evolution of newer
global marketplace over the time, manufacturing companies
have been forced to find methods to design and operate effi-
cient supply chains tomeet customer demands andmaximize
the profit of uncertain business environment [1, 2]. A typical
supply chainmay consist of a number of suppliers and a plant,
where processing of the relevant materials adds value to what
have been received from suppliers and delivers the products
to one or more distributors to dispatch them to several
distribution centers (DC) or retailers. In such a supply chain,
transportation cost may vary from one distributor to another
due to variations in skills, labor cost, or different vehicle types,
and equipment that is being used to do the transport. Hence,
a significant interest has arisen in production-distribution
planning decision (PDPD) of supply chains.

Production planning is a process, which involves allocat-
ing available equipment and resources over a time period to
perform a series of required tasks in order to manufacture
finished products, according to a specified schedule [3, 4],
while distribution planning includes methods for determin-
ing the ways to get the materials and products from the
delivery points to the consuming points in supply chains [5].
In general, optimization of supply chain decision in isola-
tion keeps the firms away from gaining maximum possible
effectiveness [6–8]. Therefore, great efforts have been made
to optimize production and distribution planning problems
simultaneously. Several researchers have investigated the
advantages of integrated production-distribution planning
in different manufacturing environments. For instance, Park
indicated the effectiveness of integrating production and
distribution planning in multiplant, multi-item, multiperiod,
and multiretailer environment [9]. Safaei et al. demonstrated
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the overall cost reduction resulting from the integration in a
multiproduct,multisite,multiperiod production-distribution
network [10]. Amorim et al. studied the effects of concurrent
optimization of production and distribution decisions for
perishable products [11].

A comprehensive review on integrated production-distri-
butionmodels and techniques is conducted by Fahimnia et al.
According to the review, some prominent characteristics that
influence the complexity of models are as follows: single stage
or multistage supply network, single or multiple objective
functions, single or multiple products, single or multiple
plants or distribution centers, and single or multiperiod [5].
This section is not intended to review or classify the literature
but to direct readers to some of the most relevant and most
recent studies in the area of integrated production and distri-
bution planning. Reviewing these and other related studies
reveals that most of the integrated production-distribution
models in the literature are deterministic. However, one
of the realities of current production systems is that the
goals and other relevant inputs such as available resources,
market demand, and production rates are not deterministic.
Hence, conventional mathematical models that assume the
input parameters are deterministic and crisp cannot handle
the uncertainty of real manufacturing systems. In such a
situation, fuzzy and also stochastic mathematical modeling
can be applied to cope with the decision making under
uncertainties of manufacturing environments [12–14].

Most recently, fuzzy programming as one of the methods
that is able to take into account uncertainty of manufac-
turing systems has been applied in integrated production-
distribution planning problems. Lin and Liang developed a
fuzzy multiobjective linear programming (FMOLP) model
for an aggregate production planning problem [15]. Then,
Wang and Liang developed a possibilistic linear program-
ming (PLP) approach to solve a multiproduct and mul-
tiperiod aggregate production planning [16]. Aliev et al.
developed a multiproduct and multiperiod mathematical
model in a supply chain to integrate the production and dis-
tribution decisions simultaneously. They developed a genetic
algorithm-based method to solve the model [17]. However,
although there are more studies that have considered fuzzy
aggregate production planning in a supply chain [6, 18, 19], to
the best of the authors’ knowledge there is not any previous
study that considers the production planning and distributor
selection in a supply chain simultaneously.

The aim of this study is to develop a production-
distribution mathematical model that not only determines
the production planning of the system, but also selects the
best contractors for dispatching the products to the distri-
bution centers or retailers. Moreover, since some data from
real-world manufacturing environments are unobtainable or
imprecise, in order to provide a more realistic mathematical
model, fuzzy set theory has been applied in this study. The
remainder of this paper is organized as follows. Section 2 is
dedicated to the problem description. In Section 3, the math-
ematical model will be presented. Then, Section 4 provides
a discussion regarding the solution procedure. In Section 5,
a real case from a mineral water bottling factory will be
illustrated to show the feasibility and validity of the proposed

mathematical model. Finally, in Section 6 this study will be
concluded.

2. Problem Description

This study assumes that there is a mineral water bottling
factory that produces different kinds of bottled water. The
main product of this factory, which is 1.5-liter bottles of
mineral water, is dispatched to several distribution centers by
several companies as distributors to satisfy imprecise demand
over a medium planning horizon. On the other hand, the
factory capacity and also labor levels are imprecise and fuzzy
due to unobtainable or incomplete available records. This
study aims to develop a fuzzy mathematical model that not
only determines the optimal production plan for the system,
but also selects the economical contract that provides the
minimum transportation cost for dispatching the products to
the distribution centers of the supply chain in an uncertain
environment.

The assumptions of the proposed fuzzy mathematical
model are as follows.

(1) Triangular distribution pattern is applied to represent
all fuzzy numbers.

(2) The objective function is considered to be fuzzy with
imprecise aspiration level.

(3) The nonincreasing continuous linear membership
function is used to specify the decision maker’s
satisfaction degree.

(4) The minimum operator is applied to aggregate the
fuzzy sets.

(5) The demand of each distribution center over a spe-
cial time period might be satisfied or backordered,
although the backorders have to be fulfilled next
period until the end of the planning horizon.

(6) Each distribution center for each time period has
a minimum requirement of supply that should be
satisfied.

Assumption 1 addresses the application of triangular
fuzzy numbers to represent imprecise data. Simplicity and
effectiveness of triangular fuzzy numbers enhance the com-
putational efficiency and also facilitate data acquisition [19–
22]. Assumption 2 is to state the fuzziness of the objective
function. Assumption 3 is used to mention that according
to the satisfaction degree of the decision maker (DM) linear
membership function in comparison with other membership
functions is preferred. Assumption 4 is to state that the
concept of fuzzy decision-making of Bellman and Zadeh,
togetherwith theminimumoperator of Zimmermann is used
to aggregate all fuzzy sets in this study [23, 24]. Assumption 5
shows that a portion of demand is allowed to be backordered,
but it has to be fulfilled in the next time periods of the
running of manufacturing system. Finally, assumption 6 is to
ensure that each distribution center in each period at least
will receive a minimum amount of products to supply to the
retailers.
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3. Mathematical Model Development

Themain aim of this study is to provide a fuzzymathematical
model that not only determines the aggregate production
plans in a midterm period, but also selects the economical
contracts that dispatch the products of supply chain to
distribution centers or retailers. The notations that are used
in the proposed mathematical model are as follows.

3.1. Index Sets

𝑗: Index for destinations 𝑗 = 1, . . . , 𝐽
𝑛: Index for time periods 𝑛 = 1, . . . , 𝑁
𝑘: Index for distributors 𝑘 = 1, . . . , 𝐾.

3.2. Decision Variables

𝑄
𝑛
: Production volume in period 𝑛 (boxes)

𝐼
𝑛
: Inventory level in period 𝑛 (boxes)
𝐵
𝑛
: Backorder level in period 𝑛 (boxes)

𝑇
𝑗𝑘𝑛

: Number of transported products to destination
𝑗 by distributor 𝑘 in period 𝑛 (boxes)

𝑌
𝑘
=

{
{

{
{

{

1 If distributor 𝑘 dispatches the products to the
DCs or retailers.

0 Otherwise.
(1)

3.3. Parameters

CP
𝑛
: Production cost per box in period 𝑛 ($/box)

CI
𝑛
: Inventory-holding cost per box in period 𝑛

($/box)
CB
𝑛
: Backordering cost per box in period 𝑛 ($/box)

CT
𝑗𝑘𝑛

: Per-box transportation cost to destination 𝑗 in
period 𝑛 by distributor 𝑘 ($/box)
FC
𝑗𝑘𝑛

: Fixed transportation cost to destination 𝑗 in
period 𝑛 by distributor 𝑘 ($)
𝐷
𝑛
: Demand of product in period 𝑛 (box)

𝑅
𝑗𝑛
: Minimum supply of product for destination 𝑗 in

period 𝑛 (box)
MARR: Minimum attractive rate of return as the
escalating factor for the costs (%)
𝑈: Required machine-hour to produce one product
(machine-hour/box)
𝐹
𝑛
: Maximum factory capacity in period 𝑛 (machine-

hour)
𝑉: Requiredman-hour to produce one product (man-
hour/box)

𝑀
𝑛
:Maximummanpower available in period 𝑛 (man-

hour)
𝑆: Required warehouse volume per box of product
(m2/box)
AW
𝑛
: Maximum available warehouse volume in

period 𝑛 (m2).

3.4. Fuzzy Mathematical Model

Min 𝑧 ≅
𝑁

∑

𝑛=1

(CP
𝑛
∗ 𝑄
𝑛
+ CI
𝑛
∗ 𝐼
𝑛
+ CB
𝑛
∗ 𝐵
𝑛

+

𝐾

∑

𝑘=1

𝐽

∑

𝑗=1

𝑌
𝑘
⋅ (CT
𝑗𝑘𝑛
∗ 𝑇
𝑗𝑘𝑛
+ FC

𝑗𝑘𝑛

))

∗ (1 +MARR)𝑛

(2)

subject to

𝐼
𝑛−1
+ 𝑄
𝑛
− 𝐼
𝑛
=

𝐾

∑

𝑘=1

𝐽

∑

𝑗=1

(𝑌
𝑘
∗ 𝑇
𝑗𝑘𝑛
) ∀𝑛, (3)

𝐼
𝑛−1
− 𝐵
𝑛−1
+ 𝑄
𝑛
− 𝐼
𝑛
+ 𝐵
𝑛
= 𝐷
𝑛
∀𝑛, (4)

𝑄
𝑛
≥ 𝐵
𝑛−1

∀𝑛, (5)

𝐾

∑

𝑘=1

(𝑌
𝑘
∗ 𝑇
𝑗𝑘𝑛
) ≥ 𝑅
𝑗𝑛

∀𝑗, ∀𝑛, (6)

𝑈 ∗ 𝑄
𝑛
≤ 𝐹
𝑛
∀𝑛, (7)

𝑉 ∗ 𝑄
𝑛
≤ �̃�
𝑛
∀𝑛, (8)

𝐾

∑

𝑘=1

𝐽

∑

𝑗=1

𝑌
𝑘
⋅ (𝑆 ∗ 𝑇

𝑗𝑘𝑛
) ≤ AW

𝑛
∀𝑛, (9)

𝐾

∑

𝑘=1

𝑌
𝑘
= 1, (10)

𝑄
𝑛
, 𝑂
𝑛
, 𝐼
𝑛
, 𝐵
𝑛
, 𝑇
𝑗𝑘𝑛
≥ 0 ∀𝑛, 𝑌

𝑘
= {0, 1} . (11)

The first part of the fuzzy mathematical model, in (2), is
the objective function. It minimizes the total cost of the
system which includes production, inventory, backorder, and
transportation cost. Equation (3) indicates that the amounts
of products that can be transported in each time period are
those products that have been produced in the same period
plus the amount of products that have been stocked from
the previous period minus the amount of products that will
be maintained in the warehouse for the next time period.
Based on the fifth assumption of this study, which declares
that the demand for each time period might be satisfied or
backordered, (4) has been developed. Moreover, based on the
same assumption, (5) implies that the amount of products,
which are produced in each period, at least should satisfy
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the backorder of the previous time period. Equation (6) is
based on the sixth assumption. It tries to satisfy theminimum
supply requirement for each distribution center in every time
period. Equations (7), (8), and (9) are orderly related to the
normal limitation in the capacity of machine-hour, man-
hour, and the available warehouse volume of the factory.
Equation (10) shows that the decision maker only looks
for one contractor to dispatch the products to distribution
centers or retailer. Finally, set of (11) shows the nonnegativity
and kinds of decision variables that have been used in the
proposed fuzzy mathematical model.

4. Solution Procedure

The fuzzy mathematical model that has been developed in
this study is flexible in the value of the objective function
and also has vagueness in some constraints. Hence, the fuzzy
model has to be converted into an equivalent crisp one in
order to be solved by ordinary methods. For this purpose, a
three-step procedure has been proposed as following.

(1) In this study, it has been assumed that a triangular
distribution pattern is adopted for all the fuzzy data.
Hence, based on the level of 𝛼-cut, all the imprecise
constraints are converted into crisp ones using the
weighted averaging method.

(2) The fuzzy objective function, based on the decision’s
maker satisfaction degree, is treated.

(3) The auxiliary variable 𝐿 is introduced at first. After
that the original mathematical model is transformed
into an equivalent ordinary mathematical model by
using minimum operator. Then, the ordinary linear
programming (LP) model is solved by conventional
methods.

4.1. Treatment of Fuzzy Constraints. In solving fuzzy mathe-
matical models, if there is any vagueness in the constraints,
it should be treated. In this study, the volume of demand,
the factory capacity level, and also the level of manpower
available in each of the planning periods, because of the
vague nature of these data, have been considered to be
fuzzy with triangular fuzzy distribution. The reason of using
triangular fuzzy numbers for the data is its flexibility and
simplicity in performing the fuzzy arithmetic operations [19,
22].These fuzzy numbers, as it can be seen from the proposed
mathematicalmodel, are devoted to the right-hand side of the
constraints (4), (7), and (8). In this study, in order to convert
these fuzzy numbers into crisp ones, the weighted average
method has been used [19, 25]. This method, in addition to
the level of 𝛼-cut, which is the minimal acceptable possibility
level of occurrence for the data, uses the three prominent
components of every triangular distribution pattern that are
most pessimistic (𝑝), most likely (𝑚), and most optimistic
value (𝑜) for the set of available data. Figure 1 shows the
distribution of demand (𝐷) in each period, which has the
triangular distribution pattern.

In this study, in order to convert the fuzzy demand into a
crisp number, the weighted average method has been used.

0
D
p
n

1

𝜇D𝑛

Dmn Don D̃

Figure 1: The triangular distribution of fuzzy number𝐷
𝑛
.

After defuzzification, the corresponding expression for the
fuzzy equation (4) is as follows:

𝐼
𝑛−1
− 𝐵
𝑛−1
+ 𝑄
𝑛
− 𝐼
𝑛
+ 𝐵
𝑛

= 𝑤
1
⋅ 𝐷
𝑝

𝑛,𝛼
+ 𝑤
2
⋅ 𝐷
𝑚

𝑛,𝛼
+ 𝑤
3
⋅ 𝐷
𝑜

𝑛,𝛼
∀𝑛.

(12)

In (12), 𝑤
1
, 𝑤
2
, and 𝑤

3
are the corresponding weights for

the most pessimistic, the most likely, and the most optimistic
values for demand, while the summation of these three
weights is equal to one (𝑤

1
+ 𝑤
2
+ 𝑤
3
= 1). In addition,

based on the concept of themost likely values, which has been
proposed by Lai andHwang, this study has set𝑤

1
,𝑤
2
, and𝑤

3

as (𝑤
2
= 4/6) and (𝑤

1
= 𝑤
3
= 1/6) [26]. Similarly, two other

fuzzy constraints of (7) and (8) can be converted into crisp
expressions by using the weighted average method as follows:

𝑈 ∗ 𝑄
𝑛
≤ 𝑤
1
⋅ 𝐹
𝑝

𝑛,𝛼
+ 𝑤
2
⋅ 𝐹
𝑚

𝑛,𝛼
+ 𝑤
3
⋅ 𝐹
𝑜

𝑛,𝛼
∀𝑛,

𝑉 ∗ 𝑄
𝑛
≤ 𝑤
1
⋅ 𝑀
𝑝

𝑛,𝛼
+ 𝑤
2
⋅ 𝑀
𝑚

𝑛,𝛼
+ 𝑤
3
⋅ 𝑀
𝑜

𝑛,𝛼
∀𝑛.

(13)

4.2. Treating the Objective Function. When the objective
function of a mathematical model is fuzzy, it should be
transformed to an auxiliary crisp one in order to be proceeded
for solving the model. The most important part of this
treatment is to find an appropriate membership function
for this conversion. In this study, it has been assumed that
according to the satisfaction degree of the decision maker,
linear membership function is the most suitable function for
this transformation. The process of defuzzification in this
study is based on the concept of fuzzy decision making of
Bellman and Zadeh together with the fuzzy programming
method of Zimmermann [23, 24]. In this regard, at first the
negative ideal solution (NIS) and positive ideal solution (PIS)
for the fuzzy objective function will be introduced as follows:

𝑍PIS = Min𝑧 𝑍NIS = Max𝑧. (14)

Then, the membership function, which according to the
satisfaction degree of the decision maker is supposed to be
nonincreasing continuous linear, will be defined for the fuzzy
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Figure 2: A schematic for a nonincreasing continuous membership
function.

objective function.The formulation that has been used in this
study for treating the objective function is as follows:

𝑓 (𝑧) =

{
{
{

{
{
{

{

1 𝑍 ≤ 𝑍PIS
𝑍NIS − 𝑍

𝑍NIS − 𝑍PIS
𝑍PIS < 𝑍 < 𝑍NIS

0 𝑍NIS ≤ 𝑍.

(15)

Figure 2 depicts a schematic diagram of a nonincreasing
linear membership function.

4.3. Developing an Auxiliary Mathematical Model. In solv-
ing fuzzy programming models, after the defuzzification of
constraints and objective functions, in order to solve the
fuzzy mathematical model by ordinary methods, it should
be converted into an auxiliary crisp model. In this study, the
minimum operator has been used. The auxiliary mathemati-
cal model of this study can be constructed as follows:

Max 𝐿

s.t. 𝐿 ≤ 𝑓 (𝑧) ,

Equations (3) , ((5) - (6)) , ((9) - (10)) , ((12) - (13)) ,

𝑄
𝑛
, 𝑂
𝑛
, 𝐼
𝑛
, 𝐵
𝑛
, 𝑇
𝑗𝑘𝑛
, 𝐿 ≥ 0 ∀𝑛, 𝑌

𝑘
= {0, 1} .

(16)

5. Model Implementation

In this section, the developed fuzzy mathematical model will
be applied for a mineral water bottling factory that is located
in Bardsir, Kerman, Iran. The main product of this factory is
1.5-liter bottles of mineral water that are distributed to three
distribution centers which are located in Kerman, Sirjan,
and Rafsanjan. The production planner of the factory has
to provide an overall perspective regarding the amount of
production, inventory, and also the backorder of their main
product for a midterm scheduling period, as an aggregate
production plan. Moreover, this factory may select among
two alternative contractors for dispatching their products to
three mentioned distribution centers and each contractor
utilizes different types of vehicles and equipment. Therefore,
the transportation costs and consequently transportation fee
that are offered by these two companies are different. Hence,

Table 1: Imprecise forecasted data.

Period Demand (𝐷) (box)
Factory

capacity (𝐹)
(machine-hour)

Manpower
available (𝑀)
(man-hour)

June (11500, 12400, 14500) (177, 193, 197) (1130, 1155, 1180)
July (10500, 12000, 13500) (175, 185, 195) (970, 980, 1110)
August (12000, 12500, 15400) (182, 196, 198) (1170, 1180, 1190)

Table 2: Minimum supply for each destination (box).

Period Rafsanjan Sirjan Kerman
June 2000 2500 5000
July 1500 2000 6000
August 1000 2000 6500

Table 3: Costs data ($/box).

Period Production cost
Inventory-
holding
cost

Backordering
cost

June 1.60 0.10 0.50
July 1.80 0.08 0.40
August 1.25 0.09 0.35

Table 4: Per-box transportation cost for each destination ($/box).

Period Rafsanjan Sirjan Kerman
𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2

June 0.094 0.112 0.106 0.142 0.064 0.082
July 0.096 0.118 0.102 0.144 0.060 0.080
August 0.092 0.112 0.105 0.156 0.058 0.088

Table 5: Fixed transportation cost for each destination ($).

Period Rafsanjan Sirjan Kerman
𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2

June 110 50 180 80 100 30
July 120 55 175 75 80 25
August 130 60 160 70 90 35

the production planner also has to select the best distributor
for dispatching their product based on the transportation
cost.

5.1. Data Description. The data related to the water bottling
factory is as follows.

(i) The main product of the factory is 1.5-liter bottles of
mineral water, and each dozen of bottles is packed in
one box.

(ii) The planning horizon of the factory is three months,
June, July, and August.
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Table 6: Results for the mineral water bottling production company (box).

Period 𝑄 𝐼 𝐵

Rafsanjan Sirjan Kerman
𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2

June 12800 800 0 2000 — 2500 — 8000 —
July 10900 0 300 1500 — 2000 — 8200 —
August 13000 0 0 1000 — 2000 — 10000 —

Objective function L = 100% Z = 70170.19

Table 7: Sensitivity analysis for the 𝛼-cut level.

𝛼 level Period 𝑄 𝐼 𝐵

Rafsanjan Sirjan Kerman
𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2 𝑘 = 1 𝑘 = 2

𝛼 = 0.3

June 12786 766 0 2000 — 2500 — 8020 —
July 10988 0 246 1500 — 2000 — 8254 —

August 12986 0 0 1000 — 2000 — 9986 —
Objective function L = 100% Z = 70283.98

𝛼 = 0.7

June 12826 866 0 2000 — 2500 — 7960 —
July 10728 0 406 1500 — 2000 — 8094 —

August 13026 0 0 1000 — 2000 — 10026 —
Objective function L = 100% Z = 69943.24

(iii) The boxes of 1.5-liter bottles of mineral water are
distributed to three distribution centers.

(iv) There are two candidates as the distributors for the
products of the factory.

(v) The initial inventory for the main product of the
factory is 500 boxes while the inventory for the end
period (August) is zero.

(vi) The initial backorder and also the end backordering
volume in the third period (August) are equal to zero.

(vii) According to the previous time studies, production of
each box of the main product utilizes 0.015 machine-
hours of the capacity of the factory.

(viii) The required manpower to produce one box of the
product equals 0.09 man-hours.

(ix) The dimension of each box of the main product is
31 × 27 × 37 cm3. Hence, it has been considered that
every 32 boxes of the product can be stored in 1m3
of the space of the warehouse. The dimension of the
warehouse equals 15×20m2 and the boxes are stored
to 1.5m height. Hence, the volume of the warehouse
equals 450m3.

(x) Minimum attractive rate of return as the escalating
factor for the costs is equal to 8%.

(xi) The value for 𝛼 level, which is the minimal possibility
level for accepting the membership, for all the fuzzy
and imprecise numbers is considered to be 0.5.

Other relevant data are shown in Tables 1, 2, 3, 4, and 5.

5.2. Computational Results and Discussions. In this section,
on the basis of the solution procedure that has been developed
in this study, at first, the fuzzy constraints are treated using
((12)-(13)). Then, it is the turn to treat the fuzzy objective
function, by introducing the PIS, NIS, and related linear
membership function using (15). Finally, the auxiliarymathe-
matical model is developed based on (16). This model can be
solved by using conventional methods. In this study, Lingo
Optimization Software has been applied to solve the model.
The amounts of 𝑍PIS and 𝑍NIS, after solving the ordinary
mathematical programming model at 𝛼 = 0.5, are equal to
𝑍PIS = 70170.19 and 𝑍NIS = 73842.91. The results of the
mathematical model for the case have been summarized in
Table 6.

After solving the model, in order to provide more infor-
mation on the results, the effects of variation of 𝛼-cut on
the results of the problem have been investigated. For this
purpose, sensitivity analysis of the parameter of 𝛼-cut has
been conducted by solving the mathematical model for 𝛼 =
0.3, 0.7. The results are presented in Table 7.

According to the results and sensitivity analysis, several
managerial implications will be risen as follows.

(i) The mathematical model not only provides an aggre-
gate production planning for the production system,
but also selects the best contractors for transporting
the products to the distribution centers or retailers.

(ii) By application of fuzzy set theory, the model is
capable of handling the imprecise nature of data,
and providing a better imitation of the real-world
uncertain environments.
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(iii) The feasibility of the results implies the validity of the
proposed mathematical model and also the solution
approach.

(iv) As from the results it can be observed that the value of
𝐿 (the level of the satisfaction of the decisionmaker) is
equal to 100%. It is an indicator for the full satisfaction
of the decision maker with the results.

(v) As the results of sensitivity analysis indicate, the
degree of satisfaction of the decision maker, which is
shown by the value of 𝐿, does not have any changes
against the variation of the 𝛼-cut level, whereas the
optimal solution of the problem changes.

6. Conclusion

In today’s competitive and uncertain business environment,
designing and operating efficient supply chains are crucial
for every industry to meet customer demands and maximize
the profit. Separate optimization of supply chain keeps the
firms away from gaining maximum possible effectiveness.
Hence, a mathematical model for a production-distribution
problem was developed in this study that not only allocates
the limited resources to the production of the products,
but also determines the best contractors for dispatching the
products to the distribution centers or retailers. Additionally,
in order to make the model more realistic, because some data
of real-world production systems are imprecise or unobtain-
able, the fuzzy set theory was applied to the mathematical
model. For illustration and verification of the proposed fuzzy
mathematical model, data from a mineral water bottling
factory was applied to the model and solved by a three-
step solution approach that also was developed in this study.
Solving the real case by the solution method and finding
feasible solutions for the model show the feasibility and
validity of the proposed fuzzy mathematical model and also
the developed solution procedure. The results show the full
satisfaction of the decision maker with the results. Moreover,
it is shown that, even by varying the level of 𝛼-cut, there is not
any change in the level of satisfaction of the decision maker.
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In many conventional supply chains, production planning and distribution planning are treated separately. However, it is now
demonstrated that they are mutually related problems that must be tackled in an integrated way. Hence, in this paper a new
integrated production and distribution planning model for perishable products is formulated. The proposed model considers a
supply chain network consisting of a production facility and multiple distribution centers. The facility produces a single perishable
product that is storable only for predetermined periods. A homogenous fleet of vehicles is responsible for delivering the product
from facility to distribution centers. The decisions to be made are the production quantities, the distribution centers that must
be visited, and the quantities to be delivered to them. The objective is to minimize the total cost, where the trip minimization is
considered simultaneously. As the proposed formulation is computationally complex, a heuristic method is developed to tackle the
problem. In the developed method, the problem is divided into production submodel and distribution submodel. The production
submodel is solved using LINGO, and a particle swarm heuristic is developed to tackle distribution submodel. Efficiency of the
algorithm is proved through a number of randomly generated test problems.

1. Introduction

During the past decades, mangers have faced big global
changes in the business environment as results of advances
in technology, globalization of markets, and new situations
in economy and politics. With the increase of the number
of world-class competitors, organizations have been under
pressure to improve their interorganizational processes. In
such situations, managers understood that such changes not
only are not enough in long term, but also they must enter
in management of their supply, distribution, and after sales
companies. With such an approach, the terms “supply chain”
and “supply chain management” were created [1].

A supply chain includes all facilities, works, and activities
that are engaged in production and delivering a product or
service from suppliers (and their suppliers) to customers
(and their customers). It includes but not limited to planning
and management of material requisition, manufacturing,
warehousing, distribution, and after sales services.The supply

chain management should coordinate such activities so that
customers can have high quality products with minimum
possible cost [2].

In any supply chain, two main areas that are very
important to the managers are production and distribution
planning. Production planning tackles decision of how to
transform raw materials into finished products respecting to
meet demands on time with minimum cost. Determining
lot sizes, that is, calculating the quantity to be producecd
for each item at each time, is an important decision in tac-
tical production planning. Considerations such as planning
horizon, number of levels, number of products, capacity or
resource constraints, deterioration of items, demand type,
setup structure, and inventory shortage may complicate the
lot sizing problem [3]. For detailed information regarding
classifications and characteristics of lot sizing problem, see,
for instance, Ben-Daya et al. [4], Robinson et al. [5], and
Buschkühl et al. [6].
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On the other hand, distribution planning tackles decision
of how to deliver the finished products to the customers
respecting to meet their demands on time with minimum
cost. Routing problem is among one of themodel types in the
literature that are applied to the distribution planning. In such
problems, distribution of a product(s) from a central location
to multiple geographically dispersed customers using defi-
nite/indefinite number of capacitated vehicles is considered.
The decisions to be made are (1) when to deliver to each
customer, (2) how much to deliver to each customer at each
time, and (3) how to serve customers using the vehicles [7].

In a conventional supply chain, independentmanufactur-
ers, wholesalers, and retailers were separate business entities
seeking to maximize their own profits. However, it is now
demonstrated that the production and distribution decisions
are mutually related problems that need to be dealt with in
an integrated way. Integrated production and distribution
planning in the context of supply chain management has
been under attention of many researchers over the past few
years.There might be two primary reasons behind this trend:
(1) positive effect of integrated production and distribution
planning on profitability of supply chains and (2) positive
effect of integrated production and distribution planning
on reducing lead times and offering quicker responses to
market changes [8]. In this paper, we focus on the integrated
production and distribution planning of perishable products.
The organization of this paper is as follows. In the next
section, related literature is reviewed and then in Section 3
the studied problem is thoroughly defined and formulated. As
the proposedmodel is hard to solve specially in large problem
sizes, a heuristic method is developed which is efficient in
light of both quality of the solutions and the running time.
Finally, concluding remarks and future research remarks are
given in Section 6.

2. Literature Review

An integrated production and distribution system often
includes facility(s) producing the product(s) and number
of distribution centers warehousing products. An integrated
production and distribution planning problem is the prob-
lem of simultaneously finding the decision variables from
different functions that have traditionally been optimized
independently. Some of these variables are as follows:

(i) quantity of product(s) produced in facility(s) at each
planning period,

(ii) inventory amount of product(s) temporarily stored in
facility(s) at the end of each planning period,

(iii) quantity of product(s) shipped from facility(s) to
distribution centers in each planning period,

(iv) inventory of finished products stored in distribution
centers at the end of each planning period.

Due to the number of decision variables to be determined,
the integrated production and distribution planning problem
is so complex that optimal values are very hard to obtain.
In addition, considerations such as complex structure of

the network, geographical span of the supply chain, and
involvement of different entities with conflicting objectives
can further complicate the problem [9]. It is worthy to note
that integrated production and distribution planning prob-
lems arise in environments where vendormanaged inventory
(VMI) is implemented. In vendor managed inventory (VMI)
environments, the supplier/manufacturer manages invento-
ries at customers to ensure that they donot face any shortages.

The integrated production and distribution planning
problem has received a lot of attention among researchers
particularly in the recent years. Sarmiento and Nagi [10],
Chen [11], and Fahimnia et al. [8] provided comprehensive
reviews on the general subject. Below we mention some
more recent researches. Bard and Nananukul [12] formulated
an integrated lot sizing and inventory routing problem as a
mixed integer program with the objective of maximizing the
net.They developed a two-step procedure that first estimated
daily delivery quantities and then solved a vehicle routing
problem for each day of the planning horizon. Boudia and
Prins [13] studied an NP-hard multiperiod production—
distribution problem to minimize sum of three costs: pro-
duction setups, inventories, and distribution. This problem
then was solved by a memetic algorithm with population
management (MAPM). Bard and Nananukul [14] presented
a model that included a single production facility and a set
of customers with time varying demand. They developed a
procedure centering on reactive tabu search for solving the
problem. Bilgen and Günther [15] presented an integrated
production scheduling and truck routing model for a supply
chain of fruit juice. They considered different transportation
modes. Bard and Nananukul [16] investigated their previ-
ously developed model aimed at minimizing costs. They also
developed a hybrid methodology that combined exact and
heuristic procedures within a branch-and-price framework.
Bolduc et al. [17] proposed a tabu search heuristic for the
split delivery vehicle routing problem with production and
demand calendars. Jolai et al. [18] considered a supply chain
network consisting of a manufacturer, with multiple plants,
products, distribution centers, retailers, and customers. They
developed a multiobjective linear programming model for
integrating production—distribution decisions. They also
proposed three metaheuristics to tackle the problem. Toptal
et al. [19] considered a joint production and transportation
planning problem where two vehicle types were available for
outbound shipments. They also presented formulations for
three different solution approaches. Nananukul [20] intro-
duced an enhanced clustering model for the latter problem.
An algorithm based on a reactive tabu search for solving the
clustering problem was also proposed. Liu and Papageorgiou
[21] addressed production, distribution, and capacity plan-
ning of global supply chains considering cost, responsiveness,
and customer service level simultaneously. They developed
a multiobjective mixed-integer linear program (MILP) with
total cost, total flow time, and total lost sales as key objectives.

Considering perishable products, production/inventory
and distribution decisions are often studied separately. Many
researchers focused on extending economic production
quantity (EPQ) and economic order quantity (EOQ) models
for such products. The reader may refer to Nahimias [22],
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Raafat [23], Goyal and Giri [24], and Bakker et al. [25] for
comprehensive reviews.

On the other hand, some researchers focused on extend-
ing distribution planningmodels with concentration on vehi-
cle routing problem for perishable products. Tarantilis and
Kiranoudis [26] proposed a fast and robust algorithm to find
effective delivery schedules for one of the biggest diary com-
panies in Greece.They formulated the milk delivery problem
as a heterogeneous fixed fleet vehicle routing problem (VRP).
Chen andVairaktarakis [27] studied an integrated scheduling
model of production and distribution operations in food
catering service industries. In their model, a set of customer
orders was first processed in a facility and then delivered to
the customers directly.The problemwas to find a joint sched-
ule of production and distribution such that customer service
level and total distribution cost objectives were optimized.
Hsu et al. [28] developed a stochastic VRPwith timewindows
formulation for delivery of perishable food products.The goal
of their model was to find delivery paths, workloads, and
departure times. Similarly, researches like Osvald and Stirn
[29], Chen et al. [30], and Gong and Fu [31] applied VRP
with time windows to distribution planning of perishable
products. Osvald and Stirn [29] formulated a vehicle routing
problemwith timewindows and time-dependent travel times
(VRPTWTD) where the travel times between two locations
depend on both the distance and on the time of the day.Their
model considered the impact of the perishability as part of the
overall distribution costs and a tabu search heuristic was used
to solve the problem. Chen et al. [30] proposed a nonlinear
mathematical model for production scheduling and vehicle
routing with time windows for perishable food products.
They assumed stochastic demands at retailers. Gong and Fu
[31] proposed a multiobjective vehicle routing problem with
timewindowmodel that includes fixed vehicle cost, operation
cost, shelf life loss, and default cost. They applied an ant
colony optimizationwith ABC customer classification (ABC-
ACO) to solve the problem.

To the best of our knowledge, no research has ever tack-
led the integrated problem of production and distribution
planning of perishable products with inventory and routing
considerations. Therefore, in this paper we deal with an
integratedmodel for production and distribution planning of
perishable products.

3. Problem Statement

In this section, the studied problem is defined with details
and the proposed model is formulated. We are given a
single production facility that produces a single perishable
product. The perishable product has a fixed lifetime that is
measured by a number of planning periods that can be stored
either in the production facility or in distribution centers.
The planning horizon is divided into 𝑇 equal discrete time
interval that each one is a planning period. The production
capacity in each planning period is limited to 𝑝max. If we
have production at the facility in planning period 𝑡, then a
considerable setup cost 𝑓𝑝𝑐

𝑡
(𝑡 = 1, . . . , 𝑇) is incurred. A

limited amount of inventory can be temporarily stored in

the production facility with unit holding cost of ℎ
0
. There

is a set of 𝑛 distribution centers geographically dispersed
around the production facility that the products are to be
delivered to them. Each distribution center 𝑖 (𝑖 = 1, 2, . . . , 𝑛)

has a nonnegative and deterministic demand 𝑑
𝑖,𝑡
in planning

period 𝑡 of the planning horizon that must be fully met; that
is, shortages are not allowed. A limited amount of inventory
can be stored in distribution center 𝑖 with unit holding
cost of ℎ

𝑖
. A fleet of 𝐾 capacitated homogeneous vehicles is

responsible for shipping of the product from the facility to
the distribution centers. The company is not owner of fleet
and incurred costs are calculated based of number of trips
vehicles make, not the distance they travel.Therefore, we aim
to minimize the number of vehicles’ trips. In addition, two
other rules must be applied to deliveries; each vehicle can
make at most one delivery per planning period and each
distribution center can be visited at most once per planning
period.

Our objective is to construct a production-distribution
plan by integrating production, inventory, and routing deci-
sions that minimizes total costs while ensuring that all
demands are met and there is no shortage. The model must
determine, for each planning period, whether there must
be production or not, the amount to be produced, the
distribution centers that must be visited, and the quantities
to be delivered to them. Considering the setup cost, variable
production cost, and inventory holding costs over the plan-
ning horizon, the model must decide when to overproduce
and when to hold items as inventory.

In standard models, the inventory levels are only
restricted by the physical storage capacities, while in our
model, the perishability dominates the physical storage
capacity. We defined an upper bound for inventory levels at
production facility and distribution centers. Considering sl as
the shelf life of the perishable product, the inventory upper
bound for production facility in planning period 𝑡 is equal to
the sum of all distribution centers’ demands in that period
and next sl planning periods. Similarly, the inventory upper
bound for distribution center 𝑖 in planning period 𝑡 is equal
to the sum of its demands in that period and next sl planning
periods.These upper bounds are ourmain contribution of the
formulation.

In the development of the model, see Nomenclature
section.

The formulated model is as follows.

Integrated Production and Distribution Model. Consider

Min ∑

𝑡

𝑓𝑝𝑐
𝑡
⋅ 𝑍
𝑡
+∑

𝑡

V𝑝𝑐
𝑡
⋅ 𝑃
𝑡
+∑

𝑡

ℎ
0
⋅ 𝐼
0,𝑡
+∑

𝑖,𝑡

ℎ
𝑖
⋅ 𝐼
𝑖,𝑡

+∑

𝑘,𝑡

𝑓𝑡𝑐
𝑘
⋅ 𝑌
𝑘,𝑡

(1)

𝐼
0,𝑡
= 𝐼
0,𝑡−1

+ 𝑃
𝑡
−∑

𝑖

∑

𝑘

𝑊
𝑖,𝑘,𝑡

∀𝑡 ∈ 𝑇 (2)
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𝐼
𝑖,𝑡
= 𝐼
𝑖,𝑡−1

+∑

𝑘

𝑊
𝑖,𝑘,𝑡

− 𝑑
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (3)

𝐼
0,𝑡
≤ 𝑢
0,𝑡

∀𝑡 ∈ 𝑇 (4)

𝐼
𝑖,𝑡
≤ 𝑢
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (5)

𝑃
𝑡
≤ 𝑝max ⋅ 𝑍𝑡 ∀𝑡 ∈ 𝑇 (6)

𝑊
𝑖,𝑘,𝑡

≤ 𝑞 ⋅ 𝑋
𝑖,𝑘,𝑡

∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (7)

∑

𝑖

𝑊
𝑖,𝑘,𝑡

≤ 𝑞 ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (8)

∑

𝑘

𝑋
𝑖,𝑘,𝑡

≤ 1 ∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (9)

∑

𝑖

𝑋
𝑖,𝑘,𝑡

≤ 1 ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (10)

∑

𝑖

𝑋
𝑖,𝑘,𝑡

≤ 𝑞 ⋅ 𝑌
𝑘,𝑡

∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (11)

𝑍
𝑡
, 𝑋
𝑖,𝑘,𝑡

, 𝑌
𝑘,𝑡
∈ {0, 1} ∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (12)

𝑃
𝑡
, 𝐼
0,𝑡
, 𝐼
𝑖,𝑡
,𝑊
𝑖,𝑘,𝑡

≥ 0 ∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇. (13)

In the above model, objective function (1) minimizes the
sum of all costs. Note that the term ∑

𝑘,𝑡
𝑓𝑡𝑐
𝑘
⋅ 𝑌
𝑘,𝑡

aims at
minimizing the total number of vehicles trips in planning
horizon. Constraints (2) are inventory balance equations
at production facility that relate its inventory levels to the
production quantities and deliveries to distribution centers.
Similarly, constraints (3) are inventory balance equations at
distribution centers. Constraints (4) and (5) guarantee that
inventory levels at production facility or distribution centers
are never greater than the total demands in next sl following
periods.These constraints guarantee that perishable products
will never be thrown away. Production quantities in plan-
ning period 𝑡 are limited to the production capacity using
constraints (6). Constraints (7) demonstrate that if there is
a delivery to a distribution center in a planning period, then
the pertaining binary variable must be 1. Vehicle capacity is
respected by constraints (8). Constraints (9) guarantee that
each distribution center is visited mostly once per planning
period. Similarly, constraints (10) guarantee that each vehicle
is used mostly once per planning period. Constraints (11)
demonstrate number of vehicles’ trips during planning hori-
zon. Finally, relations (12) and (13) present decision variables
types.

The size of proposed model is determined largely by
constraints (7) and the number of binary variables 𝑋

𝑖,𝑘,𝑡
,

which both grow at a rate proportional to𝑂(𝑁𝐾𝑇). A typical
problem with 20 vehicles, 50 distribution centers, and a 10-
day planning horizon contains roughly 12000 constraints,
10000 binary variables, and 10000 continuous variables.
Initial attempts to solve instances of this size with LINGO

commercial optimizer were not encouraging. This led to
development of a more efficient algorithm presented in the
next section.

4. Solution Method

In this section, a two-phase algorithm is presented to solve
the proposed model. We face two types of decision variables
in themodel, the variables pertaining to production decisions
(𝑍
𝑡
, 𝑃
𝑡
, 𝐼
0,𝑡
), and the variables pertaining to distribution

decisions (𝑋
𝑖,𝑘,𝑡

, 𝑌
𝑘,𝑡
,𝑊
𝑖,𝑘,𝑡

, 𝐼
𝑖,𝑡
). A natural way to solve an

integrated model is to decompose the problem and consider
each part dependently. In this way, we can separate the
integratedmodel into two dependent submodels, the produc-
tion submodel and the distribution submodel. In proposed
method, the production submodel is solved first and the
pertaining variables are determined. Then, the results are
fed back into the distribution submodel and the pertaining
variables are determined. In the next step, the production
submodel is solved again considering the previous step.
The algorithm continues this iterative solve-feedback-solve
procedure until a stopping criterion is met. The details of the
proposed method are given in Algorithm 1.

The algorithm consists of two phases, decomposition
phase and integration phase. In the decomposition phase, the
first iteration of the algorithm, the optimal lot sizes are found
considering the sum of distribution centers’ demands in each
planning period as demand of that period. The production
submodel is demonstrated in relations (14) to (19). It is a
variation of lot sizing model and it is easy to solve by any
commercial optimizer such as LINGO. In this submodel, the
following additional parameter is used.

Additional Parameters. 𝐷
𝑡
is the sum of distribution centers’

demands in planning period 𝑡(𝐷
𝑡
= ∑
𝑖
𝑑
𝑖,𝑡
; ∀𝑡 ∈ 𝑇).

Production Submodel. Consider

Min ∑

𝑡

𝑓𝑝𝑐
𝑡
⋅ 𝑍
𝑡
+∑

𝑡

V𝑝𝑐
𝑡
⋅ 𝑃
𝑡
+∑

𝑡

ℎ
0
⋅ 𝐼
0,𝑡 (14)

𝐼
0,𝑡
= 𝐼
0,𝑡−1

+ 𝑃
𝑡
− 𝐷
𝑡

∀𝑡 ∈ 𝑇 (15)

𝐼
0,𝑡
≤ 𝑢
0,𝑡

∀𝑡 ∈ 𝑇 (16)

𝑃
𝑡
≤ 𝑝max ⋅ 𝑍𝑡 ∀𝑡 ∈ 𝑇 (17)

𝑍
𝑡
∈ {0, 1} ∀𝑡 ∈ 𝑇 (18)

𝑃
𝑡
, 𝐼
0,𝑡
≥ ∀𝑡 ∈ 𝑇. (19)

Then, the algorithm proceeds with finding the quantity
of products to be delivered to each distribution center
and the distribution centers that each vehicle must visit in
each planning period. This is done through the distribution
submodel. Relations (20) to (30) demonstrate the distribution
submodel. The production quantities (𝑃

𝑡
) from production

submodel work as input parameter to this submodel.
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! Decomposition phase
Solve production sub model using LINGO
Solve distribution sub model using Particle Swarm Heuristic
Save the solution as CURRENT SOLUTION and BEST SOLUTION
Calculate CURRENT COST and set BEST COST = CURRENT COST
! End of decomposition phase
! Integration phase
While the stopping criterion is not met
Update ARTIFICIAL DEMAND
Run Perturbation Mechanism
Solve production sub model using LINGO considering ARTIFICIAL SETUP COST and
ARTIFICIAL HOLDING COST
Solve distribution sub model using Particle Swarm Heuristic
Save the solution as CURRENT SOLUTION
Calculate the CURRENT COST
If (CURRENT COST < BEST COST)

Set BEST SOLUTION = CURRENT SOLUTION
Set BEST COST = CURRENT COST

End If
End While
! End of integration phase
Return BEST SOLUTION and BEST COST

Algorithm 1: Detailed steps of proposed method.

Distribution Submodel. Consider

Min ∑

𝑖,𝑡

ℎ
𝑖
⋅ 𝐼
𝑖,𝑡
+∑

𝑘,𝑡

𝑓𝑡𝑐
𝑘
⋅ 𝑌
𝑘,𝑡 (20)

𝐼
0,𝑡
= 𝐼
0,𝑡−1

+ 𝑃
𝑡
−∑

𝑖

∑

𝑘

𝑊
𝑖,𝑘,𝑡

∀𝑡 ∈ 𝑇 (21)

𝐼
𝑖,𝑡
= 𝐼
𝑖,𝑡−1

+∑

𝑘

𝑊
𝑖,𝑘,𝑡

− 𝑑
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (22)

𝐼
𝑖,𝑡
≤ 𝑢
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (23)

𝑊
𝑖,𝑘,𝑡

≤ 𝑞 ⋅ 𝑋
𝑖,𝑘,𝑡

∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (24)

∑

𝑖

𝑊
𝑖,𝑘,𝑡

≤ 𝑞 ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (25)

∑

𝑘

𝑋
𝑖,𝑘,𝑡

≤ 1 ∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (26)

∑

𝑖

𝑋
𝑖,𝑘,𝑡

≤ 1 ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (27)

∑

𝑖

𝑋
𝑖,𝑘,𝑡

≤ 𝑞 ⋅ 𝑌
𝑘,𝑡

∀𝑘 ∈ 𝐾 (28)

𝑋
𝑖,𝑘,𝑡

, 𝑌
𝑘,𝑡
∈ {0, 1} ∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (29)

𝐼
0,𝑡
, 𝐼
𝑖,𝑡
,𝑊
𝑖,𝑘,𝑡

≥ 0 ∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇. (30)

During initial test, we found that LINGO is not able to
find optimal or good quality solution for the above submodel
in a reasonable time. Therefore, we used LINGO to obtain

initial feasible solution and then a particle swarm based
heuristic to improve it.

Particle swarm optimization (PSO) simulates the social
behavior of natural organisms such as bird flocking and
fish schooling to find a place with enough food. Indeed, in
those swarms, a coordinated behavior using local movements
emergeswithout any central control. In PSO, a swarmconsists
of number of particles. Each particle is a candidate solution
to the problem. A particle has its own position and velocity.
Optimization takes advantage of the cooperation between
the particles. The success of some particles will influence the
behavior of the others. Each particle successively adjusts its
position according to the following two factors: the best posi-
tion visited by itself and the best position visited by the whole
swarm [32]. Originally, PSO has been successfully designed
for continuous optimization problems in [33, 34]. However,
Kennedy and Eberhart [35] firstly introduced discrete version
of PSO.

The details of proposed heuristic are given in
Algorithm 2.

In particle swarmheuristic, how to encode the problem to
set of particles is of great importance. Consider the problem
in which𝑁 distribution centers are to be served by𝐾 vehicles
in 𝑇 planning periods; we have to map a 2-dimensional array
of (𝑁×𝐾, 𝑇) for each particle.The first dimension includes𝐾
sections, where each section has𝑁 binary points.The second
dimension includes 𝑇 binary points. If a value is equal to
1, it represents that the corresponding distribution center is
served by the relevant vehicle in relevant planning period.
An example of encoding structure for problem with five
distribution centers, two vehicles, and five planning periods
is given in Table 1.
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Run LINGO to find an initial feasible solution
Set the initial feasible solution as Localbest Solution and Globalbest Solution
Generate particles and set all equal to initial feasible solution
Set all the particles equal to initial feasible solution
While the stopping criterion is not met

For each particle𝑋, calculate 𝑉 = 𝑉 + 𝛼 ⋅ (𝑋
𝑙𝑜𝑐𝑎𝑙𝑏𝑒𝑠𝑡

− 𝑋) + 𝛽 ⋅ (𝑋
𝑔𝑙𝑜𝑏𝑎𝑙𝑏𝑒𝑠𝑡

− 𝑋).
For each bit 𝑥𝑗 in particle𝑋, If (rand < Sigmoid(V𝑗)) then 𝑥𝑗 = 1, else 𝑥𝑗 = 0
Check feasibility for each particle and repair the particle
Calculate fitness function for each particle
Update Localbest Solution and Globalbest Solution

End while
Run LINGO using Globalbest Solution to obtain real valued variables

Algorithm 2: Details of particle swarm heuristic.

Table 1: An example of encoding structure.

Served by vehicle 1 Served by vehicle 2
DC-1 DC-2 DC-3 DC-4 DC-5 DC-1 DC-2 DC-3 DC-4 DC-5

Period 1 1 1 0 0 0 0 0 1 1 1
Period 2 1 0 1 0 0 0 1 0 1 0
Period 3 0 0 0 0 1 0 1 1 0 0
Period 4 1 0 0 1 0 0 0 0 0 0
Period 5 0 0 0 0 0 1 0 0 0 0

Based on the formulation, the following rules must be
respected in each solution: (1) each distribution center must
be served at most once per planning period, (2) each vehicle
can make at most one delivery per planning period, and
(3) the perishability of the product must be respected; that
is, time between two consecutive delivery to a distribution
center must be at most equal to the shelf life of the product.
For instance, if the shelf life of the product is 2 days, a delivery
on Monday and another onThursday is not allowed, because
it results in shortage. During the algorithm run, if any of the
above rules was violated, the solution becomes infeasible and
must be repaired. For rules 1 and 2, if the value of more than
one position in the corresponding positions in any particle is
1, we randomly select one position and set its value to 1 and
the others to 0. For rule 3, consider that values corresponding
to planning periods 𝑎 and 𝑏 are 1 in a particle. Without loss
of generality, let us assume that 𝑎 < 𝑎 + sl < 𝑏. We set the
corresponding value to planning period 𝑏 = 0 and set the
value corresponding to planning period 𝑎 + sl = 1.

During algorithm run, each particle must be measured
according to a fitness function. Becausewe aim atminimizing
the total number of vehicles trips, the term ∑

𝑖,𝑘,𝑡
𝑓𝑡𝑐
𝑘
⋅ 𝑋
𝑖,𝑘,𝑡

is used as fitness function. Finally, when the binary variables
𝑋
𝑖,𝑘,𝑡

and 𝑌
𝑘,𝑡

are determined via above procedure, we use
them as input to distribution subproblem in LINGO to find
real variables.

It is clear that approach of decomposing an integrated
problem into two submodels and then solving each submodel
separately does not necessarily lead to a good quality solution
for the integrated problem. So during integration phase that

If (NUMBER OF SETUPS > 𝑇1)
ARTIFICIAL SETUP COST = 2 ∗ SETUP COST
ARTIFICIAL HOLDING COST = HOLDING COST/2

End If
If (NUMBER OF SETUPS < 𝑇2)

ARTIFICIAL SETUP COST = SETUP COST/2
ARTIFICIAL HOLDING COST = 2 ∗ HOLDING COST

End If

Algorithm 3: Details of perturbation mechanism.

starts from iteration two, new lot sizes and new delivery
quantities are found considering the quantities determined in
the previous iteration. In a more specific word, new lot sizes
are found considering the amount of products delivered to
distribution centers in the last distribution plan as demand,
instead of the sum of demands of all distribution centers. We
call these new demands ARTIFICIAL DEMANDS. Similarly,
new delivery quantities are found using the later lot sizes.This
iterative process continues until stopping criterion ismet, that
is, when the outputs of submodels become unchanged.

During the preliminary tests, we often observed a fast
convergence of the algorithm in a few iterations. This shows
that the algorithm is trapped in the local optimal point.
To escape from such point, we implemented a perturbation
mechanism in the production submodel. After the computa-
tion of such a perturbed lot sizes, the algorithmproceeds with
the distribution submodel as usual. Details of perturbation
mechanism are given in Algorithm 3.
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Table 2: Number and size of test problems.

Small size Large size
Problem
number Size (𝑁 × 𝑇 × 𝐾) Problem

number Size (𝑁 × 𝑇 × 𝐾)

1 4 × 5 × 2 9 30 × 10 × 10

2 4 × 10 × 2 10 30 × 15 × 10

3 6 × 5 × 3 11 40 × 10 × 15

4 6 × 10 × 3 12 40 × 15 × 15

5 8 × 5 × 4 13 50 × 10 × 20

6 8 × 10 × 4 14 50 × 15 × 20

7 10 × 5 × 5 15 60 × 10 × 25

8 10 × 10 × 5 16 60 × 15 × 25

5. Computational Results

In this section, the efficiency of the proposed algorithm is
discussed with respect to time performance and quality of
results. We implemented the proposed algorithm in MAT-
LAB 2010 in which DLL of LINGO 8.0 is contained in the
code. All test runs of the algorithm are performed on a
Celeron(R) CPU 2.40GHz PC with 512MB of RAM.

5.1. Test Problems. To the best of our knowledge, no public
test problems are available for our problem. So in order to
evaluate the algorithm efficiency, we randomly generated test
problems. Sizes of test problems, including number of dis-
tribution centers, number of planning periods, and number
of available vehicles, are given in Table 2. We classified test
problems into two groups, small size and large size.

We generated model parameters as follows.

(i) Demand quantities were generated from a uniform
distribution with lower bound = 10 and upper
bound = 20.

(ii) Variable production costs were generated from a
uniform distribution with lower bound = 50 and
upper bound = 100.

(iii) Fixed production costs were generated from a uni-
form distribution with lower bound = 500 and upper
bound = 1000.

(iv) Inventory holding costs in production facility and
distribution centers were generated from a uniform
distributionwith lower bound = 5 and upper bound =
10.

(v) Fixed transportation costs were generated from a
uniform distribution with lower bound = 200 and
upper bound = 300.

(vi) Shelf life of the product was set to 2 or 3 periods
randomly.

(vii) Vehicle capacity was set to (1.5∑
𝑖,𝑡
𝑑
𝑖,𝑡
)/𝑁 ⋅ 𝑇.

(viii) Production capacity was set to (3.5∑
𝑖,𝑡
𝑑
𝑖,𝑡
)/𝑁 ⋅ 𝑇.

5.2. Lower Bound Computation. A simple way to validate
the quality of solutions provided by proposed method is to

Table 3: Algorithm parameters.

Parameter Value
𝑇1 [𝑇/3]
𝑇2 [2𝑇/3]
Number of PSO particles 50
𝛼 0.35
𝛽 0.65
Number of PSO iterations 100

compare them to lower bounds on the optimal solution. In
order to calculate a lower bound, it is necessary to solve
a relaxation of the proposed model. We formulated such a
relaxation in relations (31) to (39). In this formulation, the
following additional parameter is used.
Additional Parameters. V𝑡𝑐

𝑘
is the variable transportation cost

of one item using vehicle 𝑘 which is equal to 𝑓𝑡𝑐
𝑘
/𝑞.

The main difference between the original model and the
relaxed model is that the binary variables 𝑋

𝑖,𝑘,𝑡
and 𝑌

𝑘,𝑡
and

pertaining constraints are removed, which makes the relaxed
model easy to solve.

Relaxed Model. Consider

Min ∑

𝑡

𝑓𝑝𝑐
𝑡
⋅ 𝑍
𝑡
+∑

𝑡

V𝑝𝑐
𝑡
⋅ 𝑃
𝑡
+∑

𝑡

ℎ
0
⋅ 𝐼
0,𝑡
+∑

𝑖,𝑡

ℎ
𝑖
⋅ 𝐼
𝑖,𝑡

+ ∑

𝑖,𝑘,𝑡

V𝑡𝑐
𝑘
⋅ 𝑊
𝑖,𝑘,𝑡

(31)

𝐼
0,𝑡
= 𝐼
0,𝑡−1

+ 𝑃
𝑡
−∑

𝑖

∑

𝑘

𝑊
𝑖,𝑘,𝑡

∀𝑡 ∈ 𝑇 (32)

𝐼
𝑖,𝑡
= 𝐼
𝑖,𝑡−1

+∑

𝑘

𝑊
𝑖,𝑘,𝑡

− 𝑑
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (33)

𝐼
0,𝑡
≤ 𝑢
0,𝑡

∀𝑡 ∈ 𝑇 (34)

𝐼
𝑖,𝑡
≤ 𝑢
𝑖,𝑡

∀𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (35)

𝑃
𝑡
≤ 𝑝max ⋅ 𝑍𝑡 ∀𝑡 ∈ 𝑇 (36)

∑

𝑖

𝑊
𝑖,𝑘,𝑡

≤ 𝑞 ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (37)

𝑍
𝑡
∈ {0, 1} ∀𝑡 ∈ 𝑇 (38)

𝑃
𝑡
, 𝐼
0,𝑡
, 𝐼
𝑖,𝑡
,𝑊
𝑖,𝑘,𝑡

≥ 0 ∀𝑖 ∈ 𝑁, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇. (39)

It is worthy to note that any feasible solution for the
original model is also feasible to the relaxed model. In
addition, the objective function of the relaxed model is
similar to original model, except for the term∑

𝑖,𝑘,𝑡
V𝑡𝑐
𝑘
⋅𝑊
𝑖,𝑘,𝑡

that we substituted to the term ∑
𝑘,𝑡
𝑓𝑡𝑐
𝑘
⋅ 𝑌
𝑘,𝑡

in the original
model and always underestimate it.

5.3. Results. To run the proposed method, the algorithm
parameters were set according to Table 3.
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Table 4: Computational results for small size test problems.

Number 𝑍
Alg CPUAlg

𝑍
LINGO Gap

1 38369 6.3 38369 0.00%
2 76739 14.7 75709 1.34%
3 57554 17.0 56239 2.29%
4 115108 36.9 113258 1.61%
5 76739 32.5 75315 1.86%
6 153478 70.3 149429 2.64%
7 95924 48.9 93993 2.01%
8 191004 118.6 184744 3.28%

A summary of the results for small size test problems is
reported in Table 4. In columns 2–4 of the table, objective
function obtained by the proposed method (𝑍Alg

), runtime
of the proposed method in seconds, and optimal solution
obtained by LINGO (𝑍

LINGO
) are reported, respectively. In

the final column, the gap between 𝑍
Alg and 𝑍

LINGO that is
equal to ((𝑍Alg

− 𝑍
LINGO

)/𝑍
Alg
) × 100 is presented.

We observe in Table 4 that the proposed method can
provide good solutions in short runtime. The gaps between
𝑍
Alg and 𝑍

LINGO are less than 3% in most cases. The worst
performance of themethod also can obtain a solution gap that
is less than 4%.

The proposed method was run 5 times for each large test
problem and a summary of the results is reported in Table 5.
In columns 2–5 of the table, the average and worst objective
functions obtained by the proposed method (𝑍Alg) and the
average and worst runtimes of the proposed method in
seconds are reported. In columns 6–8, the solution obtained
by relaxed model (𝑍LB) and the average and worst gap
between𝑍Alg and𝑍LB that is equal to ((𝑍Alg

−𝑍
LB
)/𝑍

LB
)×100

are reported, respectively. Finally in columns 9-10, the best
solution obtained by LINGOwithin 2 hours run (𝑍LINGO) and
the gap between 𝑍Alg and 𝑍LB which is equal to ((𝑍LINGO

−

𝑍
LB
)/𝑍

LB
) × 100 are presented, respectively.

The gaps are computed according to the lower bound
not to the developed method. In this way, they represent the
maximum deviation from the optimal solution.

It is worthy to note that we run LINGO for the test
problem number 9 for a night and did not see any significant
improvement in results to when we run it for 2 hours.
Therefore, we set the LINGO for other test problems for 2
hours.

We observe in Table 4 that the proposed method can
provide good solutions in short runtime.The integrality gaps
of the proposedmethod are less than 8.5% in average and less
than 12% in worst. This means that the maximum deviation
from optimal solution is very reasonable according to the
problems complexity.Thedeviations between the average and
worst gaps are about 3% that means the algorithm is very
robust to produce results. Comparing the proposed method
and LINGO, we see in the table that gap 1 is about half of gap 2
thatmeans the proposedmethod can provide better solutions
than LINGO. In light of the run time, proposed method can
provide solutions in less time than LINGO.
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Figure 1: Average run time of the proposed method.

As stated in the final paragraph of the Section 3, complex-
ity of the proposed model depends onmultiplication value of
three parameters; number of distribution centers, vehicle, and
planning periods. As shown in Figure 1, with increase of this
value, run time of the proposed method also increases.

6. Conclusion and Future Research Remarks

In this paper, a new formulation for integrating production
planning and distribution planning of perishable products
in a supply chain is presented. Some assumptions about the
problem are as follows: the supply chain network includes a
single production facility and multiple distribution centers.
There is also fleet of homogenous vehicles that are responsible
for transporting the product from facility to distribution
centers. The company is not owner of the fleet and per-
taining incurred costs are fixed and measured based on the
number of trip vehicles make not the distance they travel.
In each planning period, each vehicle can make one trip
at most and each distribution center can be visited at most
once. The products are perishable; that is, they are storable
only for predetermined periods. The production capacity is
limited and shortage in distribution centers is not allowed.
The decisions to be made in each planning period are the
production quantities, the distribution centers to be visited,
and the delivery quantities. Based on the above assumptions,
a mixed integer linear program (MILP) is formulated.

Respecting the computational complexity of the model,
a heuristic method is developed to tackle it. In the proposed
method, LINGO and particle swarm optimization heuristic
are combined. In order to validate the performance of
proposed method, a number of randomly generated test
problems are used.The results are compared with the LINGO
and lower bound of the optimal solution. The proposed
method is efficient in light of solution quality and time
performance. In addition, it is able to provide robust results.
In addition, it is shown that time complexity of the proposed
method depends on linearmultiplication of three parameters,
number of distribution centers, vehicle, and planning peri-
ods.

Although the studied problem fits into the real world
application, itmay imposes some limitations into the decision
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Table 5: Computational results (large size test problems).

Number 𝑍
Alg CPUAlg

𝑍
LB Gap 1

𝑍
LINGO Gap 2

Avg. Worst Avg. Worst Avg. Worst
9 556028 572704 1097 1141 526941 5.52% 8.68% 590796 12.12%
10 834042 860841 1691 1773 769475 8.39% 11.87% 895742 16.41%
11 741370 765830 2175 2244 692744 7.02% 10.55% 799822 15.46%
12 1112056 1147772 3252 3374 1054671 5.44% 8.83% 1180939 11.97%
13 926713 955584 3919 4039 863965 7.26% 10.60% 984028 13.90%
14 1390069 1426843 4702 4924 1293635 7.45% 10.30% 1476745 14.15%
15 1112056 1143883 4892 5088 1030104 7.96% 11.05% 1184692 15.01%
16 1668083 1711109 5791 5965 1549744 7.64% 10.41% 1792531 15.67%

making. For example, the problem can be developed when
the company owns the vehicle fleet and so the distance each
vehicle travels in each trip is important. In this situation, a
customized inventory routing model must be developed with
respect to problem definition. In addition, other real world
assumptions such as inventory transshipments between dis-
tribution centers or split and delivery of the inventories can be
added to themodel. It should be noted that such assumptions
complicate themodel, whichmay result inmore sophisticated
solution methods.

Nomenclature

Indices

𝑡 = 1, 2, . . . , 𝑇: Set of planning periods
𝑖 = 0, 1, . . . , 𝑁: Set of production facility and distribution

centers, where 0 corresponds to
production facility

𝑘 = 1, 2, . . . , 𝐾: Set of vehicles.

Parameters

𝑑
𝑖,𝑡
: Demand of distribution center 𝑖 in

planning period 𝑡
𝑓𝑝𝑐
𝑡
: Fixed production cost in planning period 𝑡

V𝑝𝑐
𝑡
: Variable production cost in planning
period 𝑡

𝑝max: Production capacity
ℎ
0
: Inventory holding cost at production

facility
ℎ
𝑖
: Inventory holding cost at distribution

center 𝑖
sl: Shelf life of perishable products which is

measured in number of planning periods
that the product can be stored

𝑢
0,𝑡
: Upper bound of inventory level at

production facility in planning period 𝑡,
which is equal to ∑

𝑖
∑
𝑡≤𝜏≤𝑡+sl 𝑑𝑖,𝜏

𝑢
𝑖,𝑡
: Upper bound inventory level at

distribution center 𝑖 in planning period 𝑡,
which is equal to ∑

𝑡≤𝜏≤𝑡+sl 𝑑𝑖,𝜏
𝑞: Vehicle capacity
𝑓𝑡𝑐
𝑘
: Fixed transportation cost of using vehicle
𝑘.

Variables

𝑍
𝑡
: 1 if there is production on planning period

𝑡, 0 otherwise
𝑃
𝑡
: Production quantity in planning period 𝑡

𝐼
0,𝑡
: Inventory level at production facility in

planning period 𝑡
𝑋
𝑖,𝑘,𝑡

: 1 if distribution 𝑖 is served by vehicle 𝑘 in
planning period 𝑡, 0 otherwise

𝑌
𝑘,𝑡
: 1 if vehicle 𝑘 is used in planning period 𝑡 to

serve distribution centers, 0 otherwise
𝑊
𝑖,𝑘,𝑡

: Amount delivered to distribution center 𝑖
in planning period 𝑡 by vehicle 𝑘

𝐼
𝑖,𝑡
: Inventory level at distribution center 𝑖 in

planning period 𝑡.
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Considering the inherent strongly nonlinear and coupling performance of autonomous underwater vehicles (AUVs), the speed
switching control method for AUV driven by states is presented. By using T-S fuzzy observer to estimate the states of AUV, the
speed control strategies in lever plane, vertical plane, and speed kept are established, respectively. Then the adaptive switching law
is introduced to switch the speed control strategies designed in real time. In the simulation, acoustic Doppler current profile/side
scan sonar (ADCP/SSS) observation case is employed to demonstrate the effectiveness of the proposed method. The results show
that the efficiency of AUV was improved, the trajectory tracking error was reduced, and the steady-state ability was enhanced.

1. Introduction

Many typical tasks of AUV require accurate speed control,
such as path tracking and attitude control [1]. Hence, the
suitable speed control strategies are important to the whole
control system of AUV.However, the highly nonlinear, highly
coupling, and underactuated characteristics of the dynamic
model of AUVmake it difficult to design the speed controller.
Considering that the complex task of AUV usually is divided
into lever plane task and vertical plane task and executed
independently, the conventional dynamic model of AUV
can be decoupled into control of speed, yaw, and depth
independently [2]. Based on the linearization or decoupling
of usual dynamicmodel of AUV, a large class ofmethods have
been introduced to the speed control of AUV.

As the AUV dynamic model can be linearized at the
domain of the working point, the PID speed controller is
designed to keep the speed of AUV at a given value [3].
However, the general PID controller’s parameters are fixed
and difficult to set; then the adaptive PID control method
is introduced in [4]; the parameters of the controller will be
updated according to the speed error. Due to the uncertain
disturbance of AUVs dynamic model, such as the current

disturbance [5], unmodeled dynamics [6, 7], and measure-
ment noise [8], we cannot get the precise dynamic model
of AUV. Then, the control methods which do not rely
on the exact model are introduced in [9]; in this paper,
wave disturbances in both vertical and horizontal planes
were considered. A nonlinear, Lyapunov-based, adaptive
output feedback control law is designed to depth tracking
and attitude control of AUV. In [10], the robust adaptive
speed controller is designed for a flexible hypersonic vehicle
model which is nonlinear and multivariable and includes
uncertain parameters. With a view to the unknown current
and unmodeled dynamics, the radial basis function (RBF)
neural net is concerned to estimate the uncertain parameters
of the vehicle’s model [11], and then the speed controller is
designed. However, the vehicle dynamics change by different
scientific missions and the acoustic motion estimation and
control method are researched in [12]. In order to estimate
the states of the unknown inputs, the observer was designed
for T-S fuzzy models in [13]. The stability of speed controller
is also important to the whole control system. Reference
[14] analyse the stability of PD speed controller and S-
surface speed controller, which were designed based on the
Lyapunov’s direct.
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The methods mentioned above all depend on the decou-
pling dynamic model of AUV. Through the analysis of AUV
dynamic model, it is concluded that when AUV is sailing in
lever plane or diving in vertical plane, the coupling torque
developed by vertical steering rudder or lever steering rudder
can be approximately ignored, but the coupling force or
torque developed by speed still exits, and with the increase
of the AUV speed, the coupling will be higher [15]. In this
paper, considering the coupling between speed and states,
a speed switching control method driven by AUV states is
proposed.Through the estimation of AUV states by T-S fuzzy
observer, the speed control strategy is designed in lever plane,
vertical plane, and speed kept, respectively.Then the adaptive
switching law is given to switch the speed control strategies
established in real time.

The structure of the paper is as follows. Section 2
introduces the nonlinear dynamic model of AUV, and the
nonlinear coefficient matrix is stressed. In Section 3, the T-S
fuzzy observer is designed, which is based on the dynamical
model of AUV. By the estimation of AUV states, Section 4
establishes the speed control strategies of AUV. ADCP/SSS
observation case is considered in Section 5 to evaluate the
efficiency of the speed controlmethod proposed in this paper.
Finally, we draw conclusion in Section 6.

2. AUV Model

The vehicle we studied in this paper is equipped with three
actuators: a main thruster for propulsion, a vertical steering
rudder, and a lever steering rudder. Since the controllable
dimensions are less than model dimensions, the controller
designed for such AUV is underactuated. According to [16],
the 6-DOFdynamicalmodel ofAUVdescribed bymatrix and
vector is put forward as follows:

𝑇 ̇𝑥 = 𝐴 (𝑥) 𝑥 + 𝑀𝜏
𝑑
+ 𝐷 (𝑥) 𝜏 + 𝛼,

𝑦 = 𝐶𝑥,

(1)

where 𝑥 = [𝑢, V, 𝑤, 𝑞, 𝑟]
𝑇 is the linear velocity and angular

velocity of AUV in the body-fixed reference frame; 𝜏 =

[𝑋prop, 𝛿𝑟, 𝛿𝑠]
𝑇 is the actuator output, which includes pro-

peller thrust, rudder angle, and stern angle, respectively;
𝐴 ∈ 𝑅

5×5 is coefficient matrix; 𝐷 ∈ 𝑅
5×3 is control matrix;

are nonlinear matrix; 𝑀 ∈ 𝑅
5×5 is the interference gain

matrix; 𝑎 ∈ 𝑅
5×1 and 𝐶 ∈ 𝑅

5×5 are constant matrices. 𝑦 =

[𝜃, 𝜓,𝑋, 𝑌, 𝑍] is the pitch, yaw, and generalized position of
the AUV in the earth-fixed reference frame.

According to the standard motion equation of AUV, the
nonlinear matrix 𝐴(𝑥) and 𝐷(𝑥) in (1) can be described as

𝐴 (𝑥) =

[

[

[

[

[

[

[

[

[

[

[

𝑋
𝑢𝑢

𝑢 𝑋
𝑤
V 𝑋

𝑤𝑤
𝑤 (−𝑚 + 𝑋

𝑤𝑞
)𝑤 + 𝑋

𝑞𝑞
𝑞 (𝑚 + 𝑋V𝑟) V + 𝑋

𝑟𝑟
𝑟

0 𝑌V 𝑌V𝑤V 𝑌V𝑞V −𝑚𝑢 + 𝑌
𝑟
+ 𝑌
𝑤𝑟

𝑤 + 𝑌
𝑞𝑟
𝑞

0 𝑍
𝑤
V 𝑍

𝑤
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𝑞
𝑍V𝑟V + 𝑍
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𝑟

0 𝑀VV 𝑀
𝑤
+ 𝑀
𝑤|𝑤|

(V2 + 𝑤
2
)

1/2

𝑀
𝑞|𝑞|

𝑞 + 𝑀
𝑤𝑞

(V2 + 𝑤
2
)

1/2

(𝐽
𝑦−

𝐽
𝑧
) 𝑞 + 𝐽

𝑥𝑦
𝑞 + 𝐽
𝑧𝑥

𝑟 + 𝑀
𝑟𝑟
𝑟 + 𝑀V𝑟V

0 𝑁V 𝑁V𝑤V + 𝑁V|V|(V
2
+ 𝑤
2
)

1/2
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𝑥𝑦
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,

𝐷(𝑥) =

[

[

[

[

[

[

[

[

[

[

[

[

[

𝑎
𝑇

𝑋
𝛿
𝑟
𝛿
𝑟

𝛿
𝑟

𝑋
𝛿
𝑠
𝛿
𝑠

𝛿
𝑟

0 𝑌
𝛿
𝑟

𝑌
|𝑟|𝛿
𝑟
|𝑟| 0

0 0 𝑍
𝛿
𝑠

+ 𝑍
|𝑞|𝛿
𝑠





𝑞





0 𝐾
𝛿
𝑟

0

0 𝑁
𝛿
𝑟

+ 𝑁
|𝑟|𝛿
𝑟
|𝑟| 0

]

]

]

]

]

]

]

]

]

]

]

]

]

,

(2)

where 𝑋
[⋅]
, 𝑌
[⋅]
, 𝑍
[⋅]
, 𝑀
[⋅]
, 𝑁
[⋅]
, 𝐽
[⋅]
, are dimensional hydrody-

namic coefficients of AUV dynamical model.

3. AUV State Estimation Based on
T-S Fuzzy Observer

The nonlinear parts in (2) can be described by set as follows:

𝑆 = {𝑢, V, 𝑤, 𝑞, 𝑟, (V2 + 𝑤
2
)

1/2

, 𝛿
𝑟
, 𝛿
𝑠
} . (3)

To construct the T-S fuzzy observer based on AUV’s dynam-
ical model, (1) must be rewritten as T-S fuzzy form. So, the
neighborhood nonlinear approximation principle of fuzzy
inference system [17] is introduced; then (1) can be rewritten
as

𝑅
𝑖
: If 𝑢 is 𝑁𝑢

𝑖
. . . and (V2 + 𝑤

2
)
1/2 is 𝑁V𝑤

𝑖
; then

̇𝑥 = 𝐴
𝑖
𝑥 + 𝑀

𝑖
𝜏
𝑑
+ 𝐷
𝑖
𝜏 + 𝑎,

𝑦 = 𝐶𝑥,

(4)
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where 𝑖 = 1, 2, . . . , 𝑟, 𝑟 is the number of rules; 𝑁 is the fuzzy
set; 𝐴

𝑖
∈ 𝑅
5×5, 𝑀

𝑖
∈ 𝑅
5×5, 𝐷

𝑖
∈ 𝑅
5×5, and 𝐶 = 𝐼 are

the constant matrices which were linearized by (2). Then, the
approximate T-S fuzzy model based on (4) can be designed
as follows:

̇𝑥 =

𝑛

∑

𝑖=1

𝑤
𝑖
(𝑧) (𝐴

𝑖
𝑥 + 𝑀

𝑖
𝜏
𝑑
+ 𝐷
𝑖
𝜏 + 𝑎) ,

𝑦 = 𝐶𝑥,

(5)

where 𝑧 = [𝑢, V, 𝑤, 𝑞, 𝑟, (V2 + 𝑤
2
)

1/2

, 𝛿
𝑟
, 𝛿
𝑠
]

𝑇

, and 𝑤(𝑧) is
the weight unitary function; according to [13, 18], it can be
calculated as

𝑤
𝑖
(𝑧) =

ℎ
𝑖
(𝑧)

∑
𝑛

𝑖=1
ℎ
𝑖
(𝑧)

, 𝑖 = 1, . . . , 𝑛, (6)

ℎ
𝑖
(𝑧) = ℎ

𝑚1
(𝑢) ℎ
𝑚2

(V) ℎ
𝑚3

(𝑤) ℎ
𝑚4

(𝑞) ℎ
𝑚5

(𝑟)

× ℎ
𝑚6

((V2 + 𝑤
2
)

1/2

) ℎ
𝑚7

(𝛿
𝑟
) ℎ
𝑚8

(𝛿
𝑠
) ,

(7)

where 𝑚
1
, 𝑚
2
, 𝑚
3
, 𝑚
4
, 𝑚
5
, 𝑚
6

∈ {1, 2}; ℎ
𝑚
(𝑥) can be calcu-

lated as

ℎ
1
(𝑥) =

𝑥max − 𝑥

𝑥max − 𝑢min
,

ℎ
2
(𝑥) =

𝑥 − 𝑥min
𝑥max − 𝑢min

.

(8)

Together with (6), we can get that the total number of rule is
𝑛 = 2
8
= 256.

Considering the external disturbances of AUV which
mainly come from sea currents and the unmodeled dynamics
of model, we can define sea currents disturbance as 𝑎 and
unmodeled dynamics of AUV as 𝐴

𝛿
and 𝐵

𝛿
. Then, the

uncertain input of AUV can be described as

𝜏
𝑑
= 𝐴
𝛿
𝑥 + 𝐵
𝛿
𝑢 + 𝑎, (9)

where 𝐴
𝛿

∈ 𝑅
5×5, 𝐵

𝛿
∈ 𝑅
5×3, and 𝑎 ∈ 𝑅

5×1 are unknown.
Then (4) can be rewritten as

̇𝑥 = 𝑇
−1

𝑛

∑

𝑖=1

𝑤
𝑖
(𝑧) (𝐴

𝑖
𝑥 + 𝑀

𝑖
(𝐴
𝛿𝑖
𝑥 + 𝐵
𝛿𝑖
𝑢 + 𝑎) + 𝐷

𝑖
𝜏) ,

𝑦 = 𝐶𝑥.

(10)

Then, we can design T-S fuzzy observer based on AUV T-S
fuzzy model (10) as follows:

̂̇𝑥 =

𝑚

∑

𝑖=1

𝑤
𝑖
(𝑧) (𝐴

𝑖
𝑥 + 𝐷

𝑖
𝜏 + 𝐿
𝑖
(𝑦 − 𝑦)

+𝑀
𝑖
(𝐴
𝛿𝑖
𝑥 + 𝐵
𝛿𝑖
𝑢 + 𝑎
𝑖
)) ,

𝑦 = 𝐶𝑥,

̇
�̂�
𝛿𝑖

= 𝑤
𝑖
(𝑧)𝑀

𝑇

𝑖
𝑃𝐶

𝑒
𝑦
𝑥
𝑇
,

̇
�̂�
𝛿𝑖

= 𝑤
𝑖
(𝑧)𝑀

𝑇

𝑖
𝑃𝐶

𝑒
𝑦
𝑢
𝑇
,

̇
�̂�
𝑖
= 𝑤
𝑖
(𝑧)𝑀

𝑇

𝑖
𝑃𝐶

𝑒
𝑦
,

(11)

where 𝐶
 donates the Moore-Penrose pseudoinverse of out-

put matrix 𝐶; 𝐿
𝑖
, 𝑖 = 1, 2, . . . , 𝑛 are gain matrices for each

rule; 𝑃 = 𝑃
𝑇

> 0, 𝐿
𝑖
, Λ𝑘
𝑖
, 𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛,

𝑘 = 1, 2, . . . , 𝑝 can be calculated by LMI as

𝐻
(

(

(

𝑃
(

(

(

𝐴
𝑖
− 𝐿
𝑖
𝐶
𝑗
+ 𝐴
𝑗
− 𝐿
𝑗
𝐶
𝑖

𝑀
𝑖
+ 𝑀
𝑗

0 ⋅ ⋅ ⋅ 0

−Λ
1

𝑖
𝐶
𝑗
− Λ
1

𝑗
𝐶
𝑖

0 2𝐼 ⋅ ⋅ ⋅ 0

...
...

... d
...

−Λ
𝑝−1

𝑖
𝐶
𝑗
− Λ
𝑝−1

𝑗
𝐶
𝑖

0 0 ⋅ ⋅ ⋅ 2𝐼

−Λ
𝑝

𝑖
𝐶
𝑗
− Λ
𝑝

𝑗
𝐶
𝑖

0 0 ⋅ ⋅ ⋅ 0

)

)

)

)

)

)

< 0, ∀𝑗 ≥ 𝑖 : ∃𝑧 : 𝑤
𝑖
(𝑧) 𝑤
𝑗
(𝑧) ̸=0.

(12)
The basic sufficient stability conditions for this observer were
derived in [19].

4. Speed Control Strategies Driven by States

According to the 6-DOF dynamic model of AUV, we know
that the speed of AUV is strong coupling with the states of
AUV. So if the AUV speed is static, then the coupling force
and moment will be different depending on the difference
of AUV states, which can influence the precision of actual
operation of AUV [20]. Our objective is to design a strategy of
AUV speed, which is driven by AUV states, so as to decrease
or eliminate the influence derived by the changing of AUV
states.

4.1. Lever Variable Speed Control Strategy. When AUV is
sailing in the horizontal plane, the states involved are AUV
speed, sway velocity, and yaw velocity. According to the
experiments, we know that when AUV yaws in the horizontal
plane, the sway velocity should be as small as possible and the
lateral error will be close to zero. In order to reduce the lateral
displacement and heeling angle, the speed of AUV should be
decreased. On the other hand, if AUV is sailing direct or the
velocity of yaw is small, we should consider accelerating the
AUV speed so as to work more efficiently.

Assume that at any time 𝑡 the speed of AUV is �̂�(𝑡) which
is estimated by T-S fuzzy observer; then AUV speed at time
𝑡 + 1 can be defined as

𝑢com (𝑡 + 1) = 𝑢com (𝑡) + 𝑘
1
𝑓
1
(V̂, 𝑟) , (13)

where V̂, 𝑟 are estimated sway velocity and yaw velocity; 𝑘
1
is

the gain of speed control; 𝑓
1
is a function which is driven by

AUV states. It is assumed that |𝑟| ≤ 𝑚, and the index of yaw
is defined as 𝑘 = 𝑚/2. Namely, when |𝑟| < 𝑘, the AUV speed
should be accelerated. And 𝑓

1
is designed as follows:

𝑓
1
=

tan [(− |𝑟| + 𝑘) ∗ 𝑛]

14.26

, 𝑛 =

3

𝑚

. (14)

And Figure 1 described the physical meanings of function 𝑓
1
.
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Figure 1: Physical meanings of 𝑓
1
.

Figure 1 illustrates that when |𝑟| is approaching 𝑘, 𝑓
1

will tend to 0; then the speed acceleration or deceleration
is nearly 0; when |𝑟| is approaching 0, it means that AUV
is sailing almost directly, then 𝑓

1
should quickly rise to 1 so

that the speed of AUV can be kept in a high value; when |𝑟| is
approaching𝑚, it means that AUV is surging; then 𝑓

1
should

decrease to −1 quickly so that AUV speed can be kept in a low
value.

Combined with (13) and (14), the speed error system in
lever plane can be calculated as

𝑒 (𝑡) = 𝑢com (𝑡 + 1) − �̂� (𝑡)

= 𝑢com (𝑡) + 𝑘
1
𝑓
1
(V̂, 𝑟) − �̂� (𝑡) .

(15)

To follow the speed desired, PID controller is introduced, and
the instruction of thruster can be described as

𝑇com (𝑡 + 1) = 𝑘
𝑃
𝑒 (𝑡) + 𝑘

𝐼
∫ 𝑒 (𝑡) 𝑑𝑡 + 𝑘

𝐷

𝑑𝑒 (𝑡)

𝑑𝑡

. (16)

4.2. Vertical Variable Speed Control Strategy. When AUV is
diving in the vertical plane, the states involved are AUV speed
𝑢, heave velocity 𝑤, and pitch velocity 𝑞. The most important
indexes when AUV is diving are heaving time and overshoot.
To ensure the stability of heave, the range of pitch is set to |𝜃| ≤

25
∘. According to the 6-DOF model of AUV, we know that

when the lever rudder 𝛿
𝑠
is fixed, the pitch will be controlled

only by AUV speed; therefore, we should control the range of
AUV speed so that the pitch can be kept in the allowed range.
Hence, at the beginning of the diving stage, 𝑢 should be kept
at a high value so that it can reach maximum pitch with little
time; when the desired pitch or deep has been reached, the
low speed is designed so that it can decrease the overshoot
and keep the pitch stability.

To judge whether the current pitch has reached the
bound, the estimation pitch ̂

𝜃 is introduced as one of the
speed control system states. According to the analysis above,
the vertical variable speed control strategy which is driven by
AUV states is designed as follows:

𝑢com (𝑡 + 1) = 𝑢com (𝑡) + 𝑘
2
𝑓
2
(𝑤, 𝑞,

̂
𝜃) , (17)

where 𝑓
2
can be expressed as

𝑓
2
=

{
{

{
{

{

1

1 +




(𝑞 − 𝑐) /4






2 sign(𝑤−𝜀
2
)
, |Δ𝜃| > 𝜀

1
,

0, |Δ𝜃| ≤ 𝜀
1
,

Δ𝜃 =

{
{

{
{

{

̂
𝜃 − 𝜃min, 𝑤 < −𝜀

2
,

𝜃max −
̂
𝜃, 𝑤 > 𝜀

2
,

0, otherwise,

(18)

where 𝜃min and 𝜃max, respectively, represent the minimum
and maximum value of pitch when AUV is diving in vertical
plane; 𝑐, 𝜀

1
, and 𝜀

2
are constants. Generally, 𝜃min = −25

∘ and
𝜃max = 25

∘.
Combined with (17)-(18), the speed error in vertical plane

can be calculated as
𝑒 (𝑡) = 𝑢com (𝑡 + 1) − �̂� (𝑡)

= 𝑢com (𝑡) + 𝑘
2
𝑓
2
(𝑤, 𝑞,

̂
𝜃) − �̂� (𝑡) .

(19)

Similarly, the instruction of thruster when AUV is diving can
be calculated by (16).

4.3. Speed Kept Control Strategy. Considering the bound of
the thruster, the task needs, and the security restricts of AUV,
the maximum and minimum value of AUV speed should be
set. When the speed of AUV accelerates to the maximum
value or decreases to the minimum value, the speed should
be kept at this value. It is assumed that

𝑢com (𝑡 + 1) = 𝑢
0
, (20)

where 𝑢
0
= 𝑢max and 𝑢

0
= 𝑢min are constants. Then the error

of AUV speed can be calculated as

𝑒 (𝑡) = 𝑢com (𝑡 + 1) − �̂� (𝑡) = 𝑢
0
− �̂� (𝑡) . (21)

The calculation of thruster instruction is similar to (16).

4.4. Switching Law Design. To realize the stability switching
of the speed control strategies designed at a previous section,
in this section, our objective is to design a suitable switching
law.The switching signal value can be calculated according to
the states of AUV, and then the instruction of thruster can be
calculated based on the current speed error. Assume that the
expression of switching system is as follows:

𝑢com (𝑡 + 1) = 𝐴
𝜎(𝑡)

𝜒 (𝑡) , (22)

where 𝜒(𝑡) = [�̂�(𝑡), 𝑤(𝑡), 𝑞(𝑡), 𝑟(𝑡),
̂
𝜃(𝑡)]
𝑇 are the states of

switching system; 𝜎(𝑡) ∈ 𝑀 is switching signal; 𝑀 =

{1, . . . , 𝑛} is the set of switching signal; 𝐴
𝑖

∈ 𝑅
𝑛×𝑛, 𝑖 ∈ 𝑀

is coefficient matrix. We can know from the previous section
that 𝑀 = {1, 2, 3}.

Assume that𝑤
𝑖
is the weight of subsystem𝐴

𝑖
in the whole

system.According to [21], we can know that if each subsystem
𝐴
𝑖
(𝑖 = 1, 2, 3) is Hurwitz matrix and average matrix 𝐴

0
is

𝐴
0
=

3

∑

𝑖=1

𝑤
𝑖
𝐴
𝑖
, (23)
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then 𝐴
0
is Hurwitz matrix too. Solve the Lyapunov function

as follows:

𝐴
𝑇

0
𝑃 + 𝑃𝐴

0
= −𝐼
𝑛
, (24)

where 𝑃 = 𝑃
𝑇

> 0. Define

𝑄
𝑖
= 𝐴
𝑇

𝑖
𝑃 + 𝑃𝐴

𝑖
, 𝑖 = 1, . . . , 𝑛; (25)

then, for any initial state 𝑥(𝑡
0
) = 𝑥

0
, the first switching

sequence can be defined as

𝜎 (𝑡
0
) = arg min {𝑥

𝑇

0
𝑄
1
𝑥
0
, . . . , 𝑥

𝑇

0
𝑄
𝑛
𝑥
0
} , (26)

where arg min represents the minimum order value of
indicators; if there are multiple minimum indicators, then it
is the minimum number of subsystem. By recursion, we can
define other switching sequences as

𝑡
𝑘+1

= inf {𝑡 > 𝑡
𝑘
: 𝑥
𝑇
(𝑡) 𝑄
𝜎(𝑡
𝑘
)
𝑥 (𝑡) > 0} ,

𝜎 (𝑡
𝑘+1

) = arg min
𝑖=1,...,𝑛

{𝑥
𝑇
(𝑡
𝑘+1

) 𝑄
𝑖
𝑥 (𝑡
𝑘+1

)} ,

𝑘 = 0, 1, . . . .

(27)

From (27), we obtain that the switching law designed
calculated switching signal based on the variable system
states 𝑥(𝑡), and the minimum value of 𝑥

𝑇
(𝑡
𝑘+1

)𝑄
𝑖
𝑥(𝑡
𝑘+1

),
𝑖 = 1, . . . , 6 represents the maximum weight of speed control
subsystem.

5. Simulation Results

In this section, the proposed speed control method designed
on a simulation case was illustrated. The case under consid-
eration is ADCP/SSS observation, which is one of the typical
tasks of AUV. The simulation environment is MATLAB and
with a full nonlinear model of AUV. Set the initial states and
position in fixed frames as zero; the maximum of propulsion
thrust is 2000N; the largest rudder angle is 30∘; 𝑢max =

2.5m/s; and 𝑢min = 1.8m/s. To prevent the heave angle which
is too large and affect the ability of AUV, the maximum pitch
is set to be 25∘. The unvarying current is set to be heading
𝑥-axis with 0.25m/s.

Conventional control system of AUV contains three
forward channels, namely, the control of AUV speed, the
control of AUV heading, and the control of AUV diving.
The actuators are propeller, horizontal rudder, and vertical
rudder, respectively. Combined with the T-S fuzzy observer
designed, the AUV speed control system is constructed as in
Figure 2, where 𝑥

 is the vector of AUV states estimated by T-
S observer; 𝑢

𝑑
is the desired value which is calculated by the

speed switching control strategies designed; 𝑢
𝑤
is the current

speed, which is set to be heading east and with 0.25m/s.
Assume that the depth of sea area is 200m. Consider

that the best range of ADCP is 30–40m, so the desired
depth of observation is 170m. After diving to the specified
depth, the AUV is ordered to keep this depth and sail along
comb-shaped track. Considering the range of SSS, the comb

Table 1: Programming points coordinates (m).

𝑋 0 100 300 300 450 450 600 600
𝑌 0 0 0 1000 1000 0 0 1000
𝑍 0 0 170 170 170 170 170 170
𝑋 750 750 900 900 1050 1050 1150 1350
𝑌 1000 0 0 1000 1000 0 0 0
𝑍 170 170 170 170 170 170 170 0

Table 2: Comparison of overlength (m).

Overshoot term
Speed kept
by PID

controller

Thrust
kept

Speed switching
control driven
by AUV states

Diving overlength 12.33 10.73 0
Surging overlength 1.50 1.50 0.72
The maximum overlength
along 𝑥- axis 34.96 20.31 10.28

The maximum overlength
along 𝑦- axis 20.02 12.86 7.71

interval is set to be 150m, and 𝑦-axis distance is 1 km. The
programming points coordinates are shown in Table 1.

Three speed control methods are considered in the sim-
ulation, which are speed kept by PID controller, propulsion
thrust kept, and speed switching control driven by AUV
states, respectively. The simulation results are shown in
Figures 3–10. Figure 3 shows the spatial trajectory tracking
response under three speed control methods, where 𝑆 is the
start point and 𝐸 is the end of the mission. Table 2 presents
the overlength valve under different speed control methods.
Combining Figure 3 and Table 2, we can see that compared
with other two speed control strategies, under the method
proposed in this paper, the trajectory tracking overshoot is
decreased; the tracking error is smaller, and the diving angle
is kept at the maximum value.

The real AUV speed response is presented in Figure 4.
As can be seen, when AUV is diving or surging, under the
proposed speed controlmethod, theAUV speedwill decrease
quickly as the feedback of AUV states. However, under the
other two speed control methods, the AUV speed is kept
at a stable value. Especially, under the speed kept by PID
controller, as the feedback of the speed error, at the beginning
of diving or surging, the propulsion thrust will increase.
Combined with Figures 5, 6, and 7, we can clearly see that
under the proposed method the swaying velocity and heel
angle are smaller and under the speed kept by PID controller,
swaying velocity and heel angle are higher.

From Figures 8 and 9, we can see that the yaw angle
changes smoothly and with no overshoot, it can also be seen
from Figure 1. The pitch response can be seen from Figure 10
that under the proposed method the pitch reaches maximum
value quickly so as to dive more efficiently. Otherwise, From
Figures 4–10, we can see that using the approach proposed in
this paper can make AUV work more efficiently.
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Figure 2: Structure of control system.
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Figure 5: Swaying velocity response.
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Figure 6: Heel response of AUV.
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Figure 7: Zoomout of heel.
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Figure 8: Yaw response of AUV.
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Figure 9: Zoomout of yaw.
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Figure 10: Trim response of AUV.

6. Conclusion

In this paper, a speed switching control method for AUV has
been proposed, which is driven by AUV’s states. Through
designed T-S fuzzy observer to estimate the states of AUV,
several speed control strategies were put forward, and an
appropriate switching law is given to switch the speed control
strategies designed in real time according to the states
estimated. Finally, ADCP/SSS observation case was intro-
duced to illustrate the effectiveness of the proposed speed
control method. The varying currents and other unmodeled
dynamics of AUV will be considered in future work.
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The function of adaptive front-lighting system is to improve the lighting condition of the road ahead and driving safety at night.The
current system seldom considers characteristics of the driver’s preview behavior and eye movement. To solve this problem, an AFS
algorithmmodeling a driver’s preview behavior was proposed. According to the vehicle’s state, the driver’s manipulating input, and
the vehicle’s future state change which resulted from the driver’s input, a dynamic predictive algorithm of the vehicle’s future track
was established based on an optimal preview acceleration model. Then, an experiment on the change rule of the driver’s preview
distance with different speeds and different road curvatures was implemented with the eye tracker and the calibration method of
the driver’s preview time was established. On the basis of these above theories and experiments, the preview time was introduced to
help predict the vehicle’s future track and an AFS algorithm modeling the driver’s preview behavior was built. Finally, a simulation
analysis of the AFS algorithmwas carried out. By analyzing the change process of the headlamp’s lighting region while bend turning
which was controlled by the algorithm, its control effect was verified to be precise.

1. Introduction

AFS (adaptive front-lighting system) is a front-lighting sys-
tem that can change the light pattern and illumination area
according to the vehicle’s state such as the velocity, the
steering wheel angle, and road environment to light the road
ahead effectively so as to reduce accidents at night. According
to AFS productions of international companies and research
institutes’ research findings and directions currently, the
classic algorithm of AFS can be divided into the following
four categories.

(1) The AFS Algorithm Based on the ECER123 Regulation
[1]. The basic demand of this algorithm was to control the
deflection angle of the headlamp at an allowed range of the
regulation. Strambersky et al. (European Lighting Technol-
ogy Centre of Visteon Company) used Ackerman steering
geometry principle to calculate the headlamp’s deflection
angle in the regulation’s allowed range [2]. The algorithm

based on the regulation needed to be improved in accuracy
and trajectory prediction.

(2) The AFS Algorithm Based on Brake Safety. The algorithm
used the stopping sight distance to calculate arc length and
the stopping sight distance was larger than brake distance to
make sure that the driver would observe the obstacle in front.
Huang, Lifu and Qian, Yu, Deng, Mclaughlin et al., and Rong
et al. had used similar methods in their studies [3–8]. The
design based on brake safety could ensure the safety, but the
headlamp’s lighting location had a lag relative to the vehicle’s
location.

(3) The AFS Algorithm Based on Early Lighting. When a car
was driven on the curve, the headlamp should be lighted on
the location where the car would arrive at after a while. This
kind of research solved the problem to some extent that the
headlamp illumination direction had a lag compared to the
driving direction [9, 10].This kind of AFS can be divided into
nonpredictive AFS and predictive AFS.
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(a) Nonpredictive AFS. Koji Ishiguro and Yuji Yamada who
were in Denso and Toyota in Japan studied the relationship
between vehicles’ speed and drivers’ fixation distance during
bend driving in the day time.They concluded that the fixation
distance got larger while the speed increased. By studying
drivers’ reaction time in dangerous circumstances such as
collision, they regarded 𝑡 = 3 s as an appropriate time which
they used in their AFS algorithm [11]. Nonpredictive AFS
could improve the lighting condition of the road ahead to
some extent, but it could only use the current steering wheel
angle and velocity to estimate the vehicle’s transient current
trajectory and then calculate the headlamp’s deflection angle.
When the road’s curvature changed a lot, the beam might
deflect too slow in the corner and even deflected to a wrong
direction at an S-curve.

(b) Predictive AFS. By GPS, electronic map, CCD which per-
ceived the traffic environment information including vehicle
locations, road types, lane numbers and road curvatures,
and vehicles’ state information which was used to predict
cars’ future track, the P-AFS controlled the headlamp in
advance. Ibrahim of Visteon applied for the patent which
was called “Predictive adaptive front lighting algorithm for
branching road geometry,” Patent number US 7558822 B2
[10]. They matched the GPS information with the database
of electronic map to confirm the vehicle’s current location
and predict the road’s information such as road type, lane
numbers, and curvature and road branches and finally cal-
culated the headlamp deflection angle by P-AFS algorithm.
Kim et al. in Korea (2010) proposed a new method of P-
AFS which was called curvature estimated swivel in their
paper [12]. By using the existing devices such as LDWs to
replace the GPS to predict road curvature, the headlamp’s
deflection angle was calculated. Predictive AFS solved the
nonpredictive AFS’s error problem to some extent when the
road’s curvature changed a lot, but it did not take the driver’s
visual characteristics into consideration.

(4) The AFS Algorithm Based on the Driver’s Vision in the
Corner. Many researchers have studied the driver’s sight
movement in a bend or crossing [13–15]. Although these
researches aimed to study the driver’s fixation behavior while
not providing information for the development or design of
AFS, they had some guiding significances for the design of
AFS.

On the basis of these experiments, Young et al. used the
regular pattern of heads’ turning angle at daytime and night
to guide the design of AFS [16], but the paper did notmention
the specific algorithm of AFS and the precision could not be
ensured because of the limit of measuring devices.

Considering the regulation and safety, the algorithm of
AFS currently estimated the vehicles’ future driving track
according to vehicles’ moving states, traffic environment,
and drivers’ wheel input. Then the AFS algorithm controlled
the headlamp’s deflection angle to illuminate the estimated
driving track in advance. But most of these algorithms
assumed that the speed and thewheel angle would not change
and assumed the driving track as a circle. According to Zhang
et al.’s study on vehicles’ lateralmoving characteristics [17–19],

the possible variation of vehicles’ longitude and lateral speed
was not considered which would also result in the change of
driving track. In some circumstances such as in a curve entry,
in a curve exit in an irregular road, or the driver’s acceleration
or deceleration to pass a varying curve, the algorithm could
not predict the future driving track well and the effect of AFS
was not very well.

Meanwhile, as the most important active safety device,
the headlamp’s main effect is to provide illumination for the
road ahead. Hence, the AFS should satisfy the safety demand,
ensure that the driver’s concerned region is fully illuminated,
and must not influence the driver’s fixation behavior. Its
illumination effect also has a direct relationship with the
driver’s eye comfort. Compared to a good environmental
illumination condition such as in the daytime, it should
not additionally increase the driver’s visual fatigue. In this
aspect, although some researches have used the statistic rule
of drivers’ visual field to control the headlamp’s deflection, in
the practical application, thismethodwhichwas totally based
on the statistic rule cannot ensure the safety.

Based on the considerations above, an AFS algorithm
considering the driver’s preview behavior was proposed.
The vehicle’s kinematics and dynamics characteristics were
used comprehensively to calculate the vehicle’s future track
which was more reliable than the method purely based
on the vehicle’s state information the headlamp’s deflection
lag and direction error was avoided. Under the premise of
ensuring safety, parameters of the driver’s fixation behaviors
were introduced to increase the measuring precision of the
driver’s visual statistical rule by using the eye tracker and
the headlamp’s illumination is more in compliance with the
driver’s fixation behavior. This paper proposes an original
technology route; the work was first carried out in early 2010,
and it has obtained national invention patents [20].

2. AFS Algorithm Considering the Driver’s
Preview Behavior

2.1. AFS Algorithm. By modeling the driver’s preview behav-
ior at a bend, the vehicle’s future track in a period of time
was predicted according to the vehicle’s current state and the
vehicle’s steady state response characteristics to the driver’s
wheel, gas pedal, or brake pedal input. Simultaneously, the
driver’s fixation location on the future track was determined
according to drivers’ preview behavior rule (the rule of
fixation location or preview spot) at real bends; then the head-
lamp’s deflection angle was controlled and the location was
illuminated effectively. The technical route of the algorithm
was shown in Figure 1.

The algorithm simulated the driver’s preview behavior at
a large curvature bend and an integral algorithm to predict
the vehicle’s track was proposed. The algorithm was based
on the hypothesis of steady preview and dynamic correction
[21]. According to the vehicle’s current state and its possible
change which resulted from the driver’s inputs, the vehicle’s
future track was predicted by the algorithm [22]. As Figure 2
showed, the vehicle’s coordinate system at current time 𝑡 was
the reference coordinate system. The preview time 𝑡

𝑝
was
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evenly divided into 𝐽 pieces (Δ𝑡
𝑝
= 𝑡
𝑝
/𝐽). During the preview

time, the longitudinal and lateral acceleration which resulted
from the driver’s wheel or gas pedal input were the same.

Because every time piece is quite short, the mutual effect
of the vehicle’s longitudinal and lateral movement can be
neglected.On the basis of the vehicle’s state (location, velocity,
and acceleration) at the initial moment of the time piece,
the vehicle’s state at the end of the time piece was calculated
using the rigid body kinematics principle [23].Then from the
moment 𝑡, every time piece’s vehicle state could be calculated.
As (1) showed (at the time piece 𝑗, the initial moment is 𝑡
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Figure 3: Adaptive front-lighting system deflection angle calcula-
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vehicle’s location, the vehicle’s velocity, and the vehicle’s
steady acceleration at time 𝑡

𝑗
; 𝜑
𝑗
was the vehicle’s course angle

at time 𝑡
𝑗
. The vehicle’s coordinate system at current time 𝑡

(𝑡
0
) was the reference coordinate system. During the preview

time, the longitudinal and lateral acceleration which resulted
from the driver’s wheel or gas pedal input were the same.

Then the vehicle’s mass centre coordinate (𝑥
𝑗
, 𝑦
𝑗
) after the

preview time 𝑡
𝑝
can be calculated at the coordinate system

of current time 𝑡. As Figure 3 showed, the point was the
driver’s preview location at current time 𝑡 and the headlamp’s
deflection angle 𝜃 which was the angle between the vehicle’s
predicted location and the vehicle’s longitudinal axis was
calculated by

𝜃 = arctan
𝑦
𝐽
− 𝑦
0

𝑥
𝐽
− 𝑥
0

. (4)

Based on the above theory, the measurement of the pre-
view distance for real drivers was conducted. By the advanced
eye tracker, the driver’s fixation behavior was recorded when
the driver drove through the bend. The driver’s gazing
direction was analyzed and the average value of the preview
distance was calculated. Then an empirical equation of the
relationship between preview distance, preview time and
velocity, and road curvature was proposed and the preview
time for the AFS algorithm was modified.
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Table 1: The experiment velocity and the curvature radius.

Radius of curvature (m) Velocity (km/h)
20 10, 15, 20, 25, 30

30 20, 30, 40

40 20, 30, 40

Figure 4: Driver’s gaze point position comparison chart when
“being close to the bend.”

3. The Experiment Measurement and Change
Rule Study on the Driver’s Preview Distance

3.1. Experiment Measurement

3.1.1. Experiment Equipment. SmartEye Pro eye tracker
(sample frequency: 60Hz), A JETTA car made by FAW-
Volkswagon, a 12V spare battery, meter ruler, the adhesive
tape to make the lane, and others.

3.1.2. Experiment Conditions. Eight drivers with normal
vision. Three quarter-circle lanes with curvature radius of
20m, 30m, and 40m were used as the experiment road.
With every lane, the experiment was done for three times
repeatedly. Before the formal experiment, every driver did 10-
minute exercise. The experiment velocity and the curvature
radius were shown in Table 1.

3.1.3. The Definition of Fixation Location. The SmartEye Pro
eye tracker recorded the driver’s raw eye movement data.
According to the thresholds of eye movement parameters
set up by the users, the fixation and saccade behaviors were
confirmed. Meanwhile, by the corresponding software, the
video of the driving scene was replayed and the fixation
location (the green circle in Figure 4) was spotted on the
driving scene.

The threshold settings of eye movement were as follows:

(1) the threshold of visual angle deviation: 2 deg.;
(2) the eyeball movement velocity threshold during fixa-

tion: 15∘/s, which was the highest velocity of eyeball
movement during a fixation;

(3) the eyeball movement velocity threshold during sac-
cade: 35∘/s, which was the lowest velocity of eyeball
movement during a saccade;

(4) the fixation duration threshold: 200ms.

According to the road environment, the state change of
the vehicle, the fixation location (visual angle), and its change

(a)

(b)

Figure 5: Driver’s gaze point position comparison chart before and
after into the corner: (a) is before into the corner, and (b) is after.

in the driving scene video, the entire driving process was
divided into four sections: “straight lane,” “being close to the
bend,” “entering the bend,” and “being out of the bend.”

“Straight lane”: in this section, the entire bend was shown
in the driver’s visual field. Repeated experiments showed
that the driver would sweep the bend and form a rough
impression of the available track; then the fixation location
would be a few meters away from the vehicle as shown in
Figure 4.

In the section of “being close to the bend,” because the
vehicle’s movement state had not changed, the nonpredictive
AFS algorithm could not predict the bend ahead and activate
the AFS bend lighting function.

“Entering the bend”: as shown in Figure 5 (there were
three frames intervals between two images which meant the
time interval was 0.05 s). There was a saccade in almost all
experiments when the driver just drove from the “being close
to the bend” section to the “entering the bend” section. It was
also shown in the driver’s eye movement data that there was a
saccade in the moment.This saccade behavior was defined as
the boundary between the “being close to the bend” section
and the “entering the bend” section. After this saccade, the
lane area was defined as the “entering the bend” section.

In the “entering the bend” section, the driver needed to
steer and the AFS needed to activate bend lighting function
and control the headlamp’s deflection according to some
rules. So according to the purpose of this experiment and our
algorithm’s parameters’ need, this sectionwas the emphasis of
our study.

“Being out of the bend”: the driver would brake when he
were going to be out of the bend. This section would not be
analyzed in detail.

3.1.4. The Preview Distance Calculation and the Analysis of Its
Changing Rule. The preview distance was calculated in the
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Figure 6: The eye tracking system’s installation location.
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Figure 7: The world coordinate system and gaze direction angle.

“entering the entrance” section during the driving process.
The fixation point in the front near the centre line of the
road was defined as the preview point. The SmartEye Pro
system was installed as shown in Figure 6. The definition of
the SmartEye Pro world coordinate system was as follows:
the connection line between number 2 camera and number
3 camera in SmartEye Pro system was the 𝑋-axis of the
world coordinate, the midpoint of the connection line was
the coordinate origin, and the𝑌-axis was in the vertical plane.
The coordinate system was shown in Figure 7.

As shown above, the angle 𝛼 between the gaze direction’s
projection in XOZ plane and the negative direction of the
world coordinate’s𝑍-axis (the positive direction of the vehicle
coordinate’s 𝑋 direction) was the gaze direction’s horizontal
direction angle. The angle 𝛽 between the gaze direction and
the horizontal plane was the gaze direction’s vertical angle.

The gaze direction’s horizontal angle is

𝛼 = arctan GazeDirection.𝑥
−GazeDirection.𝑧

. (5)

The gaze direction’s vertical angle is

𝛽 = arcsin GazeDirection.𝑧. (6)

GazeDirection.𝑥(𝑦, 𝑧) was the projection of the unit
vector along the gaze direction on the 𝑋(𝑌, 𝑍) axis of the
world coordinate system.

According to the gaze direction and the gaze origin in
the world coordinate system, the preview point’s coordinate
could be calculated in the world coordinate system as shown
in Figure 8. The distance away from the driver which was the
preview distance could be calculated by (7) (the vehicle’s roll

Gaze position
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Y

Z

Vertical plane
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Preview
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D

Gaze origin

E1

E2

dp
E

G

Figure 8: Preview distance calculation schematic.

Table 2: Preview distance data under 40m bend radius.

Data operation Bend radius (20m)
10 km/h 15 km/h 20 km/h 25 km/h 30 km/h

Mean 9.6253 9.7248 9.8515 10.0431 10.1059
Variance 1.0292 0.9282 0.8827 0.8319 1.2074
Maximum 7.5492 7.7634 8.0599 8.0124 8.2775
Minimum 12.3558 12.0545 12.1912 12.4505 12.1334

Table 3: Preview distance data under 20 km/h velocity.

Data operation Velocity (20 km/h)
30m 40m

Mean 9.4637 11.3121
Variance 1.8896 1.4886
Maximum 6.6242 7.6275
Minimum 12.7901 13.9346

and pitchmovement were neglected).The detailed data of the
preview distance was shown in Tables 2 and 3:

𝑑
𝑝
= (GazeOriginy + ℎ) GazeDirection.𝑧

GazeDirection.𝑦
. (7)

ℎ is the vertical height of the world coordinate system’s
origin away from the ground; GazeOrigin.𝑦 is the 𝑦 coordi-
nate of the gaze origin; GazeDirection.𝑧 is the 𝑧 coordinate of
the unit vector along the gaze direction; GazeDirection.𝑦 is
the 𝑦 coordinate of the unit vector along the gaze direction.

When the road curvature radius was 20m, the preview
distance increased slowly from 9,6253m to 10.1059m with
the adding of the velocity. When the velocity was constantly
20 km/h, the driver’s preview distance increased too while
the road curvature radius increased from 30m to 40m.
Noh et al. had used the preview time and the response of
neuromuscular system as main human factors to study the
preview distance at different velocities and different road
curvatures whose conclusion was similar to ours [24].

The experiment’s result was consistent with the previous
test’s conclusion.With the consideration of the characteristics
of the preview distance’s distribution and change rule, the
preview distance-velocity regression analysis was done to get
the preview distance-velocity empirical equation (9). At the
speed of 20 km/h, according to the preview distance data with
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the curvature radius of 30m and 40m, the preview distance-
curvature radius empirical equation (10) was gotten by liner
fitting. The fitting line is

𝑦 = 0.025𝑥 + 9.358. (8)

𝑦 is the preview distance; 𝑥 is velocity;𝑅 is the correlation
coefficient, 𝑅2 = 0.98082, and the observed value 𝑟 =

0.99036. 𝑛 = 5; with the significance level 𝑎 = 0.05, 𝑟 =

0.99036 > 𝑟0.05 (𝑛 − 2) = 0.878; the regression result was
obvious and the hypothesis “the velocity change will affect
the driver’s preview distance”was confirmed. To be consistent
with previous described parameters, the empirical equation
(𝑟 = 20m) was rewritten as follows:

𝑑
𝑝
= 0.025V + 9.358, 𝑟 = 20m, (9)

where V is velocity, km/h, 𝑟 is curvature radius, and 𝑑
𝑝
is the

preview distance.
At the speed of 20Km/h, the empirical equation of the

preview distance-curvature radius was as follows:

𝑑
𝑝
= 0.185𝑟 + 1.529, V = 20 km/h. (10)

According to the relationship between the preview time
and the preview distance, 𝑑

𝑝
= V𝑡
𝑝
, the empirical equation of

the preview time was as follows:

𝑡
𝑝
= 0.09 +

33.689

V
, 𝑟 = 20m, (11)

𝑡
𝑝
= 0.0333𝑟 + 0.2752, V = 20 km/h. (12)

According to (11), the preview time calculated under the
speed of 10 km/h, 15 km/h, 20 km/h, 25 km/h, and 30km/h
was 3.489 s, 2.336 s, 1.774 s, 1.438 s, and 1.213 s, respectively;
the average preview time is 1.70 s. According to (12), the
average preview time is 1.44 s. Then (11) and (12) as empirical
equations of the preview time simulating the driver’s preview
behavior were used to replace the fixed preview time 𝑡𝑝 in the
AFS algorithm to confirm the location of the driver’s preview
point where the vehicle would arrive after the preview time.
Then the headlamp’s deflection angle could be calculated.

4. The Simulation Analysis of
the AFS Algorithm Simulating the Driver’s
Preview Behavior

4.1. The Headlamp’s Light Distribution. The optical analysis
software LucidShape was used to simulate the headlamp’s
light distribution and acquire the headlamp’s isolux curve
on the ground. In the following simulation process, the
envelope area of the isolux curve at a certain illumination
was regarded as the headlamp’s irradiation area. According
to the relative relationship between the area and the road, the
control effect of the algorithm was verified by the headlamp’s
irradiation effect. With the reference of ECE regulation, a
dipped headlight in accordance with the ECE regulation was
chosen in our simulation and its optical structure was not
changed. The dipped headlight’s location settings were as
follows.

−10
−30

−80 −70 −60 −50 −40 −30 −20

−10

0

10

−0.25−0.320−0.43050607080

0 50 100 150
−40

0

40

−2

−0.573

−1.146

(m)

Figure 9: The simulation result of the headlamp’s illumination on
the road.
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Figure 10: The envelope area of 321x isolux curve.

(1) The headlamps were installed in front of the vehicle
and the headlamps were 1.2m apart and were sym-
metrically on both sides of the vehicle’s longitudinal
axis.

(2) The installation height of headlamps was 0.65m.

The simulation result of the headlamp’s illumination on
the road was shown in Figure 9. The coordinate origin was
the midpoint of the vehicle’s forefront. The horizontal and
vertical coordinates were horizontal and vertical locations
relative to the vehicle (unit m); different colors represented
different illuminations.

Meanwhile, because the road’s curvature radius was rela-
tively small in our simulation, to clearly verify our algorithm’s
irradiation effect, the envelope area of 321x isolux curve was
drawn in LabVIEW as the headlamp’s irradiation area which
was shown in Figure 10.

4.2. The Algorithm Verification. The vehicle model, driver
model, and road model of CarSim were used in the simu-
lation. The AFS algorithm and the real-time display of the
headlamp’s deflection angle, beam location, and irradiation
effect were realized in LabVIEW. By the cosimulation of
CarSim and LabVIEW, the bend driving simulating real
environment was achieved. According to the calculated
headlamp’s deflection angle, irradiation area, and the vehicle’s
future track, the algorithm’s control effect was verified.
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Figure 11:The headlamp’s deflection angle and steering wheel angle.

4.2.1. Simulation Conditions and Parameters. The vehicle’s
speed was 30 km/h, the curvature radius of the bend was
20m, and the preview time 𝑡

𝑝
(𝑠) was as follows:

𝑡
𝑝
= 0.09 +

33.689

V
= 1.213. (13)

4.2.2. The Simulation Result Analysis. The headlamp’s beam
deflection angle of our algorithm was shown in Figure 11.
The dotted line represented the wheel’s steering angle and the
solid line stood for the headlamp’s deflection angle. It was
shown that the deflection angle calculated by our algorithm
could follow the wheel’s steering angle very well. In other
words, the algorithm could respond to the change of vehicle
state quite well and controlled the headlamp’s deflection
angle. The control effect of the algorithm was shown in
Figure 12. The dotted line represented the fixed headlamp
beam.

It was shown in Figure 12 that the predicted track of our
algorithmwas close to the road’s centre line whichmeant that
the track prediction’s accuracy was quite well. The vehicle’s
location on the predicted track after the preview time was
used to guide the headlamp’s deflection. The headlamp was
controlled to deflect to the direction of the bend and the
headlamp’s irradiation area covered most areas of the front
bend. When the vehicle was out of the bend, the algorithm
could make the headlamp beam back on the nondeflection
location to throw light on the front straight line.

4.3. The Contrast Analysis of the Algorithm’s Control Effect

4.3.1. The Simulation Conditions

Condition 1. The initial speed was 20 km/h and the driver
accelerated to 30 km/h in the time of 11 s–13 s and kept the
velocity steady to pass through a half circle bend with the
radius of 20m.The driving strategy was to make sure that the

vehicle has no lateral offset relative to the lane’s center line.
The time parameter 𝑡

𝑝
rose to 1.774 s from 1.213 s as follows:

𝑡
𝑝
= 0.09 +

33.689

V
. (14)

Condition 2. The driver drove through two continuous quar-
ter circles (the radiuses were 30m and 40m) at a constant
speed of 20 km/h. The driver model used in the simulation
was a model built-in CarSim. The time parameter 𝑡

𝑝
rose to

1.607 s from 1.274 s as follows:

𝑡
𝑝
= 0.0333𝑟 + 0.2752. (15)

The contrast algorithm was a nonpredictive algorithm
proposed by Ishiguro and Yamada which was relatively
mature [11]. The main point of this algorithm is to control
the headlamp’s deflection to illuminate the location that the
vehicle would arrive after 3 s. The contrast simulation result
was as follows.

4.3.2. The Simulation Result Analysis

Condition 1. The headlamp’s deflection angle of the contrast
algorithm and our algorithm was shown in Figure 15. The
black dotted line was the wheel’s steering angle curve, the
solid line was the headlamp’s deflection angle curve of our
algorithm, and the dash dot linewas the headlamp’s deflection
angle curve of the contrast algorithm.

It was shown in Figure 13 that both algorithms’ headlamp
deflection angle could follow the driver’s steering angle.
Relative to our algorithm, the contrast algorithm’s headlamp
deflection angle was about 20∘ bigger at the moment 16 s.
The control effect of these two algorithms was shown in
Figure 14 by the headlamps’ irradiation area. The dotted
line represented the fixed headlamp beam, the solid line
represented the headlamp beam of our algorithm, and the
long dashed line represented the headlamp beam of the
contrast algorithm.

It was shown in Figure 14 that at the moment of 𝑡 =

10.19 s, the vehicle just arrived at the bend; both the contrast
algorithm and our algorithm could predict the vehicle’s future
track well and make the headlamp deflect to the direction
of the bend. Their deflection angles were basically the same.
Most areas of the front bend were covered by the central zone
of the headlamp’s irradiation region which meant that their
illumination effects were basically the same.

At the moment of 𝑡 = 12.27 s, the vehicle was in the bend.
The headlamp’s deflection angle of the contrast algorithmwas
bigger than our algorithm which meant that its headlamp
beam was more close to the inner side of the bend. Although
the headlamp had illuminated more regions of the front
bend, the control target of the contrast algorithm was to
illuminate the location that the vehicle would arrive after 3 s
while the driver’s preview time was 1.213–1.774 s according
to the empirical equation, so the region the driver cared
for was a region which was close to the vehicle (the purple
line in front of the vehicle) and it was not in the centre
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Figure 12: The front-lighting illumination area simulation schematic.
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Figure 13:The headlamp’s deflection angle and steering wheel angle
(contrast algorithm and our algorithm diagram 1).

of the contrast algorithm’s illumination area which meant
that its illumination effect was not well. The future track’s
prediction and irradiation region of our algorithmweremore
precise.

At the moment of 𝑡 = 16.77 s, the vehicle was going
to be out of the bend. The headlamp’s deflection angle of
the contrast algorithm was bigger and its illumination effect
was not ideal (relative to the fixed beam, its illumination
effect could be worse). The future track’s prediction of our
algorithmwasmore precise and the headlamp’s beam covered
most of the front road which meant the illumination effect
was relatively well.

At the moment of 𝑡 = 18.86 s, the vehicle was out of the
bend. Both the contrast algorithm and our algorithm could
quit from the bend illumination mode and control the head-
lamp back to the nondeflection location to ensure the straight
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Figure 15:The headlamp’s deflection angle and steering wheel angle
(contrast algorithm and our algorithm diagram 2).

line’s illumination whichmeant that their illumination effects
were the same.

Condition 2. The headlamp’s deflection angle of the contrast
algorithm and our algorithm was shown in Figure 15.

Both algorithms’ deflection angle could follow the input
of the driver’s steering angle. Relative to our algorithm, the
contrast algorithm’s deflection angle was about 20∘ bigger
when the steering wheel began to deflect.

The specified control effect was shown in Figure 16 by
the headlamp’s illumination area. The explanation of the
curves was similar to Figure 14 and the result was similar to
Condition 1 which would not be analyzed again.

By the simulation result analysis of these two conditions,
the conclusions were as follows.

(1) The future track’s prediction of our algorithm was
more precise (the purple line in the image during the
entire simulation was more close to the lane’s center
line), so the algorithm would control the headlamp’s
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Figure 16: The front-lighting illumination area simulation schematic diagram 2.

deflection more precisely to ensure the front road’s
illumination effect well.

(2) Relative to the contrast algorithm, when the vehicle
was in the bend and was going to be out of the bend,
the headlamp’s deflection angle of our algorithm was
smaller; the headlamp’s beam could cover the front
road more well and make sure that the region the
driver was interested in was in the central zone of
the headlamp’s beamwhichmeant better illumination
effect.

(3) When the vehicle was just in the bend and was out
of the bend after a while, the headlamp’s deflection
angle of both algorithms was the same and their
illumination effects were basically the same too.

In summary, the proposed algorithm could predict the
vehicle’s future track more precisely; on the basis of it, the
headlamp’s deflection angle was controlled to improve the
front road’s illumination condition effectively. Meanwhile,
the proposed algorithm could make sure that the central
zone of the headlamp’s beam coveredmore regions which the
driver was interested in.

5. Conclusion

The previous road experiment has found that the preview
distance increased linearly with the velocity and the road
curvature radius’s increasing. Based on this rule, the precise
preview distance was acquired by the eye tracker.The average
preview time under the speed of 10–30 km/h is 1.70 s. Under
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the curvature radius of (20–40)m, the average preview time
is 1.44 s. An empirical model of the preview distance was pro-
posed which accorded with the driver’s visual characteristics.

Based on the dynamic predict algorithm of the vehicle’s
future track using the driver’s best preview acceleration
model, the algorithm’s fixed preview time was modified by
road experiments and a full AFS algorithm was developed
based on the algorithm. The future track’s prediction of the
proposed algorithm was precise.

Finally, by the cosimulation of CarSim and LabVIEW, the
headlamp’s illumination area and the vehicle’s future track
of different time were analyzed in detail in the bend driving
process. The illumination effect was analyzed in two aspects
and was compared with a mature nonpredictive algorithm.
The result showed that the control effect was obvious and the
algorithm had a good application prospect.
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This paper presents a mathematical model for robust production planning. The model helps fashion apparel suppliers in making
decisions concerning allocation of production orders to different production plants characterized by different lead times and
production costs, and in proper time scheduling and sequencing of these production orders. The model aims at optimizing
these decisions concerning objectives of minimal production costs and minimal tardiness. It considers several factors such as the
stochastic nature of customer demand, differences in production and transport costs and transport times between production
plants in different regions. Finally, the model is applied to a case study. The results of numerical computations are presented. The
implications of the model results on different fashion related product types and delivery strategies, as well as the model’s limitations
and potentials for expansion, are discussed. Results indicate that the production planning model using conditional value at risk
(CVaR) as the risk measure performs robustly and provides flexibility in decision analysis between different scenarios.

1. Introduction

This contribution deals with production planning problems
of fashion apparel products. Fashion apparel products belong
to the most important consumer goods. Global retail rev-
enues amounted to $1,032 billion in 2009 and are expected
to grow to $1,163 billion by 2016 [1].

Production planning for fashion apparel products has to
cope with demand uncertainties. Accordingly, the uncertain
nature of the customer demand has to be taken into consider-
ation by generating the production plan and in particular the
production quantities, in order to meet uncertain customer
demand in the best way possible and maximize the profit, by
minimizing production costs.

In this case, production planning, in particular the
correct placement of production orders concerning place,
or region, of production, as well as time scheduling and
sequencing of production orders, is of high economic impor-
tance for fashion apparel suppliers. However, at the time
of generating the production plan, the predicted customer

demands are largely uncertain. Therefore, it is crucial to
produce a robust production plan, which canmanage the risk
resulting from the demand forecast.This risk trade-off can be
achieved by constraining the objective function or problem
limits with CVaR. Indeed, CVaR intends to protect against
undesirable realization of uncertain parameters beyond the
expected evaluation due to the uncertainty of system param-
eters [2].

Existing papers dealing with the robust optimization in
fashion apparel do not take into account the risk of losing
more than an acceptable level of profits due to write-offs
caused by an overly optimistic demand forecast, or earning
less than a desired target profit due to an overly pessimistic
demand forecast. This paper is the first study to address this
problem for the fashion apparel industry.

To deal with this uncertainty in customer demand in
the apparel industry, we propose a risk-constrained profit-
expected maximization model. This model considers the
stochastic nature of customer demand and generates a pro-
duction plan which indicates the quantities of each product
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that should be produced, the start of the production of each
product, and the facility in which the products have to be
produced. The objective is to maximize the total profit of
productions by means of CVaR.

Consideration of risk in the optimization problem has a
crucial role in optimization under uncertainty, particularly
when the optimization problem has to deal with the losses
that might be incurred under conditions of unfavorable
demand. To consider the risk of erroneous demand forecasts,
a loss function 𝑓(𝑋, 𝑠) will be defined, where 𝑋 represents
a decision vector and 𝑠 is a vector representing uncertainty
related to the future values of a number of stochastic parame-
ters of the problem.These stochastic parameters, presented by
the vector 𝑠, are governed by probability distribution𝑃

𝑠
. Once

the loss function 𝑓 is defined, we denote the distribution
function of 𝑓 by 𝜑(𝑋, 𝛽) := 𝑃{𝑠 | 𝑓(𝑋, 𝑠) ≤ 𝛽}, which
corresponds to the probability that the value of the loss
function, for each realisation of a scenario of the vector 𝑠, and
for a fixed 𝑋, does not exceed the value 𝛽. In this context,
for a specified confidence value 𝛼 ∈ [0, 1[, that could be
equal to 0,90 or 0,95 in some applications, 𝛼-VaR denotes
the probability that the expected value of the loss function
exceeds 𝛽 only in (1 − 𝛼) ⋅ 100% for all possible realisations
of stochastic parameters, which can be seen as the worst-
case scenario. Based on the definition of value at risk (VaR),
conditional value at risk (CVaR) is defined as the mean of the
tail distribution exceeding VaR [3].

The model is applied to a problem based on a case study
in the apparel industry. Different factories located in different
countries manufacture a number of product types and sell
these products to customers in Europe. The orders consist of
the type of products, delivery date, and quantity. Usually, the
quantity demand of a product 𝑖 is of stochastic nature and
having a probability distribution 𝑝(𝑖). After collecting orders,
the production plan has to be generated for the next season
by considering the manufacturing capacity, production cost,
and transport cost while satisfying a CVaR constraint in order
to maximize the expected total profit.

In order to generate different possible demand realisa-
tions for the mathematical model, different scenarios of Ω

are generated by means of Monte Carlo simulation, using the
demand probability distribution of each product within the
set of products.

The paper is structured as follows: the next chapter
will provide some additional information on production
planning and demand uncertainty in the apparel industry.
The subsequent chapter studies some of the literature on
robust production planning under demand uncertainty. After
that, our model will be described and subsequently applied
to a case study that includes three scenarios (a pessimistic
scenario, a normal scenario, and an optimistic scenario) dif-
fering in customer demand. These three scenarios have been
proposed in order to cover different potential realizations
of customer demand, which can occur but are not known
at the time of planning. Thereby, the customer demand can
be estimated as low (pessimistic estimate), normal (normal
estimate), or high (optimistic estimate), based on historic
data and the recommendations of experts. The paper ends
with a conclusion and an outlook on further research.

2. Production Planning and Demand
Uncertainty in Apparel Industry

Manufacturing and finishing of ready-to-wear garments are
a complex process involving often a large number of collabo-
rating parties within a production network [4].These include
garment manufacturers and their raw material suppliers,
procurement agencies, logistic service providers, and retailers
[5].

Due to limited potential for automation and price impor-
tance in competition, production of fashion apparel products
has been largely outsourced to low wage countries, often
situated either in East Asia, the Near East, in particular
in China, Turkey, Bangladesh, India, and Vietnam. Due to
the absence of technical constraints and availability of sub-
contractors, production can be shifted with few constraints
between different regions. However, the large majority of
the products are still sold in Europe and North America,
even though rising domestic demand in Asian countries,
such as China, has started to increasingly compete for local
production resources [6–8]. In this context, many European
garments suppliers have reduced the depth of their own
production, or dropped it, and have adapted their role
towards planning and coordinating activities within apparel
supply chains, integrating garment manufacturers and raw
materials suppliers, logistic service providers, and retailers
[9].The wide geographic distribution of supply chains results
in considerable lead times of apparel production, due to the
time needed for procurement of raw materials, and the time
needed for transport of products from the production plants
to the customers [10, 11].

In addition to low product costs, quality and reliability
of logistic services are crucial for economic success in the
apparel branch. Fashion apparel products are characterized
by rapid product obsolescence.The sales seasons for a period
of a few months or even weeks are short in comparison to
their long production lead and delivery times. This increases
the importance of adherence to delivery dates. On average,
95% of stock keeping units change for every new sales season,
at least twice or four times a year [5, 12]. The production
cycle is characterized by fixed seasonal cycles with fixed
dates for product offers, orders, and deliveries, which are
repeated production volumes based on aggregation of the
retail preorders. However, as in practice production and
distribution lead times usually exceed the length of the
delivery times expected by customers, production planning
and procurement of raw materials have to start before the
end of the preorder period, using forecasts of total demand
based on the orders arrived so far. Products may also be
produced in larger quantities than if only based on preorders,
with the excess offered directly from the warehouses to called
postorders as long as stocks last [13].

Once their sales season has ended, articles, which have
not been sold so far, can be sold only for reduced prices and
thuswith reduced profit in the next season.Thus, at the end of
a sales season, the stock levels of the products should ideally
be close to zero. On the other hand, stocks should not run out
before the end of the sales period. Reproduction of successful
products during a sales season is not possible due to the long
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delivery times [12]. For these reasons, demand forecasting has
to be considered an important input of production planning
and supply chain planning models. Generally, forecasting of
potential sales permeates all aspects of business operations
[14]. Customer demand for fashion products is volatile and
may vary broadly for different variants of the same product.
Demand fluctuations are difficult to predict at the time of
production planning. Optimistic forecasts may lead to over-
stocks and higher production costs and cause markdowns.
Pessimistic forecasts may lead to loss of opportunity revenues
for potential sales that could not be realized and to customer
dissatisfaction with later brand changes.

On the other hand, traditional statistical forecasting
methods are difficult to apply [15]. Specifically developed
demand forecasting models often use soft computing meth-
ods, such as artificial neural networks [16], fuzzy logic, and
evolutionary procedures [12, 17]. In addition, the integration
of preorder information as well as expert judgments has
produced accurate forecasts [18]. Most of these models have
not been integrated into standard business software and are
difficult to use, with sometimesmixed quality of the forecasts.
Order fulfilment and product delivery failures, such as stock-
outs, or increased storage costs and product depreciation
write-offs continue to affect profits in the apparel branch in
a very unfavourable way. It is estimated that, due to the long
lead times and demand forecasting difficulties mentioned in
the second section of this chapter, up to 30%–40% of high-
fashion articles cannot be sold during the short sales season
before the life expectancy of the article expires [19]. The
need to cope with this situation and the impetus to realize
Quick Response concepts have resulted in vertical integration
of apparel suppliers and retailers in a number of cases
[20]. Vertically integrated suppliers generally achieve better
reaction to market changes due to shortened reaction times
and more closely integrated information flows. However,
these advantages cannot easily be copied by most traditional
suppliers, which are often small or medium sized enterprizes.
Still, it is estimated that they have to write off up to 15%–20%
of their high-fashion articles [19].

3. Literature Review on Problem Related
Production Planning

Production and distribution operations are two key functions
in the supply chain. In general, the supply chainmanagement
procedures emphasize production scheduling more than the
distribution scheduling, because distribution ismore flexible.
When integrated supply chain management of production
and distribution is realized, the resources are used more
efficiently [21]. In a comprehensive review of integrated
scheduling approachesMula et al. showed that over 44 papers
have been published between 1989 and 2009 [22].

In general, master, tactical, and operational planning
levels can be separated. The purpose of most models is to
minimize the total cost of the supply chain. Some work at the
master planning level, integrating procurement in addition to
production and distribution scheduling, is described in [23].
Most of the models focus on tactical planning, considering

different demand levels, costs, and capacities, and use cen-
tralized scheduling approaches. Scholz-Reiter et al. showed a
scalable graph-based scheduling approach, which is focused
on the operational level and real-time scheduling [24]. A
large variety of OR techniques have been applied, comprising
mathematical optimisation, heuristics, and metaheuristics,
but it could be observed that most of the papers focus on
deterministic solutions [22].

The special conditions of production planning for fashion
products have received some studies as well. The work in
[25] described a networked production planning process
in a fashion oriented apparel supply chain. The production
planning process was found to be an important area of
improvement for a network in a time-based logic; shortening
the production planning period, in fact, significantly affects
the weighted average delivery anticipation. It leads, however,
to increase setup and transportation costs due to the greater
number of jobs generated during a campaign. Scheduling of
integrated production and distribution systems in dynamic
environments holds a potential to improve efficiency but
also poses a challenging planning task due to its compu-
tational complexity. Long lead times, external and internal
perturbations in productive processes, unstable business
environments, and contextual differences (e.g., institutional,
economic, and cultural) emphasize the relevance to the
argued integration [26]. Three types of aggregate produc-
tion planning methods for the apparel industry have been
proposed in [27]. These allow changing a production model
seasonally according to actual demands, or maintaining the
same production model for several seasons with production
for inventory.The mentioned work on integrated production
and distribution planning does not deal with stochastic input
data, such as demands. The work in [28] studied empirically
the impact of the subsidy policy on total factor productivity
for the example of Chines cotton production.

Modern, large, and widely distributed production net-
works are subject to many forms of disturbances. Karimi,
Duffy, and Dashkovsky et al. performed research on how
to better deal with such dynamic influences. One possible
solution is to introduce autonomous control, that is, to allow
some parts of a large network to make their own decisions
based on local situation and available information. However,
stability of the network and robustness with respect to
external and internal disturbances and time delays in signals
must be assured to guarantee a reasonable performance and
vitality of the whole system. For this purpose their work
proposed an approach for controller design for large scale
autonomous work systems capable of coping with time delays
and explains its implementation and advantages on a concrete
example [29–31].

Robust optimization models try to formulate production
planning problems in a way that cost, or wastage, effects
of uncertainty or risks are minimized or expected profit
is maximized. A robust optimization model for a multisite
production medium-term planning problem is developed in
[32], based on the problems facing a multinational lingerie
company with production sites in East Asia. It generates a
cost minimal production plan for an uncertain environment
with associated probabilities of different economic growth
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scenarios. The cost minimal production plan is less sensitive
to changes in the noisy and uncertain data. The work in [33]
dealt with a portfolio selection model in which the method-
ologies of robust optimization are used for the minimization
of the conditional value at risk of a portfolio of shares. The
work in [34] proposed a method for robust self-scheduling
based on CVaR.The proposedmethod is based on a security-
constrained optimal power flow (SCOPF) program that
explicitly treats the trade-off between risk and reward. The
work in [35] proposed a fuzzy mathematical programming
model for supply chain planning which considers supply,
demand, and process uncertainties. The model has been
formulated as a fuzzy mixed-integer linear programming
model where data are ill-known and modelled by triangular
fuzzy numbers. The fuzzy model provides the decision
maker with alternative decision plans for different degrees
of satisfaction. This proposal is tested by using data from a
real automobile supply chain. A supply chain design problem
for a new market opportunity with uncertain demand in
an agile manufacturing setting is considered in [36]. This
model integrates the design of supply chain and production
planning for the supply chain’s members and develops a
robust optimization formulation. A novel framework based
on conditional value at risk theory has been applied in [37] to
the problem of operational planning for large-scale industrial
batch plants under demand due date and amount uncertainty.
The objective of the proposed model is to provide a daily
production profile that not only is a tight upper bound on
the production capacity of the plant but also is immune to
the various forms of demand uncertainty. In further work,
The work in [38] applied a robust optimization framework,
as well as CVAR theory to the multisite operational plan-
ning problem under multiple forms of system uncertainty.
They considered different forms of system uncertainty such
as demand due date, demand amount, and transportation
time uncertainty in the model. Their objective is to ensure
the maximization of customer satisfaction along with the
minimization of resource misallocation.

A robust multiobjective mixed integer nonlinear pro-
gramming model is proposed by [39] to deal with a multisite,
multiperiod, multiproduct aggregate production planning
(APP) problem under uncertainty, considering two conflict-
ing objectives simultaneously, as well as the uncertain nature
of the supply chain. Their proposed model is solved as a
single-objective mixed integer programming model applying
the LP-metrics method. A two-stage real world capacitated
production system with lead time and setup decisions uncer-
tain production costs and customer demand is studied in
[40], using a robust optimization approach. A mixed-integer
programming (MIP) model is developed to minimize total
production costs.

4. Description of the Model

Our model maximizes expected profits in scenarios of
stochastic customer demand. The model generates produc-
tion plans containing the production quantities of each
product of a given product program, the production start of

each product, and the production plants where the products
should be produced.

Notation. A set 𝐼 of 𝑛 products has to be manufactured,
under restriction of several time and resource constraints.
The forecast demand of each product to be manufactured is
uncertain and a probabilistic distribution is used to character-
ize this uncertainty. The manufacturing of different products
has to take place in just one of𝑚 different facilities located in
different countries.

A facility 𝑗 ∈ 𝐽 has a fixed production cost CP
𝑖𝑗
to produce

the product 𝑖, a fixed transport cost CT
𝑗
, and a production

capacity CAP
𝑖𝑗

of products which can be manufactured
during one period.

A product 𝑖 ∈ 𝐼 has a delivery due date DD
𝑖
, and if it is

supplied earlier than the recommendedDD
𝑖
that would cause

extra holding costs CH
𝑖
, and if it is supplied later than the due

date DD
𝑖
that would cause penalty costs PEC

𝑖
.

The objective is to find a feasible plan, which determines
the quantity of each product to be produced and indicates
the start of production of each product 𝑖, manufactured from
facility 𝑗, to fulfil the stochastic demand and maximize the
total production profit.

Parameters. In the following, the parameters for themodel are
defined.

𝑇 is set of planning periods, where 𝑘 = |𝑇|.

𝑡 is index of the planning period 𝑡 ∈ {1, . . . 𝑘}.
𝐽 is set of facilities, where 𝑚 = |𝐽|.
𝑗 is index of facility 𝑗 ∈ {1, . . . 𝑚}.
𝐼 is set of products, where 𝑛 = |𝐼|.
𝑖 is index of product 𝑖 ∈ {1, . . . 𝑛}.
Ω is set of all possible scenarios of stochastic variables
Ω = {1, 2, . . . , 𝑆}.
𝑠 is index of scenario res. Realisation of stochastic
variables 𝑠 ∈ [1, 𝑆], where 𝑆 := |Ω|

𝐷
𝑠

𝑖
is the demand of product 𝑖 under scenario 𝑠.

𝑃
𝑠
is probability of scenario 𝑠.

SP
𝑖
is the unit selling price for product 𝑖.

CP
𝑖𝑗
is the unit production cost for product 𝑖 manu-

factured in facility 𝑗.
CT
𝑗
is transport cost from the facility 𝑗 in terms of

number of periods.
CH
𝑖
is the unit inventory holding cost for product 𝑖 at

the end of production.
SL
𝑖
is salvage value per unit for product 𝑖.

SR
𝑖
is shortage penalty per unit for product 𝑖.

TT
𝑗
is transport time from the facility 𝑗 in terms of

number of periods.
DD
𝑖
is delivery due date of product 𝑖 in terms of

number of periods.
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PF
𝑖
is penalty cost incurred to each late delivery for

product 𝑖 when it is supplied later than the delivery
date DD

𝑖
.

CAP
𝑖𝑗
is production capacity (units) for product 𝑖

during a period in facility 𝑗.
𝛼 is confidence level of risk parameter CVaR, where
𝛼 ∈ [0, 1[.
𝛽 is risk parameter.
𝜆 is weight presented on solution variance.
𝜇 is weight placed on model infeasibility which
controls the trade-off between solution and model
robustness.

Variables. Consider the following.

𝑋
𝑖
is quantity of product 𝑖 that shall be produced

(decision variable).
𝑌
𝑖𝑗
is binary variable, which indicates whether prod-

uct 𝑖 is produced in facility 𝑗 (decision variable).
STP
𝑖
is start period of the production of product 𝑖

(decision integer variable);
TP
𝑖
is time required in periods to produce 𝑋

𝑖
of

product 𝑖; TP
𝑖
= ∑
𝑚

𝑗=1
𝑌
𝑖𝑗
(𝑋
𝑖
/CAP

𝑖𝑗
)

ExpEnd𝑃
𝑖
is expected delivery date of product 𝑖 in

period unit; ExpEnd𝑃
𝑖
= STP

𝑖
+ TP
𝑖
+ ∑
𝑚

𝑗=1
𝑌
𝑖𝑗
⋅ TT
𝑗

MIN𝑠
𝑖
is quantity of product 𝑖 effectively sold under

scenario 𝑠. MIN𝑠
𝑖
= min(𝑋

𝑖
, 𝐷
𝑠

𝑖
).

WAS𝑠
𝑖
is wastage quantity of product 𝑖 under scenario

𝑠. WAS𝑠
𝑖
= max(0, 𝑋

𝑖
− 𝐷
𝑠

𝑖
).

SHO𝑠
𝑖
is shortage quantity of product 𝑖 under scenario

𝑠. SHO𝑠
𝑖
= max(0, 𝐷𝑠

𝑖
− 𝑋
𝑖
).

𝐼
𝑖
is binary variable, which indicates whether the

product 𝑖 has to be held or not after its production
and transportation:

𝐼
𝑖
= {

1, if ExpEnd𝑃
𝑖
< DD

𝑖

0, else.
(1)

Objective Function. The objective function has the following
components:

(1) sales revenue,
(2) production cost,
(3) transport cost,
(4) holding cost,
(5) penalty cost due to a late delivery,
(6) risk cost incurred for possible wastage cost,
(7) risk cost incurred for possible shortage cost.

The above components have been considered due to the fact
that they are the most important costs which can be mainly
affected by the decision variable of the model.

The objective is to maximize the total profit revenue
consisting of sales revenue gained by selling the products,
production (PC), transport (TC), penalty, holding (HC), and
other risk costs which can be incurred for possible wastage or
shortage quantities:

SR𝑠 (sales revenue) =

𝑛

∑

𝑖=1

MIN𝑠
𝑖
⋅ SP
𝑖
, (2)

PC (production cost) =

𝑛

∑

𝑖=1

𝑚

∑

𝑗=1

𝑌
𝑖𝑗
X
𝑖
CP
𝑖𝑗
, (3)

TC (transport cost) =

𝑛

∑

𝑖=1

𝑚

∑

𝑗=1

𝑌
𝑖𝑗
𝑋
𝑖
CT
𝑗
, (4)

HC (holding cost) =

𝑛

∑

𝑖=1

{𝐼
𝑖
⋅ (DD

𝑖
− ExpEnd𝑃

𝑖
) ⋅ 𝑋
𝑖
CH
𝑖
} ,

(5)

PEC (penalty cost)

=

𝑛

∑

𝑖=1

{(1 − 𝐼
𝑖
) (ExpEnd𝑃

𝑖
− DD

𝑖
)𝑋
𝑖
PF
𝑖
} ,

(6)

WC𝑠 (wastage cost) =

𝑛

∑

𝑖=1

WAS𝑠
𝑖
⋅ SL
𝑖
, (7)

SC𝑠 (shortage cost) =

𝑛

∑

𝑖=1

SHO𝑠
𝑖
⋅ SR
𝑖
. (8)

Equation (2) represents the total sales revenue due to selling
the set of products 𝐼. Equation (3) is the total production
cost of manufacturing the set of products 𝐼. Equation (4) is
the total transport cost of the set products 𝐼. Equation (5)
corresponds to the total holding cost of units of products,
which has to be stored in the warehouses for a determined
holding period. Equation (6) represents the total penalty cost
of supplying the set of products 𝐼 later than the appropriate
delivery date. Equation (7) represents the wastage cost to
liquidate the overstocks set of products 𝐼. Equation (8)
represents an artificial penalty for the demand dissatisfaction
and subsequently to loss of opportunity revenue.

The following formulation of robust problem is defined
according to Leung et al. [32].

We denote the profit function for each scenario 𝑠 with
𝐹
𝑠
= [SR𝑠 + WC𝑠 − SC𝑠 − PC − TC − HC − PEC] . (9)

The objective function, which represents the maximizing
expected profit of the production planning problem with the
demand uncertainty, is formulated as follows:

max𝐸 [profit]

= max{

Ω

∑

𝑠=1

𝑝
𝑠
𝐹
𝑠
+ 𝜆

Ω

∑

𝑠=1

𝑝
𝑠
[𝐹
𝑠
−

Ω

∑

𝑠

=1

𝑝
𝑠
𝐹
𝑠
]

+𝜇

Ω

∑

𝑠=1

𝑝
𝑠
𝜃
𝑠
} .

(10)
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The first term of (10) is the mean value of the total profit.The
second term of (10) denotes the measure solution robustness
of the model. The third term in (10) represents the model
robustness and is used to penalize model infeasibility.

Constraints. First, we define the loss function as follows:

∀𝑠 ∈ Ω, 𝑓 (𝑋, 𝑠) =

𝑛

∑

𝑖=1

𝑓 (𝑋
𝑖
, 𝑠) = WC𝑠 + SC𝑠 − 𝛽 ⋅ SR𝑠.

(11)

The objective function is subject to the following constraints:

∀𝑖 ∈ 𝐼, ExpEnd𝑃
𝑖
≤ 𝑘, (12)

∀𝑖 ∈ 𝐼,

𝑚

∑

𝑗=1

𝑌
𝑖𝑗

= 1, (13)

∀𝑖 ∈ 𝐼, STP
𝑖
> 0, (14)

∀𝑖, 𝑖

∈ 𝐼, if ∃𝜇 ∈ 𝐽 so that 𝑌

𝑖𝜇
= 𝑌
𝑖

𝜇
= 1,

STP
𝑖
< STP

𝑖
 then STP

𝑖
 ≥ STP

𝑖
+ TP
𝑖
,

(15)

∀𝑠 ∈ Ω, 𝑃 [𝑠 | 𝑓 (𝑋, 𝑠) ≤ 0] ≤ 𝛼. (16)

Constraint (12) ensures that the expected delivery date for
all products should not exceed the length of the planning
horizon 𝑘 = |𝑇|. Constraint (13) guarantees that the
production of a product 𝑖 will take place only in one facility
𝑗. Constraint (14) indicates that the start of production of
a product 𝑖 is positive and integer. Constraint (15) ensures
that the production of more than one product cannot be
carried out in a parallel manner. Constraint (16) restricts the
probability of the loss function to be negative, for 𝛼 ⋅ 100%,
which means that the undesirable realization of uncertainties
can restrict the loss function to be positive in only (1 − 𝛼) ⋅

100%. As an example, for 𝛼 = 0.95 the constraint (16) has to
be satisfied for 95% for all possible realizations of demand𝐷

𝑠

𝑖

for all 𝑖 ∈ 𝐼 and for all 𝑠 ∈ Ω.

5. Experimental Results for a Case Study
with Three Scenarios

In order to cover different potential realizations of customer
demand, three scenarios have been selected, including a “pes-
simistic” scenario characterized by assumed low customer
demand, a “normal” scenario characterized by average cus-
tomer demand, and an “optimistic” scenario characterized by
relatively high customer demand. These three scenarios take
into account the insecurity concerning customer demand for
the products. Different values have been chosen based on data
taken from a real case study.

In this section we analyze the behavior of the model
by means of a case study based scenario. The input data
parameters of the model are summarized in Tables 1 and 2.

Three different scenarios are considered as a basis for
application of the model and its numerical results. The
first scenario “pessimistic scenario” illustrates low demand

Table 1: Input parameter used to solve the model.

Parameters Inputs
𝑘 = |𝑇| 10
𝑚 = |𝐽| 2
𝑛 = |𝐼| 4
Transport cost from facility 1
(China)

300 (pro 1000
product units)

Transport cost from facility 2
(Turkey)

100 (pro 1000
product units)

Transport time from facility 1
(China) 3

Transport time from facility 2
(Turkey) 1

𝛼 0.95
𝛽 0.1

Table 2: Unit production parameters.

Product 1 Product 2 Product 3 Product 4
Production

Minimum value 10000 7500 5000 8000
Maximum value 40000 30750 20750 31600

Production cost
Facility 1 1 1 2 2
Facility 2 3 2 3 5

Capacity
Facility 1 20000 20000 20000 20000
Facility 2 10000 10000 150000 10000

Penalty factor PF
𝑖

0.1 0.2 0.8 0.5
Delivery due date DD

𝑖
6 6 6 6

Shortage cost unit 5 4 5 9
Salvage cost unit 0.5 0.5 1 1
Unit selling price 8 6 8 14

forecasts for the next season. The second scenario “normal
scenario” represents the case when the customer demand
is normal. The third scenario “optimistic scenario” assumes
high customer demand. To characterize the uncertainties
of demand forecast of different products, a distribution
probability is applied. Figures 1 and 2 show an example of
the demand distribution, respectively, of the products under
pessimistic scenario and demand distribution of the product
1 for the three scenarios.

The risk to be considered from solving the model can
occur only because of wastage or shortage possibility. There-
fore, according to our definition of the loss function𝑓(𝑋, 𝑠) =

∑
𝑛

𝑖=1
𝑓(𝑋
𝑖
, 𝑠) = WC𝑠 + SC𝑠 − 0.1 ⋅ SR𝑠, the constraint (16)

for this case study ensures that the probability that the risk
costs incurring by, respectively, wastage and shortage costs do
not exceed the 10% (𝛽 = 0.1) of the expected profit revenue
in 95% (𝛼 = 0.95) of all possible realization of stochastic
parameters.

The model has been efficiently solved by means of
frontline risk solver which supports the robust optimization
through CVaR.
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Figure 1: Demand distribution of the products in a pessimistic scenario.
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Figure 2: Demand distribution of product 1 in different scenarios.

5.1. Pessimistic Scenario. Table 3 lists the production plan in
a pessimistic scenario. The expected average profit of the
production for the next season is about 219000. Moreover,
the solution can guarantee that the loss function will be
negative in 96% cases of all possible realizations of stochastic
parameters (Figure 3).

5.2. Normal Scenario. In the normal scenario, the demand
of product 1 and product 4, respectively, has nearly doubled,
whereas the demand of product 2 and product 3 has been
slightly increased. This is due to the low penalty factor
of product 1 and product 4 which can be incurred for
each delayed delivery and for the capacity restriction of
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Figure 3: Profit and loss function distribution in a pessimistic scenario.
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Figure 4: Profit and loss function distribution in a normal scenario.

Table 3: Production plan with the demand quantities in a pes-
simistic scenario.

Product 1 Product 2 Product 3 Product 4
Demand next
season 17969 16549 10169 14945

Start of production 3 2 1 1
Expected delivery
date 6 6 5 4

Produced In
Facility 1 0 1 1 1
Facility 2 1 0 0 0

the facilities (Table 4). In this case, the expected average
profit is about 450000, and the loss function is negative in
97.5% of all possible realizations of the stochastic parameters
(Figure 4).

5.3. Optimistic Scenario. Since the optimistic scenario pre-
dicts a boom economic scenario, the production reaches its

Table 4: Production plan with the demand quantities in a normal
scenario.

Product 1 Product 2 Product 3 Product 4
Demand next season 32355 19682 14415 26284
Start of production 1 4 3 1
Expected delivery date 6 8 7 6
Produced in

Facility 1 0 1 1 1
Facility 2 1 0 0 0

maximum (Table 5). In this case, the average profit is about
665000, and the loss function is satisfied with 99.1% of all
possible realizations of the stochastic parameters (Figure 5).

6. Conclusion and Outlook

In this paper we have presented a risk-constrained profit-
expected maximization model for a textile industry scenario.
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Figure 5: Profit and loss function distribution in an optimistic scenario.

Table 5: Production plan with the demand quantities in an opti-
mistic scenario.

Product 1 Product 2 Product 3 Product 4
Demand next season 37933 29312 19410 31600
Start of production 1 4 3 1
Expected delivery date 6 9 7 6
Produced in

Facility 1 0 1 1 1
Facility 2 1 0 0 0

The forecast demand uncertainty has been explicitly con-
sidered in the model by means of the robust optimization
and conditional value at risk theory by introducing and
restricting a loss function. The robust optimization model
originally proposed by [32] was adopted as the benchmark
formulation of uncertainty considered in this paper. A case
study has been used to demonstrate the viability of the
proposed mathematical model. Results indicate that the
production planning model using CVaR as the risk measure
performs robustly and provides flexibility in decision analysis
between different scenarios. The next step will be the further
development of the profit maximization model to consider
other types of uncertainties, for example, concerning the
availability of the production plants, transportation means,
and demand due dates.
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In the process of national economic mobilization, the logistics system usually suffers from negative impact and/or threats of such
emergency events as wars and accidents, which implies that adaptability of the logistics system directly determines realization of
economicmobilization. Andwhere the real-time rescue operation is concerned, heavy traffic congestion is likely to cause a great loss
of or damage to human beings and their properties. To deal with this situation, this article constructs a blocking-resistance optimum
model and an optimum restructuring model based on blocking flow theories, of which both are illustrated by numerical cases and
compared in characteristics and application. The design of these two models is expected to eliminate or alleviate the congestion
situation occurring in the logistics system, thus effectively enhancing its adaptability in the national economicmobilization process.

1. Introduction

Mobilization of national economy refers to a series of activ-
ities of planning and organizing a nation’s economy from
the previously regular situation to an irregular state in order
to satisfy emergency needs when wars or accidents occur
[1]. In the whole operation, resources mobilization is given
priority and thus the logistics activities play an essential
role in the phases of resource preparation, distribution, and
demobilization [2]. Since national economic mobilization is
featured by quick response to wars and other urgent events,
a logistics system that works mainly to meet emergency
demand is defined as the national economic mobiliza-
tion logistics (abbreviated as mobilization logistics). Specif-
ically, the national economic mobilization logistics activities
involve a whole procedure of spatially transferring mobilized
resources from suppliers to end users through preparation,
transportation, packaging, storage, and even consumption,
and so forth [3].

Wars and emergency events, on the one hand, are the
reasons why mobilization logistics comes into being and are
the objects that the logistics system has to deal with, and,
on the other hand, they actually form attacks and threats
to the mobilization logistics [4]. As statistical data show,

in the rescue operation aftermath a natural disaster, an inef-
fective logistics distribution usually causes substantial losses
of casualties and property, accounting for approximately
15% to 20% of the overall losses [4]. Once suffering from
an impact or threat, the mobilization logistics system is
needed to adjust its own internal components and structural
functions in order to become adaptable to any change,
which is regarded as the logistics system’s adaptability [5]. By
referring to system disturbance and monitoring theories, the
authors define the mobilization logistics system adaptability
as an ability of a logistics system to respond to disturbance
and emergency events such as wars and accidents through
restructure of its internal elements and functions when the
nation’s mobilization logistics system is disturbed [6].

National economic mobilization logistics is essentially
a summit logistics. Accordingly, if any war or unexpected
event occurs, logistics demandwill soar and logistics network
systems will probably be attacked. Under the circumstances,
there will emerge blocks in logistics network nodes and links
and even a blocking in the whole network [7]. To achieve a
higher capability to control the network in real time, some
methodologies have been directly assigned to distributed
flow objects [8–11]. In this paper, the authors reckon the
blocking phenomenon to be coincident with issues described
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in blocking flow theories. Furthermore, considering potential
losses incurred by serious traffic blocking, this paper attempts
to construct a blocking-resistance optimum model and an
optimum restructuring model using blocking flow theories,
followed by a detailed analysis of their difference and usage.
Such design is expected to eliminate or alleviate congestion
situation occurring in the logistics system, thus effectively
enhancing its adaptability in the national economicmobiliza-
tion process.

2. Generalization of Blocking Flow

The concept of blocking flow originates from the maximum
flow algorithm proposed by Dinitz in 1970, which was
originally used to deal with the transition value in maximum
flow algorithm; later on, it had been widely introduced in
maximum flow algorithm. Since 1994, Professor Ning Xuanxi
has been engaged in the blocking flow theory and application
systematically and deeply, funded by the National Natural
Science Foundation three times. Hemade great contributions
to the blocking flow theory by having proposed relevant
concepts and definitions, proved fundamental theorems,
solved minimum flow problems in the network, constructed
a basic frame of block theory, and made a series of progress
in approaches and application [12].

2.1. Basic Concepts of Network Flow

(1) Value of flow: the materials’ quantity passes through
the arc 𝑖-𝑗 during a specific period of time, denoted
by 𝑓
𝑖𝑗
, a variable ready to be calculated in the network

flow problem. The total flow value in a network is
represented by V(𝑓).

(2) Capacity: the maximum permissible flow of an arc is
generally denoted by 𝑐

𝑖𝑗
.

(3) Feasible flow: the flow satisfying the conditions is as
follows.

(a) Capacity constraint: As for each arc V
𝑖
V
𝑗
∈ 𝐴 (A

standing for the arcs set), there is 0 ≤ 𝑓
𝑖𝑗
≤ 𝑐
𝑖𝑗
,

that is, the flow in arc 𝑖-𝑗 being notmore than its
capacity.

(b) Equilibrium condition: The flow entering the
initial vertex V

𝑠
is equal to the total sum of

flow, and the one outflowing from the terminal
vertex V

𝑡
is equal to total sum of flow, and the

one entering an intermediate vertex 𝑖 (𝑖 ̸= 𝑠, 𝑡) is
equal to that outflowing this vertex, shown as

∑

V
𝑠
V
𝑗
∈𝐴

𝑓
𝑠𝑗
− ∑

V
𝑗
V
𝑠
∈𝐴

𝑓
𝑗𝑠
= V (𝑓) ,

∑

V
𝑡
V
𝑗
∈𝐴

𝑓
𝑡𝑗
− ∑

V
𝑗
V
𝑡
∈𝐴

𝑓
𝑗𝑡
= −V (𝑓) ,

∑

V
𝑖
V
𝑗
∈𝐴

𝑓
𝑖𝑗
− ∑

V
𝑗
V
𝑖
∈𝐴

𝑓
𝑗𝑖
= 0.

(1)

(4) Saturated arc and unsaturated arc: The arc with the
same flow value as the capacity (i.e., 𝑓

𝑖𝑗
= 𝑐
𝑖𝑗
) is called

saturated arc, while that with less flow value than
capacity (i.e., 𝑓

𝑖𝑗
< 𝑐
𝑖𝑗
) is called unsaturated arc.

(5) Forward arc and backward arc: In the complete net-
work, the arc with direction from the initial vertex V

𝑠

to the terminal vertex V
𝑡
is called forward arcs, and the

onewith direction from V
𝑡
to V
𝑠
is called backward arc.

2.2. Definitions of Blocking Flow

Definition 1. Anaugrementing directed path from source ver-
tex 𝑠 to sink vertex 𝑡 is defined as a path alongwhich flowvalue
can be increased and each arc in the path has the direction
consistent with the flowdirection.The augrementing directed
path in discussion exists without repeated vertexes or arcs.

Definition 2. A feasible flow is defined as the saturated flow
of the network if there is no augrementing directed path.

Definition 3. The saturated flow of a network is defined as the
blocking flow if the value of the saturated flow is less than the
entrance flow capacity of the network.

Definition 4. The capacity potential at the vertex 𝑉
𝑖
refers to

the difference between the total capacities of outgoing arcs
and the total capacity of incoming arcs at 𝑉

𝑖
, shown as

ΦV𝑖 = ∑

𝑗

𝑐
𝑖𝑗
−∑

𝑗

𝑐
𝑗𝑖
, (2)

where 𝑐
𝑗𝑖
denotes the capacity of the arc 𝑒

𝑗𝑖
. Clearly, when

Φ
𝐴
≥ 0, there will be no structural blocking phenomenon

at the vertex 𝐴 (neither source vertex nor sink vertex); and,
when Φ

𝐴
< 0, structural blocking will probably occur at

the vertex 𝐴. In this case, the vertex with negative capacity
potential is called structurally blocking vertex.

Definition 5. If capacities of all vertexes in a network (exclud-
ing source and sink vertexes) are commonly zero, such a
network is called a totally balanced one.

3. Blocking-Resistance Optimum Model for
the Traffic Network

Since the traffic network design is generally required not
only to meet the demand for traffic flow but also to alleviate
blocking phenomena asmuch as possible, both parameters of
maximum flow and minimum flow in a network are worth
special notice. Traditionally, some designed networks were
unable tomeet the demand for themaximumflow in practical
operation by ignoring the minimum flow. Accordingly, to
avoid any blocking in a network, the proposedmodel amends
the original capacity parameters in a permissible range and
thus makes the capacity potential of all vertexes more than
zero, with exception of the source and sink vertex.



Mathematical Problems in Engineering 3

3.1. Model Design. Take a traffic network𝑁 = (𝑉,𝐴, 𝑠, 𝑡) into
consideration, in which 𝑠 denotes the source vertex, 𝑡 the sink
vertex,𝑉 the vertex set, and𝐴 the arc set.The original design
is described as follows.

(1) The originally designed capacity, and the permissible
maximumandminimum capacity are already known.

(2) The requirement concerning incoming flow is given.

(3) The cost used to construct one unit capacity of an arc
is learned.

Note that, in the proposed model, the fluctuation of
capacities corresponds to the original ones comparatively.
The cost occurring from a unit capacity fluctuation of an arc
is supposed to be equal, denoted as 𝑏(𝑒

𝑖𝑗
) for the arc 𝑒

𝑖𝑗
. The

optimum objective is to achieve the least transformation cost
[13].

The objective function is

min (∑{𝑏 (𝑒
𝑖𝑗
) ⋅ Δ𝑐 (𝑒

𝑖𝑗
) | 𝑒
𝑖𝑗
∈ 𝐸}) , (3)

where Δ𝑐(𝑒
𝑖𝑗
) indicates the increased capacity of the arc 𝑒

𝑖𝑗
.

The constraint conditions are shown below.

(1) As for the negative capacity potential, there is

Φ̃V
𝑖

= ∑

𝑗

{Δ𝑐 (𝑒
𝑖𝑗
) | 𝑒
𝑖𝑗
∈ 𝐸}

−∑

𝑗

{Δ𝑐 (𝑒
𝑗𝑖
) | 𝑒
𝑗𝑖
∈ 𝐸} + ΦV

𝑖

= 0, ∀V
𝑖
∈ 𝑉.

(4)

(2) As for the nonnegative capacity potential, there is

−ΦV
𝑖

≤ ∑

𝑗

{Δ𝑐 (𝑒
𝑖𝑗
) | 𝑒
𝑖𝑗
∈ 𝐸}

−∑

𝑗

{Δ𝑐 (𝑒
𝑗𝑖
) | 𝑒
𝑗𝑖
∈ 𝐸} ≤ 0, ∀V

𝑖
∈ 𝑉.

(5)

(3) The incoming flow is restricted by

∑

𝑗

𝑐 (𝑒
𝑠𝑗
) = 𝐹, ∀V

𝑖
∈ 𝑉. (6)

(4) In the network, each arc’s flow value and capability are
restricted by

𝑥 (𝑒
𝑖𝑗
) ≤ 𝑐 (𝑒

𝑖𝑗
) , ∀𝑒

𝑖𝑗
∈ 𝐸,

𝑚𝑐
2
(𝑒
𝑖𝑗
) ≤ 𝑐 (𝑒

𝑖𝑗
) ≤ 𝑚𝑐

1
(𝑒
𝑖𝑗
) , ∀𝑒

𝑖𝑗
∈ 𝐸,

(7)

where𝑚𝑐
1
(𝑒
𝑖𝑗
) and𝑚𝑐

2
(𝑒
𝑖𝑗
) are the maximum and minimum

capacities, respectively.
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Figure 1: Numerical case of blocking-resistant optimum design.

3.2. Numerical Case. Figure 1 illustrates a traffic network
related to the mobilization logistics system and six vertexes
that represent six cities, respectively. As for each arc, there
are four parameters: 𝑥(𝑒

𝑖
)/𝑐(𝑒
𝑖
), 𝑚𝑐
1
(𝑒
𝑖
), and 𝑏(𝑒

𝑖
), of which

𝑐(𝑒
𝑖
) indicates the original capacity of the arc 𝑒

𝑖
with𝑚𝑐

2
(𝑒
𝑖
) =

2 and 𝑏(𝑒
𝑖
) indicates the cost occurring from changing per

unit capacity, and the numbers next to the vertex indicates
the capacity potential of each vertex. Besides, the incoming
flow is assumed to obey the rule of 𝐹 = 15.

The blocking-resistant optimumdesignmodel is set up as
follows.

The objective function is

min (∑ {𝑏 (𝑒
𝑖
) ⋅ Δ𝑐 (𝑒

𝑖
) | ∀𝑒
𝑖
∈ 𝐸}) . (8)

Constraint conditions are

−6 ≤ Δ𝑐 (𝑒
3
) + Δ𝑐 (𝑒

4
) − Δ𝑐 (𝑒

1
) ≤ 0, (9)

−7 ≤ Δ𝑐 (𝑒
7
) + Δ𝑐 (𝑒

9
) − Δ𝑐 (𝑒

6
) ≤ 0, (10)

Δ𝑐 (𝑒
6
) − Δ𝑐 (𝑒

2
) − Δ𝑐 (𝑒

3
) − Δ𝑐 (𝑒

5
) = 0, (11)

Δ𝑐 (𝑒
5
) + Δ𝑐 (𝑒

8
) − Δ𝑐 (𝑒

4
) − Δ𝑐 (𝑒

7
) = 0, (12)

𝑐 (𝑒
1
) + 𝑐 (𝑒

2
) = 15, (13)

𝑚𝑐
2
(𝑒
𝑖
) ≤ Δ𝑐 (𝑒

𝑖
) + 𝑐 (𝑒

𝑖
) ≤ 𝑚𝑐

1
(𝑒
𝑖
) , ∀𝑒

𝑖
∈ 𝐸. (14)

Among them, formulas (9) and (10) separately corre-
spond to the vertexes V

1
and V

4
who have positive capacity

potentials, while formulas (11) and (12) separately correspond
to the vertexes V

2
and V
3
who have negative capacity poten-

tials. In addition, in formula (13), 𝑒
1
and 𝑒
2
indicate incoming

arcs, and the incoming flow of network is specified as 15. Let
Δ𝑐(𝑒
𝑖
) = 𝑥
𝑖
; then the matrix in terms of the above-mentioned

objective function and constraint conditions are illustrated as
follows.

The objective function is min(𝐴𝑋).

The constraint condition is 𝐶 ≤ 𝐵𝑋 ≤ 𝐷,
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Table 1: Parameters comparison between the original design and the optimum design.

Arcs capacity distribution Maximum flow Minimum saturated flow Construction cost
Original (8, 7, 5, 9, 2, 9, 6, 5, 10) 14 9 163
Optimum (10, 5, 2, 8, 2, 9, 2, 8, 7) 15 15 131

where
𝐴 = [2 3 2 3 4 2 3 1 4] ,

𝑋 = [𝑥
1
𝑥
2
𝑥
3
𝑥
4
𝑥
5
𝑥
6
𝑥
7
𝑥
8
𝑥
9
]

𝑇

,

𝐵 =

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

−1 0 1 1 0 0 0 0 0

0 0 0 0 0 −1 1 0 1

0 −1 −1 0 −1 1 0 0 0

0 0 0 −1 1 0 −1 1 0

1 1 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

,

𝐶=[−6 −7 5 8 0 −6 −5 −3 −7 0 −7 −4 −3 −8]

𝑇

,

𝐷 = [0 0 5 8 0 2 3 5 0 3 1 4 5 0]

𝑇

.

(15)
The final objective value turns out to be −32 with the
help of Lingo software. In other words, the transformation
cost decreases by 32 units compared with the traditionally
designed network. Table 1 shows the comparison of param-
eters between the newly designed network and the original
one.

4. The Blocking-Resistant
Optimum Transformation Design
for the Traffic Network

This model is aimed at transforming the prevailing traffic
system into a blocking-resistant one. Compared with the
aforementioned one, this model appears to be different
in existing arcs reconstruction, which requires expansion
instead of reduction in capacity variation. As a result, struc-
tural blocks are diminished or reduced as many as possible,
thus bringing about a totally balanced traffic network [14].

4.1. Model Construction. There are some conditions already
known before the traffic network is reconstructed, including
the following.

(1) The cost occurring from expanding unit capacity of
each path (i.e., the length of each arc), denoted as 𝑏

𝑖
, is

dependent on facilities removal charges, path’s length,
and operation complexity.

(2) The maximum capacity limit for each path is
described as𝑚𝑐

𝑖𝑗
.

(3) In addition, each path is required to be expanded
instead of narrowed; that is, Δ𝑐

𝑖𝑗
≥ 0.

As for each arc, given the four parameters of [𝑥
𝑖𝑗
, 𝑐
𝑖𝑗
, 𝑚𝑐
𝑖𝑗
,

𝑏
𝑖𝑗
], amongwhich𝑥

𝑖𝑗
indicates the current flow volume, 𝑐

𝑖𝑗
the

original capacity,𝑚𝑐
𝑖𝑗
the maximum capacity, and 𝑏

𝑖𝑗
the cost

paid to improve unit capacity (if 𝑥
𝑖𝑗
< 𝑐
𝑖𝑗
, 𝑏
𝑖𝑗
= 0), blocking-

resistant transformation is thus to be understood as a problem
of how to enlarge every arc’s capacity with the least cost. That
is, the negative capacity potential vertexes will be increased
as many as possible, while the positive ones will be reduced
and not less than 0. After being transformed, the network
will suffer less structural blockswith improvement in negative
capacity potentials.

Let the added capacity value of each arc be

Δ𝑐 (𝑒
𝑖𝑗
) = 𝑐 (𝑒

𝑖𝑗
) − 𝑐 (𝑒

𝑖𝑗
) . (16)

The objective function is

min (∑{𝑏 (𝑒
𝑖𝑗
) ⋅ Δ𝑐 (𝑒

𝑖𝑗
) | Δ𝑐 (𝑒

𝑖𝑗
) > 0, 𝑒

𝑖𝑗
∈ 𝐸}) , (17)

where 𝑏(𝑒
𝑖𝑗
) refers to the cost needed for improving unit

capacity of arc 𝑒
𝑖𝑗
.

The constraints are as follows.

(1) For the negative capacity potential vertex, there is

∑

𝑗

{Δ𝑐 (𝑒
𝑖𝑗
) | 𝑒
𝑖𝑗
∈ 𝐸} −∑

𝑗

{Δ𝑐 (𝑒
𝑗𝑖
) | 𝑒
𝑗𝑖
∈ 𝐸} ≥ 0. (18)

(2) For the nonnegative capacity potential vertex, there is

−ΦV
𝑖

≤ ∑

𝑗

{Δ𝑐 (𝑒
𝑖𝑗
) | 𝑒
𝑖𝑗
∈ 𝐸}

−∑

𝑗

{Δ𝑐 (𝑒
𝑗𝑖
) | 𝑒
𝑗𝑖
∈ 𝐸} ≤ 0, ∀V

𝑖
∈ 𝑉.

(19)

(3) Furthermore, restrictions on flow volume and capac-
ity for the network are

𝑥 (𝑒) ≤ 𝑐 (𝑒) , ∀𝑒 ∈ 𝐸,

0 ≤ 𝑐 (𝑒) ≤ 𝑚𝑐 (𝑒) , ∀𝑒 ∈ 𝐸.

(20)

Note that the incoming flow is limited to being𝐹 and the
maximum capacity of arc 𝑒 is𝑚𝑐(𝑒).
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Table 2: Comparison of arcs’ capacity and saturated flow before and after transformation.

The network before transformation The network after transformation
Arcs’ capacity distribution [8, 7, 5, 9, 2, 9, 6, 5, 10] [10, 7, 5, 9, 2, 10, 6, 9, 10]
Network’s maximum flow 14 17
Network’s minimum saturated flow 9 13
Minimum transformation cost — 10

4.2. Numerical Case. Referring to Figure 1, the figures above
the arrow line represent 𝑥

𝑖𝑗
/𝑐
𝑖𝑗
, 𝑚𝑐
𝑖𝑗
, and 𝑏

𝑖𝑗
, and those next

to all nodes describe the capacity potentials. Besides, the
nodes V

2
, V
3
are negative capacity potential vertexes, while

V
1
, V
4
are positive capacity potential vertexes. Before being

transformed, the maximum flow and minimum flow are 𝐹 =

14 and V = 9, respectively. The optimum design model is set
up as below.

The objective function is

min (∑ {𝑏 (𝑒
𝑖
) ⋅ Δ𝑐 (𝑒

𝑖
) | ∀𝑒
𝑖
∈ 𝐸}) . (21)

The constraint conditions are

−6 ≤ Δ𝑐 (𝑒
3
) + Δ𝑐 (𝑒

4
) − Δ𝑐 (𝑒

1
) ≤ 0,

−7 ≤ Δ𝑐 (𝑒
7
) + Δ𝑐 (𝑒

9
) − Δ𝑐 (𝑒

6
) ≤ 0,

Δ𝑐 (𝑒
6
) − Δ𝑐 (𝑒

2
) − Δ𝑐 (𝑒

3
) − Δ𝑐 (𝑒

5
) ≥ 0,

Δ𝑐 (𝑒
5
) + Δ𝑐 (𝑒

8
) − Δ𝑐 (𝑒

4
) − Δ𝑐 (𝑒

7
) ≥ 0,

𝑐 (𝑒
1
) + 𝑐 (𝑒

2
) = 15,

𝑚𝑐
2
(𝑒
𝑖
) ≤ Δ𝑐 (𝑒

𝑖
) + 𝑐 (𝑒

𝑖
) ≤ 𝑚𝑐

1
(𝑒
𝑖
) , ∀𝑒

𝑖
∈ 𝐸.

(22)

We obtain the objective value of 10 using Lingo software.
The optimized network is illustrated in Figure 2, and both the
arc capacity and saturated flow before and after transforma-
tion are compared in Table 2.

5. Conclusion

In short, the traffic-network blocking-resistant optimum
model differs from the blocking-resistant optimum transfor-
mation model in nature.

As far as the optimum design model is mentioned, the
capacity parameters in original design need to be amended
with the objective of preventing the network from structural
blockswith the capacity potential being less than zero for each
vertex, except for source and intermediate vertexes. As shown
in the numerical case, once optimized, the capacity potential
of vertexes V

2
, V
3
with negative ones in original network

becomes 0 and the maximum and minimum saturated flow
are equal, thus resulting in a totally balanced network.

In the optimum transformation model, however, the
objective is to diminish and reduce structural blocking
vertexes as many as possible. Seen from Figure 2, through
transformation, the vertex V

2
and vertex V

3
achieve the

capacity potentials of −4 and −4, compared with −5 and −8
without transformation, respectively.That is, the two vertexes

(10)

(9)

(10)
(10)

(7)

(5
)

(6
)

(9)

(2)
s t

e1

e2

e3

e4

e5

e6

e7
e8

e9

V1

V2

V3

V4

Figure 2: Transformed Network.

mentioned above still have negative capacity potentials,
which maintain structural blocks in the network. In other
words, the network is likely to suffer from blocking phenom-
ena. More importantly, both the maximum and minimum
saturated flowwill increase simultaneously after experiencing
transformation, and thus effectively improving the network.

In conclusion, the optimum model is suitable for the
phase during which a traffic network is being designed, while
the optimum transformation model is more adaptable for
reconstruction of the already established traffic network. In
mobilization logistics practice, the optimum transformation
model will be commonly utilized for it helps prevent or
diminish blocking phenomena by increasing arcs’ capacity
in accordance with actual conditions of traffic network
transformation, which may lay a solid foundation for the
research of mobilization logistics system adaptability.

In practice, travel time of saturated flows is one of the
essential parameters employed in optimization and trans-
formation designing process. Actually, the travel time in
question seems ambiguous and uncertain owing to coeffect of
environmental and human factors. Accordingly, to achieve a
reasonable resource allocation, our further researchwill focus
on a synthetic optimization combining reconstruction cost,
travel time, and saturated flow distribution.
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This paper incorporates the three pillars of sustainability—economic, environmental, and social dimensions—into a supply chain.
A multiobjective programming model which jointly minimizes costs, emissions, and employee injuries in a supply chain is first
constructed. Using the weighted-sum approach with weights setting by the analytic hierarchy process (AHP), the model is solved
by normalization of theminima of the three objectives. A numerical example is conducted to test themodel.The results show that it
is indeed possible to integrate environmental and social metrics in supply chain system optimization. Multiobjective optimization
can balance the social, environmental, and economic performance. This paper presents a new multidimension perspective for
optimizing supply chain; it will inspire practitioners to change their decision ideas and improve supply chain sustainability.

1. Introduction

Sustainable development is becoming a world-wide hot topic
in academics and practice. “If everyone used energy and
resources the same way we do in the Western World, we
would need three more earths at least. And we have only
one.” [1]. The former Minister for Sustainable Development
in Sweden addressed one of the major challenges we have
to face in the 21st century—the scarcity of resources. More
and more countries, institutions, and businesses recognize
that the world population has to change its behavior to
tackle problems that might easily become or already are
constraints to international growth. In a report for theOECD,
Strange and Bayley [2] draw up a great past in terms of
economic growth with incomes having increased eightfold
since 1820, but they also suggest that there are “clouds on the
horizon.” Salim [3] states that “unsustainable development
has degraded and polluted the environment in such a way
that it acts now as the major constraint followed by social
inequity that limits the implementation of perpetual growth.”
The bad effect of pollution, also on economicwealth, has been

examined especially in the context of climate change. The
Climate Vulnerability Monitor by the NGO DARA reveals
the impact of global warming on every aspect of life [4]. It
estimates that in 2010 the global economy has to bear total
losses of around 1.2 trillion dollars due to the carbon emission
and climate change.Different fromother consequences, those
losses are also significant in the industrialized world [4].

There are other driving factors, such as customer aware-
ness, media interference or governmental regulations that
push the development of sustainable solutions [5]. For
example, in 2005, the Emissions Trading System had been
launched in the European Union. It covers more than
11,000 power stations and industrial plants in 31 countries.
This “cap-and-trade” approach gives high-emitting industry
sectors the choice to either cut down on pollution or to
bear the cost of buying emission allowances [6]. This is
definitely an incentive for European companies to pursue
greener production. Besides the environmental problem,
corporate social responsibility is also a growing issue. In
2012, a TV news report about the working conditions in
manufacturing sites for jeans in China triggered countrywide
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discussions in Germany [7]. And this is just one media
coverage amongst many. There are also many other events
of media interfering sustainable development, such as, the
German magazine “Wirtschaftswoche” denounced textile
factories in Bangladesh [8], theUS newspaper “TheNewYork
Times” wrote about the human costs of an iPad [9], and,
even in China, the “China Daily” called for an improvement
of migrant workers’ situation [10]. Nowadays, consumers
thereby are becoming more and more concerned about the
sustainability of companies’ activities.

Under this international backgroundof sustainable devel-
opment, sustainability management becomes increasingly
important, and supply chain management surely cannot be
excluded from this stream of sustainable development. On
the contrary, supply chainmanagers are significantly involved
in companies’ operations and bear more and more respon-
sibilities in essential decision making processes, such as the
selection of suppliers, transport modes, or production meth-
ods during sustainable manufacturing [11]. In academics,
sustainable supply chain management (SSCM) has become
a new hot topic for research; more and more authors are
researching the problem of sustainable supply chain strategy
and operations management.

While there is an abundance of supply chain models that
integrates economic and environmental goals concerning
green supply chain (e.g., [12–16]), there is only a few of them
considering the social layer issues (e.g., [17, 18]). Carter and
Rogers [19] also criticize that general management as well
as the operations management literature often focuses on
the ecological dimension of sustainability and neglects social
aspects.

In the literature of the area of production and logistics
system optimization, there are some authors who have stud-
ied the complex production-supply logistics systems; Ait-
Alla et al. [20] study the robust production planning in an
apparel industry under demand uncertainty via conditional
value at risk. Karimi et al. [21] study a class of production
networks of autonomous work systems with time varying
delays in capacity changes. Mehrsai et al. [22] address a
pull-push flow strategy in a supply network and propose a
novel solution for optimizing the pull side employing conwip
system using metaheuristic and fuzzy system optimization
method.Mehrsai et al. [23] study production-logistics system
using simulation method, in which a learning autonomous
pallets’ concept is used in a discrete simulation model to
analyze and compare several decentralized control strategies.

However, all those studies do not consider the social
objectives. Using different previous research, in this paper,
we take an iron and steel factory as case background,
considering the above three sustainable factors, study the
complex multiobjective optimization model of production-
sourcing logistics system. In this model, several rawmaterials
are supplied from different suppliers, and then the iron and
steel factory produces products to meet customers demand.
Through constructing a multiobjective programming model
by concurrently considering social, environmental, and eco-
nomic factors, we demonstrate the benefit of sustainable
supply chain system optimization based on multiple factors
instead of single economic objective.

This paper is organized as follows. First, a definition
of sustainability in general and sustainable supply chain
management in particular is developed based on the literature
review. Then, based on existing research, an optimization
model of sustainable supply chain system based on multi-
objective programming approach is constructed and, thirdly,
the corresponding solution method is developed. Fourthly, a
numerical example is used to demonstrate the application of
the model. At last, conclusion and future research directions
are summarized.

2. Definition and Framework of
Sustainable Supply Chain

(1) Sustainability. The idea of sustainability goes back to the
mid-ages. In 1713, Hanns Carl von Carlowitz, head of the
Royal Mining Office in the Kingdom of Saxony, in order to
meet the challenge of a predicted shortage of timber—the
key resource of the time—requested that the number of trees
that are cut down may not exceed the amount of new trees
growing [24]. This idea tells that the nature resource of the
earth is limited, and human being should moderately utilize
the nature resource.

In modern age, the discussion about sustainability was
initiated in 1972 when the Club of Rome published its first
report “Limits to growth” [5]. One of the milestones in
the development of the sustainability definition was a UN
(United Nations) report commonly known as Brundtland
Report, and the original name of the report was “Our
common future” [25]. It is notable to mention that the former
Norwegian Prime Minister, Gro Harlem Brundtland, shaped
not only the name of this memorandum but the whole
definition of sustainability for years to come [25]. Even today,
more than 30 years later, “development that meets the need
of the present without compromising the ability of future
generations to meet their needs” (World Commission on
Environment andDevelopment [25]) is still the basis formost
definitions of sustainability.

One of the most famous literatures when it comes to
sustainability is Elkington’s book “Cannibals with Forks:
The Triple Bottom Line of the 21st Century” [26]. He
compares sustainability to a fork with three prongs. The
three prongs stand for the economic, environmental, and
social performance of an organization. The idea of the triple
bottom line promotes the simultaneous optimization of all
three dimensions. Carter and Rogers have transformed this
idea into a figure (see Figure 1) and conclude that “there
are activities that organizations can engage in which not
only positively affect the natural environment and society,
but which also result in long-term economic benefits and
competitive advantage for the firm” [19].

These three aspects of sustainability are sometimes also
called 3 Ps: profit, planet, and people [5]. Dyllick and
Hockerts [27] describe the triple bottom line as 3 different
types of capital: economic, natural, and social capital. In order
to reach corporate sustainability, they conclude that all three
types of capital have to be optimized.
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Figure 1: The triple bottom line of sustainability [19].

Nowadays, the notion of sustainability has been defined
on amacroeconomic basis as well as in the sense of corporate
sustainability [26, 27]. In this paper, we will base on the
idea of sustainability to construct the optimization model of
sustainable supply chain management.

(2) Sustainable Supply Chain Management. There is no con-
sensus definition on the sustainable supply chain manage-
ment. Carter and Rogers [19] define sustainable supply chain
management (SSCM) as follows.

The strategic, transparent integration and achievement
of an organization’s social, environmental, and economic
goals in the systemic coordination of key inter-organizational
business processes for improving the long term economic
performance of the individual company and its supply chains.

Tang and Zhou [28] use the PPP (profit, people, and
planet) approach to construct a sustainable supply chain
model (see Figure 2). In Figure 2, the economic dimension is
depicted by the blue arrows (i.e., the central part of the figure,
from the box of “producers” to the box of “supply chain”
and the box of “consumers”), the green arrow represents the
environmental problems (i.e., from the box of “wastes and
emissions” to the box of “natural resource” in the figure) and
the red arrow stands for social facets (i.e., from the box of
“producers” to the box of “consumers”).

All of the SSCM definitions have one thing in common:
they emphasize the necessity to simultaneously consider all
three dimensions within the supply chain; that is, while
considering the economic performance of supply chain,
improving social and environmental impact also has to be
considered. Cetinkaya et al. [29] employ a three-dimension
metrics system to describe the sustainability, that is, social,
economic, and environmental dimensions, and each of the
dimensions is broken down into other three subdimensions
(see Figure 3). They state that an improvement in any of
these subdimensions, without a negative effect on another
subdimension, will ultimately lead to a more sustainable
supply chain.

In order to make the sustainable supply chain quantifi-
able, in this paper, we will follow the approach of Cetinkaya
et al. [29], as it is necessary to find and categorize metrics.
According to this framework, we will construct a series
of metrics of sustainable supply chain, and then under

Wastes and 
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(people)
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distributors)

Consumers
(people)

Natural resources
(water, air, crude oil, 
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PriceCost
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Figure 2: Supply chain integrated in the PPP ecosystem [28].
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Figure 3: Metric dimensions and subdimensions of sustainability
[29].

these three objective dimensions—social, economic, and
environmental dimensions, to construct a multiobjective
programming model.

3. Problem Definition and Modeling

Before applying the mathematical optimization model, we
first define the assumptions of the supply chain and then
formulate the optimization problem.

3.1. Supply Chain Model and Problem Definition. The opti-
mization problem proposed in this paper is simulated from
the production facility’s perspective with only one period of
time under consideration. In the model, a production facility
produces one type of output, which is shipped to a group
of customers. The raw materials are sourced from a finite
number of suppliers. The suppliers ship the raw materials via
different transport modes to the production facility.

For the optimization of the supply chain, several assump-
tions are made as follows.

(1) The supply is organized in a just-in-time manner, so
that the effect of incoming items inventory can be
neglected.
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(2) The ordered quantities of all raw materials will meet
the needs of the production.

(3) There is more than one type of raw materials sourced
from several suppliers.

(4) The production facility, suppliers, and transportation
options have capacity constraints.

(5) All suppliers together can fulfill the ordered quantities
needed for production and meet the demand of
customers.

(6) The demand of the customers is known and the
production facility is able to satisfy the demand.

(7) Outgoing items inventory will remain insignificantly
small and is therefore neglected.

(8) Transportation costs depend on the distance from
suppliers to production facility, as well as on the
quantity shipped.

(9) Production emissions depend on the chosen pro-
duction method, as well as the produced quantity,
while transportation emissions are dependent on the
shipped quantity of the respective material and the
distance from the suppliers to the production facility.

The proposed model gives answers to the following
questions (established as decision variables).

(i) How much quantity of the respective raw material
should be ordered from which supplier?

(ii) How much quantity of a raw material should be
shipped using what transport mode from the respec-
tive supplier to the production facility?

(iii) Which production method should be chosen?

Based on viewpoint of sustainable supply chain, the
optimizationmodel of supply chain includes three objectives:
economical, environmental, and social objectives. Subse-
quently, the three dimensions should be optimized simul-
taneously. According to the subdimensions of a sustainable
supply chain presented in Cetinkaya et al. [29], several met-
rics can be chosen to quantify the three aspects under consid-
eration. Due to the limited space of the paper, therefore, for
each dimension, only one metric will be selected to measure
the supply chain’s performance in the respective field. For
the sake of computation convenience, the chosen indica-
tors should be simple, understandable, easy to reproduce,
comparable, complementary to regulatory programs, cost-
effective in data collection, stackable and scalable, useful as
a management tool, and protective of company information
[30].

The first objective is to achieve economic sustainability.
The three subdimensions of economic sustainability are
quality, efficiency, and responsiveness. As for Cetinkaya et al.’s
[29] statement, efficiency is “the most familiar dimension
for all managers” (page 61). This is also reflected by Székely
and Knirsch [30], who study the metrics used in 20 different
companies’ annual reports and sustainability reports. There
are several measures for efficiency: utilization, productivity,
cost reduction, and service level. For the purpose of this

paper and under the assumptions, minimizing costs will
be chosen to represent the economic dimension. The cost
of the production facility is composed of production costs,
transportation costs, and material costs for the sourced raw
materials.

The environmental dimension consists of the following
components: emissions, natural resources utilization and
waste, and recycling [29]. Tang and Zhou [28], as well as
Dekker et al. [11], pinpoint that one of the most important
ways to estimate environmental impact is the measurement
of emissions and pollution. This is the fact due to “more
stringent government regulations and increasing awareness
of environmental protection among consumers and society”
([28], page 591). The two major sources of emission in
supply chains are production operations and transportation.
Therefore the environmental objective in the model will be
assessed using the emissions of the production method and
the transportation options. As shown by Daniel et al. [31],
pollution can be classified into three categories: water, air, and
soil pollution. If applicable, harm to all three areas should be
considered.

Last but not least, probably the most difficult part is the
social dimension. Health and safety, employees, and noise are
the three subdimensions determined by Cetinkaya et al. [29].
One of the most commonly adapted metric in this field is
the accident and illness number, or rather the accident/illness
number in relation to working hours [30]. This measure will
be taken as a basis andmodified to accommodate the severity
of different accidents and illnesses.

3.2. Mathematical Formulation of the Model. Having com-
pleted the general model description and problem introduc-
tion, we can now formulate the problem. At first, indices and
variables will be defined, followed by the construction of the
objective functions and the constraint functions.

3.2.1. Indices and Notations

Indices

i (1, . . . , 𝐼): supplier;

r (1, . . . , 𝑅): raw material;

m (1, . . . ,𝑀): production method;

t (1, . . . , 𝑇): transport mode;

p (1, . . . , 𝑃): pollutant;

n (1, . . . , 𝑁): severity class of injury.

Decision Variables

𝑄
𝑟

𝑖
: quantity of raw material 𝑟 bought from supplier 𝑖;

PM
𝑚
: 1, if production method 𝑚 is chosen, 0 other-

wise;

TQ𝑟
𝑡𝑖
: quantity of raw material 𝑟, shipped from sup-

plier 𝑖, using transport mode 𝑡.
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Cost Parameters

𝐶
𝑟

𝑖
: cost per unit of raw material 𝑟 bought from

supplier 𝑖;

𝐻
𝑚
: hours of work for one unit of product under

production method𝑚;

𝐿: labor cost per hour;

DP
𝑚
: depreciation per unit of product, if production

method𝑚 is chosen;

UC
𝑚
: utility cost per unit of product, if production

method𝑚 is chosen;

𝑋: quantity of products produced in units (equals
demand of product);

TC𝑟
𝑡𝑖
: cost for transportation per kilometer of one unit

of rawmaterial 𝑟with transport mode 𝑡 from supplier
𝑖;

𝑑
𝑖
: distance from supplier 𝑖 to the production facility.

Pollution Parameters

𝐴
𝑝𝑟

𝑡
: pollution through pollutant 𝑝 per km and unit of

raw material 𝑟, if transport mode 𝑡 is chosen;

𝐴
𝑝

𝑚
: pollution through pollutant 𝑝 per unit of prod-

uct, if production method𝑚 is chosen.

Safety Parameters

𝐼
𝑛

𝑚
: number of injuries in severity class 𝑛, if production

method𝑚 is chosen.

Constraint Parameters

PCA
𝑚
: capacity of production method𝑚;

TCA𝑟
𝑡𝑖
: capacity of transportation mode 𝑡 for raw

material 𝑟, on route from supplier 𝑖 to the production
facility;

SCA𝑟
𝑖
: capacity of supplier 𝑖 for raw material 𝑟;

𝑈
𝑟

𝑚
: usage of resource 𝑟 in production method 𝑚 for

one unit of product.

3.2.2. Objective Functions

(1) Economic Objective. As mentioned above, the economic
objective will be included by minimizing the costs within the
supply chain. The production costs are assumed to be mainly
labor costs, depreciation costs (for themachinery), and utility
costs. That is,

Minimize 𝐹
1
= Material cost + Production cost + Trans-

portation cost,

min𝐹
1
=

𝑅

∑

𝑟=1

𝐼

∑

𝑖=1

𝐶
𝑟

𝑖
𝑄
𝑟

𝑖

+

𝑀

∑

𝑚=1

(𝐻
𝑚
𝑋𝐿 + DP

𝑚
𝑋 + UC

𝑚
𝑋)PM

𝑚

+

𝐼

∑

𝑖=1

𝑅

∑

𝑟=1

𝑇

∑

𝑡=1

TC𝑟
𝑡𝑖
𝑑
𝑖
TQ𝑟
𝑡𝑖
.

(1)

(2) Environmental Objective. The environmental dimension
is optimized by minimizing emissions within the supply
chain, that is, pollution created by transportation and by
production. That is,

Minimize 𝐹
2
= Transportation emissions + Production

emissions,

min𝐹
2
=

𝑃

∑

𝑝=1

𝑅

∑

𝑟=1

𝑇

∑

𝑡=1

𝐼

∑

𝑖=1

𝐴
𝑝𝑟

𝑡
TQ𝑟
𝑡𝑖
𝑑
𝑖
+

𝑀

∑

𝑚=1

𝑃

∑

𝑝=1

𝐴
𝑝

𝑚
𝑋PM
𝑚
. (2)

(3) Social Objective. The foundation for the social objective
function is the injury/illness incidence rate used by the
American Bureau of Labor Statistics [32], which is formulated
as

Incidence rate = (Number of injuries and illnesses ∗
200,000)/Employee hours worked.

The 200,000 hours in the formula represents the equiva-
lent of 100 employees working 40 hours per week, 50 weeks
per year, and provides the standard base for the incidence
rates. The formula includes all nonfatal work-related injuries
and illnesses that are recordable.

For the purpose of this paper, the formula will be
amended to include the severity of injuries and illnesses. To
achieve this, it is proposed that all injuries/illnesses will be
categorized according to the days absent from work. The
injuries/illnesses that are less severe will be given a low
severity level, while the highest rank will be work-related
fatalities. For example injuries/illnesses could be ranked as
follows (see Table 1).

To represent the severity of the injuries/illnesses, an expo-
nential function will be applied. The exponential function
can show that the higher the class, the more unfavorable
an incidence. In this way, the model can guide the decision
maker (in our case the company) to employ production
methods that will especially decrease the danger of severe
injuries or illnesses. On the other hand, minor incidences
become acceptable to a certain degree. Largely those small
accidents (like cuts or tripping over) are most probably not
even preventable.

In the example, cases that are in category 4 will therefore
be included in the injury/illness incidence rate with factor
1, while incidents in lower classes are less weighted and
occurrences in higher categories becomemore important (see
Table 2).
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Table 1: Severity classes of work-related injuries/illnesses.

𝑛 Severity class description
1 Less than a week absent from work
2 Less than a month absent from work
3 Less than 3 months absent from work
4 Less than 6 months absent from work
5 Less than a year absent from work

6 Occupational disability (the person will not be able to
work in the previous job again)

7 Fatalities

Table 2: The exponential severity function.

𝑛 𝑛 − (∑ 𝑛)/𝑁 𝑒
𝑛−(∑ 𝑛)/𝑁

1 −3 0.049787
2 −2 0.135335
3 −1 0.367879
4 0 1
5 1 2.718282
6 2 7.389056
7 3 20.08554

According to this, the third objective function can be
modeled, which includes the rephrased injury/illness inci-
dence rate as follows:

min𝐹
3
=

𝑀

∑

𝑚=1

PM
𝑚

𝑁

∑

𝑛=1

𝑒
𝑛−∑𝑛/𝑁

𝐼
𝑛

𝑚

200, 000

𝐻
𝑚
𝑋

. (3)

3.2.3. Constraints. Consider that

𝐼

∑

𝑖=1

𝑄
𝑟

𝑖
=

𝑀

∑

𝑚=1

PM
𝑚
𝑈
𝑟

𝑚
𝑋, ∀𝑟, (4)

𝑀

∑

𝑚=1

PM
𝑚
PCA
𝑚
≥ 𝑋, (5)

𝑄
𝑟

𝑖
=

𝑇

∑

𝑡=1

TQ𝑟
𝑡𝑖
, ∀𝑟, 𝑖, (6)

𝑇

∑

𝑡=1

𝐼

∑

𝑖=1

TQ𝑟
𝑡𝑖
=

𝐼

∑

𝑖=1

𝑄
𝑟

𝑖
, (7)

TCA𝑟
𝑡𝑖
≥ TQ𝑟
𝑡𝑖
, ∀𝑟, 𝑖, 𝑡, (8)

SCA𝑟
𝑖
≥ 𝑄
𝑟

𝑖
, ∀𝑟, 𝑖, (9)

𝐼

∑

𝑖=1

SCA𝑟
𝑖
≥

𝐼

∑

𝑖=1

𝑄
𝑟

𝑖
, ∀𝑟, (10)

PM
𝑚
= {0, 1} , ∀𝑚, (11)

𝑄
𝑟

𝑖
≥ 0, ∀𝑖, 𝑟, (12)

TQ𝑟
𝑡𝑖
≥ 0, ∀𝑟, 𝑖, 𝑡. (13)

The first constraint (4) establishes the assumption that the
quantities of a raw material ordered at all suppliers together
have to meet the needs of the production. Besides, the
capacity of the chosen production method has to be able to
fulfill the customers’ demands as constraint (5). Constraints
(6) and (7) show that the shipped quantities have to equal
the ordered quantities, individually for each supplier and as a
sum. Constraints (8), (9), and (10) display the capacity limits
of the suppliers and the transportation modes. Moreover, the
production method variable can only take a value of 0 or 1,
which is the constraint (11). The other two decision variables
must be nonnegative, which is shown in constraints of (12)
and (13).

4. Solution Method

Now that we have compiled all the objectives and constraints,
the solution method can be studied more thoroughly. As
introduced in the literature review section, the weighted sum
model will be used to solve the multiobjective optimization
problem. The weighted sum model has the following general
form [33]:

min
𝑘

∑

𝑖=1

𝑤
𝑖
𝑓
𝑖
(𝑥)

with 𝑤
𝑖
≥ 0, ∀𝑖,

𝑘

∑

𝑖=1

𝑤
𝑖
= 1.

(14)

For ourmodel, this general form can be reformulated into

min 𝑤
1
𝐹
1
+ 𝑤
2
𝐹
2
+ 𝑤
3
𝐹
3

with 𝑤
𝑖
≥ 0, ∀𝑖,

3

∑

𝑖=1

𝑤
𝑖
= 1.

(15)

If the objectives, like in our case, have a different magni-
tude, the objective functions have to be normalized. In this
case, the general form changes to [33]

min 𝑤
1
𝜃
1
𝐹
1
+ 𝑤
2
𝜃
2
𝐹
2
+ 𝑤
3
𝜃
3
𝐹
3

with 𝑤
𝑖
≥ 0, ∀𝑖,

3

∑

𝑖=1

𝑤
𝑖
= 1.

(16)

𝑤
𝑖
is the weight assigned by the decision maker and 𝜃

𝑖

is the normalization factor. Thus, before the optimization
problem can be solved, weights and normalization factors
have to be computed.



Mathematical Problems in Engineering 7

4.1. Weights Setting. There are various methods to model
a decision maker’s preferences into weights. One of the
most famous methods is the AHP method, which was first
introduced by Saaty [34]. AHP stands for analytic hierarchy
process; it is a method for scaling weights of the elements in
each level of a hierarchy with respect to an element (i.e., a
criterion or objective) of the next higher level [35].

In order to set the weights of objectives, in our case, we
assume that

(i) the economical performance (factor 1) is slightly
more important than the environmental performance
(factor 2) of the supply chain;

(ii) the economical performance is moderately more
important than the social performance (factor 3);

(iii) the environmental performance is slightly more
important than the social performance (factor 2).

Based on this assumption, the weights for the different
objectives can be derived through calculating the eigenvector
of the evaluation matrix (see Table 3) (the detail procedure of
AHP is omitted).

According to the calculated weights, the optimization
problem (17) can be established:

min 0.5396𝜃
1
𝐹
1
+ 0.2970𝜃

2
𝐹
2
+ 0.1634𝜃

3
𝐹
3
. (17)

4.2. Normalization. Last but not least, the objective functions
have to be normalized. Mausser [33] proposes three different
methods of normalization:

(i) normalization by the magnitude of the objective
function at the initial point 𝑥

0
;

(ii) normalization by the minimum of the objective func-
tions;

(iii) normalization by the difference of the optimal values
in the Nadir and Utopia points.

Although Mausser [33] states that the normalization
using the Nadir and Utopia points might render the best
results, for the purpose of this paper, themore simplemethod
of applying the minimum of the objective function will be
used. As neither of the objective functions’ minima will equal
zero, thismethod is acceptable. In this case, the normalization
factors will be calculated by

𝜃
𝑖
=

1

𝑓
𝑖
(𝑥
[𝑖]
)

, (18)

where 𝑥[𝑖] solves min
𝑥
{𝑓
𝑖
(𝑥) : 𝑥 ∈ Ω}.

Thus the solution function takes on the following form:

min 0.5396 1

min𝐹
1

𝐹
1
+ 0.2970

1

min𝐹
2

+ 0.1634

1

min𝐹
3

𝐹
3
.

(19)

Table 3: Weights for the sustainable supply chain objectives.

Objectives Weights (𝑤
𝑖
)

Economical performance 0.5396
Environmental performance 0.2970
Social performance 0.1634

∑𝑤
𝑖
= 1

5. Numerical Example

After having formulated and scalarized the multiobjective
optimization problem, we can now continue with testing
the effectiveness of the model using example. The simulated
production facility produces steel, for which the two main
inputs are iron ore and coking coal. Within the time period
under consideration, the steel mill has a hypothetical output
of 500,000 tons of steel. It will be assumed that the site is
located in Central Europe. Potential suppliers for iron ore are
located in India, Brazil, andAustralia, while suppliers for cok-
ing coal can be found in Australia, USA, and Canada. Those
countries are, respectively, the biggest exporting nations.The
possible transportationmodes comprise either a combination
of ship and rail or a combination of ship and truck. Last
but not least, the company can choose from three different
production methods, with the assumption that the first one
(PM1) is the cheapest, the second one is the safest (PM2), and
the third one is the most environmental friendly (PM3).

5.1. Setting Parameters. Before solving the model, we need
to set parameters for the model. These parameters comprise
the cost parameters, pollutant emissions parameters, injury
parameters, and constraint parameters.

5.1.1. Cost Parameters. At first, the parameters constituting
costs have to be established. As demonstrated in the model,
costs comprise material, transportation, and production
costs.

(1) Material Costs. The estimations for the material costs
are based on the development of prices on the commodity
exchange for iron ore and coal over the last few months
[36]. For different suppliers, located in different countries, the
material prices may be different. Table 4 lists estimations of
prices for iron ore and coking coal depending on suppliers,
that is, 𝐶𝑟

𝑖
.

(2) Transportation Costs. In our model, the transportation
cost parameter TC𝑟

𝑡𝑖
denotes the cost for transportation

per kilometer of one unit raw material 𝑟 with transport
mode 𝑡 from supplier 𝑖. For simplification, we assume that
transportation costs are only related to the transportation
mode. Beresford et al. [37] have investigated the prices of
multimodal supply chains of iron ore between Australia and
China. The prices used for our simulation were derived from
their study, taking into consideration the average distance
traveled by ship and the average distance traveled by rail or
truck. The result is listed in Table 5.
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Table 4: Material prices for iron ore and coking coal (𝐶𝑟
𝑖
).

Price in $/ton India Brazil Australia USA Canada
Iron ore 120 130 140 n/a∗ n/a∗

Coking coal n/a∗ n/a∗ 130 140 150
∗

Note: only the biggest exporting nations are taken into consideration.

Table 5: Transportation cost of transportation modes (TC𝑟
𝑡𝑖
).

Transportation mode Ship + rail Ship + truck
Cost in $/ton/km 0.0038 0.0037

As regards the estimation of distances between the mine
and the steel production facility (𝑑

𝑖
), for simplification, the

air-line distances are used, which are listed in Table 6.

(3) Production Costs.Theproduction cost parameters are ori-
ented at the steel production costmodel spreadsheet provided
byMetalMiner [38]. At first, the depreciation ofmachines and
equipment has to be considered. The higher the initial cost
of acquisition, the higher the cost for depreciation. Besides,
utility costs arise in the production processes also have to
be included. Table 7 lists the parameters of depreciation of
machine for different production methods, that is, DP

𝑚
.

Table 8 shows the utility cost per unit of product if production
method𝑚 is chosen, that is, UC

𝑚
.

Additionally, labor costs contribute towards production
costs. In a less automated production environment, more
manual labor will be required (production method 1, i.e.,
PM1). Technical advanced production method on the other
hand would reduce the labor hours required to produce a
ton of product, through increased productivity (production
method 3, i.e., PM3).The hourly wages will be estimated with
$20 based on German base rates for steel workers (IG Metall
[39]). Table 9 shows the labor hours required to produce one
unit product for three production methods.

5.1.2. Pollution Parameters. Thesecond objective of themath-
ematical model is the minimization of pollution emissions,
including emissions in the production and transportation.

(1) Production Emissions. The first part of supply chain pol-
lutant emissions considered in the model is the production
emissions. The base case for emissions in steel production
is deduced from ThyssenKrupp’s sustainability report [40]
based on a German steel manufacturer. Table 10 presents the
emissions for the three production methods.

(2) Transport Emissions.The second part of the supply chain
significantly adding to total pollution is the transportation of
iron ore and coking coal from the mines to the production
site. Using average distances for sea and land haulage, the
following data are concluded from Dekker et al. [11] estima-
tion of average transportation emission. Table 11 shows the
emission in different transportation methods.

5.1.3. Injury Parameters. The third part of the objective func-
tion is the social objective, which is modeled as injury/illness

Table 6: Supplier distance to production facility (𝑑
𝑖
).

Supplier location India Brazil Australia USA Canada
Distance in km 6700 10500 17500 7000 7100

Table 7: Depreciation of machines (DP
𝑚
).

Production method PM1 PM2 PM3
Depreciation in $/ton 15 25 25

Table 8: Utility costs in steel production (UC
𝑚
).

Production method PM1 PM2 PM3
Utility cost in $/ton 4 7 5

Table 9: Labor hours required to produce one ton of steel (𝐻
𝑚
).

Production method PM1 PM2 PM3
Labor hours in h/ton 0.5 0.48 0.49

Table 10: Steel production emissions (𝐴𝑝
𝑚
).

Emission in g/ton PM1 PM2 PM3
CO2 566513.52 550289.87 509198.9
NO
𝑥

518.15 499.9 489.05
PM∗ 167.75 167.75 160.07
Note: ∗particulate matter.

Table 11: Emissions in different transportation modes (𝐴𝑝𝑟
𝑡
).

Emission in g/ton/km Ship + rail Ship + truck
CO2 7.898 9.842
SO
𝑥

0.2161 0.2114
NO
𝑥

0.1357 0.1328

number incidence rate. Due to a lack of nominal figures
in this field, the numbers themselves are pure assumptions.
But certain guidance about the average injury incidence
figure was provided by ThyssenKrupp’s sustainability report
[40] and the BLS figures (Bureau of Labor Statistics, [41])
for the steel industry. Table 12 specifies the injury classes
and the respective number of injuries/illnesses for different
production methods.

5.1.4. Constraint Parameters. We now set parameters for the
constraints. Production capacity (PCA

𝑚
) is set at 1,000,000

tons for the assessed period. All other constraint parameters
are presented in Tables 13, 14, and 15.

In the model, it is assumed that the transportation
capacities of different suppliers for different rawmaterials are
the same for the same transportation mode, as the density of
iron ore and coking coal is very similar. Thus, we only list the
transportation capacities for different transportation modes
in Table 15.

5.2. Model Solutions. The model is mixed integer linear
problem with integer variable PM

𝑚
, continuous variables 𝑄𝑟

𝑖
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Table 12: Injuries according to severity (𝐼𝑛
𝑚
).

Severity (𝑛) Production method (𝑚)
PM1 PM2 PM3

1 20 17 18
2 6 5 5
3 3 2 2
4 2 1 2
5 1 1 1
6 1 0 1
7 1 0 0
Note: the severity classes from 1 to 7 have been defined in Table 1.

Table 13: Usage of iron ore and coal in production (𝑈𝑟
𝑚
).

Usage in ton/ton PM1 PM2 PM3
Iron ore 1.765 1.766 1.763
Coking coal 0.696 0.697 0.695

Table 14: Capacities of different suppliers (SCA𝑟
𝑖
).

Capacity in: 1000 ton India Brazil Australia USA Canada
Iron ore 100 500 600 0 0
Coking coal 0 0 200 100 200

and TM𝑟
𝑡𝑖
, the Solver type is Branch and Bound Solver of

LINGO 12.0. Global optimization solution is obtained in 3
seconds CPU time at the computer configuration as: Intel
Core i7-2600CPU, 3.4GHz, 4.00 RAM, and 32 bit operation
system. For solving the model, it has to be run independently
for each objective to compute the minima for normalization
(5.1, 5.2, and 5.3).

min𝐹
1
= 236,728,200;

min𝐹
2
= 370783.8 (emissions are scaled in tons);

min𝐹
3
= 4.980914.

Using the proposed multiobjective optimization model,
the production facility’s optimal decision would be to choose
production method PM2. Raw materials order quantities
from difference suppliers are presented in Table 16 and the
shipped quantities of transportation modes are displayed in
Table 17.

Those solutions for the decision variables will lead to total
costs of $243,701,800 (cost per ton of steel $487.4). Further-
more a total of 391,699.5 tons of pollutants are emitted, with
production accounting for 275,478.8 tons and transportation
for 116,220.8 tons.The injury and illness incidence rate will be
equal to 4.879263.

5.3. Discussion of Results. First and foremost, the results of
the numerical example show that the constructed model
is indeed feasible and effective. This is the most important
finding. Beyond that, one can draw even more conclusions
from the solutions.

Firstly, it is revealed that a multiobjective optimization
approach presents different results from the single objective

Table 15: Capacities of different transportation modes (TCA𝑟
𝑡𝑖
).

Transportation mode Ship + rail Ship + truck
Capacity in ton 400,000 100,000

Table 16: Order quantities of iron ore and coking coal from the
different suppliers.

Order quantities in
ton India Brazil Australia USA Canada

Iron ore 100,000 500,000 283,000 0 0
Coking coal 0 0 48,000 100,000 200,000

functions alone. For example, production method PM1 is
chosen when the economic objective (𝐹

1
) is minimized inde-

pendently. However, when the multiple objective optimiza-
tion model is applied, production method PM2 is identified
as the optimal production method. The same outcome can
be found when examining the shipped quantities. If only
costs are considered, the truck will be chosen much more
frequently. If the environmental performance is added to the
model, on the contrary, railway transportation becomes the
favourable option (see Table 17).

Secondly, one can learn from the results that a multi-
objective optimization model makes it possible for compa-
nies to accept reasonably higher costs, if other factors are
taken into consideration. Hence, the minimum of costs is
at $236,728,200, but the final amount of money spent in
the supply chain equals an amount of $243,701,800. Those
slightly higher costs are the price one has to pay for a safer
and more ecological production and transportation. Still,
if the costs would rise enormously, making the company
economical uncompetitive, the bad economic performance
would outweigh the other factors and the multiple objective
optimization model would compute different results. This
is the consequence of the simultaneous consideration of all
three dimensions.

Lastly, the numerical example enlightens the importance
of the social dimension. As mentioned before, corporate
social responsibility has widely been neglected in operational
research literature so far. Incorporating the employee safety
into the multiple objective optimization model leads to a
surprising result. Through the exponential function, pro-
duction methods, such as PM1, that have a higher risk of
fatalities or severe injuries, become unacceptable. Even pro-
duction method PM3, which produces much less emissions,
is unfavourable compared to PM2. Due to a better incidence
rate on the one hand (compared to PM1 and PM3) and lower
costs on the other hand (compared to PM3), PM2 is chosen
in the multiple objective optimization model. Hence, clearly
the constructed model adds information to a company’s
decisions and can therefore reach different results, which
can lead to improved supply chains from a sustainability
perspective.

6. Conclusion

Sustainable supply chain has become one important oper-
ations strategy for corporate competition, especially for
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Table 17: Raw material quantities shipped via different transportation modes.

Shipped quantities in ton
Iron ore Coking coal

Ship + rail Ship + truck Ship + rail Ship + truck
India 100,000 0 0 0
Brazil 400,000 100,000 0 0
Australia 283,000 0 48,500 0
USA 0 0 100,000 0
Canada 0 0 200,000 0

large international corporations. Many firms have an annual
report of CSR (corporate social responsibility). Under this
background, it is necessary to incorporate CSR into supply
chain optimizationmodel.This paper addresses this problem,
incorporates the three pillars of sustainability—economic,
environmental, and social dimensions—into a supply chain
optimization model. The purpose is to give supply chain
managers a tool for decision making that is not only based
on reducing costs or maximizing profit but also focuses on
environmental protection and social responsibility. Research
result shows that this idea is feasible.

Naturally, there are also certain deficiencies in the model,
mainly resulting from the limited scope of the work. Some
improvement works can be done to enhance the application
value of the model. Firstly, more metrics for each of the
dimensions might be considered to better reflect the reality.
Also the model might be extended to accommodate more
than one period and/or uncertainty in demand. From amath-
ematical viewpoint, testing different multiobjective solution
methods might lead to better or more reliable results, as the
weighted sum model yields problems, if nonconvex Pareto
curves exist. Further enhancements could be made by using
the difference of Nadir and Utopia point to normalize the
objective functions.

Despite the described shortcomings, the existing sim-
ple model has already been proven to be effective. The
program has shown that including different criteria might
lead to changes in making choices. For example, when
only considering costs, production method PM1 would have
been chosen. But when the model also comprises the other
two dimensions, production method PM2 is selected. Thus,
including sustainability criteria into a company’s decision
making is not extremely arduous or unrealistic. Considering
the pressure from environment and society, corporations
should make amends to their existing decision support
systems. Bearing in mind new governmental regulations,
the cost of climate change or the increasing awareness of
customers of environmental protection and social respon-
sibility, corporations should give up a pure focus on profit
maximization. In the long-run, sustainable supply chain
models will certainly pay off, even though it might initially
involve expensive investments. As introduced in the literature
review, multiobjective optimization is able to process more
information than a conventional single-objective method.
Thus, using multicriteria decision model might eventually
lead to improved choices. Amultiobjectivemodel like the one
introduced in this paper can provide guidance to supply chain
managers in a timewhen circumstances are changing quickly.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This paper is funded by NSFC (Grant no. 71372154).

References

[1] M. Sahlin, “Advancing sustainable development in Sweden,” in
Institutionalizing Sustainable Development, chapter 1, pp. 15–17,
OECD, Paris, France, 2007.

[2] T. Strange and A. Bayley, Sustainable Development: Linking
Economy, Society, Environment, OECD Insights, OECD Pub-
lishing, 2008.

[3] E. Salim, “The paradigm of sustainable development,” in Insti-
tutionalizing Sustainable Development, chapter 3, pp. 25–30,
OECD, Paris, France, 2007.

[4] DARA, Climate Vulnerability Monitor, 2nd edition, 2013,
https://s3.amazonaws.com/daraint/CVM2ndEd-ExecutiveSum-
mary.pdf.
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This paper investigates the continuation of solutions to the modified coupled two-component Camassa-Holm system after wave
breaking. The underlying problem is rather challenging due to the mutual coupling effect between two components in the system.
By introducing a novel transformation that makes use of a skillfully defined characteristic and a set of newly defined variables, the
original system is converted into a Lagrangian equivalent system, from which the global conservative solution is obtained, which
further allows for the establishment of themultipeakon conservative solution of the system.The results obtained herein are deemed
useful for understanding the inevitable phenomenon near wave breaking.

1. Introduction

We consider here the following modified coupled two-
component Camassa-Holm system with peakons [1]:

𝑚
𝑡
+ 2𝑚𝑢

𝑥
+ 𝑚

𝑥
𝑢 + (𝑚V)

𝑥
+ 𝑛V

𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛
𝑡
+ 2𝑛V

𝑥
+ 𝑛

𝑥
V + (𝑛𝑢)

𝑥
+ 𝑚𝑢

𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑚 = 𝑢 − 𝑢
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛 = V − V
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅.

(1)

System (1) is a modified version of the new coupled two-
component Camassa-Holm system in the following equation;
namely,

𝑚
𝑡
= 2𝑚𝑢

𝑥
+ 𝑚

𝑥
𝑢 + (𝑚V)

𝑥
+ 𝑛V

𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛
𝑡
= 2𝑛V

𝑥
+ 𝑛

𝑥
V + (𝑛𝑢)

𝑥
+ 𝑚𝑢

𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑚 = 𝑢 − 𝑢
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛 = V − V
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

(2)

which, as an extension of the Camassa-Holm (CH) equation,
has been established by Fu and Qu to allow for peakon

solitons in the form of a superposition of multipeakons. By
parameterizing �̃� = −𝑡 for system (2), it then takes the form
of (1), which can be rewritten as a Hamiltonian system

𝜕

𝜕𝑡

(

𝑚

𝑛
) = −(

𝜕𝑚 + 𝑚𝜕 𝜕𝑚 + 𝑛𝜕

𝜕𝑛 + 𝑚𝜕 𝜕𝑛 + 𝑛𝜕
)(

𝛿𝐻

𝛿𝑚

= 𝑢

𝛿𝐻

𝛿𝑛

= V
) (3)

with theHamiltonian𝐻 = (1/2) ∫(𝑚𝐺∗𝑚+𝑛𝐺∗𝑛)𝑑𝑥, where
𝐺 ∗ 𝑚 = 𝑢, 𝐺 ∗ 𝑛 = V, and 𝐺 = (1/2)𝑒

−|𝑥|.Particularly, when
𝑢 = 0 (or V = 0), the degenerated (1) has the same peakon
solitons as the CH equation.We are interested in such system
because it exhibits the following conserved quantities, as can
be easily verified:

𝐸
1
(𝑢) = ∫

𝑅

𝑢𝑑𝑥, 𝐸
2
(V) = ∫

𝑅

V𝑑𝑥,

𝐸
3
(𝑢) = ∫

𝑅

𝑚𝑑𝑥, 𝐸
4
(𝑢) = ∫

𝑅

𝑛𝑑𝑥,

𝐸
5
(𝑢, V) = ∫

𝑅

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥.

(4)
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Note that, when 𝑢 = V, system (1) is reduced to the scalar
Camassa-Holm equation as follows:

𝑚
𝑡
+ 4𝑚𝑢

𝑥
+ 2𝑚

𝑥
𝑢 = 0. (5)

The CH equation, which models the unidirectional propa-
gation of shallow water waves over a flat bottom, has a bi-
Hamiltonian structure [3] and is completely integrable [4–6].
TheCHequation has attracted considerable attention because
it has peaked solitons [4, 7] and experiences wave breaking
[4, 8].The presence of breakingwavesmeans that the solution
remains bounded while its slope becomes unbounded in
finite time [8, 9]. After wave breaking, the solutions of the
CH equation can be continued uniquely as either global
conservative [10–13] or global dissipative solutions [14].

As one of the integrable multicomponent generalizations
of the CH equation, system (1) has been shown to be
locally well posed with global strong solutions which blow
up in finite time [1, 2]. Moreover, the existence issue for a
class of local weak solutions for the modified coupled CH2
system was also addressed in [1]. It has been known that
the continuation of solutions for the system beyond wave
breaking has been a challenging problem. In our recent work
[15], the problem of continuation beyond wave breaking for
themodified coupled CH2 systemwas studied by applying an
approach that reformulates the system (1) into a semilinear
system of O.D.E. taking values in a Banach space. Such
treatment makes it possible to investigate the continuity of
the solutions beyond collision time, leading to the uniquely
global solutions of this system. Also the global dissipative
and multipeakon dissipative solutions of this system have
been established in [16, 17], while, as far as the authors’
concern, there is no effort made in the literature on the
study of the global conservative as well as multipeakon
conservative solutions of such system, another important
feature associated with the system. Motivated by our recent
work [15–17], in this paper we develop a new approach to
establish a global and stable solution for themodified coupled
CH2 system, which is conservative and further allows for the
construction of the multipeakon conservative solution. The
approach utilized in this paper makes use of a novel system
transformation, which is different from [15] and is based on a
skillfully defined characteristic and a set of newly introduced
variables, where the associated energy is introduced as an
additional variable so as to obtain a well-posed initial-value
problem, facilitating the study on the behavior of wave
breaking. It should be stressed that both global stable solution
and multipeakon solution are important aspects related to
the solutions near wave breaking, while there is no effort
made in the literature on the study of multipeakon property
of system (1), which is another motivation of this work.
Our inspiration of investing the underlying issue mainly also
stems from the early work [10, 11] in the study of the global
conservative solution of the CH equation and [13] where the
multipeakon solution is obtained for the CH equation. In
this work a coupled system is dealt with where the mutual
effect between two components makes the analysis more
complicated than a single one as considered in [10, 11, 13].
By utilizing the novel transformation method, the inherent

difficulty is circumvented and then the global conservative
solutions of (1) are obtained, which then allows for the
establishment of the multipeakon conservative solution of
system (1).

The remainder of this paper is organized as follows.
Section 2 presents the basic equations. In Section 3, by
introducing a set of Lagrangian variables, we transform the
original system into an equivalent semilinear system and
derive the global solutions of the equivalent system. We
obtain a global continuous semigroup of weak conservative
solutions for the original system in Section 4 and the
multipeakon conservative solution in Section 5.

2. The Original System

We first introduce an operator Λ = (1 − 𝜕
2

𝑥
)

−1, which can be
expressed by its associated Green’s function 𝐺 = (1/2)𝑒

−|𝑥|

such as Λ𝑓(𝑥) = 𝐺 ∗ 𝑓(𝑥) = (1/2) ∫
𝑅
𝑒
−|𝑥−𝑥


|
𝑓(𝑥


)𝑑𝑥

, for all
𝑓 ∈ 𝐿

2
(𝑅), where ∗ denotes the spatial convolution. Thus we

can rewrite (1) as a form of a quasilinear evolution equation:

𝑢
𝑡
+ (𝑢 + V) 𝑢

𝑥
+ 𝐺 ∗ (𝑢V

𝑥
) + 𝜕

𝑥
𝐺

∗ (𝑢
2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥
) = 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

V
𝑡
+ (𝑢 + V) V

𝑥
+ 𝐺 ∗ (𝑢

𝑥
V) + 𝜕

𝑥
𝐺

∗ (V2 +
1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥
) = 0, 𝑡 > 0, 𝑥 ∈ 𝑅.

(6)

Let us define 𝑃
1
, 𝑃

2
, 𝑃

3
, and 𝑃

4
as

𝑃
1
(𝑡, 𝑥) = 𝐺 ∗ (𝑢V

𝑥
) =

1

2

∫

𝑅

𝑒
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|
(𝑢V
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,

𝑃
2
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2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥
)
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1

2

∫

𝑅
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𝑃
3
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𝑥
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1

2
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𝑒
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1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥
)

=

1

2

∫

𝑅

𝑒
−|𝑥−𝑥


|
(V2 +

1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥
)

× (𝑡, 𝑥

) 𝑑𝑥


.

(7)

Then (1) can be rewritten as

𝑢
𝑡
+ (𝑢 + V) 𝑢

𝑥
+ 𝑃

1
+ 𝑃

2,𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

V
𝑡
+ (𝑢 + V) V

𝑥
+ 𝑃

3
+ 𝑃

4,𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅.

(8)
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For regular solutions, we get that the total energy

𝐸 (𝑡) = ∫

𝑅

𝑢
2
(𝑡, 𝑥) + 𝑢

2

𝑥
(𝑡, 𝑥) + V2 (𝑡, 𝑥) + V2

𝑥
(𝑡, 𝑥) 𝑑𝑥 (9)

is constant in time. Thus (8) possesses the 𝐻1-norm conser-
vation law defined as

‖𝑧‖
𝐻
1 = ‖𝑢‖

𝐻
1 + ‖V‖

𝐻
1 = (∫

𝑅

[𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
] 𝑑𝑥)

1/2

,

(10)

where 𝑧(𝑡, 𝑥) = (𝑢, V)(𝑡, 𝑥) denotes the solution of system (8).
Note that 𝑧 = (𝑢, V) ∈ 𝐻

1
× 𝐻

1, and so Young’s inequality
ensures that 𝑃

1
, 𝑃

2
, 𝑃

3
, 𝑃

4
∈ 𝐻

1.

3. Global Solutions of the Lagrangian
Equivalent System

We reformulate system (8) as follows. For a given initial data
𝑦(0, 𝜉), we define the corresponding characteristic 𝑦(𝑡, 𝜉) as
the solution of

𝑦
𝑡
(𝑡, 𝜉) = (𝑢 + V) (𝑡, 𝑦 (𝑡, 𝜉)) , (11)

and we define the Lagrangian cumulative energy distribution
𝐻 as

𝐻(𝑡, 𝜉) = ∫

𝑦(𝑡,𝜉)

−∞

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) (𝑡, 𝑥) 𝑑𝑥. (12)

It is not hard to check that

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
)
𝑡
+ ((𝑢 + V) (𝑢2 + 𝑢2

𝑥
+ V2 + V2

𝑥
))

𝑥

= (𝑢
3
− 2𝑢𝑃

2
+ V3 − 2V𝑃

4
)
𝑥
.

(13)

Then it follows from (11) and (13) that

𝑑𝐻

𝑑𝑡

= [(𝑢
3
− 2𝑢𝑃

2
+ V3 − 2V𝑃

4
) (𝑡, 𝑦 (𝑡, 𝜉))]

𝜉

−∞
. (14)

Throughout the following, we use the notation

𝑈 (𝑡, 𝜉) = 𝑢 (𝑡, 𝑦 (𝑡, 𝜉)) , 𝑉 (𝑡, 𝜉) = V (𝑡, 𝑦 (𝑡, 𝜉)) ,

𝑀 (𝑡, 𝜉) = 𝑢
𝑥
(𝑡, 𝑦 (𝑡, 𝜉)) , 𝑁 (𝑡, 𝜉) = V

𝑥
(𝑡, 𝑦 (𝑡, 𝜉)) .

(15)

In the following, we drop the variable 𝑡 for simplification.
Here, we take 𝑦 as an increasing function for any fixed time 𝑡
for granted (later onwewill prove this).Then after the change

of variables 𝑥 = 𝑦(𝑡, 𝜉) and 𝑥 = 𝑦(𝑡, 𝜉

), we obtain the follow-

ing expressions for 𝑃
𝑖
and 𝑃

𝑖,𝑥
(𝑖 = 1, 2, 3, 4); namely,

𝑃
1
(𝑡, 𝜉) = 𝑃

1
(𝑡, 𝑦 (𝑡, 𝜉))

=

1

2

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
[(𝑈𝑁) 𝑦

𝜉
] (𝜉


) 𝑑𝜉


,

(16)

𝑃
1,𝑥

(𝑡, 𝜉) = 𝑃
1,𝑥

(𝑡, 𝑦 (𝑡, 𝜉))

= −

1

2

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|
[(𝑈𝑁) 𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

(17)

𝑃
2
(𝑡, 𝜉) = 𝑃

2
(𝑡, 𝑦 (𝑡, 𝜉))

=

1

2

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|

× [(𝑈
2
+

1

2

𝑀
2
+𝑀𝑁 +

1

2

𝑉
2
−

1

2

𝑁
2
)𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
2,𝑥

(𝑡, 𝜉) = 𝑃
2,𝑥

(𝑡, 𝑦 (𝑡, 𝜉))

= −

1

2

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|

⋅ [(𝑈
2
+

1

2

𝑀
2
+𝑀𝑁 +

1

2

𝑉
2
−

1

2

𝑁
2
)𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
3
(𝑡, 𝜉) = 𝑃

3
(𝑡, 𝑦 (𝑡, 𝜉))

=

1

2

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
[(𝑉𝑀)𝑦

𝜉
] (𝜉


) 𝑑𝜉


,

𝑃
3,𝑥

(𝑡, 𝜉) = 𝑃
3,𝑥

(𝑡, 𝑦 (𝑡, 𝜉))

= −

1

2

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|
[(𝑉𝑀)𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
4
(𝑡, 𝜉) = 𝑃

4
(𝑡, 𝑦 (𝑡, 𝜉))

=

1

2

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|

× [(𝑉
2
+

1

2

𝑁
2
+𝑀𝑁 +

1

2

𝑈
2
−

1

2

𝑀
2
)𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
4,𝑥

(𝑡, 𝜉) = 𝑃
4,𝑥

(𝑡, 𝑦 (𝑡, 𝜉))

= −

1

2

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|

⋅ [(𝑉
2
+

1

2

𝑁
2
+𝑀𝑁 +

1

2

𝑈
2
−

1

2

𝑀
2
)𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


.

(18)



4 Mathematical Problems in Engineering

Since𝐻
𝜉
= (𝑢

2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) ∘ 𝑦𝑦

𝜉
, then 𝑃

2
, 𝑃

2,𝑥
, 𝑃

4
, and 𝑃

4,𝑥

can be rewritten as

𝑃
2
(𝑡, 𝜉) = 𝑃

2
(𝑡, 𝑦 (𝜉))

=

1

4

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
[𝐻

𝜉
+ (𝑈

2
+ 2𝑀𝑁 −𝑁

2
) 𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
2,𝑥

(𝑡, 𝜉) = 𝑃
2,𝑥

(𝑡, 𝑦 (𝜉))

= −

1

4

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|

× [𝐻
𝜉
+ (𝑈

2
+ 2𝑀𝑁 −𝑁

2
) 𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
4
(𝑡, 𝜉) = 𝑃

4
(𝑡, 𝑦 (𝜉))

=

1

4

∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
[𝐻

𝜉
+ (𝑉

2
+ 2𝑀𝑁 −𝑀

2
) 𝑦

𝜉
]

× (𝜉

) 𝑑𝜉


,

𝑃
4,𝑥

(𝑡, 𝜉) = 𝑃
4,𝑥

(𝑡, 𝑦 (𝜉))

= −

1

4

∫

𝑅

sgn (𝜉 − 𝜉) 𝑒−|𝑦(𝜉)−𝑦(𝜉

)|

× [𝐻
𝜉
+ (𝑉

2
+ 2𝑀𝑁 −𝑀

2
) 𝑦

𝜉
] × (𝜉


) 𝑑𝜉


.

(19)

From the definition of the characteristic, it is not hard to
check that

𝑈
𝑡
(𝑡, 𝜉) = 𝑢

𝑡
(𝑡, 𝑦) + 𝑢

𝑥
(𝑡, 𝑦) 𝑦

𝑡
(𝑡, 𝜉)

= (−𝑃
1
− 𝑃

2,𝑥
) ∘ 𝑦 (𝑡, 𝜉) ,

𝑉
𝑡
(𝑡, 𝜉) = V

𝑡
(𝑡, 𝑦) + V

𝑥
(𝑡, 𝑦) 𝑦

𝑡
(𝑡, 𝜉)

= (−𝑃
3
− 𝑃

4,𝑥
) ∘ 𝑦 (𝑡, 𝜉) ,

𝑀
𝑡
(𝑡, 𝜉) = 𝑢

𝑥𝑡
(𝑡, 𝑦) + 𝑢

𝑥𝑥
(𝑡, 𝑦) 𝑦

𝑡
(𝑡, 𝜉)

= (−

1

2

𝑀
2
−

1

2

𝑁
2
+ 𝑈

2
+

1

2

𝑉
2
− 𝑃

1,𝑥
− 𝑃

2
)

∘ 𝑦 (𝑡, 𝜉) ,

𝑁
𝑡
(𝑡, 𝜉) = V

𝑥𝑡
(𝑡, 𝑦) + V

𝑥𝑥
(𝑡, 𝑦) 𝑦

𝑡
(𝑡, 𝜉)

= (−

1

2

𝑁
2
−

1

2

𝑀
2
+ 𝑉

2
+

1

2

𝑈
2
− 𝑃

3,𝑥
− 𝑃

4
)

∘ 𝑦 (𝑡, 𝜉) .

(20)

We introduce another variable 𝜍(𝑡, 𝜉)with 𝜍(𝑡, 𝜉) = 𝑦(𝑡, 𝜉)−𝜉.
It will turn out that 𝜍 ∈ 𝐿∞(𝑅). With these new variables, we
now derive an equivalent system of (8) as follows:

𝜍
𝑡
= 𝑈 + 𝑉,

𝑈
𝑡
= −𝑃

1
− 𝑃

2,𝑥
,

𝑉
𝑡
= −𝑃

3
− 𝑃

4,𝑥
,

𝑀
𝑡
= (−

1

2

𝑀
2
−

1

2

𝑁
2
+ 𝑈

2
+

1

2

𝑉
2
− 𝑃

1,𝑥
− 𝑃

2
) ,

𝑁
𝑡
= (−

1

2

𝑁
2
−

1

2

𝑀
2
+ 𝑉

2
+

1

2

𝑈
2
− 𝑃

3,𝑥
− 𝑃

4
) ,

𝐻
𝑡
= 𝑈

3
− 2𝑈𝑃

2
+ 𝑉

3
− 2𝑉𝑃

4
,

(21)

where 𝑃
1
and 𝑃

3
are given in (18), while 𝑃

2
, 𝑃

2,𝑥
, 𝑃

4
, and 𝑃

4,𝑥

are given in (19).We regard system (21) as a systemof ordinary
differential equations in the Banach space

𝐸 = 𝑊 ×𝐻
1
× 𝐻

1
× 𝐿

2
× 𝐿

2
×𝑊 (22)

endowed with the norm

‖𝑋‖
𝐸
= ‖𝜍‖

𝑊
+ ‖𝑈‖

𝐻
1 + ‖𝑉‖

𝐻
1 + ‖𝑀‖

𝐿
2 + ‖𝑁‖

𝐿
2 + ‖𝐻‖

𝑊
,

(23)

for any 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐸. Here𝑊 = {𝑓 ∈ 𝐶(𝑅) ∩

𝐿
∞
(𝑅) | 𝑓

𝜉
∈ 𝐿

2
(𝑅)} is a Banach space with the norm given

by ‖𝑓‖
𝑊
= ‖𝑓‖

𝐿
∞
(𝑅)

+ ‖𝑓
𝜉
‖
𝐿
2
(𝑅)
. Note that𝐻1

(𝑅) ⊂ 𝑊.
Differentiating (21) with respect to the variable 𝜉 yields

𝜍
𝜉𝑡
= 𝑈

𝜉
+ 𝑉

𝜉
,

𝑈
𝜉𝑡
=

1

2

𝐻
𝜉
+ (

1

2

𝑈
2
+𝑀𝑁 −𝑁

2
− 𝑃

2
− 𝑃

1,𝑥
)𝑦

𝜉
,

𝑉
𝜉𝑡
=

1

2

𝐻
𝜉
+ (

1

2

𝑉
2
+𝑀𝑁 −𝑀

2
− 𝑃

4
− 𝑃

3,𝑥
)𝑦

𝜉
,

𝐻
𝜉𝑡
= (3𝑈

2
− 2𝑃

2
)𝑈

𝜉
− 2𝑈𝑃

2,𝑥
𝑦
𝜉

+ (3𝑉
2
− 2𝑃

4
)𝑉

𝜉
− 2𝑉𝑃

4,𝑥
𝑦
𝜉
,

(24)

which are semilinear with respect to the variables 𝑦
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
,

and𝐻
𝜉
.

To obtain the uniqueness of solutions, one proceeds as
follows. By proving that all functions on the right-hand side
of (21) are locally Lipschitz continuous, the local existence of
solutions will follow from the standard theory of ordinary
differential equations in Banach spaces. In a second step,
we will then prove that this local solution can be extended
globally in time. Note that global solutions of (21) may not
exist for all initial data in 𝐸. However they exist when the
initial data𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻) belongs to the set Γ which
is defined as follows.

Definition 1. The set Γ is composed of all 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,

𝐻) ∈ 𝐸 such that
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(i)

(𝜍, 𝑈, 𝑉,𝐻) ∈ [𝑊
1,∞

(𝑅)]

4

, (25)

(ii)

𝑦
𝜉
≥ 0,𝐻

𝜉
≥ 0, 𝑦

𝜉
+ 𝐻

𝜉
> 0 a.e.,

lim
𝜉→−∞

𝐻(𝜉) = 0,

(26)

(iii)

𝑦
𝜉
𝐻

𝜉
= 𝑦

2

𝜉
𝑈

2
+ 𝑈

2

𝜉
+ 𝑦

2

𝜉
𝑉
2
+ 𝑉

2

𝜉
a.e., (27)

where 𝑊1,∞
(𝑅) = {𝑓 ∈ 𝐶(𝑅) ∩ 𝐿

∞
(𝑅) | 𝑓

𝜉
∈ 𝐿

∞
(𝑅)} and

𝑦(𝜉) = 𝜍(𝜉) + 𝜉.

Lemma 2. Let R
1
: 𝐸 → 𝑊 and let R

2
: 𝐸 → 𝐻

1, or let
R

2
: 𝐸 → 𝑊 be two locally Lipschitz maps. Then, the product

𝑋 → R
1
(𝑋)R

2
(𝑋) is also a locally Lipschitz map from 𝐸 to

𝐻
1 or from 𝐸 to𝑊.

Theorem 3. Given initial data 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐸,
there exists a time 𝑇 depending only on ‖𝑋‖

𝐸
such that the

system (21) admits a unique solution in 𝐶1
([0, 𝑇], 𝐸).

Proof. To obtain the local existence of solutions, it suffices to
show that 𝐹(𝑋), given by

𝐹 (𝑋) = (𝑈 + 𝑉, −𝑃
1
− 𝑃

2,𝑥
, −𝑃

3
− 𝑃

4,𝑥
, −

1

2

𝑀
2
−

1

2

𝑁
2
+ 𝑈

2

+

1

2

𝑉
2
− 𝑃

1,𝑥
− 𝑃

2
, −

1

2

𝑁
2
−

1

2

𝑀
2
+ 𝑉

2
+

1

2

𝑈
2

−𝑃
3,𝑥

− 𝑃
4
, 𝑈

3
− 2𝑈𝑃

2
+ 𝑉

3
− 2𝑉𝑃

4
)

(28)

with 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻), is a Lipchitz function on any
bounded set of 𝐸 which is a Banach space.

Our main task is to prove the Lipschitz continuity of 𝑃
𝑖

and 𝑃
𝑖,𝑥

(𝑖 = 1, 2, 3, 4) given by (18) and (19) from 𝐸 to
𝐻

1
(𝑅).We first prove that𝑃

2,𝑥
given in (19) is locally Lipschitz

continuous from𝐸 to𝐻1
(𝑅) and the others follow in the same

way. Let us write

𝑃
2,𝑥

(𝜉)

= −

𝑒
−𝜍(𝜉)

4

∫

𝑅

𝜒
{𝜉

<𝜉}
𝑒
−|𝜉−𝜉


|
𝑒
𝜍(𝜉

)

× [𝐻
𝜉
+ (𝑈

2
+2𝑀𝑁 −𝑁

2
) (1 + 𝜍

𝜉
)] (𝜉


) 𝑑𝜉



+

𝑒
𝜍(𝜉)

4

∫

𝑅

𝜒
{𝜉

>𝜉}
𝑒
−|𝜉−𝜉


|
𝑒
−𝜍(𝜉

)

× [𝐻
𝜉
+ (𝑈

2
+2𝑀𝑁 −𝑁

2
) (1 + 𝜍

𝜉
)] (𝜉


) 𝑑𝜉


,

(29)

where 𝜒
Ω
denotes the indicator function of a given setΩ. Let

𝑃
1

2,𝑥
(𝜉)

= −

𝑒
−𝜍(𝜉)

4

∫

𝑅

𝜒
{𝜉

<𝜉}
𝑒
−|𝜉−𝜉


|
𝑒
𝜍(𝜉

)

× [𝐻
𝜉
+ (𝑈

2
+2𝑀𝑁 −𝑁

2
) (1 + 𝜍

𝜉
)] (𝜉


) 𝑑𝜉


,

𝑃
2

2,𝑥
(𝜉)

=

𝑒
𝜍(𝜉)

4

∫

𝑅

𝜒
{𝜉

>𝜉}
𝑒
−|𝜉−𝜉


|
𝑒
−𝜍(𝜉

)

× [𝐻
𝜉
+ (𝑈

2
+2𝑀𝑁 −𝑁

2
) (1 + 𝜍

𝜉
)] (𝜉


) 𝑑𝜉


.

(30)

We rewrite 𝑃1

2,𝑥
(𝜉) as

𝑃
1

2,𝑥
(𝜉) = −

𝑒
−𝜍(𝜉)

2

Λ ∘ 𝑅 (𝑋) (𝜉) , (31)

where 𝑅 is the operator from 𝐸 to 𝐿2(𝑅) given as

𝑅 (𝑋) (𝜉) = 𝜒
{𝜉

<𝜉}
𝑒
𝜍
[𝐻

𝜉
+ (𝑈

2
+ 2𝑀𝑁 −𝑁

2
) (1 + 𝜍

𝜉
)] .

(32)

Since the operator Λ (given in Section 2) is linear and
continuous from𝐻

−1
(𝑅) to𝐻1

(𝑅) and 𝐿2(𝑅) is continuously
embedded in𝐻−1

(𝑅), we haveΛ∘𝑅(𝑋) ∈ 𝐻1. It is not hard to
check that 𝑅 is locally Lipschitz continuous from 𝐸 to 𝐿2(𝑅)
and therefore from𝐸 to𝐻−1

(𝑅).ThusΛ∘𝑅 is locally Lipschitz
continuous from 𝐸 to𝐻1

(𝑅). Since the mapping𝑋 → 𝑒
−𝜍 is

locally Lipschitz continuous from 𝐸 to 𝑊, by Lemma 2, we
deduce that 𝑃1

2,𝑥
(𝜉) is locally Lipschitz continuous from 𝐸 to

𝐻
1
(𝑅). Similarly, 𝑃2

2,𝑥
(𝜉) is also locally Lipschitz continuous

and therefore 𝑃
2,𝑥
(𝜉) is locally Lipschitz continuous. One

proceeds in the same way and proves that 𝑃
1
, 𝑃

1,𝑥
, 𝑃

3
, and

𝑃
3,𝑥

defined by (18) and 𝑃
2
, 𝑃

4
, and 𝑃

4,𝑥
defined by (19) are

locally Lipschitz continuous from 𝐸 to𝐻1
(𝑅). We rewrite the

solutions of (21) as

𝑋(𝑡) = 𝑋 + ∫

𝑡

0

𝐹 (𝑋 (𝜏)) 𝑑𝜏. (33)

Thus the theorem follows from the standard contraction
argument of ordinary differential equations.

It remains to prove the existence of global solutions of
(21).Theorem 3 gives us the existence of local solutions of (21)
for initial data in 𝐸. In the following, we will only consider
initial data that belongs to 𝐸 given by 𝐸 = 𝐸 ∩ [(𝑊

1,∞
(𝑅))

3

∩

(𝐿
2
)

2

∩𝑊
1,∞

(𝑅)]. To obtain that the solution of (21) belongs
to 𝐸, we have to specify the initial condition for (24). Let

Ω = {𝜉 ∈ 𝑅 |






𝜍
𝜉
(𝜉)






≤






𝜍
𝜉





𝐿
∞
,






𝑈

𝜉
(𝜉)






≤






𝑈

𝜉





𝐿
∞
,






𝑉
𝜉
(𝜉)






≤






𝑉
𝜉





𝐿
∞
,






𝐻

𝜉
(𝜉)






≤






𝐻

𝜉





𝐿
∞
} .

(34)
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We have meas(Ω𝑐
) = 0. For 𝜉 ∈ Ω

𝑐, (𝜍
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(0, 𝜉)

is taken as (0, 0, 0, 0), and (𝜍
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(0, 𝜉) is given as

(𝜍
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(𝜉), for 𝜉 ∈ Ω.

The global existence of the solution for initial data in Γ

relies essentially on the fact that the set Γ is preserved by the
flow as the next lemma shows.

Lemma 4. Given initial data 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ Γ,
one considers the local solution 𝑋(𝑡) = (𝜍, 𝑈, 𝑉,𝑀,𝑁,𝐻)(𝑡) ∈

𝐶([0, 𝑇], 𝐸) of (21) with initial data 𝑋 for some 𝑇 > 0. One
then gets that 𝑋(𝑡) ∈ Γ for all 𝑡 ∈ [0, 𝑇]. Moreover, for a.e.
𝑡 ∈ [0, 𝑇], 𝑦

𝜉
(𝑡, 𝜉) > 0, for a.e. 𝜉 ∈ 𝑅, and lim

𝜉→±∞
𝐻(𝑡, 𝜉)

exists and is independent of time for all 𝑡 ∈ [0, 𝑇].

Proof. We first show that 𝑋(𝑡) ∈ Γ for all 𝑡 ∈ [0, 𝑇]. For
any given initial data 𝑋 ∈ 𝐸, we get that the local solution
(𝜍, 𝑈, 𝑉,𝐻)(𝑡) of (21) belongs to [𝑊1,∞

(𝑅)]

4, which satisfies
(25) for all 𝑡 ∈ [0, 𝑇]. We now show that (27) holds for any
𝜉 ∈ Ω and therefore a,e.. Consider a fixed 𝜉 ∈ Ω and drop it
in the notation if there is no ambiguity. On the one hand, it
follows from (24) that

(𝑦
𝜉
𝐻

𝜉
)
𝑡

= 𝑦
𝜉𝑡
𝐻

𝜉
+ 𝑦

𝜉
𝐻

𝜉𝑡

= (𝑈
𝜉
+ 𝑉

𝜉
)𝐻

𝜉
+ 𝑦

𝜉
[(3𝑈

2
− 2𝑃

2
)𝑈

𝜉
+ (3𝑉

2
− 2𝑃

4
)𝑉

𝜉

−2𝑈𝑃
2,𝑥
𝑦
𝜉
− 2𝑉𝑃

4,𝑥
𝑦
𝜉
]

= 𝑈
𝜉
𝐻

𝜉
+ 𝑉

𝜉
𝐻

𝜉
+ 3𝑈

2
𝑈
𝜉
𝑦
𝜉
− 2𝑃

2
𝑈
𝜉
𝑦
𝜉
+ 3𝑉

2
𝑉
𝜉
𝑦
𝜉

− 2𝑃
4
𝑉
𝜉
𝑦
𝜉
− 2𝑈𝑃

2,𝑥
𝑦
2

𝜉
− 2𝑉𝑃

4,𝑥
𝑦
2

𝜉
,

(35)

and, on the other hand,

(𝑦
2

𝜉
𝑈

2
+ 𝑈

2

𝜉
+ 𝑦

2

𝜉
𝑉
2
+ 𝑉

2

𝜉
)
𝑡

= 2𝑦
𝜉
𝑦
𝜉𝑡
𝑈

2
+ 2𝑦

2

𝜉
𝑈𝑈

𝑡
+ 2𝑈

𝜉
𝑈
𝜉𝑡
+ 2𝑦

𝜉
𝑦
𝜉𝑡
𝑉
2

+ 2𝑦
2

𝜉
𝑉𝑉

𝑡
+ 2𝑉

𝜉
𝑉
𝜉𝑡

= 𝑈
𝜉
𝐻

𝜉
+ 𝑉

𝜉
𝐻

𝜉
+ 3𝑈

2
𝑈
𝜉
𝑦
𝜉
+ 3𝑉

2
𝑉
𝜉
𝑦
𝜉
− 2𝑃

2
𝑈
𝜉
𝑦
𝜉

− 2𝑃
4
𝑉
𝜉
𝑦
𝜉
− 2𝑈𝑃

2,𝑥
𝑦
2

𝜉
− 2𝑉𝑃

4,𝑥
𝑦
2

𝜉
.

(36)

Hence, (𝑦
𝜉
𝐻

𝜉
)
𝑡
= (𝑦

2

𝜉
𝑈

2
+ 𝑈

2

𝜉
+ 𝑦

2

𝜉
𝑉
2
+ 𝑉

2

𝜉
)
𝑡
. Notice that

𝑦
𝜉
𝐻

𝜉
(0) = (𝑦

2

𝜉
𝑈

2
+ 𝑈

2

𝜉
+ 𝑦

2

𝜉
𝑉
2
+ 𝑉

2

𝜉
)(0); then 𝑦

𝜉
𝐻

𝜉
(𝑡) =

(𝑦
2

𝜉
𝑈

2
+ 𝑈

2

𝜉
+ 𝑦

2

𝜉
𝑉
2
+ 𝑉

2

𝜉
)(𝑡) for all 𝑡 ∈ [0, 𝑇] and (27)

has been proved. We now prove the inequalities in (26). Set
𝑡
∗
= sup{𝑡 ∈ [0, 𝑇]|𝑦

𝜉
(𝑡

) ≥ 0 for all 𝑡 ∈ [0, 𝑡]}. Assume that

𝑡
∗
< 𝑇. Since 𝑦

𝜉
(𝑡) is continuous with respect to 𝑡, we have

𝑦
𝜉
(𝑡
∗
) = 0. It follows from (27) that 𝑈

𝜉
(𝑡
∗
) = 𝑉

𝜉
(𝑡
∗
) = 0.

Furthermore, (24) implies that 𝑦
𝜉𝑡
(𝑡
∗
) = 𝑈

𝜉
(𝑡
∗
) + 𝑉

𝜉
(𝑡
∗
) =

0 and 𝑦
𝜉𝑡𝑡
(𝑡
∗
) = (𝑈

𝜉𝑡
+ 𝑉

𝜉𝑡
)(𝑡

∗
) = 𝐻

𝜉
(𝑡
∗
). If 𝐻

𝜉
(𝑡
∗
) =

0, then (𝑦
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(𝑡

∗
) = (0, 0, 0, 0) which implies that

(𝑦
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(𝑡) = 0 for all 𝑡 ∈ [0, 𝑇] by the uniqueness

of the solution of system (24). This contradicts the fact that
𝑦
𝜉
(0)+𝐻

𝜉
(0) > 0 for all 𝜉 ∈ Ω. If𝐻

𝜉
(𝑡
∗
) < 0, then𝑦

𝜉𝑡𝑡
(𝑡
∗
) < 0.

Since 𝑦
𝜉
(𝑡
∗
) = 𝑦

𝜉𝑡
(𝑡
∗
) = 0, there exists a neighborhood 𝜛 of

𝑡
∗ such that 𝑦

𝜉
(𝑡) < 0 for all 𝑡 ∈ 𝜛/{𝑡

∗
}. This contradicts the

definition of 𝑡∗. Hence,𝐻
𝜉
(𝑡
∗
) > 0. We now have 𝑦

𝜉𝑡𝑡
(𝑡
∗
) > 0,

which conversely implies that 𝑦
𝜉
(𝑡) > 0 for all 𝑡 ∈ 𝜛/{𝑡

∗
},

which contradicts the fact that 𝑡∗ < 𝑇. Thus we have proved
𝑦
𝜉
(𝑡) ≥ 0 for all 𝑡 ∈ [0, 𝑇]. We now prove that 𝐻

𝜉
≥ 0

for all 𝑡 ∈ [0, 𝑇]. This follows from (27) when 𝑦
𝜉
(𝑡) > 0. If

𝑦
𝜉
(𝑡) = 0, then 𝑈

𝜉
(𝑡) = 𝑉

𝜉
(𝑡) = 0 from (27). As we have

seen, 𝐻
𝜉
< 0 would imply that 𝑦

𝜉
(𝑡

) < 0 for some 𝑡 in

a punctured neighborhood of 𝑡, which is impossible. Hence,
𝐻

𝜉
≥ 0 for all 𝑡 ∈ [0, 𝑇]. Now we get that 𝑦

𝜉
(𝑡) + 𝐻

𝜉
(𝑡) ≥ 0

for all 𝑡 ∈ [0, 𝑇]. If 𝑦
𝜉
(𝑡

) + 𝐻

𝜉
(𝑡

) = 0 for some 𝑡

, it
then follows that (𝑦

𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(𝑡


) = 0 which implies that

(𝑦
𝜉
, 𝑈

𝜉
, 𝑉

𝜉
, 𝐻

𝜉
)(𝑡) = 0 for all 𝑡 ∈ [0, 𝑇], which contradicts

the fact that 𝑦
𝜉
(0) + 𝐻

𝜉
(0) > 0 for all 𝜉 ∈ Ω. Hence,

𝑦
𝜉
(𝑡) + 𝐻

𝜉
(𝑡) > 0. This completes the proof that 𝑋(𝑡) ∈ Γ

for all 𝑡 ∈ [0, 𝑇].
We now prove that 𝑦

𝜉
(𝑡, 𝜉) > 0 for almost all 𝑡. Define the

set Θ = {(𝑡, 𝜉) ∈ [0, 𝑇] × 𝑅 | 𝑦
𝜉
(𝑡, 𝜉) = 0}. It follows from

Fubini’s theorem that

meas (Θ) = ∫

𝑅

meas (Θ
𝜉
) 𝑑𝜉 = ∫

[0,𝑇]

meas (Θ
𝑡
) 𝑑𝑡, (37)

where Θ
𝜉
= {𝑡 ∈ [0, 𝑇] | 𝑦

𝜉
(𝑡, 𝜉) = 0} and Θ

𝑡
= {𝜉 ∈ 𝑅 |

𝑦
𝜉
(𝑡, 𝜉) = 0}. From the above proof, we know that, for all

𝜉 ∈ Ω, Θ
𝜉
consists of isolated points that are countable. This

means that meas(Θ
𝜉
) = 0. Sincemeas(Ω𝑐

) = 0, it thus follows
from (37) that meas(Θ

𝑡
) = 0 for almost every 𝑡 ∈ [0, 𝑇]. This

implies that 𝑦
𝜉
(𝑡, 𝜉) > 0 for almost all 𝑡 and therefore 𝑦(𝑡, 𝜉)

is strictly increasing and invertible with respect to 𝜉.
For any given 𝑡 ∈ [0, 𝑇], since 𝐻

𝜉
(𝑡) ≥ 0 and 𝐻(𝑡, 𝜉) ∈

𝐿
∞
(𝑅), we know that𝐻(𝑡, ±∞) exist. We have the following:

𝐻(𝑡, 𝜉) = 𝐻 (0, 𝜉) + ∫

𝑡

0

(𝑈
3
− 2𝑃

2
𝑈 + 𝑉

3
− 2𝑃

4
𝑉) (𝜏, 𝜉) 𝑑𝜏.

(38)

Let 𝜉 → ±∞. Since 𝑈, 𝑉, 𝑃
2
, 𝑃

4
are bounded in 𝐿∞([0, 𝑇] ×

𝑅) and lim
𝜉→±∞

𝑈(𝑡, 𝜉) = lim
𝜉→±∞

𝑉(𝑡, 𝜉) = 0 as 𝑈(𝑡, ⋅),
𝑉(𝑡, ⋅) ∈ 𝐻

1
(𝑅) for all 𝑡 ∈ [0, 𝑇], (38) implies that𝐻(𝑡, ±∞) =

𝐻(0, ±∞) for all 𝑡 ∈ [0, 𝑇]. Since 𝑋 ∈ Γ, it follows that
𝐻(0, ±∞) = 0 for all 𝑡 ∈ [0, 𝑇].

Theorem 5. For any initial data 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) ∈

Γ, there exists a unique global solution 𝑋(𝑡) = (𝑦, 𝑈, 𝑉,𝑀,𝑁,

𝐻)(𝑡) ∈ 𝐶
1
(𝑅

+
, 𝐸) for the system (21). Moreover, for all 𝑡 ∈ 𝑅+,

we have𝑋(𝑡) ∈ Γ, which constructs a continuous semigroup.

Proof. To ensure that the local solution 𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁,

𝐻) ∈ 𝐶([0, 𝑇], 𝐸) of system (21) can be extended to a global
solution, it suffices to show that

sup
𝑡∈[0,𝑇)

‖𝜍 (𝑡, ⋅) , 𝑈 (𝑡, ⋅) , 𝑉 (𝑡, ⋅) ,𝑀 (𝑡, ⋅) , 𝑁 (𝑡, ⋅) , 𝐻 (𝑡, ⋅)‖
𝐸
<∞.

(39)
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Since 𝐻(𝑡, 𝜉) is an increasing function with respect to 𝜉

for all 𝑡 and lim
𝜉→∞

𝐻(𝑡, 𝜉) = lim
𝜉→∞

𝐻(0, 𝜉), we have
sup

𝑡∈[0,𝑇)
‖𝐻(𝑡, ⋅)‖

𝐿
∞
(𝑅)

= ‖𝐻‖
𝐿
∞
(𝑅)

< ∞. We now consider
a fixed 𝑡 ∈ [0, 𝑇) and drop it for simplification. Since 𝑈

𝜉
(𝜉) =

𝑉
𝜉
(𝜉) = 0 when 𝑦

𝜉
(𝜉) = 0 and 𝑦

𝜉
(𝜉) > 0, for a. e. 𝜉, it follows

from (27) that

𝑈
2
(𝜉) = 2∫

𝜉

−∞

𝑈(𝜉

)𝑈

𝜉
(𝜉


) 𝑑𝜉



= 2∫

{𝜉

<𝜉|𝑦
𝜉
(𝜉

)>0}

𝑈(𝜉

)𝑈

𝜉
(𝜉


) 𝑑𝜉



≤ ∫

{𝜉

<𝜉|𝑦
𝜉
(𝜉

)>0}

(𝑦
𝜉
𝑈

2
+

𝑈
2

𝜉

𝑦
𝜉

)(𝜉

) 𝑑𝜉



≤ ∫

𝑅

𝐻
𝜉
(𝜉


) 𝑑𝜉


= 𝐻 (𝜉) ,

(40)

which implies that

sup
𝑡∈[0,𝑇)






𝑈

2
(𝑡, ⋅)





𝐿
∞
≤ sup

𝑡∈[0,𝑇)

‖𝐻 (𝑡, ⋅)‖
𝐿
∞
(𝑅)

=






𝐻





𝐿
∞
(𝑅)

< ∞,

(41)

and therefore
sup
𝑡∈[0,𝑇)

‖𝑈 (𝑡, ⋅)‖
𝐿
∞ < ∞. (42)

Similarly,

sup
𝑡∈[0,𝑇)

‖𝑉 (𝑡, ⋅)‖
𝐿
∞ < ∞. (43)

We can obtain from the governing equation (21) that




𝜍 (𝑡, 𝜉)





≤




𝜍 (0, 𝜉)





+ sup

𝑡∈[0,𝑇)

(‖𝑈 (𝑡, ⋅)‖
𝐿
∞ + ‖𝑉 (𝑡, ⋅)‖

𝐿
∞) 𝑇,

(44)

and then sup
𝑡∈[0,𝑇)

‖𝜍(𝑡, ⋅)‖
𝐿
∞ < ∞. We can also get from the

governing equation (21) that

sup
𝑡∈[0,𝑇)

‖𝑀 (𝑡, ⋅)‖
𝐿
∞ < ∞, sup

𝑡∈[0,𝑇)

‖𝑁 (𝑡, ⋅)‖
𝐿
∞ < ∞. (45)

From the identity𝐻
𝜉
= (𝑈

2
+𝑀

2
+𝑉

2
+𝑁

2
)𝑦

𝜉
, we can deduce

that





(𝑈

2
+ 2𝑀𝑁 −𝑁

2
) 𝑦

𝜉






≤ (𝑈

2
+𝑀

2
+ 𝑁

2
+ 𝑁

2
) 𝑦

𝜉
≤ 2𝐻

𝜉
,

(46)

which implies that




𝑃
2,𝑥






≤

1

2










∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
[𝐻

𝜉
+ (𝑈

2
+2𝑀𝑁 −𝑁

2
) 𝑦

𝜉
] (𝜉


) 𝑑𝜉












≤

1

2










∫

𝑅

𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
3𝐻

𝜉
(𝜉


) 𝑑𝜉












≤ 𝐶 sup
𝑡∈[0,𝑇)

‖𝐻 (𝑡, ⋅)‖
𝐿
∞
(𝑅)

< ∞.

(47)

Therefore, ‖𝑃
2,𝑥
‖
𝐿
∞ < ∞. It is not hard to know that ‖𝑃

2,𝑥
‖
𝐿
2 ≤

𝐶‖𝑒
−𝑦(𝜉)

‖
𝐿
2 ⋅ sup

𝑡∈[0,𝑇)
‖𝐻(𝑡, ⋅)‖

𝐿
∞
(𝑅)

< ∞. Similarly, one can
obtain that the bounds hold for 𝑃

1
, 𝑃

1,𝑥
, 𝑃

2
, 𝑃

3
, 𝑃

3,𝑥
, 𝑃

4
, and

𝑃
4,𝑥
. Let

𝑍 (𝑡) = ‖𝑈 (𝑡, ⋅)‖
𝐿
2 +






𝑈
𝜉
(𝑡, ⋅)





𝐿
2
+ ‖𝑉 (𝑡, ⋅)‖

𝐿
2

+






𝑉
𝜉
(𝑡, ⋅)





𝐿
2
+






𝜍
𝜉
(𝑡, ⋅)





𝐿
2
+






𝐻

𝜉
(𝑡, ⋅)





𝐿
2
.

(48)

Using the integrated version of (21) and (24), after taking the
𝐿
2-norms on both sides, we obtain

𝑍 (𝑡) ≤ 𝑍 (0) + 𝐶∫

𝑡

0

𝑍 (𝜏) 𝑑𝜏. (49)

It follows from Gronwall’s inequality that sup
𝑡∈[0,𝑇)

𝑍(𝑡) < ∞.
Hence, we infer that the map 𝑆

𝑡
: Γ → Γ × 𝑅

+ defined as

𝑆
𝑡
(𝑋) = 𝑋 (𝑡) (50)

generates a continuous semigroup from the standard theory
of ordinary differential equations.

4. Global Conservative Solutions of the
Original System

We show that the global solution of the equivalent system (21)
yields a global conservative solution of the original system
(8), which constructs a continuous semigroup in this section.

To obtain the global conservative solution of the original
system, we have to establish the correspondence between the
Lagrangian equivalent system and the original system.

Let us first introduce the subsets 𝐹 and 𝐹
𝛼
of Γ given by

𝐹 = {𝑋 = (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ Γ | 𝑦 + 𝐻 ∈ 𝐺} ,

𝐹
𝛼
= {𝑋 = (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ Γ | 𝑦 + 𝐻 ∈ 𝐺

𝛼
} ,

(51)

where 𝐺 is defined as

𝐺 = {𝑓 is invertible | 𝑓 − 𝐼𝑑,

𝑓
−1
− 𝐼𝑑 both belong to 𝑊

1,∞
(𝑅)} .

(52)

And, for any 𝛼 > 1, the subsets 𝐺
𝛼
of 𝐺 are given by

𝐺
𝛼
= {𝑓 ∈ 𝐺 |





𝑓 − 𝐼𝑑




𝑊
1,∞

(𝑅)
+






𝑓
−1
− 𝐼𝑑





𝑊
1,∞

(𝑅)
≤ 𝛼} ,

(53)

with a useful characterization. If 𝑓 ∈ 𝐺
𝛼
(𝛼 ≥ 0), then 1/(1 +

𝛼) ≤ 𝑓
𝜉
≤ 1 + 𝛼 a.e. Conversely, if 𝑓 is absolutely continuous,

𝑓 − 𝐼𝑑 ∈ 𝐿
∞
(𝑅) and there exists 𝑐 ≥ 1 such that 1/𝑐 ≤ 𝑓

𝜉
≤ 𝑐

a.e., and then 𝑓 ∈ 𝐺
𝛼
for some 𝛼 depending only on 𝑐 and

‖𝑓 − 𝐼𝑑‖
𝐿
∞
(𝑅)
.With this useful characterization of𝐺

𝛼
, it is not

hard to prove that the space 𝐹 is preserved by the governing
equation (21). Notice that the map (𝑓,𝑋) → 𝑋 ∘ 𝑓 defines a
group action of𝐺 on𝐹; we consider the quotient space𝐹/𝐺 of
𝐹 with respect to the group action. The equivalence relation
on 𝐹 is defined as follows: for any 𝑋,𝑋

∈ 𝐹, if there exists
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𝑓 ∈ 𝐺 such that 𝑋
= 𝑋 ∘ 𝑓, we claim that 𝑋 and 𝑋

 are
equivalent.

We denote the projection Π : 𝐹 → 𝐹/𝐺 by Π(𝑋) =

[𝑋]. For any 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐹, we introduce the
mapping Υ : 𝐹 → 𝐹

0
given by Υ(𝑋) = 𝑋 ∘ (𝑦 + 𝐻)

−1.
It is not hard to prove that Υ(𝑋) = 𝑋 when 𝑋 ∈ 𝐹

0
and

Υ(𝑋 ∘ 𝑓) = Υ(𝑋) for any 𝑋 ∈ 𝐹 and 𝑓 ∈ 𝐺. Hence, we
can define the map Υ̃ : 𝐹/𝐺 → 𝐹

0
as Υ̃([𝑋]) = Υ(𝑋), for

any representative [𝑋] ∈ 𝐹/𝐺 of 𝑋 ∈ 𝐹. For any 𝑋 ∈ 𝐹
0
, we

have Υ̃ ∘ Π(𝑋) = Υ(𝑋) = 𝑋. Hence, Υ̃ ∘ Π
|𝐹
0

= 𝐼𝑑
|𝐹
0

and
any topology defined on 𝐹

0
is naturally transported into 𝐹/𝐺

by this isomorphism. That is, if we equip 𝐹
0
with the metric

induced by the 𝐸-norm; that is, 𝑑
𝐹
0

(𝑋,𝑋

) = ‖𝑋 − 𝑋


‖
𝐸
, for

all 𝑋,𝑋
∈ 𝐹

0
, which is complete, then the topology on 𝐹/𝐺

is defined by a complete metric given by 𝑑
𝐹/𝐺

([𝑋], [𝑋

]) =

‖Υ(𝑋) − Υ(𝑋

)‖

𝐸
for any [𝑋], [𝑋

] ∈ 𝐹/𝐺. Let us denote by
𝑆 : 𝐹 × 𝑅

+
→ 𝐹 the continuous semigroup which to any

initial data 𝑋 ∈ 𝐹 associates the solution 𝑋(𝑡) of (21). The
system (8) is invariant with respect to relabeling. That is, for
any 𝑡 > 0, 𝑆

𝑡
(𝑋 ∘ 𝑓) = 𝑆

𝑡
(𝑋) ∘ 𝑓, for an 𝑋 ∈ 𝐹 and 𝑓 ∈ 𝐺.

Thus the map 𝑆
𝑡
: 𝐹/𝐺 → 𝐹/𝐺 given by 𝑆

𝑡
([𝑋]) = [𝑆

𝑡
𝑋] is

well-defined, which generates a continuous semigroup.
To obtain a semigroup of solution for (8), we have to

consider the space𝐷, which characterizes the solutions in the
original system:

𝐷 = {(𝑧, 𝜇) | 𝑧 ∈ 𝐻
1
(𝑅) × 𝐻

1
(𝑅) ,

𝜇ac = (𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥} ,

(54)

where 𝑧 = (𝑢, V) and 𝜇 is a positive finite Radonmeasure with
𝜇ac as its absolute continuous part.

We now establish a bijection between𝐹/𝐺 and𝐷 to trans-
port the continuous semigroup obtained in the Lagrangian
equivalent system (functions in 𝐹/𝐺) into the original system
(functions in𝐷).

We first introduce the mapping 𝐿 : 𝐷 → 𝐹/𝐺, which
transforms the original system into the Lagrangian equivalent
system defined as follows.

Definition 6. For any (𝑧, 𝜇) ∈ 𝐷, let

𝑦 (𝜉) = sup {𝑦 | 𝜇 (−∞, 𝑦) + 𝑦 < 𝜉} , (55)

𝑈 (𝜉) = 𝑢 ∘ 𝑦 (𝜉) , 𝑉 (𝜉) = V ∘ 𝑦 (𝜉) ,

𝑀 (𝜉) = 𝑢
𝑥
∘ 𝑦 (𝜉) , 𝑁 (𝜉) = V

𝑥
∘ 𝑦 (𝜉) ,

(56)

𝐻(𝜉) = 𝜉 − 𝑦 (𝜉) , (57)

with 𝑧 = (𝑢, V). We define 𝐿(𝑧, 𝜇) ∈ 𝐹/𝐺 as the equivalence
class of (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻).

Remark 7. From the definition of 𝑦, 𝑈, 𝑉,𝑀, 𝑁, 𝐻 in (55)–
(57), we can check that 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐸, which
also satisfies (25). Moreover, we have 𝑦 + 𝐻 = 𝐼𝑑 from
(57), which implies that 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐹

0
.

Furthermore, if 𝜇 is absolutely continuous, then 𝜇 = (𝑢
2
+

𝑢
2

𝑥
+ V2 + V2

𝑥
)𝑑𝑥 and

∫

𝑦(𝜉)

−∞

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥 + 𝑦 (𝜉) = 𝜉, (58)

for all 𝜉 ∈ 𝑅.
We are led to the mapping𝑀, which corresponds to the

transformation from the Lagrangian equivalent system into
the original system. In the other direction, we obtain the
energy density 𝜇 in the original system, by pushing forward
by 𝑦 the energy density 𝐻

𝜉
𝑑𝜉 in the Lagrangian equivalent

system, where the push-forward 𝑓#] of a measure ] by a
measurable function 𝑓 is defined as

𝑓#] (𝐵) = ] (𝑓−1
(𝐵)) , (59)

for all the Borel set 𝐵. Give any element [𝑋] ∈ 𝐹/𝐺, and let
(𝑧, 𝜇) be defined as

𝑧 (𝑥) = 𝑍 (𝜉) for any 𝜉 such that 𝑥 = 𝑦 (𝜉) , (60)

𝜇 = 𝑦# (𝐻𝜉
𝑑𝜉) , (61)

where 𝑧(𝑥) = (𝑢, V)(𝑥) and 𝑍(𝜉) = (𝑈, 𝑉)(𝜉). We get that
(𝑧, 𝜇) ∈ 𝐷, which does not depend on the representative
𝑋 = (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐹 of [𝑋] that we choose. We
denote by 𝑀 : 𝐹/𝐺 → 𝐷 the map to any [𝑋] ∈ 𝐹/𝐺 and
(𝑧, 𝜇) ∈ 𝐷 given by (60)-(61), which conversely transforms
the Lagrangian equivalent system into the original system.

We claim that the transformation from the original
system into the Lagrangian equivalent system is a bijection.

Theorem8. Themaps𝑀 and𝐿 arewell-defined and𝐿−1 = 𝑀.
That is,

𝐿 ∘ 𝑀 = 𝐼𝑑
𝐹/𝐺

, 𝑀 ∘ 𝐿 = 𝐼𝑑
𝐷
. (62)

Proof. Let [𝑋] in 𝐹/𝐺 be given. We consider𝑋 = (𝑦, 𝑈, 𝑉,𝑀,

𝑁,𝐻) = Υ̃([𝑋]) as a representative of [𝑋] and (𝑧, 𝜇) given by
(60)-(61) for this particular 𝑋. From the definition of Υ̃, we
have𝑋 ∈ 𝐹

0
. Let𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) be the representative

of 𝐿(𝑧, 𝜇) in 𝐹
0
given by Definition 6. We have to prove that

𝑋 = 𝑋 and therefore 𝐿 ∘ 𝑀 = 𝐼𝑑
𝐹/𝐺

. Let

𝑔 (𝑥) = sup {𝜉 ∈ 𝑅 | 𝑦 (𝜉) < 𝑥} . (63)

Using the fact that 𝑦 is increasing and continuous, it follows
that

𝑦 (𝑔 (𝑥)) = 𝑥 (64)

and 𝑦
−1
((−∞, 𝑥)) = (−∞, 𝑔(𝑥)). From (61) and since

𝐻(−∞) = 0, for any 𝑥 ∈ 𝑅, we get the following:

𝜇 ((−∞, 𝑥)) = ∫

𝑦
−1
((−∞,𝑥))

𝐻
𝜉
𝑑𝜉 = ∫

𝑔(𝑥)

−∞

𝐻
𝜉
𝑑𝜉 = 𝐻 (𝑔 (𝑥)) .

(65)



Mathematical Problems in Engineering 9

Since𝑋 ∈ 𝐹
0
and 𝑦 + 𝐻 = 𝐼𝑑, we have

𝜇 ((−∞, 𝑥)) + 𝑥 = 𝑔 (𝑥) . (66)

From the definition of 𝑦, it follows that

𝑦 (𝜉) = sup {𝑥 ∈ 𝑅 | 𝑔 (𝑥) < 𝜉} . (67)

For any given 𝜉 ∈ 𝑅, using the fact that 𝑦 is increasing
and (64), it follows that 𝑦(𝜉) ≤ 𝑦(𝜉). If 𝑦(𝜉) < 𝑦(𝜉), there
then exists 𝑥 such that 𝑦(𝜉) < 𝑥 < 𝑦(𝜉) and (67) implies
that 𝑔(𝑥) ≥ 𝜉. Conversely, since 𝑦 is increasing, then 𝑥 =

𝑦(𝑔(𝑥)) < 𝑦(𝜉) implies that 𝑔(𝑥) < 𝜉, which gives us a
contradiction. Hence, we have 𝑦 = 𝑦. Since 𝑦 + 𝐻 = 𝐼𝑑, it
follows directly from the definitions that𝐻 = 𝐻,𝑈 = 𝑈,𝑉 =

𝑉,𝑀 = 𝑀, and𝑁 = 𝑁. We thus proved that 𝐿 ∘ 𝑀 = 𝐼𝑑
𝐹/𝐺

.
Given (𝑧, 𝜇) in 𝐷, we denote by (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) the

representative of 𝐿(𝑧, 𝜇) in 𝐹
0
given by Definition 6. Let

(𝑧, 𝜇) = 𝑀 ∘ 𝐿(𝑧, 𝜇) and 𝑔 be defined as before by (63). The
same computation that leads to (66) now gives

𝜇 ((−∞, 𝑥)) + 𝑥 = 𝑔 (𝑥) . (68)

Given 𝜉 ∈ 𝑅, we consider an increasing sequence 𝑥
𝑖

converging to 𝑦(𝜉) which is guaranteed by (55) such that
𝜇((−∞, 𝑥

𝑖
)) + 𝑥

𝑖
< 𝜉. Let 𝑖 tend to infinity. Since

𝐹(𝑥) = 𝜇((−∞, 𝑥)) is lower semi-continuous, we have
𝜇((−∞, 𝑦(𝜉))) + 𝑦(𝜉) ≤ 𝜉. Take 𝜉 = 𝑔(𝑥) and then we get

𝜇 ((−∞, 𝑥)) + 𝑥 ≤ 𝑔 (𝑥) . (69)

By the definition of 𝑔, there exists an increasing sequence 𝜉
𝑖

converging to 𝑔(𝑥) such that 𝑦(𝜉
𝑖
) < 𝑥. It follows from the

definition of 𝑦 in (55) that 𝜇((−∞, 𝑥))+𝑥 ≥ 𝜉
𝑖
. Passing to the

limit, we obtain 𝜇((−∞, 𝑥)) + 𝑥 ≥ 𝑔(𝑥) which, together with
(69), yields

𝜇 ((−∞, 𝑥)) + 𝑥 = 𝑔 (𝑥) . (70)

We obtain that 𝜇 = 𝜇 by comparing (70) and (68). It is clear
from the definitions that 𝑧 = 𝑧. Hence, (𝑧, 𝜇) = (𝑧, 𝜇) and
𝑀 ∘ 𝐿 = 𝐼𝑑

𝐷
.

The topology defined in 𝐹/𝐺 can be transported into 𝐷,
which is guaranteed by the fact that we have established a
bijection between the two equivalent systems. We define the
metric 𝑑

𝐷
on𝐷 as

𝑑
𝐷
((𝑧, 𝜇) , (𝑧, 𝜇)) = 𝑑

𝐹/𝐺
(𝐿 (𝑧, 𝜇) , 𝐿 (𝑧, 𝜇)) , (71)

which makes the bijection 𝐿 between 𝐷 and 𝐹/𝐺 into an
isometry. Since 𝐹/𝐺 equipped with 𝑑

𝐹/𝐺
is a complete metric

space, 𝐷 equipped with the metric 𝑑
𝐷

is also a complete
metric space. For each 𝑡 ∈ 𝑅, we define the mapping 𝑇

𝑡
:

𝐷 → 𝐷 as

𝑇
𝑡
= 𝑀𝑆

𝑡
𝐿. (72)

Then a continuous semigroup of conservative weak solutions
for the original system is obtained as the following theorem
shows.

Theorem 9. Let (𝑧, 𝜇) ∈ 𝐷 be given. If one denotes by 𝑡 →

(𝑧(𝑡), 𝜇(𝑡)) = 𝑇
𝑡
(𝑧, 𝜇) the corresponding trajectory, then 𝑧 =

(𝑢, V) is aweak solution of themodified coupled two-component
Camassa-Holm equation (8), which constructs a continuous
semigroup. Moreover, 𝜇 is a weak solution of the following
transport equation for the energy density:

𝜇
𝑡
+ [(𝑢 + V) 𝜇]

𝑥
= (𝑢

3
− 2𝑃

2
𝑢 + V3 − 2𝑃

4
V)

𝑥
. (73)

Furthermore, for all 𝑡, it holds that

𝜇 (𝑡) (𝑅) = 𝜇 (0) (𝑅) (74)

and, for almost all 𝑡,

𝜇 (𝑡) (𝑅) = 𝜇ac (𝑡) (𝑅) = ‖𝑧 (𝑡)‖
2

𝐻
1

= ‖𝑢 (𝑡)‖
2

𝐻
1 + ‖V (𝑡)‖2

𝐻
1 = 𝜇 (0) (𝑅) .

(75)

Thus the unique solution described here is a conservative weak
solution of the system (8).

Proof. To prove that 𝑧 = (𝑢, V) is a weak solution of the
original system (8), it suffices to show that, for all 𝜙 ∈

𝐶
∞
(𝑅

+
× 𝑅) with compact support,

∫

𝑅
+
×𝑅

[−𝑢𝜙
𝑡
+ (𝑢 + V) 𝑢

𝑥
𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡

= −∫

𝑅
+
×𝑅

[(𝑃
1
+ 𝑃

2,𝑥
) 𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡,

∫

𝑅
+
×𝑅

[−V𝜙
𝑡
+ (𝑢 + V) V

𝑥
𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡

= −∫

𝑅
+
×𝑅

[(𝑃
3
+ 𝑃

4,𝑥
) 𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡,

(76)

where 𝑃
1
, 𝑃

2,𝑥
, 𝑃

3
, and 𝑃

4,𝑥
are given by (8). Let the

solution (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻)(𝑡) of (21) be a representative of
𝐿(𝑧(𝑡), 𝜇(𝑡)). On the one hand, since 𝑦(𝑡, 𝜉) is Lipschitz
continuous and invertible with respect to 𝜉, for almost all 𝑡,
we then can use the change of variables 𝑥 = 𝑦(𝑡, 𝜉) and obtain

∫

𝑅
+
×𝑅

[−𝑢𝜙
𝑡
+ (𝑢 + V) 𝑢

𝑥
𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡

= ∫

𝑅
+
×𝑅

[− (𝑈𝑦
𝜉
) (𝑡, 𝜉) 𝜙

𝑡
(𝑡, 𝑦 (𝑡, 𝜉))

+ ((𝑈 + 𝑉)𝑈
𝜉
) (𝑡, 𝜉) 𝜙 (𝑡, 𝑦 (𝑡, 𝜉))] 𝑑𝜉 𝑑𝑡.

(77)

By using the identities 𝑦
𝑡
= 𝑈 + 𝑉 and 𝑦

𝜉𝑡
= 𝑈

𝜉
+ 𝑉

𝜉
, it then

follows from (21) that

∫

𝑅
+
×𝑅

[−𝑈𝑦
𝜉
𝜙
𝑡
(𝑡, 𝑦) + (𝑈 + 𝑉)𝑈

𝜉
𝜙 (𝑡, 𝑦)] 𝑑𝜉 𝑑𝑡

=

1

2

∫

𝑅
+
×𝑅
2

{−𝑈𝑁𝑦
𝜉
+

1

2

sgn (𝜉 − 𝜉)

× [𝐻
𝜉
+ (𝑈

2
+ 2𝑀𝑁 −𝑁

2
) 𝑦

𝜉
] } (𝜉


)

⋅ 𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
𝜙 (𝑡, 𝑦 (𝜉)) 𝑦

𝜉
(𝜉) 𝑑𝜉


𝑑𝜉 𝑑𝑡.

(78)
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On the other hand, using the change of variables 𝑥 = 𝑦(𝑡, 𝜉)

and 𝑥 = 𝑦(𝑡, 𝜉

) and since 𝑦 is increasing with respect to 𝜉,

we have the following:

− ∫

𝑅
+
×𝑅

[(𝑃
1
+ 𝑃

2,𝑥
) 𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡

=

1

2

∫

𝑅
+
×𝑅
2

[−𝑢V
𝑥
+ sgn (𝜉 − 𝜉)

× (𝑢
2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥
)]

× (𝑡, 𝑦 (𝜉

)) ⋅ 𝑒

−|𝑦(𝜉)−𝑦(𝜉

)|

× 𝜙 (𝑡, 𝑦 (𝜉)) 𝑦
𝜉
(𝜉


) 𝑦

𝜉
(𝜉) 𝑑𝜉


𝑑𝜉 𝑑𝑡.

(79)

We obtain from (27) that

− ∫

𝑅
+
×𝑅

[(𝑃
1
+ 𝑃

2,𝑥
) 𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡

=

1

2

∫

𝑅
+
×𝑅
2

{−𝑈𝑁𝑦
𝜉
+

1

2

sgn (𝜉 − 𝜉)

× [𝐻
𝜉
+ (𝑈

2
+ 2𝑀𝑁 −𝑁

2
) 𝑦

𝜉
] } (𝜉


)

⋅ 𝑒
−|𝑦(𝜉)−𝑦(𝜉


)|
𝜙 (𝑡, 𝑦 (𝜉)) 𝑦

𝜉
(𝜉) 𝑑𝜉


𝑑𝜉 𝑑𝑡.

(80)

By comparing (78) and (80), we know that

∫

𝑅
+
×𝑅

[−𝑈𝑦
𝜉
𝜙
𝑡
(𝑡, 𝑦) + (𝑈 + 𝑉)𝑈

𝜉
𝜙 (𝑡, 𝑦)] 𝑑𝜉 𝑑𝑡

= −∫

𝑅
+
×𝑅

[(𝑃
1
+ 𝑃

2,𝑥
) 𝜙] (𝑡, 𝑥) 𝑑𝑥 𝑑𝑡.

(81)

Hence, the first identity in (76) holds. The second identity in
(76) follows in the same way. One can easily check that 𝜇(𝑡) is
solution of (73). From the definition 𝜇 in (61), we get

𝜇 (𝑡) (𝑅) = ∫

𝑅

𝐻
𝜉
𝑑𝜉 = 𝐻 (𝑡,∞) , (82)

which is constant in time from Lemma 2. Thus, we have
proved (74).

Since 𝑦
𝜉
(𝑡, 𝜉) > 0 a.e., for almost every 𝜉 ∈ 𝑅, it then

follows from (27) that

𝜇 (𝑡) (𝐵) = ∫

𝑦
−1
(𝐵)

𝐻
𝜉
𝑑𝜉

= ∫

𝑦
−1
(𝐵)

(𝑈
2
+

𝑈
2

𝜉

𝑦
2

𝜉

+ 𝑉
2
+

𝑉
2

𝜉

𝑦
2

𝜉

)𝑦
𝜉
𝑑𝜉,

(83)

for any Borel set 𝐵. Since 𝑦 is one-to-one and 𝑢
𝑥
∘ 𝑦𝑦

𝜉
= 𝑈

𝜉
,

V
𝑥
∘ 𝑦𝑦

𝜉
= 𝑉

𝜉
a.e. and then (83) implies that

𝜇 (𝑡) (𝐵) = ∫

𝐵

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) (𝑡, 𝑥) 𝑑𝑥. (84)

Hence, (75) is proved (and the solution is conservative),
which completes the proof.

5. Multipeakon Conservative Solutions of
the Original System

In this section, we will derive a new system of ordinary
differential equations for the multipeakon solutions which
is well posed even when collisions occur, and the variables
(𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) will be used to characterize multipeakons
in a way that avoids the problems related to blowing up.

Solutions of the modified coupled two-component
Camassa-Holm system may experience wave breaking in
the sense that the solution develops singularities in finite
time, while keeping the𝐻1-norm finite. Continuation of the
solution beyond wave breaking imposes significant challenge
as can be illustrated in the case of multipeakons, which are
special solutions of the modified coupled two-component
Camassa-Holm system of the following form:

𝑢 (𝑡, 𝑥) =

𝑛

∑

𝑖=1

𝑝
𝑖
(𝑡) 𝑒

−|𝑥−𝑞
𝑖
(𝑡)|
,

V (𝑡, 𝑥) =
𝑛

∑

𝑖=1

𝑟
𝑖
(𝑡) 𝑒

−|𝑥−𝑞
𝑖
(𝑡)|
,

(85)

where (𝑝
𝑖
(𝑡), 𝑟

𝑖
(𝑡), 𝑞

𝑖
(𝑡)) satisfy the explicit system of ordinary

differential equations:

̇𝑝
𝑖
=

𝑛

∑

𝑗=1,𝑖 ̸=𝑗

(𝑝
𝑖
𝑝
𝑗
+ 𝑟

𝑖
𝑟
𝑗
) sgn (𝑞

𝑗
− 𝑞

𝑖
) 𝑒

−|𝑞
𝑖
−𝑞
𝑗
|
,

̇𝑟
𝑖
=

𝑛

∑

𝑗=1,𝑖 ̸=𝑗

(𝑝
𝑖
𝑝
𝑗
+ 𝑟

𝑖
𝑟
𝑗
) sgn (𝑞

𝑗
− 𝑞

𝑖
) 𝑒

−|𝑞
𝑖
−𝑞
𝑗
|
,

̇𝑞
𝑖
= −

𝑛

∑

𝑗=1

(𝑝
𝑗
+ 𝑟

𝑗
) 𝑒

−|𝑞
𝑖
−𝑞
𝑗
|
.

(86)

Peakons interact in a way similar to that of solitons of the
CH equation, and wave breaking may appear when at least
two of the 𝑞

𝑖
coincide. Clearly, if the 𝑞

𝑖
remain distinct, the

system (86) allows for a global smooth solution. It is not hard
to see that 𝑧 = (𝑢, V) is a global weak solution of system (8) by
inserting that solution into (85). In the case where 𝑝

𝑖
(0) and

𝑟
𝑖
(0) have the same sign for all 𝑖 = 1, 2, . . . , 𝑛, (86) admits a

unique global solution, where the 𝑞
𝑖
(𝑡) remain distinct and

the peakons are traveling in the same direction. However,
when two peakons have opposite signs, collisions may occur,
and, if so, the system (86) blows up.

Let us consider initial data 𝑧 = (𝑢, V) given by

𝑢 (𝑥) =

𝑛

∑

𝑖=1

𝑝
𝑖
𝑒
−|𝑥−𝜉

𝑖
|
,

V (𝑥) =
𝑛

∑

𝑖=1

𝑟
𝑖
𝑒
−|𝑥−𝜉

𝑖
|
.

(87)

Without loss of generality, we assume that the 𝑝
𝑖
and 𝑟

𝑖

are all nonzero and that the 𝜉
𝑖
are all distinct. The aim is

to characterize the unique and global weak solution from
Theorem 9 with initial data (87) explicitly. Since the variables
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𝑝
𝑖
and 𝑟

𝑖
blow up at collisions, they are not appropriate to

define amultipeakon in the form of (85).We consider the fol-
lowing characterization of multipeakons given as continuous
solutions 𝑧 = (𝑢, V), which are defined on intervals [𝑦

𝑖
, 𝑦

𝑖+1
]

as the solutions of the Dirichlet problem

𝑧 − 𝑧
𝑥𝑥

= 0, (88)

with boundary conditions 𝑧(𝑡, 𝑦
𝑖
(𝑡)) = 𝑧

𝑖
(𝑡) and 𝑧(𝑡, 𝑦

𝑖+1

(𝑡)) = 𝑧
𝑖+1
(𝑡). The variables 𝑦

𝑖
denote the position of the

peaks, and the variables 𝑧
𝑖
denote the values of 𝑧 at the peaks.

In the following we will show that this property persists for
conservative solutions.

Let us set 𝐴 = 𝑅 \ {𝜉
1
, . . . , 𝜉

𝑛
}. The next lemma gives us

the functions 𝑈, 𝑉, and𝐻 which belong to 𝐶2
(𝐴) (they even

belong to 𝐶∞
(𝐴)).

Lemma 10. Let 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) ∈ 𝐹 such that (𝑦, 𝑈,
𝑉,𝐻) ∈ [𝐶

2
(𝐴)]

4 is given, and then the solution (𝑦, 𝑈, 𝑉,𝐻)

of (21) with initial data𝑋 belongs to 𝐶1
(𝑅

+
, [𝐶

2
(𝐴)]

4

).

Proof. To prove this Lemma, one proceeds as in Theorem 3
by using the contraction argument and replacing 𝐸 by

𝐸 = 𝐸 ∩ [(𝐶
2
(𝐴))

3

∩ (𝐿
2
)

2

∩ 𝐶
2
(𝐴)] , (89)

endowed with the norm

‖𝑋‖
𝐸
= ‖𝑋‖

𝐸
+




𝑦 − 𝐼𝑑




𝑊
2,∞

(𝐴)
+ ‖𝑈‖

𝑊
2,∞

(𝐴)

+ ‖𝑉‖
𝑊
2,∞

(𝐴)
+ ‖𝐻‖

𝑊
2,∞

(𝐴)
.

(90)

Our main task is to prove the Lipschitz continuity of 𝑃
𝑖

and 𝑃
𝑖,𝑥
(𝑖 = 1, 2, 3, 4) from 𝐸 to𝐻1

(𝑅)∩𝐶
2
(𝐴). We first show

that 𝑃
2,𝑥

is Lipschitz continuous from 𝐸 to 𝐻
1
(𝑅) ∩ 𝐶

2
(𝐴)

and the others follow in the same way. Given a bounded set
𝐵 = {𝑋 ∈ 𝐸 | ‖𝑋‖

𝐸
≤ 𝐶

𝐵
} where 𝐶

𝐵
is a positive constant,

fromTheorem 3, we get that





𝑃
2,𝑥

(𝑋) − 𝑃
2,𝑥

(𝑋)





𝐿
∞
(𝑅)

≤ 𝐶






𝑋 − 𝑋





𝐸

≤ 𝐶






𝑋 − 𝑋





𝐸

(91)

for a constant 𝐶 depending only on 𝐶
𝐵
. We can compute the

derivative of 𝑃
2,𝑥

given as

𝑃
2,𝑥𝜉

= −

1

2

𝐻
𝜉
+ (𝑃

2
−

1

2

𝑈
2
−𝑀𝑁 +𝑁

2
) (1 + 𝜍

𝜉
) . (92)

From Lemma 2, 𝑃
2,𝑥𝜉

is Lipschitz continuous from 𝐸 to 𝐶(𝐴)
and therefore 𝑃

2,𝑥
is Lipschitz continuous from 𝐸 to 𝐶1

(𝐴).
Similarly, we obtain the same results for 𝑃

1
, 𝑃

2
, 𝑃

3
, and 𝑃

4
and

𝑃
1,𝑥
, 𝑃

3,𝑥
, 𝑃

4,𝑥
. We can also compute the derivative of 𝑃

2,𝑥𝜉
on

𝐴 as follows:

𝑃
2,𝑥𝜉𝜉

= −

1

2

𝐻
𝜉𝜉
+ (𝑃

2,𝑥
𝑦
𝜉
− 𝑈𝑈

𝜉
−𝑀

𝜉
𝑁 −𝑀𝑁

𝜉
+ 2𝑁𝑁

𝜉
) 𝑦

𝜉

+ (𝑃
2
−

1

2

𝑈
2
−𝑀𝑁 +𝑁

2
)𝑦

𝜉𝜉
.

(93)

Since 𝑃
2,𝑥𝜉𝜉

is locally Lipschitz maps from 𝐸 to 𝐶(𝐴), we
then get that 𝑃

2,𝑥
is locally Lipschitz continuous from 𝐸 to

𝐶
2
(𝐴). The same results can be obtained for the other 𝑃

𝑖

and 𝑃
𝑖,𝑥

(𝑖 = 1, 2, 3, 4) by the same way. From the standard
contraction argument, the local existence of solutions of (21)
can be proved in 𝐸. As far as global existence is concerned,
‖𝑋‖

𝑊
1,∞

(𝑅)
does not blow up for initial data in𝑊1,∞

(𝑅). For
the second derivative, for any 𝜉 ∈ 𝐴, we get that

𝑦
𝜉𝜉𝑡

= 𝑈
𝜉𝜉
+ 𝑉

𝜉𝜉
,

𝑈
𝜉𝜉𝑡

=

1

2

𝐻
𝜉𝜉
+ (

1

2

𝑈
2
+𝑀𝑁 −𝑁

2
− 𝑃

2
− 𝑃

1,𝑥
)𝑦

𝜉𝜉

+ (𝑈𝑈
𝜉
+𝑀

𝜉
𝑁 +𝑀𝑁

𝜉
− 2𝑁𝑁

𝜉
) 𝑦

𝜉

− (𝑃
2,𝑥

+ 𝑃
1
− 𝑈𝑁)𝑦

2

𝜉
,

𝑉
𝜉𝜉𝑡

=

1

2

𝐻
𝜉𝜉
+ (

1

2

𝑉
2
+𝑀𝑁 −𝑀

2
− 𝑃

4
− 𝑃

3,𝑥
)𝑦

𝜉𝜉

+ (𝑉𝑉
𝜉
+ 𝑁

𝜉
𝑀+𝑁𝑀

𝜉
− 2𝑀𝑁

𝜉
) 𝑦

𝜉

− (𝑃
4,𝑥

+ 𝑃
3
− 𝑉𝑀)𝑦

2

𝜉
,

𝐻
𝜉𝜉𝑡

= − (2𝑈𝑃
2,𝑥

+ 2𝑉𝑃
4,𝑥
) 𝑦

𝜉𝜉
+ (3𝑈

2
− 2𝑃

2
)𝑈

𝜉𝜉

+ (3𝑉
2
− 2𝑃

4
)𝑉

𝜉𝜉
+ 6𝑈𝑈

2

𝜉
− 4𝑃

2,𝑥
𝑈
𝜉
𝑦
𝜉

+ 6𝑉𝑉
2

𝜉
− 4𝑃

4,𝑥
𝑉
𝜉
𝑦
𝜉
− 2𝑈𝑃

2
𝑦
2

𝜉
+ 𝑈

3
𝑦
2

𝜉

+ 2𝑈𝑀𝑁𝑦
2

𝜉
− 2𝑈𝑁

2
𝑦
2

𝜉
+ 𝑈𝐻

𝜉
𝑦
𝜉
− 2𝑉𝑃

4
𝑦
2

𝜉

+ 𝑉
3
𝑦
2

𝜉
+ 2𝑉𝑀𝑁𝑦

2

𝜉
− 2𝑉𝑀

2
𝑦
2

𝜉
+ 𝑉𝐻

𝜉
𝑦
𝜉
.

(94)

The system (94) is affine with respect to 𝑦
𝜉𝜉
,𝑈

𝜉𝜉
,𝑉

𝜉𝜉
,𝐻

𝜉𝜉
.

Thus, we get that





𝑋

𝜉𝜉
(𝑡, ⋅)





𝐿
∞
(𝐴)

≤






𝑋

𝜉𝜉
(0, ⋅)





𝐿
∞
(𝐴)

+ 𝐶 + 𝐶∫

𝑡

0






𝑋

𝜉𝜉
(𝜏, ⋅)





𝐿
∞
(𝐴)
𝑑𝜏,

(95)

where 𝐶 is a constant depending only on sup
𝑡∈[0,𝑇)

‖𝑋‖
𝑊
1,∞

(𝑅)

which is bounded on any time interval [0, 𝑇). It follows from
Gronwall’s lemma that ‖𝑋‖

𝑊
2,∞

(𝐴)
does not blow up and

therefore the solution is globally defined in 𝐸.

We now prove that 𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) is a repre-
sentative of 𝑧 = (𝑢, V) in the Lagrangian system; that is,
[𝑋] = 𝐿(𝑧, 𝜇), where𝑋 = (𝑦,𝑈, 𝑉,𝑀,𝑁,𝐻) is given by

𝑦 (𝜉) = 𝜉, (96a)

𝑈 (𝜉) = 𝑢 (𝜉) , 𝑉 (𝜉) = V (𝜉) ,

𝑀 (𝜉) = 𝑢
𝑥
(𝜉) , 𝑁 (𝜉) = V

𝑥
(𝜉) ,

(96b)

𝐻(𝜉) = ∫

𝜉

−∞

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥. (96c)
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We first check that 𝑋 ∈ 𝐹. Since 𝑧 = (𝑢, V) is a multipeakon,
we get that 𝑧 = (𝑢, V) ∈ 𝑊

1,∞
(𝑅) ∩ 𝐻

1
(𝑅) from (87). Hence,

𝑈, 𝑉, and𝐻 all belong to𝑊1,∞
(𝑅) while 𝑦 − 𝐼𝑑 is identically

zero. Due to the exponential decay of (𝑢, V) and (𝑢
𝑥
, V

𝑥
) and

𝐻
𝜉
∈ 𝐿

∞
(𝑅), we get that 𝐻

𝜉
∈ 𝐿

2
(𝑅). The properties (25)–

(27) are straightforward to check. It is not hard to check that
𝑀([𝑋]) = (𝑧, (𝑢

2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
)𝑑𝑥) and, therefore, since

𝐿 ∘ 𝑀 = 𝐼𝑑, we get that [𝑋] = 𝐿(𝑧, (𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
)𝑑𝑥).

Theorem 11. Let initial data be given in (87). The solution
given by Theorem 9 satisfies 𝑧 − 𝑧

𝑥𝑥
= 0 between the peaks.

Proof. Let us first prove that 𝑢 − 𝑢
𝑥𝑥

= 0. Assuming that
𝑦
𝜉
(𝑡, 𝜉) ̸=0, we get that

𝑢
𝑥
∘ 𝑦 = 𝑀, 𝑢

𝑥𝑥
∘ 𝑦 =

𝑀
𝜉

𝑦
𝜉

=

(𝑈
𝜉𝜉
𝑦
𝜉
− 𝑦

𝜉𝜉
𝑈
𝜉
)

𝑦
3

𝜉

, (97)

and therefore

(𝑢 − 𝑢
𝑥𝑥
) ∘ 𝑦 =

(𝑈𝑦
3

𝜉
− 𝑈

𝜉𝜉
𝑦
𝜉
+ 𝑦

𝜉𝜉
𝑈
𝜉
)

𝑦
3

𝜉

. (98)

We set

𝑅 = 𝑈𝑦
3

𝜉
− 𝑈

𝜉𝜉
𝑦
𝜉
+ 𝑦

𝜉𝜉
𝑈
𝜉
. (99)

For a given 𝜉 ∈ 𝐴, differentiating (99) with respect to 𝑡 and
after using (21), (24), and (94), we obtain
𝑑𝑅

𝑑𝑡

= 3𝑈𝑦
2

𝜉
𝑦
𝜉𝑡
+ 𝑈

𝑡
𝑦
3

𝜉
− 𝑈

𝜉𝜉𝑡
𝑦
𝜉
− 𝑈

𝜉𝜉
𝑦
𝜉𝑡
+ 𝑦

𝜉𝜉𝑡
𝑈
𝜉
+ 𝑦

𝜉𝜉
𝑈
𝜉𝑡

= 2𝑈𝑈
𝜉
𝑦
2

𝜉
+ 2𝑈𝑉

𝜉
𝑦
2

𝜉
−

𝐻
𝜉𝜉
𝑦
𝜉

2

− (𝑀
𝜉
𝑁 +𝑁

𝜉
𝑀− 2𝑁𝑁

𝜉
) 𝑦

2

𝜉
− 𝑈

𝜉𝜉
𝑉
𝜉

+ 𝑉
𝜉𝜉
𝑈
𝜉
+

𝐻
𝜉
𝑦
𝜉𝜉

2

= 2𝑈 (𝑈
𝜉
+ 𝑉

𝜉
) 𝑦

2

𝜉
− 2𝑁(𝑀

𝜉
− 𝑁

𝜉
) 𝑦

2

𝜉

−

𝐻
𝜉𝜉
𝑦
𝜉

2

+

𝐻
𝜉
𝑦
𝜉𝜉

2

.

(100)

Differentiating (27) with respect to 𝜉, we get

𝑦
𝜉𝜉
𝐻

𝜉
+ 𝑦

𝜉
𝐻

𝜉𝜉
= 2𝑦

𝜉
𝑦
𝜉𝜉
𝑈

2
+ 2𝑦

2

𝜉
𝑈𝑈

𝜉
+ 2𝑈

𝜉
𝑈
𝜉𝜉

+ 2𝑦
𝜉
𝑦
𝜉𝜉
𝑉
2
+ 2𝑦

2

𝜉
𝑉𝑉

𝜉
+ 2𝑉

𝜉
𝑉
𝜉𝜉
.

(101)

After inserting the value of𝑦
𝜉
𝐻

𝜉𝜉
given by (101) into (100) and

multiplying the equation by 𝑦
𝜉
, we obtain that

𝑦
𝜉
⋅

𝑑𝑅

𝑑𝑡

= 𝑈𝑈
𝜉
𝑦
3

𝜉
− 𝑈

𝜉
𝑈
𝜉𝜉
𝑦
𝜉
+ (𝐻

𝜉
𝑦
𝜉
− 𝑦

2

𝜉
𝑈

2
− 𝑦

2

𝜉
𝑉
2
− 𝑉

2

𝜉
) 𝑦

𝜉𝜉

+ 𝑈𝑉
𝜉
𝑦
3

𝜉
− 𝑈

𝜉𝜉
𝑉
𝜉
𝑦
𝜉
+ 𝑈

𝜉
𝑉
𝜉
𝑦
𝜉𝜉
.

(102)

It follows from (27), and since 𝑦
𝜉𝑡
= (𝑈

𝜉
+ 𝑉

𝜉
), that

𝑦
𝜉
⋅

𝑑𝑅

𝑑𝑡

= 𝑦
𝜉𝑡
⋅ 𝑅. (103)

We claim that, for any time 𝑡 such that 𝑦
𝜉
(𝑡) ̸=0,

𝑑

𝑑𝑡

(

𝑅

𝑦
𝜉

) =

𝑅
𝑡
𝑦
𝜉
− 𝑦

𝜉𝑡
𝑅

𝑦
2

𝜉

= 0. (104)

We have to prove that 𝑅/𝑦
𝜉
is 𝐶1 in time. Since

𝑅

𝑦
𝜉

= 𝑈𝑦
2

𝜉
− 𝑈

𝜉𝜉
+

𝑦
𝜉𝜉
𝑈
𝜉

𝑦
𝜉

= 𝑈𝑦
2

𝜉
− 𝑈

𝜉𝜉
+

𝑦
𝜉𝜉
𝑈
𝜉

𝑦
𝜉
+ 𝐻

𝜉

+

𝑦
𝜉𝜉
𝑀𝐻

𝜉

𝑦
𝜉
+ 𝐻

𝜉

=

𝐽 (𝑋,𝑋
𝜉
, 𝑋

𝜉𝜉
)

𝑦
𝜉
+ 𝐻

𝜉

,

(105)

for some polynomial 𝐽 and 𝑋 ∈ 𝐶
1
(𝑅, 𝐸), we get that 𝑋, 𝑋

𝜉
,

and𝑋
𝜉𝜉
are𝐶1 in time. Since𝑋(𝑡) remains in Γ, for all 𝑡, from

(26), we have 𝑦
𝜉
+ 𝐻

𝜉
> 0 and therefore 1/(𝑦

𝜉
+ 𝐻

𝜉
) is 𝐶1 in

time, which implies that 𝑅/𝑦
𝜉
is 𝐶1 in time. Hence, it holds

that

𝑅 (𝑡, 𝜉) = 𝐾 (𝜉) 𝑦
𝜉
(𝑡, 𝜉) , (106)

for some constant 𝐾(𝜉) which is independent of time, which
leads to

𝑦
2

𝜉
(𝑢 − 𝑢

𝑥𝑥
) ∘ 𝑦 = 𝐾 (𝜉) . (107)

For the multipeakons at time 𝑡 = 0, we have 𝑦(0, 𝜉) = 𝜉 and
(𝑢 − 𝑢

𝑥𝑥
)(0, 𝜉) = 0 for all 𝜉 ∈ 𝐴. Hence,

𝑅

𝑦
𝜉

(𝑡, 𝜉) = 0, (108)

for all time 𝑡 and all 𝜉 ∈ 𝐴. Thus, (𝑢−𝑢
𝑥𝑥
)(𝑡, 𝜉) = 0. Similarly,

(V − V
𝑥𝑥
)(𝑡, 𝜉) = 0.

For solutions with multipeakon initial data, we have
the following result. If 𝑦

𝜉
(𝑡, 𝜉) vanishes at some point 𝜉 in

the interval (𝜉
𝑖
, 𝜉

𝑖+1
), then 𝑦

𝜉
(𝑡, 𝜉) vanishes everywhere in

(𝜉
𝑖
, 𝜉

𝑖+1
). Moreover, for given initial multipeakon solution

𝑧(𝑥) = (𝑢, V)(𝑥) = (∑
𝑛

𝑖=1
𝑝
𝑖
𝑒
−|𝑥−𝜉

𝑖
|
, ∑

𝑛

𝑖=1
𝑟
𝑖
𝑒
−|𝑥−𝜉

𝑖
|
), let (𝑦, 𝑈, 𝑉,

𝑀,𝑁,𝐻) be the solution of system (21) with initial data
(𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) given by (96a), (96b) and (96c), and then,
between adjacent peaks, if 𝑥

𝑖
= 𝑦(𝑡, 𝜉

𝑖
) ̸=𝑥

𝑖+1
= 𝑦(𝑡, 𝜉

𝑖+1
),

the solution 𝑧(𝑡, 𝑥) = (𝑢, V)(𝑡, 𝑥) is twice differentiable with
respect to the space variable and we have (𝑧 − 𝑧

𝑥𝑥
) = 0, for

𝑥 ∈ (𝑥
𝑖
, 𝑥

𝑖+1
).

We now start the derivation of a system of ordinary
differential equations for multipeakons.
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From (21), we get that, for each 𝑖 = 1, 2 . . . , 𝑛,

𝑑𝑦
𝑖

𝑑𝑡

= 𝑢
𝑖
+ V

𝑖
,

𝑑𝑢
𝑖

𝑑𝑡

= −𝑃
1,𝑖
− 𝑃

2,𝑥𝑖
,

𝑑V
𝑖

𝑑𝑡

= −𝑃
3,𝑖
− 𝑃

4,𝑥𝑖
,

𝑑𝐻
𝑖

𝑑𝑡

= 𝑢
3

𝑖
− 2𝑢

𝑖
𝑃
2,𝑖
+ V3

𝑖
− 2V

𝑖
𝑃
4,𝑖
,

(109)

where (𝑦
𝑖
, 𝑢

𝑖
, V

𝑖
, 𝐻

𝑖
) = (𝑦, 𝑈, 𝑉,𝐻)(𝑡, 𝜉

𝑖
), 𝑃

𝑘,𝑖
= 𝑃

𝑘
(𝑡, 𝜉

𝑖
), and

𝑃
𝑘,𝑥𝑖

= 𝑃
𝑘,𝑥
(𝑡, 𝜉

𝑖
), (𝑘 = 1, 2, 3, 4), respectively. Since the

function 𝑦(𝑡, ⋅) is invertible, for almost every 𝑡, we can use
the change of variables 𝑥 = 𝑦(𝑡, 𝜉) such that 𝑃

𝑘,𝑖
and 𝑃

𝑘,𝑥𝑖
(𝑘 =

1, 2, 3, 4) can be rewritten as

𝑃
1,𝑖
=

1

2

∫

𝑅

𝑒
−|𝑦
𝑖
−𝑥|

(𝑢V
𝑥
) 𝑑𝑥,

𝑃
1,𝑥𝑖

= −

1

2

∫

𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦
𝑖
−𝑥|

(𝑢V
𝑥
) 𝑑𝑥,

𝑃
2,𝑖
=

1

2

∫

𝑅

𝑒
−|𝑦
𝑖
−𝑥|

(𝑢
2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥
)𝑑𝑥,

𝑃
2,𝑥𝑖

= −

1

2

∫

𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦
𝑖
−𝑥|

× (𝑢
2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥
)𝑑𝑥,

𝑃
3,𝑖
=

1

2

∫

𝑅

𝑒
−|𝑦
𝑖
−𝑥|

(V𝑢
𝑥
) 𝑑𝑥,

𝑃
3,𝑥𝑖

= −

1

2

∫

𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦
𝑖
−𝑥|

(V𝑢
𝑥
) 𝑑𝑥,

𝑃
4,𝑖
=

1

2

∫

𝑅

𝑒
−|𝑦
𝑖
−𝑥|

(V2 +
1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥
)𝑑𝑥,

𝑃
4,𝑥𝑖

= −

1

2

∫

𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦
𝑖
−𝑥|

× (V2 +
1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥
)𝑑𝑥.

(110)

Between two adjacent peaks located at 𝑦
𝑖
and 𝑦

𝑖+1
, we

know that 𝑧 = (𝑢, V) satisfies (𝑧 − 𝑧
𝑥𝑥
) = 0 and therefore

𝑧 = (𝑢, V) can be written as

𝑧 (𝑥) = (

𝑢 (𝑥)

V (𝑥)) = (

𝐴
𝑖
𝑒
𝑥
+ 𝐵

𝑖
𝑒
−𝑥

𝐶
𝑖
𝑒
𝑥
+ 𝐷

𝑖
𝑒
−𝑥) , (111)

for 𝑥 ∈ [𝑦
𝑖
, 𝑦

𝑖+1
], 𝑖 = 1, 2, . . . , 𝑛 − 1, where the constants 𝐴

𝑖
,

𝐵
𝑖
,𝐶

𝑖
, and𝐷

𝑖
depend on 𝑢

𝑖
, 𝑢

𝑖+1
, V

𝑖
, V

𝑖+1
, 𝑦

𝑖
, and 𝑦

𝑖+1
and read

𝐴
𝑖
=

𝑒
−𝑦
𝑖

2

[

𝑢
𝑖

cosh (𝛿𝑦
𝑖
)

+

𝛿𝑢
𝑖

sinh (𝛿𝑦
𝑖
)

] ,

𝐵
𝑖
=

𝑒
𝑦
𝑖

2

[

𝑢
𝑖

cosh (𝛿𝑦
𝑖
)

−

𝛿𝑢
𝑖

sinh (𝛿𝑦
𝑖
)

] ,

𝐶
𝑖
=

𝑒
−𝑦
𝑖

2

[

V
𝑖

cosh (𝛿𝑦
𝑖
)

+

𝛿V
𝑖

sinh (𝛿𝑦
𝑖
)

] ,

𝐷
𝑖
=

𝑒
𝑦
𝑖

2

[

V
𝑖

cosh (𝛿𝑦
𝑖
)

−

𝛿V
𝑖

sinh (𝛿𝑦
𝑖
)

] ,

(112)

where

𝑦
𝑖
=

1

2

(𝑦
𝑖
+ 𝑦

𝑖+1
) , 𝛿𝑦

𝑖
=

1

2

(𝑦
𝑖
− 𝑦

𝑖+1
) ,

𝑢
𝑖
=

1

2

(𝑢
𝑖
+ 𝑢

𝑖+1
) , 𝛿𝑢

𝑖
=

1

2

(𝑢
𝑖
− 𝑢

𝑖+1
) ,

V
𝑖
=

1

2

(V
𝑖
+ V

𝑖+1
) , 𝛿V

𝑖
=

1

2

(V
𝑖
− V

𝑖+1
) .

(113)

Thus, the constants𝐴
𝑖
, 𝐵

𝑖
,𝐶

𝑖
, and𝐷

𝑖
uniquely determine 𝑧 =

(𝑢, V) on the interval [𝑦
𝑖
, 𝑦

𝑖+1
], and we compute

𝛿𝐻
𝑖
= 𝐻

𝑖+1
− 𝐻

𝑖

= ∫

𝑦
𝑖+1

𝑦
𝑖

(𝑢
2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥

= 2𝑢
2

𝑖
tanh (𝛿𝑦

𝑖
) + 2𝛿𝑢

2

𝑖
coth (𝛿𝑦

𝑖
)

+ 2V2
𝑖
tanh (𝛿𝑦

𝑖
) + 2𝛿V2

𝑖
coth (𝛿𝑦

𝑖
)

= 𝛿𝐻
1𝑖
+ 𝛿𝐻

2𝑖
,

(114)

where 𝛿𝐻
1𝑖

= 2𝑢
2

𝑖
tanh(𝛿𝑦

𝑖
) + 2𝛿𝑢

2

𝑖
cosh(𝛿𝑦

𝑖
) and 𝛿𝐻

2𝑖
=

2V2
𝑖
tanh(𝛿𝑦

𝑖
) + 2𝛿V2

𝑖
cosh(𝛿𝑦

𝑖
). At this point, we can get

some more understanding of what is happening at a time
of collision. Let 𝑡∗ be a time when the two peaks located
at 𝑦

𝑖
and 𝑦

𝑖+1
collide, that is, such that lim

𝑡→ 𝑡
∗𝛿𝑦

𝑖
(𝑡) = 0.

Since the solution 𝑧 = (𝑢, V) remains in 𝐻
1 for all time,

the function 𝑧 = (𝑢, V) remains continuous so that we have
lim

𝑡→ 𝑡
∗𝛿𝑢

𝑖
(𝑡) = lim

𝑡→ 𝑡
∗𝛿V

𝑖
(𝑡) = 0, and, when 𝑡 tends

to 𝑡
∗, 𝐴

𝑖
, 𝐵

𝑖
, 𝐶

𝑖
, and 𝐷

𝑖
may have a finite limit. However,

we know that the first derivative blows up, which implies
that lim

𝑡→ 𝑡
∗𝐵

𝑖
= −lim

𝑡→ 𝑡
∗𝐴

𝑖
= ∞ and lim

𝑡→ 𝑡
∗𝐷

𝑖
=

−lim
𝑡→ 𝑡
∗𝐶

𝑖
= ∞.Thus, 𝛿𝑢

𝑖
and 𝛿V

𝑖
tend to zero, respectively,

but are slower than 𝛿𝑦
𝑖
. Indeed, let 𝑡 tend to 𝑡∗ in (114), and

then, to first order in 𝛿𝑦
𝑖
, we obtain that

√𝛿𝑢
2

𝑖
+ 𝛿V2

𝑖
= √

𝛿𝐻
𝑖

2

⋅ √𝛿𝑦
𝑖
+ ∘ (𝛿𝑦

𝑖
) , (115)
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which implies that 𝛿𝑢
𝑖
and 𝛿V

𝑖
tend to zero at the same rate as

√𝛿𝑦
𝑖
. We now turn to the computation of 𝑃

𝑘,𝑖
(𝑘 = 1, 2, 3, 4)

given by (110). Let us write 𝑧 = (𝑢, V) as

𝑧 (𝑡, 𝑥) = (𝑢 (𝑡, 𝑥) , V (𝑡, 𝑥))

= (

𝑛

∑

𝑗=0

(𝐴
𝑗
𝑒
𝑥
+ 𝐵

𝑗
𝑒
−𝑥
) 𝜒

(𝑦
𝑗
,𝑦
𝑗+1

)
(𝑥) ,

𝑛

∑

𝑗=0

(𝐶
𝑗
𝑒
𝑥
+ 𝐷

𝑗
𝑒
−𝑥
) 𝜒

(𝑦
𝑗
,𝑦
𝑗+1

)
(𝑥)) .

(116)

We have sets 𝑦
0
= −∞, 𝑦

𝑛+1
= ∞, 𝑢

0
= 𝑢

𝑛+1
= 0, V

0
= V

𝑛+1
=

0, 𝐴
0
= 𝑢

1
𝑒
−𝑦
1 , 𝐵

0
= 0, 𝐴

𝑛
= 0, 𝐵

𝑛
= 𝑢

𝑛
𝑒
𝑦
𝑛 , and 𝐶

0
= V

1
𝑒
−𝑦
1 ,

𝐷
0
= 0, 𝐶

𝑛
= 0,𝐷

𝑛
= V

𝑛
𝑒
𝑦
𝑛 . We have

𝑢V
𝑥
=

𝑛

∑

𝑗=0

(𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥
− 𝐴

𝑗
𝐷

𝑗
+ 𝐵

𝑗
𝐶
𝑗
− 𝐵

𝑗
𝐷

𝑗
𝑒
−2𝑥

) 𝜒
(𝑦
𝑗
,𝑦
𝑗+1

)
,

𝑢
2
+

1

2

𝑢
2

𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

V2 −
1

2

V2
𝑥

=

𝑛

∑

𝑗=0

((

3

2

𝐴
2

𝑗
+ 𝐴

𝑗
𝐶
𝑗
) 𝑒

2𝑥

+ (𝐴
𝑗
𝐵
𝑗
− 𝐴

𝑗
𝐷

𝑗
− 𝐵

𝑗
𝐶
𝑗
+ 2𝐶

𝑗
𝐷

𝑗
)

+ (

3

2

𝐵
2

𝑗
+ 𝐵

𝑗
𝐷

𝑗
) 𝑒

−2𝑥
)𝜒

(𝑦
𝑗
,𝑦
𝑗+1

)
,

V𝑢
𝑥
=

𝑛

∑

𝑗=0

(𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥
− 𝐶

𝑗
𝐵
𝑗
+ 𝐷

𝑗
𝐴

𝑗
− 𝐵

𝑗
𝐷

𝑗
𝑒
−2𝑥

) 𝜒
(𝑦
𝑗
,𝑦
𝑗+1

)
,

V2 +
1

2

V2
𝑥
+ 𝑢

𝑥
V
𝑥
+

1

2

𝑢
2
−

1

2

𝑢
2

𝑥

=

𝑛

∑

𝑗=0

((

3

2

𝐶
2

𝑗
+ 𝐴

𝑗
𝐶
𝑗
) 𝑒

2𝑥

+ (𝐶
𝑗
𝐷

𝑗
− 𝐶

𝑗
𝐵
𝑗
− 𝐷

𝑗
𝐴

𝑗
+ 2𝐴

𝑗
𝐵
𝑗
)

+ (

3

2

𝐷
2

𝑗
+ 𝐷

𝑗
𝐵
𝑗
) 𝑒

−2𝑥
)𝜒

(𝑦
𝑗
,𝑦
𝑗+1

)
.

(117)

We set

𝑘
𝑖𝑗
= {

−1 if 𝑖 ≤ 𝑗,

1 otherwise.
(118)

By inserting (117) into (110), we get

𝑃
1,𝑖
=

1

2

𝑛

∑

𝑗=0

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

× (𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥
− 𝐴

𝑗
𝐷

𝑗
+ 𝐵

𝑗
𝐶
𝑗
− 𝐵

𝑗
𝐷

𝑗
𝑒
−2𝑥

) 𝑑𝑥,

𝑃
2,𝑖
=

1

2

𝑛

∑

𝑗=0

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

((

3

2

𝐴
2

𝑗
+ 𝐴

𝑗
𝐶
𝑗
) 𝑒

2𝑥

+ (𝐴
𝑗
𝐵
𝑗
− 𝐴

𝑗
𝐷

𝑗

−𝐵
𝑗
𝐶
𝑗
+ 2𝐶

𝑗
𝐷

𝑗
)

+ (

3

2

𝐵
2

𝑗
+ 𝐵

𝑗
𝐷

𝑗
) 𝑒

−2𝑥
)𝑑𝑥,

𝑃
3,𝑖
=

1

2

𝑛

∑

𝑗=0

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

× (𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥
− 𝐶

𝑗
𝐵
𝑗
+ 𝐷

𝑗
𝐴

𝑗
− 𝐵

𝑗
𝐷

𝑗
𝑒
−2𝑥

) 𝑑𝑥,

𝑃
4,𝑖
=

1

2

𝑛

∑

𝑗=0

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

× ((

3

2

𝐶
2

𝑗
+ 𝐴

𝑗
𝐶
𝑗
) 𝑒

2𝑥

+ (𝐶
𝑗
𝐷

𝑗
− 𝐶

𝑗
𝐵
𝑗
− 𝐷

𝑗
𝐴

𝑗
+ 2𝐴

𝑗
𝐵
𝑗
)

+ (

3

2

𝐷
2

𝑗
+ 𝐷

𝑗
𝐵
𝑗
) 𝑒

−2𝑥
) .

(119)

It follows from (112) and (114) that

𝐴
2

𝑗
= [

𝑒
−𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)]

2

=

𝑒
−2𝑦
𝑗

sinh2 (2𝛿𝑦
𝑗
)

[𝑢
2

𝑗
sinh2 (𝛿𝑦

𝑗
)

+ 2𝑢
𝑗
𝛿𝑢

𝑗
sinh (𝛿𝑦

𝑗
) cosh (𝛿𝑦

𝑗
)

+𝛿𝑢
2

𝑗
cosh2 (𝛿𝑦

𝑗
)]

=

𝑒
−2𝑦
𝑗

4 sinh (2𝛿𝑦
𝑗
)

[𝛿𝐻
1𝑗
+ 4𝑢

𝑗
𝛿𝑢

𝑗
] ,

(120)

𝐴
𝑗
𝐵
𝑗
=

𝑒
−𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)

⋅

𝑒
𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)
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=

1

4 sinh (2𝛿𝑦
𝑗
)

[2𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) − 2𝛿𝑢

2

𝑗
coth (𝛿𝑦

𝑗
)]

=

1

4 sinh (2𝛿𝑦
𝑗
)

[4𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

1𝑗
] ,

(121)

𝐴
𝑗
𝐶
𝑗
=

𝑒
−𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)

⋅

𝑒
−𝑦
𝑗

2

(

V
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿V
𝑗

sinh (𝛿𝑦
𝑗
)

)

=

𝑒
−2𝑦
𝑗

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗

+𝛿V
𝑗
𝑢
𝑗
+ 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(122)

𝐴
𝑗
𝐷

𝑗
=

𝑒
−𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)

⋅

𝑒
𝑦
𝑗

2

(

V
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿V
𝑗

sinh (𝛿𝑦
𝑗
)

)

=

1

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗

−𝛿V
𝑗
𝑢
𝑗
− 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(123)

𝐵
𝑗
𝐶
𝑗
=

𝑒
𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)

⋅

𝑒
−𝑦
𝑗

2

(

V
𝑗

cosh (𝛿𝑦
𝑗
)

+

𝛿V
𝑗

sinh (𝛿𝑦
𝑗
)

)

=

1

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿V

𝑗
𝑢
𝑗

−𝛿𝑢
𝑗
V
𝑗
− 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(124)

𝐵
𝑗
𝐷

𝑗
=

𝑒
𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)

⋅

𝑒
𝑦
𝑗

2

(

V
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿V
𝑗

sinh (𝛿𝑦
𝑗
)

)

=

𝑒
2𝑦
𝑗

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝑢

𝑗
V
𝑗

−𝛿V
𝑗
𝑢
𝑗
+ 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(125)

𝐵
2

𝑗
= [

𝑒
𝑦
𝑗

2

(

𝑢
𝑗

cosh (𝛿𝑦
𝑗
)

−

𝛿𝑢
𝑗

sinh (𝛿𝑦
𝑗
)

)]

2

=

𝑒
2𝑦
𝑗

4 sinh (2𝛿𝑦
𝑗
)

[𝛿𝐻
1𝑗
− 4𝑢

𝑗
𝛿𝑢

𝑗
] .

(126)

Thus, from (120)–(126), we can obtain that

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐴
2

𝑗
𝑒
2𝑥
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

2 (2 + 𝑘
𝑖𝑗
) sinh (2𝛿𝑦

𝑗
)

sinh ((2 + 𝑘
𝑖𝑗
) 𝛿𝑦

𝑗
)

× [𝛿𝐻
1𝑗
+ 4𝑢

𝑗
𝛿𝑢

𝑗
] ,

(127)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

(2 + 𝑘
𝑖𝑗
) sinh (2𝛿𝑦

𝑗
)

sinh ((2 + 𝑘
𝑖𝑗
) 𝛿𝑦

𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗
+ 𝛿V

𝑗
𝑢
𝑗

+𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(128)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐴
𝑗
𝐵
𝑗
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

2 sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

× [4𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

1𝑗
] ,

(129)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐴
𝑗
𝐷

𝑗
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)+𝛿𝑢

𝑗
V
𝑗
− 𝛿V

𝑗
𝑢
𝑗
− 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(130)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐵
𝑗
𝐶
𝑗
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)+𝛿V

𝑗
𝑢
𝑗
− 𝛿𝑢

𝑗
V
𝑗
− 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

(131)
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∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐶
𝑗
𝐷

𝑗
𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

2 sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
) [4V2

𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

2𝑗
] ,

(132)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐵
2

𝑗
𝑒
−2𝑥

𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

2 (𝑘
𝑖𝑗
− 2) sinh (2𝛿𝑦

𝑗
)

sinh ((𝑘
𝑖𝑗
− 2) 𝛿𝑦

𝑗
)

× [𝛿𝐻
1𝑗
− 4𝑢

𝑗
𝛿𝑢

𝑗
] ,

(133)

∫

𝑦
𝑗+1

𝑦
𝑗

𝑒
−𝑘
𝑖𝑗
(𝑦
𝑖
−𝑥)

𝐵
𝑗
𝐷

𝑗
𝑒
−2𝑥

𝑑𝑥

=

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

(𝑘
𝑖𝑗
− 2) sinh (2𝛿𝑦

𝑗
)

sinh ((𝑘
𝑖𝑗
− 2) 𝛿𝑦

𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)−𝛿𝑢

𝑗
V
𝑗
− 𝛿V

𝑗
𝑢
𝑗
+ 𝛿𝑢

𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] .

(134)

It thus follows from (127)–(134) that

𝑃
1,𝑖
=

𝑛

∑

𝑗=0

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

6 cosh (𝛿𝑦
𝑗
)

[2𝑘
𝑖𝑗
𝑢
𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
) tanh (𝛿𝑦

𝑗
)

+ 2𝑘
𝑖𝑗
𝛿𝑢

𝑗
𝛿V

𝑗
sinh (𝛿𝑦

𝑗
) cosh (𝛿𝑦

𝑗
)

+ 2𝛿𝑢
𝑗
V
𝑗
cosh2 (𝛿𝑦

𝑗
)

+ 2𝛿V
𝑗
𝑢
𝑗
cosh2 (𝛿𝑦

𝑗
)

+ 𝛿𝑢
𝑗
V
𝑗
+ 𝛿V

𝑗
𝑢
𝑗
− 3𝑢

𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)

+3𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

𝑃
2,𝑖
=

𝑛

∑

𝑗=0

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

4 cosh (𝛿𝑦
𝑗
)

[𝛿𝐻
1𝑗
cosh2 (𝛿𝑦

𝑗
)

+ 4𝑘
𝑖𝑗
𝑢
𝑗
𝛿𝑢

𝑗
sinh2 (𝛿𝑦

𝑗
)

+ 2𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) + 4V2

𝑗
tanh (𝛿𝑦

𝑗
)

− 𝛿𝐻
2𝑗
−

4

3

𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)

+

8

3

𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)

+

4

3

𝑢
𝑗
V
𝑗
cosh (𝛿𝑦

𝑗
) sinh (𝛿𝑦

𝑗
)

+

4

3

𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
) cosh2 (𝛿𝑦

𝑗
)

+

4

3

𝑘
𝑖𝑗
𝛿𝑢

𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
)

+

4

3

𝑘
𝑖𝑗
𝛿V

𝑗
𝑢
𝑗
sinh2 (𝛿𝑦

𝑗
)] .

(135)

We can also write 𝑃
1,𝑖
and 𝑃

2,𝑖
as

𝑃
1,𝑖
=

𝑛

∑

𝑗=0

𝑃
1,𝑖𝑗
, 𝑃

2,𝑖
=

𝑛

∑

𝑗=0

𝑃
2,𝑖𝑗
, (136)

where

𝑃
1,𝑖𝑗

=

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

1

6

𝑢
1
V
1
𝑒
𝑦
1
−𝑦
𝑖
, for 𝑗 = 0,

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

6 cosh (𝛿𝑦
𝑗
)

× [2𝑘
𝑖𝑗
𝑢
𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
) tanh (𝛿𝑦

𝑗
)

+2𝑘
𝑖𝑗
𝛿𝑢

𝑗
𝛿V

𝑗
sinh (𝛿𝑦

𝑗
) cosh (𝛿𝑦

𝑗
)

+2𝛿𝑢
𝑗
V
𝑗
cosh2 (𝛿𝑦

𝑗
)

+2𝛿V
𝑗
𝑢
𝑗
cosh2 (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗

+𝛿V
𝑗
𝑢
𝑗
− 3𝑢

𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)

+3𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)] ,

for 𝑗 = 1, . . . , 𝑛 − 1,

−

1

6

𝑢
𝑛
V
𝑛
𝑒
−𝑦
𝑛
+𝑦
𝑖 for 𝑗 = 𝑛,

𝑃
2,𝑖𝑗

=

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

1

4

𝑢
2

1
𝑒
𝑦
1
−𝑦
𝑖
+

1

6

𝑢
1
V
1
𝑒
𝑦
1
−𝑦
𝑖
, for 𝑗 = 0,

𝑒
−𝑘
𝑖𝑗
𝑦
𝑖
⋅ 𝑒

𝑘
𝑖𝑗
𝑦
𝑗

4 cosh (𝛿𝑦
𝑗
)

× [𝛿𝐻
1𝑗
cosh2 (𝛿𝑦

𝑗
)

+4𝑘
𝑖𝑗
𝑢
𝑗
𝛿𝑢

𝑗
sinh2 (𝛿𝑦

𝑗
) + 2𝑢

2

𝑗
tanh (𝛿𝑦

𝑗
)

+4V2
𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

2𝑗
−

4

3

𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)

+

8

3

𝛿𝑢
𝑗
𝛿V

𝑗
coth (𝛿𝑦

𝑗
)

+

4

3

𝑢
𝑗
V
𝑗
cosh (𝛿𝑦

𝑗
) sinh (𝛿𝑦

𝑗
)

+

4

3

𝛿𝑢
𝑗
𝛿V

𝑗
⋅ coth (𝛿𝑦

𝑗
) cosh2 (𝛿𝑦

𝑗
)

+

4

3

𝑘
𝑖𝑗
𝛿𝑢

𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
)

+

4

3

𝑘
𝑖𝑗
𝛿V

𝑗
𝑢
𝑗
sinh2 (𝛿𝑦

𝑗
)] ,

for 𝑗 = 1, . . . , 𝑛 − 1,

1

4

𝑢
2

𝑛
𝑒
−𝑦
𝑛
+𝑦
𝑖
+

1

6

𝑢
𝑛
V
𝑛
𝑒
−𝑦
𝑛
+𝑦
𝑖
,

for 𝑗 = 𝑛.

(137)
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The terms 𝑃
3,𝑖
, 𝑃

4,𝑖
, and 𝑃

𝑘,𝑖𝑥
(𝑘 = 1, 2, 3, 4) can be computed

in the same way and we have

𝑃
1,𝑖𝑥

= −

𝑛

∑

𝑗=0

𝑘
𝑖𝑗
𝑃
1,𝑖𝑗
, 𝑃

2,𝑖𝑥
= −

𝑛

∑

𝑗=0

𝑘
𝑖𝑗
𝑃
2,𝑖𝑗
,

𝑃
3,𝑖𝑥

= −

𝑛

∑

𝑗=0

𝑘
𝑖𝑗
𝑃
3,𝑖𝑗
, 𝑃

4,𝑖𝑥
= −

𝑛

∑

𝑗=0

𝑘
𝑖𝑗
𝑃
4,𝑖𝑗
.

(138)

The result can be summarized in the following theorem.

Theorem 12. Assume that 𝑦
𝑖
= 𝜉

𝑖
, 𝑧

𝑖
= (𝑢

𝑖
, V

𝑖
) = (𝑢(𝜉

𝑖
), V(𝜉

𝑖
))

and 𝐻
𝑖
= ∫

𝜉
𝑖

−∞
(𝑢

2
+ 𝑢

2

𝑥
+ V2 + V2

𝑥
)𝑑𝑥 for 𝑖 = 1, . . . , 𝑛 with

a multipeakon initial data 𝑧 = (𝑢, V) as given by (87). Then,
there exists a global solution (𝑦

𝑖
, 𝑢

𝑖
, V

𝑖
, 𝐻

𝑖
) of (109), (136),

and (138) with initial data (𝑦
𝑖
, 𝑢

𝑖
, V

𝑖
, 𝐻

𝑖
). On each interval

[𝑦
𝑖
(𝑡), 𝑦

𝑖+1
(𝑡)], one defines 𝑧(𝑡, 𝑥) = (𝑢, V)(𝑡, 𝑥) as the solution

of the Dirichlet problem 𝑧 − 𝑧
𝑥𝑥

= 0 with boundary conditions
𝑧(𝑡, 𝑦

𝑖
(𝑡)) = 𝑧

𝑖
(𝑡) and 𝑧(𝑡, 𝑦

𝑖+1
(𝑡)) = 𝑧

𝑖+1
(𝑡) for each time

𝑡. Thus 𝑧 = (𝑢, V) is a conservative solution of the modified
coupled two-component Camassa-Holm system, which is the
multipeakon conservative solution.
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Hesitant fuzzy set has been an important tool in dealing with multiple attribute decision making (MADM) problems, especially
for the decision making situation when only some values of membership are possible for an alternative on attributes. However,
determining attributes weights in hesitant fuzzy MADM is still an open problem. In this paper, we propose an objective weighting
approach based on Shannon information entropy, which expresses the relative intensities of attribute importance to signify the
average intrinsic information transmitted to the decision maker. Furthermore, we construct a hesitant fuzzy MADM approach
based on the TOPSIS method and a weighted correlation coefficient proposed in this paper. Finally, we utilize a supplier selection
example to validate the objective attributes weights determining method and the proposed hesitant fuzzy MADM approach.

1. Introduction

For a multiple attribute decision making (MADM) problem,
an expert (decision maker) must evaluate every alternative
to each attribute, assess attributes weights, and select the
most desirable one from all the alternatives [1]. The MADM
method provides a feasible and effective way to rank all
the alternatives among noncommeasurable and conflicting
attributes. Some representative approaches, such as the tech-
nique for order preference by similarity to ideal solution
(TOPSIS) [2], the simple additive weighted (SAW) method
[3], the ordered weighted averaging (OWA) method [4],
and the analytic hierarchy process (AHP) [5], have been
successfully utilized in dealing with MADM problems. How-
ever, in most MADM situations, the preference of attributes
over alternatives provided by decision makers is usually not
sufficient for the crisp numerical data, because things are
fuzzy, uncertain, and probably influenced by the subjectivity
of the decision makers, or the knowledge and data about
the problem domain are insufficient during the decision

making process [6]. To solve those MADM problems with
uncertainty, research has extended the use of fuzzy set theory
introduced by Zadeh to develop various MADM methods
[7]. On the basis of Zadeh’s fuzzy set, Torra and Narukawa
[8, 9] introduced hesitant fuzzy set (HFS), which allows
the membership of an element to a set derived from a few
different values. HFS provides an effective way in dealing
with decision making situation when only some values of
membership are possible for an alternative on attributes.
After the pioneering work of Torra and Narukawa, a fair
proportion of literatures have done the theoretical and
application research within the framework of HFS. Torra and
Narukawa [8, 9] firstly generalized existing operations on
fuzzy sets to HFS and discussed their application in decision
making. Xu and Xia introduced distance, similarity, and
correlation coefficient on HFS and utilized these operations
to solve hesitant fuzzy MADM problems on the basis of
TOPSIS method [10–12]. Xia and Xu [13] and Zhang [14]
proposed various aggregation operators on HFS, which are
effective in dealing with different decision making situations.
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Chen et al. [15] presented a clustering method for HFSs
based on correlation coefficient. Yu et al. [16] extended
Choquet integral on HFS and discussed its application in
uncertain decisionmaking situations. Zhu et al. [17] took into
account the interrelationships among arguments and pro-
posed hesitant fuzzy geometric Bonferroni means in dealing
with hesitant fuzzy MADM problems. Wei [18] presented
hesitant fuzzy prioritized operators for solving the decision
making problems with different priority levels’ attributes.
On the basis of HFS and intervalued fuzzy set, generalized
HFS and interval-valued HFS were proposed and utilized
in decision making situations [19–21]. Rodriguez et al. [22]
utilized hesitant fuzzy linguistic term set as an extension of
HFS to solve uncertain qualitative decision making settings.

It is necessary to select appropriate attributes weights
in decision making situations since the varied values of
attributes weights may result in different ranking order of
alternatives. Generally speaking, the attributes weights are
divided into objective attributes and subjective attributes
according to the ways of information acquisition [23]. The
subjective attributes weights are obtained by preference
information on the attributes given by the decision maker,
who provides subjective intuition or judgments on specific
attributes. AHP method [5] and Delphi method [24] are
classical approaches for determining subjective attributes
weights based on the preference of decision maker. Deter-
mining objective attributes weights depends on the decision
making matrix. The existing objective attributes weights
determining approaches include entropy-based method and
optimization methods [25–27]. Most research pertaining to
MADM analysis under hesitant fuzzy environment has been
utilized depending on existing attributes weights [11–14, 18].
However, there is little research focusing on the problems
of assessing objective attributes weights in hesitant fuzzy
MADM.

In this paper, we present a new objective attributes
weighting method based on Shannon information entropy in
hesitant fuzzy MADM. The new objective attributes weight-
ing method expresses the relative intensities of attribute
importance to signify the average intrinsic information
derived from decision maker, which has an emphasis on
the discrimination among data to assess attributes weights.
On the basis of known attributes weights, we construct a
hesitant fuzzy MADM approach based on TOPSIS method
and a weighted correlation coefficient proposed in this paper.
The weighted correlation coefficient proposed in this paper
takes into account the divergence among different elements
on two HFSs. Therefore, the new correlation coefficient
is helpful to reflect the attributes’ importance in decision
making situations.

The rest of this paper is organized as follows. Section 2
presents the concept of HFS and some of its basic operations.
Section 3 presents a new weighted correlation coefficient
within the framework of HFSs. Section 4 recalls Shannon
information entropy and proposes a new objective attributes
weighting method and a hesitant fuzzy MADM approach.
Section 5 illustrates the proposed objectiveweightingmethod
and the hesitant fuzzy MADM approach through a supplier
selection example. Section 6 draws a conclusion.

2. HFS and Its Operations

In this section, we briefly recall HFS and some of its relevant
operations.

2.1. HFS

Definition 1 (see [8, 9]). Let𝑋 be a reference set; aHFS on𝑋 is
defined in terms of a function that when applied to𝑋 returns
a subset of [0, 1], which can be represented by the following
mathematical symbol:

𝐸 = {𝑥, ℎ
𝐸
(𝑥) | 𝑥 ∈ 𝑋} , (1)

where ℎ
𝐸
(𝑥) is a set of values in [0, 1], denoting the possible

membership degrees of the element 𝑥 ∈ 𝑋 to the set 𝐸.

For convenience, we call ℎ
𝐸
(𝑥) a hesitant fuzzy element

(HFE).

2.2. Operations on HFS

Definition 2 (see [9]). Given a HFS ℎ
𝐸
(𝑥), Torra defined its

lower and upper bounds as follows:

ℎ
−

𝐸
(𝑥) = min ℎ

𝐸
(𝑥) ,

ℎ
+

𝐸
(𝑥) = max ℎ

𝐸
(𝑥) ,

(2)

where ℎ−
𝐸
(𝑥) and ℎ+

𝐸
(𝑥) denote the lower and upper bound of

ℎ
𝐸
(𝑥), respectively.

Obviously, (𝑥, ℎ−
𝐸
(𝑥), 1 − ℎ

+

𝐸
(𝑥)) is an intuitionistic fuzzy

set.

Definition 3 (see [8]). Given a HFS ℎ
𝐸
(𝑥), the full set of HFS

is as follows: ℎ
𝐸
(𝑥) = {1} for all 𝑥 ∈ 𝑋.

The definition ofHFS implies that the number of values in
different HFEs may be different. Xu and Xia [11] introduced
𝑙(ℎ
𝐸
(𝑥)) to denote the number of values in ℎ

𝐸
(𝑥). Assume the

elements in ℎ
𝐸
(𝑥) are in ascending order, and ℎ𝜎(𝑗)

𝐸
(𝑥) is the

𝑗th largest value in ℎ
𝐸
(𝑥).

Definition 4 (see [13]). For a HFE ℎ
𝐸
(𝑥), the score function

𝑠(ℎ
𝐸
(𝑥)) is defined as follows:

𝑠 (ℎ
𝐸
(𝑥)) =

∑
𝑙(ℎ
𝐸
(𝑥))

𝑗=1
ℎ
𝜎(𝑗)

𝐸
(𝑥)

𝑙 (ℎ
𝐸
(𝑥))

, (3)

where 𝑠(ℎ
𝐸
(𝑥)) ∈ [0, 1].

According to the score function onHFSs, Xia and Xu [13]
introduced amethod for ranking HFEs. For twoHFEs ℎ

1
and

ℎ
2
, if 𝑠(ℎ

1
) > 𝑠(ℎ

2
), then ℎ

1
> ℎ
2
; if 𝑠(ℎ

1
) = 𝑠(ℎ

2
), then ℎ

1
= ℎ
2
.

3. Correlation Coefficient on HFS

Correlation coefficient on fuzzy set plays an important role
in both theoretical and application fields, such as fuzzy
pattern recognition, fuzzy clustering, artificial intelligence,
and uncertain decision making. In some situations [11],
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the weights of each element 𝑥
𝑖
∈ 𝑋 should be taken into

account; we introduce a weighted correlation coefficient on
HFS.

Definition 5. For two HFSs 𝐴 and 𝐵 on 𝑋 = {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
},

a weighted correlation coefficient 𝐶(𝐴, 𝐵) is defined as

𝐶 (𝐴, 𝐵) =

1

2

(𝐶
1
(𝐴, 𝐵) + 𝐶

2
(𝐴, 𝐵)) ,

𝐶
1
(𝐴, 𝐵) = 1 −

[

[

[

[

[

[

𝑛

∑

𝑖=1


















𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
))

𝜆

)

1/𝜆

−

𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
))

𝜆

)

1/𝜆


















𝜆

]

]

]

]

]

]

1/𝜆

,

𝐶
2
(𝐴, 𝐵) = 1 −

[

[

[

[

𝑛

∑

𝑖=1


















𝑤
𝑖
̃
ℎ
𝐴
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
̃
ℎ
𝐴
(𝑥
𝑖
))

𝜆

)

1/𝜆

−

𝑤
𝑖
̃
ℎ
𝐵
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
̃
ℎ
𝐵
(𝑥
𝑖
))

𝜆

)

1/𝜆


















𝜆

]

]

]

]

1/𝜆

,

(4)

where ℎ
𝐴
(𝑥
𝑖
) = ∑

𝑙(ℎ
𝐴
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐴
(𝑥
𝑖
)/𝑙(ℎ
𝐴
(𝑥
𝑖
)), ℎ
𝐵
(𝑥
𝑖
) =

∑
𝑙(ℎ
𝐵
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐵
(𝑥
𝑖
)/𝑙(ℎ
𝐵
(𝑥
𝑖
)), ̃

ℎ
𝐴
(𝑥
𝑖
) = ∑

𝑙(ℎ
𝐴
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐴
(𝑥
𝑖
)/

∑
𝑛

𝑖=1
∑
𝑙(ℎ
𝐴
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐴
(𝑥
𝑖
), ̃

ℎ
𝐵
(𝑥
𝑖
) = ∑

𝑙(ℎ
𝐵
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐵
(𝑥
𝑖
)/

∑
𝑛

𝑖=1
∑
𝑙(ℎ
𝐵
(𝑥
𝑖
))

𝑗=1
ℎ
𝜎(𝑗)

𝐵
(𝑥
𝑖
), 𝜆 > 0, 𝑤

𝑖
∈ [0, 1], and ∑𝑛

𝑖=1
𝑤
𝑖
= 1.

It is clear that 𝐶(𝐴, 𝐵) satisfies the following three prop-
erties of correlation coefficient on HFS:

(1) |𝐶(𝐴, 𝐵)| ≤ 1,
(2) if 𝐴 = 𝐵, then 𝐶(𝐴, 𝐵) = 1,
(3) 𝐶(𝐴, 𝐵) = 𝐶(𝐵, 𝐴).

Proof. Obviously, 𝐶
1
(𝐴, 𝐵) ≤ 1 and 𝐶

2
(𝐴, 𝐵) ≤ 1; 𝐶(𝐴, 𝐵) ≤

1 holds. In the following part, we prove that 𝐶(𝐴, 𝐵) ≥ −1.
Since

[

[

[

[

𝑛

∑

𝑖=1


















𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
))

𝜆

)

1/𝜆
−

𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
)

(∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
))

𝜆

)

1/𝜆


















𝜆

]

]

]

]

1/𝜆

≤

𝑛

∑

𝑖=1

max
{

{

{

(𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
))

𝜆

∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐴
(𝑥
𝑖
))

𝜆
,

(𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
))

𝜆

∑
𝑛

𝑖=1
(𝑤
𝑖
ℎ
𝐵
(𝑥
𝑖
))

𝜆

}

}

}

≤ 2,

(5)

we get 𝐶
1
(𝐴, 𝐵) ≤ −1. |𝐶

1
(𝐴, 𝐵)| ≤ 1 holds. The proof of

|𝐶
2
(𝐴, 𝐵)| ≤ 1 is the same as the proof process of |𝐶

1
(𝐴, 𝐵)| ≤

1. It implies that |𝐶(𝐴, 𝐵)| ≤ 1 holds.
Obviously 𝐶(𝐴, 𝐵) satisfies properties (2).
The proof is completed.

4. Hesitant Fuzzy MADM

In this section, we propose an approach based on the TOPSIS
method and the weighted correlation coefficient proposed in
this paper to solve the hesitant fuzzy MADM problem with
unknown attributes weights; particular emphasis is put on
determining objective attributes weights based on Shannon
information entropy.

4.1. Hesitant Fuzzy MADM Problem Description. A MADM
problem can be regarded as a decisionmatrix whose elements
denote the evaluation information of all alternatives in
relation to an attribute. A hesitant fuzzy MADM problem is
defined as below.

Assume that there are 𝑚 alternative measures, 𝐴 =

{𝐴
1
, 𝐴
2
, . . . , 𝐴

𝑚
}, to be performed over 𝑛 attributes, 𝑋 =

{𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
}. The hesitant fuzzy decision matrix 𝐷 is

expressed as follows:

𝐷 =

[

[

[

[

[

[

ℎ
11

ℎ
12

⋅ ⋅ ⋅ ℎ
1𝑛

ℎ
21

ℎ
22

⋅ ⋅ ⋅ ℎ
2𝑛

...
... d

...
ℎ
𝑚1

ℎ
𝑚2

⋅ ⋅ ⋅ ℎ
𝑚𝑛

]

]

]

]

]

]

, (6)

where ℎ
𝑖𝑗
= ℎ
𝐴
𝑖

(𝑥
𝑗
) (𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛) denotes a

HFE.

4.2. Shannon Information Entropy. Shannon information
entropy quantifies the expected value of the information
contained in a message. Entropy is typically measured in bits,
nats, or bans. Shannon information entropy is the average
unpredictability in a random variable, which is equivalent to
its information content.

Definition 6. Let 𝑋 = {𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
} be a discrete random

variable with probability mass function 𝑃(𝑋); the entropy𝐻
of𝑋 is defined as

𝐸 (𝑋) = 𝐷 [− ln (𝑃 (𝑋))] , (7)

where 𝐷 is the expected value operator. When taken from a
finite sample, the entropy can explicitly be written as

𝐸 (𝑥) = −∑

𝑖

𝑃 (𝑥
𝑖
) ln𝑃 (𝑥

𝑖
) . (8)

In relation to 𝑃(𝑥
𝑖
) = 0, the value of 0 ln𝑃(0) is taken to be 0.

4.3. Objective Attributes Weighting Method. We first define a
score matrix of a hesitant fuzzy decision making matrix.
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Table 1: Hesitant fuzzy decision matrix𝐷.

𝑋
1

𝑋
2

𝑋
3

𝑋
4

𝐴
1

{0.5, 0.4, 0.3} {0.9, 0.8, 0.7, 0.1} {0.5, 0.4, 0.2} {0.9, 0.6, 0.5, 0.3}

𝐴
2

{0.5, 0.3} {0.9, 0.7, 0.6, 0.5, 0.2} {0.8, 0.6, 0.5, 0.1} {0.7, 0.4, 0.3}

𝐴
3

{0.7, 0.6} {0.9, 0.6} {0.7, 0.5, 0.3} {0.6, 0.4}

𝐴
4

{0.8, 0.7, 0.4, 0.3} {0.7, 0.4, 0.2} {0.8, 0.1} {0.9, 0.8, 0.6}

𝐴
5

{0.9, 0.7, 0.6, 0.3, 0.1} {0.8, 0.7, 0.6, 0.4} {0.9, 0.8, 0.7} {0.9, 0.7, 0.6, 0.3}

Definition 7. Let𝐷be a hesitant fuzzy decisionmakingmatrix
as (6). One calls

𝑆 =

[

[

[

[

[

𝑠
11

𝑠
12

⋅ ⋅ ⋅ 𝑠
1𝑛

𝑠
21

𝑠
22

⋅ ⋅ ⋅ 𝑠
2𝑛

...
... d

...
𝑠
𝑚1

𝑠
𝑚2

⋅ ⋅ ⋅ 𝑠
𝑚𝑛

]

]

]

]

]

(9)

a score matrix of𝐷
𝑚×𝑛

, where 𝑠
𝑖𝑗
= 𝑠(ℎ
𝑖𝑗
) is the score value of

ℎ
𝑖𝑗
.

In the following part, we present a new objective
attributes weighting method as follows.

Step 1. Calculate the score matrix 𝑆 of𝐷.

Step 2. Normalize the score matrix 𝑆 as follows:

𝑆 =

[

[

[

[

[

𝑠
11

𝑠
12

⋅ ⋅ ⋅ 𝑠
1𝑛

𝑠
21

𝑠
22

⋅ ⋅ ⋅ 𝑠
2𝑛

...
... d

...
𝑠
𝑚1

𝑠
𝑚2

⋅ ⋅ ⋅ 𝑠
𝑚𝑛

]

]

]

]

]

, (10)

where 𝑠
𝑖𝑗
= 𝑠
𝑖𝑗
/∑
𝑚

𝑖=1
𝑠
𝑖𝑗
(𝑖 = 1, . . . , 𝑚; 𝑗 = 1, . . . , 𝑛).

Step 3. Determine the attributes weights.
Let

𝐸
𝑗
= −

1

ln𝑚

𝑚

∑

𝑖=1

𝑠
𝑖𝑗
ln 𝑠
𝑖𝑗
, 𝑗 = 1, . . . , 𝑛. (11)

The attribute weight 𝑤
𝑗
(𝑗 = 1, . . . , 𝑛) is defined by

𝑤
𝑗
=

1 − 𝐸
𝑗

∑
𝑛

𝑗=1
(1 − 𝐸

𝑗
)

. (12)

The above objective attributes weighting method uti-
lizes Shannon information entropy to express the relative
intensities of attribute importance and the divergence among
attributes. And, then, the attributes weights are determined
through (12).

4.4. Hesitant Fuzzy MADM Approach. With respect to the
hesitant fuzzy MADM problem in Section 4.1, we present a
hesitant fuzzy MADM approach based on TOPSIS method
and the weighted correlation coefficient on HFS defined in
Section 3. The schematic structure of the proposed hesitant

fuzzyMADM approach is shown in Figure 1, and the detailed
decision steps of this approach are listed as below.

Step 1. On the basis of Definitions 2 and 3, we define the
hesitant fuzzy positive solution 𝐴+ = {𝜎

+

1
, 𝜎
+

2
, . . . , 𝜎

+

𝑛
}, where

𝜎
+

𝑗
= {1} (𝑗 = 1, 2, . . . , 𝑛).

Step 2. Determine the objective attributes weights 𝑤 = [𝑤
1
,

𝑤
2
, . . . , 𝑤

𝑛
] based on the newly objective weighting method

in Section 4.3.

Step 3. Calculate the weighted correlation coefficient 𝐶(𝐴
𝑖
,

𝐴
+
) (𝑖 = 1, 2, . . . , 𝑚) using (4).

Step 4. Rank all the alternatives 𝐴
𝑖
based on 𝐶(𝐴

𝑖
, 𝐴
+
) (𝑖 =

1, 2, . . . , 𝑚) and select the most desirable one.

5. Illustrative Example and Discussion

In this section, we utilize a supplier selection example to
illustrate the proposed method for determining objective
attributes weights in a MADM problem under hesitant fuzzy
environment.

5.1. Illustrative Example. Suppose the supplier selection
problem refers to 5 possible alternatives 𝐴 = {𝐴

1
, 𝐴
2
, 𝐴
3
,

𝐴
4
, 𝐴
5
} on 4 attributes 𝑋 = {𝑥

1
, 𝑥
2
, 𝑥
3
, 𝑥
4
}. The attributes

weights for these problems are completely unknown. The
hesitant fuzzy decision making matrix𝐷 of 𝐴 on𝑋 is shown
in Table 1.

Step 1. Using Definitions 2 and 3, the hesitant fuzzy positive
solution is defined as

𝐴
+
= {{1} , {1} , {1} , {1}} . (13)

Step 2. Based on the new objective attributes weighting
method, the process of determining attributes weights is as
follows.

Firstly, calculate the score matrix of 𝐷 based on
Definition 7:

𝑆 =

[

[

[

[

[

[

[

[

0.4000 0.6250 0.3667 0.5750

0.4000 0.5800 0.5000 0.4667

0.6500 0.7500 0.5000 0.5000

0.5500 0.4333 0.4500 0.7667

0.5200 0.6250 0.8000 0.6250

]

]

]

]

]

]

]

]

. (14)
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Table 2: The correlation coefficients and ranking results of all the alternatives.

𝐶(𝐴
1
, 𝐴) 𝐶(𝐴

2
, 𝐴) 𝐶(𝐴

3
, 𝐴) 𝐶(𝐴

4
, 𝐴) 𝐶(𝐴

5
, 𝐴) Ranking results

𝐶|
𝜆=1

0.7050 0.7981 0.8599 0.7100 0.9093 𝐴
5
≻ 𝐴
3
≻ 𝐴
2
≻ 𝐴
4
≻ 𝐴
1

𝐶|
𝜆=2

0.7095 0.8052 0.8633 0.6885 0.9095 𝐴
5
≻ 𝐴
3
≻ 𝐴
2
≻ 𝐴
1
≻ 𝐴
4

Forming a hesitant fuzzy MADM problem

Determining all the alternatives

Determining the attributes to be utilized in decision
making

Constructing the decision making matrix

Determining the attributes weights based on Shannon
information entropy

Evaluation of all the alternatives

Calculating the correlation coefficients between
every alternative and the positive solution

Ranking all the alternatives and selecting the most
desirable one

Stage 1:
problem

description

Stage 2:
determining

attributes weights

Stage 3:
hesitant fuzzy

TOPSIS

Figure 1: The schematic structure of the proposed hesitant fuzzy MADM approach.

Secondly, we get the the normalized score matrix 𝑆 based
on (10):

𝑆 =

[

[

[

[

[

[

[

[

0.1587 0.2074 0.1401 0.1960

0.1587 0.1925 0.1911 0.1591

0.2579 0.2489 0.1911 0.1705

0.2183 0.1438 0.1720 0.2614

0.2063 0.2074 0.3057 0.2131

]

]

]

]

]

]

]

]

. (15)

Thirdly, the attribute weight vector is determined by (11)
and (12):

𝑤 = [0.2094 0.1735 0.4304 0.1867]

𝑇

. (16)

Step 3. Calculate the correlation coefficient 𝐶(𝐴
𝑖
, 𝐴
+
) (𝑖 =

1, 2, 3, 4) based on 𝐶(𝜆 = 1, 2) (4), and the results are shown
as in Table 2.



6 Mathematical Problems in Engineering

Table 3: The cross-entropy and ranking order of all the alternatives.

𝐴
1

𝐴
2

𝐴
3

𝐴
4

𝐴
5

Ranking results
𝐶
+

𝑟
0.3080 0.2988 0.1990 0.2949 0.1583 𝐴

5
≻ 𝐴
3
≻ 𝐴
4
≻ 𝐴
2
≻ 𝐴
1

𝐶
−

𝑟
0.3233 0.3083 0.3936 0.3704 0.4826 𝐴

5
≻ 𝐴
3
≻ 𝐴
4
≻ 𝐴
1
≻ 𝐴
2

𝐶
𝑟

0.4879 0.4921 0.3358 0.4433 0.2470 𝐴
5
≻ 𝐴
3
≻ 𝐴
4
≻ 𝐴
1
≻ 𝐴
2

Step 4. Rank all the alternatives based on the obtained
correlation coefficient values, and the ranking results are
shown as in Table 2.

5.2. Comparison with Existing Methods. In [12], Xu and Xia
proposed a method based on hesitant fuzzy entropy and
cross-entropy (Method Xu) to deal with the hesitant fuzzy
MADM problem with completely unknown attribute weight
information. In the following part, we utilize Method Xu in
an example in Section 5.1.

Step 1. Determine the attributes weights based on the weight-
ing method ofMethod Xu.

Firstly, calculate the hesitant fuzzy entropymatrix accord-
ing to (44) with 𝑞 = 2 in [12]; we get the entropy matrix 𝐸 of
𝐷:

𝐸 =

[

[

[

[

[

[

[

[

0.9615 0.8790 0.9283 0.9742

0.9613 0.9725 0.9898 0.9872

0.9135 0.7527 1.0000 1.0000

0.9900 0.9804 0.9891 0.7187

0.9923 0.9368 0.6481 0.9357

]

]

]

]

]

]

]

]

. (17)

Secondly, calculate the attributes weights based on (53) in
[12]:

𝑤 = [0.1218 0.3214 0.2987 0.2580]

𝑇

. (18)

Step 2. Based on the hesitant fuzzy cross-entropy (see (43)
with 𝑞 = 2 in [12]), calculate the positive cross-entropy
𝐶
+

𝑟
(𝐴
𝑖
) (𝑖 = 1, . . . , 5), the negative cross-entropy 𝐶−

𝑟
(𝐴
𝑖
) (𝑖 =

1, . . . , 5), and the closeness degree𝐶
𝑟
(𝐴
𝑖
) (𝑖 = 1, . . . , 5) of the

alternative𝐴
𝑖
(𝑖 = 1, . . . , 5) to the ideal solution by (54)–(56)

in [12] as in Table 3.

Step 3.Rank all the alternatives based on𝐶
𝑟
(𝐴
𝑖
) (𝑖 = 1, . . . , 5)

as in Table 3.

5.3. Discussion. Both Method Xu and the newly hesitant
fuzzy MADM approach proposed in this paper choose 𝐴

5

as the most desirable one for the decision making exam-
ple in Section 5.1. The results show that proposed MADM
approach is effective for addressing hesitant fuzzy MADM
problem with completely unknown attribute weight infor-
mation. Instead of the decision making method in [12],
which utilizes hesitant fuzzy entropy to determine attributes
weights depending on the credibility of the input data,
we employ Shannon information entropy to express the
relative intensities of attribute importance and determine the
objective attributes weights.

6. Conclusion

By applying hesitant fuzzy sets to uncertain MADM prob-
lems, we can get more accurate choice from the incomplete
and complex information derived from decision makers in
real life. In this paper, we propose a new objective attributes
weighting method based on Shannon information entropy
to express the relative intensities of attribute importance and
determine the objective attributes weights. Furthermore, we
propose a MADM approach based on the new objective
weighting method and a weighted correlation coefficient
introduced in this paper. The results of the example in
Section 5.1 indicate that the newly MADM approach is
feasible and effective in dealing with hesitant fuzzy MADM
problems with completely unknown attributes weights. The
newly hesitant fuzzy MADM approach offers a useful way
to solve uncertain decision making problems derived from
supplier selection, public risk, medical diagnosis, and other
aspects.
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Aiming at the problem of online fault diagnosis for compensating capacitors of jointless track circuit, a dynamic time warping
(DTW) based diagnosis method is proposed in this paper. Different from the existing related works, this method only uses the
ground indoor monitoring signals of track circuit to locate the faulty compensating capacitor, not depending on the shunt current
of inspection train, which is an indispensable condition for existingmethods. So, it can be used for online diagnosis of compensating
capacitor, which has not yet been realized by existing methods. To overcome the key problem that track circuit cannot obtain the
precise position of the train, the DTWmethod is used for the first time in this situation to recover the function relationship between
receiver’s peak voltage and shunt position.The necessity, thinking, and procedure of the method are described in detail. Besides the
classical DTWbasedmethod, two improvedmethods for improving classification quality and reducing computation complexity are
proposed. Finally, the diagnosis experiments based on the simulation model of track circuit show the effectiveness of the proposed
methods.

1. Introduction

Track circuit is one of the most important basic equipment
in train control system. It is used for detection of train’s
occupancy on the track, train-ground communication, and
detection of broken rails, and its functions are crucial in
ensuring safe operation of trains. In track circuit, the rails are
taken as parts of the working circuit and the current flows
from transmitter to receiver through the rails (Figure 1). If
some train is located between the transmitter and the receiver
(this interval is called “block section”), then the circuit will
be shorted by the wheels and axles of the train (Figure 2).
So a remarkable drop in the receiver’s voltage will indicate
a train’s occupancy. In this way, the train control system can
obtain the informationwhich block sections are occupied and
which block sections are empty. Based on this information,
the train control system can release movement authorities to
each train in order to avoid collisions between trains. If the
track circuits have some faults, the most serious consequence
is to cause collisions of trains, resulting in catastrophes. Even
if the fail-safety mechanism plays its role and no catastrophic

accident happens, the transportation efficiency of railway will
be affected seriously, causing considerable economic loss. So
the timely fault diagnosis for track circuit is significant to both
safety and efficiency of the railway transportation system.

In the practical application, as track circuits must be
laid along the rails and the length of one track circuit is
about 1∼2 kilometers, the application scope of track circuits
is quite large. And due to the special structure and complex
working environment, track circuits are easily affected by
temperature, humidity, ballast resistance, electromagnetic
interference, and mechanical vibration, which results in a
high fault rate of track circuit [1–4]. As a result of the above
two aspects, the loss caused by faults of track circuits is very
huge. For example, according to the report from the official
website of the Ministry of Railways of China, up to the end of
2012, the number of track circuits laid along Chinese railways
reaches about 600 thousand, and the equipment assets of
track circuits reach about 60 billion RMB. And according to
the statistical data released by Chinese railway department,
there were about 8 thousand faults happening in the signal
and communication systems of Chinese railways per year.
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Figure 1: Basic structure of track circuit (empty).
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Figure 2: Basic structure of track circuit (occupied).

The majority of these faults were caused directly or indirectly
by track circuits, resulting in a total traffic delay time of
about 4 hundred thousandminutes. In otherwords, each fault
caused an average traffic delay of about 50 minutes [5].

Among different fault types of track circuit, compen-
sating capacitor’s fault is one of the most important fault
types. Compensating capacitors are used to compensate the
inductive impedance of the rails, so that the current signal
can be transmitted along the rails far enough. To this end,
compensating capacitors are installed at equal intervals along
the rails, and the installation interval is about 80∼100 meters
(Figure 3). Due to influence of bad weather and mechanical
vibration and so on, compensating capacitors are prone to
be faulty. Once some compensating capacitors are faulty, the
signal transmitted along the rails will be attenuated rapidly,
which may result in red light faults. When a track circuit
has this kind of faults, the track circuit will declare that it
is occupied (i.e., in red light state) when there is no train
on the track in fact. In this case, to find the faulty compen-
sating capacitors, maintenance personnel have to check the
compensating capacitors one by one along the very long rails,
which not only consumes lots of human resources but also
causes a long delay in train’s operation. For example, in the
spring of 2009, the large-range faults of the compensating
capacitors in Chinese Beijing-Tianjin intercity high-speed
railway were caused by snowstorm. In order to repair the
faults as soon as possible, on the condition of lacking related
diagnosis technologies, the railway department was forced

to replace all the compensating capacitors within 2 days,
resulting in a huge consumption of human and material
resources.

Despite the importance, the problem of fault diagnosis
for track circuit has not been solved very well and there are
still many difficulties. In industrial community, up to now, the
most commonly adoptedmethods for fault diagnosis of track
circuit are periodic maintenance and field inspection [4],
resulting in low working efficiency, high working strength,
and long repair time. In academic community, a lot of
work has been done. Chen et al. [3, 4] and Huang et al.
[6] gave fault diagnosis methods for track circuit based on
neurofuzzy systems, which can detect and diagnose the most
common faults of track circuit. However, due to lack of
dynamic diagnostic information, this method cannot be used
to diagnose compensating capacitor’s faults. Aiming at the
features of track circuit’s multiple fault modes and uncertain
and nonaccurate fault symptom information,Oukhellou et al.
[7] gave an information fusion method for fault diagnosis of
compensating capacitor based on Dempster-Shafer classifier.
However, this method can only be used by inspection train,
resulting in that it cannot be used for online diagnosis.

Similar to [7], most existing methods for fault diagnosis
of compensating capacitors in track circuit are based on
the shunt current (“shunt current” is the current flowing
through the wheels and axle of a train when the track
circuit is occupied (see Figure 2)) of inspection train. For
example, Côme et al. [8, 9] proposed noiseless independent
factor analysis methods for fault diagnosis of compensating
capacitors in track circuit. Zhao et al. [10] designed a kind of
onboard autotest system to detect the faults of track circuit’s
compensating capacitors in real time. Zhao et al. [11] used
the induced voltage recorded by cab signal as fault feature
and gave a fault diagnosis method for track circuit based
on discrete binary wavelet transform (DBWT) and wavelet
ridge (WR), finally detecting the changes of instantaneous
frequency to diagnose the disconnection fault of compen-
sating capacitor. Zhao et al. [12] used the transmission line
theory to construct a track circuit model with cascade form
of multiple four terminal networks. Based on the constructed
model, the typical fault modes of compensating capacitor
were analyzed through the fault features of track voltage,
shunt current, and input impedance of main track circuit.
Linhai et al. [13] proposed a wavelet analysis based method
to detect the integrity of the compensating capacitors of
UM71 track circuit, by making use of the recorded data in
the cab signal recorder. Zhao and Mu [14] analyzed induced
voltage envelope of cab signal (IVECS) of track circuit
by simulation model under different faulty conditions and
proposed a compensating capacitor diagnosis method based
on adaptive optimal kernel time-frequency representation
(AOK-TFR). Zhao et al. [15] adopted B-spline DBWT and
improved Hilbert-Huang transformation for noise reduction
and fault feature retrieve and proposed a diagnosis method
for compensating capacitor based on cab signal recorder
information. Zhao et al. [16] proposed a diagnosismethod for
compensating capacitor based on the regression model of the
shunt current. This method adopted Levenberg-Marquardt



Mathematical Problems in Engineering 3

(L-M) algorithm to verify the model and generalized S-
transform (GST) to compute the instantaneous frequency so
as to locate the faulty capacitors. Zhao et al. [17] analyzed
the influence law of compensating capacitor’s fault on the
induced voltage envelope of the cab signal and proposed
a comprehensive fault diagnosis method based on genetic
algorithm to locate faulty compensating capacitors. Lin-Hai
et al. [18] presented a collaborative fault diagnosis system for
compensating capacitors in track circuit using AOK-TFR and
adaptive genetic algorithm (AGA) based on the cab signal.
Sun et al. [19] presented a diagnosis approach for compen-
sating capacitors based on empirical mode decomposition
(EMD) and Teager energy operator (TEO) theory, which can
detect multiple capacitor faults.

The common feature of the above research on fault
diagnosis of compensating capacitor is that theymust depend
on the shunt current of inspection train. The problems of
these methods can be summarized as follows.

(1) For a specific railway line, the inspection train has a
specific running period and can only be used when
the railway line is idle, so these methods cannot
be used for online diagnosis. Online diagnosis of
compensating capacitor is important, because it can
help to find the faulty compensating capacitors in
time so as to avoid traffic delay. Usually, one faulty
compensating capacitor may not result in failure of
track circuit, butmore faulty compensating capacitors
may result in failure of track circuit. So finding faulty
compensating capacitors in time is important for
avoiding failure of track circuit.

(2) If there is no inspection train, to use these methods,
some shunt current detecting and fault diagnosis
devices must be installed on common trains, which
will result in huge cost input and huge workload
for modifications of equipment. Besides, considering
safety, modifications of on-board equipment are rig-
orously restricted by the management department, so
it is hard to install these devices.

(3) Since the shunt current must be detected through
electromagnetic induction, the detected results are
easily interfered by noise.

(4) These methods take the function relationship
between shunt current and shunt position as the
diagnostic basis, so the position of the train’s first
wheel-set must be obtained accurately. But in
engineering practice, the precise position of the train
is not easy to obtain by track circuit, resulting in that
the diagnosis results are easily affected by position
error.

To overcome the above problems, a dynamic time warp-
ing (DTW) based fault diagnosis method for compensating
capacitors in track circuit is proposed in this paper. In order to
realize online diagnosis, this method does not depend on the
shunt current of inspection train and only collects the voltage
signals in receiver of track circuit. However, static voltage
information is insufficient to locate the faulty capacitor. In
order to promote the diagnosis resolution, this method uses

the dynamic voltage information which is varying when
a train is passing the track circuit (in this situation, the
structure of track circuit is changing (see Figure 2), so more
information can be obtained). Different from the existing
methods, this method only needs the function relationship
between receiver’s peak voltage and shunt time (instead
of shunt position) as the diagnostic basis, and the DTW
method is used in this situation to recover the original
function relationship between receiver’s peak voltage and
shunt position. Finally, by DTW, the characteristic curve is
compared to the sample curves of different faults to locate
the faulty capacitor. The contributions and advantages of the
method proposed in this paper can be listed as follows.

(1) This method only uses the groundmonitoring signals
of track circuit to locate the faulty compensating
capacitor, not depending on inspection train. So,
this method can be used for online diagnosis of
compensating capacitor, which is not yet realized by
existing methods.

(2) This method does not need the outdoor monitoring
signals (see Figure 3) or the on-board monitoring
signals, so the existing system does not need to be
modified greatly, which means a good engineering
feasibility.

(3) Since the precise train position is very hard to obtain
based on the existing monitoring system of track
circuit (the position information of a train is easily
obtained by on-board devices instead of ground
devices. However, on-board devices are not suitable
for online diagnosis of track circuit), thismethoddoes
not need the position of the train and adopts DTW to
recover the function relationship between receiver’s
peak voltage and shunt position. So, this method
overcomes the problem that the existing methods
must depend on the precise position of the train.

This paper is organized as follows. Section 1 gives an
overall background and introduces the problem. Section 2
gives a description of track circuit structure and track circuit
model. Section 3 gives the fault diagnosis method for track
circuit based on dynamic time warping. Section 4 gives the
results and discussion. Finally, Section 5 gives the conclusion.

2. Track Circuit and Track Circuit Model

2.1. Track Circuit Structure. The structure of a track circuit
is shown in Figure 3. A track circuit consists of four parts:
transmitter part, receiver part, main track circuit, and small
track circuit. Transmitter part, which is used for signal
transmitting, consists of transmitter, lightning protector,
cable simulator, SPT (“SPT” is just a code for digital signal
cable in Chinese railway. “SP” means “digital signal cable”
and “T” means “railway”) cable, and matching transformer.
Transmitter is used to generate a frequency-shift modulated
signal with high stability and precision. Lightning protector
is used to protect against lightning impulses which are
introduced indoors by the cable. SPT cable is used to transmit
signals from indoor transmitter to outdoor steel rails, and
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Figure 3: Structure of track circuit.

cable simulator is used to compensate the actual SPT cable
so that the total equivalent length of SPT cable is equal to
10 km.Matching transformer is used to couple the frequency-
shiftmodulated signal into steel rails or collect the frequency-
shift modulated signal from steel rails. Receiver part, which
is used for signal receiving, consists of receiver, attenuator,
lightning protector, cable simulator, SPT cable, and matching
transformer. Except for attenuator, which is used to attenuate
the signal for receiving, the others are the same as the
transmitter part. Main track circuit, which is the main body
of the current loop, consists of two steel rails and some
compensating capacitors connected between the two rails.
Small track circuit (also called “electrical insulation joint”)
consists of tune units, air-core coil, and 29 meters long steel
rails. These circuit components constitute different kinds of
resonant circuits and are used to separate two signals of
different frequencies in different track sections.

Different track circuits have different working frequen-
cies. There are totally four working frequencies for track
circuits: 1700Hz, 2000Hz, 2300Hz, and 2600Hz. The distri-
bution of these fourworking frequencies is shown in Figure 4.
By this distribution, the interference between two adjoining
track circuits can be reduced effectively.

2000Hz 2000Hz

1700Hz 1700Hz
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Travelling Electrical
insulation joint

Electrical
insulation joint

Electrical
insulation joint

Electrical
insulation joint

direction of
train
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Rails
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Figure 4: Frequency distribution of track circuits.

2.2. Track Circuit Model. The track circuit model is used
to generate sufficient data for research, so as to make up
for the deficiency of data from actual devices. The “Sim-
PowerSystems” tool box in Matlab is used to construct the
track circuit model, and receiver’s dynamic peak voltages
are calculated by adjust the structure and parameters of the
model automatically.Themain parameters of the track circuit
model are shown in Table 1.

For reasonable simplification of the model, the following
assumptions are made.

(1) Due to the frequency-shift modulation mechanism,
the signal on track circuit is not a strict sine wave.
However, since the frequency offset (11 Hz) is very
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Table 1: Main parameters of track circuit model.

Parameter name Parameter value
Working frequency 2000Hz
Peak voltage in transmitter 142V
Capacitance of compensating capacitor 5 × 10−5 F
Shunt resistance 0.15Ω
Length 1301m
The number of compensating capacitors 16
Contact resistance of compensating
capacitor 1 × 10−4Ω
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Figure 5: Peak voltages of receiver under different shunt positions
(when track circuit has no faults, without noise).

small relative to theworking frequency (2000Hz), the
track circuit can be considered as a sine steady circuit
within an acceptable error range.

(2) Because the transient signal component decays very
quickly when the train is shunting on the rails [20],
this paper only considers steady states of track circuit.
And the peak voltages of receiver (𝑉

5
, shown in

Figure 3) under different shunt positions are picked
as fault features (Figure 5).

(3) Because the shunt resistance is very small (0.04–
0.15Ω), the electrical effect of multiple wheel-sets
shunting on the rails is almost the same as the
situation of one wheel set [21]. So, this paper only
considers one wheel set’s shunt on the rails and
the shunt resistance is supposed to be 0.15Ω (for
smaller shunt resistance, transmitter’s current instead
of receiver’s voltage can be selected as fault feature,
and the diagnosis process is all the same).

2.3. Verification and Validation of Track Circuit Model. In
order to verify and validate the track circuit model, a
physical model of track circuit has been set up (shown in
Figure 6). This physical model consists of completely real

1
2

3

4

5

76

8

9

Figure 6: The physical model of ZPW-2000A track circuit.
A Transmitter; B receiver; C attenuator; D lightning protector
and cable simulator; E small track simulator; F tune unit; G air
core coil;H compensating capacitor;0 main track simulator.

Table 2: The verification and validation results.

𝑉
1

𝑉
2

𝑉
3

𝑉
4

Simulation model 142.31 (V) 41.58 (V) 13.46 (V) 1.09 (V)
Physical model 142.56 (V) 41.44 (V) 13.39 (V) 1.06 (V)
Absolute error −0.25 (V) 0.14 (V) 0.07 (V) 0.03 (V)
Relative error −0.18% 0.34% 0.52% 2.83%

track circuit devices except for the steel rails, which cannot
be installed indoors due to its huge size. The steel rails in
main track circuit and small track circuit are replaced by the
corresponding track simulators, which have been carefully
calibrated according to real steel rails.

The verification and validation scheme is as follows. Four
typical peak voltages (𝑉

1
, 𝑉
2
, 𝑉
3
, 𝑉
4
, shown in Figure 3) of

track circuit are selected as features for comparison. One set
of voltages are obtained from the simulation model, and the
other set of voltages are obtained by averaging 100 sets of
measured values from the physical model. The comparative
results are shown in Table 2, which shows that the deviation
between the simulationmodel and the physical model is very
small.

3. Fault Diagnosis Method for Track Circuit
Based on Dynamic Time Warping

3.1. Problem Formulation

3.1.1. Targets and Constraints. According to the introduc-
tion section, the following targets or constraints should be
achieved or met.

(1) Online fault diagnosis for compensating capacitors
of track circuit should be realized. Here, only sin-
gle disconnection fault of compensating capacitor is
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Table 3: Fault state list of track circuit.

State symbol Meaning
𝐹
0 No fault

𝐹
𝑖
(𝑖 = 1, 2, 3, . . . , 16)

Number 𝑖 (numbered from transmitter to
receiver) compensating capacitor

disconnects from the rails

Table 4: Peak voltage of receiver under different fault states.

Fault state Peak voltage of receiver (V)
𝐹
0

0.5917
𝐹
1

0.5343
𝐹
2

0.5257
𝐹
3

0.5246
𝐹
4

0.5313
𝐹
5

0.5276
𝐹
6

0.5258
𝐹
7

0.5299
𝐹
8

0.5275
𝐹
9

0.5272
𝐹
10

0.5292
𝐹
11

0.5263
𝐹
12

0.5275
𝐹
13

0.5309
𝐹
14

0.5251
𝐹
15

0.5258
𝐹
16

0.5341

considered, because disconnection fault is the most
possible fault type of compensating capacitor and two
compensating capacitors are almost impossible to be
faulty synchronously.

(2) Only the indoor voltages or currents of track circuit
(see Figure 3) can be obtained for fault diagnosis.
Because the outdoor voltages or currents are hard
to be measured under existing conditions, and the
shunt current cannot be used for online diagnosis, as
discussed in Section 1.

(3) Under existing conditions, a train’s exact position
information cannot be obtained by track circuit or its
monitoring system. So the shunt position information
cannot be used for fault diagnosis.

Based on the above targets and constraints, the problem
to be solved is to distinguish 17 kinds of states (listed in
Table 3) of track circuit by specific fault features.Without loss
of generality, the peak voltage of receiver is picked as fault
feature.

3.1.2. Insufficiency of Static Voltage Information. (Here,
“Static” means there is no train passing the track circuit, so
the peak voltage is invariable.) Under different fault states, the
peak voltages of receiver (𝑉

5
in Figure 3) are shown inTable 4.
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Figure 7: Peak voltages of receiver under different shunt positions
(for fault states 𝐹

0
, 𝐹
1
, 𝐹
2
, and 𝐹

10
, without noise).

It can be seen from Table 4 that if only static peak voltage
is obtained, 𝐹

8
and 𝐹
12
, as well as 𝐹

6
and 𝐹
15
, cannot be distin-

guished at all. Besides, if a measurement noise of ±0.005V is
considered, there are 120 pairs of indistinguishable faults (i.e.,
𝑉
𝐹
𝑖

− 𝑉
𝐹
𝑗

≤ 0.01(𝑉)), occupying 88% of all fault pairs. In this
case, besides 𝐹

0
, all other fault states cannot be distinguished,

which means the fault can be detected but cannot be located.
Even if a measurement noise of ±0.002V is considered, there
are still 76 pairs of indistinguishable faults.

Besides the peak voltage of receiver, other static voltages
or currents can also be selected as fault features, but the results
are similar. Moreover, in theory, the phase information of
voltages or currents can also be used as fault features. But in
engineering practice, the accurate phase information is hard
to obtain when the working frequency reaches 2000Hz, so
the phase information is not considered in this paper.

From the above analysis, it can be seen that, if only
static voltages or currents are used, it is very hard or even
impossible to locate the compensating capacitor’s fault.

3.1.3. Advantage of Adopting Dynamic Voltage Information.
(Here, “Dynamic” means there is a train passing the track
circuit, so the peak voltage will vary according to the train’s
position.) Since static information is not enough for locating
the compensating capacitor’s fault, some other methods
should be considered according to track circuit’s character-
istics. It should be noticed that there are trains periodically
passing through the track circuit. When a train is passing
through the track circuit, the circuit structure of the track
circuit will change, so more information about faults can be
obtained. Based on this thinking, the peak voltages of receiver
under different shunt positions can be taken as fault features
(Figure 7).

From Figure 7, it can be seen that different curves under
different fault states have remarkable differences. In fact, the
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Table 5: Description of the diagnosis (classification) experiment
based on SVM.

Item Description
Vector dimension
(the number of sampling
points in a curve)

156

The number of classes 17
Training data set 1 vector per class (without noise)

Testing data set

50 vectors per class (with ±0.005V
uniformly distributed measurement
noise and smoothing filtering with 3
points)

SVM tool LIBSVM [29]

Scaling scheme [30]

Vectors in training data set are linearly
consistently scaled to the range [0, 1],
and testing data set has the same
scaling proportion as the training data
set

SVM type C-SVM [29]
Kernel type for SVM Linear kernel
Penalty factor of the
error term in C-SVM 𝐶 = 1

Testing result Classification accuracy = 100%

minimal Euclidean distance (𝑑 = √∑𝑁
𝑥=1
(𝑉
𝑖
(𝑥) − 𝑉

𝑗
(𝑥))
2
/𝑁.

Here, √1/𝑁 is taken as a constant factor for comparability
with the static situation) between these curves is 0.0113 V,
which is remarkably larger than the static situation.

To verify the diagnosis effect based on this kind of
fault features, a diagnosis (classification) experiment based
on support vector machine (SVM) has been done. This
experiment is described by Table 5.

From the testing result in Table 5, it can be seen that,
based on this kind of fault features, the diagnosis (classifica-
tion) effect is very good.

3.1.4. Necessity of Adopting Dynamic Time Warping (DTW).
Though the dynamic voltage information is promising to
give a good diagnosis effect, there is still a big problem:
the train’s exact position information cannot be obtained by
track circuit or its monitoring system. So, in Figure 7, the
horizontal axis cannot be “shunt position,” but “shunt time.”
In this case, if the train travels in a constant speed, the new
(actual) curve will have the same shape with the original
curve, so there is no problem. But if the train does not travel
in a constant speed, except for start point and end point (at
the start point, there will be a fall edge, because the train
enters the track circuit. At the end point, there will be a rising
edge, because the train leaves the track circuit), other points
in new curve cannot be alignedwith the corresponding points
in the original curve, resulting in a nonlinear stretching
deformation of the curve in horizontal direction (shown in
Figure 8).

In this case, the diagnosis (classification) effect based on
the actual deformed curves will become bad. To verify this
point, the SVMclassification experiment has been performed
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Figure 8: Original curve and deformed curve of fault state F3 (with
noise and smoothing filtering).

once again with the deformed testing data set (see the
appendix for details). This time, the classification accuracy
drops to 81.29%, which means there are a lot of incorrect
diagnosis results. So, it is necessary to adopt dynamic time
warping (DTW)method to overcome the deformation effect.

3.2. DTWMethod for Fault Diagnosis of
Compensating Capacitors

3.2.1. Introduction of DTW. Dynamic time warping (DTW)
is a well-known dynamic-programming-based method to
find an optimal alignment between two given sequences
under certain constraints. Intuitively, the sequences are
warped in a nonlinear fashion tomatch each other [22]. DTW
was originally used in speech recognition for comparing
different speech patterns [23]. DTW was also successfully
applied in the fields of data mining and information retrieval,
to cope with time deformations of time-dependent data [24,
25].

Among main DTW methods, the classical DTW [22]
aims at computing the DTW distance and optimal warping
path using the dynamic programming method, which can
be realized by calculating cost matrix and accumulated cost
matrix. Besides the classical DTW, some variations of DTW
[22] aim at avoiding abnormal alignments and promoting
computational efficiency by adding step size condition, local
weights, and global constraints. The approximate DTW and
multiscale DTW [26, 27] were proposed to speed up DTW
computations based on the idea to perform the alignment on
coarsened versions of the sequences 𝑋 and 𝑌.

The related concepts and algorithms of the classical DTW
are simply introduced as follows [22].

Objective of DTW. The objective of DTW is to find
an optimal alignment between two given sequences:
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𝑋 := (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑁
) of length 𝑁 and 𝑌 := (𝑦

1
, 𝑦
2
, . . . , 𝑦

𝑀
)

of length𝑀.

Local Cost Measure and Cost Matrix. To measure the align-
ment level of two different features 𝑥

𝑖
, 𝑦
𝑗
∈ 𝐹, a local cost

measure 𝑐 : 𝐹 × 𝐹 → 𝑅
≥0

is needed. Based on the local
cost measure, the cost matrix 𝐶 ∈ 𝑅𝑁×𝑀 can be defined by
𝐶(𝑖, 𝑗) := 𝑐(𝑥

𝑖
, 𝑦
𝑗
).

Warping Path. An (𝑁,𝑀)-warping path (“warping path” for
short) is a sequence 𝑝 = (𝑝

1
, 𝑝
2
, . . . , 𝑝

𝐿
) with 𝑝

𝑙
= (𝑖
𝑙
, 𝑗
𝑙
) ∈

[1 : 𝑁] × [1 : 𝑀], (𝑙 ∈ [1 : 𝐿]) satisfying the following
conditions:

(1) boundary condition: 𝑝
1
= (1, 1) and 𝑝

𝐿
= (𝑁,𝑀);

(2) monotonicity condition: 𝑛
1
≤ 𝑛
2
≤ ⋅ ⋅ ⋅ ≤ 𝑛

𝐿
and𝑚

1
≤

𝑚
2
≤ ⋅ ⋅ ⋅ ≤ 𝑚

𝐿
;

(3) step size condition: 𝑝
𝑙+1
− 𝑝
𝑙
∈ {(1, 0), (0, 1), (1, 1)},

(𝑙 ∈ [1 : 𝐿 − 1]).

A warping path defines an alignment between sequence
𝑋 and sequence 𝑌.

Total Cost. The total cost of a warping path is defined as
𝑐
𝑝
(𝑋, 𝑌) := ∑

𝐿

𝑙=1
𝑐(𝑥
𝑖
𝑙

, 𝑦
𝑗
𝑙

), (𝑖
𝑙
, 𝑗
𝑙
) ∈ 𝑝. The total cost

represents the alignment level of an alignment defined by the
warping path 𝑝.

DTW Distance. The minimum total cost is defined as DTW
distance:

𝑑DTW (𝑋, 𝑌) := min {𝑐
𝑝
(𝑋, 𝑌) | 𝑝 is an

(𝑁,𝑀) -warping path} .
(1)

Optimal Warping Path. The warping paths corresponding to
the DTW distance are defined as optimal warping paths,
which represent the optimal alignments. An optimal warping
path defines a path through the cost matrix, which has the
minimum total cost.

The objective of DTW can be summarized as finding the
DTW distance and the optimal warping paths.

Accumulated Cost Matrix. The accumulated cost matrix is
used to calculate the DTW distance and the optimal warping
paths. It is defined as follows:

𝐷 (𝑛,𝑚) := 𝑑DTW (𝑋 (1 : 𝑛) , 𝑌 (1 : 𝑚))

𝑋 (1 : 𝑛) := (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) , 𝑛 ∈ [1 : 𝑁]

𝑌 (1 : 𝑚) := (𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑚
) , 𝑚 ∈ [1 : 𝑀] .

(2)

Algorithm for DTW Distance. Based on the accumulated cost
matrix, the algorithm for calculating DTW distance is as
follows:

𝐷 (𝑛, 1) =

𝑛

∑

𝑘=1

𝑐 (𝑥
𝑘
, 𝑦
1
) , 𝑛 ∈ [1 : 𝑁]

𝐷 (1,𝑚) =

𝑚

∑

𝑘=1

𝑐 (𝑥
1
, 𝑦
𝑘
) , 𝑚 ∈ [1 : 𝑀]

𝐷 (𝑛,𝑚) = min {𝐷 (𝑛 − 1,𝑚 − 1) , 𝐷 (𝑛 − 1,𝑚) ,

𝐷 (𝑛,𝑚 − 1)} + 𝑐 (𝑥
𝑛
, 𝑦
𝑚
) ,

for 𝑛 ∈ [2 : 𝑁] , 𝑚 ∈ [2 : 𝑀]

𝑑DTW (𝑋, 𝑌) = 𝐷 (𝑁,𝑀) .

(3)

The computation complexity of this algorithm is𝑂(𝑁𝑀).

Algorithm for Optimal Warping Path. Based on the accu-
mulated cost matrix, the algorithm for calculating optimal
warping paths is as follows:

𝑝
𝐿
= (𝑁,𝑀)

Suppose 𝑝
𝑙
= (𝑛,𝑚)

if (𝑛,𝑚) = (1, 1) then 𝑙 must be 1 and algorithm finishes

else

𝑝
𝑙−1
=

{
{
{
{

{
{
{
{

{

(1,𝑚 − 1) , if 𝑛 = 1
(𝑛 − 1, 1) , if 𝑚 = 1
arg min {𝐷 (𝑛 − 1,𝑚 − 1) ,

𝐷 (𝑛 − 1,𝑚) , 𝐷 (𝑛,𝑚 − 1)} , otherwise.
(4)

3.2.2. Basic DTWMethod for Fault Diagnosis of Compensating
Capacitors. Since the problem is to classify the deformed
curves into 17 classes (17 fault states) according to the 17
training samples (see Table 5), instead of directly using SVM,
the problem can be solved by using DTW between the
deformed curve and the 17 training sample curves. That is,
the DTW distances between the deformed curve and the 17
training sample curves can be calculated, and the training
sample curve corresponding to the minimumDTW distance
will be the target class.

This algorithm can be formally described as follows:
𝑋
𝑖
:= (𝑥
𝑖

1
, 𝑥
𝑖

2
, . . . , 𝑥

𝑖

𝑁
) of length 𝑁 is the training sample

for class 𝑖 and 𝑌 := (𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑀
) of length 𝑀 is the

deformed curve to be classified. Based on the above classical
DTW, the classification (diagnosis) result can be calculated as
follows:

𝑡 = arg min {𝑑DTW (𝑋𝑖, 𝑌) | 𝑖 ∈ [1 : 17]} . (5)

According to this algorithm, the deformed curve in
Figure 8 can be restored to approach the original curve
(shown in Figure 9).
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Figure 9: Original curve and restored curve of fault state F3 (with
noise and smoothing filtering).

Table 6: Description of the diagnosis (classification) experiment
based on DTW.

Item Description
Vector dimension
(the number of sampling
points in a curve)

156

The number of classes 17
Local cost measure 𝑐 (𝑥, 𝑦) =





𝑥 − 𝑦






Training data set 1 vector per class (without noise)

Testing data set

50 vectors per class with:
(i) ±0.005V uniformly distributed
measurement noise
(ii) Smoothing filtering with 3 points
(iii) Deformation (see Appendix for
details)

Testing result Classification accuracy = 99.88%
Computation complexity O (156 × 156 × 17 × (50 × 17))
Classification stability
(minimum)

−0.0429 (0.1795 for correct
classifications)

Classification stability
(average) 0.9260

To verify the diagnosis effect of the DTW based method,
the deformed testing data set in Section 3.1.4 is again used for
the verification experiment. The experiment is described in
Table 6.

From the testing result in Table 6, it can be seen that, in
spite of the deformation of testing data set, by theDTWbased
method, the classification accuracy can still reach 99.88%.
In Section 3.1.4, the classification accuracy can only reach
81.29% by SVMmethod.

Besides classification accuracy, in Table 6, the “classi-
fication stability” is also used as an index for judging

Table 7: Description of the diagnosis (classification) experiment
based on DTW (with improved local cost measure).

Item Description

Local cost measure 𝑐 (𝑥, 𝑦) =




𝑥 − 𝑦






2,
𝑓

(𝑑) = 2

Testing result Classification accuracy =
100%

Classification stability (minimum) 0.4165
Classification stability (average) 5.0881

the classification quality. The stability 𝜓 for one classification
is defined as follows:

Suppose 𝑌 belongs to class 𝑡, 𝑡 ∈ [1 : 17]

𝑑
1
= 𝑑DTW (𝑋𝑡, 𝑌)

𝑑
2
= min {𝑑DTW (𝑋𝑖, 𝑌) | 𝑖 ∈ [1 : 17] , 𝑖 ̸= 𝑡}

𝜓 =

(𝑑
2
− 𝑑
1
)

min (𝑑
1
, 𝑑
2
)

.

(6)

If the classification result is incorrect, then 𝜓 < 0;
otherwise, 𝜓 > 0. Regardless of 𝜓 < 0 or 𝜓 > 0, bigger
𝜓 implies better classification quality. 𝜓 = 0 is a special
situation, which means the minimum DTW distance is not
unique.

3.2.3. Improvement onDTWMethod for ClassificationQuality.
The classification quality of the above DTW method can
still be improved by simple modification of the local cost
measure. Since local cost measure is a cost measure for
one step in a warping path, it can be considered to modify
the cost structure to encourage the correct alignment. The
modification scheme is as follows:

suppose 𝑑 = 

𝑥 − 𝑦





,

𝑐 (𝑥, 𝑦) = 𝑓 (𝑑) , s.t. 𝑓 (𝑑) > 0.
(7)

The basic idea here is that 𝑓(𝑑) should increase with 𝑑’s
increment, which means bigger 𝑑 should have a higher cost
rate. This is because

(1) small 𝑑 is tolerable in correct alignment, because it
may be caused by noise;

(2) big 𝑑 is intolerable in correct alignment, because it is
unlikely to be caused by noise.

A simple local cost measure satisfying the condition
𝑓

(𝑑) > 0 is 𝑐(𝑥, 𝑦) = |𝑥 − 𝑦|2. The diagnosis (classification)

experiment based on this local cost measure is described in
Table 7 (other items are the same as Table 6).

From the testing result and classification stability in
Table 7, it can be seen that, with the improved local cost mea-
sure, there is a remarkable improvement on the classification
quality.
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Figure 10: The global constraint region based on the dynamic
characteristics of CRH3.

Table 8: Related symbols for analysis of the boundary conditions of
the global constraint region.

Symbol Description
𝑥 Abscissa in Figure 10
𝑦 Ordinate in Figure 10
𝑠 Displacement (m)
V Velocity (m/s)
𝑡 Time (s)
𝑎 Acceleration (m/s2)
V
1

Start velocity on the track circuit (m/s)
V
2

End velocity on the track circuit (m/s)
𝑇 Total time on the track circuit (s)
𝐿 Length of the track circuit (m)
𝑘 Slope of curve in Figure 10
𝑘
1

Start slope of curve in Figure 10
𝑘
2

End slope of curve in Figure 10

3.2.4. Improvement on DTW Method for Computation Com-
plexity. In order to reduce the computation complexity, the
global constraints in variations of DTW [22] can be used.
However, neither the Sakoe-Chiba band region [22] nor
the Itakura parallelogram region [22] is adopted for the
global constraint. According to the characteristic of the train’s
dynamics (see the appendix for details), the following global
constraint region (Figure 10), which is generated by boundary
gears (maximum gear or minimum gear) and boundary
velocities (V

1
= 0 or V

2
= 0.), is adopted for the DTWmethod

applied in fault diagnosis of track circuit.
The boundary conditions of the global constraint region

in Figure 10 can be analyzed as follows (the related symbols
are defined in Table 8).

First, the lower boundary curve is considered. According
to the physical relationships between the above variables, the
following formulas can be given:

𝑡 =

𝑥𝑇

160

,

𝑠 =

𝑦𝐿

160

,

V =
𝑑𝑠

𝑑𝑡

=

𝑑𝑦

𝑑𝑥

⋅

𝐿

𝑇

,

∴ 𝑘 =

𝑑𝑦

𝑑𝑥

= V ⋅
𝑇

𝐿

.

(8)

For reasonable simplification, the acceleration is assumed
to be constant; then the following formulas can be given:

V2
2
− V2
1
= 2𝑎𝐿

𝑇 =

2𝐿

V
2
+ V
1

V
2
= √2𝑎𝐿 + V2

1

(9)

∴ Δ𝑘 = 𝑘
2
− 𝑘
1

= (V
2
− V
1
) ⋅

𝑇

𝐿

=

2𝑎𝐿

V
2
+ V
1

⋅

2

V
2
+ V
1

=

4𝑎𝐿

(V
2
+ V
1
)
2
=

4𝑎𝐿

2𝑎𝐿 + 2V2
1
+ 2√2𝑎𝐿 + V2

1
⋅ V
1

=

4𝐿

2𝐿 + 2V2
1
/𝑎 + 2√2𝐿/𝑎 + V2

1
/𝑎
2
⋅ V
1

.

(10)

So, Δ𝑘 will decrease when V
1
is increasing and will

increase when 𝑎 is increasing. Thus, when V
1
is minimum

and 𝑎 is maximum, the maximum Δ𝑘 can be gotten, which
corresponds to the maximum deformation of the lower
boundary curve.

So, the boundary conditions of the lower boundary curve
are V
1
= 0 and 𝑎 = max. The upper boundary curve is

symmetrical with the lower boundary curve. So the upper
boundary conditions are V

2
= 0 and 𝑎 = −max.

In the case of the global constraints, the elements beyond
the global constraint region in accumulated cost matrix does
not need to be calculated and can be directly set as infinity, so
the computation complexity can be reduced to 𝑆region/𝑆square
(area ratio) of the original computation complexity. The
diagnosis (classification) experiment based on this global
constraint region is described in Table 9 (other items are the
same as Table 6).

From the results in Table 9, it can be seen that, with
the global constraint, there is a remarkable reduction in
the computation complexity, at the cost of one incorrect
classification.
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Table 9: Description of the diagnosis (classification) experiment
based on DTW (with the global constraint).

Item Description
Local cost measure 𝑐 (𝑥, 𝑦) =





𝑥 − 𝑦






2, 𝑓(𝑑) = 2
Testing result Classification accuracy = 99.88%

Computation complexity O (29.26% × (156 × 156) × 17 × (50 ×
17))

Classification stability
(minimum)

−0.0468 (0.1299 for correct
classifications)

Classification stability
(average) 6.5735

4. Results and Discussion

The results of the above experiments can be summarized in
Table 10.

From Table 10, the results of all the experiments can be
analyzed as follows.

(1) The method of comparison of static voltages has very
poor classification quality and can hardly be used for
fault location of compensating capacitors.

(2) The method of SVM without DTW has a generally
acceptable classification quality, but there are still
many incorrect classifications, which will cause trou-
ble in practical applications.

(3) The classical DTW has good classification accuracy,
but the classification stability is poor, which means
incorrect classifications are prone to appear under
severe conditions such as big noise. Besides, the com-
putation complexity of this method is great, which
means it is not suitable for online diagnosis.

(4) The DTWmethod with improved local cost measure
has very good classification accuracy and good classi-
fication stability, but the computation complexity has
not been improved.

(5) The DTW method with global constraint has good
classification quality, great classification stability, and
reduced computation complexity.The very few incor-
rect classifications, which are not general situations,
may be caused by the nonconservative global con-
straint region. As a whole, this method is the best
one among these methods for online fault diagnosis
of compensating capacitors in track circuit.

5. Conclusions

Aiming at the problem of online fault diagnosis for com-
pensating capacitors of jointless track circuit, a dynamic
time warping (DTW) based diagnosis method is proposed
in this paper. Different from the existing related works,
this method only uses the ground monitoring signals of
track circuit to locate the faulty compensating capacitor, not
depending on the shunt current of inspection train, which is
an indispensable condition for existing methods. So, it can be

used for online diagnosis of compensating capacitor, which
has not yet been realized by existing methods. Besides, this
method does not need the outdoor monitoring signals or the
on-board monitoring signals, so the existing system does not
need to bemodified greatly, whichmeans a good engineering
feasibility. To overcome the key problem that track circuit
cannot obtain the precise position of the train, the DTW
method is used for the first time in this situation to recover
the function relationship between receiver’s peak voltage and
shunt position. Besides the classical DTW based method,
two improved methods for improving classification quality
and reducing computation complexity are proposed. Finally,
the diagnosis experiments based on the simulation model of
track circuit show the effectiveness of the proposed methods.
Fault diagnosis for compensating capacitors under uncertain
ballast resistance and shunt resistance will be the future work.

Appendix

Generation of Deformed Testing Data Set

In order to generate the almost real deformed testing data set,
an effective dynamic model of train must be first established.
Referring to [28], the dynamic model (state equation) of
CRH3 high-speed train is established as follows:

𝑀V
𝑑V
𝑑𝑥

= 𝐹
𝜎
(V) − 𝑟 (V)

𝑑𝑡

𝑑𝑥

=

1

V
.

(A.1)

Here, 𝑥 instead of 𝑡 is taken as independent variable
for convenience of integral calculation at given displacement
interval [0, 𝐿] (𝐿 is the length of the track circuit).

The related symbols are described in Table 11.
The traction characteristic of CRH3 high-speed train is

described as follows [28]:

𝐹
𝜎
(V) =

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝑐
𝜎
(300 − 0.284V) kN,
for 0 ≤ V ≤ 119.7 km/h, 𝜎 > 0

𝑐
𝜎
(266 × 119.7/V) kN,
for 119.7 < V ≤ 300 km/h, 𝜎 > 0

0 kN,
for 𝜎 = 0

𝑐
𝜎
(−300 + 0.281V) kN,
for 0 ≤ V ≤ 106.7 km/h, 𝜎 < 0

𝑐
𝜎
(−270 × 106.7/V) kN,
for 106.7 < V ≤ 300 km/h, 𝜎 < 0,

(A.2)

where 𝑐
𝜎
is the gear coefficient for CRH3, which is defined in

Table 12.
The resistance characteristic of CRH3 high-speed train is

described as follows [28]:

𝑟 (V) = 6.4𝑀 + 130𝑞 + 0.14𝑀V

+ [0.046 + 0.0065 (𝑝 − 1)] 𝐴V2.
(A.3)
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Table 10: Summary of results of all the experiments.

Method Classification accuracy Classification stability (average) Computation complexity
(for one classification)

Comparison of static voltages Very low (not able to locate the
faults) NA∗ NA

SVM (without DTW) 81.29% NA NA
Classical DTW 99.88% 0.9260 O (156 × 156 × 17)
DTW with improved local cost
measure 100% 5.0881 O (156 × 156 × 17)

DTW with global constraint 99.88% 6.5735 O (29.26% × 156 × 156 × 17)
∗“NA” means not applicable.

Table 11: Related symbols in the dynamic model of train.

Symbol Description
𝑥 Displacement (m)
V Velocity (m/s)
𝑡 Time (s)
𝑀 Mass (kg, 408t for CRH3)
𝑝 The number of cars (8 for CRH3)
𝐹 Tractive force or braking force (N)
𝜎 Gear
𝑟 Resistance (N)
𝐴 Frontal area (m2, 9m2 for CRH3)
𝑞 The number of axles (32 for CRH3)

Table 12: Gear coefficients for CRH3.

Gear Tractive gear Neutral gear Braking gear
4 3 2 1 0 −1 −2 −3 −4

𝑐
𝜎

1 0.7 0.5 0.3 0 0.3 0.5 0.7 1

The differential equation solver “ode45” in Matlab is used
for solving the state equation with the initial condition “(V

0
,

𝑡
0
= 0)” and the integral interval [0, 𝐿 = 1301]. For

embodying randomness of samples, the gear 𝜎 is randomly
selected in {−4, −3, −2, −1, 0, 1, 2, 3, 4}, and V

0
is randomly

selected in [Vmin, Vmax]. Vmin and Vmax are selected to ensure
V ∈ (0, 300 km/h] when the train is running on the track
circuit.

The typical velocity-time curve and displacement-time
curve generated from the dynamic model are shown in
Figures 11 and 12, which are corresponding to Figure 8.

Based on the displacement-time curves generated from
the dynamic model, the deformed testing data set can be
generated from the original testing data set.
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