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From the perspective of information exchange, three stages
can be identified for the evolvement of control systems.
Conventional control systems with simple system structure
can be implemented in a way that all system components,
including the controller, the plant, the sensors, and the
actuators, are connected point-to-point via communication
cables, meaning that the information exchange within such
systems is almost perfect, without any information loss or
delay. Later, with the development of complex applications of
control systems in industry, the system scale becomes larger
and larger, which makes the point-to-point connections too
expensive and impractical. In order to facilitate the com-
munication among system components, the bus structure is
then proposed, where many control components can share
the same bus communication channel. In recent years, com-
munication networks have been more and more popular, and
naturally, the information exchange in control systems has
taken advantage of these existing communication networks
to develop the concept of networked control systems, as well
as a few new branches in control field such as cyberphysical
systems, Internet of Things, and almost all large intelligent
systems including smart home, intelligent transportation,
and smart city [1–3].

Using communication networks in control systems is the
foundation of many modern intelligent systems. However,
such a technical integration has resulted in many chal-
lenges in both theories and applications. For instance, the
information exchange in modern industrial systems is also

carried out via the shared communication channel whose
communication characteristics are usually unknown and
unpredictable. This then breaks the real-time requirement
of information exchange by control systems (the same as in
control systems with bus communication channel) and also
introduces unpredictable, stochastic nature of information
exchange (a brand-new feature for these systems). New
methodologies and approaches are therefore needed for
making such systems reliably useful in future [4].

This special issue has collected a number of research
articles which may shed light on the-state-of-the-art of
control systems using communication networks. We briefly
outline the key points of these research articles in what
follows, and for the detailed works please refer to the articles
in this special issue.

The article entitled “Dynamic Output Feedback Control
of Discrete Markov Jump Systems based on Event-Triggered
Mechanism” by Z. Zhao et. al. investigates the random time
delay caused by the communication network and models it
as a Markov process. Then, the authors propose an event-
triggered mechanism for information transmission and a
codesign strategy involving both the event-triggered scheme
and a dynamic output feedback controller. The stability of the
closed-loop system is finally addressed using the Lyapunov-
Krasovskii functional and linear matrix inequality (LMI).

The article entitled “Event-Based Nonfragile 𝐻
∞

Filter
Design for Networked Control Systems with Interval Time-
Varying Delay” by Z. Lu et. al. considers interval time-varying
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delay in nonlinear control systems. Similarly, the authors
propose an event-triggered scheme to schedule the sampled
data transmission through the communication network, and
thenmodel the filtering error system as a systemwith interval
time-varying delay.The authors then take advantage of a new
Lyapunov-Krasovskii functional and theWirtinger inequality
to derive the sufficient stability conditions, and also propose
the LMI based design of the nonfragile filter parameters.

The article entitled “Event-Triggered 𝐻
∞

Filtering for
Multiagent Systems with Markovian Switching Topologies”
by J. Li et. al. considers network-induced delay in the context
of multiagent systems with Markovian switching topolo-
gies. Again, an event-triggered mechanism is proposed for
information transmission, but it is for the directed network
topology representing the communication links.

The article entitled “Networked Closed-Loop Model for
Smart On-Site Maintenance of Substation Equipment Using
Mobile Networks” by Z. Feng et. al. is concerned with mobile
networks in the context of smart on-site maintenance of
substation equipment. The authors propose a model for such
systems, which allows bidirectional communication among
the people and the equipment. This article can be regarded
as a successful practical application of control systems using
communication networks.

The article entitled “Neural Network Predictive Control
for Autonomous Underwater Vehicle with Input Delay” by J.
Zhao considers input delay for an autonomous underwater
vehicle (AUV). The authors propose a predictive control
algorithm to compensate for the negative effects of time delay
in path tracking, with the use of neural networks to estimate
the nonlinear uncertainties of AUV. The authors finally give
the stability conditions using the Lyapunov theorem.

In summary, we believe that this special issue has con-
tained sufficiently useful materials on control systems using
communication networks and hope that this special issue will
provide the reader with a useful reference for their future
research.
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In this paper, awide-areaDCdamping controller designmethod is proposed to damp theweak interarea oscillationmodes. First, the
low-order power system control model identification method is proposed based on the frequency domain self-excitation method
to obtain the dominant modes and other related information. In what follows, the identified model is transformed into a low-order
state space equation. By comparing the geometric metrics of different schemes, the various input signals and installation locations
of the controller are selected. Furthermore, the damping controller parameter calculation is realized based on the self-excitation
frequency domain identification method, which does not depend on the detailed model of the system.The design process is simple
and it is easy to apply in the practical engineering of large-scale complex power grids. The applicability and effectiveness of the
proposed controller design method are demonstrated through simulations of a two-area four-generator power system.

1. Introduction

The AC/DC interconnected power grid can transmit large
capacity of power from the remote power basis to the
load centers through communication networks. It plays an
extremely important role in the energy allocation in China.
Since the AC and DC transmission systems are generally
coupled with each other, however, disturbances that occur in
both theACand theDC sidesmay triggerweakly damped low
frequency oscillations. If the oscillations are of the interarea
type, a large number of generators will participate in and the
interconnected power grid will confront severe operational
risk [1, 2].

However, due to the deficiency in observability, tradi-
tional power system stabilizers (PSS) which use local signals
as inputs may fail to damp out the interarea oscillation
and maintain system stability. To overcome the shortcom-
ing of traditional PSS, wide-area damping controllers with
remote signals obtained fromwide-areameasurement system
(WAMS) have become a better choice in suppressing low fre-
quency oscillation [3–5]. SinceDC systems have fast response
characteristics, it can effectively improve the stability of the

system once faults have occurred in the AC system, and the
DCdamping control [6–9] that can suppress the interarea low
frequency oscillation of AC/DC hybrid system has attracted
the attention of researchers.

During the wide-area damping controller design, it is
important to choose feedback control signal and installa-
tion location. The residue method [10, 11] is widely used
for feedback signal selection, but it can only compare the
same type of signals. For different types of signals, such as
generator speed, line transmission power, and bus voltage, the
amplitude of the above-mentioned residual value will not be
accurate due to the ratio problem. In [12], a relative gain array
(RGA) method is proposed. Although this method reduces
the mutual influence among multiple controllers, it has the
same disadvantages as the residual method. Other methods,
such as the Hankel singular value (HSV) [13], the singular
value decomposition (SVD) [14], and the minimum singular
values (MSV) [15], have also been proposed to calculate the
corresponding observability and controllability indices, but
it becomes much more complicated to calculate for practical
large-scale power systems. On the other hand, most of the
existing damping control design methods require the precise
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Figure 1: Rectifier current regulator.

system model through linearizing it around an equilibrium
point.Thismay lead to themodeling error due to information
incompleteness.

In this paper, the low frequency oscillation of an AC/DC
hybrid system is damped by installing a wide-area damping
controller in the DC system. Based on the above consider-
ations, the improved geometric lateral index [11, 16] based
on the frequency domain excitation identification theory is
proposed to solve the wide-area DC supplementary damping
control signal selection in AC/DC hybrid systems. This
method can effectively solve the problem that different types
of input signals have different amplitude ratios and can avoid
solving the huge state matrix as well. Moreover, the method
based on the self-excitation frequency domain identification
is further utilized to configure the DC damping controller,
which does not depend on the detailed model of the system.
The design process is simple, and it is easy to use in the
practical engineering of the complex large power grid. At
the end of this study, the AC/DC hybrid system is taken as
an example to demonstrate the effectiveness of the proposed
controller design method.

2. Problem Formulation

2.1. DC Damping Controller. The DC damping control is a
kind of small signal modulation, and the basic principle is
to add a supplementary damping controller in the DC main
control loop.The controller is usually installed at the rectifier
side. In this regard, the power of the DC transmission line is
adjusted by tuning the extinction angle 𝛼 to damp the system
oscillation.

The control block diagram is shown in Figure 1. By adding
theDC additional control output 𝐼𝑓 and the reference current
input 𝐼𝑑𝑐𝑟 to the current control of the inverter can improve
the damping of the system. The dynamic equation of the
linearized regulator is given as

�̇� = 𝐾𝑟𝑇𝑟 (𝐼𝑑𝑐𝑟 − 𝐼𝑑𝑐 + 𝐼𝑓) −
𝛼𝑇𝑟

̇𝐼𝑑𝑐 = 1𝑇𝑑𝑐 (−𝐼𝑑𝑐 + 𝐼𝑑𝑐𝑟 + 𝐼𝑓)
(1)

The supplementary wide-area damping controller transfer
function is in the following form:

𝐻(𝑠) = 𝐾1 + 𝑠𝑇1 ⋅
𝑠𝑇𝑊1 + 𝑠𝑇𝑊 ⋅ [1 + 𝑠𝑇21 + 𝑠𝑇3 ]

𝑚

(2)

where 𝑇𝑑𝑐, 𝑇𝑟, 𝑇1, 𝑇2, 𝑇3, 𝑇𝑊 are the time constants, 𝐾𝑟 and𝐾 are the controller proportional coefficient, 𝐼𝑑𝑐 is the DC
current, and 𝑢 is the feedback signal, which can be chosen
as the generator speed deviation, the bus phase difference or
any bus voltage, power, and so on.

In this study, the selected feedback signal is processed by
the damping controller to the input of the current regulator
in the DC main control system, based on the principle of
DC damping control. The extinction angle 𝛼 is maintained
within the normal range (𝛼min < 𝛼 < 𝛼max). In order
to select the best alternative signal, the indicators defined
by the improved geometric index can be calculated. In this
regard, the designed damping controller can damp system
oscillation.

2.2. System Model Analysis. By linearizing around the stable
equilibrium point, the AC/DC hybrid power system equation
can be given as

Δ�̇� = 𝐴Δ𝑥 + 𝐵Δ𝑢
Δ𝑦 = 𝐶Δ𝑥 (3)

where 𝐴 is an 𝑛 × 𝑛 state matrix, 𝐵 is an 𝑛 × 𝑝 input matrix,
and 𝐶 is a 𝑞 × 𝑛 output matrix.

For power system with 𝑛 generators, only part of the
oscillation mode of the generator rotor is concerned, and
the number of oscillating modes in which any one generator
is significantly involved is generally 2∼3. Based on this
consideration, the state equation of the 𝑖th generator can be
set as

[Δ ̇𝛿
Δ�̇�] = [ 0 𝐼

−𝑀−1𝐾 (𝑠) −𝑀−1𝐷 (𝑠)] ⋅ [
Δ𝛿
Δ𝜔] (4)

where 𝐾(𝑠) is the synchronization torque coefficient, 𝐷(𝑠) is
the damping torque coefficient, and𝑀 is the diagonal matrix
composed by the corresponding elements of the generator.

It can be seen from Figure 2 that if there is no external
disturbance𝑇𝑥, the differential equation of the corresponding
equivalent system can be derived as

𝑀(𝑠) Δ ̈𝛿 + 𝐷 (𝑠) Δ ̇𝛿 + 𝐾 (𝑠) Δ𝛿 = 0 (5)
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Figure 2: Equivalent system.

Assume that the eigenvalue of (5) is 𝜆𝑖 = 𝜎𝑖 ± 𝑗𝜔𝑖, then
(𝑀Δ ̈𝛿 + 𝐷 (𝑠) Δ ̇𝛿 + 𝐾 (𝑠) Δ𝛿)𝜆𝑖 def= 𝑇𝑥 → 0 (6)

In order to calculate the electromechanical mode asso-
ciated with system oscillation, the self-excited method [17]
is utilized by deriving the eigenvalue of (6) through the
Newton iteration method. However, the application of the
traditional self-excited method is not only sensitive to the
initial value but also easily leads to the loss of roots. In this
regard, this paper proposes a frequency domain self-excited
identification method, which is applied to choose controller
inputs. This method avoids the problems of traditional self-
excited method, which is described in detail in the following
section.

3. Wide-Area DC Damping Controller Design

Generally speaking, the steps in designing a wide-area con-
troller include wide-area signal selection, system reduction,
controller design, and validation of the design by numerical
simulations. Each of the above steps is briefly described in the
following subsections.

3.1. Observable and Controllable Quantitative Index. In order
to choose the feedback signal and the installation location of
the wide-area damping controller, it is necessary to establish
a unified index for the calculation of different types of signals
or control points.The quantization index of the observability
and controllability of the system based on the improving
geometric lateral index can solve the defects of the different
types of signals, which is described as follows.

For system (3), by denoting a new state variableΔ𝑥 = 𝑊𝑧,
the oscillation characteristics of the system can be decoupled
and the system with a diagonal state matrix can be derived as

�̇� = Λ𝑧 + 𝐵Δ𝑢
Δ𝑦 = 𝐶𝑧 + 𝐷Δ𝑢, (7)

where 𝑊 is the modal matrix of 𝐴, Λ = diag {𝜆𝑖}, 𝐵 =𝑊−1𝐵 = 𝑁𝑇𝐵, 𝐶 = 𝐶𝑊, 𝑊𝑖 is the right eigenvector corre-
sponding to 𝜆𝑖, and 𝑁𝑖 is the left eigenvector corresponding
to 𝜆𝑖.

The observability index of the ith modal of the system is
given as

𝑔𝑜𝑗 (𝑖) = cos (𝛼 (𝑊𝑖, 𝑐𝑗)) =
𝑐𝑗𝑊𝑖𝑊𝑖 𝑐𝑗 (8)

while the controllability index is defined by

𝑔𝑐𝑘 (𝑖) = cos (𝜃 (𝑁𝑖, 𝑏𝑘)) =
𝑏𝑇𝑘𝑁𝑖𝑁𝑖 𝑏𝑘 (9)

where | ⋅ | and ‖ ⋅ ‖, respectively, represent the modulo
and Euclidean norm, 𝑐𝑗 is the jth line of the matrix 𝐶, 𝑏𝑘
is the kth column of the matrix 𝐵, 𝛼(𝑊𝑖, 𝑐𝑗) is the angle
between the output phasor 𝑐𝑗 and the right eigenvector 𝑊𝑖,
and 𝜃(𝑁𝑖, 𝑏𝑘) is the angle between the output phasor 𝑏𝑘 and
the left eigenvector𝑁𝑖.

Thus, the comprehensive index corresponding to the ith
modal is given by

𝑔𝑐𝑜𝑖 (𝑘, 𝑗) = 𝑔𝑜𝑗 (𝑖) 𝑔𝑐𝑘 (𝑖)
= cos (𝛼 (𝑊𝑖, 𝑐𝑗)) cos (𝜃 (𝑁𝑖, 𝑏𝑘)) (10)

Quantitative analysis and comparison of the observability
and controllability of different types of alternative signals
can be realized by the calculation of the above-mentioned
indices. However, in the practical power system, it is difficult
to obtain the accurate full-order system model. Based on
this consideration, this study carries out power systemmodel
identification according to the frequency domain self-excited
method, and then the low-order system can be utilized to
approximate the original system, which greatly reduces the
calculation complicatedness and improves the calculation
effectiveness.

3.2. Control Loop Selection. The feedback signals and instal-
lation locations selection are the basis for controller design
of wide-area damping controller. In this subsection, a new
method to select the feedback signal of wide-area damping
controller is proposed by combining the basic principle of
self-excitation and the method of frequency domain identi-
fication.

Based on the basic principle of the self-excited method, it
can be derived from (6) that

𝑇𝑥 + 𝑑𝑇𝑥𝑑𝑠 (Δ𝜆𝑖) = 0 (11)

By analyzing (11), the following necessary conditions are
obtained:

𝑇𝑥 → 0
𝑑𝑇𝑥𝑑𝑠 → 0 (12)

However, since the traditional self-excitation method
iteratively solves the eigenvalue of (6) by Newton's method, it
may lead to the incompleteness of electromechanical modes.
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Therefore, the method proposed in this paper utilizes the
frequency domain method to identify the transfer function
of the system and then solve the relevant mode information
to avoid the above-mentioned problems.

By carrying out the Laplace transform of (6) and (12), the
system transfer function can be derived as

𝐺 (𝑠) = Δ𝛿 (𝑠)Δ𝑇𝑥 (𝑠) =
𝑠𝑀 (𝑠) 𝑠2 + 𝐷 (𝑠) 𝑠 + 𝐾 (𝑠) (13)

If a more accurate model of the generator is considered,
such as taking the excitation system model into account, (9)
still holds, but the order will increase. In this case, 𝐺(𝑠) can
be expressed as follows:

𝐺 (𝑠) = Δ𝛿𝑖 (𝑠)Δ𝑇𝑥𝑖 (𝑠) = 𝐾(𝑠 − 𝑧𝑗1) (𝑠 − 𝑧𝑗2) ⋅ ⋅ ⋅ (𝑠 − 𝑧𝑗𝑖)(𝑠 − 𝑝1) (𝑠 − 𝑝2) ⋅ ⋅ ⋅ (𝑠 − 𝑝𝑘)
= 𝑅𝑗1𝑠 − 𝑝1 +

𝑅𝑗2𝑠 − 𝑝2 + ⋅ ⋅ ⋅
𝑅𝑗𝑘𝑠 − 𝑝𝑘

(14)

It can be analyzed from (6) and (12) that if the frequency
of 𝑇𝑥 is equal to the oscillation frequency of the system, only
the torque with the amplitude close to zero can stimulate
the large response of the oscillation frequency. Assume that𝑇𝑥 can increase the oscillation frequency to 𝜆𝜔, if different
generators are selected as the “excitation point”, then 𝐺(𝜆𝑖𝜔)
can be expressed as

𝐺 (𝜆𝑖𝜔) = Δ𝛿𝑖 (𝜆𝑖𝜔)Δ𝑇𝑥𝑖 (𝜆𝑖𝜔)
= 𝑅𝑗1𝜆𝑖𝜔 − 𝑝1 +

𝑅𝑗2𝜆𝑖𝜔 − 𝑝2 + ⋅ ⋅ ⋅
𝑅𝑗𝑘𝜆𝑖𝜔 − 𝑝𝑘

(15)

Although the “excitation point” varies, the system inter-
area oscillation mode keeps the same, where a pair of
conjugate poles represents an oscillation mode. Let 𝜆𝑖 = 𝜎𝑖 ±𝑗𝜔𝑖, then it can be used to calculate the system oscillation
frequency and damping ratio.

Once the oscillation mode is determined, the index
calculation of the candidate signal should be carried out,
when it is necessary to transform the system into the state
space form and 𝐺(𝑠) can be written as

𝐺 (𝑠) = 𝑌 (𝑠)𝑈 (𝑠) =
𝑏𝑚𝑠𝑚 + 𝑏𝑚−1𝑠𝑚−1 + ⋅ ⋅ ⋅ + 𝑏0𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝑎0 (16)

In this regard, the state space expression of the system can
be derived as

Δ�̇� = 𝐸Δ𝑥 + 𝐹Δ𝑢
Δ𝑦 = 𝐺Δ𝑥 + 𝐻Δ𝑢 (17)

where 𝐸 = [ 0 𝐼𝑛−1𝐴0 𝐴𝑛−1
] is the equivalent matrix of matrix 𝐴

in (3), which contains the main mode of the original system.
𝐹 = [0 ⋅ ⋅ ⋅ 1]𝑇 and 𝐼 are the corresponding control matrix
and substantial matrix, respectively. 𝐺 = 𝐵𝑛 − 𝐴𝑛𝑏𝑛, 𝐻 =

𝑏𝑛. Equation (17) is the state space model derived by the
frequency domain self-exited method.

The state space equation identified by the frequency
domain excitation method preserves the main mode of
operation of the system. Therefore, (17) can be used to
substitute the original system to calculate the quantization
index of the observability and controllability of the system.

The new method of selecting feedback signal of wide-
area damping controller based on the self-excited frequency
domain identification method proposed in this paper can be
used in engineering application of large-scale power system
without obtaining the full-state model of the system, and the
calculation and operation are convenient, which is suitable
for the engineering application of large power system.

3.3.Wide-Area Coordinated Controller Design. Once the state
space equation is identified by the self-excited frequency
domain identification, by carrying out the Laplace transform
on (13), the transfer function between the input variable Δ𝑈1
and the output variable Δ𝑌1 can be obtained as

𝐺 (𝑠) = Δ𝑈1 (𝑠)Δ𝑌1 (𝑠) = 𝐺 (𝑠𝐼 − 𝐸)−1 𝐹 + 𝐻 (18)

Suppose dominant oscillation modes for (18) are 𝜆1,2 =𝛿 ± j𝜔, and the desired damping ratio after adding damping
controller is 𝜉. Substituting 𝑠 = j𝜔d = j√1 − 𝜉2𝜔 into (18)
derives

𝐺 (j𝜔d) = Δ𝑈1 (𝑠)Δ𝑌1 (𝑠)
𝑠=j𝜔d = 𝐺∠𝜙 (19)

where𝐺 and 𝜙 are the amplitude and phase of𝐺(𝑠) at 𝑠 = 𝑗𝜔𝑑,
respectively.

The lead lag link parameters of the wide-area DC damp-
ing controller (2) can be calculated by

𝜙𝑥 = 180 − 𝜙
𝛼 = 1 + sin𝜙𝑥1 − sin𝜙𝑥
𝑇1 = √𝛼𝜔
𝑇2 = 𝑇1𝛼

(20)

In order to prevent the damping controller from out-
putting a constant deviation voltage, the design principle
is that, in the frequency range where damping controllers
provide damping, no obvious phase displacement should be
introduced in the isolating links. The typical value is chosen
as 1∼10s, and in this study, it is set to be 5s.

The advantage of the above wide-area DC damping
controller parameter design based on the self-excitedmethod
is that it does not rely on the detailedmodel of the system, the
design process is simple, the derived parameters are stable,
and it is applicable to utilize in the practical complex large-
scale power grid.
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Figure 3: Two-area four-generator AC/DC hybrid system.

Table 1: Interarea oscillation frequency and damping ratio without control.

Operation mode eigenvalue frequency Damping ratio
P=150MW -0.1462+3.2683i 0.5202 0.0447
P=200MW -0.1301+3.8321i 0.6099 0.0339
P=300MW -0.2942+3.5092i 0.5585 0.0835

3.4. Wide-Area Damping Control Design Process. The basic
steps of the selection of the feedback signal and the instal-
lation location of the wide-area damping controller based on
the self-excited frequency domain identification method are
as follows:

Step 1. Identify the low-order system based on the frequency
domain self-excitedmethod, and calculate the corresponding
interarea oscillation modes 𝜆1,2 = 𝛿 ± j𝜔 and the oscillation
frequency 𝜔.
Step 2. Select different feedback signals and installation
locations of the 𝑛 groups of controllers, and then the system is
able to be operated under the steady state with the open loop
operation of the controller. The disturbance test for group i
(0<i<n) is carried out, and for the disturbance 𝑢𝑖(𝑡) that does
not destroy the stability of the original system, record the
output response data 𝑦𝑖(𝑡).
Step 3. Extract the variation data Δ𝑢𝑖(𝑡) and Δ𝑦𝑖(𝑡) of 𝑢𝑖(𝑡)
and 𝑦𝑖(𝑡) in the common cycle. Carry out the discrete Fourier
transform, respectively, and obtain the varying phasorsΔ𝑢𝑖(𝑗𝜔) and Δ𝑦𝑖(𝑗𝜔) corresponding to different frequency
values, where 𝑖 = 1, 2, . . . , 𝑛, 0 ≤ 𝑗𝜔 ≤ 2𝜋.
Step 4. The self-excitedmethod is applied to identify the pha-
sor dataΔ𝑢𝑖(𝑗𝜔) andΔ𝑦𝑖(𝑗𝜔), and the corresponding transfer
function 𝐺𝑖(𝑠) is fitted. Transform the transfer function into
the state space form and obtain the corresponding system
matrices 𝐴 𝑖, 𝐵𝑖, 𝐶𝑖,𝐷𝑖.
Step 5. Apply the geometric measure index method to cal-
culate each index, which is used as the reference for the
input signal of the comparison controller. Based on the above
method, that best feedback signal and installation location are
determined.

Step 6. Based on the state space equation and the dominant
modes, identify the information such as the phase Φ and the
oscillation mode 𝜔 that are required by controller design.

Calculate the controller time constants 𝑇𝑖, 𝑖 = 1, 2, . . . , 4 by(20).
Step 7. Adjust the controller gain 𝐾𝑖 to verify the damping
effect, and the operation parameters of the wide-area DC
damping controller are finally determined.

4. Case Study

Taking the two-area four-generator AC/DC hybrid system
shown in Figure 3 as an example, the detailed model is
built with MATLAB and verified by simulation. The specific
parameters are taken from literature [18]. The wide-area
damping controller is installed in the rectifier of the DC
part. The optional input signals of the wide-area damping
controller are the rotor speed difference of generator 1 (G1)
and generator 3 (G3), the active power of the AC tie-line, the
AC line voltage, AC line current amplitude, and difference of
voltage phase between two sides of an AC contact line. By
modifying the model parameters, the powers of transmission
line between two regions are chosen as P = 150MW, P =
200MW, and P = 300MW, and thus three kinds of operation
modes are derived (the positive direction of power flow is
defined as from Area 1 to Area 2).

According to the procedure described in the previous
section, the interarea oscillation modes are analyzed for the
transmission power P = 150MW, P = 200MW, and P =
300MW, respectively, which are shown in Table 1.

By carrying out the wide-area damping controller design
steps proposed in Section 3.4, the frequency domain self-
excited method and the improved geometric lateral index are
used to calculate the comprehensive and residue indices for
different schemes. The results are shown in Tables 2–4.

As shown in Tables 2–4, the best candidate signals among
the three operating modes are the rotor speed difference
between G1 and G3 by comparing the comprehensive and
residue indices.

In order to verify the validity of the analysis results, the
wide-area damping control effect of different feedback signals
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Table 2: System indices for P=150MW.

Alternative input signal Residue
index

geometric
laterality index frequency Damping

ratio
Compensation

phase
the rotor speed
difference of G1 and G3 0.2711 0.9409 0.5536 0.0870 93.7

the active power of the
AC line 2.0689e-06 0.7241 0.5700 0.0533 147.4

AC line current
amplitude 0.1376 0.8042 0.556 0.0773 16.5

difference of voltage
phase between two sides
of AC line

1.6235e-06 0.7171 0.567 0.0395 54.6

Table 3: System indices for P=200MW.

Alternative input
signal

Residue
index

geometric
laterality index frequency Damping

ratio
Compensation

phase
the rotor speed
difference of G1 and
G3

0.3568 0.8951 0.6587 0.0473 97.2

the active power of
the AC line 1.2302e-06i 0.7501 0.6331 0.0035 115.5

AC line current
amplitude 0.0117 0.7276 0.6245 0.0172 31.4

difference of voltage
phase between two
sides of AC line

1.4371e-08 0.7330 0.5891 0.0063 29.8

Table 4: System indices for P=300MW.

Alternative input
signal

Residue
index

geometric
laterality index frequency Damping

ratio
Compensation

phase
the rotor speed
difference of G1 and
G3

0.2967 0.9554 0.5572 0.0566 92.6

the active power of
the AC line 6.3309e-06 0.8236 0.5401 0.0670 115.6

AC line current
amplitude 0.1087 0.7183 0.5431 0.0070 55.1

difference of voltage
phase between two
sides of AC line

6.0653e-08 0.7496 0.5587 0.0636 165.8

is simulated by choosing the speed difference between G1
and G3 as the wide-area damping controller feedback signal,
which is installed in the DC side of the main control loop.
A three-phase short circuit occurred on the AC transmission
line at t=10.4s, which is cleared at 10.9s. By carrying out the
phase compensation method, parameters of the wide-area
controller (2) can be calculated as

𝑚 = 3,
𝐾 = 30,
𝑇1 = 0.02,
𝑇𝑊 = 10,

𝛼 = 0.3218,
𝑇2 = 0.5035,
𝑇3 = 0.1620

(21)

where the operating mode corresponding to P=300MW
is selected as the compensation phase of the controller
parameter calculation, and let 𝜃 = 92.6∘.

From Figures 4–6, it is observed that there are obvious
differences in the control effect under the location of instal-
lation being selected. Considering the residue method, for
the rotational speed differences of G1 and G3 as well as the
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Table 5: Interarea oscillation frequency and damping ratio for system under control.

Operation mode eigenvalue frequency Damping ratio
P=150MW -0.6208+3.5014i 0.5573 0.1746
P=200MW -0.4446+3.9169i 0.6234 0.1128
P=300MW -0.4082+3.6602i 0.5825 0.1108
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Figure 5: Comparison of power oscillation.

amplitude of the AC link current (Figure 4), the AC tie-
line power P and the voltage phase difference of the tie-line
(Figure 5), these two types of signalswith different amplitudes
are displayed as the larger the number of indicators, the
better the control effect. However, since themagnitudes of the
two types of signal indicators are significantly different, it is
impossible to compare them at the same time. In this case, the
improving geometric lateral index has a greater advantage, as
it can compare different types of signals under the same order
of magnitude. As shown in Figure 6, as the analysis results in
Tables 2–4, the larger the index value the better the control
effect, which verifies the effectiveness of the method in this
paper.

For the system under wide-area damping control, the
operating modes of the interarea oscillation frequency and
damping ratio are calculated based on the frequency domain
self-excited method as shown in Table 5.

It can be seen from Table 5 that, for system under
control, the damping for each operating mode has been

significantly increased, indicating that the system damping is
improved under the designed controller. Simulation results
of the AC tie-line transmission power with and without the
designed damping controller are depicted in Figure 7. The
above simulation results have verified the effectiveness and
applicability of the proposed wide-area damping controller.

5. Conclusion

In this study, a wide-area damping controller design method
for AC/DC hybrid power system is proposed. The input
signal of the wide-area damping controller is selected by
the improved geometric laterality index, which can be cho-
sen as different types of signals to increase the range of
the optional signal to improve the controller design effect.
The system model can be identified through the frequency
domain self-excitation method, based on which the phase
compensation method is further utilized to design the DC
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Figure 7: Transmission power comparison of the AC tie-line.

damping controller parameters. The proposed damping con-
troller avoids the complex eigenvalue calculation in large-
scale power systems and is not affected by the increase of
system order. Moreover, the detailed system modeling is
avoided, whichmay lead to inaccuracy and errors.The design
process is simple, which is suitable for practical engineering
applications.
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This paper investigates nonfragile𝐻∞ filter design for a class of continuous-time delayed Takagi-Sugeno (T-S) fuzzy systems with
interval time-varying delays. Filter parameters occur multiplicative gain variations according to the filter’s implementation, to
handle this variations, a nonfragile 𝐻∞ filter is presented and a novel filtering error system is established. The nonfragile 𝐻∞
filter guarantees the filtering error system to be asymptotically stable and satisfies given 𝐻∞ performance index. By constructing
a novel Lyapunov-Krasovskii function and using the linear matrix inequality (LMI), delay-dependent conditions are exploited to
derive sufficient conditions for nonfragile designing 𝐻∞ filter. Using new matrix decoupling method to reduce the computational
complexity, the filter parameters can be obtained by solving a set of linear matrix inequalities (LMIs). Finally, numerical examples
are given to show the effectiveness of the proposed method.

1. Introduction

As we all known, in practical control systems, nonlinearity
and time delay phenomena are often encountered in various
industry and control system, such as networked control
system and mechanical drive control system. The control of
nonlinear systems has been explored and studied by many
scholars in related fields. T-S fuzzy model is a powerful
tool to deal with nonlinearity; much effort has been devoted
on the networked control system for T-S fuzzy system or
time-delayed (see [1–4]). The actuator and sensor faults
estimation based on T-S fuzzy model with unmeasurable
premise variables were investigated in [5]. The problem of
exponential stabilization for sampled-data T-S fuzzy control
systems with packet dropouts was investigated in [6]; a
switched system approach is proposed to model the data-
missing phenomenon. There always exist many kinds of
noise interference in the process of transmission among real
industrial control system’s signal, causing the error between
the obtained signals and the desired signals; in order to obtain
the accurate data information about the control signal and

eliminate the influence of disturbances on the system, it is
essential to be filtering. At present, there are the Kalman
filtering, fault detection filter, 𝐿2 filtering, 𝐻∞ filtering,
and so on. Compared with other filtering methods, 𝐻∞
filtering does not need the exactly known statistics of the
external disturbance [7, 8] and 𝐻∞ filtering has excellent
robustness against unmodeled dynamics. In recent years,𝐻∞
filtering system based on the Takagi-Sugeno (T-S) model
has attracted much attention from the control community
[9, 10], many studies have addressed 𝐻∞ filtering for T-
S fuzzy systems with time-varying delay, and the proposed𝐻∞ filtering technology has been applied to many actual
communications system. Authors in literature [11–13] inves-
tigated the problem of 𝐻∞ filter design for continuous-
time via Takagi-Sugeno fuzzy model approach. In literature
[14, 15], the problem of 𝐻∞ filtering for a class of discrete
fuzzy system has been reported. Based on discrete inequality
technique and the Lyapunov-Krasovskii functional approach,
sufficient conditions for the existence of admissible filters
are established in terms of linear matrix inequalities. In
literature [16], the event-triggered𝐻∞ filtering for networked
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control systems with quantization and network-induced
delays was investigated; it improved the usage of network
resource.

However, in practical system, it is difficult for an exactly
implemented filter to meet the actual requirements because
inaccuracies or uncertainties, which include collection error
and component aging, may occur during filter implemen-
tation. It often degrades the performance of the control
system and even instability; the filter has a higher sensitivity
to the parameter uncertainty [17]. Thus, we need to design
nonfragile 𝐻∞ filter considering the parameter variation
and uncertainty. Some achievements have been reported in
journal about nonfragile 𝐻∞ filtering for T-S fuzzy systems
with time-varying delay. In literature [18], design an 𝐻∞
filter with the gain variations such that the filtering error
system was quadratically D stable and guarantees a pre-
scribed 𝐻∞ performance level. Literature [19] is concerned
with the problem of nonfragile 𝐻∞ filtering for discrete-
time nonlinear systems and considered additive interval
uncertainty. In literature [20], the designed nonfragile 𝐻∞
filter was in standard form and the filter was designed,
which have two types of multiplicative gain variations; these
models were in standard form. In literature [21], the problem
of nonfragile 𝐻∞ filter design for linear continuous-time
systems was studied; it proposed a notion of structured
vertex separator. In literature [22], this paper studied the
nonfragile 𝐻∞ filtering problem for a class of discrete-
time T-S fuzzy systems with both randomly occurring gain
variations and channel fading. In literature [23], the problem
of nonfragile 𝐻∞ filter design for linear continuous-time
systems has been studied. The filter has been designed;
it included additive gain variations. In literature [24], it
studied the nonfragile filtering design for a kind of fuzzy
stochastic system with time-varying delay and parameter
uncertainties. Sufficient conditions for stochastic input-to-
state stability (SISS) of the fuzzy stochastic systems were
obtained. Papers proposed the filter design methods with
occurring additive gain variations according to the filter’s
implementation.

Motivated by the aforementioned discussion, in this
paper, a nonfragile 𝐻∞ filter design method is proposed
to enhance the nonfragility of the filter. By considering
the multiplicative gain variations and interval time-varying
delays according to the filter implementation, a novel filtering
error system is established. Different from some existing
works, Jensen’s inequality is used to tackle the integral items
of the derivative of Lyapunov-Krasovskii; a more relaxed𝐻∞ performance stability criterion is derived. By construct-
ing a novel Lyapunov-Krasovskii function and using the
linear matrix inequality (LMI), delay-dependent conditions
are exploited to derive sufficient conditions for nonfragile
designing 𝐻∞ filter. Our objective is to design nonfragile𝐻∞ filter which guarantees the filtering error system to be
asymptotically stable and satisfies given 𝐻∞ performance
index. The filter parameters can be obtained by solving a set
of linear matrix inequalities (LMIs).

The rest of this paper is organized as follows.The problem
formulation is stated in Section 2; nonfragile filter scheme
and filtering error system are employed to enhance system’s

stabilization. Stability analysis and fuzzy filter design are
obtained in Section 3; by constructing a Lyapunov-Krasovskii
functional, a new stability criterion is proposed to prove being
less conservative than the existing ones. An applicable 𝐻∞
filter is designed in Section 4, which guarantees stability and
a desire performance of the filtering error system. In order
to show the effectiveness of the proposed method, simulation
results are presented in Section 5.

2. Problem Formulation

Consider a nonlinear system with time-varying delay which
could be approximated by a class of T-S fuzzy systems with
time-varying delays.TheT-S fuzzymodel with plant rules can
be described by the following.

Plant Rule 𝑖. If 𝜃1(𝑡) is 𝑀𝑖1... and 𝜃𝑟(𝑡) is 𝑀𝑖𝑝, then
�̇� (𝑡) = 𝐴 𝑖𝑥 (𝑡) + 𝐴𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝜔 (𝑡)
𝑦 (𝑡) = 𝐶𝑖𝑥 (𝑡) + 𝐶𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐷𝑖𝜔 (𝑡)
𝑧 (𝑡) = 𝐸𝑖𝑥 (𝑡)

(1)

𝑥(𝑡) = 𝜑(𝑡), where 𝜑(t) is the continuous initial vector
function defined on [−𝜏2, 0], 𝑀𝑖𝑗 are the fuzzy sets, 𝑖 =1, 2, 3, . . . , 𝑟, and 𝑗 = 1, 2, 3, . . . , 𝑝 is the number of IF-THEN
rules. 𝜃1(𝑡), 𝜃2(𝑡) . . . 𝜃𝑟(𝑡) are the premise variables, 𝑥(𝑡) ∈ 𝑅𝑛
is the state vector, 𝑦(𝑡) ∈ 𝑅𝑚 is the measured output, 𝑧(𝑡) ∈𝑅𝑝 is the signal vector to be estimated, 𝜔(t) ∈ 𝑅𝑞 is the
disturbance signal vector which belongs to 𝜔(t) ∈ 𝑙2[0,∞),
and 𝐴 𝑖, 𝐴𝜏𝑖, 𝐵𝑖, 𝐵𝜏𝑖, 𝐶𝑖, 𝐶𝜏𝑖, 𝐷𝑖, 𝐷𝜏𝑖, 𝐸𝑖 are known constant
matrices with appropriate dimensions. 𝜏(𝑡) is interval time-
varying delay that satisfies the following inequality: 𝜏1 ≤𝜏(𝑡) < 𝜏2, �̇�(𝑡) ≤ 𝑑 where 𝜏1, 𝜏2, and 𝑑 are constant scalars.

By employing the commonly used center-average
defuzzifier, product interference, and singleton fuzzifier, the
overall fuzzy model is inferred as follows:

�̇� (𝑡)
= 𝑟∑
𝑖=1

ℎ𝑖 (𝜃 (t)) [𝐴 𝑖𝑥 (𝑡) + 𝐴𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝜔 (𝑡)]
𝑦 (𝑡)

= 𝑟∑
𝑖=1

ℎ𝑖 (𝜃 (t)) [𝐶𝑖𝑥 (𝑡) + 𝐶𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐷𝑖𝜔 (𝑡)]

𝑧 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜃 (t)) [𝐸𝑖𝑥 (𝑡)]

(2)

where 𝜃 = [𝜃1, . . . , 𝜃𝑟]𝑇, ℎ𝑖(𝜃(t)) = ℎ𝑖(𝜃(t))/∑𝑟𝑖 ℎ𝑖(𝜃(t)),ℎ𝑖(𝜃(t)) = ∏𝑝𝑗=1𝑀𝑖𝑗(𝜃𝑗(t)), 𝑀𝑖𝑗(∙) represents the grade of
membership for 𝜃𝑗(𝑡) in𝑀𝑖𝑗, 0 ≤ ℎ𝑖(𝜃(t)) ≤ 1 (i = 1, 2, . . . , r),
and ∑𝑟𝑖=1 ℎ𝑖(𝜃(t)) > 0. It can be seen that ℎ𝑖(𝜃(t)) ≥ 0 (i =1, 2, . . . , 𝑟), ∑𝑟𝑖=1 ℎ𝑖(𝜃(t)) = 1.
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Consider the nonfragile fuzzy filter with multiplicative
gain uncertainties; we design the following fuzzy 𝐻∞ filter:

�̇�𝑓𝑖 (t) = (𝐴𝑓𝑖 + Δ𝐴𝑓𝑖 (t)) 𝑥𝑓 (t)
+ (𝐵𝑓𝑖 + Δ𝐵𝑓𝑖 (t)) 𝑦 (t)

𝑧𝑓𝑖 (t) = (𝐶𝑓𝑖 + Δ𝐶𝑓𝑖 (t)) 𝑥𝑓 (t)
(3)

Consider the following𝐻∞ filter formwhich is analogous
to the fuzzy control form through parallel distributed com-
pensation.

Plant Rule 𝑖. If 𝜃1(𝑡) is 𝑀𝑖1... and 𝜃𝑝(𝑡) is 𝑀𝑖𝑝, then

�̇�𝑓 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜃 (t))
⋅ [(𝐴𝑓𝑖 + Δ𝐴𝑓𝑖 (t)) 𝑥𝑓 (t) + (𝐵𝑓𝑖 + Δ𝐵𝑓𝑖 (t)) 𝑦 (t)]

𝑧𝑓 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 (𝜃 (t)) (𝐶𝑓𝑖 + Δ𝐶𝑓𝑖 (t)) 𝑥𝑓 (t)
(4)

𝑥𝑓(0) = 𝑥𝑓0, where 𝑥𝑓0 is the continuous initial vector
function, 𝑥𝑓(t) ∈ 𝑅𝑛 is the filter state vector, the estimated
signal vector 𝑧(t) is 𝑧𝑓(t), and 𝐴𝑓𝑖, 𝐵𝑓𝑖, 𝐶𝑓𝑖, 𝑖 = 1, 2, 3, . . . , 𝑟
are the filter parameters. Δ𝐴𝑓𝑖(t), Δ𝐵𝑓𝑖(t), Δ𝐶𝑓𝑖(t) represent
the gain variations.

The multiplicative gain uncertainties are defined as

Δ𝐴𝑓𝑖 (t) = 𝐴𝑓𝑖𝑀1𝑖𝐾𝐴 (t)𝑁1𝑖
Δ𝐵𝑓𝑖 (t) = 𝐵𝑓𝑖𝑀2𝑖𝐾𝐵 (t)𝑁2𝑖
Δ𝐶𝑓𝑖 (t) = 𝐶𝑓𝑖𝑀3𝑖𝐾𝐶 (t)𝑁3𝑖

(5)

where𝑀1𝑖,𝑁1𝑖,𝑀2𝑖,𝑁2𝑖,𝑀3𝑖,𝑁3𝑖 are constant matrices with
appropriate dimensions and𝐾𝐴(t),𝐾𝐵(t),𝐾𝐶(t) are uncertain
matrices bounded, such that

𝐾𝑇𝐴 (t) 𝐾𝐴 (t) < 𝐼,
𝐾𝑇𝐵 (t) 𝐾𝐵 (t) < 𝐼,
𝐾𝑇𝐶 (t) 𝐾𝐶 (t) < 𝐼.

(6)

By combining (2) with (4), we can obtain the following
filtering error system:

�̇� (t) = 𝐴 (t) 𝜉 (t) + 𝐴𝜏 (t) 𝜉 (t − 𝜏 (t)) + 𝐵 (t) 𝜔 (t)
𝑒 (t) = 𝑧 (t) − 𝑧𝑓 (t) = 𝐸 (t) 𝜉 (t) (7)

where

𝜉 (t) = [𝑥𝑇 (t) 𝑥𝑇𝑓 (t)]𝑇
𝐴 (t) = �̂� (t) + Δ�̂� (t)

= [ 𝐴 (t) 0
𝐵𝑓 (t) 𝐶 (t) 𝐴𝑓 (t)]

+ [ 0 0
Δ𝐵𝑓 (t) 𝐶 (t) Δ𝐴𝑓 (t)]

𝐴𝜏 (t) = �̂�𝜏 (t) + Δ�̂�𝜏 (t)
= [ 𝐴𝜏 (t) 0

𝐵𝑓 (t) 𝐶𝜏 (t) 0] + [ 0 0
Δ𝐵𝑓 (t) 𝐶𝜏 (t) 0]

𝐵 (t) = �̂� (t) + Δ�̂� (t)
= [ 𝐵 (t)

𝐵𝑓 (t) 𝐷 (t)] + [ 0
Δ𝐵𝑓 (t) 𝐷 (t)]

𝐸 (t) = �̂� (t) + Δ�̂� (t)
= [𝐸 (t) −𝐶𝑓 (t)] + [0 −Δ𝐶𝑓 (t)]

�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 𝐴𝑗 0
𝐵𝑓𝑖𝐶𝑗 𝐴𝑓𝑖]

= [ 𝐴 (𝑡) 0
𝐵𝑓 (𝑡) 𝐶 (𝑡) 𝐴𝑓 (𝑡)]

�̂�𝜏 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 𝐴𝜏𝑗 0
𝐵𝑓𝑖𝐶𝜏𝑗 0] = [ 𝐴𝜏 (𝑡) 0

𝐵𝑓 (𝑡) 𝐶𝜏 (𝑡) 0]

�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 𝐵𝑗𝐵𝑓𝑖𝐷𝑗] = [ 𝐵 (𝑡)
𝐵𝑓 (𝑡) 𝐷 (𝑡)]

�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [𝐸𝑗 −𝐶𝑓𝑖] = [𝐸 (𝑡) −𝐶𝑓 (𝑡)]

Δ�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 0 0
Δ𝐵𝑓𝑖𝐶𝑗 Δ𝐴𝑓𝑖]

= [ 0 0
Δ𝐵𝑓 (𝑡) 𝐶 (𝑡) Δ𝐴𝑓 (𝑡)]

Δ�̂�𝜏 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 0 0
Δ𝐵𝑓𝑖𝐶𝜏𝑗 0]

= [ 0 0
Δ𝐵𝑓 (𝑡) 𝐶𝜏 (𝑡) 0]
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Δ�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [ 0
Δ𝐵𝑓𝑖𝐷𝑗] = [ 0

Δ𝐵𝑓 (𝑡) 𝐷 (𝑡)]

Δ�̂� (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [0 −Δ𝐶𝑓𝑖] = [0 −Δ𝐶𝑓 (𝑡)]
(8)

In this paper, our purpose is to design the fuzzy 𝐻∞
filter in the form of (3), meanwhile, satisfying the following
requirements.(1) The filtering error system (7) with 𝜔(𝑡) = 0 is said to
be asymptotic stability for any initial condition(2) For a given positive scalar 𝛾 > 0, the filtering error
system (7) is said to be asymptotically stable with guaranteed𝐻∞ performance 𝛾, if it is asymptotic stability and the
filtering error 𝑒(t) satisfies

∫𝐿
0

‖𝑒 (𝑡)‖2 𝑑𝑡 ≤ 𝛾2 ∫𝐿
0

‖𝜔 (𝑡)‖2 𝑑𝑡 (9)

for all 𝐿 > 0 and nonzero 𝜔(𝑡) ∈ 𝐿2[0,∞) subject to the zero
initial condition.

3. Stability and 𝐻∞ Filtering
Performance Analysis

The purpose of this paper is to design nonfragile 𝐻∞ filter
such that the filtering error system (7) is asymptotically
stable with 𝐻∞ performance index. A sufficient condition is
presented in the following theorem to guarantee the existence
of the filter in form of (3).

Lemma 1. Let 𝑋, 𝑌, and 𝐾 be real matrices with appropriate
dimensions and 𝐾𝑇𝑖 (t)𝐾𝑖(t) < 𝐼. Then, for any scalar 𝛿 > 0,

𝑋𝐾(t) 𝑌 + 𝑌𝑇𝐾 (t) 𝑋𝑇 ≤ 𝜀𝑋𝑋𝑇 + 𝜀−1𝑌𝑇𝑌 (10)

Lemma 2. For any vectors 𝑥, 𝑦 ∈ 𝑅𝑛 and any scalar 𝜀 > 0,
matrices 𝐷,𝐹, 𝐸 are real matrices of appropriate dimensions
with 𝐹𝑇(t)𝐹(t) < 𝐼; then the following inequalities hold:

2𝑥𝐷𝐹 (t) 𝐸𝑦 ≤ 𝜀𝑥𝑇𝐷𝐷𝑇𝑥 + 𝜀−1𝑦𝑇𝐸𝐸𝑇𝑦 (11)

Lemma 3. Let 𝑉, 𝐻, 𝐸, 𝑄, and 𝐹 be real matrices of
appropriate dimensions such that 𝑄 > 0 and 𝐹𝑇𝐹 ≤ 𝐼. Then,
for any scalar 𝜀 > 0 such that 𝑄−1 − 𝜀𝐻𝐻𝑇 > 0, we have

(𝑉 + 𝐻𝐹𝐸)𝑇𝑄 (𝑉 + 𝐻𝐹𝐸)
≤ 𝑉𝑇 (𝑄−1 − 𝜀𝐻𝐻𝑇)−1 𝑉 + 𝜀−1𝐸𝑇𝐸 (12)

Lemma 4. Let 𝑃 > 0 and 𝐴 𝑖, 𝐴 𝑙 be any real matrices of
appropriate dimensions. Then

𝐴𝑇𝑖 𝑃𝐴 𝑙 + 𝐴𝑇𝑙 𝑃𝐴 𝑖 ≤ 𝐴𝑇𝑖 𝑃𝐴 𝑖 + 𝐴𝑇𝑙 𝑃𝐴 𝑙 (13)

Lemma 5 (Jenson’s inequality). Suppose 𝜏1 ≤ 𝜏(t) ≤ 𝜏2 and𝑥(t) ∈ R𝑛; for any positive matrix 𝑅 ∈ R𝑛×𝑛, the following
inequality holds:

− (𝜏2 − 𝜏1) ∫𝑡−𝜏1
𝑡−𝜏2

�̇�𝑇 (s) 𝑅�̇� (s) 𝑑𝑠

≤ [𝑥 (𝑡 − 𝜏1)𝑥 (𝑡 − 𝜏2)]
𝑇 [−𝑅 𝑅

𝑅 −𝑅][𝑥 (𝑡 − 𝜏1)𝑥 (𝑡 − 𝜏2)]
(14)

Theorem 6. For nonlinear systems (1) and the filtering error
system (7), the given positive scalar 𝐻∞ performance 𝛾 and
the filtering error system (7) are asymptotically stable with𝐻∞
performance 𝛾 if there exist symmetric positive scalars 𝜀2 > 0,𝜀6 > 0, 𝜀10 > 0, 𝜀29 > 0, 𝜀15 > 0, 𝜀25 > 0, 𝜀20 > 0, 𝜀21 > 0,𝜀22 > 0, 𝜀11 > 0, 𝜀12 > 0 and symmetric positive definite
matrices �̂� > 0, �̂�1 > 0, �̂�2 > 0, �̂�3 > 0, �̂�1 > 0, �̂�2 > 0
such that we have the following inequality.

[ 𝐼 �̃�3
∗ 𝜀−120 ] > 0 (15)

[
[
�̂�−11 �̃�2
∗ 𝜀−11𝑘

]
]

> 0, (𝑘 = 5, 9) (16)

[
[
�̂�−12 �̃�2
∗ 𝜀−12𝑘

]
]

> 0, (𝑘 = 5, 9) (17)

[[[
[
�̂�−11 𝛼11�̃�1 𝛼12�̃�2∗ 𝐼 0
∗ ∗ 𝐼

]]]
]

> 0 (18)

[[[
[
�̂�−12 𝛼21�̃�1 𝛼22�̃�2∗ 𝐼 0
∗ ∗ 𝐼

]]]
]

> 0 (19)

Φ =
[[[[[[[[
[

Φ11 Φ12 �̂�1 0 Φ15∗ Φ22 0 0 0
∗ ∗ Φ33 0 0
∗ ∗ ∗ Φ44 0
∗ ∗ ∗ ∗ Φ55

]]]]]]]]
]

< 0 (20)

Φ11
= �̂��̂� (t) + �̂�𝑇 (t) �̂� + �̂�1 + �̂�2 + �̂�3 − �̂�1

+ �̂�𝑇 (t) [𝐼 − 𝜀20�̃�3�̃�𝑇3 ]−1 �̂� (t) + 𝛼24�̂��̃�2�̃�𝑇2 �̂�
+ 𝛼23�̂��̃�1�̃�𝑇1 �̂� + 𝛼25�̃�1�̃�1 + 𝛼26�̃�2�̃�2
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+ 𝛽21�̂�𝑇 (t) [�̂�−11 − 𝜀11�̃�1�̃�𝑇1 − 𝜀12�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 𝛽22�̂�𝑇 (t) [�̂�−12 − 𝜀21�̃�1�̃�𝑇1 − 𝜀22�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 𝜀−120 �̃�𝑇3 �̃�3

Φ12 = �̂��̂�𝜏 (t) ,
Φ15 = �̂��̂� (t) ,
Φ33 = −�̂�2 − (�̂�1 + �̂�2) ,
Φ44 = −�̂�3 − �̂�2,
Φ22
= − (1 − 𝑑) �̂�1 + 𝛼22�̃�𝑇2𝜏�̃�2𝜏

+ 𝛽21�̂�𝑇𝜏 (t) [�̂�−11 − 𝜀15�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t)
+ 𝛽22�̂�𝑇𝜏 (t) [�̂�−12 − 𝜀25�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t) ,

Φ55
= 𝛼21�̃�𝑇2𝐷�̃�2𝐷 − 𝛾2𝐼

+ 𝛽21�̂�𝑇𝜏 (t) [�̂�−11 − 𝜀19�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t)
+ 𝛽22�̂�𝑇𝜏 (t) [�̂�−12 − 𝜀29�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t)

�̃�1 = [ 0
𝐴𝑓 (t)𝑀1] ,

�̃�2 = [ 0
𝐵𝑓 (t)𝑀2] ,

�̃�3 = 𝑀3,
�̃�1 = [0 𝑁1] ,
�̃�2 = [𝑁2𝐶 (t) 0] ,
�̃�2𝜏 = [𝑁2𝐶𝜏 (t) 0] ,
�̃�2𝜏 = [𝑁2𝐶𝜏 (t) 0] ,
�̃�2𝐷 = 𝑁2𝐷 (t) ,
�̃�3 = [0 −𝑁3𝐶𝑓 (t)] ,
𝛽1 = √3𝜏21 ,
𝛽2 = √3 (𝜏22 − 𝜏21 ),
𝛼1 = √𝛽21𝜀−119 + 𝛽22𝜀−129 + 𝜀−110 ,

𝛼2 = √𝛽21𝜀−115 + 𝛽22𝜀−125 + 𝜀−16 ,
𝛼3 = √𝜀21,
𝛼4 = √𝜀2 + 𝜀6 + 𝜀10,
𝛼5 = √𝜀−121 + 𝛽21𝜀−111 + 𝛽22𝜀−122 ,
𝛼6 = √𝛽21𝜀−112 + 𝛽22𝜀−122

(21)

Proof. Weconstruct a novel Lyapunov-Krasovskii function as
follows:

𝑉(𝜉 (t)) = 𝜉𝑇 (t) �̂�𝜉 (t) + ∫𝑡
𝑡−𝜏(t)

𝜉𝑇 (𝑠) �̂�1𝜉 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏1

𝜉𝑇 (𝑠) �̂�2𝜉 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏2

𝜉𝑇 (𝑠) �̂�3𝜉 (𝑠) 𝑑𝑠
+ 𝜏1 ∫0

−𝜏1

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) �̂�1�̇� (𝑠) 𝑑𝑠 𝑑𝜃
+ (𝜏2 − 𝜏1) ∫−𝜏1

−𝜏2

∫𝑡
𝑡+𝜃

�̇�𝑇 (𝑠) �̂�2�̇� (𝑠) 𝑑𝑠 𝑑𝜃

(22)

�̇� = 2𝜉𝑇 (t) �̂�𝐴 (t) 𝜉 (t)
+ 2𝜉𝑇 (t) �̂�𝐴𝜏 (t) 𝜉 (t − 𝜏 (t))
+ 2𝜉𝑇 (t) �̂�𝐵 (t) 𝜔 (t)
+ 𝜉𝑇 (t) (�̂�1 + �̂�2 + �̂�3) 𝜉 (t)
− (1 − �̇� (t)) 𝜉𝑇 (t − 𝜏 (t)) �̂�1𝜉 (t − 𝜏 (t))
− 𝜉𝑇 (t − 𝜏1) �̂�2𝜉 (t − 𝜏1)
− 𝜉𝑇 (t − 𝜏2) �̂�3𝜉 (t − 𝜏2)
+ 𝜏21 �̇�𝑇 (t) �̂�1�̇� (t)
+ (𝜏2 − 𝜏1)2 �̇�𝑇 (t) �̂�2�̇� (t)
− 𝜏1 ∫𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) �̂�1�̇� (𝑠) 𝑑𝑠
− (𝜏2 − 𝜏1) ∫𝑡

𝑡−𝜏1

�̇�𝑇 (𝑠) �̂�2�̇� (𝑠) 𝑑𝑠

(23)

�̇� ≤ 2𝜉𝑇 (t) �̂��̂� (t) �̇� (t) + 2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜉 (t)
+ 2𝜉𝑇 (t) �̂� (t) �̂�𝜏 (t) 𝜉 (t − 𝜏 (t))
+ 𝜉𝑇 (t) (�̂�1 + �̂�2 + �̂�3) 𝜉 (t)
+ 2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜔 (t)
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+ 2𝜉𝑇 (t) �̂� (t) Δ�̂�𝜏 (t) 𝜉 (t − 𝜏 (t))
− (1 − 𝑑) 𝜉𝑇 (t − 𝜏 (t)) �̂�1𝜉 (t − 𝜏 (t))
− 𝜉𝑇 (t − 𝜏1) �̂�2𝜉 (t − 𝜏1)
+ 2𝜉𝑇 (t) �̂��̂� (t) 𝜔 (t)
− 𝜉𝑇 (t − 𝜏2) �̂�3𝜉 (t − 𝜏2)
+ 𝜏21 �̇�𝑇 (t) �̂�1�̇� (t)
+ (𝜏2 − 𝜏1)2 �̇�𝑇 (t) �̂�2�̇� (t)
− 𝜏1 ∫𝑡

𝑡−𝜏1

�̇�𝑇 (s) �̂�1�̇� (𝑠) 𝑑𝑠
− (𝜏2 − 𝜏1) ∫𝑡−𝜏1

𝑡−𝜏2

�̇�𝑇 (𝑠) �̂�2�̇� (𝑠) 𝑑𝑠
(24)

By Lemma 2, for ∀𝜀2 > 0, ∀𝜀21 > 0, we can obtain

2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜉 (t) = 2𝜉𝑇 (t) �̂� [�̃�2𝑖𝐾𝑖 (t) �̃�2𝑖
+ �̃�1𝑖𝐾𝑖 (t) �̃�1𝑖] 𝜉 (t) ≤ 𝜉𝑇 (t) [𝜀2�̂��̃�2�̃�𝑇2 �̂�
+ 𝜀21�̂��̃�1�̃�𝑇1 �̂� + 𝜀−12 �̃�𝑇2 �̃�2 + 𝜀−121 �̃�𝑇1 �̃�1] 𝜉 (t)

(25)

Similar to (25), if there exists ∀𝜀20 > 0, we can obtain

𝑒𝑇 (t) 𝑒 (t) = 𝜉𝑇 (t) 𝐸𝑇 (t) 𝐸 (t) 𝜉 (t)
= 𝜉𝑇 (t) (�̂� (t) + Δ�̂� (t))𝑇 (�̂� (t) + Δ�̂� (t)) 𝜉 (t)
≤ 𝜉𝑇 (t) �̂�𝑇 (t) (𝐼 − 𝜀20�̃�3�̃�𝑇3 )−1 �̂� (t) 𝜉 (t)

+ 𝜀−120 𝜉𝑇 (t) �̃�𝑇3 �̃�3𝜉 (t)

(26)

By Lemma 2, if there exists ∀𝜀6 > 0, we can obtain

2𝜉𝑇 (t) �̂�Δ�̂�𝜏 (t) 𝜉 (t − 𝜏 (t))
= 2𝜉𝑇 (t) �̂� [�̃�2𝐾𝑖 (t) �̃�2𝜏] 𝜉 (t − 𝜏 (t))
≤ 𝜉𝑇 (t) [𝜀6�̂��̃�2�̃�𝑇2 �̂�] 𝜉 (t)

+ 𝜉𝑇 (t − 𝜏 (t)) [𝜀−16 �̃�𝑇2𝜏�̃�2𝜏] 𝜉 (t − 𝜏 (t))

(27)

Similar to (25), if there exists ∀𝜀10 > 0, we can obtain

2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜔 (t) = 2𝜉𝑇 (t) �̂� [�̃�2𝐾𝑖 (t) �̃�2𝐷] 𝜔 (t)
≤ 𝜉𝑇 (t) [𝜀10�̂��̃�2�̃�𝑇2 �̂�] 𝜉 (t)

+ 𝜔𝑇 (t) [𝜀−110 �̃�𝑇2𝐷�̃�2𝐷]𝜔 (t)
(28)

Combining with inequalities (25), (27), and (28) gives

2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜉 (t) + 2𝜉𝑇 (t) �̂�Δ�̂�𝜏 (t) 𝜉 (t − 𝜏 (t))
+ 2𝜉𝑇 (t) �̂�Δ�̂� (t) 𝜔 (t) ≤ 𝜉𝑇 [𝜀2�̂��̃�2�̃�𝑇2 �̂�
+ 𝜀2−1�̃�2�̃�2𝑇 + 𝜀21�̂��̃�1�̃�𝑇1 �̂� + 𝜀−121 �̃�1�̃�1𝑇] 𝜉 (t)
+ 𝜉𝑇 (t) [𝜀10�̂��̃�2�̃�𝑇2 �̂�] 𝜉 (t) + 𝜉𝑇 (t) [𝜀6�̂��̃�2�̃�𝑇2 �̂�]
⋅ 𝜉 (t) + 𝜉𝑇 (t − 𝜏 (t)) [𝜀6−1�̃�𝑇2𝜏�̃�2𝜏] 𝜉 (t − 𝜏 (t))
+ 𝜔𝑇 (t) [𝜀10−1�̃�2𝑇�̃�2] 𝜔 (t)

(29)

Lemma 4 gives

𝜏21 �̇�𝑇 (t) �̂�1�̇� (t) = 𝜏12 [𝐴 (t) 𝜉 (t) + 𝐴𝜏 (t) 𝜉 (t − 𝜏 (t))
+ 𝐵 (t) 𝜔 (t)]𝑇 �̂�1 [𝐴 (t) 𝜉 (t) + 𝐴𝜏 (t) 𝜉 (t − 𝜏 (t))
+ 𝐵 (t) 𝜔 (t)] ≤ 3𝜏21𝜉𝑇 (t) 𝐴𝑇�̂�1A (t) 𝜉 (t)
+ 3𝜏21𝜉𝑇 (t − 𝜏 (t)) 𝐴𝑇𝜏 (t − 𝜏 (t)) �̂�1𝐴𝜏 (t − 𝜏 (t)) 𝜉 (t
− 𝜏 (t)) + 3𝜏21𝜔𝑇 (t) 𝐵𝑇 (t) �̂�1𝐵 (t) 𝜔 (t)

(30)

where

𝐴𝑇 (t) �̂�1𝐴 (t) = [�̂� (t) + Δ�̂� (t)]𝑇 �̂�1 [�̂� (t) + Δ�̂� (t)]
= [�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2 + �̃�1𝐾𝑖 (t) �̃�1]𝑇
⋅ �̂�1 [�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2 + �̃�1𝐾𝑖 (t) �̃�1]

(31)

𝐴𝑇𝜏 (t) �̂�1𝐴𝜏 (t) = [�̂�𝜏 (t) + Δ�̂�𝜏 (t)]𝑇
⋅ �̂�1 [�̂�𝜏 (t) + Δ�̂�𝜏 (t)] = [�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝜏]𝑇
⋅ �̂�1 [�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝜏]

(32)

𝐵𝑇 (t) �̂�𝐵 (t) = [�̂�𝜏 (t) + Δ�̂� (t)]𝑇 �̂�1 [�̂� (t) + Δ�̂� (t)]
= [�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2𝐷]𝑇
⋅ �̂�1 [�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝐷]

(33)

By Lemma 3, if there exist 𝜀11 > 0, 𝜀12 > 0 such that �̂�−11 −
𝜀11�̃�1�̃�𝑇1 − 𝜀12�̃�2�̃�𝑇2 > 0, from (31), it follows that

[�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2 + �̃�1𝐾𝑖 (t) �̃�1]𝑇
⋅ �̂�1 [�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2 + �̃�1𝐾𝑖 (t) �̃�1]
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≤ [�̂�𝑇 (t) + �̃�2𝐾𝑖 (t) �̃�2]𝑇 [�̂�−11 − 𝜀11�̃�1�̃�𝑇1 ]−1
⋅ [�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2] + 𝜀−111 �̃�𝑇1 �̃�1 ≤ �̂�𝑇 (t)
⋅ [�̂�−11 − 𝜀11�̃�1�̃�𝑇1 − 𝜀12�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 𝜀−112 �̃�𝑇2 �̃�2 + 𝜀−111 �̃�𝑇1 �̃�1

(34)

By Lemma 3, if there exist 𝜀15 > 0, such that �̂�−11 −
𝜀15�̃�2�̃�𝑇2 > 0, from (32), it follows that

[�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝜏]𝑇 �̂�1 [�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝜏]
≤ �̂�𝑇𝜏 (t) [�̂�−11 − 𝜀15�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t) + 𝜀−115 �̃�𝑇2𝜏�̃�2𝜏

(35)

By Lemma 3, if there exist 𝜀19 > 0 such that �̂�−11 −
𝜀19�̃�2�̃�𝑇2 > 0, from (33), we can get

[�̂� (t) + �̃�2𝐾𝑖 (t) �̃�2𝐷]𝑇 �̂�1 [�̂�𝜏 (t) + �̃�2𝐾𝑖 (t) �̃�2𝐷]
≤ �̂�𝑇 (t) [�̂�−11 − 𝜀19�̃�2�̃�𝑇2 ]−1 �̂� (t) + 𝜀−119 �̃�𝑇2𝐷�̃�2𝐷

(36)

Combining with formulas (31)∼(36), from (30), we have

𝜏21 �̇�𝑇 (t) �̂�1�̇� (t) ≤ 𝜉𝑇 (t) {3𝜏21 �̂�𝑇 (t)
⋅ [�̂�−11 − 𝜀11�̃�1�̃�𝑇1 − 𝜀12�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 𝜀−112 �̃�𝑇2 �̃�2 + 𝜀−111 �̃�𝑇1 �̃�1} 𝜉 (t) + 𝜉𝑇 (t − 𝜏 (t))
⋅ [3𝜏21 �̂�𝑇𝜏 (t) [�̂�−11 − 𝜀15�̃�2�̃�𝑇2 ] �̂�𝑇𝜏 (t)
+ 𝜀−115 �̃�𝑇2𝜏�̃�2𝜏] 𝜉𝑇 (t − 𝜏 (t)) + 𝜔𝑇 (t) [3𝜏21 �̂�𝑇 (t)
⋅ [�̂�−11 − 𝜀19�̃�2�̃�𝑇2 ] �̂� (t) + 𝜀−119 �̃�𝑇2𝐷�̃�2𝐷]𝜔 (t)

(37)

Similarly, for formula (30) we have

(𝜏2 − 𝜏1)2 �̇�𝑇 (t) �̂�2�̇� (t) ≤ 𝜉𝑇 (t) [3 (𝜏2 − 𝜏1)2 �̂�𝑇 (t)
⋅ [R̂−12 − 𝜀21�̃�1�̃�𝑇1 − 𝜀22�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 3 (𝜏2 − 𝜏1)2 𝜀−122 �̃�2𝑇�̃�2 + 3 (𝜏2 − 𝜏1)2
⋅ 𝜀−121 �̃�1𝑇�̃�1] 𝜉 (t) + 𝜉𝑇 (t − 𝜏 (t)) [3 (𝜏2 − 𝜏1)2
⋅ �̂�𝑇 (t) [�̂�−12 − 𝜀25�̃�2�̃�𝑇2 ]−1 �̂� (t) + 3 (𝜏2 − 𝜏1)2
⋅ 𝜀−125 �̃�1𝑇�̃�1] 𝜉 (t − 𝜏 (t)) + 𝜔𝑇 (t) [3 (𝜏2 − 𝜏1)2

⋅ �̂�𝑇 (t) [�̂�−12 − 𝜀29�̃�2�̃�𝑇2 ]−1 �̂� (t) + 3 (𝜏2 − 𝜏1)2
⋅ 𝜀−129 �̃�𝑇2𝐷�̃�2𝐷] 𝜔 (t)

(38)

By Lemma5, according to Jensen’s inequality, we have that

− 𝜏1 ∫𝑡
𝑡−𝜏1

�̇�𝑇 (s) �̂�1�̇� (s) 𝑑𝑠

≤ [ 𝜉 (t)
𝜉 (t − 𝜏1)]

𝑇 [−�̂�1 �̂�1
∗ −�̂�1][ 𝜉 (t)

𝜉 (t − 𝜏1)]
(39)

− (𝜏2 − 𝜏1) ∫𝑡−𝜏1
𝑡−𝜏2

�̇�𝑇 (s) �̂�2�̇� (s) 𝑑𝑠

≤ [𝜉 (t − 𝜏1)𝜉 (t − 𝜏2)]
𝑇 [−�̂�2 �̂�2

∗ −�̂�2][𝜉 (t − 𝜏1)𝜉 (t − 𝜏2)]
(40)

Combining with formulas (25)∼(30), from (23), we have

�̇� (𝜉 (t)) ≤ 𝜂𝑇 (t) Φ𝜂 (t) (41)

where

Φ =
[[[[[[[[[
[

Φ11 Φ12 �̂�1 0 Φ15
∗ Φ22 0 0 0
∗ ∗ Φ33 0 0
∗ ∗ ∗ Φ44 0
∗ ∗ ∗ ∗ Φ55

]]]]]]]]]
]

< 0

Φ11
= �̂��̂� (t) + �̂�𝑇 (t) �̂� + �̂�1 + �̂�2 + �̂�3 − �̂�1

+ 𝛼24�̂��̃�2�̃�𝑇2 �̂� + 𝛼23�̂��̃�1�̃�𝑇1 �̂� + 𝛼25�̃�1�̃�1
+ 𝛼26�̃�2�̃�2
+ 𝛽21�̂�𝑇 (t) [�̂�−11 − 𝜀11�̃�1�̃�𝑇1 − 𝜀12�̃�2�̃�𝑇2 ]−1 �̂� (t)
+ 𝛽22�̂�𝑇 (t) [�̂�−12 − 𝜀21�̃�1�̃�𝑇1 − 𝜀22�̃�2�̃�𝑇2 ]−1 �̂� (t)

Φ12 = �̂��̂�𝜏 (t) ,
Φ15 = �̂��̂� (t) ,
Φ33 = −�̂�2 − (�̂�1 + �̂�2) ,
Φ44 = −�̂�3 − �̂�2,
Φ22
= − (1 − 𝑑) �̂�1 + 𝜀−16 �̃�𝑇2𝜏�̃�2𝜏 + 𝛼22�̃�𝑇1𝜏�̃�1𝜏

+ 𝛽21�̂�𝑇𝜏 (t) [�̂�−11 − 𝜀15�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t)
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+ 𝛽22�̂�𝑇𝜏 (t) [�̂�−12 − 𝜀25�̃�2�̃�𝑇2 ]−1 �̂�𝜏 (t)
Φ55
= 𝛼21�̃�𝑇2𝐷�̃�2𝐷 + 𝛽21�̂�𝑇 (t) [�̂�−11 − 𝜀19�̃�2�̃�𝑇2 ]−1 �̂� (t)

+ 𝛽22�̂�𝑇 (t) [�̂�−12 − 𝜀29�̃�2�̃�𝑇2 ]−1 �̂� (t)
(42)

By Schur complement and formula (26), we have

�̇� (𝜉 (t)) + 𝑒𝑇 (t) 𝑒 (t) − 𝛾2𝜔𝑇 (t) 𝜔 (t) ≤ 𝜂𝑇 (t) Φ𝜂 (t) (43)

where

𝜂𝑇 (t)
= [𝜉𝑇 (t) 𝜉𝑇 (t − 𝜏 (t)) 𝜉𝑇 (t − 𝜏1) 𝜉𝑇 (t − 𝜏2) 𝜔𝑇 (t)] (44)

Consequently, it follows from inequality (20),𝑉(𝜉(t))|𝑡=0 = 0 and 𝑉(𝜉(t))|𝑡=𝐿 ≥ 0, and we have
∫𝐿
0
(‖𝑒(t)‖2 − 𝛾2‖𝜔(t)‖2)𝑑𝑡 + 𝑉(𝜉(t))|𝑡=𝐿 − 𝑉(𝜉(t))|𝑡=0 ≤ 0,

which implies that (9) holds.
Thus, 𝐻∞ performance is verified. In addition, when the

zero disturbance input 𝜔(t) = 0, by Schur complement, we
can obtain that the time derivative of Lyapunov-Krasovskii�̇�(𝜉(t)) ≤ 0; that means that the filtering error system (7) with𝜔(t) = 0 is asymptotically stable.

4. Fuzzy 𝐻∞ Filter Design

Theorem6 provides a sufficient condition for𝐻∞ filter design
with time delay and satisfied the 𝐻∞ performance. However,
there exist some coupled matrix variables in the matrix
inequality (15); 𝐻∞ filter parameter can not be calculated

directly. In order to decouple the variables in (15), we will
use decoupling technique. Using this method, inequality (15)
can be equivalently expressed in another form; hence, we can
obtain 𝐻∞ filter parameter.

Theorem 7. For given scalars 𝛿 > 0, 𝜀2𝑖 > 0, 𝜀6𝑖 > 0, 𝜀10𝑖 > 0,𝜀19𝑖 > 0, 𝜀29𝑖 > 0, 𝜀15𝑖 > 0, 𝜀25𝑖 > 0, 𝜀20𝑖 > 0, 𝜀21𝑖 >0, 𝜀22𝑖 > 0, 𝜀11𝑖 > 0, and 𝜀12𝑖 > 0, the filtering error system
(6) is asymptotically stable as well as with the𝐻∞ performance
level 𝛾, if there exist matrices �̂� > 0, �̂�1 > 0, �̂�2 > 0, �̂�3 >0, �̂�1 > 0, �̂�2 > 0, 𝐴𝑓𝑖, 𝐵𝑓𝑖, and 𝐶𝑓𝑖 such that the following
linear matrix inequalities are satisfied:

[
[
�̂�−11 �̃�2𝑖
∗ 𝜀−11𝑘𝑖

]
]

> 0, (𝑘 = 5, 9) (45)

[
[
�̂�−12 �̃�2𝑖
∗ 𝜀−12𝑘𝑖

]
]

> 0, (𝑘 = 5, 9) (46)

[[[
[
�̂�−11 𝛼11𝑖�̃�1𝑖 𝛼12𝑖�̃�2𝑖∗ 𝐼 0
∗ ∗ 𝐼

]]]
]

> 0 (47)

[[[
[
�̂�−12 𝛼21𝑖�̃�1𝑖 𝛼22𝑖�̃�2𝑖∗ 𝐼 0
∗ ∗ 𝐼

]]]
]

> 0 (48)

Ψ𝑖𝑗 = [Ψ1 Ψ2∗ Ψ4] (49)

where

Ψ1 =

[[[[[[[[[[[[[[[[[[
[

Ψ111 Ψ112 Ψ113 Ψ114 0 Ψ115 0 Ψ118
∗ −𝐼 0 0 0 0 0 0
∗ ∗ Ψ133 0 0 0 0 0
∗ ∗ ∗ Ψ144 Ψ145 0 0 0
∗ ∗ ∗ ∗ −𝐼 0 0 0
∗ ∗ ∗ ∗ ∗ Ψ166 Ψ167 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝐼

]]]]]]]]]]]]]]]]]]
]

Ψ111 =
[[[[[[[[[[
[

𝜓11 𝜓12 0 0 𝜓15
∗ − (1 − 𝑑) �̂�1 0 0 0
∗ ∗ −�̂�2 − (�̂�1 + �̂�2) 0 0
∗ ∗ ∗ −�̂�3 − �̂�2 0
∗ ∗ ∗ ∗ −𝛾2𝐼

]]]]]]]]]]
]
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𝜓11 = [
[
𝑃11𝐴𝑗 + 𝐵𝑓𝑖𝐶𝑗 𝐴𝑓𝑖
𝑃𝑇12𝐴𝑗 + 𝐵𝑓𝑖𝐶𝑗 𝐴𝑓𝑖]]

+ [
[
𝑃11𝐴𝑗 + 𝐵𝑓𝑖𝐶𝑗 𝐴𝑓𝑖
𝑃𝑇12𝐴𝑗 + 𝐵𝑓𝑖𝐶𝑗 𝐴𝑓𝑖]]

𝑇

+ �̂�1 + �̂�2 + �̂�3 − �̂�1,

𝜓12 = [
[
𝑃11𝐴𝜏𝑗 + 𝐵𝑓𝑖𝐶𝜏𝑗 0
𝑃𝑇12𝐴𝜏𝑗 + 𝐵𝑓𝑖𝐶𝜏𝑗 0]]

,

𝜓15 = [
[
𝑃11𝐵𝑗 + 𝐵𝑓𝑖𝐷𝑗
𝑃𝑇12𝐵𝑗 + 𝐵𝑓𝑖𝐷𝑗]]

,

Ψ112 = [𝛼4𝑖�̂��̃�2𝑖 𝛼3𝑖�̂��̃�1𝑖
0 0 ] ,

Ψ113 = [
[
𝛼5𝑖�̃�𝑇1𝑖 𝛼6𝑖�̃�𝑇2𝑖 𝛼20𝑖�̃�𝑇3𝑖 �̂�𝑇𝑗

0 0 0 0 ]
]

,

Ψ114 = [𝛽2𝑖�̂�𝑇𝑗 �̂�0 ] ,

Ψ115 = [𝛽2𝑖�̂�𝑇𝑗 �̂�0 ] ,

Ψ118 =
[[[[[[[[[
[

0
𝛼7𝑖�̃�𝑇2𝜏𝑖0

0
0

]]]]]]]]]
]

,

Ψ133 = −diag (𝐼, 𝐼, 𝐼, 𝐼 − 𝛼220𝑖�̃�3𝑖�̃�𝑇3𝑖) ,
Ψ144 = −2𝛿�̂� + 𝛿2�̂�1,
Ψ145 = [𝛼11𝑖�̂��̃�1𝑖 𝛼12𝑖�̂��̃�2𝑖] ,
Ψ166 = −2𝛿�̂� + 𝛿2�̂�2,
Ψ167 = [𝛼21𝑖�̂��̃�1𝑖 𝛼22𝑖�̂��̃�2𝑖] ,

Ψ2 =

[[[[[[[[[[[[[[[[[
[

Ψ211 0 Ψ213 0 Ψ215 Ψ216 0 Ψ218 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,
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Ψ211 =
[[[[[[[[[
[

0
𝛽1𝑖�̂�𝑇𝑗 �̂�0

0
0

]]]]]]]]]
]

,

Ψ213 =
[[[[[[[[[
[

0
𝛽2𝑖�̂�𝑇𝜏𝑗�̂�0

0
0

]]]]]]]]]
]

,

Ψ215 =
[[[[[[[[[
[

0
0
0
0

𝛼1𝑖�̃�𝑇2𝐷𝑖

]]]]]]]]]
]

,

Ψ216 =
[[[[[[[[[
[

0
0
0
0

𝛽1𝑖�̂�𝑇𝑗 �̂�

]]]]]]]]]
]

,

Ψ218 =
[[[[[[[[[
[

0
0
0
0

𝛽2𝑖�̂�𝑇𝑗 �̂�

]]]]]]]]]
]

,

Ψ4 =

[[[[[[[[[[[[[[[[[[[
[

Ψ411 𝛼15𝑖�̂��̃�2𝑖 0 0 0 0 0 0 0
∗ −𝐼 0 0 0 0 0 0 0
∗ ∗ Ψ433 𝛼25𝑖�̂��̃�2𝑖 0 0 0 0 0
∗ ∗ ∗ −𝐼 0 0 0 0 0
∗ ∗ ∗ ∗ −𝐼 0 0 0 0
∗ ∗ ∗ ∗ ∗ Ψ466 𝛼19𝑖�̂��̃�2𝑖 0 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Ψ488 𝛼29𝑖�̂��̃�2𝑖∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝐼

]]]]]]]]]]]]]]]]]]]
]

Ψ411 = −2𝛿�̂� + 𝛿2�̂�1,
Ψ433 = −2𝛿�̂� + 𝛿2�̂�2,
Ψ466 = −2𝛿�̂� + 𝛿2�̂�1,
Ψ488 = −2𝛿�̂� + 𝛿2�̂�2,
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�̃�2𝑖 = [ 0
𝐵𝑓𝑖𝑀2𝑖] ,

�̃�1𝑖 = [ 0
𝐴𝑓𝑖𝑀1𝑖] ,

�̃�3𝑖 = 𝑀3𝑖,
�̃�1𝑖 = [0 𝑁1𝑖] ,
�̃�2𝑖 = [𝑁2𝑖𝐶𝑗 0] ,
�̃�2𝜏𝑖 = [𝑁2𝑖𝐶𝜏𝑗 0] ,
�̃�2𝐷𝑖 = 𝑁2𝑖𝐶𝐷𝑗,
�̃�3𝑖 = [0 −𝑁3𝑖𝐶𝑓𝑖]

(50)

We can obtain the filter parameters as follows:

𝐴𝑓𝑖 = 𝑃−112 𝐴𝑓𝑖,
𝐵𝑓𝑖 = 𝑃−112 𝐵𝑓𝑖,
𝐶𝑓𝑖 = 𝐶𝑓𝑖

(51)

Proof. By Schur complement formula, the matrix inequality
conditions (20) in Theorem 6 can be described as the
following matrix inequalities:

Γ = [Γ1 Γ2∗ Γ4] (52)

where

Γ1 =

[[[[[[[[[[[[[[[[[[[
[

Γ111 Γ112 Γ113 Γ114 0 Γ115 0 Γ118
∗ −𝐼 0 0 0 0 0 0
∗ ∗ Γ133 0 0 0 0 0
∗ ∗ ∗ −�̂�−11 Γ145 0 0 0
∗ ∗ ∗ ∗ −𝐼 0 0 0
∗ ∗ ∗ ∗ ∗ −�̂�−12 Γ167 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝐼

]]]]]]]]]]]]]]]]]]]
]

Γ111 =
[[[[[[[[[[
[

�̂��̂� (t) + �̂�𝑇 (t) �̂� + �̂�1 + �̂�2 + �̂�3 �̂��̂�𝜏 (t) 0 0 �̂��̂� (t)
∗ − (1 − 𝑑) �̂�1 0 0 0
∗ ∗ −�̂�2 0 0
∗ ∗ ∗ −�̂�3 0
∗ ∗ ∗ ∗ −𝛾2𝐼

]]]]]]]]]]
]

Γ112 = [𝛼4�̂��̃�2 𝛼3�̂��̃�1
0 0 ] ,
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Γ114 = [𝛽1�̂�𝑇 (t) �̂�0 ] ,

Ψ113 = [𝛼5�̃�𝑇1 𝛼6�̃�𝑇2 𝛼20�̃�𝑇3 �̂�𝑇
0 0 0 0 ] ,

Γ115 = [𝛽2�̂�𝑇 (t) �̂�0 ] ,

Γ118 =
[[[[[[[[[
[

0
𝛼7�̃�𝑇2𝜏0

0
0

]]]]]]]]]
]

,

Γ133 = −diag (𝐼, 𝐼, 𝐼, 𝐼 − 𝛼220�̃�3�̃�𝑇3 ) ,
Γ145 = [𝛼11�̂��̃�1 𝛼12�̂��̃�2] ,
Γ167 = [𝛼21�̂��̃�1 𝛼22�̂��̃�2] ,

Γ2 =

[[[[[[[[[[[[[[[[[
[

Γ211 0 Γ213 0 Γ215 Γ216 0 Γ218 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]
]

,

Γ211 =
[[[[[[[[[
[

0
𝛽1�̂�𝑇 (t) �̂�0

0
0

]]]]]]]]]
]

,

Γ213 =
[[[[[[[[[
[

0
𝛽2�̂�𝑇𝜏 (t) �̂�0

0
0

]]]]]]]]]
]

,

Γ215 =
[[[[[[[[[
[

0
0
0
0

𝛼1�̃�𝑇2𝐷

]]]]]]]]]
]

,
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Γ216 =
[[[[[[[
[

0
0
0
0

𝛽1�̂�𝑇 (t) �̂�

]]]]]]]
]

,

Γ218 =
[[[[[[[
[

0
0
0
0

𝛽2�̂�𝑇 (t) �̂�

]]]]]]]
]

,

Γ4 =

[[[[[[[[[[[[[[[[[
[

Γ411 𝛼15�̂��̃�2 0 0 0 0 0 0 0
∗ −𝐼 0 0 0 0 0 0 0
∗ ∗ Γ433 𝛼25�̂��̃�2 0 0 0 0 0
∗ ∗ ∗ −𝐼 0 0 0 0 0
∗ ∗ ∗ ∗ −𝐼 0 0 0 0
∗ ∗ ∗ ∗ ∗ Γ466 𝛼19�̂��̃�2 0 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ488 𝛼29�̂��̃�2∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝐼

]]]]]]]]]]]]]]]]]
]

Γ411 = −2𝛿�̂� + 𝛿2�̂�1,
Γ433 = −2𝛿�̂� + 𝛿2�̂�2,
Γ466 = −2𝛿�̂� + 𝛿2�̂�1,
Γ488 = −2𝛿�̂� + 𝛿2�̂�2.

(53)

Let �̂� = [ 𝑃11 𝑃12∗ 𝑃12 ], �̂��̂�(t) = [ 𝑃11𝐴(t)+𝐵𝑓(t)𝐶(t) 𝐴𝑓(t)
𝑃𝑇12𝐴(t)+𝐵𝑓(t)𝐶(t) 𝐴𝑓(t)

],
�̂��̂�𝜏(t) = [ 𝑃11𝐴𝜏(t)+𝐵𝑓(t)𝐶𝜏(t) 0

𝑃𝑇12𝐴𝜏(t)+𝐵𝑓(t)𝐶𝜏(t) 0
], �̂��̂�(t) = [ 𝑃11𝐵(t)+𝐵𝑓(t)𝐷(t)

𝑃𝑇12𝐵(t)+𝐵𝑓(t)𝐷(t)
],

𝛽1 = √3𝜏21 , 𝛽2 = √3(𝜏22 − 𝜏21 ), 𝛼1 = √𝛽21𝜀−119 + 𝛽22𝜀−129 + 𝜀−110 ,
𝛼2 = √𝛽21𝜀−115 + 𝛽22𝜀−125 + 𝜀−16 , 𝛼3 = √𝜀21, 𝛼4 = √𝜀2 + 𝜀6 + 𝜀10,
𝛼5 = √𝜀−121 + 𝛽21𝜀−111 + 𝛽22𝜀−122 , 𝛼6 = √𝛽21𝜀−112 + 𝛽22𝜀−122 , 𝛼7 = √𝜀6,𝛼11 = √𝜀11, 𝛼12 = √𝜀12, 𝛼15 = √𝜀15, 𝛼25 = √𝜀25, 𝛼19 = √𝜀19,𝛼20 = √𝜀20, 𝛼21 = √𝜀21, 𝛼22 = √𝜀22, 𝛼29 = √𝜀29, Δ(t) =∑𝑟𝑖=1 ℎ𝑖(𝜃(t))Δ 𝑖(t), where Δ = 𝐴, 𝐵,𝐷, 𝐴𝜏, 𝐴𝑓, 𝐵𝑓, 𝐶𝑓.

According to (𝛿�̂� − �̂�)�̂�−1(𝛿�̂� − �̂�) ≥ 0, we have that
−�̂��̂�−1�̂� ≤ −2𝛿�̂� + 𝛿2�̂� holds for any scalar 𝛿 > 0. The filter
parameters in (3) can be designed as (51). This completes the
proof.

5. Simulation Example

Consider the following nonlinear systems with time-varying
delays:

�̇� (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝑥 (𝑡) + 𝐴𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝜔 (𝑡)]

𝑦 (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐶𝑖𝑥 (𝑡) + 𝐶𝜏𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐷𝑖𝜔 (𝑡)]

𝑧 (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐸𝑖𝑥 (𝑡)]

(54)

where

𝐴1 = [−2.1 0.1
1 −2] ,

𝐴2 = [−1.9 0
−0.2 −1.1] ,

𝐴𝜏1 = [−1.1 0.1
−0.8 −0.9] ,
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𝐴𝜏1 = [−0.9 0.1
−1.1 −1.2] ,

𝐵1 = [ 1
−0.2] ,

𝐵1 = [0.3
0.1] ,

𝐷1 = 0.3,
𝐷2 = −0.6,
𝐶1 = [1 0] ,
𝐶2 = [0.5 0.6]
𝐶𝜏1 = [−0.8 0.6] ,
𝐶𝜏2 = [−0.2 1] ,
𝐸1 = [1 −0.5] ,
𝐸2 = [−0.2 0.3]

(55)

The known matrices in (5) are given by

𝑀11 = 𝑀12 = [0.5 0.4
0.3 0.2] ,

𝑀21 = 𝑀22 = [0.5 0.3] ,
𝑀31 = 𝑀32 = [0.08

0.02] ,

𝑁11 = 𝑁12 = [0.3 0.6
0.2 0.1] ,

𝑁21 = 𝑁22 = [ 0.1
−0.2] ,

𝑁31 = 𝑁32 = [0.2 0.3] ,
𝐾𝑙 (t) = sin (t) , where 𝑙 = 𝐴, 𝐵, 𝐶.

(56)

The disturbance signal 𝜔(t) is given as follows:

𝜔 (t) = {{{
sin (t) , 0 < t < 15
0 𝑜𝑡ℎ𝑒𝑟. (57)
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Figure 1: The response curve of system states 𝑥1, 𝑥2.

We can get the desired nonfragile filter by solving LMIS
(45)-(49) inTheorem7; the nonfragile parametermatrices are
given as follows:

𝐴𝑓1 = [−3.1329 6.2268
0.7361 −7.4593] ,

𝐴𝑓2 = [−2.7553 7.6590
−0.8303 −8.3416] ,

𝐵𝑓1 = [−0.4755
−1.1658] ,

𝐵𝑓2 = [−0.2459
−1.2213] ,

𝐶𝑓1 = [−0.2031 0.2124] ,
𝐶𝑓2 = [0.2231 −0.3065]

(58)

In addition, the new method provides less conservative
design result; we can obtain a smaller 𝛾 = 0.4996. Figures
1 and 2 show the response of system’s states 𝑥(t) and filter’s
states 𝑥𝑓(t), respectively. Figure 3 shows the trajectories of𝑧(t) and its estimates 𝑧𝑓(t). The estimation error 𝑒(t) is
depicted in Figure 4.

The random disturbance signal is given as follows:

𝜔 (t) = {{{
𝛼 (t) sin (t) , 0 < t < 15
0 𝑜𝑡ℎ𝑒𝑟, (59)

where 𝛼(t) denotes Bernoulli’s random event. The simulation
results are obtained as shown in Figures 5–9.

The stochastic variables 𝛼(t) are Bernoulli-distributed
white sequences; Figure 5 shows the event occurrence
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Figure 2:The response curve of system states 𝑥𝑓1, 𝑥𝑓2.
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Figure 3:The response curve of vector 𝑧(t), 𝑧𝑓(t).

probability. Figures 6 and 7 show the response of system’s
states 𝑥1(t), 𝑥2(t) and filter’s states 𝑥𝑓1(t), 𝑥𝑓2(t), respectively.
Figure 8 shows the trajectories of 𝑧(t) and its estimates 𝑧𝑓(t).
The system error 𝑒(t) is depicted in Figure 9.

The results show that the 𝐻∞ nonfragile filter can make
the system have good stability. The system generates small
overshoot; this filter can efficiently reduce the influence of
external disturbance and uncertainty; it can enhance control
precision and dynamic qualities of the system.

6. Conclusions

This paper studied the fuzzy nonfragile 𝐻∞ filter design
problem for a class of nonlinear systems with an interval
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Figure 4: The response curve of vector 𝑒(t).
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Figure 6: The response curve of system states 𝑥1, 𝑥2.
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Figure 7:The response curve of system states 𝑥𝑓1, 𝑥𝑓2.

0 5 10 15 20 25 30−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

t

Re
sp

on
se

 o
f z

(t)
 an

d 
zf

(t)

z(t)
zf(t)

Figure 8: The response curve of vector 𝑧(t), 𝑧𝑓(t).

time-varying delays; meanwhile, the designing 𝐻∞ filter with
multiplicative gain variations was considered. By construct-
ing a new Lyapunov-Krasovskii functional, we obtained a
sufficient condition for designing the nonfragile 𝐻∞ filter
such that the filtering error system is asymptotically stable
and satisfied the given 𝐻∞ performance index. This non-
fragile filter design method enhances the nonfragility of the
filter and reduces some conservatism. A numerical example
has shown the effectiveness of the proposed method. Future
research includes event-triggered nonfragile𝐻∞ filter design
for nonlinear system considering packet dropout and interval
time-varying delays. Moreover, type 2 fuzzy filter design for
nonlinear systemwith time-varying delays also can be further
considered for the future investigation.
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This paper is concerned with the problem of event-triggered 𝐻∞ filtering for multiagent systems with Markovian switching
topologies and network-induced delay. An event-triggered mechanism is given to ease the information transmission. Consider
that the network topology is directed in this paper, which represents the communication links among agents. Due to the existence
of network-induced delay, the time-delay approach is adopted, which can effectively deal with filtering error system. By constructing
a Lyapunov-Krasovskii functional and employing linear matrix inequality technique, sufficient conditions are established to ensure
the filtering error system to achieve asymptotically stable with𝐻∞ performance index. A simulation example is given to illustrate
the effectiveness of the proposed method.

1. Introduction

Recently, multiagent systems (MASs) have received much
interest due to their widespread applications in various
fields such as formation control [1, 2], sensor network [3],
synchronization [4], and flocking [5, 6]. Due to the fact that
communication networks consist of lots of agents, their states
are usually not fully available in network outputs. Hence,
filtering or state estimation problem is to estimate the states of
the agent by the available output measurement, which is very
important both in theory and in practice. In the past decades,
the consensus-based filtering or estimation problem for a
special multiagent system, i.e., the multi-sensor networked
system, has received much attention. For example, Kalman
filters are the filters primarily proposed in [7, 8] for multi-
sensor networked systems, while 𝐻∞ filters are given in [9]
for sensor networks with multiple missing measurements. In
most existing literatures, the study of multiagent systems has
been investigated in the ideal situation without considering
external interference. However, in practical engineering, the
existence of external disturbances cannot be ignored, which
may have a great impact on agent dynamics. Furthermore,
the research history of multiagent systems on𝐻∞ filtering or
state estimation is very short; there are many problems which

need to be studied extensively. Thus, it is necessary to study
the 𝐻∞ filtering problem of multiagent systems with many
practical factors.

The exchange of information between agents on a com-
munication network is usually completed on the basis of
sampled packets. Many articles have presented more and
more methods based on rapid development of the the-
ory of sampling data systems. In the early results, time-
triggered communication is a common way to transfer
every sampled signal to the controller and update control
signal periodically, which wastes a lot of network bandwidth
resources and increases network load. Compared with the
widely used time-triggered sampling scheme [10–13], event-
triggered communication schemes [14–16] can avoid the
unnecessary transmission and reduce the release times of
the sensor and the burden of communication network.
Event-triggered filtering/estimation for different systems has
received considerable attention in the past few years [17–22].
Paper [17] addresses event-triggered state estimation problem
for a class of complex networks with mixed time delays and
[20] presents 𝐻∞ filter design for a class of neural network
systems with quantization. The filtering problem for discrete-
time networked control system (NCS) under event-triggered
scheme is proposed in [18, 19, 21]. Paper [22] designs the𝐻∞
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fuzzy filter for a class of nonlinear networked control system
based on event-triggered communication scheme.

In the real world, because of the uncertainty of the
network, the communication topology may change. Hence,
it is significant to design a filtering network with time-
varying and switching topology to estimate or monitor a
target; see [23–28]. Event-based 𝐻∞ filtering for discrete-
time and continue-time Markov jump system with network-
induced delay is investigated in [23, 24], respectively. Paper
[25, 26] addresses asynchronous 𝑙2 − 𝑙∞ filtering with sensor
nonlinearity and delay-dependent robust 𝐻∞ control and
filtering with parameter uncertainties, respectively. Paper
[27] investigates the problem of𝐻∞ estimation for a class of
discrete-time Markov jump systems with time-varying tran-
sition probabilities. The problem of distributed state estima-
tion about vehicle formationwith time-varyingmeasurement
topology is discussed in [28]. To the best of our knowledge,
there is no article that considers 𝐻∞ filtering problem for
multiagent systems withMarkovian switching topologies and
network-induced delay based on event-triggered strategy.
The theoretical results of such systems will be attractive
and have extensive practical applications, which inspired the
research presented in this paper.

In the view of the above discussion, this paper addresses
the event-triggered 𝐻∞ filtering for multiagent systems with
Markovian switching topologies and network-induced delay.
Themain contributions are summarized as follows: (1) differ-
ent from the general event-triggered sampled-data strategy,
this paper takes into account the effect of network-induced
delay and Markovian switching topologies. A distributed
event-triggered scheme is presented to release the load of the
network. (2) By employing the time-delay system method,𝐻∞ filtering performance is derived, the co-design method
of the event-triggered condition and the filter design are also
given. (3)The Laplacian matrices of switching topologies are
not required to be symmetric.

The rest of this paper is organized as follows. In Section 2,
we give some preliminaries and present the problem for-
mulation. The main results for stability analysis and event-
triggered 𝐻∞ filter design are elaborated in Section 3. In
Section 4, a numerical example is provided to illustrate the
feasibility and effectiveness of the proposed method. Finally,
conclusions are drawn in Section 5.

Notations. 𝑅𝑛 represents the n-dimension Euclidean
space and 𝑅𝑛×𝑚 denotes the set of 𝑛 × 𝑚 real matrices.
Let 𝐼𝑁 represent the 𝑁 × 𝑁 identity matrix and 0 denote
zero matrix with an appropriate dimension. The superscripts−1 and 𝑇 stand for the inverse and the transpose of a
matrix, respectively. We use the notation ⊗ and ∗ to represent
Kronecker product and the elements below themain diagonal
of some symmetricmatrix, respectively.The realmatrix𝑃 > 0
shows that 𝑃 is positive definite.

2. Problem Formulation

2.1. Graph Theory. Let 𝐺 = (𝑉, 𝜉, 𝐴) denote a directed
weighted graph of𝑁 order, where the set of nodes is denotes
by 𝑉 = {V1, V2, . . . , V𝑛} and the set of edges is denoted by𝜉 ⊆ 𝑉 × 𝑉. An edge in graph 𝐺 is described by (V𝑗, V𝑖), 𝑖,

𝑗 ∈ 1, 2, . . . , 𝑛 which represents that the 𝑗𝑡ℎ agent transmit
information to the 𝑖𝑡ℎ agent. Matrix 𝐴 = [𝑎𝑖𝑗]𝑛×𝑛 is called
weighted adjacency matrix. The set of neighbors of agent 𝑖 is
denoted as𝑁𝑖 = {𝑗 | (V𝑗, V𝑖) ∈ 𝜉}. If 𝑗 ∈ 𝑁𝑖, 𝑎𝑖𝑗 > 0; otherwise,𝑎𝑖𝑗 = 0. The diagonal matrix 𝐷 = diag{𝑑1, 𝑑2, . . . , 𝑑𝑁} ∈𝑅𝑁×𝑁 is called the degree matrix of graph 𝐺 with diagonal
elements 𝑑𝑖 = Σ𝑗∈𝑁𝑖𝑎𝑖𝑗. The Laplacian matrix of 𝐺 is defined
as𝐿 = 𝐷−𝐴 = [𝑙𝑖𝑗] ∈ 𝑅𝑁×𝑁, where 𝑙𝑖𝑖 = ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗
for 𝑖 ̸= 𝑗.
2.2. System Description. We consider MASs composed of𝑁 interconnected agents in this paper, where each agent is
assumed to have the following state-space description:

̇𝑥𝑖 (𝑡) = 𝐴𝑥𝑖 (𝑡) + 𝐵𝑤𝑖 (𝑡)
𝑦𝑖 (𝑡) = 𝐶2Σ𝑗∈𝑁𝑖𝑎𝑟(𝑡)𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)) + 𝐷𝑤𝑖 (𝑡)
𝑧𝑖 (𝑡) = 𝐶1Σ𝑗∈𝑁𝑖𝑎𝑟(𝑡)𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))

(1)

for 𝑖 = 1, 2, . . . ,𝑁, where 𝑥𝑖(𝑡), 𝑦𝑖(𝑡), and 𝑧𝑖(𝑡) are the state,
the measured output, and the signal to be estimated of agent𝑖. 𝑤𝑖(𝑡) denotes the external disturbance which belongs to𝐿2[0,∞).

The switching communication topologies are described
by 𝐺𝑟(𝑡) ∈ {𝐺1, 𝐺2, . . . , 𝐺𝑞}, where 𝑟(𝑡) represents the
continuous process of Markov chain. Furthermore, it takes
values in a given finite set 𝑆 = {1, 2, . . . , 𝑞}. We define the
transition probability as follows:

𝑝𝑟𝑜𝑏 {𝑟 (𝑡 + Δ𝑡) = 𝑠 | 𝑟 (𝑡) = 𝑟}
= {{{

𝜋𝑟𝑠Δ𝑡 + 𝑜 (Δ𝑡) , 𝑟 ̸= 𝑠
1 + 𝜋𝑟𝑟Δ𝑡 + 𝑜 (Δ𝑡) , 𝑟 = 𝑠

(2)

where limΔ𝑡→0(𝑜(Δ𝑡)/Δ𝑡) = 0, Δ𝑡 > 0, and the transition
probability satisfies 𝜋𝑟𝑠 > 0 when 𝑟, 𝑠 ∈ 𝑆 and 𝜋𝑟𝑟 =−∑𝑞𝑠=1,𝑠 ̸=𝑟 𝜋𝑟𝑠.

For MASs (1), we design the following full-order filter to
estimate signal 𝑧𝑖(𝑡):

�̇�𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟𝑦𝑓𝑖 (𝑡)
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) (3)

where𝑥𝑓𝑖(𝑡) represents the state of the 𝑖𝑡ℎ filtering subsystem,𝑧𝑓𝑖(𝑡) is the estimation signal of 𝑧𝑖(𝑡), and 𝐴𝑓𝑟, 𝐵𝑓𝑟, 𝐶𝑓𝑟 are
filter parameters to be determined.

2.3. Event-Triggered Scheme. In order to reduce the commu-
nication network burden, event-triggered scheme is adopted
in this paper. The sampler is assumed to be time-driven; the
zero-order-hold (ZOH) is event-driven. Then, we construct
the following event-triggered strategy.

𝑡𝑖𝑘+1ℎ = 𝑡𝑖𝑘ℎ +min
𝑙𝑖>1

{𝑙𝑖ℎ | 𝜒𝑇𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) 𝜙𝑟𝜒𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ)
≥ 𝜎𝑟𝑦𝑇𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) 𝜙𝑟𝑦𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ)}

(4)
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where 𝑙𝑖 ∈ 𝑁, 𝜒𝑖(𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) ≜ 𝑦𝑖(𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) − 𝑦𝑖(𝑡𝑖𝑘ℎ) is
the threshold error, 𝑡𝑖𝑘ℎ represents the latest 𝑘𝑡ℎ triggering
instant of the 𝑖𝑡ℎ agent, 𝑡𝑖𝑘ℎ+𝑙𝑖ℎ denotes the currently sampled
instant, and 𝑡𝑖𝑘+1ℎ denotes the next broadcast instant. Then𝜎𝑟 > 0 represents the threshold and 𝜙𝑟 > 0 stands for a
symmetric positive definite matrix.

Remark 1. From the event-triggered strategy (4), we can
automatically exclude Zeno behavior.

Proof. Zeno behavior in the event-triggered communication
framework is defined as the infinite number of communica-
tion in a finite time. Due to the fact that each agent's state
is periodically sampled and the sampling time sequence is{0, ℎ, 2ℎ, . . .}, we can obtain that the event-triggered time
sequence is a subsequence of the sampling time sequence,
namely, {𝑡𝑖0ℎ, 𝑡𝑖1ℎ, 𝑡𝑖2ℎ, . . .} ⊆ {0, ℎ, 2ℎ, . . .}, which means that
the minimum interevent time min𝑘{𝑡𝑖𝑘+1ℎ − 𝑡𝑖𝑘ℎ}, ∀𝑖, is lower
bounded by the sampling period ℎ. Since the number of
agents is finite, the communication events in any finite time
cannot be infinite. Therefore, the event-triggered strategy (4)
can rule out Zeno behavior automatically.

Remark 2. Different from traditional filtering problem, due
to the existence of network-induced delays, taking the prop-
erty of ZOH into account, we get

𝑦𝑓𝑖 (𝑡) = 𝑦𝑖 (𝑡𝑖𝑘ℎ) (5)

Substituting (5) into (3), we have

�̇�𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟𝑦𝑖 (𝑡𝑖𝑘ℎ)
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) ,

𝑡 ∈ [𝑡𝑖𝑘ℎ + 𝜏 (𝑡𝑖𝑘) , 𝑡𝑖𝑘+1ℎ + 𝜏 (𝑡𝑖𝑘+1))
(6)

Remark 3. Suppose that the network delay is bounded, i.e.,0 < 𝜏𝑚 ≤ 𝜏𝑖𝑘 ≤ 𝜏, where 𝜏𝑚 and 𝜏 denote the lower and upper
bound of 𝜏(𝑡), respectively. It is worth noting that when 𝜎𝑟 =0, all the sampled signals are transmitted, the event-triggered
strategy (4) reduces to a periodic time-triggered scheme.

2.4. Time-Delay Modeling. Using the same technique as in
[29], we assume that there is a integer 𝑞 > 0, which satisfies𝑡𝑖𝑘+1 = 𝑡𝑖𝑘 +𝑞+ 1. Hence, we can obtain the following equality:

[𝑡𝑖𝑘ℎ + 𝜏 (𝑡𝑖𝑘) , 𝑡𝑖𝑘+1ℎ + 𝜏 (𝑡𝑖𝑘+1)) =
𝑞⋃
𝑛=0

Ω𝑛 (7)

withΩ𝑛 = [𝑡𝑖𝑘ℎ + 𝑛ℎ + 𝜏(𝑡𝑖𝑘 + 𝑛), 𝑡𝑖𝑘ℎ + (𝑛 + 1)ℎ + 𝜏(𝑡𝑖𝑘 + 𝑛 + 1)),𝑡𝑖𝑘+1 = 𝑡𝑖𝑘 + 𝑛 + 1.
For convenience, we define

𝜏 (𝑡) = 𝑡 − 𝑡𝑖𝑘ℎ − 𝑛ℎ, 𝑡 ∈ Ω𝑛 (8)

Then, we can know that

0 < 𝜏𝑚 ≤ 𝜏 (𝑡) ≤ ℎ + 𝜏 = 𝜏𝑀 (9)

To show the effect of the event-triggered scheme (4) in
deriving system stability and stabilization criterion, we define
a new variable 𝑒𝑘𝑖(𝑡), which satisfies the following equality:

𝑒𝑘𝑖 (𝑡) = 𝑦𝑖 (𝑡𝑖𝑘ℎ) − 𝑦𝑖 (𝑡𝑖𝑘ℎ + 𝑛ℎ) , 𝑡 ∈ Ω𝑛 (10)

Substituting (8), (10) into (6), we have

̇𝑥𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟 [𝑦𝑖 (𝑡 − 𝜏 (𝑡)) + 𝑒𝑘𝑖 (𝑡)]
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) (11)

From (10) and (4), we can obtain

𝑒𝑇𝑘𝑖 (𝑡) 𝜙𝑟𝑒𝑘𝑖 (𝑡) ≤ 𝜎𝑟𝑦𝑇𝑖 (𝑡 − 𝜏 (𝑡)) 𝜙𝑟𝑦𝑖 (𝑡 − 𝜏 (𝑡)) (12)

where 𝑡 ∈ [𝑡𝑖𝑘ℎ + 𝜏(𝑡𝑖𝑘), 𝑡𝑖𝑘+1ℎ + 𝜏(𝑡𝑖𝑘+1)).
2.5. Event-Triggered 𝐻∞ Filter Problem. By defining 𝜉𝑇𝑖 (𝑡) =[𝑥𝑇𝑖 (𝑡) 𝑥𝑇𝑓𝑖(𝑡)], 𝑤𝑖(𝑡) = [𝑤𝑇𝑖 (𝑡) 𝑤𝑇𝑖 (𝑡 − 𝜏(𝑡))]𝑇, and 𝑒𝑖(𝑡) =𝑧𝑖(𝑡) − 𝑧𝑓𝑖(𝑡), we can obtain the following filtering error
system:

̇𝜉𝑖 (𝑡) = 𝐴𝜉𝑖 (𝑡) + Σ𝑗∈𝑁𝑖𝑎𝑖𝑗𝐵𝐻𝜉𝑖 (𝑡 − 𝜏 (𝑡)) + 𝐸𝑒𝑘𝑖 (𝑡)
+ 𝐷𝑤𝑖 (𝑡)

𝑒𝑖 (𝑡) = 𝐶1𝜉𝑖 (𝑡) + Σ𝑗∈𝑁𝑖𝑎𝑖𝑗𝐶2 (𝜉𝑖 (𝑡) − 𝜉𝑗 (𝑡))
(13)

where

𝐴 = [𝐴 0
0 𝐴𝑓𝑟] ,

𝐵 = [ 0
𝐵𝑓𝑟𝐶2] ,

𝐻 = [𝐼𝑛 0] ,
𝐷 = [𝐵 0

0 𝐵𝑓𝑟𝐷] ,
𝐶1 = [0 −𝐶𝑓𝑟] ,
𝐶2 = [𝐶1 0]
𝐸 = [ 0

𝐵𝑓𝑟]

(14)

Then, we define some new augment variables to compact
system:

𝜉 (𝑡) = [𝜉𝑇1 (𝑡) 𝜉𝑇2 (𝑡) . . . 𝜉𝑇𝑁 (𝑡)]𝑇 ,
𝑒 (𝑡) = [𝑒𝑇1 (𝑡) 𝑒𝑇2 (𝑡) . . . 𝑒𝑇𝑁 (𝑡)]𝑇 ,
𝑤 (𝑡) = [𝑤𝑇1 (𝑡) 𝑤𝑇2 (𝑡) . . . 𝑤𝑇𝑁 (𝑡)]𝑇 ,
𝑒𝑘 (𝑡) = [𝑒𝑇𝑘1 (𝑡) 𝑒𝑇𝑘2 (𝑡) . . . 𝑒𝑇𝑘𝑁 (𝑡)]𝑇

(15)
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Therefore, the filtering error system can be rewritten as
follows:

̇𝜉 (𝑡) = (𝐼𝑁 ⊗ 𝐴) 𝜉 (𝑡) + (𝐿 ⊗ 𝐵𝐻) 𝜉 (𝑡 − 𝜏 (𝑡))
+ (𝐼𝑁 ⊗ 𝐸) 𝑒𝑘 (𝑡) + (𝐼𝑁 ⊗ 𝐷)𝑤 (𝑡)

𝑒 (𝑡) = (𝐼𝑁 ⊗ 𝐶1 + 𝐿 ⊗ 𝐶2) 𝜉 (𝑡)
(16)

Definition 4. The filtering error system (16) with 𝑤(𝑡) = 0
is asymptotically stable in mean square, if for any initial
conditions, such that

lim
𝑡→+∞

𝜉 (𝑡)2 = 0 (17)

Definition 5. Given a positive scalar 𝛾, and for all nonzero𝑤(𝑡) ∈ 𝐿2[0,∞), the filtering error system (16) is asymptot-
ically stable in mean square with a guaranteed 𝐻∞ perfor-
mance 𝛾 if the filtering error 𝑒(𝑡) satisfies

𝐸{∫∞
0

𝑒𝑇 (𝑡) 𝑒 (𝑡) 𝑑𝑡} ≤ 𝛾2𝐸{∫∞
0

𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡} (18)

Before proceeding further, we introduce the following
lemmas that will be helpful for deriving the following results.

Lemma 6 (see [30]). Given scalar 𝜏 > 0, matrix 𝑀 > 0, and
vector function𝑤, [0, 𝜏] → 𝑅𝑛 satisfy the following inequality:

(∫𝜏
0
𝑤 (𝑠) 𝑑𝑠)𝑇𝑀(∫𝜏

0
𝑤 (𝑠) 𝑑𝑠)

≤ 𝜏(∫𝜏
0
𝑤𝑇 (𝑠)𝑀𝑤 (𝑠) 𝑑𝑠) .

(19)

Lemma 7 (see [31]). Suppose that 𝑓1(𝑡), 𝑓2(𝑡), . . . , 𝑓𝑁(𝑡) :
R𝑚 → R𝑛 is positive values, which satisfies

min
𝑁∑
𝑖=1

1𝛼𝑖𝑓𝑖 (𝑡) =
𝑁∑
𝑖=1

𝑓𝑖 (𝑡) +max
𝑁∑
𝑖=1

𝑁∑
𝑗=1,𝑗 ̸=𝑖

𝑔𝑖,𝑗 (𝑡) (20)

subject to

{𝑔𝑖,𝑗 : R𝑚 → R𝑛, 𝑔𝑗,𝑖 (𝑡) ≡ 𝑔𝑖,𝑗 (𝑡) , [𝑓𝑖 (𝑡) 𝑔𝑖,𝑗𝑔𝑖,𝑗 𝑓𝑖 (𝑡)]

≥ 0}
(21)

3. Main Results

3.1. Asymptotical Stability Analysis

Theorem 8. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0, the
filtering error system (16) without external disturbance can
achieve mean square stable under Definition 4 if there exist
appropriate dimensional matrices 𝑃𝑟 > 0, 𝑄1 > 0, 𝑄2 > 0,

𝑅1 > 0, 𝑅2 > 0, 𝜙𝑟 > 0 and 𝑆1 such that the following LMIs
hold:

[𝑅2 𝑆1∗ 𝑅2] > 0 (22)

[
[
Π 𝜏𝑚Γ𝑇�̂�𝑇𝑅1 (𝜏𝑀 − 𝜏𝑚) Γ𝑇�̂�𝑇𝑅2∗ −𝑅1 0∗ ∗ −𝑅2

]
]
< 0 (23)

𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠 ≤ 𝑃𝑟 (24)

where

Π = [[[[[
[

Ξ11 Ξ12 Ξ13 0 Ξ15∗ Ξ22 Ξ23 Ξ24 0∗ ∗ Ξ33 Ξ34 0∗ ∗ ∗ Ξ44 0∗ ∗ ∗ ∗ −𝜙𝑟

]]]]]
]Γ = [𝐼𝑁 ⊗ 𝐴 𝐿 ⊗ 𝐵 0 0 𝐼𝑁 ⊗ 𝐸]

Ξ11 = (𝐼𝑁 ⊗ 𝐴)𝑇 𝑃𝑟 + 𝑃𝑟 (𝐼𝑁 ⊗ 𝐴) + 𝑃𝑟 + �̂�𝑇𝑄1�̂�
+ �̂�𝑇𝑄2�̂� − �̂�𝑇𝑅1�̂�

Ξ12 = 𝑃𝑟 (𝐿 ⊗ 𝐵)
Ξ13 = �̂�𝑇𝑅1
Ξ15 = 𝑃𝑟 (𝐼𝑁 ⊗ 𝐸)
Ξ22 = 𝜎𝑟 (𝐿 ⊗ 𝐶2)𝑇 𝜙𝑟 (𝐿 ⊗ 𝐶2) − 2𝑅2 + 𝑆1 + 𝑆𝑇1Ξ23 = −𝑆𝑇1 + 𝑅2Ξ24 = −𝑆1 + 𝑅2Ξ33 = −𝑄1 − 𝑅1 − 𝑅2Ξ34 = 𝑆1Ξ44 = −𝑄2 − 𝑅2�̂� = 𝐼𝑁 ⊗ 𝐻,
�̂�2 = 𝐼𝑁 ⊗ 𝐻2,𝜙𝑟 = 𝐼𝑁 ⊗ 𝜙𝑟,𝐻2 = [0 𝐼𝑛]

(25)

Proof. Consider that there is no external disturbance, i.e.,𝑤(𝑡) = 0. We construct the following Lyapunov functional:

𝑉(𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) = 5∑
𝑖=1

𝑉𝑖 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) (26)

where

𝑉1 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) = 𝜉𝑇 (𝑡) 𝑃𝑟𝜉 (𝑡)
𝑉2 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡)) = ∫𝑡

𝑡−𝜏𝑚

𝜉𝑇 (𝑠) �̂�𝑇𝑄1�̂�𝜉 (𝑠) 𝑑𝑠
𝑉3 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡)) = ∫𝑡

𝑡−𝜏𝑀

𝜉𝑇 (𝑠) �̂�𝑇𝑄2�̂�𝜉 (𝑠) 𝑑𝑠
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𝑉4 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡))
= 𝜏𝑚 ∫0

−𝜏𝑚

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) �̂�𝑇𝑅1�̂� ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃
𝑉5 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡))

= (𝜏𝑀 − 𝜏𝑚) ∫−𝜏𝑚
−𝜏𝑀

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) �̂�𝑇𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃
(27)

then its derivative along system (16) with 𝑤(𝑡) = 0 is
�̇�1 = ̇𝜉𝑇 (𝑡) 𝑃𝑟𝜉 (𝑡) + 𝜉𝑇 (𝑡) 𝑃𝑟 ̇𝜉 (𝑡)

+ 𝜉𝑇 (𝑡) { 𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠}𝜉 (𝑡)
�̇�2 = 𝜉𝑇 (𝑡) �̂�𝑇𝑄1�̂�𝜉 (𝑡)

− 𝜉𝑇 (𝑡 − 𝜏𝑚) �̂�𝑇𝑄1�̂�𝜉 (𝑡 − 𝜏𝑚)
�̇�3 = 𝜉𝑇 (𝑡) �̂�𝑇𝑄2�̂�𝜉 (𝑡)

− 𝜉𝑇 (𝑡 − 𝜏𝑀) �̂�𝑇𝑄2�̂�𝜉 (𝑡 − 𝜏𝑀)

�̇�4 = 𝜏2𝑚 ̇𝜉𝑇 (𝑡) �̂�𝑇𝑅1�̂� ̇𝜉 (𝑡)
− 𝜏𝑚 ∫𝑡

𝑡−𝜏𝑚

̇𝜉𝑇 (𝑠) �̂�𝑅1�̂� ̇𝜉 (𝑠) 𝑑𝑠
�̇�5 = (𝜏𝑀 − 𝜏𝑚)2 ̇𝜉𝑇 (𝑡) �̂�𝑇𝑅2�̂� ̇𝜉 (𝑡)

− (𝜏𝑀 − 𝜏𝑚) ∫𝑡−𝜏𝑚
𝑡−𝜏(𝑡)

̇𝜉𝑇 (𝑠) �̂�𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠
− (𝜏𝑀 − 𝜏𝑚) ∫𝑡−𝜏(𝑡)

𝑡−𝜏𝑀

̇𝜉𝑇 (𝑠) �̂�𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠
(28)

Applying Lemmas 6 and 7 to deal with the integral items and
combining the event-triggered scheme (12), we have

�̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡))
≤ 5∑
𝑖=1

𝑉𝑖 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) − 𝑒𝑇𝑘 (𝑡) 𝜙𝑟𝑒𝑘 (𝑡)
+ 𝜎𝑟𝑦𝑇 (𝑡 − 𝜏 (𝑡)) 𝜙𝑟𝑦 (𝑡 − 𝜏 (𝑡)) = 𝜁𝑇 (𝑡) 𝜓𝜁 (𝑡)

(29)

where

𝜁𝑇 (𝑡) = [𝜉𝑇 (𝑡) 𝜉𝑇 (𝑡 − 𝜏 (𝑡)) �̂�𝑇 𝜉𝑇 (𝑡 − 𝜏𝑚) �̂�𝑇 𝜉𝑇 (𝑡 − 𝜏𝑀) �̂�𝑇 𝑒𝑇𝑘 (𝑡)]
𝜓 = Π + 𝜏2𝑚Γ𝑇�̂�𝑇𝑅1�̂�Γ + (𝜏𝑀 − 𝜏𝑚)2 Γ𝑇�̂�𝑇𝑅2�̂�Γ (30)

By employing the Schur complement, we can find easily that
(23) ensures 𝜓 < 0. According to Definition 4, the filtering
error system (16) is asymptotically stable in mean square
under the event-triggered scheme (12) if (22), (23), and (24)
hold. The proof is completed.

3.2. 𝐻∞ Performance Analysis

Theorem 9. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0,
considering the existence of external disturbance, the filtering
error system (16) can achieve being asymptotically stable with
an 𝐻∞ performance index 𝛾 under Definition 5 if there exist
appropriate dimensional matrices 𝑃𝑟 > 0, 𝑄1 > 0, 𝑄2 > 0,𝑅1 > 0, 𝑅2 > 0, 𝜙𝑟 > 0 and 𝑆1 such that the following LMIs
hold:

[
[
𝑅2 𝑆1
∗ 𝑅2

]
]
> 0 (31)

[[[[[[[[
[

Θ 𝜏𝑚Γ𝑇1 �̂�𝑇𝑅1 (𝜏𝑀 − 𝜏𝑚) Γ𝑇1 �̂�𝑇𝑅2 Γ𝑇2
∗ −𝑅1 0 0
∗ ∗ −𝑅2 0
∗ ∗ ∗ −𝐼

]]]]]]]]
]
< 0 (32)

𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠 ≤ 𝑃𝑟 (33)

where

Θ =
[[[[[[[[[
[

Ξ11 Ξ12 Ξ13 0 Ξ15 Ξ16∗ Ξ22 Ξ23 Ξ24 0 Ξ26∗ ∗ Ξ33 Ξ34 0 0
∗ ∗ ∗ Ξ44 0 0
∗ ∗ ∗ ∗ −𝜙𝑟∗ ∗ ∗ ∗ ∗ Ξ66

]]]]]]]]]
]

Γ1 = [𝐼𝑁 ⊗ 𝐴 𝐿 ⊗ 𝐵 0 0 𝐼𝑁 ⊗ 𝐸 𝐼𝑁 ⊗ 𝐷]
Γ2 = [𝐼𝑁 ⊗ 𝐶1 + 𝐿 ⊗ 𝐶2 0 0 0 0 0]
Ξ16 = 𝑃𝑟 (𝐼𝑁 ⊗ 𝐷)
Ξ26 = 𝜎𝑟 (𝐿 ⊗ 𝐶2)𝑇 𝜙𝑟 (𝐼𝑁 ⊗ 𝐷) �̂�2
Ξ66 = −𝛾2𝐼 + 𝜎𝑟�̂�𝑇2 (𝐼𝑁 ⊗ 𝐷)𝑇 𝜙𝑟 (𝐼𝑁 ⊗ 𝐷) �̂�2

(34)

and the other parameters are defined as in Theorem 8.
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Proof. Consider the existence of external disturbance, i.e.,𝑤(𝑡) ̸= 0, and choose the same Lyapunov functional like
Theorem 8; we have

�̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡))
= �̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) + 𝑒𝑇 (𝑡) 𝑒 (𝑡)
− 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡) − 𝑒𝑇 (𝑡) 𝑒 (𝑡) + 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)

= 𝜂𝑇 (𝑡) Ω𝜂 (𝑡) − 𝑒𝑇 (𝑡) 𝑒 (𝑡) + 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)
(35)

where

𝜂𝑇 (𝑡) = [𝜁𝑇 (𝑡) 𝑤𝑇 (𝑡)]
Ω = Θ + 𝜏2𝑚Γ𝑇1 �̂�𝑇𝑅1�̂�Γ1

+ (𝜏𝑀 − 𝜏𝑚)2 Γ𝑇1 �̂�𝑇𝑅2�̂�Γ1 + Γ𝑇2 Γ2
(36)

By using the Schur complement, we can find easily that (32)
guarantees Ω < 0. According to Definition 5, the filtering
error system (16) is asymptotically stable with 𝐻∞ norm
bound 𝛾 if (31), (32), and (33) are satisfied. The proof is
completed.

3.3. Filter Design

Theorem 10. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0
and 𝐻∞ performance index 𝛾, the filtering error system (16)
under the event-triggered scheme (12) is asymptotically stable
in mean square for 𝑤(𝑡) = 0 and satisfies the𝐻∞ performance
constraint (18) for all nonzero 𝑤(𝑡) ∈ 𝐿2[0, +∞) under the
zero initial condition if there exist real matrices 𝑃𝑟 > 0, 𝑊𝑟 >0, 𝜙𝑟 > 0 (𝑟 ∈ 𝑆), 𝑄1 > 0, 𝑄2 > 0, 𝑅1 > 0, 𝑅2 > 0 and
matrices 𝑆1, 𝐴𝑓𝑟, 𝐵𝑓𝑟, 𝐶𝑓𝑟(𝑟 ∈ 𝑆) with appropriate dimension
such that the following LMIs hold:

[𝑅2 𝑆1∗ 𝑅2] > 0, (37)

[[[[[
[

𝜙11 𝜙12 𝜙13 𝜙14∗ −𝑅1 0 0
∗ ∗ −𝑅2 0
∗ ∗ ∗ −𝐼

]]]]]
]
< 0, (38)

𝑞∑
𝑠=1

𝜋𝑟𝑠 (𝑈1𝑠 −𝑊𝑠) ≤ 𝑈1𝑟 −𝑊𝑟 (39)

where

𝜙11 =
[[[[[[[[[[[
[

Ξ̂11 Ξ̂12 Ξ̂13 0 Ξ̂15 Ξ̂16∗ Ξ22 Ξ23 Ξ24 0 Ξ26∗ ∗ Ξ33 Ξ34 0 0
∗ ∗ ∗ Ξ44 0 0
∗ ∗ ∗ ∗ −𝜙𝑟 0
∗ ∗ ∗ ∗ ∗ Ξ66

]]]]]]]]]]]
]

𝜙12 = [𝜏𝑚𝑅1 (𝐼𝑁 ⊗ 𝐴) �̂� 0 0 0 0 𝜏𝑚𝑅1 (𝐼𝑁 ⊗ 𝐵) �̂�]𝑇 ,
𝜙13 = [(𝜏𝑀 − 𝜏𝑚) 𝑅2 (𝐼𝑁 ⊗ 𝐴) �̂� 0 0 0 0 (𝜏𝑀 − 𝜏𝑚) 𝑅2 (𝐼𝑁 ⊗ 𝐵) �̂�]𝑇 ,
𝜙14 = [(𝐼𝑁 ⊗ −𝐶𝑓𝑟) �̂�2 + (𝐿 ⊗ 𝐶1) �̂� 0 0 0 0 0]𝑇 ,
Ξ̂11 = 𝐼𝑁 ⊗ [[

𝑈1𝑟 + 𝐴𝑇𝑈1𝑟 + 𝑈1𝑟𝐴 𝑊𝑟 + 𝐴𝑓𝑟 + 𝐴𝑇𝑊𝑟
∗ 𝑊𝑟 + 𝐴𝑓𝑟 + 𝐴𝑇𝑓𝑟

]
]
+ �̂�𝑇 (𝑄1 + 𝑄2 − 𝑅1) �̂�,

Ξ̂12 = 𝐿 ⊗ [𝐵𝑓𝑟𝐶2𝐵𝑓𝑟𝐶2] ,
Ξ̂13 = �̂�𝑇𝑅1,
Ξ̂15 = 𝐼𝑁 ⊗ [𝐵𝑓𝑟𝐵𝑓𝑟] ,

Ξ̂16 = 𝐼𝑁 ⊗ [𝑈1𝑟𝐵 𝐵𝑓𝑟𝐷
𝑊𝑟𝐵 𝐵𝑓𝑟𝐷]

(40)
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Moreover, if the above conditions are feasible, the parameter
matrices of the filter are given by

𝐴𝑓𝑟 = 𝑊−1𝑟 𝐴𝑓𝑟
𝐵𝑓𝑟 = 𝑊−1𝑟 𝐵𝑓𝑟
𝐶𝑓𝑟 = 𝐶𝑓𝑟

(41)

Proof. Let 𝑃𝑟 = 𝐼𝑁 ⊗𝑈𝑟 for conditions (32) inTheorem 8. Let
matrix 𝑈𝑟 be partitioned as

𝑈𝑟 = [𝑈1𝑟 𝑈2𝑟∗ 𝑈3𝑟] (42)

where 𝑈1𝑟 > 0, 𝑈2𝑟, and 𝑈3𝑟 are nonsingular matrices,
satisfying 𝑊𝑟 = 𝑈2𝑟𝑈−13𝑟 𝑈𝑇2𝑟. By Schur complement, we can
obtain that 𝑈𝑟 > 0 is equivalent to 𝑈1𝑟 − 𝑊𝑟 > 0. Define the
following invertible matrix:

𝐽1 = [𝐼 0
0 𝑈2𝑟𝑈−13𝑟 ] (43)

Then, pre- and postmultiply (32) by 𝐽2 and 𝐽𝑇2 , respectively,
where 𝐽2 = diag{𝐽1, 𝐼, . . . , 𝐼⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

8

} and define new variables:

𝐴𝑓𝑟 = 𝑈2𝑟𝐴𝑓𝑟𝑈−13𝑟 𝑈𝑇2𝑟
𝐵𝑓𝑟 = 𝑈2𝑟𝐵𝑓𝑟
𝐶𝑓𝑟 = 𝐶𝑓𝑟𝑈−13𝑟 𝑈𝑇2𝑟

(44)

By the linear transformation above, we can find easily that
(32) is equivalent to (38). Therefore, we can obtain (41). The
proof is completed.

Remark 11. Comparing with the previous results [32], lower
bounds theorem [31] is adopted in this paper, which not
only achieves performance behavior identical to approaches
based on the integral inequality lemma, but also decreases the
number of decision variables dramatically.

4. Simulation

The parameters of MASs (1) are given as follows:

𝐴 = [−1 1
0.8 −4] ,

𝐵 = [0.50.1]
𝐶1 = [0.1 0] ,
𝐶2 = [0.2 0] ,
𝐷 = 0.1

(45)
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Figure 1: Directed communication topology graphs.
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Figure 2: Evolution of Markov chain.

In addition, the external disturbances ofMASs (1) are defined
as follows:

𝑤𝑖 (𝑡) = 0.4𝑒−0.2𝑡 cos (0.6𝑡) . (46)

All the possible information transmission relationships
among agents are shown in Figure 1.Then, the corresponding
Laplacian matrices are given as follows, respectively.

𝐿1 =
[[[[[
[

1 −1 0 0
0 1 0 −1
0 −1 1 0
−1 0 0 1

]]]]]
]
,

𝐿2 =
[[[[[
[

1 0 0 −1
−1 1 0 0
0 −1 1 0
0 −1 0 1

]]]]]
]

(47)

Figure 2 shows the switching of two modes in a Markov
chain. Suppose that the probability transition matrix is
defined as

Π = [−5 5
2 −2] (48)

Given that ℎ = 0.1, 𝜎1 = 0.1, 𝜎2 = 0.2, minimum
allowable delay 𝜏𝑚 = 0.1 and the maximum allowable delay𝜏𝑀 = 0.5. Let the initial states 𝑥1(0) = [3; −1], 𝑥2(0) =[1; −1], 𝑥3(0) = [1; −3], 𝑥4(0) = [−3; 3]. By solving LMIs in
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Figure 3: Filtering error response.

Theorem 9, we can obtain parameters of the designed filter
(3),

𝐴𝑓1 = [−24.8840 52.462
−9.6761 20.1822] ,

𝐵𝑓1 = [−0.6878−0.2918]
𝐶𝑓1 = [−1.3535 0.0581]
𝐴𝑓2 = [−58.5910 137.6004

−22.9133 53.7343 ] ,

𝐵𝑓2 = [0.88930.3558]
𝐶𝑓2 = [−0.1373 −0.0623] × 10−5,

(49)

and the event-triggered parameters,

𝜙1 = 15.5816,
𝜙2 = 7.9041 (50)

In Figure 3, it shows the filtering error of agent 𝑖 (𝑖 =1, 2, 3, 4). In Figure 4, it depicts the state curves of 𝑧𝑖(𝑡) and
estimation signal 𝑧𝑓𝑖(𝑡) (𝑖 = 1, 2, 3, 4). The event-triggered
release instants and intervals of agent 𝑖 (𝑖 = 1, 2, 3, 4) are
shown in Figure 5. Letting the simulation time t=30, we can
get that agent 1 triggers 84 times, agent 2 triggers 36 times,
agent 3 triggers 40 times, and agent 4 triggers 92 times. If𝜎𝑟 = 0 (time-triggered), there are 300 times transmitted. We

can find clearly that the event-triggered control strategy (12)
efficiently saves the network resources.

5. Conclusion

In this paper, we study the problem of 𝐻∞ filtering for
MASs withMarkovian switching topologies. Considering the
effect of switching topologies and network-induced delay, we
adopt a reasonable event-triggered mechanism to reduce the
amount of network transmission. By employing Lyapunov
stability theory and LMI technique, some sufficient condi-
tions are obtained which can ensure filtering error system to
achieve mean square stable with an𝐻∞ norm bound. Finally,
a numerical example is provided to show that the method we
proposed is feasible and effective.

Data Availability

(i)The system parameters A, B, C1, C2, D used to support the
findings of this study are included within the article. (ii) The
external disturbance𝑤𝑖(t) used to support the findings of this
study titled “Event-triggered H∞ Filtering for Discrete-Time
Neural Networks with Missing Measurements” is available
from the corresponding author upon request. (iii) The initial
states 𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0) used to support the findings
of this study are includedwithin the article. (iv)TheLaplacian
matrices 𝐿1, 𝐿2 and probability transition matrix Π used to
support the findings of this study are included within the
article. (v)Thefilter parameters𝐴𝑓1,𝐴𝑓2,𝐵𝑓1,𝐵𝑓2,𝐶𝑓1,𝐶𝑓2
and event-triggered parameters Φ1, Φ2 used to support the
findings of this study are derived by solving LMIs, which are
included in the article.
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Figure 4: 𝑧𝑖(𝑡) and their estimation 𝑧𝑓𝑖(𝑡).
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With the rapid development of industry and technology, the electrical power system becomes more complex and the electrical
equipment becomes more diverse. Defective equipment is often the cause of industrial accidents and electrical injuries, which can
result in serious injuries, such as electrocution, burns, and electrical shocks. In some cases, electrical equipment fault may result in
death. However, in some special situation, some fault is very small even invisible, such as equipment aging, holes, and cracks, so the
detection of these incipient faults is difficult or even impossible. These potential incipient faults become the biggest hidden danger
in the electrical equipment and electricity power system. For these reasons, this paper proposes a superresolution reconstruction
method for electrical equipment incipient fault to ensure complete detection in electrical equipment, which aims to guarantee
the security of electrical power system operation and industry production. Experimental results show that this method can get a
state-of-the-art reconstruction effect of incipient fault, so as to provide reliable fault detection of electrical power system.

1. Introduction

In the electrical power system, there is no doubt that the
safety of electrical equipment is the basis for ensuring the
stability and reliability [1]. Aging and fine lines of electrical
equipment components can be characterized as incipient
fault of electrical equipment. In power system, fault of
electrical equipment components may manifest themselves
as abnormal deviations in system behavior and operation.
However, due to their very slow evolution, their effects may
be confused with noise and uncertainty, which constitutes the
characteristic that incipient fault is difficult to detect. Because
it is not easy to be discovered, incipient fault is often regarded
as precursors in significant accidents. Earlier detected type
and exact location of the fault can cause faster detection and
repairing of the fault, which is very important for the stable
operation of the power system [2]. In recent years, there are
many researchers who focus on fault detection of the elec-
trical power system. Huang D et al. developed a transformer
fault information pattern recognition and diagnosis model
using the objective entropy weight method [3]. Taha I B M
et al. designed a conditional probability scheme to inspect

transformer incipient fault [4]. And Huang D et al. presented
an improved hidden Markov model (HMM) algorithm for
fault diagnosis of urban rail transit motors equipment; they
also used a back-propagation neural network for multiple
fault of complex equipment bearings [5, 6]. However, these
methods can only be targeted at minor devices, failing to
accurately determine potential incipient fault, which is a
limitation in fault detection application. At present, it seems
that few works are concerned with the topic of incipient fault
detection [7–9]. In view of the above situation, this paper
proposes a preprocessing method based on superresolution
(SR) reconstruction, which can helpfully detect the incipient
fault by improving the resolution of the electrical equipment
image. In this method, a deep network structure is combined
with sparse prior information, so as to obtain the high-
resolution (HR) version by mapping from low-resolution
(LR) input. Finally the SR reconstruction result of incipient
fault can be obtained to improve the subjective visual effect,
which can help detect and analyze the electrical equipment
fault.

This paper is organized as follows. The basic framework
and methods of SR are discussed in Section 2. In Section 3,

Hindawi
Journal of Control Science and Engineering
Volume 2018, Article ID 1630402, 11 pages
https://doi.org/10.1155/2018/1630402

http://orcid.org/0000-0002-4634-3768
https://doi.org/10.1155/2018/1630402


2 Journal of Control Science and Engineering

camera 
lens

Camera internal 
processor

The red component in
digital raw image

The green component
in digital raw image

The blue component
in digital raw image

0

0

0

0

0

0

0

0
0

0

0

0

0

0

0

0
0

0

0

0

0
0

0

0
0 0

0

0

0

0

0

0 255

255

255 255255

255255

255

255

255 255

255255
255255

255 255 255

255255
255

255255

255
255

255

255

255

255 255

255

255

0

0

0 0

0

0

0 0

0

0 00

0 0

0

0

00 0

0

0

0

0

0

0

0

0

0

0

0

0

0255 255

255

255

255

255

255

255

255

255

255

255

255

255

255255

255

255

255

255

255255

255

255

255 255

255

255

255

255

255255

0

0

0

0 0

0 0 0 0

000

000

000

000

00000

0 0

00 0 0255

255

255

255 255 255

255 255 255

255 255

255 255 255 255 255

255

255

255

255

255

255

255 255255

255

255

255

255 255

255255

(a) The colorful imaging process of a natural scene
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(b) The image degraded model

Figure 1: Imaging process and image degraded model.

we evaluate our model on some electrical equipment images
containing electrical fault and give a detailed analysis of these
results. Finally, Section 4 draws a conclusion.

2. SR Reconstruction Method of Electrical
Equipment Incipient Fault

2.1. Basic Framework of SR. In some special electrical situ-
ations where it is difficult to produce HR monitoring video
(images), SR reconstruction is an efficient method to improve
the resolution of the captured monitoring video (images).
SR is a problem of obtaining a HR image from multiple
or single LR images [10], which is an inverse problem of
imaging process. In imaging process, the LR image is acquired
through various imaging devices which are corrupted by
noise and other degraded effect [11–13], and the imaging
process is shown in Figure 1(a). It is worthwhile to improve
the resolution of LR images in some special situations. The
observation model of imaging process is mathematized as (1)
and shown in Figure 1(b).

𝑔 (𝑥, 𝑦) = ℎ (𝑥, 𝑦, 𝜀, 𝜂) ⋅ 𝑓 (𝑥, 𝑦) + 𝑛 (𝑥, 𝑦) (1)

where f(x,y) represents the original real HR continuous
natural scene, g(x,y) is the output digital LR image, h(x,y,𝜀,𝜂)
is the point-spread function (PSF), which represents blurring
matrices and downsampling matrices, and n(x,y) is the
additive noise from different environment and device [14].
From this observation model, SR is an ill-posed inverse
problem of reconstructing a HR image from an observed LR
image.

Figure 1(a) is the basic illustration of the colorful imaging
process of a natural scene, which can obtain R, G, and B

channel of an image, respectively, by CCD array. Figure 1(b)
is the image degraded model; it corresponds to (1). SR is an
inverse process of Figure 1(b), so it is an ill-posed inverse
problem which estimates a HR version closed to an original
real HR scene.

In recent image processing area, the type of SR recon-
struction can be divided into single-image SR, single-video
SR, and multiple-video SR. This paper focuses on single-
image SR; it is more useful in the incipient fault detection
of electrical equipment. Single-image SR also can be divided
into classical method [15, 16] and learning-based method
[17–19]. Figure 2(a) shows the classical multiframe image to
achieve single-image SR; there are 4 LR images with subpixel
translation; the complementary information can be fused to
reconstruct aHR imagewith higher resolution. In Figure 2(a),
all of the small circulars, rhombuses and triangles represent
subpixel different sample points in HR grid, respectively.

The other recently popular method is learning-based SR
reconstruction, one of which is illustrated in Figure 2(b)
[20]. All of these methods use single-scale or multiscale
information to get learning network, so as to achieve HR
reconstruction from LR input. In this paper, we adopt the
second SR framework to reconstruct detailed information of
incipient fault on electrical equipment.

2.2. SR Reconstruction Method for Incipient Fault Detection.
For what is detailed above, in order to accurately detect
the incipient fault and guarantee safety of electricity power
system, improving the resolution of monitoring images of
electrical equipment is an effective pathway. A SR reconstruc-
tion method is introduced in this paper, which adopt the
idea of deep learning network model [21] shown in Figure 3.
This model combines the traditional sparse coding model
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Figure 3: Illustration of sparse coding combined neural network SR reconstruction [21].

into deep learning so as to obtain HR result, which extends
the conventional sparse coding model using several key ideas
fromdeep learning, and complements large learning capacity
to improve SR reconstruction performance.

Firstly, we implement a feed-forward neural network
whose layers strictly correspond to each step in the processing
flow of sparse coding based image SR; the framework is
shown in Figure 3. In this way, the sparse representation
prior is effectively encoded in our deep network structure;
all the coded components are trained jointly through back-
propagation. This method includes three stages as shown
in Figure 3. The first stage S1 is a convolutional process,
which is patch extraction and representation. LR image Iy
is the Bicubic-upscaled version of input real LR image, and
this layer extracts feature for each LR patch of size 5 × 5.
In this stage, the size of our input patch y must be the
same as the filter spatial size as sy × sy. This process can be
represented as S1(y) =max (0,w1 ∗ y+b1); here w1 and b1 are
convolution filter and deviation, respectively. In this paper,
we extract 100-dimension feature in this stage. The middle
stage of this model S2 is a high-dimension mapping process,
which includes three linear layers shown in Figure 4 [22].
The sparse code 𝛼 is multiplied with HR dictionary Dx in
the last linear layer to reconstruct HR patch. This stage is

H
G+

yIy

k
11

× Dx

÷

÷S
W

×
x

Ix





 



Figure 4: Process of middle mapping stage S2 [22].

equal to a filter with simple spatial support 1 × 1; it also can
be mathematized as S2(y) =max [0,w2 ∗ S1(y)+b2]. Here w2
and b2 are also filter and deviation, respectively, just like in
stage S1. The final stage S3 in this model is reconstruction,
which is also a convolution similar to S1. In this stage, all
the recovered patches are placed back to the corresponding
positions in the HR grid through a convolutional filter, so
as to get the HR output result. This model combined with
the focal points of sparse coding and the strong points of
deep learning to achieve SR reconstruction. As a result, HR
version of the incipient fault on electrical equipment can be
more visible and helpful in achieving easier fault detection.
The recurrent middle stage adopted the idea referred in [22],
which is mathematized as Eq. (2)

𝑍𝑘+1 = ℎ𝜃 (𝑊𝑦 + 𝑆𝑧𝑘) (2)



4 Journal of Control Science and Engineering

(b1) SRCNN 

(30.32dB/0.9530) 

(a1) Bicubic 

(29.65dB/0.9516) 

(c1) Our method 
(30.43dB/0.9536) 

(d1) Original HR image 

Figure 5: Simulated gaps fault in the ceramic insulators.

where y is the input signal and h𝜃 is an coordinate-
wise shrinkage function defined as [h𝜃(𝛼)]i = sign(𝛼i)𝜃i(|𝛼i|/
𝜃i−1)+ = 𝜃ih1(𝛼i/𝜃i) with positive threshold 𝜃. W is the
transpose of the dictionary matrix Dy, and S is DY

T ⋅ Dy.
The matrices W and S are learned so as to minimize the
approximation error to the optimal sparse coding on a
given dataset. The final convolution stage S3 producing HR
reconstruction result is described as S3(y) =w3 ∗ S2(y)+b3,
b3 is a vector, and w3 project the coefficients to image spatial
domain to get averaged HR result [22, 23].

On the other hand, loss function is also needed in this
model, which can be obtained by minimizing reconstruction
result S3(y) and corresponding original HR version Ix. In this
paper, mean squared error (MSE) is adopted as loss function
in this model, which is shown in

𝑀𝑆𝐸 = 𝑆𝑆𝐸
𝑛
= 1
𝑛
∑ 𝑖 = 𝑤𝑖 (𝐼𝑖 − 𝑦𝑖)

2 (3)

Here SSE is the sum of squared error, n is the number of
samples, weight wi > 0, Ii is the original HR image, and yi
is the estimated SR reconstruction HR result.

3. Experiment

In order to show the efficiency of the proposed method for
incipient fault SR reconstruction of electrical equipment, we
give two experiments to straightly verify the effective result.
One is simulation incipient fault image SR, and some good
electrical equipment is manually added and some incipient
fault on the surface. The other is electrical equipment images
with real incipient fault on the surface.

In these experiments, we firstly perform incipient fault
extraction on images captured by high-definition (HD) cam-
era, and then a degraded processing is applied to change the
resolution to be 256∗256, which is referred to as original HR

image. For SRmodel, the resolution of LR input is 128∗128 by
Bicubic interpolation. In our SR reconstruction process, the
upscaling factor is 2. In order to clearly show the efficiency
of the detailed method in this paper, the result of Bicubic
interpolation, SR reconstruction of SRCNN [24], SR result
by proposed method in this paper, and the ground-truth
HR image are all provided to give a complete subjective
comparable effect. At the same time, we also provide the
objective quantitative metric peak-signal-noise-ratio (PSNR)
[25, 26] and structural similarity index metric (SSIM) [25,
27] to evaluate all of these results, so as to further validate
efficiency of the detailed method in this section. PSNR is a
classical objective metric for image quality evaluation, which
is widely used in many real applications. SSIM is a popular
image quality assessment based on computing the structure
similarity; it also provides superior performance.

3.1. Simulation Incipient Fault Experiment. In the following
simulation experiment, we simulate the incipient fault of
common four types of electrical equipment in substations. In
Figures 5–8, we simulate the gaps and the oil pillow’s leakage
of insulator marked by gray part; we also simulate the 35kv
transformer’s crack with a black broken line, and a painted
brown part on the circuit breaker is the simulated rust stain.
All of these artificially added parts are simulated fault on
the electrical equipment, which are very small or invisible
in natural scene, because the size of electrical equipment is
usually large or huge. Note that, in order to better display the
visual results, we select detailed information of the fault for
each image and enlarge them to show better display. All the
following experiments also follow this rule.

From the different SR reconstruction results in Figures
5–8, the details of Bicubic reconstruction in Figures a1-a4 are
the most obscured and ambiguous. Although the results of
SRCNN shown in Figures b1-b4 are slightly clear, the detailed
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(a2) Bicubic 
(27.02dB/ 0.8715)

(b2) SRCNN 
(28.67dB/0.8756)

(c2) Our method
(28.95dB/0.8793)

(d2) Original HR image

Figure 6: Simulated oil leaking in the transformer’s oil pillow.

(b3) SRCNN 

(25.01dB/0.8318) 

(a3) Bicubic 

(23.85dB/0.8231) 

(c3) Our method 
(25.18dB/0.8327) 

(d3) Original HR image 

Figure 7: Simulated cracks in the 35 kv transformer.

information is not sufficient enough to make accurate fault
judgments. It is clearly shown that the image c1-c4 has a fine
edge structure; the image feature structure is closer to the
HR image (d1-d4). In the image detected by our method, the
edge portion of the electrical device has more zigzag texture,
and the image sharpening effect is better, so that the shape
and angle of the notch and crack can be clearly observed
to help diagnose electrical equipment incipient fault. All of
the objective evaluation values are included in Table 1, which

also proves the efficient SR reconstruction of the proposed
method in this paper.

3.2. Real Incipient Fault Experiment. Although the simula-
tion incipient fault SR experiment is effective and credible, we
further provide real incipient fault SR experiment to validate
the proposed method. Similar to the above experiments, we
detect the actual fault commonly found in substations. In the
same way, we also give objective evaluation and subjective
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(b4) SRCNN

(27.92dB/0.8699)

(a4) Bicubic

(26.38dB/0.8608)

(c4) Our method
(28.19dB/0.8735)

(d4) Original HR image

Figure 8: Simulating the rust in the circuit breaker.

Table 1: The objective comparison (PSNR / SSIM) of simulation incipient fault by three methods. Bold indicates the best performance.

Figure 5 Figure 6 Figure 7 Figure 8
Bicubic (29.65 dB/0.9516) (27.02 dB/ 0.8715) (23.85 dB/0.8231) (26.38 dB/0.8608)
SRCNN (30.32 dB/0.9530) (28.67 dB/0.8756) (25.01 dB/0.8318) (27.92 dB/0.8699)
Our method (30.43 dB/0.9536) (28.95 dB/0.8793) (25.18 dB/0.8327) (28.19 dB/0.8735)

Table 2: The objective comparison (PSNR / SSIM) of actual incipient fault by three methods. Bold indicates the best performance.

Figure 9 Figure 10 Figure 11 Figure 12
Bicubic (29.12 dB/0.8541) (25.63 dB/ 0.8554) (33.45 dB/0.9388) (31.95 dB/0.8828)
SRCNN (29.30 dB/0.8543) (26.91 dB/0.8664) (34.26 dB/0.9400) (32.62 dB/0.8852)
Our method (29.37 dB/0.8543) (27.07 dB/0.8669) (34.51 dB/0.9415) (32.76 dB/0.8856)

evaluation indicators based on human vision in this SR
reconstruction experiment.

In the power system, once incipient fault such as cracks
and gaps occur in electrical equipment, which are difficult to
be discovered by human, they even lead to a huge accident
crisis for the whole system. In Figures 9–12, the Bicubic inter-
polation reconstruction (a5-a8) has the most blurring fault
edge information and the highest distortion, which is helpless
for the detection of incipient fault. The SR reconstruction
results (b5-b8) by SRCNN are relatively acceptable. In Table 2
and Figure 13 (average value of these three methods of PSNR
and SSIM), the results of the proposed method in this paper
(c5-c8) are absolutely superior to Bicubic and SRCNN, the
edges and lines of the fault aremore clear, and the crack length
and shape are more obvious. So it is shown that the proposed
method is the effective way to make the incipient fault more
visible.

3.3. Low-ResolutionActual Incipient Fault Experiment. In this
subsection, the incipient fault images are captured by LR

imaging device (such as cellphone with LR shot camera);
some of them are also captured in special conditions such
as dim environments. In this case, the original LR image
is 128 ∗ 128, and the upscaled factor is 2. Because there
is not a HR version for objective quality evaluation, the
blind image quality metric (BRISQUE) [28, 29] is adopted
in this experiment. BRISQUE is a widespread no-reference
image quality metric; it extracts mean subtracted contrast
normalized (MSCN) coefficients to fit asymmetric general-
ized Gaussian distribution (AGGD), so as to estimate the
image quality.

Figures 14 and 15 are electrical equipment LR images
captured in a dim environment; most of the incipient fault is
difficult to detect under such circumstance. The burr sparked
by insulator in Figure 14 and the soldering position on
the switch blade in Figure 15 are easy to be recognized by
SR reconstruction. Comparable fine structure SR results in
Figure c9-10 are more vivid than other results. Furthermore,
the objective evaluation metric of BRISQUE also proves the
proposed method is higher than the SR results by other
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(a5) Bicubic

(29.12dB/0.8541)

(b5) SRCNN

(29.30dB/0.8543)

(c5) Our method
(29.37dB/0.8543)

(d5) Original HR image

Figure 9: Insulators on low voltage knife gates.

(a6) Bicubic 
(25.63dB/ 0.8554) 

(b6) SRCNN 
(26.91dB/0.8664) 

(c6) Our method 
(27.07dB/0.8669)

(d6) Original HR image 

Figure 10: Oil leak in the transformer’s oil pillow.

methods (lower BRISQUE value means more quality or
higher resolution of the image) in Table 3.

4. Conclusion

A SR reconstruction method combining sparse coding and
deep learning is used in this paper, so as to achieve pre-
processing for accurate incipient fault detecting of electrical
equipment. It can be seen from the subjective and objective
results compared with other methods that the proposed SR

Table 3: The objective comparison (BRISQUE) of actual incipient
fault by three methods. Bold indicates the best performance.

Figure 14 Figure 15
Bicubic (0.5378) (0.5039)
SRCNN (0.5037) (0.4604)
Our method (0.4904) (0.4539)

method in this paper achieved significant visual improve-
ment in image resolution. Through the above-mentioned
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(a7) Bicubic 

(33.45dB/0.9388) 

(b7) SRCNN 

(34.26dB/0.9400) 

(c7) Our method 
(34.51dB/0.9415) 

(d7) Original HR image 

Figure 11: Cracks on the body of transformer.

(d8) Original HR image 

(a8) Bicubic 
(31.95dB/0.8828) 

(b8) SRCNN 
(32.62dB/0.8852) 

(c8) Our method 
(32.76dB/0.8856) 

Figure 12: Rusts on the circuit breaker.

detection of a series of initial defect incipient fault, such
as incompleteness, cracks, and blemishes, this method can
obtain relatively clear effect and retain most of fine edge
information. Applying this method for practical incipient
fault detection can improve fault resolution and achieve

accurate fault location and judgment, so as to ensure the
safe operation of electrical equipment and electricity power
system. For actual application, our further work will combine
this method in fault diagnosis and other areas, to ensure the
reliability of electrical system operation.
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Figure 13: Average value of PSNR and SSIM of actual fault detection by three methods. Red indicates the best performance.

(a9) Bicubic
(0.5378)

(b9) SRCNN
(0.5037)

(c9) Our method
(0.4904)

Figure 14: Insulators on poles.

(c10) Our method
(0.4539)

(b10) SRCNN(a10) Bicubic
(0.4604)(0. 5039)

Figure 15: Switch knife.
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This paper is devoted to the co-design strategy of event-triggered scheme and dynamic output feedback controller for a class of
discrete-time networked control systems (NCSs) with random time delay. An event-triggered mechanism is given to ease the
information transmission. Both the sensor and controller are set withmode-dependent quantizers in the system. AMarkov process
is used tomodel the time delaywhich is used to describe the quantization density. By employing the Lyapunov-Krasovskii functional
and linear matrix inequality (LMI), sufficient conditions are obtained for the system. A specific example is given to demonstrate
the proposed approach.

1. Introduction

In recent years, a boom of computer science and technology
has led to the increasing role of network control in industry.
Nevertheless, main problems in the network such as time
delay, disorder, packet loss, and the occupation of network
bandwidth cannot be ignored.

The issue of time delay is usually treated as the major
cause of deterioration of system performance which has been
dealt with by quite a few researchers, and they proposed a
variety of approaches to these problems; see [1–5]. In [6],
the authors propose sequential measurement fusion and state
fusion estimation methods to deal with delayed data for
clustered sensor networks, since they can handle the data that
are available sequentially. In order to save network resources,
some literatures have proposed time-triggered mechanism
(such as [7–9]); this scheme transfers each sample data which
reduces the utilization of network bandwidth. The event-
triggering mechanism proposed in the 1990s is more advan-
tageous than the time-triggered scheme (see [10–13]), which
means that the data will not be transmitted unless condition
set in advance is satisfied, and then it will reduce the time of
accessing network and save the network resources. In [14],
the event-triggered scheme is applied to the fault detection
to guarantee the fault detection accuracy. Furthermore, an

event-triggered scheme with an adaptive threshold would
subserve the quality of the control; see [15, 16].

Quantization also has become a research hotspot these
years, paper [17] notes that quantization process plays an
important role in the networked control systems, an adaptive
quantizer can help to alleviate network congestion andmain-
tain system stability, paper [18] proposes a quantized state
feedback strategy for global and asymptotical stabilization of
the networked control systems, papers [19, 20] address the
problem of output feedback control for networked control
systems with limited information, it should be noted that the
impact of quantification cannot be ignored, and, in [18, 19,
21], the quantization deviation is disposed as an uncertainty.
Papers [20, 22, 23] design dynamic quantizer to reduce the
impact of the quantization error.

Markov jump system is a random system with multi-
modes which has attracted much attention in the past few
decades (see [24–26]); the jump transition of the system in
each mode is determined by a Markov chain so it can be
applied to themultimodes inmany kinds of systems. In [4, 27,
28], theMarkov process is applied tomodeling the time delay,
in [10, 20], the time delay is used to describe the quantization
density in the formof function and the authors investigate the
dynamic quantization output feedback controller; in [10], the
author also takes into account an event-triggered scheme to
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Figure 1: The structure of NCS with event-trigger and quantizers.

the aforementioned systems. Nevertheless, no article has con-
sidered a system with a dynamic output feedback controller
and two quantizers based on event-triggered scheme.

In the view of the aforementioned analysis, in this paper,
we aim to investigate the co-design strategy of the event-
triggered scheme and dynamic output feedback controller.
An adaptive event-triggered mechanism is presented to
reduce the information transmission. A Markov chain is
applied to modeling the time delay which is used to describe
quantization density as a function to ease bandwidth usage.
Methods utilizing Lyapunov-Krasovskii functional and linear
matrix inequality (LMI) are presented to develop the suf-
ficient conditions of stochastic stability. An event-triggered
scheme based dynamic output feedback controller is adopted
to guarantee the performance of the closed-loop system.
Finally, an example demonstrates the proposed method in
detail.

The remainder of this paper is organized as follows.
The system description and formulation are provided in
Section 2. The sufficient condition of stochastic stability
and the co-design strategy are presented in Section 3. In
Section 4, a simulation example is presented to demonstrate
the feasibility of the proposed approach. The conclusion is
given in Section 5.

2. Problem Formulation

The plant of NCS is considered as a discrete-time model

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘)
𝑦 (𝑘) = 𝐶𝑥 (𝑘) (1)

where 𝑥(𝑘) ∈ 𝑅𝑛 is the system state, 𝑢(𝑘) ∈ 𝑅𝑚 is the control
input, and 𝑦(𝑘) ∈ 𝑅𝑛 is the output, 𝐴, 𝐵, and 𝐶 are constant
matrices of appropriate dimensions, and the structure of our
concerned NCS is shown as in Figure 1.

Throughout the paper, some assumptions as follows are
needed for the considered NCS.

Assumption 1. Both the controller and actuator are event-
driven, while the sensor is time-driven with a sampling
period ℎ.
Assumption 2. The data communication in the network is
assumed to be single packet transmission without packet
dropout.

Assumption 3. The network-induced delay is smaller than
one sampling period and bounded by 0 ≤ 𝜏 ≤ 𝜏𝑘 ≤ 𝜏.

The event-triggered scheme is shown as follows:

𝑒T (𝑘) 𝑒 (𝑘) ≥ 𝜎 (𝑘) 𝑦T (𝑘) 𝑦 (𝑘) (2)

where 𝑘 is the sampling instant and 𝑘 = 0, 1, 2, ⋅ ⋅ ⋅ . 𝑒(𝑘) is the
quantization error and defined as

𝑒 (𝑘) = 𝑦 (𝑘) − 𝑦 (𝑘 − 1) (3)

where 𝑦(𝑘 − 1) is the latest transmitted signal and 𝑦(𝑘) is the
signal which is to be transmitted. Based on [10], 𝜎(𝑘) is the
adaptive threshold and defined as

𝜎 (𝑘) = {{{
𝜎1, 𝑖𝑓 𝑒T (𝑘 − 1) 𝑒 (𝑘 − 1) ≥ Δ
𝜎2, 𝑖𝑓 𝑒T (𝑘 − 1) 𝑒 (𝑘 − 1) ≤ Δ (4)

and 𝛼(𝑘) is defined as

𝛼 (𝑘) = {{{
1, 𝑖𝑓 (2) 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (5)

and

𝑦 (𝑘) = 𝛼 (𝑘) 𝑦 (𝑘) + (1 − 𝛼 (𝑘)) 𝑦 (𝑘 − 1) (6)

The quantization density in this paper is designed as a
function of time delay 𝜏𝑘 = 𝜏(𝑘), which is modeled as
a discrete homogeneous Markov chain {𝑟𝑘, 𝑘}, with a finite
number of states 𝜔 = {1, 2, . . . , 𝑠}, and the transition
probability of this Markov chain from mode 𝑖 to mode 𝑗 at
time 𝑘 + 1 is

𝑝𝑖𝑗 = 𝑃𝑟𝑜𝑏 {𝑟𝑘+1 = 𝑗 | 𝑟𝑘 = 𝑖} (7)

where 𝑖, 𝑗 ∈ 𝜔 and 0 ≤ 𝑝𝑖𝑗 ≤ 1.
The quantizer 𝑓 is described as follows:

𝑓 (𝑦𝑗, 𝑖)

=
{{{{{{{{{{{{{{{{{

𝜌ℎ (𝑖) , 𝑖𝑓 𝜌ℎ (𝑖)1 + 𝛿 (𝑖) < 𝑦𝑗 < 𝜌ℎ (𝑖)1 − 𝛿 (𝑖) ,𝑦𝑗 > 0, ℎ = 0, ±1, ±2, ⋅ ⋅ ⋅
0, 𝑖𝑓 𝑦𝑗 = 0
−𝑓 (−𝑦𝑗, 𝑖) , 𝑖𝑓 𝑦𝑗 < 0

(8)

where 𝑗 = 1, 2, . . . , 𝑠, and the relation between 𝛿𝑓(𝑖) and 𝜌𝑓(𝑖)
is

𝛿𝑓 (𝑖) = 1 − 𝜌𝑓 (𝑖)1 + 𝜌𝑓 (𝑖) (9)

and the quantized set is

𝜁 = {±𝜌ℎ (𝑖) , ℎ = 0, ±1, ±2, ⋅ ⋅ ⋅} (10)
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Based on [21], Δ𝑓 ∈ [−𝛿𝑓(𝑖), 𝛿𝑓(𝑖)], and then

𝑓 (𝑦𝑗, 𝑖) = (1 + Δ𝑓) 𝑦 (𝑘) (11)

The quantized density and quantized set of the quantizer𝑔 is similar to the quantizer 𝑓, and it can be expressed as
follows:

𝑔 (𝑢𝑟, 𝑖) = (1 + Δ 𝑔) 𝑢 (𝑘) (12)

where 𝑟 = 1, 2, ⋅ ⋅ ⋅ , 𝑚 and Δ 𝑔 ∈ [−𝛿𝑟(𝑖), 𝛿𝑟(𝑖)].
According to the above statement, the dynamic output

feedback controller is designed as

𝑥 (𝑘 + 1) = 𝐴𝑐 (𝑖) 𝑥 (𝑘) + 𝐵𝑐 (𝑖) 𝑦 (𝑘 − 𝜏𝑘)
𝑢 (𝑘) = 𝐶𝑐 (𝑖) 𝑥 (𝑘) (13)

Combining (11) and (12), the closed-loop system of (1) can be
represented as follows:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵 (1 + Δ 𝑔) 𝐶𝑐 (𝑖) 𝑥 (𝑘)
𝑥 (𝑘 + 1) = 𝐴𝑐 (𝑖) 𝑥 (𝑘) + 𝐵𝑐 (𝑖) (1 + Δ𝑓) 𝐶𝑥 (𝑘 − 𝜏𝑘)

− 𝐵𝑐 (𝑖) (1 + Δ𝑓) (1 − 𝛼 (𝑘)) 𝑒 (𝑘)
𝑒 (𝑘 + 1) = (𝐶𝐴 − 𝐶) 𝑥 (𝑘) + 𝐶𝐵𝐶𝑐 (𝑖) (1 + Δ 𝑔) 𝑥 (𝑘)

+ (1 − 𝛼 (𝑘)) 𝑒 (𝑘)

(14)

Define an augmented vector

𝜂 (𝑘) = [𝑥T (𝑘) 𝑥T (𝑘) 𝑒T (𝑘)]T (15)

and then

𝜂 (𝑘 + 1)
= (Φ1𝛼(𝑘) (𝑖) + Φ2 (𝑖) + Φ3 (𝑖) (1 + Δ 𝑔)) 𝜂 (𝑘)
+ Φ4𝛼(𝑘) (𝑖) (1 + Δ𝑓) 𝜂 (𝑘 − 𝜏𝑘)

(16)

where

Φ1𝛼(𝑘) (𝑖) = [[[
𝐴 0 0
0 0 0

𝐶𝐴 − 𝐶 0 (1 − 𝛼 (𝑘)) 𝐼
]]
]

Φ2 (𝑖) = [[[
0 0 0
0 𝐴𝑐 (𝑖) 00 0 0

]]
]

Φ3 (𝑖) = [[[
0 𝐵𝐶𝑐 (𝑖) 0
0 0 0
0 𝐶𝐵𝐶𝑐 (𝑖) 0

]]
]

Φ4𝛼(𝑘) (𝑖) = [[[
0 0 0

𝐵𝑐 (𝑖) 𝐶 0 − (1 − 𝛼 (𝑘)) 𝐵𝑐 (𝑖)0 0 0
]]
]

(17)

We define

𝐽 = ∞∑
𝑘=0

(𝑥 (𝑘)𝑢 (𝑘))
T 𝑄 (𝑥 (𝑘)𝑢 (𝑘)) (18)

as the cost function for system (16), where 𝑄 =
diag{𝑄1, 𝑄2} ∈ 𝑅2𝑛×2𝑛, 𝑄1 ∈ 𝑅𝑛×𝑛, and 𝑄2 ∈ 𝑅𝑛×𝑛.
3. Main Results

The stabilization of the closed-loop system (16) will be
considered in this section, and, before going any further, a
lemma and a definition are introduced, which will be helpful
for deriving the following results.

Lemma 4 (see [10]). Let 𝑥(𝑘) = 𝑥(𝑘 + 1) − 𝑥(𝑘),
𝜂 (𝑘)
= [𝜂T (𝑘) 𝜂T (𝑘) ΔT

𝑔 𝜂T (𝑘 − 𝜏𝑘) 𝜂T (𝑘 − 𝜏𝑘) ΔT
𝑓]T , (19)

and 𝜂(𝑘) ∈ 𝑅𝑙, for any matrices 𝐸 ∈ 𝑅𝑛×𝑛, 𝑀 ∈ 𝑅𝑛×𝑙, and𝑍 ∈ 𝑅𝑙×𝑙 satisfying
[ 𝐸 𝑀
𝑀T 𝑍] ≥ 0 (20)

Then the following inequality holds:

− 𝑘−1∑
𝑖=𝑘−𝜏

𝑥 (𝑖)T 𝐸𝑥 (𝑖) ≤ 𝜂T (𝑘) {𝛾 + 𝛾𝑇 + 𝜏𝑍} 𝜂 (𝑘) (21)

where

𝛾 = 𝑀T [diag {𝐼, 0, 0} 0 diag {−𝐼, 0, 0} 0] (22)

Proof is given in the Appendix.

Definition 5 (see [20]). The closed-loop systems given in (23)
is stochastically stable; i.e., there exists a constant 0 ≤ 𝛼 ≤ ∞,
such that 𝐸{∑∞𝑙=0 𝜂T(𝑙)𝜂(𝑙)} < 𝛼 for any initial states 𝑥(0) and𝑟0.
Theorem6. For givenmatrices𝐴𝑐(𝑖),𝐵𝑐(𝑖), and𝐶𝑐(𝑖), positive
constants 𝜏, 𝜏, and quantization density values 𝜌𝑓(𝑖) and𝜌𝑔(𝑖), if there exists a set of positive definite matrices 𝐸𝛼(𝑘)(𝑖),𝑍𝛼(𝑘)(𝑖), 𝑄, 𝑃0(𝑖), 𝑃1(𝑖),𝑊0(𝑖),𝑊1(𝑖), 𝑄0(𝑖), 𝑄1(𝑖), 𝑇(𝑖),𝑁(𝑖),
and𝑀(𝑖) of appropriate dimensions the following inequalities
hold:
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𝑚𝑖𝑛 𝑡𝑟 (𝑃1 (𝑟0)) (23)

𝑠.𝑡. [𝐸𝛼(𝑖) (𝑖) 𝑀 (𝑖)
∗ 𝑍𝛼(𝑖) ] ≥ 0 (24)

Λ 0 (𝑖) + ΓT10 (𝑖) �̃�0 (𝑖) Γ10 (𝑖) + 𝜏𝑍0 (𝑖) + ΓT2 (𝑖) 𝜏𝐸0 (𝑖) Γ2 (𝑖) + 𝛾 (𝑖) + 𝛾T (𝑖) + 𝜎 (𝑖) 𝐼T1 𝐶T𝐶𝐼1 − 𝐼T2 𝐼2 < 0 (25)

Λ 1 (𝑖) + ΓT11 (𝑖) �̃�1 (𝑖) Γ11 (𝑖) + 𝜏𝑍1 (𝑖) + ΓT2 (𝑖) 𝜏𝐸1 (𝑖) Γ2 (𝑖) + 𝛾 (𝑖) + 𝛾T (𝑖) + 𝐼T2 𝐼2 − 𝜎 (𝑖) 𝐼T1 𝐶T𝐶𝐼1 < 0 (26)

Γ1𝛼(𝑘) = [Φ1𝛼 (𝑖) + Φ2 (𝑖) + Φ3 (𝑖) Φ3 (𝑖) Φ4𝛼(𝑘) (𝑖) Φ4𝛼(𝑘) (𝑖)]
Γ2 = [𝐴 𝐵 0 0]
𝐴 = [𝐴 − 𝐼 𝐵𝐶𝑐 (𝑖) 0]
𝐼1 = [diag {𝐼, 0, 0} 0 0 0]
𝐼2 = [diag {0, 0, 𝐼} 0 0 0]
𝛾 = 𝑀T [diag {𝐼, 0, 0} 0 diag {−𝐼, 0, 0} 0]
Λ 0 (𝑖) = diag {(𝜏 − 𝜏 + 1)𝑄 − 𝑃0 (𝑖) − 𝑇 (𝑖) − 𝑁 (𝑖) + ΨT (𝑖) 𝑄Ψ (𝑖) , −𝑊0 (𝑖) , 𝛿2 (𝑖)𝑊1 (𝑖) − 𝑄0, −𝑊1 (𝑖)}
Λ 1 (𝑖) = diag {(𝜏 − 𝜏 + 1)𝑄 − 𝑃1 (𝑖) − 𝑇 (𝑖) − 𝑁 (𝑖) + ΨT (𝑖) 𝑄Ψ (𝑖) , −𝑊2 (𝑖) , 𝛿2 (𝑖)𝑊3 (𝑖) − 𝑄1, −𝑊3 (𝑖)}
�̃�0 (𝑖) = 𝑠∑

𝑗=1

𝑝𝑖𝑗𝑃0 (𝑖) (𝑗)
�̃�1 (𝑖) = 𝑠∑

𝑗=1

𝑝𝑖𝑗𝑃1 (𝑖) (𝑗)

Ψ (𝑖) = [𝐼 0 0
0 𝐶𝑐 (𝑖) 0]

(27)

Then the closed-loop system (16) is stochastically stable with the
dynamic feedback controller.

Proof. Based on Lemma 4, (16) can be represented as follows:

𝜂 (𝑘 + 1) = Γ1𝛼(𝑘) (𝑟𝑘) 𝜂 (𝑘) (28)

where

Γ1𝛼(𝑘) = [Φ1𝛼 (𝑟𝑘) + Φ2 (𝑟𝑘)
+ Φ3 (𝑟𝑘) Φ3 (𝑟𝑘) Φ4𝛼(𝑘) (𝑟𝑘)Φ4𝛼(𝑘) (𝑟𝑘)] (29)

Then select Lyapunov-Krasovskii functional as

𝑉 (𝑘, 𝑟𝑘) = 𝑉1 (𝑘, 𝑟𝑘) + 𝑉2 (𝑘, 𝑟𝑘) + 𝑉3 (𝑘, 𝑟𝑘)
+ 𝑉4 (𝑘, 𝑟𝑘) + 𝑉5 (𝑘, 𝑟𝑘) (30)

where
𝑉1 (𝑘, 𝑟𝑘) = 𝜂T𝑘𝑃 (𝑟𝑘) 𝜂𝑘,
𝑉2 (𝑘, 𝑟𝑘) = −1∑

𝑙=−𝜏

𝑘−1∑
𝑗=𝑘+𝑙

𝑥T𝑗 𝐸 (𝑟𝑘) 𝑥𝑗,
𝑉3 (𝑘, 𝑟𝑘) = 𝜂𝑇𝑘𝑇 (𝑟𝑘) 𝜂𝑘,
𝑉4 (𝑘, 𝑟𝑘) = 𝑘−1∑

𝑙=𝑘−𝜏𝑘

𝜂T𝑘𝑄 (𝑟𝑘) 𝜂𝑘
+ −𝜏+1∑
𝑙=−𝜏+2

𝑘−1∑
𝑗=𝑘+𝑙−1

𝜂T𝑗𝑄 (𝑟𝑘) 𝜂𝑗,
𝑉5 (𝑘, 𝑟𝑘) = 𝜂T𝑘𝑇 (𝑟𝑘) 𝜂𝑘,

(31)

Let 𝐸𝛼(𝑘+1) (𝑟𝑘+1) = 𝐸0 (𝑟𝑘)
𝑄𝛼(𝑘+1) (𝑟𝑘+1) = 𝑄0 (𝑟𝑘) (32)
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Then we can obtain the following equalities and inequalities:

Δ𝑉1 (𝑘, 𝑟𝑘) = 𝜂T𝑘 ΓT1𝛼(𝑘)�̃� (𝑟𝑘) Γ1𝛼(𝑘)𝜂𝑘 − 𝜂T𝑘𝑃 (𝑟𝑘) 𝜂𝑘,
Δ𝑉2 (𝑘, 𝑟𝑘) = 𝑥T𝑘𝜏𝐸0 (𝑟𝑘) 𝑥𝑘 − 𝑘−1∑

𝑙=𝑘−𝜏

𝑥T𝑘𝐸0 (𝑟𝑘) 𝑥𝑘
≤ 𝜂 (𝑘) [ΓT2 (𝑟𝑘) 𝜏𝐸0 (𝑟𝑘) Γ2 (𝑟𝑘) + 𝛾 (𝑟𝑘) + 𝛾T (𝑟𝑘)
+ 𝜏𝑍 (𝑟𝑘)] 𝜂,

Δ𝑉3 (𝑘, 𝑟𝑘) = 𝜂T𝑘 ΓT1𝛼(𝑘) (𝑟𝑘) 𝑇0 (𝑟𝑘) Γ1𝛼(𝑘)𝜂 (𝑘)
− 𝜂T𝑘𝑇0 (𝑟𝑘) 𝜂𝑘,

Δ𝑉4 (𝑘, 𝑟𝑘) ≤ (𝜏 − 𝜏 + 1) 𝜂T𝑘𝑄0 (𝑟𝑘) 𝜂𝑘 − 𝜂T𝑘−𝜏𝑘𝑄0 (𝑟𝑘)
⋅ 𝜂𝑘−𝜏𝑘 ,

Δ𝑉5 (𝑘, 𝑟𝑘) = 𝜂T𝑘 ΓT1𝛼(𝑘) (𝑟𝑘)𝑁0 (𝑟𝑘) Γ1𝛼(𝑘)𝜂 (𝑘)
− 𝜂T𝑘𝑁0 (𝑟𝑘) 𝜂𝑘,

Δ𝑉 (𝑘, 𝑟𝑘)
≤ 𝜂T𝑘 [ΓT1𝛼(𝑘) (�̃� (𝑟𝑘) + 𝑇0 (𝑟𝑘) + 𝑁0 (𝑟𝑘)) Γ1𝛼(𝑘)
+ ΓT2 (𝑟𝑘) 𝜏𝐸0 (𝑟𝑘) Γ2 (𝑟𝑘) + 𝛾 (𝑟𝑘) + 𝛾T (𝑟𝑘)
+ 𝜏𝑍 (𝑟𝑘)] 𝜂𝑘 + 𝜂T𝑘 ((𝜏 − 𝜏 + 1)𝑄0 (𝑟𝑘) − 𝑃 (𝑟𝑘)
− 𝑇0 (𝑟𝑘) − 𝑁0 (𝑟𝑘)) 𝜂𝑘 − 𝜂T𝑘−𝜏𝑘𝑄0 (𝑟𝑘) 𝜂𝑘−𝜏𝑘

(33)

Let

𝐽 = (𝑥 (𝑘)𝑢 (𝑘))
T

𝑄𝑥(𝑥 (𝑘)𝑢 (𝑘))
= 𝜂T𝑘ΨT (𝑟𝑘) 𝑄Ψ (𝑟𝑘) 𝜂𝑘

(34)

according to (6), we know 𝛼(𝑘) = 0 means that 𝑒T(𝑘)𝑒(𝑘) <𝜎(𝑘)𝑦T(𝑘)𝑦(𝑘), then, adding 𝜂T𝑘ΔT
𝑔𝑊0(𝑟𝑘)Δ 𝑔𝜂𝑘 and subtract-

ing 𝜂T𝑘−𝜏𝑘ΔT
𝑓𝑊1(𝑟𝑘)Δ𝑓𝜂𝑘−𝜏𝑘 to (33),

Δ𝑉 (𝑘, 𝑟𝑘) + 𝐽 ≤ 𝜂T𝑘 [Λ 0 (𝑖)
+ ΓT10 (𝑖) (�̃� (𝑟𝑘) + 𝑇0 (𝑟𝑘) + 𝑁0 (𝑟𝑘)) Γ10 (𝑖)
+ ΓT2 (𝑖) 𝜏𝐸Γ2 (𝑖) + 𝛾 (𝑖) + 𝛾T (𝑖) + 𝜏𝑍0 (𝑖)] 𝜂𝑘

(35)

and, according to (25), Δ𝑉(𝑘, 𝑟𝑘) + 𝐽 ≤ 0. When 𝛼(𝑘) = 1,
namely, (2) is satisfied, then, adding 𝜂T𝑘ΔT

𝑔𝑊2(𝑟𝑘)Δ 𝑔𝜂𝑘 and
subtracting 𝜂T𝑘−𝜏𝑘ΔT

𝑓𝑊3(𝑟𝑘)Δ𝑓𝜂𝑘−𝜏𝑘 to (35), in a similar way,Δ𝑉(𝑘, 𝑟𝑘) + 𝐽 ≤ 0 is obtained, and then

Δ𝑉 (𝑘, 𝑟𝑘) ≤ −𝐽 = −(𝑥 (𝑘)𝑢 (𝑘))
T 𝑄𝑥(𝑥 (𝑘)𝑢 (𝑘)) (36)

Then take expectation on both sides of it, and we obtain

𝐸 {𝑉 (∞, 𝑟∞)} − 𝐸 {𝑉 (0, 𝑟0)} ≤ −𝛽0𝐸{∞∑
𝑘=0

𝜂T𝑘 𝜂𝑘}
𝐸{∞∑
𝑘=0

𝜂T𝑘 𝜂𝑘} < 1𝛽0𝐸 {𝑉 (0, 𝑟𝑘)} −
1𝛽0𝐸 {𝑉 (∞, 𝑟∞)}

< 𝛽
(37)

where 𝛽0 = inf{𝜆𝑚𝑖𝑛(−Ψ𝑇(𝑟𝑘)𝑄Ψ(𝑟𝑘))}. It can be concluded
fromDefinition 5 that the system is stochastically stable, and
the proof is completed.

Theorem7. For givenmatrices𝐴𝑐(𝑖),𝐵𝑐(𝑖), and𝐶𝑐(𝑖), positive
constants 𝜏, 𝜏, and quantization density values 𝜌𝑓(𝑖) and 𝜌𝑔(𝑖),
if there exists a set of positive definite matrices𝐸𝛼(𝑘)(𝑖),𝑍𝛼(𝑘)(𝑖),𝑄, 𝑃0(𝑖), 𝑃1(𝑖),𝑊0(𝑖),𝑊1(𝑖),𝑄0(𝑖),𝑄1(𝑖), 𝑇(𝑖),𝑁(𝑖), and𝑀(𝑖)
of appropriate dimensions and constant 0 < 𝜇 < 1 the following
inequalities hold:

𝑚𝑖𝑛 𝑡𝑟 (𝑃1 (𝑟0)) (38)

𝑠.𝑡. [𝐸𝛼(𝑖) (𝑖) 𝑀 (𝑖)
∗ 𝑍𝛼(𝑖) ] ≥ 0 (39)

Π0 =
[[[[[[
[

Π10 ΓT10 (𝑖) ΓT2 (𝑖) ΨT (𝑖)
∗ 𝑃0 0 0
∗ ∗ 𝐸0 0
∗ ∗ ∗ 𝑄

]]]]]]
]
< 0 (40)

Π1 =
[[[[[[
[

Π11 ΓT11 (𝑖) ΓT2 (𝑖) ΨT (𝑖)
∗ 𝑃1 0 0
∗ ∗ 𝐸1 0
∗ ∗ ∗ 𝑄

]]]]]]
]
< 0 (41)

where

Π10 = Θ0 (𝑖) + 𝛾 (𝑖) + 𝛾T (𝑖) + 𝜏𝑍0 (𝑖) + 𝜇𝐼T1 𝐶T𝐶𝐼1
− 𝐼T2 𝐼2,

Π11 = Θ1 (𝑖) + 𝛾 (𝑖) + 𝛾T (𝑖) + 𝜏𝑍1 (𝑖) + 𝐼T2 𝐼2
− 𝜇𝐼T1 𝐶T𝐶𝐼1,

Θ0 (𝑖) = diag {(𝜏 − 𝜏 + 1)𝑄 − 𝑃0 (𝑖) − 𝑇 (𝑖) − 𝑁 (𝑖) ,
− 𝑊0 (𝑖) , 𝛿2 (𝑖)𝑊1 (𝑖) − 𝑄0, −𝑊1 (𝑖)}

Θ1 (𝑖) = diag {(𝜏 − 𝜏 + 1)𝑄 − 𝑃1 (𝑖) − 𝑇 (𝑖) − 𝑁 (𝑖) ,
− 𝑊2 (𝑖) , 𝛿2 (𝑖)𝑊3 (𝑖) −Q1, −𝑊3 (𝑖)}
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Γ1𝛼(𝑘) = [Φ1𝛼 (𝑖) + Φ2 (𝑖)
+ Φ3 (𝑖) Φ3 (𝑖) Φ4𝛼(𝑘) (𝑖) Φ4𝛼(𝑘) (𝑖)]

Γ2 = [𝐴 𝐵 0 0]
𝐴 = [𝐴 − 𝐼 𝐵𝐶𝑐 (𝑖) 0]
𝐼1 = [diag {𝐼, 0, 0} 0 0 0]
𝐼2 = [diag {0, 0, 𝐼} 0 0 0]
𝛾 = 𝑀T [diag {𝐼, 0, 0} 0 diag {−𝐼, 0, 0} 0]
𝑃0 (𝑖) = −( 𝑠∑

𝑗=1

𝑝𝑖𝑗𝑃0 (𝑖) (𝑗))
−1

𝑃1 (𝑖) = −( 𝑠∑
𝑗=1

𝑝𝑖𝑗𝑃1 (𝑖) (𝑗))
−1

𝐸0 (𝑖) = − (𝜏𝐸0 (𝑖))−1
𝐸1 (𝑖) = − (𝜏𝐸1 (𝑖))−1
Ψ (𝑖) = [𝐼 0 0

0 𝐶𝑐 (𝑖) 0]
𝑄 = (−𝑄)−1

(42)

Proof. �̃�0(𝑖) = ∑𝑠𝑗=1 𝑝𝑖𝑗𝑃0(𝑗) and �̃�1(𝑖) = ∑𝑠𝑗=1 𝑝𝑖𝑗𝑃1(𝑗) have
been proposed in Theorem 6, let 𝜇 = 𝜎, and then the Schur
complement lemma to (25) and (40) is obtained. In a similar
way, (41) can be obtained from (26), and then the proof is
completed.

4. Simulation

Consider a system as follows:

𝑥 (𝑘 + 1) = [ 0 2
−2 −3] 𝑥 (𝑘) + [

0
0.1] 𝑢 (𝑘)

𝑦 (𝑘) = [0 1] 𝑥 (𝑘)
(43)

The time delay is bounded as 0.01 ≤ 𝜏𝑘 ≤ 0.09 and modeled
by aMarkov chain𝜔 = {1, 2}, which is corresponded tomode
1 and mode 2, assume that 𝛿𝑓 = 𝛿𝑔 = 0.023, 𝑥(0) = [1 0]𝑇,
and the quantization density of eachmode is defined as𝛿(1) =0.02 and 𝛿(2) = 0.03, 𝜇 = 0.0195 is chosen as threshold, and
the transition probability matrix is as follows:

𝑝 = [0.42 0.58
0.46 0.54] (44)
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Figure 2: Group 1: the mode of time delay.

The linear matrix inequality is utilized and the matrices of
controller are obtained as follows:

𝐴𝑐 (1) = [ −1.600 0.8703
−0.6204 −1.5032]

𝐴𝑐 (2) = [−1.4306 0.3010
1.3071 0 ]

𝐵𝑐 (1) = [0.0012 0.1203]T
𝐵2 (2) = [−0.0210 −0.0013]T
𝐶𝑐 (1) = [−3.2122 −0.0013]
𝐶𝑐 (2) = [−3.5421 −0.0009]

(45)

and we take two groups parameters to make a comparison:

Group 1. 𝜎1 = 0.01; 𝜎2 = 0.023.
Group 2. 𝜎1 = 0.01; 𝜎2 = 0.0195.
Remark 8. Figures 2 and 5 show the switching of two modes
of the time delay in a Markov chain, and the switching is
determined by the transition probability. Figures 3 and 6
show the curves of the state response which eventually tend
to be stable.The event-triggered release instants and intervals
are shown in Figures 4 and 7, and the numbers of triggers
in two figures are 79 and 73, which are much less than the
number of the traditional sampling, which means that the
network resources are greatly saved.

Remark 9. In literature [10], the structure of its system
based on event-triggered scheme contains one quantizer, and
the event-triggered release instants and interval are 74 and
84 while the sampling time is 10s. Comparing with [10],
the method proposed in this article can save the network
resources better.
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Figure 3: Group 1: the response of state.
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Figure 4: Group 1: the event-triggered release instants and intervals.
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Figure 5: Group 2: the mode of time delay.
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Figure 6: Group 2: the response of state.
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Figure 7:Group 2: the event-triggered release instants and intervals.

5. Conclusion

A co-design of event-triggered scheme and dynamic output
feedback controller for a class of NCSs with random time
delay is presented. Two mode-dependent quantizers are set
to balance the network congestion and quantization error.
A Markov process is used to model the time delay which
is used to describe the quantization density as a function.
Lyapunov-Krasovskii functional and LMI are used to derive
the stability sufficient conditions. A numerical example is
given to illustrate the proposed approach.

Appendix

Proof of Lemma 4 . From (20), we learn that

𝑘−1∑
𝑖=𝑘−𝜏

𝑥 (𝑖)
𝜂 (𝑖)

T [ 𝐸 𝑀
𝑀T 𝑍][

𝑥 (𝑖)
𝜂 (𝑖)] ≥ 0 (A.1)
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Then
𝑘−1∑
𝑖=𝑘−𝜏

[𝑥T (𝑖) 𝐸𝑥 (𝑖) + 𝜂T (𝑘)𝑀T𝑥 (𝑖) + 𝑥T (𝑖)𝑀𝜂 (𝑘)
+ 𝜂T (𝑘) 𝑍𝜂 (𝑘)] ≥ 0,
𝑘−1∑
𝑖=𝑘−𝜏

𝜂T (𝑘)𝑀T𝑥 (𝑖) + 𝑘−1∑
𝑖=𝑘−𝜏

𝑥T (𝑖)𝑀𝜂 (𝑘)
+ 𝑘−1∑
𝑖=𝑘−𝜏

𝜂T (𝑘) 𝑍𝜂 (𝑘) ≥ − 𝑘−1∑
𝑖=𝑘−𝜏

𝑥T (𝑖) 𝐸𝑥 (𝑖) ,
𝜂T (𝑘)𝑀T {𝑥 (𝑘) − 𝑥 (𝑘 − 𝜏)} + {𝑥 (𝑘) − 𝑥 (𝑘 − 𝜏)}T
⋅ 𝑀𝜂 (𝑘) + 𝜏𝜂T (𝑘) 𝑍𝜂 (𝑘) ≥ − 𝑘−1∑

𝑖=𝑘−𝜏

𝑥T (𝑖) 𝐸𝑥 (𝑖) ,

(A.2)

Let
𝑥 (𝑘) − 𝑥 (𝑘 − 𝜏)
= [𝑑𝑖𝑎𝑔 {𝐼, 0, 0} 0 𝑑𝑖𝑎𝑔 {−𝐼, 0, 0} 0] 𝜂 (𝑘)

𝛾 = 𝑀T [𝑑𝑖𝑎𝑔 {𝐼, 0, 0} 0 𝑑𝑖𝑎𝑔 {−𝐼, 0, 0} 0]
(A.3)

Then (21) is obtained.
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Defogging algorithms based on dark channel prior have color shift in light color areas because of inaccurate estimation of
transmittance. To resolve this problem, a novel improved image clearness method is proposed. Based on the dark channel prior,
the essential causes of color shift are analyzed, with two important factors summarized. Then, transmission map is calculated by
using 3∗3 fixed region, and the restoration module based on self-adaptive threshold mechanism for transmission map is provided.
Some experiments are carried out to determine parameters in restorationmodule to correct the transmissionmap. According to the
corrected transmission map, a transmission restoration algorithm is constructed based on the self-adaptive threshold mechanism
to improve the performance of the fog-free image. The experiment results show that this method can resolve the color shift in light
color areas effectively and guarantee the overall framework of defogging method based on dark color theory unchanged.

1. Introduction

In fogweather, due to the influence of atmospheric scattering,
image taken by outdoor surveillance systemwould get serious
degradation problems in the color and contrast fidelity. It not
only directly affects the safety of sea, land, and air transporta-
tion by making the outdoor surveillance system abnormal
[1, 2], but also hinders images feature extraction, which
causes some monitoring systems based on feature extraction
ineffective, such as production monitoring system [3, 4].

Currently, most of image defogging algorithms are based
on image restoration, the core idea of which is as follows:
firstly, an imaging mode should be established; secondly, the
degraded part of the imaging model is compensated and the
interferential part of it is filtered; thirdly, the clear image is
restored [5–17]. Theoretically, the defogging effect of these
algorithms can be ideal; however, most of the existing imag-
ing models are dependent on the image depth information;
unfortunately, they cannot be accurately calculated using a
single image. Therefore, how to obtain the accurate image
depth information is a bottleneck in image restoration field.

In 2009, Professor Kaiming He proposed a dark channel
prior (DCP) theory on CVPR conference [8]. According

to his theory, image depth information can be accurately
acquired, which makes breakthrough progress in image
restoration field. The defogging algorithm based on DCP
is simple and effective; however, the inaccurate estimates
of transmission would lead to distortion of the image,
such as halo artifacts and overly enhanced restoration in
light color areas, and also the optimization algorithm of
transmission has high spatial complexity. Therefore, some
improvedmethods have been proposed [9–17] based onDCP.
Li et al. [11] proposed an edge-preserving decomposition
method to estimate transmission map. This method removes
haze effectively and overcomes halo artifacts. However, the
result of dehazing partly depends on the accuracy of haze
level estimation and the algorithm cannot do that at present.
Song et al. [12] estimate the transmission by using small
patch size dark channel (DC), and several gray images as
guided filter (GF) are used to optimize the transmission.
This method has excellent performance in edge maintenance
and halo reduction; nevertheless, the dehazing effect of it
is not so outstanding because of the limitation of DC size.
Yang et al. [13] proposed a edge of alternative method to
refine transmissionmap, which could overcome halo artifacts
effectively. Chen et al. [14] proposed a dehazing-parameter
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adaptive method to adjust the degree of haze removal,
and an iteration method based on GF is used to optimize
transmission. Experimental results show that this algorithm
performs well in different levels of haze conditions. However,
the optimization method of transmission is replaced by an
approximate scheme to reduce high computation.

Other methods are proposed and also have an outstand-
ing effect on dehazing. Zhu et al. [18] exploited the character-
istics of brightness and saturation of the pixels in hazy image,
proposing a new linear model and learning the parameters
of the model by using a supervised learning method to
estimate the depth information. Their experimental results
indicated that dehazing effects are good and efficient, but
the insufficient estimation of transmission map is still an
unsolved problem.

Based on DCP, this paper proposes an improved algo-
rithm combined with self-adaptive threshold mechanism
(STM), which enhances the transmittance in light color area.
The remaining parts of this paper are arranged as follows: in
Section 2, atmospheric scattering model will be introduced
briefly; in Section 3, the original defogging algorithm based
on dark channel prior theory will be described in detail;
Section 4 performs a detailed analysis of the color shift prob-
lem and construct an improved algorithm combined with
self-adaptive threshold mechanism (STM). In Section 5, the
comparison of the experiment results between our defogging
algorithm and other algorithms will be used to illustrate
the validity of the improved algorithm. And then, Section 6
summarizes our work and discusses the future direction.

2. Introduction of Atmospheric
Scattering Model

In image restoration filed, the following mathematical model
is widely used to describe the imaging process of fogging
image: 𝐼 (𝑥) = 𝐽 (𝑥) 𝑡 (𝑥) + 𝐴 (1 − 𝑡 (𝑥)) (1)

where 𝐼(𝑥) is the fogging image light intensity acquired
by visual system (i.e., input image); 𝐽(𝑥) presents the light
intensity reflected at the surface of the scene (i.e., needed fog-
free image); 𝑥 is used to mark the two-dimensional location
of the pixels in image; and 𝐴 describes the atmospheric light
coming from infinity (skylight), which is usually assumed as
a global constant. In other words, there is no relationship
between location parameter 𝑥 and 𝐴 . 𝑡(𝑥) denotes the
transmission map of the image, which reflects the depth
information of the scene, and it can be expressed as follows:

𝑡 (𝑥) = 𝑒−𝛽(𝜆)𝑑(𝑥) (2)

where 𝛽 is scattering coefficient of the atmosphere and 𝑑
describes the distance between the target scene and the
observer. In general, the atmosphere is uniform.

Formula (1) is widely used in image defogging field
[8–15] at present, which describes the imaging process of
fogging image and gives us the tip about the core idea of
image defogging algorithm, i.e., eliminating the atmospheric
light participated in imaging, and compensating for the lost
reflected light of scene caused by atmospheric scattering.

3. Imaging Defogging Algorithm Based on
Dark Channel Prior Theory

3.1. Basic Concept of Dark Channel Prior Theory. After
observing large numbers of outdoor fog-free images, empir-
ical statistical regularity called dark channel prior theory
is proposed by Professor Kaiming He in [8]. It points out
that any local regions of vast majority outdoor clear images
contain some pixels, which has very low intensity values in
at least one color channel. This intensity value that belongs
to local area is called dark channel value and we can use the
following formula to calculate the dark channel values:

𝐽𝑑𝑎𝑟𝑘 (𝑥) = min
𝑐⊂{𝑟,𝑔,𝑏}

{ min
𝑦⊂Ω(𝑥)

(𝐽𝑐 (𝑦))} (3)

where 𝐽𝑐 represents one color channel of image 𝐽 and Ω(𝑥)
is local area of image, which is centered on 𝑥 meaning two-
dimensional position. Generally, these dark channel values
always exist in object shadow, dark object, and object with
bright colors.

3.2. Image Defogging Algorithm Based on Dark Channel Prior
Theory. Due to the fact that dark channel values of the
fogging image are always close to zero in fog weather, the
dark channel values obtain certain brightness at the process
of imaging. Notice that the dark channel values may be
calculated at both sides of (1), and then the first term at the
right of (1) is set to zero. Thus, formula (1) could be rewritten
as follows:

𝐼𝑑𝑎𝑟𝑘 = 𝐴 (1 − 𝑡 (𝑥)) . (4)

According to (4), the image depth information 𝑡(𝑥) can
be expressed as follows formula.

𝑡 (𝑥) = 1 − 𝐼𝑑𝑎𝑟𝑘𝐴 (5)

There are two unknown parameters in formula (5): dark
channel values 𝐼𝑑𝑎𝑟𝑘 which can be calculated by using formula
(3) and atmospheric light A. Unfortunately, we do not know
how to acquire atmospheric light A. To solve the problem,
Professor Kaiming He sorted these dark channel values and
extracted the 10%brightest dark channel values and then took
the mean of these 10% brightest dark channel values as the
value of atmospheric light A in [8].

In fact, atmospheric scattering exists even in a cloudless
day. Particles are suspended in air, so the vague area of image
will appear when we observe distant objects. On the other
hand, images have depth because of atmospheric scattering. If
we remove atmospheric light thoroughly, the restoring image
may tend to look fake and unnatural. For solving the problem,
Professor He introduces parameter 𝑤(0 < 𝑤 ≤ 1) to keep a
small amount of atmospheric light for distant objects in [8].
And formula (5) is adapted as

𝑡 (𝑥) = 1 − 𝑤(𝐼𝑑𝑎𝑟𝑘𝐴 ) . (6)
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Figure 1: Original images without obvious light color areas.

Meanwhile, the defogging model of images may get
combined with imaging model (1).

𝐽 (𝑥) = 𝐼 (𝑥) − 𝐴𝑡 (𝑥) + 𝐴 (7)

Therefore, once the transmission map 𝑡(𝑥) is calculated
using formula (6), the clear fog-free image can be restored.
Notice that the clear fog-free image restored by defogging
algorithm based on dark channel prior theory is always
darker than atmospheric light, so the parameter 𝑡0 is intro-
duced to enhance and increase the intensity of the image in
[8]. Therefore, formula (7) may be adapted as follows:

𝐽 (𝑥) = 𝐼 (𝑥) − 𝐴
max (𝑡 (𝑥) , 𝑡0) + 𝐴. (8)

In practice sense, the value of 𝑡0 is set according to the
requirements of real application. For example, the value of 𝑡0
has been set as 0.1 in [8].

3.3. Insufficiency of Defogging AlgorithmBased onDark Chan-
nel Prior Theory. Generally speaking, if the fogging images
acquired by outdoor surveillance system contain no obvious
light color areas, they can obtain a satisfactory defogging
effect by defogging algorithm based on dark channel prior
theory. This is because the vast majority of the pixels in these
images meet dark channel prior theory; i.e., there has to be at
least one color channel whose value is close to 0 among these
pixels. For example, the original fogging images are shown as
Figure 1 and the defogging images processed by dark channel
prior theory are shown as Figure 2.

In a real world situation, however, some fogging images
may always contain obvious light color areas shown as
Figure 3.

In this case, if we use the defoggingmethod based on dark
channel prior theory to restore these fogging images, the color
shift problem should appear in light color areas. This is due
to the fact that the pixel values in three color channels are
very high for all pixels in the light color area, and then the
defogging algorithm based on dark channel prior theory is
invalid in these light color areas. It is illustrated as Figure 4.

Notice that, in Figure 4, the restored images look too
saturated when we calculate the dark channel values by using
3∗3 fixed region. In this paper, our main purpose is how to
restore the invalid image caused by the dark channel prior
theory in these light areas.

To solve the color shift problem, we will first analyze
the characteristics of original fogging image and restored
image and then figure out the essential cause of image color
shift problem. Based on this, a repaired model of inaccurate
transmission map in light color is constructed directionally.

4. Improved Image Defogging Algorithm
Based on Dark Channel Prior Theory and
Self-Adaptive Threshold Mechanism

4.1. Cause Analysis of Color Shift in Light Color Areas. In
order to analyze the characteristics of original fogging image
and restored image, find out the essential cause of image
color shift problem; the Histograms of dark channel values
between images containing obvious light color areas and
images containing no obvious light areas are shown in
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Figure 2: Clearness images restored from original images without obvious light color areas.

(a) (b) (c)

Figure 3: Original images with obvious light color areas.

Figure 4: Clearness images restored from images with light color areas.
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Figure 5: Histogram of dark channel values without obvious light color areas.

Figures 2 and 4. The corresponding statistical comparison
results are illustrated in Figures 5 and 6.

From Figure 5, it can be found that the histogram of dark
channel values of fogging images which contain no obvious
light color areas is darker and its statistical values are close
to zero as a whole. In contrast, we can find from Figure 6
that some inconsistent larger dark channel values exist in the
images that contain obvious light color areas. This indicated
that the dark channel value may be inexistent in these light
color areas; i.e., the dark channel prior theory has failed in
these areas of image.

However, how do these larger incorrect dark channel
values affect the final defogging effect? For answering this
question, we rewrite formula (7) according to formula (6) and
(8) as follows:

𝐽 (𝑥) = 𝐼 (𝑥) − 𝐴
max ((1 − 𝑤 (𝐼𝑑𝑎𝑟𝑘/𝐴)) , 𝑡0) + 𝐴 (9)

where 𝐽(𝑥) and 𝐼(𝑥) denote restored fog-free image and
original fogging image, respectively. As every image has three

color channels as𝑅,𝐺, or𝐵, formula (9)may also be remarked
as follows:

𝐽𝑐 (𝑥) = 𝐼𝑐 (𝑥) − 𝐴
max ((1 − 𝑤 (𝐼𝑑𝑎𝑟𝑘/𝐴)) , 𝑡0) + 𝐴 (10)

where c presents color channels of image. Obviously, three
color channels of image 𝐽𝑐(𝑥) can be marked as 𝐽𝑅, 𝐽𝐺,
and𝐽𝐵, analogously, and those of original image 𝐼𝑐(𝑥) can be
described as 𝐼𝑅, 𝐼𝐺, and 𝐼𝐵.

Notice that the dark channel value 𝐼𝑑𝑎𝑟𝑘 is usually larger
in light color area, which will result in transmittance 𝑡(𝑥)
tending to be smaller directly. In this fact, even if the
pixel values of three color channels are quite close, their
differencewill become largerwhile they are divided by a small
transmittance value, which can lead to significant change of
color values of these pixels essentially. At this point, the color
shift happens.

To better analyze the problem, themaximumdifference of
three channels between original fogging images and restored
free-fog images by dark channel prior theory is experimented.
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Figure 6: Histogram of dark channel values with obvious light color areas.

Figure 7 describes three color channels’ maximum difference
of each pixel with obvious light color areas.

It can be clearly found that vast majority of three color
channels’ maximum difference values of pixels have to be
increased several times, which brings a great change for the
original color of these pixels, after using defogging algorithm
based on dark channel prior theory. To precisely locate these
pixels in primary images, the three color channels’ maximum
difference values are presented in image form shown as
Figure 8.

Obviously, the distribution of these maximum difference
values and that of light color areas are coincidental. This
indicates that the conclusion is reasonable and fit in with
facts. Next, we need to find a method to solve these types of
problems.

4.2. Transmittance Restored Algorithm Based on Self-Adaptive
Threshold Mechanism. According to the analysis in previous

section, the essential reason of color shift problem in light
color areas is the incorrect smaller transmittances generated
by the larger dark channel values that come from incorrect
calculations. Therefore, the original defogging algorithm can
be improved by optimizing these incorrect smaller transmit-
tances. Firstly, we assume that the optimized transmittance
and primary transmittance satisfy the following relationship:

𝑡𝑎𝑓𝑡𝑒𝑟
= {{{

𝑘 ⋅max (𝑡𝑏𝑒𝑓𝑜𝑟𝑒 (𝑥) , 𝑡0) 𝑥 located at light color areas

1 ⋅max (𝑡𝑏𝑒𝑓𝑜𝑟𝑒 (𝑥) , 𝑡0) 𝑥 not located at light color areas.

(11)

In other words, the transmittance can be optimized in
light color areas by multiplying a weight coefficient 𝑘(𝑘 > 1)
and can be kept in other areas. The parameter 𝑡0 is used to
enhance the intensity of the image in defogging algorithm
based on dark channel prior theory. Therefore, the key of
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Figure 7: Numerical form of three color channels’ maximum
difference values.

improving defogging algorithm is how to locate light color
area and estimate parameter 𝑘.

To improve the effect, Professor Jiang proposed an
improvement model to calculate the parameter 𝑘 and
improve original transmittance in [10].They assumed that all
pixel values in three color channels are close to atmospheric
light in light color area. Based on the assumption, the
improved formula of transmittance is set as follows:

𝑡𝑎𝑓𝑡𝑒𝑟
= min(max( 𝑐𝑜𝑛𝑠 tan 𝑡𝐼𝑐 (𝑥) − 𝐴, 1) ⋅max (𝑡𝑏𝑒𝑓𝑜𝑟𝑒, 𝑡0) , 1) . (12)

For simplicity, let 𝑐𝑜𝑛𝑠 tan 𝑡 = 50 in [10].
Unfortunately, according to the analysis of the pixels in

light color area in Figures 7 and 8, the pixels in light color area
have another characteristic yet; i.e., the maximum difference
values of three color channels are smaller which can be found
by the red curve in Figure 7.These indicate that the following
two characteristics are true in practice:

(1) The maximum difference values of three color chan-
nels are smaller, which can be found by the red curve in
Figure 7.

(2) All pixel values in three color channels are close to
atmospheric light.

Obviously, Jiang only considered second feature of the
light color area, so formula (12) cannot satisfy the dynamical
need for restoring image and the algorithm has poor robust-
ness.

To better improve the effect of restored images and meet
the dynamical need, the expression of 𝑘 could be assumed
combining the above two characteristics as follows:

𝑘 = max (Δ (𝑥))𝐼𝑐 (𝑥) − 𝐴 (13)

where𝑥 indicates the two-dimension coordinate of the pixels in
image;Δ presents the difference values of three color channel in
original fogging image;𝐼𝑐 denotes the value of pixel of the original fogging image
in 𝑐 color channel;𝑐 can be selected as 𝑅, 𝐺, 𝐵.

In reality, max(Δ(𝑥)) is calculated as the value located
at the 99% position in ascending order of Δ because of the
existence of noise.

According to the analysis above, the following formula
can be used to optimize the primary transmittance:

𝑡𝑎𝑓𝑡𝑒𝑟 = min(max(max (Δ (𝑥))𝐼𝑐 (𝑥) − 𝐴 , 1)
⋅max (𝑡𝑏𝑒𝑓𝑜𝑟𝑒, 𝑡0) , 1) . (14)

In addition, there have been cases where the primary
fogging image is dim on the whole. Meanwhile, the pixel
values in different color channels are close; i.e., the vast
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Figure 8: Image form of three color channels’ maximum difference values.

majority of three color channels’ maximum difference values
of pixels are close to zero. However, the light color areas still
exist relatively. In this case, the weight coefficient 𝑘 computed
by formula (13) is too small that the improved effect of
transmittance cannot be achieved. Therefore, the following
method is proposed to solve the problem brought by the
situation.

The concrete processing steps are as follows.
(1) Locating this situation. Observing the statistical result,

it is found that Δ𝑚𝑒𝑎𝑛 which presents the mean of Δ is small
and most of values in Δ are smaller than Δ𝑚𝑒𝑎𝑛. Thus, the
characteristic could be described using the following model:

Δ𝑚𝑒𝑎𝑛 ≤ Δ 𝑡ℎ𝑟𝑒𝑎𝑑,𝑐𝑜𝑢𝑛𝑡𝑙𝑜𝑤𝑒𝑟 𝑚𝑒𝑎𝑛𝑐𝑜𝑢𝑛𝑡ℎ𝑖𝑔𝑒𝑟 𝑚𝑒𝑎𝑛 > 1 (15)

where Δ 𝑡ℎ𝑟𝑒𝑎𝑑 is a self-adaptive fault-tolerant threshold. In
particular, experiments have shown that when threshold
value Δ 𝑡ℎ𝑟𝑒𝑎𝑑 is set to be 0.1, almost this situation can be
successfully located. 𝑐𝑜𝑢𝑛𝑡𝑙𝑜𝑤𝑒𝑟 𝑚𝑒𝑎𝑛 is the number of pixels
whose three color channels’ maximum difference values are
less than Δ𝑚𝑒𝑎𝑛. And 𝑐𝑜𝑢𝑛𝑡ℎ𝑖𝑔𝑒𝑟 𝑚𝑒𝑎𝑛 presents the number
of pixels whose three color channels’ maximum difference
values are greater than Δ𝑚𝑒𝑎𝑛.

(2) Recalculation for weight coefficient 𝑘. Considering
the fact that even though the vast majority of color channels’
maximum difference values are close to zero, the differences
among them exist still. Therefore, the original Δ can be
processed using linear stretch algorithm to increase these
differences:

Δ∗ (𝑥) = Δ (𝑥) ⋅ ( (Δ (𝑥) − Δmin)(Δmax − Δ (𝑥))) (16)

where Δmin, Δmax represent the maximum value and mini-
mum value of Δ, respectively

As a result, it not only retains the relative difference
of color channels’ maximum difference values, but also
increases their absolute difference values.Thenwe could get a
new maximum value max(Δ∗(𝑥)) by using the linear stretch
formula (16).

To guarantee the improvement effect of transmittance,
the self-adaptive maximum value model of Δ is constructed

combining the primary maximum value max(Δ(𝑥)) and
linear stretch maximummax(Δ∗(𝑥)).

max
𝑓

(Δ (𝑥)) = max (Δ∗ (𝑥)) +max (Δ (𝑥))2 (17)

Based on this information, a final max(Δ(𝑥)) could be
calculated again by using the stretch difference value Δ∗and
the original difference valueΔ. Further, the weight coefficient𝑘 could be gotten by formula (13) and formula (17).

5. Experimental Simulation and Analysis

For verifying the availability of our algorithm, in this section,
we will compare it with experimental results of DCP algo-
rithm and Improved DCP algorithm in two ways: subjective
visual evaluation and objective quality of defogging images.
Here the original images containing large light color areas,
which are shown as Figure 3, are used as the experimental
images.

5.1. Subjective Visual Evaluation. The fogging images are
restored by using DCP algorithm shown as Figure 4; serious
color shift problem exists in light color areas. Improved
DCP algorithm and STM algorithm that we proposed could
improve the insufficiency well. Two different visual results are
shown as Figure 9.

According to formula (12), the improvement effect of
transmittance of Improved DCP algorithm relies mainly on
the selection of 𝑐𝑜𝑛𝑠 tan 𝑡. In actual engineering, if these
images have different characteristics, 𝑐𝑜𝑛𝑠 tan 𝑡 should be
selected as different value. However, [10] overlooked the
problem and 𝑐𝑜𝑛𝑠 tan 𝑡 had been selected as a constant value
50. We can find out from Figure 9(a) that although the
algorithm proposed by Professor Jiang solved the color shift
problem, it has poor robustness. This is mainly because the
different constant value may result in different optimized
effects for different images.

In comparison, the algorithm proposed in this paper
prevents artificial arbitrariness of selection for 𝑐𝑜𝑛𝑠 tan 𝑡 and
changes adaptively weight coefficient 𝑘 according to color
channels’ maximum difference values. The defogging images
shown as Figure 9(b), which are restored by our algorithm,
would have more robustness.

5.2. Objective Evaluation. Considering the limitation of sub-
jective evaluation coming from human visual system, here,
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(a) Clearness images obtained by Improved DCP algorithm

(b) Clearness images obtained by STM algorithm

Figure 9: Visual comparison of clearness images.

we introduce image’s standard deviation that can reflect the
contrast of an image to evaluate the quality of restored images
defogging by different algorithms.The computingmodel is as
follows:

𝐻 = −255∑
𝑖=0

𝑝 (𝑖) log𝑝 (𝑖) , 𝑖 ∈ (0, 255) (18)

where 𝑖 indicates gray value of different pixel and 𝑝(𝑖)
represents the probability of 𝑖 in images.

Meanwhile, the information entropy, which represents
the amount of information in an image, is used to evaluate the
quality of restored images defogging by different algorithms.
And the computing model is as follows:

𝜎 = √255∑
𝑖=0

(𝑖 − 𝑚𝑒𝑎𝑛)2 ⋅ 𝑝 (𝑖), 𝑖 ∈ (0, 255) (19)

where 𝑖 and 𝑝(𝑖) are the same as described in formula (18).
The symbol 𝑚𝑒𝑎𝑛 denotes the statistical mean of gray value
of the whole image. The formula is shown as follows:

𝑚𝑒𝑎𝑛 = 255∑
𝑖=0

𝑖 ⋅ 𝑝 (𝑖) , 𝑖 ∈ (0, 255) . (20)

Normally, if the size of image block is too large, it will
result in overly enhanced restoration and then the following
problems of restored images arise: image is so saturated
that some image details are lost. In addition, our goal is to
improve the insufficiency of defoggingmethod based on dark
channel prior theory used in light color areas, so a 3∗3 image
block is used to calculate the dark channel values for better
comparison.

It is generally known that a fogging image always has a low
contrast and less depth information.Therefore, the better the

algorithm is, the bigger the standard deviation and entropy of
the defogging image are. Thus, the performance comparison
of quality of defogging images, restored by three algorithms,
is listed in Table 1 from (18)-(20).

Observing the above table, we can find that all the algo-
rithms can increase the standard deviation and entropy of the
images, i.e., improving the objective quality of images. STM
algorithm makes more contribution for standard deviation
and entropy of the images, when compared with DCP and
Improved DCP algorithm. These results in Table 1 show that
STM algorithm/model is effective.

6. Conclusion

In this paper, a new improved defogging algorithm based on
dark color theory is presented combined with self-adaptive
threshold mechanism. First we make a detailed analysis
and experimental verification for characteristics of the light
color area in image, and then the invalidity of dark channel
prior theory in light color is discussed in detail. Based
on the dynamical need for defogging image in light color
areas, a self-adaptive threshold mechanism is proposed to
optimize transmittance.The optimized transmission helps to
avoid color shift problem in light color areas. The experi-
ments indicate that our algorithm is in line with practical
situation.

On the other hand, we do not consider the situation in
which dark prior channel theory is out of work when image
contains large range of white objects. It would be worth
studying in the future.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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Table 1: Comparison of clearness images quality.

Figure 3(a)
Original image DCP algorithm Improved DCP algorithm STM algorithm

Standard deviation 0.2636 0.2878 0.3317 0.3454
Entropy 7.6276 7.0131 7.4399 7.5828

Figure 3(b)
Original image DCP algorithm Improved DCP algorithm STM algorithm

Standard deviation 0.1616 0.2498 0.2665 0.2696
Entropy 7.0704 6.8523 7.2481 7.3115

Figure 3(c)
Original image DCP algorithm Improved DCP algorithm STM algorithm

Standard deviation 0.1495 0.2507 0.3044 0.3076
Entropy 6.6060 6.7186 6.9363 6.9744
Note. Figures 3(a), 3(b), and 3(c) above correspond to the images shown as Figures 3(a)–3(c), respectively.
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This paper first investigates the event-triggered nonfragile 𝐻∞ filter design for a class of nonlinear NCSs with interval time-
varying delay. An event-triggered scheme is addressed to determine sampled data to be transmitted so that network communication
resource can be saved significantly.The nonfragile filter design is assumed to include multiplicative gain variations according to the
filter’s implement. Under the event-triggered scheme, the filtering error system is modeled as a system with interval time-varying
delay. By constructing a new Lyapunov-Krasovskii functional and employingWirtinger inequality, a sufficient condition is derived,
which guarantees that the filtering error system is asymptotically stable with the prescribed 𝐻∞ performance. The nonfragile filter
parameters are obtained by solving a set of linear matrix inequalities. Two numerical examples are given to show the usefulness
and the effectiveness of the proposed method.

1. Introduction

During the past several years, Takagi-Sugeno (T-S) fuzzy
model approach has got considerable attention due to its great
merits on modeling for nonlinear networked control systems
(NCSs) [1]. Many efforts have been proposed based on T-
S fuzzy model for nonlinear systems [2–5]. On one hand,
some state variables cannot be directly measured in practical
system; therefore, the filtering problem attracted the attention
of many researchers to estimate the unmeasured states. In
comparison with traditional Kalman filtering, the 𝐻∞ filter
does not require statistical assumptions on the exogenous sig-
nals.Thus, the𝐻∞ filtering theory has got considerable devel-
opment. The phenomenon of 𝐻∞ filter design with time-
varying delays, sensor faults, and packet dropoutswas studied
for nonlinear systems [6]. The authors in [7] proposed new
results on a delay-derivative-dependent fuzzy 𝐻∞ filter.

It should be mentioned that all the above works are based
on accuracy assumptions that filter can be implemented
exactly. However, inaccuracies or uncertainties do occur in
filter implementation, which will reduce the performance
of systems and lead the filter system to be fragile. Thus, a

nonfragile filtermust be designed to handle uncertainties and
maintain the performance of systems. Up to now, a few results
on the nonfragile filter have been proposed. Recently, the
nonfragile 𝐻∞ filtering problem for a class of discrete-time
Takagi-Sugeno fuzzy systems with both randomly occurring
gain variations and channel fading was investigated in [8].
Based on vertex theory and probabilistic algorithm, deter-
ministic and randomised filtering algorithms are proposed
in [9]. Aiming at the fuzzy stochastic systems, the authors
in [10] proposed a nonfragile robust 𝐻∞ filter design and
a desired 𝐻∞ performance level. It should be pointed out
that the nonfragile 𝐻∞ filtering problem has not been
fully studied, which is one of motivations of this paper.

On the other hand, one topic that has been increasingly
important is how to mitigate the network bandwidth while
guaranteeing the stability and other desired performance of
systems [11–15]. In traditional time-triggered control systems,
the sample data will be transmitted into controller via
network communication whatever the data are desired or
not, which leads to network resource waste and low effi-
ciency.Therefore, an event-triggered schemewas proposed to
reduce data transmission and improve the effective utilities
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of network resource. Recently, a novel discrete model for
networked control systems was introduced in [16], which
contained trigger parameters, dynamic quantization, and
fault detection. In [17], event-triggering load frequency con-
trol was employed in multiarea power systems. It should be
noted that although the works on event-triggered NCSs are
rich, the limitations still remain and there still exist some
problems to be handled [18–20]. To the best of our knowledge,
there are no works that investigate how to use the event-
triggered scheme in nonfragile 𝐻∞ filtering systems, which
is another motivation of this paper.

According to the above discussion, we first consider the
problem of the event-triggered nonfragile 𝐻∞ filter design
for a class of nonlinear networked control systems. Our main
contributions of this paper are summarized as follows:(1) An event-triggered communication scheme is pro-
posed to save network resource significantly. By considering
the event-triggered scheme, filter’s multiplicative gain varia-
tions, and interval time-varying delays, a novel filtering error
system is established.(2) Different from some existing works, the Wirtinger
inequality is used to tackle the integral items of the derivative
of Lyapunov-Krasovskii; a more relaxed 𝐻∞ performance
stability criterion is derived.

The rest of this paper is organized as follows.The problem
formulation is given in Section 2; under the event-triggered
scheme, the filtering error system is modeled as a system
with interval time-varying delay. Stability analysis for filtering
error system is presented in Section 3. The nonfragile 𝐻∞
filter design method is first addressed in Section 4. Numer-
ical examples are provided in Section 5 to demonstrate the
effectiveness of the proposed method.

Notations. Throughout this paper, 𝑅𝑛 denote the 𝑛-
dimensional Euclidean space and 𝑅𝑛×𝑚 is the set of 𝑛×𝑚 real
matrices. Superscript (∙)𝑇 stands for thematrix transposition,𝐼 represents the identity matrix, and diag{⋅ ⋅ ⋅ } denotes the
block-diagonal matrix. The notation 𝑃 > 0 means that
the matrix 𝑃 is a real symmetric positive define matrix. In
symmetric block matrices, “∗” is used as ellipsis for terms
induced by symmetry.

2. Problem Formulation

2.1. T-S Fuzzy System. Consider the following nonlinear
system, which can be described by T-S fuzzy model with 𝑖
plant rules:

Plant Rule 𝑖
IF 𝜍1 (𝑡) is 𝑀𝑖1, 𝜍2 (𝑡) is 𝑀𝑖2, . . . , and 𝜍𝑟 (𝑡) is 𝑀𝑖𝑝,

THEN
(1)

�̇� (𝑡) = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝜔 (𝑡)
𝑧 (𝑡) = 𝐶𝑖𝑥 (𝑡)
𝑦 (𝑡) = 𝐷𝑖𝑥 (𝑡) ,

(2)

where𝑀𝑖𝑗 are the fuzzy sets, 𝑖 = 1, 2, . . . , 𝑟, and 𝑗 = 1, 2, . . . , 𝑝
is the number of IF-THEN rules. 𝜍1(𝑡), 𝜍2(𝑡) ⋅ ⋅ ⋅ 𝜍𝑟(𝑡) are the
premise variables. 𝑥(𝑡) ∈ 𝑅𝑛 and 𝑦(𝑡) ∈ 𝑅𝑚 are the system
state vector and the measured output, respectively. 𝜔(𝑡) ∈ 𝑅𝑞
is the external disturbance and 𝜔(𝑡) ∈ 𝑙2[0,∞). 𝑧(𝑡) ∈ 𝑅𝑝 is
the signal vector to be estimated;𝐴 𝑖, 𝐵𝑖,𝐶𝑖, and𝐷𝑖 are known
parameter matrices with appropriate dimensions.

By using center-average defuzzifier, product inference,
and a singleton fuzzifier, the T-S fuzzy system (2) can be
rewritten as follows:

�̇� (𝑡) = 𝑟∑
𝑖=1

𝜇𝑖 (𝜍 (𝑡)) [𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝜔 (𝑡)]

𝑧 (𝑡) = 𝑟∑
𝑖=1

𝜇𝑖 (𝜍 (𝑡)) 𝐶𝑖𝑥 (𝑡)

𝑦 (𝑡) = 𝑟∑
𝑖=1

𝜇𝑖 (𝜍 (𝑡)) 𝐷𝑖𝑥 (𝑡)

(3)

where 𝜍 = [𝜍1, . . . , 𝜍𝑟]𝑇; the fuzzy basis functions are given by

𝜇𝑖 (𝜍 (𝑡)) = ℎ𝑖 (𝜍 (𝑡))∑𝑟𝑖=1 ℎ𝑖 (𝜍 (𝑡)) ,

ℎ𝑖 (𝜍 (𝑡)) = 𝑝∏
𝑗=1

𝑀𝑖𝑗 (𝜍𝑗 (𝑡)) .
(4)

𝑀𝑖𝑗(𝜍𝑗(𝑡)) represents the grade ofmembership for 𝜍𝑗(𝑡) in𝑀𝑖𝑗;0 ≤ 𝜇𝑖(𝜍(𝑡)) ≤ 1, (𝑖 = 1, 2, . . . , 𝑟), ∑𝑟𝑖=1 𝜇𝑖(𝜍(𝑡)) > 0.
Therefore, we have
𝑟∑
𝑖=1

𝜇𝑖 (𝜍 (𝑡)) = 1, 𝜇𝑖 (𝜍 (𝑡)) ≥ 0 (𝑖 = 1, 2, . . . , 𝑟) . (5)

2.2. Event-Triggered Scheme. In this section, we consider the
communication networks with limited bandwidth; an event
generator under the event-triggered scheme is employed.
Inspired by the method in [12], the event-triggered scheme
is adopted as follows:

𝑡𝑘+1ℎ = 𝑡𝑘ℎ + min
𝑗≥1

{Δ (𝑡𝑘ℎ + 𝑗ℎ)} (6)

forΔ(𝑡𝑘ℎ+𝑗ℎ) = 𝑒𝑘(𝑡𝑘ℎ+𝑗ℎ)𝑇𝜓𝑒𝑘(𝑡𝑘ℎ+𝑗ℎ) ≥ 𝜆𝑦(𝑡𝑘ℎ)𝑇𝜓𝑦(𝑡𝑘ℎ),
where 𝑒𝑘(𝑡𝑘ℎ+𝑗ℎ) = 𝑦(𝑡𝑘ℎ+𝑗ℎ)−𝑦(𝑡𝑘ℎ) is the threshold error
among the current sampling data and the last transmitted
data. 𝜓 and 𝜆 are the triggering parameters.

Remark 1. It should be mentioned that the current sampling
data will be transmitted only when the condition proposed
in (6) is satisfied. Therefore, in comparison with periodic
transmission communication scheme, the event-triggered
mechanism can reduce the transmission rate and utilize the
limited bandwidth effectively.

2.3. Nonfragile Fuzzy Filter. In some previous results of
filter design, the implicit assumption is made that there
are no multiplicative gain uncertainties. However, in fact,
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there inevitably exist filter parameter uncertainties in filter
implementation. Therefore, in this section, we consider a
full-order nonfragile fuzzy filter with gain variations as
follows:

Plant Rule 𝑗
IF 𝜍1 (𝑡𝑘ℎ) is 𝑊𝑖1,

𝜍2 (𝑡𝑘ℎ) is 𝑊𝑖2, . . . , and 𝜍𝑟 (𝑡𝑘ℎ) is 𝑊𝑖𝑝,THEN
(7)

�̇�𝑓 (𝑡) = (𝐴𝑓𝑗 + Δ𝐴𝑓𝑗 (𝑡)) 𝑥𝑓 (𝑡) + (𝐵𝑓𝑗 + Δ𝐵𝑓𝑗 (𝑡))
⋅ 𝑦𝑓 (𝑡)

𝑧𝑓 (𝑡) = (𝐶𝑓𝑗 + Δ𝐶𝑓𝑗 (𝑡)) 𝑥𝑓 (𝑡) ,
(8)

where𝑥𝑓(𝑡) ∈ 𝑅𝑛 is the filter state vector,𝑦𝑓(𝑡) ∈ 𝑅𝑛 is the real
input of the filter, 𝑧𝑓(𝑡) is the estimated signal vector of 𝑧(𝑡),
and𝐴𝑓𝑗, 𝐵𝑓𝑗, and𝐶𝑓𝑗 are the filter parameters to be designed.

Similarly, we represent the nonfragile fuzzy filter as

�̇�𝑓 (𝑡) = 𝑟∑
𝑗=1

𝜇𝑗 (𝜍 (𝑡𝑘ℎ)) [(𝐴𝑓𝑗 + Δ𝐴𝑓𝑗 (𝑡)) 𝑥𝑓 (𝑡)
+ (𝐵𝑓𝑗 + Δ𝐵𝑓𝑗 (𝑡)) 𝑦𝑓 (𝑡)]

𝑧𝑓 (𝑡) = 𝑟∑
𝑗=1

𝜇𝑗 (𝜍 (𝑡𝑘ℎ)) (𝐶𝑓𝑗 + Δ𝐶𝑓𝑗 (𝑡)) 𝑥𝑓 (𝑡) ,
(9)

where Δ𝐴𝑓𝑗, Δ𝐵𝑓𝑗, and Δ𝐶𝑓𝑗 are the multiplicative gain
uncertainties, which can be defined as

Δ𝐴𝑓𝑗 (𝑡) = 𝐴𝑓𝑗𝑀1𝑗𝐾𝐴 (𝑡)𝑁1𝑗
Δ𝐵𝑓𝑗 (𝑡) = 𝐵𝑓𝑗𝑀2𝑗𝐾𝐵 (𝑡)𝑁2𝑗
Δ𝐶𝑓𝑗 (𝑡) = 𝐶𝑓𝑗𝑀3𝑗𝐾𝐶 (𝑡)𝑁3𝑗,

(10)

where 𝑀𝑖𝑗 and 𝑁𝑖𝑗 (𝑖 = 1, 2, 3) are constant matrices with
appropriate dimension. 𝐾𝐴(𝑡), 𝐾𝐵(𝑡), 𝐾𝐶(𝑡) are uncertain
bounded matrices:

𝐾𝑇𝐴 (𝑡) 𝐾𝐴 (𝑡) ≤ 𝐼,
𝐾𝑇𝐵 (𝑡) 𝐾𝐵 (𝑡) ≤ 𝐼,
𝐾𝑇𝐶 (𝑡) 𝐾𝐶 (𝑡) ≤ 𝐼.

(11)

Next, consider the effect of the logic ZOH; the last
transmission data instant is maintained with the holding
interval as follows:

𝑦𝑧 = 𝑦 (𝑡𝑘ℎ) , 𝑡 ∈ [𝑡𝑘ℎ + 𝜏𝑡𝑘 , 𝑡𝑘+1ℎ + 𝜏𝑡𝑘+1) (12)

In order to facilitate analysis, the holding interval can be
represented by the following subsets:

[𝑡𝑘ℎ + 𝜏𝑡𝑘 , 𝑡𝑘+1ℎ + 𝜏𝑡𝑘+1) = 𝑚⋃
𝑙=0

Ω𝑙, (13)

where

Ω𝑖 = [𝑡𝑘ℎ + 𝑙ℎ + 𝜏𝑡𝑘+𝑖 , 𝑡𝑘ℎ + 𝑙ℎ + ℎ + 𝜏𝑡𝑘+𝑖+1) ,
𝑙 = 0, 1, . . . , 𝑚. (14)

Then, we define the function of the interval time-varying
delays as follows:

𝜏 (𝑡) =
{{{{{{{{{{{{{{{{{

(1 − Δ𝑡0) 𝑡 𝑡 ∈ Ω0
(1 − Δ𝑡1) 𝑡 𝑡 ∈ Ω1... ...
(1 − Δ𝑡𝑚) 𝑡 𝑡 ∈ Ω𝑚,

(15)

where Δ𝑡𝑚 = 𝛼𝑡 = 𝑡𝑘ℎ + 𝑙ℎ, 0 ≤ 𝛼 < 1. Therefore, we can
easily derive

0 < 𝜏1 ≤ 𝜏 (𝑡) ≤ 𝜏2,
̇𝜏 (𝑡) ≤ 1 − 𝛼 = 𝑑 ≤ 1, (16)

where 𝜏1 and 𝜏2 are lower bound and upper bound of the
delays, respectively. 𝑑 is the bound of the delay variation.

To summarize, the inputs of the filter are described as

𝑦𝑓 (𝑡) = 𝑦𝑧 (𝑡) = 𝑦 (𝑡 − 𝜏 (𝑡)) − 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) (17)

2.4. Fuzzy Filtering Error System. For simplicity, we let 𝜇𝑖
represent 𝜇𝑖(𝜍(𝑡)) and let 𝜇𝑗 represent 𝜇𝑗(𝜍(𝑡𝑘ℎ)), and

𝜉 (𝑡) = col {𝑥 (𝑡) , 𝑥𝑓 (𝑡)} ,
𝑒𝑓 (𝑡) = 𝑧 (𝑡) − 𝑧𝑓 (𝑡) . (18)

By combining (3), (9), and (17), we can obtain the following
filtering error system:

̇𝜉 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

{𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡) + 𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑤𝑖𝑗 (𝑡) 𝜔 (𝑡)}

𝑒𝑓 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝐶𝑖𝑗 (𝑡) 𝜉 (𝑡) ,
(19)

where

𝐴𝑖𝑗 (𝑡) = 𝐴 𝑖𝑗 + Δ𝐴 𝑖𝑗 (𝑡) ,
𝐵𝑖𝑗1 (𝑡) = 𝐵𝑖𝑗1 + Δ𝐵𝑖𝑗1 (𝑡) ,
𝐵𝑖𝑗2 (𝑡) = 𝐵𝑖𝑗2 + Δ𝐵𝑖𝑗2 (𝑡) ,
𝐶𝑖𝑗 (𝑡) = 𝐶𝑖𝑗 + Δ𝐶𝑖𝑗 (𝑡) ,

𝐴 𝑖𝑗 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [𝐴 𝑖 0
0 𝐴𝑓𝑗] ,
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Δ𝐴 𝑖𝑗 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [0 0
0 Δ𝐴𝑓𝑗 (𝑡)] ,

𝐵𝑖𝑗1 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [0 0
0 𝐵𝑓𝑗𝐷𝑖] ,

Δ𝐵𝑖𝑗1 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [0 0
0 Δ𝐵𝑓𝑗 (𝑡) 𝐷𝑖] ,

𝐵𝑖𝑗2 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [ 0
−𝐵𝑓𝑗] ,

Δ𝐵𝑖𝑗2 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [ 0
−Δ𝐵𝑓𝑗 (𝑡)] ,

𝐶𝑖𝑗 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [𝐶𝑖 −𝐶𝑓𝑗] ,

Δ𝐶𝑖𝑗 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [0 −Δ𝐶𝑓𝑗 (𝑡)] ,

𝐵𝑤𝑖𝑗 = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝜇𝑖𝜇𝑗 [𝐵𝑖0 ] .
(20)

Before the end of this section, the following definitions and
lemmas are needed for the fuzzy filtering error system.

Definition 2. The fuzzy filtering error system is asymptoti-
cally stable with an 𝐻∞ performance, if the following holds:(1) The filtering error system (19) is asymptotically stable
when 𝜔(𝑡) = 0.(2) The filtering error system (19) has a prescribed 𝐻∞
performance 𝛾; under zero initial condition,

∫𝐿
0

‖𝑒 (𝑡)‖2 𝑑𝑡 ≤ 𝛾2 ∫𝐿
0

‖𝜔 (𝑡)‖2 𝑑𝑡 (21)

is satisfied for any nonzero 𝜔(𝑡) ∈ 𝐿2[0,∞).
Lemma 3 (see [21]). Let 𝑋, 𝑌, and 𝐺 be real matrices with
appropriate dimensions and 𝐺𝑇𝑖 (𝑡)𝐺𝑖(𝑡) ≤ 𝐼. Then, for any
constant 𝜀 > 0, one has

𝑋𝐺 (𝑡) 𝑌 + 𝑌𝑇𝐺 (𝑡)𝑋𝑇 ≤ 𝜀𝑋𝑋𝑇 + 𝜀−1𝑌𝑇𝑌 (22)

Lemma 4 (see [22]). For any vectors 𝑥, 𝑦 ∈ 𝑅𝑛 and any scalar𝜀 > 0, matrices 𝐷, 𝐹, and 𝐸 are real matrices of appropriate
dimensions with 𝐹𝑇(𝑡)𝐹(𝑡) ≤ 𝐼; then the following inequalities
hold:

2𝑥𝐷𝐹 (𝑡) 𝐸𝑦 ≤ 𝜀𝑥𝑇𝐷𝐷𝑇𝑥 + 𝜀−1𝑦𝑇𝐸𝐸𝑇𝑦 (23)

Lemma 5 (see [23]). Let𝑉,𝐻, 𝐸,𝑄, and 𝐹 be real matrices of
appropriate dimensions such that 𝑄 > 0 and 𝐹𝑇𝐹 ≤ 𝐼. Then,
for any scalar 𝜀 > 0 such that 𝑄 − 𝜀𝐷𝐷𝑇 > 0, one has

(𝑉 + 𝐻𝐹𝐸)𝑇𝑄 (𝑉 + 𝐻𝐹𝐸)
≤ 𝑉𝑇 (𝑄−1 − 𝜀𝐻𝐻𝑇)𝑉 + 𝜀−1𝐸𝑇𝐸 (24)

Lemma 6 (see [24]). Let 𝑃 > 0 and let 𝐴 𝑖 and 𝐴 𝑙 be any real
matrices of appropriate dimensions. Then

𝐴𝑇𝑖 𝑃𝐴 𝑙 + 𝐴𝑇𝑙 𝑃𝐴 𝑖 ≤ 𝐴𝑇𝑖 𝑃𝐴 𝑖 + 𝐴𝑇𝑙 𝑃𝐴 𝑙 (25)

Lemma 7 (Seuret and Gouaisbaut [25]). For a given sym-
metric and positive matrix 𝑅 > 0 of appropriate dimensions
and different signal 𝑥 in [𝑎, 𝑏] → 𝑅𝑛, the following inequality
holds:

− ∫𝑏
𝑎

̇𝜉𝑇 (𝑠) 𝑅 ̇𝜉 (𝑠) 𝑑𝑠

≤ − 1𝑏 − 𝑎 [[
[
𝜉 (𝑏)
𝜉 (𝑎)
V

]]
]

𝑇

[[
[
𝑎1𝑅 𝑎2𝑅 𝑎3𝑅∗ 𝑎1𝑅 𝑎3𝑅∗ ∗ 𝑎4𝑅

]]
]

[[
[
𝜉 (𝑏)
𝜉 (𝑎)
V

]]
]

,
(26)

where

V = 1𝑏 − 𝑎 ∫𝑏
𝑎

𝜉 (𝑠) 𝑑𝑠
𝑎1 = 𝜋24 + 1,
𝑎2 = 𝜋24 − 1,
𝑎3 = −𝜋22 ,
𝑎4 = 𝜋2.

(27)

3. Stability Analysis

In this section, we first present the 𝐻∞ performance analysis
for the filtering error system (19) under event-triggered
scheme. The following results are established to guaran-
tee that the filtering error system (19) is asymptotically
stable.

Theorem 8. For given positive parameters 𝜏1, 𝜏2, 𝑑 ≤ 1, 𝛾 > 0,𝜀𝑖 > 0, (𝑖 = 1, 2, . . . , 10), and 0 < 𝜆 < 1, the filtering error
system in (19) is asymptotically stable with 𝐻∞ performance 𝛾
under the event-triggered scheme (16), if there exist matrices𝑄𝑖 > 0, (𝑖 = 1, 2, 3), 𝜓 > 0, 𝑅𝑖 > 0 (𝑖 = 1, 2), 𝑎𝑖 >0 (𝑖 = 1, 2, 3, 4), and 𝑃 > 0 and 𝐴𝑓𝑗, 𝐵𝑓𝑗, and 𝐶𝑓𝑗 with appro-
priate dimensions such that the following matrix inequalities
hold:

[
[

𝐼 �̃�3
∗ 𝜀−110

]
]

> 0 (28)

[
[
𝑅−11 �̃�1
∗ 𝜀−14

]
]

> 0,

[
[
𝑅−12 �̃�1
∗ 𝜀−17

]
]

> 0
(29)
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[𝑅−11 �̃�21
∗ 𝜀−15 ] > 0,

[𝑅−12 �̃�21
∗ 𝜀−18 ] > 0

(30)

[𝑅−11 �̃�22
∗ 𝜀−16 ] > 0,

[𝑅−12 �̃�22
∗ 𝜀−19 ] > 0

(31)

Π = [Λ 11 Λ 12∗ Λ 22] < 0 (32)

for

Λ 11 =
[[[[[[[[
[

Π11 Π12 Π13 0 Π15∗ Π22 Π23 0 Π25∗ ∗ Π33 Π34 0
∗ ∗ ∗ Π44 0
∗ ∗ ∗ ∗ Π55

]]]]]]]]
]

,

Λ 12 =
[[[[[[[[
[

0 0 Π18 Π19Π26 0 0 0
Π36 Π37 0 0
0 Π47 0 0
0 0 0 0

]]]]]]]]
]

,

Λ 22 =
[[[[[
[

Π66 0 0 0
∗ Π77 0 0
∗ ∗ Π88 0
∗ ∗ ∗ Π99

]]]]]
]

,

(33)

where

Π11 = 𝑃𝐴 𝑖𝑗 + 𝐴𝑇𝑖𝑗𝑃 + 𝑄1 + 𝑄2 + 𝑄3 − 𝑎1𝑅1
+ 𝜀1𝑃�̃�1�̃�𝑇1 𝑃 + 𝜀−11 �̃�𝑇1 �̃�1
+ 𝜀2𝑃�̃�21�̃�𝑇21𝑃 + 𝜀3𝑃�̃�22�̃�𝑇22𝑃
+ 𝜀−110 �̃�𝑇3 �̃�3
+ 𝛼21𝐴𝑇𝑖𝑗 [𝑅−11 − 𝜀4�̃�1�̃�𝑇1 ]−1 𝐴 𝑖𝑗
+ 𝛼21𝜀−14 �̃�𝑇1 �̃�1
+ 𝛼22𝐴𝑇𝑖𝑗 [𝑅−12 − 𝜀7�̃�1�̃�𝑇1 ]−1 𝐴 𝑖𝑗
+ 𝛼22𝜀−17 �̃�𝑇1 �̃�1 + 𝐶𝑇𝑖𝑗 [𝐼 − 𝜀10�̃�3�̃�𝑇3 ]−1 𝐶𝑖𝑗,

Π12 = −𝑎2𝑅1,

Π13 = 𝑃𝐵𝑖𝑗1,
Π15 = −𝑎3𝑅1,
Π18 = 𝑃𝐵𝑖𝑗2,
Π19 = 𝑃𝐵𝑤𝑖𝑗,
Π22 = −𝑄2 − 𝑎1𝑅1 − 𝑎1𝑅2,
Π23 = −𝑎2𝑅2,
Π25 = −𝑎3𝑅1,
Π26 = −𝑎3𝑅2,
Π33 = − (1 − 𝑑)𝑄1 + 𝜀−12 �̃�𝑇21�̃�21 + 𝜆𝐷𝑇𝑖 𝜓𝐷𝑖 − 2𝑎1𝑅2

+ 𝛼21𝜀−15 �̃�𝑇21�̃�21 + 𝛼22𝜀−18 �̃�𝑇21�̃�21
+ 𝛼21𝐵𝑇𝑖𝑗1 [𝑅−11 − 𝜀5�̃�21�̃�𝑇21]−1 𝐵𝑖𝑗1
+ 𝛼22𝐵𝑇𝑖𝑗1 [𝑅−12 − 𝜀8�̃�21�̃�𝑇21]−1 𝐵𝑖𝑗1,

Π34 = −𝑎2𝑅2,
Π36 = −𝑎3𝑅2,
Π37 = −𝑎3𝑅2,
Π44 = −𝑄3 − 𝑎1𝑅2,
Π47 = −𝑎3𝑅2,
Π55 = −𝑎4𝑅1,
Π66 = −𝑎4𝑅2,
Π77 = −𝑎4𝑅2,
Π88 = 𝜀−13 �̃�𝑇22�̃�22 + (𝜆 − 1) 𝜓 + 𝛼21𝜀−16 �̃�𝑇22�̃�22

+ 𝛼22𝜀−19 �̃�𝑇22�̃�22
+ 𝛼21𝐵𝑇𝑖𝑗2 [𝑅−11 − 𝜀6�̃�22�̃�𝑇22]−1 𝐵𝑖𝑗2
+ 𝛼22𝐵𝑇𝑖𝑗2 [𝑅−12 − 𝜀9�̃�22�̃�𝑇22]−1 𝐵𝑖𝑗2,

Π99 = 𝛼21𝐵𝑇𝑤𝑖𝑗𝑅1𝐵𝑤𝑖𝑗 + 𝛼22𝐵𝑇𝑤𝑖𝑗𝑅2𝐵𝑤𝑖𝑗 − 𝛾2𝐼𝑛,
�̃�1 = [ 0

𝐴𝑓𝑗𝑀1𝑗] ,

�̃�21 = [ 0
𝐵𝑓𝑗𝑀2𝑗] ,

�̃�22 = [ 0
−𝐵𝑓𝑗𝑀2𝑗] ,

�̃�3 = 𝐶𝑓𝑗𝑀3𝑗,
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�̃�1 = [0 𝑁1𝑗] ,
�̃�21 = [0 𝑁2𝑗𝐷𝑖] ,
�̃�22 = [0 𝑁2𝑗] ,
�̃�3 = [0 𝑁3𝑗] ,
𝑎1 = 𝜋24 + 1,
𝑎2 = 𝜋24 − 1,
𝑎3 = −𝜋22 ,
𝑎4 = 𝜋2,
𝛼1 = 2𝜏1,
𝛼2 = 2 (𝜏2 − 𝜏1) .

(34)

Proof. We construct a candidate of Lyapunov-Krasovskii
function as follows:

𝑉 (𝑡, 𝜉𝑡) = 3∑
𝑗=1

𝑉𝑗 (𝑡, 𝜉𝑡) , (35)

where

𝑉1 (𝑡, 𝜉𝑡) = 𝜉𝑇 (𝑡) 𝑃𝜉 (𝑡) ,
𝑉2 (𝑡, 𝜉𝑡) = ∫𝑡

𝑡−𝜏(𝑡)
𝜉𝑇 (𝑠) 𝑄1𝜉 (𝑠) 𝑑𝑠

+ ∫𝑡
𝑡−𝜏1

𝜉𝑇 (𝑠) 𝑄2𝜉 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏2

𝜉𝑇 (𝑠) 𝑄3𝜉 (𝑠) 𝑑𝑠,
𝑉3 (𝑡, 𝜉𝑡) = 𝜏1 ∫0

−𝜏1

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) 𝑅1 ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃
+ (𝜏2 − 𝜏1) ∫−𝜏1

−𝜏2

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) 𝑅2 ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃.

(36)

Taking the time derivation of 𝑉(𝑡) for 𝑡, we have
�̇� (𝑡, 𝜉𝑡) = �̇�1 (𝑡, 𝜉𝑡) + �̇�2 (𝑡, 𝜉𝑡) + �̇�3 (𝑡, 𝜉𝑡) , (37)

where

�̇�1 (𝑡, 𝜉𝑡) = 2𝜉𝑇 (𝑡) 𝑃𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡)
+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑤𝑖𝑗 (𝑡) 𝜔 (𝑡)

= 2𝜉𝑇 (𝑡) 𝑃𝐴 𝑖𝑗𝜉 (𝑡) + 2𝜉𝑇 (𝑡) 𝑃Δ𝐴 𝑖𝑗 (𝑡) 𝜉 (𝑡)

+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑖𝑗1𝜉 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑖𝑗2𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃𝐵𝑤𝑖𝑗 (𝑡) 𝜔 (𝑡)

(38)

�̇�2 (𝑡, 𝜉𝑡) = 𝜉𝑇 (𝑡) (𝑄1 + 𝑄2 + 𝑄3) 𝜉 (𝑡)
− (1 − ̇𝜏 (𝑡)) 𝜉𝑇 (𝑡 − 𝜏 (𝑡)) 𝑄1𝜉 (𝑡 − 𝜏 (𝑡))
− 𝜉𝑇 (𝑡 − 𝜏1) 𝑄2𝜉 (𝑡 − 𝜏1)
− 𝜉𝑇 (𝑡 − 𝜏2) 𝑄3𝜉 (𝑡 − 𝜏2)

≤ 𝜉𝑇 (𝑡) (𝑄1 + 𝑄2 + 𝑄3) 𝜉 (𝑡)
− (1 − 𝑑) 𝜉𝑇 (𝑡 − 𝜏 (𝑡)) 𝑄1𝜉 (𝑡 − 𝜏 (𝑡))
− 𝜉𝑇 (𝑡 − 𝜏1) 𝑄2𝜉 (𝑡 − 𝜏1)
− 𝜉𝑇 (𝑡 − 𝜏2) 𝑄3𝜉 (𝑡 − 𝜏2)

(39)

�̇�3 (𝑡, 𝜉𝑡) = 𝜏21 ̇𝜉𝑇 (𝑡) 𝑅1 ̇𝜉 (𝑡) + (𝜏2 − 𝜏1)2 ̇𝜉𝑇 (𝑡) 𝑅2 ̇𝜉 (𝑡)
− 𝜏1 ∫𝑡

𝑡−𝜏1

̇𝜉𝑇 (𝑠) 𝑅1 ̇𝜉 (𝑠) 𝑑𝑠
− (𝜏2 − 𝜏1) ∫𝑡−𝜏1

𝑡−𝜏2

̇𝜉𝑇 (𝑠) 𝑅2 ̇𝜉 (𝑠) 𝑑𝑠
(40)

By Lemma 3, for ∀𝜀1 > 0, we can obtain

2𝜉𝑇 (𝑡) 𝑃Δ𝐴 𝑖𝑗 (𝑡) 𝜉 (𝑡) = 2𝜉𝑇 (𝑡) 𝑃 [�̃�1𝐾𝐴 (𝑡) �̃�1] 𝜉 (𝑡)
≤ 𝜉𝑇 (𝑡) (𝜀1𝑃�̃�1�̃�𝑇1 𝑃 + 𝜀−11 𝑃�̃�𝑇1 �̃�1𝑃) 𝜉 (𝑡) (41)

By Lemma 4, if there exist ∀𝜀2 > 0 and ∀𝜀3 > 0, we have
2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡))

= 2𝜉𝑇 (𝑡) 𝑃 [�̃�21𝐾𝐵 (𝑡) �̃�21] 𝜉 (𝑡 − 𝜏 (𝑡))
≤ 𝜉𝑇 (𝑡) [𝜀2𝑃�̃�21�̃�𝑇21𝑃] 𝜉 (𝑡)

+ 𝜉𝑇 (𝑡 − 𝜏 (𝑡)) [𝜀−12 𝑃�̃�𝑇21�̃�21𝑃] 𝜉 (𝑡 − 𝜏 (𝑡))
(42)

2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
= 2𝜉𝑇 (𝑡) 𝑃 [�̃�22𝐾𝐵 (𝑡) �̃�22] 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
≤ 𝜉𝑇 (𝑡) [𝜀3𝑃�̃�22�̃�𝑇22𝑃] 𝜉 (𝑡)

+ 𝑒𝑇𝑘 (𝑡 − 𝜏 (𝑡)) [𝜀−13 𝑃�̃�𝑇22�̃�22𝑃] 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
(43)
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From (41) to (43), we derive

2𝜉𝑇 (𝑡) 𝑃Δ𝐴 𝑖𝑗 (𝑡) 𝜉 (𝑡) + 2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡))
+ 2𝜉𝑇 (𝑡) 𝑃Δ𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) ≤ 𝜉𝑇 (𝑡)
⋅ {𝜀1𝑃�̃�1�̃�𝑇1 𝑃 + 𝜀2𝑃�̃�21�̃�𝑇21𝑃 + 𝜀−11 𝑃�̃�𝑇1 �̃�1𝑃
+ 𝜀3𝑃�̃�22�̃�𝑇22𝑃} 𝜉 (𝑡) + 𝑒𝑇𝑘 (𝑡 − 𝜏 (𝑡))
⋅ [𝜀−13 𝑃�̃�𝑇22�̃�22𝑃] 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) + 𝜉𝑇 (𝑡 − 𝜏 (𝑡))
⋅ [𝜀−12 𝑃�̃�𝑇21�̃�21𝑃] 𝜉 (𝑡 − 𝜏 (𝑡))

(44)

By using Lemmas 5 and 6, if there exists ∀𝜀𝑖 > 0(𝑖 = 4, 5,6, 7, 8), we derive
𝜏21 ̇𝜉𝑇 (𝑡) 𝑅1 ̇𝜉 (𝑡) = 𝜏12 [𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡)

+ 𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑤𝑖𝑗 (𝑡) 𝑤 (𝑡)]𝑇 𝑅1 [𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡)
+ 𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑤𝑖𝑗 (𝑡) 𝑤 (𝑡)] ≤ 4𝜏21𝜉𝑇 (𝑡)
⋅ {𝐴𝑇𝑖𝑗 [𝑅−11 − 𝜀4�̃�1�̃�𝑇1 ]−1 𝐴 𝑖𝑗 + 𝜀−14 �̃�𝑇1 �̃�1} 𝜉 (𝑡)
+ 4𝜏21𝜉𝑇 (𝑡 − 𝜏 (𝑡)) {𝐵𝑇𝑖𝑗1 [𝑅−11 − 𝜀5�̃�21�̃�𝑇21]−1 𝐵𝑖𝑗1
+ 𝜀−15 �̃�𝑇21�̃�21} 𝜉 (𝑡 − 𝜏 (𝑡)) + 4𝜏21𝑒𝑇𝑘 (𝑡 − 𝜏 (𝑡))
⋅ {𝐵𝑇𝑖𝑗2 [𝑅−11 − 𝜀6�̃�22�̃�𝑇22]−1 𝐵𝑖𝑗2 + 𝜀−16 �̃�𝑇22�̃�22}
⋅ 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) + 4𝜏21𝜔𝑇 (𝑡) 𝐵𝑇𝑤𝑖𝑗 (𝑡) 𝑅1𝐵𝑤𝑖𝑗 (𝑡) 𝜔 (𝑡)

(45)

(𝜏2 − 𝜏1)2 ̇𝜉𝑇 (𝑡) 𝑅2 ̇𝜉 (𝑡) = (𝜏2 − 𝜏1)2 [𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡)
+ 𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑤𝑖𝑗 (𝑡) 𝑤 (𝑡)]𝑇 𝑅1 [𝐴𝑖𝑗 (𝑡) 𝜉 (𝑡)
+ 𝐵𝑖𝑗1 (𝑡) 𝜉 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑗2 (𝑡) 𝑒𝑘 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑤𝑖𝑗 (𝑡) 𝑤 (𝑡)] ≤ 4 (𝜏2 − 𝜏1)2 𝜉𝑇 (𝑡)
⋅ {𝐴𝑇𝑖𝑗 [𝑅−12 − 𝜀7�̃�1�̃�𝑇1 ]−1 𝐴 𝑖𝑗 + 𝜀−17 �̃�𝑇1 �̃�1} 𝜉 (𝑡)
+ 4 (𝜏2 − 𝜏1)2 𝜉𝑇 (𝑡 − 𝜏 (𝑡))
⋅ {𝐵𝑇𝑖𝑗1 [𝑅−12 − 𝜀8�̃�21�̃�𝑇21]−1 𝐵𝑖𝑗1 + 𝜀−18 �̃�𝑇21�̃�21} 𝜉 (𝑡
− 𝜏 (𝑡)) + 4 (𝜏2 − 𝜏1)2 𝑒𝑇𝑘 (𝑡 − 𝜏 (𝑡))
⋅ {𝐵𝑇𝑖𝑗2 [𝑅−12 − 𝜀9�̃�22�̃�𝑇22]−1 𝐵𝑖𝑗2 + 𝜀−19 �̃�𝑇22�̃�22}
⋅ 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) + 4 (𝜏2 − 𝜏1)2 𝜔𝑇 (𝑡) 𝐵𝑇𝑤𝑖𝑗 (𝑡)
⋅ 𝑅2𝐵𝑤𝑖𝑗 (𝑡) 𝜔 (𝑡)

(46)

By applying Lemma 5, if there exists ∀𝜀10 > 0, we can obtain

𝑒𝑇𝑓 (𝑡) 𝑒𝑓 (𝑡) = 𝜉𝑇 (𝑡) 𝐶𝑇𝑖𝑗 (𝑡) 𝐶𝑖𝑗𝜉 (𝑡)
= 𝜉𝑇 (𝑡) (𝐶𝑖𝑗 + Δ𝐶𝑖𝑗 (𝑡))𝑇 (𝐶𝑖𝑗 + Δ𝐶𝑖𝑗 (𝑡)) 𝜉 (𝑡)
≤ 𝜉𝑇 (𝑡) 𝐶𝑇𝑖𝑗 (𝐼 − 𝜀10�̃�3�̃�𝑇3 )−1 𝐶𝑖𝑗𝜉𝑇 (𝑡)

+ 𝜀−110 𝜉𝑇 (𝑡) �̃�𝑇3 �̃�3𝜉 (𝑡)

(47)

Furthermore, we use Lemma 7 to deal with the integral
items in (40); it follows that

− 𝜏1 ∫𝑡
𝑡−𝜏1

̇𝜉𝑇 (𝑠) 𝑅1 ̇𝜉 (𝑠) 𝑑𝑠 ≤ [[
[

𝜉 (𝑡)
𝜉 (𝑡 − 𝜏1)𝜐1

]]
]

𝑇

⋅ [[
[
𝑎1𝑅1 𝑎2𝑅1 𝑎3𝑅1∗ 𝑎1𝑅1 𝑎3𝑅1∗ ∗ 𝑎4𝑅1

]]
]

[[
[

𝜉 (𝑡)
𝜉 (𝑡 − 𝜏1)𝜐1

]]
]

(48)

− (𝜏2 − 𝜏1) ∫𝑡−𝜏1
𝑡−𝜏2

̇𝜉𝑇 (𝑠) 𝑅2 ̇𝜉 (𝑠) 𝑑𝑠 = − (𝜏2 − 𝜏1)
⋅ ∫𝑡−𝜏1
𝑡−𝜏(𝑡)

̇𝜉𝑇 (𝑠) 𝑅2 ̇𝜉 (𝑠) 𝑑𝑠 − (𝜏2 − 𝜏1)

⋅ ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

̇𝜉𝑇 (𝑠) 𝑅2 ̇𝜉 (𝑠) 𝑑𝑠 ≤ −[[
[

𝜉 (𝑡 − 𝜏1)𝜉 (𝑡 − 𝜏 (𝑡))
𝜐2

]]
]

𝑇

⋅ [[
[
𝑎1𝑅2 𝑎2𝑅2 𝑎3𝑅2∗ 𝑎1𝑅2 𝑎3𝑅2∗ ∗ 𝑎4𝑅2

]]
]

[[
[

𝜉 (𝑡 − 𝜏1)𝜉 (𝑡 − 𝜏 (𝑡))
𝜐2

]]
]

− [[
[
𝜉 (𝑡 − 𝜏 (𝑡))
𝜉 (𝑡 − 𝜏2)𝜐3

]]
]

𝑇

⋅ [[
[
𝑎1𝑅2 𝑎2𝑅2 𝑎3𝑅2∗ 𝑎1𝑅2 𝑎3𝑅2∗ ∗ 𝑎4𝑅2

]]
]

[[
[
𝜉 (𝑡 − 𝜏 (𝑡))
𝜉 (𝑡 − 𝜏2)𝜐3

]]
]

,

(49)

where

𝜐1 = 1𝜏1 ∫
𝑡

𝑡−𝜏1

𝜉 (𝑠) 𝑑𝑠,
𝜐2 = 1𝜏 (𝑡) − 𝜏1 ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)
𝜉 (𝑠) 𝑑𝑠,

𝜐3 = 1𝜏2 − 𝜏 (𝑡) ∫𝑡−𝜏(𝑡)
𝑡−𝜏2

𝜉 (𝑠) 𝑑𝑠.
(50)

By combining (44) to (49), we obtain

�̇� (𝑡, 𝜉𝑡) + 𝑒𝑇𝑓 (𝑡) 𝑒𝑓 (𝑡) − 𝛾2𝜔𝑇 (𝑡) 𝜔 (𝑡) ≤ 𝜂𝑇 (𝑡) Π𝜂 (𝑡) (51)
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where

𝜂 (𝑡) = col {𝜉 (𝑡) , 𝜉 (𝑡 − 𝜏1) , 𝜉 (𝑡 − 𝜏 (𝑡)) , 𝜉 (𝑡 − 𝜏2) , 𝜐1, 𝜐2,
𝜐3, 𝑒𝑘 (𝑡 − 𝜏 (𝑡)) , 𝜔 (𝑡)} . (52)

Then, from (28) to (32), under the zero initial condition, we
integrate the right and left sides of (51) from 0 to 𝐿 for all 𝐿 >0; we can easily derive

∫𝐿
0

𝑒𝑇𝑓 (𝑡) 𝑒𝑓 (𝑡) 𝑑𝑡 ≤ 𝛾2 ∫𝐿
0

𝜔𝑇 (𝑡) 𝜔 (𝑡) 𝑑𝑡 (53)

This completes the proof.

4. Fuzzy 𝐻∞ Filter Design

It is worth mentioning that the condition in (32) cannot be
directly used for filter design. Therefore, in this section, we
provide a sufficient condition for the fuzzy 𝐻∞ filter design,
and a suitable filter parameter matrix is obtained.

Theorem 9. For given positive parameters 𝜏1, 𝜏2, 𝑑 ≤ 1, 𝛾 > 0,𝛿 > 0, 𝜀𝑖 > 0, (𝑖 = 1, 2, . . . , 10), and 0 < 𝜆 < 1, if there exist
symmetric positive definite matrices 𝑃 > 0, 𝑄1 > 0, 𝑄2 > 0,𝑄3 > 0, 𝜓 > 0, 𝑅1 > 0, and 𝑅2 > 0 and 𝐴𝑓𝑗, 𝐵𝑓𝑗, and 𝐶𝑓𝑗 with
appropriate dimensions, the following hold:

[
[

𝐼 �̃�3
∗ 𝜀−110

]
]

> 0 (54)

[
[
𝑅−11 �̃�1
∗ 𝜀−14

]
]

> 0,

[
[
𝑅−12 �̃�1
∗ 𝜀−17

]
]

> 0
(55)

[
[
𝑅−11 �̃�21
∗ 𝜀−15

]
]

> 0,

[
[
𝑅−12 �̃�21
∗ 𝜀−18

]
]

> 0
(56)

[
[
𝑅−11 �̃�22
∗ 𝜀−16

]
]

> 0,

[
[
𝑅−12 �̃�22
∗ 𝜀−19

]
]

> 0
(57)

Π̃ = [
[
Λ̃ 11 Λ̃ 12
∗ Λ̃ 22

]
]

< 0 (58)

for

Λ̃ 11 =
[[[[[[[[[
[

Π̃11 Π̃12 Π̃13 0 Π̃15
∗ Π̃22 Π̃23 0 Π̃25
∗ ∗ Π̃33 Π34 0
∗ ∗ ∗ Π44 0
∗ ∗ ∗ ∗ Π55

]]]]]]]]]
]

,

Λ̃ 12 =
[[[[[[[[
[

0 0 Π̃18 Π̃19
Π̃26 0 0 0
Π36 Π37 0 0
0 Π47 0 0
0 0 0 0

]]]]]]]]
]

,

Λ̃ 22 =
[[[[[[
[

Π66 0 0 0
∗ Π77 0 0
∗ ∗ Π̃88 0
∗ ∗ ∗ Π̃99

]]]]]]
]

,

(59)

where

Π̃11

=

[[[[[[[[[[[[[[[[[[[[
[

𝜑11 𝜑12 �̃�𝑇1 𝜑14 𝜑15 �̃�𝑇3 𝜑17 𝜑18 𝐶𝑇𝑖𝑗
∗ −𝜀−11 0 0 0 0 0 0 0
∗ ∗ 𝜑33 0 0 0 0 0 0
∗ ∗ ∗ −𝜀−12 0 0 0 0 0
∗ ∗ ∗ ∗ −𝜀−13 0 0 0 0
∗ ∗ ∗ ∗ ∗ −𝜀10 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ 𝜑77 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜑88 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜑99

]]]]]]]]]]]]]]]]]]]]
]

,

𝜑11
= [𝑃11𝐴 𝑖 𝐴𝑓𝑗

𝑃𝑇12𝐴 𝑖 𝐴𝑓𝑗] + [𝑃11𝐴 𝑖 𝐴𝑓𝑗
𝑃𝑇12𝐴 𝑖 𝐴𝑓𝑗]

𝑇

+ 𝑄1 + 𝑄2 + 𝑄3
− 𝑎1𝑅1,

𝜑12 = [𝐴𝑓𝑗𝑀1𝑗
𝐴𝑓𝑗𝑀1𝑗] ,

𝜑14 = [𝐵𝑓𝑗𝑀2𝑗
𝐵𝑓𝑗𝑀2𝑗] ,

𝜑15 = −𝜑14,
𝜑17 = 𝛼1 [𝑃11𝐴 𝑖 𝐴𝑓𝑗

𝑃𝑇12𝐴 𝑖 𝐴𝑓𝑗]
𝑇

,
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𝜑18 = 𝛼2 [𝑃11𝐴 𝑖 𝐴𝑓𝑗
𝑃𝑇12𝐴 𝑖 𝐴𝑓𝑗]

𝑇

,
𝜑33 = − (𝜀−11 + 𝛼21𝜀−14 + 𝛼22𝜀−17 )−1 ,
𝜑77 = [−2𝛿𝑃 + 𝛿2𝑅1 𝜑12

∗ −𝜀−14 ] ,

𝜑88 = [−2𝛿𝑃 + 𝛿2𝑅2 𝜑12
∗ −𝜀−17 ] ,

𝜑99 = [ 𝐼 �̃�3
∗ −𝜀−110] ,

Π̃12 = −𝑎2𝑅1,
Π̃13 = [

[
0 𝐵𝑓𝑗𝐷𝑖
0 𝐵𝑓𝑗𝐷𝑖]]

,
Π̃15 = −𝑎3𝑅1,
Π̃18 = [

[
−𝐵𝑓𝑗
−𝐵𝑓𝑗]]

,

Π̃19 = [𝑃11𝐵𝑖
𝑃𝑇12𝐵𝑖] ,

Π̃22 = −𝑄2 − 𝑎1𝑅1 − 𝑎1𝑅2,
Π̃23 = −𝑎2𝑅2,
Π̃25 = −𝑎3𝑅1,
Π̃26 = −𝑎3𝑅2,

Π̃33 =
[[[[[[[[[[[
[

𝜑11 �̃�𝑇21 𝜑13 0 𝜑15 0
∗ 𝜑22 0 0 0 0
∗ ∗ 𝜑33 𝜑34 0 0
∗ ∗ ∗ −𝜀−15 0 0
∗ ∗ ∗ ∗ 𝜑55 𝜑56∗ ∗ ∗ ∗ ∗ −𝜀−18

]]]]]]]]]]]
]

,

𝜑11 = − (1 − 𝑑)𝑄1 + 𝜆𝐷𝑇𝑖 𝜓𝐷𝑖 − 2𝑎1𝑅2,
𝜑13 = [ 0 0

𝛼1𝐷𝑇𝑖 𝐵𝑇𝑓𝑗 𝛼1𝐷𝑇𝑖 𝐵𝑇𝑓𝑗] ,

𝜑15 = [ 0 0
𝛼2𝐷𝑇𝑖 𝐵𝑇𝑓𝑗 𝛼2𝐷𝑇𝑖 𝐵𝑇𝑓𝑗] ,

𝜑22 = − (𝜀−12 + 𝛼21𝜀−15 + 𝛼22𝜀−18 )−1 ,
𝜑33 = −2𝛿𝑃 + 𝛿2𝑅1,

𝜑34 = 𝜑56 = [𝐵𝑓𝑗𝑀2𝑗
𝐵𝑓𝑗𝑀2𝑗] ,

𝜑55 = −2𝛿𝑃 + 𝛿2𝑅2,

Π̃88 =
[[[[[[[[[[[[
[

(𝜆 − 1) 𝜓 �̃�𝑇22 𝜅13 0 𝜅15 0
∗ 𝜅22 0 0 0 0
∗ ∗ 𝜅33 𝜅34 0 0
∗ ∗ ∗ −𝜀−16 0 0
∗ ∗ ∗ ∗ 𝜅55 𝜅56
∗ ∗ ∗ ∗ ∗ −𝜀−19

]]]]]]]]]]]]
]

,

𝜅13 = [−𝛼1𝐵𝑇𝑓𝑗 −𝛼1𝐵𝑇𝑓𝑗] ,
𝜅15 = [−𝛼2𝐵𝑇𝑓𝑗 −𝛼2𝐵𝑇𝑓𝑗] ,
𝜅22 = − (𝜀−13 + 𝛼21𝜀−16 + 𝛼22𝜀−19 )−1 ,
𝜅33 = −2𝛿𝑃 + 𝛿2𝑅1,
𝜅34 = 𝜅56 = [

[
−𝐵𝑓𝑗𝑀2𝑗
−𝐵𝑓𝑗𝑀2𝑗]]

,
𝜅55 = −2𝛿𝑃 + 𝛿2𝑅2,

Π̃99 = [[[
[

−𝛾2𝐼 𝜅12 𝜅13
∗ 𝜅22 0
∗ ∗ 𝜅33

]]]
]

,

𝜅12 = 𝛼1 [𝐵𝑇𝑖 𝑃𝑇11 𝐵𝑇𝑖 𝑃12] ,
𝜅13 = 𝛼2 [𝐵𝑇𝑖 𝑃𝑇11 𝐵𝑇𝑖 𝑃12] ,
𝜅22 = −2𝛿𝑃 + 𝛿2𝑅1,
𝜅33 = −2𝛿𝑃 + 𝛿2𝑅2.

(60)

Moreover, if inequality is feasible, the filter parameters can be
obtained by

𝐴𝑓𝑗 = 𝑃−112 𝐴𝑓𝑗,
𝐵𝑓𝑗 = 𝑃−112 𝐵𝑓𝑗,
𝐶𝑓𝑗 = 𝐶𝑓𝑗.

(61)

Proof. By applying Schur complement lemma, the matrix
inequality conditions (32) in Theorem 8 can be rewritten as
the following matrix inequality:

Ξ̃ = [Γ11 Γ12
∗ Γ22] < 0 (62)
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for

Γ11 =
[[[[[[[[
[

Θ11 −𝑎2𝑅1 𝑃𝐵𝑖𝑗1 0 −𝑎3𝑅1∗ Θ22 −𝑎2𝑅2 0 −𝑎3𝑅1∗ ∗ Θ33 −𝑎2𝑅2 0
∗ ∗ ∗ −𝑄3 − 𝑎1𝑅2 0
∗ ∗ ∗ ∗ −𝑎4𝑅1

]]]]]]]]
]

,

Γ12 =
[[[[[[[[
[

0 0 𝑃𝐵𝑖𝑗2 𝑃𝐵𝑤𝑖𝑗−𝑎3𝑅2 0 0 0
−𝑎3𝑅2 −𝑎3𝑅2 0 0

0 −𝑎4𝑅2 0 0
0 0 0 0

]]]]]]]]
]

,

Γ22 =
[[[[[
[

−𝑎4𝑅2 0 0 0
∗ −𝑎4𝑅2 0 0
∗ ∗ Θ88 0
∗ ∗ ∗ Θ99

]]]]]
]

,

(63)

where

Θ11

=

[[[[[[[[[[[[[[[[[[[[
[

𝜙11 𝑃�̃�1 �̃�𝑇1 𝑃�̃�21 −𝑃�̃�21 �̃�𝑇3 𝜙17 𝜙18 𝐶𝑇𝑖𝑗
∗ −𝜀−11 0 0 0 0 0 0 0
∗ ∗ 𝜙33 0 0 0 0 0 0
∗ ∗ ∗ −𝜀−12 0 0 0 0 0
∗ ∗ ∗ ∗ −𝜀−13 0 0 0 0
∗ ∗ ∗ ∗ ∗ −𝜀10 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ 𝜙77 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜙88 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 𝜙99

]]]]]]]]]]]]]]]]]]]]
]

,

𝜙11 = 𝑃𝐴 𝑖𝑗 + 𝐴𝑇𝑖𝑗𝑃 + 𝑄1 + 𝑄2 + 𝑄3 − 𝑎1𝑅1,
𝜙17 = 𝛼1𝐴𝑇𝑖𝑗𝑃,
𝜙18 = 𝛼2𝐴𝑇𝑖𝑗𝑃,
𝜙33 = − (𝜀−11 + 𝛼21𝜀−14 + 𝛼22𝜀−17 )−1 ,
𝜙77 = [−𝑃𝑅−11 𝑃 𝑃�̃�1

∗ −𝜀−14 ] ,

𝜙88 = [−𝑃𝑅−12 𝑃 𝑃�̃�1
∗ −𝜀−14 ] ,

𝜙99 = [ 𝐼 �̃�3
∗ −𝜀−110] ,

Θ22 = −𝑄2 − 𝑎1𝑅1 − 𝑎1𝑅2,

Θ33 =
[[[[[[[[[[[[
[

𝜙11 �̃�𝑇21 𝛼1𝐵𝑇𝑖𝑗1𝑃 0 𝛼2𝐵𝑇𝑖𝑗1𝑃 0
∗ 𝜙22 0 0 0 0
∗ ∗ −𝑃𝑅−11 𝑃 𝑃�̃�21 0 0
∗ ∗ ∗ −𝜀−15 0 0
∗ ∗ ∗ ∗ −𝑃𝑅−12 𝑃 𝑃�̃�21
∗ ∗ ∗ ∗ ∗ −𝜀−18

]]]]]]]]]]]]
]

,

𝜙11 = − (1 − 𝑑)𝑄1 + 𝜆𝐷𝑇𝑖 𝜓𝐷𝑖 − 2𝑎1𝑅2,
𝜙22 = − (𝜀−12 + 𝛼21𝜀−15 + 𝛼22𝜀−18 )−1 ,
Θ88

=
[[[[[[[[[[[[
[

(𝜆 − 1) 𝜓 �̃�𝑇22 𝛼1𝐵𝑇𝑖𝑗2𝑃 0 𝛼2𝐵𝑇𝑖𝑗2𝑃 0
∗ 𝜅22 0 0 0 0
∗ ∗ −𝑃𝑅−11 𝑃 𝑃�̃�22 0 0
∗ ∗ ∗ −𝜀−16 0 0
∗ ∗ ∗ ∗ −𝑃𝑅−12 𝑃 𝑃�̃�22
∗ ∗ ∗ ∗ ∗ −𝜀−19

]]]]]]]]]]]]
]

,

Θ99 = [[[
[

−𝛾2𝐼 𝛼1𝐵𝑇𝑤𝑖𝑗𝑃 𝛼2𝐵𝑇𝑤𝑖𝑗𝑃
∗ −𝑃𝑅−11 𝑃 0
∗ ∗ −𝑃𝑅−12 𝑃

]]]
]

.
(64)

Then, we define the following matrices:

𝑃 = [𝑃11 𝑃12∗ 𝑃12] ,
𝐴𝑓𝑗 = 𝑃12𝐴𝑓𝑗,
𝐵𝑓𝑗 = 𝑃12𝐵𝑓𝑗,
𝐶𝑓𝑗 = 𝐶𝑓𝑗.

(65)

We have

𝑃𝐴 𝑖𝑗 = [𝑃11𝐴 𝑖 𝐴𝑓𝑗
𝑃𝑇12𝐴 𝑖 𝐴𝑓𝑗] ,

𝑃𝐵𝑖𝑗1 = [0 𝐵𝑓𝑗𝐷𝑖
0 𝐵𝑓𝑗𝐷𝑖] ,

𝑃𝐵𝑖𝑗2 = [−𝐵𝑓𝑗
−𝐵𝑓𝑗] ,

𝑃𝐵𝑤𝑖𝑗 = [𝑃11𝐵𝑖
𝑃𝑇12𝐵𝑖] ,

𝑃�̃�1 = [𝐴𝑓𝑗𝑀1
𝐴𝑓𝑗𝑀1] ,
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𝑃�̃�21 = [𝐵𝑓𝑗𝑀2
𝐵𝑓𝑗𝑀2] ,

𝑃�̃�22 = [−𝐵𝑓𝑗𝑀2
−𝐵𝑓𝑗𝑀2] .

(66)

Moreover, we can derive −𝑃𝑅−1𝑃 ≤ −2𝛿𝑃 + 𝛿2𝑅 by the
inequality (𝛿𝑅−𝑃)𝑅−1(𝛿𝑅−𝑃) ≥ 0 for any scalar 𝛿 > 0.Then,
by applying Schur complement lemma and combining (32)
and (62)–(66), we can easily derive inequality (58). This
completes the proof.

5. Simulation Results

In this section, we provide two examples to demonstrate
the merit of the nonfragile 𝐻∞ filter based event-triggered
scheme.

Example 1. Consider the following fuzzy systems:

�̇� (𝑡) = 2∑
𝑖=1

𝑢𝑖 [𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝜔 (𝑡)]

𝑧 (𝑡) = 2∑
𝑖=1

𝑢𝑖𝐶𝑖𝑥 (𝑡)

𝑦 (𝑡) = 2∑
𝑖=1

𝑢𝑖𝐷𝑖𝑥 (𝑡) ,

(67)

where

𝐴1 = [−2.1 0.1
1 −2] ,

𝐴2 = [−1.9 0
−0.2 −1.1] ,

𝐵1 = [ 1
−0.2] ,

𝐵1 = [0.3
0.1] ,

𝐶1 = [1 −0.5] ,
𝐶2 = [−0.2 0.3] ,
𝐷1 = [1 0] ,
𝐷2 = [0.5 0.6] .

(68)

And the parameter uncertainties are given as

𝑀11 = 𝑀12 = [0.05
0.04] ,

𝑀21 = 𝑀22 = 0.01,

𝑀31 = 𝑀32 = [0.02
0.01] ,

𝑁11 = 𝑁12 = [0.02 0.03] ,
𝑁21 = 𝑁22 = 0.05,
𝑁31 = 𝑁32 = [0.03 0.02] ,

𝐾𝑔 (𝑡) = sin (𝑡) , 𝑔 = 𝐴, 𝐵, 𝐶.
(69)

The membership function 𝑢𝑖(𝑡), 𝑖 = 1, 2, and the external
disturbance signal 𝜔(𝑡) are given as

𝑢1 (𝑡) = sin (𝑡2) ,
𝑢2 (𝑡) = 1 − 𝑢1 (𝑡) ,
𝜔 (𝑡) = 11 + 3𝑡2 .

(70)

Consider the interval time-varying delay with 𝜏1 = 0.03
and 𝜏2 = 0.2. And choose𝜆 = 0.2,𝑑 = 0.2, 𝛿 = 10, and sample
period ℎ = 20ms. By Theorem 9, we derive the desired
nonfragile parameter as follows:

𝐴𝑓1 = [−17.4366 8.5268
7.7146 −11.2453] ,

𝐴𝑓2 = [−16.9835 6.2715
7.0539 −9.1581] ,

𝐵𝑓1 = [−0.4852
−0.3343] ,

𝐵𝑓2 = [ 0.2106
−0.1013] ,

𝐶𝑓1 = [−2.4715 0.2475] ,
𝐶𝑓2 = [−1.8903 1.1024] .

(71)

Meanwhile, we obtain the event-triggered parameter 𝜓 =23.6026 and theminimum𝐻∞ performance level is 𝛾 = 0.99.
It is assumed that the initial condition is 𝑥(0) = [1 −1]𝑇.

The responses of the original state and the filter state are
shown in Figures 1 and 2. The system output signal is
depicted in Figure 3. As depicted in Figure 4, we can clearly
see that the response of the filtering error is stable after
about three seconds, which demonstrates the effective of the
proposed approach. Note that, in Figure 5, the transmission
rate is mitigated from 100% to 7%, which demonstrates
that the event-triggered scheme is effective in reducing data
transmission and saving the network resource.

Example 2. To further demonstrate the effectiveness of the
proposedmethod, in this example, we consider a truck-trailer
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Figure 1: State trajectories of 𝑥1.
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Figure 2: State trajectories of 𝑥2.
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system; the practical example is borrowed from [26]. The
system parameters are given as follows:

𝐴1 = [[
[
−1.6371 0.5741 −0.0157
−0.5091 0 0
0.5091 −4 0

]]
]

,

𝐴2 = [[
[
−1.6086 0.5284 −0.0150
−0.5091 0 0
0.0016 −0.0127 0

]]
]

,

𝐵1 = [[
[

1
0.5
0

]]
]

,

𝐵2 = [[
[

1
0.5
0

]]
]

,
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𝐶1 = [0 1 0] ,
𝐶2 = [0 1 0] ,
𝐷1 = [4.9 −2 0.04] ,
𝐷2 = [4.9 −2 0.04] .

(72)

Then, we suppose that the parameter uncertainties are
given by

𝑀11 = 𝑀12 = [[
[

0.1
0.1
0.21

]]
]

,
𝑀21 = 𝑀22 = 0.1,
𝑀31 = 𝑀32 = [[

[
−0.2
0
0.2

]]
]

,
𝑁11 = 𝑁12 = [0.2 0.3 0.1] ,
𝑁21 = 𝑁22 = 0.5,
𝑁31 = 𝑁32 = [−0.3 0.2 0.1] ,

𝐾𝑙 (𝑡) = sin (𝑡) , 𝑙 = 𝐴, 𝐵, 𝐶.

(73)

We assume that the lower bound and upper bound of the
interval time-varying delay are 𝜏1 = 0.01 and 𝜏2 = 0.25,
respectively. The derivative of the time delay is 𝑑 = 0.3.
Furthermore, we suppose that 𝜆 = 0.2 and 𝛿 = 0.1. By solving
the LMIs in Theorem 9, we obtain minimum performance
level 𝛾 = 1.1241, which is less than previously studied 𝛾 =7.0948 in [26]. Meanwhile, the event-triggered argument𝜓 =2.0069 is obtained, and the corresponding filter parameters
can be derived as follows:

𝐴𝑓1 = [[
[
−8.1449 8.2655 −0.6046
−3.6646 3.5043 −0.2331
−2.3869 2.7130 −1.5149

]]
]

,

𝐴𝑓2 = [[
[
−7.6655 −8.2644 −0.3039
−3.2074 3.1396 −0.1352
−0.6803 0.6193 −0.9489

]]
]

,

𝐵𝑓1 = [[
[
−0.0942
−0.0503
−0.1788

]]
]

,

𝐵𝑓2 = [[
[
−0.0742
−0.0360
−0.2396

]]
]

,

𝐶𝑓1 = [−0.9862 0.8778] ,
𝐶𝑓2 = [−2.6857 4.0130] .

(74)

x(1)
xf(1)

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

St
at

e o
f x

(1
) a

nd
 x

f(1
)

0 10 155
Time (second)

Figure 6: State trajectories of 𝑥1.
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Figure 7: State trajectories of 𝑥2.

Figures 6, 7, and 8 show the original state and the filter
state; it is clear that the filter state is asymptotically stable.The
curve of the system output signal is depicted in Figure 9.

Thefiltering error response is depicted in Figure 10, which
shows that the designed nonfragile 𝐻∞ filter is feasible.

Finally, we choose the sample period ℎ = 10ms; under
the event-triggered scheme, it can be seen that Figure 11
shows that only 24 times in all 900 sampling instants are
transmitted, which illustrates that the network bandwidth is
greatly mitigated.

6. Conclusions

In this paper, the problem of the event-triggered fuzzy
nonfragile 𝐻∞ filter design has been investigated for non-
linear NCSs with interval time-varying delay. The resultant
filtering error system has been modeled as a system with an
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interval time-varying delay. By constructing a newLyapunov-
Krasovskii functional and employing Wirtinger inequality,
we have obtained a sufficient condition for designing the
fuzzy nonfragile 𝐻∞ filter such that the fuzzy filtering error
system is asymptotically stable with a prescribed 𝐻∞ per-
formance level. Two numerical examples have been given to
demonstrate the effectiveness of the proposedmethod. Future
research includes nonfragile fuzzy fault filter design for
nonlinear control systems considering time-varying delays.
In addition, type-2 nonfragile fuzzy filter design for NCSs
with packet dropout also can be further considered for the
future investigation.
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This paper introduces a networked closed-loop model for smart on-site maintenance of substation equipment using mobile
networks, which is composed of a field-side Smart Operation and Maintenance (SOM) box with its related APP and a centre-side
system platform for Operation and Maintenance (OM). As a bridge to connect the operation sites and data centre, the networked
equipment maintenance model enables bidirectional communication among the management, maintenance teams, and diversely
located equipment. This model not only realizes the formal data uploading in real-time, but also can provide the workers on site
with guidance from the data centre.

1. Introduction

To improve the performance of equipment and provide secu-
rity assurances of power generation, power grid equipment
maintenance has been paid more attention to the power
industry. With the development of the modern industry,
the power system becomes huge and complex. There are
thousands of nodes that need to be controlled [1, 2]. What
is more, the power grid equipment is normally diversely
located,whichmakes great difficulties for their daily servicing
and maintenance.

According to the responsibilities, the daily work of the
substation is generally divided into Operation and Mainte-
nance (OM) to ensure the safety of the power grid. However,
this division of labor may also lead to lower production
efficiency and insufficient human resources.The increasingly
complex background of the grid makes the requirements
for safety and reliability higher and higher [3, 4]. To realize
the task of “major overhaul” system construction proposed
by the State Grid of China, the research on enhancing the
assets safety life management is urgently necessary, mainly

by integrating operation, management, and maintenance
[5–7]. However, for the conventional on-site maintenance
procedures, there is a gap between the management and
the on-site maintenance teams due to the lack of real-time
communication. If bridges between the management centre
and the maintenance site could be built using the network
such as WIFI and 4G, the work efficiency and reliability will
be greatly improved.

In order to break the limits on the physical location of
space and simplify the system connection, based on the devel-
opment of network and control technologies, Networked
Control Systems (NCS) have been broadly applied inmodern
industry to address these problems [8–11].

NCS is designed to achieve the control loop in the
serial network; that is, the signals are exchanged among
the controllers, sensors, actuators, and other components
through the serial network. The system uses the network to
transmit feedback signals to form a closed loop. The control
loops are closed through communication networks which
connect the cyberspace to physical space, which enables
several tasks to be executed from a long distance [12, 13]. A
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mobile network is a communication network where the last
link is wireless. The mobile network has been widely used in
daily and industrial applications in recent years together with
the fast advancement of wireless communication technolo-
gies [14]. Using the mobile network and networked control
technologies, distributed devices can be connected wirelessly
and form complex systems.

Along with the advantages, new control strategies and
data communication protocols and some other relative topics
are studied in depth. A control system strategy designed for
multivariable plants has been proposed byGoodwin et al. [15]
from University of Newcastle. Through a digital, data-rate
limited, communications channel, the controllers, sensors,
and actuators of the control system are all connected. In
Yang’s survey on NCSs [16], a simple framework for the
research on NCSs is presented, in which the impact of NCS
on control methodologies of conventional large-scale system
with a related application is also reviewed. Sala et al. [17] in
Universidad Politécnica de Valencia presents a strategy for
control on the basis of the retuning of the PID controller
according to the variable delays in an NCS to avoid the
decrease of control performance in her paper.

In the previous work in [18], a Smart Operation and
Maintenance (SOM) system has been presented focusing on
the online management of the substation maintenance work,
covering the hardware/software design, online system design,
and also the onlinemaintenance routines. In consideration of
the development of NCS and the issues of power grid equip-
mentmaintenance such as the communication betweenman-
agement centre and themaintenance site, this paper proposes
a networked model for on-site maintenance of substation
equipment.The new scheme is based on the mobile networks
and wireless communication for substation OM [19, 20]. By
developing an on-site SOM system, the management in the
centre side and the equipment together with themaintenance
teams on the field side are effectively connected through the
mobile network. A closed-loop smart maintenance scheme
is introduced to enable bidirectional communication among
the management, maintenance teams, and diversely located
equipment. Using a hand-held smart box, the real-time data
on field side can be uploaded and checked in real-time. The
workers can also call for help from experts on the centre
side any time when they meet some difficulty during their
work. Using the newly proposed system, both the efficiency
and effectiveness of the on-site maintenance work can be
significantly improved.

2. Architecture of Smart On-Site Maintenance
Based on Mobile Network

2.1. The Architecture of Smart Maintenance System. The SOM
system’s whole structure is illustrated in Figure 1. It can be
partitioned to the centre side and field side. The field-side
system consists of a SOM box, working as the bridge between
the two sides. There is also on-site SOM equipment that can
be tested by many kinds of technologies. Through the mobile
communication network, related guidance and support can
be provided to field workers by an integrated OM platform in
the centre of the power grid.

The OM work includes live detection, intelligent inspec-
tion, preventive test, major defect state monitoring, alarm
for state assessment, andmaintenance decision optimization.
The work is completed with these devices such as ultrasonic
testing, partial discharge detection, infrared temperature
measurement, and spectral analysis. The SOM box is com-
posed of data acquisition module, video conference module,
4G mobile communication module, power management
module, etc. The OM platform includes data acquisition
communication, decision support, data storage, centre side
advanced application, and standardization advanced applica-
tion framework. In the centre side of power grid company,
the platform can communicate with the OM site through 4G
mobile communication.

2.2. Networked Closed-Loop Smart Maintenance Model. Fig-
ure 2 shows the networked model for the substation equip-
ment maintenance. In the centre side, the project managers
assign the maintenance tasks online. When the new tasks
are confirmed by the system, it would be pushed to the
mobile device held by the corresponding maintenance teams
using apps. After the maintenance teams receive the tasks,
they carry the proper equipment to the specified substations.
They can use a specially designed Smart Maintenance Box
to carry out the routine work. Using the box, they can
collect the data from all the sensors automatically. After the
maintenancework is finished, the smart box can also generate
the maintenance report and upload it to the data server on
the centre side through the mobile networks. If the teams
encounter any problems they cannot solve during the work
process, they can call the centre side any time. The smart
box is equipped with four high definition cameras. Video
conference over the 4G mobile network can be established
any time between the on-site personnel and the experts on
the centre side.

After the maintenance work is finished, the smart box
generates and uploads the report to the data server located on
the centre side automatically. The management teams check
the reports on the data server. If the reports are satisfactory,
they can be proved online. Otherwise, feedback will be sent
back to the maintenance team and guide them to redo part of
the work.

Using the networked equipment maintenance model, the
centre side and the field side are integrated by the mobile
networks. The information can be shared and exchanged by
both sides in real-time. From the task assignment, execution
to the assessment, a closed-loop model through the network
is established. With the help of the mobile network, the daily
maintenance work can be carried out in an effective and
efficient way, even though the power equipment is diversely
located.

3. Design and Implementation of the SOM Box

Based on NCS technology, a networked closed-loop model
has been applied to the SOM system. The kernel part of the
SOM system is a SOM box which is connected to the on-site
power detection equipment through a wireless network. The
SOM box communicates with the on-site power detection
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equipment using a unified protocol. The standardized box
information can be used for intelligent assessment and
detection, as long as it has been uploaded to and stored in
the Power Grid Corp data centre.

The interactions between the centre-side source including
big data analysis and calculation and the on-site maintenance
work are achieved through the SOM box. For example,

the senior application centre can analyse the data uploaded
locally and match and analyse it through the built-in case
library. In the event of abnormal data or emergency equip-
ment failure, the maintenance team can be notified directly
to intervene. When OM personnel face technical difficulties,
professional on-site guidance can be obtained through the
video conference call centre.
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Figure 3: Hardware interface of the SOM box.

3.1. Hardware Design and Implementation. Considering the
energy consumption and also the performance, the TI (Texas
Instruments) OMAP5432 platform is adopted for the design
of the SOM box, and Samsung’s Exynos 5250 System-on-
Chip (SoC) processor based on a dual-core ARMCorTex-A15
framework is also considered.

As shown in Figure 3, to support the data monitoring in
real-time in this project, a TI 2D BitBLT graphics accelerator
is adopted in the hardware interface. It can support four dis-
plays and three cameras simultaneously, enabling direct video
conferencing. Embedded with an adaptive network commu-
nication module of Bluetooth, 4G, WIFI, and 10M/100M,
the box is able to communicate with various on-site testing
equipment and also the data centre.

3.2. Software Design and Implementation. Regarding the
software, the Android 4.2.2 is used in the proposed system
whose kernel is on the basis of Linux and the gcc 4.4.1 is used
for cross-compilation. As for the file system, the combination
of Ramdisk and Ext4 is adopted.

Figure 4 shows the multitier-structure software design of
the SOMbox. It can be seen that a variety of communication-
drivenmanagementmodules are integrated into the architec-
ture, which can support various communication devices and
protocol. Device drivers, for example, USB storage devices,
cameras, and monitors, can also be deployed. The Android
system provides the resource of kernel layer. In order to form
a own special system, an open source operating system is
applied and tailored to build up functionalities of the system.

The independently developed modules, including data
processing, video conferencing clients, and data manage-
ment, form the application tier module. Main functionalities,
for example, data acquisition storage and uploading as well
as interactions with the centre side can be realized by these
modules supported by corresponding algorithms.

4. Communication Protocols for
Data Collection

4.1. AMQPBased Communication Protocol. There are various
maintenance devices which create all kinds of data such
as charts, images, and data streams. Therefore, it is utterly

important to unify the forms of the communication data
between the smart box and maintenance devices. The com-
munication protocol is based on an open standard application
layer protocol, that is, Advanced Message Queuing Protocol
(AMQP) that can be used for message-oriented middleware.
There aremany open source frameworks available in themar-
ket, such as ApacheQpid, Apache ActiveMQ, and RabbitMQ.
Among them, RabbitMQ is a kind of light-weight AMQP
supporting library which is suitable for embedded devices.

For the future maintenance devices, the new communi-
cation protocol can be embedded when they are designed
and manufactured. However, there are many existing main-
tenance devices which were deployed before the networked
smart maintenance project and may not support the newly
proposed communication protocol. Therefore, they must be
modified.

As most of the mainstream devices are equipped with
the communication ports, the most convenient way is to add
a plug-in module over the old communication ports. The
module is a bridge between the old and new communication
protocols. It is able to translate the data from old format into
the new format, as shown in Figure 5.

4.2. Data Storage. During OM work, various forms of data
are generated by the equipment. Some of the data are
structured like numerical data and texts. Some of the data
are unstructured like spectrum, videos, and images. The two
different kinds of data should be stored in different ways.

4.2.1. Structured Data Storage. The structured data are stored
in the XML format. Extensible Markup Language (XML)
is used to define the rules for encoding documents in a
format which is readable not only for human but also for
the machine. Comparing with the conventional data storage
model, it has an object-oriented structure which is much
easier to transplant, with good scalability, compatibility, and
portability. Algorithm 1 is a sample of the test data which is
collected from a substation in Wuhan.

4.2.2. Unstructured Data Storage. The plain unstructured
data like images and spectrum are hardly searchable in
database. Their characteristics need to be extracted before
they can be effectively stored in database. Figure 6 shows the
normalization for the images of the power equipment. It is
based on sparse coding and visual dictionary technologies.

For the unstructured data which can be normalized, they
are converted and stored inside the XML structure directly.
For the data which cannot be normalized such as images
and videos, the original data are stored inside the database
and their characteristics are extracted and marked inside the
XML.

5. Work Procedure with SOM Box

By applying the proposed closed-loop model, the OM effi-
ciency, as well as the data reliability, can be greatly raised.The
work procedure of OMusing intelligent transportation box is
as shown in Figure 7. Two kinds of users are involved in this
whole system according to the division of labor.
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The project manager can comprehensively manage the
substation inspection project. Firstly they assign and issue
tasks for on-site OM personnel. Secondly, the data collected
on site will be checked and they can supervise the completion
of OM tasks. When the OM team encounters technical

difficulties, they will respond to their call requests at any
time and according to their needs arrange corresponding
technical experts to conduct video conferences to solve their
difficulties.

For the on-site OM team, under the supervision of the
project manager, they can perform tasks through this APP,
such as task downloading and data uploading on the live
detection test to realize data interaction between the on-site
and client-side. After that, live detection information will be
displayed. With the networked closed-loop model, the team
is also able to give the feedback of detection information to
clients.

Seen from thework-flow, it can be concluded that the net-
work closed-loop model greatly relieves the workload of the
staff.The project manager is just responsible for management
of the OM tasks through the web platform. In the on-site
SOM, all devices are connected to the smart inspection box
through the network, with unified management and unified
data uploading. OM personnel do not need to manually
record test data and can obtain real-time guidance through
the network, which makes the entire OMwork more efficient
and reliable.

6. Conclusions

An on-site SOM system for substation equipment with a
networked closed-loop model is proposed in this paper.
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<TEST version=“1.3”>
<DeviceInfo desc=“Primary Device Information”>

<StationName>Wuhan Optical Valley East Substation</StationName>
<Level desc=“Voltage Level”>500 kV</Level>

. . . . . .

<DeviceCode desc=“Code”>#12FF</DeviceCode>
</DeviceInfo>

<IED channelNum=“2” desc=“Partial Discharge Detection Device” vendor=“Wuhan Nari” model=“JFD-2000”>
. . . . . .

</IED>
<TestValue>

<Channel chNo=“1” sensorType=“HFCT”>
<Do name=“AppDsch” desc=“Apparent Discharge”>

<Val>12</Val>
<t>2015-09-23 16:165:00.123</t>

</Do>
</Channel>
. . . . . .

</TestValue>
. . .

</TEST>

Algorithm 1
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Figure 6: Transformation from nonstructural data to structural data.
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As a bridge to connect the communication with data, the
networked closed-loop model based on an NCS integrates
the control theory, communication technology, and com-
puter technology together. It can be applied to a hugely
complex system or remote control system because of its
high information integration. In the proposed on-site SOM
system, the networked closed-loop model takes intelligent
field equipment as its material base and communicates high-
speed Ethernet, to achieve the high efficiency and flexible
operation, which in turn reduces the pressure on workers.
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A path tracking controller is designed for an autonomous underwater vehicle (AUV) with input delay based on neural network
(NN) predictive control algorithm. To compensate for the time-delay in control system and realize the purpose of path tracking, a
predictive control algorithm is proposed. An NN is used to estimate the nonlinear uncertainty of AUV induced by hydrodynamic
coefficients and the coupling of the surge, sway, and yaw angular velocity. By Lyapunov theorem, stability analysis is also given.
Simulation results show the effectiveness of the proposed control strategy.

1. Introduction

With the rapid development of demands for the resources,
countries around the world have attached importance to
the exploration and application of the marine resources.
Autonomous underwater vehicle (AUV) is a mobile carrier
which is small in size and convenient in controllability as the
special equipment for resource exploration, environmental
monitoring, and ocean investigation. It has the ability for
long-time navigating and great-weight carrying and satisfies
the different demands of the fields of military science and
economics (see [1–3] and references therein).

In recent years, control problems of AUV such as setpoint
stabilization, trajectory tracking control, and path tracking
control have been actively considered by many researchers.
Based on nonlinear control theory, several control methods
have been proposed, such as sliding mode control [4–6],
adaptive control [7–11], and predictive control [12–15]. How-
ever, a common problem of the above literatures is that the
time-delays are not taken into account. In practical systems,
time-delays are unavoidable in information acquisition and
transmission. Time-delay phenomenon is often a source of
instability and poor performance [16–18]. From this point
of view, considerable amount of attention has been paid
to the problem of stabilization and control of time-delay
systems. Predictive control is a good method with the ability

to handle constraints and time-delays [19–23]. Now, it has
become one of the most popular control methodologies
no matter in theory or the reality (see [24–27]). The NN
predictive control for nonlinear dynamic systems with input
delaywas studied in [24], but the considered predictivemodel
is required for linear ones and this condition is removed
in this paper. The predictor-based control algorithm for an
uncertain input delay Euler-Lagrange system was studied in
[26], but the controller is an iteration form. To overcome
the problem of input delay in Euler-Lagrange dynamical
systems directly, a predictor with uncertain system dynamics
was proposed in [27]. Recently, predictive control has been
applied in many kinds of practical systems [28–31]. Up to
now, only a few papers have considered this problem because
of its complexity. Paper [32] addressed the control problem
with input delay and synthesized a robust controller for
underwater vehicles which requires only knowledge of mass
matrix. The region tracking problem for AUV with input
delay based on predictive control was studied in [33], but it
assumes that all the states are known in advance. Therefore,
it is a very challenging and significant work to investigate the
path tracking control of AUV with input delay.

In this paper, a novel controller is investigated for path
tracking control of AUV with input delay. Because of the
hydrodynamic coefficients and the surge, sway, and yaw
angular velocity coupling, an NN is used to identify the
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nonlinear part of AUV at first. Then predictive control algo-
rithm is employed to compensate for the delay produced in
input channel. The proposed predictive model is a nonlinear
model. Stability of the closed-loop system is guaranteed based
on Lyapunov stability theory. Finally, a simulation example is
presented to show the effectiveness of the proposed control
strategy.

The remainder of this paper is organized as follows. The
problem of path tracking for AUV is formulated in Section 2.
Section 3 is devoted to identification of AUV system by NN.
Stability analysis for the boundness of error state and NN
weight estimation error are also performed. The predictor
and the corresponding control are derived in Section 4. The
problems of dealing with the time-delay and stability analysis
are illustrated in Section 5. Section 6 validates the feasibility
and performance of the proposed control law by simulation
experiment. Some conclusions are given in Section 7.

2. Problem Formulation

In the horizontal plane, a 3-DOF AUV with input delay can
be modeled as

̇𝜂 = 𝐽 (𝜂) ],
𝑀]̇ + 𝐶 (]) ] + 𝐷 (]) ] + 𝑔 (𝜂) = 𝜏 (𝑡 − 𝑑) ,

ℎ = 𝜂,
(1)

where 𝜂 = [𝑥 𝑦 𝜓]𝑇 denotes the vehicle location and
orientation in the earth-fixed frame.The vector ] = [𝑢 V 𝑟]𝑇
is the velocities expressed in the body-fixed frame. 𝑀 =𝑀𝑅𝐵+𝑀𝐴 is the inertia matrix of rigid body𝑀𝑅𝐵 with added
mass𝑀𝐴.Thematrix𝐶(]) is skew symmetrical and it denoted
the Coriolis and centripetal forces. Linear and quadratic
damping forces are considered in the total hydrodynamic
damping matrix 𝐷(]). The vector 𝑔(𝜂) is the combined
gravitational and buoyancy forces in the body-fixed frame.𝜏 is the input of the system and the vector of the forces
and moments on AUV induced by the input and fins. 𝑑 is
a known constant time-delay. ℎ is the output of the system.
The kinematic transformation matrix transformation from
the body-fixed frame to earth-fixed frame is denoted by 𝐽(𝜂),
and

𝐽 (𝜂) = 𝑅 (𝜓) = [[
[

cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0
0 0 1

]]
]

. (2)

Let
𝜉1 = 𝜂,
𝜉2 = 𝐽 (𝜂) ]. (3)

Then system (1) changed to
̇𝜉1 = 𝜉2,
̇𝜉2 = 𝑓 (𝜉1, 𝜉2) + 𝐽 (𝜉1)𝑀−1𝜏 (𝑡 − 𝑑) ,
𝑦 = 𝜉1,

(4)

where nonlinear uncertain function

𝑓 (𝜉1, 𝜉2) = ̇𝐽 (𝜉1) 𝐽−1 (𝜉1) 𝜉2 + 𝐽 (𝜉1)
⋅ 𝑀−1 [−𝐶 (𝐽−1 (𝜉1) 𝜉2)
− 𝐷 (𝐽−1 (𝜉1) 𝜉2) 𝐽−1 (𝜉1) 𝜉2 − 𝑔 (𝜉1)] .

(5)

The objective of this paper is that the output 𝑦 of system
(4) tracks a desired trajectory 𝜂𝑑, with all internal signals and
control commands remaining bounded. For this purpose, we
make the following assumption.

Assumption 1. The desired trajectory vector 𝜁𝑑 =
[𝜂𝑑 ̇𝜂𝑑 ̈𝜂𝑑]𝑇 is available for measurement, and 𝜂𝑑 anḋ𝜂𝑑 are bounded.
3. Identification of AUV System

There are two steps to design the output feedback controller
for AUVwith input delay. First, an NN is designed to identify
system (4). Then we will use predictive control algorithm
to compensate for the delay that presents in communication
channel of AUV.

Let

𝐴 = [ 0 𝐼3
𝐴1 𝐴2] ,

𝐵 = [0
𝐼3] ,

𝐶 = [𝐼3 0]𝑇 ,

(6)

where 𝐼3 denotes the identity matrix; matrices𝐴1 and𝐴2 are
parameters that can be chosen such that matrix 𝐴 is stable.
Then there exist symmetric positive definite matrices 𝑃 and𝑄 such that Lyapunovmatrix equations𝐴𝑇𝑃+𝑃𝐴 = −𝑄 hold.

Hence, system (4) can be expressed as

̇𝜉 = 𝐴𝜉 + 𝐵 [𝑓0 (𝜉) + 𝜏 (𝑡 − 𝑑)] ,
𝑦 = 𝐶𝑇𝜉, (7)

where 𝜉 = [𝜉𝑇1 𝜉𝑇2 ]𝑇, 𝜏(𝑡−𝑑) = 𝐽(𝜉1)𝑀−1𝜏(𝑡−𝑑), and𝑓0(𝜉) =𝑓(𝜉) − 𝐴1𝜉1 − 𝐴2𝜉2.
According to the approximation of NN, there exists a

bounded reconstruction error 𝜀(‖𝜀‖ ≤ 𝜀) and an ideal weight𝑊 such that system (4) is described by

̇𝜉 = 𝐴𝜉 + 𝐵 [𝑊𝑇Φ (𝜉) + 𝜏 (𝑡 − 𝑑) + 𝜀] ,
𝑦 = 𝐶𝑇𝜉, (8)

where 𝑊 is the ideal NN weight and ‖𝑊‖ ≤ 𝑊 (𝑊 is a
positive constant). The sigmoid function Φ(𝑍) = [Φ1(𝑍),Φ2(𝑍), ⋅ ⋅ ⋅ , Φ𝑛(𝑍)]𝑇 ∈ 𝑅𝑛 is differentiable with respect to 𝑥
and ‖Φ(⋅)‖ ≤ Φ holds with a positive constantΦ.
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Then the NN of system (8) can be written as

̇̂𝜉 = 𝐴𝜉 + 𝐵 [�̂�𝑇Φ(𝜉) + 𝜏 (𝑡 − 𝑑)] ,
𝑦 = 𝐶𝑇𝜉, (9)

where 𝜉 is a state vector of NN and �̂� is a synaptic weight
matrix.The sigmoid functionΦ(𝑥) = 𝑎/(1 + 𝑒−𝑏𝑥) + 𝑐, ∀𝑎, 𝑏 ∈𝑅+, 𝑐 ∈ 𝑅, where 𝑎, 𝑏, and the real number 𝑐 are the bound,
the slope, and the bias of sigmoidal curvature, respectively.

Let estimation error 𝜉 = 𝜉−𝜉, output error 𝑦 = 𝑦−𝑦, and
NN weight error �̃� = 𝑊 − �̂�. Using (8) and (9), we have

̇̃𝜉 = 𝐴𝜉 + 𝐵 [𝑊𝑇Φ (𝜉) − �̂�𝑇Φ(𝜉) + 𝜀] ,
𝑦 = 𝐶𝑇𝜉. (10)

Next, a main result will be given. In the following, 𝜆m(𝑃)
and 𝜆M(𝑃) denote the minimum and maximum eigenvalue
of corresponding matrix 𝑃.
Theorem 2. Consider system (1) with the identification model
(9) and conditions (19). Let the NN weight update law be
provided by

̇̂𝑊 = Γ (𝑦𝑇Φ(𝜉) − 𝜇�̂�) , (11)

in which Γ = Γ𝑇 > 0 is the learning parameter and 𝜇 is
a constant. Then the estimation error 𝜉 and neural network
weight error �̃� are uniformly ultimately bounded (UUB).

Proof. Consider a Lyapunov function defined by

𝑉 = 1
2𝜉𝑇𝑃𝜉 + 12 tr (�̃�𝑇Γ−1�̃�) . (12)

Calculate the derivative (12) along (10) and (11); we have

�̇� = −1
2𝜉𝑇𝑄𝜉 + 𝜉𝑇𝑃𝐵 [𝑊𝑇Φ (𝜉) − �̂�𝑇Φ(𝜉) + 𝜀]

+ tr (�̃�𝑇Γ−1 ̇̃𝑊) .
(13)

From (11), it follows that

�̇� = −1
2𝜉𝑇𝑄𝜉 + 𝜉𝑇𝑃𝐵 [𝑊𝑇Φ (𝜉) − �̂�𝑇Φ(𝜉) + 𝜀]

− 𝑦�̃�𝑇Φ(𝜉) + 𝜇 tr (�̃�𝑇�̂�) .
(14)

From the definition of �̃�, we obtain the following equation:

tr (�̃�𝑇�̂�) = tr (�̃�𝑇 (𝑊 − �̃�)) = 𝑊𝑇 �̃� − �̃�2 . (15)

Moreover, there exist three positive constants 𝛼1, 𝛼2, and𝛼3 such that

𝑊𝑇Φ (𝜉) − �̂�𝑇Φ(𝜉) + 𝜀 ≤ 𝛼1 𝜉 + 𝛼2 �̃� + 𝛼3. (16)

So

�̇� ≤ − (1
2𝜆m (𝑄) − 𝛼1 ‖𝑃𝐵‖) 𝜉2

+ (𝛼2 ‖𝑃𝐵‖ + Φ) �̃� 𝜉 + 𝛼3 ‖𝑃𝐵‖ 𝜉
+ 𝜇𝑊�̃� − 𝜇 �̃�2 .

(17)

According to Young’s inequality 𝑎𝑏 ≤ (𝑎2 +𝜅2𝑏2)/2𝜅 with𝜅 > 0; then there are 𝜅0 > 0, 𝜅1 > 0 and 𝜅2 > 0 such that

�̃� 𝜉 ≤
𝜉2𝜅0 +

𝜅02 �̃�2 ,

𝛼3 ‖𝑃𝐵‖ 𝜉 ≤ (𝛼3 ‖𝑃𝐵‖)22𝜅1 + 𝜅12 𝜉2 ,

‖𝑊‖ �̃� ≤ ‖𝑊‖22𝜅2 + 𝜅22 �̃�2 .

(18)

Assume that

𝑅1 = 12𝜆m (𝑄) − 𝛼1 ‖𝑃𝐵‖ − 12𝜅0 −
12𝜅1 > 0,

𝑅2 = 𝜇 − 1
2𝜇𝜅2 −

1
2𝜅0 > 0.

(19)

Then

�̇� ≤ −𝑅1 𝜉2 − 𝑅2 �̃�2 + 𝑅3 ≤ −𝜂𝑉 + 𝑅3, (20)

where

𝜂 = min{ 𝑅1𝜆M (𝑃) , 𝑅2} ,

𝑅3 = 𝛼23 ‖𝑃𝐵‖22𝜅1 + ‖𝑊‖22𝜅2 .
(21)

Thus, estimator error 𝜉 and NNweight error �̃� are UUB.

4. Predictive Control

Input delay (measurement delay and computational delay
can be represented by input delay) is a source of instability,
which is frequently encountered in the practical systems. For
achieving tracking performance, a predictive controller is
proposed to compensate for the time-delay present in AUV.
Figure 1 is the control structure diagram of AUV system (1).

In fact, the NN weight �̂� stores the dynamical system
information. Based on the structure of NN in (9), an
online predictor is proposed. For improving the accuracy of
path tracking effectively, the nonlinear prediction model is
employed here. Now, let the predictor of system (8) be

̇𝜉𝑝 (𝑡 + 𝑑 | 𝑡) = 𝐴𝜉𝑝 (𝑡 + 𝑑 | 𝑡)
+ 𝐵 [�̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) + 𝜏 (𝑡)] ,

𝑦𝑝 (𝑡 + 𝑑 | 𝑡) = 𝐶𝑇𝜉𝑝 (𝑡 + 𝑑 | 𝑡) ,
(22)
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Figure 1: Control structure of AUV system (1).

where 𝜉𝑝(𝑡 + 𝑑 | 𝑡) and 𝑦𝑝(𝑡 + 𝑑 | 𝑡) are the prediction state
and output of system (8) with the initial condition 𝜉𝑝(𝑑 | 0) =𝜉(0).

If prediction model (22) is precise, then 𝜉𝑝(𝑡 + 𝑑 | 𝑡) =𝜉(𝑡 + 𝑑). This mean that 𝜉 ahead of time 𝑑 can be predicted
via 𝜉𝑝(𝑡+𝑑 | 𝑡) in predictionmodel.Therefore, the difficulty in
controlling time-delay plant can be overcome. However, due
to the modeling errors, in prediction model (22) errors exist
inevitably. Now, define a predictor error as 𝑒(𝑡) = 𝜉(𝑡 + 𝑑) −𝜉𝑝(𝑡 + 𝑑 | 𝑡). It follows from (8) and (22) that

̇𝑒 (𝑡) = 𝐴𝑒 (𝑡) + 𝐵 [𝑊𝑇Φ (𝜉 (𝑡 + 𝑑))
− �̂�𝑇 (𝑡) Φ (𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) + 𝜀 (𝑡 + 𝑑)] ,

𝑦𝑒 (𝑡) = 𝐶𝑇𝑒 (𝑡) .
(23)

Next, we will prove that the predictor error (23) is
bounded. Define an error vector as

𝛿 (𝑡) = 𝜉𝑝 (𝑡 + 𝑑 | 𝑡) − 𝜂𝑑 (𝑡) . (24)

Define a filtered error as

𝑟 (𝑡) = Λ𝑇𝛿 (𝑡) = [Λ𝑇 1] 𝛿 (𝑡) , (25)

where Λ = [𝜆1 𝜆2]𝑇 is an appropriately chosen coefficient
vector such that 𝛿(𝑡) → 0 exponentially as 𝑟(𝑡) → 0. Then,
using (22), the filtered error can be written as

̇𝑟 (𝑡) = Λ𝑇 ̇𝛿 (𝑡) = Λ𝑇 [𝐴𝜉𝑝 (𝑡 + 𝑑 | 𝑡)
+ 𝐵 (�̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) + 𝜏 (𝑡))]
= [0 Λ𝑇] 𝛿 (𝑡) − ̈𝜂𝑑 + 𝐵𝑇𝐴𝜉𝑝 (𝑡 + 𝑑 | 𝑡)
+ �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) + 𝜏 (𝑡) .

(26)

Now choose 𝐾𝑟 > 0 and let

𝜏 (𝑡) = − [0 Λ𝑇] 𝛿 (𝑡) + ̈𝜂𝑑 − 𝐵𝑇𝐴𝜉𝑝 (𝑡 + 𝑑 | 𝑡)
− �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) − 𝐾𝑟𝑟 (𝑡)

= − [0 Λ𝑇] 𝛿 (𝑡) + ̈𝜂𝑑 − 𝐵𝑇𝐴𝛿 (𝑡) − 𝐵𝑇𝐴𝜂𝑑 (𝑡)
− �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) − 𝐾𝑟𝑟 (𝑡) .

(27)

That is, a control input of AUV is

𝜏 (𝑡) = 𝑀𝐽−1 (𝜉1) (− [0 Λ𝑇] 𝛿 (𝑡) + ̈𝜂𝑑
− 𝐵𝑇𝐴𝜉𝑝 (𝑡 + 𝑑 | 𝑡) − �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡))
− 𝐾𝑟𝑟 (𝑡)) = 𝑀𝐽−1 (𝜉1) (− [0 Λ𝑇] 𝛿 (𝑡) + ̈𝜂𝑑
− 𝐵𝑇𝐴𝛿 (𝑡) − 𝐵𝑇𝐴𝑥𝑑 (𝑡) − �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡))
− 𝐾𝑟𝑟 (𝑡)) .

(28)

Note that the predictor state 𝜉𝑝(𝑡 + 𝑑 | 𝑡) and the
associated error 𝑟(𝑡) are used in AUV controller (28); the
NN approximation term �̂�𝑇(𝑡)Φ(𝜉𝑝(𝑡 + 𝑑 | 𝑡)) from (22)
is employed to accommodate the unknown nonlinearity.
Therefore, the stability of the closed-loop system can be
guaranteed.

From (28), (26) becomes

̇𝑟 (𝑡) = −𝐾𝑟𝑟 (𝑡) . (29)

5. Stability Analysis

Assume that the parameters are chosen such that

𝑅4 = 𝑅2 + 12𝜅3 > 0,
𝑅5 = 1

2𝜆m (𝑄) 1
2𝜅3 −

1
2𝜅4 − 𝛽2 > 0,

𝑅6 = −𝐾𝑟 > 0,
(30)
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where 𝑅2 is defined as in Theorem 2 and 𝜅3, 𝜅4 are positive
constants that can be chosen.

Theorem 3 (let Assumption 1 hold). Consider the input delay
AUV system (1) under condition (30), the NN weight update
law (11), and controller (28). Then(1) all the closed-loop signals are UUB;(2) the path tracking error𝜔(𝑡) = 𝑦(𝑡+𝑑)−𝜂𝑑(𝑡) converges
to a neighborhood of the origin, whose size can be adjusted by
control parameters.

Proof. Consider a Lyapunov function defined by

𝑉 = 1
2𝜉𝑇𝑃𝜉 + 1

2�̃�𝑇Γ−1�̃� + 1
2𝑒𝑇𝑃𝑒 + 1

2𝑟2
fl 𝑉1 + 𝑉2 + 𝑉3 + 𝑉4.

(31)

The derivative of 𝑉1 and 𝑉2 can be deduced following the
proof of Theorem 2. Thus we have

�̇�3 = 12𝑒𝑇 (𝐴𝑇𝑃 + 𝑃𝐴) 𝑒 + 𝑒𝑇𝑃𝐵 [𝑊𝑇Φ (𝜉 (𝑡 + 𝑑))
− �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡)) + 𝜀 (𝑡 + 𝑑)] .

(32)

In fact, via Taylor series expansion, there exist positive
constants 𝛽1, 𝛽2, and 𝛽3 such that𝑊𝑇Φ (𝜉 (𝑡 + 𝑑)) − �̂�𝑇Φ(𝜉𝑝 (𝑡 + 𝑑 | 𝑡))

= �̃�Φ (𝜉𝑝 (𝑡 + 𝑑 | 𝑡))
+ 𝑊𝑇 [Φ (𝜉 (𝑡 + 𝑑)) − Φ (𝜉𝑝 (𝑡 + 𝑑 | 𝑡))]
≤ 𝛽1 �̃� + 𝛽2 ‖𝑒‖ + 𝛽3.

(33)

So

�̇�3 ≤ −1
2𝑄m ‖𝑒‖2 + ‖𝑒‖ (𝛽1 �̃� + 𝛽2 ‖𝑒‖ + 𝛽3 + 𝜀) . (34)

By using Young’s inequality, there exist positive numbers 𝜅3
and 𝜅4 such that

‖𝑒‖ �̃� ≤ ‖𝑒‖22𝜅3 + 𝜅32 �̃�2 ,

(𝛽3 + 𝜀) ‖𝑒‖ ≤ (𝛽3 + 𝜀)2
2𝜅4 + 𝜅42 ‖𝑒‖2 ,

(35)

�̇�3 ≤ −(1
2𝑄m − 1

2𝜅3 −
1
2𝜅4 − 𝛽2) ‖𝑒‖2

+ 12𝜅3 �̃� + (𝛽4 + 𝑑 + 𝜀)2
2𝜅4 ,

(36)

�̇�4 = 𝑟 ̇𝑟 = −𝐾𝑟 ‖𝑟‖2 . (37)

Therefore,

�̇� ≤ −𝑅1 𝜉2 − 𝑅4 �̃�2 − 𝑅5 ‖𝑒‖2 − 𝑅6 ‖𝑟‖2 + 𝑅7
≤ −𝜂𝑉 + 𝑅7,

(38)

where 𝑅1 is defined as in (19), and 𝜂 is positive constant
defined by

𝜂 = min{ 𝑅1𝜆max (𝑃) , 𝑅4,
𝑅5𝜆max (𝑃) , 𝑅6} ,

𝑅7 = 𝑅3 + (𝛽4 + 𝑑 + 𝜀)2
2𝜅4 .

(39)

Then according to Lyapunov theorem, error 𝜉, NNweight
error �̃�, predictor error 𝑒, and filtered error 𝑟 are all UUB.
The control error 𝛿 is thus bounded based on (24) and
Assumption 1. Therefore, the NN weights �̂� and 𝜉𝑝(𝑡 + 𝑑 | 𝑡)
are bounded.

Finally, the boundedness of path tracking error 𝜔(𝑡) will
be proved. Since

𝜔 (𝑡) = 𝑦 (𝑡 + 𝑑) − 𝜂𝑑 (𝑡)
= 𝜉1 (𝑡 + 𝑑) − 𝜉𝑝1 (𝑡 + 𝑑 | 𝑡) + 𝜉𝑝1 (𝑡 + 𝑑 | 𝑡)

− 𝑦𝑑 = 𝑒1 (𝑡) + 𝛿1 (𝑡) ,
(40)

then

lim
𝑡→∞

‖𝜔 (𝑡)‖ = lim
𝑡→∞

𝑒1 (𝑡) + lim
𝑡→∞

𝛿1 (𝑡)
≤ lim
𝑡→∞

‖𝑒 (𝑡)‖ + lim
𝑡→∞

‖𝛿 (𝑡)‖ . (41)

Therefore, the tracking error𝜔(𝑡) is bounded because 𝑒(𝑡),𝛿(𝑡), and 𝜉(𝑡) are bounded.
Remark 4. Compared with [20–33], there are three advan-
tages. Firstly, output feedback is considered in this paper.
Secondly, the nonlinear prediction model is employed to
improve the accuracy of predictive control. Finally, time-
delay is considered in path tracking control of AUV which
has more real significance.

6. Simulation Analysis

Example 5. The simplified dynamics model of INFANTE
AUV [2] in the horizontal plane with input delay is adopted
as follows in this paper:

�̇� = 𝑢 cos (𝜓) − V sin (𝜓) ,
̇𝑦 = 𝑢 sin (𝜓) + V cos (𝜓) ,

�̇� = 𝑟,
0 = 𝑚VV̇ + 𝑚𝑢𝑟𝑢𝑟 + 𝑑V,
Γ = 𝑚𝑟 ̇𝑟 + 𝑑𝑟,

(42)

where 𝑥, 𝑦, and 𝜓 are the surge position, sway position, and
yaw angle in the body-fixed frame, and 𝑢, V, and 𝑟 denote
surge, sway, and yaw velocities, respectively. Γ is the yaw
moment.The symbol 𝐼𝑧 denotes the moment of inertia of the
AUV,𝑁{⋅} is nonlinear hydrodynamic damping, and
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𝑚V = 𝑚 − 𝑌V̇,
𝑚𝑢𝑟 = 𝑚 − 𝑌𝑟,
𝑑V = −𝑌V𝑢V − 𝑌V|V|V |V| ,
𝑚𝑟 = 𝐼𝑧 − 𝑁 ̇𝑟,
𝑑𝑟 = −𝑁V𝑢V − 𝑁V|V|V |V| − 𝑁𝑟𝑢𝑟.

(43)

Since the consideredmodel (42) is in the horizontal plane
and has no disturbance, we can assume that 𝑢 = 1𝑚/𝑠
in principle. In the following, the desired path is 𝑥𝑑(𝑡) =20 sin 2𝜋𝑡/200, 𝑦𝑑(𝑡) = 20 − 20 cos 2𝜋𝑡/200, and 𝜓𝑑(𝑡) =2𝜋𝑡/200.

The model parameters of INFANTE AUV are as follows:

𝑚 = 2234.5𝑘𝑔,
𝐼𝑧 = 2000𝑁𝑚2,

𝑋�̇� = −142𝑘𝑔,
𝑁 ̇𝑟 = −1350𝑁𝑚2,
𝑌V̇ = −1715𝑘𝑔,
𝑌V = −346𝑘𝑔/𝑚,
𝑌𝑟 = 435𝑘𝑔,
𝑁V = −686𝑘𝑔,
𝑁𝑟 = −1427𝑘𝑔𝑚,

𝑌V|V| = −667𝑘𝑔/𝑚,
𝑁V|V| = 443𝑘𝑔.

(44)

NN parameters are selected as follows: Φ(𝑥) = 1/(1 +𝑒−𝑎𝑥), where 𝑎 = 0.5, 𝜇 = 0.3, Γ = 6.
The delay constant 𝑑 = 2. Other parameters in controller

are 𝐴1 = −3𝐼3, 𝐴2 = −2𝐼3, 𝜆1 = 2, 𝜆2 = 2, and 𝐾𝑟 = 8.
The initial position and the surge speed of the AUV

are (0, 20) and 0𝑚/𝑠, respectively. The simulation results
are shown in Figures 2–4. The path tracking errors in𝑥, 𝑦, and 𝜓 are given in Figure 2. The control forces in𝑥 and 𝑦 and the control torque of yaw 𝜓 are given in
Figure 3. From these simulation figures, we can see that
the tracking performance is unsatisfying at the beginning of
simulation; this is because the controller performs mainly
depending on the adaptive control. The good tracking of
position is obtained by the proposed adaptive NN predictive
controller by and by. Figure 4 is the path tracking in
horizontal plane. From Figure 4 we can see that AUV can
realize tracking control smoothly and converge to the desired
trajectory.

7. Conclusion

This paper investigates the path tracking problem for an
AUV with input delay. Based on predictive and adaptive NN
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Figure 2: Path tracking errors.
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Figure 3: Control forces in 𝑥 and 𝑦 and control torque of yaw.

control theory, a predictive controller is given. The output
feedback control algorithm is employed here. The NN is
used to estimate the dynamic uncertain nonlinear function
induced by hydrodynamic coefficients and coupling of the
surge, sway, and yaw angular velocity. The predictive control
is introduced to compensate the input delay present in AUV.
The stability of the controller was analyzed by Lyapunov the-
orem. Simulation results showed that the proposed controller
performs well with stability.

Data Availability

We are sorry that we cannot share the data in our article now
because future works are based on its results. The methods
in this paper are effective methods for investigation of path
following for autonomous underwater vehicles with input
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delay. We will apply a patent on the relevant studies. So, we
cannot share the data.
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