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Volume 2013, Article ID 132953, 13 pages

Spatiotemporal Quantification of Local Drug Delivery Using MRI, Morgan B. Giers, Alex C. McLaren,

Jonathan D. Plasencia, David Frakes, Ryan McLemore, and Michael R. Caplan

Volume 2013, Article ID 149608, 12 pages

Rotation Covariant Image Processing for Biomedical Applications, Henrik Skibbe and Marco Reisert

Volume 2013, Article ID 931507, 19 pages

Nonrigid 3DMedical Image Registration and Fusion Based on Deformable Models, Peng Liu,

Benjamin Eberhardt, Christian Wybranski, Jens Ricke, and Lutz Lüdemann

Volume 2013, Article ID 902470, 10 pages

Attenuation Correction for Small Animal PET Images: A Comparison of TwoMethods,

Daniela D’Ambrosio, Federico Zagni, Antonello E. Spinelli, and Mario Marengo

Volume 2013, Article ID 103476, 12 pages

Simulation of Intra-Aneurysmal Blood Flow by Different Numerical Methods, Frank Weichert,

Lars Walczak, Denis Fisseler, Tobias Opfermann, Mudassar Razzaq, Raphael Münster, Stefan Turek, Iris

Grunwald, Christian Roth, Christian Veith, and Mathias Wagner

Volume 2013, Article ID 527654, 10 pages

Encoding Scratch and Scrape Features for Wear Modeling of Total Joint Replacements, Karen M. Kruger,

Nishant M. Tikekar, Anneliese D. Heiner, Thomas E. Baer, John J. Lannutti, John J. Callaghan,

and Thomas D. Brown

Volume 2013, Article ID 624267, 12 pages

Acceleration of Early-Photon Fluorescence Molecular Tomography with Graphics Processing Units,

Xin Wang, Bin Zhang, Xu Cao, Fei Liu, Jianwen Luo, and Jing Bai

Volume 2013, Article ID 297291, 9 pages

Automated Detection of Healthy and Diseased Aortae from Images Obtained by Contrast-Enhanced

CT Scan, Michael Gayhart and Hiroshi Arisawa

Volume 2013, Article ID 107871, 7 pages



Sparse Constrained Reconstruction for Accelerating Parallel Imaging Based on Variable Splitting

Method, Wenlong Xu, Xiaofang Liu, and Xia Li

Volume 2013, Article ID 605632, 10 pages

Improved Compressed Sensing-Based Algorithm for Sparse-View CT Image Reconstruction,

Zangen Zhu, Khan Wahid, Paul Babyn, David Cooper, Isaac Pratt,

and Yasmin Carter

Volume 2013, Article ID 185750, 15 pages

Development of Image Segmentation Methods for Intracranial Aneurysms, Yuka Sen, Yi Qian,

Alberto Avolio, and Michael Morgan

Volume 2013, Article ID 715325, 7 pages

Numerical Study of Magnetoacoustic Signal Generation with Magnetic Induction Based on

Inhomogeneous Conductivity Anisotropy, Xun Li, Sanqing Hu, Lihua Li,

and Shanan Zhu

Volume 2013, Article ID 161357, 13 pages

In Vivo Imaging-Based Mathematical Modeling TechniquesThat Enhance the Understanding of

Oncogene Addiction in relation to Tumor Growth, Chinyere Nwabugwu, Kavya Rakhra, Dean Felsher,

and David Paik

Volume 2013, Article ID 802512, 8 pages

Optimization of Contrast-to-Tissue Ratio by Adaptation of Transmitted Ternary Signal in Ultrasound
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Biomedical imaging is a rapidly growing field to provide a
state-of-the-art tool for preclinical biomedical research and
clinical applications, in view of its ability to noninvasively
reveal subtle structural variations of biological tissues and
visualize in vivo physiological and pathological processes at
the cellular and molecular levels. Mathematical methods are
involved with imaging theories, models, and reconstruction
algorithms in biomedical imaging. X-ray computed tomog-
raphy (CT) was a successful application of mathematical
method in medical imaging. The CT mathematical model
can be reduced to a Radon transform. The inverse transform
of Radon transform is invented by Radon in 1917. Magnetic
resonance imaging (MRI) is a versatile medical imaging
modality. MRI can provide more diagnostic information than
any of the existing imaging techniques. It does not involve
the use of ionizing radiation, hence free from associated
harmful effects. Inverse Fast Fourier Transform (IFFT) is
a standard method of image reconstruction in MRI from
uniformly sampled K-space data. From nonuniform K-space
data, iterative algorithms can improve image quality of image
reconstruction for MRI. In the optical molecular imaging,
the radiative transport equation (RTE) is the fundamental
equation to describe photon propagation in biological tissues.
The forward solution predicts photon propagation in the
optical molecular imaging. The inverse solution can recon-
struct molecular probe distribution in a small animal for
providing unique insights into disease pathogenesis, drug
development, and responses of therapy. The solutions for
RTE usually involve analytical methods, Monte Carlo (MC)
method, diffusion approximation (DA) method, simplified
spherical harmonics method, and some numerical methods.

In this special issue, each paper was reviewed by at least
two reviewers and revised according to review comments.
This special issue covered most of common biomedical
imaging models and various image processing methods, such
as registration, segmentation, and so forth, were involved.
For Positron Emission Tomography (PET) imaging model,
two attenuation correction methods based on X-rays CT
(CTAC method) and segmentation of emission images (SE-
AC method) were simulated with Monte Carlo method and
compared. For synchrotron Micro-CT imaging model, a
semiautomatic segmentation algorithm for extracting the
complete structure of acini has been proposed. For ultra-
sound imaging model, a common carotid artery segmen-
tation scheme based on active shape model can get better
result and promote the translation of carotid 3D US to clinical
care for the monitoring of the atherosclerotic disease pro-
gression and regression. For MRI model, a mesh-deformation
constraints based image registration algorithm was carefully
investigated. Also the development of image segmentation
for intracranial aneurysms and rotation covariant image pro-
cessing method for biomedical applications are summarized.
Furthermore, in order to accelerate the parallel imaging,
a sparse constrained reconstruction approach with variable
splitting methods was proposed and verified: total variation
(TV)-minimization interior tomography algorithm, dynamic
and robust blind watermarking scheme to resist against
common distortions, modified global and modified linear
contrast stretching techniques for identification of various
stages and species of malaria, a 3D surface-based deformable
model as guidance for nonrigid 3D medical image registra-
tion and fusion, mathematical or computational modeling
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for oncogene inactivation, a group factor analysis model for
neuroimaging applications by assigning separate factor pat-
terns to control and patient groups yielding more reasonable
factor scores and patterns, different MISO Volterra methods
to model simulated ultrasound contrast agents signals, an
automated process that determines whether an aortic object
in a slice is a candidate for aortic dissection or PAU based
on contrast enhanced CT data, image-based computational
techniques to quantify the severity and directionality of
individual scratches and scrapes, combination of genetic
algorithm and closed loop to obtain optimal ternary com-
mand which maximized the contrast to tissue ratio, and mag-
netoacoustic tomography with magnetic induction (MAT-
MI) for generating electrical conductivity images of biological
tissues with high spatial resolution. An acceleration strategy
for fluorescence molecular tomography (FMT) with early
photons is proposed using graphics processing units (GPUs).
The fluorescence molecular tomography (FMT) with early
photons can efficiently improve the spatial resolution and
fidelity of the reconstructed results. An efficient compressed
sensing-based algorithm is proposed for CT image recon-
struction from few-view data to suppress the streak artifact.
The compressed sensing (CS) algorithm shows the potential
to accurately recover images from highly undersampled data.
The discriminant analysis techniques are discussed using
MRI to identify the correlative pattern of brain changes for
differentiating parkinsonian syndromes. A hybrid multiscale
and multilevel image fusion algorithm for green fluorescent
protein (GFP) image and phase contrast image of Arabidop-
sis cell is proposed. This algorithm uses different fusion
strategies for different detailed subbands, which include
neighborhood consistency measurement (NCM) that can
adaptively find balance between color background and gray
structure. A detrended fluctuation analysis (DFA) method is
applied to image analysis to investigate the characteristic of
different type of simulated and lymphoma image. A method is
presented to estimate the tilt and decentration of intraocular
lens (IOL) more accurately. The Bayesian hierarchical model
for the analysis of categorical longitudinal data is investigated
from sedation measurement for MRI and CT. In vivo MRI of
local drug delivery is discussed to visualize and quantify the
time resolved distribution of MRI contrast agents.

These papers represent an insightful observation into the
state of the art, as well as future topics in this biomedical
imaging field. We hope that this special issue would attract
a wide attention of the peers.

Wenxiang Cong
Kumar Durairaj

Peng Feng
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Repeating an arbitrary sequence of RF pulses and magnetic field gradients will eventually lead to a steady-state condition in any
magnetic resonance system. While numerical methods can quantify this trajectory, analytic analysis provides significantly more
insight and a means for faster calculation. Recently, an analytic analysis using homogeneous coordinates was published. The current
work further develops this line of thought and compares the relative merits of using a homogeneous or a Cartesian coordinate
system.

1. Introduction

A recent paper by Nazarova and Hemminga [1] analyzed
the signal arising from repeated identical RF pulses using a
formalism based on homogeneous coordinates. Unlike the
conventional Cartesian coordinates, homogeneous coordi-
nates allow 𝑇1 relaxation to be treated in a manner similar to
RF field-induced rotations, that is, by matrix multiplication.
Signals from repeated identical RF pulses are an issue, most
notably, in steady-state free precession (SSFP) fast imaging
[2] techniques, where the lack of gradient or RF spoiling
leads to complicated dynamics when the repetition time <𝑇2.
The formalism can also be applied to any repeated sequence
of pulses, such as those, for example, that arise in pulsed
saturation magnetization transfer methods [3].

In this paper, we will expand on the work of Nazarova
and Hemminga to show a simple way to calculate the steady-
state magnetization, and we will relate the properties of the
homogeneous matrices and calculations to those that arise in
a more traditional Cartesian representation of magnetization.
Specifically, we explicitly establish algebraic relations between
the two systems, thus facilitating understanding of the pros

and cons of each representation. We will employ the same
notation as Nazarova and Hemminga, except as noted.

2. Background

Consider a pulse sequence made up of RF pulses and mag-
netic field gradients repeated every 𝜏 seconds (see Figure 1).
The conventional representation of the magnetization is a3 × 1 vector M with equilibrium value Meq and components𝑀𝑥, 𝑀𝑦, and 𝑀𝑧 in the rotating frame. RF pulses with
field strengths = 𝐵1 ≫ 1/(𝛾𝑇2) and angular frequency
offset Δ𝜔0 can be represented by a 3 × 3 rotation matrix𝑅𝑥,𝑦(𝛼), where 𝑇2 is the transverse relaxation rate and 𝛾 is
the gyromagnetic ratio. Likewise, off-resonance precession
and the scaling effect of relaxation can also be represented by
matrices. For example, precession about the 𝑧 direction and
the decay of magnetization can be represented as follows:

R𝑧 (Δ𝜔0𝜏) = [[ cosΔ𝜔0𝜏 sinΔ𝜔0𝜏 0− sinΔ𝜔0𝜏 cosΔ𝜔0𝜏 00 0 1]] ,
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S (𝜏, 𝑇1, 𝑇2) = [[[𝑒
−𝜏/𝑇2 0 00 𝑒−𝜏/𝑇2 00 0 𝑒−𝜏/𝑇1]]] .

(1)

Similarly, a gradient pulse can be modeled by making the
precession position dependent. In distinction, the effect of 𝑇1
relaxation to a nonzero thermal equilibrium value cannot be
represented by a 3 × 3 matrix. It is instead equivalent to an
additive translation.

Nazarova and Hemminga use this approach to give the
relation for magnetization after 𝑛 repeated 𝛼 pulses about the𝑥-axis:

M𝑛 = R𝑧 (Δ𝜔0𝜏) S (𝜏, 𝑇1, 𝑇2)R𝑥 (𝛼)M𝑛−1 + (1 − 𝑒−𝜏/𝑇1)Meq,
(2)

where M𝑛 is the magnetization after the 𝑛th repetition (initial
condition = M0). The general form for the repetition of an
arbitrary pulse sequence is

M𝑛 = CM𝑛−1 +DMeq, for 𝑛 ≥ 1,
M𝑛 = M0, for 𝑛 = 0. (3)

Note that D is scalar only when a single RF pulse is repeated.
An alternative approach is to use homogeneous coor-

dinates where 𝑇1 relaxation enters in the same way as do
rotations:

M𝑛 = AM𝑛−1, for 𝑛 ≥ 1,
M𝑛 = M0, for 𝑛 = 0. (4)

M is now a 4 × 1 vector with components𝑀𝑥,𝑀𝑦,𝑀𝑧, and 1,
and A is a 4 × 4matrix whose upper left portion matches the3 × 3 rotations and scalings discussed above and whose far
right column represents the 𝑇1 relaxation towards Meq. For
example,

𝑅𝑧 (Δ𝜔0𝜏) = [[[[
cosΔ𝜔0𝜏 sinΔ𝜔0𝜏 0 0− sinΔ𝜔0𝜏 cosΔ𝜔0𝜏 0 00 0 1 00 0 0 1]]]] . (5)

And 𝑇1 relaxation for a period 𝜏 is represented by

𝑇 = [[[[
1 0 0 00 1 0 00 0 1 𝑀eq (1 − 𝑒−𝜏/𝑇1)0 0 0 1 ]]]] . (6)

Meq in this notation is represented by

[[[[
00𝑀eq1 ]]]] . (7)

(Note the corrections to Nazarova and Hemminga in (6) and
(7)).

· · ·

· · · · · ·

· · ·Gradients

RF

𝜏 𝜏

Figure 1: An arbitrary sequence of pulses repeated every 𝜏 seconds.

3. Homogeneous and
Cartesian Representations

Both homogeneous and conventional representations have
identical underlying math and therefore will give equivalent
results. However, their differences in formalism have small
consequences in computation time, and they provide differ-
ent notational approaches.

The solution in the homogeneous case is

M𝑛 = A
𝑛
M0= 𝑝𝐴1𝜆𝑛𝐴1k𝐴1 + 𝑝𝐴2𝜆𝑛𝐴2k𝐴2 + 𝑝𝐴3𝜆𝑛𝐴3k𝐴3 + 𝑝𝐴4𝜆𝑛𝐴4k𝐴4,

(8)

where v𝐴𝑖 and 𝜆𝐴𝑖 are the 𝑖th eigenvector and eigenvalue,
respectively, of A and 𝑝𝐴𝑖 is the corresponding projection
of M0 onto v𝐴𝑖. The second form of the solution can be

derived in two ways: (1) by rewriting A𝑛 as (V𝐴Λ𝐴V
−1
𝐴 )𝑛 =

V𝐴Λ𝐴
𝑛V−1

𝐴 , where the columns of V𝐴 are v𝐴𝑖, Λ𝐴 is diagonal

with elements 𝜆𝐴𝑖, and p𝐴 (with elements 𝑝𝐴𝑖) equals V−1
𝐴 M0

and (2) by rewriting M0 as 𝑝𝐴1v𝐴1 + 𝑝𝐴2v𝐴2 + 𝑝𝐴3v𝐴3 +𝑝𝐴4v𝐴4 and applying (4) 𝑛 times. (Note that in Nazarova and
Hemminga V𝐴 is called B).

The conventional Cartesian case has the less intuitive
solution to (3):

M𝑛 = C
𝑛
M0 + (𝑛−1∑

𝑖=0
C

𝑖)DMeq, for 𝑛 ≥ 1
= C

𝑛
M0 + (−∞∑

𝑖=𝑛
C

𝑖
D + ∞∑

𝑖=0
C

𝑖
D)Meq

= C
𝑛
M0 + (−C𝑛 + I) ∞∑

𝑖=0
C

𝑖
DMeq= C

𝑛 (M0 − (I − C)−1DMeq) + (I − C)−1DMeq

(9)

= V𝐶Λ𝑛
V

−1
𝐶 (M0 − (I − C)−1DMeq) + (I − C)−1DMeq= 𝑝𝐶1𝜆𝑛𝐶1k𝐶1+𝑝𝐶2𝜆𝑛𝐶2k𝐶2+𝑝𝐶3𝜆𝑛𝐶3k𝐶3+(I − C)−1DMeq,

(10)

where the columns of V𝐶 are the eigenvectors v𝐶𝑖 of C, the
elements of the diagonal matrix Λ𝐶 are the eigenvalues 𝜆𝐶𝑖,

and p𝐶 (with elements 𝑝𝐶𝑖) equals V−1
𝐶 (M0 −(I − C)−1DMeq).

Often, one only cares about the steady-state solution,
which is the solution that is independent of 𝑛 and is
approached as 𝑛 → ∞. We can solve this condition by
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solving M𝑛 when M𝑛 = M𝑛−1. For the homogeneous notation
(4),

M𝑛 = AM𝑛−1 = AM𝑛. (11)

That is, the steady-state solution is the eigenvector of A with
eigenvalue = 1.

In the conventional formalism, we again solve for a
steady-state solution (≡ Mss) by setting M𝑛 = M𝑛−1, this time
in (3):

Mss = (I − C)−1DMeq, (12)

(another option is to take 𝑛 → ∞ in (9) with C𝑛 → 0 due to
the relaxation terms on the diagonal). Since taking an inverse

takes ∼dimension3 operations, while finding an eigenvector

via row reduction takes ∼1/3 dimension3 operations [4],
finding the steady-state via the homogeneous equation may
provide a slightly more efficient method, though no rigorous
evaluation of the computation time has been made. The
computation time is normally not essential but may be so in
certain problems, such as least squares fitting of magnetiza-
tion transfer parameters [3].

4. Relations between Homogeneous and
Cartesian Representations

In general, A has the form

A = [ C (3 × 3) DMeq (3 × 1)0 0 0 1 ] . (13)

From this form it follows that𝜆𝐴𝑖 = 𝜆𝐶𝑖, for 𝑖 = 1, 2, 3,𝜆𝐴4 = 1,
k𝐴𝑖 = [k𝐶𝑖0 ] , for 𝑖 = 1, 2, 3,

k𝐴4 = [Mss1 ] .
(14)

5. An Example

Consider a simple example: a single short (relative to 𝑇2)
90∘ pulse repeated every 𝜏 seconds. To keep the illustration
as analytically simple as possible, we assume 𝑇1 = 𝑇2 and
a system starting at thermal equilibrium. This gives (from
Nazarova and Hemminga with corrections)

A = [[[[
𝐸 cos 𝜃 0 𝐸 sin 𝜃 0−𝐸 sin 𝜃 0 𝐸 cos 𝜃 00 −𝐸 0 𝑀eq (1 − 𝐸)0 0 0 0 ]]]] , (15)

where 𝐸 = exp(−𝜏/𝑇1) = exp(−𝜏/𝑇2) and 𝜃 = Δ𝜔0𝜏. We
can solve M𝑛 using (8) and then convert back to Cartesian

coordinates, or we can use (13) to get C and DM0 and then
use (10). With help from Mathematica, we get

M𝑛 = 𝑀eq1 + 𝐸2 + 2𝐸𝛾 [[[ 2𝐸√𝛾 (1 − 𝛾)𝐸 (1 − 𝐸 − 2𝛾)1 + 𝐸 (−1 + 2𝛾)]]]+ (−𝐸)𝑛(𝛾 + 𝑖√1 − 𝛾2)𝑛
× 𝐸𝑖√1 − 𝛾2 (𝑖√1 − 𝛾2 + 𝐸 + 𝛾)𝑀eq(1 + 𝛾) (1 + 𝐸2 + 2𝐸𝛾) (−1 + 𝛾 + 𝑖√1 − 𝛾2)
× [[[[[[[[

2√𝛾 (1 − 𝛾)−1 + 𝛾 − 𝑖√1 − 𝛾2𝛾 + 𝑖√1 − 𝛾21
]]]]]]]]+ 𝐸𝑛(−𝛾 + 𝑖√1 − 𝛾2)𝑛

× 𝐸𝑖√1 − 𝛾2 (−𝑖√1 − 𝛾2 + 𝐸 + 𝛾)𝑀eq(1 + 𝛾) (1 + 𝐸2 + 2𝐸𝛾) (1 − 𝛾 + 𝑖√1 − 𝛾2)
× [[[[[[[[

2√𝛾 (1 − 𝛾)−1 + 𝛾 + 𝑖√1 − 𝛾2𝛾 − 𝑖√1 − 𝛾21
]]]]]]]]
,

(16)

where 𝛾 = (1 − cos 𝜃)/2 (not to be confused with the
gyromagnetic ratio). Note that even though it is calculated
from complex eigenvectors and eigenvalues, for every 𝑛, M𝑛
has real components. (We have chosen to keep the solution
in a form where its connection to (8) is clear.) One of the
eigenvalues = 1, corresponding to the steady-state solution.
Since one of the 𝑝 components equals zero, there are only two
eigenvectors that contribute, thereby ensuring thatM𝑛 travels
in a plane as n increases. If there is no relaxation (𝐸 = 1), then
this plane is perpendicular to the steady-state vector, as can
be seen by taking the dot product of the steady-state vector
with the other two eigenvectors. (In this case the “steady-
state” vector is never actually reached, as discussed below.)

If instead M0 ̸=Meq, then none of the 𝑝 components
are equal to zero. Therefore, an additional eigenvector con-
tributes, and the path is no longer planar. The additional
eigenvector is

[[[[[
√𝛾 − 1𝛾−11

]]]]] (17)
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Figure 2: M𝑛 for 𝑛 = 0, 1, . . . , 200. 𝛼 = 90∘, 𝜃 = 60∘, and 𝐸 = 0.98 with two different initial conditions: M0 = [0 0 1] = Meq (solid circles
starting at ∗) and [−0.4472 −0.2236 0] (open circles starting at ×). The solid line is along the +𝑧-axis and the dashed line is the steady-state
magnetization Mss. (a) and (b) are two different views, with (b) looking down along the direction of Mss.
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Figure 3: Identical to Figure 2, but with 𝐸 = 1. Note that the “steady-state” vector is never actually reached and that it is perpendicular to the
plane containing the circular trajectory.

with corresponding eigenvalue 𝐸. Since this eigenvalue is
real, it cannot contribute to a rotational trajectory, as will be
illustrated below.

6. Numerical Methods

Figure 2 plots the case for a repeated 90∘ pulse with 𝐸 =0.98, 𝜃 = 60∘, and with two different initial conditions
M0. Figure 2(a) illustrates that when M0 = Meq, the path
is a planar spiral, as expected. When M0 ̸=Meq (reached by
magnetization preparations), the spiral instead wraps around
a cone. The head-on view in Figure 2(b) indicates that the
spirals rotate at the same angular rate, which follows from the
additional eigenvalue being real. The conditions in Figure 3

are the same as in Figure 2 except that 𝐸 = 1. With no
relaxation, there is no decay and the “steady-state” solution
is never reached; it is perpendicular to the plane containing
the trajectory.

7. Discussion

The homogeneous and Cartesian coordinates provide two
equivalent ways of representing magnetization. In pulsed
repetition experiments, homogeneous coordinates lead to a
simpler equation for the dynamics and steady state, but with a
less intuitive connection to the measured magnetization. The
choice of which system to use is in the end one of personal
preference.
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The tilt and decentration of intraocular lens (IOL) result in defocussing, astigmatism, and wavefront aberration after operation.
The objective is to give a method to estimate the tilt and decentration of IOL more accurately. Based on AS-OCT images of twelve
eyes from eight cases with subluxation lens after operation, we fitted spherical equation to the data obtained from the images of the
anterior and posterior surfaces of the IOL. By the established relationship between IOL tilt (decentration) and the scanned angle,
at which a piece of AS-OCT image was taken by the instrument, the IOL tilt and decentration were calculated. IOL tilt angle and
decentration of each subject were given. Moreover, the horizontal and vertical tilt was also obtained. Accordingly, the possible errors
of IOL tilt and decentration existed in the method employed by AS-OCT instrument. Based on 6–12 pieces of AS-OCT images at
different directions, the tilt angle and decentration values were shown, respectively. The method of the surface fitting to the IOL
surface can accurately analyze the IOL’s location, and six pieces of AS-OCT images at three pairs symmetrical directions are enough
to get tilt angle and decentration value of IOL more precisely.

1. Introduction

The operations of congenital lens subluxation have mostly
implanted posterior chamber intraocular lens (IOL) through
scleral suture fixation or capsular tension ring to combine
with the capsular bag. Serious IOL dislocation has been con-
trolled, but it is difficult to avoid the tilt and decentration of
IOL [1–3]. Therefore, to obtain the reliable tilt and decentra-
tion of IOL could play an important role in the evaluation
of the different operation schemes and effective treatment of
postoperative complications.

Ultrasound biomicroscopy (UBM), Purkinje imaging
system, anterior segment optical coherence tomography (AS-
OCT), and Scheimpflug imaging system are the methods
used for measurements of the IOL tilt and decentration in
clinical practice. The Purkinje imaging system is simple, but
it depends on the radius of curvature of the IOL surfaces.
The III image by Purkinje meter can only show parts of
the IOL anterior and posterior surfaces. This can have an
effect on the radius of curvature and the results of IOL tilt

and decentration [4–7]. By UBM, operators can clearly see
whether the IOL has tilt and decentration, but the tilt and
decentration cannot be directly measured. Moreover, it is a
contact inspection method and the deformation of the eyeball
extruded by water in bath cup may affect the measured results
[8, 9]. Scheimpflug imaging system can rapidly obtain the
IOL tilt and decentration values, but it require pupil dilation,
which can cause the deviation of the pupil center. So, the IOL
decentration measured by the system should be a distance
between the IOL center and the nonreal pupil axis, thus
the result measured is not accurate and the method has
limitations [6, 10–12].

AS-OCT is a noninvasive and noncontact imaging
method of measuring the IOL tilt and decentration and has
been widely used in clinical practice. AS-OCT instrument
can scan the eyeball at the rotated axis which is the line (called
a baseline) passed through the anterior cornea center and the
pupil center, and a lot of images can be scanned by AS-OCT
at every scanned angle [13, 14]. According to each piece of
scanned images, the IOL tilt and decentration are given by
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AS-OCT instrument. The maximum value of IOL tilts and
decentrations obtained from all the images are taken as the
IOL tilt and decentration, respectively. In clinical practice,
the IOL tilt degree is an angle between the IOL optical
axis and the baseline, and the IOL decentration value is the
vertical distance from the IOL center to the baseline [6, 11, 15].
Geometrically, the IOL tilt and decentration are two values
independent with images. However, we have found that the
IOL tilt and decentration values measured on different images
at the same scanned angle were not the same. It is possible to
result in errors of IOL tilt and decentration.

Due to the fact that IOL surface is similar to the spherical
[6, 16], we assumed anterior and posterior surfaces of IOL
to be spherical surfaces. The equations of the IOL anterior
and posterior surfaces were calculated through the AS-OCT
image registration and the surface fitting method, and then
the IOL tilt and decentration were calculated.

2. Materials and Methods

2.1. ImageObtaining. In this study, AS-OCT images of 12 eyes
of 8 patients with congenital subluxation lens were provided
by the Ophthalmic Research Center of Beijing, Tongren Hos-
pital. The system takes 2000 A scans per second and has an
axial resolution of 18 𝜇m and transverse resolution of 60 𝜇m.
Moreover, it has a scan speed of 2000 times/second, scan
time of 0.125 s/row and frame rate of 30 Hz [9, 13, 14, 17]. For
each eyeball, the AS-OCT instrument provides 2-3 pieces of
images at a degree from 0∘ to 180∘ with periods of 15∘, Figure 1
shows a piece of these images. Image format is RGB and image
size is 816∗553.

2.2. Image Registration. Because the center locations of the
corneal anterior surface may be different among images, we
need to use image registration for all the images from each
scanned angle. The center of the corneal anterior surface
is regarded as a reference point defined by the intersection
point of corneal anterior surface and perpendicular bisector
of the line joining scleral spurs, which is also regarded as
reference line (Figure 1). Each picture can be made rigid
transformation. Figure 2 gives one piece of registered images.
After image transformation, the pixel values of the center of
the corneal anterior surface in images were read to verify
the correctness and validity of the rigid body transformation
image again.

2.3. Collecting IOL SurfaceData. From each piece of AS-OCT
images, we can obtain two-dimensional pixel coordinates of
points of the IOL anterior and posterior surfaces. In order to
obtain the three-dimensional coordinates of points of the IOL
surface data, Cartesian coordinate system is needed. We set
the horizontal direction (alar to zygomatic direction) parallel
to 𝑋 axis, the vertical direction (nasal bone to the jaw bone
direction) parallel to the 𝑌 axis, and the ocular axial is set
as the 𝑍 axis. The center of the corneal anterior surface is as
the origin of coordinates. Assuming that the two-dimensional
coordinate of point A is (𝑥, 𝑦), and the three-dimensional

Figure 1: The AS-OCT image at 30 degrees scanned angle. Points A
and B are scleral spurs. Point P is the intersection point of perpen-
dicular bisector (L) and corneal anterior surface.

Figure 2: The registered image at 30 degrees scanned angle.

coordinate is (𝑥, 𝑦, 𝑧), the relations between them are as
follows:

𝑥 = 𝑥 cos𝛼, 𝑦 = 𝑥 sin𝛼, 𝑧 = 𝑦, (1)

where 𝛼 is scanned angle of AS-OCT.

2.4. The Tilt and Decentration of IOL Calculated by Geometric
Method. From Figure 3, 𝜃, known as tilt of IOL, is an angle
between visual axis and optical axis of IOL. 𝛽, defined as tilt
at the horizontal direction, is an angle between optical axis of
IOL and 𝑋-axis. 𝛾, defined as tilt at vertical direction, is an
angle between optical axis of IOL and 𝑌 axis, and we know
the following

cos 𝜃 = 𝑐2 − 𝑐1𝑟𝑑 , cos𝛽 = 𝑎2 − 𝑎1𝑟𝑑 ,
cos 𝛾 = 𝑏2 − 𝑏1𝑟𝑑 , 𝑟𝑑=√(𝑎2−𝑎1)2+(𝑏2−𝑏1)2 + (𝑐2 − 𝑐1)2.

(2)
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Figure 3: The geometrical definition of IOL tilt and decentration.

Decentration equation is as follows:

𝑑 = √𝑑21 + [( 𝑏2 − 𝑏1𝑎2 − 𝑎1)𝑑1 + 𝑎2𝑏1 − 𝑎1𝑏2𝑎2 − 𝑎1 ]2,
𝑑1 = 12 ((𝑎2 − 𝑎1)2 (𝑟21 − 𝑟22)𝑟2𝑑 + 𝑎2 + 𝑎1) , (3)

where (𝑎1, 𝑏1, 𝑐1) and (𝑎2, 𝑏2, 𝑐2) are the coordinates of the
spherical center of the fitted IOL anterior and posterior
surface with radius of 𝑟1 and 𝑟2, respectively.

2.5. IOL Tilt Calculated When the Different Scanned Angles.
The IOL tilt and decentration at different scanned angles were
calculated based on the equations of the IOL anterior and
posterior surface. For the AS-OCT image with scanned angle
of 𝛼, one can get the IOL tilt, denoted by 𝜔(𝛼), from the
following:

cos𝜔 (𝛼) = 𝑐2 − 𝑐1√𝑟2𝑑 − ((𝑏2 − 𝑏1) cos𝛼 − (𝑎2 − 𝑎1) sin𝛼)2 . (4)

Apparently, as ((𝑏2 − 𝑏1) cos𝛼 − (𝑎2 − 𝑎1) sin𝛼)2 = 0,
cos𝜔(𝛼0) = |𝑐2 − 𝑐1|/𝑟𝑑 attains its minimum value, and 𝜔(𝛼0)
is a maxima, which is exactly equal to tilt. Therefore, the tilt
(𝜃) should take the maximum value from the tilts calculated
at the different scanned angles.

For a piece of AS-OCT image with scanned angle of 𝛼
(Figure 4), point 𝐸 is the projection point of image center of
IOL, and point F is the projection point of real center of IOL
on𝑋𝑂𝑌 plane (coordinate plane, Figure 3). If there were not
any decentration, three points𝑂, 𝐸, and 𝐹were the same one.
The length of segment 𝑂𝐹 is the IOL decentration, denoted
by 𝑑. If there were not any IOL tilt, we know 𝐸𝐹 ⊥ 𝑂𝐸.
Defining, 𝛼 = ∠𝑋𝑂𝐸, 𝜌 = ∠𝑋𝑂𝐹, and the equation of line𝑂𝐸 is 𝑦 = 𝑥 tan𝛼, for the AS-OCT image with scanned angle
of 𝛼, the IOL decentration, denoted by 𝑑2(𝛼), can be obtained𝑑2 (𝛼) = cos (𝛼 − 𝜌) 𝑑. (5)
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Figure 4: The projection of IOL center point in the plane at different
scanned angles.
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Figure 5: The image of IOL fitting surface and intersection of the
anterior and posterior surfaces of IOL.

The IOL decentration 𝑑2(𝛼) attains its maximum value, the
IOL decentration 𝑑, as long as cos(𝛼 − 𝜌) = 1. Therefore,
the IOL decentration 𝑑 is the maximum value of decentration𝑑2(𝛼) calculated from all of different scanned angle images.
If there is a tilt of IOL, segments 𝐸𝐹 and 𝑂𝐸 are nearly
orthogonal; then the maximum of 𝑑2(𝛼) is close to the IOL
decentration 𝑑.

3. Results

Figure 5 shows the IOL fitting surface of case 11. Table 1 gives
the IOL tilt and decentration calculated by the surface fitting
approach and their values given by AS-OCT instrument.
The eighth column of Table 1 gives the diameter of IOL
computed by the method of surface fitting. The goodness-

of-fit (correlation coefficient 𝑅2), shown in the ninth-tenth
column of Table 1, was between 0.85 and 0.97.

Figure 6 gives the graph of the tilt𝜔(𝛼)defined by formula
(4) and provided by AS-OCT instrument for case 12. It is
found that the trend of two curves is identical with respect
to the change of scanned angle. But the data provided by
AS-OCT instrument oscillates with a small amplitude. It
definitely affects the estimation of tilt.

Figure 7 gives data of the decentration calculated by
the method of surface fitting and provided by AS-OCT
instrument for case 12. It is shown that the trend of two curves
is inconsistent with respect to the change of scanned angle.
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Table 1: The IOL tilt and decentration obtained by the method of surface fitting.

Case

The method of AS-OCT
instrument

The method of surface fitting

Tilt/∘
Decentration/

mm
The IOL tilt

(𝜃)/∘

The tilt at
horizontal
direction/∘

The tilt at
vertical

direction/∘

Decentration/
mm

Optical
diameter/

mm

𝑅2 (IOL
anterior
surface)

𝑅2 (IOL
posterior
surface)

1 7.90 1.01 7.52 86.19 83.53 0.88 5.82 0.67 0.81

2 4.30 0.83 3.35 87.82 87.46 0.71 5.91 0.89 0.91

3 3.30 0.73 2.13 89.30 87.98 0.29 5.87 0.87 0.93

4 4.90 0.85 2.79 87.80 89.13 0.80 5.81 0.85 0.86

5 6.90 0.67 5.86 88.04 84.47 0.28 5.77 0.86 0.86

6 4.20 2.33 3.92 86.23 88.94 1.08 5.85 0.86 0.83

7 3.60 0.77 1.76 88.59 88.94 0.67 6.12 0.93 0.88

8 3.30 0.51 2.2 88.18 88.77 0.45 5.91 0.83 0.89

9 5.40 0.78 2.13 88.24 88.80 0.76 5.96 0.90 0.85

10 5.20 0.73 4.08 87.85 86.54 0.27 6.15 0.97 0.87

11 6.80 0.71 5.85 89.07 84.21 0.44 6.21 0.91 0.85

12 5.40 0.74 4.55 86.40 87.22 0.63 6.06 0.93 0.83
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Figure 6: The relation with IOL tilts by the method of surface fitting
and AS-OCT and scanned angles.

But the data provided by AS-OCT instrument oscillates with
a large amplitude. According to formula (5), the decentration𝑑2(𝛼) changes in accordance with cosine approximately.
Clearly, the change of decentration 𝑑2(𝛼) calculated by our
method is in accordance with cosine, but the decentration𝑑2(𝛼) data provided by AS-OCT instrument is inconsistent
with the previous trend.

Table 2 gives the results of the IOL tilt and decentration
of three cases by two methods in different scanned angles
(The “—” shown in the Table 2 means that this data is not
available). The results of IOL tilt and decentration shown in
Table 3 were calculated by surface fitting method based on 6,
7, 8, 9, 10, and 11 pieces of AS-OCT images, respectively.
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Figure 7: The relation with IOL decentration by the method of
surface fitting and AS-OCT and scanned angles.

4. Discussion

According to AS-OCT images, the IOL tilt and decentration
were calculated by collecting data of IOL surface and spheri-
cal fitting to the data of IOL anterior and posterior surfaces.

The goodness-of-fit (𝑅2) is between 0.85 and 0.97.
Korynta et al. [18] showed that the drift and oblique

astigmatism can be caused by the IOL decentration being
more than 1 mm and the IOL tilt being more than 5 degrees.
In our results, the decentration of one eye was greater than
1 mm and the tilts of 3 eyes were greater than 5 degrees.
The IOL tilt and decentration of the other 8 eyes basically
were within the normal range given by Korynta. It is noticed
that most of the cases used in this study are successful in
operations. This verified that our results were in accordance
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Table 2: IOL decentration and tilt obtained from the image with different scanned angle.

Scanned
angle/∘

Tilt/∘ Decentration/mm

Case 6 Case 4 Case 12 Case 6 Case 4 Case 12

Surface
fitting

AS-OCT
Surface
fitting

AS-OCT
Surface
fitting

AS-OCT
Surface
fitting

AS-OCT
Surface
fitting

AS-OCT
Surface
fitting

AS-OCT

0 2.72 3.60 2.21 2.50 3.60 4.20 0.18 1.86 0.15 0.01 0.03 —

15 3.93 1.50 1.70 3.40 4.20 3.50 0.68 1.69 0.35 0.85 0.13 0.68

30 3.82 1.90 1.47 4.10 4.50 5.40 0.44 1.39 0.52 0.79 0.29 0.74

45 3.41 3.20 1.21 2.00 4.53 4.10 0.17 1.32 0.66 0.78 0.42 0.31

60 2.83 1.30 0.40 0.50 4.21 3.60 0.11 2.40 0.75 0.33 0.53 0.28

75 2.03 4.20 0.30 0.50 3.64 2.90 0.38 1.67 0.80 0.67 0.60 0.21

90 1.1 2.00 0.92 1.60 2.79 2.10 0.63 2.16 0.78 0.16 0.63 0.03

105 0.04 0.00 1.40 1.00 1.77 1.20 0.83 2.34 0.72 0.59 0.62 0.07

120 0.98 2.40 1.85 2.10 0.62 0.00 0.98 2.34 0.61 0.31 0.56 0.42

135 1.13 3.10 2.21 2.70 0.59 0.00 0.87 — 0.45 0.03 0.47 0.03

150 2.74 2.40 2.40 3.50 1.74 1.20 1.07 1.94 0.26 0.03 0.34 0.24

165 3.38 2.30 2.35 4.90 2.76 3.50 1.01 1.77 0.06 0.77 0.20 0.32

IOL 3.92 4.20 2.37 4.90 4.55 5.40 1.08 2.40 0.80 0.85 0.63 0.74

Table 3: IOL tilt and decentration calculated by surface fitting method based on 6, 7, 8, 9, 10, and 11 pieces of AS-OCT images.

AS-OCT
image

Case 5 Case 6 Case 1 Case 4

Tilt/∘ Decentration/mm Tilt/∘ Decentration/mm Tilt/∘ Decentration/mm Tilt/∘ Decentration/mm

11 5.86 0.28 3.92 1.08 — — — —

10 6.10 0.25 3.94 1.02 7.50 0.88 2.79 0.80

9 6.05 0.27 3.73 1.03 7.85 0.81 2.56 0.79

8 5.79 0.25 3.76 1.03 7.49 0.84 2.54 0.81

7 6.45 0.21 3.70 1.02 6.69 0.86 2.63 0.79

6 6.22 0.24 3.68 1.03 6.35 0.82 2.54 0.79

with results of the literatures and clinical. In addition, optical
diameter of the IOL provided by the manufacturer is 5.5 mm–
6 mm. The IOL optical diameter obtained in this study was
basically in this range (Table 1). We noticed that the calculated
IOL diameters are slightly larger than those provided by the
manufacturer. The reason is that the edge of IOL was made
with a smooth and certain thickness shape, but we have not
taken into account this issue in the calculation (Figure 7).

The results of tilt calculated by surface fitting (Table 1,
1.76–7.52 degrees) were higher than those of Dhivya’s study
(0.04–3.6 degrees) [19]. Besides sample differences, the main
reason is that the maximum value obtained from the four
images (0 degrees, 90 degrees, 45 degrees, and 135 degrees
[19]) is possibly less than the IOL tilt (see, (4)). Our results
are consistent with those of Xue et al. (tilt, 5.48±1.95 degrees;
decentration 1.09 ± 0.65mm) [20] and Baumeister et al. (tilt,
0.91–6.83 degrees; decentration 0.06 mm–0.51 mm) [21]. In
fact, the IOL tilt and decentration were possibly involved in
the difference of individuals, surgeons, and measurements.

Assume that IOL anterior and posterior surfaces are
spheres. We give the formula of tilt𝜔(𝛼) and the approximate
expression of decentration 𝑑2(𝛼) when the scanned angle
is 𝛼. The two relationships display that both of tilt and

decentration continuously change in cosine law. The IOL tilt
and decentration are the maximum values of the tilt 𝜔(𝛼)
and decentration 𝑑2(𝛼), respectively. However, the tilt and
decentration given by AS-OCT instrument are the maximum
value of 𝜔(𝛼) and 𝑑2(𝛼) among of all scanned images,
respectively. Figures 6 and 7 show that the errors of tilt and
decentration produced by AS-OCT are large. In fact, each
image contains errors. If these errors are not eliminated, the
tilt 𝜔(𝛼) and decentration 𝑑2(𝛼) calculated from each image
could cause larger accumulation errors. In our method, the
errors are eliminated by registration of images at different
scanned directions and selecting as many as possible pixel
points to a certain extent. So, the IOL tilt and decentration
calculated with the method of surface fitting are accurate.

In order to reduce the pressure of clinical work, it is very
significant to provide the method for calculating the more
accurate tilt and decentration of IOL and saving the work-
load. Table 3 gives the results of IOL tilt and decentration
calculated with 11, 10, 9, 8, 7, 6 AS-OCT images, respectively
by the method. This problem is one of innovations of this
study. Although the number of images used to obtain IOL tilt
and decentration are 2 (90 degrees and 180 degrees) [6, 15],
4 (0 degrees, 45 degrees, 90 degrees, and 135 degrees) [19],
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and 5 (five different directions) [22], their results are not
verified. Table 3 shows that the IOL tilt and decentration
become smaller with the decreasing of the number of images.
The tilt and decentration changed in the range of 1 degree
and 0.05 mm, respectively. If the errors were neglected in
clinical practice. It is suggested that the method can calculate
the more accurate tilt and decentration of IOL with scanned
angles at the six symmetrical directions.

The IOL tilt measured by AS-COT instrument is the angle
between the IOL optical axis and the line joining the centers
of the anterior cornea and the pupil. Our method can not only
give the IOL tilt, but also the tilt at the horizontal direction
and the tilt at the vertical direction. To the knowledge of the
authors, it has not been reported whether the horizontal and
vertical angles can affect the recovery of vision and optical
imaging quality. This may be related to the current methods
in clinic leaving two angles unknown. Therefore, it should be
studied that whether the horizontal and vertical angles have
an impact on visual acuity and visual effect in future.

This study is limited in the following: because IOL was
covered by iris and opaque tissues, the middle part of IOL
is only displayed in the image, and the point near the IOL
boundary cannot be obtained. In addition, artificial selection
and obtaining pixel coordinates will bring the errors. This
will affect the similarity of the fitting surface and the actual
IOL surface. Therefore, it should be studied that the method
can reduce errors in collecting data for improving the fitting
goodness in future. In addition, this study assumed that the
IOL surface was spherical. But the aspheric surface cannot
be thought about. It is hoped that the IOL surface can be
calculated with the method of aspheric fitting in future.
Moreover, compared with two methods of spherical and
aspheric fitting, the results calculated with two methods can
be more close to the real values in clinical.

In conclusion, the method of the surface fitting to the IOL
surface can accurately analyze the IOL’s location, and six piece
of AS-OCT images at three pairs symmetrical directions are
enough to get tilt angle and decentration value of IOL more
precisely.
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We investigate a Bayesian hierarchical model for the analysis of categorical longitudinal data from sedation measurement for
Magnetic Resonance Imaging (MRI) and Computerized Tomography (CT). Data for each patient is observed at different time
points within the time up to 60 min. A model for the sedation level of patients is developed by introducing, at the first stage of a
hierarchical model, a multinomial model for the response, and then subsequent terms are introduced. To estimate the model, we
use the Gibbs sampling given some appropriate prior distributions.

1. Introduction

Magnetic Resonance Imaging (MRI) and Computerized
Tomography (CT) require the patient to lie still for periods
of up to 60 min. These two diagnostic procedures also require
strict immobility and sedation for a successful result. If a child
cannot remain adequately still for examination, sedation
may be necessary. Optimal sedation management of children
before MRI and CT has received attention in the last decade
[1, 2]. The sedation medications must be chosen carefully for
children’s safety and effectiveness. Many researches related
to the comparison of different sedation medications have
been performed successfully [3, 4]. In these studies, for each
medication group sedation levels were obtained at different
time points within the time up to 60 min. In addition to
sedation level measurements, the other multiple assessments
of the same patient were recorded, and the within subject
ones, such as sedation levels at different time points for a
given patient, were correlated. This case is an example when
a longitudinal study is made with responses being measured
repeatedly on the same patient across time. In medical
studies, statistical analysis of the data set described earlier has
been performed by many researchers, who use the known
methods such as ANOVA, MANOVA, and Linear Models,
assuming that the repeated observations from each patient

are uncorrelated. Since repeated observations are made on
the same patient, observed responses are generally correlated.
For robust analysis, this association must be accounted for.
Weighted least squares model is used for repeated categorical
data. This model works well for large sample size, no missing
data, a small number of response variables, and discrete
independent variables. Recent years have witnessed new
statistical methods of analysing for data that do not meet
these conditions.

Mathematical models for multiple regression, linear
models, and time series are generally useful where random
variables are approximately normal and can be explained by
some linear structure. However, data can be clearly nonnor-
mal when they represent categorical or frequency observa-
tions. Generalized Linear Models (GLMs) offer convenient
and highly applicable tools for these kinds of data. They allow
for more general structures and more general distributions
than linear regression and ANOVA. Nelder and Wedderburn
developed the concept of GLMs [5], and an extensive treat-
ment was given by [6]. With the introduction of GLM, a
much more flexible instrument for statistical modeling was
created. As special cases, they include multiple linear regres-
sion, logit and probit models for quanta responses, and log
linear response models for counts. Introduced Generalized
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Estimating Equations (GEEs) [7] were developed to extend
the GLM introduced by [5].

Longitudinal researches are defined as studies in which
the response of each patient is observed on two or more
occasions. They are often used in medical and health research.
The methods used for the analysis of longitudinal data
differ from the traditional regression analysis such as mul-
tiple regressions. Longitudinal data sets consist of repeated
observations of an patient and a set of covariates for each
of many patients which may be fixed or which may be
changed with time. Longitudinal data sets are defined by the
fact that repeated observations for a patient are correlated
[8]. Therefore the modeling of the correlation structure is
required. When the response variable is normal, a large class
of linear models is available for analysis. However, when
the response variable is categorical, other methods must be
considered. In recent years, considerable effort has gone into
the development of statistical methods for the analysis of
longitudinal categorical response data. While much of this
effort has focused on methods for binary or Poisson data,
relatively little attention has been given to nominal categorical
data.

More generally, hierarchical models describe efficiently
complex datasets incorporating correlation or including
other properties in our model. Hence, when multivariate
or repeated responses are observed, correlation can be
incorporated in the model via a common “random” effect
for all measurements referring to the same individual. This
introduces a marginal correlation between repeated data,
while interpretation is based on the conditional means.
Therefore, given the random effects, the structure and the
interpretation are similar to common generalized linear
models. Accordingly, hierarchical models naturally appear,
for example, when modeling spatiotemporal data in which
correlation between time and space can be added by using
common random effects on adjacent (in time or space)
responses. Hierarchical models can also be used to imply
a complicated marginal distribution but (at the same time)
keep the conditional structure as simple as possible [9].

Bayesian analyses of hierarchical linear models have been
considered for at least forty years [10] and have remained a
topic of theoretical and applied interest [11–14]. Reference [15]
reviews much of the extensive literature in the course of com-
paring Bayesian and non-Bayesian inferences for hierarchical
models. As part of their article, Browne and Draper consider
some different prior distributions for variance parameters;
here, we explore the principles of hierarchical prior distribu-
tions in the context of a specific class of models. Hierarchical
(multilevel) models are central to modern Bayesian statistics
for both conceptual and practical reasons. At a practical
level, hierarchical models are flexible tools for combining
information and partial pooling of inferences [16–18].

In this study, we use a Bayesian approach to fit several
hierarchical models of increasing complexity to assess the
significance of both fixed and random effects on sedation
levels and investigate a Bayesian hierarchical model for
the analysis of categorical longitudinal data from sedation
measurement for MRI and CT. A model for the sedation level
of patients is developed by introducing, at the first stage of

a hierarchical model, a multinomial model for the response
and then subsequent terms are introduced.

2. Material and Method

There are several methods that may be used to estimate the
determinants of sedation levels with categories (1, . . . , 6).

First method we considered is the multinomial logit
approach. The model

Pr(𝑌𝑖𝑡 = 𝑗𝑋𝑖𝑡
) = exp (𝑋𝑖𝑡𝛽𝑗)∑𝑗

𝑘=1 exp (𝑋𝑖𝑡𝛽𝑘) , (1)

where Pr(𝑌𝑖𝑡 = 𝑗/𝑋𝑖𝑡) is the probability that patient 𝑖 has
outcome 𝑗 at time 𝑡 given covariates 𝑋𝑖𝑡 of the patient at that
time.

In our analysis the response has six levels (𝑗 = 1, . . . , 6).
For identifiability, 𝑗 = 1 is set as the reference category so
that the parameters estimated from the multinomial logistic
model are interpreted as the logarithm of the change in the
odds of being outcome 𝑗 relative to that of being outcome 2 for
a one unit change in the corresponding explanatory variable
at time 𝑡.

We investigate the relationship between sedation levels
and both categorical and continuous explanatory variables by
specifying a Bayesian hierarchical model for the multinomial
response. We also include the lagged response variable in
the model to assess the probability of transition between the
times. Reference [19] considers a dynamic multinomial logit
panel model with random effects to explain the labour market
level of individuals in urban Mexico. The individual effects are
assumed to be independent of the observed characteristics
and to follow a multivariate normal distribution. We use a
similar model for explaining the sedation levels of patients in
which the selected covariates and sedation levels at the time
of the previous time may influence the sedation levels of a
patient.

Assume that patient 𝑖 (= 1, . . . , 𝑁) can be in any of 𝑗
possible levels at time 𝑡 (= 1, . . . , 𝑇). In the first level of the
Bayesian hierarchical model, the 𝑦𝑖𝑡. = (𝑦𝑖𝑡1, . . . , 𝑦𝑖𝑡𝑗) are
assumed to be distributed as multinomial random variables.
The response takes the value 𝑦𝑖𝑡𝑗 ∈ {1, 2, 3, 4, 5, 6}. The model
may be written as𝑦𝑖𝑡𝑗 ∼ multinomial (𝑃𝑖𝑡𝑗, 𝑛𝑖𝑡) , (2)

where 𝑃𝑖𝑡𝑗 is the probability of patient 𝑖 being in level 𝑗 at time𝑡.
The second level of the model relates the probabilities 𝑃𝑖𝑡𝑗

to the regression effects, lagged effects, and random effects
such that 𝑃𝑖𝑡𝑗 = 𝜇𝑖𝑡𝑗∑𝑗 𝜇𝑖𝑡𝑗 ,

log 𝑖𝑡 (𝜇𝑖𝑡𝑗) = 𝑋𝑇
𝑖𝑡𝛽𝑗 + 𝑍𝑇

𝑖𝑡𝛾𝑗 + 𝛼𝑖𝑗, (3)

where𝑋𝑖𝑡 is a matrix of explanatory variables, 𝑍𝑖𝑡 is a matrix
of lagged level variables, 𝛽𝑗 and 𝛾𝑗 are vectors of parameters
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Table 1: The model used in this study.

Model

1 log (𝜇𝑖𝑡𝑗) = 𝑋𝑇
𝑖𝑡𝛽𝑗 + 𝛼𝑖𝑗

2 log (𝜇𝑖𝑡𝑗) = 𝑋𝑇
𝑖𝑡𝛽𝑗 + 𝑍𝑇

𝑖𝑡𝛾𝑗
3 log (𝜇𝑖𝑡𝑗) = 𝑋𝑇

𝑖𝑡𝛽𝑗 + 𝑍𝑇
𝑖𝑡𝛾𝑗 + 𝛼𝑖𝑗

4 log (𝜇𝑖𝑡𝑗) = 𝑋𝑇
𝑖𝑡𝛽𝑗 + 𝑍𝑇

𝑖𝑡𝛾𝑗𝑡
5 log (𝜇𝑖𝑡𝑗) = 𝑋𝑇

𝑖𝑡𝛽𝑗 + 𝑍𝑇
𝑖𝑡𝛾𝑗𝑡 + 𝛼𝑖𝑗

to be estimated, and 𝛼𝑖𝑗 is a random effect reflecting time
constant unobserved heterogeneity.

To identify the model, we choose first level of sedation to
be reference level (𝑗 = 1)with𝛽1, 𝛾1, and𝛼𝑖1 set to 0. It follows
that log(𝜇𝑖𝑡1) = 0, and, hence,

log(𝑃𝑖𝑡𝑗𝑃𝑖𝑡1) = log(𝜇𝑖𝑡𝑗𝜇𝑖𝑡1) = log (𝜇𝑖𝑡𝑗) . (4)

So log(𝜇𝑖𝑡𝑗) can be interpreted as the log of the probability of
being in level 𝑗 relative to the probability of being in level 1.

The posterior distributions for all parameters are as
follows 𝑃 (𝛽, 𝛾, 𝛼, Σ | 𝑦) ∝ 𝑃 (𝑦 | 𝛽, 𝛾, 𝛼, Σ)× 𝑃 (Σ) × 𝑃 (𝛽) × 𝑃 (𝛾) , (5)

where we have assumed that unknown parameters 𝛽, 𝛾,
and Σ are a priori independent and 𝛼 depend only on Σ.
MCMC methods are used to sample from the posterior
distributions of the unknown parameters. We have used the
WinBug software which uses the Gibbs sampling to form
the posterior distribution for each unknown parameter by
drawing samples from their full conditional distributions.

Our primary interest in modeling sedation levels is to
investigate the effects of the some covariates as well as the
transition from one sedation level to another as time since
arrival progresses. To do this we consider five variations of the
model in Table 1. The models contain combinations of terms
to capture the covariate effects, the transition effects, and a
random effects term to capture over dispersion in the form of
between-subject variability.

In the model 1, given sedation level 𝑗, the regression
effects remain constant but each individual 𝑖 is considered
as a cluster of responses over time (𝑡 = 1, 2, 3). A random
intercept term 𝛼𝑖𝑗 which is allowed to vary between indi-
viduals, given level 𝑗, is included in the model to account
for time constant unobserved variability. In the model 2,
given sedation level 𝑗, this model includes constant regression
effects 𝛽𝑗 for the covariates 𝑋𝑖𝑡 as well as constant regression
effects 𝛾𝑗 for the lagged response variable 𝑍𝑖𝑡. The term
representing the lagged response may be useful in explaining
the transition between sedation levels and absorb some of the
unobserved variability between individuals. The model 3 is
similar to model 2 with a random effect term 𝛼𝑖𝑗 included
to capture any additional between-subject variation. In the
model 4, given sedation level 𝑗, this model includes constant
regression effects for the covariates but differs to model 2

Table 2: Descriptions of predictor values used in the analysis.

Predictor Description

Group
M: Midazolam; D: Diazepam; L: Luminal; C: Cardiac
Cocktail.

Age Between 4 months old and 13 years old.

Weight Between 6 kg and 46 kg.

Test CT and MRI.

Sex Male and female.

Disease Diseased with neurological damage. Not diseased.

SBP Systolic blood pressure.

PUL Pulse.

OSAT Oxygen saturation.

Comp Complication: yes and no.

Table 3: Ramsay sedation scale.

Categories Response

Sed1 Anxious or restless or both

Sed2 Cooperative, orientated, and tranquil

Sed3 Responding to commands

Sed4 Brisk response to stimulus

Sed5 Sluggish response to stimulus

Sed6 No response to stimulus

as it also includes time-varying effects 𝛾𝑗𝑡 for the lagged
response variable, 𝑍𝑖𝑡. These effects are included to capture
any change in the transition in sedation levels between the
different times. The model 5 is similar to model 4 with a
random effect term 𝛼𝑖𝑗 included to capture any additional
between-subject variation.

The ability to fit complex hierarchical models using
MCMC techniques presents a need for methods to compare
alternative models. Standard model comparison techniques
such as the Akaike Information Criterion (AIC) [20] and the
Bayesian Information Criterion (BIC) [21] require the speci-
fication of the number of parameters in each model. For hier-
archical models which contain random effects, the number
of parameters is not generally obvious and so an alternative
method of comparison is required. The Deviance Information
Criterion (DIC) is a hierarchical modeling generalization of
the AIC and BIC. It is particularly useful in Bayesian model
selection problems where the posterior distributions of the
models have been obtained by MCMC simulation. Like AIC
and BIC it is an asymptotic approximation as the sample size
becomes large.

DIC was developed by [22]. The DIC statistic is a measure
of model complexity and fit and is defined as

DIC = 𝐷 (𝜃) + 𝑝𝐷, (6)

where 𝐷(𝜃) is the deviance given the model parameters𝜃, 𝐷(𝜃) is the posterior mean of the deviance, 𝐷(𝜃) is the

deviance evaluated at the posterior mean 𝜃, and 𝑝𝐷 = 𝐷(𝜃) −𝐷(𝜃) is the effective number of parameters in the model.
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Table 4: Posterior summaries for the effect on log[𝑃(Sed6)/𝑃(Sed1)] using Model 1.

Variables Mean Sd MC error %2.5 Median %97.5 Start Sample

Group

C −3,1681 4,172 0,0043 −1,121 −3,017 7,016 1000 10.000

D −53,215 1,931 0,0011 −53,131 −52,911 −50,97 1000 10.000
L 17,312 10,171 0,0211 −21,431 16,951 23,71 1000 10.000

Age 0,017 0,021 0,0001 −0,015 0,021 0,038 1000 10.000

Sex [male] −0,312 0,295 0,003 −0,773 −0,331 0,121 1000 10.000

Disease [1] −0,215 0,211 0,015 −0,328 −0,231 0,174 1000 10.000

Weight −0,1311 0,0111 0,001 −0,151 −0,1417 −0,1317 1000 10.000
Comp (yes) 0,087 0,0095 0,002 0,065 0,081 0,093 1000 10.000
Test (1) 0,137 0,131 0,021 −0,021 0,136 0,141 1000 10.000

Sps −0,016 0,003 0,003 −0,6171 −0,015 −0,0139 1000 10.000
Pul −0,0121 0,002 0,0001 −0,0729 −0,012 −0,011 1000 10.000
OSAT −0,117 0,011 0,0002 −0,018 −0,013 0,011 1000 10.000

Table 5: Estimated posterior means and %95 intervals.

Variables Model 1 Model 2 Model 3 Model 4 Model 5

Group

C −3,017 (−4,121; 7,016) −2,981 (−3,115; 6,812) −2,17 (−2,29; 5,61) −4,21 (−5,51; 9,82) −3,81 (−6,61; 3,43)

D −52,911 (−53,131; −50,97) −48,17 (−52,16; −46,13) −37,4 (−48,1; −29,8) −41,4 (−53,1; −26,1) −43,5 (−51,4; −31,5)
L 16,931 (−21,431; 23,71) 15,81 (−21,03; 21,74) 10,71 (−5,03; 15,2) 13,15 (−4,81; 27,16) 17,51 (−3,85; 21,12)

Age 0,021 (−0,025; 0,039) 0,018 (−0,074; 0,041) 0,17 (−0,43; 0,48) 0,07 (−0,29; 0,61) 0,11 (−0,41; 0,23)

Sex −0,331 (−0,773; 0,121) −0,365 (−0,443; 0,141) −0,91 (−1,21; 0,78) −0,45 (−1,54; 1,131) −0,71 (−1,13; 1,45)

Disease −0,231 (−0,328; 0,174) −0,261 (−0,317; 0,161) −0,98 (−1,67; 0,71) −0,631 (−1,27; 0,617) −0,73 (−1,11; 0,62)

Weight −0,1417 (−0,151; 0,1317) −0,1321 (−0,1617; −0,117) −0,67 (−0,87; −0,25) −0,24 (−0,43; 0,12) −0,34 (−0,84; −0,17)

Comp 0,081 (0,065; 0,093) 0,076 (0,051; 0,113) 0,162 (0,101; 0,312) 0,151 (0,09; 0,27) 0,101 (0,06; 0,17)
Test 0,136 (−0,221; 0,141) 0,121 (−0,114; 0,151) 0,671 (−1,21; 0,83) 0,541 (−1,51; 1,19) 0,337 (−1,17; 0,98)

Sps −0,015 (−0,0171; −0,0139) −0,013 (−0,031; −0,009) −0,065 (−1,11; −0,03) −0,047 (−1,76; −0,04) −0,018 (−0,29; −0,03)
Pul −0,012 (−0,0729; −0,011) −0,015 (−0,021; −0,008) −0,023 (−0,045; −0,012) −0,014 (−0,21; −0,04) −0,091 (−1,21; −0,02)
OSAT −0,013 (−0,018; 0,011) −0,021 (−0,033; 0,016) −0,156 (−0,211; 0,06) −0,11 (−0,35; −0,04) −0,17 (−0,29; −0,13)
Sed-level (1, 𝑡 − 1) [Sed1]

Sed2 5,43 (3,98; 6,83) 4,91 (3,71; 5,61)
Sed3 5,65 (2,68; 7,26) 4,73 (3,86; 5,12)
Sed4 5,21 (3,12; 5,93) 5,13 (4,67; 5,37)
Sed5 5,85 (3,29; 6,81) 4,88 (4,21; 5,17)
Sed6 5,43 (4,71; 4,81) 5,13 (4,91; 5,61)

Sed-level (2, 𝑡 − 1) [Sed1]

Sed2 5,13 (4,81; 5,61) 5,41 (4,71; 5,91)
Sed3 5,29 (4,61; 5,79) 5,16 (4,51; 5,56)
Sed4 5,41 (4,71; 4,81) 5,23 (4,91; 5,61)
Sed5 5,35 (4,91; 5,81) 5,44 (5,01; 5,96)
Sed6 5,25 (4,12; 5,93) 5,23 (4,67; 5,37)

Sed-level (3, 𝑡 − 1) [Sed1]

Sed2 5,29 (4,87; 5,65) 5,96 (5,26; 6,36)
Sed3 5,17 (4,67; 5,81) 5,91 (5,31; 6,31)
Sed4 5,27 (4,71; 5,67) 5,77 (5,27; 6,28)
Sed5 5,13 (4,55; 5,87) 5,85 (5,11; 6,51)
Sed6 5,31 (4,71; 5,81) 5,33 (4,91; 5,61)
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Table 6: The DIC values for model comparisons.

Effect Model DIC DIC∗

log [𝑃 (Sed6) /𝑃 (Sed1)] 1 28,71 72,17

2 30,81 63,15

3 30,76 62,17

4 30,14 63,28

5 30,95 63,17

log [𝑃 (Sed5) /𝑃 (Sed1)] 1 26,16 74,85

2 29,64 67,61

3 29,71 66,75

4 29,67 66,81

5 29,17 66,37

log [𝑃 (Sed4) /𝑃 (Sed1)] 1 26,73 75,11

2 28,95 67,91

3 28,72 67,54

4 28,67 67,17

5 28,81 67,18

log [𝑃 (Sed3) /𝑃 (Sed1)] 1 25,03 73,71

2 28,75 67,55

3 28,19 68,01

4 28,63 67,85

5 28,85 67,47

log [𝑃 (Sed2) /𝑃 (Sed1)] 1 26,25 72,19

2 29,37 65,16

3 29,85 64,18

4 29,67 65,93

5 29,17 65,41
∗Shows the DIC value at times 2 and 3.

The quantities 𝐷(𝜃) and 𝐷(𝜃) are easily computed from an
MCMC simulation chain.

3. Application to Sedation Data

A part of the data was used by [23]. They compared the effects
of Midazolam, Diazepam, Luminal, and Cardiac Cocktail
in terms of sedation level. Also 127 children who received
MRI and CT were included in this study. Group M (𝑛 =30) received Midazolam, Group D (𝑛 = 31) received
Diazepam, Group L (𝑛 = 32) received Luminal, and Group
C (𝑛 = 34) received Cardiac Cocktail. Systolic Blood
pressures, Pulse rates, the number of breathe, and oxygen
saturation were monitored. The other measurements, which
may affect the sedation level, such as weight, disease status,
test status, complication status, age, and adaptation status,
were also recorded. Descriptions of predictor values used in
the analysis are given in Table 2.

Models in Table 1 were constructed according to the
assumption that sedation levels are distributed as a multi-
nomial random variables with the six possible categories as
in Table 3. Sedation levels were maintained in the range of
Ramsey Scale from 1 to 6 for the 15th minute, 30th minute,
and 60th minute. The Ramsay Sedation Scale was given in
Table 3.

The models were constructed according to the assump-
tion that sedation levels are distributed as multinomial
random variables with the six possible categories. Since there
is little information available about the parameters, we choose
noninformative prior distributions for the parameters. For
regression parameters 𝛽 ∼ Normal(0, 103) and 𝛾 ∼
Normal(0, 103), we assume that the random effects 𝛼𝑖 are
drawn from a multivariate normal distribution with zero
mean and a variance-covariance matrix Σ. Noninformative
uniform priors were determinated for the individual elements
of Σ. Σ11 and Σ22 were given uniform (0, 100) priors andΣ12 = Σ21 was assigned uniform (−√Σ11Σ22, √Σ11Σ22) prior.

Gibbs sampler was run for 10.000 iterations with the first
1000 as burn-in. Convergence for the posterior distributions
of all models was achieved. We set up five multinomial
models with six possible sedation levels for each model in
Table 1. Therefore 30 models were constructed. Posterior
calculations were calculated for all models. As an example
posterior summaries for the effect on log[𝑃(Sed6)/𝑃(Sed1)]
using model 1 are represented in Table 4.

It is easy to say from Table 4 that there are associations
between the response and some explanatory variables. The
explanatory variable group D, weight, comp, SPS, and PUL
have significant effect on log[𝑃(Sed6)/𝑃(Sed1)]. We have
the similar posterior results for all thirty models. Estimated
posterior means and %95 intervals for the effects of all
explanatory variables in Table 2 on the log of the probability
of a patient being in Sed6 relative to the probability of being
in Sed1 from models 1, 2, 3, 4, and 5 were obtained. They
are given in Table 5. The variable Sed-lev.(𝑡 − 1) refers to
the sedation levels of the patient in the previous time. The
corresponding effect in the model is averaged over the 2 steps
between times. The variable Sed-lev.(𝑠, 𝑡 − 1) refers to the
previous sedation levels at time 𝑠 for 𝑠 = 2, 3.

From Table 5, we can say that the explanatory variable
group D, weight, comp, SPS, and PUL have significant effect
on log[𝑃(Sed6)/𝑃(Sed1)] for models 1, 2, 3, 4, and 5. We also
certainly state that there is relationship between the current
sedation level and the sedation level at the previous time of
measurements for all models.

For model comparisons, DIC values for all effect for each
model were calculated. The DIC values were given in Table 6.

Firstly, Deviance Information Criteria (DIC) value was
obtained at three times for all models with different effect.
Table 6 compares the models when the deviance is obtained
at three times. Model 2 and Model 4 are log models and
essentially condition time 1 and model 1 explains time 1, with
model 1 which explain time 1. We also calculate the DIC∗ at
times 2 and 3. Therefore we focus on prediction of these times
only.

4. Conclusions

Results in Table 6 show that the DIC for model is smaller
than the DIC for the other models. Model 1 which contains a
random effects term for each patient and sedation level over
time shows better performance than the other models.

Model 2, which includes a transition variable, shows
the similar performance with models 3, 4, and 5. If we are
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concerned with the prediction of times 2 and 3 only, model
comparisons results in Table 6 show that the DIC∗ for models
2, 4, and 5 is smaller than model 1. Models 2, 4, and 5 provide
better understanding of the effect of the changes over the
three waves than Model 1. For this aim, we prefer to consider
models 2, 3, 4, and 5.

For models 4 and 5, Table 6 shows that there is a
significant difference between the transitions in sedation
levels for times 1 to 2, and from times 2 to 3. Therefore we may
prefer models 4 and 5 to the other models for the transitions.

We say that an important characteristic of hierarchical
models is that each parameter referring to a specific group
from the corresponding parameters of the other group.

Using Bayesian approach makes hierarchical model more
flexible than classic hierarchical models. That is why they
describe the data better. Bayesian hierarchical approach
simplifies the interpretation and computation of the model.
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Universidad de Guanajuato, División de Ingenieŕıas, Campus Irapuato-Salamanca, Carretera Salamanca,
Valle de Santiago km 3.5+1.8, Comunidad de Palo Blanco, 36885 Salamanca, GTO, Mexico

Correspondence should be addressed to I. Cruz-Aceves; i.cruzaceves@ugto.mx

Received 21 December 2012; Revised 8 April 2013; Accepted 9 April 2013

Academic Editor: Peng Feng

Copyright © 2013 I. Cruz-Aceves et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper presents a novel image segmentation method based on multiple active contours driven by particle swarm optimization
(MACPSO). The proposed method uses particle swarm optimization over a polar coordinate system to increase the energy-
minimizing capability with respect to the traditional active contour model. In the first stage, to evaluate the robustness of
the proposed method, a set of synthetic images containing objects with several concavities and Gaussian noise is presented.
Subsequently, MACPSO is used to segment the human heart and the human left ventricle from datasets of sequential computed
tomography and magnetic resonance images, respectively. Finally, to assess the performance of the medical image segmentations
with respect to regions outlined by experts and by the graph cut method objectively and quantifiably, a set of distance and similarity
metrics has been adopted. The experimental results demonstrate that MACPSO outperforms the traditional active contour model
in terms of segmentation accuracy and stability.

1. Introduction

Computed tomography (CT) scanning and magnetic reso-
nance imaging (MRI) are effective and widely used modalities
in clinical practice for the diagnosis of cardiac disease. The
process carried out by a cardiologist is based on a visual
examination of the images followed by a manual delineation
of the human organ. This process can be subjective, time-
consuming, and susceptible to errors. According to the
above process, the accurate medical image segmentation by
computational techniques plays an essential role.

Image segmentation is an important and challenging
task in computer vision and image processing areas with
different applications including medical image analysis, video
surveillance, biology, and militar, systems. In recent years,
numerous approaches have been introduced for this purpose
based only on information available in the image such as
wavelet transform [1], rule optimization with region growing
[2], enhanced suppressed fuzzy c-means [3], improved water-
shed transform [4], multithreshold using artificial immune
systems [5], graph cut [6, 7], and active contour models
(ACM) [8, 9]. This latter technique was introduced by [10],

and it is an energy-minimizing spline that consists of control
points known as snaxels. The spline will evolve through
the evaluation of internal and external forces according to
the shape of the object of interest. ACM has been widely
used in medical applications including segmentation of breast
lesions [11], breast tumors [12], human prostate [13], and
intravascular, ultrasound images [14], to name a few.

There are two main drawbacks in the traditional imple-
mentation of active contour models. Firstly, initialization of
control points must be close to the object of interest; other-
wise, failure of convergence will occur. Secondly, the snake is
prone to stagnate in local minima and results in an inaccurate
convergence to the boundaries of the object. To address
these drawbacks, many researchers have suggested to adapt
different techniques to work together with the active contour
models including waterballoons [15], statistical methods [16,
17], graph cut [18], genetic algorithms [19], differential evolu-
tion [20], and particle swarm optimization (PSO) [21] where
static large searching windows are dynamically generated
depending on the initial position of the interactive control
points. Similarly, in [22], a snake model hybrid was proposed
by adapting the PSO velocity equation to the active contour
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model. The performance of both PSO approaches is very
suitable according to the tests since the active contour model
becomes more robust in local minima problem.

PSO has become very popular to solve optimization
problems in continuous spaces [23, 24]. PSO is similar
to evolutionary computation techniques since it handles a
set of randomly initialized potential solutions known as
swarm instead of population. These potential solutions are
referred to as particles rather than individuals, and they
are evaluated using a fitness function. This computational
intelligence technique provides a mechanism inspired by
the cognitive and social behavior of bird flocking or fish
schooling to exchange information between particles flown
through hyperspace based on two main ways generally.
Firstly, all the particles are guided by the best particle of the
swarm, and, secondly, each particle keeps track of its best
solution found through iterations, which is an advantage with
regard to some evolutionary computation techniques. As PSO
is not computationally expensive and it is highly efficient,
it has been used in medical applications such as branch-cut
phase unwrapping of MRI data [25] and tumor classification
[26].

In this paper, we introduce a new method based on
multiple active contours driven by particle swarm optimiza-
tion (MACPSO) to segment an object of interest by dividing
the search space into polar sections. Each polar section has
a swarm of particles composed of control points, which
performs a strategy search with the aim of finding the optimal
control point (snaxel) in its particular constrained space.
MACPSO method is able to overcome in a very suitable way
the inaccurate convergence to the concave boundaries of the
object and the drawback of initialization of the traditional
ACM. In addition, the proposed method also addresses the
problem of segmenting datasets of sequential CT and MR
images which contain the human heart and the human left
ventricle, respectively. Finally, to visualize the sequential CT
segmentations obtained from MACPSO, a 3D reconstruction
approach of the human heart is presented.

The structure of this work is as follows. In Section 2,
the basics of active contour model and particle swarm opti-
mization are presented. In Section 3, the proposed MACPSO
method is introduced, along with a set of similarity metrics to
assess its performance. The experimental results are discussed
in Section 4, and from the numerical analysis, conclusions are
presented in Section 5.

2. Background

In this section, the fundamentals of the active contour model
and particle swarm optimization are explained in detail.

2.1. Active Contour Model. Active contour model (ACM),
also called snake, is a parametric curve that can move within
a spatial image domain where it was defined. The snake is
described by 𝑝(𝑠, 𝑡) = (𝑥(𝑠, 𝑡), 𝑦(𝑠, 𝑡)), 𝑠 ∈ [0, 1], where 𝑡 is
the time-related changing aspect. This curve evolves through
time to minimize the total energy function given by the
following:𝐸snake = ∫1

0
[𝐸int (𝑝 (𝑠, 𝑡)) + 𝐸ext (𝑝 (𝑠, 𝑡))] d𝑠. (1)

The defined energy function consists of two components,𝐸int and𝐸ext that represent the internal and external energies,
respectively. The internal energy presented in the following is
used to maintain the search within the spatial image domain
and the shape modification of the parametric curve:

𝐸int (𝑝 (𝑠, 𝑡)) = 12 [𝛼 (𝑠)  𝜕𝑝(𝑠)𝜕𝑠 2 + 𝛽 (𝑠)  𝜕2𝑝 (𝑠)𝜕𝑠2 2] . (2)

Internal energy is represented by the first derivative of𝑝(𝑠) controlled by curve tension parameter 𝛼(𝑠) and the
second derivative of 𝑝(𝑠) guided by rigidity parameter 𝛽(𝑠).

The external energy presented in the following is defined
by the particular features of the image, where ∇𝐼(𝑝(𝑠)) is
the surface gradient calculated at 𝑝(𝑠) and 𝛾 is the weight
parameter of this force:𝐸ext (𝑝 (𝑠)) = −𝛾∇𝐼 (𝑝 (𝑠))2. (3)

The optimal solution is acquired by solving the following
Euler equation, that is, when external and internal forces
become stable:∇𝐸ext − 𝛼𝜕2𝑝 (𝑠)𝜕𝑠2 + 𝛽𝜕4𝑝 (𝑠)𝜕𝑠4 = 0. (4)

The computational implementation of ACM is con-
formed by a set of 𝑛 discrete points {𝑝𝑖 | 𝑖 = 1, 2, . . . , 𝑛}.
The discrete formulation of internal energy is computed by
(5), and the external energy is approximated by (6). In both
external and internal energies, (𝑞𝑖,𝑗) is the control point (𝑝𝑖),
and (𝑗) is the index in the searching window. In addition,
the local energy function given by (7) is iteratively evaluated
in order to minimize the 𝑘𝑖 index by using (8), where 𝑊𝑖
represents the predefined searching window for the control
point 𝑝𝑖 [21]:𝐸int = 12 [𝛼 (𝑠) 𝑞𝑖,𝑗 − 𝑝𝑖−122 + 𝛽 (𝑠) 𝑝𝑖−1 − 2𝑞𝑖,𝑗 + 𝑝𝑖+122] ,

(5)𝐸ext = −𝛾∇𝐼 (𝑞𝑖,𝑗)22, (6)𝐸𝑖,𝑗 = 𝐸int + 𝐸ext, (7)𝐸snake = 𝑛∑
𝑖=1
𝐸𝑖,𝑘𝑖 , 𝑘𝑖 = arg min

𝑗
(𝐸𝑖,𝑗) , 𝑗 ∈ 𝑊𝑖. (8)

The traditional ACM has two main drawbacks: firstly, sensi-
tivity to the initial position of the control points. Secondly,
the control points are prone to stagnate in local minima due
to the presence of noise in the image deflecting the curve
of the optimum edge. A suitable alternative to overcome
the local minima drawback is to use a robust optimization
technique as particle swarm optimization, which is described
in Section 2.2.

2.2. Particle SwarmOptimization. PSO is a population-based
computational intelligence technique developed by [23, 24]
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to solve optimization problems. As in evolutionary compu-
tation techniques, the population (referred to as swarm in
PSO) consists of a number of potential solutions known as
individuals (called particles in PSO) to the optimization task.
Each particle moves through hyperspace to a new position
according to the following velocity equation:

V𝑖 (𝑡 + 1) = 𝜑V𝑖 (𝑡) + 𝜅𝑟1 (𝑝best − 𝑥𝑖 (𝑡))+ 𝜅𝑟2 (𝑝𝑔best − 𝑥𝑖 (𝑡)) , (9)

where V𝑖(𝑡) is the current velocity of the particle 𝑥𝑖, (𝑡)
denotes the time step, 𝜑 is the inertia weight, 𝜅 represents
the learning factor, 𝑟1, 𝑟2 ∼ 𝑈(0, 1) where 𝑈 is a uniform
distribution, 𝑝best is the current best solution found by the
present particle, and 𝑝𝑔best is the current best solution found
by the best particle of the whole swarm. Assuming that the
new velocity of the particle has been updated, its new position
is computed by using the following:𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + V𝑖 (𝑡 + 1) . (10)

According to the previous description, the PSO algorithm can
be implemented by using the following procedure.

(1) Set the swarm size and initialize each particle by
generating random candidate solutions and velocities.

(2) Evaluate each particle in the predefined fitness func-
tion and update its 𝑝best only if the current fitness is
better.

(3) Find the particle that has the best fitness in the whole
swarm and update 𝑝𝑔best only if the fitness value
found is better.

(4) If the stopping criterion is satisfied (e.g., stability or
number of iterations), then stop.

(5) Update velocity and position of all the particles
according to (9) and (10), then repeat steps (2)–(5).

In Section 3, the proposed image segmentation method is
described in detail.

3. Proposed Image Segmentation Method

The proposed MACPSO method based on particle swarm
optimization and multiple active contours is described in
Section 3.1. Additionally, to evaluate the performance of the
proposed method, the set of similarity metrics is explained in
Section 3.2.

3.1. Multiple Active Contours Driven by Particle Swarm Opti-
mization (MACPSO). Due to the two main drawbacks of
the traditional ACM discussed above, PSO is adopted to
drive multiple active contours dividing the object of interest
into a polar optimization problem. Since the methodology of
the proposed MACPSO method makes it possible to apply
the traditional implementation of PSO, some advantages are
inherently acquired such as robustness, low computational
time, and efficiency. The procedure of the proposed segmen-
tation method is illustrated in Figure 1, and it is described
below.

In the preprocessing stage of MACPSO, we first remove
the noise of the image by utilizing a 2D median filter (3 × 3
window size). Subsequently, the Canny edge detector (𝜎 =1.3, 𝑇𝑙 = 10.0, and 𝑇ℎ = 30.0) is used to detect the edge
between the background and regions of interest. In the final
step of this stage, in order to perform the minimization
process, the Euclidean distance map is produced. The second
stage is the MACPSO initialization on the resulting distance
map, where the origin point of the coordinate system can
be determined by the user in an interactive way or it can
be generated automatically inside the region of interest. The
generated coordinate system divides the region or object of
interest through 𝜃 = 2𝜋/𝑔, where 𝑔 denotes the degrees
of each constrained polar section 𝑆. On the other hand, the𝑛 initial contours can be created in a circular or elliptical
shape according to the pattern of the region of interest and
assuming that this region is within their spatial domain. After
the 𝑛 contours are produced, 𝑛 control points (snaxels) are
generated and assigned as particles for each constrained polar
section 𝑆𝑖, in which one edge sectional solution and one
swarm of particles 𝑂𝑖 must exist. The segmentation process
is performed by applying the PSO strategy in each section𝑆𝑖 separately in order to be placed on its corresponding
edge sectional solution. For each section, the particles are
evaluated according to the fitness function corresponding to
external energy derived from (6), and through iterations the
best particle (𝑔best) of each swarm is updated only if a best
value is found in its search space. When the optimization
process for each swarm is finished, the resulting segmented
object is acquired by connecting the 𝑔best particle of each
swarm to each other.

This proposed method has three main advantages in
the initialization process. Firstly, the initial contours can
be automatically initialized in a circular or elliptical shape.
Secondly, the number of snaxels can be adjusted directly by
modifying the number of sections in which the object of
interest is divided. These two features must be considered
to adapt this method according to the shape of the object
of interest and obtain a more accurate segmentation without
affecting the PSO performance. The third advantage is the
origin point created interactively by the user, which is used to
generate automatically all the snaxels on the spatial domain
of the object of interest. Due to this advantage, the proposed
method is easy to extend in the segmentation of sequential CT
and MR images by just reproducing the origin point through
the set of images.

The procedure of the proposed MACPSO image segmen-
tation method is described as follows.

(1) Initialize coordinates (𝑥, 𝑦) from the origin point,
degrees 𝑔, and number of snakes.

(2) Initialize parameters of PSO algorithm: number of
iterations, inertia weight, and learning factor.

(3) Generate one swarm for each polar section 𝑆𝑖 assign-
ing the current snaxels as particles.

(4) For each swarm𝑂𝑖, initialize velocities and assign the
initials 𝑝best and 𝑔best.
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Medical image Step (1): Preprocessing Resulting distance map

(1) Calculate the median filter

(3) Perform the Euclidean
distance map
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Figure 1: Process of the proposed MACPSO image segmentation method.

(a) Apply restriction of the search space to ignore
improper particles.

(b) Evaluate each particle in fitness function.

(c) Update 𝑝best and 𝑔best if better particles are
found.

(d) Apply (9) and (10), respectively.

(e) If the stopping criterion is satisfied (e.g., stability
or number of iterations), then stop; otherwise,
go to step (a).

(5) Stop MACPSO.

3.2. ValidationMetrics. To assess the performance of the pro-
posed method in medical image segmentation, the Jaccard
index, the Dice index, the Hausdorff distance, and area and
perimeter metrics have been adopted to be compared with
the traditional ACM and the regions outlined by two experts.

The Jaccard index 𝐽(𝐴, 𝐵) and the Dice index𝐷(𝐴, 𝐵) are
similarity measures situated in the range [0, 1] used for binary
variables [4]. These indexes are calculated by using (11) and
(12), respectively. In our tests, 𝐴 represents the segmented
region by computational methods (MACPSO and traditional
active contour model separately) and 𝐵 represents the region
outlined by the experts. In both indexes, if regions 𝐴 and 𝐵
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Figure 2: Symmetrical cross: (a) initialization of the proposed method, (b) result of MACPSO on the Euclidean distance map derived from
cross-object, (c) result of MACPSO implementation, and (d) result of optimization process on the distance potential surface.

are entirely overlapping, the obtained result is 1, and 0 it is
when these two regions are completely different:𝐽 (𝐴, 𝐵) = 𝐴 ∩ 𝐵𝐴 ∪ 𝐵, (11)𝐷 (𝐴, 𝐵) = 2 (𝐴 ∩ 𝐵)𝐴 + 𝐵 . (12)

The Hausdorff distance is a commonly used metric for
shape matching in medical image segmentation. It measures
the degree of similarity between two superimposed sets and
it is calculated by the following, where 𝑎 and 𝑏 are points
defined in sets 𝐴 and 𝐵, respectively, and ‖𝑎 − 𝑏‖ is some
underlying distance (Euclidean distance in our tests):𝐻(𝐴, 𝐵) = max

𝑎∈𝐴
min
𝑏∈𝐵

‖𝑎 − 𝑏‖ . (13)

In Section 4, the segmentation results in different syn-
thetic and medical images using the proposed MACPSO
method and being analyzed by the validation metrics are
presented.

4. Experimental Results

In this section, we evaluate the performance of the proposed
MACPSO method for segmenting objects on different med-
ical and synthetic images. The computational implementa-
tions presented in this section are performed using the gcc
compiler version 4.4.5 running on Debian GNU/Linux 6.0,
Intel Core i3 with 2.13 Ghz and 4 Gb of memory.

4.1. Application on Synthetic Images. The results of segment-
ing synthetic images are shown in Figures 2, 3, and 4, which
are a symmetrical cross, circle with Gaussian, noise and a
star object, respectively. The three synthetic images have been
used to test the performance of other approaches such as
[21, 22] which are described below.

In Figure 2, the result of applying MACPSO on a sym-
metrical cross-image of size 256 × 256 pixels is presented.
In Figure 2(a), the initialization of the proposed method
is shown. This simulation is performed by using the next
parameters: 20 iterations, 0.8 of inertia weight, 0.5 of learning
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Figure 3: Noisy circle: (a) result of traditional ACM, (b) result of MACPSO implementation, (c) Euclidean distance map of the image, and
(d) result of optimization process on the distance potential surface.

factor, 25 snakes, and 63 control points per snake obtained
since the value of 𝑔 is 10. Additionally, after the preprocessing
stage, the Euclidean distance map (EDM) is derived from the
image to perform the segmentation process. In Figure 2(b),
the result of applying MACPSO on the EDM is presented,
which, in Figure 2(c), is shown on the original test image.
This segmentation process must be viewed as an optimization
task since the snaxels (particles) work on the 3D distance
map also called distance potential surface computed from the
EDM in order to minimize the shape of the object of interest.
The resulting particles on the distance potential surface
when the optimization process is finished are shown in
Figure 2(d) where these particles are subsequently connected
to obtain the final segmentation result previously introduced
in Figure 2(c). In this test image, the MACPSO method can
overcome the concavity problem and converge into a correct
way to the cross-edge on the image in 0.277 s.

Figure 3 presents a synthetic image of size 300 × 300
pixels containing a circle with Gaussian noise (mean = 0
and variance = 0.04). As shown in Figure 3(a), the result

of applying the traditional implementation of active con-
tour model cannot overcome the Gaussian noise to fit the
object boundary accurately. The curve tension 𝛼, rigidity 𝛽,
and weight external energy 𝛾 parameters remain constant
according to experiments performed by [21], where similar
segmentation problems have been effectively addressed. The
traditional AC parameters in this simulation are set as 𝛼 =0.01, 𝛽 = 0.9, 𝛾 = 0.05, and 42 control points giving an
executing time of 0.104 s. Moreover, as shown in Figure 3(b),
the proposed method is robust in the presence of noise and it
is able to locate the circle boundary in an accurate way. The
inertia, learning factor, and iteration parameters of MACPSO
are statistically adjusted to promote local exploitation, while
the number of snakes has been considered to enclose the
object of interest, and number of snaxels to smooth and fit the
resulting contour. In this simulation, MACPSO parameters
are set as iterations = 20, inertia weight = 0.8, learning factor =
0.5, number of snakes = 15, and 42 snaxels per snake since 𝑔-
value = 15 with an executing time of 0.159 s. In Figure 3(c),
the Euclidean distance map after the preprocessing stage
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Figure 4: Synthetic star: (a) result of traditional ACM, (b) result of MACPSO implementation, (c) result of MACPSO on the Euclidean
distance map, and (d) result of optimization process on the distance potential surface.

is presented and the distance potential surface with the
resulting optimized control points is shown in Figure 3(d).

In Figure 4, a synthetic image of size 160×160 pixels with
an artificial shape of a star is introduced. Figure 4(a) presents
the resulting segmentation obtained with the traditional
implementation of ACM using the parameters as 𝛼 = 0.01,𝛽 = 0.9, 𝛾 = 0.05, and 42 control points giving an executing
time of 0.090 s. In this figure the traditional ACM is not able
to fit the concavities of the object boundary accurately. This
drawback is solved with the proposed method by overcoming
the concavity problem and fitting the correct boundary
as shown in Figure 4(b). In this simulation, the MACPSO
parameters are set as iterations = 20, inertia weight = 0.8,
learning factor = 0.5, number of snakes = 15 and 42 snaxels per
snake since the value of 𝑔 is equal to 15 with an executing time
of 0.125 s. On the other hand, derived from the star object,
in Figures 4(c) and 4(d), the resulting segmentation on the
Euclidean distance map and the convergence of the optimized
particles on the distance potential surface are illustrated.

The quality of the segmented objects through MACPSO
in the three different synthetic test images has demonstrated

that the proposed method is more stable and accurate than
the traditional implementation of ACM. The robustness of
MACPSO is due to the process of convergence carried out
by particle swarm optimization instead of the traditional
ACM. Even though the computational time of the proposed
method is comparable to the traditional ACM, MACPSO
capabilities, such as avoiding local minima and fitting to the
boundary of the objects, improve the quality of the obtained
segmentations.

In Section 4.2, based on the performance of MACPSO on
synthetic images, a set of cardiac medical images has been
introduced to prove the accuracy of the proposed method
through different distance and similarity measures.

4.2. Application on Medical Images. The proposed method
has been applied in the segmentation of datasets from
sequential CT and MR images which contain the human
heart and the human left ventricle, respectively. These med-
ical images have been provided by the Mexican Social
Security Institute and by the Auckland MRI Research Group,
University of Auckland.
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Figure 5: CT image: (a) test image, (b) the human heart outlined by experts, (c) result of traditional ACM and (d) result of MACPSO
implementation.
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Figure 6: Convergence of the human heart segmentation through
PSO iterations in CT image.

Figure 5(a) shows a medical image of size 512 × 512 pixels
acquired from a CT scanning with the aim of segmenting
the present human heart. In Figure 5(b), the human heart
outlined by cardiologists is presented. In addition, Figure 5(c)
illustrates the segmented region through the traditional
implementation of ACM with the next parameters: 42 control
points, 𝛼 = 0.01, 𝛽 = 0.9, and 𝛾 = 0.05 in 0.087 s.
As shown in Figure 5(d), the human heart segmentation by
using the proposed MACPSO method fits the heart boundary
accurately. The parameters in this simulation are set as
iterations = 20, inertia weight = 0.8, learning factor = 0.5,

number of snakes = 15, and 𝑔-value = 15 (obtaining 42 snaxels
per snake) with an executing time of 0.127 s.

Figure 6 shows the process of convergence of the
MACPSO on CT test image. The convergence measure is
given by the fitness value which is computed from the average
of the control points on the distance potential surface and it
is iteratively minimized through the 20 predefined iterations
to improve the human heart segmentation.

Figure 7(a) shows a low-contrast, 512 × 512 pixels
medical image acquired from the MR procedure with the
aim of segmenting the present human left ventricle. In
Figure 7(b), the Euclidean distance map derived from the
test image is presented to increase the perception of the
segmentation task. On the other hand, in Figures 7(c) and
7(d), the human left ventricle outlined by expert 1 and expert
2 is presented. Figure 7(e) shows the resulting segmented
region through the traditional implementation of ACM with
the next parameters: 42 control points, 𝛼 = 0.01, 𝛽 = 0.9,
and 𝛾 = 0.05 in 0.085s. Figure 7(f) illustrates the resulting
segmentation by using the proposed MACPSO method
locating the boundary human left ventricle accurately. The
parameters in this simulation are set as iterations = 20, inertia
weight = 0.8, learning factor = 0.5, number of snakes = 9,
and 𝑔-value = 15 (obtaining 42 snaxels per snake) with an
executing time of 0.108 s.

Figure 8 illustrates the process of convergence of the
MACPSO on an MR test image by using the average of the
control points as a fitness value evaluated on the distance
potential surface on each iteration. This convergence is
performed with the same parameters used in Figure 7.
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Figure 7: MR image: (a) test image, (b) Euclidean distance map of test image, (c) the human left ventricle outlined by expert 1, (d) the human
left ventricle outlined by expert 2, (e) result of traditional ACM, and (f) result of MACPSO implementation.
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Figure 8: Convergence of the human left ventricle segmentation
through PSO iterations in MR image.

Due to the initialization methodology of MACPSO, this
method can be easily extended to work with datasets of
sequential images just reproducing the coordinates (𝑥, 𝑦)
of the origin point and the initial parameters in the whole
set of images. This initialization process is an advantage
over the traditional implementation of ACM, since only one
user interaction is needed to generate automatically all of

snaxels to the segmentation process, while in traditional
ACM each snaxel has to be provided interactively, which is
time consuming.

In Figure 9 the results of segmenting a subset of CT
images containing the human heart are presented. These
images have been extracted from a segmented dataset con-
sisting of 144 sequential CT images from different patients
where each image is of size 512 × 512 pixels. In Figure 9(a),
the resulting segmentations of applying the traditional ACM
are presented, in which the fitting problem is shown. The
parameters of ACM are set as 42 control points, 𝛼 = 0.01, 𝛽 =0.9, and 𝛾 = 0.05with an executing time of 9.168 s. Figure 9(b)
presents the segmentation results obtained through the
interactive graph cut method, which were computed in
10.065 s. In this method, the experts defined areas (human
heart and background seeds) that should be separated by
the segmentation. Moreover, in Figure 9(c), the segmented
images by using MACPSO show in a very suitable way
the boundary of the human heart. In this simulation, the
parameters of the proposed method are set as iterations = 20,
inertia weight = 0.8, learning factor = 0.5, number of snakes =
15, and 𝑔-value = 15 (obtaining 42 snaxels per snake) with an
executing time of 11.152 s.

From the previously dataset of CT images described
above, in Table 1 the average of the resulting segmentations
performed by two experts, traditional ACM, graph cut, and
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Figure 9: CT images (human heart segmentation): (a) results of traditional ACM, (b) results of graph cut method, and (c) results of MACPSO
implementation.

the MACPSO method is listed. The comparative results
suggest that the MACPSO method is promising in human
heart segmentation.

In Figure 10, the results of segmenting a subset of MR
images containing the human left ventricle are presented.
These images have been extracted from a segmented dataset
with 23 sequential MR images of a patient where each
image is of size 512 × 512 pixels. Figure 10(a) shows the
resulting segmentations of applying the traditional ACM,
where the resulting snake cannot adjust to the correct left

ventricle boundary. The parameters of ACM are set as 42
control points, 𝛼 = 0.01, 𝛽 = 0.9, and 𝛾 = 0.05
with an executing time of 4.183 s. To perform the graph cut
method, the experts defined the human left ventricle and
background seeds. In Figure 10(b), the segmentation results
acquired by the interactive graph cut method, which were
obtained in 3.726 s, are illustrated. On the other hand, in
Figure 10(c), the segmented images via MACPSO show in an
appropriate way the boundary of the human left ventricle. In
this simulation, the parameters of the proposed method are
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Figure 10: MR images (human left ventricle segmentation): (a) results of traditional ACM, (b) results of graph cut method, and (c) results of
MACPSO implementation.

Table 1: Average similarity measure with the Jaccard index, the Dice
index, and the Hausdorff distance among the regions segmented
by the traditional ACM, graph cut method, our proposed method
(MACPSO), and the regions outlined by two experts of the set of
CT images.

Comparative studies
Distance/similarity measure

Hausdorff
(H)

Jaccard’s
index (J)

Dice’s
index (D)

ACM versus Expert 1 7.071 0.5272 0.6904

ACM versus Expert 2 5.0 0.5 0.6666

Graph cut versus Expert 1 4.2426 0.7142 0.8333

Graph cut versus Expert 2 3.1622 0.6153 0.7619

MACPSO versus Expert 1 2.0 0.8260 0.9047

MACPSO versus Expert 2 1.4142 0.9090 0.9523

set as iterations = 20, inertia weight = 0.8, learning factor =
0.5, number of snakes = 9, and 𝑔-value = 15 (obtaining 42
snaxels per snake) with an executing time of 5.179 s.

Moreover, to quantify the resulting segmentations from
the dataset of sequential MR images described above, Table 2
presents comparative results through the Hausdorff distance,
the Jaccard index, and the Dice index. This similarity analysis
shows that the proposed method is very suitable in left
ventricle segmentation. Additionally, area and perimeter
measures have been adopted to compare in a quantitative way

Table 2: Average similarity measure with the Jaccard index, the Dice
index, and the Hausdorff distance among the regions segmented
by the traditional ACM, graph cut method, our proposed method
(MACPSO), and the regions outlined by two experts of the set of
MR images.

Comparative studies
Distance/similarity measure

Hausdorff
(H)

Jaccard’s
index (J)

Dice’s
index (D)

ACM versus Expert 1 7.615 0.377 0.5476

ACM versus Expert 2 15.231 0.4 0.5714

Graph cut versus Expert 1 6.236 0.5555 0.7142

Graph cut versus Expert 2 6.782 0.5272 0.6904

MACPSO versus Expert 1 6.708 0.7142 0.8333

MACPSO versus Expert 2 7.071 0.6153 0.7619

the segmented regions performed by two experts, traditional
ACM, graph cut, and MACPSO method, which are shown in
Table 3.

As shown in Table 1, compared to segmentations made
by experts, the distance and similarity measures indicate
that MACPSO is promising in human heart segmentation
on CT images since the Jaccard and Dice indexes show
a high accuracy (90% and 95% with expert 2) and the
Hausdorff distance is low with respect to the traditional
ACM and graph cut method. Besides, Table 2 shows that
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Figure 11: 3D reconstruction of human heart from the segmented cardiac CT images.

Table 3: Average of the area and perimeter in pixels obtained from
the traditional ACM, graph cut method, our proposed method
(MACPSO), and the regions outlined by two experts from the sets
of CT and MR images.

Method
Set of CT images Set of MR images

Area Perimeter Area Perimeter

Expert 1 9904.5 pix. 355.209 pix. 5796.0 pix. 291.645 pix.

Expert 2 10369.5 pix. 370.137 pix. 6250.5 pix. 310.13 pix.

ACM 9529.5 pix. 367.634 pix. 7283.5 pix. 350.734 pix.

Graph cut 10036.5 pix. 410.673 pix. 7405.0 pix. 383.992 pix.

MACPSO 10439.5 pix. 376.902 pix. 6385.5 pix. 308.009 pix.

the performance of MACPSO in human left ventricle is more
sensitive due to the low contrast and the presence of noise
in MR images achieving an acceptable accuracy of 83%. The
area and perimeter measures have also shown that MACPSO
is more stable than ACM and graph cut, since the values of
the proposed method are located in the range of the values
acquired by the experts.

Since MACPSO has proved a suitable efficiency in the
segmentation of sequential cardiac images, a potential appli-
cation of the proposed method is the 3D reconstruction of
human organs. The quality of the reconstruction depends on
the number of sequential images considered. In Figure 11, a
3D reconstruction approach of the human heart is presented,
which is achieved by superimposing the resulting contours
according to the image acquisition order, and triangulation
is performed through the snaxels of each contour to obtain a
complete mapping. This 3D reconstruction consists of 18 CT
images previously selected by the experts and segmented via
the proposed MACPSO method.

5. Conclusions

In this research, a new image segmentation method based on
multiple active contours driven by particle swarm optimiza-
tion (MACPSO) has been presented. MACPSO divides the
search space in polar sections to overcome the sensitivity to
initial contour position and the local minima drawbacks of
the traditional active contour model (ACM). In a first stage
of this paper, to evaluate the performance of the proposed
method and to compare it to the traditional ACM, some
experiments with synthetic images have been introduced.
Subsequently, in the second stage, experiments with cardiac
medical images acquired from the computed tomography

and magnetic resonance procedures have been used. The
experimental results revealed that the proposed method can
lead to more efficiency and stability in the presence of noise
and concavities than the traditional ACM. This advantage
made it possible to obtain a high accuracy and effectiveness
in the human heart and human left ventricle segmentations
compared to those outlined by the experts and by the graph
cut method according to the evidence of similarity metrics.
Additionally, the experimental results have also shown that
the local exploitation of polar sections through the constant
parameters of MACPSO is highly suitable for medical image
applications, including segmenting datasets of sequential
medical images within an appropriate computational time.
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at the Cardiology Deparment of the Mexican Social Security
Institute, UMAE T1 León, for their precious clinical advice
and assistance during data collecting. The authors thank
the Auckland MRI Research Group, University of Auckland
and Cardiac Atlas Website for the valuable collaboration
providing us the sources of Magnetic Resonance Imaging.
The authors thank Ehsan Shahamatnia at Universidade Nova
de Lisboa for kindly supplying them the source of the
symmetrical cross and noisy circle test images, respectively.

References

[1] H. Castillejos, V. Ponomaryov, L. N. de Rivera, and V. Golikov,
“Wavelet transform fuzzy algorithms for dermoscopic image
segmentation,” Computational and Mathematical Methods in
Medicine, vol. 2012, Article ID 578721, 11 pages, 2012.

[2] P. Davuluri, J. Wu, Y. Tang et al., “Hemorrhage detection and
segmentation in traumatic pelvic injuries,” Computational and
MathematicalMethods inMedicine, vol. 2012, Article ID 898430,
12 pages, 2012.

[3] A. Nyma, M. Kang, Y. Kwon, C. Kim, and J. Kim, “A hybrid tech-
nique for medical image segmentation,” Journal of Biomedicine
and Biotechnology, vol. 2012, Article ID 830252, 7 pages, 2012.

[4] W. Hsu, “Improved watershed transform for tumor segmenta-
tion: application to mammogram image compresion,” Expert
Systems With Applications, vol. 39, no. 4, pp. 3950–3955, 2012.

[5] E. Cuevas, V. Osuna-Enciso, D. Zaldivar, M. Perez-Cisneros,
and H. Sossa, “Multithreshold segmentation based on artificial



Computational and Mathematical Methods in Medicine 13

immune systems,” Mathematical Problems in Engineering, vol.
2012, Article ID 874761, 20 pages, 2012.

[6] Y. Boykov and M. Jolly, “Interactive organ segmentation using
graph cuts,” in Proceedings of the Medical Image Computing and
Computer-Assisted Intervention, pp. 276–286, 2000.
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Controlled release formulations for local, in vivo drug delivery are of growing interest to device manufacturers, research scientists,
and clinicians; however, most research characterizing controlled release formulations occurs in vitro because the spatial and
temporal distribution of drug delivery is difficult to measure in vivo. In this work, in vivomagnetic resonance imaging (MRI) of local
drug delivery was performed to visualize and quantify the time resolved distribution of MRI contrast agents. Three-dimensional 𝑇1
maps (generated from 𝑇1-weighted images with varied 𝑇𝑅) were processed using noise-reducing filtering. A segmented region of
contrast, from a thresholded image, was converted to concentration maps using the equation 1/𝑇1 = 1/𝑇1,0 + 𝑅1𝐶, where 𝑇1,0 and𝑇1 are the precontrast and postcontrast 𝑇1 map values, respectively. In this technique, a uniform estimated value for 𝑇1,0 was used.
Error estimations were performed for each step. The practical usefulness of this method was assessed using comparisons between
devices located in different locations both with and without contrast. The method using a uniform 𝑇1,0, requiring no registration
of pre- and postcontrast image volumes, was compared to a method using either affine or deformation registrations.

1. Introduction

Controlled release formulations for local drug delivery are
of growing interest to device manufacturers, research scien-
tists, and clinicians. There are many current and potential
applications for controlled release devices, including cancer
treatment [1], pain management [2, 3], tissue engineering
[4], and infection treatment [5]. For decades, orthopaedic
infection management has relied on the use of antimicrobials
delivered from bone cement at the infection site [6]. There
are an estimated 112,000 total orthopaedic infections of
arthroplasties and fracture-fixation devices per year [7], and
this number is expected to increase as the projected number
of arthroplasties will likely increase by several fold over the

next 18 years [8]. Approximately $1.8 billion is spent annually
on increased medical costs due to orthopaedic infection of
total joint arthroplasties in the USA [7]. Orthopaedic implant
infections result from common human skin microbes, such
as Staphylococcus epidermidis and Staphylococcus aureus, and
are often complicated by biofilm formation. Biofilm resid-
ing microbes are not only protected by transport-limiting
polysaccharide matrix, but are more resistant to antimicro-
bials [9]. Antimicrobial concentration of 100–1000 times the
usual minimum inhibitory concentration (MIC) used to treat
planktonic microbes are required to treat infections with
biofilm effectively [10, 11]. Intravenous delivery to achieve
these antimicrobial levels will cause serious systemic toxicity
for most of the antimicrobials used to treat implant infections.
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Local drug delivery at the site of orthopaedic infection is used
to achieve effective concentration of antimicrobial without
systemic toxicity.

Even though antimicrobial loaded bone cement (ALBC)
is intended for in vivo use, most release studies of antimicro-
bials from ALBC have been performed in vitro. For instance,
researchers commonly characterize drug elution profiles
from controlled release formulations by placing samples of
known geometry under near infinite sink conditions, such
as a large volume of frequently exchanged fluid [12, 13].
While release studies give valuable information necessary for
directly comparing different controlled release formulations,
it does not represent how or where the drugs will distribute
when the device is implanted. Infinite sink conditions pro-
duce the greatest possible release of drug which represents
the potential release capability not the actual elution profiles
likely to be achieved in vivo, where mass transport resistances
from the surrounding tissue are likely to decrease the rate
of release. In vivo studies have been performed [14–17],
but none provide comprehensive information on the spatial
and temporal distribution of drug delivery. In vivo tests
frequently focus on efficacy, such as infection control [17],
but do not provide details regarding how the antimicrobial
is distributed because this is difficult, expensive, and time
consuming to measure. In vivo animal experiments that
do consider spatial distribution of antimicrobial commonly
utilize tissue biopsies near implants and collect fluids, such as
seroma, blood, and urine [14–16]. These techniques are time
consuming to analyze, not comprehensive (e.g., resolution
is low due to limited number of samples), and of limited
clinical applicability to humans due to their invasiveness and
requirements for multiple sampling.

Magnetic resonance imaging (MRI) has been used to
visualize distribution of drugs delivered locally in several
clinically relevant applications; however, in most of these
studies, either concentration of the drug is not calculated
or is not defined spatially. Sampson and coworkers deliver
MRI contrast agents to brain tumors, but no quantification
of the agent’s concentration is performed [18, 19]. Krauze
et al. [20] and Port et al. [21] imaged liposomal Gd-DTPA
delivery, but neither quantified concentration. Fritz-Hansen
et al. calculated bulk concentration of contrast in arterial
blood, but, was not concerned with spatial distribution [22].
Other studies have considered other aspects of the MRI
contrast/concentration relationship based on in vitro tests
[23–29].

Some studies of imaging drug delivery have calculated
local concentration of drug, but each has limitations. Sarnti-
noranont and coworkers have studied delivery of gadolinium
diethylenetriaminepentaacetic acid (Gd-DTPA) delivery to
brain tumors [30], and they calculate concentration of the
Gd-DTPA using a method validated in an agarose phantom
[31]. Sarntinoranont et al.’s studies seem to accurately cal-
culate concentration with good spatial resolution; however,
in our attempts to utilize a similar method for a different
area of the body, additional studies into the potential sources
of error and methods to minimize and quantify that error
are warranted. Kim et al. quantified the distribution of
drugs delivered from an ocular implant using MRI [32];

however, the function used by Kim et al. to convert MR
intensity to concentration is similar in shape to a parabola
and thus results in two valid concentrations for most MR
intensity values—one concentration being high and the other
being low; thus, the user must infer which concentration is
more likely based on proximity to the depot. Several groups
have calculated concentrations of contrast agent in vitro [23,
33–36]; however, their methods of quantification are not
validated in vivo to determine sources of error or to quantify
the error likely in their in vivo measurements.

In this work, we provide detailed methods for in vivo
MR imaging of local delivery of Gd-DTPA in an orthopaedic
model which provides a rigorous test of the method’s ability
to distinguish contrast agent from anatomical features, thus,
also provides a rigorous test of the method’s ability to
accurately calculate concentration of the Gd-DTPA. In this
model MRI images of Gd-DTPA, delivered from polymethyl
methacrylate (PMMA) bone cement, were converted to
Gd-DTPA concentration to provide time-resolved maps of
Gd-DTPA concentration. The contrast agent, Gd-DTPA,
was chosen because of its similar solubility and diffusion

coefficient (4.0 × 10−6 cm2/sec) [37] to the antimicrobials
Vancomycin (3.64 × 10−6 cm2/sec) [38] and Gentamicin

(2.08×10−6 cm2/sec) [39], which are common choices to treat
infected orthopaedic implants. This paper presents a detailed
protocol for performing this method on an animal model.
Further, sources of error are discussed and quantified when
possible. Finally, methods of image volume registration are
demonstrated and compared to the method proposed here
(average value of precontrast 𝑇1 applied to all voxels).

2. Methods

2.1. Implant Formulation. PMMA bone cement was formed
using Simplex P bone cement (Stryker, Kalamazoo, MI,
USA). Control implants, with no contrast agent, were made
according to the manufacturer’s instructions. Experimen-
tal implants were made identically with the addition of
either (a) an additional 2.1%v (2.9%w) Gd-DTPA, an MRI
contrast agent; 8.8%v (11.4%w) xylitol, a particulate poro-
gen used to increase release rate and amount; and 89.1%v
(85.7%w) PMMA and polymerized MMA or (b) an additional
1.1%v (1.4%w) Gd-DTPA, 9.9%v (12.9%w) xylitol, and 89%v
(85.7%w) PMMA and polymerized MMA. Implants of all
compositions were formed into 3 mm diameter × 7 cm long
rods using a red rubber catheter (Covidien, Mansfield, MA,
USA) as mold.

2.2. Surgical Procedure. All procedures were compliant with
the National Institutes of Health guidelines for the care and
use of laboratory animals and approved by the Institutional
Animal Care and Use Committee. All studies were performed
using New Zealand White rabbits (𝑛 = 18). Animals were
sedated using ketamine (35 mg/kg), xylazine (5 mg/kg), and
butorphanol (0.1 mg/kg), and anesthesia was maintained by
administering 2% isoflurane during the procedure.

ALBC was implanted in four different ways to study
the effect of different sizes/shapes of implants and effect
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of implant location on distribution of Gd-DTPA from the
implant. The rationale for these different implantations and
comprehensive discussion of the similarities and differences
of resulting Gd-DTPA distribution is published elsewhere
[40, 41]. In the first set of procedures, ALBC rods were
implanted in either muscle, intramuscular rod (IMR), or the
intramedullary canal of the femur, intraosseous rod (IOR)
[40]. Briefly, the right quadriceps of each animal received
a cement rod of either the experimental (2.1%v Gd-DTPA,
8.8%v xylitol, 89.1%v PMMA, and polymerized MMA) or
control (no Gd-DTPA, no xylitol) cement composition. The
left femur of each animal received a cement rod of either the
experimental (1.1%v Gd-DTPA, 9.9%v xylitol, 89%v PMMA
and polymerized MMA) or control composition. In the
second set of procedures, either a partial thickness section
of muscle (PTM) or a full thickness section of muscle and
bone (FTMB) was removed and replaced with bone cement
[41]. For the FTMB wound, muscle tissue was removed from
the mid quadricep, and a femoral circumference window was
created in the anterolateral cortex of the femur. The defect was
filled with ALBC (composition as in IMR) or control. In the
PTM model, muscle was removed, the dead space was filled
with cement of either experimental or control composition
(compositions as in IMR).

2.3. Image Acquisition. A series of 𝑇1-weighted rapid acqui-
sition with relaxation enhancement (RARE) scans were taken
at repetition times (𝑇𝑅) of 1463, 2000, 3000, and 5000 ms
(RARE = 2, no averages) on a Bruker Biospin 7-T MRI
(Bruker Biospin, Billerica, MA, USA) every 15 minutes for 4–
6 hours (Figure 1(a)). A 15 cm quadrature transceiver coil was
used. Flip angle of the RF pulse was calibrated by the Bruker
software before each scan, and the images were checked to
ensure no ghosting artifacts were present. The images were
taken with coronal slices from knee to hip, 42 slices total
(field of view = 12 cm), with a voxel size of 0.3 mm × 0.3 mm× 2 mm, where the slice thickness was 2 mm and resultant
matrix size was 256 × 256 × 42. This imaging sequence
required approximately 14 minutes.

The series of 𝑇1-weighted images at different 𝑇𝑅 was used
by the Bruker software to construct a longitudinal relaxation
time, 𝑇1, map based on the solution to the Bloch equation:𝑆 (𝑇𝑅) = 𝑆0 (1 − 𝑒−𝑇𝑅/𝑇1) , (1)𝑆0 = 𝑘𝜌𝑒−𝑇𝐸/𝑇2 , (2)

where 𝑆 is the signal intensity, 𝑇𝑅 is repetition time (time
between RF pulses), 𝑇1 is the longitudinal relaxation time,
and 𝑆0 is defined by (2), where 𝑘 is the proportionality
constant based on instrument factors, 𝜌 is the spin density,𝑇𝐸
is the echo time, and 𝑇2 is the transverse relaxation time [42].
The estimated error of this process was calculated by taking
the residuals of the curve fitting process for 1 pixel. In a 𝑇1-
weighted image, contrast and fat appeared bright, whereas,
cement and bone appeared dark as seen in Figure 1(a). In
the 𝑇1 map, fat appeared bright, whereas, contrast, bone, and
cement appeared dark as seen in Figure 1(b).

2.4. Image Processing. The𝑇1 maps were imported into MAT-
LAB (Mathworks, Natick, MA, USA). In MATLAB each slice
of the 𝑇1 map was separately treated with a noise-reducing
filter which changes a pixel to the median value of itself and
the 4 in-plane neighbors that share an edge with the pixel.
The filtering results are shown in Figure 1(c). Subsequently,
a binary mask of the leg area was made by morphologically
opening the filtered 𝑇1-weighted image slice, applying a
binary threshold, filling holes, and removing groupings of
pixels less than 100, then morphologically closing the image
slice. The binary mask of the leg area was used to mask
noise from outside of the legs in the 𝑇1 map (Figure 1(c)).
A histogram of this image was then calculated. The portion
of the histogram to the right of the peak (values with 𝑇1
equal to or greater than the peak) was duplicated to the left
of the peak to make the histogram symmetric (excluding
pixels containing contrast agent) enabling calculation of a
standard deviation for determination of a suitable threshold
for segmentation. After this, both the 𝑇1-weighted and 𝑇1
map image slices were exported from MATLAB as a series
of TIFF files. The TIFF images were imported into Mimics
(Materialise, Leuven, Belgium), where the𝑇1 map was thresh-
olded to a value of 𝑇1 at one standard deviation less than
the peak value of the histogram. This threshold level (one
standard deviation less than peak of histogram) matched the
segmentation performed by several expert users.

We then employed a semiautomatic gradient flow detec-
tion algorithm in Mimics to create the 3D representation of
areas containing Gd-DTPA. First, all pixels within the muscle
tissue of the leg were segmented from the thresholded region.
Then, all the pixels connected to the implant in this region
were segmented. This gave a region of all the pixels connected
to the implant within the muscle of the leg, which included
the cement implant and contrast agent. After muscle implants
and contrast were segmented, several steps were performed
to segment contrast within the intramedullary canal of the
femur. The intramedullary canals of both femurs (both legs)
were segmented from the 𝑇1-weighted image volume using
a semiautomatic gradient flow detection algorithm, which is
similar to the method shown by Karasev et al. [43]. The mask
of the segmented region from the femur without contrast
(one of two legs contained a PTM experiment which does
not contain ALBC in the intramedullary space) was imported
into MATLAB, where a symmetric histogram was created
for the intramedullary space as described above. The peak
value and standard deviation of the symmetric histogram
were calculated. In Mimics, the masked intramedullary
space of the femur containing an implant and contrast
agent was thresholded to 𝑇1 one standard deviation less
the peak value of the histogram. All pixels connected to
the cement implant within this thresholded region were
segmented.

Additionally, to provide anatomical reference in the 3D
images, the exterior of the cortex of the femur was segmented
using a semiautomatic gradient flow detection algorithm
in Mimics, manual correction, and a 3D object smoothing
function. The legs were also segmented for an anatomical
reference using thresholding, manual correction, and 3D
object smoothing. The segmented femur, legs, and contrast
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(f) (k)

Figure 1: (a) 𝑇1-weighted image, (b) ROI of the 𝑇1-weighted image, (c) original 𝑇1 Map, (d) filtered and masked 𝑇1 map, (e) 𝑇1,0 calculated
as one standard deviation less than peak of histogram, (f) segmented region of contrast, (g) 1/𝑇1 − 1/𝑇1,0 values plotted, (h) region where 𝑇1
= NA, (i) concentration map where the scale is in mM, (j) concentration map superimposed onto 𝑇1-weighted image, (k) 3D reconstruction
from Mimics.

were plotted together as 3D objects using Mimics as shown
in Figure 1(h).

The segmented regions of contrast and cement were
exported as a series of mask images in a bitmap format. The
bitmaps were imported back into MATLAB where they were
transformed into a binary image mask. The binary image
mask was multiplied by the 𝑇1 map to give a map in only the
area of contrast (Figure 1(d)). This region was transformed
into a concentration map (Figures 1(e) and 1(f)) using the
following: 1𝑇1 = 1𝑇1,0 + 𝑟1𝐶, (3)

(see [28, 31, 33]), where 𝑇1,0 is a precontrast 𝑇1 map value
and 𝑇1 is the postcontrast 𝑇1 map value. For (3), the peak
value from the histogram for the appropriate tissue (muscle
or intramedullary canal) was used for 𝑇1,0. Relaxivity (𝑟1)

of the contrast agent was set to 0.0038 mM−1 s−1 which is
consistent with reported values from several literature studies
using 3–7T MRIs, including Rohrer et al. who obtained this
particular value for Gd-DTPA in serum using a 4.7T MRI
[27]. The concentration map was superimposed onto a 𝑇1-
weighted image to provide the anatomical details as shown in
Figure 1(g).

To evaluate the validity of the use of a single 𝑇1,0 value
rather than a pixel-by-pixel 𝑇1,0 value achieved by image
registration, histograms of 5 precontrast rabbits (rabbits no.
1, 8, 9, 15, 18 in the series) were composed. We then used the
standard deviations from these histograms to perform sensi-
tivity analysis on the concentrations calculated for different𝑇1 values using the peak 𝑇1,0 value with 𝑇1,0 one standard
deviation greater than and less than the mean𝑇1,0. To evaluate
if one 𝑇1,0 value could be used for multiple tissue types,
histograms were calculated for the femur and the muscle
separately. We also compare/contrast the accuracy of the
above technique with using𝑇1 values from an image in which
no contrast is present. This requires that the image volumes
with no contrast be spatially registered to the image volumes
with contrast present. Such a registration was completed
for one image set. First, a 3D rigid body affine registration

was performed in which matching points on the femur in
precontrast and postcontrast images were chosen by a user.
A transformation matrix was created and optimized using
singular value decomposition similar to a method outlined
by Eggert et al. [44]. The precontrast image volume was
transformed using a 3D linear interpolation algorithm, which
used Delaunay triangulation to handle the scattered data
points. Then a 3D deformation registration was performed
by picking points from the affine registered precontrast image
and postcontrast image. A transformation map was generated
by calculating the difference between current and desired
point location for the points chosen, then interpolating
all the surrounding pixel values using linear interpolation.
The image volume was transformed using the same linear
interpolation algorithm as in the affine registration.

Although varying concentration of the contrast agent
does effect the magnetic susceptibility and thus the relaxivity
of the contrast agent, (3) seems to accurately calculate

concentration using a constant value of 𝑟1 (0.0038 mM−1 s−1)
between approximately 100 𝜇M and 5 mM (shown in
Figure 3). Data in Figure 3 were acquired by scanning a
series of vials containing known concentrations of Gd-DTPA
in 2%w agarose, plotting 1/𝑇1 versus concentration, and
comparing to (3) (dashed line).

2.5. Image Analysis. Volumes of segmented contrast, includ-
ing the cement implant, were calculated. These were adjusted
by subtracting the volume of cement implanted, as calculated
from the weight of the implant (see details of the surgical
insertion). The volumes of the region where 𝑇1 = NA, which
includes the cement implant and a region of extremely
high concentrations of contrast (>50 mM), were calculated.
Total mass of contrast agent was calculated by summing
all concentrations from pixels with a real 𝑇1 value and
multiplying by voxel volume (0.18 𝜇L).

Volumes and total mass were analyzed for significance
by two-way ANOVA (wound types and presence of contrast
agent: experimental IMR, experimental IOR, control IMR,
and control IOR) using Minitab (Minitab Inc., State College,
PA, USA). Post hoc 𝑡-tests were performed when 𝑃 < 0.05 by
ANOVA.
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3. Results and Discussion

Equations (1) and (2) were used to calculate 𝑇1 from the
intensity values from a set of 𝑇1-weighted images taken at
different relaxation times (𝑇𝑅). The fitting is performed pixel-
by-pixel. There is noise in the𝑇1-weighted images; thus, there
is noise in the 𝑇1 value obtained. The noise in the 𝑇1 values
depends on the signal-to-noise ratio (SNR) of the image
acquisition method used. ln(𝑆0/(𝑆0 − 𝑆∞)) is plotted versus𝑇𝑅 for a single pixel in the muscle of specimen 4 (Figure 2);
the inverse of the slope is the 𝑇1 value, and an estimate of
the error can be determined from the residuals (Figure 2).
This algorithm results in 𝑇1 < 1ms for some pixels, and
these pixels are set to 𝑇1 = NA (not applicable). For the
pixel in Figure 2, the 𝑇1 value is 2500 ms, and the residuals
squared are 0.96, indicating that a good fit is achieved. Noise
is visible as graininess in the 𝑇1 map image (Figure 1(b)).
Including more values of𝑇𝑅 decreases the error and improves
the calculation, but this requires longer image acquisition
time. The time required for the scan is also a function of the𝑇𝑅 values chosen, number of slices, and resolution desired.
For the 4𝑇𝑅 values used here (1463, 2000, 3000, and 5000 ms),
42 slices and 0.3 mm × 0.3 mm resolution, a scan takes 14
minutes. Certain applications, such as imaging a beating
heart, require a fast measurement time. In those cases, a 14-
minute scan is unacceptable so a single 𝑇1-weighted image
can be used in such cases [22, 33, 35]. These methods typically

result in greater error, but the error can be offset by acquiring
a greater number of replicates.

Next, the𝑇1 map is filtered to decrease noise (Figure 1(c)).
Filtering increases confidence that voxels included as con-
taining contrast are not a product of noise, but filtering also
reduces the ability to detect small features in the image. In
order for a voxel to be included as having contrast, at least two
neighboring pixels must also have contrast. Consequently,
a single voxel that contains contrast will be changed to the
median value of the surrounding pixels, thus losing the
information in the voxel containing contrast. Other sharp
features such as tissue planes and bone edges can be replaced
(if less than one voxel thick) or thinned by the filtering
technique. The order of the filtering technique affects the
severity of these changes, with higher order (including more
neighboring voxels) making the effects more severe. Here,
a 5th-order filtering method is applied (pixel + 4 in-plane
neighbors), and this seems to remove much of the noise while
only losing very fine features in the image.

Next, the pixels containing contrast agent are identified
(Figures 1(e) and 1(f)). In previous work by these authors,
blinded reviewers chose areas of contrast from image slices
thresholded at 1400 ms, and there was good agreement
among reviewers (intraclass correlation coefficient = 0.92–
0.96) [40]. In the present work, the method was made
even more robust by thresholding at a level based on the
longitudinal relaxation times within a single tissue (muscle
or intramedullary canal), and including all voxels with 𝑇1
less than the threshold using a semiautomated gradient flow
detection algorithm employed in Mimics.

Concentrations were calculated by applying (3) to each
pixel containing contrast agent. Pixels with a 𝑇1 = NA are
excluded from this calculation and assumed to either contain
high concentration of Gd-DTPA or be voxels containing
cement which has a very low water content. Equation (3)
relates 𝑇1 with contrast concentration, but it is only accu-
rate within a range of concentrations (100𝜇M to 5 mM).
Within this range, (3) is not exact because the relaxivity
(𝑟1) can vary depending on local variation of magnetic field
strength, molecular microenvironment, binding to macro-
molecules, access to intracellular or extracellular water, and
water exchange rates [28]. Thus, although Figure 3 shows
that plotting 1/𝑇1 versus concentration of samples with
known concentrations of Gd-DTPA matches (3) well, it is
possible that 𝑟1 values in vivo (where more variation in
microenvironment is likely) may vary more and cause error
in the calculation of Gd-DTPA concentration using (3). At
low concentrations, which produce 𝑇1 values close to native
tissue, the likely error between the calculated and actual
concentrations is fairly large (Figure 3); however, the error
is skewed so that the actual concentration is not likely to
be much greater than the calculated value, but the actual
concentration may be substantially less than the calculated
value. When Gd-DTPA exceeds approximately 10–50 mM, an
artifact occurs due to the transition of the material properties
from paramagnetic to superparamagnetic. This change affects
the ability of the MRI to encode spatial information through
frequency encoding [42]. This results in 𝑇1 = NA not only
in a pixel containing contrast greater than this concentration
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Figure 4: (a) 𝑇1-weighted image and (b) 𝑇1 map of a vial of 100 mM Gd-DTPA which creates an artifact. The dark portion of the images
should be round, and the dark portion of the 𝑇1-weighted image should be bright.
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Figure 5: Histograms of 5 precontrast rabbit 𝑇1 maps: rabbit 1
(dashed grey line), rabbit 2 (solid grey line), rabbit 3 (dotted black
line), rabbit 4 (dashed black line), and rabbit 5 (solid black line).

but also in some nearby pixels due to this error in spatial
encoding as shown in Figure 4. The range of concentration
between these high (leading to artifact) and low (100𝜇M)
values should be considered when choosing the amount of
contrast agent to load into the drug delivery vehicle. The
concentration of Gd-DTPA loaded into the ALBC in this
study (67 mM) is great enough to allow for an artifact to
occur. Most images are unaffected because the Gd-DTPA in
the ALBC is not near water and, once it is released into the
volume surrounding the ALBC, it quickly becomes diluted
to less than the concentration causing artifacts; however,
in some images, high concentrations near the femur cause
spatial morphing indicating an artifact. The magnitude of
this effect was estimated by comparing the volume of pixels
where𝑇1 = NA between control and experimental implants. If
there were a significant amount of artifact or superthreshold
gadolinium near the implant in the images with contrast, the
volume of pixels where 𝑇1 = NA would be higher than in
the control images. From the ANOVA, there is no statistically
significant differences between the control and experimental
(𝑃 = 0.86), indicating that artifacts present are not large
enough to significantly affect the experiment and that the 𝑇1
= NA pixels are most likely pixels containing cement which
has a very low water content. The possibility of artifacts must
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Figure 6: Estimation of sensitivity of concentration calculated using
isotropic 𝑇1,0 = 2817 ms (mean of Figure 5 histograms, solid line),
3669 ms (one standard deviation greater, dashed line), and 1965 ms
(one standard deviation less, dotted line).

be balanced against the necessity for visualization of contrast
agent further away from the implant when choosing the Gd-
DTPA loading amount.

The histograms of five precontrast image volumes were
analyzed to find the mean 𝑇1 value of tissue containing
no contrast agent (2817 ± 852ms) (Figure 5) for use on
image volumes for which no precontrast image was taken,
thus avoiding the need for image registration or using a
unique value for each animal. This value, 2817 ± 852ms,
is based on both muscle and intramedullary canal tissue,
and the analyses shown in Figures 5 and 6 are based on
these unsegregated 𝑇1,0 values. Our current technique for
image analysis uses two different 𝑇1,0 values: one for tissue
outside of the femur and a separate𝑇1,0 for the intramedullary
canal. The analyses in Figures 5 and 6 provide a quantitative
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Figure 7: Histograms of the total image (solid grey line), the muscle
tissue (solid black line), and the bone (dashed black line) in a
precontrast 𝑇1 map.

estimate of the error of using one value of 𝑇1,0 to calculate
concentration in an entire region of pixels based on the
histogram of that tissue’s precontrast 𝑇1 values. Using tissue-
specific 𝑇1 values (e.g., for muscle and intramedullary canal)
decreases the error in each tissue. The mean (2817 ± 852ms)
provided similar information to the histogram peak values
(largest count number in the histogram) for the 5 rabbits
shown (2815 ± 132ms). Animal-to-animal variability can
be assessed by comparing a single histogram’s mean and
standard deviation (2905 ± 834ms) to the mean from the
compounded 5-rabbit histogram (2817 ± 852ms), whose
deviation overlaps considerably. Despite the fact that 𝑇1,0
values can vary with metabolic activity, the animal-to-animal
variability is small relative to the spread of the histogram.
Thus error from animal-to-animal variability is less than
error due to differences within a single animal. This indicates
that there is minimal error introduced by using the 2817 ms
value for all animals rather than using a value determined for
each animal.

To quantify error likely resulting from using an average
value of 𝑇1,0 rather than a registered precontrast image
volume to provide a pixel-by-pixel value of 𝑇1,0, we applied
(2) to 𝑇1 values between 0 and 1965 using 𝑇1,0 = 2817ms
(mean), 3669 ms (+1 standard deviation), and 1965 ms (−1
standard deviation) (Figure 6). This provides a reasonable
estimate of the effect that large variability in observed 𝑇1
would have on the calculation of concentration. Equation
(2) applied to 𝑇1 = 1650ms results in a concentration of66 ± 22/40 𝜇M (where the first error number is the difference
calculated using 𝑇1,0 = 3669ms and the second number is
the difference calculated using 𝑇1,0 = 1965ms). As can be
seen in Figure 6, error becomes less as 𝑇1 decreases (actual
concentration increases). Note that the error is unequal above
and below the concentration. For 𝑇1 = 1965ms, using𝑇1,0 = 3669ms calculates a concentration value 54% greater
than that calculated using 𝑇1,0 = 2817ms, whereas using𝑇1,0 = 1965ms calculates a concentration of 0𝜇M (100%
error). The error is always greater for lower concentrations. At
low values of 𝑇1 (high concentrations), the error is minimal.
For example, 𝑇1,0 = 51.5ms results in a concentration of5000 ± 20/40 𝜇M (0.4%/0.8%).

The uneven error results in concentrations that are more
likely to be overestimated rather than underestimated. In
other words, a pixel calculated to contain 41𝜇M contrast
agent (𝑇1 = 1965ms) may contain no contrast agent at all,
but it is unlikely to contain any more than 62𝜇M. Also, if a
pixel has a𝑇1 value greater than the threshold (1965 ms) (thus
is calculated to have no contrast agent present), it is unlikely
to have concentration greater than 62𝜇M. The concentration
calculation error will be greater in some areas than in
others. For example, the femur has a broader histographic
distribution than the total image, as shown in Figure 7, so in
the femur, error will be greater than the previous estimate.
The muscle is more isotropic than the total image so the
error for calculations performed in muscle will be slightly less
than the previous estimate. Therefore, using an isotropic 𝑇1,0
values can give accurate order of magnitude information, but
specific values, especially low concentration values, should be
considered with caution. One potential clinical application of
this technique is codelivering Gd-DTPA with antimicrobials
to determine if the infection is being treated effectively.
For this application, the minimum effective concentration
of antimicrobial is near the lower limit of detection of the
isotropic 𝑇1,0 technique (20–200𝜇M). At that lower limit,
if a pixel shows as containing contrast (𝑇1 ≤ 1965ms), it
may or not contain effective concentration of antimicrobial;
however, if a pixel does not show as containing contrast (𝑇1 >1965ms), then it likely contains less than an effective concen-
tration of antimicrobial. Therefore, it is unlikely that a patient
would receive an additional intervention unnecessarily, but a
patient requiring additional intervention could be evaluated
to require no additional intervention allowing a risk that the
infection could recur.

Next we compare and contrast results when a single
isotropic value of 𝑇1,0 is used (as described above) versus
when 𝑇1,0 values are taken from image volumes of the tissue
prior to the addition of contrast agent. Images of a precontrast
and postcontrast FTMB procedure are shown in Figure 8.
Figure 8(a) (left) shows a precontrast image that has not been
altered; Figure 8(b) (left) shows the same image but registered
to the postcontrast image using an affine registration (rigid
body registration); Figure 8(c) (left) shows the same image
but registered to the postcontrast image using a deformation
registration; and, finally, Figure 8(d) (left) shows the isotropic𝑇1,0 method in which a single value of 𝑇1,0 is applied to
all of the pixels in the region of interest. It is apparent in
Figures 8(a)–8(c) (right) that the edges of the legs do not
perfectly overlap (large red region in concentration map) in
the unregistered, affine registered, or deformation registered
images, but the isotropic𝑇1,0 concentration map (Figure 8(d),
right) does not have significant patches of red surrounding
the leg indicating that this is not a problem for the isotropic𝑇1,0 method. The rigid body transformation (Figure 8(b)) was
performed by choosing points on the femur, which is a rigid
anatomical feature. While the transformation worked well for
the femur, the surrounding soft tissue is not registered using
this technique. The registration with deformation was applied
to register the soft tissue (Figure 8(c)); however, several
factors made the registration with deformation method less
capable of describing the transform well. It was difficult to
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Figure 8: (a) The unregistered images, (b) affine registered images, (c) registration with deformation, (d) constant 𝑇1,0, where the left image
is 𝑇1,0, 2nd column image is𝑇1, the 3rd column image is the concentration map resulting from those𝑇1,0 and 𝑇1 images, and the right image is
the difference between concentration maps for (a), (b), or (c) with (d). White represents regions in which 𝑇1 = NA or for which concentration
calculate is out of the range of the color bar (0 mM-1 mM).
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Figure 9: A comparison of concentration maps and 3D Mimics reconstructions of an IMR and IOR without (left) and with (right) contrast
agent mixed into the ALBC. Color bar for concentration maps is from 0 mM to 1 mM; white represents region where 𝑇1 = NA.
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identify landmarks to register by in the muscle tissue and
especially the fat marrow tissue. Furthermore, choosing the
number of corresponding points necessary to obtain a better
transform in 3D would be impractically time consuming (250
points takes ∼4 hours). Even though the registration with
deformation was not perfect, it seems to perform better than
the isotropic 𝑇1,0 method for some anatomic features having𝑇1,0 values different from the tissue mean. For example, in
Figure 8(d) (right), fairly thick features appearing to have
nonzero contrast agent concentration appear. These features
also appear in the registered concentration maps (Figures
8(b), right and 8(c), right), but the features are generally fewer
and thinner. This indicates that, for anatomical locations
such as the brain, which is less isotropic than the muscle,
registration may be more necessary and practical. The brain
is simpler to register because of the lack of deformation
and multiple landmarks to register by. There are many
groups working on performing and automating registration
techniques that could be useful if registration were required
[45–50]. Regardless of the strengths and weaknesses of each
method, within the region likely containing contrast agent
(bottom left corner of the leg), all four methods seem to
perform well, and no major differences are noted among the
methods. There are slight differences in the concentrations
calculated in the isotropic 𝑇1,0 method near the edge of
the leg; however, these differences are not likely to affect
conclusions drawn from these data since animal-to-animal
variability is likely greater than error due to the value of 𝑇1,0
used. It should be noted that even though the registration and
isotropic𝑇1,0 methods give similar results for this application,
the isotropic 𝑇1,0 method is far less time consuming and has
the practical benefit of not requiring a precontrast image
(which requires that the animal be scanned, removed from
the scanner, and then implanted with the local drug delivery
vehicle). For applications where the precontrast and postcon-
trast image could be obtained without removing the subject
from the MRI, such as when the contrast or delivery vehicle
is injected, the precontrast image could easily be used for𝑇1,0 without needing to perform a registration. Therefore, the
practicality of a method for a specific anatomical region and
the expected performance of a method for that anatomical
region should be considered when choosing whether to use a
registration technique or an isotropic 𝑇1,0 method.

Figure 9 shows concentration maps and 3D reconstruc-
tions for an IMR and IOR of the control and experimental
cement composition. Visual examination of the sagittal con-
centration maps from the dataset shows contrast above and
below the IMR. The isotropic 𝑇1,0 contrast concentration cal-
culation method calculates a significant difference in volume
of distribution between control and experimental animals
with an IMR (𝑃 < 0.0001) (Figure 9); however, no significant
difference is found between control and experimental IOR
(𝑃 ≈ 0.5). When the same implants were compared with total
mass of contrast agent observed as the metric, the IMR again
showed significance (𝑃 < 0.005) and the IOR showed no
significance (𝑃 ≈ 0.8). This likely indicates that, in the femur,
it is more difficult to distinguish between pixels above the
threshold containing contrast and not containing contrast.
This is likely due to the broader distribution of precontrast

𝑇1 values (𝑇1,0) in the intramedullary canal; thus, the error in
calculating concentrations in this region is greater.

4. Conclusions

This paper demonstrates a simple to use method for imaging
local drug delivery and calculating its local concentration
with good spatial and temporal resolution. This method has
broad applications in the field of drug delivery, but here
is shown applied to delivery from ALBC for the treatment
and prevention of infection in orthopaedic applications. We
identify and quantify sources of error in this method and
suggest ways to minimize these errors. Specifically, we discuss
how to generate images with 𝑇1 values in the range that
will yield accurate concentrations and avoid artifacts from
excessive concentration of contrast agent, the strengths and
weaknesses of several methods of generating 𝑇1,0 values for
use in converting from 𝑇1 to concentration, and methods
for using these data to statistically compare contrast agent
distributions between wound models.
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With the advent of novel biomedical 3D image acquisition techniques, the efficient and reliable analysis of volumetric images has
become more and more important. The amount of data is enormous and demands an automated processing. The applications are
manifold, ranging from image enhancement, image reconstruction, and image description to object/feature detection and high-level
contextual feature extraction. In most scenarios, it is expected that geometric transformations alter the output in a mathematically
well-defined manner. In this paper we emphasis on 3D translations and rotations. Many algorithms rely on intensity or low-order
tensorial-like descriptions to fulfill this demand. This paper proposes a general mathematical framework based on mathematical
concepts and theories transferred from mathematical physics and harmonic analysis into the domain of image analysis and pattern
recognition. Based on two basic operations, spherical tensor differentiation and spherical tensor multiplication, we show how to
design a variety of 3D image processing methods in an efficient way. The framework has already been applied to several biomedical
applications ranging from feature and object detection tasks to image enhancement and image restoration techniques. In this paper,
the proposed methods are applied on a variety of different 3D data modalities stemming from medical and biological sciences.

1. Introduction

The analysis of three-dimensional images has gained more
and more importance in recent years. Particular in the
medical and biological sciences, new acquisition techniques
lead to an enormous amount of 3D data calling for automated
analysis. In this paper, we show how the harmonic analysis
of the 3D rotation group offers a convenient and computa-
tionally efficient framework for rotation covariant image pro-
cessing and analysis. Most of the state-of-the-art techniques
rely on “low”-order features such as intensities, gradients of
intensities, or second order tensors like the Hessian matrix
or the structure tensor [1]. For example, consider a lesion
detection/segmentation problem in a 𝑇1-weighted magnetic
resonance image. A typical procedure for solving such a task
would rely on a local image feature extraction step such as the
computation of a Laplacian- or a Gaussian-pyramid. Once the
feature images are computed, a healthy group of volunteers
is used to determine the distribution of such features for
subjects in a healthy condition.

From such a distribution, we can estimate the probabil-
ities for the absence or presence of lesions in a voxel-by-
voxel manner. Instead of solely using 0-order features, such
as the Laplacian-pyramid, higher order tensor fields can be
used to derive further scalar valued quantities. Such features
can be the smoothed intensity gradient magnitudes (1-order
features), or the eigenstructures of a Hessian matrix field or
a structure tensor field (2-order features). However, due to
their mathematical and computational complexity, features
of order three or even higher order are rarely used. This
paper proposes a unified framework that can cope with high-
order features in a systematic way. The proposed framework
is based on the harmonic, irreducible representations of the
3D rotation group. This guarantees the most sparse tensor
representation. Consequently, in comparison with ordinary
Cartesian tensor analysis, the algorithms and the handling are
operationally clearer and more efficient.

Given a Cartesian tensor 𝑡𝑖1 ,...,𝑖𝑛 of rank 𝑛, such a tensor
can be the result from a simple projection onto moment
functions or from a differentiation process (for instance,
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a gradient is a tensor of order 1, and a Hessian matrix is a
tensor of oder 2). A tensor can be considered as a feature
describing an object in a rotation covariant way; that is, if the
original object is rotated by a rotation matrix R, the tensor
rotates in the following manner:(𝑔𝑡)𝑖1 ,...,𝑖𝑛 = ∑

𝑗1 ,...,𝑗𝑛

𝑅𝑖1 ,𝑗1 ⋅ ⋅ ⋅ 𝑅𝑖𝑛,𝑗𝑛𝑡𝑗1 ,...,𝑗𝑛 , (1)

where 𝑔 denotes an element of the 3D rotation group. A
tensor rotation is a common operation in many applications,
for instance, steering a local image descriptor (a tensor) with
respect to some data dependent reference frame. From a
computationally point of view a Cartesian tensor rotation
is quite inconvenient. Typically, there are symmetries with
respect to index permutations (for instance, the Hessian
matrix is a symmetric tensor). These symmetries have to
be taken into account to provide an efficient computa-
tion. Another problem is that the tensor rotation matrix𝑅𝑖1 ,𝑗1 ⋅ ⋅ ⋅ 𝑅𝑖𝑛,𝑗𝑛 is “full”; that is, all elements 𝑡𝑗1 ,...,𝑗𝑛 mix under
rotations. Spherical tensor analysis, where tensors appear
in their irreducible representations, solves these problems,
and, even more, it offers further advantages regarding ten-
sor operations. Suppose that we aim at extracting rotation
invariant features. Given a Cartesian tensor 𝑡, for Cartesian
tensors, the basic operation is tensor contraction. The tensor is
contracted down to a rank 0 tensor by repeatedly combining
two indexes (with the Kronecker delta 𝛿𝑖𝑗), or three indexes
(with the 𝜖-tensor 𝜖𝑖𝑗𝑘). This can be done in several ways, for

example, linearly ∑𝑖𝑖 𝑡⋅,𝑖,⋅,𝑖,⋅, quadratically ∑𝑖𝑗 𝑡⋅,𝑖,⋅𝑡⋅,𝑖,⋅, or even

cubicly ∑𝑖𝑗𝑘 𝜖𝑖𝑗𝑘𝑡⋅,𝑖,⋅𝑡⋅,𝑗,⋅𝑡⋅,𝑘,⋅. It is possible to combine different

tensors as well. A problem that occurs is ambiguities; in the
presence of symmetries, some ways might end up in the same
result, some may not. In contrast, the spherical tensor analysis
offers a systematic way of performing such operations. The
Kronecker and 𝜖 products are replaced by one single spherical
product which allows for multiplying spherical tensors of
arbitrary rank. The even parity products are related to the
Kronecker product, the odd parity products to 𝜖 products.

In this paper, we want to review the basics of spherical
tensor analysis and how it can be applied to image processing
problems. In Section 2, we introduce the basic concepts such
as the notion of a spherical tensors. We define the spherical
product and introduce its properties. We also show how
spherical tensors are related to ordinary Cartesian tensors. In
Section 3, the so-called spherical tensor derivative operators
(shortly spherical derivatives) are introduced. The spherical
derivative operators are able to connect spherical tensor
fields of different rank. We discuss several properties and
derive their representation in polar coordinates. We focus
on two types of basis systems evolving from the spherical
differentiation process: the Gauss-Laguerre functions and
the spherical Gabor-functions. Both are known to be very
important in pattern analysis. The differential relationships of
these functions offer an efficient way to compute projections
onto these type of functions. In Section 4, expansions in
terms of tensorial harmonics are discussed, which are just
the straight-forward generalization of ordinary scalar-valued

spherical harmonic expansions. Finally, in Section 5, several
biomedical applications are reviewed and discussed.

2. Spherical Tensor Analysis

Let D𝑗
𝑔 be the unitary irreducible representation of a 𝑔 ∈𝑆𝑂(3) of order 𝑗 with 𝑗 ∈ N. They are also known as the

Wigner D-matrices (e.g., see [3]). The representation D𝑗
𝑔 acts

on a vector space 𝑉𝑗 which is represented by C2𝑗+1. We write
the elements of 𝑉𝑗 in bold face, for example, u ∈ 𝑉𝑗, and
write the 2𝑗 + 1 components in unbolt face 𝑢𝑚 ∈ C where𝑚 = −𝑗, . . . , 𝑗. For the transposition of a vector/matrix, we

write u𝑇; the joint complex conjugation and transposition is

denoted by u⊤ = u𝑇. In this terms, the unitarity of D𝑗
𝑔 is

expressed by the formula (D𝑗
𝑔)⊤D𝑗

𝑔 = I.

Note that we treat the space 𝑉𝑗 as a real vector space
of dimensions 2𝑗 + 1, although the components of u may
be complex. This means that the space 𝑉𝑗 is only closed
under weighted superpositions with real numbers. As a
consequence of this, we always have that the components
are interrelated by 𝑢𝑚 = (−1)𝑚𝑢−𝑚. From a computational
point of view, this is an important issue. Although the vectors

are elements of C2𝑗+1, we just have to store just 2𝑗 + 1 real
numbers.

We denote the standard basis of C2𝑗+1 by e𝑗𝑚, where the𝑛th component of e𝑗𝑚 is 𝛿𝑚𝑛. In contrast, the standard basis of𝑉𝑗 is written as c𝑗𝑚 = ((1 + i)/2)e𝑗𝑚 + (−1)𝑚((1 − i)/2)e𝑗−𝑚. We
denote the corresponding “imaginary” space by i𝑉𝑗; that is,
elements of i𝑉𝑗 can be written as ik where k ∈ 𝑉𝑗. So, elements

w ∈ i𝑉𝑗 fulfill 𝑤𝑚 = (−1)𝑚+1𝑤−𝑚. Hence, we can write the

space C2𝑗+1 as the direct sum of the two spaces C2𝑗+1 = 𝑉𝑗 ⊕
i𝑉𝑗. The standard coordinate vector r = (𝑥, 𝑦, 𝑧)𝑇 ∈ R3 has a
natural relation to elements u ∈ 𝑉1 by

u = 𝑥 − 𝑦√2 c
1
1 + 𝑧c10 − 𝑥 + 𝑦√2 c

1
−1

= ( 1√2 (𝑥 − i𝑦)𝑧− 1√2 (𝑥 + i𝑦)) = Sr ∈ 𝑉1. (2)

Note that S is an unitary coordinate transformation. The rep-

resentation D1
𝑔 is directly related to the real-valued rotation

matrix U𝑔 ∈ 𝑆𝑂(3) ⊂ R3×3 by D1
𝑔 = SU𝑔S

⊤.

Definition 1. A function f : R3 → 𝑉𝑗 is called a spherical
tensor field of rank 𝑗 if it transforms with respect to rotations
as (𝑔f) (r) := D

𝑗
𝑔f (U⊤

𝑔 r) , (3)

for all 𝑔 ∈ 𝑆𝑂(3). The space of all spherical tensor fields of
rank 𝑗 is denoted by T𝑗.

2.1. Spherical Tensor Coupling. Now, we define a family of
bilinear forms that connect tensors of different ranks.
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Definition 2. For every 𝑗 ≥ 0, we define a family of bilinear
forms of type ∘𝑗 : 𝑉𝑗1 × 𝑉𝑗2 → C

2𝑗+1, (4)

where 𝑗1, 𝑗2 ∈ N has to be chosen according to the triangle
inequality |𝑗1 − 𝑗2| ≤ 𝑗 ≤ 𝑗1 + 𝑗2. It is defined by(e𝑗𝑚)⊤ (k ∘𝑗 w) := ∑

𝑚=𝑚1+𝑚2

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ V𝑚1𝑤𝑚2 , (5)

where ⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ are the Clebsch-Gordan coeffi-
cients.

The characterizing property of these products is that they
respect the rotations of the arguments.

Proposition 3. Let k ∈ 𝑉𝑗1 and w ∈ 𝑉𝑗2 ; then, for any 𝑔 ∈𝑆𝑂(3), (D𝑗1
𝑔 k) ∘𝑗 (D𝑗2

𝑔 w) = D
𝑗
𝑔 (k ∘𝑗 w) (6)

holds.

Proof. The components of the left-hand side look as(e𝑗𝑚)⊤ ((D𝑗1
𝑔 k) ∘𝑗 (D𝑗2

𝑔 w))= ∑
𝑚=𝑚1+𝑚2

𝑚1𝑚

2

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩𝐷𝑗1
𝑚1𝑚1

𝐷𝑗2
𝑚2𝑚2

V𝑚1𝑤𝑚2
. (7)

First one has to insert the identity by using orthogonality
relation (B.1) with respect to 𝑚

1 and 𝑚
2. Then, we can

use relation (C.2) and the definition of ∘𝑗 to prove the
assertion.

Proposition 4. If 𝑗1 + 𝑗2 + 𝑗 is even, then ∘ is symmetric,
otherwise antisymmetric. The spaces 𝑉𝑗 are closed for the
symmetric product, and for the antisymmetric product this is
not the case. Consider𝑗 + 𝑗1 + 𝑗2 𝑖𝑠 𝑒V𝑒𝑛 ⇒ k ∘𝑗 w ∈ 𝑉𝑗,𝑗 + 𝑗1 + 𝑗2 𝑖𝑠 𝑜𝑑𝑑 ⇒ k ∘𝑗 w ∈ i𝑉𝑗, (8)

where k ∈ 𝑉𝑗1 and w ∈ 𝑉𝑗2 .
Proof. The proposition is proved by the symmetry properties
of the Clebsch-Gordan coefficients (B.6). To show the closure
property, consider(e𝑗𝑚)⊤k ∘𝑗 w= ∑

𝑚=𝑚1+𝑚2

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ V𝑚1𝑤𝑚2= ∑
𝑚=𝑚1+𝑚2

(−1)𝑚 ⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ V−𝑚1𝑤−𝑚2= ∑
𝑚=𝑚1+𝑚2

(−1)𝑚+𝑗+𝑗1+𝑗2

× ⟨𝑗 (−𝑚) | 𝑗1𝑚1, 𝑗2𝑚2⟩ V𝑚1𝑤𝑚2= (−1)𝑚+𝑗+𝑗1+𝑗2(e𝑗−𝑚)⊤k ∘𝑗 w.
(9)

Hence, we have for even 𝑗 + 𝑗1 + 𝑗2 the “realness” condition
complying to 𝑉𝑗 and for odd 𝑗 + 𝑗1 + 𝑗2 the “imaginariness”
condition for i𝑉𝑗, which prove the statements.

We will later see that the symmetric product plays an
important role, in particular, because we can normalize it in
an special way such that it shows a more gentle behavior with
respect to the spherical harmonics.

Definition 5. For every 𝑗 ≥ 0 with |𝑗1 − 𝑗2| ≤ 𝑗 ≤ 𝑗1 + 𝑗2 and
even 𝑗+𝑗1+𝑗2, we define a family of symmetric bilinear forms
by

k ∙𝑗 w := 1⟨𝑗0 | 𝑗10, 𝑗20⟩k ∘𝑗 w. (10)

For the special case 𝑗 = 0, the arguments have to be of the
same rank due to the triangle inequality. Actually in this case,
the symmetric product coincides with the standard inner
product

k ∙0 w = 𝑚=𝑗∑
𝑚=−𝑗

(−1)𝑚V𝑚𝑤−𝑚 = w
⊤k, (11)

where 𝑗 is the rank of k and w.
The introduced product can also be used to combine

tensor fields of different rank by point-wise multiplication.

Proposition 6. Let k ∈ T𝑗1 and w ∈ T𝑗2 and 𝑗 chosen such

that |𝑗1 − 𝑗2| ≤ 𝑗 ≤ 𝑗1 + 𝑗2; then,
f (r) = k (r) ∘𝑗 w (r) (12)

is inT𝑗, that is, a tensor field of rank 𝑗.
In fact, there is another way to combine two tensor fields:

by convolution. The advantage of the convolution is that the
evolving product also is covariant with respect to translation;
that is, the product is covariant to 3D Euclidean motion.

Proposition 7. Let v ∈ T𝑗1
and w ∈ T𝑗2

and 𝑗 chosen such

that |𝑗1 − 𝑗2| ≤ 𝑗 ≤ 𝑗1 + 𝑗2; then,(k ∘̃𝑗 w) (r) := ∫
R3

k (r − r) ∘𝑗 w (r) 𝑑r (13)

is inT𝑗, that is, a tensor field of rank 𝑗.
Given a translation 𝜏, the following two relations hold:(𝜏k) ∘𝑗 (𝜏w) = 𝜏 (k ∘𝑗 w) ,

k ∘̃𝑗 (𝜏w) = (𝜏k) ∘̃𝑗 w = 𝜏 (k ∘̃𝑗 w) . (14)

Further important properties of the products are their asso-
ciativity rules.

Proposition 8. The product ∘ is associative as
k𝑗1∘ℓ (w𝑗2∘𝑗2+𝑗3y𝑗3) = (k𝑗1∘𝑗1+𝑗2w𝑗2) ∘ℓy𝑗3 (15)
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holds if 𝑗1 + 𝑗2 + 𝑗3 = ℓ. And
k𝑗1∘ℓ (w𝑗2∘𝑗2−𝑗3y𝑗3) = (k𝑗1∘𝑗2−𝑗1w𝑗2) ∘ℓy𝑗3 (16)

holds if ℓ = 𝑗2 − (𝑗1 + 𝑗3) ≥ 0. And
k𝑗2∘ℓ (w𝑗1∘𝑗1+𝑗3y𝑗3) = (k𝑗1∘𝑗2−𝑗1w𝑗2) ∘ℓy𝑗3 (17)

with ℓ = 𝑗2 − (𝑗1 + 𝑗3) ≥ 0.
2.2. Spherical and Solid Harmonics. Due to their special
properties, the spherical harmonics (see, Appendix A for
definition) play the central role in spherical tensor analysis.

One of the most important ones is that eachY𝑗, interpreted as
a tensor field of rank 𝑗, is a fix-point with respect to rotations;
that is, (𝑔Y𝑗) (r) = D

𝑗
𝑔Y

𝑗 (U⊤
𝑔 r) = Y

𝑗 (r) . (18)

Consequently,

Y
𝑗 (U𝑔r) = D

𝑗
𝑔Y

𝑗 (r) . (19)

The Y𝑗 form an orthogonal and complete basis of the
functions defined on the 2-sphere. Hence, any real square-
integrable scalar field 𝑓 ∈ T0 can be written as

𝑓 (r) = ∞∑
𝑗=0

a
𝑗(𝑟)⊤Y𝑗 (r) = ∞∑

𝑗=0

𝑚=𝑗∑
𝑚=−𝑗

𝑎𝑗𝑚 (𝑟) 𝑌𝑗
𝑚 (r) . (20)

A band-limited spherical harmonic representation of two
images is illustrated in Figure 1.

The expansion coefficients of the rotated function(𝑔𝑓)(r) = 𝑓(U⊤
𝑔 r) are simply D𝑗

𝑔a
𝑗(𝑟), which can be con-

cluded from the fix-point property. In the following, we
always use Racah’s normalization (also known as semi-
Schmidt normalization); that is,⟨𝑌𝑗

𝑚, 𝑌𝑗

𝑚⟩ = ∫𝑆2 𝑌𝑗
𝑚 (s) 𝑌𝑗

𝑚 (s) 𝑑s= 4𝜋2𝑗 + 1𝛿𝑗𝑗𝛿𝑚𝑚 , (21)

where the integral ranges over a sphere using the standard
measure. With this, the coupling of two spherical harmonics
gives, again, a spherical harmonic

Y
𝑗1 (r) ∙𝑗Y𝑗2 (r) = Y

𝑗 (r) . (22)

From a computational perspective, this property can be used
to efficiently compute higher order harmonics for lower ones.

Besides the spherical harmonics, the so-called solid har-
monics, often appear in the context of harmonic analysis of
the 3D rotation group. They are the homogeneous solutions

of the Laplace-equation and are just related by R𝑗 := 𝑟𝑗Y𝑗,
and they are homogeneous polynomials of degree 𝑗; that is,

R𝑗(𝜆r) = 𝜆𝑗R𝑗(r).

2.3. Relation to Cartesian Tensors. The correspondence of
spherical and Cartesian tensors of rank 0 is trivial. For rank1, it is just the matrix S that connects the real-valued vector

r ∈ R3 with the spherical coordinate vector u = Sr ∈ 𝑉1. For
rank 2, the consideration gets more intricate. Consider a real-

valued Cartesian rank-2 tensor T ∈ R3×3 and the following
unique decomposition:

T = (𝑡00 𝑡01 𝑡02𝑡10 𝑡11 𝑡12𝑡20 𝑡21 𝑡22) = 𝛼I + Tanti + Tsym, (23)

where 𝛼 ∈ R, Tanti is an antisymmetric matrix, and Tsym a
traceless symmetric matrix. In fact, this decomposition fol-
lows the same manner as the spherical tensor decomposition.
A rank 0 spherical tensor corresponds to the identity matrix
in Cartesian notation, while the rank 1 spherical tensor to
a antisymmetric 3 × 3 matrix or, equivalently, to a vector.
And finally, the rank 2 spherical tensor corresponds to a
traceless, symmetric matrix. So, let us consider the spherical
decomposition. For convenience, let T𝑠 = STS⊤; then, the
components of the corresponding spherical tensors b𝑗 with𝑗 = 0, 1, 2 are𝑏𝑗𝑚 = ∑

𝑚1+𝑚2=𝑚
⟨1𝑚1, 1𝑚2 | 𝑗𝑚⟩ (−1)𝑚2𝑇𝑠

𝑚1(−𝑚2), (24)

where b0 corresponds to 𝛼, b1 to Tanti and b2 to Tsym.
Explicitly, the relation to T is

b
0 = − (𝑡00 + 𝑡11 + 𝑡22)√3 ,

b
1 =(12 (𝑡20 − 𝑡02 + i (𝑡21 − 𝑡12))

i√2 (𝑡10 − 𝑡01)12 (𝑡20 − 𝑡02 − i (𝑡21 − 𝑡12))) ,

b
2 =(((((((

(

12 (𝑡00 − 𝑡11 + i (𝑡01 + 𝑡10))12 ((𝑡02 + 𝑡20) + i (𝑡12 + 𝑡21))−1√6 (𝑡00 + 𝑡11 − 2𝑡22)12 (− (𝑡02 + 𝑡20) + i (𝑡12 + 𝑡21))12 (𝑡00 − 𝑡11 − i (𝑡01 + 𝑡10))
)))))))
)

.
(25)

The inverse of this “Cartesian to spherical”-transformation is𝑇𝑠
𝑚1𝑚2

= ∑
𝑗=0,2

𝑚=𝑗∑
𝑚=−𝑗

⟨1𝑚1, 1 (−𝑚2) | 𝑗𝑚⟩ (−1)𝑚2𝑏𝑗𝑚. (26)

Note that for arbitrary ranked Cartesian tensor, the relations
are not that trivial.

3. Spherical Derivatives

This section proposes the concepts of differentiation in the
context of spherical tensor analysis. First, we will introduce
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Original < 1 < 4 < 5 < 9 < 15 < 32 < 32
< 2 < 3 < 5 < 7 < 9 < 16 < 32

Figure 1: A spherical harmonic decomposition of images can be seen as some kind of frequency decomposition. A band limited expansion
of a volumetric images is illustrated. We see that lower frequency components (right-hand side) are roughly representing the important
characteristics of the objects. However, higher frequency components are necessary to represent the details. For the expansion here, we use a
Fourier-like basis for representing the images in radial direction. Here, ℓ represents the order of the spherical harmonics and 𝑘 the number
of radial frequency components taken into account. The image shows an isosurface rendering together with the centered 𝑋, 𝑌, and 𝑍-slice.
The interested reader is referred to [2].

the spherical derivative operator which connects spherical
tensor fields of different ranks by differentiation. The basic
idea is simple; formally replace the coordinates r = (𝑥, 𝑦, 𝑧)
appearing within the solid harmonics R𝑗 by the gradient
operator (𝜕𝑥, 𝜕𝑦, 𝜕𝑧).
Proposition 9 (spherical derivatives). Let f ∈ Tℓ be a tensor
field. The spherical up-derivative ∇1 : Tℓ → Tℓ+1 and the
down-derivative ∇1 : Tℓ → Tℓ−1 are defined as

∇
1
f := R

1 (∇) ∙ℓ+1f ,
∇1f := R

1 (∇) ∙ℓ−1f , (27)

where ∇ is the gradient operator (𝜕𝑥, 𝜕𝑦, 𝜕𝑧).
In fact there are much more rotation covariant differential

operators than the two defined previously. Given a tensor

field f , any field of the form g = R𝑗(∇)∙ℓf , which we
obtain via differentiation, is a spherical tensor field, too.

But the up- and down-derivatives are from a computational
point very attractive, because, as shown earlier, they allow an
iterative computation of higher order differentials, which is
computationally much more efficient than the direct way. For
further discussion on the spherical tensor derivative operator,
consider the spherical derivatives in the Fourier domain,
where they act by point-wise ∙-multiplications with a solid

harmonic i𝑘Y1(k) = iR1(k) = iSk where 𝑘 = |k| is the
frequency magnitude.

Proposition 10 (Fourier representation). Let f̃(k) be the
Fourier transformation of some f ∈ Tℓ and ∇̃ representations
of the spherical derivative in the Fourier domain that are

implicitly defined by (̃∇f) = ∇̃ f̃ ; then,
∇̃

1
f̃ (k) = iR

1 (k) ∙ℓ+1 f̃ (k) , (28)

∇̃1 f̃ (k) = iR
1 (k) ∙ℓ−1 f̃ (k) . (29)

Proof. See [4].



6 Computational and Mathematical Methods in Medicine

Both statements are direct consequences of the Fourier
correspondences for the ordinary partial derivatives. For
scalar fields, we can generalize this statement also for higher
orders.

Proposition 11 (multiple spherical derivatives). For 𝑛 ≥ 𝑖, he
defines ∇𝑛𝑖 : T0 → T𝑛−𝑖 by

∇
𝑛
𝑖 := ∇𝑖∇𝑛 := ∇1 ⋅ ⋅ ⋅ ∇1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑖-times

∇
1 ⋅ ⋅ ⋅∇1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛-times

. (30)

In the Fourier domain, these multiple derivatives act by(∇̃𝑛𝑖 𝑓) (k) = (i)𝑛+𝑖 R𝑛
𝑖 (k) 𝑓 (k) . (31)

Using this one can show that ∇𝑛𝑖 = ∇𝑛−𝑖Δ𝑖, where Δ is the
Laplace operator.

Proof. See [5].

We want to emphasize that both statements only hold for
scalar-valued fields, and generalizations to tensor-valued do
not hold in general due to the nontrivial associativity rules.

Proposition 12 (product rule). Let f ∈ Tℓ and ℎ ∈ T0; then,
one has the product rules

∇
1 (ℎf) = ∇1ℎ∙ℓ+1f + ℎ∇1f ,
∇1 (ℎf) = ∇1ℎ∙ℓ−1f + ℎ∇1f . (32)

It is well known that convolutions commute with differen-
tiation, and actually there are generalized commutation rules
for spherical tensor fields.

Proposition 13 (commuting property for convolutions). Let
f ∈ T𝑘 and g ∈ T𝑗 be arbitrary spherical tensor fields; then,(∇ℓf) ∙̃𝐽 g = f ∙̃𝐽 (∇ℓ g) , (33)(∇ℓf) ∙̃𝐿 g = f ∙̃𝐿 (∇ℓg) , (34)

where 𝐽 = 𝑗 − (ℓ + 𝑘) and 𝐿 = 𝑗 + ℓ + 𝑘.
Proof. Both assertions are founded by the associativity of the
spherical product. Consider the first statement in the Fourier
domain by using (28) and then apply the associativity given
in (17) as follows:(∇̃ℓ f̃) ∙𝐽g̃ = (R1∙𝑘+ℓ (∇̃ℓ−1 f̃)) ∙𝐽g̃= (∇̃ℓ−1 f̃) ∙𝐽 (R1∙𝑗−1g̃)= (∇̃ℓ−1 f̃) ∙𝑗 (∇̃1g̃) , (35)

where we abbreviated R1 = R1(ik). A repeated application of
this proves the first assertion. For the second statement, it is
similar but using the associativity as given in (15).

This proposition shows again the importance of the
up- and down-derivatives. For general derivative operators

R𝑗(∇)∙ℓf , the previous commutations rules do not hold. The
previous convolution property is of particular importance for
the efficient covariant processing of 3D images. The major
motivation is to compute convolutions with the spherical
harmonic basis in an efficient way. Suppose that the goal is
to compute

f = (R𝑗𝑒−𝑟2/2) ∗ 𝑔, (36)

where 𝑔 is some arbitrary scalar image. In fact, as we will

show in the next section, one can show that ∇𝑗𝑒−𝑟2/2 =(−1)𝑗R𝑗𝑒−𝑟2/2. Together with the convolution theorem, we get

f = (R𝑗𝑒−𝑟2/2) ∗ 𝑔 = (−1)𝑗∇𝑗 (𝑒−𝑟2/2 ∗ 𝑔) (37)

which enables us to compute the convolution by an repeated
application of the spherical derivatives, which is computa-
tionally much cheaper than a direct convolution (even by the
use of the Fast Fourier Transform).

3.1. SphericalDerivatives in Polar Representation. To get a bet-
ter understanding of what happens during the differentiation
via spherical derivatives, we consider their properties in polar
representations.

Lemma 14. Given a spherical tensor field f𝑗 ∈ T𝑗 whose

angular and radial component are separable such that f𝑗(r) =
Y𝑗(r)𝑓𝑗(𝑟), where 𝑓𝑗 : R → C denotes the function

representing the radial component of f𝑗, then the spherical up-

and down-derivatives of f𝑗 can be computed by(∇1f𝑗) (r) = Y
𝑗+1 (r) 𝑟𝑗 𝜕𝜕𝑟 1𝑟𝑗𝑓𝑗 (𝑟) , (38)

(∇1f𝑗) (r) = Y
𝑗−1 (r) 1𝑟𝑗+1 𝜕𝜕𝑟𝑟𝑗+1𝑓𝑗 (𝑟) , (39)

respectively.

Proof. See [7].

3.2. Gauss-Laguerre Functions. Previously, we already stated

that ∇𝑗𝑒−𝑟2/2 = (−1)𝑗R𝑗𝑒−𝑟2/2 holds; in fact, there is a more
general statement involving the so-called Laguerre polyno-
mials. This offers the possibility to compute convolutions with
the evolving functions in an iterative and efficient way. We
denote by 𝐿𝛼𝑛 the 𝛼 associated Laguerre polynomial of order𝑛 (F.1). We further denote by

L
𝑗
𝑛 (r) := R

𝑗−𝑛 (r) 𝐿(𝑗−𝑛)+(1/2)𝑛 (𝑟22 ) (40)

the spherical tensor valued polynomials L𝑗
𝑛 ∈ T𝑗−𝑛. These

polynomials are widely known as Laguerre Gaussian-type
functions in the field of theoretical chemistry (e.g., see [8] or
[9]). In the image processing community, these functions are
known as generic neighborhood operators [10] and are used,
for example, for key-point detection [11].
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Theorem 15. The Gaussian windowed polynomials L𝑗
𝑛(r)𝑒−𝑟2/2 can be computed iteratively in terms of ∇𝑗𝑛 starting with

an isotropic Gaussian; namely,

L
𝑗
𝑛 (r) 𝑒−𝑟2/2 = (−1)𝑗𝑛!2𝑛 ∇𝑗𝑛𝑒−𝑟2/2 . (41)

Proof. See [7].

3.3. Gabor Functions. Gabor functions, that is, Gaussian-
windowed plane waves, play an important role in image
processing due to the fact that the different frequency com-
ponents of signals can be studied locally. This information is,
for example, used for tracking [12] or feature extraction [6].
Thus, it is of particular interest to provide efficient methods
to apply Gabor filters. One way is to explicitly represent a
finite number of Gabor kernels, each representing a certain
orientation of the plane-wave [13]. The problem is that the
orientation space must be discretized. However, representing
Gabor functions in terms of spherical derivatives offers a
way to compute Gabor filter responses for the whole range
of possible orientations. First, note that applying spherical
derivatives on a plane wave gives a quite neat result as

∇
𝑗𝑒ik⊤r = (i)𝑗R𝑗 (k) 𝑒ik⊤r. (42)

Following the proof from Section 3.1, a similar result holds
for the spherical Bessel function, which constitutes the radial
part in the harmonic expansion of the plane wave as

∇
𝑗𝑗0 (𝑘𝑟) = (𝑘)𝑗Y𝑗 (r) 𝑗𝑗 (𝑘𝑟)= (𝑘)𝑗B𝑗 (r, 𝑘) . (43)

In the following, we show that there exists a very similar
way to represent the Gaussian windowed wave in terms of the
derivatives of the Gaussian windowed Bessel functions. Let

B
0
𝑠 (r, 𝑘) := 𝑗0 (𝑘𝑟) 𝑒−𝑟2/(2𝑠) (44)

be the Gaussian windowed 0-order Bessel functions. The
parameter 𝑠 ∈ R𝑠>0 represents the size of the Gaussian
window with respect to the wave. With (38) and (D.3), we can
derive the higher order Gaussian windowed Bessel functions

B𝑗
𝑠 := (−1)𝑗∇𝑗B0

𝑠 .

Theorem 16. The spherical derivatives B𝑗
𝑠 of the Gaussian

windowed 0-ordered Bessel functionsB0
𝑠 are given by

B
𝑗
𝑠 (r, 𝑘) = Y

𝑗 (r) [ 𝑗∑
𝑖=0
(𝑗𝑖) (𝑟𝑠)𝑗−𝑖(𝑘)𝑖𝑗𝑖 (𝑘𝑟)] 𝑒−𝑟2/2𝑠 . (45)

Consider that B𝑗
𝑠→∞ = B𝑗. The Gabor wave can now be

represented by a superposition of Bessel functions B𝑗
𝑠 , each

representing a certain angular frequency; namely,𝑒ik𝑇r𝑒−𝑟2/2𝑠 ≈ ∑
𝑗
(i)𝑗𝛼𝑗 (𝑘)B𝑗

𝑠 (r, 𝑘) ∙0Y𝑗 (k)= ∑
𝑗
(−i)𝑗𝛼𝑗 (𝑘)∇𝑗B0

𝑠 (r, 𝑘) ∙0Y𝑗 (k) , (46)

where 𝛼𝑗(𝑘) ∈ R are real-valued weighting factors.

Proof. See [7].

4. Tensorial Harmonic Expansions

In most image processing applications, the data to be pro-
cessed is of scalar nature; that is, for each voxel, we observe
one single intensity value. But there are actually acquisition
techniques, where the measurement itself is already a ten-
sorial quantity. For example, in diffusion weighted magnet
resonance imaging (DW-MRI), rank 2 tensors are common.
Or, in phase contrast MRI velocity, vectors are measured.
Thus, there is a great interest to represent these measurement
in an appropriate way. In [14], we proposed to expand a
spherical tensor field f ∈ Tℓ of rank ℓ as follows:

f (r) = ∞∑
𝑗=0

𝑘=ℓ∑
𝑘=−ℓ

a
𝑗
𝑘 (𝑟) ∘ℓY𝑗 (r) , (47)

where a
𝑗
𝑘(𝑟) ∈ T𝑗+𝑘 are expansion coefficients. For ℓ = 0,

the expansion coincides with the ordinary scalar spherical
harmonic expansion. We can observe properties very similar
to the ordinary SH expansion; that is,(𝑔f) (r) = D

ℓ
𝑔f (U⊤

𝑔 r)= ∞∑
𝑗=0

𝑘=ℓ∑
𝑘=−ℓ

D
𝑗+𝑘
𝑔 a

𝑗
𝑘 (𝑟) ∘ℓY𝑗 (r) . (48)

A rotation of the tensor field affects the expansion coefficients

a
𝑗
𝑘 to be multiplied from the left with D𝑗+𝑘

𝑔 . So, the previous

expansion shows the same, very convenient, rotation behav-
ior like an SH expansion, which can be used, for example,
to extract invariant local descriptors in a simple way. And in
fact, the previous representation is orthogonal and complete.

By setting a
𝑗
𝑘(𝑟) = ∑𝑚=𝑗+𝑘

𝑚=−(𝑗+𝑘) 𝑎𝑗𝑘𝑚(𝑟)e𝑗+𝑘𝑚 , we can identify the

functional basis Z
𝑗
𝑘𝑚 as

f (r) = ∞∑
𝑗=0

𝑘=ℓ∑
𝑘=−ℓ

𝑚=𝑗+𝑘∑
𝑚=−(𝑗+𝑘)𝑎𝑗𝑘𝑚 (𝑟) e𝑗+𝑘𝑚 ∘ℓY𝑗 (r)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Z𝑗
𝑘𝑚

. (49)

Proposition 17 (tensorial harmonics). The functions Z
𝑗
𝑘𝑚 :𝑆2 → 𝑉ℓ provide a complete and orthogonal basis of the

angular part ofTℓ, that is;∫
𝑆2
(Z𝑗

𝑘𝑚 (s))⊤Z𝑗

𝑘𝑚 (s) 𝑑s = 4𝜋𝑁𝑗,𝑘
𝛿𝑗,𝑗𝛿𝑘,𝑘𝛿𝑚,𝑚 , (50)

where 𝑁𝑗,𝑘 = 12ℓ + 1 (2𝑗 + 1) (2 (𝑗 + 𝑘) + 1) . (51)

The functions Z
𝑗
𝑘𝑚 are called the tensorial harmonics.
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4.1. Symmetric Tensor Fields. In this section, we discuss the
properties of expansion coefficients of specific tensor fields,
expanded in terms of tensorial harmonics. We show that
symmetries in a tensor field are simplifying the tensorial
harmonic expansion coefficients. This is similar to the ordi-
nary spherical harmonic expansion. For example, the point
symmetry 𝑓(r) = 𝑓(−r) of a scalar fields leads to vanishing
spherical harmonic coefficients for odd 𝑗. In the following, we
consider similar symmetries for tensorial harmonics.

The rotation symmetry of a spherical tensor field f ∈ Tℓ
around the 𝑧-axis is expressed algebraically by the fact that𝑔𝜙f = f for all rotation 𝑔𝜙 around the 𝑧-axis. Such fields can
easily be obtained by averaging a general tensor field f over
all these rotations as

f𝑠 = 12𝜋 ∫2𝜋

0
𝑔𝜙f 𝑑𝜙. (52)

It is well known that the representation D𝑗
𝑔𝜙

of such a

rotation is diagonal; namely, 𝐷𝑗
𝑔𝜙 ,𝑚𝑚 = 𝛿𝑚𝑚𝑒i𝑚𝜙. Hence, the

expansion coefficients 𝑎𝑗𝑘𝑚 of f𝑠 vanish for all𝑚 ̸= 0. Thus, we
can write any rotation symmetric tensor field as

f𝑠 (r) = ∞∑
𝑗=0

𝑘=ℓ∑
𝑘=−ℓ

𝑎𝑗𝑘 (𝑟) e
𝑗+𝑘
0 ∘ℓY𝑗 (r) . (53)

We call such a rotation symmetric field torsion-free if𝑔𝑦𝑧f𝑠 = f𝑠, where 𝑔𝑦𝑧 ∈ 𝑂(3) is a reflection with respect to
the 𝑦𝑧-plane (or 𝑥𝑧-plane). The action of such a reflection

on spherical tensors is given by 𝐷𝑗
𝑔𝑦𝑧,𝑚𝑚 = (−1)𝑚𝛿𝑚(−𝑚).

Similar to the rotational symmetry, we can obtain such fields
by averaging over the symmetry operation as

fstf = 12 (f𝑠 + 𝑔𝑦𝑧f𝑠) . (54)

Note that the mirroring operation for a spherical harmonic

is just a complex conjugation; that is, Y𝑗(U𝑇
𝑔𝑦𝑧

r) = Y𝑗(r). The

consequence for (53) is that all terms where the 𝑘 + ℓ are odd
vanish. The reason for that is mainly Proposition 4 because
with its help we can show that

D
ℓ
𝑔𝑦𝑧
(e𝑗+𝑘0 ∘ℓY𝑗 (U𝑇

𝑔𝑦𝑧
r)) = (−1)(𝑘+ℓ) (e𝑗+𝑘0 ∘ℓY𝑗 (r)) (55)

holds.
Finally, consider the reflection symmetry with respect to

the 𝑥𝑦-plane. This symmetry is particularly important for
fields of even rank. The symmetry is algebraically expressed
by 𝑔𝑥𝑦f𝑠 = f𝑠 where 𝑔𝑥𝑦 ∈ 𝑂(3) is a reflection with
respect to the 𝑥𝑦-plane, whose action on spherical tensors

is given by 𝐷𝑗
𝑔𝑦𝑧 ,𝑚𝑚 = (−1)𝑗𝛿𝑚𝑚 . Averaging over this

symmetry operation has the consequence that expansion
terms with odd 𝑗 are vanishing. For odd rank tensor fields, the
reflection symmetry is not imperative. But there is typically
an antisymmetry of the form 𝑔𝑥𝑦f𝑠 = −f𝑠. This antisymmetry
lets the expansion terms vanish with even index 𝑗.

5. Applications

In the context of rotation covariant image processing, the
applications of the proposed framework are manifold. The
mathematical representation might appear unfamiliar, but
the provided tools can be used quite easily. Basically, there
are two types of operations: differentiation by spherical tensor
derivatives and multiplication by spherical tensor products.
The spherical derivatives can be used in two ways. On the one
hand, the up-derivatives can be used to “create” new tensor
fields out of existing fields by incorporating neighborhood
relations. This can be regarded as a simple and efficient way
to compute local meaningful image descriptors in a covariant
way. On the other hand, the down-derivatives can be used
to gather information from a local point neighborhood and
form a lower ranked tensor field via superposition. Due to
the tensorial nature, the information is able to interfere in a
destructive or constructive way. The spherical products are
the basic nonlinear ingredient in the framework. They can
be used to combine tensor fields in a nonlinear, covariant
manner.

Several principles in the image processing and pattern
recognition [15–17] literature are based on the following
principle: compute, in a first step, local descriptors at several
image locations, make some inference based on this knowl-
edge, and cast this information back by combining evidence
from several locations. In fact, our framework is ideally suited
to adopt this principle. First, local descriptors are densely
computed by differentiation for all image locations. Then,
the information is combined by using spherical products in
a nonlinear and nontrivial way. Finally, we use again the
spherical derivative to form neighborhood descriptors. The
descriptors are then used for object or feature detection.

In the following, we give examples of the proposed
framework in several application domains.

5.1. Implementation. For implementing the discrete spherical
derivatives, we propose to utilize central differences of 4th
order accuracy for computing the partial derivatives (see
Figure 2(b)). We observed that this scheme is a good tradeoff
between computational complexity and accuracy. We experi-
enced that the standard Laplace operator (considering a six
voxel neighborhood) is numerically very unstable (even if
double precision numbers are used!). Therefore, we propose
the usage of the scheme depicted in Figure 2(a) which
performed significantly better regarding numerical stability
in our experiments. This is illustrated in Figure 3. As an
example, we show the expansion images obtained via the
proposed schemes together with the images obtained via a
standard scheme. For comparison, we also show explicitly
computed expansion images. The example illustrates that the
ordinary Laplace operator leads to strong artifacts after a few
number of applications.

5.2. Tensor Voting. The Tensor Voting framework was orig-
inally proposed by [15] and has found several application
in low-level vision in 2D and 3D. For example, it is used
for perceptual grouping and extraction of line, curves, and
surfaces. The key idea is to make unreliable measurements
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Figure 2: The discrete differential operators we use for realizing the
discrete spherical derivative operators. On the left-hand side, the
corresponding global weights are depicted. The red dot denotes the
current image position.

more robust by incorporating neighborhood information in
a consistent and coherent manner. Following [4], the key
expression that has to be computed is

U (r) = ∫
R3

V
n(r) (r − r

)𝑚 (r) 𝑑r, (56)

whereVn : R3 → 𝑉ℓ is the voting field,𝑚 : R3 → R a scalar
valued feature image giving evidence for the occurrence of

the feature, and n : R3 → R3 the orientation of the feature
of interest. In the following, we restrict ourselves to axial
symmetric voting fields. Therefore, let𝑓𝑠 be a axial symmetric
function, where the 𝑧-axis is the symmetry axis. Then, the
voting field is

V
n (r) = (𝑔nf𝑠) (r) , (57)

where 𝑔n is a rotation such that the 𝑧-axis is mapped onto
the axis defined by the normalized vector n. In [4], we have
shown that (56) simplifies to

U (r) = ∞∑
𝑗=0

𝑘=ℓ∑
𝑘=−ℓ

(E𝑗+𝑘 ∘̃ℓ A𝑗
𝑘) (r) , (58)

where

E
𝑗 (r) := 𝑚 (r)Y𝑗 (n (r)) (59)

are combined tensor-valued evidence images and

A
𝑗
𝑘 (r) := 𝑎𝑗𝑘 (𝑟)Y𝑗 (r) (60)

is the harmonic expansion of the voting field Vr𝑧 steered

in 𝑧-direction. The coefficients 𝑎𝑗𝑘(𝑟) can be obtained by a
projection on the tensorial harmonics𝑎𝑗𝑘 (𝑟) = 𝑁𝑗,𝑘 ∫

𝑆2𝑟
(Z𝑗

𝑘0 (r))⊤Vr𝑧 (r) 𝑑r. (61)

Due to the symmetry of Vr𝑧 , only Z
𝑗
𝑘0 are involved. Further

information concerning a practical point of view can be
found in [14].

5.3. Nonlinear Covariant Filters. In the following, we briefly
show how to design trainable rotation covariant image
filters which can be used for rotation invariant object or
landmark detection. The idea is that expansion coefficients of
a spherically expanded voting function are learned in a data
driven way. The filter is mainly based on two steps. Rotation
covariant image descriptors are densely computed in a voxel-
by-voxel manner. Then, a weighted superposition of these
image descriptors is used to form expansion coefficients of
a spherical voting function. The expansion coefficients are
formed such that each voting function votes for the presence
or absence of landmarks or objects. The weights are found
by a least square fit to a given training data set. For a fast
implementation, we propose to use voting functions based
on an expansion of spherical functions having a differential
relationship in terms of spherical derivatives. In [18, 19], we
used a spherical superposition of Gaussian windowed solid
harmonics for representing the voting function. However, we
are not restricted to them. For instance, we also can use the
spherical plane-wave expansion leading to a voting function
that is not only highly adaptable in angular direction, but
also highly adaptable in radial direction, too; see the paper
by [20]. The Fourier like voting function can be written
as 𝑉c (r) = ∫∞

0

∞∑
𝑗=0

V
𝑗 (c, 𝑘) ∙0B𝑗 (r − c, 𝑘) 𝑑𝑘, (62)

where V𝑗(𝑘) ∈ C2𝑗+1 are the expansion coefficients of the
filter and B𝑗 are spherical Fourier basis functions known as
Bessel functions (see (43)). The filter response is a saliency
map representing the evidence for the presence or absence of
objects. The saliency map is computed by collecting all con-
tributions (votes) utilizing simple scalar valued convolutions.
The explicit expression of the filter is

H {𝑓} (r) := ∫
R3
𝑉c (r) 𝑑c

= (∞∑
𝑗=0
∫∞

0
(B𝑗 (𝑘) ∙̃0V𝑗 (𝑘)) 𝑑𝑘) (r)

(using (33))
= (∫∞

0
B

0 (𝑘) ∗ ∞∑
𝑗
∇𝑗V

𝑗 (𝑘) 𝑑𝑘) (r) .
(63)

For implementation we use a band-limited expansion (up
to order 𝑁 ∈ N) and only take a small set of frequencies
(𝑘0, ⋅ ⋅ ⋅ 𝑘𝑖 ⋅ ⋅ ⋅ , 𝑘𝑖 ∈ R) into account. We further make use of
Gabor waves (see Theorem 16) to gain a filter that adapts and
votes locally. In this case, the filter simplifies to

H {𝑓} ≈ ∑
𝑖
B

0
𝑠 (𝑘𝑖) ∗ 𝑁∑

𝑗
∇𝑗V

𝑗 (𝑘𝑖) . (64)

Trainable filters based on the Gabor waves have shown
superior performance over the standard harmonic filters [20].
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−

(a) Ground truth: an image is convolved with each basis function

L
𝑗
𝑛(r)𝑒−𝑟

2/2𝜎2 requiring 55 convolutions!! The resulting symmetric

(central 𝑚 = 0) spherical tensor components [(L𝑗
𝑛 ∗ 𝑔)]0 = [a𝑗𝑛]0 are

shown

−

(b) Differential approach using the discrete operators shown in
Figure 2. The image is initially convolved ones with the basis function

L0
0(r)𝑒

−𝑟2/2𝜎2 = 𝑒−𝑟
2/2𝜎2 . All further expansion coefficients are obtained

by iteratively applying the spherical up-down derivatives using the
Laplace-operator depicted in Figure 2

−

(c) Differential approach using the standard Laplace operator consider-
ing only six neighbors results in strong artifacts and leads to unusable
results (lower images)

Figure 3: The theory in practice: Laguerre expansion of a volumetric image with 𝑗+𝑛 ≤ 5 and a Gaussian width of 𝜎 = 6. For the experiments
we use an image (size 144 × 224 × 256) showing the𝑇1-weighted MRT image of a human skull. In (a) we depict the center slice of the 3D volume
showing the real-valued parts (𝑚 = 0) of the expansion coefficients computed explicitly by convolution of the image with the kernel functions

([a𝑗𝑛]𝑚(x) = (𝑔 ∗ [L𝑗
𝑛]𝑚𝑒−𝑟2/2)(x)). (b) Shows the same expansion coefficients obtained when using the proposed differential approach, with[a𝑗𝑛]𝑚(x) = ((−1)𝑗/2𝑛𝑛!)∇𝑗−𝑛Δ𝑛(𝑔 ∗ 𝑒−𝑟2/2)(x). (c) Shows that the choice of the discrete operator has a big influence of the result.

Figure 4 shows some qualitative results of an experiment
where we detect the pores of airborne-pollen. The database
contains 3D recordings of airborne-pollen acquired via a
confocal laser scanning microscope. In Figure 4(a), we see the

training image. The three porates are marked by red circles.
In Figure 4(b), we exemplary show three datasets belonging
to the test set together with the maximum intensity projection
of the filter response.
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(a) Training set: A 3D image of airborne-pollen recorded by a confocal
microscope

(b) Centered slices of some datasets of the test-dataset together with the
maximum intensity projection of the filter responses

Figure 4: Filter response.

5.4. Voxel-Wise Classification. Especially in the field of
biomedical imaging, the third dimension becomes more and
more important due to the fact that organism can be studied
in their natural constellation. Objects and organism can be
located in any number at any position and, much more
challenging, in any orientation. The third dimension does
not only lead to larger datasets, but also the interrelation of
neighboring intensity values becomes more complex. With
a fast voxel-wise transformation of volumetric images into
the harmonic domain, we are capable to compute rotation
invariant image descriptors in an analytical way. In [6, 7],
we used a fast Gabor transform to locally analyze images by
decomposing local image patches into basic frequency com-
ponents. For the experiments, we used confocal recordings
of Arabidopsis root tips. We exemplary aimed at detecting
differentiated cells located in the root cap. They morpholog-
ically differ from the other cells by their nonroundish shape.
For this experiment, two datasets were used: one dataset
for training and one dataset for evaluation. All cells (about
3600 in each root) were manually labeled by an expert. We
transformed the Gabor expansion coefficients into invariant
features utilizing the spherical tensor product; we combine
the expansion coefficients corresponding to the same angular
frequency, but not necessarily the same radial frequencies,
whereas 𝑐𝑗 (𝑘1, 𝑘2) := (a𝑗 (𝑘1) ∙0 a𝑗 (𝑘2)) , (65)

where 𝑐𝑗(𝑘1, 𝑘2) ∈ C are the rotation invariant image
descriptors. It is worth mentioning that the combination of
the same expansion coefficient coincides with the power-

spectrum; namely, 𝑐𝑗(𝑘) = (a𝑗(𝑘)∙0a𝑗(𝑘)) = ‖a𝑗(𝑘)‖2. In
Figure 5(a), we depict the center slice of the training data
together with the training samples. Based on the rotation
invariant image descriptors representing the training sam-
ples, an SVM classifier is trained. We used the SVM to classify
test-set in a voxel-by-voxel manner (Figures 5(b) and 5(c)).
We classed each voxel into root-cap cell or non-root-cap
cell. For further details regarding the experiment, we refer to
[6, 7].

5.5. DTI Processing. Diffusion weighted magnetic resonance
imaging (DWI) plays a substantial role in neuroscience and
clinical applications. One field of interest is the investigation
of the neuronal fiber architecture located in the brain white
matter connecting different regions in the brain. The fibers
themselves cannot be recorded directly. However, the data is
usually recorded using the high angular resolution diffusion
imaging (HARDI) technique [21], a specific kind of diffusion
tensor imaging (DTI) technique. The resulting signal is an
angular dependent, volumetric image. From such an image
representation, the fiber architecture can be estimated (e.g.,
see [22]). Due to the angular dependency of HARDI signals,
spherical harmonics are a common tool for signal represen-
tation. Therefore, in the context of DTI, there exist several
applications worth considering spherical tensor algebra.

5.5.1. Tissue Classification. For the analysis of the fiber
structure, a preprocessing step that identifies the brain white
matter within the image is required. For group studies, the
parcellation of the human brain into anatomical regions is
of great interest. Preliminary results have been published in
conference papers [23, 24].

We utilize the fact that the given recordings are tensor
valued. We first transform the local measurements into the
spherical harmonic domain (e.g., see [25]). Based on these
rotation covariant image representations, we compute voxel-
wise rotation invariant image features.

This is done by first comprising the voxels surrounding
using the spherical down derivative operators. This can be
seen as some kind of Taylor expansion of the given data. Then,
we compute rotation invariant image features by computing
the power spectrum of the resulting expansion coefficients.
We finally use a random forest classifier [26] to learn the
appearance of different kinds of brain regions and tissue types
based on labeled training images. Such a parcellation might
be for example, gray brain matter, white brain matter, and
background signal. Qualitative results showing the resulting
decisions of the random forest on an unclassified image are
shown for the gray matter/white matter scenario in Figure 7.
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47
052
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Figure 5: Voxel-wise classification of cells. For a voxel-wise classification, we first use a manually labeled image (a) for training a support
vector machine (SVM) based on local rotation invariant image descriptors. Then, the SVM classifier is used to detect and classify cells in
unclassified images (b). In (c) we depict an isosurface rendering of the classified root. Further details concerning the experiment can be
found in [6].

Ground truth regions

used in experim ent 1

Prediction in data 1 Ground truth regions

used in experim ent 2

Prediction in data 1

Figure 6: The ground truth regions that we used to train and evaluate our algorithm shown together with our algorithm’s regions prediction.
We can clearly see that our predictions are much more consistent with the data.

Figure 7: Isosurface showing the predictions for dataset 3 using GND and a random forest (RF) classifier. The classifier can distinguish
between background, brain white matter (green), and gray matter (red).
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Background Gray m atter W hite m atter

Figure 8: The confidence of the classifier represents the probability
that a certain voxel belongs either to the background class, gray
matter class, or the white matter class. The probability is represented
by the intensity. A final decision is made by decision by majority (as
shown in Figure 7).

Furthermore, the votes for a certain class can be used as a kind
of evidence value in further processing steps. Examples for
the three classes background, white matter, and gray matter
are depicted in Figure 8.

In Figures 9 and 10, we show the probability map of
different kinds of brain regions that have been detected within
unlabeled test images via a random forest classifier. Figure 6
shows final predictions for one of the test sets.

5.5.2. Unique Point-Landmark Detection. Group studies
often require the coregistration of images or partial image
structures of different individuals. In such applications, the
detection of characteristic landmarks is often an indispens-
able prerequisite.

Similar to [27], where features are used to find corre-
spondences in scalar valued MR contrasts, we used tensor-
based features in [28] offering a unique signature of a voxel’s
surrounding in tensor-valued HARDI signals. Thanks to
these features, a large number of corresponding points can
be reliably found in images of different individuals using a
linear classifier. The features are computed in three steps. (1)
We first entirely fit the HARDI signal to spherical harmonics.
(2) The resulting fields are then efficiently expanded in terms
of tensorial harmonics (Section 4) via tensor derivatives (see
Section 3). (3) We obtain new covariant feature images which
we use to form a trainable filter (see Section 5.3). The filter is
used for the landmark detection task.

Second-order features which are sufficient for most appli-
cations are not providing enough information to solve the
detection task in a human brain; they are invariant against
reflection about an axis. Hence, they cannot distinguish the
left and the right hemisphere. It is known that the spherical
triple-correlation [29] yields complete rotation invariant fea-
tures. Hence, they must solve this issue. Based on this idea we
designed new 3rd order rotation invariant differential features
fitting into our framework that are variant with respect to
reflections about an axis. These features are additionally

included in the harmonic filter framework. The triple product
is given by((b𝑗1

𝑎 ∘𝑗 b𝑗2
𝑎 ) ∘𝑗4b𝑗3

𝑎 ) , 𝑗1 + 𝑗2 + 𝑗3 + 𝑗4 is odd,𝑗4, 𝑗 ≤ 𝐿, (66)

where b𝑗1
𝑎 ∈ C2𝑗1+1, b𝑗2

𝑎 ∈ C2𝑗2+1, b𝑗3
𝑎 ∈ C2𝑗3+1 are the local

tensorial harmonics expansion coefficients. A proof can be
found in [28].

The resulting filter has shown very promising results on a
training set of 7 and a test set of 14 images. For the experiment,
we placed about 20000 landmarks within the brain gray and
white matter in an equidistant manner. For each dataset,
the computation of the features and the detection of of all
landmarks took about 5 minutes. We show some detection
results in Figures 11, 12, 13, and 14.

Appendices

A. Spherical Harmonic Functions

The Schmidt seminormalized spherical harmonics 𝑌𝑗
𝑚 :𝑆2 → C are defined by

𝑌𝑗
𝑚 (r) := √ (j − 𝑚)!(𝑗 + 𝑚)!𝑃𝑚

𝑗 (cos 𝜃) 𝑒i𝑚𝜙, (A.1)

where 𝑃𝑚
𝑗 are the with 𝑚 associated Legendre polynomials

of order 𝑗 [30]. The spherical harmonics build a complete
orthogonal basis for functions on the 2-sphere, whereas⟨𝑌𝑗

𝑚, 𝑌𝑗

𝑚⟩ = 𝜋4(2𝑗 + 1)𝛿𝑗,𝑗𝛿𝑚,𝑚 . (A.2)

B. Clebsch-Gordan Coefficients

Orthogonality∑
𝑗,𝑚
⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ ⟨𝑗𝑚 | 𝑗1𝑚

1, 𝑗2𝑚
2⟩= 𝛿𝑚1 ,𝑚1𝛿𝑚2 ,𝑚2 , (B.1)

∑
𝑗,𝑚

2𝑗 + 12𝑗1 + 1 ⟨𝑗1𝑚1 | 𝑗𝑚, 𝑗2𝑚2⟩ ⟨𝑗1𝑚
1 | 𝑗𝑚, 𝑗2𝑚

2⟩= 𝛿𝑚1 ,𝑚1𝛿𝑚2 ,𝑚2 , (B.2)

∑
𝑚=𝑚1+𝑚2

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ ⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩= 𝛿𝑗,𝑗𝛿𝑚,𝑚 , (B.3)

∑
𝑚1 ,𝑚

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ ⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚
2⟩

= 2𝑗 + 12𝑗2 + 1𝛿𝑗2 ,𝑗2𝛿𝑚2 ,𝑚2 . (B.4)
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Figure 9: Heat maps representing the probability for all regions used in an experiment (continued in Figure 10).

Special values⟨ℓ𝑚 | (ℓ − 𝜆) (𝑚 − 𝜇) , 𝜆𝜇⟩= (ℓ + 𝑚𝜆 + 𝜇)1/2(ℓ − 𝑚𝜆 − 𝜇)1/2(2ℓ2𝜆)−1/2,⟨ℓ𝑚 | (ℓ + 𝜆) (𝑚 − 𝜇) , 𝜆𝜇⟩= (−1)𝜆+𝜇(ℓ + 𝜆 − 𝑚 + 𝜇𝜆 + 𝜇 )1/2

× (ℓ + 𝜆 + 𝑚 − 𝜇𝜆 − 𝜇 )1/2(2ℓ + 2𝜆 + 12𝜆 )−1/2.
(B.5)

Symmetry⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ = ⟨𝑗1𝑚1, 𝑗2𝑚2 | 𝑗𝑚⟩ ,⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩ = (−1)𝑗+𝑗1+𝑗2 ⟨𝑗𝑚 | 𝑗2𝑚2, 𝑗1𝑚1⟩ ,

⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩= (−1)𝑗+𝑗1+𝑗2 ⟨𝑗 (−𝑚) | 𝑗1 (−𝑚1) , 𝑗2 (−𝑚2)⟩ ,⟨𝑗𝑚 | 𝑗1𝑚1, 𝑗2𝑚2⟩= √ 2𝑗 + 12𝑗2 + 1(−1)𝑗1+𝑚1 ⟨𝑗2𝑚2 | 𝑗𝑚, 𝑗1 (−𝑚1)⟩ .
(B.6)

C. Wigner D-Matrix

The components of Dℓ
𝑔 are written 𝐷ℓ

𝑚𝑛. They are called the

Wigner D-matrix. In Euler angles 𝜙, 𝜃, 𝜓 in ZYZ-convention,
we have 𝐷ℓ

𝑚𝑛 (𝜙, 𝜃, 𝜓) = 𝑒i𝑚𝜙𝑑ℓ𝑚𝑛 (𝜃) 𝑒i𝑛𝜓, (C.1)
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Figure 10: Heat maps representing the probability for all regions used an experiment (starting in Figure 9).

where 𝑑ℓ𝑚𝑛(𝜃) is the Wigner d-matrix which is real-valued.
Relation to the Clebsch-Gordan coefficients:

𝐷ℓ
𝑚𝑛= ∑

𝑚1+𝑚2=𝑚
𝑛1+𝑛2=𝑛

𝐷ℓ1
𝑚1𝑛1

𝐷ℓ2
𝑚2𝑛2

⟨𝑙𝑚 | 𝑙1𝑚1, 𝑙2𝑚2⟩⟨𝑙𝑛 | 𝑙1𝑛1, 𝑙2𝑛2⟩,
(C.2)𝐷ℓ1

𝑚1𝑛1
𝐷ℓ2

𝑚2𝑛2
= ∑

𝑙,𝑚,𝑛
𝐷ℓ

𝑚𝑛⟨𝑙𝑚 | 𝑙1𝑚1, 𝑙2𝑚2⟩⟨𝑙𝑛 | 𝑙1𝑛1, 𝑙2𝑛2⟩.
(C.3)

D. Spherical Bessel Functions

The spherical Bessel functions 𝑗𝑗 : R≥0 → R are
related to the Bessel functions of the kind 𝐽] (e.g., see [30])

by 𝑗𝑗(𝑟) := √𝜋/2𝑟𝐽𝑗+1/2(𝑟) and are represented by the ex-
pansion 𝑗𝑗 (𝑟) = 𝑟𝑗 ∞∑

𝑚=0

(−1)𝑚2𝑚𝑚! (2 (𝑗 + 𝑚) + 1)!! 𝑟2𝑚, (D.1)

where ∫∞

0
𝑗𝑗 (𝑘𝑟) 𝑗𝑗 (𝑘𝑟) 𝑟2𝑑𝑟 = 𝜋2𝑘2 𝛿 (𝑘 − 𝑘) . (D.2)

For the spherical Bessel functions, we have the following
differential relations [30]:𝜕𝜕𝑟 [𝑟−]𝑗]] = −𝑟−]𝑗]+1, (D.3)𝜕𝜕𝑟 [𝑟]+1𝑗]] = 𝑟]+1𝑗]−1. (D.4)
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Figure 11: Differently weighted linear combinations of the feature images lead to different detection results.
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Figure 12: Differently weighted linear combinations of the feature images lead to different detection results.
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Figure 13: Differently weighted linear combinations of the feature images lead to different detection results.
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Figure 14: Differently weighted linear combinations of the feature images lead to different detection results.
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The Hankel Transform [31] (also known as Fourier-Bessel
transform) of order 𝑗 in terms of the spherical Bessel
functions is given by𝛼𝑗 (𝑘) = ∫∞

0
𝑓 (𝑟) 𝑗𝑗 (𝑘𝑟) 𝑟2𝑑𝑟, (D.5)

and its corresponding inverse transformation is given by𝑓 (𝑟) = 2𝜋 ∫∞

0
𝛼𝑗 (𝑘) 𝑗𝑗 (𝑟𝑘) 𝑘2𝑑𝑘, (D.6)

which both are directly a result of (D.2).

E. Plane Wave

Using the addition theorem of the spherical harmonics, we
can express the spherical expansion of the plane wave (e.g.,
see [3, page 136]) in terms of the tensor product ∙0 leading to𝑒ik𝑇r = ∑

𝑗
(i)𝑗 (2𝑗 + 1) 𝑗𝑗 (𝑘𝑟)Y𝑗 (r) ∙0Y𝑗 (k) , (E.1)

where 𝑃𝑗 are the Legendre polynomials [30] of order 𝑗 and

Y𝑗 = (𝑌𝑗
−𝑗, . . . , 𝑌𝑗

𝑗 )𝑇 the semi-Schmidt normalized spherical

harmonics written as vector.

F. Associated Laguerre Polynomials

The associated Laguerre polynomials [30] are defined by𝐿𝑘𝑛 (𝑥) = 𝑛∑
𝑖=0
(−1)𝑖 (𝑛 + 𝑘𝑛 − 𝑖) 𝑥𝑖𝑖! . (F.1)

The following 3-point-rule [30] is used in this work:𝑛𝐿𝑘𝑛 (𝑥) = (𝑛 + 𝑘) 𝐿𝑘𝑛−1 (𝑥) − 𝑥𝐿𝑘+1𝑛−1 (𝑥) . (F.2)

We further need the the following differential equation [30]:1𝑚! 𝑑𝑚𝑑𝑥𝑚 𝑥𝑘𝐿𝑘𝑛 (𝑥) = (𝑛 + 𝑘𝑚 )𝑥(𝑘−𝑚)𝐿(𝑘−𝑚)
𝑛 (𝑥) . (F.3)

The polynomials 𝐿𝑘𝑛 and 𝐿𝑘𝑛 are orthogonal over [0,∞) with

respect to the weighting function 𝑥𝑘𝑒−𝑥 as∫∞

0
𝑥𝑘𝑒−𝑥𝐿𝑘𝑛 (𝑥) 𝐿𝑘𝑛 (𝑥) 𝑑𝑥 = Γ (𝑛 + 𝑘 + 1)𝑛! 𝛿𝑛,𝑛 . (F.4)

For positive integers 𝑛, we have the following relation between
the Gamma function and the double factorial [32, 33]:Γ (𝑛 + 12) = (2𝑛 − 1)!!2𝑛 √𝜋. (F.5)
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Received 18 January 2013; Accepted 26 March 2013

Academic Editor: Kumar Durai

Copyright © 2013 Peng Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

For coregistration of medical images, rigid methods often fail to provide enough freedom, while reliable elastic methods are available
clinically for special applications only. The number of degrees of freedom of elastic models must be reduced for use in the clinical
setting to archive a reliable result. We propose a novel geometry-based method of nonrigid 3D medical image registration and
fusion. The proposed method uses a 3D surface-based deformable model as guidance. In our twofold approach, the deformable
mesh from one of the images is first applied to the boundary of the object to be registered. Thereafter, the non-rigid volume
deformation vector field needed for registration and fusion inside of the region of interest (ROI) described by the active surface is
inferred from the displacement of the surface mesh points. The method was validated using clinical images of a quasirigid organ
(kidney) and of an elastic organ (liver). The reduction in standard deviation of the image intensity difference between reference
image and model was used as a measure of performance. Landmarks placed at vessel bifurcations in the liver were used as a gold
standard for evaluating registration results for the elastic liver. Our registration method was compared with affine registration using
mutual information applied to the quasi-rigid kidney. The new method achieved 15.11% better quality with a high confidence level
of 99% for rigid registration. However, when applied to the quasi-elastic liver, the method has an averaged landmark dislocation of
4.32 mm. In contrast, affine registration of extracted livers yields a significantly (𝑃 = 0.000001) smaller dislocation of 3.26 mm. In
conclusion, our validation shows that the novel approach is applicable in cases where internal deformation is not crucial, but it has
limitations in cases where internal displacement must also be taken into account.

1. Introduction

In many clinical tasks it is necessary to acquire images using
different modalities such as magnetic resonance imaging
(MRI), positron emission tomography (PET), and com-
puted tomography (CT), which often provide complementary
information on anatomy and tissue function. Combination
of these multimodal images can improve the diagnosis by
providing synergistic information. Image registration is an
important tool for fusion of medical images. It generates
an image that simultaneously displays the information of
the reference and the registered image. Image registration
aims at identifying corresponding points in two images
using spatial transform. Due to the spatial difference in
the local coordinate systems of images acquired with dif-
ferent imaging modalities registration has to align the
images.

Another application of image registration is serial
imaging of a patient using the same imaging modality, which
is often required for purposes such as treatment planning
and monitoring [1], evaluation of disease development [2,
3], and tracking of contrast bolus propagation in perfusion
studies [4–6]. Registration is required to correct for the
motion caused by patient movement and respiration and
to compensate for the displacement of structures resulting
from different patient positions in serial imaging studies.
Although many spatial displacements can be traced back to
rigid movement and are easy to correct, elastic deformation
is required to describe the movement of many anatomic
structures such as the liver. Thus nonrigid registration is often
required for both repeated acquisitions using the same image
modality and examinations using different image modalities.

Rigid transformation, which allows translation and rota-
tion, and affine registration, which allows shearing and
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scaling, are widely used for image fusion in a clinical setting.
However, since the human body is intrinsically deformable,
rigid techniques often provide insufficient registration. Thus
elastic or nonrigid methods are required to cope with
local differences between images. While the number of
parameters is limited to six for rigid transformation and
to twelve for affine transformation, nonparametric elastic
transformation requires a transformation vector for each
voxel; that is, the number of parameters is three times that
of image voxels. The huge number of parameters generates
two basic problems for elastic transformation. First, the
computing time is enormous. Second, the intrinsic image
information is in general not sufficient to exactly and
independently estimate the transformation vector of each
voxel.

Therefore, elastic image registration uses models to limit
the number of parameters. However, one can also benefit
from the fact that the number of effective transformation
parameters is actually much smaller. It is obvious that a
tissue voxel in general cannot move independently of a
neighboring voxel. Thus elastic registrations exploit the fact
that the transformation field should be smooth [7, 8]. A
smooth transformation field adequately describes the actual
dislocation of most voxels. On the other hand, in some
instances, the entire inner organ moves, while movement
of organ voxels relative to each other is small. It was
demonstrated that movement of organs such as the prostate
[4], kidney [6], or liver [1] can be estimated, in a first
approximation, by a rigid or affine transformation. In conse-
quence, the transformation field for some inner organs is not
smooth. The difference between the transformation vectors
inside an organ is small, while the difference between the
transformation vectors at the organ surface might be much
larger.

Most approaches to elastic registration are based on
matching signal intensities [9–12], which is limited to special
applications [10, 11] or make use only of a smooth trans-
formation field [7–9, 13, 14]. In our paper we introduce
a novel geometry-based three-dimensional nonrigid regis-
tration approach. The method is based on the assumption
that organ movement is primarily effective at the organ
surface. We assume a smooth transformation field inside
an organ and free transformation at the organ surface.
Thus, our registration algorithm is a geometrical method
based on segmentation. This kind of registration requires
preliminary segmentation of the anatomical structure of
interest on the reference or model image. Binary struc-
tures such as contours and surfaces can be generated by
labeling them manually or (semi)automatically using an
advanced algorithm. The basic idea is to use deformable
models to guide image registration. With such models,
nonrigid volume deformations are inferred from surface
deformations. The transformation required for registration
is then calculated by minimizing the distance of the con-
tour points. Furthermore, a fusion technique based on
the inferred volume deformation is introduced. Factors
which may influence the performance of the method are
discussed.

2. Theory

2.1. Concept. Our registration algorithm is a geometrical
method based on segmentation. This kind of registration
requires segmentation of the anatomical structure of interest
on the reference or model image to generate a binary
structure. Segmentation can be performed manually or
(semi)automatically using an advanced algorithm. An active
surface mesh is generated from the segmentation of the refer-
ence images. Since an active surface mesh is a 3D deformable
model which extends active contours [15] to 3D and thus
can be adapted to be applied to the edges of an edge map
extracted from the complementary image of the registration
or fusion, we believe that mesh displacement could indicate
movement of the organ. In our approach, surface evolution in
the edge map leads to surface deformations described by the
displacement of surface mesh points. The resulting nonrigid
volume deformation vector field for registration or fusion
inside the region of interest (ROI) is predicted by solving the
reverse problem of free-form deformation (FFD) [16]. FFD
allows to obtain the first experimental result of prediction
based only on geometrical knowledge.

2.1.1. Active Surface. Deformable models can be applied to
image edges [17] with large image intensity gradients by
using an optimization method. In our approach we use a 3D
extension of active contours called active surfaces. While the
level set method uses implicit surfaces [18, 19], we use explicit
surfaces constructed from tetrahedres.

The basic concept of active models in general, and of
active surfaces in particular, is to give the models physi-
cal characteristics in terms of energy. Internal energy and
external energy are two widely used concepts in this con-
text: internal energy 𝐸int describes the internal deformation
characteristics of the model, that is, the smoothness of the
surface. External energy 𝐸ext describes the environmental
influence on the model. Here “environment” refers to images
or their filtered forms, on which the models are settled
and transformed. Basically, external energy is extracted from
features such as object boundaries, where the image gradient
has its local maximum and is often described as potential
energy.

Based on the definition of energy, the segmentation
process ideally minimizes the total energy, 𝐸total , of the
model:

𝐸total = 𝐸int + 𝐸ext. (1)

As a result the active model will be attracted to the object
boundary, where total energy is the lowest. To achieve this
desired property of the model, the shape of the object of
interest is supposed to be regular and smooth so that, at
the object boundary, the bending energy, defined by rigid

force F⃗rigid, and the stretching energy, defined by elastic

force F⃗elastic, compensate for the potential energy that defines
the external energy. This can also be seen as a state of
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force balancing of the internal forces (F⃗rigid, F⃗elastic) and the

external force (F⃗ext):

F⃗total = F⃗rigid + F⃗elastic + F⃗ext = 0. (2)

Since the active surface moves during the energy-minimizing
procedure, we thus describe the whole process as a surface
evolution function of time:𝜕S (𝑠, 𝑡)𝜕𝑡 = 𝜏 (𝑡) F⃗total (𝑡) , (3)

where 𝑆 is the active surface defined as a set of surface mesh
points 𝑠 at time 𝑡. Vector 𝜏(𝑡)F⃗total(𝑡) refers to the increment
of surface movement at time 𝑡, where the time-dependent
scale factor 𝜏 is used to control movement speed, ensuring
numerical stability under theCourant-Friedrichs-Lewy (CFL)
condition [20]. The steady state, in which total energy is at
its minimum, is reached if the increment for optimization
approximates zero.

2.1.2. Free-Form Deformation. Our method uses FFD to
describe deformation of the object of interest, which is
embedded in a control grid with a given resolution in three
dimensions of (𝑙 + 1)(𝑚+ 1)(𝑛 + 1). Using its local coordinate

system defined by unit vectors S⃗, T⃗, and U⃗, a grid point p⃗𝑖𝑗𝑘
of the FFD can be defined as

p⃗𝑖𝑗𝑘 = x⃗0 + 𝑖𝑙 S⃗ + 𝑗𝑚 T⃗ + 𝑘𝑛 U⃗(𝑖 ∈ [0, 𝑙] , 𝑗 ∈ [0,𝑚] , 𝑘 ∈ [0, 𝑛]) , (4)

where x⃗0, described by its global coordinates, is the origin of
the local coordinate system. Using trivariate tensor product
Bernstein polynomial, the position in the global coordinate
system of any point x⃗ inside the FFD grid can be interpolated
via

x⃗ = 𝑙∑
𝑖=0

𝑚∑
𝑗=0

𝑛∑
𝑘=0
𝐶𝑖

𝑙𝐶𝑗
𝑚𝐶𝑘

𝑛 (1 − 𝜒)𝑙−𝑖𝜒𝑖(1 − 𝜓)𝑚−𝑗𝜓𝑗

⋅ (1 − 𝜔)𝑛−𝑘𝜔𝑘
p⃗𝑖𝑗𝑘, (5)

where 𝐶𝑖
𝑙, 𝐶𝑗

𝑚, and 𝐶𝑘
𝑛 are the binomial coefficients in respect

of 𝑙, 𝑚, and 𝑛. Furthermore 𝜒, 𝜓, and 𝜔 are the local
coordinates of x⃗, where𝜒 = T⃗ × U⃗ ⋅ (x⃗ − x⃗0)

T⃗ × U⃗ ⋅ S⃗ ,
𝜓 = S⃗ × U⃗ ⋅ (x⃗ − x⃗0)

S⃗ × U⃗ ⋅ T⃗ ,
𝜔 = S⃗ × T⃗ ⋅ (x⃗ − x⃗0)

S⃗ × T⃗ ⋅ U⃗ .
(6)

Since all surface mesh points are settled inside the FFD grid,
a surface point ⃗s can be interpolated as well using the above
interpolation function (5) by replacing x⃗ with ⃗s. Since we

always take a set of points, in our case the active surface, into
consideration, we use the matrix description of (5) for the
whole surface S:

S = B ⋅ P, (7)

where S is an 𝑁 × 3 matrix, B is an 𝑁 × (𝑙 + 1)(𝑚 + 1)(𝑛 +1) matrix, and P is an (𝑙 + 1)(𝑚 + 1)(𝑛 + 1) × 3 matrix for
a given number 𝑁 of surface mesh points considered inside
the FFD grid. Since B solely describes the deformation for a
given set of grid control points P, it is normally referred to as
deformation matrix. Based on the above matrix description
(7) the following applies:

S
∗ = B ⋅ P∗, (8)

where P∗ describes the set of displaced control points and S∗

refers to the deformed surface resulting from the right side
of the function, given that B is unchanged. This means, if we
know the displacement ofP, we can calculate the deformation
of S. But note that our goal is to reversely solve the problem;
that is, we have a set of deformed surface mesh points S∗

and wish to calculate P∗ in order to further use P∗ for
interpolating the deformation of any point x⃗ of the volume
inside the surface as described in (5). Since the number of
surface mesh points is much larger than that represented in
the FFD control grid, using the pseudoinverseB+ ofB to solve

P
∗ = B

+
S
∗ (9)

will provide the solution to an overdetermined system rather
than giving us a sufficient solution to the reverse problem in
general. In our approach, we therefore solve the problem by
using the Levenberg-Marquardt algorithm [21, 22], a method
of least squares, in order to minimize the squared distance
between S and S∗:

P
∗ = arg min

P
S − S

∗2. (10)

3. Material and Methods

3.1. Numerical Implementation. In our approach we use an
active surface 3D deformable model to guide the registration.
The active surface is generated through triangulation from
a preliminary segmentation of the object of interest on the
model image and later adapted to the edges of the reference
image as a deformable model by defining the internal and
external forces acting on it. The elastic force acting on a
surface mesh point is the sum of tensile forces from its
neighboring points. The rigid force is described as a linear
prediction of the tensile forces from its neighboring points
and their neighbors [23]. The active surface is optimized by
applying the finite difference method (FDM) to an inverse
edge map [24] of the reference image.

After minimizing the total energy a deformed version of
the original surface is displayed at the boundary of the object
of interest on the reference image. Thus we have a one-to-
one mapping of the surface mesh points as well. Based on the
mapping an FFD control grid wrapping the original active
surface can be deformed by solving the inverse problem of
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the FFD. We then use the computed deformation of the FFD
control grid, along with the deformation matrix of the FFD, to
transform the voxels inside the original surface of the model
image onto the reference image; hence image information
such as intensity saved in the object of interest of the model
image can be transferred into the deformed object described
by the deformed surface on the reference image, which fulfills
the registration task.

Conversely the procedure can also begin with a prelimi-
nary segmentation on the reference image in order to adapt
the initial surface mesh to the reference image on the model
image, thereby transferring the volume deformation from the
reference to the model image. Using the aforementioned FFD
interpolation method, image intensity in the deformed FFD
on the model image can be sampled and traced back to the
original object of interest in the reference image. In this way,
fusion is accomplished.

Our method has been implemented as AMIRA (http://
www.amira.com) modules. AMIRA is an advanced 3D
visualization software developed by Konrad-Zuse-Zentrum
für Informationstechnik, Berlin (http://www.zib.de/de/
home.html) and distributed by Visage Imaging, Berlin
(http://www.visageimaging.com). AMIRA is highly modu-
larized using C++ to offer visualization and image analysis
pipelines based on modules. Since our method is a twofold
approach consisting of segmentation and subsequent FFD
computation, the AMIRA modules are implemented in two
packages, hxactcontour and hxffd. Furthermore, an upper
level package hxsera (sera stands for segmentation-based
elastic registration algorithm.) wraps the two packages for
user-friendly access to the entire procedure.

The computational complexity of the segmentation task is
linearly dependent on the number of surface mesh points and
can be described as 𝑂(𝑛) using big-𝑂 notation [25]. When
performing kidney segmentation, for example, we in general
had from 10,000 to 20,000 points to process. In comparison
the complexity of FFD computation is 𝑂(𝑚 ⋅ 𝑛), where 𝑚 is
the number of FFD control points and 𝑛 is the number of
surface mesh points. The FFD grid we used typically had a
resolution of 5 × 5 × 5 to 10 × 10 × 10. Thus the number of FFD
control points is considerably smaller than that of surface
mesh points.

3.2. Image Data. To test the feasibility of our approach we
first applied it to two contrast-enhanced dynamic computed
tomography (CT) examinations consisting of a total of 41 3D
datasets of the kidneys obtained in two patients who under-
went routine clinical evaluation of renal perfusion. Each CT
series was acquired using 320 slices with a 512 × 512 voxel in-
plane resolution. The CT examinations were performed on a
TOSHIBAAquilionONEwith a total acquisition time of 1 min
for the complete dataset while the iodine contrast agent was
administered as a bolus. To reduce the absorbed dose the tube
current was minimized.

The first patient received 90 mL contrast medium and
was examined with a CT scanner tube voltage of 120 kV and
tube current of 150 mA. 24 3D CT datasets were acquired
with a spatial resolution of 0.571 mm × 0.571 mm and a slice

thickness of 0.5 mm. The second patient received 120 mL
contrast medium and underwent CT scanning with a tube
voltage and current of 100 kV and 100 mA, respectively.
Seventeen 3D CT datasets were acquired with a spatial
resolution of 0.702 mm × 0.702 mm × 0.5 mm. Due to the
high signal noise of the low dose scans the effective spatial
resolution was lower than the nominal resolution of the scans.
Therefore, the 3D CT datasets were resampled to a resolution
of 256 × 256 × 160 for the study.

We further used our method for multimodal registration
in patients undergoing imaging of the liver, which is a more
elastic organ than the kidney. Twenty patients treated by
routine clinical brachytherapy [26] were investigated. A 3D
CT and a 3D MRI interventional dataset from each patient
were acquired no later than 1 hour after brachytherapy
catheter positioning. One of the two 3D datasets was used for
therapy planning. Furthermore, follow-up MRI performed
several months after treatment was available for all patients.
Because of the long interval between the intervention and
follow-up MRI, there may be considerable liver movement
and deformation in the follow-up images compared with the
initial planning 3D dataset.

All axial CT scans of the liver were acquired with a
resolution of 512 × 512, but the number of slices ranged from
31 to 322, resulting in severe partial volume effects in the CT
scans acquired with a lower number of slices. The averaged
spatial resolution of the CT scans is 0.743 mm × 0.743 mm ×
3.04 mm compared with 1.187 mm × 1.187 mm × 2.50 mm for
MRI, where an invariable slice thickness of 2.50 mm applies to
all cases. T1-weighted volume-interpolated 3D gradient echo
MR images were acquired during catheter positioning on an
open bore Philips 1.0 Tesla MR with a more inhomogeneous
signal distribution.

The following sequence parameters were used: echo time
(TE) 2.14 ms, repetition time (TR) 4.3 ms, echo train length
104, 122 phase-encoding steps, flip angle 12∘, image matrix 320× 320, FOV 360 mm, 58% sampling, 75 slices, slice thickness
5.0 mm, slice spacing 2.5 mm. Additional T1-weighted 2D
GRE MR images were acquired 12 weeks after brachytherapy
for assessing the response to treatment on a Philips Achieva
1.5 Tesla MR imager using the following sequence parameters:
TE 5.0 ms, TR 110 ms, 192 phase-encoding steps, flip angle 7∘,
image matrix 512 × 512, FOV 430 mm, 75% sampling, 70%
phase FOV, 28 slices, slice thickness 8.0 mm, slice spacing
9.0 mm. MR images with incomplete depiction of the liver
were excluded from evaluation.

3.3. Evaluation Methods. To validate our approach, we used
empirical methods, which are subcategorized into discrep-
ancy and goodness methods as described in [27]. Discrep-
ancy methods depend on an optimal reference, which is
generally known as the gold standard and has been verified
by experts. Goodness methods do not need a reference but
rather depend on some preferable characteristics to describe
and thus judge the performance of the algorithm.

In our validation we investigated alignment of the volume
and misalignment of contours by using two different kinds
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of discrepancy features. The Dice similarity coefficient (DSC)
[28, 29] was used to evaluate volume alignment

DSC = 2 |𝐴 ∩ 𝐵||𝐴 ∪ 𝐵| , (11)

where 𝐴 is the volume of the segment to be validated and 𝐵
the volume of the gold standard. For contour misalignment,
we evaluated the Hausdorff distance [30]𝑑ℎ (𝑘𝐴, 𝑘𝐵) = max(max

𝑖
{𝑑 (𝑎𝑖, 𝑘𝐵)} ,max

𝑗
{𝑑 (𝑏𝑗, 𝑘𝐴)})(𝑎𝑖 ∈ 𝑘𝐴, 𝑏𝑗 ∈ 𝑘𝐵)

(12)

with 𝑑 (𝑎𝑖, 𝑘𝐵) = min
𝑗

𝑏𝑗 − 𝑎𝑖 (13)

and the averaged contour misalignment𝑑 (𝑘𝐴, 𝑘𝐵) = ∑𝑖 min𝑗
𝑏𝑗 − 𝑎𝑖𝑘𝐴 , (14)

where 𝑘𝐴 and 𝑘𝐵 are sets of contour points of the segment to
be validated and the gold standard, respectively, and 𝑎𝑖 and𝑏𝑗 represent the contour points of sets 𝑘𝐴 and 𝑘𝐵. Note that𝑑(𝑘𝐴, 𝑘𝐵) and 𝑑(𝑘𝐵, 𝑘𝐴) are generally not equal [31], so that
the combined average of the contour misalignment was used
for evaluation.

Furthermore, two different goodness methods were used
to validate the segmentation approach: the intraregion uni-
formity [32] and the gray level contrast [27]. Intraregion
uniformity is based on the assumption that the regions that
have been segmented should have a uniform distribution of
gray levels, which means that variance within each region
should be small.𝑔𝑗 is defined by the signal intensity𝑔𝑖 of voxel𝑖 in region𝑅𝑗 that has been segmented with mean intensity in𝑅𝑗 as 𝑔𝑗 = ∑

𝑖∈𝑅𝑗

𝑔𝑖𝑉𝑗 , (15)

where 𝑉𝑗 describes the volume of 𝑅𝑗. The variance of 𝑅𝑗 is
defined as 𝜎2𝑗 = ∑

𝑖∈𝑅𝑗

𝑔𝑖 − 𝑔𝑗𝑉𝑗 . (16)

Based on the intensity variance defined previously, unifor-
mity is defined as 𝑈 = 1 −∑

𝑅𝑗

𝑉𝑗𝜎2𝑗𝑉all𝜎2max
, (17)

where𝑉all is the sum of all volumes that have been segmented

and 𝜎2max is a normalization factor defined as𝜎2max = (𝑔max − 𝑔min)22 , (18)

where 𝑔max and 𝑔min are the absolute maximum and min-
imum of the signal intensities from all segmented regions,
respectively. In comparison, the signal contrast takes the
intensity difference between the segmented region and its
background into consideration and assumes that contrast
should be large. For the averaged signal intensity of the
segmented region, 𝑓0, and the averaged background signal
intensity, 𝑓𝑏, signal contrast is defined as

GC = 𝑓0 − 𝑓𝑏𝑓0 + 𝑓𝑏 . (19)

Furthermore, to validate our final registration result,
we used a goodness method based on our empirical study,
assuming that the change in signal intensity should be small
within the region of interest (ROI) but large between the ROI
and its background. This means that an accurate registration
should yield a small variance in intensity, while a poor
registration should yield much greater variance. Here we
measure the standard deviation of intensity of the registered
image within the reference ROI that was segmented by
experts as gold standard (see Appendix A).

3.4. Evaluation. As mentioned above, we first applied our
approach to dynamically acquired renal CT scans because
the kidneys are relatively rigid organs. Segmentation and
registration were evaluated separately. The two patients are
numbered𝑃.#1 and𝑃.#2, and their 3D datasets are numbered
consecutively beginning with the first acquisition of the
dynamic series.

To reduce intra- and interexpert variability gold stan-
dards were obtained for the discrepancy methods using an
iterative expectation-maximization method [33, 34] with an
expert performing five segmentations for each 3D dataset.
To validate the registration result we used our goodness
feature—the standard deviation of intensity—to compare our
registration with an intensity-based affine registration using
mutual information [35] as the optimization metric.

We further validated our method for multimodal regis-
tration of the liver, which is more elastic than the kidney. We
compared our registration results with a quasigold standard
based on a voxel-based affine registration using mutual
information on the same datasets. The quasigold standard
was generated using the approach in [1]; here the liver is first
segmented by a radiologist, and the segmented images are
then registered. Intrahepatic landmarks positioned at vessel
bifurcations by an experienced radiologist in both datasets
were used to compare registration accuracy by measuring
dislocation of the landmarks after registration.

4. Results

4.1. Segmentation of Kidney. First, we evaluated the perfor-
mance of our method in the segmentation of the kidney. The
kidney moves several centimeters during breathing but is, in
a first approximation, a rigid organ. Table 1 presents Dice
similarity coefficients, averaged contour misalignment, and
Hausdorff distances in relation to the gold standard as well as
intraregion uniformity and gray level contrast. Our method
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Table 1: Segmentation quality.

Image DSC 𝑑 (mm) 𝑑𝐻 (mm) U GC

t06 (P1) 0.958 0.575 4.482 0.927 0.311

t07 (P1) 0.966 0.450 3.153 0.928 0.311

t09 (P1) 0.971 0.351 2.104 0.921 0.248

t08 (P2) 0.960 0.628 4.275 0.910 0.144

t16 (P2) 0.966 0.517 3.512 0.918 0.151

Mean 0.964 0.504 3.505 0.921 0.233

DSC: dice similarity coefficient. 𝑑: averaged contour misalignment. 𝑑𝐻:
Hausdorff distance. U: intraregion uniformity. GC: gray level contrast.

Table 2: Comparison of segmentation quality between experts
(averaged) and our program.

Expert DSC 𝑑 (mm) 𝑑𝐻 (mm) U GC

1 0.977 0.297 3.590 0.927 0.307

2 0.978 0.358 2.816 0.926 0.303

3 0.970 0.431 6.084 0.926 0.308

4 0.966 0.556 3.862 0.927 0.313

5 0.963 0.546 4.555 0.926 0.307

Mean 0.971 0.438 4.181 0.927 0.308

Program 0.958 0.575 4.482 0.927 0.311

DSC: dice similarity coefficient. 𝑑: averaged contour misalignment. 𝑑𝐻:
Hausdorff distance. 𝑈: intraregion uniformity. GC: signal contrast.

showed subvoxel accuracy with a mean averaged contour
misalignment of 0.504 mm (Table 1), which is below the the
voxel size after subsampling of over 1.00 mm.

Furthermore, the averaged Hausdorff distance of
3.505 mm (see Table 1) is quite acceptable. To show this, we
compared the results achieved with our method with those
of manual segmentation by experts in Table 2, where we
used the same gold standard to measure the Dice similarity
coefficient, averaged contour misalignment, and Hausdorff
distance. Our method has a slightly higher misalignment of
4.482 mm compared with the experts average of 4.181 mm.
However, this value is well within the subvoxel range.

To test the goodness features, which are independent of
the gold standard, we compared the quality of our segmen-
tation method directly with that of experts. The results are
presented in Table 3. The paired 𝑡-test was used to investigate
for significant differences. With a 𝑃 value of 0.2466, we
found no significant difference in intraregion uniformity.
Performance of the program was significantly better (𝑃 =0.0028) using signal contrast for evaluation.

4.2. Registration of Kidney. To compare our registration
method with affine registration using mutual information,
the paired t-test was used to estimate the level of reduction
of standard deviation of image intensity after affine and
elastic registration. As can be seen from Table 4 our method
achieved a 15.11% better quality with a high confidence of
99%. This value corresponds approximately 1 mm correction
of translation (see Figures 1 and 3).

Table 3: Comparison of intraregion uniformity and signal contrast
between program and gold standards.

Image 𝑈𝑔 𝑈prg GC𝑔 GCprg

t06 (P1) 0.9269 0.9265 0.3089 0.3108

t07 (P1) 0.9280 0.9278 0.3094 0.3109

t09 (P1) 0.9214 0.9214 0.2446 0.2475

t08 (P2) 0.9099 0.9099 0.1419 0.1443

t16 (P2) 0.9175 0.9176 0.1472 0.1508

Mean 0.9207 0.9206 0.2304 0.2329

P 0.2466 0.0028

𝑈𝑔: intraregion uniformity of gold standard. 𝑈prg: intraregion uniformity of
program. GC𝑔: signal contrast of gold standard. GCprg: signal contrast of
program. P: two-sided level of significance of the t-test for 𝑈prg versus 𝑈𝑔
and GCprg versus GC𝑔.

Table 4: Comparison: rigid registration versus elastic registration.

Image pair 𝜎V 𝜎𝑠 𝜎𝑒
t07 → t09 (P1) 119.11 70.97 58.33

t20 → t05 (P1) 93.47 77.89 52.26

t12 → t20 (P1) 123.06 58.61 43.91

t09 → t13 (P2) 130.52 78.83 75.99

t07 → t05 (P2) 121.13 64.20 61.66

t11 → t08 (P2) 152.16 97.06 92.26

t16 → t01 (P2) 117.60 86.95 64.93𝜎 122.43 76.36 64.19

Reduction of 𝜎 37.63% 47.57%

P 0.01

𝜎V: standard deviation before registration. 𝜎𝑠: standard deviation after rigid
registration. 𝜎𝑒: standard deviation after elastic registration. P: two-sided
significance of t-test for 𝜎𝑠 versus 𝜎V and 𝜎𝑒 versus 𝜎V.

Table 5: Comparison of landmark dislocation with different regis-
tration methods.

Registration CT to iMRI CT to pMRI iMRI to pMRI𝑁𝑝,𝐴 20 20 20𝑁𝑙,𝐴 76 76 77𝑑𝐴 (mm) 3.26 6.58 6.58𝜎𝐴 1.25 3.31 3.25𝑁𝑝,𝐸 20 15 14𝑁𝑙,𝐸 76 56 53𝑑𝐸 (mm) 4.32 11.98 10.72𝜎𝐸 1.94 5.62 5.60𝑃 0.000001 ≈0 ≈0

(iMRI: intrainterventional MRI, pMRI postinterventional MRI.) 𝑁𝑝, 𝐴:
number of patients (affine registration). 𝑁𝑙,𝐴: number of landmarks (affine

registration). 𝑑𝐴: averaged dislocation (affine registration). 𝜎𝐴: standard
deviation (affine registration). 𝑁𝑝,𝐸: number of patients (elastic registration).

𝑁𝑙,𝐸: number of landmarks (elastic registration). 𝑑𝐸: averaged dislocation
(elastic registration). 𝜎𝐸: standard deviation (elastic registration). P: two-
sided level of significance of t-test for 𝑑𝐴 versus 𝑑𝐸 in the same column.

4.3. Registration of Liver. The liver was investigated as an
example of a deformable organ. Accuracy of registration of
our new method was studied using up to four landmarks
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Figure 1: Comparison of rigid registration versus elastic registration
(error bars: standard error).
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Figure 2: Boxplot of standard deviation of different registration
methods to postinterventional MRI.

per liver. Interventional liver MRI and CT examinations
were performed within one hour. The paired 𝑡-test was used
to compare landmark dislocation between both registration
methods. The first column of Table 5 shows that our method
has an average landmark dislocation of 4.32 mm. Affine
registration yields a significantly (𝑃 = 0.000001) smaller
dislocation of 3.26 mm.

The difference between the two registration methods
was also investigated using the Wilcoxon signed-rank test,
where the correlation value between the two dislocation
tests was also calculated. No significant correlation between
the registration accuracy of both methods was found, with
landmarks using the Wilcoxon signed-rank test. The corre-
lation between landmark dislocations of affine and elastic
registration was found to be 0.49. Therefore, registration
accuracy did not significantly depend on individual image
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Figure 3: Characteristics of the standard deviation of image inten-
sity differences after translation with the error bars demonstrating
the standard error.

quality. This indicates that the landmarks were well set and
are very well suited for our evaluation purpose.

Furthermore, the registration methods were compared
using interventional and follow-up image datasets acquired
12 weeks later. The results for coregistration of CT to
follow-up MRI and interventional MRI to follow-up MRI
are presented in Table 5 and in the boxplot in Figure 2,
respectively. There is a clear drop in quality for both affine
and elastic registrations, which is attributable to greater
deformation resulting from the long interval between the
two examinations. In comparison to affine registration, our
method shows nearly two times greater degradation in each
case. Moreover, there are also some cases in which our
method did not perform better (compare 𝑁𝑝 and 𝑁𝑙 in
Table 5).

5. Discussion

This paper presents a novel approach of elastic registra-
tion based on the coregistration of surface and volume
interpolation. An important feature of our approach is that
volume deformation is interpolated solely from geometric
changes of the surface. We validated our approach by com-
parison with affine registration as the gold standard. We
performed a series of tests advancing from rigid objects (the
kidney), to predominantly affinely deformed objects (liver
with interventional images), to elastically deformed objects
(liver with follow-up images). In the last test, the liver was
definitely strongly deformed due to the localized effects of
brachytherapy irradiation.

Applied to the kidney, our registration method signifi-
cantly improves movement correction compared with affine
registration. The kidney is a relatively rigid organ and there
is relatively little deformation in the 4D CT time series due
to short duration of image acquisition. The result indicates
that our elastic registration method performs well based
on effective first correction of affine registration and can
adequately correct for displacement of rigid organs such as
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the kidney when there is relatively little deformation inside
the organ.

In contrast, for multimodal elastic registration of the liver,
which is more elastic than the kidney and was deformed
by irradiation in our tests, our method showed poorer
performance in terms of quality compared with the twelve-
parameter affine registration method. Landmark disloca-
tion determined with affine registration seems to be a
quasigold standard, which yielded 1.06 mm dislocation for
quasi-simultaneously acquired interventional MRI and CT,
5.40 mm for interventional CT and a follow-up MRI, and
4.14 mm for interventional MRI and follow-up MRI. The
poorer image quality of interventional MRI (signal-to-noise
ratio, signal homogeneity, and spatial resolution) reduces
registration accuracy for affine registration and especially for
elastic registration. In principle, elastic registration should
improve matching of a liver deformed by radiation treatment.
The elastic registration method applied in the present study
uses only information on the liver surface. In contrast, the
affine registration method uses the image information of the
entire liver, thus yielding a more accurate registration result.
A technique using additional internal information beneath
the surface might yield better results [10].

A limitation of the present study as well as of most
studies using real medical images is the reliability of the
validation method. Often, investigators use artificial image
data for validation of their registration method, failing to take
real registration problems into account. Several approaches
have been proposed to validate registration accuracy; for
example, Schnabel et al. validated their elastic registration
method using a biomechanical model [36]. In the appendix
to this paper, we demonstrate that the standard deviation
in an ROI might also be a measure for comparing different
coregistration methods, for example, comparison of affine
registration with elastic registration as applied in the current
study or by Rueckert et al. [13]. Registration accuracy can
be estimated absolutely by comparing the discrepancy of the
actual registration with that of landmarks defined by experts.
To reduce further intra- and interexpert variability, we
additionally applied an iterative expectation maximization
method using multiple segmentations [33, 34].

6. Conclusions

Existing methods of image registration yield unreliable
results when applied to register an organ, such as the liver,
that has been transformed, for example, by treatment. A more
sophisticated method would be useful in this case. We have
tested an approach based on coregistration of organ surfaces
and interpolation of internal space. The technique has been
shown to work when applied to rigid organs. However,
the method was developed for application to serial datasets
acquired to monitor the outcome of treatment. Our data show
that the method yields unsatisfactory results when used to
register an organ, such as the liver, that has been transformed
by treatment, for example, radiation therapy.

Obviously, taking into account treatment-related changes
on the surface is not sufficient to determine internal changes

of the liver. Thus, to monitor radiation therapy of the liver,
we need an elastic registration approach that uses surface
information as well as information on internal organ struc-
tures in order to yield better results than 12-parameter affine
registration.

Appendix

A. Standard Deviation of Image Intensity as
Goodness Feature

A.1. Theory. We assume that the change in intensity is small
in the region of interest (ROI) but large between the ROI
and its background. Therefore, a more precise registration
method should yield a smaller variance of intensity and
poorer registration results when there is significantly larger
variance in the image signal difference inside the ROI of
the registered image. The standard deviation of the signal
intensities of the reference and the coregistrated image can
be used as a measure.

A.2. Methods of Experimental Verification. The assumption
was validated using two kidneys segmented by experts. The
standard deviation of intensity between image intensities was
determined after translation of the kidney image. We used
five images from 𝑃.#1 and four from 𝑃.#2. The measurement
was taken after every expanding translation with a step length
of one voxel (1 mm). The greatest translation appropriated
two times the maximum movement of the kidney that was
estimated using surface registration between the kidneys.
Each measurement was repeated 3000 times using randomly
chosen translations in varying directions. For each kidney
the average over all repetitions of each translation step was
used. Finally, the average signal difference overall kidneys was
calculated. In order to show the significance of the changes
we further applied two different paired 𝑡-tests: the first one
compared the changes between each step and zero translation
and the second compared between neighboring steps.

A.3. Results of Experimental Verification. The dependence of
the signal intensity difference on the dislocation between ref-
erence and coregistrated image is demonstrated in Figure 3.
The large number of repetitions yielded maximum standard
error of 1.68%, represented by the error bar. A continuous
increase in the standard deviation of the image difference
with dislocation is demonstrated. Maximum significance
between neighboring steps is 𝑝𝑁,max = 0.0443; maximum
significance against zero translation is 𝑝max = 0.0029. Thus,
the reduction in standard deviation after each translation step
of one voxel can be interpreted as a quality degradation of
registration.
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In order to extract quantitative parameters from PET images, several physical effects such as photon attenuation, scatter, and partial
volume must be taken into account. The main objectives of this work were the evaluation of photon attenuation in small animals and
the implementation of two attenuation correction methods based on X-rays CT and segmentation of emission images. The accuracy
of the first method with respect to the beam hardening effect was investigated by using Monte Carlo simulations. Mouse- and rat-
sized phantoms were acquired in order to evaluate attenuation correction in terms of counts increment and recovery of uniform
activity concentration. Both methods were applied to mice and rat images acquired with several radiotracers such as 18F-FDG,
11C-acetate, 68Ga-chloride, and 18F-NaF. The accuracy of the proposed methods was evaluated in heart and tumour tissues using
18F-FDG images and in liver, kidney, and spinal column tissues using 11C-acetate, 68Ga-chloride, and 18F-NaF images, respectively.
In vivo results from animal studies show that, except for bone scans, differences between the proposed methods were about 10%
in rats and 3% in mice. In conclusion, both methods provide equivalent results; however, the segmentation-based approach has
several advantages being less time consuming and simple to implement.

1. Introduction

Positron emission tomography is a quantitative imaging tech-
nique, capable to provide accurate values of radiotracer con-

centration in each voxel of the reconstructed volume. The

knowledge of radiopharmaceutical concentration is impor-
tant because, combined with adequate mathematical models,

it allows to evaluate several physiological parameters of inter-
est, such as perfusion, glucose metabolic rate, and receptors

density [1]. In order to obtain an accurate quantification of

radiotracer concentration, several physical factors must be

taken into account, such as attenuation (AC) [2], scatter [3],
and partial volume correction (PVC) [4]. In this work, the
attention was focused on attenuation correction for small
animal PET images, which is well known to be relevant for
human patients [5] but could be also significant for small
animals as well. Attenuation correction has been extensively
discussed in the literature for human PET and SPECT studies;

however, only few papers focus on AC for small animals [6–
11].

There are several methods to obtain attenuation maps that
could be employed to correct PET images for attenuation.
They are mainly grouped into two categories: transmission
and transmissionless methods.

The first category of methods is based on the acqui-
sition of a transmission image of the subject. The most
used approaches are based on (1) transmissive image using,

for example, rotating or annular
68Ga / 68Ge sources, (2)

segmented transmissive image, and (3) X-ray CT image.
Transmission scanning can be performed both in coincidence
and in single mode.

A quite simple approach consists of using an annular
68

Ga / 68Ge source surrounding the object and acquiring
a transmission image in coincidence mode; however, the
resulting image can be very noisy. An alternative approach is
to use a rotating rod source; in this case, scatter and random
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coincidences decrease because only the lines of response
(LORs) collinear with the rod source are accepted. The rod
source is generally very active, and, thus, the detector near
the source exhibits a high dead time causing an important
loss of counts [13]. The same problem happens also in the
case of single photon source; in order to acquire a good
quality transmissive image using a fully 3D scanner, a point
source with a very high radioactivity concentration must be
used. This problem can be solved with use of collimated,
single photon, point sources [14, 15]. However, the single
mode acquisition method has also several disadvantages: (1) a
significant scatter component is included in the transmissive
image, and (2) an energy scaling of the attenuation map is
needed because of the different photon energy of the trans-

missive source. For example,
137Cs emits 662 keV photons.

In this case, attenuation maps can be obtained segmenting
transmissive images, and the known attenuation coefficients
at 511 keV are assigned to each of the segmented regions [16,
17]. The last and most used category of transmission methods
is based on the acquisition of CT images. Analogously to the
method described before, energy scaling of the attenuation
coefficients to 511 keV is needed.

Transmission methods are more accurate when estimat-
ing attenuation maps because they take into account the
inhomogeneities of the object attenuation coefficients. Each
of them has also several drawbacks; they are more time-
consuming, as the animal has to be anesthetized for a long
time and also receives larger doses of radioactivity compared
to transmissionless methods. Transmissive PET images do
not suffer from coregistration problems that may introduce
artifacts in the attenuation map, but they can be very noisy.
In order to reduce the noise in the transmissive PET images,
segmentation was introduced, but other problems linked to
time and dose still remained.

Transmissionless methods are carried out with manual
or automatic delineation of body edges directly on emis-
sive image assuming a uniform distribution of attenuation
coefficients inside the object [18, 19], or by automatic image
segmentation using a fuzzy clustering algorithm [20]. Trans-
missionless methods are less accurate in delineating the edges
and provide a less detailed attenuation map, but they have the
advantages of being less time consuming, do not increase the
dose to the animal, and allow for noiseless attenuation maps.
Moreover, coregistration procedure is not required, and thus
the attenuation map are less sensitive to image artifacts.

In this work, two attenuation correction methods are
presented: a CT-based method and a transmissionless AC
method based on segmentation of PET data. We firstly esti-
mated the magnitude of attenuation effect in small animals
using mice and rat phantoms. In order to implement the X-
ray based method, we calibrated the small animal CT scanner
and we obtained a correspondence between CT and 511 keV
attenuation coefficients. In order to evaluate the accuracy of
the CT-based method with respect to beam-hardening, we
performed Monte Carlo simulation for rat-sized objects. As
CT scan adds either acquisition time or dose to the animal,
we propose a further method based on segmentation of PET
images. PET data segmentation may not provide accurate
attenuation maps because, depending on the radiotracer

used, the body edges are not always well delineated. We

acquired images using several radiotracers such as
18

F-FDG,
11C-acetate, 68Ga-chloride, and 18F-NaF and evaluated the
accuracy of the PET-based method with respect to CT-AC.

2. Methods and Materials

2.1. Photon Attenuation. As it is well known, transmission of
511 keV photons crossing matter is expressed by an exponen-
tial law formulated as follows:Φ = Φ0𝑒−∫

𝐿
𝜇(𝑥,𝑦)𝑑𝑙, (1)

where Φ and Φ0 are the transmitted and incident photon
fluences, 𝐿 is the path of the photon through the object, and𝜇(𝑥, 𝑦) is the linear attenuation coefficient map.

The exponential term, which we refer to as 𝑃, is the
probability that a photon reaches the detector. In PET, events
are not detected if at least one of the two annihilation photons
is absorbed by the object. In this case, the number of events
for each LOR is reduced. The probability that an annihilation
event is recorded is given by the product of the probability
of each photon reaching the detectors, as expressed by the
following equation:𝑃 = 𝑃1𝑃2 = 𝑒−∫

𝐿1(𝑠,𝜙)
𝜇(𝑥,𝑦)𝑑𝑙𝑒−∫

𝐿2(𝑠,𝜙)
𝜇(𝑥,𝑦)𝑑𝑙 = 𝑒−∫

𝐿(𝑠,𝜙)
𝜇(𝑥,𝑦)𝑑𝑙,

(2)

where 𝐿 = 𝐿1+𝐿2, 𝜙 is the projection angle, and 𝑠 is the radial
position. As we can see in (2), the probability depends on the
total length of the path of the two annihilation photons in
the object that in PET is the object thickness along the LOR.
The value of 𝐿 is related to the projection angle and the radial
position. The equation describing the measured projections
is the attenuated Radon transform, formulated as follows:𝑝 (𝑠, 𝜙) = ∫

𝐿(𝑠,𝜙) 𝑓 (𝑥, 𝑦) 𝑒−∫
𝐿(𝑠,𝜙)

𝜇(𝑥,𝑦)𝑑𝑙𝑑𝑟, (3)

where 𝑝(𝑠, 𝜙) are the projection data at angle 𝜙 and bin𝑠, 𝑓(𝑥, 𝑦) is a function representing the original activity
concentration image, 𝜇(𝑥, 𝑦) is the attenuation coefficient
map, and 𝐿(𝑠, 𝜙) represents the LOR.

2.2. Systems Descriptions. PET images were acquired with
the eXplore Vista preclinical PET tomograph (General Elec-
tric) [21]. The scanner allows to acquire PET images using
three different energy windows (100–700, 250–700, and
400–700 keV). For our purposes, all images were acquired
using the 400–700 keV energy window. The scanner detector
system consists of 36 detector blocks, arranged in two rings
of 11.8 mm diameter. Each block is a 13 × 13 array of 1.45 mm
square phoswich crystals: a Lutetium Yttrium Orthosilicate
(LYSO) crystal of 7 mm depth optically coupled to an 8 mm
depth crystal of Gadolinium Orthosilicate (GSO). This design
allows to obtain depth of interaction information [22]. The
transverse and axial field of view (FOV) are equal to 6.9 cm
and 4.6 cm, respectively. No corrections for randoms and
scatter were performed in this study. All the images were
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Figure 1: Schematic diagram of CT-AC method. CT-AC can be divided into three steps: coregistration, attenuation correction accordingly
to the attenuated Radon transform (see (3)), and iterative reconstruction. More details can be found in Section 2.3.1.

reconstructed using 2D-OSEM algorithm [23] after Fourier
rebinning (FORE) [24]. CT images were acquired using
the eXplore Locus small animal CT tomography (General
Electric). The tube voltage was 80 kV and the current was
450𝜇A. The system is characterized by a fixed anode with a
Tungsten target source. The X-ray detector is a CCD array
coupled to a Cesium Iodide (CsI) scintillation crystal. The
scanner allows to acquire and to reconstruct images with
different pixel binning and, thus, with different resolution

levels (27–93𝜇m). The transaxial FOV dimension is equal
to 8 cm for acquisition at 93𝜇m resolution. The axial FOV
is the same for all acquisition protocols, and it is equal to
4.5 cm. For our purposes, all images were acquired using a
93 𝜇m resolution. Image reconstruction was performed with
the Feldkamp cone beam algorithm [25].

2.3. Attenuation CorrectionMethods. All the images acquired
with the eXplore Vista were attenuation-corrected using the
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Figure 2: Schematic diagram of SE-AC method described in
Section 2.3.2.

CT and SE methods as described later. The schematic diag-
rams of CT-AC and SE-AC methods are showed in Figures 1
and 2.

2.3.1. CT-AC Method. The CT AC method is based on
a conversion between HU and the corresponding linear
attenuation coefficients at 511 keV. CT images are useful
because they provide detailed attenuation coefficients maps.
The most important problem when using CT images is the
beam hardening effect. In order to investigate the accuracy
of the CT AC method, we used PeneloPET, a Monte Carlo
code for PET simulations based on PENELOPE [27]. The
geometry and composition of both rat-phantoms and eXplore
Vista scanner were implemented to match those employed
in the real acquisitions. We chose to simulate only the
rat-phantom because the beam hardening effect is more
important in this case than in mouse-sized objects. The
CT-based attenuation corrected image was compared with
images simulated without attenuation material. On both
images, line profiles and region of interest (ROI) analysis

Table 1: Density and attenuation coefficient used to calibrate the
CT scanner. Data were calculated by Hubbell and Seltzer and were
published by the National Institute of Standards and Technology
[26].

Material
Density

(g ⋅ cm−3)
Attenuation coefficient

at 511 keV (cm−1)

Air 0.001 0

Polyethylene 0.930 0.0925

Polystyrene 1.060 0.0994

Water 1.000 0.0969

Acrylic 1.190 0.1120

Polytetrafluoroethylene
(Teflon)

2.250 0.1886

Aluminum 2.699 0.2280

were performed. The calibration procedure of the CT was
performed by using the inserts of Mini CT QC Phantom 76–
430 of Nuclear Associates. The inserts are cylinders having
different values of density and linear attenuation coefficients
at 511 keV. The data published by the National Institute of
Standards and Technology are in Table 1 [26]. CT-AC was
implemented using Matlab, and more precisely, PET and the
calibrated attenuation map images were forward projected
in order to perform attenuation correction according to the
attenuated Radon transform (see (3)).

A CT image of each cylinder was acquired and a small
(ROI) was drawn on the image in order to calculate the mean
value of HU. The attenuation coefficients at 511 keV were
plotted with respect to the measured HU, and a quadratic fit
to the data was performed.

2.3.2. Segmentation of Emission Image AC Method. Segmen-
tation of emission image by a global threshold was performed
by means of a Matlab code, in order to obtain a 2-level
image, corresponding to air and soft tissues. For PET images
of phantoms, the contours are always clear, and, thus, the
segmentation is quite easy to perform. In animal PET images,
the detection of body edges depends on the biodistribution
of the radiotracer injected. To assess applicability of the
SE method, PET images with different radiotracers were
acquired.

2.4. Phantom Data. In order to evaluate the effect of photon
attenuation in PET images and the accuracy of the atten-
uation correction methods described in previous section,
several phantoms studies were acquired. Two cylindrical
phantoms with different diameters were filled with different

concentration of [
18F]-fluorodeoxyglucose ( 18F-FDG) and

scanned in both PET and CT modality:

(i) a mouse-sized phantom, filled with uniform activity
concentration;

(ii) a rat-sized phantom, filled with uniform activity
concentration;

(iii) a rat-sized phantom with a hot sphere inside (sphere
to background ratio equal to 4).
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A syringe of 30 mm diameter filled to 30 cc was used
as mouse-sized phantom, while a cylindrical phantom with
diameter of 50 mm and length of 80 mm was used as rat-
sized phantom. The mouse- and rat-sized phantoms were

filled with a solution of 18F-FDG with activity concentrations
of about 1 MBq/cc and 0.5 MBq/cc, respectively. Several

zeolites soaked with a small amount of
18

F-FDG (about
5 MBq/cc) were fixed around the two phantoms in order to
use them as fiducial marks in the coregistration procedure
[28]. For each phantom, a 20-minute PET scan and a 6-
minute CT acquisition were performed. In order to align PET
and CT, the two images were coregistered using rigid body
transformation implemented in AMIDE [29].

In order to measure the improvement obtained with AC,
line profiles and ROI analysis were performed. The recovery
values RV for each AC method were calculated with the
following equations:

RVCT = ROIAC-CT − ROINC

ROIAC-CT

,
RVSE = ROIAC-SE − ROINC

ROIAC-CT

, (4)

where ROINC, ROIAC-CT, and ROIAC-SE are the mean values
in a ROI drawn on the uncorrected image, on the AC-CT, and
on the AC-SE image, respectively. In order to evaluate the
shape recovery, we calculated also the flatness of the profile
(i.e., the relative difference in the number of counts between
the edges and the centre of an uniform phantom) with the
following formula: 𝐹 = 𝐶max − 𝐶min𝐶min

, (5)

where 𝐶max is the maximum and 𝐶min is the minimum of the
count profile. The rat-sized phantom with a hot sphere was
used to simulate a PET image of a hot lesion. The recovery
values RV in the sphere for each AC method were evaluated.

2.5. Animal Data. In order to test the attenuation correction
methods and particularly the SE-AC on animal images, PET
and CT scans of mice and rats were performed using different
radiotracers, being all animals studies approved by the Ethical
Committee of our institution:

(i) 1 rat and 2 mice were injected with
18F-FDG (an

oncological and a cardiac study);

(ii) 3 further rats were injected with
18

F-NaF,
11

C-

acetate, and
68

Ga-chloride.

All animals were anesthetized with 3%–5% of sevoflurane
and 1 l/min of oxygen and were injected intravenously in
the tail with activity of about 30 and 50 MBq, respectively.
PET acquisitions of 20 minutes were performed after an
uptake time depending on the radiotracer. The uptake was of

about one hour for
18F-FDG and 18F-NaF studies, and about

30 minutes for 68Ga-chloride acquisitions. The 11C-acetate
images were acquired immediately after the injection. A CT
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Figure 3: Calibration function to convert HU into attenuation
coefficient at 511 keV. Attenuation coefficient at 511 keV is plotted
with respect to CT numbers. This function is used to create the
attenuation map to correct PET images.

scan of 6 minutes was then performed for each animal after
PET acquisition. PET and CT images were coregistered in
order to perform AC. The segmentation process was applied
on each PET image, and the SE-AC method was tested on
animals studied with different radiopharmaceuticals. In order
to compare the two methods, CT-AC was performed for each
image as well. We analyzed all the images performing profiles
across an axial slice of a particular anatomical region related
to the radiotracer used and calculating the mean value in
the anatomical ROI. Thus, we calculated the recovery values
according to (4) and evaluated the segmentation-based AC

method on heart, spinal column, liver, and kidneys using
18F-

FDG, 18F-NaF, 11C-acetate, and 68Ga-chloride, respectively.

3. Results

3.1. CT Images Calibration. In this section the results of CT
images calibration are presented. The calibration function
(Figure 3) is given by the following equation:𝜇 = 𝑎1(HU)2 + 𝑎2HU + 𝑎3, (6)

where 𝜇 is the attenuation coefficient at 511 keV, HU is the
CT number measured from the image, and the fit coefficients

are 𝑎1 = −2.05 ⋅ 10−8 cm−1, 𝑎2 = 9.66 ⋅ 10−5 cm−1, and𝑎3 = 0.12 cm−1. The correlation coefficient 𝑟2 was equal to
0.993.

3.2. Evaluation of CT-Based Attenuation Map by Monte Carlo
Simulation. In this section, axial slices of real and simulated
PET images, before and after CT-AC correction, are shown.
More precisely, Figure 4 shows a transaxial slice of original
PET and CT-AC images of the rat-sized phantom. Profiles
traced across them are shown in Figure 6. They show a
count increment of about 40%, and the flatnesses calculated
according to (5) for corrected and uncorrected images are
about 1% and 22%, respectively. Figure 5 shows an axial
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(a) (b)

Figure 4: Transaxial slices of rat-phantom real PET images: original image (a) and attenuation corrected image using CT-based AC method
(b). Note the uniformity in the AC image.

(a) (b)

Figure 5: Transaxial slices of rat-phantom simulated PET images using PeneloPET. On the left side the image resulting from the simulation
of uniform activity concentration with attenuation (a); on the right side the simulated image of uniform activity concentration without
attenuation (b). Only in this case images were reconstructed using OSEM 3D [12].

slice of simulated PET images with and without attenuation.
Profiles traced across the simulated images (see Figure 7)
show an increment of counts and a shape recovery. In this
case, the flatness of the profile across the uncorrected image
is equal to 23%, and the counts increment without attenuation
is also of the order of 40%. Then, the simulations predict the
same behaviour with regard to attenuation as seen with the
CT-AC procedure, thus validating the CT-AC method.

3.3. Phantom Studies. Figures 8 and 9 show profiles traced
across the center of a transaxial slice of pre- and postcorrected
images of the mouse-sized phantom filled with uniform
activity concentration. As one can see, there is a significant
improvement of image uniformity after AC. In particular,
the profiles show the increment of coincidences and shape
recovery. Table 2 summarized the counts measured in a ROI
at the center of the slice and the flatness of the profile for the
original PET, CT-AC, and SE-AC images for both phantom
studies.

The values of the RV obtained from (4) show for both
mouse- and rat-sized phantoms a significant count recovery.
The differences between CT-based and SE-based AC RV
are less than 2% and 3% for mouse and rat phantoms,
respectively. Profiles traced across the images and flatness
values show an improvement between pre- and postcorrected
images. In rat-sized phantom, we observe the typical cupping
artifact. After AC, the cupping disappears and count recovery
is evident. As explained in the previous section, acquisition
of a rat phantom including a hot sphere was performed.
Figure 10 shows profiles across the hot sphere. The recovery of
counts (calculated using (4)) in the hot sphere with respect to
the original image for CT-AC, and SE-AC methods is showed
in Table 2. The difference between the two methods is about
7%.

3.4. Animal Studies. In this section, results of attenuation
correction of small animal images injected with several
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radiotracers are presented. Figure 11 shows an example of CT
image, segmented PET image, and the overlay between them.

On each graph, an axial slice of the animal image is
displayed showing the position of the line profile. Moreover,
for each animal study, a table summarizing the average values
of specific ROI counts of uncorrected and corrected images is
shown. The RV calculated from (4) is reported in each table.
The thick line is traced across the original uncorrected image,
and the dotted and full lines were traced across the SE-based
and CT-based AC images, respectively. The position of the
line profile in the PET image is shown in the right side of the
plot.
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Figure 8: Profiles traced across the center of a cylindrical mouse-
sized phantom filled with

18
F-FDG. The number of coincidences is

plotted with respect to the position across the field of view. The thick
line shows the profile across the original PET image, the dotted line
shows the profile across the SE-AC image, and the full line is the
profile across the image corrected with the CT-AC method.
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Figure 9: Profiles along the center of a rat-sized phantom uniformly
filled with 18F-FDG. The plot shows three lines; thick line is the
count profile of the uncorrected PET image, and the dotted and full
lines, respectively, show the profiles of the PET images corrected
with the SE-AC and CT-AC method. A significant increment of
counts and shape recovery for both AC images is clearly seen.

Figure 12 shows the profile across the mouse tumour. The
peak on the right side of the profile is relative to the tumour.
As one can see, the recovery of counts for both AC images is
significant. Table 3 shows counts measured in an ROI inside
the tumour. The same analysis was performed on cardiac
PET image of a mouse in order to verify the performance
of SE-AC method in the quantification of tracer uptake in
the myocardium and in the left ventricle. Figure 13 shows the
profile traced across the mouse heart. The two peaks in both
AC images are well recovered, and, furthermore, they are
very similar. More precisely, in Table 4, we show the average
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Table 2: Average number of counts and recovery value measured
on uniformly filled mouse and rat phantom images and in the hot
sphere of a rat-sized phantom. For the uniformly filled phantoms,
also the flatness is showed.

Roi counts (cps) RV (%) Flatness

Mouse phantom

Original PET image 429.68 — 3.1%

CT-AC image 623.02 31.0% 1.1%

SE-AC image 613.89 29.6% 1.2%

Rat phantom

Original PET image 210.34 — 22.0%

CT-AC image 405.32 48.1% 1.2%

SE-AC image 396.17 45.8% 2.7%

Rat phantom with hot sphere

Original PET image 452.79 — —

CT-AC image 760.83 40.5% —

SE-AC image 708.37 33.6% —

Table 3: ROI counts measured in an ROI inside the tumour of a
mouse obtained using 18F-FDG images (the uncorrected and the two
AC images) and recovery value (see (4)) calculated with the two AC
methods.

Roi counts (cps) RV (%)

Original PET image 527.82 —

CT-AC image 716.94 26.4%

SE-AC image 726.13 27.7%

Table 4: ROI counts measured on the myocardium and in the left
ventricle obtained using 18F-FDG rat images. The RV calculated with
(4) is shown for both CT-AC and SE-AC images.

Roi counts (cps) RV (%)

Original PET image

Myocardium 3 463.70 —

Ventricle 1 975.00 —

CT-AC image

Myocardium 4 478.60 22.7%

Ventricle 2 577.30 23.4%

SE-AC image

Myocardium 4 393.40 20.8%

Ventricle 2 511.30 20.8%

value of counts in the myocardium and left ventricle for the
three images and the relative recovery value for the two AC
methods calculated with (4). The differences between RV
obtained from the two methods are less than 3%.

In order to evaluate the effect of attenuation on cardiac
rat images, the same analysis on the myocardium and in the

left ventricle was performed on cardiac
18

F-FDG PET image
of a rat. Figure 14 illustrates the profiles traced across the rat
heart. In Table 5, the mean value of counts on the uncorrected
and corrected images and the relative RV are shown. The
differences between the SE-AC and CT-AC methods are less
than 9%. As discussed in Section 2.3.2, when using 18F-FDG,
it is possible to see clearly the animal edges and, thus, to
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Figure 10: Counts measured on a line across the hot sphere using
a cylindrical rat sized phantom with a hot background (sphere to
background ratio is approximatively equal to 4) against position in
the field of view.

Table 5: Counts measured in an ROI inside the left ventricle and
inside the myocardium of the 18F-FDG rat image and of the AC
ones. The recovery values calculated using (4) are shown in the last
column of the table for both AC methods.

Roi counts (cps) RV (%)

Original PET image

Myocardium 520.35 —

Ventricle 352.63 —

CT-AC image

Myocardium 858.38 39.4%

Ventricle 589.99 40.2%

SE-AC image

Myocardium 785.43 30.9%

Ventricle 537.87 31.4%

Table 6: Average values of coincidences calculated in an ROI inside
the liver on 11C-acetate rat images. The recovery values estimated
with the two AC methods are shown in the last column of the table.

Roi counts (cps) RV (%)

Original PET image 174.92 —

CT-AC image 327.04 46.5%

SE-AC image 291.56 35.7%

perform the segmentation of the PET image to obtain the
attenuation map.

In order to investigate the use of the SE-AC method with
other radiopharmaceuticals, we evaluated the performance

of the AC methods also on 11C-acetate, 68Ga-chloride, and
18F-NaF images. For each of the these radiopharmaceuticals,
a table and line profile plots are shown. Table 6 shows the
average value of counts calculated using an ROI drawn

inside the rat liver on 11C-acetate image and the relative RV
obtained with the two AC methods. The difference between
the two methods is around 11%. Figure 15 shows the profiles
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(a) (b) (c)

Figure 11: Transaxial slices of rat images: CT image (a) and segmented PET image (b). The overlay of the two previous images (c) shows how
much the segmented PET image differs from the CT image.
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Figure 12: Counts profile across the mouse tumour for the uncor-
rected 18F-FDG PET image (thick line) and for the two corrected
images (full and dotted lines refer to CT-AC and SE-AC images,
resp.) The peak on the right side of the profile is relative to the
tumour. The image on the right shows the profile position.

Table 7: Average values of counts measured in an ROI inside the
kidney from a 68Ga-chloride rat PET image. The RV computed from
both AC methods is shown in the last column of the table.

Roi counts (cps) RV (%)

Original PET image 245.45 —

CT-AC image 459.14 46.5%

SE-AC image 427.37 39.6%

drawn across the rat liver on
11

C-acetate image. The SE-AC

method provides good results also for
11

C-acetate images.
Figure 16 and Table 7 show the results of the two AC

methods for a 68Ga-chloride image. Note that the profiles
traced across the two AC images are very similar; the differ-
ence of RV between the two AC methods is approximately

7%. Segmentation of 18F-NaF image to create the attenuation
map is more difficult to obtain. The difference between the RV
calculated for both CT-AC and SE-AC methods amounts to
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Figure 13: Profiles traced across mouse heart PET images acquired
using 18F-FDG. More precisely, thick, dotted, and full lines were
traced on uncorrected PET, SE-AC, and CT-AC images.

Table 8: ROI average values computed from 18F-PET image of a rat
corresponding to the spinal column for uncorrected and AC images.
In the last column of the table, the RV from both AC methods is
shown.

Roi counts (cps) RV (%)

Original PET image 419.70 —

CT-AC image 770.14 45.5%

SE-AC image 623.67 26.5%

20%. Profiles are shown in Figure 17, and results are shown in
Table 8.

4. Discussion

In order to achieve accurate estimates of radiotracer concen-
tration, corrections for attenuation, scatter, and partial vol-
ume effects are necessary. Our main objectives were to assess
the importance of attenuation in small animal PET images.
On average, our results showed that the count recovery after
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Figure 14: Profiles traced across the rat heart on 18F-FDG PET
image. The position of the profile on the image is shown on the right
side of the plot. The thick line represents the counts measured across
the uncorrected PET image, the dotted line is for the AC method
based on PET segmentation, and the full line is the profile drawn on
the CT-AC image.
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Figure 15: Profiles traced across the liver from 11C-acetate rat PET
images. The thick line corresponds to the uncorrected image, while
the dotted and full lines correspond to SE and CT-based AC images.

attenuation correction with respect to uncorrected images
is about 20% (40%) for mice (rats) images. Two AC meth-
ods were evaluated, namely, a CT-based and a segmented-
emission-image-based AC.

Similar results were also obtained by El Ali and colleagues
[30]. In their work, they evaluated attenuation correction in
small animals showing an underestimation of true activity
concentration of about 10%–20%. They also showed that PET-
based and CT-based methods provide comparable results for
attenuation compensation in PET while uniform AC method
may be applied only if less accuracy is acceptable.

In our study, we acquired several phantoms, mice, and
rats images. We also tested the SE-AC on images acquired
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Figure 16: Line profiles across the kidney of the 68Ga-chloride rat
images. The position of the line is shown on the right side of the
plot. The thick line corresponds to the uncorrected PET image. The
dotted and full lines correspond to the SE-AC and CT-AC images,
respectively.
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Figure 17: Profiles traced on 18F-NaF rat images across the spinal
column. The position of the line is shown on the right side of the
plot. The thick line corresponds to the uncorrected PET image,
and dotted and full lines correspond to SE-AC and CT-AC images,
respectively.

using several radiotracers such as 18F-FDG, 18F-NaF, 11C-

acetate, and 68Ga-chloride.

In order to implement the CT-AC method, we performed
a calibration of GE eXplore Locus CT system to convert CT
numbers to attenuation coefficients at 511 keV. Therefore, we
were able to create attenuation maps at the correct energy. As
the X-ray beam of the CT system employed is polyenergetic,
the beam-hardening effect could lead to artifacts influencing
the quality of the CT image and consequently the accuracy
of the attenuation map. For this reason, we performed
Monte Carlo simulation in order to evaluate the difference
between CT-AC and MC simulations. The difference between
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the flatness of true CT-AC PET image and AC simulated
image is about 3% showing that beam hardening effects have
a negligible influence in CT-AC.

In order to test both AC methods, we acquired several
phantoms. A mouse-sized phantom filled with uniform activ-
ity concentration was acquired to quantify the importance
of attenuation effects and to measure the shape recovery.
We acquired also a rat-sized phantom uniformly filled with
18F-FDG, and we observed a significant improvement in the
flatness value. The differences between the SE-AC and CT-AC
methods were less than 3% for the count recovery and less
than 2% for the flatness value.

In order to quantify the recovery of counts after AC
on the myocardium and left ventricle, we acquired both

mouse and rat images using
18F-FDG. Results showed that

the SE-AC method leads to difference in count recovery of
about 3% and 10% to the CT-AC method for mouse and rat,
respectively. We evaluated also the recovery of counts in a
mammary tumour in a mouse showing a difference of RV
with respect to CT AC method of about 1.5%. The accuracy of
the SE-AC method was also evaluated on rat images acquired

with
11

C-acetate,
68

Ga-chloride, and
18

F-NaF. The difference

between RVCT and RVSE measured in liver on
11

C-acetate
image is approximately 11%. The ROI analysis performed on
68Ga-chloride image on the kidneys leads to a difference
of about 7% between CT-AC and CT-AC. ROI analysis on

spinal column of 18F-NaF images showed a difference in RV
of about 20%. This slightly higher difference between CT-

AC and SE-AC when using
18

F-NaF images is due to more
difficulties in contour delineation during the segmentation
procedure and also to the error one makes when assigning

to bone tissues as seen in 18F-NaF scans the attenuation
coefficient of soft tissues. In vivo studies showed that the RV
values obtained by using SE-AC are systematically lower than
CT-AC ones, except in tumour mouse study where the RV
values are quite similar for both AC methods.

5. Conclusions

The main goal of the paper was to show that SE-AC provides
comparable results with respect to the more complex and
time-consuming CT-AC method. We proved this for several

radiotracers used in preclinical imaging such as 18F-FDG,
11C-acetate, 68Ga-chloride, and 18F-NaF. The SE-AC method
has, however, some limitations and will probably fail when a
very specific tracer is used. In this case, CT-AC method must
be applied.

As expected, AC is more important for rat than for
mouse images. For all the studies performed on animals,
we observe a difference of RV between CT-AC and SE-AC
method of less than 10%, except for

18
F-NaF images where

the deviation is 20%. In all cases, RV estimated from SE-
AC is smaller than the one estimated from CT-AC. Overall,
we can conclude that the SE-AC method provides good
quantitative estimates of count recovery, comparable to the
ones obtained from CT-AC. This is important considering the
advantages of the SE-AC: (1) it requires less time with respect

to the standard method based on CT images, because the
CT image acquisition and, consequently, the coregistration
procedure are not needed; (2) it does not add dose to the
animal, and this is very important when repeated studies
are needed; (3) it can be used also when a small animal CT
scanner is not available.
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The occlusional performance of sole endoluminal stenting of intracranial aneurysms is controversially discussed in the literature.
Simulation of blood flow has been studied to shed light on possible causal attributions. The outcome, however, largely depends on
the numerical method and various free parameters. The present study is therefore conducted to find ways to define parameters and
efficiently explore the huge parameter space with finite element methods (FEMs) and lattice Boltzmann methods (LBMs). The goal
is to identify both the impact of different parameters on the results of computational fluid dynamics (CFD) and their advantages
and disadvantages. CFD is applied to assess flow and aneurysmal vorticity in 2D and 3D models. To assess and compare initial
simulation results, simplified 2D and 3D models based on key features of real geometries and medical expert knowledge were used.
A result obtained from this analysis indicates that a combined use of the different numerical methods, LBM for fast exploration and
FEM for a more in-depth look, may result in a better understanding of blood flow and may also lead to more accurate information
about factors that influence conditions for stenting of intracranial aneurysms.

1. Introduction

The accurate incidence and prevalence of unruptured non-
aortic aneurysms of 3 mm or less in diameter is controver-
sially discussed. The likelihood of detection is increasing with
improved imaging techniques [1, 2]. Among the risk factors
are age, hypertension, and the habit of cigarette smoking [3].
Size and perhaps geometry of the aneurysm contribute to the
risk of rupture which may be less than 5% per year [4]. A
rupture of an intracranial aneurysm can cause devastating
subarachnoid hemorrhage with high morbidity and mortality
[5]. For the treatment of unruptured aneurysms, there is
a selection of endovascular and surgery-based treatment
modalities, for which the risks and rates of complication have
been described elsewhere [3]. Hemorrhage as a consequence

of ruptured intracranial aneurysms can be prevented by
means of minimally invasive therapy, endoluminal stenting.

In the last few years, endovascular treatment of intracra-
nial aneurysms has become a possible minimal invasive
alternative to neurosurgical therapy which was until then
unequalled. The aneurysm is treated with electrolytically
detachable coils, the use of which is limited for wide-necked
aneurysms. It is often impossible to coil an aneurysm after
stent placement, so the treatment of the aneurysm with a
covered or small-cell-designed stent that would permit an
immediate occlusion is preferable. Quantitative approaches
however, applied to learn more about how specific design
features of endovascular stents such as porosity [6], struts
[7], and mesh design [8] affect intra-aneurysmal hemody-
namic,s have mainly provided inconsistent results [9]. In
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some cases, stenting alone has been suggested to promote
thrombogenic conditions such as reduced flow activity and
prolonged stasi, and thereby occlude aneurysms simply by
thrombosis.

But the selection of the preferred therapy is still contro-
versially discussed. In this regard novel therapies such as flow
dividers may also be considered [10]. For this reason blood
flow simulations in the context of aneurysms of elastotypic
and/or mixtotypic arteries have been proposed by various
workgroups [11–13] and in different studies, for example,
the ISAT study (International Subarachnoid Aneurysm Trial
[14]). The Aneurist Project (http://www.aneurist.org/; as of
april 1st, 2013), funded by the European Commission, is
among the most renowned approaches. Their results [15, 16]
state that a single simulation takes about 10 to 24 hours
to complete. This does not involve testing different stent
models, different placements, and varying orientations of the
stent in the vessel. Such timing, however, is not helpful in a
clinical setting. Computer-simulation-based therapy appears
to be gaining acceptance in healthcare as several technical
problems can be solved and facts be learnt without animal
experimentation or by working with actual patients. The
speed with which considerable quantities of simulations can
be performed may reduce the number of animal experiments
and identify new issues to be covered.

The present study has therefore been conducted to pre-
sent a novel idea in combining the following different mathe-
matical methods to quickly explore some of the above par-
ameters: finite element techniques and lattice Boltzmann
methods.

Finite element techniques represent the ubiquitous
numerical method in structure and fluid mechanics. With its
thorough theoretical background, error analysis for valida-
tion of simulation results can be achieved. Newer techniques
such as lattice Boltzmann methods (LBM) provide no easy
way to perform error analysis but may have advantages in
different areas, for example, fast execution times. These fast
execution times can be provided by using new program-
ming paradigms for massively parallel processors such as
graphics processing units (GPUs) available in most medical
workstations. In order to explore giant parameter spaces, a
combination of these methods may fuse the robustness of
finite element results with the fast execution times of the other
method.

LBM is a popular mesoscopic method in computational
fluid dynamics. It has been applied to a number of interesting
flow problems including multiphase and multicomponent
fluid flows [17–19]. A relatively simple single-phase, single-
component flow represents a good candidate for parameter
exploring as it has been shown in the literature that the LBM
approximates the time-dependent Navier-Stokes equations
under certain circumstances [20]. The monographs [21, 22]
are well-known starting points for further information; a
GPU-specific discussion of LBM in the context of blood flow
can be found in [23]. LBM models can be easily parallelized
and therefore can be used to interactively explore different
flow scenarios. The idea is that once an interesting set of
boundary conditions and stent designs can be identified,
highly accurate and highly detailed but much slower finite

element simulations can be substituted and provide a more
in-depth look.

The paper is organized as follows. Section 2 introduces
the simulation domains, the different numerical methods
for simulation of blood flow and presents the concepts of
finite element methods (Section 2.2) and lattice Boltzmann
methods (Section 2.3). Following, Section 3 shows exemplary
results that are obtainable using the presented methods for
simulation and Section 4 concludes with some remarks on
the current state and the further development.

2. Simulation of Blood Flow

For evaluation and comparison purposes a set of basic
conditions, that all simulation models have to comply with, is
defined. These conditions have to be simple enough to allow
the use of simplifying simulation models for faster access to
initial simulation results, yet complex enough to model most
aspects required for simulation of blood flow. Consequently,
our finite element and lattice Boltzmann models consist of
an incompressible or weakly compressible fluid modelling
and a suitable viscosity model. In addition no slip boundary
conditions and a maximum inflow velocity magnitude of
50 mm/s with a parabolic shape that is suitable for a small
artery with a diameter of 3 mm are applied [24].

2.1. Datasets. For the purpose of comparing the different
simulation models to each other an appropriate testing
environment is needed. In addition to the meshes generated
directly from MRI datasets, which sometimes suffer from
irregularities and which are by concept limited to one stage in
the formation process of an aneurysm, a synthetic model of a
so-called true arterial aneurysm (syn.: Aneurysma verum),
arbitrarily assumed to be similar to the terminal-type C
morphology of unruptured aneurysms [25], was designed
based on available MRI data and medical expert knowledge.
Additionally, two hypothetical stages of aneurysm growth for
the synthetic model are included in this study. The synthetic
mesh facilitates the analysis of our physical modelling by
providing well-structured 2D grids (cf. Figure 1(a)), level set
volumes (cf. [26, 27]) and 3D meshes (cf. Figure 1(b)) for all
required simulation domains.

2.2. Finite Element Method. The solver used to perform the
2D calculations in this work is based on the ALE formulation
of the Navier-Stokes equations; however to perform the 3D
calculations it is modified in some important aspects. Instead
of using an ALE formulation of the Navier-Stokes equations,
an Eulerian approach is implemented. This approach is based
on the incompressible Navier-Stokes equations, so the motion
of an incompressible fluid at time 𝑡 is governed by𝜌(𝜕u𝜕𝑡 + u ⋅ ∇u) − ∇ ⋅ 𝜎 = 0, ∇ ⋅ u = 0 ∀𝑡 ∈ (0, 𝑇) , (1)

where 𝜎 is the stress tensor of the fluid phase:𝜎 = −𝑝I + 𝜇 [∇u + (∇u)𝑇] . (2)
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Figure 1: Simulation domain and border representation for (a) 2D FE mesh, (b) 3D FE mesh. (c) 3D stream line result for medium-sized
aneurysm.

We denote the identity tensor by 𝐼, the fluid density by 𝜌,
the viscosity by 𝜇, the pressure by 𝑝, and by u we refer
to the fluid velocity. Space discretisation in 2D and 3D is
then done by the FEM using the LBB stable conforming
biquadratic, discontinuous linear𝑄2/𝑃1 element pair. In time
the equations are discretised using the Crank-Nicolson time-
stepping scheme. The resulting system is then solved using a
a standard geometric multigrid solver in 2D [28, 29] and a
parallel Newton-multigrid solver in 3D [30].

2.3. Lattice Boltzmann Method. In the last section, fluid
behaviour is described by time-varying macroscopic fields.
A microscopic point of view tracks the motion of each atom
or molecule. The LBM takes a mesoscopic approach from
statistical physics. Here, the (macroscopic) density 𝜌 of a
fluid is represented by multiple particle distribution functions

(PDF) which represent fluid particles that move in the same
direction. In the LBM, the directions are discretised onto a
regular three-dimensional lattice. Each direction ei linking
a grid node with its neighbours corresponds to a PDF 𝑓𝑖.
The direction e0 is the zero vector which represents particles
at rest. The discretisation in this case in three dimensions is
commonly referred to as𝐷3𝑄19 and consists of 19 directions,
that is, 𝑖 = 0, . . . , 18. In two dimensions a 𝐷2𝑄9 model with9 discrete directions is used (details omitted, cf. [21]). The
evolution of the PDFs at each lattice node with regard to
collisions between fluid particles is described by (3) (see [22]).
It holds𝑓𝑖 (x + ei, 𝑡 + 1) − 𝑓𝑖 (x, 𝑡)= −𝑓𝑖 (x, 𝑡) − 𝑓eq

𝑖 (x, 𝑡)𝜏 , 𝑖 = 0, 1, . . . , 18, (3)
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Figure 2: Visualization of the 2D FEM velocity field in an aneurysm bearing artery: (a), (b) nonstented case and (c) with coarse stent.
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Figure 3: Visualization of 2D LBM velocity field in an aneurysm bearing artery: (a), (b) nonstented case and (c) with coarse stent.

in which𝑓eq
𝑖 = 𝑤𝑖𝜌 (1 + 3ei ⋅ u + 92(ei ⋅ u)2 − 32u ⋅ u) (4)

are the 19 equilibrium distribution functions and 𝑤𝑖 are
weighting factors for the 𝐷𝑥𝑄𝑦 model. The evolution of
the directional densities can be understood as a relaxation
towards local equilibrium which is a function of the local
density 𝜌, the current velocity u, and the relaxation time 𝜏
which is connected to the liquid viscosity ] = (1/3)(𝜏 − 1/2).
The equilibrium distribution functions𝑓eq

𝑖 have the property
to conserve mass as can be seen from (5). The density

𝜌 (x) = 18∑
𝑖=0
𝑓𝑖 (x) (5)

at a lattice node is the sum of the PDFs in every direction. The
current velocity

u (x) = 1𝜌 18∑
𝑖=0
𝑓𝑖 (x) ⋅ ei (6)

is also computed from the PDFs.

Solid boundaries can relatively easily be incorporated
by swapping opposite PDFs at solid nodes. This technique
known as bounce-back is one way of simulating the no-slip
condition at solid boundaries. In the simulation of blood
flow using LBM this bounce-back is used at the blood vessel
boundaries and the stents. The structures themselves are
defined by multiple-level sets [26]. A steady blood flow
through the vessel is initiated by introducing pressure or
velocity boundaries at the ends of the vessel. Here, velocity
Dirichlet conditions at the inflow and velocity Neumann con-
ditions at the outflow are applied; see [31] for further details.
The compressibility error depends on the Mach number. With
a Mach number𝑀 ≪ 1, the method is incompressible. It has
been shown in the above literature that the lattice Boltzmann
method approximates the time-dependent isothermal and
incompressible Navier-Stokes equations under this circum-
stance. So in theory, the above finite element ansatz and the
LBM should yield comparable results.

3. Results

Based on available real geometry data of blood vessels featur-
ing an aneurysm and our synthetic aneurysm models, some
basic simulations are performed to compare the simulation
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Figure 4: Visualization of a 2D cut through the middle of the 3D velocity field in an aneurysm-bearing artery: (a) LBM, (b) FEM.
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(c) Post medium sized aneurysm

Figure 5: Medium-sized aneursym: stationary stream profiles of the 2D simulations (a) in front of, (b) at and (c) after the aneurysm neck.
The numbered sampling points are displayed on the 𝑥-axis. For (a), (c) the length of the cutline is 3 mm, for (b) 5 mm.
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(b) Mid larger aneurysm
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(c) Post larger aneurysm

Figure 6: Larger aneurysm: stationary stream profiles of the 2D simulations (a) in front of, (b) at, and (c) after the aneurysm neck. The
numbered sampling points are displayed on the 𝑥-axis. For (a), (c) the length of the cutline is 3 mm, for (b) 6 mm.

methods. For FEM, the 2D quad meshes consist of 4,208–
4,244 elements with ≈81,000 degrees of freedom and the
level 1/2 3D hexahedral mesh consists of 26, 177/173, 600
elements with ≈2.1/14 Mio unknowns. Lattice sizes for LBM
are 272 × 384 in 2D and 188 × 88 × 212 in 3D, respectively,
that is, ≈3.44 Mio active 𝐷3𝑄19 cells with ≈65.2 Mio PDFs.
The simulations are parameterized for a channel width of
3 mm, a parabolic velocity profile with a maximum velocity

of 50 mm/s, a density of 1060 kg/m3, and a dynamic viscosity
of 0.004 kg/ms. The resulting Reynolds number is 19.88.

To analyse aneurysm growth and its influence on the flow
fields, we perform some basic tests using the two stages of
our synthetic aneurysm model from Figure 1. In Figure 1(c)
a streamline view of the 3D case is shown. The velocity fields
obtained with the FEM and LBM models are shown color-
coded in Figures 2, 3, and 4. Comparisons of three cutlines in
2D and the midline of three cut-planes in 3D (same location
as in 2D) can be found in Figure 5 (2D FEM and LBM
medium-sized aneurysm), Figure 6 (2D FEM and LBM larger

aneurysm), Figure 7 (2D FEM and LBM large with stent),
and Figure 8 (3D FEM and LBM medium aneurysm). The
cutlines/-planes are located in the vessel before the aneurysm
neck (“pre”), at the aneurysm neck at a 45 degree angle to
the curvature of the vessel (“mid”), and after the aneurysm
neck (“post”). The results of all unstented simulation models
share a (deformed) parabolic velocity profile throughout the
blood vessel, a drop in velocity magnitude near the opening
of the aneurysm, a widening of the parabolic profile, and
a significant velocity magnitude at the aneurysm neck. The
larger the aneurysm the higher the drop in magnitude in the
vessel at the neck. Comparing the results inside the vessel with
those inside the aneurysm, no such high velocity magnitudes
do occur. On average the velocity magnitude is only ≈1 mm/s
whereas at the aneurysm neck the velocity is ≈14–20 mm/s
depending on the model used. The differences in velocity
magnitude of the different numerical methods are low.

A comparison of the stented vessel with its nonstented
counterpart can be found in Figures 2(c), 3(c), 6, and 7.



Computational and Mathematical Methods in Medicine 7

LBM
FEM

V
el
oc
it
y 
(m
m
/s
)

0

10

20

30

40

50

60

1 7 13 19 25 31 37 43 49 55 61 67 73 79 85 91 97

(a) Pre larger aneurysm

LBM
FEM

V
el
oc
it
y 
(m
m
/s
)

0

10

20

30

40

50

60

1 9 17 25 33 41 49 57 65 73 81 89 97 105113121129
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(c) Post larger aneurysm

Figure 7: Stented larger-sized aneurysm: stationary stream profiles of the 2D simulations (a) in front of, (b) at, and (c) after the aneurysm
neck. The numbered sampling points are displayed on the 𝑥-axis. For (a), (c) the length of the cutline is 3 mm, for (b) 6 mm.

It can be seen that much of the inflow at the aneurysm
neck is effectively disabled by the stent. The average velocity
inside the aneurysm drops from ≈1 mm/s in the nonstented
case to ≈0.75 mm/s. The flow behaviour of all simulations
is nearly identical. The fluid streams from the vessel into
the aneurysm lumen through the first three stent gaps and
leaves the aneurysm sack through the fourth gap. The velocity
magnitude drops from ≈14 mm/s in the nonstented case to≈5 mm/s in the stented case at the neck.

Regarding the initial goal of fast exploration of the
parameter space running times are listed here. For 2D LBM
and the shown data sets, we recorded approximately 1900
LBM iterations per second on a NVIDIA 560Ti GTX and
approximately 2600 iterations per second on a NVIDIA
680GTX graphics card while 1 s equals 16667 LBM time
steps. In 3D and with 3.44Mio cells, we record 71.8 and118.3 iterations per second with the two graphics cards. With
simultaneous volume visualization of the velocity field, these
numbers drop to 58.2 and 88.3 iterations per second. A

simulation of a cardiac cycle with a duration of 1 s equals11667 3D LBM iterations in this parametrization. It can be
simulated in under 2 min. Compared to 11 hours for 1 s with2500 time steps on 32 processors for the 3D FEM, exploration
of multiple scenarios seems possible. Note that using adaptive
time step sizes for FEM can reduce the execution times to
50% or less of the aforementioned value for the test case under
consideration.

4. Discussion

The presented results show that the mathematical con-
struction of patient-specific anatomy is both feasible and
applicable to realistic test cases. Various practical issues have
to be considered in order to establish a tailor-made aneurysm
therapy based on mathematical modelling to implement
personalized stenting for individual patients based on clinical
and radiological findings.
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(a) Pre larger aneurysm with stent
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(b) Mid larger aneurysm with stent
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(c) Post larger aneurysm with stent

Figure 8: Medium-sized aneurysm: stationary stream profiles of the 3D simulations for the same plane as 2D data set: (a) in front of, (b) at,
and (c) after the aneurysm neck. The numbered sampling points are displayed on the 𝑥-axis. For (a), (c) the length of the cutline is 3 mm, for
(b) 5 mm.

In this comparative analysis of different methods, the
FEM approach is the most expressive model at the moment.
Because of its high complexity, the computation time is
comparably slow and is usually a matter of hours or even days.
But it is possible to resolve the fine-scale features of the flow
by increasing mesh resolution or by local mesh adaptation.
It seems reasonable to use an additional simulation method
with very comparable results but with specific advantages
for interactive parameter exploring. A comparison of both
methods using the configuration described in Section 3 is
provided in Table 1. Interesting flow constellations can be
further analysed by the FEM after this initial exploration.

Due to the inherent parallelism of the LBM, where
computation in each lattice node is only dependent on a
local neighbourhood, the algorithm can be performed on
highly parallel computing architectures such as graphics
processors. This approach has been taken in the reference
implementation which uses OpenCL (Open Computing

Language) for computation. In the test case described in
this work a parallel FEM implementation on 32 cores is
outperformed by a factor of 100–400 with recent NVIDIA
Kepler GPU architectures and very well-comparable results.
The interactive frame rates of parallel LBM simulations can
provide key simulation constellations that can be investigated
further with complex time-dependent nonNewtonian fluid
structure interaction models. The influence of far-reaching
and concentrated inflow jets on the integrity of the aneurysm
sack has not been conclusively determined although some
results and investigations exist [16].

On the basis of this introductory study it can be con-
cluded that the time-dependent flow characteristics have to
be analysed as well as the stationary results. Besides the above
mentioned technical aspects, an optimal flow diverting stent
geometry has to be found for the cardiac cycle because in
the stationary case even the most basic stent is able to do
its job after some time steps. Comparing the results of the



Computational and Mathematical Methods in Medicine 9

Table 1: Comparison of different simulation methods.

Aspect FEM LBM

Ansatz Euler Euler

Incompressibility Yes Yes

Time steps Large
Implicit scheme:
medium

Cost per time step Large Small

Boundary-fitted domain Difficult Fine grids

Level-set-based domain
Research topic,
fictitious domain
techniques

Research topic,
same grid

Error analysis Yes Partial

Error control Yes No

Mesh/grid refinement Yes Research topic

Accuracy High Good

Non-Newtonian rheology Yes Available

Thrombosis model Research topic Research topic

Fluid structure interaction Research topic Research topic

Turbulence Partial Partial

Code implementation Complicated Good

Memory usage Q2P1: high D3Q19: high

Parallelisation Complicated Good

rather simple stent model provides no clear tendency for
the influences of the inflow jets other than lower average
velocities inside the aneurysm.

But these results indicate already that a multidisciplinary
approach to the development of individualized aneurysm
therapy is feasible and should be applied in the early develop-
ment stages of novel stenting devices. Both of the approaches
evaluated in the present publication encourage increasing
use of numerical simulation in the development process of
novel stenting devices. Especially considering that future
mathematical models may allow for more features of the
blood flow to be evaluated (e.g., thrombosis), such models are
a part of future research activities.

In the stented case, substantial indications have been
given for areas of zero velocity and without rotational
behaviour in the periphery. An additional thrombosis model
could be implemented to analyse thrombus growth in these
regions.

The developed methods have to be refined in such a way
that they provide the necessary resolution and respective pul-
satory behaviour, so they are able to interact with boundary
geometry and are able to model growth as well as modify
other relevant parameters such as thrombosis parameters
in order to automatically determine a stent geometry that
is best for a specific situation. Tools for 2D/3D blood
flow visualization are not only useful to showcase results
of numerical computations but also to offer great help to
doctors and medical professionals in the treatment of the
corresponding health problems as these tools provide new
information that is not accessible using traditional tools. The
future research activities of this research group focus on the

analysis and development of patient-specific stent geometries
or to alternatively provide a software-assisted stent geometry
recommendation from a set of clinically available stents.
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Damage to hard bearing surfaces of total joint replacement components typically includes both thin discrete scratches and broader
areas of more diffuse scraping. Traditional surface metrology parameters such as average roughness (𝑅𝑎) or peak asperity height (𝑅𝑝)
are not well suited to quantifying those counterface damage features in a manner allowing their incorporation into models predictive
of polyethylene wear. A diffused lighting technique, which had been previously developed to visualize these microscopic damage
features on a global implant level, also allows damaged regions to be automatically segmented. These global-level segmentations in
turn provide a basis for performing high-resolution optical profilometry (OP) areal scans, to quantify the microscopic-level damage
features. Algorithms are here reported by means of which those imaged damage features can be encoded for input into finite element
(FE) wear simulations. A series of retrieved clinically failed implant femoral heads analyzed in this manner exhibited a wide range
of numbers and severity of damage features. Illustrative results from corresponding polyethylene wear computations are also
presented.

1. Introduction

Contemporary total hip and total knee arthroplasty (THA,
TKA) procedures have excellent success rates clinically. How-
ever, in a few percent of cases, aseptic loosening due to wear-
induced osteolysis remains a major impediment to implant
longevity. This is especially a concern for patients with poly-
ethylene bearings whose hard-surface counterfaces have been
damaged due to scratching by 3rd bodies [1], or due to scrap-
ing from untoward events such as impingement or dislocation
[2]. While it is well appreciated that damage of hard-surface
counterfaces leads to elevated polyethylene wear, it is also
recognized that differences in numbers, locations, and/or
severities of such damage features have very different conseq-
uences in terms of wear rate elevation [3]. Unfortunately,
despite the substantial morbidity of premature implant

failures from accelerated polyethylene wear caused by coun-
terface damage, a direct dose/response relationship between
hard-counterface damage and accelerated polyethylene wear
has yet to be elucidated. Part of the reason for this knowledge
gap is that established damage characterization techniques
for hard bearing surfaces do not describe that damage in a
manner appropriate for direct, deterministic quantification of
polyethylene wear.

Detection of hard-surface damage features has commonly
relied upon gross-level visual inspection and optical micro-
scopy [4]. Scanning electron microscopy (SEM) provides en-
hanced information on the morphology of these damage fea-
tures at yet higher magnification [1], but again mainly in the
form of pictorial information. Quantification of surface mor-
phology has primarily been done by means of profilometry.
The majority of such work has involved stylus instruments,
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where fluctuations in the vertical position are recorded as the
stylus physically moves short distances horizontally across
the surface of interest [4, 5]. Since stylus profilometry record-
ings provide height variation data only along individual
sampling lines, they have limited utility for quantifying the
morphology of entire surfaces. Most commonly, therefore,
investigators using this technique have resorted to spot sam-
plings of presumed representative regions. For example, Hall
et al. [6] quantified damage of retrieval femoral heads on the
basis of 20 line profiles (each 1.4 mm in length) per specimen,
taken in what was judged to be each specimen’s most heavily
scratched region. Besides being limited to surface height
samplings along individual traverse lines, the short sweep
length capacities of most line profile instruments also have
made it difficult to quantify heterogeneous topography within
large areas of damage [5].

High resolution maps of surface morphology can be
generated through several techniques. Scanning tunneling
microscopy transduces surface topography by monitoring the
tunneling current flowing between an extremely sharp con-
ductive probe and the sample surface. Atomic force micro-
scopy generates three-dimensional images by means of a
probe attached to the tip of a cantilever moving across the
surface, monitoring the minute forces of interaction between
the sample surface and probe [7]. Both of these techniques
are able to measure surface height changes of less than a
nanometer. However, sizes of the scan areas are extremely
small, typically only in the range of a few ten-thousandths of
a square millimeter. This limitation, plus the slow scan times
involved, make these techniques impractical for use in map-
ping whole implant surfaces. Ultrasonic microscopes have
been developed to examine surface mechanical properties of
surfaces and to detect surface cracks and texture. However,
these instruments have in-plane resolutions only on the order
of a few tens of𝜇m, and they again require long scan times [8].

More recently, areal measurements of surface morphol-
ogy have been facilitated by optical profilometry (OP). This
technique captures surface features at subnanometer vertical
resolution, using light interferometry [9]. (Laser illumination
has also been used for interferometry instruments, but the
coherence of laser illumination produces surface noise that is
approximately twice as high as that for conventional light illu-
mination [10].) OP’s high vertical resolution is well suited to
quantifying microscopic damage present on retrieval implant
surfaces, with relatively high speed and high accuracy [10].
OP has been validated against stylus profilometry [11] and
in turn has served as a gold standard for evaluating other
imaging techniques [12]. The maximum sampling region size
for OP scans is on the order of a few square millimeters. While
most previous applications of OP have therefore still resorted
to judgment-based spot samplings [9], OP scanning of
selected substantial fractions of entire joint surfaces—while
certainly tedious—is nevertheless tractable.

The measurements that are output from profilometry
scans most commonly have been standard surface roughness
parameters such as average roughness (𝑅𝑎), peak asperity
height (𝑅𝑝), and maximum asperity depth (𝑅V). While tradi-
tional roughness parameters of this class are straightforward
to evaluate and interpret, their suitability for quantifying

wear-consequential surface damage is less than ideal. For
example, 𝑅𝑎 is unable to distinguish between large groups of
fine scratches versus small numbers of severe scratches. Sim-
ilarly, 𝑅𝑝 fails to differentiate between a single asperity versus
multiple asperities of similar height. Also, these traditional
roughness measures have normally been reported as isotropic
scalar variables. Including the predominant directionality
of microscopic-level damage is an important consideration,
however, because physical wear tests have shown that dif-
fering angles between scratch orientation and the direction
of relative surface motion can produce order-of-magnitude
differences in wear rate elevation [13]. Moreover, for scrapes,
the directionality of the microscratches within a given macro-
level scrape is not necessarily coincident with the scrape’s
macro-level directionality. For example, the microscratches
in scrape damage generated at an edge-loaded femoral head
region during a THA dislocation event tend to be substan-
tially askew to the macrodirection of the scrape [14].

While the microtopography of the hard-surface counter-
face is clearly a major influence on the rate of polyethylene
wear [15], direct quantification of the damage-versus-wear
relationship presently lacks physical basis. Rather, most work
in this area has been empirical, usually involving simplified
articulations such as those in pin-on-plate experiments [16].
At least for individual scratches, the best-correlating param-
eter in such work has tended to be scratch lip height, as
reflected in 𝑅𝑝 (peak asperity height). Even empirically, how-
ever, it has been difficult to identify statistically significant
wear-versus-roughness relationships for the complex articu-
lations characteristic of in situ function of whole implants. For
example, in a study of 35 retrieval implants [6], there was only
marginal correlation (𝑟 = 0.374, 𝑃 = 0.099) between clinical
wear factors and 𝑅𝑎, with corresponding 𝑅𝑝 values having an
even weaker relationship with wear (𝑟 = 0.211, 𝑃 = 0.225).

In order to move beyond empirical observations, and to
help underpin physics-based models of damage versus wear,
it is essential to quantify the severity and directionality of
individual scratches and scrapes. Novel image-based com-
putational techniques developed for that purpose are here
reported. These computational techniques for surface damage
registry are applied to a series of total hip femoral heads that
had been surgically retrieved following implant clinical fail-
ure. Characteristic aspects of whole-surface damage severity
are reported for these retrievals. Finally, results are presented
from an illustrative finite element computation of polyethy-
lene wear acceleration associated with the damage to a speci-
fic femoral head from this series.

2. Materials and Methods

Retrieval femoral heads were first digitally photographed
using a novel diffused-light illumination technique [17]. This
involved positioning the implant component on an angular
indexing stage, inside a translucent white tube which elim-
inated spurious reflections from ambient lighting and room
surroundings. Globally registered 1.6 megabyte digital photos

(4432 pixels/mm2) were then taken from the polar direction
and at 30 degree increments circumferentially, so as to image
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the entire bearing surface. These images provided vivid visual
rendition of all macroscopically apparent damage features
on the entire implant bearing surface. (As noted below,
images taken at this resolution have been shown to highlight
scratches that are well below wear-consequential severities.)
The associated (grayscale) intensity modulations provided a
basis for the damage to be objectively registered for purposes
of image analysis. The damage was of two principal types:
scratches and scrapes. The distinction was that scratches
were manifest as thin discrete individual darkened lines,
whereas scrapes were manifest as broad swaths of diffuse
darkening, within which individual scratch tracks could not
be distinguished at the global image level.

A custom-written MATLAB routine was used to deter-
mine regions of damage apparent in the global-level images.
Canny edge detection was first performed to detect regions of
damage, based on grayscale discontinuity relative to (bright)
undamaged regions. This edge detector distinguished edges
on the basis of maximum gradients of intensity. Edges were
flagged if their gradients fell above an analyst-set threshold.
This threshold value was set such that it was sensitive enough
to detect the fine-scale scratches, but high enough so as to
avoid influence from grayscale variations associated with the
necessarily nonuniform distance from the camera lens. Next,
a median filter was applied to the original images, replacing
each pixel’s intensity with the median of pixel intensities
in a surrounding square region of analyst-specified size.
Median filtering in this context had the effect of “blurring
away” linear damage features (i.e., scratches) whose breadths
were below a specific threshold. Analyst specification of
the median filter size thus provided a basis for objectively
distinguishing between scratches versus scrapes, for which
different computational treatments were utilized for purposes
of polyethylene wear modeling (see below). Empirically, var-
ious filter sizes were applied to representative original images
that contained both scratches and scrapes (Figure 1). A 20×20
filter size was judged appropriate for distinguishing between
scratches and scrapes, and was therefore used for en masse
data processing in this retrieval series.

The darkened regions remaining after the median filtering
operation were then autosegmented using an analyst-set
intensity threshold. These constituted the scrape features.
The scrape regions thus identified were then removed from
the pre-median-filtered Canny edge detection result, leav-
ing the remaining (i.e., non-scrape) damage features to be
classified as scratches (Figure 2). A Hough transform was
then used to discretize these scratch damage features into
straight-line scratch segments. This analysis technique used
a linear transform and the parametric equation of a straight
line to determine the number of points falling along any
given candidate straight line. Those candidate lines whose
lengths fell above an analyst-set threshold were flagged,
thus discretizing curvilinear scratches into concatenations of
straight-line scratch segments.

Next, OP was used to quantify the severity of each scratch
or scrape. A Veeco Contour GT noncontact profiler (Bruker,
Tuscon, AZ), which captured surface features by means of
light interferometry, was employed for this purpose. The
maximum resolution in a plane tangential to the target

surface was 0.25 𝜇m2 per pixel, and the maximum out-of-
plane resolution was 0.01𝜇m. The instrument was capable of
directly imaging individual areas of sizes up to ∼ 1mm ×1mm, and it could autostitch those captured individual
images into composite images sized up to∼5mm×5mm. The
instrument’s internal software allowed for removal of the
global (spherical) curvature that was present in the raw scans.
The parameters of global spherical curvature were estimated
using a least-squares-error algorithm to achieve a quadratic
fit to the raw surface data. Removal of this spherical form
from the raw data therefore enabled determination of local
deviations from the native implant surface. The internal
software also included capability to report standard surface
roughness parameters (𝑅𝑎, 𝑅𝑝, etc.).

Superimposition of analyst-selected control points allow-
ed alignment of the OP scans with their respective global-
level images (Figures 3(a)–3(c)). For each OP scan, six sets
of control points were chosen from damage features that were
visually distinguishable on both the global-level image and
the OP scan. These control points were used to compute a 2D
transformation structure, based on second order polynomi-
als. The global image was then translated and rotated based
on this 2D transformation, to associate the detected damage
features with their respective locations on the OP scan.

Encoding the identified damage features involved
accounting for both directionality and severity. In the case
of scratches, directionality was simply the locally prevailing
orientation of the scratch, and severity was based on the
average scratch lip height (the dominant factor in wear eleva-
tion [18]) calculated from the OP data. To make the severity
calculation, each designated scratch segment was first super-
imposed on its corresponding OP image(s) (Figure 3(b)).
Values of surface vertical height were then queried from the
OP dataset(s) along a series of equally spaced sampling lines
directed perpendicular to the scratch segment. The peak
surface height was identified along each of those sampling
lines, and the mean of those peak heights was designated
as the scratch lip height for that individual scratch segment
(Figures 3(c) and 3(d)). (Convergence analysis had been per-
formed to determine appropriate density of the sampling
lines (Figure 4).)

In the case of scrapes, the directionality of interest for pur-
poses of polyethylene wear modeling was not the macro-level
direction of the scrape, but rather the direction of “micro-
level” scratching within the scrape. While these two orien-
tations were similar or nearly so for many scrapes, there were
notable exceptions, such as when circumferentially oriented
macroscrapes resulted from transverse sliding during egress
of edge-loaded femoral heads during subluxation. To identify
the direction of microscratching, a Hough transform was per-
formed on each scrape OP dataset, which detected the micro-
scratch lines within the scrape. The longest such line was
designated as the scraping direction for that scrape area
(Figure 5). Severity of scraping was quantified in terms of the
average roughness within the segmented scrape region. This
computation was made from OP data, again based on control
point registration between (polygon-delineated) macrolevel
scrape features and corresponding features in the OP datasets.
The average roughness (𝑅𝑎) value within each scrape polygon
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Figure 1: Successively stronger median filters of various sizes applied to an original image of a retrieval femoral head. The filter size indicates
the neighborhood around the corresponding pixel in the input image for which the median value is calculated. This parameter allowed the
analyst to control the distinction between scratch and scrape.

was simply the average of the height differences of individual
pixels, relative to the mean surface height of all the pixels
within the scrape polygon.

Current computational models of polyethylene wear in
total joint replacements most commonly implement some
form of the classic Archard wear formula [19]. This formula

estimates local wear depth as the product of (1) contact
pressure, (2) sliding distance, and (3) a wear coefficient
dependent on the tribological characteristics of surface con-
tact. For computing damage-induced wear rate acceleration,
the Archard wear coefficient for the baseline undamaged
surface is elevated for polyethylene areas that are overpassed
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Figure 2: ((a), (b)) Diffused-light images of a femoral head displaying both scratch and scrape damages, captured from two orientation
directions 30∘ apart circumferentially. (The black dot in the center of the images is from camera lens reflection. This refection required that
multiple view directions be utilized.) ((c), (d)) Image-processed results displaying identified damage regions. The sectors outlined in black
indicate areas analyzed for this particular image. The top of the femoral head was captured and analyzed in companion polar images.
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Figure 3: Global (a) and close-up (b) photographs of a scratched femoral head. Control points used for alignment with the OP scans are
indicated by asterisks. (c) Local OP scan of selected region. (d) OP scan profiles used to calculate scratch lip height for a single scratch
segment.
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Table 1: Scratch lip heights on samples displaying scratch damage.

Femoral head Number of scratch segments Average scratch segment length (mm)
Scratch lip height (𝜇m)

Mean ± SD Min Max

1 101 0.59 1.72 ± 0.95 0.08 4.75

2 71 0.41 1.73 ± 0.46 0.56 2.48

4 172 0.91 2.31 ± 1.29 0.32 7.01

5 430 0.58 2.76 ± 1.73 0.07 9.75

6 211 1.03 1.64 ± 0.40 1.01 2.87

7 62 0.76 1.70 ± 1.13 0.62 5.38

9 190 0.87 2.39 ± 0.81 0.94 4.38

Table 2: Comparison of average roughness (𝑅𝑎) values on samples displaying scrape damage.

Femoral head Number of scrape regions Average scrape area (mm2)
𝑅𝑎 (𝜇m)

Mean ± SD Min Max

2 22 1.57 0.28 ± 0.27 0.03 1.21

3 104 1.20 0.17 ± 0.11 0.01 0.55

6 68 5.09 0.21 ± 0.08 0.05 0.39

8 71 8.03 1.12 ± 1.25 0.03 4.20

9 44 1.05 0.26 ± 0.15 0.05 0.65
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Figure 4: The results of a sampling convergence series, undertaken
to determine appropriate sampling frequency.

by the counterface damage features. For scratches, there is an
approximately exponential relationship [20] between scratch
lip height (ℎ𝐿) and the scaling factor (𝑘inc) for wear coefficient
elevation, the specific parameters being𝑘inc = 58.0985 − 58.0985 ⋅ 𝑒−0.2237∗ℎ𝐿 (1)

when lip height is expressed in𝜇m. For the case of scrapes, the𝑅𝑎 values were converted to wear coefficient scaling factors
using a power law relationship [16], the specific parameters
being 𝑘inc = 37.538 ⋅ (𝑅𝑎)1.2 (2)

for 𝑅𝑎 measurements in 𝜇m.

3. Results

Scratch and scrape damage was encoded for nine represen-
tative specimens from our institution’s collection of femoral

head retrievals (Figure 6). The image processing routine
detected scratches on seven of those specimens and scrapes
on five of them. The distribution of severities of detected
scratches (lip heights) and scrapes (𝑅𝑎 values) are reported in
Tables 1 and 2, respectively. The seven specimens exhibiting
scratch damage all showed large variability in the severity
of individual scratches (Figure 7). The particular specimen
showing the greatest amount of variability (specimen no. 5)
had scratch lip heights ranging from 0.10 to 9.75𝜇m. In the
interest of completeness, the present set of results includes
scratches with lip heights as low as 0.07𝜇m. This may be
unnecessarily exhaustive, however, since there is experimen-
tal evidence that the lip height threshold for detectable wear
rate acceleration from individual scratches is substantially
higher, on the order of 1 𝜇m [18]. If desired for purposes of
computational economy, wear-inconsequential scratches can
be disregarded from further consideration in downstream
wear modeling, simply by Boolean masking on the basis of
lip height.

The computed 𝑅𝑎 values of scraped regions also showed
considerable variability (Figure 8). Series-wide, the highest
scrape-average roughness value was 4.20𝜇m (specimen no.
8), a three-order-of-magnitude elevation relative to typical𝑅𝑎
values for undamaged implant surfaces [16].

These damage features can produce substantial increases
in local wear rates. The presence of the most severe scratches
increased the local wear coefficient by a factor of approxi-
mately 50, as shown by (1). The most severe scrapes regions
produced wear coefficient increases of over 200-fold, as
shown by (2).

4. Discussion

This collection of scratch hip heights and scrape 𝑅𝑎 values,
along with their associated individual directionalities,
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Figure 5: (a) Global photograph of scrape region. (b) Local OP scan, revealing scrape morphology. The dashed black line indicates the
direction of microscratching, as determined by Hough transform. The dotted black line indicates the orientation of the macroscopic scrape.
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Figure 6: Global photographs of representative retrieval femoral heads.
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Figure 7: Continued.
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Figure 7: Distributions of the scratch lip height values for each femoral head that displayed scratch damage.

demonstrates a range of damage features on typical retrieval
femoral heads. While the present OP data captures were
similar to those for other OP applications [9, 21], the data
from these computational techniques represent the first-
global-implant level registry of micron-level damage features.
Such datasets can be used as inputs to FE liner wear models,
to allow clinically realistic simulation of femoral head dam-
age on a case-specific basis. These data allow for damage
representation on a scratch- or scrape-specific basis, and they
allow for wear to be predicted due to each damage feature.
This constitutes an improvement over previous methods,
which have only represented damage in terms of standard
surface roughness parameters and have been unable to
establish strong linkage between any of these parameters and
wear acceleration [6].

Illustratively, an FE wear model of one particular speci-
men (specimen no. 6) from this series was generated by map-
ping each identified damage feature’s severity, orientation,
and global-level geometry onto the femoral head. Collec-
tively, these damage features, comprised of a total of 211
scratch segments and 68 scrape regions, led to a 3.8-fold
increase in polyethylene liner wear, compared to a baseline
simulation of an otherwise-identical undamaged femoral
head (Figure 9). Of this wear increase, 68% was due to the
scratch damage and 32% was due to the scrape damage.

Wear rate increases computed using this technique have
been physically validated both for isotropically roughened
patches [22] and for scratches [20]. While direct physical
validation has not yet been performed for directional scrapes,
the only difference between FE wear simulations for direc-
tional scrapes versus for isotropically roughened patches is
the incorporation of directionality into the wear factor.

The present series was restricted to total hip femoral com-
ponent retrievals. This same damage registration framework
presumably could also be used to characterize hard counter-
faces in other total joint replacements such as the femoral

components of total knees, which often exhibit damage
features similar to those catalogued here. For example, a 2D
interferometry study of TKA retrievals [23] identified both
fine, closely packed scratches with lip heights on the order
of 0.5𝜇m, and severe damage features with scratch lips
approaching 4𝜇m.

Quantification of femoral head damage through this anal-
ysis framework relies on the global diffused-light digital pho-
tographs and corresponding edge detection computations to
identify damage features. While the diffused lighting tech-
nique in almost all instances provided much more vivid ren-
dition of damage features than was apparent visually under
room lighting, there were several instances where fine
scratches that were visually apparent under normal room
lighting were not visible in the diffused-light images. The
OP scans of such “disappearing” scratches showed that these
fine scratches had extremely low lips, indicative of their not
being critical in terms of the end goal of determining wear
rate acceleration. Further work to elucidate the relationship
between diffused-light image grayscale values versus corres-
ponding scratch lip heights may offer insight in this seem-
ingly anomalous phenomenon.

5. Conclusion

For total joint replacements with a polyethylene bearing sur-
face, dramatically accelerated wear is often associated with
accrual of scratch or scrape damage to the hard-surface coun-
terface. Moving from qualitative to quantitative assessments
of this interaction requires a basis for representing hard-
surface damage in a manner conducive to performance of
physics-based wear analyses. The present paper reports a
multiscale experimental/computational framework for mak-
ing such damage representations. Global-level and microlevel
imaging are coupled to computationally register the severity
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Figure 8: Distributions of the 𝑅𝑎 values for each scrape region in the femoral heads that displayed scrape damage.



Computational and Mathematical Methods in Medicine 11

Undam aged head

Volum etric wear = 29.72 m m 3

0.3173

0.2909

0.2644

0.2380

0.2116

0.1851

0.1587

0.1322

0.1058

0.0793

0.0529

0.0264

0.0000

W
ea
r 
d
ep
th
 (
m
m
)

(a)

0.3173

0.2909

0.2644

0.2380

0.2116

0.1851

0.1587

0.1322

0.1058

0.0793

0.0529

0.0264

0.0000

Retrieval head 6

Volum etric wear = 105.60 m m 3

W
ea
r 
d
ep
th
 (
m
m
)

(b)

Figure 9: Computed wear depths (1 × 106 cycles) for an undamaged and retrieval femoral head (28 mm).

and directionality of both scratch and scrape damage present
on entire implant bearing surfaces. This damage registry
framework proved practical for use for typical retrieval total
hip implants, thus opening the way for quantitative analyses
of damage-related polyethylene wear rate acceleration on a
case-specific basis.

To the authors’ knowledge, the present datasets constitute
the first-ever compilations of whole-surface damage features
on orthopaedic total joint replacements. Besides their usage
in the context of enabling wear computations, such datasets
will likely prove useful in other contexts, such as for forensic
assessment of specific surface damage events, and “reverse
engineering” of implant designs to minimize wear-conseq-
uential counterface damage.
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Fluorescence molecular tomography (FMT) with early-photons can improve the spatial resolution and fidelity of the reconstructed
results. However, its computing scale is always large which limits its applications. In this paper, we introduced an acceleration
strategy for the early-photon FMT with graphics processing units (GPUs). According to the procedure, the whole solution of FMT
was divided into several modules and the time consumption for each module is studied. In this strategy, two most time consuming
modules (G𝑑 and W modules) were accelerated with GPU, respectively, while the other modules remained coded in the Matlab.
Several simulation studies with a heterogeneous digital mouse atlas were performed to confirm the performance of the acceleration
strategy. The results confirmed the feasibility of the strategy and showed that the processing speed was improved significantly.

1. Introduction

Fluorescence molecular tomography (FMT) is a promising
imaging technique for small animals that allows visualization
of 3D distributions of fluorescent biomarkers in vivo [1, 2].
However, significant challenges remain in FMT because the
high degree of light scatter in biological tissues results in
an ill-posed image reconstruction problem and consequently
reduces the spatial resolution [3]. Considering this point,
time-gated technique is proposed, which only utilizes “early-
arriving” photons that experience few scattering events so as
to reduce the large amount of diffusion photons. To date,
a number of groups have validated that with time-gated
detection technique, the spatial resolution and fidelity of the
reconstructed results can be improved [3–5].

For the reconstruction of FMT using early photons, there
are several feasible algorithms, such as the filtered back-
projection method, schemes based on the time-resolved dif-
fusion equation (DE), the time-resolved telegraph equation
(TE), and the second-order cumulant approximation of the
radiative transport equation (RTE), [3–7]. Among them, the
method based on time-resolved DE is the most popular
utilized for simplicity. However, compared with continuous

wave FMT (CW-FMT), time-domain FMT (TD-FMT) will
cost more time because of the time scale. Generally, solving
TD-FMT will cost tens of minutes to hours and there are no
efficient schemes for its acceleration at present.

Fortunately, the high-speed development of graphics
processing unit (GPU) technology provides direction to the
acceleration of TD-FMT solution. The highly parallel struc-
ture of GPU makes it more effective than central processing
unit (CPU) for a range of algorithms on parallelizable float-
ing point operations. However, programming on GPU had
been difficult until the compute unified device architecture
(CUDA) was proposed in 2006 [8]. CUDA comes with a
software environment that allows developers to use C as a
high-level programming language. Utilizing CUDA-enabled
GPU, parallel acceleration algorithms has been studied in the
field of fluorescence tomography. Fang and Boas reported a
parallel Monte Carlo algorithm accelerated by GPU for mod-
eling time-resolved photon migration in arbitrary 3D turbid
media [9]. Zhang et al. implemented acceleration of adaptive
finite element framework for bioluminescence tomography
with CUBLAS and CULA libraries [10]. However, to date,
CUDA-enabled GPU technology has not been utilized to
solve TD-FMT.
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In this paper, we introduced an acceleration strategy for
the early-photon FMT. The time consumption of each module
was studied to confirm the necessity of GPU acceleration.
In the strategy, two most time consuming modules (𝐺𝑑
and W modules) were accelerated with CUDA language,
respectively, and the other modules were coded in the Matlab.
Several simulations with a heterogeneous digital mouse
atlas were performed to evaluate the performance of the
acceleration strategy.

The paper is organized as follows. In Section 2, the
forward and inverse models based on TD-FMT are illustrated
in detail. Numerical simulations with fluorescence targets
embedded in a 3D mouse model are carried out. In Section 3,
simulation results are shown and analyzed. Finally, we discuss
the results and conclusion in Section 4.

2. Materials and Methods

2.1. Time-Domain Diffusion Equation and Finite Element
Method. The radiative transfer equation (RTE) is considered
as the most accurate model for describing the process of pho-
ton propagation in biological tissues. However, because RTE
is computationally expensive, the diffusion approximation of
RTE is commonly used. Thus, photon propagation for FMT
can be modeled with the coupled time-domain DEs as follows
[7]:1𝑐 𝜕Φ𝑥 (𝑟, 𝑡)𝜕𝑡 + 𝜇𝑎 (𝑟)Φ𝑥 (𝑟, 𝑡) − ∇ ⋅ [𝐷 (𝑟) ∇Φ𝑥 (𝑟, 𝑡)]= 𝛿 (𝑟 − 𝑟𝑠, 𝑡)1𝑐 𝜕Φ𝑚 (𝑟, 𝑡)𝜕𝑡 + 𝜇𝑎 (𝑟)Φ𝑚 (𝑟, 𝑡) − ∇ ⋅ [𝐷 (𝑟) ∇Φ𝑚 (𝑟, 𝑡)]= 𝜂 (𝑟)𝜏 [Φ𝑥 (𝑟, 𝑡) ∗ 𝐸 (𝑡)] ,

(1)

where Φ𝑥,𝑚(𝑟, 𝑡) denotes the photon density for excitation
and fluorescence light, respectively. 𝛿(𝑟 − 𝑟𝑠, 𝑡) provides the
impulse light source. 𝜇𝑎 is the absorption coefficient and 𝜇𝑠
is the reduced scattering coefficient. 𝐷(𝑟) is the diffusion
coefficient defined by 𝐷(𝑟) = 1/(3(𝜇a(𝑟) + 𝜇𝑠 (𝑟))). As the
excitation and emission wavelength are close to each other,
the optical properties are assumed to be identical at both
excitation and emission wavelengths for simplification. The
fluorescent targets are described by fluorescent distribution𝜂(𝑟) and lifetime 𝜏. 𝐸(𝑡) = exp(−𝑡/𝜏) is the lifetime function.∗ is the temporal convolution operator. 𝑐 is the speed of light.

To solve these equations, Robin boundary conditions are
implemented on the boundary 𝜕Ω of the regionΩ [7]:2𝑞𝐷 (𝑟) 𝜕Φ (𝑟)𝜕 ⃗𝑛 + Φ (𝑟) = 0, (2)

where ⃗𝑛 denotes the outward normal vector of the boundary.
The coefficient 𝑞 takes into account the refractive index
mismatch between both media.

Based on the first-order Born approximation, the fluores-
cence signal Φ𝑚(𝑟𝑠𝑑, 𝑡) measured at a detector point 𝑟𝑑 for

an impulsive excitation at source position 𝑟𝑠 at time 𝑡 can be
written as Φ𝑚 (𝑟𝑠𝑑, 𝑡) = ∫

Ω
𝑊(𝑟𝑠𝑑, 𝑟, 𝑡) ⋅ 𝜂 (𝑟) 𝑑𝑟3. (3)

The weight matrix𝑊(𝑟𝑠𝑑, 𝑟, 𝑡) is described as𝑊(𝑟𝑠𝑑, 𝑟, 𝑡) = 𝐺 (𝑟𝑠, 𝑟, 𝑡) ∗ 𝐸 (𝑡) ∗ 𝐺 (𝑟, 𝑟𝑑, 𝑡) , (4)

where 𝐺(𝑟𝑠, 𝑟, 𝑡) and 𝐺(𝑟, 𝑟𝑑, 𝑡) are Green’s functions of exci-
tation and emission (𝐺𝑠 and 𝐺𝑑 in short). In addition, for an
isotropic impulse source, 𝐺 is equal to Φ.

In order to reduce the influence of heterogeneity, the
normalized Born approximation [11] is employed as follows:ΦnB (𝑟𝑠𝑑, 𝑡) = Φ𝑚 (𝑟𝑠𝑑, 𝑡)Φ𝑥 (𝑟𝑠𝑑, 𝑡) = ∫Ω𝑊nB (𝑟𝑠𝑑, 𝑟, 𝑡) ⋅ 𝜂 (𝑟) 𝑑𝑟3,

(5)

where𝑊nB is the normalized Born approximation of𝑊.
By utilizing the standard Galerkin-FEM method, the

object is discretized into 𝑁 mesh nodes and the time is
approximated with a sequence of time points with a time
interval Δ𝑡. Then, Green’s functions can be derived:(𝐾 + 𝐶Δ𝑡)𝐺𝑣 (𝑛, 𝑘 + 1) = 𝐶Δ𝑡𝐺𝑣 (𝑛, 𝑘) + 𝑆𝑣 (𝑛, 𝑘)𝐺𝑣 (𝑛, −1) = 𝐺𝑣 (𝑛, 0) = 0, (6)

where𝐾 and𝐶 are matrices of𝑁×𝑁with the same expression
as given in [7, 12, 13]𝐾𝑖𝑗 = ∫

Ω
[𝐷 (𝑟) ⋅ ∇𝑢𝑖 (𝑟) ⋅ ∇𝑢𝑗 (𝑟) + 𝜇𝑎 (𝑟) 𝑢𝑖 (𝑟) 𝑢𝑗 (𝑟)] 𝑑Ω+ 12𝑞 ∫𝜕Ω 𝑢𝑖 (𝑟) 𝑢𝑗 (𝑟) 𝑑 (𝜕Ω)𝐶𝑖𝑗 = 1𝑐 ∫Ω 𝑢𝑖 (𝑟) 𝑢𝑗 (𝑟) 𝑑Ω

(7)

but 𝑆𝑣(𝑛, 𝑘) differs in form:

𝑆𝑣 (𝑛, 𝑘) = {{{{{{{
∫
Ω
𝛿 (𝑛, 𝑘) 𝑢𝑖 (𝑟) 𝑑Ω 𝑣 = 𝑥𝐶𝑐𝜂 (𝑛)𝜏 𝐺𝑥 (𝑛, 𝑘) ∗ 𝐸 (𝑘) 𝑣 = 𝑚. (8)

At last, (3) is converted into the following matrix-form
equation: ΦnB = 𝑊nB ⋅ 𝜂. (9)

Then the unknown fluorescence distribution 𝜂 at different
time-gates is obtained by solving the linear equation (9) using
algebraic reconstruction technique (ART) with nonnegative
constraints.
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Figure 1: The execution flow chart of the whole acceleration strategy.

2.2. GPU Acceleration Strategy

2.2.1. The Flow Chart of the Acceleration Strategy. For the
whole procedure, there is a large amount of matrix operations
which are suitable for parallel accelerations by GPU. However,
besides the matrix operations, there are still some other
operations such as parameter configurations and mesh dis-
cretization, which are not suitable for the GPU acceleration.
Therefore, the rest parts will be implemented in Matlab for
programming flexibility. The execution flow chart of the
whole algorithm is shown in Figure 1. The main program
which contains the parts unnecessary to be accelerated is
executed in Matlab. The parts of 𝐺𝑑 and weight matrix
acceleration, which need to be accelerated by GPU, are
coded into subroutines so as to be called by the Matlab
program. For the 𝐺𝑑 acceleration, because CUBLAS library
is used for the subroutine which can be recognized by
the C compiler, “Matlab executable” (MEX) technology is
available for the interface between the Matlab program and
the 𝐺𝑑 acceleration. As to the weight matrix acceleration,
CUDA language is used in the subroutine and thus NVMEX
technology is utilized as the interface. Details about the
acceleration algorithms and the NVMEX technology are
illustrated in the next subsections.

2.2.2. 𝐺𝑑 Acceleration. In the calculation procedure, the
module to solve 𝐺𝑑 is time consuming because matrix
inversion should be performed for each detector at each time
node. Although the method to solve 𝐺𝑠 is similar to that of𝐺𝑑, the number of light sources is much smaller than the

number of detectors. As a result, the time consumption of𝐺𝑠 is very little that it is unnecessary to be accelerated. The
Matrix inversion of large size is computationally complex and
there are no effective methods for this problem. Fortunately,
the matrices that need to be inversed for each detection point
and each time node are the same. Therefore, the inversion of
the matrix can be calculated in advance and thus the inversion
operations can be converted into multiplication operations,
which can be accelerated by GPU more effectively.

NVIDIA has provided a CUBLAS library on top of the
CUDA driver for the developers to do some basic linear
algebra operations. CUBLAS is an implementation of basic
linear algebra subprograms (BLAS) and the “CU” stands for
CUDA [10]. The multiplication operations during solving 𝐺𝑑
can be implemented by using the CUBLAS library.

Furthermore, it can be found that 𝐺𝑑 for each detector
is irrelevant and can be parallel computing. However, for
different time nodes, 𝐺𝑑 cannot be calculated simultaneously
because the calculation of the (𝑖 + 1)th time node of 𝐺𝑑
depends on the 𝑖th time node of 𝐺𝑑. Therefore, we can
calculate 𝐺𝑑 for all of the detectors for one time node at a
time. At last, the structure of the whole𝐺𝑑 should be changed
in order to solve the weight matrix conveniently.

2.2.3. Weight Matrix Acceleration. As mentioned in (4), to
solve the weight matrix, time convolution of several matrices
should be calculated. Because the number of source-detector
(sd for short) pairs is large and the size of 𝐺𝑠 or 𝐺𝑑 for each
point and each time node is large, the whole procedure of
solving the weight matrix is time consuming.
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Figure 2: Principle of solving the weight matrix.

CUDA language is adopted for the acceleration algorithm
of solving the weight matrix. Figure 2 shows the principle of
the acceleration algorithm. 𝐺𝑠0 and 𝐺𝑑0 is Green’s function
for one source or detector for all the time nodes. The row
stands for different mesh nodes and the column stands for
different time nodes. It can be found that data of each row is
irrelevant and only time convolution is calculated. Thus, data
of each row can be distributed into different threads; therefore
they can be implemented simultaneously. In this paper, the

number of threads contained in each block is configured 256.
The total block number is configured according to the row
number of the matrix. Texture memory is used to load the
matrix of 𝐺𝑠0, 𝐺𝑑0, and E because it can accelerate the data
visiting speed with its cache.

2.2.4. NVMEX Technology. As the execution efficiency of
Matlab is lower than C or Fortran, the time consuming
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Figure 3: (a) Schematic of the free-space time-gated fluorescence tomography system. (b) The chest region of the digital mouse used for
simulation. Different colors correspond to different tissue types (red: heart, orange: lungs, pink: liver, gray: adipose tissue). (c) Cross section
of the digital mouse at the height of light source (green curve in (b)). The position of excitation lights and the field of view (FOV) with respect
to source S1 are shown. The blue circle indicates the location of the fluorescent target.
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Table 1: Optical parameters of different tissues of the digital mouse
model.

Material Heart Lung Liver Background𝜇𝑎(cm−1) 0.156 0.516 0.935 0.1𝜇𝑠 (cm−1) 9.0 21.2 6.4 10

subroutines are always programmed with C or Fortran and
complied into binary MEX-files, which can be loaded and
executed by the Matlab interpreter.

However, subroutines with CUDA languages cannot be
complied into MEX-files directly because CUDA language
could not be recognized by the conventional compilers based
on C or Fortran. Instead, this problem can be solved by the
NVMEX technology, in which “NV” stands for NVIDIA.
NVMEX technology connects Matlab and CUDA language
conveniently and efficiently. With NVMEX technology, the
codes based on CUDA are compiled into MEX-files by the
“nvcc” complier and then called by the Matlab interpreter.

2.3. Experimental Setup. Numerical experiments are per-
formed to validate the performance of the acceleration
strategy. The synthetic measurements are generated based on
a free-space, time-gated FMT system, schematically depicted
in Figure 3(a). The excitation light is an ultrafast laser
emitting approximately 1ps pulses. The imaged mouse is
suspended on a rotation stage and the laser beam is coupled to
the surface of the mouse by a pair of galvanometer-controlled
mirrors. At last, the transmitted light is detected by a high-
speed intensified CCD (ICCD) at the opposite side of the
excitation light [7].

In this simulation study, a 3D mouse atlas is employed
which provides not only the complex surface but also the
anatomical information [14]. We perform the numerical
simulations based on the mouse chest region, so only the
mouse torso from the neck to the bottom of the liver, as shown
in Figure 3(b), is selected, with a height of 3 cm.

In the simulations, the mouse is suspended on the
rotation stage and the rotation axis is defined as the 𝑧-axis.
The mouse is rotated over 360∘ with 60∘ increments and
the data collected consisted of 6 projections. The projection
number is 6 because the computational size of the whole
program will enlarge as the projection number increases
and the memory consumption will exceed the limit of the
computer. As shown in Figure 3(c), the field of view (FOV)
of the detection with respect to each excitation source is 120∘.
A cylindrical fluorescent target with the height of 0.2 cm and
radius of 0.1 cm is located at the (−0.31, −0.02, 1.93), which is
indicated by the blue circle in Figure 3(c).

The simulations are performed in a heterogeneous mouse
model. The absorption coefficient 𝜇𝑎 and the reduced scat-
tering coefficient 𝜇𝑠 shown in Table 1, which are calculated
based on [15], are assigned to heart, lung, and liver to simulate
photons propagation in biological tissues.

In order to evaluate the acceleration performance of
the acceleration strategy, 6 simulated cases were performed.
Configurations of these cases were the same except that
the numbers of discretized mesh nodes and detectors were

different. The excitation and emission intensity on the surface
of the mouse model were calculated by a forward simulated
program in advance.

For different cases, the reconstructed fluorescent dis-
tributions at the time node of 300 ps were shown as the
early-photon results. For the reconstruction, the relaxation
parameter of ART was 𝜆 = 0.1 and the number of iteration
steps was 100.

At last, the programs are performed on an Intel(R) Core
(TM) i7-2600 CPU (3.4 GHz) platform with 16 GB memory.
A NVDIA Geforce GTX 460 graphics card with 336 cores
is used for the acceleration strategy. The version number for
the CUDA is 4.0. The contrasted programs are performed by
Matlab 2008 and COMSOL Multiphysics 3.5 (COMSOL Inc,
Stockholm, Sweden).

3. Results

3.1. The Necessity of the GPU Acceleration. For the simulated
cases, the time consumption of each module by Matlab is
shown in Table 2. The whole program is divided into 6
modules, among which the T4 and T5 modules are suitable
for GPU-enabled acceleration. (In fact, the T3 module is also
matrix operation. However, the time consumed by T3 is so
short compared with the whole program that it is unnecessary
to be accelerated.)

It can be found that T4 and T5 modules are time
consuming compared with other modules. In order to study
the time occupancy quantitatively, we define 𝑃 as the time
percentage of each module to the total time for each case. The𝑃 values of the𝐺𝑑 (T4) module, W (T5) module, and𝐺𝑑 +𝑊
(T4+T5) module are shown in Figure 4. It can be found that,
for each case, the 𝑃 value for the𝐺𝑑+𝑊module is more than
95%. As a result, we can reach the conclusion that the GPU
acceleration is necessary.

3.2. Speedup Performance of the Acceleration Algorithms. For
the 6 simulated cases, the fluorescent target is reconstructed
by the Matlab program and the GPU acceleration strategy,
respectively. Time consumption of each module by the
two methods is recorded. Then the speedup ratios of the𝐺𝑑 acceleration algorithm, the weight matrix acceleration
algorithm, and the whole acceleration strategy are studied,
respectively.

The time consumptions of𝐺𝑑 by both methods are show-
cased in Table 3. The speedup ratios of the 𝐺𝑑-accelerating
algorithm for different cases are shown in Table 3. It can be
found that the speedup ratios decrease as the number of mesh
nodes increases. The main reason is that, in the acceleration
algorithm, the𝐺𝑑 is calculated for all the detection points and
for one time node at a time. Therefore, the structure of the𝐺𝑑 should be adjusted into another form in order to suit for
the following weight matrix calculation. The memory need
for this step is huge, and as the scale increases, the memory
can exceed the physical memory of the computer which leads
to more time consumption.

The time consumptions of the weight matrix by both
methods and the speedup ratios are showcased in Table 4. The
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Table 2: Time cost of each module in the Matlab program.

Experiment
no.

Mesh nodes Detectors
T1 (s)

Load data
T2 (s)

Assemble𝐾 T3 (s)
Form 𝐺𝑠

T4 (s)
Form 𝐺𝑑

T5 (s)
Form𝑊 T6 (s)

Solve 𝜂
1 3074 710 0.03 5.44 1.96 128.25 216.35 3.47

2 3074 1409 0.03 4.73 1.93 250.54 415.79 4.56

3 3881 710 0.03 5.03 3.13 195.13 279.57 3.48

4 3881 1409 0.03 5.46 3.20 386.06 553.90 4.78

5 4697 710 0.03 5.87 4.09 254.56 367.33 4.29

6 4697 1409 0.03 5.60 4.03 492.57 686.95 5.10

Table 3: Time comparisons of forming𝐺𝑑 consumed by Matlab and
CUDA.

Experiment
no.

Mesh
nodes

Detectors
Time (s)
Matlab

Time (s)
CUDA

Speedup
ratio

1 3074 710 128.25 19.89 6.4

2 3074 1409 250.54 25.08 10.0

3 3881 710 195.13 36.00 5.4

4 3881 1409 386.06 43.91 8.8

5 4697 710 254.56 55.88 4.6

6 4697 1409 492.57 89.15 5.5

Table 4: Time comparisons of forming the weight matrix consumed
by Matlab and CUDA.

Experiment
no.

Mesh
nodes

Detectors
Time (s)
Matlab

Time (s)
CUDA

Speedup
ratio

1 3074 710 216.35 8.46 25.6

2 3074 1409 415.79 16.72 24.9

3 3881 710 279.57 9.70 28.8

4 3881 1409 553.9 19.78 28.0

5 4697 710 367.33 10.65 34.5

6 4697 1409 686.95 21.53 31.9

Table 5: Time comparisons of the whole strategy consumed by
Matlab and CUDA.

Experiment
no.

Mesh
nodes

Detectors
Time (s)
Matlab

Time (s)
CUDA

Speedup
ratio

1 3074 710 355.50 39.23 9.1

2 3074 1409 677.58 52.33 12.9

3 3881 710 486.37 57.53 8.5

4 3881 1409 953.43 76.51 12.5

5 4697 710 636.17 80.83 7.9

6 4697 1409 1194.28 125.77 9.5

speedup ratio for the weight matrix acceleration is more than
25, which is higher than that of the𝐺𝑑 acceleration algorithm.
The reason is that the convolution operation is highly parallel,
which makes it more easily for the GPU to achieve significant
acceleration.

The speedup effect of the whole strategy is shown in
Table 5. The final acceleration effect is a compromise of the
acceleration of the computation between 𝐺𝑑 and𝑊.

3.3. Accuracy of the Acceleration Strategy. In the GPU
acceleration strategy, arithmetic operations are performed
with single precision, because the use of double-precision
operations results in increased memory requirements and a
reduction of speedup performance. However, operations with
single precision may bring in some errors compared with the
double-precision operations by the Matlab.

In order to study the error brought in by the single-
precision operation in GPU. One simulated case with 4697
mesh nodes and 1409 detectors is selected to study the accu-
racy of reconstruction result (in fact, all the cases have the
same conclusion and only one case is shown). Besides, 10%
zero-mean, Gaussian noise was added to the synthetic data
to simulate the actual case. Figure 5 shows the reconstructed
results by Matlab and the GPU acceleration strategy.

Then, the max error between the results is calculated as
follows:

max
 𝜂Matlab − 𝜂GPU𝜂Matlab

 × 100% = 0.15%, (10)

where 𝜂Matlab and 𝜂GPU stand for the reconstructed fluores-
cent signals in each node by Matlab and GPU acceleration
strategy, respectively. It can be found that the max error is
0.15%, which is negligible.

4. Discussions

In this paper, we introduced an acceleration strategy for the
early-photon fluorescence molecular tomography with GPU.
Results of several numerical simulation cases validate the
feasibility of this acceleration strategy.

With the acceleration strategy, the speedup ratio is about
10 for different cases. Compared with the other GPU-enabled
acceleration algorithms [9, 10], the speedup ratio is not very
great. There are mainly two reasons. First, the step to solve𝐺𝑑
is mainly matrix inversion operations, which is less suitable
for parallel acceleration compared with the operations of
matrix multiplication and matrix convolution. Besides, the
time consumed by the structure conversion of 𝐺𝑑 cannot be
neglected while the computational scale is large. Second, the
contrasted program is executed by Matlab and the functions
for matrix operations in Matlab have been optimized.

The efficiency of the whole acceleration strategy is
decided by two factors: the time percentage of the parallel
modules to the whole program and the speedup efficiency of
each acceleration algorithm. It can be found that the speedup
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Figure 5: Reconstruction of the fluorescent target performed by Matlab and the GPU acceleration strategy. The first row shows the results
reconstructed by Matlab while the second row shows the results reconstructed by the acceleration strategy. (a, c) The 3D views of the
reconstructed results. (b, d) The cross-sections corresponding to the green curve lines in the 3D views. The black circles in (b, d) indicate the
true locations of the fluorescent targets.

ratio of the weight matrix algorithm is larger than that of𝐺𝑑. The cases studied in this paper are focused on different
computational sizes and the projection number for each
case is 6 for simplicity. If the projection number increases
while the numbers of mesh nodes and detectors remain the
same, the time percentage of the weight matrix module will
increase. Therefore, for these cases, the final speedup ratio will
be higher.

For the 𝐺𝑑 acceleration algorithm, the speedup ratio is
not very remarkable. Future work will focus on improving
its performance. In fact, the stuffing matrix produced by
the FEM is a sparse matrix and the sparsity is used while
the matrix inversion operations are performed in Matlab.
However, the sparsity has not been utilized in the GPU
acceleration algorithm. It is believed that the utilization of the
sparsity of matrix will further improve speedup ratio of the𝐺𝑑
acceleration algorithm.

We performed several cases of different parameters to test
the acceleration strategy. The imaging quality is improved
when the numbers of mesh nodes and detectors increase.
More detectors result in better spatial resolution and finer

meshes will provide more details in the reconstructed results
[16]. However, this paper is focused on the performance
of the acceleration strategy for different simulation cases.
The relationship between the experimental parameters and
the reconstructed results is not the key point and is less
considered.

In conclusion, we accelerated the early-photon fluores-
cence molecular tomography with GPU. Feasibility of this
acceleration strategy was confirmed by several simulations.
The accelerated results showed few errors while the time
consumption was significantly reduced.
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Purpose. We developed the next stage of our computer assisted diagnosis (CAD) system to aid radiologists in evaluating CT images
for aortic disease by removing innocuous images and highlighting signs of aortic disease. Materials and Methods. Segmented data
of patient’s contrast-enhanced CT scan was analyzed for aortic dissection and penetrating aortic ulcer (PAU). Aortic dissection was
detected by checking for an abnormal shape of the aorta using edge oriented methods. PAU was recognized through abnormally
high intensities with interest point operators. Results. The aortic dissection detection process had a sensitivity of 0.8218 and a
specificity of 0.9907. The PAU detection process scored a sensitivity of 0.7587 and a specificity of 0.9700. Conclusion. The aortic
dissection detection process and the PAU detection process were successful in removing innocuous images, but additional methods
are necessary for improving recognition of images with aortic disease.

1. Introduction

Everyday quick and accurate decisions with inadequate infor-
mation about a patient must be made by attending physicians
at emergency departments. In 2007, in the United States,
almost 6 million patients listed chest pains as their reason for
visiting the emergency department [1]. Chest pain is a vague
symptom which requires hospital admission or prolonged
observation to determine the severity of a patient’s condition.
Negative results for inpatient cardiac evaluations cost around
6–8 billion dollars annually [2, 3]. Even with such precau-
tions, within 6 months after a negative result, 2%–5% of these
patients will have a serious cardiac event [4].

Over the past few decades, research into diagnostic radi-
ology has provided more tools for handling symptoms of
cardiac disease [5]. Due to recent improvements in multislice
CT scanners, images taken in the cardiovascular region are
clearer with less noise and artifacts and can be inspected with
greater confidence [6, 7]. For diagnosing chest pain, several
studies have demonstrated that a contrast-enhanced CT scan
of thoracic cavity is an effective, accurate, and noninvasive
method with a high negative predictive value for cardiac
diseases [8–11]. One particular method is Triple Rule-Out

(TRO) protocol in which the coronary arteries, pulmonary
arteries, thoracic aorta, and other intrathoracic structures are
highlighted in the CT scan. By examining the scan for signs of
serious heart conditions, for instance coronary stenosis, pul-
monary embolism, and aortic dissection (AD), TRO images
can be used to determine if a patient should be released or
admitted for further evaluation. This method results in the
cutting of cost and time involved with diagnosing a patient.
In recent years, several hospitals have implemented the TRO
protocol along with other protocols of CT diagnosis as a part
of their procedure for managing patients with vague symp-
toms at emergency departments.

As these protocols become widely used in diagnosing
cardiac disease, the burden of a radiologist increases consid-
erably. These methods require the time and abilities of well-
trained radiologists to be utilized effectively. The number of
cardiac images per patient produced during a CT scan
depends on the thickness of each slice captured and can range
anywhere from the hundreds to the thousands. During the
diagnosis phase, actions may become repetitive due to the
large number of images and many of the images have no signs
of diseases. Moreover, there are difficulties in locating candi-
dates of potential cardiac disease due to their small size or
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subtle appearance. In busy hospitals, evaluating these images
may be overwhelming and this could lead to crucial misses in
the diagnosis [12].

Therefore, we proposed and developed a computer aided
diagnosis (CAD) system that could ease this burden of radiol-
ogists during the diagnosis of contrast-enhanced CT images
of thoracic cavity. This would be accomplished by having
the system perform two actions. First, identify innocuous
images which would reduce the amount of time on repetitive
actions by radiologists. Second, highlight areas of images with
potential signs of cardiac disease which would reduce the
chance of radiologists overlooking them. A successful auto-
mated diagnosis system would improve the promptness and
accuracy of a radiologist’s diagnosis.

Within data of a patient’s CT scan is the possibility of
many kinds of cardiac diseases. To develop methods for
identifying all cardiac diseases in the CAD system would be a
large undertaking. Therefore, we concentrate on one branch
of cardiac disease, aortic diseases, where a CAD system could
assist. For instance, an aortic dissection in the ascending
aorta [13, 14] requires a careful observation to diagnose CT
images and could be fatal if not recognized soon. There is little
literature concerning CAD systems for aortic disease. There-
fore, the focal point of this paper was to develop a diagnosis
process for the CAD system to detect signs of aortic diseases
within images produced by contrast-enhanced cardiac image
scans.

In our previous research [15], a segmentation process was
developed that finds and segments the pathway of an aortic
artery known as the lumen. The segmentation method took
into account all of these uncertainties properly, viewed the
information from the whole image while allowing adjust-
ments for local variations, and employed morphologic oper-
ators. The process provided our system with a clear blueprint
of the shape, size, and boundaries of a patient’s aortic lumen.

The data from the segmentation process provides the
input for the diagnostic stage. The diagnostic process cur-
rently detects two aortic diseases, aortic dissection and pene-
trating aortic ulcer (PAU), in contrast-enhanced CT images
of the aorta. Two criteria for signs of these diseases were
established for the system to be utilized in its decision making
process:

(i) for aortic dissection, if the cross-section of the aorta
in an image is not circle-like;

(ii) for PAU, if the aorta contains objects with HU values
higher than normal along its wall.

In the case of an aortic dissection, blood flows into the
media layer of a deteriorated section of the aortic wall and
creates a new lumen. From the perspective of a CT image,
the lumen is separated into two pieces and the differences
in blood pressure between the two lumens cause distortions
in their shapes (Figure 1(a)). The functions of the diagnostic
process were designed based on edge oriented methods and
should be capable of recognizing a circle-like object in an
image. In the output, this process identifies aortic objects
with a circle-like shape as healthy and any aortic object that
does not meet that criterion as a possible candidate for aortic
disease.

(a) Aortic dissection (b) Penetrating aortic ulcer

Figure 1: Examples of aortic disease.

In the case of PAU, an ulceration of an atheroma-
tous plaque erodes the intima causing a hematoma in the
media of the aorta. In contrast-enhanced CT slices, a PAU
appears as a contrast-filled, pouch-like protrusion of the aorta
(Figure 1(b)) or as a thickened aortic wall in absence of an
intimal flap or a false lumen. The Hounsfield value (HU)
around the PAU can be higher than the normal lumen for two
reasons. First, contrast media become temporarily trapped
in these pouches and increase its concentration in this area.
Second, the calcified plaque that causes PAU has a high HU
value and lines the intima around the PAU. The functions for
the diagnostic process were created using interest point oper-
ators to locate these objects of higher than average intensity
within an aortic object. In the output every aortic object that
meets this criterion is labeled as a PAU object and sign of
a PAU. Otherwise, the aortic object as a whole is labeled as
healthy.

To summarize, we built an automated process that deter-
mines whether an aortic object in a slice is a candidate for
aortic dissection or PAU based on contrast-enhanced CT
data. We report technical details of this method for this
automatic identification and present preliminary results in
applying the process to 9 cases of CT data.

2. Materials and Methods

2.1. Patient Selection. The patient data used in this study were
obtained from Yokohama City University as a part of our
laboratories joint research. Patients were undergoing an
examination using the TRO protocol. They gave their permis-
sion for the use of their data in this study.

2.2. CT Technique. The basic procedure for TRO protocol
used for this project, as developed at Yokohama City Uni-
versity, consisted of three phases: a scanogram, a precontrast
scan, and a postcontrast scan.

All images were acquired with a 64-slice CT scanner.
Scans were between the diaphragm and the top of the aortic
arch.

The scanogram was a quick preliminary scan which deter-
mined the region where the precontrast and postcontrast scan
will take place.
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Table 1: List of case data used in evaluation.

Case number Condition Number of slices

1 Healthy 62

2 Aortic dissection 25

3 PAU 129

4 Normal 186

5 PAU 189

6 PAU 182

7 Normal 202

8 PAU 112

9 Aortic dissection 125

The precontrast scan was a full CT scan of the cardiac
region with no injection of a contrast medium, a radioactive
dye.

The postcontrast scan was a full CT scan of the cardiac
region in which the patient was injected with contrast
medium to illuminate key areas in the cardiac region. In this
phase, the patient received 70 mL of contrast medium into
the right arm to opacify the coronary arteries and the aorta
and, a minute later, another 30 mL of contrast medium to
opacify the pulmonary arteries. Once the contrast medium
had reached a predetermined level in the blood stream, the
post contrast scan began. The scan took on average about 15
seconds.

The data was stored in DICOM format, and the resolution
for the images was 512 × 512 pixels. The diagnosis of the cases
in this study is represented in Table 1.

2.3. Principles of the Segmentation Process. The CAD system
for the aortic artery in this study is designed to work with the
data received from a CT scan, which is composed of three
inputs: (1) the DICOM data of a patient’s CT scan which
includes cardiac images from the top of the aortic arch to
the diaphragm, (2) the range of Hounsfield unit (HU) of
the contrast-enhanced aortic lumen detected during the CT
scan (average range 200 HU–500 HU), and (3) the starting
positions of the ascending aorta and descending aorta. The
two criteria for this process are as follows: (1) a cross-section
of the aortic artery is circle like in shape (Figures 2(c) and
2(d)); (2) the aortic arch creates 180-degree torus (Figures 2(a)
and 2(b)). From these inputs and criteria, the segmentation
process identifies objects in the CT scan which are the
aorta (Figure 3) and links them together and labels them as
ascending aorta, descending aorta, or aortic arch depending
on their location. Afterwards, the automatic segmentation
outputs image sets of the ascending aorta, the descending
aorta, and the aortic arch.

2.4. Principles of the Diagnostic Process for Aortic Dissection.
Utilizing the segmentation data, the CAD system initializes
the diagnostic process for aortic dissection by collecting
two pieces of information. First, Sobel operator provides the
diagnostic process with an approximation of the gradient
image of segmentation data. The gradient values represent
the degree of change of intensity in the 𝑥-and 𝑦-directions at

(a) 180-degree torus (b) Sagittal slice of the
aortic arch

(c) Cross-section of the aor-
tic arch

(d) Axial slice of the descending
aorta

Figure 2: Criteria for segmentation process.

Original healthy 
aorta im age 

aorta im age aorta im age 

aorta im age 
Segm ented healthy 

Original diseased Segm ented diseased 

Figure 3: Results of segmentation.

particular pixel in an image, 𝐺𝑥 and 𝐺𝑦, respectively. A pair
of convolution masks (Figure 4) is applied to the HU value of
each pixel to calculate 𝐺𝑥 and 𝐺𝑦. Then, the gradient angle
(𝐺𝜃) of each pixel is assessed with the following function:𝐺𝜃 = tan

−1𝐺𝑦𝐺𝑥
. (1)
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Figure 4: Convolution mask for the gradient.

Second, the centroid (𝐶𝑥, 𝐶𝑦) of an aortic object is deter-
mined. 𝑛 is the total number of pixels in an object. 𝑥𝑛 and 𝑦𝑛
are the 𝑥-and 𝑦-positions of an individual pixel:𝐶𝑥 = 𝑥1 + 𝑥2 + ⋅ ⋅ ⋅ + 𝑥𝑛𝑛 ,𝐶𝑦 = 𝑦1 + 𝑦2 + ⋅ ⋅ ⋅ + 𝑦𝑛𝑛 . (2)

The Fast Circle Detection algorithm [16] examines the
boundary of an object and determines if this object is a circle
based on edge oriented methods. The decision is based on the
number of unique boundary pixel pairs (𝑃1, 𝑃2) that satisfy
three conditions.

(1) The gradient (𝐺𝜃1) angle of 𝑃1 is 180 degrees from the
gradient angle (𝐺𝜃2) of 𝑃2 (Figure 5(a)):180∘ = 𝐺𝜃1 − 𝐺𝜃2 . (3)

(2) The gradient vector (𝐺𝜃1) is equal to the angle of
←−−→𝑃1, 𝑃2

(Figure 5(b)): 𝐺𝜃1 = ∠←−−→𝑃1, 𝑃2. (4)

(3) The line
←−−→𝑃1, 𝑃2 should pass through the centroid

(𝐶𝑥, 𝐶𝑦) of the object (Figure 5(c)).

The percentage of boundary pixels that meet these con-
ditions is calculated. If the percentage reaches the predeter-
mined threshold, the object is labeled circle like and possibly
healthy. If the percentage fails the threshold, the object is
labeled abnormal shape and a candidate for aortic dissection.

2.5. Principles of the Diagnostic Process for PAU. The PAU
detection process begins by analyzing the segmentation data
of contrast media enhanced CT images. During the segmen-
tation process, PAU and calcifications with strong intensi-
ties are removed from the image as their HU values are
much higher than the normal lumen’s intensity (Figure 6(a)).
After the segmentation process, these PAU and calcifications
appear as small ovals and ellipses around the edge of aorta
(Figure 6(b)).

The PAU detection process is a search for pixels that meet
these requirements:

(1) this pixel’s HU value is higher than the highest value
of the range of the lumen’s intensity;

condition

Pass Fail

𝜃1 𝜃1𝜃2

𝜃2

1st

(a) The gradient (𝐺𝜃1) angle is 180 degrees from the gradient (𝐺𝜃2)
angle

condition

𝜃1

𝜃1

𝑃1

𝑃1
𝑃2 𝑃2

2nd

(b) The gradient vector (𝐺𝜃1) is equal to the angle of
←−−→
𝑃1, 𝑃2

condition

𝑃1
𝑃1

𝑃2

𝑃23rd

(𝐶 , 𝐶 )
(𝐶 , 𝐶 )

(c) The line
←−−→
𝑃1, 𝑃2 should pass through the centroid (𝐶𝑥, 𝐶𝑦) of the object

Figure 5: Fast Circle-Detection algorithm conditions.

Original im age (a) Norm al lum en

Connective tissue
(grey)

(b) Boundary  
(white) (white)

Figure 6: Detection of PAU.

(2) this pixel is contained inside the boundary of an aortic
object.

Through connected-component labeling, these pixels are
grouped in PAU objects. These objects are highlighted in the
image and output as a candidate for PAU.

2.6. Evaluation of Diagnostic Processes. The processes for
detecting healthy aortas and candidates for diseased aorta
were evaluated in two parts with 9 cases where the aortic
region has been enhanced with contrast media in a CT scan.
For this experiment, the system only examined the slices
of the ascending aorta and descending aorta because their
cross-section is readily viewable in the CT images without
reconstruction. A cross-section of the aortic arch requires
multiplanar reconstruction of the CT images which was not
available at the time of testing.
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The first part examined whether the Fast Circle Detection
algorithm could correctly identify healthy and aortic dissec-
tion images in 5 cases which included 3 healthy and 2 aortic
dissections. The system returned a decision of whether a slice
of the aorta was healthy or a candidate for aortic dissection.
The threshold for the Fast Circle Detection algorithm was set
at 60% for the percentage of boundary pixels with a unique
gradient pair out of the total number of boundary pixel in
an object. The results were compared to the actual number of
healthy aortic slices and candidate slices.

A true positive is defined as an aortic object that contains
an aortic dissection and was labeled by the CAD system as a
candidate for aortic dissection. A false positive is defined as
an aortic object that is healthy but was labeled by the CAD
system as a candidate for aortic dissection. A true negative is
defined as an aortic object that is healthy and was labeled by
the CAD system as healthy. A false negative is defined as an
aortic object that contains an aortic dissection but was labeled
by the CAD system as healthy.

The second part reviewed the process for detecting signs
of PAU in the aorta with the 4 cases of PAUs. The system
returned objects in a slice which were labeled as possible signs
of PAU. The results were compared to the actual number of
PAUs in set of test data. A true positive is defined as an aortic
object that contains a PAU, and a candidate for PAU was
detected by the CAD system. A false positive is defined as an
aortic object that has no PAU, but a candidate for PAU was
detected by the CAD system. A true negative is defined as an
aortic object that has no PAU, and no candidate for PAU was
detected by the CAD system. A false negative is defined as
aortic object that contains a PAU, but no candidate for PAU
was detected by the CAD system.

The system examined the images on a computer with Intel
Core 2 Extreme CPU Q6850 3.00 GHz 2.99 GHz and 8 Gb of
Ram. The total time of the process was also recorded.

3. Results

3.1. Results of the Diagnostic Process for Aortic Dissection. Of
the 479 images from 5 cases, 161 slices contained the ascend-
ing aorta and 479 slices contained the descending aorta. The
results are represented in Table 2.

Regarding the descending aorta, 83 were correctly iden-
tified as candidates for aortic dissection (true positive) and 0
were incorrectly identified as candidates for aortic dissection
(false positive), 378 slices were correctly identified as healthy
(true negative), and 18 were incorrectly identified as healthy
(false negative). The false negative slices occurred when the
aortic dissection only caused a change in the size of aorta but
not the shape.

Concerning the ascending aorta, there was no occurrence
of aortic dissection. 156 slices were correctly identified as
healthy, and 5 slices were incorrectly identified as a candidate
for aortic dissection. The false positive slices occurred where
the ascending aorta was transitioning to the aortic arch.

3.2. Results of the Diagnostic Process for PAU. Of the 461 slices
in the 4 cases with PAU, 213 slices contained the ascending
aorta and 461 slices contained the descending aorta. 26 of the

Table 2: Results of the diagnostic process for aortic dissection.

Data type
True

positive
False

positive
True

negative
False

negative

All aorta data 83 5 534 18

Ascending data 0 5 156 0

Descending data 83 0 378 18

Sensitivity 0.8218 Specificity 0.9907

Table 3: Results of the diagnostic process for PAU.

Data type
True

positive
False

positive
True

negative
False

negative

All aorta data 239 10 323 76

Ascending data 48 5 116 18

Descending data 191 5 207 58

Sensitivity 0.7587 Specificity 0.9700

213 slices containing ascending aorta were removed because
of an error with the segmentation process, making the final
total of slices of the ascending aorta 187. The results are
represented in Table 3.

In the ascending aorta, 48 slices were correctly identified
with PAU (true positive), 5 slices were incorrectly identified
with PAU (false positive), 116 slices were correctly identified
with no PAU (true negative), and 18 slices were incorrectly
identified with no PAU (false negative).

In the descending aorta, 191 slices were correctly identi-
fied with PAU, 5 slices were incorrectly identified with PAU,
207 slices were correctly identified with no PAU, and 58 slices
were incorrectly identified with no PAU.

False positives occurred when the contrast media were
slightly above the intensity range of the lumen, most likely
due to an artifact in the CT image. False negatives generally
happened when the PAU’s intensity was similar to the normal
lumen’s intensity.

3.3. Runtimes of the CAD System. The runtimes for the CAD
system to segment and perform the diagnostic process
explained in this paper are represented in Table 4.

4. Conclusion

With the purpose of designing a CAD system for aortic
diseases to assist radiologists, we developed two automated
diagnostic processes for determining whether an aortic object
in a contrast-enhanced CT image contains candidates for aor-
tic dissection or PAU. The results of our study have brought us
the following conclusions about the feasibility of this system.

The aortic dissection detection process had a sensitivity
of 0.8218 and a specificity of 0.9907. This indicates that this
process is capable of identifying a healthy aorta shape but not
fully able to recognize all types created by an aorta dissection.
The most common error occurred when the aorta dissection
caused the aorta to shrink but still maintained a circle-like
shape. Additional methods must be utilized by aortic dissec-
tion process to collect relevant data, such as reduction in size
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Table 4: Runtimes of the CAD system.

Case number Images used Time (min:sec)

1 62 2:24

2 25 0:55

3 129 5:08

4 186 10:32

5 189 10:58

6 182 10:06

7 202 12:20

8 112 4:45

9 125 5:17

and the appearance of an intimal flap in the aortic object, to
reduce the false negatives.

The PAU detection process scored a sensitivity of 0.7587
and a specificity of 0.9700. This process mostly avoided incor-
rect identification of PAU. This is likely due to the success of
this segmentation process with removing artifacts and noise.
Regarding the sensitivity, this process was able to distinguish
a majority of the PAU. When it overlooked a PAU, this was
because the PAU had an intensity that was similar to the
lumen. A supplementary method for recognizing the shape
of PAU on the boundary of an aorta should be implemented
to reduce the false negatives.

This research will serve as a base for future studies of CAD
system for aortic disease and expand on various methods
for automated diagnosis. There were some limitations that
should be addressed in the next study. The current study
has examined two methods for identifying aorta dissection
and PAU. More methods must be included to enhance the
accuracy and precision of this CAD system. Moreover, the
experimental data was relatively small. A larger set of test data
is necessary for more definitive results.

In the future, concerning the aortic disease diagnosis
process, more algorithms that address issues of image pro-
cessing will be designed to analyze the aorta and to search for
signs of aortic diseases such as aortic dissection, intramural
hematoma, and penetrating atherosclerotic ulcer [13, 14]. Cri-
teria still unaddressed for identifying aortic diseases include
(1) significant changes in the size (increasing or decreasing)
of aorta, (2) appearance of intimal flaps which are dark lines
contained within the lumen, and (3) detection of PAU on the
boundary based on shape.

In summary, the aortic dissection detection process and
the PAU detection process were successful in removing
innocuous images, but additional methods are necessary for
improving recognition of images with aortic disease. These
methods can be used for the next step in building a CAD
system for detecting aortic diseases.
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Parallel imaging is a rapid magnetic resonance imaging technique. For the ill-conditioned problem, noise and aliasing artifacts
are amplified during the reconstruction process and are serious especially for high accelerating imaging. In this paper, a sparse
constrained reconstruction problem is proposed for parallel imaging, and an effective solution based on the variable splitting
method is contrived. First-order and second-order norm optimization problems are first split, and then they are transferred to
unconstrained minimization problem by the augmented Lagrangian method. At last, first-order norm and second-order norm
optimization problems are alternatively resolved by different methods. With a discrepancy principle as the stopping criterion,
analysis of simulated and actual parallel magnetic resonance image reconstruction is presented and discussed. Compared with
the routine parallel imaging reconstruction methods, the results show that the noise and aliasing artifacts in the reconstructed
image are evidently reduced at large acceleration factors.

1. Introduction

Parallel imaging is a robust method for accelerating the
acquisition of magnetic resonance imaging (MRI) data,
which exploits spatial sensitivity of an array of receiver coils
to reduce the number of the required Fourier encoding
steps. However, these reduced amounts of MR data lead to
aliased images by the routine reconstruction method. Over
the past few years, a number of parallel MRI techniques
have been proposed for reconstructing MR image from
these undersampled data in either 𝑘-space or image domain
[1]. Sensitivity encoding (SENSE) [2] and generalized auto-
calibrating partially parallel acquisitions (GRAPPA) [3] are
two methods most commonly used on clinical scanners
today.

As the amount of data acquired in parallel MRI is less,
which depends on the acceleration factor (AF), the quality
of the reconstructed image is poorer. Therefore, the AF is
usually lower when parallel imaging technique is used to
speed up MRI in clinic. Based on SENSE method, the image
reconstruction for parallel imaging is performed by solving a
linear system that explicitly depends on the sensitivity maps

of the receiver coils, and some prior information may be
used to stabilize the reconstruction process. Regularization
is an attractive means of restoring stability in the reconstruc-
tion mechanism, where prior information can be effectively
incorporated [4]. The Tikhonov regularization is a commonly
used method where a low-resolution prior image is applied in
the reconstruction; that is, a quadratic minimization problem
and its numerical algorithm are simple, such as the linear
conjugate gradient (CG) method. However, the disadvantage
of Tikhonov regularization method is that it biases the
estimated reconstructed image towards the prior image [5].
More recently, total variation methods have been investigated
for MR image reconstruction. The advantage of this type
of regularization is that it biases the reconstructed image
towards a piecewise smooth image, instead of a globally
smooth image, thereby better preserving image edges [6].
With the advent of compressed sensing (CS) theory, sparsity-
promoting regularization criteria have gained popularity in
MRI, which is known as sparseMRI or CS-MRI [7]. The basic
assumption underlying CS-MRI is that many MR images
are inherently sparse in some transform domain and then
can be reconstructed with high accuracy from significantly
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undersampled 𝑘-space data. Certainly, the CS framework is
apt for pMRI with undersampled MR data [8].

This paper investigates the problem of sparse constrained
reconstruction from highly undersampled MR data for par-
allel MRI. Based on sparseMRI theory, we use the finite
difference as the sparsity project domain, and sparsity prop-
erty of anisotropic total variation (TV) of MR image is used
as the prior information for stabilizing the reconstruction
process. As a result, a nonlinear optimization problem is con-
structed for reconstructing the parallel MR image. However,
as there exists both first-order norm (known as ℓ1-norm)
and second-order norm (ℓ2-norm) minimization problems,
the solution to the constructed optimization problem is
commonly difficult. In the paper, the ℓ1-norm minimization
problem for sparse representation of MR image and ℓ2-norm
minimization problem, which are subject to data consistency
based on SENSE method, are firstly split by variable split-
ting method, and then the split constrained minimization
problem is converted to an unconstrained minimization
problem by the augmented Lagrangian (AL) method. At last,
the Lagrangian multiplier method and alternating direction
method (ADM) are used to solve the split minimization
problem by the different numerical algorithms. In order to
evaluate the effectiveness and robustness of the proposed
algorithm, the image reconstruction problem from highly
undersampled parallel MR data is exploited.

2. Theory

2.1. The MR Signal Model in Parallel Imaging. As a fast
imaging method, parallel imaging technique is also known
as multiple coils MRI, which uses an array of RF receiver
surface coils to acquire multiple sets of undersampled 𝑘-space

data simultaneously. Let ⇀𝑟 denote the two-dimension spatial

coordinates (𝑥, 𝑦) and 𝑠𝑙(⇀𝑟 ) the demodulation information
associated with the 𝑙th coil, then the MR signal associated
with the 𝑙th coil is the following general forward model:

𝑐𝑙 (⇀𝑟 ) = ∫ 𝑠𝑙 (⇀𝑟 )𝑓 (⇀𝑟 ) 𝑒−𝑖⇀𝑘 ⋅⇀𝑟 𝑑⇀𝑟 , 𝑙 = 1, . . . , 𝐿. (1)

Here, 𝑓(⇀𝑟 ) denotes the object’s transverse magnetization
signal and forms MR image. Let 𝑦-ordinates denote the
gradient encoding direction, consideration of MR signal
sampled on Cartesian coordinates, and then the discrete
MR signal is obtained as follows (2) in accelerating parallel
imaging:

𝐼𝑙 (𝑥, 𝑦) = 𝑁𝐴−1∑
𝑛=0
𝑠𝑙 (𝑥, 𝑦 + 𝑛𝑀)𝑓 (𝑥, 𝑦 + 𝑛𝑀) , (2)

where 𝑁𝐴 is the number of aliased pixels; 𝑅 is known as AF;𝑀 = 𝑁𝑦/𝑅; 𝑥 = 0, . . . , 𝑁𝑥; 𝑦 = 0, . . . , 𝑁𝑦/𝑅; 𝑁𝑥, 𝑁𝑦 is
the discrete pixels number, respectively, along the 𝑥-direction
and 𝑦-direction when data are full sampled.

2.2. The Model of Image Reconstruction in Parallel Imaging.
Considering of noisy samples of MR signal, the discrete
model for parallel imaging is given as𝑦 = 𝐹𝑆𝑓 + 𝜀, (3)

where 𝑓 is a 𝑁 × 1 column vector containing the samples
of the unknown image to be reconstructed, 𝑦 and 𝜀 are ML× 1 column vectors corresponding to the data samples from𝐿 coils and noise, respectively. 𝑆 is NL × 𝑁 matrix given by𝑆 = [𝑠𝐻1 , . . . , 𝑠𝐻𝐿 ], 𝑠𝑙 is 𝑁 × 𝑁 diagonal matrix corresponding

to the sensitivity map of the 𝑙th coil, and 1 ≤ 𝑙 ≤ 𝐿, (⋅)𝐻
represents the Hermitian-transpose. 𝐹 is ML × NL matrix
given by 𝐹 = 𝐼𝐿⊗Fu, Fu is𝑀×𝑁 Fourier encoding matrix, 𝐼𝐿
is the identity matrix of size 𝐿, and ⊗ denotes the Kronecker
product. In order to speed up parallel imaging, 𝑘-space MR
data may be undersampled to reduce the total scan time, so𝑀 ≤ 𝑁.

Given an estimate of the sensitivity maps 𝑆, the image
reconstruction problem for parallel imaging is to find 𝑓 from
data 𝑦. Based on SENSE method, the MR image may be
reconstructed using the least-squares estimation as�̂� = (𝑆𝐻𝐹𝐻Ψ−1𝐹𝑆)−1𝐹𝐻𝑆𝐻Ψ−1𝑦, (4)

where Ψ denotes the 𝐿 × 𝐿 receiver noise matrix, it
describes the levels and correlation of noise in the receiver
channels. Because of the coil configurations and the coil
sensitivity error, the measurement matrix FS is commonly

non-orthogonal as 𝑆−1𝐹−1𝐹𝑆 ̸= 𝐼. The linear system as (3)
is ill-posed. Using inversion matrix method as (4), noise
derived from measurement data may be amplified if the
small eigenvalues exist in matrix 𝐹𝑆, which might result in
the instability of reconstruction process. As noise in MRI
measurements is Gaussian distribution, a natural approach is
to estimate 𝑓 by minimizing a regularized least-squares cost
function:�̂� = arg min {Φ (𝑓) = 𝐹𝑆𝑓 − 𝑦2 + 𝜇𝑅 (𝑓)} , (5)

where 𝑅(𝑓) denotes the regularization term, and ||||2 is ℓ2-
norm, which represents the data-consistent term. 𝜇 is the so-
called regularization parameter to balance the regularization
term and data-fidelity term.

An open problem in most regularization image recon-
structions is how to best choose the regularization term. If
this term is not included, then the image estimate will suffer
from noise and aliasing artifacts for undersampled data. The
simplest choice is the Tikhonov regularization 𝑅(𝑓) = ||𝑓||2
or 𝑅(𝑓) = ||𝑓 − 𝑓0||2, where 𝑓0 is a prior or reference
image. However, if the reference image is zero, then all pixel
values in estimation 𝑓 are diminished towards zero, possibly
reducing contrast. Another choice is a quadratic roughness
penalty function, by which it is convenient for minimization
and guarantees that the cost function (5) has a unique
minimization, but it has the drawback of smoothing image
edges. TV regularization reconstruction may overcome the
drawbacks mentioned above, but it is getting harder to be
minimized and can lead to the appearance of “blocky” texture
in images.
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2.3. The Sparse Constrained Image Reconstruction in Parallel
Imaging. Based on CS-MRI theory, MR image on finite
difference domain is sparse, on which the sparse represen-
tation of MR images can be demonstrated by applying a
sparsifying transform to a fully sampled image. In this paper,
TV transform is used to transform the estimated MR image
to finite difference domain, and then the sparse constrained
minimization problem for parallel MR image reconstruction
is obtainedas

min
𝑓

∇𝑓1 s.t.
𝐹𝑆𝑓 − 𝑦2 < 𝜎, (6)

where ||||1 denotes ℓ1-norm, and 𝜎 represents any error, such
as noisy level derived from the data sampled process. ||∇𝑓||1
is called TV norm of an image, which is defined as a function
of the image gradient. ||∇𝑓||1 might be computed by discrete
isotropic TV or anisotropic TV as

∇𝑓1 = ∑
𝑖

√(∇𝑥𝑓)2𝑖 + (∇𝑦𝑓)2𝑖 ,∇𝑓1 = ∑
𝑖
(∇𝑥𝑓 + ∇𝑦𝑓) , (7)

where ∇𝑥𝑓 denotes the 𝑥-direction gradient of image 𝑓, and∇𝑦𝑓 denotes the 𝑦-direction gradient. There are both ℓ1-
norm term and ℓ2-norm term in (6). The ℓ1-norm term in
(6) is based on the sparsity of MR image on finite difference
domain, while ℓ2-norm term is based on the data fidelity
of MR image reconstruction. Using the common numerical
algorithms such as CG or Newton method, it is difficult to
attain the stabilized solution to problem (6). Lustig et al.
researched sparseMRI and posed the detailed computation
method for sparse constrained inverse problem [8], where
nonlinear CG method was applied to solve the constrained
minimization problem as (6) when isotropic TV is applied to
compute TV. However, the reconstructed image obtained by
this method is dissatisfied according to our analysis.

According to the research product about ℓ1-norm mini-
mization problem [9–11], the variable split method is adopted
to split the ℓ1-norm term and ℓ2-norm term in (6) in our
research. Specifically, with an auxiliary variable 𝑤, let 𝑤 =∇𝑓, then the constrained optimization problem is obtained,
which denoted as 𝑃 as follows:

𝑃 : min
𝑤,𝑓
‖𝑤‖1 s.t. 𝑤 = ∇𝑓, 𝐹𝑆𝑓 − 𝑦2 < 𝜎. (8)

3. The Solution to Sparse Constrained Image
Reconstruction Based on Variable Splitting
Method for Parallel Imaging

3.1. The Unconstrained Parallel MR Image Reconstruction
Problem. In the augmented Lagrangian (AL) framework

(also known as the multiplier method [12]), an AL function
can be constructed for problem (8) as

min
𝑤,𝑓,𝛾1,𝛾2

Φ(𝑓,𝑤, 𝛾1, 𝛾2) = ‖𝑤‖1 + 𝛾𝐻1 (𝐹𝑆𝑓 − 𝑦)+ 𝜇12 𝐹𝑆𝑓 − 𝑦2 + 𝛾𝐻2 (𝑤 − ∇𝑓)+ 𝜇22 𝑤 − ∇𝑓2,
(9)

where 𝛾1, 𝛾2 represent the vector of Lagrange multipliers, and𝜇1, 𝜇2 are the regularization parameters. The solution to (9)
may be in the following AL version:(𝑓𝑘+1, 𝑤𝑘+1) ← arg min

𝑓,𝑤
Φ(𝑓,𝑤, 𝛾𝑘1 , 𝛾𝑘2) ,𝛾𝑘+11 ← 𝛾𝑘1 − 𝜆𝜇1 (𝐹𝑆𝑓𝑘+1 − 𝑦) ,𝛾𝑘+12 ← 𝛾𝑘2 − 𝜆𝜇2 (𝑤𝑘+1 − ∇𝑓𝑘+1) , (10)

where 𝜆 ∈ (0, 2) guarantees convergence, as long as the
subproblem is solved to an increasingly high accuracy at
every iteration.

The joint minimization of Φ with respect to 𝑓 and 𝑤
can be computationally challenging in (10). ADM [13] is
applied, which alternatively minimizesΦ with respect to one
variable at a time while holding others constant. This method
decouples the individual updates of 𝑓 and 𝑤 and simplifies
the optimization task. Specifically, at the 𝑘th iteration, we
perform the following individual minimizations, taking care
of using updated variables for subsequent minimizations and
the following algorithm:𝑤𝑘+1 ← arg min

𝑤
Φ(𝑓𝑘, 𝑤, 𝛾𝑘2 , 𝜇2) ,𝑓𝑘+1 ← arg min

𝑓
Φ(𝑓,𝑤𝑘+1, 𝛾𝑘1 , 𝜇1, 𝛾𝑘2 , 𝜇2) ,𝛾𝑘+11 ← 𝛾𝑘1 − 𝜆𝜇1 (𝐹𝑆𝑓𝑘+1 − 𝑦) ,𝛾𝑘+12 ← 𝛾𝑘2 − 𝜆𝜇2 (𝑤𝑘+1 − ∇𝑓𝑘+1) .

(11)

3.2. The Solution to Minimization Problem with Respect to𝑤. Holding variable 𝑓 constant, we get the minimization
problem with respect to 𝑤 in (9) at the 𝑘th iteration as𝑤𝑘+1 = arg min

𝑤
{‖𝑤‖1 + (𝛾𝑘2)𝐻 (𝑤 − ∇𝑓𝑘) + 𝜇22 𝑤 −∇𝑓𝑘2} .

(12)

Equation (12) is a ℓ1-norm minimization problem, the
solution of which can be estimated by shrinkage rule [14] as𝑤𝑘+1 = Shrink{∇𝑓𝑘 − 𝛾𝑘2𝜇2 , 1𝜇1 ∗ 𝜇2}≜ max{∇𝑓𝑘 − 𝛾𝑘2𝜇2  − 1𝜇1 ∗ 𝜇2 , 0} ⋅ sgn(∇𝑓𝑘 − 𝛾𝑘2𝜇2) .

(13)
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3.3. The Solution to Minimization Problem with Respect to𝑓. Holding variable 𝑤 constant, we get the minimization
problem with respect to𝑓 at the 𝑘th iteration based on (9) as𝑓𝑘+1 = arg min

𝑓
{(𝛾𝑘1)𝐻 (𝐹𝑆𝑓 − 𝑦) + 𝜇12 𝐹𝑆𝑓 − 𝑦2+(𝛾𝑘2)𝐻 (𝑤𝑘 − ∇𝑓) + 𝜇22 𝑤𝑘 − ∇𝑓2} .

(14)

Ignorant of irrelevant constant, (14) can be written as (15)𝑓𝑘+1 = arg min
𝑓

{𝜇12 𝐹𝑆𝑓 − 𝑦 − 𝜂12 + 𝜇22 𝑤𝑘 − ∇𝑓 − 𝜂22} ,
(15)

where 𝜂1 = 𝛾1/𝜇1, 𝜂2 = 𝛾2/𝜇2. Equation (15) is a ℓ2-norm
minimization problem, which can be solved by nonlinear
conjugate gradient (NCG) descent algorithm with backtrack-
ing line search algorithm. During the iterative process, the
iterative step may be calculated by inexact line search or the
Barzilai and Borwein (BB) method [15].

3.4. The Solution to Sparse Constrained Image Reconstruction
for Parallel Imaging. Combining the results in Sections 3.1,
3.2, and 3.3, we now present the algorithm for solving the
unconstrained optimization problem (9) as follows.

(1) Initialize 𝑓0,𝑤0 and regularization parameters 𝜇1, 𝜇2.

(2) Precompute 𝐹𝐻𝑆𝐻𝑓, and let 𝜂01 = 𝜂02 = 0, 𝑘 = 0.

Repeat the following.

(3) Obtain an update 𝑤𝑘+1 using an appropriate tech-
nique as described in Section 3.2.

(4) Update 𝑓𝑘+1 using an appropriate technique as
described in Section 3.3 by NCG method, and the
inexact line research method is used to calculate the
iterative step.

(5) Update the Lagrangian multiplier 𝛾1 by the following
function:𝛾𝑘+11 ← 𝛾𝑘1 − 𝜆𝜇1 (𝐹𝑆𝑓𝑘+1 − 𝑦) . (16)

(6) Update the Lagrangian multiplier 𝛾2 by the following
function:𝛾𝑘+12 ← 𝛾𝑘2 − 𝜆𝜇2 (𝑤𝑘+1 − ∇𝑓𝑘+1) . (17)

(7) Let 𝑘 = 𝑘 + 1.

Until some stop criterion is met.

4. Experiments

4.1. Data Simulation and Acquisition. In all our experiments,
we considers 𝑘-space MR data assigned on the Cartesian
grid, and the undersampling pattern is uniformity, so Fourier

encoding matrix corresponds to an undersampling version
of the DFT matrix. Two sets of parallel MR data are applied
to test the proposed algorithm. One set of data is acquired
from simulating parallel MRI system, and the other is actual
parallel MR data.

In order to construct the simulating multichannel MRI
receive system, we considered a noise-free 256 × 256 T1-
weighted MR image obtained from the BrainWeb database
[16] and then downsampled to 128 × 128. The simulating
system had four-channel linear phased-array coil wrapped
around the whole brain circumferentially. The coil sen-
sitivity maps were calculated using Biot-Savart’s law [17].
Multichannel images were then created by multiplying T1-
weighted MR image with the simulated sensitivity profiles.
At last, these images were Fourier transformed to gener-
ate the multichannel 𝑘-space data whose size was 128 ×128 × 4. In the research, complex Gaussian noise would
be added to data set for simulating noisy parallel MR
data.

The actual fully sampled brain dataset was obtained from
PULSAR (a Matlab toolbox for parallel MRI) [18], which was
acquired using MR systems with eight-channel head array
and multichannel receiver from a healthy male volunteer with
fast spoiled gradient-echo sequence, TR/TE = 300/10 ms,
matrix size = 256×256, tip angle = 15∘, and FOV = 22×22 cm.

To simulate the accelerating imaging procedure for par-
allel MRI, 𝑘-space dataset along phased encoding direction
might be uniformly decimated to produce undersampling
datasets. Additionally, central 12 phase-encoding lines were
preserved to be used for coil sensitivity estimation [19]. We
mainly researched parallel MR image reconstruction problem
when the undersampling rate (also known as AF) attained
its maximum value that was the number of receive coils
at theory. The size of undersampled data in simulated data
analysis is 128 × 32 × 4, while actual dataset is 256 × 32 × 8.
Meanwhile, for two sets of data, the full 𝑘-space data was
acquired and then sum-of-squares (SoS) reconstruction [20]
was used as a reference image.

Figure 1(a) shows the data collected from the simulating
parallel MRI, which will be applied to test the proposed
algorithm.

4.2. Calibration of Sensitivity Profiles. Calibration of the spa-
tial sensitivity functions of coil arrays is a crucial element in
parallel MRI. Accurate coil sensitivity information is required
for accurate spatial encoding in parallel MRI reconstructions,
and the choice of sensitivity calibration strategy is at least
as important as the choice of reconstruction strategy. The
most common approach has been to measure coil sensitivities
directly using one or more low-resolution images acquired
before or after accelerated data acquisition. However, since it
is difficult to ensure that the patient and coil array will be in
exactly the same positions during both calibration scans and
accelerated imaging, this approach can introduce sensitivity
miscalibration errors into parallel MRI reconstructions. Coil
sensitivity functions vary slowly as a function of spatial
position, and low-resolution in vivo images suffice to form
sensitivity references. Thus, valid coil sensitivities can be
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Figure 1: Simulated pMRI. (a) is the T1-weighted brain MR image, (b) is SoS of individual receiver coil sensitivity profiles calculated based
on Biot-Savart’s law, and (c) is SoS reconstruction from undersampled data when AF is 4.

determined from the fully sampled region of the central 𝑘-
space, so long as the range of spatial frequencies covered
in the central region contains the spatial frequency band of
the coil sensitivity functions [19]. In the paper, central 12
phase-encoding lines were Fourier transformed to produce
low-resolution 𝑓( ⃗𝑟), which was used to estimate the coil
sensitivity profiles. By (18), the magnetization distribution

low-resolution 𝑓(⇀𝑟 ) may be partly removed, and then the
encoding effects of relatively pure coil sensitivities are isolated
as

�̂�l (⇀𝑟 ) ≈ [𝑓 (⇀𝑟 ) 𝑠l (⇀𝑟 )]low-resolution√∑𝑙

[𝑓 (⇀𝑟 ) 𝑠l (⇀𝑟 )]low-resolution2 , (18)

where the “low-resolution” superscript indicates that use of
only the central 𝑘-space positions results in a low-resolution

measurement of the full product of 𝑓(⇀𝑟 ) and 𝑠𝑙(⇀𝑟 ).
4.3. Data Analysis. In the study of actual parallel MRI, the
standard reference image is the SoS reconstructed image of
full-sampled individual coil surface images, while the T1-
weighted brain image is the reference image in the simulating
study. The normalized mean squared error (NMSE) between
the reconstructed image and the reference image would be
calculated to quantitatively analyze the quality of recon-
structed image. NMSE is also known as artifact power (AP),
which suggests any error as both increased image artifacts
and noise. As shown in (19), a higher value of NMSE (or AP)
represents the reduced image quality as

NMSE = ∑⇀𝑟 (𝑓 (⇀𝑟 ) − 𝑓reference (⇀𝑟 ))2∑ ⃗𝑟
𝑓reference (⇀𝑟 )2 , (19)

where 𝑓reference denotes the sensitivity reference image.
To pose the effectiveness of the proposed reconstruction

method as (9), the other parallel MR image reconstruction
methods known as generalized encoding matrix (GEM)
method [21], which is used in SENSE method, and CG
method [22] are comparatively analyzed. Additionally, the

stopping criterion for the iterative algorithms used in our
study is based on discrepancy principle as

norm (𝑓𝑗 − 𝑓𝑗−1)
norm (𝑓𝑗) < tol, (20)

where description “norm” indicates Frobenius norm of
matrix, “tol” denotes the convergence tolerance, and sub-
scription “𝑗” indicates the iteration number during the
iterative process.

4.4. Results. We compared the proposed method to GEM
method, named the basic SENSE, and to CG method, by
which MR images may be reconstructed from undersampled
MR data. Figure 2 shows the reconstructed images from
noise-free simulating data when employing 4-fold acceler-
ating MRI, when AF is 4. Figure 3 shows the reconstructed
images from noisy 4-fold undersampled MR data, where the
added noise is zero-mean Gaussian noise. In Figures 2 and
3, the three images on the top are the reconstructed images
by the methods as mentioned above, and the images on
the bottom are the difference profiles between the top three
reconstructed images and reference image.

During the iterative process of reconstructing the images
as seen in Figures 2 and 3, we let the convergence toler-
ance 0.0001. When the proposed algorithm (described in
Section 3.4) is used to reconstruct the image in Figure 2, the

penalty parameters 𝜇1, 𝜇2 are 2−27, 2−33, respectively. The
number of iterations is 20 for resolving the minimization
problem with respect to 𝑓 by the NCG method referred
to in Section 3.3, and the total number of iterations for the
proposed algorithm is 411, namely, the valuable 𝑘 referred to
in Section 3.4. At the same time, the proposed algorithm is
used to reconstruct the images in Figure 3, and the penalty

parameters 𝜇1, 𝜇2 are 2−26, 2−22, respectively, and the number
of iteration is 20 for resolving the minimization problem
with respect to 𝑓 by NCG method, and the total number of
iterations for the algorithm proposed is 198. Tables 1 and 2 are
the mean of NMSE, respectively, in Figures 2 and 3.

As shown in Figure 2, the proposed algorithm may
obviously restrain the aliasing artifacts resulted from under-
sampled MR data. As seen in Figure 3, noise derived from



6 Computational and Mathematical Methods in Medicine

1 128

1

128

(a) Reconstruction Image by GEM

1 128

1

128

(b) Reconstruction Image based on
CG

1 128

1

128

(c) Sparse Constrained Reconstruc-
tion Image

1 128

1

128

Error range: (3.57422 − 00513.5991)

(d) Difference profile between recon-
structed reference image

1 128
128

1

Error range: (5.27122 − 00513.2827)

(e) Difference profile

1 128

1

128

Error range: (015.7688)

(f) Difference profile

Figure 2: Reconstructed images from noise-free undersampling MR data for the simulated parallel MRI, where the undersampling rate is 4,
which is the maximum of AF at theory. The top three images are, respectively, reconstructed by GEM method, CG method, and the proposed
method as (9), which is solved by the algorithm referred to in Section 3.4. The bottom three images are the difference profiles between the
above three reconstructed images and the reference image.

Table 1: Mean of NMSE of reconstruction image (in Figure 2).

Reconstruction
method

GEM CG
Sparse constrained

reconstruction

Mean of NMSE 4.1985𝑒 − 004 2.8799𝑒 − 004 2.2580𝑒 − 004
Table 2: Mean of NMSE of reconstruction image (in Figure 3).

Reconstruction
method

GEM CG
Sparse constrained

reconstruction

Mean of NMSE 2.8860 12.5720 0.0248

measurement procedure is suppressed and result in the
convergence of iterative process by our proposed algorithm.

In analysis of actual parallel MR image reconstruction,
AF is set as 8, which is the maximum at theory for parallel
MRI system with 8-channel coil array. Figure 4 shows the
reconstructed image and the difference profiles between
reconstructed images and the reference image, and the mean
of NMSE is shown in Table 3.

In Figure 4, the left image on the top penal is the reference
image, and the left image on the bottom is the reconstructed
image by SoS method from 8-fold undersampled parallel MR
data. During iterative process of reconstructing the images

Table 3: Mean of NMSE of reconstructions image from actual pMRI
data (AF = 8, in Figure 4).

Reconstruction
methods

GEM CG
Sparse constrained

reconstruction

NMSE 356.7079 343.1923 0.0095

in Figure 4, the convergence tolerance is 0.001. When the
proposed algorithm is used to reconstruct the image in Figure

4, the penalty parameters 𝜇1, 𝜇2 are 2−20, 2−11, respectively.
The iterative number is 1 for resolving the minimization
problem with respect to 𝑓 by NCG method, and the total
iterative number of algorithm proposed is 37.

As shown in Figures 3 and 4, the proposed algorithm can
effectively reduce the aliasing artifacts and noise information.

5. Discussion

The quality of the reconstructed image for parallel imaging
may be affected by the undersampling rate, noise level, the
exact estimation of receiver coils sensitivity, 𝑘-space data
trajectory, and reconstruction method. We only researched
the image reconstruction from undersampled 𝑘-space data
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Figure 3: Reconstructed images from noisy undersampled MR data for the simulated parallel MRI, where the undersampling rate (named
AF) is 4.
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Figure 4: Reconstructed images from noisy undersampling MR data for in vivo parallel MRI, where the undersampling rate is 8, which is the
maximum at theory. (a) is the reference image (SoS reconstruction of full-sampled coil images). (b), (c), and (d) are images reconstructed,
respectively, by GEM method, CG method, and the proposed method proposed as (9). (e) is the reconstructed image by SoS method. (f), (g),
and (h) are the difference profiles, respectively, between (b), (c), (d), and (a).
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acquired along the Cartesian trajectory. However, the pro-
posed algorithm is also fit to reconstruct MR image for
arbitrary trajectories.

There may be two approaches to improve the quality
of the reconstructed image based on SENSE method: one
approach is to improve the accuracy estimation of sensitivity,
another approach is to propose the effective reconstruction
algorithm. However, when AF is large, only by improving
the reliability of the coil sensitivity maps, the suppression
of aliasing artifact and noise in the reconstructed image is
indistinctive. In order to remarkably improve the quality
of the reconstructed image, the constrained reconstruction
is generally shown to be an effective method. The goal
of our proposed method is to improve the quality of the
reconstructed image, when MR data are highly undersampled
in parallel imaging. As the coil sensitivity profiles are already
obtained, the reconstruction problem in parallel imaging is
formulated as solving a set of linear equations based on
(3). These equations can be very ill conditioned depend-
ing on the coil configurations and sampling trajectories,
which further deteriorate the quality of the reconstructed
image, especially when high undersampling rate is used for
accelerating parallel imaging procedure. Therefore, the ill-
conditioned problem in parallel imaging has been partially
addressed by optimizing coil geometry, optimizing sampling
trajectory, or introducing regularizations. In this paper, the
ill-conditioned problem is partly reformed by adding the
constrained condition to stabilize the reconstruction process.
As anywhere noise exits, the reconstruction method for
parallel imaging should be proposed on full consideration
of both noise and aliasing artifacts suppressed problem.
Based on sparseMRI theory, as MR image is sparse on
finite difference domain, and a sparse constrained recon-
struction problem for parallel imaging is constructed in
the paper. Through the methods proposed and the experi-
ment presented, the following aspects could be taken into
account.

(1) Compare the proposed reconstruction method with
the other methods for parallel imaging. According to our
analysis results, the GEM algorithm for usual SENSE method
is usually suitable for noise-free data and the accelerating
imaging procedure at low AF. CG method can effectively
restrain aliasing artifacts in the reconstructed image and be
fast convergence on condition of noise-free undersampled
data. However, when MR image may be reconstructed from
the noisy and undersampled MR data, NMSE value between
the reconstructed image and reference image first rapidly
decreases and then gradually increases along with CG itera-
tive reconstruction process. As shown in Figure 3, the least
mean of NMSE between the reconstructed image by CG
method and the reference image was 0.0762 after 21 numbers
of CG iteration, but reached the convergence condition after
975 numbers of iteration. Similarly in Figure 4, the least mean
of NMSE of the reconstructed image by CG method was
0.0623, but reached the convergence condition after 1020
number of iteration, and the least mean of NMSE was shown
in Table 3.

(2) Reconstruct MR image under the nonnegative con-
straint condition. In our proposed algorithm, the solution to
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Figure 5: Iteration convergence process of reconstructing MR
image for actual parallel MRI. The reconstruction method is the
proposed algorithm described in Section 3.4, and (15) and (21) are,
respectively, used for the subproblem with respect to 𝑓, where NCG
descent algorithm with backtracking line search algorithm is used
to solve (15) and (21).

subproblem with respect to𝑓 as (15) is a quadratic minimiza-
tion problem, which may be the following subproblem on
condition of nonnegative constraint:

min
𝑓
{𝜇12 𝐹𝑆𝑓 − 𝑦 − 𝜂12 + 𝜇22 𝑤𝑘 − ∇𝑓 − 𝜂22}

s.t. real (𝑓) > 0, (21)

where real ( ) indicators the operator of getting the real of
complex 𝑓.

Figure 5 shows the iteration process during reconstruct-
ing MR image 𝑓 in analysis of actual parallel MRI, where
(15) and (21) are, respectively, used in the proposed algorithm
described in Section 3.4. As shown in Figure 5, when recon-
structing image under the nonnegative constraint condition,
the iteration process described in Section 3.4 might rapidly
converge, and the mean of NMSE was reduced between the
reconstructed image and the reference image.

(3) Reconstruct MR image at the different AFs for parallel
imaging. Parallel MRI utilizes a radio frequency (RF) coil
array to simultaneously acquire data from multiple receivers,
and acceleration is achieved by a reduced phase encoding𝑘-space trajectory. The nature of the subsampled 𝑘-space
data requires the use of a reconstruction algorithm to restore
aliased images into full field-of-view (FOV) images. Table 4
is the mean NMSE of reconstructed image, respectively, by
GEM method, CG method and the proposed algorithm at the
different AFs.

As shown in Table 4, the proposed algorithm obviously
improves the quality of reconstructed images. Compared to
Table 3, AF is the main reason for affecting the quality of
reconstructed image, so aliasing artifacts suppression may be
chiefly considered for reconstruction method.

(4) The solution to the quadratic minimization problem
is as follows. The solution to subproblem with respect to 𝑓 as
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Table 4: The mean of NMSE of reconstructed image from actual
pMRI data (AF = 4).

reconstruction GEM CG reconstruction
Sparse constrained

reconstruction

NMSE
(noise-free data)

0.7641 0.0024 0.0019

NMSE (noisy
data)

0.6698 85.2921 0.0049

(15) is a quadratic minimization problem, which can be solved
by the steepest descent method, the Newton method, or
CG method. However, when resolving the subproblem with
respect to 𝑓, theNewton method is inferior to the nonlinear
CG method by the data analysis results.

(5) Penalty parameters and iteration convergence prob-
lem for regularization reconstruction are as follows. Conver-
gence problem should be firstly considered for any iteration
algorithm. The proposed algorithm for reconstructing MR
image is an iterative solution course, and penalty parameters𝜇1, 𝜇2 greatly affect the iterative convergence process. As
long as penalty parameters chosen are suitable, the proposed
algorithm can rapidly converge. Thereby, the penalty param-
eters 𝜇1, 𝜇2 are the key factors of optimization problem of
sparse constrained reconstruction as shown in (9), which is
a ℓ1-norm and ℓ2-norm minimization problem, named ℓ1-ℓ2 optimization problem. The common L-curve method is
unable to determine the penalty parameters 𝜇1, 𝜇2. According
to the quantitative index as NMSE between the reconstructed
image and the reference image, we explored the better suitable
penalty parameters within a determinate range. Specifically,
the ratio of 𝜇1 to 𝜇2 was fixed, and 𝜇1, 𝜇2 increased by power

of 2 in the range of 2−30 to 210. The penalty parameters 𝜇1, 𝜇2
would be selected in our research, when they were used to (9)
and then the least mean of NMSE between the reconstructed
image and the reference image can be obtained.

6. Conclusion

In order to improve the quality of the reconstructed image for
parallel imaging, a sparse constrained image reconstruction
algorithm based on variable splitting method is proposed.
Through the analysis of reconstructing full-FOV image from
simulating and actual parallel MR data, the proposed algo-
rithm can effectively suppress the aliasing artifacts in the
reconstructed image resulted from the undersampled MR
data, and also noise is obviously suppressed and the edge of
image is preserved.
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In computed tomography (CT), there are many situations where reconstruction has to be performed with sparse-view data. In
sparse-view CT imaging, strong streak artifacts may appear in conventionally reconstructed images due to limited sampling rate
that compromises image quality. Compressed sensing (CS) algorithm has shown potential to accurately recover images from
highly undersampled data. In the past few years, total-variation-(TV-) based compressed sensing algorithms have been proposed
to suppress the streak artifact in CT image reconstruction. In this paper, we propose an efficient compressed sensing-based
algorithm for CT image reconstruction from few-view data where we simultaneously minimize three parameters: the ℓ1 norm,
total variation, and a least squares measure. The main feature of our algorithm is the use of two sparsity transforms—discrete
wavelet transform and discrete gradient transform. Experiments have been conducted using simulated phantoms and clinical data to
evaluate the performance of the proposed algorithm. The results using the proposed scheme show much smaller streaking artifacts
and reconstruction errors than other conventional methods.

1. Introduction

X-ray computed tomography (CT) is extensively used clin-
ically to evaluate patients with a variety of conditions.
However, by its nature, CT scans expose the patients to
high X-ray radiation doses which can result in an increased
lifetime risk of cancer [1, 2]. The radiation dose to the
patients is proportional to the number of X-ray projections.
Additionally, medical research makes extensive use of CT
on the microscopic scale, known as micro-CT. Longitudinal
studies on experimental animals such as rats, mice, and
rabbits are also restricted in resolution and image quality
by radiation dose. Currently, the defacto standard for recon-
struction on the commercial CT scanners is the filtered
backprojection (FBP) algorithm, which typically requires
a large number (300–1000) of angular views for yielding
accurate reconstruction of the image object.

Recently a number of strategies have been proposed to
decrease radiation dose in CT scans. One approach to lower

the total X-ray radiation dose is to simply reduce the dose
level mAs/view in data acquisition protocols. This approach
typically results in an insufficient number of X-ray photons
received by the detectors, increasing the noise level on the
sinograms produced. The noise-contaminated sinogram data
will degrade the quality of reconstructed CT images when
a conventional FBP algorithm is used [3]. Another way to
reduce the total radiation dose is to reduce the number of pro-
jections needed. According to the standard image reconstruc-
tion theory in image processing, when the number of the view
angles does not satisfy the Shannon/Nyquist sampling the-
orem, aliasing artifacts will spread out in the reconstructed
images. As a consequence, FBP algorithms do not produce
diagnostically satisfactory images in sparse-view data collec-
tion schemes, because they are derived by assuming densely
sampled projections over the scanning angular range.

Since analytical reconstruction methods, such as FBP,
cause such serious streaking artifacts in the resulting recon-
structed CT images, iterative algorithms have been proposed
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and investigated as a means to eliminate these defects. One
approach is algebraic and is based upon solving a system
of linear equations. This scheme is often referred to as
algebraic reconstruction technique (ART) [4, 5], and it has
several variants with different iteration schemes, such as
simultaneous ART (SART) [6, 7]. The ART algorithms consist
of altering the grayness of each pixel intersected by the ray
sum in such a way as to make the ray sum agree with the
corresponding element of the measured projection. In each
iteration, the current guess of the image is reprojected and
checked to see how it matches with the real measurements.
These algebraic methods are computationally intensive and
require large amounts of memory [8]. However increases
in computing power may render them more available over
time. Other iterative approaches, such as statistical image
reconstruction (SIR) [9], use the statistical distribution of
photons resulting from the X-ray interaction process. Both
the ART and SIR methods solve the reconstruction prob-
lem iteratively. Iterative algorithms have been proven to be
advantageous over analytical algorithms when projection
data are incomplete and noisy, for example, in the sparse-
view reconstruction scenario. However, when the Shan-
non/Nyquist sampling requirement is violated, that is, less
than 100 view angles, the linear system will become highly
underdetermined and unstable, failing to maintain clinically
acceptable image quality.

In the past few years, compressed sensing (CS) algorithms
[10, 11] have attracted huge attention in the CT and micro-
CT community. One may view CS-based algorithm as simply
another iterative algorithm, but what makes the CS method
distinctive from other iterative algorithms is that it exploits
the sampling strategy in which the sampled data are truly
helpful for an accurate reconstruction of an image object.
Several compressed sensing based CT image reconstruction
algorithms are proposed in the sparse-view scenario [12, 13].
In particular, the total-variation-(TV-) based methods have
demonstrated their power in CT reconstruction with only a
few X-ray projections with their dataset. For example, Sidky’s
work in [13] showed that their method can yield accurate
reconstructions in ideal conditions where only 20 view angles
projection data were acquired using simulated data from a
jaw phantom. In such algorithms, an objective function of
TV norm is minimized subject to a data fidelity posed by
the acquired projection data. Minimizing the image gradient
essentially suppresses those high spatial frequency parts such
as streaking artifacts and noise in the reconstructed images.
The major problem of this TV-based compressed sensing
method is that it tries to uniformly penalize the image’s
gradient irrespective of the underlying image structures and
thus low contrast regions are sometimes over smoothed [3].
To resolve this issue, we propose a new algorithm based
on compressed sensing that jointly minimizes the wavelet
transform and total variation of the object image. The 2D
wavelet transform is good at capturing point singularities
[14], thus preserving edges and low contrast information.
This process suppresses the streaking artifacts and noise,
while detailed structures are also preserved, resulting in an
improved image.

2. Theory and Method

2.1. X-Ray Computed Tomography (CT) Imaging System. A
parallel beam CT scanning system uses an array of equally
spaced sources of X-ray beams and an array of detectors. Let𝜇(𝑥, 𝑦) denote the X-ray attenuation coefficient distribution
of tissue of a 2D target object and let 𝑙 denote the straight
line from the X-ray focal spot to the detector pixel, which is
also referred to as the X-ray path. The X-ray tube emits X-
ray photons which travel in a straight line through the object.
The photons are attenuated by the materials in the target
object. Radiation that is not absorbed by the object’s internal
structure reaches the detectors. According to Beer’s law, the
detected photon number 𝐼 and the entering photon number𝐼0 at a given detector pixel have the following relationship
[15]: 𝐼 = 𝐼0 exp(−∫

𝑙
𝜇 (𝑥, 𝑦) 𝑑𝑙) , (1)

where the line integral is performed along the X-ray path.
Alternatively, one can define𝑦 = ∫

𝑙
𝜇 (𝑥, 𝑦) 𝑑𝑙 = ln

𝐼0𝐼 , (2)

where 𝑦 is the so-called projection data or sinogram, which
is essentially the line integral in (1). Then the image recon-
struction process consists of estimating the attenuation coef-
ficients, 𝜇, from the detected projection data 𝑦. In computer
implementation, the attenuation coefficients are digitized
into the so-called pixel representations [16]:𝜇 (𝑥, 𝑦) = ∑

𝑖∈𝑆
𝜇𝑖𝜔𝑖 (𝑥, 𝑦) , (3)

where 𝑆 denotes the index of the set of 𝑁 pixel locations, 𝑖 is
the pixel index, and𝜔𝑖(𝑥, 𝑦) is the basis function. Substituting
(3) into the line integral equation in (2), one can obtain𝑦 = ∑

𝑖∈𝑆
𝜇𝑖 ∫

𝑙
𝜔𝑖 (𝑥, 𝑦) 𝑑𝑙 = ∑

𝑖∈𝑆
𝐴𝑗𝑖𝜇𝑖 = 𝐴𝜇, (4)

where the X-ray system matrix 𝐴 is given by𝐴𝑗𝑖 = ∫
𝑙𝑗
𝜔𝑖 (𝑥, 𝑦) 𝑑𝑙, (5)

which is the line integral of the basis function 𝜔𝑖(𝑥, 𝑦) along
the jth X-ray path. The system matrix is independent of
the image object; it is rather dependent on the CT scanner,
including the positions of sources and detectors. Hence (4)
gives a system of linear equations with 𝜇𝑖.
2.2. Brief Overview of Existing Methods. In this study, our
proposed algorithm will be compared with the state-of-the-
art methods, including filtered backprojection (FBP) [15],
algebraic reconstruction technique (ART) [4, 5], and its
variants, simultaneous algebraic reconstruction technique
(SART) [8]. A brief summary of these methods is given in
the following.
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Figure 1: A parallel beam projection through 𝜇(𝑥, 𝑦) at angle 𝜃.𝑃𝜃(𝑡) is the measured projection.

2.2.1. Filtered Backprojection (FBP). Consider the parallel
beam of rays intersecting an object as shown in Figure 1. The
parallel beam is inclined to the X-axis at angle 𝜃 and each ray
can be characterized by its perpendicular distance, 𝑡, to the
origin. Equation (2) can be rewritten as𝑃𝜃 (𝑡) = ∫

𝑙𝜃,𝑡
𝜇 (𝑥, 𝑦) 𝑑𝑙 = ln

𝐼0𝐼 . (6)

Using a Dirac delta function, we have an alternate
representation:𝑃𝜃 (𝑡) = ∫∞

−∞
∫∞

−∞
𝜇 (𝑥, 𝑦) 𝛿 (𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑡) 𝑑𝑥 𝑑𝑦.

(7)

FBP begins by filtering the projection data with a high
pass filter, which in reality is implemented by the Ram-Lak
filter or Shepp-Logan filter, then takes the integral over 0 to𝜋 with respect to 𝜃. Since filtering in frequency domain can
be done by the convolution operation in spatial domain, the
formulation of filtered backprojection is𝜇 (𝑥, 𝑦) = ∫𝜋

0
𝑑𝜃∫∞

−∞
𝑃𝜃 (𝑡) 𝜑 (𝑡 − 𝑡) 𝑑𝑡, (8)

where 𝜑(𝑡) is the corresponding high pass filter in spatial
domain.

2.2.2. Algebraic Reconstruction Technique (ART). ART con-
siders the CT imaging process as a linear system of equations
as in (4): 𝑦 = 𝐴𝜇, (9)

where 𝐴 is the system matrix (given in (5)) describing the
forward projection in the CT scan. ART algorithms solve
the above equations in an iterative way so that the difference
between the projection data from real scan and the projection
data calculated from the estimated image is backprojected
onto the estimated image at current iteration step. Given that

the system matrix 𝐴 is of size𝑚× 𝑛, the method involves the
ith row of 𝐴 in the following update of iteration:

𝑥𝑘+1 = 𝑥𝑘 + 𝜆𝑘
𝑏𝑖 − ⟨𝑎𝑖, 𝑥𝑘⟩𝑎𝑖2 𝑎𝑖, (10)

where 𝑖 = 𝑘 mod 𝑚 + 1, 𝑎𝑖 is the ith row of the matrix 𝐴,𝑏𝑖 is the ith component of the vector 𝑏, and 𝜆𝑘 is a relaxation
parameter. In the original work in [17], Kaczmarz used a fixed𝜆𝑘 = 𝜆 = 1 ∈ (0, 2) and the kth iteration consists of a “sweep”
through the 𝑚 rows of 𝐴, that is, 𝑖 = 1, 2, . . . , 𝑚. Kaczmarz’s
method was employed in this study as comparison with the
proposed algorithm.

2.2.3. Simultaneous Algebraic Reconstruction Technique
(SART). The reason for calling the methods “simultaneous”
is that all the equations are used at the same time in
one iteration. The general form of simultaneous iterative
reconstruction technique (SIRT) is𝑥𝑘+1 = 𝑥𝑘 + 𝜆𝑘𝑇𝐴𝑇𝑀(𝑏 − 𝐴𝑥𝑘) , 𝑘 = 0, 1, 2, . . . , (11)

where the matrices𝑀 and 𝑇 are symmetric positive definite.
Although SART was originally developed in the framework of
ART [6], it can also be written and implemented in the SIRT
form and takes the following matrix form [18]:𝑥𝑘+1 = 𝑥𝑘 + 𝜆𝑘𝐷−1

𝑟 𝐴𝑇𝐷−1
𝑐 (𝑏 − 𝐴𝑥𝑘) , (12)

where the diagonal matrices 𝐷𝑟 and 𝐷𝑐 are defined in terms
of the row and column sum:𝐷𝑟 = diag (𝑎𝑖1) , 𝐷𝑐 = diag (𝑎𝑗1) . (13)

ART-type methods are known to have better performance
than FBP algorithms in suppressing streak artifacts and noise
in sparse-view CT imaging.

3. Proposed CS-Based Algorithm

The problem of sparse-view CT image reconstruction actually
leads to an underdetermined system of linear equations
(equation (9)). One way to improve performance is to incor-
porate a priori knowledge into the iteration process. One way
to do that is based on the idea of sparsity at compressed
sensing [10, 11]. The essence of compressed sensing is that a
signal, which in our case is the image 𝜇, can be completely
reconstructed with a high probability with far less samples
than required by conventional Nyquist-Shannon sampling
theorem, if the image has a sparse/compressible representa-
tion in a transform domain Φ, such that most entries of the
vectorΦ𝜇 are zero or close to zero. The entire process of com-
pressed sensing consists of three steps [19]: encoding, sensing,
and decoding. In the first step, the object image 𝜇 of size 𝑛 is
encoded into a smaller vector 𝑦 = 𝐴𝜇 of a size𝑚 (𝑚 < 𝑛) by
the system matrix, as shown in Section 2.1. Then the second
step is obtaining the undersampled measurements𝑦 from the
imaging system, which in CT is to obtain the undersampled
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Figure 2: Analysis to find the optimum number of iterations for different methods: (a) ART and SART, (b) TV and the proposed scheme.
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Figure 3: Analysis to find the optimum regularization parameters (for rat dataset): (a) 𝜆 in TV method; (b) 𝜆1 when 𝜆2 = 0.0005 for the
proposed method; (c) 𝜆2 when 𝜆1 = 0.001 for the proposed method.
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Figure 4: The reconstruction results of the nodule phantom using 50 projections. (a) The ground truth image, (b) the result obtained using
FBP algorithm, (c) the ART algorithm, (d) the SART algorithm, (e) the TV algorithm, and (f) the proposed CS algorithm.

projection data. Incorporating the a priori knowledge into the
process of image reconstruction, the third step is to solve the
following constrained optimization problem:

min
𝜇
Φ𝜇1 subject to

𝐴𝜇 − 𝑦2 < 𝜀, (14)

where 𝜀 is a parameter controlling the data consistency.
It has been mathematically proven that, if the image has
only 𝑘 entries with relatively large magnitudes, the order of𝑘 ln√𝑛 measurements is sufficient to accurately reconstruct𝜇 via ℓ1 norm minimization procedure with high probability
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INPUTS:𝑦: undersampled projection data𝐴: system matrix associated with the measurementsΦ: wavelet transform operator𝜆1, 𝜆2: tuning constants
OPTIONAL PARAMETERS:

Tol: stopping criteria by gradient magnitude (default 10−4)
Iter: stopping criteria by number of iterations (default 100)𝛼, 𝜍: line search parameters (defaults 𝛼 = 0.01, 𝜍 = 0.6)
OUTPUTS:𝜇: the numerical approximation to (18)
% Initialization𝑘 = 0; 𝜇0 = 𝜇FBP ; 𝑔𝑜 = ∇𝐽(𝜇0); Δ𝜇0 = −𝑔𝑜
% Iterations
while (𝑔𝑘2 < Tol){
% Backtracking line-search𝑡 = 5;while (𝐽(𝜇𝑘 + 𝑡Δ𝜇𝑘) > 𝐽(𝜇𝑘) + 𝛼𝑡 ⋅ 𝑅𝑒𝑎𝑙(𝑔𝑘 ∗ Δ𝜇𝑘)
and 𝑘 < Iter){𝑡 = 𝜍 𝑡}𝜇𝑘+1 = 𝜇𝑘 + 𝑡Δ𝜇𝑘𝑔𝑘+1 = ∇𝐽(𝜇𝑘+1)𝜂𝑘 = 𝑔𝑘+1 − 𝑔𝑘𝛽𝑘+1 = max{0,min{𝑔𝑇𝑘+1𝜂𝑘Δ𝜇𝑇𝑘 𝜂𝑘 , 𝑔𝑘+12Δ𝜇𝑇𝑘 𝜂𝑘 }}Δ𝜇𝑘+1 = −𝑔𝑘+1 + 𝛽𝑘+1Δ𝜇𝑘𝑘 = 𝑘 + 1}

Algorithm 1: Iterative algorithm for ℓ1 minimization.

(Algorithm 1). A previous method called PICCS used total
variation (TV) as a sparsity transform [12], where the CT
image is reconstructed by minimizing the energy function
with a TV regularization term:𝜇 = arg min

𝜇
𝐽 (𝜇) = arg min

𝜇
𝜆𝜇TV + 𝐴𝜇 − 𝑦22, (15)

where the regularization factor 𝜆 is introduced to leverage the
cost function’s emphasis on the sparseness prior and the data
fidelity term. The selection of this regularization factor has
been an interesting area of research in the field of regularized
iterative methods [20–22]. A well-known method to find
the best one is via the 𝐿 curve. In our study, we chose the
optimized regularization parameter for TV method for each
dataset. The discussion of selection is given in Section 4. The
TV term of an image in this work is defined as follows:𝜇TV = ∫ ∇𝜇 𝑑𝑥. (16)

In a discrete version, (16) becomes𝜇TV = ∑
𝑖,𝑗
√(∇𝜇2𝑥)𝑖,𝑗 + (∇𝜇2𝑦)𝑖,𝑗, (17)

where ∇𝜇𝑥,∇𝜇𝑦 represent the finite differences of the image
along 𝑥 and 𝑦 directions. Despite the great success of the TV
model in terms of reconstructing high-quality images, edges

with low contrast regions are sometimes oversmoothed,
causing loss of low contrast information. To overcome
this disadvantage, we propose a novel compressed sensing-
based method by combining two sparsity transforms: TV
and wavelet. Wavelet is good at preserving edges and low
contrast information while TV is efficient at suppressing
noise and streaking artifacts. In this way, we obtain a good
balance between streaking artifacts suppression and detail
preservation. Our iterative reconstruction algorithm solves
the image via the following optimization problem:𝜇 = arg min

𝜇
𝜆1
𝜇TV + 𝜆2

Φ𝜇1 + 𝐴𝜇 − 𝑦22. (18)

The two regularization factors 𝜆1 and 𝜆2 control the
amount of smoothing. A large 𝜆1 and small 𝜆2 are not able to
capture enough detail information. In such a circumstance,
the algorithm becomes essentially the TV method. In con-
trast, small 𝜆1 and large 𝜆2 tend to give low weights to image
gradients, making the method inefficient at suppressing noise
and streaking artifacts. The process to find the optimized
selections of 𝜆1 and 𝜆2 is discussed in Section 4. We exploit
a fast implementation of the wavelet transform [23], which
speeds up the implementation.

Since (18) poses an unconstrained convex optimization
problem, we propose solving it using a nonlinear conjugate
gradient descent algorithm with backtracking line search
where 𝐽(𝜇) is the cost function as defined in (18).

The conjugate gradient requires the computation of∇𝐽(𝜇)
which is∇𝐽 (𝜇) = 𝜆1∇𝜇TV + 𝜆2∇Φ𝜇1 + 2𝐴∗ (𝐴𝜇 − 𝑦) . (19)

As the ℓ1 norm and total variation term (16) is the sum of
absolute values. The absolute value, however, is not a smooth
function and as a result (19) is not well defined. In [24], Lustig
et al. approximated the absolute value with a smooth function|𝑥| ≈ √𝑥∗𝑥 + 𝜉, where 𝜉 is a positive smoothing parameter.

Then the gradient becomes 𝑑|𝑥| ≈ (𝑥/√𝑥∗𝑥 + 𝜉). We adopt
this idea in our implementation. In particular, a smoothing

factor 𝜉 = 10−15 is used.

4. Experimental Results

In this section, we present our experimental results. There
are four sets of experiments. In the first two experiments,
true CT images and simulated projections were used to
study the performance of our algorithm under ideal and
degraded conditions. The third and fourth experiments
used real data collected using the Canadian Light Source
(http://www.lightsource.ca/) and University of Saskatchewan
facilities. In all cases, we investigated reconstructions from
20, 30, 40, 50, 60, 70, 80, 90, 100, 110, up to 120-view datasets
extracted from the full dataset, respectively, representing
different levels of data sampling. The study showed how the
varying degree of sampling impacts the reconstruction. In
each case, a uniformly spaced view angle data decimation
scheme over 180∘ was used to obtain undersampled data.

Reconstructions were quantitatively evaluated in terms of
relative root mean square error (RRMSE), streak indicator
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Figure 5: A detailed section of Figure 4: (a) ground truth, (b) FBP method, (c) ART method, (d) SART method, (e) TV method, and (f) the
proposed method.

(SI), and structural similarity (SSIM) index. The relative root
mean square error (RRMSE) is defined as

RRMSE = 𝑦 − 𝑦ref
2𝑦ref

2 , (20)

where 𝑦 is the reconstruction image by our proposed method
and 𝑦ref is the reference image. Since undersampling streak
artifacts are an important feature in sparse-view CT image
reconstruction, streaking level is also quantified by the streak
indicator (SI) [25]. The streak indicator (SI) is defined as

SI = TV (𝑦 − 𝑦ref) . (21)

The lower the value of SI is, the less the streaking artifacts
are present in the reconstructed image.

The structural similarity (SSIM) index is highly effective
for measuring the structural similarity between two images
[26]. Suppose 𝜌 and 𝑡 are local image patches taken from the
same location of two images that are being compared. The
local SSIM index measures three similarities of the image
patches: the similarity of luminance 𝑙(𝜌, 𝑡), the similarity of
contrast 𝑐(𝜌, 𝑡), and the similarity of structures 𝑠(𝜌, 𝑡). Local
SSIM is defined as𝑆 (𝜌, 𝑡) = 𝑙 (𝜌, 𝑡) ⋅ 𝑐 (𝜌, 𝑡) ⋅ 𝑠 (𝜌, 𝑡)= ( 2𝜇𝜌𝜇𝑡 + 𝐶1𝜇2𝑝 + 𝜇2𝑡 + 𝐶1

)( 2𝜎𝜌𝜎𝑡 + 𝐶2𝜎2𝑝 + 𝜎2𝑡 + 𝐶2
)(2𝜎𝜌𝑡 + 𝐶3𝜎𝜌𝜎𝑡 + 𝐶3

) ,
(22)

where 𝜇𝜌 and 𝜇𝑡 are local means, 𝜎𝜌 and 𝜎𝑡 are local standard
deviations, and 𝜎𝜌𝑡 is cross-correlation after removing their
means. 𝐶1, 𝐶2, and 𝐶3 are stabilizers. The SSIM score of the
entire image is then computed by pooling the SSIM map,
for example, simply averaging the SSIM map. Although in
other papers, such as in [27], a metric name universal quality
index (UQI) was used, SSIM is an improved version of the
algorithm. Also, the correlation coefficient (CC) defined in
[27] is also similar to SSIM. Hence, SSIM is highly effective for
measuring image quality. Higher SSIM value indicates higher
image quality.

In order to find the optimum number of iteration,
we have conducted another experiment using simulated
phantom. The results are shown in Figure 2. It can be seen
from Figure 2(a) that the RRMSE of ART becomes almost
unchanged after 30 iterations. Hence, 30 is used as the
optimum number of iterations for ART for all experiments.
Similarly, the optimum number of iterations for SART, TV,
and the proposed method is also estimated, and 150 is used
for them. To verify the number of iterations, the experiments
were repeated on noisy phantom and real data, and the results
were found to be consistent with that of Figure 2.

Moreover, the reconstruction accuracy depends on the
selection of optimum regularization parameters for both TV
method and the proposed method. We have used a real
dataset (such as rat dataset as described later in Section 4.3)
using 50 projections as an example to show the methodology
of determining the optimal parameters. For TV method,
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(a) (b)

(c) (d)

(e) (f)

Figure 6: Simulated reconstruction of noisy phantom from 50 noisy projections over 180∘: (a) the true image, (b) FBP, (c) ART, (d) SART, (e)
TV, and (f) the proposed method.

the reconstruction error is plotted against 𝜆 (15), as shown
in Figure 3(a). The lowest reconstruction error is obtained
when 𝜆 is between 0.0005 and 0.001. In this study, we have
selected 𝜆 = 0.0005. The optimal 𝜆 for all datasets is shown
in Table 1.

For the proposed algorithm, there are two parameters.
We alternately plotted the reconstruction error against one
parameter keeping the other fixed. We started by setting 𝜆2 =0.0005. Figure 3(b) shows that the lowest reconstruction error
is obtained when 𝜆1 is 0.001. Then we set 𝜆1 to 0.001 and
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Figure 7: Pixel-intensity profiles of reconstructed images compared with ground truth (GT): (a) FBP, (b) ART, (c) TV, and (d) the proposed
method.

Table 1: Optimum parameter selections for each dataset.

Data
TV algorithm Proposed algorithm𝜆 𝜆1 𝜆2

Phantom without noise 0.0005 0.0005 0.0005

Phantom with noise 0.0015 0.001 0.0006

Human bone 0.001 0.001 0.001

Rat 0.0005 0.001 0.0005

searched the optimal value for 𝜆2 that gives the lowest error,
as shown in Figure 3(c). Thus, we used this recurring process
to determine the optimum values of 𝜆1 and 𝜆2. Similar
search was conducted for all dataset. The optimal values of
these parameters are shown in Table 1. The full-view FBP
reconstruction image was used as the reference.

4.1. Experiment Results Using Phantom. The first experiment
was performed using nodule phantom image and simulated
projection without any noise purposely added. This data is
provided free of charge by the National Cancer Institute
(NCI) [28]. We used one typical cross-section of CT slice
as a sample set. We suppose that it is the desired CT image
and each pixel value presents an attenuation coefficient. The
sample image was 512 × 512. Simulated projections were
obtained by computing the line integrals across the image
with different views uniformly distributed over 180∘. The
reconstructed images using 50 projections are shown in
Figure 4. As can be noticed from Figure 4(b), the conven-
tional FBP algorithm is not able to reconstruct diagnostically
satisfactory image with such few projections and strong
streaking artifacts are present. Although streaking artifacts
are reduced in ART and SART reconstructions, we can still
see them in smooth regions, as indicated by black arrows in
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ROI

Figure 8: The FBP reconstruction of the complete dataset. The
image has a large smooth region, so to better demonstrate the details,
a region of interest (ROI) is selected.

Table 2: Reconstruction results using phantom image.

Reconstruction methods RRMSE SI SSIM

FBP 0.1282 44.9556 0.6110

ART [17] 0.1120 25.5737 0.7681

SART [18] 0.1198 25.0023 0.7663

TV [12] 0.0715 20.0115 0.8716

Proposed method 0.0609 18.0646 0.9310

the figure. In contrast, even with fewer projections, both the
TV method and the proposed algorithm can capture most of
the structures, leading to visually much better results.

However, we can still see some residual streak artifacts
in the TV reconstruction. The image reconstructed from our
proposed method shows the least level of streaking artifacts.
One possible reason for that is, in wavelet domain, the noise
is uniformly spread throughout the coefficients while mostly
the image information is concentrated in the few largest
coefficients [29, 30]. Hence noise is of potentially small values
in wavelet domain. As (18) tries to minimize the ℓ1 norm
of wavelet coefficients, small values corresponding to noise
and artifacts are also suppressed, leading to better reconstruc-
tion. Besides, all TV-based methods tend to remove small
structure and degrade the image resolution and image quality.
But compared to TV method, the proposed method has a
slight advantage in preserving edges. To see it clearly, an
expanded region is shown in Figure 5. We can see from the
figure that both TV method and the proposed method can
further remove the streaking artifacts that are presented in
ART and SART reconstructions. But the fine structures get
blurred as TV method suppresses the gradient of the image.
As indicated by the black arrows, the low contrast edges are
better reconstructed by our proposed method. To quantify
the results, we also show the RRSME, SI, and SSIM values of
the reconstructed images in Table 2. Clearly, the result from
our method has lower error level, less streak artifacts, and
higher structural similarity.

Table 3: Reconstruction results using phantom image (with noise).

Methods RRMSE SI SSIM

FBP 0.2908 127.4656 0.3284

ART [17] 0.1197 28.7409 0.7260

SART [18] 0.1324 28.0063 0.7344

TV [12] 0.0891 24.1023 0.7693

Proposed method 0.0687 21.2074 0.8967

4.2. Experiment Results Using Phantom (with Noise). The
second experiment was performed using noisy simulated
data. Additive Gaussian white noise 𝑒 of relative magnitude‖𝑒‖2/‖𝐴𝜇true‖2 = 0.05was purposely added to the sinograms.
The results are displayed in Figure 6. To better compare
the TV method and our proposed method, we also show
horizontal line intensity profile going through the red line
of Figure 6. The line intensity profiles are shown in Figure 7.
Compared to FBP, the ART is more robust to noise and thus
has greatly suppressed the streaking artifacts. SART produces
similar results (not shown in Figure 7). But there are high
frequency vibrations around the edges, as indicated by black
arrows. The vibration is caused by limited view and added
noise. The vibration is eliminated in terms of frequency and
amplitude in the TV reconstruction. In contrast, the intensity
profile of reconstructed image by the proposed method shows
a rather smoothed curve in nonedge regions and is also
much closer to the ground truth profile near the edges,
demonstrating its ability to produce better edges. The results
are summarized in Table 3. It was evident that our algorithm
showed strong robustness against noise.

4.3. Experiment Results Using Real Dataset. In the third and
fourth experiments, we used real data collected from the
Canadian Light Source facility and from a desktop Bruker
SkyScan 1172 Micro-CT system with two datasets: human
femoral cortical bone and the hindpaw of a normal Wistar
rat. For the human bone, micro-CT scanning was performed
at the BioMedical Imaging and Therapy Bending Magnet
Beamline (BMIT-BM; 05B1-1). Projections were collected
with a Hamamatsu C9300 (Hamamatsu Photonics, Hama-
matsu, Japan) CCD camera fitted with a beam monitor with
a 10 𝜇m thick gadolinium oxysulfide scintillator. The sample
was rotated through 180∘ at 0.1 degree steps, generating 1800
original projections. The image size is of 3780 × 3780 pixels.
We have selected a region of interest (ROI) from this image
to further demonstrate the advantage on the reconstructed
images. The FBP reconstruction using 1800 projections is
shown in Figure 8. The last dataset in this study was a micro-
CT scan of an adult Wistar rat hindpaw. This scan was taken at
70 kVp with the Bruker SkyScan 1172 Micro-CT in Anatomy
and Cell Biology at the University of Saskatchewan. The
reconstructed pixel size was 26.6 𝜇m. In total, 900 projections
were acquired over a rotation through 180∘ at 0.2 degree steps.

The ROI reconstruction results restricted to 50 views for
the human cortical bone image are shown in Figure 9. The
gray tissue shown is the bone permeated with vascular canals,
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Figure 9: The ROI reconstructions of human bone. (a) The image reconstructed by FBP with 1800 projections, (b) the result obtained using
FBP algorithm, (c) the ART algorithm, (d) the SART algorithm, (e) the TV algorithm, and (f) the proposed CS algorithm, all using 50-views.

which appear darker in the image. Surrounding these larger
canals some smaller objects can be seen. These are osteocyte
lacunae, spaces within the bone where cells reside. The edges
of the canals and lacunae are highlighted by propagation
phase contrast halos. As expected the FBP reconstruction

shows a greater amount of high spatial frequency noise
over the entire area due to the limited sampling rate. The
resolution is significantly diminished and many details of
interest including the lacunae are lost. Image quality is
lowered with strong and obvious streaking artifacts.
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(a) (b)

Figure 10: (a) The FBP reconstruction of human bone, (b) reconstruction using the proposed CS algorithm.

In the ART and SART images, the streaking artifacts
and noise are reduced, but residual artifacts can be seen and
the noise is still pervasive. Besides this, they suffer from
edge blurring artifacts and many low contrast structures
are lost. The edges of the vascular canals are no longer
able to be precisely distinguished, an important feature for
characterizing their shape and size. The streaking artifacts in
the TV reconstruction are less conspicuous than they are in
FBP, ART, and SART, but we can clearly see some relatively
low frequency patchy structures present in nonedge regions.
In clinical practice, these patchy structures may mimic low
contrast lesions and obscure the presence of small details. By
comparison, our proposed method provides reconstruction
of high fidelity, as presented in Figure 9(f). It is able to remove
most of the streak artifacts without visible introduction of
unwanted structures. For instance, the canals in the bone are
much clearer in the image reconstructed by our proposed
method than that in the image reconstructed by TV method,
that their edges are much cleaner.

To further quantify the reconstruction accuracy and
streaking artifacts, the RRMSEs, SIs, and SSIMs values of
the given ROI by these methods are shown in Table 4. From
the table, we can see that the RRMSE is well below 10% for
both TV and our proposed method with the latter showing
superior results. This result indicates that high reconstruction
accuracy can be achieved using our proposed method. As
well, from the SI value and visual observation of Figure 9,
one may conclude that the proposed algorithm is capable
of suppressing streaking artifacts and noise, leading to an
image of acceptable quality at lower number of views. To
highlight the ability of our proposed method to suppress
streaking artifacts, the whole reconstructions by FBP and our
proposed method are also shown in Figure 10. It is clearly seen
from the figure that the streaking artifacts in FBP are greatly
suppressed by our proposed algorithm.

Now let us look at the adult Wistar rat hindpaw image.
This image shows a transverse slice through the bones of
the paw, with the bottom bone showing trabecular bone

Table 4: Reconstruction results using real dataset.

Reconstruction methods RRMSE SI SSIM

FBP 0.5102 97.325 0.3040

ART [17] 0.1525 22.9236 0.6893

SART [18] 0.1412 20.0544 0.6955

TV [12] 0.0783 6.7528 0.7983

Proposed method 0.0557 4.1120 0.8642

and the other four bones showing cortical bone and marrow
cavities. The experimental results of the rat are displayed
in Figure 11. Image quality is greatly degraded by obvious
streaking artifacts in FBP reconstruction due to its inability
to handle incomplete data. These artifacts are not efficiently
removed by either ART or SART algorithms. By comparison,
images reconstructed by the TV method and proposed
method appear to have higher visual image quality, indicating
that TV-based methods are superior to these methods.

Although the TV method can suppress the noise and
streak artifacts considerably, it is still a great challenge to
reconstruct the trabecular bone, the fine structure in the
bottom right-hand corner of the image as indicated by
the red arrows in Figure 11(e), because of the nature of
total variation regularization. By the introduction of the
wavelet transform in image reconstruction procedure, our
proposed method minimizes noise and streaking artifacts
both in the discrete gradient domain and wavelet domains,
delivering better results than previous efforts without creating
unwanted smoothing effects. Our method leads to a better
reconstruction with higher spatial resolution.

For a comprehensive comparison, the RRMSEs, SIs, and
SSIMs of the reconstructed images are also plotted against the
number of projections in Figure 12. The shape of the curves
shows the effectiveness of the corresponding reconstruction
method in sparse-view regime. It also indicates that RRMSEs
and SIs of reconstructions by our proposed method in all
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Figure 11: Reconstruction results of the hindpaw image of the adult rat. (a) FBP reconstruction using 900 projections, (b) FBP algorithm
with 50 projections, (c) ART algorithm, (d) SART algorithm, (e) TV algorithm, and (f) the proposed CS algorithm, all using 50 views.

cases are lower than those of other methods while the
SSIMs are higher than those of other methods. The results
of this test confirm that our proposed method outperforms
the TV method in maintaining the balance between noise
suppression and spatial resolution preservation.

The convergence speed of an algorithm is a crucial factor
for all iterative methods in clinical practice. To investigate the
convergence speed of the proposed method, the plot of cost
function value 𝐽(𝜇) in (18) against the number of iterations
for the phantom dataset (without noise) is shown in Figure 13
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Figure 12: Plots of relative root mean square error (RRMSE), streak
indicator (SI), and structural similarity (SSIM) for rat dataset.

with 30 views selected for demonstration. It shows that the
curve decreases dramatically within 5 iterations, indicating
the high convergence speed of our proposed method.

5. Conclusion

In this work, we have investigated a novel compressed
sensing-based algorithm for sparse-view CT image recon-
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Figure 13: Convergence curve (cost function values versus number
of iterations) for the proposed method applied to phantom dataset.

struction, in which wavelet transform is used in the recon-
struction procedure. Results show that the proposed method
is able to suppress streak artifacts and noise caused by incom-
plete and noisy projection data without visible oversmooth-
ing of fine structure details in the images. The proposed CS-
based algorithm has potential to reduce the dose in clinical
computed tomography imaging techniques.
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Though providing vital means for the visualization, diagnosis, and quantification of decision-making processes for the treatment of
vascular pathologies, vascular segmentation remains a process that continues to be marred by numerous challenges. In this study,
we validate eight aneurysms via the use of two existing segmentation methods; the Region Growing Threshold and Chan-Vese
model. These methods were evaluated by comparison of the results obtained with a manual segmentation performed. Based upon
this validation study, we propose a new Threshold-Based Level Set (TLS) method in order to overcome the existing problems. With
divergent methods of segmentation, we discovered that the volumes of the aneurysm models reached a maximum difference of 24%.
The local artery anatomical shapes of the aneurysms were likewise found to significantly influence the results of these simulations.
In contrast, however, the volume differences calculated via use of the TLS method remained at a relatively low figure, at only around
5%, thereby revealing the existence of inherent limitations in the application of cerebrovascular segmentation. The proposed TLS
method holds the potential for utilisation in automatic aneurysm segmentation without the setting of a seed point or intensity
threshold. This technique will further enable the segmentation of anatomically complex cerebrovascular shapes, thereby allowing
for more accurate and efficient simulations of medical imagery.

1. Introduction

Specification of intracranial aneurysm morphology and
hemodynamic analysis requires segmentation of vascular
geometries from three-dimensional (3D) medical images,
produced via CTA or MRA. Methods for such manipulations
of medical images are directly linked to the accuracy of
aneurysm model construction, particularly regarding the
geometry of complex shapes and volumes. In most cases,
this process involves extraction of the 2D image from CTA
or MRA, followed by reconstruction of the 3D aneurysm
surface model. As such, several approaches exist and are
currently utilized in cerebrovascular segmentation. On one
hand, the fuzzy-based approach has been adapted for detect-
ing malformed and small vessels in MRA images [1], while
region growing approaches are popular in medical image
segmentation due to their simplicity and computational
efficiency [2]. Major problems, however, include leakage
when the boundary is blurred and sensitivity to seed position.
Utilization of implicit active contour methods within the level
set framework seems to be widespread in medical image

segmentation [3–5] as the method does not suffer from
parameterization surface problems [6] and has the capability
to handle complex geometries and topological changes [7, 8].
More recently, active contour methods have also appeared in
the modeling of intracranial aneurysms and cerebrovascular
segmentation [9, 10]. Law and Chung proposed a method
based upon multirange filters and local variances to perform
the segmentation of intracranial aneurysms on Phase Con-
trast Magnetic Resonance Angiography data [11]. Hernandez
and Frangi have developed a segmentation method for
intracranial aneurysms based on Geometric Active Regions
(GAR), using CTA and 3D Rotational Angiography data
[12], whilst several Geodesic Active Contours (GAC) based
methods have since been adapted for segmentation of brain
aneurysms from CTA data [13, 14]. These methods either
require sufficient training sets or they are reliant on boundary
information obtained from medical imaging. Furthermore,
boundary-based active contour level set methods may easily
leak when the target boundary is not clearly defined. Though
Firouzian et al. proposed a Geodesic Active Contours based
level set method which employs region information and
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intensity, it requires a user-defined seed point in order to
calculate intensity threshold [15].

Despite the availabity of many image segmentation meth-
ods, with varying approaches and algorithms, there is no
dominant method in terms of effectiveness, across all areas
[16–18]. Our previous study indicated that the volume of
the aneurysm models depends strongly on the different
segmentation methods. The segmentation method likewise
influences the local geometric shapes of the aneurysms [19].
Validation will thus become necessary, comparing segmenta-
tion methods and adjusting the parameters of these segmen-
tation techniques in order to assure the quality of patient-
specific cerebral-vascular hemodynamic analysis. Although
a number of commercial software packages for segmentation
are available in the market, there is a conspicuous lack
of discussion of methodology and information regarding
validation processes.

In this paper, the authors propose a new Threshold-
Based Level Set method for cerebral aneurysms. This method
is based on the Geodesic Active Contours model [20]
and Chan-Vese model (CV) [21] integrating both region
and boundary information to segment cerebral aneurysms
through the use of a global threshold and gradient magnitude
to form the speed function. The initial threshold is calculated
from the Chan-Vese model and is then iteratively updated
throughout the process of segmentation. Upon reaching the
aneurysm boundary, the change in the threshold value will
decrease because of the contrast between aneurysm and
nonaneurysm intensities and the iteration will stop. The
algorithm may then be implemented in an automatic or
semiautomatic manner depending on the complexity of the
aneurysm shape.

The results of 3D automatic aneurysm segmentations,
from the Region Growing Threshold (RGT), the Chan-
Vese model (CV), and the Threshold-Based Level Set (TLS),
are compared to results obtained via manual segmentation,
performed by an expert radiologist over eight data sets of
CTA imagery. Evaluation was based on six validation metrics:
volume difference (VD), Jaccard’s measure (volume overlap
metric, JM), false positive ratio (rfp), false negative ratio
(rfn), Hausdorff distance (maximum surface distance, HD),
and mean absolute surface distance (MASD). This study
will also discuss the impact of parameter adjustments on
segmentation results.

2. Methods

2.1. RegionGrowingThreshold Connecting (RGT). The Region
Growing Threshold method starts with a seed(s), selected
within the area of the object to be segmented. It requires two
intensity values for the pixel of the object, a low threshold𝑇1, and high threshold 𝑇2 values. Neighboring pixels whose
intensity values fall within this range are accepted and
included in the region. When no more neighbor pixels
are found that satisfy the criterion, the segmentation is
considered to have been completed. The selection criterion
is described by the following equation:𝐼 (𝑋) ∈ [𝑋 − 𝑇1, 𝑋 + 𝑇2] , (1)

where 𝑇1 and 𝑇2 represent the low and high thresholds of
the region intensities, 𝐼(𝑋) represent the image, and 𝑋 the
position of the particular neighboring pixel being considered
for inclusion in the region. Problems surrounding RGT
include threshold selection and sensitivity to seed position
[22].

2.2. Chan-Vese Model (CV) [21]. The Chan-Vese model is
based upon the Mumford-Shah functional [23]. The associ-
ated evolution PDE in the level set framework is𝜕𝜑𝜕𝑡 = ∇𝜑 [𝜆2 (𝐼 − 𝜇out)2 − 𝜆1 (𝐼 − 𝜇in)2 − 𝛼

+ 𝛽div( ∇𝜑∇𝜑)] , (2)

where 𝜇in is the mean of the target object of intensity, 𝜇out

represents the mean of the background of intensity, and𝜆1, 𝜆2 𝛼, and 𝛽 are positive constants. The Chan-Vese model
does not require a term related to the image gradient. Instead,
region intensity information is utilized for the target objects
of segmentation. This model has exhibited significant effec-
tiveness in segmentation of images with blurred boundaries.

2.3. Threshold-Based Level Set (TLS). The Threshold-Based
Level Set combines both the Geodesic Active Contour and
the Chan-Vese model within the level set framework.

Under the level set scheme, the contour is seen to deform
by the function; 𝜕Γ(𝑡)/𝜕𝑡 + 𝐹|∇𝜑| = 0, with an embedded
surface Γ(𝑡) represented as the zero level set of 𝜑 by Γ(𝑡) ={𝑥, 𝑦 ∈ 𝑅 | 𝜑(𝑥, 𝑦, 𝑡) = 0}.𝐹 represents a function for speed, which drives the Γ(𝑡)
surface evolution in the normal direction. It is clear that 𝐹
exerts a direct impact upon the quality of medical image
segmentation. The associated evolution PDE in the level set
framework is represented as follows:𝜕𝜑𝜕𝑡 = ∇𝜑 (𝛼 ( 𝐼 − 𝑇) + 𝛽div(𝑔 ∇𝜑∇𝜑)) , (3)

where 𝐼 represents the image to be segmented,𝑇 the intensity
threshold, 𝑔 is the image gradient, 𝜅 = div(∇𝜑/|∇𝜑|)
the curvature, 𝛼 the image propagation constant, and 𝛽
represents the spatial modifier constant for the curvature 𝜅.𝛼 and 𝛽 serve to weight the relative influence of each of these
terms on the movement of the surface contour.

The first term of the RHS of the formula, 𝛼(𝐼−𝑇), defines
the region where 𝑇 is an automatically defined parameter
indicating the lower boundary of the intensity level for the
target object. In this work, the target aneurysm is always
assumed to possess a relatively higher intensity level than its
background. It can thus be seen that this first term forces the
contours to enclose regions with intensity levels greater than𝑇. When the contour lies within the aneurysm region, (𝐼 −𝑇) ≥ 0, it expands in the normal direction. When (𝐼 −𝑇) < 0, the contour lies beyond the aneurysm region and
thus shrinks with a negative speed. This process stops when
the contours converge to the aneurysm boundary, with the
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Table 1: Validation results of segmentation methods.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Average

VD (%)

GT 0 0 0 0 0 0 0 0

TLS 1.55 4.69 4.48 0.46 2.92 0.12 3.55 2.27 2.51

RGT 7.65 4.47 8.86 1.37 5.52 6.09 3.21 10.90 6.01

CV 11.63 18.23 5.60 4.04 2.47 2.51 24.18 14.02 10.34

JM (%)

GT 100 100 100 100 100 100 100 100

TLS 91.87 89.66 88.57 93.25 91.64 92.35 91.55 93.79 91.59

RGT 90.12 88.24 87.02 93.00 91.39 90.90 94.27 89.58 90.57

CV 88.24 84.02 86.73 89.53 91.85 91.82 76.96 89.59 87.34

rfp (%)

GT 0 0 0 0 0 0 0 0

TLS 4.97 2.91 3.20 1.65 3.60 3.99 4.06 2.11 3.31

RGT 0.64 3.80 14.72 0.92 9.22 1.64 5.95 0.13 4.63

CV 11.84 18.02 13.26 5.38 4.60 5.54 28.75 11.62 12.38

rfn (%)

GT 0 0 0 0 0 0 0 0

TLS 3.57 3.25 1.51 5.21 1.40 3.97 4.73 4.23 3.48

RGT 9.26 8.40 0.17 6.15 0.18 7.61 0.12 10.30 5.27

CV 1.32 0.84 1.78 5.66 3.93 3.09 0.92 0.00 2.19

HD (pixel)

GT 0 0 0 0 0 0 0 0

TLS 0.51 0.65 0.68 1.17 0.79 1.89 0.65 0.79 0.89

RGT 0.77 0.64 0.89 1.41 0.55 1.86 0.49 0.76 0.92

CV 0.75 1.17 1.04 2.09 1.19 0.51 1.00 0.95 1.09

MASD (pixel)

GT 0 0 0 0 0 0 0 0

TLS 0.08 0.08 0.07 0.09 0.07 0.05 0.07 0.10 0.08

RGT 0.10 0.10 0.12 0.10 0.10 0.07 0.07 0.10 0.10

CV 0.06 0.06 0.07 0.11 0.08 0.05 0.07 0.10 0.08

image 𝐼 reaching a threshold of 𝑇. If we isolate this first term
of the RHS of (3), it becomes the selection criteria for the
lower threshold in the Region Growing Threshold method.
The second term in the formula would likewise become the
Geodesic Active Contour term.

2.3.1. Method for Automatic Threshold Selection. The Thresh-
old-Based Level Set requires an appropriate estimate of the
threshold value from proper segmentation of the aneurysm,
obtained using Chan-Vese model and the statistical data
specifically, confidence interval (CI) and confidence level
(CL).

2.3.2. Confidence Interval (CI) and Confidence Level (CL).
The confidence level (CL) represents how often the true
percentage of a population lies within the confidence interval
(CI). Based on Chebyshev’s inequality [24] a general rela-
tionship for symmetric distribution between CI and CL can
be established. The inequality for symmetric distribution is
given as 𝑃 (𝑋 − 𝜇 ≥ 𝑘𝜎) ≤ 1𝑘2 𝑘 > 0, (4)

where 𝑋 is the random variable population, 𝜇 is the popula-
tion mean, and confidence interval is represented by 𝑘 times𝜎 standard deviation. Equation (4) indicates that more than(1 − (1/𝑘2) × 100) percent of the population lies between 𝑘
standard deviations from the population mean.

For nonsymmetric distribution, the one-tailed version of
the inequality is used. This is given by𝑃 (𝑋 − 𝜇 ≥ 𝑘𝜎) ≤ 11 + 𝑘2 𝑘 > 0. (5)

For this inequality, it follows that when 𝑘 = 1, more than 50%
of the population is located one standard deviation away from
the mean.

2.3.3. Initial Threshold Selection. According to the theory
of confidence interval, the lower bound threshold of the
aneurysm can be defined by𝑇𝑖 = 𝜇𝑎 − 𝑘𝑖𝜎𝑎 𝑖 ≥ 0. (6)

The threshold 𝑇 represents the difference between the mean
of the intensity of the aneurysm (𝜇𝑎) and 𝑘 times its standard
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deviation (𝜎𝑎). The intensities of the aneurysm and its
background regions are different, with the lowest intensity
threshold of the aneurysm being the same as the highest
intensity threshold of the background. Thus, the relationship𝜇𝑏 + 𝑘𝑏𝜎𝑏 = 𝜇𝑎 − 𝑘𝑎𝜎𝑎 would apply. The confidence levels for
both the aneurysm and its background are considered to be
the same; 𝑘𝑏 = 𝑘𝑎 = 𝑘, thereby allowing 𝑘 to be expressed as𝑘 = 𝜇𝑎 − 𝜇𝑏𝜎𝑎 − 𝜎𝑏 . (7)

We have utilized the Chan-Vese model method to perform an
initial segmentation. From the results obtained, the initial 𝑘0
was seen to be calculated via (7). The initial 𝑇0 can likewise
be found using (6).

2.4. Data Acquisition. Clinical studies were performed with
the consent of the patient in relation to acquisition of
aneurysm images. These protocols were approved by the local
institutional review board and the regional research ethics
committee, with eight data sets of patients harboring internal
carotid artery aneurysms acquired by 3D CTA scans (GE
Healthcare).

Cross-sectional images were acquired by a CT angiogra-
phy scanner with multidetector-row capability, a table speed
of 9 mm/s, and zero-degree table (and gantry tilt). Scanning
was initiated from the common carotid artery and continued
parallel to the orbitomeatal line to the level of the Circle of
Willis, during this intravenous injection of contrast material
was administered at a rate of 3.5 mls/s. Aneurysm image was
512 × 512 pixel field, while slices of continuous thickness were
used to segment and reconstruct 3D vascular geometry. Pixels
are expressed in Hounsfield Units (HU).

2.5. Experiment Setting. For quantitative evaluation, manual
segmentation of eight aneurysms using open source software,
3D Slicer, was conducted by an expert radiologist. The results
were utilized as a ground truth (GT) for the comparison of
other methods. A region of interest (ROI), a good represen-
tation of the targeted region for segmentation, was selected
depending on the aneurysm size. All the experiments were
performed on cropped data sets to reduce calculation time
and memory usage, with preparatory work being completed
prior to the conduction of the experiments.

2.5.1. Parameter Setting

The Threshold-Based Level Set. The initial zero level set is a
rectangular prism surface, constructed by the subtraction of
two pixels on either side of the ROI. Thus, three parameters
needed to be set: 𝛼, 𝛽 from (3) and 𝑐 from (8). All eight
experiments utilized a fixed setting of 𝛼 = 10, 𝛽 = 3, and𝑐 in the range between 0.1 and 0.01. The role of this will be
analyzed in Section 4.

The Chan-Vese Model. The initial zero level set is a cuboid
surface, constructed in the same manner as the TLS, with the
parameters in (2) fixed for all cases; 𝜆1= 𝜆2 = 0.001, 𝛼 = 0,
and 𝛽 = 0.3.
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Figure 1: Aneurysm volume against segmentation methods.

The Region Growing Threshold. According to each case, an
initial seed point is required to determine the starting loci
within the specific aneurysm. For low and high intensity
thresholds 𝑇1 and 𝑇2 in (1), 𝑇1 was selected to utilize the
threshold of the TLS result for each case, with𝑇2 representing
the highest intensity of the aneurysm.

2.6. Evaluation

(i) Aneurysm volume was calculated through the use
of the boundary geometry, segmented using various
methods. The volume difference (VD) was calculated
using the equation VD = |(𝑉2−𝑉1)/𝑉1|×100%, where𝑉1 represents the volume of GT and𝑉2 represents the
volume of the TLS, RGT, or CV methods.

(ii) Jaccard’s measure (JM) is a volume overlap metric,
used to count the percentage of voxel intersections for
the paired segmentations.

This can be seen as JM = 2 ∗ |𝑆1 ∩ 𝑆2|/𝑆1 ∪ 𝑆2, where𝑆1 represents the voxels created by the GT and 𝑆2 the
voxels generated through the use of the TLS, RGT, or
CV methods.

(iii) False positive ratio (rfp) represents the percentage of
the extra voxels of 𝑆2, located outside of 𝑆1. When the
rfp equates to zero, no voxels in 𝑆2 will be located
outside of 𝑆1. Accordingly, rfp = (|𝑠2| − |𝑠1 ∩ 𝑠2|)/|𝑠1|,
where 𝑆1 represents the voxels created by the GT and𝑆2 represents the voxels generated by the TLS, RGT,
or CV methods.

(iv) False negative ratio (rfn) represents the percentage of
the lost voxels of 𝑆2, which cover the internal surface
of the 𝑆1.

This may be seen as rfn = (|𝑠1| − |𝑠1 ∩ 𝑠2|)/|𝑠1|, where𝑆1 represents the voxels created by the GT and 𝑆2
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Figure 2: 3D geometries of segmentation results comparison, from left to right: CV, RGT, and TLS.

Bleb

Figure 3: Segmentation results comparison (Case 1, aneurysm with bleb), from left to right: GT, CV, RGT, TLS, and photo from open head
surgery.

represents the voxels generated by the TLS, RGT, or
CV methods.

(v) Hausdorff distance (HD) measures the maximum
surface distance. This measure is extremely sensitive
to outliers and may not reflect the overall degree of
correlation.

(vi) The mean absolute surface distance (MASD) indicates
the average degree of difference between two surfaces
and does not depend on aneurysm size [15].

3. Results

The calculated values of VD, JM, rfp, rfn, HD, and MASD
for the eight cases considered are tabulated in Table 1. The
average values are also shown. Figure 1 depicts the volume
of the aneurysm. The minimum VD can be seen in the TLS
method. The average value of VD is seen to be 2.51%. The
maximum VD, however, is seen for Case 7 using the CV
method. The values of JM indicate that the TLS method
has the highest overlap rate in comparison to the other two
methods, with an average of 91.59%. A study of rfp and rfn
indicates a 3.31% overflow and 3.48% absence on average for
the TLS method. The largest rfp and the smallest rfn were
found to occur via the use of the CV method. These results
likewise indicate that the largest volume was generated by the
CV method, when compared to all other methods.

Results obtained for the surface distance metrics (HD and
MASD) indicate the reliability of all segmentation methods,
with the HD values for the TLS method being between 0.51
to 1.89 pixels and the maximum MASD being 0.08.

Figure 2 shows the 3D geometry of Case 4, restructured
via three segmentation methods. Only TLS was effective in

fully reconstructing the parent artery and aneurysm, while
the other two methods were not able to construct a portion
of the artery. One reason for this is that the aneurysm size in
Case 4 is larger in comparison to other cases. Another point
is that the distal parent artery itself is curved to lie proximally
to the aneurysm. These results likewise indicate that the TLS
method may be utilized in the segmentation of aneurysms
with blurred boundaries.

Figure 3 represents the segmented aneurysm surfaces of
Case 1, where only TLS is able to restructure the bleb located
at the top of the aneurysm. The resulting image is similar to
the picture taken during open-skull surgery.

4. Discussion

4.1. TLS Boundary Detect Function. In this study, the TLS
method utilizes a boundary feature map:𝑔 (|∇𝐼|) = 11 + 𝑐|∇𝐼|2 , (8)

where 𝑔 is for the detection of vascular boundaries, |∇𝐼|
represents a gradient magnitude, and 𝑐 is a constant that
controls the slope of the boundary detect function,𝑔(|∇𝐼|). At
the region of the artery and aneurysm, the boundary intensity
gradient was seen to increase significantly. Thus, a relatively
low 𝑐 value was sufficient for the adjustment of the decreasing
speed of 𝑔, in order to ensure that the search for the boundary
surface was stopped at the arterial boundary. Figure 4 shows
the process of selection for the value of 𝑐 in Case 1; the results
indicating that both VD and JM converged to a constant and
MASD ceased all fluctuation when 𝑐 was taken to equate to
0.5.
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4.2. TLSThreshold. The convergence history of threshold𝑇 is
shown in Figure 5, with the 𝑇 volumes exhibiting a tendency
to converge after 15 iterations. The stability of the 𝑇 volume
against a range of value of 𝑐 was likewise tested. The volume
was found to be very stable for the range of 𝑐 between 0.5
and 0.7. We thus suggest that the value of 𝑐 is set at a volume
between 0.5 and 0.7 for accurate boundary detection. As it is
only TLS that does not require selection of any seeds during
segmentation, it is suitable for the performance of automatic
segmentations.

5. Conclusion

Various methods of segmentation generate a range of geo-
metric models with changes in shape and volume, with
the occurrence of uncertain results having the reductive

potential to negatively affect clinical treatment decisions.
Through analysis of eight cerebral aneurysm models, this
study indicated that limitations continue to surround current
segmentation methods. The validation of the methods and
analysis of errors seem vital. In this study, the TLS method
was proposed to improve cerebrovascular aneurysm segmen-
tation application. It is a technique with the ability to segment
aneurysms anatomically without the setting of a seed point
or intensity threshold. The method is also suitable for the
segmentation of complex cerebrovascular anatomical shapes.
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Magnetoacoustic tomography with magnetic induction (MAT-MI) is a noninvasive imaging modality for generating electrical
conductivity images of biological tissues with high spatial resolution. In this paper, we create a numerical model, including a
permanent magnet, a coil, and a two-layer coaxial cylinder with anisotropic electrical conductivities, for the MAT-MI forward
problem. We analyze the MAT-MI sources in two cases, on a thin conductive boundary layer and in a homogeneous medium, and
then develop a feasible numerical approach to solve the MAT-MI sound source densities in the anisotropic conductive model
based on finite element analysis of electromagnetic field. Using the numerical finite element method, we then investigate the
magnetoacoustic effect of anisotropic conductivity under the inhomogeneous static magnetic field and inhomogeneous magnetic
field, quantitatively compute the boundary source densities in the conductive model, and calculate the sound pressure. The
anisotropic conductivity contributes to the distribution of the eddy current density, Lorentz force density, and acoustic signal.
The proposed models and approaches provide a more realistic simulation environment for MAT-MI.

1. Introduction

Since Henderson and Webster reported an impedance cam-
era to generate the electrical impedance image of the tho-
rax [1], it is of increasing interests to noninvasively mea-
sure the electrical impedance of biological tissues. Several
approaches, such as electrical impedance tomography (EIT)
[2, 3], magnetic induction tomography (MIT) [4, 5], magnetic
resonance EIT (MREIT) [6], magnetoacoustic tomography
(MAT) [7, 8], and Hall effect imaging (HEI) [9], have been
developed to image the electrical impedance distribution.
Among these technologies, EIT, MREIT, and MAT/HEI inject
electrical currents into the imaging object through the surface
electrodes, so that they have to face the “shield effect” [10,
11] caused by a low-conductivity tissue layer surrounding
the object and therefore have difficulties in imaging the

electrical impedance of deep biological tissue with high
spatial resolution. MIT excites the deep biological tissue
with time-variant magnetic field and measures the secondary
magnetic field produced by the eddy current to reconstruct
electrical impedance images. However, the inverse problem
in MIT, as in EIT, is an ill-posed problem.

Magnetoacoustic tomography with magnetic induction
(MAT-MI) is a newly proposed electrical impedance imaging
modality [11]. In MAT-MI, an object is placed in an external
static magnetic field B0 and a time-variant magnetic field B1
to induce the eddy currents J in the object. The eddy currents
are subject to Lorentz forces to induce sound vibrations in
the object. The emitted sound signals are detected around
the object to reconstruct the electrical impedance images
of the imaging object. Through combining magnetism and
sonography, MAT-MI can excite deep tissues and image the
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Figure 1: A tube on the boundary between two homogeneous
conducting media.

electrical impedance with high spatial resolution. As a result
of the sound measurement around the specimen, MAT-MI
has a well-posed inverse problem.

Similar to MAT/HEI, MAT-MI is based on the Lorentz
force-induced vibrations. The difference among them is
that MAT-MI uses time-variant magnetic field, while the
MAT/HEI applies current injection, and therefore the
MAT/HEI sound sources are only at the boundary between
regions of differing conductivity for a piecewise homoge-
neous isotropic conductor [7], while those of MAT-MI exist
everywhere in the conductor.

It is well known that some biological materials, such
as bone and skeletal muscle, are distinctly anisotropic [12].
Recently, several studies have been developed to explore
the effect of electrical anisotropy, such as the influence of
white matter anisotropy on EEG source localization [13],
inhomogeneous anisotropic cardiac tissues [14], and the
effect of conductivity anisotropy on EIT [15]. Another study
has reported that the diffusion anisotropy in breast cancer
is significantly different from that in normal tissue [16].
The water diffusion may have a relation with the electrical
conductivity in a tissue, and the conductivity tensor can be
obtained from the diffusion tensor [17]. It is obvious that
breast cancers may have different anisotropic conductivity
tensor from that of normal tissues.

In previous works, there are many theories and sim-
ulation models, as shown in Table 1, to study MAT-MI
principles.

In the present study, we analyze the MAT-MI sound
source densities in a homogeneous conducting medium and
on a thin conductive boundary layer and build a magnet and a
circular coil to produce inhomogeneous static magnetic field
and time-variant magnetic field. We create a two-layer coaxial
cylinder with different anisotropic conductivity values and
solve the MAT-MI forward problem with the aid of the finite
element method (FEM). By comparing anisotropic conduc-
tive model with isotropic conductive model, we investigate
the magnetoacoustic effect of the conductivity anisotropy. We
also discuss the difference of sound signal generation between
MAT-MI and MAT/HEI.

2. Theory

According to the previous works [7, 11], MAT-MI wave
equation can be described as∇2𝑝 − 1𝑐2𝑠 𝜕2𝑝𝜕𝑡2 = ∇ ⋅ (J × B) , (1)

where 𝑝 is the acoustic pressure, 𝑐𝑠 is the sound speed, J is
the induced eddy current density, and B is the magnetic flux
density including the static magnetic flux density B0 and the
time varying magnetic flux density B1. The cross product
of J and B is the Lorentz force density, and the divergence
of the Lorentz force density is the sound source density.
Here, we study the sound source density on three conditions
including homogeneous isotropic conducting medium, a thin
conductive boundary layer in the heterogeneous conducting
medium, and anisotropic conducting medium.

2.1. Homogeneous Isotropic Conducting Medium. In this case,
the conductivity 𝜎 is a constant in solving domain. We
assume that the electrical currents producing the time-
variant magnetic field are outside of the imaging object, so
that the curl of B is zero [7]. Then, we have [21]∇ ⋅ (J × B) = (∇ × J) ⋅ B − J ⋅ (∇ × B) = (∇ × J) ⋅ B= (∇ × 𝜎E) ⋅ B = −𝜎𝜕B𝜕𝑡 ⋅ B. (2)

Since the static magnetic field is time invariant, the sound
source density is ∇ ⋅ (J × B) = −𝜎𝜕B1𝜕𝑡 ⋅ B. (3)

2.2. A Thin Conductive Boundary Layer in a Heterogeneous
ConductingMedium. When the conductivities are not homo-
geneous but changed abruptly, the eddy current densities and
the corresponding Lorentz force densities are not continuous
on both sides of the boundary layer. The source term, which
is the divergence of the Lorentz force density, should be
calculated in a different way. To solve the MAT-MI sources,
we assume a very small tube on the boundary layer and apply
the Gauss theorem on the source term to avoid the divergence
on the jump discontinuity.

As shown in Figure 1, we consider a small tube on the
boundary layer between two homogeneous isotropic media
with conductivity values of 𝜎1 and 𝜎2. e𝑛 is the outward
normal to the tangent plane, 𝑆1 and 𝑆2 are the two surfaces
of the tube, and the outward normal to the 𝑆1 and 𝑆2 is,
respectively, in the same and opposite directions as e𝑛. 𝐽1𝑛,𝐽2𝑛 and 𝐽1𝑡, 𝐽2𝑡 are, respectively, the normal and tangential
components of the eddy current densities, e𝑡 is in the same
direction as 𝐽1𝑡 and 𝐽2𝑡, and e𝑡 is orthogonal to both 𝐽1𝑡 and𝐽1𝑛. The thickness of the tubeΔ𝑙 is assumed to be infinitesimal.

Based on electromagnetic theory, the electromagnetic
field boundary conditions are as follows [25]:𝐽1𝑛 = 𝐽2𝑛, 𝐸1𝑡 = 𝐸2𝑡. (4)
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Table 1: Numerical studies on MAT-MI.

Time invariant
magnetic field

Static magnetic
field

Model Sound source

Conductivity Structure

Xu and He 2005 [11] H H H and Iso A sphere Analytical solution

Li et al. 2006 [18]
Li et al. 2007 [19]

H H Inh and Iso
A two-layer
concentric

sphere

Numerical solution based on
magnetic vector potential and
electrical scalar potential method

Brinker and Roth
2008 [20]

Inh H H and Ani
A uniform sheet

of tissue

Analytical and numerical
solutions based on magnetic
vector and electrical scalar
potential method

Li et al. 2009 [21] Inh H Inh and Iso

Two-layer
eccentric
spheres; a

circular coil

Numerical solution based on
finite element method

Li and He 2010 [22] Inh H Inh and Iso
2D conductive

sample; coil
group

Numerical solution based on
finite element method

Li 2010 [23] Inh H Inh and Iso
Human breast
and tumors; a
circular coil

Analytical solution for
homogeneous medium and
conductivity boundary;
numerical solution based on
finite element analysis

Zhou et al. 2011 [24] Inh H Inh and Iso
Breast tumor

model; a
circular coil

Analytical and numerical
solutions using finite element
method

∗H denotes homogeneous; Inh denotes inhomogeneous; Iso denotes isotropic; Ani denotes anisotropic.

Due to the magnetic field continuity across the boundary,
we have

B1 = B2 = B, (5)

where B1 and B2 are the magnetic field on both sides of the
boundary layer.

Thus, the Lorentz force density, the cross product of the
eddy current density J and magnetic flux density B on the
boundary layer, can be written in the orthogonal coordinates
system (e𝑛, e𝑡, e𝑡) as follows:

J × B =  n t t𝐽𝑛 𝐽𝑡 0𝐵𝑛 𝐵𝑡 𝐵𝑡

 = 𝐽𝑡𝐵𝑡n − 𝐽𝑛𝐵𝑡t + (𝐽𝑛𝐵𝑡 − 𝐽𝑡𝐵𝑛) t.
(6)

Applying the Gauss theorem, we have∫
𝑉
∇ ⋅ (J × B) 𝑑𝑉 = ∮

𝑆
(J × B) 𝑑𝑆. (7)

In the case of the small tube as shown in Figure 1, we haveΔ𝑙 → 0 and∮
𝑆
(J × B) 𝑑𝑆 = ∫

𝑆1
𝐽1𝑡𝐵𝑡n ⋅ 𝑑𝑆1 + ∫

𝑆2
𝐽2𝑡𝐵𝑡n ⋅ 𝑑𝑆2= (𝜎1 − 𝜎2) 𝐸1𝑡𝐵𝑡𝑆1, (8)

where e𝑡 is in the same direction as e𝑡 × e𝑛.

Then, we have the sound source of the small tube on the
boundary layer as follows:

∫
𝑉
∇ ⋅ (J × B) 𝑑𝑉 = (𝜎1 − 𝜎2) 𝐸1𝑡𝐵𝑡𝑆1. (9)

From formula (9), we can compute the sound sources
on the boundary layer through the outward normal to the
boundary surface, the intensity, and direction of the E and
B. Zhou et al. got the same result as formula (9) [24].

2.3. A Thin Conductive Boundary Layer in the Anisotropic
Conducting Medium. Considering the MAT-MI sound
source in a homogenous anisotropic conducting medium,
the conductivity value 𝜎 is not a constant but a tensor. We
have

∇ ⋅ (J × B) = ∇ ⋅ {{{([[𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧]][[𝐸𝑥𝐸𝑦𝐸𝑧

]]) × B
}}} . (10)

We will introduce a numerical solution of this case by using
finite element interpolation in Section 3.3.1.

On the boundary layer, the electromagnetic field bound-
ary conditions are the same as described in formula (4), and
we can use the same method as illustrated in Section 2.2 to
analyze the MAT-MI sound source on the boundary layer in
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an anisotropic heterogeneous conducting medium. Then, we
have∫

𝑉
∇ ⋅ (J × B) 𝑑𝑉
= 𝐵𝑡𝑆1(([[𝜎1𝑥𝑥 𝜎1𝑥𝑦 𝜎1𝑥𝑧𝜎1𝑦𝑥 𝜎1𝑦𝑦 𝜎1𝑦𝑧𝜎1𝑧𝑥 𝜎1𝑧𝑦 𝜎1𝑧𝑧]]

−[[𝜎2𝑥𝑥 𝜎2𝑥𝑦 𝜎2𝑥𝑧𝜎2𝑦𝑥 𝜎2𝑦𝑦 𝜎2𝑦𝑧𝜎2𝑧𝑥 𝜎2𝑧𝑦 𝜎2𝑧𝑧]]) [[𝐸1𝑡𝑥𝐸1𝑡𝑦𝐸1𝑡𝑧

]]) ⋅ e𝑡,
(11)

where 𝐸1𝑡𝑥, 𝐸1𝑡𝑦, and 𝐸1𝑡𝑥 are the decomposition of the
tangential component of the electric field in the Cartesian
coordinate system.

2.4. Solution of the Wave Equation. Applying Green’s func-
tion, we have the solution of the MAT-MI wave equation in
free space [11] as follows:𝑝 (r, 𝑡)= − 14𝜋∮𝑉

𝑑r
× ∫∞

−∞
∇r ⋅ (J (r, 𝑡)×B (r, 𝑡)) 𝛿 (𝑡−𝑡 + r−r /𝑐𝑠)r − r

 𝑑𝑡,
(12)

where 𝑉 is the source domain, r is a sound point source,
r is a point detecting the sound radiation from the sound
point sources, 𝑡 is the time to detect the sound signal, and 𝛿
is a Dirac Delta function. Using the previous formula, we can
compute the sound pressure radiated out from the sources.

3. Simulation Study

In the previous studies, numerical simulations were con-
ducted on solid models with isotropic conductivity [21, 23,
24] or a uniform sheet with homogeneous conductivity
anisotropy [20], under homogeneous static magnetic field. In
the present study, we adopt a permanent magnet to produce
a more realistic and complex inhomogeneous static magnetic
field and conduct numerical simulations on a conductor
with inhomogeneous anisotropic conductivities. Based upon
the present models, we perform the electromagnetic anal-
ysis using the finite element method software ANSYS and
calculate the sound source densities in the homogeneous
anisotropic medium on the conductivity boundary and the
spatial distribution of the acoustic pressure. Finally, we com-
pare the eddy currents, Lorentz forces, MAT-MI sources, and
sound pressure of the anisotropic and isotropic conductive
models to investigate the effect of conductivity anisotropy on
the MAT-MI signal generation.

3.1. Model. The current simulation models include a two-
layer conductive cylinder, a magnet, a real shape coil, and

Coil

Magnet

2
1

50mm

50mm

50mm

100mm

60mm

30mm

10mm

2 = 55mm 1 = 45mm

2 = 50mm 1 = 10mm

Cylinders

Figure 2: Model geometry.

the surrounding water and air media. Figure 2 shows the
coaxial cylindrical model together with the coil and magnet
models. In the conductive models, the radii of the inner and
outer layer cylinders are, respectively, 10 and 50 mm, and the
anisotropic conductivity values of the inner and outer layers
are, respectively, 𝜎1 = [𝜎1𝑥 = 0.25, 𝜎1𝑦 = 0.125, 𝜎1𝑧 = 0.2]
and 𝜎2 = [𝜎2𝑥 = 0.04, 𝜎2𝑦 = 0.1, 𝜎2𝑧 = 0.2] S/m. The
conductivity of the two layers in the 𝑥 direction 𝜎1𝑥 and 𝜎2𝑥 is
the same as the isotropic conductivity values adopted in the
previous work [19], and the difference between 𝜎1𝑦 and 𝜎2𝑦 is
much smaller than that between 𝜎1𝑥 and 𝜎2𝑥. This allows us
to investigate the change of the eddy current density caused
by the electrical anisotropy through comparing with those
induced in the isotropic conductive models. The cylindrical
shape of the conductor is similar to the columnar phantom
employed in previous MAT-MI experiments [19, 26–28]. The
width, length, and height of the permanent magnet are,
respectively, 50, 50, and 30 mm. The coil has a height of
10 mm, with an inner radius and an outer radius of 45 mm and
55 mm, respectively. The water surrounding the conductive
model is a cylinder with a radius of 80 mm and a height of
70 mm. The conductivity value of the water 𝜎𝑤 is 0.4 S/m. The
coil, magnet, and water are surrounded by the cylindrical air
medium with a radius of 200 mm and a height of 300 mm.

Taking the center of the underside of the two-layer coaxial
cylinder as the origin, the bottom of the coil is 95 mm above,
and the top of the magnet is 30 mm below the origin. The top
and bottom of the water are, respectively, 60 mm above and
10 mm below the origin. The coil, two-layer coaxial cylinder,
and water and air models are symmetric with respect to the 𝑧-
axis, and the magnet is symmetric about the plane 𝑥 = 0 and𝑦 = 0. The symmetry of the solid model allows us to explore
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Figure 3: Meshed grids of the coil, permanent magnet, and two-
layer coaxial cylindrical conductive models.

the effect of the electrical anisotropy specifically. The injected
currents into the coil obey a quasi-step function described as

𝐽 (𝑡) = {{{{{{{{{
𝐽end 𝑡 ≥ 𝑇end,(𝑡 − 𝑇start) ∗ 𝐽end𝑇end − 𝑇start

𝑇start < 𝑡 < 𝑇end,0 𝑡 ≤ 𝑇start, (13)

where 𝑇start and 𝑇end are the time to begin and finish the
electrical current injection, 𝑇end − 𝑇start = 5𝐸 − 6 s, and𝐽end = 3𝐸+ 8A/m2 is the magnitude of the current density at
the end of the current injection. The sound speed is assumed
to be homogeneous and isotropic in all the media and is set
to be 1500 m/s. We create the solid models in ANSYS, meshed
the coil and magnet with hexahedrons, and meshed the
conductive cylinders, water, and air media with tetrahedrons.
The meshed grids of the coil, magnet, and two-layer coaxial
cylindrical conductive models are shown in Figure 3.

In order to evaluate the impact of the conductivity
anisotropy on the magnetoacoustic signals, we adopt an
isotropic conductive model sharing the same geometry with
the aforementioned model. The isotropic conductivity values
of the inner and outer cylinders are, respectively, 0.25 and
0.04 S/m, which are the same as those adopted in the previous
isotropic conductive model [19].

3.2. Procedure

(1) Performing the FEM electromagnetic analysis,
obtaining the Lorentz force density F on every node,
eddy current density J and magnetic flux density B on

every element. And extracting the elements neigh-
boring to the boundary layer and the corresponding
nodes of the elements on the boundary layer.

(2) Calculating the sound source density in the finite
elements in the homogeneous medium and in the
small tubes on the conductivity boundary.

(3) Regarding the sound sources in the elements and
tubes as point sources, assuming the sound speed in
the solving domain is a constant 𝑐𝑠 = 1500m/s, and
applying the discrete form of formula (12) to calculate
the sound field as follows:

𝑃 (r, 𝑡) = − 14𝜋 𝑀∑
𝑗=1

∇ ⋅ (J𝑗 (r𝑗, 𝑡 − 𝑅/𝑐𝑠) × B𝑗 (r𝑗, 𝑡 − 𝑅/𝑐𝑠))𝑅 ,
(14)

where𝑀 is the number of the point sources, 𝑅 = |r − r|.
3.3. Sound Source

3.3.1. Source in the Homogeneous Medium. For the MAT-MI
source density in the homogeneous anisotropic conducting
medium, we have∇ ⋅ (J × B) = ∇ ⋅ F = 𝜕𝐹𝑥𝜕𝑥 + 𝜕𝐹𝑦𝜕𝑦 + 𝜕𝐹𝑧𝜕𝑧 . (15)

After performing the finite element analysis of electro-
magnetic field, we have the nodal solutions of the Lorentz
force density. We apply the FEM interpolation to the Lorentz
force density in each element to count the sound source
density.

As shown in Figure 4, in a first-order tetrahedral element,
F1, F2, F3, and F4 are the nodal solutions of the Lorentz force
density, and F(𝑥, 𝑦, 𝑧) is the Lorentz force density on a point
in an element. Using the finite element interpolation [29], we
have

F (𝑥, 𝑦, 𝑧) = a
𝑒 + b

𝑒𝑥 + c
𝑒𝑦 + d

𝑒𝑧, (16)

where a𝑒, b𝑒, c𝑒, and d𝑒 are vectors as a𝑒 = [𝑎𝑒𝑥, 𝑎𝑒𝑦, 𝑎𝑒𝑧] and

so on. All the vectors are determined by the coordinates of
the four tetrahedral vertices and the nodal solutions of the
Lorentz force density F. Substituting (16) into (15), we have∇ ⋅ (J × B) = ∇ ⋅ F = 𝑏𝑒𝑥 + 𝑐𝑒𝑦 + 𝑑𝑒𝑧= 16𝑉𝑒 ( 4∑

𝑗=1
𝑏𝑒𝑗𝐹𝑥𝑗 + 4∑

𝑘=1
𝑐𝑒𝑗𝐹𝑦𝑗 + 4∑

𝑗=1
𝑑𝑒𝑗𝐹𝑧𝑗) , (17)

where 𝐹𝑥𝑗, 𝐹𝑦𝑗, and 𝐹𝑧𝑗 are the three Cartesian components

of the nodal values of the Lorentz force and 𝑏𝑒𝑗 , 𝑐𝑒𝑗 , and 𝑑𝑒𝑗
are the coefficients determined from the expansion of the
determinants of the elemental interpolation [29]. Through
computing formula (17), we can analyze the MAT-MI sound
source density in a homogeneous anisotropic conducting
medium based on the solutions of the finite element analysis.
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3.3.2. Source on the Conductivity Boundary. Considering a
tiny tetrahedral element neighboring to the boundary, we
apply formula (11) to solve the MAT-MI sound source on the
conductivity boundary. Since the numerical solutions of the
electromagnetic analysis satisfies the boundary conditions as
described in formulas (4) and (5), we assume that the electric
field E and magnetic flux density B in the tetrahedral element
which have three nodes adhering to the boundary are closely
approximate to those of the points on the boundary surface.
And then, we adopt the elemental solutions of the E and B to
compute the sound sources on the boundary and decompose
them, as shown in Figure 5, to compute the 𝐸𝑡 and 𝐵𝑡 . The
procedure is as follows:

(1) Extracting three nodes of the element on the bound-
ary layer and computing the area of the triangle 𝑆 and
the outward normal e𝑛.

(2) Decomposing the B into the orthogonal components𝐵𝑛 and B𝑇, where the B𝑇 is the projection of the B on
the tangent plane.

(3) Mapping the E onto the e𝑛 and computing the 𝐸𝑛, 𝐸𝑡,
and e𝑡.

(4) Orthogonally decomposing B𝑇 into the 𝐵𝑡 and 𝐵𝑡 .

(5) Calculating the sound sources in accordance with
formula (11).

4. Results

In this simulation study, we employ a real shape coil and a
permanent magnet to produce the inhomogeneous magnetic
field and static magnetic field and perform an electromag-
netic field finite element analysis on the conductive models
with electrical anisotropy. The numerical simulations are
performed in SI system (international systems of units),
and the units of the magnetic flux density, eddy current
density, Lorentz force density, and sound pressure are, respec-

tively, Tesla (T), Ampere/m2 (A/m2), Newton/m3 (N/m3),
and Pascal (Pa). The inhomogeneous magnetic flux density
produced, respectively, by the coil, the magnet, and both the
coil and magnet is shown in Figure 6. The distribution of the
eddy current density in the inner cylinder and both the inner
and outer cylinders is illustrated in the𝑥 = 0,𝑦 = 0, and 𝑧 = 0
planes. From Figure 7, it is obvious that the distribution of
the eddy current density strongly respond to the anisotropic
conductivity so as to cause an apparent aberration in the 𝑥- 𝑦
plane.

Figure 8 shows the Lorentz force densities evoked in the
conductive cylinders. Generally, the Lorentz force densities of
the points neighboring to the boundary are larger than those
in deep parts of the conductor because of the “skin effect”
of the eddy current density. The force densities in the inner
cylinder on the 𝑥 direction are vastly smaller than those on
the 𝑦 direction. Since the conductor and the magnetic field
are basically symmetric, only the anisotropic conductivity
contributes to the asymmetric distribution of the Lorentz
force density.

The MAT-MI source densities in the homogeneous
anisotropic conducting medium and on the boundary layer

( 4, 4, 4)

( 3, 3, 3)

( 2, 2, 2)

( 1, 1, 1)

F4

F3

F2

F ( , , )

F = ( 1 , 1 , 1 )

Figure 4: The nodal solutions of the Lorentz force density in a
tetrahedral element.

A tetrahedral element Boundary

1

2

B

E

Figure 5: Orthogonal decomposition of E and B on the boundary
surface.

are shown in Figure 9. The boundary source densities are
closely associated with the magnetic field B, the electric field
E, and the surface orientation. MAT-MI induces high source
densities on the boundary of inner cylinder, which is in the
deep part of the models. This indicates that MAT-MI can
excite deep materials and therefore have a potential to image
deep structures of biological tissues.

Multiplying the boundary source density with the area
of the surfaces and the source density in the homogeneous
anisotropic conducting media with the volume of the tetrahe-
dral elements and assuming that there is no sound reflection
between the water and air, we compute the sound pressure
in the two-layer coaxial cylinder and water medium. The
pressure on the planes 𝑧 = 25mm, 𝑥 = 0, and 𝑦 = 0 is shown
in Figure 10.

From Figure 11(a), we can see that the distribution of the
eddy current density is symmetric because of the symmetry
of the model, magnetic field, and the isotropic conductivity.
Comparing Figures 11(a) and 11(b) with Figures 7 and 8, the
conductivity anisotropy alters the distribution of the eddy
current density and Lorentz force density in the conductor.
The distribution of the sound source density in the isotropic
conductive model, as shown in Figure 11(c), is similar to that
in the anisotropic conductor, as shown in Figure 9. Due to the
similar source densities, the sound pressure distributions for
the isotropic and anisotropic conductive models are almost
same, as shown in Figures 10 and 11(d).

We measure and compare the time sequences of the
acoustic signal simulated on a point from the anisotropic
and isotropic conductive models, as shown in Figure 12. The
coordinates of the point are (0, 150, 25) mm. From Figure 12,
we can see that the two signals have similar waveform shapes.
In addition, there are some differences between the signals
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Figure 6: Magnetic flux density in the coaxial cylinder produced, respectively, by (a) magnet, (b) coil, and (c) both magnet and coil. The unit
of magnetic flux density is Tesla (T).

from the two models. Since the geometry of the model and
the magnetic field are the same, the only thing contributing
to the previous differences is the conductivity of the material.
In other words, the different conductive properties in the
two models, which are, respectively, anisotropic and isotropic
conductivities, lead to such differences.

5. Discussions

In this simulation study, we have conducted numerical sim-
ulations on the conductive models with electrical anisotropy,
the real shape coil and magnet, and calculated the MAT-MI
sound source densities on the conductivity boundary. The
conductivity anisotropy changes the intensity of the bound-
ary source densities through influencing the eddy current
density distribution. The effect of the electrical anisotropy
in MAT-MI signal generation is not negligible. Despite of
the high intensity of the boundary sources, the MAT-MI
acoustic signals contain the signals radiated from the sources
in the homogeneous conductive media. So, we may eliminate
the impact of the boundary sources as much as possible
and use weak signal detection technology to extract the
useful information to reconstruct the sound sources in the
homogeneous medium.

Through comparing the MAT-MI sound sources and
signals from the isotropic and anisotropic conductive models,
we can find that the electrical anisotropy changes the source
densities and the magnitude of the acoustic pressure signals.

To investigate the MAT-MI source, the present and
previous works start from the divergence of the Lorentz
force density (J × B), which may cause singularity problem

on the boundary, to explore the magnetoacoustic effect of
biological tissues with magnetic induction. In fact, we can
further perform finite element analysis of acoustic vibrations
and radiations to avoid solving the divergence on the discon-
tinuity.

In order to study the magnetoacoustic effect of the elec-
trical anisotropy, the present simulation conductive model is
symmetric and comparatively simple. We can further create
more realistic and complex breast model, including subcu-
taneous fat, duct system, mammographic texture, Cooper’s
ligaments, pectoralis muscle, skin, and abnormalities, as the
breast phantom modeled for mammography [30].

Since MAT/HEI has a similar imaging principle to MAT-
MI, we can further study and understand the magnetoa-
coustic signal generation through comparing MAT/HEI and
MAT-MI. MAT injects electrical current to an object under
a static magnetic field to evoke vibrations, while MAT-MI
imposes time-variant magnetic field on the object under the
static magnetic field to generate acoustic signals. The current
injection in MAT/HEI and the magnetically induced currents
in MAT-MI make a difference in the MAT/HEI and MAT-MI
acoustic signals. The basic difference between MAT/HEI and
MAT-MI is shown in Table 2.

In a homogeneous isotropic conducting medium,
neglecting the secondary magnetic field produced by the
injected currents, the curl of the current density J is equal
to zero in MAT [7]. Due to magnetic induction, the curl
of the current density J in MAT-MI is associated with the
electrical conductivity 𝜎 and the partial derivative of the
magnetic flux density B with respect to time 𝑡 [21]. So, there
is no MAT/HEI source evoked in the homogeneous isotropic
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Figure 7: The distribution of eddy current density in the inner and outer cylinders on the planes 𝑧 = 0, 𝑥 = 0, and 𝑦 = 0. The unit of eddy
current density is Ampere/m2 (A/m2).
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Figure 8: The distribution of Lorentz force density in the inner and outer cylinders on the planes 𝑧 = 0, 𝑥 = 0, and 𝑦 = 0. The unit of Lorentz
force density is Newton/m3 (N/m3).

conductive domain. On the contrary, MAT-MI generates
the acoustic vibrations in the whole homogeneous isotropic
medium.

On the conductivity boundary, both MAT/HEI and
MAT-MI obey the same electromagnetic field boundary

conditions, so we can use the same approach, as described
in the Section 2.2 to solve the divergence of the Lorentz
force. Roth et al. studied the MAT source and put forward
that the curl of the eddy current density J is nonzero only
at the boundary, that there is no source on the surface
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Figure 9: Sound source density distribution in the inner cylinder and both the inner and outer cylinders on the planes 𝑧 = 25mm, 𝑥 = 0,
and 𝑦 = 0. The unit of the boundary source density is Pa/m, and that of the homogeneous source density is Pa/m2.
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Figure 11: Numerical simulations on the cylindrical conductive models with isotropic conductivities. (a) Eddy current density, (b) Lorentz
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Figure 12: The time sequences of the acoustic signal obtained on a point whose coordinates are (0, 150, 25) mm. The unit of acoustic pressure
signal is Pascal (Pa).

Table 2: Comparisons of MAT and MAT-MI sound generation in an inhomogeneous isotropic conductive medium.

Boundary conditions
Sound sources

Homogeneous Boundary

MAT/HEI 𝐸1𝑡 = 𝐸2𝑡, 𝐽1𝑛 = 𝐽2𝑛 (∇ × J) = 0 ∫𝑉 ∇ ⋅ (J × B) 𝑑𝑉 = e𝑡 ((𝜎2 − 𝜎1) 𝐸1𝑡𝑑𝑆) ⋅ B
MAT-MI 𝐵1𝑛 = 𝐵2𝑛, 𝐻1𝑡 = 𝐻2𝑡 (∇ × J) = −𝜎𝜕B1𝜕𝑡
that is perpendicular to the applied magnetic field B, and
that the component of the magnetic field that is perpen-
dicular to a surface has no contribution to the source [7].
From the formula described in Table 2, for the MAT/HEI
and MAT-MI boundary source density, it is clear that the
intensity of the source density is zero when the dot product
of the e𝑡 , which is a vector on the boundary surface,
and B is equal to zero. If we decompose B into three
orthogonal components 𝐵𝑛, 𝐵𝑡, and 𝐵𝑡 , e𝑡 and 𝐵𝑛 are

perpendicular, and the corresponding dot product is zero,
that is, 𝐵𝑛 contributes nothing to the source. Obvi-
ously, formula for the MAT-MI and MAT/HEI bound-
ary sources analyzed in this paper is well consistent with
the previous conclusions, and furthermore, with the ana-
lytical expression of formula, we can solve the intensi-
ties of the MAT-MI source densities on the boundary
for biological tissues or phantom with arbitrary geome-
try.



12 Computational and Mathematical Methods in Medicine

In summary, we have created a magnet, a coil, and a two-
layer coaxial cylindrical conductive model to conduct sim-
ulations for MAT-MI forward problem under conditions of
inhomogeneous static magnetic field, inhomogeneous time-
variant magnetic field, and conductivity anisotropy. We have
also quantitatively computed the MAT-MI boundary source
densities and the source densities inside the homogeneous
conducting medium. To the best of our knowledge, it is
the first time that MAT-MI forward problem is solved in a
conductive specimen with conductivity anisotropy together
with a permanent magnet. The present models and the
simulation approach based on the finite element method
enable us to investigate MAT-MI signal generation in a more
practical simulation environment, such as arbitrary geomet-
ric configurations of anisotropic and isotropic conductive
model, inhomogeneous static magnetic field produced by
a permanent magnet, and various types of time-variant
magnetic field generated by a coil or coil set, and so on.
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The dependence on the overexpression of a single oncogene constitutes an exploitable weakness for molecular targeted therapy.
These drugs can produce dramatic tumor regression by targeting the driving oncogene, but relapse often follows. Understanding
the complex interactions of the tumor’s multifaceted response to oncogene inactivation is key to tumor regression. It has become
clear that a collection of cellular responses lead to regression and that immune-mediated steps are vital to preventing relapse. Our
integrative mathematical model includes a variety of cellular response mechanisms of tumors to oncogene inactivation. It allows for
correct predictions of the time course of events following oncogene inactivation and their impact on tumor burden. A number of
aspects of our mathematical model have proven to be necessary for recapitulating our experimental results. These include a number
of heterogeneous tumor cell states since cells following different cellular programs have vastly different fates. Stochastic transitions
between these states are necessary to capture the effect of escape from oncogene addiction (i.e., resistance). Finally, delay differential
equations were used to accurately model the tumor growth kinetics that we have observed. We use this to model oncogene addiction
in MYC-induced lymphoma, osteosarcoma, and hepatocellular carcinoma.

1. Introduction

Bernard Weinstein first proposed in 1997 that “oncogene
addiction” is the phenomenon whereby the inactivation
of a single oncogene, even if brief, may lead to sustained
tumor regression, providing a weakness for a molecularly
targeted therapy to exploit [1]. For example, imatinib causes
dramatic tumor regression in gastrointestinal stromal tumors
(GIST) [2, 3] and chronic myelogenous leukemia (CML)
[3–5] by inhibiting the Bcr-Abl oncogene; erlotinib and
gefitinib cause dramatic tumor regression in nonsmall cell
lung cancer (NSCLC) [6–9], pancreatic cancer, and other
tumors by inhibiting EGFR; a number of other examples of
targeted therapies exist. These drugs induce dramatic tumor
regression without the side effect profile of nonspecific
chemotherapies.

Inactivation of the oncogene by targeted therapy pro-
duces a complex array of responses at the cellular level includ-
ing apoptosis, cell cycle arrest, differentiation, senescence,
and inhibition of angiogenesis. In preclinical models, the
oncogene may be inactivated using conditional expression in
transgenic animals (e.g., Cre/LoxP, tamoxifen, or tetracycline
systems). Some of these resultant cellular programs are cell
intrinsic (i.e., not involving other cells) while others are cell
extrinsic, involving complex host interactions with effector
cells in the immune system. While these different response
mechanisms have been studied and modeled individually,
there has been far less investigation into integrating the
overall sequence and interactions of tumor responses into a
unified mathematical model that can inform the design and
optimization of therapeutic strategies. Understanding how
and why some tumors relapse while others do not, as well as
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how and why the specific cellular program responses depend
on the tissue-specific and host immune background, is of
crucial importance for designing the most effective therapies.

Previously, we have built and validated a model of tumor
growth and regression kinetics in response to oncogene
inactivation [10]. This model was based primarily upon
microCT imaging and immunohistochemistry (IHC) and
explicitly incorporated apoptosis and proliferation result-
ing from the stochastic balance between prosurvival and
prodeath signals but included no other cellular programs.
In other work, we have empirically shown the importance
of cellular senescence, immune surveillance, differentiation,
and angiogenesis. Here, we have created a mathematical
model that now captures the tumor growth kinetics as a
function of all of the aforementioned cellular programs
informed primarily by bioluminescence imaging (BLI) and
IHC. We are building on this to develop and calibrate a novel
integrative mathematical model of the tumor responses to
oncogene inactivation (cell intrinsic and cell extrinsic) that is
designed to eventually predict, optimize, and validate various
therapeutic strategies.

We will use the model to study the major cellular pro-
cesses involved in MYC-induced lymphoma, osteosarcoma,
and hepatocellular carcinoma, which involve difference com-
binations and sequences of these programs and to test
different therapeutic strategies.

Much work has been done in characterizing tumor
growth kinetics in vivo and in mathematically modeling
the cell intrinsic mechanisms involved in the response to
oncogene inactivation. In vivo observations of cell extrinsic
mechanisms in response to oncogene inactivation have been
published recently, but little if any mathematical or computa-
tional modeling has been done to complement these theories.
Our work is among the first to simultaneously model all of
the complex immune-mediated responses that are critical in
determining the factors involved in tumor relapse thereby
providing understanding of how to prevent it.

2. Materials and Methods

2.1. Biological Data. We utilize the tetracycline (Tet) system
to conditionally and reversibly control the expression of
the MYC oncogene in mouse models [11, 12]. Even in the
absence of a putative drug, this models the effect of a targeted
therapeutic that would downregulate the aberrant overex-
pression of MYC as a treatment for the tumor. In the Tet-
Off system, doxycycline (dox) is added to the drinking water
to inhibit binding of the tet-transactivating promoter (tTA)
to the Tet-O promoter and thus inactivates transcription of
MYC. Alternatively, in the Tet-On system, dox allows binding
of reverse tTA (rtTA) and thus activates transcription of MYC
[13]. MYC expression can even be titrated with a threshold
on tumor regression occurring at ≤0.05𝜇g/mL of dox (in≤0.2 ng/mL plasma concentration) in a Tet-On system [14].
We have collected data from various conditional mouse
models of MYC and concentrated on the tumor type specific
responses to MYC inactivation seen in various tumor types
including lymphoma (apoptosis, proliferative arrest, differ-
entiation, senescence, antiangiogenesis, and tumor relapse)

[15–17], osteosarcoma (proliferative arrest, differentiation,
and senescence) [18, 19], and hepatocellular carcinoma (apop-
tosis, differentiation, senescence, and dormancy) [20].

In tumor dormancy, cells can restore their neoplastic
properties upon MYC reactivation. In order to improve
therapy, it is important to distinguish when MYC inactivation
leads to complete tumor regression characterized by perma-
nent loss of malignant phenotype and when it simply results
in a reversible state of tumor dormancy [21, 22].

MYC inactivation in MYC-induced lymphoma leads to
differentiation, apoptosis, and complete tumor regression.
Therefore, a permanent loss of a neoplastic phenotype occurs
upon MYC inactivation. In osteogenic sarcoma, MYC inac-
tivation induces differentiation and proliferative arrest but
does not induce significant apoptosis. MYC reactivation in
these apparently differentiated cells either has no conse-
quences or leads to apoptosis. Only in very rare cells is
there restoration of neoplastic properties. In hepatocellular
carcinoma, MYC inactivation leads to differentiation and
then eventually to gradual apoptosis of most of the tumor
cells. Upon reactivation of MYC, these differentiated cells
quickly become tumorigenic [23].

Senescence is the growth-arrest process by which normal
cells are restrained from malignant transformation. Onco-
gene inactivation-induced senescence (OIIS) is the irreversi-
ble cell cycle arrest of normal cells in response to inactivating
an oncogene. We have recently shown cellular senescence
resulting from MYC inactivation to depend on the host
immune system [24]. Tumor regression upon inactivation of
the MYC oncogene is associated with cellular senescence.
Cellular senescence is an essential factor in bringing about
sustained tumor regression upon MYC inactivation.

The p53 gene has been shown to suppress tumor angio-
genesis and regulate thrombospondin-1 (TSP-1), a potent
antiangiogenic protein, expression [25]. The loss of p53 upon
MYC inactivation leads to a deficit of TSP-1 and this inhibits
angiogenesis thus impeding tumor regression. Restoration
of p53 leads to sustained tumor regression upon MYC
inactivation. Therefore, either p53 or TSP-1 is required upon
MYC inactivation to shut down angiogenesis and induce
sustained tumor regression [26].

Tumors undergo regression initially regardless of the
status of the host immune system. But in hosts that are
immune compromised, tumor elimination is incomplete and
the tumors eventually relapse. An intact immune system is
required for oncogene inactivation-induced senescence, inhi-
bition of angiogenesis, and chemokine expression, which
lead to sustained tumor regression. CD4+ (but not CD8+)
T-cell deficiency was enough to impede sustained tumor
regression. The secretion of TSP-1 is markedly decreased in
immune compromised versus wildtype hosts. TSP-1 expres-
sion requires host immune cells particularly CD4+ T cells.
Reconstitution of immune compromised mouse with CD8+
T cells still showed significant minimum residual disease,
whereas reconstitution with CD4+ T cells showed no mini-
mum residual disease, the same result found in wildtype hosts
upon MYC inactivation. Hence, simply restoring CD4+ T
cells was sufficient to eliminate minimum residual disease
and to lead to sustained tumor regression. CD4+ T cells
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Figure 1: Mathematical model of cellular states. Former model shown in gold with additions shown in blue. The arrows with slashes
corresponding to ±dox indicate that this is an independent variable controlled experimentally. The arrows representing proliferative loops
have an implicit state during proliferation representing the mitotic phase of the cell cycle.

are the crucial host effector population necessary for tumor
regression upon MYC inactivation. TSP-1 is important in
immune effectors for sustained regression upon MYC inacti-
vation, and overexpression of TSP-1 in immune compromised
hosts is sufficient to increase the duration of sustained tumor
regression upon MYC inactivation [27, 28].

2.2. Mathematical Model. Our mathematical model uses var-
ious modeling techniques that were each shown to be neces-
sary to accurately recapitulate the experimental observations.

2.2.1. Multiple Tumor Cell States. We created a new mathe-
matical model (Figure 1) of tumor growth/regression kinetics
incorporating cell intrinsic mechanisms (apoptosis, prolifera-
tive arrest, differentiation/dormancy) and immune-mediated
cell extrinsic mechanisms (senescence). The stochastic model
consists of 6 cellular states (“MYC on,” “MYC off,” apopto-
sis, proliferating, differentiated, senescent) with probabilistic
transitions and the ability to control the expression of trans-
genic MYC using the tetracycline system. In our state transi-
tion model, discrete numbers of tumor cells move from one
state to another, unlike other models where single classes of
cells (e.g., tumor, immune, or normal) are modeled by single
homogeneous states with no transitions between them. The
core of the model consists of the “MYC on” and “MYC off ”
states, controlled in the conditional transgenic mouse model
through doxycycline (dox) in the drinking water. This is

central to the model since we are specifically investigating the
effect of targeted therapeutics. “MYC off ” tumor cells have
been shown to be able to develop mechanisms to turn MYC
back on without doxycycline through tTA, Notch, MAPK,
or Wnt pathways and are represented by the “Escaped” node
in the model [17]. Tumor cells may undergo proliferation
or apoptosis, and “MYC off ” tumor cells may alternatively
undergo differentiation or oncogene inactivation-induced
senescence.

The structure and topology of our mathematical model is
based on in vivo observations from numerous studies [10, 17,
23, 24, 27]. We added an explicit transition in the model from
“MYC off ” to “Differentiated” to represent differentiation
due to oncogene inactivation. We tested parameters over a
number of values and chose values that most closely matched
experimental data. Additionally, we added a transition from
“Differentiated” back to “MYC on” to indicate that some
tumor cells (e.g., hepatocellular carcinoma) that have differ-
entiated to an apparently normal state may be dormant but
possess the ability to regain neoplastic properties [23, 29].
The transition from “MYC off ” to “Oncogene Inactivation
Induced Senescence” is dependent on both p53 and CD4+ T
cells and represents immune-mediated effects.

Tumor cells can exist in one of six different states; the
number of cells in each state is represented as follows. M,
the number of cells in which MYC is “on”; N, cells in the
MYC “off ” state and still under the control of the tetra-
cycline system; A, cells which have irreversibly committed
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to apoptosis; D, cells that have differentiated back into a
quasinormal state, although in some tumor types they retain
their neoplastic capability if MYC is reactivated; S, cells
that have irreversibly committed to oncogene inactivation-
induced senescence (OIIS); and E, cells that have escaped
their addiction to MYC (e.g., through mutations in the
tetracycline control elements or by activating expression of
genes downstream of MYC). Note that due to pharmacoki-
netics and a number of other factors, the transitions between
M and N are noninstantaneous and tetracycline dependent
where the path is only open (nonzero) in one direction at
a time. Note that because our current biological data uses
mice that are either immunocompetent or immunodeficient
(with no intermediate states and no direct measurements of
immune effector cell populations), we do not explicitly model
the immune cell numbers but rather have immune status
dependent state transitions.

2.2.2. Stochastic Transitions between Tumor Cell States. The
experimental data shows the variability in relapse kinetics,
which a deterministic model cannot capture. Hence, stochas-
ticity was added to the model. We use random sampling from
a multinomial distribution (well approximated by binomial
due to very low pertime step probabilities) to represent a
stochasticity in the number of cells transitioning from one
state to another, enabling us to recapitulate the variability in
tumor relapse (Figure 2).

Some parameters of the model are immune system
dependent, some are MYC expression dependent, and others
are tumor type dependent (Table 1).

Figure 3 shows the governing equations for each of the 6
states. We integrated the equations using Euler’s method with
a time step (Δt) of 0.02 days per iteration, which was much
faster than any of the kinetic parameters. Model parameters
are explained in Table 1.

2.2.3. Delay Differential Equations. In biological processes,
there are often “physical” delays making it vital to incor-
porate delays into the model in order to make the math-
ematical model closer to the real phenomenon. Examples
of delay mathematical models in biology are population
dynamics (e.g., Hutchinson’s equation), ecology (e.g., the
Lotka-Volterra predator prey), and immunology (e.g., delay
in immune system response). We have implemented delay
differential equations (on top of our stochastic framework)
for the apoptosis state. There is a delay between when a cell
commits to apoptosis and when cell death actually occurs.
This is important since these cells that have committed to
apoptosis (in state A) are still producing BLI signals, which
are being measured. There is also a delay between when a
cell commences mitosis and when daughter cells are actually
produced, but we chose not to explicitly include this since
at this time, the comparison to biological results is not
significantly affected by whether or not we explicitly model
the mitotic phase.

Although our modeling philosophy has been to create
the simplest possible model that could explain the salient
features of our experimental data, we found multiple tumor
states and stochastic transitions without explicit delays to be

1010

109

108

107

106

105

104

103

A
ve
ra
ge
 r
ad
ia
n
ce
 (
p/
s/
cm

2
/s
r)

10 20 30 60 70

Tim e a er M YC inactivation (days)

W T
SCID
RAG2−/−c c−/−

Figure 2: Tumor regression and relapse kinetics as measured by
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Excerpted from [27].

insufficient to model some of our observations from biolumi-
nescent imaging and immunohistochemistry. In particular,
we found that proliferative arrest occurs almost immediately
after oncogene inactivation but apoptosis was delayed for
approximately 4-5 days.

Figure 4 shows the tumor growth kinetics in the absence
of delay. This captures the necessity of adding delay to accu-
rately represent the biology.

3. Results and Discussion

By running simulations, our model recapitulates features
such as the different rates and delays in the tumor kinet-
ics measured from in vivo experimental data from mouse
models. Several emergent behaviors of the model have come
to light. Empirically, proliferative arrest immediately follows
oncogene inactivation but there is a 4-5 day delay in apop-
tosis. This was modeled by incorporating a delay between
irreversible commitment to apoptosis and actual cell death.

Furthermore, the rate of mutations leading to tumor
relapse (which is captured in the term 𝐾relapse) had almost
no bearing on the kinetics of the relapse. Instead, 𝐾𝐸-prolif

dominates tumor relapse kinetics. We performed a basic
simulation of regressing tumors followed by increasing the
rate of tumor cells from “MYC off ” to “Escaped” (increas-
ing the term 𝐾relapse) that would have otherwise gone to
“Oncogene Inactivation Induced Senescence.” The rate gov-
erning mutations leading to the transition from “MYC off ”
to “Escaped” had little effect on deterministic simulations,
which were dominated by the growth rate of the escaped cells,
but a significant effect on our stochastic model. The relapse
of tumors due to absence of immune-mediated senescence
is demonstrated in Figure 6. This indicates that the immune
system plays a significant role in sustained tumor regression.
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Table 1: Model parameters and values governing the response to oncogene inactivation.

Parameter
Estimated value

(day−1)
Description𝐾𝑁 prolif 0.1
Transition coefficient from the “MYC off ” state to
proliferating𝐾diff 0.02
Transition coefficient between “MYC off ” state and
differentiation state𝐾𝑁 apop 2
Transition coefficient between “MYC off ” and apoptosis
state𝐾senesc 0.001
Transition coefficient between “MYC off ” state and
Oncogene inactivation induced senescence state𝐾relapse 0/3 × 10−8 Transition coefficient between “MYC off ” state and
escaped state (immunocompetent/immunodeficient)𝐾wake 0.1
Transition coefficient between differentiated state and
“MYC on” state𝐾𝐸 prolif 0.5
Transition coefficient from the escaped state to
proliferating𝐾𝑀 apop 0.05
Transition coefficient between “MYC on” and apoptosis
state𝐾𝑀 prolif 0.5
Transition coefficient from the “MYC on” state to
proliferating𝐾𝐸 apop 0.01
Transition coefficient between escaped state and
apoptosis state𝐾𝐷 apop 0.05/0.002/0.01
Transition coefficient between differentiated state and
apoptosis state (tumor dependent: lymphoma,
osteosarcoma, and hepatocellular carcinoma)𝐾Inactivation 0/2
Transition from “MYC on” to “MYC off ” (depending
on if MYC is on/off)𝐾Activation 2/0
Transition from “MYC off ” to “MYC on” (depending
on if MYC is on/off)

= ( ,
prolif

)+ ( , wake )− ( ,
apop

)− ( , Inactivation )+ ( , Activation )

= ( ,
prolif

)− ( , diff )− ( ,
apop

)− ( , senesc )− ( , )+ ( , Inactivation )− ( , Activation )

= ( ,
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)+ ( ,
apop

)+ ( ,
apop

)+ ( ,
apop

)− ( ( − ), )

= ( , relapse )+ ( ,
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)− ( ,
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= ( , diff )− ( , wake )

= ( , senesc )

Figure 3: Set of equations represented by the model shown in Figure 1. B(n,p) is a binomial random variable of 𝑛 the Bernoilli trials with
probability of success p. K are rate constants independent of the time step size. Note that all the main variables are a function of 𝑡 shortened
for the sake of clarity. For example, M is M(t).

From Figure 5, we see that in a WT mouse (which has an
intact immune system), there is sustained tumor regression.

Empirically, the regression kinetics had little variability
(in Figure 2, the curves all overlap) while the relapse growth
kinetics showed greater variability (timing of the curves
varies). Only adding stochasticity to our deterministic model
can capture this variability in relapse in the different mouse
models. The result from a run of 20 simulations is displayed
in Figure 7.

4. Conclusions

While our model has yielded numerous hypotheses and
insights about oncogene addiction, the model has various

limitations. There are other important host-dependent fac-
tors that have yet to be added, namely, the inhibition of
angiogenesis upon oncogene inactivation. Angiogenesis has
a number of potential effects on portions of our model
including growth rates, hypoxia-related resistance, and lym-
phocyte access to the tumor. Another limitation is that we
do not currently model tumor stem cell properties. Many
models have been developed that model the spectrum of
stemness in tumor cells but we do not know how much effect
this will have on our results. Similarly, other effects such as
DNA methylation and transcription factor networks have not
been included [30, 31]. Finally, our modeling of immune-
dependent effects is done implicitly although we plan to add
explicit model variables for immune effector cell populations
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that model tumor-immune interactions similar to predator-
prey dynamics.

The initial results from our new model are helping to
quantitatively hypothesize about the sequence of cellular
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mechanisms involved in tumor response to oncogene inac-
tivation such as might be encountered using targeted thera-
peutics, and the interactions among them. These hypotheses
will be tested experimentally using the same conditional
control mouse models and in vivo bioluminescence imaging
(and immunohistochemistry). We aim to eventually use this
model to help to optimize multipronged treatment regimens
for patients so as to defer or even eliminate tumor relapse.
Avoiding immune destruction is a crucial hallmark because it
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has been shown that immune cells, CD4+ T cells in particular,
are a required component for senescence, shutdown of angio-
genesis and chemokine expression that result in sustained
tumor regression [26, 27, 32–34].

This finding is captured in our model. If residual disease
reaches a low enough level, relapse can be prevented. Large
tumors have a great number of cells that can transition
through an extremely low-likelihood event to the “Escaped”
state. If the tumor is small enough, not enough cells
remain to make it likely that any one will achieve the very
low-likelihood “Escaped” state. Tumor burden is also an
important factor in tumor regression mediated through the
immune system. The immune system might not be able to
attack and eliminate the tumor fast enough if the tumor
burden is too high. Currently our model does not account
for this but we are adding more sophisticated immune system
components to the model in order to show this. Our model
is simple in that all but one state (with explicit delay)
have memoryless transitions and yet the model is able to
recapitulate the complex response of tumors to oncogene
inactivation. No age structuring of cells is required as with
some other models [35, 36].

Our model offers more fidelity than models in the liter-
ature that just capture tumor cells in a single variable [37]
because we are able to capture the various cellular states.
These states have not yet been quantitatively captured over
time in vivo. We are working on imaging methods to quantify
distinct cellular processes such as apoptosis, and senes-
cence, proliferation, which will eventually allow us to further
validate our simulation results. Future work will include
validating novel predictions from our model in vivo.
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Ultrasound contrast imaging has provided more accurate medical diagnoses thanks to the development of innovating modalities
like the pulse inversion imaging. However, this latter modality that improves the contrast-to-tissue ratio (CTR) is not optimal, since
the frequency is manually chosen jointly with the probe. However, an optimal choice of this command is possible, but it requires
precise information about the transducer and the medium which can be experimentally difficult to obtain, even inaccessible. It
turns out that the optimization can become more complex by taking into account the kind of generators, since the generators
of electrical signals in a conventional ultrasound scanner can be unipolar, bipolar, or tripolar. Our aim was to seek the ternary
command which maximized the CTR. By combining a genetic algorithm and a closed loop, the system automatically proposed
the optimal ternary command. In simulation, the gain compared with the usual ternary signal could reach about 3.9 dB. Another
interesting finding was that, in contrast to what is generally accepted, the optimal command was not a fixed-frequency signal but
had harmonic components.

1. Introduction

Intravenous injection of ultrasound contrast agents con-
taining microbubbles has revolutionized medical ultrasound
imaging in the past twenty years by making possible extrac-
tion of physiological and pathological information [1]. Sub-
sequently, the contrast between the tissue perfused by the
microbubbles and the nonperfused tissue, that is, contrast-
to-tissue ratio (CTR), has been improved by taking into
account the nonlinear behaviour of microbubbles, as in the
second harmonic imaging [2], subharmonic imaging [3],
superharmonic imaging [4], and attenuation correction [5].

However, the effects of the propagation of the ultrasound
wave have limited these improvements since the tissue can
generate nonlinearities, thereby reducing the CTR. Further-
more, since a good separation of the harmonic components
requires a limited pulse bandwidth [6], the axial resolution

has been limited. To overcome this drawback, certain discrete
encoding techniques such as pulse inversion imaging [7],
power modulation [8], contrast pulse sequencing [9], and

pulse subtraction [10] have been developed to ensure a good
axial resolution while increasing the CTR. Finally, to solve the
trade-off between resolution and penetration, other imaging

methods such as harmonic chirp imaging [11] have extended
this principle for continuous encoding.

However, whatever the imaging system used in clinical
practice, the fact remains that the excitation settings are
manufacturer and user dependent. From our point of view,
these settings are not optimal, since they must take into
account the explored medium. For adjusting these settings
to any examination, it is necessary to correctly adjust this
excitation. To do so, the optimal command framework in
which the problem takes place is presented. Thus, the problem
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can be written in such a way that the optimal command 𝑥⋆(𝑛)
of the ultrasound imaging system provides the best CTR:𝑥⋆ (𝑛) = argmax

𝑥(𝑛)
(CTR (𝑥 (𝑛))) , (1)

where 𝑥(𝑛) is the signal transmitted and 𝑛 is the discrete time.
Some solutions have been already proposed to solve

(1) by either minimizing the tissue backscattering or max-
imizing the microbubble backscattering. In this context,
two interesting approaches have been proposed. On the
one hand, time reversal imaging only makes it possible
to reduce the nonlinearities of the tissue backscattering
[12]. Unfortunately, the formalism is linear and cannot take
into account the microbubble nonlinearities to maximize
them. On the other hand, an analytic solution has been
proposed for the microbubble backscattering [13]. However,
this theoretical solution requires the knowledge of all physical
properties about the microbubble, the surrounding medium,
and the transducer. This a priori information which can be
accessible with difficulty, even completely inaccessible, led
this analytical solution to be inapplicable in practice.

To overcome these limitations, a novel method has
recently been proposed. This approach solves (1) by trans-
forming a shape optimization into a suboptimal parametric
optimization [14]. In this latter work, the parameter to be
optimized was the transmit frequency. Thus, the optimal fre-
quency was the transmit frequency which optimized the cost-
function CTR. The computation of this optimal frequency
was obtained automatically by using a simple algorithm based
on the gradient. Although this method is simple, it lays
the groundwork of the optimal command. Unfortunately,
this approach is not completely satisfactory since the initial
fixed waveform may not be suitable [15]. Furthermore, this
approach does not take into account the specific features
of electrical signal generators in conventional ultrasound
scanners. For these ultrasound scanners, transmitters are
usually unipolar (voltage impulse V), bipolar (voltage −V or
V), or tripolar (voltage −V, 0, or V) generators, because their
electronic conception is easier. Recently, the nature of the
generator has been taken into account in order to improve
the signal-to-noise ratio [16] and microbubble detection [17]
by combining a binary waveform and an advanced imaging
approach. However, no input optimization process has yet
been proposed to find the optimal command.

Finally, no method has been proposed to date to over-
come this problem satisfactorily and optimally by taking into
account the tripolar transmitter constraint. Since (i) one of
the most commonly used ultrasound imaging approaches is
pulse inversion imaging and (ii) a conventional transmitter is
a tripolar generator, the aim of this study was to automatically
determine the optimal ternary command for the ultrasound
pulse inversion imaging system to provide the best CTR:𝑥⋆ (𝑛) = argmax

𝑥(𝑛)={−1,0,1},∀𝑛
(CTR (𝑥 (𝑛))) . (2)

We therefore modified the current system (including a
tripolar ultrasound transmitter) by including feedback. To
resolve the digital waveform optimization, we proposed using

a genetic algorithm through simulations. The advantage of
the method was that no a priori information was required in
order to find the optimal ternary command.

2. Closed-Loop System

The principle of pulse inversion imaging including feedback
is described in Figure 1. For an individual solution at the
iteration 𝑘, two ternary pulses, 𝑥𝑘,1(𝑛) and 𝑥𝑘,2(𝑛), with
opposite phases were transmitted. The sum 𝑧𝑘(𝑛) of the two
respective echoes, 𝑦𝑘,1(𝑛) and 𝑦𝑘,2(𝑛), formed a radiofre-
quency line 𝑙𝑘. By taking into account the CTR𝑘 estimated
on this radiofrequency line 𝑙𝑘, a new transmitted ternary
signal 𝑥𝑘+1(𝑛)was proposed by the algorithm to optimize the
CTR𝑘+1.

2.1. Transmitted Ternary Signal. The ternary pulse signal𝑥𝑘,𝑞(𝑛) was digitally computed with MATLAB (MathWorks,
Natick, MA, USA):𝑥𝑘,𝑞 (𝑛) = {𝐴 ⋅ 𝑤𝑘 (𝑛) if 𝑞 = 1,−𝐴 ⋅ 𝑤𝑘 (𝑛) if 𝑞 = 2. (3)

The ternary signal 𝑤𝑘(𝑛) was defined on a duration 𝑇, which
corresponded to 100% of the fractional bandwidth of the
transducer. It was thus constructed from 𝑁𝑠 samples, where
each sample could take the value −1, 0, or 1.

The amplitude of the driving pressure𝐴was then adjusted
so that the power of the pulse 𝑥𝑘,𝑝(𝑡) was constant to 𝑃𝑥ref

for
all ternary signals transmitted:

𝐴 = √𝐴2
0 ⋅ 𝑃𝑥ref𝑃𝑤 , (4)

where the power 𝑃𝑥ref
was calculated for a signal 𝑥ref which

was the impulse response of the transducer with a driving
pressure 𝐴0. The power 𝑃𝑤 was the power of the signal 𝑤𝑘,𝑝.
The power of the transmitted wave thus remained constant by
adjusting the amplitude signal 𝐴.

2.2. Cost Function. The aim was to maximize the contrast
between the tissue perfused by the microbubbles and the
nonperfused tissue by selecting the transmitted signal 𝑥(𝑛).
Since the usual contrast estimator in ultrasound contrast
imaging is the CTR, the cost function was CTR𝑘 computed
from a line 𝑧𝑘(𝑛):𝑧𝑘 (𝑛) = 𝑦𝑘,1 (𝑛) + 𝑦𝑘,2 (𝑛) , (5)

where 𝑦𝑘,𝑝(𝑛) is the echo of the transmitted pulse 𝑥𝑘,𝑝(𝑛).
Thus, the CTR𝑘 is defined as the ratio of the power 𝑃𝑏,𝑘
backscattered by the area of the perfused medium to the
power 𝑃𝑡,𝑘 backscattered by the area of the nonperfused
medium [18] as follows:

CTR𝑘 = 10 ⋅ log
10
(𝑃𝑏,𝑘𝑃𝑡,𝑘 ) . (6)
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Figure 1: Block diagram of CTR optimization in pulse inversion imaging.

These powers were computed from the lines 𝑧𝑘(𝑛) of the
pulse inversion image. Note that the areas were delineated
manually before the optimization process, but a segmentation
step could be implemented to help the delineate process.

2.3. Genetic Algorithm. The seeking of the optimal excitation𝑥⋆(𝑛) consisted in (i) transmitting ternary stochastic signals𝑤𝑘(𝑛) through the medium and in (ii) selecting the optimal

ternary signal which maximized the cost function. However,
since this latter step required a large number of ternary
stochastic signals, to reduce the computational time, we
proposed using a metaheuristic. This metaheuristic based
on the principle of biological reproduction [19] is a genetic

algorithm. It found the optimum by setting a chromosome
[20], that is, a vector composed of 𝑁𝑠 samples of the ternary
signal 𝑤𝑘(𝑛).

The ternary genetic algorithm was based on a binary

genetic algorithm [21]. In our case, at each iteration 𝑘, a
generation 𝑘 with 𝑀 ternary individual solutions (sample
vectors) was tested, where the probability of the sample value

was uniform between −1, 0, or 1. As proposed in [21], the
number𝑀 of individual solutions per generation was 12.

For the next generation 𝑘 + 1, the selection operator
only conserved the 𝑀/2 best individual solutions which
maximized the CTR. These vectors became pairs and mates.

The best parent was then mixed with one of the 𝑀/2 − 1
remaining parents by the crossover operator. The offspring

was constituted of part of the first parent samples until
the crossover point and part of the second parent samples
from the crossover point. Note that the crossover point was

randomly selected between the first and the last sample. An
offspring of𝑀/2 new individual solutions thus contained the
ternary signal of both parents.

Finally 40% of the samples were mutated so that the
optimization was robust. The best individual solution was the

optimal ternary command for the generation 𝑘. Note that a
small population and a high mutation rate were chosen to
solve the trade-off between robustness and the computation

time due to sorting of each individual solution [21].

3. Simulation Model

The simulation model was constructed on the pulse inversion
imaging system (Figure 1). It was composed of different
phases: transmission, 2D nonlinear propagation, nonlinear
oscillations of microbubbles, and reception [14]. A pulse
wave was propagated nonlinearly into an attenuating medium
without microbubbles. This wave, composed of harmonic
components, excited a microbubble in the vascular system.
The nonlinear oscillations of this microbubble were backscat-
tered and measured by the receiver.

3.1. Nonlinear Propagation in Tissue. A ternary signal 𝑥𝑘,1(𝑛)
was generated digitally and filtered by the transfer function
of a realistic transducer, centred at 𝑓𝑐 = 4MHz with a
fractional bandwidth of 75% at −3 dB. The 2D nonlinear
wave propagation into the medium was obtained by solving
Anderson’s model based on a pseudospectral derivative and a
time-domain integration algorithm [22]. This solver required

three grids: a grid of mean density of 928 kg ⋅ m−3, a grid

of mean speed of sound of 1578 m ⋅ s−1, and a grid of𝐵/𝐴 nonlinearity parameter of 6.7 [23]. The scatterers were
generated randomly by weakly modifying the density grid of±0, 5 kg ⋅m−3 and the speed grid of ±0, 5m ⋅ s−1. Note that an

attenuation of 0.45 dB ⋅MHz−1.05 ⋅ cm−1 was used. Finally, the
signal backscattered by tissue was recorded, and the driving
pressure at 15 mm was included into the microbubble model
described below.

3.2. Microbubble. The simulated ultrasound contrast agent
had the properties of encapsulated microbubbles used in
clinical practice with a mean diameter of 2.5 𝜇m [24] and a
resonance frequency of 2.6MHz [25]. The acoustic response
was computed for one microbubble from Marmottant’s
model [26] based on the Rayleigh-Plesset equation and the
polytropic transformation. Finally, since the pressure was
low in comparison with the transmitted pressure, the echo
of the microbubble was deduced from the oscillation [27]
without including nonlinear propagation. Note that in order
to simulate the mean behaviour of a microbubble cloud, we
hypothesized that the response of a cloud of𝑁𝑏 microbubbles
was 𝑁𝑏 times the response of a single microbubble with the
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Table 1: CTR measured if the signal transmitted is (i) a ternary
signal at two-thirds of the central frequency𝑓𝑐 of the transducer, (ii)
a ternary signal at the optimal frequency 𝑓opt, or (iii) the optimal
ternary command.2/3𝑓𝑐 = 2.67MHz 𝑓opt = 1.9MHz Optimal ternary signal

CTR
(dB)

18.1 21.2 22

mean properties. To simplify, the microbubble response was
thus multiplied by 𝑁𝑏 in order to simulate a mean nonlinear
behaviour of a 1/2000 diluted microbubble cloud. Moreover,
to be more realistic, the attenuation effects due to the high
concentration of microbubbles were taken into account [28]
for this dilution.

The echoes from tissue and microbubbles were added
and filtered by the transfer function of the transducer to
construct the first echo for the transmitted signal 𝑥𝑘,1(𝑛).
The simulation process was repeated for the transmitted
ternary pulse𝑥𝑘,2(𝑛) to construct the second echo. Finally, the
radiofrequency line 𝑙𝑘 was constructed from 𝑧𝑘(𝑛) described
by (5).

4. Results

The optimization process was applied to the previous sim-
ulation model. The driving pressure 𝐴0 was set at 400 kPa.
The duration 𝑇 of the ternary signal represented 100% of the
fractional bandwidth of the transducer, that is, 𝑇 = 0.3 𝜇s.
According to the sampling rate required by the simulation
model, there were 40 samples in 0.3 𝜇s; therefore,𝑁𝑠 = 40.

To demonstrate the efficacy of the new method, the
results were compared to those of the two usual transmitted
signals. To construct them, Gaussian-modulated sinusoidal
pulses were digitalized to obtain a ternary signal. Their
bandwidth represented 100% of the fractional bandwidth of
the transducer, and their transmitted power was 𝑃𝑥ref

. Their
transmit frequencies were set at (i) two-thirds of the central
frequency 𝑓𝑐 of the transducer [29] (2/3𝑓𝑐 = 2.67MHz)
and at (ii) the optimal frequency 𝑓opt. Note that this optimal
frequency𝑓opt enabled to maximize the cost function CTR as
presented in [14].

Table 1 summarizes the CTR measured for the optimal
ternary signal and the two usual ternary signals. By using
frequency optimization, it was possible to achieve a sub-
optimal solution, better than the transmitted signal at the
usual transmit frequency. However, the CTR was higher with
the transmitted ternary signal. This CTR value could not
be achieved with the usual ternary signal digitalized from a
Gaussian-modulated sinusoidal pulse, although the transmit
frequency was optimized.

Figure 2 shows the best CTR as a function of generation 𝑘.
As an illustration, this result was compared with the two usual
ternary signals. After 239 generations, the CTR achieved an
optimal value that was higher than the frequency setting
cases. The gain reached 3.9 dB in comparison with the usual
fixed-frequency transmitted signal and 0.8 dB in comparison
with the transmitted signal at the optimal frequency 𝑓opt.
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Figure 2: Simulation of automatic optimization of the contrast-to-
tissue ratio (CTR) by a transmitted ternary signal. The optimization
was compared to two ternary signals, where the transmit frequency
was at the optimal frequency and at two-thirds of the central
frequency of the transducer.

Figure 3(a) shows the optimal ternary command𝑤opt(𝑛).
As an illustration, Figure 3(b) shows the signal 𝑝(𝑛) at the
transducer output (Figure 1) transmitted to the tissue when𝑤(𝑛) was the optimal ternary signal (Figure 3(a)), and the
corresponding backscattered signal was shown in Figure 3(c).
Their respective spectra were presented in Figure 3(d). Unlike
a usual fixed-frequency transmitted signal, the optimal trans-
mitted signal had nonlinear components. Note that the
nonlinear components backscattered by the tissue and the
microbubbles remained, because in pulse inversion imaging
the linear component was suppressed.

5. Discussion and Conclusions

From results derived from Figure 2, the optimal command
methods, presented in [14] and here, outperformed the
nonoptimized reference method. Although these two meth-
ods are optimal command methods, they presented some
significant differences. The first method [14] by imposing a
waveform defined by a frequency parameter constitutes an
optimal monoparametric solution, and the second method
proposed here by imposing a ternary constraint on the
waveform constituted an optimal multisample solution.

In this latter method, ternary sequences were automati-
cally transmitted through a pulse inversion imaging system in
order to optimize the CTR. This optimization was performed
without taking into account a priori information about the
medium or the transducer, except the fact that this method
required a selection of two regions of interest (with and
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Figure 3: (a) Optimal transmitted ternary signal 𝑥1(𝑛) obtained by genetic algorithm, (b) Signal 𝑝(𝑛) at the transducer output (Figure 1),
when 𝑤(𝑛) was the optimal ternary signal, (c) the radiofrequency line, and (d) their spectra.

without microbubbles). The delineation of these regions of
interest constituted both the strength of the method, since
it enabled to define the CTR cost function and a drawback

for fully perfused tissue for which no CTR computation is
possible. Note that to partly overcome this problem, it can

be recommended to change the organ section in a view to
delineate a nonperfused area.

Nevertheless, by disregarding the latter drawback, the
closed-loop system had the advantage to provide an optimal

ternary command. By using this optimal ternary command,
the CTR was higher than that with the usual ternary signals
digitalized from Gaussian-modulated sinusoidal pulses at a
fixed transmit frequency. This optimal setting proposed a
filtered ternary wave composed of harmonic components
transmitted to the medium being explored. While most
researchers have focused on using a fixed-frequency trans-
mitted signal, the better solution was to find a transmitted
signal composed of harmonic components. These harmonic
components present in the transmitted signal did not affect
the CTR, because the pulse inversion properties ensured the
extraction of nonlinearities generated only by the medium.

This property may explain the compromise between max-
imizing microbubble backscattering and minimizing tissue
backscattering. Furthermore, since the transducer bandwidth
was not broad enough, the double frequency of the second
harmonic component was not present in the backscattered
signal. However, since the process reached the optimum
without the presence of the double frequency of this compo-
nent, the only presence of a linear interaction acting on the
transmitted second harmonic component seemed to play a
crucial role in the optimization process.

Finally, the last advantage which seemed to be important
was that the method automatically adjusted the transmitted
ternary signal for any nonlinear and attenuating medium to

be explored. The reason of this benefit was that the cost func-
tion, exclusively computed from the mean power of the out-
put system, was independent of the microbubble size distri-
bution. Indeed, as the backscattered mean power corresponds
to an average operating on the whole spectrum, thus its
value is independent of the frequency distribution, whether
the spectrum had a narrow bandwidth (same microbubble
size) or a large bandwidth (polydisperse microbubble size).
Thus, even if the assumptions of the simulation model were
simplified, the process of the CTR optimization completely
ignored the nature of different underlying processes as the
multiple scattering or the microbubble speckle. The method
can therefore be applied to any medium to be explored.

For future integration in an ultrasound imaging system,
the time to achieve optimization is crucial. Firstly, the CTR
computation from regions of interest (𝐿×𝐿 size) in the image
required 2(2𝐿 + 1)2 + 1 operations. Secondly, the genetic
algorithm required 0.4(12𝑁𝑠) + 6 random selections per
generation to achieve the optimum. Taking into account the
computing power available for a personal computer, the two
last operations must not slow down the optimization process.
However, the number of generations to achieve the optimum
may be a limiting factor. Since the frame rate can reach
2000 Hz in some ultrasound scanners, this limitation should
be relative. We therefore estimated that the optimization
should take less than 5 seconds.

To conclude, the method reported ensured optimal CTR
by selecting the appropriate transmitted ternary signal. The

method could be applied to ultrasound imaging without
using programmable analogue transmitters in contrast to
transmit frequency optimization. Manufacturers and clini-
cians would not themselves need to tune the transmitted
signal. This new approach could open up optimal commands
for ultrasound imaging. The next step will be to implement
it in an ultrasound scanner. Moreover, the future approach
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should take into account the fact that the optimal transmitted
signal must be composed of harmonic components.
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Clinical differentiation of parkinsonian syndromes such as the Parkinson variant of multiple system atrophy (MSA-P) and cerebellar
subtype (MSA-C) from Parkinson’s disease is difficult in the early stage of the disease. To identify the correlative pattern of brain
changes for differentiating parkinsonian syndromes, we applied discriminant analysis techniques by magnetic resonance imaging
(MRI). T1-weighted volume data and diffusion tensor images were obtained by MRI in eighteen patients with MSA-C, 12 patients
with MSA-P, 21 patients with Parkinson’s disease, and 21 healthy controls. They were evaluated using voxel-based morphometry and
tract-based spatial statistics, respectively. Discriminant functions derived by step wise methods resulted in correct classification
rates of 0.89. When differentiating these diseases with the use of three independent variables together, the correct classification
rate was the same as that obtained with step wise methods. These findings support the view that each parkinsonian syndrome
has structural deviations in multiple brain areas and that a combination of structural brain measures can help to distinguish
parkinsonian syndromes.

1. Introduction

Multiple system atrophy (MSA) is an adult-onset, sporadic,
progressive neurodegenerative disease characterized by vary-
ing severity of parkinsonian features, and cerebellar ataxia,
autonomic failure, and corticospinal disorders [1–4]. Accord-
ing to the clinical presentation, a parkinsonian type (MSA-P)
and a cerebellar type of MSA (MSA-C) are distinguished [2].
Parkinson’s disease (PD) is a progressive neurodegenerative
movement disorder characterized by rigidity, tremor, and
bradykinesia. Its prevalence increases with age, and it affects
1% of the population over age 65 [5].

PD and MSA are both alpha-synucleinopathies [6, 7].
Pathologically, in Parkinson’s disease a massive loss of dop-
aminergic neurons in pars compacta of substantia nigra and
intraneuronal Lewy bodies are present [8]. In MSA, neuronal

loss and gliosis occur in the inferior olives, pons, transverse
pontocerebellar fibers, cerebellum, substantia nigra, locus
caeruleus, striatum, and the intermediolateral column of the
spinal cord [9]. In MSA-P, the nigrostriatal system is the
main site of pathology, but less severe degeneration can be
widespread and usually includes the olivopontocerebellar
system [9, 10]. In MSA-C, the olivopontocerebellar system
is mainly affected along with loss of pontine neurons and
transverse pontocerebellar fibres and atrophy of the middle
cerebellar peduncles (MCPs) [9, 10]. Conventional magnetic
resonance imaging (MRI) may also help distinguish the
two forms of MSA. MSA-P shows “slit-like” marginal hype-
rintensity of the putamen [11]. Additionally, the “hot-cross
bun” sign on T2-weighted and proton density images in
the ventral pons has been reported to be related to MSA-C
[12]. However, these MRI changes do not always occur
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[3]. Clinical differential diagnosis between PD and MSA
is difficult in the early stage of the disease. Relevant works
on the other tools like SPECT [13], transcranial brain
sonography [14–16] and on optical coherence tomography
[17] showed the effectiveness for differentiating PD from
healthy volunteer. Additionally, combined use of 123I-(S)-2-
hydroxy-3-iodo-6-methoxy-N-((1-ethyl-2-pyrrodinyl)-met-
hyl) benzamide (IBZM), 123I-N-v-fluoropropyl-2b-carbo-
methoxy-3b-(4-iodophenyl)nortropan (FP-CIT), and meta-
123I-iodobenzylguanidine (MIBG) distinguishes Parkinsons
disease from atypical parkinsonian disorder, such as PSP
and MSA with the accuracy of about 90% [18]. However,
3 SPECT/scintigraphy tests only for diagnosis are not
practical.

Over the last few years, a number of MRI studies have
focused on the identification of diagnostic markers helpful in
the differential diagnosis of parkinsonian syndromes such as
MSA, PD, and progressive supranuclear palsy (PSP) [19–22].
However, no studies have discriminated among PD, MSA-P,
MSA-C, and healthy subjects simultaneously. In the present
study, we hypothesized that we would be able to distinguish
the PD and healthy subjects from the MSA subjects by
using the infratentorial brain images and MSA-P and PD
from the MSA-C and healthy subjects by using supratentorial
images. The characteristic distribution of regional brain
changes revealed by the gray matter volume data using
the optimized, voxel-based morphometry (VBM) method
and by the diffusion tensor imaging data using tract-based
spatial statistics (TBSS) would have diagnostic values for
discriminating such diseases.

2. Materials and Methods

2.1. Subjects. From November 2006 to November 2010, 200
consecutive patients whose chief complaints were parkinson-
ism underwent brain MRI at our institution. We excluded the
patients with cerebrovascular diseases cortical infarctions,
multiple lacunar lesions, leukoaraiosis, and other lesions
above Fazekas’s Grade 2 on T2-weighted images or fluid-
attenuated inversion recovery (FLAIR) MRI [23], PSP, and
corticobasal degeneration (CBD). Clinical diagnosis of PD
and MSA was made according to the established consensus
criteria [2, 24]. A probable clinical diagnosis was determined
by two neurologist with more than 20 years of experience
in the diagnosis of movement disorders (MO, MM). As a
consequence, 18 consecutive patients with MSA-C, 12 patients
with MSA-P, and 21 patients with PD were studied. Their
characteristics are shown in Table 1. 24 out of 30 MSA
patients were hospitalized for the detailed diagnosis, and
the diagnosis of 30 MSA patients weas not changed during
follow-up clinical assessments (mean period = 2.2 years). As
for PD, the follow-up clinical assessments were conducted
(mean period = 4.7 years) after the MRI imaging, and no
additional pathology was detected. 21 age- and sex-matched
healthy persons who demonstrated no current or past history
of psychiatric illness or contact with psychiatric services were
enrolled as controls. Participants were excluded if they had
a prior medical history of central nervous system disease or
severe head injury. The study protocol was approved by the

Table 1: Characteristics of the participants.

MSA-C MSA-P PD
Normal

volunteers

Mean age (years) 63.6 ± 7.8 61.9 ± 7.7 62.2 ± 7.0 62.3 ± 5.6

Sex (male : female) 7 : 11 6 : 6 10 : 11 11 : 10

Duration of illness
(year)

3.9 ± 2.5 3.3 ± 2.6 6.8 ± 4.1

MSA-C: cerebellar form of multiple system atrophy; MSA-P: parkinsonism
forms of multiple system atrophy; PD: Parkinson’s disease.

ethics committee of the National Center of Neurology and
Psychiatry, Japan.

2.2. MRI Data Acquisition and Processing. MR studies were
performed on a Magnetom Symphony 1.5 Tesla (Siemens,
Erlangen, Germany). First, high-spatial-resolution, 3-dim-
ensional (3D) T1-weighted images of the brain were obtained
for morphometric study. The 3D T1-weighted images were
scanned in the sagittal plane (TE/TR: 2.64/1580 ms; flip angle:
15∘; effective slice thickness: 1.23 mm; slab thickness: 177 mm;
matrix: 208 × 256; FOV: 256 × 315 mm2; acquisitions: 1)
yielding 144 contiguous slices through the head. The raw 3D
T1-weighted volume data were transferred to a workstation,
and structural images were analyzed using an optimized
VBM technique. Data were analyzed using Statistical Para-
metric Mapping 5 (SPM5) software (Welcome Department of
Imaging Neuroscience, London, UK) running on MATLAB
7.0 (Math Works, Natick, MA). Images were processed using
an optimized VBM script. The details of this process are
described elsewhere [25]. First, each individual 3D-T1 image
was normalized with the optimized VBM method. Normal-
ized segmented images were modulated by multiplication
with Jacobian determinants of the spatial normalization
function to encode the deformation field for each subject, as
tissue density changes in normal space. Gray matter volume
and cerebrospinal fluid (CSF) volume images were smoothed
using a 12 mm full width at half maximum of an isotropic
Gaussian kernel. Diffusion tensor imaging (DTI) was then
performed in the axial plane (TE/TR: 106/11,200 ms; FOV:
240 × 240 mm2; matrix: 96 × 96; 75 continuous transverse
slices; slice thickness 2.5 mm with no interslice gap). Dif-
fusion was measured along 64 noncollinear directions with
the use of a diffusion-weighted factor 𝑏 in each direction

for 1000 s/mm2, and one image was acquired without use of
a diffusion gradient. Recently, a novel processing technique
has been published. In this technique, instead of trying to
match each and every voxel in different subjects, DTI data
is projected on a common pseudoanatomical skeleton and
therefore does not need smoothing [26]. TBSS is available as
part of the FSL 4.1 software package [27]. The TBSS script runs
the nonlinear registration, aligning all fractional anisotropy
(FA) images to the FMRIB58 FA template, which is supplied
with FSL. The script then takes the target and affine-aligns it
into a 1 × 1 × 1 mm MNI152 space. Once this is done, each
subject’s FA image has the nonlinear transform to the target
and then the affine transform to the MNI152 space applied,
resulting in a transformation of the original FA image into
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the MNI152 space. Next, TBSS creates the mean of all aligned
FA images and applies thinning of the local tract structure
to create a skeletonized mean FA image. In order to exclude
areas of low FA and/or high intersubject variability from the
statistical analysis, TBSS thresholds a mean FA skeleton with
a certain FA value, typically 0.2. The resulting binary skeleton
mask is a pseudoanatomical representation of the main fiber
tracks and defines the set of voxels used in all subsequent
processing. Finally, TBSS projects each subject’s aligned FA
image onto the skeleton. This results in skeletonized FA data.
It is this file that feeds into the voxelwise statistics. In addition
to DTI and 3D T1-weighted images, conventional axial T2-
weighted images (TE/TR: 95/3500 ms; flip angle: 150∘; slice
thickness: 5 mm; intersection gap: 1.75 mm; matrix: 448 ×
512; field of view (FOV): 210 × 240 mm2; acquisitions: 1)
and fluid attenuation inversion recovery images in the axial
plane (TE/TR: 101/8800 ms; flip angle: 150∘; slice thickness:
3 mm; intersection gap: 1.75 mm; matrix: 448 × 512; FOV:

210 × 240 mm2; acquisition: 1) were acquired to exclude
cerebrovascular disease or other diseases such as tumors, and
hydrocephalus. On conventional MRI, no abnormal findings
were detected in the brain of any subject.

2.3. Statistical Analysis. We first evaluated the differences
between the patients and healthy subjects using analysis of
variance (ANOVA). These tests were performed with the
SPSS software ver. 11 (SPSS Japan, Tokyo, Japan). There were
no significant differences in age among patients and controls,
but there were statistically significant differences in duration
of illness between the patients with MSA-P and with PD (𝑃 =0.012) and with MSA-C and with PD (𝑃 = 0.005).

The discriminant function analyses were then conducted
to assess the ability of a combination of brain anatomi-
cal variables to distinguish between patients with MSA-C,
MSA-P, Parkinson’s disease, and controls. The independent
variables were the volume data and fractional anisotropy
value derived from the normalized individual image using
the region of interests (ROI) method. ROIs were put on
the “single subj T1.nii” image regarded as the anatomically
standard image in SPM5, in the fourth ventricle, cerebellum
hemisphere; these were derived from the WFU PickAtlas,
extension program of SPM5 [28, 29]. We also put ROIs on
the “FMRIB58 FA-skeleton 1 mm.nii” image, which is the
anatomically standard image in FSL, in the MCP, superior
cerebellar peduncle (SCP), pons, substantia nigra, supe-
rior temporal white matter region, prefrontal white matter
regions, and primary motor region where previous studies
showed differences among the patients with MSA-C, MSA-
P, PD, and controls (Figure 1) [20, 22, 30–37]. The value of
a particular tissue was extracted using the software MarsBar
[38], an extension program of SPM5.

The Box’s 𝑀 test confirmed the inequality of the group
covariance matrices (Box-𝑀 = 76.63; 𝑃 < 0.001). Discrimi-
nant functions were derived by step wise methods based on
Mahalanobis’ distance. The step wise selection criteria were
decided by the overall multivariate 𝐹 value of each variable
to test differences between the patients and controls and to
maximize the discriminant function between the groups. At

Table 2: Mean fractional anisotropy value in each region of interests
and 4th ventricular and cerebellar volumes in patients with MSA-C,
MSA-P, PD, and controls.

MSA-C MSA-P PD Normal

4th Vent vol 0.31 ± 0.07 0.28 ± 0.07 0.19 ± 0.04 0.20 ± 0.04
Cerebellum vol 0.28 ± 0.04 0.30 ± 0.03 0.33 ± 0.04 0.34 ± 0.04
MCP 0.32 ± 0.05 0.37 ± 0.05 0.41 ± 0.03 0.39 ± 0.03
SCP 0.44 ± 0.02 0.43 ± 0.02 0.45 ± 0.04 0.47 ± 0.03
Pons 0.12 ± 0.01 0.13 ± 0.01 0.14 ± 0.01 0.13 ± 0.01
SN 0.53 ± 0.04 0.54 ± 0.01 0.54 ± 0.05 0.56 ± 0.04
ST 0.21 ± 0.01 0.13 ± 0.01 0.13 ± 0.01 0.21 ± 0.02
PF 0.05 ± 0.00 0.06 ± 0.01 0.06 ± 0.00 0.05 ± 0.01
PM 0.20 ± 0.02 0.21 ± 0.02 0.22 ± 0.02 0.21 ± 0.02

4th Vent vol: fourth ventricle volume; cerebellum vol: cerebellum volume;
MSA-C: cerebellar form of multiple system atrophy; MSA-P: parkinsonism
forms of multiple system atrophy; MCP: middle cerebellar peduncle; SCP:
superior cerebellar peduncle; PD: Parkinson’s disease; SN: substantia nigra;
ST: superior temporal region; PF: prefrontal region; PM: primary motor
region.

Table 3: The coefficients of discriminant analysis.

Factor 1 Factor 2 Factor 3

Stepwise method

4th Vent vol 1.74 19.47 3.33

SN 19.16 −9.81 38.32

ST −127.87 3.14 −32.07

PF 196.3 80.22 −188.97

(Constant) 0.66 −4.13 −5.99

Two independent
variables analysis

Pons −76.33 69.41 (—)

ST 97.92 13.01 (—)

(Constant) −6.98 11.27 (—)

Three independent
variables analysis

4th Vent vol 1.14 15.82 12.23

MCP −24.59 −5.39 23.04

ST 100.68 −13.21 6.19

(Constant) −4.01 −3.68 −13.58

4th Vent vol: fourth ventricle volume; MCP: middle cerebellar peduncle; SN:
substantia nigra; ST: superior temporal region; PM: primary motor region.

the same time, we entered the two or three independent
variables together and estimated the predictive power of the
discriminant function.

3. Results

We first calculated the volume and FA value from the
spatially normalized images using ROIs. The mean values of
these parameters are summarized in Table 2 and Figure 2.
The mean FA value of the prefrontal region was too small
to examine, so we did not evaluate the influence of the
FA value in the prefrontal white matter region. We then
conducted discriminant function analyses. The following five
variables were entered in a step wise manner: fourth ventricle
volume, substantia nigra, superior temporal, and prefrontal
white matter region. The discriminant coefficients are shown
in Table 3. The use of these variables resulted in correct
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Table 4: Classification results.

Predicted group membership

MSA-C MSA-P PD Control Total

Stepwise method (88.9% of original grouped cases correctly classified)

Original data

Count

MSA-C 15 0 0 3 18

MSA-P 0 9 3 0 12

PD 0 2 19 0 21

Control 0 0 0 21 21

%

MSA-C 83.3 0 0 16.7 100

MSA-P 0 75.0 25.0 0 100

PD 0 9.5 90.5 0 100

Control 0.0 0 0 100.0 100

Two independent variables (84.7% of original grouped cases correctly classified)

Original data

Count

MSA-C 15 0 0 3 18

MSA-P 0 10 2 0 12

PD 0 4 17 0 21

Control 1 1 0 19 21

%

MSA-C 83.3 0.0 0 16.7 100

MSA-P 0 83.3 16.7 0 100

PD 0 19.0 81.0 0 100

Control 4.8 4.8 0.0 90.5 100

Three independent variables (88.9% of original grouped cases correctly classified)

Original data

Count

MSA-C 14 0 0 4 18

MSA-P 0 10 2 0 12

PD 0 1 20 0 21

Control 0 1 0 20 21

%

MSA-C 77.8 0.0 0 22.2 100

MSA-P 0 83.3 16.7 0 100

PD 0 4.8 95.2 0 100

Control 0.0 4.8 0.0 95.2 100

MSA-C: cerebellar form of multiple system atrophy; MSA-P: parkinsonism forms of multiple system atrophy; PD: Parkinson’s disease.

classification rates of 0.89 (𝜒2 = 294.66; df = 12; 𝑃 < 0.001;
Wilks’ lambda = 0.012) (Table 4).

The correct classification rates of each combination used
to run the discriminant function analyses using two or three
independent variables together are listed in Table 5. The
highest correct classification rates were measured when we
estimated the FA value of the “pons and superior temporal
region” and “superior temporal region, MCP and fourth ven-
tricle volume”, respectively. Table 3 shows the discriminant
coefficients, and Table 4 shows the correct classification rates
derived from the analyses using two or three independent
variables together, in the same way. Figure 3 shows the
discriminant scores of each subject, calculated by the analysis
using three independent variables together.

4. Discussion

We found that the step wise discriminant function analysis
identified with fairly good accuracy the combinations of ROIs
that characterized brain anatomical features distinguishing
the patients with MSA-C, MSA-P, PD, and healthy subjects,

and that when discriminate analysis was conducted using
the fourth ventricle volume and the FA value of MCP and
superior temporal region as independent variables together,
the correct classification rate was the same as that of step wise
discriminant function analysis.

One study showed that patients with MSA-C and MSA-
P share similar diffusion tensor imaging features in the
infratentorial region [22]. Furthermore, the combination of
DTI metrics can be used to distinguish between patients with
MSA and with PD. However, they could not differentiate the
patients with PD from healthy subjects. This may be because
they were focused on the infratentorial FA value and did not
investigate the focal lesions related to parkinsonism. In this
study, we used the FA value of the superior temporal regions,
known to be impaired in PD as an independent variable, so we
could discriminate the patients with PD from healthy subjects
and with MSA-C from those with MSA-P [30–32, 34, 35].

One study reported discriminating patients with MSA-
P, PD, PSP, and healthy subjects [20]. They indicated that
investigating the degeneration of the MCP is useful for
the in vivo differential diagnosis of MSA-P and PD. These
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Table 5: The correct classification rates of each combination of independent variables.

(a) Two independent variables

4th Vent vol Cerebellum vol MCP SCP Pons SN ST PM

4th Vent vol 0.514 0.583 0.611 0.583 0.556 0.819 0.431

Cerebellum vol 0.528 0.556 0.514 0.458 0.722 0.458

MCP 0.708 0.472 0.667 0.833 0.528

SCP 0.681 0.528 0.736 0.542

Pons 0.667 0.847 0.514

SN 0.722 0.583

ST 0.653

PM

4th Vent vol: fourth ventricle volume; cerebellum vol: cerebellum volume; MCP: middle cerebellar peduncle; SCP: superior cerebellar peduncle; SN:
substantia nigra; ST: superior temporal region; PM: primary motor region.

(b) Three independent variables

Accuracy

4th Vent vol Cerebellum vol MCP 0.556

4th Vent vol Cerebellum vol SCP 0.681

4th Vent vol Cerebellum vol Pons 0.569

4th Vent vol Cerebellum vol SN 0.583

4th Vent vol Cerebellum vol ST 0.861

4th Vent vol Cerebellum vol PM 0.583

4th Vent vol MCP SCP 0.708

4th Vent vol MCP Pons 0.542

4th Vent vol MCP SN 0.653

4th Vent vol MCP ST 0.889

4th Vent vol MCP PM 0.569

4th Vent vol SCP Pons 0.722

4th Vent vol SCP SN 0.625

4th Vent vol SCP ST 0.833

4th Vent vol SCP PM 0.681

4th Vent vol Pons SN 0.681

4th Vent vol Pons ST 0.889

4th Vent vol Pons PM 0.597

4th Vent vol SN ST 0.875

4th Vent vol SN PM 0.611

4th Vent vol ST PM 0.861

Cerebellum vol MCP SCP 0.681

Cerebellum vol MCP Pons 0.486

Cerebellum vol MCP SN 0.639

Cerebellum vol MCP ST 0.833

Cerebellum vol MCP PM 0.528

Cerebellum vol SCP Pons 0.625

Cerebellum vol SCP SN 0.583

Cerebellum vol SCP ST 0.764

Cerebellum vol SCP PM 0.583

Cerebellum vol Pons SN 0.653

Cerebellum vol Pons ST 0.833

Cerebellum vol Pons PM 0.528

Cerebellum vol SN ST 0.792

Cerebellum vol SN PM 0.583

Cerebellum vol ST PM 0.792
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(b) Continued.

Accuracy

MCP SCP Pons 0.681

MCP SCP SN 0.694

MCP SCP ST 0.819

MCP SCP PM 0.681

MCP Pons SN 0.694

MCP Pons ST 0.806

MCP Pons PM 0.486

MCP SN ST 0.833

MCP SN PM 0.625

MCP ST PM 0.819

SCP Pons SN 0.667

SCP Pons ST 0.819

SCP Pons PM 0.681

SCP SN ST 0.792

SCP SN PM 0.611

SCP ST PM 0.722

Pons SN ST 0.819

Pons SN PM 0.694

Pons ST PM 0.819

SN ST PM 0.764

(a) Middle cerebel-
lar peduncle

(b) Pons (c) Superior cere-
bellar peduncle

(d) Substantia
nigra

(e) Superior tempo-
ral region

(f) Prefrontal region (g) Primary motor
region

(h) 4th ventricle (i) Cerebellar hemisphere

Figure 1: Locations of regions of interest. From (a) to (g) were put on the “FMRIB58 FA-skeleton 1 mm.nii” image, the anatomically standard
image in FSL. Background fractional anisotropy image was the “MNI152 T1 1 mm.nii,” which was also the standard image in FSL. (h) and (i)
were put on a “single subj T1.nii” image regarded as the anatomically standard image in SPM5.
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0.25

0.35

0.45

MSA-C MSA-P PD HS

(a) Middle cerebellar ped-
uncle

0.4

0.5

0.45

MSA-C MSA-P PD HS

(b) Superior cerebellar
peduncle

0.1

0.15

0.2

MSA-C MSA-P PD HS

(c) Pons

0.5

0.55

0.6

MSA-C MSA-P PD HS

(d) Substantia nigra

0.12

0.17

0.22

MSA-C MSA-P PD HS

(e) Superior temporal reg-
ion

0.05

0.06

MSA-C MSA-P PD HS

(f) Prefrontal region

0.18

0.23

0.28

MSA-C MSA-P PD HS

(g) Primary motor region

0

0.2

0.4

MSA-C MSA-P PD HS

(h) 4th ventricle

0

0.2

0.4

MSA-C MSA-P PD HS

(i) Cerebellar hemisphere

Figure 2: A graphic presentation of mean fractional anisotropy values in each region and mean volumes of 4th ventricular and cerebellum.
MSA-C: multiple system atrophy with predominant cerebellar ataxia; MSA-P: multiple system atrophy with predominant parkinsonism; PD:
Parkinson’s disease; HS: healthy subjects.

results are congruent with our study. Establishing a means
of differentiation using MR imaging would have potential
therapeutic implications.

In this study, the participants with PD had a statistically
longer duration of illness than those with MSA. It is known
that MRI studies with PD show slight or no gray matter atro-
phy in early- to moderate-stage patients, whereas later-stage
patients exhibited marked cortical atrophy [31]. We used the
FA values for the independent variables to differentiate the
patients with PD from others. White matter which appears
normal on conventional MRI can show FA abnormalities,
possibly permitting an earlier identification of the disease
process which involves white matter tracts of the brain [33].
In addition, we successfully differentiated the patients with
MSA-P from those with MSA-C using the same parameter.

There is significant value to distinguishing these diseases
using DTI metrics.

All voxel-based analysis methods are susceptible to the
effects of the spatial normalization transformation that reg-
isters images of different individuals. Regions in which this
spatial transformation has relatively lower accuracy will tend
to display artificially higher variability, which will adversely
affect statistical significance. To date, TBSS is considered
more robust and better suited for whole brain DTI data analy-
sis. However, there are some limitations with the TBSS analy-
sis. First, “FMRIB58 FA-skeleton 1 mm.nii” did not cover the
thalamus and striatum, both of which have significant rela-
tionships with parkinsonian features [39]. A previous study
demonstrated signal changes of the MR image after levodopa
administration in an anatomical cluster which included the
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Figure 3: 3-dimensional scattered plots showed the discriminant scores of each subject. These were calculated (a) by the analysis using step
wise method and (b) using three independent variables together. Factors 1–3 were defined in Table 3.

substantia nigra, tegmental ventral area subthalamic nucleus
bilaterally, the principal origin, and first relay nuclei of
projections in brain dopaminergic systems [40]. Therefore,
we do not recommend using dopamine-rich regions such as
the thalamus and striatum in discriminant function analysis
for parkinsonian syndrome. Second, the predominant motor
feature can change with time. The designation of MSA-P
and MSA-C refers to the predominant feature at the time
the patient is evaluated, and the predominant feature can
change with time [2]. All of our MSA-C samples did not
change the diagnosis to the MSA-P during follow-up clinical
assessments; however, the discriminant method in this study
would be fitted for the initial diagnosis. Third, our study is
a small cross-sectional study, and we did not validate this
discrimination method using another independent sample.
MSA-P and MSA-C without cerebrovascular findings were so
scarce, and we did not gather sufficient sample size. Further
work with a large sample is required for the development
of better discriminant capability and, if feasible, with data
on another parkinsonism, PSP, would bring further clinical
advantage.

5. Conclusions

Discriminant functions derived by step wise methods
resulted in correct classification rates of 0.89. The present
methods for automated analysis of morphometric data largely
support findings from earlier studies using expert-guided
ROIs or automated procedures. These findings support the
view that each parkinsonian syndrome has structural devi-
ations in multiple brain areas, and discriminant function
analysis in this paper may provide objective biological infor-
mation adjunct to the clinical diagnosis of parkinsonian
syndromes.
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Sub- and ultraharmonics generation by ultrasound contrast agents makes possible sub- and ultraharmonics imaging to enhance
the contrast of ultrasound images and overcome the limitations of harmonic imaging. In order to separate different frequency
components of ultrasound contrast agents signals, nonlinear models like single-input single-output (SISO) Volterra model are used.
One important limitation of this model is its incapacity to model sub- and ultraharmonic components. Many attempts are made
to model sub- and ultraharmonics using Volterra model. It led to the design of mutiple-input singe-output (MISO) Volterra model
instead of SISO Volterra model. The key idea of MISO modeling was to decompose the input signal of the nonlinear system into
periodic subsignals at the subharmonic frequency. In this paper, sub- and ultraharmonics modeling with MISO Volterra model is
presented in a general framework that details and explains the required conditions to optimally model sub- and ultraharmonics. A
new decomposition of the input signal in periodic orthogonal basis functions is presented. Results of application of different MISO
Volterra methods to model simulated ultrasound contrast agents signals show its efficiency in sub- and ultraharmonics imaging.

1. Introduction

Medical diagnostic using ultrasound imaging was greatly
improved with the introduction of ultrasound contrast
agents. In ultrasound imaging, contrast agents are microbub-
bles [1]. Historically, the important difference between the
acoustic impedance of the tissue and the gas encapsulated
within the microbubbles was the first step to improve the con-
trast of echographic images. However, the contrast was still
improved by taking into account the nonlinear behavior of
microbubbles. In fact, when microbubbles were insonified by
a sinusoidal excitation, they respond by generating harmonic
components [2]. For example, second harmonic imaging
(SHI) [3] consists in transmitting a signal at frequency 𝑓0
and receiving echoes at twice the transmitted frequency 2𝑓0.
However, harmonic generation during the propagation of
ultrasound in the nonperfused tissue limits the contrast [4].

Many years ago, experimental studies have shown the
existence of subharmonics at 𝑓0/2 [5] and ultraharmonics

at ((3/2)𝑓0, (5/2)𝑓0, . . .) [6] in the microbubble response
under specific conditions of frequency and pressure. The
absence of these components in the backscattered signal
by the tissue has enabled the introduction of sub- and
ultraharmonics as an alternative of the harmonic imaging
in order to enhance the contrast. Sub- and ultraharmonic
imaging consists of transmitting a signal of frequency 𝑓0 and
extracting components at 𝑓0/2, (3/2)𝑓0, (5/2)𝑓0, . . ..

Many models have been developed to understand the
dynamics of the microbubble [2]. Microbubble oscillation
can be accurately described using models such as Rayleigh-
Plesset modified equation [7–9]. However, to enable opti-
mal separation of harmonic components, other nonlinear
models like single-input single-output (SISO) Volterra model
have been preferred [10]. A well known limitation of SISO
Volterra model is its capacity to model exclusively har-
monic components sub- and ultraharmonics are not modeled

[11].
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To overcome this difficulty, Boaghe and Billings [12] have
proposed a multiple-input single-output (MISO) Volterra-
based method. Input signals are specified by having sub-
harmonic component at frequency 𝑓0/𝑁. This approach has
been applied in ultrasound medical imaging [13].

However, neither Boaghe and Billings [12] nor Samakee
and Phukpattaranont [13] have clearly justified the required
conditions to design a MISO Volterra decomposition able to
model sub- and ultraharmonics.

To answer this untreated point, we propose a more
general framework which firstly gives a clear justification
regarding the choice of the model and secondly can offer
interesting alternatives.

This paper is organized as follows: after recalling Volterra
model and presenting the general framework of MISO
Volterra methods, simulations of contrast ultrasound medical
imaging followed by results are presented. Finally, a discus-
sion completed by a conclusion closes the paper.

2. SISO Volterra Model

Volterra series were introduced like Taylor series with mem-
ory [10]. Let 𝑥(𝑛) and 𝑦(𝑛) be, respectively, the input and the
output signals in the discrete time domain 𝑛 of the nonlinear
system (see Figure 1). The output �̂�(𝑛) of Volterra model of
order 𝑃 and memory 𝑀 is given in [14]. Note that, in our
study focused on ultrasound imaging, a third-order Volterra
model 𝑃 = 3 is sufficient for the available transducers
bandwidths. The output �̂�(𝑛) of SISO Volterra model of order𝑃 = 3 and memory𝑀 is given by�̂� (𝑛) = ℎ0 + 𝑀−1∑

𝑘1=0
ℎ1 (𝑘1) 𝑥 (𝑛 − 𝑘1)

+ 𝑀−1∑
𝑘1=0

𝑀−1∑
𝑘2=0
ℎ2 (𝑘1, 𝑘2) 𝑥 (𝑛 − 𝑘1) 𝑥 (𝑛 − 𝑘2)

+ 𝑀−1∑
𝑘1=0

𝑀−1∑
𝑘2=0

𝑀−1∑
𝑘3=0
ℎ3 (𝑘1, 𝑘2, 𝑘3)× 𝑥 (𝑛 − 𝑘1) 𝑥 (𝑛 − 𝑘2) 𝑥 (𝑛 − 𝑘3) ,

(1)

where ℎ𝑝(𝑘1, 𝑘2, . . . , 𝑘𝑝) is the kernel of order 𝑝 of the filter,
with 𝑝 ∈ {1, 2, 3}.

Equation (1) could be rewritten as follows

y = X ⋅ h, (2)

where the output signal is:

y = [𝑦 (𝑀 − 1) , 𝑦 (𝑀) , . . . , 𝑦 (𝐿)]𝑇, (3)

where 𝐿 is the length of the signal 𝑦(𝑛), and the vector of
kernels is

h = [ℎ1 (0) , ℎ1 (1) , . . . , ℎ1 (𝑀 − 1) , ℎ2 (0, 0) ,ℎ2 (0, 1) , . . . , ℎ2 (𝑀 − 1,𝑀 − 1) , . . . ,ℎ𝑝 (0, 0, 0) , . . . , ℎ3(𝑀 − 1,𝑀 − 1,𝑀 − 1]𝑇, (4)

Nonlinear
ultrasound

system

( )

( )

− ( )

( )

Volterra

model

Figure 1: Block diagram of SISO Volterra model.

where the input matrix is

X = [x𝑀−1, x𝑀, . . . , x𝐿]𝑇, (5)

with vector

x𝑛 = [𝑥 (𝑛) , 𝑥 (𝑛 − 1) , . . . , 𝑥 (𝑛 −𝑀 + 1) ,𝑥2 (𝑛) , 𝑥 (𝑛) 𝑥 (𝑛 − 1) , . . . , 𝑥2 (𝑛 −𝑀 + 1) ,𝑥3 (𝑛) , 𝑥 (𝑛) 𝑥 (𝑛) 𝑥 (𝑛 − 1) , . . . ,𝑥3 (𝑛 −𝑀 + 1)]𝑇,
(6)

with 𝑛 ∈ {𝑀 − 1,𝑀, . . . , 𝐿}.
The vector of kernelsh is calculated to minimize the mean

square error (MSE) between 𝑦(𝑛) and �̂�(𝑛) according to the
equation

arg min
h
(E [(𝑦 (𝑛) − �̂� (𝑛))2]) , (7)

where E is the symbol of the mathematical expectation.
Vector h is calculated using the least squares method

h = (X𝑇
X)−1X𝑇

y, (8)

if (X𝑇X) is invertible. Otherwise, regularization techniques
can be used.

Nevertheless, as reported in [12], it is not possible to
model sub- and ultraharmonics with SISO Volterra model
under this formulation. This is due to the fact mentioned in
[12] that SISO Volterra model can only model frequencies at
integer multiples of the input frequency.

To overcome this limitation, Boaghe and Billings [12]
proposed a MISO Volterra-based solution and not any more
a SISO Volterra. This point is discussed in Section 3.

3. General Framework of MISO
Volterra Model

According to Boaghe and Billings’ claims [12], it is possible
to model sub- and ultraharmonic components of the signal
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harmonic component at 𝑓0/𝑁. The solution proposed by
Boaghe and Billings [12] to show up the sub-harmonic
component at frequency 𝑓0/𝑁 is to decompose the input
signal 𝑥(𝑛) into multiple input signals 𝑥𝑖(𝑛), each signal
having frequency components at 𝑓0 and 𝑓0/𝑁. From our
point of view, Boaghe and Billings’ approach [12] claimed two
conditions that are intrinsically coupled by the choice of the
decomposition method as follows:

(i) the input signal to Volterra model has sub-harmonic
frequency component at 𝑓0/𝑁;

(ii) Volterra system is a MISO system described by𝑥 (𝑛) = 𝑁∑
𝑖=1
𝑥𝑖 (𝑛) . (9)

The block diagram of MISO Volterra model is presented
in Figure 2.

A third condition that is not really explained in [12],
however, it is a crucial condition to carry out this modeling
procedure. It is the orthogonality condition between each
multiple input of MISO Volterra model. Taking into account
this third condition makes it possible to generalize Boaghe
and Billings’ approach presented in [12] as follows:𝑥 (𝑛, 𝑓0) = 𝑁∑

𝑖=1
𝑥𝑖 (𝑛, 𝑓0, 𝑁) = 𝑁∑

𝑖=1
𝛼𝑖Ψ𝑖 (𝑛, 𝑓0, 𝑁) , (10)

where 𝛼𝑖 are coefficients to be adjust and Ψ𝑖(𝑛, 𝑓0, 𝑁) is
the periodic orthogonal basis functions having a spectral
component at 𝑓0/𝑁. Different bases could be proposed. In
this study, two bases are presented as follows.

(1) In [12] a first periodic basis of orthogonal functions is
proposed as follows:Ψ𝑖 (𝑛, 𝑓0, 𝑁)= 𝑥 (𝑛, 𝑓0) ∗ +∞∑

𝑘=−∞
Rect1/𝑓0 (𝑛𝑇𝑠 − 𝑘𝑁 + 𝑖 − 1𝑓0 ) , (11)

where𝑇𝑠 is the sampling period, ∗ represents the con-
volution product, and Rect1/𝑓0 (𝑛) is the rectangular
function equal to 1 when −1/2𝑓0 < 𝑛 < −1/2𝑓0 and
equal to zero otherwise. Note that this approach is
MISO1.

(2) In the present work, a new periodic basis of orthogo-
nal functions is presented as follows:Ψ𝑖 (𝑛, 𝑓0, 𝑁) = 𝑥 (𝑛, 𝑓0) + (−1)(𝑖−1)× (𝑥 (𝑛, 𝑓0) cos(𝑛𝑇𝑠𝑤0

𝑁 − 1𝑁 )+�̃� (𝑛, 𝑓0) sin(𝑛𝑇𝑠𝑤0
𝑁 − 1𝑁 )) , (12)

where �̃�(𝑛) = H(𝑥(𝑛)) is the Hilbert transform of𝑥(𝑛) and 𝑤0 = 2𝜋𝑓0. Note that this second is MISO2
approach.

Nonlinear
ultrasound

system

( )

( )

( )
+

− ( )

( )

1( )

2( )

( )
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0

Figure 2: Block diagram of MISO Volterra model.

For our application in contrast medical imaging, the sub-
harmonic frequency is 𝑓0/2 [5–7], so𝑁 = 2.

As an illustration, when 𝑥(𝑛) = 𝐴 cos (𝑤0𝑛𝑇𝑠) and𝑁 = 2,
the decomposition is written:

(1) for the first basis, as follows:𝑥 (𝑛) = 𝑥1 (𝑛) + 𝑥2 (𝑛)= 𝛼1Ψ1 (𝑛, 𝑓0, 2) + 𝛼2Ψ2 (𝑛, 𝑓0, 2) , (13)

with 𝛼1 = 𝛼2 = 1, andΨ1 (𝑛, 𝑓0, 2) = 𝐴 cos (𝑤0𝑛𝑇𝑠) ∗ +∞∑
𝑘=−∞

Rect1/𝑓0 (𝑛𝑇𝑠 − 2𝑘𝑓0 ) ,Ψ2 (𝑛, 𝑓0, 2) = 𝐴 cos (𝑤0𝑛𝑇𝑠) ∗ +∞∑
𝑘=−∞

Rect1/𝑓0 (𝑛𝑇𝑠 − 2𝑘 + 1𝑓0 ) ,
(14)

(2) and for the second basis, as follows:𝑥 (𝑛) = 𝑥1 (𝑛) + 𝑥2 (𝑛)= 𝛼1Ψ1 (𝑛, 𝑓0, 2) + 𝛼2Ψ2 (𝑛, 𝑓0, 2) , (15)

with 𝛼1 = 𝛼2 = 1/2, andΨ1 (𝑛, 𝑓02 ) = 𝐴 cos (𝑤0𝑛𝑇𝑠) ∗ 2∑
𝑞=1
𝛿(𝑛𝑇𝑠𝑞 ) ,

Ψ2 (𝑛, 𝑓02 ) = 𝐴 cos (𝑤0𝑛𝑇𝑠) ∗ 2∑
𝑞=1
(−1)(𝑞−1)𝛿(𝑛𝑇𝑠𝑞 ) , (16)

where 𝛿 (𝑛) is the Dirac function. Finally,Ψ1 (𝑛, 𝑓0/2)
and Ψ2 (𝑛, 𝑓0/2) can be simply rewritten as follows:Ψ1 (𝑛, 𝑓0, 2) = 𝐴 cos (𝑤0𝑛𝑇𝑠) + 𝐴 cos(𝑤02 𝑛𝑇𝑠) ,Ψ2 (𝑛, 𝑓0, 2) = 𝐴 cos (𝑤0𝑛𝑇𝑠) − 𝐴 cos(𝑤02 𝑛𝑇𝑠) . (17)
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The two signals𝑥1(𝑛) and𝑥2(𝑛) for the two previous bases
are represented in Figure 3.

It is obvious to show that for the two bases, the signals𝑥1(𝑛) and 𝑥2(𝑛) are orthogonal because ∑𝑥1(𝑛)𝑥2(𝑛) = 0
(From a statistical point of view, the two signals 𝑥1(𝑛) and𝑥2(𝑛) are orthogonal if and only if E[𝑥1(𝑛)𝑥2(𝑛)] = 0. If 𝑥1(𝑛)
and 𝑥2(𝑛) are stationary and ergodic, then E[𝑥1(𝑛)𝑥2(𝑛)] =∑(𝑥1(𝑛)𝑥2(𝑛)).). The algebraic area of the signal 𝑧(𝑛) =𝑥1(𝑛)𝑥2(𝑛), shown in Figure 3, is equal to zero.

Finally, if the components 𝑥𝑖(𝑛) are orthogonal to each
other, then this also means that the output of Volterra model�̂�(𝑛) can be decomposed as follows:

�̂� (𝑛) = 𝑁∑
𝑖=1
�̂�𝑖 (𝑛) , (18)

where the components �̂�𝑖(𝑛) are also orthogonal to each
other. A proof of this propriety is given in Appendix A.

The consequence of this statement is that MISO Volterra
model can be considered as𝑁 parallel SISO Volterra models
as depicted in Figure 4.

4. Simulations

To validate the different proposed bases and to quantify its
performances for application in contrast ultrasound medical
imaging, realistic simulations are proposed. To carry out
the simulations, the free simulation program bubblesim
developed by Hoff [7] was used to calculate the oscillations
and scattered echoes for a specified contrast agent and exci-
tation pulse. A modified version of Rayleigh-Plesset equation
was chosen. The model presented by Church [15] and then
modified by Hoff [7] is based on the theoretical description
of microbubbles as air-filled particles with surface layers of
elastic solids. In order to simulate the mean behavior of a
microbubble cloud, we hypothesized that the response of a
cloud of 𝑁𝑏 microbubbles was 𝑁𝑏 times the response of a
single microbubble with the mean properties.

The incident burst to the microbubble is a sinusoidal
wave of frequency 𝑓0 = 4MHz (The resonance frequency
of a microbubble of 1.5 𝜇m is about 2.25MHz. Therefore,
the emission frequency at 4MHz is nearly the double of the
resonance frequency.) To ensure the presence of sub- and
ultraharmonics with moderate destruction of microbubbles,
Forsberg et al. have proposed in [16] a pressure range from1.2MPa to 1.8MPa. To limit the destruction of microbubbles,
we set the pressure level to the lowest value at 1.2MPa. The
burst consists of 18 cycles. The sampling frequency is 𝑓𝑠 =60MHz. The parameters of the microbubble are given in the
Table 1 [13].

5. Results

In this research, the performances of different modeling
methods are evaluated qualitatively and quantitatively.

5.1. Qualitative Evaluation. To evaluate qualitatively the two
MISO methods, MISO1 (with the basis proposed in [12])

Table 1: The parameters of microbubbles [13].

Resting radius 𝑟0 = 1.5 𝜇m

Shell thickness 𝑑Se = 1.5 nm

Shear modulus 𝐺𝑠 = 10MPa

Shear viscosity 𝜂 = 1.49Pa⋅s
and MISO2 (with the new basis proposed in the present
work) with respect to SISO Volterra method, temporal
representations of𝑦(𝑛) and �̂�(𝑛), and spectral representations|𝑌(𝑘)|2 and |�̂�(𝑘)|2 of the nonlinear system backscattered
by the contrast agent in nonlinear mode are presented in
Figure 5.

Results presented in Figure 5 are obtained for a signal to
tissue ratio SNR = ∞ and using Volterra model of order 𝑃 =3 and memory𝑀 = 19.

To better distinguish the different harmonic components
of ultrasound signal, six cycles of 0.05 𝜇s are presented in
Figure 5(a), and a bandwidth of 13MHz covering the 3
harmonics potentially accessible in ultrasound imaging is
presented in Figure 5(b). For both types of representations,
the fundamental frequency, harmonics, sub- and ultrahar-
monics are well apparent. In Figure 5(a) (top), only harmonic
components at𝑓0, 2𝑓0, and 3𝑓0 are modeled by SISO Volterra.
This result confirms that SISO Volterra system is unable
to correctly model sub- and ultraharmonics at frequencies𝑓0/2, (3/2)𝑓0, and (5/2)𝑓0. In Figure 5 (middle, bottom), all
the spectral components are correctly modeled validating the
two MISO approaches.

5.2. Quantitative Evaluation. To determine accurately the
performances of the two methods and to know which
Volterra approach provides the best performances a quan-
titative study is necessary. The relative mean square error
(RMSE) defined as follows:

RMSE = E [(�̂� (𝑡) − 𝑦 (𝑡))2]
E [(𝑦 (𝑡))2] (19)

is evaluated for different noise levels at the system output. The
noise level, adjusted as a function of SNR, is Gaussian and
white. Ten realizations are made to evaluate the fluctuations
of RMSE. RMSE for SNR = ∞, 20, 15, and 10 dB is reported
in Figure 6. A zoom in Figure 6(d) shows the fluctuations of
the EQMR around a mean value.

The main result of these simulations shows that regardless
the SNR values, MISO Volterra methods provide a much
better RMSE than SISO Volterra method. In fact, a gap
between SISO Volterra method and the two methods MISO1
and MISO2 going from 5 to 16 dB can be obtained depending
on the SNR conditions. These results confirm that SISO
Volterra method is not suitable for sub- and ultraharmonic
modeling. A zoom on Figure 6(d) emphasizes the small
fluctuations of the RMSE. This result shows the robustness
of the two MISO Volterra approaches towards noise.

Note that the RMSE obtained with the two MISO Volterra
approaches are similar and follows the same trend. However,
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Figure 5: (a) Comparison between the backscattered signal by the microbubble𝑦(𝑛) (black) and its estimation �̂�(𝑛) (green): (top) the modeled
signal with SISO Volterra model, (middle) MISO1 method, and (bottom) MISO2 method. (b) Spectra of different signals are presented in (1).
Here SNR = ∞ dB, 𝑃 = 3, and𝑀 = 19.

a small advantage in favor of MISO2 method with respect to
MISO1 method for memory values𝑚 smaller than 6 is noted.

Finally, the more the memory increases, the more the
RMSE decreases, indicating that the different methods tend
asymptotically toward the optimal solution.

6. Discussions and Conclusions

In the present research, we proposed a general framework
that describes harmonic, sub-, and ultraharmonics modeling
using Volterra decomposition. This framework allowed us to
highlight three essential criteria instead of two, to accurately
model sub- and ultraharmonics:

(i) as suggested in [12], the basis should be periodic of
period 𝑓0/𝑁;

(ii) as suggested in [12], Volterra system should be a
MISO system;

(iii) as suggested in this work, the decomposition of the
input signal to Volterra model 𝑥(𝑛)must be done with
an orthogonal basis.

This general framework has also justified the different
steps of the decomposition thus allowing to propose new

periodic orthogonal bases more efficient. It is the same for
the choice of the order of Volterra model, which was limited
to three. In fact, for more or less severe constraints on the
ultrasound transducers bandwidth, the order can be reduced
or increased.

This more general formulation provides a methodological
basis for optimal sub- and ultraharmonics contrast imaging
and opens a new research axis for more efficient periodic
orthogonal bases of MISO Volterra systems and also for new
MISO systems based on Hammerstein models or Wiener
models.

Appendix

A. Decomposition of MISO Volterra Model of
2 Inputs to 2 SISO Volterra Models

A MISO Volterra model with 𝑁 inputs is equivalent to 𝑁
SISO Volterra models if and only if the mean square error
to be minimized between 𝑦(𝑛) and �̂�(𝑛) is the same in both
cases. We will determine the conditions that must be satisfied
by the inputs 𝑥1(𝑛) and 𝑥2(𝑛) of MISO Volterra when𝑁 = 2,
to have this equivalence.
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Figure 6: Variation of the RMSE in dB between the modeled signal with SISO Volterra (blue), MISO1 method (green), and MISO2 method
(black) and the backscattered signal by the microbubble as a function of the memory of Volterra model in the presence of noisy output: (a)
SNR = ∞ dB, (b) SNR = 20 dB, (c) SNR = 15 dB, and (d) SNR = 10 dB.

Volterra kernels are calculated using the least squares
method by minimizing the mean square error (MSE) between𝑦(𝑛) and the modeled signal �̂�(𝑛):

E [(𝑦 (𝑛) − �̂� (𝑛))2] . (A.1)

For MISO Volterra model, the decomposition of 𝑥(𝑛) into𝑥1(𝑛) and 𝑥2(𝑛) such that 𝑥(𝑛) = 𝑥1(𝑛) + 𝑥2(𝑛) requires that

𝑦(𝑛) = 𝑦1(𝑛)+𝑦2(𝑛). It follows that �̂�(𝑛) = �̂�1(𝑛)+ �̂�2(𝑛). The
error to be minimized is

E [(𝑦 (𝑛) − �̂� (𝑛))2]= E [𝑦(𝑛)2] + E [�̂�(𝑛)2] − 2E [𝑦 (𝑛) �̂� (𝑛)]= E [(𝑦1 (𝑛) + 𝑦2 (𝑛))2] + E [(�̂�1 (𝑛) + �̂�2 (𝑛))2]− 2E [(𝑦1 (𝑛) + 𝑦2 (𝑛)) (�̂�1 (𝑛) + �̂�2 (𝑛))]



8 Computational and Mathematical Methods in Medicine= E [𝑦1(𝑛)2] + E [𝑦2(𝑛)2] + 2E [𝑦1 (𝑛) 𝑦2 (𝑛)]+ E [�̂�1(𝑛)2] + E [�̂�2(𝑛)2] + 2E [�̂�1 (𝑛) �̂�2 (𝑛)]− 2E [𝑦1 (𝑛) �̂�1 (𝑛)] − 2E [𝑦1 (𝑛) �̂�2 (𝑛)]− 2E [𝑦2 (𝑛) �̂�1 (𝑛)] − 2E [𝑦2 (𝑛) �̂�2 (𝑛)] .
(A.2)

For the 2 SISO Volterra models of inputs 𝑥1(𝑛) and 𝑥2(𝑛)
and outputs 𝑦1(𝑛) and 𝑦2(𝑛), respectively, the error to be
minimized is

E [(𝑦1 (𝑛) − �̂�1 (𝑛))2] + E [(𝑦2 (𝑛) − �̂�2 (𝑛))2]= E [𝑦1(𝑛)2] + E [�̂�1(𝑛)2] − 2E [𝑦1 (𝑛) �̂�1 (𝑛)]+ E [𝑦2(𝑛)2] + E [�̂�2(𝑛)2] − 2E [𝑦2 (𝑛) �̂�2 (𝑛)] . (A.3)

A MISO Volterra model could be seen as 2 SISO Volterra
models if (A.2) and (A.3) are equal. This equality gives

E [𝑦1 (𝑛) 𝑦2 (𝑛)] + E [�̂�1 (𝑛) �̂�2 (𝑛)]− E [𝑦1 (𝑛) �̂�2 (𝑛)] − E [𝑦2 (𝑛) �̂�1 (𝑛)] = 0. (A.4)

One possible solution is that each term of the equation is
equal to zero:

E [𝑦1 (𝑛) 𝑦2 (𝑛)] = 0,
E [�̂�1 (𝑛) �̂�2 (𝑛)] = 0,
E [𝑦1 (𝑛) �̂�2 (𝑛)] = 0,
E [𝑦2 (𝑛) �̂�1 (𝑛)] = 0.

(A.5)

Therefore 𝑦1 (𝑛) ⊥ 𝑦2 (𝑛) ,�̂�1 (𝑛) ⊥ �̂�2 (𝑛) ,𝑦1 (𝑛) ⊥ �̂�2 (𝑛) ,𝑦2 (𝑛) ⊥ �̂�1 (𝑛) ,
(A.6)

where ⊥ means orthogonal. Elsewhere, �̂�1(𝑛) and �̂�2(𝑛) are
calculated according to (1). That implies that

E [�̂�1 (𝑛) �̂�2 (𝑛)]= E[[𝑀−1∑
𝑘1=0
ℎ1 (𝑘1) 𝑥1 (𝑛 − 𝑘1)𝑀−1∑

𝑘1=0
ℎ1 (𝑘1) 𝑥2 (𝑛 − 𝑘1)

+ 𝑀−1∑
𝑘1=0

𝑀−1∑
𝑘2=0
ℎ2 (𝑘1, 𝑘2) 𝑥1 (𝑛 − 𝑘1) 𝑥1 (𝑛 − 𝑘2)

× 𝑀−1∑
𝑘1=0

𝑀−1∑
𝑘2=0
ℎ2 (𝑘1, 𝑘2) 𝑥2 (𝑛 − 𝑘1)

× 𝑥2 (𝑛 − 𝑘2) + ⋅ ⋅ ⋅ ]] = 0.
(A.7)

One possible solution is that each term of the equation is
equal to zero. For the first term, we get

E[[𝑀−1∑
𝑘1=0
ℎ1 (𝑘1) 𝑥1 (𝑛 − 𝑘1)𝑀−1∑

𝑘1=0
ℎ1 (𝑘1) 𝑥2 (𝑛 − 𝑘1)]]= 𝑀−1∑

𝑘1=0
ℎ1 (𝑘1) ℎ1 (𝑘1)E [𝑥1 (𝑛 − 𝑘1) 𝑥2 (𝑛 − 𝑘1)]= 0.

(A.8)

The last equation implies that𝑥1(𝑛) ⊥ 𝑥2(𝑛). For the other
terms in (A.7), we obtain the same conclusion 𝑥1(𝑛) ⊥ 𝑥2(𝑛).
Therefore, �̂�1(𝑛) and �̂�2(𝑛) are orthogonal if 𝑥1(𝑛) and 𝑥2(𝑛)
are also orthogonal.

Elsewhere, if �̂�1(𝑛) and �̂�2(𝑛) are the estimations of 𝑦1(𝑛)
and 𝑦2(𝑛), then �̂�(𝑛) ≈ 𝑦1(𝑛) and �̂�2(𝑛) ≈ 𝑦2(𝑛). This
means that the orthogonality of �̂�1(𝑛) and �̂�2(𝑛) implies
the orthogonality of each couple formed by the four signals
presented in (A.5). This is true if and only if 𝑥1(𝑛) ⊥ 𝑥2(𝑛).

Therefore, a MISO Volterra model with two inputs could
be treated as two SISO Volterra models if the two inputs
are orthogonal. This result could be generalized for MISO
Volterra model with𝑁 inputs.
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Carotid atherosclerosis is a major reason of stroke, a leading cause of death and disability. In this paper, a segmentation method
based on Active Shape Model (ASM) is developed and evaluated to outline common carotid artery (CCA) for carotid atherosclerosis
computer-aided evaluation and diagnosis. The proposed method is used to segment both media-adventitia-boundary (MAB) and
lumen-intima-boundary (LIB) on transverse views slices from three-dimensional ultrasound (3D US) images. The data set consists
of sixty-eight, 17× 2× 2, 3D US volume data acquired from the left and right carotid arteries of seventeen patients (eight treated with
80 mg atorvastatin and nine with placebo), who had carotid stenosis of 60% or more, at baseline and after three months of treatment.
Manually outlined boundaries by expert are adopted as the ground truth for evaluation. For the MAB and LIB segmentations,
respectively, the algorithm yielded Dice Similarity Coefficient (DSC) of 94.4%± 3.2% and 92.8%± 3.3%, mean absolute distances
(MAD) of 0.26 ± 0.18 mm and 0.33 ± 0.21 mm, and maximum absolute distances (MAXD) of 0.75 ± 0.46 mm and 0.84 ± 0.39 mm.
It took 4.3 ± 0.5 mins to segment single 3D US images, while it took 11.7 ± 1.2 mins for manual segmentation. The method would
promote the translation of carotid 3D US to clinical care for the monitoring of the atherosclerotic disease progression and regression.

1. Introduction

Cardiovascular disease (CVD) is the leading cause of death
globally based on the World Health Organization (WHO,
2009). The main precursors of CVD are smoking, obesity,
hypertension, and a disturbed serum lipid profile [1]. The
therapy evaluation and clinical data analysis are important to
the cerebrovascular and cardiovascular pathologies diagno-
sis. Because thrombosis generation and subsequent cerebral
emboli have a high risk leading to death, carotid atheroscle-
rosis is becoming a significant issue for researches recently
[2]. Measurement accuracy and geometric understanding
of common carotid artery (CCA) play an important role
in carotid atherosclerosis assessment and management [3],
which requires precise segmentation.

Ultrasound (US) has been employed as a routine exam-
ination for inexpensive and noninvasive clinical diagnosis
of atherosclerosis (the hardening of the arteries) [4, 5].
Furthermore, the three-dimensional ultrasound (3D US) [6]
imaging can be used to quantitatively monitor carotid plaque
progression or regression without ionizing radiation [7–10].

Among various US image segmentation methods for
carotid atherosclerosis quantification [11–15], intima-media
thickness (IMT) measurement is proved to work efficiently
on longitudinal views of two-dimensional (2D) US images
[16]. The media-adventitia boundary (MAB) and lumen-
intima boundary (LIB) can be extracted simultaneously.
This work focuses on the MAB and LIB segmentation on
the transverse views US images and is expected to reduce
diagnosticians’ manual workload (Figure 1). The potential
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Figure 1: US image of a carotid artery with the expert-drawn
contours delineating the LIB (red solid contour) and MAB (yellow
hollow point contour).

applications mainly include patient management, genetic
research, and therapy evaluation [17].

Several automatic and semiautomatic methods for the
segmentation of LIB and/or MAB on 2D transverse US
images have been reported [18, 19]. Mao et al. [20] pro-
posed a deformable contour model approach for carotid LIB
semiautomated segmentation. One seed point was located
on the image by the user firstly. Then, the local gradient
difference was obtained with local grey level ratio between
the exterior and interior of the deformable contour. The
method was validated by a group of seven B-mode US images.
Abolmaesumi et al. [21] presented a method to fulfill real-
time extraction of carotid LIB on 2D US image sequences.
They modified the star algorithm by using a temporal Kalman
filter to track the center of LIB and adopting a spatial
Kalman filter to extract LIB contour. Digitized US video
images were used for validation. Zahalka and Fenster [22]
introduced a carotid LIB segmentation method on 3D US
images with geometrically deformable model (GDM). Li et al.
[23] also developed a GDM with automatic merge function
to segment carotid contours, but only tested their method
on simulated 3D US images. A scheme for detecting the
normal regions in carotid artery US images was proposed by
Balasundaram and Banu [24]; however, no process was taken
to remove the noise in the images. Lou and Ding [25] used
particle motion mechanics to segment object boundaries.
The method was sensitive to noise. Fast Marching Method
(FMM) [26] originally for intravascular ultrasound (IVUS)
image segmentation was also adopted for vascular US image
segmentation. Common carotid artery (CCA) boundary
identification pipeline, a simple and effective method, was
proposed according to mathematical morphology [27], but it
was only tested for limited lumen boundaries segmentation.
The latest segmentation method for carotid MAB and LIB
in transverse US images was proposed by Ukwatta et al.
[28]. They adopted an active contour based on level set
method. A combination of image information from energy,
geodesic energy, and anchor constraint energy was used to
drive the deformable contour to the desired one. However,
the global optimum of the searching parameters cannot be
guaranteed. Other studies by application of regional growing

Figure 2: Three-dimensional ultrasound carotid artery longitudinal
view in clinical trials [40]. Both baseline and follow-up 3D images,
constructed from the set of 2D frames, were examined simultane-
ously to visually match the bifurcation (BF) points in both images
by an operator blinded to time point and treatment. Each 3D US
image was manually segmented starting from the bifurcation point
extending into around 10–15 mm of common carotid artery (CCA)
and about 10 mm into internal carotid artery (ICA) at 1 mm interval
perpendicular to the artery axis; refer to Figure 3. This study was
only carried out on the CCA, since the focus was on stroke risk.

[29], diffusion-based filters [30], edge detection combined
with morphology methods [31], and Hough transforms [32],
were also reported.

Our purpose is therefore to develop and validate a new
segmentation approach, which would be used to delineate
the lumen-intima boundary (LIB) and media-adventitia
boundary (MAB) of the common carotid artery (CCA)
from 3D US images. The key innovation of this work is
applying the Active Shape Model (ASM) segmentation to two
separate time points, which used baseline data for training
and follow-up data for segmentation. And the technology
enables the accurate, inexpensive, and noninvasive method
for progression and regression monitoring of atherosclerosis
and drug therapy evaluation.

The following of this paper is organized as follows. In
Section 2, the proposed method is explained in details. The
results are shown in Section 3. Sections 4 and 5 will contain
the discussion and conclusion.

2. Methods

The proposed algorithm is validated by comparing the LIB
and MAB segmentation results with the manual ones from
the expert. The typical US images used in this paper are
shown in Figures 1 and 2. Figure 1 shows a transverse view of
a CCA with manually annotated MAB and LIB boundaries
superimposed. Figure 2 shows the surface of the manual
segmented inner and outer walls, including CCA, internal
carotid artery (ICA), external carotid artery (ECA), and
carotid sinus (bifurcation (BF)).

The atheromatous plaque has been well described in
terms of its progression, and the clinical characterization
of the atherosclerotic lesion has also been well documented
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Figure 3: Sagittal cross-section of a common carotid artery (CCA)
in 3D US image. The contours on the image show the manual
delineations done by the physician. The inner boundary is lumen-
intima boundary (LIB), and the outer boundary is the media-
adventitia boundary (MAB). The segmentations were performed on
parallel images with interslice distance (ISD) 1 mm.

[33]. Furthermore, it is true that plaques (a) extend into the
internal carotid artery and (b) that rupture of these plaques
will lead to stroke which has been well documented. However,
the vulnerable plaque in terms of its concepts is still a novel
area [34]. “Vulnerable plaque” is a term that has been derived
from a subgroup known as stenotic plaques. They are prone to
both rupture and erosion, sometimes causing acute coronary
syndromes and sudden cardiac death. Rupture prone plaques
have been shown in postmortem evaluation to have specific
characteristics [35]. Depending on the severity level of the
plaque, dietary change, drug treatment, or eventually surgical
treatment such as carotid endarterectomy (CEA) may be
introduced to prevent major heart attacks or strokes.

As will be described in the following sections, the
assessment of plaque vulnerability and risk of potential
rupture is very difficult noninvasively [36, 37]. And the
three-dimensional (3D) US vessel wall volume (VWV) mea-
surement is a 3D measurement of the vessel wall thick-
ness plus plaque within the carotid arteries. 3D US VWV
measurements are sensitive to changes in both intima-
media thickness and plaque and thus provide alternative
and complementary information to IMT [38, 39]. The MAB
and LIB segmentation on cross-section is a vital step for
both qualitative and quantitative evaluation. In most cases,
the CCA can be used to reflect and evaluate the carotid
atherosclerosis severity much more comprehensively and
accurately than ICA and ECA; this may be due to the
significant amount of plaque present proximal to the BF of the
carotid artery. Therefore, the proposed segmentation method
was only carried out on the CCA, since the focus was on the
essential part of stroke risk.

In this study, we only segmented a portion of the
common carotid artery (CCA). However, in the future, we
will investigate the segmentation of the internal and external
carotid arteries (ICA, ECA) as well. The proposed algorithm
segments each transverse slice independently and is a first
step toward reducing the operator interaction for carotid
segmentation. As for a future work, we will investigate the
use of both slice-by-slice propagation and direct 3D segmen-
tation to reduce the operator interaction further by utilizing
the image information along the out of plane direction as
well.

2.1. ImageAcquisition. The mechanical 3D US system utilized
in this study was described previously in [40]. The images
were acquired by driving a linear ultrasound transducer (L12-
5, Philips, Bothell, WA, USA, 8.5 MHz central frequency)
with a motorized linear device along the neck of the subject
at a uniform speed of 3 mm/s for about 4 cm without cardiac
gating [6].

The 2D ultrasound frames were captured by the US
machine (ATL HDI 5000, Philips, Bothell, WA, USA) and
reconstructed to 3D images with 3D Quantify (a multiplanar
visualization software) [41]. The voxel size was approximately

0.1 × 0.1 × 0.15 mm3.
The 3D Quantify generates 2D images of the artery by

slicing through the 3D image orthogonally to the medial axis,
in the inferior direction from the bifurcation (BF), with an
interslice distance (ISD) of 1 mm (Figure 3).

2.2. Study Subjects. Seventeen patients with carotid stenosis
over 60% were enrolled in this study [6]. The presence of
stenosis was verified using carotid Doppler US flow velocities.
8 subjects, 4 males and 4 females with mean age ± SD (65 ±6.6 years), were supplied with 80 mg atorvastatin daily for
3 months. The remaining 9 subjects, 4 males and 5 females
with mean age ± SD (68 ± 8.4 years), were assigned to
the placebo. Baseline and follow-up (3 months later) 3D
US images were acquired for each subject, for both left
and right carotid arteries. All subjects, in this study, were
recruited from the Premature Atherosclerosis Clinic and
the Stroke Prevention Clinic at University Hospital (London
Health Sciences Center, London, Canada) and the Stroke
Prevention and Atherosclerosis Research Center (Robarts
Research Institute, London, ON, Canada).

A written informed consent of the study protocol
approved by the University of Western Ontario Standing
Board of Human Research Ethics was provided to all subjects.

2.3. Manual Segmentation. Manual segmentation of CCA
boundaries is labor intensive and time consuming [42]. There
are several studies on semiautomated segmentation methods
for delineating carotid walls with 2D US images [21].

The manual segmentation method used in our work was
proposed by Egger et al. [18]. Prior to contouring, the expert
first located the BF and defined an approximate medial axis of
the carotid artery by choosing two end points of the axis. The
multiplanar 3D viewing software then presented 2D images of
the artery by slicing through the 3D image orthogonally to the
medial axis, in the inferior direction from the BF, with an ISD
of 1 mm. The expert then performed contouring of arteries on
each of these images. Figure 1 showed a transverse view of a
common carotid artery with manually annotated boundaries
overlaid. An expert outlined the vessel boundaries for five
times within one-day intervals. The image sequences were
randomized, and the operators were blinded to the image
order during each repetition to reduce memory bias [28].

2.4. Preprocessing. Several preprocessing steps were applied
prior to LIB and MAB segmentation. Firstly, contrast limited
adaptive histogram equalization (CLAHE) [43] was applied
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(a) (b)

Figure 4: Nine equally spaced landmark points (red points) along the manual contour (green points) were averagely picked for ASM training
((a): LIB; (b): MAB; refer to Figure 1). Three hundred and forty images were labelled by senior physicians. Some of the points may locate on
weak edges.

to enhance the local contrast of the US image. CLAHE
partitioned the images into contextual regions and applied
histogram equalization by fitting a Rayleigh distribution
to each region [44]. Next, Speckle Reducing Anisotropic
Diffusion Method (SRAD) was used for US speckle noise
reduction [45]. The SRAD was used to enhance the edges by
inhibiting diffusion across edges and allowing diffusion on
either side of the edges.

2.5. Active Shape Model (ASM). Active Shape Model (ASM)
is one of the statistical shape models (SSMs) developed
by Cootes et al. in 1995 [46]. The shape of an object is
usually represented by a set of 𝑛 points in ASM. By analysing
the variations in shape, a statistical model is built which
can mimic the variation [47]. The ASM algorithm seeks to
match a set of model points to an image, constrained by
the statistical model of shape which learns the valid ranges
of shape variation from the training set of labelled images
[48]. The general working steps of ASM are as follows: (a)
look in the image around each point for a better position for
that point (to locate a better position for each point one can
look for strong edges, or an expected match to a statistical
model at the point); (b) compute the changes in the pose
and shape parameters based on (a); (c) update the model
parameters to improve the match between a shape model and
image instance to ensure the model only deforms into shapes
consistent with the training set.

The technique is widely used to analyse images of faces,
mechanical assemblies, and medical images in 2D applica-

tions. Given a rough starting approximation (𝑋0), the ASM
matches the CCA model points to a new image using an
iterative technique. An ASM is defined by (1):𝑋 = 𝑋 + 𝑃 ⋅ 𝑏, (1)

where 𝑋 represents the mean shape of the training set, 𝑃 is
a matrix of the first few principal components of the shape,
created by using Principal Component Analysis (PCA), and𝑏 is shape parameters for the model, along with parameters
defining the global pose (the position, orientation, and scale)

[48], whose standard deviation from the mean shape ranges
between −3 and +3. Therefore,𝑋 is defined by the variable 𝑏.

Given a set of landmark points𝑋𝑖 for iteration 𝑖, the goal is to

find the landmark points �̇�𝑖 closest to the object border. The
shape is then updated by (2):𝑏 = 𝑃𝑇 ⋅ (�̇�𝑖 − 𝑋𝑖) , (2)

where each element of 𝑏 can only be within ±3 standard
deviations of the mean shape. The final ASM segmentation is

denoted as 𝑋Final. The training set of the ASM to determine𝑋 and 𝑃 is performed by manual delineation of the artery
boundaries followed by manual alignment of 9 equally
spaced landmark points (red points) along the contour (green
points) on both LIB and MAB as shown in Figure 4.

It should be noted that once the ASM is trained with
the training set, it can be used for the new CCA image
segmentations without significant manual intervention. Six
hundred and eighty 2D CCA images in total, extracted from
the 3D US data (10 two-dimensional images per each of 17
patients of two sides at 2 time points), have had their arterial
walls manually segmented previously as the golden standard.
Three hundred and forty (10 × 17 × 2) 2D CCA baseline
images data and manual boundaries results were used for
ASM learning as shown in Figure 5, while another three
hundred and forty treatment images data were used for ASM
segmentation and evaluation. And a demonstration of MAB
segmentation progress is shown in Figure 6.

CVD morbidity and mortality rates are higher in
atherosclerosis patients than in the general population [49],
leading to a reduced lifespan, lower quality of life, and
increased medical expenditures. Cross-sectional studies have
shown that underlying these higher CVD rates is a greater
burden of atherosclerosis in both the coronary [50] and
carotid [51] vasculature of patients. Therefore, imaging tech-
nique needs to be considered to monitor substantial plaque
progression or regression of atherosclerosis [52], even though
the progression or regression of the disease may be significant
or not between the two time points [6].
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(a) Modelling LIB shape and its variations of training set: the fixed blue-solid contours are the mean lumen shapes,
while the red-solid contours are deformed lumen shapes of the first four eigenvectors
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(b) Modelling MAB shape and its variations of training set: the fixed blue-solid contours are the mean adventitia
shapes, while the red-solid contours are deformed adventitia shapes of the first four eigenvectors

Figure 5: Mean shapes in each panel are the fixed (in blue); the first four eigenvectors-corresponded deformed shapes are diverse (in red),
because of the variety shapes of the LIB (a) and MAB (b) of training set. The units of both 𝑥- and 𝑦-axes of every subpicture are (mm).
The training results are generated from three hundred and forty 2D CCA baseline images data. The blue contour is the average shape of
baseline images data (training set), while the red one is the deformed shapes. The average shape contour would be superposed on follow-up
images data (test set) as the initialization contour for ASM segmentation (refer to movie I in Supplementary Material available online at
http://dx.doi.org/10.1155/2013/345968).
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(a) (b)

(c) (d)

Figure 6: Adventitia results comparison after the three-month therapy: (a) original image with the manual segmentation result as
a golden standard; (b) ASM segmentation process (refer to movie II in Supplementary Material available online at http://dx.doi.org/
10.1155/2013/345968); (c) segmentation result of the proposed method; (d) segmentation result of the training set without the example data.

The main findings in the study [53] is that dietary
interventions can induce a significant regression of carotid
atherosclerosis, which could be detectable by B-mode and 3-
dimensional ultrasound (3D US). What is more, based on the
research of [40], the change is also significant during three-
month statin treatment (atorvastatin) [54].

Since carotid anatomy varies considerably within indi-
viduals between left and right carotid arteries even in two
different time points, which affects the development of
plaque, and the low correlation coefficient between the left
and right sides, each carotid artery can be considered an
independent object [55]. Thus, the data sets used in this
study could be considered as different objects, which were
lowly correlated ones with statistical significance significant
change.

Also, the authors would use completely different slices
from various scans of diverse patients in future work as
totally uncorrelated individual data to thoroughly separate
the test and training data sets. And a preliminary test results
showed that there was no obvious subjective differences, from
which the training set is within (Figure 6(c)) and without
(Figure 6(d)) the example baseline data.

Furthermore, external or internal carotid arteries (ECA,
ICA) stenosis is less frequent and clinically less important
than CCA stenosis, and the segmented contours of CCA
could be used for drug treatment evaluation between baseline
time and follow-up time.

2.6. Evaluation Metrics. The Dice Similarity Coefficient
(DSC) was used as a region-based measure to compare seg-
mentation results on slice-by-slice basis. The DSC quantifies
the overlapping areas of two segmentation methods by the
following equation (3):

DSC = 2 𝑅𝑀 ∩ 𝑅𝑃
𝑅𝑀

 + 𝑅𝑃
 , (3)

where 𝑅𝑀 and 𝑅𝑃 denote the region of the manual and
proposed method boundaries, respectively.

The mean absolute distance (MAD) and maximum abso-
lute distance (MAXD) were used as boundary distance-based
metrics. The averages of MAD (see (4)) and MAXD (see
(5)) were computed using all vessels in the testing images to
obtain an overall estimate of boundary disagreement. And the
computational time is also estimated:

MAD𝑀,𝑇 = 1𝐾 𝐾∑
𝑖=1

𝑑 (𝑚𝑖, 𝑇) , (4)

MAXD𝑀,𝑇 = max
𝑖∈[1,𝐾]

{𝑑 (𝑚𝑖, 𝑇)} , (5)

where 𝑑(𝑚𝑖, 𝑇) is the distance between the vertex 𝑚𝑖 of the
manual drawn contour and its corresponding vertex on ASM
contour 𝑇, and𝐾 is the number of vertices.
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3. Results

Figure 6 shows the MAB segmentation progress after follow-
up treatment. Figure 7 shows the segmentation results of 18
slices with the proposed approach and manually contours for
3 subjects with a moderate level of plaque.

3.1. Validation. The validation of our segmentation algorithm
will require comparison with manual segmentation results.
The accuracy, variability, and reproducibility of the proposed
algorithm were evaluated by comparing with the physician-
drawn contours. Three to five experts delineated the CCA
boundaries on 340 2D slices. The method of Chalana and
Kim [56] was used to compute the mean boundary from the
repeated manual and algorithm-generated segmentations.
The ordering of the images was randomized to reduce
learning effects.

DSC, MAD, and MAXD were computed from 3D US
images to obtain overall estimates of each metric for the
image set. Table 1 shows the overall evaluation results of the
proposed algorithm for 340 transverse 2D US slices extracted
from 17 subjects after treatment.

The proposed method yielded a DSC of 94.4% ± 3.2% and92.8% ± 3.3% for the MAB and LIB, respectively. The method
gave submillimeter error values for the MAD of 0.26 ±0.18mm and 0.33 ± 0.21mm and MAXD of 0.75 ± 0.46mm
and 0.84 ± 0.39mm for the MAB and LIB, respectively. Our
approach took 4.3 ± 0.5mins comparing to 11.7 ± 1.2mins
of operator processing time for manual segmentation to
initialize/delineate a single 3D image [44].

4. Discussion

ASM performs exceptionally well when compared to other
deformable models, especially when segmenting objects
that do not have a clear, continuous boundary like the
CCA. It can capture expert prior knowledge in the training
examples annotation and compare resulting shapes easily
simultaneously, since they have a strict point correspon-
dence between landmark points. Therefore, ASM has been
extensively explored and still under investigation as well in
methodological aspects as in concrete applications.

The ASM algorithm is an iterative approach. It would be
applied to the training set of CCA arteries to locate the other
arteries. Assuming there is not a big difference between the
frames, the shape for one frame can be used as the starting
point for the search in the next, and it will require a few
iterations to lock on. This approach is particularly useful for
cases where the objects have a well-defined shape with a
representative and available set of examples [57]. In medical
image segmentation, because of the complexity of human
anatomy and the volatility of the appearance, traditional
approaches cannot obtain desired results. It requires a flexible
framework which can combine the properties of the image
itself with its prior knowledge.

In this paper, we introduced the ASM segmentation
method to delineate the LIB and MAB boundaries of the
CCA on transverse view sliced from 3D US images. The
proposed method was evaluated by comparing the resulting

boundaries and expert manually outlined boundaries which
act as a surrogate for ground truth. The algorithm yielded
a higher DSC for the MAB than for the LIB, and the
algorithm gave similar MAD and MAXD errors for both
vascular walls. It was obvious that the adventitia value is
better than lumen, which implies that we got the better MAB
segmentation result. The observations may result from (a)
weak image edges, particularly on boundary segmentation
that are parallel to the US beam direction and are not hard for
ASM learning and segmentation; (b) different components
between the two layers caused the different performance.
Inside lumen is liquid blood, while the outside adventitia is
complex connective tissue from the view of CCA physiology;
(c) the initialized average contours from baseline training
data have differences with the test data.

Most previous studies of the relationship between hemo-
dynamic factors and plaque stability have used in vitro
models. It is difficult to determine how accurate these models
represent conditions in vivo.

By studying carotid bifurcation angiograms, Schulz and
Rothwell [58] found the relationship between vessel anatomy
and plaque stability in vivo. And they have shown that carotid
anatomy varies considerably between individuals and can be
very asymmetrical within individuals, which is not similar
to faces or hands at all. Although it is possible that the
variation in arterial anatomy might influence training and test
results, there have been no previous studies of the association
between arterial anatomy and ASM algorithm stability in
either the coronary or carotid circulations of atherosclerosis.

Ideally, a study of the association between carotid
anatomy and statistical model would require a large
community-based cohort imaged with double-blinded
randomly selected. Unfortunately, given the relatively low
prevalence of moderate or severe carotid disease in the
community (only dozens of cases) is not possible. And
training and testing in this study may be performed within a
round-robin (leave-one-case-out) protocol later.

The ASM approach has been demonstrated in 2D data.
Our future work will extend it to 3D application. More
3D data needed to be collected. In addition, the definitions
of surfaces and 3D topology are more complex than those
required for 2D arteries boundaries. However, 3D models
which represent shape deformation can be successfully used
to locate structures in 3D data sets.

5. Conclusion

The main purpose of this work was to develop and evaluate a
new segmentation algorithm for outlining both MAB and LIB
of CCA on 2D transverse views sliced from 3D US images.
From a quantitative evaluation of the results, we concluded
that the proposed method could accurately segment the CCA
and also the saved time on average was substantial.

We have used the point distribution model to represent an
object as a set of labelled points, giving their mean positions
and a small set of modes of variation. Applying limits to the
parameters of the model enforces global shape constraints.
The constraints ensure that the properties of the testing one
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Figure 7: In order to subjectively and objectively evaluate the performance between the proposed approach and manually method, both
inner and outer contours are synchronized overlapped together. Green-solid-line outer contour and red-dotted-line inner contour represent
manual MAB and LIB, respectively; while yellow-starred outer contour and white-plus-signed inner contour represent algorithm-generated
MAB and LIB, respectively. Each column represents the images of individual patient. For each row from the top to the bottom, there are
images at different distance of 0, 2, 4, 6, 8 and 10 mm from the slice to the bifurcation (BF).

are similar to those of the training set. Given a set of shape
parameters, ASM can match the generated model to a new
similar image rapidly.

Preliminary experimental results showed that the seg-
mented areas could accurately define the locations of CCA
contours. This method could save the physicians’ time. Our

work provides an easy-handle technique to simplify the job of
labeling the contours in CCA manually. Therefore, it would
be helpful to promote the translation of 3D carotid US to
clinical care for the fast, safety, and economical monitoring of
the atherosclerotic disease progression and regression during
therapy.
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Table 1: Overall performance results of the proposed algorithm. Validation results of segmentation for 340 transverse slices of both left and
right sides from seventeen subjects (eight with 80 mg atorvastatin and nine with placebo, resp.,) after three-month treatment.

Metric DC (%) MAD (mm) MAXD (mm)

Media-adventitia boundary (MAB) 94.4 ± 3.2 0.26 ± 0.18 0.75 ± 0.46

Lumen-intima boundary (LIB) 92.8 ± 3.3 0.33 ± 0.21 0.84 ± 0.39

In this method, the segmentations of the MAB and
LIB can be used as a fundamental step in the analysis of
carotid plaque composition for the early identification of
vulnerable plaques and treatment evaluation to prevent a
possible stroke [40]. The proposed approach has another
merit, as clinical trials will be carried out temporal continuity
on the same patients by serially imaging them. Thus, manual
segmentation of the first time point followed by the authors,
more automated method would save analysis time.

Future work would be focused on (a) ICA and ECA
segmentation, (b) directly artery segmentation, and (c) thor-
oughly reducing the potential correlation between training
and test sets for reasonable double-blinded test.
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For any neuroimaging study in an institute, brain images are normally acquired from healthy controls and patients using a single
track of protocol. Traditionally, the factor analysis procedure analyzes image data for healthy controls and patients either together or
separately. The former unifies the factor pattern across subjects and the latter deals with measurement errors individually. This paper
proposes a group factor analysis model for neuroimaging applications by assigning separate factor patterns to control and patient
groups. The clinical diagnosis information is used for categorizing subjects into groups in the analysis procedure. The proposed
method allows different groups of subjects to share a common covariance matrix of measurement errors. The empirical results
show that the proposed method provides more reasonable factor scores and patterns and is more suitable for medical research
based on image data as compared with the conventional factor analysis model.

1. Introduction

Modern medical imaging techniques are capable of mea-
suring human brain in vivo [1]. For instance, magnetic
resonance (MR) imaging measures nuclei of atoms, and
positron emission tomography detects the positron-emitting
radionuclides to construct three-dimensional images. The
imaging procedures are designed and settled before medical
or cognitive experiments. Once the protocol is established,
the laboratory and the hospital begin to recruit a variety
of subjects of interest into experimental sessions. Errors
resulting from individual scans are actually generated from
common sources, such as the scanner, protocol, and software.
Initial classification of subjects into groups can be realized
by using clinical diagnosis, which may be uncertain to
some extent, provided by physicians along with subjects’
anamnesis.

Conventional factor analysis [2] models reduce high-
dimensional data into a few latent variables and assume that
data x were generated by a set of unobserved independent
unit-variance Gaussian source f plus uncorrelated zero-mean
Gaussian random noise u, x = 𝐿f + u, where 𝐿 is the
factor loading matrix. The sample covariance of x can be

expressed as 𝐿𝐿𝑇+Ψ, whereΨ is a diagonal covariance matrix
of random noises. The goal of factor analysis is to find 𝐿
and Ψ that maximally fit the sample covariance [3–5]. The
EM algorithm was proposed to estimate the matrices [6].
Factor analysis is commonly applied to the dataset as a whole
or to different groups of data separately, which may result
in factor patterns hard to interpret and limit the potential
use of the method in a wider range of medical applications.
In this study, we propose a mixture factor analysis model
(MFAM) to assign a common covariance matrix of noises
or measurement errors to different groups of subjects but to
allow individual groups having their own latent structures. In
the empirical application, we analyzed an Alzheimer’s disease
(AD) dataset by first extracting the volumetric information
from MR anatomical images for both healthy controls and the
patients suffering either AD or mild cognitive impairment,
followed by applying the proposed MFAM to the volumetric
data.

2. Material and Method

2.1. The Model. Let 𝑀 be the number of subject groups. To
find multiple sets of factor loadings, {𝐿𝑗; 𝑗 = 1, . . . ,𝑀}, with
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Figure 1: The plots of means and standard deviations for the three groups in different subcortical structures.
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the f scores distributed as Gaussian within each group, the
data vector can be decomposed into a linear combination of
factor loadings for each group [7, 8], that is, 𝐿𝑗 ∈ 𝑅𝐷×𝐾,

𝑥 = ∑
𝑗
𝜋𝑗 (𝜇𝑗 + 𝐿𝑗 × f | 𝑤𝑗) + u, (1)

where x is𝐷-dimensional and each factor scores f | 𝑤𝑗 has𝐾
variables, that is, f ∈ 𝑅𝐾. The parameter 𝜋 is associated with
the proportion of subjects in the 𝑗th group, 𝜋𝑗 = 𝑝(𝑤𝑗). The
indicator variable 𝑤 is one, 𝑤𝑗 = 1, when the data belongs to𝑗th group, otherwise 𝑤 is set to zero, 𝑤𝑗 = 0. The formula
(1) using 𝜋 introduces the main difference from previous
mixture models of factor analysis. The data vector x need not
be centered and the mean of the 𝑗th group data is 𝜇𝑗. The

covariance matrix of residuals u is a diagonal matrix Ψ =
diag[Ψ1, Ψ2, . . . , Ψ𝐷]. The data distribution can be expressed
as 𝑃 (x) = 𝑀∑

𝑗=1
∫𝑃 (x | f , 𝑤𝑗) 𝑃 (f | 𝑤𝑗) 𝑝 (𝑤𝑗) 𝑑f . (2)

In this work, capitalized𝑃 denotes the probability function of
a vector or a matrix and lowercase 𝑝 denotes the probability
function of a scalar. The factor scores are assumed to be
distributed as Gaussian𝑃 (f | 𝑤𝑗) = 𝑁 (0, 𝐼) , ∀𝑗. (3)

The notation 𝐼 is the identity matrix of order 𝐷. The
distribution of data x in each group is given by𝑃 (x | f , 𝑤𝑗) = 𝑁(𝜇𝑗 + 𝐿𝑗f𝑗, Ψ) . (4)

Based on the MFAM (2), the likelihood function 𝑄 is as
follows:

𝑄 = 𝐸[[ 𝑁∏
𝑖=1

𝑀∏
𝑗=1
{(2𝜋)−𝐷/2|Ψ|−1/2 exp [−(x𝑖−𝜇𝑗−𝐿𝑗f𝑖)𝑇Ψ−1

×(x𝑖−𝜇𝑗−𝐿𝑗f𝑖)]}𝑤𝑗]] ,
(5)
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Figure 3: The two curves record the approximate value of log
likelihood for two methods.

where𝐸 denotes the expectation. The𝑁 is the number of data
vectors (subjects) with subscript 𝑖 for the 𝑖th subject. We need
to compute the expectation of the variables,𝐸 (𝑤𝑗f𝑖 | x𝑖) = 𝐸 (𝑤𝑗 | x𝑖) 𝐸 (f𝑖 | 𝑤𝑗, x𝑖) . (6)

To estimate𝑄 in (5), the posterior probability of the 𝑗th group
is calculated as𝑃 (𝑤𝑗 | x) = 𝑃 (x | 𝑤𝑗) 𝑃 (𝑤𝑗)𝑃 (x)= 𝜋𝑗𝑁(x − 𝜇𝑗, 𝐿𝑗𝐿𝑇𝑗 + Ψ)∑𝑢 𝜋𝑢𝑁(x − 𝜇𝑢, 𝐿𝑢𝐿𝑇𝑢 + Ψ) , (7)

where the probability of x given 𝑤𝑗 is𝑃 (x | 𝑤𝑗) = 𝑁(x − 𝜇𝑗, 𝐿𝑗𝐿𝑇𝑗 + Ψ) . (8)
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Figure 4: The factor loading matrices for the three groups.

The parameters 𝜋 in (7) is the prior probability derived from
the clinical diagnosis. Therefore, the expectation of 𝑤𝑗 given
x𝑖 in (6) is proportional to the numerator in (7),ℎ𝑖𝑗 = 𝐸 [𝑤𝑗 | x𝑖] ∝ 𝜋𝑗𝑁(x𝑖 − 𝜇𝑗, 𝐿𝑗𝐿𝑇𝑗 + Ψ) . (9)

To calculate (6), we consider that the posterior probability of
f given x is

𝑃 (f | x) = 𝑃 (x | f) 𝑃 (f)𝑃 (x)∝ exp (− [f𝑇 (𝐿𝑇Ψ−1𝐿 + 𝐼) f − 2f𝑇𝐿𝑇Ψ−1
x]) .

(10)

After some arithmetic calculation, 𝑃(f | x) can be expressed
as 𝑃 (f | x) ∼ 𝑁 (𝑅−1𝐿𝑇Ψ−1

x, 𝑅) , (11)

where 𝑅 = (𝐿𝑇Ψ−1𝐿 + 𝐼). Hence, the expectation of f given x
is 𝐸 [f | x] = 𝑅−1𝐿𝑇Ψ−1

x. (12)

From above, 𝐸 (f𝑖 | 𝑤𝑗, x𝑖) in (6) is calculated as

𝐸 (f𝑖 | 𝑤𝑗, x𝑖) = 𝑅−1
𝑗 𝐿𝑇𝑗Ψ−1 (x𝑖 − 𝜇𝑗) , (13)

where 𝑅𝑗 = (𝐿𝑇𝑗Ψ−1𝐿𝑗 + 𝐼), according to (12).

There is no constraint on those factor loadings 𝐿𝑗. The
estimation of 𝐿𝑗 is simply the maximum of 𝑄. A convenient

way to express 𝑄 in (5) is achieved by setting f̃ 𝑖 = [f𝑇𝑖 1]𝑇

and �̃�𝑗 = [𝐿𝑗 𝜇𝑗]. The expected log likelihood function can

be expressed as𝐸 [log𝑄]
=𝐸[[log

𝑁∏
𝑖=1

𝑀∏
𝑗=1
{(2𝜋)−𝐷/2|Ψ|−1/2 exp [−12(x𝑖−�̃�𝑗f̃ 𝑖)𝑇Ψ−1

× (x𝑖−�̃�𝑗f̃ 𝑖)] }𝑤𝑗]]= −𝐷 × 𝑁2 × log (2𝜋) − 𝑁2 log |Ψ|−∑
𝑖,𝑗

12ℎ𝑖𝑗x𝑇𝑖 Ψ−1
x𝑖 − ℎ𝑖𝑗x𝑇𝑖 Ψ−1�̃�𝑗𝐸 [f̃ 𝑖 | x𝑖, 𝑤𝑗]

+ 12ℎ𝑖𝑗 × trace [�̃�𝑇𝑗Ψ−1�̃�𝑗𝐸 [f̃ 𝑖 f̃𝑇𝑖 | x𝑖, 𝑤𝑗]] .
(14)

To maximize𝑄with respect to �̃�𝑗, we equate the derivative of
(14) to zero,𝜕 log𝐸 [𝑄]𝜕�̃�𝑗 = −∑

𝑖
ℎ𝑖𝑗Ψ−1

x𝑖𝐸[f̃ 𝑖 | x𝑖, 𝑤𝑗]𝑇
+ ℎ𝑖𝑗Ψ−1�̃�𝑗𝐸[f̃ 𝑖 f̃𝑇𝑖 | x𝑖, 𝑤𝑗]𝑇 = 0⇒ �̃�𝑗 = (∑

𝑖
ℎ𝑖𝑗x𝑖𝐸[f̃ 𝑖 | x𝑖, 𝑤𝑗]𝑇)

× (∑
𝑠
ℎ𝑠𝑗𝐸[f̃ 𝑖 f̃𝑇𝑖 | x𝑠, 𝑤𝑗]𝑇)−1,

(15)

where 𝐸 [f̃ 𝑖 | 𝑤𝑗, x𝑖] = [𝐸[f𝑖 | 𝑤𝑗, x𝑖]𝑇 1]𝑇. (16)
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Figure 5: The result of maximum likelihood method and rotated by varimax with Kaiser normalization. The results of healthy controls are
not unique and unstable.

All the variables are estimated by the EM algorithm. In the
E-step, the algorithm computes the expectation of the factor
scores in (6) and the second moment of the scores,𝐸 [𝑤𝑗ff

𝑇 | x] = 𝐸 [𝑤𝑗 | x] 𝐸 [ff𝑇 | 𝑤𝑗, x] , (17)

by𝐸 [𝑤𝑗𝑓𝑖𝑓
𝑇
𝑖 | 𝑥𝑖] = ℎ𝑖𝑗Cov (𝑓𝑖 | 𝑤𝑗,𝑥𝑖)+ ℎ𝑖𝑗𝐸 [𝑓𝑖 | 𝑤𝑗,𝑥𝑖] 𝐸[𝑓𝑖 | 𝑤𝑗,𝑥𝑖]𝑇. (18)

The covariance matrix of residual, Ψ, can be estimated by its
inverse matrix,𝜕𝑄𝜕Ψ−1 = −𝑁2 Ψ − 12∑𝑖,𝑗 ℎ𝑖𝑗x𝑖x𝑇𝑖 + ℎ𝑖𝑗x𝑖𝐸[f̃ 𝑖 | x𝑖, 𝑤𝑗]𝑇�̃�𝑇𝑗

− 12ℎ𝑖𝑗�̃�𝑗𝐸[f̃ 𝑖 f̃𝑇𝑖 | x𝑖, 𝑤𝑗]𝑇�̃�𝑇𝑗 = 0. (19)

Substituting (15) for �̃�𝑗 and making constraints on the
diagonal of Ψ, we obtain

Ψ = 1𝑁 diag(∑
𝑖,𝑗
ℎ𝑖𝑗 (x𝑖 − �̃�𝑗𝐸 [f̃ 𝑖 | x𝑖, 𝑤𝑗]) x𝑇𝑖 ) . (20)

The prior probability 𝑝(𝑤𝑗) should be proportional to the
clinical diagnosis such that the estimation of the factor
loadings and the factor scores can capture the latent factors of
different disease groups. The proposed model also carries the
same indeterminacy problem associated with factor patterns;
that is there exist numerous orthogonal transformations to
rotate the matrix of factor loadings without changing the
maximum of 𝑄 [9]. Considering𝐻 be any𝐾×𝐾 orthogonal

matrix,𝐻𝐻𝑇 = 𝐻𝑇𝐻 = 𝐼. Equation (1) can be written

x = ∑
𝑗
𝜋𝑗 (𝜇𝑗 + 𝐿𝑗 × (𝐻𝐻𝑇) × f | 𝑤𝑗) + u

= ∑
𝑗
𝜋𝑗 (𝜇𝑗 + 𝐿∗𝑗 × f

∗ | 𝑤𝑗) + u, (21)
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Figure 6: The cluster means of the three groups.

where 𝐿∗𝑗 = 𝐿𝑗𝐻 and f∗ | 𝑤𝑗 = 𝐻𝑇 × f | 𝑤𝑗. The

assumption, f∗ | 𝑤𝑗 ∼ 𝑁(0, 𝐼), is kept. The covariance of x

is 𝐿∗𝑗(𝐿∗𝑗)𝑇 + Ψ = 𝐿𝑗𝐻𝐻𝑇𝐿𝑇𝑗 + Ψ = 𝐿𝑗𝐿𝑇𝑗 + Ψ, which remains

the same. Therefore, there are infinite equivalent solutions to
satisfy the maximum of (5). Imposing reasonable constraints
to identify a set of model parameters can make the factor
loadings scientifically interpretable. A widely used approach
for a simple factor structure is realized by setting some factor
loadings to hypothetical values such as zeros.

The permutation and changing the sign of columns in the
factor loading matrix with factor scores does not affect the
model at all and the algorithm will yield the same solution.
In order to realize consistent, interpretable, and comparable
results, we suggest to recursively test all combinations to
find the one of them that has the highest similarity among𝑀 factor loading matrices so that we can find a coherent
interpretation for different groups of subjects. Each pair of
factor loading and factor scores can be multiplied by either+1 or −1. The 𝑀 sets of loadings has (2𝐾)𝑀 combinations.
The possible permutation of the 𝑀 set of loadings is the
factorial of 𝐾. The complexity of the recurrence is therefore2𝐾𝑀 × (𝐾!)𝑀. The problem can be formulated as a bipartite
matching and the Hungarian algorithm can find the match in
a lower complexity.

2.2. Data Description. The T1-weighted MR images of 416
subjects were downloaded from the Open Access Series of
Imaging Studies [10], which is publically available for analysis.
All the T1-weighted images were acquired on a 1.5-T Siemens
Vision scanner. Among all 416 subjects, there are 316 normal
subjects (average age: 45.09 ± 23.90), 70 subjects who have
been clinically diagnosed with very mild AD (average age:76.21 ± 7.19), and 30 are with moderate AD (average age:78.03 ± 6.91). The proportions of each type of subject are 𝜋 =[75.96%, 16.83%, 7.21%]𝑇. Multiple intrasession acquisitions
provide extremely high signal-to-noise ratio, making the
data amenable to our analysis. The available images were
provided skull stripped, gain field corrected, and registered
to the atlas space of Talairach and Tournoux [11] with a 12-
parameter rigid affine transform. The resolution of the images

Table 1: The ANOVA results for the three groups in different
subcortical structures.

Structure 𝑝-value

Left thalamus proper 2.0183 × 10−15
Left caudate 1.3736 × 10−5
Left putamen 6.9145 × 10−18
Left pallidum 0.0351
Brain stem and ventricle 0.1707
Left hippocampus 1.5656 × 10−20
Left amygdala 9.1999 × 10−4
Left accumbens area 1.0958 × 10−8
Right thalamus proper 2.6864 × 10−17
Right caudate 1.6556 × 10−6
Right putamen 1.6447 × 10−13
Right pallidum 8.8771 × 10−5
Right hippocampus 3.5498 × 10−22
Right amygdala 6.5971 × 10−5
Right accumbens area 8.7323 × 10−17
is 176 × 208 × 176. The number of voxels, which is more
than six million, is much larger than the number of subjects.
We extracted the clinically and psychologically interested
regions instead of processing whole voxels in the image.
The subcortical structures are extracted by the segmentation
method [12] which uses manually labeled image data as
priori information for a Bayesian framework that utilizes the
principles of the active shape and appearance models. The
size of a subcortical region was calculated by multiplying the
voxel size and the number of voxels in the region. Fifteen
subcortical regions were successfully extracted.

According to a demographic study by the National
Institute on Aging and Alzheimer’s Association based on the
data collected in the Chicago Health and Aging Project, the
prevalence of dementia among individuals aged 71 and older
was 13.9%, and AD (Alzheimers disease) was 9.7% [13]. The
study was based on a sample of 856 individuals. The 𝜋 was

estimated to be [76.4%, 13.9%, 9.7%]𝑇 which is close to the
statistics in our empirical data. The data vector of each subject
had fifteen dimensions, each corresponding to the volume
size of a subcortical structure divided by the estimated total
intracranial volume. The average size of all of the intracranial

volume is 1480.5 cm3. The intracranial volume is estimated by
the linear registration from a manually measured intracranial
volume of a standard brain to the individual brain [14].
The analysis of variance (ANOVA) of the data for each
structure were calculated and shown in Table 1 and Figure 1.
The smaller 𝑝 value indicates high probability of inequality of
the structure size among the three groups.

We subtracted the mean from the data and used the
remainder for analysis. Using the covariance matrix of the
data to estimate the factor scores would cause that a few
structures dominate the factor loadings; therefore, we divided
each dimension by its standard deviation to compel each of
them to have unit variance. After the algorithm converged,
we used varimax rotation [15], which transforms the loadings
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Table 2: The normality test of factor score by Kolmogorov-Smirnov test.

p value
Proposed method Traditional method

Factor 1 Factor 2 Factor 3 Factor 1 Factor 2 Factor 3

NL 0.20 0.12 0.53 0.51 0.19 0.82

vAD 0.00 0.55 0.29 0.54 0.44 0.30

AD 0.02 0.14 0.14 0.81 0.89 0.83
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Figure 7: Correlations of factor scores with the MMSE scores. The red color denotes healthy subjects; the green color denotes very mild
AD patients; the blue color denotes the moderate AD patients. The regression lines of the three groups by the (a) proposed method and (b)
conventional method are also plotted in the figures.

into the space that maximizes the variance, to rotate the factor
loadings. Given data, the expectation of its type was set to

[ℎ𝑖1, ℎ𝑖2, ℎ𝑖3] = {{{ [1, 0, 0] if subject 𝑖 belongs to NL[0, 1, 0] if subject 𝑖 belongs to vAD[0, 0, 1] if subject 𝑖 belongs to AD.
(22)

3. Results

Figure 3 shows the trend of the likelihood climbs as adding
the number of factors in the analysis. In the scree plot
in Figure 2, three eigenvalues of the covariance matrix of
the whole dataset are greater than one and the cumulative
percentage of variance from the largest three eigenvalues
reaches 78%. Thus we set 𝐾 = 3 in this analysis.

The factor loadings for the three groups are shown in
Figure 4, in which the vertical axis marks the fifteen regions.
The vAD denotes the group of very mild AD. The log
likelihood in (5) after the algorithm converges is −5475.814.
The loading of structures has symmetric property and usually
the right and left structures have similar loadings. Using
the factor loadings to estimate 𝜋 and the expected group
information given x by (9), we obtain the adjusted and turned

proportions as [82.89%, 7.97%, 9.14%]𝑇. This may suggest
the underlying variation among different groups of subject
and need further investigation. Note that the reestimated
proportion ℎ𝑖𝑗 is not binary anymore.

We show the results of conventional factor analysis in
Figure 5 as a comparison. The program run on the mild AD
patients in the dataset cannot achieve reproducible results;
therefore, the quantity of mild AD’s results in Figure 5 varies
from time to time. The analysis for the AD group cannot
converge, however the factor loadings are reproducible. The
distance of whole factor loading matrices among the three

groups for conventional factor analysis is 5.28 while the
proposed method is 4.54. The correlation of the three-factor
loading matrix estimated by conventional factor analysis
methods is [𝐶12, 𝐶13, 𝐶23] = [0.3879, 0.1698, 0.3633]. The
correlation by proposed method is [0.5388, 0.5564, 0.4986].
Table 2 lists the 𝑝 values for all factors by the Kolmogorov-
Smirnov test [16] on the factor scores against a Gaussian
distribution. The test examines the difference between input
distributions and a Gaussian distribution. The smaller the𝑝 values, the more strongly the test rejects the Gaussian
assumption. The algorithm tries to search for loads with
normally distributed factor score, hence large 𝑝 indicates the
factor fit well to Gaussian distribution.

The means (centers) of the clusters are shown in Figure 6.
The means are near the origin and include negative value
because the data are standardized by the subtraction of the
overall mean of the data in the preprocess stage. The yellow
color in the first column indicates that healthy controls have
larger sizes in subcortical structures, and the second and
the third columns indicate that the patients have smaller
sizes in different subcortical regions in general. The AD
patient has very small thalamus, putamen, and hippocampus.
The hippocampus is related to memory and learning. The
putamen is a structure involved in the regulation of voluntary
movement. The abnormal pallidum in Figure 4 can cause
movement disorders. Figure 7 shows the associations of first
factor scores with the score of minimental state examination
(MMSE) by both methods.

4. Conclusions

The proposed method finds closer and more correlated factor
loadings than the conventional method because it considers
the same error matrix for different groups of data. The
result of conventional factor analysis having higher normality
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for AD patients than normal subjects is less convincing.
Conventional factor analysis that decomposes the observed
data together intermixes the latent factors. Taking the data
apart will misseparate the noise. This work proposed using
a mixture model of factor analysis method for neurodegen-
erative disease research by showing highly correlated factor
loading across different groups of subjects and together with
proper normality of the factor scores.
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Pulmonary acinus is the largest airway unit provided with alveoli where blood/gas exchange takes place. Understanding the
complete structure of acinus is necessary to measure the pathway of gas exchange and to simulate various mechanical phenomena
in the lungs. The usual manual segmentation of a complete acinus structure from their experimentally obtained images is difficult
and extremely time-consuming, which hampers the statistical analysis. In this study, we develop a semiautomatic segmentation
algorithm for extracting the complete structure of acinus from synchrotron micro-CT images of the closed chest of mouse lungs. The
algorithm uses a combination of conventional binary image processing techniques based on the multiscale and hierarchical nature
of lung structures. Specifically, larger structures are removed, while smaller structures are isolated from the image by repeatedly
applying erosion and dilation operators in order, adjusting the parameter referencing to previously obtained morphometric data. A
cluster of isolated acini belonging to the same terminal bronchiole is obtained without floating voxels. The extracted acinar models
above 98% agree well with those extracted manually. The run time is drastically shortened compared with manual methods. These
findings suggest that our method may be useful for taking samples used in the statistical analysis of acinus.

1. Introduction

The mammalian respiratory system can be separated into two
functional zones: conducting and respiratory. The conducting
zone, as an airway tree, comprises abundant branching tubes
originating from the trachea, dividing dichotomously into the
bronchi and bronchioles, and ending in the terminal bron-
chioles. Between the conducting zone and the respiratory
zone, there is an intermediary region called the transitional
bronchiole. Functionally, the acinus is defined as the largest
airway unit, which is provided with alveoli, the smallest air-
filled structures in the lung where blood/gas exchange takes
place. The most precise definition is that the pulmonary
acinus comprises the branched complex of alveolated airways
that are connected to the same first order respiratory or
transitional bronchiole [1]. Exploring the depth of the lung,
for example, microstructure of the acinus, is significant

for the characterization of the respiratory system at both
the structural and functional level, in particular, from the
viewpoint of biomechanics.

The microstructure of the lung is harder to reconstruct
and visualize relative to that of the conducting airways. Com-
mon X-ray CT images lack resolution for imaging microscale
subjects, so the technique is unavailable to visualize fine
structures of the lung [2]. Previously, silicone rubber cast
models (3D) [3] and serial histological section reconstruction
(2D-3D) [4, 5] have been used to visualize the structure
of the lung parenchyma. These approaches can provide the
morphological information of pulmonary acinus. However,
both approaches have limitations when they are used to
reconstruct the 3D structure of fine lung parenchyma for
biomechanical simulation. Recently, advances in micro-CT
[6, 7] and synchrotron micro-CT imaging [8–11] have made
it possible to visualize the in situ lung anatomical structure



2 Computational and Mathematical Methods in Medicine

in 3D with micrometer resolution. Because synchrotron
radiation gives a much higher flux with a collimated X-ray
beam compared with laboratory microfocus X-ray sources,
the contrast of a synchrotron image is higher than that of a
conventional X-ray source. Even though the required image
resolution was available, the identification (segmentation) of
the acinus structure in synchrotron micro-CT images was
still hard to achieve because of the complexity of the porous
structure and the razor-thin membrane wall.

A reconstruction method of a certain region of the
lung parenchyma has been published [10], but it is not
an entire functional structure. A complete structure of the
acinus is necessary to measure the pathway of gas exchange
and to simulate gas diffusion, tissue deformation, and air
particle deposition [12–14]. Commonly, segmentation of the
acinus structure is performed manually by an expert but
is very tedious and time-consuming. In such situations, it
is impractical to carry out the statistical analysis for inves-
tigating pulmonary morphology and function. Therefore,
a segmentation technique for rapidly extracting the entire
acinus structure is desired.

Here, we propose a semi-automatic segmentation algo-
rithm for extracting pulmonary microstructures from three-
dimensional synchrotron micro-CT images. Improvements
of basic dilation, region growing, and erosion techniques
are used to achieve extraction of various scales of airway
structures, such as terminal bronchioles and acini. A cluster
of acini structures belonging to a terminal bronchiole can also
be obtained completely without isolated alveoli.

This paper is organized as follows. The specimen and
micro-CT image preparation are given in Section 2. In
Section 3, preprocessing and extraction of terminal bronchi-
oles and acini are explained in detail. Section 4 describes our
experimental results and includes a discussion.

2. Specimen and Micro-CT Images

The preparation of images has been previously described
in detail elsewhere [9], and thus are only recapitulated
briefly here. Intact, healthy mouse lungs (A/J, 9 weeks) were
visualized using the synchrotron refraction-enhanced CT
system at SPring-8 (http://www.spring8.or.jp/) [15]. Images
were obtained when lung pressure was kept at 0 cmH2O. The
resolution was 4000 × 4000 × 1343 voxels, with cubic voxels
of 2.8 𝜇m3. Figure 1 shows a representative CT image.

3. Segmentation Algorithm

The entire process of extracting the acinus structure from 3D
synchrotron micro-CT images is shown in Figure 2. We start
by preprocessing raw micro-CT data to transform grayscale
images to binary and to reduce the effects of image noise on
the segmentation after binarizing. Based on the hierarchical
anatomical structure of the lung, with scales decreasing from
bronchioles to the alveoli, the separation of connected acini
was divided into two stages in terms of dimension. For clarity
and simplicity, we describe this algorithm in a 2D illustration
as shown in Figure 2.

Figure 1: Representative synchrotron micro-CT image of the pare-
nchyma of a mouse lung. The star marks a terminal bronchiole that
is the terminal branch of conducting airways. Bar = 100𝜇m.
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Figure 2: Flowchart of the semi-automatic segmentation algorithm
of the pulmonary acinus. TB means terminal bronchiole.

3.1. Preprocessing: Binarization and Noise Reduction. In pre-
processing, binarization and noise reduction were per-
formed. The original micro-CT images contain too much
information of lung structure to process; thus, we cropped the
3D images as 1000 × 1000 × 1000 cubes including sufficient
lower lung information. As CT images are susceptible to
impulse noise, and to reduce the influence of such image
noise, we start by preprocessing the image data set by a simple
denoising operation (medium filter) before the segmentation
algorithm.

As each pixel (voxel in 3D case) must represent either
air space or tissue in the lung microstructure image, all
gray values were binarized into either lung tissue or air
space. The selection of the threshold value for binarization
can greatly influence the computational complexity of the
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(a) (b)

(c)

Figure 3: Two-dimensional illustration for preprocessing. (a) Binarization with a reasonable threshold value. (b) Elimination of the noise
inside the airspace. (c) Recovery of the airspace to the original location and elimination of the outside noise.

algorithm. We used the value at the nadir of the saddle-like
CT brightness histogram as an objective selection criterion
for the gray scale threshold separating airspace from tissue.
If the value of nadir causes irreparable noisy influence, a
slight adjustment in fuzzy region can be approved reasonably.
The dark gray corresponding to CT values greater than the
threshold separating the two peaks was set to white (air
space), and CT values less than this threshold were set to black
(tissue).

Let us assume that two neighboring alveoli were binarized
by a reasonable threshold value as in the example shown in
Figure 3(a). As indicated in the figure, two types of binarized
noises exist. Type I (shown in Figure 3(a) by arrows) is the
imaging noise inside or outside the alveolar space, which can
distort the image of the anatomic structure of pulmonary
acinus, and type II (indicated in Figure 3(a) by an oval) is
the image artifacts between different alveoli caused by the
razor-thin wall of tissue between them. To avoid the effects
of binarized noise (only type I) and to maintain the real
structure of acini air space, we also need to preprocess the
binarized images.

Internal noise influences the subsequent steps of pre-
processing. Depending on the mean noise size, we first
dilated the air space (white) by a reasonable number to fill
up the internal noisy holes (Figure 3(b)). This process was
performed by 6-connected erosion operator for tissue using
a 3 × 3 square structuring element (in 3D, a 3 × 3 × 3 cube
structuring element). Then, to eliminate the redundant voxels
caused by dilation, a reasonable number of 26-connected
dilation operators for tissue (several times larger than the
number of erosion operator) were performed (Figure 3(c)).
After this, external binarized noise is eliminated. Detailed

procedures of the dilation and erosion operators are given in
the Appendix.

3.2. Separation of Connected Acini. After reducing the type
I noise from binary images, the fundamental structure of
several clusters of connected acini was revealed. To some
extent, type II binarized noise exists between two alveoli
that belong to different acini. Thus, intact structure of a
lung acinus cannot be extracted by only the region growing
method [16] from a seed point in the target acinus.

By definition, the terminal bronchiole is the previous
generation of acinus structure, and the scale of it is large
enough to avoid binarized noise caused by image artifacts.
Thus, by deleting the terminal bronchiole from the working
space, the acini belonging to it can be isolated from the
entrances. However, from the entrance of each acinus, the
single-seed region growing still faults to extract acinus as
type II binarized noise. The problem regarding separation of
connected acini translates into the elimination of type II noise
between alveoli belonging to different acini.

3.2.1. Extraction of Terminal Bronchioles. Using binarized
3D synchrotron micro-CT slices, the acinus was segmented
starting at the terminal bronchiole. First, the extraction of the
terminal bronchioles was performed by carrying out the 6-
connected erosion operator using a 3 × 3 square structuring
element (in 3D, a 3 × 3 × 3 cube structuring element) with
a reasonable number to eliminate the connection between a
terminal bronchiole and its subsequent acini. The number
of erosion for extracting terminal bronchioles is based on
the average path length from a pulmonary model of mouse
lungs [17–19] and the resolution of a synchrotron micro-CT
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Figure 4: Two-dimensional illustration for the extraction of acinus. (a) Two neighbouring alveoli before erosion. (Blue shows preeroded
region.) (b) Two neighbouring alveoli after erosion. (c) Dilation of the acinus to the original location.

Table 1: Diameter of the small airways and equivalent number of
erosion for elimination.

Airway name Diameter (𝜇m)∗
Erosion number for
eliminating airway

Terminal bronchiole 160 29 times

Transitional and
respiratory bronchiole

100 18 times

Alveolar duct 90 15 times

Alveolus 58 11 times
∗Taken from previous morphometric data published by Oldham and
Robinson [17] on in situ lung casts of BALB/c mice. The lung pressure is the
same as in this study.

image. In addition, considering the nuances of airway size
in different mouse stains, these parameters were adjusted
slightly to increase robustness. Therefore, the equivalent
erosion number was calculated as the quotient of these two
parameters rounded to the nearest integer. Details of the data
set are given in Table 1.

Second, to select a seed point in the remaining terminal
bronchiole region, we performed single-seed region growing.
The region-growing operator starts from a certain seed point
inside the eroded terminal bronchiole to be segmented. The
pixels neighboring this seed point were evaluated by a 3 × 3
square structuring element (in 3D, a 3×3×3 cube structuring
element) to determine if they should also be considered as
part of the terminal bronchiole. If so, they were added to the
seed region, and the process continued as long as new pixels
were added to the region.

Finally, the 26-connected dilation operator using a 3 × 3
square structuring element (in 3D, a 3×3×3 cube structuring
element), which uses the same number for erosion, was

carried out to recover the terminal bronchiole to the original
location. Detailed procedures of the dilation and erosion
operators are given in the Appendix.

3.2.2. Extraction of Acini. After deleting terminal bronchioles
from the working space, all acini belonging to it can remain
with isolated entrance. Because of the type II noise between
alveoli belonging to different acini, an acinus still cannot be
extracted directly. We continue to use the two neighboring
alveoli samples as shown in Figure 3(c) and assume that they
belong to two different acini.

First, a 6-connected erosion operator using a 3× 3 square
structuring element (in 3D, a 3 × 3 × 3 cube structuring
element) should be performed for acinus air space. The
illustration before and after erosion is shown in Figures 4(a)
and 4(b). Since the dimension of acinus is very fine and the
diameter of an alveolar mouth opening is usually less than
the diameter of a mature alveolus, the number of erosion for
extracting an acinus has a threshold. The ratio of an alveolar
mouth opening to a mature alveolar diameter was assumed
to be the criterion for evaluating the number of erosion for
extracting the acinus structure. The threshold of the number
of erosion𝑁 was defined as𝑁 = ⌊Diameter of alveolar mouth opening

Voxel size × 2 ⌋ . (1)

In this study, 𝑁 = 4, where the ratio is 40% [20] and the
mature alveolar diameter is 58 𝜇m [19].

After erosion, the target acinus was isolated from the
other connected acini. A single-seed region growing operator
using a 3 × 3 square structuring element (in 3D, a 3 × 3 × 3
cube structuring element) was performed to select the target
acinus (assuming A in Figure 4(b)).
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Figure 5: Original slice from a mouse lung synchrotron micro-CT image, binarization threshold value and noise reduction results. Bar =
100𝜇m.
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Figure 6: (a) 3D reconstruction of the extracted terminal bronchiole without following acini. (b) Back view of the same reconstruction data.
Stars mark part of a previous generation of its associated terminal bronchiole. Entire branches are marked by serial numbers. The dimensions
of the bounding boxes (a) and (b) are 1.26 × 1.06 × 1.26mm3.

Finally, a 26-connected dilation operator using a 3 × 3
square structuring element (in 3D, a 3×3×3 cube structuring
element), which uses the same number as erosion, was carried
out to recover the target acinus to the original location
(Figure 4(c)). The detailed procedures of the dilation erosion
operator are given in the Appendix.

3.3. Validation

3.3.1. Completeness. The incompleteness of the extracted
acinus is caused when type II noise existing between alveoli
belonging to different acini is larger than the alveolar mouth
opening, that is,𝑁>4. If this phenomenon occurred, except
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(1) (2) (3)

(4) (5) (6)
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Figure 7: 3D reconstruction of all 9 extracted acini. The dimensions of the bounding boxes (mm3): (1) 1.23×1.20×1.68; (2) 0.98×1.06×1.37;
(3) 1.37 × 0.95 × 1.34; (4) 0.81 × 0.87 × 1.06; (5) 0.56 × 0.84 × 0.81; (6) 1.46 × 1.68 × 0.98; (7) 0.81 × 0.84 × 1.04; (8) 0.81 × 0.78 × 1.15; and (9)0.76 × 0.95 × 1.01.

in the extracted acinus region, the omissive parts of alveolus
and the other acini remained in the working space. To obtain
the omissive parts, the other acini regions were eliminated by
single-seed region growing using a 3 × 3 square structuring
element (in 3D, a 3 × 3 × 3 cube structuring element).
Combining the extracted acinus structure and the omissive
parts, a complete acinus can be restored.

3.3.2. Comparison of Manual and Semi-Automatic Methods.
To evaluate the accuracy of our semi-automatic segmentation
algorithm, we segmented several of the same acini by our
semi-automatic method and manual method. The quantita-
tive comparison 𝛼 was defined as match ratio𝛼 = 𝑛match𝑛match + 𝑛error

× 100, (2)

where 𝑛match is the number of matched voxels that are
segmented by both methods, and 𝑛error is the number of error
voxels that are different between the two methods.

4. Results and Discussion

4.1. Original Micro-CT Image Preprocessing. Based on the
synchrotron micro-CT images, binarization and noise reduc-
tion were performed to preprocess and maintain the real aci-
nus structure. Figure 5 shows an example for preprocessing
the original synchrotron micro-CT slice. Here, Figure 5(a)
shows the original slice from a mouse lung synchrotron
micro-CT image, and Figure 5(b) shows the pixel intensity
histogram for binarizing the original image with an optimal
threshold value. Meanwhile, the binary image, the binary
image with inside noise eliminated (in air space), and the
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Figure 8: Total number of samples is 50.× marks the number of
erosion operations that are not suitable for extracting an acinar
model, and the red star marks the ideal number of erosion opera-
tions. Columns show the number of extracted acini (left 𝑌 axis) and
the line shows the loss ratio of alveoli (right 𝑌 axis).

binary image with all noise eliminated are shown in Figures
5(c), 5(d), and 5(e), respectively. Based on the binarization
and noise reduction of preprocessing, the images became
clear, and all pixels only represent either air space (white) or
tissue (black).

It is worth pointing out that the acinus belonging to other
terminal bronchioles means that such acinus was considered
noise and needed to be eliminated. The black region remained
in the lower right corner of Figure 5(e), which shows the
elimination of acinus as noise.

4.2. 3D Reconstruction of ROI. Using the preprocessed bi-
nary images, the acinus was segmented starting from the
deletion of terminal bronchioles. A representative terminal
bronchiole without the subsequent acini was segmented as
shown in Figure 6. According to the branch point of acini
belonging to this terminal bronchiole, 9 clusters of acini were
detected and positioned for further segmenting.

Using our semi-automatic segmentation algorithm, aci-
nus structures were segmented quickly. The extracted acini
are shown in Figure 7. All these models, except number
5, were deemed complete depending on the threshold 𝑁.
The branches of the terminal bronchiole correspond to the
entrances of each acinus.

To verify the threshold of completeness criterion, a mass
of experiments were carried out via trial and error. We
extracted 50 intact acinus samples to create a database. The
distribution of the number of erosion for acinus is shown in
Figure 8. The red star marks the ideal value of the number of
erosion as the high ratio of extraction and low ratio of loss of
alveolar fine texture, which agrees well with the threshold𝑁.
When the number of erosion is less than or equal to 2, type
II noise between neighbouring alveoli belonging to different
acini is too large to eliminate. Therefore, the initial number of
erosion for all segmentation process is set as 3.

As indicated in Figure 8, when the number of erosion
is larger than 4, the loss ratio of alveoli increases from 0.23
to 7.64. Even though the percentage is not very large, the

Table 2: Quantitative comparison of the four pairs of acinus models
in Figure 11.

Sample No. 𝑛match 𝑛error 𝛼
(a) 1648004 7537 99.5

(b) 2418765 46274 98.1

(c) 11718520 9990 99.9

(d) 4234352 714 99.9

omission of alveolar structure influences the morphometry
such as an investigation of an airway branch to the terminal
alveolus.

The adjustment of an incomplete acinus was shown by
3D reconstruction of the number 5 acinus in Figure 9. This
incomplete acinus was extracted by five erosion operations,
which is larger than the threshold of completeness check.
The omission of alveoli fine texture after segmentation
and the recovered result are shown in Figures 9(a) and
9(b).

Here, we successfully segmented and repaired nine clus-
ters of acini belonging to the same terminal bronchiole. All
the acini fill the space in the lung where they localized as
shown in Figure 10.

4.3. Comparison of Manual and Semiautomatic Results. Both
qualitative and quantitative comparisons for the manual
and semi-automatic methods were performed. Four acini
models were extracted manually by commercial software
(Amira 5.4.1), and the same regions were also extracted
by our semiautomatic algorithm. Figure 10 shows the 3D
reconstruction of these four acini models. Intuitively, the
results of the segmentation by the two methods were basically
the same except for the entrance.

As indicated in the (b) and (c) group in Figure 11, the
sharpness of the acinar entrance is significantly different. The
manual method has difficulty processing an acinus that has a
direction of entrance perpendicular to the direction of the 3D
image slice. The processing time of an acinus model running
manually was about 1 wk; otherwise, the running time of the
semiautomatic algorithm was about 2 hr.

Table 2 shows the quantitative comparison 𝛼, and overall
values are above 98%.

5. Conclusion

We have described a semi-automatic segmentation algorithm
for extracting lung microstructure acinus from synchrotron
micro-CT images. The algorithm uses a combination of
binary image processing operators: erosion, region growing,
and dilation based on the multiscale structure of the lung.
A cluster of extracted lung acini structures belonging to the
same terminal bronchiole is possible to fill in the space in the
lung where it is localized. The extracted acini models with 𝛼
values above 98% agree well with those extracted manually.
The run time is drastically shortened compared with the
manual method.
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(a) (b)

Figure 9: 3D reconstruction of the adjustment for an incomplete acinus. (a) Omission of alveoli fine texture. (b) Repaired complete acinus.

(a) (b)

Figure 10: (a) 3D reconstruction of the extracted terminal bronchiole acini. (b) Back view of the same reconstruction data. The dimensions
of bounding boxes (a) and (b) are 2.80 × 2.18 × 2.21mm3.

(a) (b) (c) (d)

Figure 11: Four intact reconstructed acini. In each group, the upper acinus was extracted by our semi-automatic method, and the lower acinus
was extracted by the manual method.
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Figure 12: Flowchart of the modified erosion (a) and dilation (b)
operator (for air space).

Appendix

Detailed Procedure of Image
Processing Operator

Figure 12 shows the flowchart of erosion (a) and modified
dilation (b) operator (for air space) used in our algorithm. The
erosion operator is the basic effect of the operator, which is to
erode away the boundaries of regions of foreground voxels.
The dilation operator is another basic effect of the operator
which is to gradually enlarge the boundaries of regions of
foreground voxels. In particular, the dilation operator was
modified on the basis of an acinus structure.

For air space, “1” means foreground and “0” means
background, otherwise for tissue, “0” means foreground and
“1” means background;𝑚 is the number of connectedness.
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Dentin is a hierarchically structured biomineralized composite material, and dentin’s tubules are difficult to study in situ. Nano-
CT provides the requisite resolution, but the field of view typically contains only a few tubules. Using a plate-like specimen allows
reconstruction of a volume containing specific tubules from a number of truncated projections typically collected over an angular
range of about 140∘, which is practically accessible. Classical computed tomography (CT) theory cannot exactly reconstruct an
object only from truncated projections, needless to say a limited angular range. Recently, interior tomography was developed to
reconstruct a region-of-interest (ROI) from truncated data in a theoretically exact fashion via the total variation (TV) minimization
under the condition that the ROI is piecewise constant. In this paper, we employ a TV minimization interior tomography algorithm
to reconstruct interior microstructures in dentin from truncated projections over a limited angular range. Compared to the filtered
backprojection (FBP) reconstruction, our reconstruction method reduces noise and suppresses artifacts. Volume rendering con-
firms the merits of our method in terms of preserving the interior microstructure of the dentin specimen.

1. Introduction

Teeth are important and interesting biomineralized tissues
with remarkable mechanical properties through their hierar-
chy of structures [1]. Enamel, a hard, resistant material almost
totally composed of carbonated apatite (cAp), covers the
outer, exposed portion of the tooth. The tooth’s interior (and
the majority of its volume) consists of dentin, a tough com-
posite of carbonated apatite (cAp) and collagen. Prominent
features within dentin are the tubules that extend from near
the junction with enamel to the pulp cavity in the tooth’s inter-
ior. Tubule diameters are typically 1-2 𝜇m, and tubule spacing
is ∼5–10𝜇m. Smaller channels called canaliculi run from the
tubules into the surrounding dentin, and their diameters are
in the range of 100–300 nm [2].

Dentin tubules and their surroundings remain of interest
not just to microanatomists but also to those studying the effi-

cacy of prostheses’ attachment. The small dimensions of den-

tin tubules make them difficult to evaluate and have moti-

vated major research efforts. Up to date, tubules and their sur-

roundings have been characterized with microradiography

[3], scanning electron microscopy (SEM) [4], transmission

electron microscopy (TEM) [5], secondary ion mass spec-

troscopy (SIMS) [6] position-resolved X-ray diffractometry

[7], micro-CT [8, 9] and nano-CT [10, 11]. With the exception
of the CT techniques, these techniques provide essentially 2D

views of intrinsically 3D tubules.

Of particular interest, nano-CT provides the requisite 3D
spatial resolution for studying dentin’s tubules and canaliculi.
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However, exact nano-CT reconstruction typically requires
that the specimen remains within the field-of-view (FOV)
during a 180∘ scan. Suitable cross sections, say 25𝜇m across,
can be machined from thin wafers of dentin using focused
ion beams, but this process is quite slow and would limit the
number of tubules that could be examined. Local or region-
of-interest (ROI) tomography is quite valuable for recon-
structing samples larger than the FOV but requires reason-
able X-ray transmissivity for all projection directions and
would be subject to the throughput limitations. Plate-like
samples 25–50𝜇m thick and millimeters in lateral extent
would contain hundreds of tubules extending significant
lengths, but any attempts at nano-CT reconstruction would
suffer from significant data truncation and angular limitation,
significantly degrading image quality. If plate-like dentin
samples could be used for nano-CT, dozens of tubules would
be imaged without extraordinary sample preparation efforts.
Such datasets would greatly improve understanding of tubule
morphology and its variability within a tooth. Accordingly,
we performed synchrotron nano-CT on a thin dentin plate
and reconstructed its microstructure using an interior tomo-

graphy method.

In classic CT theory, an interior ROI cannot be recon-
structed exactly from truncated projections. As a result, fea-
tures outside the ROI may seriously disturb the features inside
the ROI, often hiding or distorting vital information. A recent
progress demonstrated that the interior problem can be
exactly and stably solved if a subregion in the ROI is known
[12–15], which is referred to as interior tomography. However,
it can be difficult to obtain precise prior knowledge of a sub-
region in many cases. A further progress in interior tomo-
graphy was inspired by compressive sensing (CS) theory. The
main idea of CS theory is that an image can be reconstructed
from a rather limited amount of data as long as an underlying
image can be sparsely represented in an appropriate domain
and determined from these data [16–18]. Inspired by CS the-

ory, it was found that an interior ROI can be exactly and stably

reconstructed via the total variation (TV) minimization if the

ROI is piecewise constant [19, 20].

For dentin image reconstruction, we employed an order-
ed-subset simultaneous algebraic reconstruction technique
(OS-SART) to reconstruct the dentin slice images [21–24].
After analyzing the characteristics of the dentin slices, we
found that the dentin slice can be divided into two types
of regions: the pores and the dentin between the pores. The
attenuation coefficient inside the pores differs from that of the

dentin, but both are approximately constant. Therefore, the

sample images can be sparsified by a discrete gradient trans-

form (DGT), and the total variation (TV) minimization can

be used to reconstruct high-quality dentin images from trun-

cated projections even if the angular range of a scan is limited,

as we observed in this project.
This paper is organized as follows. Section 2 describes a

specimen and data acquisition, characteristics of the data, and

our interior tomography algorithm. Section 3 compares the

reconstructions by interior tomography and filtered backpro-

jection (FBP) methods. Section 4 discusses relevant issues
and concludes the paper.

2. Materials and Methods

2.1. Sample Preparation. A thin wafer of bovine dentin was
cut from a molar using a diamond wafering saw (Isomet 1000,
Buehler, Lake Bluff, IL) to a thickness of about 150𝜇m. The
wafer was thinned to ∼25–50𝜇m by polishing with 1000 grit
SiC paper between two glass microscope slides. Its lateral
dimensions were greater than 2 mm.

2.2. Nano-CT. Compared to medical and micro-CT, nano-
CT uses an X-ray lens to bring spatial resolution into the
nanometer domain. To date, better than 20 nm has been
achieved for routine use with multi-keV hard X-ray radiation
which is able to penetrate hundreds of microns of dental
tissue [25].

The dentin specimen was imaged by the transmission
X-ray microscope at Sector 32-ID of the Advanced Photon
Source, Argonne National Laboratory, USA. The synchrotron
nano-CT system can be viewed as in a typical parallel-beam
geometry and employs monochromatic 8 keV X-radiation.
The X-ray detector contained 2048 × 2048 pixels with 12.5 nm
pixel size and 25 × 25 micron FOV. The angular scanning
range for nano-CT was ±70∘ with a 0.25∘ steps, producing 561
projections. The voxel size in the reconstruction was 12.5 nm.
Due to the small FOV of the nano-CT system, the X-ray beam
could not cover the specimen completely, and all of the pro-
jections were truncated. Figure 1 shows a truncated projec-
tion of the specimen in which several tubules can be clearly
seen running from upper left to lower right. Figure 2 is an
extracted sinogram for one image slice along the marked
line in Figure 1. Preliminary reconstructions revealed that the
specimen consisted of two types of material, pores (tubules
and canaliculi) and the dentin between the pores. The speci-
men is, therefore, approximately piecewise constant.

2.3. Reconstruction Algorithm. The conventional CT
approach cannot exactly reconstruct an internal ROI only
from truncated projections through the ROI because this
interior problem does not have a unique solution in an
unconstrained setting. Interestingly, recent results show that
the interior problem is solvable if appropriate yet practical
prior information is available. In particular, if the attenua-
tion coefficient distribution on a small sub-region in an ROI
is known, or the attenuation coefficient distribution over
the ROI is piecewise constant, the interior problem has a
unique solution. Theoretically, a function can be well approxi-
mated by piecewise constant functions, so the present dentin
specimen is modeled as being piecewise constant. In this
project, the piecewise-constant-model-based interior tomo-
graphy algorithm was used to reconstruct dentin images from
truncated projections over a limited angular range. The
interior tomography algorithm is robust against noise by
minimizing the image TV. Specifically, we employed the
ordered-subset simultaneous algebraic reconstruction tech-
nique (OS-SART) for interior reconstruction of the dentin
specimen.

The imaging process can be modeled as a linear system
in terms of the popular pixel basis functions: 𝐴𝑓 = 𝑏, where𝑏 = (𝑏1, . . . , 𝑏𝑀) ∈ 𝑅𝑀 represents the truncated projection
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Figure 1: One truncated projection of the dentin specimen.
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Figure 2: Sinogram consisting of 561 truncated projections for the
slice marked by the red line in Figure 1.

data with𝑀 being the total projection number, 𝑓 = (𝑓1, . . . ,𝑓𝑁) ∈ 𝑅𝑁 denotes an object to be reconstructed with 𝑁
being the total pixel number, and 𝐴 = (𝑎𝑖𝑗) is the system
measurement matrix with 𝑖 = 1, . . . ,𝑀, 𝑗 = 1, . . . , 𝑁. The
major algorithmic steps are described as follows.

While the ART method is the first iterative algorithm used
for CT reconstruction [26], the SART is a major refinement to
the ART [27]. In recent years, some advanced techniques were
developed to accelerate the iterative reconstruction, among
which the ordered-subset (OS) scheme is very attractive. As
a result, the SART algorithm can be accelerated by the OS
scheme. This combination is called OS-SART [23, 24]. To for-
mulate an OS version of the SART technique, we assume that
the index set 𝐵 = {1, . . . ,𝑀} can be partitioned into 𝑇 non-
empty disjoint subsets 𝐵𝑡 = {𝑖𝑡1, . . . , 𝑖𝑡𝑀(𝑡)} such that𝐵 = {1, . . . ,𝑀} = ⋃

1≤𝑡≤𝑇
𝐵𝑡. (1)

Then, a possible version of the OS-SART formulation can
be expressed as𝑓𝑗(𝑛+1) = 𝑓𝑗(𝑛) + ∑

𝑖∈𝐵[𝑛]

𝑎𝑖𝑗𝑎+𝑗 𝑏𝑖 − 𝐴𝑖𝑓(𝑛)𝑎𝑖+ , (2)

where 𝑎𝑖+ ≡ ∑𝑁
𝑗=1 𝑎𝑖𝑗 ̸= 0, 𝑎+𝑗 ≡ ∑𝑀

𝑖=1 𝑎𝑖𝑗 ̸= 0.

The above OS-SART reconstruction method can be em-
powered by the CS technique to improve the image quality

ROI

50 m

25
 
m

Figure 3: Dentin phantom. The circular region indicates a ROI, with
the line labeled “X” for subsequent profiling.

under less favorable measurement conditions. As mentioned
earlier, the discrete gradient transform (DGT) is a valid sparse
transform for dental images. Hence, a dentin image can be
reconstructed from truncated projections data via the ℓ1-
norm minimization of the DGT, which is the TV minimiza-
tion [19, 28]. Mathematically, it can be modeled as

min
𝑓

∇𝑓1, subject to 𝐴𝑓 = 𝑏, 𝑓 > 0, (3)

where ‖∇𝑓‖1 denotes TV of 𝑓, and∇𝑓1 = ∑
𝑖,𝑗
𝑑𝑖,𝑗, 𝑑𝑖,𝑗 = √(𝑓𝑖,𝑗 − 𝑓𝑖+1,𝑗)2 + (𝑓𝑖,𝑗 − 𝑓𝑖,𝑗+1)2,

(4)

where 𝑓𝑖,𝑗 is a pixel value of the discrete 2D image and 𝑑𝑖,𝑗 is
a discrete gradient.

Equation (3) can be implemented in two loops. The outer
loop implements OS-SART to reduce data discrepancy, and
the inner loop minimizes the image TV. In the inner loop, we
use the gradient descent method:𝑓(𝑚+1) = 𝑓(𝑚) − 𝜆𝜔𝜐, (5)

where 𝜆 is a gradient descent control coefficient, 𝜐 =(𝜕‖∇𝑓‖1/𝜕𝑓𝑖,𝑗)|𝑓𝑖,𝑗=𝑓𝑖,𝑗[𝑛,𝑚] is a gradient direction with 𝑓𝑖,𝑗 =𝑓𝑖,𝑗[𝑛,𝑚], 𝜔 = max(|𝑓(𝑚)|)/max(|𝜐|) is a scaling coefficient
of the gradient descent and n and m are the outer and inner
loop iteration indices, respectively.

The whole iteration process can be summarized in the fol-
lowing steps.

Step 1. Input measured data 𝑏 and an initial image 𝑓 = 0.

Step 2. Update the current image using OS-SART by (2).
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(a) (b)

(c) (d)

Figure 4: Reconstruction results. (a) The reconstructed ROI using FBP from 561 projections, (b) the reconstructed ROI using interior
tomography from 561 projections, (c) the reconstructed ROI using FBP from 141 projections, and (d) the reconstructed ROI using interior
tomography from 141 projections. The display window is [0, 585] cm−1.
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Figure 5: Profiles corresponding to the line “X” in Figure 3.

Step 3. Minimize the TV of the current image using the grad-
ient descent method by (5).

Step 4. Go to Step 2 until a stopping criterion is met.

In our implementation, the gradient descent control coef-
ficient was 𝜆 = 0.2, the TV iteration number was 𝑚 = 30,
and the OS-SART iteration number was 𝑛 = 20.

3. Results and Analysis

3.1. Numerical Simulation. To evaluate the performance of
interior tomography for studying the dentin specimen, we
designed a dentin phantom as shown in Figure 3. This phan-
tom has two distinct sizes of pores representing tubules and
canaliculi. The dentin phantom was made 25 𝜇m × 50 𝜇m in
size and discretized into a 150 × 300 matrix (the pixel size:0.17 𝜇m× 0.17 𝜇m). The tubules and canaliculi outside a pre-
specified ROI represent structures that might affect the inter-
ior reconstruction. Because the dentin composition is similar
to cortical bone, we used cortical bone to mimic dentin
attenuation characteristics in the simulation. The linear atten-
uation coefficient of cortical bone was estimated as 117 cm−1
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(a) (b)

(c) (d)

Figure 6: Reconstruction results from the data with 1% Gaussian noise. (a) The reconstructed ROI using FBP from 561 projections, (b) the
reconstructed ROI using interior tomography from 561 projections, (c) the reconstructed ROI using FBP from 141 projections, and (d) the
reconstructed ROI using interior tomography from 141 projections. The display window is [0, 585] cm−1.
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Figure 7: Profiles corresponding to the line “X” in Figure 3.

for an X-ray energy 8 keV according to the X-ray Attenuation
Databases reported by the National Institute of Standards and

Technology (NIST). The scanning range was −70∘ to +70∘ (0∘

is for the normal to the plate-like specimen) with either a 0.25∘

or 1∘ angular increment and captured two groups of truncated
projection data (a total of 561 or 141 projections, resp.). We
then used FBP and CS-based interior tomography methods,
respectively, to reconstruct the ROI from the two datasets for
comparison.

The reconstructed results are in Figure 4. It can be seen
in Figure 4 that there were some streak and shadow artifacts
in the reconstructed images using FBP from truncated pro-
jections, and the interior tomography method could suppress
these artifacts effectively. Figure 5 shows the profiles along the
line “X” in Figure 4.

To test the stability of interior tomography against data
noise, we repeated the reconstructions from projections con-
taminated with 1% Gaussian noise level. The reconstructed
results from the data with 1% Gaussian noise are in Figure 6.
It can be seen that there were strong noises in the images

reconstructed using FBP from noise projections, and interior
tomography could suppress these noises well. Figure 7 shows
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Canaliculi

Tubules

(a)

(b)

(c)

Figure 8: ROI reconstruction of the dentin specimen. (a) The recon-
struction using FBP from 561 projections, (b) The reconstruction
using interior tomography from 561 projections, and (c) the recon-
struction of interior tomography from 141 projections. The display
window is consistent.

Table 1: RMSE values for the reconstructed ROI images.

Reconstruction protocol
Noise-free

data
Data with 1%

noise

FBP (561 projections) 117.00 122.85

FBP (141 projections) 140.40 152.10

Interior tomography (561 projections) 9.65 10.59

Interior tomography (141 projections) 11.81 12.75

representative profiles corresponding to Figure 6, along the
line “X” in Figure 3.

Then, we used the root mean square error (RMSE) to
quantify the reconstructed results, which is expressed as

RMSE = √∑𝑖,𝑗∈ROI (𝜇𝑖,𝑗 − 𝜇𝑖,𝑗)2𝑁ROI

, (6)

where 𝜇𝑖,𝑗 is the reconstructed pixel value, 𝜇𝑖,𝑗 is the true
value of the phantom, and 𝑁ROI is the number of the pixels in
the ROI. The RMSE values are in Table 1.

3.2. Experimental Study. Supported by our encouraging nu-
merical results, we applied the interior tomography method
to study the dentin specimen. Figure 8 compares the recon-
structions of the dentin specimen with FBP and interior
tomography. The interior tomographic reconstructions were
performed from 561 and 141 projections, respectively. Similar

(a)

(b)

(c)

Figure 9: Reconstructed dentin structures. (a) The volume render-
ing based on the FBP reconstruction from 561 projections, (b) the
volume rendering based on the interior tomographic reconstruction
from 561 projections, and (c) the volume rendering based on the
interior tomographic reconstruction from 141 projections. The 3D
visualization display window is consistent.

to simulation analysis, there were some noise and artifacts in
the reconstructed results from actual data. In theory, the pixel
values in canaliculi and tubules regions should be similar and
smaller than that of dentin. From the FBP reconstruction
(Figure 8(a)), the gray values of the tubule region can be
found, which may be imperfect due to data noise (higher
brightness). Quantitatively, the slices reconstructed using
interior tomography produced less noises and artifacts than
the FBP image, and interior tomography has better stability
than FBP.

To analyze the internal microstructures, two volumes of
600 high-resolution dentin slices were reconstructed using
interior tomography from 561 projections and 141 projections,
respectively. As a benchmark, a volume of the same 600 high-
resolution dentin slices was also reconstructed using FBP
from the 561 projections. All of these image volumes were
rendered, as shown in Figure 9. Figure 9(a) shows the 3D
result using FBP from truncated projections. In the interior
tomographic reconstructions from truncated projections,
noises and artifacts were significantly suppressed, producing
3D visualization with a better signal-to-noise ratio, even with
only 141 projections, as shown in Figures 9(b) and 9(c).
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4. Discussions and Conclusion

For high-resolution image reconstructions, the FBP algo-
rithm is very efficient and accurate. With truncated datasets,
however, the FBP method is subject to more noises and
artifacts than those reconstructed by the iterative approach.
In the piecewise-constant-model-based interior tomography
framework, we have employed several techniques to increase
convergence rate while improving image quality. First, an OS
version of the Landweber scheme has been used. Second, the
code has been optimized, combining the merits of C++ and
multicore techniques. Third, a high-performance computer
has been utilized to run our code program. Particularly, we
have simultaneously reconstructed 8 slices using 8 central
processing units (CPU).

The CS theory indicates that an image can be often accu-
rately reconstructed from a rather limited amount of data
when it can be sparsely represented in an appropriate domain.
The internal feature of the dentin specimen is complex, and
porosity is characteristic. We consider a dentin object approx-
imately piecewise constant. Then, a dentin image is sparsified
by a discrete gradient transform. Because the dentin projec-
tions are intrinsically truncated, it is inevitable that there are
some artifacts in the image reconstructed using the FBP
method. On the other hand, interior tomography is shown
to be promising in meeting the challenge. In particular, the
ability to generate a volume rendering with a high signal-to-
noise ratio from a very limited number of truncated projec-
tions is quite feasible using interior tomography.

For real data study, our purpose is to reconstruct a high-
quality dentin image. For 2D image reconstruction, there
were some shadows (lower brightness) in the canaliculi and
tubules regions reconstructed by the CS-based interior tomo-
graphy method, which could reflect the attenuation charac-
teristics of dentin interior structure. However, for 3D image
reconstruction, the CS-based interior tomography method
could suppress image artifacts and noises for the recon-
structed images from truncated projections. Moreover, the
CS-based interior tomography minimizes the TV of a recon-
structed image by the steepest gradient descent method to
generate a better looking 3D perspective view, which might
oversmooth fine details if the number of views is too small. In
the future studies we will analyze more dentin specimens to
evaluate the performance of interior tomography and use the
dictionary learning technique to capture more information.

In conclusion, we have developed a piecewise-constant-
model-based interior tomography method to deal with trun-
cated projections collected over a limited angular range, and
investigated the feasibility and potential of the interior tomo-
graphic application in dentin characterization. It has been
demonstrated that the CS-based interior tomography method
is advantageous for the dentin reconstruction from incom-
plete nano-CT data. Further improvements are underway to
facilitate dental research.
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A hybrid multiscale and multilevel image fusion algorithm for green fluorescent protein (GFP) image and phase contrast image of
Arabidopsis cell is proposed in this paper. Combining intensity-hue-saturation (IHS) transform and sharp frequency localization
Contourlet transform (SFL-CT), this algorithm uses different fusion strategies for different detailed subbands, which include
neighborhood consistency measurement (NCM) that can adaptively find balance between color background and gray structure.
Also two kinds of neighborhood classes based on empirical model are taken into consideration. Visual information fidelity (VIF)
as an objective criterion is introduced to evaluate the fusion image. The experimental results of 117 groups of Arabidopsis cell
image from John Innes Center show that the new algorithm cannot only make the details of original images well preserved but also
improve the visibility of the fusion image, which shows the superiority of the novel method to traditional ones.

1. Introduction

The purpose of image fusion is to integrate complementary
and redundant information from multiple images of the same
scene to create a single composite that contains all the impor-
tant features of the original images [1]. The resulting fused
image will thus be more suitable for human and machine
perception or for further image processing tasks in many
fields, such as remote sensing, disease diagnosis, and biomed-
ical research. In molecular biology, the fluorescence imaging
and the phase contrast imaging are two common imaging
systems [2]. Green fluorescent protein (GFP) imaging can
provide the function information related to the molecular
distribution in biological living cells; phase contrast imaging
provides the structural information with high resolution by
transforming the phase difference which is hardly observed
into amplitude difference. The combination of GFP image
and phase contrast image is valuable for function analyses
of protein and accurate localization of subcellular structure.
Figure 1 shows one group of registered GFP image and
phase contrast image for Arabidopsis cell; it is obvious that
there is a big difference between the GFP image and the
phase contrast image. Due to low similarity between the

originals, various fusion methods that had been widely used
in remote image fusion [3–5], such as Wavelet/Contourlet-
based ARSIS fusion method [6], will result in spectral and
color distortion, dark and nonuniform background, and
poor ability of detailed preservation. Recently, Li and Wang
have proposed SWT-based (stationary wavelet transform) [7]
and NSCT-based (nonsubsampled Contourlet transform) [8]
fusion algorithms which utilize the translation invariance of
two kinds of transform to reduce the artifacts of fused image,
but complicated procedure, high time-consumption, and low
robustness hinder its fusion capability. In order to overcome
these disadvantages, we bring sharp frequency localization
Contourlet transform (SFL-CT) [9] into the fusion of GFP
image and phase contrast image, in the manner of SFL-
CT’s merit of excellent edge expression ability, multiscale,
directional characteristics, and anisotropy. We propose a new
hybrid multiscale, and multilevel image fusion method com-
bining intensity-hue-saturation (IHS) transform and SFL-
CT. Different fusion strategies are utilized for the coefficients
of different subbands in order to keep the localization
information in GFP image and detailed information of high
resolution in phase contrast image. The research conducts
a fusion test of 117 groups of Arabidopsis cell images from
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(a) GFP image (b) Phase contrast image

Figure 1: Arabidopsis cell images.
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the GFP database of John Innes Center [10]. Visual infor-
mation fidelity (VIF) [11] is also introduced to quantify the
similarity inside and outside the fluorescent area between the
fused image and original ones.

The outline of this paper is as follows. In Section 2,
the SFL-CT and IHS transforms are introduced in detail.
Section 3 concretely describes our proposed fusion algo-
rithm based on the neighborhood consistency measurement.
Experimental results and performance analysis are presented
and discussed in Section 4. Section 5 gives the conclusion of
this paper.

2. SFL-Contourlet Transform and
IHS Transform

2.1. Traditional Contourlet Transform. In 2005, Do and Vet-
terli [12] proposed the Contourlet transform as a directional
multiresolution image representation that can efficiently
capture and represent smooth object boundaries in natu-
ral images. The Contourlet transform is constructed as a
combination of the Laplacian pyramid transform (LPT) [13]
and the directional filter banks (DFB) [14], where the LPT

iteratively decomposes a 2D image into low-pass and high-
pass subbands, and the DFB are applied to the high-pass
subbands to further decompose the frequency spectrum into
directional subbands.

The block diagram of the Contourlet transform with two
levels of multiscale decomposition is shown in Figure 2(a),
followed by angular decomposition. Note that the Laplacian
pyramid shown in the diagram is a simplified version of
its actual implementation. Nevertheless, this simplification
serves our explanation purposes satisfactorily. By using the
multirate identities, we can rewrite the filter bank into its
equivalent parallel form, as shown in Figure 2(b), where𝐻𝐵

𝑖 (𝜔), 𝑖 = 1, 2, 3, is the equivalent filter of LPT for
each decomposition level [15]. Obviously, using ideal fil-
ters, the Contourlet transform will decompose the 2D fre-
quency spectrum into trapezoid-shaped regions as shown in
Figure 2(c).

Due to the periodicity of 2D frequency spectrums for
discrete signals and intrinsic paradox between critical sample
and perfect reconstruction of DFB, it means that we cannot
get perfect reconstruction and frequency domain localiza-
tion simultaneously by a critically sampled filter bank with
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the frequency partitioning of the DFB. When the DFB is
combined with a multiscale decomposition as in the Con-
tourlet transform, the aliasing problem becomes a serious
issue. For instance, Figure 3(a) shows the frequency support
of an equivalent directional filter of the second channel in
Figure 2(b). We can see that Contourlets are not localized in
the frequency domain, with substantial amount of aliasing
components outside of the desired trapezoid-shaped support
as shown in Figure 3(b).

2.2. Sharp Frequency Localization Contourlet Transform. In
order to overcome the aliasing disadvantage of Contourlet
transform, Lu proposed a new construction scheme which
employed a new pyramidal structure for the multiscale
decomposition as the replacement of LPT [15]. This new
construction is named as sharp frequency localization Con-
tourlet transform (SFL-CT) [9], and its block diagram is
shown in Figure 4.

In the diagram, 𝐻(𝜔) represents the high-pass filter, and𝐿(𝜔) represents low-pass filter in the multiscale decompo-
sition, with 𝜔 = (𝜔0, 𝜔1). The DFB which is the same as
in Contourlet transform (CT) is attached to the high-pass
channel at the finest scale and bandpass channel at all coarser
scales. The low-pass filter 𝐿(𝜔) in each levels is downsampled
by matrix 𝑀, with 𝑀 normally being set as diagonal matrix

(2,2).To have more levels of decomposition, we can iteratively
insert at point 𝑎𝑛+1 a copy of the diagram contents enclosed
by the dashed rectangle. As an important difference from
the LPT shown in Figure 2, the new multiscale pyramid
can employ a different set of low-pass and high-pass filters
for the first level and all other levels, and this is a crucial
step in reducing the frequency-domain aliasing of traditional
Contourlet transform. We leave the detailed explanation for
this issue as well as the specification of the filters 𝐻(𝜔) and𝐿(𝜔) to [9].

Figure 5 shows one Contourlet basis image and its
corresponding SFL-Contourlet part in the frequency and
spatial domains. As we can see from Figure 5(a), the original
Contourlet transform suffers from the frequency nonlo-
calization problem. In sharp contrast, SFL-Contourlet pro-
duces basis image that is well localized in the frequency
domain, as shown in Figure 5(b). The improvement in the
frequency localization is also reflected in the spatial domain.
As shown in Figures 5(c) and 5(d), the spatial regular-
ity of SFL-Contourlet is obviously superior to the one of
Contourlet.

2.3. IHS Transform. The intensity-hue-saturation (IHS)
transform substitutes the gray image for the intensity
component of the color image and thus handles the fusion
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(a) Frequency support of Contourlet (b) Frequency support of SFL-Contourlet

(c) Spatial basis image of Contourlet (d) Spatial basis image of SFL-Contourlet

Figure 5: Comparison of basis image.

of the gray and color images [1] and defines three color
attribute based on the human visual mechanism, that is,
intensity (𝐼), hue (𝐻), and saturation (𝑆). 𝐼 stands for the
information of the source image, 𝐻 stands for the spectrum
and color attributes, and 𝑆 stands for the purity relative to the
grayscale of some color. In IHS space, 𝐻 component and 𝑆
component are closely tied to the way that people feel about
color, while 𝐼 component almost has nothing to do with the
color component of the image.

There are various algorithms that can transform image
from RGB to IHS space, common transformation model
including sphere transformation, cylinder transformation,
triangle transform, and single six cones [16]. We use triangle
transform here. The formula of the forward and inverse
transforms are as follows.

From RGB to IHS space (forward transform),

𝐼 = 𝑅 + 𝐺 + 𝐵3 ,𝑆 = 1 − 3𝑅 + 𝐺 + 𝐵 [min (𝑅, 𝐺, 𝐵)] ,
𝐻 = {0 𝐵 ≤ 𝐺2𝜋 − 𝛼 𝐵 > 𝐺,

(1)

where

𝛼 = arccos
{{{ (1/2) [(𝑅 − 𝐺) + (𝑅 − 𝐵)][(𝑅 − 𝐺)2 + (𝑅 − 𝐵)(𝐺 − 𝐵)]1/2}}}. (2)

The reverse transform

for 0 ≤ 𝐻 < 2𝜋3 , {{{{{{{
𝐵 = 𝐼 (1 − 𝑆)𝑅 = 𝐼 × [1 + 𝑆 cos (𝐻)

cos (𝜋/3 − 𝐻)]𝐺 = 3𝐼 − (𝑅 + 𝐵) ,
for

2𝜋3 ≤ 𝐻 < 4𝜋3 , {{{{{{{
𝐵 = 𝐼 (1 − 𝑆)𝑅 = 𝐼 × [1 + 𝑆 cos (𝐻 − 2𝜋/3)

cos (𝜋/3 − 𝐻) ]𝐺 = 3𝐼 − (𝑅 + 𝐵) ,
for

4𝜋3 ≤ 𝐻 < 2𝜋, {{{{{{{
𝐵 = 𝐼 (1 − 𝑆)𝑅 = 𝐼 × [1 + 𝑆 cos (𝐻 − 4𝜋/3)

cos (𝜋 − 𝐻) ]𝐺 = 3𝐼 − (𝑅 + 𝐵) .
(3)
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3. The Proposed Fusion Rule

From Figure 1(a), we can see that the background of the
GFP image is partially dark; in order to avoid the influence
of low contrast after fusion, the intensity component of the
original GFP image is extracted by IHS transform which
not only keeps most of the information from the original
one, but also entirely improves the brightness of the fused
image. In this way, we can explore a hybrid multiscale and
multilevel fusion algorithm for biological cell image. We
use SFL-CT to decompose the intensity components of GFP
image and phase contrast image; different fusion schemes
are used for different subband coefficients in order to keep
a balance between the localization information in GFP image
and detailed information of high frequency in phase contrast
image. To get the protein distribution information of GFP
image, the approximation (coarsest) subband coefficients
of fused image are obtained with maximum region energy
rule (MRE) [17]. To get structural information of the phase
contrast image, coefficients of the finest detailed subband
of fused image are based on maximum absolute value rule
(MAV) [17]. To balance structural information and color
molecular distribution information from the originals, a
locally adaptive coefficient fusion rule named neighborhood
consistency measurement (NCM) is adopted on coefficients
of other detailed subbands. The schematic diagram is shown
in Figure 6.

3.1. Maximum Region Energy (MRE) Rule. When GFP
image and phase contrast image are decomposed by the
SFL-CT, the coefficients of the coarsest subband repre-
sent the approximation component of the input images.
Considering approximate information of fused image is
constructed by the two kinds of approximation sub-
band coefficients; maximum region energy rule (MRE)
is a good choice for the fused approximation subband
coefficients.

MRE rule is defined as follows:𝑐𝐹𝐽 (𝑚, 𝑛) = {{{𝑐𝐴𝐽 (𝑚, 𝑛) , if 𝐸𝐴
𝐽 (𝑚, 𝑛) > 𝐸𝐵

𝐽 (𝑚, 𝑛)𝑐𝐵𝐽 (𝑚, 𝑛) , if 𝐸𝐴
𝐽 (𝑚, 𝑛) ≤ 𝐸𝐵

𝐽 (𝑚, 𝑛) , (4)

where the regional energy 𝐸 is defined as𝐸𝑋
𝐽 (𝑚, 𝑛) = ∑(𝑥,𝑦)∈Ω(𝑚,𝑛)

[𝑐𝑋𝐽 (𝑥, 𝑦) − 𝜇𝑋𝐽 (𝑚, 𝑛)]2,𝑋 = 𝐴, 𝐵 or 𝐹, (5)

where 𝐸𝐴
𝐽 (𝑚, 𝑛), 𝐸𝐵

𝐽 (𝑚, 𝑛), and 𝐸𝐹
𝐽 (𝑚, 𝑛) denote regional

energy of original image 𝐴, 𝐵, and fused image 𝐹 in the
coarsest scale 𝐽and location (𝑚, 𝑛). Ω(𝑚, 𝑛) represents a
square region with 3×3 size whose center is located at position(𝑚, 𝑛). 𝑐𝑋𝐽 (𝑚, 𝑛) denotes the coefficient of the images 𝑋 =𝐴, 𝐵, or 𝐹 within the region Ω(𝑚, 𝑛) in the coarsest subband𝐽 and location (𝑚, 𝑛). 𝜇𝑋𝐽 (𝑚, 𝑛) means the average value of
coefficients withinΩ(𝑚, 𝑛).
3.2. Maximum Absolute Value (MAV) Rule. After decompos-
ing the input images using SFL-CT, the image details are
contained in the directional subbands in SFL-CT domain.
The directional subband coefficients with larger absolute
values, especially for subband coefficients at the finest scale,
generally correspond to pixels with sharper brightness in the
image and thus to the salient features such as edges, lines,
and regions boundaries. Therefore, we can use the maximum
absolute value (MAV) scheme to make a decision on the
selection of coefficients at the finest detailed subbands.

MAV fusion rule is defined as follows:𝑑𝐹𝑗,𝑙 (𝑚, 𝑛) = {{{𝑑𝐴𝑗,𝑙, if abs [𝑑𝐴𝑗,𝑙 (𝑚, 𝑛)] > abs [𝑑𝐵𝑗,𝑙 (𝑚, 𝑛)]𝑑𝐵𝑗,𝑙, if abs [𝑑𝐴𝑗,𝑙 (𝑚, 𝑛)] < abs [𝑑𝐵𝑗,𝑙 (𝑚, 𝑛)] ,
(6)
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where 𝑑𝐴𝑗,𝑙(𝑚, 𝑛), 𝑑𝐵𝑗,𝑙(𝑚, 𝑛), and 𝑑𝐹𝑗,𝑙(𝑚, 𝑛) denote the coef-

ficients of the images 𝐴, 𝐵, and the fused image 𝐹 in the𝑗th scale,𝑙th directional subband, and location (𝑚, 𝑛). abs[⋅]
denotes absolute operator.

3.3. Neighborhood Consistency Measurement (NCM). Let𝑁𝑋
𝑗,𝑙(𝑚, 𝑛) denote a region centered at coefficient 𝑑𝑋𝑗,𝑙(𝑚, 𝑛)

in 𝑗th level and 𝑙th directional subband of image 𝑋, and the

energy of this region is defined as 𝜌𝑋𝑗,𝑙(𝑚, 𝑛). Then,𝜌𝑋𝑗,𝑙 (𝑚, 𝑛) = ∑(𝑘,𝑝)∈𝑁𝑋𝑗,𝑙(𝑚,𝑛)

[𝑑𝑋𝑗,𝑙 (𝑘, 𝑝)]2, 𝑋 = 𝐴, 𝐵 or 𝐹.
(7)

The NCM is defined as a threshold for directional coef-
ficients based on one region mentioned above. Let Ψ𝑗,𝑙(𝑚, 𝑛)
denote NCM as follows:

Ψ𝑗,𝑙 (𝑚, 𝑛) = 2 × {∑(𝑘,𝑝)∈𝑁𝐴
𝑗,𝑙
(𝑚,𝑛) [𝑑𝐴𝑗,𝑙 (𝑘, 𝑝)] × [𝑑𝐵𝑗,𝑙 (𝑘, 𝑝)]}𝜌𝐴𝑗,𝑙 (𝑚, 𝑛) + 𝜌𝐵𝑗,𝑙 (𝑚, 𝑛) .

(8)

It is not hard to see that the NCM is smaller than 1. In fact,
NCM indicates whether the neighborhood is homogenous.
Bigger NCM means being more homogenous.

Taking the number of directions in each detailed subband
into consideration, we classify neighborhood into two classes:
Nhd I and Nhd II which are shown in Figures 7(a) and 7(b).
Nhd I is mainly used in horizontal and vertical subbands, and
Nhd II is in other subbands. For instance, if the direction
number is 8 or 16, we can use empirical distribution model
as Figure 8.

We define a threshold 𝑇 which is normally 0.5 < 𝑇 < 1.
If Ψ𝑗,𝑙(𝑚, 𝑛) < 𝑇, then

𝑑𝐹𝑗,𝑙 (𝑚, 𝑛) = {{{𝑑𝐴𝑗,𝑙, if 𝜌𝐴𝑗,𝑙 (𝑚, 𝑛) ≥ 𝜌𝐵𝑗,𝑙 (𝑚, 𝑛)𝑑𝐵𝑗,𝑙, if 𝜌𝐴𝑗,𝑙 (𝑚, 𝑛) < 𝜌𝐵𝑗,𝑙 (𝑚, 𝑛) . (9)

If Ψ𝑗,𝑙(𝑚, 𝑛) ≥ 𝑇, then𝑑𝐹𝑗,𝑙 (𝑚, 𝑛) = Ψ𝑗,𝑙 (𝑚, 𝑛) ×max [𝑑𝐴𝑗,𝑙 (𝑚, 𝑛) , 𝑑𝐵𝑗,𝑙 (𝑚, 𝑛)]+ [1 − Ψ𝑗,𝑙 (𝑚, 𝑛)]×min [𝑑𝐴𝑗,𝑙 (𝑚, 𝑛) , 𝑑𝐵𝑗,𝑙 (𝑚, 𝑛)] . (10)

3.4. Fusion Procedure. The fusion process, accompanied with
the proposed fusion rule, is carried out as in the following
steps.

(1) Define the register original images: GFP image as
image 𝐴, phase contrast image as image 𝐵, and fused
image as image 𝐹.

(2) Make IHS transform for image 𝐴, and calculate the
corresponding intensity components 𝐼𝐴, hue compo-
nent𝐻𝐴, and saturation component 𝑆𝐴.

1

1

C

1

1

3

2

4

4

2

3

2 2

(a) Nhd I

1

C

1

3

2

4

4

2

3

4

43

3

(b) Nhd II

Figure 7: Neighborhood coefficients of SFL-CT.
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Figure 8: Empirical distribution model for neighborhood selection.

(3) Decompose 𝐼𝐴 and image 𝐵 by SFL-CT, and get
two approximation subbands {𝜑𝐴, 𝜑𝐵}, a series of the
finest detailed subbands {𝜃𝐴, 𝜃𝐵}, and other detailed
subbands {𝜀𝐴, 𝜀𝐵}.

(4) Combine transform coefficients according to the
selection rule: coefficients of approximation subbands
are based on MRE rule; coefficients of the finest
detailed subbands are based on MAV rule; coefficients
of other detailed subbands are based on NCM. We can
get the approximation subband 𝜑𝐹, detailed subbands𝜀𝐹, and 𝜃𝐹 of the fused image 𝐹.

(5) Reconstruct the intensity of the fused image 𝐼𝐹 with𝜑𝐹, 𝜀𝐹, and 𝜃𝐹 by the inverse SFL-CT.

(6) Reconstruct the fused image 𝐹 with the hue 𝐻𝐴 and
saturation 𝑆𝐴, together with the 𝐼𝐹 by the inverse IHS
transform.

4. Experimental Results and Discussion

4.1. Dataset. All images used in this experiment come from
the GFP database of John Innes Center [10]. The original
size of images is 358 × 358 pixels. We resize and crop them
into 256 × 256 pixels in order to facilitate processing. The
experiment contains 117 sets of GFP images (24-bit true color)
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Figure 9: Fused images using different methods.

and their corresponding phase contrast images (8-bit grey
scale) of the Arabidopsis. The former reveal the distribution
of the labeled protein, and the latter present cell structures
information.

4.2. Parameters Selection. For the proposed method, the
practical windows (Ω) in NCM rule are usually chosen to be
of size 3×3, 5×5, or 7×7. We have investigated these practical
windows and found that size 5 × 5 provides good results
considering fusion clarity and time consumption. Apart from
the sizes of the practical windows, the frequency parameters
of SFL-CT are also needed to choose for improving the
fusion performance. A larger number of experimental results
demonstrate that the passband frequency 𝜔𝑝 and stopband
frequency 𝜔𝑠 which should be 4𝜋/21 and 10𝜋/21, respec-
tively, can not only provide pleasing fusion performance in
most cases, but also keep good balance between fusion result
and computation complexity.

4.3. Results Comparison. We compare the proposed fusion
rule with the traditional methods or rules. They include
traditional IHS fusion method (T-IHS) [18], MRE and MAV
fusion method based on IHS space (IHS + MRE and MAV)
[1], and PCNN-based fusion method [19] in which all the
images are decomposed by the nonsubsampled Contourlet
transform (NSCT + PCNN), and our method (Hybrid NCM).
Among them, MAV stands for the maximum absolute value
rules; MRE stands for maximum region energy rules; MRE
and MAV represents MRE rule for approximation subband
and MAV rule for detailed subbands. The parameters of the

above method are set as follows. For the rule of the fusion of
MRE, neighborhood window is of size 3 × 3 pixels. SFL-CT
makes a decomposition for 4 layers; the numbers of directions
of each layer are (4, 8, 16, and 16); the filter for DFB is “pkva”
filter; the set of NSCT + PCNN fusion algorithm is just the
same as that in [20].

The fusion results, shown in Figure 9, which are obtained
by four different methods demonstrate visual difference. It is
obvious to see that the fused image using T-IHS method is
unsatisfactory. The foreground and background are signifi-
cantly nonuniform, especially along the cell outlines as there
exist fuzzy blacks, so it is difficult to distinguish the inner
information. However, the brilliance shown in Figures 9(d)–
9(f) is largely improved, and the details of the images are
also clearer. All in all, the location information of the cell
structure in the phase contrast image and the distribution
information of the protein are largely retained. Nevertheless,
it is not easy to objectively judge the quality of the above
three methods. For better judging these fusion results, the
quantitative parameter that is visual information fidelity
(VIF) [11] is taken into consideration. In the recent studies,
large-scale subjective experiments assess VIF, a novel image
similarity criterion, and prove it to be a good substitution for
the subjective assessment. We know that there are two kinds
of traditional evaluations that are subjective evaluation and
objective evaluation. The former depends on the perception
of human eye vision; different people would have different
perception. The latter method has a little link with subjective
factor, but it does not well measure the difference between the
fusion image and the original image. As for the characteristic,
that is, the little similarity between GFP fluorescence image
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Figure 10: VIF algorithm flow chart.

and phase image, the VIF method, which is the combination
of human visual system (HVS) and image characteristic
statistics, is introduced into this paper to measure the quality
of fusion image. This method can tell us the similarity
between different regions of fusion image and the original
image in quantitative aspect. The VIF value (the range is
0∼1) is closer to 1; then it indicates that the fusion image
has more similarity to the original image. A number of
experimental results have proved that the VIF method and
the human subjective evaluation have a better similarity for
image quality than the traditional methods such as root
mean square error (RMSE), correlation coefficients (CCs),
and mutual information (MI).

Considering the difference in function orientation of the
two kinds of images, especially the corresponding relation-
ship between the fluorescence area in GFP images and the
protein distribution in cells, the fluorescence area is firstly
extracted from the original two images, then the VIF between
fused image and phase contrast image is calculate, and thirdly
the VIF between fused image and fluorescence image is calcu-
lated too. Fused image should keep high similarity with both
phase contrast image and fluorescence image in fluorescence
area. However, in the other area, only the similarity between
it and the phase contrast image is considered. Therefore,
this paper first segments both fused image and source image
into fluorescence area and nonfluorescence area with Otsu
method [20] and calculates VIF between fused image and
source image in fluorescence area and nonfluorescence area,
respectively. The calculation procedure is shown in Figure 10.
Table 1 displays the calculation result of VIF of the fused
image in Figure 9.

In the table, superscript fl refers to the fluorescent area
while nfl refers to nonfluorescence area, 𝐴 represents GFP
fluorescence image, and 𝐵 represents phase contrast image.

VIF𝐴-fl refers to the similarity between fused image and GFP

fluorescence image in fluorescence area, and VIF𝐵-fl refers
to the similarity between fused image and phase contrast

image in fluorescence area, while VIF𝐵-nfl refers to the
similarity between fused image and phase contrast image in
nonfluorescence area.

From Table 1, VIF𝐵-fl and VIF𝐵-nfl of the other three
fusion methods are almost the same except T-HIS; the
similar results indicate that all the detailed information
of fused image comes from the phase contrast image no

Table 1: VIF computing result.

Fusion methods VIF𝐴-fl VIF𝐵-fl VIF𝐵-nfl

T-IHS 0.4368 0.2759 0.4975

IHS + MRE and MAV 0.3119 0.8318 0.8318

NSCT + PCNN 0.3188 0.8992 0.8992

Hybrid NCM 0.3112 0.9299 0.9299

matter in fluorescent area or nonfluorescent area. Compared
with other three methods, the proposed one we use in

this experiment gets the highest VIF𝐵-nfl ; it does coincide
with the observed results that the black background of
the GFP image gets repressed. With luminance improved,
the structural information will be well embedded in the
fused image, which contributes the increase of VIF𝐵-nfl . The

method we use can still get higher VIF𝐴-fl and VIF𝐵-fl , which
indicates that the function information in GFP image and
phase contrast image is well preserved in fluorescent area,

and also the highest VIF𝐵-fl explains that SFL-CT can cap-
ture the structural information of the phase contrast image
effectively.

VIF distribution histogram of 117 groups of Arabidopsis
cell fusion image is shown in Figure 11; the red squared line

represents the VIF𝐴-fl , and the blue dotted line represents

the VIF𝐵-fl . It is obvious that VIF𝐵-fl is higher than VIF𝐴-fl ,
which does coincide with the objective of using SFL-CT
to outstand the inner structural information of the phase
contrast image. With the increasing VIF within fluorescent
area, the VIF in nonfluorescent area also tends to improve;
this indicates the following: if the intensity in fluorescent
area is strengthening, VIF will increase with the function
information fully reflected; and once the brightness increases,
the high resolution structural information of the image can

be fully shown, and the corresponding VIF𝐵-fl will increase;
the phase image is affected by the intensity whereas low in
fluorescence area, structural information cannot be reflected
very well which reduces VIF’s numerical similarity.

5. Conclusions

This paper proposes a hybrid multiscale and multilevel
image fusion method based on IHS transform and SFL-CT
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cell fusion image.

to balance the gray structural information and molecular
distribution information for the fusion of GFP image and
phase contrast image. In manner of SFL-CT’s advantage of
directional and excellent detailed expression ability, we use
SFL-CT to decompose the intensity components of both
GFP image and phase contrast image, and different fusion
rules are utilized for coefficients of different subbands in
order to keep the localization information in GFP image and
detailed high-resolution information in phase contrast image.
Visual information fidelity (VIF) is introduced to assess the
fusion result objectively which quantifies the similarity inside
and outside the fluorescent area between the fused image
and original images. The experiment fusion results of 117
groups of Arabidopsis cell images from John Innes Center
demonstrate that the new algorithm can both make the
details of original images well preserved and improve the
visibility of the fusion image and also show the superiority
of the novel method to traditional methods. Although the
results of the proposed method and NSCT + PCNN look
similar, the former is much better in line with the image
of fused image similarity degree which means that this
algorithm has made full use of the advantages of SFL-CT to
keep the structural information of the phase contrast image
effectively. The complexity of the algorithm is obviously
lower than the latter and more advantageous to the actual
application.

It is also needed to point out that from the experiment

we find that VIF𝐵-fl is no longer equal with VIF𝐵-nfl when
we try to improve the intensity of the fluorescent image to
make a new fusion image reconstruction; this is partially due
to the nonlinear relationship between similarity and intensity
within fluorescent area and nonfluorescence area of the fused
image. Otsu segmentation method can also cause certain
disturbance to the calculation of VIF. One evaluation method
cannot be perfect for different kinds of images, and a suitable
fusion and evaluation method for biological cells is still a
further problem to be solved.
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Regularizing the deformation field is an important aspect in nonrigid medical image registration. By covering the template image
with a triangular mesh, this paper proposes a new regularization constraint in terms of connections between mesh vertices. The
connection relationship is preserved by the spring analogy method. The method is evaluated by registering cerebral magnetic
resonance imaging (MRI) image data obtained from different individuals. Experimental results show that the proposed method
has good deformation ability and topology-preserving ability, providing a new way to the nonrigid medical image registration.

1. Introduction

Deformable registration is an important tool in medical
imaging with many applications, such as atlas-based image
segmentation and labeling, statistical analysis of normal and
pathological variations in anatomy, and the study of the
growth and development of normal and abnormal anatomical
structures. It has been an active research topic for many
years, and plenty of achievements have been published [1,
2]. The basic task of image registration is to find a spatial
transformation which maps each point of one image onto
its corresponding point of another image. The problem of
image registration is often considered as a minimization
problem, because it looks for increasing some similarity
metric between the two images to be registered by moving
points with a reasonable deformation field. Common choices
of image similarity metric include sum of squared differ-
ences (SSD), normalized/cross-correlation (NCC/CC), nor-
malized/mutual information (NMI/MI), or other divergence-
based or information-theoretic measures [3]. However, it
is not sufficient to rely only on similarity metric, because
the solution does not ensure any spatial correlation between
the adjacent points. Such high dimensional transformations
involved in nonrigid registration make the problem ill-posed.
Therefore, additional regularizing constraints are required to

enable a reasonable estimation of the displacement field. In
general, given the target image B and the template image A,
the common form of deformable registration problem is

T
∗ = arg min

T∈Γ
𝐸 (T) = arg min

T∈Γ
𝐸sim (𝐵, 𝐴 ∘ T) + 𝐸reg (T) .

(1)

The first term 𝐸sim(𝐵, 𝐴 ∘ T) in (1) measures the similarity
between the deformed template image and the target image.
The second term 𝐸reg(T), the regularization constraint,
ensures the minimization problem is to be well-posed. The
set Γ is the space of admissible transformations. The optimal
transformation T∗ ∈ Γ is obtained by minimizing the
overall cost function, where Γ is the space of admissible
transformations.

The regularization constraint plays crucial role in non-
rigid registration problem. Different constraints have been
proposed in the literature. References [4, 5] introduced
inverse consistency as regularization constraint, which can
be explained that the composition of the optimal forward
transformation and the backward transformation between
the template image and the target image is the identity.
Smooth deformation field is also a commonly used constraint
[6, 7] against noise. Reference [8] used an incompressibility
constraint ensured by limiting the Jacobian determinant of a
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transformation should be unity. Diffeomorphic transforma-
tion is studied much in recent years [9–11], that means con-
tinuous, differentiable, and reversible transformation. If the
transformation is diffeomorphic, the deformed image should
be topologically preserved. Miller et al. [12] proposed the
group of diffeomorphic mappings for fluid flow registration.
The optimal solution is obtained by regularizing the velocity
field to avoid singular solution in numerical implementation.
LDDMM [13] aims at finding smooth diffeomorphic mapping
for large deformation by searching the smallest geodesic
distance.

Direct topology-preserving constraint is another impor-
tant regularization for nonlinear image registration. The main
intuition behind topology preservation in a deformation field
is the desire to maintain connectivity between neighboring
morphological structures. One way to ensure the topology
unchanged during deformation is to keep the Jacobian
determinant of the transformation always positive. The other
way is to identify a credible deformation space according
to the registration model and then to find the optimal
transformation in the credible deformation space. Reference
[14] derived elegant linear constraints that provide necessary
and sufficient conditions to ensure that the Jacobian determi-
nant values of such transformations are positive everywhere.
Reference [15] extended the work of [14] to 3D B-splines
deformations. They adopted an interval analysis to find the
maximum reasonable step along optimal searching path to
ensure positive Jacobian determinant. Reference [16] consid-
ered enforcing topology preservation as a hard constraint
at several intermediate steps of a deformable registration
procedure or after the registration was done. Reference [17]
used a large-scale constrained optimization method to solve
the registration problem. By adding conditions involving the
gradient of the Jacobian determinant, this method encour-
aged the topology preserving to be achieved everywhere.

Over the past years, more and more studies have investi-
gated the nonrigid image registration problem with proper
regularization energies. Nevertheless, the existing research
is far from being mature. There are still different draw-
backs. Some methods need to track the discrete Jacobian
determinant or its gradient, which significantly increases
computational cost. Some deformable registration models are
built in continuous domain. Although topology preservation
holds for the continuous transformation, it is no longer
guaranteed when the practical solution is obtained on the
discrete image grid. Here, we propose a new regularization
scheme for nonrigid image registration to hold topology
preservation. The details are organized as follows. Section 2
illustrates the entire scheme of the proposed nonrigid regis-
tration algorithm. Section 3 provides the experimental results
and evaluations of the registration algorithm. The conclusion
is drawn in Section 4.

2. Methods

The nonrigid image registration model proposed here focuses
on maintaining the unchanged topology of the deformed
image. A desirable property of intersubject medical image

warping is the preservation of the topology of anatomical
structures. From medical perspective, some normal homol-
ogy tissue or structure for any individual, such as internal
brain structures, should have the same topology. A topology-
preserving transformation guarantees the unchanged con-
nectivity inside a structure and the relationships between
the neighboring structures in the deformed image. There is
no tearing, no folding, and no appearance or disappearance
of structures. To achieve such performance, we propose
to cover the deformable template image with a triangular
mesh. The triangular mesh is generated according to the
position rather than the value of control points. Then the
topological relations are controlled by limiting the mesh
deformation. The advantage is that the algorithm will get
a better deformation quality even if no explicit Jacobian
determinant constraint is used. The entire procedure of
NR-MDC is showed in Figure 1. The registration procedure
employs iterative style: extraction rough displacement field by
measurements of similarity without considering spatial rela-
tions between points and optimization the displacement field
by measurements of regularization energy. A multiresolution
strategy propagating solutions from coarser to finer scales is
used here to speed up the convergence of the algorithm and
to avoid local optima.

2.1. Similarity Measures. Different features can be used to
establish a similarity metric between the deformed template
image and the target image to guide the deformed image
towards the target image [3]. Here we use SSD as the similarity
metric because it is simple and easy to deal with. The SSD
forms the basis of the intensity-based image registration
algorithms, and the optimal solution can be obtained by
classical optimization algorithms [18]. It can be written as𝐸sim (𝐵, 𝐴 ∘ T) = ∑

p∈Ω
(𝐵 (p) − 𝐴 ∘ T (p))2, (2)

where p is pixel position, p = (𝑥, 𝑦), and Ω is the image
domain. Optical flow field theory [19] is usually adopted
to find the displacement field. To better understand the
method, we will describe its basic principle roughly. Suppose
an object evolving over time, and 𝐼(p(𝑡), 𝑡) is the images of
this object. Based on intensity conservation assumption, the
image function satisfies𝐼 (p (𝑡) , 𝑡) = const. (3)

By differentiating (3) with respect to t,𝜕𝐼𝜕𝑥 𝜕𝑥𝜕𝑡 + 𝜕𝐼𝜕𝑦 𝜕𝑦𝜕𝑡 = −𝜕𝐼𝜕𝑡 . (4)

Consider image 𝐴 ∘ T and B being two samples of 𝐼(p(𝑡), 𝑡)
and let the sampling time to be unit time, then

v (p) ⋅ ∇𝐵 (p) = 𝐴 ∘ T (p) − 𝐵 (p) , (5)

where v(p) = (𝜕𝑥/𝜕𝑡, 𝜕𝑦/𝜕𝑡) is the object moving velocity. By
approximation, the velocity can be expressed as

v (p) = (𝐴 ∘ T (p) − 𝐵 (p)) ∇𝐵 (p)‖∇𝐵 (p)‖2 . (6)
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Figure 1: The framework of the NR-MDC algorithm.

Generally, the displacement of the point p is u(p) = −v(p).
To avoid unstable solution for small values of ∇𝐵(p), (6) can
be renormalized to

v (p) = (𝐴 ∘ T (p) − 𝐵 (p)) ∇𝐵 (p)‖∇𝐵 (p)‖2 + (𝐴 ∘ T (p) − 𝐵 (p))2 . (7)

SSD metric is based on the implicit assumption that the
intensities of two corresponding points in images A and B
are equal. However this condition is seldom fulfilled in real-
world medical image registration, because there are many

factors that may affect observed intensity of a tissue over
the imaged field, such as the different scanner or scanning
parameters, normal aging, different subjects, and so on. In
view of such situation, intensity normalization is necessary.
In addition, small motion assumption should be satisfied in
optical flow field theory. To reduce the difference between
the template image and the target image as much as possible,
it is better to do spatial normalization using rigid or affine
transformation before using (7) to complete the registration.

2.2. Regularization. The deformation field obtained from
similarity measures does not consider any spatial relations
among neighboring points. The points’ interdependencies
should be guaranteed by certain regularization constraints.
Here we focus on topology preservation constraints. It is
one basic topology property that the connection relation-
ship between points and edges is unchanged in topology
transformation. As is analyzed in [20], three main behaviors,
fold, cross, and tear, will cause topological changes during
deformation. To eliminate the unfavorable defects, an extra
topology correction procedure was done in [20] by tracking
the Jacobian determinant of the deformation field. Thus
computational cost will increase inevitably.

The basic motivation of our work is to establish a topology
preservation transformation in discrete domain directly and
to avoid calculating the Jacobian determinant from time to
time. To do that, we assume to cover the deformable image
with a suitable mesh. The central idea of the proposed method
is to deform the template image in terms of the similarity
metric, while controlling the deformation range according to
the intrinsic topologies of the triangular mesh. That means
for each pixel in image level there is a corresponding mesh
node to control its motion. The crucial problem is to control
mesh deformation perfectly.

Research about mesh deformation was done in compu-
tational fluid dynamics [21, 22]. The common applications
in engineering include deformable aircraft, airfoil pneu-
matic elastic vibration, bionic flow, and so on. To satisfy
the topology preservation transformation requirements, we
adopt segment spring analogy dynamic mesh technology
[23], which is initially used to deform a mesh around a
pitching airfoil. Its basic idea is to replace each mesh edge by
a spring. Thus the vertex motion will be controlled by all the
springs connected to this vertex.

Suppose the mesh edge between two adjacent vertices,
i and j, to be a line spring. Initially, the mesh is in static
equilibrium state with the spring equilibrium length equals
to the edge length. Given an external force along the spring,
the spring length will change. According to Hook’s Law, the
force at vertex i will be

F𝑖𝑗 = 𝑘𝑖𝑗 (u𝑗 − u𝑖) , (8)

where 𝑘𝑖𝑗 is the spring stiffness between i and j and u𝑗 is the
displacement of vertex j. Influenced by all the neighboring
vertices, the composition of forces at vertex i is

F𝑖 = ∑
𝑗∈𝑛𝑣

F𝑖𝑗 = ∑
𝑗∈𝑛𝑣

𝑘𝑖𝑗 (u𝑗 − u𝑖) , (9)
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(a) Before deformation (b) After deformation

Figure 2: The interpretation of the spring analogy.

(a) (b) (c)

(d) (e)

Figure 3: Brain MRI images registration results using NR-MDC algorithm. (a) Template image, (b) target image, (c) result without additional
regularization, (d) result without updating the template image, and (e) result with 3 times updating the template image.

where 𝑛𝑣 is the vertex set whose element connects to vertex
i directly. For the mesh to be in equilibrium state again, the
force at each vertex should be zero. That is∑

𝑗∈𝑛𝑣

𝑘𝑖𝑗 (u𝑗 − u𝑖) = 0. (10)

Regrouping (10) yields

u𝑖 = 1∑𝑗∈𝑛𝑣 𝑘𝑖𝑗 ∑𝑗∈𝑛𝑣𝑘𝑖𝑗u𝑗. (11)

In an iterative style, (11) can be rewritten as

u
𝑛+1
𝑖 = 1∑𝑗∈𝑛𝑣 𝑘𝑖𝑗 ∑𝑗∈𝑛𝑣𝑘𝑖𝑗u𝑛

𝑗 , (12)

where n denotes the iterative number. Then the new position
of vertex i is

x
𝑛+1
𝑖 = x

𝑛
𝑖 + u

𝑛+1
𝑖 . (13)
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Figure 4: The deformation field using NR-MDC algorithm (a) without additional regularization and (b) with additional regularization.

The interpretation of the segment spring analogy defor-
mation behavior is showed in Figure 2. The green arrow
represents the vertex displacement vector from previous
position (red dot) to next position (blue dot).

As can be seen from (12), the displacement vector of
vertex i is calculated as a weighted result of the neighboring
vertices’ displacement. The weighting value is determined by
the spring stiffness. There are different ways to choose the
spring stiffness. For simplicity, the spring stiffness proposed
by Batina [23] is used here, which is inversely proportional to
the edge length. Consider,𝑘𝑖𝑗 = 1x𝑗 − x𝑖

 . (14)

As is analyzed in [24], this spring stiffness diminishes the
probability of vertex collision during the mesh deformation.
This means that the factors causing topological changes dur-
ing deformation (fold, cross, and tear) will also be reduced.

Introducing segment spring analogy into nonrigid med-
ical image registration as a regularization constraint, the
expression can be written as

𝐸reg = ∑
p∈Ω

∑𝑗∈𝑛𝑣𝑘𝑖𝑗 (u𝑗 − u𝑖 (p)) , (15)

where index i represents vertex i, whose position is p.
Therefore the problem is described as

T∗ = arg min
T∈Γ

∑
p∈Ω
(𝐵 (p) − 𝐴 ∘ T (p))2

+ ∑
p∈Ω

∑𝑗∈𝑛𝑣𝑘𝑖𝑗 (u𝑗 − u𝑖 (p)) , (16)

T = x + u. (17)

2.3. Implementation. The registration energy function (16) is
the sum of two measures. The first term is the sum of scalar,
while the second term is the sum of vector. One can minimize
this function with respect to u simultaneously. However, it
is not a trivial work. Fortunately, alternating minimization
can be used to approximate the optimal solutions [7, 25].
First, the rough displacement field u is found by minimizing
the similarity metric term. Then the optimized displacement

field
∼

u is found by minimizing the regularization term.
This strategy enables the partial minimizations quite fast.
In addition, to avoid falling into local minima and to
reduce the computational cost, multiresolution framework
is adopted. The image is downsampled into several different
scales. The registration starts from the coarsest scale to the
finest scale. Accordingly, the resulting deformation transfers
from the coarsest scale to the finest scale by upsampling.
Here the resampling factor is set to be 2, and the image
dimensions of the coarsest scale should not be too small. The
primary algorithm implementation procedure is summarized
as follows.

Algorithm Implementation

(1) Given the template image A and the target image B,
perform preprocess procedure, which includes

(i) skull stripping using the BrainSuite software
[26];

(ii) linear spatial normalization using FSL software
[27];

(iii) intensity normalization using histogram match.

(2) Decompose the images into different scales. For each
position at the coarsest scale, set the initial displace-
ment field u𝑛 = 0, 𝑛 = 0:

(a) compute the transient displacement field u
using (7);
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Figure 5: Typical 3D views for the segmented structures: (a) “ground truth” segmentation, (b) NR-MDC segmentation, and (c) DD
segmentation.

Table 1: Comparison of the topology preservation ability between
NR-MDC algorithm and DD algorithm.

Algorithm Strategy CC 𝑁𝐽 Time (minutes)

NR-MDC S1 0.971 0.5% 14.8

S2 0.966 0% 15.3

S3 0.984 0% 41.7

DD 0.972 0.03% 54.1

[20] 0.979 0% 84.6

(b) get the rough displacement field u𝑛+1 = u𝑛 + u;

(c) get the regularized displacement field
∼

u
𝑛+1

using
(12);

(d) repeat step (a)–(c) until convergence;

(e) transfer to the next finer scale, and repeat step
(a)–(d) until the finest scale is processed.

(3) If there exists a negative Jacobian determinant value
of the final deformation field, do 3–5 iterations using
(12) to optimize the displacement field.

(4) If the similarity between the deformed template image
and the target image does not reach the established
criteria, update the template image using the obtained
transformation and repeat steps (2)–(3).

3. Results

The proposed nonrigid registration approach is evaluated on
real individual’s MRI images and compared with Diffeomor-
phic Demons algorithm (DD) [28]. The reference image used
in the experiment is the one offered by the Surgical Planning
Laboratory of Harvard Medical School [29]. It consists of 256× 256 × 160 voxels with a spatial resolution of 0.9375mm ×0.9375mm × 1.5mm. The test images are real brain MRI
images of fifteen normal subjects provided by the Center for
Morphometric Analysis at Massachusetts General Hospital
and available from Internet Brain Segmentation Repository
(IBSR) [30].

3.1. Evaluation of the Topology Preservation Ability. Dur-
ing the registration, both a criterion based on the cross-
correlation (noted as CC𝑡) and the iteration number con-
stitute the iteration stopping criteria. If the cross-correlation
between the deformed reference image and the target image
equals or exceeds CC𝑡 or the iteration number of reregistra-
tion using the deformed image as the new reference image
reaches the upper limit (here it is three, while within a scale,
the iteration number is set to be ten), the algorithm will stop.
CC𝑡 is defined as

CC𝑡 = (1 − CC0)𝛼 + CC0, (18)

where CC0 is the initial cross-correlation between the refer-
ence image and the target image. The value of 1.2 is suitable
for parameter 𝛼 in the experiment.

Figures 3 and 4 show some typical registration results.
Figure 3 gives a visual inspection of the registration result
using NR-MDC algorithm. Obviously, the deformed template
image with updating scheme (Figure 3(e)) is more similar
to the target image (Figure 3(b)) than the other two results
(Figures 3(c) and 3(d)). Figure 4 compares the local deforma-
tion field before and after regularization, where the red circles
(Figure 4(a)) mark out the locations with negative Jacobian
determinant. It can be seen that after several iterations, the
regularized deformation field becomes realistic.

Table 1 compares the NR-MDC algorithm, Diffeomor-
phic Demons algorithm and method in [20]. In Table 1, the
criterion CC (cross-correlation factor) depicts the similarity
degree between the deformed template image and the target
image. CC = 1means the maximum similarity. The criterion𝑁𝐽 depicts the number of points with a negative Jacobian
determinant of the deformation field when compared to
the total point. S1 represents the registration result without
additional regularization. S2 represents the registration result
without updating the template image. S3 represents the
registration result with regularization and updating steps.
Since the vertex motion has high-freedom degree and each
vertex is closely related to its surrounding vertices, imme-
diate deformation regularization is inadequate. There still
exists a small amount of points with changed topologies.
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Table 2: Comparison of averaged KI value between our NR-MDC algorithm and DD algorithm.

L-Caudate R-Caudate L-Putamen R-Putamen L-Thalamus R-Thalamus L-Hippocampus R-Hippocampus

NR-MDC 0.728 0.778 0.749 0.755 0.746 0.779 0.729 0.691

DD 0.710 0.762 0.732 0.741 0.722 0.754 0.711 0.682

Thus in most cases, additional regularization is necessary.
Fortunately, less iteration is required to achieve acceptable
deformations. In addition, the need for template image
updating and the updating number depend on both the initial
difference between the template image and the target image
after global linear registration and the expected similarity.
Proper updating will improve the similarity. The DD algo-
rithm is carried out in a multiresolution manner. The main
parameters are three scales; regularization with a Gaussian
convolution kernel, whose standard deviation is set to be one;
the maximum template image updating number is three. It
can be seen from Table 1 that the average CC value is 0.984 for
NR-MDC algorithm using S3 strategy, and the deformation
field is topologically preserved. While for the DD algorithm,
the average CC value is about 0.97, and there are still a small
amount of points with negative Jacobian determinants. Since
an additional Jacobian determinant tracking procedure was
carried out in the method of [20], the algorithm running time
is relatively long.

3.2. Evaluation of the Brain Internal Structures Segmentation
Ability. To further evaluate the reasonability of the obtained
deformation field, the brain internal structures segmentation
experiment is carried out. The segmented structures are
left and right caudate (L-Caudate, R-Caudate), putamen (L-
Putamen, R-Putamen), thalamus (L-Thalamus, R-Thalamus),
and hippocampus (L-Hippocampus, R-Hippocampus). As
is known, these brain subcortical structures have relatively
small sizes, complex shapes. Moreover, there is only small
spacing between different structures, while their intensities in
MRI images are very similar. All these negative factors make
the fully automatically accurate segmentation a challenging
task.

To validate the results quantitatively, a kappa statistic-
based similarity index, Dice coefficient, is adopted in this
paper. The similarity index measures the overlap ratio
between the segmented structure and the ground truth,
which is defined as

KI = 2 × TP2 × TP + FN + FP
. (19)

The definitions of the parameters are as follows:

TP = 𝐺 ∩ 𝐸: the number of true positive;

FP = 𝐺 ∩ 𝐸: the number of false positive;

FN = 𝐺 ∩ 𝐸: the number of false negative;

where 𝐺 is the ground truth segmentation of a given struc-
ture, 𝐸 is the estimated segmentation of the same structure,

and 𝑂 denotes the complement of a set 𝑂. Perfect spatial
correspondence between the two segmentations will result in
KI = 1, whereas no correspondence will result in KI = 0.

The results are presented in Table 2, where the KI values
are the mean values of all the volumes. The results indicate
that the proposed NR-MDC algorithm gives better segmen-
tations than the DD algorithm.

Typical 3D views for the segmented structures are pre-
sented in Figure 5.

4. Conclusions

In this paper, a new nonrigid medical image registration
method, named NR-MDC, is proposed. A new deformable
source, a triangular mesh, is added to cover the template
image. This mesh is independent of the image intensities.
It reflects the points’ intrinsic spatial relations and is used
to regularize the basic deformation field computed from the
image intensity information. The proposed cost function is
optimized in an alternative minimization way. The deforma-
tion field is first computed by optimizing a SSD metric and
then is regularized by using spring analogy method. This
approach enforces a valid topology of the deformed mesh,
which means a valid image deformation. To evaluate the
performance of NR-MDC algorithm, intersubject brain MRI
image registration experiments are done. And a comparative
experiment is also done between the proposed method and
the state-of-the-art DD algorithm. The results verify NR-
MDC method’s excellent deformation ability, as well as its
good topology-preserving ability.
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As the researches of electric impedance tomography (EIT) applications in medical examinations deepen, we attempt to produce
the visualization of 3D images of human bladder. In this paper, a planar electrode array system will be introduced as the measuring
platform and a series of feasible methods are proposed to evaluate the simulated volume of bladder to avoid overfilling. The
combined regularization algorithm enhances the spatial resolution and presents distinguishable sketch of disturbances from the
background, which provides us with reliable data from inverse problem to carry on to the three-dimensional reconstruction. By
detecting the edge elements and tracking down the lost information, we extract quantitative morphological features of the object
from the noises and background. Preliminary measurements were conducted and the results showed that the proposed algorithm
overcomes the defects of holes, protrusions, and debris in reconstruction. In addition, the targets’ location in space and roughly
volume could be calculated according to the grid of finite element of the model, and this feature was never achievable for the
previous 2D imaging.

1. Introduction

Bladder filling causes the desire to urinate when the bladder
contains a certain volume of urine. But for unconsciousness
elders, some handicapped with spinal cord injury or patients
with urological disease, this sense will not occur. Urinary
incontinence or lack of bladder control is an embarrassing
problem, in case that many patients need professional
nursing. And the work of nursing may be greatly reduced if
the urination is detected and alarmed in time. In clinical, the
traditional method to solve this problem is draining urine
out by a catheter inserted in the bladder. But the intubation
is invasive and not suitable for most patients, because it may
cause secondary infection of the urinary tract. A way for
measure in real time is the ultrasound imaging. Researchers
have developed ultrasound bladder volume measurement
devices to evaluate bladder volume. However, these devices
are inconvenient for continuous monitoring, moreover, the
ultrasonic images are greatly influenced by the human
intraperitoneal gas [1, 2].

Several investigators over the last 20 years have verified
that the electrical properties of human tissues and body
fluids are significantly different and have demonstrated that
measurement of these properties has obvious clinical poten-
tial [3]. Electric impedance tomography distills biomedicine
information without trauma and generates real-time image,
which examination is not necessary straight line to avoid the
intra-peritoneal gas affection. Consequently, this technology
is applied to measure and visualize impedance changes in
bladder.

As we know, the filling bladder is located just a little
beneath the lower abdomen. On account of different phys-
iological and structural characteristics of patient’s abdomen,
traditional closed EIT system is difficult to meet in different
shape and location of focus detection [4]. Therefore, we
chose planar array EIT system due to its convenience in
operation [5]. In order to solve the problem of lack in
effective precondition in the past researches of 3D volume
estimation, we propose a system of 64 electrodes rectangular
array with adaptable combination mode of injection and
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measurement [6]. This system has features of adjustable
multifrequency, high accuracy, and being portable and
flexible in application, which is quite suitable for long-term
clinical monitoring via appropriate upgrade.

Another reason that restricts the 3D EIT development
is the lacking of proper algorithms. The previous algo-
rithms applied in EIT included Filtered Back-projection
[7], Spectral Expansion method [8], Newton’s one-step
error reconstruction [9], Genetic Algorithms [10], and
Weighted Minimum Norm method [11], most of which
are confronted with the severely ill-posed problem and the
great amount of calculation. Through the analysis of the
respective advantage and disadvantage of Tikhonov [12]
and NOSER regularizations [9], we developed the combined
regularization algorithm of expectable spatial resolution for
3D EIT, which ensures more uniform impedance estimation
and deeper investigation depth.

Since the boundary of the targets or structures are
usually contained in the cell of the three-dimensional
image, the detection and reconstruction of the edge surfaces
from the reconstructed electrical impedance are mong of
the important research issues in three-dimensional image
analysis [13]. The isosurface is a common approximation of
the boundary surface within biomedical images. However,
a fixed values iosurface is not suitable in approximating
the boundary surface in EIT inverse problems due to large
errors of the results [14]. To adapt the local difference
of the complex boundary surface, we have improved the
work of the literatures [15]. The formation of new method,
by which, constructs the adaptively approximating to the
boundary surface of the targets with different surface patches
in different local regions. Consequently, the approximation
accuracy has been considerably improved.

2. Materials and Methods

2.1. System Description. On account of different physiologi-
cal and structural characteristics of patient’s waist, the open
EIT system in Figure 1(a), by simply placing the measuring
probe onto the targets, could make the measurement and
avoid the trouble of routine electrode pasting. The measuring
probe is an 8 × 8 electrode array with a back electrode as
the signal ground is placed on the patient’s back to make
the current evenly distributed into the body for deeper
detection. The measurement and reconstruction field are the
area between the electrode array and the back electrode.

As in examination, a sinusoidal current is injected
from the 64 electrodes in turn and outflows from the
back electrode in Figure 1(b). The measurements are taken
from the rest 63 electrodes. In each examination, we will
obtain 64 × 63 = 4032 independent measurements from
excitation, which greatly increased the amount of available
data comparing with most current reported methods, as the
32 electrodes are in round for chest examination (maxim
32 ∗ 31 = 992 measurements) [16] and the fixed voltage
source with 16 ∗ 16 measuring points for breast cancer
detection [17].

This system has features of constant current source, good
antijamming capability, low output impedance, and deep

detection area, which is supplied by medical power and
communicates with notebook via USB as in Figure 1(c).
While used for long-term monitoring, the device can be
replaced with lithium battery powered, Bluetooth commu-
nication and belt-contact electrode array, which enables the
application for inpatients or even patients at home.

2.2. EIT Inverse Problems. The inverse problem is the process
of calculating the internal conductivity distribution based
on the boundary voltage. EIT image reconstruction is a
nonlinear ill-posed problem, and it is only to deduce the
impedances in the measurement filed by approximation.
In principle, small enough perturbations in conductivity
can be reconstructed accurately enough by considering just
the linear problem. In EIT, starting from a known and
usually homogeneous distribution xp, a set of measurement
Vp is gathered. In sequence, a perturbation δx occurs
causing a new x /= xp and consequently a V /=Vp. Calculating
the Jacobian matrix (J) in which a computing method is
introduced in [18] based on xp, the discrete form of the linear
forward problem used in difference imaging becomes

Jδx = δV ⇐⇒ J
(
xp − x

)
= Vp −V. (1)

In (1) only V is physically collected from the boundary
of the volume as Vp is obtained by forward calculations:

J
(
xp − x

)
= F

(
xp
)
−V , (2)

in which F(xp) denotes the vector of simulated measure-
ments derived from forward computations based on a model
xp.

The Least squares method (LS) could be used to solve (2):

min
xp−x

∥∥∥J(xp − x
)
−
[
F
(
xp
)
−V

]∥∥∥
2
. (3)

For the linear least squares problem, the Jacobian matrix
J is very ill-conditioned and singular. This problem is
remedied by regularizing the matrix J and solving a new
problem that is well conditioned. A general version of
Tikhonov regularization method is used:

min
{∥∥∥J(xp − x

)
−
[
F
(
xp
)
−V

]∥∥∥2

2
+ λ
∥∥∥L(xp − x

)∥∥∥2

2

}
,

(4)

where λ is Tikhonov regularization parameter, and L is a
matrix that defines a norm on the solution through which
the “size” is measured. Often, L represents the first or second
derivative operator. If L is the identity matrix, then the
Tikhonov problem is said to be in standard form. So we can
get the solution from (2)∼(4):

δx = xp − x =
(
JTJ + λI

)−1
JT ×

[
F
(
xp
)
−V

]
. (5)

It has the effect of damping any large oscillations. A
scaled identity matrix adding to the Jacobian matrix J
makes the solution stable. But the condition number which
indicates the sensitivity of the uncertainty is still large and the
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Figure 1: (a) System measurement, (b) Electrodes arrangement, and (c) Experimental Prototype.
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Figure 2: (a) Tetrahedral finite elements, (b) Electrical impedance slices by solving the inverse problem.

solution has the side effect of the smoothing caused by that
identity matrix [9].

To reduce the condition number and side effect, we
combined Tikhonov regularization with NOSER type reg-
ularization. In NOSER regularization, the regularization
matrix is a simple diagonal weighting for JTJ corresponding
to the first and second difference operators. The equation is

δx =
(
JTJ + ε × diag

(
JTJ
))−1

JT ×
[
F
(
xp
)
−V

]
, (6)

where 0 < ε < 1 is the NOSER regularization parameter and
diag(JTJ) denotes the diagonal matrix and also represents an
approximation for the missing part of the second derivative
of the mapping [19].

NOSER regularization works well in 2D field, but cannot
correct the error caused by the noise in 3D model which
is a very ill-posed problem. Tikhonov regularization could
correct the error caused by weak noises and also has the
side effect of the smoothing caused by that identity. If these
two methods are combined, the condition number would
be reduced (in Table 1), consequently, a better image will
be obtained. The equation with combined regularization
method can be written as

δx =
(
JTJ + λI + ε × diag

(
JTJ
))−1

JT ×
[
F
(
xp
)
−V

]
. (7)

As comparison and experiments between reconstructed
results of different algorithms, including parameters choos-
ing and discussions, have been made in previous work [20],

the combined regularization was proved to be effective in
eliminating errors and demonstrate better spatial resolution
such as target’s location and size.

2.3. Finite Element Mesh and Impedance Calculation. To
calculate the discrete impedance within three-dimensional
space, we first have to conduct tetrahedral finite element
meshing in the whole measurement space as in Figure 2(a).
As in the followed experiment, for example, the cuboid
phantom was meshed into 79 307 finite elements with 14 876
nodes in space. Then, the Jacobian matrix could be obtained
via complete electrode model by calculating the voltage
of each node with analytical method [21]. The combined
regularization matrix could be then deduced from Jacobian
by choosing the proper parameters λ and ε. Finally, spatial
distribution of the electrical impedance in the model could
be approximated from the boundary conditions which were
the voltage measurements from the electrodes. Although
the accuracy of discrete impedance calculated from the
combined regularization had been improved and large, there
was still disturbance around the electrodes, as we could see
from Figure 2(b). Another problem was that the electrical
impedance changes gradually, in case that we were not able
to draw the actual boundary of the anomaly buried in the
background. Therefore, we had to develop a feasible and
reliable way to eliminate the noise, sketch out the boundary
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Table 1: Typical condition number of Jacobian matrix and regularization algorithms.

Jacobian matrix Tikhonov regularization NOSER regularization Combined regularization

Condition number 1.536 × 1016 1.109 × 1011 3.854 × 109 9.294 × 108

of objects, and reconstruct images with boundary surface
detection in 3D field.

2.4. Boundary Detection. In many cases, the gray-level-based
decent isosurface of boundary surfaces can well separate
voxels belonging to an object from voxels belonging to the
background and therefore can be applied in the segmenta-
tion of 3D images [22]. However, the impedance approxi-
mations obtained from inverse problems are usually of high
level noises which are not applicable for direct isosurface
calculation. As the boundaries of the target object are usually
across intensity values which have great differences from the
background, they are actually steplike edge surfaces, defined
as surface where great change of intensity value occurs. A
volumetric image can be considered as the discrete sampling
of the underlying three-dimensional continuous function at
the grid points of the three-dimensional regular grid.

The boundary surface within the volumetric image
can be considered as the implicitly defined continuous
surface contained in the continuous sampling region of
the volumetric image. Recall that, in a volumetric image,
different structures usually correspond to different image
intensities. Thus, the impedance intensities on either side of
the boundary surface of the structure within a volumetric
image have sharp changes. Such a boundary surface belongs
to a steplike edge surface and therefore it is a continuous
zero-crossing surface with a high gradient value. Mathemat-
ically, the boundaries within 3D image could be presented as
follows [23]:

∇2 f
(
x, y, z

) = 0,∥∥∇ f
(
x, y, z

)∥∥ ≥ T ,
(8)

where T is a predetermined gradient threshold, ∇2 f (x, y, z)
represents the Laplacian function of f (x, y, z), and
‖∇ f (x, y, z)‖ represents the gradientmagnitude function of
f (x, y, z). T can be selected by other methods that are used
to select the gradient threshold in the edge detection of a 2D
image [24].

Since the boundary surface of the volumetric image is
determined, the subsequent processing can be performed to
reduce the noises and improve the reconstruction quality,
which will be further elaborated in the following sections.

2.5. Edge Elements Detection. The electrical impedance is
sampled from tetrahedron grid as described above, and all
such tetrahedrons form a continuous space occupied by 3D
image. Steplike edge surfaces in the volume pass through, or
are included in, some tetrahedrons. All tetrahedron elements
are divided into two categories: those that are passed through
by a steplike edge and the rest which are not. We first detect
the edge elements and then compute the steplike edges in
each edge element. For each edge element, since steplike edge
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Figure 3: Extracted edge elements from tetrahedron slice.

passes through it, at least three of its edges are intersected by
steplike edges. Without loss of generality, we assume that the
edge linking vertexes of one tetrahedron are P1(i, j, k) and
P2(i − 1, j, k). In terms of the literature [23], if the one side
of the tetrahedron intersects with the edge surfaces, the two
endpoints in the side of the section, respectively, having a
high value of the gradient, and their Laplacian values, are of
different signs.

In the edge elements, each edge intersected has the
following characterizations:

(1) both vertices have high gradient values: ‖∇ f (P1)‖ +
‖∇ f (P2)‖ ≥ 2T ,

(2) two vertices are a pair of zero-crossing points:
‖∇2 f (P1)‖ · ‖∇2 f (P2)‖ < 0.

Accordingly, by tagging the edge surfaces intersection as
well as determining whether three edges of the tetrahedron
are intersected by the edge surfaces, we will find out the
edge elements and locate the edge surface from the three-
dimensional images.

2.6. Extraction and Reconstruction. Among the detected edge
elements, there are true elements which contain the edge
surfaces, besides pseudoedge elements which caused by the
noise and object details. The pseudo-edge elements, usually
just a small collection of interlinked tetrahedron, and the
tetrahedrons which include the edge surfaces, are typically
a relatively large collection according to the characteristics
in bladder filling process. Therefore, judging by whether
the edge elements are coplanar, we can extract the larger
connected set by removing the small ones.

All the tetrahedron elements in the model are divided
into slices in horizontal, each slice contains incomplete seed
elements representing the edge surfaces (in Figure 3), from
which the edge surface of the object can be tracked. If the
edge surface intersects with one face of an edge element, the
adjacent tetrahedron of mutual face of that one is inevitable
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an edge element as well. This definition originated in the
region growing method, the algorithm using 3D region
growing method [25]. By checking the adjacent elements
which meet the coplanar criteria, the seed grows in the
original area, until the target area does not grow any longer.
In virtue of this property, we can track and recombinant the
most similar edge elements to the objects, by which are not
detected yet, starting from the determined seed elements.

Each edge element contains a piece of edge surface which
is in fact the isosurface of zero value of the Laplacian function
in three-dimensional image. By computing the zero-crossing
surface of the Laplacian in each edge element, eventually,
a triangulated model of steplike edges is obtained. From
each edge element, the surface patch could be extracted by
using the Marching Cubes and its improved algorithm as the
polygonal approximation. This algorithm guarantees that the
surface patches extracted from the adjacent edge elements
can be spliced together and constitute a polygonal surface
model [26].

3. Results and Discussion

3.1. Experiment Platform. The process of imaging recon-
struction was illustrated and verified by applying the algo-
rithm on a dataset obtained from an experimental feasibility
trial. The cuboid phantom was made of polycarbonate, with
18 cm long, 15 cm wide and 10 cm high as in Figure 4(a).
The 8 × 8 electrodes array, of each electrode diameter 4 mm
and gap of 8 mm between each, was placed on the upper
surface and the back electrode as the ground was placed on
the center of lower surface. The current density simulation
model was represented in Figure 4(b), and from which we
could configure that the current density in the middle area
below the electrode array was larger which indicated higher
sensitivity.

The experiment was carried out by using agar of 0.1 S/m
(at 200 kHz) as the background with a different size of cuboid
hole in the middle of background as the inclusion (detailed in
Section 3.2). The hole was filled with saline solution dropped
of India ink, which conductivity measures as 0.892 S/m by
the Mettler-Toledo hand-held portable liquid conductivity
measurement instrument SG7, then it was covered with
1.5 cm thick of 0.1 S/m agar same as the background. So the

saline solution was wrapped in agar to simulate the urine in
the bladder.

As the conductivity of saline varies with the frequency,
a relatively sharp change in order to distinguish it from the
agar happens at the frequency around 200 kHz [27]. Further-
more, there is also a strict regulation to limit the injection
current into the body, which is less than 10 mA of frequency
at 100 kHz or higher frequency [28]. Accordingly, we set the
current waveform frequency 200 kHz with the amplitude of
10 mA. The injection-and-measurement strategy was that of
Section 2.1 described.

3.2. Preliminary Data Analysis. A completely full bladder of
human is capable of holding approximately 1 liter of fluid.
However, the urge to urinate ordinarily occurs when the
bladder contains about 200 mL of urine, which value should
be smaller considering of the age and body figure [29]. So
we chose different volume of saline solution to simulate the
urine in the experiment, as in Figures 5(a)–5(d) in red. They
were, respectively, 0 mL in Figure 5(a), 4 cm∗4 cm∗4 cm
that was 64 mL in Figure 5(b), 5 cm∗5 cm∗5 cm that was
125 mL in Figure 5(c), and 8 cm∗8 cm∗5 cm that was
320 mL in Figure 5(d). As long as these volumes are able to
be estimated, we are able to predict the right moment to
micturate or whether the volume reaches the critical value.

Figures 5(e)–5(h) illustrate the 2D image projection from
direct acquisition data without any algorithm applied. That
means the color of image reflects the voltage which corre-
sponds to the impedance from the measurement electrodes.
We can figure out that the results are with perturbations at
the corners due to the edge effect of container in Figures
5(e) and 5(f). As the volume increases in Figures 5(g) and
5(h), the blue area indicating the lower impedance increases,
but obviously, the shapes are irregular without any depth
information. As a result, it is ambiguous for diagnose which
inspirit us to improve the results by utilizing more optimized
methods and algorithms.

3.3. Three-Dimensional Reconstruction and Discussion. The
3D representations of the reconstructed perturbation from
the experiments were shown above. Figure 6(a) was the
reconstructed image from 4 cm∗4 cm∗4 cm saline solution,
Figures 6(b) and 6(c) are the corresponding lateral and
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Figure 5: Experiment models and the corresponding 2D images.

top views. From those of which we could figure out that
the reconstructed target’s location was basically identical,
whereas the shape of target transferred from cubic to round-
like. It was by reason of the regularization-based algo-
rithms applied the least squares method, which is different
from back-projection [7] and genetic algorithms [10], and
approached the perturbation generally, in case that the sharp
changes were smoothened and some object details were
as well omitted. Reconstructions from other two volumes
in Figures 6(d)–6(i) reflected the similar characteristic. In
addition, we could point out that while the volume increased,
the distortion was getting more serious, because of the sensor
array was getting comparatively smaller in contrast of the
volume. As a result, the sensitivity of the algorithm decreased
and the image deteriorated because of incomprehensive
boundary conditions.

To estimate the object volume precisely, the tank model
was gridded by the interval of 1 mm in x, y, z coordinates. We
could judge the entire space being divided into 180 × 150 ×
80 = 2, 160, 000 cubes. Each cube volume of 1 × 10−3 mL,
and each node from the cubes could be surrounded in the
edge surface or not. Here, we defined the cube which has at
least 4 noncoplanar vertices in the edge surface considered
to be a valid one. As in our experiment, the number
of included cubes in Figure 6(a) was 62,783, the number
of Figure 6(d) was 115,429, and Figure 6(g) was 307,725.
The corresponding estimated volumes were approximately
62.8 mL, 115.4 mL and 308.7 mL. Comparing with the
origin volume with estimation, Figure 7(a) reveals that the
estimation of model 4∗4∗4 is almost identical to that of
actual volume, even though their shapes are inconsistent.
Whereas the 5∗5∗5 and 8∗8∗5 models’ estimation are
lower than that of real ones, the volumetric errors are less
than 10% which was still at acceptable level.

The position of an anomaly is defined to be located as the
centre of mass of HA set in reconstruction images as

position =
∑

m σm · pm∑
m σm

. (9)

Here, pm is the position vector (xm, ym, zm) within the
domain. Position error is a figure of merit defined as the
proportional difference in position of the centre of mass
of the reconstructed image HA set and the centre of mass
of the generating anomaly. The smaller PE indicating the
reconstructed image is more approximate to the center of the
target object.

As we consider the conductivity of saline solution to be
homogeneous, the centre of origin should be at the center
of the cuboids. In terms of position error in Figure 7(b), the
configurations show that relative position errors are various
at different axes. Although the result indicates nonlinearity in
different models, the error percentages are generally between
−8% ∼ 8%. We could also figure out that, the errors on
z-axis in green is comparatively greater than that of x- and
y-axis which exceed of 10%. It is because of the higher
sensitivity as the object closer to the electrode array, this is
resulting from both the current density distribution and the
finite elements at the top are smaller than the bottom in
our algorithm. Moreover, we realize that, as the size of target
increase especially for the model 8∗8∗5, the target is getting
closer to the edge of the electrode array, namely, the position
errors increase.

By utilizing the combined regularization algorithm and
integrating with edge elements filtering and rearrangement,
3D images were able to display for qualitative image evalua-
tion. The differences between the objectives and background
from reconstructions were significant. By and large, the
target’s locations were easy to be distinguished, nevertheless
the reconstructed object did not directly correspond with the
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Figure 6: 3D reconstructions from different volumes of saline solution.
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exact shape of the original. This experiment demonstrated
that it was possible to obtain and localize reliable 3D images
of conductivity changes, employing 65 channels, the result
presented to be superior to that of traditional methods and
of considerably highly approximation to the target.

4. Conclusions

This paper addresses the issue of presenting a method
for EIT 3D reconstruction and targets identification, by
which aim to predict the urine volume in bladder. The
performance of the proposed algorithms has been investi-
gated and demonstrated by mathematical exposition. The
approximation problem of boundary surface within 3D
images is also described, it is applied not only to reduce the
system noise which leads to holes, protrusions, and debris
in reconstruction, but also deliver us readily to identify and
calculate visual images. The reconstruction images provide
more information as well, including depth and volume, and
contrast from the background.

Overall, EIT image reconstruction is a nonlinear and ill-
posed inverse problem of spatially variant estimation. Uncer-
tainties caused by these properties prevent EIT images from
having high resolution. These preliminary results indicate
that sufficient finite element modeling of the impedance
distribution in the abdomen, proper inverse problem, and
tracking algorithms choosing enable this technology to be
applicable for routine measurement of bladder volume.

This approach is convenient to apply with image recon-
structions that are spatially variant, which promises to deliver
a joint distribution and material identification and estimates
in a single measurement process. It yields an alternative
method for reporting the bladder filling so that instead of
reporting in terms of pressure and ultrasound images, we
may be able to present clinicians medical visualization and
extract certain boundary surface structure.
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A detrended fluctuation analysis (DFA) method is applied to image analysis. The 2-dimensional (2D) DFA algorithms is proposed
for recharacterizing images of lymph sections. Due to Burkitt lymphoma (BL) and diffuse large B-cell lymphoma (DLBCL), there
is a significant different 5-year survival rates after multiagent chemotherapy. Therefore, distinguishing the difference between BL
and DLBCL is very important. In this study, eighteen BL images were classified as group A, which have one to five cytogenetic
changes. Ten BL images were classified as group B, which have more than five cytogenetic changes. Both groups A and B BLs are
aggressive lymphomas, which grow very fast and require more intensive chemotherapy. Finally, ten DLBCL images were classified
as group C. The short-term correlation exponent α1 values of DFA of groups A, B, and C were 0.370 ± 0.033, 0.382 ± 0.022, and
0.435± 0.053, respectively. It was found that α1 value of BL image was significantly lower (P < 0.05) than DLBCL. However, there
is no difference between the groups A and B BLs. Hence, it can be concluded that α1 value based on DFA statistics concept can
clearly distinguish BL and DLBCL image.

1. Introduction

Natural phenomena almost are random, nonlinear, non-
stationary, disordered, and uncertain systems. It is difficult
to follow the traditional Newtonian rules to be completely
forecast or control. Therefore, opening up fractal meth-
ods to investigate complex, rough, fragment shape, and
noninteger dimension naturally objects (trees, coastlines,
clouds, and mountains, etc.) is necessity. In the 1960s, the
mathematician Mandelbrot had been indicated the fractal
objects whose complex geometry cannot be characterized
by an integral dimension [1]. This phenomenon is often
expressed by spatial or time-domain statistical scaling laws
and is mainly characterized by the power-law behavior of
real-world physical systems. It represents fractal applies to
objects in space or fluctuations in time that possess a form

of self-similarity [2]. The object has self-similarity means;
the variant of object expressed same qualitatively, irrespective
reduction or magnification of the object. Self-similarity is
one way to calculate fractal dimension. For example, one can
subdivide a line segment into m self-similar intervals, each
with the same length, and each of which can be magnified
by a factor of n to yield the original segment [3]. Due to the
fractal geometry having an approximately copy of the whole,
the fractal dimension is consistent over a wide range of
scales, which is known as scale invariance [4]. This property
provided a useful measurement of complexity object.

DFA method was developed from a modified root
mean square analysis of a random walk to exclude the
local trend induced by characteristic time scales from the
fluctuations of the multicomponent systems and get a long-
range correlation [5–7]. It was originally a method to
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Figure 1: Fake tree (left hand side) and real lymphoma cell (right
hand side) showed the self-similarity characteristics of pattern
repeated in different zoom scales.

measure scale invariant behavior developed by Peng et al. [6]
that evaluated trends of all sizes in the presence or absence
of fractal correlation properties of time series data [8, 9].
This method has been applied to heart rate dynamics such as
autonomic nervous system [10], congestive heart failure [8],
dilated cardiomyopathy [11], ventricular fibrillation [12],
and other physiological nonstationary time series systems
(DNA sequences [13], neuron spiking [14, 15], human gait
analysis [16], electroencephalogram (EEG) in sleep [17–
20], stock returns [21], periodic trends [22], estimating
dependence [23], etc.). Experience has shown that monodi-
mensional detrended fluctuation analysis (DFA) used in the
scaling analysis of fractal time series is accurate and easy to
implement regardless in long-term and short-term time scale
series [24, 25]. In recent years, there are some modified DFA
method researches that are proposed such as generalized
the monodimensional DFA and multifractal detrended fluc-
tuation analysis (MFDFA) to higher-dimensional versions
and derived multifractal detrended cross-correlation analysis
method to investigate the multifractal behaviors in the
power-law cross correlations between two time series or
higher-dimensional quantities recorded [26–28]. The mul-
tifractal detrended cross-correlation analysis based on DFA
(MF-X-DFA) [27] is actually a multifractal generalization of
the detrended cross-correlation analysis (DCCA) [29], which
has other variants such as the multifractal detrended cross-
correlation analysis based on DMA (MF-X-DMA) [30].
Those study results validated well for distinguishing frac-
tal/multifractal properties of synthetic surfaces (including

fractional Brownian and multifractal surfaces), one/two-
dimensional cross correlation of two financial time series,
and linear/nonlinear correlation analysis of traffic time series
(to find the cross correlation of traffic flow and volume data).

Although there are many varieties of malignant lym-
phomas, one of them is aggressive B-cell lymphoma. Diffuse
large B-cell lymphoma (DLBCL) is the largest category of
aggressive B-cell lymphomas. Less than 50% of patients can
be cured by combination chemotherapy [31]. DLBCL has
two important subgroups, which are germinal center B-cell-
like (GCB) and activated B-cell-like (ABC) lymphoma. In
medicine, cDNA microarrays method can successfully use
to distinguish GCB and ABC DLBCL. The advantage of dis-
tinguish GCB and ABC DLBCL subgroups has significantly
different 5-year survival rates after multiagent chemotherapy
(GCB over 60%) [32, 33]. A similar situation exists between
Burkitt lymphoma (BL) and DLBCL. Both lymphomas were
all classified as aggressive B-cell non-Hodgkin’s lymphoma
in the World Health Organization [34]. Therefore, how
to distinguish the difference between BL and DLBCL is a
challenge, as the two diseases require different treatment and
have different cure rate. Existing diagnosis and classifica-
tion between BL and DLBCL evaluated their morphologic,
immunophenotypic, and cytogenetic features and clinical
outcomes [35, 36]. Recently, the Cui et al. study [37] had
successful applied nonmedical methods (i.e., statistical and
engineering methods, linguistic analysis, and ensembled
artificial neural networks) to classify two types of GCB and
ABC DLBCL. Because fractal temporal process may generate
fluctuations on different area scales that are statistically
self-similarity [38], therefore, the same concept of fractal
temporal process and the statistically self-similarity of cell
image are used as shown in Figure 1 because the lymphoma
cells exist big and small cells at the same time which can easily
display statistical self-similarity characteristics. In this paper,
a nonmedical method/two-dimensional (2D) algorithms of
DFA has been proposed based on the original design method
concepts. The proposed method was used to recharacterize
the images of lymph sections. It is anticipated that 2D
DFA could be helpful to distinguish BL and DLBCL section
images.

2. Material and Methods

2.1. Material. A total of 38 lymph section images cataloged
into 3 lymphoma groups were used in the classification
as shown in Table 1. Eighteen BL images were classified as
group A, which have one to five cytogenetic changes. Ten BL
images were classified as group B, which have more than five
cytogenetic changes. Both group A and B BLs are high grade
aggressive lymphomas, which grow very fast and require
more intensive chemotherapy. Finally, ten DLBCL images
were grouped as C. Some images of healthy cell, BL and
DLBCL (4080 × 3072 pixels), are shown in Figure 2.

2.2. Two-Dimensional Analysis Algorithm of DFA. The algo-
rithm of monodimensional DFA method described in [6]
quantifies fractal-like correlation properties by calculating
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(a) (b)

(c) (d)

Figure 2: Healthy cell images, BL and DLBCL. (a) Healthy cell image, (b) BL image (one to five cytogenetic changes), (c) BL image (more
than five cytogenetic changes), and (d) DLBCL image, which image is 4080 × 3072 pixels.

Table 1: The groups of Burkitt lymphoma (BL) and diffuse large B cell lymphoma (DLBCL) section images and case number.

Groups Case number

A
Burkitt lymphoma (BL)

One to five cytogenetic changes 18

B More than five cytogenetic changes 10

C Diffuse large B cell lymphoma (DLBCL) 10

the scaling property of the root-mean-square fluctuation of
the integrated and detrended time series data. To illustrate
the DFA algorithm, a time series signal (with N samples) is
used and analyzed as in the following equations:

y(k) =
k∑
i=1

[
B(i)− B

]
, (1)

where B(i) is the ith sample of a signal; B is the average of
overall signal; and y(k) is the value of the kth sample of
the integrated time series. Then, the fluctuation of integrated
and detrended time series for a given window with scale of n
is calculated by

F(n) =
√√√√√ 1
N

N∑
k=1

[
y(k)− yn(k)

]2, (2)

where F(n) is the fluctuation of an integrated time series for
a given window with scale of n, and yn(k) is the kth point on
the trend derived using a predetermined window with scale
of n. A straight line of log(F(n)) versus log(n) plot indicates

the presence of power law (fractal) correlation between scales
and the fluctuations of the detrended time series. The slope
of log-log plot is defined the DFA scaling exponent α. For
the α exponent, Peng et al. indicate it as an indicator that
describes the “roughness” of the original time series: the
larger the value of α, the smoother the time series [6].

As the application of DFA in image analysis, two-
dimensional algorithm of DFA should be refined in both
integration and detrending processes. Considering the inte-
gration in both dimensions, the formula of integration
should be as the following steps.

Step 1. The color image should be gray-scale processing at
first. Consider a self-similar surface, which is denoted by
a two-dimensional array B(i, j), where i = 1, 2, . . . ,M and
j = 1, 2, . . . ,N . Content of B(i, j) is the pixel value of
surface image. Like monodimensional DFA method, the first
integrated equation is as follows:

y(m,n) =
m∑
i=1

[
B(i,n)− Bnc

]
+

n∑
j=1

[
B
(
m, j

)− Bmr

]
(3)
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for 1 ≤ m ≤M, 1 ≤ n ≤ N , where y(m,n) is the value of the
pixel (m,n) on the integrated image, B(i,n) is the ith pixel on
the nth column, Bnc is the average of the nth column, B(m, j)
is the jth pixel on the mth row, and Bmr is the average of the
mth row.

Step 2. The surface is partitioned into Ms×Ns disjoint square
segments of the same size s × s, where Ms = [M/s], Ns =
[N/s], and 4 ≤ s ≤min (M/4, N/4). y(m,n) can be denoted
by yk,l, segments such that yk,l(o, p) = y(k1 + o, l1 + p) for
1 ≤ o, p ≤ s, 1 ≤ k ≤Ms, and 1 ≤ l ≤ Ns, where k1 = (k−1)s
and l1 = (l − 1)s.

Step 3. Use least square method to calculate the trend of
matrix yk,l(s, s) expressed as ŷk,l(s, s). The trend matrix
ŷk,l(s, s) is the mathematical model of linear regression. The
trend decomposes into row and column, two directions.

Step 4. The mean squared error (MSE) represents the
fluctuation of an integrated and detrended segment image
with scale of s× s as

Ek,l = 1
s2

S∑
o=1

S∑
p=1

[
yk,l
(
o, p

)− ŷk,l(s, s)
]2

(4)

for Ek,l value expected to be minimized.

Step 5. The overall detrended fluctuation is calculated by
averaging overall the segments, that is

F2(s) = 1
MSNS

MS∑
k=1

NS∑
l=1

Ek,l . (5)

Substituting (4) into (5) to get (6)

F2(s) = 1
MSNS

MS∑
k=1

NS∑
l=1

⎧⎨⎩ 1
s2

S∑
o=1

S∑
p=1

[
yk,l
(
o, p

)− ŷk,l(s, s)
]2

⎫⎬⎭.
(6)

Then

F(s) =
√√√√√ 1
MSNS

MS∑
k=1

NS∑
l=1

⎧⎨⎩ 1
s2

S∑
o=1

S∑
p=1

[
yk,l
(
o, p

)− ŷk,l(s, s)
]2

⎫⎬⎭.
(7)

Moreover, the least square plans with size of s × s were
used to fit the sth segment of local trends in images. Then,
the sth trend can be removed from the integrated image to
derive the sth fluctuation. DFA scaling exponent is defined as
the power-law correlation between the using scales and the
derived fluctuations. Finally, the DFA scaling exponent α by
the straight line of log(F(s)) versus log(s) plot is obtained.

2.3. Statistical Analysis. Values were expressed as means ±
SD. Data were analyzed by one-way analysis of variance
(ANOVA) (SigmaStat statistical software, Jandel Scientific,
San Rafael, CA). The Tukey test was conducted for multiple

comparisons when the null hypothesis was not applicable for
the same group. It was also used for all pairwise comparisons
of the mean responses to the different treatment groups.
Differences were considered significant at a value of P < 0.05.

3. Results and Discussion

3.1. Simulation. 24 images (4080 × 3072 pixels, same as
lymph section images scale) were used to check the proposed
two-dimensional analysis DFA method for image analysis.
Different shape, color, and size images are used. Some images
of simulation are shown in Figure 3. The image shape has
circle and square, two types, which color has white, black,
red, green, blue, and mix color, six modes, and size has large
and small, two categories. The scaling exponent α can be
estimated by a linear fit on the log-log plot of F(s) versus s.
The monodimensional DFA method has three types α value.
It represents the correlation properties of the statistically self-
similarity. Reflecting on two-dimensional DFA method, the
global scaling exponent α value was calculated within the
range of s between s = 4 and s = min(M/4,N/4), the
short-term correlation exponent α1 was calculated within
the range between s = 4 and s = 11 [7, 39, 40], and the
long-term correlation exponent α2 was calculated within the
range of s between s = 12 and s = min(M/4,N/4). Plotted
logF(s) versus log s picture by the DFA analysis method
of red small circle image was shown in Figure 4. End of
the plotted curve is displayed nearly the horizon line. This
trend is similar as other 23 simulation images. Because this
curve trend, not displaying the line slope style, is unable to
calculate the α and α2 values, we selected α1 to calculate total
24 simulation images and compared between the different
shape, color, and size as shown in Table 2. The results show
that different shapes, colors, and size images have different
α1 values. The 24 simulation images show three cases. First
case is similar shape with same color which is all the large
size α1 value bigger than the small size. The small size
shape means the numbers are more, and the shape area
and length have larger values and complexity which are the
same α exponent roughness concept of monodimensional
DFA method from Peng et al. [6]. It is found that complex
images have lower value of α1. Second case is similar size
(i.e., the square diagonal length equal circle diameter) and
color situation where the square shape α1 value is greater
than or equal (only white large image) the circle shape α1
value. This observation corresponds the larger area image
(i.e., circle area) and has lower α1 value as initially observed.
Third case is similar shape and size situation where α1 values
of different colors almost have no significant differences. This
means the image color influence is very low when using
2D DFA method to analysis image characteristic. Therefore,
when clinical images are influenced by light, the resulting
images which are different in colors and cause a change in the
characteristic value can be reduced. In summary, the index
of the α1 value has distinctive capability and consistency in
image analysis.

3.2. Healthy Cell, BL and DLBCL Lymphoma Image Calculated
Results. Figure 5 shows a healthy cell image plotted using
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Table 2: The DFA α1 value of 24 simulation images.

Image DFA plot α1 value Image DFA plot α1 value
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(a) (b)

(c) (d)

Figure 3: Simulation images. (a) White large circle, (b) black small circle, (c) red large square, and (d) blue small square, which image is
4080 × 3072 pixels. The shape of image has circle and square, two types. Every type’s color has white, black, red, green, blue, and mix color,
six modes, and size has large and small, two categories.
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Figure 4: Red small circle image plot of log(F(s)) versus log(s) using
DFA analysis method.

log(F(s)) versus log(s) picture based on the DFA analysis
method. Figure 6 shows a BL image of group B. All the
simulation images show that the lymphoma images have
similar curve trend. Therefore the DFA method was used
to calculate α1 value for a healthy cell image for a total of
38 lymphoma images classified into three groups. The α1

5

4.5

4

3.5

3

2.5

2

1.5

1
0 0.5 1 1.5 2 2.5 3 3.5 4

log (s)

α1

lo
g
F

(s
)

Figure 5: Healthy cell image plot of log(F(s)) versus log(s) using
DFA analysis method.

value for healthy cell of Figure 2(a) is 0.50 which is due to
the clarity of healthy cell images. The mean values of the
short-term correlation exponent α1 of groups A, B, and C are
0.370± 0.033, 0.382± 0.022, and 0.435± 0.053, respectively,
as shown in Table 3. It is observed that the healthy cell α1
value was different from lymphoma cells. Furthermore, the
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Figure 6: BL image (more than five cytogenetic changes) plot of
log(F(s)) versus log(s) using DFA analysis method.

α1 value of BL image (both BLs) was significantly lower (P <
0.05) than DLBCL image (including groups A and C, groups
B and C) and has no difference between both BLs (groups A
and B). Hence, it could be concluded that α1 values based on
DFA statistics concept could clearly distinguish pathologic
states between BL and DLBCL images.

4. Conclusions

DFA method was utilized to measure the scale invariant
behavior that evaluates trends in the presence or absence of
fractal correlation properties of time series data [8, 9]. In
this study, 2D DFA method was derived and used to explore
the trend of fractal images where the α1 value can be easily
identified.

In this paper, the DFA method has been applied to image
analysis. The two-dimensional matrix algorithm of DFA,
both integration and detrending processes, was used for time
series data field. The DFA method has been used to inves-
tigate the characteristic of different type of simulated and
lymphoma image. The lymphoma images test results show
that the short-term correlation exponent α1 value of DFA
obtained from BL and DLBCL have statistical significant
difference. This result is very encouraging, which α1 value
could be an index, to help the doctor for distinguishing
between BL and DLBCL.

However, the authors had been testing the matrix perfor-
mance of a two-dimensional image as in equation (1) of [26].
The 2D DFA results calculation of the matrix performance
are very time consuming. For example, one image (4080 ×
3072 pixels) takes over three days. This is disadvantageous for
the real-time requirements. Therefore, the 1D DFA concept
is being used to solve the aforementioned image’s problem.
We assume the lymphoma cell shape, color, and size were
influenced by the row and column cells before it. By this
way, the verification results of calculation time were great
reduced for the 2D DFA, about 3 hours for one image.

Table 3: The DFA α1 value of Burkitt and DLBCL images.

Classification Group A Group B Group C P value

α1 value 0.370± 0.033a 0.382± 0.022b 0.435± 0.053 <0.001

Values are expressed as mean ± standard deviation.
P < 0.05 was considered statistically significant difference using the ANOVA
method.
aP < 0.05 for group A versus group C comparison using the Tukey test.
bP < 0.05 for group B versus group C comparison using the Tukey test.

Fortunately, statistical analysis of calculation results can
distinguish between BL and DLBCL lymphoma. However,
groups A and B in BL still cannot be classified in this study.
Therefore, further investigations are needed to improve the
sensitivity and specificity of classification. Results of this
study can be compared to 2D DFA algorithm in [26] or 2D-
DMA algorithm in [41, 42] to investigate how widely this
method can be applied in clinical analysis.
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This paper proposes a new dynamic and robust blind watermarking scheme for color pathological image based on discrete wavelet
transform (DWT). The binary watermark image is preprocessed before embedding; firstly it is scrambled by Arnold cat map and
then encrypted by pseudorandom sequence generated by robust chaotic map. The host image is divided into n× n blocks, and the
encrypted watermark is embedded into the higher frequency domain of blue component. The mean and variance of the subbands
are calculated, to dynamically modify the wavelet coefficient of a block according to the embedded 0 or 1, so as to generate the
detection threshold. We research the relationship between embedding intensity and threshold and give the effective range of the
threshold to extract the watermark. Experimental results show that the scheme can resist against common distortions, especially
getting advantage over JPEG compression, additive noise, brightening, rotation, and cropping.

1. Introduction

For content owners and distributors, there emerged a
necessary concern in regard to the content authentication of
pathological images as well as copyright protection. A latent
solution to this issue is bestowed by digital watermarking.
In general, image watermarking can be divided into two
categories, according to the processing domain of cover
images where the watermark is embedded: (1) the spatial
domain method, which directly modifies the intensity value
of the image and these algorithms are simple and speedy but
not robust; (2) the frequency domain method, which is to
modify the frequency coefficients.

In recent years, chaos is employed to encrypt the image,
for it has sensitive dependence on initial conditions and
can be employed to generate pseudorandom sequences,
so the algorithm has large key space. Shyamsunder and
Kaliyaperumal [1] proposed an image encryption scheme,
which incorporates the concept of modular arithmetic and
chaos theory. A necessary random matrix is generated for
image encryption, and the look-up table is used to find

the element by modular inverse of the random matrix for
decryption. Rawat and Raman [2] proposed a chaos-based
watermarking scheme for image authentication and tamper
detection. Their scheme can detect any modification made
to the image and can also indicate the specific locations
that have been modified. To improve the security of the
proposed scheme, two chaotic maps are employed. Li et al.
[3] used logistic system and Chebyshev maps to construct
a hybrid chaotic mapping system, the aim is to set risk
transfer, process and improve risk management efficiency in
projects management. That is a good case for applying chaos
in enterprise management.

The DWT approach remains one of the most effective
ways for image watermarking. Lin et al. [4] proposed a
blind watermarking algorithm based on maximum wavelet
coefficient quantization; the blocks are randomly selected
from different subbands, by adding different energies to the
maximum wavelet coefficient to embed the watermark. The
wavelet functions will analyze image features such as edges
and borders through good space-frequency localization.
They are used in several fields: image compression, signal
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denoising, image smoothing, and texture analysis. The main
advantages of embedding watermarks in the DWT can be
found in [5, 6].

The most important issue in DWT-based image water-
marking is how to choose the effective coefficients to be
embedded and extracted. Liu [7] estimates the noise detec-
tion threshold of each wavelet coefficient in luminance and
chrominance components of color image. The thresholds are
derived into a locally dynamic fashion based on the wavelet
decomposition, through which the perceptually significant
coefficients are selected for embedding watermark. Al-Otum
and Samara [8] proposed a watermark scheme based on
the wavelet trees, which exploits the significant features
and relations between the color pixel components in the
wavelet domain. The watermark is embedded by spreading
it that the interpixel robust relations carry the watermark
bit sign with sufficient energy. Zhang et al. [9] proposed an
adaptive block-based for embedding binary watermark into
grayscale image. In these articles, the watermark bits are only
shuffled by pseudorandom sequence, they are not scrambled
to uniformly, and randomly distributed in the host image,
which will lead to be attacked easily. The threshold is a fixed
experimental value, and the authors did not explain how to
get the threshold.

Horng et al. [10] proposed a blind watermarking
algorithm based on the significant difference of wavelet
coefficient quantization. The maximum wavelet coefficients
are quantized that their significant difference between water-
mark bit 0 and 1 exhibits a large energy difference, which can
be used for watermark extraction. An adaptive threshold is
designed to extract the watermark.

In this paper, we propose a dynamic blind watermarking
scheme for color pathological image based on DWT; the
watermark is scrambled firstly by Arnold cat map and XOR
with pseudorandom sequence generated by Chebyshev map.
The host image is divided into n × n blocks, and each bit of
the encrypted watermark is embedded into the detail wavelet
sub-band, that is, the higher-frequency domain of blue
component. We modify the wavelet coefficient dynamically
according to the mean and variance of the subbands to
embed “0” or “1.” In addition, we research the relationship
between the embedding intensity and the threshold and
deduce the range of the threshold, by which to extract the
watermark correctly.

2. Watermarking Algorithm

2.1. Preprocessing the Watermark Image. The watermark used
for embedding is a binary logo image, which is very small in
size compared to the host image. The watermark needs to be
very small so that it is spatially localized and becomes robust
against the intentional and unintentional attacks.

For a binary logo image, in order to uniformly and ran-
domly spread the bits over the host image, it is needed to be
preprocessed, or the watermarked image cannot resist against
even the simplest attack: cropping. The watermark can be
preprocessed in numerous ways, such as randomly select
the embedding position, generate pseudorandom sequences

to shuffle these bits [11], or the original watermark itself
is dynamically generated from a pseudorandom Gaussian
sequence [12, 13].

Here we take two measures to preprocess the watermark
bits. Firstly, in order to make the watermarked image be more
robust to resist against cropping attack, the two-dimensional
Arnold cat map [14] is employed to scramble these binary
bits. Suppose the watermark is an n × n binary image W ;
after scrambling, we get the binary image WA; the aim is
to uniformly spread the watermark bits in the host image.
By this means, the watermarked image can be more robust
against cropping than the method in [7]. The iteration times
t is served as one of the keys. The Arnold cat map can be
described as follows:[

xn+1

yn+1

]
=
[

1 1
1 2

][
xn
yn

]
mod n. (1)

Secondly, watermarks generated from low-pass chaotic
signals have superior performance over other signal types
[13]. In order to eliminate the statistical significance and
make the numbers of 0 and 1 approximately equal, a
pseudorandom sequence Sn ∈ {0, 1} will be generated by the
Chebyshev map.

The expression of Chebyshev map is as follows:

zi+1 = cos(w(arc cos zi)), −1 ≤ zi ≤ 1, (2)

where w is the degree of Chebyshev map. Its corresponding
invariant density is as follows:

ρ(z) = 1(
π
√

1− z2
) . (3)

Chebyshev map has important properties of excellent
cryptosystem [14, 15]. While w ≥ 2, the Lyapunov exponent
of the Chebyshev map is positive, which predicates that
Chebyshev map is chaotic, as shown in Figure 1.

Different sequences can be generated with different initial
values; we get the sequence Sn ∈ {0, 1} by

Sn =
{

0, zn ∈ [−1, 0),

1, zn ∈ [0, 1].
(4)

Finally, we can get the binary image WAX by the XOR
operation:

WAX =WA ⊕ Sn, (5)

which is a binary sequence to be embedded into the host
image.

The preprocessing process, including the original image
W , the scrambled image WA, and the image WAX , is shown
in Figure 2.

2.2. Analysis of Wavelet Coefficients. The host image I of
size w × h is transformed into wavelet coefficients using
the L-level discrete wavelet transform (DWT). With L-level
decomposition, we can get 3 × l + 1 subbands, as shown
in Figure 3. The lowest band (approximation band) LLl is
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Figure 1: The bifurcate and Lyapunov exponent figures of Chebyshev map.

the basic band of the decomposed wavelet, which includes
most of the energy from the original image; it has a crucial
effect on quality; therefore, LLl frequency band is unsuitable
to be modified.

Only embedding the watermark into HHl, HHl−1,. . .,
HH1 subbands is also unsuitable, for they have the highest
wavelet coefficients; the subbands can easily be eliminated
and modified by lossy compression or other processing [14].

According to these characteristics, we design to adap-
tively adjusting, the high-frequency coefficient of the sub-
bands HLl, LHl, and HHl, to embed the watermark bits.

Generally, watermark embedding is realized by modify-
ing some special values of pixels or transforming domain
coefficients [16]. When the watermarked image receives
some attacks, though the quality is still high, the pixel value
or coefficient may be seriously eliminated, which will lead
to the watermark detecting failed [17, 18]. Here we take
advantage of the statistic characteristic, such as mean and
variance of the LHl, HLl, and HHl subbands, to modify
the whole coefficients of them to dynamically embed the
watermark and implement the compromise between quality
and robustness.

2.3. Watermark Embedding. After preprocessing the binary
watermark image W to get WAX , we reshape WAX to
binary sequence wm; its length is still n × n. According to
Human Visual System (HVS) [19], small changes to the blue
component of color image are the most difficult to detect by
human eyes; then we select the blue component to embed.

Here we improve the method in [9] to embed pre-
processed watermark into the blue component of color
image. Suppose the host color image is I . Firstly, we divide
the blue component of I into a set of nonoverlapping n × n
subblocks bj ∈ B, j = 1, 2, ...,n2. Then a l-level DWT
decomposition of each sub-block of image I is performed

using Haar wavelet, and then compute the mean Ej of each
wavelet block SD by

Ej = 1
M

⎛⎜⎝ ∑
(x,y)∈SD

c
(l,s)
j

(
x, y

)⎞⎟⎠, (6)

where c
(l,s)
j (x, y) is the wavelet coefficient of the jth sub-

block, l is the level of wavelet decomposition, s refers to the
three subbands of LHl, HLl and HHl. (x, y) is the coordinate
for wavelet coefficient in the wavelet blocks, andM is the total
number of wavelet coefficient in SD.

For example, here we set l = 2, for the jth sub-block
b( j) ∈ B; we use the dwt2() function in Matlab to perform a
single-level two-dimensional wavelet decomposition. Finally,

c
(2,s)
j (x, y) can be gotten by (9)[

LLj1,LHj1,HLj1,HHj1

]
= dwt2

(
b
(
j
)
,′haar′

)
, (7)[

LLj2,LHj2,HLj2,HHj2

]
= dwt2

(
LLj1,′haar′

)
, (8)

c
(2,s)
j

(
x, y

) = [LHj2,HLj2,HHj2

]
. (9)

The purpose of Ej is to keep the average of c(l,s)
j (x, y)−λEj

in (10) and (11) close to zero.
If wm( j) = 1, we modify the whole wavelet coefficients

in SD by

c′j
(l,s)(

x, y
) = c

(l,s)
j

(
x, y

)− λEj . (10)

If wm( j) = 0, we modify the whole wavelet coefficients
in SD by

c′j
(l,s)(

x, y
) = c

(l,s)
j

(
x, y

)− λEj + P. (11)

Here c′j
(l,s)(x, y) is the modified wavelet coefficient; the

distribution of wavelet coefficient is modulated by wm( j).
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(a) Original watermark (b) Scrambled watermark (c) Watermark after XOR operation

Figure 2: The preprocessing process of the original watermark.
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s refers to the three detail subbands of LHl, HLl, and HHl.
That is to say, embedding “0” means that the coefficient mean
of wavelet block SD is P, and embedding “1” means 0. λ
refers to the magnification of Ej ; here we set λ = 1.5 to
ensure the range of threshold Th larger enough to extract the
watermark.

Because the variance is bigger in the textures and edges
than that in the smooth region, we use the variance of the
coefficient as the modulation coefficient P to control the
dynamically embedding intensity [19]. Raising embedding
intensity within the definition can enhance the robustness
[15]. So P can be defined by

P = A + T
(
j
)
. (12)

T( j) is defined as

T
(
j
) =

⎛⎜⎜⎝
√√√√√√
⎛⎜⎝ ∑

(x,y)∈SD

(
c

(l,a)
j

(
x, y

)− c
(l,b)
j

(
x, y

))− λEj

⎞⎟⎠
2
⎞⎟⎟⎠
β

.

(13)

We can find that T( j) is the local variance of the jth
wavelet sub-block except the approximate sub-band LLl, and
β is a constant. In (12), A is the intensity coefficient, which
ensures to embed some watermark in the smooth region
while T( j) is approximately 0. So (11) can be fully expressed
by (14).

c′j
(l,s)(

x, y
) = c

(l,s)
j

(
x, y

)− λEj + A

+

⎛⎜⎜⎝
√√√√√√
⎛⎜⎝ ∑

(x,y)∈SD

(
c

(l,a)
j

(
x, y

)− c
(l,b)
j

(
x, y

))− λEj

⎞⎟⎠
2
⎞⎟⎟⎠
β

.

(14)

Using (10) and (14) we embed watermark by modify
the wavelet coefficients. Finally, the IDWT is applied to each
block, to get the watermarked image Iw.

2.4. Watermark Extraction. The watermark can be extracted
correctly from the watermarked image, without the original
host image or the watermark image, so the scheme belongs
to blind watermark algorithm. The transformed coefficients
are compared with the threshold Th of the coefficients, those
coefficients above the threshold are retained, and all the
others are discarded [20].

The extracting process is as follows, which is mirroring
the embedding process.

Step 1. We divide the blue component of the watermarked
color image I into a set of nonoverlapping n× n subblocks.

Step 2. To extract the embedded bit from a sub-block, the
L-level DWT decomposition of each block is firstly obtained.
Then we compute Sum( j), the coefficients sum of the wavelet
block SD using

Sum
(
j
) = ∑

(x,y)∈SD
c′(l,s)j

(
x, y

)
.

(15)
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For all the wavelet blocks of j = 1, 2, ...,n2,

Sum
(
j
) ∈ [r1, r2], if SD carriesbit “1”,

Sum
(
j
) ∈ [r3, r4], if SD carriesbit “0”,

(16)

where r1 < r2 < r3 < r4, then we can get the range of Th ∈
(r2, r3).

Step 3. Sum( j) is compared with the threshold Th, to decide
whether the coefficient carries a bit “1” or “0” using

wm
(
j
) = {1 Sum

(
j
)
< Th,

0 Sum
(
j
) ≥ Th,

(17)

where wm( j) is the extracted bit.

Step 4. Finally, the extracted watermark bits are recovered
into a binary image according to the inverse process.

During the embedding and extracting processes, the
iteration times t of Arnold transform, the initial value of
Chebyshev map, the size n × n of each block, the values of
A, λ, and β, the threshold Th, and the type of wavelet are
all served as keys, which can guarantee the security of the
watermarked image; it is impossible to extract the watermark
without these keys.

3. Experimental Result Analysis

3.1. Get the Effective Range of the Threshold in Experiment.
The threshold is a critical factor, which can ensure to extract
the watermark correctly from watermarked image under
some attacks, and some papers only provide a fixed value
[3, 7, 8]. The proposed scheme provides an exact range of the
threshold by testing dozens of images, and it keeps constant
even if the watermarked image has been attacked in some
degree.

Figure 4 is Image1 distribution of Sum( j) before embed-
ding; we can find that most of the coefficients in the detail
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subbands after DWT are close to zero, and the mean of each
detail sub-band is approximately zero.

Figures 5 and 6 are the Image1 distribution of Sum( j)
after embedding with β = 0.218 and β = 0.818; from them
we can find that when β = 0.218, the distribution of Sum( j)
is relatively concentrated, but when β = 0.818, the values of
Sum( j) distribute in larger range. The distribution of other
images, such as Image3 and Airplane, is similar to Image1
when we set β = 0.218.

Experiment results demonstrate that when we set β ∈
[0.218, 0.818], the threshold Th ∈ (10, 35), which is con-
sistent with the result of (16), the range of Th watermark
can ensure the watermark to be extracted clearly from the
watermarked images.

3.2. The Relationship between β and PSNR. The quality
of watermarked image is based on the PSNR [12]. From
Figure 7 we can find that the PSNRs decrease smoothly with
the increase of β ∈ [0.218, 0.818], which can increase the
embedding intensity P. What’s more, Figure 7 shows that the
PSNR values of Image1, Image2, and Image3 are similar, and
they are greater than that of Image1, for they have richer
edges and borders than Image4, as shown in Figure 8.

4. Experimental Results and Key Space

4.1. Experimental Result. Here we made a 64 × 64 binary
image as the watermark. Some standard color images with
the size of 512 × 512 × 24 bits, including Image1, Airplane,
and Image3, are being tested. The size of the sub-block is set
to 8× 8, λ = 1.5, l = 2, when A ∈ [4, 22], β ∈ [0.218, 0.818],
and Th ∈ (10, 35); the results of watermarked images are
satisfactory, as shown in Figure 9.
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(a) Image1 (b) Image2

(c) Image3 (d) Image4

Figure 8: Sample images.

(a) The original Image1 (b) The watermarked Image1 (c) Almost no difference between (a) and (b)

Figure 9: The original and the watermarked Image1, and the difference between them.

4.2. Key Space Analysis. The high sensitivity to initial condi-
tions is inherent to any chaotic system. To provide an secure
algorithm, the key space should be large enough to make any
brute force attack ineffective. Our scheme has some of the
following secret keys: (1) for the Arnold cat map, the initial
values of x0 and y0, the iteration times t; (2) Chebyshev
maps, the initial value z0, and the parameter w.

For the Arnold cat map, x0, y0 ∈ [1,n] and t ∈ [1, 256],
here n = 64. For the Chebyshev maps, when the tiny

change in the initial value Δz0 = 10−16, the scrambled
watermark image is completely different. A large number
of experimental results indicate that the key spaces for
initial values are Sz0 = 1016. Similarly, the variation of the
parameter w in the chaotic region is between 2 and 6 with a
step of 10−16, so Sw ≈ 4× 1016.

Finally, the total key space is S = Sx0×Sy0×St×Sz0×Sw ≈
4.19 × 1038, which is larger than 2100, so even the scrambled
watermark is extracted; it’s difficult to recover it.
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Table 1: Noise attacking results for Image1.

Density d = 0.001 d = 0.005 d = 0.01 d = 0.02 d = 0.05

Salt and pepper

NC 0.9585 0.8520 0.7462 0.6488 0.5309

Mean and variance m = 0, v = 0.0005 m = 0, v = 0.001 m = 0, v = 0.002 m = 0, v = 0.005 m = 0, v = 0.01

Gaussian

NC 0.8503 0.7124 0.6258 0.5615 0.5137

Table 2: Compression results with different ratios.

A = 20, β = 0.128 0.80 0.65 0.50 0.25 0.10

Image1

NC 0.8071 0.7325 0.7143 0.5497 0.4449

Image2

NC 0.7765 0.6970 0.6603 0.5368 0.4186

Image3

NC 0.6363 0.5789 0.5621 0.5100 0.5037

5. Attack Test Results

The attacks to the whole watermarked image can modify
the red, green, and blue components simultaneously. The
modifications in the red or green component are easier
to be observed, that is only because of the Human Visual
System. There is no evidence to show that the modification
in the blue component can be more robust than the other
components.

The peak signal-to-noise ratio (PSNR) is used to evaluate
the quality between an attacked image and the original
image. For the sake of completeness, we list the PSNR for-
mula as follows:

PSNR =

10× log10
255× 255

1/(Ih × Iw)
∑Ih−1

x=0

∑Iw−1
y=0

[
f
(
x, y

)− g
(
x, y

)]2 dB,

(18)

where Ih and Iw are the height and width of the image,
respectively. f (x, y) and g(x, y) are the values located
at coordinates (x, y) of the original image and the attacked
image, respectively.

After extracting the watermark, the normalized correla-
tion coefficient (NC) is computed using the original water-
mark and the extracted watermark to judge the existence of
the watermark and to measure the correctness of an extracted
watermark. It can be defined as

NC = 1
Wh ×Ww

Wh−1∑
i=0

Ww−1∑
j=0

W
(
i, j
)×W ′(i, j), (19)

where Wh and Ww are the height and width of the water-
mark, respectively. W(i, j) and W ′(i, j) are the watermark
bits located at coordinates (i, j) of the original watermark
and the extracted watermark.

5.1. Attack of Noise. Noise attack is a common attack during
the transmission of the watermarked image on the network
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Table 3: Extracting results for Image1 and Image2 after being cropped.

Cropping 5% 10% 25% 50% 75%

Image1
Watermark
extracted

NC 0.9128 0.8245 0.6617 0.4701 0.3470

Image2
Watermark
extracted

NC 0.8911 0.8245 0.6320 0.4622 0.3332

Table 4: Randomly select the cropping position and the extracting result.

A = 20, β = 0.128 Randomly cropped Quadrately cropped Ambiently cropped

Cropped watermarked image

Extracted watermark before reverse
transformation

Extracted watermark after reverse
transformation

Table 5: Extracting results from the image with enhanced and dec-
reased brightness.

Enhanced brightness 10% 30% 50%

Extracted
watermark

Decreased
brightness

−10% −30% −50%

Extracted
watermark

[21]. In the experiment, we add salt and pepper noise and
Gaussian white noise to Image1 image, as shown in Table 1.

For the watermarked image with salt and pepper noise,
with the increase of noise density, more and more noise
points appear in the extracted watermark, when the density is

set to 0.05, the NC is 0.5309, and the extracted watermark can
still be distinguishable. Similarly, for the watermarked image
attacked by Gaussian white noise, when the mean value is set
to zero, more noise points appear in the extracted watermark
with the increase of variance; when variance is set to 0.01, the
extracted watermark can still be distinguishable.

5.2. Attack of JPEG Compression. JPEG lossy compression
is the most common image compression technique. The
watermarked image Image1 is compressed using JPEG
with different value of β, horizontal resampling by 2 : 1,
and compression ratios, 0.80, 0.65, 0.50, 0.25, and 0.10
respectively. The results obtained are summarized in Table 2;
the distinguishable watermark can still be extracted even the
ratio is set to 0.10, so the algorithm is very robust against
compression.

5.3. Attack of Cropping. The algorithm is also very robust
against the cropping operation. In order to resist true
cropping, that is, only a portion of the image is kept and
the remaining part is thrown away, the width and height of
the host image, along with the other keys, are sent to the
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Table 6: Compare the proposed method with the algorithms in [4, 11, 18].

Attacks
NC

Reference [4] Reference [11] Reference [18] Our algorithm

(PSNR = 42.02 dB) (PSNR = 44.73 dB) (PSNR = 42.98 dB) (PSNR = 31.14 dB)

Median filter (3× 3) 0.90 0.88 0.93 1

JPEG (ratio = 0.80) 0.99 NA 1 0.9997

JPEG (ratio = 0.50) 0.96 0.95 0.96 0.9976

JPEG (ratio = 0.10) 0.34 0.33 0.32 0.9987

Rotation (degree: 0.25◦) 0.59 0.61 0.65 0.9897

Rotation (degree: −0.25◦) 0.60 0.65 0.72 0.9900

Cropping 1/4 0.66 0.60 0.67 0.8561

Scaling 256× 256 0.88 0.71 0.85 0.9999

(a) 10% (b) 30% (c) 50%

(d) –10% (e) –30% (f) –50%

Figure 10: Image1: enhance and decrease the brightness.

detector. If the detector receives a portion of the image, he
can recover it to the original size by zero padding, to extract
the watermark.

After randomly selecting the position and crop 5%, 10%,
25%, 50%, and 75% of the watermarked image, respectively,
then extract the watermark, as shown in Table 3. When
50% of the whole image is cropped, we can still extract the
distinguishable watermark. That is to say, the algorithm has
high robustness against cropping.

After cropping the randomly selected position, and filling
the cropped region with zero, the extracted watermark before
and after the reverse transformation is shown in Table 4;

from it we can find that the randomly cropping has no effect
on the extracted watermark.

Without the preprocessing to scramble the watermark,
the four letters “DLUT” on the original watermark may be
unexpectedly cropped; that is, the extracted watermark may
be fragmentary, so scrambling the watermark by Arnold
cat map in Section 2.1 can help to make the bits randomly
distributed, which contributes to the robustness.

5.4. Attack of Brightness. We increase and decrease the
brightness by 10%, 30%, and 50%, respectively, as shown in
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Figure 10. The extracted watermarks demonstrate that inc-
reasing the brightness has less effect on the watermark than
decreasing the brightness, as shown in Table 5. So the algo-
rithm has high robustness against the attack of brightness.

5.5. Comparison. Finally, we use Image1 with β = 0.218 to
compare our algorithm with the algorithms proposed in [4,
11, 18]. The results show that our algorithm gets advantages
over the others in the attacks of median filter, compression,
rotation, and cropping, as shown in Table 6.

6. Conclusion

We propose a dynamic block-based blind watermark algo-
rithm based on a 2-level DWT, using Haar filter to embed
a preprocessing binary image into the blue component of
the color pathological image. By analyzing the coefficients’
characteristic after wavelet decomposition, we select the
detail subbands to embed watermark. During the embedding
procedure, the statistic characteristics of the mean and
variance are applied to dynamically adjust the embedding
intensity, so as to generate the effective range of threshold
to extract the watermark. Experiment results demonstrate
that the quality of the watermarked image, which is based
on the PSNR, decreases smoothly with the increase of the
embedding intensity, and the algorithm is robust against
common distortions, especially, getting advantages over
noise, compression, cropping, rotation, and brightening.
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Malaria is one of the serious global health problem, causing widespread sufferings and deaths in various parts of the world. With
the large number of cases diagnosed over the year, early detection and accurate diagnosis which facilitates prompt treatment
is an essential requirement to control malaria. For centuries now, manual microscopic examination of blood slide remains the
gold standard for malaria diagnosis. However, low contrast of the malaria and variable smears quality are some factors that may
influence the accuracy of interpretation by microbiologists. In order to reduce this problem, this paper aims to investigate the
performance of the proposed contrast enhancement techniques namely, modified global and modified linear contrast stretching
as well as the conventional global and linear contrast stretching that have been applied on malaria images of P. vivax species. The
results show that the proposed modified global and modified linear contrast stretching techniques have successfully increased the
contrast of the parasites and the infected red blood cells compared to the conventional global and linear contrast stretching. Hence,
the resultant images would become useful to microbiologists for identification of various stages and species of malaria.

1. Introduction

Malaria is a widely prevalent disease, affecting millions of
people in the world. Research has shown that malaria is
caused by a protozoan parasite of the genus Plasmodium.
Plasmodium is a small, single-cell organism which originated
from a species of mosquito named Anopheles [1]. Malaria is
passed on by the female Anopheles mosquito biting a person
who has malaria parasites in their blood. If the disease is
not treated, it can lead to serious problems such as anemia,
retinal damage, and convulsions [2]. Malaria infection ends
in one of two ways either the patient dies or the parasites
are defeated by immune system or medications. Up to this
date, five species of genus Plasmodium that can cause human
infection have been discovered namely, P. falciparum, P.
vivax, P. ovale, P. malariae, and P. knowlesi [3]. In 2009, it is

estimated that 3.3 billion people which is half of the world
population are at risk of malaria, with approximately 225
million cases and 781,000 of deaths [4]. The vast majority of
cases occur in children under the age of 5 and also pregnant
women. In Malaysia, a total of 7,010 malaria cases were
diagnosed among Malaysians in 2009 [4].

Diagnosis of malaria must be prompt, as a few hours of
delay in treatment involves a matter of life and death. Cur-
rently, there are several new methods have been employed
for diagnosis of malaria. These include the use of fluo-
rescent microscopy, rapid antigen detection method, and
polymerase chain reaction (PCR) technique [5]. Despite
these advances, the most economic and reliable diagnosis
which is based on microscopic examination of blood slide
remains the gold standard for laboratory confirmation of
malaria [5, 6].The procedure is performed manually by
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expert microbiologists through visual identification under
light microscope [6]. The percentage of parasitaemia as well
as the species and life-cycle stages of the detected parasite
must be determined in order to provide the best treatment.
The scheme that requires the examination of both thick
and thin blood smears for the presence of plasmodia is
believed to be the most sensitive and specific one [7]. Besides
these numerous advantages, there are also some limitations
associated with the identification of malaria based on light
microscopy, such as time consumption and labour intensity.
In addition, the accuracy of the final diagnosis varies
depending on the skill and experience of the experts [7, 8].
In comparison to the expert microscopy, standard laboratory
microscopy has a sensitivity of approximately 90%, a figure
which drops dramatically in the field [7]. In Malaysia, there
are more than 1.5 million slides examined each year in
a population at risk of approximately 1 million [3]. Due
to human error and time consumption, better and more
efficient method is needed.

The contrast of the malaria image is one of the factors
that may influence the accuracy of interpretation by micro-
biologists. The malaria slide images that have been captured
through the microscope may have their own weaknesses
such as blurred or low contrast due to the magnification
or underexposure of the light built in the system of the
image analyzer. In addition, variable smears quality and
the conditions of the slide are highly influenced by the
time and storage. Due to the low quality of the image,
it will be hard to visualize and analyze the morphological
features between the different plasmodia species on the
screen, hence increasing the false diagnosis rate. Thus,
contrast enhancement technique at the preprocessing stage
is developed to adjust the quality of image for better human
visual perception [9]. The resulting enhanced medical image
will provide clearer and cleaner images for better and easier
disease screening process by the doctor.

Various approaches of contrast enhancement techniques
have been developed for enhancing the image contrast.
Despite of histogram equalization, contrast stretching is one
of the popular contrast enhancement technique that has
been applied in X-ray [10] and various medical images
such as leukaemia [11], retinal fundus [12], and computed
tomography (CT) brain images [13]. There are several
contrast enhancement techniques that have been developed
for malaria image. Tek [14] proposed a new colour normal-
ization method that has been applied on peripheral thin-
film blood images. This method has been developed in order
to maintain the colour constancy of the images that have
been captured from various sources. The normalization has
been applied separately to the foreground and background
regions. A rough estimation of the foreground-background
regions is done by mathematical morphology and followed
by a refined segmentation using histograms of these regions.
Then, an illumination-independent response is calculated
using the background region. The normalization is com-
pleted by transforming the foreground region according to
the grey values determined by a reference set. The proposed
method has been tested on various images and has been
found successful.

Another example for the application of contrast enhance-
ment technique is the use of dark stretching technique
for enhancing and segmenting the P. falciparum based
on thick blood smear images [15]. By applying the dark
stretching technique, the darkest region of the image which
is referred to the parasite will be stretched, while the bright
region will be compressed. Thus, the appearance of the
parasites will become clearer due to the stretching process
in dark stretching technique. Due to the requirement for
enhancing the malaria image, the current study investi-
gates the performance of contrast enhancement techniques
namely, global and linear contrast stretching as well as
the proposed modified global and modified linear contrast
stretching that have been applied to enhance the malaria
slide images. The proposed contrast enhancement technique
is expected to improve the performance of microscopy by
improving the quality and clarity especially on degrading
or low contrast malaria image as well as easing the image
segmentation process in the later part of the diagnostic
system.

2. Morphological Features of Malaria

Generally in malaria diagnosis, the process is performed
by searching for the parasites in blood slide through a
microscope. The visual aspect of the parasites and the red
blood cells (RBCs) can be distinguished based on colour
due to the used of chemical named Giemsa stain [1].
Then, specific morphological features will be observed in
order to identify the stages and species of malaria. During
the life-cycle in peripheral blood, the five malaria species
may be observable in the four different life-cycle stages
which are morphologically distinguishable between the ring,
trophozoite, schizont, and gametocyte [1]. In this study, the
four contrast enhancement techniques have been applied
on four life-cycle stages of P. vivax images. The malaria
images for the four life-cycle stages of P. vivax are shown in
Figure 1.

Here, The variations of malaria parasite morphology that
are generally being observed are as follows [1, 16];

(a) size: the size of the parasite and the infected RBC (red
circle);

(b) form: the configuration of the nucleus and cytoplasm
of the parasite which occur during the growth of the
parasite;

(c) colour: the fraction of the stain taken up by the
various elements of the parasite;

(d) pigment: the presence or absence of malarial pig-
ment.

3. Methodology

In this study, the proposed work comprises of three main
steps. These include image acquisition, image enhancement,
and measurement of image quality for the four contrast
enhancement techniques
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(a) Ring (b) Trophozoite

(c) Schizont (d) Gametocyte

Figure 1: The malaria images for the four life-cycle stages of P. vivax [16].

3.1. Image Acquisition. Image acquisition is the first stage
of vision system and image processing area. In this study,
150 malaria images which consist of the ring, trophozoite,
schizont, and gametocyte stages have been captured from
eight different slides of thin blood smear from P. vivax
samples. The malaria slides are prepared by the Medical
Microbiology & Parasitology Department, Hospital Univer-
sity Science Malaysia (HUSM). The slides are examined
under 100x oil immersion objective using Leica DLMA
microscope. The images are then captured using Infinity-
2 camera at a resolution setting of 800 × 600 pixels and
saved in bitmap (∗.bmp) format. The captured images are
studied under the supervision of microbiologists in order to
recognize and differentiate between the four life-cycle stages
of P. vivax species.

3.2. Contrast Enhancement Techniques. The malaria slide
images captured through the microscope may have their
own weaknesses such as blurred or low contrast. Thus,
contrast enhancement technique plays an important role in

enhancing the quality and contrast of malaria images. In
general, an image can be enhanced by spreading the range of
colour values to make use of all possible values. This method
is called contrast stretching. It changes the distribution and
range of the digital numbers assigned to each pixel in an
image. Here, there are four types of contrast stretching
methods that have been applied on malaria images namely
global, linear, modified global, and modified linear contrast
stretching techniques.

3.2.1. Global and Linear Contrast Stretching. Global contrast
stretching (GCS) technique remedies problems that manifest
themselves in a global fashion such as excessive or poor
lightning conditions in the source environment [17]. This
technique enhances the image from the luminance informa-
tion of an entire image. Image with a high global contrast
will cause a global feeling of a detailed and variation-rich
image. On the other hand, image with a lower global contrast
contain less information, less details and appears to be more
uniform [18].
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The formula for global contrast stretching is governed by
the following equation [19]:

outRGB
(
x, y

) = 255∗
[(

inRGB
(
x, y

)−minRGB
)

maxRGB −minRGB

]
, (1)

where inRGB(x, y) is The original RGB value of the pixel,
outRGB(x, y) is the new RGB value of the pixel, minRGB is
minimum value between the RGB components , and maxRGB

is maximum value between the RGB components
Based on (1), (x, y) is the image pixel location. minRGB

and maxRGB are the minimum and maximum values between
the RGBs (red, green, and blue) of the original image.
The GCS technique will consider all ranges of RGB colours
at once to determine the minimum and maximum values
between the RGB components. The combination between
the RGB components will give only one value for each
minimum and maximum parameter which will later be used
for the contrast stretching process. However, the process for
selecting these minimum and maximum values is different
for the linear contrast stretching (LCS) technique.

For LCS technique, the stretching process for each of the
RGB components is carried out separately. Here, the amount
of stretching that will be applied in a neighborhood will be
controlled by the original contrast in that neighborhood. The
formula for linear contrast stretching is governed by (2) [20]:

outRGB
(
x, y

) = 255∗
[(

inRGB
(
x, y

)−min
)

max−min

]
, (2)

where inRGB(x, y) is the original RGB value of the pixel,
outRGB(x, y) is the new RGB value of the pixel, min is
minimum value for each RGB components, and max is
maximum value for each RGB component

Based on (2), the LCS technique will consider each range
of RGB components in the image. Thus, the range of each
colour component will be used during the contrast stretching
process to represent each range of colour. This will give each
colour component a set of minimum and maximum values.
By applying this technique, each RGB component will be
distributed linearly over the whole histogram so that the
dynamic range of the histogram (0–255) is fulfilled [9].

3.2.2. Modified Global and Modified Linear Contrast Stretch-
ing. The enhancement of malaria images depends directly
on the minimum and maximum values that will be used
during the contrast stretching process. Here, new contrast
enhancement techniques namely, modified global contrast
stretching (MGCS) and modified linear contrast stretching
(MLCS) have been proposed. Both techniques include a
step to determine the new minimum and maximum values,
which are beyond the original minimum and maximum
values for each of the RGB components in the image.
The modified global and modified linear contrast stretching
techniques are similar to the minimum-maximum global
and linear contrast stretching, except that these techniques
use specified minimum and maximum values that lie in a
certain percentage of pixels from the total number of pixels
in the image.

In order to obtain the new minimum and maximum
values for each of the RGB components in the image for
both MGCS and MLCS techniques, several parameters are
required during the calculation process. These include the
value for minimum percentage, minp, maximum percentage,
maxp, number of pixels in each pixel level, Tpix, total
number of pixels that lie in a specified minimum percentage,
T min, and total number of pixels that lie in a specified
maximum percentage, T max. The procedures to develop the
proposed MGCS and MLCS techniques are as follows.

(1) Select the desired values for minp and maxp.

(2) Initialize T min = 0 and T max = 0. Set the value of
k = 0, where k is the current pixel level.

(3) Calculate the histogram for the red component.

(4) Obtain the number of pixels, Tpix[k] at k. If Tpix[k]
≥ 1, set T min = T min +Tpix[k].

(5) Check the following condition:

T min
Total number of pixels in the image

∗ 100 ≥ minp. (3)

(6) If T min satisfies (3), set the new minimum value,
N min for the red component in the image to the k
value that satisfies this condition; else set k = k + 1.

(7) Repeat steps 4 to 6 for the next pixel levels untilN min
is obtained based on the k value that satisfies (3).

(8) Set the value of k = 255.

(9) Obtain Tpix[k] at k. If Tpix[k] ≥ 1, set T max =
T max +Tpix[k].

(10) Check the following condition:

T max
Total number of pixels in the image

∗ 100 ≥ maxp. (4)

(11) If T max satisfies (4), set the new maximum value,
N max for the red component in the image to the k
value that satisfies this condition; else set k = k − 1.

(12) Repeat steps 9 to 11 for the next pixel levels until
N max is obtained based on the k value that satisfies
(4).

(13) Repeat steps 2 to 12 in order to calculate the N min
and N max for the green and blue components.

(14) Determine the new minimum value between the RGB
components, NminRGB and the new maximum value
between the RGB components, NmaxRGB based on
the N min and N max that have been obtained for
each of the RGB components.

(15) For MGCS algorithm, substitute minRGB and
maxRGB in (1) with the NminRGB and NmaxRGB that
have been obtained based on step 14.

(16) For MLCS algorithm, substitute min and max in (2)
with the N min and N max that have been obtained
for each of the RGB components.

(17) End.
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(c) Histogram for green component min = 0, max = 255, N min = 150,
N max = 199
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(d) Histogram for blue component min = 0, max = 255, N min = 160,
N max = 194

Figure 2: An example for determining the minimum and maximum values for each of the RGB components based on the proposed MGCS
and MLCS techniques.

(a) Original image (b) Target (c) Background

Figure 3: Original malaria image and its segmented parasite and background regions after performing the manual segmentation.

Figure 2 shows an example for determining the mini-
mum and maximum values for each of the RGB components
based on the proposed MGCS and MLCS techniques. Here,
Figure 2(a) shows the original image of trophozoite stage
with the addition of salt-and-pepper noise. Meanwhile, the
histograms for the red, green, and blue components of the
original image are shown in Figures 2(b), 2(c) and 2(d),
respectively. By referring to Figure 2, it is found that all
the minimum and maximum values for each of the RGB
components are 0 and 255, respectively. Thus, these values
are not suitable to be applied for the contrast stretching

process. By applying the MGCS and MLCS techniques with
minp and maxp of 1%, the minimum and maximum values
for each of the RGB components have been changed, and the
N min and N max values can be referred to in Figure 2.

3.3. Quantitative Measure of Contrast Enhancement Tech-
niques. Image quality measure has become crucial for most
image processing applications. In general, the measurement
of image quality can be divided into two primary ways
which are qualitative and quantitative measures. In malaria
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 4: Results of contrast enhancement techniques for the blurred trophozoite image.

image, the level of contrast improvement provided by the
proposed contrast enhancement techniques is judged by the
fact that it should increase the contrast between the target
and background regions so that the target is visible against
the background as well as keeping the colour structure
of the original image. Here, the target is referred to the
parasite. Figure 3 shows the original malaria image and its
segmented parasite and background regions after performing
the manual segmentation.

Generally, it is hard to state the level of enhancement
by only depending on human visual interpretation. Thus,
a quantitative measure of contrast enhancement is required
in order to quantify the degree of contrast between these
two regions. Based on this argument, a quantitative measure
namely, distribution separation measure (DSM) which is
based on the probability density function (PDF) of the target
and the background regions, before and after enhancement,
has been used for the quantitative analysis [21, 22]. By using
DSM, a measure of separation between these two PDFs
would be an indicator of the performance of the proposed
contrast enhancement techniques on malaria images. The

procedures to apply the quantitative measure of contrast
enhancement techniques on malaria images are as follows.

(1) Apply the four contrast enhancement techniques
which are GCS, LCS, MGCS, and MLCS on malaria
images.

(2) Apply manual segmentation on both original and
enhanced malaria images in order to obtain the
target, T (parasite), and background, B, regions as
shown in Figure 3.

(3) Calculate the best decision boundary for the original
image between the target and background regions
based on the following equation [21]:

D1 =
(
μOB σ

O
T

)
+
(
μOTσ

O
B

)
(
σOT + σOB

) , (5)

where μOT , σOT , μOB , and σOB are the mean and
standard deviation for each of the RGB components
comprising the parasite and background regions for
the original image, respectively.
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(d) MGCS (minP = 1%, maxP = 1%)
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(e) MGCS (minP = 1%, maxP = 10%)
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(f) MGCS (minP = 0.5%, maxP = 10%)
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(g) MLCS (minP = 1%, maxP = 1%)
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(h) MLCS (minP = 1%, maxP = 10%)
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(i) MLCS (minP = 0.5%, maxP = 10%)

Figure 5: Intensity histograms for Blurred Trophozoite image after applying contrast enhancement techniques.

(4) Calculate the best decision boundary for the
enhanced image between the target and background
regions based on the following equation [21]:

D2 =
(
μEBσ

E
T

)
+
(
μETσ

E
B

)
(
σET + σEB

) , (6)

where μET , σET , μEB, and σEB are the mean and standard
deviation for each of the RGB components com-
prising the parasite and background regions for the
enhanced image, respectively.

(5) Calculate the value of DSM based on the following
equation [21]:

DSM =
(∣∣∣D2− μEB

∣∣∣ +
∣∣∣D2− μET

∣∣∣)
−
(∣∣∣D1− μOB

∣∣∣ +
∣∣∣D1− μOT

∣∣∣). (7)

A good enhancement technique must provide a DSM value
greater than 0. The higher the DSM, the better separation
between the distributions. Hence, the better is the enhance-
ment technique. If the value of DSM is less than 0, there is no
enhancement in the image [21].

4. Results and Discussions

In this study, the four contrast enhancement techniques
namely, global, linear, modified global, and modified lin-
ear contrast stretching have been applied on 150 malaria
images which consist of the ring, trophozoite, schizont, and
gametocyte stages of P. vivax species. In order to access
the significance of the enhancement technique on malaria
image, the comparison between the original image and
enhanced image is needed. For each enhancement technique,
the qualities of images are initially evaluated based on
human visual interpretation and then further analyzed by
using a quantitative measure namely, distribution separation
measure.

4.1. Qualitative Analysis. Exposure of a microscope as well
as variable smears quality and the conditions of the slides are
some factors that may influence the quality of the captured
images. In order to assess the proposed work, the captured
images with normal, blurred, and underexposure conditions
have been processed using the proposed procedure.

Figure 4(a) shows the original blurred image of tropho-
zoite stage named as blurred trophozoite image. Based on
this malaria image, the morphologies of the parasites are
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 6: Results of contrast enhancement techniques for the blurred trophozoite image with 0.1% density of salt-and-pepper noise.

hardly be seen due to the blurred and low image contrast. The
results of applying the four contrast enhancement techniques
on blurred trophozoite image are shown in Figures 4(b)–4(i),
while their corresponding intensity histograms are shown in
Figures 5(b)–5(i).

The result of applying the GCS technique is shown
in Figure 4(b). Generally, this technique has produced an
image which does not much differ in terms of changes in
RGB colour from the original image. Based on the resultant
image, there is a slight increase of contrast in malaria image.
The GCS technique has very limited dynamic adjustment
range. Thus, the resultant image has become slightly brighter
compared to the original image. The result of applying the
LCS technique on malaria image is shown in Figure 4(c).
Based on the resultant image, there is also a slight increase of
contrast in malaria image. The application of LCS technique
will result in obtaining different colour structures between
the RGB components inside the image. Based on the colour
differences, the appearance of the parasite can easily be
distinguished from the RBC and background regions.

The results obtained after applying the proposed MGCS
and MLCS techniques on malaria images are shown in

Figures 4(d)–4(f) and Figures 4(g)–4(i), respectively. Based
on the resultant malaria images, the images have become
clearer and the contrast of the parasites, infected RBC
and background regions has been successfully enhanced.
In addition, the enlargement in terms of size for the
infected RBC (red circle) which is one of the main malaria
characteristics can easily be seen. Here, there are three
different sets of minimum and maximum percentage values
that have been used to determine the new minimum and
maximum RGB values for contrast stretching process. The
first set is minP = 1% and maxP = 1%, the second set
is minP = 1% and maxP = 10%, and the third set is
minP = 0.5% and maxP = 10%. Here, the first, second, and
third sets are named as Set I, Set II, and Set III, respectively.
For the Set I, a small number of percentage value which
is 1 has been used for both minP and maxP in order to
access the significance of the proposed MGCS and MLCS
techniques on malaria images, compared to the conventional
GCS and LCS techniques. Meanwhile, Set II and Set III have
used different percentage values for both minP and maxP
in order to measure the effect of stretching process for the
data that lie on the left and right sides of the histogram.
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 7: Results of contrast enhancement techniques for the normal ring image.

By using these different percentage values for both MGCS
and MLCS techniques, changes of contrast inside the
resultant malaria images can be easily seen. Figures 4(d)
and 4(g) show the resultant images after applying the
MGCS and MLCS techniques with the minP = 1% and
maxP = 1%. By applying these values, the narrow range
of data in original image will be stretched linearly to a
wider range of data so that the dynamic range of the
histogram (0 to 255) is fulfilled as shown in Figures 5(d)
and 5(g). As a result, the contrast of malaria images has
been enhanced compared to the contrast of the original
image. Figures 4(e) and 4(h) show the resultant images
after applying the MGCS and MLCS techniques with the
minP = 1% and maxP = 10%. Based on the resultant
images, the contrast of malaria images has been enhanced
and the background region has become brighter compared
to the contrast of the original image. By applying the
maxP = 10%, the RGB values of the RBC and background
regions have been shifted to the right side of the histogram.
Thus, the narrow ranges of data in original image have
been stretched to a wider range of data at the right side

of the histogram. Based on the intensity histograms in
Figures 5(e) and 5(h), pixels clustered at the right side of
the histogram indicate that the resultant images become
brighter.

Figures 4(f) and 4(i) show the resultant images after
applying the MGCS and MLCS techniques with minP =
0.5% and maxP = 10%. Based on the resultant images,
both techniques have produced colour image with good
image contrast compared to the contrast of the original
image and the resultant images shown in Figures 4(d) and
4(g). By applying the minP = 0.5%, the RGB values of the
parasite pixels that lie at the left side of the histogram have
been shifted to the right side of the histogram. As a result,
the parasite region has become brighter and the presence
of malarial pigment inside the parasite can be easily seen.
By comparing the three different sets of percentage values,
the MGCS and MLCS techniques using Set II and Set III
have produced the most acceptable results in enhancing the
contrast of malaria images compared to the resultant images
provided by Set I. Even though the dynamic range of the
histogram has been fulfilled after applying the MGCS and
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 8: Results of contrast enhancement techniques for the underexposed trophozoite image.

MLCS techniques using Set I, the appearance of the parasite
and RBC regions are darker compared to the resultant images
provided by Set II and Set III.

Figure 6(a) shows the similar original blurred tropho-
zoite image as shown in Figure 4(a). Here, 0.1% density of
salt-and-pepper noise has been added to this original image
to measure the effect of contrast enhancement technique
on noisy image. The results of applying the four contrast
enhancement techniques on malaria images are shown in
Figures 6(b)–6(i). Based on Figure 6, image (b) shows the
result after applying the GCS technique. Based on the
resultant image, there is no sign of enhancement in the
image. As previously mentioned, the contrast stretching
process depends directly on the minimum and maximum
values of the RGB inside the malaria image. After adding
the salt-and-pepper noise to the image, the minimum and
maximum values have been changed. Since the minimum
and maximum values are 0 and 255, respectively, there is
no enhancement occur which leads to producing the similar
original image. The similar effect can also be seen after
applying the LCS technique as shown in image (c). Thus,

both GCS and LCS techniques failed to provide the enhanced
image if either the minimum value = 0 or maximum value =
255 has been used during the contrast stretching process.

The results obtained after applying the proposed MGCS
and MLCS techniques on malaria images are shown in
Figures 6(d)–6(f) and Figures 6(g)–6(i), respectively. Based
on the resultant malaria images, the images have been simply
enhanced by adjusting the minimum and maximum values
that lie in a certain percentage of pixels from the total
number of pixels in the image. Thus, the contrast of the
parasites, infected RBC and background regions has been
improved significantly even with the additional of salt-and-
pepper noise. The performance of the proposed contrast
enhancement techniques has also been tested on other
malaria images with three different conditions. The images
are called Normal Ring, underexposed trophozoite, normal
schizont, blurred gametocyte and Underexposed Gametocyte
as shown in Figures 7, 8, 9 and 10, respectively.

Based on the resultant images provided by the four
contrast enhancement techniques, GCS technique has not
produced satisfactory results due to the slight increase of
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 9: Results of contrast enhancement techniques for the normal schizont image.

malaria image contrast. This is mainly because pixels with
extreme differences in RGB levels tend to be irregularly
scatted in the images, while pixels with the similar RGB
levels tend to bunch. Thus, the dynamic adjustment range of
contrast enhancement is very limited for the GCS technique
but not for the LCS technique. Based on the resultant
images, both MGCS and MLCS techniques have produced
colour images with good image contrast compared to the
conventional GCS and LCS techniques. The previous darker
background region has become brighter. Thus, the size and
form of the parasites, the size of the RBC, as well as the
presence of malarial pigment inside the parasite can be easily
seen.

By comparing both techniques in terms of contrast
performance, it has been found that the contrast of the image
provided by MLCS technique is slightly better compared
to the MGCS technique, since the human vision is mainly
sensitive to the local contrast. The application of MLCS
technique will result in obtaining different colour appearance
of the image because every pixel in the image has been
mapped according to the local features of the image. Based

on the colour differences, the appearance of the parasite
can easily be distinguished from the RBC and background
regions. However, this technique has caused a lot of changes
in colour for certain malaria images. Based on the resultant
images in Figure 7, the colour of the parasite has been
changed to dark purple, while the colour of the RBC
region has been changed to green after applying the MLCS
technique. As a result, the physical appearances of the
parasite, RBC and background regions are totally different
from the original image. As for the MGCS technique, the
overall appearance of images remains mostly unchanged
and the enhancement is achieved within the available
dynamic range. The images are simply enhanced by adjusting
the minimum and maximum values that lie in a certain
percentage of pixels, even though every pixel in the image
has been mapped in the same way which is independent
from the value of surrounding pixels in the image. As a
result of applying the MGCS technique, the malaria image
becomes clearer and the colour structure does not become
disrupted; hence, it can give detailed information about the
image.
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Table 1: The DSM for GCS and MGCS techniques that have been applied on 6 malaria images.

Images
Contrast enhancement
techniques

Distribution separation measure (DSM)

Red Green Blue Average

Blurred trophozoite

GCS 21 31 15 22.33

MGCS Set I 47 68 29 48.00

MGCS Set II 54 77 33 54.67

MGCS Set III 51 73 32 52.00

Blurred trophozoite with additional
salt-and-pepper noise

GCS 5 5 5 5.00

MGCS Set I 45 66 29 46.67

MGCS Set II 53 75 33 53.67

MGCS Set III 49 70 31 50.00

Normal ring

GCS 18 32 18 22.67

MGCS Set I 39 77 39 51.67

MGCS Set II 45 89 46 60.00

MGCS Set III 41 81 42 54.67

Underexposed trophozoite

GCS 27 40 22 29.67

MGCS Set I 58 82 45 61.67

MGCS Set II 67 94 51 70.67

MGCS Set III 61 89 47 65.67

Normal schizont

GCS 6 5 5 5.33

MGCS Set I 27 25 32 28.00

MGCS Set II 30 28 24 27.33

MGCS Set III 28 28 28 28.00

Blurred gametocyte

GCS 28 37 17 27.33

MGCS Set I 55 72 31 52.67

MGCS Set II 63 82 35 60.00

MGCS Set III 58 78 34 56.67

4.2. Quantitative Analysis. After the four contrast enhance-
ment techniques have been applied on malaria images,
the performance of the proposed contrast enhancement
techniques is further evaluated by using the distribution
separation measure. Table 1 represents the DSM for GCS
and MGCS techniques that have been applied on 6 malaria
images, while Table 2 represents the DSM for LCS and MLCS
techniques that have been applied on 6 malaria images.

Based on the average RGB results in Table 1, the DSM
provided by the MGCS technique using the three different
sets is higher compared to the GCS technique, with the
value of DSM for all images more than 40 except for the
Normal schizont image. The results also show that the MGCS
technique using Set II has produced the highest DSM value,
followed by the results provided by Set III and Set I. Thus,
the MGCS technique based on Set II has been chosen to be
the best enhancement technique compared to the GCS and
MGCS based on Set I and Set III.

Based on the average RGB results in Table 2, the DSM
provided by the MLCS technique is higher compared to the
LCS technique, with the value of DSM for all images are
more than 40 except for the normal schizont image. The
results also show that the MLCS technique using the Set I
has produced the highest DSM value, followed by the results
provided by Set II and Set III. Thus, the MLCS technique

based on Set I has been chosen to be the best enhancement
technique compared to the LCS and MLCS based on Set
II and Set III. Based on the results in Tables 1 and 2,
both MGCS and MLCS techniques have produced the more
promising results compared to the conventional GCS and
LCS techniques.

The analysis of DSM for each contrast enhancement
technique has also been conducted using the 150 malaria
images that have been captured with normal, blurred,
and underexposure conditions from different malaria blood
slides. Here, MGCS based on Set II and MLCS based on Set I
have been chosen for this analysis because each enhancement
technique has produced the highest DSM value as shown in
Tables 1 and 2, respectively. Figure 11 graphically illustrates
the DSM for the four contrast enhancement techniques
that have been applied on 150 malaria images. Based on
the axis of malaria images, images 1 till 50 are the ranges
for normal image, images 51 till 100 are the ranges for
underexposed image, while images 101 till 150 are the
ranges for blurred image. The DSMs for the four contrast
enhancement based on normal, underexposed, blurred and
overall malaria images have also been tabulated in Table 3.

By referring to Figures 11(a)–11(c), there are separations
of DSM values that can be seen between the four contrast
enhancement techniques. Based on the results in Table 3,
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Table 2: The DSM for LCS and MLCS techniques that have been applied on 6 malaria images.

Images
Contrast enhancement
techniques

Distribution separation measure (DSM)

Red Green Blue Average

Blurred trophozoite

LCS 37 31 23 30.33

MLCS Set I 75 65 39 59.67

MLCS Set II 66 52 20 46.00

MLCS Set III 60 49 19 42.67

Blurred trophozoite with additional
salt-and-pepper noise

LCS 5 5 5 5.00

MLCS Set I 71 64 39 58.00

MLCS Set II 64 51 19 44.67

MLCS Set III 59 46 18 41.00

Normal ring

LCS 23 32 40 31.67

MLCS Set I 67 79 80 75.33

MLCS Set II 52 64 64 60.00

MLCS Set III 46 53 57 52.00

Underexposed trophozoite

LCS 41 40 28 36.33

MLCS Set I 89 80 58 75.67

MLCS Set II 85 73 48 68.67

MLCS Set III 76 67 44 62.33

Normal schizont

LCS 9 8 13 10.00

MLCS Set I 35 36 33 34.67

MLCS Set II 13 12 10 11.67

MLCS Set III 11 9 10 10.00

Blurred gametocyte

LCS 41 41 19 33.67

MLCS Set I 88 70 37 65.00

MLCS Set II 84 59 20 54.33

MLCS Set III 75 55 19 49.67

Table 3: The DSM for the four contrast enhancement based on normal, underexposed, blurred, and overall malaria images.

Images
Contrast enhancement
techniques

Distribution separation measure (DSM)

Red Green Blue Average

50 normal images

GCS 21.84 41.70 17.26 26.93

LCS 36.92 41.72 45.32 41.32

MGCS Set II 48.22 89.90 63.62 67.25

MLCS Set I 83.35 77.40 74.96 78.57

50 underexposed images

GCS 18.84 43.20 17.32 26.45

LCS 36.38 43.32 36.46 38.72

MGCS Set II 32.90 80.08 55.92 56.30

MLCS Set I 67.59 72.22 64.06 67.96

50 blurred images

GCS 19.50 27.34 10.78 19.21

LCS 34.34 27.80 16.18 26.11

MGCS Set II 50.36 66.26 19.18 45.27

MLCS Set I 82.19 62.10 20.68 54.99

Overall 150 images

GCS 20.06 37.41 15.12 24.20

LCS 35.88 37.61 32.65 35.38

MGCS Set II 43.83 78.75 46.24 56.27

MLCS Set I 77.71 70.57 53.23 67.17
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(a) Original image (b) GCS (c) LCS

(d) MGCS (minP = 1%, maxP = 1%) (e) MGCS (minP = 1%, maxP = 10%) (f) MGCS (minP = 0.5%, maxP = 10%)

(g) MLCS (minP = 1%, maxP = 1%) (h) MLCS (minP = 1%, maxP = 10%) (i) MLCS (minP = 0.5%, maxP = 10%)

Figure 10: Results of contrast enhancement techniques for the blurred gametocyte image.

the MLCS technique has provided the highest DSM value for
the red and blue components analyses compared to the other
contrast enhancement techniques. Meanwhile, the MGCS
technique has provided the highest DSM value for the green
component analysis. The results of DSM for the average
RGB components are graphically illustrated in Figure 11(d).
Based on this analysis, there are separations of DSM values
that can be seen between the four contrast enhancement
techniques. By calculating the average of DSM using the
overall 150 images, MLCS technique has proven to be the
best with DSM for the average RGB components of 67.17.
This is followed by the MGCS, LCS, and GCS techniques with
DSM for the average RGB components of 56.27, 35.38, and
24.20, respectively. Based on the high DSM value provided
by the MLCS technique, this result has strongly supported
the qualitative findings provided in Section 4.1. The DSMs
provided by the three different sets of images have also been
compared in order to determine the type of image that
can give the best enhancement performance. By comparing
the DSM for the average RGB components as shown in
Table 3, normal image has produced the highest DSM value,
followed by the results provided by the underexposed and

blurred images. Overall, based on the high values of DSM
that have been obtained, both MGCS and MLCS techniques
have provided good contrast performance compared to the
conventional GCS and LCS techniques. These results are
strongly supported by the qualitative findings provided in
Section 4.1.

5. Conclusions

In this paper, the results of applying the four contrast
enhancement techniques namely global, linear, modified
global, and modified linear contrast stretching have been
presented. Through the experiments using 150 malaria
images, the results produced by these four techniques
are acceptable in terms of visual quality. The difference
between global and linear contrast stretching is the intensity
distribution of the image being enhanced. Overall, the
proposed MGCS and MLCS techniques have been shown
to be good for enhancing the contrast and brightness of
the image compared to the conventional GCS and LCS
techniques. This statement is strongly supported based on
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Figure 11: The DSM for the four contrast enhancement techniques that have been applied on 150 malaria images.

both qualitative and quantitative findings. Here, the MLCS
technique has proven to be the best with DSM for the
average RGB components of 67.17. This is followed by
the MGCS, LCS, and GCS techniques with DSM for the
average RGB components of 56.27, 35.38 and 24.20. Based
on the qualitative findings provided in Section 4.1, the
contrast of the malaria images that have been captured
with normal, blurred, and underexposure conditions from
different malaria blood slides has been successfully enhanced.
As for the noisy image, it has been shown that both GCS and
LCS techniques failed to provide the enhanced image if either
the minimum value = 0 or maximum value = 255 has been
used during the contrast stretching process. However, the
proposed MGCS and MLCS techniques manage to overcome
this problem by adjusting the minimum and maximum
values that lie in a certain percentage of pixels in the
image. By comparing the DSM for the proposed contrast
enhancement techniques, it has been proven that the contrast
of the image provided by MLCS technique is better compared
to the MGCS technique. However, the MGCS technique has
also shown to be good in enhancing the contrast of the
image by keeping the colour structure of the original image,
hence it can preserve as much information as the original.
Thus, the results significantly demonstrate the suitability of
the proposed contrast enhancement techniques in increasing
the contrast of the parasites and the infected RBC so that
the resultant images would become useful to microbiologists

for further analysis of the various stages and species of
malaria.
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