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It is a real pleasure to announce the publication of this second
special issue of this journal dedicated to highlighting recent
research, development, and applications of inverse problems
in science and engineering. This volume follows a similar
special issue published in 2014 [1] and contains interesting
and original papers.

In recent years a great deal of attention has been paid to
the problem of parameter estimation in distributed systems,
that is, the determination of unknown parameters in the
functional form of the governing model of the phenomenon
under study [2–7] from the observed data. In the mathemat-
ical literature, this kind of problem is called an inverse prob-
lem. According to Keller [8], “we call two problems inverse
of one another if the formulation of each involves all or part
of the solution of the other. Often, for historical reasons, one
of the two problems has been studied extensively for some
time, while the other one is newer and not sowell understood.
In such cases, the former is called the direct problem, while
the latter is the inverse problem.” However, there is an
important and fundamental difference between the direct and
the inverse problem: often the direct problem is well-posed
while the corresponding inverse problem is ill-posed [9]. In
the literature, one can find many contributions presenting
ad hoc methods to address ill-posed inverse problems that
involve the minimization of a suitable approximation error
along with the use of some regularization techniques. In
recent years, theory and applications of inverse problems have
undergone tremendous growth: nowadays inverse problems

can be formulated in many mathematical areas and analyzed
by different theoretical and computational techniques.

In the paper “AnAdaptiveObserver-BasedAlgorithm for
Solving Inverse Source Problem for the Wave Equation,” by
S. Asiri et al., the authors are interested in an inverse source
problem for the wave equation. In particular, the objective
of this paper is to present an alternative algorithm, based on
observers, to solve the inverse source problem for the wave
equation. Observers are well known in control theory. Orig-
inally designed to estimate the hidden states of dynamical
systems given some measurements, the observers’ scope has
been recently extended to the estimation of some unknowns,
for systems governed by partial differential equations. In this
paper, observers are used to solve an inverse source problem
for a one-dimensional wave equation. An adaptive observer
is designed to estimate the state and source components for a
fully discretized system. The effectiveness of the algorithm is
emphasized in noise-free and noisy cases and an insight into
the impact of measurements’ size and location is provided.

The aim of the article “Approximate Image Reconstruc-
tion in Landscape Reflection Imaging,” by R. Régnier et al., is
to single out an imaging concept based on the phenomena of
wave reflection on more or less opaque objects and register
the reflected wave energy by a single detector. Reflection
imaging of landscape (scenery or extended objects) poses the
inverse problem of reconstructing the landscape reflectivity
function from its integrals on some particular family of
spheres. Such data acquisition is encoded in the framework
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of a Radon transform on this family of spheres. In spite of
the existence of an exact inversion formula, the numerical
landscape reflectivity function reconstitution is best obtained
via an approximate but judiciously chosen reconstruction
kernel. The authors describe the working of this reflection
imaging modality and its theoretical handling, introduce
an efficient and stable image reconstruction algorithm, and
present simulation results to prove the validity of this choice
as well as to demonstrate the feasibility of this imaging
process.

A study on a detection method for continuous mechan-
ical deformations of coaxial cylindrical waveguide bound-
aries using perturbation theory is discussed in the paper
“Perturbation Approach to Reconstructing Deformations in
a Coaxial Cylindrical Waveguide” by M. Dalarsson et al.
The inner boundary of the waveguide is described as a
continuous PEC structure with deformations modeled by
suitable continuous functions. In this approach, the com-
putation complexity is significantly reduced compared to
discrete conductor models studied in previous works. If the
mechanically deformed metallic structure is irradiated by
the microwave fields of appropriate frequencies, then the
authors can reconstruct the continuous deformation function
by means of measurements of the scattered fields at both
ends. They also apply the first-order perturbation method
to the inverse problem of reconstruction of boundary defor-
mations, using the dominant TEM-mode of the microwave
radiation. Different orders of Tikhonov regularization, using
the L-curve criterion, are investigated. Using reflection data,
the authors obtain reconstruction results that indicate an
agreement between the reconstructed and true continuous
deformations of waveguide boundaries.

The article entitled “Nonlinear Inverse Problem for an
Ion-Exchange Filter Model: Numerical Recovery of Param-
eters,” by B. Mukanova and N. Glazyrina, considers the
problem of identifying unknown parameters for amathemat-
ical model of an ion-exchange filter via measurement at the
outlet of the filter.The proposedmathematicalmodel consists
of a material balance equation, an equation describing the
kinetics of ion-exchange for the nonequilibrium case, and
an equation for the ion-exchange isotherm. The material
balance equation includes a nonlinear term that depends on
the kinetics of ion-exchange and several parameters. First, a
numerical solution of the direct problem, the calculation of
the impurities concentration at the outlet of the filter, is pro-
vided. Then, the inverse problem of finding the parameters
of the ion-exchange process in nonequilibrium conditions
is formulated. A method for determining the approximate
values of these parameters from the impurities concentration
measured at the outlet of the filter is proposed.

Since the geological bodies where tunnels are located
have uncertain and complex characteristics, the inverse
problem plays an important role in geotechnical engineering.
In the paper “Back Analysis of Geomechanical Parameters
Using Hybrid Algorithm Based on Difference Evolution
and Extreme Learning Machine,” by Z. Song et al., the
authors propose a new hybrid algorithm that improves
the accuracy and speed of surrounding rock identification,
construct the back analysis objective function with usage of

the displacement and stress monitoring data, and propose
a hybrid algorithm. An extreme learning machine (ELM)
is employed with optimal architecture trained by the differ-
ence evolution (DE) arithmetic. First, a three-dimensional
numerical simulation is used in the creation of training
and testing samples for ELM model construction. Second,
the nonlinear relationship between rock parameters and
displacement is constructed by numerical simulation. Finally,
the geophysics parameters are obtained by DE optimization
arithmetic taking into consideration themonitoring data that
includes both displacement and pressure. This method had
been applied in the Fusong highway tunnel in Fusong city of
China’s Jilin province, with a good effect obtained. It takes full
advantage ofDE andELMand has both calculation speed and
precision in the back analysis.

In the paper “Identification of Hydraulic Conductiv-
ity in Aquifer for Coupled FEM and Adaptive Genetic
Algorithm,” by X. Deng et al., the authors use hydraulic
conductivity to conduct an inversion analysis according to
the measurement of head materials by combining the finite
element method with the adaptive genetic algorithm. The
hydraulic conductivity of a natural rock mass is difficult
to be determined because of the complex structure and
the significant influence of uncertain factors. The results
presented in this paper show that themaximum relative error
of the measured and computed groundwater levels at the
measuring points is 5.3% and the average head error is 1.41%.
The effective hydraulic conductivity of intensively weathered
layer, moderately weathered layer, and fresh bedrock layer
in riverbed formation tends to decline gradually and the
effective permeability coefficient in the vertical direction is
the minimum in the same aquifer.This analysis suggests then
that the established hydraulic conductivity inversion analysis
method is effective.

Finally, the paper “JointMotionDeblurring and Superres-
olution from Single Blurry Image,” by L. He et al., proposes
a joint blind-deblurring and superresolution algorithm from
one single image that combines gradient and motion blur
kernel priors in a coherent framework. Currently, obtaining
superresolution from a motion blurred image remains a
challenging task. The conventional approach, which prepro-
cesses the blurry low resolution (LR) image with a deblurring
algorithm and employs a superresolution algorithm, has the
limitation that the high frequency texture of the image is
unavoidably lost in the deblurring process, and this loss
restricts the performance of the subsequent superresolution
process. This paper presents a novel technique that performs
motion deblurring and superresolution jointly from one sin-
gle blurry image. The basic idea is to regularize the ill-posed
reconstruction problem using an edge-preserving gradient
prior and a sparse kernel prior. This method derives from
an inverse problem approach under an efficient optimization
scheme that alternates between blur kernel estimation and
superresolving until convergence. Furthermore, this paper
proposes a simple and efficient refinement formulation to
remove artifacts and render better deblurred high resolution
(HR) images. The improvements brought by the proposed
combined framework are demonstrated by the processing
results of both simulated and real-life images. Quantitative
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and qualitative results on challenging examples show that
the proposed method outperforms the existing methods
and effectively eliminates motion blur and artifacts in the
superresolved image.
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An inverse problem is considered for the determination of the parameters, involved in the right-hand side of the systemof nonlinear
ordinary differential equations by given initial and final conditions. The solution of the problem is reduced to the minimization
of the quadratic functional, which indeed is a deviation of the value of the solution from the given values at the end points. Using
the quasilinearization method a calculation method is proposed to the solution of the considered problem. The application of this
method is demonstrated on the example of the determination of the hydraulic resistance in the tubes.

1. Introduction

As is known, different classes of inverse and identification
problems play an important role in the solition of many
applied problems fromphysics, hydrodynamics, and industry
[1–5]. There exist various methods to solve these problems,
as well as optimization methods [6–10]. One of the principle
steps of these methods is a choice of suitable functional.
Since many applied problems are described by the nonlinear
systems, the choice of such functional and further solution of
the corresponding optimization problem is problematic [2].
These difficultiesmay be avoid, for example, by the iterational
quasilinearization method, convergence of which is in detail
studied in [11, 12].

In the present work a multidimensional identification
problem is considered for the determination of the param-
eters involving the right-hand side of the system of nonlinear
differential equations by given initial and final conditions.
Solution of the problem is reduced to the optimization
problem, in which the functional under minimization is
constructed as a quadratic deviation of the solition of the
system from the given data at the end points. Since solution
of the problem in the stated nonlinear formulation presents

certain difficulties [13, 14], the considered problem is reduced
to the linear case with respect to phase coordinates and vector
of parameters by the help of quasilinearization method. A
quadratic functional is constructed and an expression for its
gradient is derived. Using Gram-Schmidt orthogonalization
method a calculation algorithm is proposed, which allows
one to define sought parameters. This algorithm is applied to
the example, describing the flow in the pipes.

2. Problem Statement

Let the movement of the object be described by the system of
differential equations:

̇𝑦 (𝑡) = 𝑓 (𝑦 (𝑡) , 𝛼) , (1)

where 𝑦 is 𝑛-dimensional phase vector, 𝑓 is 𝑛-dimensional
differentiable function continuous in the interval (0, 𝑇), and
𝛼 is𝑚-dimensional constant vector to be found.

Let the following initial conditions be given:

𝑦

𝑖
(0) = 𝑦

𝑖

0, 𝑖 = 1, 𝑁, (2)
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where 𝑁 𝑛, 𝑚 are given natural numbers and 𝑡 is an
independent variable𝑦𝑖0, 𝑖 = 1, 𝑁 given 𝑛-dimensional vector.
The problem consists in the finding of the vector 𝛼, by which
the solution of the Cauchy problem (1)-(2) in the point 𝑇
satisfies the given condition

𝑦

𝑖
(𝑇) = 𝑦

𝑖

𝑇
, 𝑖 = 1, 𝑁. (3)

Such problems are often met in applications [1, 3, 6, 15],
when initial data (2) are given and final ones are statistically
measured. In these cases it is required to find the vector
𝛼 such that the solution of the problem by initial data (2)
is maximally close to the measured data at the end points.
As an example the problem in oil-gas production may be
shown when it needs to define the coefficient of the hydraulic
resistance.

3. Solution Method

Since the function 𝑓(𝑦, 𝛼) is nonlinear, to solve the problem
(1)–(3) it is expedient to use any numerical method, as well
as quasilinearization method [11, 13]. So in the first step
we linearize the problem (1)–(3). For this purpose some
nominal trajectory 𝑦0

(𝑡) and parameter 𝛼0 are chosen and it
is assumed that 𝑘th iteration is already hold. If we linearize
(1) with respect to these data we obtain

̇𝑦

𝑘
=

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦

𝑦

𝑘
+

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

𝛼

𝑘

+𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
) −

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦

𝑦

𝑘−1

−

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

𝛼

𝑘−1
.

(4)

After integration of the linear differential equation (4) with
condition (2) we get the representation [16]

𝑦

𝑘
(𝑡) = Φ

𝑘−1
(𝑡, 𝑡0) ⋅ 𝑦

𝑘
(𝑡0) +Φ

𝑘−1
1 (𝑡, 𝑡0) ⋅ 𝛼

𝑘

+Φ

𝑘−1
2 (𝑡, 𝑡0) ,

(5)

where Φ

𝑘−1
(𝑡, 𝑡0) is a fundamental matrix of the system of

homogeneous equations

̇𝑦

𝑘
(𝑡) =

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦























𝑦=𝑦
𝑘−1

𝛼=𝛼
𝑘−1

⋅ 𝑦

𝑘
(𝑡0) (6)

and the matricesΦ𝑘−11 (𝑡, 𝑡0), Φ
𝑘−1
2 (𝑡, 𝑡0) are defined as in [16]

Φ

𝑘−1
1 (𝑡, 𝑡0) = ∫

𝑡

𝑡0

Φ (𝑡, 𝜏)

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

𝑑𝜏,

Φ

𝑘−1
2 (𝑡, 𝑡0) = ∫

𝑡

𝑡0

Φ (𝑡, 𝜏) [𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

−

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦

𝑦

𝑘−1
−

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

𝛼

𝑘−1
]𝑑𝜏.

(7)

To provide that the solution 𝑦

𝑖
(𝑇) of the linearized

differential equation (4) with initial data (2) coincides with
the values of the measurements 𝑦𝑖

𝑇
= 𝑦

𝑇𝑖
in the point 𝑇

we construct the following quadratic functional in the 𝑘th
iteration:

𝐼

𝑘
=

1
2

𝑁

∑

𝑖=1
[𝑦

𝑘

𝑖
(𝑇, 𝛼) − 𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
[𝑦

𝑘

𝑖
(𝑇, 𝛼) − 𝑦

𝑘

𝑇𝑖
] , (8)

where the sign 𝑇 stands for transpore, 𝐴𝑘 is a constant
symmetre 𝑚 × 𝑛-dimensional weight matrix, that is chosen
in each iteration, considering the specifics of the concrete
problem; 𝑦𝑘

𝑇𝑖
is 𝑛× 1-dimensional vector of observation; 𝑦𝑘

𝑖
is

𝑛 × 1-dimensional vector defined by (5). Then the solution of
the stated problem is reduced to the problem: Find a constant
vector 𝛼, by which the solution of (1) with conditions (2)
minimizes the functional (8).

Various algorithms exist for theminimization of the func-
tional (8). However in the solution of the concrete problem,
as well as problem arising in the oil production, these algo-
rithms met some difficulties [14] (e.g., to reach the necessary
accuracy and speed of convergence). Therefore in [6] the use
of Gram-Schmidt orthogonalization method is proposed.

4. Algorithm for the Minimization of
the Functional (8)

Here we consider the minimization of the functional (8) by
the help of the relation (4) with conditions (2). Putting 𝑦𝑘(𝑇)
from (5) into (8) we get

𝐼

𝑘
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) +Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼

+Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) − 𝑦𝑇𝑖]

𝑇

𝐴

𝑘

𝑖
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

+Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼 +Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) − 𝑦𝑇𝑖] =

16
∑

𝑗=1
𝐼

𝑗

𝑘
.

(9)

Considering the symmetricity of the matrix 𝐴

𝑘 the relation
(9) may be written as

𝐼

1
𝑘

def
=

1
2

⋅

𝑁

∑

𝑖=1
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)]
𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

2
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)]
𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼,

𝐼

3
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)]
𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

4
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)]
𝑇

𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖
,
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𝐼

5
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

6
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼,

𝐼

7
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

8
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼]

𝑇

𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖
,

𝐼

9
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

10
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼,

𝐼

11
𝑘

def
=

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

12
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)]

𝑇

𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖
,

𝐼

13
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

14
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) ⋅ 𝛼,

𝐼

15
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

16
𝑘

def
= −

1
2

𝑁

∑

𝑖=1
[𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖

(10)

and gradient of the functional (9) has a form

𝜕𝐼

𝑘

𝜕𝛼

=

16
∑

𝑗=1

𝜕𝐼

𝑗

𝑘

𝜕𝛼

. (11)

Since the terms 𝐼1
𝑘
, 𝐼3
𝑘
, 𝐼4
𝑘
, 𝐼9
𝑘
, 𝐼11
𝑘
, 𝐼12
𝑘
, 𝐼13
𝑘
, 𝐼15
𝑘
, 𝐼16
𝑘

do not
depend on the parameter 𝛼, we have

𝜕𝐼

1
𝑘

𝜕𝛼

=

𝜕𝐼

3
𝑘

𝜕𝛼

=

𝜕𝐼

4
𝑘

𝜕𝛼

=

𝜕𝐼

9
𝑘

𝜕𝛼

=

𝜕𝐼

11
𝑘

𝜕𝛼

=

𝜕𝐼

12
𝑘

𝜕𝛼

=

𝜕𝐼

13
𝑘

𝜕𝛼

=

𝜕𝐼

15
𝑘

𝜕𝛼

=

𝜕𝐼

16
𝑘

𝜕𝛼

= 0.

(12)

Based on the formulas

𝜕𝑥

𝑇
𝑎

𝜕𝑥

=

𝜕𝑎

𝑇
𝑥

𝜕𝑥

= 𝑎,

𝜕𝑥

𝑇
𝐵𝑥

𝜕𝑥

= (𝐵+𝐵

𝑇
) 𝑥

(13)

from [17, 18], for the gradients of 𝐼2
𝑘
, 𝐼5
𝑘
, 𝐼6
𝑘
, 𝐼7
𝑘
, 𝐼8
𝑘
, 𝐼10
𝑘
, 𝐼14
𝑘
, we

get the formulas

𝐼

2
𝑘

𝜕𝛼

= ([Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)]
𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0))

𝑇

= Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

5
𝑘

𝜕𝛼

=

𝛼

𝑇
Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

𝜕𝛼

= Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0) ,

𝐼

6
𝑘

𝜕𝛼

=

𝛼

𝑇
Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼

𝜕𝛼

= [Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)

+Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)] 𝛼

= 2Φ𝑘−11𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼,

𝐼

7
𝑘

𝜕𝛼

=

𝛼

𝑇
Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)

𝜕𝛼

= Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0)

⋅ 𝐴

𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

8
𝑘

𝜕𝛼

= −

[Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼]

𝑇

𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖

𝜕𝛼

= −

𝛼

𝑇
Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖

𝜕𝛼

= −Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0)

⋅ 𝐴

𝑘

𝑖
𝑦

𝑘

𝑇𝑖
,

𝐼

10
𝑘

𝜕𝛼

= Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
2𝑖 (𝑇, 𝑡0) ,

𝐼

14
𝑘

𝜕𝛼

= −

[𝑦

𝑘

𝑇𝑖
]

𝑇

𝐴

𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼

𝜕𝛼

= −Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0)

⋅ 𝐴

𝑘

𝑖

𝑇

𝑦

𝑘

𝑇𝑖
.

(14)
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Finally if we consider these results, then the gradient of
the functional (9) will be defined by the formula

𝜕𝐼

𝑘

𝜕𝛼

=

1
2

𝑁

∑

𝑖=1
(

𝐼

2
𝑘

𝜕𝛼

+

𝐼

5
𝑘

𝜕𝛼

+

𝐼

6
𝑘

𝜕𝛼

+

𝐼

7
𝑘

𝜕𝛼

+

𝐼

8
𝑘

𝜕𝛼

+

𝐼

10
𝑘

𝜕𝛼

+

𝐼

14
𝑘

𝜕𝛼

) =

1
2

⋅

𝑁

∑

𝑖=1
(Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

+Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

+ 2Φ𝑘−11𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼

+Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖

+Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

𝑦

𝑘

𝑇𝑖
) =

1
2

⋅

𝑁

∑

𝑖=1
(2Φ𝑘−11𝑖

𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

+ 2Φ𝑘−11𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0) 𝛼

+ 2Φ𝑘−11𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)

− 2Φ𝑘−11𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖
) = 0.

(15)

Then, for the gradient of the functional 𝐼
𝑘
relatively to the

parameter 𝛼 we get the expression

𝜕𝐼

𝑘

𝜕𝛼

=

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)] 𝛼

−

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)] .

(16)

Taking equal to zero the expression (16) we get

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)] 𝛼

=

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)] .

(17)

Solution of (17) with respect to 𝛼 gives

𝛼 = [

𝑁

∑

𝑖=1
Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)]

−1

⋅

𝑁

∑

𝑖=1
[Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
𝑦

𝑘

𝑇𝑖

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖

𝑇

Φ

𝑘−1
𝑖

(𝑇, 𝑡0) 𝑦
𝑘

𝑖
(𝑡0)

−Φ

𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0) 𝐴
𝑘

𝑖
Φ

𝑘−1
2𝑖 (𝑇, 𝑡0)] ,

(18)

where it is assumed that [∑𝑁
𝑖=1 Φ
𝑘−1
1𝑖
𝑇

(𝑇, 𝑡0)𝐴
𝑘

𝑖
Φ

𝑘−1
1𝑖 (𝑇, 𝑡0)]

−1

exists.
Value of the parameter 𝛼, defined by (18) is a solution of

the multiparameter optimization problem for the functional
(9) that gives minimum to the cost functional.

Considering the above the following algorithm may be
proposed to the solution of the identification problem (1), (2).

Algorithm 1. (1) Construct the function 𝑓(𝑥) from (1),
initial and final data 𝑦𝑖0 and 𝑦

𝑖

𝑇
(𝑖 = 1, 𝑁) from (2) and (3)

correspondingly.
(2) Calculate the derivatives 𝜕𝑓(𝑦𝑘−1, 𝛼𝑘−1)/𝜕𝑦, 𝜕𝑓(𝑦𝑘−1,

𝛼

𝑘−1
)/𝜕𝛼 taking as initial approaches 𝑦

𝑖
and 𝛼

𝑖
.

(3)Calculate the fundamentalmatrixΦ𝑘−1(𝑡, 𝑡0) from (6);
reconstruct Φ𝑘−11 (𝑡, 𝑡0), Φ

𝑘−1
2 (𝑡, 𝑡0) from (7) and functional 𝐼

𝑘

from (8).
(4) Solving the system of algebraic equations (14)

relatively 𝛼 find the value of the 𝑚-dimensional vector 𝛼𝑘 in
the 𝑘th iteration.

(5) Check the condition
















𝜕𝐼

𝑘

𝜕𝛼

















< 𝜀, (19)

where 𝜀 is a given small enough number. If the condition
(16) is satisfied the process stops; otherwise go to Step (2).
The convergence of this algorithm may be proved similar to
[13, 14].

Now we discuss the realization of this algorithm.

5. Calculational Algorithm

As one can see, in the realization of the above algorithm
the main step is a calculation of the fundamental matrix
Φ

𝑘−1
(𝑡, 𝑡

0
) and the matricesΦ𝑘−11 (𝑡, 𝑡

0
),Φ𝑘−12 (𝑡, 𝑡

0
). Note that,

as is mentioned in [16], construction of these matrices is an
enough difficult procedure. So for simplicity we try (4) and
find the corresponding derivatives by using the Eulermethod.
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Really 𝜕𝑓(𝑦(𝑡), 𝛼)/𝜕𝑦 and 𝜕𝑓(𝑦(𝑡), 𝛼)/𝜕𝛼 everywhere are
replaced by ̃

𝑓(𝑦) = (𝑓(𝑦 + 𝛿, 𝛼) − 𝑓(𝑦, 𝛼))/𝛿 and ̃

̃

𝑓(𝛼) =

(𝑓(𝑦, 𝛼 + 𝛿1) − 𝑓(𝑦, 𝛼))/𝛿1 correspondingly, where 𝛿 and 𝛿1
are small enough numbers.

To calculate the fundamental matrix Φ

𝑘−1
(𝑡, 𝑡

0
) and the

matrices Φ𝑘−11 (𝑡, 𝑡0), Φ
𝑘−1
2 (𝑡, 𝑡0) it is proper to replace (4) by

the following discrete one:

𝑦

𝑘
(𝑡2𝑁)

= (

𝑗

∏

𝑖1=2𝑁−1
(𝐸+ 𝛿

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑖1
))))𝑦

𝑘
(𝑡

𝑁+1)

+Φ

𝑘−1
1 (𝑡, 𝑡0) 𝛼 +Φ

𝑘−1
2 (𝑡, 𝑡0) ,

(20)

where

Φ

𝑘−1
𝑖

(𝑡2𝑁, 𝑡0) =

𝑗

∏

𝑖1=2𝑁−1
(𝐸+ 𝛿

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑖
))) ,

Φ

𝑘−1
1𝑖 (𝑡2𝑁, 𝑡0)

= (

2𝑁−1
∑

𝑗=𝑁+2
(

𝑗

∏

𝑖1=2𝑁−1
(𝐸+ 𝛿 ⋅

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑖
))))

⋅ 𝛿

̃

̃

𝑓 (𝛼

𝑘−1
𝑗−1))+𝛿 ⋅

̃

̃

𝑓 (𝛼

𝑘−1
2𝑁−1) ,

Φ

𝑘−1
2𝑖 (𝑡2𝑁, 𝑡0)

= (

2𝑁−1
∑

𝑗=𝑁+2
(

𝑗

∏

𝑖1=2𝑁−1
(𝐸+ 𝛿 ⋅

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑖
))))𝛿

⋅ (

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑗−1) , 𝛼
𝑘−1

)

−

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡

𝑗−1)) 𝑦
𝑘−1

(𝑡

𝑗−1) −
̃

̃

𝑓 (𝛼

𝑘−1
) 𝛼

𝑘−1
))

+𝛿 ⋅ (

̃

𝑓 (𝑦

𝑘−1
(𝑡2𝑁−1) , 𝛼

𝑘−1
) −

̃

̃

𝑓 (𝑦

𝑘−1
(𝑡2𝑁−1))

⋅ 𝑦

𝑘−1
(𝑡2𝑁−1) −

̃

̃

𝑓 (𝛼

𝑘−1
) 𝛼

𝑘−1
) .

(21)

𝐸 is unit matrix of proper dimension.
Then from (20) we get that Φ𝑘−1(𝑡, 𝑡0) is a fundamental

matrix for the system of homogeneous equations:

𝑦

𝑘
(𝑡

𝑖+1) = (𝐸+ 𝛿

̃

𝑓 (𝑦))











𝑦=𝑦
𝑘−1

𝛼=𝛼
𝑘−1

⋅ 𝑦

𝑘
(𝑡

𝑖
) . (22)

Therefore, similar to the nongradient methods we pro-
pose an algorithm, based on the orthogonalization of gradient
directions using the Gram-Schmidt procedure.

Step 1. Using Gram-Schmidt orthogonalization, vectors 𝜔𝑗
𝑖
,

𝑖 = 𝑗,𝑗 + 1, . . . , 𝑛, 𝑗 = 2, 3, . . . , 𝑛2 are calculated and the set of
vectors

(

𝜕𝑓 (𝜆

1
𝑐
)

𝜕𝜆

1
𝑐

,

𝜕𝑓 (𝜆

2
𝑐
)

𝜕𝜆

2
𝑐

, . . . ,

𝜕𝑓 (𝜆

𝑖

𝑐
)

𝜕𝜆

𝑖

𝑐

, 𝜔

𝑗

𝑖+1, . . . , 𝜔
𝑗

𝑛
)

(23)

is found which form an orthogonal basis in 𝑅

𝑛.
If we apply the orthogonalization algorithm, then a

linearly independent system 𝑎1, 𝑎2, . . . , 𝑎𝑘 should be formed,
that is, orthogonal system 𝑏1, 𝑏2, . . . , 𝑏𝑘 and each vector 𝑏

𝑖

should be linearly expressed through 𝑎1, 𝑎2, . . . , 𝑎𝑖. Here 𝑎

𝑖

and 𝑏

𝑖
are upper triangular matrices. Thus it is possible to

ensure that the systems {𝑏

𝑖
} were orthonormal, where the

diagonal elements of the transition matrix are positive; by
these conditions the system {𝑏

𝑖
} and the transition matrix are

uniquely determined.
The algorithm considers 𝑏1 = 𝑎1, if the vectors,

𝑏1, 𝑏2, . . . , 𝑏𝑖−1, are constructed. Then

𝑏

𝑖
= 𝑎

𝑖
−

𝑖−1
∑

𝑗=1

⟨𝑎

𝑖
, 𝑏

𝑗
⟩

⟨𝑏

𝑖
, 𝑏

𝑗
⟩

𝑏

𝑗
, (24)

where ⟨ ⟩ is the sign of the scalar product of vectors.

Step 2. For the orthogonalization of the gradient directions
we compute ]𝑗

𝑖
in the form

]𝑗
𝑖
=

𝑓 (𝜆

𝑐
+ 𝛿𝜔

𝑗

𝑖
) − 𝑓 (𝜆

𝑐
− 𝛿𝜔

𝑗

𝑖
)

2𝛿
,

𝑖 = 𝑗, 𝑗 + 1, . . . , 𝑛.

(25)

Here 𝛿 > 0 is any small parameter.

Step 3. The orthogonal gradient directions are chosen in the
form

𝑙

𝑗
=

𝑛

∑

𝑖=𝑗

]𝑗
𝑖
𝜔

𝑗

𝑖
. (26)

Replacing ∇𝑓(𝜆

(𝑘)

𝑐
) by 𝑙

𝑗
in (17) the nongradient iterative

minimization procedure will be

𝜆

(𝑘+1)
𝑐

= 𝜆

(𝑘)

𝑐
−𝜒

∗(𝑘)
𝑙

𝑘
,

(27)

where 𝜒∗(𝑘) is a scalar, which is determined by golden section
method.

Now we apply the above proposed technique to the
example of 15 production by gas-lift method.

Example 2. It is known that nonstable motion of gas in tubes
and gas liquid mixture (GLM) in vertical tubes, that is, in
the lift pipe of the gas-lift well with constant across profile, is
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described by the following system of linear partial differential
equations of hyperbolic type (see Figure 1):

−

𝜕𝑃

𝜕𝑥

=

𝜕 (𝜌𝜔

𝑐
)

𝜕𝑡

+ 2𝛼𝜌𝜔
𝑐
,

−

𝜕𝑃

𝜕𝑡

= 𝑐

2 𝜕 (𝜌𝜔𝑐)

𝜕𝑥

,

(28)

where 𝜌 = 𝑃(𝑥, 𝑡), 𝜔
𝑐
= 𝜔

𝑐
(𝑥, 𝑡), is an additional pressure on

its stationary value and averaged over across section speed of
motion of GLM; 𝑡, 𝑥: time and coordinate; 𝑐: speed of sound
in gas andGLM; 𝜌: gas, oil, and GLM in correspondence with
coordinates; 2𝛼 = 𝑔/𝜔

𝑐
+𝜆

𝑐
𝜔

𝑐
/2𝐷; 𝑔, 𝜆

𝑐
: free fall accel . . .;𝐷:

interval effective diameter of the tube [19].
The partial differential equation of gas and GLM motion

by are averaging over time 𝑡may be reduced to the following
ordinary differential equation [20]

̇

𝑄 =

2𝛼 (𝜆

𝑐
) 𝜌𝐹𝑄

2

𝑐

2
𝜌

2
𝐹

2
− 𝑄

2
, 𝑄 (0) = 𝑢,

(29)

where 𝑐 ≫ 𝜔

𝑐
and all quantities are assumed constant 𝑄 =

𝜌𝜔

𝑐
𝐹 and 𝐹 is area of across section of the pump-compressor

tubes and is constant relative to axes.

It is assumed that the passing from the end of tube
through the layer to the beginning of the lift (𝑥 = 𝑙) is
described by the following difference equations:

𝑄 (𝑙 + 0) = 𝛾𝑄 (𝑙 − 0) + 𝛾1 (𝑄 (𝑙 − 0)) 𝑄,

𝛾1 (𝑄 (𝑙 − 0)) = − 𝛿3 (𝑄 (𝑙 − 0) − 𝛿2)
2
+ 𝛿1,

(30)

where 𝛾 and 𝛿1, 𝛿2, 𝛿3 are constant numbers to be found. For
the sake of simplicity we suppose that the parameters 𝛾, 𝛿1,
𝛿2, 𝛿3 are known and it is required to reconstruct 𝜆

𝑐
involved

in (19) due to 𝛼(𝜆
𝑐
).

Then some nominal trajectory 𝑄

0
(𝑥) and parameter 𝛼0

are chosen assuming that 𝑘th iteration is already held. Let us
linearize (29) among these data

̇

𝑄

𝑘
(𝑥) = 𝐴 (𝑄

𝑘−1
, 𝛼

𝑘−1
) ⋅ 𝑄

𝑘
(𝑥) + 𝐵 (𝑄

𝑘−1
, 𝛼

𝑘−1
) 𝛼

𝑘

+𝐶 (𝑄

𝑘−1
, 𝛼

𝑘−1
) ,

(31)

where

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦

= 𝐴 (𝑄

𝑘−1
, 𝛼

𝑘−1
)

=

4𝛼𝑘−1𝑐2𝜌3𝐹3
𝑄

𝑘−1

(𝑐

2
𝜌

2
𝐹

2
− (𝑄

𝑘−1
)

2
)

2 ,

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

= 𝐵 (𝑄

𝑘−1
, 𝛼

𝑘−1
)

=

2𝛼𝑘−1𝜌𝐹𝑄𝑘−1

𝑐

2
𝜌

2
𝐹

2
− (𝑄

𝑘−1
)

2 ,

𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
) −

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝑦

𝑦

𝑘−1

−

𝜕𝑓 (𝑦

𝑘−1
, 𝛼

𝑘−1
)

𝜕𝛼

𝛼

𝑘−1
= 𝐶 (𝑄

𝑘−1
, 𝛼

𝑘−1
)

=

4𝛼𝑘−1𝑐2𝜌3𝐹3
(𝑄

𝑘−1
)

2
+ 4𝛼𝑘−1𝜌𝐹 (𝑄

𝑘−1
)

4

(𝑐

2
𝜌

2
𝐹

2
− (𝑄

𝑘−1
)

2
)

2 .

(32)

Note that by the help of the relations (20) and (21) thematrices
Φ

𝑘−1
(𝑥, 0), Φ𝑘−11 (𝑥, 0), Φ𝑘−12 (𝑥, 0) are calculated as follows:

Φ

𝑘−1
𝑖

(𝑥, 0) =
𝑗

∏

𝑖=2𝑁−1
(𝐸+𝐴 (𝑄

𝑘−1
(𝑥

𝑖1
) , 𝛼

𝑘−1
)) ℎ,

Φ

𝑘−1
1𝑖 (𝑥2𝑁, 0)

= (

2𝑁−1
∑

𝑗=𝑁+2
(

𝑗

∏

𝑖=2𝑁−1
(𝐸+𝐴 (𝑄

𝑘−1
(𝑥

𝑖1
) , 𝛼

𝑘−1
)) ℎ)

⋅ 𝐵 (𝑄

𝑘−1
(𝑥

𝑗−1) , 𝛼
𝑘−1

) ℎ)

+𝐵 (𝑄

𝑘−1
(𝑥2𝑁−1) , 𝛼

𝑘−1
) ℎ,
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Table 1

𝑦

𝑙+0
𝑖

5.5698 5.5732 5.5761 5.5810 5.5848 5.5852 5.5824
𝑦

2𝑙
𝑖

4.4242 4.4248 4.4254 4.4262 4.4266 4.4263 4.4251

Table 2

𝛿 0.05 0.1 0.5 0.54 0.55 0.6
𝜆 0.1966 0.2141 0.2295 0.2298 0.2299 0.2302
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Φ

𝑘−1
2𝑖 (𝑥2𝑁, 0)

= (

2𝑁−1
∑

𝑗=𝑁+2
(

𝑗

∏

𝑖=2𝑁−1
(𝐸+𝐴 (𝑄

𝑘−1
(𝑥

𝑖1
) , 𝛼

𝑘−1
)) ℎ)

⋅ 𝐶 (𝑄

𝑘−1
(𝑥

𝑗−1) , 𝛼
𝑘−1

) ℎ)

+𝐶 (𝑄

𝑘−1
(𝑥2𝑁−1) , 𝛼

𝑘−1
) ℎ,

(33)

where ℎ is small enough number.
Let some statistical data be given.
Let us assume that some observation points for 𝑦𝑙+0

𝑖
and

𝑦

2𝑙
𝑖
are given (see Table 1).
We give in Table 2 the values of 𝜆 obtained by using

MATLAB by given input parameters.
As we see from Table 2 by 𝛿 = 0.55 𝜆 gets value 0.2299,

with error estimation 10−3.
Here is the dependence of 𝜆 or 𝛿 (see Figure 2).
The above algorithm reaches given accuracy after 4

iterations and gives 𝜆 = 0.2299.
Note that the inequality









𝜆

𝑖
−𝜆4









≤ 10−15 (34)

holds for any 𝑖 > 4 that shows the stability of the proposed
quasilinearization algorithm.
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The hydraulic conductivity of a natural rock mass was difficult to determine because of the complex structure and the significant
influence of uncertain factors. In this paper, hydraulic conductivity was adopted to conduct an inversion analysis according to the
measurement of head materials by combining the finite element method with the adaptive genetic algorithm. The results showed
that the maximum relative error of the measuring and computation groundwater levels at the measuring points was 5.3%, and the
average head error was 1.41%; the effective hydraulic conductivity of intensively weathered layer, moderately weathered layer, and
fresh bedrock layer in riverbed formation tended to decline gradually; the effective permeability coefficient in direction 𝑌 was the
minimum in the same aquifer. Therefore, the established hydraulic conductivity inversion analysis method was effective.

1. Introduction

The seepage characteristics of a rockmass closely were related
to the permeability of fissure structural planes. In process of
inversion analysis, the seepage parameter was a wide value
range mass or the calculation result exhibited discreteness.
The main reasons were the complex composition of the
structural plane, with the calculation result easily depending
on the initial value of the parameter and falling into the
local optimum. Thus, it was difficult to determine the value
of seepage parameters with the inversion methods. In the
1960s, a field survey method was adopted to determine
seepage parameters by snow. Although the method was
simple and easy to implement, the required cost was high,
and the measuring result had poor representativeness [1]. In
a later study, Kitamura, Chavent, Yeh, and others analysed
the hydraulic conductivity inversely through an analytical or
semianalytical solution [2–4]. Nevertheless, given that the
assumed conditions always differed from actual conditions,
the result was difficult to apply. After the 1980s, with a
thorough study of the seepage model of rock mass, a back

analysis method had been conducted to identify the seepage
parameters of the discrete fracturemedium [5, 6]. In themid-
and late 1990s, the inversion theory of seepage coefficients
was developed rapidly [7–9]. In particular, with the rapid
development of an optimal algorithm, the inversion method
of seepage coefficients had significantly developed greatly
and acquired numerous achievements [10–12]. Although the
progress had been made on the seepage coefficient inversion
analysis of rock mass, it was still difficult to identify that
the seepage parameters of rock mass rigorously, accurately,
rapidly, and economically had been proposed.

In this study, geological survey, water pressure test, and
groundwater level were tested in the field, and other analyses
were conducted in relation to hydraulic engineering. These
field tests were conducted based on the combined influences
of different actual seepage factors. Given that the observation
period was short, problems such as the sudden change in
drilling water data and high discreteness of the water pressure
test data occurred periodically, thus making the determi-
nation of the seepage parameter of rock mass difficult. The
finite element method combined with an optimal algorithm
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was adopted to analyze the seepage parameters of different
areas in a rock mass inversely through the iteration method
according to the measured hydraulic heads.

2. Basic Principle of the Inversion Method

2.1. Mathematical Model. The concept of hydraulic conduc-
tivity dates back to the middle nineteenth century. Accord-
ing to the current research results, three related concepts
(effective hydraulic conductivity, equivalent conductivity,
and interpreted conductivity) are defined according to the
different conditions and assumptions [13]. During the last
40 years, an enormous amount of work has been devoted to
research and identify representative hydraulic conductivity.
Actually, hydraulic conductivity (𝐾) is arguably one of the
most variable parameters in the Earth sciences. Laboratory
measurements of 𝐾 span more than 12 orders of magnitude.
Even in seemingly homogeneous aquifers,measured values of
𝐾may range over some orders of magnitude.This realization
spurred a large amount of work on the problem of finding the
effect of heterogeneity on flow and transport.

Up to now, most theoretical results are related to effective
conductivity, and their application to real world scenarios
relies on ergodic assumptions. Fortunately, a number of
results are available suggesting that conventional hydraulic
test interpretations yield (interpreted) hydraulic conductivity
values that can be closely linked to equivalent and/or effective
hydraulic conductivities. Actually, the hydraulic conductivity
is usually generalized as the ensemble averages of flux
and head gradient in engineering projects, that is, effective
hydraulic conductivities. Effective hydraulic conductivities
will be analysed in this paper.

Equivalent continuum medium seepage model was
widely applied in many actual engineering projects owing
to the simplicity of model. The permeability of rock mass
was considered as the effective hydraulic conductivities of a
certain area.The three-dimensional seepage control equation
was expressed as follows [14]:

𝜕

𝜕𝑥
(𝐾
𝑥

𝜕𝐻

𝜕𝑥
)+

𝜕

𝜕𝑦
(𝐾
𝑦

𝜕𝐻

𝜕𝑦
)+

𝜕

𝜕𝑧
(𝐾
𝑧

𝜕𝐻

𝜕𝑧
)

= 𝑆
𝑠

𝜕𝐻

𝜕𝑡
,

(1)

where 𝑆
𝑠
was the unit storage volume; 𝐻 was the hydraulic

head;𝐾
𝑥
,𝐾
𝑦
, and𝐾

𝑧
were the hydraulic conductivity of rock

mass in three directions. When conducting steady seepage
analysis, the right side of the equation was equal to 0. In this
paper, three-dimensional steady seepage analysis was used.

2.2. Objective Function. The effective hydraulic conductivity
was analysed as the inversion parameters in this paper. Firstly,
the water heads were calculated through three-dimensional
finite element numerical analysis. Then, the error of mea-
surement and computation head were calculated on the base
of the measured groundwater levels of the natural seepage
field. Finally, the effective hydraulic conductivity values were
identified through the optimization of the adaptive genetic

algorithm when the error was minimised. The objective
function was given as follows:

𝐹 (𝐾
𝑥
, 𝐾
𝑦
, 𝐾
𝑧
) = √

𝑛

∑

𝑖=1
[
ℎ
𝑖
− ℎ


𝑖

ℎ


𝑖

]

2

, (2)

where 𝐾
𝑥
, 𝐾
𝑦
, and 𝐾

𝑧
were the effective hydraulic con-

ductivity to be used for the inversion analysis; ℎ
𝑖
was the

computation head at measuring point 𝑖; ℎ
𝑖
was themeasuring

head at measuring point 𝑖; and 𝑛 was the total number of
measuring points. The relative value of the head was adopted
to make the objective function a dimensionless numerical
function to avoid other problems during optimisation and to
determine whether the algorithm was converged [15].

2.3. Boundary Conditions. According to the established field
model and actual engineering practice, the boundary condi-
tions were as follows:

(1) The Class-I boundary referred to the measured
groundwater level. The borehole was drilled on the
cross section while the groundwater level was mea-
sured. The hydraulic heads of the leftmost and right-
most sides defined the Class-I head boundary, such
that the hydraulic head was known.

(2) The leftmost and rightmost sides of the model mea-
suring the saturated surface referred to the Class-II
(known discharge) boundary. The seepage discharge
of these boundary surfaces was zero.

2.4. Adaptive Genetic Algorithms. In traditional genetic algo-
rithm, crossover rate 𝑃

𝑐
and mutation rate 𝑃

𝑚
are the key

factors influencing the behavior and performance of genetic
algorithm. However, these two factors are predetermined
in traditional genetic algorithm, and 𝑃

𝑐
and 𝑃

𝑚
should

be determined through repeated tests specific to different
optimization problems and tend to be trapped by local
optimal solution. To solve the problem effectively, adaptive
genetic algorithm in which 𝑃

𝑐
and 𝑃

𝑚
change automatically

with the adaptability is presented in this paper; expressions
are as follows:

𝑃
𝑐
=

{{

{{

{

𝑃
𝑐1 −

(𝑃
𝑐1 − 𝑃𝑐2) (𝑓



− 𝑓avg)

𝑓max − 𝑓avg
𝑓


≥ 𝑓avg

𝑃
𝑐1 𝑓



< 𝑓avg,

𝑃
𝑚
=
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{{

{

𝑃
𝑚1 −

(𝑃
𝑚1 − 𝑃𝑚2) (𝑓max − 𝑓)

𝑓max − 𝑓avg
𝑓 ≥ 𝑓avg

𝑃
𝑚1 𝑓 < 𝑓avg,

(3)

where 𝑓max refers to the maximum individual fitness in each
generation;𝑓avg refers to average fitness of each generation;𝑓



refers to the larger one between two crossover individuals; 𝑓
refers to the fitness ofmutant individual. In general, the initial
value of 𝑃

𝑐1, 𝑃𝑐2, 𝑃𝑚1, and 𝑃𝑚2 in the expressions above can be
0.9, 0.6, 0.1, and 0.001, respectively.

If the individual fitness in a population tends to be
uniform or local optimum, the algorithm is able to increase



Mathematical Problems in Engineering 3

the values of crossover rate and mutation rate automatically,
and the optimal solution can be obtained avoiding the
algorithm from falling into the local optimum solution.
Meanwhile, individual with fitness higher than the average
fitness corresponds to lower 𝑃

𝑐
and 𝑃

𝑚
, so that the next

generation can be protected by the solution. Individual with
fitness lower than average corresponds to higher crossover
rate and mutation rate; hence the solution can be eliminated.
Therefore, the adaptive algorithm constructed is able to guar-
antee the convergence of genetic algorithmwhilemaintaining
the population diversity.

2.5. Inversion Analysis Procedures. Since adaptive genetic
algorithm was very effective to solve the multiobjective
optimization problem, it was adopted to identify the effective
hydraulic conductivity in this paper. The inversion analysis
was divided into the following procedures:

(1) Coding: adaptive genetic algorithm was adopted to
transform𝐾

𝑥
, 𝐾
𝑦
, and𝐾

𝑧
into coded strings.

(2) Generation of initial group: 𝑛 initial groups were
generated at random within the preset parameter
scope.

(3) Computation of objective function value: the initial
solvable group was encoded into the finite element
analysis program of seepage and the objective func-
tion value was then computed.

(4) Evaluation of fitness: the result of the finite element
analysis program for seepage was used to evaluate the
individual fitness and to compute the average fitness
of groups.

(5) Convergence determination: the judging basis was
considered when the difference of the maximum
fitted value and the average fitted value of group was
less than the preset error, and themaximumevolution
generation was considered as the auxiliary judgment.

(6) Genetic evolution operation: optional, cross, and
mutation operations were performed, and a new
generation of solvable groups was formed according
to the operational approach of adaptive genetic algo-
rithm.

(7) When a new solvable groupwas obtained, Step (3)was
repeated until the objective function value satisfies the
error precision.

(8) Optimised objective function value and optimised
inversion parameters were obtained.

The procedure for the inversion of the hydraulic conduc-
tivity was as shown in Figure 1.

3. Engineering Situation

A hydropower station was situated in the main stream of
the upper reach of Lancang River in the territory of Diqing
Tibetan Autonomous Prefecture, Yunnan. Hydropower was
mainly used to generate power.Thenormal groundwater level
of the reservoir was 1,906.0m, the downstream groundwater

level was 1,814.86m, and the normal storage capacity was
265,000,000m3. The dam area was a cross valley with an
asymmetric “V” shape. The natural grade of the left bank
slope ranged from 40∘ to 50∘. The rock mass of bank slope
was not completely covered by the weathered layer but was
partially covered by the quaternary waste slope gravelly soil
with a thickness of approximately 7m. The natural grade of
the right bank below an altitude of 1,910m ranges from 60∘
to 80∘, whereas that above an altitude of 1,910m ranged from
40∘ to 45∘. The strata distributed in the dam area were mainly
foliated sandy slate, argillaceous slate, and a spot of tuff. The
groundwater under the dam area was divided into fissure
water and pore phreatic water according to the mode of
occurrence and occurrence medium. Fissure water occurred
among rock fissures, whereas pore phreatic water occurred in
the quaternary unconsolidated formation. Groundwater was
mainly supplemented by atmospheric precipitation as well as
melted mountain ice and snow. Such groundwater discharges
into Lancang River. According to an adit exploration in the
dam area, the groundwater in the rock mass of both banks
was deeply buried underground. The hydraulic gradient of
the left groundwater was approximately 0.266, whereas that
of the right groundwater was approximately 0.568.

The riverbed covering layer was alluvial sand and gravel
cobble, with a thickness of 19.8m to 25m. The rock roof
altitude was approximately 1,782m. The rock of the riverbed
was mainly sandy and argillaceous slate. The average depth
of the strongly weathered rock on the riverbed ranges from
5m to 6m. The vertical depth (below the rock plane) of the
weakly weathered belt ranged from 6m to 15m, and the fresh
rock was distributed at approximately 15m to 46m below the
surface. The hydrogeological section map in the study area
was shown in Figure 2.

4. Back Analyses of the Hydraulic
Conductivity of Different Strata

4.1. Variation Range of Initial Hydraulic Conductivity.
According to the geological plane of the dam area, the
profiles of cross sections, and the geological material of the
project, a natural seepage field model of the dam area was
established. In the model, the permeability of the different
strata significantly differed from top to bottom. The dam
foundation area was divided into four layers: the alluvial,
strongly weathered, weakly weathered, and fresh rock layers,
from top to bottom. The dam shoulders on the left and right
banks were considered to have varying permeability. The
natural seepage field model of the dam area was shown in
Figure 3.

The equivalent continuous medium seepage model was
adopted on the analysis, and the effective hydraulic con-
ductivity values were taken as the parameters for inversion.
Considering the number of multiple layers, the degree of
parameter inversion was reduced to lessen the computational
load. The effective hydraulic conductivity of the riverbed
alluvial layer could be determined based on engineering
experience. The riverbed alluvial layer was formed through
the alleviation of soil, gravel, sand, and so forth, and its
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Main program generates initial group 
P(0)
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Converse individual objective function
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individual

EndGenerate new group P(t + 1)

Figure 1: Program flow chart of the inversion analysis of the hydraulic conductivity.

Table 1: Variation ranges of the effective hydraulic conductivity of different strata.

Stratum Range of 𝐾
𝑥
(m/s) Range of 𝐾

𝑦
(m/s) Range of 𝐾

𝑧
(m/s)

Upper limit Lower limit Upper limit Lower limit Upper limit Lower limit
Strongly weathered layer 1 × 10−3 1 × 10−7 1 × 10−3 1 × 10−7 1 × 10−3 1 × 10−7

Weakly weathered layer 1 × 10−3 1 × 10−7 1 × 10−3 1 × 10−7 1 × 10−3 1 × 10−7

Fresh rock layer 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8

Left bank rock 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8

Right bank rock 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8 1 × 10−4 1 × 10−8

hydraulic conductivity was 1 × 10−3m/s according to relative
engineering experience. The effective hydraulic conductivity
values of the strongly and weakly weathered layers of the
riverbed as well as of the left and right bank rocks were
analysed in this paper. According to a similar project, the
ranges of the initial value of the parameters were given in
Table 1.

4.2. Finite Element Model. The dam axis was 𝑦-axis, whereas
the right bank direction was positive. 𝑥-direction was
perpendicular to 𝑦-direction, and the water flow direction
was positive. The vertical direction was 𝑧-axis, whereas the
positive direction was vertically upward (Figure 4).

The origin 𝑂 of the model was situated at 𝑧-coordinate,
which was 1,600m below the intersection of 𝑥- and 𝑦-axes.
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Figure 2: Hydrogeological section map in the study area.

Water flow direction

Figure 3: Natural seepage field model of the dam area.

The model measures 910m × 820m × 400m. Based on the
finite element subdivision, themodel comprises 32,486 nodes
and 34,320 hexahedron elements (Figure 4).

4.3. Computation Results and Analysis. The optimised inver-
sion parameter combination corresponding to the minimum
error of the measuring and computation heads was obtained
through optimal computation. The measuring and compu-
tation heads at all measuring points were calculated for
comparison (Table 2). In Table 2, the difference (186.5m)
between the maximum head (1,997m) and the minimum
head (1,810.5m) was selected as the basis for the comparison
between the measured and computed groundwater levels.

X

Y

Z
0.000

Figure 4: Finite element model of the computation zone.

The relative error refers to the ratio of the absolute error of
the computation and measuring heads to the base.

Table 2 showed that the error of the measuring and com-
putation heads of different measuring points was relatively
small, and the average error of the measuring points in
the dam area was only 1.41%. The computed groundwater
level of the boreholes was higher than the measured value
when the error was at the minimum value. The maximum
error point was at ZK213, with a relative error of 5.3%.
These results indicated that the inversion analysis model
could reflect the permeability characteristic of themodel area
equivalently and macroscopically. Nevertheless, the position
of the computation phreatic line remained relatively high.
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Table 2: Error of the hydraulic heads of the measuring and computation.

Borehole number Measuring level (m) Computation level (m) Absolute error (m) Relative error (%)
ZK225 1812.20 1812.40 0.25 0.10
ZK226 1812.20 1812.60 0.40 0.20
ZK227 1812.20 1812.00 −0.20 0.10
ZK228 1812.20 1812.70 0.50 0.27
ZK214 1812.30 1813.10 0.80 0.20
ZK237(1) 1813.00 1812.50 −0.50 0.27
ZK237(2) 1813.00 1812.40 −0.60 0.32
ZK205 1814.00 1812.60 −1.40 0.76
ZK216(4) 1814.39 1812.80 −1.59 0.86
ZK201 1815.11 1820.40 5.29 2.86
ZK273 1819.00 1822.80 3.80 2.05
ZK234 1821.00 1824.40 3.40 1.84
ZK213 1822.00 1831.80 9.80 5.30
ZK221 1825.04 1829.90 4.86 2.63
ZK207 1830.00 1829.70 −0.30 0.16
ZK239(2) 1834.00 1836.70 2.70 1.46
ZK216(10) 1834.55 1841.50 6.95 3.76
ZK239(1) 1834.58 1835.80 1.22 0.66
ZK218 1837.97 1837.20 −0.77 0.42
ZK204 1851.00 1855.60 4.60 2.49
ZK250 1884.63 1889.40 4.77 2.58
ZK206 1887.00 1884.00 −3.00 1.62
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Figure 5: Measuring and computation heads of the axis cross
section.

For the validation of computation accuracy, visual
graphic comparisons were established for the axis cross
section, where intensive measuring points were located. The
cross section on the upstream was 30m away from the dam
(Figures 5 and 6 as well as Tables 3 and 4).

Table 3 and Figure 5 showed that the error of the com-
putation and measuring head values of the measuring points
of the axis cross section was relatively small. The minimum
error was 0.2m at ZK227, with a relative error of 0.1%. The
maximum head error was at ZK204, with an error value
of 4.6m and relative error of 2.49%. The average error of
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Figure 6: Measuring and computation heads on the cross section of
the upstream (30m away from the dam).

the eight measuring points on the axis cross section was only
0.90%, and the inversion analysis error was relatively small.

Table 4 and Figure 6 showed that the error of the com-
putation and measuring head values at the measuring points
on the cross section of the upstream 30m away from the
dam was relatively small. The minimum error value was
0.25m at ZK225, with a relative error of 0.1%. The maximum
error value was 4.86m at ZK221, with a relative error of
2.63%. The average error of the seven measuring points on
the cross section of the upstream 30m away from the dam
was only 1.11%, and the inversion analysis error was relatively
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Table 3: Fitting error of the groundwater levels of different boreholes of the axis cross section.

Borehole number 𝑋 (m) 𝑌 (m)
Measuring

groundwater level
(m)

Computation
groundwater level

(m)

Absolute error
(m)

Relative
error
(%)

ZK227 0 −2 1812.20 1812.00 −0.20 0.10
ZK228 0 18 1812.20 1812.70 0.50 0.27
ZK237(2) 0 −32 1813.00 1812.40 −0.60 0.32
ZK205 0 −46 1814.00 1812.60 −1.40 0.76
ZK207 0 −127 1830.00 1829.70 −0.30 0.16
ZK239(2) 0 −151 1834.00 1836.70 2.70 1.46
ZK204 0 139 1851.00 1855.60 4.60 2.49
ZK206 0 207 1887.00 1884.00 −3.00 1.62

Table 4: Error of the groundwater levels of different boreholes on the cross section of the upstream (30m away from the dam).

Borehole number 𝑋 (m) 𝑌 (m)
Measuring

groundwater level
(m)

Computation
groundwater level

(m)

Absolute
error (m)

Relative
error (%)

ZK225 −30 1.9 1812.20 1812.40 0.25 0.10
ZK226 −30 19.9 1812.20 1812.60 0.40 0.20
ZK237(1) −30 −34.3 1813.00 1812.50 −0.50 0.27
ZK273 −30 −90.6 1819.00 1822.80 3.80 2.05
ZK234 −30 80.2 1821.00 1824.40 3.40 1.84
ZK221 −30 −114.7 1825.04 1829.90 4.86 2.63
ZK239(1) −30 −148.9 1834.58 1835.80 1.22 0.66

Y = −70m section
Y = +330m section

Figure 7: Location of the axis cross section.

small. The measuring and computation head error charts of
the two cross sections indicated that the farther from the
river channel the left or right bank was, the higher the error
obtained.

The seepage field within the computation area could be
obtained when the objective function was minimised. The
seepage field of the axis cross section (𝑥 = 0 section), the
cross section of the downstream 205m away from the dam
(𝑥 = 205 section), the 0m to 70m longitudinal section (𝑦 =
−70 section) of the left and right banks, and the 0 + 330m
longitudinal section (𝑦 = 330 section) were used to illustrate

X = 0m section

X = +205m section

Figure 8: Location of the axis cross section.

the condition of the seepage field (see Figures 7 and 8 for the
location diagram and Figures 9–12 for the different positions
of the seepage field).

The optimised effective hydraulic conductivity combina-
tions of stratawere obtainedwhen the errors of themeasuring
and computation heads were minimized (Table 5).

The inversion analysis result showed the following. (1)
The effective hydraulic conductivity values of the strongly
weathered, weakly weathered, and fresh rock layers in the
riverbed stratum gradually became small and increasingly
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Figure 10: Isoline of the hydraulic head of the upstream at +205m
cross section (m).

Table 5: Optional result of the effective hydraulic conductivity.

Partition

Hydraulic
conductivity

𝐾
𝑥

(m/s)

Hydraulic
conductivity

𝐾
𝑦

(m/s)

Hydraulic
conductivity

𝐾
𝑧

(m/s)
Strongly weathered
layer 4.0 × 10−4 6.0 × 10−5 7.0 × 10−4

Weakly weathered
layer 8.0 × 10−6 1.0 × 10−6 7.0 × 10−5

Fresh rock layer 3.0 × 10−7 1.0 × 10−8 5.0 × 10−7

Left bank rock 4.0 × 10−7 1.0 × 10−7 6.0 × 10−7

Right bank rock 2.0 × 10−7 1.0 × 10−7 1.0 × 10−7

weak. In the same stratum, 𝑦-direction effective hydraulic
conductivity value wasminimised. (2)The effective hydraulic
conductivity values of the right bank rock were less than that
of the left bank rock, which indicates that the overall integrity
of the former was better than that of the latter. This finding
was associated with the fact that the hydraulic gradient of the
right bank was higher than that of the left bank.

5. Conclusion

(1) To overcome the limitation of genetic algorithm,
adaptive genetic algorithm was put forward. Com-
bining with finite elementmethod, effective hydraulic
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Figure 11: Isoline of the hydraulic head of 0–070m longitudinal
section (m).
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Figure 12: Isoline of the hydraulic head of 0 + 330m longitudinal
section (m).

conductivity of different aquifers in natural dam foun-
dation was identified. This algorithm overcame the
limitations of the traditional optimisation algorithms,
in which the inversion result significantly depended
on the initial value of 𝑃

𝑐
and 𝑃
𝑚
and fell into the local

optimumwhen the inversion analysis was performed.

(2) According to the inversion analysis result of this
study, the maximum relative error of the measuring
and computation groundwater levels at themeasuring
pointswas 5.3%, and the average head errorwas 1.41%.
The results showed that the established hydraulic
conductivity inversion analysis method was effective.
Meanwhile, the inversion results showed the effective
hydraulic conductivity of intensively weathered layer,
moderately weathered layer, and fresh bedrock layer
in riverbed formation tended to decline gradually,
which reflected that the permeability of aquifer
became weaker and weaker, and in the same aquifer,
the effective permeability coefficient in direction 𝑌
was the minimum.

(3) The result showed that effective hydraulic conductiv-
ity of right bank was smaller than that of left bank,
which indicated that the rock on left bank was more
complete than those on left bank in whole, which
coincided well with the condition that the average
hydraulic gradient of right bank was larger than that
of left bank.
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Observers are well known in control theory. Originally designed to estimate the hidden states of dynamical systems given some
measurements, the observers scope has been recently extended to the estimation of some unknowns, for systems governed by partial
differential equations. In this paper, observers are used to solve inverse source problem for a one-dimensional wave equation. An
adaptive observer is designed to estimate the state and source components for a fully discretized system. The effectiveness of the
algorithm is emphasized in noise-free and noisy cases and an insight on the impact of measurements’ size and location is provided.

1. Introduction

In this paper we are interested in an inverse source problem
for the wave equation. This problem appears frequently in
many fields, especially, inmodern seismology [1]. One impor-
tant application of this problem is to distinguish between
different types of seismic events (e.g., earthquake, implosion,
or explosion) [2]. It is also important inmonitoring hydraulic
fracturing by which fractures are created in rocks such that
entrapped hydrocarbons can be released and extracted [3].

Inverse problems are usually solved using optimization
techniques, where an appropriate cost function is minimized.
However the ill-posedness of such problems generates insta-
bility. Regularization techniques are then used to restore
the stability. Among the regularization techniques, Tikhonov
regularization [4] is probably themost used one. For instance,
it has been applied to the wave equation in [5, 6]. Other tech-
niques have been also proposed to solve inverse problems;
for example, in [7], a new minimization algorithm has been
proposed to solve an inverse problem for the wave equation
with unknown wave speed. Most of the proposed methods
end up with an optimization step which generally turns to be
computationally heavy, especially in the case of large number
of unknowns, and may require an extensive storage.

The objective of this paper is to present an alternative
algorithm, based on observers, to solve the inverse source
problem for the wave equation. Observers are well known
in control theory for state estimation in finite dimensional
dynamical systems. Presenting the distinctive feature and
main advantage of operating recursively on direct problems,
observers are gainingmore andmore interest in awide variety
of problems, including partial differential equations (PDEs)
systems. For instance, in [8] states and parameters are esti-
mated using an observer depending on a discretized space for
a mechanical system. In [9], the initial state of a distributed
parameter system has been estimated using two observers:
one for the forward time and the other for the backward time.
A similar approach has been used in [10], using the forward-
backward approach to solve inverse source problem for the
wave equation. An adaptive observer was applied in [11] for
parameter estimation and stabilization of one-dimensional
wave equation where the boundary observation suffers from
an unknown constant disturbance. A similar work was
proposed in [12] with the state as unknown and the boundary
observation suffers from an arbitrary long time delay.

Dealing with PDEs, either with observers or classical
inverse problems methods, poses the challenge of approxi-
mating infinite dimensional systems. As regards observers,
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we can distinguish three approaches for studying such
systems. The first approach considers the design of the
observer in the continuous domain which requires mathe-
matical analysis [13], and the application of the observer to
real application will require some adaptation. The second
approach consists in the semidiscretization of the equation
in space. The result of this semidiscretization can be usually
written in the standard state-space representation in the
continuous domain (in time) which makes the extension
of the known methods in control theory easier. The third
approach is the full-discretization of the PDE in space and
time. In this case we can write the system in a discrete state-
space representation. We have chosen this latter approach
since it is more suitable for real implementation. We show
that it can give good results provided that some conditions,
aimed at minimizing the effect of numerical errors resulting
from discretization, are met.

Another challenge, related to solving inverse problems in
general, arises when it comes to measurement constraints.
Indeed, from a practical point of view, we usually do not
have enough measurements to estimate all the unknowns.
Dealing with this source of ill-posedness, means, in observers
theory framework, satisfying the equivalent property of
observability. Indeed, given the PDE system together with
the measurements, we can test in a prior step whether the
unknown variables can be estimated fully or partially, regard-
less of the kind of observer to be used. For instance, in [8, 9,
11, 12], the measurements were taken as the time derivative of
the solution of the wave equation.This kind of measurements
gives a typical observability condition which has a positive
effect on the stabilization, but it is less readily available than
field measurements. Hence, some authors sought to solve
inverse problems for wave equation using observers based on
partial filedmeasurements, that is, measurements taken from
the solution of the wave equation, as in [14–16].

In this paper, we consider a fully discretized version of a
one-dimensional wave equation and we propose a new algo-
rithm for inverse source problem based on adaptive observer
for the joint estimation of the states and the source term
from partial measurements of the field. Adaptive observers
are widely used in control theory for parameter estimation
in adaptive control or fault estimation in fault detection and
isolation [17, 18]. In Section 2, problem statement is detailed.
Then, the observer design is presented in Section 3. Finally,
numerical results are presented and discussed.

2. Problem Statement

Consider the one-dimensional wave equation with Dirichlet
boundary conditions defining in the domain Ω := (𝑥, 𝑡) ∈
(0, 𝑙) × (0, 𝑇]:

𝑢
𝑡𝑡
(𝑥, 𝑡) − 𝑐

2
𝑢
𝑥𝑥
(𝑥, 𝑡) = 𝑓 (𝑥) ,

𝑢 (0, 𝑡) = 0, 𝑢 (𝑙, 𝑡) = 0,

𝑢 (𝑥, 0) = 𝑟
1
(𝑥) , 𝑢

𝑡
(𝑥, 0) = 𝑟

2
(𝑥) ,

(1)

where 𝑥 is the space coordinate, 𝑡 is the time coordinate,
𝑟
1
(𝑥) and 𝑟

2
(𝑥) are the initial conditions in L2[0, 𝑙], 𝑓(𝑥) ∈

L2[0, 𝑙] is the source function which is assumed, for simplic-
ity, to be independent of time, and 𝑐 is the velocity which is
known.The notations 𝑢

𝑎
and 𝑢

𝑎𝑎
refer to the first and second

derivatives of 𝑢 with respect to 𝑎, respectively.
Our inverse problem falls in the estimation of the source

𝑓(𝑥) in (1) using an adaptive observer with partial measure-
ments of the field 𝑢 available. We first propose to rewrite (1)
in a system of first order PDEs by introducing two auxiliary
variables V(𝑥, 𝑡) = 𝑢(𝑥, 𝑡) and 𝑤(𝑥, 𝑡) = 𝑢

𝑡
(𝑥, 𝑡) and let

𝜉 (𝑥, 𝑡) = [V (𝑥, 𝑡) , 𝑤 (𝑥, 𝑡)]tr , (2)

where tr refers to transpose.Then (1) can bewritten as follows:

𝜕𝜉 (𝑥, 𝑡)

𝜕𝑡
= A𝜉 (𝑥, 𝑡) + 𝐹,

V (0, 𝑡) = 0,

V (𝑙, 𝑡) = 0,

V (𝑥, 0) = 𝑟
1
(𝑥) ,

V
𝑡
(𝑥, 0) = 𝑟

2
(𝑥) ,

𝑧 =H𝜉 (𝑥, 𝑡) ,

(3)

where the operatorA is given byA = ( 0 𝐼

𝑐
2
(𝜕
2
/𝜕𝑥
2
) 0
), 𝐹 = ( 0𝑓 ),

𝑧 is the output, and H is the observation operator such that
H = [H

0
0], where H

0
is a restriction operator on the

measured domain.
Discretizing system (3) using implicit Euler scheme in

time and central finite difference discretization for the space
gives the following discrete state-space representation:

𝜉
𝑗+1
= 𝐺𝜉
𝑗
+ 𝐵𝑓
𝑗
+ 𝑏,

𝑧
𝑗
= 𝐻𝜉
𝑗
,

𝑓
𝑗+1
= 𝑓
𝑗
,

𝑗 = 1, 2, . . . , 𝑁
𝑡
,

(4)

where

𝐺 = (

Δ𝑡𝐸 + 𝐼 Δ𝑡𝐼

𝐸 𝐼
) ;

𝐸 =
𝑐
2
Δ𝑡

(Δ𝑥)
2
(

−2 1

1 −2 d

d d 1

1 −2

);

𝐵 = (
(Δ𝑡)
2
𝐼

Δ𝑡𝐼

) ; 𝐻 = (𝐻
𝑚

0) ;

(5)

and 𝐻
𝑚
= (

0 ⋅⋅⋅ 0

.

.

. 𝐼
𝑚

.

.

.

0 ⋅⋅⋅ 0

) ; 𝐼
𝑚
is the identity matrix of dimension

𝑚, where𝑚 refers to the number of measurements, and 𝑏 is a
term that includes the boundary conditions such that
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𝑏 = (
𝑐
2
(Δ𝑡)
2

(Δ𝑥)
2
V𝑗
1
0
1×(𝑁
𝑥
−2)

𝑐
2
(Δ𝑡)
2

(Δ𝑥)
2
V𝑗
𝑁
𝑥

𝑐
2
(Δ𝑡)

(Δ𝑥)
2
V𝑗
1
0
1×(𝑁
𝑥
−2)

𝑐
2
(Δ𝑡)

(Δ𝑥)
2
V𝑗
𝑁
𝑥

)

tr

. (6)

This system is linear multiple-input multiple-output discrete
time invariant. If𝑁

𝑥
refers to the space grid size and𝑚 refers

to the number of measurements, then the state matrix 𝐺 is of
dimension 2𝑁

𝑥
×2𝑁
𝑥
, the observer matrix𝐻 is of dimension

𝑚 × 2𝑁
𝑥
, and the input matrix 𝐵 is of dimension 2𝑁

𝑥
× 𝑁
𝑥
.

The numerical scheme (4) is consistent. In addition, it is
stable if and only if 𝑐Δ𝑡 ≤ Δ𝑥 (the CFL condition). Thus, if
𝑐Δ𝑡 ≤ Δ𝑥, scheme (4) converges as Δ𝑡 → 0, Δ𝑥 → 0 to (3)
and therefore to (1).

3. Observer Design

We propose to use an adaptive observer for the joint estima-
tion of the states V and 𝑤 and the source 𝑓. This observer
has been proposed in [17] and it has been developed for
joint estimation of the state and the parameters. However,
we propose to generalize the idea behind this observer to
estimate the input considering each spatial sample of the
input as an independent parameter. The adaptive observer is
given by the following system of equations:

�̂�
𝑗
= 𝐻𝜉
𝑗
,

Υ
𝑗+1
= (𝐺 − 𝐿𝐻)Υ

𝑗
+ 𝐵,

𝑓
𝑗+1
= 𝑓
𝑗
+ 𝜎Υ
𝑗𝑇

𝐻
𝑇
(𝑧
𝑗
− �̂�
𝑗
) ,

𝜉
𝑗+1
= 𝐺𝜉
𝑗
+ 𝐵𝑓
𝑗
+ 𝑏 + 𝐿 (𝑧

𝑗
− �̂�
𝑗
)

+ Υ
𝑗+1
(𝑓
𝑗+1
− 𝑓
𝑗
) ,

(7)

where 𝐿 is the observer gain matrix of dimension 2𝑁
𝑥
× 𝑚,

𝜉
𝑗 and 𝑓𝑗 are the state and source estimates, respectively, Υ𝑗
is a matrix sequence obtained by linearly filtering 𝐵, and 𝜎 is
a scalar gain satisfying the following assumption as in [17].

Assumption 1. The scalar gain 𝜎 satisfies the following:

(1) ‖√𝜎𝐻Υ𝑗‖
2
≤ 1;

(2) (1/𝜅)∑𝑗+𝜅−1
𝑖=𝑗
𝜎Υ
𝑖𝑇

𝐻
𝑇
𝐻Υ
𝑖
≥ 𝛽𝐼 for some constant 𝛽 >

0, integer 𝜅 > 0, and all 𝑗.

Remark 2. In the proposed method, no particular form
for the matrices 𝐺, 𝐵, and 𝐻 is required. However, all
these matrices are assumed bounded. In our problem, wave
equation with constant velocity, these matrices are actually
constant and therefore always bounded.

Remark 3. From Remark 2, any consistent and stable numer-
ical method can be used to discretize system (3) provided that
it ends up with bounded matrices (𝐺, 𝐵, and𝐻).

Under Assumption 1, Algorithm (7) converges exponen-
tially fast when 𝑗 tends to infinity in noise-free case, and

the estimation errors remain bounded in the noisy case as
long as the noises are bounded. Moreover, the estimation
errors converge in the mean to zero if the noises have zero
means; see Theorems 1 and 2 with their proofs in [17].

4. Numerical Simulations

To test the performance of the observer, we generated a set
of synthetic data using the following parameters: Δ𝑥 = 0.01,
𝑙 = 2, Δ𝑡 = 0.01, and 𝑇 = 100. Thus, 𝑁

𝑥
= 201 and 𝑁

𝑡
=

10001. The velocity is chosen to be 𝑐2 = 0.9, and the source
is equal to 𝑓(𝑥) = 3 sin(5𝑥). The matrix sequence Υ𝑗 and the
scalar gain 𝜎 are chosen such that Assumption 1 is satisfied.
The algorithm was implemented in Matlab and the tests were
run for two main cases: noise-free and noisy datasets. In
the noise-corrupted case, zero mean white Gaussian random
noises were added to the states and to the measurements
with standard deviations 𝜎

𝜉
= 0.007816 and 𝜎

𝑧
= 0.01044,

respectively. The gain matrix is selected to have fast and
accurate convergence of the observer. We took advantage of
the particular structure of 𝐺 to design the gain 𝐿. Indeed
the matrix 𝐺 is sparse, so we selected 𝐿 to be also a sparse
matrix. The number of unknown entries is then reduced and
we identified them such that the eigenvalues of (𝐺 − 𝐿𝐻) are
inside the unit circle. In general, standard pole placement can
be used to select the gain matrix 𝐿.

Figure 1 shows the error in the estimated state and
Figure 2 presents the exact and the estimated source; both
figures exhibit noise-free and noisy cases with respect to full
and partial measurements. For the partial measurements,
we supposed that the field is available on half of the space
domain only. Tables 1 and 2 show the minimum square
error (MSE) in the estimated source in noise-free and noisy
cases, respectively. Both tables show the error in case of full
measurements, partial measurements taken from themiddle,
and partial measurements taken from the end.

In the noise-free case, the adaptive observer used in this
paper provides a good estimate of the unknown source for
the wave equation both when the field is available on the
whole space domain and when it is available only on half
the domain. However, we noticed in the second case a small
error at the end of the interval. In the noisy case also, the
reconstruction is good but can be improved by a good choice
of the gain 𝐿.

5. Comparison between Observer-Based and
Tikhonov-Based Approaches

To assess the observer performance in the source estima-
tion, a comparison to optimization-based method has been
performed. The initial problem has been first written in
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Figure 1: The state error (𝜉 − 𝜉): (a) and (b) present the noise-free case with respect to full measurements and partial measurements,
respectively. (c) and (d) show the noise-corrupted case with respect to full measurements and partial measurements, respectively. In the
partial measurements cases, 50% of the state components are taken from the end.

Table 1: Source estimation errors in the noise-free case.

Measurements MSE = √( 1
𝑁
𝑥

)

𝑁𝑥

∑

𝑖=1

(𝑓
𝑖
− 𝑓
𝑖
)

Full 1.8168 × 10
−14

Partial (middle) 0.3354

Partial (end) 0.2096

a suitable input/output formulation allowing us to have
comparable problems. Then, due to the ill-posedness of the
problem, a Tikhonov regularization has been used when
solving the optimization problem. The two methods, the
observer-based method and the optimization-based method,

Table 2: Source estimation errors in the noisy case.

Measurements MSE = √( 1
𝑁
𝑥

)

𝑁𝑥

∑

𝑖=1

(𝑓
𝑖
− 𝑓
𝑖
)

Full 0.2865

Partial (middle) 0.4014

Partial (end) 0.3213

have been used for the estimation of the source for the same
set of measurements and the same level of noise.

To formulate the initial problem, we propose to derive the
state and output at time 𝑘 + 𝑝, 𝑝 ∈ N, from the state at time 𝑘
and the input sequence, using the state-space matrices 𝐺, 𝐵,
and𝐻.Thus, by repeating substitution from (4) and for some
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Figure 2: The exact source 𝑓 (blue) and the estimated source 𝑓 (black): (a) and (b) present the noise-free case with respect to full
measurements and partial measurements, respectively. (c) and (d) show the noise-corrupted case with respect to full measurements and
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𝑝 ∈ N, we obtain a new state-space representation, where the
transmission matrix is given by a Hankel matrix, as follows:

𝜉
𝑗+𝑝
= 𝐺
𝑝
𝜉
𝑗
+C
𝑝
𝑓
𝑗

𝑝
+ b,

𝑧
𝑗

𝑝
= O𝜉
𝑗
+ 𝜏𝑓
𝑗

𝑝
,

(8)

where

𝑓
𝑗

𝑝
= [𝑓
𝑗
𝑓
𝑗+1
⋅ ⋅ ⋅ 𝑓

𝑗+𝑝−1
]
tr
;

𝑧
𝑗

𝑝
= [𝑧
𝑗
𝑧
𝑗+1
⋅ ⋅ ⋅ 𝑧
𝑗+𝑝−1
]
tr
;

C
𝑝
= [𝐺
𝑝−1
𝐵 ⋅ ⋅ ⋅ 𝐺𝐵 𝐵] ;

O = [𝐻 𝐻𝐺 ⋅ ⋅ ⋅ 𝐻𝐺𝑝−1]
tr
;

𝜏 =

[
[
[
[
[
[
[
[
[
[

[

0
𝑚×𝑁
𝑥

0 0 ⋅ ⋅ ⋅ 0

𝐻𝐵 0
𝑚×𝑁
𝑥

d d
.
.
.

𝐻𝐺𝐵 𝐻𝐵 0
𝑚×𝑁
𝑥

d 0

.

.

. d d d 0

𝐻𝐺
𝑝−2
𝐵 ⋅ ⋅ ⋅ 𝐻𝐺𝐵 𝐻𝐵 0

𝑚×𝑁
𝑥

]
]
]
]
]
]
]
]
]
]

]

;

(9)

and b = 1
𝑝
⊗ 𝑏 (⊗ is the Kronecker product).
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Thus, from the second equation in (8), new set of meas-
urements can be defined as

�̃�
𝑗

𝑝
= 𝜏𝑓
𝑗

𝑝
, (10)

where �̃�𝑗
𝑝
= 𝑧
𝑗

𝑝
−O𝜉𝑗.

The aim is to estimate the source 𝑓 at time step 𝑗 by
minimizing the following cost function where Tikhonov
regularization is used:

𝐽
𝛼
(𝑓
𝑗

𝑝
) =
1

2


𝜏𝑓
𝑗

𝑝
− �̃�
𝑗

2

2
+
𝛼

2


𝑓
𝑗

𝑝



2

2
, (11)

where 𝛼 is the regularization parameter. There are well-
studied approaches for selecting this parameter such as L-
curve, GCV, and NCP [19].

For the numerical simulations, it is important to note that
the size of the Hankel matrix depends on the space step Δ𝑥,
time step Δ𝑡, and the final time 𝑇. To have reasonable size
which allows computation using Matlab, the values of these
parameters have been chosen as follows: Δ𝑥 = 0.1, Δ𝑡 =
0.05, and 𝑇 = 2, respectively. This decrease in the final time
𝑇 will affect the estimation errors convergence as discussed
in Section 3, especially in the noisy case. Consequently we
consider a small modification on the observer’s structure (7)
in order to increase the robustness of the algorithm. This
modification has been inspired by sliding mode observers
and consists in adding tanh to the correction term as
described in the following:

�̂�
𝑗
= 𝐻𝜉
𝑗
,

Υ
𝑗+1
= (𝐺 − 𝐿𝐻)Υ

𝑗
+ 𝐵,

𝑓
𝑗+1

= 𝑓
𝑗

+ ΣΥ
𝑗𝑇

𝐻
𝑇
[(𝑧
𝑗
− �̂�
𝑗
) + 𝛾
1
tanh (𝛾

2
(𝑧
𝑗
− �̂�
𝑗
))] ,

𝜉
𝑗+1

= 𝐺𝜉
𝑗
+ 𝐵𝑓
𝑗
+ 𝑏

+ 𝐿 [(𝑧
𝑗
− �̂�
𝑗
) + 𝛾
3
tanh (𝛾

4
(𝑧
𝑗
− �̂�
𝑗
))]

+ Υ
𝑗+1
(𝑓
𝑗+1
− 𝑓
𝑗
) ,

(12)

where 𝛾
1
, 𝛾
2
, 𝛾
3
, and 𝛾

4
are scalers.

The results for source estimation using observer-based
and Tikhonov-based methods with full and partial measure-
ments in noise-free and noisy cases are depicted in Figure 3.
The corresponding MSE are presented in Tables 3 and 4 for
noise-free and noise-corrupted cases, respectively.

Under the described conditions, the observer approach
gives comparable results, in some cases better results than the
optimization-based methods.

6. Discussion

Wehave studied the effect of number ofmeasurements on the
convergence of the proposed observer. Obviously, increasing

Table 3: MSE for the source estimation using observer and
Tikhonov methods in the noise-free case.

Measurements Observer Tikhonov
Full 1.2212 × 10

−5
9.9112 × 10

−13

Partial 0.5033 1.5539

Table 4: MSE for the source estimation using observer and
Tikhonov methods in the noisy case.

Measurements Observer Tikhonov
Full 0.2060 0.2355
Partial 0.6805 1.5466

number of measurements means increasing information on
the state, thus insuring the observability condition for all the
states. However, for some applications, only few measure-
ments can be available and the idea is to study the effect of
this number on the convergence of the observer.

The analysis of the error of estimation of the source
with respect to the number of measurements shows that
numerical issues may happen when we reduce the number of
measurements below a threshold. These numerical problems
come in fact from the ill-conditioning of the observability
matrix𝑊:

𝑊 = (𝐻 𝐻𝐺 𝐻𝐺
2
⋅ ⋅ ⋅ 𝐻𝐺

𝑛−1
)
tr
. (13)

The decay of the condition number of the observability
matrix 𝑊 as a function of the number of measurements is
illustrated in Figure 4. It is well known in control theory
that the rank of 𝑊 gives the number of observable states.
It is known also that a high condition number for the
observability matrix leads to nearly unobservable states [20].

It is also important to study the effect of discretization
on the performance of the method, which was not included
in this paper as the objective was to assess the possibility of
using this method and to discuss its performance in presence
of noise. The scheme that we used in the paper works well
but the step discretization may affect the performance and
especially in case of few measurements. More investigations
on this question are required.

The objective of this paper was to propose a newmethod,
as an alternative to the standard optimization methods, in
order to solve inverse source problems for the wave equation.
Of course this problem has several important applications
in different fields ranging from geophysics to medical field
and especially when few measurements are available. The
first results obtained on simulations are promising and
the observer approach seems to be suitable for real online
estimation problems thanks to its recursive structure. How-
ever, we still have to investigate more the approach before
we can claim its performance on real application. One of
the points to assess carefully is the number of available
measurements. Through this work, we studied the effect of
measurements on the performance and from the comparison
to the optimization-based methods in Section 5 it is clear
that the adaptive observer gives interesting results which is
promising for real applications. The second important point
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Figure 3: The exact source 𝑓 (solid blue line) and the estimated one 𝑓 using observer solution (red) and modified-Tikhonov (green): (a)
and (b) present the noise-free case with respect to full measurements and partial measurements, respectively. (c) and (d) show the noise-
corrupted case with respect to full measurements and partial measurements, respectively. In the partial measurements cases, 50% of the state
components are taken from the end.

is the effect of noise. Even if we succeed to obtain good
results in noisy cases, we believe that some improvement can
be suggested leading to some modifications of the observer
structure aiming at improving the robustness properties.

7. Conclusion

In this paper, an adaptive observer for the joint estimation
of the source and the states in the wave equation has been

designed. Numerical simulations for the source and states
estimation using observer have been presented, and they
have proven the capability of observer to estimate both the
source and the states in noise-free and noisy cases. A com-
parison between observer algorithm and an optimization-
based method has been performed.This comparison consid-
ered also the different cases of noise (noise-free and noise-
corrupted) with full and partial measurements. The results
show the outperformance of the observer-based approach.
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Simple reflection imaging of landscape (scenery or extended objects) poses the inverse problem of reconstructing the landscape
reflectivity function from its integrals on some particular family of spheres. Such data acquisition is encoded in the framework
of a Radon transform on this family of spheres. In spite of the existence of an exact inversion formula, the numerical landscape
reflectivity function reconstitution is best obtained with an approximate but judiciously chosen reconstruction kernel. We describe
the working of this reflection imaging modality and its theoretical handling, introduce an efficient and stable image reconstruction
algorithm, and present simulation results to prove the validity of this choice as well as to demonstrate the feasibility of this imaging
process.

1. Introduction

Imaging science is a rapidly developing field in all areas of
human activity ranging from medical diagnostics to indus-
trial nondestructive evaluation. In the last several decades,
it has expanded vigorously in environmental/navigational
surveillance, national security monitoring, weather forecast,
hazard assessment, and so forth. It plays an essential role in
remote sensing by providing information about objects or
areas from a distance, typically from aircraft or satellites. By
collecting data across a wide range of the electromagnetic
spectrumat small spectral resolution (5–15 nm) and high spa-
tial resolution (1–5m), it allows detailed spectral signatures to
be identified for different imaged materials.

So the aim is to obtain rapidly accurate images of large
areas (or landscapes/sceneries) of the earth surface. Two
main technologies have been conceived to this end: aerial or
satellite photography (including television imaging) [1] and
radar imaging, in particular the so-called Synthetic Aperture
Radar Imaging (SAR) [2], which has the advantage of being
weather independent.

The aim of this paper is not to focus on neither aerial
photography nor SAR imaging and discuss their specific
functioning problems. Its object is to single out an imaging
concept based on the phenomena of wave reflection on more
or less opaque objects and the registering of reflected wave
energy by a single detector. It turns out that the appropriate
mathematical description for this imaging modality is an
integral transform, which is a generalization of the Radon
transform, popular in medicine and industrial control. The
crucial point is to show that imaging with this principle is
viable and exploitable in practice.

The paper is organized as follows. Section 2 is devoted to
defining active reflection imaging. It discusses the way infor-
mation is recorded and used to produce images. Section 3
reviews the main mathematical tool which supports this
active reflection imaging: the Radon transform on spheres
centered on a plane. The next point is the derivation of an
approximate reconstruction formula for the reflectivity func-
tion in Section 4. Numerical simulations and comparison
comments on the results obtained by the exact and approx-
imate reconstruction formulas are given in Section 5. A
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Figure 1: Flat landscape-scenery imaging.

conclusion closes the papers with perspectives on possible
future research directions.

2. Reflection Imaging

Reflection imaging is the simplest way to acquire an image
of an extended object or a landscape of macroscopic dimen-
sions. Viewing an object under the illumination of a light is
the simplest example of reflection imaging. More generally
if a signal (or wave pulse) is sent through space and gets
reflected by an opaque surface before being recorded by an
apparatus, information on the presence of this surface may
be obtained provided that the signal propagation properties
are known.A scanning of the object by a large number of such
signals and their detectionmay allow us to obtain some image
of this object. This is the principle of reflection imaging.

One important mode of reflection imaging known to
everyone is human vision. Natural light reflected on the
surface of objects passes through the eye aperture and gets
projected on the retina.Thisway of producing an image is also
used in photographic and television cameras. However there
are limitations to this modality of reflection imaging when
large objects or sceneries are to be imaged due toweather con-
ditions (precipitation, fog, and clouds), variations of radiation
intensity, and distance related blurring [3]. Therefore it may
be useful to seek an alternative reflection imaging principle.
In this paper, we discuss a simple way of acquiring reflection
data to obtain the image of an object.

Concretely, we will be concerned here in particular by
large objects such as a landscape. We will consider first the
case of flat scenery or landscape before going to the case of a
hilly or structural landscape when no aperture (with retina or
photographic film) is used.The first case is meant to facilitate
the understanding of the mechanism of reflection imaging
but is not a topic of main interest in itself.

2.1. Flat Scenery or Flat Landscape. Let us consider a source 𝑆
emitting isotropically and uniformly bursts of signals (wave-
packets).This source is at firstmotionless and ismaintained at
a constant height ℎ; see Figure 1. Below is a planar landscape

represented by a reflectivity function 𝑓(𝑥, 𝑦), which gives the
percentage of signal energy sent back by reflection at point
(𝑥, 𝑦) of the plane. Let us assume that signals travel at a
constant velocity 𝑐 along all rectilinear trajectories in air and
that 𝑆 can simultaneously register returning signal energies,
and this is advocated, for example, in [4], and also called
monostatic mode in radar technology. An emitted burst of
signals emerges from 𝑆 at time 𝑡 = 0 and will expand
spherically around 𝑆 at a distance 𝑐𝜏 from 𝑆 at time 𝑡 = 𝜏. It is
clear that at time 𝑡 = ℎ/𝑐, the signal burst hits the floor plane
at site 𝐻 and the reflected signal will be detected along the
same propagation path at 𝑆 at time 2ℎ/𝑐. At time 𝑡 > ℎ/𝑐, the
return signal at 𝑆 is made of all the reflected energies at points
𝑀 situated on a circleC(𝑡) centered at𝐻 of radius√(𝑐𝑡)

2
+ ℎ2.

If 𝐼0 is the emitted energy flux density at 𝑆, then the received
reflected signal from the two-dimensional landscape is the
integral of 𝐼0𝑓(𝑥, 𝑦) on the circleC(𝑡). To keep the discussion
simple, we have neglected signal spreading and attenuation
along the propagation direction. So such circle integral of the
reflectivity function is for the moment only a function of one
variable 𝑡. Collecting all such integrals will not be sufficient
to find 𝑓(𝑥, 𝑦), because it is a function of two variables (𝑥, 𝑦).
To overcome this problem of insufficient data, we can move
the point source along a given trajectory (or curve) whichwill
introduce a second variable: the curvilinear abscissa 𝜉 of 𝑆 on
its trajectory. Onemay take the simplest trajectory possible: a
straight line parallel to the landscape plane at height ℎ. In this
situation and with all the stated assumptions, the reflected
signal flux density is given by the integral of 𝑓(𝑥, 𝑦) on the
circle C(𝜉,𝑡), whose center is at abscissa 𝜉 on the orthogonal
projection of the line trajectory of 𝑆 on the plane and radius 𝑐𝑡

R𝐶𝑓 (𝜉, 𝑡) = 𝐼0 ∫
(𝑥,𝑦)∈C(𝜉,𝑡)

𝑑𝑠 𝑓 (𝑥, 𝑦) . (1)

Here 𝑑𝑠 is the integration measure of C(𝜉,𝑡). The totality
of R𝐶𝑓(𝜉, 𝑡) for the unknown 𝑓(𝑥, 𝑦) is what is called the
Radon transform of 𝑓(𝑥, 𝑦) on the family of circles centered
on a straight line parallel to the landscape plane.This integral
functional transform has been studied by many authors who
have worked out the inverse transform; see, for example, [5].
In the inversion of this Radon transform on circles centered
on a line, only𝑦-even part of𝑓(𝑥, 𝑦) can be reconstructed and
a special scanning mode is required to obtain the full 𝑓(𝑥, 𝑦).

We now extend these considerations to a hilly landscape
in three dimensions.

2.2. Hilly Landscape. A hilly landscape cast in three dimen-
sions consists of a smooth surface inR3, onwhich there exists
a reflectivity function 𝑓𝑠(𝑢, V), where (𝑢, V) are curvilinear
coordinates of a point on this surface (Figure 2). We have
assumed a very simple reflection mechanism in the sense
that the reflected ray is always in the same direction as the
incident ray so that detailed structure at the reflecting point
is averaged out and represented by an effective reflectivity
function 𝑓(𝑥, 𝑦, 𝑧) defined throughout space and possibly
experiencing jump discontinuities at the separating surface
with air. Following the arguments of the previous subsection,
we see that the reflected signal at 𝑆 after a time 𝑡 following
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Figure 2: Hilly landscape-scenery imaging.

the emission of the signal burst by 𝑆 is the integral of 𝑓(𝑥,

𝑦, 𝑧) on the sphere S(𝑡) of center 𝑆 and radius 𝑐𝑡. In fact the
integral is practically nonzero only on one side of the
intersection of the surface landscape and the sphere S(𝑡).
Since 𝑓(𝑥, 𝑦, 𝑧) has three variables, to generate the required
data for reconstructing 𝑓(𝑥, 𝑦, 𝑧), one let 𝑆 move on a two-
dimensional surface, which will be taken generally as a plane
for convenience. The case of spheres centered on a sphere
is discussed in [6]. In this context, the reflection data is the
integral of 𝑓(𝑥, 𝑦, 𝑧) on the sphere S(𝜉,𝜂,𝑡), where (𝜉, 𝜂) are
the Cartesian coordinates of 𝑆 on a plane above the landscape
to be imaged. This will naturally introduce the concept of a
Radon transform of𝑓(𝑥, 𝑦, 𝑧) on spheres centered on a plane.
Such Radon transforms have been studied by many authors
who have already derived an inversion formula:

R𝑆𝑓 (𝜉, 𝜂, 𝑡) = 𝐼0 ∫
(𝑥,𝑦,𝑧)∈S(𝜉,𝜂,𝑡)

𝑑𝑎𝑓 (𝑥, 𝑦, 𝑧) , (2)

where 𝑑𝑎 is the integration measure on the sphere S(𝜉,𝜂,𝑡). A
theoretical justification of these considerations may be found
in [7] and an example of experimental realization in [8].

Here ℎ is the height of 𝑆, which is so chosen so as to have
the landscape above the 𝑥𝑂𝑦 plane.Therefore, we assume the
function of reflectivity to be supported in the space 𝑧 ∈ (0, ℎ).
Later on to extend the integration range on 𝑧 ∈ R, we will use
𝑓(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦 − 𝑧).

2.3. Applications. This simplifiedmodel of reflection imaging
may be used in principle in many areas. One of the obvious
areas is the domain of earth surveillance for environmental
and meteorological purposes. In this respect it has the
ingredients of Synthetic Aperture Radar (SAR) if it uses
bursts of microwaves [9]. However SAR can be achieved
without collecting surface integral data and some of the
problems of SAR are not addressed in this approach of Radon
transform on spheres. Yet it may be used in any weakly

reflecting medium in which strongly reflecting objects are
placed assuming that signals can travel without distortion at a
constant velocity [4]. Of course this type of imaging can also
serve as first approximation to a more involved one.

The problem addressed here consists of constructing an
efficient computational algorithm based on exact inverse
formulas of the Radon transform on some classes of spheres
to obtain an image of reasonable quality.The idea put forward
here is the use of Approximate Inverses (or mollifiers) to
achieve this goal.

3. The Spherical Radon Transform R𝑆 over
Spheres Centered on a Plane

We now present the mathematical foundations for inverting
the spherical Radon transform studied here.These results are
then used in Section 4 in order to develop a reconstruction
algorithm. The constant factor 𝐼0 in (2) will be discarded to
simply the writing. The following notations and rules will be
used.

Coordinates. Are as follows:
(i) Initial or object space is R3 Euclidean space with

Cartesian coordinates (𝑥, 𝑦, 𝑧).
(ii) Image or Radon space is R3 Euclidean space with

Cartesian coordinates (𝜉, 𝜂, 𝜌).
(iii) Fourier space, dual to initial of object space, is R3

Euclidean space with Cartesian coordinates (𝑝, 𝑞, 𝑘).

Transforms. We are concerned here by integrable functions of
three variables defined on various spaces of three dimensions.
They are subjected to integral transforms, which may act
at each step either on one, two, or three variables. An
appropriate notation is introduced to clarify these actions
when they are compounded.

(i) 𝑛-dimensional Fourier transform F(𝑗), 𝑛 = {1, 2, 3},
where 𝑗 is a 𝑛-tuple in {𝑥, 𝑦, 𝑧}. Hankel transform,
H(𝑗)] , of order ] and dimension 𝑛 = {1, 2, 3} with 𝑗

a 𝑛-tuple in {𝑥, 𝑦, 𝑧}. The index 𝑗 indicates which of
the variables (𝑥, 𝑦, 𝑧) of a function onR3 is subjected
to Fourier transform and leading to which of the
dual variables (𝑝, 𝑞, 𝑘) in the Fourier transformed
function. For example,F(𝑥,𝑦)𝑓(𝑝, 𝑞, 𝑧) is the Fourier
transform of𝑓(𝑥, 𝑦, 𝑧) on the first two variables (𝑥, 𝑦)
of 𝑓(𝑥, 𝑦, 𝑧), and it is a function of (𝑝, 𝑞, 𝑧):

F(𝑥,𝑦)𝑓 (𝑝, 𝑞, 𝑧) = ∫
R2

𝑑𝑥 𝑑𝑦 𝑒
−2𝑖𝜋(𝑝𝑥+𝑞𝑦)

𝑓 (𝑥, 𝑦, 𝑧) , (3)

where the third variable 𝑧 remains unaffected.
(ii) Hankel transform of order ] H(𝑗)] , where the index 𝑗

here has the same meaning as in Fourier transform.
For example, the Hankel of order 1/2 is applied to
the third variable 𝑧 of 𝑓(𝑥, 𝑦, 𝑧), leaving the two first
variables (𝑥, 𝑦) unaffected,

H
(𝑧)

1/2𝑓 (𝑥, 𝑦, 𝛾) = ∫

∞

0
𝑑𝑧√𝑧𝛾𝐽1/2 (𝑧𝛾) 𝑓 (𝑥, 𝑦, 𝑧) . (4)
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(iii) The Radon transform on spheresR𝑆, its inverseR
−1
𝑆 ,

and its adjoint R†𝑆 will be given by their explicit
expression in Sections 3.1, 3.2, and 3.3.

Properties. Are as follows:

(i) F(𝑥,𝑦) and H(𝑧)] commute as they act in different
variables of R3.

(ii) Themultiplication by an arbitrary function of a subset
of variables disjoint of the set of variables of an inte-
gral transform (Fourier or Hankel) commutes with
this integral transform.

3.1. Definition of R𝑆. Let s = (𝜉, 𝜂, ℎ) be the Cartesian
coordinates of the center 𝑆 of a sphere located at a fixed height
ℎ and denote by 𝜌 its radius. The associated spherical Radon
transform R𝑆 which maps an integrable function 𝑓(𝑥, 𝑦, 𝑧)

in R3 into its projections along such a sphere is given by

R𝑆𝑓 (𝜉, 𝜂, 𝜌) = ∫
n∈S2

𝑓 (s+𝜌n) 𝑑n. (5)

An explicit form ofR𝑆𝑓(𝜉, 𝜂, 𝜌) in terms of spherical coordi-
nates is

R𝑆𝑓 (𝜉, 𝜂, 𝜌) = 𝜌
2
∫

2𝜋

0
𝑑𝜙∫

𝜋

0
sin 𝜃 𝑑𝜃𝑓 (𝜉 + 𝜌 sin 𝜃 cos𝜙, 𝜂 + 𝜌 sin 𝜃 sin𝜙, ℎ + 𝜌 cos 𝜃) , (6)

where n = (sin 𝜃 cos𝜙, sin 𝜃 sin𝜙, cos 𝜃). This expression can
be interpreted as an integral transform with a delta function
kernel of the form

R𝑆𝑓 (𝜉, 𝜂, 𝜌)

= ∫
R3

𝑑𝑥 𝑑𝑦𝑑𝑧K𝑆 (𝜉, 𝜂𝜌 | 𝑥, 𝑦, 𝑧) 𝑓 (𝑥, 𝑦, 𝑧) ,

(7)

with

K𝑆 (𝜉, 𝜂, 𝜌 | 𝑥, 𝑦, 𝑧)

= 𝛿 (𝜌−√(𝑥 − 𝜉)
2
+ (𝑦 − 𝜂)

2
+ (𝑧 − ℎ)

2
) .

(8)

Such an integral differs from original results [5, 10, 11] since
here the sources of the spheres are located at a fixed height
ℎ whereas in former works the source was located on the
plane crossing the origin. This choice appears more intuitive
for SAR applications and makes new factors appear in the
different formulae derived below. Although these factors do
not change the inversion process, they are crucial in the
computation of different formulae.

Now we provide the important results of R𝑆 which ena-
bles us to derive our reconstruction algorithm in Section 4.

3.2. Adjoint Transform R†𝑆. The dual operator is defined by
the same kernel but the integration is carried on functions
defined on (𝜉, 𝜂, 𝜌) ∈ E = R2

× R+. Let ℎ(𝜉, 𝜂, 𝜌) be an inte-
grable function on E, and then

R
†

𝑆ℎ (𝑥, 𝑦, 𝑧) = ∫
E

𝑑𝜉 𝑑𝜂 𝑑𝜌 𝛿 (𝜌

−√(𝑥 − 𝜉)
2
+ (𝑦 − 𝜂)

2
+ (𝑧 − ℎ)

2
) ℎ (𝜉, 𝜂, 𝜌) .

(9)

Proposition 1. The three-dimensional Fourier transform of
R†𝑆ℎ (𝑥, 𝑦, 𝑧) is given by

F(𝑥,𝑦,𝑧)R
†

𝑆ℎ (𝑝, 𝑞, 𝑘) =
√2𝜋𝑒−2𝑖𝜋𝑘ℎ

√𝑝2 + 𝑞2 + 𝑘2

⋅H
(𝜌)

1/2F(𝜉,𝜂)ℎ (𝑝, 𝑞, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) ,

(10)

where ℎ(𝜉, 𝜂, 𝜌) = 𝜌ℎ(𝜉, 𝜂, 𝜌).

Proof. From (9) and using Fubini’s theorem, the Fourier
transform ofR† is

F(𝑥,𝑦,𝑧)R
†

𝑆ℎ (𝑝, 𝑞, 𝑘)

= ∫
E

∫
R3

𝑑𝜉 𝑑𝜂 𝑑𝜌 𝑑𝑥 𝑑𝑦𝑑𝑧 𝑒
−2𝑖𝜋(𝑝𝑥+𝑞𝑦+𝑘𝑧)

K𝑆 (𝜉,

𝜂, 𝜌 | 𝑥, 𝑦, 𝑧) ℎ (𝜉, 𝜂, 𝜌) .

(11)

We proceed to the change of variables

𝑥 = 𝜉 + 𝜌 sin 𝜃 cos𝜙,

𝑦 = 𝜂 + 𝜌 sin 𝜃 sin𝜙,

𝑧 = ℎ + 𝜌 cos 𝜃,

(12)

with 𝑑𝑥 𝑑𝑦𝑑𝑧 = 𝜌
2 sin 𝜃 𝑑𝜌 𝑑𝜃 𝑑𝜙 in (11). Since

√(𝑥 − 𝜉)
2
+ (𝑦 − 𝜂)

2
+ (𝑧 − ℎ)

2
= 𝜌, the right hand side

becomes

∫
R2

𝑒
−2𝑖𝜋(𝑝𝜉+𝑞𝜂)

𝑑𝜉 𝑑𝜂∫
R3

𝜌
2 sin 𝜃 𝑑𝜌 𝑑𝜃 𝑑𝜙 𝑒

−2𝑖𝜋(𝑝𝑥+𝑞𝑦+𝑘𝑧)
𝑒
−2𝑖𝜋𝜌(𝑝 sin 𝜃 cos𝜙+𝑞 sin 𝜃 sin𝜙+𝑘 cos 𝜃)

ℎ (𝜉, 𝜂, 𝜌) . (13)
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This equation consists of three integration parts. Let us exam-
ine each step separately.

(i) The angular integration can be calculated in terms of
the Bessel function 𝐽1/2(𝑥) using formula 4.624 of [12]

∫
S2
sin 𝜃 𝑑𝜃 𝑑𝜙 𝑒

−2𝑖𝜋𝜌(𝑝 sin 𝜃 cos𝜙+𝑞 sin 𝜃 sin𝜙+𝑘 cos 𝜃)

=
2
𝜌

𝜋√𝜌

(𝑝2 + 𝑞2 + 𝑘2)
1/4 𝐽1/2 (2𝜋𝜌√𝑝2 + 𝑞2 + 𝑘2) .

(14)

(ii) The 𝜌-integral becomes then

∫

∞

0
𝑑𝜌√𝜌𝐽1/2 (2𝜋𝜌√𝑝2 + 𝑞2 + 𝑘2) 𝜌ℎ (𝜉, 𝜂, 𝜌) (15)

and can be interpreted as a Hankel transform of order
1/2 on the function ℎ(𝜉, 𝜂, 𝜌) = 𝜌ℎ(𝜉, 𝜂, 𝜌),

1
√2𝜋

1
(𝑝2 + 𝑞2 + 𝑘2)

1/4

⋅H
(𝜌)

1/2ℎ (𝜉, 𝜂, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) .

(16)

(iii) The last integration over 𝑑𝜉 𝑑𝜂 is a two-dimensional
Fourier transform on ℎ(𝜉, 𝜂, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) which
completes the proof usingF(𝜉,𝜂)H

(𝜌)

1/2 = H
(𝜌)

1/2F(𝜉,𝜂).

3.3. Inverse Radon Transform R−1𝑆 . We now provide the
inversion formulae for R𝑆. The proofs correspond with [9]
except for the parametrization of the source which changes
the factors. We give then a very short version of the proofs.

Theorem 2. The three-dimensional Fourier transform
F(𝑥,𝑦,𝑧)𝑓(𝑝, 𝑞, 𝑘) of the sought function 𝑓(𝑥, 𝑦, 𝑧) can be
obtained as

F(𝑥,𝑦,𝑧)𝑓 (𝑝, 𝑞, 𝑘) = √
𝜋

2
|𝑘|

cos 2𝜋𝑘ℎ
H
(𝜌)

1/2F(𝜉,𝜂)

⋅
R𝑆𝑓

𝜌
(𝑝, 𝑞, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) .

(17)

Proof. Using the same procedure compared to that for the
previous proof, (6) can be rewritten in terms of Fourier trans-
forms, assumingF(𝑥,𝑦,𝑧)𝑓(𝑝, 𝑞, 𝑘) = F(𝑥,𝑦,𝑧)𝑓(𝑝, 𝑞, −𝑘), as

F(𝜉,𝜂)R𝑆𝑓 (𝑝, 𝑞, 𝜌) = 4𝜋𝜌3/2 ∫
∞

0
𝑑𝑘 cos 2𝜋𝑘ℎ

⋅

𝐽1/2 (2𝜋𝜌√𝑝2 + 𝑞2 + 𝑘2)

(𝑝2 + 𝑞2 + 𝑘2)
1/4 F(𝑥,𝑦,𝑧)𝑓 (𝑝, 𝑞, 𝑘) .

(18)

This integral has to be understood as a Hankel transform of
order 1/2 with respect to a new variable 𝑡 = 2𝜋√𝑝2 + 𝑞2 + 𝑘2,

F(𝜉,𝜂)R𝑆𝑓 (𝜉, 𝜂, 𝜌)

𝜌
= ∫

∞

0
𝑑𝑡√𝑡𝜌𝐽1/2 (𝑡𝜌) 𝑔 (𝑝, 𝑞, 𝑡)

= H
(𝑡)

1/2𝑔 (𝑝, 𝑞, 𝜌) ,

(19)

where

𝑔 (𝑝, 𝑞, 𝑡) = 2√2𝜋𝑌(𝑡 − 2𝜋√𝑝2 + 𝑞2)

⋅F(𝑥,𝑦,𝑧)𝑓(𝑝, 𝑞, √
𝑡
2

4𝜋2 − (𝑝2 + 𝑞2))

⋅

cos ℎ√𝑡2 − 4𝜋2 (𝑝2 + 𝑞2)

√𝑡2 − 4𝜋2 (𝑝2 + 𝑞2)
,

(20)

where 𝑌(𝑘) is the unit Heaviside step function. Taking the
inverse Hankel transform, we finally get the result of the
theorem.

Corollary 3. Using Proposition 1, the three-dimensional Fou-
rier transform of 𝑓(𝑥, 𝑦, 𝑧) may be expressed in terms of R†𝑆
as

F(𝑥,𝑦,𝑧)𝑓 (𝑝, 𝑞, 𝑘) =
|𝑘|

2
(1+ 𝑖 tan 2𝜋ℎ𝑘)

⋅ √𝑝2 + 𝑞2 + 𝑘2F(𝑥,𝑦,𝑧)R
†

𝑆

⋅
R𝑆𝑓

𝜌2
(𝑝, 𝑞, 𝑘) .

(21)

Proof. Since the multiplication by 1/𝜌 commutes withF(𝜉,𝜂),
(17) can be rewritten as

F(𝑥,𝑦,𝑧)𝑓 (𝑝, 𝑞, 𝑘) = √
𝜋

2
|𝑘|

cos 2𝜋𝑘ℎ
H
(𝜌)

1/2F(𝜉,𝜂)
1
𝜌

⋅R𝑆𝑓(𝑝, 𝑞, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) .

(22)

By the same way, (10) becomes

F(𝑥,𝑦,𝑧)R
†

𝑆ℎ (𝑝, 𝑞, 𝑘) =
√2𝜋𝑒−2𝑖𝜋𝑘ℎ

√𝑝2 + 𝑞2 + 𝑘2

⋅H
(𝜌)

1/2F(𝜉,𝜂)𝜌ℎ (𝑝, 𝑞, 2𝜋√𝑝2 + 𝑞2 + 𝑘2) .

(23)

The proof is completed by taking 𝜌ℎ(𝜉, 𝜂, 𝜌) = (1/𝜌)R𝑆𝑓(𝜉,

𝜂, 𝜌).

4. Reconstruction Algorithm Based
Approximate Inverse

We now address the problem of reconstruction for the pro-
posed SARmodality using the Approximate Inverse [13].The
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last section provides essentially two reconstruction formulae
given in Theorem 2 and Corollary 3. The first one involves
a division by cos(2𝜋𝑘ℎ) and a Hankel transform whereas
the second one uses the dual operator. Since we scan all
the frequency range, the division by cos produces numerical
stability; this is why we focus on the second solution for
recovering 𝑓.

We note the presence of the norm of the frequency vector,
√𝑝2 + 𝑞2 + 𝑘2, and of 𝑘which corresponds to Riesz potential
or order −1 on the vector (𝜉, 𝜂, 𝜌) and on the time/radius
coordinate, 𝜌, respectively. This step is well-known since it is
involved in the Filtered Backprojection (FBP) algorithm used
in conventional Computerized Tomography and requires an
apodization to cut off high frequencies.

However an important differencewith the FBP algorithm,
here, is the position of the dual/backprojection operator. The
backprojection operator which spreads the data on the cor-
responding manifolds (lines, spheres,. . .) is a smoothing and
so regularizing operator. SinceR†𝑆 is first applied on the data,
its smoothing effect does not affect the filter part with Riesz
potentials.

Because of the difficulty and unstability in computing
directly this inversion, we propose to apply the Approximate
Inverse as described below. This approach was proposed
in the first place by Louis and now it uses for the three-
dimensional approach for the Radon transform in many
fields (see [14–17]). It was successfully used in [11] for the
𝑛-dimensional spherical Radon transform. But the designed
reconstruction method was not suited for a 3D case essen-
tially due to the computation time. We propose here to
simplify this process to make it fit with our applications.

The Approximate Inverse method intends to reconstruct
the solution in a more regular space in order to get rid of the
singularities in the inversion process. Considering the studied
inverse problem here, we call 𝑆𝛾 a regularization method of
the linear, continuous, and injectivemappingR𝑆 : 𝐿

2
(R3

) →

𝐿
2
(E) when 𝑆𝛾 : 𝐿

2
(E) → 𝐿

2
(R3

) is continuous and satisfies

lim
𝛾→ 0

𝑆𝛾R𝑆𝑓 = 𝑓, ∀𝑓 ∈ 𝐿
2
(R

3
) . (24)

𝛾 plays so the role of a regularization parameter. We note
⟨⋅, ⋅⟩𝐿2(⋅) the inner product of the 𝐿

2
(⋅)-norm. Let the linear

mapping 𝑆𝛾R𝑆 be generated by linear functional 𝛿𝛾
(𝑥,𝑦,𝑧)

∈

𝐿
2
(R3

) as

𝑓𝛾 (𝑥, 𝑦, 𝑧) = 𝑆𝛾A𝑓 (𝑥, 𝑦, 𝑧) = ⟨𝛿
𝛾

(𝑥,𝑦,𝑧)
, 𝑓⟩
𝐿2(R3)

. (25)

In order to approximate 𝑓 with 𝑓𝛾, the linear functional
𝛿
𝛾

(𝑥,𝑦,𝑧)
will satisfy

lim
𝛾→ 0

⟨𝛿
𝛾

(𝑥,𝑦,𝑧)
, 𝑓⟩
𝐿2(R3)

= 𝑓 (𝑥, 𝑦, 𝑧) . (26)

Then the linear mapping 𝑆𝛾 is now defined by elements in
𝐿
2
(E) as

𝑆𝛾𝑔 (𝑥, 𝑦, 𝑧) = ⟨𝜓
𝛾

(𝑥,𝑦,𝑧)
, 𝑔⟩
𝐿2(E)

, (27)

where 𝜓
𝛾

(𝑥,𝑦,𝑧)
are solutions of the auxiliary problem

R
†

𝑆𝜓
𝛾

(𝑥,𝑦,𝑧)
= 𝛿
𝛾

(𝑥,𝑦,𝑧) (28)

and are called approximate reconstruction kernels by analogy
with 𝜓(𝑥,𝑦,𝑧), the reconstruction kernel associated with the
problem 𝑔 = R𝑆𝑓, defined as

𝑓 (𝑥, 𝑦, 𝑧) = ∫
E

𝜓(𝑥,𝑦,𝑧) (𝜉, 𝜂, 𝜌) 𝑔 (𝜉, 𝜂, 𝜌) 𝑑𝜉 𝑑𝜂 𝑑𝜌

= ⟨𝑔, 𝜓(𝑥,𝑦,𝑧)⟩𝐿2(E)
.

(29)

Putting for the sake of readibility p = (𝑝, 𝑞, 𝑘) and x = (𝑥,

𝑦, 𝑧) and omitting the indice in the inner product, 𝐿2(R3),
Corollary 3 provides an efficient way to derive the expression
of 𝜓𝛾
(x) in terms of 𝛿𝛾

(x),

𝑓𝛾 = ⟨𝑓, 𝛿
𝛾

(x)⟩

= ⟨𝑤 (p)F(x) (R
†

𝑆

R𝑆𝑓

𝜌2
) (p) ,F(x) (𝛿

𝛾

(x)) (p)⟩

= ⟨R
†

𝑆

R𝑆𝑓

𝜌2
(x) ,F(p) (𝑤 (p)F(x) (𝛿

𝛾

(x))) (x)⟩

= ⟨R𝑆𝑓, 𝜌
−2
R𝑆F(p) (𝑤 (p)F(x) (𝛿

𝛾

(x)))⟩𝐿2(E)

= ⟨R𝑆𝑓, 𝜓
𝛾

(x)⟩𝐿2(E)
,

(30)

where 𝑤(p) = (1/2)(1 + 𝑖 tan 2𝜋ℎ𝑘)|𝑘|√𝑝2 + 𝑞2 + 𝑘2. Finally
we get

𝜓
𝛾

(x) = 𝜌
−2
R𝑆F(p) (𝑤 (p)F(x) (𝛿

𝛾

(x))) . (31)

This expression has the following advantages:

(i) It can be precomputed.
(ii) It is independent of the data 𝑔 and hence is not

affected by noise.
(iii) The shift invariance of R𝑆 and its dual enables us to

compute the approximate reconstruction kernel for
few points in data space. Indeed, the integral kernel
ofR𝑆 in (8) satisfies

K𝑆 (𝜉, 𝜂, 𝜌 | 𝑥 − 𝑥

, 𝑦 − 𝑦


, 𝑧)

= K𝑆 (𝜉 + 𝑥

, 𝜂 + 𝑦


, 𝜌 | 𝑥, 𝑦, 𝑧) .

(32)

Therefore, 𝜓𝛾
(𝑥,𝑦,𝑧)

(𝜉, 𝜂, 𝜌) does not require a compu-
tation for all (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜌) ∈ R5

× R+ but only for
(𝑧, 𝜉, 𝜂, 𝜌) ∈ R3

× R+ which reduces substantially its
computation time and size.

The second step is to choose an appropriate mollifier
𝛿
𝛾

(𝑥,𝑦,𝑧)
. The mollifier and the associated approximate recon-

struction kernel in [11] were designed according to the fre-
quential properties of the inverse problem. But the designed
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Table 1: Some approximate Dirac delta functions and their Fourier
transforms.

𝛿𝛾(r) F(r)𝛿𝛾(p)

(2𝜋)(−3/2)𝛾−3𝑒(−|r|
2
/2𝛾2)

(Gaussian function)

1
2𝜋𝛾2

𝑒
−(𝛾

2
|p|2/2)

(Gaussian function)
𝜒[0,1](|r|/𝛾)

√1 − |r|2/𝛾2
𝜒[0,1]: characteristic function

−4𝜋
𝐽1(𝛾|p|)

|p|
(𝐽1(𝑥): 1st kind of Bessel
function of order 1)

(
𝛾

𝜋
)

3 sin 𝛾|r|
𝛾|r|

(cardinal sine function)

𝛾
2

𝜋3 Π[−𝛾−1 ,𝛾−1](|p|)
Π[−𝛾−1 ,𝛾−1](𝑥): gate function
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Figure 3: Three-dimensional hilly object landscape.

process turns out to be incomputable in 3D. According
to the theory of the Approximate Inverse, the choice of
mollifier is motivated by its degree of smoothness, its
invariance properties, and its properties of computation.
Here we need a shift invariant function with a well-known
Fourier transform and approximating the delta distribution.
Table 1 presents three well-known functions satisfying these
sought properties. With the problem of finite aperture of
the source/detector system, measured data are incomplete
and so the inversion process is severely ill-posed. For this
reason, we choose the Gaussian mollifier which is the most
smoothing function among these three mollifiers. In the
next section, we present numerical simulations using the
proposed approximate reconstruction kernel built with a
Gaussian mollifier and compared to the straightforward
implementation of the exact inversion formula, Corollary 3.

5. Simulation Results

In order to attest the efficiency and relevancy to use such
a method for simple reflection imaging, we present now
numerical simulations on a simple object representing a hilly
landscape and built with exponential bumps on a grid of
64 × 64 × 64, as shown in Figure 3.
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Figure 4: Aspect of Radon data from an object with 𝜉 on vertical
axis, 𝜂 = 0 and 𝜌 on horizontal axis.

Before proceeding the reconstruction method, one needs
to produce the corresponding data. For this purpose, the
implementation is performed using the alternative forward
formula:

R𝑆 (𝜉, 𝜂, 𝜌) = ∫

𝜋

0
∫

𝜌

−𝜌

𝑓(𝜉 +√𝜌2 − 𝑧2 cos 𝜃, 𝜂

+√𝜌2 − 𝑧2 sin 𝜃, ℎ − 𝑧) 𝜌 𝑑𝑧 𝑑𝜃.

(33)

The parameters are as follows:

(i) ℎ = 𝑁 = 64,
(ii) 𝜉 = 𝜂 = {−2𝑁,−2𝑁 + 1, . . . , 2𝑁},
(iii) 𝜌 = {0, 1/2, . . . , 3𝑁},
(iv) 𝜃 = {0, 2𝜋/(5𝑁), . . . , 2𝜋},
(v) 𝑧 = {0, 1, . . . , ℎ − 1}.

Figure 4 displays the slice 𝜂 = 0 of the obtained
measurement. Linear interpolations and trapezoidal rules
were used to compute the integral along spheres.

We reconstruct this object first by using the exact recon-
struction formula and next with an approximate reconstruc-
tion kernel, obtained with a Gaussian function. Moreover the
value of the regularization parameter 𝛾 is fixed at 𝛾 ≈ 3
when the normalizedmean square error reaches itsminimum
value; see Figure 5(a). A profile of the computed approximate
reconstruction kernel is depicted in Figure 5(b). Figure 6
consists of simulation results using the exact inversion for-
mula based on Corollary 3 and using the approximate recon-
struction kernel specified above with noise-free data andwith
speckle noise.This noise was produced withMatlab using the
command imnoise (., ‘speckle’, 0.1). The term𝑤(𝑝,

𝑞, 𝑘) involved in the exact inversion formula was apodized
by a Gaussian function similarly with the mollifier chose for
the Approximate Inverse method. The initial object and the
associated reconstructions are represented in terms of height
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Figure 5: (a) Mean quadratic relative error with respect to 𝛾. (b) Profile of the computed approximate reconstruction kernel 𝜓𝛾
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with 𝛾 = 3.

Figure 6: From bottom up: column 1, level representation of landscape; column 2, its reconstruction by exact inverse formula; column 3, its
reconstruction by approximate inversion kernel with 𝛾 = 3; and column 4, its reconstruction by approximate inversion kernel with 𝛾 = 4 and
in presence of speckle noise.
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Figure 7: Reconstructed 3-dimensional hilly object landscape using the proposed method.

slice by slice. In addition, Figure 7 displays the reconstructed
3D surfaces using the proposed method. All reconstructions
were truncated by a “mask” function generated from the
null set in the studied data. As expected the straightforward
method succeeds in the recovery of the contours but to the
price of a strong regularization. By contrast, the Approximate
Inversemethod appears more suited since the accuracy of the
contours is higher even in presence of noise and the artifacts
are far more reduced.These results reinforce the feasibility of
such a technique when the Approximate Inverse method is
used as pointed out in [11].

6. Conclusion

In this paper, we have shown in the context of reflection imag-
ing using integral data that image reconstruction can be suc-
cessfully performed using the method of approximate recon-
struction integral operator. This method avoids the compli-
cated numerical setting required by the exact reconstruction
formula, which involves discontinuous operations and their
composition. The computational algorithm may also include
technical features such as finite aperture of the emitting
antenna or the shape of the lobes of the emission pattern
when signals are of electromagnetic nature. But in essence
this scheme works also for pulses of waves in elastic matter as
proposed by [4] on a smaller scale landscape.Thus we believe
that this concept has a potential for development in the future.
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Currently superresolution from a motion blurred image still remains a challenging task. The conventional approach, which
preprocesses the blurry low resolution (LR) image with a deblurring algorithm and employs a superresolution algorithm, has the
following limitation.The high frequency texture of the image is unavoidably lost in the deblurring process and this loss restricts the
performance of the subsequent superresolution process. This paper presents a novel technique that performs motion deblurring
and superresolution jointly from one single blurry image.The basic idea is to regularize the ill-posed reconstruction problem using
an edge-preserving gradient prior and a sparse kernel prior. This method derives from an inverse problem approach under an
efficient optimization scheme that alternates between blur kernel estimation and superresolving until convergence. Furthermore,
this paper proposes a simple and efficient refinement formulation to remove artifacts and render better deblurred high resolution
(HR) images. The improvements brought by the proposed combined framework are demonstrated by the processing results of
both simulated and real-life images. Quantitative and qualitative results on challenging examples show that the proposed method
outperforms the existing state-of-the-art methods and effectively eliminates motion blur and artifacts in the superresolved image.

1. Introduction

Image superresolution is a technique designed to improve
the resolution of images obtained by LR sensors avoiding
blurring and artifacts. This technique is generally employed
to exceed the inherent limitations of LR imaging (e.g., mobile
smartphone or portable digital cameras) and make better use
of the growing capability of HR displays (e.g., high-definition
television (HDTV)), which are relatively inexpensive to
complement [1–3].

Approaches to superresolution can bemainly divided into
three categories including interpolation-based magnification
methods, reconstruction based methods, which make use
of different observations of the same scene captured with
subpixel displacements to produce a superresolved image,
and learning-basedmethods [4].Themethods of the first type
(such as New Edge Directed Interpolation (NEDI) [5] and
Directional Cubic Convolution Interpolation (DCCI) [6]) are

fast and noncomplex. However, they are ineffective under
blurry and noisy cases. The second type (e.g., maximum a
posteriori (MAP) [7], projection onto convex set (POCS)
[8], etc.) relies on the accuracy of the required subpixel
registration process, which is even more difficult in the
superresolution setting.The type later known as single image
superresolution is based on machine learning techniques,
with the attempt to exceed some of the limitationsmentioned
above. Yang et al. [9] use a sparse representation for training a
sparse dictionary pair containing HR/LR patch pairs. The
missing high-frequency information (i.e., edge details) is
constructed by conducting a combination of patches chosen
from the pretrained prototype structures (i.e., dictionary
atom) [4] and the performance of this process depends much
on the content of the training dataset.

Although a lot of progress has been made in the past
decade, superresolving real-life images still remains an ardu-
ous task. The majority of existing superresolution algorithms
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assume the blur kernel to be identical, typically modeled as
a symmetric Gaussian function [10, 11]. However, in practice
the motion of objects and cameras can be arbitrary and the
acquisition may be contaminated with noise and motion
blurring. Only a limited number of works were dedicated
to superresolving the motion blurred LR image. In general,
the motion blurred LR image is first preprocessed with a
deblurring algorithm, followed by the use of a superresolving
algorithm. This framework has proven to be effective by Lu
and Wu [12]. While this method works well for slight blur-
ring, it has difficulty dealing with a complicated blur kernel
and relies heavily on a heuristic overcomplete dictionary. So
it is often unstable when handling real-life image.

This paper proposes a joint blind-deblurring and super-
resolution algorithm from one single image that combines
gradient and motion blur kernel prior in a coherent frame-
work. Multiple constraints are adopted to obtain an accurate
motion blur kernel and a satisfactory HR image. A guided
filter based refinement formulation is then applied to further
improve theHR image quality. Various results are provided to
show that the proposed method can effectively remove the
motion blur and preserve complex image structures and the
fine edge details while suppressing the ringing artifacts. On
average, the proposed method outperforms other state-of-
the-art deblurring and superresolution methods.

The rest of the paper is organized as follows. Section 2
introduces an observation model for single image superres-
olution reconstruction and analyzes the statistic properties
of real-life images. The proposed algorithm is described in
detail in Section 3. Experiment results and comparison are
presented in Section 4. Section 5 concludes the paper.

2. The Proposed Framework

Motion blur caused by camera shake has been a prime cause
of poor image quality in real applications, particularly in
portable digital imaging. Generally, given a blurry input
image 𝑌, the imaging model is expressed as

𝑌 = 𝐷𝐻𝑋+𝑁, (1)

where 𝑋 is the unknown image to be estimated, 𝐷 and 𝐻
are degrading operators, and𝑁 is the noise effect. When𝐷 is
identity and𝐻 is a motion blurring operator, the restoration
process becomes deblurring. The goal of motion deblurring
is to deduce both 𝐻 and 𝑋 from a single blurry image 𝑌.
The solution to (1) with 𝐿2-norm fidelity constraint, that is,
{𝑋, �̃�} = argmin{‖𝐻𝑋 − 𝑌‖22}, is generally adopted. When
𝐷 and𝐻 represent downsampling and blurring, respectively,
the restoration process becomes single image superresolu-
tion.The HR image𝑋 and motion blur kernel𝐻 are given by
{𝑋, �̃�} = argmin{‖𝐷𝐻𝑋−𝑌‖22}.The uniform downsampling
operator𝐷 is assumed to be known in advance.

Mathematically, both single image superresolution and
deblurring are severely ill-posed inverse problems, and these
two similar problems can be incorporated into a single
optimization framework. This paper proposes a joint motion
deblurring and superresolution method to estimate both the
motion blur kernel and an HR image from a single blurry

image. To solve this difficult inverse problem, the proposed
method implements a regularized least-square optimization
framework as follows:

{𝑋, �̃�}

= argmin {‖𝐷𝐻𝑋−𝑌‖22 +𝛼 ⋅𝑄 (∇𝑋) +𝛽 ⋅ 𝑅 (𝐻)} ,
(2)

where ‖𝐷𝐻𝑋 − 𝑌‖22 is the data fitting term and 𝑄(∇𝑋) and
𝑅(𝐻) are regularization terms for the latent image gradients
and the motion blur kernel, respectively; 𝛼 and 𝛽 are the
weights for controlling the extent of regularization.

Empirically, regularization has been described from both
the algebraic and statistical perspectives. The existing meth-
ods tend to explore effective priors to get the ill-conditioned
problem well regularized. The priors include total variation
(TV), image edge transparency, and sparse approximation.
However, these prior models cannot preserve the sharp edges
of real-life images. As shown in Figure 1, the logarithmic
image gradient histogram of four natural images is a heavy-
tailed distribution. This distribution shows that the image
primarily contains small or zero gradients; however, a few
gradients have large magnitude. Chen et al. [13] and Cho et
al. [14] use a certain parametric model to approximate the
heavy-tailed prior of natural image and to estimate the blur
kernel.

The heavy-tailed prior of natural image imposed on
image gradients can be regarded as an approximation of
𝐿0-norm [15]. Thus the second term 𝑄(∇𝑋) in (2) uses
the 𝐿0-norm regularization on image gradients which can
preserve the sparsity of the natural image gradients. The
image gradient ∇𝑋 = (𝜕ℎ𝑋, 𝜕V𝑋)

𝑇 for each pixel 𝑝 is
calculated along the horizontal and vertical directions.This is
defined as

𝑄 (∇𝑋) = ‖∇𝑋‖0 = # {𝑝 | 𝜕ℎ𝑋𝑝

+

𝜕V𝑋𝑝


̸= 0} , (3)

where ‖⋅‖0 is the 𝐿0-norm that counts the number of nonzero
values of ∇𝑋. Moreover, the last term 𝑅(𝐻) in (2) is typically
𝐿2-norm stable regularization for the motion blur kernel.
Consider

𝑅 (𝐻) = ‖𝐻‖
2
2 . (4)

3. Optimization

Figure 2 shows the flowdiagramof the proposed jointmotion
deblurring and superresolution method, given an initial
blurry image. First, the proposed method initializes the blur
kernel using the initialization method presented in [16] and
then iteratively estimates the latent image and refining the
blur kernel until we obtain convergence. In the optimization
process, the kernel estimation error would converge to a
constant value. Finally, the HR image is constructed by
deconvolution and artifact removal with an estimated blur
kernel.

3.1. Problem Formulation. Equation (2) is a nonconvex min-
imization problem for 𝐿0-norm regularization. This means
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Figure 1: The heavy-tailed distribution on image gradients. (a) Four natural images of natural scenes. (b) The distribution of gradient of the
four images is shown by the red curve.
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Figure 2: The flow diagram of the proposed joint motion deblurring and superresolution method.

that many of the existing 𝐿0-norm optimization meth-
ods are not applicable. Instead, a conjugate gradient (CG)
method may be used to solve this problem; however, typical
CG methods require expensive computation due to many
unknown quantities and have poor convergence. In order
to numerically find the solutions to (𝑋,𝐻), an alternating
direction method (ADM) [16] is adopted which can be
efficiently solved in the frequency domain using fast Fourier
transforms (FFTs). The solution can be found using the
following equations:

𝑋 = arg min
𝑋

{‖𝐷𝐻𝑋−𝑌‖
2
2 +𝛼 ⋅𝑄 (∇𝑋)} , (5)

�̃� = arg min
𝐻

{‖𝐷𝐻𝑋−𝑌‖
2
2 +𝛽 ⋅ 𝑅 (𝐻)} . (6)

To avoid local minima, this method implements a pro-
gressive coarse-to-fine scheme. First, an initial blur kernel

𝐻 at full resolution is specified. At the coarsest level, the
downsampled version of𝐻 and𝑋 is used as an initialization.
Then, the estimate of 𝑋 is obtained at a coarse level while
holding 𝐻 fixed. These values of 𝐻 and 𝑋 are upsampled by
bicubic interpolation and then act as the input of the next
finer level. In this paper, seven iterations were performed at
each level.

3.2. Estimating𝑋with𝐻. Due to the incorporation of𝑄(∇𝑋)
(𝐿0-norm term), (5) is commonly regarded as an intractable
discrete optimization problem. Traditional discrete opti-
mization methods may not be used to solve this problem.
Based on the idea of ADM, the proposed method adopts a
half-quadratic splitting 𝐿0 minimization method [17, 18] to
solve it. The proposed method introduces auxiliary variables
ℎ and V which correspond to 𝜕ℎ𝑋 and 𝜕V𝑋, respectively.
Then, defining 𝜆 as the automatically adapting parameter
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to control the similarity between variables (ℎ, V) and their
corresponding gradients, (5) may be rewritten as

arg min
(𝑋,ℎ,V)

{‖𝐷𝐻𝑋−𝑌‖
2
2 +𝛼 ⋅𝑄 (ℎ, V) + 𝜆

⋅ ((𝜕ℎ𝑋−ℎ)
2
+ (𝜕V𝑋− V)

2
)} ,

(7)

where

𝑄 (ℎ, V) = # {𝑝 | ℎ𝑝

+

V𝑝

̸= 0} . (8)

The solution of (7) approaches (5) when 𝜆 is very large.
With this formulation, the proposed method fixes the blur
kernel 𝐻 and optimizes (7) over 𝑋 using the half-quadratic
𝐿0 minimization solver (see [18] for detail). Equation (7)
is solved through alternatively minimizing (ℎ, V) and 𝑋 as

shown in (9) and (10). In each step, the solution of 𝑋 is
obtained by solving

min
𝑋
{‖𝐷𝐻𝑋−𝑌‖

2
2 +𝜆 ⋅ ((𝜕ℎ𝑋−ℎ)

2
+ (𝜕V𝑋− V)

2
)} . (9)

The function is quadratic, thus having a global minimum
that can even be found with descending gradient. It can be
solved by differentiating (10) and setting the partial derivative
to zero. Given𝑋, the objective function for (ℎ, V) is

min
(ℎ,V)

{𝛼 ⋅ 𝑄 (ℎ, V) + 𝜆 ⋅ ((𝜕ℎ𝑋−ℎ)
2
+ (𝜕V𝑋− V)

2
)} . (10)

The closed-form solutions for (9) and (10) are obtained
based on the half-quadratic splitting 𝐿0 minimization
method and Parseval’s theorem. Consider

𝑋 = F
−1
(

F (𝐻) ⊙F (𝐷) ⊙F (𝑌) + 𝜆 (F (𝜕ℎ) ⊙F (ℎ) +F (𝜕V) ⊙F (V))

F (𝐻) ⊙F (𝐷) ⊙F (𝐷) ⊙F (𝐻) + 𝜆 (F (𝜕ℎ) ⊙F (𝜕ℎ) +F (𝜕V) ⊙F (𝜕V))
) , (11)

(ℎ, V) =
{

{

{

(0, 0) , (𝜕ℎ𝑋)
2
+ (𝜕V𝑋)

2
≤
𝛼

𝜆
,

(𝜕ℎ𝑋, 𝜕V𝑋) , otherwise,
(12)

where F is the FFTs operator and F−1 denotes the inverse
FFTs; F(⋅) is the complex conjugate; ⊙ is the element-wise
multiplication. Element-wise operators are used to speed up
the process in the Fourier domain.

3.3. Estimating 𝐻 with 𝑋. In the kernel estimation step, the
proposed method fixes 𝑋 and updates 𝐻 using CG method
and accelerating the computation by FFTs. This is a least-
square problem and it can be solved by simply setting the
partial derivative to zero. Since 𝐻 and 𝐷 are block circulant
matrices, the estimation of the blur kernel 𝐻 can be repre-
sented by (13) according to Parseval’s theorem. One has

�̃� = F
−1
(

F (𝑋) ⊙F (𝐷) ⊙F (𝑌)

F (𝑋) ⊙F (𝐷) ⊙F (𝐷) ⊙F (𝑋) + 𝛽
) . (13)

Motion blur kernel, which describes the trace of a sensor’s
motion during exposure, only contains positive components.
Therefore, this paper sets all element values below 1/40 of
the maximum value to 0 and normalizes the kernel whereby
the sum becomes 1. The sparsity of the refined blur kernel is
reserved in the primary structures.

3.4. Artifact Removal. In the previous section, the proposed
method obtains satisfactory HR image through (11) and
(13), as shown in Figure 3(b). Although the motion blur
kernel can be estimated accurately, the proposed formulation
with prior 𝐿0-regularization produces oversmoothed results
and eliminates many image details. The fast deconvolution

method [19] with Hyper-Laplacian priors effectively pre-
serves details. However, it is subject to the ring effect as shown
in Figure 3(c).

In the view of the above-mentioned facts, an artifact
removalmethod is proposed that uses the following approach
(see Figure 4). First, the motion blur kernel 𝐻 and the HR
image 𝑋1 are estimated by using the proposed method.
Second, the HR image 𝑋2 is estimated by using the method
of Krishnan and Fergus [19] with the estimated kernel 𝐻,
and then a difference map between these two estimated
HR images is computed. Ring artifacts are subsequently
removed with a guided filter (GF) [20]. Finally, filtered
detail components are added in the HR estimator 𝑋1 while
details are further enhanced using the geometric locally
adaptive sharpening (GLAS) enhancement method [21].This
proposed artifact removal method leads to superior visual
quality (see Figure 3(d)), not only removing ring effects,
but also better reconstructing and producing sharper image
edges.The result shown in Figure 3(d) contains clearer details
and demonstrates that this framework works well on images
of natural scenes.

4. Experimental Results

This section compares the proposed single image super-
resolution method with other state-of-the-art algorithms
such as the DCCI method [6], the Fast Image Upsampling
(FIU) method [22], and the Sparse Coding Superresolution
(ScSR)method [9].These three othermethods do not contain
motion deblurring capability, and to compare them more
fairly to the proposed method, the Alternating Maximum
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(a) (b) (c) (d)

Figure 3: Nonblind deconvolution examples: (a) blurred “Monarch” image and motion blur kernel, (b) result by (11) and (13), (c) result by
the joint fast deconvolution method [19] with our estimated kernel and interpolation method [6], and (d) ringing suppression result with the
proposed artifact removal method.
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Figure 4: Overview of the proposed artifact removal method.

a Posteriori (AMAP) method [23] is first employed to
estimate the blur kernel and to deblur the LR images.
The entire source code of the previous compared methods
is available online (DCCI: http://www.mathworks.com/
matlabcentral/fileexchange/38570-image-zooming-using-di-
rectional-cubic-convolution-interpolation; FIU: http://www
.cse.cuhk.edu.hk/leojia/projects/upsampling/index.html;
ScSR: http://www.ifp.illinois.edu/∼jyang29/; AMAP: http://
zoi.utia.cas.cz/deconv sparsegrad). This paper demonstrates
the effectiveness of the proposed framework upon real-life
images.

4.1. Synthetically Blurred Images. Four well-known images,
“Lena,” “Parrots,” “Fruits,” and “Lighthouse”, as shown in
Figures 5(a)–5(d), are used to compare results. All original
images have a same size of 512× 512. To evaluate the feasibility
of the proposed method, the degraded LR image is generated
by initially applying an arbitrary 21 × 21 motion blur kernel to
the original image then downsampling by a factor of 2.Three
arbitrary 21 × 21 motion blur kernels (kernel-1, kernel-2, and
kernel-3) are shown in Figures 5(e)–5(g). In the proposed
superresolution method, the parameters are set as follows:
𝛼 = 0.1; 𝛽 = 0.3; 𝜆 = 0.01. For the three compared methods,
the default parameter settings appearing in the original
research are used. To handle the color images, this paper
first estimates the motion blur kernel and HR gray image

as previously researched using the luminance channel. Then,
each color channel is separately superresolved. The final
superresolution results are obtained by combining the infor-
mation from all color channels.

First, our comparison employed the Peak Signal to Noise
Ratio (PSNR) and the structural similarity (SSIM) [24] index
for image quality assessment (IQA) [25]. Higher PSNR and
SSIM indicate better visual quality and greater similarity
structure between the recovered image and the original
image. For color images, this paper only reports the PSNRand
SSIM measures for the luminance channel. In Figure 6 and
Table 1, this paper evaluates the algorithms with 4 different
images blurred by 3 different kernels. The PSNR results of
the four testing images with different kernels are shown in
Figures 5(a)–5(c), respectively. It is observed that the pro-
posed method achieved a higher PSNR in almost every case,
achieving a 1 dB–5 dB improvement over other compared
methods and outperforming the benchmark AMAP + FIU
method by an average of 3 dB on all four images (up to 5 dB
on the “Parrots” image). The SSIM results of the methods for
comparison on four test images are listed in Table 1. It is
also observed that the proposed method achieves the highest
SSIM index. The average gains in SSIM over the three
competing methods are 0.075, 0.12, and 0.102 in the case of
kernel-1, respectively. These results support the idea that
the proposed method reduces motion deblurring error (i.e.,
error due to inaccurate motion blur kernel estimation) while
restoring detail components in reconstructed HR images. In
general, our method gives the best performance among all
regarding PSNR and SSIM.

Figure 7 gives the qualitative evaluation of the “Lena”
image. The synthesized blurred LR image with the corre-
sponding blur kernel is shown in Figure 7(a). The results
obtained with the AMAP + DCC method, the AMAP + FIU
method, the AMAP + ScSR method, and the proposed
method are shown in Figures 7(b)–7(e), respectively.The bot-
tom of each result offers a close-up of a portion of the “Lena”
image. As shown, the competing methods do not perform
well visually upon the “Lena” image.The result of the AMAP
+ FIU method seems sharper, while the drawback is the
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(a) (b) (c) (d)

(e) (f) (g)

Figure 5: Original images and testing motion blur kernels. (a) “Lena,” (b) “Parrots,” (c) “Fruits,” (d) “Lighthouse,” (e) kernel-1, (f) kernel-2,
and (g) kernel-3.

Table 1: SSIM results of various reconstruction methods, in case of different motion kernels.

Kernels Method “Lena” “Parrots” “Fruits” “Lighthouse” Average

Kernel-1

AMAP + DCC 0.783 0.731 0.779 0.642 0.734
AMAP + FIU 0.719 0.704 0.730 0.603 0.689
AMAP + ScSR 0.771 0.716 0.740 0.602 0.707

Proposed 0.842 0.879 0.803 0.711 0.809

Kernel-2

AMAP + DCC 0.685 0.729 0.765 0.639 0.705
AMAP + FIU 0.668 0.708 0.715 0.619 0.678
AMAP + ScSR 0.713 0.727 0.742 0.625 0.702

Proposed 0.833 0.896 0.876 0.824 0.857

Kernel-3

AMAP + DCC 0.753 0.736 0.692 0.697 0.720
AMAP + FIU 0.740 0.734 0.627 0.629 0.683
AMAP + ScSR 0.799 0.755 0.682 0.653 0.722

Proposed 0.835 0.878 0.842 0.831 0.847

severer ring effect. Both the AMAP + DCCI result and the
AMAP + ScSR result are smooth and have the ring effect. In
contrast, the proposed method generates more satisfactory
superresolution images and preserves edge structures more
effectively. The proposed method gives the sharpest HR
imageswith abundant properly reconstructed details.The key
to successful reconstruction lies in the accuracy of kernel
estimation and the appropriate strategies for artifact removal.
Overall, the proposed superresolution method causes less
ring effect and less blur compared with other methods.

Furthermore, Figure 8 shows more motion deblurring
and superresolution results of all methods on other testing

images with different motion blur kernels. The LR “Parrots”
and “Lighthouse” images are degraded by kernel-2 and
kernel-3, respectively, as shown in Figure 8(a). The results
produced by the AMAP + DCCI method, the AMAP +
FIU method, the AMAP + ScSR method, and the proposed
method are presented in Figures 8(b)–8(e), respectively. The
bottom of each result presents a close-up of a portion of the
“Parrots” and “Lighthouse” images. The proposed method
can almost recover the full edge structures and produce
less undesired blur and ring effects. As an example, the
improvements are very obvious when looking at the Parrots’
eye in the “Parrots” image or the fence in the “Lighthouse”
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Figure 6: Quantitative comparison for each method based on PSNR (dB) with four different images and kernels: (a) kernel-1, (b) kernel-2,
and (c) kernel-3.

image. See Figure 8 for a better visual comparison. Although
the other methods are also designed for edge preservation,
their preservation failed in large part, for the reason that
the previous deblurring process destroys structures, contains
unnatural colors, and brings ring effect (i.e., error due to
inaccurate motion blur kernel estimation and unreasonable
deconvolution strategy). However, it is shown by Figures
7 and 8 that all the reconstructed images of the previous
method lose a large amount of details due to this superres-
olution process which requires simultaneous deblurring and
superresolution from a single blurred image. Despite this
defect, the results of the proposed superresolution are still
satisfactory.

4.2. Real Data with Unknown Blur. In order to demonstrate
that the single image superresolution method works well
in real-life circumstances, photographs were taken using a
1080 p digital smartphone camera, and the proposed super-
resolution method was applied to these images. Figure 9(a)
shows a real captured image which exhibits motion blur
induced by camera shake. The proposed superresolution
method is once again compared with the other three meth-
ods. The comparison of the reconstructed details in the
highlighted area is shown in Figures 9(b)–9(e). It can be
observed that the proposedmethod yields a visually satisfying
HR result (e.g., around the pavilion) with negligible artifacts.
Despite being without customized hardware, the proposed
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Figure 7: Superresolution reconstruction for the Lena image. (a) The input “Lena” image degraded by kernel-1. The result of reconstructed
HR image by using (b) DCCI method [6], (c) FIU method [22], and (d) ScSR method [10], respectively, from the deblurred LR image with
the AMAP algorithm [23]. (e) The result of our method directly from the blurred LR image.

(a) (b) (c) (d) (e)

Figure 8: The blurred image of size 512 × 512 and its deblurred results with zoomed regions. (a) The input “Parrots” degraded by kernel-2
(Top) and the input “Lighthouse” image degraded by kernel-3. (b)The result of AMAP+DCCmethod, (c) the result of AMAP+ FIUmethod,
(d) the result of AMAP + ScSR method, and (e) the result of our method.

method achieves at least competitive results (clear texture,
sharp edges, and natural color), which is sharper and contains
fewer artifacts.Hence, it is suitable for real-life circumstances.
In the context of portable digital imaging, more clear tex-
ture and fast processing speed are required or desired. As
mentioned in Section 3, the implementation of ADM can be
completed in FFTs and accelerated by GPU processing.

5. Conclusion

When facing superresolution problems in motion blurred
photographs, one of the most convenient solutions is to use
a separation process. However, two-stage processes have not
been well addressed in literature and are still complicated.

This paper proposes a framework that combines motion
deblurring and superresolution and uses a single motion
blurred image. With a precise modeling degradation course,
the proposed superresolution method starts with defining
an optimization problem of natural images and motion blur
regularization terms. Then this paper employs an effective
optimization strategy based on ADM, which uses the FFTs
technique and ensures that each subproblem has a closed-
form solution in the frequency domain. In addition, this
paper develops a simple artifact removal method which
helps to reduce ring artifacts and effectively sharpens edge
structures.

Experimental results show that the proposed method
can produce a high visual quality HR image on the testing
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Figure 9: Example photos with unknown camera shake: (a) the input and the highlighted part of the input image, (b) the result of AMAP +
DCC method, (c) the result of AMAP + FIU method, (d) the result of AMAP + ScSR method, and (e) the result of our method.

images that is superior in comparison with state-of-the-art
methods. Furthermore, the effectiveness of the proposed
method is demonstrated by using IQA indexes. The above
features make the proposed superresolution method much
more applicable and productive than previous approaches, as
shown in the experiments. The future work will focus on a
better optimization method and extension of the proposed
superresolution method.
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Since the geological bodies where tunnels are located have uncertain and complex characteristics, the inverse problem plays an
important role in geotechnical engineering. In order to improve the accuracy and speed of surrounding rock identification, the
back analysis objective function with usage of the displacement and stress monitoring data has been constructed, with a hybrid
algorithmproposed. An extreme learningmachine (ELM) is employedwith optimal architecture trained by the difference evolution
(DE) arithmetic. First, the three-dimensional numerical simulation is used in the creation of training and testing samples for ELM
model construction. Second, the nonlinear relationship between rock parameters and displacement is constructed by numerical
simulation. Finally, the geophysics parameters are obtained byDEoptimization arithmetic taking into consideration themonitoring
data including both displacement and pressure. This method had been applied in the Fusong highway tunnel in Fusong City of
China’s Jilin Province, with a good effect obtained. It takes full advantage of DE and ELM and has both calculation speed and
precision in the back analysis.

1. Introduction

In the inverse problem, the aim is to reconstruct the model
or identify the parameters from a set of measurements. Since
the geological body has both uncertainty and complexity,
the inverse problem plays an important role in geotechnical
engineering. From the degree of mathematics, the back
analysis includes exact analytical method, half analytical
method, and numerical method [1]. Sakurai et al. proposed
back analysis thinking for rock parameters data [2, 3]. In
addition, Mashimo proposed the concept of “redesign” by
summarizing the updated tunnel engineering techniques in
Japan [4]. Moreover, Asadollahpour et al. studied the back
analysis of closure parameters of the Panet equation and
Burger’s model for Babolak water tunnel conveyance [5].
More andmore scholars paid attention to tunnel back analysis
research in recent years [6–8]. Gioda et al. studied and
compared the back analysis procedures for the interpretation
of field measurements in geomechanics [9–11]. Baroth and

Malecot presented the probabilistic analysis of inversely
analyzing an excavation problem [12].

Despite the mathematical elegance of the exact nonlinear
inversion schemes, they are limited in applicability, for
the exact inversion techniques are usually applicable only
in idealistic situations that may not hold in practice. For
example, even a very normally trueHorseshoe-Shaped tunnel
with supporting cannot be expressed by exact analytical
equations. Because of the limitation inmonitoring techniques
and the difficulty in analysis, the measured displacement is
only considered as input information in the conventional
back analysis, which is called “displacement back analysis”
in geotechnical engineering. Along with the development of
the monitoring means, there is a variety of monitoring infor-
mation that can be collected by long distance automation
transmission systems with the sensors of earth pressure cell,
steel bar meter, strain gauge, and so forth. So the new back
analysis method with usage of more information needs to be
developed [13].
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There is the nonlinear and implicit mapping relation
between the parameters and the observation indices of
geotechnical engineering, so how to express it becomes the
study focus. The direct and effect model is the numerical
expression such as Finite Element Method, which is based
on the mechanics theory; however it is limited because
the numerical model consumes too much time in back
analysis process [14]. Polynomial expression is easy to use
for the expression, but its reasonable structure is difficult
to construct; therefore the machine learning methods such
as Artificial Neural Network (ANN) and support vector
machine (SVM) are increasingly used in the expression of
geotechnical model [15]. Wu et al. respectively applied SVM
in surrounding rock displacement forecast and analyzed the
kernel function and parameters affecting forecast error [16,
17].

Back analysis is an optimization process in essence, with
the steepest descent method, the conjugate gradient method,
inexact line search, and trust region algorithm [18] used
generally in conventional back analysis. Because geotechnical
engineering is complex and nonlinear problem cannot be
easily expressed by explicit formula, the derivation cannot
be realized by the above-mentioned conventional optimiza-
tion methods. Furthermore, they are easily limited in local
optimum solution. Therefore the soft computing methods
are used in the engineering back analysis. Cui and Sheng
applied genetic algorithms (GA) in the probabilistic finite
element analysis of geotechnical problems [19]. Karaboga
et al. studied artificial bee colony (ABC) algorithm in the
engineering, respectively [20, 21]. Jiang et al. used the particle
swarm optimization (PSO) algorithm in tunnel engineering
back analysis [22, 23]. Although the use of the tunnel analysis
technologies has yielded many beneficial researching results,
there are also some problems in the following:

(1) Back analysis methods adopted only displacements
as input data, and the computing models are often
simplified to 2D patterns that are incapable of reflect-
ing the three-dimensional space effect of a tunnel;
thus, the method taking usage of three-dimensional
numerical model and more information is necessary.

(2) The parameters back analysis based on a three-
dimensional numerical model cost too much time,
and the ANN topological structure is too complex,
with its completion depending on artificial experi-
ence. And the conventional optimization method is
easily limited in a local optimum solution.

(3) Because themodel complexity andmeasuring indices
are inconsistent, “displacement back analysis” cannot
continue to be used.Genetic algorithms have complex
operation processes, and particle swarm optimization
converges irregularly for having no strict convergence
theory background.

Therefore, the paper considered the new excellent soft
computing algorithms for difference evolution (DE) arith-
metic and extreme learning machine (ELM) and proposed
a new hybrid algorithm combining ELM with DE, adapting

Forward analysis

Back analysis

Measuring data.
Displacements
Pressure of rock

Strain of steel bar

......

Surrounding
parameters.
Young’s modulus
Poisson ratio

Cohesion

Figure 1: The forward and back analysis of geotechnical engineer-
ing.

to the geomechanical parameters back analysis of multi-
information (including geophysical prospecting, displace-
ment, and pressure data) and the three-dimensional numer-
ical model. It is also applied in a highway tunnel in Fusong
city in China’s Jilin Province.

2. The Tunnel Back Analysis of Hybrid
Algorithm Based on DE-ELM

2.1. The Inverse Problem of Geotechnical Engineering. The
rock parameters should be back analyzed by fieldmonitoring,
which is opposite to the forward analysis (Figure 1). Back
analysis includes the analytic and numerical methods. The
numerical method theory is as follows: Select a group of
parameters and calculate the surrounding rock deformation
or stress; if there is a difference between calculation results
and monitoring data, the input parameters will be adjusted
and recalculated till the difference between the calculation
and monitoring is small enough; the corresponding param-
eters are the back analyzed results.

In the calculation process (Figure 1), constructing the
correct nonlinear relation between the surrounding rock
parameters and surrounding rock displacement (or stress)
remains the key issue, so we use the DE-ELM model to
express the relation. It constructs the tunnel back analysis
mathematic model in the following:

min𝐸 (𝑍) = 1
𝑆

𝑆

∑

𝑘=1
[𝑡

0
𝑘
− 𝑡𝑘]

2
, 𝑡𝑘 = 𝐹 (𝑍) , (1)

where 𝑍 (z1, z2, . . . , zr) is the 𝑟 rock mechanics parameters
(or stress) to be back analyzed. Their scopes are deter-
mined by the above rock mass classification results, 𝐹( )
is the implicit function related to displacements and rock
mechanics parameters, 𝑡0

𝑘
is monitoring displacements (or

pressure, stress) of tunnel-surrounding rock, 𝑡
𝑘
is calculation

displacements of tunnel-surrounding rock, and 𝑆 is the
number of monitoring points.

2.2. The Difference Evolution Algorithm. The differential
evolution (DE) algorithm, proposed by Rainer Storn and
Ken. Price, is a new type of directly global optimization
algorithm that surfaced in 1995 [24]. DE algorithm had
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Figure 2:The generating process of V
𝑖,𝐺+1 in two-dimension solution

space.

been successfully used in optimizing ANNmodel and tunnel
parameter identification [25, 26]. The specific process is as
follows.

(1) Generate Initial Population. DE’s most versatile imple-
mentation maintains a pair of vector populations, both
of which contain 𝑁

𝑃
𝐷-dimensional vectors of real-valued

parameters. The solution vector can be expressed as 𝑥
𝑖,𝐺

=

(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
), 𝑖 = 1, 2, . . . , 𝑁

𝑃
.𝑁
𝑃
is the number of solution

vectors in the 𝐺 generation; 𝐺 is the generation of evolution
population and 𝑖 is the location of an individual in the
population. Consider

𝑥
𝑖,1 = 𝑥

𝐿

𝑖
+ rand (𝑥𝑈

𝑖
−𝑥
𝐿

𝑖
) , 𝑖 = 1, 2, . . . , 𝑁

𝑃
, (2)

where rand is a random number within [0, 1] and 𝑥
𝑖,1

is the
solution vectors of the first generation. 𝑁

𝑃
is the number

of solution vectors, and 𝑥𝑈
𝑖
and 𝑥𝐿

𝑖
are the upper and lower

bounds of the variables, respectively.

(2) Mutation. DE generates new parameter vectors by adding
the weighted difference between two population vectors to a
third vector in an operation called mutation. As for the target
vectors in the𝐺 generation, each one contains the component
𝐷. The mutated vector is

V
𝑖,𝐺+1 = 𝑥𝑟1,𝐺 +𝐹 ⋅ (𝑥𝑟2,𝐺 −𝑥𝑟3,𝐺) , (3)

where 𝑟
1
, 𝑟
2
, and 𝑟

3
are a random integer from [1, 2, . . . , 𝑁

𝑃
],

which is different from the others. V𝑖,𝐺+1 is themutated vector,
and 𝐹 is one of the main parameters used to control the
amplification of the differential variation and is a mutagenic
factor whose value is taken between 0.5 and 1.The generating
process of the mutated vector V

𝑖,𝐺+1
in the two-dimension

solution space is shown in Figure 2.

(3) Crossover. The mutated vector’s parameters are mixed
with the parameters of another predetermined target vector
according to certain rules in order to generate a trial vector,

which is then called “crossover.”The target vector𝑥
𝑗𝑖,𝐺

and the
mutated vector V

𝑗𝑖,𝐺
cross based on the following rules are to

generate a trial vector 𝑢
𝑗𝑖,𝐺+1

:

𝑢
𝑖,𝐺+1 = (𝑢1𝑖,𝐺+1, 𝑢2𝑖,𝐺+1, . . . , 𝑢𝐷𝑖,𝐺+1) , (4)

where

𝑢
𝑗𝑖,𝐺+1

=

{

{

{

V𝑗𝑖,𝐺+1, if (rand 𝑏 (𝑗) ≤ CR ‖ 𝑗 = 𝑟𝑛𝑏𝑟 (𝑖))

𝑥
𝑗𝑖,𝐺
, if (rand 𝑏 (𝑗) > CR & 𝑗 ̸= 𝑟𝑛𝑏𝑟 (𝑖)) ,

(5)

where rand 𝑏(𝑗) ∈ [0, 1] is the component 𝑗 of the vector
corresponding to random number, CR ∈ [0, 1] is the
crossover factor, and 𝑟𝑛𝑏𝑟(𝑖) is an integer randomly selected
in 1, 2, . . . , 𝐷.

(4) Selection.The greedy searchmethod used to select the new
solution vector 𝑥

𝑖,𝐺+1 is

𝑥
𝑖,𝐺+1 =

{

{

{

𝑢
𝑖,𝐺+1 if (𝑓 (𝑢

𝑖,𝐺+1) ≤ 𝑓 (𝑥𝑖,𝐺))

𝑥
𝑖,𝐺

if (𝑓 (𝑢
𝑖,𝐺+1) > 𝑓 (𝑥𝑖,𝐺)) .

(6)

DE algorithm offers several significant advantages over
some widely used traditional iteration algorithms such as
trust region algorithms (TRA) and genetic algorithm (GA).
TRA needs to solve the subproblem based on descent
gradient of the objective function at each iteration step, so
it is not suitable for implicit objective functions without
explicit expression. GA applies binary coding and has single
crossover operation with the mutation type being scant. It
also has many parameters affecting the optimization abil-
ity. However, DE encodes all parameters as floating-point
numbers, regardless of their type. Even integer and discrete
variables are encoded as real values to add diversity to their
difference distributions. DE mutation operation adopts the
different strategy, that is, the adoption of the difference vector
of the individuals in the population to disturb the individual,
for the individual variation to be realized.The abovemutation
type of DE takes usage of the population distribution charac-
teristics, improving the algorithm searching ability. And DE
has only two control parameters, making it more easy to use.

2.3. The Back Analysis Method Based on DE-ELM Hybrid
Algorithm. Extreme learning machine (ELM) is the single
hidden layer feed forward neural networks (SFLNs) that
was proposed in 2005 after BP networks and the support
vector machine [27]. Its advantage is that it has simple
structure, strong generalization ability, and quick learning
speed, allowing it to avoid the problems of local minimum
and too many iterations. For 𝑁 different learning samples
(𝑥𝑖, 𝑦𝑖) ∈ 𝑅

𝑛
× 𝑅
𝑚 (𝑖 = 1, 2, . . . , 𝑁), the 𝑖th sample output

value of SLFN with 𝐿 hidden layer nodes and a hidden layer
activation function of 𝑔(𝑥) is as follows:

𝑜
𝑖
=

𝐿

∑

𝑗=1
𝛽
𝑗
𝑔 (𝑎
𝑗
⋅ 𝑥
𝑖
+ 𝑏
𝑗
) , (7)
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where 𝑜
𝑖
is the output value of the 𝑖th sample, 𝛼

𝑗
= [𝛼
𝑗1
, 𝛼
𝑗2
,

. . . , 𝛼
𝑗𝑛]

T expresses the connection weight values from the
input layer to the hidden layer, 𝑏

𝑗
= [𝑏
𝑗1
, 𝑏
𝑗2
, . . . , 𝑏

𝑗𝑚
]
T

expresses the offset value, 𝛽
𝑗
= [𝛽
𝑗1
, 𝛽
𝑗2
, . . . , 𝛽

𝑗𝑚
]
T expresses

the connection weight values from hidden layer to output
layer, and 𝑔(𝑥) is the active function that can adopt sigmoid
function, Sine function, RBF function, and so forth. If the
networks approach training samples with zero error, then

𝑦
𝑖
−

𝐿

∑

𝑗=1
𝛽
𝑗
𝑔 (𝛼
𝑗
⋅ 𝑥
𝑖
+ 𝑏
𝑗
) = 0. (8)

It can be simply expressed as

𝐻𝛽 = 𝑌, (9)

where

𝐻

=

[
[
[
[

[

𝑔 (𝑎
1
, 𝑏1, 𝑥1) 𝑔 (𝑎2, 𝑏2, 𝑥1) ⋅ ⋅ ⋅ 𝑔 (𝑎

𝐿
, 𝑏
𝐿
, 𝑥1)

.

.

.
.
.
.

.

.

.
.
.
.

𝑔 (𝑎1, 𝑏1, 𝑥𝑁) 𝑔 (𝑎2, 𝑏2, 𝑥𝑁) ⋅ ⋅ ⋅ 𝑔 (𝑎
𝐿
, 𝑏
𝐿
, 𝑥
𝑁
)

]
]
]
]

]

,

𝛽 =

[
[
[
[

[

𝛽
𝑇

1

.

.

.

𝛽
𝑇

𝑁

]
]
]
]

]𝑁×𝑀

,

𝑌 =

[
[
[
[

[

𝑦
𝑇

1

.

.

.

𝑦
𝑇

𝑁

]
]
]
]

]

,

(10)

where 𝛼
𝑗
, 𝑏
𝑗
, and 𝛽

𝑗
have the same meaning as formula

(7), 𝐻 is the output array of the hidden layer of the neural
network, 𝐻(𝑥

𝑖
) is the 𝑖th row vector, and the 𝑗th column of

𝐻 array is the output corresponding to the 𝑗th hidden layer
node while the input variables are 𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑁
. Aiming at

certain training samples, the standard learning algorithm for
ELM includes three steps, which are as follows. Firstly, it
determines the number of neurons of the hidden layer and
sets the connection weight values 𝛼 and the offset values 𝑏
of the hidden layer neurons. Secondly, it selects an infinite
differentiable function as an activation function of hidden
layer neurons and computes the output array of the hidden
layer𝐻. Finally, it calculates the weight value 𝛽 of an output
layer. Through the above steps, it randomly sets the weight
and offset values of the hidden layer of ELM. It can also get
the unique solution of output layer weights, and if the number
of hidden layer nodes is enough, it can theoretically approach
any continuous function.

The normally extreme learning machine produces the
input weight values array and hidden layer offsets randomly,
which will result in network instability and influence the
forecast effect. Therefore, learning how to select the input
weight values array in addition to the hidden layer offsets is

key for improving ELM performance. Yu et al. proposed a
method called Delta Test-ELM (DT-ELM) which can operate
in an incremental way to create less complex ELM structures
and determine the number of hidden nodes automatically
[28]. Shrivastava and Panigrahi proposed a hybrid wavelet-
ELM based short term price forecasting for electricity mar-
kets [29]. Focused on ELM performance problem, the paper
introduced a global optimization intelligence algorithm, DE
algorithm, to optimize the input weight values and hidden
layer offsets in an effort to improve the algorithm. First,
input weight values and hidden layer offsets are set as the
optimizing variables of DE, and then the training forecast
error is set as the fitness value of DE. Because the three-
dimensional numerical tests require too much time to per-
form, an orthogonal design method and a uniform design
method are adopted for selecting computing schemes. They
guarantee the accuracy of samples and also decrease the
number of numerical calculation times.

The steps of the improved extreme learning machine are
as follows.

Step 1. For each analysis task, training data sets are con-
structed to correspond to the geomechanical parameters and
displacement at key points. Numerical analysis is used to
calculate the data set for every set of orthogonal experimental
schemes. To improve the generation performance of ELM, a
testing sample set is selected from the data set and is used to
assess the applicability of ELM.

Step 2. It sets the DE parameters, including population scale,
evolution generation, cross factor, and magnification factor,
and it randomly produces the first generation.Thepopulation
scale is generally 20∼100, and each individual corresponds
to the weight values and hidden layer offsets, training and
obtaining the output weight values of ELM, and then it
acquires the ELM structure.

Step 3. According to formulas (7), (8), and (9), each one
forecasts and tests the trained ELMby test samples in order to
set the maximal relative error as the fitness value of DE. The
applicability of the model is measured in terms of fitness:

Fitness = max(
{

{

{


𝑥𝑗 − 𝑥



𝑗



𝑥


𝑗

}

}

}

, 𝑗 = 1, 2, . . . , 𝑘) , (11)

where 𝑥
𝑗
and 𝑥



𝑗
are the estimated displacement of the

tentative ELM and the calculated key point rock mass is at
the 𝑗th testing sample. The test number is 𝑗 = 1, 2, . . . , 𝑘.

Step 4. It carries out the variation, cross, and selection oper-
ations, and it iterates circularly until they meet the ending
condition (maximal iteration). If the fitness is accepted, the
ELM training procedure ends, outputting the input layer
weight values and hidden layer offsets. If not, new population
is produced according to (3), (4), (5), and (6), and the process
returns to Step 3.

Step 5. Set formula (1) as the fitness function of DE; adopt
the successfully trained ELM of Step 4 as 𝐹(𝑍) of formula
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Figure 3: The longitudinal profile of the left line and the study area.

(1), executing theDE iteration again.Then the geomechanical
parameters are derived.

The study adopted ELM to express the relation between
input and output data, instead of the numerical simulation,
so as to save the computing time. The training data for
extreme learning machine are required in an adequate and
representative way. If the parameters are selected arbitrarily,
too much numerical calculation and computing cost will
also be induced. Accordingly, the following measures are
considered: (1) orthogonal experimental and uniformdesigns
are the methods for utilizing orthogonal table or uniform
table to arrange and analyze the multiple factors test scien-
tifically. Their main advantage is that they can select repre-
sentative few test schemes among a lot of schemes. Adopting
them to design parameters combination and constructing
samples can improve test schemes and save test time, thus
guaranteeing the samples representativeness. (2) Prelimi-
nary sensitivity means the degree of the factors influencing
the system appraising indices. If the mechanics parameters
are multiple, the preliminary sensitivity analysis should be
applied to find out the most critical parameters affecting
model characters which need back analysis so as to avoid
unnecessary parameters, thereby increasing the calculation
efficiency.

3. Case Study

3.1. Engineering Introduction. The Fusong tunnel is located
at the Changbai Mountain of Jingyu County, Jilin Province
of China. The exposed strata in the region are primarily
kataclastics of fluviolacustrine of Jura, Andesite, and basalt of
Tertiary and Quaternary systems. Moreover, the small-scale
crack is not very concerned, and the degree of destruction
is not serious. The underground water of the tunnel region
is mainly phreatic water of loosening accumulative forma-
tion and bedrock fissure water. Additionally, the tunnel is
designed as separate double caverns with a distance of 13∼
35m.The tunnel section has the height of 12m and the width
of 7.6m.The left line has a length of 1625m, starting at ZK275

+ 170 and ending at ZK276 + 795. The longitudinal profile of
the left line and the study region is shown in Figure 3.

According to the demand of highway tunnel construc-
tion norm of China, considering the surrounding rock and
structure characteristics, the monitoring items were adopted,
with an inclusion of top arc subsidence and convergence. And
the automatic collection system including lining strain, rock
pressure, and rock inner displacements was also monitored
between the study regions. From November 27 to January
19, 2013, the field monitoring data curves and schematic
diagrams were shown in Figures 4 and 5.

3.2.Three-Dimensional Numerical Simulation and Parameters
Sensibility Analysis. In order to carry out the parameters
back analysis, firstly we constructed a three-dimensional
numerical model for the left line tunnel of the engineering.
The computing region is adopted with 207 meters in length,
70 meters in width, and 90 meters in height. The strata are
cutin tuff, lime mudstone, and calcic silty mudstone. The
coordinates of the tunnel midpoint are (0, 0, 0). 𝑦-axis is the
tunnel excavation direction, 𝑧-axis is the vertical direction,
and 𝑥-axis is the horizontal radial direction. The model
includes 370924 elements and 379464 nodes.

The strata adopted solid element and rock bolt; long
pipe roof adopted cable structural element; shotcrete adopted
shell element; and plastic constitutive model adapted to the
Mohr-Coulomb criterion. According to actual monitoring,
we set up a monitoring section every 20 meters. The three-
dimensional numerical model and typical section are shown
in Figure 6.The selected parameters include elastic modulus,
Poisson ratio, cohesion, and internal friction angle of lime
mudstone (𝐸1, 𝜇1, 𝐶1, 𝜑1). In addition, the elastic modulus
and Poisson ratio of cutin tuff (𝐸2 and 𝜇

2
) are study

parameters. Five levels were adopted in the scope, and 25
orthogonal schemes of L25(65) were constructed. The results
of orthogonal scheme numerical calculations are shown in
Table 1.

In the back analysis process, most mechanics parameters
are related to the surrounding rock stability and surrounding
rock displacement, with different parameters having different
effects on the surrounding rock deformation and destruction.
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Table 1: The results of orthogonal scheme numerical calculation.

Test number Top arc
subsidence/mm Convergence/mm Inner

displacement
Top arc

pressure/KPa
Arc shoulder
pressure/KPa

Arc waist
pressure/KPa

Test 1 −33.112 54.392 20.963 −73.8 −94.9 −57.4
Test 2 −23.235 27.456 11.125 −71.7 −101.7 −59.7
Test 3 −18.980 18.053 7.123 −75.4 −122.4 −62.6
Test 4 −16.789 13.146 4.241 −78.8 −125.9 −65.8
Test 5 −15.903 11.357 3.052 −79.5 −128.2 −68.1
⋅ ⋅ ⋅

Table 2: Comparison between test and forecast samples of top arc
subsidence.

Learning algorithm Time/s MRE
DE-ELM 19.65 4.42%
GA-SVM 85.22 4.89%
GA-BP 356.73 6.62%

The back analysis precision will decrease with the parameters
increasing. So we carried out the parameters sensibility
analysis and obtained the regulation of how the parameters
affect the monitoring data. Based on the orthogonal scheme
numerical calculations results (Table 1), through the extreme
difference analysis, we know how the rock mechanics param-
eters affect stress and displacement of surrounding rock;
the relations between parameters and difference ranges are,
respectively, shown in Figures 7 and 8.

From Figures 7 and 8, we obtained the parameters
affecting the stress which in order are 𝐸

1
> 𝐶
1
> 𝜑
1
>

𝐸
2
> 𝜇
2
> 𝜇
1
and obtained the parameters with the effects

on the displacement which in order are 𝐸
1
> 𝐶
1
> 𝜑
1
>

𝐸
2
> 𝜇
1
> 𝜇
2
. Combining the above results, elastic modulus

𝐸1, cohesion 𝐶1, and inner friction angle 𝜑
1
are selected for

succeeding analysis, with data fitting and back analysis based
on DE-ELM.

Considering the forward numerical simulation costing
too much time, using the DE-ELM algorithm to fit the
relation between mechanics parameters and monitoring
information, with ELM trained by the samples provided by
Table 1, acquired the mapping expression of 𝑡𝑘 = 𝐹(𝑍). We
tested the ELM regression model forecast effect by 5 uniform
samples.The training time andmean relative error of forecast
of the top arc subsidence compared with other similar
methods named GA-SVM (genetic algorithm-support vector
machine) and GA-BP (genetic algorithm-back propagation
neural network) are listed in Table 2.

It is shown that DE-ELM algorithm has the best calcula-
tion speed and precision. In the ELM training process, the
multiple inputting items and multiple outputting items are
normalized according to the following formula:

𝑟
𝑖
=

(𝑘
𝑖
− 𝑘min)

(𝑘𝑖max − 𝑘𝑖min)
, (𝑖 = 1, 2, . . . , 6) , (12)

where 𝑘
𝑖
, 𝑘
𝑖min, and 𝑘𝑖max are, respectively, the 𝑖th sample of

the calculation value, the minimum value of samples, and the
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maximum value of samples and 𝑟𝑖 is the normalization of the
𝑖th samples, 𝑟𝑖 ∈ [0, 1].

Input the derived ELM model and the field monitoring
data 𝐴 = −12.512mm, 𝐵 = 11.296mm, 𝐶 = 3.88mm,
𝐷 = −46.5KPa, 𝐸 = −103.78KPa, and 𝐹 = −48.6KPa; set
the DE parameters optimizing variables as 3; the population
scale 𝑁

𝑃
is 50, the iteration number 𝐼 is 600, the variation
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Figure 9: Iterative curve of one disturbance vector.

Table 3: The comparison between unitary displacement feedback analysis and joint feedback analysis.

Measure points Displacement back analysis Displacement-stress back analysis
Monitoring data Forecast data Relative error % Monitoring data Forecast data Relative error %

A −12.512 −13.589 8.608 −12.512 −11.97 −4.316
B 11.296 12.461 10.313 11.296 10.79 −4.479
C 3.788 4.125 8.897 3.88 3.78 −2.719
D −46.5 −45.93 −1.233
E −103.78 −105.91 2.048
F −48.6 −50.22 3.337

factor 𝐹 is 0.7, and the cross factor CR is 0.8. We executed
the difference evolution algorithm, obtained the mechanics
parameters 𝐸

1
= 1.635GPa, 𝐶

1
= 0.553MPa, and 𝜑

1
=

36.84
∘, and input the above back analyzed parameters into the

numerical model. The calculated and field-monitored data
are shown in Table 3.

It is shown that the displacement-stress coupling back
analysis can get higher precision than the displacement back
analysis; the feedback analysis relative errors of 𝐴, 𝐵, and 𝐶
displacements changed from 8.608%, 10.313%, and 8.897% to
4.316%, 4.479, and 2.719% accordingly.

4. Discussion

4.1. DE Parameters Affecting the Optimizing Property. The
inversion iterative curves of different strategies for the
ELM optimizing are shown in Figure 9. DE/rand/1/bin
and DE/rand/2/bin are selected; both of the two difference
strategies will converge, but DE/rand/1/bin converges faster.
The iterative charge is a more stable cable, and the conver-
gence effect is better. Determining which difference strategy
is suitable involves selecting the strategy that saves time,
improves convergence speed, and also fits the method into
the local optimal necessary conditions.

Two important parameters are variation factor 𝐹 and
cross factor CR in DE.The DE/rand/1/bin difference strategy
was chosen; in Figure 10, the iterative curve of the variation
factor 𝐹 = 0.9, CR = 0.5∼0.8, cross factor CR = 0.9, and
𝐹 = 0.5∼0.8 is illustrated. The parameters selection affects
evolution speed obviously, and the evolution stagnancy and
premature phenomenawill occur if inappropriate parameters
are selected. By adjusting 𝐹 and CR, or increasing population
scale, the premature phenomena can be controlled.

4.2. Activation Function and Hidden Layer Nodes Affecting
ELM. We adopted the DE-LEM method for training 25
orthogonal samples and five forecasted test samples. The
RMSE corresponding to different activation function is
shown in Figure 11. It is shown that the forecast error
corresponding to the sigmoid activation function is the min-
imum, and the forecast error corresponding to the hardlim
activation function is the maximum.

Figure 11 also shows the forecast RMSE variation accord-
ing to the increasing number of hidden layer nodes. The
RMSE corresponding to 30 hidden layer nodes’ number is
larger than 0.5, whereas when there are 150 hidden layer
nodes, the corresponding RMSE approaches 0.2. However, as
the hidden layer nodes increase from 150 to 270, the RMSE
does not change obviously. From the results, in the similar
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back analysis calculation by DE-LEM, 150–200 hidden layer
nodes are recommended.

5. Conclusion

The paper conducted a research on the surrounding rock
back analysis method based on the DE-ELM algorithm for
highway tunnel construction and arrived at the following
conclusions:

(1) We introduced a new single hidden layer feed forward
neural networks machine learning method, ELM,
by combining it with the DE algorithm. The input
weight values and hidden layer offsets were opti-
mized, and the forecast precision was improved. We
then constructed the surrounding rock identification
method. The method took advantage of DE’s global
optimization property and the simple structure of

ELM. The functions of pattern recognition and data
fitting of ELM could be used for rock classification
and parameter identification, respectively.

(2) The case study stated that the DE-ELM method
achieved satisfactory identification with precision
and high calculation speed. The activation function
affected the forecast precision. The forecast error
corresponding to the sigmoid activation function is
the minimum, and the forecast error corresponding
to hardlim activation function is the maximum; the
difference between them is less than 0.1.TheDE-ELM
calculation results that corresponded to different
hidden layer nodes were compared; 150–200 hidden
layer nodes were recommended.

(3) TheDE-ELMhas been used in the construction of the
Fusong tunnel where it ascertained the surrounding
rock parameters for the region near YK275 + 370;
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what is stated is that the rock is IV class, and the
identified surrounding rock parameters are 𝐸

1
=

3.496GPa, 𝜇
1
= 0.315, and 𝐶

1
= 0.300MPa. The

adjacent region construction scheme changed from
the Two Side-Wall Pilot Tunnel Method to Benching
Tunneling Construction Method. The use of the
adjusted construction scheme realized the expected
target, demonstrating that the proposed back analysis
method is reasonable.
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We study a detection method for continuous mechanical deformations of coaxial cylindrical waveguide boundaries, using
perturbation theory. The inner boundary of the waveguide is described as a continuous PEC structure with deformations modeled
by suitable continuous functions. In the present approach, the computation complexity is significantly reduced compared to discrete
conductor models studied in our previous work. If the mechanically deformed metallic structure is irradiated by the microwave
fields of appropriate frequencies, then, by means of measurements of the scattered fields at both ends, we can reconstruct the
continuous deformation function. We apply the first-order perturbation method to the inverse problem of reconstruction of
boundary deformations, using the dominant TEM-mode of the microwave radiation. Different orders of Tikhonov regularization,
using the L-curve criterion, are investigated. Using reflection data, we obtain reconstruction results that indicate an agreement
between the reconstructed and true continuous deformations of waveguide boundaries.

1. Introduction

Power transformers are fundamental components of an elec-
tric power grid that require careful monitoring and fault
assessment. Mechanical deformations of power transformer
windings, mainly due to the heavy mechanical forces from
short-circuit currents, increase the risks of serious electrical
power outages in the grid. In order to reduce the risks, it is of
interest to investigate suitable online early detectionmethods
for local mechanical winding deformations. One available
method to diagnose various degradation phenomena in
power transformers is the frequency response analysis (FRA)
method. It is, however, only applicable when a transformer
is disconnected from the power grid. FRA has been pro-
posed for detection of winding deformations [1], but in
order to reduce the risks of power outages, it is desirable
to develop online methods that are applicable when the
transformer is connected to the power grid. The present
authors studied an onlinemethod, usingmicrowave antennas
inside the transformer, to reconstruct the radial positions of
individual winding segments in [2, 3]. In these papers, the
reconstruction of the locations of the individual conductors

from synthetic measurement data was performed by means
of an optimization method, using only up to ten winding
segments or turns, in order to reduce the computational
complexity. In [4], elliptic, and more importantly, wave-
shaped mechanical deformations were studied. It was found
that the wave-shaped deformations (to the first order of
approximation) can be reduced to radial displacements such
as those described in [2, 3], showing that essentially the same
mathematical tools can be used to cover a broad range of
deformations of individual conductors. It should however
be noted that, unlike the approach in the present paper, the
analysis in [2–4] uses a discrete conductor model with a
number of individual conductors being treated as obstacles
in the waveguide and where the mode matching technique is
used to handle a limited number of such discrete obstacles. A
more realistic number of winding segments, however, make
a full-scale numerical model in the optimization procedure
prohibitively complex. As the primary interest of our study is
the detection of small winding deformations, it is of interest to
study whether inversion methods, based on weak scattering,
can be used for reconstruction of transformer winding
deformations. A step towards such amethodwas taken in [5],
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where the transformer winding was not considered in detail
but instead modeled as equivalent outer boundary surfaces,
whose shape was to be reconstructed. In [5] a parallel-
plate waveguide model was assumed, with a piecewise linear
shape of the continuous winding deformation. This study
was extended in [6], which is similar to the approach
pursued here. In the present paper we use the same basic
mathematical formalism as in [6], but unlike the treatment in
[6] where we used the approximate parallel-plate waveguide
model, here we employ the more realistic coaxial waveg-
uide model together with improved numerical techniques,
both of which contribute to more accurate reconstruction
results in the present paper. Although the present paper
can be seen as an extended and improved version of the
approximate treatment employed in [6], the abovementioned
model change and numerical improvements provide an
essentially novel approach to the problem of reconstruction
of deformations in the lower coaxial waveguide boundary.
Thus we pursue the investigations reported in [5, 6] further
by considering a continuous axially symmetric deformation
in a coaxial waveguide model of the power transformer
winding structure. The inverse problem of reconstructing
deformations in the lower coaxial waveguide boundary is
solved using a simple and computationally efficient first-
order perturbation method. We use synthetic measurement
data from the commercial FEM program HFSS to test the
model.

2. Problem Formulation and
Scattering Analysis

Weassume an axially symmetric coaxial waveguide scattering
configuration, oriented along the 𝑧-axis, as shown in Figure 1.
The inner boundary cylinder is located at 𝑟 = 𝑟0 while the
outer boundary cylinder is located at 𝑟 = 𝑟0 + 𝑎 giving
the radial width of the unperturbed cavity equal to 𝑎. In
the context of a power transformer, the outer boundary
represents the transformer tank wall while the lower bound-
ary represents the outermost layer of the winding structure.
The winding structure is thus described as an equivalent
PEC surface. Using anisotropic boundary conditions [7], it
is possible to formulate a more realistic approach to model
the winding. Although a realistic transformer is filled with oil
and uses also paper and pressboard insulation, in the present
paper we assume that the medium inside the waveguide is
air (or vacuum). At the inner boundary cylinder along the
section 𝑧1 < 𝑧 < 𝑧2 there is a local deformation described by

𝑟 = 𝑟0 + 𝑎𝑔 (𝑧) with max 

𝑔 (𝑧)





≪ 1,

𝑔 (𝑧1) = 𝑔 (𝑧2) = 0.
(1)

The inverse problem here is to reconstruct 𝑔(𝑧) in the estima-
tion region 𝑧1 < 𝑧 < 𝑧2 using scattering data obtained when
the waveguide is excited from both ends. In order to focus
the present study on the primary scattering mechanism, due
to the local deformation of the lower boundary, we assume
that there are no reflections from the ends of the waveguide.
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Figure 1: Geometry of the coaxial waveguide model.

2.1. The Direct Scattering Problem. We restrict our analysis
to the TM-modes only and to mechanical deformations that
possess cylindrical symmetry (i.e., are independent on the
azimuthal angle 𝜑). For the sake of convenience, we consider
only the TM

𝑚
-modes and in particular the lowest TEM-

mode with𝑚 = 0. It is also possible to study the TE
𝑚
-modes

in the coaxial structure in a fully analogous way, whichwill be
the subject of our continued efforts. In this case, we can use
the analytic solutions for the dominant zeroth-order TEM-
mode (𝑚 = 0) in the coaxial waveguide, which propagates at
all frequencies,

E0 = 𝐸0𝑟 (𝑟0)
𝑟0
𝑟

r̂ ∝ 𝜓0 (𝑟) ,

H0 = 𝐻0𝜑 (𝑟0)
𝑟0
𝑟

�̂� ∝ 𝜓0 (𝑟) ,

(2)

as well as the Bessel function solutions [8] for higher-order
TM-modes (𝑚 ≥ 1),

E
𝑚
= 𝐸
𝑚𝑟
r̂ ∝ 𝜓

𝑚
(𝑟) ,

H
𝑚
= 𝐻
𝑚𝜑
�̂� ∝ 𝜓

𝑚
(𝑟) ,

𝜓
𝑚
(𝑟) = 𝐴

𝑚
[𝐽1 (𝑘𝑇𝑚𝑟) −

𝐽0 (𝑘𝑇𝑚𝑎)

𝑁0 (𝑘𝑇𝑚𝑎)
𝑁1 (𝑘𝑇𝑚𝑟)] ,

(3)

with asymptotic expansion formula for the𝑚th wave number
𝑘
𝑇𝑚

given by [8]

𝑘
𝑇𝑚
𝑎 =

𝑚𝜋

𝛼 − 1
−

1
8𝛼

⋅

𝛼 − 1
𝑚𝜋

+[

25 (𝛼3 − 1)
6 (4𝛼)3 (𝛼 − 1)

−

1
(8𝛼)

]

⋅

(𝛼 − 1)3

𝑚
3
𝜋
3

−[

1073 (𝛼5 − 1)
5 (4𝛼)5 (𝛼 − 1)

−

25 (𝛼3 − 1)
12𝛼 (4𝛼)3 (𝛼 − 1)

+

2
(8𝛼)3

]

⋅

(𝛼 − 1)5

𝑚
5
𝜋
5 + ⋅ ⋅ ⋅ , 𝑚 = 1, 2, 3, . . . ,

(4)

where 𝛼 = 1 + 𝑎/𝑟0 > 1. Here, we note that the longitudinal
component of the electric field 𝐸

𝑧
is nonzero only for𝑚 ≥ 1.
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2.1.1. Perturbation Method. The inversion scheme
(Section 2.2) is based on the solution of the direct scattering
problem using a boundary perturbation method for wave-
guides, similar to the one used in [9]. We first rewrite (1) as
follows:

𝑟 − 𝑟0 − 𝑎𝛿𝑔 (𝑧) = 0. (5)

Here, 𝛿 is just a book-keeping parameter to be set equal to
unity (𝛿 = 1) after the perturbation analysis. The outwardly
directed surface unit normal then becomes

n̂ = −
∇ [𝑟 − 𝑎𝛿𝑔 (𝑧)]





∇ [𝑟 − 𝑎𝛿𝑔 (𝑧)]






=

−r̂ + 𝑎𝛿 (𝑑𝑔/𝑑𝑧) ẑ

√1 + 𝑎2𝛿2 (𝑑𝑔/𝑑𝑧)2
. (6)

The boundary condition at the perturbed metallic boundary
is

n̂×E = 1
j𝜔𝜖

n̂× (∇×H) = 0. (7)

Substituting (6) in (7) and assuming TM-fields (H = 𝐻(𝑟,

𝑧)�̂� = 𝐻�̂�), we obtain

𝜕𝐻

𝜕𝑟

− 𝑎𝛿

𝑑𝑔

𝑑𝑧

𝑑𝐻

𝑑𝑧

= 0. (8)

If we now Taylor expand 𝐻(𝑟, 𝑧) in the 𝑟-variable about 𝑟 =
𝑟0, we obtain

𝐻(𝑟, 𝑧) =

∞

∑

𝑝=0

𝜕
𝑝

𝐻

𝜕𝑟
𝑝
(𝑟0, 𝑧)

(𝑟 − 𝑟0)
𝑝

𝑝!

. (9)

Substituting (9) into (8) and using (5), we obtain up to the
first order in 𝛿 as follows:

𝜕𝐻

𝜕𝑟

(𝑟0, 𝑧) + 𝑎𝛿 [𝑔 (𝑧)
𝜕
2
𝐻

𝜕𝑟
2 (𝑟0, 𝑧) −

𝑑𝑔

𝑑𝑧

𝜕𝐻

𝜕𝑧

(𝑟0, 𝑧)]

= 0.

(10)

Next, we develop𝐻(𝑟, 𝑧) into a perturbation series as follows:

𝐻(𝑟, 𝑧) =

∞

∑

𝑚=0
𝐻
𝑚
(𝑟, 𝑧) 𝛿

𝑚

. (11)

Substituting (11) into (10) and neglecting terms of order 𝛿2
and higher, we obtain

∞

∑

𝑚=0
𝛿
𝑚

{

𝜕𝐻
𝑚

𝜕𝑟

(𝑟0, 𝑧)

+ 𝑎𝛿 [𝑔 (𝑧)

𝜕
2
𝐻
𝑚

𝜕𝑟
2 (𝑟0, 𝑧) −

𝑑𝑔

𝑑𝑧

𝜕𝐻
𝑚

𝜕𝑧

(𝑟0, 𝑧)]}

=

𝜕𝐻0
𝜕𝑟

(𝑟0, 𝑧) + 𝛿{
𝜕𝐻1
𝜕𝑟

(𝑟0, 𝑧)

+ 𝑎 [𝑔 (𝑧)

𝜕
2
𝐻0
𝜕𝑟

2 (𝑟0, 𝑧) −
𝑑𝑔

𝑑𝑧

𝜕𝐻0
𝜕𝑧

(𝑟0, 𝑧)]} .

(12)

Here, the terms of each order in𝛿must be equal to zero,which
gives

𝜕𝐻0
𝜕𝑟

(𝑟0, 𝑧) = 0, (13)

𝜕𝐻1
𝜕𝑟

(𝑟0, 𝑧)

+ 𝑎 [𝑔 (𝑧)

𝜕
2
𝐻0
𝜕𝑟

2 (𝑟0, 𝑧) −
𝑑𝑔

𝑑𝑧

𝜕𝐻0
𝜕𝑧

(𝑟0, 𝑧)] = 0.
(14)

As can be seen from (14), the boundary perturbation results
are evaluated at the unperturbed boundary (𝑔(𝑧) = 0) with
𝑟 = 𝑟0. For the first-order perturbed fields, we can use the
Maxwell equation∇×H1 = j𝜔𝜖E1 together with (14) to obtain

n̂0 ×E1 (𝑟0, 𝑧)

=

𝑎

j𝜔𝜖
[

𝑑𝑔

𝑑𝑧

𝜕𝐻0
𝜕𝑧

(𝑟0, 𝑧) − 𝑔 (𝑧)
𝜕
2
𝐻0
𝜕𝑟

2 (𝑟0, 𝑧)] �̂�.
(15)

Assuming now orthonormal TM-modes of the form

H
𝑡𝑚
(𝑟) = 𝜓

𝑚
(𝑟) �̂�,

E
𝑡𝑚
(𝑟) =

𝑘
𝑧𝑚

𝜔𝜖

𝜓
𝑚
(𝑟) r̂,

(16)

we obtain

∫

𝑟0+𝑎

𝑟0

(E
𝑡𝑚
×H
𝑡𝑚
) ⋅ ẑ2𝜋𝑟 𝑑𝑟 = 𝑘

𝑧𝑚

𝜔𝜖

= 𝑍
𝑚

(17)

which is valid for all modes. For the zeroth-order field with
𝑚 = 0, we have

𝐻0 (𝑟, 𝑧) = ± 𝑐
±

0 𝜓0 (𝑟) e
∓j𝑘𝑧

= ± 𝑐
±

0 𝜓0 (𝑟, 𝑧) , (18)

where we note that

𝑘
𝑧0 = 𝑘,

𝜓0 (𝑟) =
1

√2𝜋 ln𝛼
⋅

1
𝑟

.

(19)

Substituting (18) into (15), we obtain

n̂0 ×E1 (𝑟0, 𝑧) = −
𝑎

𝜔𝜖

𝑐
±

[𝑘

𝑑𝑔

𝑑𝑧

±

2j
𝑟
2
0
𝑔]𝜓0 (𝑟0) e

∓j𝑘𝑧
�̂�. (20)

The results (17) and (20) are input to the excitation theorem,
described in [10].With no free currents (J = 0), the excitation
theorem becomes as follows:

𝑑
±

𝑚
=

1
2𝑍
𝑚

∫

aperture
[E×H∓

𝑚
e±j𝑘𝑧𝑚𝑧] ⋅ n̂

𝐴
𝑑𝐴, (21)

where E is the exact tangential electric field in the “aperture”
at 𝑟 = 𝑟0 between 𝑧1 and 𝑧2 and n̂

𝐴
is the (unperturbed)

outward normal of the aperture surface (n̂
𝐴

= n̂0). The
“aperture” between 𝑧1 and 𝑧2 in the inner wall of the
waveguide (𝑟 = 𝑟0) serves as a source of the perturbation
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fields. Using now 𝑑𝐴 = 2𝜋𝑟0𝑑𝑧, n̂𝐴 = −r̂, and the fact that
H∓
𝑡𝑚
(𝑟0) is not 𝑧-dependent, we can rewrite (21) as follows,

for𝑚 = 0 and TM-modes:

𝑑
±

0 =
𝜔𝜖

2𝑘
𝑧𝑚

2𝜋𝑟0 [H
∓

𝑡0 (𝑟0)]

⋅ ∫

𝑧2

𝑧1

n̂0 ×E1 (𝑟0, 𝑧) e
±j𝑘𝑧

𝑑𝑧.

(22)

Using further

H
𝑡0 (𝑟0) = 𝜓0 (𝑟0) �̂� (23)

and substituting (20) into (22), we obtain

𝑑
+

0 = 2𝜋𝑟0 (
𝑎

2𝑘
) 𝑐
±

0 [𝜓0 (𝑟0)]
2

⋅ ∫

𝑧2

𝑧1

[𝑘

𝑑𝑔

𝑑𝑧

±

2j
𝑟
2
0
𝑔] ej𝑘𝑧(1∓1)𝑑𝑧,

𝑑
−

0 = − 2𝜋𝑟0 (
𝑎

2𝑘
) 𝑐
±

0 [𝜓0 (𝑟0)]
2

⋅ ∫

𝑧2

𝑧1

[𝑘

𝑑𝑔

𝑑𝑧

±

2j
𝑟
2
0
𝑔] e−j𝑘𝑧(1±1)𝑑𝑧.

(24)

Using here [5]

[

[

𝑑
+

0

𝑑
−

0

]

]

= [

[

𝑀
pp
00 𝑀

pm
00

𝑀
mp
00 𝑀

mm
00

]

]

[

[

𝑐
+

0

𝑐
−

0

]

]

, (25)

we obtain

𝑀
pm
00 =

2𝜋𝑎𝑟0
2𝑘

[𝜓0 (𝑟0)]
2
∫

𝑧2

𝑧1

[𝑘

𝑑𝑔

𝑑𝑧

−

2j
𝑟
2
0
𝑔] ej2𝑘𝑧𝑑𝑧,

𝑀
mp
00

= −

2𝜋𝑎𝑟0
2𝑘

[𝜓0 (𝑟0)]
2
∫

𝑧2

𝑧1

[𝑘

𝑑𝑔

𝑑𝑧

+

2j
𝑟
2
0
𝑔] e−j2𝑘𝑧𝑑𝑧.

(26)

Using here 𝑔(𝑧1) = 𝑔(𝑧2) = 0 and integrating by parts, we
further obtain

𝑀
pm
00

= − j𝑎 1
𝑟
2
0 ln 𝜆

(𝑘𝑟0 +
1
𝑘𝑟0

)

1
𝑧1 − 𝑧2

∫

𝑧2

𝑧1

𝑔 (𝑧) ej2𝑘𝑧𝑑𝑧,

𝑀
mp
00

= − j𝑎 1
𝑟
2
0 ln 𝜆

(𝑘𝑟0 +
1
𝑘𝑟0

)

1
𝑧1 − 𝑧2

∫

𝑧2

𝑧1

𝑔 (𝑧) e−j2𝑘𝑧𝑑𝑧

(27)

or finally

𝑆11 (𝑘) ≈ 𝑀
mp
00 = − j𝛽 (𝑘) ej2𝑘𝑧1𝐺∗ (𝑘) ,

𝑆22 (𝑘) ≈ 𝑀
pm
00 = − j𝛽 (𝑘) e−j2𝑘𝑧2𝐺 (𝑘)

(28)

being the first-order approximation for the reflection param-
eters 𝑆11 and 𝑆22. Here 𝑘 = 𝜔√𝜖0𝜇0 is the vacuum wavenum-
ber and we introduce this notation

𝛽 (𝑘) =

𝑎

𝑟
2
0 ln𝛼

(𝑘𝑟0 +
1
𝑘𝑟0

)

1
𝑧2 − 𝑧1

. (29)

In (28) we also define a “𝑘-transform” 𝐺(𝑘) of 𝑔(𝑧) and its
complex conjugate as follows:

𝐺 (𝑘) = ∫

𝑧2

𝑧1

𝑔 (𝑧) ej2𝑘𝑧𝑑𝑧,

𝐺
∗

(𝑘) = ∫

𝑧2

𝑧1

𝑔 (𝑧) e−j2𝑘𝑧𝑑𝑧.

(30)

Corrections to the transmission parameters, for the dominant
mode, are of the second order in the perturbation 𝑔(𝑧).
Consider

𝑆12 = 1+O (max 

𝑔
2



) ,

𝑆21 = 1+O (max 

𝑔
2



) .

(31)

The transmission data are therefore assumed to be too
sensitive for measurement errors and consequently will not
be included in the present analysis.

2.1.2. HFSS Model. In the present study, a full-wave FEM
model, implemented in the commercial program HFSS, is
used to generate synthetic measurement data. For simplicity,
the unperturbed waveguide cavity radial size was chosen as
𝑎= 1m. Furthermore,we chose a geometrywith𝛼−1 = 𝑎/𝑟0 =
1. As synthetic measurement data, we computed the complex
reflection parameters in the frequency range from 20MHz to
150MHz with a step size of 5MHz in HFSS.

2.2. The Inverse Scattering Problem. Let us now consider the
perturbation function 𝑔(𝑧) with the properties given in (1).
Since we require that 𝑔(𝑧1) = 𝑔(𝑧2) = 0, any such function
can be expanded into the Fourier Sine series of the form

𝑔 (𝑧) =

∞

∑

𝑛=1
𝑝
𝑛
𝜙
𝑛
(𝑧) ,

𝜙
𝑛
(𝑧) = sin(𝑛𝜋 𝑧 − 𝑧1

𝑧2 − 𝑧1
) ,

(32)

where we use the infinite set of mutually orthogonal sine
functions 𝜙

𝑛
(𝑧) satisfying the required conditions 𝜙

𝑛
(𝑧1) =

𝜙
𝑛
(𝑧2) = 0. The coefficients 𝑝

𝑛
in (32) are real numbers and

they are not functions of 𝑧. If we then apply the “𝑘-transform”,
as defined in (30), to both sides of (32), we obtain

𝐺 (𝑘) =

∞

∑

𝑛=1
𝑝
𝑛
Φ
𝑛
(𝑘) ,

𝐺
∗

(𝑘) =

∞

∑

𝑛=1
𝑝
𝑛
Φ
∗

𝑛
(𝑘) ,

(33)
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where

Φ
𝑛
(𝑘) = ∫

𝑧2

𝑧1

𝜙
𝑛
(𝑧) ej2𝑘𝑧𝑑𝑧

=

𝑛𝜋 (𝑧2 − 𝑧1) (e
j2𝑘𝑧1

− (−1)𝑛 ej2𝑘𝑧2)

𝑛
2
𝜋
2
− 4𝑘2 (𝑧2 − 𝑧1)

2

(34)

and 𝐺(𝑘) is given by (30). In order to be able to perform
the inversion numerically, we approximate the continuous
inverse problem with a discrete inverse problem, where the
deformation 𝑔(𝑧) is expanded into a finite set of functions,
whereby we truncate the infinite series in (33) to a finite
number of terms denoted by𝑁 as follows:

𝐺 (𝑘) =

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
𝑛
(𝑘) ,

𝐺
∗

(𝑘) =

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
∗

𝑛
(𝑘) .

(35)

Since {𝑝
𝑛
}
𝑁

𝑛=1 are real-valued, it is convenient to treat the real
and imaginary parts of (35) as separate equations

𝐺
𝑅
(𝑘) =

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
𝑛𝑅
(𝑘) ,

𝐺
𝐼
(𝑘) =

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
𝑛𝐼
(𝑘) ,

(36)

where 𝐺(𝑘) = 𝐺
𝑅
(𝑘) + j𝐺

𝐼
(𝑘) and Φ

𝑛
(𝑘) = Φ

𝑛𝑅
(𝑘) +

jΦ
𝑛𝐼
(𝑘), with 𝐺

𝑅
(𝑘), 𝐺

𝐼
(𝑘), Φ

𝑛𝑅
(𝑘), and Φ

𝑛𝐼
(𝑘) being real-

valued functions of 𝑘. If we substitute 𝐺(𝑘) and 𝐺∗(𝑘) from
(28) into (35), we obtain

𝛽 (𝑘)

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
∗

𝑛
(𝑘) = j𝑆11 (𝑘) e

−j2𝑘𝑧1
,

𝛽 (𝑘)

𝑁

∑

𝑛=1
𝑝
𝑛
Φ
𝑛
(𝑘) = j𝑆22 (𝑘) e

j2𝑘𝑧2
,

(37)

where we see that

𝐺
∗

(𝑘) =

j𝑆11 (𝑘)
𝛽 (𝑘)

e−j2𝑘𝑧1 ⇒ 𝐺 (𝑘) =

−j𝑆∗11 (𝑘)
𝛽 (𝑘)

ej2𝑘𝑧1 ,

𝐺 (𝑘) =

j𝑆22 (𝑘)
𝛽 (𝑘)

ej2𝑘𝑧2 .
(38)

From the two results for 𝐺(𝑘), given in (38), we see that in
theory measurements of 𝑆11 and 𝑆22 give the same 𝐺(𝑘) and
consequently the same equation (35). Thus it is in principle
possible to perform the reconstruction of the expansion
coefficients {𝑝

𝑛
}
𝑁

𝑛=1, using the measurements of either 𝑆11 or
𝑆22 (one-sided reflection data) or both 𝑆11 and 𝑆22 (two-sided
reflection data).

In practice however, the measurements of 𝑆11 and 𝑆22
may provide different values of 𝐺(𝑘) due to the contributions

of higher-order modes, potential measurement errors, the
truncation of the infinite series, and other approximations
used in the present model. Thus if we use the measured 𝑆11
and 𝑆22, bymeans of (38), we obtain the “measured” functions
𝐺1𝑀(𝑘) and 𝐺2𝑀(𝑘) as follows:

𝐺1𝑀 (𝑘) =
−j𝑆∗11 (𝑘)
𝛽 (𝑘)

ej2𝑘𝑧1 ,

𝐺2𝑀 (𝑘) =
j𝑆22 (𝑘)
𝛽 (𝑘)

ej2𝑘𝑧2 .
(39)

In the present paper we perform the reconstructions using
contributions from both 𝑆11 and 𝑆22.

The coefficients {𝑝
𝑛
}
𝑁

𝑛=1 are collected into the vector p.
From measurements of 𝐺(𝑘) at several values of 𝑘 (frequen-
cies), the right hand side of (33) is collected into the vector
G = [GR GI]

T, while the evaluations of Φ
𝑛
(𝑘) are collected

into the matrix with elementsΦ
𝑛𝑘
= Φ
𝑛
(𝑘) such that

Φ = [ΦR ΦI]
T
,

G = [GR GI]
T
.

(40)

The vector p is a solution of the least square equation
min ‖Φp − G‖2

2
. The inverse problem in the present paper

is ill-posed, and in order to handle this illposedness, we
use the Tikhonov regularization method, since it is the
most commonly used method of regularization for ill-posed
problems of the present type [11, 12]. We invoke Tikhonov
regularization by adding a penalty term to the above least
square equation. For the 𝑟th order derivative of the deforma-
tion 𝑔(𝑧), (33) implies










d𝑟𝑔
d𝑧𝑟










2

2
= ∫

𝑧2

𝑧1

(

d𝑟𝑔
d𝑧𝑟

)

2
d𝑧 ∝

𝑁

∑

𝑛=1
𝑛
2𝑟
𝑝
2
𝑛
= ‖Lp‖22 , (41)

where the matrix L = [diag{1, 2, . . . , 𝑁}]𝑟. We define 𝑟 as the
order of the regularization, in the regularized problem

min {‖Φp−G‖22 +𝜆
2
‖Lp‖22} , (42)

where𝜆 is the regularization parameter.The coefficient vector
p that solves (41) is obtained from

(Φ
T
Φ+𝜆

2LTL) p = ΦTG. (43)

To find appropriate values of the regularization parameter 𝜆,
we use the L-curve method [11], in which log10‖Φp−G‖2 and
log10‖Lp‖2 are plotted against each other, when solving (43)
parameterized by 𝜆. The optimal 𝜆 is estimated by using the
MATLAB function corner [13] which finds the corner of a
discrete L-curve using an adaptive pruning algorithm.

3. Reconstruction Results

In this section we present the reconstruction results for
five different perturbation shape functions: (a) continuous
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Figure 2: Reconstruction results for 𝑟 = 0 and (a) 20% intrusion, (b) 20% extrusion, and (c) 20% intrusion and extrusion. In all three graphs,
the true shape is represented by the black line and the reconstructed shapes are represented by the red (𝑟 = 0), blue (𝑟 = 1), and green (𝑟 = 2)
lines.
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Figure 3: Reconstruction results for 𝑟 = 0 and (a) 20% square intrusion and (b) 20% square. In both graphs, the true shape is represented by
the black line and the reconstructed shapes are represented by the red (𝑟 = 0), blue (𝑟 = 1), and green (𝑟 = 2) lines.

intrusion, (b) continuous extrusion, (c) continuous intru-
sion/extrusion, (d) discontinuous intrusion, and (e) discon-
tinuous extrusion. In all the reconstruction examples, we use
𝑁 = 27, 𝑟0 = 1m, and 𝑎 = 1m for the undistorted part
of the waveguide. The lengths of the extrusion/intrusions in
the examples below are 3m and 1.5m, while the estimation
region is chosen larger, 4.4m long in all cases. In Figure 2,
we present the reconstruction results for cases (a)–(c) for the
zeroth order of regularization (𝑟 = 0) and two higher orders
of regularization (𝑟 = 1, 2). For the continuous perturbations,
we have used the function

𝑔 (𝑧) = 𝐷 sin(𝑛𝜋𝑧
𝑏

) , (44)

where 𝑛 = 1, 𝐷 = 0.2, and 𝑏 = 3m for the intrusion having
a maximum of 20% of the undistorted waveguide width, as
described in Figure 2(a), and 𝑛 = 1,𝐷 = −0.2, and 𝑏 = 3m for
the extrusion having a maximum of 20% of the undistorted
waveguide width, as described in Figure 2(b), as well as 𝑛 =
2, 𝐷 = 0.2, and 𝑏 = 3m for the intrusion/extrusion, as
described in Figure 2(c). In Figure 2, the true shapes are
represented by black lines while the reconstructed shapes are
represented by red (𝑟 = 0), blue (𝑟 = 1), and green (𝑟 = 2)
lines.

In Figure 3, the reconstruction results for cases (d)-(e)
are presented.Thediscontinuous perturbation is described by
the usual rectangular function, with 𝐷 = 0.2 and 𝑏 = 3m for
the intrusion in Figure 3(a) and𝐷 = −0.2 and 𝑏 = 3m for the
extrusion in Figure 3(b). Also in this figure, the true shapes

are represented by black lines while the reconstructed shapes
are represented by red (𝑟 = 0), blue (𝑟 = 1), and green (𝑟 = 2)
lines.

From Figures 2 and 3 we see that the results obtained
using the zeroth-order regularization display relatively large
deviations between the reconstructed and true shapes. The
corresponding reconstruction results, obtained using the first
and especially second order of regularization, are better and
can be considered accurate enough for potential diagnostic
purposes. The present investigation indicates that higher
orders of regularization 𝑟 > 2 do not considerably improve
the accuracy, which indicates that the optimal regularization
order is likely to be of the order 𝑟 = {1, 2}. The recon-
struction method works robustly for different heights of the
perturbation. Figure 4 shows the reconstruction results for
three different heights of continuous intrusions (30%, 40%,
and 50%). The true shapes are represented by the black lines
and the reconstructed shapes by the blue (𝑟 = 1) lines.
It turns out that the reconstruction results using 𝑟 = 1
regularization accurately reflect the different magnitudes of
the the deformation function. It is also interesting to point
out here that the perturbation method works well even for
deformations that extend to half of the waveguide width.
Figure 5 illustrates the same principle, but this time for three
different heights of discontinuous extrusions (10%, 20%, and
30%).

Finally, in Figures 6 and 7 the method is illustrated for
20% intrusions and extrusions but with shorter deformation
lengths than in the previous examples. In Figures 6 and 7
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Figure 4: Reconstruction results for different heights of sinusoidal intrusions (30%, 40%, and 50%). The true shapes are represented by the
black lines and the reconstructed shapes by the blue (𝑟 = 1) lines.
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Figure 5: Reconstruction results for different heights of square extrusions (10%, 20%, and 30%).The true shapes are represented by the black
lines and the reconstructed shapes by the green (𝑟 = 2) lines.
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Figure 6: Reconstruction results for deformation length 1.5m and (a) 20% intrusion, (b) 20% extrusion, and (c) 20% intrusion and extrusion.
In all three graphs, the true shape is represented by the black line and the reconstructed shapes are represented by the blue (𝑟 = 1) lines.
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Figure 7: Reconstruction results for deformation length 1.5m and (a) 20% intrusion and (b) 20% extrusion. In both graphs, the true shape
is represented by the black line and the reconstructed shapes are represented by the blue (𝑟 = 1) lines.



8 Mathematical Problems in Engineering

the deformations span a length of 1.5m in the 𝑧-direction,
instead of 3mas in the previous examples.The reconstruction
method performs well also for this case of shorter deforma-
tions.

It should be noted here that the high accuracy of the
reconstructions in cases of continuous intrusions (see e.g.,
Figure 2(a)) and extrusions (Figure 2(b)) is encouraging,
since, from the practical point of view, these perturbation
functions are more likely to be used to model the realistic
effects of heavy short-circuit forces on power transformer
windings. The other studied perturbation functions are less
likely to describe the realistic effects of heavy short-circuit
forces, and the occurrence of such deformations would
probably lead to a total failure of a power transformer.

4. Conclusions

A simple and computationally efficient first-order pertur-
bation approach to the inverse problem of reconstructing
deformations in a lower coaxial waveguide boundary, based
on the contributions from the dominant mode only, has been
investigated. Using a full-wave FEM model implemented in
the commercial program HFSS, as the generator of syn-
thetic measured reflection data, we obtained reconstruction
results indicating an agreement between the reconstructed
and true continuous deformations of waveguide boundaries.
The cases presented in the paper, as well as other results
omitted for sake of brevity, show that the method works
well for continuous and discontinuous deformations and is
able to distinguish between these two types of shapes. The
method is also stable under different deformation heights
and lengths. As a proposal for continued efforts, other reg-
ularization techniques based on Tikhonov regularization
could be considered. Furthermore, improved methods to
include the contributions from higher-order modes would
also be of interest.
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This paper considers the problem of identifying unknown parameters for a mathematical model of an ion-exchange filter via
measurement at the outlet of the filter. The proposed mathematical model consists of a material balance equation, an equation
describing the kinetics of ion-exchange for the nonequilibrium case, and an equation for the ion-exchange isotherm. The material
balance equation includes a nonlinear term that depends on the kinetics of ion-exchange and several parameters. First, a numerical
solution of the direct problem, the calculation of the impurities concentration at the outlet of the filter, is provided. Then, the
inverse problem, finding the parameters of the ion-exchange process in nonequilibrium conditions, is formulated. A method for
determining the approximate values of these parameters from the impurities concentration measured at the outlet of the filter is
proposed.

1. Introduction and Background

One of the key technologies for the preparation of water
at thermal power plants and nuclear power plants is the
use of ion-exchange materials. Water treatment using ion-
exchange methods is based on the passing of source water
through a filter bed of ion-exchange material. That mate-
rial is substantially insoluble in water but capable of ion-
exchange with ions contained in the treated water. Water is
a good solvent of various salts that have a negative solubility
coefficient; that is, when the water temperature rises, the
amount of dissolved salts is reduced, and the excess amounts
of these salts are precipitated in heated tubes, forming scale
with a very low coefficient of thermal conductivity. Power-
generating units of thermal power plants (TPP) operate under
severely corrosive conditions: high temperature (515–530∘C)
and pressure (15MPa) hot steam [1–3]. The main reason for
failures of power equipment is failure of the most thermally
loaded parts, namely, pipes in which the coolant water flows.
Scale restricts flow of heat energy to the coolant (water)
and does not allow for the cooling of pipe surfaces; this

causes the surface metal temperature to increase, reaching
the critical melting point. The result is an emergency stop of
the boiler [3]. Another problem is that the rate of corrosion
of the metal under scale on the surface of the tubes sharply
increases; that is, scale is a corrosion catalyst [4–7]. Reducing
metal corrosion requires not only using materials with high
corrosion resistance but also taking all measures to reduce
aggressiveness of the coolant medium, water [4, 7, 8]. The
primary source of harmful impurities is water from the water
treatment plant, which is used to compensate for the loss of
water coolant in the power plant cycle. The necessary water
for the plant production process is usually taken from rivers
and lakes.

This technology requires periodic regeneration [9, 10]
of the filters. Regeneration of ion-exchange filters results in
highly mineralized, acidic, and alkaline waste water [10].
After circulating through the energy plant, it is a highly
mineralized aqueous solution.The high volume of water used
produces an increase in the salinity of rivers and lakes when it
is returned and causes harmful environmental impact due to
the deterioration of the quality of the water. Approximately
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25–30% of the water purifier output is for water treatment
facility needs. For example, given a thermal power plant
with 1200MW of power, the water treatment plant capacity
will be approximately 250m3/hour; that is, an average of
approximately 62.5m3/hour or 547,500m3/year of water is
used for filter recovery. The switching from filtering (water
treatment) to backwash, regeneration, and washing modes
is carried out either by a time-scheduled mode or based
on the volume of passed water and solution. Any of these
procedures leads to the consumption of more water and
reagents than needed. Thus, it is necessary to find alternative
filter operation rules for the aim of reducing the water and
reagents consumption. The problem of water treatment for
thermal power plants using the ion-exchange method is a
multiparametric task. The existing techniques for designing
the operation of the water purification plant exclude the
possibility of reaching an optimal mode of operation [9, 11,
12].

In this paper we propose a newmethod based on analysis
of the water quality at the filter outlet. That is, we model the
dynamics of the ion-exchange process at the filter, and then
we solve an inverse problem of finding values for the process
parameters. In other words, one can make decisions based
on the real work conditions of the equipment. The operation
of the water treatment plant under those operating rules can
increase the operating cycle of the ion-exchange filter. The
amount of waste water and water consumed for its own needs
can be reduced. The method is easy to implement for water
treatment equipment, either in an existing TPP or at the stage
of designing a water treatment plant’s equipment.That allows
one to predict the stopping time of the filtration process and
the starting time for a regeneration process.

Section 2 of the paper contains a description of the
mathematical model of the ion-exchange filtration process.
In Section 3, a description of the method to solve the direct
problem is provided. Section 4 describes the statement and
the main idea of solving the inverse problem. In Section 5,
the method for the inverse problem with one unknown
parameter is developed. In Section 6, results of the numerical
solution of the inverse problem with two unknown parame-
ters of the model are provided. The final section contains a
brief summary of the research conducted.

2. Mathematical Modeling of the Ion-Exchange
Filtration Process

Several mathematical models have been proposed to describe
the dynamics of ion-exchange processes [13–16]. In gen-
eral, these models consist of three equations: mass balance
equation, kinetic equation, and isotherm equation. The ion-
exchange kinetics equation determines the speed of delivery
of ions to the surface of the ion-exchanger. Since the system
comprises a kinetic equation, this system of equationsmodels
an ion-exchange filter operating in nonequilibrium condi-
tions. In the following, we describe each of them as presented
in [11].

2.1. Mass Balance Equation. Sorption of an ions mixture
by an ion-exchange material is subject to the law of mass

conservation. Thus, the mathematical model for the ion-
exchange in the filter also includes a mass balance equation:

𝑤ap
𝜕𝐶

𝜕𝑥

+ 𝜀

𝜕𝐶

𝜕𝑡

+

𝜕𝑞

𝜕𝑡

= 0, 𝑥 ∈ (0, 𝐿) , 𝑡 > 0, (1)

where

(i) 𝑤ap is the flow velocity in the free section of the filter
in m/sec;

(ii) 𝜀 is the porosity of the ion-exchange material in
m3/m3;

(iii) 𝜕𝐶/𝜕𝑥 is the rate of change of the ion concentration
in the solution, 𝐶(𝑥, 𝑡), along the filter axis (𝑥) in
(mEq/kg)/m;

(iv) 𝜕𝐶/𝜕𝑡 is the rate of change of the ion concentration
in the solution, 𝐶(𝑥, 𝑡), with respect to time (𝑡) in
(mEq/kg)/sec;

(v) 𝜕𝑞/𝜕𝑡 is the rate of change of the ion concentration in
the ion-exchange material, 𝑞(𝑥, 𝑡), at the point 𝑥 with
respect to time (𝑡) in (mEq/kg)/sec;

(vi) 𝐿 is the thickness of the filter material in m.

2.2. Kinetic Equation. Processes of the anion exchange and
cation exchange of fresh natural waters, as well as processes
of ion-exchange of condensed water, run in accordance with
the mechanism of the external diffusion kinetics. One of
the equations that is customarily used to describe the rate
of ion-exchange in the external diffusion kinetics is the
Nernst kinetics equation [9]. However, the Nernst theory is
not always convenient for describing the diffusion kinetics
because of the large number of experimental variables in the
equation. To overcome this difficulty, a simpler alternative
is proposed in [9]. An equation from the general theory of
mass transfer is used, which expresses the hypothesis that
the rate of ion-exchange is proportional to the deviation of
the ion concentration in the sorbent from the corresponding
equilibrium value. The equation is mathematically written in
the following form:

𝑑𝑞

𝑑𝑡

= 𝜂 (𝐶−𝐶) , (2)

where

(i) 𝜂 is the mass transfer coefficient (proportionality) in
m3/m3;

(ii) 𝑞 is the concentration of exchanging ions in the
sorbent in mEq/kg;

(iii) 𝐶 is the concentration of the exchanging ions in the
solution in mEq/kg;

(iv) 𝐶 is the equilibrium ion concentration with respect to
the value 𝑞 in the solution in mEq/kg, which borders
with the surface of the ion-exchange material, in the
filtration case 𝐶 > 𝐶.
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2.3. Exchange Isotherm Equation. The adsorption isotherm
equation is used to determine the capacity of each sorbent
for various sorbates. In the ion-exchange theory, isotherms
of Langmuir [17], Freundlich [18], and Redlich-Peterson [19]
are commonly used. These studies have shown that, for a
mathematical description of the ion-exchange process in
nonequilibrium conditions, the Langmuir isotherm equation
described in [9] may be used. The corresponding mathemat-
ical expression can be written as follows:

𝜑 =

(1 − 𝜑
𝑎
) 𝜃

𝑘 + (1 − 𝑘) 𝜃

. (3)

Here, we get that

(i) 𝜑 = 𝐶/𝐶
0
is the relative concentration of exchanging

ions in the solution phase in mEq/kg, where 𝐶
0
is the

maximal possible concentration of exchanging ions
in the original solution and 𝑘 is the constant of the
exchange isotherm (𝑘 > 1 for a filtration process and
𝑘 < 1 in a regeneration case);

(ii) 𝜑
𝑎
is the relative concentration of additional ions in

the ion-exchange material. These ions form a weakly
dissociated compound. 𝜑

𝑎
= 𝐶
𝑎
/𝐶
0
where 𝐶

𝑎
is

the concentration of ions in the original solution in
mEq/kg that form a weakly dissociated compound;

(iii) 𝜃 is the relative concentration of exchanging ions in
the ion-exchange phase in mEq/kg. 𝜃 = 𝑞/𝑞

0
, where

𝑞
0
is the total exchange capacity of the ion-exchange

material.

Thus, taking into account (1)–(3), the mathematical model
of the ion-exchange filtration process for nonequilibrium
conditions can be written as follows:

𝜀

𝜕𝐶

𝜕𝑡

+𝑤ap
𝜕𝐶

𝜕𝑥

+

𝜕𝑞

𝜕𝑡

= 0,

𝜕𝑞

𝜕𝑡

= 𝜂 (𝐶−𝐶) ,

𝜑 =

(1 − 𝜑
𝑎
) 𝜃

𝑘 + (1 − 𝑘) 𝜃

.

(4)

Because exchange isotherm equation (3) is expressed in terms
of relative concentrations of exchanging ions in the solution
phase and the ion-exchange phase, we can write the equation
of balance and kinetics in terms of relative concentrations.
By dividing the equation of (1) by the value of 𝐶

0
and the

equation of (2) by the value of 𝑞
0
, we rewrite (4) in terms of

the functions 𝜑(𝑥, 𝑡) = 𝐶(𝑥, 𝑡)/𝐶
0
and 𝜃 = 𝑞(𝑥, 𝑡)/𝑞

0
, given

that 𝐶 = 𝐶0𝜑:

𝜕𝜑

𝜕𝑡

+

𝑤ap

𝜀

𝜕𝜑

𝜕𝑥

+

𝑞0
𝐶
0
𝜀

𝜕𝜃

𝜕𝑡

= 0;

𝑑𝜃

𝜕𝑡

=

𝜂𝐶
0

𝑞
0

(𝜑 −𝜑) ;

𝜑 =

(1 − 𝜑
𝑎
) 𝜃

𝑘 + (1 − 𝑘) 𝜃

.

(5)

Let us introduce the following notations for the dimension-
less constants appearing in the system of equations:

𝑐 =

𝑤ap

𝜀

;

𝛽 =

𝑞
0

𝐶
0
𝜀

;

𝛾 =

𝜂𝐶
0

𝑞
0

;

𝑚 = (1 − 𝜑
𝑎
) .

(6)

0 < 𝑚 < 1 is a constant dealing with possible chemical
reactions with impurities of other ions in solution.

Given the notations in (6), the system of equations in (5)
can be rewritten as

𝜕𝜑

𝜕𝑡

+ 𝑐

𝜕𝜑

𝜕𝑥

+𝛽

𝜕𝜃

𝜕𝑡

= 0,

𝜕𝜃

𝜕𝑡

= 𝛾 (𝜑 −𝑓 (𝜃)) ,

𝑡 ∈ (0, 𝑇] , 𝑥 ∈ (0, 𝐿) ,

𝜑 = 𝑓 (𝜃) ≡

𝑚𝜃

𝑘 + (1 − 𝑘) 𝜃

.

(7)

Here, we use the function 𝑓(𝜃) to denote the relationship
between the relative concentration of exchanging ions in the
solution phase𝜑 and the relative concentration of exchanging
ions in the ion-exchanger phase 𝜃:

𝜑 (𝜃) = 𝑓 (𝜃) ≡

𝑚𝜃

𝑘 + (1 − 𝑘) 𝜃

. (8)

The result is the system of equations in (7) that describes the
model of the ion-exchange filter operating under nonequilib-
rium conditions. The following are boundary conditions for
system (7):

𝜑 (0, 𝑡) = 𝜑0 (𝑡) , 0 ≤ 𝜑0 (𝑡) < 1,

𝜑 (𝑥, 0) = 0,

𝜃 (𝑥, 0) = 0.

(9)

The physical meaning of these terms is as follows. The
condition 𝜑(0, 𝑡) = 𝜑

0
(𝑡) indicates that, over the ion-

exchanger layer (𝑥 = 0), at any time 𝑡, there is a solute with
constant concentration 𝜑

0
(𝑡). 𝜃(𝑥, 0) = 0 shows that initially

(𝑡 = 0) the absorbed ion is absent at any level of layer 𝑥 of the
ion-exchanger. The equation 𝜑(𝑥, 0) = 0 indicates that, at the
initial time (𝑡 = 0), the concentration of ions absorbed from
the solution in the filter material is negligibly small.

Calculations showed that a change in porosity of the ion-
exchange material 𝜀 virtually had no impact on the period of
time before reaching the permissible concentration of the ion
to be removed at the output of the filter, so the average value
of 0,325 is used for calculation.
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3. The Numerical Solution of
the Direct Problem

Direct problem (7), (9) with known constants 𝑘 and 𝑚 is
nonlinear; however, the nonlinear function 𝑓(𝜃) satisfies the
Lipschitz condition, so it can be shown that the solution
of problem (7), (9) exists and is unique. The proof of
the uniqueness and existence of the solution to the direct
problem is out of the scope of this study. For the numerical
solution of problem (7), (9) we apply the finite-difference
method. According to this method, the partial derivatives in
the system of equations of (7), (9) are replaced with their
difference analogues:

𝜑
𝑛+1
𝑖

− 𝜑
𝑛

𝑖

𝜏

+ 𝑐

𝜑
𝑛+1
𝑖

− 𝜑
𝑛+1
𝑖−1

ℎ

+𝛽𝛾 (𝜑
𝑛

𝑖

−𝑓 (𝜃
𝑛

𝑖

)) = 0,

𝜃
𝑛+1

𝑖

− 𝜃
𝑛

𝑖

𝜏

= 𝛾 (𝜑
𝑛

𝑖

−𝑓 (𝜃
𝑛

𝑖

)) , 𝑡 ∈ (0, 𝑇] , 𝑥 ∈ (0, 𝐿) ,

𝑓 (𝜃
𝑛

𝑖

) =

𝑚𝜃
𝑛

𝑖

(𝑘 + (1 − 𝑘) 𝜃
𝑛

𝑖

)

,

(10)

𝜑
0

𝑖

= 0,

𝜃
0

𝑖

= 0,

𝑖 = 1, 2, . . . , 𝑁,

𝜑
𝑛

0

= 𝜑
0
= const, 𝑛 = 0, 1, . . . , 𝑁

𝑇
.

(11)

Here, 𝜏 = 𝑇/𝑁
𝑇
is the time step, and ℎ = 𝐿/𝑁 is the step in

space on a uniform grid.
The first equation of the direct problem is approxi-

mated by the implicit difference scheme of point-to-point
computation, since when using the calculation parameters
characteristic of the technological process the explicit scheme
appeared to require a very small step equal to, in terms of
time, 𝜏 = 0,000014 for 𝑁 = 128. Due to the nonlinear
nature of the problem, in order to ensure consistency of
the calculation, the time step to be used for the point-to-
point computation must be equal to 𝜏 = 0,000125 for 𝑁 =

128. The deviation in the results of calculations using the
explicit scheme and the point-to-point computation scheme
was calculated using the following formula:

𝛿 ≜ max
𝑗






𝜑
im
1 (𝑡
𝑗
) − 𝜑

ex
1 (𝑡
𝑗
)







avg 

𝜑
im
1 (𝑡
𝑗
)







, (12)

where 𝜑im
1 (𝑡
𝑗
) is the relative concentration of Na+ cation to

be removed at the outlet of the filter when calculating using
the implicit finite-difference scheme; 𝜑ex

1 (𝑡
𝑗
) is the relative

concentration of Na+ cation to be removed at the outlet of
the filter when calculating using the explicit finite-difference
scheme.

The deviation was equal to 0,075%. To investigate the
influence of parameters 𝑘 and𝑚 on the output data the grids
of parameters 𝑘 and𝑚 are given at their characteristic ranges
of variation.Then, for each pair of discrete values of 𝑘 and𝑚,
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𝜑
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Figure 1: The dependence of 𝜑 on 𝑡.

the concentration function 𝜑
1
(𝑡) is calculated at the output of

the filter on a grid of time values.
We compared the results with data from a real case. The

data were collected at the 1200MW thermal power plant
located in the Pavlodar Region of the Republic of Kazakhstan.
At the thermal power plant, a 3-stage scheme of deep water
desalination is provided, and the capacity of the main water
treatment plant is 300 t/h.

Calculations are made for the values 𝑤ap = 5.55 ×

10
−3m/sec, 𝜀 = 0.325m3/m3, 𝛽 = 2.5 × 10

3, 𝐿 = 2.5m, and
𝐶
0
/𝑞
0
= 2.5×10

−3, which are typical for the hydrogen-cation
exchange filters used at thermal power plants in the first stage
of water treatment.

In Figure 1, we show the characteristic graph of𝜑 depend-
ing on 𝑡 at filter layer 𝑥 = 2,5m.

Figure 1 shows changes in the relative concentration of
Na+ cations in time during operation of the filter in the
water filtration mode at the output of the filter according
to experimental and calculation data. According to the
calculations, the relative concentration of Na+ cations during
the first 40 hours of the filter operation is extremely low,
ranging from 0.000178 to 0.000477; then breakthrough of
Na+ cations is observed which leads to an increase in the
relative concentration of Na+ cations at the output from the
filter. The filtering process ends when the maximum of the
relative concentration of Na+ cations at the output of the filter
is achieved equal to 0.297, with the filtration duration being
55 hours. According to the experiment data, the maximum
relative concentration of cation removed is achieved at
the moment in time being 55 hours. Comparison of the
graphs shows that the mathematical model approximation
(7), (9) using implicit finite-difference scheme (10) provides
satisfactory results.

In Figure 2, we show the characteristic graph of𝜑depend-
ing on 𝑥.

Figure 2 shows changes in the relative concentration of
Na+ cations depending on the height of the layer of the ion-
exchange material in the filter based on calculation data 20
hours after the beginning of the filtration process. When
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Figure 2: The dependence of 𝜑 on 𝑥.

filtering water through the ion-exchanger layer, the ion-
exchange process flows layer by layer. The total height of the
ion-exchange layer is 2.5m. The graph shows three zones
as follows: 0 to 0.3m high layers of depleted ion-exchanger,
which cease to be part of the ion-exchange processes (I);
0.3 to 1.3m high working ion-exchanger layers in which the
ion-exchange processes take place (II); and 1.3 to 2.5m high
layers of fresh ion-exchanger which are not yet involved in
the ion-exchange processes (III). As the depletion progresses
the upper layers of the ion-exchanger cease to be part of the
ion-exchange processes. Instead of them fresh ion-exchanger
layers are involved in operation which lie under the working
layer, and the ion-exchange zone progressively moves as the
water treatment process continues.

4. Formulation of the Inverse Problem

During the operation process, the measurement of the impu-
rities concentration at the outlet of the filter is available:

𝜑 (𝐿, 𝑡) = 𝜑1 (𝑡) , 0 < 𝑡 < 𝑇. (13)

Here, 𝑇 is the horizon observation time.
Due to the complexity of the sorption process and

heterogeneity of the mixture to the filter, the parameters 𝛾
in model (7) and 𝑘 and 𝑚 in (8) cannot be determined
accurately. In practice, we can operate with approximate
values of 𝑘,𝑚, and 𝛾. In some cases, when themain ions of the
filtered mixture are known, we can assume that the value of 𝑘
is given.Then, we still have two uncertain model parameters,
the exchange isotherm parameter𝑚 and parameter 𝛾. Having
the measurements of (13), the problem is actually reduced to
an inverse problem, which can be stated as follows:

Find the model parameters 𝑚 and 𝛾 of problem (7),
(9) via boundary measurements (13).

Although there are examples of formulations and solu-
tions of inverse problems for filtration processes in the liter-
ature [20], this statement of the inverse problem is new. The
standard method to solve inverse problems is quasisolution
[21], according to which the unknown parameters of the
model are determined by minimizing the residual function.

Earlier, in [22], we investigated the behavior of the residual
function of the following form:

𝐽 (𝑘,𝑚) =

1
2
∫

𝑇

0
(𝜑 (𝐿, 𝑡; 𝑘, 𝑚) − 𝜑 (𝐿, 𝑡; 𝑘0, 𝑚0))

2
𝑑𝑡 (14)

with the fixed value of the mass transfer coefficient 𝛾. On the
basis of the direct numerical simulation described in [23],
we have shown that function (14) is not convex. Additionally,
the low sensitivity of function (14) with respect to the model
parameters 𝑘 and 𝑚 is established. This means that the
routine use of gradient methods is inefficient. As a result,
we propose an alternative approach to the solution of the
formulated inverse problem. The main idea of the method
is the following; as we have two unknown parameters of the
model, 𝑚 and 𝛾, it is necessary to find at least two integral
characteristics of measured data (13), which clearly define
these parameters.

5. Solution of the Inverse Problem with One
Unknown Parameter, 𝑚, of the Model

For solving the inverse problem of finding two unknown
parameters 𝑚 and 𝛾 first consider the solution for a simple
problem.We solve the problemwith one unknown parameter
𝑚 of the model. Assume first that the parameters 𝑘 and
𝛾 in model (7), (9) are known and state the problem of
determining the value of 𝑚. The natural measured value is
the total amount of impurity 𝑄 passed through during the
ion observation period:

𝑄 (𝑘,𝑚, 𝛾) = ∫

𝑇

0
𝜑1 (𝑡) 𝑑𝑡. (15)

Due to the extremely large scatter of 𝑄(𝑘, 𝛾,𝑚), it is more
convenient to use its logarithm, 𝐼

1
= log𝑄. It is established

numerically that the function 𝜑
1
(𝑡) and the value 𝐼

1
depend

on the ratio 𝑠 = 𝑘/𝑚. This fact indicates that, using measured
data (13), it is possible to recover the ratio 𝑠 = 𝑘/𝑚,
and it might be difficult to recover the variables 𝑘 and 𝑚

simultaneously. It follows that themodels with the same value
of the function 𝑠(𝑘,𝑚) = 𝑘/𝑚 are equivalent with respect
to measured data (13) and observed value of 𝐼

1
= log𝑄. In

Figures 3 and 4, we show the characteristic graphs of log𝑄
depending on 𝑠 and𝑚.

Thus, the following equivalence principle is obtained for
the problem of filtration (7)–(9): mathematical models with
different 𝑚 and 𝑘 and the same 𝑠 = 𝑘/𝑚 are equivalent with
respect to the observed value 𝐼

1
and measured data (13).

This result seems to be natural if we expand the function
𝑓(𝜃) with respect to 𝜃 as follows:

𝑓 (𝜃) =

𝑚𝜃

𝑘 + (1 − 𝑘) 𝜃

=

𝑚

𝑘

𝜃+

𝑚 (𝑘 − 1)
𝑘
2 𝜃

2
+ ⋅ ⋅ ⋅ . (16)

One can see that the function 𝑓(𝜃) can be approximated as
𝑓(𝜃) = 𝜃/𝑠 and depends on the ratio 𝑠 = 𝑘/𝑚 for small values
of 𝜃. Note that work parameters of the filter use small values
of 𝜃, which explains why we obtain the same output data with
the same value of the ratio 𝑠 for different 𝑘 and𝑚.
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Table 1: The exact (𝑠exact) and restored (𝑠rest) parameter 𝑠 values.

Parameters Parameter values
𝑠exact 1.45 1.7 2.0 2.45 3.1 3.5 4.0 4.45 4.7
𝑠rest 1.453 1.71 2.14 2.453 3.12 3.52 4.14 4.451 4.71
̃
𝛿
𝑠

0.2 0.58 7 0.12 0.65 0.57 3.5 0.02 0.21
̃
𝛿
𝑠
: relative calculation error 𝑠,%.
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Figure 3: The dependence of log𝑄 on the parameter 𝑠.
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Figure 4: The dependence of log𝑄 on the parameter𝑚.

Calculations showmonotonic dependence 𝐼
1
(𝑠) of 𝑠 in the

practically acceptable range of 𝑘 and𝑚.This implies that if we
know the value of 𝑘, then, on the basis of the observed value of
𝐼
1
, the value of 𝑠 = 𝑘/𝑚 is uniquely determined, and, through

it, in turn, the value of 𝑚 = 𝑘/𝑠 can be calculated. Thus, we
have two uncertain parameters of the model, the parameters
𝛾 and 𝑠 = 𝑘/𝑚, which is associated with exchange isotherm
(3). For practical applications of this result, we have generated
a table of values of 𝐼

1
= log𝑄 for a range of values of 𝑠 in the

interval [1.0, 5.0]. It is enough to interpolate the data of the
generated table to recover the desired value of 𝑠

0
using the

measured value of log𝑄
0
. Table 1 shows the values of the exact

(𝑠exact) and restored (𝑠rest) parameter 𝑠 values for hydrogen-
cation exchange filters used in the first stage ofmake-upwater
treatment.

The test results showed satisfactory accuracy of 𝑠 variable
restoration.

6. Restoring Parameters 𝑚 and 𝛾

Suppose now that we know parameter 𝑘 and do not know two
parameters,𝑚 and 𝛾. To calculate the range of change of 𝛾, we
can use definition (6) of 𝛾:

𝛾 = 𝜂 ⋅

𝐶0
𝑞0

. (17)

In practice, parameter 𝜂 is calculated according to [9, 24]
using the empirical formula

𝜂 ≈

0.009𝛼𝑤0.53
ap

𝑑
1.47 ,

(18)

where𝑤ap is the rate of flow of fluid in the unit inm/s, 𝑑 is the
ion-exchange grain size in𝑚, and𝛼 is an empirical coefficient.

For the calculation, we use the parameter values that are
typical for the hydrogen-cation exchange unit of the first stage
of water treatment, 𝑤ap = 0,0056m/s, and the value of 𝑑 for
the ion-exchange material varies from 0.315 to 1.250mm.The
coefficient 𝛼 for the exchange of H+ ions for Na+ is 1. Based
on this data, the values of 𝛾 in the processes of interest are
in the range of 1.523 × 10

3

≤ 𝛾 ≤ 3.165 × 10
3. Suppose that

another observable quantity that is sensitive to the values of
the unknown parameters of the model is the logarithm of the
impurities concentration at the outlet of the filter at time 𝑡 =
𝑇:

𝐼2 (𝑘,𝑚, 𝛾) = log (𝜑
1
(𝑇)) . (19)

By solving the direct problem in the range of variation
of parameters 𝑠 and 𝛾, we have generated tables of values
of data for 𝐼

1
(𝑠, 𝛾) and 𝐼

2
(𝑠, 𝛾). Based on these two tables,

we can calculate the appropriate values of 𝑠
0
and 𝛾

0
from

the measured values of 𝐼
1,0

and 𝐼
2,0
. Below is described a

numerical method for calculating 𝑠
0
and 𝛾

0
. Thus, suppose

that we have a table of values for the two measured variables
at the filter outlet, 𝐼

1
(𝑠
𝑖
, 𝛾
𝑗
) and 𝐼

2
(𝑠
𝑖
, 𝛾
𝑗
). Suppose that 𝐼

1,0
and

𝐼
2,0

are measured values. Using the tables, we can determine
a pair of values, 𝑠

𝑘
, 𝛾
𝑙
, for which the minimum deviation is

reached:





𝐼1 (𝑠𝑘, 𝛾𝑙) − 𝐼1,0






2
+




𝐼2 (𝑠𝑘, 𝛾𝑙) − 𝐼2,0






2

= min
𝑖,𝑗






𝐼1 (𝑠𝑖, 𝛾𝑗) − 𝐼1,0







2
+






𝐼2 (𝑠𝑖, 𝛾𝑗) − 𝐼2,0







2
.

(20)
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Table 2: The values of the exact and recovered parameters 𝛾 and𝑚.

Parameters Parameter values
𝛾exact × 10

3 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
𝑠exact 1.6 2.0 2.4 2.8 3.2 3.6 4.0 4.4
𝛾rest × 10

3 1.599 1.795 2.002 2.208 2.396 2.588 2.787 2.999
𝑠rest 1.6 1.99 2.4 2.79 3.2 3.59 3.9 4.4
̃
𝛿
𝛾

0.06 0.28 0.1 0.36 0.17 0.46 0.46 0.03
̃
𝛿
𝑠

0 0.5 0 0.36 0 0.28 2.5 0
̃
𝛿
𝛾
: relative calculation error 𝛾,%; ̃𝛿

𝑠
: relative calculation error 𝑠,%.

Table 3: The values of the mean relative errors 𝛿𝑠 and 𝛿𝛾 depending on different measurement errors 𝜀.

𝑆 exact 𝛾 exact, 10−3 𝜀 = 1% 𝜀 = 3% 𝜀 = 5% 𝜀 = 7%
𝛿𝑠 (%) 𝛿𝛾 (%) 𝛿𝑠 (%) 𝛿𝛾 (%) 𝛿𝑠 (%) 𝛿𝛾 (%) 𝛿𝑠 (%) 𝛿𝛾 (%)

1.6 1.6 0.0 0.6 0.0 0.8 0.0 1.9 0.0 2.3
1.6 2.0 0.0 0.8 0.0 1.6 0.2 2.9 0.0 3.2
2.0 1.6 0.5 2.1 1.0 3.1 1.0 3.1 2.8 3.6
2.0 2.0 0.3 1.8 1.0 1.9 2.3 13.5 2.8 13.5
2.6 2.0 0.4 14.6 1.3 14.6 2.2 12.2 3.0 6.7

Assuming that the quantities 𝐼
1
(𝑠, 𝛾) and 𝐼

2
(𝑠, 𝛾) are smooth

functions of their arguments, we can write approximate
equations at a point of 𝑠

𝑘
, 𝛾
𝑙
:

𝐼1,0 = 𝐼1 (𝑠0, 𝛾0)

= 𝐼1 (𝑠𝑘, 𝛾𝑙) +
𝜕𝐼1
𝜕𝑠

(𝑠
𝑘
, 𝛾
𝑙
) (𝑠0 − 𝑠

𝑘
)

+

𝜕𝐼1
𝜕𝛾

(𝑠
𝑘
, 𝛾
𝑙
) (𝛾0 − 𝛾

𝑙
) ,

𝐼
2,0

= 𝐼
2
(𝑠
0
, 𝛾
0
)

= 𝐼
2
(𝑠
𝑘
, 𝛾
𝑙
) +

𝑑𝐼
2

𝑑𝑠

(𝑠
𝑘
, 𝛾
𝑙
) (𝑠
0
− 𝑠
𝑘
)

+

𝜕𝐼
2

𝜕𝛾

(𝑠
𝑘
, 𝛾
𝑙
) (𝛾
0
− 𝛾
𝑙
) .

(21)

Thepartialderivatives𝜕𝐼1(𝑠𝑘, 𝛾𝑙)/𝜕𝑠,𝜕𝐼1(𝑠𝑘, 𝛾𝑙)/𝜕𝛾, 𝜕𝐼2(𝑠𝑘, 𝛾𝑙)/𝜕𝑠,
and 𝜕𝐼2(𝑠𝑘, 𝛾𝑙)/𝜕𝛾 are approximately calculated using the
tables via formulas of finite differences. The relations in (21)
represent a linear system of equations with indeterminate 𝑠0,
𝛾0.This system is solved numerically and defines approximate
values of the unknown parameters. Table 2 shows the values
of the exact (𝛾exact, 𝑠exact) and restored (𝛾rest, 𝑠rest) parameters
𝛾 and 𝑠 for the hydrogen-cation exchange filters used in the
first stage of make-up water treatment.

The test results show satisfactory accuracy of 𝑚 and 𝛾

variable recovery.
The developed method of recovering the parameters was

verified with errors ±1%, ±3%, ±5%, and ±7% entered in the
exact values 𝑄, 𝜑1(𝑇). The mean relative errors of 𝑠 and 𝛾

parameters recovery are shown in Table 3.

7. Conclusion and Discussions

In the paper a mathematical model of the ion-exchange filter
operation mode is considered (7), (9). The direct problem
for the ion-exchange filter model was numerically solved.
For calculation it is necessary to know the values of 𝑚

and 𝛾, which in practice are not available for measurement.
In the paper a method for the determination of these
coefficients based on the output values of ion absorbed at
the outlet of the filter was proposed; the inverse problem
was formulated. The method is based on the definition of
the integral characteristics of the input data that accurately
describe these parameters. The integral characteristics were
determined. The integral characteristics are the logarithm
of the number of impurity ions passing through during the
observation period and the increase of the logarithm of the
concentration of impurities at the outlet of the filter. The
inverse problem was numerically solved given the unknown
𝑚 and 𝛾 parameters. Resetting the parameters using the
proposed method yielded satisfactory results.

The developed method can be used in simulation of the
ion-exchange unit operationmode.This will allow determin-
ing the optimal mode of operation facilitating reduction of
the amount of regeneration and washout water.
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