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The Qianjiangping landslide is the first large-scale rock slide in Three Gorges Reservoir (TGR) Area, China, after the impoundment
of the TGR. Previous studies on the slope showed that most researchers agreed that reservoir impoundment and rainfall were the
twomain triggering factors of the slope failure. However, there were different views about the influence degrees of the two factors on
the slope failure. In order to clarify the influence degrees of each of three conditions (reservoir impoundment, rainfall, and
combined effect of reservoir impoundment and rainfall) on the failure of the Qianjiangping slope and reveal the failure
mechanism of the slope, underground water tables and stresses in the slope were calculated under the three conditions,
respectively, based on fluid-solid coupling theory using the Abaqus software in this paper; then, the failure approach index
(FAI) was adopted to analyze the failure characteristics of the slope under each of the three conditions. Research results show
that the influence degree of rainfall is greater than that of reservoir impoundment on the slope failure, and the influence degree
of the combined effect of reservoir impoundment and rainfall is greater than that of rainfall; the sliding surface runs through
only in the condition of the combined effect of reservoir impoundment and rainfall. Study results suggest that with the reservoir
water level rising, the toe of the slope was gradually submerged in reservoir water and the strength of rock mass submerged by
reservoir water decreased due to water-rock interaction; furthermore, the heavy rainfall was rapidly injected into the slope
through the interlayer staggered zone and slope surface, the groundwater table in the middle part of the slope rose rapidly, the
sliding force of the slope increased, and the stress concentration appeared at the lower part of the slope; finally, the rock bridges
submerged by reservoir water in the front of the slope fractured, and the failure of the slope occurred.

1. Introduction

The Three Gorges Project (TGP) in China is the largest
hydropower project in the world. The first-stage impound-
ment of the Three Gorges Reservoir (TGR) started on June
1, 2003. After the reservoir water level rose to 135m on June
10, 2003, many bank slopes began to deform and some land-
slides happened [1]. The Qianjiangping landslide occurred
on July 13, 2003, is the first large-scale rock slide after the
first-stage impoundment of the TGR. The landslide is located
in Shazhenxi Town, Zigui County, Hubei Province, on the
left bank of the Qinggan River, a branch of the Yangtze River

(Figure 1). It is about 4 km away from the estuary of Qinggan
River and about 50 km away from the Three Gorges Dam.
The highest wave generated by the landslide was 39m [2].
The catastrophic landslide with a volume of 15 million m3

took 14 people’s lives away directly, destroyed 4 factories,
346 houses, and 70 ha of farmland, and made 1200 people
homeless. The direct economic loss caused by the landslide
was about $7 million at that time [1, 3].

About the influence of reservoir impoundment and
rainfall on the Qianjiangping landslide, many researches
were performed by scholars around the world with the
methods of field investigation, geological analysis, numerical
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simulation, model test, and so on [1–13]. Although a great
deal of research has been done, there are still three differ-
ent perspectives: (1) the occurrence of the landslide was

the result of the combined effect of reservoir impound-
ment and rainfall [1–7], (2) the influence of reservoir
impoundment on the slope stability was greater than that
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of rainfall [8–10], and (3) the influence of rainfall on the
slope stability was greater than that of reservoir impound-
ment [11, 12]. The root of the different above-mentioned
viewpoints is that the scholars do not effectively distin-
guish and quantize the influence degrees of reservoir
impoundment and rainfall on the slope failure. In order
to study clearly the different contributions of reservoir
impoundment and rainfall to the failure of the Qianjiangping
slope and reveal the failure mechanism of the slope, a numer-
ical simulation based on fluid-solid coupling theory was
carried out and the groundwater tables and stress fields of
the slope under the three conditions (reservoir impound-
ment, rainfall, and combined effect of reservoir impound-
ment and rainfall) were obtained; the failure approach
index (FAI) was adopted to analyze the influence degrees of
each of the three conditions on the slope failure in this paper.

2. Overview of the Qianjiangping Landslide

The Qianjiangping landslide has a long-tongue shape. The
landslide is about 500m in width, 1205m in length,
5.2× 105m2 in area, and 1.5× 107m3 in volume [14]. The
landslide can be classified as a translational rockslide, fol-
lowing Cruden and Varnes [15]. The slope is located on
the convex bank of the Qinggan River, and there are two
free faces in the west side and the front of the slope
(Figures 2 and 3). The dip angle of the slope ranged from
10° to 15° at the lower part and ranged from 25° to 30° at
the middle-upper part. The shear outlet of the landslide is
on the bank of the Qingan River, and its elevation is
between 90 and 100m (Figure 4).

The average thickness of sliding mass is about 25m, and
the maximum thickness is about 50m. The sliding mass of
the Qianjiangping landslide is mainly composed of blocky
rock masses that are weathered from a highly to slightly
weathered state. The blocky rock masses are comprised of
silty mudstone, argillaceous siltstone, and feldspar quartz-
sandstone. The sliding surface of the landslide can be divided
into two parts (Figure 4) [14]: the bedding section and the
cutting-bed section. The bedding section located at the
middle-upper part of the landslide is the interlayer staggered
zone before sliding. The cutting-bed section located at the
front of the landslide is a gently dipping discontinuous struc-
tural plane (including a set of gently dipping fractures and
rock bridges). The two structural planes which formed the
potential sliding surface controlled the stability of the slope.
The bedrocks of the landslide are argillaceous siltstone,
amaranth silty mudstone, and quartz sandstone of the lower
Jurassic Niejiashan Formation (J1-2n). And the bedrocks are
fresh or slightly weathered. The groundwater table in the
slope is very deep below the ground surface, and the ground-
water recharge is mainly controlled by rainfall and the reser-
voir water level [6].

Figure 5 shows the reservoir impoundment process and
rainfall process before the slope failure. FromMay 24 to June
10, 2003, the water level of the TGR rose from 80m to 135m
at a steady rate and then maintained at a stable water level of
135m until the slope failure. In addition, the accumulative

rainfall reached 162.7mm in the area within 22 days before
the occurrence of the landslide.

Through detailed field investigation and geological
exploration, scholars have done a detailed study on the
geological conditions of the slope [14]. However, the influ-
ence degrees of reservoir impoundment and rainfall on the
failure of the slope are still controversial, which needs to
be further studied.

3. Methodology

3.1. Fluid-Solid Coupling Theory. In this paper, the Abaqus
software, one of the most advanced and large general-
purpose FEM software, was employed to carry out the
fluid-solid coupling analysis on groundwater movement
and stress field of the slope under the influence of reservoir
impoundment and rainfall. Based on porous medium theory,
it is assumed that the fluid in the porous medium follows
Darcy’s law in the Abaqus software. Using Galerkin finite ele-
ment scheme, the node displacement and pore water pres-
sure are discretized as freedom degrees of node, and the
mechanical balance equation and the seepage continuity
equation are obtained. By coupling the two equations
directly, the governing equation of fluid-solid coupling can
be obtained:

K Δδ − L Δp = F − I ,

− B T Δδ − Δt H Δp = R ,
1

where K is the stiffness matrix, Δδ is the displacement
increment, L is the nodal force corresponding to the pore
water pressure of the node, Δp is the increment of the pore
water pressure, F is the external load of the node, I is the
unbalanced force of the last incremental step in the incre-
mental iteration process, B is the change of fluid volume
corresponding to node deformation, H is the change of fluid
volume corresponding to the change of pore water pressure,
R is the correction for the change of fluid volume, and Δt is

the time step. In the fluid-solid coupling process, (1) forms
the basis of iterative solution in one time step. When dis-
placement boundary conditions and seepage boundary con-
ditions are satisfied and elements enter the plastic zone, it is
only necessary to replace the elastic matrix with the elastic-
plastic matrix and perform a plastic iterative calculation.

3.2. Failure Approach Index. At present, the strength theory
of rock under a complex stress state has developed rapidly,
and there are many calculation methods for the stability of
landslide [16–18]. These strength theories can well character-
ize the failure mechanism of rock mass and be helpful to
analyze the range and evolution process of the damage zone,
but they cannot quantitatively describe the potential danger-
ous level of the rock mass in the elastic region and the dam-
age degree of the plastic zone [19]. In order to overcome
these shortcomings, the failure approach index (FAI) was
put forward on the basis of the yield approach index (YAI)
[19]. The failure approach index is a quantitative index which
can comprehensively evaluate the dangerous level of rock
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mass in the elastic region and the damage degree in the plas-
tic zone. The formula of FAI is described as

FAI =
ω,  0 ≤ ω < 1,

1 + FD,  ω = 1, FD ≥ 0,
2

where ω is the phase complementary parameter of
YAI (ω = 1 − YAI) and FD is the failure degree to evaluate
the damage degree of the rock mass.

FD =
γp
γrp

, 3
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Figure 2: Photos of the Qianjiangping landslide [14]: (a) panorama of the landslide; (b) upstream side view of the landslide.

A

A'

15
0

20
0

25030
035
0400

450

100
150

200
250

10
0

Landslide area

0 200 m100 mScale
N

Landslide
boundary
Qinggan
river

Road

Figure 3: Topographical map of the Qianjiangping slope.

4 Geofluids



where γp is the equivalent plastic shear strain and γrp is the
equivalent plastic shear strain limit corresponding to the ini-
tial point of the residue segment on the stress-strain curves.
γp is defined as

γp = 0 5epije
p
ij, 4

where epij is the plastic deviator strain (epij = εpij − εpmδij).
Generally, the rock mass in slopes is mostly under a

relatively low stress state, and the yield failure of the rock
mass conforms to the Mohr-Coulomb yield criterion. The
expression of YAI based on the Mohr-Coulomb yield crite-
rion can be derived as

YAI =
1/3 I1 sin φ + cos θσ − 1/ 3 sin θσ sin φ J2 − c cos φ

1/3 I1 sin φ − c cos φ
,

5

where c and φ denote the cohesion and the internal fric-
tion angle, respectively; I1 is the first invariant of stress
tensor; J2 is the second invariant of deviatoric stress

tensor; and θσ is the so-called Lode’s angle. I1, J2, and
θσ can be calculated by

I1 = σ1 + σ2 + σ3, 6

J2 =
1
6

σ1 − σ2
2 + σ2 − σ3

2 + σ3 − σ1
2 , 7

θσ = arctan
2σ2 − σ1 − σ3

3 σ1 − σ3
, 8

where σ1, σ2, and σ3 are the maximum, intermediate, and
minimum principal stress, respectively.

The FAI can quantitatively describe the dangerous degree
of rock under a certain stress state. When 0 ≤ FAI < 1 00,
the rock is in an elastic stage, and the greater the FAI
value, the closer the rock mass is to the yielding state; if
1 00 ≤ FAI < 2 00, the rock is in a yielding state. When F
AI ≥ 2 00, the rock is in a failure stage. In this paper, the
FAI was employed to quantitatively express the dangerous
degrees of rock in the slope under the influence of reservoir
impoundment and rainfall.
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4. Numerical Simulation

4.1. Finite Element Mesh Model and Boundary Conditions.
Based on the A-A’ geological profile of the Qianjiangping
slope (Figure 4), a mesh model for numerical simulation by
FEM was established (Figure 6). The model with a horizontal
distance of 1320m and a vertical height of 409m is composed
of 30,868 elements and 62,756 nodes. And the model is
divided into five areas (Figure 6): the number 1 area is the
bedrock, the number 2 area is the interlayer staggered zone,
the number 3 area is the gently dipping discontinuous
structural plane, the number 4 area is the slightly weathered
layer, and the number 5 area is the highly weathered layer.
The following boundary conditions are used for the calcula-
tion: the ground is free, normal constraints are applied to
the sides of the slope, and the bottom boundary is fixed.

4.2. Constitutive Model and Yield Criterion.Under the condi-
tions of reservoir impoundment and rainfall, rock mass in
the slope is generally in an elastic or plastic or elastic-

plastic state. The Drucker-Prager yield criterion and the
Mohr-Coulomb yield criterion are commonly used to judge
the yield state of rock mass of slopes. For the Qianjiangping
slope, the rock mass in the shallow layer of the slope is in a
low stress state. Under low confining pressure conditions,
brittle failure of the rock occurs at the end of an elastic stage
and bearing capacity of the rock is almost lost; at the same
time, the yield failure of the rock conforms to the Mohr-
Coulomb yield criterion. In addition, the Mohr-Coulomb
yield criterion is widely used in slope engineering. Therefore,
the ideal elastic-plastic model based on the Mohr-Coulomb
yield criterion is adopted in this numerical simulation.

4.3. Physical and Mechanical Parameters of Material in the
Slope. The physical and mechanical parameters of material
in the slope determined by tests, engineering analogy, and
parameter inversion analysis [14] are listed in Table 1.

4.4. Schemes of Calculated Conditions. In order to distin-
guish and quantize the influence degrees of reservoir
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Figure 6: Mesh model of the Qianjiangping slope.

Table 1: Physical and mechanical parameters of material.

Material
Unit weight
γ (kN/m3)

Void
ratio e

Saturated unit
weight

γ (kN/m3)

Modulus of
elasticity
E (MPa)

Poisson’s
ratio ν

Friction
angle
φ (°)

Cohesion
c (kPa)

Permeability
coefficient
k (m/s)

A B A B A B

Highly weathered
layer

23.5 0.54 24.5 500 250 0.38 30 28 100 50 5× 10−5

Slightly weathered
layer

24.5 0.33 25.5 5000 2500 0.32 35 32 500 250 1× 10−5

Gently dipping
discontinuous
structural plane

23.5 0.55 24.5 1000 500 0.38 32 28 200 95 5× 10−5

Interlayer
staggered zone

16.3 0.43 23.2 50 25 0.40 12 10 18 15 4× 10−4

Bedrock 25.0 0.11 26.0 20000 0.26 40 4000 3× 10−11
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impoundment and rainfall on the failure of the slope, four
schemes for numerical simulation were designed (Table 2).

4.5. Simulation Results. Based on fluid-solid coupling theory,
the Abaqus software was employed to calculate the
groundwater movement and stress distribution in the
slope under the four above-mentioned schemes, and the
groundwater tables and stress fields in the slope under
each scheme were obtained.

4.5.1. Simulation Results of the Seepage Field. Figure 7
exhibits the changes in the groundwater tables in the slope
under the four schemes.

The groundwater table in the Qianjiangping slope in
scheme 1 is shown in Figure 7(a). Under the calculated con-
ditions of this scheme, the groundwater table in the slope is
almost horizontal and below the gently dipping discontinu-
ous structural plane.

During the reservoir impoundment from May 27, 2003,
to July 13, 2003, the dynamic changes of the groundwater
tables are demonstrated in Figure 7(b). In scheme 2, the
groundwater table rises continuously with the rising of reser-
voir water level. The gently dipping discontinuous structural
plane and rock mass at the toe of the slope are gradually
submerged in groundwater. Due to the huge difference of
permeability coefficient between the interlayer staggered
zone and the bedrock, the groundwater table appears to bend
in S-shape near the interlayer staggered zone. From June 11,
2003, to July 13, 2003, the reservoir water level is maintained

at 135m, the groundwater table in the front of the slope basi-
cally do not rise any longer, and the reservoir water continues
to permeate into the bedrock.

Variations in groundwater tables in scheme 3 are
depicted in Figure 7(c). It can be seen that the groundwater
tables of the slope change greatly during the course of
rainfall. The groundwater table at the toe of the slope is
horizontal at the beginning of rainfall. The heavy rainfall
occurred on the 5th, 10th, 13th, and 18th day after it
began to rain, and the highest groundwater tables in the
rock mass above the potential sliding surface rise to
126.4m, 122.7m, 233.1m, and 169.3m, respectively. After
each heavy rainfall, the groundwater in the slope discharges
into the reservoir, and the groundwater tables quickly drop
nearly to 90m (such as on the 9th, 16th, and 22nd day after
it began to rain).

Figure 7(d) displays the groundwater tables in the slope
in scheme 4. At the first stage of this scheme (from May 27,
2003, to June 21, 2003), the groundwater table is only affected
by reservoir impoundment, and its change process is similar
to that in scheme 2. And the groundwater level reaches 135m
at the end of the first stage. At the second stage of this scheme
(from June 22, 2003, to July 13, 2003), the slope begins to
undergo rainfall. When heavy rainfall occurred on the 5th,
10th, 13th, and 18th day after it began to rain, the highest
point of groundwater level in the rock mass above the poten-
tial sliding surface rises to 151.5m, 149.4m, 243.4m, and
195.8m, respectively. After each heavy rainfall, the ground-
water in the slope discharges into the reservoir the same as

Table 2: Schemes for numerical simulation.

Scheme Condition Description

1 Initial state
The effects of reservoir impoundment and rainfall were not considered. The water
level of the Qinggan River was 90m. The state expressed in this scheme was the

initial state of the slope before reservoir impoundment.

2 Reservoir impoundment

The water level of the Qinggan River rose from 90 to 135m in 15 days
(May 27, 2003–June 10, 2003) with a rate of 3m per day and maintained at a

constant value of 135m for 33 days (June 10, 2003–July 13, 2003). In this scheme,
the interlayer staggered zone, the gently dipping discontinuous structural plane,
and the rock mass at the toe of the slope were submerged by the reservoir water

[10, 13, 14]; therefore, their physical and mechanical parameters below the
reservoir water level changed from the natural state to saturated state (values of
modulus of elasticity, friction angle, and cohesion changed from A column

to B column in Table 1) in this scheme.

3 Rainfall

The water level of the Qinggan River maintained at 90m, and the rainfall
process lasted 22 days (June 22, 2003–July 13, 2003, shown in Figure 5).

Because intermittent rainfall was difficult to make the rock mass saturated,
in this scheme, strength parameters of the rock mass were not weakened;

values of modulus of elasticity, friction angle, and cohesion were designated
as values in A column of Table 1.

4 Reservoir impoundment and rainfall

This scheme was divided into two stages. At the first stage, from May 27 to
June 10, 2003, the water level rose from 90 to 135m and then maintained
at 135m to June 21, 2003. At the second stage, from June 22, 2003, to
July 13, 2003, the reservoir water level maintained at 135m, and the

slope underwent the rainfall process (Figure 5). In this scheme, the toe
of the slope was affected by reservoir impoundment; the values of
modulus of elasticity, friction angle, and cohesion of the rock mass

changed from the natural state to saturated state the same as scheme 2.
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that in scheme 3, and the groundwater tables quickly drop
nearly to 135m (such as on the 9th, 16th, and 22nd day after
it began to rain).

4.5.2. Simulation Results of FAI Distribution. Based on (2),
(3), (4), (5), (6), (7), and (8), the computational program used
to calculate FAI values is developed. Calculation results of
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stress fields in each scheme were put into the computational
program, and the FAI distributions of each scheme can be
obtained (Figure 8).

The FAI distribution of scheme 1 is shown in Figure 8(a).
In this scheme, FAI values of every point in the slope are less
than 1.00, which indicates that the rock mass of the slope
does not yield and the slope is in a safe state. The ranges of
FAI values of the interlayer staggered zone and the gently
dipping discontinuous structural plane are 0.81~0.85 and
0.25~0.40, respectively. FAI values of the rock mass above
the potential sliding surface range from 0.12 to 0.52, and
the relatively high FAI values appear in the upper part of
the slope.

The FAI distribution of the slope under the condition of
reservoir impoundment is demonstrated in Figure 8(b). In
this scheme, FAI values of the interlayer staggered zone
below the reservoir water level of 135m reach 1.00, which
shows that the rock mass in this region has been in a
yielding state. FAI values of the interlayer staggered zone
above 135m are between 0.82 and 0.86 and have almost
no change compared with those in scheme 1. FAI values
of the gently dipping discontinuous structural plane are
0.32~0.67, the FAI values at both ends are greater than
those in the middle section, and the maximum value is
0.27 bigger than that in scheme 1. FAI values of the rock
mass above the potential sliding surface range from 0.11 to
0.64, and the distribution range of relatively high FAI
values is greater than that in scheme 1.

The FAI distribution of the slope in scheme 3 is displayed
in Figure 8(c). In this scheme, FAI values of the whole inter-
layer staggered zone are equal to 1.00, which means that the
interlayer staggered zone as a whole is in a yielding state. FAI
values of the gently dipping discontinuous structural plane
range from 0.48 to 0.98, and the maximum value is 0.58 big-
ger than that in scheme 1. FAI values of the gently dipping
discontinuous structural plane are low in the middle and
high at both ends. The FAI value range of the rock mass
above the potential sliding surface are 0.18~0.90, and the dis-
tribution range of the relatively high FAI values is further
enlarged compared with that in scheme 2. In addition, FAI
values of the rock mass at the bottom of the river valley are
1.00 and are much greater than those in scheme 1 and
scheme 2.

Figure 8(d) exhibits the FAI distribution of the slope
under the conditions of reservoir impoundment and rainfall.
In this scheme, FAI values of the interlayer staggered zone
and the gently dipping discontinuous structural plane are
equal to 1.00, and the two structural planes are in a yielding
state. FAI values of the rock mass near the junction of the
interlayer staggered zone and the gently dipping discontinu-
ous structural plane are greater than 0.90, and the maximum
value reaches 1.00.

5. Discussion

The failure approach index (FAI) is an estimation index pro-
posed by Zhang et al. [19] for evaluating the safety of sur-
rounding rock in underground engineering. The index can
quantitatively describe the stress-induced yield approaching

risk in the elastic region and the damage degree during plastic
flow [19]. FAI has been successfully applied in the stability
assessment of surrounding rock during excavation, and its
rationality and practicability have been verified [19–22]. Sim-
ilar to underground engineering during excavation, slope
engineering is always in the elastic or plastic state under
loads. Thus, FAI can be employed to describe the yield risk
of rock mass of the bank slope under the conditions of
reservoir impoundment, rainfall, and combined effect of res-
ervoir impoundment and rainfall. According to the above
analysis, the influence degrees of the three conditions (res-
ervoir impoundment, rainfall, and combined effect of res-
ervoir impoundment and rainfall) on the failure of the
Qianjiangping slope are quantified by FAI.

In order to further quantify the influence of reservoir
impoundment and rainfall on the stability of the slope, the
average of FAI values and the area formed by points whose
FAI values are equal to 1.00 are calculated along the poten-
tial sliding surface of the slope (Figures 9 and 10). As shown
in Figure 9, the averages of FAI values of the interlayer stag-
gered zone and the gently dipping discontinuous structural
plane in scheme 3 are both greater than those in scheme
2, which suggests that the potential sliding surface is easier
to yield under the influence of rainfall than under the indi-
vidual effect of reservoir impoundment. Figure 10 shows
that the area formed by points whose FAI values are equal
to 1.00 in the potential sliding surface in scheme 3 is greater
than that in scheme 2, and the ratios of the plastic zone
(which refer to the ratio of the area of the potential sliding
surface in a yielding state to the total area of the potential
sliding surface) in the potential sliding surface are 12%
and 74% in scheme 2 and scheme 3, respectively, which
means that the failure risk of the slope under the
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condition of rainfall is greater than that under the condi-
tion of reservoir impoundment. Therefore, the influence
degree of rainfall on the stability of the slope is greater
than that of reservoir impoundment. In scheme 4, the
ratio of the plastic zone in the potential sliding surface
reaches 100% (the area is equal to 1298m2), and the FAI
values of all points in the potential sliding surface are
equal to 1.00. The comprehensive analysis on Figures 9
and 10 indicates that neither of the two factors (reservoir
impoundment and rainfall) can trigger the failure of the
slope alone, and the failure of the slope is caused by the
combined effect of the two factors.

Calculating results of scheme 4 demonstrates that at
the first stage of the scheme (from May 27 to June 10,
2003, the water level rose from 90 to 135m and then
maintained at 135m to June 21), the reservoir water infil-
tration causes the continuous rise of the groundwater table
at the toe of the slope, and the gently dipping discontinu-
ous structural plane is immersed in groundwater on the
6th day after the beginning of reservoir impoundment
(Figure 7(d)). Rock mass at the toe of the slope is weak-
ened by the reservoir water, which is very detrimental to
the stability of the slope. At this moment, FAI values of
rock mass in the potential sliding surface have increased
compared with those before reservoir impoundment; to
be specific, the average of the FAI values of the interlayer
staggered zone increases from 0.85 to 0.88 and the average
of FAI values of the gently dipping discontinuous
structural plane increases from 0.33 to 0.50 (Figure 9).
The slope is still stable at the first stage. At the second
stage, rainfall infiltrated rapidly into the slope along the
interlayer staggered zone and connected with the ground-
water at the front of the slope. The groundwater table
above the potential sliding surface is rapidly uplifted
(Figure 7(d)). At this stage, the rising of the groundwater
table enhanced the unit weight of the rock mass above
the potential sliding surface; at the same time, the rainfall

infiltration increases the seepage force in the slope, which
brings about the increase in the sliding force in the slope.
The FAI value of every point in the potential sliding
surface reached 1.00 (Figure 9); that is to say, the potential
sliding surface yielded. At the end of the second stage, a
penetrating sliding surface was formed along the potential
sliding surface and the slope failure happened.

6. Conclusions

Based on the numerical simulation results and discussion
mentioned above, some conclusions can be drawn as follows:

(1) The groundwater table in the lower part of the
slope rises with the increase in the reservoir water
level. Under the condition of heavy rainfall, the
groundwater table in the middle-lower part of the
slope rises rapidly. After each heavy rainfall, the
groundwater will rapidly discharge to the reservoir,
and the groundwater table drops nearly to the
reservoir water level.

(2) The FAI distributions demonstrate that the reservoir
impoundment changes the stress state in the low part
of the slope much more than in the middle-upper
part of the slope, and rainfall greatly increases the
sliding force of the slope. Both reservoir impound-
ment and rainfall increase the risk of slope failure.

(3) The influence degree of rainfall on the stability of the
Qianjiangping slope is greater than that of the reser-
voir impoundment, but neither of the reservoir
impoundment and rainfall can trigger the failure of
the Qianjiangping slope alone.

(4) The Qianjiangping landslide is caused by the com-
bined effect of reservoir impoundment and rainfall.
The strength of the rock bridges in the gently dipping
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discontinuous structural plane was weakened by the
reservoir water due to water-rock interaction, which
decreases the antisliding force of the slope. The
rainfall increased the sliding force of the rock mass
above the interlayer staggered zone of the slope, which
led to obvious stress concentration at the lower part of
the slope. Finally, the rock bridges around the gently
dipping discontinuous structural plane fractured,
and the slope slid.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] F. Wang, Y. Zhang, Z. Huo, X. Peng, S. Wang, and
S. Yamasaki, “Mechanism for the rapid motion of the
Qianjiangping landslide during reactivation by the first
impoundment of the Three Gorges Dam reservoir, China,”
Landslides, vol. 5, no. 4, pp. 379–386, 2008.

[2] K. Yin, Y. Liu, and Y. Wang, “Physical model experiments of
landslide-induced surge in Three Gorges Reservoir,” Earth
Science, vol. 37, no. 5, pp. 1067–1074, 2012.

[3] F.-W. Wang, Y. M. Zhang, Z. T. Huo, T. Matsumoto, and B. L.
Huang, “The July 14, 2003 Qianjiangping landslide, Three
Gorges Reservoir, China,” Landslides, vol. 1, no. 2, pp. 157–
162, 2004.

[4] F. C. Dai, J. H. Deng, L. G. Tham, K. T. Law, and C. F. Lee, “A
large landslide in Zigui County, Three Gorges area,” Canadian
Geotechnical Journal, vol. 41, no. 6, pp. 1233–1240, 2004.

[5] Q. Jiang, Z. Zhang, and W. Wei, “Research on triggering
mechanism and kinematic process of Qianjiangping land-
slide,” Disaster Advances, vol. 5, no. 4, pp. 631–636, 2012.

[6] W. Jian, Q. Xu, H. Yang, and F.Wang, “Mechanism and failure
process of Qianjiangping landslide in the Three Gorges
Reservoir, China,” Environmental Earth Sciences, vol. 72,
no. 8, pp. 2999–3013, 2014.

[7] H. Tang, R. Yong, and M. A. M. Ez Eldin, “Stability analysis of
stratified rock slopes with spatially variable strength parame-
ters: the case of Qianjiangping landslide,” Bulletin of Engineer-
ing Geology and the Environment, vol. 76, no. 3, pp. 839–853,
2017.

[8] Z. Wang and R. Yang, “The activity characteristics and
movement style of Qianjiangping landslide in the Three
Gorges Reservoir region,” The Chinese Journal of Geological
Hazard and Control, vol. 16, no. 3, pp. 5–11, 2005.

[9] B. Wen, J. Shen, and J. Tan, “The influence of water on the
occurrence of Qianjiangping landslide,” Hydrogeology &
Engineering Geology, vol. 34, no. 3, pp. 12–18, 2008.

[10] S. Xiao, D. Liu, F. Jiang, and X. Jiang, “Geomechanical model
experiment on Qianjiangping landslide in Three Gorges
Reservoir area,” Chinese Journal of Rock Mechanics and
Engineering, vol. 29, no. 5, pp. 1023–1030, 2010.

[11] Q. Liao, X. LI, S. LI, and Y. Dong, “Occurrence, geology and
geomorphy characteristics and origin of Qianjiangping land-
slide in Three Gorges Reservoir area and study on ancient
landslide criterion,” Chinese Journal of Rock Mechanics and
Engineering, vol. 24, no. 17, pp. 3146–3153, 2005.

[12] Headquarters of Geological Hazard Control in Area of the
Three Gorges Reservoir, “The Qianjiangping Landslide in

Shazhenxi town Zigui county Hubei province,” The Chinese
Journal of Geological Hazard and Control, vol. 14, no. 3,
p. 142, 2003.

[13] L. Cao and X. Luo, “Experimental study of dry-wet circulation
of Qianjiangping landslide’s unsaturated soil,” Rock and Soil
Mechanics, vol. 28, pp. 93–97, 2007.

[14] S. Xiao, S. Wang, and Z. Hu, Research Report on Geomechani-
cal Model of Qianjiangping Landslide, Three Gorges Univer-
sity, The Chinese Journal of Geological Hazard and Control,
Yichang, China, 2007.

[15] D. Cruden and D. Varnes, “Landslide types and processes,”
Landslides-Investigation and Mitigation, vol. 247, pp. 36–75,
1996.

[16] Q. Jiang and C. Zhou, “A rigorous method for three-
dimensional asymmetrical slope stability analysis,” Canadian
Geotechnical Journal, vol. 55, no. 4, pp. 495–513, 2018.

[17] Q. Jiang and C. Zhou, “A rigorous solution for the stability of
polyhedral rock blocks,” Computers and Geotechnics, vol. 90,
pp. 190–201, 2017.

[18] Y. Tang, Q. Jiang, and C. Zhou, “Approximate analytical
solution to the Boussinesq equation with a sloping water-
land boundary,” Water Resources Research, vol. 52, no. 4,
pp. 2529–2550, 2016.

[19] C. Q. Zhang, H. Zhou, and X. T. Feng, “An index for estimat-
ing the stability of brittle surrounding rock mass: FAI and its
engineering application,” Rock Mechanics and Rock Engineer-
ing, vol. 44, no. 4, pp. 401–414, 2011.

[20] C. Zhang, X. Feng, H. Zhou, S. Qiu, and W. Wu, “A top pilot
tunnel preconditioning method for the prevention of
extremely intense rockbursts in deep tunnels excavated by
TBMs,” Rock Mechanics and Rock Engineering, vol. 45, no. 3,
pp. 289–309, 2012.

[21] C. Zhang, X.-T. Feng, H. Zhou, S. Qiu, andW.Wu, “Rockmass
damage development following two extremely intense
rockbursts in deep tunnels at Jinping II hydropower station,
southwestern China,” Bulletin of Engineering Geology and the
Environment, vol. 72, no. 2, pp. 237–247, 2013.

[22] C. Zhang, X.-T. Feng, H. Zhou, S. Qiu, and Y. Yang, “Rock
mass damage induced by rockbursts occurring on tunnel
floors: a case study of two tunnels at the Jinping II hydro-
power station,” Environmental Earth Sciences, vol. 71,
no. 1, pp. 441–450, 2014.

12 Geofluids



Research Article
Numerical Investigation on Hydraulic Properties of
Artificial-Splitting Granite Fractures during Normal and
Shear Deformations

Feng Xiong,1 Qinghui Jiang ,1,2 andMingxi Chen1

1School of Civil Engineering, Wuhan University, Wuhan 430072, China
2School of Civil Engineering and Architecture, Nanchang University, Nanchang 330031, China

Correspondence should be addressed to Qinghui Jiang; jqh1972@whu.edu.cn

Received 19 August 2017; Revised 16 January 2018; Accepted 8 February 2018; Published 2 May 2018

Academic Editor: Marco Petitta

Copyright © 2018 Feng Xiong et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This study explores the effects of normal loading and shearing on hydraulic properties in roughness-walled rock fractures. The
geometries of five fractures were measured by the 3D scanning technology. The flow simulation was performed for rough rock
fractures with large displacements during normal loading and shearing by finite volume method (FVM). The results demonstrate
that the deformation of fracture with increasing normal stress and shear causes nonuniform changes in void space geometry and
further influences fracture permeability. Associated with normal displacement are an increase in contact area and a decrease in
mechanical aperture. The transmissivity is decreasing by 3 orders of magnitude response to applied normal displacement values of
0.0mm to 1.8mm. In contrast, an increase in mechanical aperture and contact ratio that occurs with increasing shear displacement
values of 0.0mm to 4.0mm is associated with decreasing distinctly transmissivity by 1.5–2 orders of magnitude. Based on the
numerical results, an empirical equation is proposed to evaluate the effects of contact area and roughness of fracture on the hydraulic
aperture. The good agreement between numerical results and the predicted results by the new model indicates that the proposed
model is capable of estimating the hydraulic aperture of rock fractures through parametric analyses, comparedwith other published
models from available literature. In addition, the newmodel succeeds in predicting the transmissivity inDeveli andBabadagli (2014)
water flow experiments.

1. Introduction

Fractured rocks are complicated geological media that con-
tain numerous fractures of various attitudes and scales [1,
2]. The in-depth exploration of hydraulic characteristics of
rock fractures is an important issue for safety assessment of
rock engineering, such as hydraulic engineering, migration
of contaminant control, geothermal exploitation, and haz-
ardous wastes isolation [3–6]. In particular, the evolution
of permeability of rock mass with complex disturbed stress
conditions has been prompted by an interest in identifying
the development of excavation damage zones around opening
[3, 7].

Redistribution of in situ stresses changes the void space
geometry of fractures and its fluid flow behaviors, when
being active in fractured rock mass [8, 9]. In situ stresses
are divided into normal and shear components. The effect of

normal stress and shear on aperture variations and asperity
geometry is different for fractures. Gentier et al. [9] found
that the value of closure was not uniform in the fracture
and it increased with increasing normal stress (1 to 25MPa).
The nonlinearly decreasing relations of mean aperture and
normal stress were obtained by Kulatilake et al. [10]. It
was showed that the aperture fractal dimension decreased
rapidly at low normal stresses and kept constant value with
increasing stress. Compared with normal stress effects, there
is more complex variation in geometry of fractures with
shearing. Yeo [11] analyzed the aperture changed during shear
and showed both mean aperture and its standard deviation
increased, with increasing shear displacements. The same
results were reported by Koyama et al. [12] and Matsuki et
al. [13]. In addition, Watanabe et al. [14] found that, due to
damage of asperities in fracture, the flattener fracture surface
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was generated during shear, and this would provoke the
decreasing surface roughness.

For steady laminar flow in smooth fracture, the cubic
law is commonly used to describe the permeability which
increases in proportion to the square of the mechanical
aperture width. However, the natural rock fracture is charac-
terized as complex geometrical characteristics, such as rough
surface, contact areas, and uniform aperture distribution,
leading to flow rate being lower than predicted by cubic law. A
fewmodified cubic laws [4, 13, 15] were therefore proposed to
quantify these effects on flow behaviors. To further take into
account the geometrical characteristics of fracture, fluid flow
behaviors weremainly studied bymeans of the laboratory test
and numerical simulation.

The laboratory flow and tracer tests were conducted in
Gentier et al. [9], considering the effect of normal stress. The
results showed that the transmissivity of fractures decreases
with increasing normal stress. The effect of contact areas
on flow channeling had been fully understood in flow visu-
alization experiments performed by Develi and Babadagli
[16] and Zhang et al. [17]. Chen et al. (2015) reported the
flow tests results through fracture under confining pressure
(5–40MPa). One notable difficulty in testing fluid flows
through rock fractures with shear was sealing of fluid. A
new shear-flow testing apparatus with specially designed
fluid sealing techniques for rock fractures was developed by
Koyama et al. [18], under constant normal load (CNL) or
constant normal stiffness (CNS) constraint. Yeo et al. [19],
Watanabe et al. [14], and Xiong et al. [15] also carried out fluid
flow experiment in fractures with shear displacements.These
researches make a significant progress in deepening under-
standing of the hydromechanical and transport behavior of
rough-walled rock fractures.

Although the laboratory tests are more perceptive and
actual presentation of flow behavior, there are some obvious
limitations, such as the difficulties of quantitative measure-
ments of changing surface roughness and observations of
fluid behaviors inside fractures [18]. Numerical methods
therefore provide a good treatment. The tortuous flow fields
and channeling effects in fracture were investigated by Mat-
suki et al. [13], Xiong et al. [15], and Koyama et al. [18], using
numerical simulation. Zou et al. [20] developed a 2D finite
volume method (FVM) and observed the dynamic evolution
of eddy and back flow in fractures.The perpendicular velocity
profile at the cross section of fracture did not obey parabolic
function, when increasing flow rate. The obstacles effect of
contacts for flow was evaluated by Yeo [11], with help of 3D
flow simulation methods. Likewise, Auradou et al. [21] found
the phenomenon of flow anisotropy induced by shear with
different directions.

Traditionally, the Reynolds equations and Stokes equa-
tions, which serve as governing equation, have been used to
model flow behaviors through rough-walled rock fractures
[3, 22] (Thompson and Brown 1991). The Stokes equations
and Reynolds equations, obtained by neglecting the inertia
terms in Navier-Stokes equations, were verified to work in
fractures at low flow rates [19, 23]. However, the experimental
transmissivities were about 10–60% less than those predicted
by the Stokes equations and Reynolds equation, as found in
[23, 24]. The above-mentioned investigation results show the
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Figure 1: Sampling location: Dagangshan hydropower station.

necessity of using the Navier-Stokes equations to model flow
through rock fractures.

The influences of fracture geometry and stress on fluid
flow through rock fractures have been well studied; however,
there is still lack of mathematical models to fully describe
their interactions. Numerical simulations by solving the
3D Navier-Stokes equations were employed to investigate
the fluid flow behavior through the fractures with com-
plex geometries in this study. A series of flow rates were
imposed on the five groups of fracture with normal and shear
deformations. The response of transmissivity and hydraulic
aperture was thus evaluated. The evolution of geometrical
characteristics of fractures during closure and shear and its
effects on the fluid flow behavior were discussed.

2. Measurement of Fracture Specimen

2.1. Fracture Specimens Preparation. The granite is widely
distributed in the continental crust. Granite fractures in
the bam areas control the safety of the bam and hydraulic
structure. The granite is originated from quarry of Dagang-
shan hydropower project in Dadu Reviver, China (see in
Figure 1). The granite was biotite monzonitic granite in
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Table 1: Geometry parameters of initial closed fractures.

Fracture specimen Fracture size 𝐷V JRC Mean aperture em (mm)
Length L (mm) Width 𝑤 (mm)

Gr1 149.9 150.1 1.424 13.1 1.87
Gr2 150.1 150.0 1.520 16.5 2.07
Gr3 150.1 150.1 1.458 14.9 1.67
Gr4 150.2 149.9 1.430 14.4 2.96
Gr5 150.1 149.9 1.479 15.4 2.26

steel needle

(a) (b)

Figure 2: Creation of the model fractures: application of indirect Brazilian test in (a) and induced single fractures (Gr1, Gr2, Gr3, Gr4, and
Gr5) in (b).

Jinning-Chengjiang period and experienced main squeezing
and luffing tectonic and hydrothermal alteration activity.
Several blocks with dimensions of 150mm × 150mm ×
150mmwere obtained by cutting the granite body.The blocks
were then split by Brazilian tensile test (Figure 2(a)) into
two halves. As shown in Figure 2(a), the granite block was
placed between two steel needles. Compressive loads from
the top platen were successfully converted to tensile loads
by means of these needles. Increasing loads resulted in crack
development and propagation from one needle to the other.
Once the indirect tensile strength of the rock was exceeded,
the block was fractured along a plane and separated into
two halves. According to surface texture and topography, five
represented fractures were selected and marked as the Gr1,
Gr2, Gr3, Gr4, and Gr5, shown in Figure 2(b).

2.2. Measurement of Fracture Geometry. In order to obtain
the fracture roughness, the 15 cm × 15 cm area of rock frac-
tures was scanned by an advanced stereotopometric scanning
system with an accuracy of ±25 𝜇m introduced by Chen et al.
[25]. 151× 151 data points representing the surface topography
were obtained in the direction of flow. The resolution to
represent the roughness was illustrated by Develi et al. [26]
and found that a 1mm grid size was capable of capturing the
impact of surface roughness on the hydraulic behavior.

It is necessary to determine the initial void space geome-
try of the fractures. Tatone andGrasselli [27] provided a novel

noncontact measurement technique based on the scanning
system. Hence, the void space geometry of closed fractures
was obtained using the technique.Theparameters of fractures
are listed in Table 1.

2.3. Fractal Dimension of Fracture Surface. After quantifying
the fracture geometry, the fracture surface parameters were
measured using themathematical procedures.The variogram
method for determining fractal dimension was employed
in 2D profiles extracted from the surfaces. The variogram
function is given as

2𝛾 (ℎ) = 1𝑁
𝑁∑
𝑖=1

[𝑍𝑖+1 − 𝑍𝑖]2 , (1)

where 𝛾(ℎ) [L2] is the semivariogram, 𝑍𝑖 [L] and 𝑍𝑖+1 [L] are
height of the 2D profile from baseline, and𝑁 is the number of
pairs of𝑍 at a lag distance ℎ between them. e 𝛾(ℎ) can simplify
as a power law function in self-affine profile, as ℎ → 0:

2𝛾 (ℎ) = 𝐾Vℎ2𝐻, (2)

where 𝐾V is a proportionality constant and 𝐻 is the Hurst
exponent which is related to the fractal dimension by 𝐷V =2 − 𝐻. For each fracture surface, 31 sectional profiles in the
lower part of the fracture surface, parallel to the flowdirection
at intervals of 5mm, were extracted to calculate the fractal
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Figure 3: Gr3 model with void space geometry and contact area
distribution.

dimension 𝐷V. The values of 𝐷V are given in Table 1. As seen
in Table 1, the lowest value of𝐷V for the specimenGr2 is 1.520,
while the highest is 1.424 for the specimen Gr1.

Selection of the fractal dimension 𝐷V to be correlated
to the fracture hydraulic characteristics is on the basis of
previous study. The natural fracture surface is character-
ized by self-affine fractal profiles. Consequently the fracture
roughness can be quantified by fractal dimension [10]. Brown
[3] pointed out that the fractal dimension had an impact on
fluid flow. Babadagli et al. [28] demonstrated that the 𝐷V
exhibited a correlation to the fracture transmissivity in the
water flow experiments.

3. Numerical Methodology

3.1. Mechanical Apertures during Normal Loading and Shear.
The detailed distribution of aperture inside the fracture can-
not be directlymeasured during normal loading or shear tests
but can be accurately simulated by numerical simulations if
the geometry data of the fractures are available. In addition,
the complex flow can be captured by the simulation. The
mechanical aperture is the mean of all local apertures inside
fracture induced by stress. Under the complex stress condi-
tions, mechanical aperture 𝑒𝑚 is evaluated by the following
equation [15]:

𝑒𝑚 = 𝑒0 − Δ𝑒𝑛 + Δ𝑒𝑠, (3)

where 𝑒0 is the initial mechanical aperture of fracture, Δ𝑒𝑛 is
the increment of mechanical aperture due to normal stress,
and Δ𝑒𝑠 is the increment of mechanical aperture induced
by shear. The initial mechanical aperture directly uses the
measuredmean value of the vertical distance between the two
surfaces before stress, which follows in Table 1.

The measured upper and lower fracture surface informa-
tion is composed of the point cloud data. The points were
imported to the preprocessor program of ANSYS 12.0 and
built the 3D fracture meshes. For instance, Figure 3 shows

the Gr3mesh.The digitized fractures with deformations were
generated by applying the normal stress and shear on upper
surface. The relationship of normal stress 𝜎𝑛 and normal
displacement 𝑑𝑛 is according to Bandis et al. [29]:

𝜎𝑛 = 𝑑𝑛𝑎 − 𝑏𝑑𝑛 , (4)

where 𝑎 and 𝑏 are constants which depend on initial stiffness
and maximum aperture. Kulhaway (1975) proposed the fol-
lowing formula representing shear 𝜏 and shear displacement𝑑𝑠 relations:

𝜏 = 𝑑𝑠𝑚 + 𝑛𝑑𝑠 , (5)

where 𝑚 and 𝑛 are constants which depend on initial
shear stiffness and shear strength. During the applying
stress, aperture distribution of fracture would be change and
some asperities were overlapped. Overlapping asperities were
assumed to be contacting asperities, and fracture surface
deformations were not considered. Figure 4 shows the void
space geometry at normal displacements 𝑑𝑛 (Figure 4(b))
and shear displacements 𝑑𝑠 (Figure 4(c)), respectively. The
locations where apertures are equal to zero represented
contact areas.The contact characteristics can be presented by
the contact ratio 𝑐, which is defined as the percentage of area
fraction occupied by the contact areas to total areas:

𝑐 = 𝑆contact𝑆total , (6)

where 𝑆contact [M2] is contact areas that include dead voids
(i.e., Figure 4(a)). The area is no contribution to the flow [11],
and the 𝑆total [M2] is total areas in fracture.

3.2. Flow Simulation. The flow simulation for rough rock
fracture is conducted by solving the Navier-Stokes equations
(NSE) using finite volume method (FVM). For a stable,
incompressible, and low velocity fluid, theNSE can bewritten
as ∇u = 0,

𝜌u∇u + ∇P = 𝜇∇2u, (7)

where 𝜌, P, 𝜇, u denoting the density of a fluid, the pres-
sure, the viscosity coefficient, and velocity vector, respec-
tively. In this study, the density and viscosity coefficient
of water are used as 997.295Kg/m3 and 0.001088 Pa⋅s in
the room temperature of 25∘C. The discrete equation is
obtained and solved by integrating the governing equation
in a series of finite volume, into which the calculate zones
are divided. And the finite volume is represented by a
node.

Before solving (7) using the FVM, these equations need
to be adopted as the integral forms:

∫
𝑆

un 𝑑𝑆 = 0,
∫
𝑆
𝜌uun 𝑑𝑆 + ∫

𝑉
∇P 𝑑𝑉 = ∫

𝑆
𝜇 (Δu)n 𝑑𝑆, (8)
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Figure 4: Schematic diagram of void space geometry at normal 𝑑𝑛 and shear displacement 𝑑𝑠.
where n, 𝑆, and 𝑉 are the normal vector, area, and volume,
respectively. The discretized FVM formulation of the above
integral equations in the nodes becomes

∫
𝑆

un 𝑑𝑆 = ∑𝑢𝑗𝑛𝑗𝑆𝑗, (9)

∫
𝑆
𝜌uu 𝑑𝑆 ≈ ∑𝜌𝑢𝑗𝑢𝑗𝑆𝑗𝑛𝑗, (10)

∫
𝑆
𝜇 (Δu)n 𝑑𝑆 = ∑𝜇(𝑢𝑗 − 𝑢𝑖𝛿𝑗 )𝑆𝑗𝑛𝑗, (11)

∫
𝑉
∇P 𝑑𝑉 = ∑(𝑃𝑗 − 𝑃𝑖𝛿𝑗 )𝑉𝑗, (12)

where 𝛿 is the length increment of nodes 𝑖 and 𝑗. To solve
(9)∼(12), the commercial program FLUENT (Ansys Inc.,
Canonsburg PA) is used to simulate flow processes in this
study. The solved method of momentum and pressure is
adopted using 2-order upwind scheme and 2-order scheme,
respectively; and the pressure-velocity coupling is calculated
by SIMPLE algorithm. The solution gradients are solved by
direct interpolation with a least square method at the center
of each cell [30].

Three types of boundary conditions are taken into
account, which is the same as the one used in Xiong et al.
[15] and Babadagli et al. [28] laboratory flow tests. The inlet
boundary of fracture is set as a constant velocity inlet, and a
pressure outlet is modeled on the opposite end of the fracture
with constant pressure 0 (see in Figure 3). Both the fracture
walls and two sides of fracture are assumed to be external no-
flux boundaries. And the treatment of fracture contacts is as

internal no-flux boundaries, with no flow into or out of the
contact areas.

To accurately simulate flow behaviors, each fracture
specimen is divided into approximately 1.5 million elements
with an edge length of 0.3mm, and most of the elements
are hexahedrons. When the two opposing fracture surfaces
are in touch, the contact zone is assigned with void element
(Figure 4). Hence, the fracture asperity damage at the contact
zones is considered by removing the overlapping parts during
the normal and shear deformation.

4. Numerical Results

4.1. Mechanical and Hydraulic Behaviors during Normal
Loading. Figure 5(a) shows the 𝜎𝑛-𝑑𝑛 curves, and Figure 5(b)
shows the variation of contact ratio 𝑐 andmechanical aperture𝑒𝑚 for fractures Gr1–Gr5 with normal displacements during
normal loading, respectively.The contact ratio is shown using
solid points, and yet the open points represent mechanical
aperture. It is indicated that the contact ratio nonlinearly
increases during normal closure in two stages. In initial
stage, the contact ratio keeps slow growth and increases
abruptly in the second stage.The contact areas range between
approximately 0.0% and 38% at a normal displacement of
0 and 1.8mm. On the contrary, the mechanical aperture
has negative linear relationships with normal displacement,
ranging from 0.6mm to 3.0mm.

The aperture distribution of fractures during normal
closure is also plotted in Figure 6. The shape of frequency
histograms remains unchanged, but the peak of frequency
decreases, indicating that the mean aperture and its standard
deviation decrease during closure. It is also observed that a
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Figure 5: (a) Normal displacement against normal stress. (b)The change of fracture geometry during normal loading (solid points represent
mechanical aperture and open points represent contact ratio).

special point of mechanical aperture 𝑒𝑚 = 0 jumps abruptly
except for the Gr2 when normal displacement is more than
1.0mm, signifying the contact ratio increases. The similar
enlargement of contact areas was observed by Koyama et al.
[12].

The flow simulation through fractures with normal dis-
placement of 0–1.8mm was performed. The transmissivity is
calculated using (13) based on the numerical results.

𝑇 = 𝜇𝑄∇𝑃 . (13)

Due to 𝑥-direction flow rate being far less than 𝑦-
direction value, the 𝑦-direction flow rate was used to evaluate
the transmissivity. The transmissivity of rock fractures under𝑄 = 2.54𝐸 − 07m3/s during normal closure is plotted,
as shown in Figure 7. For each fracture, the transmissivities
decrease with normal displacement increases. Two increasing
stages are detected, ranging from 0.0 to 0.8mm and beyond
0.8mm (Figure 7), just like the changes of contact ratio with
normal displacement.The transmissivities gradually decrease
during the first stage and then keep decreasing more than
two orders but with high gradients as normal displacement
increases from 0.8mm to 1.8mm (second stage). The values
of transmissivity in each fracture are in the range of 4.0𝑒 − 14
to 2.0𝑒 − 10m2/s, of which the difference is influenced by the
roughness of fracture surface. A strong conformity between
our results and experiment results in previous literature is
noticeable [16, 17, 31].

Figure 8 shows the results of flow simulation in the
Gr3 with 0.5mm, 0.8mm, and 1.0mm normal displacement
(corresponding to contact ratio of approximately 7.01%,
15.75%, and 24.76%). The white area indicates the area in
contact, where the velocity equals 0. It is clearly identified
that the predominant flow paths occur in the cases of 0.5mm

and 0.8mm normal displacement. As increasing normal
displacement (see in Figure 8(c)), the previous flow paths are
broken down, and the emergence of velocity concentration
and back region leads to decrease in transmissivity, due to
increasing contact areas.

4.2. Mechanical and Hydraulic Behaviors during Shear. The
digital upper surfaces were continuously displaced tangen-
tially with a 1mm interval to simulation shearing with-
out normal loading for the specimens Gr1, Gr3, and Gr5.
Their aperture distribution was then determined at each
shear displacement. Figure 9 shows the aperture distribution
of three samples at different shear displacements. For all
samples, the shape of frequency histogram becomes flatter
during the increasing shear displacements, indicating that the
mechanical aperture and standard deviation increase. Similar
behavior was also reported in Koyama et al. [12]. It can be
seen that the frequency of special zero point keeps increasing
with increasing shear displacements, indicating expansion
of contact areas. This is most likely due to the effect of the
fracture roughness. Some statistical mechanical parameters
of those rough fractures subjected to shear and shear loading
curves are shown in Figure 10. The results show that, in
all the shear conditions, the mechanical aperture linearly
increases, while the contact ratio nonlinearly increases with
increasing shear displacements. Watanabe et al. [32] reported
that the contact areas increase significantly beyond shear
displacements of 1mm. The same results are also seen in
Xiong et al. [15].

The FVM method was adapted to study flow behavior
during the shear. The injection flow rate is parallel to
the shear displacement with 2.55𝑒 − 7m3/s. The relations
between transmissivity and shear displacement obtained by
all flow analyses are shown in Figure 11. The results show that
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transmissivity slowly decreases with shear displacements for
all fracture samples. And the decrease of transmissivity with
the shear displacement of 0–4mm varies with geometry of
fracture, which is about 1.5–2 orders ofmagnitude.This result
is very close to the result of normal deformation conditions.

To clarify the change of fluid transportation capability of
fractures during shear, the images of flow velocity fields can
be taken as evidence. Figure 12 shows the flow velocity field in
the specimen Gr3 at shear displacement of 1.0mm, 2.0mm,
and 3.0mm. It is implied that no flow channel was detected
in the numericalmodel during initial stage (Figure 12(a)), due
to small contact areas in fractures.The contact areas block off
fluid flow and decrease the transmissivity of fracture during
shear.

4.3. Evolutions of Mechanical Aperture and Hydraulic Aper-
ture. Based on the pressure 𝑃 and flow rate 𝑄 data, the value
of 𝑒ℎ was calculated by the cubic law (𝑒ℎ = (12𝜇𝑄/𝑤∇𝑃)1/3).
In order to understand effect of the fracture roughness
and the contact area, Figure 13 depicts a three-dimensional
plot of the simulative data in the form of the normalized
hydraulic aperture (𝑒ℎ/𝑒𝑚) against fractal dimension 𝐷V and
contact ratio c, which indicates a clear correlation between
the hydraulic aperture and two variables. Hence, a proper
hydraulic aperture model needs to incorporate both 𝐷V and𝑐. Motivated by the characteristics of the curves plotted in
Figure 13, the empirical power law expression of 𝐷V can be
accurately established based on Zimmerman and Yeo [4]
model and fractal power relation. It can be written as

𝑒3ℎ = 𝑒3𝑚 1 − 𝑎𝑐1 + 𝑏𝑐 (𝑒𝑓𝐷V) , (14)

where 𝑎, 𝑏, and 𝑝 are regression coefficients. The Levenberg-
Marquardt nonlinear method was used in (14). This afforded𝑎 = 1.77, 𝑏 = 39.8, and 𝑓 = −0.25, and the equation had best

correlation (𝑅2 = 0.840) with that data. Therefore, the new
equation for 𝑒ℎ can be expressed as

𝑒3ℎ = 𝑒3𝑚 1 − 1.77𝑐1 + 39.8𝑐 (𝑒−0.25𝐷V) . (15)

This model is useful for prediction of hydraulic aperture in
real fractured rock that has both rough void area and contact
obstacles. It can be inferred from (15) that the hydraulic
aperture has negative correlation with both contact ratio and
fractal dimension, and the hydraulic aperture 𝑒ℎ is less than
mechanical aperture 𝑒𝑚 due to fracture surface roughness and
contact characteristics. It explains the reduction of flowrate
by interaction of contact obstacles and roughness in fracture
Darcy flow.

In order to assess the effect of fracture morphol-
ogy, Figure 14 plots the predicted variation of normalized
hydraulic aperture (𝑒ℎ/𝑒𝑚) with fractal dimension 𝐷V at
different values of the contact ratio (𝑐 = 8%, 16%, 24%, 32%,
40%, and 48%) using (15). The result implies that the value of(𝑒ℎ/𝑒𝑚)3 decreases drastically with 𝑐 at the same 𝐷V. When 𝑐
decreased by two orders of magnitude, the values of (𝑒ℎ/𝑒𝑚)3
experience an decrement by 2.3 times. While the values of(𝑒ℎ/𝑒𝑚)3 decrease only 1–1.5 times, the 𝐷V increases by two
orders of magnitude. It is demonstrated that the influences of
fractal dimension are smaller than contact ratio. Hence, the
importance of incorporating the fracture contact ratio in the
development of the hydraulic aperture models is illustrated
[4, 11].

5. Discussion

5.1. Comparison of Models. The variation of hydraulic aper-
ture 𝑒ℎ by Louis (1969), Zimmerman and Yeo [4], Matsuki
et al. [13], and Xiong et al. [15] and the proposed model are
listed in Table 2. Louis (1969) model only considers the effect
of small relative roughness and large opening in fractures.
By using the effective medium theory and experimental
data, Zimmerman and Yeo [4] proposed a hydraulic model
related to the contact ratio. The effect of fracture geometries
on hydraulic aperture has been investigated numerically by
Matsuki et al. [13] and experimentally by Xiong et al. (2010).
However, a larger relative roughness commonly corresponds
to a mated rock fracture with two confined fracture surfaces
tightly in contact with numerous contact points. These
contact points result in tortuosity of the flow paths and much
larger flow resistance. Both the Zimmerman and Yeo [4]
and the new proposed model can reflect the contact areas
effect.

5.2. Model Evaluation. To quantitatively evaluate the existing
hydraulic aperture models using the experimental data, the
Normalized Objective Function (NOF) and the slope of (𝛾)
the predicted versus experimental values of the hydraulic
aperture are adopted. NOF is defined as the ratio of the
root mean square error to the mean of the experimental
data:

NOF = RMSE𝑋 ,
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Figure 8: Velocity distribution (𝑦 direction) in the fracture Fr3 (unit: m/s) under different normal displacement: (a) 0.5mm, (b) 0.8mm, and
(c) 1.0mm.

Table 3: Evaluation of hydraulic model using the NOF criterion.

Specimen number Louis (1969) Zimmerman and Yeo [4] Matsuki et al. (2007) Xiong et al. [15] Proposed
Gr1 0.3018 0.4857 0.5627 0.5639 0.2639
Gr2 0.5853 1.5785 1.4211 0.5914 0.2914
Gr3 0.4614 1.1100 1.1496 0.8595 0.5595
Gr4 0.5430 1.2815 1.4009 0.7105 0.4105
Gr5 0.2812 0.7187 0.7323 0.4761 0.1761

RMSE = √ 𝑁∑
𝑖=1

(𝑥𝑖 − 𝑦𝑖)2𝑁 ,
𝑋 = 1𝑁

𝑁∑
𝑖=1

𝑥𝑖,
(16)

where 𝑥𝑖 is the experimental value of hydraulic aperture,𝑦𝑖 is the predicted value of hydraulic aperture models, and𝑁 is the total number of the data points. The slope 𝛾 is
determined by performing a linear regression between the

predicted and experimental values of hydraulic aperture.The
optimum values for the model evaluation are NOF = 0 and𝛾 = 1 (Zhou et al. 2016).

The values of NOF and 𝛾, which are evaluated using the
numerical data, are listed in Tables 3 and 4. It shows that the
NOF values of the proposed model are below 0.6 and its 𝛾
values are close to 1.0 for five fracture specimens, indicating
a good match between the model predictions and numerical
data.

The NOF and 𝛾 values for the specimens are also plot-
ted in Figures 15 and 16. It seems that the model is the
most reliable one for estimation of the hydraulic aperture,
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Figure 9: The frequency histograms of the aperture distributions of specimens (a) Gr1, (b) Gr3, and (c) Gr5 during shear.

Table 4: Evaluation of hydraulic aperture model using the 𝛾 criterion.
Specimen number Louis (1969) Zimmerman and Yeo [4] Matsuki et al. [13] Xiong et al. [15] Proposed
Gr1 0.7419 1.0437 1.1214 0.8651 0.8480
Gr2 0.8816 0.8778 0.8778 0.7833 0.9830
Gr3 1.0093 0.8505 1.2188 0.8246 0.9644
Gr4 1.0592 1.4689 1.5018 1.1959 1.1712
Gr5 0.905 1.0378 1.1745 0.8918 0.9539

compared to other models. Although the aperture values
predicted by Louis model and Xiong model agree well with
experimental results, especially for the Gr3, the results from
proposed model for the hydraulic aperture prediction are
better than those from Louis and Xiong models. On contrast,

Zimmerman and Matsuki models seem to deviate from the
experiment data, especially the NOF > 1.2 for Fr2 and Fr4.
The reason may be that the models are developed based on
the smoother fractures with 𝜎 < 0.2mm, compared to the𝜎 > 0.8mm of the granite fractures.
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Figure 10: (a) Shear displacement against shear stress. (b) The change of fracture geometry during shear (solid points represent mechanical
aperture and open points represent contact ratio).
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Figure 11: The relationship of transmissivity between shear displacements in different fractures.

5.3. Validation Based on Other Experimental Data. Labora-
tory water flow experiments were performed to investigate
the effect of roughness of rock fracture on flow by Develi and
Babadagli [16]. The findings showed that the transmissivity
was related to the fractal dimension and contact ratio. The
relationships of transmissivity with fractal dimension are
plotted in Figure 17. Note that the values of mechanical
aperture 𝑒𝑚 were not provided in Develi and Babadagli [16].
The proposed model was fitted to the experiment data by
taking the 𝑒𝑚 as variable. And according to the cubic law,
the transmissivity is easily known bymaking use of hydraulic
aperture 𝑒ℎ from (14) as follows:

𝑇 = 𝑒3ℎ𝑤12 . (17)

Applying the nonlinear fitting method, the best-fitted 𝑒𝑚 is
0.5mm. Figure 17 plots the curve-fitting of the experiment
dada with the transmissivity based on the proposed model,
and it is demonstrated that the new model can capture
the variation tendency of 𝑇 with 𝐷V, despite the great
scatterness.

5.4. Limitations of Proposed Model. In fact, the new model
fails to predict the hydraulic aperture when the contact ratio
is greater than 57%, to ensure that (14) is greater than 0
identically.Watanabe et al. [14], however, pointed out that the
higher contact ratio exists inside the natural rock fractures.
In addition, Xiong et al. [15] considered that the variation
of hydraulic aperture is related to the inertial effect. The
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Figure 12: Velocity distribution (𝑦 direction) in the fracture Fr3 (unit: m/s) under different shear displacement: (a) 1.0mm, (b) 2.0mm, and
(c) 3.0mm.

transmissivity decreases with increasing Reynolds number
(Re), but the decrement is small, especially in low flow rate.
The reason is that the viscous effect is predominant in low
flow rate stage. Zimmerman et al. [33] believed that the
existence of a weak inertia regime for Reynolds numbers
was in the range of 1–10. In the study, Reynolds number
Re is 1.6, according to Re = 𝜌𝑄/𝜇𝑤. There is no effect
of inertial on flow behavior in the range. So the proposed
model fits well the numerical data, without incorporating
Reynolds number. Permeability anisotropy is induced by the
shear displacement when flow is parallel and perpendicular
to shear direction [21]. In the study, we only consider the
flow along the shear direction. And the proposed model
can accurately characterize these flow behaviors. However, a
more generalized model could be developed considering the
Reynolds number and anisotropy.

6. Conclusions

The hydraulic and geometric characteristics on rough-walled
fractures were studied using numerical simulation. The
geometry of five artificial-splitting granite fractures was mea-
sured by 3D scanning technology. Flow behaviors through
granite fractures were modeled using FVM during normal
loading and shear process. On the basis of these works,
the geometrical characteristics and corresponding hydraulic
characteristics of fracture are analyzed:

(1) The mechanical aperture of fracture decreases from
0.6 to 3.0mm with increasing normal displacements, while
contact ratio increases from 0% to 38%. The transmissiv-
ity decreases by 3 orders of magnitude, as normal dis-
placements increase, due to the change of void space
geometry.
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(2)When the fracture shears from0.0 to 3.0mm, the aper-
ture shows a growing momentum, but with a much smaller
gradient. And the performance of hydraulic conductivity
declines by 1.5–2.0 orders of magnitude.

(3) By incorporating the contact effect, a new practical
model (14) is proposed for evaluating the hydraulic aperture,
using fractal dimension and contact ratio. The evaluation of
effects of fracture geometry on the Darcy flow demonstrates
that the fractal dimension and contact ratio play an important
role in permeability of roughness rock fracture, while the
influence of contact ratio is more dramatic.

(4) Verification of the new model is performed by
comparing with five existing models and illustrates that
the estimated values of hydraulic aperture fit well with the
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Figure 16: 𝛾 values of hydraulic aperture for the fracture specimens
evaluated by different models.

numerical results. The new model is found to have good
accuracy for prediction of the hydraulic conductivity.

(5) Further studies will focus on modifying the proposed
model by applying it to more natural fractures with dif-
ferent lithological rock and surface characteristics and high
Reynolds number.
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Permeability of sandstones with different properties taken from Chongqing reservoirs has been measured and deeply discussed
under increasing deviatoric stress. Corresponding to the distinct features in the stress-strain behaviors, the permeability of
sandstones is found to evolve with a clear permeability decrease in the initial closure region, a constant permeability value in
the elastic region, a permeability increase in the crack initiation and propagation region, a sharp permeability increase in the crack
growth region, and a decrease permeability in the residual stage. The results also show that the variation patterns of permeability
are similar for two reservoir sandstones under combination of confining pressure and water pressure; however, the strength and
permeability are smaller for the sandstone with mud than that without mud, deeply indicating that mud-like materials have a
relatively great impact on the mechanical properties and permeability, so mud components cannot be ignored for prediction of
reservoir permeability. Furthermore, a statistical damage constitutive model considering hydraulic-mechanical coupling process is
presented to calculate the damage variable𝐷, illustrating that largerwater pressurewill result in a relatively smaller damage variables𝐷 and corresponding maximum, which explains that the permeability increases more rapidly and is larger for the sandstone
without mud than that with mud, and sandstone damage related to corresponding circumferential crack strain and permeability
has been investigated, also implying the evolutionmechanism of permeability for two sandstones with different physical properties.
Therefore, it is worth pointing out that rock physical properties have a great influence on the reservoir permeability under complex
extraction conditions and cannot be ignored, which is necessary to improve the recovery ratio and productivity.

1. Introduction

As a typical kind of sedimentary rock, sandstone is encoun-
tered inmany oil reservoirs, and its deformation behavior and
permeability are significant for understanding the reservoir
exploration mechanism. Note that the failure of reservoir
rocks and permeability variation is a potential instance
considered in the petroleum engineering. Thus, the behavior
has become a topic of substantial interests to researchers
working in this geoscience field. The microcracks induced
by hydraulic pressure or reservoir extraction, however, may
drastically enhance the permeability in the disturbed zone
of surrounding rocks and hence improve the reservoir per-
meability and recovery ratio. In the past decades, the perme-
ability variations of rocks during progressive deformation in

some rock engineering have been also achieved, which is of
paramount importance for deep research on the permeability
evolution of reservoir sandstones with different properties.

In recent years, a few researches about the physical prop-
erties influencing on the permeability of reservoir rocks are
discussed, Han et al. [1] and Xiong et al. [2] conducted some
experiments to describe the reservoir physical properties,
indicating that different pore structures and volume clay con-
tent made an obvious difference in percolation flow capacity
and oil productivity. Furthermore, the external disturbances
will inevitably change the reservoir structures to form new
seepage channels, resulting in different evolutionmechanism
of permeability. Therefore, the issue about the permeability
variations is significant to be solved especially for different
reservoirs development.

Hindawi
Geofluids
Volume 2018, Article ID 5327895, 16 pages
https://doi.org/10.1155/2018/5327895

http://orcid.org/0000-0001-6021-9475
http://orcid.org/0000-0001-7476-6242
https://doi.org/10.1155/2018/5327895


2 Geofluids

And for the permeability determination of different rocks,
Ma et al. [3] and Alam et al. [4] carried out the triaxial com-
pression tests to measure the granite permeability, explaining
that the permeability evolution was caused by rock damage,
which provides a method to analyze the permeability varia-
tion under loading conditions. Furthermore, some researches
on the permeability evolution of rocks under hydrome-
chanical coupling conditions have been discussed, Tan
et al. [5] conducted seepage tests on the granite to describe
the permeability evolution during the progressive failure
process, which replicated the complex hydromechanical cou-
pled behavior of low porous rocks, and Wang and Xu [6]
carried out the permeability tests on limestone and sandstone
during the course of deformation and failure; accordingly, the
permeability evolution curves were divided into four phases
of elastic compression phase, compression stability stage,
dramatic increase phase of permeability, and postpeak phase,
which is important for research on the permeability variation
under multiphysical coupling conditions. Meanwhile, some
experiments about the permeability of rocks with other
physical properties have been investigated; Zeng et al. [7]
measured the mudstone permeability, showing a high stress
sensitivity during loading of effective confining pressure, and
Zhang [8] discussed the stress-strain permeability behavior of
the claystone during damage process, both indicating that
mud or clay components will greatly influence the rock
permeability, which is useful to understand the permeabil-
ity of the reservoir sandstone with mud. In addition, for
sandstone as a familiar rock, more researches have been
implemented; Wang et al. [9], Ding et al. [10], and Yang et al.
[11] studied the sandstones permeability under different
loading conditions. Zisser and Nover [12] and Hu et al. [13],
respectively, studied the permeability of tight sandstones and
damaged sandstone, and French et al. [14] investigated the
controls of in situ stress state on fluid flow conduits in low-
porosity polyphase sandstone under intact, microfractured,
andmacrofractured deformation states. And also, Ingrahama
et al. [15] and Yang et al. [16] investigated the permeability
evolution of the sandstone under high stress or different
temperature conditions.Meanwhile, Han et al. [1] and Xiao et
al. [17] investigated the permeability of reservoir sandstones
with different clay content, providing a powerful alternative
in investigating the permeability evolution of the reservoir
sandstones under different loads combination.

However, a few researches have been performed to inves-
tigate the permeability evolution during complete failure
process of reservoir sandstones, which is very important for
improvement of oil recovery ratio and productivity capacity.
Li et al. [18] carried out the permeability measurement
of shale with different fractures under anisotropic true
triaxial stress conditions, Dong et al. [19] compared the
permeability of sandstone and shale, which are basis for
further research on the reservoir permeability, and Wu et
al. [20] investigated the impacts of effective stress and CO2
sorption on the bedding-parallel matrix permeability of the
shale and explained CO2 sorption to constrict fluid flow
pathways in shale reservoir rocks. Therefore, deep research
on the permeability evolution of different reservoir rocks is
necessary, and also the comparison of the permeability for

different reservoir sandstone can be realized based on above
achievements.

Although the permeability characteristics of sandstones
have been analyzed in laboratory conditions and in situ
compression tests, few have taken into account of the influ-
ence of loads combination on the permeability behavior of
reservoir sandstones with different physical properties. This
study conducts experimental permeability measurements to
investigate the relationship of crack propagation and perme-
ability of reservoir sandstones without mud and with mud.
And also the damage analysis has been employed to analyze
the rock damage evolution and corresponding permeability
variation, revealing themechanismof the permeability evolu-
tion caused by rock damage considering the hydromechanical
coupling effect.

2. Testing Principle and Methods

2.1. Specimens Preparation. To investigate and compare the
permeability characteristics of two different reservoir sand-
stones during loading process under the action of different
confining stresses and water pressure, the sandstones taken
from western Xindianzi anticline in Chongqing city are
selected for the experimental study considering different
physical properties. One is sandstone without mud (Fig-
ure 1(a)), and the other is with mud (Figure 1(b)). Accord-
ing to the method by the International Society for Rock
Mechanics (ISRM), the size of all tested sandstone speci-
mens is cylindrical with 50mm in diameter and 100mm in
length approximately. It is observed from Figure 1 that the
sandstone without mud is gray and of smooth surface and
bedding is viewed obviously, and the sandstone with mud
is yellow including more coarse particles and mud spots in
surface. And the X-Ray Diffractions (XRD) shown in
Figure 2 indicate that quartz and feldspar are mainly inside
the sandstonewithoutmud (Figure 2(a)); however, the quartz
and feldspar inside the sandstone with mud are less obvious
because ofmore claywithmud content of 29.8% (Figure 2(b)).
Furthermore, all specimens of two kinds of reservoir sand-
stones are acoustically detected by the nonmetallic acoustic
detector RSM-SY5 (Figure 2(c)), the detected longitudinal
wave velocity 𝑉𝑝 is, respectively, 2.29 ± 0.1 km/s for the
sandstone without mud listed in Table 1 and 2.32 ± 0.1 km/s
listed in Table 2 for sandstone with mud, also indicating that
every group of two reservoir sandstone specimens is uniform
to avoid the specimens heterogeneity influencing on the
experimental efficiency and accuracy.

2.2. Experimental Setup

2.2.1. Experimental Equipment. All tests will be carried
out on a rock servocontrolled triaxial equipment named
Rock 600-50HT PLUS (Figure 2(d)) manufactured by TOP-
INDUSTRIE in France. The experimental apparatus consists
of triaxial cell with servocontrolled triaxial and circumferen-
tial loading systems, a constant-stability pressure equipment,
a hydraulic pressure transfer system, a pressure chamber
equipment, a hydraulic pressure system, and an automatic
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Figure 1: Reservoir sandstone and physical properties.
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(c) Acoustic detection of the sandstone (d) Triaxial equipment

Figure 2: Acoustic detection tests and triaxial equipment.
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Table 1: Loading conditions and parameters of sandstones without
mud.

Loading
conditions

Diameter
(mm)

Height
(mm)

Mass
(g)

𝑉𝑝
(km/s)

C3P0 49.82 100.20 449.00 2.326
C3P2 49.80 100.08 448.30 2.324
C6P2 49.80 99.90 448.50 2.196
C6P3 49.82 100.04 448.70 2.252
C6P4 49.80 99.84 448.90 2.274
C9P2 49.82 100.10 449.10 2.326
C9P6 49.82 100.00 450.10 2.328
C15P2 49.80 100.12 446.60 2.275
C15P3 49.82 99.96 449.70 2.286
C15P4 49.82 99.88 451.80 2.320

Table 2: Loading conditions and parameters of sandstones with
mud.

Loading
conditions

Diameter
(mm)

Height
(mm)

Mass
(g)

𝑉𝑝
(km/s)

C3P0 49.72 99.88 421.74 2.381
C3P2 49.72 99.82 421.16 2.222
C6P2 49.72 100.02 420.99 2.326
C6P3 49.72 100.06 422.64 2.367
C6P4 49.72 99.56 424.49 2.287
C9P2 49.72 99.86 420.75 2.380
C9P6 49.72 100.00 419.84 2.343
C15P2 49.72 99.90 418.98 2.284
C15P3 49.72 99.86 419.68 2.320
C15P4 49.72 100.10 420.79 2.326

data collection system. The triaxial cell is capable of per-
forming triaxial compression tests at confining pressures (P2)
up to 60MPa, with increasing deviatoric stress (P1) up to
500MPa, with increasing transducer having a resolution of
0.01MPa. The system can deal with the constant-head, con-
stant flow-rate, and transient-pulse permeability tests under
low or high confining andwater pressures, and constant-head
is selected in this paper. And different fluid can be chosen as
the pore fluid, depending on the permeability of the tested
rocks and testing requirement. The servocontrolled fluid
pump can produce pore pressure up to 60MPa (P3/P4). Fur-
thermore, the upstream and downstream fluid pressure can
be regulated with pore pressure pumps P3 and P4; as a result,
the seepage tests can be performed on constant fluid pressure
or constant volume condition according to the experimental
target.

The testing equipment can be used to perform all con-
trolled tests and data analysis by computer and robotized
operations and ensures that all the tests are analyzed safely,
timely, and accurately.The apparatus can be used to deal with
hydrostatic pressure tests, conventional triaxial compression
tests, triaxial seepage tests, chemical erosion tests, and so
forth. Four kinds of loading modes including displacement

loading, stress loading, strain loading, and flow loading are
employed during the testing process according to different
experimental requirement. And the apparatus can automat-
ically record all the real-time data every 5 seconds.

2.2.2. Testing Procedure. Before testing, the sandstones sam-
ples should be firstly saturated, then vacuumized for 4 hours
by the vacuum pump and wet pumped for 4 hours with
distilled water, and finally soaked for 16 hours to ensure the
specimens full of water. Furthermore, the sandstone spec-
imens are enclosed in a 3mm thick Viton rubber jacket
and then placed in the sample assembly. Porous spacers
are inserted on to the ends of the samples to ensure even
distribution of pore pressure over the ends of the samples.
When testing, the axial displacement is measured with two
displacement LVDTs, and the circumferential deformation is
measured with a circumferential sensors attached tightly on
themiddle portion of the specimen outside the rubber jacket.
Considering the influence of the temperature on deformation
and seepage response, all the tests are all performed at room
temperature (25 ± 2∘C).

The triaxial seepage tests under different loads combi-
nation can be performed as follows. The samples are firstly
applied with the confining pressure of the desired value, and
this stage the axial stress is proportionally increased to the
value of the confining pressure, bringing the samples to an
initial isotropic stress or zero deviatoric stress. And then,
the saturated specimens are ensured to hold at a constant
pore pressure, which means that the upstream pressure (P3)
and downstream pressure (P4) are balanced. This step is key
to ensure the fluid in a single phase when seepage testing.
Afterwards, the deviatoric stress is increased stepwise in the
axial load control condition up to each selected deviatoric
stress, the axial load is maintained constant, and, after that,
the seepage testing is invoked for measurements of the rock
permeability. For this steady seepage testing procedure, the
permeability of the samples can be calculated by measuring
the fluid volume from the pump in a period of time and
written by the following [21]:

𝑘 = 𝜇𝐿𝑉
𝐴Δ𝑝Δ𝑡 , (1)

where 𝑘 is the permeability of the rock (m2); 𝜇 is the dynamic
viscosity of the fluid (water at 𝑇 = 20∘C: 1 × 10−3 Pa⋅s);𝐿 is the specimen height (m); 𝑉 is the fluid volume (m3)
from the pump in time Δ𝑡; 𝐴 is the cross-sectional area (m2);Δ𝑝 is the fluid pressure difference on the upstream side and
downstream side of the specimens (Pa); Δ𝑡 is the seepage
time(s).

In order to deeply investigate and compare the perme-
ability of different reservoir sandstones during the triaxial
seepage testing process, a series tests coupled with water
permeation are conducted on saturated sandstone specimens.
The tested sandstone specimen and loading conditions are
listed in Tables 1 and 2, in which C6P2 represents the loading
condition of confining pressure valued 6MPa and water
pressure valued 2MPa, as well as other expression of loading
conditions.
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Figure 3: Curves of different strain versus deviatoric stress.

3. Permeability Tests of Two Kinds of
Reservoir Sandstones

3.1. Relationship of the Strain and Crack Propagation. It is
well known that the method of crack volumetric strain
proposed by Martin and Chandler [22] has been widely
used in triaxial compression tests to describe the crack
initiation and propagation characteristics; Xu and Yang [23]
described the crack variation and corresponding perme-
ability of the sandstone specimens from coal mine under
short-term and long-term triaxial compression, indicating
that crack evolution is closely related to the permeability
behavior.

And the volume strain 𝜀V and crack volume strain 𝜀cv [22]
under triaxial compression can be written by

𝜀V = 𝜀1 + 2𝜀3
𝜀cv = 𝜀V − (1 − 2]) (𝜎1 + 2𝜎3)𝐸 , (2)

where 𝜀V is the volume strain; 𝜀1, 𝜀3 are the axial strain
and lateral strain, respectively; 𝜎1 is the axial stress; 𝜎3 are
the confining stress; 𝐸 is the elastic modulus; ] is Poisson’s
ratio.

And the lateral strain [22] can be described by

𝜀3 = 𝜀𝑒3 + 𝜀𝑐3, (3)

where 𝜀𝑒3 is the elastic strain considering same stress and
can be written by (4) based on Hooke’s law [22]; 𝜀𝑐3 is the
circumferential crack strain.

𝜀𝑒3 = [𝜎3 − ] (𝜎1 + 𝜎3)]𝐸 . (4)

Substituting (4) into (3) gives the expression of the
circumferential crack strain 𝜀𝑐3 as follows:

𝜀𝑐3 = 𝜀3 − [𝜎3 − ] (𝜎1 + 𝜎3)]𝐸 . (5)

Equation (5) indicates that lateral strain, axial pressure,
and confining pressures will influence the circumferential
crack strain; as shown in Figure 3, there are different
curves of axial strain versus deviatoric stress 𝜎1-𝜎3 and rock
permeability, volume strain, and crack volume strain. It can
be observed that the curve of the deviatoric stress𝜎1-𝜎3 versus
axial strain can be divided into five stages [22]: (1) com-
pression stage: closure of the existing microcrack and pores
results in the crack volume strain decreasing to approximately
zero; (2) linear elastic stage: it is observed that the curve of
circumferential crack strain versus 𝜎1-𝜎3 is approximately a
straight line, corresponding to the end point of crack volume
strain valued zero; (3) stable crack propagating stage: more
cracks are initiating and propagating when the stress is
greater than the crack initiation stress (𝜎ci is approximately
28.6% of peak stress 𝜎𝑐), and corresponding volume strain
reaches the maximum; (4) unstable crack developing stage
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Table 3: Permeability property and strength considering water pressure 2MPa and different confining pressure.

Confining pressure
(MPa)

Initial permeability
(10−18m2)

Minimum permeability
(10−18m2)

Maximum permeability
(10−18m2)

Peak strength
(MPa)

Without mud With mud Without mud With mud Without mud With mud Without mud With mud
3 84.94 47.20 76.76 30.24 414.62 176.20 52.43 21.60
6 59.82 34.93 47.32 20.69 220.52 105.29 71.16 34.76
9 44.12 22.94 32.68 12.33 176.96 40.63 86.20 45.24
15 35.46 14.16 29.20 10.27 74.90 12.24 103.32 62.44

when the stress is greater than the damage stress (𝜎cd is
approximately 66.2% of peak stress 𝜎𝑐), the curve of strain
versus 𝜎1-𝜎3 is strongly nonlinear, and the crack volume
stain increases much more representing crack propagating
rapidly; (5) residual deformation stage: macrofractured sur-
face appears with no new cracks initiation and propagation.

3.2. Relationship between Permeability and Cracks Propaga-
tion for Two Kinds of Reservoir Sandstones. Figure 3 also
describes the relationship between permeability and cracks
propagation. It can be seen that the crack strain and the
permeability almost have the same evolution under triax-
ial loading conditions, which means a direct relationship
between the circumferential crack strain and the perme-
ability of the sandstones. The permeability curve in the
first stage corresponding to the strain-deviatoric stress curve
decreases with the crack volume strain decreasing. Then the
crack volume strain keeps zero in the second stage, so
the permeability changes little. With the increase of load
greater than the crack initiation stress 𝜎ci in the third
stage, the permeability increases obviously until the volume
strain reaches the maximum. Accordingly, the permeability
increases dramatically in the fourth stage when the increase
load exceeds the damage stress 𝜎cd and the crack volume
strain reaches the maximum. Furthermore, the sandstone in
the fifth stagemay be continuously compressed in axial direc-
tion because of strain loading mode, resulting in decrease of
the seepage channels; accordingly, the permeability decreases
and becomes constant. Therefore, it can be obviously noted
from Figure 3 that the permeability changes more intensely
in crack damage region than in crack closure region, and the
evolution process is precisely in accordance with the crack
propagation.

For the sake of better describing the relationship between
permeability and the cracks propagation under triaxial load-
ing conditions, the gradual damage process and permeability
behavior of two reservoir sandstones (without mud and with
mud) are compared as shown in Figures 4 and 5. Also
plotted in Figure 4 are the permeability evolution curves of
the sandstones under loads combination of water pressure of
2MPa and confining pressure of 3MPa, 6MPa, 9MPa, and
15MPa, showing that the variation patterns of mechanical
response and permeability under different confining pres-
sures are similar for two reservoir sandstones. However, it can
also be observed from Figures 4(a) and 4(b) that the values of
volumetric strain, axial strain, lateral strain, and circumfer-
ential crack strain are different for two kinds of reservoir

sandstones under same loading conditions, and the sandstone
with mud shows relatively larger strain, smaller damage
stress, smaller peak strength, and smaller permeability, which
means that the sandstone with mud containing mud content
of 29.8% has a better ductility; accordingly, the permeability
of the sandstone with mud is smaller than that without
mud. The above variations and the comparisons of two
reservoir sandstones are under the same loading conditions
plotted in Figure 4(c) versus Figure 4(d), Figure 4(e) versus
Figure 4(f), and Figure 4(g) versus Figure 4(h). Further
researches are shown in Figure 5 considering combination
loads of confining pressure of 6MPa (15MPa) and water
pressure of 3MPa and 4MPa. It can also be seen fromFigure 5
that the permeability is smaller for the sandstone with mud
than that without mud, which is in accordance with the
variation patterns in Figure 4. Therefore, the comparison of
permeability evolution of two reservoir sandstones illustrates
that mud components play an important role on the perme-
ability behavior.

4. Permeability Behavior of
Reservoir Sandstone with Different
Physical Properties

It is can be observed from Table 3 and Figure 6 that the
permeability evolution of two reservoir sandstones varying
with different confining pressure is similar, and the perme-
ability decreases slowly with the increase deviatoric stress;
with increase of compression load, corresponding circumfer-
ential crack strain gradually increases, representing that the
primary cracks grow to form the favorable fissures causing the
permeability to increase sharply. It also can be seen that larger
confining pressure will cause smaller permeability.

Meanwhile, compared with two reservoir sandstones
listed in Table 3, difference is obvious for the initial perme-
ability, maximum permeability, and minimum permeability
between the sandstone without mud and withmud under the
same loading condition, and corresponding value of the for-
mer is larger than the latter. In virtue of sandstone with mud
containing the mud content of 29.8%, the mud-like mate-
rials can be softened by the water to show smaller peak
strengthwhen saturated; corresponding original porosity will
decrease so as to cause the permeability to be smaller than
that of the sandstone without mud.

Furthermore, curve of axial strain-deviatoric stress and
axial strain-permeability is shown in Figure 6. The experi-
mental results indicate that confining pressure significantly
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(b) Sandstone with mud (confining pressure 3MPa)
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(c) Sandstone without mud (confining pressure 6MPa)

D
ev

ia
to

ric
 st

re
ss

 (M
Pa

)

0

20

40

60

80

100

Pe
rm

ea
bi

lit
y 

(1
0
−
18

Ｇ
2
)

＝Ｃ

＝＞

Axial strain-deviatoric stress
Volume-deviatoric stress
Circumferential crack strain-deviatoric stress
Axial strain-permeability

−0.9 −0.6 −0.3 0.0 0.3 0.6 0.9 1.2−1.2
Strain/10−2

0

5

10

15

20

25

30

35

40

(d) Sandstone with mud (confining pressure 6MPa)
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(e) Sandstone without mud (confining pressure 9MPa)

D
ev

ia
to

ric
 st

re
ss

 (M
Pa

)

−0.8 −0.4 0.0 0.4 0.8 1.2
0

10

20

30

40

0

10

20

30

40

50

Strain/10−2

＝Ｃ

＝＞

Axial strain-deviatoric stress
Volume strain-deviatoric stress
Circumferential crack strain-deviatoric stress
Axial strain-permeability

Pe
rm

ea
bi

lit
y 

(1
0
−
18

Ｇ
2
)

(f) Sandstone with mud (confining pressure 9MPa)

Figure 4: Continued.
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(g) Sandstone without mud (confining pressure 15MPa)
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(h) Sandstone with mud (confining pressure 15MPa)

Figure 4: Gradual-cracking process and permeability behavior considering different confining pressure and water pressure valued 2MPa.

Table 4: Permeability and strength considering confining pressure 6MPa and different water pressure.

Permeable pressure
(MPa)

Initial permeability
(10−18m2)

Minimum permeability
(10−18m2)

Maximum permeability
(10−18m2) Peak strength (MPa)

Without mud With mud Without mud With mud Without mud With mud Without mud With mud
2 59.82 34.93 47.32 20.69 220.52 105.29 71.76 34.76
3 73.66 44.83 58.02 33.40 236.94 152.49 68.10 34.73
4 79.98 55.18 67.48 50.85 261.38 161.84 62.90 38.04

influences the rock permeability under the same water pres-
sure condition; as for the curve rising stage, larger confining
pressure increases the compression of the rocks resulting in
smaller permeability, and, especially for the sandstone with
mud, the permeability curve is approximately a horizontal
line and represents a much smaller value than that without
mud, implying thatmud components have an obvious impact
on the mechanical properties and permeability of sandstone
under larger confining pressure.

To analyze the influence of water pressure on the perme-
ability evolution law of two sandstones, three different water
pressures valued 2MPa, 3MPa, and 4MPa combined with
confining pressure valued 6MPa (15MPa) are selected to the
seepage tests. The initial permeability, minimum permeabil-
ity, and maximum permeability of two sandstones without
mud and with mud are listed in Tables 4 and 5. It is noted
fromTable 4 that initial permeability,minimumpermeability,
and maximum permeability of sandstone without mud are
greater than that of the sandstone with mud, as well as the
permeability listed in Table 5, indicating that mud-like mate-
rials have an important influence on the rock permeability;
accordingly, the permeability is relatively smaller under the
same loading conditions; especially difference of the maxi-
mum permeability between two reservoir sandstones is the
greatest due to the existing mud component.

Furthermore, it can be seen from two tables describing
the initial permeability, minimum permeability, and maxi-
mum permeability of two reservoir sandstones that greater
water pressure considering the same confining pressure
causes larger permeability; the main reason is that smaller
effective stress is favorable for cracking to formmore seepage
channels, indicating that largerwater pressurewill expand the
cracks more obviously to form connected and wider seepage
channels resulting in larger permeability. Therefore, it is
worth pointing out that water pressure significantly influ-
ences the rock permeability for sandstones without mud and
with mud; the results also indicate that the rock components
cannot be ignored and should be paid more attention when
analyzing the permeability behavior for the sandstones with
mud and without mud.

In addition, the permeability evolution under different
combination of confining pressure and different water pres-
sure are plotted in Figure 7. It can be seen from figures
that permeability firstly decreases, keeps constant, increases
stably, then increases dramatically, and finally decreases,
which is in accordance with stress-strain curves representing
five mechanical stages, deeply calibrating the synchronism of
the permeability evolutionwith the crack initiation and prop-
agation. And also, comparison of Figures 7(a) and 7(b) under
combination of water pressure valued 2MPa, 3MPa, and
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Figure 5: Continued.
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Figure 5: Gradual-cracking process and permeability behavior considering different confining pressure and water pressure.
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Figure 6: Permeability evolution of two reservoir sandstones considering water pressure 2MPa and different confining pressure.

Table 5: Permeability and strength considering confining pressure 15MPa and different water pressure.

Permeable pressure
(MPa)

Initial permeability
(10−18m2)

Minimum permeability
(10−18m2)

Maximum permeability
(10−18m2) Peak strength (MPa)

Without mud With mud Without mud With mud Without mud With mud Without mud With mud
2 36.22 14.16 24.98 10.27 74.9 12.24 103.32 62.44
3 57.22 26.68 45.52 16.48 109.74 26.93 103.19 59.93
4 75.94 37.96 61.94 22.08 119.56 60.19 100.75 59.20
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Figure 7: Permeability evolution of two sandstones considering different permeable pressure and confining pressure.

4MPa and confining pressure valued 6MPa indicates that
permeability is larger considering larger water pressure caus-
ing smaller effective stress to expand the cracks for two reser-
voir sandstones, as well as the permeability variation shown
in Figures 7(c) and 7(d). However, the postpeak permeability
curves of sandstone with mud are relatively smooth con-
sidering larger confining pressure combined smaller water
pressure, indicating that corresponding permeability cannot
change obviously because of larger effective stress.

According to above tests and analysis, larger water pres-
sure applying on the rocks is favorable for rock hydraulic
fracturing to accelerate the cracks initiating and propagating
under same confining pressure conditions, and more con-
nected seepage channels represent larger permeability bene-
ficial for improvement of the reservoir recovery ratio; mean-
while, some measures should be taken to deal with mud-like
materials when reservoir extracting so as to improve the
reservoir permeability and productivity.
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5. Permeability Evolution Mechanism of
Reservoir Sandstones with Different
Physical Properties

5.1. Damage Theory. As evidenced by the experimental
results in Sections 3 and 4, microcracks tend to develop and
damage tends to grow in the rock samples under loading con-
ditions, which induces significant variation in permeability.
Souley et al. [24] and Oda et al. [25] mainly discussed the
permeability variation induced by damage of granite under
triaxial compression, and Chen et al. [26] also proposed
a micromechanical model to describe the damage-induced
permeability variation using the experimental data, which
implies that rock damage discussion is very important for
revealing themechanismof permeability evolution. Todeeply
characterize the permeability change of reservoir rocks, an
important index named damage variable 𝐷 describing the
defects variation closely related to themicrocrack growth and
microstructural evolution should be proposed. Based on the
research in the literature [27], it is assumed that the strength
of rock microelements obeys Weibull stochastic distribution;
accordingly, the damage variable𝐷 can be described by

𝐷 = 1 − exp [−( 𝐹𝐹0)
𝑚] , (6)

where𝑚 and 𝐹0 are the Weibull parameters; 𝐹 is the random
strength variables of rock microelements.

Suppose𝐹 = 𝑓(�̃�), where �̃� is the effective stress tensors,
so the rock failure criteria can be written by

𝐹 = 𝑓 (�̃�) − 𝑘0 = 0, (7)

in which 𝑘0 is constant related to cohesion and friction angle
considering the rock yielding; 𝐹 = 𝑓(�̃�) ≥ 𝑘0 represents the
rock yielding or failing.

In this study, the rock failure criteria may be described
based on Drucker-Prager criteria:

𝐹 = 𝛼�̃�1 + √�̃�2
𝛼 = sin𝜑

√9 + 3sin2𝜑, (8)

where 𝜑 is the friction angle; �̃�1 is first invariant of effective
stress tensor expressed as (9); �̃�2 is second invariant of
effective stress tensor expressed as (10).

�̃�1 = �̃�1 + �̃�2 + �̃�3 (9)

�̃�2 = 16 [(�̃�1 − �̃�2)2 + (�̃�2 − �̃�3)2 + (�̃�1 − �̃�3)2] . (10)

Supposing the stress-strain of rocks obeying the Gener-
alized Hook’s Law, the effective strain tensor can be written
by

�̃�𝑖𝑗 = 1 + 𝜇
𝐸 �̃�𝑖𝑗 − 𝜇

𝐸�̃�𝑘𝑘𝛿𝑖𝑗, (11)

where 𝐸 is the elastic module; 𝜇 is Possion’s ratio.

So the principle stress-stain can be written by

�̃�1 = 1𝐸 [�̃�1 − 𝜇 (�̃�2 + �̃�3)] . (12)

Considering 𝜎1 > 𝜎2 = 𝜎3 in triaxial tests and 𝜀1 = �̃�1 due
to coordination deformation between the damaged rocks and
undamaged rocks, substituting the expression �̃�𝑖𝑗 = (𝜎𝑖𝑗 −𝑝𝑤𝛿𝑖𝑗)/(1−𝐷) into (12) gives the stress-strain relations under
hydromechanical coupling conditions as follows:

𝜎1 = 𝐸𝜀1 (1 − 𝐷) + 2𝜇𝜎3 + (1 − 2𝜇) 𝑝𝑤. (13)

Thus, (9) and (10) can be rewritten by

𝐼1 = (𝜎1 + 2𝜎3 − 3𝑝𝑤) 𝐸𝜀1𝜎1 − 2𝜇𝜎 + (1 − 2𝜇) 𝑝𝑤 (14)

√𝐽2 = (𝜎1 − 𝜎3) 𝐸𝜀1√3 [𝜎1 − 2𝜇𝜎3 + (2𝜇 − 1) 𝑝𝑤] . (15)

In addition, themeasured axial deviatoric stress 𝜎1𝑡 in the
experimental process is described by (16). And real axial stain𝜀1 should include the measured stain 𝜀1𝑡 and initial stain 𝜀10
shown in (17).

𝜎1𝑡 = 𝜎1 − 𝜎3 (16)

𝜀1 = 𝜀1𝑡 + 𝜀10. (17)

Substituting the expression (16) and (17) into (14) and
(15) gives the stress-strain relations under hydromechanical
coupling conditions as follows:

𝐼1 = (𝜎1 + 3𝜎3 − 3𝑝𝑤) [𝐸𝜀1 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)]𝜎1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)
√𝐽2 = 𝜎1𝑡 [𝐸𝜀1 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)]√3 [𝜎1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)] .

(18)

Combining of (6), (13) and (16)∼(18), the statistical
damage constitutive model considering pore pressure can be
written by

𝜎1𝑡 = [𝐸𝜀1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)] exp [−( 𝐹𝐹0)
𝑚]

+ (2𝜇 − 1) (𝜎3 − 𝑝𝑤) ,
(19)

where

𝐹 = [𝐸𝜀1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)]𝜎1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑝𝑤)

⋅ [[
[
sin𝜑 (𝜎1𝑡 + 3𝜎3 − 3𝑝𝑤)

√9 + 3sin2𝜑 + 𝜎1𝑡√3]]]
;

(20)

𝐸 is elastic module; 𝜀1𝑡 is deviatoric strain; 𝜎1𝑡 is deviatoric
stress; 𝜎3 is confining pressure; 𝑝𝑤 is permeable pressure; 𝜑 is
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Figure 8: Damage and permeability variation induced by hydromechanical coupling effect.

internal frictional angle as 43.075∘ for sandstonewithoutmud
and 27.29 for sandstone with mud; 𝜇 is Poisson’s ratio, 0.19 for
sandstone without mud and 0.3 for sandstone with mud.

And then, (19) may be changed as follows:

𝜎1𝑡 − (2𝜇 − 1) (𝜎3 − 𝑃𝑤)𝐸𝜀1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑃𝑤) = exp(−( 𝐹𝐹0)
𝑚)

ln{ln[ 𝜎1𝑡 − (2𝜇 − 1) (𝜎3 − 𝑃𝑤)𝐸𝜀1𝑡 + (1 − 2𝜇) (𝜎3 − 𝑃𝑤)]} = 𝑚 ln𝐹 − 𝐵,
(21)

in which, 𝐵 is the fitting parameter.
Thus,𝐹0 can be calculated according to the fitting analysis:

𝐹0 = exp( 𝐵𝑚) . (22)

5.2. Evolution Mechanism of the Permeability. The damage
variables of two sandstones during the whole loading process
can be calculated based on above equations; the evolution
of damage variables 𝐷 and permeability under combination
of confining pressure 15MPa and permeable pressure 2MPa
(3MPa) are shown in Figures 8(a) and 8(b). It can be observed
from the figures that 𝐷 variation is basically similar to keep
ascending, but significant difference of the permeability is
very obvious in numerical value between two sandstones.
And comparison of Figures 8(a) and 8(b) also indicates larger
water pressure resulting in smaller 𝐷 under same confining
pressure; correspondingmaximum𝐷 decreasing implies that
larger water pressure can accelerate the sandstone damage to
fail more easily.

Furthermore, it can be seen from Figure 8 that the
variation of 𝐷 is in accordance with the damage-induced
permeability variation of sandstone without mud in the load-
ing process, with a decrease in the initial inelastic region, an
almost constant in the elastic region and dramatic increase

in the crack growth region, implying that deviatoric stress
causes the pores and cracks to be compressed firstly, keep
unchangeable, and finally sharply increase because of higher
strength and stronger cohesion for this type of sandstone.
However, different from the variation of 𝐷 for the sand-
stone without mud, the damage variables 𝐷 increase stably,
implying that the pores and cracks inside the sandstone with
mud should be more greatly compressed when applying the
confining pressure, and the pores and cracks will be more
dramatically compressed even under smaller deviatoric stress
conditions; thus the pores may probably be collapsed and the
mud-like materials will slide to cause the damage develop
stably. In addition, the maximum 𝐷 for the sandstone with
mud is larger than that for the sandstone without mud,
indicating that sandstone without mud is more brittle than
the sandstone with mud increasing the sandstone ductility.

In addition, to better investigate the permeability evolu-
tion induced by rock damage causing the crack propagation,
the relationship of the permeability and damage variable 𝐷
can be established and analyzed. Based on the experimental
data, the relationship between damage variable 𝐷 and cir-
cumferential crack strain 𝜀𝑐3 can be described by (23), which
is another expression of damage variable 𝐷, providing a new
way to describe the permeability variation.

𝐷 = ln (𝑎1 + 𝑏1 ∗ 𝜀𝑐3) , (23)

where 𝐷 is damage variable; 𝑎1, 𝑏1 is the fitting parameters
based on experimental data.

And then, the damage variable 𝐷 related to the circum-
ferential crack strain 𝜀𝑐3 under confining pressure of 15MPa
and water pressure of 2MPa can be shown in Figures 9(a)
and 9(b) and also is calibrated for the combination loads of
confining pressure of 15MPa and water pressure of 3MPa.
The results show that damage variable 𝐷 is logarithmic rela-
tion to the circumferential crack strain 𝜀𝑐3, and the correlation
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Figure 9: The relationship of damage variable and circumferential crack strain.
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Figure 10: The relationship of the permeability and damage variation.

coefficients 𝑅2 are, respectively, greater than 0.92 and 0.975,
indicating that rock damage variable 𝐷 also represents the
variation of crack strain.Thus, the permeability related to the
damage variable 𝐷 can be written by (24) using the testing
data under confining pressure of 15MPa andwater pressure of
2MPa, shown in Figures 10(a) and 10(b).

𝐾 = 𝜁 exp (𝑎 + 𝑏𝐷 + 𝑐𝐷2) , (24)

where 𝐾 is the permeability; 𝐷 is damage variable; 𝜁 is a
parameter valued 10−18; 𝑎, 𝑏, 𝑐 is the fitting parameters based

on experimental data. For calibrating the rationality of the
fitting equation (24), the curves of permeability under confin-
ing pressure of 15MPa andwater pressure of 3MPa have been
given in Figures 10(a) and 10(b), showing that correlation
coefficients are greater than 0.95, which also reveal the mech-
anism of permeability evolution based on damage variable or
circumferential crack strain. Furthermore, the comparisons
deeply illustrate that damage is more obvious causing larger
permeability for the sandstone without mud.

The evolution law of two different sandstones deeply
explains the reason of more rapid increase of permeability
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and larger permeability for the sandstone without mud than
that with mud under same loading conditions, revealing the
evolution mechanism of permeability and indicating that the
rock components greatly influence the permeability behavior,
which is very useful to provide a theoretical suggestion for the
effective development of sandstone reservoir.

6. Conclusions

In this study, triaxial compression tests have been conducted
for permeability measurement of reservoir sandstones with-
out mud and with mud under combination of different
confining pressure andwater pressure.Meanwhile, themech-
anism involved in the permeability variation has been ana-
lyzed and compared; especially a damage mechanical model
has been employed to deeply investigate the permeability
evolution between two reservoir sandstones. Based on the
experimental results, the following conclusions can be con-
cluded:

(1) The variations in permeability of reservoir sandstones
with confining pressure and water pressure have been
demonstrated. Corresponding to the distinct features
in the strain-stress curves, the permeability curves in
five stages also exhibit a clear permeability decrease,
constant, stable increase, and sharp increase and
decrease. As the deviatoric stress increases up to the
specimen failure, the permeability increases up to
the maximum. With increase of confining pressures,
on the other hand, the permeability reduces due to
more significant closure of existing microcracks. And
also the comparison under same loading conditions
explains that permeability is larger for the sandstone
without mud because of better brittleness.

(2) The variation patterns of permeability for reser-
voir sandstones under loads combination are similar
although the confining pressure and water pressure
have a great influence on the permeability value.
However, the strength and permeability are smaller
for the sandstone with mud than that without mud,
deeply indicating the mud-like materials also have a
relatively great impact on the mechanical property
and permeability; thus mud components cannot be
ignored in analysis of the reservoir development.

(3) The damage analysis has been employed based on the
statistical damage constitutive model to investigate
the relationship of rock damage evolution and per-
meability, also indicating that larger water pressure
results in a relatively smaller damage variables𝐷 and
correspondingmaximumunder same confining pres-
sure, which explains why the permeability increases
more rapidly and larger for the sandstone without
mud than that with mud. And also, the damage vari-
able may represent the circumferential crack strain,
and the relationship of the permeability and dam-
age variable 𝐷 implies the evolution mechanism of
permeability for two sandstones with different prop-
erties.
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and numerical simulation of permeability evolution during
progressive failure of brittle rocks,” International Journal of Rock
Mechanics and Mining Sciences, vol. 68, pp. 167–176, 2014.

[6] H. L. Wang and W. Y. Xu, “Permeability evolution laws and
equations during the course of deformation and failure of brittle
rock,” Journal of EngineeringMechanics, vol. 139, no. 11, pp. 1621–
1625, 2013.

[7] Z. Zeng, X. Li, L. Shi, B. Bai, Z. Fang, and Y.Wang, “Experimen-
tal study of the laws between the effective confining pressure
and mudstone permeability,” in Proceedings of the 12th Inter-
national Conference on Greenhouse Gas Control Technologies,
GHGT 2014, pp. 5654–5663, October 2014.

[8] C.-L. Zhang, “The stress-strain-permeability behaviour of clay
rock during damage and recompaction,” Journal of Rock
Mechanics and Geotechnical Engineering, vol. 8, no. 1, pp. 16–26,
2016.

[9] H.-L. Wang, W.-J. Chu, and M. He, “Anisotropic permeability
evolution model of rock in the process of deformation and
failure,” Journal of Hydrodynamics, vol. 24, no. 1, pp. 25–31, 2012.

[10] Q.-L. Ding, F. Ju, S.-B. Song, B.-Y. Yu, and D. Ma, “An exper-
imental study of fractured sandstone permeability after high-
temperature treatment under different confining pressures,”
Journal of Natural Gas Science and Engineering, vol. 34, pp. 55–
63, 2016.

[11] S.-Q. Yang, Y.-H. Huang, Y.-Y. Jiao, W. Zeng, and Q.-L. Yu, “An
experimental study on seepage behavior of sandstone material



16 Geofluids

with different gas pressures,” Acta Mechanica Sinica, vol. 31, no.
6, pp. 837–844, 2015.

[12] N. Zisser and G. Nover, “Anisotropy of permeability and
complex resistivity of tight sandstones subjected to hydrostatic
pressure,” Journal of Applied Geophysics, vol. 68, no. 3, pp. 356–
370, 2009.

[13] D. W. Hu, H. Zhou, F. Zhang, and J. F. Shao, “Evolution of
poroelastic properties and permeability in damaged sandstone,”
International Journal of Rock Mechanics and Mining Sciences,
vol. 47, no. 6, pp. 962–973, 2010.

[14] M. E. French, F. M. Chester, J. S. Chester, and J. E. Wilson,
“Stress-dependent transport properties of fractured arkosic
sandstone,” Geofluids, vol. 16, no. 3, pp. 533–551, 2016.

[15] M. D. Ingrahama, S. J. Bauera, K. A. Issenb, and T. A. Dewers,
“Evolution of permeability and Biot coefficient at high mean
stresses in high porosity sandstone,” International Journal of
Rock Mechanics & Mining Sciences, vol. 96, pp. 1–10, 2017.

[16] S.-Q. Yang, P. Xu, Y.-B. Li, and Y.-H. Huang, “Experimental
investigation on triaxial mechanical and permeability behavior
of sandstone after exposure to different high temperature
treatments,” Geothermics, vol. 69, pp. 93–109, 2017.

[17] D. Xiao, S. Jiang, D. Thul, S. Lu, L. Zhang, and B. Li, “Impacts
of clay on pore structure, storage and percolation of tight
sandstones from the Songliao Basin, China: Implications for
genetic classification of tight sandstone reservoirs,”Fuel, vol. 211,
pp. 390–404, 2018.

[18] M. Li, G. Yin, J. Xu, J. Cao, and Z. Song, “Permeability evolution
of shale under anisotropic true triaxial stress conditions,”
International Journal of Coal Geology, vol. 165, pp. 142–148, 2016.

[19] J.-J. Dong, J.-Y. Hsu, W.-J. Wu et al., “Stress-dependence of the
permeability and porosity of sandstone and shale from TCDP
Hole-A,” International Journal of Rock Mechanics and Mining
Sciences, vol. 47, no. 7, pp. 1141–1157, 2010.

[20] W.Wu,M.D. Zoback, andA.H. Kohli, “The impacts of effective
stress and CO2 sorption on the matrix permeability of shale
reservoir rocks,” Fuel, vol. 203, pp. 179–186, 2017.

[21] J. Heiland, “Laboratory testing of coupled hydro-mechanical
processes during rock deformation,” Hydrogeology Journal, vol.
11, no. 1, pp. 122–141, 2003.

[22] C. D. Martin and N. A. Chandler, “The progressive fracture of
Lac du Bonnet granite,” International Journal of RockMechanics
and Mining Sciences, vol. 31, no. 6, pp. 643–659, 1994.

[23] P. Xu and S.-Q. Yang, “Permeability evolution of sandstone
under short-term and long-term triaxial compression,” Interna-
tional Journal of RockMechanics andMining Sciences, vol. 85, pp.
152–164, 2016.

[24] M. Souley, F. Homand, S. Pepa, and D. Hoxha, “Damage-
induced permeability changes in granite: a case example at the
URL in Canada,” International Journal of Rock Mechanics and
Mining Sciences, vol. 38, no. 2, pp. 297–310, 2001.

[25] M. Oda, T. Takemura, and T. Aoki, “Damage growth and
permeability change in triaxial compression tests of Inada
granite,”Mechanics ofMaterials, vol. 34, no. 6, pp. 313–331, 2002.

[26] Y. Chen, S. Hu, K. Wei, R. Hu, C. Zhou, and L. Jing, “Exper-
imental characterization and micromechanical modeling of
damage-induced permeability variation in Beishan granite,”
International Journal of Rock Mechanics and Mining Sciences,
vol. 71, pp. 64–76, 2014.

[27] C. Gao, L. Z. Xie, H. P. Xie et al., “Coupling between the
statistical damagemodel and permeability variation in reservoir
sandstone: Theoretical analysis and verification,” Journal of
Natural Gas Science and Engineering, vol. 37, pp. 375–385, 2017.



Research Article
Numerical Analysis Method considering Coupled
Effects of THMC Multifields on Unsaturated Expansive
Soil Subgrade Treated with Lime

Jie Liu , Pan Chen , Zheng Lu , and Hailin Yao

State Key Laboratory of Geomechanics and Geotechnical Engineering, Institute of Rock and Soil Mechanics,
Chinese Academy of Sciences, Wuhan 430071, China

Correspondence should be addressed to Zheng Lu; lzwhrsm@163.com

Received 29 June 2017; Revised 29 January 2018; Accepted 11 February 2018; Published 21 March 2018

Academic Editor: Qinghui Jiang

Copyright © 2018 Jie Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The response model subjected to coupled effect of thermo-hydro-mechano-chemical (THMC) was built in the context of
basic theories in the polyporous polyphasic medium mechanics, the mixture theory in the continuum mechanics, and the
thermodynamic theories.The finite element discretization of the response model was implemented based on the Galerkin method.
The processes of salt leaching and accumulating were analyzed in the numerical results. The results among the numerical results
and measured results were compared and discussed. Finally, the solutes migration rule of the soil subjected to the atmosphere
eluviations was revealed, and the reasonableness of the coupling model and the finite element method was proved. The agreement
between the numerical and the measured results was good, which indicates that the THMC model and finite element program
were useful in solving the coupling problems of unsaturated soil. Moreover, the salt dissolution process has a larger effect on the
salt movement compared to that of the salt accumulation process. Comparing with the salt leaching effect caused by rainfall, the
salt accumulation effect caused by evaporation was smaller.

1. Introduction

In China, the stability of subgrade is the basic premise
to guarantee highways becoming the leading infrastructure
construction. Expansive soil cannot be directly used as the
subgrade filling within the subgrade. Engineering properties
and mechanical strength indexes of the expansive soil can be
increased significantly through modification using the lime.
However, the expansive soil subgrade treated by the lime
will easily suffer from repetitive drying-wetting cycles and
unceasing strength degradation in the rainy and hot weather,
whichwouldmake the subgrade failure. It is essential to study
the effects of solute migration in the expansive soil treated by
lime under the atmospheric actions on the subgrade stability.
A lot of domestic and overseas experts have developed related
research about soil subgrade treatments by lime. Kumar et al.
[1] studied, compared, and analyzed variations of compaction
and strength properties of the expansive soil before and

after treatment by the lime. Nowamooz and Masrouri [2]
researched volumetric strains caused by variations in suction
or stress of the expansive mixture of limestone soil and
flyash. Guney et al. [3] studied the expansibility of expansive
soil treated by the lime under drying and wetting cycles.
Estabragh et al. [4] researched mechanical behaviors of the
expansive soil experienced drying and wetting cycles with
different wetting fluids. Tripathy and Subba Rao [5] studied
the cyclic swelling and shrinking behaviors of tamped expan-
sive soil through theoretical analysis and indoor experiments.
Rajeev et al. [6] researched variation trends of humidity
and temperature of the subgrade in the long term under
atmospheric actions. Al-Mukhtar et al. [7, 8] studied the
micromechanism and mechanical behaviors of the expansive
soil treated by the lime. Wang et al. [9] researched variation
characteristics of kinetic parameters of the expansive soil
treated by the lime. Stoltz et al. [10] performed multiscale
analysis of swelling and shrinking of the expansive soil treated
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by the lime from themicroscopic view. Ojuri et al. [11] studied
the geotechnical and environmental evaluation of lime-
cement stabilized soil-mine tailing mixtures for highway
construction. Dash andHussain [12] researched the influence
of lime on shrinkage behavior of soils. Hotineanu et al. [13]
studied the effect of freeze-thaw cycling on the mechanical
properties of lime-stabilized expansive clays.

The above researches show that a lot of experts have
performed fruitful researches on physical and mechanical
properties of the expansive soil treated by the lime from
macroscopic and microscopic views. However, considering
atmospheric actions, soil modification, and solute migration
rule to study the long-term properties of the expansive soil
treated by the lime in the highway subgrade would got closer
to the practical results. In this paper, as for the expansive soil
treated by the lime under atmospheric actions, the thermo-
hydro-mechano-chemical coupled model was built on the
basis of the Polyporous Polyphasic Medium Mechanics, the
mixture theory in the continuummechanics, and thermody-
namic theories of the irreversible process. The finite element
discretization of the response model is implemented based
on the Galerkin method. The processes of salt leaching and
accumulating are analyzed in the numerical results. The
numerical results and measured results are compared and
discussed. Finally, the solutes migration rule of the soil
subjected to the atmosphere eluviation is revealed, and the
reasonableness of the coupling model and the finite element
method is proved.

2. Coupled Equations for THMC

2.1. Basic Assumptions. Some basic assumptions were given
before building THMC model to make the problem has
universality: (a) the unsaturated soil is polyporous medium,
its basic framework is particles, and liquid water and gas exist
in the pores of the particle framework. (b) The gas phase
is ideal gases with the mixture of dry air and water vapor.
The liquid phase consists of water and gases dissolving in
water. (c) Mechanical behavior of the polyporous medium
(gases, liquids, and solids) satisfies the principle of local stress
balance, and the entire framework satisfied the principle of
effective stress. (d) The temperature of the soil is the average
temperature, which satisfied the local equilibriumhypothesis,
heat transfer satisfies the Fourier law, and the framework and
water can be considered as isotropic thermoelastic materials.
(e)The unsaturated soil satisfies general assumptions and the
continuum hypothesis of the mixtures theory. (f) Actions
of degradation and stagnant water effect are not taken into
account in the solute equilibrium equation.

2.2. Balance Equations. In the saturated-unsaturated soil
mass, the total stress increment 𝑑𝜎 and effective stress
increment 𝑑𝜎 can be expressed in the incremental forms as
follows, respectively:

𝑑𝜎 = 𝑑𝜎 − 𝑚𝑑𝑝, (1)

𝑑𝜎 = 𝐷𝑇 (𝑑𝜀 − 𝑑𝜀𝑝 − 𝑑𝜀𝑇 − 𝑑𝜀𝑠𝑤) , (2)

where 𝐷𝑇 is the tangent elastoplastic modulus matrix; 𝑑𝜀 is
the total strain increment; 𝑑𝜀𝑝 is the strain increment caused
by the pore pressure and 𝑑𝜀𝑝 = −𝑚(𝑑𝑝/3𝐾𝑠); 𝑑𝜀𝑇 is the strain
increment caused by temperature, and 𝑑𝜀𝑇 = 𝑚(𝛽𝑠/3)𝑑𝑇;𝑑𝜀sw is the strain increment caused by swelling, and 𝑑𝜀sw =−𝑚𝛽sw𝑆𝑤; 𝑚 is the unit array of normal stress; 𝛽𝑠 is the
thermal expansion coefficient of solid particles; 𝛽sw is the
water swelling expansion coefficient; 𝐾𝑠 is the bulk modulus
of solid particles; 𝑝 is the average stress of gases and liquids
inside pores, and 𝑝 = 𝑆𝑤𝑝𝑤 + 𝑆𝑎𝑝𝑎; 𝑆𝑤 and 𝑆𝑎 are saturability
of the pore water and pore gas, respectively, and 𝑆𝑤 + 𝑆𝑎 =1; 𝑝𝑤 and 𝑝𝑎 are pressures of the pore water and pore gas,
respectively.

The stress equilibrium equation is stated as follows:

𝜕𝜎𝑖𝑗𝜕𝑡 − 𝑓𝑖 = ∇ ⋅ 𝜎 − 𝑓𝑖 = 0, (3)

where 𝑓𝑖 is the body force.
According to the principle of virtual work, the incremen-

tal stress equilibrium equation can be stated as follows:

∫
Ω

𝛿𝜀𝑇𝑑𝜎𝑑Ω − ∫
Ω

𝛿𝑢𝑇𝑑𝑏 𝑑Ω − ∫
Γ
𝛿𝑢𝑇𝑑�̂� 𝑑Γ = 0, (4)

where 𝑑𝜎 is the total stress increment; 𝑑𝑏 and 𝑑�̂� are
increments of body force and surface force, respectively; 𝛿𝜀
and 𝛿𝑢 are virtual strain and displacement, respectively.

Equations (2) and (3) are substituted into (4), and the
following is obtained:

∫
Ω

𝛿𝜀𝑇𝐷𝑇

𝑑𝜀𝑑𝑡 𝑑Ω
− ∫

Ω
𝛿𝜀𝑇𝑚(𝑆𝑤 𝑑𝑝𝑤𝑑𝑡 + 𝑝𝑤𝐷𝑠𝑛 𝑑𝑝𝑤𝑑𝑡 ) 𝑑Ω

+ ∫
Ω

𝛿𝜀𝑇𝐷𝑇𝑚𝛽sw
𝐷𝑠𝑛 𝑑𝑝𝑤𝑑𝑡 𝑑Ω

+ ∫
Ω

𝛿𝜀𝑇𝐷𝑇

𝑚3𝐾𝑠 (𝑆𝑤 𝑑𝑝𝑤𝑑𝑡 + 𝑝𝑤𝐷𝑠𝑛 𝑑𝑝𝑤𝑑𝑡 ) 𝑑Ω
− ∫

Ω
𝛿𝜀𝑇𝐷𝑇𝑚𝛽𝑠3 𝑑𝑇𝑑𝑡 𝑑Ω − 𝑑𝑓𝑑𝑡 = 0.

(5)

According to the law of conservation of mass, the fluid
continuity equation can be obtained:

𝜕𝑛𝑆𝜑𝜌𝜋𝜑𝜕𝑡 + ∇ ⋅ (𝑛𝑆𝜑𝜌𝜋𝜑 �̇�𝜋) − 𝜃𝜋 = 0. (6)

Similarly, the equation of solid mass conservation can be
obtained:

𝜕 (1 − 𝑛) 𝜌𝑠𝜕𝑡 + ∇ ⋅ [(1 − 𝑛) 𝜌𝑠�̇�𝑠] = 0. (7)

Equation (7) is themass conservation equation of the compo-
nent 𝜋 in the 𝜑 phase. It is the liquid phase as 𝜑 is equal to 𝑙. It
is the gas phase as𝜑 is equal to 𝑔.The component is water as𝜋
is equal to 𝑤, and the component is the gas as 𝜋 is equal to 𝑎.
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For instance, 𝜌𝑎𝑙 and 𝜌𝑤𝑙 indicate air resolved in the liquid
phase and water in the liquid phase, respectively; 𝜌𝑎𝑔 and 𝜌𝑤𝑔
indicate dry air andwater steam in the gas phase, respectively;�̇� is the decreasing or increasing rate of unit volume water
during evaporation or condensation. �̇�𝑠 and �̇�𝜋 are absolute
moving velocities of solid particles and fluid, respectively; 𝑆𝜑
is saturability of the water phase or the gas phase.

The fluid flux 𝑞𝜋𝜑, which flows across the unit area per unit
time, is stated as follows:

𝑞𝜋𝜑 = 𝑛𝑆𝜑𝜌𝜋𝜑 �̇�𝜋 = 𝑖𝜋𝜑 + 𝑛𝑆𝜑𝜌𝜋𝜑 (�̇�𝑟𝜑 + �̇�𝑠)
= 𝑞𝜋𝑟𝜑 + 𝑛𝑆𝜑𝜌𝜋𝜑 �̇�𝑠, (8)

where 𝑖𝜋𝜑 is the diffusion flow of component 𝜋 in the 𝜑 phase;𝑞𝜋𝑟𝜑 is the relative flow when there are movements of the solid
phase in the deformed porous medium, and the subscript 𝑟
indicates that the velocity and flow are relative to the solid
phase. According to the definition of relative velocity, it can
be obtained that �̇�𝑟𝜑 = �̇�𝜑 − �̇�𝑠. Equation (6) can be stated as
follows:

𝜕𝑛𝑆𝜑𝜌𝜋𝜑𝜕𝑡 + ∇ ⋅ (𝑛𝑆𝜑𝜌𝜋𝜑 �̇�𝑠𝑖) + ∇ ⋅ 𝑞𝜋𝑟𝜑 + 𝜃𝜋 = 0. (9)

According to (6), (7), and the definition ofmaterial derivative,(𝐷/𝐷𝑡)(∗) = 𝜕(∗)/𝜕𝑡 + �̇�𝑠 ⋅ ∇(∗), it can be obtained that

(1 − 𝑛)𝜌𝑠
𝐷𝜌𝑠𝐷𝑡 − 𝐷𝑛𝐷𝑡 + (1 − 𝑛) ∇ ⋅ �̇�𝑠 = 0, (10)

𝑛𝐷 (𝑆𝜑𝜌𝜋𝜑)𝐷𝑡 + 𝑆𝜑𝜌𝜋𝜑 𝐷𝑛𝐷𝑡 + 𝑛𝑆𝜑𝜌𝜋𝜑∇ ⋅ �̇�𝑠 + ∇ ⋅ 𝑞𝜋𝑟𝜑 + 𝜃𝜋
= 0.

(11)

Substituting (10) into (11), the equilibrium equation of phase
component in the deformed porous medium can be obtained
as follows:

(1 − 𝑛)𝜌𝑠
𝐷𝜌𝑠𝐷𝑡 + 𝑛𝑆𝜑𝜌𝜋𝜑

𝐷(𝑆𝜑𝜌𝜋𝜑)𝐷𝑡 + ∇ ⋅ �̇�𝑠 + 1𝑆𝜑𝜌𝜋𝜑 ∇ ⋅ 𝑞𝜋𝑟𝜑
+ 1𝑆𝜑𝜌𝜋𝜑 𝜃𝜋 = 0.

(12)

Under the situation of small deformation, items such as �̇�𝑠 ⋅∇𝑆𝜑𝜌𝜋𝜑 and �̇�𝑠 ⋅∇𝜌𝑠 can be neglected;∇⋅ �̇�𝑠 can be presented as
the volumetric strain of the framework 𝜀V : ∇ ⋅ �̇�𝑠 = 𝐷𝜀V/𝐷𝑡 ≈𝜕𝜀V/𝜕𝑡. Equation (12) can be simplified as follows:

𝑛𝜕 (𝑆𝜑𝜌𝜋𝜑)𝜕𝑡 + 𝑆𝜑𝜌𝜋𝜑 (𝜕𝜀V𝜕𝑡 + (1 − 𝑛)𝜌𝑠
𝜕𝜌𝑠𝐷𝑡) + 𝜃𝜋

= −∇ ⋅ 𝑞𝜋𝑟𝜑.
(13)

In (13), the right item is thematerial flow including convective
(Darcy) and nonconvective diffusion; the left items indicate
the change rates of fluid material caused by the saturability

and density (the first item), volumetric strain (the second
item), volumetric deformation of soil particles (the third
item), and phase change (the fourth item), respectively.

Considering the mass conservation of every component,∑𝑘 𝜃𝜋 = 0, the total equilibrium equation is as follows:

𝑛 𝜕𝜕𝑡 (𝑆𝑙𝜌𝑎𝑙 + 𝑆𝑔𝜌𝑎𝑔)
+ (𝑆𝑙𝜌𝑎𝑙 + 𝑆𝑔𝜌𝑎𝑔) (𝜕𝜀V𝜕𝑡 + (1 − 𝑛)𝜌𝑠

𝜕𝜌𝑠𝐷𝑡)
= −∇ ⋅ (𝑞𝑎𝑟𝑙 + 𝑞𝑎𝑟𝑔) .

(14)

As for the water including liquid water and steam in the air
(𝜋 = 𝑤), the total equilibrium equation is as follows:

𝑛 𝜕𝜕𝑡 (𝑆𝑙𝜌𝑤𝑙 + 𝑆𝑔𝜌𝑤𝑔 )
+ (𝑆𝑙𝜌𝑤𝑙 + 𝑆𝑔𝜌𝑤𝑔 ) (𝜕𝜀V𝜕𝑡 + (1 − 𝑛)𝜌𝑠

𝜕𝜌𝑠𝐷𝑡)
= −∇ ⋅ (𝑞𝑤𝑟𝑙 + 𝑞𝑤𝑟𝑔) .

(15)

Equation (14) and (15) are continuity equations of the gas and
liquid, respectively. For the sake of convenience in writing, in
the following derivation process, 𝜌𝑤𝑙 = 𝜌𝑙, 𝜌𝑤𝑔 = 𝜌V, 𝑞𝑤𝑟𝑙 = 𝑞𝑙,
and 𝑞𝑤𝑟𝑔 = 𝑞V.

Variations of densities of steam, liquidwater, and particles
with time can be expressed as

𝜕𝜌𝑙𝜕𝑡 = 𝜕𝜌𝑤 (1 + 𝛾𝑐)
𝜕𝑡 = (1 + 𝛾𝑐) 𝜕𝜌𝑤𝜕𝑡 + 𝜌𝑤𝛾𝜕𝑐𝜕𝑡

= (1 + 𝛾𝑐) [ 𝜌𝑤𝐾𝑤
𝜕𝑃𝑤𝜕𝑡 − 𝜌𝑤𝛽𝑤 𝜕𝑇𝜕𝑡 ] + 𝜌𝑤𝛾𝜕𝑐𝜕𝑡 ,

𝜕𝜌V𝜕𝑡 = 𝜕𝜌V𝜕𝑃𝑤
𝜕𝑃𝑤𝜕𝑡 + 𝜕𝜌V𝜕𝑐 𝜕𝑐𝜕𝑡 + 𝜕𝜌V𝜕𝑇 𝜕𝑇𝜕𝑡 ,

(1 − 𝑛)𝜌𝑠
𝜕𝜌𝑠𝐷𝑡

= [(𝑎 − 𝑛) 𝜕𝑃𝐾𝑠𝜕𝑡 − (1 − 𝛼) �̇�𝑖𝑖 − (𝛼 − 𝑛) 𝛽𝑠�̇�] ,

(16)

where 𝜌𝑙 = 𝜌𝑤(1 + 𝛾𝑐); 𝜌𝑤 is the density of fresh water; 𝛾 is
the density ratio of solute to water in the pore water; 𝐾𝑤 is
the compression modulus of fresh water; 𝛽𝑤 is the thermal
expansion coefficient of fresh water; 𝐾𝑠 is the compression
modulus of particles; 𝛽𝑠 is the thermal expansion coefficient
of the framework; and 𝑎 is the Biot coefficient.

Considering effects of temperature and solute concentra-
tion in the unsaturated soil, the effusion flux of water steam
can be described using the revised Fick law as follows:

𝑞V = −𝐷V𝜏𝑆𝑎∇𝜌V, (17)

where 𝑞V is the effusion flux of water steam, with a unit of
kg/m2/s; 𝜏 = (𝑛 − 𝑆𝑤)2/3 is the factor considering pore
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curvature in the soil [14], and𝐷V = 229 × 10−7(𝑇/273.15)1.75
is steam diffusion coefficient [15].

Considering the effects of solute in the unsaturated soil,
the density of steam 𝜌V can be expressed as

𝜌V = ℎ𝑟𝜌V𝑠 = 𝑅ℎℎ𝑐𝜌V𝑠. (18)

Substituting (16)∼(18) into (15), the continuous equilib-
rium equation of pore water considering combined effects of
framework deformation, steam, solute, and temperature can
be obtained as follows:

𝐶𝑝𝑒 𝜕𝜀𝜕𝑡 + 𝐶𝑝𝑝 𝜕𝑝𝑤𝜕𝑡 + 𝐶𝑝𝑇 𝜕𝑇𝜕𝑡 + 𝐶𝑝𝑐 𝜕𝑐𝜕𝑡
= ∇ ⋅ (𝐾𝑝𝑝∇𝑝𝑤 + 𝜌2𝑙 𝑔𝐾𝑘𝑟𝑙𝜇𝑤 ) + ∇ ⋅ (𝐾𝑝𝑇∇𝑇) + ∇

⋅ (𝐾𝑝𝑐∇𝑐) .
(19)

The coefficients in the equation are shown in Appendix A.

2.3. Energy Conservation Equation. The total internal energy
of every fluid phase 𝑀ℎ

𝜑 and energy exchange flux 𝑞ℎ𝜑 can be
expressed as

𝑀ℎ
𝜑 = 𝑛𝑆𝜑𝜌𝜑𝑒𝜑, (20a)

𝑞ℎ𝜑 = 𝑖ℎ𝜑 + 𝑒𝑎𝜑𝑞𝑎𝑟𝜑 + 𝑒𝑤𝜑𝑞𝑤𝑟𝜑 + 𝑛𝑆𝜑𝜌𝜑𝑒𝜑�̇�𝑠
= 𝑖ℎ𝜑 + 𝑞ℎ𝑟𝜑 + 𝑛𝑆𝜑𝜌𝜑𝑒𝜑�̇�𝑠. (20b)

Similarly, as for the solid phase, it can be obtained:

𝑀ℎ
𝑠 = (1 − 𝑛) 𝜌𝑠𝑒𝑠, (21a)

𝑞ℎ𝑠 = 𝑖ℎ𝑠 + 𝑒𝑠𝑞𝑟𝑠 + (1 − 𝑛) 𝜌𝑠𝑒𝑠�̇�𝑠
= 𝑖ℎ𝑠 + 𝑞ℎ𝑟𝑠 + (1 − 𝑛) 𝜌𝑠𝑒𝑠�̇�𝑠, (21b)

where 𝑒𝜑 is a unit mass of internal energy of phase 𝜑; 𝑒𝑎𝜑 and𝑒𝑤𝜑 are energies of water and gas per unit mass.
According to the total energy conservation and the

assumption of local thermal equilibrium, it can be obtained:

𝜕𝜕 [𝑛𝑆𝑙𝜌𝑙𝑒𝑙 + 𝑛𝑆𝑔𝜌V𝑒V + (1 − 𝑛) 𝜌𝑠𝑒𝑠] − 𝑄ℎ
= −∇ ⋅ (𝑖ℎ𝑚 + 𝑞ℎ𝑟𝑙 + 𝑞ℎ𝑟𝑔 + 𝑞ℎ𝑟𝑠) ,

(22)

where 𝑖ℎ𝑚 is the average heat conduction flux; 𝑞ℎ𝑟𝑙, 𝑞ℎ𝑟𝑔, and 𝑞ℎ𝑟𝑠
are convection fluxes of the liquid phase, gas phase, and solid
phase, respectively;𝑄ℎ is the term of source and convergence.
Effects of thermal conduction in deformation of solid phases
are neglected.

When variations of temperature and pressure are not
large enough, the internal energy in the energy balance
equation can be replaced by the specific enthalpy. Specific

enthalpies of the solid phase, water, and water steam can be
expressed as follows:

ℎ𝑠 + ℎ𝑙 = 𝐶𝑠 (𝑇 − 𝑇𝑜) + 𝐶𝑙 (𝑇 − 𝑇𝑜) , (23a)

ℎV = ℎ𝑝V + ℎ𝐿𝑜 = 𝐶𝑝V (𝑇 − 𝑇0) + 𝐿𝑜 (𝑇𝑜)
= 𝐶𝑙 (𝑇 − 𝑇0) + 𝐿 (𝑇) , (23b)

where ℎ𝑠, ℎ𝑙, and ℎV are specific enthalpies of the solid phase,
water, andwater steam, respectively;𝐶𝑠 and𝐶𝑙 are the specific
heat of solids and water; 𝐶𝑝V is the specific heat at constant
pressure of water steam; 𝐿𝑜 is the latent heat of vaporization
of water steam.

Replacing the internal energy with enthalpy in (23a) and
(23b),

𝜕ℎ𝑠𝜕𝑡 = (1 − 𝑛) 𝜌𝑠𝐶𝑠 𝜕𝑇𝜕𝑡 , (24)

𝜕 (𝑛𝑆𝑤𝜌𝑙ℎ𝑙)𝜕𝑡 = 𝑛𝑆𝑤𝜌𝑙𝐶𝑙 𝜕𝑇𝜕𝑡 + 𝑛𝜌𝑙𝐶𝑙 (𝑇 − 𝑇0) 𝜕𝑆𝑤𝜕𝑡
+ 𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) 𝜕𝜌𝑙𝜕𝑡 ,

(25)

𝜕 (𝑛𝑆𝑔𝜌Vℎ𝑝V)𝜕𝑡 = 𝑛𝑆𝑔𝜌V𝐶𝑝V 𝜕𝑇𝜕𝑡 + 𝑛𝑆𝑔𝐶𝑝V (𝑇 − 𝑇0) 𝜕𝜌V𝜕𝑡
+ 𝑛𝜌V𝐶𝑝V (𝑇 − 𝑇0) 𝜕𝑆𝑔𝜕𝑡 ,

(26)

𝜕 (𝑛𝑆𝑔𝜌Vℎ𝐿0)𝜕𝑡 = 𝑛𝑆𝑔𝐿0 𝜕𝜌V𝜕𝑡 + 𝑛𝜌V𝐿0 𝜕𝑆𝑔𝜕𝑡 . (27)

In the above derivation, effect of the density of solids on
energy is neglected, and it is assumed that the specific heat
can be considered as the invariant when variations of pressure
and temperature are not large.

The right part of the energy equation (22) can be abbrevi-
ated as follows:

𝑞ℎ = −𝜆𝐼∇𝑇 + 𝐶𝑙 (𝑇 − 𝑇0) 𝑞𝑟𝑙
+ [𝐶𝑙 (𝑇 − 𝑇0) + 𝐿 (𝑇)] 𝑞𝑟V. (28)

By substituting (23a), (23b), and (27) into (22), the energy
conservation equation can be obtained as

𝐶𝑇𝑝 𝜕𝑝𝑤𝜕𝑡 + 𝐶𝑇𝑇 𝜕𝑇𝜕𝑡 + 𝐶𝑇𝑐 𝜕𝑐𝜕𝑡 + 𝑉𝑇𝑇 ⋅ ∇𝑇
= ∇ ⋅ (𝐾𝑇𝑝∇𝑝𝑤) + ∇ ⋅ (𝐾𝑇𝑇∇𝑇) + ∇ ⋅ (𝐾𝑇𝑐∇𝑐) .

(29)

The coefficients in the equation are shown in Appendix B.

2.4. Solute Transport Equation. When the temperature does
not vary significantly, it can be considered that migration
of solute under the temperature gradient can be neglected;
therefore the solute transport equation can be obtained
according to the mass conservation law of the solute:

𝜕𝜕𝑡 (𝜃𝑐) + 𝜕𝜕𝑡 (𝜌𝑑𝑐𝑃) = ∇ ⋅ (𝐷𝑠ℎ∇𝑐 − 𝑞𝑐) , (30)
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where 𝑐𝑃 is the amount of adsorbed solute in soil per mass,
which is a function of concentration. Then (30) can be
expressed as

(𝑛𝑆𝑤 + 𝜌𝑑 𝜕𝑐𝑝𝜕𝑐 ) 𝜕𝑐𝜕𝑡 + 𝑐𝐷𝑠

𝜕𝑝𝑤𝜕𝑡 = ∇ ⋅ (𝐷𝑠ℎ∇𝑐 − 𝑞𝑐) , (31)

where 𝜃 is the volumetric water content of pore water; 𝜌𝑑 is
the density of dry soil; 𝐷𝑠ℎ is the hydrodynamic dispersion
coefficient of the solute; 𝑞 is the water flux;𝐷𝑠 is the moisture
capacity.

2.5. Initial Conditions and Boundary Conditions. Initial con-
ditions inside the given analysis area Ω and on the boundaryΓ𝜋 (𝜋 = 𝑢, 𝑤, 𝑇, 𝑐) when 𝑡 is zero are as follows:

𝑢 = 𝑢0,
𝑝𝑤 = 𝑝0𝑤,
𝑇 = 𝑇0,
𝑐 = 𝑐0,

on Ω and Γ𝜋.

(32)

Dirichlet boundary conditions can be expressed as fol-
lows:

𝑢 (𝑡) = �̂� (𝑡) , on Γ𝑢;
𝑝𝑤 (𝑡) = 𝑝𝑤 (𝑡) , on Γ𝑤;
𝑇 (𝑡) = �̂� (𝑡) , on Γ𝑇;
𝑐 (𝑡) = 𝑐 (𝑡) , on Γ𝑐.

(33)

Neumann boundary conditions can be expressed as
follows:

𝐼𝑇𝜎 = 𝑡, on Γ𝑞𝑢 ;
[𝐾𝑘𝑟𝑙𝜇𝑤 ∇𝜓 + 𝐷V𝜏𝑆𝑎∇𝜌V] ⋅ 𝑛

= 𝑞𝑤 + 𝑞V + 𝛽𝑐 (𝜌V − 𝜌V∞) , on Γ𝑞𝑤,
(34a)

[𝜌𝑤V𝑤𝐿 − 𝜆𝑀∇𝑇] ⋅ 𝑛 = 𝑞𝑇 + 𝛼𝑐 (𝑇 − 𝑇∞) , on Γ𝑞𝑇;
[𝐷𝑠ℎ∇𝑐] ⋅ 𝑛 = 𝑞𝑐, on Γ𝑞𝑇, (34b)

where 𝑞𝑤, 𝑞V, 𝑞𝑇, 𝑞𝑐, and 𝑡 are assigned liquid water flow,
water steam flow, solute flow, and tensile force on the bound-
ary Γ𝜋 (𝜋 = 𝑢, 𝑤, 𝑇, 𝑐). 𝜌V∞ and 𝑇∞ are the mass density and
temperature of water steam at undisturbed locations far away
from boundaries; 𝛽𝑐 is the mass convection coefficient; 𝛼𝑐
is the thermal convection coefficient. Mixed boundary con-
ditions may appear during the actual calculation. Therefore
boundary conditions should be determined according to the
actual situation.

The initial concentration distribution is given as

𝑐 = 𝑐0 (𝑧) , 𝑡 = 0, 0 ≤ 𝑧 ≤ 𝐿, (35a)

where 𝐿 is the depth of calculated soil layer.

At the earth surface where 𝑧 is zero, boundary conditions
of solute migration can be one kind of the Dirichlet, Neu-
mann, and Cauchy boundary conditions.

(1) As the solute concentration at the earth surface is
given, the Dirichlet boundary condition is expressed as
follows:

𝑐 = 𝑐 (𝑧) , 𝑧 = 0, 𝑡 > 0. (35b)

(2) As the earth surface is in the status of infiltration and the
solute concentration 𝑐𝑅(𝑡) or the degree of mineralization of
rainfall or irrigation water is given, it is the Cauchy boundary
condition expressed as follows since the solute transport flux𝐽 = −𝐷𝑠ℎ∇𝑐 + 𝑞𝑐:

−𝐷𝑠ℎ∇𝑐 + 𝑞𝑐 = 𝑞𝑐𝑅 (𝑡) , 𝑧 = 0, 𝑡 > 0. (35c)

As the intensity of water supply 𝑅(𝑡) is smaller than the
soil infiltration capacity, the water movement flux at the earth
surface in the above equation is equal to the intensity of water
supply 𝑅(𝑡); as the intensity of water supply 𝑅(𝑡) is larger
than the soil infiltration capacity, the water movement flux at
the earth surface can be calculated through the above equa-
tion.

(3) As the earth surface is in the status of evaporation,
the intensity of evaporation 𝐸(𝑡) adopts the Penman-Wilson
formula of the actual evaporation amount at the surface of the
unsaturated soil as the evaporation boundary condition:

𝐸 (𝑡) = Δ𝑅𝑛 + 𝜂𝐸𝑎Δ + 𝜂𝐴 , (35d)

where Δ is the slope of the vapor pressure-temperature curve
of the saturated steam; 𝑅𝑛 is the amount of net radiation at
soil surface; 𝜂 is the humidity constant; 𝐸𝑎 is the amount of
potential evaporation and 𝐸𝑎 = 𝑓(𝑢)𝑃𝑔𝑤(𝐵−𝐴). Here 𝑓(𝑢) is
a function of wind, and 𝑓(𝑢) = 0.35 × (1 + 0.15𝑢), where 𝑢 is
the wind velocity; 𝑃𝑔𝑤 is the vapor pressure of air above the
evaporating surface; 𝐵 is the reciprocal of relative humidity of
the air, which is 1/ℎ𝐵; 𝐴 is the reciprocal of relative humidity
of the soil surface, which is 1/𝑅ℎ.

Here it belongs to the Cauchy boundary condition, which
can be expressed as follows since the solute flow is zero at the
earth surface during evaporation:

𝐷𝑠ℎ∇𝑐 + 𝑐𝐸 (𝑡) = 0, 𝑧 = 0, 𝑡 > 0. (35e)

(4) During field or indoor experiments, as it has neither
evaporation nor infiltration on the earth surface, it belongs
to the Neumann boundary condition, and it can be obtained:

∇𝑐 = 0. (35f)

2.6. Finite Element Discretization of the THMC Coupled Gov-
erning Equation. Analytical solutions of the THMC coupled
mathematical model can be hardly achieved due to the
complexity of solution conditions and irregularity of solution
region. Therefore, the only way to solve the model is to
obtain approximate solutions through numerical methods.
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The THMC coupled governing equations such as (5), (19),
(29), and (31) are spatial discretized as follows:

𝐾𝑑𝑢𝑑𝑡 + 𝐶𝑑𝑝𝑤𝑑𝑡 + 𝐼𝑑𝑇𝑑𝑡 = 𝑑𝑓𝑑𝑡 ,
𝐸𝑑𝑢𝑑𝑡 + 𝐹𝑝𝑤 + 𝐺𝑑𝑝𝑤𝑑𝑡 + 𝑀𝑇 + 𝐿𝑑𝑇𝑑𝑡 + 𝑈𝑑𝑐𝑑𝑡 = 𝑓,

𝑃𝑑𝑝𝑤𝑑𝑡 + 𝑄𝑇 + 𝐽𝑝𝑤 + 𝑅𝑑𝑇𝑑𝑡 + 𝑆𝑑𝑐𝑑𝑡 = 𝑋,
𝑊𝑐 + 𝑍𝑑𝑐𝑑𝑡 = 𝑌,

(36)

where

𝐾 = ∫
Ω

𝐵𝑇𝐷𝑇𝐵𝑑Ω,
𝐶 = −∫

Ω
𝐵𝑇 [𝑚(1 − 𝐷𝑇3𝐾𝑠)(𝑆𝑤 + 𝑝𝑤𝐷𝑠𝑛 )

+ 𝐷𝑇𝑚𝛽𝑠𝑤𝐷𝑠𝑛 ]𝑁𝑝𝑑Ω,
𝐼 = −∫

Ω
𝐵𝑇𝐷𝑇𝑚𝛽𝑠3 𝑁𝑇𝑑Ω,

𝑑𝑓 = ∫
Ω

𝑁𝑇
𝑢 𝑑𝑏 𝑑Ω + ∫

Γ
𝑁𝑇
𝑢 𝑑�̂� 𝑑Γ,

𝐸 = ∫
Ω

(𝑁𝑝)𝑇 [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V] (𝑚𝑇

− 𝑚𝑇𝐷𝑇3𝐾𝑠 )𝐵𝑑Ω,

𝐺 = ∫
Ω

(𝑁𝑝)𝑇{𝐷𝑠 [𝜌𝑤 (1 + 𝛾𝑐) − 𝜌V]
+ 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤 + 𝑛𝑆𝑤 (1 + 𝛾𝑐) 𝜌𝑤𝐾𝑤
+ [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]
⋅ (1 − 𝑛𝐾𝑤 − 𝑚𝑇𝐷𝑇𝑚(3𝐾𝑠)2 )} ⋅ 𝑁𝑝𝑑Ω,

𝐹 = ∫
Ω

(∇𝑁𝑝)𝑇 (𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤 + 𝐷V𝜏𝑆𝑎 𝜌V𝑀𝑤𝜌𝑙𝑅𝑇 )𝑁𝑝𝑑Ω,
𝑀 = ∫

Ω
(∇𝑁𝑝)𝑇 [−𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤

𝜐𝜙𝐶𝑅𝑔
+ 𝐷V𝜏𝑆𝑎 (ℎ𝑟 𝜕𝜌V𝑠𝜕𝑇 + 𝜌𝑔𝑤𝑠ℎ𝑐 𝜕𝑅ℎ𝜕𝑇 + 𝜌V𝑠𝑅ℎ 𝜕ℎ𝑐𝜕𝑇 )]
⋅ 𝑁𝑇𝑑Ω,

𝐿 = ∫
Ω

(𝑁𝑝)𝑇 {𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑇
− [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]
⋅ [(1 − 𝑛) 𝛽𝑠 − 𝑚𝑇𝐷𝑇𝑚3𝐾𝑠

𝛽𝑠3 ]

− 𝑛𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) 𝛽𝑤}𝑁𝑇𝑑Ω,

𝑈 = ∫
Ω

(𝑁𝑝)𝑇 [𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑐 + 𝑛𝑆𝑤𝜌𝑤𝛾]𝑁𝑐𝑑Ω,
𝑓 = −∫

Γ𝑤

𝑁𝑇
𝑝 [𝑞𝑤 + 𝑞V + 𝛽𝑐 (𝜌V − 𝜌V∞)] 𝑑Γ,

𝑃 = ∫
Ω

(𝑁𝑇)𝑇 {𝜌𝑤𝐶𝑙 (1 + 𝛾𝑐) (𝑇 − 𝑇0) (𝐷𝑠 + 𝑛𝑆𝑤𝐾𝑤 )
− 𝜌V𝐷𝑠 [𝐶𝑝V (𝑇 − 𝑇0) − 𝐿0]
+ 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤 [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0]}
⋅ 𝑁𝑝𝑑Ω,

𝑄 = ∫
Ω

(∇𝑁𝑇)𝑇 (𝜆𝑀 + 𝐿𝐷𝑇𝑉)𝑁𝑇𝑑Ω,
𝐽 = ∫

Ω
(∇𝑁𝑇)𝑇 (𝐿𝐷𝑃𝑉)𝑁𝑝𝑑Ω,

𝑅 = ∫
Ω

(𝑁𝑇)𝑇 {(𝜌𝑐)𝑀
− 𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) (1 + 𝛾𝑐) 𝜌𝑤𝛽𝑤
+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0] 𝜕𝜌V𝜕𝑇 }𝑁𝑇𝑑Ω,

𝑆 = ∫
Ω

(𝑁𝑇)𝑇 {𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) 𝜌𝑤𝛾
+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿𝑜] 𝜕𝜌V𝜕𝑐 }𝑁𝑐𝑑Ω,

𝑋 = −∫
Γ𝑇

𝑁𝑇
𝑇 [𝑞𝑇 + 𝛼𝑐 (𝑇 − 𝑇∞)] 𝑑Γ,

𝑊 = ∫
Ω

(∇𝑁𝑐)𝑇𝐷𝑠ℎ∇𝑁𝑐𝑑Ω + ∫
Ω

(∇𝑁𝑐)𝑇 𝑞𝑁𝑐𝑑Ω,
𝑍 = ∫

Ω
(𝑁𝑐)𝑇(𝑛𝑆𝑤 + 𝜌𝑏 𝜕𝑐𝑝𝜕𝑐 )𝑁𝑐𝑑Ω,

𝑌 = −∫
Γ𝑐

𝑁𝑇
𝑐 𝑞𝑐𝑑Γ.

(37)
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Equation (36) can be expressed in the form of matrix as
follows:

[[[[[
[

𝐾 𝐶 𝐼 0
𝐸 𝐺 𝐿 𝑈
0 𝑃 𝑅 𝑆
0 0 0 𝑍

]]]]]
]

𝑑𝑑𝑡
{{{{{{{{{{{

𝑢
𝑝𝑤
𝑇
𝑐

}}}}}}}}}}}
+ [[[[[

[

0 0 0 0
0 𝐹 𝑀 0
0 𝐽 𝑄 0
0 0 0 𝑊

]]]]]
]

{{{{{{{{{{{

𝑢
𝑝𝑤
𝑇
𝑐

}}}}}}}}}}}

=
{{{{{{{{{{{{{{{

𝑑𝑓𝑑�̂�𝑓
𝑋
𝑌

}}}}}}}}}}}}}}}
.

(38)

The Monolithic Augmentation Approach is applied to
solve the model. Changes within every time step Δ𝑡 are
assumed as linear, which means

[𝑢 𝑝𝑤 𝑇 𝑐]
𝑡𝑘+𝛼

= [𝑁𝑡
1 𝑁𝑡

2] [[
𝑢𝑡𝑘 𝑝𝑡𝑘𝑤 𝑇𝑡𝑘 𝑐𝑡𝑘

𝑢𝑡𝑘+Δ𝑡𝑘 𝑝𝑡𝑘+Δ𝑡𝑘𝑤 𝑇𝑡𝑘+Δ𝑡𝑘 𝑐𝑡+Δ𝑡𝑘]]
, (39)

where 𝛼 is a point within the time step Δ𝑡𝑘; the item at the left
of the equation contains the values of 𝑢, 𝑝𝑤, 𝑇, and 𝑐 at the
time of 𝑡𝑘 + 𝛼, which means 𝛼 = (𝑡 − 𝑡𝑘)/Δ𝑡𝑘; 𝑁1 = 1 − 𝛼 and𝑁2 = 𝛼.

Therefore (38) can be transformed into the following
iterative solution equation:

[[[[[
[

𝐾 𝐶 𝐼 0
𝐸 𝐺 + 𝛼𝐹Δ𝑡𝑘 𝐿 + 𝛼𝐹Δ𝑡𝑘 𝑈
0 𝑃 + 𝛼𝐽Δ𝑡𝑘 𝑅 + 𝛼𝑄Δ𝑡𝑘 𝑆
0 0 0 𝑍 + 𝛼𝑊Δ𝑡𝑘

]]]]]
]𝑡𝑘+𝛼

{{{{{{{{{{{

𝑢
𝑝𝑤
𝑇
𝑐

}}}}}}}}}}}𝑡𝐾+Δ𝑡𝐾

= [[[[[
[

𝐾 𝐶 𝐼 0
𝐸 𝐺 − (1 − 𝛼) 𝐹Δ𝑡𝑘 𝐿 − (1 − 𝛼)𝑀Δ𝑡𝑘 𝑈
0 𝑃 − (1 − 𝛼) 𝐽Δ𝑡𝑘 𝑅 − (1 − 𝛼)𝑄Δ𝑡𝑘 𝑆
0 0 0 𝑍 − (1 − 𝛼)𝑊Δ𝑡𝑘

]]]]]
]𝑡𝑘+𝛼

{{{{{{{{{{{

𝑢
𝑝𝑤
𝑇
𝑐

}}}}}}}}}}}𝑡𝐾

+
{{{{{{{{{{{{{

𝑑𝑓𝑑�̂�𝑓
𝑋
𝑌

}}}}}}}}}}}}}𝑡𝑘+𝛼

Δ𝑡𝐾.
(40)

The above equation is the spatial discretization of non-
linear equations. Hence the nonlinear governing equation
is transformed into linear problem through discretization
of space and time. The asymmetric stiffness matrix can be
directly solved by using the asymmetric solver.

3. Assessment and Validation of
the Numerical Model

3.1. Simulation of Salt Leaching andAccumulating. Combined
with the THMC coupled governing equation and initial
conditions and boundary conditions (34a)∼(34b) and (35a)∼
(35f), as well as the given initial conditions and boundary
conditions of water flow and temperature, the mathematic
model of solute migration problem in the soil treated by the
lime in the subgrade was then built.

We choose a calculation example to study the salt leach-
ing and accumulating processes in field to investigate the
migration rule of salinity in the unsaturated soil, and the
applicability and accuracy of the model are verified: dynamic
test was developed to study the changes of the water and
salt of the soil in the condition of fresh water and salt water
flushing [16].The test was conducted on a plot (6.1m× 6.1m).
The average water content of the soil was 0.2.The observation
and sample point was set in the depth of 30, 60, 90, 120,

150, and 180 cm, respectively. Based on the test, the calculated
results of the THMCmodel we raised will be contrasted with
the test results, and the model will be verified.

According to the observation data, Bresler [17] has cal-
culated the experimental process above, and the soil water
characteristic curve is generalized as follows:

ℎ (𝜃) = −1300𝑒−10.5𝜃 (cm) , 𝜃 ≤ 0.35,
ℎ (𝜃) = −1.59 × 107𝑒−36.6𝜃 (cm) , 𝜃 ≤ 0.35. (41)

The relationship between hydraulic conductivity and
water content is

𝐾 (𝜃) = 3.24 × 10−8𝑒35.8𝜃 (cm/min) . (42)

During calculation, the hydrodynamic dispersion coeffi-
cient 𝐷𝑠ℎ(], 𝜃) adopts the following equation:

𝐷𝑠ℎ (], 𝜃) = 𝜆 |]| + 𝐷𝑎𝑎𝑒𝑏𝜃, (43)

where the value of𝐷𝑎 is 0.04 cm
2/min; 𝑎 ranges from 0.001 to

0.005; 𝑏 equals 10; 𝜆 ranges from 0.28 to 0.55 and equals 0.28,
0.39, and 0.55 in the calculation, respectively.

Since there are no calculating parameters such as temper-
ature and volumetric deformation, the model was simplified
as the water-solute coupled model, and the dynamic of
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distribution after 11 hours of salt leaching

Figure 1: The comparison between numerically simulated and measured results of distributions of water content and concentration in the
soil.

soil water and salt was numerically simulated using the
Bresler hydraulic characteristic parameters. Figure 1 showed
the comparison between numerically calculated results and
measured results, which indicated that distributions of water
content and concentration were consistent with measured
data. After two hours of irrigation using the saline solution,
salinity migrated downward with water at a depth up to
30 cm, and the concentration decreased when the depth
increased from zero (at the earth surface) to 30 cm. Then
the salt was leached using the fresh water. After nine hours

and eleven hours of salt leaching, wetting fronts occurred at
depths of 35 cm and 110 cm, respectively, while solute fronts
(themaximal concentration) appeared at depths of 40 cm and
50 cm, with peak values decreased from 210 to 170 and 150,
respectively. After thirteen hours of salt leaching, solute front
appearedwith a depth of 60 cmwith a peak value of 140. After
seventeen hours of salt leaching, wetting front appeared at a
depth of 170 cm.

It is assumed that the underground water level is deep,
and the initial salt concentration of the surface soil is up to
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Figure 2: Numerically simulated results of salt leaching and accumulating.

130 g/L. The initial salt concentration was shown in Figure 1.
Then the surface soil was leached using fresh water for 2000
minutes. After stopping the irrigation, the surface soil was
evaporated according to the following rules:

𝐸 (𝑡) = 𝐸𝑜 = 0.65 (cm/d) , 𝜃 > 0.27,
𝐸 (𝑡) = 𝐸𝑜 (𝑎𝜃 + 𝑏) = 2𝜃 + 0.11 (cm/d) , 𝜃 ≤ 0.27, (44)

where 𝐸(𝑡) is the evaporation intensity, which is not a
constant and relates to the volumetric water content of the
surface soil 𝜃.

In order to study the process of salt accumulating during
evaporation, in this research, initial conditions and boundary
conditions provided by Zhang [18] were adopted to calculate
the above problem. Distributions of solute and volumetric
water content at 250min, 500min, 700min, 3000min, and
21 days, separately, and the calculation results were showed
in Figure 2.

Figure 2 shows that, after being leached for 500 minutes,
the concentration peak moved from the earth surface to the
location with a depth of about 50 cm, and the maximum
concentration decreased from 130 g/L to 25 g/L. After stop-
ping the leaching, salt content of the surface soil gradually
increased. However, due to the deep level of underground
water, salinity continued to migrate downward with the
downward infiltration of water. With the decreasing of water
content, the evaporation intensity of surface soil rapidly
reduced; therefore the salt accumulating became slow. When
it was 21 days after leaching, salt content concentration in
surface soil obviously rose to 20 g/L, which was because of
the fact that when the water content in surface soil was very
low, salt concentration had an obvious variationwhen the salt
content was not large.

Simulation results show that processes of salt leaching
and accumulating were different from each other. During
the 2000 minutes of salt leaching, the solute front kept
moving downward, and its peak value kept decreasing. After

stopping the salt leaching and following evaporating for 21
days, the amount of evaporation was determined through
(44), which gradually reduced with the decreasing of water
content in the surface soil, while the solute front did notmove
upward obviously due to the evaporation. Simulation results
indicate that processes of salt leaching and accumulatingwere
different. Relative to the process of salt accumulating, the
process of salt leaching affected the downward migration of
salinitymore, whichwas at some extent related to the fact that
evaporation amount reduced with the decreasing of water
content in surface soil.

3.2. Numerical Simulation of Migration of Ca2+ Ions in
the Soil Subgrade Treated by the Lime under Conditions of
Rainfall and Evaporation. The adsorption process in soil
is usually described by the adsorption isotherm, which is
an empirical equation describing relationship between the
adsorption amount of solute and the solute concentration
in the solution under the constant temperature. Comparison
study shows that, among the adsorption isotherms (linear
equation, Freundlich equation and Langmuir equation, etc.),
the Freundlich adsorption isotherm has a better effect in
fitting the experimental data. Results of fitting experiments
are shown in Figure 3.The expression of adsorption isotherm
is as follows:

𝑆 = 𝐾𝑓𝐶𝑁, (45)

where 𝐶 is the solute concentration; 𝐾𝑓 and 𝑁 are fitting
parameters, with values of 0.1522 and 0.5848, respectively.

According to quantitative analysis results ofmineral com-
positions using the X-ray diffraction, it can be obtained that
the effective montmorillonite content was about 6% ∼18%,
and its average value of 12% was taken as the reference value.
Fitting parameters 𝐾𝑓 and 𝑁 of the adsorption isotherm
of the expansive soil in Nanning were 0.0228 and 0.5848,
respectively.
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Table 1: Calculation parameter.

Volume specific heat
coefficient

(J⋅(m3⋅ ∘C)−1)
Thermal conductivity

(J⋅(s⋅m⋅∘C)−1) Permeability
coefficient/m⋅s−1

Elasticity
modulus
MPa

Poisson
ratio

Bulk modulus
(kPa)

Thermal expansion
coefficient
(K−1)

𝐶𝑠 𝐶𝑤 𝜆𝑠 𝜆𝑤 𝑘𝑠 𝐸 𝜇 𝐾𝑤 𝐾𝑠 𝛽𝑤 𝛽𝑠
2.24 × 106 4.15 × 106 6.0 0.57 1.25 × 109 60 0.3 4.3 × 109 1.4 × 109 6.3 × 105 0.9 × 106

Table 2: Weather data of some region in China.

Temperature/∘C Relative humidity% Wind speed
m/s

Net radiation
MJ/(m2⋅d) Rainfall

MJ/mmHighest Lowest Average Highest Lowest Average
35.04 19.86 24.68 99.99 46.74 73.37 0.482 14.2 0

Ca fitting
Zn fitting

Ca adsorption test
Zn adsorption test
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Figure 3: Fitting of the Freundlich adsorption isotherm of Ca2+
ions.

Situations in temperature variation and meteorological
parameters under conditions of rainfall and evaporation
were listed in Tables 1 and 2. One assumes that, under
the eluviations of atmosphere, shear strength and elasticity
modulus of the soil treated by the lime share the same
attenuation law, which is

𝐸 (𝑐)𝐸0 = 𝜏 (𝑐)𝜏0 , (46)

where 𝐸 is the elasticity modulus of soil treated by the lime,
with a unit of kPa; 𝑐 is the solute concentration, with a
unit of kg/kg. The diffusion coefficient of Ca2+ ion in the
expansive soil was selected as 3.8 × 10−6 cm2/s according to
references. The soil water characteristic curve is showed in
Figure 4. According to results of the compaction test of soil
treated by the lime, control indexes of the subgrade filling
were 95% of the maximum dry density and 2% larger than
optimal moisture, which means the initial volumetric water
content of the subgrade was 0.31, and the saturability was
86%. Indoor experiment tested that the content of Ca2+ ions
was 4.803%. According to the fitting curve of the adsorption
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Figure 4: The soil water characteristic curve of soil treated by the
lime.

isotherm shown in Figure 3, the equilibrium concentration
was 104.5 kg/m3 when the solution was in the equilibrium.

According to simulation and calculation of rainfall, infil-
tration and evaporation of soil subgrade treated by the lime,
trends of subgrade deformation, and distributions of the
volumetric water content in soil and Ca2+ ion content along
the depth were obtained, as shown in Figures 5 and 6. As
can be seen from Figure 5, under the action of rainfall, water
continuous seeping into the soil layer of the subgrade, and
rain for 20 days later, the impact depth is about 1.5m. With
the evaporation of the atmosphere, the surface of subgrade
soil is constantly losing water, and the influence depth of
evaporation for 20 days is about 1.0m. From the calculation
result of Figure 6, in the action of the eluviation, Ca2+
ions migrated downward. After continuous rainfall, in the
region within 10 cm from the surface soil, Ca2+ ion content
reduced significantly and accumulated downward due to
the absorption of Ca2+ ions by the expansive soil and the
low diffusivity of Ca2+ ions in the expansive soil. When
evaporation began, the soil layer contained a lot of Ca2+ ions,
and therefore salt accumulation occurred at the soil surface
under the condition of continuous evaporation. Relative to
the effect of salt leaching caused by rainfall, the effect of salt
accumulating caused by evaporation was smaller.
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Figure 5: Distributions of water content under conditions of continuous rainfall and evaporation.
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Figure 6: Distributions of Ca2+ ion content under conditions of continuous rainfall and evaporation.
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4. Conclusions

(1)The processes of salt leaching and accumulating in the soil
treated by the unsaturated lime were different. Comparing
with the process of salt accumulating, the influence of
the process of salt leaching to the downward migration of
salinity was larger, which was closely related to the fact
that evaporation amount reduced to the decreasing of water
content in soil surface.

(2) Under the action of eluviation, the Ca2+ ion content
in deeper soil increased due to the Ca2+ ion content accu-
mulating andmoving down, and the influence depth reached
1.5m. Under the condition of continuous evaporation, salt
accumulation occurred on the surface of the expensive
soil subgrade. Comparing with the effect of salt leaching
caused by rainfall, the effect of salt accumulating caused by
evaporation was smaller.

(3) Comparing the experimental results with the theo-
retical results, the following can be concluded: the thermo-
hydro-mechano-chemical (THMC) model which was built
based on the basic theories in the polyporous polyphasic
medium mechanics, the mixture theory in the continuum
mechanics, and thermodynamic theories of the irreversible
process can accurately calculate and solve the coupling prob-
lem of solutemigration during the treatment of expansive soil
using the unsaturated lime.

Appendix

A. The Coefficients of the Continuous
Equilibrium Equation of Pore Water (See
(21a) and (21b))

𝐶𝑝𝑝
= 𝐷𝑠 [𝜌𝑤 (1 + 𝛾𝑐) − 𝜌V] + 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤

+ 𝑛𝑆𝑤 (1 + 𝛾𝑐) 𝜌𝑤𝐾𝑤
+ [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]
⋅ (1 − 𝑛𝐾𝑤 − 𝑚𝑇𝐷𝑇𝑚(3𝐾𝑠)2 )(𝑆𝑤 + 𝑝𝑤𝑛 𝐷𝑠) ;

𝐶𝑝𝑒
= [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V] (𝑚𝑇 − 𝑚𝑇𝐷𝑇3𝐾𝑠 ) ;

𝐶𝑝𝑇
= 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑇 − [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]

⋅ [(1 − 𝑛) 𝛽𝑠 − 𝑚𝑇𝐷𝑇𝑚3𝐾𝑠
𝛽𝑠3 ]

− 𝑛𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) 𝛽𝑤;

𝐶𝑝𝑐 = 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑐 + 𝑛𝑆𝑤𝜌𝑤𝛾;
𝐾𝑝𝑝 = 𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤 + 𝐷V𝜏𝑆𝑎 𝜌V𝑀𝑤𝜌𝑙𝑅𝑇 ;
𝐾𝑝𝑇

= −𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤
𝜐𝜙𝐶𝑅𝑔

+ 𝐷V𝜏𝑆𝑎 (ℎ𝑟 𝜕𝜌V𝑠𝜕𝑇 + 𝜌𝑔𝑤𝑠ℎ𝑐 𝜕𝑅ℎ𝜕𝑇 + 𝜌V𝑠𝑅ℎ 𝜕ℎ𝑐𝜕𝑇 ) ;
𝐾𝑝𝑐 = −𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤

𝜐𝜙𝑅𝑇𝑔 + 𝐷V𝜏𝑆𝑎𝑀𝑤]𝜙𝜌V,
𝐶𝑇𝑝

= 𝜌𝑤𝐶𝑙 (1 + 𝛾𝑐) (𝑇 − 𝑇0) (𝐷𝑠 + 𝑛𝑆𝑤𝐾𝑤 )
− 𝜌V𝐷𝑠 [𝐶𝑝V (𝑇 − 𝑇0) − 𝐿0]
+ 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤 [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0] ,

𝐶𝑇𝑇
= (𝜌𝑐)𝑀 − 𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) (1 + 𝛾𝑐) 𝜌𝑤𝛽𝑤

+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0] 𝜕𝜌V𝜕𝑇 ,
𝐶𝑇𝑐

= 𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) 𝜌𝑤𝛾
+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿𝑜] 𝜕𝜌V𝜕𝑐 ,

𝐾𝑇𝑝 = 𝐿𝐷𝑃𝑉,
𝐾𝑇𝑇 = 𝜆𝑀 + 𝐿𝐷𝑇𝑉,
𝐶𝑇𝑐 = 𝐿𝐷𝐶𝑉.

(A.1)

B. The Coefficients of the THMC Coupled
Governing Equation (See (30))

𝐾 = ∫
Ω

𝐵𝑇𝐷𝑇𝐵𝑑Ω,
𝐶 = −∫

Ω
𝐵𝑇 [𝑚(1 − 𝐷𝑇3𝐾𝑠)(𝑆𝑤 + 𝑝𝑤𝐷𝑠𝑛 )

+ 𝐷𝑇𝑚𝛽𝑠𝑤𝐷𝑠𝑛 ]𝑁𝑝𝑑Ω,
𝐼 = −∫

Ω
𝐵𝑇𝐷𝑇𝑚𝛽𝑠3 𝑁𝑇𝑑Ω,
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𝑑𝑓 = ∫
Ω

𝑁𝑇
𝑢 𝑑𝑏𝑑Ω + ∫

Γ
𝑁𝑇
𝑢 𝑑�̂� 𝑑Γ,

𝐸 = ∫
Ω

(𝑁𝑝)𝑇 [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V] (𝑚𝑇

− 𝑚𝑇𝐷𝑇3𝐾𝑠 )𝐵𝑑Ω,

𝐺 = ∫
Ω

(𝑁𝑝)𝑇{𝐷𝑠 [𝜌𝑤 (1 + 𝛾𝑐) − 𝜌V]

+ 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤 + 𝑛𝑆𝑤 (1 + 𝛾𝑐) 𝜌𝑤𝐾𝑤
+ [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]
⋅ (1 − 𝑛𝐾𝑤 − 𝑚𝑇𝐷𝑇𝑚(3𝐾𝑠)2 )} ⋅ 𝑁𝑝𝑑Ω,

𝐹 = ∫
Ω

(∇𝑁𝑝)𝑇 (𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤 + 𝐷V𝜏𝑆𝑎 𝜌V𝑀𝑤𝜌𝑙𝑅𝑇 )𝑁𝑝𝑑Ω,
𝑀 = ∫

Ω
(∇𝑁𝑝)𝑇 [−𝜌𝑙𝐾𝑘𝑟𝑙𝜇𝑤

𝜐𝜙𝐶𝑅𝑔
+ 𝐷V𝜏𝑆𝑎 (ℎ𝑟 𝜕𝜌V𝑠𝜕𝑇 + 𝜌𝑔𝑤𝑠ℎ𝑐 𝜕𝑅ℎ𝜕𝑇 + 𝜌V𝑠𝑅ℎ 𝜕ℎ𝑐𝜕𝑇 )]
⋅ 𝑁𝑇𝑑Ω,

𝐿 = ∫
Ω

(𝑁𝑝)𝑇 {𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑇
− [𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) + (1 − 𝑆𝑤) 𝜌V]
⋅ [(1 − 𝑛) 𝛽𝑠 − 𝑚𝑇𝐷𝑇𝑚3𝐾𝑠

𝛽𝑠3 ]
− 𝑛𝑆𝑤𝜌𝑤 (1 + 𝛾𝑐) 𝛽𝑤}𝑁𝑇𝑑Ω,

𝑈 = ∫
Ω

(𝑁𝑝)𝑇 [𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑐 + 𝑛𝑆𝑤𝜌𝑤𝛾]𝑁𝑐𝑑Ω,
𝑓 = −∫

Γ𝑤

𝑁𝑇
𝑝 [𝑞𝑤 + 𝑞V + 𝛽𝑐 (𝜌V − 𝜌V∞)] 𝑑Γ,

𝑃 = ∫
Ω

(𝑁𝑇)𝑇 {𝜌𝑤𝐶𝑙 (1 + 𝛾𝑐) (𝑇 − 𝑇0) (𝐷𝑠 + 𝑛𝑆𝑤𝐾𝑤 )
− 𝜌V𝐷𝑠 [𝐶𝑝V (𝑇 − 𝑇0) − 𝐿0]
+ 𝑛 (1 − 𝑆𝑤) 𝜕𝜌V𝜕𝑝𝑤 [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0]}
⋅ 𝑁𝑝𝑑Ω,

𝑄 = ∫
Ω

(∇𝑁𝑇)𝑇 (𝜆𝑀 + 𝐿𝐷𝑇𝑉)𝑁𝑇𝑑Ω,

𝐽 = ∫
Ω

(∇𝑁𝑇)𝑇 (𝐿𝐷𝑃𝑉)𝑁𝑝𝑑Ω,
𝑅 = ∫

Ω
(𝑁𝑇)𝑇 {(𝜌𝑐)𝑀

− 𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) (1 + 𝛾𝑐) 𝜌𝑤𝛽𝑤
+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿0] 𝜕𝜌V𝜕𝑇 }𝑁𝑇𝑑Ω,

𝑆 = ∫
Ω

(𝑁𝑇)𝑇 {𝑛𝑆𝑤𝐶𝑙 (𝑇 − 𝑇0) 𝜌𝑤𝛾
+ 𝑛 (1 − 𝑆𝑤) [𝐶𝑝V (𝑇 − 𝑇0) + 𝐿𝑜] 𝜕𝜌V𝜕𝑐 }𝑁𝑐𝑑Ω,

𝑋 = −∫
Γ𝑇

𝑁𝑇
𝑇 [𝑞𝑇 + 𝛼𝑐 (𝑇 − 𝑇∞)] 𝑑Γ,

𝑊 = ∫
Ω

(∇𝑁𝑐)𝑇𝐷𝑠ℎ∇𝑁𝑐𝑑Ω + ∫
Ω

(∇𝑁𝑐)𝑇 𝑞𝑁𝑐𝑑Ω,
𝑍 = ∫

Ω
(𝑁𝑐)𝑇(𝑛𝑆𝑤 + 𝜌𝑏 𝜕𝑐𝑝𝜕𝑐 )𝑁𝑐𝑑Ω,

𝑌 = −∫
Γ𝑐

𝑁𝑇
𝑐 𝑞𝑐𝑑Γ.

(B.1)
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This paper shows the results of the hydraulic-hydrologic calculations of karst spring discharges and the groundwater level in the
aquifer of spring catchment. The calculations were performed for the Golubinka spring in Zadar area for the 4-year period. The
chosen approach was a model using relatively scarce data set, including limnigraphic data on the difference between the sea water
level and the freshwater level on the spring itself and the precipitation data from themeteorological stationZadar.Thedetermination
of discharge hydrographs, based on inherent assumptions and available data, yields the proportionality coefficients between the
discharge and the limnigraphic data on the Golubinka spring itself. Further, based on the discharge hydrograph, groundwater
level oscillation was determined. The resulting spring discharge hydrograph and groundwater levels, along with the assumption of
Golubinka spring as the only spring on the catchment, were used in creating turbulent seepagemodel of the fractured systemwithin
the aquifer, which evidently extends along the axis of theGolubinka spring catchment.Themodel yielded suitable turbulent seepage
coefficients of the fracture system. By using the numerical model KarstMod it was estimated that, on average, concentrated fracture
flow drains around 85% of infiltrated volumes and the remaining 15% accounts for diffuse matrix flow. Finally, the Modflowmodel
was used in order to get insight into the flow field and the distribution of equipotentials in the aquifer of the Golubinka catchment.

1. Introduction

The Dinaric karst in Croatia, globally known as “locus
typicus” of karst landscapes, is characterized by very irregular
karstification which is caused by tectonics, compression,
reverse faults, and overthrusting structures. Due to the
morphological and hydrogeological differences, Dinaric karst
itself can be distinguished into many types. Segregation
is necessary due to heterogeneity of the rock mass and
nonuniform infiltration that varies over space and time.
Having that in mind favors a more detailed and precise
analysis of karst terrains, when dealing with flow rates esti-
mations, contaminant monitoring and tracking, or creating
a protection model for karst aquifer [1]. Because karst in
the Ravni Kotari area near Zadar city differs from karst
in the Lika region and karst on the Adriatic islands, flow
model needs to be adjusted to the natural conditions [2] and
should not be generalized over whole area of Dinaric karst.
In order to identify recharge areas and infiltration processes

in karst, the geomorphological and the topographical surveys
are needed. Independently of soil covers, areas of karstified
carbonate rocks are classified as zones of autogenic recharge.
For example, 80%of precipitation can infiltrate bare karstified
limestones, that is, karrenfelds [3]. The increase of vegetation
cover significantly increases evapotranspiration from karst
terrain so the amount of recharge decreases. In addition,
climatic conditions such as the intensity, type, and amount
of precipitation and temperature also affect the percentage
of recharge. Knowing the hydrodispersion characteristics
of the aquifer, boundary conditions, hydraulic heads, and
spring and sinks locations is necessary to acquire insight
into existing conditions on the catchment. It is expensive
and complicated to collect all the necessary data, which
represent a problem when dealing with a numerical analysis,
where these kinds of data are very needed. However, the
problem can be reduced by using appropriate assumptions
and relying on the researcher’s experience and previous
knowledge.
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The scale of observations can significantly influence the
opinion about the aquifer and its characteristics. For example,
hydraulic conductivity value is especially sensitive to the scale
effect [4], which should be taken into account due to impor-
tance of this coefficient in assessing the rate of groundwater
flow. The aquifer hydraulic conductivity determined by the
pumping tests can indicate more than five orders of magni-
tude greater value than the hydraulic conductivity value of
the isolated matrix structure [5]. Matrix structure has a small
primary permeability, due to pores which are usually smaller
than 10 micrometers. Even highly porous soil, for example,
chalk and some limestone, is not very permeable, and its spe-
cific retention is high. Because of such small permeability, the
flow through a matrix structure is characterized as a diffuse
flow, accounting for a minor part of the total groundwater
flow. The largest part of the groundwater flow in the karst
environment is conducted through fractures, where higher
rates of groundwater velocities are developed. As reported by
Milanovic [6], in the classic Dinaric karst of Herzegovina,
the most frequent velocity is between 864 and 1728m/d,
based on the 281 tests of dye tracing. These values represent
apparent velocities developed in the fractures of the aquifer.
In order to assess the groundwater flow directions and the
overall flow characteristics in a real karst aquifer it would be
insufficient to use only the hydraulic head information. The
measurements of hydraulic head should be combined with
field tests, such as dye tracing, and the overall understanding
of various hydraulic factors, such as flow through pipes and
“nonhydraulic” factors such as geomorphology, limestone
(carbonate) sedimentology, tectonics, and geologic history,
including paleokarstification. Darcy’s equation, which is
applicable for intergranular porosity and laminar conditions,
is not suitable for fracture porosity. In karst, flow takes place
through micro and macro fractures, through interconnected
pores within a matrix structure, but also through solutional
cavities of any imaginable shape [3]. Therefore, it is quite
difficult to determine the “representative” parameter values
for the Darcy equation; the hydraulic conductivity (𝐾), the
hydraulic gradient (𝐼), and the entire cross-sectional area of
flow (𝐴), inclusive of voids and solids. In order to get more
realistic results of the groundwater flow rates, it is necessary
to integrate the equations of turbulent flow through various
types of fractures, pipes, and channels and Darcy’s equation
for laminar flow through the rock matrix.

The aim of this paper is to model the flow through the
Golubinka spring catchment despite the scarcity of measured
data. The idea is to get acquainted with aquifer characteristic
and conditions within (flow rates and distribution, velocities,
hydraulic conductivity coefficients, etc.), so this knowledge
can be applied in further researches.

2. Methodology

In this research we were forced to deal with a lack of infor-
mation about the analyzed catchment area. The placement
of the fractures and preferential flow paths were not fully
obtained or known. There was no information available
considering the underground water levels, with exception
of the field research provided by the IGH institute in 2013,

when exploratory drilling was performed on the analyzed
catchment on 29.9.2013. The main goals of this research are
to obtain a discharge hydrograph for karst spring Golubinka,
to determine a groundwater level hydrograph and seepage
quantities within aquifer of Golubinka catchment area, using
inherent assumptions and hydraulic equations. The research
is designed to be successive: the results of mentioned calcu-
lations will serve as an input for the two numerical models,
one regarding quantification of flow components and the
other used for simulation of flow fields. Available data used
as the main input for this research were the precipitation data
obtained from a nearby meteorological station and data from
the limnigraphic station located at the Golubinka spring.
The analysis was performed for period between 1.1.2012 and
31.12.2015. Since there is no data on the Golubinka spring
discharge, the spring discharge hydrograph is synthesized
with limnigraphic data on the difference between the sea
water level and the freshwater level on the spring itself. It
was assumed that the total infiltrated volume of precipitation
equals the total volume of discharge at the Golubnika spring.
This allowed us to analyze this area as a closed system, where
Golubnika spring is the only place of discharge. For the
calculation of the discharge hydrograph, two hypotheses were
tested, one which assumes a linear correlation between the
discharge and the water level difference, and the other which
assumes a nonlinear correlation.

The oscillation of groundwater level in aquifer of the
Golubinka catchment is simulated, on the basis of the con-
tinuity equation proposed by Katsanou et al. [7], assuming
infiltration and storage coefficients and using the spring
discharge values obtained with the linear and nonlinear
approaches. There was only one in situ data (piezometer 𝑃1;
IGH, 2013) considering the water level at the analyzed period,
used as a control point in the calculations. The series of
groundwater level measurements from 1967, which we had
at our disposal, were used for comparison of the obtained
results. Furthermore, turbulent component of overall seepage
through the karst aquifer of the Golubinka spring catchment
area has been simulated, using the results from previous
calculations, that is, spring discharge quantities and ground-
water levels. Nonlinear Manning’s equation was used for the
calculation of turbulent seepage through the fracture system
of the Golubinka spring catchment. Seepage hydrograph of
the aquifer will be compared with the Golubinka spring
discharge hydrograph obtained with the first step of the
methodology, in order to find the suitable turbulent seepage
coefficient for this fracture system. In that way, Golubinka
spring hydrograph will serve for calibration of seepage
hydrograph and turbulent seepage coefficient (𝑘𝑡) will be the
main outcome of this calculation. This coefficient will be
used later in numerical modeling of the analyzed aquifer.
It is expected that the majority of flow will occur in the
fracture section of the aquifer [8–10], but the question is in
what proportion will this happen compared to the diffuse
matrix flow. The numerical model KarstMod is utilized for
estimation of distribution between the fracture component
and the matrix component of overall groundwater flow,
using the precipitation time series, pumping rates from the
Golubinka spring, and the discharge hydrograph obtained
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Figure 1: Schematic hydrogeological map of the Golubinka spring catchment area.

by the linear and nonlinear approach. Finally, the Modflow
model will be used in order to get insight into the flow field
and the distribution of equipotentials in the aquifer of the
Golubinka catchment.

3. Study Site

The Golubinka spring, located in the northern Dalmatia in
Croatia, is a typical karst spring (Figure 1). The catchment
is mostly composed of limestones from the Cretaceous and
Palaeogene era with some dolomitic parts. The hydroge-
ological barriers are usually “hanging” barriers composed
of Quaternary sediments or flysch and below which the
groundwater flow is formed. Near the Golubinka spring there
is a typical fracture flow which is well connected with the
periphery of the catchment, which was proved with tracer
tests. The research area is generally located between the
Adriaticmicroplate to the southwest and theDinaric regional
structural unit to the northeast. Their contact is represented
by reverse faults that strike northeast-southwest [11, 12].
Eocene and Cretaceous limestone are a main component of
the terrain [13, 14]. Miljašič Jaruga is the only temporary
surface stream in the Zadar hinterland.The catchment area of
theGolubinka spring (Figure 1) is an integral part of thewider
catchment area that covers the entire hinterland of the city
of Zadar, called Bokanjac-Poličnik. The most known karst
springs and pits, some of which are used for water supply,
are located in this area. Hydrogeologically, the catchment of
the Golubinka spring can be separated from the rest of the

Bokanjac-Poličnik catchment by zonal underground water
divide, which is unfortunately known only approximately
(Figure 1). In the coastline area, the carbonate rocks are in
contact with sea water in quite narrow area, because flysch
rock in Ljubački bay acts as an undersea barrier [15]. In
that way the groundwater flow can suppress intruding sea
water until the end of the summer period when groundwater
level and discharge drop. In the areas formed by carbonate
rock the effective infiltration is very large and in the areas
of impervious terrain the effective precipitation ends in the
aquifer through sinks [16]. The intermittent surface flows
that arise on the impermeable flysch rock also end up in
sinks. The Biljane Donje sink is located in the periphery of
the Golubinka catchment (Figure 1). Another groundwater
barrier is located southwest of the Golubinka spring, where
there is a five-meter thick layer of residual soils [17]. However,
some water flow passes under residual soil layer towards
the Bokanjac spring. Stratigraphically, the upper zone of the
terrain is shallow and highly karstified, while the deeper
zone is characterized as a low permeability rock mass, with
a network of karst fractures [16]. The observed direction of
the groundwater flow in most cases is northwest. This is an
underground connection between the Biljanje Donje sink
and the Golubinka spring with the groundwater velocity of
8.1 cm/s, which has been demonstrated through tracer tests
[16]. The measured groundwater level in piezometers by the
Oko spring (Figure 1) is around 60m a.s.l. That causes a sig-
nificant hydraulic gradient and high groundwater velocities
towards the northern part of the catchment area, that is, the
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Figure 2: Limnigraphic data on the water level difference between
the “sea” and “freshwater” side of the partition wall built on the
spring itself and the precipitation data from the omnigraphic station
Zadar.

Golubinka spring or Boljkovac spring. The measurements
on the study area from 1961 to 1990 [18] indicate a positive
correlation between the average monthly precipitation and
the discharge at the Golubinka spring. The highest monthly
discharges occurred in February, with an average of 1.000 l/s,
and the lowest were in July, with an average of 100 l/s [18].The
average annual discharge of the Golubinka spring was 417 l/s
and the average annual precipitation was 992mm/year.

4. Determining the Discharge Hydrograph for
the Golubinka Spring and the Groundwater
Level in Aquifer

In the analyzed period (1.1.2012–31.12.2015) the daily limni-
graphic data𝑚 and the daily precipitation data were available
(Figure 2). The limnigraphic data are the water level differ-
ences between the “sea” side and “freshwater” side of the
partition wall built on the spring itself. The precipitation data
are from themeteorological stationZadar (Figure 1). It should
be noted that these data do not relate to the overflow height
over the calibrated flume, but only to the fresh water surface
elevation above the sea level on the place of the spring next
to the sea. Consequently, there is no reliable hydrograph𝑄(𝑡)
for the Golubinka spring.

To obtain the discharge hydrograph we introduced the𝐾𝑚 coefficient of the Golubinka spring discharge and the
water level difference 𝑚 from the “sea” and “freshwater”
side of the partition wall 𝑄GOLUBINKA(𝑡) = 𝑓(𝑚). The𝐾𝑚 coefficient depends on the estimated nature of their
relationship. The two hypotheses were tested. The first one
assumes linear correlation between spring discharge and
water level difference𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅𝑚 and the second
assumes nonlinear correlation𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅sqrt(𝑚).
The 𝐾𝑚 values were obtained based on the assumption
that a linear correlation between the precipitation and the
average annual discharge from the spring exists. Data from
1961–1990 [18] assist in obtaining spring discharge values.
From that periodwe adopted the average annual precipitation
of 992mm/year and the average annual spring discharge of
417 l/s and determined an average discharge for the analyzed
period (2012–2015) on the basis of known data on average
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Figure 3: Discharge hydrograph of the Golubinka spring in the
analyzed period.

annual rainfall for the analyzed period (1036mm/year). The
simulation was performed until the same precipitation and
discharge ratio of the analyzed period and the one from [18]
were reached (𝑃1961–1990/𝑃2012–2015 = 𝑄1961–1990/𝑄2012–2015).
The calculated hydrographs for utilizing linear (for𝐾𝑚 = 0.4)
and nonlinear (for 𝐾𝑚 = 0.45) correlation are shown in
Figure 3.The average discharge for both cases in the analyzed
period is 435 l/s, but the peak values differ.Thepeak discharge
at the spring for the period 2012–2015 is 1364 l/s for linear
correlation and 831 l/s for the nonlinear correlation.

In order to determine the groundwater levels for the same
period a simple approach based on the continuity equation (1)
was used [7]. Accordingly, it is assumed that the groundwater
level on the reference piezometer position 𝑃1 (Figure 1),
located in the middle of the catchment, is the reference value
for the entire catchment area.

𝐻𝑡+Δ𝑡 = 𝐻𝑡 + [(−𝑄GOLUBINKA − 𝑄PUMP + 𝛾 ⋅ 𝑃 ⋅ 𝑅)
𝑆 ⋅ 𝑅 ] ⋅ Δ𝑡, (1)

where 𝐻𝑡, 𝐻𝑡+Δ𝑡 are groundwater level at the beginning
and the end of the calculation [L], 𝑄GOLUBINKA is discharge
at the Golubinka spring [L3T−1], 𝑄PUMP is pumping rate
[L3T−1], 𝛾 is infiltration coefficient (adopted 0.6; [19]), 𝑅
is catchment area (adopted 65 km2; [18]), and 𝑆 is storage
coefficient (adopted 0.01; [20]).

The infiltration coefficient 𝛾 is usually in the range 0.3
to 0.9 and the characteristic value for the Dinaric karst is
around 0.6 [20]. At our disposal we had measurements of
groundwater level from 1967 [21]which assist as a comparison
for the results obtained for the analyzed period. The mean
groundwater level in piezometer 𝑃1 in 1967 was 53m a.s.l.
and the maximum was 64m a.s.l [21]. The total precipitation
in 1967 was 1762mm which is significantly higher than the
annual average precipitation of 992mm in the period 1961
to 1990 [18] and of 1036mm in the analyzed period 2012 to
2015. Therefore, the mean and the maximum groundwater
levels on the reference piezometer 𝑃1 in 1967 should be
higher than those calculated for the period 2012 to 2015.
In addition, it is necessary to adopt an initial groundwater
level for the calculation. It should be noted that during
the simulation period 1.1.2012 to 31.12.2015 there were no
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Table 1: Difference between calculated (2012–2015) and measured (1967) values of GWLmax and GWLmean.

ΔGWLmax = GWLmax (1967) − GWLmax (2012–2015) ΔGWLmean = GWLmean (1967) − GWLmean (2012–2015)𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅ 𝑚 𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅ sqrt(𝑚) 𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅ 𝑚 𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅ sqrt(𝑚)
2.71 1.65 4.89 3.96

continuous measurements of water levels in any piezometer
within the analyzed catchment, except for piezometer 𝑃1 (𝑋
= 1501947,8E; 𝑌 = 4401119,2N; altitude of 55m, Figure 1)
where, during the starting period of the hydraulic conduc-
tivity test pumping on 29.9.2013, the registered groundwater
level was 49.5m a.s.l. [22]. Therefore, the initial condition of
groundwater level is adopted in a way that the calculation
of groundwater level gives the measured value of 49.5m
a.s.l. on 29.9.2013 at the location of piezometer 𝑃1. Figure 4
shows the calculated, (1), groundwater levels for the analyzed
period 2012 to 2015 with adopted model parameters: 𝑅 =
65 km2, 𝑆 = 0.01, and 𝛾 = 0.3. The calculation of groundwater
level obtained on the basis of discharge hydrograph with
assumed linear correlation, 𝑄GOLUBINKA(𝑡) = 𝐾𝑚 ⋅ 𝑚,
yields the peak groundwater level of GWLmax (2012.–2015.) =61.29m a.s.l. and the mean level of GWLmean (2012.–2015.) =48.11m a.s.l. For the nonlinear correlation 𝑄GOLUBINKA(𝑡) =𝐾𝑚 ⋅ sqrt(𝑚) the calculations yield higher peak level of
GWLmax (2012–2015) = 62.35m a.s.l. and higher mean levels of
GWLmean (2012.–2015.) = 49.04m a.s.l. As previously stated,
calculated values of GWLmax and GWLmean for both linear
and nonlinear assumption are lower than the ones mea-
sured in 1967 (Table 1). The groundwater measurements on
piezometer 𝑃1 in 1967 during strong precipitation events
of 374mm in the seven-day period (4.11.1967 to 10.11.1967)
showed a 12m increase of groundwater level. Through the
seven days of the analyzed period (1.9.2012–7.9.2012) when
total precipitation was 106.3mm, increase of groundwater
level in case of the linear model was 3.17m, and 3.1m in
case of the nonlinear model. These values correspond to the
measured increase of groundwater level over seven days in
1967.The structure of (1) indicates the possibility of obtaining
the same resultant groundwater level hydrograph (Figure 4)
if the infiltration and the storage coefficient are multiplied by
the same number the area of the basin𝑅 is divided by (i.e., for
the number 2: 𝛾 = 0.6; 𝑆 = 0.02; 𝑅 = 32.5 km2).

5. Seepage Model Adoption for
the Karstified Aquifer of the Golubinka
Spring Catchment Area

The following paragraph describes the underground water
seepage conditions through the catchment area of the Gol-
ubinka spring. With specific seepage of karstified aquifers, it
should be noted that for seepage the linear form of Darcy’s
law is applicable for cases with critical Reynolds number
below 1. For conditions where Reynolds number is above 1
a transitional and turbulent flow occurs in which resistance
is nonlinear so the slope of piezometric height is expressed
in the form 𝐼 ∝ V𝑛. For the turbulent flow 𝑛 = 2 and
the appropriate seepage law is V = 𝑘𝑡sqrt(𝐼), where 𝑘𝑡 is
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Figure 4: Groundwater level for the analyzed period 2012–2015 and
the position of the reference piezometer 𝑃1; calculations according
to (1); red dot represents measured value (49.5m a.s.l.).

the turbulent seepage coefficient. The groundwater flow in
the catchment area of the Golubinka spring occurs through
an uneven fracture system with different conductivity values
along the flow axis. For the calculation of the turbulent flow in
the fractures, the Darcy-Weisbach or the Manning equation
can be used:𝑄(𝑦) = 𝐾(𝑦) ⋅ sqrt(𝐼), where𝐾(𝑦) is the relative
cumulative function of conductivity, in units of m3/s. If it is
imagined that there are one or more natural underground
fracture systems in cross section of aquifer, then the flow
is calculated from the general cumulative conductivity and
the slope of the piezometric head. In an uneven fracture
system conductivity varies along the axis of the flow, wherein
the mean conductivity, (2), equals the arithmetic mean of
the conductivity at the edges of the section: 𝐾(𝐿1, 𝐻1) and𝐾(𝐿2, 𝐻2). 𝐾 was calculated using expression: 𝐾 = 𝑘𝑡 ⋅ 𝐴,
where 𝐴 is cross section of the aquifer, 𝐴 = 𝐻 ⋅ 𝐵. By
integrating the above-mentioned expression for turbulent
flow in the fractures, and by separating the variables, (3) was
obtained.

𝐾mean = 𝐾 (𝐿1, 𝐻1) + 𝐾 (𝐿2, 𝐻2)2 , (2)

𝐻1 − 𝐻2 + |𝑄|𝑄
𝐾2mean

𝐿 = 0, (3)

where 𝐾mean is the arithmetic mean of the conductivity
[L3T−1], 𝐾(𝐿1, 𝐻1) and 𝐾(𝐿2, 𝐻2) are hydraulic conductiv-
ities [L3T−1], 𝐿 is distance between the edges of the section
[L], 𝐻1 is groundwater level at piezometer 𝑃1 [L], 𝐻2 is
groundwater level at Golubinka spring [L], and𝑄 is turbulent
seepage within aquifer [L3T−1].

Since we do not have any discharge data from other
springs in Ljubački bay we have adopted an assumption
of Golubinka spring as the only place of discharge of the
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Figure 5: Time series of the amount of seepage through the Golubinka catchment (groundwater flow in the aquifer) and discharge at the
Golubinka spring.

catchment. That, along with assumption of equality of total
infiltrated and discharged volume of water, allowed us to
calculate aquifer seepage hydrograph on the basis of spring
discharge hydrograph. By using (2) and (3) the seepage
through the fracture system of the Golubinka catchment
area is calculated with the variation of 𝑘𝑡 (Figure 5), which
represents the calibration parameter. The following values
were used: 𝐿 = 10 km (distance 𝑃1 to Golubinka spring,
Figure 1), 𝐵𝑃1 = 2000m (the width of the fracture system at
the piezometer 𝑃1), 𝐵Golubinka = 150m (width of the fracture
system at the Golubinka spring),𝐻1 is ℎ𝑃1(𝑡) of Figure 4, and𝐻2 is𝑚(𝑡) of Figure 2.The results indicate a significant level of
correlation between the groundwater flow and the discharge
from the Golubinka spring, Figure 5. For the assumption
of a linear model the calculated conductivity was 𝑘𝑡-𝑃1 =1.0 ⋅ 10−6m/s (at piezometer 𝑃1) and 𝑘𝑡-GOLUBINKA = 7.5 ⋅10−2m/s (at Golubinka spring), and for the assumption of a
nonlinear model the results were 𝑘𝑡-𝑃1 = 5.5 ⋅ 10−5m/s and𝑘𝑡-GOLUBINKA = 3.7 ⋅ 10−2m/s.

The question of the distribution of flow between the
diffuse matrix and the fracture component of the flow
through the karst aquifer remains. The answer to this was
given by analyzing it through the numericalmodelKarstMod.

6. Cascade Reservoir Model for Quantification
of the Groundwater Flow Distribution

The KarstMod model is used for the calculation of rainfall-
discharge relationship of the karst springs and for the
hydrodynamic analysis of individual compartments and their
interaction in wider model. By defining model structure and
its fluxes (precipitation, evapotranspiration, and pumping
rates in the components), warm-up, and calibration and
validation periods, an optimal model parameter set can
be obtained as the model output. The two-level structure,
with three compartments, constitutes the model (Figure 6).
Compartment 𝐸 (Epikarst) represents the higher level, while
compartments 𝑀 (Matrix) and 𝐹 (Fractures) represent the
lower level. It is assumed that the components 𝑀 and 𝐹 are
filled from the higher level 𝐸 and that the main quantities of
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Figure 6: Structure of the model platform.

flow will occur through the fractures (𝑄𝐹𝑆). The model has 3
water balance equations [23]:

𝑑𝐸
𝑑𝑡 = 𝑃eff − 𝑄𝐸𝑀 − 𝑄𝐸𝐹,
𝑑𝑀
𝑑𝑡 = 𝑄𝐸𝑀 − 𝑄𝑀𝑆 − 𝑄𝑀𝐹,
𝑑𝐹
𝑑𝑡 = 𝑄𝐸𝐹 − 𝑄𝐹𝑆,

(4)

where 𝐸, 𝑀, and 𝐹 are water levels in compartments 𝐸, 𝑀,
and𝐹, respectively, 𝑆 is outlet of the system,𝑃eff is the effective
precipitation, assumed as 0.6⋅𝑃 [19], and𝑄𝐸𝑀,𝑄𝐸𝐹,𝑄𝑀𝑆,𝑄𝐹𝑆,
and 𝑄𝑀𝐹 are internal discharge rates per unit surface area.

Discharge at outlet 𝑄𝑆 is defined as

𝑄𝑆 = 𝑅 (𝑄𝑀𝑆 + 𝑄𝐹𝑆) − 𝑄𝑆pump, (5)
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Table 2: Ranges of parameter values carried out by the optimization procedure based on the input hydrograph obtained using (1) (linear and
nonlinear) and the optimal values of the parameters used for calculating hydrographs with the KarstMod model.

Optimization parameter Range Optimal value
Linear Nonlinear

𝑅 (km2) 20–70 30.42 31.89
𝐸0 (mm) 0–100 1.76 3.66
𝑀0 (mm) 0–100 19.73 58.57
𝐹0 (mm) 0–100 25.98 18.92
𝑘𝐸𝐹 (mm/day) 1𝐸 − 4–100 0.0551 1.37
𝛼𝐸𝐹 (-) 0.2–4 2.08 0.43
𝑘𝐸𝑀 (mm/day) 1𝐸 − 4–100 0.0954 0.46
𝑘𝑀𝑆 (mm/day) 1𝐸 − 4–100 0.0130 0.00035
𝑘𝑀𝐹 (mm/day) 1𝐸 − 4–100 0.00026 0.00031
𝑘𝐹𝑆 (mm/day) 1𝐸 − 4–100 0.0277 0.090
𝛼𝐹𝑆 (-) 0.2–4 1.00 0.68

WOBJ value (calibration stage) 0.61 0.69
WOBJ value (validation stage) 0.63 0.60

where𝑅 is the recharge area of the catchment and𝑄𝑆pump is the
discharge rate abstracted at the outlet per unit surface area.

Exchange function 𝑄𝑀𝐹 is defined as

𝑄𝑀𝐹 = 𝑘𝑀𝐹 × sgn (𝑀 − 𝐹) × 
𝑀 − 𝐹
𝐿 ref


𝛼𝑀𝐹 , (6)

where 𝑘𝑀𝐹 is the specific discharge coefficient, 𝛼𝑀𝐹 is a pos-
itive exponent, 𝑄𝑀𝐹 is the algebraic flow from compartment𝑀 to compartment 𝐹, and 𝐿 ref is a unit length.

Input data of themodel were precipitation, pumping rates
from the Golubinka spring, and the discharge hydrograph
from Figure 3. The 90-day period (1.1.2012–31.3.2012) was
used as the warm-up period and these results were not used
for the model calibration. For the calibration, 1004 days
were used (1.4.2012–31.12.2014) forwhich the optimummodel
parameter set was obtained. For themodel validation the year
2015 was used. Model performance was tested by using the
Nash-Sutcliffe efficiency coefficient (NSE) and the modified
Balance Error (BE).

NSE = 1 − ∑ (𝑈𝑆 − 𝑈obs)2
∑(𝑈𝑆 − 𝑈obs)2

,

BE = 1 − 
∑ (𝑄𝑆 − 𝑄obs)∑𝑄obs

 ,
(7)

where 𝑈 stands for either the discharge or the square root of
the discharge and 𝑈obs represents observed data.

Both coefficients, NSE and BE, can range from −∞ to
1. The greater values of NSE and BE coefficient correspond
to a better match between the model and observations. The
multiobjective function, WOBJ, defined as the weighted sum
of two of the performance criteria (0.5 ⋅ NSE + 0.5 ⋅ BE),
was used for the performance testing during the model
calibration. Monte-Carlo simulation with a Sobol sequence
sampling of the parameter space was used in the calibration

procedure, which took place until all parameter sets that
satisfied the criteria WOBJ > (WOBJmin = 0.6) are
collected. Since more sets of parameters satisfied the criteria
WOBJ > WOBJmin during the calibrations, the additional
evaluation was used. The KarstMod model evaluates the
uncertainty of themodel results by the approach derived from
the Regional Sensitivity Analysis (RSA) and the Generalized
Likelihood Uncertainty Estimation (GLUE). In this way each
set of parameters with WOBJ > WOBJmin are used in
the prediction process, where the WOBJ value is used as a
likelihood measure for each behavioural parameter set [23].
The KarstMod then proposes simulation results of discharge
at time 𝑡, with 90% confidence interval, as shown in Figure 9.
The value range for the parameter optimization is given in
Table 2, together with the adopted final “optimum” values
used in the calculations and for which the obtained results
are shown in Figures 7 and 8.

7. Creation of the Hydrodynamic Model with
the Porous-Equivalent Approach

In order to gain insight into the flow field and the spatial
distribution of equipotentials for the Golubinka catchment
aquifer, the deterministic model Modflow was used [24],
which is often used for the simulation of groundwater
flow in various hydrogeological conditions [25, 26]. Various
types of deterministic models have been applied to karst
aquifers. The simplest approach is often referred to as the
porous-equivalent media model approach (also called the
single-continuum porous-equivalent or SCPE). Simulations
of advective transport using a SCPE model are infrequently
performed with varying degrees of success [27–32]. In these
studies, groundwater Darcy flux was mainly governed by
the model cell hydraulic conductivity and total model layer
thickness. The effective porosity is used for calculation of
a pore velocity that matches times of travel from tracer
tests. In some cases whereconduit locations were known,
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Figure 7: Calculated discharges of the Golubinka spring obtained by the KarstMod model simulation, and the linear (𝑄 = 𝐾𝑚 ⋅ 𝑚) and
nonlinear (𝑄 = 𝐾𝑚 ⋅ sqrt(𝑚)) approach from the first step of the methodology.
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Figure 8: Flow distribution between the diffuse (𝑀 – matrix) and
the fracture (𝐹) flow components through the analyzed karst aquifer.

the finite-difference cells with conduits were assigned much
greater hydraulic conductivity values than surrounding cells
andwere successful in reproducing transient spring discharge
and matching tracer test travel times.

The potential flow equation, used in the basic version of
Modflow (SCPE model), assumes that flow is laminar and
that temperature, density, and viscosity are constant over the
model domain.

𝜕
𝜕𝑥 (𝑘𝑥𝑥 𝜕ℎ𝜕𝑥) + 𝜕

𝜕𝑦 (𝑘𝑦𝑦 𝜕ℎ𝜕𝑦) + 𝜕
𝜕𝑧 (𝑘𝑧𝑧

𝜕ℎ
𝜕𝑧) +𝑊

= 𝑆𝑆 𝜕ℎ𝜕𝑡 ,
(8)

where 𝑘𝑥𝑥, 𝑘𝑦𝑦, and 𝑘𝑧𝑧 are hydraulic conductivity coefficients
in the 𝑥, 𝑦, and 𝑧 coordinate axes, ℎ is piezometric level,𝑊 is
flow (volumetric) per unit of volume that represents the sinks
and/or springs, the 𝑆𝑆 is coefficient of the specific storage in
the porous media, and 𝑡 is time.

Thegoverning equation for the given initial and boundary
conditions is solved with the finite-difference method. The
Golubinka catchment was presented by an orthogonal net-
work with grid spacing of 200 × 200m (Figure 10) in the
horizontal plane with three sublayers in vertical direction.

The bottom layer has a thickness of 1m (from −2 to −1m
a.s.l.), themiddle layer 51m (−1 to 50m a.s.l.), and the surface
layer 15m (50 to 65m a.s.l.).The slow, diffuse flow takes place
in the middle and the surface layer, while the much more
pronounced seepage appears in the bottom layer. By using
the initial groundwater level at 30.4m a.s.l. the flows were
calculated for the period 1.9.2012–26.05.2015 (1000 days) by
using the boundary conditions of overlay thickness variation
of fresh water (Figure 2) at the Golubinka spring, for the
same daily precipitation amounts and the same infiltration
coefficient of 0.6.

Parameterisation of the model in terms of determin-
ing appropriate values of hydraulic conductivity coefficients𝑘𝑥,𝑦,𝑧, the effective porosity 𝑛eff, and total porosity coefficient𝑛tot is adopted on the basis of the calibration procedures
which rely on groundwater level at piezometers𝑃1 (Figure 4).
The adopted values are shown in Table 3 and Figure 11. The
results for the groundwater level comparison for piezometer𝑃1, between calculated and modeled values, are shown in
Figure 12. Figure 13 shows the flow pattern for the fracture
(bottom) layer of a thickness of 1m (from −2 to −1m a.s.l.)
for 15.11.2014, at the onset of the greatest groundwater level at
the position of piezometer 𝑃1, during the simulation period
1.9.2012–05.26.2015.

8. Conclusion

This paper shows the results of the hydraulic-hydrologic
calculations of Golubinka karst spring discharges and the
groundwater level in the aquifer of spring catchment for the
4-year period.The chosen approachwas amodel using limni-
graphic data on the difference between the sea water level and
the freshwater level on the spring itself and the rainfall data
from the meteorological station Zadar. Two hypotheses were
tested, one which assumes a linear correlation between the
discharge and the water level difference, and the other that
assumes a nonlinear correlation.

Calculation procedures yield the proportionality coef-
ficients between the flow and the limnigraphic data on
the Golubinka spring itself. Obtained discharge hydrograph
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Table 3: Adopted hydraulic conductivity values 𝑘𝑥,𝑦,𝑧, the effective porosity coefficient 𝑛eff , and the total porosity coefficient 𝑛tot, based on
the calibration procedures relied on in the piezometer 𝑃1 groundwater level hydrograph.
Parameter Layer

Surface Middle Bottom (variable)
𝑘𝑥 (m/s) 1.0𝐸 − 4 1.0𝐸 − 4 3.0𝐸 − 1/1.0𝑒 − 4
𝑘𝑦 (m/s) 1.0𝐸 − 4 1.0𝐸 − 4 3.0𝐸 − 1/1.0𝑒 − 4
𝑘𝑧 (m/s) 1.0𝐸 − 4 1.0𝐸 − 4 3.0𝐸 − 1/1.0𝑒 − 4
𝑛eff (1) 0.02 0.02 0.01
𝑛tot (1) 0.02 0.02 0.02
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Figure 9: 𝑄0.05𝑆(𝑡) and 𝑄0.95𝑆(𝑡) discharge, 90% confidence interval for the simulated discharge (𝑄 Golubinka–Karstmod); (a) linear, (b)
nonlinear.
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Figure 10: The Modflow domain of the Golubinka basin and the location of Golubinka spring and piezometer 𝑃1.

along with the groundwater level of referenced piezometer
assists in construction of seepage model for karstified aquifer
of the Golubinka spring catchment area. In the model, a
turbulent flow was assumed and Manning equation for flow
was used. As a result of the simulation the turbulent seepage
coefficient (𝑘𝑡) was gained. The linear model shows a more

significant level of correlation with seepage model, compared
to nonlinear one. It can be concluded that the linear rela-
tionship between discharge and height𝑚 is more suitable for
determining the spring discharge and, later, seepage through
the aquifer.The average error and rootmean square deviation
have shown bigger values between the seepage model and the
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Figure 11: Spatial distribution of hydraulic conductivity coefficients 𝑘𝑥,𝑦,𝑧 in the fracture layer with a thickness of 1m (from −2 to −1m a.s.l.).
Blue area indicates the values 𝑘𝑥,𝑦,𝑧 = 3.0𝐸−1, and white 𝑘𝑥,𝑦,𝑧 = 1.0𝐸−4.
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Figure 12: Results of the piezometer 𝑃1 groundwater level hydrograph (applied coefficients 𝑘𝑥,𝑦,𝑧, 𝑛eff, 𝑛tot of Table 3).
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Figure 13: Hydraulic contour lines and the velocity vector in the bottom layer with a thickness of 1m (from −2 to −1m a.s.l.) on 15.11.2014, at
the onset of the greatest groundwater level for piezometer 𝑃1 position during the simulation period 1.9.2012–05.26.2015.

discharge hydrograph obtained with the nonlinear approach,
as much as we varied the coefficient 𝑘𝑡.

The distribution of flow between the matrix and fracture
flow component of the system was estimated by applying the
numerical model KarstMod.The results show that in the case
of a linear model 19% of the total flow takes place in diffuse,
and 81% in the fracture component of the flow. In the case
of a nonlinear model, only 13% of seepage occurs in a diffuse
phase, and 87% in the fracture phase. Variability in intensity
of partial components of the flow in the linear variant is more
pronounced than in the nonlinear as a direct consequence
of a more intense variability of the input discharge hydro-
graph. Furthermore, the discharge hydrograph obtained by
the KarstMod provides better results and more significant
correlationwith nonlinearmodel, compared to the linear one.
This is probably due to greater hydraulic conductivity value of
fracture (𝑘𝐹𝑆) in the case of nonlinear approach which leads

to more rapid response of aquifer to the rain. It should also
be noted that the flow field, gained by the Modflow, shows
velocities up to 0.26m/s. Along the axis of the aquifer the
average flow velocity in highly permeable fracture layer is
0.082m/s, which is very close to the measured values of the
apparent flow velocities in this area [16].

This paper shows that karst aquifer can be analyzed by
using only limnigraphic and precipitation data and by taking
appropriate assumptions in creating the conceptual model.
Also, it is possible to identify some characteristic of the
karst aquifer from the model simulation results, such as
hydraulic conductivity coefficient. Furthermore, it is shown
that this approach can be used in creating a proper transport
model for the analyzed aquifer due to the relation between
groundwater flow velocities and transport process, that is,
advection component of transport, but greater investment
in field research is certainly needed to define a model
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more similar to the conditions that exist in the natural
environment. The application of a porous-equivalent media
model Modflow to the Golubinka karst system indicated that
for daily average hydrologic conditions the used method can
meet calibration criteria for groundwater levels and average
flows.
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[17] F. Fritz and A. Pavičić, “The Boljkovac spring, Croatia – a case
of the overexploitation of a karst spring,” in Proceedings of the
XXIII I.A.H. Congress ’Aquifer Overexploitation’, pp. 515–518,
Canary Islands, Spain, 1991.
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This study experimentally investigated the nonlinearity of fluid flow in smooth intersecting fractures with a high Reynolds
number and high hydraulic gradient. A series of fluid flow tests were conducted on one-inlet-two-outlet fracture patterns with
a single intersection. During the experimental tests, the syringe pressure gradient was controlled and varied within the range of
0.20–1.80MPa/m. Since the syringe pump used in the tests provided a stable flow rate for each hydraulic gradient, the effects
of hydraulic gradient, intersecting angle, aperture, and fracture length on the nonlinearities of fluid flow have been analysed for
both effluent fractures. The results showed that as the hydraulic gradient or aperture increases, the nonlinearities of fluid flow
in both the effluent fractures and the influent fracture increase. However, the nonlinearity of fluid flow in one effluent fracture
decreased with increasing intersecting angle or increasing fracture length, as the nonlinearity of fluid flow in the other effluent
fracture simultaneously increased. In addition, the nonlinearities of fluid flow in each of the effluent fractures exceed that of the
influent fracture.

1. Introduction

The nonlinear behaviour of fluid flow in natural fractured
rock masses is a critical hotspot in numerous branches of
geoscience and rock engineering fields, such as geological
disposal of radioactive waste [1, 2], reservoir storage [3, 4],
undergroundmining [5, 6], and geothermal extraction [7, 8].
Considering that an intact rock matrix in a deep formation
has a very low permeability (which is usually assumed to
be impermeable) [9–11], the nonlinear behaviour of fluid
flow in fractured rock masses is heavily controlled by the
flow behaviour in a single fracture or fracture network.
In recent decades, the effects of fracture and hydraulic
characteristics, such as fracture length, fracture density, aper-
ture (or hydraulic aperture), fracture orientation, fracture

connectivity ratio, hydraulic gradient, intersecting angle,
surface roughness, scale effect, and number of intersections
and dead-ends, on the nonlinear behaviour of fluid flow
in rock fractures have been extensively and systematically
studied, forming the basis for understanding nonlinear fluid
flow behaviour in natural fractured rock masses. However,
due to the complexity of fracture distribution and fracture
characteristics in naturally fractured rock masses, clearly
determining the effects of all the fracture and hydraulic
parameters on the nonlinear behaviour of fluid flow in
naturally fractured rock masses is still challenging.

Many researchers have focused on the effects of the frac-
ture and hydraulic characteristics on the fluid flow behaviour
in a single fracture, intersecting fractures, and fracture
networks. Long and Billaux [10] presented a fracture network
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model that accounted for the observed spatial variability by
generating a network in subregions, where the properties of
each subregion were predicted through geostatistics. They
found that approximately 0.1% of the fractures primarily
controlled the permeability of the system. De Dreuzy et
al. [11, 12] conducted a numerical and theoretical study on
the permeability variation by assuming that the fracture
length obeys a power law distribution and concluded that
the hydraulic properties of fracture networks with a power
law length distribution can be classified into three simplified
types.When the power law exponent 𝑎 > 3, fracture networks
essentially consist of very small fractures and the percolation
theory applies. On the other hand, when 𝑎 < 2, flow is mostly
channelled into longer fractures and fracture networks can
be considered as a superposition of long fractures. Between
these ranges (2 < 𝑎 < 3), fracture length distributions
cannot be restricted to a unique length, even though the
smaller fractures have a small contribution to flow. Olson [13]
focused on a nonlinear aperture-to-length relationship and
suggested that fracture apertures scale with their lengths to
the 1/2 power; this result was obtained by using linear elastic
fracture mechanics in a homogeneous body, with subcritical
and critical (equilibrium law) fracture propagation criteria.
In addition, Olson [13] determined that a fracture aspect
ratio (aperture/length) decreases with increasing fracture
length to the negative 1/2 power. Min and Jing [14] con-
ducted a series of numerical simulations of the mechanical
deformation of fractured rock masses at different scales with
many realizations of Discrete Fracture Networks (DFNs) and
concluded that a representative elementary volume can be
defined and the elastic properties of the fractured rock mass
can be approximately represented by the elastic compliance
tensor. Min et al. [15] investigated the stress-dependent
permeability issue in fractured rock masses, considering the
effects of nonlinear normal deformation and shear dilation
of fractures. They found that the permeability of fractured
rocks decreases with increasing stress magnitudes when the
stress ratio is not sufficiently large to cause shear dilation
of the fractures, whereas the permeability increases with
increasing stress when the stress ratio is sufficiently large.
In addition, permeability changes at low stress levels are
more substantial than those at high stress levels due to the
nonlinear relation between fracture normal stress and dis-
placement. Based on a newly developed correlation equation,
Baghbanan and Jing [16] investigated the permeability of
fractured rocks by considering the correlation between the
distributions of aperture and trace length of the fractures.
Their results showed that there is a significant difference
between correlated and noncorrelated apertures and fracture
length distributions, which demonstrated that the hydrome-
chanical behaviour of fractured rocks is considerably scale-
and stress-dependent when the aperture and fracture length
distributions are correlated. By solving the Navier-Stokes
equations without linearization, using a self-developed 2D
finite volumemethod, Zou et al. [17] investigated the effects of
wall surface roughness on fluid flow through rock fractures.
Their results indicated that even with the same total flow
rate, the flow patterns and velocity fields have significant
differences, which are caused by the secondary roughness and

can even create time-dependent dynamic flow, with moving
and changing eddies, when the Reynolds number (Re) is
high. Furthermore, Zou et al. [18, 19] studied the fluid flow
and solute transport in a 3D rock fracture-matrix system,
which had two rough-walled fractures with an orthogonal
intersection. Zhou et al. [20] experimentally investigated
the nonlinear flow characteristics of fluid flow through
the rough-walled fractures subjected to a wide range of
confining pressures (1.0–30.0MPa/m) at low Re. They found
that the obtained critical Reynolds number versus confining
pressure curves generally displays a nonlinear weakening
stage (I) in the early stage of confining pressure loading,
which is followed by a nonlinear enhancement stage (II) as
the confining pressure further increases. Using numerical
simulations based on DFNs, Liu et al. [21, 22] estimated the
effects of fracture intersections and dead-ends on nonlinear
flow and particle transport in 2D DFNs and demonstrated
that wider fracture apertures, rougher fracture surfaces, and
greater numbers of fracture intersections in aDFNmay result
in the onset of nonlinear flow at a lower critical hydraulic
gradient. In addition, they found that the effects of fracture
dead-ends on fluid flow are negligible (<1.5%); however,
fracture dead-ends have a strong impact on the breakthrough
curves of particles in DFNs with a relative time deviation
rate in the range of 5–35%. Based on fluid flow tests and
numerical simulations, Li et al. [23] found that the nonlinear
degree of hydraulic gradient (𝐽) versus flow rate (𝑄) increases
with 𝐽 and the joint roughness coefficient (JRC), whereas
the nonlinear degree of hydraulic gradient versus flow rate
increases as the radius of the truncating circle decreases (the
radius is equivalent to fracture length). In addition, they
found that the intersecting angle affects the effluent fracture
flow rate (𝑞1 and 𝑞2 stand for two effluent fractures) for three
different intersecting angle patterns.

Previous studies show that a numerical model based on
discrete fracture networks (DFNs), which usually consists
of thousands of fracture elements and nodes [14, 21, 22],
was mainly used to investigate the nonlinear fluid flow in
fractured rock masses. However, a reasonable description of
the fluid flow in the basic elements and nodes is the key
prerequisite to ensure the accuracy of the numerical results.
Reasonable modelling of nonlinear fluid flow behaviour
through an entire fractured rock mass depends on realis-
tically describing the nonlinear fluid flow in both a single
fracture and an intersecting fracture network. However, the
fluid flow through one-inlet-two-outlet fracture patternswith
a single intersection, which is a fundamental element of
DFNs, has not yet been extensively studied. Though a few
studies have been carried out by numerical modelling [23]
to investigate the effects of parameters such as 𝐽, intersecting
angle (𝜃), aperture (𝑒), and fracture length (Rr) on the
nonlinear behaviour of fluid flow, the reliability of the
numerical results is low without experimental validation. In
this study, a fluid flow test systemwas built to conduct a series
of laboratory tests on one-inlet-two-outlet specimens with
particular attention paid to the effects of 𝐽, 𝜃, 𝑒, and Rr on the
nonlinearity of fluid flow in both effluent fractures at large
Re and large 𝐽. During the tests, the syringe pressure gradient
was controlled and varied in the range of 0.20–1.80MPa/m,
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resulting in a high flow velocity at the inlet.The outlet of each
effluent was open, where the discharged fluid was collected
in a bucket and later measured by an electronic balance.
Based on the collected fluid weight, the flux of each effluent
was calculated at the end of the experiment by dividing the
effluent quantity by the collecting time.

2. Methodology

2.1. Theoretical Background

2.1.1. Linear Darcy Flow Zone. The simple parallel plate
model is the only fracture model available to calculate the
hydraulic conductivity of a fracture. This model assumes
a steady incompressible Newtonian fluid flow in a single
fracture under a one-dimensional pressure gradient between
two smooth parallel plates separated by an aperture 𝑒 [24, 25].
At sufficiently low 𝑄, this calculation yields the well-known
“cubic law” [26, 27] and “Darcy’s law” [28, 29].

𝑄 = −
𝑒3𝑤

12𝜇
∇𝑃 = −
𝑘𝐴

𝜇
∇𝑃, (1)

where 𝑄 is the total volumetric flow rate, which represents
the flow rate of the influent fracture in this study, ∇𝑃 is
the pressure gradient, 𝑤 is the width of the fracture, 𝑒
is the uniform aperture of the idealized smooth fracture,
𝜇 is the dynamic viscosity, k is the intrinsic permeability
defined as 𝑒2/12[5, 27], and 𝐴 is the cross-sectional area
equal to 𝑒𝑤. Equation (1) predicts that 𝑄 is proportional
to the cube of 𝑒 and that 𝑄 is linearly correlated with ∇𝑃
when Re is sufficiently small. The cubic law has been widely
applied to rough-walled fractures in rock; however, in these
applications, 𝑒 is replaced by the so-called hydraulic aperture
(𝑒𝐻) [24, 30, 31]. In this paper, 𝑒𝐻 is equal to 𝑒 since the walls
of the fractures in the test specimen are smooth.

2.1.2. Non-Darcy Flow Zone. Darcy’s law and the cubic law
are only valid when the inertial force is negligible, compared
with the magnitude of the viscous force, and this condition is
anticipated only when 𝑄 is low. Nonlinear flow occurs when,
with an incremental increase in Re, 𝑄 increases more than a
proportional incremental amount [26, 32–35]. Forchheimer’s
law [8, 36–38] has been most widely used to describe the
nonlinear flow in fractures and porous media, especially in
strong inertial regimes:

−∇𝑃 = 𝑎𝑄 + 𝑏𝑄2, (2)

where 𝑎 and 𝑏 are coefficients, 𝑎 = 12𝜇/(𝑤𝑒3) and 𝑏 =
𝛽𝜌/(𝑤2𝑒2),𝜌 is the fluid density, and𝛽 is called either the non-
Darcy coefficient or the inertial resistance [5, 39, 40].

The hydraulic gradient 𝐽 is proportional to ∇𝑃:

𝐽 =
ℎ1 − ℎ2
Δ𝐿
=
1

𝜌𝑔

𝑃1 − 𝑃2
Δ𝐿
=
1

𝜌𝑔

∇𝑃

∇𝐿
=
1

𝜌𝑔
∇𝑃, (3)

where ℎ1 and ℎ2 are the hydraulic heads at each end of a
fracture, 𝑃1 and 𝑃2 are the pressures at each end of a fracture,

and Δ𝐿 is the effective path under the hydraulic gradient.
Equation (2) can be written in a Forchheimer’s law form as
follows:

𝐽 = 𝑎𝑄 + 𝑏𝑄2. (4)

The term 𝑎𝑄 represents the linear gradient, and the term 𝑏𝑄2
represents the nonlinear gradient.

Coefficients 𝑎 and 𝑏 in (4) are commonly written as
follows:

𝑎 =
𝜇

𝜌𝑔𝑘𝐴
=
12𝜇

𝜌𝑔𝑤𝑒3
, (5a)

𝑏 =
𝛽

𝑔𝐴2
=
𝛽

𝑔𝑤2𝑒2
. (5b)

Equation (5a) states that 𝑎 is linearly proportional to the
reciprocal of the cube of 𝑒. If the values of 𝑤 and 𝑒 are
measurable and constant, the value of 𝑎 can be calculated
directly. In addition, in some studies, the value of 𝑎 is
considered the intrinsic permeability of the fractured media
[29, 41, 42]. The coefficient 𝑏 in (5b) is determined from
the geometrical properties of the fractures and media in the
experiments [34, 40, 43].

For fluid flow within fractures, the ratio of the inertial
force to the viscous force is defined as the Reynolds number
(Re), which is expressed as follows [44, 45]:

Re =
𝜌V𝑒
𝜇
=
𝜌𝑄

𝜇𝑤
, (6)

where V is the bulk flow velocity in the fractures. Critical
values of Re can distinguish between the linear and nonlinear
flow conditions [20, 22, 24, 31, 46, 47].

The vector flow velocity V can be reduced to a one-
dimensional flow velocity along a fracture intersection:

V =
𝑄

𝐴
. (7)

2.2. Experimental Setup

2.2.1. Specimen Preparation. First, specimens containing one
inlet and two outlets were designed by AutoCAD, which
can accurately create a regular single intersection of three
fractures. Based on the control variatemethod, the specimens
were designed with 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘, 𝑒 =
2, 3, 5, 10, and 20mm, and Rr = 40, 100, 200, 300, and
400mm.The specimensweremadewith PMMA(polymethyl
methacrylate) material, which is transparent and easy to
process. Then, the specimen design diagrams, in EPS format,
were transferred to the computer of the dedicated PMMA
machine.Next, the specimenswere created at a series of scales
with a small error: ±0.02mm. The sizes of 𝑒, Rr, and 𝑤 were
precisely measured by a digital Vernier caliper. Note that the
5.7mm width 𝑤 was controlled by the length of the drill
employed to cut the PMMA. The error of 𝑤 was ±0.1mm
(i.e., 𝑤 = 5.648–5.745mm) because the surface of the initial
PMMA slab was not flat. Next, a high-pressure flame gun was
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Flow direction
(a) 𝜃 = 30∘

Flow direction
(b) 𝜃 = 60∘

Flow direction
(c) 𝜃 = 90∘

Flow direction
(d) 𝜃 = 120∘

Flow direction
(e) 𝜃 = 150∘

Figure 1: The pictures of specimens for the cases of 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘.
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Figure 2: (a) The fluid flow test system; (b) the connection between the PVC tubule and the inflow tank of the model.

used to polish the fracture walls, so that the initial condition
of smooth fracture walls was met in this study. Figure 1 shows
the pictures of the specimens. Finally, the specimens were
glued to plates with the same side area as the specimens using
the PMMA adhesive. This procedure was repeated to ensure
absolute sealing of the fractures.

2.2.2. Test System and Experimental Procedure. A schematic
view of the fluid flow test system is shown in Figure 2(a).
Filtered tap water was introduced into the inlet of the
specimen by a high-pressure syringe pump; the syringe
pressure had an accuracy of ±0.01MPa/m. The syringe
pressure gradient range of 0.20–1.80MPa/m resulted in the

range of 2.00–9.00 L/min (3.33 × 10−5–1.50 × 10−4m3/s) for
the syringe flow rates. A digital pressure gauge with an
accuracy of ±0.1 kPa/m was used to measure the pressure
between the inlet and the outlets. The specimens were
placed on a horizontal platform fixed by transparent tape
so that the gravitational pressure difference between the
inlet and the outlets was negligible. Two buckets, each of
which had a large hole in the side, were employed to collect
the discharged water. Electronic scales with an accuracy of
±0.02 g were used to measure the weight of the effluent.
Fluid flow through the transparent PMMA specimen was
recorded by a SLR (single lens reflex) camera mounted above
the experimental setup. To connect the tube of the syringe
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Table 1: The coefficient 𝐵 of 𝐽-𝑞1, 𝑞2, and 𝑄 for the cases of 𝜃 = 30
∘, 60∘, 90∘, 120∘, and 150∘.

Coefficient 𝑏 𝜃 = 30∘ 𝜃 = 60∘ 𝜃 = 90∘ 𝜃 = 120∘ 𝜃 = 150∘

𝐽-𝑞1 (×10
9) 2.9477 2.5986 2.2524 2.4162 2.2645

𝐽-𝑞2 (×10
10) 2.1500 2.9410 5.0517 5.2248 5.2181

𝐽-𝑄 (×109) 1.4966 1.4785 1.4816 1.5864 1.4981

Fracture_1

Flow direction

Fracture_2

Influent fracture

Intersection



Figure 3: Definition of 𝜃 and fractures.

pump to the inflow tank of the model, at the end of each
fracture, a square slot with a size of 5 × 8 × 8mm was left
to fit to be connected with the pressure-proof PVC tubule
of a 6mm inner diameter and 8mm outer diameter. The
connection between the PVC tubule and the inflow tank of
the model was then sealed using a hot glue gun as shown in
Figure 2(b) in the revised manuscript. In addition, the other
end of the PVC inlet tubule of the inflow tank was quickly
connected with the tube of syringe pump via an inflow
butt joint. The entire flow path, including the connecting
tubes, inflow butt joint, and all three fractures, was sealed
and watertight. Filtered tap water was used as the fluid
for the experiments, with a density of 998.2 kg/m3 and a
dynamic viscosity 𝜇 of 0.001 Pa⋅s at a room temperature of
20∘C.

3. Results and Discussions

As shown in Figure 3, 𝜃 is defined as the intersection angle
between the effluent fractures in a 2D plane and can vary
from 0∘ to 180∘. Pictures of the specimens for the cases of
𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘ are presented in Figure 1.
The effluent fracture located in the orientation of influent
fracture is called fracture 1, while the effluent fracture located
in the deflected orientation is called fracture 2. Moreover,
in this paper, in the cases of 𝜃 = 30∘, 60∘, 90∘, 120∘, and
150∘, fracture 1 is called fracture 11, fracture 12, fracture 13,
fracture 14, and fracture 15, respectively. Similarly, in the
cases of 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘, fracture 2 is
called fracture 21, fracture 22, fracture 23, fracture 24, and
fracture 25.

3.1. The Nonlinear Behaviour of Fluid Flow in Intersecting
Fractures. The tests in Figure 4were conducted on specimens
with 𝑒 = 2mm, Rr = 40mm, 𝑤 = 5.7mm, and 𝜃 = 30∘, 60∘,
90∘, 120∘, and 150∘. The specimens were full of fluid and flow

was continuous in the influent fracture as well as both effluent
fractures. The fitting result of the test data in Figure 4(a)
shows that 𝐽/𝑄 is linearly correlated with 𝑄, which can be
expressed as 𝐽/𝑄 = 𝑎 + 𝑏𝑄. The relationship between 𝐽
and 𝑄 agrees with Forchheimer’s law. In the tests, as 𝐽 varies
from 1.184 to 31.270, 𝑄 varies from 3.296 × 10−5 to 1.354 ×
10−4m3/s and Re of the influent fracture varies from 5782.456
to 23759.649. Researchers [5, 20, 22, 23, 48] have concluded
that Forchheimer’s law applies for the cases in which the
magnitude of 𝑄 is 10−7–10−6 and the magnitude of Re is
101–102. In addition, in this paper, it is demonstrated that
Forchheimer’s law also applies for larger magnitudes of 𝑄
(10−5–10−4) and Re (104–105).

The variations of 𝑞1, 𝑞2, and 𝑄 as well as the cubic law-
based 𝑄 with increasing 𝐽 for the cases of 𝜃 = 30∘, 60∘,
90∘, 120∘, and 150∘ are shown in Figures 4(b)–4(f). 𝐽 is
quadratically correlated with 𝑞1, 𝑞2, and 𝑄 with a correlation
coefficient𝑅2 > 0.955.When J = 100–101, as shown in Figure 4
the 𝐽-𝑞1, 𝐽-𝑞2, and 𝐽-𝑄 curves deviate from straight lines
(cubic law) and the deviations increase with increasing 𝐽.
These results agree with the experimental and numerical
results of Koyama et al. [49] and Li et al. [23, 50]. As shown
in Figures 4(b)–4(f), the deviations of the 𝐽-𝑞2, 𝐽-𝑞1, and 𝐽-
𝑄 curves from cubic law line are all in a decreasing order.
In this group of tests, 𝑒 and 𝑤 are considered to be constant
in (5a) and (5b); therefore, the coefficient 𝑎 of the linear
term in (4) is calculated as the constant value 2.1465 × 104.
Table 1 provides the coefficient 𝑏 of the nonlinear term in
(4) for the cases of 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘. The
coefficient 𝑏 can quantify the deviations of the 𝐽-𝑞1, 𝐽-𝑞2,
and 𝐽-𝑄 curves. The coefficient 𝑏 of fracture 1 decreases with
increasing 𝜃, especially when 𝜃 ≥ 90∘ (i.e., as 𝜃 increases
from 30∘ to 90∘, 𝑏 decreases from 2.9477 × 109 to 2.2524 ×
109). In contrast, the coefficient 𝑏 of fracture 2 increases with
increasing 𝜃, especially when 𝜃 ≥ 90∘ (i.e., as 𝜃 increases
from 30∘ to 90∘, 𝑏 increases from 2.1500 × 1010 to 5.0517
× 1010). However, the coefficient 𝑏 of the influent fracture
only slightly changes with increasing 𝜃 (i.e., as 𝜃 increases
from 30∘ to 150∘, 𝑏 varies from 1.4966 × 109 to 1.4981 × 109).
This emphasizes that the magnitude of the coefficient 𝑏 of
fracture 1 (or fracture 2) remains on the order of 109 (or 1010)
as 𝜃 changes. 𝑔, 𝑤, and 𝑒𝐻 are measurable and assumed to
be constant in (5a), so that the coefficient 𝑏 is determined by
the inertial resistance 𝛽. Ruth and Ma [40] and Cherubini et
al. [34] suggested that if the structure of a porous medium is
such that microscopic inertial effects are rare (i.e., essentially
straight fractures), then 𝛽 will be small unless V and Re are
high. Furthermore, for high values of Re, Re and turbulence
are closely connected. The direction of the fluid flow within
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Figure 4: Relationship between 𝐽/𝑄 and 𝑄 as well as relationship between 𝐽 and 𝑄; (a) relationship between 𝐽/𝑄 and 𝑄; (b) relationship
between 𝐽 and 𝑄 for 𝜃 = 30∘; (c) relationship between 𝐽 and 𝑄 for 𝜃 = 60∘; (d) relationship between 𝐽 and 𝑄 for 𝜃 = 90∘; (e) relationship
between 𝐽 and 𝑄 for 𝜃 = 120∘; (f) relationship between 𝐽 and 𝑄 for 𝜃 = 150∘.
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Figure 5: (a) Relationship between 𝑄/𝐽 and 𝜃 for 𝐽 = 7, 12, 17, and 22; (b) relationship between 𝛿 and 𝜃 for 𝐽 = 7, 12, 17, and 22.

fracture 2 sharply changes because orientation of fracture 2
diverges from that of the influent fracture. Thus, the inertial
resistance 𝛽 of fracture 2 has a significant influence on the
inertial force of the fluid flow. Additionally, the inertial
resistance 𝛽 of fracture 1 also affects the inertial force of the
fluid flow due to the expansion of the fracture cross-sectional
area at the intersection.The inertial resistance 𝛽 of fracture 2
is always greater than that of fracture 1. In addition, the
inertial resistance 𝛽 of both fracture 2 and fracture 1 exceeds
that of the influent fracture. As 𝜃 increases from 0∘ to 180∘,
the inertial resistance 𝛽 of fracture 2 intensifies because
fracture 2 turns away from direction of the influent fracture
and thus the direction of fluid flow. Due to the limit of
the syringe pump used in the tests, the influent flow rate is
fixed for an equivalent 𝐽 with different specimens. Hence,
for test cases with different 𝜃, the 𝐽/𝑄-𝑄 curves overlap
each other, as demonstrated in Figure 4(a). The fixed 𝑄
provides a constant inertial force of the fluid flow at the inlet.
Therefore, the inertial resistance𝛽of fracture 2 and fracture 1
has different effects on the inertial forcewith increasing 𝐽.𝛽of
fracture 2 increases with increasing J, whereas 𝛽 of fracture 1
decreases. As 𝐽 varies, the change in 𝛽 is clearly similar to that
of 𝑏.

3.2. Effects of 𝜃 on the Nonlinearity of Fluid Flow. When fluid
flow is in a linear regime, in this group of tests, the predicted
value of 𝑄/𝐽 based on (1) is a constant value of 4.637 × 10−5.
On the other hand, in a nonlinear flow regime, the predicted
value of 𝑄/𝐽 is based on (4) and declines with increasing
𝐽. Furthermore, the change in 𝑄/𝐽 represents the degree of
nonlinearity. Therefore, as 𝐽 increases, 𝑄/𝐽 changes from
a constant value to decreasing values, which indicates the
transition of fluid flow from the linear regime to the nonlinear
regime. Liu et al. [22], using numerical simulation, presented
that the critical value of 𝐽 is between 10−3 and 10−2 for the case
of e = 2mm. In this paper, the fluid flow within the fractures

is certainly in the nonlinear regime, since J = 101–102. The
relative change in 𝑄/𝐽, 𝛿, is defined as follows:

𝛿 =
(𝑄/𝐽)cubic − (𝑄/𝐽)experiment

(𝑄/𝐽)cubic
× 100%, (8)

where (𝑄/𝐽)cubic is the value of 𝑄/𝐽 calculated by solving
the cubic law, (𝑄/𝐽)experiment is the value of 𝑄/𝐽 calculated
by analysing data from the experiments, and 𝛿 expresses
how the true value of 𝑄/𝐽 ((𝑄/𝐽)experiment) deviates from the
prediction made by the cubic law ((𝑄/𝐽)cubic). Similarly, 𝛿1
and 𝛿2, the relative discrepancies of fracture 1 and fracture 2,
respectively, are calculated as follows:

𝛿1 =
(𝑞1/𝐽)cubic − (𝑞1/𝐽)experiment

(𝑞1/𝐽)cubic
× 100%, (9a)

𝛿2 =
(𝑞2/𝐽)cubic − (𝑞2/𝐽)experiment

(𝑞2/𝐽)cubic
× 100%, (9b)

where 𝑞1 and 𝑞2 are the volumetric flow rateswithin fracture 1
and fracture 2, respectively. In this fluid flow test system,

𝑄 = 𝑞1 + 𝑞2. (10)

By substituting (10) into (8), (9a), and (9b), the relationship
among 𝛿1, 𝛿2, and 𝛿 can be expressed as follows:

𝛿 + 1 = 𝛿1 + 𝛿2. (11)

Equation (11) suggests that if 𝛿 remains a constant value, 𝛿1
and 𝛿2 are negatively correlated. In other words, if the fluid
flow in the influent fracture is nonlinear, the decrease in the
nonlinearity of fluid flow in one of the two effluent fractures
will be offset by an increase in the other.

The tests in Figure 5 were conducted on the specimens
with 𝑒= 2mm,Rr = 40mm,𝑤= 5.7mm, and 𝜃= 30∘, 60∘, 90∘,
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Table 2: Experimental results of 𝑄/𝐽 and 𝛿 in influent fracture for the cases of 𝜃 = 30∘, 60∘, 90∘, and 120∘ with 𝐽 = 7, 12, 17, and 22.

𝜃
𝑄/𝐽 (×10−6m3/s) 𝛿 (%)

𝐽 = 7 𝐽 = 12 𝐽 = 17 𝐽 = 22 𝐽 = 7 𝐽 = 12 𝐽 = 17 𝐽 = 22

30∘ 9.449 7.065 5.999 5.177 79.719 84.837 87.125 88.889
60∘ 9.424 7.117 5.973 5.221 79.771 84.723 87.180 88.794
90∘ 9.454 7.054 5.978 5.203 79.708 84.858 87.169 88.833
120∘ 9.342 7.181 5.879 5.193 79.947 84.587 87.381 88.853
150∘ 9.267 6.979 5.943 5.187 80.108 85.019 87.243 88.866

120∘, and 150∘. There was a full flow in the influent fracture
and both effluent fractures. As 𝐽 increases, the variations in
𝑄/𝐽 and 𝛿 for the cases of 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘
are indicated in Figure 5. As provided in Table 2, 𝑄/𝐽 and 𝛿
vary within only a small range as 𝜃 varies over a large range
(0∘ < 𝜃 < 180∘) for the cases of J = 7, 12, 17, and 22. For J
= 7, with 𝜃 increasing from 30∘ to 150∘, 𝑄/𝐽 of the influent
fracture varies from 9.449 × 10−6 to 9.267 × 10−6 and 𝛿 varies
from 79.719% to 80.108%. The nearly stable values of 𝑄/𝐽
and 𝛿 indicate the nearly invariable nonlinearity of the fluid
flow within the influent fracture for the cases of 𝜃 = 30∘, 60∘,
90∘, 120∘, and 150∘. As shown in Figures 5(a) and 5(b), for
the cases of 7 ≤ J ≤ 22, 𝑞2/𝐽 decreases and 𝛿2 increases with
increasing 𝜃, especially when 𝜃 < 90∘; as 𝜃 increases, 𝑞1/𝐽 and
𝛿1 have opposite changes in magnitude compared with those
of 𝑞2/𝐽 and 𝛿2. 𝑞1/𝐽 and 𝑞2/𝐽 are negatively and symmetrically
correlated, similar to 𝛿1 and 𝛿2. Thus, increasing 𝜃 enhances
the nonlinearity of the fluid flow in fracture 2 and decreases
that of fracture 1. Note that 𝛿2 > 𝛿1 > 𝛿. Clearly, the
nonlinearity of fluid flow in fracture 2 is greatest while that
of the influent fracture is the least of the three fractures. As
𝜃 increases, for J = 7, 𝛿1 decreases from 85.300% to 83.235%
and 𝛿2 increases from 94.518% to 96.336%; for J = 22, 𝛿1
decreases from 91.993% to 90.913% and 𝛿2 increases from
96.979% to 97.967%. In fact, 𝑞1/𝐽, 𝑞2/𝐽, 𝛿1, and 𝛿2 only slightly
varywith varying 𝜃.Thefluid flownonlinearities in fracture 2
and fracture 1 are considerably greater because 𝛿2 and 𝛿1 are
both approaching 100% for the cases of J = 101–102. Moreover,
the changes in 𝛿2 and 𝛿1 diminish when 𝜃 > 90∘ (i.e., when J =
7, for 𝜃= 90∘, 𝛿1 = 83.335% and 𝛿2 = 96.368%; for 𝜃= 120∘, 𝛿1 =
83.638% and 𝛿2 = 96.368%; and for 𝜃 = 150∘, 𝛿1 = 83.235% and
𝛿2 = 96.336%). The inertial resistance caused by the fracture
intersection changes considerably before the direction of fluid
flow in fracture 2 is at a right angle to that in the influent
fracture; when the fluid flow direction changes more (i.e.,
fluid flow turns back), the inertial resistance is constant.

3.3. Effects of 𝐽 on the Nonlinearity of Fluid Flow. The tests in
Figure 6 were conducted on the specimens with 𝑒 = 2mm, Rr
=40mm,𝑤=5.7mm, and 𝜃=30∘, 60∘, 90∘, 120∘, and 150∘.The
fluid flow among the influent fractures and effluent fractures
filled the fractures. In this group of tests, the predicted value
of 𝑄/𝐽, based on (1), is a constant value of 4.637 × 10−5. With
the changes of 𝐽, 𝑄/𝐽 and 𝛿 for the cases of 𝜃 = 30∘, 60∘,
90∘, 120∘, and 150∘ are shown in Figure 6. Figures 6(a) and
6(b) show the trendlines of 𝑄/𝐽-J and 𝛿-J for the cases of J
= 10−5–100 from Li et al. [23]. For the cases of J = 2–32, the

changes in the 𝑄/𝐽-J and 𝛿-J curves are exactly equal to the
trendlines of Li et al., and the trendlines of 𝑄/𝐽-J and 𝛿-J are
extended to the cases of J = 100–101. As shown in Figures 6(a)
and 6(b), when 2≤ 𝐽 ≤ 35 and 𝐽 increases,𝑄/𝐽, 𝑞1/𝐽, and 𝑞2/𝐽
decrease whereas 𝛿2, 𝛿1, and 𝛿 increase.Therefore, increasing
𝐽 strengthens the nonlinearity of fluid flow in all fractures.
An increase in 𝐽 would increase the number and volume of
eddies in the fractures, narrowing the effective flowpaths, and
consequently enhance the nonlinearity of fluid flow [22]. A
large magnitude of the change in the nonlinearity arises for
the especial cases of 100 < J < 101. However, the magnitude
of the change decreases when J > 101. For example, for the
case of 𝜃 = 120∘, when 100 < J < 101, 𝛿 increases from 65.959
to 81.557% as 𝐽 increases from 2.736 to 8.167; when J > 101, 𝛿
increases from 85.872 to 91.061% as 𝐽 increases from 13.512 to
34.201. As indicated in the enlarged views of Figures 6(a) and
6(b), as 𝐽 increases, 𝑞1/𝐽 increases (or 𝑞2/𝐽 decreases) and 𝛿1
decreases (or 𝛿2 increases). Note that 𝛿2 > 𝛿1 > 𝛿. According
to 3.2, when 𝜃 ≥ 90∘, varying 𝜃 has a negligible effect on the
nonlinearity of fluid flow in fracture 1 and fracture 2. Thus,
the𝑄/𝐽-J or 𝛿-J curves of fracture 1 and fracture 2 overlap for
𝜃=90∘, 120∘, and 150∘. Furthermore, varying 𝜃has a negligible
effect on the nonlinearity of fluid flow in the influent fracture,
resulting in the overlapping 𝑄/𝐽-J or 𝛿-J influent fracture
curves with different 𝜃.

3.4. Effects of 𝑒 on the Nonlinearity of Fluid Flow. The tests
in Figure 7 were conducted on the specimens with e = 2, 3,
5, 10, and 20mm, Rr = 100mm, 𝑤 = 5.7mm, and 𝜃 = 60∘,
90∘, and 120∘. There was a full flow within all fractures for
the cases with e = 2, 3, and 5mm. However, for the cases
of e = 10 and 20mm, the fluid flow in fracture 2 did not
completely fill the open fracture space. For the case of e
= 10mm, in fracture 2, there were many bubbles that had
diameters greater than 1mm. For the case of J ≈ 10, as 𝜃
increases from 60∘ to 120∘, 𝑞2 decreased from 2.831 × 10−5 to
1.930 × 10−5m3/s; V of fracture 2 decreased to 0.412m/s (for
𝜃 = 60∘), 0.301m/s (for 𝜃 = 90∘), and 0.189m/s (for 𝜃 = 120∘),
although V of the influent fracture was 1.442m/s (for 𝜃 = 60∘),
1.409m/s (for 𝜃 = 90∘), and 1.424m/s (for 𝜃 = 120∘). For the
case of 𝑒 = 20mm, when 𝜃 = 60∘ and 90∘, there were more
bubbles with diameters greater than 15mm in fracture 2 (see
Figures 8(a) and 8(b)); when 𝜃 = 120∘, there was only a small
volume of fluid flow through fracture 2 (see Figure 8(c)). For
the case of 𝑒 = 20mm, V of fracture 2 decreased to 0.141m/s
(for 𝜃 = 60∘), 0.054m/s (for 𝜃 = 90∘), and 0.001m/s (for 𝜃
= 120∘), although V of influent fracture was 0.723m/s (for
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Figure 6: (a) Relationship between 𝑄/𝐽 and 𝐽 for 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘; (b) relationship between 𝛿 and 𝐽 for 𝜃 = 30∘, 60∘, 90∘, 120∘,
and 150∘.
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𝜃 = 60∘), 0.660m/s (for 𝜃 = 90∘), and 0.729m/s (for 𝜃 =
120∘). Hence, V of fracture 2 sharply decreases with increasing
𝜃, especially at 𝑒 = 20mm. Clearly, each bubble is caused
by an eddy that occurs because of the sudden decrease in
velocity of the fluid flow and the retroflex direction of the
flow. As shown in the experiment diagrams (see Figure 8),
there was a curved surface boundary encompassing one or
more eddies (i.e., eddy 1, eddy 2, and eddy 3) at the fracture
intersection, which reduced to a curvilinear boundary in the
2D diagram. The curvilinear boundary is the separatrix of
the fluid flow, which means that only a little fluid flow can
cross it. In addition, as 𝜃 increases from 60∘ to 120∘, the
curvilinear boundary moves from fracture 2 to fracture 1.
Therefore, with a change in 𝜃, the flow decreases, crosses the
curvilinear boundary, andmoves into fracture 2, intensifying
the non-full-flow state within fracture 2.Therefore, eddy 2 is
larger than eddy 1 and the eddy diminishes in fracture 2 with
a small fluid flow for the cases of e = 20mm and 𝜃 = 120∘. In
fact, for e = 20mm and 𝜃 = 120∘, a small volume of fluid turns
back into fracture 2 due to eddy 3 (see Figure 8(c)).

In this paper, the relationship between 𝐽 and 𝑞2 agrees
with the Forchheimer’s law, though fluid flow in fracture 2

is in a non-full-flow state. With changing e, 𝑄/𝐽 and 𝛿 for
the cases of 𝜃 = 60∘, 90∘, and 120∘ are shown in Figure 7. As
shown in Figure 7(b), 𝛿2, 𝛿1, and 𝛿 increase with increasing
e, whereas 𝑄/𝐽, 𝑞1/𝐽, and 𝑞2/𝐽 vary in different ways (i.e.,
as 𝑒 increases, 𝑄/𝐽 remains constant, 𝑞1/𝐽 increases, and
𝑞2/𝐽 decreases). In fact, 𝑞1/𝐽 and 𝑞2/𝐽 have a negative and
symmetric correlation. From the enlarged view given in
Figure 7(b), 𝛿2 is still greater than 𝛿1, which is still greater
than 𝛿. Based on (5a), the coefficient 𝑎 is linearly proportional
to the reciprocal of the cube of 𝑒. Thus, the coefficient 𝑎
rapidly decreases with widening 𝑒, causing the broad changes
in the cubic law-based 𝑄/𝐽. Considering that the basic value
of the cubic law-based 𝑄/𝐽 is not constant, in this group of
tests, the changes in𝑄/𝐽, 𝑞1/𝐽, and 𝑞2/𝐽 in Figure 7(a) cannot
describe the degree of nonlinearity of the fluid flow. 𝛿2, 𝛿1,
and 𝛿 approach 100% for 𝑒 > 5mm. For example, when 𝜃 =
60∘, as 𝑒 widens from 5 to 20mm, 𝛿2 increases from 99.668
to 99.996%, 𝛿1 increases from 99.008 to 99.982%, and 𝛿
increases from 98.627 to 99.977%. Note that varying 𝑒 has a
negligible effect on𝑄/𝐽 because the syringe pump in the tests
can provide a stable flow rate for each hydraulic gradient.
Unfortunately, the differences in the 𝑞1/𝐽-e, 𝑞2/𝐽-e, 𝛿1-e,
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Figure 9: (a) Relationship between 𝑄/𝐽 and Rr for 𝜃 = 60∘, 90∘, and 120∘; (b) relationship between 𝛿 and Rr for 𝜃 = 60∘, 90∘, and 120∘.

and 𝛿2-e curves caused by the varying 𝜃 have not yet been
presented and require more attention in future experimental
studies.

3.5. Effects of Rr on the Nonlinearity of Fluid Flow. The tests in
Figure 9 were conducted on the specimens with 𝑒 = 2mm, Rr
=40, 100, 200, 300, and 400mm,𝑤= 5.7mm, and 𝜃=60∘, 90∘,
and 120∘. There was a full flow in the influent fracture as well
as both effluent fractures. In this group of tests, the predicted
value of 𝑄/𝐽 based on (1) is still the constant value 4.637 ×
10−5. As Rr increases, the changes in 𝑄/𝐽 and 𝛿 for all three
fractures for the cases of 𝜃 = 60∘, 90∘, and 120∘ are shown
in Figure 9. As shown in Figures 9(a) and 9(b), when J = 10,
𝑞2/𝐽 increases and 𝛿2 declines with increasing Rr, especially
for Rr < 100mm. However, the magnitudes of 𝑞1/𝐽 and 𝛿1
have different responses as Rr increases; as one parameter
increases, the other decreases. In fact, 𝑞1/𝐽 and 𝑞2/𝐽 have
a negative and symmetric correlation, similar to 𝛿1 and 𝛿2.
Thus, increasing Rr enhances the nonlinearity of fluid flow in
fracture 1 but decreases that in fracture 2.The consequence is
that themagnitude of these changes in 𝑞2/𝐽 and 𝛿2 diminishes
when Rr > 100mm, similar to the result obtained by Li

et al. [23]. Therefore, if the fracture length is long, the
disturbance on the fluid flow resulting from the intersection
would become negligibly small. Furthermore, the on-way
resistance resulting from the long effluent fractures decreases
the dominant effect of the intersection. As Rr increases, the
inertial resistances of fracture 1 and fracture 2 caused by the
fracture length and the intersection decrease. In addition,
as the on the way resistance becomes more dominant, the
nonlinearity of fluid flow approaches a constant value. Note
that the nonlinearity of fluid flow in fracture 2 is still greater
than fracture 1, which is still greater than that in the influent
fracture. As indicated in the enlarged views of Figures 9(a)
and 9(b), as 𝜃 increases, 𝑞1/𝐽 increases (or 𝑞2/𝐽 decreases)
and 𝛿1 decreases (or 𝛿2 increases). In addition, varying Rr
and 𝜃 have a negligible effect on the nonlinearity of fluid
flow in the influent fracture, resulting in a constant value
of 𝛿.

4. Conclusions

In this study, a series of tests including on 182 one-inlet-two-
outlet specimens that including different fracture patterns
with 𝜃 = 30∘, 60∘, 90∘, 120∘, and 150∘, 𝑒 = 2, 3, 5, 10, and
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20mm, Rr = 40, 100, 200, 300, and 400mm, and 𝑤 = 5.7mm
were carried out with a fluid flow testing system. Since the
syringe pump in the tests provided a stable flow rate for each
hydraulic gradient, the inertial force of fluid flow at the inlet
remained constant and the nonlinearity of the fluid flow in
the influent fracture was fixed when 𝑒 was stable. As a result,
the effects of 𝐽, 𝜃, 𝑒, and Rr on the nonlinearities of fluid
flow in effluent fracture 1 and fracture 2 were independently
investigated with one-inlet-two-outlet specimens containing
a single fracture intersection. The main conclusions are as
follows.

(1)The hydraulic gradient 𝐽, intersecting angle 𝜃, aperture
𝑒, and fracture length Rr significantly affect the nonlinearity
of fluid flow through the fracture specimens with a single
intersection.

(2) Forchheimer’s law also applies for large magnitudes of
𝑄 (10−5–10−4) and large Re (104–105).

(3) The inertial resistance 𝛽 of fracture 2 increases with
increasing J, whereas 𝛽 of fracture 1 decreases.

(4) The nonlinearity of fluid flow in fracture 1 decreases
with the increase in 𝜃, whereas that of fracture 2 increases.
The nonlinearities of fluid flow in fracture 1 and fracture 2
have a negative and symmetric correlation.

(5) As 𝐽 increases, the nonlinearities of fluid flow in
fracture 1, fracture 2, and the influent fracture all increase,
especially for the cases of 100 < 𝐽 < 101. However, when J >
101, the increase in nonlinearity stops.

(6) The nonlinearities of fluid flow in fracture 1,
fracture 2, and the influent fracture sharply increase as 𝑒
widens, especially for 𝑒 < 5mm.

(7) As Rr increases, the nonlinearity of fluid flow in
fracture 1 increases, whereas that of fracture 2 decreases.

(8) With an increase in 𝜃, J, 𝑒, or Rr, the nonlinearity of
fluid flow in fracture 2 is always greater than fracture 1, which
is always greater than that of the influent fracture.

However, in this study, only one-inlet-two-outlet speci-
mens were tested with particular attention paid to the effects
of 𝐽, 𝜃, 𝑒, and Rr on the nonlinearity of fluid flow at large
Re and large 𝐽. To clearly figure out the mechanism of the
nonlinear fluid flow behaviour through an entire fractured
rock mass, further experimental tests on other fundamental
elements of DFNs, especially the two inlets and two outlets
type and two inlets and one outlet type, are needed to
be carried out. In addition, since the specific geometries
caused by the real intersection shapes with round bulges
and corners can also strongly affect the nonlinear flow
behaviour, further experimental studies on a broad spectrum
of intersection geometries are required to fully elucidate the
nonlinear flow behaviour through a fractured intersection.
Based on the test results obtained from fundamental elements
of DFNs, numerical model which can more realistically
reflect the nonlinear fluid flow behaviour through an entire
fractured rock mass by reasonably realizing the fracture
system information with DFNs can then be developed in the
future.
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Banded patterns in limestone-marl sequences (“rhythmites”) form widespread sediments typical of shallow marine environments.
They are characterized by alternations of limestone-rich layers and softer calcareous-clayeymaterial (marl) extending over hundreds
of meters with a thickness of a few tens of meters.The banded sequences are usually thought to result from systematic variations in
the external environment, but the patternmay be distorted by diagenetic nonlinear processes. Here, we present a reactive-transport
model for the formation of banded patterns in such a system.Themodel exhibits interesting features typical of nonlinear dynamical
systems: (i) the existence of self-organized oscillating patterns between a calcite-rich mode (“limestone”) and a calcite-poor one
(“marl”) for fixed environmental conditions and (ii) bistability between these two modes. We then illustrate the phenomena of
stochastic resonance, whereby the multistable system is driven by a small external periodic signal (the 100,000 years’ Milankovitch
cycle comes to mind) that is too weak to generate oscillations between the states on its own. In the presence of random fluctuations,
however, the system generates transitions between the calcite-rich and calcite-poor states in statistical synchrony with the external
forcing.The signal-to-noise ratio exhibitsmanymaxima as the noise strength is varied.Hence, this amplification effect ismaximized
for specific values of the noise strength.

1. Introduction

Rocks and minerals often exhibit rhythmic spatial variations
in their chemical and/or physical properties over length
scales varying from the micrometer to the kilometer [1–3].
Most of these rhythmicpatternsare simple responses to system-
atic changes in the environmental conditions when the rock
was formed (so-called extrinsic mechanisms [4]). For in-
stance, varves in lake sediments directly reflect annual climate
variations [5].

On the other hand, in a nonlinear nonequilibriumgeosys-
tem, the presence of positive feedback may result in a pattern
formation that is self-organized even in an external environ-
ment that does not change (intrinsic mechanisms) [2, 4]. Ex-
amples of such geochemical self-organization are found in the
oscillatory zoning of solid solutions series [4, 6–9], Liesegang
band formation [10–17], orbicular granites [7, 18], and cyclic
layering in igneous bodies [19, 20].

However, there exists another rhythmic pattern forma-
tion mechanism: stochastic resonance [21–25]. This class of

phenomenon manifests itself in nonlinear systems that are
multistable, whereby different sets of initial conditions lead
to distinct asymptotically large-time solutions (so-called
“attractors”) for the fixed parameter values. Assume that such
a system is driven by a periodic external signal that is too
weak on its own to induce transitions between the various
attractors. However, if a random component is also included
in theexternal signal, then transitions between distinct attract-
ors become possible for sufficiently strong noise strength.
Moreover, there exists a noise strength for which the response
of the system at the frequency of the external signal is maxi-
mized. In other words, the presence of a random component
amplifies the response of the system at the frequency of the
external signal for some values of the noise strength.

In this paper, we study a particular example of a geosys-
tem exhibiting rhythmic patterns: calcareous rhythmites such
as limestone-marl or limestone-shale sequences (Figure 1).
Calcareous rhythmites are widespread sediments typical of
shallow marine environments. Examples are found in North
America (Ordovician), Northern Europe (Silurian),Montana
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Figure 1: Limestone-marl rhythmites from the Vauréal formation
(Baie de la Tour, Anticosti Island, Québec), dating from the Katian
Stage (Upper Ordovician). The two walkers give an idea of the scale
of the formation. Picture provided by André Desrochers.

(Mississippian), and Central and Western Europe (Jurassic
and Cretaceous) [26–30]. They are characterized by strong
banded patterns alternating between weathering-resistant
limestone-rich layers and less durable calcareous-clayey
material. They form laterally extensive beds on the scale of
hundreds of meters or even kilometers [28] and their thick-
ness is typically a few tens of meters. The interlayer distance
is usually of the order of several cm to dm [27]. The banded
sequence is usually thought to be a result of external climatic
fluctuations, such as those resulting from the Milankovitch
cycle (extrinsic mechanism), but the pattern may be signif-
icantly distorted by diagenetic self-organization [28–31] or
could even be entirely self-organized (intrinsic mechanism).
This being said, the detailed pattern formation mechanism is
still poorly understood [28].

One of the classic models is due to Ricken [32] in which
pressure dissolution of compacting interlayer calcite in the
deep-burial environment provides the necessary components
for the eventual cementation of the limestone layers. How-
ever, many limestone beds are not strongly compacted and
there are strong pieces of evidence that cementation occurs
early, in a shallower deposit.There are also pieces of evidence
for dissolution of aragonite components andresidual aragonite
preserved in the limestone beds. Rather, Munnecke and Sam-
tleben [26] proposed an early diagenetic model (Figure 2)
in which immature aragonite-bearing sediment is preferen-
tially dissolved through bacterial activity as the sediment is
buried through an aragonite dissolution zone (ADZ) located
at a fixed distance (typically a few decimeters) from the
sediment-water interface. Calcite and terrigenous materials
are not affected. Carbonate and calcium ions are then trans-
ported upwards and downwards by diffusion and potentially
upwards by compaction-induced advection. Under propi-
tious saturation conditions, the ions precipitate as calcite,
thus cementing a portion of the sediment atop the ADZ. As
this calcite-enriched section progresses through theADZ, the
aragonite dissolution rate decreases, production of carbonate
and calcium ions is cut, and cementation ceases. As a result
of burial, a new portion of immature fresh sediment passes
through the ADZ and the cycle is ready to start again.
Thus, through this diagenetic self-organization mechanism,
a sequence of cemented calcite-rich layers (limestone) and

Water-sediment interface

Aragonite-depleted sediment
Cemented sediment
Fresh sediment
Stationary aragonite dissolution zone (ADZ)
Diffusion of calcium and carbonate ions
Burial

Figure 2: Schematic representation of Munnecke et al. [27] and
Böhm et al.’s [28] conceptual model for the generation of self-
organized rhythmites. Left diagram: as fresh sediment is buried,
aragonite dissolution occurs in a bacterially active ADZ. Carbonate
and calcium ions are transported by diffusion and advection and
the sediment immediately above the ADZ is cemented by calcite
(dominantly) and aragonite precipitation. Center diagram: as the
sediment is buried, the cemented zone passes the ADZ with much-
reduced aragonite dissolution rates. Right diagram: as the cemented
zone gets buried below the ADZ, fresh sediment is made available
again to strong aragonite dissolution, and the cycle repeats itself
again. The result is a sequence of cemented sediments (limestone-
rich) alternating with carbonate-depleted sections (marl).

carbonate-depleted sediment (calcareous marl) layers can be
generated, even for constant external conditions.

In Böhm et al. [28], a mathematical model implementing
these ideas is proposed. The model is based on a cellular
automaton approach inwhich a two-dimensional space is dis-
cretized, forming an array of cells of arbitrary size. The state
of the system is reduced to three possible values: immature
sediment, cemented sediment, and aragonite-depleted sedi-
ment.The dynamics of the system are defined by a set of rules
occurring at every discrete time step (of value unity). The
model was later modified to take differential compaction into
consideration [29], but the reactive-transport dynamics of the
dissolved components (calcium and carbonate) were not ex-
plicitly taken into account. Periodic self-organized solutions
are generated in their models but they found that an external
trigger was necessary to laterally synchronize the pattern.
They also found that, in the presence of both self-organized
diagenesis and an external fluctuating driving signal, the
resulting pattern does not necessarily reflect the characteris-
tics of the external signal: new frequencies may appear; oth-
ers may disappear, while some frequencies are amplified and
others reduced.

In this paper, we propose a simple one-dimensional
reactive-transport model that implements Munneke’s con-
ceptual model. Our set of partial differential equations is pre-
sented in Section 2 and describes the reactive transport of cal-
cium and carbonate ions, the precipitation and dissolution of



Geofluids 3

aragonite and calcite, and their advective transport, as well as
the effects of compaction and chemical dissolution/precipita-
tion on the sediment porosity. In Section 3, we present exam-
ples of numerical solutions. We establish the existence of dia-
genetic self-organization in the model, as well as multistabil-
ity, that is, long-time asymptotic solutions that are character-
ized by qualitatively different compositions at the bottom
of the sediment layer. This invokes the possibility of noise-
induced transitions between the various states. In Section 4,
we briefly review the salient features of stochastic resonance
using the motion of a particle in a standard bistable potential.
In Section 5, the diagenetic model is driven by a weak
periodical signal (mimicking part of the Milankovitch cycle)
superposed to random porosity variations at the sediment-
water interface. Examples of noise-induced transitions be-
tween calcite-rich states (“limestone”) and calcite-poor states
(“marl”) in stochastic synchronicity with the driving signal
are presented. Some concluding comments are given in
Section 6. Finally, a “List of Mathematical Symbols” Section
is found.

2. Deterministic Diagenetic Model

In this section, we establish the basic conservation equations
for fluid momentum and components mass, both solid (cal-
cite, aragonite, and terrigenous materials) and dissolved (cal-
cium and carbonate ions).

2.1. Mass Conservation Equations. We use a reference frame
with the 𝑥-spatial axis positively oriented towards the bottom
with an origin fixed at the sea-sediment interface.The porous
sediment is characterized by the volume fraction occupied
by water (porosity 𝜙) and a solid matrix made up of calcite
(C), aragonite (A), and insoluble terrigenous materials (T).
The advection velocities of the fluid phase and of the solid
matrix are denoted as 𝑢 and 𝑤, respectively. Within the arag-
onite microbially induced dissolution zone, A dissolves and
releases calcium Ca+2 and carbonate ions CO3

−2 which are
transported by advection and diffusion before possibly pre-
cipitating in the sediment (and cementing it) as calcite or arag-
onite.Theweight of sediment above a certain position contri-
butes to its compaction. The volume fraction of water is also
affected by the dissolution and precipitation reactions. These
physicochemical factors affect the porosity which, in turn,
modifies the hydraulic conductivity of the sediment and
feedback on the advective transport of solutes.

We define the dimensionless compositions of solid com-
ponents 𝐶𝑖 = 𝑚𝑖/𝑚𝑠 as the mass 𝑚𝑖 of 𝑖 = {A,C,T} per total
solid dry sediment mass𝑚𝑠. Then, by definition,

𝐶T + 𝐶A + 𝐶C = 1. (1)

The mass of component 𝑖 per volume of dry sediment 𝑉𝑠 is𝐶𝑖𝜌𝑠, where 𝜌𝑠 is the total dry sediment density:

𝜌𝑠 ≡ 𝑚𝑠𝑉𝑠 =
∑𝑖𝑚𝑖∑𝑖 𝑉𝑖 =

∑𝑖𝑚𝑖∑𝑖𝑚𝑖/𝜌𝑖 =
∑𝑖 𝐶𝑖∑𝑖 𝐶𝑖/𝜌𝑖

= (∑
𝑖

𝐶𝑖𝜌𝑖 )
−1 .

(2)

Here, 𝑉𝑖 is the volume occupied by solid 𝑖 and 𝜌𝑖 is its den-
sity. The mass of component 𝑖 per total sediment volume is𝐶𝑖𝜌𝑠(1 − 𝜙). The diagenetic equation for the solid component𝑖 reads as follows:

𝜕𝜕𝑡 [𝐶𝑖𝜌𝑠 (1 − 𝜙)] = − 𝜕𝜕𝑥 [𝐶𝑖𝜌𝑠 (1 − 𝜙) 𝑢] + 𝑅𝑖, (3)

where 𝑢 is the velocity of the solid sediment matrix (counted
positive downwards) and 𝑅𝑖 is the net reaction rate of
component 𝑖 reported per unit sediment volume.

Dividing (3) by 𝜌𝑖, summing over all components 𝑖, and
using (2) result in a continuity equation for the porosity:

𝜕𝜕𝑡 (1 − 𝜙) = − 𝜕𝜕𝑥 [(1 − 𝜙) 𝑢] +∑
𝑖

𝑅𝑖𝜌𝑖 . (4)

We now define the concentration of dissolved species 𝑘 ={Ca+2,CO3−2} as 𝑐𝑘, the number of moles of 𝑘 per unit pore
water volume (in M units). The corresponding diagenetic
equation is

𝜕𝜕𝑡 (𝜙𝑐𝑘) = − 𝜕𝜕𝑥 (𝜙𝑐𝑘𝑤) + 𝜕𝜕𝑥 (𝜙𝐷𝑘 𝜕𝑐𝑘𝜕𝑥 ) + �̂�𝑘, (5)

where 𝑤 is the velocity of the pore water (counted positive
downwards), 𝐷𝑘(𝜙) is the (tortuosity-corrected) diffusion
coefficient of component 𝑘, and �̂�𝑘 is the net reaction rate
(moles of component 𝑘 reacted per unit time and sediment
volume). We will use the following tortuosity factor, often
used in diagenetic modeling [33]:

𝐷𝑘 = 𝐷𝑜𝑘1 − log𝜙2 , (6)

where𝐷𝑜𝑘 is the diffusion of component 𝑘 in seawater.
Equation (5) can also be applied to water itself, with 𝑐𝑤 ≅𝜌𝑤/𝜇𝑤, where 𝜌𝑤 is the density of seawater (considered con-

stant) and 𝜇𝑤 is its molar mass. We thus get another version
of the continuity equation for porosity:

𝜕𝜙𝜕𝑡 = − 𝜕𝜕𝑥 (𝜙𝑤) + 𝜇𝑤�̂�𝑤𝜌𝑤 . (7)

Adding (4) and (7) gives

− 𝜕𝜕𝑥 [(1 − 𝜙) 𝑢] − 𝜕𝜕𝑥 (𝜙𝑤) + 𝜇𝑤�̂�𝑤𝜌𝑤 +∑
𝑖

𝑅𝑖𝜌𝑖 = 0. (8)

The reactive term 𝜇𝑤�̂�𝑤/𝜌𝑤 describes the net change in water
volume fraction as a result of precipitation/dissolution of the
solid components and is nothing but −∑𝑖 𝑅𝑖/𝜌𝑖. Thus,

𝜕𝜕𝑥 [(1 − 𝜙) 𝑢] + 𝜕𝜕𝑥 (𝜙𝑤) = 0 (9)

and (4) may be rewritten as follows:

𝜕𝜕𝑡𝜙 = − 𝜕𝜕𝑥 (𝜙𝑤) −∑
𝑖

𝑅𝑖𝜌𝑖 . (10)
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It shows how porosity is modified by compaction and the
reactive kinetics of the precipitation/dissolution of minerals.
Equation (9) indicates that

(1 − 𝜙) 𝑢 + 𝜙𝑤 = 𝐴 (𝑡) , (11)

where 𝐴(𝑡) is a position-independent factor.
Finally, using (10), the diagenetic equation (5) is simpli-

fied to

𝜕𝜕𝑡𝑐𝑘 = −𝑤 𝜕𝜕𝑥𝑐𝑘 + 1𝜙 𝜕𝜕𝑥 (𝜙𝐷𝑘 𝜕𝑐𝑘𝜕𝑥 )
+ 1𝜙 (�̂�𝑘 + 𝑐𝑘∑

𝑖

𝑅𝑖𝜌𝑖 ) .
(12)

2.2. Solving for the Velocities. The conservation of momen-
tum takes the form of Darcy law. In our situation, this is

𝜙 (𝑤 − 𝑢) = 𝐾 (𝜙) [1 − 1𝑔𝜌𝑤
𝜕𝑝𝜕𝑥] , (13)

where 𝐾 is the hydraulic conductivity, 𝑝 is pressure, and 𝑔
is the acceleration of gravity. The left-hand side describes
simply the flow rate of water with respect to the solid matrix.
The conductivity is related to the porosity through empirical
expressions, such as the Karman-Cozeny law, for instance
[34, 35]:

𝐾 = 𝑑2𝑔𝜌𝑤180𝜂 𝜙3
(1 − 𝜙)2 , (14)

where 𝑑 is the average grain diameter and 𝜂 the viscosity of
water. We will collect all the constant terms in a prefactor 𝛽
and use instead

𝐾 = 𝛽 𝜙3
(1 − 𝜙)2𝐹 (𝜙) . (15)

Here, 𝛽 is an empirical factor with units of velocity and 𝐹(𝜙)
is a correction factor that becomes important for 𝜙 close to
unity. After Hsu and Cheng [36], it is expected that

lim
𝜙→1
𝐾 = 10𝛽 𝜙2(1 − 𝜙) . (16)

Thus, we choose [36]

𝐹 (𝜙) = 1 − exp(−10 (1 − 𝜙)𝜙 ) . (17)

In general [37], one can write the fluid pressure as the
difference between the overburden stress (weight of sediment
per unit area) and the effective stress𝜎𝑒 in the sediment.Thus,

𝜕𝑝𝜕𝑥 = 𝑔 (𝜙𝜌𝑤 + (1 − 𝜙) 𝜌𝑠) − 𝜕𝜎𝑒𝜕𝑥 . (18)

In turn, the effective stress can be assumed [38] to be a func-
tion of the porosity. Its differential is related to the differential

of the porosity through a linear response function𝐻(𝜙) [39]
(the inverse −1/𝐻 is called the pore space compressibility in
Mello [40]):

𝑑𝜎𝑒 = 𝐻 (𝜙) 𝑑𝜙. (19)

The Darcy flow (see (13)) then becomes with the help of (11)

𝜙 (𝑤 − 𝑢) = 𝐴 − 𝑢
= −𝐾 (𝜙) (1 − 𝜙) ( 𝜌𝑠𝜌𝑤 − 1)
+ 𝐾 (𝜙) 𝐻 (𝜙)𝑔𝜌𝑤

𝜕𝜙𝜕𝑥 .
(20)

The solid phase velocity at the water-sediment interface must
match the sedimentation rate 𝑆. Denoting 𝜙0 as the porosity
at the boundary (water-sediment interface) and 𝜌0𝑠 as the dry
sediment density at the boundary, we can eliminate 𝐴 and
evaluate the solid matrix advection field 𝑢 as
𝑢 = 𝑆 − 𝐾 (𝜙0) (1 − 𝜙0)( 𝜌0𝑠𝜌𝑤 − 1)

+ 𝐾(𝜙0) 𝐻 (𝜙0)𝑔𝜌𝑤
𝜕𝜙0𝜕𝑥 + 𝐾 (𝜙) (1 − 𝜙) ( 𝜌𝑠𝜌𝑤 − 1)

− 𝐾 (𝜙) 𝐻 (𝜙)𝑔𝜌𝑤
𝜕𝜙𝜕𝑥 .

(21)

Equation (11) then gives the fluid advection velocity 𝑤:
𝑤 = 𝑢 + (𝐴 − 𝑢)𝜙
= 𝑆 − 𝐾 (𝜙0) (1 − 𝜙0)( 𝜌0𝑠𝜌𝑤 − 1)
+ 𝐾(𝜙0) 𝐻 (𝜙0)𝑔𝜌𝑤

𝜕𝜙0𝜕𝑥
− 𝐾 (𝜙) (1 − 𝜙)2𝜙 ( 𝜌𝑠𝜌𝑤 − 1)
+ 𝐾 (𝜙) (1 − 𝜙)𝜙 𝐻 (𝜙)𝑔𝜌𝑤

𝜕𝜙𝜕𝑥 .

(22)

It is not the object of this work to solve for the full
elastic sediment problem. Instead, we will assume that, in the
absence of reactions, the porosity field (denoted 𝜙nr for “no
reaction”) obeys an empirical relation [41–43] of the form

𝜙nr = 𝜙∞ + (𝜙0 − 𝜙∞) exp (−𝑏𝜎𝑒) , (23)

where 𝑏 and 𝜙∞ are parameters. 𝑏 is termed compaction
coefficient [44] or sediment compressibility [45]. Then, the
elastic response function is

𝐻 = 𝑑𝜎𝑒𝑑𝜙nr = −
1𝑏 (𝜙nr − 𝜙∞) . (24)
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Substituting (22) in (10) shows that the pore compressibil-
ity generates a porosity diffusion-like term with a diffusion
coefficient

𝐷𝜙 = − (1 − 𝜙)𝐾 (𝜙) 𝐻𝑔𝜌𝑤
= 𝛽 𝜙3(1 − 𝜙) 1𝑏𝑔𝜌𝑤 (𝜙nr − 𝜙∞)𝐹.

(25)

As will be clear below, we will use the molecular diffusion
coefficient of calcium to choose appropriate length and time
scales. Estimates of 𝐷𝜙 (with 𝑏 varying from 1 to 100 (kPa)−1
[39]) show that the porosity diffusion coefficient is small
compared with the molecular calcium diffusion coefficient.
Wewill therefore neglect the contributions proportional to𝐻
in the advection terms (see (21) and (22)). On the other hand,
wewill keep the small diffusion term in the porosity transport
equation (10) for the purpose of facilitating the stability of
the numerical algorithm used to solve the system. It will be
sufficient for our purpose to take this diffusion coefficient as
a constant and estimate it for 𝜙 ≅ 𝜙nr ≅ 𝜙in, where 𝜙in is the
(homogeneous) initial porosity.

Summarizing, we have eight field variables: three com-
positions 𝑐𝑖, two concentrations 𝑐𝑘, the porosity 𝜙, and the
velocities 𝑢 and 𝑤. The equations describing their evolution
are given by the five diagenetic equations (see (3) and (12))
and the continuity equation (10) with the advection velocities
taken from (21) and (22). Instead of the diagenetic equation
for the reactively inert component T, we will use definition
(1) to obtain 𝐶T.

2.3. Reactions. In this simple model, we use four reactions.
(i) Dissolution of aragonite (reaction DA), A → Ca+2 +

CO3
−2, enhanced by anaerobic oxidation of methane in the

Munneke model [28]. The reaction rate is modeled as a first-
order one with respect to aragonite:

𝑅DA = (1 − 𝜙) 𝑘2𝐶A𝜌𝑠ΩDA, (26)

where 𝑘2 is another rate coefficient (units of inverse time,1/a).The term𝐶A𝜌𝑠 is the mass of aragonite per solid volume
and multiplying by the factor 1 − 𝜙 reports the rate per total
sediment volume. The undersaturation factorΩDA is

ΩDA = (1 − 𝑐Ca𝑐CO3𝐾A
)𝑚 𝜃 (𝑥) , (27)

where 𝐾A is the solubility of aragonite and 𝑚 is a reaction
order. It is understood that this reaction occurs only when
the system is undersaturated, 1 − 𝑐Ca𝑐CO3/𝐾A > 0. Finally,
the factor 𝜃(𝑥) is a characteristic function that is zero when𝑥 is outside the aragonite dissolution zone (ADZ) and one
otherwise.The ADZ is characterized by the position of its top
edge (𝑥𝑑) and its thickness ℎ𝑑.

(ii) Precipitation of aragonite (reaction PA): Ca+2 +
CO3
−2 → A. For simplicity, we neglect nucleation. The cor-

responding growth rate per unit sediment volume can be
written as a first-order reaction:

𝑅PA = (1 − 𝜙) 𝑘1𝐶A𝜌𝑠ΩPA, (28)

where 𝑘1 is another rate coefficient (units of inverse time,1/a). The oversaturation factor ΩPA is

ΩPA = (𝑐Ca𝑐CO3𝐾A
− 1)𝑚 , (29)

where 𝑚 is a reaction order (different from 𝑚 in general).
It is understood that this reaction is only effective when the
system is oversaturated, 𝑐Ca𝑐CO3/𝐾A − 1 > 0.

(iii) Dissolution of calcite (reaction DC), C → Ca+2 +
CO3
−2. The reaction rate is modeled as a first-order one with

respect to calcite:

𝑅DC = (1 − 𝜙) 𝑘4𝐶C𝜌𝑠ΩDC, (30)

where 𝑘4 is a rate coefficient (units of inverse time, 1/a). The
undersaturation factorΩDC is

ΩDC = (1 − 𝑐Ca𝑐CO3𝐾C
)𝑛 , (31)

where 𝐾C is the solubility of calcite and 𝑛 is a reaction order.
It is understood that this reaction takes place only when the
system is undersaturated, 1 − 𝑐Ca𝑐CO3/𝐾C > 0.

(iv) Precipitation of calcite (reaction PC): Ca+2 +
CO3
−2 → C. Here,

𝑅PC = (1 − 𝜙) 𝑘3𝐶C𝜌𝑠ΩPC, (32)

where

ΩPC = (𝑐Ca𝑐CO3𝐾C
− 1)𝑛 . (33)

𝑘3 is a rate coefficient (in 1/a) and 𝑛 is a reaction order
(different from 𝑛 in general). It is understood that the reaction
occurs only when the argument ofΩPC is positive.

The net reaction rates appearing in (3) and (5) are there-
fore

𝑅C = 𝑅PC − 𝑅DC;
𝑅A = 𝑅PA − 𝑅DA;
�̂�Ca = �̂�CO3 = (𝑅DA + 𝑅DC − 𝑅PA − 𝑅PC)𝜇A .

(34)

The molar mass of aragonite (or calcite) 𝜇𝐴 appears since, by
definition, �̂�𝑘 corresponds to a change in a number of moles
per unit sediment volume per unit time.

2.4. Boundary and Initial Conditions. The diagenetic equa-
tions for the solid components are first-order partial differ-
ential equations. We will fix the composition of the young
sediment and the porosity at the water-sediment interface.
We will also fix the concentrations of dissolved calcium and
carbonate at that interface. On the other hand, one sup-
plementary boundary condition is needed for the dissolved
components and the porosity. At the bottom boundary 𝑥 = 𝐿,
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we will assume that the system has no diffusive flux. Mathe-
matically,

𝐶𝑖 (0, 𝑡) = 𝐶0𝑖 ;
𝑐𝑘 (0, 𝑡) = 𝑐0𝑘 ;
𝜙 (0, 𝑡) = 𝜙0;

𝜕𝑐𝑘 (𝑥, 𝑡)𝜕𝑥
𝐿 = 0;

𝜕𝜙 (𝑥, 𝑡)𝜕𝑥
𝐿 = 0.

(35)

The initial conditions are chosen as spatially homogeneous
constants:

𝐶𝑖 (𝑥, 0) = 𝐶𝑖,in;
𝑐𝑘 (𝑥, 𝑡) = 𝑐𝑘,in;
𝜙 (𝑥, 0) = 𝜙in,

𝑥 ̸= 0.
(36)

2.5. Constant Density Approximation. The densities of the
three solid components are fairly close to each other (2.950,
2.710, and about 2.8 g/cm3 forA,C, andT, resp. [27]). As a first
approximation, we will neglect the variations in these densi-
ties. The pattern formation mechanism discussed here does
not crucially depend on this approximation and the resulting
simplification of the diagenetic equations is significant. We
thus set 𝜌𝑠 equal to a constant defined by the initial composi-
tion of the sediment and let 𝜌A ≅ 𝜌C ≅ 𝜌T ≅ 𝜌𝑠. Combining
(3) and (4) gives

𝜕𝜕𝑡𝐶𝑖 = −𝑢 𝜕𝜕𝑥𝐶𝑖 + 1𝜌𝑠 (1 − 𝜙) (𝑅𝑖 − 𝐶𝑖∑𝑗 𝑅𝑗) . (37)

We can verify that summing these equations over 𝑖 leads to an
identity, as it should.

Finally, (12) for the dissolved species becomes

𝜕𝜕𝑡𝑐𝑘 = −𝑤 𝜕𝜕𝑥𝑐𝑘 + 1𝜙 𝜕𝜕𝑥 (𝜙𝐷𝑘 𝜕𝑐𝑘𝜕𝑥 )
+ 1𝜙 (�̂�𝑘 + 𝑐𝑘∑

𝑖

𝑅𝑖𝜌𝑠) .
(38)

2.6. Scaling. It is convenient to express the dynamics of
the system in reduced (dimensionless) form. We scale the
dissolved species concentrations with√𝐾C and the advection
velocities with a typical sedimentation rate 𝑆. We introduce
time scale 𝑇∗ and length scale𝑋∗ defined as follows:

𝑇∗ = 𝐷𝑜Ca𝑆2 ;
𝑋∗ = 𝐷𝑜Ca𝑆 .

(39)

The evolution equations then take the following scaled forms
in terms of the dimensionless variables 𝑥 = 𝑥/𝑋∗, 𝑡 = 𝑡/𝑇∗,𝑐𝑘 = 𝑐𝑘/√𝐾C; 𝑈 = 𝑢/𝑆, and𝑊 = 𝑤/𝑆 (and dropping the ):

𝜕𝜕𝑡𝐶A = −𝑈 𝜕𝜕𝑥𝐶A

− Da [(1 − 𝐶A) 𝐶A (ΩDA − ]1ΩPA)
+ 𝜆𝐶A𝐶C (ΩPC − ]2ΩDC)] ;

(40)

𝜕𝜕𝑡𝐶C = −𝑈 𝜕𝜕𝑥𝐶C

+ Da [𝜆 (1 − 𝐶C) 𝐶C (ΩPC − ]2ΩDC)
+ 𝐶A𝐶C (ΩDA − ]1ΩPA)] ;

(41)

𝜕𝜕𝑡𝑐𝑘 = −𝑊 𝜕𝜕𝑥𝑐𝑘 + 1𝜙 𝜕𝜕𝑥 (𝜙𝑑𝑘 𝜕𝑐𝑘𝜕𝑥 ) + Da (1 − 𝜙)𝜙 (𝛿
− 𝑐𝑘) [𝐶A (ΩDA − ]1ΩPA) − 𝜆𝐶C (ΩPC − ]2ΩDC)] ;

(42)

𝜕𝜕𝑡𝜙 = − 𝜕𝜕𝑥 (𝑊𝜙) + 𝑑𝜙 𝜕
2𝜙𝜕𝑥2 + Da (1 − 𝜙)

⋅ [𝐶A (ΩDA − ]1ΩPA) − 𝜆𝐶C (ΩPC − ]2ΩDC)] .
(43)

Here, the dimensionless parameters are defined as follows:

Da = 𝑘2𝑇∗ = 𝑘2𝐷𝑜Ca𝑆2 ;
𝜆 = 𝑘3𝑘2 ;
]1 = 𝑘1𝑘2 ;
]2 = 𝑘4𝑘3 ;
𝑑𝑘 = 𝐷𝑘𝐷𝑜Ca ;
𝑑𝜙 = 𝐷𝜙𝐷𝑜Ca ;
𝛿 = 𝜌𝑠𝜇A√𝐾C

.

(44)

Da can be interpreted as a Damköhler number. The under-
and oversaturation factors become

ΩPA = (𝑐Ca𝑐CO3𝐾C𝐾A
− 1)𝑚 ;

ΩDA = (1 − 𝑐Ca𝑐CO3𝐾C𝐾A
)𝑚 𝜃 (𝑥) ;

ΩPC = (𝑐Ca𝑐CO3 − 1)𝑛 ;
ΩDC = (1 − 𝑐Ca𝑐CO3)𝑛 .

(45)
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Here, 𝜃(𝑥) is a characteristic function indicating that arago-
nite dissolution is activated in the ADZ only. It is defined as 1
when 𝑥𝑑/𝑋∗ < 𝑥 < (𝑥𝑑 +ℎ𝑑)/𝑋∗ and zero otherwise. Finally,
taking into account the arguments of Section 2.2, we neglect
terms of order 𝑑𝜙 in the advection terms (except for the small
porosity diffusion term).The scaled velocities in (40)–(43) are

𝑈 = 1 − 𝐾 (𝜙0)𝑆 (1 − 𝜙0)( 𝜌0𝑠𝜌𝑤 − 1)
+ 𝐾 (𝜙)𝑆 (1 − 𝜙) ( 𝜌𝑠𝜌𝑤 − 1) ;

(46)

𝑊 = 1 − 𝐾(𝜙0)𝑆 (1 − 𝜙0)( 𝜌0𝑠𝜌𝑤 − 1)
− 𝐾 (𝜙)𝑆 (1 − 𝜙)2𝜙 ( 𝜌𝑠𝜌𝑤 − 1) .

(47)

2.7. Parameter Values. As far as possible, we will adopt con-
ditions corresponding to warm shallow waters (temperature
of 25∘C, salinity of 35‰). Beside the parameters defining
the boundary conditions, we need reasonable values for the
material parameters appearing in the model. Some of them
are well constrained (densities, molar masses). The diffusion
coefficients 𝐷𝑜𝑘 in water at various temperatures are available
[33]. The solubilities 𝐾A and 𝐾C and the kinetic parameters𝑚 (aragonite dissolution) and 𝑛 (calcite precipitation) are
taken fromMackenzie andAndersson [46]. For simplicity, we
have taken𝑚 = 𝑚 and 𝑛 = 𝑛.

The geometrical parameters of the system are its length𝐿, the position 𝑥𝑑 below the water-sediment interface of the
ADZ, and its thickness ℎ𝑑. The value of 𝑥𝑑 is compatible with
the value mentioned in Böhm et al. [28]. The sedimentation
rate 𝑆 at the interface is of the order of 0.1–0.01 cm/a [47].

The inverse of the rate coefficients 1/𝑘1 ≈ 1/𝑘2 and 1/𝑘3 ≈1/𝑘4 is chosen to be smaller than the characteristic age of the
system 𝐿/𝑆, so that the reactions have many opportunities
to occur during the advective transport of a sediment parcel
across the system. Values of the rates between 0.1 a−1 and 5 a−1
are comparable to those used in a recent paleoclimate model
[48].

The parameter 𝛽 in the constitutive relation defining
the hydraulic conductivity is not so well constrained. Values
between 0.01 to 1.0 cm/a have been successfully used in mod-
eling steady state compaction in sea sediments [39] and we
adopt similar values here. For instance, a value of 𝛽 = 0.1 cm/a
corresponds to a permeability of about 10−13 cm2 for 𝜙 = 0.7.
In Jourabchi et al. [39], values of the sediment compressibility𝑏 between about 1 and 100 (kPa)−1 have also been used. Its
specific value is not crucial here (as long as the porosity dif-
fusion coefficient is small compared to molecular diffusion).
With the choice b = 5 (kPa)−1, the porosity field is free from
the artificial oscillations often seen in the numerical solution
of convective systems in the presence of shock effects (due
here to the discrete dissolution zone). For the same reason,
the specific value of 𝜙∞ is not crucial. It has been chosen to
be a small quantity (0.01).

Table 1: Parameter values and initial conditions adopted in two base
scenarios.

Parameters Scenario A Scenario B Unit𝜇A 100.09 100.09 g/mol𝜇𝑊 18.45 18.45 g/mol𝜌A 2.950 2.950 g/cm3𝜌C 2.710 2.710 g/cm3𝜌T 2.8 2.8 g/cm3𝜌𝑊 1.023 1.023 g/cm3𝐷Ca
𝑜 131.9 131.9 cm2/a𝐷CO3
o 272.6 272.6 cm2/a𝛽 0.1 0.01 cm/a𝑏 5 10 (kPa)−1𝐾A 10−6.19 10−6.19 M2𝐾𝑐 10−6.37 10−6.37 M2𝑘1 = 𝑘2 1.0 0.01 a−1𝑘3 = 𝑘4 0.1 0.001 a−1𝑚 = 𝑚 2.48 2.48 -𝑛 = 𝑛 2.80 2.80 -𝑥𝑑 50 50 cmℎ𝑑 100 100 cm𝐿 500 500 cm𝑆 0.1 0.01 cm/a𝐶0A = 𝐶A,in 0.6 0.6 -𝐶0C = 𝐶C,in 0.3 0.3 -𝑐0Ca = 𝑐Ca,in 0.326 0.326 mM𝑐0CO3 = 𝑐CO3 ,in 0.326 0.326 mM

In the simulations, the parameters 𝑘1, 𝑘3, 𝛽, 𝑆, 𝑥𝑑, ℎ𝑑, and𝐿 were varied, as well as the water-sediment interface condi-
tions (𝐶0𝑖 , 𝑐0𝑘 , 𝜙0) and the initial (uniform) sediment composi-
tion. We report here only results pertaining to two base (typ-
ical) scenarios with varying initial and boundary porosities.
The parameters for the base scenarios are given in Table 1. To
fix the idea, an initial sediment composition of 30% calcite,
60% aragonite, and 10% terrigenous materials was used, with
initial calciumand carbonate concentrations both equal to 0.5
(in units√𝐾C).

2.8. Numerical Approach. Starting with an initial uniform
distribution for the five variables𝐶A,𝐶C, 𝑐Ca, 𝑐CO3, and 𝜙, sys-
tem (40)–(43) is solved numerically on a regular grid of𝑁 =200 spatial steps Δ𝑥. The time is discretized in units of time
steps Δ𝑡. The algorithm used to solve the advective-diffusion
equations (see (42) and (43)) is a semi-implicit Fiadei-
ro-Veronis scheme [49]. This second-order scheme interpo-
lates smoothly between the usual Crank-Nicholson scheme
(used for pure diffusive transport) and the upstream scheme
(used for pure advective problems) according to the value of
the grid Péclet numbers 𝑊Δ𝑥/2𝑑𝑘 or 𝑊Δ𝑥/2𝑑𝜙. The non-
linear terms in the transport coefficients and in the reactive
terms are estimated by the advanced projection method [50],
whereby these terms are evaluated at each intermediate time𝑡+Δ𝑡/2 by Taylor expansion about 𝑡.The advective equations
(39) and (40) are solved using an explicit upstream scheme.
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When Δ𝑡 is small enough (5 × 10−6), the algorithm is stable,
convergent, and relatively fast. With a 2.53GHz Intel� Core�
i5 CPU, it takes about 50 seconds to generate a solution for a
dimensionless time 𝑡 = 1.
3. Deterministic Solutions

Figure 3 illustrates thenumerical solution obtained for scenar-
io A in the case where both the initial porosity and the poros-
ity at the sea-sediment boundary are equal to 0.5 and 0.6, res-
pectively. Figures 3(a)–3(d) show the aragonite and calcite
composition, the dissolved species concentrations, and the
porosity fields at four different times, whereas Figure 3(e)
shows the resulting final profiles. Notwithstanding the pres-
ence of temporary propagating waves in the mineral com-
position profiles, the final profile is time-independent and
exhibits only a single calcite peak without banding patterns.
The mineral composition at the bottom boundary in the
steady state has 76.4% calcite and 0% aragonite (and 23.4%
terrigenous materials). We will characterize this steady state
by a qualitative assessment of the sediment mineral compo-
sition at its bottom boundary. Thus, the case illustrated here
is denoted by 0-C (for no aragonite and nonzero calcite).

One can understand the general features of the profiles as
follows. The dissolved species concentrations reach a steady
state profile relatively early in the simulation. Porosity decreas-
es slightly with position as a result of compaction. Recall that,
whereas calcite dissolution can occur wherever the system is
locally undersaturated, dissolution of aragonite occurs only in
the ADZ, 𝑥𝑑 < 𝑥 < 𝑥𝑑 + ℎ𝑑. The calcium and carbonate ions
released induce a local oversaturation with respect to calcite
and a large calcite peak appears. The solid matrix advec-
tion velocity 𝑈 remains positive throughout the simulation.
Through downward advection, the bottom edge of the arag-
onite depletion zone is shifted out of the system, so that,
eventually, no aragonite is left in the bottom part of the sys-
tem.Meanwhile, the calcite peak splits into two smaller peaks.
The topmost peak reaches a steady state, whereby the reaction
kinetics balances the advective transport of the components,
whereas the bottom peak is advected out of the system.
Nevertheless, some residual calcite remains at the bottom of
the system, hence a 0-C steady state.

For scenario A, there exists a combination of initial and
boundary porosities for which the large-time solution is
oscillatory.Thus, it appears that this simple reactive-transport
implementation ofMunneke’s conceptualmodel is propitious
to diagenetic self-organized periodic solutions. Figure 4
illustrates two such situations. Here, the aragonite depletion
zone is advected downwards and the bottom of the system
is free from aragonite. On the other hand, the top edge of
the aragonite dissolution zone releases carbonate and calcium
ions, generating a broad precipitating calcite peak and a local
porosity decrease as cementation processes (the term propor-
tional toΩPC in (43)). As a result of the porosity decrease, the
pore water velocity decreases in absolute value (see (15) and
(47)), thus decreasing the upstream advective transport of
dissolved carbonate and calcium. Eventually, the calcite peak
becomes undersaturated and starts to dissolve, increasing the

porosity and increasing the advective transport of dissolved
species until the cycle starts over again. More complex self-
organized oscillatory solutions (with three calcite peaks per
cycle) are also possible (Figure 4(b)).

Moreover, the model exhibits another interesting non-
trivial signature of nonlinear behaviour: multistability. This
occurs when distinct steady state solutions are obtained for
different initial values of the variables, leaving all parameters
unchanged otherwise. To illustrate this feature for scenario A,
Figure 5 shows the evolution of the sediment composition at
the bottom of the system using two different initial porosities𝜙in and leading to two different steady states (or attractors) as
time is large: a 0-0 state (Figure 5(a)), a statewithout aragonite
or calcite, and a state A-C with nonzero aragonite and calcite
(Figure 5(b)). The set of initial values evolving towards an
attractor of type 𝑖 defines the basin of attraction of attractor 𝑖.
For fixed 𝜙in, as the porosity at the top boundary 𝜙0 is varied,
the boundaries of the basins of attraction shift. Consequently,
different steady states are also obtained when the parameter𝜙0 changes. Figure 6(a) illustrates the domain of existence of
each attractor in the (𝜙in, 𝜙0) space for scenario A.

One can understand the nature of the steady states as
follows. A state 0-C (as illustrated in detail in Figure 3) corre-
sponds to a situation where the advection velocity𝑈 remains
positive and the dissolution of aragonite is complete. As
mentioned above, the bottommost edge of the dissolution-in-
duced aragonite depletion zone is then advected outside the
system so that no aragonite is left at the bottom of the sedi-
ment, at 𝑥 = 𝐿. On the other hand, although the sediment at𝑥 = 𝐿 remains weakly undersaturated with respect to calcite,
its dissolution is compensated by its advective transport. The
adjacent 0-0 state differs from the 0-C state in that the under-
saturationwith respect to calcite is larger, so that all the calcite
at 𝑥 = 𝐿 dissolves. The existence of aragonite in the A-C
state is due to the following mechanism: if the porosity at the
boundary is sufficiently larger than the porosity at some posi-
tion, compaction will result in an upwards drift of the solid
matrix (in (46), 𝑈 becomes negative). If this occurs in the
neighborhood of the aragonite dissolution zone, the deple-
tion layer will shift towards the sediment surface, thus leaving
a residual aragonite concentration at the bottomof the system
close to its initial value. Finally, the oscillatory regime occurs
for large initial and boundary porosities. Indeed, as explained
above, the pore water advection term𝑊 plays an important
role in generating pulsating solutions. As is seen from (47),
the absolute value of 𝑊 is higher for larger values of the
boundary porosity and of the overall porosity, in agreement
with Figure 6(a).

Figure 7 shows a phase diagram in (𝜙in, 𝜙0) space for sce-
nario B (Table 1). Scenario B is characterized by overall slower
kinetics: the rate coefficients of dissolution/precipitation and
the sedimentation rate are smaller, and the sediment has a
finer texture (smaller 𝛽). In this case, no self-oscillatory solu-
tions are obtained but the system exhibits multistability be-
tween many steady states. This scenario was chosen to illus-
trate the presence of stochastic resonance in the limestone-
marl system. But first, a reviewof themain features of stochas-
tic resonance is presented for the sake of completeness.
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(d) 𝑡 = 6749 a
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(e) Steady state

Figure 3: Numerical solution for scenario A with 𝜙in = 0.5 and 𝜙0 = 0.6. Aragonite and calcite composition, dissolved species concentrations
and porosity fields at four different times (a–d), and final steady state profiles (e).
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Figure 4: Numerical solutions for scenario A illustrating self-organized oscillations. The calcite composition at the bottom of the system
(𝑥 = 𝐿) is plotted as a function of time. (a) 𝜙in = 𝜙0 = 0.8. Oscillation period = 17,290 a. (b) Complex oscillation obtained with 𝜙in = 0.8 and𝜙0 = 0.74. Average time between troughs = 26,288 a.
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(b) 𝜙in = 0.55; 𝜙0 = 0.72

Figure 5: Numerical solutions for scenario A illustrating bistability. All variables are taken at the bottom of the system (𝑥 = 𝐿) and are plotted
as a function of time. (a) 𝜙in = 0.8 and 𝜙0 = 0.72. A final steady state 0-0 is obtained. (b) 𝜙in = 0.55 and 𝜙0 = 0.72. A final steady state A-C is
obtained.

4. Stochastic Resonance: A Primer

In the presence of an external stochastic signal, nonlinear
dynamical systems may exhibit interesting nontrivial phe-
nomena, such as noise-induced transitions [25, 51, 52], sto-
chastic coherence [25], or stochastic resonance [24, 25]. It is
the latter class of dynamical behaviour that we explore in our
model. For the sake of completeness, only the salient features
of the phenomenon of stochastic resonance are described.
More details are found in the classic reviews of Jung [23] and
Gammaitoni et al. [24].

Three conditions are necessary to obtain stochastic res-
onance: (i) the deterministic (noiseless) dynamical system
must exhibit multistability, whereby more than one attractor
coexists, (ii) the system is driven by a weak deterministic
periodic signal, and (iii) the external signal also includes a
stochastic contribution. In the absence of an external signal,
one can think of the dynamical system as moving in a multi-
well potential. It evolves to one attractor or another, depend-
ing on its initial condition. In the presence of the weak exter-
nal periodic signal, the perturbations to the system are too
small to cause the system to transit from one potential well to
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Figure 6: Phase diagram in (𝜙in, 𝜙0) parameter space for scenario
A. The corresponding attractors are denoted by their steady state
characteristic (0-0, A-C, 0-C) or their oscillatory behaviour (Osc).
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Figure 7: Phase diagram in (𝜙in, 𝜙0) parameter space for scenario
B. The corresponding attractors are denoted by their steady state
characteristic (0-0, A-C, 0-C or A-0).

another.The signal just oscillates slightly around one attractor
as the potential barriers separating the basins of attraction
fluctuate slightly. However, in the presence of noise, the fluc-
tuationsmay induce the system to cross the potential barriers.
If the noise parameters are chosen appropriately, the barrier-
crossing dynamics can occur in stochastic synchrony with
the weak periodic signal: these noise-induced transitions
occur more easily as the potential barrier is smaller, and this
happens once every cycle of the periodic signal. The result
consists in a series of large transitions from one attractor to
another, with a higher probability of this occurring once per
cycle, even though the external periodic signal alone (without
noise) is too weak to induce these transitions.

To illustrate this qualitative description, one can use the
standard case of a single-variable dynamical system𝑦(𝑡)mov-
ing in a bistable symmetric potentialΦ(𝑦):

𝑑𝑦𝑑𝑡 = −𝑑Φ𝑑𝑦 + 𝛼 sin (𝜔𝑡) + 𝜉 (𝑡) ;
Φ (𝑦) = −𝑦22 + 𝑦

4

4 .
(48)

Here, 𝛼 is the weak amplitude of the external periodic signal,𝜔 is its frequency, and 𝜉(𝑡) is an external stochastic driving
term. In the simple standard case, this noise term is chosen
to be white [51], with zero average and a time correlation
characterized by noise intensity 𝜎:

⟨𝜉 (𝑡) 𝜉 (𝑡)⟩ = 2𝜎𝛿 (𝑡 − 𝑡) , (49)

where the symbol ⟨⟩ refers to averaging with respect to the
noise realizations and 𝛿(𝑡) is the Dirac-delta function. In the
undriven deterministic case (𝛼 = 𝜎 = 0), it is seen that the
system is indeed bistable: two stable steady states coexist at𝑦 = ±1 and an unstable fixed point is present at 𝑦 = 0. The
potential barrier height separating the two basins of attrac-
tion 𝑦 > 0 and 𝑦 < 0 is ΔΦ = Φ(0) − Φ(±1) = 1/4. In the
presence of the periodic forcing signal, the potential barrier
height fluctuates periodically but, in order to preserve the
double well structure of the potential, 𝛼 must be chosen
smaller than 2/3√3.

Figure 8 illustrates the numerical solution of (48) and (49)
using a stochastic first-order Euler algorithm [53]. We used 𝛼
= 0.15 and 𝜔 = 2𝜋/200, an initial condition 𝑦(0) = 1, and
we varied the noise intensity 𝜎. It is seen that for small noise
intensity (Figure 8(a)), transitions between 𝑦 ∼ 1 and 𝑦 ∼ −1
occur rarely: the noise is not sufficiently strong to induce
common transition between the steady states. On the other
hand, when the noise is too strong (Figure 8(c)), transitions
occur often but no coherent pattern is obtained in the transi-
tion frequency. For intermediate values of the noise intensity
(Figure 8(b)), transitions occur in stochastic synchrony with
the external periodic signal. An example of power spectrum
is illustrated in Figure 8(d) for the case corresponding to
Figure 8(a) (𝜎 = 0.05). The signal-to-noise ratio SNR is then
defined as the ratio of the power spectrum at the driving
frequency 𝑓 = 𝜔/2𝜋 to the value of the background power
spectrum at that same frequency [25].Then, one of the classic
ways to characterize quantitatively the stochastic resonance
phenomenon is to plot SNR as a function of the noise inten-
sity. Such a plot is illustrated in Figure 8(e) and exhibits the
signature of stochastic resonance phenomena: a local maxi-
mum in the signal-to-noise ratio for a nonzero noise intensity.
Qualitatively, the presence of such a maximum is expected
when the noise-induced average escape rate from a potential
well (the “Kramers” rate) matches twice the frequency of the
external signal: exp(−ΔΦ/𝑠) ≅ 2√2𝜋𝑓 [24].

Another feature of stochastic resonance is shown by
plotting the residence time distribution. This is a histogram
of the time between transitions. One example is illustrated in
Figure 8(f) for 𝜎 = 0.05. The distribution is basically a decay-
ing functionmodulated by periodical peaks centered at 𝑘𝑃/2,
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Figure 8: (a–c) Time series illustrating the evolution of a variable 𝑦 in a double well potential, subjected to a weak periodic signal and to
white noise fluctuations for a noise intensity of (a) 𝜎 = 0.05, (b) 𝜎 = 0.1, and (c) 𝜎 = 0.15. (d) Power spectrum of (a). (e) Signal-to-noise ratio
as a function of the noise intensity showing a maximum at 𝜎 ∼ 0.11. (f) Residence time distribution for the region 𝑦 > 0 for 𝜎 = 0.05.
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where 𝑃 is the period of the driving signal and 𝑘 is an odd
integer. This is easy to understand: suppose that a transition
from one well to the other just occurred, most likely as the
potential well is the lowest. Then, after a waiting time of half
a period, the potential barrier will likely reach its minimum
again and transitions back to the first well will be favored.
If the system misses the first time, it will have to wait a full
period before favorable conditions occur again, and so on.

5. Stochastic Resonance Applied to
the Limestone-Marl Diagenetic Model

In this section, we apply the concept of stochastic resonance
to our multistable model: we investigate the effect of a weak
periodic external signal driving the model, superposed to a
source of random fluctuations. The weak external periodic
signal could represent a fluctuating climate proxy, such as
the Milankovich cycle, which is believed to be instrumental
in inducing ice ages [54, 55]. This cycle is characterized by
variations in the earth’s orbital parameters, such as the preces-
sion of the earth’s axis (about 20 ka), changes in its obliquity
(about 40 ka), and variations in the earth’s eccentricity (about
100 ka). As a result of relatively large variations in solar insola-
tion induced by the first two cycles, it is not surprising that the
associated climate response is strong.However, based on sim-
ple energy budget arguments, the climate response to varia-
tions in eccentricity is expected to be weak [56].

Not surprisingly, if the precession and obliquity forcing is
strong enough, a periodic small-scale sedimentary sequence
is generated. But, in order to investigate the potential impact
of the stochastic resonance mechanism on rhythmite forma-
tion, we rather consider the weakest orbital forcing term in
our model: the eccentricity signal at 100 ka. Notwithstanding
the fact that postdepositional compaction is not modeled in
our system, a pattern generated at that period would corre-
spond to large-scale variations in the thickness of layer bun-
dles [31].

Concretely, we assume that the small eccentricity driving
signal translates in weak periodical variations in the sediment
deposition conditions. For simplicity, we keep all model
parameters constant as well as the chemical composition of
the incoming sediment but vary its structural properties, that
is, its porosity.We thusmodify our diagenetic model by using
the following time-dependent porosity boundary condition:

𝜙0 (𝑡) = ⟨𝜙0⟩ + 𝛼 sin (𝜔𝑡) + 𝜀 (𝑡) , (50)

where ⟨𝜙0⟩ is the constant background porosity, 𝛼 is the
amplitude of the small periodic driving signal, and 𝜔 is its
frequency. The stochastic term 𝜀(𝑡) corresponds to the noisy
fluctuations that couple the system to the environment. We
choose an Ornstein-Uhlenbeck (OU) [51] colored process to
characterize the dynamics of the noise. It is more realistic
than white noise and is described by two parameters, a noise
intensity parameter 𝜎 and a noise correlation time 𝜏, as fol-
lows:

𝑑𝜀𝑑𝑡 = − 𝜀𝜏 + 𝜉 (𝑡)𝜏 ;
⟨𝜉 (𝑡)⟩ = 0;

⟨𝜉 (𝑡) 𝜉 (𝑡)⟩ = 2𝜎𝛿 (𝑡 − 𝑡) .
(51)

The OU process describes a stochastic variable 𝜀(𝑡) that
includes a linear damping term acting over a time scale 𝜏 and
that is itself driven by white noise with intensity 𝜎. The long-
time correlation of the OU process can easily be obtained:

⟨𝜀 (𝑡) 𝜀 (𝑡)⟩ ≅ 𝜎𝜏 exp(−
𝑡 − 𝑡𝜏 ) . (52)

It is seen that the correlation decays over a time scale 𝜏 and, in
the limit where 𝜏 approaches zero, theOUprocess approaches
a white noise process of intensity 𝜎. The solution of the linear
equation (51) at time 𝑡 + Δ𝑡 can be exactly related to that at
time 𝑡 [57]:

𝜀 (𝑡 + Δ𝑡) = 𝜀 (𝑡) exp(−Δ𝑡𝜏 )
+ 𝛾 (𝑡)√𝜎𝜏 (1 − exp(−2Δ𝑡𝜏 ))

1/2 ,
(53)

where 𝛾(𝑡) is a random number sampled from a normal
Gaussian distribution of variance one and average zero. Given
an initial value 𝜀(0), the numerical implementation of the OU
process is straightforwardwith the application of (53) at every
time step Δ𝑡. We chose 𝜀(0) to be sampled from the equilibri-
um distribution, satisfying (52): 𝜀(0) = 𝛾(0)√𝜎/𝜏.

Figure 9 shows various features of the numerical solution
of the limestone-marl system (see (40)–(43)) with a stochasti-
cally driven porosity boundary condition as in (50) and (51).
The case corresponding to scenario 2 was adopted (Table 1
and Figure 7) with ⟨𝜙0⟩ = 0.68 and 𝜙in = 0.6. The other para-
meters were 𝛼 = 0.03, 𝜔 = 2𝜋/105 rd/a (corresponding to a
driving frequency𝑓= 13.19 in reduced unit), and 𝜏= 0.1 and 𝜎
was varied. Deterministically (𝜎 = 0, Figure 9(a)), the forcing
amplitude 𝛼 is sufficiently small for the system to oscillate
slightly about the corresponding 0-C steady state without
transiting to other steady states. But for a nonzero noise
intensity, noise-induced transitions to other steady states (0-
0 or A-0) occur (Figures 9(b)–9(d)). For intermediate values
of the noise intensity (Figure 9(c)), transitions occur in sto-
chastic synchrony with the external periodic signal. A power
spectrum of the calcite composition is shown in Figure 9(e)
for 𝜎 = 0.001, as well as a 0-C state residence time distribution
for 𝜎 = 0.00125 (Figure 9(f)). The latter graph is qualitatively
similar to the case of stochastic resonance in a double well
potential (Figure 8(f)).

Again, we can define a signal-to-noise ratio SNR as the
ratio of the power spectrum at the driving frequency 𝑓 to the
value of the background power spectrum at that frequency.
Figure 9(g) shows a plot of the SNR for various noise inten-
sities 𝜎. The presence of peaks in this graph is a signature of
stochastic resonance. In fact, multipeak stochastic resonance
has been observed in various systems. In a chain of Fermi-
Pasta-Ulam oscillators driven at the boundary by noise [58]
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Figure 9: Continued.
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Figure 9: (a) Dimensionless time series illustrating the deterministic evolution of the calcite composition𝐶c and the terrigenous composition𝐶T at the bottom of the sediment when the system is subjected to weak periodic driving of period 105 a. The parameter values are those of
case 2. The transients are omitted. (b–d) Calcite composition 𝐶c when the system is also subjected to colored noise fluctuations for a noise
intensity of 𝜎 = 0.0001 (b), 𝜎 = 0.001 (c), and 𝜎 = 0.005 (d). (e) Power spectrum of (c). (f) 0-C residence time distribution for 𝜎 = 0.00125. (g)
Signal-to-noise ratio as a function of the noise intensity.

and a weak periodic signal, multipeaks in the SNR plot were
linked to the coexistence of various stable andmetastable sta-
tionary regimes.Multipeaks were also seen in an array of cou-
pled monostable nonlinear oscillators [59] and in a quartic
bistable potential subjected to two colored noises [60]. In the
latter case, a transition fromone-peak to two-peaks stochastic
resonance was observed as the correlation time of one of the
colored noise increased. In our case, the presence of colored
noise (with a fairly high correlation time) and ofmultistability
in the deterministic system could both play a role. But further
analysis is beyond the framework of this presentation.

6. Conclusion

In this contribution, we propose a simple reactive-transport
model for the formation of limestone-marl sequences, imple-
menting the conceptual ideas of Munnecke et al. [27] and
Böhm et al. [28] in a mathematical framework.The reactions
involved include calcite dissolution and precipitation and
aragonite precipitation.Aragonite dissolution occurs through
bacteriological activity in a discrete zone located at a fixed dis-
tance below the sediment surface. Solute diffusion in a porous
environment and sediment compaction are considered. Self-
organized oscillating solutions were obtained for some para-
meter values. The system typically exhibits multistability be-
tween various steady states or limit cycle solutions.

Coupling the system to a weak external periodic signal
superposed to a random contribution presents the necessary
ingredients for stochastic resonance to occur in the system.
For illustration purpose, we chose a weak 100,000 years
Milankovitch signal that affects the physical properties of the
incoming sediment (porosity). We found that, for a noise

strength sufficiently high, switches between a calcite-rich
state and a terrigenous-rich one are obtained, in statistical
synchrony with the weak external signal.

The analysis presented here is only preliminary. Other
parameter values need to be explored; the coupling between
the system and its environment does not need to involve only
the surface sediment porosity and other types of stochastic
resonance patterns could be obtained, particularly in the
regime where the system is bistable between a steady state
and a limit cycle. But these findings open the way to a more
thorough understanding of the nontrivial effects of noise on
the formation of limestone-marl sequences influenced by a
weak external signal, such as the Milankovitch 100,000 years’
cycle.

List of Mathematical Symbols

𝐴: Space-independent parameter in
(11) (cm/a)𝑏: Sediment compressibility ((kPa)−1)𝐶𝑖, 𝑖 = {A,C,T}: Mass of component 𝑖 per total dry
sediment mass (-)𝐶𝑖,in, 𝑖 = {A,C,T}: Initial homogeneous values of𝐶𝑖 (-)𝐶0𝑖 , 𝑖 = {A,C,T}: Values of 𝐶𝑖 at the water-sediment
interface (-)𝑐𝑘, 𝑘 = {Ca,CO3}: Molar concentration of
dissolved species (M)𝑐𝑘,in, 𝑘 = {Ca,CO3}: Initial homogeneous values of𝑐𝑘 (M)𝑐0𝑘 , 𝑘 = {Ca,CO3}: Values of 𝑐𝑘 at the water-sediment
interface (M)



16 Geofluids

𝑑: Average grain diameter (cm)
Da: Damköhler number (-)𝑑𝑘, 𝑘 = {Ca,CO3}: 𝐷𝑘/𝐷Ca

𝑜 (-)𝑑𝜙: 𝐷𝜙/𝐷Ca
𝑜 (-)𝐷𝑘, 𝑘 = {Ca,CO3}: Molecular diffusion coefficient of

ion 𝑘 in the sediment (cm2/a)𝐷𝑘𝑜, 𝑘 = {Ca,CO3}: Molecular diffusion coefficient of
ion 𝑘 in water (cm2/a)𝐷𝜙: Porosity diffusion coefficient
(cm2/a)𝐹: Correction factor in the hydraulic
conductivity (see (17)) (-)𝑔: Acceleration of gravity (cm2/s)𝐻: Response function 𝑑𝜎/𝑑𝜙 (kPa)ℎ𝑑: Thickness of the aragonite
dissolution zone (cm)𝐾: Hydraulic conductivity (cm/a)𝐾𝑖, 𝑖 = {A,C}: Solubility of component 𝑖 (M2)𝑘𝑖, 𝑖 = {1, 2, 3, 4}: Rate coefficients (a−1)𝐿: Length of the system (cm)𝑚,𝑚: Reaction order for aragonite
precipitation and dissolution (-)𝑚𝑖, 𝑖 = {A,C,T}: Mass of component 𝑖 in the
sediment (g)𝑚𝑠: Total mass of dry sediment (g)𝑁: Number of discrete spatial steps (-)𝑛, 𝑛: Reaction order for calcite
precipitation and dissolution (-)𝑃: Fluid pressure (kPa)𝑅𝑖: Reaction rate for solid component𝑖 (g/a-cm3sed)�̂�𝑘, 𝑘 = {Ca,CO3}: Reaction rate for ion 𝑘
(mol/a-cm3sed)𝑅PA,DA,PC,DC: Reaction rates for precipitation
and dissolution (g/a-cm3sed)�̂�𝑤: Reaction rate for water
(mol/a-cm3sed)𝑆: Sedimentation rate (cm/a)𝑇: Time (a)𝑇∗: Time scale (a)𝑢: Solid matrix velocity (cm/a)𝑈: Scaled solid matrix velocity (-)𝑉𝑖, 𝑖 = {A,C,T}: Volume of solid component 𝑖 (cm3)𝑉𝑠: Total volume of solid components
(cm3)𝑤: Pore water velocity (cm/a)𝑊: Scaled pore water velocity (-)𝑥: Position from the water-sediment
interface (cm)𝑥𝑑: Position of the top edge of the
aragonite dissolution zone (cm)𝑋∗: Position scale (cm)𝑦: Dynamical variable in standard
stochastic resonance (-)𝛼: Amplitude of the periodic driving
signal (scaled) (-)𝛽: Constant in the hydraulic
conductivity (see (15)) (cm/a)

𝛾: Random number sampled from
a normal Gaussian (-)𝛿: 𝜌𝑠/𝜇A√𝐾CΔ𝑡: Time step (-)Δ𝑥: Spatial step (-)𝜀: Random variable in the
Ornstein-Uhlenbeck process (-)𝜂: Viscosity of water (Pa-s)𝜃(𝑥): Characteristic function for the
dissolution zone (-)𝜆: Ratio of rate coefficients in
(40)–(42) (-)𝜇𝑤: Molar mass of water (g/mol)𝜇A: Molar mass of calcite or
aragonite (g/mol)

]1,2: Ratio of rate coefficients in
(40)–(42) (-)𝜉: Random white noise process (-)𝜌𝑖, 𝑖 = {A,C,T}: Density of component 𝑖 (g/cm3)𝜌𝑠: Total solid density (g/cm3)𝜌𝑠𝑜: Initial value of the total solid
density (g/cm3)𝜌𝑤: Density of water (g/cm3)𝜎: Noise intensity (scaled unit) (-)𝜎𝑒: Effective stress (kPa)𝜏: Scaled correlation time of the
Ornstein-Uhlenbeck process (-)𝜙: Porosity (-)𝜙in: Initial homogeneous porosity (-)𝜙nr: Stationary unreactive system
porosity in (24) (-)𝜙0: Porosity at the water-sediment
interface (-)𝜙∞: Parameter in (23) (-)Φ: Bistable potential in standard
stochastic resonance (-)𝜔: Frequency of the periodic driving
signal (scaled) (-)ΩPA,DA,PC,DC: Oversaturation or undersaturation
factors (-).
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[47] E. B. Burwicz, L.H. Rüpke, andK.Wallmann, “Estimation of the
global amount of submarine gas hydrates formed via microbial
methane formation based on numerical reaction-transport
modeling and a novel parameterization of Holocene sedimen-
tation,” Geochimica et Cosmochimica Acta, vol. 75, no. 16, pp.
4562–4576, 2011.

[48] K. Wallmann, “Is late Quaternary climate change governed by
self-sustained oscillations in atmospheric CO2?” Geochimica et
Cosmochimica Acta, vol. 132, pp. 413–439, 2014.

[49] M. E. Fiadeiro and G. Veronis, “Onweighted-mean schemes for
the finite-difference approximation to the advection-diffusion
equation,” Tellus, vol. 29, no. 6, pp. 512–522, 2016.

[50] D. U. V. Rosenberg,Methods for the Numerical Solution of Par-
tial Differential Equations, Elsevier, New York, NY, USA, 1969.

[51] W. Horsthemke and R. Lefever, Noise-induced transitions –
Theory and applications in physics, chemistry and biology, vol.
15 of Springer Series in Synergetics, Springer, Berlin, Germany,
1984.

[52] J. Garćıa-Ojalvo and J. M. Sancho, Noise in Spatially Extended
Systems, Institute for Nonlinear Science, Springer-Verlag, New
York, NY, USA, 1999.

[53] A. Greiner,W. Strittmatter, and J. Honerkamp, “Numerical inte-
gration of stochastic differential equations,” Journal of Statistical
Physics, vol. 51, no. 1-2, pp. 95–108, 1988.

[54] J. Imbrie and J. Z. Imbrie, “Modeling the climatic response to
orbital variations,” Science, vol. 207, no. 4434, pp. 943–953, 1980.

[55] J. R. Petit, J. Jouzel, and D. Raynaud, “Climate and atmospheric
history of the past 420,000 years from the Vostok ice core,
Antarctica,” Nature, vol. 399, pp. 429–436, 1999.

[56] N. J. Shackleton, “The 100,000-year ice-age cycle identified and
found to lag temperature, carbon dioxide, and orbital eccentric-
ity,” Science, vol. 289, no. 5486, pp. 1897–1902, 2000.

[57] R. F. Fox, I. R. Gatland, R. Roy, and G. Vemuri, “Fast, accurate
algorithm for numerical simulation of exponentially correlated
colored noise,” Physical Review A: Atomic, Molecular and
Optical Physics, vol. 38, no. 11, pp. 5938–5940, 1988.

[58] G. Miloshevich, R. Khomeriki, and S. Ruffo, “Stochastic reso-
nance in the Fermi-Pasta-Ulam chain,” Physical Review Letters,
vol. 102, no. 2, Article ID 020602, 2009.

[59] J. F. Lindner, B. J. Breen, M. E. Wills, A. R. Bulsara, and W. L.
Ditto, “Monostable array-enhanced stochastic resonance,”Phys-
ical Review E: Statistical, Nonlinear, and SoftMatter Physics, vol.
63, no. 5, Article ID 051107, 2001.

[60] X. Luo and S. Zhu, “Stochastic resonance driven by two different
kinds of colored noise in a bistable system,” Physical Review E,
vol. 67, article 021104, Article ID 021104, 2003.



Research Article
Modeling Simultaneous Multiple Fracturing Using
the Combined Finite-Discrete Element Method

Quansheng Liu,1 Lei Sun,1 Pingli Liu ,2 and Lei Chen3

1School of Civil Engineering, Wuhan University, Wuhan 430072, China
2State Key Laboratory of Oil and Gas Reservoir Geology and Exploitation, Southwest Petroleum University, Chengdu 610500, China
3Department of Mechanical Engineering, Mississippi State University, Mississippi State, MS 39762, USA

Correspondence should be addressed to Pingli Liu; liupingli@swpu.edu.cn

Received 23 August 2017; Accepted 8 January 2018; Published 18 February 2018

Academic Editor: Wei Wu

Copyright © 2018 Quansheng Liu et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Simultaneousmultiple fracturing is a key technology to facilitate the production of shale oil/gas.Whenmultiple hydraulic fractures
propagate simultaneously, there is an interaction effect among these propagating hydraulic fractures, known as the stress-shadow
effect, which has a significant impact on the fracture geometry. Understanding and controlling the propagation of simultaneous
multiple hydraulic fractures and the interaction effects between multiple fractures are critical to optimizing oil/gas production. In
this paper, the FDEM simulator and a fluid simulator are linked, named FDEM-Fluid, to handle hydromechanical-fracture coupling
problems and investigate the simultaneous multiple hydraulic fracturing mechanism. The fractures propagation and the deforma-
tion of solid phase are solved by FDEM; meanwhile the fluid flow in the fractures is modeled using the principle of parallel-plate
flow model. Several tests are carried out to validate the application of FDEM-Fluid in hydraulic fracturing simulation. Then, this
FDEM-Fluid is used to investigate simultaneous multiple fractures treatment. Fractures repel each other when multiple fractures
propagate from a single horizontal well, while the nearby fractures in different horizontal wells attract each other when multiple
fractures propagate frommultiple parallel horizontal wells. The in situ stress also has a significant impact on the fracture geometry.

1. Introduction

In the past two decades, a great number of researchers have
been attracted to improving hydraulic fracturing techniques,
which provide large surface area contact with formations
and facilitate the production of oil and gas, as evident
from the experience in North America [1]. Simultaneous
multiple fracturing (simul-frac) is a key hydraulic fracturing
technology that fractures two or more parallel horizontal
wells simultaneously, which can significantly increase the
volume and surface area of the flow path to improve the
productivity and recovery efficiency [2–4]. A great number of
attempts have been made to simultaneously fracture multiple
adjacent horizontal wells to generate complex fracture net-
works. Although field practices have yielded a significantly
improvement from simul-frac over stand-along wells [5],
microseismic data [6], and numerical simulations [3, 7–12]
also show a complex fracturing network produced by simul-
frac, the reasons for simul-frac success are still not clear.

Multiple hydraulic fractures treatment is a complex pro-
cess, as it needs to consider not only the hydraulic fractur-
ing process but also fracture interaction between multiple
fractures.The hydraulic fracturing process is a typical hydro-
mechanical-fracture (H-M-F) coupling problem, in which
the following three basic processes require discussion [13]: (i)
the rock deformation induced by the fluid pressure acting on
the fracture surface, (ii) the fluid flow in the fracture, and (iii)
the fracture growth.The significant consequences of multiple
fractures interaction are stress-shadow effects that lead to
stress field and fracture geometry changes.

With the development of computers, numerical tech-
niques have become reliable and convenient tools for study-
ing hydraulic fracturing processes.The finite elementmethod
(FEM) [14] is a well-established method for rock engineering
problems, and it has been utilized to simulate hydraulic frac-
ture propagation for several decades [15]. However, meshes
in the FEM and the fracture surfaces need to be coincident
with each other.Therefore, advanced remeshing technologies
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have been developed for fracturing simulation [16, 17]. FEM
with advanced remeshing technologies is still difficult to
implement for field-scale reservoirs because of the meshing
burden. The extended finite element method (XFEM) [18–
20] and the generalized finite element method (GFEM) [21,
22] have been proposed to overcome the meshing burden
associated with FEM and applied to model hydraulic frac-
turing. However, XFEM and GFEM still have difficulties
in representing multiple complex fracture networks. The
boundary element method (BEM) is also used for hydraulic
fracturing problems [23–25]. However, it is difficult for BEM
to address interfaces when they are in close proximity [26].
Thediscrete elementmethod (DEM) [27–29] is well suited for
the simulation of hydraulic fracture propagation in rockmass
because it inherently incorporates fabric features. However,
fracture propagation cannot be simulated directly but is
often presented as a function of bond breakage between
DEM particles. Furthermore, there is initially interspace
between particles regardless of the particle arrangement. The
combined finite-discrete element method (FDEM) [30] can
well model the transition from continuous to discontinuous
behavior in rock mass. FDEM inherits the advantages of
FEM in describing elastic deformations and the capabilities
of DEM in capturing discontinuities. FDEM is widely used
for model collision, fracturing, and fragmentation where
both discontinuum and continuum are involved [31, 32].
By coupling it with a fluid flow solver, FDEM has also
been applied in handling hydromechanical (H-M) coupling
problems [33–36].

Although FDEM has been well-developed and applied by
many researchers to study the process of hydraulic fracturing,
very little literature can be found about the study of stress-
shadow effect with FDEM. In this paper, FDEM coupled
with a fluid algorithm, referred to as FDEM-Fluid, is devel-
oped to handle simultaneous multiple hydraulic fractures
propagation. The organization of this paper is as follows. In
Section 2, the fundamental principles of FDEM are briefly
presented. In Section 3, the fluid algorithm in fracture
networks is presented. In Section 4, the coupling process
and a flowchart of FDEM-Fluid are proposed. In Section 5,
verification examples are presented, with comparisons with
analytical or experimental results. In Section 6, simultaneous
multiple fractures propagation in single and multiple hori-
zontal wells under the stress-shadow effect are investigated.
Finally, conclusions are drawn in Section 7.

2. FDEM for Solid Phase

2.1. Principles of FDEM. As shown in Figure 1, the computa-
tional model is discretized with 3-node triangular elements
and 4-node joint elements, which are inserted between the
triangular elements. The stress state and deformation of the
bulk material are captured by the linear-elastic triangular ele-
ments and the nonelastic joint elements. Fracture initiation
and propagation within the continuum are simulated by the
breakage of the joint elements on the basis of the combined
single and smeared crackmodel [39]when the slip or opening
distance is significantly large. The failure criterion will be
explained in great detail in Section 2.4.

3-node triangular element

4-node joint element

Figure 1: Discretized intact body with 3-node triangular elements
and 4-node joint elements.

2.2. Governing Equation. The movement of discrete bodies
and the nodal coordinates are updated by the following
governing equation:

M𝜕2x
𝜕𝑡2 + C𝜕x

𝜕𝑡 + Fint (x) − Fext (x) − F𝑐 (x) = 0, (1)

where M and C are the lumped mass and damping diagonal
matrices of the system, respectively. x is the vector of the
nodal coordinates. Fint, Fext, and F𝑐 represent the internal
resisting forces, the external loads, and the contact forces,
as shown in Figure 2. The internal resisting forces include
the contribution from the elastic reaction forces and the
interelement bonding forces. The external nodal forces are
applied boundary condition. To model quasistatic phenom-
ena by dynamic relaxation or nonlinear material behavior,
numerical damping C is used in the governing equation to
account for energy dissipation. The matrix C is calculated as

C = 𝜉I, (2)

where 𝜉 represents the constant damping coefficient and I is
an identity matrix.

2.3. Contact Detection and Interaction. A highly efficient No
Binary Search (NBS) algorithm [40] is used to detect all the
contact couples that are in contact. As soon as contacting
couples are detected, contact interaction is performed to cal-
culate forces between discrete bodies by a potential function
method. The contact function is given as follows:

𝜑𝑐 = ∫
Γ𝑐

1
2𝑝𝑒 (r𝑡 − r𝑐)𝑇 (r𝑡 − r𝑐) 𝑑Γ, (3)

where 𝑝𝑒 is the penalty term, Γ𝑐 is the boundary of the
contactor element, and r𝑡 and r𝑐 are position vectors of
the points falling on the target and contactor elements,
respectively.

A distributed contact force is generated according to the
shape and size of the overlap between the contactor and target
elements. As the contactor penetrates an area 𝑑𝐴 into the
target (Figure 3), a contact force (𝑑f) is generated as follows:

𝑑f = [grad𝜑𝑐 (𝑃𝑐) − grad𝜑𝑡 (𝑃𝑡)] 𝑑𝐴, (4)

where 𝑃𝑐 and 𝑃𝑡 are overlapping points of the contactor and
target, respectively;𝜑 is the corresponding potential function.
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Figure 2: The schematic diagram of the internal resisting forces,
the external loads, and the contact forces (the contact force happens
when two blocks contacted).
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Figure 3: Contact force due to an infinitesimal overlap around
points 𝑃𝑐 and 𝑃𝑡 based on the potential function method ([24]).

The contact force only depends on the endpoints and is
independent of the path taken.

2.4. Material Failure. Failure of rock material is simulated
by the combined single and smeared crack model [39],
which is developed fromnonlinear elastic fracturemechanics
(NLEFM) [41, 42]. According to this theory, when the
strength of the material is reached, a fracture process zone
(FPZ) characterized by nonlinear behavior starts to form
ahead of the fracture tip (as shown in Figure 4(a)).Themate-
rial in the FPZ, albeit damaged, is still able to transfer load
across the fracture surfaces. In FDEM, fracture surfaces are
assumed to coincidewith the edges of the triangular elements,
and the relative fracture displacements are evaluated by joint
elements, as illustrated in Figure 4(b).

Based on the local stress and deformation field, fractures
initiate and propagate according to three different failure
modes, which are often denoted as Mode I (opening failure),
Mode II (sliding failure), andMixedMode I-II. The constitu-
tive behavior of the joint element is illustrated in detail in the
following.(1) Mode I: as shown in Figure 5(a), before the fracture
initiation, the stress at the fracture tip is linear with the
fracture opening. Then, the fracture initiates when the value
of the fracture opening, 𝑂, reaches a critical value, 𝑂𝑝, which
corresponds to the tensile strength 𝑓𝑡. After the fracture
propagates, the normal stress does not disappear immediately

but decreases with increasing fracture opening. A stress-
free surface (a real fracture) is generated when the opening
reaches a certain residual value, 𝑂𝑟.(2) Mode II: as shown in Figure 5(b), the tangential
bonding stress between the two fracture surfaces is a function
of the slip distance and the normal stress on the fracture
surfaces. The critical slip (𝑆𝑝) corresponds to the intrinsic
shear strength (𝑓𝑠), which is calculated according to the
Mohr-Coulomb criterion as follows:

𝑓𝑠 = 𝜎𝑛 ⋅ tan𝜑 + 𝑐, (5)

where 𝜎𝑛 is the normal stress acting on the fracture surfaces;𝜑 and 𝑐 represent the intrinsic intact material friction angle
and the internal cohesion, respectively.

Upon undergoing critical slip, 𝑆𝑝, the tangential stress is
gradually reduced to a residual value, 𝑓𝑟, which corresponds
to a pure friction resistance:

𝑓𝑟 = 𝜎𝑛 ⋅ tan𝜑𝑟, (6)

where 𝜑𝑟 is the residual friction angle.
(3) Mixed Mode I-II is defined by a coupling criterion

between Mode I and Mode II (see Figure 5(c)). This mode
describes a combination of shear and tensile failure and is
defined by the following:

( 𝑂 − 𝑂𝑝
𝑂𝑟 − 𝑂𝑝)

2

+ ( 𝑆 − 𝑆𝑝
𝑆𝑟 − 𝑆𝑝)

2

≥ 1, (7)

where 𝑂 is the opening distance and 𝑆 is the slip distance.
The values of the residual opening and slip depend on

Mode I andMode II fracture energy release rates, 𝐺𝐼 and 𝐺𝐼𝐼,
which are defined as follows:

𝐺I = ∫𝑜𝑟
𝑜𝑝

𝜎 (𝑜) 𝑑𝑜

𝐺II = ∫𝑠𝑟
𝑠𝑝

[𝜏 (s) − f𝑟] 𝑑𝑠.
(8)

3. Fluid Flow in Fracture Networks

As shown in Figure 6, two sets of grid systems, namely, the
solid grid and the hydraulic grid, are introduced to represent
the solid phase and the fluid phase, respectively. The intact
rock mass is discretized with solid grids by using 3-node
triangular elements (in gray) and 4-node joint elements (in
red). The fluid domain is discretized with hydraulic grids by
using 2-node hydraulic elements (in blue), which are inserted
into the broken joint elements.

3.1. Basic Assumptions of Fluid Flow. The hydraulic fractur-
ing process is complicated, especially in regard to H-M-F
coupling.Therefore, the following hypotheses are introduced:(1) the rock mass is impermeable and the fluid flows only in
fractures. In the FDEM model, the flow only happens in the
broken joint elements; (2) the fluid is assumed to be laminar,
viscous, and incompressible; and (3) the fracture apertures
can be obtained directly through the displacement of broken
joint element surfaces.
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Figure 5: Constitutive behavior of the joint element. (a) Mode I. (b) Mode II. (c) Mixed Mode I-II.

3.2. Governing Equations. A cubic law based on parallel-plate
flowmodel [43] is used to simulate the fluid flow in hydraulic
elements, in which the flow rate can be expressed as

𝑞 = 𝛿3𝐽
12𝜇 , (9)

where 𝛿 is the equivalent aperture, 𝐽 is the fluid pressure
gradient, and 𝜇 is the viscosity of the fluid.

3.3. Update of Fluid Pressure and Saturation in the Fracture
Network. Hydraulic elements connected with the hydraulic
boundary are defined as the hydraulic fracture network,
which is the only flow path for the fluid flow. Taking hydraulic
nodes 𝑖 as an example to illustrate the fluid flow in fracture
network, the influence domain of node 𝑖 is the union of all
hydraulic elements connected to node 𝑖 (see Figure 6). 𝐻𝑖-𝑗 is
a hydraulic element connected to node 𝑖. 𝑝𝑖 and 𝑝𝑗 are fluid
pressures at nodes 𝑖 and 𝑗, respectively.The pressure gradient
between 𝑖 and 𝑗 can be given by

𝐽𝑗-𝑖 = 𝑝𝑗 − 𝑝𝑖 + 𝜌𝑔 (𝑦𝑗 − 𝑦𝑖)
𝑙𝑗-𝑖 , (10)

where 𝑦𝑗 and 𝑦𝑖 are the vertical coordinates of hydraulic
nodes 𝑗 and 𝑖, respectively. 𝑙𝑗-𝑖 is the length of hydraulic
element 𝐻𝑖-𝑗.

g ℎ

j

k

i

Figure 6: Fluid flow in the hydraulic fracture network and the
influence domain of node 𝑖.

The flow rate from 𝑗 to 𝑖 can be calculated as

𝑞𝑗-𝑖 = 𝛿𝑗-𝑖3𝐽𝑗-𝑖
12𝜇 . (11)

Considering the fluid flow saturation, the actual flow
rate from 𝑗 to 𝑖 will decrease when the hydraulic node is
unsaturated. Equation (11) can be modified as

𝑞𝑗−𝑖 = (𝑓𝑠𝑖 + 𝑓𝑠𝑗
2 ) ⋅ 𝛿𝑗-𝑖3𝐽𝑗-𝑖

12𝜇 , (12)

where 𝑓𝑠 is a function of saturation, and 𝑓𝑠 = 𝑠2(3 − 2𝑠);𝑠 is the saturation of the node. It should be noted that
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Figure 7: Interaction in H-M-F coupling process.

if 𝑠 > 1, 𝑠 = 1; if 𝑠 < 1, saturation should be updated as
follows:

𝑠 = 𝑠0 + 𝑄Δ𝑡
𝑉 − Δ𝑉

𝑉𝑚 , (13)

where 𝑠0 is the saturation of node 𝑖 at the previous time step.𝑉 and 𝑉0 are the volumes of influence domain of this node
at the current time step and previous time step, respectively.
Then, Δ𝑉 = 𝑉 − 𝑉0, and 𝑉𝑚 = (𝑉 + 𝑉0)/2. The volume of
a hydraulic node is defined as half of the total volume of all
hydraulic elements connected to the node.

The total flow rate of node 𝑖 can be calculated as the
summation of the flow rates in the influence domain of node𝑖. The fluid pressure of hydraulic node 𝑖 can be updated as
follows [44]:

𝑝 = 𝑝0 + 𝐾𝑤𝑄Δ𝑡
𝑉 − 𝐾𝑤Δ𝑉

𝑉𝑚 , (14)

where 𝑝0 is the pressure at the previous time step; 𝐾𝑤 is the
bulk modulus of the fluid; 𝑄 is the total flow rate; and Δ𝑡 is
the time increase.

Note that there is a convergence criterion herein; that is,
the hydraulic time step should be less than a critical value:

Δ𝑡𝑓 ≤ min[ 𝑉
𝐾𝑤∑ 𝑘𝑗] , (15)

where 𝑉 is the node volume and 𝑘𝑗 is the permeability factor
of the 𝑗th flow path. For all nodes, the minimum value of Δ𝑡𝑓
is used in the algorithm.

4. Hydro-Mechanical-Fracture (H-M-F)
Coupling Procedure

The hydro-mechanical-fracture (H-M-F) coupling process is
illustrated in Figure 7. Fluid flows in the fracture network,
which is the only path of fluid flow.The fluid pressure applied
on the fracture surfaces influences the fracture aperture,
which in turn affects the fluid flowbehavior. Furthermore, the
fractures may propagate and connect with each other under
the drive of fluid pressure, which improves the conductivity
of the rock mass.

4.1. Coupling Procedure of FDEM-Fluid. This FDEM-Fluid
consists of the following two parts: the solid solver, which

Solid solver: FDEM
(1) Stress and strain
(2) Fracture propagation

Fluid solver
(1) Fluid rate
(2) Fluid pressure

Fluid pressure acting on
fracture surface

(1) Update fracture geometry
(2) Update fracture aperture

Figure 8: Interaction between the solid solver and fluid solver in
FDEM-Fluid.

Begin 

Deformation of solid

End

False

True

Nodal force

New fractures
generated ?

Update hydraulic fracture network

Calculate fluid flux and pressure

Final time steps ?

Update hydraulic fracture
aperture

Apply fluid pressure on
fracture surfaces

False

True

Solid phase

Grout phase

Figure 9: Flowchart of the calculation process in the FDEM-Fluid
method.

calculates the deformation of rock mass and fracture prop-
agation, and the fluid solver, which calculates the fluid
diffusion process and fluid pressure in fracture networks.The
schematic diagram of the coupling between the two solvers is
presented in Figure 8.

A typical time step in FDEM-Fluid is illustrated in
Figure 9. First, nodal forces and elemental deformation
are calculated based on the deformation of the triangular
elements and joint elements. Second, fracture initiation
and propagation are detected and marked, and, then, the
hydraulic elements are updated when the joint elements are
broken. Third, the current apertures of fractures are calcu-
lated. Fourth, the fluid pressure of the nodes is computed and
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Figure 10: Fluid pressure acting on element boundaries.

applied on the triangular element as nodal forces.Then, a new
loop starts with the updating of the nodal force.

4.2. Fluid Pressure Acting on the Fracture Surfaces. As shown
in Figure 10, the hydraulic pressure, simplified as linearly
distributed loadings, is acting on the triangular element
boundaries along the fracture surfaces. Then, the fluid pres-
sure is converted to the nodal forces of the relevant triangular
elements in the context of FDEM.𝑝𝑖 and 𝑝𝑗 are the hydraulic pressure on hydraulic nodes𝑖 and 𝑗, respectively. The total force on this surface can be
calculated as

𝑓𝑛 = 𝑝𝑖 + 𝑝𝑗
2 𝑙

𝑓𝑠 = 𝑝𝑖 − 𝑝𝑗
2 𝛿,

(16)

where 𝑓𝑛 and 𝑓𝑠 represent the normal force and shear force,
respectively, 𝑙 is the length of the fracture surface, and 𝛿 is the
equivalent aperture.

The normal force on each node is perpendicular to the
edge and can be calculated as

𝑓𝑛1 = 𝑓𝑛4 = 𝑝𝑖𝑙3 + 𝑝𝑗𝑙
6

𝑓𝑛2 = 𝑓𝑛3 = 𝑝𝑖𝑙6 + 𝑝𝑗𝑙
3 .

(17)

The shear force on each node is opposite to the fluid flow
and can be calculated as

𝑓𝑠1 = 𝑓𝑠2 = 𝑓𝑠3 = 𝑓𝑠4 = (𝑝𝑖 − 𝑝𝑗) 𝛿
4 . (18)

4.3. Equivalent Aperture. The fracture aperture can be
obtained directly through the displacement of the broken
joint element surfaces. Considering the H-M coupling, the
fracture aperture is assumed to be a linear distribution along
the fracture surface, as shown in Figure 10. 𝛿𝑖 and 𝛿𝑗 represent

x

L = 1

p0

(a) Sample geometry

(b) Three sets ofmesh withmesh sizes of 0.1m, 0.05m,
and 0.02m

Figure 11: Rock sample with a single fracture.

the aperture of the two endpoints of the broken joint element.
According to Iwai [45], the equivalent aperture of the fracture
is as follows:

𝛿 = 𝛿𝑚 [ 16𝑟2
(1 + 𝑟)4]

1/3

, (19)

where 𝛿𝑚 = (𝛿𝑖 + 𝛿𝑗)/2, and 𝑟 = 𝛿𝑖/𝛿𝑗. It is obvious that the
equivalent aperture is less than (𝛿𝑖 + 𝛿𝑗)/2.
5. Validation of FDEM-Fluid

Two numerical tests for the present FDEM-Fluid are carried
out, and the results are comparedwith previous analytical and
experimental results.

5.1. Validation 1: Unsteady Flow in a Single Fracture. This
test investigates the fluid flow in a single fracture by FDEM-
Fluid.Themesh sensitivity of fluid flow in FDEM-Fluid is also
discussed. The geometry and boundary conditions of fluid
flowing through a single fracture are shown in Figure 11(a).
The rock sample is 1m in length and 0.2m in height. The
right end of the sample is an impermeable boundary, and a
hydraulic pressure 𝑝0 = 10MPa is applied to the left side. The
aperture of the fracture 𝑎 = 3 × 10−5m is constant during
the simulation. The hydraulic parameters include the bulk
modulus of water 𝐾𝑤 = 2.0GPa and the viscosity of water 𝜇
= 1 × 10−3 Pa⋅s.

The hydraulic pressure distribution with time and loca-
tion is investigated. The analytical solution of this example is
as follows [46]:

𝑝
𝑝0 = 1 + 4

𝜋
∞∑
𝑛=0

{𝑒−(2𝑛+1)2(𝑘𝑤𝑎2𝑡/12𝜇𝑙2)𝜋2

⋅ cos[((2𝑛 + 1) 𝜋
2 𝜉) ((−1)𝑛+1

2𝑛 + 1 )]} ,
(20)
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Figure 12: Hydraulic pressure distribution at different time with three sets of mesh size (Pa).

where 𝜉 = (𝐿 − 𝑥)/𝐿; 𝑥 is the distance to the left side; and 𝑝
is the fluid pressure.

Three sets of meshes, as shown in Figure 11(b), with mesh
sizes ℎ = 0.1, 0.05, and 0.02m, are utilized to investigate the
accuracy of FDEM-Fluid and the mesh sensitivity of fluid
flow.

The hydraulic pressure distributions at different timewith
the three sets ofmeshes are shown in Figure 12. Note that only
hydraulic nodes have fluid pressure. Fluid flows from the left
to right side, and the hydraulic pressure decreases from left
to right. The pressure at the same location increases with the
passing of time.

A comparison between the analytical and numerical
solution is presented in Figure 13. A nonlinear decrease
of fluid pressure along the fracture can be observed. Fluid
pressure increases with the passing of time. The numerical
results of the three sets of meshes all agree well with the
analytical solution; therefore, the accuracy and reliability
of FDEM-Fluid for simulating fluid flow in fractures are
validated.

The mesh sensitivity of fluid flow is shown in Figure 14.
Comparing the error between the analytical solution and the
numerical solution for the three sets of mesh sizes, it can be
found that the error decreases when the mesh size decreases.
In other words, the lower the mesh size is, the more accurate
the numerical solution.

5.2. Validation 2: Hydraulic Fracturing of a Cubic Sample with
Preset Fractures. An experiment designed by Jiao et al. [37]
is used to validate this FDEM-Fluid in simulating hydraulic
fracturing. A cube plaster sample with preset fractures and

t = 0.6 ＧＭ analytic solution
t = 0.6 ＧＭ, ℎ = 0.1 Ｇ

t = 0.6 ＧＭ, ℎ = 0.04 Ｇ

t = 0.6 ＧＭ, ℎ = 0.02 Ｇ

t = 2.4 ＧＭ analytic solution
t = 2.4 ＧＭ, ℎ = 0.1 Ｇ

t = 2.4 ＧＭ, ℎ = 0.04 Ｇ

t = 2.4 ＧＭ, ℎ = 0.02 Ｇ
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Figure 13: Comparison between analytical and numerical solutions
of hydraulic pressure distribution with three sets of meshes.

a central injection hole is prepared, which is then fractured by
injecting high-pressure water into the borehole with no other
loads applied. In addition, Chen et al. conducted a similar
physical experiment [38] where an anisotropic confining
stress is applied.
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Figure 14: Error between numerical solution and analytical solution under three sets of mesh sizes at 𝑡 = 0.6ms and 2.4ms.

The geometry and cross section of the sample are shown
in Figure 15. Two preset fractures with a 30∘ inclination angle
are symmetrically set along the diameter direction of the
borehole. The length and depth of the preset fractures are
20 and 90mm, respectively. The numerical mesh with 11502
triangular elements is shown in Figure 15(c).

Two models are taken in to account: in model I, the
confining stress is ignored; in model II, the compressive
confining stresses 𝜎𝐻 = 0.3MPa and 𝜎ℎ = 0.05MPa are
applied in the 𝑦 and 𝑥 directions. A constant pressure, 𝑝0
= 0.8MPa is applied on the wellbore surface uniformly. The
mechanical parameters and hydraulic parameters are listed in
Table 1.

The fracture geometry evolution and fluid pressure distri-
bution are shown in Figures 16(a) and 17(a).The displacement
magnitude contours of the two models are shown in Figures
16(b) and 17(b). Before fractures initiation, fluid flows into the
preset fractures, and the fluid pressure increases gradually.
With the passing of time, the prefractures start to propagate
from the fracture tips, and fluid flows into the newly gen-
erated fracture. The plaster samples are eventually cut into
two symmetrical blocks. Note that the prefractures start to
propagate at step 3000 in model I and at step 4000 in model
II. The plaster samples are cut into two blocks at step 12000
and step 15000 in model I and model II, respectively. This
means that the fracture initiation and propagation in model
II are harder than those in model I.

Comparing the two fracture geometries, the fractures
propagate strictly along the direction of preset fractures in
model I. However, in model II, the fractures obviously turn
toward 𝑦 direction, which is parallel to the direction of the
maximum principle stress.

The numerical result of model I agree well with the
experimental result conducted by Jiao et al. [37], as seen in
Figure 18. The result of model II is also similar to the existing

Table 1: Parameters of validation 2.

Parameters Value
Time step, Δ𝑡 (s) 1 × 𝑒−5
Injection pressure, 𝑝0 (MPa) 0.8
Rock parameters

Bulk density, 𝜌 (kg/m3) 1100
Young’s modulus, 𝐸 (GPa) 4.0
Poisson’s ratio, ] 0.3

Joint element parameters
Tensile strength, 𝑓𝑡 (MPa) 0.3
Cohesion, 𝑐 (MPa) 1.0
Friction angle, 𝜓 (∘) 32
Energy release rate, 𝐺I, 𝐺II (J/m

2) 1.0, 10.0
Fluid parameters

Bulk modulus of fluid, 𝐾𝑤 (GPa) 2.2
Viscosity, 𝜇 (Pa⋅s) 0.001
Initial value of aperture, 𝛿0 (m) 5𝑒−5

results (Figure 19), where the preset fractures gradually
reorient to the direction ofmaximumprincipal stresswhich is
consistent with the observation by Chen et al. [38], Almaguer
et al. [47], and Wang [48].

These two examples validate the ability of FDEM-Fluid
to model hydraulic fracture correctly with and without
considering the influence of in situ stress.

6. Simultaneous Multifracture Treatments

Simultaneous multiple hydraulic fracturing in combination
with horizontal drilling has been the key technology in the
exploitation of unconventional gas/oil. This technology can
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Figure 15: A cubic specimen with preset fractures.

significantly increase the volume and surface area of the
flow path, so as to improve the productivity and recovery
efficiency. For simultaneous multiple-fracture propagation,
fracture interaction (i.e., the stress-shadow effect) plays an
important role in fracture geometry. In this section, two
examples are studied to investigate fracture interactions
during simultaneous fracturing processes.

6.1. SimultaneousMultifracture Propagation fromaHorizontal
Well. In this section, a single horizontal wellbore with two
parallel initial fractures is simulated and compared to the
results of Wu et al. [10]. As shown in Figure 20, two preset
fractures are orthogonal to the wellbore axes, with the offset
between the two parallel preset fractures being 10m. A
constant injection rate 𝑄 = 0.106m3/s is applied at the
middle of the horizontal wellbore.The numerical model with
123466 unstructured meshes is shown in Figure 20(b). The
mechanical parameters and hydraulic parameters are listed
in Table 2 [10].

This model is simulated under isotropic and anisotropic
in situ stress conditions. The differential stress for the

Table 2: Parameters for simultaneous multifracture propagation
from a horizontal well.

Parameters Value
Time step, Δ𝑡 (s) 1 × 10−5
Injection rate, 𝑄 (m3/s) 0.106
Stress anisotropy, 𝜎𝑦 − 𝜎𝑥 (MPa) 0.9
Rock parameters

Young’s modulus, 𝐸 (GPa) 30
Poisson’s ratio, ] 0.35

Joint element parameters
Tensile strength, 𝑓𝑡 (MPa) 0.3
Cohesion, 𝑐 (MPa) 1.0
Friction angle, 𝜓 (∘) 32
Energy release rate, 𝐺I, 𝐺II (J/m

2) 1.0, 10.0
Fluid parameters

Viscosity, 𝜇 (Pa⋅s) 0.001
Bulk modulus of fluid, 𝐾𝑤 (GPa) 2.2
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Figure 16: (a) Fracture geometry and hydraulic pressure distribution of model I; (b) displacement magnitude contours.
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Figure 17: (a) Fracture geometry and hydraulic pressure distribution of model II; (b) displacement magnitude contours.

anisotropic stress is 0.9MPa, with the maximum horizontal
stress oriented in the 𝑦 direction.

Figures 21 and 22 show the fracture geometry and
hydraulic pressure distribution of fracturing in the two
models. The fluid first flows into the preset fractures from
the borehole, and fluid pressure is applied on the fracture

surfaces. After step 4000, the two fractures start to propagate
from the fracture tips, driven by the fluid pressure.Then, fluid
flows into the newly generated fractures.

As shown in Figures 21 and 22, in both cases, two preset
fractures propagate away from each other with a side-by-side
configuration because of the mechanical fracture interaction
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Figure 19: Experimental result of Chen et al. [38].

(a) (b)

Figure 20: A single horizontal wellbore with two parallel preset fractures.

(i.e., stress-shadow effect). Compared to the isotropic in situ
stress condition, the fractures under the anisotropic in situ
condition have smaller curvature because of the confining
stress (see Figure 22).

As shown in Figure 23, the fractures under the anisotropic
in situ stress condition propagate longer in the 𝑦 direction
than those under the isotropic in situ stress condition, while

the influence domain in the 𝑥-direction is smaller. The
complex influence domain is critical to the exploitation of
unconventional gas/oil because it influences the surface area
contact with the formation or fracture network.

The reason fractures turn is because of the mechanical
fracture interaction (i.e., the stress-shadow effect), which
exerts additional stress on the surrounding rock, resulting in
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Figure 21: Propagation of two initially parallel fractures driven by hydraulic pressure: isotropic in situ stress field.
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Figure 22: Propagation of two initially parallel fractures driven by hydraulic pressure: anisotropic in situ stress field.

a local change in direction of the maximum horizontal stress
and a deviation of the fracture path.

As shown in Figures 24 and 25, there is a domain
surrounding the two adjacent hydraulic fractures, where the
stress-shadow effect obviously changes the stress field around
the fracture tip and the direction of fracture propagation.
Under the anisotropic in situ stress condition, the anisotropic
in situ stress can reduce the influence of the stress-shadow
effect. In other words, anisotropic far-field stresses tend
to suppress fracture curving [49], which indicate that the
stress shadow and anisotropic stress compete with each
other.

As shown in Figure 26, the FDEM-Fluid results agree well
with previous numerical results [10] in both isotropic and
anisotropic in situ stress conditions. Therefore, this FDEM-
Fluid method is able to simulate the multiple hydraulic
fracturing, with considering the H-M-F coupling, the stress-
shadow effect, and in situ stress.

6.2. Simultaneous Multifracture Propagation from Multiple
Horizontal Wells. In this example, simultaneous propagation
of two sets of initial fractures from two horizontal wells is
investigated. As shown in Figure 27, the horizontal wells are
4m apart, and two preset fractures are orthogonal to each
wellbore. The offset between the two parallel perforations in
the samewellbore is 4m, and the offset between two fractures
in different horizontal wells is 1.5m. The fluid pressure in
the horizontal wellbores is constant at 10MPa, and the fluid
viscosity is taken as 0.001 Pa⋅s.Theproperties of the rockmass
are the same as in Table 2.

The evolution of the preset fracture geometry and the
distribution of fluid pressure at different time steps are shown
in Figure 28. The fluid flows into the preset fractures. Then,
the fractures start to propagate, driven by the fluid pressure.
It can be observed that fractures 𝑓1 and 𝑓3 which propagate
from each horizontal well turn toward each other because the
induced stress-shadow effect changes themaximumprinciple
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Figure 23: Influence domain of fractures under isotropic and anisotropic in situ stress conditions.
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Figure 24: Maximum principal stress contours under an isotropic in situ stress field (positive denotes tension).
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Figure 25: Maximum principal stress contours under an anisotropic in situ stress field (positive denotes tension).



Geofluids 15

X

Y

Wu et al. 2012
FDEM-Fluid

(a) Under isotropic in situ
stress field condition

X

Y

Wu et al. 2012
FDEM-Fluid

(b) Under anisotropic in situ
stress field condition

Figure 26: Comparison of propagation paths by FDEM-Fluid and Wu et al. [10].
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Figure 27: Two horizontal wells with two sets of parallel preset fractures.

stress at the fracture tips (see Figure 28(c)).The phenomenon
that hydraulic fractures fromdifferent horizontal wells attract
each other is consistent with the observation by Wang [4],
Kumar and Ghassemi [50], and Wu [51]. Compared to
fracture 𝑓3, fracture 𝑓1 has a larger deviation because of
the stress-shadow effect induced by both fracture 𝑓2 and 𝑓3.
However, 𝑓1 and 𝑓2 propagate away from each other.

Figure 29 shows the distribution of the maximum princi-
ple stress and displacement magnitude. Figure 30 shows the

direction of themaximumprincipal stressmap (the green line
segment denotes the direction) at steps 4000 and 8000. As
the fracture is propagating, it alters the local in situ stresses
around it, and the direction of the maximum principle stress
can be reversed close to the fracture surface. When the
hydraulic fracture propagates into the “stress alteration zone”
that induced by the other fracture, the fracture reorients itself
to propagate along the new direction of the local maximum
principal stress.
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Figure 28: Evolution of fracture geometries and the distribution of fluid pressure.

7. Conclusions

The interaction (i.e., the stress-shadow effect) during simul-
taneous multiple-fracture propagation plays an important
role in fracture geometry, which can significantly affect
the productivity and recovery efficiency. Therefore, under-
standing and controlling the interaction effects between
multiple fractures are critical. In this study, a hydraulic
fracturing simulator, named FDEM-Fluid, based on FDEM
and the parallel-plate flow model is presented to capture the
development of complex hydraulic fracturing propagation.
This FDEM-Fluid is verified by comparing it with existing
analytical and experimental results, and good agreements
are observed. Then, the multifracture treatment in the
hydraulic fracturing process is investigated with FDEM-
Fluid. The main conclusions from the study include the
following:

(1) When multiple fractures are orthogonal to the hor-
izontal well and propagate from a single horizontal

well simultaneously, fractures repel each other as a
result of the stress-shadow effect, resulting in a com-
plex fracture geometry. Furthermore, the anisotropic
in situ stress, in which the maximum horizontal
stress is orthogonal to the horizontal well, has a great
influence on the curvature and length of the fracture
geometry because of the competition between the
stress-shadow effect and the anisotropic stress.

(2) When multiple fractures are orthogonal to the hori-
zontal wells and propagate frommultiple parallel hor-
izontal wells simultaneously, the nearby fractures in
different horizontal wells attract each other as a result
of the stress-shadow effect, which alters the local
in situ stresses and the direction of the maximum
principle stress. The fracture tips in these fractures
tend to reorient themselves to be perpendicular to
the main fractures. This leads to the development of
a more complex fracture geometry and prevent frac-
tures from penetrating deeper into the opposite wells.
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Figure 29: Counter of (a) maximum principle stress and (b) displacement magnitude.
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Figure 30: Direction of maximum principal stress at steps 4000 and 8000.
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We derive the discrete fracture network (DFN) of a Lower Cretaceous carbonate platform succession exposed atMt. Faito (Southern
Apennines), which represents a good outcrop analogue of the coeval productive units of the buried Apulian Platform in the
Basilicata oilfields. A stochastic distribution of joints has been derived by sampling at two different scales of observation. At the
outcrop scale, we measured fracture attributes by means of scan lines. At a larger scale, we extracted fracture attributes from a 3D
model. This multiscale survey showed the occurrence of an arresting bed for through-going fractures, which is characterized by
a low relative permeability, determining a vertical compartmentalization. The DFN model, obtained by integrating fieldwork and
numerical modelling by means of the 3D-Move� software, shows a well-defined relationship of permeability and fracture porosity
with the relative connectivity of the fracture network. The latter is influenced by the length and aperture and to a lesser extent by
the fracture intensity. The permeability distribution obtained for our outcrop analogue can be used to inform modelling of the
Basilicata oilfield reservoirs, although the different burial history between the exposed Apennine Platform and the buried Apulian
Platform must be taken into account.

1. Introduction

The three-dimensional characterization of fracture networks
in carbonate reservoirs represents a primary approach to
understand the processes of fluid flow. A joint is a fracture
along which an extensional displacement occurs (i.e., it is an
opening-mode fracture), whereas the shear displacement is
zero or negligible [1, 2]. Joints play a primary role in fluid
flow processes, especially in tight reservoir carbonates. Joints
length is used to classify them, in relation to bed thickness,
in stratabound and nonstratabound fractures.The former are
bed confined and show a regular average spacing, defined
by the well-known linear relationship with mechanical layer
thickness. A preexisting systematic joint can represent, in
certain cases, a mechanical layer boundary, which is charac-
terized by a homogeneous rheological behaviour [3]. Non-
stratabound joints are longer or shorter with respect to the
mechanical layer and show more irregular average spacing
trends with respect to the stratabound ones [3–14].

In this study, DFN modelling was performed following a
multiscale joint sampling carried out at two different scales
of observation: at the mesoscale (i.e., outcrop scale) with
the scan line method and at a larger scale performing a
photogrammetry analysis with the help of an unmanned
aerial vehicle. These two scales were chosen in order to
obtain information from the bed scale to the reservoir
scale. The former sampling has been focused on fractures
from centimetres to few meters length, recording orientation
(azimuth and dip), aperture (mm), length (cm), distance
from the origin (cm), morphology, filling, and crosscutting
relationships. Scan lines have been performed on six beds,
with a cumulative length of 20 meters along the outcrop
surface. On the other hand, the larger scale survey has
been focused on through-going joints, performed by means
of an unmanned aerial vehicle as described in Corradetti
et al. [15]. Through-going joints are meters and tens of
meters-long fractures which, crosscutting several beds, are
essential in the linkage of the different fracture systems at
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the reservoir scale providing an important contribution to the
permeability.They develop from a series of vertically aligned,
subparallel systematic joints that, crosscutting many beds,
may form a multilayer brittle structure. These earlier joints
can be reactivated and linked by coalescence or through the
generation of new fractures that accommodate the linkage of
joints forming a zigzag structure [16].

A multiscale approach (i.e., over several scales of obser-
vation) has been broadly adopted by many authors ([17] and
references therein [18–21]) for reservoir DFN modelling, as
it yields a better understanding of the geometry and the rela-
tionships between fracture systems affecting the rock volume,
which can span from hundreds of meters of length down
to the smaller observable scale. At the outcrop scale, where
bedding plays a primary role and usually defines mechanical
layer boundaries, the stratabound fracture systems are the
principal target of the scan line survey. On the other hand,
nonstratabound fractures form the principal discontinuity
system at larger scales. According to many authors [12,
14], a fracture network can be described as a hierarchical
organization of permeable structures, including the fault net-
work, stratabound fracture systems, nonstratabound fracture
systems, and the nonfractured host rock, which hydraulically
interact with each other.

The studied outcrop is located in the Lattari Mts, within
the Sorrento Peninsula, a ridge mainly made of Triassic-
Cenozoic shallow-water carbonates [22–27]. The analysis
has been focused on a package of six beds belonging to
a Barremian-Lower Aptian shallow-water carbonate succes-
sion [28] cropping in the SW slope of Mt. Faito. Previous
studies focused on these carbonates because of their analogies
(in terms of age, lithology, facies, texture, andmechanical lay-
ers thickness) with the Val D’Agri and Tempa Rossa reservoir
units of the Basilicata region [14, 15, 27–32]. These oil reser-
voirs are trapped within the buried Apulian Platform car-
bonates by broad antiform folds deriving from thick-skinned
inversion [33–35]. Mechanical and stratigraphic results from
outcropping analogues could provide an important tool to
understand fluid flow processes in the reservoirs, although
the different burial depth conditions must be considered.

2. Geological Setting

The southern Apennines is a NE-vergent fold and thrust belt
derived from the collision between the Adria and Eurasiatic
plates, which started in the Early Miocene (e.g., Cello and
Mazzoli, 1999). The paleogeographic reconstruction, before
subduction, shows an alternation of platforms and basins,
including the Apennine Platform and the Apulian Platform
separated by the Lagonegro Basin ([37] and references
therein). The Apennine chain is characterized by two main
components: (i) the Apennine accretionary wedge and (ii)
the buried Apulian Platform Inversion Belt (APIB) [34, 38].
The former consists of Mesozoic-Paleogene pelagic basin
successions and platform carbonates covered by Neogene
foredeep and thrust-top basin sediments. The basement
underlying the APIB is involved in thrusting [33], and a
shortening of 14–25 km characterizes the Apulian Platform
unit [37, 39].

The studied succession, belonging to the Apennine Plat-
formunit, crops along the SWslope of theMt. Faito, in theMt.
Lattari mountain group (Figure 1). The latter is characterized
mainly by the presence of Mesozoic shallow-water carbonate
successions, which form on the Amalfi side steeper cliffs
with respect to the Sorrento side. These carbonate platforms
tectonically overlay a pile of Mesozoic-Tertiary pelagic basin
successions belonging to the Lagonegro unit, Neogene flysch
deposits, and shallow-water and slope facies carbonates of
the Apulian Platform ([40–43] and references therein). The
analysed carbonate succession, cropping out for almost 600
meters, is composed of upper Valanginian-Albian limestones
and dolostones with internal platform to lagoon margin
facies [23].The examined beds, subhorizontal andN-dipping,
belong to the interval “C” and represent a Barremian-Lower
Aptian succession about 160 meters thick, mainly calcareous
with some dolomite caps.This interval records a transgressive
trend to more open marine facies [28].

Early diagenetic dolomitization generated different types
of dolomite, named “dolomite A” and “dolomite B” [26–
28, 44]. The former is characterized by smaller crystal size
(10–50 𝜇m) and low porosity grade; the latter shows a larger
crystal size (70–130 𝜇m) and variable porosity grade [32, 44].
These processes can intensely modify the porosity, forming
dolostone levels more porous with respect to the precursor
limestone.

3. Fracture Sampling

Theanalysed succession shows the presence of three joint sets
(Figure 2) striking ENE-WSW (set 1), ESE-WNW (set 2), and
NNE-SSW (set 3). Because of the poor accessibility of out-
crops and their different exposure, surveys have been focused
on two different joint sets, “set 1” for field measurements
and “set 3” for the digital outcrop model. The subsequent
reservoir modelling has been performed idealizing the same
characteristics, in terms of average spacing, aperture, and
length, for through-going joints of set 1 projected onto the
same surface of the measured fractures of set 3. Nevertheless,
a multiscale approach allows a good understanding of the
geometry of a fracture network affecting the rock volume,
minimizing the occurrence of biases relative to a statistical
analysis of DFN.

Fractures can be detected at all observable scales, char-
acterized by the well-known fractal property, generating
similar patterns at various scales [45]. As a result, fracture
density estimates can be strictly dependent on the smallest
fracture size measured. To avoid a fracture density overrating
and to permit an equal comparison of fracture intensities
from different outcrops, it is useful to fix a common mini-
mum fracture aperture [21]. In this work, a logarithmically
graduated comparator has been utilized to collect aperture
measurements [21] fixing a lower threshold at 0.33mm for
scan line surveys, with the help of a hand lens.

The statistical analysis of fracture systems can be affected
by some uncertainties derived from artifacts of various
natures and origins, usually related to joint length. The
truncation error concerns smaller fractures, around the limit
of resolutions of the observation tool (naked eye, hand lens,



Geofluids 3

Adriatic sea

central

Apennines

northern

Tyrrhenian
sea

Apulia
southern

Apennine Platform
carbonates

Tectonic mélange
(cross-section)
Apulian Platform carbonates

Lagonegro Basin
strata

Ligurian accretionary
complex

Miocene deposits 

(a)

(b)

Upper Zanclean deposits

Piacentian deposits (Pliocene
deposits in cross-section)

Upper Piacentian-Gelasian
deposits

Gelasian-Santernian deposits

Santernian-lower Middle
Pleistocene deposits (including
Castronuovo Conglomerates)

Middle Pleistocene to present
volcanics

Permian-Triassic deposits 
(cross-section)
Basement (cross-section) Trace of cross-section

in (b)X

Lower Middle Pleistocene
(c.0.6 Ma) to present deposits 

Low angle fault
High angle fault

Ion
ian

 se
a

Naples

Tyrrhenian
sea

Buried in front of
the thrust belt

NESW
0

10

(k
m

)

0

10

(k
m

)

20 20

20(km)0

X

X

E 14
∘
30

 E 15
∘
00

 E 15
∘
30

 E 16
∘
00

 E 16
∘
30



X 

X 

X 

N
4
0
∘
0
0


N
4
0
∘
3
0


N
4
0
∘

N
4
5
∘ E10∘ E15∘

20 km

Figure 1: Geological sketch map of the Southern Apennines (after [36]; modified). Red box shows the study area. The regional cross-section
X-X shows the tectonic unit analysed (Apennine Platform carbonates) and the buried analogue unit (Apulian Platform carbonates).

and optical microscope), and can be minimized fixing a
lower threshold size for fracture measurements. Statistical
sampling of larger fractures can be affected by censoring
and undersampling artifacts. The former occur when joints
are longer than the analysed outcrop and cannot be entirely
measured; the latter take place because larger joints are
typically characterized by higher spacing values influencing
sampling probabilities and, consequently, require very long
scan lines to collect an adequate number of fractures for
a statistical sampling. To bypass both errors and reduce
uncertainties, multiscale sampling is essential [21].

3.1. Unmanned Aerial Vehicle. The larger scale survey has
been performed by means of an unmanned aerial vehicle

(UAV [46–49]), commonly referred to as a drone, equipped
with a mirrorless photo-camera, generating a 3D model
after a photogrammetric analysis that yields the definition
of a clear mechanical stratigraphy for large-scale fracture
corridors.These joints, reaching tens of meters of length, play
an important role in the processes of fluid flow in a reservoir,
linking together different fracture systems, otherwise isolated
to each other. The 3D model of the Conocchia cliff has been
performed using the Agisoft PhotoScan software, building up
a Virtual Outcrop Model (VOM) derived by the superimpo-
sition of multiple images of the same outcrop, accomplished
with large overlaps to avoid the resulting of uncovered areas,
acquired from different points of view. Subsequently, the
obtained VOM has been scaled and georeferenced by means
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Figure 2: Orientation data (lower hemisphere, equal-area projec-
tion of poles to planes) of all joint sets measured by the two surveys
carried out at different scales.

of various points with known coordinates (Ground Control
Points, CGPs). Such a model has been then analysed with the
open source software OpenPlot [50, 51] in order to identify
and digitize the geological structure of interest, namely,
joints and bedding surfaces, not considering smaller fractures
below the meter scale because of the model resolution but
focusing on meters and tens of meters-long through-going
fractures.

Because of the outcrop exposure and the relative fracture
sets orientations, only “set 3” (Figure 2), normal to the
outcrop, has been considered for spacing analysis, whereas
the evaluation of fracture terminations includes all the
sets. This latter analysis, after the digitization of bedding
surfaces and through-going joints, identified the presence of
two mechanical boundaries particularly efficient to impede
through-going propagation, showing a fracture impedance of
about 99% (Figure 3), whereas other mechanical boundaries
of the succession show fracture impedance ranging between
20% and 60% [15].

3.2. Fracture Analysis Using the Scan Line Method. The
observations carried out from the larger scale survey pointed
out the basis for the outcrop-scale survey, which has been
focused on a package of beds (Figure 4(a)) around one of the
aforementioned mechanical barriers that impede through-
going fractures propagation. This latter is represented by a
43 cm thick dolomitic bed (Figure 4(b)) characterized by a
thin pseudo-stratification with internal levels of about 2 cm
of thickness, sandwiched between thicker calcareous beds.

Six scan lines have been carried out on six carbonate
beds (Figure 4(a)) with different thickness: C1-59 (dolo-
stone, 71 cm), C2-3 (wackestone-packstone, 33 cm), C2-5
(wackestone-packstone, 26 cm), C2-6 (dolostone, 43 cm),
C2-7 (partially dolomitized limestone, 21 cm), and C2-8
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Figure 3: Set 3-joint digitalization and identification of through-
going fractures and major mechanical boundaries (from [15]).

(wackestone-packstone, 47 cm) (Figure 4(a)).The bedC2-6 is
characterized by a continuous pseudo-stratification, showing
internal levels with 1-2 cm thickness (Figure 4(b)).

Joints length (cm), aperture (mm), distance from the
origin (cm), azimuth, dip, morphology, crosscutting rela-
tionships, and filling have been collected. Joint aperture has
been recorded with a logarithmically graduated comparator
proposed by Ortega et al. [21]. Because of the outcrop orien-
tation and the relative fracture systems exposition, only “set
1” (Figure 2), normal to the outcrop, has been collected. After
the sampling, in order to define the statistical distribution of
the fracture properties in each bed, it is important to treat the
stratabound and nonstratabound joints separately.

4. Modelling

DFN modelling has been performed with the software
Move, a complete structural geology toolkit developed by
the Scottish company, Midland Valley. A basic “GeoCellular
Volume” represents the six beds analysed (Figure 5), to which
some geological intrinsic parameters have been assigned to
characterize them, such as lithology, porosity (%) (from [32]),
average density (g/cm3), Young modulus (MPa), and Poisson
ratio [52].

After this preliminary stage, fracture networks have
been defined for each bed combining the results carried
out through the two-scale surveys performed. The software
allows one to obtain a stochastic distribution of more discrete
fracture networks (Figure 6) defining a series of parameters
relative to the fracture system: fracture intensity, length,
azimuth, dip, 𝐾-Fisher value, aspect ratio, and aperture.
Fracture intensity is defined by the parameter “𝑁” (Table 1),
number of fractures per volume unit, calculated for each set
after a trigonometric correction relative to beds orientation
based on Terzaghi [53].
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Figure 4: Field photographs showing (a) the outcrop analysed through the scan line method and (b) the C2-6 bed.
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Figure 5: Basic GeoCellular Volume (10000m2 at the base and height proportional to the measured layer thickness) representing the six
analysed beds (the model is staircase shaped to allow a clear visualization of each bed).

The “𝐾 Fisher value” is a parameter derived from the
joints stereographic distribution for each set and describes
how much they are clustered. After modelling the DFNs,
the software allows us to analyse the network connectivity
and some related parameters such as secondary porosity
(%), permeability (𝐷), sigma factor, block size (m3), P32
(m2/m3), and anisotropy (%). Porosity is calculated for a
given cell as the ratio of total fracture volume in a cell per cell
volume. Permeability calculation is based on the geometric
methodology described by Oda [54], which itself is based on
Darcy’s Law (see (1)) and the laminar flow theory between
parallel plates:

𝑄
𝐴 =
𝑠3
12𝐷
𝛿ℎ
𝛿𝑙
𝜌𝑔
𝜇 , (1)

where 𝑄 is the total discharge, 𝐴 is the cross-sectional area
to flow, 𝑠 is the joint aperture, 𝐷 is the spacing, 𝛿ℎ/𝛿𝑙 is the

hydraulic gradient, 𝜌 is the fluid density, and 𝜇 is the dynamic
viscosity.

Sigma factor is calculated following the multidirectional
algorithm described in LaPointe [55]. Three rays are created
for each cell, each having a source that is the centre of the
face and a target that is the opposite face of the cell. For
each fracture in the cell that intersects along the ray, average
intersection spacing is calculated.The value of sigma can then
be calculated by the following equation [55]:

𝜎 = 0.25 ( 1𝑋2 +
1
𝑌2 +
1
𝑍2 ) . (2)

Block size is defined by the average intersection spacing along
a ray as described for the sigma factor. Both the sigma factor
and the block size define the fracture intensity of the rock
volume. P32 (m2/m3) also describes the fracture density and
represents the ratio between the total area of fractures per
volume unit.
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Table 1: Fracture intensity “𝑁” for each analysed bed.

Bed 𝑁
C1-59 12.687
C2-3 4.554
C2-5 0.354
C2-6 14.351
C2-7 7.603
C2-8 14.305

Figure 6: Discrete fracture network model (10000m2 at the base
and height proportional to the measured layer thickness) populated
with analysed fractures for each bed.

5. Discussion

In this work, a reservoir DFNmodelling has been carried out
by means of a statistical sampling performed with a multi-
scale approach, analysing a fractured carbonate succession
located in the Sorrento Peninsula, which represents a good
analogue of buried reservoir units of southern Italymajor’s oil
fields. The fracture modelling carried out with the software
Move allowed us to simulate the natural fracture network
and to obtain information on porosity and permeability,
also taking into account the petrophysical properties of the
matrix. A first approach to fracture modelling has been
focused on the background joints, considering only fractures
measured by means of scan lines in the field and analysing
the related permeability distribution. This model (Figure 7)
shows two beds with high, two with medium, and two with
low relative permeability. A comparison between this model
and fracture characteristics recorded by means of scan lines
in the field (Figure 8) emphasises some aspects relative to
the generated output properties. Beds C1-59, C2-6, and C2-
8 are more intensely fractured with respect to the others;
however, despite this evidence, bed C2-6 appears like a
relative impermeable level, whereas beds C1-59 and C2-8 are
more permeable (Figure 7). This result outlines the relative
importance of joints characteristics in terms of fluid flow
processes. Joint aperture and length are both fundamental
parameters in terms of permeability, as described in Darcy’s
Law (see (1)). As a matter of fact, bed C2-6 is characterized
by lower values of average fracture spacing but also has
lower values of aperture and length with respect to the other
analysed beds (Figure 7). On the other hand, bed C2-5 shows
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C2-7
C2-6

C2-5

C2-3

C1-59

C2-8

C2-7

C2-6

C2-5

C2-3

C1-59

Frac_SessionBGR_Permeability (D)

Figure 7: Background fracture model (10000m2 at the base and
height proportional to the measured layer thickness) showing
relative permeability (𝐷).

high values of length and aperture but has a low relative
permeability values because of his higher average fracture
spacing values.

The model in Figure 9 comprises fractures detected by
both surveys at different scales. Permeability distribution
points out the occurrence of a level of low relative perme-
ability represented by bed C2-6, whereas beds C1-59 and C2-
8 are the most permeable ones. The primary role played by
through-going fractures is evidenced by this model, being
testified by many vertical, high permeability zones affecting
each layer, except for bed C2-6. In this case, bed C2-5
increases its relative permeability, showing a clear alternation
of low and high permeability zones, the former resulting
from its poor background jointing and the latter representing
a consequence of the through-going joints crosscutting the
bed.

Other output properties are shown in Figure 10 and all of
them confirm the aforementioned trends remarked for both
the relative permeability and background jointing models.
Beyond these observations, these models confirm that a
primary feature that determines the lowest permeability of
bed C2-6 is represented by the high impedance of this level
with respect to through-going joints detected by the large-
scale (i.e., virtual outcrop) survey.

According to Gross and Eyal [16], through-going joints
develop by progressive linkage of preexisting fractures.
Stratabound joint systems play a fundamental role in this
process, as they provide preexisting structures available to
be linked with each other or to be reopened, in order to
accommodate the stress propagation. As a result of the well-
known linear relationship between stratabound joint spacing
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Figure 8: Joints features recorded with the scan line method.

and mechanical layer thickness, thinly bedded layers have
a higher probability to present a preexisting joint at any
given position with respect to a thicker one. In this way,
during the through-going joint propagation stage, the stress
perturbation area tends to develop new joints in thicker beds
[56], whereas it splays in various preexisting joints in thinly
stratified beds. As a consequence, the formation of new joints
and the linkage of preexisting ones produce amore linear and
continuous through-going structure in thicker beds, while
thinly bedded layers like unit C2-6 of this study behave as
impedance levels.

6. Conclusions

In this work, we proposed DFNmodelling using the software
Move 2016 following a statistical sampling performed with
a multiscale approach. A larger scale survey allowed us to
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Figure 9: Finalmodel (10000m2 at the base and height proportional
to the measured layer thickness) of relative permeability (𝐷)
associated with fractures studied at the two scales of observations.
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Figure 10: Final model (10000m2 at the base and height propor-
tional to the measured layer thickness) of (a) relative porosity (%)
and (b) P32 (m2/m3).
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identify amechanical barrier relative to through-going joints.
The latter are reservoir-scale, meters to tens of meters-long
fractures that play a primary role in fluid flow processes,
connecting isolated fracture systems through many beds and
guaranteeing, in this manner, vertical linkage throughout
the reservoir. The critical level forming a mechanical barrier
for through-going joints has been examined by means of
an outcrop-scale survey. It corresponds to a 43 cm thick
dolostone bed, named C2-6, characterized by inner pseudo-
levels of 1-2 cm thickness. Subsequently, DFN modelling has
been performed integrating the data gathered at both scales
of observations, obtaining a final 3D model that identified a
relative permeability barrier, represented by bed C2-6. This,
although showing a high fracture density (Figure 7), has low
porosity and permeability (Figures 8 and 9) because of the
low values of aperture and length associated with the thin
pseudo-stratification affecting this dolostone layer, which
could therefore provide a vertical compartmentalization of
the reservoir.

The knowledge obtained from the final model provides
useful insights into the understanding of the processes of fluid
flow in carbonate reservoirs, although the different burial
conditions and tectonic evolution of the analysed Apennine
Platformwith respect to the buriedApulian Platformproduc-
tive units have to be taken into account.
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On the basis of the Boussinesq unsteady seepage differential equation, a new simplified formula for the phreatic line of slopes
under the condition of decreasing reservoir water level is derived by means of the Laplacian matrix and its inverse transform. In
this context, the expression of normal stress on the slip surface under seepage forces is deduced, and a procedure for obtaining the
safety factors under hydrodynamic forces is proposed. A case study of theThree Gorges Reservoir is used to analyze the influences
of the water level, decreasing velocity and the permeability coefficient on slope stability.

1. Introduction

During the normal operation of a dam, a decrease in water
level is the main cause of bank slope failure [1]. There are
many potential landslide sites that exist in the region of the
Three Gorges Reservoir, and these are generally triggered by
changes in the water level. Landslides cause huge losses both
in terms of property and life. For example, the landslide that
occurred on 13 July 2003 at Qiangjiangping on the Three
Gorges Reservoir claimed many lives and was responsible for
considerable infrastructure losses. The accident serves as a
profound warning [2, 3] and strongly motivates further study
of this type of natural disaster. Many studies have confirmed
that changing water levels are the main cause of landslide
events [2–9].

The Chinese government has invested considerable
resources to ensure slope stability under normal operation
and to prevent natural disasters such as landslides. During
the landslide survey and design review of the Three Gorges
Reservoir, some problems were identified and require fur-
ther clarification. First, there is no scientific basis for the
determination of phreatic lines. A decrease in water level

is the most unfavorable situation in terms of slope stability
and usually leads to landslides. Furthermore, a decrease
in water level can cause seepage problems related to the
rate of water level decrease and the slope’s permeability
coefficient. Therefore, the correct approach should focus on
the above-mentioned factors to determine the phreatic line
and on the seepage pressure to analyze the slope stability.
However, most of the determination of phreatic lines is
based on the designer’s experience, which may lead to
incorrect stability calculations and safety risk assessment.The
second problem is related to the calculation of water forces,
which is ambiguous. For example, both the seepage force
and the surrounding hydrostatic pressure are considered in
calculations, which cause repetition of the water forces in
the equations and hence introduce more uncertainty. The
third problem is related to the velocity of the decreasing
water level, which is again not clearly defined in the slope
stability calculation. In the case of power generation or
flood control, the Three Gorges Reservoir releases water in
a very short span of time. Such action leads to a rapid
decrease in the water level and in some cases triggers
landslides.
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The determination of the phreatic line constitutes a
free surface (unconfined) seepage problem in rock and soil
mechanics. In such a case, the key calculation is to determine
the free surface that delimits the flow boundaries. The free
surface can be found using nonlinear numerical techniques,
such as the finite difference method with adaptive mesh [10]
and the finite element method with adaptive mesh [11] or
fixed mesh [12]. Among the proposed methods, the extended
pressure (EP) method proposed by Brezis and Kinderlehrer
[13] and further simplified by Bardet and Tobita [14] using
finite differences is considered the simplest andmost efficient
for free surface calculation. Through an extension of Darcy’s
law, the EP method substantially reduces the variational
inequalities, which can then be applied for computation of the
whole domain. By applying variational inequalities, Zheng et
al. [15] and Chen et al. [16] made significant contributions
in solving the slope and dam free surface seepage problems.
To improve the accuracy and computational efficiency of the
EP method, an iterative error analysis is used with the finite
difference equations [17]. Considerable progress has been
made in calculating the slope phreatic line, especially through
numerical analysis using the finite difference and finite
element methods. However, such numerical methods are
not commonly used in engineering practice and are usually
ignored in soil mechanics, as they are obtained through
complicated derivations and are challenging to implement.
Therefore, there is a need for a simple and efficientmethod for
practical engineering applications and educational training.

To explain the effects of water load on the slope stability to
engineers and technicians, the surrounding water pressure is
introduced by the Swedish Slice method calculated from the
drift properties. Based on these experiments, it is concluded
that the seepage force, water weight on the soil slices, and the
surrounding hydrostatic pressure act as balancing forces for
each other [18].

In slope stability analysis under a changingwater level, the
conventional slice method is the limit equilibrium method.
The uncertainty is usually applied to the interslice forces
after eliminating the slice bottom normal compressive force
by the two equilibrium equations of a single slice [19].
Afterwards, the statically indeterminate problem of the slope
limit safety factor can be solved using methods such as the
Morgenstern-Price method [20], Spencer’s method [21], the
Swedish method [22], the Bishop simplified method [19],
or the Janbu simplified method [23]. Many slice methods
have demonstrated that the interslice force is important
in calculating the slope stability in statically indeterminate
problems [24]. Such traditional slice methods are categorized
as local analysis methods.

Alternatively, other limit equilibrium methods can be
categorized as global analysis methods, including the graphic
method [25], the variational method [26], and Bell’s global
analysis method [24]. In contrast to the other limit equi-
librium methods, Bell’s method considers the entire system
instead of using a single slide bar as a research object.
Therefore, the interslice force is not required in this method,
which offers a new way to solve the strict slice method. The-
oretically, the distribution of the slip surface normal stress in
global analysis methods should be easier to understand than

the distribution of interslice force in the Morgenstern-Price
method. However, this method has not received sufficient
attention, even in the summary provided by Duncan [27].
Until 2002, researchers in many studies [4, 28–30] have used
similar methods. For example, in Bell’s derivation process,
Zhu et al. [29] and Zhu and Lee [28] used quadratic inter-
polation to solve the slip surface normal stress distribution
and derive one variable cubic equation with an unknown
safety factor. Zheng and Tham [30] used the Green formula
to convert the relevant domain integral calculus to boundary
integral calculus.

Firstly, this paper applies the Boussinesq unsteady seep-
age basic differential equations and boundary conditions for
derivation of the expression for the phreatic line during
decreasing water level conditions. The polynomial fitting
method is used to simplify the formula because of its lower
complexity. For solving the effects of water load on the slope
stability, the surrounding water pressure is calculated from
the drift property. Finally, the global analysis method is
proposed to analyze the slope stability under seepage forces.
A typical landslide in theThreeGeorges Reservoir is used as a
case study to analyze the influential factors for slope stability
during conditions of decreasing water level.

2. Phreatic Line Calculations

2.1. Fundamental Assumptions

(1) The aquifer is homogeneous and isotropic with infi-
nite lateral extension;

(2) The phreatic flow parallel to slope surface is caused
by water level fluctuation and the rainfall infiltration
causes the phreatic flow to be perpendicular to slope
surface;

(3) The reservoir water level is decreasing at a constant
speed of 𝑉0;

(4) The reservoir bank is considered as a vertical slope.
The reservoir bank within the declining amplitude
is much smaller than the ground, and in order to
simplify this, it is considered as vertical reservoir bank
[5].

As shown in Figure 1, based on the Boussinesq equation
and following the above-mentioned assumptions, the differ-
ential equation of diving unsteady motion can be expressed
as

𝜕ℎ𝜕𝑡 = 𝐾𝜇 𝜕
𝜕𝑥 (𝐻

𝜕ℎ𝜕𝑥) , (1)

where 𝑥 and ℎ are two directions of local coordinates, as
shown in Figure 1; 𝐻 is the aquifer thickness; 𝑡 is time; 𝐾 is
the permeability coefficient; and 𝜇 is the specific yield, which
is defined as the amount of water released as a result of gravity
in a unit volume of saturated rock or soil and can be expressed
as the ratio between the water volume released by the gravity
and the rock or soil volume in saturated conditions.

Eq. (1) is a second-order nonlinear partial differential
equation with no general analytical solution; however, it can
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Figure 1: Calculation sketch of phreatic surface.

be simplified into a linear problem. The simplified method
assumes the aquifer thickness 𝐻 to be a constant, and the
value is selected as the mean value of the initial and end
diving thickness. Therefore, the simplified one-dimensional
unsteady seepage flow equation can be rewritten as

𝜕ℎ𝜕𝑡 = 𝑎𝜕
2ℎ
𝜕𝑥2 , (2)

where 𝑎 = 𝐾𝐻𝑚/𝜇; the value of 𝐻𝑚 will be discussed in
Section 2.3.

2.2. Models Used in This Study. As shown in Figure 1, at the
initial time, 𝑡 = 0, and by assuming the change of water level
of the position 𝑥 at time 𝑡, the water level of each point,𝑢(𝑥, 𝑡), can be calculated as

𝑢 (𝑥, 𝑡) ≡ ℎ0,0 − ℎ𝑥 ,𝑡 = Δℎ𝑥 ,𝑡, (3)

where 𝑢(𝑥, 𝑡) is the reservoir water level change at time 𝑡 and
position 𝑥 in local coordinates, ℎ0,0 is the water level slope in
local coordinates, and ℎ𝑥 ,𝑡 is the reservoir water level in local
coordinates. The change of water level at 𝑡 = 0 is 𝑢(𝑥, 0) =ℎ0,0 − ℎ𝑥 ,0 = 0.

The reservoir water level decreases at a speed𝑉0. After the
lateral seepage, at 𝑥 = 0, 𝑢(0, 𝑡) = ℎ0,0 − ℎ0,𝑡 = 𝑉0𝑡 cos𝛼; as𝑥 →∞, 𝑢(∞, 𝑡) = 0.

From (3), the above semi-infinite aquifer groundwater
unsteady flow during the decreasing water level can be
summarized by the following mathematical equations:

𝜕𝑢𝜕𝑡 = 𝑎𝜕
2𝑢𝜕𝑥2 0 < 𝑥 < ∞, 𝑡 > 0,

𝑢 (𝑥, 0) = 0 0 < 𝑥 < ∞,
𝑢 (0, 𝑡) = 𝑉0𝑡 cos𝛼 𝑡 > 0,
𝑢 (∞, 𝑡) = 0 𝑡 > 0.

(4)

By applying the Laplace transform to (4), solving the
equations, and applying the inverse transform [31, 32], the

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

2.521.510.50

M
(

)



Figure 2: The curve of the function𝑀(𝜆) with 𝜆 (Formula (9)).

solution of the differential equation can be mathematically
expressed as

𝑢 (𝑥, 𝑡) = 𝑉0𝑡 cos𝛼 [(1 + 2𝜆2) erfc (𝜆) − 2√𝜗𝜆𝑒−𝜆
2] , (5)

where 𝜆 = 𝑥/2√𝑎𝑡 = (𝑥/2)√𝜇/𝐾𝐻𝑚𝑡 and erfc(𝜆) =
(2/√𝜋) ∫∞

𝜆
𝑒−𝑥2𝑑𝑥 is the residual error function.

By assuming (6) and following Figure 1 and (7), the
equation can be rewritten as (8):

𝑀(𝜆) ≡ (1 + 2𝜆2) erfc (𝜆) − 2√𝜗𝜆𝑒−𝜆
2 , (6)

𝑢 (𝑥, 𝑡) = 𝑢 (𝑥, 𝑡)
cos𝛼 , (7)

ℎ𝑥,𝑡 = ℎ0,0 − 𝑉0𝑡𝑀 (𝜆) (8)

which is the formula of the phreatic line of the slope when
the reservoir water level declines at a constant speed 𝑉0. The
function 𝑀(𝜆) can be calculated by (6), and its curve is
shown in Figure 2. According to (6), integral calculation is
required, which is difficult to perform and not convenient for
engineering applications. To obtain a practical expression for
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Figure 3: Calculation sketch of aquifer thickness.

engineering applications, a polynomial fitting of (2) is used,
as shown in Figure 2, which is simplified to [18]

𝑀(𝜆)
= {{{

0.109𝜆4 − 0.750𝜆3 + 1.928𝜆2 − 2.2319𝜆 + 1 (0 ≤ 𝜆 < 2)
0 (𝜆 ≥ 0) .

(9)

Afterwards, the simplified formula of the phreatic line
under a constant declining speed can be obtained.The results
from this formula are consistent with those from the finite
element method under the same conditions, which verifies
the accuracy of this formula. The expression can be written
as

ℎ𝑥,𝑡 = {{{
ℎ0,0 − 𝑉0𝑡 (0.109𝜆4 − 0.750𝜆3 + 1.928𝜆2 − 2.2319𝜆 + 1) (0 ≤ 𝜆 < 2)
ℎ0,0 (𝜆 ≥ 0) , (10)

where 𝜆 = (𝑥cos𝛼/2)√𝜇/𝐾𝐻𝑚𝑡, 𝐾 is the permeability
coefficient (m/d), 𝐻𝑚 is the aquifer thickness (m), 𝜇 is the
specific yield, 𝑡 is the time of the water level decrease (d), andℎ0,0 is the reservoir water level before it began to decline.

2.3. Determination of the Aquifer Thickness. For solving (1),
the value 𝐻𝑚 is selected as the mean value of the initial
and final diving flow thickness to replace 𝐻 during the
linearization, and 𝐻𝑚 is referred to as the aquifer thickness
of the diving stream.This assumption is reasonable when the
drop height is relatively small but causes larger error when
the drop height is relatively large.Thus, the followingmethod
is used to determine the aquifer thickness. For the irregular
impermeable layer, as shown in Figure 3, the average aquifer
thickness is not as simple as above, and this often causes a
problem in engineering practice. As a result, it is necessary to
propose a method that is convenient for use in engineering
applications.

For depicting the geological conditions of the Three
Gorges Reservoir, the land surface component usually con-
sists of weathered soils and collapsed accumulated bodies
overlying rock. Such geological conditions lead to gravelly
soil forming in the upper part and a geological rock structure
in the lower part. The permeability coefficient of the rock
is very small compared to the soil. Thus, the former can be
neglected, and the combined surface between the rock and
soil can be used as an impermeable layer. The cross-section
is shown in Figure 3. The calculation area is restricted by

the rock (impermeable layer); however, when the reservoir
water level drops, the influential area cannot be used as
the horizontal impermeable layer. In this case, the following
method is promising for determining the average thickness
of the aquifer.

Actual landslides do not have vertical slopes, but rather
slope gradients.When the reservoir water level decreases, the
overflow points are usually located on the steep slope surface
and the flow follows the slope gradient. In contrast, the
phreatic line on the slope is relatively flat. In such situations,
the initial water level and slope line can replace the phreatic
line in the calculation of the average aquifer thickness, which
can be calculated by the following equation:

𝐻𝑚 = 𝑆𝑜𝑎𝑏𝑐𝑅 , (11)

where 𝑆𝑜𝑎𝑏𝑐 is the area consisting of the slope surface 𝑜𝑎, the
initial water level 𝑎𝑏, the bedrock surface 𝑏𝑐, and the cross
point between the water level drop and the slope surface 𝑜𝑐;
and 𝑅 is the intersection of the initial water level with the
bedrock surface. The geological section is often drawn using
CAD software [5, 18].

2.4. Specific Yield. Specific yield is an important hydroge-
ological parameter that should be obtained through actual
measurements. It is defined as the amount of water released
as a result of gravity in a unit volume of saturated rock or
soil and can be expressed as the ratio between the water
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volume released by the gravity and the rock or soil volume
in saturated conditions.

In rock and soil, only some pores are filled by water and
movement is possible through connected pores. Such pores
are generally termed as effective pores in hydrogeology. In
hydrology or groundwater dynamics, the effective porosity
is the ratio between the pore volume filled by water and
the water released from gravitational pull and the total pore
volume of these pores. The effective porosity is generally
controlled by the physical properties of the rock/soil. It is
often expressed in terms of percentage.

According to the test data of gravel and clayey soil [33],
the empirical formula of specific yield is

𝜇 = 1.137𝑛 (0.0001175)0.067(6+lg𝐾) , (12)

where 𝑛 is the porosity and 𝐾 is the permeability coefficient
(cm/s). In the absence of experimental data, (12) can be used
to calculate the specific yield.

3. The Normal Stress in the Slip Surface
Induced by Hydrodynamic Forces and
Surface Water Forces

3.1. Seepage Force Calculation. The drag force on the soil
by water under seepage is known as the seepage force and
is often described as a dynamic water force in engineering.
Seepage force calculation is the key factor for evaluating
the slope stability under seepage. Thus, the accuracy of the
seepage force calculation strongly influences the results. It
appears that engineers are often conceptually confused about
the seepage force and the surrounding hydrostatic force
calculations, in which the equation of the water forces is
repeated, and the influence of the void ratio on seepage
force calculations. To clarify these issues, the calculation
of the seepage forces can be studied in terms of the
water forces using the boundary of each differential slice;
this is the most direct way to analyze the seepage forces
[18].

The force diagram of a single soil slice is presented in
Figure 4. In the diagram, 𝑑𝑊1 and 𝑑𝑊2 are the saturated
soil gravity components above and below the phreatic line,
respectively. The force 𝑃𝑎 is the hydrostatic force at the 𝐴𝐵
border; 𝑃𝑏 is the hydrostatic force at the 𝐶𝐷 border; 𝑈 is the
hydrostatic force at the 𝐵𝐶 border; 𝑁 is the normal force
at the base, which is also known as the effective force; 𝛼
is the angle between the bottom surface and the horizontal
direction; and 𝛽 is the angle between the phreatic line and
the horizontal direction.

To determine the hydrostatic forces 𝑃𝑎, 𝑃𝑏, and 𝑈 on
the 𝐴𝐵, 𝐶𝐷, and 𝐵𝐶 borders, the flow grid properties based
on the nature of drift and flow lines perpendicular to the
equipotential lines are used. In Figure 5, 𝐵𝐸 and 𝐶𝐺 are
perpendicular to the phreatic line, 𝐺𝐻 is perpendicular to𝐶𝐷, and 𝐸𝐹 is perpendicular to𝐴𝐵. Thus, the hydraulic head𝐵𝐹 in 𝐵 and the hydraulic head 𝐶𝐻 in C can be expressed
according to geometric relationships:
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Figure 4: Calculation sketch of differential soil slice.
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Figure 5: Calculation sketch of hydraulic grade.

𝑈𝐵 = ℎ𝑎cos2𝛽,
𝑈𝐶 = ℎ𝑏cos2𝛽.

(13)



6 Geofluids

The resultant force of the hydrostatic force on the𝐴𝐵 and𝐶𝐷
borders can be represented by

𝑃𝑎 = 12𝛾𝑤ℎ2𝑎cos2𝛽,
𝑃𝑏 = 12𝛾𝑤ℎ2𝑏cos2𝛽.

(14)

The hydrostatic force on the sliding surface 𝐵𝐶 is represented
by

𝑈 = 𝛾𝑤 (ℎ𝑎 + ℎ𝑏) 𝑑𝑠2 cos2𝛽. (15)

The forces in the vertical and horizontal directions can be,
respectively, expressed as

𝑈𝑦 = 𝛾𝑤 (ℎ𝑎 + ℎ𝑏) 𝑑𝑠2 cos𝛼 cos2𝛽,
𝑈𝑥 = 𝛾𝑤 (ℎ𝑎 + ℎ𝑏) 𝑑𝑠2 sin𝛼 cos2𝛽.

(16)

The water weight in the soil is

𝑊2𝑤 ≡ 𝛾𝑤 (ℎ𝑎 + ℎ𝑏) 𝑑𝑠2 cos𝛼, (17)

where𝑊2𝑤 is the water gravity below the phreatic line of the
soil slice.

By assuming

ℎ𝑤 ≡ ℎ𝑎 + ℎ𝑏2 (18)

we obtain

𝑃𝑎 − 𝑃𝑏 = 𝛾𝑤ℎ𝑤 (ℎ𝑎 − ℎ𝑏) cos2𝛽,
𝑤2𝑤 = ℎ𝑤𝛾𝑤𝑑𝑠 cos𝛼,
𝑈𝑦 = 𝛾𝑤ℎ𝑤𝑑𝑠 cos𝛼 cos2𝛽,
𝑈𝑥 = 𝛾𝑤ℎ𝑤𝑑𝑠 sin𝛼 cos2𝛽.

(19)

All the water loads below the phreatic line in the soil slice
are shown in Figure 6. The 𝑥-direction component of all the
water loads is

𝑃𝑎 − 𝑃𝑏 + 𝑈𝑥 = 𝛾𝑤ℎ𝑤cos2𝛽 (ℎ𝑎 − ℎ𝑏 + 𝑑𝑠 sin𝛼) . (20)

The 𝑦-direction component of all the water loads is

𝑑𝑊2𝑤 − 𝑈𝑦 = 𝛾𝑤ℎ𝑤𝑑𝑠 sin2𝛽. (21)

From the geometrical relationships, as shown in Figure 6, the
equation can be represented as

ℎ𝑎 − ℎ𝑏 + 𝑑𝑠 sin𝛼 = 𝑑𝑠 cos𝛼 tan𝛽. (22)

Therefore, the forces from all water loads become

𝑑𝑊𝐷 = 𝛾𝑤ℎ𝑤𝑑𝑠 cos𝛼 sin𝛽. (23)
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Figure 6: Forces distributing diagrammatic sketch of differential
soil slice.

The geometrical interpretation of the full water immer-
sion saturated area in the soil slice is that the water grav-
ity and hydraulic gradient sin𝛽 are equal to the seepage
force and hydrodynamic force, respectively. The direction
of this force is the same as the fluid flow direction, and
the angle between the force and the horizontal direction is𝛽.

This calculation demonstrates that the seepage force is the
same as the resultant forces of water gravity and surrounding
hydrostatic force of the soil below the phreatic line.Therefore,
when the seepage force is used to express the safety factor, the
natural gravity is used above the phreatic line, whereas the
floating gravity, in this case, is used below the phreatic line.
Therefore, the calculation diagram shown in Figure 2 can be
replaced by that in Figure 6. Additionally, the water force and
gravity of the soil slice can be replaced by the seepage force𝑑𝑊𝐷. As a result, this type of problem is straightforward to
solve in practice.

3.2. Normal Stress on the Slip Surface under the Water Loads.
The forces along the arc length ds in the antislide direction
of the differential slice 𝐴𝐵𝐶𝐷 are shown in Figure 7. The
parameters 𝑑ℎ and 𝑑V are the interslice force increments
in the horizontal and vertical slice, respectively; 𝑑𝑤 and 𝑑𝑞
are the bar weight and seismic force, respectively; and 𝑑𝑓𝑥
and 𝑑𝑓𝑦 are the components in the horizontal and vertical
directions on the outer contour line 𝑔, respectively. The
relationship between the normal face force 𝑞𝑛 and tangential
force 𝑞𝑡 is

𝑑𝑓𝑥 = 𝑞𝑡𝑑𝑥𝑔 − 𝑞𝑛𝑑𝑦𝑔,
𝑑𝑓𝑦 = 𝑞𝑛𝑑𝑥𝑔 + 𝑞𝑡𝑑𝑦𝑔, (24)

where 𝑑𝑥𝑔 and 𝑑𝑦𝑔 are the 𝑥 and 𝑦 directional components
along the differential arc length 𝑑𝑠𝑔 in𝑔, as shown in Figure 7.
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Figure 7: The schematic diagram of a loaded differential slice for
derivation of normal stress on sliding surface.

All the forces are projected on the normal direction of the
slip surface; thus, the equation becomes

𝜎𝑑𝑠 = 𝑑𝑊1 cos𝛼 + 𝑑𝑊1 cos𝛼 + 𝑑𝑊𝐷𝑦 cos𝛼
− 𝑑𝑊𝐷𝑥 sin𝛼 + 𝑑𝑓𝑥 sin𝛼 − 𝑑𝑓𝑦 cos𝛼
+ 𝑑V cos𝛼 − 𝑑ℎ sin𝛼,

(25)

𝑑𝑊1 = 𝛾ℎ𝑢𝑑𝑥,
𝑑𝑊1 = 𝛾ℎ𝑤𝑑𝑥, (26)

𝑑𝑊𝐷𝑥 = 𝑑𝑊𝐷 cos𝛽,
𝑑𝑊𝐷𝑦 = 𝑑𝑊𝐷 sin𝛽, (27)

where ℎ𝑢 is the bar height above the phreatic line, 𝛾 is the
average bar weight, and 𝛾 is the effective average weight.

Substituting (24), (26), and (27) into (25), where 𝑑𝑥𝑔 =−𝑑𝑥, we obtain
𝜎 = 𝜎 (𝑥) = 𝜎0 + 𝜎𝐼, (28)

where 𝜎𝐼 and 𝜎0 are the contributions from the interslice
forces and external load to the normal stress in the slip
surface, respectively, and are generally expressed as a function
of 𝑥

𝜎𝐼 = cos𝛼( 𝑑V𝑑𝑥 cos𝛼 − 𝑑ℎ𝑑𝑥 sin𝛼) . (29)

The stress 𝜎0 is decomposed into

𝜎0 = 𝜎V0 + 𝜎𝑔0 , (30)

where 𝜎V0 is the contribution from the slider body volume
force to the normal stress in the slip surface:

𝜎V0 = 𝛾ℎ𝑢cos2𝛼 + 𝛾ℎ𝑤cos2𝛼 + 𝛾𝑤ℎ𝑤cos2𝛼 sin2𝛽
− 𝛾𝑤ℎ𝑤 sin 2𝛼 sin 2𝛽4 . (31)

Here, 𝜎𝑔0 is the contribution from the water pressure of the
outer contour slope slip surface to the normal stress in the
slip surface:

𝜎𝑔0 = cos𝛼 [𝑞𝑛 (cos𝛼 + 𝑘𝑔 sin𝛼)
− 𝑞𝑡 (sin𝛼 − 𝑘𝑔 cos𝛼)] ,

(32)

where 𝑘𝑔 is the outer contour slope surface at point𝑀.
Usually the interslice forces V and ℎ at both ends of the

sliding surface are zero; however, their derivatives 𝑑V/𝑑𝑥 and𝑑ℎ/𝑑𝑥may not be zero. Additionally, from (28) and (29), the
slip surface normal stress at both ends may not be zero either.
Therefore, it is not necessary to satisfy the zero condition at
the slip surface ends when determining the normal stress at
the slip surface. Hence, the distribution of the slip surface
normal stress approximation can be determined as shown in
(33):

𝜎 = 𝜎0 + 𝑓 (𝑥; 𝑎, 𝑏) , (33)

where 𝑓(𝑥; 𝑎, 𝑏) is the correction function for the slip sur-
face normal stress and 𝑎 and 𝑏 are the two undetermined
parameters. The reason for introducing two undetermined
parameters is that three equilibrium equations are used to
solve for three unknowns, in which the safety factor 𝐹𝑠 is one
of the unknowns.

In this study,𝑓(𝑥; 𝑎, 𝑏) is defined as a linear function [30]:
𝑓 (𝑥; 𝑎, 𝑏) = 𝑎𝑙𝑎 (𝑥) + 𝑏𝑙𝑏 (𝑥) ,

𝑙𝑎 (𝑥) = − 𝑥 − 𝑥𝑏𝑥𝑏 − 𝑥𝑎 ,
𝑙𝑏 (𝑥) = 𝑥 − 𝑥𝑎𝑥𝑏 − 𝑥𝑎 ,

(34)

where 𝑥𝑎 and 𝑥𝑏 are the 𝑥 coordinates of two endpoints on
the slip surface 𝑠 in this two-dimensional problem.

4. Slope Stability Analysis Method under
Water Loads

As shown in Figure 8, the slip body is defined as a planar
region Ω consisting of an outer contour line ACB and a
potential slip surface ADB. The background materials are
generally formed by a variety of geotechnical movements at
the landslide sites. The active forces of the landslide include
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Figure 8: Schematic plot of a sliding body and system of forces on it.

volume forces (e.g., weight and horizontal seismic forces) and
the concentrated force or surface force on the outer contour
ACB; the constrained forces include the slip surface normal
force 𝜎(𝑥)𝑑𝑠 and the tangential force 𝜏(𝑥)𝑑𝑠.

By taking any three points (𝑥𝑐𝑖, 𝑦𝑐𝑖), which are not in
the same straight line as the moment center, and with Ω in
equilibrium, the sum of the three moment centers is always
equal to zero and can thus be expressed as

∫
𝑆
(Δ𝑥𝑐𝑖𝜎 − Δ𝑦𝑐𝑖𝜏) 𝑑𝑥 + (Δ𝑥𝑐𝑖𝜏 + Δ𝑦𝑐𝑖𝜎) 𝑑𝑦 + 𝑚𝑐𝑖
= 0,

(35)

where 𝑚𝑐𝑖 is the resultant moment of all active forces on the
landslide bodyΩ; 𝑖 = 1, 2, 3; and Δ𝑥𝑐𝑖 and Δ𝑦𝑐𝑖 are the vector
components on the slip surface at position (𝑥, 𝑦):

Δ𝑥𝑐𝑖 = 𝑥 − 𝑥𝑐𝑖,
Δ𝑦𝑐𝑖 = 𝑦 − 𝑦𝑐𝑖. (35a)

If not specifically stated, all subscripts 𝑖 in the equations
are free subscripts. In the formula, 𝑖 will take the value of
1, 2, and 3 and provide three moment centers (𝑥𝑐𝑖, 𝑦𝑐𝑖).
Additionally, to simplify the expression and by assuming the
slope is the right-side slope, it is found that an increase in
slope height occurs with an increasing 𝑥 coordinate value.

By assuming that the sliding surface meets the Mohr-
Coulomb criterion and the landslide body is in the limit
equilibrium state, the equation can be written as

𝜏 = 1𝐹𝑠 [𝑐𝑒 + 𝑓𝑒𝜎] , (36)

where 𝐹𝑠 is the safety factor and 𝑐𝑒 and 𝑓𝑒 are the effective
shear strength parameters.

By substituting (36) into (35), the unknown function
integral equations of the sliding surface normal stress can be
obtained as

∫
𝑆
𝐿𝑥𝑐𝑖𝜎𝑑𝑥 + 𝐿𝑦𝑐𝑖𝜎𝑑𝑦 + 𝑚𝑐𝑖𝐹𝑠 + 𝑑𝑐𝑖 = 0, (37)

where

𝐿𝑥𝑐𝑖 = 𝐹𝑠Δ𝑥𝑐𝑖 − 𝑓𝑒Δ𝑦𝑐𝑖,
𝐿𝑦𝑐𝑖 = 𝐹𝑠Δ𝑦𝑐𝑖 + 𝑓𝑒Δ𝑥𝑐𝑖, (37a)
𝑑𝑐𝑖 = ∫

𝑆
𝑐𝑒Δ𝑥𝑐𝑖𝑑𝑦 − 𝑐𝑒Δ𝑦𝑐𝑖𝑑𝑥. (37b)

By substituting (33) into (37), (38) can be derived:

g (𝐹𝑠, 𝑎, 𝑏) ≡ 𝐹𝑠 (𝑎u1 + 𝑏u2 + u3) + 𝑎u4 + 𝑏u5 + u6, (38)

where g : 𝑅3 → 𝑅3 is the third-order nonlinear vector
function of 𝑎 and 𝑏 and u1∼u6 are the six third-order vectors,
which can be defined as follows:

𝑢1,𝑗 = ∫
𝑆
Δ𝑥𝑐𝑖𝑙𝑎𝑑𝑥 + Δ𝑦𝑐𝑖𝑙𝑎𝑑𝑦, (38a)

𝑢2,𝑗 = ∫
𝑆
Δ𝑥𝑐𝑖𝑙𝑏𝑑𝑥 + Δ𝑦𝑐𝑖𝑙𝑏𝑑𝑦, (38b)

𝑢3,𝑗 = 𝑚𝑐𝑖 + ∫
𝑆
Δ𝑥𝑐𝑖𝜎0𝑑𝑥 + Δ𝑦𝑐𝑖𝜎0𝑑𝑦, (38c)

𝑢4,𝑗 = −∫
𝑆
𝑓𝑒Δ𝑦𝑐𝑖𝑙𝑎𝑑𝑥 − 𝑓𝑒Δ𝑥𝑐𝑖𝑙𝑎𝑑𝑦, (38d)

𝑢5,𝑗 = −∫
𝑆
𝑓𝑒Δ𝑦𝑐𝑖𝑙𝑏𝑑𝑥 − 𝑓𝑒Δ𝑥𝑐𝑖𝑙𝑏𝑑𝑦, (38e)

𝑢6,𝑗 = −∫
𝑆
(𝑐𝑒 + 𝑓𝑒𝜎0) Δ𝑦𝑐𝑖𝑑𝑥 − (𝑐𝑒 + 𝑓𝑒𝜎0) Δ𝑥𝑐𝑖𝑑𝑦. (38f)

Equation (38) can be used as a quasi-Newton method to
solve [34]. The required Jacobian matrix of g(𝐹𝑠, 𝑎, 𝑏) in the
solution can be defined as𝐷g:

𝐷g (𝐹𝑠, 𝑎, 𝑏) ≡ [𝐷g𝐹𝑠 , 𝐷g𝑎, 𝐷g𝑏] , (39)
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Figure 9: The geographical location map of Woshaxi Slope in theThree Gorges Reservoir.

where the three column vectors are expressed as

𝐷g𝐹𝑠 ≡ 𝜕g (𝐹𝑠, 𝑎, 𝑏)𝜕𝐹𝑠 = 𝑎u1 + 𝑏u2 + u3, (39a)
𝐷g𝑎 ≡ 𝜕g (𝐹𝑠, 𝑎, 𝑏)𝜕𝑎 = 𝐹𝑠u1 + u4, (39b)
𝐷g𝑏 ≡ 𝜕g (𝐹𝑠, 𝑎, 𝑏)𝜕𝑏 = 𝐹𝑠u2 + u5. (39c)

In this study, the following condition can be used to
terminate iteration during numerical simulations and can be
expressed as

Δ𝐹𝑠 < 𝜀𝐹𝑠 , (40)

where Δ𝐹𝑠 is the difference between the two consecutive
iteration steps and 𝜀𝐹𝑠 is the selected tolerance level.

In the following examples, 𝜀𝐹𝑠 = 10−3 is used as a damped
Newton’s method [34]. The landslide border is dispersed into
several small segment grids. In the smaller grid segments, the
slip surface normal stress is assumed to be constant.

5. Influence Factors of Slope Stability

For ease of analysis, the drop height of the reservoir water is
assumed to be ℎ𝑡 = 𝑉𝑡; (8) can then be rewritten as follows:

ℎ𝑥,𝑡 = ℎ0,0 − ℎ𝑡𝑀(𝜆) ,
𝜆 = 𝑥 cos𝛼2 √ 𝜇𝑉𝐾𝐻𝑚ℎ𝑡 .

(41)

These equations indicate that the factors influencing the
phreatic line under a decreasing water level include the
permeability coefficient𝐾, the specific yield 𝜇, the decreasing
speed of the water level 𝑉, the aqueous layer thickness 𝐻𝑚,
and the decreasing height ℎ𝑡. From Figure 2, 𝑀(𝜆) is a
decreasing function inversely related to 𝜆. A higher 𝜆 value
causes a reduction in the speed of the free surface water flow

and vice versa. Therefore, when 𝜆 = 0, 𝑀(𝜆) = 1 and the
speed of the free surface water on the slope and the water
level become equal. When 𝜆 → ∞,𝑀(𝜆) = 0 and the free
surface water on the slope and the water level are unchanged.
It is clear from Figure 2 that when 𝜆 > 2,𝑀(𝜆) becomes 0.

The higher water level on the slope causes an unfavorable
condition for the slope stability. Based on the above analysis,
the smaller 𝜆 is, the faster the free surface water flow on the
slope is, which means the free surface water decreases with
decreasing water level and vice versa. Similarly, the larger 𝜆
values cause unfavorable conditions for the slope stability.
The favorable factors for the slope stability are the decrease
in 𝜆, directly related to the decreasing rate of the water level𝑉, the permeability coefficient 𝐾, the specific yield 𝜇, and
the water thickness𝐻𝑚. Most engineers generally analyze the
effects of decreasing rate of water level 𝑉 and permeability
coefficient 𝐾 on the slope stability.

The Woshaxi landslide occurred on 13 July 2003 at the
right bank of Qinggan River, a tributary of the Yangtze
River. The Qinggan River flows from west to east and passes
in front of the landslide site. The landslide was located
6 km from the mouth of the river. The distance from the
downstream Qinggan River to the Qianjiangping landslide
site is approximately 1.5 km (Yin et al., 2012; Wang and Li,
2007;Wand and Yang, 2006;Wen et al., 2008;Wu et al., 2006;
Yin and Peng, 2007; Zhang et al., 2004; Jian et al., 2014); [2–
4, 6].The distance to theThree Gorges dam site is 50 km.The
geographical position of the landslide is shown in Figure 9.

The geological cross-section is shown in Figure 10, and
the geologicalmaterials are listed in Table 1.TheThreeGorges
Reservoir water level is found to be between 145m and 175m.
This study evaluates the landslide stability associated with the
decreasing water level from the height of 175m. Below the
phreatic line, the soil saturation density is used, and for the
natural strength of slip, the soil above the phreatic line is used.

Using different decreasing water level speeds, the other
related parameters are shown in Table 1. Figure 11 shows
the calculation process for the phreatic line under different
decreasing water level rates. Figure 11(a) indicates the change
in the phreatic line for different water level conditions and a
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Figure 10: The geological section map of Woshaxi Slope.
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Figure 11: Phreatic lines of reservoir drawdown height with different drawdown speed.

decreasing water level rate (𝑉) of 0.1m/d. Figure 11(b) shows
the phreatic line for differentwater levels at a decreasingwater
level rate of 𝑉 = 0.4m/d. Figure 11(c) shows the phreatic line
for different water level conditions and a decreasing water
level rate of 𝑉 = 1.2m/d. The safety factors under different
water levels at different decreasing water level rates are shown
in Figure 12.When the decreasing water level rate is relatively
small, there is sufficient time for the water in the slope to
discharge from the slope, which causes a slow change in the
phreatic line, as shown in Figure 11(a). When the decreasing
water level rate is relatively high, there is insufficient time
for the water on the slope to discharge, causing a sudden
change in the phreatic line, as shown in Figure 11(c). The
decreasing water level rate has a profound effect on the
phreatic saturation lines and therefore on the slope safety
factors. As shown in Figure 12, a more obvious change is
observed in the safety factors as the water level slightly
decreases; however, no significant changes are observed in the
safety factors when the water level decreases by a substantial

margin. Overall, as the decreasing water level rate increases,
it causes a decrease in the safety factor. It is further observed
that at a given decreasing water level rate, the safety factor
tends to be more stable with an increase in water level. It
is found that when the height of the reservoir water level
decreases from 175m to 145m, a 5% change is observed in
the safety factor at decreasing water level rates of𝑉 = 0.1m/d
and 𝑉 = 1.2m/d.

In the current study, the phreatic line is calculated by
varying the slope permeability coefficients at a constant
water level decreasing rate; that is, 𝑉 = 6.0m/d. The other
parameters required for calculating the phreatic line are given
in Table 1. Figures 13(a)–13(c) and 14 show the phreatic line
and safety factors, respectively, under different water levels
when the permeability coefficient 𝐾 is 0.01m/d, 0.10m/d,
and 1.00m/d, respectively. It can be observed that at the
same water level decreasing rate, the variation in 𝐾 causes
differences in phreatic line behavior. With a relatively small𝐾, there is a sudden change in the phreatic line, as sufficient
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Figure 13: Phreatic lines of reservoir drawdown height with different permeability coefficient.

time is not available for water to be transported down the
slope (Figure 13(a)). However, with increasing 𝐾, the change
in the phreatic line is gradual because more time is available
for the water to be transported down the slope (Figures
13(b)-13(c)). The permeability coefficients have a profound
effect on the phreatic lines and the slope safety factors. As
shown in Figure 14, significant changes in the safety factors
occur when the water level decreases slightly with different
slope permeability coefficients. In contrast, the safety factor
does not change substantially with large changes in the water
level. Overall, the slope permeability coefficient is inversely
proportional to the safety factor, which indicates that an

increasing permeability coefficient can cause a decrease in the
safety factor. A larger slope permeability coefficient implies
a higher safety factor. It is also evident from this study that
a decreasing water level leads to a more stable safety factor,
which can be ascribed to the slope permeability coefficient.
A larger slope permeability coefficient is associated with
a greater probability of penetration with decreasing water
level, which is favorable for slope stability. It is clear from
the results that when the height of reservoir water level
decreases from 175m to 145m, the difference in the safety
factor is only approximately 6% at 𝐾 = 1.0m/d and𝐾 = 0.01m/d.
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6. Summary

(1) The expression of the phreatic line is based on
the Boussinesq unsteady seepage basic differential
equations and boundary conditions. The polynomial
fitting method is used to obtain a simplified formula
that is convenient to use in engineering applications.

(2) To simplify the explanations and provide greater
understanding to engineers, the flow grid properties
are used to determine the water forces, which demon-
strates that the seepage and resultant force caused
by the water weight in the soil and the surrounding
hydrostatic forces balance each other.

(3) The expression of the slip surface normal stress under
the dynamic water forces is derived, and an equation
for solving the safety factor under different dynamic
water forces is proposed.

(4) Combined with a practical project in the Three
Gorges Reservoir, the effects of decreasing water
level rate and the slope permeability coefficient are
analyzed and presented to describe slope stability.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This study is supported by the National Natural Science
Foundation of China [Grant no. 11572009] and the CRSRI
Open Research Program [Program SN: CKWV2015212/KY]
and the Youth Innovation Promotion Association CAS.

References

[1] Y. Zhao, P. Cui, L. Hu, and T. Hueckel, “Multi-scale chemo-
mechanical analysis of the slip surface of landslides in theThree

Gorges, China,” Science ChinaTechnological Sciences, vol. 54, no.
7, pp. 1757–1765, 2011.

[2] Y.-P. Yin, B. Huang, X. Chen, G. Liu, and S. Wang, “Numerical
analysis on wave generated by the Qianjiangping landslide in
Three Gorges Reservoir, China,” Landslides , vol. 12, no. 2, pp.
355–364, 2015.

[3] G. Sun, H. Zheng, Y. Huang, and C. Li, “Parameter inversion
and deformation mechanism of Sanmendong landslide in the
Three Gorges Reservoir region under the combined effect
of reservoir water level fluctuation and rainfall,” Engineering
Geology, vol. 205, pp. 133–145, 2016b.

[4] G. Sun, S. Cheng, W. Jiang, and H. Zheng, “A global procedure
for stability analysis of slopes based on the Morgenstern-Price
assumption and its applications,” Computers & Geosciences, vol.
80, pp. 97–106, 2016a.

[5] G. Sun, Y. Yang, S. Cheng, and H. Zheng, “Phreatic line calcula-
tion and stability analysis of slopes under the combined effect
of reservoir water level fluctuations and rainfall,” Canadian
Geotechnical Journal, vol. 54, no. 5, pp. 631–645, 2017.

[6] Q. Jiang, Z. Zhang, and W. Wei, “Research on triggering
mechanism and kinematic process of Qianjiangping landslide,”
Disaster Advances, vol. 5, pp. 631–636, 2012.

[7] Q. Jiang, C. Yao, Z. Ye, and C. Zhou, “Seepage flow with free
surface in fracture networks,”Water Resources Research, vol. 49,
no. 1, pp. 176–186, 2013.

[8] Q. Jiang, Z. Ye, and C. Zhou, “A numerical procedure for tran-
sient free surface seepage through fracture networks,” Journal of
Hydrology, vol. 519, pp. 881–891, 2014.

[9] Q. Jiang and C. Zhou, “A rigorous solution for the stability of
polyhedral rock blocks,” Computers & Geosciences, vol. 90, pp.
190–201, 2017.

[10] C. W. Cryer, “On the Approximate Solution of Free Boundary
Problems Using Finite Differences,” Journal of the ACM, vol. 17,
no. 3, pp. 397–411, 1970.

[11] R. L. Taylor and C. B. Brown, “Darcy flow solutions with a free
surface,” Journal of Hydraulics Division, ASCE, vol. 93, pp. 25–
33, 1967.

[12] C. Baiocchi, “Su un problema di frontiera libera connesso a
questioni di idraulica,” Annali di Matematica Pura ed Applicata.
Serie Quarta, vol. 92, pp. 107–127, 1972.

[13] H. Brezis and D. Kinderlehrer, “Stampacchia G Sur une nou-
velleformulation du probleme de l’ecoulement a travers une
digue, Serie AParis,”Comptes Rendus de l’Académie des Sciences,
1978.

[14] J.-P. Bardet and T. Tobita, “A practical method for solving free-
surface seepage problems,” Computers & Geosciences, vol. 29,
no. 6, pp. 451–475, 2002.

[15] H. Zheng, D. F. Liu, C. F. Lee, and L. G.Tham, “A new formula-
tion of Signorini’s type for seepage problems with free surfaces,”
International Journal for Numerical Methods in Engineering, vol.
64, no. 1, pp. 1–16, 2005.

[16] Y. Chen, C. Zhou, and H. Zheng, “A numerical solution to
seepage problems with complex drainage systems,” Computers
& Geosciences, vol. 35, no. 3, pp. 383–393, 2008.

[17] C. Ji, Y. Wang, and Y. Shi, “Application of modified EP method
in steady seepage analysis,” Computers & Geosciences, vol. 32,
pp. 27–35, 2005.

[18] Y. Zheng, W. Shi, and W. Kong, “Calculation of seepage forces
and phreatic surface under drawdown conditions,” Chinese
Journal of Rock Mechanics and Engineering, vol. 23, pp. 3203–
3210, 2004.



14 Geofluids

[19] A. W. Bishop, “The use of the slip circle in the stability analysis
of slopes,” Geotechnique, vol. 5, pp. 7–17, 1955.

[20] N. R. Morgenstern and V. E. Price, “The analysis of the stability
of general slip surfaces,” Geotechnique, vol. 15, pp. 79–93, 1965.

[21] E. Spencer, “A method of analysis of the stability of embank-
ments assuming parallel inter-slice forces,”Geotechnique, vol. 17,
no. 1, pp. 11–26, 1967.

[22] L. Berga, J. Buil, E. Bofill et al., Dams and Reservoirs, Societies
and Environment in the 21st Century, Two Volume Set, CRC
Press, 2006.

[23] N. Janbu, “Slope stability computations,” in Embankment Dam
Engineering, R. C. Hirschfield and S. J. Poulos, Eds., pp. 47–86,
John Wiley, New York, NY, USA, 1973.

[24] J. M. Bell, “General slope stability analysis,” Journal of the Soil
Mechanics and Foundations Division, vol. 94, pp. 1253–1270,
1968.

[25] S. K. Sarma, “A note on the stability analysis of earth dams,”
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In this research, the particle size distribution and permeability of saturated crushed sandstone under variable axial stresses (0, 2, 4,
8, 12, and 16MPa) were studied. X-ray Computed Tomography results revealed that particle crushing is likely to occur considerably
as the axial stress is approaching 4MPa, which results in the change of pore structure greatly. During compression, the particle
size distribution satisfies the fractal condition well, and the fractal dimension of particle size distribution is an effective method
for describing the particle crushing state of saturated crushed sandstone. When the axial stress increases from 0MPa to 4MPa,
the fractal dimension of the particle size distribution increases rapidly by over 60% of the total increase (0–16MPa), and the
permeability decreases sharply by about 85% of the total decrease. These results indicate that 4MPa is a key value in controlling
the particle size distribution and the permeability of the saturated crushed sandstone under axial compression.The permeability is
influenced by the initial gradation of the specimens, and a larger Talbot exponent corresponds to a larger permeability.

1. Introduction

Due to the large permeability of crushed rocks, flow catastro-
phes and water inrush accidents can be easily triggered in the
discontinuous zones of aquifers in underground coal mines
[1, 2]. The permeability of crushed rock is determined by the
pore structure, which has a close relationshipwith the particle
size distribution [3]. In recent decades, many related studies
have been conducted to investigate the factors that affect
the particle size distribution of granular materials [4–9]. The
results show that particle size distribution is mainly affected
by the applied stress, particle size, particle mixture, and other
environmental factors (e.g., temperature and humidity of the
environment).

Generally, two approaches that are fragmentation degree
of the particle and fractal dimension are commonly adopted

to describe the particle size distribution. Miura and O-Hara
[10] and Hardin [11] proposed that the fragmentation degree
of the particle might be useful indicator for quantitative anal-
ysis of the particle breakage of granularmaterials. In addition,
Mandelbrot [12], Turcotte [13] and Xie and Pariseau [14] pro-
posed the fractal theory and thought the calculated parame-
ters of particle size distribution are more easily to be assessed
via fractal theory. Furthermore, fractal theory is a powerful
tool used to characterize phenomena that exhibit large, scale-
invariant, and self-similar characteristics [15–19]. It has been
widely used in geotechnical engineering to describe the
evolution of particle size distribution, especially in soils [15,
16, 20–22]. However, little research has been performed in
the fractal analysis of the particle size distribution of crushed
rocks (especially crushed rocks in caved zones in coal mining
engineering).
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Lomoze first put forward a parallel-plates model to sim-
ulate the fluid flow in fractures [23]. Since then, many exper-
iments on the water flow in fractured rocks had been carried
out [1–3, 24–28]. Specifically,Miao et al. [1] analyzed the seep-
age properties of broken sandstone with different porosities;
Ma et al. [2, 3] obtained the relationship between the per-
meability and variable grain diameters under variable axial
displacements.They also investigated the effect of particle size
mixture on the seepage properties and compaction behaviors
of crushed mudstones. These studies show that the seepage
properties of the fractured rocks are mainly affected by rock
type, porosity, permeability, and other factors.However, these
previous studies did not take into account the quantitative
relationships among the particle size distribution, the poros-
ity, and the permeability. In fact, these factors are constantly
changing during the compression process, which have big
influences on rock seepage properties.

Therefore, the studies of particle size distribution and per-
meability of crushed rocks play an important role in helping
engineers understand how to assess the risk of water inrush.
In this study, the saturated crushed sandstone was chosen to
research the effect of the increase in axial loading on the vari-
ations of particle crushing, fractal dimension of particle size
distribution, porosity, and permeability. Moreover, the quan-
titative relationships between fractal dimension and porosity
and permeability are given.The results can provide a scientific
basis for the prevention of water inrush accidents in coal
mining.

2. Experimental Materials and
Testing Methods

2.1. Experimental Materials. The sandstone specimens used
in the test were collected from the −560m deep strata
of the coal mine in China. By experimental analysis, the
main mineral composition of the tested sandstone is 29%
albite, 23% quartz, 15% calcite, 13% laumontite, 9% kaolinite,
7% illite, and 4% other minerals. The average dry density
is 2450 kg/m3. The uniaxial compressive strength, tensile
strength, cohesion, and internal friction angle are 67.4MPa,
8.3MPa, 12.5MPa, and 33.2∘, respectively. In the above mea-
surements, the rocks were processed into cylindrical speci-
mens, which were 50mm in diameter and 100mm in length
in the triaxial experiments with a loading rate of 1.0 kN/s, and
50mm in diameter and 25mm in length in the Brazilian tests
with a loading rate of 0.05 kN/s.

First, the sandstone blocks were crushed, and then they
were separated into different diameter sizes using sepa-
ration screens. The particles in each specimen consisted
of five diameter ranges: (a) (2.5–5mm), (b) (5–8mm), (c)
(8–10mm), (d) (10–12mm), and (e) (12–15mm), as shown in
Figure 1. In order to study the influence of the initial gradation
of the specimens on the permeability, the sandstone particles
within the different diameter ranges were proportioned
according to the Talbot formula [29]:

𝑃𝑖 = ( 𝑑𝑖𝑑𝑀)
𝑛

× 100%, (1)

where 𝑑𝑖 is the particle size, 𝑑𝑀 is the maximum size of the
sandstone particles, 𝑃𝑖 is the mass percent of the sandstone
particles in the specimen whose size is less than 𝑑𝑖, and 𝑛 is
the Talbot exponent.

In the present test, the Talbot exponents were 0.2, 0.4,
0.6, and 0.8, and the total mass was 1500 g. Table 1 shows the
details of themass of the sandstone particles in each diameter
range for each specimen. As listed in Table 1, themass amount
of the larger particles increases with the increase of the Talbot
exponent. Finally, the crushed specimens were placed into a
glass container that filled with water for seven days to ensure
that they were fully saturated.

2.2. Testing System. MTS 815.02 system and a self-designed
seepage apparatus are the two major parts of the testing
system, as shown in Figure 2. The loading indenter (1) was
used to provide the axial loading. The O-shape rubber seal
rings (2) were used to close the gap. The piston (3) was used
to compress the rock specimen (7). The felt filtration pad (4)
was used to prevent the testing system from being polluted
by the fluid, and the porous plate (5) was used to ensure
that thewater flowed evenly.The saturated crushed sandstone
was placed into the cylindrical tube (6), of which the inner
diameter andwall thicknesswere 100 and 21mm, respectively.

2.3. Testing Procedure. In order to obtain the particle size dis-
tribution of the saturated crushed sandstone under different
axial stresses, an axial force control mode was applied and
the specimens were separated after the seepage test. Figure 3
illustrates the testing procedure.

Because of the movement of the overlying strata, the
crushed rocks in the caved zones support different amounts
of loading at different times. The resulting compression
increases gradually due to the change of ground stress.
Therefore, the impact of the compression level (axial stress)
onparticle size distribution andpermeability should be inves-
tigated. Considering the strata depth (−560m) and the in situ
strata stress (average bulk density of 0.024MN/m3), a maxi-
mum axial stress of 16MPa was set for the compression test.
The axial stress was set to five different levels (2, 4, 8, 12, and
16MPa). Therefore, the particle size distribution and perme-
ability can be tested under six different conditions (including
the nonloading condition). Twenty-four sets of experiments
were conducted (four initial gradations × six different axial
stresses). Each set of experiments was carried out three times,
and the average values of the test data were used for the
analysis.

3. Calculation of Fractal
Dimension and Permeability

3.1. Fractal Dimension of Particle Size Distribution. The def-
inition of a fractal can be given based on the relationship
between the number and feature scale in a statistically self-
similar system [12, 13] and is given by the following equation:

𝑁(𝑥 > 𝑑) = 𝐶𝑑−𝐷, (2)
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(a) 2.5–5mm (b) 5–8mm (c) 8–10mm

(d) 10–12mm (e) 12–15mm

Figure 1: Five diameter ranges of crushed sandstone particles.

S1

S2

S3S4

S5

S7
S8

S9

S10 S12
S13

S11

S15

F

D

E

D

BC

A

MTS 815.02 Seepage apparatus

(1)
(2)
(3)
(2)
(4)
(5)
(6)
(7)
(5)
(8)

S14

S6

B

Figure 2: Testing system. Note: A: pressure sensor, B: relief valve, C: drainage, D: regulator, E: pressure difference sensor, F: load controller,
S1 to S15 are switches, (1) loading indenter, (2) O-shape rubber seal rings, (3) piston, (4) felt filtration pad, (5) porous plate, (6) cylindrical
tube, (7) rock specimen, and (8) base plate.
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Table 1: The details of the mass amount of the sandstone particles in each diameter range.

Specimen number Talbot exponent (𝑛) Mass in each diameter range (g)
2.5–5mm 5–8mm 8–10mm 10–12mm 12–15mm

(1) 0.2 517.5 394.1 200.4 170.6 217.4
(2) 0.4 457.5 390.8 212.9 188.6 250.2
(3) 0.6 400.8 383.7 223.7 206.4 285.4
(4) 0.8 348.2 373.3 232.8 223.6 322.1

Calculate initial height

Start

Apply axial pressure

Reach required pressure?

Record axial displacement

End

Yes

No

Start seepage test

Apply water flow

Maintain pore water pressure

Close seepage test?

Ch
an

ge
 p

or
e w

at
er

pr
es

su
re

Maintain axial displacement

No

Yes

Carry out specimen

Test mass percent in each
diameter range

Place a new specimen into
cylindrical tube

Figure 3: Testing procedure.

where𝑑 is the feature scale of the rock particles,𝑁 is the num-
ber of rock particles larger than 𝑑, 𝐶 is the proportionality
coefficient, and𝐷 is the fractal dimension of the particle size
distribution.

However, the applicability of (2) for particle size distribu-
tion analysis is limited because the accurate calculations of
𝑁 values are typically unavailable from conventional particle
size distribution experimental data. In order to compensate
for the lack of𝑁 values, Tyler and Wheatcraft [30] estimated

the fractal dimension of the particle size distribution based
on the following expression:

𝑀𝑑 (𝑥 < 𝑑)
𝑀𝑇 = ( 𝑑𝑑𝑀)

3-𝐷
, (3)

where 𝑀𝑑 is the mass of the sandstone particles smaller
than 𝑑,𝑀𝑇 is the total mass of the specimen, and 𝑑𝑀 is the
maximum diameter of the sandstone particles.

From (3), it is found that the relationship between
lg(𝑀𝑑/𝑀𝑇) and lg(𝑑/𝑑𝑀) is linear, and the slope is 3-𝐷.
As previously suggested, if the particle size distribution of
the saturated crushed sandstone in the compression test can
satisfy the fractal condition, we can fit the straight line of
lg(𝑀𝑑/𝑀𝑇) − lg(𝑑/𝑑𝑀) to obtain the fractal dimension of the
particle size distribution.

3.2. Permeability Calculation. TheForchheimer equation [31]
can be used to describe the relationship between the water
pressure gradient and the flow velocity in crushed rocks [1, 3].
For a one-dimensional non-Darcy flow, the relationship can
be expressed as

−𝜕𝑝
𝜕𝑧 = 𝜇0𝑘

−1V + 𝜌𝑙𝛽V2, (4)

where 𝜕𝑝/𝜕𝑧 is the pore water pressure gradient, 𝑝 is the pore
water pressure, 𝑧 is the vertical axis going through the center
of the specimen, 𝜇0 is the kinetic viscosity of the water, 𝑘 is
the permeability, V is the water flow velocity, 𝜌𝑙 is the water
density, and 𝛽 is the non-Darcy coefficient.

As shown in Figure 2, the upstream end of the specimen is
connected to the pressure intensifier tank in the MTS 815.02
system. Such a connection could apply the required pore
water pressure 𝑝1. The downstream end of the specimen is
connected to the atmosphere; thus the pore water pressure 𝑝2
is equal to zero.

If all parameters on the right side of (4) do not change
with 𝑧, then the pore water pressure gradient 𝜕𝑝/𝜕𝑧 is a
constant, which can be calculated using

𝜕𝑝
𝜕𝑧 =
(𝑝2 − 𝑝1)
𝐻 = −𝑝1𝐻 , (5)

where 𝐻 is the specimen height. Therefore, (4) can be
expressed as

𝑝1
𝐻 = 𝜇0𝑘

−1V + 𝜌𝑙𝛽V2. (6)
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Figure 4: The formed process of isolated pores in the specimen under the increased axial stresses.

In the above described test, we could obtain the steady
water flowvelocity corresponding to each required porewater
pressure. Based on (6), the permeability of the saturated
crushed sandstone could be obtained by fitting the 𝑝1 − V
curves.

4. Results and Discussion

4.1. Micromechanism for Pore Structure Evolution. Figure 4
shows the X-ray CT images of the specimens with 𝑛 = 0.8
under different axial stresses. At the initial state (0MPa), as
shown in Figure 4(a), the sample was very loose due to a few
contact points between the particles and the large pore size.
The particles accumulated together in a disordered way and
made contact with each other in the modes of point-to-point
and point-to-surface. In addition, the pore connectivity was
quite good, and there were few isolated pores. After loading
was applied, many secondary particles appeared, indicating
the occurrence of particle crushing. Particles were moved
and rearranged, and the mode of contact was gradually
transformed to surface-to-surface contact, which is relatively
stable. In particular, when the axial stress was increased,
the number and size of pores decreased greatly, and the

connectivity between pores became poor. Under the higher
axial stress, as shown in Figure 4(f), most of the pores
were compressed or filled with small particles. The residual
pores were isolated, and the pore shape evolved from an
unstable polygon into a stable triangle. Moreover, during the
compression, larger pores were mainly distributed around
larger particles, indicating that larger particles aremore likely
to cause larger capillary tubes for water flow.

4.2. Fractal Dimension of Particle Size Distribution. Based
on the mass percent of the rock particles in each diameter
range under variable axial stresses, we can calculate the cor-
responding fractal dimension of the particle size distribution.
Saturated crushed sandstone specimens of 𝑛 = 0.8 will be
described as an example to show how the fractal dimension
was calculated. First, we obtained the mass percent of the
rock particles in each diameter range under different axial
stresses, as shown inTable 2.Next, fromTable 2, we calculated
the values of lg(𝑀𝑑/𝑀𝑇) and lg(𝑑/𝑑𝑀). Finally, according
to (3), we fit the straight lines of lg(𝑀𝑑/𝑀𝑇) − lg(𝑑/𝑑𝑀)
and calculate the fractal dimension, as shown in Figure 5. In
Figure 5, it can be seen that the particle size distribution of
the saturated crushed sandstone satisfies the fractal condition
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Table 2: The mass percent of the rock particles in each diameter range of the saturated crushed sandstone with 𝑛 = 0.8 under variable axial
stresses.

Axial stress (MPa) Mass percent in each diameter range (%)
0–2.5mm 2.5–5mm 5–8mm 8–10mm 10–12mm 12–15mm

0 0 23.21 24.89 15.52 14.91 21.47
2 15.94 16.34 25.35 12.67 14.03 15.67
4 21.23 15.03 28.40 13.20 10.70 11.44
8 27.88 13.45 26.71 10.63 11.68 9.65
12 30.87 15.25 23.29 11.17 10.62 8.81
16 33.71 12.44 26.37 10.09 9.65 7.75

Table 3: Fractal dimension of the particle size distribution under variable axial stresses.

Specimen number Talbot exponent (𝑛) Fractal dimension (𝐷) under variable axial stresses
0MPa 2MPa 4MPa 8MPa 12MPa 16MPa

(1) 0.2 2.098 2.242 2.339 2.403 2.458 2.491
(2) 0.4 1.985 2.177 2.289 2.363 2.442 2.459
(3) 0.6 1.863 2.081 2.243 2.328 2.375 2.406
(4) 0.8 1.733 1.993 2.146 2.280 2.345 2.384
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Figure 5: Fitting process curves of the fractal dimension with 𝑛 =
0.8.

well, and all of the correlation coefficients are in the range of
0.9777 to 0.9940. Moreover, the fractal dimension increases
monotonically with an increase in the mass percent of small
particles, and there is a one-to-one correspondence between
a fractal dimension value and the particle size distribution.
Thus, it can be concluded that the fractal dimension of the
particle size distribution is an effective parameter to describe
the particle crushing state of the saturated crushed sandstone.

Table 3 shows the calculated fractal dimension, and
Figure 6 shows the fractal dimension-axial stress curves.
In Figure 6, it can be seen that the fractal dimension that
ranges from 1.733 to 2.491 increases with an increase in the
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Figure 6: The increase process of the fractal dimension with the
axial stress.

axial stress. The increase process consists of two stages that
are a rapid increase (0–4MPa) stage and a slow increase
(4–16MPa) stage. During the rapid increase stage, the fractal
dimension of the particle size distribution increases rapidly
by over 60% of the total increase (0–16MPa). This is mainly
due to the fact that there are a large number of large particles
during the early stage of the compaction. There exist many
flaws, harp corners, and the unstable contact modes between
particles (including point-to-point and point-to-surface),
which result in the concentration of stress. As a result, a
large amount of particle crushing occurs (see Figure 4) and
the fractal dimension increases rapidly. In comparison, the
number of large particles decreases during the later stage.
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Table 4: Porosity under variable axial stresses.

Specimen number Talbot exponent (𝑛) Porosity (𝜑) under variable axial stresses
0MPa 2MPa 4MPa 8MPa 12MPa 16MPa

(1) 0.2 0.415 0.309 0.247 0.195 0.167 0.152
(2) 0.4 0.422 0.317 0.254 0.201 0.173 0.155
(3) 0.6 0.432 0.326 0.262 0.206 0.179 0.158
(4) 0.8 0.449 0.346 0.284 0.217 0.188 0.164

Table 5: The values of those measured parameters to calculate porosity.

Specimen
number 𝑚 (g) 𝜌𝑠 (kg/m3) 𝑄 (mm2) 𝑛 Specimen height (h) under variable axial stresses (mm)

0MPa 2MPa 4MPa 8MPa 12MPa 16MPa
(1) 1541 2518 7850 0.2 133.3 112.9 103.5 96.8 93.6 91.9
(2) 1541 2518 7850 0.4 134.9 114.1 104.5 97.6 94.2 92.2
(3) 1541 2518 7850 0.6 137.3 115.7 105.6 98.2 95.0 92.6
(4) 1541 2518 7850 0.8 141.6 119.2 108.9 99.5 96.0 93.2

The particle shapes are relatively regular, and the contacts
between particles are relatively stable.Therefore, only a slight
amount of particle crushing occurs and the fractal dimension
increases slowly.

4.3. Porosity. Theporosity of the saturated crushed sandstone
is a measurement of the fraction of void spaces in the
specimen, which can be expressed as

𝜑 = 1 − 𝑚𝜌𝑠𝑄ℎ, (7)

where 𝜑,𝑚, 𝜌𝑠, ℎ, and 𝑄 are the porosity, mass, mass density,
the height of the specimen during compaction, and the cross-
sectional area of the cylindrical tube, respectively.

Table 4 shows the calculated porosity, and the values of
thosemeasured parameters to calculate the porosity are listed
in Table 5. Figure 7 shows the porosity-fractal dimension
curves. In Figure 7, it can be seen that the porosity decreases
with an increase in the fractal dimension of the particle size
distribution.That is mainly due to the fact that a larger fractal
dimension corresponds to a larger mass percent of small
particles. This will accelerate particle rearrangement and fill
in the pores between large particles (see Figure 4), resulting
in a decrease in the porosity. Moreover, the relation between
the porosity and the fractal dimension can be described by a
linear function:

𝜑 = 𝑎1𝐷 + 𝑏1, (8)

where 𝜑 is the porosity, 𝐷 is the fractal dimension of the
particle size distribution, and 𝑎1 and 𝑏1 are the regression
coefficients.

4.4. Permeability. Table 6 shows the calculated permeability,
and the values of parameters used to calculate the permeabil-
ity are listed in Table 7. Figure 8 shows the permeability-axial
stress curves. In Figure 8, it can be seen that the permeability
that ranges from 3.48 × 10−14 to 67.16 × 10−14m2 decreases
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Figure 7: The linear decline curves between the porosity and the
fractal dimension.

with an increase in the axial stress. The decrease process can
be divided into two stages which correspond to the two stages
of the fractal dimension of the particle size distribution. In
the initial state, as presented in the X-ray CT results (see
Figure 4), the pore size is large and the pore connectivity
is quite good. As a result, the permeability is large. In the
rapid increase stage of the fractal dimension (0–4MPa),
a large amount of small particles occurs and fills in the
pores between large particles. Many pores are compressed
greatly and closed, and the pore connectivity becomes poor.
Therefore, the permeability decreases sharply by about 85%
of the total decrease (0–16MPa). In the slow increase stage
(4–16MPa), a slight amount of particle crushing occurs due
to the good contacts between the particles. The pore size and
pore connectivity change slightly, and thus the permeability
decreases slowly. In addition, the pore structure becomes
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Table 6: Permeability under variable axial stresses.

Specimen number Talbot exponent (𝑛) Permeability (𝑘) under variable axial stresses (10−14m2)
0MPa 2MPa 4MPa 8MPa 12MPa 16MPa

(1) 0.2 56.67 21.16 8.29 5.50 3.48 4.14
(2) 0.4 59.72 23.96 10.37 4.89 5.73 4.77
(3) 0.6 63.40 27.08 12.83 7.52 7.55 6.35
(4) 0.8 67.16 30.15 15.67 8.75 9.09 6.14
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Figure 8: The decrease process of the permeability with the axial
stress.

random and uncertain due to the particle crushing and
particle rearrangement. As a result, the permeability shows
some local fluctuation.

The permeability is influenced by the initial gradation.
Under the same axial stress, a larger Talbot power exponent
corresponds to a larger permeability. This is mainly because
a larger Talbot power exponent corresponds to a greater
mass percent of large particles. It is more likely to cause
large capillary tubes for water flow, thus resulting in a larger
permeability.

Figure 9 shows the permeability-fractal dimension
curves. In Figure 9, it can be seen that the permeability
decreases with an increase in the fractal dimension of the
particle size distribution, and the relation between them can
be described by an exponential function

𝑘 = 𝑎2𝑒𝑏2𝐷 + 𝑐2, (9)

where 𝑘 is the permeability,𝐷 is the fractal dimension of the
particle size distribution, and 𝑎2, 𝑏2, and 𝑐2 are the regression
coefficients.

In this study, the saturated crushed sandstone is taken
as a research object. The results reveal the change rules
of the pore structure, particle size distribution, porosity,
and permeability with the increase of axial loading from
0MPa to 16MPa. Both the X-rayComputed Tomography and
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experiment results show that 4MPa is a key axial stress value
in affecting pore structure, particle size distribution, porosity,
and permeability of the saturated crushed sandstone under
compression. Actually, many factors such as rock properties,
rock moisture content, and inner defects of rock may greatly
influence the magnitude of the key axial stress. In future, a
further study of the particle size distribution andpermeability
evolution for the rocks under different rock properties and
other factors is necessary to be performed.

It is found that the fractal dimension of the particle size
distribution is an effective method for describing the particle
crushing state of saturated crushed sandstone under com-
pression. However, the validity of the relationship between
fractal dimension and porosity and permeability needs to
be proved by theoretical analysis. Moreover, we cannot
obtain a quantitative relationship between the pore structure
evolution rule and the fractal dimension of the particle size
distribution, which needs to be further studied.

5. Conclusions

(1) X-ray CT results reveal that when the axial stress
increases from0MPa to 4MPa, a large amount of par-
ticle crushing occurs. The pore structure (including
the contact mode between rock particles, the number
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Table 7: The values of parameters used to calculate the permeability.

(a) n = 0.2

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

0

5 4.43

56.6710 5.59
15 7.42
20 12.31

2

5 1.42

21.1610 1.91
15 2.91
20 4.21

4

5 0.57

8.2910 0.79
15 1.03
20 1.60

8

5 0.39

5.5010 0.47
15 0.66
20 0.99

12

5 0.27

3.4810 0.35
15 0.47
20 0.78

16

5 0.26

4.1410 0.39
15 0.51
20 0.76

(b) n = 0.4

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

0

5 4.57

59.7210 5.24
15 7.29
20 11.40

2

5 1.52

23.9610 2.19
15 2.87
20 4.26

4

5 0.72

10.3710 0.88
15 1.64
20 2.24

8

5 0.32

4.8910 0.41
15 0.63
20 0.88
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(b) Continued.

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

12

5 0.36

5.7310 0.49
15 0.73
20 1.02

16

5 0.32

4.7710 0.43
15 0.59
20 0.88

(c) n = 0.6

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

0

5 4.45

63.4010 5.77
15 8.12
20 12.28

2

5 1.86

27.0810 2.77
15 3.39
20 5.46

4

5 0.96

12.8310 1.11
15 1.56
20 2.40

8

5 0.52

7.5210 0.72
15 0.91
20 1.43

12

5 0.50

7.5510 0.68
15 0.99
20 1.44

16

5 0.43

6.3510 0.48
15 0.65
20 0.96

(d) n = 0.8

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

0

5 3.99

67.1610 5.85
15 8.40
20 11.68

2

5 2.32

30.1510 2.82
15 4.01
20 6.37
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(d) Continued.

Axial stress
(MPa)

Pore water pressure gradient
(MPa/m)

Water flow velocity
(10−3m/s)

Permeability
(10−14m2)

4

5 1.15

15.6710 1.39
15 1.93
20 2.97

8

5 0.57

8.7510 0.81
15 1.12
20 1.66

12

5 0.62

9.0910 0.81
15 1.15
20 1.70

16

5 0.39

6.1410 0.54
15 0.71
20 1.05

and size of pores, and the connectivity between pores)
changes greatly.

(2) During compression, the particle size distribution
satisfies the fractal condition well, and the fractal
dimension of particle size distribution is an effective
method for describing the particle crushing state of
saturated crushed sandstone. The increased process
consists of two stages that are a rapid increase
(0–4MPa) and a slow increase (4–16MPa). During
the rapid increase stage, the fractal dimension of the
particle size distribution increases rapidly by over
60% of the total increase (0–16MPa).

(3) The porosity decreases with an increase of the fractal
dimension of the particle size distribution, and the
relation between them can be described by a linear
function.

(4) When the axial stress increases from 0MPa to 4MPa,
the permeability decreases sharply by about 85% of
the total decrease. These results indicate that 4MPa
is a key value in controlling the particle size distri-
bution and the permeability of the saturated crushed
sandstone under axial compression.The permeability
is influenced by the initial gradation of the specimens,
and a larger Talbot exponent corresponds to a larger
permeability.
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In deep geological disposal for high-level radioactive waste, the generated gas can potentially affect the sealing ability of bentonite
buffers. There is a competition between water and gas: the former provides sealing by swelling bentonite, and the latter attempts to
desaturate the bentonite buffer.Thus, this study focused on numericallymodelling the coupling effects of water and gas on the water
saturation and sealing efficiency of compacted bentonite-sand samples. Different gas pressures were applied to the top surface of an
upper sample, whereas the water pressure on the bottom side of the lower sample was maintained at 4MPa. The results indicated
that gas pressure did not significantly affect the saturation of the bentonite-sand sample until 2MPa. At 2MPa, the degree of water
saturation of the upper sample was close to 1.0. As the gas pressure increased, this influence was more apparent. When the gas
pressure was 6MPa or higher, it was difficult for the upper sample to become fully saturated. Additionally, the lower sample was
desaturated due to the high gas pressure. This indicated that gas pressure played an important role in the water saturation process
and can affect the sealing efficiency of bentonite-based buffer materials.

1. Introduction

Themanagement of high-level radioactive waste is an impor-
tant issue for countries with nuclear power. Currently, deep
geological disposal methods are used by most countries. In
deep geological disposal systems, barriers include natural
geological barriers and engineered barrier systems (EBSs).
EBSs may comprise various subsystems or components,
such as waste forms, canisters, buffers and backfills, seals,
and plugs. Bentonite or bentonite-based materials (e.g., a
bentonite/sand mixture was used in this study) have been
used by several countries as buffer and backfill materials [1–
7]. Inmost repository concepts, bentonite is only partially sat-
urated. After the repository is closed, groundwater in the host

formation will invade the bentonite barriers. Underground
water seepage will cause bentonite swelling and consequently
disposal pit sealing.

Nevertheless, in the long term, gases may be produced in
the repository by several methods, such as metal corrosion,
water radiolysis, and organic waste microbial degradation,
which produce hydrogen, oxygen, methane, and carbon
dioxide [8–10]. Over time, gas pressure will increase and
build up if generation rates are high and transport is within
the repository. This pressure may be sufficient to affect the
repository structure and properties, particularly those of ben-
tonite/sand mixtures. Water is favourable for the saturation
of bentonite, whereas gas has the opposite effect. Therefore,
the sealing provided by swollen bentonite competes with
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the effects of gas, which attempts to be desaturated and
migrate through the buffer to the surrounding host rock
and potentially the environment and simultaneously remove
radionuclides [11].

In recent decades, researchers have tried to evaluate the
sealing efficiency of engineered barriers. One approach is to
measure the gas permeability of samples under different con-
fining pressures [12–14]. Another approach is to measure the
gas breakthrough pressure of samples under constant confin-
ing pressures [5, 6, 15–18]. Regarding these two approaches,
one of the most important factors is the water saturation
degree, which has a close relationship with the sealing ability
of the samples. However, it is difficult to measure the degree
of saturation of a sample during a traditional triaxial test
because the sample cannot be removed from the triaxial cell
during the test. Therefore, numerical modelling is a good
method to evaluate the degree of saturation. Additionally,
we can obtain the distribution of the degree of saturation in
different potions of the sample.

At the time of writing, a few modelling studies have
been performed to simulate gas/water transport in clayey
materials. Fall et al. [19] utilized a coupled hydromechan-
ical (HM) model to predict and analyse gas migration in
sedimentary rock.This model considered elastic degradation
due to microcracks or damage and mechanical damage-
controlled gas flow. Xu et al. [20] simulated gas migration
in water-saturated argillaceous rock with a two-phase flow
and a mechanics-coupled numerical model (H2M). In this
model, intrinsic permeability and mechanical and hydraulic
conditions were varied during the gas migration process.
Gonzalez-Blanco et al. [21] simulated gas migration in a
Cenozoic clay with a fully coupled hydromechanical model,
which incorporated an embedded fracture permeability
model. Additionally, other researchers performed a series of
numerical modelling assays to determine gas migration in
clayey materials [16, 22–24].

In situ water pressure is approximately 4-5MPa, whereas
gas pressure increases gradually and decreases again when
breakthrough occurs. This indicates that a coupling effect
exists between a constant water pressure and an increasing
gas pressure. However, many researchers overlooked this
phenomenon. Thus, our modelling aimed to reproduce the
competition between water and gas and their coupling effects
on the water saturation of bentonite-based buffers.This study
is a supplementary work in conjunction with our other
FORGE (Fate of Repository Gases) experiments [6]. The
overall project aims to investigate and quantify gas generation
and migration in the underground disposal of radioactive
wastes.

2. Theoretical Model

2.1. Governing Equation. Flow in unsaturated medium is
commonly described by the Richards equation [26–28]:

𝜕𝜃𝜔𝜕𝑡 = 𝑑𝑖𝜏 (𝐾 (∇ℎ + 𝐹𝑚)) , (1)

where 𝐾 is the hydraulic conductivity (Darcy law), ℎ is the
hydraulic pressure, and 𝐹𝑚 is the vector of gravity (the value

is −1 for the vertical direction, and the value is 0 for the
horizontal direction).The effective water saturation 𝑆𝜔 can be
expressed as follows:

𝑆𝜔 = 𝜃𝜔 − 𝜃𝛾𝜃𝑠 − 𝜃𝛾 , (2)

where 𝜃𝜔 is the volume water content, 𝜃𝛾 is the residual water
content, and 𝜃𝑠 is the saturated water content (i.e., 1.0). With
(2), we can rewrite (1) as𝜕𝑆𝜔𝜕𝑡 = 1𝜑𝑑𝑖𝜏 (𝐾𝜔⋅𝑖𝐾𝜔⋅𝑟𝜇𝜔 (∇𝑃𝜔 + 𝜌𝜔𝑔𝐹𝑚)) , (3)

where 𝜑 = 𝜃𝑠 − 𝜃𝛾 is the apparent porosity in water (in this
case, the water content is defined by the ratio of the water
volume to the sample volume),𝐾𝜔⋅𝑖 is the water permeability,𝐾𝜔⋅𝑟 is the relative water permeability, 𝜇𝜔 is the viscosity of
water,𝜌𝜔 is the density ofwater,𝑔 is the acceleration of gravity,
and𝑃𝜔 = 𝜌𝜔ℎ𝑔 is thewater pressure. In the nonsaturated case,𝑃𝜔 = 𝑃𝑔−𝑃𝑐, where𝑃𝑔 is the gas pressure and𝑃𝑐 is the capillary
pressure.

There are three unknown parameters in (3): 𝑆𝜔, 𝐾𝜔⋅𝑟,
and 𝑃𝑐 (𝐾𝜔⋅𝑖 and 𝜑 are constant and directly determined by
laboratory experiments, and 𝜇𝜔 is equal to 1.0 × 10−3 Pa⋅s).
Therefore, (3) requires two additional equations to solve,
which are presented as follows.

2.2. Kelvin-Laplace Equation. The Kelvin-Laplace equation
describes the relationship between capillary pressure 𝑃𝑐 and
relative humidity RH. The relative humidity of the air above
the meniscus in a capillary pore is given by the Kelvin
equation [29], as cited by Galvin [30]:

ln (RH) = − 𝜐𝑚𝑅𝑇 2𝛾 cos 𝜃𝑟 , (4)

where 𝜐𝑚 is the molar volume,𝑅 is the universal gas constant,𝑇 is the temperature, 𝛾 is the surface tension, 𝑟 is the radius
of the droplet, and 𝜃 is the contact angle. Indeed, for a
porous medium, this equation is assumed to describe the
relationship between the inside relative humidity and the
maximum radius of the pores, which are filled with water.
With the Young-Laplace equation [31, 32]

𝑃𝑐 = 2𝛾 cos 𝜃𝑟 , (5)

the relationship between the capillary pressure 𝑃𝑐 and the
relative humidity RH is

𝑃𝑐 = −𝑅𝑇𝜐𝑚 ln (RH) . (6)

2.3. Retention and Relative Permeability Models. The rela-
tionship between water saturation 𝑆𝜔 and the capillary
pressure 𝑃𝑐 is defined by the Van Genuchten (VG) model
[33]:

𝑆𝜔 = (1 + (𝑃𝑐𝑃𝑟)
𝑛)−𝑚 , (7)

where𝑚 = 1 − 1/𝑛 and 𝑃𝑟 are two parameters that are related
to the pore size distribution of the porous medium.
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Water saturation gradient

Figure 1: In situ situation [25].

The sorption isotherm, which reflects the relationship
between the water saturation and the relative humidity, can
be determined by the Van Genuchten model and the Young-
Laplace equation. Using laboratory experimental results,
parameters 𝑛 and 𝑃𝑟 can be determined by the least-squares
method.

The relative permeability is given by the Mualem model
[34]:

𝐾𝜔,𝑟 = 𝑆1/2𝜔,𝑗 (∫
𝑆𝜔,𝑗

0
(𝑑𝑆𝜔/𝑃𝑐)

∫1
0
(𝑑𝑆𝜔/𝑃𝑐) )

2

,

𝐾𝑔,𝑟 = (1 − 𝑆1/2𝜔,𝑗)(∫
𝑆𝜔,𝑗

0
(𝑑𝑆𝜔/𝑃𝑐)

∫1
0
(𝑑𝑆𝜔/𝑃𝑐) )

2

.
(8)

Based on the Van Genuchten model, (5) and (6) can be
rewritten as follows:

𝐾𝜔,𝑟 = 𝑆1/2𝜔,𝑗 (1 − (1 − 𝑆1/𝑚𝜔,𝑗 )𝑚)2
𝐾𝜔,𝑔 = (1 − 𝑆𝜔,𝑗)1/2 (1 − (1 − 𝑆1/𝑚𝜔,𝑗 )𝑚)2𝑚.

(9)

For all tests, the temperature was maintained at 20∘C; there-
fore, the temperature effect was neglected in our numerical
simulations. The effect of water gravity was also assumed to
be negligible.

3. Geometric Model and Boundary Conditions

3.1. Modelling Scheme Design. In situ experiments require
several years to several decades. Therefore, laboratory exper-
iments are used to provide useful data for the design and
construction of in situ geological repositories and essential
parameters for numerical modelling. For the in situ model,
as shown in Figure 1, a significant water saturation gradient
is observed between the core and the periphery of the buffer
because of underground water seepage [25]. The partially
saturated core is gradually saturated with water because the

Saturated 
sample

Partially saturated 
sample

Empty tube

(Partially)
saturated sample 

Bentonite-sand swelling
with/without gas Gas breakthrough test

Pg = 0/2/4/6/8 MPa

Pg = 1, 2, 3, . . . MPaP = 4 MPa

Figure 2: Experimental scheme.

saturated peripheral samples are in direct contact with under-
ground water from the surrounding host rock. To reproduce
this phenomenon, an original laboratory experiment and a
numerical model were established.

Figure 2 shows two samples in a triaxial cell: a fully
saturated sample and a partially saturated sample (just after
compaction) placed above the fully saturated sample [6]. In a
first stage, water and gas were simultaneously injected from
the top and bottom sides. The upper sample was supplied
with water by the lower sample to realistically simulate an in
situ case. In a second stage, the lower sample was removed
and replaced by an empty tube. Gas was injected from the
bottom side, and the gas pressure was increased from 1MPa
with a step of 1MPa until a continuous flow was detected.
First, when a discontinuous gas flow was detected at the
downstream side, the corresponding upstream gas injection
pressure was defined as a discontinuous gas breakthrough
pressure. Then, the gas pressure was continuously increased.
When a continuous gas flow was detected, the corresponding
upstream gas injection pressure was defined as the con-
tinuous gas breakthrough pressure. More details regarding
the definition of discontinuous/continuous gas breakthrough
pressures can be found in Liu et al. [5, 6].

Numerical modelling was performed using essential
parameters and proper boundary conditions measured dur-
ing the experimental tests. In this study, we only simulated
the first stage of the experiment (see Table 1).

3.2. Model Setup. Simulations were performed with the
finite element software “Code Aster” (Code of Structural
Analysis and Thermomechanics For Studies and Research,
EDF, France). This code is a general code for thermo-
mechanical calculations and includes a series of analytical
methods and nonlinear multiphysical modelling. The finite
element method (FEM) was implemented for discretization.
The “THM” module of “Code Aster” was used to treat
the continuum mechanics equations using the theory of
unsaturated porous media and assuming completely coupled
mechanical, thermal, and hydraulic phenomena. In our study,
the “AXIS HH2D” model was selected from the “THM”
module. “AXIS” indicates axisymmetry, “HH2” indicates
hydraulic modelling with two unknown pressures and two
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Table 1: Numerical modelling and laboratory experiment schemes.

Category Number
Boundary condition

(water/gas injection test)
Boundary condition

(gas breakthrough test)𝑃𝑔 (MPa) 𝑃𝜔 (MPa) MPa

Numerical modelling

S-1 0 4 N/A
S-2 2 4 N/A
S-3 4 4 N/A
S-4 6 4 N/A
S-5 8 4 N/A

Laboratory experiment

E-1 0 4
Gas pressure is injected from the
bottom side with 𝑃𝑔 = 1, 2, 3, 4, 5,. . . until continuous gas flow was

detected at the other side.

E-2 2 4
E-3 4 4
E-4 6 4
E-5 8 4

Note. 𝑃𝑔 is gas pressure, and 𝑃𝜔 is water pressure.

Axisymmetric

Top boundary

50mm50mm

Lateral boundary

42.5 mm
21.25 mm

Bottom boundary

X

Y
Z 0

0

0.0071 0.014 0.021

0.013

0.025

0.038

0.05

Figure 3: Geometric model and finite element mesh.

components, and “D” indicates that the points of integration
are taken at the tops of the elements. This treatment enables
one to diagonalize datamatrices to avoid hydraulic oscillation
problems.

The boundary and initial conditions of the tests enabled
an axisymmetric analysis (see Figure 3). The mesh consisted
of quadratic and quadrangular elements (QUAD8). As shown
in Figure 3, a two-dimensional 50mm (height) × 21.5mm
(radius) axisymmetric finite element model was established
which was identical to the sample size in the laboratory
experiment. There were 1387 nodes and 451 elements in the
model. Monitoring points along the axial and radial direc-
tions were selected to record the evolution of the saturation
degree versus time (see Figure 4).

3.3. Initial Condition. The “AXIS HH2D” model cannot
directly define the initial saturation by 𝑆𝜔. Therefore, we used
the capillary pressure to express the initial water saturation.
For the lower sample, a water saturation 𝑆𝜔 = 1.0 corre-
sponded to a capillary pressure 𝑃𝑐 = 0. Theoretically, the
capillary pressure must be infinite to define a saturation level
of 0, which is impossible in numerical simulations.Therefore,
a large capillary pressure was applied to ensure that 𝑆𝜔 ≤ 0.01.
For the upper sample, the bentonite-sand mixture received
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0
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B_5
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A_3

A_4
A_5

C_1

C_3

C_5

Figure 4: Layout of the monitoring points.

an atmosphere at a controlled relative humidity (RH = 85%)
before compacting. Thus, the relevant capillary pressure 𝑃𝑐
was 2.21 × 107 Pa (see Figure 5).

The values of the main parameters used for the numerical
modelling are shown in Table 2. The parameters 𝑆𝑟, 𝑆max,𝑅, 𝜌𝜔, 𝑇, and 𝜐𝑚 were kept constant in all simulations. 𝐾𝜔
and 𝜑 were measured by the laboratory experiments. To
obtain the parameters 𝑃𝑟 and 𝑛, a series of water retention
tests was performed to obtain the relationship between water
saturation 𝑆𝜔 and relative humidity RH (Figure 6). Then, the
least-squares method was used to calculate 𝑃𝑟 and 𝑛.
3.4. Boundary Conditions. For the axisymmetric model,
there are three types of boundary conditions: a bottom
boundary, a top boundary, and a lateral boundary (Figure 3).
Mechanical boundary conditions require zero displacement



Geofluids 5

Saturation

Fully saturated

Just after
compaction

X

Y

U0_VARI_ELNO_V3 (10/160)
0.5 10

Figure 5: Initial state of the bentonite-sand sample.

Table 2: Material properties for numerical modelling.

Parameter Symbol Unit Value
Residual saturation 𝑆𝑟 — 0
Maximum saturation 𝑆max — 0.999999
Perfect gas constant 𝑅 — 8.3144
Water density 𝜌𝜔 kg/m3 1000
Water permeability 𝐾𝜔 m2 6.0 × 10−21
Porosity 𝜑 — 0.363
Van Genuchten’s parameters 𝑛 — 1.25
Van Genuchten’s parameters 𝑚 = 1 − 1/𝑛 — 0.2
Van Genuchten’s parameters 𝑃𝑟 MPa 2.54𝐸 + 06
Perfect gas constant 𝑅 — 8.3144
Temperature 𝑇 K 295
Molar volume 𝜐𝑚 mol/L 1.80𝐸 − 05
in the vertical direction at the bottom and the top of the
sample and zero radial displacement on the lateral side of
the sample. The flow boundary conditions contained water
and gas flows. Specifically, the bottom boundary was defined
to be in direct contact with water (𝑃𝜔 = 4MPa), the top
boundary in direct contact with gas (𝑃𝑔 = 0, and 8MPa), and
the lateral boundary in contact with water and gas (Figure 2).
The distributions of gas pressure and water pressure along
the height direction were linear (after the hydraulic cut-
off), which has been shown by laboratory experiments [6].
For simplicity, the gas and water pressures should decrease
systematically along the height direction (Figure 7).

4. Results and Discussion

4.1. Water Saturation of the Bentonite-Sand Sample without
Gas: 𝑃𝜔 = 4MPa; 𝑃𝑔 = 0MPa. The overall evolution of
the water saturation degree of the sample is presented in
Figure 8(a) as a function of time. A fully water-saturated state
was clearly obtained on the 29th day, which was consistent
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Figure 6: Determination of the VG model parameters in the water
retention test.
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Figure 7: Gas and liquid boundary conditions.

with the experimental results (see Figure 8(b)); that is, the
swelling pressure of the upper bentonite-sand sample became
stable after the 28th day. In the laboratory experiment, we
were unable to judge the evolution of the water saturation
degree because the sample could not be removed during the
experiment. Therefore, the evolution of the swelling pressure
was the only indicator to determine the water saturation
degree before the gas breakthrough test.

As shown in Figure 8(a), water invasion gradually
occurred from the periphery to the centre of the sample. In
the experiment, as soon as a water pressure of 4MPa was
applied to the lower sample, thewater flowpermeated into the
upper sample from the top surface of the lower sample and the
lateral (right side) and top surfaces of the upper sample. This
was due to an initial clearance between the sample and the
tube inner surface (Figure 9). In the numerical simulation,
this phenomenon was realized by applying water pressure
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Figure 8: (a) Evolution of the water saturation degree of the bentonite-sand sample with time on the 1st, 10th, 20th, and 29th days (S-1); (b)
evolution of the swelling pressure with time: experimental results [6].
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Figure 9: Schematic diagram of the water permeation.
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Figure 10: Evolution of the water saturation degree of the monitoring points as a function of time: (a) radial direction; (b) axial direction.

around the boundaries (see Figure 7).Therefore, a significant
water saturation gradient was present among the lateral and
top surfaces and core. This phenomenon was also observed
by the FBEX in situ test [25]. A significant water saturation
gradient was observed due to water invasion from the host
rock; the water content increased from the axis of the gallery
towards the gallery wall (see Figure 1).

Figures 10(a) and 10(b) show the evolution of the water
saturation degree ofmonitoring points at different parts of the
sample: from the external surface to the centre of the sample.
Thewater saturation profile changed with time because of the
redistribution of moisture. The increasing speed of the water
saturation degreewas clearly dependent on the distance to the
water source, that is, the top surface of the lower sample and
the top and lateral surfaces of the upper sample. As shown in
Figures 10(a) and 10(b), 17 days were required for moisture to
arrive at pointA3,whereas 4 days and 9dayswere required for

water to reach point A2 and point B3, respectively. However,
all monitoring points were completely water-saturated after
29 days, which was close to the stabilization time of the
swelling pressure of the bentonite sample (see Figure 8(b)).

4.2. Water Saturation of the Bentonite-Sand Sample with 𝑃𝜔 =4MPa and𝑃𝑔 = 2MPa. Figure 11 shows the overall evolution
of the water saturation degree of the sample versus time at𝑃𝑔 = 2MPa and 𝑃𝜔 = 4MPa. No significant differences were
observed with or without 2MPa of gas. However, more time
was required for the upper sample to become fully water-
saturated, that is, 29 days versus 78 days. The top and upper
right surfaces of the sample were not fully but close to fully
water-saturated (Figures 11 and 12, point A1) because of the
low applied gas pressure. This result was also likely due to
coupling effects between the water and gas pressures. In this
case, water pressure played a predominant role in the water
saturation process.



8 Geofluids

1st day 10th day

20th day 78th day

U0_VARI_ELNO_V3 (70/170)

U0_VARI_ELNO_V3 (140/170) U0_VARI_ELNO_V3 (163/170)

U0_VARI_ELNO_V3 (120/170)

0.5 1

0.5 1 0.5 1

0.5 10 0

00

Figure 11: Evolution of the water saturation degree of the bentonite-sand sample with time on the 1st, 10th, 20th, and 78th days (S-2).
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Figure 12: Evolution of thewater saturation degree of themonitoring points as a function of time in (a) radial direction and (b) axial direction.
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Figure 13: Evolution of the water saturation degree of the bentonite-sand sample with time on the 150th day: S-3, S-4, and S-5.

Figures 12(a) and 12(b) show the saturation kinetics of
the monitoring points as a function of time. The trends
found in series S-1 were confirmed. The water saturation
speeds near the water source were higher than those at other
sample positions. Additionally, the water saturation gradient
appeared in both the axial and radial directions. Because
of the applied gas pressure, the water saturation degrees
of monitoring points A 1 and C 3 in the external surface
were not at full saturation but were close to 1.0 (0.945). This
indicated that 2MPa gas pressure had a limited effect on the
water saturation of the upper sample. We can conclude that
2MPa gas pressure delayed thewater saturation process of the
upper sample.

4.3. Water Saturation of the Bentonite-Sand Sample with𝑃𝜔 = 4MPa and 𝑃𝑔 = 4, 6, 8MPa. The simulation results
for the bentonite-sand sample under 4MPa, 6MPa, and
8MPa gas pressure and 4MPa water pressure are shown in
Figure 13. Compared with previous results, the results were
notably different when a high gas pressure was applied. First,
the upper bentonite-sand sample was only partially water-
saturated even after 150 days; second, water did not permeate
into the core of the upper sample because of the high-applied
gas pressure; finally, more time was required for water to
enter the pore network of the sample. Similar phenomena
were found in the laboratory experiments: the top surface of
the upper sample was only partially water-saturated at the
end of the first stage (𝑃𝑔 = 6MPa and 𝑃𝜔 = 4MPa, see
Figure 14(a)). Additionally, more time was required for the
swelling pressure of the upper sample to become stabilized
(Figure 14(b)). Similarly, gas breakthrough tests showed that
gas could pass through the sample at low gas pressure when
comparedwith the case when onlywater pressurewas applied
during the swelling test (E-1; see Figure 14(c)). Thus, the
bentonite-sand sample lost its sealing ability to gas at this
stage due to partial water saturation. Thus, the sealing ability
of the bentonite-sand sample was very sensitive to the water
saturation degree, which had a close relationship with the
water and gas around the sample.

In fact, when gas and water were simultaneously applied,
a coupling effect was observed. This coupling effect had an
apparent effect on the water saturation of the bentonite-
sand sample, particularly when the gas pressure was equal
to or higher than 4MPa. For series S-4 and S-5, the lower

sample was slightly desaturated when the gas pressure was
at least 6MPa. As a result, a competitive effect was observed
between water pressure and gas pressure: the water saturated
the sample, whereas the gas had an opposite effect. The water
saturation degree of the lower sample gradually decreased
with time, which implied that the higher gas pressure had a
stronger effect than the water permeation.

More results can be found at the monitoring points
(Figures 15(a) and 15(b)). First, the water saturation degrees
of themonitoring points (A 2 andA 4) continued increasing
even after 150 days. The water saturation developed more
rapidly near the top surface of the lower sample, that is, A 2
versus A 4. Figure 13 shows that it was difficult for water to
permeate into the centre of the sample, as shownby the profile
of curve A 3 (Figures 14(a) and 14(b)). The water saturation
degree of A 3 was stable at 0.5, which implied that the sample
core was not disturbed by either gas or water. However, this
was not the case for the periphery area. For example, thewater
saturation degrees of themonitoring point C3were 0.85 (S-3),
0.78 (S-4), and 0.74 (S-5). This indicated that the influences
of gas and water on the water saturation of the bentonite-
sand buffer were largely dependent on the position and the
distance to the gas/water source.

4.4. Effect of Gas Pressure on the Water Saturation of the
Bentonite-Sand Sample. Regarding the effect of the gas pres-
sure on thewater saturation degree of the sample, we analysed
points A1 and A3; S-1 (𝑃𝑔 = 0 and 𝑃𝜔 = 4MPa) was used
as a reference. We calculated the differences of the water
saturation degrees between S-2, S-3, S-4, and S-5 (𝑃𝑔 = 2, 4, 6,
and 8MPa) and the reference S-1. As shown in Figure 16(a),
gas pressure had a limited effect on the water saturation at
2MPa or lower. As the gas pressure increased, the effect of
gas pressure became increasingly apparent. At 𝑃𝑔 = 8MPa,
the water saturation degree of point A1 was only 0.76, which
indicated that gas pressure had a significant influence on the
water saturation at point A1.

For point A3, gas pressure had no effects on the evolution
of the water saturation degree when the gas pressure was
2MPa or lower. As shown in Figures 10(a) and 10(b), thewater
saturation degree of pointA3was 1.0 for S-1 and S-2.However,
the water saturation degrees of point A3 remained constant
when 4, 6, and 8MPa gas pressures were applied. This point
became fully saturated when 2MPa or no gas was applied.
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Figure 15: Evolution of the monitoring points of the water saturation degree as a function of time: (a) points A 2, A 3, and A 4; (b) points
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Figure 16: (a) The changes in Sr for point A1 with a reference of S-1; (b) the changes in Sr for point A3 with a reference of S-1.

This indicated that high gas pressure prevented water from
transporting into the pores at this point.

Overall, water and gas are two important factors that
affect the water saturation and sealing efficiency of the
artificial barrier of a radioactive waste repository. In the
initial stage, the gas flow rate was notably low, and water
can access the pore network of the buffer material. As a
result, progressive water saturation and sealing were obtained
over time. As the gas pressure increased, the bentonite-
sand buffer progressively desaturated, and the sealing ability
of the bentonite-sand buffer gradually diminished. When
gas release occurred through a part of the bentonite buffer,
the gas pressure decreased. Progressive water saturation and
sealing were again obtained. This process continued, and the
bentonite-sand buffer was saturated and desaturated due to
the competition between the water and gas pressures.

5. Conclusions

Both laboratory and in situ experiments require long dura-
tions and significant funding. Therefore, numerical simula-
tions are essential tools for understanding gas and water flow
processes through partially water-saturated bentonite-sand
buffer. Regarding the two important factors of water and
gas, this study examined their coupling effect, particularly
on the water saturation of bentonite-sand samples. Our
investigation was performed with five cases; that is, the
water saturation of the bentonite-sand sample was tested with
different gas pressures and at a constant water pressure. First,
a significant water saturation gradient was observed between
the core and the surface of the sample during the saturation
process.This gradient disappeared after the entire sample was
fully saturated (only for series S-1). When a gas pressure was
applied, a coupling effect between the water and gas pressures

was observed. Water saturated the sample, whereas gas had
the opposite effect. The predominant role was determined by
the gas or water pressure acting on the pore structure of the
bentonite-sand sample. Even for the same sample, the water
saturation distribution was not uniform because of boundary
condition variations. When the gas pressure was at least
4MPa (during the swelling process), it was difficult for water
to permeate into the pore network of the sample. Hence,
high gas pressures had strong effects on the desaturation
of the bentonite-sand sample. The water saturation degrees
of the upper and lower samples decreased with time when
the gas pressure was at least 6MPa. This phenomenon is
particularly important. In situ, the voids between the canister
and the buffer and between the host rock and the buffer are
potential places for gas accumulation. If the gas pressure is
sufficiently high, both the buffer and host rock near the buffer
are affected. As a result, the sealing efficiency of the entire
barrier is affected and should not be overlooked.
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Water flow and hydromechanical coupling process in fractured rocks is more different from that in general porous media because
of heterogeneous spatial fractures and possible fracture-dominated flow; a saturated-unsaturated hydromechanical couplingmodel
using a discontinuous deformation analysis (DDA) similar to FEM and DEM was employed to analyze water movement in
saturated-unsaturated deformed rocks, in which the Van-Genuchten model differently treated the rock and fractures permeable
properties to describe the constitutive relationships. The calibrating results for the dam foundation indicated the validation and
feasibility of the proposed model and are also in good agreement with the calculations based on DEM still demonstrating its
superiority. And then, the rainfall infiltration in a reservoir rock slope was detailedly investigated to describe the water pressure
on the fault surface and inside the rocks, displacement, and stress distribution under hydromechanical coupling conditions and
uncoupling conditions. It was observed that greater rainfall intensity and longer rainfall time resulted in lower stability of the
rock slope, and larger difference was very obvious between the hydromechanical coupling condition and uncoupling condition,
demonstrating that rainfall intensity, rainfall time, and hydromechanical coupling effect had great influence on the saturated-
unsaturated water flow behavior and mechanical response of the fractured rock slopes.

1. Introduction

Fractured rock masses including numerous discontinuities
with various attitudes and different scales are complicated
geological media that have undergone a long period of
geological evolution. And the corresponding prediction and
description of deformation, stress, and groundwater flow
in the fractured rocks are of interest in many geotechnical
areas such as slope stability [1, 2] and seepage control
for hydraulic projects [3, 4]. However, different from the
general porous media, the permeability of intact rock is
very low compared with that in fractures [5]; water flows
predominantly through a single fracture or fracture networks
[6]; it is more complex to describe the seepage behavior
in such rocks. From the achievements about water flow
in fractured rocks, numerical methods are often used to
model seepage behaviors through fractured rocks, including

the equivalent continuum approaches such as FDM, FEM
[7], and BEM, the dual-continuum approach introduced
by Barenblatt (1960) commonly used in mimicking water
flow and mass transport in fractured porous medium [8, 9],
and discrete fracture network (DFN) [10–13]. However, the
continuum model is to view the fractured rock masses as an
equivalent porousmedium inwhich the heterogeneity of rock
masses is averaged based on the concept of representative
element volume (REV).Thus, it is desirable to evaluate spatial
and random distribution of the fractured rock flow [12],
and then a sound numerical method of intact rock and
fractures should be proposed to model water movements in
the deformed rocks for performance assessments and design
optimization in a lot of rock engineering such as rock slopes
and dam foundation.

And above researches are mainly about rock steady
and nonsteady seepage focusing on water flow in the fully
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saturated mode; the unsaturated flow behavior in such frac-
tured rock masses is very often encountered in geotechnical
problems such as atomized rain or reservoir water level
variation on the dam and foundation, embankment, and
rainfall infiltrating into the rock slope. Whereas few inves-
tigations about saturated-unsaturated hydromechanical cou-
pling model in the fractured rocks have been implemented,
so the unsaturated flow behavior especially reflecting the
hydromechanical coupling effect in fractured rocks cannot
be ignored and should be deeply investigated considering
the rock deformation. A discontinuous deformation analysis
(DDA) [14] may be employed for time discretization and
spatial approximation to solve the rock deformation. And
in the DDA method, the displacements and strains of the
blocks are determined by solving a system of simultaneous
equilibrium equations which are formulated by minimizing
the total potential energy of the block system, similar to the
conventional FEM. In addition, the DDA method allows the
blocks to have various modes of motion, such as sliding,
rotation, and opening, so that large displacements can be
simulated, which is similar to the DEM [15, 16]. Meanwhile,
with continuous contributions to its improvements and appli-
cations, the DDA was well developed in terms of both theory
and computing codes [17–21] to analyze the mechanical
response of the rocks with random fractures or faults. And
then, in order to determine the effective saturation and
relative permeability [22, 23], the Van-Genuchten model was
written in saturated-unsaturated seepage codes differently
treating the rock and fractures permeable properties describ-
ing the constitutive relationships during the unsaturated flow
processes. Thereby, combined with the DDA and seepage
codes of fractured rocks, a saturated-unsaturated hydrome-
chanical coupled model using DDA has been proposed.

For the sake of better applying the proposed coupled
model to the corresponding practical engineering, the valid-
ity of the developed method was verified by the consistency
of numerical results and computing results by the other
method DEM in the analysis of a dam foundation. And also,
a fractured rock slope considering rainfall infiltration as a
case study and the water pressure distribution on the fault
surface and inside the rocks was demonstrated with rainfall
time increasing, and also the displacement, principle stress
distribution, and slope stability were described considering
the hydromechanical coupling and uncoupling process, indi-
cating that rainfall intensity, rainfall time, and hydromechan-
ical coupling effect under unsaturated conditions have great
influence on themovement of seepage flow through fractured
rock slopes and corresponding stability.

2. Unsaturated Hydromechanical Coupling
Model of Fractured Rock Mass Using DDA

In view of the complexity of fractured network and hydraulic
parameters determination, some traditional analysis models
are limited for saturated-unsaturated fluid flow of fractured
rocks. For better describing the hydraulic and mechanical
characteristic of the rock masses, an unsaturated hydrome-
chanical couplingmodel based onDDAwas brought forward
to simulate the water pressure, fracture deformation, and

stress distribution to analyze the seepage field and stress field
variation.

2.1. Unsaturated Flow Model of Fractured Rock Masses. It is
known that the entire area of the fractured rocks can be
divided into saturated domains and unsaturated domains.
The movement of partially saturated flow in an unsaturated
domain appears because of the capillary effect.The governing
equation of unsaturated water flow in porous media can be
written as

− 𝜕𝜕𝑥𝑖 (𝜌V𝑖) + 𝑆 =
𝜕𝜕𝑡 (𝜌𝑛𝑆𝑤) , (1)

where 𝜌 is water density; S is water resource; 𝑛 is porosity; 𝑆𝑤
is saturation, 0 ≤ 𝑆𝑤 ≤ 1.0; 𝜃 is water content, 𝑛𝑆𝑤 = 𝜃; V𝑖 is
Darcy velocity.

According to Darcy’s law,

V𝑖 = −𝑘 (𝜃) 𝜕ℎ𝜕𝑥𝑗 = −𝑘𝑟 (𝜃) 𝑘𝑖𝑗
𝜕ℎ𝜕𝑥𝑗 , (2)

where 𝑘(𝜃) is permeability tensor related to water content 𝜃;ℎ is head; 𝑘𝑖𝑗 is the saturated permeability tensor of fractured
rocks (𝑖, 𝑗 = 1, 2, 3).

Substituting (2) into (1) gives the unsaturated flow expres-
sions in the fractured rocks as follows:

𝜕𝜕𝑥𝑖 (𝑘𝑟 (ℎ𝑐) 𝑘𝑖𝑗
𝜕ℎ𝑐𝜕𝑥𝑗 + 𝑘𝑖3𝑘𝑟 (ℎ𝑐)) + 𝑆

= (𝐶 (ℎ𝑐) + 𝛽𝑆𝑠) 𝜕ℎ𝑐𝜕𝑡 ,
(3)

where 𝑘𝑟 is the relative permeability, 0 ⩽ 𝑘𝑟 < 1 in
unsaturated field, and 𝑘𝑟 = 1 in saturated domains; ℎ𝑐 is
pressure head and ℎ = 𝑧 + ℎ𝑐; 𝐶(ℎ𝑐) is water capacity and𝐶(ℎ𝑐) = 0 in saturated domains; 𝛽 is special parameter, 𝛽 = 0
in unsaturated domains, and 𝛽 = 1 in saturated filed; 𝑆𝑠 is the
storage coefficient, 𝑆𝑠 = 0 for the unsaturated rock, and 𝑆𝑠 is
constant for saturated rocks.

To solve (3) in the saturated-unsaturated flow analysis,
initial and boundary conditions are needed as follows.(1) Initial condition is expressed as

ℎ𝑐 (𝑥𝑖, 𝑡) = ℎ𝑐0 (𝑥𝑖, 𝑡0) . (4)

(2) The boundary conditions generally including the
water head, flux, and seepage-face boundaries are described
by

ℎ𝑐 (𝑥𝑖, 𝑡)Γ1 = ℎ𝑐1 (𝑥𝑖, 𝑡)
− [𝑘𝑟 (ℎ𝑐) 𝑘𝑖𝑗 𝜕ℎ𝑐𝜕𝑥𝑗 + 𝑘𝑖3𝑘𝑟 (ℎ𝑐)] 𝑛𝑖

Γ2 = 𝑞𝑛,
− [𝑘𝑟 (ℎ𝑐) 𝑘𝑖𝑗 𝜕ℎ𝑐𝜕𝑥𝑗 + 𝑘𝑖3𝑘𝑟 (ℎ𝑐)] 𝑛𝑖

Γ3 ≥ 0, ℎ𝑐Γ3 = 0,
− [𝑘𝑟 (ℎ𝑐) 𝑘𝑖𝑗 𝜕ℎ𝑐𝜕𝑥𝑗 + 𝑘𝑖3𝑘𝑟 (ℎ𝑐)] 𝑛𝑖

Γ4 = 𝑞𝜃, ℎ𝑐Γ4 < 0,

(5)
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where 𝑞𝑛 and 𝑞𝜃 are normal flow rate; 𝑛𝑖 is direction cosine of
external normal; 𝑡0 is initial time; Γ1 is head boundary; Γ2 is
flow rate boundary; Γ3 is saturated overflow boundary; Γ4 is
unsaturated overflow boundary.

2.2. The Theory of DDA Method. Discontinuous deforma-
tion analysis (DDA) is a numerical method that can be
used to simulate the discontinuous deformation behavior
of jointed rocks [14]. The method not only can model all
kinds of blocks cut by the fractures, but also deals with
the contact [24] and restraint between all the blocks. And
the method determined by minimizing the total potential
energy [19] of all blocks is similar to FEM and allowing all
the blocks to have various mechanical motions is similar to
DEM.

2.2.1. Displacement Functions of Deformable Blocks. Different
from FEM selecting the node displacements as the degrees
of freedom, DDA selects the rigid body displacements
and the strains of block elements as the basic unknown
variables to solve for solutions. DDA conducts calculations
based upon time steps in which the large displacement
and deformation are the accumulating results of the small
ones obtained from time-stepwise calculations. Suppose that
an arbitrarily shaped polygonal block has uniform stress
and strain, the unknown variables [𝑑𝑖] including paral-
lel movement [𝑢0, V0], rotation [𝛾0], normal strain, and
tangential strain [𝜀𝑥, 𝜀𝑦, 𝛾𝑥𝑦] of the block can be written
as

{𝑢
V
} = [𝑇𝑖] [𝑑𝑖] , (6)

where [𝑇𝑖], [𝑑𝑖] are, respectively, shape matrix and displace-
ment matrix.

2.2.2. Motion Equation of Block System. Suppose𝑁 blocks in
the block system, the potential energy of a block, includes
the elastic strain energy Π𝑒, initial stress potential energyΠ𝜎, point force potential energy Π𝑝, linear force potential
energy Π𝑙, body force potential energy ΠV, inertial energyΠ𝑖, and displacement constraint energy Π𝑓 can be written
as

Π = 𝑁∑
𝑖=1

(Π𝑒 + Π𝜎 + Π𝑝 + Π𝑙 + ΠV + Π𝑖 + Π𝑓) . (7)

According to the principle of minimum potential energy,
derive (7) to obtain the stiffness matrix expression [𝑘𝑖𝑗] and
load matrix [𝑓𝑖] of a single block,

[𝑘𝑖𝑗] = 𝜕2Π𝜕𝑑𝑟𝑖𝜕𝑑𝑟𝑗 ,
[𝑓𝑖] = −𝜕Π (0)𝜕𝑑𝑟𝑖 ,

(8)

where 𝑟 = 1, . . . , 6 and 𝑠 = 1, . . . , 6.

Block

x

y

(x2, y2)

(x1, y1)

(x, y)

{px2, py2}

{px(t), py(t)}

{px1, py1}



o

Figure 1: Water pressure on the block.

Thus, the equations of motion of the blocks can be given
in the matrix form,

[[[[[[[[[
[

𝑘11 𝑘12 𝑘13 ⋅ ⋅ ⋅ 𝑘1𝑁𝑘21 𝑘22 𝑘23 ⋅ ⋅ ⋅ 𝑘2𝑁𝑘31 𝑘32 𝑘33 ⋅ ⋅ ⋅ 𝑘3𝑁... ... ... d
...

𝑘𝑁1 𝑘𝑁2 𝑘𝑁3 ⋅ ⋅ ⋅ 𝑘𝑁𝑁

]]]]]]]]]
]

{{{{{{{{{{{{{{{{{{{

𝑑1𝑑2𝑑3...
𝑑𝑁

}}}}}}}}}}}}}}}}}}}
=
{{{{{{{{{{{{{{{{{{{

𝑓1𝑓2𝑓3...
𝑓𝑁

}}}}}}}}}}}}}}}}}}}
. (9)

2.2.3. Treatment of Water Load. Water flow behavior in the
fractured rocks is significant for building the unsaturated
hydromechanical coupling model; water pressure should
be correctly determined on the blocks. Shown in Figure 1
representing the water pressure on a block, suppose 𝑝1 ={𝑝𝑥1, 𝑝𝑦1} and 𝑝2 = {𝑝𝑥2, 𝑝𝑦2} at points (𝑥1, 𝑦1), (𝑥2, 𝑦2),
respectively, and the water pressure 𝑝𝑡 = {𝑝𝑥(𝑡), 𝑝𝑦(𝑡)} at any
point (𝑥, 𝑦) can be described by (10), where 0 ≤ 𝑡 ≤ 1

{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} = {(𝑝𝑥2 − 𝑝𝑥1) 𝑡 + 𝑝𝑥1(𝑝𝑦2 − 𝑝𝑦1) 𝑡 + 𝑝𝑦1} . (10)

Thus, the energy Π𝑙 of 𝑖th block considering the water
pressure as the linear force can be expressed by

Π𝑙 = −∫1
0
{𝑢 V} {𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡

= − {𝑑𝑖}𝑇∫1
0
[𝑇𝑖 (𝑥, 𝑦)]𝑇{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡.

(11)

Then, derive (11) to get the right load item 𝑓𝑟,
𝑓𝑟 = −𝜕Π𝑙 (0)𝜕𝑑𝑟𝑖
= − 𝜕𝜕𝑑𝑟𝑖 {𝑑𝑖}𝑇∫

1

0
[𝑇𝑖 (𝑥, 𝑦)]𝑇{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡.

(12)
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Assuming the constant constraint element, the load item𝑓𝑟 can be written as

𝑓𝑟 = ∫1
0

[[
[
1 0 − (𝑦 − 𝑦0) (𝑥 − 𝑥0) 0 𝑦 − 𝑦020 1 (𝑥 − 𝑥0) 0 (𝑦 − 𝑦0) 𝑥 − 𝑥02

]]
]
𝑇

{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡

= 𝑙

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑝𝑥1 + 𝑝𝑥22𝑝𝑦1 + 𝑝𝑦22
− (2𝑦2 + 𝑦1 − 3𝑦06 ) (𝑝𝑥2 − 𝑝𝑥1) − (𝑦2 + 𝑦1 − 2𝑦02 ) 𝑝𝑥1 + (2𝑥2 + 𝑥1 − 3𝑥06 ) (𝑝𝑦2 − 𝑝𝑦1) + (𝑥2 + 𝑥1 − 2𝑥02 ) 𝑝𝑦1

(2𝑥2 + 𝑥1 − 3𝑥06 ) (𝑝𝑥2 − 𝑝𝑥1) + (𝑥2 + 𝑥1 − 2𝑥02 ) 𝑝𝑥1
−(2𝑦2 + 𝑦1 − 3𝑦06 ) (𝑝𝑦2 − 𝑝𝑦1) − (𝑦2 + 𝑦1 − 2𝑦02 ) 𝑝𝑦1

(2𝑦2 + 𝑦1 − 3𝑦012 ) (𝑝𝑥2 − 𝑝𝑥1) + (𝑦2 + 𝑦1 − 2𝑦04 ) 𝑝𝑥1 + (2𝑥2 + 𝑥1 − 3𝑥012 ) (𝑝𝑦2 − 𝑝𝑦1) + (𝑥2 + 𝑥1 − 2𝑥04 )𝑝𝑦1

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

.
(13)

To improve the computing precision, the higher-order
nonconstant constraint element is introduced to determine
the load items with the following two ways.

(1) Assuming the regular rectangular element of a block
with four points (𝑥𝑖, 𝑦𝑖), 𝑖 = 1, 2, 3, 4 under global coordi-
nate; two transformationmatrices are written as (14) and (15).
And Substituting (15) into (12) gives the corresponding load
item 𝑓𝑟 as (16)

[[[[[
[

1 𝑥1 𝑦1 𝑥1𝑦11 𝑥2 𝑦2 𝑥2𝑦21 𝑥3 𝑦3 𝑥3𝑦31 𝑥4 𝑦4 𝑥4𝑦4

]]]]]
]

−1

= [[[[[
[

𝑓11 𝑓12 𝑓13 𝑓14𝑓21 𝑓22 𝑓23 𝑓24𝑓31 𝑓32 𝑓33 𝑓34𝑓41 𝑓42 𝑓43 𝑓44

]]]]]
]
, (14)

[fun]8×8 =

[[[[[[[[[[[[[[[[[
[

𝑓11 0 𝑓12 0 𝑓13 0 𝑓14 0
0 𝑓11 0 𝑓12 0 𝑓13 0 𝑓14𝑓21 0 𝑓22 0 𝑓23 0 𝑓24 0
0 𝑓21 0 𝑓22 0 𝑓23 0 𝑓24𝑓31 0 𝑓32 0 𝑓33 0 𝑓34 0
0 𝑓31 0 𝑓32 0 𝑓33 0 𝑓34𝑓41 0 𝑓42 0 𝑓43 0 𝑓44 0
0 𝑓41 0 𝑓42 0 𝑓43 0 𝑓44

]]]]]]]]]]]]]]]]]
]

, (15)

𝑓𝑟 = ∫1
0
[fun]𝑇8×8

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

1 0
0 1
𝑥 0
0 𝑥
𝑦 0
0 𝑦
𝑥𝑦 0
0 𝑥𝑦

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡
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= 𝑙[fun]𝑇8×8

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑝𝑥1 + 𝑝𝑥22
𝑝𝑦1 + 𝑝𝑦22𝑝𝑥2 (𝑥1 + 2𝑥2) + 𝑝𝑥1 (2𝑥1 + 𝑥2)6𝑝𝑦2 (𝑥1 + 2𝑥2) + 𝑝𝑦1 (2𝑥1 + 𝑥2)6𝑝𝑥2 (𝑦1 + 2𝑦2) + 𝑝𝑥1 (2𝑦1 + 𝑦2)6𝑝𝑦2 (𝑦1 + 2𝑦2) + 𝑝𝑦1 (2𝑦1 + 𝑦2)6𝑝𝑥1 (3𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 𝑥2𝑦2) + 𝑝𝑥2 (𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 3𝑥2𝑦2)12𝑝𝑦1 (3𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 𝑥2𝑦2) + 𝑝𝑦2 (𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 3𝑥2𝑦2)12

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}8×1

.

(16)

(2) In general, not all the block elements are regular
so that complex nonregular element is needed to be deeply

developed. The displacement function will be expressed by
isoparametric element function; the load item 𝑓𝑟 can be
written by

𝑓𝑟 = ∫1
0
(𝑤1 (𝑥, 𝑦) 0 𝑤2 (𝑥, 𝑦) 0 𝑤3 (𝑥, 𝑦) 0 𝑤4 (𝑥, 𝑦) 0

0 𝑤1 (𝑥, 𝑦) 0 𝑤2 (𝑥, 𝑦) 0 𝑤3 (𝑥, 𝑦) 0 𝑤4 (𝑥, 𝑦))
𝑇

{𝑝𝑥 (𝑡)𝑝𝑦 (𝑡)} 𝑙 𝑑𝑡, (17)

where 𝑤𝑖(𝑥, 𝑦), 𝑖 = 1, 2, 3, 4 is weight function. Suppose
global coordinate of (𝑥, 𝑦) and local coordinate of (𝜉, 𝜂) and
the relationship of (𝑥, 𝑦) in (𝜉, 𝜂) can be described using the
shape function𝐻𝑖(𝜉, 𝜂), 𝑖 = 1, 2, 3, 4, written as

𝑥 = 4∑
𝑖=1

𝐻𝑖 (𝜉, 𝜂) 𝑥𝑖,
𝑦 = 4∑
𝑖=1

𝐻𝑖 (𝜉, 𝜂) 𝑦𝑖,
(18)

𝐻1 (𝜉, 𝜂) = 14 (1 − 𝜉) (1 − 𝜂) ,
𝐻2 (𝜉, 𝜂) = 14 (1 + 𝜉) (1 − 𝜂) ,

𝐻3 (𝜉, 𝜂) = 14 (1 + 𝜉) (1 + 𝜂) ,
𝐻4 (𝜉, 𝜂) = 14 (1 − 𝜉) (1 + 𝜂) ,

(19)

where 𝑥𝑖, 𝑦𝑖, 𝑖 = 1, 2, 3, 4, are the vertex coordinates of a
block element and {𝑥, 𝑦}𝑇 can be expressed by (20). And
substituting (21) into (19) gives the expressions of weight
function 𝑤𝑖(𝑥, 𝑦), 𝑖 = 1, 2, 3, 4, written as (22) and shape
function [fun]12×8 as (23); the load item 𝑓𝑟 can be expressed
by (24). The expression of the water load on the block system
using DDA can realize the hydromechanical coupling effect
coming from the water flow inside the block and the block
deformation

{𝑥𝑦} = 14 {
𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 −𝑥1 + 𝑥2 + 𝑥3 − 𝑥4 −𝑥1 − 𝑥2 + 𝑥3 + 𝑥4 𝑥1 − 𝑥2 + 𝑥3 − 𝑥4
𝑦1 + 𝑦2 + 𝑦3 + 𝑦4 −𝑦1 + 𝑦2 + 𝑦3 − 𝑦4 −𝑦1 − 𝑦2 + 𝑦3 + 𝑦4 𝑦1 − 𝑦2 + 𝑦3 − 𝑦4}

{{{{{{{{{{{

1
𝜉
𝜂
𝜉𝜂

}}}}}}}}}}}
= [𝐻]

{{{{{{{{{{{

1
𝜉
𝜂
𝜉𝜂

}}}}}}}}}}}
, (20)
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where [𝐻]−1 { 𝑥𝑦 } = [𝐻]−1[𝐻]{ 1𝜉𝜂
𝜉𝜂

} and [𝑁] = [𝐻]−1 =
[[𝐻]𝑇[𝐻]]−1[𝐻]𝑇 = [ 𝐴1 𝐴2𝐵1 𝐵2

𝐶1 𝐶2
𝐷1 𝐷2

]

{{{{{{{{{{{

1
𝜉
𝜂
𝜉𝜂

}}}}}}}}}}}4×1
= [𝑁]4×2 {𝑥𝑦} =

[[[[[
[

𝐴1 𝐴2𝐵1 𝐵2𝐶1 𝐶2𝐷1 𝐷2

]]]]]
]
{𝑥𝑦} , (21)

𝑤1 (𝑥, 𝑦) = 14 (1 − 𝐵1𝑥 − 𝐵2𝑦) (1 − 𝐶1𝑥 − 𝐶2𝑦) ,
𝑤2 (𝑥, 𝑦) = 14 (1 + 𝐵1𝑥 + 𝐵2𝑦) (1 − 𝐶1𝑥 − 𝐶2𝑦) ,
𝑤3 (𝑥, 𝑦) = 14 (1 + 𝐵1𝑥 + 𝐵2𝑦) (1 + 𝐶1𝑥 + 𝐶2𝑦) ,
𝑤4 (𝑥, 𝑦) = 14 (1 − 𝐵1𝑥 − 𝐵2𝑦) (1 − 𝐶1𝑥 − 𝐶2𝑦) ,

(22)

[fun]12×8

=

[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 0 1 0 1 0 1 00 1 0 1 0 1 0 1− (𝐵1 + 𝐶1) 0 𝐵1 − 𝐶1 0 𝐵1 + 𝐶1 0 − (𝐵1 − 𝐶2) 0
0 − (𝐵1 + 𝐶1) 0 𝐵1 − 𝐶1 0 𝐵1 + 𝐶1 0 − (𝐵1 − 𝐶1)− (𝐵2 + 𝐶2) 0 𝐵2 − 𝐶2 0 𝐵2 + 𝐶2 0 − (𝐵2 − 𝐶2) 00 − (𝐵2 + 𝐶2) 0 𝐵2 − 𝐶2 0 𝐵2 + 𝐶2 0 − (𝐵2 − 𝐶2)𝐵1𝐶2 + 𝐵2𝐶1 0 − (𝐵1𝐶2 + 𝐵2𝐶1) 0 𝐵1𝐶2 + 𝐵2𝐶1 0 − (𝐵1𝐶2 + 𝐵2𝐶1) 0
0 𝐵1𝐶2 + 𝐵2𝐶1 0 − (𝐵1𝐶2 + 𝐵2𝐶1) 0 𝐵1𝐶2 + 𝐵2𝐶 0 − (𝐵1𝐶2 + 𝐵2𝐶1)𝐵1𝐶1 0 −𝐵1𝐶 0 𝐵1𝐶1 0 −𝐵1𝐶1 00 𝐵1𝐶1 0 −𝐵1𝐶1 0 𝐵1𝐶1 0 −𝐵1𝐶1𝐵2𝐶2 0 −𝐵2𝐶2 0 𝐵2𝐶2 0 −𝐵2𝐶2 00 𝐵2𝐶2 0 −𝐵2𝐶2 0 𝐵2𝐶2 0 −𝐵2𝐶2

]]]]]]]]]]]]]]]]]]]]]]]]]]
]

, (23)

𝑓𝑟 = 𝑙[fun]𝑇8×12

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑝𝑥1 + 𝑝𝑥22𝑝𝑦1 + 𝑝𝑦22𝑝𝑥2 (𝑥1 + 2𝑥2) + 𝑝𝑥1 (2𝑥1 + 𝑥2)6𝑝𝑦2 (𝑥1 + 2𝑥2) + 𝑝𝑦1 (2𝑥1 + 𝑥2)6𝑝𝑥2 (𝑦1 + 2𝑦2) + 𝑝𝑥1 (2𝑦1 + 𝑦2)6𝑝𝑦2 (𝑦1 + 2𝑦2) + 𝑝𝑦1 (2𝑦1 + 𝑦2)6𝑝𝑥1 (3𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 𝑥2𝑦2) + 𝑝𝑥2 (𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 3𝑥2𝑦2)12𝑝𝑦1 (3𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 𝑥2𝑦2) + 𝑝𝑦2 (𝑥1𝑦1 + 𝑥1𝑦2 + 𝑥2𝑦1 + 3𝑥2𝑦2)12𝑝𝑥1 (3𝑥21 + 2𝑥1𝑥2 + 𝑥22) + 𝑝𝑥2 (𝑥21 + 2𝑥1𝑥2 + 3𝑥22)12𝑝𝑦1 (3𝑥21 + 2𝑥1𝑥2 + 𝑥22) + 𝑝𝑦2 (𝑥21 + 2𝑥1𝑥2 + 3𝑥22)12𝑝𝑥1 (3𝑦21 + 2𝑦1𝑦2 + 𝑦22) + 𝑝𝑥2 (𝑦21 + 2𝑦1𝑦2 + 3𝑦22)12𝑝𝑦1 (3𝑦21 + 2𝑦1𝑦2 + 𝑦22) + 𝑝𝑦2 (𝑦21 + 2𝑦1𝑦2 + 3𝑦22)12

}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}12×1

. (24)
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ℎn − ℎn−1
 ≤ ℎ

un − un−1
 ≤ u

Calculate the stress field at time t, and obtain the normal 
and tangential displacement of the fractures 

Calculate the hydraulic aperture considering fractures deformation, 
and obtain new permeability coefficient according to Cubic Law

Calculate the total deformation of the fractures
considering stress variation

Analyze the unsaturated seepage field, and solve water load

Load the variable water pressure into the DDA model to calculate 
new stress field

End 

Start

No

t is less than the given time T

No

Yes t = t + 1

Figure 2: Flow chart of the unsaturated hydromechanical coupling analysis using DDA.

2.3. Unsaturated Hydromechanical Coupling Model of Frac-
tured Rock Masses Using DDA. The unsaturated coupled
model using DDA has been proposed to solve the water
pressure variation and mechanical response in saturated-
unsaturated rocks. Note that the aperture variation of rock
fractures resulting in obvious water pressure variation and
rock deformation, corresponding real-time coupling process
cannot be ignored.

However, the real fractures are coarse and nonparallel,
Cubic Law cannot be directly applied in this study. For
the sake of getting new permeability tensor at any time,
fractures deformation including normal deformation and
shear deformation [24] should be completely dealt based on
DDA calculation. As mentioned in previous studies about
water flow in the fractured rocks, natural fractures cannot
completely close under high normal stress with enough
mechanical aperture. Assuming 𝑒01, 𝑒02 are the initial frac-
tures aperture for each side of the fracture, 𝑒1, 𝑒2 representing
the fracture aperture after rock deformed are written by (25)
considering fracture normal deformations𝑈𝑛1 and𝑈𝑛2 (open
is positive) and shear deformations 𝑈𝑡1 and 𝑈𝑡2 computed
by DDA. And then, the corresponding flow rate can be
expressed by (26); thus the equivalent hydraulic aperture can
be calculated by (27) to get new permeability tensor at any
time 𝑒1 = 𝑒01 + 𝑈𝑛1 + 𝑈𝑡1tg (𝑑𝑚) ,

𝑒2 = 𝑒02 + 𝑈𝑛2 + 𝑈𝑡2tg (𝑑𝑚) , (25)

𝑞𝑞𝑚 = 16
𝑟2(1 + 𝑟)4 , (26)

𝑒 = 𝑒𝑚 [ 16𝑟2(1 + 𝑟)4]
1/3 , (27)

where 𝑑𝑚 is the dilation angle; 𝑟 = 𝑒1/𝑒2; 𝑞 is the flow rate;𝑞𝑚 is the flow rate corresponding to average aperture 𝑒𝑚; and𝑒𝑚 = (1/2)(𝑒1 + 𝑒2).
Therefore, the proposed coupled model can consider the

block normal deformation and shear dilation when water is
flowing through the rock fractures and can also be applied
to determine the unsaturated hydromechanical coupling
behavior in the fractured rocks. Shown in Figure 2 is the flow
chart of the proposed coupled model using DDA, recording
the whole calculating process.

3. Calibration of the Proposed Coupled Model
Based on DDA

For the sake of calibrating the proposed hydromechanical
coupling model, shown in Figure 3 is a model of concrete
gravity dam with rock foundation that measures 50m in
height, 6m in width at dam top, and 30m in width at dam
bottom, with the upstream face vertical and the downstream
one having a slope of 1 : 0.682.The rock foundation is 105m in
length and 50m in height. The calculation domain takes the
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Y
Z X

5
0

m

Figure 3: Block element meshes for DDA analysis (m).

dam heel as the original of the coordinates with 𝑥-axis direct-
ing toward the downstream and𝑦-axis pointing upwards.The
mechanical parameters of dam are the density 2400 kg/m3,
Young’s module 19.6GPa, and Poisson’s ratio 0.167. And cor-
respondingmechanical parameters of rock foundation are the
density 2650 kg/m3, Young’s module 8.0GPa, Poisson’s ratio
0.24, internal friction angle 45∘, and cohesion 2MPa. Suppose
a group of orthogonal fractures in the rock foundation with
aperture of 1mm, the normal stiffness, and tangential stiffness
of 20GPa/m.Theboundary conditions include the horizontal
displacement restraint for the upstream and downstream
boundaries of the rock foundation and vertical displacement
restraint for the bottomboundary of the rock foundation, and
water level acting on the upstream face of the dam body is
50m and on the downstream face is 0m.

And then, both of the numerical models based on
DDA and DEM methods were employed to make hydrome-
chanical coupling calculations considering the horizontal
water pressure, uplift pressure, and water flow force in rock
foundation. For the sake of comparison, Figures 3, 4, and
5 give the calculating results of DDA and DEM models,
respectively.Thewater head (unit: m), displacement (unit: m)
and maximum principal stress (unit: Pa) based on proposed
DDA model are shown in Figures 4(a), 5(a), and 6(a),
indicating that the fractures in the upstream are tending
to be tensile causing the fractures permeability increasing;
however, the fractures in the downstream are tending to be
compressed causing the fractures permeability decreasing.
Therefore, the curves of water head in upstreammove toward
the upstream, and the curves of water head in downstream
move toward the downstream; the variations are consistent
with real seepage characteristics in the rocks. And it can
be seen from the computing results shown in Figures 4(b),
5(b), and 6(b) based on DEM that the variations are nearly
identical as determined by DDA. The above comparison of
two methods demonstrated the feasibility and reliability of
the proposed coupled model using DDA and can also be
applied to analyze the mechanical characteristics of rock

masses. In addition, the proposed model considering the
heterogeneous deformation of the fracture deformation with
different permeability and the better contact criterion and
convergence criterion [19] will get more accurate computing
results close to the real performance, so the model is superior
to DEM to solve the practical hydromechanical problems in
geotechnical engineering.

4. Analysis of a Fractured Rock Slope
Considering Rainfall Infiltration

As noted in previous investigations of unsaturated fluid flow
in slope engineering [1, 2, 25], rainfall infiltrationwill increase
the water pressure inside the rocks and fractures and weaken
the rock strength parameters; the landslide often occurs
in the rain season. And the analysis of the fractured rock
slope has been employed to demonstrate the capacity and
robustness of the proposed coupled model for describing
the rainfall infiltrating process influencing the slope water
pressure, displacement, and stress distribution. Different
from the saturated steady seepage or unsaturated in porous
media, rainfall infiltrating into the rocks will flow through the
fractures, directly loading on the fractures surface causing the
real-time variation of the hydraulic aperture; the permeability
of the rock and fractures will change accordingly, which also
implies the unsaturated hydromechanical coupling process.
As shown in Figure 7, a rock slope with a height of 180.0m,
length of 20.0m, and width of 1.0m is considered. There is a
set of obvious faults with initial hydraulic aperture of 1mm
developed in the rock slope. A series of computing results
about water pressure inside the rock and on the fault surface,
displacement, stress, and stability coefficient under different
loading conditions have been analyzed in detail based on the
proposed DDA method.

4.1. Case Introduction. As an initial condition, the rock slope
is treated as a water head boundary assuming an external
water level 110.0m on the upstream face and 32.0m on the
downstream face, and the bottom boundaries were imperme-
able. The rainfall infiltration boundaries are imposed on the
slope surface. And the initial saturated permeability coeffi-
cient of the rocks is assumed to be 1.39 × 10−5m/s. For the
unsaturated coupled model, water retention curves are very
important to express the unsaturated rock characteristics;
particularly the Van-Genuchten model (V-G) is often used
to describe the constitutive relations such as 𝜃-𝑘𝑟 and 𝜃-ℎ.
Table 1 gives the constitutive relations based on V-G model
[26]. And Table 2 gives themechanical parameters of the rock
and the fault.

4.2. Analysis for the Rock Slope Considering Rainfall Infil-
tration. Suppose that the rainfall lasts for 80 h with rainfall
intensity of 8mm/h and 20mm/h, and analyze the water
pressure (unit: m) at different time. The distribution of water
pressure at different time is shown in Figures 8 and 9,
respectively. Negative water pressure indicates unsaturated
area; positive water pressure demonstrates fully saturated
area, which is in accordance with the rainfall filtration
mechanism of the rock slope. It can be observed from these
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Figure 4: Water head contours for coupling (solid line) and initial condition (dashed line) (m).
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Figure 5: Vertical displacement contours under coupling conditions.
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Figure 6: Maximum principle stress contours under coupling conditions.



10 Geofluids

Table 1: Seepage parameters of rocks.

ℎ𝑐 (m) −1000 −20.0 −3.0 −1.0 −0.5 −0.1𝜃 0.001 0.054 0.108 0.112 0.115 0.118𝑘𝑟 0.001 0.033 0.112 0.144 0.18 0.23ℎ𝑐 (m) −0.02 −0.005 −0.0032 −0.0013 0.0𝜃 0.122 0.126 0.131 0.136 0.14𝑘𝑟 0.32 0.48 0.88 0.96 1.00

Table 2: Mechanical parameters of rocks.

Name Density
(kg⋅m−3) Elastic module

(GPa)
Cohesion
(MPa)

Internal friction angle
(∘) Poisson ratio

Rock 2 500 12.0 2.045 45.08 0.24
Fault 1.032 35.06

Fault

x

y

Fault

∇180.0

∇140.0

Groundwater
level ∇110.0

∇60.0

o

100
211

232

∇82.0

Reservoir
water ∇32.0

∇25.0

Figure 7: Diagram of a rock slope (unit: m).

figures that, due to the rainfall infiltration, water content of
the rock slope is increasing and thematric suction is reducing
gradually, and the negative pressure region continues to
reduce progressively; the expansion of the transient area leads
to large increase ofwater pressure inside the rock slope, which
can drive the wetting front quickly into a deeper location.
In particular, with rainfall infiltrating inside the slope, there
will appear greater positive transient water pressure and
larger range of transient saturated zone on the rock slope
surface. The results also show that transient saturated zone
will quickly be larger in shorter period of time with greater
rainfall intensity.

In addition, Figure 10 presents the water pressure (unit:
m) distribution on the fault surface at different rainfall
time, indicating the flow behaviors of rainfall infiltration
inside the fault. It can be observed from Figure 10(a) with
rainfall intensity of 8mm/h that water pressure on the
fault surface varies slightly, whereas it varies more greatly
with rainfall intensity of 20mm/h shown in Figure 10(b)
considering the same rainfall infiltrating time. Meanwhile,
as for the larger range of the unsaturated zone inside the
rock slope, greater rainfall intensity will cause more and
more water infiltration into the unsaturated zone to become
the saturated zone, and the groundwater level will ascend

quickly so as to increase the water pressure on the fault
surface. Therefore, the water pressure on the sliding surface
in the unsaturated zone will increase when rain falling
time lasts with same rainfall intensity. And it can be seen
from the two figures that, in the same period of rainfall
infiltrating time, greater rainfall intensity will cause larger
water content of the rocks in a shorter period resulting
in greater unit weight increasing, and the water pressure
head will rise more obviously so that the water pressure in
the transient unsaturated zone increases greater and more
quickly, which demonstrates that the rock slopewill be sliding
more easily considering rainfall infiltration of greater rainfall
intensity.

From the above calculating results in agreement with the
water flow behaviors in the saturated-unsaturated rocks, it
can be noticed that the proposed coupledmodel is also appli-
cable to analyze the unsaturated hydromechanical coupling
characteristics under complex conditions.

4.3. Comparison under Unsaturated Hydromechanical Cou-
pling and Uncoupling Conditions. Based on the deeper cal-
ibration of the proposed coupled model in Section 4.2,
further researches will be advanced to clearly compare the
mechanical characteristic of the rock slope under unsaturated
hydromechanical coupling conditions and uncoupling condi-
tions. Figures 11 and 12 show the water pressure head distri-
bution under coupling conditions and uncoupling conditions
at time T = 60 h and T = 80 h with the rainfall intensity of
8mm/h and 20mm/h. It can be seen from the above figures
that the water pressure on the fault surface will be larger in
the transient saturated zone considering the coupling process.
And the comparison under two conditions demonstrates that
coupling process causes water pressure head increase more
obviously with longer rainfall infiltrating time and greater
rainfall intensity, which is more unfavorable for the slope
stability.

Furthermore, shown in Figures 13 and 14 are the max-
imum principle stress contours (unit: MPa) and displace-
ment contours (unit: m) under coupling conditions and
uncoupling condition considering the rainfall intensity of
20mm/h at time 𝑇 = 20 h, 𝑇 = 60 h, and 𝑇 = 80 h. It
can be noted from the comparison of the figures that the



Geofluids 11

0
20
40
60
80

100
120
140
160
180

El
ev

at
io

n 
(m

)

20050 1501000
Distance (m)

(a) Rain falling for 20 h

0
20
40
60
80

120
100

140
160
180

El
ev

at
io

n 
(m

)

50 100 150 2000
Distance (m)

(b) Rain falling for 40 h

0
20
40
60
80

100
120
140
160
180

El
ev

at
io

n 
(m

)

50 100 150 2000
Distance (m)

(c) Rain falling for 60 h

0
20
40
60
80

100
120
140
160
180

El
ev

at
io

n 
(m

)

50 100 150 2000
Distance (m)

(d) Rain falling for 80 h

Figure 8: Pressure head contours of rainfall intensity 8mm/h.

stress and displacement of the rock slope are larger under
coupling condition than that under uncoupling conditions,
which also indicates that the unsaturated hydromechani-
cal effect will enlarge failure probability of the slope and
should not be ignored especially under rainfall infiltration
conditions.

For the sake of explaining the coupling effect influencing
on the rock slope stability, Table 3 gives the stability coefficient
of the rock slope under different conditions. The results
indicate that the safety coefficients under hydromechanical
coupling conditions are smaller than that under uncoupling
conditions, which is in agreement with the water pressure,
stress, and displacement variation. It can be concluded
that the rainfall intensity, rainfall time, and hydromechan-
ical coupling effect have significant influence on the slope
stability.

Therefore, the hydromechanical coupling process under
rainfall infiltration for a rock slope will cause the transient
saturated zone to be larger, and the transient water pressure
will accordingly increase the downslide force and water
pressure causing the effective normal stress on the sliding
surface reducing too much, which is more unfavorable for
the rock slope stability. The comparison between uncoupling
conditions and coupling conditions proves the applicability
of the unsaturated hydromechanical coupled model based
DDA to analyze the mechanical response of related practical
projects.

Table 3: Comparison of factors of stability for different conditions.

Time/h Uncoupling Coupling
8mm/h 20mm/h 8mm/h 20mm/h

20 1.650 1.649 1.648 1.641
40 1.630 1.612 1.621 1.591
60 1.607 1.587 1.595 1.501
80 1.565 1.506 1.542 1.396

5. Conclusions

DDA similar to FEM and DEM has attracted increasingly
wide attention in the geotechnical engineering; it can be
applied to analyze the rock deformation and fractures
aperture variation. And for the hydromechanical coupling
issues of the fractured rocks, the fractures aperture variation
changing the permeability will seriously influence the water
pressure distribution; DDAmethod ismore favorable to solve
the fractures deformation under complex conditions. There-
fore, an unsaturated coupled model based on DDA has been
proposed for the analysis of saturated-unsaturated water flow
behavior andmechanical response of the fractured rocks such
as dam foundation and rainfall infiltration in rock slopes,
and a systematic numerical code was developed to analyze
the hydromechanical process, indicating the feasibility and
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Figure 9: Pressure head contours of rainfall intensity 20mm/h.
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Figure 10: Pressure head contours on fault considering rain falling time.

applicability of the proposed coupled model. On the basis of
this work, the following conclusions can be drawn:(1) For better modelling the deformation of the rocks and
fractures, the higher-order isoparametric element is selected
in DDA procedure to improve the numerical precision. And
on the basis of Cubic Law, the fracture aperture under
complex conditions can be derived considering the fracture
norm deformation and shear deformation to calculate the

permeability at any time. And also selecting the V-G model
for describing the constitutive relations and appropriate eval-
uation of the capacity term, the unsaturated coupled model
has been proposed to describe the hydromechanical response
of the fractured rocks. Meanwhile, the effectiveness of the
model applying in a dam foundation has been calibrated
by the satisfactory consistency of the results by DDA and
computing results by DEM.
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Figure 11: Pressure head for coupling (dashed line) and uncoupling (solid line) (8mm/h).
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Figure 12: Pressure head contours for coupling (dashed line) and uncoupling (solid line) (20mm/h).
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Figure 14: Total displacement contours for coupling (dashed line) and uncoupling (solid line) (20mm/h).

(2)The proposed model has been applied to describe the
water variation at various time under a rainfall infiltration
process in a rock slope and the unsaturated flow behavior
with respect to the variation of water pressure inside the
rocks and on the fault surface is well revealed. It can also
be noted that the matric suction of the rock slope is smaller
and smallerwhen rainfall infiltrating lasts, and greater rainfall
intensity causes safety coefficient to reduce quickly, which is
in good agreement indicating the feasibility of the proposed
model.(3) Further research has been advanced by compari-
son of the pressure head, principle stress, and displace-
ment under coupling conditions and uncoupling condi-
tions, demonstrating that the above corresponding values
are increasing and the safety coefficients are reducing at
the same time under coupling conditions, and also indicat-
ing that the rainfall intensity, rainfall time, and hydrome-
chanical coupling effect under unsaturated conditions have
great influence on the stability of the rock slope. It also
explains that it is more dangerous under rainfall infil-
tration in a rock slope considering the hydromechani-
cal coupling process. Therefore, the proposed unsaturated
coupled model based on DDA can better describe the
hydromechanical response and the stability of the rock
slope.
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Salt precipitation is generated near the injection well when dry supercritical carbon dioxide (scCO2) is injected into saline aquifers,
and it can seriously impair the CO2 injectivity of the well. We used solid saturation (𝑆𝑠) to map CO2 injectivity. 𝑆𝑠 was used as the
response variable for the sensitivity analysis, and the input variables included the CO2 injection rate (𝑄CO2 ), salinity of the aquifer
(𝑋NaCl), empirical parameter𝑚, air entry pressure (𝑃0), maximum capillary pressure (𝑃max), and liquid residual saturation (𝑆plr and𝑆clr). Global sensitivity analysis methods, namely, theMorris method and Sobol method, were used. A significant increase in 𝑆𝑠 was
observed near the injection well, and the results of the two methods were similar:𝑋NaCl had the greatest effect on 𝑆𝑠; the effect of 𝑃0
and 𝑃max on 𝑆𝑠 was negligible. On the other hand, with these two methods, 𝑄CO2 had various effects on 𝑆𝑠: 𝑄CO2 had a large effect
on 𝑆𝑠 in the Morris method, but it had little effect on 𝑆𝑠 in the Sobol method. We also found that a low 𝑄CO2 had a profound effect
on 𝑆𝑠 but that a high 𝑄CO2 had almost no effect on the 𝑆𝑠 value.

1. Introduction

CO2 emissions from human activities have exacerbated
global warming. In recent years, scientists have tried to use
the carbon capture and storage (CCS) method to mitigate
the greenhouse effect. In comparison to the other potential
storage types (including deep saline aquifers, depleted oil
reservoirs, and unminable coal seams), deep saline aquifers
are widely distributed and have a high storage potential;
thus, they are considered to be effective storage sites for
CO2 geological storage [1]. A schematic diagram of CCS
is presented in Figure 1. Extra pressure buildup near the
injection well, which indicates the production of salt precip-
itation, is monitored in CO2 geological storage site projects
[2, 3]. Through laboratory tests, Bacci et al. found that
salt precipitation changed a rock’s porosity (𝜙), that even
small variations in 𝜙 will cause considerable permeability (𝑘)
fluctuations, and that a decrease in permeability can result in
an increase in injection pressure and a decrease in injectivity.

Due to the lack of field test data, the analysis of parameters
affecting 𝑆𝑠 is always obtained from laboratory experiments

and numerical simulation. Ott et al. conducted a core scale
drainage test to compare the salt precipitation of the core
with two different pore structures, they found that the porous
rock is more prone to form salt precipitation than single-
pore rock, and they believe that the impairment of injectivity
depends on the mobility of the brine phase, which was based
on several core flood experiments [4]. By comparing different
CO2 injection rates (𝑄CO2), Peysson et al. and Ott et al. found
that capillary backflow is almost negligible at higher CO2
injection rates and that the appearance of salt precipitation
is very limited [5–7]. Tang et al. used brine with different
salinities (𝑋NaCl) to carry out a CO2 flood experiment, and
they found that 𝑋NaCl has a significant impact on injectivity
loss [8]. Pruess and Müller used numerical simulation to
perform sensitivity studies on precipitation, they found that
capillary pressure (𝑃𝑐) causes an increase in 𝑆𝑠, and they
suggested that the effect of the 𝑋NaCl can be alleviated by
injecting pure water in advance [9]. Guyant et al. stress that
a high permeability reservoir under a low CO2 injection
rate has the most salt precipitation [10]. Wang and Liu used
TOUGH2/ECO2N to analyze the influence of 𝑆𝑠, and they
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Figure 1: The process of CCS in deep saline aquifers.

found that 𝑆𝑠 will increase when 𝑄CO2 decreases, 𝑋NaCl
increases, or 𝑃𝑐 increases [11, 12]. The results of the above
studies are focused on local sensitivity analysis of a single
factor and study 𝑆𝑠 with a single factor with specific changes;
however, the global sensitivity evaluation of each factor has
not yet been studied.

A global sensitivity analysis method can test the interac-
tion between parameters, and it can test the effect of multiple
parameters, which change concurrently on the response
variable. The conventional approach to performing global
sensitivity analysis is the Morris sensitivity test method, the
Fourier amplitude sensitivity test (FAST), and the Sobol
sensitivity test method [13–15]. Global sensitivity analysis
has been widely used in hydrological models and design
models [16, 17]. Global sensitivity analysis requires a large
number of model calculations, and the salt precipitation
model for geological storage is very complex; thus, it is very
difficult to calculate the global sensitivity of salt precipitation.
Zheng et al. performed a sensitivity analysis of the CO2
transport process in deep saline aquifers and compared
the results of Morris, Sobol, and other global sensitivity
analysis methods, and they found that the sensitivity orders
of the input variables are different for different response
variables and that the computational burden of the Sobol
method is too large [18, 19]. Wainwright et al. performed a
sensitivity analysis using iTOUGH2 for CO2/brinemigration
and pressure buildup. Global sensitivity analysis of CO2
sequestration always focuses on the distribution of CO2 and
site pressure changes, and these data are used for project
monitoring; however, few studies have performed global
sensitivity analysis of the phenomenon of salt precipitation
[20].

The traditional Sobol method extracts the parameters
first, and then, it applies the parameters into a formula or
model to calculate the response value. If a model has a clear
mathematical formula, it is feasible to extract many samples,
such as a polynomial model for the Sobol calculation based
on the experimental results [21]. However, physical models
are often very complicated, and it is difficult to obtain a clear
mathematical formula.

Zheng et al. selected parameters to calculate response
variables based on the TOUGH2/ECO2N model, and they
found when the number of samples is small, the sensitivity
coefficient may be negatively affected by the calculation; thus
the number of samples they used was 8129 [19]. The tradi-
tional operation of the TOUGH2/ECO2N module consists
of four steps: modifying the input parameters, entering the
run instructions, calculating, and viewing the output results.
Each set of parameters is run once, and the computational
complexity of the Sobol sensitivity is too large. A surrogate
model is an engineering method used when an outcome of
interest cannot be directly measured; thus amodel of the out-
come is used as an alternative. Zhang and Sahinidis used the
surrogatemodel from the polynomial chaos expansion (PCE)
to conduct uncertainty analysis, but they mainly considered
the uncertainty between the residual water saturation and
the injection rate [22]. Wu et al. proposed the use of Kriging
surrogate models for uncertainty and sensitivity analysis in
nuclear engineering [23]. Palar and Shimoyama used the
Kriging method to solve expensive multiobjective design
optimization problem [24]. Zhao et al. use Kriging surrogate
model as an optimization approach for identifying the release
history of groundwater sources [25]. Hou et al. used this
surrogate model to conduct the sensitivity and uncertainty
analysis [26], it is more precise and allows more sampling
times to be calculated so that the results of the Sobol global
sensitivity analysis are more accurate.

In this paper, a simple radial flow model was established,
and the numerical simulation of the salt precipitate model
was performed by TOUGH2/ECO2N [12]. To analyze the
global sensitivity of the salt precipitation, we chose 𝑆𝑠 as the
response variable of the global sensitivity analysis method,
which was one of the results of the numerical simulation.
Input variables included the CO2 injection rate (𝑄CO2),
salinity of the aquifer (𝑋NaCl), empirical parameter 𝑚, air
entry pressure (𝑃0), maximum capillary pressure (𝑃max),
liquid residual saturation in the relative permeability function
(𝑆plr), and liquid residual saturation in the capillary pressure
function (𝑆clr). The global sensitivity analysis was carried out
by the Morris method and the Sobol method, which are
qualitative and quantitative methods, respectively [13, 15].
The impacts of each parameter and parameter combination
on 𝑆𝑠 were investigated. The Morris method could quickly
select the insensitive parameters, and the number of samples
used in the calculation was small. The Sobol sensitivity
method was more complicated to calculate, but it calculated
the quantitative sensitivity and sensitivity orders of all the
variables.

Salt precipitation is always generated near the injection
well when dry scCO2 is injected into deep saline aquifers,
and it can seriously impair CO2 injectivity. The effect of salt
precipitation on the injectivity of a well is represented by
solid saturation (𝑆𝑠) near the injection well. It is necessary
to analyze the factors that affect the value of 𝑆𝑠 near the
injection well and then determine the main parameters
and the negligible parameters that affect the 𝑆𝑠 value. We
used two global sensitivity analysis methods, and the main
method used in this paper was the Sobol global sensitivity
analysis method, which was used to determine the sensitivity
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Figure 2: Tubes-in-series model (where 𝑅 is the radius of the coarse
tube, 𝑟 is the radius of the thin tube, 𝐿 is the total length of a set
of coarse and thin tubes, and Γ is the fractional length of the pore
bodies) [30].

orders of all the input variables [15]. The Kriging surrogate
model was established to calculate the response variable 𝑆𝑠,
and this model replaced the operation of TOUGH2/ECO2N
and reduced the simulation time to increase the efficiency
of the Sobol sensitivity analysis method [27]. The Monte
Carlo algorithm was used to calculate the Sobol global
sensitivity values for all input parameters, and the Monte
Carlo algorithm reduced the computation load and improved
the calculation accuracy [28, 29].

2. Numerical Simulation of Salt Precipitation

The depth of a formation layer suitable for CO2 geological
storage is generally more than 800m; the temperature and
the pressure of the layer must exceed the critical value
of CO2 (31.1 centigrade and 7.38MPa, resp.). During the
process of supercritical CO2 (scCO2) being injected into
deep saline aquifers, the scCO2 is considered a nonwetting
phase and the brine is considered a wetting phase. If the
nonwetting phase is injected into the wetting phase, the water
in the brine evaporates into the dry CO2 stream, and salt
precipitation is formed when the brine reaches its solubility
limit. Accumulation of salt precipitation near the injection
well blocks the CO2 flow path, resulting in a decrease in 𝑘
near the injection well and reduced well injectivity.

Verma and Pruess provide a simple conceptual model to
characterize the variation of 𝑘 with 𝑆𝑠 near the injection well
[30]. These authors use a tubes-in-series model to simulate
the natural condition of porous media rock (Figure 2), and
they obtain the change in 𝑘 near the injection well with 𝑆𝑠
according to the tubes-in-series model:

𝑘
𝑘0 = 𝜃2 1 − Γ + Γ/𝜔2

1 − Γ + Γ [𝜃/ (𝜃 + 𝜔 − 1)]2 (1)

𝜃 = 1 − 𝑆𝑠 − 𝜙𝑟1 − 𝜙𝑟 (2)

𝜔 = 1 + 1/Γ
1/𝜙𝑟 − 1 , (3)

where 𝑘0 is the initial permeability and 𝜙𝑟 is the fraction
of original porosity at which permeability is reduced to
zero. Figure 3 shows an example relationship from (1), for
parameters of Γ = 0.8 and 𝜙𝑟 = 0.8.

When the nature of rock is determined, the change in rock𝑘 is mainly controlled by 𝑆𝑠.Therefore, studying the change in
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Figure 3: Solid saturation (𝑆𝑠) and permeability (𝑘/𝑘0) relationship
for the tubes-in-series model [30].

Table 1: Radial meshing.

The distance from the
injection well (m) Meshing

0.3 The radius of the injection well
2500 50 units of increasing size (log)

𝑘 near the injection well is equivalent to studying the change
in 𝑆𝑠.The following sections describe the process to establish a
simple two-dimensional radial flowmodel to study the global
sensitivity of 𝑆𝑠.
2.1. Establishment of a Salt Precipitate Model. Assuming that
CO2 was injected into a homogeneous, anisotropic deep
saline aquifer at a constant injection rate of 1 kg/s, the
thickness of the storage layer was approximately 100m, the
injection well radius was 0.3m, and the radial distance was
2500m. The specific radial mesh is given in Table 1. In the
longitudinal direction, the model was split into 22 layers.The
injection well was 11.5m from the bottom of the model. The
thickness of the top and bottom layers was set to 2m, the
section between the injection well and the upper boundary
was evenly divided every 5m, and the area between the
injection well and the lower boundary was also set for every
5m. Using the MESHMAKER module to establish a radial
model, the model is shown in Figure 4, and the meshing is
shown in Figure 5 [31].

Horizontal permeability (𝑘𝑥, 𝑘𝑦) and vertical permeabil-
ity (𝑘𝑧) were considered for the horizontal and vertical
anisotropy. The liquid capillary pressure (𝑃cl) equation used
the van Genuchten model [32]:

𝑃cl = −𝑃0 ([𝑆∗]−1/𝑚 − 1)1−𝑚

𝑆∗ = (𝑆𝑙 − 𝑆lr)(𝑆ls − 𝑆lr) ,
(4)

where 𝑆𝑙 is the liquid saturation and 𝑆ls is the liquid saturation
when liquid is saturated and 𝑆lr is the residual water satura-
tion. The liquid relative permeability (𝑘rl) equation used the
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Table 2: The parameters of the radial model.

Parameter value
Saline aquifer 𝑘𝑥 = 100mD, 𝑘𝑦 = 100mD, 𝑘𝑧 = 20mD, 𝜙 = 12%

(Injection well) Initial condition (depth: −88.5m) Pressure (𝑃) = 12MPa, temperature (𝑇) = 45∘C, gas saturation (𝑆gas) = 0%,𝑋NaCl = 15%
Boundary condition 𝑄CO2 = 1 kg/s, the upper and lower and right borders are no flow boundaries
The parameters in the relative permeability equation 𝑚 = 0.457, 𝑆lr = 0.30, 𝑆gr = 0.05, 𝑆ls = 1
The parameters in the capillary pressure equation 𝑚 = 0.457, 𝑆lr = 0.30, 𝑃0 = 19.61 kPa, 𝑃max = 10MPa, 𝑆ls = 0.999

H = 100 m

h = 11.5 m R = 2500 m

r = 0.3 m

= 1 kg/sQ＃／2

Figure 4: Concept radial model (where 𝑅 is the radial distance, 𝑟 is
the radius of the injection well, ℎ is the distance from the injection
well to the bottom, and𝐻 is the thickness of the storage layer).
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Figure 5: Reservoir meshing diagram (the upper and lower borders
and right borders are sealed).

van Genuchten-Mualem model [32, 33], and the gas relative
permeability (𝑘rg) equation used Corey model [34]:

𝑘rl = √𝑆∗ {1 − (1 − [𝑆∗]1/𝑚)𝑚}2

𝑘rg = {{{
1 − 𝑘rl if 𝑆gr = 0
(1 − 𝑆)2 (1 − 𝑆2) if 𝑆gr > 0

𝑆 = (𝑆𝑙 − 𝑆lr)
(𝑆ls − 𝑆lr − 𝑆gr) ,

(5)
where 𝑆gr is the residual gas saturation. The parameters of
the model are presented in Table 2. The plots of the capillary
pressures and relative permeabilities are given in Figures 6
and 7.

2.2. Results of theNumerical Simulation. TheECO2Nmodule
was used to simulate the migration of the CO2 in deep saline
aquifers and obtain the value of 𝑆𝑔, 𝑆𝑠, and 𝑃. The time of
the numerical simulation was set to 100 days, half a year, and
one year. The results of the numerical simulation are given in
Figures 8, 9, and 10.

Figure 8 shows the contour map of 𝑆𝑔 near the injection
well, and since the vapor content of the gas is small, the gas
saturation can be approximated by the saturation of CO2.
With the increase in time, CO2 migrates gradually and tends
to accumulate upward due to buoyancy. The 𝑆𝑔 value of the
injection well is approximately 0.9, and it is higher than in
other areas. Figure 9 shows the contour map of 𝑆𝑠 near the
injection well. The value of 𝑆𝑠 near the injection well is the
largest, which indicates that the salt precipitates accumulate
mainly near the well area. With the increase in the injection
time, the range of salt precipitation gradually increases, and
the direction of the salt precipitate is consistent with the CO2
flow. The values of 𝑆𝑠 and 𝑆𝑔 near the injection well almost
reach the maximum value with the increase in time, and 𝑆𝑙
near the injection well almost approaches zero, indicating
that the injection well becomes a dry zone. The increase in𝑆𝑠 near the injection well means that the permeable pores are
being blocked, which affects CO2 injectivity, causes pressure
buildup in the injection well, as shown in Figure 10, and may
increase the risk of leakage during the CO2 injection process.

To assess the effect of salt precipitatemodel parameters on
injectivity, 𝑆𝑠 of the injectionwell was selected as the response
variable, and the global sensitivity of the model parameters
was analyzed.

3. Global Sensitivity Analysis

3.1. Morris Qualitative Global Sensitivity Analysis. Morris
proposed a data screening method that can select parameters
that have a low impact on the results and reduce the number
of analysis variables [13]. In this paper, the Morris method
was used to analyze the sensitivity of salt precipitate model
parameters, the range of parameters selected for the Morris
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Table 3: The range of parameters.

Parameter Range
𝑄CO2 5∼25 (kg/s)
𝑋NaCl 5∼25 (%)
𝑃0 10∼30 (kPa)
𝑚 0.217∼0.557
𝑃max 10∼1000 (MPa)
𝑆plr 0.10∼0.30
𝑆clr 0.0∼0.20

sensitivity analysis as shown in Table 3, and the selection of
additional parameters reference TOUGH2/ECO2N [12]. The
basic steps of the Morris method were as follows:

(1) Each parameter was assumed to be scaled to take on
values in the interval [0, 1].

(2) Each parameter took on values from {0, 1/(𝑛𝑝 −1), 2/(𝑛𝑝 − 1), . . . , 1}, where 𝑛𝑝 was the number of
sampling points in the interval [0, 1]. In this paper, we
took 5 sampling points in the interval [𝑎, 𝑏], and the

parameters took on values from {𝑎, 𝑎 + (𝑏 − 𝑎)/4, 𝑎 +(𝑏 − 𝑎)/2, 𝑎 + 3(𝑏 − 𝑎)/4, 𝑏}.
(3) The seven parameters in this paper had values within

the respective sampling interval andwere constructed
in an 8 × 7 order matrix (8 = 7 + 1) according to

B =

[[[[[[[[[[[[
[

0 0 0 ⋅ ⋅ ⋅ 0
1 0 0 ⋅ ⋅ ⋅ 0
1 1 0 ⋅ ⋅ ⋅ 0
1 1 1 ⋅ ⋅ ⋅ 0
... ... ... ⋅ ⋅ ⋅ ...
1 1 1 1 1

]]]]]]]]]]]]
]

. (6)

In matrix B, 0 represents the original value of the parameter,
1 represents the value after the parameter was changed, each
column represents a parameter, and only one parameter
changes between each of the adjacent two rows.

(4) The values of the eight 𝑆𝑠 were calculated by using
each row of parameters in the salt precipitate numer-
ical model.

(5) The sensitivity of each parameter was calculated using
the following equation:

𝑑𝑖 = Δ𝑦
Δ𝑥 , (7)

where 𝑑𝑖 is the sensitivity of each parameter, Δ𝑦 is the 𝑆𝑠
difference between two adjacent rows of the matrix B, andΔ𝑥 is the only parameter different between two rows of the
matrix B.

Because a deviation in one of the B matrices appeared
in the Morris method, we selected multiple B samples and
calculated the average value.The number ofB samples (𝑛𝐵) in
this paper was four. The Morris global sensitivity method is
expressed as the mean 𝜇𝑖 and standard deviation 𝜎𝑖. 𝜇𝑖 means
the value of the global sensitivity, and 𝜎𝑖 means the degree of
interaction between parameters.

3.1.1. Results of the Morris Global Sensitivity Analysis Method.
The results of the Morris sensitivity analysis are shown in
Figure 8. The descending ranking of the sensitivity model
parameters is𝑋NaCl,𝑄CO2 ,𝑚, 𝑆clr, 𝑆plr,𝑃0, and𝑃max.The effect
of 𝑋NaCl on the 𝑆𝑠 is the highest, and the higher the 𝑋NaCl,
the more the salt that can be precipitated in the brine. The𝑄CO2 also had a significant impact on 𝑆𝑠, and the smaller the𝑄CO2 was, the more the brine stayed near the injection well,
and the more the water vapor diffused into the dry CO2 flow,
causing more salt precipitation.𝑚, 𝑆clr, and 𝑆plr had a similar
sensitivity value, which was approximately half of the value of
the 𝑄CO2 and 𝑋NaCl, where the impact of 𝑃0 was very small,
and the influence of 𝑃max was negligible.

The influence of the interaction between parameters on
the response variable 𝑆𝑠 can be taken from the value of the
ordinate in Figure 11; it can be divided into four levels: the
greatest influence (𝑄CO2), the second level (𝑆plr, 𝑆clr), the third
level (𝑃0,𝑚), and the lowest influence (𝑃max).
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Figure 8: Contour map of gas saturation (𝑆𝑔) near the injection well (gas saturation (𝑆𝑔) is observed in the range of 0 to 100m, (a) after 100
days of CO2 injection, (b) after half a year of CO2 injection, and (c) after one year of CO2 injection).

3.2. Sobol Quantitative Global Sensitivity Analysis Based on
the Kriging Surrogate Model. The Sobol method is a quanti-
tative global sensitivity analysis method based on a variance
analysis proposed by Sobol in 1990 [15]. The sensitivity of a
single input parameter can be evaluated by calculating the
contribution of that parameter to the output variance, and
the cross sensitivity of multiple input parameters can also be
evaluated by calculating the contribution of multiple input
parameters to the output variance.Thebasic steps of the Sobol
method were as follows:

(1) The model 𝑓(𝑥) was decomposed by (8) according to
the single parameter and the combination parameter.

(2) Then, the total variance of themodelwas decomposed
by (9) according to the variance of the single param-
eter and the variance of the combination parameter.

(3) The total variance of the model was calculated by
using (10), and the total variance characterized the
effect of all parameters on the model output.

(4) The variance of the parameter was calculated using
(11), and the variance characterized the effect of a
single parameter or a combination of parameters on
the model output.

(5) The variance ratio calculated by (12) was the global
sensitivity coefficient and the total sensitivity coef-
ficient of the parameter 𝑥𝑖 was given by (13) in the
following:

𝑓 (𝑥) = 𝑓0 + ∑
𝑖

𝑓𝑖 (𝑥𝑖) + ∑
𝑖<𝑗

𝑓𝑖𝑗 (𝑥𝑖, 𝑥𝑗) + ⋅ ⋅ ⋅
+ 𝑓12⋅⋅⋅𝑛 (𝑥1, 𝑥2, . . . , 𝑥𝑛)

(8)

𝐷 = 𝑛∑
𝑖=1

𝐷𝑖 +
𝑛∑
𝑖=1

𝑛∑
𝑗>1
𝑖 ̸=𝑗

(𝐷𝑖,𝑗 + ⋅ ⋅ ⋅ + 𝐷1,2,...,𝑛) (9)

𝐷 = ∫𝑓2𝑑𝑥 − 𝑓20 (10)
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Figure 9: Contour map of solid saturation (𝑆𝑠) near the injection well (solid saturation (𝑆𝑠) is observed in the range of 0 to 10m, (a) after 100
days of CO2 injection, (b) after half a year of CO2 injection, and (c) after one year of CO2 injection).

𝐷𝑖1 ⋅⋅⋅𝑖𝑠 = ∫𝑓2𝑖1 ⋅⋅⋅𝑖𝑠𝑑𝑥𝑖1 ⋅ ⋅ ⋅ 𝑑𝑥𝑖𝑠 (11)

𝑆𝑖1 ⋅⋅⋅𝑖𝑠 = 𝐷𝑖1 ⋅⋅⋅𝑖𝑠𝐷 (12)

𝑆𝑇𝑖 = (𝐷 − 𝐷−𝑖)𝐷 , (13)

where 𝑆𝑖1 is the first-order sensitivity coefficient, and this
coefficient described the contribution of the independent
effect of the parameter on the sensitivity. 𝑆𝑖1𝑖2 is the second-
order sensitivity coefficient, which describes the contribution
of the parameter interaction to the sensitivity. 𝑆𝑇1 is the total
sensitivity coefficient, and this coefficient is the sum of every
step of sensitivity coefficients of the parameter. In (13), 𝐷−𝑖
characterizes the effect on variancewith all parameters except𝑥𝑖 and their interaction.

If the model has a clear mathematical expression 𝑓(𝑥),
Sobol sensitivity can be calculated from (12) and (13), but if

the model does not have a clear mathematical expression,
the sensitivity is calculated by the Monte Carlo method
[29, 35]. In this paper, we used the Monte Carlo method
to calculate the Sobol sensitivity because it was difficult to
establish a definite mathematical expression for 𝑆𝑠. If the
number of samples is too low, then the sensitivity coefficient
would be negative. The Sobol sensitivity calculation usually
has two drawbacks: the input parameters and the running
time of the model. If the number of samples is too small,
then the sensitivity coefficient would be negative. To reduce
the computational load while sampling a large number of
samples, a surrogate model was proposed instead of the salt
precipitate model in TOUGH2/ECO2N to calculate 𝑆𝑠. The
surrogatemodel was amathematicalmodel that, by fitting the
discrete data, could help to predict the output of the physical
model.

3.2.1. Kriging Surrogate Model and the Monte Carlo Method.
The Kriging surrogate model is a semiparametric model
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Figure 10: Contour map of fluid pressure (𝑃) near the injection well (pressure (𝑃) is observed in the range of 0 to 10m, (a) after 100 days of
CO2 injection, (b) after half a year of CO2 injection, and (c) after one year of CO2 injection).
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Figure 11: Morris global sensitivity analysis of 𝑆𝑠 near the injection
well.

proposed by Krige in 1951, and it consists of a parametric
model and a nonparametric model. The parametric model is
a regression analysis model and the nonparametricmodel is a
stochastic distributionmodel [36].Themain reason to use the
Kriging surrogate model for the Sobol sensitivity calculation
is to construct a surrogatemodel based on the existing sample
data and then use the surrogate model to calculate the model
output. In this paper, the Kriging model was built using the
Matlab DACE toolbox [27]. Of the 120 sets of data selected
from the numerical simulation results described in Section 2,
100 sets of datawere used to establish the surrogatemodel and
20 sets of data were used to verify the accuracy of the model.
The test result is provided in Table 4.

The mean square error (MSE) equaled 0.000109, and
it was observed that the solid saturation values fitted with
the Kriging model, meeting the accuracy requirements. The
coefficient of determination (𝑅2) equaled 0.999861, which
was very close to 1, indicating that the Kriging model had a
high reference value.

The variable range and the probability distribution of each
parameter should be given before using the Monte Carlo
method to calculate the Sobol sensitivity. It was considered
that the probability distributions of all parameters were a
uniform distribution. To reduce the correlation between the
samples, sampling parameters were rearranged using the
Latin hypercube sampling method and using Matlab to edit
the program to reduce the statistical correlation coefficient
(Spearman correlation coefficient) [28]. The number of sam-
ples (𝑛𝑠) was 8000, and the number of calculations for the
model was 𝑛𝑠 × (𝑛𝑚 + 2), where 𝑛𝑚 was the number of
parameters in the model. The modified Monte Carlo method
is presented below [37]:

𝑓0 = 1
𝑛𝑠
𝑛𝑠∑
𝑚=1

𝑓 (𝑥𝑚)

𝐷 = 1
𝑛𝑠
𝑛𝑠∑
𝑚=1

𝑓2 (𝑥𝑚) − 𝑓20

𝐷𝑖 = 1
𝑛𝑠
𝑛𝑠∑
𝑚=1

𝑓 (𝑥(1)(−𝑖)𝑚, 𝑥(1)𝑖𝑚 ) 𝑓 (𝑥(2)(−𝑖)𝑚, 𝑥(1)𝑖𝑚 ) − 𝑓20

𝐷−𝑖 = 1
𝑛𝑠
𝑛𝑠∑
𝑚=1

𝑓 (𝑥(1)(−𝑖)𝑚, 𝑥(1)𝑖𝑚 ) 𝑓 (𝑥(1)(−𝑖)𝑚, 𝑥(2)𝑖𝑚 ) − 𝑓20 ,
(14)

where 𝑥(−𝑖)𝑚 = (𝑥1𝑚, 𝑥2𝑚, . . . , 𝑥(𝑖−1)𝑚, 𝑥(𝑖+1)𝑚, . . . , 𝑥𝑘𝑚),
superscripts (1) and (2) represent two 𝑛𝑠 × 𝑛𝑚 dimensional
Latin hypercube sampling arrays of 𝑥, 𝑥𝑚 is the sampling
point of space, and𝑓(𝑥(1)

(−𝑖)𝑚
, 𝑥(2)𝑖𝑚 ) denotes that the 𝑖th column

data of the 𝑛𝑠×𝑛𝑚matrix is taken from array (2) and the other
columns data are taken from array (1). Finally, the first-order
sensitivity coefficient, the second-order sensitivity coefficient,
and the total sensitivity coefficient can be calculated accord-
ing to (12) and (13).

3.2.2. Results of the Sobol Global Sensitivity Analysis Method.
The results of the Sobol sensitivity analysis are shown in
Figures 12 and 13. Figure 12 shows the first-order and total
sensitivity coefficients of the salt precipitate model parame-
ters. 𝑋NaCl has the greatest influence on 𝑆𝑠, which is much
higher than the other parameters. Figure 12(b) shows the
sensitivity coefficients for 𝑋NaCl removal, and the sensitivity
coefficients 𝑃0 and 𝑃max are close to zero, indicating that
these two parameters had little effect on the solid saturation.
The sensitivity coefficients of each parameter are arranged in
ascending order according to Figure 12: 𝑋NaCl, 𝑚, 𝑆plr, 𝑄CO2 ,𝑆clr, 𝑃0, and 𝑃max, which is similar to the Morris method
except for 𝑄CO2 . Figure 13 shows the contribution of the
parameter interaction to the sensitivity, and it can be seen
from the figure that the combination of 𝑋NaCl and 𝑚 has the
greatest influence on the 𝑆𝑠. In addition to the combination of𝑋NaCl and 𝑆plr, the impact of other combination parameters
is small (Figure 13(b)).

4. Discussion

4.1. Sensitivity Analysis of Parameters in the Salt Precipitate
Model. Wang and Liu used a similar radial model to analyze
the sensitivity of salt precipitate model parameters; the
response variable for the analysis is 𝑘/𝑘0, and the variable
parameter is the capillary pressure equation parameter (𝑃max,𝑃0, 𝑚, and 𝑆lr), where each parameter takes five different
values for the model calculation, and a significant change
in 𝑘/𝑘0 was observed [11]. This analysis was a representative
single-factor local sensitivity analysis, where only the impact
of each variable on the response variable was analyzed, but
the sensitivity of each factor could not be determined quali-
tatively or quantitatively. The effects of parameter interaction
on the response variable could not be determined (Figure 14).

The Morris global sensitivity analysis method quickly
found the minimum sensitivity parameter (𝑃max), but the
sensitivity values of the other three parameters (𝑚, 𝑆lr, and𝑃0) were approximately the same (Figure 11). The increase
in the number of calculations led to a different sensitivity
of the arrangement. The Sobol quantitative global sensitivity
analysis clearly gave the sensitivity coefficient of these four
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Figure 12: First-order and total sensitivity coefficients of salt precipitate model ((a) contain all the parameters, and (b) removes the most
influential parameters (𝑋NaCl)).

parameters, from large to small 𝑚, 𝑆lr, 𝑃0, and 𝑃max, where
the sensitivity coefficient of 𝑃0 and 𝑃max was close to zero
(Figure 12). For the interaction between the parameters,
both methods showed that the interaction between these
four parameters and other parameters had little effect on
the response variable. For large-scale and longtime salt
precipitate numerical simulations, it was feasible to set𝑃0 and𝑃max as empirical constants.

4.2. Effect of the CO2 Injection Rate on Solid Saturation. Many
researchers have studied the effect of𝑄CO2 on 𝑆𝑠 by numerical
simulation; they consider that an increase in 𝑄CO2 decreases
the 𝑆𝑠, and their results are shown in Figure 15 [9, 38–40].The
Morris method and Sobol method give a different sensitivity
arrangement for 𝑄CO2 . In the Morris method, 𝑄CO2 is one of
the main factors causing the change in 𝑆𝑠, which is consistent
with the conclusion of Pruess et al. [9, 38–40]. However, in
the Sobol method, the influence of the 𝑄CO2 on 𝑆𝑠 is much
smaller than that of𝑋NaCl,𝑚, and 𝑆lr.

To study the effect of 𝑄CO2 on 𝑆𝑠 near the well, we chose
more𝑄CO2 values for the numerical simulation (ranging from
a low injection rate of 1.5 kg/s to a high injection rate of
100 kg/s). We modified the injection model by enlarging the
radius of the model and refined the mesh near the injection
well to set up a wide range of 𝑄CO2 . This paper referred to a
TOUGH2/ECO2N case to divide the grid and set the model
parameters (Tables 5 and 6) [12]. We selected 11 different𝑄CO2 values for the simulation, and the results are shown in
Figure 16.

Figure 16 shows the relationship between different values
of 𝑄CO2 and 𝑆𝑠 near the injection well. The range of salt
precipitation increases with the increase in 𝑄CO2 . The values
of 𝑆𝑠 at the injection well decrease with the increase in 𝑄CO2 ,
and at a low𝑄CO2 , the brine in the unit near the injection well
evaporates more completely. In the low𝑄CO2 range (1.5 kg/s∼
15 kg/s), it is clear that 𝑆𝑠 near the injectionwell decreaseswith

Table 5: 2D radial meshing [12].

The distance from the injection
well (m) Meshing

0.3 The radius of the injection well
103 200 units of increasing size (log)
3 × 103 100 units of increasing size (log)
104 100 units of increasing size (log)
105 34 units of increasing size (log)

increasing 𝑄CO2 , which is consistent with the conclusions of
Pruess et al. This finding is also consistent with the results
of the Morris method (𝑄CO2 has considerable influence on𝑆𝑠) [9, 38–40]. However, in the high 𝑄CO2 range (15 kg/s∼
100 kg/s), the value of 𝑆𝑠 near the injectionwell generally does
not change. The variation in 𝑆𝑠 under high values of 𝑄CO2
was not investigated in the previous sensitivity analysis of salt
precipitation [9, 38–40].

It was important to distinguish between 𝑆𝑠 at the injection
well and 𝑆𝑠 near the injection well; the injection well was
a boundary condition, and its 𝑆𝑠 value could be inaccurate.
The response variable for the sensitivity analysis was 𝑆𝑠 near
the injection well. If the value of 𝑄CO2 was small, then the
effect of 𝑄CO2 on 𝑆𝑠 near the well was significant. If the value
of 𝑄CO2 was large, then the influence of 𝑄CO2 on 𝑆𝑠 near
the well was negligible. This conclusion also explained the
difference between theMorris and Sobol results. In this paper,
the range of 𝑄CO2 was 5 kg/s∼25 kg/s, the sampling number
and the sampling frequency of Morris method were small (4
in this paper), most of the 𝑄CO2 values (75% in this paper)
were in the low range, and the effect of 𝑄CO2 on 𝑆𝑠 near the
well was significant (Figure 11). However, the Sobol method
required a large sampling number (8192 in this paper) to
calculate the sensitivity coefficient, the selected 𝑄CO2 values
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Figure 13: Second-order sensitivity coefficients of salt precipitate model ((a) contains all the parameter combinations, and (b) removes the
most influential parameter combination (𝑋NaCl and𝑚)).

were uniform, and the effect of 𝑄CO2 on the 𝑆𝑠 was not
significant (Figure 12(b)).

5. Conclusions

The radial model was used to simulate the salt precipitate
near the injection well during CO2 injection into deep
saline aquifers. Numerical simulation results showed that

evaporation led to salt precipitate near the injection well. The
increase in 𝑆𝑠 reduced the injectivity and led to extra pressure
buildup near the injection well. In this paper, 𝑆𝑠 of the unit
near the injection well was selected as the response variable.
The Morris global sensitivity analysis and the Sobol global
sensitivity analysis based on the Kriging surrogate model
were carried out and themain conclusions obtained from this
study were as follows:
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Figure 14: Relationship between parameter change and permeability impairment near the injection well [11].
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Table 6: The parameters of the radial model [12].

Parameter value
Saline aquifer 𝑘𝑥 = 100mD, 𝑘𝑦 = 100mD, 𝑘𝑧 = 100mD, 𝜙 = 12%
Initial condition Pressure (𝑃) = 12MPa, temperature (𝑇) = 45∘C, gas saturation (𝑆gas) = 0%,𝑋NaCl =

15%

Boundary condition 𝑄CO2 = 1.5 kg/s, 2 kg/s, 3 kg/s, 5 kg/s, 10 kg/s, 15 kg/s, 20 kg/s, 25 kg/s, 30 kg/s,
50 kg/s, 100 kg/s. The upper and lower and right borders are no flow boundaries

The parameters in the relative permeability
equation 𝑚 = 0.457, 𝑆lr = 0.30, 𝑆gr = 0.05, 𝑆ls = 1
The parameters in the capillary pressure
equation 𝑚 = 0.457, 𝑆lr = 0.00, 𝑃0 = 19.61 kPa, 𝑃max = 10MPa, 𝑆ls = 0.999
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Figure 16: Relationships between the different 𝑄CO2 values and 𝑆𝑠
near the injection well.

(i) The effect of 𝑋NaCl on 𝑆𝑠 was the greatest, and a
decrease in 𝑋NaCl could decrease the salt precipita-
tion, such as injection of pure water into the saline
aquifer. The influence of 𝑚, 𝑆plr, and 𝑆clr on 𝑆𝑠 was
secondary: 𝑚 was related to the pore distribution of
the formation, 𝑆plr and 𝑆clrwere related to the pore size
of the formation, and these three parameters could be
characterized as the heterogeneity of the formation.𝑃0 and 𝑃max had similar results in sensitivity analysis,
and the influence of these two parameters on 𝑆𝑠
were negligible. These two parameters did not need
to be changed in the numerical simulation of CO2
geological storage.

(ii) In the results of the Morris method, 𝑄CO2 and the
interaction with other parameters had considerable
influence on 𝑆𝑠. However, the results of the Sobol
method showed that 𝑄CO2 had little effect on 𝑆𝑠
and that the interactions of 𝑋NaCl and 𝑚, 𝑋NaCl,
and 𝑆plr had considerable influence on 𝑆𝑠, while the
interaction of 𝑄CO2 and other parameters had a low
effect on 𝑆𝑠.

(iii) The high second-order sensitivity coefficient may
have caused the difference between the Morris
method and the Sobol method, and the results of the
Sobol method, with more sampling numbers, were
more reliable than those of Morris method. In this
paper, the Morris method and Sobol method had
different results related to the sensitivity of 𝑄CO2 , but
the second-order sensitivity coefficient of 𝑄CO2 was
not large, which indicated that the effect of𝑄CO2 could
not simply be characterized by sensitivity.

(iv) There was a critical 𝑄CO2 value (𝑄𝑐) during CO2
injection (15 kg/s in this paper); when 𝑄CO2 was less
than 𝑄𝑐, 𝑄CO2 had considerable influence on 𝑆𝑠 near

the injection well, and when 𝑄CO2 exceeded 𝑄𝑐, its
influence could be negligible.

The results of global sensitivity analysis to assess salt pre-
cipitation for CO2 geological storage in deep saline aquifers
provide possible help for future field text and numerical sim-
ulations. Salt precipitation mechanism should be considered
in the future work, which could affect the salt precipitation
model.

Nomenclature

Salt Precipitate Model Parameters

𝑘: Permeability𝑘0: Initial permeability𝑘rg: Gas relative permeability𝑘rl: Liquid relative permeability𝑚: Formation pore distribution empirical parameter𝑃: Pressure𝑃0: Air entry pressure𝑃𝑐: Capillary pressure𝑃cl: Liquid capillary pressure𝑃max: Input absolute value of maximum capillary
pressure𝑄𝑐: Critical injection rate of CO2𝑄CO2 : Injection rate of CO2𝑆𝑙: Water saturation𝑆𝑠: Solid saturation𝑆ls: Liquid saturation when liquid is saturated𝑆lr: Residual water saturation𝑆gr: Residual gas saturation𝑆plr: Residual water saturation in relative permeability
function𝑆clr: Residual water saturation in capillary function𝑆gas: Gas saturation𝑇: Temperature𝑋NaCl: Salinity of saline aquifers𝜙: Porosity𝜙𝑟: The fraction of original porosity at which
permeability is reduced to zero.

Global Sensitivity Analysis Parameters

𝐷𝑖: Variance𝑑𝑖: The sensitivity of each parameter𝑛𝑚: The number of parameters in the model𝑛𝑠: Number of samples𝑛𝑝: The number of sampling points in the interval [𝑎, 𝑏]𝑛𝐵: The number of matrix B selections𝑆𝑖: Sobol sensitivity coefficient𝑥𝑖: Parameter𝜇𝑖: The value of the Morris global sensitivity𝜎𝑖: The degree of interaction between parameters.

Subscripts

𝑥, 𝑦, 𝑧: Coordinate axis direction𝑖: Parameter type.
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Water and sand inrush is one of the most serious threats in some shallow coal mines in China. In order to understand the process
of sand inrush, experiments were performed to obtain the criterion for sand inrush. First, seepage tests were carried out to study
the hydraulic properties of granular sandstone. The results indicate that seepage velocity has a linear relation with the porosity and
particle-size distribution parameter. Then, sand inrush tests were conducted to investigate the critical conditions for sand inrush
occurrence. It is determined that the sand inrush zone can be clearly distinguished based on the values of porosity and particle-size
distribution parameter. Additionally, sand inrush tended to happen in the conditions of high porosity, high seepage velocity, and
large particle-size distribution parameter. Further, general principles for preventing the water and sand inrush were proposed, such
as reducing the porosity, improving the pore structure, and decreasing the seepage velocity. The proposed principles have been
successfully used in situ to control the water and sand inrush.

1. Introduction

The coal field in Shaanxi province is now one of the major
coal bases in China. The typical characteristics of the coal
mines in this area are the shallowmining depth, aeolian sand
bed near the ground surface, and thick coal seams. Compared
with the coal mines with deep mining depth, the overburden
strata movement and the distribution of the mining induced
fractures are quite different in the coal mines in Shaanxi coal
field (see Figure 1). Whenmining in deep depth (Figure 1(a)),
the overburden strata over the goaf can be stable due to the
effect of pressured arch, and the height of themining induced
fractures is usually 15 to 20 times of the height of mined
coal seam [1]. However, when the mining depth is shallow
(Figure 1(b)), the mining induced fractures may go through
the rock layers to the sand bed, or even to the ground sur-
face (Figure 2). In this situation, water and sand may move
through the fractures and granular rock mass to the goaf

and affect mining safety. The statistics shows that water and
sandmovement significantly affects 285 coalmines (with esti-
mated reserves exceeding 100 billion tons) in China during
extracting the coal seams which are covered by the uncon-
solidated Cenozoic alluvium [2]. For example, a water and
sand inrush accident happened in Halagou coal mine in 2010
[3].The entire longwall mining face and part of the roadways
were filled with sand. Around the ground surface, a cone
with a height of 12m and a maximum diameter of 47m was
formed. The mining activity had to be stopped for days until
the sand was cleared.

There is another pathway for water and sand inrush in
this area, which is via the geological boreholes drilled from
the ground surface. As the boreholes were drilled through
the sand bed and aquifer, if the boreholes are not sealed
properly, water and sand inrush may occur. For example,
a mixture of water and sand rushed into the roadway in
Longde coal mine [4] when a borehole was drilled from
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Figure 1: Overburden strata movement above a longwall panel: (a) thin coal seam with deep mining depth [16]; (b) thick coal seam with
shallow mining depth.

Figure 2: Mining induced fractures around the ground surface.

the ground to the roadway (Figure 3). As a result, many
underground equipment and vehicles were buried, which led
to an economic loss of tens of millions of dollars.

In order to prevent water and sand inrush problems,
a number of researches were performed. These researches
mainly focused on the physical and mechanical properties of
water and sand mixture [5, 6] and the flow of the mixture
in fractures [7–9]. It is found that the gradient of water
pressure is the main factor for sand inrush. Some researchers
investigated the permeability of sedimentary basins for water
and sandmovement and proposed somemodels to determine
the permeability based on the porosity [10, 11]. Since there are
always broken rock layers and granular rock mass around the
goaf, the permeability of this area plays an important role in
controlling the water and sand movement. In recent years, a
great deal of effort has been put to investigate the permeability
of the granular rock mass [12–15]. The main outcome is that
the permeability of granular rockmass is sensitive to the stress
condition and the granular composition, and its value varies
due to the loss of small particles during seepage.

Figure 3: Water and sand inrush in Longde coal mine.

Since water and sand inrush problems mostly occur
in the granular rock mass during coal mining and the
accidents were always controlled by improving the conditions
of granular rock mass, it is essential to investigate the
characteristic of water and sand movement in the granular
rock mass. Although the permeability characteristics of the
granular rock mass have been widely studied, there is still
some confusion whether the sand inrush will happen at
specific states of the granular rock mass. This study aims
to reveal the conditions for sand inrush occurrence in
granular rock mass by the laboratory experiments. We first
carried out the seepage tests to study the hydraulic properties
of the granular sandstone (without sand) under different
granular compositions and porosities. Based on the results,
an equation was proposed to calculate the seepage velocity.
Then, the sand inrush tests were performed, and a criterion
for sand inrush was established. Based on the experimental
results, the principles for preventing water and sand inrush
problems were therefore proposed.
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Figure 4: Rock particles with different size ranges: (a) 2.5 to 5.0mm; (b) 5.0 to 8.0mm; (c) 8.0 to 10.0mm; (d) 10.0 to 12.0mm; (e) 12.0 to
15.0mm; (f) 15.0 to 20.0mm.

2. Experimental Materials and
Testing Methods

2.1. Experimental Materials. Sandstone samples were chosen
in this study, which were taken from Longde coal mine in
Shaanxi Province of China. The rock samples were crushed
into particles with a hammer. The particles were separated
into six groups using separation screens according to their
sizes (ranging from 2.5mm to 20mm), as shown in Table 1
and Figure 4.

To simulate the broken rock mass induced by coal min-
ing, we assemble the rock particles with specific particle-size
distributions. In order to express the particle-size distribu-
tion, Talbot formula [17] was adopted, which is a continuous
gradation theory developed from Fuller formula [18]. The
Talbot formula has been used as a simple and effective
method to describe the composition of granular rock mass
[15]. According to Talbot formula, the mass ratio of the
particles with a specific size range can be expressed as

𝑝𝑖 =
{{{
{{{{

[(𝑑𝑖+1𝐷 )
𝑛

− (𝑑𝑖𝐷)
𝑛

] × 100%, 𝑖 > 1,
(𝑑𝑖𝐷)

𝑛

× 100%, 𝑖 = 1,
(1)

where 𝑖 is the size range number of the rock particles (see
Table 1), 𝐷 is the largest particle size, 𝑑𝑖 is the largest particle

size in range 𝑖, 𝑝𝑖 is the mass ratio of the particles in range 𝑖,
and 𝑛 is the Talbot power exponent, which is referred to as
size distribution parameter in the following.

To prepare different granular rock mass specimens, vari-
ous size distribution parameters were selected (e.g., ranging
from 0.5 to 1.5). The details are given in Table 1, and the
corresponding particle-size distribution curves are shown in
Figure 5. The ratio of large particles increased as the size
distribution parameter 𝑛 increased. The mass of particles
with different sizes are shown in Figure 6. In the figure, the
horizontal axis is the average particle size in a particle-size
range. It can be determined that the composition of the rock
mass changed gradually with the variation of the parameter n.

The sand used in the experiment was aeolian sand (Fig-
ure 7), which was taken from Yulin in the north of Shaanxi
Province, China.The coring site is approximately 20 km from
the Longde coal mine. The particle-size distribution of the
sand is listed in Table 2. The density of the aeolian sand is
1174 kg/m3, and the natural porosity is approximately 54%.

2.2. Testing System. To conduct the experiments, we devel-
oped a seepage testing apparatus for granular rock mass. The
detailed design of the seepage testing apparatus is shown in
Figure 8. In the tests, the premixed granular rock mass was
put into the cylinder cell, and the aeolian sand was put in
the tank over the granular rock mass. Then, the piston was
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Table 1: Mass ratio of rock particles with various size ranges under different size distribution parameters.

𝑖 Size range (mm) Size distribution parameter 𝑛
0.50 0.75 1.00 1.25 1.5

1 2.5∼5.0 50.0% 35.4% 25.0% 17.7% 14.4%
2 5.0∼8.0 13.2% 14.9% 15.0% 14.1% 13.4%
3 8.0∼10.0 7.5% 9.2% 10.0% 10.2% 10.2%
4 10.0∼12.0 6.7% 8.7% 10.0% 10.8% 11.0%
5 12.0∼15.0 9.1% 12.4% 15.0% 17.0% 17.9%
6 15.0∼20.0 13.4% 19.4% 25.0% 30.2% 33.2%

Table 2: Particle-size distribution of the aeolian sand.

Particle diameter (mm) Ratio (%) Average size (mm)
<0.10 5

0.250.10∼0.25 45
0.25∼0.50 45
0.50∼1.00 5

n = 0.50
n = 0.75
n = 1.00

n = 1.25
n = 1.50
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Figure 5: Particle-size distribution curves of the granular rockmass.

installed in the cylinder cell on the sand tank. In the piston,
there was a pipeline for the water inlet.

As a preliminary attempt, we did not vary the water
pressure in the present experiments.Water was injected using
a pump from the upstream sample side (i.e., the top surface
of the sample), with 0.5MPa of water pressure and a down-
stream pressure of zero. As a result, the water pressure gra-
dient in the rock sample is approximately 3 × 10−3MPa/mm.
According to the previous research [19], the seepage in the
rock mass followed Darcy’s law under this applied pressure
gradient.

MTS816 servo-control testing machine was used to apply
load to the seepage testing apparatus.The layout of the testing
system is shown in Figure 9. During the tests, the seepage
testing apparatus was loaded in the axial direction through
the piston, and the granular rock mass was compressed with
lateral constraint.

2.3. Testing Procedure. Two kinds of tests were designed, that
is, seepage test and sand inrush test. When sand was put over

n = 0.50
n = 0.75
n = 1.00

n = 1.25
n = 1.50
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Figure 6: Mass of particles with different sizes in 1 kg granular rock
mass.

Figure 7: Aeolian sand sample.

the granular rock mass, the outlet fluid would be a mixture of
water and sand.Then, the density of the outlet fluid may vary
constantly andmake it difficult to determine the permeability
of the rock mass. So, in the seepage test, the sand is absent.

2.3.1. Seepage Test of Granular RockMasswithout Sand. These
tests were conducted to investigate the water permeability
of the granular rock mass. 15 sets of tests were carried out
(Table 3). Each set of test was performed three times. In
Table 3, the parameter ℎ is the height of the specimen, with an
initial value of 150mm. In order to simulate the various values
of the porosity of the in situ granular rockmass, the specimen
was compressed to a specific height. A typical compressive
curve of the specimen is shown in Figure 10. The stiffness
of the specimen increased with the increase in compressive
displacement, which was typical for granular rock mass.
During the compression, the particles would be broken
and the particle-size distribution changed. However, after
checking the compressed specimen, there were only a few
particles with sharp corners broken. The displacement was
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Figure 8: Detailed design of the seepage testing apparatus. Notes.
1-quick coupling for water inlet, 2-piston, 3,9-O-shaped rubber seal
rings, 4-Aeolian sand, 5-sand storage tank, 6-specimen of granular
rock mass, 7-cylinder cell, 8-felt filtration chest, 10-base plate, 11-
screw, and 12-water outlet.

Table 3: Scheme for seepage tests without sand.

Test number Size distribution parameter 𝑛 ℎ/mm 𝜑
(1) 0.50 147 21.7%
(2) 0.75 147 21.7%
(3) 1.00 147 21.7%
(4) 1.25 147 21.7%
(5) 1.50 147 21.7%
(6) 1.00 142 19.0%
(7) 1.00 137 16.0%
(8) 1.00 132 12.9%
(9) 1.00 127 9.4%
(10) 1.00 125 8.2%
(11) 1.50 142 19.0%
(12) 1.50 137 16.0%
(13) 1.50 132 12.9%
(14) 1.50 127 9.4%
(15) 1.50 125 8.2%

mainly due to the rearrangement of the pore structure. For
simplification, the particle breaking during the compression
was not considered in present study.

Based on the height ℎ, the porosity of each specimen can
be calculated as follows:

𝜑 = 1 − 𝑚𝜌𝑄ℎ, (2)

Table 4: Scheme for sand inrush tests in granular sandstone.

𝜑 7.9% 8.5% 9.2% 10.4% 11.6% 12.8% 13.4%
𝑛 = 0.9 √ √ √
𝑛 = 1.0 √ √ √
𝑛 = 1.1 √ √ √ √
𝑛 = 1.2 √ √ √ √
𝑛 = 1.3 √ √ √ √

where 𝜑 is the porosity, 𝑚 is the mass of the sample, 𝜌 is
density of the rock particle, and 𝑄 is the cross section area
of the cylinder cell. The calculated values of the porosity are
also listed in Table 3.

The procedure for the seepage test is as follows.

Step 1. The rock particles of different sizes were assembled
according to the size distribution parameter 𝑛. Then, we
mixed them as homogeneously as possible and put them
in the cylinder cell of seepage testing apparatus until the
height of the specimen was 150mm. The actual height of the
specimen might have a slight deviation from 150mm due to
the uneven surface.

Step 2. We compressed the specimen to the specific height ℎ
using the MTS816 via displacement control mode.

Step 3. The pump was connected to the seepage testing
apparatus, with an inlet water pressure of 0.5MPa.

Step 4. Thewater from the outlet was collected and weighted
during the test.

2.3.2. Sand Inrush Test inGranular RockMass. In this test, the
aeolian sand was put in the storage tank over the specimen
of granular rock mass (Figure 8). According to the seepage
test mentioned above, we can analyze the permeability of the
granular rock mass under different conditions. However, we
are still not sure whether sandwill move through the granular
rock mass under certain conditions.Thus, we first started the
sand inrush tests with high values of the porosity and size
distribution parameter (𝑛). Then, we decreased their values
gradually. When the amount of the sand from the outlet
changes greatly in a specific condition, it means that the sand
inrush occurs. The whole experimental scheme is presented
in Table 4. The experimental conditions include two factors,
that is, the porosity𝜑 and particle-size distribution parameter
𝑛. The tests under conditions with tick in Table 4 were
performed. Specifically, we first carried out the test with
the porosity 𝜑 of 13.4% when the particle-size distribution
parameter 𝑛 was 0.9. We found that a lot of sand moved out
from the outlet. Then, the tests with porosity of 12.8% and
11.6% were conducted, and only a small amount of sand was
collected from the outlet. Thus, it is inferred that the sand
inrush starts to happen when 𝑛 is 0.9 and 𝜑 is 13.4%. For
the cases with the porosity 𝜑 smaller than 11.6%, sand inrush
will not happen when 𝑛 is 0.9.Therefore, these cases were not
performed.
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Figure 9: Layout of the testing system: an MTS816 servo-control testing machine and a seepage testing apparatus.
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Figure 10: Compressive curve of the specimen with 𝑛 of 1.5 and 𝜑 of
8.2%.

The procedure for the sand inrush test is as follows.

Step 1. Assemble the rock particles of different sizes accord-
ing to the size distribution parameter 𝑛, and put them in the
cylinder cell of seepage testing apparatus until the height of
the specimen is 150mm.

Step 2. Compress the specimen to the specific height ℎ using
the MTS816 via the displacement control mode.

Step 3. Put the aeolian sand in the storage tank. In each
sample, the amount of sand was constant, that is, 500 g.

Step 4. Compress the piston of the seepage testing apparatus
again to make the height of the specimen equal to the specific
value in Step 2.

Figure 11: Collection of the aeolian sand using a 200-mesh strainer.

Step 5. Connect the pump to the seepage testing apparatus
and keep the inlet water pressure at 0.5MPa.

Step 6. Collect the aeolian sand using a 200-mesh strainer
(Figure 11). Then, the collected sand was dried and the mass
of the sand was weighed.

3. Theory Basis

Darcy’s law is adopted here to analyze the permeability and
seepage velocity. The seepage velocity can be expressed as

V = 𝑘𝜇∇𝑝, (3)
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Figure 12: Seepage velocity versus particle-size distribution param-
eter (𝜑 = 21.7%).

where V is the seepage velocity, m/s; 𝑘 is the permeability of
the specimen, m2; 𝜇 is the dynamic viscosity of the fluid, Pa⋅s;
and ∇𝑝 is the pressure gradient, Pa/m.

In the experiments, the pressure gradient ∇𝑝 and
dynamic viscosity of the fluid 𝜇 are both constant. Then,
the seepage velocity V is linear to the permeability 𝑘. As
the permeability 𝑘 is an intrinsic property of the specimen,
which is related to the pore structure of granular rock mass,
the seepage velocity V should be the function of particle-size
distribution parameter 𝑛 and the porosity 𝜑:

V = 𝑓 (𝑛, 𝜑) . (4)

Based on the results of the seepage test, the function in
(4) can be determined.

4. Results and Discussion

4.1. Seepage Property of Granular Rock Mass. According to
the experimental scheme in Table 3, we obtain the seepage
velocity under different conditions with various particle-size
distribution parameters and porosity values.The relationship
between the seepage velocity and parameter 𝑛 is shown
in Figure 12. It is clear that there is a linear proportional
relationship between the velocity V and the parameter 𝑛.
In Figure 12, the error is also exhibited based on the three
testing results in each test. It is found that the seepage in the
granular rock mass has a high deviation; however, a general
relationship between the seepage velocity and the parameter
𝑛 is still demonstrated.

The relation between the seepage velocity and porosity is
shown in Figure 13. When the porosities increase from 8% to
22%, the relationship between the seepage velocity and the
porosity was almost linear.

From the above analysis, we may conclude that the
seepage velocity can be predicted based on linear relationship
between 𝑛 and 𝜑 in the present range of 𝑛 and 𝜑. From Fig-
ure 12, the relation between the seepage velocity of parameter
𝑛 can be proposed based on the fitted equation (𝜑 = 21.7%):

V = (0.56 𝑛𝑛0 + 0.90)
𝜑=21.7% , (5)

where V is the predicted seepage velocity; 𝑛0 is the reference
value (𝑛0 = 1.5) for the particle-size distribution parameter.
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Figure 13: Seepage velocity versus porosity (𝑛 = 1.5).

From Figure 13, the relation between the seepage velocity
of porosity 𝜑 can be proposed based on the fitted equation
(𝑛 = 1.5):

V = (1.56 𝜑𝜑0 − 0.17)
𝑛=1.5 , (6)

where𝜑0 is the reference value for the porosity, which is 21.7%
for granular rock mass.

Then, the linear relationship between seepage velocity
and 𝑛 and 𝜑 can be proposed as follows:

V = (0.56 (𝑛/𝑛0) + 0.90) ⋅ (1.56 (𝜑/𝜑0) − 0.17)
V0

, (7)

where V0 is the seepage velocity for the case 𝑛 = 𝑛0 and𝜑 = 𝜑0,
which is 0.0142m/s.

Based on (7), the seepage velocity can be calculated for
other cases. Figure 14 shows the comparison between the
calculated and experimental seepage velocities for the case of
𝑛 = 1.0. In the figure, the experimental results are from the
tests numbers (3) and (6) to (10) in Table 3. It can be seen that
the proposed (7) can accurately predict the seepage velocity
according to the corresponding porosity. However, it should
be pointed out that (7) is only valid in the ranges of parameter
𝑛 and porosity 𝜑 in the present experiment.

Based on (3) and (7), the permeability of the granular
sandstone can be evaluated.The results show that the perme-
ability ranges from 1.5𝑒−12 to 4.3𝑒−12m2, which are consistent
with the results of other researchers [15]. In Feng et al.’s work
[15], the granular rockmass is made of red sandstone, and the
parameter 𝑛 is from 0.3 to 0.9.

4.2. Sand Inrush Criterion for Granular Rock Mass. An
important characteristic of seepage in granular rock mass is
that the permeability may vary with time due to the loss of
small particles [15]. The structure of the rock mass changes
gradually if the seepage time is too long, which makes it
difficult to describe the conditions of the rock mass. After
some trial of the sand inrush tests, it is found that sand inrush
usually happens during the first minute of the test.Therefore,
the seepage time in each test was limited to 1min. The mass
of the collected sand in the sand inrush testing is listed in
Table 5.We can see that the amount of the collected sand arise
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Figure 14: Comparison between the calculated and experimental
seepage velocities (𝑛 = 1.0).

Table 5: Mass of collected sand from the outlet.

𝜑 7.9% 8.5% 9.2% 10.4% 11.6% 12.8% 13.4%
𝑛 = 0.9 / / / / 27.1 g 42.5 g 262.7 g
𝑛 = 1.0 / / / 1.9 g 91.7 g 226.5 g /
𝑛 = 1.1 28.1 g 28.5 g 148.1 g 172.5 g / / /
𝑛 = 1.2 26.9 g 242.9 g 175.8 g 270.8 g / / /
𝑛 = 1.3 56.2 g 139.0 348.0 g 327.1 g / / /

with the increase in the porosity 𝜑 and parameter 𝑛. In some
cases, little sand could be collected from the outlet and sand
inrush did not happen (e.g., 𝑛 = 0.9 and 𝜑 < 11.6%).

To propose a criterion for sand inrush in granular
sandstone, we assume that sand inrush occurred when the
mass of the collected sand was more than 50 g (ten percent of
the initial amount of the sand). Then, the critical conditions
for sand inrush are achieved (see Table 6 and Figure 15). From
Figure 15, it is found that the sand inrush zone could be clearly
distinguished according to the values of porosity and particle-
size distribution parameter. As the parameter 𝑛 increases,
sand inrush will occur at lower porosity. It can be explained
that the pore size becomes more inhomogeneous when the
parameter 𝑛 and the ratio of large particles increase. Then,
sand can move easily through the large and connected pores.

Based on (7) and Table 6, we can calculate the critical
seepage velocity for sand inrush. As shown in Figure 16, it
can be seen that the critical seepage velocity decreases quickly
when the value of 𝑛 increases. When 𝑛 is higher than 1.1,
the critical seepage velocity seems to vary slightly around
0.008m/s. In situ, the rock particles may be very large (e.g.,
the rock blocks around the longwall mining face), which
corresponds to a large value of the particle-size distribution
parameter. Thus, sand inrush inevitably occurs even though
the flow rate is very low if no prevention measures are
adopted.

4.3. Prediction and Prevention of Sand Inrush during Coal
Mining. Water and sand inrush is one of the most serious
threats in some shallow coalmines inChina. In the field, there
are mainly two kinds of water and sand inrush problems.
The first one is water and sand inrush through the boreholes
drilled from the ground due to sealing problem. The other
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Figure 15: Criterion for sand inrush.
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Figure 16: Critical seepage velocity for sand inrush under different
particle-size distributions.

Table 6: Critical conditions for sand inrush.

𝑛 0.9 1.0 1.1 1.2 1.3
𝜑 13.4% 11.6% 9.2% 8.5% 7.9%

one happens due to the mining induced fractures. According
to the above conclusion, some principles should be adopted,
such as reduction of the porosity, optimization of the pore
structure of the granular rockmass, and reduction of the flow
rate. More details and discussions are as follows.

4.3.1. Water and Sand Inrush through Boreholes. As the
water can flow freely through the boreholes, it is difficult to
predict the water and sand inrush in this case. The accident
usually occurs quickly. For example, the rate of sand inrush
was approximately 3270m3/h in the water and sand inrush
accident occurred at Longde coal mine through a borehole.
Before the accident, the borehole had not been drilled
through the rock layers over the mining face, and no sign was
found at the drill site or underground.

In order to stop the sand inrush through the borehole,
we should reduce the flow rate by filling the borehole with
granular rock mass. Take the accident in Longde coal mine
for an example. First, large rock blocks were threw into the
borehole. Following that, small rock particles were pushed
into the borehole, which reduced the particle-size distribu-
tion parameter of the granular rock mass in the borehole.
After a period, the flow rate of water and sand decreased a
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lot. Then, cement paste was pumped into the granular rock
mass in order to reduce the porosity of the granular rockmass
in the borehole. After taking these measures, the flow rate of
water reduced greatly and sand inrush stopped.

4.3.2. Water and Sand Inrush through Mining Induced Frac-
tures. When mining in shallow coal mines, the mining
induced fracturesmay go through the rock layers and connect
the aquifer and sand bed. When water flow transports
through the mining induced fracture and permeates into the
granular rock mass over the mined coal, the properties of the
fractures and granular rock mass have a certain influence on
the sand movement. The sand inrush can be predicted by
monitoring water flow rate. As shown in the experiments,
the possibility of sand inrush is low if the water flow rate
is low and little sand is found in the flow. However, if the
monitored water flow rate increases gradually during the
mining, measures should be taken to prevent water and sand
inrush accident.

There are several methods to control the water and
sand inrush from the roof during the mining. The first
is to decrease the water level in the aquifer via boreholes
before mining. Meanwhile, we can reduce the porosity of the
fractured zone over the mining face by filling the fractures
with pressured cement paste. These measures can decrease
the flow rate and reduce the risk of sand inrush.This method
has been used in Halagou coal mine, which is located at the
border of Shaanxi province [3]. Finally, the risk of sand inrush
was eliminated successfully.

The second method is to control the failure of the rock
mass in the roof by using backfilling mining method [20].
The goaf is filled with granular rock mass or paste, and the
height of the fractures in the roof is under control. However,
the water in the aquifer may still seep into the goaf around
the faults or collapse columns, so does the sand. Therefore,
the granular composition of the backfilling rock mass should
be well designed, and the granular rock mass should be com-
pressed to reduce the porosity to be as small as possible [21].

It should be pointed out that the present study is only a
primary attempt to understand the water and sand inrush
through the rock mass. The results are more or less a
phenomenological description of the problem in granular
rock mass, rather than a precisely quantitative comparison
with the in situ measurements. Moreover, the characteristic
of seepage through the granular rockmass in the field may be
different from what we get in the laboratory due to the size
effect.

5. Conclusions

(1) Talbot formula can be utilized to express the granular
composition.The particle-size distribution parameter
and the porosity are the two key properties of the
granular rock mass.

(2) In current study, the seepage velocity has a linear rela-
tionship with the particle-size distribution parameter
and porosity. The proposed equation can predict the
seepage velocity very well when the parameters are
within the specific range used in the tests.

(3) Based on the values of porosity and particle-size
distribution parameter, the sand inrush zone can be
clearly distinguished. As the parameter 𝑛 increases,
the sand inrush will occur at lower porosity. At the
same time, the sand inrush can also be estimated
using the seepage velocity. When the parameter 𝑛
increases, the critical seepage velocity for sand inrush
decreases quickly.

(4) According to the findings from the experiments, the
principles for preventing water and sand inrush are
reducing the porosity, optimizing the pore structure
of the granular rock mass, and lowering the flow
rate. In practice, the porosity can be reduced by com-
pressing the granular rock mass or by grouting using
cement paste. The pore structure can be improved by
increasing the ratio of small rock particles. Addition-
ally, the flow rate can be decreased by predraining
water in the aquifer before mining. The proposed
principles have been successfully used in-site to con-
trol the water and sand inrush.
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The stability of the operation of a tailing dam is affected by reservoir water level, phreatic line, andmechanical parameters of tailings.
The values of these factors are not a definite value in different situations. Meanwhile, the existence of the phreatic line makes it a
more complex issue to analyze the stability of the tailing dam. Additionally, it is very hard to give a definite limit to the state of tailing
dam from security to failure. To consider the uncertainty when calculating the stability of the tailing dams, interval values are used
to indicate the physical and mechanical parameters of tailings. An interval nonprobabilistic reliability model of the tailing dam,
which can be used when the data is scarce, is developed to evaluate the stability of the tailing dam. The interval nonprobabilistic
reliability analysis model of tailing dam is established in two cases, including with and without considering phreatic line conditions.
The proposed model was applied to analyze the stability of two tailing dams in China and the calculation results of the interval
nonprobabilistic reliability are found to be in agreement with actual situations. Thus, the interval nonprobabilistic reliability is a
beneficial complement to the traditional analysis method of random reliability.

1. Introduction

Tailing dam failure is a type of major hazard source in China.
The damage of the tailing dam failure is much worse than
that of an ordinary dam, and meanwhile, it causes serious
environment pollution. The stability of a tailing dam is the
main measure indicator of the safety of tailing pond. The
failure of a tailing dam not only will seriously affect the nor-
mal production of the mine, but also will cause serious dam-
age to the local industrial and agricultural production and
property of the people living downstream.

The study of tailing dams is similar to that of slopes.
Through the introduction and intersection of some new
disciplines and theories, some newmethods of slope stability
analysis, such as reliability analysis based on the probability
theory and mathematical statistics [1, 2], the comprehensive
evaluationmethod based on the fuzzy/statisticalmathematics
[3–6], the gray system evaluation method based on the gray
system theory [7–11], and the neural network evaluation
method based on the neural network theory [12–16], are
gradually formed. These evaluation methods have achieved

good application in slope stability analysis and evaluation and
promoted the development of slope stability research.

In the evaluation of the stability of tailing dams, the
currently used evaluation methods are mainly from the eval-
uation methods of traditional slope stability analysis. There
are many ways to determine the slope stability level, but the
evaluation results of traditional methods using single index
or few indexes, with great limitations and one-sidedness, are
sometimes contradictory anddifficult to choose.The compre-
hensive evaluation method using multi-index developed in
recent years has been proved to be an effective way to improve
the accuracy of evaluation. The rock mass of tailing dam is
a complex geological media, with complex and changing
mechanical parameters, distributions of structural planes,
engineering properties, and strong uncertainty.The existence
of these uncertainties brings great difficulties to the stability
analysis of tailing dams. Although a lot of methods have
been developed, the difficulty of stability evaluation of the
tailing dam lies in the uncertainty of many factors, how to
take this uncertain information into account when analyzing
stability of the tailing dams is an important issue worthy of

Hindawi
Geofluids
Volume 2017, Article ID 8745894, 11 pages
https://doi.org/10.1155/2017/8745894

https://doi.org/10.1155/2017/8745894


2 Geofluids

studying. The unascertained theory provides a better way in
this respect. Therefore, it is necessary to introduce reliability
analysis in stability analysis of tailing dams.

The phreatic line is one of the most important factors
affecting the stability of the tailings dam [17].The safety factor
of stability can increase 0.05 or more while the phreatic line
drops 1m.Therefore, the determination of the phreatic line is
one of themost important contents in the study of the stability
of tailing dams and also the first problem to be solved.

Therefore, it is of great significance to study the dam
failure mechanism and investigate the reliable monitoring
technology to predict the potential dam instability according
to the monitoring results. In recent years, many experts and
scholars did a lot of exploration and research in the above two
aspects.

Blight [18] studied the failures of five annular tailing dams
in South Africa and concluded that the transport distance
of the tailing flow is related to the wet state of the surface,
the transport distance of tailing flow is longer in the wet
surface than that in the dry surface. In addition, Moxon [19]
investigated the tailing dam accident in the Los Frailes mine
in southern Spain and proposed a method to prevent the
failure of tailing dam. Rico et al. [20] collected the effective
information of the historical failure of tailing dam and
analyzed and summarized the relationship between the geo-
metrical parameters of the tailing dam and the characteristics
of the tailing flow produced by the tailing dam failure. This
study has an important practical significance to the analysis
of the relationship between the tailing dam failure and the
parameters of the tailing dam and also to the evaluation of
tailing dam failure.

In the monitoring and early warning of tailing dam
failure, based on the support vector regression and the
monitoring data of the tailing dam, Li et al. [21] presented a
new prediction method for phreatic line. Wang [22] applied
the gray theory and support vector machine theory to the
prediction of tailing dam displacement and phreatic line
based on the monitoring results of tailing dam displacement
and the phreatic line, which provided a new method for the
stability analysis and reliability prediction of tailing dam.
Jiang et al. [23, 24] proposed a general approximate method
for the groundwater response problem caused by water
level variation, and they also investigated the approximate
analytical solution to the Boussinesq equation with a sloping
water-land boundary, which can be used to determine the
phreatic line under different water levels in tailing dam under
the conditions without the measured data of observation
holes.

The currently used safety factor method [25] and random
reliabilitymethod [26] are not effective in solving the problem
of real-time stability of tailing dam. The reason is that the
safety factor method cannot consider the randomness of
parameters; although the random reliabilitymethod takes the
randomness of the parameters into consideration, but due to
the huge workload and high cost of the repeated trial in the
actual project, the coefficient of variation is often assumed or
obtained by simple calculation and did not take into account
the time correlation.

The interval nonprobabilistic reliability analysis methods
for structures [27–33] based on interval theory provide a use-
ful approach to evaluate these uncertainties. Interval values
can better reflect the uncertainty of a parameter value when
the number of samples is scarce, thus reducing the demand
for data information.

Based on the complexity, the randomness, and the param-
eters uncertainty of the tailing dam, aiming at effectively
evaluating the reliability of the tailing dam, the interval non-
probabilistic reliability analysis model of tailing dam is estab-
lished in two cases, including with and without considering
phreatic line conditions.

2. Limit State Equation of the Tailing
Dam Failure

2.1. With the Consideration of the Effect of Phreatic Line on
the Tailing Dam. During the normal operation of a tailing
dam, the phreatic line is usually between the most dangerous
sliding face and the slope. The evaluation of the tailing dam
stability must take into account the influence of the phreatic
line. The calculation equations of resistance 𝑅 and load effect𝑆 of the most common case are analyzed next.

To obtain the most accurate calculation results, the effect
of hydraulic force was considered. The direction of hydraulic
force and vertical direction is not consistent; it cannot simply
apply the treatment of tailing gravity. In fact, the essential of
using arc method to analyze the stability of the slope is to
consider the relative size of the sliding moment and antislid-
ing moment; the reason why the situation without consider-
ing the phreatic line can use the sliding force and resistance is
a special case where the sliding force and resistance have an
equal arm to the center.Therefore, we replace the sliding force
and resistance by themoments of sliding force and resistance.
As the location direction of the hydraulic force is easy to
determine, the use ofmoment also simplified the analysis and
calculation.

As shown in Figure 1, the slope equation 𝑔(𝑥) indicates
the equation of the tailing dam surface in the vertical
projection, which is determined by fitting the coordinates of
points in the surface of the tailing dam. The equation of the
circular sliding face 𝑓(𝑥) is calculated by the Swedish Circle
Method.The equation of the phreatic line𝜔(𝑥) is fitted by the
measured data of water level in phreatic line observation
holes.The area of the part𝑓𝑔𝐵𝑓modeled by the phreatic line,
the slope, and the sliding face is𝑊.The hydraulic force acting
on the part 𝑓𝑔𝐵𝑓 is 𝐷, whose action point is the centroid of
the area.The direction of action can be assumed to be parallel
with the direction of 𝑓𝑔 (as indicated by the arrow in the
figure).The arm of the hydraulic force to the center of sliding
face is 𝐿1. ℎ1𝑖 and ℎ2𝑖 indicate the length of the vertical tailings
above and below the phreatic line, respectively.

The hydraulic force can be expressed as

𝐷 = 𝐺𝐷𝐼𝑊 = 𝛾𝑤𝐼𝑊, (1)

where𝐺𝐷 is the hydraulic force acting on per unit volume, 𝛾𝑤
is the bulkweight ofwater, and 𝐼 is themean value of thewater
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Figure 1: Slope section of the arc of destruction with considering
the impact of phreatic line.

table gradient in the sphere of 𝑓𝑔𝐵𝑓, which can be assumed
equal to the gradient of line 𝑓𝑔.

As to calculating the weight of the 𝑖 section of the tailings,
for the part below the phreatic line, the buoyancy of the water
should be taken into account when the resistance is calcu-
lated, and the saturated bulk density should be used if the
sliding force is calculated.

Therefore, the equations for calculating the resistance𝑀𝑅
and sliding force𝑀𝑆 of the tailing damwith the consideration
of the phreatic line can be expressed as

𝑀𝑅 = 𝑛∑
𝑖=1

{𝑐𝑙𝑖 + [𝑊𝑖 cos𝛽𝑖 − 𝜇𝑖𝑙𝑖] 𝑓} 𝑟 = 𝑛∑
𝑖=1

{ 𝑐𝑏𝑖
cos𝛽𝑖

+ [(𝛾ℎ1𝑖 + 𝛾satℎ2𝑖) cos𝛽𝑖 − 𝛾𝑤ℎ2𝑖
cos𝛽𝑖 ] 𝑏𝑖𝑓} 𝑟,

𝑀𝑆 = 𝑛∑
𝑖=1

(𝑊𝑖 sin𝛽𝑖) 𝑟 + 𝐿1𝐷

= 𝑛∑
𝑖=1

([𝛾ℎ1𝑖 + 𝛾satℎ2𝑖] 𝑏𝑖 sin𝛽𝑖) 𝑟 + 𝐿1𝐷.

(2)

If the tailings are divided into infinite vertical sections, (2)
can be written as

𝑀𝑅 = 𝑟∫𝑥𝐴
𝑥𝐵

{ 𝑐
cos𝛽

+ {[𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥) − 𝑦 (𝑥)]] cos𝛽

− 𝛾𝑤 [𝜔 (𝑥) − 𝑦 (𝑥)]
cos𝛽 }𝑓}𝑑𝑥,

𝑀𝑆 = ∫𝑥𝐴
𝑥𝐵

(𝑥 − 𝑥0) [𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥)
− 𝑦 (𝑥)]] 𝑑𝑥 + 𝐿1𝐷.

(3)

To simplify the two equations, we note the resistance𝑀𝑅
and sliding force 𝑀𝑆 as

𝑀𝑅 = 𝑘1𝑓 + 𝑘2𝑐,
𝑀𝑆 = 𝑘3, (4)

where

𝑘1 = 𝑟∫𝑥𝐴
𝑥𝐵

{{{{{
[𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥) − 𝑦 (𝑥)]]

⋅ √𝑟2 − (𝑥 − 𝑥0)2
𝑟 − 𝑟𝛾𝑤 [𝜔 (𝑥) − 𝑦 (𝑥)]

√𝑟2 − (𝑥 − 𝑥0)2
}}}}}

𝑑𝑥,

𝑘2 = 2𝑟2 arcsin √(𝑥𝐵 − 𝑥𝐴)2 + (𝑦𝐵 − 𝑦𝐴)2
2𝑟 ,

𝑘3 = ∫𝑥𝐴
𝑥𝐵

(𝑥 − 𝑥0) [𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥)
− 𝑦 (𝑥)]] 𝑑𝑥 + 𝐿1𝐷.

(5)

Therefore, the limit state equation of the tailing dam
failure can be written as

𝑍 = 𝑀𝑅 − 𝑀𝑆 = 𝑘1𝑓 + 𝑘2𝑐 − 𝑘3. (6)

This equation can divide the steady statue of tailing dam
into three conditions; namely, the tailing dam is reliable if𝑍 >0, the tailing dam is in the limit state if 𝑍 = 0, and the tailing
dam is unreliable if 𝑍 < 0.
2.2. Without the Consideration of the Effect of Phreatic Line
on the Tailing Dam. The tailing dam model without phreatic
line is established in the same manner with the model of
Section 2.1. As shown in Figure 2, the slope equation is 𝑔(𝑥);
the equation of the circular sliding face is𝑓(𝑥).The equations
for calculating the resistance𝑀𝑅 and sliding force𝑀𝑆 of the
tailing damwithout the consideration of the phreatic line can
be expressed as

𝑀𝑅 = 𝑛∑
𝑖=1

(𝑓 ⋅ 𝑊𝑖 ⋅ cos𝛽𝑖 + 𝑐 ⋅ 𝑙𝑖) ,

𝑀𝑆 = 𝑛∑
𝑖=1

𝑊𝑖 ⋅ sin𝛽𝑖.
(7)
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Figure 2: Slope section of the arc of destructionwithout considering
the impact of phreatic line.

If the tailings are divided into infinite vertical sections, (7)
can be written as

𝑀𝑅 = ∫𝑥𝐵
𝑥𝐴

𝛾 ⋅ 𝑓 ⋅ [𝑔 (𝑥) − 𝑓 (𝑥)]
√1 + 𝑓2 (𝑥) 𝑑𝑥

+ ∫𝑥𝐵
𝑥𝐴

𝑐 ⋅ √1 + 𝑓2 (𝑥)𝑑𝑥,

𝑀𝑆 = ∫𝑥𝐵
𝑥𝐴

𝛾 ⋅ [𝑔 (𝑥) − 𝑓 (𝑥)] ⋅ 𝑓 (𝑥)
√1 + 𝑓2 (𝑥) 𝑑𝑥.

(8)

To simplify the two equations, we note the resistance𝑀𝑅
and sliding force 𝑀𝑆 as

𝑀𝑅 = 𝑚1𝑐 + 𝑚2𝑓,
𝑀𝑆 = 𝑚3, (9)

where

𝑚1 = ∫𝑥𝐵
𝑥𝐴

√1 + 𝑓2 (𝑥)𝑑𝑥,

𝑚2 = ∫𝑥𝐵
𝑥𝐴

𝛾 [𝑔 (𝑥) − 𝑓 (𝑥)]
√1 + 𝑓2 (𝑥) 𝑑𝑥,

𝑚3 = ∫𝑥𝐵
𝑥𝐴

𝛾 [𝑔 (𝑥) − 𝑓 (𝑥)] ⋅ 𝑓 (𝑥)
√1 + 𝑓2 (𝑥) 𝑑𝑥.

(10)

Therefore, the limit state equation of the tailing dam fail-
ure can be written as

𝑍 = 𝑀𝑅 − 𝑀𝑆 = 𝑚1𝑐 + 𝑚2𝑓 − 𝑚3. (11)

This equation can divide the steady statue of tailing dam
into three conditions; namely, the tailing dam is reliable if𝑍 >0, the tailing dam is in the limit state if 𝑍 = 0, and the tailing
dam is unreliable if 𝑍 < 0.

3. Interval Nonprobabilistic Reliability
Method for Tailing Dam Failure

Uncertainty theory has developed rapidly and has been
widely applied in recent years. Ben-Haim et al. [30] proposed
the uncertainty convex model to address the deficiencies of
the probabilistic model. Subsequently, Guo [32] established
a theoretical interval nonprobabilistic reliability model for
evaluating the reliability of structures. In this paper, the the-
ory of interval nonprobabilistic reliability is used to analyze
the reliability of tailing dams. The interval nonprobabilistic
reliability 𝜂 of a tailing dam is defined as the minimum
distance of the normalized failure surface from origin of C𝑛,
and the distance is measured in 𝑙∞ norms. 𝜂 = 1 means that
the most probable failure point is located on the boundary
of failure domain, and the reliability of rock mass structure
has reached a critical state. For the case of 0 ≤ 𝜂 < 1, some
combinations of uncertain parameters may be out of the
reliable domain. The tailing dam cannot satisfy the reliability
requirement. When 𝜂 > 1, all possible points of the tailing
dam lie into the reliable domain, which indicate that the tail-
ing dam is safe and reliable. To guarantee the safety tailing
dam and obtain adequate safety margin, the interval non-
probabilistic reliability 𝜂 can choose to be larger than 1.

The interval values of the shear strength parameters of a
tailing dam are [𝑐𝑙, 𝑐𝑢] and [𝜑𝑙, 𝜑𝑢]. Suppose that the interval
nonprobabilistic reliability of the tailing dam is 𝜂. When 𝜂 >1, the tailing dam is reliable; otherwise, it is unreliable. A
larger value of 𝜂 indicates a higher level of reliability. An
interval nonprobabilistic reliability solution method should
be further established using the method described above to
analyze the reliability comprehensively. For the convenience
of analysis, according to the interval value standardization
method, interval performance equations (6) and (11) are
transformed into standard form; namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 𝑘1 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) + 𝑘2 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) − 𝑘3, (12a)

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 𝑚1 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) + 𝑚2 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) − 𝑚3,

(12b)

where (𝑓𝑐 + 𝑓𝑟𝛿𝑓) and (𝑐𝑐 + 𝑐𝑟𝛿𝑐) are the interval shear
strengths of the tailing dam, 𝑐𝑐 = (𝑐𝑙 + 𝑐𝑢)/2, 𝑐𝑟 = (𝑐𝑢 − 𝑐𝑙)/2,[𝑐𝑙, 𝑐𝑢] = 𝑐𝑐 ± 𝑐𝑟𝛿𝑐, 𝑓𝑐 = (𝑓𝑙 + 𝑓𝑢)/2, 𝑓𝑟 = (𝑓𝑢 − 𝑓𝑙)/2,
[𝑓𝑙, 𝑓𝑢] = 𝑓𝑐 ± 𝑓𝑟𝛿𝑐, and 𝛿𝑓, 𝛿𝑐 ∈ [−1, 1].

According to the nonprobabilistic reliability theory, the
equations of the interval nonprobabilistic reliability 𝜂 for the
standardized interval performance function (12a) and (12b)
can be solved as

𝜂 = min {‖𝛿‖∞} (13)

and meet the condition

𝑍 = 0. (14)

To establish a method for solving the interval nonprob-
abilistic reliability 𝜂, based on previous studies, Jiang et al.
[31] proposed a one-dimensional optimization algorithm that
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can effectively avoid interval extension when calculating the
complex performance function. The paper will apply this
method to solve the interval nonprobabilistic reliability. The
specific analysis process is described below.

(1) When considering the failure of a tailing dam, list 2
super radiation lines/ultra-rays that pass through the origin𝑂∞𝛿1 = {𝛿1: 𝛿1𝑘 = 0, 𝑘 = 1, 2} of the 𝛿1 expansion space𝐶∞𝛿1 =
{𝛿1: 𝛿1𝑘 ∈ (−∞, +∞), 𝑘 = 1, 2} and the vertex 𝑃𝑗

𝛿1
=

{𝛿1: |𝛿1𝑘| = 1, 𝑘 = 1, 2} (𝑗 = 1, 2, 3, 4) of the symmetric
convex domain 𝐶∞𝛿1 = {𝛿1: |𝛿1𝑘| ≤ 1, 𝑘 = 1, 2} formed
by 𝛿1. These super radiation lines/ultra-rays are marked as𝛿11 = ±𝛿12, meeting the condition 𝛿1 ∈ 𝐶𝛿1 ⊂ 𝐶∞𝛿1 .

(2) Add 𝛿11 = ±𝛿12 and𝑚 = 1 to (14) to solve the interval
nonprobabilistic reliability; 2 high-order nonlinear equations
can be obtained, and the interval nonprobabilistic reliability
set {𝜂11, 𝜂12} can be solved using a numerical method.

(3) The complex solutions are abandoned, and the abso-
lute value of the real solution is selected.Theminimumwill be
the interval nonprobabilistic reliability 𝜂 of the tailing dam.

4. Case Studies

4.1. A Case Study of the Tailing Dam of Hengyang. Located
in the Qidong County, Hengyang, the tailing dam lies down-
stream of the mine. The tailing pond is like an ellipse, with
the length of 500m and the width of 200m. The tailing dam
is surrounded bymountains, with big topographic inequality;
the altitude of the mountain is 390m in the north side, 385m
in the west side, and 378m in the east side.The lowest altitude
of the tailing pond is 285m.Thedegree of seismic fortification
intensity is 6, and the designed earthquake acceleration is
0.05 g. The initial dam is rock fill dam, with a bottom
elevation of 284m, and a top elevation of 316m. The granule
gradations are as follows: hunch rock (above 60 kg) 75%, fit
rock (30–60 kg) 15%, and small rock (3–30 kg) 5%. The cross
sectionmap of tailing dam of Hengyang is shown in Figure 3.
The tailings consist of tailing medium sand, tailing silty sand,
tailing fine sand, tailing mild sand, tailing mild clay, and
tailing mud.

According to engineering investigation of the tailings
dam, the physical and mechanical parameters of the tailing
dam are shown in Table 1.The equation of sliding face crosses
the layers of all the six earth species; therefore, the interval
values of the shear strength parameters are determined by the
minimumandmaximumvalues of internal friction angle and
cohesion of the six tailing species. The interval values of the
shear strength parameters are shown in Table 2.

The equation of sliding face can be expressed as

𝑓 (𝑥) = 174 − (179.72 − (𝑥 − 38.8)2)0.5 . (15)

The equation of the slope can be expressed as

𝑔 (𝑥) = {{{
0.33𝑥 𝑥 ≤ 194
60 𝑥 > 194. (16)

The equation of the phreatic line can be expressed as

𝜔 (𝑥)

=
{{{{{{{{{

0.31𝑥 𝑥 ≤ 47.731
0.11𝑥 + 6.88 𝑥 ≤ 148.72
174 + (179.7𝑥2 − (𝑥 − 38.8)2)0.5 𝑥 > 148.72.

(17)

By substituting the known parameters in (5) and (15) to
(17), the values of 𝑘1, 𝑘2, and 𝑘3 can be obtained and are listed
below.

𝑘1 = 8.37773 × 106,
𝑘2 = 25552,
𝑘3 = 2.83188 × 106.

(18)

Therefore, the limit state equation of the tailing dam can
be expressed as

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × 𝑓 + 25552 × 𝑐 − 2.83188 × 106. (19)

The limit state equation can be transformed into standard
form by using the standardize method of interval values;
namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) + 25552

× (𝑐𝑐 + 𝑐𝑟𝛿𝑐) − 2.83188 × 106.
(20)

By substituting the mean value and deviation of 𝑐 and 𝑓
into (20) and using the method introduced in Section 3, the
interval nonprobabilistic reliability index can be solved.

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × (0.46805 + 0.05035𝛿𝑓) + 25552

× (0.0265 + 0.0035𝛿𝑐) − 2.83188 × 106 = 0.
(21)

Solve the equation above and the interval nonprobabilis-
tic reliability index 𝛽 was obtained.

𝛽 = 1.63783. (22)

The calculated random and fuzzy random reliability are
0.9627 and 0.8534, respectively, which means that the two
kinds of reliability indexes are 1.78 and 1.05.The interval non-
probabilistic reliability index is 1.63783. The results suggest
that the tailing dam is in a totally reliable status. Actually,
the appearance of the dam is in a good condition, without
the occurrence of deep or shallow sliding signs, and also no
horizontal and vertical cracks are found. The actual situation
is consistent with the calculation results, which means that
the interval nonprobabilistic reliability model is a reasonable
one and can be used to analyze the stability of tailing dam.
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Figure 3: Cross section map of tailing dam of Hengyang. The ZK1 to ZK5 are the sampling holes. The legends show the constituents of the
tailings. The tailings consist of tailing medium sand, tailing silty sand, tailing fine sand, tailing mild sand, tailing mild clay, and tailing mud.
The distances between sampling holes are noted below the graph.

Table 1: The physical and mechanical parameters of the tailing dam.

Earth species Natural weightiness
degree/kN/m3

Shear strength Permeability
coefficient/cm⋅s−1Internal friction angle/∘ Cohesion/kPa

𝜑min 𝜑max 𝜑mean 𝑐min 𝑐max 𝑐mean

Tailing medium sand 15.02 24 29.3 26.65 27 43 35 1.49 × 10−3

Tailing silty sand 19.17 25.5 27.3 26.4 27 67.2 47.1 4.31 × 10−4

Tailing fine sand 19.86 26 30 28 18.2 47.1 32.65 1.45 × 10−4

Tailing mild sand 19.9 26 29 27.5 22.5 25.7 24.1 7.82 × 10−4

Tailing mild clay 19.9 21.6 28.8 25.2 28 35.2 31.6 8.12 × 10−4

Tailing mud 18.5 27.4 23 2.67 × 10−6

Table 2: The interval values of the shear strength parameters.

Shear strength parameters Interval values of the parameters Mean value Deviation
Cohesive strength 𝑐/MPa [0.0182, 0.0672] 0.0427 0.0245
Internal friction angle 𝜑/∘ [21.6, 30]
Friction coefficient tan𝜑 [0.3959, 0.5774] 0.48665 0.09075

4.2. A Case Study for the Tailing Dam of Panzhihua. The
Panzhihua area is located in the southwest earthquake activity
area of China, where the basic seismic intensity is 7 degrees.
The tailings pond is built through the upstreamdam-building
method, where the accumulation slope is 1 : 6, the final height
of dam is 210m, the final accumulation elevation is 1300m,
the storage capacity is 0.184 billion cubic meters, and the
effective storage capacity is 0.16 billion cubic meters. The
requirements for storing up all the tailings of Lanjian iron
mine and Zhujiabao iron mine can be satisfied.

There are six characteristics of the tailings fill dam, which
are the thick front, the fine tail, the thick upper layer, the fine
lower layer, the thick western section, and the fine eastern
section. Specially, the particle size becomes finer gradually
from the slope of tailings fill dam to the inside tailings dam.
The tailings are fine when close to the slope of 250m range.
Then, the tailings become silty as the area moves to the ditch.

The tailings in the bottom are mainly silty clay. As for the
slope and the crest of the tailings fill dam considered in the
vertical direction, the tailings of upper layer of 25–30m range
are fine, the lower layer is the powder clay mostly, and the
bottom layer is the clay tailings basically. In the early stage,
the particle size of tailings is fine for the areas below the
elevation of dam crest.Themain reason is that the production
and ore-drawing are operated after the build of tailings dam
for a period of time; the rainfall water in the front of the
tailings dam has an impact on the particle size of tailings.
In addition, the ore-drawing in the west side of the tailings
dam is operated through single tube when building the third
subdam, which caused the particle size of tailings to be fine in
front of the auxiliary dam. The cross section map of tailings
damof Panzhihua is shown in Figure 4, where I, II, III, IV, and
V indicate the region of rock fill, fine tailings, powder tailings,
clay tailings, and powder clay, respectively.
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Table 3: The physical and mechanical parameters of the tailing dam.

Earth species Natural weightiness
degree/kN/m3

Shear strength Permeability
coefficient/cm⋅s−1Internal friction angel/∘ Cohesion/kPa

𝜑min 𝜑max 𝜑mean 𝑐min 𝑐max 𝑐mean Vertical Horizontal
Tailing fine sand 20.2 31.9 41.4 36.9 0.7 34.6 12.3 1.6 × 10−3 2.0 × 10−3

Tailing silty sand 20.1 30.2 39.6 34.2 11.2 32.7 19.2 6.8 × 10−4 1.5 × 10−3

Clay tailings 22.0 26.1 35 31.4 12.9 36.6 22.9 6.0 × 10−5 7.5 × 10−4

Powder clay 20.5 1.1 18.9 6.6 17.9 24.7 20.3 2.2 × 10−6 2.8 × 10−6

(35.66Ｇ, 109.680Ｇ)

(116 Ｇ, 300Ｇ)

II

III

I

IV

V

Figure 4: Cross section map of tailing dam of Panzhihua: I, II, III, IV, and V indicate the regions of rock fill, tailing fine sand, tailing silty
sand, clay tailings, and powder clay, respectively.

According to engineering investigation of the tailings
dam, the physical and mechanical parameters of the tailing
dam are shown in Table 3.The equation of sliding face crosses
the regions of III, I,V and V; therefore, the interval values
of the shear strength parameters are determined by taking
the minimum andmaximum values of internal friction angle
and cohesion of tailing silty sand, clay tailings, and powder
clay. The interval values of the shear strength parameters are
shown in Table 4.

The equations of sliding face can be expressed as

𝑓 (𝑥) = 109.68 − (100.562 − (𝑥 − 35.66)2)0.5 . (23)

The equation of the slope can be expressed as

𝑔 (𝑥) =
{{{{{{{{{{{{{{{

0.45𝑥 𝑥 ≤ 100
0.15𝑥 + 30 100 < 𝑥 ≤ 200
0.18𝑥 + 40 200 < 𝑥 ≤ 500
130 𝑥 > 500.

(24)

The equation of the phreatic line can be expressed as

𝜔 (𝑥) =
{{{{{{{{{{{{{{{

0.17𝑥 𝑥 ≤ 165
0.29𝑥 − 28.58 165 < 𝑥 ≤ 215
0.09𝑥 + 15.34 215 < 𝑥 ≤ 375
0.4𝑥 − 102.2 𝑥 > 375.

(25)

The phreatic line is not considered while calculating the
interval nonprobabilistic reliability index because the equa-
tions of sliding face and phreatic line have no intersecting
point. By substituting the known parameters in (10) and (23)
to (25), the values of𝑚1,𝑚2, and𝑚3 can be obtained and are
listed below.

𝑚1 = 103.936,
𝑚2 = 1.99601 × 106,
𝑚3 = 789.469.

(26)

Therefore, the limit state equation of the tailing dam can
be expressed as

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × 𝑐 + 1.99601 × 106 × 𝑓 − 789.469. (27)

The limit state equation can be transformed into standard
form by using the standardize method of interval values;
namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) + 1.99601 × 106

× (𝑓𝑐 + 𝑓𝑟𝛿𝑓) − 789.469.
(28)
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Table 4: The interval values of the shear strength parameters.

Shear strength parameters Interval values of the parameters Mean value Deviation
Cohesive strength 𝑐/MPa [0.0112, 0.0366] 0.0239 0.0127
Internal friction angle 𝜑/∘ [1.1, 39.6]
Friction coefficient tan𝜑 [0.0192, 0.8273] 0.42325 0.40405

Table 5: The advantages and disadvantages of the safety factor, the random reliability, and the nonprobabilistic reliability.

Methods The considered parameters Advantages Disadvantages

Safety factor The mean values of the
mechanical parameters. Easy to operate. The uncertainty of the

parameters is not considered.

Random reliability
The mean values and the

probability density functions of
the mechanical parameters.

The uncertainty of the
parameters are considered; the

reliability index and the
probability of failure can be

obtained.

Large amounts of data are
needed to get the probability
density functions, which

consume much more manpower
and material resources.

Interval nonprobabilistic
reliability

The interval values of the
mechanical parameters.

The interval values of the
parameters are easy to get

without the need of probability
density functions; the reliability

index can be obtained.

By substituting the mean value and deviation of 𝑐 and 𝜑
into (28) and using the method introduced in Section 3, the
interval nonprobabilistic reliability index can be solved, and
the interval nonprobabilistic reliability index 𝛽was obtained.

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × (0.0239 + 0.0127𝛿𝑐) + 1.99601 × 106

× (0.42325 + 0.40405𝛿𝑓) − 789.469,
𝛽 = 1.04654.

(29)

The random and fuzzy random reliability of the tailing
dam were also calculated. The results show that the random
and fuzzy random reliability are 0.9639 and 0.8555, respec-
tively, which means that the two kinds of reliability indexes
are 1.8 and 1.06.The interval nonprobabilistic reliability index
is less than those two reliability indexes but bigger than the
threshold 1. The results suggest that the tailing dam is in a
reliable status. Actually, a serious earthquake with themagni-
tude of 6.1 occurred in the juncture of Panzhihua and Liang-
shan on August 30, 2008. The tailing dam is stable during
the earthquake and no crack occurs. It also proved that the
established interval nonprobabilistic reliability model is a
reliable one. Although the three reliability indexes are all
bigger than 1, note that the fuzzy random reliability index and
the interval nonprobabilistic reliability index are too close to
the threshold 1; the monitoring of the tailing dam should be
taken seriously in case that disaster happens.

The safety factor can be applied when the data is sufficient
using the mean values of the parameters. However, the
uncertainty of the mechanical parameters is not consid-
ered. The random reliability is the preferred method when
sufficient data are available to describe the uncertainty of
the mechanical parameters; the random reliability is heavily

dependent on the probability distributions, but a probability
density function obtained according to insufficient data is
inaccuracy; therefore, the results obtained may be unreliable.
The interval nonprobabilistic reliability model is appropriate
when there is not a sufficient amount of data to determine
the probability density distribution and also the conditions
that the data is sufficient. Furthermore, the uncertainty of
the mechanical parameters is considered when determining
the interval values. The advantages and disadvantages of the
safety factor, the random reliability, and the nonprobabilistic
reliability are listed in Table 5.

The established model of the interval nonprobabilistic
reliability of the tailing damprovides a beneficial complement
to the safety factor and the random reliability method and
is not meant to replace them. The interval nonprobabilistic
reliability model is appropriate when there is not a sufficient
amount of data to determine the probability density distri-
bution. Therefore, a strict data requirement is unnecessary
because the uncertainty of the parameter value can be used
when there is not a sufficient amount of data.

5. Sensitive Analysis

To compare and analyze the sensitivity of each interval
parameter on the interval nonprobabilistic reliability, make
the deviation of parameters 𝑐1 and 𝑓1 of the tailing dam
change 0.002 toward both sides each time based on the pre-
vious deviation when calculating the interval nonprobabilis-
tic reliability. The analysis process for the tailing dam of
Hengyang can be classified into 2 conditions:

(1) 𝑐𝑐1 , 𝑐𝑟1 , and 𝑓𝑐1 are set as constant values, and 𝑓𝑟1 is
set to 0.08075, 0.08275, 0.08475, 0.08675, 0.08875, 0.09075,
0.09275, 0.09475, 0.09675, 0.09875, and 0.10075.These values
are substituted into (20); the corresponding interval non-
probabilistic reliabilities are obtained according to (13) and
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Figure 5: (a) Sensitivity analysis for the deviation of 𝑐1 (𝑐𝑟1) and of 𝑓1 (𝑓𝑟1 ) and (b) box charts for INRs under changes of 𝑐1 (𝑐𝑟1) and 𝑓1 (𝑓𝑟1 ).

(14). The change regulation is shown as solid blue star in
Figure 5(a). A slight change in 𝑓𝑟1 can change the stability of
a tailing dam considerably.

(2) 𝑐𝑐1 , 𝑓𝑐1 , and 𝑓𝑟1 are set as constant values, and 𝑐𝑟1 is set to
0.0145, 0.0165, 0.0185, 0.0205, 0.0225, 0.0245, 0.0265, 0.0285,
0.0305, 0.0325, and 0.0345. With the same solution as (1),
the relationship between 𝑐𝑟 and the interval nonprobabilistic
reliabilities of the tailing dam are obtained, as the solid red
circle shown in Figure 5(a). FromFigure 5(a), the relationship
between 𝑐𝑟 and the interval nonprobabilistic reliabilities is
found to be a nearly linear dependence, and the changes in𝑐𝑟1 have a minor effect on the interval nonprobabilistic relia-
bilities.

The relationship between shear strength (𝑐 and𝑓) and the
interval nonprobabilistic reliability can be obtained through
the box chart in Figure 5(b). From Figure 5(b), it can be also
clearly seen that the interval nonprobabilistic reliability is
more sensitive to the change of 𝑓 than to the change of 𝑐.

To compare and analyze the sensitivity of each interval
parameter on the interval nonprobabilistic reliability, make
the deviation of parameters 𝑓2 and 𝑐12 of the tailing dam
change 0.002 toward both sides each time based on the pre-
vious deviation when calculating the interval nonprobabilis-
tic reliability. The analysis process for the tailing dam of
Panzhihua can be classified into 2 conditions:

(1) 𝑐𝑐2 , 𝑐𝑟2 , and 𝑓𝑐2 are set as constant values, and 𝑓𝑟2 is
set to 0.39405, 0.39605, 0.39805, 0.40005, 0.40205, 0.40405,
0.40605, 0.40805, 0.41005, 0.41205, and 0.41405.These values
are substituted into (28); the corresponding interval non-
probabilistic reliabilities are obtained according to (13) and
(14). The change regulation is shown as solid blue star in
Figure 6(a). A slight change in 𝑓𝑟2 can change the stability of
a tailing dam considerably.

(2) 𝑐𝑐2 , 𝑓𝑐2 , and 𝑓𝑟2 are set as constant values, and 𝑐𝑟2 is set
to 0.0027, 0.0047, 0.0067, 0.0087, 0.0107, 0.0127, 0.0147, 0.0167,
0.0187, 0.0207, and 0.0227. With the same solution as (1),
the relationship between 𝑐𝑟2 and the interval nonprobabilistic
reliabilities of the tailing dam is obtained, as the solid red cir-
cle shown in Figure 6(a). From Figure 6(a), the relationship
between 𝑐𝑟2 and the interval nonprobabilistic reliabilities is
found to be a horizontal dependence. By analyzing the values
of the parameter 𝑐2 we can find that the values of 𝑐2 are much
less than that of 𝑐1, which resulted in a very small deviation.
From Figure 6(a) we can discover that the changes in 𝑐𝑟2 have
a minor effect on the interval nonprobabilistic reliabilities.

The relationship between shear strength (𝑐 and𝑓) and the
interval nonprobabilistic reliability can be obtained through
the box chart in Figure 6(b). From Figure 6(b), it can be also
clearly seen that the interval nonprobabilistic reliability is
more sensitive to the change of 𝑓 than to the change of 𝑐.
6. Conclusions

Thephreatic line significantly affects the stability of the tailing
dam; a new interval nonprobabilistic reliability measurement
and analysis method for tailing dam with the consideration
of the existence of phreatic line was proposed based on the
interval theory. This proposed method requires the values of
the bounds of the uncertain parameters but not their specific
distributions. As a result, the initial data requirements are
reduced considerably.

The developed interval nonprobabilistic reliability
method was used to evaluate the stability of two tailing dams
in China. The calculation results of the interval nonprob-
abilistic reliability are found to be in agreement with actual
situations. It is concluded that the interval nonprobabilistic
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Figure 6: (a) Sensitivity analysis deviation of 𝑐2 (𝑐𝑟2) and 𝑓2 (𝑓𝑟2 ) and (b) box charts for INRs under changes of 𝑐2 (𝑐𝑟2) and 𝑓2 (𝑓𝑟2 ).

reliability method can be used when the amount of data is
scarce.

The most sensitive mechanical parameters of the tailing
dam failure can be determined through a sensitivity analysis
of the mechanical parameters toward the interval nonprob-
abilistic reliability, thereby providing instructions for the
support of the tailing dam slope.

It is noted that the nonprobabilistic reliability method is
not designed to replace the probabilistic reliability method
but instead serves as a useful complement to the probabilistic
reliability method. The probability reliability method can be
used when there is a sufficient amount of data to describe the
probability properties of the uncertain parameters, and the
interval nonprobabilistic reliability models can be used when
the uncertainty in the data is scare.
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To study and prevent water-mud-outburst disasters of tectonic fracture zones in geotechnical engineering, we tested seepage
stability of confined broken mudstones with consideration of mass loss using syringe seepage method and a self-designed seepage
testing system, obtained the variation laws of seepage instable duration, total mass loss, and mass loss rate of broken mudstones
under different pressure gradients and Talbol power exponents (simplified as Talbol hereafter), and explained their instable seepage
behaviors. The results showed that the mass loss is the internal cause of seepage-induced instability of broken rocks and pressure
gradient is the external cause, and the persistent migration and loss of particles result in progressive failure process, while the
large enough pressure gradient causes sudden overall instability. The seepage instable duration shortens with pressure gradient
increasing, with the longest and shortest duration at Talbol of 0.5 and 0.1, respectively. In general, mass loss increases with pressure
gradient increasing and with Talbol decreasing. Mass loss rate increases with pressure gradient increasing but shows no monotonic
changes with Talbol. Their expressions can be used to establish dynamic model in the further seepage stability researches.

1. Introduction

Geotechnical engineering projects involving tectonic fracture
zones such as mining, slopping, excavating, and tunnel
construction face issues of seepage from broken rocks which
have high porosity and permeability, as well as complex
porous and fracture structures. Their particle edges are
easily broken under pressure and fine particles are prone to
migrate under seepage. Under certain seepage pressure, fine
particles in broken rocks will migrate and run off together
with water, leading to increased rock porosity, enhanced
permeability, and conversion of water flow from seepage into
pipe flow, leading to seepage-induced instability. Therefore,
we believe that unstable seepage behavior induced by mass
loss of the broken rocks is an important reason for dynamic
disasters such as water and mud outburst in the geotechnical
engineering projects involving tectonic fracture zones.

The crushing of broken rocks during the loading is the
primary cause for particles migration and is affected by many
factors [1–4], such as particle shape, soil type, compaction

effort [5–7], applied stress, initial grading of the tested soils
[8], the artificial crushable material [9], changes in particle
mixture [10], the complex shape in physics and geometry [11],
and the geological framework [12]. In addition, the impact
of seepage on rearrangements and migration of particles in
confined broken rocks cannot be ignored. Many methods
have been used to monitor seepage flow in broken rocks
and investigate seepage properties [13–18] including stress-
controlling method and porosity-controlling method. Liu et
al. [19] measured the permeability coefficients of sandstone,
shale, and coal under three different types of axial com-
pressions and described their confidence intervals. Ma et al.
[20, 21] studied the permeability characteristics of broken
shale, mudstone, and coal of four single particle sizes and
analyzed the influence of seepage velocity, axial stress, and
seepage pressure differences on permeability coefficient of
broken rocks with different particle sizes. Furthermore, the
porosity-controlling method could be used to measure the
seepage velocity, permeability, and non-Darcy flow 𝛽 factor
of broken rocks. Sun et al. [22] reported laws of permeability
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characteristics related to the load and particle diameter.
Huang et al. [23] studied the relationships between the
particle porosity and permeability parameters and found that
the relationships could fit power functions and permeability
parameterswere related to the loading history.Miao et al. [24]
discussed the deviation factor in Darcy flow and established
a dimensionless dynamic model for the nonlinear seepage
of broken rock mass. Wang et al. [25] studied the relation-
ships between permeability parameters and porosity in two
different loading histories and considered the influence of
loading path on the permeability parameters of broken coal
samples. Kong et al. [26] tested the permeability of crushed
gangues with six different particle sizes during compaction
using a crushed-rock compaction permeation apparatus and
a self-designed seepage circuit and analyzed the relationships
between seepage velocity, permeability, or non-Darcy𝛽 factor
and the porosity, particle size, or distribution. Ma et al.
[27, 28] tested crushed mudstone, limestone, and sandstone
specimens and found that the porosity, particle crushing, and
seepage properties of crushed rocks were not only related to
axial displacement, grain diameter size, andmixture sizes, but
also related to the style of arrangement.

With the above research foundation about the crush and
seepage of broken rocks, the loss of fine particles that migrate
with water flow has become a hot point in academia. Kenney
and Lau [29] considered that soil was comprised by soil
skeleton and large number of fine loose particles movable
among pores of soil skeleton in seepage process andmeasured
the loss of movable fine particles using grading curves. Fox et
al. [30] used the pans to collect sediment load and measured
stream bank erosion due to ground water seepage with con-
sideration of the bank pore water pressure and found that the
quantity of mass loss was dependent on the type of seepage.
Midgley et al. [31] measured soil-water pressures, seepage
rate, and sediment concentration and found that seepage
flow rate and corresponding erosion rate were proportional
to hydraulic gradient. Sterpi [32] and Cividini and Gioda
[33] considered the influence of seepage on the migration
of movable fine particle and established empirical formulas
between the mass loss of fine particles and pressure gradient
or time. Ma et al. [28] studied the permeability of crushed
mudstones and pointed out that the washed-away muds due
to water seepage are the main reason for weight lost in
mudstone samples. Yu et al. [34] experimentally studied the
seepage characteristics of cemented broken mudstone and
analyzed the influence of cementing material on the fine
particles migration and mass loss.

Furthermore, scholars explored seepage-induced insta-
bility mechanism with consideration of mass loss, and they
believed in the fact that the seepage-induced instability was
seepage changing into pipe flow because the fine particles
could be easily rushed away. Some emphasized the factor of
seepage pressure in different projects, including foundation
excavation [35–37], dam extrusion fracture zones [38, 39],
tunnel construction [40], and coal mine [41, 42]. And they
also pointed out that pressure gradient had greater effect
on the loss of fine particles [43–45]. Some others may
pay more attention to other factors, such as fine particles’
content or size distribution [34, 46], confining pressure or

triaxial pressure [46, 47], cementing material [34], and the
emission of sand [48]. Meanwhile, they also discussed the
influences of the above factors on seepage-induced instability
and concluded that they were the important factors affecting
seepage upheaval into pipe flow.

Our team [25, 26, 49, 50] have previously studied water
outburst of collapse columns using a self-designed seepage
system and tested the seepage characteristics of coal, coal
gangue, sandstone, and mudstone under different pressure
gradients using steady seepage testmethod.The experimental
observations revealed a hydraulic breakdown phenomenon.
In otherwords, turbid liquid flewout the broken rock samples
at the moment when instable seepage occurred, indicating
that the fine particles migration and loss occurred during the
test.

The mass migration and loss is one of the major causes
for seepage-induced instability of broken rocks. In addition,
seepage stability of broken rocks is also affected by their
diameter and packing mode as well as seepage pressure. If
the gravel particles in broken rocks are properly distributed
and orderly arranged and are in a tight structure form,
the penetration ability of broken rocks is weak. However,
when seepage pressure increases, the penetration ability of
broken rocks will increase. Under the combined effects of
these two factors, the particles inside broken rocks undergo
an evolution process of migration and loss. Under different
distribution of broken rock diameter and seepage pressure,
seepage instable duration and mass loss will be significantly
different.

In this paper, we analyzed the variation law of seepage
instable duration and mass loss of broken rocks with con-
sideration of particles migration and explored the instable
seepage behavior of broken rocks under various seepage
pressures and different diameter distribution, with the hope
to provide an experimental basis for prediction and control of
water and mud outburst in geotechnical engineering projects
involving tectonic fracture zones.

2. Experiment Principles and Methods

2.1. Experimental System. Figure 1 shows the self-designed
seepage test system of broken rocks with variable mass. It is
composed of five subsystems, namely, (1) the seepage pres-
sure loading and control subsystem, (2) particle-migration-
achievable seepage subsystem, (3) fine particles collection
subsystem, (4) axial load loading and displacement control
subsystem, and (5) data acquisition and analysis subsystem.
Among them, the seepage pressure loading and control
subsystem, particle-migration-achievable seepage subsystem
and fine particles collection subsystem are the core compo-
nents of the test system.

The seepage pressure loading and control subsystem
could load pressure using either syringe seepage mode or
pump station mode based on users’ needs. The pump station
mode could directly achieve sample penetration with a
metering pump. However, the method could cause pressure
fluctuation and is unable to achieve long time constant
pressure loading. The syringe seepage mode [51] uses oil and
water as energy transfer medium in the upper and lower
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Figure 1: Schematic of the test system.

chambers of the double-acting hydraulic cylinder piston,
respectively. Use of hydraulic oil makes it easy to control
pressure while water in the lower chamber is easy to seep.
In addition, throttle valve (THV), spill valve (SV1), and
reversal valve (RV1) are placed in the pipelines of the variable
piston pump (P1) and the upper chamber of the double-
acting hydraulic cylinder piston to achieve precise control of
hydraulic oil flow and pressure.

In this study, we used the syringe seepage method to
deliver adjustable, stable seepage pressure to the bottom of
the rock sample. In detail, (1) open the shut-off valves S2, S3,
and S5, close the shut-off valves S1 and S4, and turn on the
metering pump P2 to inject water to the lower chamber of the
double-acting hydraulic cylinder AC2; (2) after completion
of injection, close the shut-off valve S5, open shut-off valve
S4, and turn on the variable piston pump P1. The hydraulic
oil pumped out by P1 flows in turn through the cooler,
throttle valve THV, reversing valve RV1, and shut-off valve
S2 into the upper chamber of the double-acting hydraulic
cylinder AC2, pushing the piston rodmoving downward.The
piston rod then further drives water in the lower chamber
of the double-acting hydraulic cylinder AC2 passing in turn
through the shut-off valves S3 and S4, flow transducer FT,
and permeameter; (3) once the water in the lower chamber

of the double-acting hydraulic cylinder AC2 is exhausted, the
experiment is temporarily stopped; (4) turn on the metering
pump P2 to inject water into the lower chamber and repeat
(2) and (3) till finishing the experiment.

The particle-migration-achievable seepage subsystem is a
permeameter shown in Figure 2. The permeameter consists
of baseboard, cylinder, piston, overflow tank and trays, and
the like. The unique design of the piston and overflow tank
allows particles to move freely.

Fine particles collection subsystem adopts filtration
method to conduct the mixture of water and fine particles
from the tray to vibrosieve through the hose.The filtrated fine
particles are manually collected, dried, and weighted.

The axial load loading and displacement control subsys-
tem uses variable piston pump P1 to provide pressure to the
single-acting hydraulic cylinders AC1, push the piston rod
move upward, and load pressure to broken rock samples
under the displacement control mode, making them be
compressed and deformed.

The data acquisition and analysis subsystem consists
of the pressure transducer PT, flow transducer FT, data
acquisition instrument, PC, and so on and is used for real-
time acquisition of seepage pressure and flow during the test.
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Table 1: Mass (g) distribution of particles with different Talbols.

Mass (g) Eight different particles sizes (mm)
0∼2.5 2.5∼5 5∼8 8∼10 10∼12 12∼15 15∼20 20∼25

Talbol

0.1 1588.7 114.0 81.9 40.3 33.6 41.9 55.5 44.1
0.2 1261.9 187.6 142.9 72.7 61.8 78.8 106.9 87.3
0.3 1002.4 231.7 186.9 98.4 85.4 111.1 154.7 129.5
0.4 796.2 254.4 217.3 118.4 104.9 139.2 198.8 170.8
0.5 632.5 262.0 236.9 133.5 120.7 163.6 239.7 211.1
0.6 502.4 259.1 248.1 144.6 133.4 184.5 277.3 250.6
0.7 399.1 249.2 252.6 152.3 143.4 202.3 312.0 289.2
0.8 317.0 234.9 251.9 157.1 150.9 217.3 343.9 327.0
0.9 251.8 218.1 247.4 159.5 156.3 229.8 373.2 363.9
1.0 200.0 200.0 240.0 160.0 160.0 240.0 400.0 400.0

2.2. Experimental Design and Methods. Tectonic fracture
zones of the geotechnical engineering after long-term weath-
ering contain very high clay content. Thus, we used mud-
stones as the experimental material. These mudstones were
fractionated prior to experiment by sieving as particles with
size of 0∼2.5mm, 2.5∼5mm, 5∼8mm, 8∼10mm, 10∼12mm,
12∼15mm, 15∼20mm, and 20∼25mm, respectively. A total of
2000 g of mudstones were packed into the barrel cylinder of
the permeameter at the ratio defined using Talbol continuous
gradation formula

𝑀𝑑
𝑀𝑡 = (

𝑑
𝐷)
𝑛

× 100%, (1)

where𝑀𝑑 is the mass of broken stone when diameter is less
than or equal to d, g;𝑀𝑡 is the totalmass of broken stones, g; d
is the diameter of the broken stones, mm; D is the maximum
diameter of the broken stones, mm; 𝑛 is the Talbol power
exponent (simplified as Talbol hereafter) and taken as 0.1,

0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0, respectively. The
mass partition corresponding to the particles with various
diameters is shown in Table 1, and the natural packing height
of testing samples with different Talbols is listed in Table 2.

From Tables 1 and 2 it is clear that the greater the Talbol,
n, the higher the content of mudstones with greater diameter
and the higher the natural packing height of the sample. On
the contrary, the smaller the Talbol, n, the higher the content
of mudstones with smaller size and the lower the natural
packing height of the sample.

Before seepage, all samples are compressed to the same
height of 120mm. During the test, seepage water pressure at
the bottom of the broken rock samples, p, could be obtained
by the opening pressure, P (shown on pressure gage PG1),
of the spill valve SV1, inner diameter of the double-acting
hydraulic cylinder, 𝑑1, and the diameter of piston rod, 𝑑2,

𝑝
𝑃 = 1 − (

𝑑2
𝑑1)
2

. (2)
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Table 2: The natural packing height (mm) of tested samples with different Talbols.

Talbol power exponent 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Natural packing height (mm) 147 150 153 155 156 160 163 166 170 172

Prepare and load samples

Turn on the metering pump to
inject water into the double-

acting hydraulic cylinder

Turn on variable piston pump

Collect flow-out particles at
certain interval

Record the seepage instable
duration

Seepage

seepage
Instable

samples
Unload

No

Load to initial height,
injecting water till saturation

Figure 3: Flow chart of the experiment.

During the experiment, p was taken as 3, 4, 5, 6, and
7MPa, respectively. Because the top of the broken rock
samples is connected to the atmosphere, if ignoring pipeline
losses, p is the difference in the seepage pressure at top
and bottom of the broken sample and used to calculate the
corresponding pressure gradient𝐺𝑃, which was 25, 33, 42, 50,
and 58MPa/m.

A steady state seepage method was used in the exper-
iment. During the seepage process, the pressure gradient
is constant. When dynamic phenomena such as slurry dis-
charge from the permeameter occurred, sample was consid-
ered to undergo seepage upheaval. In other words, seepage
was transformed into pipe flow, inducing instability.Thus, the
test was ended. Seepage instable duration, T, was recorded
and the total mass loss, 𝑚𝑝, during the seepage instable
process was collected to calculate the mass loss rate,𝑚𝑝,

𝑚𝑝 =
𝑚𝑝
𝑇 . (3)

In this study, a total of 50 groups of tests in combination
of 10 different Talbols and 5 different pressure gradients were
conducted with 3 repeats for each combination. The results
were expressed as the average of three repeats and further
analyzed.

2.3. Experimental Process. Figure 3 illustrates seepage-
induced instability experimental process of the confined
broken mudstones with the consideration of mass loss.

The experimental process included the following steps:
(1) debug the test system and put the mixed broken rock
samples into the open permeameter; (2) compress the broken
rock samples using variable piston pump to the initial height;
(3) inject water into the samples for 30 minutes to ensure
that samples were water-saturated; (4) load seepage pressure
on the bottom of the rock sample using the syringe seepage
method and collect the flow-out particles at a certain interval;
(5) conduct the test until the seepage-induced instability
occurs and record the seepage instable duration; and (6)
finish the test and unload the samples in time.

3. Results and Analysis

Seepage instable duration, T, total mass loss, 𝑚𝑝, as well as
mass loss rate, 𝑚𝑝, of the 150 tested samples under different
Talbols, n, and pressure gradients, 𝐺𝑝, were obtained and
analyzed below.

3.1. Variation Law of the Seepage Instable Duration. Fig-
ure 4(a) shows the variation law of seepage instable duration,
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Figure 4: Variation of seepage instable duration with pressure gradient.

T, of the tested samples under 10 different Talbols at pressure
gradient, 𝐺𝑝, and Figure 4(b) is the enlarged view of partial
Figure 4(a) when duration is less than 800 s.

As shown from Figure 4, under the same pressure
gradient, seepage instable duration is the longest at Talbol of
0.5. After sample compaction, the internal porous structure
of the sample is arranged properly, particles of different
sizes extrude toward each other and close up, showing no
apparent seepage channels, which enable the sample with
strong water blocking ability. By contrast, the duration is
the shortest at Talbol of 0.1. The sample contains as high
as 85% easy-to-migrate fine particles and is less stable. At
the instable seepage stage, the sample shows a “mesh-like”
destruction. The seepage instable duration of samples with
Talbols of 0.9 and 1.0 is relatively short, about 2-fold of the
shortest duration. In samples with Talbols of 0.9 and 1.0,
large particles are significantly more than fine particles. But
after compaction, fine particles cannot effectively fill the gaps.
Thus, the samples have loose internal structure and large
porous space. Under seepage pressure, they are prone to
subject to instable seepage.

Figure 4 also shows that at each Talbol, the seepage
instable duration shortens with pressure gradient increas-
ing. When pressure gradient increases from 25MPa/m to
58MPa/m, the seepage instable duration of samples with
Talbol of 0.3 drops the most, by 99.5%, while that of samples
with Talbol of 0.8 drops the least, by about 80%. The
relationship of seepage instable duration to pressure gradient
is expressed as logarithmic fitting functions, as shown in
Table 3 and could be uniformly expressed as

𝑇 = −𝑎 ln (𝐺𝑝) + 𝑏, (4)

where coefficients 𝑎 and 𝑏 are the function of Talbol, n, and
could be expressed as

𝑎 = 660.90 + 17567.16𝑒−2((𝑛−0.464)/0.121)2 ,
(𝑅2 = 0.9886) ,

Table 3: Functional relationship of seepage instable duration with
pressure gradient and their correlation coefficients.

Talbol Fitting function Correlation coefficient
0.1 𝑇 = −397.74 ln (𝐺𝑝) + 1585.5 0.9156
0.2 𝑇 = −561.31 ln (𝐺𝑝) + 2281.4 0.9952
0.3 𝑇 = −2636.3 ln (𝐺𝑝) + 10475 0.9499
0.4 𝑇 = −10406 ln (𝐺𝑝) + 41281 0.9425
0.5 𝑇 = −15527 ln (𝐺𝑝) + 61927 0.9562
0.6 𝑇 = −1606.4 ln (𝐺𝑝) + 6748.7 0.9709
0.7 𝑇 = −603.26 ln (𝐺𝑝) + 2621.9 0.9349
0.8 𝑇 = −540.04 ln (𝐺𝑝) + 2390.1 0.8855
0.9 𝑇 = −466.46 ln (𝐺𝑝) + 1970.2 0.9383
1.0 𝑇 = −406.421 ln (𝐺𝑝) + 1727.1 0.9411

𝑏 = 2741.69 + 69611.39𝑒−2((𝑛−0.465)/0.121)2 ,
(𝑅2 = 0.9891) .

(5)

3.2. Variation Law of the Mass Loss. Figure 5(a) shows the
variation laws of mass loss, 𝑚𝑝, with pressure gradient, 𝐺𝑝,
of samples with 10 kinds of Talbols during seepage instable
process and Figure 5(b) is the enlarged view of samples with
mass loss < 140 g in Figure 5(a).

Figure 5 shows that, under same pressure gradient, such
as 𝐺𝑝 = 25MPa/m, mass loss of samples with Talbol of 0.4
is the highest, 544.8 g, while that of samples with Talbols of
0.9 and 1.0 is the least, 39 g and 45.2 g, respectively. When
𝐺𝑝 = 58MPa/m, the mass loss of samples with Talbol of 0.1
is the most, 919 g, while that of samples with Talbols of 0.9
and 1.0 is least, 123.6 g and 133.2 g, respectively.The figure also
shows that the greater the Talbol, the less the amount of the
easily migrated particles with diameter < 5mm and the less
the mass loss.

The content of easilymigrated particles accounts for up to
85% of total particles in samples with Talbol of 0.1. These fine
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Figure 5: Variation of mass loss with pressure gradient.

particles are densely compacted and present in consolidation.
When the pressure gradient is small, the seepage pressure is
small and the migration of particles in the seepage channel
is blocked. Thus, mass loss is significantly less. Therefore,
when 𝐺𝑝 = 25MPa/m, the mass loss of samples with Talbol
of 0.1 is less than that of samples with Talbols of 0.2, 0.3, and
0.4. When the pressure gradient is large, seepage pressure
is high, the water carrying capacity increases. With more
fine particles migrating and flowing away, the flow rate of
the seepage channel under high seepage pressure increases,
leading to significant mass loss. Therefore, at relatively high
pressure gradient, mass loss of samples with Talbol of 0.1 is
significantly higher than that of other samples.

With pressure gradient increasing, particles are subjected
to higher seepage pressure and have increased migration
ability under the action of water erosion, thus mass loss
is more evident. The reasons for the decreased mass loss
of samples with Talbols of 0.3 and 0.4 may be related to
the distribution of inner porous structure and the spatial
distribution of seepage channels.Themigration ofmigratable
particles is blocked in the seepage channels, leading to
reduced mass loss.

Under the same Talbol, the relation of mass loss to
pressure gradient is fitted with a logarithmic function, as
shown in Table 4 and could be uniformly expressed as

𝑚𝑝 = 𝑎 ln (𝐺𝑝) + 𝑏, (6)

where coefficients 𝑎 and 𝑏 are the functions of Talbol, n, and
could be expressed as the fourth-order polynomial fitting
formulas:

𝑎 = 28164𝑛4 − 71080𝑛3 + 62039𝑛2 − 21459𝑛 + 2452.5,
(𝑅2 = 0.8737) ,

𝑏 = −97339𝑛4 + 248396𝑛3 − 218802𝑛2 + 75511𝑛
− 8084.2, (𝑅2 = 0.8472) .

(7)

Table 4: Functional relationship of mass loss with pressure gradient
and their correlation coefficients.

Talbol Fitting function Correlation coefficient
0.1 𝑚𝑝 = 821.41 ln (𝐺𝑝) − 2326.5 0.9283
0.2 𝑚𝑝 = 226.4 ln (𝐺𝑝) − 343.42 0.9860
0.3 𝑚𝑝 = −120.15 ln (𝐺𝑝) + 892.48 0.9884
0.4 𝑚𝑝 = −199.48 ln (𝐺𝑝) + 1204.5 0.9181
0.5 𝑚𝑝 = 201.04 ln (𝐺𝑝) − 468.28 0.9459
0.6 𝑚𝑝 = 349.75 ln (𝐺𝑝) − 978.27 0.9174
0.7 𝑚𝑝 = 91.882 ln (𝐺𝑝) − 234.51 0.9941
0.8 𝑚𝑝 = 99.921 ln (𝐺𝑝) − 275.08 0.9994
0.9 𝑚𝑝 = 103.23 ln (𝐺𝑝) − 289.83 0.9814
1.0 𝑚𝑝 = 103.5 ln (𝐺𝑝) − 291.35 0.9884

3.3. Variation Law of the Mass Loss Rate. Table 5 shows the
mass loss rate of samples with 10 different Talbols under
5 pressure gradients at instable seepage. Figure 6(a) shows
the variation laws in mass loss rates, 𝑚𝑝, of samples with 10
different Talbols with pressure gradient, 𝐺𝑝, and Figure 6(b)
is the enlarged view of samples with mass loss rate < 7 g s−1 in
Figure 6(a).

From Table 5 it is clear that when 𝐺𝑝 = 25MPa/m, the
mass loss rate is the lowest for samples with Talbol of 0.5 and
the highest for samples with Talbol of 0.2; the latter is 51-fold
of the former. When 𝐺𝑝 = 58MPa/m, the mass loss rate is
the lowest for samples with Talbol of 0.8 and the highest for
samples with Talbol of 0.2; the latter is 75-fold of the former.
Because the samplemass loss rate is closely related to themass
loss and seepage instable duration, with Talbol increasing, the
variation law of mass loss is not always consistent with that of
seepage instable duration.

As can be seen from Table 5 and Figure 6, at the same
Talbol, the mass loss rate increases with the pressure gradient
increasing, showing the greatest increase in samples with
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Table 5: Mass loss rate (g s−1) of tested samples at different Talbols and pressure gradients.

Mass loss rate (g s−1) Pressure gradient 𝐺𝑃 (Mpam−1)
25 33 42 50 58

Talbol

0.1 0.772 3.006 22.87 36.35 65.64
0.2 0.779 1.458 3.102 5.623 80.71
0.3 0.234 0.396 1.296 4.316 40.00
0.4 0.064 0.112 0.385 1.504 6.629
0.5 0.015 0.031 0.109 0.390 1.714
0.6 0.119 0.190 0.337 0.764 4.166
0.7 0.094 0.161 0.259 0.458 1.221
0.8 0.079 0.137 0.217 0.393 1.079
0.9 0.090 0.199 0.374 0.732 4.262
1.0 0.116 0.211 0.363 0.777 3.505
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Figure 6: Variation of mass loss rate with pressure gradient.

Table 6: Functional relationship of mass loss rate with pressure
gradient and their correlation coefficients.

Talbol Fitting function Correlation coefficient
0.1 𝑚𝑝 = 0.0341𝑒0.1377𝐺𝑝 0.9409
0.2 𝑚𝑝 = 0.0217𝑒0.1275𝐺𝑝 0.8709
0.3 𝑚𝑝 = 0.0033𝑒0.1523𝐺𝑝 0.9435
0.4 𝑚𝑝 = 0.0013𝑒0.1428𝐺𝑝 0.9763
0.5 𝑚𝑝 = 0.0003𝑒0.1444𝐺𝑝 0.9858
0.6 𝑚𝑝 = 0.0068𝑒0.102𝐺𝑝 0.9179
0.7 𝑚𝑝 = 0.0134𝑒0.0742𝐺𝑝 0.9719
0.8 𝑚𝑝 = 0.0109𝑒0.0754𝐺𝑝 0.9687
0.9 𝑚𝑝 = 0.0051𝑒0.1082𝐺𝑝 0.9417
1.0 𝑚𝑝 = 0.0082𝑒0.0974𝐺𝑝 0.9414

Talbol of 0.3 and the smallest increase in samples with Talbol
of 0.7.

The relationship of mass loss rate to pressure gradient is
expressed as exponential functions, as shown in Table 6, and
could be uniformly expressed as

𝑚𝑝 = 𝑎𝑒𝑏𝐺𝑝 , (8)

where coefficients 𝑎 and 𝑏 are the functions of Talbol, n, and
can be expressed as

𝑎 = −0.3058𝑛3 + 0.5882𝑛2 − 0.341𝑛 + 0.0641,
(𝑅2 = 0.8946) ,

𝑏 = 0.7584𝑛3 − 1.2447𝑛2 + 0.5013𝑛 + 0.0903,
(𝑅2 = 0.7593) .

(9)

From the above research, the Talbol power exponent and
the pressure gradient both impact on the seepage instable
duration, total mass loss, and mass loss rate and interact
with each other. The relationships of all these parameters
as described in formulas (4) to (9) are the most important
components to establish dynamic model in the further
researches on seepage stability. Therefore, we analyzed the
relative errors between experimental data and the theoretical
values calculated using the fitting functions. The average
relative error of total mass loss is about 20.9%, and the
minimum one is only 0.045%. The relative errors of seepage
instable duration and mass loss rate are higher. Considering
the granular characteristics and complex pore structures in
the broken rocks, discreteness is inevitable in laboratory
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(a) The type 1 water outburst channel (b) The type 2 water outburst channel (c) The type 3 water outburst channel

Figure 7: Outburst channel types at instable seepage stage.

tests. Therefore, the fitting functions are viable to establish a
dynamic model with consideration of the mass conservation
equation, pore compression equation, and so on.

4. Analysis of Instable Seepage Behavior

The study showed that mass loss is the internal cause for
seepage-induced instability of broken rocks and the pressure
gradient is the external cause. Due to action of pressure
gradient, water seeps into the pores of the broken rocks. Its
corrosion and erosion actions along with the abrasive action
of the original fine particles lead to thematerials near the pore
walls of the broken rocks free from the rocks, forming the
secondary fine particles. Small portion of the fine particles are
dissolved in water, forming a slurry, some portion of the fine
particles are suspended in the slurry, forming a suspension,
and other parts of the fine particles are deposited on the
pore wall. Under action of pressure gradient, the suspension
migrates in broken rock pores and continues to corrode
and erode the pore wall, while the precipitate is mixed with
the abrasive materials and continues to erode the pore wall.
Under the joint and circulatory actions of corrosion, erosion,
and abrasion, fine particles are continuously carried out from
the broken rocks, resulting in continuous mass loss and
porosity increase. When the mass loss reaches certain stage,
water outburst channels are formed in the porous structure,
the pattern of liquid flow changes from seepage into pipe
flow, leading to instable seepage, or water and mud dynamic
disasters.

During the experiment, it was found that there are three
types of water outburst channels at instable seepage stage, as
shown in Figure 7. In the first case, water outburst channel is
located in the irregular cavity in the outer cylindrical surface
of the rock sample. In the second case, water outburst channel
is located in the irregular cavity inside the rock sample. In the
third case, the water outburst panel is composed of several
fine cavities inside the rock sample.

The first type of water outburst channel is more common,
in which the solid body formed by the broken mudstone is at
glue-like state and has good water control ability. In addition,
the resistance is the least at the contact area of the outer
cylindrical surface of the testing samplewith the cavity wall of
permeameter, easily forming water outburst channels. Once

the dynamic water rushes into the channel, fine particles
will be flashed out, carried away, and lost under the action
of cuneiform splitting and expanding of water flow. With
further expansion of the channel and particles migration and
loss, instable seepage occurs along the channel.

The second type of water outburst channel is commonly
seen at high seepage pressure. Inside the column, there are
weakened areas not tightly filled with small particles. When
high pressure water acts on the cylindrical pore gaps in the
form of dynamic load, the water permeable pore gaps in these
weakened areas are gradually opened up under the wedge
effect of high pressure water, leading to muddy mass loss and
increased porous permeability. Once forming water outburst
channel in the column, dynamic water will rush into the
cylinder, flashing out large number of particles and leading
to mass migration and loss. Subsequently, water will rush
upward along the pipe flow formed due to the extension of
the weak area.

In the formation process of the first and second types
of water outburst channels, samples undergo drastic seepage
changes, showing an obvious dynamic pressure effect. At
this period, inside cavity of the permeameter will sound,
along with cylinder vibration, splashing out partial particles
with diameter of 0∼8mm from the overflow tank, which
is the hydraulic breakdown phenomenon mentioned in the
literature [49].

The third outburst channel is commonly seen in samples
with very high content of particles with low diameter (0∼
8mm). Such samples have loose internal structure. Under the
action of seepage pressure, the “mesh-like” water outburst
channels are rapidly formed. At this moment, seepage form
of the sample is closer to Darcy flow. The seepage instable
duration due to this type of water outburst channel is gen-
erally shorter. After the migration and loss of a large number
of particles with water flow, the sink of whole column body
is observed within a short period of time, which happens to
have the same view with the literature [44].

Above all, the seepage-induced instability shows two
possibilities. One is a progressive failure process because of
the persistent migration and loss of particles. The other one
is a sudden overall instability because of the large enough
pressure gradient and existing migration channels.
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5. Conclusions

In order to investigate and prevent water and mudstone out-
burst disasters in geotechnical engineering tectonic fracture
zones, a self-designed seepage test system of broken rocks
with variable mass was used to test seepage instability of
mudstones and explore the effects of pressure gradient and
Talbol on seepage instable duration, total mass loss, and
mass loss rate during the whole seepage instable process. In
addition, the seepage-induced instability behavior of broken
mudstones was investigated with consideration of mass loss.
The following conclusions are reached:

(1) The seepage instable duration becomes shorter with
pressure gradient increasing, showing the greatest
drop at Talbol of 0.3 and smallest decline at Talbol of
0.8. At the same pressure gradient, seepage instable
duration is the longest at Talbol of 0.5 and shortest at
Talbol of 0.1; the former is 197% of the latter.

(2) Total mass loss increases with the pressure gradient
increasing except at Talbols of 0.3 and 0.4, which
slightly decreases. Under the same pressure gradient,
the overall mass loss increases as Talbol reducing.
Mass loss is significantly higher when Talbol is 0.1
than others at a relatively high pressure gradient but
appears to be significantly less than others at low
pressure gradient.

(3) Mass loss rate increases with pressure gradient
increasingwith the largest increase at Talbol of 0.3 and
the smallest increase at Talbol of 0.7.

(4) Mass loss is the internal cause of seepage-induced
instability in broken rocks and the pressure gradient
is the external cause. When mass loss reaches a
certain degree, water outburst channel in the porous
structure is formed, and the pattern of liquid flow
changes from seepage to pipe flow, leading to insta-
ble seepage and inducing water and mud outburst
dynamic disasters.

(5) The water outburst channel at instable seepage stage
is divided into three kinds, located in irregular tube
caves of the outer cylindrical surface of the rock sam-
ple, irregular tube caves inside the rock sample, and
several small, fine tube caves inside the rock samples,
respectively. Different types of water outburst chan-
nels lead to different seepage instable duration and
different total mass loss and demonstrate different
dynamic pressure effects. The reason of the seepage-
induced instability is also different.

(6) The seepage instable duration and totalmass loss both
can be expressed as a logarithmic function of pressure
gradient, while the mass loss rate can be expressed
as exponential function of pressure gradient. The
coefficients of these functions are affected by Talbol.
The fitting functions are viable to establish a dynamic
model.

(7) The expressions of seepage instable duration, total
mass loss, and mass loss rate become an important

part of establishing dynamic model in the further
seepage stability researches. Maybe the microscopic
mechanism of particle migration can be further stud-
ied by introducing the microscopic method, but not
only the observation of experimental phenomena.

Symbols

𝑎: Coefficient (—)
𝑏: Coefficient (—)
𝑑: Diameter of the broken stones (L)
𝐷: Maximum diameter of the broken stones

(L)
𝑑1: Inner diameter of the double-acting

hydraulic cylinder (L)
𝑑2: Diameter of piston rod (L)
𝐺𝑝: Pressure gradient (ML−2 T−2)
𝑚𝑝: Total mass loss (M)
𝑚𝑝: Mass loss rate (MT−1)
𝑀𝑑: Mass of broken stones when diameter is

less than or equal to 𝑑 (M)
𝑀𝑡: Total mass of broken stones (M)
𝑛: Talbol power exponent (simplified as

Talbol) (—)
𝑝: Seepage pressure at the bottom of the

broken rock samples (ML−1 T−2)
𝑃: Opening pressure of the pressure relief

valve SV1 (ML−1 T−2)
𝑇: Seepage instable duration (T).
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Rainfall and reservoir level fluctuation are two of the main factors contributing to reservoir landslides. However, in China’s Three
Gorges Reservoir Area, when the reservoir water level fluctuates significantly, it comes at a time of abundant rainfall, which makes
it difficult to distinguish which factor dominates the deformation of the landslide. This study focuses on how rainfall and reservoir
water level decline affect the seepage and displacement field of Baijiabao landslide spatially and temporally during drawdown
of reservoir water level in the Three Gorges Reservoir Area, thus exploring its movement mechanism. The monitoring data of
the landslide in the past 10 years were analyzed, and the correlation between rainfall, reservoir water level decline, and landslide
displacement was clarified. By the numerical simulation method, the deformation evolution mechanism of this landslide during
drawdown of reservoir water level was revealed, respectively, under three conditions, namely, rainfall, reservoir water level decline,
and coupling of the above two conditions.The results showed that the deformation of the Baijiabao landslide was the coupling effect
of rainfall and reservoir water level decline, while the latter effect is more pronounced.

1. Introduction

In theThree Gorges Reservoir Area of China, there are about
664 landslides which are affected by the reservoir water level,
and hydrodynamic conditions such as rainfall and reservoir
water level variation have different degrees of impact on the
stability of these landslides [1–5]. A key issue is about fluid-
solid coupling when considering the effects of hydrodynamic
conditions on the landslide in the Three Gorges Reservoir
Area. Under the condition of rainfall infiltration and reser-
voir water level variation, the seepage field in the landslide
is likely to change, resulting in redistribution of stress field,
which will in turn affect the change of seepage field. It is a
pore water pressure-stress interaction process.

In the study of soil mechanics, Terzaghi put forward
the famous principle of effective stress and established the
one-dimensional consolidation model. Afterwards, Rendulic
proposed a quasi-3D consolidation equation based on the
one-dimensional consolidation theory. On this basis, Biot [6]

made some groundbreaking research results and established
an improved theory of real 3D consolidation, serving as a
theoretical basis for follow-up scholars to carry out researches
on the theory of fluid-solid coupling. It had been widely used
in landslide stability and deformation calculation through
mutual influence mechanism between seepage, stress, and
displacement fields, especially affected by rainfall and reser-
voir water level variation. Paronuzzi et al. [7] analyzed the
1963 Vajont landslide in detail to examine the influence
of reservoir operations on Mt. Toc slope stability. Sun et
al. [8] simulated the hydraulic-mechanic coupling process
of Sanmendong landslide by software product ABAQUS
and confirmed that the combined result of reservoir water
level fluctuation and rainfall could primarily account for
the increase of displacement of this landslide. Vallet et al.
[9] studied the hydromechanical behavior and evolution of
rainfall-induced landslides subjected to creep deformation.
The previous researches are mainly based on the steady-state
method, by calculating variables of the model under different
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reservoir water levels, so as to approximately simulate the
dynamic process of reservoir water level variation. This
obviously can not reflect the transient response of the seepage
field and the stress field over time in the landslide. In this
paper, taking Baijiabao landslide in Three Gorges Reservoir
Area of China for example, we try to achieve the dynamic
response of the seepage field, stress field, and displacement
field in the landslide under complex dynamic hydraulic
boundary conditions.

After the impoundment of the Three Gorges Dam, some
ancient landslides have been revived, and new landslides
generated. The Baijiabao landslide in Xiangxi River Basin
is one of them [10]. The Baijiabao landslide is a typical
landslide affected by the hydrodynamic conditions in the
Three Gorges Reservoir Area. The monitoring data of the
past 10 years show that the displacement-time curve of this
landslide increases step by step from April to August every
year, which is obviously affected by rainfall and reservoir
water level decline. Based on the monitoring data of the
landslide, many scholars have tried to study how rainfall,
reservoir water level, and groundwater level influence the
stability of the landslide.The results of Peng andNiu [11] show
that rainfall and reservoir water level variation are the main
factors causing seasonal deformation of the landslide.The key
factors leading to the fluctuation of landslide displacement
velocity are rainfall intensity and decline rate of reservoir
water level. What is more, they have analyzed how the
groundwater level in the Baijiabao landslide is influenced by
factors such as rainfall and reservoir water level [12]. Using
themodel test method, Zhao et al. simulated the deformation
of the landslide, respectively, under the conditions of rainfall
and reservoir water level variation [13]. Cao et al. [14] used
an extreme learning machine to predict the displacement
of step-like landslides in relation to rainfall, reservoir water
level, and groundwater level. Wu et al. [15] classified the
monthly displacement of the Baijiabao landslide into three
deformation phases using two-step cluster analysis: initial,
constant, and rapid deformation phases. By analyzing the
10-year monitoring data of the Baijiabao landslide, Lu et
al. [16] studied the dynamic deformation characteristics,
deformation mechanism, and influence factors of the Baiji-
abao landslide and predicted the development trend of its
dynamic deformation. The above results show that rainfall
and reservoir water level decline are the important causes
of the step-type deformation of the Baijiabao landslide
every year. However, they are just based on the analysis of
monitoring data, and further researches are still needed as
to the mechanism underlying the coupling effect of rainfall
and reservoir water level decline on the Baijiabao landslide,
as well as which of rainfall and reservoir water level decline
affects the landslide more significantly.

We investigated the deformation of the Baijiabao land-
slide and analyzed the monitoring data on its cumulative
displacement in the past 10 years and its correlation with
rainfall and reservoir water level variation. Based on the the-
ory of fluid-solid coupling, the model of Baijiabao landslide
under the hydrodynamic boundary conditions of rainfall
and reservoir water level was established by means of finite
element numerical simulation, which has been confirmed

as an effective model to analyze the effects of complex
dynamic hydraulic boundary conditions on landslides. The
deformation evolution mechanism of this landslide during
drawdown of reservoir water level was revealed, respectively,
under three conditions, namely, rainfall, reservoir water level
decline, and coupling of the above two conditions. It can
also provide references for themovementmechanism of such
landslides.

2. Theory of Fluid-Solid Coupling in
Saturated-Unsaturated Soil

The changes of external hydrodynamic conditions, such as
rainfall and reservoir level fluctuation, through the seepage,
will cause pore water pressure variation in the porous soil. As
a result, the effective stress is changed at the contact of the
soil particles, leading to the deformation of the soil, which
will in turn affect the seepage and pore water pressure.This is
a fluid-solid coupling process in the porous soil. In addition,
there is a phreatic surface inside the landslide, and the soil
below it is saturated, while the soil above it is unsaturated.
Under the condition of annual rainfall and reservoir level
fluctuation, the soil in the area affected by the hydrodynamic
conditions will be cyclically converted between saturated and
unsaturated. Therefore, the theory of fluid-solid coupling in
saturated-unsaturated soil can be a good solution to such
problems.

2.1. Effective Stress Principal. An elementary volume, 𝑑𝑉,
consists of a volume of grains of solid material, 𝑑𝑉𝑔, and a
volume of voids, 𝑑𝑉V, which is either fully or partly saturated
with a volume of fluid, 𝑑𝑉𝑤. Saturation, 𝑆, is defined as the
ratio of fluid volume to void volume:

𝑆 = 𝑑𝑉𝑤𝑑𝑉V . (1)

In ABAQUS program, tensile stress is positive, while
compressive stress is negative, and liquid pressure 𝑢𝑤 and
gas pressure 𝑢𝑎 are positive. Therefore, the expression of
effective stress principle in ABAQUS is slightly different from
conventional soil mechanics, as follows:

𝜎 = 𝜎 + (𝜒𝑢𝑤 + (1 − 𝜒) 𝑢𝑎) I, (2)

where 𝜎 is total stress, 𝜎 is effective stress, and 𝜒 is an effective
stress parameter. When the soil is fully saturated, 𝜒 = 1.0,
while when the soil is dry, 𝜒 = 0. In ABAQUS/Standard, 𝜒 is
taken as saturation. I is unit matrix.

2.2. Stress Equilibrium and Flow Continuity. Stress equilib-
rium for the solid phase of the material is expressed by
writing the principle of virtual work for the volume under
consideration in its current configuration at time 𝑡:

∫
𝑉

𝜎 : 𝛿𝜀 𝑑𝑉 = ∫
𝑆

𝑡 ⋅ 𝛿V 𝑑𝑆 + ∫
𝑉

𝑓 ⋅ 𝛿V 𝑑𝑉
+ ∫
𝑉

𝑠𝑛𝜌𝑤𝑔 ⋅ 𝛿V 𝑑𝑉,
(3)



Geofluids 3

Xiangxi River

Baijiabao landslide

�ree Gorges Dam

Yangtze River

Xiangxi River

Baijiabao landslide

Figure 1: Location of the Baijiabao landslide in Guizhou Town,
Zigui County, Hubei Province, central China.

where 𝛿𝜀 is the virtual rate of deformation; 𝜎 is the true
effective stress; 𝛿V is a virtual velocity field; 𝑡 are surface
tractions per unit area; 𝑓 are body forces (excluding fluid
weight) per unit volume; 𝑠 is the saturation; 𝑛 is the porosity
of the medium; 𝜌𝑤 is the density of the fluid; and 𝑔 is the
gravitational acceleration.

In the continuity equation of the fluid, the rate of increase
in fluid volume at a point is equal to the rate of volume of fluid
flowing into the point within the time increment [17]:

𝑑
𝑑𝑡 (∫𝑉
𝜌𝑤𝜌0𝑤 𝑠𝑛 𝑑𝑉) = −∫𝑆

𝜌𝑤𝜌0𝑤 𝑠𝑛n ⋅ V𝑤 𝑑𝑆, (4)

where V𝑤 is the average velocity of the fluid relative to the solid
phase and n is the outward normal to 𝑆. This equation has
been normalized by 𝜌0𝑤, the reference density of the fluid.
3. Engineering Background

3.1. Geological Conditions. The Baijiabao landslide is lo-
cated in Guizhou Town, Zigui County, at a longitude of
110∘4533.4E and latitude of 30∘5859.9N, on the west side
of the Xiangxi River, a major tributary to the Yangtze River;
it is 2.5 km away from the estuary of the Xiangxi River and
29 km away from the Three Gorges Dam site (Figure 1). The
front edge of the landslide is about 120m in elevation, and
the base of the trailing edge is 265m. The left side of the
landslide is bounded by the lower bedrock and the right side
is a ridge. The landslide covers an area of 22 × 104m2, with a
mean longitudinal dimension of 550m and a width of 400m.
The mean depth of the sliding surface is about 45m and the
total volume of the Baijiabao landslide mass is about 990 ×
104m3 (Figure 2).

The materials of the landslide are quaternary deposits
that consist of gravel soil, the thickness of which is unevenly
distributed in space. The slip surface is defined by the
interface between bedrock and soil. The exposed bedrock
stratums are mainly Jurassic Xiangxi formation, consisting of
quartz sandstone and silty mudstones, with a dip direction
of 250∘ and a dip angle of 30∘ (Figure 2). At present, there
are 20 people living on the landslide, and Zixing road passes
through the middle of the landslide. Once the landslide fails,
the resulting disaster would be unimaginable.

3.2. Landslide Deformation. Cao et al. [14] had described
in detail the deformation evolution of the Baijiabao land-
slide from June 2007 to July 2012, which showed that the
Baijiabao landslide was apparently deforming in its entirety.
In October 2015, we revisited this landslide and recorded
its current deformation. There was a tension crack with a
width of 2–10 cm at the trailing edge, which extended 200m
intermittently (Figure 3(a)). At the intersection between
the north boundary of the landslide and Zixing Highway,
the pavement was seriously damaged with cracking and
subsiding (Figure 3(c)). A house near the north boundary of
the landslide with an altitude of 210m had been destroyed,
as there were serious cracks in its walls (Figure 3(b)). The
crack along the south boundary of the landslide was initially
generated near the Zixing Highway and extended upward to
the trailing edge and downward to the front of the landslide,
causing subsidence and damage of the pavement of Zixing
Highway, as shown in Figure 3(f). Near the south boundary of
the landslide, the houses above Zixing Highway had serious
ground deformation (Figure 3(e)), and some tensile failures
could be observed in the rural road along the south boundary
at the elevation of 230m (Figure 3(d)). As described by local
residents, during the annual rainy season and reservoir water
level decline, the ground deformation of this landslide would
be further exacerbated.

3.3. Ground Displacement Monitoring. Two monitoring pro-
files were distributed on the Baijiabao landslide. One was
marked as A-A (Figures 2 and 3), which was consistent
with the main slip direction of the landslide, arranged in the
axial position of the landslide; the other was perpendicular
to the slip direction and approximately paralleled to the
road which crossed the landslide at about 200m above
sea level (Figure 3). There were four ground displacement
monitoring points in the two monitoring sections, namely,
ZG323, ZG324, ZG325, and ZG326 (Figure 3). Monitoring
began in October 2006, and the monitoring data are shown
in Figure 4.

From the start of monitoring to December 2015, the hor-
izontal cumulative displacements of the monitoring points
ZG323, ZG324, ZG325, and ZG326 of the Baijiabao land-
slide were 963.2mm, 1118.1mm, 1050.9mm, and 1333.7mm,
respectively. The cumulative displacement curve showed a
ladder-like increase trend, with leap increase from April
to August every year and almost keeping unchanged in
other months. Therefore, the landslide deformation mainly
occurred in April to August, in which there was more
rainfall compared with other months; what is more, it was
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Figure 2: Geological cross-section (A-A) of the Baijiabao landslide.

the period in which the Three Gorges Reservoir water level
kept declining. Therefore, it is not difficult to find that
displacement increase is significantly correlated with rainfall
and reservoir water level decline. However, just as described
above, further researches are still needed as to themechanism
underlying the coupling effect of rainfall and reservoir water
level decline on the Baijiabao landslide, as well as which of
rainfall and reservoir water level decline affects the landslide
more significantly.

4. FE Model for Fluid-Solid Coupling

ABAQUS has capabilities for the treatment of single phase
flow through porous media, including fully saturated flow,
partially saturated flow, or a combination of the two which
is adopted in this paper. Based on the theory of fluid-soil
coupling in saturated-unsaturated soil, the finite element
method was used to simulate the coupling effect of rainfall
and reservoir water level decline on the Baijiabao landslide
during drawdown of reservoir water level from December
1, 2014 (reservoir water level was 175m), to August 18, 2015
(reservoir water level was 145m). During this period, the
mutation of field monitoring displacement of this landslide
was most obvious.

4.1. Simulation Scheme. The coupling model of rainfall and
reservoir water level of the Baijiabao landslide is shown in
Figure 5.Themodel is composed of slidingmass, sliding zone,
and sliding bed. The size of the model was determined com-
pletely according to the actual situation, in which the sliding
zone was 0.5m thick. To perform the stress-pore pressure-
displacement analysis, a mesh consisting of 6225 eight-node
pore fluid-stress, reduced-integration quadrilateral elements
(CPE8RP) was used to discretize the materials. In the part
of sliding mass and sliding zone, a more refined mesh was
used considering its possible larger deformations and plastic

behavior, with a constitutivemodel ofMohr-Coulomb failure
criterion with linear elasticity before yielding, which can
describe the transient response of soil under the influence
of rainfall and reservoir water level decline, while in the
sliding bed which is composed of bedrock that will not occur
obvious deformation, a relatively coarse mesh was used, with
the linear elasticity model applied. ZG324 and ZG325 are the
ground displacementmonitoring points, respectively, located
at the elevation of 180m and 194m in the middle of the
landslide, respectively.

For the boundary conditions, horizontal displacements at
the left and right ends of themodel were fixed, and horizontal
and vertical displacements at the bottom of the model were
also fixed. The boundary condition of constant water head
of 243m was applied on the left boundary of the model.
On the right boundary, the boundary condition of reservoir
water level was applied below the elevation of 175m on the
ground surface of the model, and the boundary condition
of rainfall was applied above the elevation of 175m. The
rainfall boundary function is expressed as rainfall intensity,
namely, unit circulation 𝑞 (m/s). Due to the loose structure
and localized cracks, the surface soil is characteristic of large
infiltration rate,making it reasonable to postulate that rainfall
would all infiltrate and the surface runoff would not occur.
The drainage-only flow boundary condition which assumes
that the flow rate of the pore fluid is proportional to the pore
pressure when the pore pressure in the boundary is positive
and the flow rate is limited to zero when the pore pressure is
negative is assigned on the ground surface where no rainfall
boundary conditions are imposed and above the reservoir
level of any stages of the drawdown.

The initial stress field and seepage field of the model
should be obtained before modeling the changes in rainfall
and reservoir water level. Here, the stress state of the model
with a reservoir water level of 175m was taken as the initial
condition for subsequent simulation. That is to say, under
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Figure 3: Geological plan of Baijiabao landslide, with the locations of deformations and monitoring points.

the self-gravity of the model, the constant water head of
243m was supplied on the left boundary, and the constant
total water head of 175m was applied on the right boundary
below the elevation of 175m; in this way, the initial stress field
and the seepage field were calculated. Next, taking the above
results as the initial conditions, the following three conditions
were simulated:

(1) Only consider the effect of rainfall. The boundary
condition of rainfall was applied above the elevation
of 175m on the ground surface of the model. The
rainfall process from December 1, 2014, to August 18,
2015, is shown in Figure 6. The total pore water head

of 175m was kept unchanged below the elevation of
175m.

(2) Only consider the effect of reservoir water level
decline. The boundary condition of reservoir water
level variation was applied below the elevation of
175mon the ground surface of themodel.The process
of reservoir water level variation from December 1,
2014, to August 18, 2015, is shown in Figure 6. The
surface above the reservoir level of any stages of the
drawdown is the drainage-only flow boundary.

(3) Consider the coupling effect of rainfall and reservoir
water level decline.Theboundary condition of rainfall
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was applied above the elevation of 175m on the
ground surface of themodel, while the boundary con-
dition of reservoir water level variation was applied
below the elevation of 175m, while surface below
175m but above the reservoir level of any stages of
the drawdown is applied to the drainage-only flow
boundary condition.

4.2. Model Parameters. The hydraulic conductivity func-
tion (HCF) and soil-water characteristic curve (SWCC) are
important for fluid-solid coupling analysis of saturated-
unsaturated soil. The relationship between the permeability
coefficient and the matrix suction of materials in the model
can be expressed as [18, 19]

𝐾𝑤 = 𝑎𝑤𝐾𝑤𝑠
[𝑎𝑤 + (𝑏𝑤 × (𝑢𝑎 − 𝑢𝑤))𝑐𝑤] , (5)

where 𝐾𝑤𝑠 is the permeability coefficient of saturated soil,
whose values obtained from field and laboratory tests are
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Figure 6: Process of rainfall and reservoir water level variation from
December 1, 2014, to August 18, 2015.

shown in Table 1; 𝑢𝑎 and 𝑢𝑤 are, respectively, the air pressure
and water pressure in the soil; and 𝑎𝑤, 𝑏𝑤, and 𝑐𝑤 are material
coefficients.

The relationship between the saturation and the matrix
suction of materials in the model can be expressed as [18, 19]

𝑆𝑟 = 𝑆𝑖 + (𝑆𝑛 − 𝑆𝑖) 𝑎𝑠
[𝑎𝑠 + (𝑏𝑠 × (𝑢𝑎 − 𝑢𝑤))𝑐𝑠] , (6)

where 𝑆𝑟 is the saturation; 𝑆𝑖 is the residual saturation; 𝑆𝑛 is
the maximum saturation, whose value is set as 1; 𝑎𝑠, 𝑏𝑠, and 𝑐𝑠
are material coefficients.

According to the material type of the slip mass (mainly
composed of gravel soil), slip zone (mainly composed of clay),
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Table 1: Permeability parameters of the Baijiabao landslide model.

Materials Saturated permeability
coefficient (m/s)

Saturated volume
water content

Residual volume
water content 𝑎𝑤 𝑏𝑤 𝑐𝑤 𝑎𝑠 𝑏𝑠 𝑐𝑠

Slip mass 3𝐸 − 6 0.6 0.08 500 0.026 1.5 1 7.49𝐸 − 5 1.45
Slip zone 5𝐸 − 7 0.4 0.1 1000 0.01 1.48 1.12 1.64𝐸 − 5 1.22
Slip bed 1𝐸 − 7 0.2 0.04 2.79𝐸 − 5 2.22𝐸 − 4 6.14 0.16 4.68𝐸 − 4 2.77
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Figure 7: (a) Hydraulic conductivity function (HCF); (b) soil-water characteristic curve (SWCC).

slip bed (mainly composed of siltstone and silty mudstone),
and the particle grading characteristics, the sample functions
of HCF and SWCC provided in the GeoStudio software
of Canada are modified to obtain the estimated curves,
respectively, which are then fitted by (5) and (6) to obtain the
final HCF and SWCC (Figure 7) applied in the FEmodel.The
parameters related to HCF and SWCC are shown in Table 1.

Themechanical parameters of eachmaterial in the model
were obtained through triaxial compression test, which are
shown in Table 2.

5. Simulation Results

The fluid-solid coupling model of the Baijiabao landslide
was built based on the finite element method to investigate
the characteristic of change in seepage field in the Baijiabao
landslide caused by rainfall and reservoir water level decline
during drawdown of reservoir water level from December
1, 2014, to August 18, 2015, as well as the rule of change
in stress field and displacement field caused by the change
in seepage field. Figure 8 shows the distribution of pore
water pressure in the landslide under different boundary
conditions at the last day of the simulation. The black part is
the area of negative pore water pressure. Figures 8(a), 8(b),
and 8(c) are the pore water pressures, respectively, under
the influence of rainfall, reservoir water level decline, and
coupling of the above two conditions. Through comparison

between Figure 8(a) and Figure 8(b), it can be seen that
the groundwater level in the landslide obviously rises when
only the influence of rainfall is considered, while in the case
that only the boundary condition of reservoir water level
decline is applied, the groundwater level drops obviously,
and the pore water pressure decreases in the section; what
is more, the groundwater gradient increases. Comparing
with the condition that only reservoir water level decline is
considered (Figure 8(b)), the groundwater level slightly rises,
especially in the elevation range of 175 to 200m under the
coupling effect of rainfall and reservoir water level decline
(Figure 8(c)). Namely, when the groundwater level is closer to
the surface, the soil can become saturated more easily under
the influence of rainfall.

In order to better show the variation characteristics of
pore water pressure internal landslide under different condi-
tions, the pore water pressure increment is contoured after
the whole process is provided as Figure 9. The results show
that the pore water pressure in the whole landslide body has
increased under the condition of rainfall only and reduced in
different extent under the condition of reservoir level decline
only.When considering the couple effect of above conditions,
the pore pressure in the first part of landslide increases due
to rainfall, while in the second part it decreases for the
result of reservoir level drawdown. During the decline of
the reservoir water level, the gradient of pore water pressure
near the area of reservoir level variation (175∼145m) varied
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Table 2: Physicomechanical parameters of the Baijiabao landslide model.

Materials Dry density (kg/m3) Elastic modulus (MPa) Poisson ratio Cohesion (KPa) Friction angle (∘)
Slip mass 1800 10 0.3 35 25
Slip zone 1600 1 0.35 80 18
Slip bed 2600 1000 0.2 — —
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Figure 8: The distribution of pore water pressure under different boundary conditions (unit, Pa).

greatly, which indicated that there is significant hydrody-
namic pressure in this part due to the drawdown of reservoir
level.

Figure 10 shows the fluid velocity vector in the Baijiabao
landslide considering the coupling effect of rainfall and
reservoir water level decline, respectively, at the first day, the
120th day, and the last day of the whole modeling process
which lasted 260 days. The results showed that the velocity
of pore water was very slow in the initial state of the model
(Figure 10(a)), but the flow direction in the middle and rear
of the landslide was consistent with the direction of the
landslide movement. The flow velocity was not obvious in
the front of the landslide due to the effect of reservoir water
pressure which achieved equilibrium with the groundwater
pressure within the landslide, while the groundwater near the
reservoir water surface flows obviously up to the intersection
of reservoir water surface and landslide ground surface, due
to the disappearance of hydrostatic pressure from external
reservoir water. After 120 days (Figure 10(b)), the flow velocity
outside the slope increased significantly in the zone where
reservoir water level declined. At the last day (Figure 10(c)),
the groundwater velocity in the front of the landslide sig-
nificantly increased, and at the back of the landslide near
the infiltration line, the pore water velocity also showed a
certain degree of increase due to the influence of rainfall. In
the process of rainfall and reservoir water level decline, the
ground water in the landslide discharged outwards, which
result in the variation of pore water pressure.

According to the fluid-solid coupling theory, the seepage
field, stress field, and displacement field influence each other.
Once the pore water pressure on the node in the landslide
changes, the effective stress on the node changes, thus result-
ing in displacement. When the pore water pressure increases,
the soil shows swelling deformation, while when it decreases,
it shows consolidation deformation, whose direction is deter-
mined by the stress characteristics on the node.The variation
characteristics of seepage field have been analyzed under
the dynamic hydraulic boundary conditions above; in the
following, the influence of seepage field variation on the
displacement field will be further analyzed.

Figure 11 shows the displacement of the landslide at the
last day of the simulation. Figures 11(a), 11(b), and 11(c) show
the displacement, respectively, under the influence of rainfall,
reservoir water level decline, and coupling of the above two
conditions.When only rainfall is considered, the deformation
of the landslide is relatively small, mainly concentrated in the
middle of the landslide within the elevation range of 175 to
230m (Figure 11(a)). According to the pore water change in
the first contour of Figure 9 and based on the effective stress
principle, it is not difficult to deduce that the rainfall leads
to the increment of saturation and pore water pressure in the
soil and thus results in swelling deformation in the shallow
part of the landslide. Under the influence of reservoir water
level decline, the middle and the front of the landslide are
obviously deformed (Figure 11(b)). Deformation is mainly
distributed below the elevation of 220m, and along the sliding
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Figure 10: Pore water effective velocity over time under the coupling effect of rainfall and reservoir water level variation (unit, m⋅s−1).

direction, the deformation amplitude increases progressively,
while in the longitudinal section of the profile, the displace-
ment decreases with depth.The decline of the reservoir water
level leads to the reduction of the pore water pressure in the
landslide, which resulted in consolidation in the soil. Under
the coupling effect of rainfall and reservoirwater level decline,
the displacement distribution is shown in Figure 11(c). The
range from the leading edge of the landslide to the elevation
of 230mhas been obviously deformed. According to previous
analysis of pore water pressure, the area above elevation of
190m mainly showed soil swelling deformation affected by
the rainfall, while the area below elevation of 190m showed
soil consolidation, whose directions are mainly downward
and outward of the slope, respectively.

In order to further study the deformation evolution
mechanism of the Baijiabao landslide under external hydro-
dynamic conditions and verify the validity of the model, two

points on the ground surface of the model were monitored.
The monitoring points were, respectively, at the elevation
of 180m and 194m, corresponding to the field monitoring
points ZG324 and ZG325, respectively. Figure 12 shows the
simulation results of horizontal cumulative displacement at
the monitoring points ZG324 and ZG325, from December 1,
2014, to August 18, 2015 (lasting for 260 days), respectively,
under the influence of rainfall, reservoir water level decline,
and the coupling of above two factors. In this figure, the
simulation results are compared with the field measured
results.

The simulation results (Figure 12) of final horizontal
cumulative displacement at the points ZG324 and ZG325 are,
respectively, 0.250m and 0.164m under the coupling effect
of rainfall and reservoir water level decline, which are close
to the field measured values (0.206m and 0.181m, resp.).
As to the displacement increase process, it can be divided
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Figure 11: The displacement under different boundary conditions (unit, m).

(I)
(II)

(III)

20 40 60 80 100 120 140 160 180 200 220 240 2600
Time (days)

0.00

0.05

0.10

0.15

0.20

H
or

iz
on

ta
l c

um
ul

at
iv

e d
isp

la
ce

m
en

t (
m

)

Coupled
Only reservoir water level
variation considered

Only rainfall considered
Measured

(a) Monitoring point ZG324

(I)
(II)

(III)

20 40 60 80 100 120 140 160 180 200 220 240 2600
Time (days)

0.00

0.04

0.08

0.12

0.16

H
or

iz
on

ta
l c

um
ul

at
iv

e d
isp

la
ce

m
en

t (
m

)

Coupled
Only reservoir water level
variation considered

Only rainfall considered
Measured

(b) Monitoring point ZG325

Figure 12: The horizontal cumulative displacement at the points ZG324 and ZG325 from December 7, 2014, to August 18, 2015.

into three stages taking the monitoring point ZG324 as an
example (Figure 12(a)). Stage I is from the 0th to the 120th
day. At this stage, the horizontal cumulative displacement
had little increased. During this period, the rainfall was small
and the reservoir water level was in the slow decline stage,
coupled with the hysteresis effect that groundwater variation
lags behind reservoir level; as a result, the change in seepage
field in the landslide was not obvious, and there is no major
change in displacement field. Stage II is from the 120th to the
205th day. The coupling effect of rainfall and reservoir water
level decline was obvious at this stage. During this period,
the rainfall increased significantly, and the decline rate of

reservoir water level increased (Figure 6). Under the coupling
effect, the horizontal displacement of the reservoir showed a
trend of accelerated increase. From the curve, the influence of
reservoir water level decline on the horizontal displacement
at this stage was more obvious than the influence of rainfall.
Stage III is from the 205th to the 260th day. During this
period, the reservoir water level kept fluctuating around
145m, while the rainfall continued (Figure 6). In the first
20 days of this stage, the horizontal displacement continued
the trend of accelerated increase due to the hysteresis effect
of seepage field at Stage II. After that, the trend of increase
slowed down, but there was still some increase under the
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influence of rainfall. Therefore, the increase of horizontal
displacement at this stage was more obviously affected by
rainfall.

6. Conclusions

This study focuses on how rainfall and reservoir water level
decline affect the seepage and displacement field of Baijiabao
landslide in spatially and temporally during drawdown of
reservoir water level in theThree Gorges Reservoir Area, thus
exploring its movement mechanism, so as to provide refer-
ences for such landslides. Based on the theory of fluid-solid
coupling, the numerical model of the Baijiabao landslide
under the hydrodynamic boundary conditions of rainfall and
reservoir water level decline was established by the finite
element method. The deformation evolution mechanism of
this landslide during drawdown of reservoir water level from
December 2014 to August 2015 was revealed, respectively,
under the conditions of rainfall, reservoir water level decline,
and coupling of the above two conditions. The following
conclusions have been made.

(1) The finite element model of seepage and stress cou-
pling for Baijiabao landslide, can achieve the dynamic
response of the seepage field, stress field and displace-
ment field in the landslide under complex dynamic
hydraulic boundary conditions. What is more, the
results are consistent with the actual situation, which
indicates that the model applies to analyze the effects
of complex dynamic hydraulic boundary conditions
on landslides.

(2) Reservoir level decline is the main cause of the defor-
mation of the Baijiabao landslide. It leads to reduction
of pore pressure in the middle and front part of
the landslide, resulting in soil consolidation, whose
directions are mainly downward and outward of the
slope, respectively. Rainfall leads to the increment of
saturation and pore water pressure in the soil, and
thus results in swelling deformation in the shallow
part of the landslide within the elevation range of 175
to 230m. When considering the coupling effect of
above two conditions, the spatial deformation char-
acteristics of the landslide are almost in accordance
with the field deformation, so the deformation of the
landslide is the result of the combined effect of rainfall
and reservoir water level decline.

(3) Rainfall and reservoir water level decline have dif-
ferent effects on landslide deformation at different
stages. Taking into account the coupling effect of
rainfall and reservoir water level decline, the defor-
mation process of the Baijiabao landslide during
drawdown of reservoir water level, which lasted 260
days, can be divided into three stages. Stage I is
from the 0th to the 120th day. During this stage, the
displacement had no significant increase. Stage II is
from the 120th to the 205th day. During this period,
the rainfall increased significantly, and the decline
rate of reservoir water level increased. Under the

coupling effect of the two factors, the displacement
showed a trend of accelerated increase. What is more,
the influence of reservoir water level decline on
the horizontal displacement at this stage was more
obvious than the influence of rainfall. Stage III is from
the 205th to the 260th day. During this period, the
reservoir water level kept fluctuating around 145m,
while the rainfall still continued. In the early period
of this stage, the horizontal displacement continued
the trend of accelerated increase due to the hysteresis
effect of seepage field that groundwater variation
lags behind reservoir level. After that, the trend
of increase slowed down, but there was still some
increase under the influence of rainfall.Therefore, the
increase of horizontal displacement at this stage was
more obviously affected by rainfall.
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The permeability of intact marble samples collected from the depth of 1.6 km in southwestern China is investigated undermoderate
confining pressures and temperatures. No microcracks initiate or propagate during the tests, and the variation of permeability
is due to the change of aperture of microcracks. Test results show a considerable decrease of permeability along with confining
pressure increase from 10 to 30MPa and temperature increase from 15 to 40∘C. The thermal effect on the permeability is notable
in comparison with the influence of the stress. A simple permeability evolution law is developed to correlate the permeability and
the porosity in the compressive regime based on the microphysical geometric linkage model. Using this law, the permeability in the
compressive regime for crystalline rock can be predicted from the volumetric strain curve of mechanical tests.

1. Introduction

The transport properties of rocks are of significant impor-
tance for many topics of earth sciences, for example, explo-
ration and production of hydrocarbons, oil/gas storage in
deep cavern, and high-level radioactive nuclear waste geo-
logical disposal [1–4]; they are also vital to understand
the fundamental geologic processes such as heat and mass
transfer, earthquake, and metamorphism [5–9]. Permeability
is a key parameter to describe the transport properties of
materials and it can be measured using different methods,
for example, steady method and pulse-test [10]. Due to
Klinkenberg effect, the measured apparent gas permeability
for tight rock is often different from the intrinsic permeability,
which is related solely to the pore geometry (e.g., porosity,
pore shape, and pore-size distribution) of the rock and is
independent of the properties of the fluid. In the following
texts, the term permeability is used to represent intrinsic
permeability for brevity.

Several factors, for example, stress level, chemical effects,
and temperature, can influence rock permeability by chang-
ing the pore geometry of the material [11–17]. These factors
can significantly change the permeability of rock sample. For

instance, Souley et al. [18], Schulze et al. [19], Jiang et al. [20],
and Chen et al. [4] investigated the permeability change due
to mechanical loading, and they found that the microcrack
growth can result in an increase of permeability for 3∼5
orders of magnitudes. Many studies focused on the thermal
effects on rock permeability subjected to high temperatures
(>100∘C) [13, 21–24]. For instance, Zharikov et al. [23] studied
the permeability of amphibolite collected from Kola surface,
Kola superdeep borehole (at depth of 11.4 km), and KTB
borehole (at depth of 3.8 km) at temperatures up to 600∘C. It
was found that the permeability decreased first and then re-
increasedwhile the temperature exceeded 300∘Cduring heat-
ing at low confining pressure (30–80MPa). Microstructure
investigations and analysis showed that the increase of rock
matrix compressibility reduces the microcracks apertures
from 100 to 300∘C, and it leads to the decrease of the
permeability. While temperature was higher than 300∘C, the
intensive microcrack generated by heat cracking at mineral
grain boundaries was responsible to the increase of the
permeability.

Compared with the extensive studies on permeability
evolution in the dilatant regime and high temperatures which
can result in generation and propagation of microcracks, few
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Table 1: Test results on flow rate of sample D20 in different conditions.

Sample D20: oil temperature: 14.5∘C, room temperature: 16.0∘C
10MPa 20MPa 30MPa

Inlet gas
pressure/MPa

Flow
velocity/(10−3mL⋅s−1) Inlet gas

pressure/MPa
Flow

velocity/(10−3mL⋅s−1) Inlet gas
pressure/MPa

Flow
velocity/(10−3mL⋅s−1)

1.95 0.00145 2.8 0.00175 2.97 0.00135
3 0.0025 4 0.00284 3.98 0.00196
4.04 0.00391 4.98 0.00392 4.95 0.00265
5.1 0.00595 5.99 0.00515 5.94 0.00348
6.1 0.00806 6.92 0.00645 6.96 0.00446
7.05 0.0101

permeability tests and analysis have been performed under
moderate temperatures in the compressive regime. However,
the permeability variation of rock material under moderate
pressures and temperatures is of great importance in some
cases, for example, fluid movement at the shallow depth of
the crust [25], long-term performance of an underground
nuclear waste repository constructed in crystalline rock
[3], weathering action of building claddings, and historical
monuments due to seasonal temperature changes [26]. In this
study, the transport properties of intact marble collected at
depth of 1.6 km are measured under moderate temperatures
and confining pressures. To explain the experimental results,
a simple formula correlating permeability with porosity is
proposed based on a penny-shaped crack linkage model. The
applicability of the formula is verified against the measured
results.

2. Tested Material and
Experimental Procedure

2.1. Tested Material. The tested material was taken from
the diversion tunnel at the depth of 1600m of the JinPing
hydropower station in southwestern China. To measure the
permeability under moderate temperature, two cylindrical
samples (D20 and D30) with a diameter of 49.1mm and a
length of 80.0mmwere drilled from the same block.There are
no preferred fabric textures of the testedmaterial.The sample
axes are parallel to the vertical axis of the ground.The density
of the dry sample is 2.76 kg/m3, Young’s modulus is between
45GPa and 60GPa at high confining pressures (40MPa to
60MPa), and the uniaxial compressive strength is 103MPa.
The results ofmineral X-ray diffraction show that thematerial
consists of calcite (8.6% in weight), dolomite (91.0%), and
mica (0.4%) [27].

The microstructure of the material has been investigated
using optical microscopy and scanning electron microscopy
(SEM). From the optical images examined under plane polar-
ized light (Figure 1(a)), it can be seen that there is no preferred
orientation of the minerals. The mineral sizes are mostly
among 0.2 to 0.5mm, and the transport path of fluid ismainly
the interface of the grains. The parallel lines inside grains are
the cleavage of calcite. The SEM images (Figure 1(b)) show
that the rock is extremely compact. The grain boundaries in
the SEM picture can only be distinguished by the variation

of cleavage direction. The pore size and porosity of the
marble are evaluated using mercury intrusion porosimetry.
The porosities of the two samples are 0.17% and 0.14%,
respectively. The pore size of the material mainly varies
between 40 nm and 400 nm (Figure 2). It is close to the
results of Italy and Sweden marble, in which the pore-size
distributions cover a range of 2–200 nm [28].

2.2. Experimental Procedure. The steady-state gas flow
method is employed to investigate the transport property
of the intact marble. The inlet gas pressure is maintained
during the permeability test and the outlet pressure is the
atmosphere pressure. A high-precision bubble gas flow
meter is used to measure the flow rate of the outlet gas. The
temperature is controlled using a heating system mounted
around the sample cell. To seal the sample, a thin inner
casing (nitrile butadiene rubber, thickness 0.3mm) and a
thick outer casing (thick Viton jacket, thickness 7mm) are
coated to prevent the oil from leaking into the sample. The
likelihood of bypass flow that could take place at the interface
between the sample and the inner casing may enlarge the
flow rate substantially for tight rock [26]. In this study, liquid
silica rubber (LSR) is used to stick the sample and inner
casing together to eliminate the bypass flow.

Before permeability tests, the specimens were dried at
105∘C in a vacuum oven for 24 hr.The sample D20 was tested
under the hydrostatic pressures of 10, 20, and 30MPa at room
temperature (16∘C), while the sample D30 under the constant
pressure of 20MPa was tested at the successively increasing
temperature, that is, 15, 30, and 40∘C. Several gas pressure
levels were chosen to estimate the possible Klinkenberg effect.

When the gas permeability measurement is finished, the
sample D20 was then put in MTS to measure the volume
strain under the same mechanical loading conditions. Note
that the low hydrostatic stress will not induce any damage of
the sample.

3. Experimental Results

The steady gas flow velocity and the corresponding test
conditions of the samples D20 and D30 are listed in Tables
1 and 2, respectively.

Due to small pore size, Klinkenberg effect could not be
ignored during gas permeability measurement. Klinkenberg
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(a) Pictures under optical microscope

(b) Pictures under SEM

Figure 1: Microstructure of the Jinping marble investigated by optical microscopes and SEM.
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Figure 2: Pore size distribution of Jinping marble.
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Table 2: Test results on flow rate of sample D30 in different conditions.

Sample D30: hydrostatic pressure: 20MPa, room temperature: 15.0∘C
15.0∘C 30.0∘C 40.0∘C

Inlet gas
pressure/MPa

Flow
velocity/(10−3mL⋅s−1) Inlet gas

pressure/MPa
Flow

velocity/(10−3mL⋅s−1) Inlet gas
pressure/MPa

Flow
velocity/(10−3mL⋅s−1)

4.31 0.00321 4.21 0.00183 4.52 0.00064
5.35 0.00467 5.44 0.00284 5.43 0.00086
6.42 0.00641 6.5 0.00392 6.32 0.00114
7.57 0.00893 7.45 0.00515 7.33 0.00149
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Figure 3: Fitting curve of test results for samples D20 and D30 by (3) (in the figure,𝑋 = (𝑝0 + 𝑝𝐿)/2 and 𝑌 = 𝑄V,𝑟𝑝𝑟𝐿𝜇𝑇𝑜/𝐴𝑇𝑟(𝑝0 − 𝑝𝐿)).

in 1941 found that the permeability of a medium to gas is
higher than that to liquid, and he attributed this phenomenon
to “slip flow” between gas molecules and the pore wall
surfaces. In Darcy flow, the collision between molecules and
pore walls is negligible, and the flow velocity of the liquid
is approximated as zero on the pore walls. However, the
additional flux due to gas flow at the wall surfaces effectively
increases as the pore radius approaches the mean free path of
the gas molecules [2, 29]. This effect is expressed as follows:

𝐾𝑔 = 𝐾(1 + 𝑏𝑝) , (1)

where 𝑝 is the average pore pressure and 𝑏 is the Klinkenberg
coefficient, which is related to pore geometry only.

The average pore pressure is often considered as themean
value of the inlet and outlet pressures and (1) can be expressed
as follows:

𝐾𝑔 = 𝐾(1 + 𝑏(𝑝0 + 𝑝𝐿) /2) , (2)

where 𝑝0 and 𝑝𝐿 are the inlet and outlet pressures, respec-
tively.

The use of (𝑝0 + 𝑝𝐿)/2 in (2) is a rough estimation
of the average gas pressure in the sample. Wu et al. [30]

developed an analytical solution to estimate the permeabil-
ity that incorporates the Klinkenberg effect. This solution
is applicable when the sample temperature equals to the
ambient air temperature. For tests performed on the sample
D30, the sample temperature is different from the ambient
air temperature, and the solution of Wu et al. [30] can be
extended into

𝑄V,𝑟𝑝𝑟𝐿𝜇𝐴 (𝑝0 − 𝑝𝐿)
𝑇𝑜𝑇𝑟 = 𝐾𝑏 + 𝐾

(𝑝0 + 𝑝𝐿)2 , (3)

where 𝐿 (m) and 𝐴 (m2) are the length and cross-sectional
area of the test sample. 𝑇𝑟 and 𝑄V,𝑟 (m

3/s) are the room
temperature and the volumetric flux under room conditions.𝜇 is the gas viscosity (Pa⋅s). 𝑇𝑜 is the sample temperature.

During testing, the outlet pressure 𝑝𝐿 is kept constant
while 𝑝0 is varied and 𝑄V,𝑟 is measured. Then, 𝐾 and 𝑏 are
evaluated by fitting results according to (3). Figure 3 illus-
trates the fitting curves in which 𝑌 = 𝑄V,𝑟𝑝𝑟𝐿𝜇𝑇𝑜/𝐴𝑇𝑟(𝑝0 −𝑝𝐿) is plotted against 𝑋 = (𝑝0 + 𝑝𝐿)/2. 𝐾 equals the
slope of the fitting line and 𝐾𝑏 is the value of 𝑦 intercept.
The permeability, Klinkenberg coefficient, and correlation
coefficient 𝑅2 are listed in Table 3. The results show that
the Klinkenberg coefficient (𝑏) increases as the permeability
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Table 3: Fitting results of permeability and Klinkenberg coefficient of samples D20 and D30.

Sample Pressure or temperature 𝐾/(10−21m2) 𝑏/MPa 𝑅2
D20

10MPa 21.1 1.64 0.993
20MPa 11.0 3.02 0.999
30MPa 6.92 3.55 0.994

D30
15∘C 21.3 0.47 0.993
30∘C 12.6 0.67 0.998
40∘C 3.68 0.93 0.999

(𝐾) decreases. It follows the same trend as the results from
Tanikawa and Shimamoto [31].

The permeability of Jinping marble decreases as the pres-
sure and temperature increase. The permeability decreases
from 21.1 × 10−21m2 to 6.92 × 10−21m2 as the pressure
increases from 10 to 30MPa; the decrease range is 67.2%.
And it decreases from 21.3 × 10−21m2 to 3.68 × 10−21m2
as the temperature increases from 15 to 40∘C; the decrease
range is 82.7%. Comparingwith the influence of themoderate
pressure on the permeability, the effect of temperature on the
hydraulic property of tight rock is substantial.

4. Microphysical Model and
Test Results Analysis

4.1. Microphysical Model. A significant number of studies
have focused on developing the permeability evolution law
in the dilatant regime based on percolation theory [32–
34] or linear elastic fracture mechanics [35]. Little attention
has been paid to permeability evolution in the compressive
regime. In this study, the measured outflow of gas indicates
the preexistence of linkage network of cracks in the samples.
The variation of permeability during compression is due to
the change of crack apertures.

Dienes [32] employed the continuum-averaging method
and Poiseuille’s law for laminar flow between parallel plates
to develop an analytical result for the permeability tensor
of rock intersected by isotropically distributed penny-shaped
cracks. The permeability tensor is isotropic and is expressed
as follows:

𝐾 = 8𝜋215 𝜃𝐴3𝑁0𝑐5, (4)

where 𝜃 accounts for the deviations of the crack shape from
a uniform lamina, containing the drag effects of crack shape,
crack end, and the roughness,𝐴 is themean aspect ratio (𝑤/𝑐,
where𝑤 is themean crack half aperture (m) and 𝑐 is themean
crack radius (m)) of the cracks, and 𝑁0 denotes the number
of cracks per unit volume that are not isolated.

Suppose the porosity (𝜙) of rock sample is composed of
penny-shaped cracks which were due to rock damage during
tectonic processes, sample collection, preparation, and so
forth. It can be estimated from the mean crack aperture,
radius, and spacing as follows [36]:

𝜙 = 2𝜋𝛼𝑐2𝑤𝑙3 , (5)

where 𝑙 is the mean crack spacing (m) and 𝛼 is the volumetric
shape factor giving the deviation in volume from the ideal
penny-shaped crack, defined as (real crack volume)/(ideal
penny-shaped crack volume).

The connection between the permeability and the poros-
ity (𝜙) is easily obtained from (4) and (5):

𝐾 = 𝜃𝑁015𝜋𝛼3 ⋅ ( 𝑙3
𝑐2)
3

⋅ 𝜙3. (6)

In the compressive regime, the values of 𝑁0, 𝑙, 𝑐, and𝛼 in (6) remain unchanged because no new microcrack
initiates and propagates. The value of 𝜃 may change during
compression. However, considering the averaging effect of
many cracks, 𝜃 is assumed to be constant here. Therefore, the
item (𝜃𝑁0/15𝜋𝛼3) ⋅ (𝑙3/𝑐2)3 is considered as a constant during
compression, and it is defined as 𝛽, which has no relations to
the apertures of cracks. So, (6) can be written as

𝐾 = 𝛽𝜙3. (7)

Equation (7) establishes the relationship between the
permeability and the porosity (𝜙). It should be noted here that
when crack propagates or new crack initiates, the value of 𝛽
is no longer a constant.

4.2. Test Results Analysis. It is impossible to measure the
porosity directly during testing. However, the value of
porosity (𝜙) can be estimated from the initial porosity 𝜙0,
volumetric strain 𝜀V, and mineral compressibility 𝐶𝑠:

𝜙 = 𝜙0 − 𝜀V + 𝐶𝑠𝑃. (8)

So, (7) can be written as

𝐾 = 𝛽 (𝜙0 − 𝜀V + 𝐶𝑠𝑃)3 . (9)

It can be seen from (9) that the intrinsic permeability
decreases following a cubic relationship as the compressive
volumetric strain increases.

The solid line in Figure 4 presents the volumetric strain of
sample D20 as pressure increases. In (9), the compressibility
(𝐶𝑠) of dolomite can be obtained from its bulk modulus [37],
and its value is 1.06 × 10−5/MPa.The compressive volumetric
strains (𝜀V) at 10MPa, 20MPa, and 30MPa are obtained
from the volumetric strain curve in Figure 4, and they are𝜀V10 = 0.00071, 𝜀V20 = 0.0011, and 𝜀V30 = 0.0013, respectively.
Combining the permeability test results (𝐾 in Table 3) at
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Figure 4: Permeability variation with volumetric strain during
compression.

10MPa, 20MPa, and 30MPa confining pressures (𝑃), the
parameters of 𝛽 and 𝜙0 can be fitted from (9).

𝛽 = 0.94 × 10−11m2,
𝜙0 = 0.19 × 10−2. (10)

The initial porosity 𝜙0 determined from (9) is close to
the intrusion test results (0.17% and 0.14%). Equation (9) can
be used to predict variation of rock permeability from the
variation of volumetric strain. The estimated permeability
curve for D20 is plotted against volumetric strain in Figure 4
as the dot line. It should be noted that the linear Hook’s
law should not be applied to calculate the volumetric strain
because the permeability variation law is based on the
variation of crack aperture other than the elastic deformation
of matrix. Replacing 𝛽 in (7), the porosity can be estimated
and it decreases from 0.13% to 0.09% as the pressure increases
from 10MPa to 30MPa; the decrease range is 31%.

For D30, the permeability variation with temperature can
be estimated by replacing the term 𝐶𝑠𝑃 in (9) with 𝛼(𝑇 −𝑇0),
where 𝛼 is the thermal expansion coefficient of the mineral;𝑇 and 𝑇0 are the current temperature and initial temperature.
In the current test, the volumetric strains are not measured
at different temperatures. So, the parameters 𝛽 cannot be
obtained from the test results of D30. Supposing that samples
D30 and D20 have the same value of 𝛽, which means that
cracks in both specimen follow the same distribution, the
variation of porosity 𝜙 with temperatures can be roughly
estimated from (7), as shown in Figure 5. The results show
that the porosity decreases from 0.13% to 0.07% as the
temperature increases from 15∘C to 40∘C; the decrease range
is 44%. Equation (5) shows that themean crack aperture (2𝑤)
changes linearly with the porosity. Thus, the mean aperture
also decreases 44% as temperature increases from 15∘C to
40∘C. The porosity change due to the thermal effect is also
found by Sun et al. [38], who found that the porosity of granite
decreases (from 0.88% to 0.75%) as temperature increases
(from 25∘C to 50∘C) in the moderate temperature range.
Comparing with the influence of the moderate pressure on
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Figure 5: Variation of porosity with temperature under hydrostatic
stress (20MPa) for Jinping marble.

the permeability presented above, the thermal effect on the
permeability is notable and it should be taken into account
into the estimation of the transport properties of intact rock.

5. Conclusions

The steady state method is used to study the permeability of
Jinping marble under moderate pressures and temperatures
in the compressive regime. The experimental results show
that the permeability of Jinping marble decreases from 21.1× 10−21m2 to 6.92 × 10−21m2 as the pressure increases from
10 to 30MPa and decreases from 21.3 × 10−21m2 to 3.68 ×
10−21m2 as the temperature increases from 15 to 40∘C. The
results imply that the influence of temperature on marble
permeability is as remarkable as stress.

The permeability evolution law in the compressive regime
is studied based on a geometric model of the penny-
shaped crack distribution. The analytical result shows that
the permeability decreases following a cubic law. The initial
porosity of the marble estimated from the permeability tests
is 0.19%, which is close to the results of themercury intrusion
porosimetry (0.14% and 0.17%). The analytical results show
that the porosity decreases from 0.13% to 0.09% as the
pressure increases from 10MPa to 30MPa, and from 0.13%
to 0.07% as the temperature increases from 15∘C to 40∘C.
From the permeability evolution law, the permeability for
crystalline rock in the compressive regime due to moderate
pressure and temperature can be estimated from the volumet-
ric strain curve.The proposed permeability variation law will
be furtherly verified to investigate the effect ofmoderate stress
and temperature on the transport properties of host rock of
underground nuclear waste repository in the future.
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