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The objective of this special issue is to address recent research
trends and developments in the application of vibration
energy harvesting for the monitoring of dynamical systems.
While significant research has been carried out around
maximization of harvested energy, the use of such harvesting
signatures for the monitoring of dynamical systems is at a
nascent stage. This special issue attempts to focus on this
aspect. A substantial number of papers were submitted,
and after a thorough peer review process, five papers were
selected to be included in this special issue. These papers
cover important applications in design, analyses, potential,
and actual applications on this topic. We believe that the
original papers collected in this special issue highlight the
contemporary topics in research where vibration energy
harvesting signatures can be useful for monitoring of built
infrastructure and other dynamical systems.

The paper by C. Maruccio et al. targets a nonlinear
dynamic response of piezoelectric energy harvester and
demonstrates how a hybrid approach can be beneficial in
this regard. A coupled multiphysics Finite Element analysis
leads to an enhanced reduced order model in this paper that
benefits from the analyses carried out at the FE stage. The
approach relieves some of the computational burden, while
preserving key behavioural aspects of the harvester.

D. Mazeika et al. approach the topic through design and
presents numerical and experimental studies on a polygon

shaped cantilever array. The design enhances the ability of
the harvester to align with multiple frequencies and the
experimental results confirm the same.

The design and modelling approach is expanded in this
issue by Y. Zhao et al., who present modelling and experi-
mentation of a V-shaped energy harvester. The authors have
demonstrated how such design can increase the bandwidth
of the harvester in order to take a step towards self-powered
monitoring.

X. Zhang et al. have addressed the aspect of random
variations of input excitation for energy harvesting in relation
to built infrastructure in the form of statistical analyses
involvingwind induced vibrations of transmission power line
system. Variations due to effects of wind field models are
investigated.

Finally, R. Wang et al. present the effect of supercapacitor
initial terminal voltage on the regenerative and semiactive
suspension energy-regeneration and dynamic performance.

Overall, it is observed that the topic is at its infancy and
consequently the research topics around it remain diverse
and challenging. Another important observation is that while
demonstrative results on the implementation of vibration
energy harvesting for monitoring form an important knowl-
edge gap, several challenges remain in relation to the design
and analysis of the harvester.
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Vibration-based energy harvesting technology is the most promising method to solve the problems of self-powered wireless
sensor nodes, but most of the vibration-based energy harvesters have a rather narrow operation bandwidth and the operation
frequency band is not convenient to adjust when the ambient frequency changes. Since the ambient vibrationmay be broadband and
changeable, a novel V-shaped vibration energy harvester based on the conventional piezoelectric bimorph cantilevered structure is
proposed,which successfully improves the energy harvesting efficiency andprovides away to adjust the operation frequency bandof
the energy harvester conveniently.The electromechanical coupling equations are established by using Euler-Bernoulli equation and
piezoelectric equation, and then the coupled circuit equation is derived based on the series connected piezoelectric cantilevers and
Kirchhoff's laws. With the above equations, the output performances of V-shaped structure under different structural parameters
and load resistances are simulated and discussed. Finally, by changing the angle 𝜃 between two piezoelectric bimorph beams and
the load resistance, various comprehensive experiments are carried out to test the performance of this V-shaped energy harvester
under the same excitation. The experimental results show that the V-shaped energy harvester can not only improve the frequency
response characteristic and the output performance of the electrical energy, but also conveniently tune the operation bandwidth;
thus it has great application potential in actual structure health monitoring under variable working condition.

1. Introduction

Recently, wireless sensor networks (WSNs) have received
much attention. WSNs technology has been recognized as
an effective technique for the various industrial fields [1],
such as environmental monitoring [2], fire detection [3],
body area networks [4], and fault diagnosis [5]. But the
limited energy associated with WSNs is a great obstacle
of WSN technologies. Environmental energy harvesting is
the most probable way to overcome this major bottleneck.
For example, vibration energy, solar energy, wind energy,
thermal energy, and other green energy [6] can be converted
into electrical energy which can augment an existing battery
supply or replace it entirely given certain conditions.

Since vibration widely exists in mechanical equipment,
bridge, and human body, the commonly used energy harvest-
ing is based on vibration. The possible vibration-to-electric
energy conversion mechanisms include piezoelectric, elec-
tromagnetic, and electrostatic transductions, which provide

a high power density [7]. Among these three alternatives for
vibration-to-electric energy conversion, piezoelectric trans-
duction has received the most attention. Rocha et al. [8] pro-
posed a system integrated in footwear to harvest energy from
vibration when people walk. In [9], a piezoelectric energy
harvester is developed to harvest energy from the acceleration
of tires. P Gambier et al. [10] designed hybrid low-power
generator systems with thin-film batteries and storage system
using piezoelectric, solar, and thermal sources of energy
in order to improve both structural multifunctionality and
system-level robustness in energy harvesting.

The most commonly used piezoelectric energy harvester
configuration is a cantilever with piezoceramic layers located
on a vibrating host structure for electrical power generation
from bending vibrations under resonance excitation [12–15].
Various piezoelectric transductions are designed to harvest
energy in a single direction, whereas they have better energy
conversion efficiency only when the excitation frequencies of
the vibration sources closelymatch the resonance frequencies
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of the devices [16–19]. Unfortunately, when the ambient
vibration sources are multidirectional and have a wide spec-
trum, these piezoelectric harvesters [20] will probably lose
their efficacy.

To overcome the above problems, various vibration
energy harvesters which are suitable for multidirectional
vibrations or wide-band vibrations have been explored. For
example, Leadenham et al. [21] presented an M-shaped
nonlinear bent beam with clamped end conditions and
investigated for bandwidth enhancement under base excita-
tion. Harne et al. [22] investigated the versatility of internal
resonance-based behaviors for energy harvesting analytically,
numerically, and experimentally by exploiting nonlinear,
multimodal motions in an L-shaped energy harvester plat-
form. Danzi F et al. [23, 24] investigated to use a topology
optimization to design planar resonators and derived a
reduced ordermodel to further investigate the dependence of
the beams' orientation on the frequencies ratio. These results
show an infinite number of topologies that can have integer
ratio modal frequencies and in some cases harvest more
power than a nominal L-shaped harvester, operating in the
linear regime. Kim et al. [25] and Andò et al. [26] designed
two-dimensional piezoelectric energy harvester, respectively,
which is sensitive to the vibration of two directions. Su et al.
[27] studied the three-directional harvester by using spring
and magnet. The method to design the multidirectional
piezoelectric energy harvester is to optimize the structure
so that the harvester could work effectively by inertia when
excited at some direction. In order to broaden the effective
operation frequency band of the harvester, a multiresonant
piezoelectric beam was used by attaching multiple cantilever
beams of natural frequencies close to the exciting frequency
[28, 29]. Yang et al. [30] proposed a power harvester that
consisted of two piezoelectric beams connected with elastic
springs, and it could also improve the bandwidth. Another
approach is to provide a resonance tuning mechanism. Hu
et al. [31] studied the technique to adjust the flexural mode
of a piezoelectric bimorph through axial preloads, which is
useful for scavenging energy from ambient vibration with
varying frequency spectra. Challa et al. [32] presented a
vibration energy harvesting device with autonomous reso-
nance frequency tenability by utilizing a magnetic stiffness
technique. In addition, there are other methods to broaden
the operating frequency bandwidth of the energy harvester,
such as monostable and bistable mechanisms [33–36] and
piecewise linear mechanisms [37]. However, their tuning
mechanisms make the structure of these harvesters more
complex, whichmay hamper their application in engineering.
What is more, the monostable and bistable mechanisms will
have high conversion efficiency only when the excitation
amplitude is large. In many cases, the amplitude of the
environmental vibration is small, and it is difficult to sustain
the high output of the harvester. From the above, it can
be known that most of the energy harvesters seldom pay
attention to multidirection and wide operation bandwidth
simultaneously.

As an alternative to conventional multiresonant piezo-
electric beams, Erturk A et al. [38] proposed an L-shaped
beam-mass structure as a new piezoelectric energy harvester

configuration, which can broaden the operation bandwidth
and overcome the shortcomings of the single frequency
excitation. However, in their study, the angle of the L-
shaped harvester is fixed; thus it is difficult to be applicable
to the variable working condition. Su et al. [11] further
provided detailed modeling of the V-shaped structure on
the basis of Euler-Bernoulli beam theory and compared the
voltage and power frequency responses under various angles
between the two beams. The V-shaped structure consisted
of aluminum substructure and unimorph piezoelectric layer,
which can effectively broaden the bandwidth. Nevertheless,
the generated voltage and power are rather small, which is
difficult to meet the requirements of the actual application.

Based on the above considerations, a new V-shaped
piezoelectric low frequency vibration energy harvester which
can arbitrarily tune the angle between the two piezoelectric
bimorph beams is explored in this study. The electrome-
chanical coupling model of the proposed harvester is built
up, and then the simulation and experiments are performed
under different structural parameters and load resistances.
The frequency of the peak voltage is the natural frequency
(resonant frequency).When the designed harvester is excited
at natural frequency, the most power output can be achieved
by resistance matching. Like the previous L-shaped or V-
shaped piezoelectric unimorph harvester, the proposed V-
shaped harvester also can be used as a broader band energy
harvesting system, whereas the comparative results show that
the V-shaped harvester can not only improve the output
performance of the electrical energy, but also enhance the
frequency response characteristic of the operation frequency
band in some case. In addition, the proposed V-shaped
piezoelectric bimorph harvester can be conveniently tuned by
the use of a proper connector; thus when the ambient exciting
frequency changes, we can simply tune the angle between
beam 1 and beam 2 so as to change the natural frequency and
the operation bandwidth. It then follows that the proposedV-
shaped harvester has great application potential and value in
the health monitoring of complicated mechanical equipment
and bridge.

This paper is organized as follows. In Section 2, an
electromechanical coupling model is established by using
the Euler-Bernoulli equation and piezoelectric equation. In
Section 3, numerical simulations are carried out to test the
performance of the V-shaped harvester. In Section 4, sev-
eral experiments are performed under different intersection
angles and load resistances to further validate the perfor-
mance of the V-shaped harvester. Finally, the conclusions are
presented in Section 5.

2. V-Shaped Piezoelectric Energy Harvester
Configuration and Its Mathematical Model

2.1. Configuration of V-Shaped Harvester. Cantilever struc-
ture has been widely applied to vibration-to-electric energy
transducer. Although the conventional single piezoelectric
cantilevered structure can generate a large output voltage
when it is excited at its resonance frequency, the output
voltage of the converter would decrease sharply when the
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Figure 1: Schematic of the V-shaped piezoelectric energy harvester.
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Figure 2: Schematic of a bimorph cantilever configuration with a tip mass: (a) parallel connection of piezoceramic layers and (b) cross-
sectional view of a bimorph cantilever.

excitation frequency is not consistent with its natural fre-
quency. Furthermore, the conventional single piezoelectric
harvester generates high power just within a narrow fre-
quency range and is not convenient to adjust when the
ambient frequency changes. In order to solve these prob-
lems, a V-shaped piezoelectric bimorph energy harvester is
proposed in this study. Figure 2 illustrates the schematic of
the V-shaped piezoelectric energy harvester. Obviously, this
harvester consists of two cantilevered piezoelectric beams
whose intersection angle is defined as 𝜃; and 𝑤𝑏(𝑡) is the
ambient excitation.The length of beam 1 is 𝐿1, and the length
of beam 2 is 𝐿2; 𝑀𝑡1 and 𝑀𝑡2 are the tip masses of beam 1
and beam 2, respectively. 𝑤1(𝑥1, 𝑡) is the transverse vibration
response of beam 1 and 𝑤2(𝑥2, 𝑡) is the transverse vibration
response of beam 2. Both beam 1 and beam 2 are cantilevered
piezoelectric bimorph beams, which are shown in Figure 1. In
this figure, the green region represents the piezoelectric layer,
and the yellow region represents the metal substrate.

2.2. Mechanical Coupling Equation. As shown in Figure 2, a
bimorph piezoelectric cantilever with a tip mass is presented
and the piezoelectric layers are connected in parallel. Based
on the hypothesis of Euler-Bernoulli beam, the beam pre-
sented here can be recognized as a homogeneous composite
beam and satisfies the linear deformation and small vibra-
tion conditions. So the influence of shear deformation and
moment of inertia can be ignored. The piezoelectric bending
structure is generally a thin-walled beam, which makes this
assumption reasonable. In addition, the mechanical loss
consists of the internal damping (strain) and the external

damping (viscous air). Assuming that the piezoelectric layer
and the substructure are integrated closely and the electrode
layer covering the piezoelectric layer is very thin, so the
influence of the electrode layer can be ignored. In order to
ensure the integrity of themathematicalmodel deduction, the
procedure details can be acquired in [39].

For a homogeneous composite beam, the partial differ-
ential equation in the transverse direction can be written as
[40]

𝜕2𝑀(𝑥, 𝑡)𝜕𝑥2 + 𝑐𝑠𝐼𝜕5𝑤 (𝑥, 𝑡)𝜕𝑥4𝜕𝑡 + 𝑐𝑎 𝜕𝑤 (𝑥, 𝑡)𝜕𝑡 + 𝑚𝜕2𝑤 (𝑥, 𝑡)𝜕𝑡2
= 𝑓 (𝑥, 𝑡)

(1)

where 𝑀(𝑥, 𝑡) is the moment of the beam at position x and
time t, 𝑐𝑠𝐼 is the equivalent damping term in the cross-section
of the beam due to the strain rate damping, 𝑐𝑎 is the viscous
air damping coefficient, 𝑚 is the mass of the beam per unit
length, 𝑤(𝑥, 𝑡) is the absolute transverse motion of the beam
at any position 𝑥 and time 𝑡, 𝑓(𝑥, 𝑡) is the external force at any
position 𝑥 and time 𝑡.

The absolute transverse motion of the beam at any
position 𝑥 and time 𝑡, and 𝑤(𝑥, 𝑡), can be written as

𝑤 (𝑥, 𝑡) = 𝑤𝑏 (𝑥, 𝑡) + 𝑤𝑟𝑒𝑙 (𝑥, 𝑡) (2)

where𝑤𝑏(𝑥, 𝑡) is the displacement of the base and𝑤𝑟𝑒𝑙(𝑥, 𝑡) is
the transverse deflection of the beam relative to its base.

As shown in Figure 2, the motion of the base 𝑤𝑏(𝑥, 𝑡) can
be written as

𝑤𝑏 (𝑥, 𝑡) = 𝑔 (𝑡) + 𝑥ℎ (𝑡) (3)
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where 𝑔(𝑡) is the motion of the base in the y-direction andℎ(𝑡) is the small rotation of the base.
Substituting (3) into (2), we have

𝜕2𝑀(𝑥, 𝑡)𝜕𝑥2 + 𝑐𝑠𝐼𝜕5𝑤𝑟𝑒𝑙 (x, t)𝜕𝑥4𝜕𝑡 + 𝑐𝑎 𝜕𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡
+ 𝑚𝜕2𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡2

= −𝑚𝜕2𝑤𝑏 (𝑥, 𝑡)𝜕𝑡2 − 𝑐𝑎 𝜕𝑤𝑏 (𝑥, 𝑡)𝜕𝑡 − 𝑐𝑠𝐼𝜕5𝑤𝑏 (x, t)𝜕𝑥4𝜕𝑡
+ 𝑓 (𝑥, 𝑡)

(4)

Since both the viscous air damping and internal strain
damping are related to the relative speed of beammotion, and
the tip mass 𝑀𝑡 is introduced into the above equation, then
(4) can be rewritten as

𝜕2𝑀(𝑥, 𝑡)𝜕𝑥2 + 𝑐𝑠𝐼𝜕5𝑤𝑟𝑒𝑙 (𝑥, t)𝜕𝑥4𝜕𝑡 + 𝑐𝑎 𝜕𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡
+ 𝑚𝜕2𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡2

= − [𝑚 +𝑀𝑡𝛿 (𝑥 − 𝐿)] 𝜕2𝑤𝑏 (𝑥, 𝑡)𝜕𝑡2

(5)

where 𝛿(𝑥) is the Dirac delta function. The internal bending
moment in (5) can be written as

𝑀(𝑥, 𝑡) = −𝑏(∫−ℎ𝑠/2
−ℎ𝑝−ℎ𝑠/2

𝑇𝑃𝑦𝑑𝑦
+ ∫ℎ𝑠/2
−ℎ𝑠/2

𝑇𝑆𝑦𝑑𝑦 + ∫ℎ𝑝+ℎ𝑠/2
ℎ𝑠/2

𝑇𝑃𝑦𝑑𝑦)
(6)

where 𝑏 is the width of the bimorph cantilever beam, ℎ𝑝 is the
thickness of each piezoceramic layer, and ℎ𝑠 is the thickness
of the substructure layer, as shown in Figure 1(b). Moreover,𝑇𝑃 and𝑇𝑆 are the axial stress components in the piezoceramic
and substructure layers, respectively, which can be given by

𝑇𝑃 = 𝑐𝐸11𝛿𝑝1 − 𝑒31𝐸3,
𝑇𝑆 = 𝑌𝑆𝛿𝑠1

(7)

where 𝑐𝐸11 is the elastic stiffness of the piezoceramic layer
at constant electric field, 𝑒31 is the piezoelectric constant,𝐸3 is the electric field component, 𝑌𝑆 is Young’s modulus
of the substructure layer, and 𝛿𝑝1 and 𝛿𝑠1 are the axial strain
components in the piezoelectric and substructure layers,
respectively. Since the axial strain at a certain position 𝑦 from
the neutral axis of the composite beam is simply proportional
to the curvature of the beam at position 𝑥, 𝛿𝑝1 and 𝛿𝑠1 can be
given by

𝛿𝑝1 (𝑥, 𝑦, 𝑡) = 𝛿𝑠1 (𝑥, 𝑦, 𝑡) = −𝑦𝜕2𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑥2 (8)

For the configuration with parallel connection shown in
Figure 2(a), the top and the bottom piezoceramic layers are
assumed to be identical, and 𝑒31 has the same sign in top
and bottom piezoceramic layers, whereas the instantaneous
electric fields are in the opposite directions, i.e., 𝐸3 = −V(𝑡)/ℎ𝑝 in the top layer and 𝐸3 = V(𝑡)/ℎ𝑝 in the bottom layer.
Since the piezoelectric coupling term in (6) is only a function
of time, before substituting (6) into (5), the electrical term
must be multiplied by [𝐻(𝑥) − 𝐻(𝑥 − 𝐿)], where𝐻(𝑥) is the
Heaviside function.

With the above discussion, the coupled beam equation
can be derived as follows:

𝑌𝐼𝜕4𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑥4 + 𝑐𝑠𝐼𝜕5𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑥4𝜕𝑡 + 𝑐𝑎 𝜕𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡
+ 𝑚𝜕2𝑤𝑟𝑒𝑙 (𝑥, 𝑡)𝜕𝑡2 + 𝜗V (𝑡) [𝑑𝛿 (𝑥)𝑑𝑥 − 𝑑𝛿 (𝑥 − 𝐿)𝑑𝑥 ]

= − [𝑚 +𝑀𝑡𝛿 (𝑥 − 𝐿)] 𝜕2𝑤𝑏 (𝑥, 𝑡)𝜕𝑡2
(9)

where 𝜗 is the backward coupling term, 𝑌𝐼 is the backward
coupling term, and𝑚 is the mass per unit length term, which
are, respectively, defined as

𝜗 = 𝑒31𝑏ℎ𝑝 [ℎ2𝑠4 − (ℎ𝑝 + ℎ𝑠2 )
2] (10)

𝑌𝐼 = 2𝑏3 [𝑌𝑆 ℎ3𝑠8 + 𝑐𝐸11 ((ℎ𝑝 + ℎ𝑠2 )
3 − ℎ3𝑠8 )] (11)

𝑚 = 𝑏 (𝜌𝑠ℎ𝑠 + 2𝜌𝑝ℎ𝑝) (12)

where 𝜌𝑠 and 𝜌𝑝 are themass densities of the substructure and
the piezoceramic materials, respectively.

According to the above preliminary, we build the sche-
matic of the V-shaped piezoelectric energy harvester and set
the corresponding vibration reference coordinate system, as
shown in Figure 3. In this study, we only consider the first
two-order vibration modes and ignore the rotary inertias of
two beams, when establishing the model of the V-shaped
structure by the segment modeling method.

As shown in Figure 3, beam 1 is not subject to the axial
load (𝑀𝑡1, beam 2 and𝑀𝑡2 can be regarded as an integrated
mass), and the absolute displacement of the base in 𝑋1-𝑌1 coordinate system can be assumed to be zero. Similarly,
beam 2 is subject to the axial load 𝑀𝑡2𝑔 sin 𝜃, and the
absolute displacement of the base in𝑋2-𝑌2 coordinate system
can be assumed to be zero. Hence, by the use of (9), the
electromechanical coupling vibration equations of beam 1
and beam 2 can be, respectively, written as

𝑌1𝐼1 𝜕4𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥41 + 𝑐𝑠1𝐼1 𝜕5𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥41𝜕𝑡
+ 𝑐𝑎1 𝜕𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑡 + 𝑚1 𝜕2𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑡2
+ 𝜗1V1 (𝑡) [𝑑𝛿 (𝑥1)𝑑𝑥1 − 𝑑𝛿 (𝑥1 − 𝐿1)𝑑𝑥1 ] = 0

(13)
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Figure 3: The vibration schematic of the V-shaped structure.

𝑌2𝐼2 𝜕4𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥42 + 𝑐𝑠1𝐼1 𝜕5𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥42𝜕𝑡
+ 𝑐𝑎1 𝜕𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡 + 𝑚2 𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡2
+𝑀𝑡2𝑔 sin 𝜃𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥22
+ 𝜗2V2 (𝑡) [𝑑𝛿 (𝑥2)𝑑𝑥2 − 𝑑𝛿 (𝑥2 − 𝐿2)𝑑𝑥2 ] = 0

(14)

where 𝑌1𝐼1 and 𝑌2𝐼2 are the bending stiffness of beam 1
and beam 2, respectively; 𝑚1 and 𝑚2 are the mass per unit
length of beam 1 and beam 2, respectively; 𝜗1 and 𝜗2 are
the backward coupling coefficient, respectively; 𝑐𝑠1𝐼1 and𝑐𝑠2𝐼2 are the internal strain damping of beam 1 and beam 2,
respectively; 𝑐𝑎1 and 𝑐𝑎2 are the viscous air damping of beam 1
and beam2, respectively; V1(𝑡) and V2(𝑡) are the output voltage
of beam 1 and beam 2, respectively; 𝛿(x) is the Dirac function;𝑤𝑟𝑒𝑙1(𝑥1, 𝑡) is the transverse vibratory displacement of beam
1 relative to the substrate; and 𝑤𝑟𝑒𝑙2(𝑥2, 𝑡) is the transverse
vibratory displacement of beam 2 relative to the mass.

At the clamped end (𝑥1 = 0), both the transverse
vibratory displacement and angular displacement equal 0;
thus the boundary conditions can be written as

𝑤𝑟𝑒𝑙1 (0, 𝑡) = 0,
𝜕𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥1

𝑥1=0 = 0 (15)

At 𝑥2 = 0(as well as 𝑥1 = 𝐿1), the transverse vibratory
displacement in local coordinate system equals 0, and by
using the angular displacement equilibrium relations, we
have

𝑤𝑟𝑒𝑙2 (0, 𝑡) = 0,
𝜕𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥1

𝑥1=𝐿1 =
𝜕𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥2

𝑥2=0
(16)

At 𝑥2 = 0 and 𝑥2 = 𝐿2, the force and moment equilibrium
relations are, respectively, given by

𝑌1𝐼1 𝜕3𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥31
𝑥1=𝐿1

= 𝑀𝑡1 𝜕2𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑡2
𝑥1=𝐿1

+ 𝑚2𝐿2 cos 𝜃𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡2
𝑥2=𝐿2/2

+ 𝑀𝑡2 cos 𝜃𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡2
𝑥2=𝐿2

(17)

𝑌1𝐼1 𝜕2𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑥21
𝑥1=𝐿1 + 𝐼𝑎1 𝜕3𝑤𝑟𝑒𝑙1 (𝑥1, 𝑡)𝜕𝑡2𝜕𝑥1

𝑥1=𝐿1
= 𝑌2𝐼2 𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥22

𝑥2=0 +
𝑚2𝑔𝐿22 cos 𝜃

+𝑀𝑡2𝑔𝐿2 cos 𝜃

(18)

𝑀𝑡2𝑔𝜕𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥2
𝑥2=𝐿2 + 𝑌2𝐼2 𝜕3𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥32

𝑥2=𝐿2
= 𝑀𝑡2 𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡2

𝑥2=𝐿2
(19)

𝑌2𝐼2 𝜕2𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑥22
𝑥2=𝐿2 + 𝐼𝑎2 𝜕3𝑤𝑟𝑒𝑙2 (𝑥2, 𝑡)𝜕𝑡2𝜕𝑥2

𝑥2=𝐿2
= 0

(20)

where 𝐼𝑎1 and 𝐼𝑎2 are the rotary inertias of the tip masses𝑀𝑡1
and𝑀𝑡2, respectively.
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Figure 4: Electrical circuit of the condition that the two beams connect in series.

Based on the expansion theorem, the vibratory motion
of a beam segment can be represented by an absolutely and
uniformly convergent series of the eigenfunctions as

𝑤𝑟𝑒𝑙𝑘 (𝑥𝑘, 𝑡) = ∞∑
𝑟=1

𝜙𝑘𝑟 (𝑥𝑘) 𝜂𝑟 (𝑡) (21)

where 𝜙𝑘𝑟(𝑥𝑘) is the normalizedmass eigenfunction and 𝜂𝑟(𝑡)
is themodal response of the 𝑟th vibrationmode; k denotes the
serial number of the beam.With (13) and (14), by ignoring the
internal and external damping and separating the variables,
the piecewise-defined eigenfunctions can be written as

𝜙1𝑟 (𝑥1) = 𝐴1𝑟 sin (𝛼𝑟𝑥1) + 𝐵1𝑟 cos (𝛼𝑟𝑥1)
+ 𝐶1𝑟 sinh (𝛼𝑟𝑥1) + 𝐷1𝑟 cosh (𝛼𝑟𝑥1) (22)

𝜙2𝑟 (𝑥2) = 𝐴2𝑟 sin (𝛽𝑟𝑥2) + 𝐵2𝑟 cos (𝛽𝑟𝑥2)
+ 𝐶2𝑟 sinh (𝛾𝑟𝑥2) + 𝐷2𝑟 cosh (𝛾𝑟𝑥2) (23)

where

𝛼4𝑟 = 𝜔2𝑟 𝑚1𝑌1𝐼1 ,

𝛽2𝑟 = 𝜅2 + √𝜅24 + 𝜔2𝑟 𝑚2𝑌2𝐼2
(24)

𝛾2𝑟 = −𝜅2 + √𝜅24 + 𝜔2𝑟 𝑚2𝑌2𝐼2 , 𝜅 = 𝑀𝑡2𝑔𝑌2𝐼2 (25)

where 𝜔𝑟 is the undamped natural frequency of 𝑟th vibration
mode, and it can be calculated by the proposed method in
[41].

Substituting (21)–(25) into (15)–(20) results in an 8×8
coefficient matrix, and we can obtain the value of 𝐴1𝑟 ∼ 𝐷2𝑟
by solving this matrix. After substituting (21) into (13) and
(14), and by applying the orthogonality condition of nor-
malized mass eigenfunctions, we can write the mechanical
vibratory equation in modal coordinates as

𝑑2𝜂𝑟 (𝑡)𝑑𝑡2 + 2𝜁𝑟𝜔𝑟 𝑑𝜂𝑟 (𝑡)𝑑𝑡 + 𝜔2𝑟𝜂𝑟 (𝑡) + 𝜒1𝑟V1 (𝑡)
+ 𝜒2𝑟V2 (𝑡) = 𝑓𝑟 (𝑡)

(26)

where V1(𝑡) and V2(𝑡) are the voltages of the crossbeamand the
inclined beam, respectively; 𝜒𝑘𝑟 is the modal electromechan-
ical coupling term; 𝑓𝑟(𝑡) is the modal mechanical response
function. 𝜒𝑘𝑟 and 𝑓𝑟(𝑡) can be calculated by

𝜒𝑘𝑟 = 𝜗𝑘 𝑑𝜙𝑘𝑟 (𝑥𝑘)𝑑𝑥𝑘

𝐿𝑘

0

(27)

𝑓𝑟 (𝑡) = −𝑚1 (𝑑2𝑔 (𝑡)𝑑𝑡2 ∫𝐿1
0

𝜙1𝑟 (𝑥1) 𝑑𝑥1
+ 𝑑2ℎ (𝑡)𝑑𝑡2 ∫𝐿1

0
𝑥1𝜙1𝑟 (𝑥1) 𝑑𝑥1) − (𝑀𝑡1 +𝑀𝑡2

+ 𝑚2𝐿2) 𝜙1𝑟 (𝐿1) (𝑑2𝑔 (𝑡)𝑑𝑡2 + 𝐿1 𝑑2ℎ (𝑡)𝑑𝑡2 )
(28)

2.3. Coupled Circuit Equations. In this study, we only con-
sider the condition that the crossbeam connects with the
inclined beam in series, and each piezoelectric layer can be
seen as the current source connecting with the capacitor in
parallel, as shown in Figure 4. The current sources produced
by beam 1 and beam 2 can be written as

𝑖𝑝𝑘 (𝑡) = ∞∑
𝑟=1

𝜓𝑘𝑟 𝑑𝜂𝑟 (𝑡)𝑑𝑡 (29)

where

𝜓𝑘𝑟 = − (𝑒31)𝑘 (ℎ𝑝𝑐)𝑘 𝑏𝑘 𝑑𝜙𝑘𝑟 (𝑥𝑘)𝑑𝑥𝑘

𝐿𝑘

0

(30)

In (30), (𝑒31)𝑘 is the piezoelectric constant, (ℎ𝑝𝑐)𝑘 is the
distance between the center of the piezoceramic layer and
the neutral axis of the cross-section, and 𝑏𝑘 is the width of
piezoceramic layer. The internal capacitor 𝐶𝑝𝑘 can be written
as

𝐶𝑝𝑘 = (𝜀𝑆33)𝑘 𝑏𝑘𝐿𝑘(ℎ𝑝)𝑘 (31)

where (𝜀𝑆33)𝑘 is the permittivity of the piezoceramic layer at
constant strain, 𝐿𝑘 is the length of beam, and (ℎ𝑝)𝑘 is the
thickness of the piezoceramic layer.
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Table 1: The material and dimension parameters of piezoelectric bimorph and substructure.

Material and geometric parameters Value/Unit
PZT-51 Density, 𝜌𝑝 7.45×103kg/m3
PZT-51 Elastic stiffness constant, 𝑐11𝐸 76.9GPa
PZT-51 Piezoelectric constant, 𝑑31 -186×10-12C/N
PZT-51 Permittivity, 𝜀33𝑆 1500𝜀0F/m
Density of copper substructure, 𝜌𝑠 9.0×103kg/m3
Young’s modulus of copper substructure, Y 106GPa
PZT-51 Geometry (𝐿 × 𝑏 × ℎ𝑝) 70mm×15mm×0.55mm
Geometry of copper substructure (𝐿 × 𝑏 × ℎ𝑠) 70 mm×18mm×0.45mm

Subsequently, as the bimorph piezoelectric plates connect
in series, with the Kirchhoff Laws, we can write the coupled
circuit equations as

𝐶𝑝1 𝑑V1 (𝑡)𝑑𝑡 + V1 (𝑡)2𝑅1 + V2 (𝑡)2𝑅1 = ∞∑
𝑟=1

𝜓1𝑟 𝑑𝜂𝑟 (𝑡)𝑑𝑡
𝐶𝑝2 𝑑V2 (𝑡)𝑑𝑡 + V2 (𝑡)2𝑅1 + V1 (𝑡)2𝑅1 = ∞∑

𝑟=1

𝜓2𝑟 𝑑𝜂𝑟 (𝑡)𝑑𝑡
(32)

By solving (26) and (32), V1(𝑡), V2(𝑡), and 𝜂𝑟(𝑡) can be
obtained. With V1(𝑡) and V2(𝑡), we can calculate the voltage
across the load resistance 𝑅1 by

V (𝑡) = V1 (𝑡) + V2 (𝑡) (33)

2.4. Coupled Voltage Response for Harmonic Base Excitation.
Assuming that the electromechanical system is linear, the
modal mechanical response function can be written as𝑓𝑟(𝑡) = 𝐹𝑟𝑒𝑗𝜔𝑡. Besides, the steady state expressions for the
modal response and voltage response of two beams can be
represented by harmonic functions: 𝜂𝑟(𝑡) = 𝐻𝑟𝑒𝑗𝜔𝑡, V1(𝑡) =𝑉1𝑒𝑗𝜔𝑡, and V2(𝑡) = 𝑉2𝑒𝑗𝜔𝑡. Substituting the above equations
into (26) and (32), the two equations can be, respectively,
written as

(𝜔2𝑟 − 𝜔2 + 𝑗2𝜁𝑟𝜔𝑟𝜔)𝐻𝑟 + 𝜒1𝑟𝑉1 + 𝜒2𝑟𝑉2 = 𝐹𝑟 (34)

( 12𝑅1 + 𝑗𝜔𝐶𝑝1)𝑉1 + 𝑉22𝑅1 − 𝑗𝜔∞∑
𝑟=1

𝜓1𝑟𝐻𝑟 = 0

( 12𝑅1 + 𝑗𝜔𝐶𝑝2)𝑉2 + 𝑉12𝑅1 − 𝑗𝜔∞∑
𝑟=1

𝜓2𝑟𝐻𝑟 = 0
(35)

Substituting (34) into (33), we have

𝑄11𝑉1 + 𝑄12𝑉2 = 𝑆1
𝑄21𝑉1 + 𝑄22𝑉2 = 𝑆2 (36)

where

𝑄𝑚𝑘 = 12𝑅1 + 𝑗𝜔𝐶𝑝𝑚𝛿𝑚𝑘 + ∞∑
𝑟=1

𝑗𝜔𝜓𝑚𝑟𝜒𝑘𝑟𝜔2𝑟 − 𝜔2 + 𝑗2𝜁𝑟𝜔𝑟𝜔 (37)

𝑆𝑚 = ∞∑
𝑟=1

𝑗𝜔𝜓𝑚𝑟𝐹𝑟𝜔2𝑟 − 𝜔2 + 𝑗2𝜁𝑟𝜔𝑟𝜔 (38)

From (36), twomaximum voltage amplitudes (𝑉1 and𝑉2)
of the closed-loop circuit are obtained. Substituting 𝑉1 and𝑉2 into V1(𝑡) = 𝑉1𝑒𝑗𝜔𝑡 and V2(𝑡) = 𝑉2𝑒𝑗𝜔𝑡, respectively, we can
obtain the steady state voltage response functions produced
by the two beams. Then, the output voltage V(𝑡) of the V-
shaped bimorph piezoelectric cantilever is given by

V (𝑡) = V1 (𝑡) + V2 (𝑡) (39)

3. Numerical Simulation

In this section, the voltage performance of the V-shaped
cantilevered piezoelectric bimorph harvester is simulated by
Matlab. Lead zirconate titanate (PZT) is a ceramic perovskite
material that has a prominent piezoelectric effect; thus this
material has beenwidely used in various engineering applica-
tions. Since the d51 mode can potentially improve the energy
harvesting performance of piezoelectric energy harvester
[42], and the PZT-51 is commercially available, we use PZT-
51 material in the proposed energy harvesting structure. The
cross beam and inclined beam have the same geometric and
material parameters, which are listed in Table 1. In order to
achieve resonant excitation, we can adjust their harmonic
frequency by the use of tip masses of cross beam and inclined
beam (𝑀𝑡1 and𝑀𝑡2). In this study,𝑀𝑡1 and𝑀𝑡2 are set as 14g
and 14.6g, respectively.

Assuming that beam 1 and beam 2 intersect at an angle
of 90∘, the values of load resistance are, respectively, set as
1KΩ, 33 KΩ, 100 KΩ, and 220 KΩ. When the two beams
connect in series, the voltage frequency response functions
(FRFs) for four different load resistances are, respectively,
shown in Figure 5. From this figure, we can see that there are
two close peak voltages in the output of V-shaped harvester,
and the two peak frequencies, respectively, correspond to the
first natural frequency and second natural frequency of this
harvester, while the single cantilevered piezoelectric beam
only has one natural frequency. It immediately follows that
the frequency band is successfully broadened. It can be also
seen from Figure 5 that the output peak voltage gradually
increases with the increase of load resistance value, and the
first natural frequency and second natural frequency increase
slightly with the increase of load resistance value. Since the
first natural frequency and second natural frequency are close
to each other, the proposed energy harvester can effectively
increase the operation bandwidth and is more applicable
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Figure 5: Voltage FRFs for four different load resistances.

Figure 6: Voltage FRFs at different 𝜃.
to the actual environment compared to the conventional
cantilevered harvester.

Obviously, the value of 𝜃 may also affect the natural
frequency of this system. Assuming that 𝜃 equals to 𝜋/4,𝜋/2,
and 3𝜋/4, respectively, and the external load resistance is
100KΩ, then the output voltage frequency responses with
different 𝜃 are, respectively, illustrated in Figure 6. It can
be seen from Figure 6 that when 𝜃 equals to 𝜋/4, the
difference between the first natural frequency and the second

natural frequency is the largest; thus the effect of bandwidth
extension is not satisfactory in such case. Moreover, when𝜃 equals 𝜋/2 or 3𝜋/4, their voltage output performance
are similar, whereas the difference between the first natural
frequency and the second natural frequency by calculation is
the smallest when 𝜃 equals 3𝜋/4.

Su et al. [11] proposed a unimorphV-shaped piezoelectric
harvester.The first beam is a cantilevered beam with tip mass
while the second beam is attached to the end of the first beam
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Table 2: Comparison of the newly bimorph V-shaped harvester with the previous unimorph harvester in [11] (load resistance=50 kΩ).
𝜃 𝜋/4 𝜋/2 3𝜋/4

Vlotage (V/g) Present device 9.67 8.78 8.93
Su [11] 3.01 2.96 2.47

Power (mW/g2) Present device 1.87 1.54 1.59
Su [11] 0.18 0.17 0.12

Figure 7: The schematic of the proposed vibration energy harvester.

with a certain angle. Piezoelectric layers are attached to both
beams in unimorph configuration for power generation. Su
investigated the influence of 𝜃 on the frequency responses
and plotted the curves of the frequency response of voltage
and power under different 𝜃. The peak voltage and power
are important indicators which can reflect the performance
of an energy harvester. For comparison, the simulations for
both the unimorph piezoelectric harvester and the bimorph
V-shaped piezoelectric harvester are performed based on the
samematerial and geometric parameters used in [11], and the
corresponding peak voltages and powers at the first resonant
frequency are obtained. The comparative results are listed in
Table 2.

It can be seen from Table 2 that both the peak voltage
and power at the first resonant frequency generated by the
previous unimorph V-shaped harvester in [11] are lower
than those generated by the proposed bimorph V-shaped
harvester in this study under different 𝜃. While the two kinds
of energy harvester have the similar structure, the bimorph
configuration has a better effect in improving the output
performance than the unimorph configuration. In other
words, with the samematerial and geometric parameters, the
newly bimorph V-shaped harvester is able to generate more
power than the previous unimorph V-shaped harvester and
thus is more practical in vibration energy harvesting.

4. Experiment

4.1. Structure of Energy Harvester. The V-shaped vibration
energy harvester consists of two piezoelectric bimorphs, and
its schematic is shown in Figure 7.

The used piezoelectric bimorph is produced by the PANT,
as shown in Figure 8(a), and its key parameters have been

Table 3:Themasses of all the components in the proposed harvest-
er.

Component Mass (g)
Bimorph 12
Connector 14
Tip mass 14.6

listed in Table 1. The two cantilevered piezoelectric beams
constitute the proposed harvester via a connector, which is
shown in Figure 8(b). This cylindrical connector is made
of aluminum alloy, and it has eight narrow slots which are
manufactured by linear cutting in the axial direction. Thus,
we can connect the two piezoelectric cantilevers at one given
angle. This connector can be also regarded as a tip mass. The
tip mass is made of wolfram steel with a high mass density,
which is beneficial to tune the natural frequency. The masses
of all components in the designed harvester are listed in
Table 3.

4.2. Energy Harvester Test System. The experimental flow
chart and setup of the V-shaped energy harvester are, respec-
tively, illustrated in Figures 9 and 10. In the process of testing,
an actuator (BK4809) which is driven by a power amplifier
(BK2706) and a signal generator (Agilent 33521A) is used to
generate sinusoidal excitations with different amplitudes and
frequencies. Then the output voltage and current under the
excitation can be measured by the multimeter (VC9808).The
acceleration sensor (LC0103T) is used to measure the vibra-
tion acceleration, whose waveform is displayed by the digital
oscilloscope 54645D. And the amplitude of the excitation
signal is tuned by the power amplifier.
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(a) (b)

Figure 8: The key components of the proposed harvester: (a) piezoelectric bimorph and (b) connector.

Signal Generator
(33521A)

Power Amplifier
(BK2706)

Actuator
(BK4809)

Acceleration
Sensor

(LC0103T)

V-shaped vibration
energy harvester

Multimeter
(VC9808)

Oscilloscope
(54645D)

Figure 9: The flow chart of the performance measurement for the proposed harvester.

4.3. Experimental Results. Firstly, we test the output perfor-
mance of this V-shaped energy harvester under certain exci-
tation in order to validate the proposed mathematic model.
Let the angle of 𝜃 equal 45∘, 90∘, and 135∘, respectively, and
the corresponding experimental setups of V-shaped energy
harvester are, respectively, shown in Figures 11(a)–11(c).

The open circuit voltage versus frequency curves at
different 𝜃 are shown in Figure 12. It is easy to note from
Figure 12 that whenever the angle of 𝜃 is 45∘ or 90∘ or
135∘, there are two peak values of open circuit voltage at
the first natural frequency and the second natural frequency.
The frequency response characteristic of the frequency range

between the two natural frequencies (i.e., the operation
frequency band) can be used to evaluate the performance of
energy harvesting. Obviously, when 𝜃 is 45∘, the operation
frequency band is the widest, whereas its frequency response
characteristic is not satisfactory; when 𝜃 is 135∘, compared to
the L-shaped structure (i.e., 𝜃 is 90∘), not only is the operation
frequency band wider (see Table 4), but also its frequency
response characteristic is better. Furthermore, when 𝜃 is 45∘
and 135∘, both the obtained open circuit voltages under the
first natural frequency excitation are much larger than that
obtained by the L-shaped structure. Therefore, it can be
concluded that the V-shaped structure has a better voltage
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Figure 10: Measurement setup for the proposed harvester.

(a) (b) (c)

Figure 11: The experimental setups under the z-axis excitation: (a) 𝜃=45∘, (b) 𝜃=90∘, and (c) 𝜃=135∘.

Figure 12: The measured open circuit voltage versus exciting frequency curves at different 𝜃.

output performance andwider operation bandwidth than the
L-shaped structure in these cases.

The simulation and experimental results of V-shaped
energy harvester under different conditions are compared,
which is shown in Figure 13, and the natural frequency and
the corresponding open circuit voltage are summarized in
Table 4. It can be known from Figure 13 and Table 4 that

the experimental results are close to the simulation results,
which verifies the proposed mathematical model. It should
be noted that the experimental results are a little higher
than the simulation results. According to the mechanism
of the piezoelectricity, there are three modes, d31, d32, d33,
which would transform the deformation into energy. In
general, the d32 and d33 mode hardly do contribution to the



12 Shock and Vibration

Table 4: The simulation and experimental results under different conditions.

𝜃 Types The first natural
frequency (Hz)

The second
natural

frequency (Hz)

Open circuit voltage
under the first natural
frequency excitation

(V/g)

Open circuit voltage
under the second natural
frequency excitation

(V/g)

𝜃=45∘ Experimental value 7 54 139 21.6
Simulation value 7 55 127.00 20.48

𝜃=90∘ Experimental value 9.2 29 83.2 22.9
Simulation value 10 30 72.87 20.18

𝜃=135∘ Experimental value 12.5 34.2 91.6 49.1
Simulation value 14 36 88.70 40.32

(a) (b)

(c)

Figure 13: The comparison between the experimental measurements and model predictions at (b) 𝜃=45∘, (c) 𝜃=90∘, and (d) 𝜃=135∘.
energy generation, so in this paper we only consider the
d31 mode; the transverse deformation of the cantilever beam
can generate the maximum energy. In order to simplify the
model, the d32 and d33 mode are ignored. But the cantilever
beams did deform in vertical direction during experiment, so
the experimental results are a little higher than the simulation
results under some excitations. In addition, there might be

some experimental errors. The amplifier is tuned manually,
and the amplitude of the actual excitationmay be higher than
that of the theoretical excitation, which leads to the fact that
the experimental values are higher than the theoretical ones.

To adapt various ambient excitations, we can conve-
niently tune the angle of V-shaped energy harvester by
the connector, which leads to the change of the operation
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(a) (b)

(c) (d)

(e) (f)

Figure 14: The output voltage and output power versus load resistance curves under z-axis excitation: (a) 𝜃=45∘, the first natural frequency
excitation; (b) 𝜃=45∘, the second natural frequency excitation; (c) 𝜃=90∘, the first natural frequency excitation; (d) 𝜃=90∘, the second natural
frequency excitation; (e) 𝜃=135∘, the first natural frequency excitation; (f) 𝜃=135∘, the second natural frequency excitation.



14 Shock and Vibration

bandwidth. However, for other commonly used harvesters,
tuning the mass may be a conventional and effective method.
Obviously, the tuning method based on the proposed har-
vester is more convenient.

Then we consider the impedance matching of the pro-
posed energy harvester under different structure parameters
and ambient excitations. When the three kinds of V-shaped
energy harvesters are excited at the first natural frequency and
the second natural frequency under different load resistance,
themeasured output voltage and power versus load resistance
curves are simultaneously plotted in Figure 14. It can be seen
from this figure that the output voltage will increase with
the increase of the load resistance, and the output voltage
will be close to the open circuit voltage when the resistance
is up to a certain value. However, for the output power, it
will firstly increase and then decrease with the increase of
load resistance. There is a maximum output power, and the
corresponding load resistance is the best matched resistance.

5. Conclusions

Since the ambient vibration is usually broadband and change-
able, a novel V-shaped vibration energy harvester is proposed
based on the cantilevered piezoelectric bimorph structure.
This harvester consists of two cantilevered piezoelectric
bimorph beams which intersect at a certain angle. By using
the Euler-Bernoulli equation and piezoelectric equation, the
mechanical coupling equations of the V-shaped energy har-
vester are established. And then the coupled circuit equation
is derived by Kirchhoff's laws. With the above equations, the
output responses of the V-shaped harvester under different
structural parameters and load resistances are calculated, and
it can be seen from the simulation results that there is a wide
operation band between the first natural frequency and the
second natural frequency. At last, various experiments are
carried out to demonstrate the output performance of the
proposed energy harvester, and the obtained results show
that (1) the natural frequency and operation bandwidth of
the V-shaped structure can be easily tuned by the use of the
connector to adapt the ambient vibration; (2) the operation
frequency band of V-shaped structure and its corresponding
frequency response characteristic can be improved for some𝜃; (3) the V-shaped structure has a better voltage output
performance than the L-shaped structure and the V-shaped
unimorph structure in the given examples; (4) the maximum
output power can be achieved by resistance matching under
the excitation of natural frequency. Therefore, the proposed
V-shaped energy harvester can not only increase the output
of the electrical energy from the environmental vibration,
but also conveniently tune the operation bandwidth, which
make it more applicable in various environments. In further
study, an adaptive connector (such as motor and spring) can
be designed to make the V-shaped energy harvester self-tune
with the change of ambient excitation.
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Only one wind field model loading the transmission tower or the tower-line system was investigated in the previous studies, while
the influence of two different wind field models was not considered. In addition, only one sample of the wind speed random
process was used in the past numerical simulations, and the multiple dynamic response statistical analysis should be carried out.
In this paper, statistical analysis of the wind-induced dynamic response of single towers and the transmission tower-line system is
performed with the improved accuracy. A finite element model of the transmission tower-line system (the tower consisted of both
steel tubes and angel steels) is established by ANSYS software. The analysis was performed by three statistical methods. The effects
of the length of the time history and of the number of samples were investigated. The frequency histograms of samples follow the
Gaussian distribution. The characteristic statistical parameters of samples were random. The displacements and the axial forces of
the low tower are larger than those of the high tower. Two wind field models were applied to simulate the wind speed time history.
In field 1 model, Davenport wind speed spectrum and Shiotani coherence function were applied, while in field 2 model Kaimal
wind speed spectrum and Davenport coherence function were used. The results indicate that wind field 1 is calmer than wind field
2. The displacements and the axial forces of the tower-line system are less than those of single towers, which indicate damping of
wind-induced vibrations by the transmission line. An extended dynamic response statistical analysis should be carried out for the
transmission tower-line system.

1. Introduction

The power transmission tower-line system is a complex
spatial coupled vibration system. Vibration is the main cause
of damage to the power circuits [1–4]. Because of the high
flexibility of power towers and the geometrical nonlinearity
of the conductor and insulator strings, it is difficult to sim-
ulate precisely the dynamic response of a tower-line system.
Usually, the transmission line and the towers were analyzed
independently, the coupling effect of the line and tower was
ignored; thus, the calculation analysis was inaccurate [5–8].

The wind response of the power transmission tower-
line systems has been considered in a series of studies.
Mara and Hong [9] performed a numerical simulation to
investigate the effect of wind direction on the response
and the surface capacity of a lattice transmission tower

under wind loads. The inelastic response parameters and
the capacity curve for a single tower were calculated in the
paper. Yang et al. [10, 11] developed the three-dimensional
finite element models of UHV single anchor tower and
the tower-line system and analyzed the responses of the
anchor tower and tower-line system under a wind load. The
results show that the displacement, the axial force, and the
main column counteracting force have a nonlinear change
trend with the initial stress increase. Under a wind load, the
mean displacement and the maximum axial force on anchor
tower are much higher than those under the equivalent
static load. Chen et al. [12] and Aboshosha and El Damatty
[13] emphasized that the influence of dynamic interaction
of the conductor and ground wires on towers needs to be
investigated. Zhou et al. [14, 15] introduced the theory of rain
wind-induced vibration on the stay cable in transmission line.
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Table 1: Types and parameters of lines.

Conductor line Ground line
Type JLHA2/LB14-630/45 JLHA2/LB14-95/55𝐴 (mm2) 666.6 152.8𝑑 (mm) 33.6 16𝑞 (kg/km) 2030 670𝑇cp (N) 58116 26120𝑇max (N) 77488 32650𝐸 (MPa) 62400 97400𝛼 (1/∘C) 21 ∗ 10−6 15.6 ∗ 10−6
Hamada et al. [16–20] developed a nonlinear three-dimen-
sional four-nodded cable element and the nonlinear three-
dimensional numerical model to simulate the transmission
line and towers behaviour. They studied the progressive
failure of the lattice transmission tower-line systems under
tornado wind loads and proved the importance of the
transmission lines in the analysis of transmission tower-line
systems under tornado loads. Tian and Zeng [21] carried out
a parametric study of tuned mass dampers for a long span
transmission tower-line system under wind loads. Barbosa et
a1. [22] proposed a methodology for the reduction of faults
in transmission tower-line system under high-speed wind
events and gusts, including a safety analysis and recommen-
dations for corrective maintenance. The above researchers
mainly focused on either angle steel tower or the steel tube
tower, while towers consisted of both steel tubes and angel
steels were less investigated. Therefore, the coupling effect of
the tower-line system on the wind vibration response should
also be considered for the case of the tower which consisted
of both steel tubes and angel steels. It should be noted that
only one wind field model loading the transmission tower
or the tower-line system was investigated in the previous
studies, while the influence of two different wind fieldmodels
was not considered. So far, two wind field models must be
investigated.

In addition, only one sample of the wind speed random
process was used in the past numerical simulations. Taking
into account actual complicated wind field, the multiple
dynamic response statistical analysis should be carried out.
According to a Japanese standard [23], the response of a
single mass system on wind acting 160 times in 10min was
calculated, and the results showed that the interval analysis
should be performed at least four times to make the results
90% credible.Themultinode system deviationsmay be larger.
Gui-niu [24] analyzed the wind vibration of seven typical
high-rise buildings, made statistical analysis of the results,
and concluded that the internal forces of the structure, the
displacement, and the acceleration responses to the wind on
the top are all relatively consistent, verified the correctness
and applicability of the method, and provided a reasonable
statistical method to assess the wind vibration time history
analysis result.

This paper is based on the four-circuit electrical power
line. We designed a finite element model of the transmission
tower-line system using ANSYS software. The effects of the

length of the time history and of the number of samples were
investigated. To improve the credibility of the wind vibration
response analysis, we selected 600 s sample length of time
history and the total number of samples 10 for the further
analysis. Based on the engineering practice, we considered
90∘ wind angle under twowind fieldmodels.Then, we carried
out statistics and comparative analysis of the wind vibration
response of single towers and the transmission tower-line
system. Finally, the results obtained with two different wind
field models have been compared. This study supplies an
advanced statistical analysis of the vibration response of
transmission tower-line system.

2. Structural Model

2.1. Project Profile. In this paper, we investigated a 220 kV
transmission line of four circuits as the engineering back-
ground, adopting the method of strain tower, tangent tower,
tangent tower, and strain tower, which spans on 280m, 653m,
and 259m.The tangent tower is a four-circuit tower consisted
of steel tubes and angel steels, the nominal height of the high
tower is 72m, and its total height is 97.3m with the root of
22m; the nominal height of the low tower is 45m, its total
height is 70.3m, and the root is 11m. The conductor line is
a double split type JLHA2/LB14-630/45, and the upper two
ground lines are JLHA2/LB14-95/55. The tower advocate is
made ofQ345 steel tube, and the other parts aremade ofQ235
equilateral angle steel. The type and parameters of the lines
are listed in Table 1.

2.2.	e Finite ElementModel. Themodel of the transmission
tower-line system was designed by ANSYS software. We
employed Beam 188 unit for simulations; the quality of steel
tube and angle steel elements, the nodal plate, auxiliary
materials, and fittings is considered by adjusting the density
of the material. The elasticity modulus and the Poisson ratio
of the steel forQ235 equilateral angle steel andQ345 steel tube
were 206GPa and 0.3, respectively. The tower-line system
was built for four circuits. The conductor line of the tower
is vertically arranged and consists of four layers. The top one
is the ground line, and the remaining layers are four pairs of
double split conductors. Each pair of double split conductors
and the ground line were simulated with cables. According
to the search theory of the conductor line, we used Link 10
to model the line and applied the initial strain for the initial
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Figure 1: Schematic of the transmission tower-line system crossing a watercourse.
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Figure 2: Finite element model of the transmission tower-line system.

stress of the line with the basic length of the element of 20m.
The suspension insulator string was modeled with Link 8.
The foot of the tower was fixed with constraints. The stiffness
of the tension tower is large, and both ends of the line have
fixing constraints. The finite element model of the tower-line
system consists of 2450 nodes and 5084 elements. It is shown
in Figures 1 and 2.

3. Numerical Simulation of the Wind Speed

3.1. 	ree-Dimensional Wind Field Parameters. In the wind
speed time history curve, the instantaneous wind speed
consists of two parts: one is a rather long period of more than
10min, the mean wind that does not change with time; the
other one is the fluctuating wind with the period of a few
seconds. The wind speed in the structure can be expressed
by the mean wind speed and the fluctuating wind speed. See
the following formula:𝑉 (𝑥, 𝑦, 𝑧, 𝑡) = V (𝑧) + V (𝑥, 𝑦, 𝑧, 𝑡) . (1)

3.1.1.	eMeanWind. Davenport [25] proposed an exponen-
tial function to describe themeanwind speed; it changes with
the height. In the wind-resistant design of civil engineering,
the exponential function is usually adopted as follows:

𝑉 (𝑍)𝑉 (𝑍𝑏) = ( 𝑍𝑍𝑏)𝛼 , (2)

where 𝑉(𝑍) is the mean wind speed at the height of 𝑧;𝑉(𝑍𝑏) is the mean wind speed at the height of 𝑧𝑏; 𝑧 is the
height; 𝑍𝑏 is the standard reference height; 𝛼 is the ground
roughness exponent.

3.1.2. 	e Fluctuating Wind. The turbulent characteristics
of the fluctuating wind within the frequency domain are
described by the longitudinal fluctuating wind speed spec-
trum and the coherence function of the fluctuating wind
speed.
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The specification in China [26] adopts the Canadian
Davenport wind speed spectrum [25]. Davenport obtained
more than 90 strong wind records based on different places
and heights in the world and established the empirical
mathematical expression:

𝑆 (𝑛) = 4𝑘𝑉210 𝑥2𝑛 (1 + 𝑥2)4/3 ,𝑥 = 1200 𝑛𝑉10 ,𝑉 (𝑧) = 𝑉10 ⋅ ( 𝑧10)𝛼 ,
(3)

where 𝑆(𝑛) is the fluctuation wind speed spectrum; 𝑛 is the
frequency; 𝑧 is the height; 𝑉(𝑧) is the mean wind speed at
the height of 𝑧; 𝑉10 is the mean wind speed at the standard
height of 10m; 𝛼 is the ground roughness exponent; 𝑘 is the
terrain rough factor.

The transmission tower is a high structure, suitable for
the use of the Kaimal wind speed spectrum [27] as the target
power spectrum to simulate the wind speed. Its mathematical
expressions are the following:

𝑆 (𝑧, 𝑛) = 200𝑢2∗ 𝑓𝑛 (1 + 50𝑓)5/3 ,
𝑓 = 𝑛𝑧𝑉 (𝑧) ,

𝑉 (𝑧) = 𝑉10 ⋅ ( 𝑧10)𝛼 ,𝜎2V = 6𝑘𝑉210 = 6𝑢2∗,
(4)

where 𝑆(𝑧, 𝑛) is the fluctuation wind speed spectrum; 𝑢∗ is
the longitudinal friction velocity; 𝜎V is the root variance of
the pulsating wind speed; the rest of the symbolic parameters
are the same as in (3).

According to the specification in China [26], the three-
dimensional frequency-independent spatial coherence func-
tion was adopted by Shiotani and Arai [28]. Its expression is
as follows:

Coh
𝑖,𝑗

(𝑟) = exp(−√∑
𝑟

(𝑟𝑖 − 𝑟𝑗)2𝐿2𝑟 ), (5)

where Coh𝑖,𝑗(𝑟) is the square root of the coherent
function; 𝑟 = 𝑥, 𝑦, 𝑧 are the coordinates; 𝐿𝑥 = 50, 𝐿𝑦 = 50,𝐿𝑧 = 60.

The coherence function proposed by Davenport [25] is
related to the frequency, and its expression is

Coh
𝑖,𝑗

(𝑟, 𝑛) = exp(−2𝑛√∑𝑟 𝐶2𝑟 (𝑟𝑖 − 𝑟𝑗)2(𝑉 (𝑧𝑖) + 𝑉 (𝑧𝑗)) ) , (6)

where Coh𝑖,𝑗(𝑟, 𝑛) is the square root of the coherent function;𝑛 is the frequency; 𝑟 = 𝑥, 𝑦, 𝑧 are the coordinates;𝑉(𝑧𝑖), 𝑉(𝑧𝑗)

are the mean wind speed at the heights of 𝑧𝑖 and 𝑧𝑗;𝐶𝑥, 𝐶𝑦, 𝐶𝑧 are the attenuation coefficient, 𝐶𝑥 = 16, 𝐶𝑦 = 8,𝐶𝑧 = 10.
3.1.3.Method of Numerical Simulation of the FluctuatingWind
Speed. Many researchers in China and abroad observed and
studied the fluctuating wind, and it is generally believed that
the fluctuating wind can be approximated as a stationary
random process with a zero mean value. The simulation
method of the stationary random process is divided into
two kinds: linear filtration and harmonic synthesis. In recent
years, the Autoregressive (AR) model of the linear filtering
method is widely used in studies of random vibrations and
the time domain analysis. It possesses a small amount of
calculations and fast. After the linear filtering, the white noise
random process (zero mean value) becomes a stationary
random process with the characteristic spectrum. In this
paper, the numerical simulation of the fluctuatingwind speed
was carried out by the Autoregressive model of the linear
filtering method (AR [29]).

TheARmodel of𝑀 points associated with the fluctuating
wind 𝑉(𝑋, 𝑌, 𝑍, 𝑡) is expressed as follows:

𝑉 (𝑋, 𝑌, 𝑍, 𝑡) = − 𝑝∑
𝑘=1

𝜓𝑘𝑉 (𝑋, 𝑌, 𝑍, 𝑡 − 𝑘Δ𝑡) + 𝑁 (𝑡) , (7)

where 𝑋 = [𝑥1, 𝑥2, . . . , 𝑥𝑀]𝑇 , 𝑌 = [𝑦1, 𝑦2, . . . , 𝑦𝑀]𝑇, 𝑍 =[𝑧1, 𝑧2, . . . , 𝑧𝑀]𝑇, (𝑥𝑖, 𝑦𝑖, 𝑧𝑖) are the coordinates of number 𝑖
point, 𝑖 = 1, 2, . . . ,𝑀; 𝑝 is the order number of AR model;Δ𝑡 is the time step; 𝜓𝑘 is 𝑀 × 𝑀 matrix, the Autoregressive
coefficient matrix of AR model; 𝑘 = 1, 2, . . . , 𝑝; 𝑁(𝑡) is the
independent random process vector.

3.2. Simulation of the Wind Speed Time History. The main
parameters of the wind speed simulation are shown in
Table 2, according to the specification in China [26] and the
engineering practice. The specification in China states that
the fluctuating wind field is composed of Davenport wind
speed spectrum and Shiotani coherence function. Therefore,
this paper considers Davenport wind speed spectrum and
Shiotani coherence function as the wind field 1, but Dav-
enport wind speed spectrum does not change with altitude,
while Kaimal wind speed spectrum changes with altitude.
The transmission tower is a high structure, suitable for the
use of the Kaimal wind speed spectrum as the target power
spectrum to simulate the wind speed. In addition, Shiotani
coherence function does not take into account the frequency,
However, Davenport coherence function is related to the
frequency. Therefore, this paper considers the Kaimal wind
speed spectrum and Davenport coherence function as the
wind field 2.

Due to the large node of the transmission tower, we
simplified the simulation area in this paper. Figure 3 shows
the subsection schematic of single towers and lines. We
used the wind speed simulation at a centre point as the
representative of each area. In each area, the wind speed
time history at all nodes is the same as the wind speed time
history of the representative point. Using MATLAB software
to initiate the fluctuating wind speed time history simulation
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Table 2: The main parameters of wind speed simulation.

Parameters Values
Surface roughness class A type (𝛼 = 0.12, 𝑘 = 0.00129)
Mean wind profile Exponential function𝑉10 35m/s
Fluctuation wind speed spectrum Davenport/Kaimal
Coherence function Shiotani/Davenport
Simulation method The Autoregressive model of linear filtering method (AR) (𝑃 = 4)
Length of time history 100 s, 200 s, 600 s, 1000 s, 2000 s
Number of samples 1, 3, 5, 8, 10
Time step 0.1 s
Frequency range The initial frequency is 0.01Hz and the end frequency is 10Hz
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Figure 3: Subsection schematic of single towers and lines.

program, we simulated the wind speed for the single towers
and the lines, respectively.

We used AR model of the linear filtering method (AR
[29]) to simulate the wind speed time history at 90∘ wind
angle. Figure 4 shows the simulation results of the fluctuating
wind speed time history for the transmission tower-line
system at 61.05m, sample 5, under the influence of wind fields
1 and 2. Figure 5 shows the comparison of the fluctuating
wind speed spectrum with the target spectrum at 61.05m,
sample 5, under wind fields 1 and 2.

It can be seen from Figure 5 that the spectral line trend
of the simulated spectrum is consistent with that of the
target spectrum. Using the Autoregressivemodel of the linear
filtering method (AR model) to simulate the wind field,
we achieve good accuracy. The simulation results of the
wind speed time history show that the fluctuating wind
underDavenport wind speed spectrumpossessesmore broad
fluctuation range.

3.3. Calculation of theWind Load TimeHistory. According to
the manual description in China [30], the wind load on the
transmission tower can be expressed as follows:

𝑊𝑡 = 𝑘𝐴𝑝 𝑉21.6 , (8)

where 𝑊𝑡 is the wind load for transmission tower; 𝑘 is the
wind load shape coefficient; 𝐴𝑝 is the wind area of the
element in the transmission tower; 𝑉 is the wind speed.

When the wind load is applied to the towers, after
working out each section of the wind load, the load values
were distributed into four nodes in this section of the whole
body of the tower to calculate the internal forces of the
structure.

The wind load of the line can be expressed as follows:𝑊𝑥 = 𝛼 ⋅ 𝛽𝑐 ⋅ 𝜇𝑠 ⋅ 𝜇𝑧 ⋅ 𝑤0 ⋅ 𝑑 ⋅ 𝐿ℎ ⋅ sin2𝜃, (9)
where 𝑊𝑥 is the standard value of horizontal wind load for
vertical line action; 𝛼 is the uneven factor of the wind speed;
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Figure 4: The fluctuating wind speed time history under wind fields 1 and 2.
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Figure 5: Comparison of the pulsating wind speed spectrum with the target spectrum under wind fields 1 and 2.

𝛽𝑐 is the wind load adjustment coefficient of the line; 𝜇𝑠 is
the wind load shape coefficient of the line diameter < 17mm
or ice cover (no matter the diameter of the wire), 𝜇𝑠 = 1.2,
the wire diameter ⩾ 17mm, and the wire is not ice covered,𝜇𝑠 = 1.1; 𝜇𝑧 is the wind pressure height coefficient; 𝑑 is the
diameter of the line or the mean outer diameter of the line
under ice cover (for bundled conductor, the outer diameter
of the subconductor). 𝐿ℎ is horizontal span; 𝜃 is the angle
between the wind and the line; 𝑊0 is the wind pressure,𝑊0 = 𝑉2/1600.

When the wind load is applied to the lines, it is also
applied to nodes of the sections.

4. Statistical Analysis of the Wind-Induced
Dynamic Response

Figure 6 shows the location map of the maximum displace-
ment nodes and the maximum axial force elements.

4.1. Total Length and Total Number of Samples Selection. In
this paper, the total time history length and a total number of
samples are selected for the high tower (without the load of
the lines). The length is 100 s, 200 s, 600 s, 1000 s, and 2000 s;
the total number of samples is 1, 3, 5, 8, 10. To analyze the
results of the average dynamic response, we removed the first
10 s of the unstable stage of structural vibration.The statistical
comparison and analysis results of the calculation of the Ux
displacement (the displacement along the wind direction) on
high tower top node 35# are presented in Tables 3, 4, and 5.

It can be seen from Table 3 that the extreme displacement
value increases gradually with the increase of the sample
length; the reason of this phenomenon is that there will be
such result in the dynamic analysis, and the numerical is
very big but the frequency is very low, relating to the sample
length. With an increase in the sample length, the error of
this method also increases as the statistical result of dynamic
response. It can be concluded from Table 3 that the extreme
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Table 3: The average of extremum Ux displacement on tower top node 35# (mm).

The length of samples (s)
100 200 600 1000 2000

The total number of samples

1 170.52 176.07 172.02 176.38 185.61
3 167.29 179.30 172.84 177.68 181.66
5 168.59 176.76 171.85 176.58 185.29
8 169.94 173.83 170.77 180.29 184.28
10 169.77 173.44 171.71 179.58 183.38

Table 4: The average of mean Ux displacement on tower top node 35# (mm).

The length of samples (s)
100 200 600 1000 2000

The total number of samples

1 124.27 126.19 123.76 123.11 124.46
3 121.85 124.86 123.23 124.78 124.63
5 124.37 124.21 123.78 124.53 124.95
8 124.73 123.41 123.27 124.67 125.00
10 124.44 123.63 123.45 124.59 124.92

Node 35

Element 1972

Z

Y X

(a) High tower

Node 874

Element 3986

Z

Y X

(b) Low tower

Figure 6: The location map of the maximum displacement nodes and the maximum axial force elements.

displacement value is not consistent with one sample. The
relative error of the statistical results for the number of more
than one sample is no more than 2%, and the deviation is
small.

The relative error of the mean value of the displacement
response (Table 4) is no more than 3%; it does not change
with the sample length and the number of samples. The
average wind that is equivalent to static forces is the main

factor that causes the average result; thus, the statistical results
of the time history are calculated on average.

From Table 5, it can be seen that the root variance of the
displacement response tends to a certain fixed value with an
increase in the sample length and the number of samples.This
value is about 14.50mm.The effect of sample length variation
is small, and the relative error is about 8%, which can be
reduced by an increase in the number of samples.
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Table 5: The average of variance Ux displacement on tower top node 35# (mm).

The length of samples (s)
100 200 600 1000 2000

The total number of samples

1 14.54 14.06 13.60 15.48 14.14
3 13.88 15.03 13.65 14.83 14.23
5 14.41 14.97 14.04 14.64 14.35
8 14.89 14.61 14.33 14.76 14.47
10 14.71 14.50 14.32 14.73 14.51

Table 6: Statistics of 10 samples parameters of the single high tower top node 35# Ux displacement time history under wind field 1 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.35442 0.06831 0.13752 0.09248 0.12564 0.62239
Sample 2 0.35890 0.07097 0.05107 −0.15181 0.11660 0.57983
Sample 3 0.35444 0.06559 0.05681 0.34004 0.12688 0.63887
Sample 4 0.35050 0.06803 −0.02753 0.13739 0.08682 0.59494
Sample 5 0.35621 0.06778 −0.13817 −0.06441 0.07765 0.58402
Sample 6 0.34745 0.06941 0.17547 0.12119 0.11916 0.61964
Sample 7 0.35154 0.07096 0.05388 0.09499 0.10151 0.58926
Sample 8 0.35595 0.06740 0.02192 0.19480 0.10866 0.63173
Sample 9 0.35450 0.06794 0.01347 −0.19614 0.14479 0.56227
Sample 10 0.35138 0.06998 −0.03027 −0.12573 0.12174 0.5984

To sum up, we resume that high accuracy of the calcula-
tion results of the wind-induced nonlinear dynamic response
statistics may be provided by the length of samples of 600 s
and the total number of samples of 10.The time step was 0.1 s,
excluding the initial 10 s of the unstable stage in structural
vibration, and the total number of statistical points was
59,000.

4.2. Dynamic Response Statistical Analysis. UsingANSYS and
Origin software, we analyzed the nonlinear dynamic response
of single towers and the tower-line system for the selected
600 s length 10 samples under two kinds of the wind field.
Figures 7–14 show the time history curves and the frequency
histograms of the single tower and tower in the tower-line
system under wind fields 1 and 2.

The frequency histograms show that the frequency dis-
tribution of displacement and axial force statistical results
possess Gaussian distribution (thin lines are the Gaussian
curve fittings by Origin).

Tables 6–21 present statistics of 10 samples parameters of
single towers and towers in the system under two kinds of the
wind field.

In Tables 6–21, one may see the statistical description
of the samples from the central tendency, the dispersion
degree, the Skewness, and Kurtosis. The Skewness and
Kurtosis describe particular characteristics of an individual
sample. Skewness characterizes the distribution of symmetry.
Kurtosis is a measure of the degree of Kurtosis of a set of data.
As can be seen from Tables 6–21, the values of Skewness and
Kurtosis are basically around 0 that is in accordance with the
Gaussian distribution.

We used three statistical methods in this paper [31].
Method 1, the maximum average: the extreme value in the

analysis of the wind vibration is not most representative, but
sometimes it cannot be ignored. Considering the maximum
average results as a statistical result is relatively conservative.
Method 2, “3 𝜎 rule”: we add three times root variance to the
mean of samples. And then we calculate the average of the
sum: in the simulation, the wind speed is assumed to be a
stationary Gaussian random process; the time history analy-
sis results basically have normal distribution, also following
“3 𝜎 rule” of statistical analysis. Method 3, the root mean
squares average (RMS): because the average of the fluctuating
wind is near zero, the wind-induced dynamic response of
displacement and internal force response of rootmean square
(RMS) value is approximately equal to the average, so it relates
to the response caused by the average wind.

The dynamic response displacements and axial force
values of single towers and the transmission tower-line
system were obtained for the sample length of 600 s and 10
samples by the three statistical methods mentioned above,
and the results are listed in Tables 22–25.

5. Conclusion

Based on the numerical simulation method, the dynamic
response of the transmission tower-line system is obtained
within the sample length of 600 s for 10 samples. The
conclusions are the following:(1) The Autoregressive model of linear filtering method
(AR model) provides good accuracy of the wind field
simulation. The simulation results of the wind speed time
history show that the fluctuating wind under Davenport
wind speed spectrum has broad fluctuation range. The wind
speed fluctuation range simulated under Kaimal wind speed
spectrum is less broad.
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Table 7: Statistics of 10 samples parameters of the single high tower element 1972# axial force time history under wind field 1 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2949190 225007 −0.17856 0.07085 −3822520 −2119440
Sample 2 −2950810 232705 −0.03571 −0.15095 −3660450 −2131130
Sample 3 −2937700 219395 −0.07871 0.40531 −3985950 −2135060
Sample 4 −2940790 225055 0.03573 0.15023 −3730720 −2032810
Sample 5 −2941240 225111 0.14216 0.02959 −3762320 −1956890
Sample 6 −2931170 232844 −0.20734 0.12401 −3910300 −2142180
Sample 7 −2935120 232508 −0.04941 0.05375 −3698390 −2099490
Sample 8 −2936460 227044 0.00731 0.03378 −3816710 −2145960
Sample 9 −2927360 228612 −0.01472 −0.13648 −3705960 −2211190
Sample 10 −2938370 230554 0.0376 −0.13684 −3739450 −2212520
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Figure 7: Time history curve of single high tower under wind field 1.
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Figure 8: Frequency histogram of single high tower under wind field 1.
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Table 8: Statistics of 10 samples parameters of the single high tower top node 35# Ux displacement time history under wind field 2 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.35656 0.03693 −0.18703 −0.03583 0.21504 0.47104
Sample 2 0.35073 0.03515 0.23975 0.21275 0.25089 0.49667
Sample 3 0.34378 0.03559 −0.06313 −0.01272 0.21787 0.45803
Sample 4 0.35171 0.03376 −0.04804 −0.07481 0.23818 0.47092
Sample 5 0.35240 0.03495 −0.15822 0.04742 0.22354 0.46427
Sample 6 0.35231 0.03791 −0.19994 0.46160 0.19914 0.46968
Sample 7 0.34313 0.03985 −0.03358 −0.19496 0.19995 0.47154
Sample 8 0.34723 0.03761 −0.02709 −0.04106 0.22602 0.46813
Sample 9 0.34644 0.03561 −0.13752 −0.25035 0.21269 0.45174
Sample 10 0.35075 0.03550 −0.11431 0.00106 0.21375 0.49495
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Figure 9: Time history curve of single low tower under wind field 2.
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Figure 10: Frequency histogram of single low tower under wind field 2.
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Table 9: Statistics of 10 samples parameters of the single high tower element 1972# axial force time history under wind field 2 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2948080 140919 0.17295 −0.17540 −3370600 −2444340
Sample 2 −2935270 132886 −0.26298 0.19441 −3477780 −2534960
Sample 3 −2905090 134097 0.16187 0.05996 −3339770 −2400450
Sample 4 −2930700 127225 0.02708 −0.10905 −3376020 −2549530
Sample 5 −2942440 130176 0.15989 −0.01083 −3319490 −2430920
Sample 6 −2923830 143796 0.16689 0.32566 −3368890 −2332000
Sample 7 −2902400 153641 0.08227 −0.21682 −3376560 −2331160
Sample 8 −2921840 142735 −0.04108 −0.19449 −3413370 −2492820
Sample 9 −2907490 132675 0.13648 −0.30934 −3263360 −2526720
Sample 10 −2932580 134586 0.1526 −0.14411 −3447680 −2437930
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Figure 11: Time history curve of high tower in the tower-line system under wind field 2.
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Figure 12: Frequency histogram of high tower in the tower-line system under wind field 2.
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Table 10: Statistics of 10 samples parameters of the single low tower top node 874# Ux displacement time history under wind field 1 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.22218 0.04530 −0.02671 0.38976 0.02268 0.42222
Sample 2 0.22022 0.04435 −0.1314 0.18416 0.03907 0.3918
Sample 3 0.22132 0.04658 −0.0305 0.02998 0.06550 0.38712
Sample 4 0.21970 0.04688 −0.01637 −0.01960 0.04685 0.38675
Sample 5 0.22132 0.04325 −0.03241 −0.19524 0.07749 0.35659
Sample 6 0.21745 0.04478 0.05446 −0.00820 0.06996 0.3807
Sample 7 0.22377 0.04309 0.0077 −0.25533 0.08035 0.38412
Sample 8 0.22365 0.04780 0.1368 0.17935 0.05807 0.40093
Sample 9 0.22044 0.04361 0.0464 0.16881 0.06084 0.39196
Sample 10 0.21944 0.04352 0.00647 −0.02461 0.05496 0.37344
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Figure 13: Time history curve of low tower in the tower-line system under wind field 1.
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Table 11: Statistics of 10 samples parameters of the single low tower element 3986# axial force time history under wind field 1 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2082860 169524 0.01765 0.34298 −2832540 −1319350
Sample 2 −2073850 162592 0.13724 0.13390 −2656770 −1448890
Sample 3 −2077750 174300 0.05555 −0.04310 −2655310 −1522670
Sample 4 −2068890 173793 0.02291 −0.07825 −2666350 −1421670
Sample 5 −2078850 161427 −0.00686 −0.24323 −2584010 −1584550
Sample 6 −2060190 166659 −0.0369 −0.03360 −2654160 −1465200
Sample 7 −2088820 158783 −0.00452 −0.17713 −2714900 −1553110
Sample 8 −2083710 177654 −0.19925 0.19016 −2777500 −1513340
Sample 9 −2075190 159751 −0.02932 0.13758 −2664530 −1492870
Sample 10 −2069550 160157 −0.02257 −0.00476 −2633630 −1525840
Table 12: Statistics of 10 samples parameters of the single low tower top node 874# Ux displacement time history under wind field 2 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.22514 0.02572 −0.03497 0.35147 0.10754 0.31219
Sample 2 0.22209 0.02837 −0.02827 −0.22073 0.14054 0.32388
Sample 3 0.22374 0.02627 0.01650 −0.23694 0.12845 0.31262
Sample 4 0.21937 0.02918 0.09423 −0.10346 0.12755 0.31399
Sample 5 0.22691 0.02537 0.17305 0.16969 0.11514 0.31096
Sample 6 0.21709 0.02526 −0.02530 −0.15620 0.12656 0.30634
Sample 7 0.22686 0.02407 −0.09220 0.15697 0.13991 0.31507
Sample 8 0.21504 0.02781 0.01384 −0.01940 0.12086 0.30812
Sample 9 0.21722 0.02517 −0.11976 0.66410 0.12086 0.32400
Sample 10 0.22322 0.02428 0.09103 −0.01395 0.13545 0.30322

Table 13: Statistics of 10 samples parameters of the single low tower element 3986# axial force time history under wind field 2 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2094690 107707 0.0077 0.22676 −2452950 −1616830
Sample 2 −2082530 118333 0.02739 −0.24416 −2500100 −1732870
Sample 3 −2090200 110671 −0.000196 −0.25047 −2453230 −1702140
Sample 4 −2068760 122979 −0.09519 −0.16871 −2454330 −1708950
Sample 5 −2101960 108367 −0.20278 0.15694 −2453410 −1628760
Sample 6 −2059300 104250 0.06863 −0.17650 −2425230 −1687330
Sample 7 −2104580 101206 0.06531 0.18746 −2500850 −1750660
Sample 8 −2049980 117069 −0.01751 −0.04761 −2429990 −1668020
Sample 9 −2060060 106047 0.23684 0.86047 −2494290 −1629370
Sample 10 −2087080 101083 −0.17578 0.14326 −2451000 −1745540
Table 14: Statistics of 10 samples parameters of high tower in the system top node 35# Ux displacement time history under wind field 1 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.32330 0.02974 0.10779 0.18315 0.22458 0.44661
Sample 2 0.31841 0.03038 −0.02766 −0.00132 0.21733 0.43928
Sample 3 0.31864 0.02934 0.08242 −0.11575 0.22185 0.4174
Sample 4 0.32026 0.03065 −0.00738 0.08926 0.20795 0.42238
Sample 5 0.32299 0.03063 0.04103 0.20988 0.18418 0.44216
Sample 6 0.32308 0.02990 −0.0116 0.30768 0.21552 0.43896
Sample 7 0.32486 0.03049 0.03309 0.00446 0.22536 0.43633
Sample 8 0.32136 0.03042 0.03473 0.10439 0.20734 0.44905
Sample 9 0.32192 0.03045 −0.10315 0.08275 0.21565 0.41596
Sample 10 0.32186 0.03094 0.13139 −0.14000 0.21494 0.43481
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Table 15: Statistics of 10 samples parameters of high tower in the system element 1972# axial force time history under wind field 1 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2764420 117829 −0.08952 −0.06287 −3153370 −2368250
Sample 2 −2745900 115359 0.0534 −0.04482 −3155580 −2354910
Sample 3 −2751510 114232 −0.05331 −0.00765 −3169110 −2340380
Sample 4 −2756110 120891 −0.04072 −0.08704 −3177180 −2372540
Sample 5 −2766420 119284 −0.03748 0.11486 −3245510 −2305030
Sample 6 −2767990 116249 −0.01359 0.18738 −3171830 −2374290
Sample 7 −2774830 119638 0.11258 0.01836 −3141770 −2336580
Sample 8 −2761040 118749 0.0004 −0.01720 −3176570 −2347060
Sample 9 −2762820 120316 0.05717 0.05883 −3188790 −2362880
Sample 10 −2766160 121813 −0.056 −0.19360 −3139350 −2348950
Table 16: Statistics of 10 samples parameters of high tower in the system top node 35# Ux displacement time history under wind field 2 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.32390 0.01979 0.02170 −0.10203 0.26349 0.40088
Sample 2 0.31469 0.02212 −0.20609 0.23266 0.23122 0.37960
Sample 3 0.31516 0.02067 −0.08654 0.50949 0.24704 0.41275
Sample 4 0.31720 0.02374 0.20045 −0.21313 0.23982 0.40715
Sample 5 0.32499 0.02618 0.34043 0.14454 0.25832 0.41941
Sample 6 0.32549 0.02616 −0.10295 0.17649 0.23848 0.41391
Sample 7 0.32417 0.02269 0.33877 0.12758 0.25590 0.41618
Sample 8 0.31876 0.02523 0.07881 0.05582 0.24046 0.42604
Sample 9 0.31902 0.02232 0.10203 0.06224 0.25438 0.40586
Sample 10 0.32502 0.02393 −0.08207 −0.09111 0.24802 0.41339

Table 17: Statistics of 10 samples parameters of high tower in the system element 1972# axial force time history under wind field 2 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2766730 80424 0.09442 0.04115 −3040150 −2484060
Sample 2 −2729260 89952 0.36791 0.23231 −3025500 −2366020
Sample 3 −2734140 85454 0.1637 0.15528 −3136020 −2459260
Sample 4 −2740050 102842 −0.26335 −0.33218 −3106210 −2456440
Sample 5 −2773030 109547 −0.38259 0.24823 −3155320 −2454760
Sample 6 −2777580 109056 −0.07278 0.36029 −3137000 −2430630
Sample 7 −2774270 90187 −0.21247 0.00087 −3089440 −2480530
Sample 8 −2746430 109665 −0.08952 0.00632 −3094720 −2375430
Sample 9 −2750570 94028 −0.07622 −0.06608 −3214130 −2479610
Sample 10 −2779340 98622 0.21257 0.12578 −3099170 −2434880
Table 18: Statistics of 10 samples parameters of low tower in the system top node 874# Ux displacement time history under wind field 1 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.20172 0.02069 0.17222 0.23026 0.13554 0.30662
Sample 2 0.20006 0.02114 0.08235 0.00699 0.12600 0.27096
Sample 3 0.20069 0.02073 0.06948 0.10717 0.12750 0.2815
Sample 4 0.19951 0.01945 0.1794 0.27326 0.12948 0.28295
Sample 5 0.20105 0.02043 0.05912 0.05919 0.13795 0.27355
Sample 6 0.20208 0.02008 0.13388 0.04497 0.13019 0.26971
Sample 7 0.20135 0.02076 0.14814 0.25605 0.13445 0.29724
Sample 8 0.20067 0.01950 0.12126 0.02237 0.12363 0.27096
Sample 9 0.20280 0.01959 0.16538 0.24519 0.13675 0.29595
Sample 10 0.19928 0.02025 0.0133 0.05149 0.11540 0.27521
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Table 19: Statistics of 10 samples parameters of low tower in the system element 3986# axial force time history under wind field 1 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −1989210 91975 −0.23888 0.53071 −2486860 −1723230
Sample 2 −1982100 93565 −0.10102 0.15964 −2302060 −1637630
Sample 3 −1985410 92553 −0.0233 0.12298 −2325000 −1632300
Sample 4 −1980010 86823 −0.28028 0.75853 −2412110 −1657230
Sample 5 −1986780 90776 −0.05874 0.20562 −2316480 −1633210
Sample 6 −1993140 89244 −0.16064 0.17712 −2380800 −1677460
Sample 7 −1987410 91865 −0.28757 0.89180 −2553190 −1685600
Sample 8 −1985370 85843 −0.13573 0.38890 −2362630 −1538990
Sample 9 −1995940 87631 −0.23869 0.65880 −2479220 −1652330
Sample 10 −1977210 89291 −0.05338 0.23054 −2303600 −1516040
Table 20: Statistics of 10 samples parameters of low tower in the system top node 874# Ux displacement time history under wind field 2 (m).

Displacement Mean SD Skewness Kurtosis Minimum Maximum
Sample 1 0.20474 0.01716 0.21285 −0.25034 0.15718 0.26938
Sample 2 0.19786 0.01478 −0.18439 −0.02441 0.14613 0.24476
Sample 3 0.19756 0.01429 0.6389 1.95256 0.15665 0.29188
Sample 4 0.19713 0.01639 0.25773 0.50871 0.14560 0.27491
Sample 5 0.20114 0.01573 0.23138 −0.07892 0.15503 0.26071
Sample 6 0.20166 0.01705 0.24128 0.67868 0.15298 0.28411
Sample 7 0.20188 0.01491 0.16281 0.67360 0.15510 0.27966
Sample 8 0.20029 0.01518 0.06761 0.09526 0.13861 0.26583
Sample 9 0.20143 0.01667 −0.09939 −0.02418 0.15240 0.2647
Sample 10 0.20109 0.01560 −0.08412 −0.13405 0.13951 0.24841

Table 21: Statistics of 10 samples parameters of low tower in the system element 3986# axial force time history under wind field 2 (N).

Axial force Mean SD Skewness Kurtosis Minimum maximum
Sample 1 −2003970 81613 −0.25174 −0.12699 −2393590 −1773560
Sample 2 −1970750 70321 0.21342 0.26403 −2201780 −1631920
Sample 3 −1970020 67161 −0.72856 2.71910 −2458630 −1755420
Sample 4 −1968010 76148 −0.3753 1.31182 −2458310 −1690060
Sample 5 −1989460 75171 −0.19104 0.12478 −2306520 −1698410
Sample 6 −1991600 78931 −0.28651 1.12501 −2457960 −1753990
Sample 7 −1990110 69899 −0.30044 1.64027 −2464100 −1734350
Sample 8 −1983460 70168 −0.06092 0.77690 −2364690 −1583980
Sample 9 −1989120 78892 0.02409 0.28657 −2373170 −1728910
Sample 10 −1985380 74337 0.10206 0.12704 −2228420 −1593240

Table 22: Comparison of statistical results on single high tower node 35# Ux displacement and element 1972# axial force.

Number Statistical methods
Single high tower

Wind field 1 Wind field 2
Displacement (m) Axial force (N) Displacement (m) Axial force (N)

1 Method 1 0.60214 −3783277 0.47170 −3375352
2 Method 2 0.55944 −3622471 0.45836 −3336793
3 Method 3 0.36013 −2947645 0.35139 −2928202
4 The average of mean 0.35353 −2938821 0.34950 −2924127
5 Item 1/Item 4 1.703 1.287 1.350 1.154
6 Item 2/Item 4 1.582 1.233 1.311 1.141
7 Item 3/Item 4 1.019 1.003 1.005 1.001
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Table 23: Comparison of statistical results on single low tower node 874# Ux displacement and element 3986# axial force.

Number Statistical methods
Single low tower

Wind field 1 Wind field 2
Displacement (m) Axial force (N) Displacement (m) Axial force (N)

1 Method 1 0.38756 −2683970 0.31304 −2461538
2 Method 2 0.35570 −2575358 0.30012 −2409227
3 Method 3 0.22547 −2082638 0.22321 −2082823
4 The average of mean 0.22095 −2075966 0.22167 −2079914
5 Item 1/Item 4 1.754 1.293 1.412 1.183
6 Item 2/Item 4 1.610 1.241 1.354 1.158
7 Item 3/Item 4 1.020 1.003 1.007 1.001

Table 24: Comparison of statistical results on high tower in the system node 35# Ux displacement and element 1972# axial force.

Number Statistical methods
High tower in transmission tower-line system

Wind field 1 Wind field 2
Displacement (m) Axial force (N) Displacement (m) Axial force (N)

1 Method 1 0.43429 −3171906 0.40952 −3109766
2 Method 2 0.41255 −3117028 0.39069 −3048073
3 Method 3 0.32309 −2764258 0.32169 −2758864
4 The average of mean 0.32167 −2761720 0.32084 −2754673
5 Item 1/Item 4 1.35 1.15 1.28 1.13
6 Item 2/Item 4 1.28 1.13 1.22 1.11
7 Item 3/Item 4 1.00 1.001 1.00 1.00

Table 25: Comparison of statistical results on low tower in the system node 874# Ux displacement and element 3986# axial force.

Number Statistical methods
Low tower in transmission tower-line system

Wind field 1 Wind field 2
Displacement (m) Axial force (N) Displacement (m) Axial force (N)

1 Method 1 0.28247 −2392195 0.26844 −2370717
2 Method 2 0.26171 −2256128 0.24781 −2206980
3 Method 3 0.20194 −1988296 0.20110 −1985582
4 The average of mean 0.20092 −1986258 0.20048 −1984188
5 Item 1/Item 4 1.40 1.20 1.34 1.20
6 Item 2/Item 4 1.30 1.14 1.24 1.11
7 Item 3/Item 4 1.00 1.00 1.00 1.001

(2) The sample length of 600 s, 10 samples, and the
number of statistical points 59,000 were selected to satisfy the
accuracy of calculation results of the displacement and the
axial force of the single tower and tower-line system.The fre-
quency histograms of samples basically follow the Gaussian
distribution. The characteristic statistical parameters of the
samples are random.(3) The results of the dynamic response of single towers
and the transmission tower-line system show that the data
obtained by Method 3 are closer to the average of the mean
value. In the other two methods, for the single high tower
under wind field 1, the displacements are 58%–70% larger
than the average of mean, and the axial forces are 23%–29%
larger than the average of mean values. Under the wind field
2, the displacements were 31%–35% larger than the average
of mean, and the axial forces were 14%-15% larger as well.

In the case of the single low tower under wind field 1, the
displacements are 61%–75% larger than the average of mean,
while the axial forces are 24%–29% larger. Under the wind
field 2, the displacements were 35%–41% larger, and the axial
forces were 16%–18% larger than the average of mean values.(4) For the high tower in the system under wind field 1,
the displacements are 28%–35% larger, and the axial forces are
13%–15% larger than their average of mean values. Under the
wind field 2, the displacements were 22%–28% larger than the
average of mean, and the axial forces exceeded on 11%–13%
the average of mean values. For the low tower in the system,
under wind field 1, the displacements are 30%–40% larger,
while the axial forces are 14%–20% larger than the average
of mean. And under the wind field 2, the displacements were
24%–34% larger than the average of mean; the axial forces
were 11%–20% larger than the average of mean.
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(5) The effect of statistical results of the low tower is
greater than those of the high tower. The values obtained
with wind field 1 is slightly larger than those under wind
field 2, indicating that wind field 1 is more conservative
than wind field 2. The results of the tower-line system
are smaller than those of the single towers, which shows
that the transmission line damps the transmission tower-
line vibrations. The extended dynamic response statistical
analysis should be carried out for the transmission tower-line
system.
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This paper focuses on numerical and experimental investigations of a novel design piezoelectric energy harvester. Investigated
harvester is based on polygon-shaped cantilever array and employs multifrequency operating principle. It consists of eight
cantilevers with irregular design of cross-sectional area. Cantilevers are connected to each other by specific angle to form polygon-
shaped structure. Moreover, seven seismic masses with additional lever arms are added in order to create additional rotation
moment. Numerical investigation showed that piezoelectric polygon-shaped energy harvester has five natural frequencies in
the frequency range from 10Hz to 240Hz, where the first and the second bending modes of the cantilevers are dominating.
Maximum output voltage density and energy density equal to 50.03mV/mm3 and 604 𝜇J/mm3, respectively, were obtained during
numerical simulation. Prototype of piezoelectric harvester was made and experimental investigation was performed. Experimental
measurements of the electrical characteristics showed that maximum output voltage density, energy density, and output power are
37.5mV/mm3, 815.16 𝜇J/mm3, and 65.24 𝜇W, respectively.

1. Introduction

Modern electronic and mechatronic systems have high
demand on wireless sensors, low-power electronic devices,
and wireless data transfer systems. In general, such devices
are used to control numerous physical parameters to store
and transfer data wirelessly [1, 2]. Usually electric power
for the aforementioned electronic devices is delivered by
electrochemical batteries that have numerous disadvantages
such as short lifetime, high costs of maintenance, and being
unfriendly for the environment. Therefore, novel power
supply technologies must be applied to the wireless and low-
power electronic systems [3, 4].

Nowadays, energy harvesting technologies can be suc-
cessfully used as an alternative solution to the electrochemical
batteries. However, a proper energy harvesting technology
must be chosen to obtain the highest efficiency of alternative
power supply [5, 6]. Therefore electromagnetic, electrostatic,
and triboelectric harvesters were developed. However, all of
these harvesters have low-power density, are expensive, and
have complex structures. Moreover, external power supply is

needed for operation of electrostatic harvesters. Therefore,
practical application of these energy harvesting technologies
is complicated or economically unacceptable [7, 8]. On
the other hand, piezoelectric energy harvesters are able to
provide such features as high power density, long lifetime,
and low costs of production andmaintenance. Usually, design
of piezoelectric energy harvesters is based on conventional
cantilevers. Such type of the harvesters operates at the
resonant frequency; as a result, the highest output power is
achieved when natural frequency of the harvester matches
with the vibration frequency of the host. It means that the
output power of piezoelectric harvester depends on vibration
frequency of the host; therefore operation bandwidth of the
harvester must be increased to avoid this problem [9–11].
Twomajor principles are used to broaden frequency response
range of the piezoelectric energy harvester, that is, nonlinear
operation principle and multifrequency principle. Nonlinear
behavior of piezoelectric energy harvester can be achieved
by several active and passive techniques like stiffness tuning,
axial preload, and magnetic coupling operation [12–15].

Hindawi
Shock and Vibration
Volume 2018, Article ID 5037187, 11 pages
https://doi.org/10.1155/2018/5037187

http://orcid.org/0000-0002-3323-9160
http://orcid.org/0000-0002-3506-3584
https://doi.org/10.1155/2018/5037187


2 Shock and Vibration

Wang et al. proposed magnetically coupled piezoelectric
energy harvester with an elastic magnifier. Goal of the
investigations was to overcome potential well barriers and
to obtain much large-amplitude bistable motion. Numerical
and experimental investigation confirmed that proposed
energy harvesting system provides high output power, while
mass/stiffness ratio of the harvester has the highest value.
The maximum measured output power was 6.76mW when
resistance load of 100 kΩ was applied at excitation frequency
of 17.6Hz. It is 26 times higher output power value compared
to conventional energy harvester [16].

Jiang et al. analyzed a multistep piezoelectric buckled
beam energy harvester. Magnetic forces generated by perma-
nent magnets were used for excitation. Multistep mechanism
was employed to increase bandwidth and power density of
the piezoelectric energy harvesting system. Authors showed
that proposed buckled beam system is able to provide high-
voltage output at broadband excitation frequencies; that
is, open-circuit voltage generated by energy harvester was
±5.5 V, while the maximum voltage of ±9.3 V was achieved
at 4.4Hz. Moreover, output power of the harvester reached
5.0 𝜇Wwhen the load resistance was 3.3MΩ [17].

Upadrashta and Yang introduced a new design of nonlin-
ear piezomagnetoelastic energy harvester [18]. Nonlinearity
was obtained by magnetic interaction between embedded
magnet in the tip of each cantilever and the rigidly fixed
magnet. Array of monostable cantilevers ensured 100𝜇W
output power at bandwidth of 3.3Hz.

Piezoelectric energy harvesters based on multifrequency
operation principle can be used for wide bandwidth energy
harvesting as well. Usually multifrequency energy harvesters
consist of several cantilevers that can operate at different
resonant frequencies. This type of the harvesters has simple
design and usually has linear-type vibrations.

Zhou et al. investigated energy harvester based on multi-
mode dynamic magnifier [19]. Investigation was focused on
energy harvester which consisted of multimodal magnifier
and simple cantilever with the seismic mass. Results of
investigation revealed that proposed harvester is able to
acquire 25.5 times larger amount of energy compared to
the conventional cantilever in frequency range from 3Hz
to 300Hz. Moreover, authors showed that this particular
device can harvest from 100 till 1000 timesmore energy while
operating near the first three natural frequencies of the energy
harvesting system.

Lee et al. designed and investigated a segmented-type
harvester that employs multiple modes of harvester vibra-
tions [20]. Results of investigation showed that the proposed
harvester has two suitable resonant modes and the difference
between resonant frequencies is relatively small. Moreover,
authors claimed that electrical characteristics of the device
are suitable to ensure power supply for industrial wireless
temperature sensors used for building monitoring systems.

Qi et al. investigated a clamped-clamped type piezoelec-
tric energy harvester with side mounted cantilevers [21].
Numerical and experimental investigations revealed that
investigated system has five natural frequencies that were
located at the narrow frequency range. Authors claimed that
proposed harvester is able to exhibit broadband frequency

response. Also, authors concluded that obtained summation
of the modal strains improved efficiency of the harvester at
wide frequency range and ensured true broadband energy
harvesting.

Rezaeisaray et al. published results of investigation about
piezoelectric micro energy harvester with multiple degrees
of freedom [22]. Based on results of investigation, it was
shown that proposed design of the harvester has three
natural frequencies at frequency range from 71Hz to 189Hz.
Authors claimed that maximum open-circuit voltage and
output power reached 1V and 136 nW, respectively, when
load resistance was 2MΩ. These electrical characteristics
were obtained when excitation amplitude was 0.2 g, while
excitation frequency was 97Hz.

Toyabur et al. investigated a multimodal vibration energy
harvester withmultiple piezoelectric elements [23]. Proposed
design of the harvester consists of four piezoelectric modules
and has four natural frequencies at frequency region from
10Hz to 20Hz. Based on results of investigation, authors
claimed that one module is able to provide 249.78𝜇W peak
power under 0.4 g of base acceleration. Authors concluded
that parallel connection of themodules can ensure four times
higher output power and generate much higher power at
every vibration mode.

Dhote et al. designed and investigated amultimode piezo-
electric energy harvester based on a trileg compliant ortho-
planar spring with multiple masses [24]. Random excitation
of the harvester revealed that it has three natural frequencies
with values lower than 150Hz. Also, the authors claimed
that proposed device is able to harvest energy under random
vibrations. Authors concluded that analyzed harvester has
nonlinear multimode vibrations and is able to harvest energy
from random environmental vibrations.

A new polygon-shaped multifrequency piezoelectric
energy harvester is proposed in this paper. Special design of
the harvester ensures modal strain summation and multi-
frequency energy harvesting. Irregular design of the cross-
sectional areas of the cantilevers and special design of the
seismic masses improve strain distribution characteristic
along the cantilevers length. Strain summation and advanced
design of the proposed piezoelectric harvester allow increas-
ing electrical output power of the energy harvesting system
significantly.

2. Design of Polygon-Shaped Energy Harvester

Design of polygon-shaped cantilever array consists of
eight piezoelectric cantilevers with irregular cross-sectional
design, seven seismic masses, and a clamping system (Fig-
ure 1). The number of the cantilevers was influenced by
demand to create two polygon-shaped systems with different
stiffness within the same indissoluble energy harvesting
device and to increase number of natural frequencies in
specific frequency range. Such solution gives an opportunity
to obtain modal strain summation at different vibration
frequencies. Irregular design of cross-sectional areas of the
cantilevers was caused by two goals, that is, to increase
strain characteristics and to improve strain distribution
characteristics along the cantilevers. The polygon-shaped
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Figure 1: Isometric view of the energy harvester:A clamping bolt;
B clamping frame; C M3 bolts for junction between the clamping
frame and the harvester; D body of the polygon-shaped harvester;
E design of cross-sectional area.

energy harvester has seven seismic masses placed at every
corner of the harvester’s body. A junction between seismic
masses and the harvester was made by lever arms. Design
of such seismic masses was introduced in order to create
an additional rotation moment and to increase strain in the
piezoceramic layers. Hence, an additional rotation moment
and irregular design of cross-sectional areas allow obtaining
almost liner function of the strain distribution along the
length of the cantilevers.

Clamping frame serves as the coupling system between
the body of harvester and the host (Figure 2). Two bolts are
used to clamp energy harvester to the clamping frame. Two
supporting beams are rigidly connected to the body of energy
harvester and serve as connection between the body of energy
harvester and clamping frame. Dimensions of the supporting
beams are designed so that vibration of the first out of plane
bending mode is excited when displacement of the harvester
in 𝑦 direction is generated. Such design of the supporting
beams allows avoiding structural damping of the harvester
vibrations.

3. Numerical Investigation of
the Polygon-Shaped Energy Harvester

Numerical investigation of the polygon-shaped energy har-
vester was divided into two parts. At the beginning, numeri-
cal investigation was performed to calculate optimal geomet-
rical parameters of the cantilevers; after that mechanical and
electrical characteristics of the harvester were investigated.
Modal-frequency analysis and harmonic response analysis
were studied. Finite element model (FEM) was built using
Comsol 5.2 software. Boundary conditions were set as fol-
lows: ends of the supporting beamswere fixed rigidly; motion
of the host structure was modeled as acceleration of the
harvester base in 𝑧 direction. Material properties used to

build FEM model are given in Table 1. Principle scheme of
the harvester is shown in Figure 3.

Two optimization problems were solved sequentially in
order to obtain optimal design of the harvester. Goal of
the first optimization problem was to find optimal length
of the cantilevers when sum of the square differences of
the neighboring resonant frequencies of the harvester is
minimized. The resonant frequencies dominated by the first
and the second out of plane vibrationmodes of any cantilever
were used. Lengths of the eight cantilevers were chosen as the
design variables and optimization problemwas formulated as
follows:

min
𝐿

𝑛−1

∑
𝑖=1

(𝑤𝑖+1 (𝐿) − 𝑤𝑖 (𝐿))
2 ,

subject to 𝑙min ≤ 𝑙𝑖 ≤ 𝑙max,

𝑤min ≤ 𝑤𝑖 ≤ 𝑤max,

𝑖 = 1, . . . , 8;

(1)

here 𝐿 = (𝑙1, . . . , 𝑙8) is a vector of cantilever lengths; 𝑤𝑖
is resonant frequency of the harvester dominated by the
first vibration mode of any cantilever; 𝑙min and 𝑙max are the
minimal and the maximal values of the cantilever length; 𝑛 is
the number of cantilevers and is equal to 8.

Goal of the second optimization problem was to obtain
optimal mass values of the seismic masses in order to
maximize tip displacement of the harvester in 𝑧 direction.
It was solved after the optimal length of the cantilevers was
obtained. Optimization problem was formulated as follows:

max
𝑀
(𝑢𝑧 (𝑀)) ,

subject to 𝑚min ≤ 𝑚𝑖 ≤ 𝑚max, 𝑖 = 1, . . . , 7;
(2)

here𝑀 = (𝑚1, . . . , 𝑚7) is a vector of seismic mass weights; 𝑢𝑧
is harvester tip displacement in 𝑧 direction; 𝑚min and 𝑚max
are the minimal and the maximal mass values of the seismic
masses.

Both optimization problems were solved by frequency
domain studies using linear search method. Acceleration of
the base was set to 0.5m/s2. Values of 𝑙min and 𝑙max were set
to 10mm and 25mm, respectively, while length iteration step
was 1mm. Values of𝑚min and𝑚max were set to 2.5 grams and
5 grams, respectively, while step was 0.1 grams.The frequency
range for both optimization problemswas stated from𝑤min =
10Hz to 𝑤max = 450Hz. Obtained optimized parameters of
the harvester are listed in Table 2.

The second part of numerical investigation was dedicated
to analyzing mechanical and electrical characteristics of the
harvester. Geometrical parameters of the harvester were
statedwith respect to the values obtained during optimization
study.Modal analysis of the harvester was performed in order
to indicate natural frequencies and modal shapes of the har-
vester (Figure 4). Analysis of the results revealed that energy
harvester has five natural frequencies at the range from 10Hz
to 240Hz. It can be noticed that the first and the second out of
plane bendingmodes of the cantilevers are dominating in the
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Table 1: Material properties.

Material properties
Beryllium
bronze
C17200

Piezoceramic PIC255

Density [kg/m3] 8360 7800
Elastic modulus [kg/mm2] 13.4 ⋅ 1010 —
Poisson’s ratio 0.34 —
Isotropic structural loss factor 0.02 0.015

Relative permittivity —

In the polarization direction
𝜀33
𝑇/𝜀0 = 1200

Perpendicular to polarity
𝜀11
𝑇/𝜀0 = 1500

Elastic stiffness coefficient 𝑐33𝐷 [N/m
2] — 16.6 ⋅ 1010

Dielectric loss factor, tan 𝛿 [10−3] — 20
Coupling factor, 𝑘31 — 0.35
Piezoelectric voltage coefficient, 𝑔31 [10

−3 Vm/N] — −11.3

WBase

y

x

WClamping

LBeam

W
Fixing

D
1

Figure 2: Scheme of the clamping system:𝑊Clamping—35mm;𝑊Base—5mm; 𝐿Beam—10mm;𝑊Fixing—10mm;𝐷1—3.2mm.
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Figure 3: Principle scheme of the piezoelectric polygon-shaped
energy harvester: A base of harvester; B ⋅ ⋅ ⋅H seismic masses
(C17200 beryllium bronze); PZT1 ⋅ ⋅ ⋅PZT13: piezoceramic layers
(PIC255);0 body of harvester (C17200 beryllium bronze);1 fixed
constrain;2 direction of the excitation.

Table 2: Optimized parameters of the harvester.

Parameter Value, mm Parameter Value, g
𝑙1 23 𝑚1 4.6
𝑙2 15 𝑚2 4.6
𝑙3 13 𝑚3 2.7
𝑙4 11 𝑚4 4.6
𝑙5 13 𝑚5 4.6
𝑙6 16 𝑚6 2.7
𝑙7 2 𝑚7 3.9
𝑙8 21

obtained modal shapes of the harvester. This study showed
that the number of the natural frequencies in the analyzed
frequency range is sufficient for the multifrequency energy
harvesting.

Mechanical and electrical characteristics of the harvester
were investigated at the frequency range of 10–240Hz. Base
acceleration amplitude was set to 0.5m/s2. Amplitude graph
of harvester tip acceleration in 𝑧 direction versus frequency
is shown in Figure 5.
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Figure 4: Modal shapes of the harvester: (a) 14.41Hz; (b) 25.926Hz; (c) 73.981Hz; (d) 199.53Hz; (e) 214.56Hz.
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Figure 5: Acceleration amplitude versus excitation frequency.

Analysis of the frequency response characteristic con-
firmed results of the modal analysis. Resonant frequencies
have good coincidence with the natural frequencies obtained
during modal analysis. Obtained characteristic showed that
the first three resonant frequencies are located at the narrow
frequency range and are close to each other. It shows that
energy harvester will be able to operate efficiently at this
frequency range. On the other hand, 4th and 5th reso-
nant frequencies are located at slightly higher frequencies.
However, these resonant frequencies are adequately close to
each other and provide multifrequency energy harvesting at
that frequency range. Moreover, high acceleration amplitude

of the energy harvester tip at the resonance frequencies
has positive influence on the electrical characteristics of
harvester.

Investigation of strain distribution along each cantilever
was performed as well. Results of the calculations are given in
Figure 6. It can be seen that, in most cases, strain distribution
characteristics are almost liner and constant along the length
of the cantilever except the cases when the second or higher
vibrationmodes occur at the cantilevers. Almost linear strain
characteristic was achieved by modifications made to the
cross-sectional areas and special design of the seismicmasses.
Modifications of cross-sectional areas improved strain distri-
bution, while special design of the seismic masses ensured
higher values of the strain.

Electrode configuration of piezoceramic layers was based
on the strain distribution along the length of the beam.
Electrode configuration allowed proper separation of positive
and negative charges obtained when cantilevers of the har-
vester vibrate at the second vibration mode. Proper electrode
configuration influences electrical output characteristics of
multifrequency energy harvester. Algorithm of electrode
configuration was formulated as follows: partitioning of the
electrodes was made in the places where the value of stain
tensor component is close to zero. Therefore, five vibration
nodes of the harvester were analyzed and partitioning of the
electrodes was made at indicated nodes. As a result, thirteen
different electrodes (PZT1–PZT13) were composed on the top
surfaces of the piezoceramic layers of the harvester (Figure 2).

Investigation of electrical characteristics was performed
as well. Mechanical boundary conditions of the harvester
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Figure 6: Strain characteristics at the cantilevers; (a) at 𝐿1; (b) at 𝐿2; (c) at 𝐿3; (d) at 𝐿4; (e) at 𝐿5; (f) at 𝐿6; (g) at 𝐿7; (h) at 𝐿8.
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were the same as in the previous numerical investigation.
Electrodes were connected in parallel in order to increase the
charge value during harvester operation. The aims of inves-
tigation were to obtain output voltage density and energy
density characteristics in frequency domain. Voltage density
and energy density were introduced in order to compare
electrical characteristics of the harvester at the different
resonant frequencies. Voltage density can be expressed as
follows:

𝑈𝜎 =
𝑈output

𝑊PZT ⋅ ℎPZT ⋅ ∑
𝑖=𝑗−1

𝑖=1 PZT𝑖
; (3)

here 𝑈𝜎 is voltage density of the harvester; 𝑈output is output
voltage of the harvester; PZT𝑖 is length of piezoceramic
layer; 𝑊PZT is width of piezoceramic layer; ℎPZT is height
of piezoceramic layer; 𝑗 is number of piezoceramic layers
(Figure 3).

Energy density of the harvester was calculated as follows:

𝐸𝜎 =
𝐸output

𝑊PZT ⋅ ℎPZT ⋅ ∑
𝑖=𝑗−1

𝑖=1 PZT𝑖
; (4)

here 𝐸𝜎 is voltage density of the harvester; 𝐸ouput is output
voltage of the harvester; PZT𝑖 is length of piezoceramic
layer; 𝑊PZT is width of piezoceramic layer; ℎPZT is height
of piezoceramic layer; 𝑗 is number of piezoceramic layers
(Figure 3).

Numerical investigation of the voltage density was per-
formed while applying open-circuit boundary conditions.
The results of calculations are given in Figure 7. It can be
seen that peaks of voltage density and energy density were
obtained at the resonant frequencies. The highest voltage
density was obtained at the 2nd resonant frequency and
it reached 50.03mV/mm3. Other values of voltage density
are lower. However, it shows high electrical potential of the
energy harvester. Ratio between the highest voltage density
and the lowest voltage density is 6.78. It shows that voltage
density is sensitive to the resonant frequencymode. However,
several voltage density peaks at narrow frequency range
give an opportunity to obtain multifrequency-type energy
harvesting.

Analysis of energy density characteristic showed that
energy harvester is able to provide acceptable energy feed
at the different resonant frequencies. The highest energy
density was obtained at the 2nd resonant frequency as well.
Maximum value of the energy density reached 604 𝜇J/mm3.
In addition, itmust bementioned that energy density reached
high value, 481 𝜇J/mm3, at the 1st resonant frequency as well.
Therefore, it can be concluded that energy harvester is able
to provide high energy feed with overcapacity at the two
different resonant frequencies. On the other hand, energy
feed at the other resonant frequencies is much lower. It can
be concluded that the highest efficiency of energy harvester
will be achieved at the lower frequency, while operation
at the higher frequency is less effective, but energy feed is
appreciable.

Comparison of voltage density and energy density val-
ues was made in order to assess electrical characteristics
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Figure 7: Electrical characteristics of the harvester.
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Figure 8: Summary of electrical characteristics of the harvester.

of the energy harvester at different resonant frequencies
(Figure 8). Based on obtained results, it can be concluded
that voltage and energy densities vary from 7.5mV/mm3
to 50.03mV/mm3 and from 120𝜇J/mm3 to 604 𝜇J/mm3,
respectively. It is shown that values of voltage and energy
densities are obtained at wide range, but harvester is not
able to provide constant voltage and energy at the different
excitation frequencies. On the other hand, when comparing
minimumvalues of the conventional cantilever arraywith the
proposed multifrequency harvester, it can be noticed that the
higher output values were obtained. In addition, stability of
electrical characteristics is significantly improved using the
proposed piezoelectric harvester.

4. Experimental Investigation of
Multifrequency Energy Harvester

Experimental investigations of mechanical and electrical
characteristics were performed in order to confirm results
of numerical investigation. Prototype of the energy harvester
was made with the strict respect to the geometrical and
physical parameters used during FEMmodeling (Figure 9).
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Figure 9: Prototype of piezoelectric energy harvester.
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Figure 10: Frequency response characteristic of the energy har-
vester.

Firstly, experimental investigation of the frequency
response characteristic was performed with the aim to val-
idate results of numerical investigation. Polytec OFV 056
scanning vibrometer was used for acceleration measure-
ments. Excitation of the energy harvester was performed by
electromagnetic shakerThermotron DSX-4000. A controller
of Polytec vibrometer was employed to generate frequency
sweep function for the shaker. Results of harvester tip
acceleration measurement are shown in Figure 10.

Results of the measurement show that the energy har-
vester has five peaks in frequency range of 10–240Hz. Also,
it can be seen that two additional peaks appear close to
the 1st resonant frequency. This was caused by specific
characteristic of the function of excitation signal. However,
performed measurements confirmed results of numerical
modal analysis. Differences betweenmeasured and calculated
frequencies do not exceed 5.02%. Summary of the differences
between measured and calculated frequencies was made to
compare obtained results (Figure 11). It can be seen that the
highest difference comes at the 4th frequency and it reached
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Figure 11: Differences between measured and calculated resonant
frequencies.
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Figure 12: Experimental setup; (1) function generator; (2) amplifier;
(3) electromagnetic shaker; (4) computer; (5) data loggingmultime-
ter; (6) electronic interface; (7) harvester; (8) displacement sensor.

10.125Hz. Differences are caused by mismatch of materials
characteristics, manufacturing errors, and slight differences
in clamping.

Experimental investigation of electrical characteristics
was performed as well. Output voltage density and energy
density weremeasured in frequency range of 10–240Hz. Spe-
cial experimental setup was built for this purpose (Figure 12).

Experimental setup consisted of function generator Tek-
tronix AFG1062 and an amplifier that was used to drive
electromagnetic shaker. Keyence LK-G155 laser sensor was
used to measure base displacement, while Fluke 289 data
logging multimeter was used to measure amplitude of the
output voltage. Laser sensor and multimeter were connected
to computer in order to record and manage data.
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Figure 13:Measured output voltage of all piezoceramic layers versus
frequency.

Firstly, characteristics of unrectified open-circuit voltage
were measured versus excitation frequency for each piezo-
ceramic layer. Voltmeter was connected directly to each
piezoceramic layer. Base acceleration of the harvester was set
to 0.475m/s2. The goal of this investigation was to indicate
characteristics of unrectified open-circuit voltage for each
piezoceramic layer and to assess electrical performance of the
harvester. Results of measurements are given in Figure 13.

The results of measurements confirmed that all piezo-
ceramic layers generate voltage, while harvester operates at
the resonant frequencies. The highest output voltages were
obtained at the low resonant frequencies. The highest output
voltage was 10.61 V and it was generated by PZT1 layer
at 25Hz excitation frequency. PZT1 layer is located close
to the clamped end of the harvester (Figure 3). Analysis
of the results revealed that all piezoceramic layers provide
output voltage at five resonant frequencies. It confirms an
assumption ofmodal strain summation phenomena obtained
through special design of the harvester. Hence, it can be
noticed that all cantilevers are employed when harvester
operates at resonant frequencies and it can be claimed that
proposed piezoelectric harvester is more advanced compared
to the conventional array of the cantilevers [25].

Next step of experimental investigation was dedicated to
the measurements of total rectified output voltage density.
Electronic interface was designed and connected to the
energy harvester for this purpose. It consisted of thirteen
full diode rectifiers. The rectifiers were made from low loss
Schottky diodes BAT46 and low ESR electrolytic capacitor.
Voltage density at the frequency range of 10–240Hz was
measured. Electronic interface was switched to the open-
circuit condition; that is, electrical load was approximately
equal to 10MΩ. Results of the measurement are shown in
Figure 14.

Analysis of the voltage density graph showed that voltage
density peaks are obtained at the same frequencies as in
the previous measurements. It confirmed good agreement
between numerical calculations and experimental measure-
ments. Moreover, measurement shows that voltage density
level is not falling below 5.25mV/mm3. It means that energy
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Figure 14: Measured voltage density in frequency domain.
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Figure 15: Energy density versus frequency characteristic.

harvester is able to provide sufficient voltage output at
nonresonant frequency as well. The highest voltage density
was obtained at the 2nd resonant frequency and it reached
37.5mV/mm3. It is 7.14 times higher than lowest voltage
density level. Also it can be noticed that voltage densities at
the remaining four resonant frequencies aremuch lower than
those at the 2nd resonant frequency.

Experimental investigation of energy density at the same
frequency range was performed as well. The same experi-
mental setup was used (Figure 12). The electrical interface
was switched from open-circuit condition to the loaded
condition. Electrolytic low ESR capacitor with capacitance
of 220 𝜇F was connected as the common load. Results of
the measurements are given in Figure 15. It can be seen
that energy density graph has five peaks as in the case
discussed before. However, peaks are slightly lower compared
to the frequency response characteristic. Such mismatch
can be explained by influence of capacitive load which was
connected to the energy harvester through voltage rectifiers.
On the other hand, shift of the resonant frequencies is
relatively small, that is, 3–5Hz. Hence, it shows that energy
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different resonant frequencies.

harvester operates sufficiently stably when capacitive load is
applied.

Also it can be noticed that the highest energy density was
obtained at the 2nd resonant frequency. Energy density at this
frequency reached 815.16 𝜇J/mm3. It shows that maximum
output power of the proposed harvester is 65.24𝜇W when
it operates at the 2nd resonant frequency and it is 12.68%
higher value compared to the maximum output power of the
conventional multifrequency cantilever array [25]. However,
energy density value at the 1st resonant frequency is lower
and is equal to 708.71 𝜇J/mm3. Also, it can be seen that
energy density values are much lower at the higher resonant
frequencies. Energy density value reached 93.23𝜇J/mm3 at
the 4th resonance frequency and 11.5 𝜇J/mm3 at the 3rd
resonant frequency. Comparison of both voltage and energy
densities at the different resonant frequencies is given in
Figure 16. It can be seen that energy harvesting system at
the first two resonant frequencies is able to provide high
energy feed to the energy storage device and even to ensure
overcapacity. However, energy harvesting system provides
much lower energy feed at the higher resonant frequencies.

5. Conclusions

A novel design of multifrequency polygon-shaped energy
harvester was proposed.Themodifications of cross-sectional
area, additional seismic masses, and special clamping allow
increasing strain of the cantilevers and improving strain
distribution along the piezoceramic layers.

Numerical and experimental investigations were per-
formed. Modal analysis showed that the system has five
resonant frequencies in the range of 10–240Hz. The first and
the second out of plane bending modes of the cantilevers are
dominating in aforementioned frequency range. Moreover,
numerical investigation of the strain and strain distribution
showed that strain function along the piezoceramic lay-
ers is almost constant. Such strain function was achieved
by modification of cross-sectional areas of the cantilevers.
Numerical investigation of electrical characteristics showed

that maximum voltage and energy densities were obtained at
the 2nd resonant frequency and reached 50.03mV/mm3 and
604 𝜇J/mm3, respectively.

Experimental investigation confirmed results of the
numerical modeling. The highest difference between reso-
nant frequencies is 5.02%. Moreover, experimental investi-
gation of electrical characteristics showed that the highest
voltage density and energy density were obtained at the
2nd resonant frequency. Both voltage and energy densities
reached 37.5mV/mm3 and 815.16 𝜇J/mm3, respectively.Maxi-
mumoutput power of the harvester is 65.24𝜇W.Finally, it can
be concluded that proposed piezoelectric energy harvester is
able to provide suitable energy feed through multifrequency
operation principle.
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An effective hybrid computational framework is described here in order to assess the nonlinear dynamic response of piezoelectric
energy harvesting devices. The proposed strategy basically consists of two steps. First, fully coupled multiphysics finite element
(FE) analyses are performed to evaluate the nonlinear static response of the device. An enhanced reduced-order model is then
derived,where the global dynamic response is formulated in the state-space using lumped coefficients enrichedwith the information
derived from the FE simulations. The electromechanical response of piezoelectric beams under forced vibrations is studied by
means of the proposed approach, which is also validated by comparing numerical predictions with some experimental results.
Such numerical and experimental investigations have been carried out with the main aim of studying the influence of material and
geometrical parameters on the global nonlinear response.The advantage of the presented approach is that the overall computational
and experimental efforts are significantly reduced while preserving a satisfactory accuracy in the assessment of the global behavior.

1. Introduction

The possibility of using electronic devices that do not require
periodic replacement of batteries is nowadays themajor chal-
lenge in several engineering fields. In particular, vibration-
based piezoelectric energy harvesting devices are emerging as
a valid technological option to powerminiaturized electronic
sensors in civil structural health monitoring applications [1–
3]. It can be easily understood, therefore, that the implemen-
tation of an efficient computational framework for the anal-
ysis and design of these devices is of paramount importance
in order to foster the future large-scale applications of this
technology.

In this perspective, the electromechanical response of
piezoelectric devices can be assessed through different
numerical and analytical techniques, for example, reduced-
ordermodels, finite element (FE)models, and circuit analogy
methods [2, 4–9]. Most of the efforts in this field are based

on the hypothesis of linear behavior [10–14], but nonlinear
phenomena can greatly impact the final performances [15–
18].The causes of the nonlinear response can be traced back to
several mechanisms, such as instability phenomena [19–22],
nonlinearmaterial constitutive law [23–27], geometric effects
[28–30], impacts [31–34], and damping [35]. Additionally,
nonlinearities can arise from the electrical circuit (diodes,
among others) [36].

As regards the applications in civil engineering, the
dynamic response of most structures and infrastructures is
characterized by low frequency content. In these cases, the
frequency tuning of piezoelectric beams necessitates the use
of flexible materials, low thickness-to-length ratios, and/or
relatively heavy additional masses [37, 38]. Such expedients
make piezoelectric energy harvesting devices more prone to
exhibit nonlinear mechanical behaviors.

While FE simulations can be a viable computational
strategy for nonlinear static analyses, reduced-order models
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(ROMs) are more attractive for nonlinear dynamic analyses
because they allow saving elaboration time. Moreover, ROMs
are useful in order to separate and identify the effects due
to material and geometric nonlinearities [35]. With some
exceptions [5], however, most reduced-order models assume
a linear electromechanical response and the modal super-
position principle is extensively adopted to derive the state-
space representation of the system.

Therefore, in this paper, we propose an efficientmultiscale
hybrid approach to model accurately the nonlinear dynamic
response of PVDF energy harvesters. The term multiscale
refers specifically to the device and system scales. First, the
FE method is employed to solve the equations governing
the response under static loading (device scale). Hence, a
global curve that provides the tip displacement evolution
for increasing values of the external load is obtained (i.e.,
pushover curve). The global FE-based solutions are then
used in place of experimental data to identify the values
of linear and nonlinear lumped coefficients of the reduced-
order model (system scale). Finally, the nonlinear differential
equations governing the dynamic behavior are solved to esti-
mate the frequency response functions of tip displacement
and output voltage.

2. Numerical Modeling

2.1. A Short Review on Nonlinear Electroelasticity. Piezoelec-
tric polymers like PVDF [39] represent a valid solution for
the development of flexible energy harvesting devices [2,
40]. The main advantage of PVDF with respect to other
piezoelectric materials (in particular piezoceramics) is the
possibility of sustaining large displacement without failure
or drastic reduction of the piezoelectric efficiency [41–43].
Throughout this paper, therefore, it will be assumed that the
piezoelectric layers are made of PVDF.

As soon as a piezoelectric solid undergoes large defor-
mations and rotations, the classical small strain electrome-
chanical constitutive equations lead to incorrect results. For
the sake of completeness, we briefly review hereafter the
equations for the continuum mechanical description of a
piezoelectric solid under large strains. The interested reader
can refer to [44] for a more complete discussion.

The reference and deformed configurations are denoted
by B and S, respectively, where B,S ⊂ R3. When the
electromechanical body deforms, the nonlinear mapping
function 𝜑 : B → S at time instant 𝑡 maps the material
point X ∈ B onto x ∈ S:

x = 𝜑 (X, 𝑡) . (1)

The displacement vector u is obtained as the difference
between the positions vectors of the current and initial
configuration:

u (X, 𝑡) = 𝜑 (X, 𝑡) − X, (2)

whereas the deformation gradient F can be defined as a
function of the displacement gradientH:

F = grad 𝜑 (X, 𝑡) = 𝜕x𝜕X = 1 +H, (3)

where

H = grad u. (4)

According to Faraday’s law,

curl ⇀e = 0, (5)

where ⇀e is the electric field vector in the current configura-
tion. Consequently, it is possible to define ⇀e as the gradient
of a scalar electric potential 𝜙:

⇀e = −grad 𝜙 = −𝜕𝜙𝜕x . (6)

Velocity and acceleration of a material point with respect to
the reference configuration are defined, respectively, by the
following material time derivatives:

V (X, 𝑡) = �̇� (X, 𝑡) ,
A (X, 𝑡) = �̈� (X, 𝑡) = V̇ (X, 𝑡) . (7)

In the current configuration, the balance of momentum and
Gauss’s law state that

div 𝜎 + 𝜌𝑚,VbV = 𝜌𝑚,VA,
div

⇀
d = 𝑒,V, (8)

where 𝜎 represents the mechanical Cauchy stress tensor,
⇀
d

denotes the electric displacement, 𝜌𝑚,V is the mechanical
density, 𝑒,V is free electric charge density, and 𝜌𝑚,VbV indicates
the volume force (in the current configuration). The balance
of mass implies that 𝜌𝑚,V = 𝜌𝑚,𝑉/𝐽𝐹, where 𝜌𝑚,𝑉 is the density
in the initial configuration and 𝐽𝐹 = det F. Local balance of
angular momentum guarantees that 𝜎 = 𝜎𝑇. Moreover, if ⇀p
is the electric polarization vector in the current configuration
and 𝜖0 is the vacuum permittivity, then

⇀
d = 𝜖0⇀e + ⇀p . (9)

The transformation between volume elements 𝑑V, 𝑑𝑉 and
electric charges 𝑒,V, 𝑒,𝑉 in the current and reference config-
urations, respectively, is based on the following equations:

𝑒,V = 𝑒,𝑉𝐽𝐹 ,
𝑑V = 𝐽𝐹𝑑𝑉.

(10)

Furthermore, the condition 𝐽𝐹 ̸= 0 ensures that the tensor F is
not singular and, as a consequence, the deformation process
will be smooth.

In the initial configuration, the local balance of momen-
tum given by (8) can be recast with respect to different stress
and strain measures:

div P + 𝜌𝑚,𝑉b𝑉 = 𝜌𝑚,𝑉A,
div FS + 𝜌𝑚,𝑉b𝑉 = 𝜌𝑚,𝑉A, (11)
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where P and S are the total first and second Piola–Kirchoff
stress tensors, respectively. Moreover, 𝜌𝑚,𝑉b𝑉 represents the
body force in the initial configuration. Constitutive equations
satisfying the material objectivity principle are also required.
To this end, it is assumed that a strain energy density function𝜓 exists for the electromechanical body that, in general,
can be defined with respect to different kinematics tensors,
namely, F, E, and C and the electric field vector →E . All the
quantities refer to the initial configuration. Here, E indicates
the Green–Lagrange strain tensor that can be expressed as a
function of the deformation gradient tensor F by

E = 12 (FF𝑇 − I) = C − I2 , (12)

where

C = F𝑇F (13)

is the right Cauchy–Green tensor. Objectivity requires that
�̃�(F, →E ) obj= 𝜓(C, →E ) = 𝜓(E, →E ). A compressible Neo–
Hookean type material model with a total energy density𝜓(C, →E ) is used in this work:

𝜓(C, →E) = 𝜇 {12 [I1 − 3] − ln (𝐽𝐹)} + 𝜆2 ln (𝐽𝐹)2
+C1I4 +C2I5,

(14)

where 𝜆 and 𝜇 are the Lame constants,C1 andC2 are further
material constants to be calibrated, and I1, I4, and I5 are
computed for a transversely isotropic material according to
[45, 46] and they are equal to

I1 = C : I = Tr [C] ,
I4 = [→E ⊗ →E] : I = Tr [→E ⊗ →E] ,
I5 = [→E ⊗ →E] : C = Tr [C→E ⊗ →E] ,

(15)

where I is the identity tensor. In this study, it is assumed that
the interaction between electric fields and matter is mainly
confined within the finite space occupied by thematter. Once𝜓 is defined, it is possible to derive the following constitutive
equations:

S = 𝜕𝜓𝜕E = 2𝜕𝜓𝜕C ,
⇀D = − 𝜕𝜓𝜕⇀E . (16)

Here,⇀D is the dielectric displacement vector computed in the
initial configuration while the total first Piola–Kirchoff stress
tensor and the total Cauchy stress tensor are equal to

P = FS,
𝜎 = FSF𝑇𝐽𝐹 , (17)

respectively. The transformation from the material to the
current configuration is possible by means of the following
relationships:

⇀e = F−𝑇⇀E ,
⇀
d = F⇀D𝐽𝐹 .

(18)

The Dirichlet and Neumann boundary conditions for the
mechanical field are

u = u on Γ𝑢
t = P ⋅ N = t on Γ𝑡, (19)

where u and t are prescribed mechanical displacement
and surface traction vectors in the reference configuration,
respectively. The boundary of the domain is Γ (Γ𝑢 and Γ𝑡 are
its Dirichlet and Neumann portions, resp.), with Γ = Γ𝑢 ∪ Γ𝑡
and Γ𝑢 ∩Γ𝑡 = ⊘. Moreover,N is the outward unit normal to Γ.
The boundary conditions for the electric field are

𝜙 = 𝜙 on Γ𝜙,
→
d = →D ⋅N = →

d on Γ→d ,
(20)

where 𝜙 and
→
d are prescribed values of electric potential onΓ𝜙 and electric charge flux on Γ→d , respectively. Moreover, Γ =Γ𝜙 ∪ Γ→d , Γ𝜙 ∩ Γ→d = ⊘.

A cantilever-type configuration is here assumed for the
energy harvesting device (see Figure 1). It is made of a piezo-
electric layer and a substrate layer used for the deposition
of the polymeric mixture during the fabrication process
before the polarization of dipoles. This second material layer
is described here by a compressible Neo–Hookean type
material with total energy densities 𝜓(F):
𝜓 (F) = 12𝜆 (𝐽𝐹 − 1)2 + 𝜇(12 (Tr [C] − 3) − ln (𝐽𝐹)) . (21)

2.2. Finite Element Discretization for Static Problems. The
standard nodal FE discretization is employed following [46,
47]. In doing so, the advanced symbolic computational tools
for FE analysis available in the AceGen/AceFEM are useful
to facilitate the full automation of the linearization process.
Therefore, let u = ∑𝑁𝑖û𝑖 and 𝜙 = ∑𝑁𝑖𝜙𝑖 be the discretized
displacement and electric potential fields, respectively, where
û𝑖 are the nodal displacements and 𝜙𝑖 are the nodal electric
potentials (𝑁𝑖 are the shape functions). According to [47],
since all quantities in (14) and (21) depend on the displace-
ment field and the electric potential, the resulting system of
nonlinear equations has the general form of R(p) = 0, where
the unknown variables p ∈ R𝑛tp have to be determined (𝑛tp
is the total number of global unknowns of the problem). If
p𝑒 ⊂ p is a subset of the global vector of unknowns p on



4 Shock and Vibration

Real device configurationz

zN
zs

L

Neutral
axis

x

Ts

zN: neutral axis position
zs: sth layer axis center
Ts: sth layer thickness

Tip mass
Acrylic protection layer
Electrodes

PVDF
Mylar substrate

(a)

Equivalent device con�gurationz

L

Fz

T０６＄＆

x

z̈g

T
？Ｋ
ＧＳＦ；Ｌ

RL

(b)

Figure 1: Schematic representation of the unimorph electromechanical generator with a piezoelectric layer made of PVDF.

which the 𝑒th element depends explicitly, then the elementR𝑒
and the Gauss point R𝑔 contributions to the global residuals
R are explicit functions of p𝑒, that is, R𝑒(p𝑒) and R𝑔(p𝑒). In
particular, at the element level, the internal residuals R𝑒 are
obtained using AceGen as follows [47]:

R𝑒 = 𝜕𝜕p𝑒 (∫𝑉 𝜓 (p𝑒) 𝑑𝑉) = 0, (22)

where p𝑒 is the unknown vector related to the element that
collects all nodal displacements û𝑖 and/or nodal electrical
potentials 𝜙𝑖. Within the FE procedure, the global residuals
R are approximated as

R ≈ 𝑛𝑒⋀
𝑒=1

R𝑒 = 𝑛𝑒⋀
𝑒=1

𝑛𝑔∑
𝑔=1

𝑤𝑔𝐽𝑔R𝑔 = 0, (23)

where⋀ is the standard FE assembly operator, 𝑛𝑒 indicates the
number of elements, 𝑛𝑔 is the number of Gauss points, and𝑔 indicates a generic Gauss point (𝑤𝑔 and 𝐽𝑔 are the Gauss
point weight and Jacobian determinant, resp.). The Gauss
point contribution to the residuals is R𝑔 = 𝛿𝜓(p𝑒)/𝛿p𝑒.

The requirement of zero global residuals R(p) yields
a set of nonlinear systems of equations, which is solved
numerically by means of a Newton–Raphson algorithm. The
system of equations R(p) = 0 is parameterized, introducing a
load factor Λ in the form R(p, Λ) = 0. Thus, it is considered
as [47]

R (p, Λ) = Rint (p) − ΛRref = 0, (24)

where Rint denotes the contribution of internal forces to
the nodal force vector and Rref is the reference load vector
associated with the pattern of the applied nodal forces and/or
electrical charges. Taylor series expansion of (24) at the
(known) state p(𝜄) results in the expression

R (p(𝜄) + Δp(𝜄)) = R (p(𝜄)) + DR (p(𝜄)) ⋅ Δp(𝜄)
+ r (p(𝜄)) , (25)

where the upper index (𝜄) denotes the quantities at the 𝜄
iteration and Δp(𝜄) = p(𝜄) − p(𝜄−1), whereas D indicates
the directional derivative required for the linearization. In
particular, the linearization of the vector R(p) yields the
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tangentmatrixK = K(𝜄) = DR(p(𝜄)).Within the FEprocedure,
the tangent operator K ≈ ⋀𝑛𝑒𝑒=1K𝑒 = ⋀𝑛𝑒𝑒=1∑𝑛𝑔𝑔=1 𝑤𝑔K𝑔 is
formed from the Gauss point tangent operator K𝑔:

K𝑔 = (𝛿R𝑔𝛿p𝑒 ) . (26)

2.3. Finite Element Discretization for Dynamic Problems. For
our applications, it is useful to separate residual and stiffness
matrix terms that refer to the mechanical and electrical
unknowns û𝑖 and 𝜙𝑖. To this end, the total energy of the
discretized system Π is introduced as a function of two
contributions: the first term is 𝜓em(C, ⇀E ) and refers to the
electromechanical domain whereas the second term is 𝜓𝑚(F)
and refers to the mechanical domain. Thus,

Π = ⋃(𝜓em (C, ⇀E) + 𝜓𝑚 (F)) . (27)

Consequently, the following equations are derived:

R𝑢𝑖 = 𝛿Π𝛿û𝑖 ,
𝑅𝜙𝑖 = 𝛿Π𝛿𝜙𝑖 ,

K𝑢𝑢𝑖𝑗 = 𝛿R𝑢𝑖𝛿û𝑗 ,
K𝜙𝜙𝑖𝑗 = 𝛿𝑅𝜙𝑖𝛿𝜙𝑗 ,
K𝑢𝜙𝑖𝑗 = 𝛿R𝑢𝑖𝛿𝜙𝑗 ,
K𝜙𝑢𝑖𝑗 = 𝛿𝑅𝜙𝑖𝛿û𝑗 .

(28)

Using an implicit time integration scheme and Newton’s
method iterations to determine the dynamic equilibrium at
time 𝑡 + Δ𝑡, the coupled nonlinear FE equations are

[M𝑡+Δ𝑡𝑢𝑢 0
0 0

](ü(𝜄)
𝑑

�̈�
(𝜄)
) + [C𝑡+Δ𝑡𝑢𝑢 0

0 0
](u̇(𝜄)
𝑑

�̇�
(𝜄)
)

+ [K𝑡𝑢𝑢 K𝑡𝑢𝜙
K𝑡𝜙𝑢 −K𝑡𝜙𝜙](

Δu(𝜄)
𝑑Δ𝜙(𝜄)) = [

[
(f𝑡+Δ𝑡𝑢 )(𝜄−1)
(f𝑡+Δ𝑡𝜙 )(𝜄−1)]] ,

(29)

where u𝑑 and 𝜙 are the global time-dependent nodal dis-
placement vector and electric potential vector, respectively,
whereas Δ indicates the time step increment. The upper
dots indicate the time derivative. The matrices M𝑢𝑢, C𝑢𝑢,
and K𝑢𝑢 are the structural mass, damping, and stiffness

matrices, respectively. The matrices K𝑢𝜙 and K𝜙𝑢 are the
stiffness matrices due to piezoelectric mechanical coupling.
The matrix K𝜙𝜙 is the stiffness matrix resulting from the
electrical fields. The vectors f𝑢 and f𝜙 are the unbalanced
force vectors due to mechanical and electrical contributions,
respectively. According to the classical Rayleigh damping
approach, amass- and stiffness-proportional dampingmatrix
C𝑢𝑢 is considered:

C𝑢𝑢 = 𝜒M𝑢𝑢 + 𝛽K𝑢𝑢, (30)

where 𝜒 and 𝛽 are constant multipliers that can be deter-
mined by assuming a constant damping ratio 𝜁.
2.4. Reduced-Order Modeling. Reduced-order models allow
mitigating the computational efforts required for FE-based
dynamic analyses. According to [8, 48], the forced vibrations
of linear elastic piezoelectric cantilever generators can be
defined using the modal coordinates 𝜂𝑟 as follows:

̈𝜂𝑟 + 2𝜁𝑟𝜔𝑟 ̇𝜂𝑟 + 𝜔2𝑟𝜂𝑟 − 𝜃𝑟𝜐 = 𝑓𝑟,
𝐶eq
𝑝 ̇𝜐 + 𝜐𝑅𝐿 +

∞∑
𝑟=1

𝜏𝑟 ̇𝜂𝑟 = 0, (31)

for each mode 𝑟, where 𝜁𝑟 is the modal mechanical damping
ratio, 𝜔𝑟 is the undamped natural frequency, 𝜃𝑟 and 𝜏𝑟 are
modal electromechanical coupling terms, 𝑓𝑟 is the modal
mechanical forcing function, 𝐶eq

𝑝 is the capacitance, 𝑅𝐿 is
the load resistance, and 𝜐 is the voltage response across
the external resistive load. Having calculated the modal
coordinates 𝜂𝑟(𝑡), the transverse displacement of the neutral
axis 𝑢(𝜉, 𝑡) relative to themoving base at position 𝜉 = 𝑥/𝐿 and
time 𝑡 is equal to

𝑢 (𝜉, 𝑡) = ∞∑
𝑟=1

𝜙𝑟 (𝜉) 𝜂𝑟 (𝑡) , (32)

where 𝜙𝑟(𝜉) is a mass normalized eigenfunction (mode
shape). Different analytical expressions can be derived for
each lumped coefficient depending on the considered system
(series or parallel connection of the piezoelectric layers, uni-
morph or bimorph layout, etc.). Using Hamilton’s principle
and Galerkin’s method, Stanton et al. [49] extended the
formulation [8] to the case of nonlinear piezoelectricity.

In this paper, we will focus on the numerical compu-
tations of the electromechanical response for piezoelectric
unimorphs that exploit a nonlinear behavior to increase
their bandwidth. In particular, following [49] and assuming
a linear damping, the single-mode approximation for the
piezoelectric cantilever in Figure 1 under base acceleration
reads

̈𝜂 + 2𝜁𝜔 ̇𝜂 + 𝜔2𝜂 + 𝛼𝜂3 − (𝜃 + 𝜑𝜂2) 𝜐 = T𝑛�̈�𝑔, (33)

𝐶eq
𝑝 ̇𝜐 + 𝜐𝑅𝐿 + (𝜏 + 𝜅𝜂2) ̇𝜂 = 0, (34)
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where 𝛼, 𝜑, and 𝜅 are nonlinear coefficients that can be
determined based on the orthogonal basis functions used
to represent in the modal space the transverse deflection
of the device, whereas T𝑛 is the modal mechanical forcing
function coefficient that multiplies the base acceleration �̈�𝑔.
Based on experimental evidence [17], it has been shown
that the nonlinear response mainly depends on mechanical
stiffening/softening effects; therefore, we will assume that
both 𝜑 and 𝜅 are equal to zero in the following computations.
Moreover, for a rectangular cross section, 𝜃 = 𝜏, whereas the
equivalent capacitance is

𝐶eq
𝑝 = 𝜖33𝐵𝐿𝑇PVDF , (35)

where 𝐵, 𝐿, and 𝑇PVDF are the width, length, and thick-
ness of the piezoelectric layer, respectively, whereas 𝜖33 is
the permittivity constant. The 𝑟th modal electromechanical
coupling term for unimorph configuration can be obtained
as [48]

𝜃𝑟 = 𝐸PVDF𝑑31𝐵 (2ℎ𝑏 + 𝑇PVDF) 𝜙𝑟 (𝐿)2 , (36)

where 𝑑31 is the piezoelectric constant and ℎ𝑏 is the position
of the bottom PVDF layer from the neutral axis. It is
understood that 𝜃𝑟=1 = 𝜃 in (33). Following [48], ℎ𝑏 = ℎpa −𝑇PVDF, where ℎpa is the distance from the top of the PVDF
layer to the neutral axis, and it is equal to

ℎpa = 𝑇2PVDF + 2ℵ𝑇mylar𝑇PVDF + ℵ𝑇2PVDF2 (𝑇mylar + ℵ𝑇PVDF) , (37)

with ℵ = 𝐸mylar/𝐸PVDF, where 𝐸mylar and 𝐸PVDF are the
elastic modulus of the substrate (here assumed to be made
of mylar, without loss of generality) and that of the PVDF
layer, respectively.Moreover,𝑇mylar is the thickness of the sub-
strate.

3. Hybrid Computational Strategy

The solution of nonlinear dynamic equilibrium equations
using mode superposition techniques was first studied in
[50] and implemented successfully in [51] for mechanical
problems. A review of reduced-order model techniques
is reported in [52], including a description of the modal
coordinate reduction. The use of modal derivatives for non-
linear model order reduction has been recently proposed
in [53] in the context of isogeometric FE analysis. To the
authors’ knowledge, few studies describe efficient numerical
procedures for reduced-order model techniques and coupled
domains (such as in electromechanical systems). The most
important contributions are provided in [54, 55], whose
strategy is implemented in [56].

In this framework, a hybrid multiscale computational
approach is proposed here for modeling efficiently the non-

linear dynamic response of piezoelectric cantilever devices
(see Figure 2). It is based on two steps. Specifically, we
first solve (24) in the physical domain of the piezoelectric
cantilever (device scale) using the FE method. In doing so,
a pattern of forces (𝐹𝑧) is statically applied to the structural
model (including nonlinear effects) and the total reaction 𝑅𝑧
at the base is plotted against a reference displacement (i.e.,
the tip displacement 𝛿tip). This allows obtaining the capacity
curve (also named pushover curve) of the device. This curve
essentially allows reducing the nonlinear static problem at
the device scale to an equivalent single degree of freedom
(SDOF) system. The second step of the analysis consists in
the derivation of a phenomenological law for the nonlinear
stiffness from the estimated capacity curve. Hence, the goal is
to compute the coefficients of a nonlinear spring suitable for
reduced-order modeling. With reference to (33), these coeffi-
cients are 𝛼𝐷 = 𝛼𝑚 and 𝜅𝐷 = 𝜔2𝑚, where𝑚 is the equivalent
mass. Looking at (33), it is clear that the effects ofmaterial and
geometrical nonlinearities are merged in a single coefficient𝛼. This assumption is meaningful for flexible PVDF EHs. In
fact, the material nonlinear constitutive equations, derived
from the potentials introduced in (14) and (21), allow for
catching large deformations and, consequently, geometrical
stiffening or softening effects.Therefore, it appears reasonable
to consider the two sources of nonlinearity as coupled in
the reduced-order model. For each case, the coefficient 𝛼𝐷
is evaluated by fitting the analytical approximation with the
pushover curves. The obtained values are used to update the
equations set (33)-(34), which is the form of the ordinary
differential equations system that describes the dynamics
of the piezoelectric energy harvester. Several patterns of
forces have to be considered for a multimodal response
analysis. Finally, the nonlinear state-space model equation
is solved using a standard time discretization algorithm.
This numerical strategy is implemented in Mathematica
using the advanced symbolic computational tools available
in the AceGen/AceFEM [47]. Plane-stress four-node large-
displacement electromechanical elements with three degrees
of freedom for node are implemented in AceGen/AceFEM.
Analytical expressions can be also derived for harmonic base
vibrations (see the Appendix).

4. Applications

4.1. Numerical Data. Energy harvesters similar to those
tested by Elvin et al. [1, 17] are considered here. As shown
in Figure 1(a), the harvester consists of a PVDF film with
electrodes on both sides connected with wires to output the
generated charge. Moreover, there are coatings to protect
the device from damage. The thickness of the PVDF layer
is 28𝜇m, and the piezoelectric strain constant is 𝑑31 =23 ⋅ 10−12 pC/N. According to Figure 1(a), five layers are
considered in the real configuration of the device, namely, (i)
a mylar substrate with a thickness equal to 6𝜇m, (ii) a silver
layer with a thickness equal to 8 𝜇m, (iii) a central layer of
PVDF with a thickness equal to 28𝜇m, (iv) another silver
layer with a thickness equal to 8 𝜇m, and (v) a final layer of
mylar with a thickness equal to 140 𝜇m. Density and Young’s
modulus of PVDF andmylar are provided in Table 1, together
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Figure 2: Implemented hybrid computational strategy.

with the othermainmaterial and geometrical data adopted in
this numerical study.

4.2. Thickness and Stiffness Homogenization. According to
[12], we use the multimorph structure concept to physically
and mathematically describe the equivalent stiffness of the
piezoelectric energy harvester. A fixed-free cantilever con-
figuration is assumed. Moreover, each multiple thin material
film layer has length 𝐿, width 𝐵, and thickness 𝑇𝑠. It is
assumed that the thin-film layer interfaces are smooth and
continuous and do not slip with respect to each other.
Each layer is considered uniform with Young’s modulus 𝐸𝑠,
rotational inertia 𝐼𝑠, and cross-sectional areas𝐴 𝑠 = 𝐵 ⋅𝑇𝑠. The
subscript 𝑠 denotes the 𝑠th layer. The first four modal shapes
and modal frequencies of this device have been calculated

(see Figure 3). The homogenized flexural rigidity about the
neutral axis located at 𝑧𝑁 is then given by [12]

𝐸𝐼 = 𝑁layer∑
𝑠=1

{𝐴 𝑠𝐸𝑠 [(𝑧𝑠 − 𝑧𝑁)2 + 𝑇𝑠212 ]} , (38)

where

𝑧𝑁 = ∑𝑁layer𝑠=1 𝐸𝑠𝑇𝑠𝑧𝑠∑𝑁layer𝑠=1 𝐸𝑠𝑇𝑠 (39)

and 𝑧𝑠 is the location of the axis of the 𝑠th layer with
respect to an arbitrary reference. 𝑁layer is the number of
layers considered (5 for our device). The homogenized
stiffness 𝐸𝐼 is given in Table 1. Since a lumped tip mass is



8 Shock and Vibration

(a) (b)

(c) (d)

Figure 3: First four modal shapes and modal frequencies of the considered piezoelectric device: (a) 𝜔1 = 316 rad/sec, (b) 𝜔2 = 1980 rad/sec,
(c) 𝜔3 = 5545 rad/sec, and (d) 𝜔4 = 10866 rad/sec.

Table 1: Material and geometrical data used in the numerical study.

Property Symbol Value
Elastic modulus of the piezoelectric film 𝐸PVDF 3.0GPa
Elastic modulus of the substrate 𝐸mylar 3.79GPa
Poisson ratio of the piezoelectric film ]PVDF 0.3
Poisson ratio of the substrate ]mylar 0.35
Damping ratio 𝜁 4.0%
Density of the piezoelectric film 𝜌PVDF 1780 kg/m3

Density of the substrate 𝜌mylar 1390 kg/m3

Lumped tip mass 𝑀lump 0.032 g
Piezoelectric coupling coefficient 𝑑31 23 ⋅ 10−12 pC/N
Electrical permittivity 𝜖33 106𝑒 −12 F/m
Unimorph length 𝐿 31.7mm
Unimorph width 𝐵 16.0mm
Circuit resistance 𝑅𝐿 10MΩ
Thickness of the piezoelectric film 𝑇PVDF 28 𝜇m
Homogenized stiffness 𝐸𝐼 37.7Nmm2

Equivalent mylar layer thickness 𝑇eq
mylar 172𝜇m

assumed, it is observed that modal truncation to the first
mode is enough to describe the overall device response.
For broadband energy harvesting and/or for piezoelectric
beams with different boundary constraints, however, several
modes can be required. Moreover, it is not necessary in
the present work to use FE discretization for each material
layer. In fact, an equivalent mylar layer thickness 𝑇eq

mylar is
determined in such a way that the first resonance frequency
predicted using the FE method and that obtained by means
of homogenized stiffness given by (38) are close to each
other. The equivalent mylar layer thickness 𝑇eq

mylar is given in
Table 1 (see Figure 1(b)). Although each layer can bemodeled
explicitly in the FE model, the use of an equivalent layer
is useful to reduce the total elaboration time in nonlinear
analyses because of the more refined mesh required by
thin layers, as well as prevent distortion phenomena of the
elements at the interface between layers having different
thicknesses.

4.3. Capacity Curve. According to the proposed hybrid com-
putational strategy, a FE analysis is first performed in order
to derive the capacity curve of the device. The adopted FE

L/20

T０６＄＆

T
？Ｋ
ＧＳＦ；Ｌ

Figure 4: Details of the FE mesh discretization.

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0


ＮＣ
Ｊ
/L

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0

FzL
2/(EI)

AceFEM
Comsol
Elvin 2014

Figure 5: Vertical tip deflection of the cantilever unimorph: com-
parison between FE solutions and experimental data.

mesh is illustrated in Figure 4. Open-circuit conditions
are assumed. Figure 5 compares the results of the large-
displacement analysis (performed bymeans ofAceFEM)with
the experimental evidence provided in [17]. Herein, it can
be noted that the vertical tip displacements are normalized
by the beam length 𝐿 while the load 𝐹𝑧 is normalized
by 𝐿2/(𝐸𝐼), where 𝐸𝐼 is the homogenized stiffness coeffi-
cient. This comparison demonstrates a very good agreement
between numerical predictions and experimental outcomes.
The computer program Comsol Multiphysics is also used to
further validate the results obtained with the developed FE
codes. Finally, contour levels of the stress components 𝜎𝑦𝑦
and deformed shape are shown in Figure 6.

4.4. Calibration of the Analytical Model. The second step
of the proposed hybrid computational procedure aims at
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Figure 7: FE-based capacity curve and analytical approximation.

deriving a phenomenological law for the nonlinear stiffness
from the estimated capacity curve. FE analyses allow for
evaluating the total reaction at the device clamped end (𝑅𝑧)
as a function of the tip displacement (𝛿tip). This facilitates
the calibration of the nonlinear spring-type element of the

reduced-order model. Hence, the capacity curve is now
approximated using the analytical Duffing model by means
of the relationship

𝑅𝑧 = 𝜅𝐷𝛿tip + 𝛼𝐷𝛿3tip, (40)
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Figure 8: FE-based capacity curves: parametric analysis.

where 𝜅𝐷 and 𝛼𝐷 characterize the constitutive law of the
nonlinear spring. In the static case, 𝜅𝐷 = 3𝐸𝐼/𝐿3. Figure 7
provides the comparison between the FE analysis and the
approximation obtained by means of the analytical Duffing
model.

4.5. Nonlinear Frequency Response Functions. The influence
of material and geometrical parameters on the nonlinear
frequency response of the device is now investigated. To this
end, four different values of 𝐸PVDF, 𝐸mylar, 𝑇PVDF, and 𝑇mylar
are considered in the nonlinear static analysis. For each case,

the capacity curves are obtained and these global FE solutions
are used in place of experimental curves to identify the values
of the linear and nonlinear lumped parameters.The resulting
nonlinear dynamic equation system in (33) and (34) is solved
in the frequency domain (see the Appendix). In particular,
the frequency response functions (FRFs) of tip displacement
and voltage through a resistance 𝑅𝐿 = 10MΩ are determined
for four values of 𝐸PVDF, 𝐸mylar, 𝑇PVDF, and 𝑇mylar. The
reference values for 𝐸PVDF, 𝐸mylar, 𝑇PVDF, and 𝑇mylar are those
listed in Table 1 and are indicated as 𝐸0PVDF, 𝐸0mylar, 𝑇0PVDF,
and 𝑇0mylar, respectively, throughout this parametric study.
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Figure 9: FRFs of the maximum tip displacement for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝐸PVDF = 𝐸0PVDF, (b)𝐸PVDF = 1.2𝐸0PVDF, (c) 𝐸PVDF = 1.4𝐸0PVDF, and (d) 𝐸PVDF = 1.6𝐸0PVDF.

Figure 8 provides the capacity curves obtained through the
nonlinear FE analyses while Table 2 reports the computed
values of the nonlinear stiffness coefficients 𝛼𝐷 for each
case.

Figures 9 and 10 highlight the role of the piezoelectric
elasticmodulus𝐸PVDF whereas that of the substrate𝐸mylar can
be inferred from Figures 11 and 12.The effects of the thickness
layers are illustrated in Figures 13, 14, 15, and 16. Overall, it
can be observed that the occurrence of geometric stiffening
effects induces a significant variation of the frequency at
which the device exhibits the maximum tip displacement
and output voltage. For instance, as shown in Figure 9
for the original device configuration (case a), the peak
displacement is achieved at 316 rad/s for small deformations
(amplitude of the base excitation equal to or less than 1𝑎𝑔,
with 𝑎𝑔 = 9.8m/s2). For very large deformations (intensity

of the base excitation equal to 10𝑎𝑔), the peak displacement
is achieved at 350 rad/s. In such a case, an increment of
the elastic modulus up to 60% shifts this frequency to
420 rad/s.

5. Validation

5.1. Experimental Layout and Analysis. The proposed
approach is further validated against new experimental
data. The tested piezoelectric energy harvester is shown in
Figure 1(a) (the corresponding data are given in Table 1).
The adopted experimental testing equipment (see Figure 17)
consists of a signal generator (exciter) that provides a
controlled input voltage to the piezoelectric structure and an
analysis system with tools for signal processing and modal
characterization. Modal data (i.e., natural frequencies and
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Figure 10: FRFs of the maximum voltage for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝐸PVDF = 𝐸0PVDF, (b) 𝐸PVDF =
1.2𝐸0PVDF, (c) 𝐸PVDF = 1.4𝐸0PVDF, and (d) 𝐸PVDF = 1.6𝐸0PVDF.

Table 2: Computation of 𝛼𝐷 coefficients [10−6N/mm3].

{𝐸0mylar[%]} → 𝛼𝐷 {𝐸0PVDF[%]} → 𝛼𝐷 {𝑇0mylar[%]} → 𝛼𝐷 {𝑇0PVDF[%]} → 𝛼𝐷{50} → 6.0 {120} → 7.5 {80} → 4.0 {50} → 5.5{100} → 8.5 {100} → 8.5 {100} → 8.5 {100} → 8.5{150} → 8.5 {140} → 8.0 {90} → 5.5 {120} → 6.5{200} → 8.5 {160} → 8.5 {120} → 11.0 {140} → 8.0
damping ratios) are extracted based on the SDOF curve
fitting of the FRF. Experimental modal shapes are derived
considering the receptance matrixH𝑢𝑢(𝜔):

H𝑢𝑢 (𝜔) = (K𝑢𝑢 − 𝜔2M𝑢𝑢 + 𝜄C𝑢𝑢𝜔)−1 . (41)

Here, 𝜄 indicates the imaginary unit. Using the mode super-
position technique, it is possible to express H𝑢𝑢(𝜔) in the
form

H𝑢𝑢 (𝜔) = 𝑛𝑟𝑚∑
𝑟=1

[ Υ𝑟Υ
𝑇
𝑟(𝜔2𝑟 − 𝜔2) + 𝜄 (2𝜁𝑟𝜔𝑟)] , (42)



Shock and Vibration 13

Frequency (rad/s)

Ti
p 

di
sp

la
ce

m
en

t (
m

m
)

16

14

12

10

8

6

4

2

0
150 200 250 300 350 400 450 500

10ag
5ag
2ag

1ag

(a)

Frequency (rad/s)

Ti
p 

di
sp

la
ce

m
en

t (
m

m
)

16

14

12

10

8

6

4

2

0
150 200 250 300 350 400 450 500

10ag
5ag
2ag

1ag

(b)

Frequency (rad/s)

Ti
p 

di
sp

la
ce

m
en

t (
m

m
)

16

14

12

10

8

6

4

2

0
150 200 250 300 350 400 450 500

10ag
5ag
2ag

1ag

(c)

Frequency (rad/s)

Ti
p 

di
sp

la
ce

m
en

t (
m

m
)

16

14

12

10

8

6

4

2

0
150 200 250 300 350 400 450 500

10ag
5ag
2ag

1ag

(d)

Figure 11: FRFs of the maximum tip displacement for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝐸mylar = 𝐸0mylar, (b)𝐸mylar = 0.5𝐸0mylar, (c) 𝐸mylar = 1.5𝐸0mylar, and (d) 𝐸mylar = 2.0𝐸0mylar.

where the SRth element of the matrixH𝑢𝑢 is obtained from
the measured transfer function between points S andR. Υ𝑟
indicates experimental modal shapes.

The frequency response analysis is performed by eval-
uating the out-of-plane displacements of the piezoelectric
cantilevers by a noncontact measurement system. An AC
voltage signal generated by a signal generator embedded into
the vibrometer system has been applied to the cantilever,
thus resulting in the actuation and deflection of the tip. The
cantilever is tested assuming a frequency sweep at a given
voltage in order to measure the peak of the tip deflection.The
measured first resonance frequency and damping ratio are
324 rad/sec and 4%, respectively (see Figure 18). Moreover,
two base acceleration time histories are considered for the
experimental characterization of the device response under
large strains. In particular, the input acceleration values are

measured directly by the LDV system, by focusing the laser
beam on the fixed part of the cantilever. The harmonic
dynamic inputs have amplitude equal to 3.7𝑎𝑔 and 10.5𝑎𝑔
while the frequency is 330 rad/sec. The FFTs of the input
acceleration are provided in Figures 19(a) and 19(b) while the
corresponding FFTs (see Figures 19(c) and 19(d)) and time
histories of the output voltage (see Figures 19(e) and 19(f))
are measured through a resistance 𝑅𝐿 = 1MΩ.
5.2. Comparison between Experimental Data and Numerical
Predictions. The validation of the proposed hybrid compu-
tational strategy is now performed by means of a direct
comparison between the predicted and the measured output
voltage in the time domain. After estimating the value of
the nonlinear term 𝛼 through the comparison between the
reduced-order model and the static solution of (24), (33) and
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Figure 12: FRFs of the maximum voltage for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝐸mylar = 𝐸0mylar, (b) 𝐸mylar =
0.5𝐸0mylar, (c) 𝐸mylar = 1.5𝐸0mylar, and (d) 𝐸mylar = 2.0𝐸0mylar.

(34) are solved using a Runge–Kutta algorithm. Finally, the
numerical time histories of tip displacement and/or velocity
and voltage difference on the resistance 𝑅𝐿 are computed.
Figures 19(e) and 19(f) provide the comparison between
experimental data and predicted values of the voltage dif-
ference in the time domain for an amplitude of the base
acceleration equal to 3.7𝑎𝑔 and 10.5𝑎𝑔. We can observe a
good agreement between experimental evidence and numer-
ical simulations, as confirmed by the results in Table 3.
Consequently (as pointed out in the Appendix), based on
experimental evidence, it is thus confirmed for PVDF EHs
that a harmonic form can be assumed for tip displacement
and output voltage in case of harmonic base acceleration, and
the corresponding amplitudes have a nonlinear dependence
with respect to the frequency of the input signal.

Table 3: Experimental versus numerical results.

Experimental voltage peak [V] Numerical voltage peak [V]
3.7𝑎𝑔 5.2 5.2
10.5𝑎𝑔 10.3 10.1

6. Conclusion

An innovativemultiscale hybrid approach has been proposed
to model accurately the nonlinear dynamic response of
piezoelectric cantilever beams. Once the tip displacements
are obtained as a function of the load increments by means
of static nonlinear FE analyses, linear and nonlinear lumped
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Figure 13: FRFs of the maximum tip displacement for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝑇PVDF = 𝑇0PVDF, (b)𝑇PVDF = 0.5𝑇0PVDF, (c) 𝑇PVDF = 1.2𝑇0PVDF, and (d) 𝑇PVDF = 1.4𝑇0PVDF.

coefficients of the spring element into the analytical Duffing
model are calibrated in such away so as to approximate as best
as possible the reference nonlinear capacity curve. Finally,
the nonlinear dynamic differential equations governing the
response of the piezoelectric cantilever beam can be solved
in order to estimate the frequency response functions of tip
displacement and output voltage. The attractive features of
this computational procedure are twofold. From a numerical
standpoint, the FE analysis is performed to solve a static
problem, which is less time-consuming than a dynamic
problem. Since the nonlinear behavior is reflected into the
reduced-order model adopted for the dynamic analyses,
through the comparison with FE-based capacity curves,
devices with a larger bandwidth and better performances

in the frequency range of interest can be fabricated. The
experimental work was limited to the estimation of damping
and natural frequencies of the device without nonlinear
effects in order to predict the electrical response in the
time domain. A large parametric investigation has been also
performed in order to assess the role of material and geomet-
rical parameters in the nonlinear response of piezoelectric
unimorphs for energy harvesting applications. Final results
have shown that the proposed hybrid approach leads to
satisfactory results while reducing the overall numerical and
experimental efforts. Future work will concern the further
validation of the proposed numerical procedure with the aim
of identifying experimentally the nonlinear coefficients and
the overall FRFs.



16 Shock and Vibration

Frequency (rad/s)

Vo
lta

ge
 (V

)

150 200 250 300 350 400 450 500

40

35

30

25

20

15

10

5

0

1ag
2ag
5ag

10ag,a
10ag,b
10ag,c

(a)

Frequency (rad/s)

Vo
lta

ge
 (V

)

150 200 250 300 350 400 450 500

40

35

30

25

20

15

10

5

0

1ag
2ag
5ag

10ag,a
10ag,b
10ag,c

(b)

Frequency (rad/s)

Vo
lta

ge
 (V

)

150 200 250 300 350 400 450 500

40

35

30

25

20

15

10

5

0

1ag
2ag
5ag

10ag,a

(c)

Frequency (rad/s)

Vo
lta

ge
 (V

)

150 200 250 300 350 400 450 500

40

35

30

25

20

15

10

5

0

1ag
2ag
5ag

10ag,a

(d)

Figure 14: FRFs of the maximum voltage for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝑇PVDF = 𝑇0PVDF, (b) 𝑇PVDF =0.5𝑇0PVDF, (c) 𝑇PVDF = 1.2𝑇0PVDF, and (d) 𝑇PVDF = 1.4𝑇0PVDF.

Appendix

Let us consider (33) and (34) under the hypothesis of
sinusoidal external acceleration acting at the base with
amplitude 𝐹𝑏, frequency 𝜔𝐹, and phase 𝜙𝐹. Moreover, based
on experimental evidence (see Figure 18), let us assume that
the electrical contribution to themechanical equation is small
enough to be neglected. For the single-mode approximation,
(33) and (34) reduce to

̈𝜂 (𝑡) = −2𝜁𝜔 ̇𝜂 (𝑡) − 𝜔2𝜂 (𝑡) − 𝛼𝜂 (𝑡)3
+ 𝐹𝑏 cos (𝜔𝐹𝑡 + 𝜙𝐹) ,

𝐶eq
𝑝 ̇𝜐 + 𝜐𝑅𝐿 + 𝜃 ̇𝜂 = 0.

(A.1)

The solution of the first equation is well established [57]
and it allows correlating the amplitude of the tip oscillation

𝐴 tip with the amplitude of the external acceleration 𝐹𝑏 as a
function of 𝜔 and 𝜔𝐹:

{[(𝜔2 − 𝜔2𝐹)𝐴 tip + 34𝛼𝐴3tip]
2 + [2𝜁𝜔𝐹𝐴 tip]2}1/2

= 𝐹𝑏.
(A.2)

According to [57], provided that the following inequality is
verified:

𝛼𝐴 tip
2

36𝜔𝐹2 ≪ 1, (A.3)

the tip oscillation can be well approximated by a harmonic
signal in the form 𝜂(𝑡) ≈ 𝐴 tip cos(𝜔𝐹𝑡). It is worth stressing
that 𝐴 tip(𝜔𝐹) is a nonlinear function of the input excitation
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Figure 15: FRFs of the maximum tip displacement for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝑇mylar = 𝑇0mylar, (b)𝑇mylar = 0.8𝑇0mylar, (c) 𝑇mylar = 0.9𝑇0mylar, and (d) 𝑇mylar = 1.2𝑇0mylar.

frequency 𝜔𝐹. Therefore, the second equation can be recast
in the form

̇𝜐 + 1𝑅𝐿𝐶eq
𝑝

𝜐 = −𝜃𝐴 tip𝐶eq
𝑝

𝑑𝑑𝑡 [cos (𝜔𝐹𝑡)] . (A.4)

The steady-state solution of (A.4) is given by

𝜐 (𝑡) = Re {𝑉𝑒𝜄𝜔𝐹𝑡} = 𝑉 cos (𝜔𝐹𝑡 + ∠𝑉) , (A.5)

where 𝑉 is a complex quantity expressed as follows:

𝑉 = − 𝜔𝐹𝜃𝐴 tip

𝐶eq
𝑝 [𝜔𝐹2 + 1/ (𝑅𝐿𝐶eq

𝑝 )2] (𝜔𝐹 + 𝜄
1𝑅𝐿𝐶eq
𝑝

) . (A.6)

Therefore, the steady-state amplitude𝐴V of the output voltage
can be computed as

𝐴V (𝜔𝐹) = 𝑉 = 𝜔𝐹𝜃𝐴 tip (𝜔𝐹)
𝐶eq
𝑝
√𝜔2𝐹 + 1/ (𝑅𝐿𝐶eq

𝑝 )2
. (A.7)
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Figure 16: FRFs of the maximum voltage for base acceleration amplitudes ranging from 1𝑎𝑔 to 10𝑎𝑔, where (a) 𝑇mylar = 𝑇0mylar, (b) 𝑇mylar =0.8𝑇0mylar, (c) 𝑇mylar = 0.9𝑇0mylar, and (d) 𝑇mylar = 1.2𝑇0mylar.
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To study the effect of supercapacitor initial terminal voltage on the regenerative and semiactive suspension energy-regeneration and
dynamic performance, firstly, the relationship between supercapacitor terminal voltage and linear motor electromagnetic damping
force and that between supercapacitor terminal voltage and recycled energy by the supercapacitor in one single switching period
were both analyzed. The result shows that the linear motor electromagnetic damping force is irrelevant to the supercapacitor
terminal voltage, and the recycled energy by the supercapacitor reaches the maximum when initial terminal voltage of the
supercapacitor equals output terminal voltage of the linearmotor.Then, performances of systemdynamics and energy-regeneration
were studied as the supercapacitor initial terminal voltage varied in situations of B level and C level road. The result showed that
recycled energy by the supercapacitor increased at first and then decreased while the dynamic performance had no obvious change.
On the basis of previous study, a mode-switching control strategy of supercapacitor for the regenerative and semiactive suspension
system was proposed, and the mode-switching rule was built. According to simulation and experiment results, the system energy-
regeneration efficiency can be increased by utilizing the control strategy without influencing suspension dynamic performance,
which is highly valuable to practical engineering.

1. Introduction

Vibration impact of the vehicle body is converted into ther-
mal energy and then dissipated by dampers, which greatly
reduces utilization of energy generated by the engine [1–4].
Kinetic and potential energy of the vehicle body in vertical
direction can be converted into electrical energy by power
generation devices and then is utilized in the regenerative
suspension system [5–9].

The control and energy storage circuit of the regenerative
suspension system has been designed and researched by
many scholars [10–15]. In researches of Tsinghua Univer-
sity and State University of New York, recycled energy in
the electromagnetic and semiactive suspension was stored
into the battery through a Buck-Boost switching converter,
and the system activation force was adjusted by changing
switching signal of the converter. Chen et al. have researched

into the energy management system of the intelligent sus-
pension [16–18]. A charge-discharge device was utilized in
the research, which transferred the extra energy stored in
the supercapacitor into a battery. However, effects of the
charge-discharge device on energy-regeneration efficiency
and dynamic performance were not analyzed.

A DC DC converter can realize an effective control of
the electromotor winding current, which has been applied to
the regenerative suspension system to control the activation
force, and serves as the path of energy output as well [18–
21]. The effect of a DC DC converter on the suspension
system dynamics and energy-regeneration efficiency, which
had been often neglected, was analyzed in this paper. In
addition, amode-switching control strategy of supercapacitor
for the regenerative and semiactive suspension system was
proposed, which increased energy-regeneration efficiency on
the premise of good suspension dynamic performance.
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2. Analysis of DC_DC Converter
Operation Performance

To realize semiactive control of the system and energy-
regeneration, the resistance of a traditional Boost circuit was
replaced by a supercapacitor. The new topological structure
is shown in Figure 1(a). 𝑢𝑀 is output terminal voltage of the
linear motor which has been rectified by a rectifier.

Components of the circuit are assumed to be ideal;
namely, conduction resistances of the diode and the MOS
pipeline are both zero. The switching period is defined as
[−𝐷𝑇, (1 − 𝐷)𝑇]. 𝑇 is period of the switching signal and 𝐷
is duty ratio of the switching period.

When 𝑡 ∈ [−𝐷𝑇, 0], as is shown in Figure 1(b), the MOS
pipeline𝑄 is conducted, and 𝑢𝑀 is given by KirchhoffVoltage
Law (KVL):

𝑢𝑀 = 𝐿𝑑𝑖1𝑑𝑡 . (1)

From (1), 𝑖1 can be calculated as

𝑖1 = 𝑢𝑀
𝐿 (𝑡 + 𝐷𝑇) + 𝐼0. (2)

𝐼0 is current of the inductor when 𝑡 = −𝐷𝑇, and 𝑖1 is current
of the inductor when 𝑡 ∈ [−𝐷𝑇, 0].

When 𝑡 ∈ [0, (1 − 𝐷)𝑇], the MOS pipeline 𝑄 is cutoff,
and as is shown in Figure 1(c), the inductor 𝐿 and the power
source 𝑢𝑀 both charge the supercapacitor. At this point

𝑢𝑀 + 𝐿𝑑𝑖2𝑑𝑡 = 𝑢0 + 𝑢𝐶,
𝑖2 = 𝐶𝑑𝑢𝐶𝑑𝑡 .

(3)

𝑢0 is initial terminal voltage of the supercapacitor when 𝑡 =
0. 𝑢𝑐 is an increment of the supercapacitor terminal voltage
during the time of [0, (1 − 𝐷)𝑇], and 𝑖2 is current of the
inductor during 𝑡 ∈ [−𝐷𝑇, 0].

It can be calculated from (3) that

𝑢𝐶 = 𝑘1𝑒𝑡/𝜏 + 𝑘2𝑒−𝑡/𝜏 + 𝑢𝑀 − 𝑢0. (4)
Further, from (3), 𝑖2 is given as

𝑖2 = √𝐶𝐿 (𝑘1𝑒
𝑡/𝜏 − 𝑘2𝑒−𝑡/𝜏) . (5)

In (5), 𝜏 = √𝐿𝐶, 𝑘1, and 𝑘2 are undetermined coefficients.

When 𝑡 = 0, 𝑢𝑐 = 0, and 𝑖1 = 𝑖2, thus
𝑘1 = 𝑢0

2 − 𝑢𝑀2 (1 − 𝐷𝑇𝜏 ) + 𝐼02 √
𝐿
𝐶,

𝑘2 = 𝑢0
2 − 𝑢𝑀2 (1 + 𝐷𝑇𝜏 ) − 𝐼02 √

𝐿
𝐶.

(6)

Current in the circuit has a shape of triangular wave; thus
mean value and virtual value of the current are equal. The
mean value, as well as the virtual value, can be given as

𝐼 = 𝐷𝑇𝑢𝑀
2𝐿 + 𝐼0. (7)

The output electromagnetic damping force of the linear
motor is

𝐹 = 𝑘𝑖 ⋅ 𝐼 = 𝑘𝑖𝐷𝑇𝑢𝑀
2𝐿 + 𝑘𝑖𝐼0. (8)

In (8), 𝑘𝑖 is electromagnetic damping coefficient of the linear
motor. It can been seen from (8) that output electromagnetic
damping force of the linear motor, which is irrelevant to
initial terminal voltage of the supercapacitor, is proportional
to duty ratio of the switching signal. Further, it can be inferred
that the initial terminal voltage of the supercapacitor does not
influence the suspension dynamics.

The recycled energy𝑊 in one period is

𝑊 = 1
2𝐶 [(𝑢0 + 𝑢𝑐)

2 − 𝑢20] = 1
2𝐶 (𝑢

2
𝑐 + 2𝑢𝑐𝑢0) . (9)

By derivation of 𝑢0 in (9), it can be seen that𝑊 reaches the
maximum when

𝑢0 = 𝑢𝑀 (𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏)
𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏 − 2 . (10)

𝑊max is given as

𝑊max = 𝑢2𝑀 (𝑒2𝑡/𝜏 − 𝑒−2𝑡/𝜏)
4 (𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏 − 2)2 +

𝑢2𝑀 (𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏)2
𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏 − 2

− 𝑢𝑀 (𝑒
𝑡/𝜏 + 𝑒−𝑡/𝜏)

𝑒𝑡/𝜏 + 𝑒−𝑡/𝜏 − 2 [(𝜆1 + 𝜆2) + 𝜆1𝑒2𝑡/𝜏

+ 𝜆2𝑒−2𝑡/𝜏] + 𝜆21𝑒2𝑡/𝜏 + 𝜆22𝑒−2𝑡/𝜏 + 2𝜆1𝜆2
− 2𝑢𝑀 (𝜆1𝑒𝑡/𝜏 + 𝜆2𝑒−𝑡/𝜏) + 𝑢2𝑀.

(11)
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Table 1: Simulation parameters.

Parameter Unit Parameter
value

Sprung mass𝑚2 kg 317.5
Unsprung mass𝑚1 kg 45.4
Tire stiffness coefficient 𝑘𝑡 N⋅m−1 192000
Spring stiffness coefficient 𝑘 N⋅m−1 22000
Damping coefficient of the original
damper 𝑐0 N⋅s⋅m−1 1500

Back EMF coefficient 𝑘𝑒 V⋅s⋅m−1 62.6
Electromagnetic damping coefficient 𝑘𝑖 N⋅A−1 77.9

In the above equation,

𝜆1 = 𝑢𝑀
2 (1 − 𝐷𝑇𝜏 ) − 𝐼02 √

𝐿
𝐶,

𝜆2 = 𝑢𝑀
2 (1 + 𝐷𝑇𝜏 ) + 𝐼02 √

𝐿
𝐶.

(12)

The selected switching ratio 𝑓 of circuit design is 20KHz
and 𝑡 ≪ 1. Thus, when 𝑢0 ≈ 𝑢𝑚, the recycled energy by
the supercapacitor reaches the maximum in one switching
period. Therefore, the system energy-regeneration efficiency
is highly dependent on the supercapacitor initial terminal
voltage and the DC DC converter characteristics (including
inductance, switching frequency, and capacitance).

3. Simulation Analysis

To analyze the effect of the supercapacitor initial ter-
minal voltage on the suspension dynamics and energy-
regeneration, a hybrid semiactive control strategywas applied
to the vehicle single wheel model. Differential equations of
the system dynamics are given as

𝑚2�̈�2 + 𝑘 (𝑧2 − 𝑧1) + 𝑐0 (�̇�2 − �̇�1) − 𝐹𝑀 = 0,
𝑚1�̈�1 + 𝑘 (𝑧1 − 𝑧2) + 𝑘𝑡 (𝑧1 − 𝑞) + 𝑐0 (�̇�1 − �̇�2) + 𝐹𝑀
= 0,

̇𝑞 (𝑡) = −0.111 [V0𝑞 (𝑡) + 40√𝐺𝑞 (𝑛0) V0𝑤 (𝑡)] .

(13)

In the above equation, 𝑚2 is the sprung mass, 𝑚1 is the
unsprung mass, 𝑞(𝑡) is the road displacement input, 𝑘 is
the spring stiffness, 𝑘𝑡 is the tire stiffness, 𝑐0 is the damping
coefficient of the traditional damper, 𝐹𝑀 is the electromag-
netic damping force of the linear motor, 𝐺𝑞(𝑛0) is the road
roughness coefficient, 𝑤(𝑡) is white Gaussian noise with an
average of zero, and V0 is the vehicle speed.

The simulation situations were a speed of 30/s on the B
level and the C level roads. Simulation parameters are listed
in Table 1 [20].

In the simulation, the supercapacitor pack was composed
by 12 supercapacitors (100 F, 2.5 V). Switching frequency was
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Figure 2:The relationship between recycled energy by the superca-
pacitor and the initial terminal voltage.

20 KHz and duty ratio was 50%. Simulation results are shown
in Figures 2–5.

According to Figure 2, recycled energy by the superca-
pacitor increased rapidly at first and then decreased slowly
as the supercapacitor initial terminal voltage increased, while
the suspension dynamic performance had no obvious change
according to Figures 3–5.Therefore the effect of supercapaci-
tor initial terminal voltage on suspension dynamics could be
neglected.

4. Research into the Mode-Switching Control
Strategy of Supercapacitor

A mode-switching control strategy of supercapacitor for the
regenerative and semiactive suspension systemwas proposed
based on the above simulation results. The control strategy
can increase the energy-regeneration efficiency of the suspen-
sion system without influencing the suspension dynamics.
Switching logic is shown in Figure 6.

When the supercapacitor terminal voltage is greater
than the upper threshold, the charging capacitor turns into
discharging mode and charges the vehicle battery, and when
the supercapacitor terminal voltage is less than the lower
threshold, the discharging capacitor turns into charging
mode and recycles the electromotor vibration energy.

According to the above analysis, the effect of the super-
capacitor terminal voltage on suspension dynamics can be
neglected but has a great influence on energy-regeneration.
For the simulation of B level road, the supercapacitor mode-
switching range was [10V, 20V], while for the simulation of
C level road, the mode-switching range was [15V, 30V].

After utilizing the mode-switching control strategy of
the supercapacitor, simulation results of the system recycled
energy 𝑊, the root-mean-square value of vehicle body
acceleration 𝑎𝑤, the root-mean-square value of suspension
dynamic travel SWSrms, and the root-mean-square value
of tire dynamic load DTLrms are shown in Table 2. (1)
denotes the mean value of the parameter, and (2) denotes
the increased percentage of the parameter after utilizing the
mode-switching strategy.

As is shown in Table 2, the vehicle body acceleration and
the tire dynamic load both had improvement, which were
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Figure 5: The relationship between tire dynamic load and supercapacitor initial terminal voltage.

not very obvious. The suspension dynamic travel got a little
worse, which could be neglected. However, recycled energy
by the supercapacitor greatly increased. Particularly in the
simulation of C level road with a speed of 30m/s, recycled
energy had an increase by 17.8%. Thus, the mode-switching
control strategy has no effect on the dynamic performance
of vehicle body while bringing an apparent optimization to
the energy-regeneration efficiency of the regenerative and
semiactive suspension system.

5. Experiment Research

The output terminal of the linear motor was connected by a
rectifier to the DC Boost converter, which was used to build

Table 2: Simulation results withmode-switching of the supercapac-
itor.

𝑊/J 𝑎𝑤/m⋅s−2 SWSrms/mm DTLrms/N

B-30 (1) 28.24 1.2304 8.495 654.3
(2) 14% −0.02% 0.1% −0.005%

C-30 (1) 112.1 2.4608 16.994 1308.6
(2) 17.8% 0 0.04% −0.003%

the regenerative and semiactive suspension system.Then the
whole equipment was installed to the hydraulic servo and
vibration actuator platform with single channel to conduct
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Figure 7: Experiment schematic diagram.

bench test. Finally, the experiment was conducted. Structure
diagramof the suspension system is shown in Figure 7(a).The
supercapacitor pack consisted of 12 capacitors (2.5 V 100 F)
in series. The switching signal was frequency 20KHz, duty
ratio 50%, low level voltage 0V, and high level voltage 5V.The
inductance was 3.7mH. As is shown in Figure 7(b), control
unit of themode-switching control strategywas dSPACE, into
which the control strategy was loaded based on Matlab and
ControlDesk together. Then, dSPACE output PWM wave to
control the supercapacitor mode-switching circuit.

The effect of supercapacitor terminal voltage on dynamics
and energy-regeneration of the regenerative and semiactive
suspension was analyzed with increasing the initial terminal

voltage gradually. Experimental situations were 30m/s on B
level and C level roads. Experimental results are shown in
Figures 8–11.

According to Figure 8, recycled energy by the supercapac-
itor increased at first and then decreased as the supercapacitor
initial terminal voltage increased. In the experimental situa-
tion of 30m/s on B level road, recycled energy was much less
than that in C level road situation, because output terminal
voltage of the linear motor was much lower, making it very
difficult for the supercapacitor to recycle energy.

According to Figures 9–11, the root-mean-square values
of vehicle body acceleration, suspension dynamic travel, and
tire dynamic load fluctuated randomly as the supercapacitor
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Table 3: Experiment results with mode-switching of the superca-
pacitor.

𝑊/J 𝑎𝑤/m⋅s−2 SWSrms/mm DTLrms/N

B-30 (1) 5.79 1.515 2.639 578.0
(2) 35.9% −0.26% 0.19% −0.22%

C-30 (1) 53.60 2.751 5.166 1560.9
(2) 24.9% 0.11% −1.86% 0.1%

initial terminal voltage increased, but the fluctuations were
small and showed no apparent rule. Instabilities of the test
bench structure and sensors operation, as well as serious
shakes and frictions of the displacement sensor expansion
link, were major reasons of the fluctuations. The fluctuations
on C level road were much larger than that on B level road,
but the fluctuations on C level road were still relatively small.

The mode-switching circuit of the supercapacitor was
applied to the regenerative and semiactive suspension system,
and the influence mechanism of the supercapacitor mode-
switching control strategy on system dynamics and regen-
eration performance was studied with experiments. As is
shown in Figure 7(b), the control unit dSPACE output two
opposite pulse signals (I and II) to two driver chips (IR2101),
respectively. Then both driver chips output two opposite
pulse signals to control the four switching tubes (A–D) and
finally mode-switching of the supercapacitor was realized.

When the maximum and the minimum of the mode-
switching voltage range were much closer to the corre-
sponding supercapacitor terminal voltage at which recycled
energy reached the maximum, the actually recycled energy
would become larger. As for the actual circuit, frequent
mode-switching of the supercapacitor will cause energy
consumption of the circuit, which decreases the energy-
regeneration efficiency. With comprehensive consideration,
the mode-switching ranges of the supercapacitor on B level
road and C level road are [3V, 8V] and [11 V, 23V],
respectively. Experimental results are shown in Table 3. (1)
denotes the mean value of the parameter, and (2) denotes
the increased percentage of the parameter after utilizing the
mode-switching strategy.

The experimental result with mode-switching control
strategy of the supercapacitor was in accordance with the
simulation result. Fluctuation amplitude of dynamic per-
formance increased in experiment compared with that in
simulation, but the increment is less than 2%. And increment
of energy-regeneration efficiency in experiment was always
greater than that in simulation. Therefore, the effect of
supercapacitor mode-switching control strategy on system
dynamics can be neglected but greatly increases energy-
regeneration efficiency of the system, which is highly valuable
to practical engineering.

6. Conclusions

(1)As initial terminal voltage of the supercapacitor increases,
vehicle body acceleration, suspension dynamic travel, and
tire dynamic load have no obvious change while recycled

energy by the supercapacitor increases at first and then
decreases.

(2)The proposed supercapacitor mode-switching control
strategy for the regenerative and semiactive suspension sys-
tem hardly influences the system dynamic performance but
can greatly increases energy-regeneration efficiency of the
system.
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