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Biomedical imaging is critically important for life science
and health care. In this rapidly developing field, mathemat-
ics is one of the most powerful tools for developing image
reconstruction as well as image processing theory and meth-
ods. Many of the innovations in biomedical imaging are fun-
damentally related to the mathematical sciences. With im-
provements of traditional imaging systems and emergence of
novel imaging modalities such as molecular imaging towards
molecular medicine, imaging equations that link measure-
ments to original images become increasingly more com-
plex to reflect the reality upto an ever-improving accuracy.
Mathematics becomes increasingly useful and leads to a new
array of interdisciplinary and challenging research opportu-
nities.The future biomedical imaging will include advanced
mathematical methods as major features.

It is a current trend that more mathematicians become
engaged in biomedical imaging at all levels, from image re-
construction to image processing, and upto image under-
standing and various high-level applications. This special is-
sue addresses the role of mathematics in biomedical imaging.
The themes include theoretical analysis, algorithm design,
system modeling and assessment, as well as various biomed-
ical imaging applications. From 10 submissions, 7 papers are
published in this special issue. Each paper was reviewed by
at least two reviewers and revised according to review com-
ments. The papers cover the following imaging modalities:
X-ray computed tomography (CT), positron emission to-
mography (PET), magnetic resonance imaging (MRI), diffu-
sion tensor imaging (DTI), electrical impedance tomography
(EIT), and elasticity imaging using ultrasound.

The field of X-ray imaging has been expanding rapidly
since Röntgen’s historical discovery in 1895. X-ray CT, as

the first noninvasive tomographic method, has revolution-
ized imaging technologies in general, which was also the first
successful application of mathematics in biomedical imag-
ing. The mathematics is the theory of Radon transform in-
vented by Radon in 1917. Further research may rejuvenate
this classic topic to meet modern imaging challenges such as
scattering effects. In Truong et al.’s paper, the authors pre-
sented two further generalizations of the Radon transform,
namely, two classes of conical Radon transforms which origi-
nate from imaging processes using Compton scattered radia-
tion. The first class, called C1-conical Radon transform, is re-
lated to an imaging principle with a collimated gamma cam-
era whereas the second class, called C2-conical Radon trans-
form, contains a special subclass which models the Compton
camera imaging process. They demonstrated that the inver-
sion of C2-conical Radon transform can be achieved under a
special condition.

PET is currently a major imaging modality for clinical
diagnostics and pharmacological research. The expectation
maximization (EM) algorithm has been used in PET for
years. In Chan et al.’s paper, the authors propose to com-
bine the level set method with the EM algorithm for PET. The
level set method, which was originally developed for captur-
ing moving interfaces in multiphase physics, is used here to
capture geometric information, for example, the anatomical
structure. If another type of information is available, for ex-
ample, CT or MRI images, it can be used as prior knowledge
and can be incorporated into the formulation. The idea of
combining geometric information with statistic methods is
quite interesting and promising.

In Mueller-Bierl et al.’s paper, the authors investigated
the magnetic field distribution and signal decay of high field
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strength functional MRI imaging. The static dipole model
has been extended to a dynamic model to describe the sam-
pling of phases of the individual protons moving in the in-
homogeneous magnetic field. The dynamic Brownian mo-
tion process is implemented using a Monte Carlo method
with different step parameters. Various factors for signal de-
cay and artifacts formation are investigated. Results from dif-
ferent methods were compared.

Earlier work on total variation (TV) regularization for
color (vector valued) images is naturally extended to DTI,
which is composed of a symmetric positive definite (SPD)
matrix at each pixel. In the last decade, a new magnetic res-
onance modality, DTI, has caught a lot of interest. DTI can
reveal anatomical structure information. In this special issue,
there are two papers on this imaging technique. In Chris-
tiansen et al.’s paper, this type of tensor-valued images is
denoised using TV regularization. Recently, partial differen-
tial equation- (PDE-) based image processing methods have
been very successful in many applications due to its intrin-
sic geometric nature. TV regularization, which can effec-
tively remove noise while keeping sharp features, is one of
the most important techniques for PDE-based image pro-
cessing methods. Although TV regularization is very natural
for scalar (gray) images, there is no easy and natural way to
extend to vector values (color) images. This paper proposes
to use TV regularization to denoise DTI based on previous
work on generalizing TV to vector value images. To maintain
the SPD structure of the tensor, the authors propose to work
on the LU factorization of the tensor rather than on the ten-
sor itself. The results demonstrated the expected strength of
TV regularization. Another paper on DTI is by Duan. The
author proposes a semi-automatic thalamus and thalamus
nuclei segmentation algorithm based on the mean-shift al-
gorithm. The main advantages of the proposed method over
methods based on K-means are its flexibility and adaptivity,
since assumptions of Gaussian or a fixed number of clusters
are not needed.

The EIT and elasticity imaging in the following two con-
tributions are inverse problems of partial differential equa-
tions. In EIT, electric currents are applied to the boundary of
an object and the induced surface voltages are measured. The
measured voltage data are then used to reconstruct the inter-
nal conductivity distribution of the object. In Azzouz et al.’s
paper, the authors establish two reconstruction methods for
a new planar electrical impedance tomography device. This
prototype allows noninvasive medical imaging techniques if
only one side of a patient is accessible for electric measure-
ments. The two reconstruction methods have different prop-
erties: one is a linearization-type method that allows quan-
titative reconstructions; and the other one, that is, the fac-
torization method, is a qualitative one, and it is designed
to detect anomalies within the body. Numerical results are
also presented. In elasticity imaging, tissue motion in re-
sponse to mechanical excitation is measured using modern
imaging systems, and the estimated displacements are then
used to reconstruct the spatial distribution of Young’s mod-
ulus. In Aglyamov et al.’s paper, the authors propose a novel
reconstruction technique for elastic properties of biologi-
cal tissues from compressional ultrasound elastography. The

technique assumes spherical or cylindrical symmetry so that
strain equations can be simplified. The reconstruction is con-
ducted with inverse problem computations for partial differ-
ential equations. The proposed method is applied to image
liver hemangioma (spherical symmetry) and rat DVT (cylin-
drical symmetry). The reconstruction results are compared
with traditional elastography images. This paper offers some
interesting thoughts especially for some special clinical cases
where elasticity properties are spherical symmetric.

These papers represent an exciting, insightful observa-
tion into the state of the art, as well as emerging future topics
in this important interdisciplinary field. We hope that this
special issue would attract a major attention of the peers.
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The cone beam transform of a tensor field of order m in n ≥ 2 dimensions is considered. We prove that the image of a tensor
field under this transform is related to a derivative of the n-dimensional Radon transform applied to a projection of the tensor
field. Actually the relation we show reduces for m = 0 and n = 3 to the well-known formula of Grangeat. In that sense, the
paper contains a generalization of Grangeat’s formula to arbitrary tensor fields in any dimension. We further briefly explain the
importance of that formula for the problem of tensor field tomography. Unfortunately, for m > 0, an inversion method cannot
be derived immediately. Thus, we point out the possibility to calculate reconstruction kernels for the cone beam transform using
Grangeat’s formula.
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1. INTRODUCTION

The cone beam transform for a symmetric covariant tensor
field f of order m reads as

Df(a,ω) =
∫∞

0

〈
f(a + tω),ωm

〉
dt, (1)

where a is the source of an X-ray, ω ∈ Sn−1 is a direction, and
ωm denotes the m-fold tensor product ωm = ω ⊗ · · · ⊗ ω.
If m = 0, this is the classical X-ray transform of functions
which represents the mathematical model for the cone beam
geometry in computerized tomography. For m = 1, the op-
erator D is the longitudinal X-ray transform of vector fields.
A lot of numerical algorithms have been developed in recent
years to solve the inverse problem Df = g in case m = 0 and
m = 1; see, for example, Louis [1], Katsevich [2], Schuster
[3], Derevtsov and Kashina [4], Sparr et al. [5] among oth-
ers. But also for tensor fields of orderm > 1, this transform is
of interest in various applications such as photoelasticity and
plasma physics. Solution approaches for the tensor tomogra-
phy problem are found in Derevtsov [6], and Kazantsev and
Bukhgeim [7]. A further important transform in computer-

This paper is devoted to Gunter Gentes (1943–2006).

ized tomography is given by the Radon transform

R f (s,ω) =
∫
ω⊥

f (sω + y)dy, s ∈ R, (2)

which maps a scalar function to its integrals over hyper-
planes.

An important connection between D and R is given by
the formula of Grangeat:

∂

∂s
R f
(
ω, s = 〈a,ω〉) = −

∫
S2

D f (a, θ)δ′
(〈θ,ω〉)dθ, (3)

which is valid for differentiable scalar fields f with compact
support; see Grangeat [8]. In this paper, we prove a general-
ization of Grangeat’s formula to arbitrary tensor fields. More
explicitly, we show that

∂(n−2)

∂s(n−2)
R fa

(
ω, s = 〈a,ω〉)

= (−1)(n−2)
∫
Sn−1

Df(a, θ)δ(n−2)(〈θ,ω〉)dθ,

(4)

where δ is Dirac’s delta distribution and fa are projections of
the tensor field f .

In Section 2, we prove that D is a bounded linear map-
ping between suitable L2-spaces and give a representation for
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its adjoint D∗. In Section 3, we prove formula (4) using a du-
ality argument for D and R. We finish this paper by pointing
out the importance of this result for research in the area of
tensor field tomography.

2. THE CONE BEAM TRANSFORM OF TENSOR FIELDS

We consider the Euclidean space Rn. A covariant tensor of
order m in Rn is given by

f = fi1···imdx
i1 ⊗ · · · ⊗ dxim , x ∈ Rn, (5)

where fi1···im ∈ R, 1 ≤ i j ≤ n for j = 1, . . . ,m and dxi,
i = 1, . . . ,n, is the basis of covectors in (Rn)∗,

dxi(v) = vi, i = 1, . . . ,n, v ∈ Rn. (6)

As in (5), we use Einstein’s summation convention through-
out the paper, that means we sum up over equal indices. A
tensor (5) of order m is symmetric if

fiσ(1)···iσ(m) = fi1···im , (7)

where σ runs over all m! permutations of {1, . . . ,m}. The set
of all symmetric tensors of orderm is denoted by Sm. A scalar
product on Sm is given by

〈f , g〉 = fi1···img
i1···im , f , g ∈ Sm, (8)

where gi1···im are the contravariant components of the tensor
g. We write ‖f‖ = √〈f , f〉 for the norm on Sm. If m = 1, this
is the Euclidean norm. A symmetric covariant tensor field of
order m in Rn maps a point x ∈ Rn to an element of Sm,

x −→ f(x) = fi1···im(x)dxi1 ⊗ · · · ⊗ dxim , x ∈ Rn, (9)

where fi1···im(x) ∈ Sm for fixed x.
Let further Ωn = {x ∈ Rn : |x| < 1} be the open unit

ball in Rn. We introduce an inner product for tensor fields
defined on Ωn by

〈f , g〉L2 =
∫
Ωn

〈
f(x), g(x)

〉
dx =

∫
Ωn

fi1···im(x)gi1···im(x)dx,

(10)

which turns L2(Ωn, Sm) := {f ∈ Sm : ‖f‖L2 = 〈f , f〉1/2
L2 < ∞}

to a Hilbert space. Assume that Γ ⊂ (Rn\Ωn) is the path rep-
resenting the curve of sources of the X-ray beams. Examples
for Γ which are used in practice are a circle, two perpendicu-
lar circles, or a helix. The cone beam transform of a symmet-
ric tensor field f of order m is then defined by

Df(a,ω) =
∫∞

0

〈
f(a + tω),ωm

〉
dt

=
∫∞

0
fi1···im(a + tω)ωi1 · · ·ωimdt,

(11)

where ω ∈ Sn−1 = ∂Ωn is the direction and a ∈ Γ the source
of the beam and ωm = ω ⊗ · · · ⊗ ω means the m-fold ten-
sor product of ω. As an arrangement, we extend f(x) = 0 in
Rn\Ωn. Hence, integrals like (11) are well defined. Finally, we
denote Daf(ω) := Df(a,ω). We note that D coincides with
the longitudinal ray transform in the book of Sharafutdinov
[9]. The operators D and Da are linear and bounded between
L2-spaces.

Theorem 1. Let a ∈ Γ. The mappings Da : L2(Ωn, Sm) →
L2(Sn−1) and D : L2(Ωn, Sm) → L2(Γ × Sn−1) are linear and
bounded if

∫
Γ

(|a| − 1
)1−n

da <∞. (12)

Proof. For f ∈ L2(Ωn, Sm) and a ∈ Γ, we have

∫
Sn−1

∣∣Daf(ω)
∣∣2

dω =
∫
Sn−1

∣∣∣∣
∫∞

0

〈
f(a + tω),ωm

〉
dt
∣∣∣∣

2

dω

≤ 2
∫
Sn−1

∫∞
0

∥∥f(a + tω)
∥∥2

dt dω

= 2
∫
Ωn

∥∥f(x)
∥∥2|x − a|1−ndx

≤ 2
(|a| − 1

)1−n‖f‖2
L2 ,

(13)

where we used the substitution x = a + tω and the fact that
f(x) = 0 in Rn\Ωn. This shows the continuity of Da. The
continuity of D follows then by using Df(a,ω) = Daf(ω) and
∫
Γ

∫
Sn−1

∣∣Df(a,ω)
∣∣2

dω da ≤ 2‖f‖2
L2

∫
Γ

(|a| − 1
)1−n

da.

(14)

Theorem 1 implies that Da and D have bounded adjoints
D∗
a and D∗.

Lemma 1. The adjoints D∗
a : L2(Sn−1) → L2(Ωn, Sm) and

D∗ : L2(Γ × Sn−1) → L2(Ωn, Sm) have the following repre-
sentations:

D∗
a g(x) = |x − a|1−n−mg

(
x − a
|x − a|

)
(x − a)m, (15)

D∗g(x) =
∫
Γ

{
|x − a|1−n−mg

(
x − a
|x − a|

)
(x − a)m

}
da.

(16)

In (15), (16), the power m again is to be understood as the m-
fold tensor product

(x − a)m = (x − a)⊗ · · · ⊗ (x − a). (17)

Proof. Let f ∈ L2(Ωn, Sm), g ∈ L2(Sn−1). Then
∫
Sn−1

Daf(ω)g(ω)dω

=
∫
Sn−1

∫∞
0
fi1···im(a + tω)ωi1 · · ·ωimg(ω)dt dω

=
∫
Ωn
|x − a|1−n fi1···im(x)

(x − a)i1 · · · (x − a)im

|x − a|m

× g
(
x − a
|x − a|

)
dx

= 〈f , D∗
a g
〉
L2 .

(18)

Here, again we substituted x = a + tω. This shows the rep-
resentation of D∗

a . Equation (16) follows easily from (15) by
an integration over Γ.
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For m = 0, n = 3, D∗ is the backprojection operator in
classical 3D cone beam tomography. If m = 1, n = 3, we
obtain the adjoint of the cone beam transform in vector field
tomography

D∗g(x) =
∫
Γ
|x − a|−3g

(
a,

x − a
|x − a|

)
(x − a)da. (19)

Remark 1. Note that the integrals (12) and (16) are well de-
fined since Γ has a positive distance from Ωn.

To prove formula (4), we will also need the adjoint of
the Radon transform. The following lemma summarizes ba-
sic results of the Radon transform (2) which can be found,
for example, in the book of Natterer [10].

Lemma 2. The transforms R : L2(Ωn) → L2([−1, 1] × Sn−1)
and Rω : L2(Ωn) → L2([−1, 1]) where Rω f (s) = R f (s,ω) are
linear and continuous with bounded adjoints R∗ : L2([−1, 1]×
Sn−1) → L2(Ωn) and R∗ω : L2([−1, 1]) → L2(Ωn) represented
by

R∗ωg(x) = g
(〈x,ω〉),

R∗g(x) =
∫
Sn−1

g
(〈x,ω〉,ω)dω. (20)

3. A CONNECTION BETWEEN RADON AND
CONE BEAM TRANSFORM

The proof of (4) essentially relies on the duality of the pairs
(Rω, R∗ω), (Da, D∗

a ) on the one side and the fact that δ(k),
where δ denotes Dirac’s delta distribution, is homogeneous
of degree −k− 1 on the other side. To see the latter property,
we take φ ∈ C∞

0 (R), λ > 0 and compute

∫
R
φ(s)δ(k)(λs)ds

= λ−1
∫
R
φ
(
λ−1s

)
δ(k)(s)ds

= λ−1(−1)k
∂k

∂sk
{
φ
(
λ−1s

)}
|s=0
= λ−k−1(−1)kφ(k)(0)

=
∫
R
φ(s)λ−k−1δ(k)(s)ds.

(21)

For a tensor field f ∈ L2(Ωn, Sm) and a ∈ Γ, we further-
more define

fa(x) = 〈f(x), |x − a|−m(x − a)m
〉

= fi1···im(x)|x − a|−m(x − a)i1 · · · (x − a)im ,

1 ≤ i j ≤ n, j = 1, . . . ,m.

(22)

Using the Cauchy-Schwartz inequality, we easily get

∫
Ωn

∣∣ fa(x)
∣∣2

dx ≤
∫
Ωn

∥∥f(x)
∥∥2

dx. (23)

Thus, fa ∈ L2(Ωn), when f ∈ L2(Ωn, Sm).
We are now able to state the main result of this paper.

Theorem 2. Let n ≥ 2 and f ∈ C(n−2)
0 (Ωn, Sm). Then

∂(n−2)

∂s(n−2)
R fa

(
ω, s = 〈a,ω〉)

= (−1)(n−2)
∫
Sn−1

Df(a, θ)δ(n−2)(〈ω, θ〉)dθ,
(24)

where a ∈ Γ, ω ∈ Sn−1.

Proof. We follow the proof of Grangeat’s classical formula as
outlined in Natterer and Wübbeling [11, Section 2.3]. For
ψ ∈ L2([−1, +1]), we have from lemma 2 that

∫ +1

−1
Rω fa(s)ψ(s)ds

=
∫
Ωn

fa(x)ψ
(〈x,ω〉)dx

=
∫
Ωn

〈
f(x), |x − a|−m(x − a)m

〉
ψ
(〈x,ω〉)dx.

(25)

Using (15), we obtain in the same way for h ∈ L2(Sn−1),
∫
Sn−1

Daf(θ)h(θ)dθ

=
∫
Ωn

〈
f(x), |x − a|1−n−m(x − a)m

〉
h
(
x − a
|x − a|

)
dx.

(26)

Assertion (24) is then proved when setting h(θ) = δ(n−2)(〈θ,
ω〉), ψ(s) = δ(n−2)(s − 〈a,ω〉) and taking into account that
δ(n−2) is homogeneous of degree 1− n.

Remark 2. Obviously, δ(n−2) is not in L2([−1, +1]). But since
δ(n−2) ∈ (C(n−2)([−1, +1]))′ and the cone beam transform
Df(a, y) can be extended homogeneously to Rn with respect
to the second variable for any m according to m = 1 (see
[11, Section 2.3]), the integrals in the proof of Theorem 2 are
well defined by the smoothness requirement for f . The ex-
pression on the right-hand side of (24) is to be understood
as

(−1)(n−2)
∫
Sn−1

Df(a, θ)δ(n−2)(〈ω, θ〉)dθ
=
∫
Sn−1∩ω⊥

〈
d(n−2)Df(a, y = θ),ω(n−2)〉dθ,

(27)

where dm = d ⊗ · · · ⊗ d means the m-fold inner derivative
with respect to the second variable in Df(a, y). We have that
d1 = ∇ is the gradient, d2 is the Hessian.

If n = 3, m = 0, (24) is just the classical formula of
Grangeat (3). For m = 1, we get an extension of Grangeat’s
formula to vector fields, where

fa(x) = 〈f(x), |x − a|−1(x − a)
〉
. (28)

The benefits of formula (24) can barely be anticipated.
Let us consider the scalar case, that is, m = 0. If there exists
to each s ∈ [−1, 1] a source point a ∈ Γ such that 〈a,ω〉 = s,
then the derivative ∂(n−2)

s R f (ω, s) can be obtained for arbi-
trary ω ∈ Sn−1, s ∈ [−1, 1] by integrating a corresponding
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derivative of the data D f (a, θ) over the manifold Sn−1 ∩ ω⊥.
This condition is well known as Tuy’s condition (see, e.g.,
[10, Section VI.5]) and means that every hyperplane pass-
ing through Ωn has to intersect the source curve Γ in at least
one point. The situation changes decisively for m > 0 since
the projections fa depend on the source point a. Even if we
found to every s a source a satisfying 〈a,ω〉 = s, this would
not help since the object function fa of R changes with a.
Thus applying formula (24) would give us R fa(ω, s) for a sin-
gle s, namely, s = 〈a,ω〉. Tuy’s condition is not sufficient for
m > 0. Moreover, we have to take into account that there is a
nontrivial null space for m > 0 anyway. To see this, we note
that Df = 0 if f is a potential field, that means f = dp for
p ∈ H1

0 (Ωn, Sm−1). We refer to the book of Sharafutdinov
[9] for a characterization of the null space of D. Denisjuk
[12] suggested a generalization of Tuy’s condition for higher
order tensor fields. He obtained similar formulas as (24) and
showed that every plane through Ωn has to intersect Γ at least
m− 1 times.

If it is possible to compute fa with the help of formula
(24), the curve Γ additionally has to satisfy the requirement
that f(x) can be computed from the projections

〈
f(x), |x − a|−m(x − a)m

〉
. (29)

This is possible, if the curve Γ fulfills the condition, that
for each x ∈ Ωn there exist dim(Sm) = nm source points
a1, . . . , anm such that the tensors |x − ai|−m(x − ai)m are lin-
early independent for fixed x and 1 ≤ i ≤ nm. The tensor
field f(x) can then be recovered from the projections (29).
In case of three-dimensional vector fields (n = 3, m = 1),
we need three linearly independent vectors x − ai to each
x. Hence, this condition is not fulfilled when, for example,
Γ = {a ∈ R3 : |a− a0| = r, a3 = 0} is a single circle since we
find no such vectors for x in {|x − a0| < 1, x3 = 0}.

Formula (24) could be used to calculate reconstruction
kernels for D, that is we could try to solve

D∗ν
γ
i1···im(x) = E

γ
i1···im(x, ·) (30)

using that relation to the Radon transform, where E
γ
i1···im(x,

y) ≈ δ(x − y)dxi1 ⊗ · · · ⊗ dxim for small γ > 0 is an approx-
imation to the delta distribution. Reconstruction kernels are
necessary to cope the problem of tensor tomography with the
method of approximate inverse; see, for example, Louis [13],
Schuster [3], Rieder and Schuster [14]. It is clear that

Df(a,ω)ω + α1
(
a,ω,ω1

)
ω1 + α2

(
a,ω,ω2

)
ω2

=
∫∞

0
f(a + tω)dt

(31)

for certain coefficients α1, α2, where {ω,ω1,ω2} forms an or-
thonormal basis of R3. Unfortunately, α1, α2, are unknown.
An idea to apply the method of approximate inverse to D
might be to approximate

Df(a,ω)ω ≈
∫∞

0
f(a + tω)dt, (32)

and to use methods for 3D cone beam CT to solve the prob-
lem. If νγ(x) denotes a reconstruction kernel for D in case

m = 0, then ν
γ
i (x) := νγ(x) · ei represents a reconstruc-

tion kernel for the right-hand side of (32). This approach
is subject of current research. Hence, relation (24) might be
of large interest in the area of tensor tomography problems.
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1. INTRODUCTION

During the last fifty years, progress in imaging systems using
penetrating radiation for biomedical purposes has brought
about new topics in mathematics and fueled intense research
activities with far reaching results. The mathematics of imag-
ing science has evolved to a full fledged discipline [1]. Trans-
mission computer assisted tomography (CAT-scanning) is
based on an integral transform in two dimensions discovered
in the sixties by Cormack [2–4], who did not realize that J.
Radon had already introduced and studied it in his seminal
paper [5] in 1917. Subsequently, in an effort to reconstruct
directly in three dimensions an object without having to as-
semble its two-dimensional sections, one is led to consider
the so-called X-ray transform or cone beam transform. This
transform is an off-spring of the Radon transform and maps
a function inR3 to its (straight) line integrals inR3. One way
to reconstruct an object is to convert the line data into planar
data in R3 using the Grangeat technique [6]. Then applica-
tion of the inversion formula of the three-dimensional Radon
transform [7] yields the answer. A further generalization of
the Radon transform in emission imaging, called the atten-
uated X-ray transform, accounts for the radiation loss in the

traversed medium. The problem of its inversion has been a
mathematical challenge for decades and has been solved only
in 2001 [8], thanks to complex analysis methods applied to
the stationary photon transport problem [9]. The success of
this branch of mathematics, coined by Gelfand as integral ge-
ometry, goes far beyond the imaging science scope as it has
brought significant progress in group representation theory,
partial differential equations, boundary value problems, and
so forth [7].

The standard Radon transform and its variants are re-
lated to a process of data collection in an interaction free
propagation of radiation through matter, possibly affected by
attenuation. Thus, radiation energy is not altered from emis-
sion to detection. However, a sizable part of traveling radia-
tion does suffer an interaction with matter through Comp-
ton scattering [10]. Generally as the data quality is lowered,
Compton scattering effects have been treated as noise and
must be eliminated. So far, in most image processing meth-
ods, the aim is to deal away with it, for example, by fil-
tering or by geometric rejection using an antiscatter grid
of miniature lead septa. In conventional projection imag-
ing, most of the radiation have been scattered in the patient
body, the scatter-to-primary ratio can be as high as 10 [10].
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But throwing out all the scattered radiation may not be a
smart move since this also means a loss of sensitivity and cer-
tainly a loss of valuable information.

This is why we have recently advocated the use of scat-
tered radiation to improve quality in image processing [11]
as well as to construct new imaging principles [12]. This pro-
posal generalizes the concept of a Compton camera, pro-
posed by several workers some thirty years ago [13–15], in
which the idea of electronic collimation is implemented.
When radiation is detected at a lower energy than the orig-
inally emitted energy, there must be at least one Compton
scattering occurring along its propagation path. But the vast
majority of scattered radiation is due to mainly single scat-
tering events [16]. To an emerging ray detected at a definite
energy there corresponds an ensemble of incoming rays dis-
tributed on a circular cone of definite opening angle. The
measured data consisting of collected emerging radiation at
some detection point is viewed as the integral contribution
of a source function on specific circular cones; it may be also
called a conical projection of the source. The name of conical
Radon transform is attributed to such integral transform and
is added to the list of already known Radon transforms on ge-
ometric manifolds inR3: paraboloids [17], spheres [18], spe-
cial surfaces [19], second-order surfaces [20], and so forth.
Other proposals for use of scattered radiation in X-ray imag-
ing which do not rely on conical projections have been made
independently by [21].

Thus, the main topic addressed here is the mathematical
framework defining the working principles of a new imag-
ing technique. To keep the discussion transparent, we have
adopted an ideal working assumption whereby attenuation
is not taken into account. A well-known difficulty is that the
nonuniform attenuation along the radiation path leads to
tremendous mathematical complication. For a given projec-
tion, attenuation correction factors in SPECT rarely exceed
10 in virtually all clinical imaging situations [22]. An exact
solution is beyond the scope of the present study. It should
be pointed out that, in the case of the attenuated X-ray trans-
form in emission imaging, a comprehensive analytic solu-
tion has been attained only recently [9]. Therefore, in prac-
tical situations standard corrections for photon attenuation
should be envisaged.

In conventional emission imaging, the data collected for
object reconstruction is formed by linear projections (cone
beam projections) of unscattered radiation filtered by an en-
ergy acquisition window which has already discarded from
70% to 80% of the incident photon flux. Moreover, among
the retained some have suffered scattering in the collimator
and hence must be discarded. It has been reported that col-
limator scatter increases as the energy of the photopeak of
interest increases from a low of 1.9% for Tc-99 m (141 keV)
to a high of 29.4% for I-131 (364 keV) with the usual high-
energy collimator. The penetration percentage also goes up
with energy. Therefore, correction for photons that penetrate
through, or scatter in, collimator septa is hardly important at
all for Tc-99 m tracers [23].

In the proposed imaging technique, data for reconstruc-
tion are provided by the so-called conical projections, which

gather radiation from point sources lying on large surfaces
inside the emitting object. Although contamination of the
scatter component by multiple scatter events may be as high
as 30% of the total scatter according to Monte Carlo investi-
gations [16, 24], we believe that the signal of single scattered
radiation is largely sufficient to make the new imaging prin-
ciples work, in particular when advanced semiconductor-
based detectors with better energy and spatial resolution and
sensitivity will become available. These interesting issues will
be explored in future work.

In this paper, we present a unified treatment of coni-
cal Radon transforms relevant in emission imaging by scat-
tered radiation. In fact, we will be concerned with two classes
of conical Radon transforms originating from image forma-
tion by Compton scattered radiation on a gamma camera
with and without collimator. The first class of conical Radon
transform uses circular cone sheets with fixed axis direction
(C1-cones) whereas the second class deals with circular cone
sheets with axis swinging around a point (C2-cones). Note
that if this point goes to infinity in a given spatial direction,
then the C2-cone goes over the C1-cone. In each case, we will
start by showing how the image formation process leads to
an integral transform and how this transform is related to
the conical Radon transforms. Each conical transform will
be introduced and its relevant properties for imaging pur-
poses, in particular their invertibility, discussed. Conclusions
and perspectives are given in the last section.

2. NOTATIONS

Let f be a real nonnegative integrable, smooth, with com-
pact support function on R3. The same function in cylindri-
cal (spherical) coordinates is noted f(f).

The definitions of various transforms of f (x, y, z) are as
follows:

(i) ̂fi: Conical Ci-Radon transform of f , i = 1, 2;
(ii) Fj : j-dimensional Fourier transform of f , j = 1, 2, 3.

Special functions [25] are as follows:

(i) Y(x): Heaviside unit step function;
(ii) jl(kr): spherical Bessel function of order l and variable

(kr);
(iii) Pl(cos θ): Legendre polynomial of order l and of vari-

able cos θ;
(iv) Yl,m(Ωk): spherical harmonic (l,m) with argument Ωk,

solid angle in the direction of the unit vector k.

3. WORK SETTING

In this article, we consider the emission imaging problem,
that is, the problem of reconstructing in R3 a gamma-ray
radiating object from its Compton scattered radiation data.
This object is described by its activity volume density func-
tion f . Detection of scattered radiation is performed by a
gamma camera in two instances: with or without collimator.
The recorded data consists of the coordinates of the detection
site, the surface flux density of photons at this site (pixel), and
the value of their energy (list mode). Between the radiating
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Figure 1: Two imaging modalities using scattered radiation with and without collimation.

object and the detector stands a scattering medium: it may
be a volume or a layer as illustrated by Figure 1. Note that the
object itself may also be a scattering medium, and for pho-
ton energies above 25 keV, over 50% of the interactions in
biological tissues are scatterings [26]. Higher-order scatter-
ing events (of much lower probability of occurrence) will be
the object in future studies.

3.1. Compton scattering

As Compton scattering plays a key role, we will recall some
of its properties. The Compton effect discovered in 1923 [27]
had served to confirm the particle (photon) nature of radi-
ation, as proposed by A Einstein. Thus, energetic radiation
under the form of X- or gamma-rays behave like particles
and scatter with electrically charged particles in matter. In
biomedical domains, X- or gamma-photons scatter electrons
in the biological media they traverse. This scattering process
has cylindrical symmetry around the direction of the incom-
ing photon and the energy of the outgoing photon is given
by the Compton formula [28]

E = E0
1

1 + ε(1− cosω)
, (1)

where ω is the scattering angle as measured from the incident
photon direction, E0, the photon initial energy, ε = E0/mc2,
and mc2 the rest energy of the electron. Equation (1) shows
that single-scattered photons have a continuous energy spec-
trum in the range E0/(1 + 2ε) ≤ E ≤ E0.

Thus an emerging photon with an energy E in a direction
of unit vector n may originate from an incoming photon of
energy E0 emitted from a site on a sheet of a circular cone of
axis direction n and an opening angle ω.

3.2. Compton differential cross-section

At a scattering site M, the number of particles d2Nsc scattered
in a solid angle dΩsc along a direction making an angle ω
with the incident direction follows from the definition of the

differential scattering cross-section (see Figure 2)

dσC
dΩ

, (2)

when the following quantities are given:

(a) φin, the incident photon flux density,
(b) ne(M)dM, the number of scatterers (electrons) around

the scattering site M with volume dM.

We have

d2Nsc = φinne(M)dM
(

dσC
dΩ

)

dΩsc. (3)

The Compton differential cross-section has been computed
in 1929 by Klein and Nishina [29]. It appears as the product
of the area of a disk of radius re, the classical radius of the
electron, and a probability factor P(ω), that is,

(

dσC
dΩ

)

= (πr2
e

)

P(ω), (4)

where re = 2.82× 10−15 m and

P(ω)= 1
2π

1
[

1 + ε(1−cosω)
]2

(

1+cos2 ω +

(

1−cos2 ω
)

1+ε(1−cosω)

)

.

(5)

Thus, we see that, for a given incident energy, the angular
distribution of scattered photons is no longer isotropic [28].

Hence, the final form of this number of scattered photons
in the direction given by the angle ω is

d2Nsc = φinne(M)dMr2
e P(ω)dΩsc, (6)

this number is basic to the image formation by scattered ra-
diation.

3.3. Conical projections

In standard computer assisted tomography (CAT), the data
is gathered under the form of line projections or integrals
of a function (attenuation or activity) along straight lines.
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Figure 2: Compton scattering differential cross-section.
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Figure 3: Illustration of linear and conical projections.

Here following the scattering mechanism, the data would ap-
pear as conical projections or integrals of a function f on a
circular cone sheets. The integration is carried out with the
Lebesgue measure of the cone in a chosen coordinate system.
The result is a function of

(i) the coordinates of the cone vertex,
(ii) the parameters of the unit vector of the cone axis,

(iii) the opening angle of the cone, that is, ω the scattering
angle.

Figure 3 displays the representations of line projection
and conical projection. In the text we will have two types of
conical projections corresponding to the two cases of image
formation mentioned earlier. The question is now how to use
the conical projections to reconstruct the source function f .
We will treat the two cases separately in the coming sections.

4. THE C1-CONICAL RADON TRANSFORM

In this section, we consider the possibility of imaging a three-
dimensional object by collecting data on its scattered radi-
ation on a gamma camera equipped with a collimator and
show how the C1-conical Radon transform arises. Figure 1
shows the experimental arrangement with the location of the
radiating object, the scattering medium, and the collimated
gamma camera.

4.1. Image formation in gamma imaging
by scattered radiation

To concentrate on the scattered imaging principle, we make
some simplifying assumptions [12, 30]:

(1) absence of attenuation for the propagating radiation,
(2) constant density of the electrons ne in the scattering

medium,
(3) isotropic emission from original radioisotopes in ob-

ject.

To compute the photon flux density at a detection site
(pixel) D on the collimated camera we start from (6). Radia-
tion is emitted at point source S, will propagate to scattering
site M and reach detection site D.

The incoming photon flux density φin on scattering site
M is now computed from the emission data from point
source. Let f (S)dS be the number of gamma photons emit-
ted per unit time by a volume dS in the object around site S.
The emission being isotropic, the number of photons emit-

ted in the direction
−−→
SM in a solid angle dΩS is

f (S)dS
4π

dΩS. (7)

Therefore, the incoming photon flux density at scattering
site M is

f (S)dS
4π

1
SM2

= φin, (8)

where SM = |−−→SM|.
Next, the number of scatterers around site M in a volume

dM is ne dM. The net number of photons emerging from the
scattering is

f (S)dS
4π

1
SM2

ne dMπr2
e P(ω)dΩM , (9)

this means that the detected photon flux density at site D is

f (S)dS
4π

1
SM2

ne dMπr2
e P(ω)

1
MD2

. (10)

Now, all the contributing point sources S, for given scat-
tering center M, lie on a circular cone sheet of axis identi-

fied with
−−→
MD and opening angle ω, thus we must integrate

with the measure δ(cone)dS first. Next, we must take into
account all the scattering sites in the scattering medium sit-
uated on the line parallel to the collimator axis at site D.
Hence, we must perform a second integration with the mea-
sure δ(line)dM. To sum up the detected photon flux density
at D is

g(D,ω) =
∫∫

δ(cone)
f (S)dS

4π
1

SM2
ne dMπr2

e P(ω)

× δ(line)
1

MD2
.

(11)

In the cylindrical coordinate system of Figure 4, the inte-
gration measure on the cone is r sinωdr dφ and the measure
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Figure 4: C1-cone and C1-conical Radon transform definition.

along the line is simply dzM , (11) becomes

g(D,ω) =πr2
e P(ω)

ne
4π

∫∫

r sinωdr dφ

× f
(

xD + r sinω cosφ, yD

+ r sinω sinφ, zM + r cosω
)dzM
z2
M

.

(12)

Remark 1. In practice as f and ne are volume densities, to
keep the physical dimensions right, we should think of the
cone sheet as having a small thickness e and the line on
which M moves as having a tiny section s. These are con-
stants and do not affect the mathematical reasoning, they will
be dropped for the sake of expression simplicity, but should
always be kept in mind.

Clearly this imaging equation is a compounded integral
transform. Assuming that integration interchange is valid, if
we define the first integral transform as

h
(

xD + r sinω cosφ, yD + r sinω sinφ, r cosω
)

=
∫

dzM
z2
M

f
(

xD + r sinω cosφ, yD

+ r sinω sinφ, zM + r cosω
)

,

(13)

we see that the imaging equation (12) is just a conical pro-
jection of the function h on the C1-cones with vertex on the
plane xOy.

Let us define an interaction factor which also includes e
and s:

K(ω) = πr2
e P(ω)

ne
4π

es, (14)

then (12) reads

g(D,ω)
K(ω)

=
∫∫

r sinωdr dφh
(

xD + r sinω cosφ, yD

+ r sinω sinφ, r cosω
)

,
(15)

or in terms of our notations (see Section 2)

g(D,ω)
K(ω)

= ̂h1
(

xD, yD,ω
)

. (16)

4.2. Properties of the C1-conical transform

The C1-conical Radon transform has been discussed in [31],
where some of its properties have been studied. However, the
problem of inversion will be handled here with a new ap-
proach. We will not go through the method of decomposi-
tion of functions in circular components but will show that
there exists a variant of the central slice theorem [28] which
provides the grounds to invert the transform as it is done in
the standard Radon transform [28].

First, we observe that by definition in the chosen cylin-
drical coordinate system the C1-conical Radon transform of
f , the cones having vertex on the xOy plane, is

̂f1
(

xD, yD,ω
) =

∫∫

r sinωdr dφ f
(

xD + r sinω cosφ, yD

+ r sinω sinφ, r cosω
)

.
(17)

This can be rewritten under the form of a Fredholm in-
tegral equation of the first kind with a delta function kernel
concentrated on the sheet of a circular cone [31]

̂f1
(

xD, yD,ω
)

=
∫∫

dx dy dzK1
(

xD, yD,ω | x, y, z
)

f (x, y, z),

(18)

with

K1
(

xD, yD,ω | x, y, z
)

= δ
(

cosω
√

(

x − xD
)2

+
(

y − yD
)2 − z sinω

)

.

(19)

We use now the Fourier representation of the delta func-
tion

δ
(

cosω
√

(

x − xD
)2

+
(

y − yD
)2 − z sinω

)

=
∫∞

−∞
dν exp 2iπν

(

cosω
√

(

x − xD
)2

+
(

y − yD
)2

− z sinω
)

,

(20)

and the two-dimensional Fourier transform of f (x, y, z),

f (x, y, z) =
∫

dp dqe2iπ(px+qy)F2(p, q, z). (21)

We can perform the integration over z, which restores
a three-dimensional Fourier transform F3(p, q, r) of f and
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yields a new form of ̂f (xS, yS,ω),

̂f
(

xS, yS,ω
)

=
∫

dx dy
∫∞

−∞
dν exp 2iπν

(

cosω
√

(

x−xS
)2

+
(

y−yS
)2
)

×
∫

dp dqe2iπ(px+qy)F3(p, q, ν sinω).

(22)

Let ̂F2(p, q,ω) be Fourier component with respect to the

coordinates xS and yS of ̂f (xS, yS,ω), then

̂F2(p, q,ω) =
∫∞

−∞
dνF3(p, q, ν sinω)

∫∫

dx dy exp 2iπ

×
[

ν cosω
√

(

x − xS
)2

+
(

y − yS
)2

+
(

p
(

x − xS
)

+ q
(

y − yS
))

]

.

(23)

The last integral of (23) can be computed using polar co-
ordinates in (x, y) and (p, q) spaces, that is, (x−xS) = ρ cosβ,
(y − yS) = ρ sinβ, dx dy = ρ dρ dβ, and p = k cosα,
p = k sinα, k dk dα. Therefore,
∫∫

dx dy exp 2iπ
[

ν cosω
√

(

x − xS
)2

+
(

y − yS
)2

+
(

p
(

x − xS
)

+ q
(

y − yS
))

]

=
∫∫

ρ dρ dβe2iπ[νρ cosω+kρ cos (β−α)].

(24)

Integration on β yields a Bessel function of order zero in
the last integral of (24):

∫∫

ρ dρ dβe2iπ[νρ cosω+kρ cos (β−α)]

=
∫∞

0
ρ dρe2iπρν cosω2πJ0(2πkρ).

(25)

Thus, in two-dimensional Fourier space, the C1-conical
Radon transform appears as

̂F2(p, q,ω) =
∫∞

−∞
dν

∫∞

0
ρ dρ2πJ0

(

2πρ
√

p2 + q2
)

× F3(p, q, ν sinω)e2iπνρ cosω.

(26)

Now, we perform the integration on ν which brings back
the three-dimensional Fourier transform of f ,
∫∞

−∞
dνF3(p, q, ν sinω)e2iπνρ cosω = 1

sinω
F2(p, q, ρ cotω).

(27)

This step reduces the C1-conical Radon transform to a
Hankel of order zero:

sinω ̂F2(p, q,ω)

=
∫∞

0
ρ dρ2πJ0

(

2πρ
√

p2 + q2
)

F2(p, q, ρ cotω).

(28)

To perform the inversion of this Hankel transform, we
should switch to an appropriate variable, that is, ζ = ρ cotω.
But care must be exercised as far as the range of ω is con-
cerned. We will distinguish two cases.

(a) 0 < ω < π/2, then ζ > 0 as well as tanω > 0 and (28)
can be rewritten as

sinω cot2 ω ̂F2

(

p, q,ω <
π

2

)

=
∫∞

0
ζ dζ2πJ0

(

2πζ tanω
√

p2 + q2
)

F2(p, q, ζ).

(29)

(b) π/2 < ω < π, then ζ < 0 as well as tanω < 0 and (28)
can be rewritten as

sinω cot2 ω ̂F2

(

p, q,ω >
π

2

)

=
∫∞

0
ζ dζ2πJ0

(

2πζ tanω
√

p2 + q2
)

F2(p, q,−ζ).

(30)

Application of the Hankel identity [25]

1
k
δ(k − k′) =

∫∞

0
r dr2πJl(2πkr)2πJl(2πk′r) (31)

leads to the inversion of the Hankel transforms and yields
the three-dimensional Fourier components of the object f .

As the dual variable to ζ is τ
√

p2 + q2, with τ = tanω, we get

F2(p, q, ζ) =(p2 + q2)
∫∞

0
τ dτ2πJ0

(

2πζ tanω
√

p2 + q2
)

× 1
|τ|√1 + τ2

(

Y
(

π

2
− ω
)

̂F2

(

p, q,ω <
π

2

)

+Y
(

ω− π
2

)

̂F2

(

p, q,ω >
π

2

))

.

(32)

Hence, f can be recovered by inverse three-dimensional
Fourier transform.

Remark 2. In order to reconstruct the object by inverting the
compound integral transform given by (12), we need to in-
vert (13). This is quite easy since it can be viewed as a convo-
lution in the variable zD between the two functions 1/z2

D and
f (. . . , . . . , zD + r cosω). As this operation is not important to
the topic of this paper, we refer the reader to [12, 30].

5. THE C2-CONICAL RADON TRANSFORM

5.1. Compton camera

That Compton effect which has been proposed as mecha-
nism for imaging is known ever since the fifties. However,
there are many ways to do the experimental setups. Most pro-
posals are systems with collimated point source and point-
like detector, see, for example, [21]. In fact the Compton ef-
fect is used to probe the electron density of matter and ap-
plied often to nondestructive material control. Here we are
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Figure 5: Principle of a Compton camera.

interested in data collected by a gamma camera. In the pre-
vious section we have examined the case of a gamma camera
with a lead collimator which has the disadvantage of reject-
ing many of the scattered photons. So to improve drastically
detection sensitivity, the idea of a Compton camera has been
proposed as early as 1974 by many workers [13–15, 32].

The concept of a Compton camera is analogous to the
scheme of Section 4 except that the scattering medium is now
a thin scattering layer parallel to the face of a gamma camera
without collimator. The data consists of C2-conical projec-
tions, the cone sheet axis converging to the detection site D;
see Figure 5. Note that when D → ∞ in a given direction we
recover the C1 cones.

Following the image formation process in a Compton
camera, we will show how a new conical Radon transform,
the C2-Radon transform, comes up and sketch a proof of
its invertibility under specific conditions. The true conical
Radon transform of a Compton camera is not yet an ana-
lytical inversion formula.

5.2. Image formation by scattered radiation
in Compton camera

The radiating object stands above the first scattering layer. Its
primary rays hit the scattering layer and will be absorbed by
the planar camera (see Figure 5). If only photons of energy
E below the energy E0 of the primary photons are recorded,
then each detection site collects all possible conical projec-
tions coming from all directions in half space, delimited by
the photon absorbing detector. This is the principle of elec-
tronic collimation which has been designed to improve sen-
sitivity of gamma cameras.

To reconstruct an object described by a source function
f (x, y, z), we need a set of data consisting of conical projec-
tions depending also on three variables. Ideally one could
select one detection site D, and consider all the projections
along circular cones of opening angle ω and axis swinging
around D but with cone vertex constrained to be on a plane.
With these conditions a conical projection will depend on

three parameters: the scattering angle ω and the two coor-
dinates of the cone vertex on the scattering plane. Thus, we
obtain a mapping of f onto a function of three variables. The
inverse mapping, when explicitly worked out, would yield a
correct imaging procedure by a Compton camera.

Following the assumptions of Section 4.1, the photon
flux density at detection site D is evaluated in the same man-
ner as for the case with collimator:

g(D,ω) =
∫∫

eδ(cone)
f (S)dS

4π
1

SM2

× ne dMπr2
e P(ω)sδ(line)

1
MD2

.

(33)

Now in the chosen coordinate system (see Figure 5), it
has the expression

g(D,ω) =K(ω)
∫∫

δ(cone) f (S)dS
1

SM2

× dxM dyM
1

l2 + x2
M + y2

M

,
(34)

l being the distance OD, the explicit integration on the cone
sheet δ(cone)dS will be given later in Section 5.3 since it is
related to the C2-conical Radon transform we will be exam-
ining.

Up to now there exists only a few attempts to exactly solve
this inversion problem. Cree and Bones [33] were the first
to consider conical projections on a Compton camera which
still has a collimator. Later on Basko et al. [34] as well as Parra
[35] have designed inversion techniques based on properties
of spherical harmonics as they consider conical projections
as made up of cone beam projections, but have not touch
really upon the problem of converting cone beam data into
conical projection data, a problem similar to the one solved
by Grangeat [6] for planar projections in R3. There are nu-
merous approximate reconstruction methods, most of them
using some back projection techniques (or numerical algo-
rithms) and search for point sources as intersections of cone
sheets reconstructed from coincidence measurements on the
Compton camera. Lastly let us also cite some other original
approaches based on statistical physics [36] as well as alge-
braic methods [37–39].

In this situation, it is of interest to find an analytic in-
version of the special C2-conical Radon transform responsi-
ble for the imaging process in Compton camera. Before tack-
ing this problem, we discuss here a more general problem in
which the vertex of the scattering cone is not constraint to lie
on a plane (or a surface) as in the Compton camera case. This
would give us some freedom to find an inversion formula for
another class of C2-conical Radon transform. We will come
back to the Compton camera in another work. Thus, the
mathematics of the Compton camera imaging process have
led to a new class of conical Radon transform.

5.3. Properties of the C2-conical Radon transform

The C2-cone is generated by the rotation of a straight line
making an angle ω around an axis direction n and meeting



8 International Journal of Biomedical Imaging

z

x

y

ω

φ

S

M

D

u n

k

Figure 6: C2-cone and C2-conical Radon transform definition.

this axis at vertex M; see Figure 6. Thus, D being the detec-

tion point, we have
−−→
DM = M = pn. Let S be a running point

of the cone sheet and denote this point by
−→
DS = S = rk. Let

the angle γ be defined by (k · n) = cos γ. Thus, by consid-
ering trigonometric relations in the triangle DMS, one can
write down the relation

r = p
sinω

sin(ω− γ)
= p

sinω
sin
(

ω− cos−1(k · n)
) , (35)

which may be regarded as the cone equation in a meridian
section within polar coordinates (r, γ) and polar axis n. At
ω = π/2 we recover the equation of a plane as a degenerate
cone [28].

When evaluating a C2-conical projection, we integrate a
nonnegative function f on one sheet of the cone. This is
equivalent to saying that, giving a “mass” density, we com-
pute the “mass” of a piece of cone surface limited by the
intersection curve of the support of f with the cone. This
“mass” may be calculated in any convenient coordinate sys-
tem.

We will use the coordinate system which is expressed in
(35). The area element of the cone is the product of the arc
element of the line by the element of circle in a plane perpen-
dicular to the cone axis.

The arc element is

ds =
√

(dr)2 + (r dγ)2 = p sinω
sin(ω− γ)

dγ

sin(ω− γ)
. (36)

Now the element of circle is r sin γ dψ. Hence, the cone
area element is

da = r sin γ dψ × p sinω
sin(ω− γ)

dγ

sin(ω− γ)

= sin γ dψ ×
(

p sinω
sin(ω− γ)

)2 dγ

sin(ω− γ)
.

(37)

In the same coordinate system, a C2-conical projection of
f is expressed as the integral of f on the cone sheet with the
integration measure da. f has then the expression f (r,Ωk),
with Ωk = (γ,ψ), r = p sinω/ sin (ω− γ) and angular ranges
0 < γ < ω and 0 < ψ < 2π. Thus,

̂f2(pn,ω) =
∫

f
(

p
sinω

sin(ω− γ)
,Ωk

)

sin γ dψ

×
(

p sinω
sin(ω − γ)

)2 dγ

sin(ω− γ)
,

(38)

or alternatively

̂f2(pn,ω) =
∫

(

f
(

r,Ωk
)

r2)

r=p(sinω/sin(ω−γ))

× sin γ dψ
dγ

sin(ω − γ)
.

(39)

One may use the integration over a one-dimensional delta
function to express the substitution of r by the cone equation
(35):

∫∞

−∞
dr δ

(

r − p
sinω

sin(ω− γ)

)

. (40)

Since

δ
(

r − p
sinω

sin(ω− γ)

)

1
sin(ω− γ)

= δ
(

p sinω − r sin(ω− γ)
)

,

(41)

and r2 dr sin γ dψ dγ = r2 dr dΩk = dS, we can replace the
original integration range:

{r ∈ R, 0 < γ < ω, 0 < ψ < 2π}, (42)

by

{

r ∈ R+, Γ = [0 < γ < ω ∪ π < γ < ω + π],

S1 = [0 < ψ < 2π]
}

,
(43)

which fits in the chosen spherical coordinate system with n
as polar axis.

The C2-conical projection of f has now the Fredholm
form of the first kind with a delta function kernel. In intrinsic
vector notations, it reads

̂f2(pn,ω) =
∫

dS f (S)K2(pn,ω | S), (44)

where

K2(pn,ω | S) = δ
(

p sinω− r sin
(

ω− cos−1(k · n)
))

.
(45)

(Compare with the previous case, see (18), (19)).
Finally, at ω = π/2 we recover precisely the planar Radon

projection in R3:

̂f2

(

pn,
π

2

)

=
∫

dS f (S)δ
(

p − r(k · n)
)

. (46)
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5.4. A central slice-like theorem

Again as in Section 4, we may use the Fourier decomposition
of the delta function1

δ
(

p sinω − r sin(ω− γ)
)

=
∫∞

−∞
dν exp−2iπν

(

p sinω − r sin(ω − γ)
)

,
(47)

together with the decomposition of f into spherical compo-
nents

f (x, y, z) = f
(

r,Ωk
) =

∑

l,m

flm(r)Ylm
(

Ωk
)

, (48)

where, in the chosen spherical coordinate system, Ωk denotes
the direction parameters of the unit vector k. Hence, insert-
ing (47) and (48) in (44) we obtain

̂f (pn,ω) =
∑

l,m

∫∞

−∞
dνe−2iπν(p sinω)

×
∫∞

0
r2drflm(r)

∫

Γ∪S1
dΩkYlm

(

Ωk
)

e2iπνr sin (ω−γ).

(49)

Recall cos γ = (k ·n). As sin (ω − γ) = cos (π/2− ω + γ),
we introduce the decomposition of a plane wave in space in
spherical components (see [40, page 471]):

e2iπνr cos (π/2−ω+γ)

=
∑

n

in(2n + 1) jn(2πνr)Pn

(

cos
(

π

2
− ω + γ

))

,
(50)

where jn(x) is the spherical Bessel function of order n.2

Let u be a fixed unit vector, defined by Ωu, such that
cos(π/2 − ω + γ) = (k · u). Then the Legendre polynomial
Pn(cos (π/2− ω + γ)) can be further expanded in terms of
spherical harmonics [25]:

Pn cos
(

cos
(

π

2
− ω + γ

))

= 4π
2n + 1

m′=n
∑

m′=−n
Y∗nm′

(

Ωk
)

Ynm′
(

Ωu
)

.

(51)

Putting relation (51) in (50) and integrating on dΩk,
since the range of φ is S1, we can write

∫

Γ∪S1
dΩkYlm

(

Ωk
)

Y∗nm′
(

Ωk
) = δmm′Km

ln (ω), (52)

1 As the delta function is an even function, the sign of the exponential under
the integration sign may be chosen at will.

2 This is valid for ν > 0, otherwise we take the Fourier representation of the
delta function with a different sign in (47) as indicated in the previous
footnote.

with |m| < inf(l,n). Thus, the result follows:

̂f (pn,ω) =
∑

n,m

Ynm
(

Ωu
)

∫∞

−∞
dνe−2iπν(p sinω)4πil

∫∞

0
r2 dr

×
∑

l

jl(2πνr)Km
ln (ω)flm(r).

(53)

Right-hand side of (53) expresses ̂f (pn,ω) as a spherical
component expansion of the C2-conical Radon transform in
terms of the variable p sinωu, instead of pn. So if the C2-
conical data can be rewritten under the form of a function of
p sinωu and of ω, with a spherical component decomposi-
tion, that is,

̂f (pn,ω) = ̂g(p sinωu,ω) =
∑

lm

̂glm(p sinω,ω)Ylm
(

Ωu
)

,

(54)

then we can extract the new data spherical component as

̂glm(p sinω,ω) =
∫∞

−∞
dνe2iπν(p sinω)4πil

∫∞

0
r2dr

×
∑

l

jl(2πνr)Km
ln (ω)flm(r).

(55)

Now by Fourier inverting with respect to q = p sinω the
two sides of (55), (since sinω > 0 for 0 < ω < π), we find
that

sinω
∫∞

−∞
dq̂glm(q,ω)e2iπνq

= 4πil
∫∞

0
r2dr

∑

l

jl(2πνr)Km
ln (ω)flm(r).

(56)

Next, by appropriately choosing u, a generalized Hankel
identity may be derived. Recall that for spherical Bessel func-
tions (see, e.g., [25]) this identity is of the form

1
k2
δ(k − k′) =

∫∞

0
ρ2 dρ4π jl(2πkρ)4π jl(2πk′ρ). (57)

This new identity allows to extract the spherical component
flm(r) of f and thereby achieve inversion (details will be pre-
sented elsewhere). Equation (54) relates implicitly p and ω
and may suggest a new type of gamma camera realization,
which should be investigated. Finally forω = π/2, (44) shows
that this C2-conical Radon transform is just the Radon trans-
form in R3. The whole procedure goes through with dras-
tic simplifications since the natural choice for u is n, thus

̂f (pn,ω) = ̂g(pu,ω).

6. CONCLUSIONS AND PERSPECTIVES

The Radon transform has enjoyed tremendous popularity in
imaging science as it has been extended, generalized in pure
mathematics (see, e.g., [19, 41, 42]) as well as exploited in
many fields of applications [17, 43, 44]. In this paper we have
presented two further generalizations of the Radon trans-
form, namely, two classes of conical Radon transforms which
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originate from imaging processes using Compton scattered
radiation. The first class, called C1-conical Radon transform,
is related to an imaging principle with a collimated gamma
camera whereas the second class, called C2-conical Radon
transform, contains a special subclass which models the
Compton camera imaging process. We have also shown that
inversion of C2-conical Radon transform can be achieved un-
der a special condition which is not yet, for the moment,
implemented in gamma-ray emission imaging science. Ex-
ploiting scattered radiation to reinforce sensitivity as well
as enlarging field of view and cutting down operating time
may lead to employing large scattering medium but with-
out collimator for gamma cameras. The mathematics behind
this perspective will be based on a yet little known Radon
transform: the torus Radon transform, which may bring even
more exciting mathematical topics to be explored in the years
to come.
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1. INTRODUCTION

One of the most important quality of PET is its abilities to
model biological and physiological functions in vivo to en-
hance our understanding of the biochemical basis of normal
and abnormal functions within the body. PET is also use-
ful for the detection of cancer, coronary artery disease, and
brain disease. During a PET acquisition, a compound con-
taining a radiative isotope is injected into the body to form
an (unknown) emission density λ(x, y) ≥ 0. The positron
emitted finds a nearby electron and they annihilate into two
photons of 511 keV according to the equation E = mc2.
This energy is strong enough to escape the body. Since the
two photons travel at almost opposite directions, a detec-
tor ring surrounds the patient and tries to collect the emis-
sions. For an emission event to be counted, both photons
must be registered nearly simultaneously at two opposite de-
tectors. In Figure 1, emission paths from two different re-
gions are shown, that is, along the tube covered by detec-
tor pair AD, and along the tube covered by detector pair
BC. Regions with higher concentration of radioactivity cause
a higher emission rate. Given the total number of mea-
sured counts for each detector pair, the challenge is to lo-
cate all the emission sources inside the detector ring. Emis-
sions measured between two detectors could have taken place

anywhere along the tube between these two detectors, but
with a systematic inspection of all detector pairs, it is pos-
sible to reveal variance in the emission rate along the same
tube.

Detection of the radioactive concentration in different
tissues gives useful information both for research and clin-
ical purposes. This information is often analyzed and visu-
alized as an image. Unfortunately, the measured events also
include noise such as accidental coincidences that complicate
the image reconstruction. The Fourier-based filtered back-
projection [1] algorithm is a well-established construction
technique. This algorithm is computationally efficient, but
the drawbacks are constructions with low signal-to-noise ra-
tio and low resolution. Iterative methods to construct PET
images have been an attractive approach during the last two
decades. Most of these methods are based on maximum like-
lihood estimates. Due to the inherent ill-posedness of this in-
verse problem, the reconstruction process suffers from noise
and edge artifacts, see [2, 3] for related problems. It is well
known that the standard EM algorithm [4–6] converges to-
ward a noisy image and it is necessary to terminate the iter-
ation before the noise becomes too dominant [7]. If the it-
eration stops too early, important information could be lost.
A general approach to address these problems is to utilize a
regularization term according to certain a priori assumptions



2 International Journal of Biomedical Imaging

Tubes

Detectors A

B

C

D

High emission rate
Low emission rate

Figure 1: Gamma rays escape the body and are observed by the
detectors.

of the desired image [8–10]. Results with deviation from
these assumptions will be penalized. For example, informa-
tion from surrounding pixels can reveal irregularities and re-
move outsiders. The total variation (TV) minimization has
been successfully used in many image processing applica-
tions [11–17]. In [18], the standard EM algorithm for PET
was modified to incorporate the TV regularization. The blur-
ring effect was subdued by using this approach, but improve-
ments are still needed.

Common for the iterative methods mentioned above is
that they estimate the concentration coefficients that provide
the best fitted solution based on a maximum likelihood es-
timate. In PET, different tissues should have different active
levels, while the active values should change smoothly and
slowly in the same tissue [19]. So, the PET image is actually
a piecewise smooth function [20]. Recently, PET has been
combined with CT and MRI devices [21–24]. CT and MRI
can provide high-resolution structural information, which
can be incorporated into the reconstruction process to im-
prove the properties of the constructed PET image. Usually
the anatomical information obtained from CT or MRI image
is used as a Bayesian prior. A penalty technique is utilized to
build in the Bayesian prior, while a parameter β to control the
strength of the penalty. However, this approach is very sensi-
tive to the penalty parameter, and finding a proper β can be
challenging. In this paper, we use a level set method to serve
this purpose. We reduce the set of possible solutions by esti-
mating the emission rate as a piecewise constant function.
This can be thought of as an approximation to the piece-
wise smooth image. By this way, the anatomical information
based on CT or MRI can be used as the initial guess for the
level set curves, without the need to estimate the penalty pa-
rameter β. We can see in the numerical experiment section
that the quality of the reconstruction improves with the qual-
ity of the anatomical data.

Level set method is a versatile tool which has been ap-
plied to many areas of computational mathematics [25–29].
As in many other applications, the level set method is used
here to capture the coarse scale information and the discon-
tinuities of the function to be recovered. By incorporating

the level set method into the image reconstruction, sharp
boundaries between different tissues are directly obtained for
PET images. This variant of the EM algorithm (called LSEM
hereafter) can be applied to any PET configuration, without
major modifications. We will first show that even without
anatomical information available, LSEM can produce better
images than EM algorithm in some sense. Moreover, LSEM
can easily and naturally incorporate anatomical information
(interior boundaries for different tissues, which can be ob-
tained from CT or MRI images), and improve the quality of
the reconstructed images further. It is well known that one
drawback of the EM algorithm is its lack of stopping cri-
terion. In this paper, TV regularization will be used to deal
with the ill-posedness of the reconstruction process. The pa-
rameter used to weight the influence of the TV regulariza-
tion more explicitly controls the tradeoff between regularity
and fitting the data. There is a number of well-known tech-
niques for choosing this parameter more systematically [18,
page 6].

Geometric curve-evolution techniques for tomographic
reconstruction problems have been proposed previously, see
[19, 30–37] and the references therein. Similar to [31], we
assume the object intensity values to be piecewise constant,
but we allow for multiple object regions as in [19]. Due to the
piecewise constant intensity value restriction, our cost func-
tional is simpler than the one proposed in [19]. In [36, 37], a
strategy for joint estimation of the unknown region bound-
aries and the unknown activity levels was developed. How-
ever, the movement of the parameterized boundaries in-
volved only translation, rotation, and scaling. We propose a
more flexible framework here, and allow multiple object re-
gions. In addition, level set method is more flexible and ef-
ficient in dealing with complicated geometries, thanks to its
great ability to handle topological changes during the curve
evolution. In [38], the authors proposed a piecewise smooth
model for emission tomography reconstruction, which also
utilized the level set framework. Compared to that model,
our piecewise constant model is simpler, and can simplify
the computations. We would like to emphasize that in most
cases, our method could still work well even if the intensity
function is not piecewise constant. In fact, our method just
needs that the object in the scene can be well segmented into
several phases. We will show some results in the numerical
experiment section to verify it.

The remainder of this paper is organized in the follow-
ing way. In Section 2, we summarize the theory behind the
EM approach and introduce some specific notations used
throughout this paper. Partial differential equation tech-
niques have been successfully used in many image process-
ing applications, and a predecessor for our approach is given
in Section 3. In Section 4, we explain the main idea behind
the level set method and demonstrate that level set functions
can be used to represent general piecewise constant functions
[29, 39, 40]. Motivated by this, we utilize a level set formula-
tion to represent PET images with piecewise constant emis-
sion densities in Section 5. In this section, we also give imple-
mentation details. Finally, we report some numerical results
in Section 6.
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Table 1: Notations used throughout this paper.

b Pixel index (1, 2, . . . ,B)

λb Unknown source intensity at a pixel b, λb ≥ 0 for all b

t Detector pair index (1, 2, . . . ,T)

nt
Total number of coincidences counted by detector pair t,
nt ≥ 0 for all t

Ptb Probability for an emission from b to be detected in t

2. MAXIMUM LIKELIHOOD EXPECTATION
MAXIMIZATION

From the measured emission an image can be constructed by
the EM algorithm [5, 6]. This algorithm provides an iterative
formula to construct an image which makes the measured
data most likely to occur. Given an image, the aim is to max-
imize the conditional probability of the data by using a like-
lihood function (and later we will also use a log-likelihood
function):

l(λ) = f (data | λ) or llog(λ) = log
(
l(λ)

)
. (1)

Here, data are the measured counts in the detector ring, λ :
Ω → R is the unknown emission rate causing these counts,
and Ω is the image domain. The region to be reconstructed
is usually covered by a uniform mesh, where each square in
the mesh corresponds to one pixel in the PET image. The
discrete representation of λ and other essential notations for
describing the EM image reconstruction model are listed in
Table 1. To simplify the notations, we still use λ to denote its
discretized version, for example, λ = (λ1, λ2, . . . , λB)T .

Each element Ptb in matrix P describes the probability for
an annihilation event that occurred in the area of the source
covered by pixel b to be detected by detector pair t. Several
physical factors such as attenuation, scatter and accidental
coincidence corrections, time-of-flight, positron range and
angulation information, and so forth, can be incorporated in
the probability matrix P. To compute Ptb, the angle-of-view
method was chosen in this paper, but other methods can also
be used [41, 42]. By the angle-of-view method, each element
Ptb in the probability matrix P is approximated by the largest
angle (in fraction of π) completely contained within tube t as
seen from the center of b. For details about the angle-of-view,
see the paper of Shepp and Vardi [6]. The intensity value λb
is the information we are seeking since it is related to the
tracer concentration. During the acquisition process, a ran-
dom number of emissions is generated from a Poisson distri-
bution. A nonnegative, integer-valued, and random variable
Z follows a Poisson distribution if

Poisson(Z = k) = e−σ
σk

k!
, (2)

where σ > 0 and Z has mean E(Z) = σ . The Poisson dis-
tribution is applicable to many problems involving random
events, such as particles leaving a fixed point at a random an-
gle. For the moment, we focus on one of the tubes in Figure 1
and assume that this tube corresponds to the region covered

by detector pair t = 1. Given the mean (Pλ)1, we want to
maximize the probability for (Pλ)1 to fit the measured data
n1:

Poisson
(
Z = n1

) = e−(Pλ)1
(Pλ)n1

1

n1!
, (3)

where a maximum is obtained for n1 = (Pλ)1, and simi-
larly the maximum is achieved for n2 = (Pλ)2 if we focus
on region covered by detector pair t = 2. The measured co-
incidence events also include scattered and accidental coinci-
dences. Some events produced inside the source pass are un-
detected because of tissue attenuation or photon travelling
path that does not intersect the detector ring. This compli-
cates the image construction. However, each nt is distributed
according to a Poisson distribution and since all measure-
ments are independent of each other, the likelihood over all
projections reduces to the product of the separate projections
likelihood [5]. Therefore we want to maximize

l(λ) =
T∏

t=1

e−(Pλ)t (Pλ)ntt
nt!

. (4)

To simplify the calculation, the log-likelihood function is em-
ployed to convert (4) to the form

llog(λ) =
T∑

t=1

[
log e−(Pλ)t + log (Pλ)ntt − log

(
nt!
)]

= −
B∑

b=1

λb +
T∑

t=1

nt log (Pλ)t + K.

(5)

In (5), we assume

T∑

t=1

Ptb = 1 (6)

for any pixel b, and then exploit the conversions

T∑

t=1

(Pλ)t =
B∑

b=1

λb, −
T∑

t=1

log
(
nt!
) def.= K. (7)

Since K is independent of λ, this constant will be ignored.
Maximizing llog(λ) with respect to λ will provide us with
the best estimate of λ in a statistical sense. The optimization
problem can be rewritten by max llog(λ) = min(−llog(λ)),
and thereupon a mathematical formulation of PET becomes

min
λ

F(λ) = min
λ

( B∑

b=1

λb −
T∑

t=1

nt log (Pλ)t + V(λ)

)

, (8)

where V(λ) is a regularization term introduced to improve
image quality [7–10, 18, 43]. Several regularization methods
tend to blur edges because both noise and edges contribute to
inhomogeneous behavior. To subdue the blurring effect, the
total variation norm of λ was introduced as a regularization
term in [18]. In the next section, we give a short overview of
the TV-based EM algorithm.
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3. A TOTAL VARIATION-BASED EM ALGORITHM

In [18], an algorithm was designed to find the pointwise val-
ues of λ. The authors covered the domain Ω with a uni-
form mesh, where each square in the mesh corresponds to
one pixel in the PET image. The emission density function
λ is represented by a piecewise linear function or piece-
wise constant function where λ takes value λb at pixel b,
b = 1, 2, . . . ,B. In order to regularize the problem, they find
a minimizer for the following functional:

L(λ) = μ
∫

Ω

|∇λ|dx +

( B∑

b=1

λb −
T∑

t=1

nt log (Pλ)t

)

. (9)

From (9), it is easy to see that

∂L

∂λ
= μC(λ)λ +�e − Pt

(
�n./Pλ

)
. (10)

In the above, C(λ) is a matrix depending on λ, �e is the vector
with unit entries, Pt is the transpose of the matrix P, and
�n./Pλ is the elementwise division of vector �n by vector Pλ. In
[18], the following fixed point iteration was used for finding
the minimizer of (9):

λk+1 = [μC(λk) + diag
(
1./λk

)]−1
Pt
(
�n./Pλk

)
. (11)

In (11), diag(1./λk) is the matrix with 1./λk on its diago-
nal and C(λk) is a finite difference approximation for −∇ ·
(∇λk./|∇λk|). This scheme is obtained from (10), by replac-
ing �e by λk+1./λk. In (11), if let μ = 0, we get the classical
EM algorithm. This algorithm finds all the pixel values λb.
In practice, we know that λ should be a piecewise smooth
(piecewise constant) function in PET images. However, this
information is not fully utilized in the above algorithm. Be-
low we demonstrate that such information can be incorpo-
rated and handled in an efficient way by using the level set
framework, which can help to produce images with sharper
edges. See also [19, 29, 30, 32–35, 40, 44] for other applica-
tions where level set based ideas are used to identify piecewise
constant functions.

4. AN INTRODUCTION TO THE LEVEL SET METHOD

The level set method was proposed by Osher and Sethian
[25] for tracing interfaces between different phases of fluid
flows. Later, it has been used in many applications involving
movement of interfaces for different kinds of physical prob-
lems [26–28]. In the following, we will present a “unified”
framework, first presented in [29, 39, 40, 45], of using multi-
ple level sets to represent piecewise constant functions.

Let Γ be a closed curve in Ω ⊂ R2. Associated with Γ, we
define a φ as the signed distance function:

φ(x) =
⎧
⎨

⎩
distance(x,Γ), x ∈ interior of Γ,

−distance(x,Γ), x ∈ exterior of Γ,
(12)

where x denotes (x, y). It is clear that Γ is the zero level set of
the function φ. In the case that Γ is not closed, but divides the

domain into two parts, the level set function can be defined
to be positive on one side of the curve and negative on the
other side of the curve.

Once the level set function is defined, we can use it to
represent general piecewise constant functions. For example,
assuming that λ(x, y) equals c1 inside Γ and equals c2 outside
Γ, it is easy to see that λ can be represented as

λ = c1H(φ) + c2
(
1−H(φ)

)
, (13)

where the Heaviside function H(φ) is defined by

H(φ) =
⎧
⎨

⎩
1, φ > 0,

0, φ ≤ 0.
(14)

In order to identify the piecewise constant function λ, we
need to identify the level set function φ and the constants
ci, i = 1, 2.

If the function λ(x, y) has many pieces, we need to use
multiple level set functions. We follow the ideas of [29, 39,
40, 46]. Assume that we have two closed curves Γ1 and Γ2,
and we associate the two level set functions φj , j = 1, 2 with
these curves. The domain Ω can now be divided into four
parts:

Ω1 =
{

x ∈ Ω, φ1 > 0, φ2 > 0
}

,

Ω2 =
{

x ∈ Ω, φ1 > 0, φ2 < 0
}

,

Ω3 =
{

x ∈ Ω, φ1 < 0, φ2 > 0
}

,

Ω4 =
{

x ∈ Ω, φ1 < 0, φ2 < 0
}
.

(15)

Using the Heaviside function again, the following formula
can be used to express a piecewise constant λ with up to four
constant values:

λ = c1H
(
φ1
)
H
(
φ2
)

+ c2H
(
φ1
)(

1−H
(
φ2
))

+ c3
(
1−H

(
φ1
))
H
(
φ2
)

+ c4
(
1−H

(
φ1
))(

1−H
(
φ2
))
.

(16)

By generalizing, we see that n level set functions give the pos-
sibility of 2n regions. For i = 1, 2, . . . , 2n, let

bin(i− 1) = (bi1, bi2, . . . , bin
)

(17)

be the binary representation of i − 1, where bij = 0 or 1. A
piecewise constant function λ with constant coefficients ci,
i = 1, 2, . . . , 2n, can be represented as (cf. [29, 40])

λ =
2n∑

i=1

ci

n∏

j=1

Ri
(
φj
)
, (18)

where

Ri
(
φj
) =

⎧
⎨

⎩
H
(
φj
)
, if bij = 0,

1−H
(
φj
)
, if bij = 1.

(19)

Even if the true λ needs less than 2n distinct regions, we can
still use n level set functions since some subdomains are al-
lowed to be empty. Using such a representation, we only need
to determine the maximum number of level set functions
that should be utilized.
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5. A LEVEL SET EM ALGORITHM (LSEM)

In this section, we will use the level set idea to represent λ as a
function that only takes a limited number of constant values.
Assume that the domain Ω can be divided into a union of
subregions such that all λb have the same constant intensity
value in each of the subregions. For such a case, we can use
level set functions to express λ = λ(φ) as in (18). Concern-
ing the optimization problem, we utilize the fact that calcu-
lations from (10) can be carried forward by the chain rule for
λ(φ). As the λ function is already discretized, we will also use
discretized level set functions φj , j = 1, 2, . . . ,n. From the
chain rule, see [29], we get

∂L

∂φj
= ∂L

∂λ

∂λ

∂φj
,

∂L

∂cj
=
∫

Ω

∂L

∂λ

∂λ

∂cj
.

(20)

The calculation of ∂L/∂λ is given in (10). We only need to
have ∂λ/∂φj in order to get ∂L/∂φj . If λ takes only two con-
stant values c1 and c2 as in (13), it is easy to see that

∂λ

∂φ
= (c1 − c2

)
δ(φ), (21)

where the delta function δ(φ) = H′(φ). In case that we need
two level set functions φ1 and φ2, it follows from (16) that

∂λ

∂φ1
= ((c1 − c2 − c3 + c4

)
H
(
φ2
)

+ c2 − c4
)
δ
(
φ1
)
,

∂λ

∂φ2
= ((c1 − c2 − c3 + c4

)
H
(
φ1
)

+ c3 − c4
)
δ
(
φ2
)
.

(22)

The calculation of ∂λ/∂cj , j = 1, 2, . . . ,n, is straightforward.
For level set methods, it is standard to use the length of

the level set curves as the regularization term (cf. [39, 46]). So
we replace the regularization term α

∫
Ω |∇λ|dx in (9) by the

length term α
∑n

j=1

∫
Ω |∇H(φj)|dx, and its derivative with

respect to φj is the curvature−α∇·(∇φj/|∇φj|)δ(φj), where
α is a parameter to be used to control the influence of the reg-
ularization. Once the gradient ∂L/∂φj is available, we can use
the following gradient method (Algorithm 1 below) to find a
minimizer for the optimization problem.

Algorithm 1 (level set EM algorithm).

(i) Choose initial values for φ0
j and the time step Δt0

j .
(ii) For all the level set functions φj , update the func-
tions

φn+1
j = φn

j − Δtnj
∂L

∂φj

(
φn
j

)
. (23)

(iii) Update the constants cj :

cn+1
j = cnj − θj

∂L

∂cj
. (24)

(iv) Reinitialize the level set functions φj if a “suffi-
cient” amount of pixel values of φj have changed sign.
Otherwise, go to the next iteration.

Some remarks about the implementation of the algo-
rithm are given as follows:

(i) We are restricting the class of solutions to piecewise
constant functions represented by (16).

(ii) All the step length parameters can be determined by
trial and error or by using a line search method to get the
optimal ones.

(iii) The parameter α weights the influence of the regular-
ization. An oscillatory curve may occur if α is too small, and
α too large will deny a proper evolution of the curve. By trial
and error α ∈ (10−3, 10−4) was found to be a proper choice
for the class of PET images used in our experiments.

(iv) For numerical purpose, we approximate the delta
function and the Heaviside function by

δε1

(
φj
) = ε1

π
(
φ2
j + ε2

1

) , Hε2

(
φj
) = 1

π
tan−1 φ

ε2
+

1
2
.

(25)

This is also standard for level set methods [39]. In our nu-
merical examples, we found that ε1 = 0.5h and ε2 = 0.005h
worked well, where h refers to the grid size.

(v) There are efficient numerical methods to reinitialize
the level set functions, see [26, 28, 47] for details. The nu-
merical method we have used for the reinitialization is as in
[40, 47], and we reinitialize the level set functions for each 30
iterations.

(vi) We do not update the constants for every iteration,
updating once for each 5–10 iterations is sufficient.

(vii) Our approach allows the use of prior knowledge
about the constants (active levels) to improve the quality of
the reconstruction. We found that a reasonable estimate for
these constants could help to improve the convergence of
the algorithm. In all numerical implementations, an inter-
val [aj , bj] is chosen for each of the constants cj , j = 1, 2, 3.
We assume that the minimzer for cj is inside [aj , bj]. Dur-
ing the iterations, we project cj into the interval by setting
cj = min(max(aj , cj), bj).

6. NUMERICAL RESULTS

In this section, we report some numerical results. The EM al-
gorithm and TV-EM algorithm are implemented and will be
compared with the results achieved by our LSEM algorithm.
In all the examples, the observation vectors (sinogram data)
were constructed by forward projection, then scaled up to to-
tal 2× 106 counts by multiplying a constant, corrupted with
Poisson noise, and finally scaled back. To quantify the qual-
ity of the reconstructed images, we calculated the root mean
square error (RMSE) for the reconstruction. RMSE is defined
as

RMSE =
√
√
√
√‖λ− λ̂‖2

�2

n
, (26)
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Figure 2: Sinogram data, obtained by forward projection: n = Pλ plus Poisson noise.

where λ and λ̂ are two vectors that represent the computed
image and the true image, respectively, and n is the number
of pixels of the image.

6.1. Without prior information

In our first example we try to reconstruct a 32 × 32 image
of two circles, one inside the other, as seen in Figure 3(e).
Total 1536 (32 positions and 48 angular views) observations
were given to us. The sinogram data as well as the data noise
(after scaling up) are shown in Figure 2. The true intensity
values are {0, 1, 2}. We first test the EM algorithm. After a
few iterations, it is possible to see some inner structures in
the PET image depicted in Figure 3.

The major drawback with the EM algorithm is its lack
of termination criterion and the introduction of noise as the
number of iterations increases. In Figure 3(b), the intensity
values in the outer circle are almost constant (as it should be
in this test), but it is difficult to decide the exact boundary
for the inner circle. After 30 iterations, the edges are empha-
sized but so is the noise, as seen in Figure 3(c). After 100 iter-
ations, the noise becomes dominant and degrades the qual-
ity of the recovered intensity function. The same sinogram
data were thereafter used for the TV-EM and the LSEM algo-
rithms. The results are shown in Figure 4. For the two level
set functions of the LSEM algorithm, we started with random
initial guesses (cf. Figures 4(a) and 4(e)).

In less than 200 iterations, both level set functions have
converged to a constant shape and these level set functions
together with (16) were used to get Figure 5(c). With two
level set functions, we see from (15) that it is possible to iden-
tify up to 4 distinct regions. The true PET image depicted in
Figure 5(d) consists of only 3 distinct regions: background,
outer circle, and inner circle. To handle this, we put c1 = c3

such that 2 regions yield the same contribution to the con-
structed PET image. The intervals for the intensity values are
{[0, 0.5], [0.5, 1.5], [1.5, 2.5]}. After 200 iterations, the inten-
sity values are recovered as {0, 1.0005, 2.0192}, which match
the true values very well.

Even though this is a simple test that involves a nonmed-
ical image, it illustrates the potential in the LSEM algorithm.
Sharp edges are recovered properly for the PET image and
different regions do not suffer from inhomogeneities caused
by noise. Notice the improvement of LSEM over EM and
TV-EM in the recovery of the shape of the inner circle in
Figure 5. The RMS error, as shown in Figure 5(e), also sug-
gests that the LSEM algorithm produces the best reconstruc-
tion.

In the next example, the interior structure of the PET
image is more complicated. We try to reconstruct a 32 ×
32 image of the brain from 1536 observations (32 po-
sitions and 48 angular views, synthetic data). The sino-
gram data as well as the data noise (after scalling up) are
shown in Figure 6. The true intensity values are {0, 1, 4}.
The results obtained with the EM algorithm are displayed in
Figure 7.

We also used the same sinogram data to test the TV-EM
and the LSEM algorithms. For the LSEM algorithm, the evo-
lutions of the two functions φ1 and φ2 are given in Figures 8
and 9, respectively.

In less than 600 iterations, the two level set functions
have converged. Combining φ1 from Figure 8(c) and φ2 from
Figure 9(c) together with (16), we get the PET image de-
picted in Figure 10(c). In this test, we used c4 (background),
c2 (gray matter), and c1 = c3 (white matter). The intervals for
the intensity values are: {[0, 0.5], [0.5, 1.5], [3.5, 4.5]}. After
600 iterations, the intensity values are recovered pretty well
as {0, 0.9802, 4.0620}.

In Figures 10(a) and 10(b), the boundaries between the
tissue classes are not sharp. In contrast, we see that LSEM
algorithm is able to recover almost all the fine details in the
PET image in this example.

Next, we challenge our algorithm with a 64 × 64 image
obtained from a segmented MRI slice of the brain. This im-
age was used to generate totally 6144 (64 positions and 96 an-
gular views) observations. The sinogram data as well as the
data noise (after scaling up) are shown in Figure 11. Notice
that we are using the MRI image to generate the PET data,
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Figure 3: Evolution of a two circles using the EM algorithm.
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Figure 4: Interfaces given by the zero level set of the function φ1 and φ2.

and we are not trying to solve the MRI tomography prob-
lem. The true intensity values are {0, 1, 4}, and the inter-
vals {[0, 0.5], [0.5, 1.5], [3.5, 4.5]} were used for our LSEM
algorithm. Compared with Figures 5(c) and 10(c), the inner
structure to be recovered here is more complicated, as seen

in Figure 14(c). The evolutions of the φ1 and φ2 functions
are shown in Figures 12 and 13.

We see that the level set function φ2 is recovered rather
accurately, while the interior structure for φ1 is not that nicely
recovered. This will influence the appearance of the PET
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Figure 5: PET image of two circles constructed with different algorithms.
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Figure 6: Sinogram data, obtained by forward projection: n = Pλ plus Poisson noise.

image, as seen in Figure 14(b). After 650 iterations, the inten-
sity values are recovered as {0, 0.95549, 3.8629}. If we look at
Figure 14(e), the RMS error does not reveal any advantages
for the LSEM algorithm. Even so, due to the clearly iden-

tified dark region and the sharp edges in Figure 14(c), the
LSEM algorithm still produces a better result than what was
achieved with the EM algorithm in Figure 14(a) or TV-EM
in Figure 14(b).
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Figure 7: Evolution of a brain image with the EM algorithm.

30252015105

5

10

15

20

25

30

(a) Initial φ1

30252015105

5

10

15

20

25

30

(b) 600 iterations

30252015105

5

10

15

20

25

30

(c) True φ1

Figure 8: Interfaces given by the zero level set of the function φ1.
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Figure 9: Interfaces given by the zero level set of the function φ2.

6.2. Incorporating prior information

To obtain improved reconstructions, one approach is to use
priors that reflect the nature of the underlying radionuclide
distribution. Recently, there has been a considerable inter-
est in incorporating side information derived from highly
correlated anatomical information (such as MRI and CT) in
the form of Bayesian priors [22, 48]. The main attraction of
this approach is that one can expect to obtain improved re-
constructions to the extent that functions follow anatomy.
Usually, the anatomical information is incorporated by some
penalty technique, and a parameter β is used to control the
influence of the priors, which should smooth the image un-

der reconstruction. There are also some papers dedicated to
keeping sharp boundaries in the smoothing process. The key
point there is to try to derive and represent the boundary
information in the form of local smoother from the anatom-
ical MRI or CT image. However, by level set formulation, the
anatomical information can be incorporated into the EM al-
gorithm in a natural and efficient way, and the sharp bound-
aries are preserved naturally and easily. We just need to know
the location of the boundaries, the intensity values in the CT
or MRI image are not necessary.

Assume that MRI or CT observations are used to generate
information of the PET phantom, partly or in the entire do-
main Ω—see [49, 50]. Below we will demonstrate that such
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Figure 10: Construction of a PET image with different algorithms.
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Figure 11: Sinogram data, obtained by forward projection: n = Pλ plus Poisson noise.

information will improve the image reconstruction capacity
noticeably. First, we assume both φ1 and φ2 to be known,
which means that all the boundaries are known a priori, and
we just need to recover the piecewise constant intensity val-
ues of the image. The result is shown in Figure 15. Compared

with the results in Figure 14, we see that a prior information
of the geometrical objects improves the reconstruction dra-
matically. We need only about 20 iterations to reconstruct a
perfect image. In this case, after 200 iterations, the intensity
values were recovered pretty well as {0, 1.01, 3.98}.
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Figure 12: Interfaces given by the zero level set of φ1.
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Figure 13: Interfaces given by the zero level set of φ2.
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Figure 14: 64× 64 segmented MRI slice of the brain.
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Figure 15: 64× 64 segmented MRI slice of the brain.
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Figure 16: 64× 64 segmented MRI slice of the brain.
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Figure 17: 64× 64 segmented MRI slice of the brain, nonpiecewise constant by adding sin() functions.
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Figure 18: 64× 64 segmented MRI slice of the brain, nonpiecewise constant by adding Rand() functions.

Next, we assume φ2 to be known, and let φ1 evolves freely.
This corresponds to wrong or incomplete anatomical infor-
mation. The results are shown in Figure 16. From this ex-
ample, we see that LSEM can tolerate wrong or incomplete
anatomical priors. In this case, LSEM will try to discard the
wrong information. After 200 iterations, the intensity values
were recovered as {0, 0.97, 3.99}.

In our final example, we try to show that our method
works well for nonpiecewise constant images. Let λ(x, y) de-
notes the 64 × 64 true piecewise constant image as in the
above example. We also assume that φ2 is known, while φ1

is unknown.
Firstly, we add a smooth function to the original piece-

wise constant image, so that the true image is somehow
piecewise smooth,

λ(x, y) = λ(x, y) + σ �
(

sin(16πx) sin(16πy)
)
. (27)

The original true image as well as the reconstructed image are
shown in Figure 17. We use σ = 0.1 in this test. The intensity
values were recovered as {0, 0.92, 3.99}.

Then, we add random noise to the true piecewise con-
stant image by

λ(x, y) = λ(x, y) + σ �
(

Rand(x, y)− 0.5
)
, (28)

where Rand(x, y) produces uniformly distributed real num-
bers between [0, 1]. In this test, we use σ = 0.2.

The original true image as well as the reconstructed im-
age are shown in Figure 18. The intensity values were recov-
ered as {0, 0.99, 3.99}.

7. CONCLUSIONS

We have applied a level set method to the positron emission
tomography reconstruction problem, based on the assump-
tion that the active values can be identified with different lev-
els.

The basic idea is to modify the maximum likelihood ex-
pectation maximization algorithm by using a level set formu-
lation. With this approach, we can incorporate anatomical
prior information naturally and easily into the algorithm.
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Extravascular signal decay rate R2 or R2∗ as a function of blood oxygenation, geometry, and field strength was calculated using a
Monte Carlo (MC) algorithm for a wider parameter range than hitherto by others. The relaxation rates of gradient-recalled-echo
(GRE) and Hahn-spin-echo (HSE) imaging in the presence of blood vessels (ranging from capillaries to veins) have been computed
for a wide range of field strengths up to 9.4 T and 50% blood deoxygenation. The maximum HSE decay was found to be shifted
to lower radii in higher compared to lower field strengths. For GRE, however, the relaxation rate was greatest for large vessels at
any field strength. In addition, assessments of computational reliability have been carried out by investigating the influence of the
time step, the Monte Carlo step procedure, boundary conditions, the number of angles between the vessel and the exterior field
B0, the influence of neighboring vessels having the same orientation as the central vessel, and the number of proton spins. The
results were compared with those obtained from a field distribution of the vessel computed by an analytic formula describing the
field distribution of an ideal object (an infinitely long cylinder). It was found that the time step is not critical for values equal to
or lower than 200 microseconds. The choice of the MC step procedure (three-dimensional Gaussian diffusion, constant one- or
three-dimensional diffusion step) also failed to influence the results significantly; in contrast, the free boundary conditions, as well
as taking too few angles into account, did introduce errors. Next neighbor vessels with the same orientation as the main vessel
did not contribute significantly to signal decay. The total number of particles simulated was also found to play a minor role in
computing R2/ R2∗ .
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1. INTRODUCTION

The effect of diffusion on signal decay in blood oxygena-
tion level-dependent (BOLD) imaging is mainly due to the
extravascular contribution of spins, especially at high field
strengths >4 T [1]. In the current study, the well-known
Monte Carlo (MC) approach modeling Brownian diffusion
of protons in a background magnetic field has been used to
compute extravascular (EV) BOLD signal changes. To this
end, the static dipole model presented previously [2] has
been extended to a dynamic model describing the sampling
of phases of the individual protons moving in the inhomo-
geneous magnetic field.

Earlier studies on the effect of subvoxel variations in mag-
netic susceptibility were reported by Fisel et al. [3]. Weis-

skoff et al. compared MC simulations with experiments with
polystyrene microspheres to demonstrate that enhanced re-
laxation can be explained quantitatively for both spin-echo
and gradient-echo experiments [4]. The effect of an en-
dogenous paramagnetic agent (deoxygenated hemoglobin)
on image contrast has been addressed by several authors, for
example, Ogawa et al. [5], Kennan et al. [6], and Boxerman
et al. [7]. All models are based on the fact that in the vicinity
of capillaries and venules, local magnetic field distortions are
generated by the presence of paramagnetic deoxyhemoglobin
in the blood.

Data from the models in the literature so far have mostly
been restricted to a magnetic field strength of 1.5 T, that is,
the clinical scanner field strength in the past, and mostly
for GRE only. However, nowadays, scanners with high or



2 International Journal of Biomedical Imaging

ultra-high field strength for humans up to 9.4 T are available
for research, and EV-BOLD data for these field strengths both
for GRE and HSE have not yet been provided. The aim of the
present work, therefore, was to investigate these issues at such
high magnetic field strengths.

To examine the contribution of extravascular spin in iso-
lation from other factors, an impenetrable vessel wall bound-
ary for extravascular spins was assumed. The range of inves-
tigated susceptibility values was determined using a deoxy-
genation content of 5% at 1.5 T as the lowest susceptibility
value and up to 50% at 9.4 T as the highest value. In addi-
tion, standard approaches used in the literature have been
evaluated as to how they influence the computed relaxation
rates. In particular, the choice of the time step, the diffusion
step, the number of angles and the influence of neighboring
vessels, and the number of protons were examined.

2. THEORY

Our aim was to study signal decay due to the phase sampling
of the individual spins during their random movement. The
spins in the brain parenchyma are diffusing in a background
magnetic field caused by deoxygenated blood present in cap-
illaries, venules, and veins. The field distribution is therefore
determined by vessels inside a computational volume, filled
with deoxygenated blood. The susceptibility creating the field
distribution around the blood vessel is proportional to the
level of blood deoxygenation and to the exterior field.

Weisskoff et al. proposed generalizing their results ob-
tained using a numerical model by the use of the Bloch-
Torrey equation [4]. Fujita also established a dimensionless
equation which is ruled by two parameters [8]. We briefly
recapitulate their arguments in the following paragraph and
thereby show how their theories relate to one other.

Because the MC method solution must respect the Bloch-
Torrey equations, generalized scaling laws might be derived
in advance to generalize the numerical solutions [4]. If the
length scale is made dimensionless by x �→ y = λ·x, we ob-
tain

dS(y, t)
dt

= iω(y)·S(y, t) +
(
λ2D

)·∇2S(y, t). (1)

If the time scale is made dimensionless by t �→ t′ = t/γ, we
obtain

dS(x, t′)
dt

= i·γ·ω(x)·S(x, t′) + (γ·D)·∇2S(x, t′). (2)

Substituting λ by λ �→ 1/R and γ by γ �→ TE, the general scale
independent relation

dS

dt
= −i·α·S + β·∇2S (3)

with α = ω·TE and β = DTE/R2 can be established. From
this equation, (3), (1), and (2) follow as special cases. The
minus sign in (3) indicates the direction of rotation in the
complex plane and therefore can be omitted. In the present
article, we use cgs units with D = 1 μm2/ms and TE =
40 milliseconds.
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Figure 1: Flow chart of the model. It consists of the dipole model
and a Monte Carlo time-step procedure. The inner of the two 3D
loops is substituted in the present work by a known field distribu-
tion for the element (i.e., the field distribution for an infinite vessel).

3. MATERIAL AND METHODS

3.1. Flow chart

Our model is similar to that of Boxerman et al. [7]. A flow
chart illustrating the model is shown in Figure 1. The total
signal is computed from individual complex transverse mag-
netizations of the protons, which are accumulating phases in
the magnetic background field. The magnetic background
field is described either by an analytic formula, or by inte-
grating the individual contributions from the discretized sus-
ceptibility distribution.

We used the field distribution caused by a vessel seg-
ment approximated by a paramagnetic cylinder with infinite
length to be the susceptibility distribution for an infinite ves-
sel, which is given by

δω· f (x) = δω·
(

1
r

)2

cos (2·φ)sin (θ) (r ≥ 1)

= δω·
(

cos 2θ − 1
3

)
(r ≥ 1),

(4)

where θ is the angle between the cylinder and the direction
of the static magnetic field, r and φ represent the nondimen-
sional radial coordinate relative to the vessel radius R and the
azimuthal angle in the plane orthogonal to the cylinder, re-
spectively, and δω is the susceptibility-induced maximal fre-
quency shift occurring at the vessel surface, given by

δω = 2π·Δχ·ω0Hct(1− Y). (5)
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In (5), Hct denotes the haematocrit value, that is, the fraction
of the volume taken up by the red blood cells, Δχ is the vol-
ume susceptibility difference per unit Hct between fully oxy-
genated and fully deoxygenated blood, ω0 is the static mag-
netic field strength in terms of frequency, and Y is the degree
of blood oxygenation.

Our parameter space was given by a haematocrit value
of Hct = 0.4, a susceptibility of fully deoxygenated blood
of Δχ =0.18 ppm (cgs units). Frequency thus varied from
1.4454 Hz (corresponding to 1−Y = 5% at 1.5 T) to 65 ×
1.4454 Hz (90.58 Hz corresponding to 1−Y = 50% at 9.4 T)
in steps of 5.7816 Hz. The radii varied from 3 μm to 60 μm in
logarithmical equidistant values.

Alternatively, one could discretize the paramagnetic
cylinder representing the vessel into elementary volumes,
for example, of size of the computational cell. In the dipole
model, to each elementary volume, a dipole strength pm =
MΔV is assigned, where M is the magnetization propor-
tional to the exterior field strength M = χB0. The elemen-
tary volume then contributes to the field distribution by an
amount of ΔBz = (pm/r3)(3cos 2θ − 1).

To compute the total field distortion Bz, a spatial inte-
gration to summate all contributions has to be performed.
Diffusion was computed according to 3 models which can
be distinguished by the choice of the diffusion step. They are
given by the following definitions.

STEP1D

Take a fixed step (� = √
2Dτ) in each direction (along the

positive or negative axis, directions chosen randomly).

STEP3D

Take a fixed step (� = √6Dτ) in a randomly chosen direction.

GAUSS3D

Take a random step with a Gaussian distribution (σ=√6Dτ)
in a randomly chosen direction.

In the formulae, D is the diffusion coefficient and τ is
the time step. As diffusion strength, we used D = 1 μm2/ms,
which is typical for the cerebral cortex [7]. As a random gen-
erator, the routine ran1 from the numerical recipes [9] was
chosen. The various MC step methods were first tested by
computing the radial distribution of the protons after N time
steps for M protons. Unless stated otherwise, the time step τ
was chosen as 10 microseconds and TE was 40 milliseconds
at maximum, and the number of protons was 243.

Using these definitions, the routines given by Ogawa et
al. [5] (Step3D), Boxerman et al. [7] (Gauss1D), and Weis-
skoff et al. [4] (Gauss1D) were explored. Gauss1D, of course,
is a hybrid of Step1D and Gauss3D. The arbitrarily chosen
direction must be determined from random values lying in-
side a sphere (except the origin). To determine the direction,
the values have been projected onto the unit sphere’s sur-
face. The time step was chosen as either 10 microseconds or
200 microseconds for the GE and SE signal relaxation rate
computations. Initial positioning and the Monte Carlo steps

were ruled by two separate random generators from Press et
al., that is, using the same starting conditions, the results can
be reproduced completely. Computations have been repeated
and mean values have been calculated to reduce numerical
noise due to the finite-sized sample of proton spins.

The model consists of the following steps:

(1) place a cylinder with a given orientation relative to B0

in a volume of interest;
(2) distribute protons randomly in that volume of interest;
(3) compute the field at the location of each proton as a

superposition of the field generated by the cylinder;
(4) (optional) add the gradient fields from the MR se-

quence at the location of each proton (e.g., to simulate
a CPMG echo train);

(5) advance the phase of each proton according to its local
field and, in case of a 180◦ pulse for HSE, invert the
direction of phase accumulation;

(6) advance each proton in an MC step in an arbitrary di-
rection (in the case of a 3D step chosen from an arbi-
trary position on the surface of a unit sphere);

(7) if the proton has transgressed the cylinder wall, repeat
step (6) with a given probability, which is determined
by the vessel wall porosity (in our case: repeat step (6)
always);

(8) if the proton has left the volume of interest, it might
reenter, depending on suitable boundary conditions.

The resulting signal was computed by summating all
(normalized) complex magnetizations of the EV spins. Spins
which did not contribute (spins inside the vessel) were ig-
nored.

In (4), the cosine of the angle is computed as a scalar vec-
tor product. This, together with expressing the trigonomet-
ric functions by a cosine function, prevents the evaluation of
trigonometric series, which is highly time consuming.

Instead of one cylinder, we also used 5 and 9 cylinders as
illustrated, for example, by Kennan et al. for 5 cylinders [6].

As conditions at the limits of the computational domain,
we used periodical boundary conditions (with the spins re-
entering the computational domain from the adjacent side of
the domain), reflecting boundary conditions (with the spins
being reflected at the limits of the domain), and free bound-
ary conditions (where the spins are free to leave the domain).

Background gradients can be added to the exterior field
at any time during the computations, so that diffusion-
sensitive sequences like CPMG can be established.

The occurrence of vessel direction varies with sin (θ),
where θ is the angle between the exterior field and the ves-
sel orientation. For our computations, we used 6, 9, and 18
angles, equally distributed between 0 and 90◦. The total sig-
nal from vessels with varying orientation thus becomes [5]

Stot =
∑

sin (θ)·∥∥S(θ)
∥∥

∑
sin (θ)

. (6)

The relaxation rate R2 was computed using a two-point
evaluation function at TE = 16 milliseconds and TE =
40 milliseconds assuming Stot = S∗0 exp (-TE∗R2) [5].
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4. NUMERICAL RESULTS

Testing of the diffusion process is shown in Figures 2 and
3: Figure 2 shows the distribution of spins after a fixed dif-
fusion time TD together with the theoretical distribution.
Figure 3 shows the CPMG signal decay together with its an-
alytical course. Both the local spin distribution as well as
the CPMG signal decay follows the theoretical predictions
with some random noise due to the limited number of pro-
tons.

Results for the computation of R2/R2∗ for GRE and
HSE imaging are shown in Figure 4. The curves are the
mean values of 8 computations, each with a different ran-
dom series initialization. Time step length has been set at
10 microseconds within these simulations. As can be seen,
HSE relaxation rates are greatest for small radii, whereas for
GRE large vessel radii have the highest relaxation rates. In ad-
dition, as expected, the relaxation rate both for GRE and HSE
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From 1.4454 Hz up to 93.95 Hz

Figure 4: R2/R2∗ relaxation rate (in s−1) for SE, GE, from de-
oxygenation corresponding to a frequency of 1.4454 Hz to 65 ×
1.4454 Hz. Data are shown in steps of 8 × 1.4454 Hz. The time
step length in these computations was 10 microseconds. The mean
value for 8 computations with different random series initialization
is shown.

increase with blood oxygenation and field strength. Higher
susceptibility for HSE results in shifting the maximal relax-
ation rate to even smaller radii.

Comparison of these results to computations with a time
step length of 200 microseconds is shown in Figure 5. They
agree with the results using the smaller time steps. The 200-
microsecond data are slightly noisier since there is no aver-
aging as in the 10-microsecond data, which have been com-
puted 8 times for different random series initialization. Com-
parisons to a Gauss3D diffusion step computation and to a
free boundary condition computation are also shown (time
step 200 microseconds in both). Only the data for the free
boundary computation are slightly inconsistent with the oth-
ers.

Figure 6 compares the results of the 8 computations with
a computation using 9 or 18 angles instead of 6 (time step
200 microseconds each). A nonnegligible deviation of the GE
curve, and a slightly smaller deviation also for the SE curve
can be seen (in the static dephasing regime: a deviation of 5%
for 6 angles, i.e., a deviation of 2.5% for 9 compared to 18
angles). Again, data from the 9-angle versus 18-angle com-
parison have been computed only once.

In Figure 7, neighbor rods are taken into account and the
result is compared to the result of the 8 computations with
different random series initialization. Data for the 5 or 9 next
neighbors have been computed once. There are no apparent
differences compared to the computations with only one ves-
sel.

Finally, in Figure 8, the data for different numbers of
spins in the computational domain can be found. The num-
bers of spins distributed in the computational domain were
243, 303, 363, 423, and 483 (time step 200 microseconds each).
A change in the number of spins does not result in any sig-
nificant difference between the calculated relaxation rates.
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5. DISCUSSION

When compared to lower field strengths, the maxima of the
spin-echo decay were found to be shifted to lower radii. A
set-up with too few angles as well as the use of free bound-
ary conditions introduces errors and therefore should be
avoided. All other parameters (time-step, number of protons,
and influence of neighboring vessels of the same orientation,
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Figure 7: R2/R2∗ relaxation rates (in s−1) shown for 5 vessels (cen-
tral vessel and 4 next neighbors), respectively, shown for 9 vessels
(8 next neighbors) versus data for one single vessel. All neighbor
vessels possess the same direction as the central vessel.
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Figure 8: R2/R2∗ relaxation rates (in s−1) shown for the computa-
tional set up with edge lengths of the computational cell of 24, 30,
36, 42, and 48 mean spin-to-spin distances along each edge, corre-
sponding to 243, 303, 363, 423, and 483spins in each computational
cell.

choice of the MC step model used) did not influence the re-
sults in our computations.

The current loop approach according to Biot Savart
proved the use of the dipole formulae for a finite voxel el-
ement to be correct [2]. The plot of the field distribution of
an infinite vessel is in agreement with the field distribution of
a very long discretized vessel. However, we found that results
for a discretized cylinder slightly deviate from the results for
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an infinitely long cylinder. For consistency, we show only re-
sults obtained for the infinite cylinder in the present work.
Moreover, the CPMG decay experiment showed that our dif-
fusion modeling works quite well for all MC step methods
investigated.

As discussed by Ogawa et al. [5], at the limit of infinite
numbers of spins and time steps, the signal S(θ) in (6) would
be real. However, because we use a finite number of proton
spins, there is a residual complex part of the signal. In (6),
we forced S to be real by taking its absolute value. However,
as the number of spins increases, the residual part should
diminish and, at the limit of infinite numbers of protons,
should vanish.

The precursor modeling approaches according to Balac
et al. [10], Bhagwandien et al. [11], Lüdeke et al. [12], and
Bakker et al. [13] are all limited in that they rely either on
singular analytical solutions for spheres and cylinders, or on
complicated procedures such as boundary element meth-
ods (BEMs), finite differences (FDs), or finite element meth-
ods (FEMs). The dipole model, in contrast, uses arbitrarily
chosen elements (discretized to a grid) in combination with
simple geometries (spheres, finite cylinders, parallelepipeds).
This allows the design of special interventional instruments
(e.g., a biopsy needle with markers) and the computation
of the decay of the transverse magnetization in “real world”
geometry as in a trabecular bone model, or in a vessel net-
work to model signal decay in brain parenchyma. Branches
of vessels might be simulated using our model. Use of an-
alytic field distributions remains possible, thereby allowing
modeling similar to Boxerman et al. [7], Ogawa et al. [5],
Kennan et al. [6], or Fujita [8].

Discretization of the susceptibility distribution can be
made more precise than the mean distance between protons
by introducing distance factors [14]. An estimate of arbitrar-
ily high resolution can then be achieved by Richardson Ex-
trapolation [9].

Intra- and extravascular pools were separated by a rou-
tine which tests whether a spin is intra- or extravascular. The
same routine can be used to detect the transgression of a
boundary, and in the case of impenetrable vessel walls, the
diffusion step can then be rejected until a transgression-free
step has been attained. This is achieved by testing whether
a spin was extravascular before the MC step but becomes
intravascular after it, or vice versa. Actually, vessel walls
are to be regarded as impenetrable, because exchange rates
are much longer (typically 500 milliseconds) than TE (typ-
ically 100 milliseconds) as discussed in Fisel et al. [3], and
in Boxerman et al. [7]. Using a rejection with probability P
(drawn from a random series), vessel walls might be mod-
eled as partially penetrable. Spins belonging to the intravas-
cular pool are not considered to contribute to the BOLD sig-
nal.

The boundaries of the computational domain might be
treated as periodical boundary conditions, reflection of spins
at the boundaries or by no conditions at all. However, we ob-
served that tests with such penetrable boundaries (also called
“free boundary conditions”) lead to slightly false results.

Let us summarize an important, specific finding revealed
in Figure 4 of Section 3. At high field strength (9.4 T), spin-

echo imaging is especially sensitive at about 3 μm radii. The
maximum of the spin-echo decay is shifted to lower radii
than with lower field strengths. This makes spin-echo imag-
ing especially sensitive to small vessels and capillaries.

The computation with 18 angles revealed a source of dis-
cretization error. The 6 angles used regularly in our compu-
tations essentially yield only an approximate result. However,
since the effort to compute with 18 angles is 3 times greater,
we have restricted our analysis to 6 angles. One should bear
in mind that this leads to a (somehow limited and therefore
minor) error in R2/R2∗. Moreover, we found that placing
vessels in the next 6 or 9 neighbor volumes does not change
the result. Vessels with orientations different from the orien-
tation of the central vessel in the next neighbor volumes have
not been investigated and are left for future work.

From 243 protons on, the result does not change sig-
nificantly with increasing numbers of protons. However,
to obtain smoother curves (less numerical noise due to a
limited number of protons), computations might be re-
peated using different random initializations for the MC step
procedure. Computing time largely depends on the hard-
ware resources available. For the computations with TE =
40 milliseconds in steps of 10 microseconds, computing the
complete parameter-space for one random series initializa-
tion value with 243 protons took approximately 8 days on a
Pentium machine with a clock rate of 1.8 GHz.

The model might be further improved by introducing
Bloch’s equations instead of considering a constant trans-
verse magnetization. Pulses and gradients can then be simu-
lated to model a real pulse sequence with all its implications
regarding magnetization. The diffusion constant might also
be replaced by a diffusion tensor, making the treatment of
problems based on diffusion anisotropy possible.
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1. INTRODUCTION

Image processing methods using variational calculus and
partial differential equations (PDEs) have been popular for
a long time in the image processing research community.
Among popular PDE methods are the anisotropic diffusion
method proposed by Perona and Malik [1], the total vari-
ation method introduced by Rudin et al. [2], and various
methods related to these [3–7]. Many of these methods were
originally introduced for scalar-valued (gray-scale) images,
and were later generalized to vector-valued (color) images.

During the last decade or so, a new magnetic resonance
modality called diffusion tensor imaging (DTI) has been ex-
tensively studied [8–13]. Using DTI, it is possible to study
anatomical structures like the nerve fibers in the human
brain noninvasively. The DTI images are matrix valued. In
each voxel of the imaging domain, we construct a diffu-
sion tensor (i.e., diffusion matrix) D based on a series of
K direction-specific MR measurements {Sk}Kk=1. The matrix
D ∈ R3×3 is a symmetric, positive definite matrix

D = VΛV−1, (1)

where V is an orthogonal matrix, and Λ is a diagonal matrix
with positive elements. We may look at the diffusion matrix
as a hyperellipse where the eigenvectors {Vi}3

i=1 span the el-
lipsoid, and the corresponding eigenvalues {λi}3

i=1 determine
the length of each semiaxis (see Figure 1). It is customary to

arrange the eigenvalues in decreasing order. By the diffusion
tensor model we assume that the set of images {Sk}Kk=1 is
related to the nonweighted image S0 by the Stejskal-Tanner
equation [14, 15]

Sk = S0e
−bgTk Dgk , k = 1, 2, . . . ,K. (2)

Here gk ∈ R3 denotes the direction associated with Sk, and
b > 0 is a scalar which among other factors depends on the
acquisition time and the strength of the magnetic field [16].
Since D ∈ R3×3 is symmetric, it has six degrees of freedom.
Thus at least six measurements {Sk}6

k=1 are required to es-
timate the tensor, as well as the nonweighted measurement
S0. The tensor D can be estimated from (2). In the case of
more than six measurements Sk, we can estimate D by, for
example, a least-squares minimization. From the eigenvalue
decomposition of the diffusion tensor, we can reveal proper-
ties like the dominant diffusion direction and the anisotropy
of diffusing water molecules [17]. This information can be
used to construct maps of the anatomy of the brain.

From the developments in DTI, a need for robust reg-
ularization methods for matrix-valued images has emerged.
As far as the authors are aware of, there exists no state-of-
the-art method for regularization of tensor-valued images,
although many methods have been proposed [18–21].

All measurements {Sk}Kk=1 contain noise, which degrades
the accuracy of the estimated tensor. Compared with con-
ventional MR, direction-sensitive acquisitions have a lower
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λ1V1

λ2V2

λ3V3

Figure 1: The diffusion matrix D can be represented by a diffu-
sion ellipsoid, where the semiaxes are spanned by the eigenvectors
{Vi}3

i=1 of D, and the length of each semiaxis is given by the eigen-
values {λi}3

i=1. In this illustration, the diffusion is anisotropic. The
principal diffusion direction is along eigenvector V1.

signal-to-noise ratio (SNR). Thus the gradient weighted im-
ages {Sk}Kk=1 contain more noise than S0. There are sev-
eral ways to increase the accuracy of the estimated tensor.
The most intuitive way is to make an average of a series of
repeated measurements. Alternatively, we can increase the
number of gradient directions. An obvious disadvantage of
both of these approaches is the increased scanner time. Per-
haps a better way to improve the quality of the tensor is by
postprocessing the data. In this paper, we follow this ap-
proach, by introducing a regularization method for tensor-
valued data.

Since D models diffusion, regularization methods in DTI
must preserve the positive definiteness of D. A positive defi-
nite matrix has only positive eigenvalues, which is necessary
from the physical modeling perspective. In a minimization
method for regularization of the tensor data, one possible
way to ensure positive definiteness would be to impose a con-
straint on the minimization problem. Then the constrained
problem would have a solution which is on the manifold
of positive definite matrices. Regularization of tensor-valued
data constrained to manifolds has been studied during the
last couple of years, see [22–24]. We however follow a differ-
ent strategy. Using essentially the same idea as Wang et al. did
in a slightly different setting, we treat D implicitly by writing
D as the product D = LLT , where L is a lower triangular ma-
trix [18]. Every symmetric positive definite (SPD) matrix has
a factorization on this form. We will in this work develop a
regularization method for diffusion tensor images by gener-
alizing methods previously developed for scalar- and vector-
valued images [2, 25].

Before we go into details of the proposed method, we
briefly introduce the total variation (TV) methods for scalar-
and vector-valued images. During the last 15 years or so,
TV models have undergone extensive studies, initiated by the
work of Rudin, Osher, and Fatemi (ROF) [2].

Define the total variation (TV) seminorm for scalar-
valued data as

TV[u] =
∫
Ω
|∇u|dx. (3)

Throughout this paper,∇ denotes the spatial gradient, while
∇· denotes the divergence operator. In the ROF model, the
TV seminorm with an added L2 fidelity norm is minimized

min
u

{
G(u, f , λ) = TV[u] +

λ

2
‖u− f ‖2

2

}
. (4)

Note that we can write the functional G more abstractly as

G(u, f , λ) = R(u) +
λ

2
F(u, f ), (5)

where R(u) is a regularization functional and F(u, f ) is a
fidelity functional. The regularization term is a geometric
functional measuring smoothness of the estimated solution.
The fidelity term is a measure of fitness of the estimated solu-
tion compared to the input data. It is customary to measure
the fidelity in the sense of least squares. Equation (4) has the
corresponding Euler-Lagrange equation

∂uG = −∇ ·
( ∇u
|∇u|

)
+ λ(u− f ). (6)

We can find a minimum of (4) by searching for a steady state
of

∂u

∂t
= −∂uG, (7)

which is the way the ROF model was first formulated [2].
Alternatively, we can directly attack the zero of the Euler-
Lagrange equation

−∂uG = 0, (8)

for example, by a fixed-point iteration [26]. This is in gen-
eral less time consuming than solving the equation using
the method of steepest descent, but more tedious to carry
out numerically. When we generalize the method to matrix-
valued images, we solve the minimization problem by the
method of steepest descent. Various methods have been pro-
posed to generalize the ROF model to vector-valued image
regularization. Among the successful methods, we find the
color TV model developed by Blomgren and Chan [25] and
the model by Sapiro [27]. Blomgren and Chan [25] gener-
alized the ROF model to color (vector) image regularization
using a set of coupled equations

{
∂ui
∂t
= αi∇ ·

( ∇ui∣∣∇ui∣∣
)
− λ
(
ui − fi

)
, i = 1, 2, 3

}
(9)

with

αi = TV
[
ui
]

TV[u]
, i = 1, 2, 3,

TV[u] =

√√√√√
3∑
i=1

TV
[
ui
]2
.

(10)

The weight αi in (9) acts as a coupling between the ge-
ometric part of the three image channels. In this work, we
extend in a natural way the color TV model of Blomgren and
Chan to a matrix TV model. However, the method we pro-
pose is not restricted to our choice of regularization func-
tional (TV). For a detailed treatment of TV regularization
methods we refer the reader to the recent book by Chan and
Shen [5].

In Section 2, we define the minimization problem that we
propose to solve, and arrive at the Euler-Lagrange equations
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corresponding to this minimization problem. We perform
numerical experiments in Section 3, before we finish the pa-
per in Section 4 with a conclusion. Details on the Euler-
Lagrange equation and the numerical implementation are
given in the appendix at the end of the paper.

2. MINIMIZATION PROBLEM

In this section, we introduce the functional that we minimize
in order to regularize tensor-valued data. Let L be a lower
triangular matrix. We define D by

D = LLT. (11)

This has immediate implications on D: symmetry, positive
definiteness, and orthogonality of eigenvectors. These prop-
erties are required by the diffusion tensor model. Thus (11)
is a natural choice. We define �i j as the element in the ith row
and jth column of L. The elements di j are defined in the same
manner.

Let us look at the algebraic equation expressing D as a
function of �i j . We derive the expressions for D ∈ R3×3 ⊂
SPD. We explicitly write out the matrix multiplication (11),

D =
⎛
⎜⎝

�2
11 �11�21 �11�31

�11�21 �2
21 + �2

22 �21�31 + �22�32

�11�31 �21�31 + �22�32 �2
31 + �2

32 + �2
33

⎞
⎟⎠ . (12)

In our proposed model, we solve a minimization prob-
lem in terms of �i j . For each unique �kl, we minimize

min
�kl

{√√√∑
i j

TV
[
di j
(
�kl
)]2

+
λ

2

∑
i j

∥∥di j − d̂i j
∥∥2

2

}
, (13)

where {kl} ∈ {11, 21, 22, 31, 32, 33} and d̂i j denotes the ele-
ments of the tensor estimated from the noisy data. As in the
scalar model, the functional (13) has the abstract form (5).
The scalar ROF (TV− L2) functional is convex. But when we
introduce the factorization (11) into the model, we cannot
expect the functional (13) to be convex or even quasiconvex.
However, from numerical experiments where we used dif-
ferent (random) intial conditions we ended up with almost
exactly the same solution. This means that even though we
are not able to prove that the functional is convex, we have
indications that it is at least quasiconvex.

We note that minimizing the functional (13) is related to
the functional used by Wang et al. [18]. Apart from the fact
that they simultaneously estimate and regularize the tensor,
there are fundamental differences between our proposed reg-
ularization functional and the functional proposed by Wang
et al. Even though we represent the diffusion matrix on the
form of a Cholesky factorization, we regularize the elements
of the full diffusion tensor D, while Wang et al. regularize the
elements of the lower triangular matrix L. Intuitively, reg-
ularizing the elements of D is more direct than regulariz-
ing the elements of L. We highlight the difference between
Wang’s method and our proposed method by a numerical
simulation in a simplified setting in Section 3. In addition,
the method proposed in this paper has a coupling between all

elements of D in the regularization PDE, while the method
proposed by Wang et al. does not have such a coupling be-
tween the channels.

We also note that the functional (13) is chosen mainly
because of the good properties of the corresponding scalar-
and vector-valued functionals [2, 25], with edge preservation
as the most prominent property. Depending on the applica-
tion at hand, other functionals might be considered as alter-
natives. The framework developed in this paper is however
applicable for other regularization functionals as well.

2.1. Euler-Lagrange equations

In this section, we derive the Euler-Lagrange equations cor-
responding to the minimization functional (13). We first dif-
ferentiate the fidelity functional

∂F

∂�kl
= ∂

∂�kl

∑
i j

∥∥di j − d̂i j
∥∥2

2

= 2
∑
i j

(
di j − d̂i j

)∂di j
∂�kl

.

(14)

We differentiate D with respect to �kl, for example

∂D

∂�11
=
⎛
⎜⎝

2�11 �21 �31

�21 0 0
�31 0 0

⎞
⎟⎠ . (15)

The other derivatives follow the same pattern. Writing out
(14), we find the derivative of the fidelity functional,

∂F

∂�kl
= 2

[(
d11 − d̂11

)∂d11

∂�kl
+ 2
(
d21 − d̂21

)∂d21

∂�kl

+
(
d22 − d̂22

)∂d22

∂�kl
+ 2
(
d31 − d̂31

)∂d31

∂�kl

+ 2
(
d32 − d̂32

)∂d32

∂�kl
+
(
d33 − d̂33

)∂d33

∂�kl

]
,

(16)

where {di j}3
i=1, j=1 denote the elements of the matrix D. We

differentiate the regularization functional in (13). Define the
total variation norm of a matrix D ∈ R3 × R3 as

TV[D] =
(

TV
[
d11
(
�i j
)]2

+ 2TV
[
d21
(
�i j
)]2

+ TV
[
d22
(
�i j
)]2

+ 2TV
[
d31
(
�i j
)]2

+ 2TV
[
d32
(
�i j
)]2

+ TV
[
d33
(
�i j
)]2
)1/2

.

(17)

This is a straightforward generalization of the total variation
norm of a vector [25].

Using the chain rule, we find the derivatives of the regu-
larization functional to be

∂R

∂�kl
= −

∑
i j

αi j∇ ·
( ∇di j∣∣∇di j∣∣

)
∂di j
∂�kl

, (18)

with

αi j =
TV
[
di j
]

TV[D]
. (19)
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(a) (b) (c)

Figure 2: A synthetically produced purely anisotropic tensor field with four distinct regions is degraded with normally distributed noise.
The noisy field is then processed with our proposed method: (a) the clean vector field D0; (b) the noisy field D̂; (c) the recovered field D.

Note here that this derivative is essentially similar to the
derivative in the color TV model of Blomgren and Chan [25],
but with the important difference that we represent the dif-
fusion matrix by its Cholesky factors.

In the next section, we perform numerical simulations
using the method proposed in this paper. We give more de-
tails on the Euler-Lagrange equations in the appendix, which
also contains some details on the numerical implementation
of the model.

3. NUMERICAL EXPERIMENTS

In this section we perform numerical experiments on syn-
thetically constructed tensor fields and real tensor fields
from a human brain. The numerical implementation of the
method is briefly discussed in the appendix.

For the synthetical fields we have constructed clean ten-
sor fields, which are degraded with noise with a prior known
distribution. Thus, we are able to measure how well the
method performs on synthetical data. For the real human
brain DTI, the “true” solution is of course not known in
advance. In this case, we measure the performance of the
method in terms of a reference solution where a large se-
ries of acquisitions are averaged. This is explained in de-
tail in Section 3.3. For the numerical implementation of the
method and some of the visualizations, we have used Matlab
[28].

3.1. Synthetical tensor fields

In the first numerical experiment, displayed in Figure 2, we
test the performance of the proposed method on a simple
tensor field. This field is mapping a square domain Ω ⊂ R2,
with four distinct regions, to R2×2. We construct the clean
tensor-valued data by prescribing the eigenvalues and corre-
sponding eigenvectors. The values of each element of L is in
the range [0, 1]. Then we add normally distributed noise η(σ)
to each element of the Cholesky factorization of the matrix,
that is, L̂ = L + η(σ). Finally, the degraded diffusion tensor
is constructed by D̂ = L̂L̂T . The noise levels in the simula-
tions in Figures 2 and 4 are given by σ = 0.35 and σ = 0.25,
respectively. The time step is Δt = 0.001. Note that the dis-
continuities in the data are preserved in the solution, that

is, the edge preserving property of scalar and vector-valued
TV flow is kept in the proposed matrix-valued flow. In the
first example, the diffusion is anisotropic in the whole do-
main. To show how the proposed method differentiates be-
tween isotropic and anisotropic regions we show a similar
example where one of the four regions is interchanged with
an isotropic region. The isotropic region is constructed by
considering the orthogonal matrix Q from the QR factoriza-
tion of a random 2 × 2 matrix. The columns of the matrix
Q are considered to be the eigenvectors of the diffusion ten-
sor. We specify two random numbers in the range [0, 1] as the
eigenvalues of the tensor. Thus the diffusion is random in the
isotropic region. As we can observe from these two numerical
examples on synthetical data, edges are preserved in the reg-
ularized images. We observe that even when the noise level
is high, we are able to reconstruct an image which is close to
the true noise-free image.

From these numerical experiments on synthetical data
we see that the proposed method gives encouraging results.
Similarly as in the scalar- and vector-valued settings, edges
are well preserved. We further investigate the edge preserva-
tion in the next experiment.

3.2. Qualitative experiments

To highlight the qualitative differences between regularizing
the elements of the tensorD and the elements of the Cholesky
factors L, we have constructed a simple numerical example in
1D. We have removed the fidelity measure from the model,
thus the method is in this setting merely a diffusion filter.
Thus we have simplified the model in such a way that we can
study the qualitative behavior of the two regularization fil-
ters in the same setting (see Figure 3). From this example,
we clearly see that when we regularize D the edges are bet-
ter preserved than when we regularize L. Note that Wang et
al. regularize the Cholesky factors [18].

We also present a numerical example in 2D where we
solve the PDEs first as an uncoupled system, that is, by em-
ploying the weighting factors αi j = 1, and then as a coupled
system where we use the weighting factors from (10). We de-
note the clean field by D, the noisy field by D̂, the field regu-
larized with the uncoupled system by Du and the field regu-
larized with the coupled system by Dc. In Figures 5(a)–5(d),
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Figure 3: A simple 1D example showing the qualitative behavior of the model for regularizers
∫
Ω |∇L| and

∫
Ω |∇D|. The noisy signal in (a)

is processed with both flows. Subfigures (b), (c), and (d) are snapshots during the flow at the three times t = 8, t = 16, and t = 24.

we show the elements D11, D̂11, Du
11, and Dc

11, respectively.
Subindexes denote the elements of the matrix field. Figures
5(e)–5(h) show the elements D12, D̂12, Du

12, and Dc
12, while

Figures 5(i)–5(l) show the element D22, D̂22, Du
22, and Dc

22.
From Figure 5, we observe that the uncoupled system does
not discriminate the noise from the weak signal. The coupled
system on the other hand better discriminates the noise from
the weak signal. A similar 1D example is shown by Blomgren
and Chan using the color TV model [25].

In the next section, we go one step further and process
real human brain DTMRI.

3.3. Human brain DTMRI

We also perform numerical experiments on DTMRI acqui-
sitions of a healthy human brain from a volunteer. The hu-
man subject data is acquired using a 3.0 T scanner (Magne-
tom Trio, Siemens Medical Solutions, Erlangen, Germany)
with an 8-element head coil array and a gradient subsys-
tem with the maximum gradient strength of 40 mT/m and
maximum slew rate of 200 mT/m/ms. The DTI data is based
on spin-echo single-shot EPI acquired utilizing general-
ized autocalibrating partially parallel acquisitions (GRAPPA)
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(a) (b) (c)

Figure 4: Visualization of (a) the true vector field, (b) the noisy field, and (c) the recovered field. In this example, the tensor field is isotropic
in the lower-left corner, anisotropic in the other parts.
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Figure 5: A noisy 2D tensor field is regularized. In this example, the smallest parts of the signal are not easily discriminated from the noise.

technique with acceleration factor of 2 and 64 reference lines.
The DTI acquisition consists of one baseline EPI and six dif-
fusion weighted images (b-factor of 1000 s/mm2) along the
following gradient directions: G1 = 1/

√
2[1, 0, 1]T , G2 =

1/
√

2[−1, 0, 1]T , G3 = 1/
√

2[0, 1, 1]T , G4 = 1/
√

2[0, 1,−1]T ,
G5 = 1/

√
2[1, 1, 0]T , G6 = 1/

√
2[1, 1, 0]T . Each ac-

quisition has the following parameters: TE/TR/averages is
91 ms/10000 ms/2, FOV is 256 mm × 256 mm, slice thick-
ness/gap is 2 mm/0 mm, acquisition matrix is 192× 192 pix-
els, and partial Fourier encoding is 75%.

For validation of the proposed regularization method on
real data, we construct a reference solution D∗ by averag-
ing 18 replications. Each replication consists of six-direction

weighted and one nonweighted acquisitions. This reference
solution is compared to solutions where averages of two,
four, and six replications are postprocessed with the pro-
posed regularization method. As a measure of the distance
between the reference solution and the processed solution,
we use the following metric:

m
(
D,D∗

) = ([d11 − d∗11

]2
+ 2
[
d12 − d∗12

]2

+ 2
[
d13 − d∗13

]2
+
[
d22 − d∗22

]2

+ 2
[
d23 − d∗23

]2
+
[
d33 − d∗33

]2
)1/2

.

(20)



Oddvar Christiansen et al. 7

2 4 6

Averages

80

120

160

200

240

m

Figure 6: Comparison of m(D,D∗) for the original tensors
(dashed) and the regularized tensors (solid) versus the number of
averaged acquisitions.

Table 1: The distance m(D,D∗) of the regularized and the nonreg-
ularized tensor fields from the numerical examples shown in Figures
7 and 8.

Averages λ Reg. m(D,D∗) Nonreg. m(D,D∗)

2 9 136.1 208.3

4 13 113.5 154

6 19 84.8 105.6

Table 2: The average deviation angle (ADA) of the noisy data, the
processed data (two different regularization parameters), and the
reference data.

Data(↓) ADA (→) Global ROI 1 ROI 2 ROI 3

Noisy (4 avgs.) 12.32 32.92 41.02 42.87

Denoised, λ = 13 6.27 11.77 31.50 25.27

Denoised λ = 20 7.58 13.34 32.88 28.86

Clean image (18 avgs.) 6.65 18.23 24.80 24.80

For each simulation, we report the regularization parameter
λ and the metricm(·, ·) in Table 1 and in Figure 6. We display
the result before and after applying the proposed method
on real DTMRI data in Figures 7 and 8. In the figures, we
display a 2D slice of an RGB direction encoded fractional -
anisotropy (FA) measure defined by

FA =
√√√√3

2

(
λ− λ1

)2
+
(
λ− λ2

)2
+
(
λ− λ3

)2

λ2
1 + λ2

2 + λ2
3

, (21)

where λ = (λ1 + λ2 + λ3)/3. The FA measure is direction-
encoded as described by Pajevic and Pierpaoli [29]. We use
the DTMRI software DTIStudio to construct the visualiza-
tions [30]. In the figures, we show the color-coded FA.

The noise level is different for each simulation due to the
varying number of acquisitions. Consequently, the regular-
ization parameter λ is different for each simulation. However,
for clinical applications, the regularization parameter is esti-
mated once for each imaging protocol. When this is done, the
same regularization parameter can be used for subsequent
applications of the same imaging protocol.

3.4. Human brain ROI study

Since our algorithm regularizes the tensor field, we focus on
the evaluation of the tensor field, and the derived scalar FA
map. However, we note that from the processed tensor field,
we may reconstruct the corresponding diffusion weighted
images {Si}6

i=1 by (2). There are obvious visual improve-
ments in the processed diffusion weighted images compared
to the noisy diffusion weighted images. Edges are preserved
and noise is suppressed. Quantitatively, the mean and stan-
dard deviation at certain homogeneous regions of interests
(ROIs) show significant improvements. We will now assess
the visual and quantitative improvements in terms of the de-
noised tensors.

For qualitative evaluation, we select three regions of in-
terest (ROIs) from one slice of the acquired images, with a
15-by-15 voxel size. We plot the 2D projection of the eigen-
vector corresponding to the major eigenvalue in Figure 9.
From Figure 9, we can clearly see that our method preserves
discontinuities (edges) in the tensor field, while it smooths
the tensor field in homogeneous regions. The denoised ten-
sor field from the 4-average acquisition is close to the tensor
field obtained from the 18-average acquisition.

For quantitative measures, we use the average deviation
angle (ADA) index of Chen and Hsu to measure if the ten-
sor field undergoes gradual changes or sharp turns [21]. The
PDE filtering is performed after the tensors are computed,
so we use the angle deviation in adjacent voxels as a mea-
sure of its performance instead of normalized magnitude of
diffusion tensor error (NMTE) index [21]. Denote the eigen-
vector corresponding to the largest eigenvalue by V∗. Define
the ADA by

ADA = Δαi−1 + Δαi+1 + Δαj−1 + Δαj+1 + Δαk−1 + Δαk+1

6
,

(22)

where, for example, Δαi−1 = cos−1(|(V∗
i jk,V∗

i−1 jk)|). We note
that we use the absolute value of the inner product (·, ·) to
accommodate antisense directional vectors. A small change
in direction from one voxel to its neighbor gives a small ADA,
while a large change in direction gives a large ADA.

After masking the background, we compute the average
ADA within the brain, and call it the global ADA. From
Table 2, we see that the global ADA of the data is reduced
from 12.31 to 6.27 by the denoising algorithm, whereas the
18-average clean data has an ADA of 6.65. With a higher data
fidelity requirement (when λ is larger, e.g., 20), the smooth-
ing is not very aggressive and the ADA is not as close as when
λ = 13. When λ is less than 13 (data not shown here), the
smoothing is excessive and the ADA values fall well below the
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(a) FA, 2 averages (c) FA, 4 averages (e) FA, 6 averages

(b) FA, 2 averages denoised (d) FA, 4 averages denoised (f) FA, 6 averages denoised

Figure 7: Color-coded fractional anisotropy (FA) maps constructed from averages of two (a), four (c), and six (e) acquisitions, and the
corresponding denoised maps (b), (d), and (f).

(a) FA, 4 averages (b) FA, 4 averages denoised (c) FA, 18 averages

Figure 8: The noisy 4-average acquisition (a) is compared with the denoised acquisition (b) and a reference solution at 18 averages.

ADA of the 18-average data. From this information, we con-
clude that for the current acquisition data, λ = 13 is the best
choice. The ADA at selected ROIs is larger than the global
ADA because in those regions, there are obvious edges that
contributed to the relatively large ADA values. Compared

with the noisy 4-average data, the denoised data show sig-
nificant improvements. Using the regularization parameter
λ = 13, the ADA is close to the ADA of the 18-average data.
The ADAs of all the ROIs are however reduced compared to
the noisy data.
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1 3

2

Figure 9: ROI study. Top image shows the ROIs that we use. The second row from left to right: the noisy (4-average) data, denoised data
with λ = 13, and clean (18-average) data of ROI 1. The third row from left to right: the noisy (4-average) data, denoised data with λ = 13,
and clean (18-average) data of ROI 2. The fourth row from left to right: the noisy (4-average) data, denoised data with λ = 13, and clean
(18-average) data of ROI 3.

4. CONCLUSION

In this work, we have generalized the color TV regulariza-
tion method of Blomgren and Chan [25] to yield a structure
preserving regularization method for matrix-valued images.
We have shown that the proposed method performs well as
a regularization method with the important property of pre-
serving both edges in the data and positive definiteness of
the diffusion tensor. Numerical experiments on synthetically

produced data and real data from DTI of a human brain of a
healthy volunteer indicate good performance of the proposed
method.
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APPENDIX

A. EULER-LAGRANGE EQUATION AND NUMERICAL
IMPLEMENTATION

In this appendix, we explicitly write out the Euler-Lagrange
equations corresponding to the minimization functional
(13). In addition, the numerical scheme used in the simu-
lations in Section 3 is briefly discussed.

Using the short-hand notation

p
(
xi j
) = αi j∇ ·

( ∇xi j∣∣∇xi j∣∣
)

, (A.1)

we can write out the derivatives of R and F as

∂R

∂�11
= 2

(
�11p

(
�2

11

)
+ �21p

(
�11�21

)
+ �31p

(
�11�31

))
,

∂R

∂�21
= 2

(
�11p

(
�11�21

)
+ �21p

(
�2

21 + �2
22

)

+ �31p
(
�21�31 + �22�32

))
,

∂R

∂�22
= 2

(
�22p

(
�2

21 + �2
22

)
+ �32p

(
�21�31 + �22�32

))
,

∂R

∂�31
= 2

(
�11p

(
�11�31

)
+ �21p

(
�21�31 + �22�32

)

+ �31p
(
�2

31 + �2
32 + �2

33

))
,

∂R

∂�32
= 2

(
�22p

(
�21�31 + �22�32

)
+ �32p

(
�2

31 + �2
32 + �2

33

))
,

∂R

∂�33
= (2�33p

(
�2

31 + �2
32 + �2

33

))
,

∂F

∂�11
= 4

[(
d11 − d̂11

)
�11 +

(
d21 − d̂21

)
�21 +

(
d31 − d̂31

)
�31
]
,

∂F

∂�21
= 4

[(
d21 − d̂21

)
�11 +

(
d22 − d̂22

)
�21 +

(
d32 − d̂32

)
�31
]
,

∂F

∂�22
= 4

[(
d22 − d̂22

)
�22 +

(
d32 − d̂32

)
�32
]
,

∂F

∂�32
= 4

[(
d32 − d̂32

)
�22 +

(
d33 − d̂33

)
�32
]
,

∂F

∂�31
= 4

[(
d31 − d̂31

)
�11 +

(
d32 − d̂32

)
�21 +

(
d33 − d̂33

)
�31
]
,

∂F

∂�33
= 4

[(
d33 − d̂33

)
�33
]
.

(A.2)

By combining each of the equations

∂G

∂�i j
= ∂R

∂�i j
+

∂F

∂�i j
, {i j} ∈ {11, 21, 22, 31, 32, 33}, (A.3)

we arrive at the Euler-Lagrange equations corresponding to
the minimization problem (13). In the numerical simula-

tions, we use the steepest descent method with a fixed time
step. Thus, we have the six equations,

dn+1
i j = dni j − Δt

∂Gn

∂�i j
, {kl} ∈ {11, 21, 22, 31, 32, 33},

(A.4)

where n is the iteration index, and Δt is the time-step pa-
rameter. We approximate the gradient ∂G/∂�i j by standard
finite difference schemes, see, for example, [4]. We here note
that each iteration of the form (A.4) is performed sequen-
tially. Thus, the equations are solved as a coupled system of
six PDEs.
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1. INTRODUCTION

Thalamus is the relay center for nerve impulses in the brain.
It mediates communication among sensory, motor, and as-
sociative brain regions. Axons from almost every sensory
system connect here as the last site before the information
reaches the cerebral cortex. Information received from the
diverse brain regions is passed on to the cortex through the
thalamus. Anatomically, thalamus is the largest, most inter-
nal structures of the diencephalon consisting of dual lobe
masses of gray matter. It is located at the rostral end of the
mid brain on each side of the third ventricle. Each lobe is
about 4 centimeters. Motor nuclei of the thalamus receive
signals from the striatum, cerebellum, project into the mo-
tor, and premotor areas of the cerebral cortex. The thalamus
play a major role in the regulation of consciousness, alert-
ness, arousal, and attention and is thus considered part of
the limbic system.

Thalamus and thalamus nuclei segmentation have be-
come more and more essential for a wide range of clinical
and research applications. For example, thalamus changes
in terms of volume and intensity are involved in a large
number of diseases, such as schizophrenia, Parkinson’s dis-
ease, and multiple sclerosis. Conventional imaging modal-
ities such as computerized tomography (CT) or magnetic
resonance imaging (MRI) however, do not provide the nec-
essary image contrast to differentiate the individual thala-
mic nuclei. On the other hand, a new noninvasive imaging
modality diffusion tensor magnetic resonance imaging (DT-

MRI) can relate the image intensities to the relative mobility
of tissue water molecules [1]. In DT-MRI, a tensor describ-
ing local water diffusion is calculated for each voxel from
measurements of diffusion in several directions. Since wa-
ter diffusion along neural fiber tracts of the brain is highly
anisotropic, DT-MRI had been used to study the brain con-
nectivity by extracting the fiber tracts from the brain white
matter. Most recently, researchers have started to use DT-
MRI for segmentation purposes. Wiegell et al. [2]among of
the first to segment thalamic nuclei directly from the DT-
MRI data by using a k-means algorithm. Behrens et al. [3]
proposed an algorithm to identify the thalamic nuclei by
mapping the connections between the thalamus and the cor-
tex. Jonasson et al. [4] presented a method for segmenting
the thalamus and its subnuclei by propagating a set of cou-
pled level sets through a region-based force defined from the
similarity measure between the most representative tensor of
each level sets and its neighboring voxels.

In this paper, we propose a semi-automatic thalamus and
thalamus nuclei segmentation algorithm from diffusion ten-
sor magnetic resonance imaging (DT-MRI) based on the
mean-shift algorithm [5]. Comparing with existing thala-
mus segmentation algorithms which are based on K-means
algorithm [2] or use K-means as an initialization [4], our
mean-shift-based algorithm is more flexible and adaptive. It
does not assume a Gaussian distribution or a fixed number
of clusters. Furthermore, the single parameter in the mean-
shift-based algorithm supports hierarchical clustering nat-
urally. We will briefly review the background on diffusion
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tensor magnetic resonance imaging and mean shift clustering
in Section 2. The main algorithm for thalamus and thalamus
nuclei segmentation will be described in Section 3. Experi-
mental results are shown in Section 4. Finally, the conclusion
and some future work directions are discussed in Section 5.

2. BACKGROUND

2.1. Diffusion tensor imaging

Diffusion tensor magnetic resonance imaging (DT-MRI) is a
recent MR imaging modality. In diffusion tensor MRI, a ten-
sor describing local water diffusion is acquired for each voxel.
The geometric nature of the diffusion tensors can quantita-
tively characterize the local structure in tissues such as bone,
muscles, and white matter of the brain. A good review on
DT-MRI can be found in [1, 6].

In general, the symmetric 3 by 3 diffusion tensor matrix
D has six degrees of freedom (number of independent coef-
ficients in a matrix representation). To estimate the tensor,
then, at least six measurements (taken from different non-
collinear gradient directions) are needed, in addition to the
baseline image data S0. Thus for each slice in the data set,
seven images need to be collected with different diffusion
weightings and gradient directions. Let S0 represents the sig-
nal intensity in the absence of a diffusion-sensitizing field
gradient and Sk the signal intensity in the presence of gradi-
ent gk = (gkx , gky , gkz), k = 1, . . . , 6. The equation for the loss
in signal intensity due to diffusion is given by the Stejskal-
Tanner formula:

ln
(
Sk
) = ln

(
S0
)− γ2δ2

(
Δ− δ

3

)
gTk Dgk, (1)

where γ is the gyromagnetic ratio of hydrogen H (protons),
δ is the duration of the diffusion sensitizing gradient pulses,
and Δ is the time between the centers of the two pulses. The
tensor D can then be computed by solving this system of six
equations (1).

2.2. Mean shift clustering

Mean shift is a powerful general purpose technique for clus-
tering scattered data [5]. Instead of assuming a fixed number
of clusters as is common with other clustering methods (e.g.
K-means), mean shift extracts the modes of the density func-
tion. We will review briefly the mean shift algorithm in the
following. For a complete description of mean shift, please
refer to the original paper [5].

Given an arbitrary set of n points χ = x1, . . . , xn in the
d-dimensional Euclidean space Rd. The multivariate kernel
density estimate obtained with kernel K(x) and window ra-
dius h, computed in the point x, is defined as

f̂ (x) = 1
nhd

n∑

i=1

K
(
x − xi
h

)
, (2)

where K(x) is the spherically symmetric kernel function sat-
isfying

K(x) ≥ 0,
∫

Rd
K(x)dx = 1, (3)

and h is a smoothing parameter called the bandwidth.
We can further define a profile function k(x) for the ker-

nel function K(x) of (2) such that

K(x) = ck,d k
(‖x‖2), (4)

where ck,d is the normalized constant. The density estimator
of (2) can then be rewritten as

f̂ (x) = ck,d

nhd

n∑

i=1

k

(∥
∥
∥∥
x − xi
h

∥
∥
∥∥

2
)

. (5)

Assume now that we are interested in subdividing scat-
tered data χ into a set of clusters. It is natural to consider the

points where f̂ defined by (5) have local maxima as centers
of the clusters. The simplest method to find the local max-

ima of the f̂ is to compute the gradient of f̂ and use a hill-
climbing process to map each input point to its local maxima

(i.e., mode) defined by f̂ . These resulting modes can then be
used to select cluster shapes using basins of attraction, and
can have very nontrivial shapes unlike k-means clustering
where points are simply assigned to the nearest cluster cen-
ter. The single bandwidth parameter h allows the number of
clusters to be chosen in terms of a length scale in the input
point space.

From (5) we can compute the gradient of f̂ :

∇ f̂ (x) = 2ck,d

nhd+2

n∑

i=1

g

(∥
∥
∥
∥
x − xi
h

∥
∥
∥
∥

2
)

m(x), (6)

where g(x) = −k′(x). m(x) is the mean shift vector and is
given by

m(x) =
∑ n

i=1 xig
(∥∥(x − xi)/h

∥
∥2)

∑ n
i=1 g

(∥∥(x − xi)/h
∥
∥2) − x, (7)

for example, the difference between the weighted mean, us-
ing the kernel g for weights, and x, the center of the kernel
(window). The general mean shift clustering procedure con-
sists of the following two steps:

(1) initialize: y0 = x;
(2) update by hill climbing: yj+1 = yj + m(yj) until con-

vergence.

3. THALAMUS AND THALAMUS NUCLEI
SEGMENTATION BY MEAN SHIFT

In this section, we will describe our framework for thalamus
and thalamus nuclei segmentation from DT-MRI data based
on the previously described mean-shift algorithm. There are
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two different domains of similarity: spatial and tensor in the
DT-MRI image data, for example, each point xi in the data
set χ of the joint spatial-tensor domain has two components
of different nature, xi = (xsi , x

r
i ), where xsi is the spatial com-

ponent, and xri is the tensor component. The mean shift al-
gorithm can be employed by extending the density estimator
of (5) with the following separable kernels:

f̂ (x) = C
n∑

i=1

ks

(∥
∥∥
∥
xs − xsi
hs

∥
∥∥
∥

2
)

kr

(∥
∥∥
∥
xr − xri
hr

∥
∥∥
∥

2
)

, (8)

here ks is the kernel profile in the spatial domain with band-
width parameter hs, kr is the kernel profile in the tensor do-
main with bandwidth parameter hr , and C is the correspond-
ing normalization constant. As suggested by [5], an Epanech-
nikov kernel with profile kE(x),

kE(x) =
{

1− x if 0 ≤ x ≤ 1,

0 otherwise,
(9)

or a (truncated) normal kernel with profile kN (x) =
exp((−1/2)x), x > 0, always provides satisfactory perfor-
mance, so the user only has to set the bandwidth parameter
h = (hs,hr), which, by controlling the size of the kernel, de-
termines the resolution of the mode selection. For DT-MRI
data, we have tried both kernels and found no significant dif-
ference. In our experiment we choose the Epanechnikov ker-
nel because of its simplicity. The distance metric in the spatial
domain is the Euclidian distance metric, the distance metric
in the tensor domain is the following Frobenius norm:

∥∥xr1 − xr2
∥∥ =

√
Trace

((
Dx1 −Dx2

)(
Dx1 −Dx2

)T)
, (10)

Dx1 ,Dx2 are the tensor matrices at points x1, x2, respectively.

4. EXPERIMENTAL RESULTS ON REAL AND
SYNTHETIC DATA

4.1. Synthetic data

To validate our method, we have applied our method on
some synthetic data. For comparison purpose, we use the
same synthetic data used in [4]. A slice of the synthetic tensor
field is shown in Figure 6. In Figure 7, the regions have been
segmented on the synthetic field without any noise added.
In Figure 8, noise is added into the same synthetic field at
signal-to-noise-ratio (SNR) level 32. In both of these two
examples, our algorithm obtained much better results than
both the K-means algorithm and the method of [4].

4.2. Real data

In this section, we will show some of the experimental re-
sults of thalamus and thalamus nuclei segmentation from
DT-MRI data. Figure 1 illustrates the thalamus segmenta-
tion process. The initial thalamus segmentation is conducted

(a) (b)

(c)

Figure 1: Thalamus segmentation. (a) The initial thalamus seg-
mentation is conducted interactively, that is, the user need to iden-
tify the pair of symmetric clusters (left thalamus and right thalamus,
marked by circles in the figure for illustration) from other clusters.
Since the thalamus is bounded by relatively homogenous structures
such as the fiber tract and Cerebrospinal fluid (CSF), this step can
be done quite easily. (b) Extracted pair of thalamus. (c) Extracted
pair of thalamus superimposed on the original DT-MRI image.

interactively, for example, after applying the mean shift al-
gorithm with a bigger bandwidth parameter, the user needs
to identify the pair of symmetric clusters (left thalamus and
right thalamus, marked by circles in Figure 1(a) for illustra-
tion) from other clusters. Since the thalamus is bounded by
relatively homogenous structures such as the fiber tract and
Cerebrospinal fluid (CSF), this step can be done quite easily
(Figure 1(b)). In this example, the bandwidth parameter is
set as h = (hs,hr) = (7, 13).

The initially segmented thalamus will then serve as the
mask for the subsequent thalamus nuclei segmentation,
which will be conducted automatically with a smaller band-
width parameter. The parameter chosen will determine the
scale of features detected, so different values may be desired
based on the data set quality, features of interest, and so forth.
Figure 2 shows the thalamus nuclei segmentation results of
the left thalamus. To illustrate the hierarchical nature of the
mean-shift-based algorithm, we fixed the spatial bandwidth
hs as 7, and gradually reduced the tensor bandwidth hr from
13 (Figure 2(a)) to 11 (Figure 2(b)), 10.5 (Figure 2(c)), 10
(Figure 2(d)), and 8 (Figure 2(e)). By gradually reducing the
bandwidth, more and more detailed nuclei structures can be
seen.

We conducted similar hierarchical segmentation for the
right thalamus as well and is shown in Figure 3. We again
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(a) (b) (c) (d) (e)

Figure 2: Mean shift based hierarchical thalamus nuclei segmentation results of the left thalamus. (a) The segmented left thalamus by
setting the bandwidth parameter as h = (hs,hr) = (7, 13). (b) The segmented anterior and posterior parts of the left thalamus by setting the
bandwidth parameter as h = (hs,hr) = (7, 11). (c) The segmentation result by setting the bandwidth parameter as h = (hs,hr) = (7, 10.5).
(d) The segmentation result by setting the bandwidth parameter as h = (hs,hr) = (7, 10). (e) The segmented thalamus nuclei by setting the
bandwidth parameter h = (hs,hr) = (7, 8).

(a) (b) (c) (d)

Figure 3: Hierarchical thalamus nuclei segmentation results of the
right thalamus. (a) The right thalamus, h = (hs,hr) = (7, 13). (b)
The segmented anterior and posterior parts of the right thalamus,
h = (hs,hr) = (7, 11). (c) The segmentation result by setting the
bandwidth parameter as h = (hs,hr) = (7, 7). (d) The segmented
thalamus nuclei by setting the bandwidth parameter h = (hs,hr) =
(1, 1.5).

fixed the spatial bandwidth hs as 7, and gradually re-
duced the tensor bandwidth hr from 13 (Figure 3(a)) to 11
(Figure 3(b)), and 7 (Figure 3(c)). However, quite different
settings of the bandwidth parameter need to be chosen h =
(hs,hr) = (1, 1.5) to obtain the desired final thalamus nuclei
segmentation (Figure 3(d)). We do not know the exact rea-
son of this (the different parameter setting for the left and
right thalamus), one of the possible reasons might be the
artifact during the image acquisition process (e.g., the im-
age slice is not totally orthogonal across the thalamus), or
the nuclei structures between the left and the right thalamus
are not symmetrical indeed. More experiments and research
are certainly needed in the future to answer these questions.
Nonetheless, if we compare Figure 2(e) and Figure 3(d) with
Figure 4, which is the histological atlas of the human thala-
mus with nuclei outlined by black lines [3], we can see they
are very close. Finally, a 3D rendering of the thalamus nuclei
segmentation result is shown in Figure 5.

Figure 4: The histological atlas of the human thalamus with nuclei
outlined by black lines (Image courtesy of Behrens et al. [3]).

Figure 5: A 3D view of the thalamus nuclei segmentation results.

5. DISCUSSION

The main contribution of the paper is the application of
the powerful mean shift clustering algorithm for thalamus
segmentation from the DT-MRI data. Comparing with ex-
isting thalamus segmentation algorithms ([2, 4]) which are
based on K-means algorithm, our mean-shift-based algo-
rithm has several potential advantages. (1) Since the mean
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Figure 6: A slice of the synthetic tensor field used to test the seg-
mentation method. (Image courtesy of Jonasson et al. [4].)

(a) (b)

Figure 7: Segmentation results on a synthetic field, without any
noise added. (a) Results of [4] displayed on the results obtained with
the K-means algorithm. (b) Results from our algorithm.

shift algorithm is based on nonparametric density estima-
tion, it does not assume the data is always Gaussian, hence it
is more generic and flexible. (2) Unlike K-means algorithm,
the mean-shift algorithm does not assume a fixed number
of clusters, hence it is more adaptive to the diversity of the
dataset. (3) There is only one parameter in the mean-shift-
based algorithm, the bandwidth parameter, which controls
the scale of the features detected. (4) And by setting the band-
width parameter from large to small, mean shift naturally
supports hierarchical clustering, as shown in this paper on
thalamus and thalamus nuclei segmentation.

There are two main directions to further improve the
thalamus segmentation results: (1) currently, the thalamus
segmentation is conducted semi-automatically, that is, the
user has to pick the pair of distinct clusters (left and right
parts of the thalamus) from other neighboring clusters such
as the fiber tracts and CSF. Although this is quite easy to
do, it would be even better if the thalamus can be automati-
cally segmented; moreover, a postprocessing active-contour-
based diffusion step (as is done in [4]) might be able to fur-
ther smooth the nuclei boundary obtained from the cluster-
ing algorithm. (2) We would like to work closely with do-
main specialists such as neurobiologists to verify and vali-
date the segmentation results, and to identify the thalamus
nuclei structures. The collaboration with domain specialists
will also help us to choose the best bandwidth parameter for

(a) (b)

Figure 8: Segmentation results on a synthetic field, with SNR =
32. (a) Results of [4] displayed on the results obtained with the K-
means algorithm. (b) Results from our algorithm.

the mean shift algorithm to create clinically most meaningful
segmentation results.
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1. INTRODUCTION

In electrical impedance tomography (EIT), electric currents
are applied to the boundary of an object and the induced
surface voltages are measured. These data are used to recon-
struct the conductivity distribution in the interior of the ob-
ject. Important practical applications arise in medical imag-
ing.

Unfortunately, this inverse conductivity problem is non-
linear and severely ill-posed. That means that even large con-
ductivity variations in the interior of the object may only lead
to tiny changes in the surface data. EIT therefore represents
a challenging problem. Most reconstruction procedures that
have been proposed include either some iterative or some
linearization methods where the ill-posedness is regulated in
one way or another (cf., e.g., Holder [1]). It is fair to say that
the success in medical applications is rather disappointing,
except possibly for two-dimensional situations.

A way out of this dilemma is to reduce the amount of
information that is to be extracted from the data by incorpo-
rating a priori information. In many applications, for exam-
ple, in mammography, one may only be interested in find-
ing regions in the interior where the conductivity changes
rapidly in comparison to an approximately constant back-
ground conductivity. In this way, the ill-posedness is circum-
vented to a certain extent.

The so-called factorization method is a reconstruction
scheme that is adapted to this kind of applications. In this

note, we present some first numerical results for this partic-
ular method using real EIT data. These data were obtained
with a new EIT device developed at our institution which al-
lows to take data in two- and three-dimensional configura-
tions.

In contrast to most previous EIT instruments, but simi-
lar to prototypes studied, for example, by Mueller et al. [2],
and by Cherepenin et al. [3], our device uses a planar sensing
head, and is designed for medical applications where mea-
surements can only be taken from one side of the patient.
This is an important issue in the context of mammography,
or in monitoring patients in intensive care units, to name
only two such applications. We refer to Zou and Guo [4] for
a review of further electrical impedance imaging devices for
breast cancer detection, including the commercial TS 2000
system.

2. DESCRIPTION OF THE DEVICE

The Mainz tomograph consists of three parts, a sensing head,
an electronic device to apply and measure electric potential
and current patterns, and a computer for the image recon-
struction (cf. Figure 1).

The sensing head has a diameter of 10 cm and consists
of 16 large electrodes, arranged on the outer ring of a disk.
Through these electrodes the current is injected and both
current and voltages can be measured. There is another set
of 64 small high-impedance electrodes placed in the interior
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Figure 1: The tomograph.

which can be used to measure additional voltages, however,
these measurements have not yet been used to solve the in-
verse problem.

The data acquisition device consists of five modules. The
first module is a microcontroller to facilitate the communi-
cation between the measuring device and the external com-
ponents via an RS232 serial interface. The second module
generates preset sinusoidal voltages of frequency 5–50 kHz
which can be used to drive 16 (or 32) current injecting elec-
trodes. The amplitudes can be set positive or negative by
32 DAC to 16-bit accuracy and can be modulated program-
controlled to any desired amplitude pattern. The resulting
current at each injection electrode passes through a preci-
sion resistor and a special operational amplifier to facilitate
the simultaneous measurement of the current. The voltages
on the interior electrode are measured with 16-bit accuracy
with the help of the third module. The fourth module serves
to read the data and to measure the signal by a peak detector
largely in parallel via 8 multiplexers of 16 channels each. The
measured value of the peak detector is subsequently digital-
ized to 16-bit accuracy. In the fifth module, finally, the sign
of the modulation is defined.

There are N − 1 independent measurements for N cur-
rent injecting electrodes. In most reconstruction algorithms,
it is assumed that currents are prescribed and voltages are
measured. Because of the much simpler electronic imple-
mentation, voltages are applied and currents are measured
on the injectors (voltages are also measured in the interior) in
our device. It is, however, no problem to convert to current-
driven data by linear combination of the various voltage-
driven data. For optimal resolution, it is of advantage to ap-
ply trigonometric voltage or current patterns of different fre-
quencies (cf., e.g., Newell et al. [5]).

So far we have no clinical data at our disposal. Instead,
we have placed the sensing head into the bottom of an appro-
priate container of large lateral dimensions and filled with a
conducting liquid. The level of the liquid in the tank has been
kept very low so as to approximate a two-dimensional situ-
ation. Various objects have been immersed into the liquid.
Measurements have been taken with and without the im-
mersed bodies. The latter serves as reference measurements
where necessary. Below we will present numerical tests with
real data that have been obtained this way.

3. A LINEARIZATION-TYPE RECONSTRUCTION
METHOD

For an isotropic conductivity distribution σ = σ(x) the elec-
tric potential u = u(x) satisfies the equation

∇ · (σ∇u) = 0, (1)

where σ and u are defined in a certain volume Ω. This is a
direct consequence of the conservation of the electric cur-
rent j = σ∇u. A driving force for nontrivial potentials u is,
for example, a current that is injected into Ω through some
electrodes attached to a subset Γ ⊂ ∂Ω. The above differen-
tial equation is fundamental to the study of EIT. For constant
conductivities σ it becomes the homogeneous Laplace equa-
tion, whose solutions u are the harmonic functions.

In our application where the device is much smaller than
the human body to which it is applied, it appears appropri-
ate to model the volume Ω as a three-dimensional half space,
and the subset Γ as a circle, say the unit circle. In fact, as
our currents do not penetrate deep into the body, it is even
appropriate to further simplify the model, and to identify
Ω with its boundary ∂Ω. This results in a two-dimensional
model described by the following diffraction problem:

∇ · (σ∇u) = 0 in R2 \ Γ, (2)

where u is constraint to satisfy

[ν · j]Γ = f , [u]Γ = 0,
∣
∣u(x)

∣
∣ = O(1) as |x| −→ ∞,

(3)

∫

Γ
uds = 0. (4)

The square brackets in (3) refer to the jump of the respective
quantity within the brackets when moving from the inside
to the outside of Γ; ν is the outer normal of Γ. The first con-
dition in (3) therefore asserts that current f is injected into
the body along Γ, whereas the second condition requires that
u is continuous across Γ, that is, that the potential on Γ is
well-defined. The last condition in (3) eliminates nonphysi-
cal solutions, whereas the physical one is unique after fixing
the ground potential; this is accomplished via the normaliza-
tion condition (4).

In the EIT problem known currents are injected and the
resulting potentials are measured on Γ. From these data the
conductivity σ is to be determined. The currents and poten-
tials on the electrodes are related through the measurement
operator

M :

⎧

⎨

⎩

L2�(Γ) −→ L2�(Γ),

f �−→ u|Γ,
(5)

associated with the differential equation (2), (3), and (4).
Here,

L2
�(Γ) =

{

g ∈ L2(Γ) :
∫

Γ
g ds = 0

}

(6)
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denotes the set of all square integrable functions over Γ with
zero mean. Note that we have fixed u|Γ to belong to L2�(Γ)
according to (4).

For a simple example let σ = 1 be constant in R2, in
which case we will further on write M0 for M of (5). Later
on, σ = 1 will be considered as our reference, or background
conductivity. The associated potential u = u0 is a solution of
the homogeneous Laplace equation inside (and outside) the
unit disk, and, using polar coordinates, can be written in the
form

u0(r, θ) =
∞
∑

k=−∞
ckr

|k|eikθ , 0 ≤ r ≤ 1, (7)

with complex coefficients ck, k ∈ Z. On Γ we have

u0(1, θ) =
∞
∑

k=−∞
cke

ikθ , (8)

and, because of the continuity of the potential across Γ, we
obtain

u0(r, θ) =
∞
∑

k=−∞
ckr

−|k|eikθ , 1 < r <∞. (9)

In fact, the normalization (4) requires that c0 = 0, and hence,
it follows from (3) that

f (θ) = [ν · j]Γ =
[
∂u0(r, θ)

∂r

]

r=1
= −2

∑

k
=0

|k|ckeikθ. (10)

The eigenfunctions of M0 are therefore

f (k)(θ) = eikθ , k ∈ Z\{0}, (11)

which are mapped onto the potentials

u(k)
0 (r, θ) = − 1

2|k|

⎧

⎨

⎩

r|k|eikθ , 0 ≤ r ≤ 1,

r−|k|eikθ , 1 < r <∞.
(12)

The corresponding eigenvalues of M0 are given by−1/(2|k|),
respectively.

We now turn to the solution of our inverse problem asso-
ciated with the diffraction problem (2), (3), and (4), namely,
the identification of σ given the measurement operator M of
(5). We will compare two different algorithms to solve this
problem. First, we use a somewhat standard reconstruction
method which is based on a certain kind of linearization, and
which is close to the method implemented in [2]; second, we
apply the factorization method described in the subsequent
section. For both methods we will assume that the conduc-
tivity fulfills σ = 1 near Γ and near infinity.

If σ is smooth, (2) can also be written in the form

Δu = −∇(log σ) · ∇u, x ∈ R2 \ Γ, (13)

and, because of the assumption that σ = 1 on Γ, we can for-
mally solve problem (13), (3), by using the fundamental so-
lution

Φ(x, x′) = 1
2π

log
1

|x − x′| (14)

of Laplace’s equation (cf., e.g., Kress [6]). This yields

u(x) =
∫

R2\Γ
Φ(x, x′)∇( log σ(x′)

) · ∇u(x′)dx′

−
∫

Γ
Φ(x, x′) f (x′)ds′ + c,

(15)

where the constant c must be chosen so as to satisfy (4). Note
that the second term on the right-hand side of (15) is the
corresponding potential u0 associated with the homogeneous
reference conductivity. We can therefore rewrite (15) as

u(x) = u0(x) +
∫

R2\Γ
Φ(x, x′)∇( log σ(x′)

) · ∇u(x′)dx′ + c.

(16)

Assuming further that u ≈ u0 we can approximate

u(x)− u0(x) ≈
∫

R2\Γ
Φ(x, x′)∇( log σ(x′)

) · ∇u0(x′)dx′ + c,

(17)

and, since u0 is a harmonic function and because of our as-
sumption that σ = 1 near Γ and near infinity, a partial inte-
gration of the integral on the right-hand side yields

δu(x) ≈ −
∫

R2\Γ
∇x′Φ(x, x′) · ∇u0(x′) log σ(x′)dx′ + c,

(18)

where we have set

δu(x) = u(x)− u0(x). (19)

Integrating (18) versus the aforementioned eigenfunc-
tions f (k) of the reference operator M0, we get rid of the con-
stant and obtain the system of equations

∫

R2\Γ
Kk(x′) log σ(x′)dx′ =

∫

Γ
f (k)(x)δu(x)ds, k ∈ Z\{0},

(20)

where

Kk(x) = −∇u(k)
0 (x) · ∇u0(x), (21)

and u(k)
0 is the reference potential corresponding to the input

current f (k) (cf. (12)).
We mention that the same linear system is obtained in the

first step of Newton’s method if the initial conductivity guess
is the constant σ0 = 1, and is to be replaced by σ1 = 1 + log σ
which is a good approximation of σ if the latter is close to one
(cf., e.g., [2] or [7])

Every boundary current we apply leads to such a system
of (20). If we further assume that the conductivity is homo-
geneous outside of Γ, that is, coincides with the background
conductivity, then the left-hand side of (20) simplifies to an
integral over the unit disk only. The combined set of all these
equations can be inverted to obtain the conductivity σ . Note,
however, that (20) is an approximate identity only, based on
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Figure 2: Singular values (blue) and singular components (red) of
the right-hand side.

the assumption that u ≈ u0. Also, since the problem is ill-
posed, we need to regularize this linear system. We imple-
mented the truncated singular value decomposition for this
purpose. Figure 2 shows the singular values of the matrix and
the corresponding singular components of the right-hand
side of (20) for a particular set of data. As indicated by the
dashed lines, we used the gap in the singular values near the
crossover point with the singular components for truncation.

Figure 2 corresponds to a setup with a metal object of
roughly 12 × 13 mm that has been immersed into the con-
tainer as the phantom to be reconstructed. The phantom and
the resulting reconstructions are shown in Figure 3. The left-
hand reconstruction has been computed from measured ref-
erence potentials u0 corresponding to a tank with no object
immersed. The reconstruction on the right has been com-
puted to simulate a situation where only “absolute” data, that
is, the potentials u, are available. Here we have approximated
δu by eliminating the frequency of the injected current from
the Fourier spectrum of u. Both reconstructions are fairly
good, although the one with absolute data is only qualita-
tively correct.

Note that potentials and currents are only measured on
the 16 planar electrodes that are clearly visible in the photo
of the phantom.

4. THE FACTORIZATION METHOD

Next, we describe the variant of the so-called factorization
method which we have implemented for comparison. As a
general reference we refer to [8] for more information about
this method. In contrast to the previous approach which
yields the absolute figures of the conductivity (up to a cer-
tain accuracy), this method is not a quantitative one. Instead
its purpose is to detect abrupt deviations of the conductiv-
ity as compared to a certain reference, namely, the constant
background conductivity in our setting. While this approach
appears to be quite appropriate for medical applications, it

requires difference data and has not yet been generalized to
the use of absolute data.

To be precise, we now assume that the true conductivity

σ(x) =
⎧

⎨

⎩

κ, x ∈ D ⊂ R2,

1, x ∈ R2 \D,
(22)

is different from the background in some subsetD ⊂ R2 only.
Here, κ 
= 1 is a constant, and D is assumed to be strictly on
one side of Γ, that is, either within the unit disk or completely
outside the unit disk. However, D need not be connected, but
can be the union of finitely many simply connected domains
(anomalies, tumors, etc.).

The basic ingredient for the design and analysis of the
factorization method is the representation of the relative data

M −M0 = LFL′ (23)

as a product of three bounded operators, out of which the
first and the last are dual to each other. Recall that M0 is the
measurement operator from (5) associated with the reference
conductivity equal to one. The operator L, which is the most
important for us, is defined via the exterior Neumann prob-
lem

Δw = 0 in R2 \D,
∂w

∂ν
= ϕ on ∂D, (24)

with the same constraints
∫

Γ
w ds = 0,

∣
∣w(x)

∣
∣ = O(1) as |x| −→ ∞ (25)

on w as in (4); given the solution w of (24), (25), the operator
L now maps

L : ϕ �−→ w|Γ. (26)

Because of our assumption that D lies strictly on one side of
Γ, it can be shown that L is injective and its range is dense in
L2�(Γ). A more careful analysis which is outside the scope of
this paper exhibits the fundamental range identity

R
(∣
∣M −M0

∣
∣

1/2) =R(L), (27)

which is crucial for the success of the factorization method.
We refer to [9], or Gebauer [10], for details.

To utilize this result we remark that, on the one hand,
the left-hand side member of (27) is available to us because
of the given measurements. On the other hand, it is quite
easy to characterize the elements of R(L), the right-hand side
member of (27). In fact, consider the potential

wz,d(x) = 1
2π

d · (x − z)
|x − z|2 , x ∈ R2 \ {z}, (28)

of a dipole in z ∈ R2\Γ with dipole moment d ∈ R2, |d| = 1,
and its trace

gz,d = wz,d|Γ ∈ L2
�(Γ) (29)

on Γ. Now it is easy to see that gz,d belongs to the range of
L, if its singularity z lies within D. Unfortunately, the reverse
statement is not quite right. Rather, we have the following
theorem.
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Figure 3: Top: Reconstructions with difference (left) and absolute data (right). Bottom: Phantom used for these two reconstructions.

Theorem 1. Assume that D lies strictly on one side of the unit
circle Γ, and let D∗ be the reflection of D with respect to Γ, that
is,

D∗ = {x∗ = x/|x|2 : x ∈ D \ {0}}. (30)

Then, for z ∈ R2, d ∈ R2 with |d| = 1, and gz,d defined as in
(29),

gz,d ∈R(L) iff z ∈ D ∪D∗. (31)

Proof. The key observation for the proof is that for each
dipole potential wz,d of (28) with z /∈ (Γ ∪ {0}) there exists
a corresponding potential wz∗,d′ of a dipole at z∗ with dipole
moment d′ such that the traces of wz,d and wz∗,d′ on Γ are the
same. Here, z∗ = z/|z|2 is the reflection of z with respect to
Γ, and d′ is given by

d′ = 1
|z|4

(|z|2d − 2(d · z)z
)

. (32)

Since we have observed above that z ∈ D implies that gz,d ∈
R(L), we are now in the position to add that gz,d ∈ R(L),
also if z ∈ D∗. This establishes one direction of the proof. To
prove the other direction, assume without loss of generality
that D is the subset of D ∪ D∗ that lies within Γ. Next, con-
sider some z ∈ R2 and some dipole moment d for which gz,d

belongs to the range of L. Because wz,d has a pole at x = z,
z cannot belong to Γ in this case. We thus assume for the
moment that z lies within the unit disk. The fact that gz,d

belongs to R(L) means that there are appropriate Neumann
data ϕ such that the unique solution w of the exterior Neu-
mann problem (24), (25), and the dipole potential wz,d of
(28) have the same trace on Γ. As a consequence, w and wz,d

both solve the exterior Dirichlet problem

Δv = 0 in |x| > 1, v|Γ = gz,d,
∣
∣v(x)

∣
∣ = O(1) for |x| −→ ∞,

(33)

which is known to have a unique solution (cf., e.g., [6]).
Hence, w = wz,d, and the unique continuation principle for
harmonic functions implies that w = wz,d in the exterior of

D ∪ {z}. However, this implies that z ∈ D, for otherwise
the singularity of w = wz,d at z would prohibit w to be har-
monic in R2 \ D. In the second case, where z is outside the
unit disk, we can make use of the remark at the beginning of
this proof, which states that gz∗,d′ also belongs to R(L). Since
z∗ belongs to the unit disk, the previous argument shows that
z∗ ∈ D, or equivalently, z ∈ D∗, in this case. This completes
the proof.

By virtue of (27) we can now apply this result to check
whether some point z belongs to D ∪ D∗ by means of the
following test:

z ∈ D ∪D∗ iff gz,d ∈R
(∣
∣M −M0

∣
∣

1/2)
. (34)

Note that the particular choice of the dipole moment d is
irrelevant for this statement.

We remark that in all applications for which the factor-
ization method has been investigated so far (cf., e.g., the ex-
amples in [8, 10, 11]) it was always possible to completely
characterize the inclusion set D. Here, there is no way to dis-
tinguish between D and D∗. Of course, this handicap can be
overcome in practice by moving the device and taking an ad-
ditional set of measurements.

To implement the factorization method, that is, to test
(34) numerically, we can proceed in much the same way
as described in [8, 12]. According to the so-called Picard
criterion, a function gz,d belongs to the range of |A|1/2 for
some injective compact and selfadjoint operator A (here,
A =M −M0) if and only if the series

∞
∑

n=1

〈

gz,d, vn
〉2
L2(Γ)

∣
∣λn

∣
∣

(35)

converges. Here, {λn} is the sequence of eigenvalues of A and
vn are the associated normalized eigenfunctions. Both can be
approximated from the given data. Ordering the eigenvalues
λn such that |λn| is nonincreasing, the denominators as well
as the numerators of the fractions in (35) tend to exhibit a
geometric decay. This allows us, for each point z ∈ R2 and
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Figure 4: A first reconstruction.

Figure 5: Reconstruction of two objects (left) and a “ghost” (right).

each dipole moment d ∈ R2 with |d| = 1, to fit two scalar
parameters Cz,d and qz,d to achieve

〈

gz,d, vn
〉2
L2(Γ)

∣
∣λn

∣
∣

≈ Cz,dq
n
z,d, n = 1, 2, 3, . . . , (36)

to a reasonable degree of approximation. Therefore, we can
base our numerical implementation of (34) on the following
test:

z ∈ D ∪D∗ iff qz,d < 1. (37)

We refer to [8, 12] for further illustrations and justifications
of this test.

Now we turn to some numerical results that have been
obtained in [9] this way. In all these computations, test points
z were aligned on a two-dimensional square grid with a grid
size of 1 mm. If not mentioned otherwise, the grid consists of
101×101 test points, just covering the circle Γ and its interior.

The first example in Figure 4 corresponds to the same
measured difference data that we have used for the other al-
gorithm (cf., Figure 3). The black and white plot on the right
shows the 16 electrodes together with our reconstruction of
the metal object. Figure 5 on the left shows a likewise recon-
struction of two objects of sizes 12 × 13 and 20 × 22 mm,
respectively. Again, the positions of the reconstructed ob-
jects match very well with their true locations, however, their
shapes are slightly deteriorated.

Finally, the right-hand side of the same Figure 5 contains
the reconstruction of only one object whose position (rather,
its projection onto the measurement surface) was exterior to
the device, that is, the circle Γ. Therefore, the grid is some-
what bigger for this example. The true object is found very
well, however, the reconstruction also illustrates Theorem 1
because a “ghost,” that is, the reflected object D∗ in the inte-
rior of Γ, has also been detected.

5. CONCLUSIONS AND OUTLOOK

In this note, we have presented numerical results for two
impedance imaging techniques for a newly built planar EIT
device designed primarily for medical applications, where
only one side of a patient is accessible for taking measure-
ments.

For our numerical experiments, the sensing head of our
device has been attached to a large tank filled with conduct-
ing liquid. The arrangement allows a good approximation by
an infinite plane. One or two metal objects of different sizes
were placed inside the liquid.

We have compared two algorithms for the solution of
the inverse problem. The first method is based on a certain
kind of linearization, and can be used to reconstruct quan-
titative information about the conductivity distribution. The
numerical results show that this approach is suitable for iden-
tifying larger anomalies within the body. For the detection of
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such anomalies, however, the factorization method is a more
appropriate tool, as it is primarily designed for this purpose.
In fact, the positions and the sizes of the objects were success-
fully reconstructed with the factorization method. On the
other hand, this method gives no quantitative details about
the conductivities. Still, such restricted information is ade-
quate for many medical applications.

In the future, we plan to extend our methods to a fully
three-dimensional model of the problem in order to obtain
additional information about the depths of the anomalies.
The theoretical basis for this has already been laid by Schap-
pel in [13, 14]. Also, the application of our methods to clini-
cal data and the treatment of interrelated side effects like con-
tact impedances at the electrodes is a natural next step on our
agenda. We will also exploit the possibility of combining the
two reconstruction algorithms in a comprehensive approach.
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1. INTRODUCTION

Elasticity imaging or elastography is a method to remotely
estimate elastic properties of biological tissues [1–4]. One of
the approaches in elasticity imaging is based on the measure-
ment of local tissue deformation as tissue responds to ex-
ternal or internal quasi-static mechanic loading. Ultrasound,
MRI, or other methods can be used to measure the resul-
tant internal tissue motion. Using inverse problem formula-
tions, the elasticity (Young’s modulus) distribution is evalu-
ated based on the distribution of the strain tensor compo-
nents. Initially, elasticity imaging was focused on the non-
invasive cancer diagnosis, but then the approach proved to
be useful in various other applications including detection of
atherosclerotic plaques [5, 6], corneal refractive surgery [7],
cardiac strain imaging [8], muscle biomechanics [9], and so
forth.

Once the internal tissue motion is measured, the strain
image in the tissue can be produced. Usually hard tissue re-

gions are less deformed in comparison with soft regions and,
therefore, contrast in strain images is influenced by the tis-
sue elasticity. However, the strain field depends not only on
the elastic distribution, but also on global boundary condi-
tions which can be very complicated in real tissues. As a re-
sult, the relationship between strain image and elasticity dis-
tribution in tissue is not straightforward and reconstruction
of Young’s modulus is required to determine tissue elasticity
quantitatively. Elastic modulus reconstruction in an inhomo-
geneous material using remote measurements of internal dis-
placements can be posed in a number of ways [10–18]. These
approaches can be generally grouped into two categories: di-
rect and indirect (model-based) reconstruction techniques.
If all necessary components of the internal displacement
vector and strain tensor are available at any point within
the object, then reconstruction algorithms based on the
mechanical equilibrium equations can be used to describe
the unknown distribution of Young’s or shear modulus—
these techniques, therefore, belong to direct reconstruction
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methods. Unfortunately, in direct reconstruction methods, it
is often difficult to formulate and solve the inverse problem
for an arbitrary geometry and elasticity distribution. How-
ever, if any prior knowledge or assumptions about the geom-
etry of the object and boundary conditions can be made, the
inverse problem can be solved by using repeated solutions
of forward problems with adjusted elasticity parameters. In-
deed, if elasticity variations of the object within the region of
interest can be modeled based on the object geometry or any
other assumptions, then a model-based reconstruction can
be performed. Therefore, the model-based elasticity imag-
ing methods could be useful in applications where the exis-
tence of the pathology is already determined from the imag-
ing study and pathology characterization rather than detec-
tion is required. In such cases, the approximate location and
geometry of the pathology is known and certain assumption
about tissue elasticity distribution can be made. Note here,
that both direct and model-based approaches provide infor-
mation only about relative elasticity distribution. For abso-
lute Young’s modulus reconstruction, either reference point
or measurements of stress are required.

Ultrasound is widely used in elasticity imaging since mo-
tion of the speckle can be tracked over large range of tis-
sue deformations. However, the accuracy of the lateral dis-
placement estimates is less accurate than axial component
of the displacement vector. Indeed, for an ultrasound sys-
tem, the resolution of axial displacement is limited primarily
by the frequency bandwidth of the transducer, and the lat-
eral resolution is determined by the width of the ultrasound
beam [19, 20]. Since all displacement components and spa-
tial derivatives are needed in direct reconstruction methods,
the anisotropy in the accuracy of the displacement vector
measurements is an additional source of noise in elasticity
images. In contrast, model-based approaches can be formu-
lated using only axial component of the displacement vector
to insure that the quality of Young’s modulus reconstruction
is independent from the quality of lateral motion tracking.

Here we present the model-based elasticity imaging ap-
proach illustrated using two potential clinical applications:
characterization of liver hemangiomas and differentiation
of deep venous thrombi (DVT). For liver hemangioma, the
spherical symmetry of the lesion was assumed, and for DVT
a blood clot was described as a cylindrically symmetry ob-
ject. In both cases, the external surface deformations were ap-
plied during continuous ultrasound imaging, and the mea-
surements of tissue motion were performed using block-
matching cross-correlation technique. Based on the mea-
sured strain images, the Young’s modulus was reconstructed.
These studies demonstrate that model-based reconstructive
elasticity imaging can be used in applications where the ge-
ometry of the object and the surrounding tissue is assessable
and certain assumptions about the pathology can be made
from the ultrasound images.

2. THEORY

The model-based elasticity reconstruction technique is per-
formed in two successive steps. First, the analytical solution

x

y

r

ϕ

Load

Figure 1: Schematic representation of the deformation model.
(x, y) refer to Cartesian system of coordinates and (r,ϕ) refer to
either cylindrical or spherical system of coordinates. The inhomo-
geneity is approximated as a layered round object, where the Young’s
or shear modulus is a function of only the radial coordinate r.

of the forward elastic problem is derived where the displace-
ment and strain fields are determined based on the spatial
distribution of Young’s modulus in the object and pattern
of externally applied deformation. Second, the inverse prob-
lem is solved iteratively, where the solution of the forward
problem for a modeled object is compared with experimen-
tally measured strains to match the unknown spatial distri-
bution of Young’s modulus in a region of interest (ROI). The
Young’s modulus distribution providing the best agreement
is assumed to describe the distribution of elastic properties
in the region of interest.

2.1. Forward problem

The formulation of a forward problem is based on a uniax-
ial deformation of an infinite, incompressible medium with
spherical or cylindrically shaped inhomogeneities. Here, we
consider only incompressible media since most soft tissues
are very close to incompressible materials [21]. The forward
problem is formulated in a spherical system of coordinates
(r,ϕ, θ) for spherical inclusions and in cylindrical coordi-
nates (r,ϕ, z) for cylindrical inclusions. The origins of the
coordinate systems are placed at the centers of the inhomo-
geneities. The polar axis of both systems of coordinates is
along an applied deformation, that is, an angle φ is between
a radius vector and the deformation direction (see Figure 1).
It is assumed that Young’s modulus E(r) is a function of only
radial position. To find the solution of forward problem for
arbitrary Young’s modulus E(r) over an ROI, we presume



Salavat R. Aglyamov et al. 3

that the Young’s modulus is constant within each subinterval
[ri, ri+1], that is, E(r) : Ei = const, r ∈ [ri, ri+1], i = 1 · · ·N ,
where N is the total number of subintervals covering the re-

gion of interest [22]. The displacement vector �U must satisfy
the equations of static equilibrium for isotropic incompress-
ible linear medium on each subinterval [ri, ri+1] [23]:

μ∇2 �U +∇p = 0, (1)

where p is static internal pressure and μ is shear elastic
modulus. For incompressible media, the shear modulus and
Young’s modulus are related (μ = E/3), and only one mod-
ulus (μ or E) is sufficient to describe the elastic properties
of the material. In addition, the incompressibility condition

must be satisfied: div �U = 0.
Based on Goodier’s solution [24, 25], we attempt to find

the solution of (1) under the assumption of spherical sym-
metry (3D case) in the form

ur = 1
4
Vr(r)

[
1 + 3 cos(2ϕ)

]
, uθ = 0,

uϕ = Vϕ(r) sin(2ϕ),

p = P0(r) + P1(r)
[
1 + 3 cos(2ϕ)

]
,

(2)

where the displacement vector components are �U = (ur ,uϕ,
uθ).

Similarly, solution of (1) under the assumption of cylin-
drical symmetry (2D case) can be found in the following
form:

ur = Vr(r) cos(2ϕ), uϕ = Vϕ(r) sin(2ϕ), uz = 0,

p = P0(r) + P1(r) cos(2ϕ),
(3)

where the components of the displacement vector are �U =
(ur ,uϕ,uz).

Using the incompressibility condition, the relationships
between the Vr(r) and Vφ(r) are

Vϕ = −1
4

(
2Vr + r

∂Vr

∂r

)
, for 3D,

Vϕ = −1
2

(
Vr + r

∂Vr

∂r

)
, for 2D.

(4)

Substituting expressions (2)–(4) into (1) and eliminating the
pressure, we find Vr(r):

Vr = ci1r + ci2r
3 + ci3r

−2 + ci4r
−4, for 3D,

Vr = ci1r + ci2r
3 + ci3r

−1 + ci4r
−3, for 2D.

(5)

Arbitrary constants ci1, ci2, ci3, ci4 vary for each [ri, ri+1]
layer. These unknown constants can be found using bound-
ary conditions and the stress and displacement continuity
conditions at the boundaries of each layer. To satisfy bound-
ary conditions for (1), the displacements ur and uφ must be
zero at r = 0 (the solution is limited at the center of the sys-
tem of coordinates), and must match the strains applied at
infinity. For uniaxial loading, the condition

lim
r→∞

Vr(r)
r

= ε0 (6)

10 mm

(a) (b)

Figure 2: Liver hemangioma (a) B-Scan (left) and (b) strain image
(right). The images are 38-mm by 78-mm.

must be satisfied, where ε0 is axial strain at infinity. For ho-
mogeneous media, the solution of spherical and cylindrical
problems (5) is the same linear function Vr(r) = ε0·r.

Hence, the solution of (1) for a specific elasticity distri-
bution can be reduced to the solution of a linear system of
algebraic equations. This fact allows us to simplify and to
speed up the solution of the forward problem and, as a re-
sult, to construct an effective procedure for inverse problem
solution.

2.2. Inverse problem

The inverse problem was formulated using a Cartesian sys-
tem of coordinates since a linear array ultrasound probe was
used to measure the internal displacements and the ultra-
sound images were inherently obtained in a Cartesian system
of coordinates (x, y, z) as evident from the ultrasound and
strain images presented in Figure 2. Therefore, the analyti-
cal solutions of the forward problems formulated in spher-
ical and cylindrical systems of coordinates were converted
to a Cartesian system of coordinates. By pushing the ultra-
sound transducer against the skin, the external surface de-
formations we applied were such that the ultrasound beam is
along the direction of applied deformation.

In ultrasound strain imaging, the quality of axial strain
estimates (i.e., signal-to-noise ratio and resolution) is higher
than that of other strain tensor components [19, 20]. There-
fore, it is desired to construct the inverse problem solution
using only one experimentally measured axial component of
the strain tensor εyy = ∂uy/∂y, where uy is the axial compo-
nent of the displacement vector in Cartesian coordinates.

The theoretical distribution of axial strain in the region of
interest can be computed when the following parameters are
known: Young’s moduli over a set of layers, the center of the
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inhomogeneity (x0, y0), and the effective deformation ε0 at
infinity. Using the analytic solution of the forward problem
and having experimentally measured the axial strain com-
ponent, the unknown Young’s modulus Ei can be estimated
by minimizing the error function, that is, the difference be-
tween experimentally measured and theoretically predicted
axial strains [22]:

δ = ∥∥εexp
yy − ε

theory
yy

(
Ei, ε0, x0, y0

)∥∥. (7)

In general, the deformation ε0 and the center (x0, y0)
of the object can be considered unknown and estimated si-
multaneously with the unknown distribution of the Young’s
modulus Ei by minimizing the error function. Alternatively,
the applied deformation ε0 and the center (x0, y0) of the ob-
ject can be derived based on some a priori information.

Hence, elasticity reconstruction reduces to a minimiza-
tion of the error function of (7) with respect to the unknown
elasticity distribution, the geometry of the object, and the de-
tails of external loading.

To minimize (7), a gradient-based iterative procedure
was implemented [22, 26]. The step size of the gradient
method was chosen based on three estimates of error func-
tion δ. The minimum of the error function was locally pre-
dicted using a second-order polynomial approximation of δ
as a function of the unknown parameters under the restric-
tion of a decreasing error. Then, a global linear prediction for
all unknowns was used simultaneously to increase the rate
of convergence, that is, iterative step sizes for the gradient
method were chosen taking into account the second-order
polynomial approximation of δ as a function of unknown
parameters. This iterative process does not require any ad-
ditional derivatives of displacement or strain and, therefore,
compared to direct elasticity reconstruction methods, does
not introduce additional noise associated with higher-order
derivatives of the displacement vector and strain tensor com-
ponents. The high computational speed is achieved by us-
ing the analytical solution to calculate forward problem with
only a small number of unknown parameters.

3. ELASTICITY RECONSTRUCTION OF
LIVER HEMANGIOMA

Hemangioma is the most prevalent benign tumor of the liver,
occurring in up to 70% of the population. Hemangiomas can
vary in size and be as large as several centimeters. These tu-
mors are filled with vascular channels of various sizes and
may also contain fibrous tissue. Thrombi (clotted blood) may
be present in the vascular channels. Histologically, the he-
mangioma is characterized by large, thin-walled blood ves-
sels completely filled with blood [27].

These asymptomatic lesions are often found incidentally
on ultrasound or CT when imaging studies are undertaken
for other reasons. Once diagnosed, no treatment is necessary,
and only large, symptomatic hemangiomata are treated by
surgical resection. The diagnosis of hemangioma, however,
requires special imaging studies such as nuclear medicine
scans using radioactive technicium tagged red blood cells,
magnetic resonance or dynamic CT scans with contrast.

Liver hemangiomas can be clearly identified in the ultra-
sound B-Scan image as a hyperechoic region, and the mar-
gins of the tumor are usually well defined. However, routine
ultrasound is suggestive but usually not diagnostic. Many
other tumors in liver, some of which are malignant, may
appear similar on the BScan. Therefore, there is a need to
specifically diagnose a detected liver mass in the least inva-
sive and most time/cost efficient way available.

In the literature, hemangiomas are often referred to as
soft lesions filled with blood [27]. Therefore, elasticity imag-
ing may help in the diagnosis of hemangiomas. Indeed, most
solid tumors are usually harder than the background, so he-
mangiomas may be distinguished from other liver tumors
based on their mechanical properties.

To test the hypothesis that elasticity imaging can detect
and diagnose hemangiomas, studies on volunteers with pre-
viously diagnosed hemangioma were performed. All subjects
gave informed consent, and this study was approved by the
University of Michigan Institutional Review Board. In these
experiments, the liver was imaged between the ribs using an
Ultramark-9 ATL scanner with a linear 128-element array
transducer operating at 5 MHz. The system was interfaced
with a custom-made circuit board to acquire approximately
120 frames of real-time digital RF signals during 4 seconds.
Within this interval, the array, attached to a deformational
device residing on a clinical trolley (gurney), was pressed
against the body to produce a modest deformation of the
liver. In most experiments, surface deformations did not ex-
ceed 10–12 mm, and all volunteers indicated no discomfort
from the applied stress.

In all experiments, frame-to-frame motion was estimated
using a two-dimensional correlation-based phase-sensitive
speckle tracking technique [28]. The 2D displacement was
estimated from the position of the maximum correlation co-
efficient, where the axial displacement estimate was refined
using the position of the phase zero crossing of the analytic
signal correlation. Displacement error was further reduced
by filtering spatially adjacent correlation functions prior to
displacement estimation [28].

The ultrasound B-Scan image of a liver hemangioma is
presented in Figure 2(a). This image is a typical example of
hemangiomas, where the location, margins, and size of the
tumor are clearly identified. Furthermore, the muscle layers
can be easily recognized at the top. This and other images
in Figure 2 are 38-mm by 78-mm, where the transducer is
located at the top of the image.

The distribution of the normal axial strain (εyy) is shown
in Figure 2(b). This quantitative grayscale image is displayed
from 0 to 10 percent strain, where full black corresponds to
no strain and full white to 10% strain. The tumor is clearly
visible as a low strain region indicating that overall it is
harder than the background tissue.

Similar results were obtained from several other vol-
unteers. The apparent overall hardness of a hemangioma,
inferred from the strain image, is unexpected given the
soft interior of the tumor. However, this result is consis-
tent with information gathered by surgeons in the operating
room—when large, symptomatic hemangiomata are treated
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by surgical resection, the intact hemangiomas are felt as hard
lesions. Pressure applied to the hemangioma, however, rup-
tures it, releasing blood as it collapses. Therefore, a heman-
gioma feels hard even it is filled with blood, which has no or
low-shear elasticity.

In general, a soft, fluid-filled sack can appear hard if it is
encapsulated by a very hard, thin membrane. If the mechan-
ical properties of the shell are similar to that of the lesion,
the shell itself would not affect the strain pattern. If the shell
is harder than the lesion, however, the strain magnitude in-
side of the lesion is reduced. In fact, for an infinitely hard
and absolutely noncompliant shell, the strain inside of the
lesion vanishes regardless of the internal material properties.
Therefore, it is reasonable to assume that the thin membrane
encapsulating a hemangioma is significantly harder than the
lesion’s core, and dominates the overall strain pattern within
the tumor. The mechanical properties of the shell surround-
ing a lesion can significantly impact the strain distribution.
In particular, the strain images of a heterogeneous lesion sur-
rounded by a hard shell and a uniform hard inclusion appear
very similar. It may be possible, however, to estimate the le-
sion composition in both cases using reconstructive elasticity
imaging.

For elasticity imaging of hemangiomas, the mapping of
Young’s modulus was performed using two approaches: di-
rect reconstruction and model-based reconstruction. Direct
reconstruction numerically solves the discretized equilib-
rium equations for a plane strain condition [10]. The plane
strain condition is a reasonable approximation for elasticity
imaging of the liver, where deformations are applied through
the rib cage resulting in negligible out-of-plane strains. This
method does not require any a priori knowledge of the ob-
ject, and no other assumptions are made. After defining a
region of interest containing the lesion, the Young’s modulus
distribution is reconstructed relative to the modulus of the
background tissue (i.e., liver).

In model-based approach we assume that the heman-
gioma can be modeled as a spherical object such that the
elastic modulus within the imaging plane is simply a func-
tion of radial position from the center of the tumor. For a re-
alistic tumor, this is a reasonable approximation if the tumor
is near no external boundaries. Nevertheless, by assuming a
simple model such as this, the model-based reconstruction in
the vicinity of the tumor core is far less susceptible to strain
noise compared to direct elasticity reconstruction.

The results of the elasticity reconstruction are presented
in Figure 3. In Figure 3(a), a 17.5-mm by 17.5-mm region of
interest (ROI) of grayscale ultrasound image containing the
hemangioma is shown. In direct reconstruction method (see
Figure 3(b)), the Young’s modulus along the ROI boundary
was set to unity, resulting in reconstruction of the Young’s
modulus relative to liver. Clearly, the overall hemangioma is
harder than the background tissue, but it has a softer inte-
rior part. This distribution is better depicted in the model-
based elasticity image (see Figure 3(c)), where the softer in-
terior part can be easily identified. In model-based recon-
struction, the hemangioma was initially modeled as a ho-
mogeneous spherical inclusion, that is, object with one layer
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Figure 3: B-Scan (a) and elasticity images of hemangioma obtained
direct method (b) and model-based method (c).
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Figure 4: The Young’s modulus distributions, obtained using direct
and model-based reconstruction methods, are compared along the
horizontal line intersecting the center of the hemangioma.

only. For a given number of layers, the relative Young’s mod-
ulus, the external load ε0 and position of hemangioma center
(x0, y0) were reconstructed by minimizing the error function
(7) across the ROI.

The Young’s modulus distributions along the horizontal
line intersecting the center of the hemangioma are contrasted
in Figure 4 indicating reasonable agreement between the two
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different reconstruction approaches. In model-based recon-
struction approach, only 12 layers were used to describe he-
mangioma. The results in Figures 3 and 4 correspond closely
to the expected elasticity distribution within the heman-
gioma, where the capsule surrounding the tumor makes the
lesion harder overall. Reconstructive elasticity imaging cap-
tures the complex composition of such tumors.

The results of this study suggest that diagnosis of liver
hemangioma may be possible with reconstructive elasticity
imaging. Strain imaging by itself may not be sufficient to dif-
ferentiate hemangioma from other types of liver tumors since
all lesions overall can produce somewhat similar strain im-
ages. In contrast, the reconstructed elasticity map may cap-
ture the critical differences between the tumors.

4. ELASTICITY RECONSTRUCTION OF
DEEP VEIN THROMBOSIS

The leading cause of preventable in-hospital mortality in the
USA and other developed countries is pulmonary embolism
(PE), which is one of the complications of deep venous
thrombosis [29]. DVT occurs when the blood clot forms in-
side a deep vein (commonly located in the calf or thigh) and
either partially or completely blocks the flow of blood in the
vein. In pulmonary embolism, a portion of the thrombus de-
taches from the vessel wall and travels through the veins into
the lung. When large emboli lodge in the main pulmonary
artery, pulmonary embolism can quickly become fatal. The
level of pulmonary embolism risk and DVT treatment de-
pend on the age of the clot (in this paper, we often refer to
DVT as blood clot). For an acute thrombus, the patient is at
a higher risk of the clot breaking off and becoming an em-
bolus. This patient is treated with heparin followed by oral
anticoagulants. Patients with chronic DVT are treated with
either oral anticoagulants, coumadin, alone, or no treatment
[30]. Because the risk of bleeding is higher with heparin than
with coumadin, one would like to avoid the use of heparin
if at all possible [31]. Therefore it is clinically important to
distinguish between acute and chronic DVT.

Both magnetic resonance imaging (MRI) and duplex ul-
trasound can tell whether a thrombus is present [32, 33].
The problem is that while these technologies can identify the
blood clot in the vein, they cannot determine its age. Stud-
ies suggest that elastic properties of clot can be used to de-
termine DVT maturity [22, 34–41]. This is based on the as-
sumption that the Young’s modulus of a thrombus changes
monotonically with fibrin and collagen concentration. Since
both the fibrin and collagen content of a thrombus increase
over time, DVT hardens with age. Consequently, remote es-
timation of the elastic properties of a thrombus can become
an important clinical tool to age DVT.

The examination employs real-time B-mode sonography
(2D grayscale ultrasound imaging) combined with color flow
Doppler imaging and compression ultrasound. During the
compression ultrasound, a transverse view of the veins and
arteries of the patient’s leg is imaged. The operator period-
ically pushes on the surface of the leg to deform the under-
lying tissue including vein and artery. If the vein does not

deform while the adjacent artery does, the clot is suspected
[33]. Since compression ultrasound already has all of the es-
sential ingredients of elasticity imaging (i.e., external defor-
mation of the object during continuous ultrasound imag-
ing), elasticity imaging is a simple addition to the existing
procedure of DVT diagnosis [36].

Animal studies were performed using a rat model of
stasis-induced-venous thrombosis [37, 38, 42, 43]. The pro-
tocol was approved by the University of Michigan Commit-
tee on the use and care of animals and strictly complied with
the National Institutes of Health Guide for the care and use
of laboratory animals. A group of five rats were used in this
study although only four animals developed thrombi. On the
first day, all rats underwent surgery to initiate thrombus for-
mation in the inferior vena cava (IVC). As the animals de-
veloped thrombi, which changed progressively from acute to
chronic stages [42], each rat was imaged on days 3, 4, 5, 6, 7,
8, and 10.

All experiments were performed using a Siemens “Ele-
gra” ultrasound scanner with a linear 12 MHz array trans-
ducer (VFX13-5). First, the IVCs were scanned in transverse
and longitudinal orientations using color Doppler mode
to determine thrombus location and find the best possible
probe position on the rat’s abdomen. Next, the transducer
itself was used to compress the rat’s abdominal wall and un-
derlying tissue in a transverse orientation. It was attached to
a manual deformation device to achieve continuous com-
pression. The deformation lasted approximately 6 seconds,
while phase sensitive ultrasound frames were collected in real
time. Consecutive frames were processed offline using a 2D
correlation-based phase-sensitive speckle tracking algorithm
to derive the strain image of the DVT and surrounding tissue
[28]. A kernel size 0.60-mm laterally by 0.17-mm axially was
chosen for cross-correlation. The correlation function was
filtered by a Hanning filter extending 1.20-mm laterally by
0.85-mm axially. Finally, frame-to-frame displacements were
accumulated over a number of frames within the same de-
formation sequence and axial strains were calculated numer-
ically.

An analysis of the B-scan in the thrombus area (see
Figure 5) was the starting point of elasticity reconstruction
for each animal. Based on the ultrasound image, the ROIs
for elasticity reconstruction and the position of the clot cen-
ter (x0, y0) were chosen. Each ROI was selected such that it
included the IVC and a small portion of surrounding tis-
sue (see Figure 6) to minimize elasticity variations of back-
ground tissue. The elasticity reconstruction program creates
relative Young’s modulus images—the stress distribution at
the surface in response to surface-applied deformations is re-
quired for absolute reconstruction. Therefore, a vessel wall
was used as the reference material, that is, Young’s modulus
of the vessel wall was assigned unity value.

A slight modification of described method was used for
DVT elasticity reconstruction. We assume that the external
load is applied at an angle α relative to the axial direction
of an ultrasound beam. The angle α was added to expression
(7) as a parameter of minimization. The details are presented
elsewhere [22]. Based on the geometry of the thrombus,
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Figure 5: Ultrasound B-scan image of rat’s abdomen.

vessel, and surrounding tissue (Figure 1), the clot-containing
vessel is modeled as a long round cylinder. At the beginning
of the reconstruction, a homogeneous cylindrical clot was as-
sumed. The position of the clot center (x0, y0) was manually
set based on the ultrasound image.

Once the solution for a given number of rings was found,
the number of rings required to represent the object was in-
creased. The previous elasticity distribution and load param-
eters α and ε0 were used (after interpolation) as the initial
point for the next step, where thrombus, vessel wall, and sur-
rounding tissue were approximated using more independent
rings of different elasticity. This iterative process was contin-
ued until the difference between two successive reconstruc-
tions (i.e., Young’s modulus reconstructions for a different
number of layers) was less then 2%. In the final Young’s mod-
ulus map, the number of layers ranged from 30 to 40 depend-
ing on a particular dataset.

A typical B-scan image of a rat’s abdomen with 5-day old
thrombus is shown in Figure 5. This image covers 10-mm
(axial) by 8.5-mm (lateral) region. Using color-flow imag-
ing, the artery adjacent to the IVC was identified while no
flow was detected in the IVC signaling that the thrombus oc-
cluded the vessel. On the bottom of the B-scan, the anterior
surface of the spine can also be noted. Figure 6 presents the
results of model-based elasticity reconstruction for the same
rat. The 4.5-mm by 4.5-mm elasticity reconstruction region
(Figure 6(a), also outlined rectangular area in Figure 5) was
chosen to include the entire IVC, with the clot located in the
center, and a small portion of background tissue. The mea-
sured axial strain image is presented in Figure 6(b). This im-
age is displayed over a 0 to 18% strain dynamic range, where
full white represents no strain, and full black represents a
normal axial strain magnitude of 18% and larger (negative
strain indicates that vein size was reduced vertically during
the deformation).

Once the region of interest was identified, iterative elas-
ticity reconstruction was performed, where the experimen-
tally measured axial strain distribution ε

exp
yy was compared

with the theoretically predicted axial strain map ε
theory
yy to

1 mm

(a) B-scan

−18

0

%

(b) Experimental strain

0.5

1

(c) Youngs modulus

−18

0

%

(d) Theoretical strain

Figure 6: Elasticity reconstruction procedure demonstrated for a
rat with a 5-day old thrombus. (a) A 4.5-mm by 4.5-mm region
of interest (a) was selected for elasticity reconstruction. (b) The
measured axial strain image within selected ROI. (c) Reconstructed
Young’s modulus distribution. (d) Corresponding theoretical axial
strain image.

minimize the error function (7). The resultant Young’s mod-
ulus distribution Ei over a set of rings is presented in
Figure 6(c) where a grayscale map is used to display the rela-
tive Young’s modulus over the 0.5 to 1.0 range. The grayscale
map was selected so that full black corresponds to a relative
Young’s modulus of less than or equal to 0.5, and white areas
represent harder tissue. Finally, Figure 6(d) presents the the-
oretically predicted axial strain distribution corresponding to
reconstructed values of Young’s modulus in Figure 6(c).

The minimization process is illustrated in Figures 7 and
8. Figure 7 shows changes in relative Young’s modulus during
iterations. In this example, the number of layers is fixed and
equal to 5. The initial elasticity value was taken from the pre-
vious step, where the number of layers was equal to 4. During
each iteration, the minimization of the error function (7) was
performed. Regions of rapid change in elasticity (at iterations
5 and 25) correspond to successful global linear prediction
resulting in 5–10 times faster convergence. Figure 8 presents
behavior of relative elasticity of thrombus as the number of
rings is increased. These results illustrate that 30–40 rings
are sufficient to describe the blood clot, vessel wall, and sur-
rounding tissue for this particular experimental dataset since
further increase in the number of rings does not change the
final result.

Figure 9 contrasts relative Young’s modulus profiles along
the center of the thrombus for one of the animals at 5, 8, and
10 days after the surgery (the profile for 5-day old thrombus
corresponds to results presented in Figures 5–8). Figure 10
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Figure 7: Relative Young’s modulus versus number of iterations for
blood clot approximated using 5 rings or layers. Initial value for it-
erative process was chosen from previous 4-ring model. These par-
ticular results correspond to the data presented in Figures 5 and 6
(an animal with 5-day old thrombus).
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Figure 8: Changes in relative Young’s modulus with increased num-
ber of layers or rings. These particular results correspond to the data
presented in Figures 5 and 6 (an animal with 5-day old thrombus).

presents the profiles of relative Young’s modulus for another
animal with 4-day, 7-day, and 10-day old thrombus. Note
here, that position of vessel walls have changed through time
because of the vessel shrank in process of clot formation
[37, 38].

In this animal model, 3-day to 4-day old thrombus rep-
resents an acute DVT, 6-day to 7-day old thrombus repre-
sents a subacute DVT, and 10-day old thrombus represents a
chronic DVT. The rate of thrombus growth is different in hu-
mans, but the process of clot formation has the same stages.
As the thrombus develops, its elasticity increases. This is fur-
ther illustrated in Figure 11, where relative Young’s modulus
is plotted as function of time after surgery, that is, age of the
thrombus. Here, the elasticity values were averaged for the
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Figure 9: Young’s modulus profiles for 5-day old (acute), 8-day old
(subacute), and 10-day old (chronic) thrombi.
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Figure 10: Young’s modulus profiles for 4-day old (acute), 7-day
old (subacute), and 10-day old (chronic) thrombi.

four rats used in our study. Clearly, the relative elasticity of
the clot increases with thrombus age suggesting that Young’s
modulus can be used to age DVT.

The results of in vivo elasticity reconstruction were com-
pared with the results of ex vivo direct elasticity measure-
ments [38]. A total of 59 Sprague-Dawley rats were studied.
On days 3, 6, 10, 12, and 14, the group of animals (9–13 ani-
mals) was euthanized for the direct measurements of Young’s
modulus of the blood clots. Thrombi were removed from the
dissected IVC and transported immediately to the next room
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Figure 11: The model-based reconstructed values of relative
Young’s modulus of the blood clot during formation and aging of
thrombus.
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Figure 12: The ex vivo direct mechanical measurements of the
Young’s modulus of the blood clot during formation and aging of
thrombus.

for mechanical load-displacement measurements to accu-
rately assess the Young’s modulus of the thrombi. Specifically,
the displacement versus force was measured while a test sam-
ple was subjected to compression. Based on the strain-stress
relationship and finite element modeling of the clot deforma-
tion, Young’s modulus of the test sample was estimated. Ini-
tially, the system was tested on rubber cylindrical sample with
known elastic properties [38]. The direct ex vivo elasticity
measurements were performed using 15–20% strain range.
This range approximately corresponds to the strain level used
in ultrasound in vivo studies. In Figure 12, the mechanical, ex
vivo measurements of Young’s modulus are plotted as func-
tion of thrombus age.

Figures 11 and 12 demonstrate that the in vivo recon-
struction agrees well with the ex vivo mechanical measure-

ment. The results of direct elasticity estimations and re-
mote assessment of the clot elasticity indicate that a throm-
bus hardens as it matures. Indeed, the Young’s modulus of
thrombi increases over time, and a 10-day old thrombus is
approximately 3–6 times harder than a 3-day old thrombus.

Therefore, the model-based elasticity reconstruction ap-
proach is applicable to an animal model of DVT. Indeed,
thrombus elasticity (Young’s modulus) increases with time
and can be accurately assessed and monitored using quanti-
tative model-based reconstructive elasticity imaging.

5. CONCLUSIONS

The model-based elasticity reconstruction method was de-
veloped to demonstrate the potential of ultrasound-based re-
constructive elasticity imaging. The developed model-based
method has several advantages compared to other elastic-
ity reconstruction approaches. The model-based elasticity
reconstruction requires only axial component of the strain
tensor. The minimization procedure in model-based recon-
struction is relatively efficient and stable given the small
number of unknown scalar parameters derived from an an-
alytic solution of the forward elastic problem. Finally, the
model-based reconstruction is not highly sensitive to the
details of external loading. The model-based reconstructive
elasticity imaging was applied to differentiate liver heman-
gioma and to age deep vein thrombosis. The results of our
studies indicate that the model-based reconstruction ap-
proach is applicable in ultrasound in vivo elasticity imaging
and can provide needed information about biomechanical
properties of tissues.
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