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Alex E.-Zúñiga, Mexico
Fouad Erchiqui, Canada
Anders Eriksson, Sweden
Vedat S. Erturk, Turkey
Hua Fan, China
Ricardo Femat, Mexico
Jose R. Fernandez, Spain
Thierry Floquet, France
George Flowers, USA
Tomonari Furukawa, USA
Zoran Gajic, USA
Ugo Galvanetto, Italy
Xin-Lin Gao, USA
Zhong-Ke Gao, China

Laura Gardini, Italy
Alessandro Gasparetto, Italy
Oleg V. Gendelman, Israel
Rama S. R. Gorla, USA
Oded Gottlieb, Israel
Quang Phuc Ha, Australia
Masoud Hajarian, Iran
Zhen-Lai Han, China
Thomas Hanne, Switzerland
Xiao-Qiao He, China
Katica R. Hedrih, Serbia
M. Isabel Herreros, Spain
Wei-Chiang Hong, Taiwan
Jaromir Horacek, Czech Republic
Muneo Hori, Japan
Feng-Hsiag Hsiao, Taiwan
Fu-Shiung Hsieh, Taiwan
Changchun Hua, China
Zhenkun Huang, China
Chiung-Shiann Huang, Taiwan
Chuangxia Huang, China
Gordon Huang, Canada
Huabing Huang, China
Hai-Feng Huo, China
Asier Ibeas, Spain
Giacomo Innocenti, Italy
Nazrul Islam, USA
Reza Jazar, Australia
Khalide Jbilou, France
Linni Jian, China
Bin Jiang, China
Zhongping Jiang, USA
Jun Jiang, China
Jianjun Jiao, China
Ningde Jin, China
J. Joao Judice, Portugal
Tadeusz Kaczorek, Poland
T. Kalmar-Nagy, Hungary
T. Kapitaniak, Poland
Haranath Kar, India
C. Masood Khalique, South Africa
DoWan Kim, Korea
Nam-Il Kim, Korea
Kyung Y. Kim, Republic of Korea
Manfred Krafczyk, Germany



V. Kravchenko, Mexico
Jurgen Kurths, Germany
Kyandoghere Kyamakya, Austria
Hak-Keung Lam, UK
Wen-Chiung Lee, Taiwan
Marek Lefik, Poland
Yaguo Lei, China
Valter J. S. Leite, Brazil
Stefano Lenci, Italy
Roman Lewandowski, Poland
Ming Li, China
Jian Li, China
Qing Q. Liang, Australia
Yan Liang, China
Teh-Lu Liao, Taiwan
Panos Liatsis, UK
KimM. Liew, Hong Kong
Yi-Kuei Lin, Taiwan
Shueei M. Lin, Taiwan
Jui-Sheng Lin, Taiwan
Wanquan Liu, Australia
Yan-Jun Liu, China
Yuji Liu, China
Xian Liu, China
Peter Liu, Taiwan
Peide Liu, China
Paolo Lonetti, Italy
V. C. Loukopoulos, Greece
Junguo Lu, China
Chien-Yu Lu, Taiwan
Jianquan Lu, China
Jinhu Lü, China
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Nowadays, optimization on logistics and supply chain sys-
tems is a crucial and critical issue in industrial and systems
engineering. Important areas of logistics and supply chain
systems include transportation control, inventory manage-
ment, and facility location planning. Under a competitive
market environment, decision making for all these critical
areas requires more sophisticated mathematical modeling
and analysis. For example, the noncooperative and coop-
erative analytical game theory and computational based
evolutionary algorithms are some popular tools in exploring
logistics systems optimization problems under competition.
Since many of these optimization problems are complex,
innovative analytical models and novel algorithms will be
needed in order to optimize the respective logistics systems
under the competitive environment.Motivated by the impor-
tance of the topic, this special issue of this journal is compiled
and it aims at publishing the timely and significant findings
on scientific research in logistics systems optimization under
competition. This special issue puts high emphasis on the
advance of optimization methods, innovative models, and
analytical explorations from an industrial engineering and
operations research perspective.

After rigorous review, this special issue features twelve
interesting research papers. The topics of these papers range
fromvehicle routing problems, reverse logisticsmanagement,
channel coordination challenges, dual-channel operations,
and distribution network optimization, to retail inventory
ordering decisions in supply chain systems. We briefly intro-
duce these interesting research studies in the following.

In “Optimal Routing for Heterogeneous Fixed Fleets
of Multicompartment Vehicles,” Q. Wang et al. develop

a novel metaheuristic based search method, known as the
reactive guided tabu search (RGTS) method, to solve the
multicompartment vehicle routing problem (MCVRP) with
heterogeneous fleet.They consider the casewhen there is only
a single vehicle which helps to support multiple customer
orders. Since finding the optimal solution ofMCVRP is com-
putationally expensive, they design a few guiding rules, which
employ the searching history, to enhance the searching.They
conduct numerical analysis and reveal that their proposed
method significantly outperforms the classical method.

In “Evaluating Reverse Supply Chain Efficiency: Man-
ufacturer’s Perspective,” motivated by the importance of
environmental sustainability and remanufacturing opera-
tions, M. Kumar et al. use the well-established fuzzy data
envelopment analysis (FDEA) approach to study reverse
supply chain management. They conduct their analysis from
the manufacturer’s perspective. Technically, they convert the
proposed FDEA model into a crisp linear programming
optimization problem. As a result, the problem is formulated
as an interval programming problem. They argue that their
proposed model can help to generate robust results. They
show that the ISO 14001 certification scheme only slightly
helps improve the supply chain’s level of environmental
sustainability. Furthermore, their findings interestingly show
that companies which have implemented reverse supply
chain practices for a shorter period of time would actually
outperform those which have implemented reverse supply
chain practices for a longer duration of time.

In “Competition with Online and Offline Demands con-
sidering Logistics Costs Based on the Hotellingmodel,” Z.-H.
Hu et al. examine, via the Hotelling model, the competition
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effects of shops’ location. To be specific, they consider two
kinds of logistics costs, namely, the consumer’s travelling
cost for bricks-and-mortar store’s demand and the seller’s
delivery cost for online demands. They further examine the
consumer’s waiting cost for online orders and highlight the
importance brought by the ratio of online demand to the total
demand (online plus offline).

In “Electronic Markets Selection in Supply Chain with
Uncertain Demand and Uncertain Price,” F. Yang et al.
study the critical supply chain management problems in the
presence of electronic markets. They develop some stylish
analytical models to examine the optimal decision on the
selection between public and private electronicmarkets.They
consider three different scenarios: (i) the electronic market
is solely used for buying, (ii) the electronic market is solely
used for selling, and (iii) the electronicmarket is used for both
selling and buying.They consider two sources of uncertainty,
including demand uncertainty and price uncertainty, in their
model. They derive the analytical conditions in which it is
optimal for the supply chain agent to select a particular
electronic market. One important finding that this study
shows is that the electronic market’s usage fee is a critical
factor for assessing the electronic market’s performance. It
should be a focal point in the optimal selection and proper
development of electronic market.

In “A Methodology to Exploit Profit Allocation in Logis-
tics Joint Distribution Network Optimization,” Y. Wang et
al. study the logistics joint distribution network (LJDN)
optimization problem. Their problem includes the optimal
vehicle routes scheduling and profit allocation mechanism
for multiple distribution centers. To be specific, they develop
a model with an objective to minimize the total cost of the
multiple distribution centers in the joint distribution net-
work. They consider the situation in which each distribution
center is assigned to serve a certain number of distribution
units. They first develop and employ a novel revised particle
swarm optimization (PSO) algorithm, which combines the
PSO algorithm and genetic algorithm, to solve this problem.
Then, they propose a cooperative game theory based model
to derive the optimal profit allocation mechanism among the
distribution centers.

In “Multiple Objective Fuzzy Sourcing Problem with
Multiple Items in Discount Environments,” F. Arikan devel-
ops a multiple criteria fuzzy sourcing problem with multiple
items in discounts. He formulates the problem as a single
period multiobjective mixed integer linear programming
problem with fuzzy parameters on demand level and aspi-
ration level of each objective. He employs a hybrid fuzzy
approach which combines three fuzzy mathematical models
to identify the solution. He argues that the fuzzy formulation
makes the problem more realistic and the solution mecha-
nism can be implemented in real world applications.

In “Impact of Heterogeneous Consumers on Pricing
Decisions under Dual-Channel Competition,” Y. Wei and
F. Li analytically investigate the impacts brought by het-
erogeneous consumer behaviors on the equilibrium pricing
decisions under a competitive dual-channel environment. To
be specific, they consider a supply chain with one retailer and

one manufacturer. The supply chain is led by the manufac-
turer and there are two channels, namely, the direct channel
(i.e., selling directly to consumers) and the indirect channel
(i.e., supplying to the retailer first). Consumers can decide
which channel to make their purchases, which depends
highly on the prices offered by the different channels. Owing
to the complexity of the problem, they make use of an agent-
based modeling and computational simulation approach to
study the problem. They find that when the consumers are
increasingly loyal to the indirect channel, the retailer will set
a higher selling price and make more profit. They also reveal
thatwhen the consumer rationality level increases, the offered
selling prices by both channels would decrease.

In “Optimal Ordering and Disposing Policies in the
Presence of an Overconfident Retailer: A Stackelberg Game,”
Z. Wang et al. examine the behavioral decision making issue
in inventory control. To be specific, they consider the case
when the retailer has an overconfident behavior on the supply
chain performance.They find that the retailer’s overconfident
behavior may not harm the supply chain provided that the
level of overconfidence is less than a certain threshold. They
further study the supply chain channel coordination issue
with the buy-back returns contract. They prove that the buy-
back returns contract will achieve the Pareto improving situ-
ation in the supply chain if the level of overconfidence is low.

In “CustomizedTransportation, Equity Participation, and
Cooperation Performance within Logistics Supply Chains,”
X. Lin et al. explore the customized transportation issues in a
logistics system. They develop a game-theoretic model. They
analytically find that a take-or-pay supply contract cannot
properly deal with the problem.Theyhence propose an equity
participation plus simple contract scheme to help improve the
performance of customized transportation. They show that,
at the equilibrium, the private-type of logistic supply chains
would choose a more efficient customized production level
than the public-type counterpart.

In “Two-Echelon Inventory Optimization for Imperfect
Production System under Quality Competition Environ-
ment,” X. Lai et al. develop a novel two-echelon optimal
inventory control model for a supply chain system with
quality competition. They consider the situation in which
the supplier’s production process is imperfect and there are
quality problems. They hence derive the optimal ordering
policy for the buyer and the optimal shipping policy from the
vendor to the buyer. They conclude that, in the supply chain
system, both the supplier and the buyer may benefit from the
quality improvement investment made by the supplier.

In “A Hybrid Approach to the Optimization of Mul-
tiechelon Systems,” P. Sitek and J. Wikarek examine the
freight transportation challenges with different distribution
strategies.They propose a hybrid approach to tackle the mul-
tiechelon capacitated vehicle routing problem. They make
use of mathematical programming and constraint logic pro-
gramming approaches in developing the solution algorithm.
Theyhave also illustrated the implementation of the proposed
approach and compared its performance with other existing
mathematical programming methods.

In “The Newsvendor Problem with Different Delivery
Time, Resalable Returns, and an Additional Order,” F. Zeng
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et al. study the case when the newsvendor faces demands
with different delivery times. They investigate the case in the
presence of resalable returns. They also consider the case
when an additional order can be placed by the newsvendor.
They construct the formal analytical model and examine
numerically the impacts brought by the proportion of instant
delivery needs and the return rate on the optimal ordering
quantity. They show that the newsvendor’s expected profit
decreases as the proportion of instant delivery needs and rate
of returned increase.

We believe that this special issue presents many interest-
ing and timely research studies on logistics systems optimiza-
tion. The coverage is indeed comprehensive: some studies
focus on manufacturing side and some on retailing side;
some studies explore transportation problems and some
explore inventory decisions. The valuable academic and
managerial insights generated by the papers of this special
issue contribute significantly to the literature. In addition,
hopefully, these important research results will help motivate
future research on logistics systems optimization under a
competitive setting.

Tsan-Ming Choi
Kannan Govindan

Lijun Ma
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In recent years, more andmore companies start online operation. Electronic market becomes a key component of some companies’
strategy. Supply chain management is another key component of the strategy as being adopted by an increasing number of
companies. There are many interactions between electronic market and supply chain. One of the key questions is to select one
type of electronic market from the view of supply chain.This paper develops somemodels to explore the issue of selection between
public electronic market and private electronic market in three scenarios where electronic market is used for buying, for selling,
and for both selling and buying, respectively. In a public electronic market, neither the supplier nor the retailer is the owner of
the electronic market. However, in a private electronic market, there is an owner that is either the supplier or the retailer. Besides
demand uncertainty, we take into account the price uncertainty in electronic market. We explore the conditions under which the
agent of supply chain selects one certain type of electronic market by comparing expected profits of supply chain members in
different scenarios. Some sensitivity analyses are conducted to explore the impact of the customer demand, electronic market retail
price, and e-market use fee on the selection of electronic market. Finally, some interesting managerial and academic insights are
obtained.

1. Introduction

In recent years, electronic market (hereafter e-market) has
received increasing attention from industry and more and
more companies start online operation. For example,
http://www.suning.com/ created his first e-commerce
platform for online shopping in China in 2010. In 2013, the
turnover of China B2B market was 8.2 trillion with more
than 30 percent year-on-year growths. With the growth of
e-commerce, e-market has been always one of the focuses
in academia. Some details regarding business concept of
electronic commerce can be seen in Kumar and Raheja [1].

Supply chain management is another strategy adopted
by an increasing number of companies. Along with the e-
commerce growth, e-market has a strong influence on supply
chain management. Many papers in the literature explored
the interaction between e-market and supply chain. For exa-
mple, Peleg et al. [2] researched three procurement strategies
to provide policies for supplier when there is an e-market.

They showed that supplier can make use of e-market to get
high income. Seifert et al. [3] quantified the benefits of using
online spot market from a supply chain perspective. Their
results demonstrated that companies using online spot mar-
ket can get higher service level and higher variability in profits
than companies who do not use online spot market. Choi et
al. [4] coordinated the supply chain by return policy and the
return products were sold at a higher price to the supplier
in e-market. Their results made it clear that the expected
profit in e-market is always larger than the traditionalmarket.
Ganeshan et al. [5] showed that trading products either in
the electronic spot market or via derivate instruments can get
optimal procurement portfolios and mitigate risk. Standing
et al. [6] summarized twelve years of research on e-market
places since 1997 andpointed out the relative lack of papers on
the organisational implications of managing e-market places.
Khanam [7] noted that e-market has several features to
increase user friendliness.Ning et al. [8] discussed the coordi-
nate markdown policy when e-market is introduced besides
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the traditional market and showed that e-market is a benefit
for supply chain in terms of the expected profit improvement.
But e-market may have several disadvantages compared with
traditional market from Kacen et al.’s [9] research such as
shipping and handling charges and good uncertainty. So
more studies containing comprehensive characteristics on e-
market are needed. Narenji et al. [10] introduced evolutionary
game theory in finding the price and delivery time strategy
equilibrium when supply chain is centralized and decentral-
ized. Their conclusions demonstrated that supply chain with
e-market is better than that with traditional market in most
scenarios. Maity and Dass [11] helped us in making supply
chain choice between traditional market and e-market from
the view of media richness theory containing both product
characteristics and channel characteristics. Their study
showed that customers prefer e-market over other channels
that have higher or lower media richness.

As it can be seen above, e-market plays an important role
in supply chainmanagement and scholars have attached great
importance on it. But e-market is such a significant market
that needs a more detailed analysis to dig up its huge poten-
tial. For example, as a matter of fact, both price uncertainty
and demand uncertainty exist in supply chain. It is essential
to take both uncertainties into consideration. However, most
of the papers in this field focus only on one of the two uncer-
tainties. For instance, Wang and Benaroch [12] only took
the demand uncertainty into consideration and analyzed the
decision of supply chain members who use or do not use e-
market. Ghose and Yao [13] considered the uncertain price
and found that the “law of one price” can prevail. There are
also a few papers that take both uncertainties into account.
For example, Inderfurth et al. [14] explored the channel selec-
tion with considering random price or stochastic demand in
their sourcing model where price and demand are all have
cumulative distribution, density function, expected value,
and standard deviation.

What is more, there are different types of e-markets. For
example, according to the owner who builds and operates the
e-market, the e-market can be classified into three types, that
is, third party-driven, buyer-driven, and seller-driven (Shon
et al. [15]). Furthermore, some e-markets are used only for
buying, only for selling, or for both selling and buying. The
right selection of e-market is critical for a supply chain. Xing
et al. [16] investigated the supply chainmembers’ strategies in
decentralized supply chain in B2B electronics market where
the supplier is the owner. Truong et al. [17] showed that retail-
ers’ expectations of benefits differ significantly between dif-
ferent public and private market. From the point of Khanam’s
[7] research, the owner who drives the e-market charges the
other members and the charge impacts the retail price of
e-market and indirectly affects earnings. Pei et al. [18]
obtained the expected profit when there is an owner in three
different kinds of e-markets. Li et al. [19] identified the con-
ditions under which the supplier would join public or private
market. However, neither of the above two papers obtains the
close form of the optimal order quantity and which specific
kind of e-market the supplier should join.

Motivated by the above, we study the e-markets selection
from the view of supply chain between public e-market and

private e-market with uncertain demand and uncertain price
in three different scenarioswhere e-market is used for buying,
for selling, or for both selling and buying, respectively. The
close form of the optimal order quantity of retailer and the
profit of supply chain members in different e-markets is
derived in the case of customer demand and retail price
following uniform distribution. The comparison between
expected profits of e-markets can help supply chain members
trade-off between public e-market and private e-market in
three scenarios. Some sensitivity analyses are also conducted
to explore the impact of the customer demand, the price of e-
market, and the e-market use fee on the e-market selection. In
the following text, EB, ES, and EM are used to denote e-
market for buying, for selling, and for both selling and
buying, respectively.

The rest of this paper is organized as follows. The next
section describes the notations and the assumptions of the
problem. Section 3 explores the optimal strategies of the
retailer when e-market is managed by a third-party manager,
the supplier, and the retailer, respectively. The trade-off
between public e-market and private e-market in three supply
chain structures is discussed. Section 4 examines the impact
of the various e-market parameters via sensitivity analysis.
The last section offers concluding remarks as well as some
opportunities for future research. All the proofs of the
theoretical results are given in the Appendix.

2. Notations and Assumptions

We consider a two-echelon supply chain consisting of a single
supplier and a single retailer. There are two kinds of markets:
the traditional market and the e-market. Product is the
newsvendor type with short life-cycle, short selling season,
and uncertain demand.The retailer cannot make any replen-
ishment from the traditional market during selling season
due to the long lead time. However, it is assumed that the
retailer can make emergency replenishment from the e-
market if they can pay more. Some papers can be given to
illustrate that the assumption is a good approximation of real-
ity. For example, Fu et al. [20] studied the newsvendor model
with multiple options of expediting options. They argued
that various expediting options can help satisfy the demand
with a different more expensive price than early order.
Some other studies such as [21, 22] also pointed out that a
higher price can make a shorter lead time. Moreover, due to
the fleetness to deal with information in e-market, the prod-
uct in e-market can be assumed as a kind of expediting
options with higher price and zero lead time.

The sequence of the events is as follows.
The retailer decides his order quantity 𝑞 before selling

season. He can forecast the cumulative distribution function
𝐹𝑑(⋅) of the demand. When selling season comes, the retailer
fills demand 𝑥 by quantity 𝑞.

In traditional market, if the realized demand 𝑥 is higher
than the initial order quantity 𝑞, the retailer will face lost sales
with an additional penalty cost 𝑔. If the demand is lower than
𝑞, all unsold products will be salvaged at salvage value V.

If the retailer can use the e-market, there are three cases
as follows.
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Case 1. When e-market is used only for buying, extra demand
𝑥 − 𝑞 can be filled via e-market. However, if the retailer has
excess inventory at the end of selling season, it could only be
salvaged at unit price V in the traditional market.

Case 2. When the e-market is used only for selling, the
retailer can sell products via both traditional market and e-
market. All excess inventory 𝑞 − 𝑥 could be sold at unit price
𝑝𝑒 via the e-market. However, there might be a stock out 𝑥−𝑞
since the retailer only uses traditional market to order.

Case 3. When the e-market is used for both selling and buy-
ing, the retailer can fill all the demand𝑥 via traditionalmarket
and via e-market. He can make emergency replenishment to
fill the demand via the e-market. In addition, the retailer can
sell all excess inventory 𝑞−𝑥 at unit price 𝑝𝑒 via the e-market.

Definitions of the notation and assumptions of this paper
are presented below.

2.1. Notations

We have the following:

𝑝𝑟: unit retail price in traditional market;
𝑝𝑒: unit retail price in e-market, nonnegative contin-
uous random variable;
𝜇𝑒: the mean of 𝑝𝑒;
𝑓𝑒(⋅): probability density function of 𝑝𝑒;
𝐹𝑒(⋅): cumulative distribution function of 𝑝𝑒;
𝑥: customer demand, nonnegative continuous ran-
dom variable;
𝜇𝑑: the mean of 𝑥;
𝑓𝑑(⋅): probability density function of 𝑥;
𝐹𝑑(⋅): cumulative distribution function of 𝑥;
𝑞: retailer’s order quantity;
𝑐: unit production cost of supplier;
𝑤: unit wholesale price in traditional market;
𝑔: unit lost sales cost;
V: unit salvage value;
𝑀: the upper production capacity limit of supplier;
𝑚: the ratio of the e-market use fee to the gross
transaction in the e-market, that is, the e-market
user should pay a percentage of part of their gross
transaction in e-market as the e-market use fee to the
e-market owner.

2.2. Assumptions

(A1) To avoid the trial cases, it is assumed that the follow-
ing inequations hold: 0 < V < 𝑐 < 𝑤 < 𝑝𝑟, 𝑔 > 0,
𝑞 < 𝑀.

(A2) Demand 𝑥 and e-market price 𝑝𝑒 are two-dimension
uniform (2DU) distributed. It is assumed that 𝑥 ∼

𝑈(𝜇𝑑 − 𝑟, 𝜇𝑑 + 𝑟), 𝑝𝑒 ∼ 𝑈(𝜇𝑒 − 𝑠, 𝜇𝑒 + 𝑠), and (𝑥, 𝑝𝑒) ∼

𝑈(𝜇𝑑 − 𝑟, 𝜇𝑑 + 𝑟; 𝜇𝑒 − 𝑠, 𝜇𝑒 + 𝑠).

(A2) To see whether the findings under the premise of two-
dimension uniform distribution still hold for more
general case, we consider an extension of themodel in
the numerical example to the case that demand 𝑥 and
e-market price 𝑝𝑒 are bivariate normal (BN). There is
(𝑥, 𝑝𝑒) ∼ BN(𝜇𝑑, 𝜇𝑒, 𝜎𝑑, 𝜎𝑒, 𝜌) where 𝜌 ≥ 0.

3. Model Formulation and Analysis

In this section, we develop and analyze themodels in different
scenarios, such as public e-market, private e-market, and
e-market for buying, for selling, and for both selling and
buying, respectively.

Suppose the retailer or the supplier wants to deal with lost
sales or/and excess inventory via e-market. The user should
pay a fee for the transaction in the e-market to the owner. For
example, in a public e-market, the e-market use fee should be
paid to the third party who is in charge of the e-market. In a
private e-market, if the supplier is the owner, the retailer who
needs to join the e-market has to pay a e-market use fee to the
supplier, and vice versa.

In each model, expected profits and optimal order quan-
tity are derived in the case that demand and retail price
are uniform distribution. By comparing the expected profits
of the supply chain agents in these models, we obtain the
condition under which the supply chain member chooses a
public e-market or a private e-market and analyze the optimal
type of e-market should be built.Wefind that e-market use fee
ratio𝑚 and parameters of uncertain price and demand are all
important parameters in market selection decision-making.

3.1. Supply Chain Models in EB

3.1.1. Supply ChainModels in Public EB. If e-market is a public
e-market and is used for only buying, the retailer canmake an
emergency order from the supplier to fill the excess demand
via the e-market. Both the retailer and the supplier will pay
e-market use fee to the third party that is in charge of the
market.

Suppose Δ𝑞EB is the emergency order of the retailer via
e-market, that is, the product quantity the supplier sells in
e-market besides the order quantity of retailer 𝑞EB. The expe-
cted profit function of the supplier is given by

Π
𝑆

EB (𝑞EB + Δ𝑞EB)

= −𝑐 (𝑞EB + Δ𝑞EB) + 𝑤𝑞EB

+ (1 − 𝑚)∫

∞

−∞

Δ𝑞EB𝑝𝑒𝑓𝑒 (𝑝𝑒) 𝑑𝑝𝑒

= −𝑐 (𝑞EB + Δ𝑞EB) + 𝑤𝑞EB + (1 − 𝑚) 𝜇𝑒Δ𝑞EB

= (𝑤 − 𝑐) 𝑞EB + [(1 − 𝑚) 𝜇𝑒 − 𝑐] Δ𝑞EB.

(1)
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It is obvious that if 𝑚 < 1 − (𝑐/𝜇𝑒), the supplier will get
more profit than in traditional market and would like to join
the e-market.

Then the expected profit function of the retailer is given
by

Π
𝑅

EB (𝑞) = − 𝑤𝑞 + ∫

𝑞

−∞

𝑝𝑟𝑥𝑓𝑑 (𝑥) 𝑑𝑥

+ ∫

𝑞

−∞

V (𝑞 − 𝑥) 𝑓𝑑 (𝑥) 𝑑𝑥 + ∫

∞

𝑞

𝑝𝑟𝑞𝑓𝑑 (𝑥) 𝑑𝑥

− ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

(𝑝𝑒 − 𝑝𝑟) (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

− ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

𝑚𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒.

(2)

It is straightforward to prove that Π𝑅EB(𝑞) is concave as
in [18]. By using the first- and second-order optimality condi-
tions, we can obtain the following equation that the optimal
order quantity of the retailer denoted by 𝑞∗EB is subject to

𝑤 = V𝐹𝑑 (𝑞
∗

EB) + ∫

+∞

𝑞∗EB

∫

+∞

−∞

(1 + 𝑚) 𝑝𝑒𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒𝑑𝑥.

(3)

When demand and retail price in e-market are 2DU dis-
tributed, the close form of the optimal order quantity is given
by

𝑞
∗

EB = 𝜇𝑑 +
𝑟 (2𝑤 − V − (1 + 𝑚) 𝜇𝑒)

V − (1 + 𝑚) 𝜇𝑒

. (4)

And the optimal expected profit of the retailer is obtained as
follows:

Π
𝑅∗

EB =
V − (1 + 𝑚) 𝜇𝑒

4𝑟
𝑞
∗

EB
2

+
1

2𝑟
[(1 + 𝑚) 𝜇𝑒 (𝜇𝑑 + 𝑟) − V (𝜇𝑑 − 𝑟) − 2𝑟𝑤] 𝑞

∗

EB

+ 𝑝𝑟𝜇𝑑 +
V
4𝑟

(𝜇𝑑 − 𝑟)
2
−
𝜇𝑒

4𝑟
(1 + 𝑚) (𝜇𝑑 + 𝑟)

2

= 𝑝𝑟𝜇𝑑 − 𝑤𝜇𝑑 + 𝑟V − 𝑟𝑤 +
𝑟(V − 𝑤)

2

(1 + 𝑚) 𝜇𝑒 − V
.

(5)

3.1.2. Supply Chain Models in Private EB

(a) Supplier as the Owner in EB. If e-market is managed by the
supplier and used for only buying, the retailer can make an
emergency order from the supplier to fill the excess demand
via the e-market. The retailer will pay an e-market use fee to
the supplier that is in charge of the e-market.

In decentralized supply chain, the profit function of the
retailer and the optimal order quantity are the same with

those in the public EB. However, the supplier’s profit function
changes into the following formulation:

Π
𝑆

EB (𝑞EB + Δ𝑞EB)

= −𝑐 (𝑞EB + Δ𝑞EB) + 𝑤𝑞EB

+ (1 + 𝑚)∫

∞

−∞

Δ𝑞EB𝑝𝑒𝑓𝑒 (𝑝𝑒) 𝑑𝑝𝑒

= (𝑤 − 𝑐) 𝑞EB + ((1 + 𝑚) 𝜇𝑒 − 𝑐) Δ𝑞EB.

(6)

As seen from the above, if the retailer is not the owner of
the EB, the expected profit of the retailer is independent of the
owner of the EB. But the supplierwould prefer his ownprivate
EB to public EB if ignoring the operating costs.

(b) Retailer as the Owner in EB. If e-market is managed by the
retailer and only used for buying, the retailer can make an
emergency order from the supplier to fill the excess demand
via the e-market. Supplier should pay the retailer e-market
use fee and his expected profit function is the same with (1).
The expected profit function of retailer in decentralized sup-
ply chain is given by

Π
𝑅

EB (𝑞) = − 𝑤𝑞 + ∫

𝑞

−∞

𝑝𝑟𝑥𝑓𝑑 (𝑥) 𝑑𝑥

+ ∫

𝑞

−∞

V (𝑞 − 𝑥) 𝑓𝑑 (𝑥) 𝑑𝑥 + ∫

∞

𝑞

𝑝𝑟𝑞𝑓𝑑 (𝑥) 𝑑𝑥

− ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

(𝑝𝑒 − 𝑝𝑟) (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

+ ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

𝑚𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒.

(7)

We can derive the optimal order quantity as (8). Consider
the following:

𝑤 = V𝐹𝑑 (𝑞
∗

EB) + ∫

+∞

𝑞∗EB

∫

+∞

−∞

(1 − 𝑚) 𝑝𝑒𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒𝑑𝑥.

(8)

If demand and retail price in e-market are 2DU distri-
buted, the close form of optimal order quantity and expected
profit of retailer are given by

𝑞
∗

EB = 𝜇𝑑 +
𝑟 (2𝑤 − V − (1 − 𝑚) 𝜇𝑒)

V − (1 − 𝑚) 𝜇𝑒

. (9)

Π
𝑅∗

EB =
V − (1 − 𝑚) 𝜇𝑒

4𝑟
𝑞
∗

EB
2

+
1

2𝑟
[(1 − 𝑚) 𝜇𝑒 (𝜇𝑑 + 𝑟) − V (𝜇𝑑 − 𝑟) − 2𝑟𝑤] 𝑞

∗

EB

+ 𝑝𝑟𝜇𝑑 +
V
4𝑟

(𝜇𝑑 − 𝑟)
2
−
𝜇𝑒

4𝑟
(1 − 𝑚) (𝜇𝑑 + 𝑟)

2

= 𝑝𝑟𝜇𝑑 − 𝑤𝜇𝑑 + 𝑟V − 𝑟𝑤 +
𝑟(V − 𝑤)

2

(1 − 𝑚) 𝜇𝑒 − V
.

(10)
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Retailer’s expected profit has increased when formulation
(7) minus (2) if the in two expressions are at the same value.
It means that retailer would rather choose his own private
e-market than public e-market in EB when operating cost is
smaller than the additional income 𝐶EB, where

𝐶EB = ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

2𝑚𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒. (11)

If demand and retail price in e-market are 2DU dis-
tributed, the additional revenue in the e-market controlled by
retailer is given by

𝐶EB =
2𝑚𝜇𝑒𝑟(V − 𝑤)

2

(𝜇𝑒 − V) (𝜇𝑒 − V + 2𝑚𝜇𝑒)
. (12)

The above two models indicate that e-market owner
would enjoy more profit in private EB if additional income
is larger than the construction and operation cost of EB.

3.2. Supply Chain Models in ES

3.2.1. Supply Chain Models in Public ES. If e-market is man-
aged by a third-partymanager, the supplier’s profit function is
as follows since ES involves the retailer and the supplier can-
not join ES:

Π
𝑆

ES (𝑞ES) = −𝑐𝑞ES + 𝑤𝑞ES. (13)

Theprofit function of retailer and the optimal order quan-
tity in decentralized supply chain are given by

Π
𝑅

ES (𝑞) = − 𝑤𝑞 + ∫

𝑞

−∞

𝑝𝑟𝑥𝑓𝑑 (𝑥) 𝑑𝑥

+ ∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

+ ∫

∞

𝑞

𝑝𝑟𝑞𝑓𝑑 (𝑥) 𝑑𝑥 − ∫

∞

𝑞

𝑔 (𝑥 − 𝑞) 𝑓𝑑 (𝑥) 𝑑𝑥

− 𝑚∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒.

𝑤 = (𝑝𝑟 + 𝑔) (1 − 𝐹𝑑 (𝑞
∗

ES))

+ (1 − 𝑚)∫

𝑞
∗

ES

−∞

∫

+∞

−∞

𝑝𝑒𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒𝑑𝑥.

(14)

When demand and retail price in e-market are 2DU
distributed, the optimal order quantity and expected profit of
the retailer are given by

𝑞
∗

ES =
2𝑟𝑤 − (𝑝𝑟 + 𝑔) (𝜇𝑑 + 𝑟) + 𝜇𝑒 (1 − 𝑚) (𝜇𝑑 − 𝑟)

(1 − 𝑚) 𝜇𝑒 − 𝑝𝑟 − 𝑔
,

Π
𝑅∗

ES =
1

4𝑟
((1 − 𝑚) 𝜇𝑒 − 𝑝𝑟 − 𝑔) 𝑞

∗

ES
2

+
1

2𝑟
[(𝑝𝑟 + 𝑔) (𝜇𝑑 + 𝑟)

−𝜇𝑒 (1 − 𝑚) (𝜇𝑑 − 𝑟) − 2𝑟𝑤] 𝑞
∗

ES

+
1

4𝑟
[((1 − 𝑚) 𝜇𝑒 − 𝑝𝑟) (𝜇𝑑 − 𝑟)

2
− 𝑔(𝜇𝑑 + 𝑟)

2
]

= 𝑝𝑟𝜇𝑑 + (1 − 𝑚) 𝜇𝑒𝑟 − 𝜇𝑑𝑤 − 𝑟𝑤

+
𝑟((1 − 𝑚) 𝜇𝑒 − 𝑤)

2

𝑔 + 𝑝𝑟 − (1 − 𝑚) 𝜇𝑒

.

(15)

3.2.2. Supply Chain Models in Private ES. In this scenario,
only the retailer is the owner of the supply chain. Then the
profit function of the retailer is given by

Π
𝑅

ES (𝑞) = − 𝑤𝑞 + ∫

𝑞

−∞

𝑝𝑟𝑥𝑓𝑑 (𝑥) 𝑑𝑥

+ ∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

+ ∫

∞

𝑞

𝑝𝑟𝑞𝑓𝑑 (𝑥) 𝑑𝑥

− ∫

∞

𝑞

𝑔 (𝑥 − 𝑞) 𝑓𝑑 (𝑥) 𝑑𝑥.

(16)

The optimal order quantity should satisfy

𝑤 = (𝑝𝑟 + 𝑔) (1 − 𝐹𝑑 (𝑞
∗

ES))

+ ∫

𝑞
∗

ES

−∞

∫

+∞

−∞

𝑝𝑒𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒𝑑𝑥.

(17)

When demand and retail price in e-market are 2DU
distributed, the optimal order quantity and expected profit of
the retailer are given by

𝑞
∗

ES =
2𝑟𝑤 − (𝑝𝑟 + 𝑔) (𝜇𝑑 + 𝑟) + 𝜇𝑒 (𝜇𝑑 − 𝑟)

𝜇𝑒 − 𝑝𝑟 − 𝑔
, (18)

Π
𝑅∗

ES =
1

4𝑟
(𝜇𝑒 − 𝑝𝑟 − 𝑔) 𝑞

∗

ES
2

+
1

2𝑟
[(𝑝𝑟 + 𝑔) (𝜇𝑑 + 𝑟) − 𝜇𝑒 (𝜇𝑑 − 𝑟) − 2𝑟𝑤] 𝑞

∗

ES

+
1

4𝑟
[(𝜇𝑒 − 𝑝𝑟) (𝜇𝑑 − 𝑟)

2
− 𝑔(𝜇𝑑 + 𝑟)

2
]

= 𝜇𝑑𝑝𝑟 + 𝜇𝑒𝑟 − 𝜇𝑑𝑤 − 𝑟𝑤 +
𝑟(𝜇𝑒 − 𝑤)

2

𝑔 − 𝜇𝑒 + 𝑝𝑟

.

(19)

The retailer’s additional revenue is obtained as follows:

𝐶ES = ∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑚𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒. (20)
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If demand and retail price in e-market are 2DU dis-
tributed, the expected additional revenue when the retailer
builds ES is given by

𝐶ES = 𝑚𝜇𝑒𝑟 +
𝑟(𝜇𝑒 − 𝑤)

2

𝑔 − 𝜇𝑒 + 𝑝𝑟

−
𝑟((1 − 𝑚) 𝜇𝑒 − 𝑤)

2

𝑔 − (1 − 𝑚) 𝜇𝑒 + 𝑝𝑟

=
𝑚𝜇𝑒𝑟(𝑔 + 𝑝𝑟 − 𝑤)

2

(𝑔 − 𝜇𝑒 + 𝑝𝑟) (𝑔 − (1 − 𝑚) 𝜇𝑒 + 𝑝𝑟)
.

(21)

It turned out that the retailer in ES will prefer private e-
markets to public e-market if (𝑔−𝜇𝑒+𝑝𝑟)(𝑔−(1−𝑚)𝜇𝑒+𝑝𝑟) > 0

and 𝐶ES is larger than the construction and operation cost of
ES.

3.3. Supply Chain Models in EM

3.3.1. Supply Chain Models in Public EM. When the third
party builds EM and supply chain members join EM inde-
pendently, the profit of the supplier is given by

Π
𝑆

EM (𝑞EM + Δ𝑞EM)

= (𝑤 − 𝑐) 𝑞EB + [(1 − 𝑚) 𝜇𝑒 − 𝑐] Δ𝑞EB.
(22)

The retailer’s expected profit is given by

Π
𝑅

EM (𝑞)

= (1 − 𝑚)∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

− (1 + 𝑚)∫

∞

𝑞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

− 𝑤𝑞 + 𝑝𝑟𝜇𝑑.

(23)

The optimal order quantity 𝑞∗EM should satisfy

𝑤 = (1 − 𝑚) 𝜇𝑒 + 2𝑚∫

∞

𝑞∗EM

𝑑𝑥∫

∞

−∞

𝑝𝑒𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒. (24)

When demand and retail price in e-market are 2DU
distributed, the optimal order quantity and the expected
profit of retailer are given by

𝑞
∗

EM = 𝜇𝑑 +
(𝜇𝑒 − 𝑤) 𝑟

𝑚𝜇𝑒

, (25)

Π
𝑅∗

EM = −
𝑚𝜇𝑒

2𝑟
𝑞
∗

EM
2
+ [

𝑚𝜇𝑒𝜇𝑑

𝑟
+ 𝜇𝑒 − 𝑤] 𝑞

∗

EM

+ 𝑝𝑟𝜇𝑑 − 𝜇𝑒𝜇𝑑 −
𝑚𝜇𝑒

2𝑟
(𝜇
2

𝑑
+ 𝑟
2
)

= 𝜇𝑑 (𝑝𝑟 − 𝑤) −
𝑚𝜇𝑒𝑟

2
+
𝑟(𝜇𝑒 − 𝑤)

2

2𝑚𝜇𝑒

.

(26)

3.3.2. Supply Chain Models in Private EM

(a) Supplier as the Owner in EM. Since the retailer is not the
owner of the supply chain, his decisionmaking is not affected

by public and private e-markets. The profit function and the
optimal order quantity of the retailer are the same as that in
the supply chain managed by third-party manager.The profit
function of the supplier in this case is given by

Π
𝑆

EM (𝑞EM + Δ𝑞EM)

= (𝑤 − 𝑐) 𝑞EM + ((1 + 𝑚) 𝜇𝑒 − 𝑐) Δ𝑞EM.
(27)

It can be obtained from (22) and (27) that if the supplier’s
profit increases, he will build his private e-market ignoring
the operating costs.

(b) Retailer as the Owner in EM. If the retailer is the owner in
EM, the profit function of the retailer in EM is given by

Π
𝑅

EM (𝑞) = ∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

− ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

+ ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

𝑚𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

− 𝑤𝑞 + 𝑝𝑟𝜇𝑑.

(28)

When demand and retail price in e-market are 2DU
distributed, Π𝑅EM(𝑞) is not concave and the expected profit is
given by

Π
𝑅

EM =
𝑚𝜇𝑒

4𝑟
𝑞
∗

EM
2
+ [𝜇𝑒 − 𝑤 −

𝑚𝜇𝑒

2𝑟
(𝜇𝑑 + 𝑟)] 𝑞

∗

EM

+ 𝑝𝑟𝜇𝑑 − 𝜇𝑒𝜇𝑑 +
𝑚𝜇𝑒

4𝑟
(𝜇𝑑 + 𝑟)

2
.

(29)

The abscissa of this reverse parabola’s symmetric axis is
𝜇𝑑 + 𝑟 − (2𝑟/𝑚𝜇𝑒)(𝜇𝑒 − 𝑤).

Suppose that supply is adequate, that is, 𝜇𝑑 + 𝑟 < 𝑀. If
𝜇𝑑 + 𝑟 − (2𝑟/𝑚𝜇𝑒)(𝜇𝑒 − 𝑤) < (𝜇𝑑 + 𝑟)/2, the optimal order
quantity is 𝑞∗EM = 𝜇𝑑 +𝑟, else the retailer would choose to buy
and sell in the e-market he builds without taking any orders
from traditional suppliers, that is, 𝑞∗EM = 0. Hence there is

𝑞
∗

EM =

{{

{{

{

𝜇𝑑 + 𝑟, 𝑚 <
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

0, else.
(30)

The expected profit of retailer is given by

Π
𝑅∗

EM =

{{

{{

{

(𝜇𝑒 − 𝑤) 𝑟 + (𝑝𝑟 − 𝑤) 𝜇𝑑, 𝑚 <
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

(𝑝𝑟 − 𝜇𝑒) 𝜇𝑑 +
𝑚𝜇𝑒

4𝑟
(𝜇𝑑 + 𝑟)

2
, else.

(31)

The additional revenue of the retailer is given by

𝐶EM = ∫

𝑞

−∞

𝑑𝑥∫

∞

−∞

𝑚𝑝𝑒 (𝑞 − 𝑥) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒

+ ∫

∞

𝑞

𝑑𝑥∫

∞

−∞

2𝑚𝑝𝑒 (𝑥 − 𝑞) 𝑓𝑑,𝑒 (𝑥, 𝑝𝑒) 𝑑𝑝𝑒.

(32)
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When demand and retail price in e-market are 2DU
distributed, the additional revenue of the retailer is given by

𝐶EM =

{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{

{

(𝜇𝑒 − 𝑤) 𝑟 +
𝑚𝜇𝑒𝑟

2

−
𝑟(𝜇𝑒 − 𝑤)

2

2𝑚𝜇𝑒

, 𝑚<
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

(𝑤 − 𝜇𝑒) 𝜇𝑑 +
𝑚𝜇𝑒𝑟

2

−
𝑟(𝜇𝑒 − 𝑤)

2

2𝑚𝜇𝑒

+
𝑚𝜇𝑒(𝜇𝑑 + 𝑟)

2

4𝑟
, else.

(33)

Hence, the retailer would build his private e-market if the
additional income 𝐶EM is larger than the construction and
operation cost of an e-market.

3.4. The Choice between EB, ES, and EM. From the analyses
above, it can be found that both supplier and retailer prefer
their private e-market. In this section, we intend to analyze
which kind of private e-market should supplier and retailer
build.

3.4.1. Supplier as the Owner. When the supplier is the owner
of EB or EM, he would compare the expected profit in EB and
EM.The profits are (6) and (27) if demand and retail price in
e-market are 2DU distributed. Equations show that supplier’s
profits are determined by the optimal order quantity in (4)
and (25). There is the following theorem.

Theorem 1. If 𝑚 > 1 − (V/𝜇𝑒), the supplier would choose EM
as his own e-market. If 0 < 𝑚 < 1 − (V/𝜇𝑒), the supplier would
choose EB as his own e-market. If𝑚 = 1 − (V/𝜇𝑒), it makes no
difference for the supplier to choose EB or EM.

From Theorem 1, it can be found that the supplier’s
decision depends on the unit salvage value V, the unit
expected retail price 𝜇𝑒, and the e-market use fee ratio𝑚. For
any given𝑚 and V, the supplier’s choice will change from EM
to EB as the expected e-market price 𝜇𝑒 increases. Because as
𝜇𝑒 increases, shutting down the selling channel can help in
increasing expected sales in EB and earn more profit in EB
than that in ES. For any given 𝜇𝑒 and V, the supplier will
choose EM and give up EB as 𝑚 increases since the supplier
can charge more e-market use fee from the retailer in EM.

3.4.2. Retailer as the Owner. When the retailer is the owner of
EB, ES, or EM, the expected profits are as (10), (19), and (31),
respectively. The retailer would compare the expected profit
in EB, ES, and EM when he makes choice. There are the
following theorems.

Theorem 2. If 𝑚 and other parameters satisfy one of the fol-
lowing three conditions, the retailer would prefer EMas his own
e-market to EB:

(1)

𝜇𝑒 + V − 2𝑤 > 0,

𝑚 <
4𝑤V + 𝜇

2

𝑒
− 2V2 − 𝑤

2
− 2𝑤𝜇𝑒

𝜇𝑒 (𝜇𝑒 + V − 2𝑤)
∧
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
;

(34)

(2)

𝛽
2
− 4𝛼𝛾 > 0,

4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
< 𝑚 <

𝜇𝑒 − V
𝜇𝑒

∧

−𝛽 + √𝛽2 − 4𝛼𝛾

2𝛼
;

(35)

(3)

𝛽
2
− 4𝛼𝛾 < 0,

𝑚 >
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

(36)

where

𝛼 = 𝜇
2

𝑑
𝜇
2

𝑒
+ 2𝑟𝜇𝑑𝜇

2

𝑒
+ 𝜇
2

𝑒
𝑟
2
,

𝛽 = 𝜇
2

𝑑
𝜇𝑒V − 𝜇

2

𝑒
𝑟
2
− 6𝑟𝜇𝑑𝜇

2

𝑒
− 𝜇
2

𝑑
𝜇
2

𝑒
+ 5V𝜇𝑒𝑟

2
− 4𝑤𝜇𝑒𝑟

2

+ 2𝑟V𝜇𝑑𝜇𝑒 + 4𝑟𝑤𝜇𝑑𝜇𝑒,

𝛾 = 4𝑟𝜇𝑑𝜇
2

𝑒
− 4V𝜇𝑒𝑟

2
+ 4𝑤𝜇𝑒𝑟

2
− 4𝑟V𝜇𝑑𝜇𝑒 − 4𝑟𝑤𝜇𝑑𝜇𝑒

+ 8𝑟
2V2 − 12𝑟

2V𝑤 + 4𝑟
2
𝑤
2
+ 4𝑟V𝑤𝜇𝑑.

(37)

Theorem 3. If 𝑚 and other parameters satisfy one of the
following two conditions, the retailer would choose EM as his
own e-market instead of ES:

(1)

𝑚 <
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

2𝜇𝑒𝑟 <
𝑟(𝜇𝑒 − 𝑤)

2

𝑔 − 𝜇𝑒 + 𝑝𝑟

;

(38)

(2)

𝑚 >
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
∨ 𝜂, (39)

where 𝜂 = 4𝑟((𝜇𝑒 − 𝑤)
2
+ 𝑤(𝜇𝑑 + 𝑟) − 𝜇𝑒(𝜇𝑑 − 𝑟))/(𝜇𝑒(𝜇𝑑 +

𝑟)
2
(𝑔 − 𝜇𝑒 + 𝑝𝑟)).
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Theorem 4. If 𝑚 and other parameters satisfy one of the
following two conditions, the retailer would chose EB as his own
e-market instead of ES:

(1)

𝑚 <
𝜇𝑒 − V
𝜇𝑒

; (40)

(2)

𝑚 >
𝜇𝑒 + V
𝜇𝑒

− 𝜅, (41)

where 𝜅 = (𝑤 − V)2(𝑝𝑟 + 𝑔 − 𝜇𝑒)/(𝜇𝑒((𝜇𝑒 − 𝑤)
2
− (𝑝𝑟 + 𝑔 −

𝜇𝑒)(𝜇𝑒 + 2𝑤 − V))).

From the above three theorems, it can be found that the
choice of the retailer depends on the three parameters, that is,
𝜇𝑒, 𝜇𝑑, and 𝑚. However, the three parameters are interacted
and none of them can determine the selection of the retailer
alone. The interaction between e-market use fee and uncer-
tain parameters is complicated. We explore the interaction
between them by numerical experiments in the following
section.

4. Sensitivity Analysis

In this section, we deploy the numerical experiment research
to analyze the impacts of some parameters. The experiment
data are assumed by ourselves. Although they are not real data
from the reality, all of them are in reasonable range.

In the first three subsections we analyze the impact of
parameters on the optimal order quantity in the case that
demand and retail price in e-market are 2DU distributed.The
numerical analysis in a more general case that demand 𝑥 and
e-market price 𝑝𝑒 are BN distributed is also given to make a
comparison with 2DU case. The changing trend of each kind
of demand and e-market retail price distribution is roughly
similar to that illustrated in figures.The three subsections are,
respectively, about the impact of the customer demand, the
impact of the retail price in e-market, and the impact of the
e-market use fee. In these subsections, we analyze the model
in which the supplier is the owner in EM.

In the last two subsections, we analyze parameters’ impact
on the selection of EB, ES, and EM when supplier or retailer
builds his own e-market in the case that demand and retail
price in e-market are 2DU distributed.

4.1.The Impact of the Customer Demand. Assuming that 𝜇𝑒 =
12, 𝜎𝑒 = 2.5, and 𝜇𝑑 = 100 and other parameters are set as
follows:𝑝𝑟 = 30,𝑤 = 10,𝑔 = 20, V = 6,𝜌 = 0.2,𝑀 = 200, and
𝑚 = 0.2. Figure 1 shows that there is a positive relationship
between customer demand variance and order quantity. It is
due to high customer demand volatility that the retailer tends
to order more products in traditional channel to meet the
needs. When the order quantity exceeds the actual demand,
excess inventory will be sold in e-market that can also ensure
the increase of retailer’s profit.

Assuming that 𝜇𝑒 = 12, 𝜎𝑒 = 2.5, and 𝜎𝑑 = 25, we can
also find that there is an approximately linear relationship
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Figure 1: Changes of the order quantity with respect to the retail
demand variance in EM.

between customer demand expectation and order quantity.
So the figure is omitted.

In fact, the main source of retailer’s profit is from
traditional channel as we have supposed a lower retail price
in e-market in this section. When the demand of traditional
channel increases, retailer has an inevitable choice to increase
order quantity to expand his income. Especially when the
excess inventory can be sold in e-market, it is possible to
pursuit more revenue.

4.2. The Impact of the Retail Price in E-Market. The parame-
ters are reset as follows: 𝑝𝑟 = 10,𝑤 = 8, 𝑔 = 6, V = 4, 𝜇𝑑 = 60,
and 𝜎𝑑 = 25.

Figure 2 shows the relationship between order quantity
and retail price expectation in EM.With the increase of retail
price expectation, the order quantity also increases. This is
because dramatic price fluctuations will make retailer’s profit
expectations get lower.This suggests that when a huge bubble
merges in e-market, people should avoid entering into e-
market.

4.3. The Impact of the Use Fee. In this part we discuss the
relationship between order quantity and e-market use fee in
e-market. The parameters are reset as follows: 𝜇𝑑 = 100,
𝜎𝑑 = 25, 𝜇𝑒 = 12, and 𝜎𝑒 = 2.5. Other parameters are the
same as those in Section 4.1.

Figure 3 shows how the e-market use fee charged by e-
market manager impacts order quantity in EM. It can be seen
that the use fee affects order quantity negatively. When the
e-market use fee ratio increases gradually, the retailer’s order
quantity declines slowly. Because the more e-market use fee
is charged, the less the retailer trades in e-market till he quits
entirely.

4.4. The Impact on the Selection of the Supplier. The parame-
ters are set as follows: 𝑝𝑟 = 50,𝑤 = 30, 𝑔 = 20, V = 20, 𝑟 = 20,
𝑐 = 18, 𝜇𝑑 = 100,𝑚 = 0.1, and 𝜇𝑒 = 30.
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Figure 2: Changes of order quantity with respect to the retail price
expectation in EM.
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Figure 3: Changes of order quantity with respect to the e-market
use fee ratio in EM.

Since the type of the e-market built by the supplier
depends on 𝜇𝑒, V, and 𝑚, here we suppose that V is a fixed
amount and explore the relationship between 𝜇𝑒, 𝑚, and
expected profit.

Figure 4 shows the changes of the expected profit differ-
ence of the supplier with respect to 𝜇𝑒 and 𝑚 when the sup-
plier builds EB and EM.The horizontal grid in Figure 4 is the
boundary in which the supplier chose EB or EM. The lines
in 𝜇𝑒 − 𝑚 plane are the contour line of profit difference. The
contour line near𝑚 = 0.25 is the one that supplier’s expected
profit difference is zero. If the profit difference is below the
zero horizon or behind the zero contour line, the expected
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Figure 4: Changes of the expected profit difference of supplier in EB
and EM with respect to 𝜇𝑒 and𝑚.

profit in EB is less than that in EM. Hence the supplier would
choose EM as his own e-market. When 𝜇𝑒 gets larger and 𝑚

gets smaller, the supplier will build EB as he can get more
profit in EB than in EM.This is because that the retailer would
order fewer products in traditionalmarket to avoid the excess
inventory and transfer to electronic platform for ordering if
he cannot sell goods in e-market. Thus, the supplier can sell
more products in e-market which is exactly the motivation of
the supplier to close the selling channel for the retailer and
only build an EB market. This result agrees withTheorem 1.

4.5. The Impact on the Selection of the Retailer. The choice
of the retailer is more complicated than that of the supplier
according toTheorems 2, 3, and 4.

Figure 5 shows the changes of the retailer’s expected profit
with respect to 𝜇𝑒 in three different e-markets. It can be
found that ES is the worst e-market under these initial con-
ditions. There is a threshold point in EM as the retailer’s
expected profit is a piecewise function determined by 𝑚 and
4𝑟(𝜇𝑒 − 𝑤)/(𝜇𝑒(𝜇𝑑 + 𝑟)). Before this point, there is a negative
relationship between profit of EM and 𝜇𝑒. After this point, the
profit in EM increases because the retailer can trade in EM
completely. As for EB, the expected profit in it is decreasing
with the retail price 𝜇𝑒.The profits in three e-markets indicate
that the retailer should shut down the selling channel for
more profit when 𝜇𝑒 is in a certain interval. This is because of
the fact that opening selling channel can help manage the
excess inventory or obtainmore revenuewhen e-market retail
price is too large or too small. But selling channel is not an
advantage if the retailer making ordering strategy when 𝜇𝑒 is
in a certain interval.

As the expected profit in ES is very low in these numerical
conditions, we only explore the changes of the expected profit
in EB and EM with respect to the demand expectation and
variance. Figure 6 shows the changes of the expected profit of
the retailer with respect to the mean value of demand 𝜇𝑑 and
demand variance 𝑟2/3 in three different e-markets. The lines
in expectation-variance plane are the contour line of profit
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Figure 5: Changes of the retailer’s expected profit with respect to 𝜇𝑒.
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Figure 6: Changes of the expected profit difference of retailer in EB
and EM with respect to 𝜇𝑑 and 𝑟

2
/3.

difference. The contour line near V𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = 100 is the
decision boundary of the retailer. When demand expectation
and demand variance are in the left side of this boundary in
Figure 6, the retailer should choose EB from the calculation
results. It illustrates that the choice between EB and EM
mainly depends on the volatility of demand and is less
affected by mean value of demand in this numerical case.
If the volatility of demand is very big, the retailer should
shut down the selling channel and order in traditionalmarket
according to the expected variance before selling season.

Figure 7 shows the changes of the expected profit of the
retailer with respect to the e-market use fee ratio 𝑚 in three
different e-markets. Parameter𝑚 has no impact on the profit
in ES which can also be observed in (19). There is a positive
relationship between e-market use fee ratio and profit in EM.
The profit function in EB is a nondecreasing convex function
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Figure 7: Retailer’s expected profit changes with respect to e-market
use fee ratio when he builds EB, ES, and EM.

of𝑚. Since the retailer is the owner of e-market, he will earn
more from the supplier who sells products via e-market if 𝑚
increases. The retailer should choose EM when the e-market
use fee ratio is in a certain interval.

Through the above numerical examples, it can be found
that the retailer’s choice indeed depends on different product
parameters.The key point of retailer’s decision is the compar-
ison of expected profits.

5. Conclusions

This paper develops some models to explore the issue of
selection between several types of e-markets from the view
point of supply chain. Besides demand uncertainty, we also
take into account the price uncertainty in e-market. We
explore the conditions under which the agent of supply chain
selects one certain type of e-market by comparing expected
profits of supply chain members in different scenarios in the
case of customer demand and retail price following uniform
distribution. Some sensitivity analyses are also conducted to
explore the impact of the customer demand, e-market retail
price, and e-market use fee on the optimal order quantity and
on the selection of e-market in the case that demand 𝑥 and e-
market price 𝑝𝑒 are 2DU and BN. Our results demonstrate
that the e-market use fee can be an important factor for
assessing the performance of an e-market, and therefore is
worth taking into consideration in the building of e-market.
Themain contribution of our paper is to obtain the additional
revenue of the owner of the e-market. The cost of operating
private e-market is a complicated value that containsmultiple
factors with specialized knowledge. If we can use a parameter
to describe the operating cost, the comprehensive trade-off
between different scenarios is straightforward by comparing
the operating cost and the additional revenue. In this paper,
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the supplier’s wholesale price and the retailer’s retail price are
assumed to be exogenous. If the retail price is ingenuous, the
selection of the e-market in supply chain is a potential topic
for future research. In addition, if the retailer can return the
excess inventory to the supplier, it is another valuable research
problem, that is, the buying-back option, for future research.

Appendix

A. The Derivation of the Optimal Order
Quantity in Different Scenarios

Proof. When demand and retail price in e-market are BN dis-
tributed, the optimal order quantity satisfies the following
equations.

In public EB, the optimal order quantity is given by

𝐹𝑑 (𝑞
∗

EB) =
(1 + 𝑚)𝑓𝑑 (𝑞

∗

EB)

−V + (1 + 𝑚) 𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

EB𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
−𝑤 + (1 + 𝑚) 𝜇𝑒

−V + (1 + 𝑚) 𝜇𝑒

.

(A.1)

As the retailer is the owner of a private EB, the optimal
order quantity is given by

𝐹𝑑 (𝑞
∗

EB) =
𝑓𝑑 (𝑞
∗

EB)

−V + 𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

EB𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
−𝑤 + 𝜇𝑒

𝑚𝑝𝑟 − V + 𝜇𝑒

.

(A.2)

In public ES, the optimal order quantity is given by

𝐹𝑑 (𝑞
∗

ES) = −
𝑓𝑑 (𝑞
∗

ES)

𝑝𝑟 + 𝑔 − (1 − 𝑚) 𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

ES𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
𝑝𝑟 + 𝑔 − 𝑤

𝑝𝑟 + 𝑔 − (1 − 𝑚) 𝜇𝑒

.

(A.3)

As the retailer is the owner of a private ES, the optimal
order quantity is given by

𝐹𝑑 (𝑞
∗

ES) = −
𝑓𝑑 (𝑞
∗

ES)

𝑝𝑟 + 𝑔 − 𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

ES𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
𝑝𝑟 + 𝑔 − 𝑤

𝑝𝑟 + 𝑔 − 𝜇𝑒

.

(A.4)

In public EM, the optimal order quantity is given by

𝐹𝑑 (𝑞
∗

EM) =
𝑓𝑑 (𝑞
∗

EM)

𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

EM𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
−𝑤 + 𝜇𝑒 (1 + 𝑚)

2𝑚𝜇𝑒

.

(A.5)

As the retailer is the owner of a private EM, the optimal
order quantity is given by

𝐹𝑑 (𝑞
∗

EM) =
𝑓𝑑 (𝑞
∗

EM)

𝜇𝑒

(2𝜇𝑑𝜇𝑒 − 2𝑞
∗

EM𝜇𝑒 + 𝜌𝜎𝑑𝜎𝑒)

+
𝜇𝑒 − 𝑤

2𝜇𝑒

.

(A.6)

Proof ofTheorem 1. When the supplier is the owner of EB and
EM, the difference of his optimal expected profit between EB
and EM is given by

Π
𝑆∗

EB − Π
𝑆∗

EM =
𝑟(𝑤 − (1 + 𝑚) 𝜇𝑒)

2
(V − (1 − 𝑚) 𝜇𝑒)

𝑚𝜇𝑒 (V − (1 + 𝑚) 𝜇𝑒)
. (A.7)

Notice that (𝑤 − (1 + 𝑚)𝜇𝑒)
2
> 0 and V − (1 + 𝑚)𝜇𝑒 < 0, and

the sign of Π𝑆∗EB − Π
𝑆∗

EM is the same with V − (1 − 𝑚)𝜇𝑒, that is,
𝑚 − (1 − (V/𝜇𝑒)). The proof is completed.

Proof of Theorem 2. There are two cases when the retailer
compares the profits in EB and EM.

Case 1. When 𝑚 < 4𝑟(𝜇𝑒 − 𝑤)/(𝜇𝑒(𝜇𝑑 + 𝑟)), the difference of
retailer’s optimal expected profit between EM and EB is given
by

Π
𝑅∗

EM − Π
𝑅∗

EB = 𝑟 (𝜇𝑒 + V − 2𝑤) +
𝑟(V − 𝑤)

2

V − (1 − 𝑚) 𝜇𝑒

. (A.8)

Solving inequalityΠ𝑅∗EM −Π
𝑅∗

EB > 0, the following solution
sets are obtained.

(1) Consider the following:

𝜇𝑒 + V − 2𝑤 < 0,

𝜇𝑒 − V
𝜇𝑒

< 𝑚 <
4𝑤V + 𝜇

2

𝑒
− 2V2 − 𝑤

2
− 2𝑤𝜇𝑒

𝜇𝑒 (𝜇𝑒 + V − 2𝑤)
.

(A.9)

(2) Consider the following:

𝜇𝑒 + V − 2𝑤 > 0,

𝑚 >
𝜇𝑒 − V
𝜇𝑒

.

(A.10)

(3) Consider the following:

𝜇𝑒 + V − 2𝑤 > 0,

𝑚 <
4𝑤V + 𝜇

2

𝑒
− 2V2 − 𝑤

2
− 2𝑤𝜇𝑒

𝜇𝑒 (𝜇𝑒 + V − 2𝑤)
.

(A.11)

Since Π
𝑅∗

EB is calculated in the condition that Π
𝑅∗

EB is
concave with 𝑞

∗

EB, 𝑚 < (𝜇𝑒 − V)/𝜇𝑒 must be true. And when
𝜇𝑒 + V−2𝑤 > 0, there is (4𝑤V+𝜇2

𝑒
−2V2 −𝑤2 −2𝑤𝜇𝑒)/(𝜇𝑒(𝜇𝑒 +

V − 2𝑤)) < (𝜇𝑒 − V)/𝜇𝑒. Therefore, conditions (1) and (2) are
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rejected. In this case, conditions where the retailer chooses
EM as his own e-market can be formulated as follows:

(4) Consider the following:

𝜇𝑒 + V − 2𝑤 > 0,

𝑚 <
4𝑤V + 𝜇

2

𝑒
− 2V2 − 𝑤

2
− 2𝑤𝜇𝑒

𝜇𝑒 (𝜇𝑒 + V − 2𝑤)
∧
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
.

(A.12)

Case 2. When𝑚 > 4𝑟(𝜇𝑒 − 𝑤)/(𝜇𝑒(𝜇𝑑 + 𝑟)), the difference of
retailer’s optimal expected profit between EM and EB is given
by

Π
𝑅∗

EM − Π
𝑅∗

EB =
𝛼𝑚
2
+ 𝛽𝑚 + 𝛾

4𝑟 (𝑚𝜇𝑒 + V − 𝜇𝑒)
, (A.13)

where 𝛼 = 𝜇
2

𝑑
𝜇
2

𝑒
+ 2𝑟𝜇𝑑𝜇

2

𝑒
+ 𝜇
2

𝑒
𝑟
2
> 0.

When Δ = 𝛽
2
− 4𝛼𝛾 < 0, EM is always better than EB.

When Δ = 𝛽
2
−4𝛼𝛾 > 0, the two solutions of 𝛼𝑚2 +𝛽𝑚+

𝛾 = 0 are (−𝛽−√𝛽2 − 4𝛼𝛾)/2𝛼 and (−𝛽+√𝛽2 − 4𝛼𝛾)/2𝛼.The
following solution set can be obtained after sovling inequality
Π
𝑅∗

EM − Π
𝑅∗

EB > 0 and condition (6) is also rejected because
𝑚 < (𝜇𝑒 − V)/𝜇𝑒.

(5) Consider the following:

𝑚 >
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,

𝑚 < min(
𝜇𝑒 − V
𝜇𝑒

,

−𝛽 + √𝛽2 − 4𝛼𝛾

2𝛼
) .

(A.14)

(6) Consider the following:

𝑚 > max(
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
,
𝜇𝑒 − V
𝜇𝑒

,

−𝛽 + √𝛽2 − 4𝛼𝛾

2𝛼
) .

(A.15)

Summarizing the two cases, the retailer should choose
EM under the conditions (4) and (5) or he should choose EB
as his own e-market. Thus, the proof is completed.

Proof ofTheorem 3. There are also two cases when the retailer
compares the profits in EM and ES.

Case 1. When 𝑚 < 4𝑟(𝜇𝑒 − 𝑤)/(𝜇𝑒(𝜇𝑑 + 𝑟)), the difference of
the retailer’s optimal expected profit between EM and ES is
given by

Π
𝑅∗

EM − Π
𝑅∗

ES = 2𝜇𝑒𝑟 −
𝑟(𝜇𝑒 − 𝑤)

2

𝑔 − 𝜇𝑒 + 𝑝𝑟

. (A.16)

If parameters satisfy the following conditions, Π𝑅∗EM −

Π
𝑅∗

ES > 0.

(1) Consider the following:

𝑚 <
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
, 2𝜇𝑒𝑟 >

𝑟(𝜇𝑒 − 𝑤)
2

𝑔 − 𝜇𝑒 + 𝑝𝑟

. (A.17)

Case 2. When𝑚 > 4𝑟(𝜇𝑒 − 𝑤)/(𝜇𝑒(𝜇𝑑 + 𝑟)), the difference of
retailer’s optimal expected profit between EM and ES is given
by

Π
𝑅∗

EM − Π
𝑅∗

ES = 𝑤 (𝜇𝑑 + 𝑟) − 𝜇𝑒 (𝜇𝑑 − 𝑟)

+
𝑚𝜇𝑒(𝜇𝑑 + 𝑟)

2

4𝑟
−

𝑟(𝜇𝑒 − 𝑤)
2

𝑔 − 𝜇𝑒 + 𝑝𝑟

.

(A.18)

Π
𝑅∗

EM − Π
𝑅∗

ES > 0 results in the following condition:

𝑚 >
4𝑟 ((𝜇𝑒 − 𝑤)

2
+ 𝑤 (𝜇𝑑 + 𝑟) − 𝜇𝑒 (𝜇𝑑 − 𝑟))

𝜇𝑒(𝜇𝑑 + 𝑟)
2
(𝑔 − 𝜇𝑒 + 𝑝𝑟)

. (A.19)

In the condition, we obtain another inequality (A.19). So the
final range of in this case is condition (2) as there should be a
join between and inequality (A.19).

Equivalently, in this case only the parameters satisfy con-
dition (2) should the retailer choose EM as his own e-market.

(2) Consider the following:

𝑚 >
4𝑟 (𝜇𝑒 − 𝑤)

𝜇𝑒 (𝜇𝑑 + 𝑟)
∨ 𝜂, (A.20)

where 𝜂 = 4𝑟((𝜇𝑒 − 𝑤)
2
+ 𝑤(𝜇𝑑 + 𝑟) − 𝜇𝑒(𝜇𝑑 − 𝑟))/(𝜇𝑒(𝜇𝑑 +

𝑟)
2
(𝑔 − 𝜇𝑒 + 𝑝𝑟)).
In the case and, we obtain condition (1) and condition (2).

To sumup, a union result of the two conditions is the theorem
condition.

Proof of Theorem 4. When the retailer makes a choice
between EB and ES, the optimal profit difference is given by

Π
𝑅∗

EB − Π
𝑅∗

ES = 𝑟 (𝑤 + 𝜇𝑒) − 𝑟 (V − 𝑤)

+
𝑟(𝜇𝑒 − 𝑤)

2

𝜇𝑒 − 𝑔 − 𝑝𝑟

+
𝑟(V − 𝑤)

2

(1 − 𝑚) 𝜇𝑒 − V
.

(A.21)

While Π𝑅∗EB and Π
𝑅∗

ES are concave with 𝑞
∗

EB and 𝑞
∗

ES,𝑚 < (𝜇𝑒 −

V)/𝜇𝑒 and 𝑔 + 𝑝𝑟 − 𝜇𝑒 > 0 are true. The following constraint
of𝑚 can be easily derived by Π𝑅∗EB − Π

𝑅∗

ES > 0.
(1) Consider the following:

𝑚 >
𝜇𝑒 + V
𝜇𝑒

− 𝜅, (A.22)

where we denote 𝜅 ≜ (𝑤−V)2(𝑝𝑟+𝑔−𝜇𝑒)/𝜇𝑒((𝜇𝑒−𝑤)
2
−(𝑝𝑟+

𝑔−𝜇𝑒)(𝜇𝑒+2𝑤−V)). As we do not know the value of (𝜇𝑒−V)/𝜇𝑒
and ((𝜇𝑒 + V)/𝜇𝑒) − 𝜅, the final condition that retailer chooses
EB as his own e-market is

𝑚 >
𝜇𝑒 + V
𝜇𝑒

− 𝜅, (A.23)

or

𝑚 <
𝜇𝑒 − V
𝜇𝑒

. (A.24)

Then the proof is completed.
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Logistics joint distribution network (LJDN) optimization involves vehicle routes scheduling and profit allocation for multiple
distribution centers. This is essentially a combinational and cooperative game optimization problem seeking to serve a number
of customers with a fleet of vehicles and allocate profit among multiple centers. LJDN routing optimization based on customer
clustering units can alleviate the computational complexity and improve the calculation accuracy. In addition, the profit allocation
mechanism can be realized based on cooperative game theory through a negotiation procedure by the Logistics Service Provider
(LSP). This paper establishes a model to minimize the total cost of the multiple centers joint distribution network when each
distribution center is assigned to serve a series of distribution units. An improved particle swarm optimization (PSO) algorithm is
presented to tackle the model formulation by assigning distribution centers (DCs) to distribution units. Improved PSO algorithm
combines merits of PSO algorithm and genetic algorithm (GA) with global and local search capabilities. Finally, a Shapley value
model based on cooperative game theory is proposed to obtain the optimal profit allocation strategy among distribution centers
from nonempty coalitions. The computational results from a case study in Guiyang city, China, suggest the optimal sequential
coalition of distribution centers can be achieved according to Strictly Monotonic Path (SMP).

1. Introduction

A logistics joint distribution network (LJDN) is usually
composed of several logistics facilities (e.g., logistics centers
and distribution centers) and a large number of customers [1–
3]. Different from single-depot logistics distribution network
optimization problems, the cooperation mechanism widely
exists for LJDN. How to allocate the cost savings among
different logistics participants in LJDN is considered as
the most critical issue during the optimization procedure.
Properly optimizing LJDN not only mitigates network-wide
traffic congestion and reduces negative environmental effects
(i.e., energy consumption and traffic pollution), but also pro-
motes mutual cooperation for profit maximization [4, 5]. To
achieve these goals, a necessary negotiation process between
multiple participants is desired, and this process can be
implemented by introducing a Logistics Service Provider

(LSP) to coordinate or discussing within the existing partic-
ipants [6–8]. The LSP can be defined as a Logistics Service
Provider that performs corresponding logistics operations on
behalf of other participants [9]. LSPs are actively looking
for opportunities to increase both efficiency and profit for
their own clients (i.e., participants) [10, 11]. In addition, logis-
tics companies and manufacturers tend to outsource their
noncore business to a third-party for financial savings, and
this raises the transportation demand and stimulates resource
integration in LSP market.

LJDN optimization is a strategic and tactical procedure
with multiple complicated steps, such as multiple depots (or
centers) vehicle routing optimization and profit allocation
procedures. Most previous studies focused on designing effi-
cient algorithms for solving Multiple Depot Vehicle Routing
Problems (MDVRP) [2, 12–14]. To ensure successful delivery
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and pickup services in MDVRP, the coordination among
multiple depots should be taken prior to vehicle routing.
This incurs an interesting issue on how to allocate profit
within multiple logistics entities in a cooperative manner [15,
16]. Traditional MDVRP neglected such a profit allocation
procedure by assuming that each logistic entity is willing
to cooperate. This assumption oversimplifies the realistic
condition where the logistics activities are profit-driven, and
thus individual benefit should be incorporated during hori-
zontal and vertical cooperation [11], which can be achieved
via a profit allocation mechanism to retain a mutually
beneficial relationship. The stability of cooperation relies on
the rationality of profit allocation.Therefore, the rationality of
profit allocation is the core of the logistics joint distribution
network optimization [17] and should be taken into account
in this study.

The cost savings from multiple depots vehicle routing
optimization will be served as the input to allocate profit
among various logistics entities. Therefore, developing a
robust solution algorithm to find optimal solutions for
MDVRP is necessary. However, in metropolitan logistics
distribution network with thousands of customers, tradi-
tional approach for MDVRP may not be effective to cope
with such a sophisticated scenario [18, 19]. To alleviate the
computational complexity and improve the calculation accu-
racy, customer clustering should be initially applied before
VRP optimization. A large logistics region can be grouped
into several smaller zones where customers share certain
common features (i.e., geospatial location, demand, etc.).
Then, customers within each zone form a clustering unit
and request service from each depot. Many researchers have
proposed a variety of clustering methods to study MDVRP
[14, 20–24]. Thangiah and Salhi [21] presented a generalized
clustering approach based on genetic algorithm, and their
genetic clustering method can be further used to solve
the MDVRP. Wu et al. [22] proposed a hybrid simulated
annealing algorithm to solveMDVRP, where insertion and 2-
swap operators were used to manipulate customers from one
cluster to another cluster. Dondo and Cerdá [23] developed a
three-stage heuristic approach for themultiple depots routing
problem with time windows and heterogeneous vehicles:
cluster generation, cluster assignment and sequencing, and
nodes sequencing within clusters (i.e., vehicle scheduling).
Mirabi et al. [14] presented three hybrid heuristics to solve
the MDVRP. Yücenur and Demirel [24] developed a genetic
algorithm based on the clustering technique for studying
the multidepot vehicle routing problem, and the cluster
first-route second algorithm was proposed. In their paper,
clustering procedures were used to group customers with
similar characteristics to reduce the calculation complexity.

Customer clustering is usually an intermediate stage
during theMDVRPoptimization procedure.Thedistribution
centers (DCs) can be assigned to a number of customer
clustering units for delivery service, and this issue can be
considered as a variant of the quadratic assignment problem
(QAP) [25, 26]. The QAP was first introduced by Koopmans
and Beckmann [27] and aimed to assign 𝑛 facilities to 𝑛

locations in such a way that each facility is assigned to one
exact location.The goal of the QAP is to minimize the sum of

the distances multiplied by the corresponding flows and the
associated cost of allocating each facility to a certain location
[28–30]. Within each clustered region, the mathematical
programming model and solution algorithm can be further
developed to solve MDVRP [12, 15, 31]. Ho et al. [13]
developed two hybrid genetic algorithms based on customer
clustering techniques for dealing with MDVRP. Liu et al. [32]
presented a mathematical programming model and a two-
phase greedy algorithm to study the full truckloads multi-
depot capacitated vehicle routing problem in carrier collab-
oration. Aras et al. [16] formulated two mixed-integer linear
programming models (MILP) for selective MDVRP with
pricing, and a Tabu Search on the basis of heuristic method
was proposed to solve the MILP model. Bettinelli et al.
[33] established an integer linear programming model and
presented a branch-and-cut-and-price algorithm to solve the
multidepot heterogeneous vehicle routing problemwith time
windows. Narasimha et al. [34] proposed an extension of ant-
colony technique to solve themin-maxMDVRP. Tu et al. [35]
presented a bi-level Voronoi diagram-based metaheuristic to
tackle the large-scale MDVRP.

Based on the aforementioned discussion, a natural
thought is to incorporate the profit allocation paradigm into
multiple depots’ vehicle routing optimization for logistics
joint distribution network. However, only a small number
of relevant studies have been conducted on this research
domain. Özener and Ergun [36] presented cost allocation
mechanisms based on the cooperative game theory, and then
a set of new properties and several cost allocation schemes
were proposed to study a collaborative transportation pro-
curement network. Krajewska et al. [37] presented the profit
margins resulting fromhorizontal cooperation among freight
carriers, which is based on the cooperative game theory
for a pickup and delivery problem with time windows.
The possibilities of sharing these profit margins among the
partnerswere also discussed.Wang et al. [38] constructed two
mathematical models to study the optimal allocation of the
modulemembers for given garment assembly tasks in amod-
ular production system. Frisk et al. [17] proposed a new cost
allocation method based on economic models. These models
include Shapley value, the nucleolus, shadow prices, and vol-
umeweights for collaborative forest transportation. Cruijssen
et al. [7] proposed a novel “supplier-initiated outsourcing”
procedure to exploit synergy in transportation. Lozano et
al. [39] presented a linear model to allocate the cost sav-
ings among different companies when their transportation
requirements are simultaneously considered. However, the
above studies suffer from the following issues. (1)Thenetwork
size in most studies is relatively small. When considering the
large-scale logistics distribution network, customer cluster-
ing should be adopted prior toVRPoptimization for reducing
the calculation complexity. Consequently, the mathemati-
cal programming model and solution algorithm should be
designed to optimize the logistics distribution network based
on customer clustering units rather than customers. (2) Most
studies focus on investigating themechanism of profit alloca-
tion from economic perspectives but neglect the interaction
between profit allocation and VRP optimization. To the best
of our knowledge, no explicit architecture was developed
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to explain how optimized vehicle routings affect the profit
distribution amongmultiple logistics participants.Therefore,
a reasonable profit allocation approach based on coopera-
tive game theory should be designed and combined with
MDVRP for LJDN optimization.

This study aims to construct a multiple centers logistics
joint distribution network and then develops a linear pro-
gramming model with a solution algorithm to optimize the
network for cost savings calculation. Based on the computed
cost savings, a profit allocation approach is proposed to
distribute the total profit within logistics participants and
determine the optimal strategy for sequential coalitions.
Compared with the previous studies, the main contributions
of this paper lie in the following. (1) The model formulation
is first established to minimize the total cost in the LJDN
optimization procedure. (2) An improved particle swarm
optimization (PSO) algorithm is proposed to assign distri-
bution centers (DCs) to distribution units and resolve the
model. (3) Shapley value model is utilized to study the profit
allocation among multiple distribution centers in LJDN. (4)
A real-world numerical study is undertaken to demonstrate
the applicability of the proposed method.

2. Logistics Joint Distribution Network

Logistics joint distribution network (LJDN) can be estab-
lished through negotiation. The negotiation procedure is
organized by either Logistics Service Provider (LSP) or
players from the distribution network [1, 4, 40–42]. LJDN can
reasonably integrate the resources together. Therefore, it can
reduce the crisscross transportation phenomenon and realize
information sharing. In our study, the logistics distribution
network contains multiple DCs and a large amount of cus-
tomer clustering units. Figure 1 presents a logistics network
structure change before and after joint distribution. DCs are
independent with each other before the LJDN is established.
Each customer clustering unit is a group of customers with
common features, such as similar temperature controlled
goods and similar geographical conditions; the customer
clustering unit is referred to as a distribution unit.

The logistics distribution network structure without joint
distribution exhibits a nonoptimal condition as shown in
Figure 1(a), where several DCs still serve those distribution
units with long distances, even if these distribution units
are adjacent to other peer DCs. This is probably due to the
customer loyalty and market condition [4, 5]. For instance,
customersmay still continue to request the same service from
their previous DCs for long-term cooperation relations. In
addition, if no equivalent policies (e.g., door-to-door service,
discount, etc.) are available from the other alternative DCs
in the market, customers are more likely to accept services
from previous DCs even if these DCs are far away from
them. To optimize the unreasonable network structure, the
cooperation betweenDCs should be promoted by reassigning
distribution units to different DCs. Such a network structure
adjustment may lead to cost savings compared with the
previous “unreasonable” logistics network, and the generated
profits are needed to distribute among multiple DCs. There-
fore, the LJDN optimization becomes two critical issues on

how to redesign the logistics network and then allocate the
gained profits within multiple DCs in an effective manner.
As shown in Figure 1(b), when LJDN is established, each
distribution unit is reasonably assigned to its adjacent DC.
Goods can be delivered among DCs by a fleet of semitrailer
trucks, and each DC can perform a variety of routing plans to
serve several distribution units with small trucks. LJDN opti-
mization needs to consider the interplay amongDCs and dis-
tribution units, and it is a multiconstraint combinatorial and
game optimization issue. The goal of LJDN is to serve each
customer timely and reduce the total cost of the entire system.

Under the actual circumstance, each distribution unit
includes multiple customers, and the center of each distri-
bution unit can be calculated as 𝑥𝑗 = ∑

𝑁𝑗
𝑜=1 𝑥𝑗𝑜/𝑁𝑗, 𝑦𝑗 =

∑

𝑁𝑗
𝑜=1 𝑦𝑗𝑜/𝑁𝑗, where the coordinate for each customer 𝑜 in

the distribution unit 𝑗 can be expressed as (𝑥𝑗𝑜, 𝑦𝑗𝑜), and the
number of customers is 𝑁𝑗. The distance can be calculated
based on each set of coordinates. For the convenience of
calculation, several assumptions need to be set before LJDN
is established.

(1) The flow of goods is bidirectional between DCs; this
means that DCs contain both input and output flows.

(2) The customer demands are predetermined and con-
sidered relatively stable within a certain period.

(3) Semitrailer trucks are used for loading and unloading
goods between the DCs, and small trucks are used for
delivery between DCs and distribution units.

(4) The distribution units are served by a fleet of small
trucks. Each small truck will return to its DC after
serving all customers in each distribution unit. For
each small truck, the total delivery distance is identi-
cal to the returning distance. It is worth noting that
no vehicle routing problem (VRP) was involved to
determine the sequence for both DCs and distribu-
tion units in this study.

(5) Multiple DCs are independent with each other before
the LJDN is established. LJDN will be established
through negotiation organized by LSP, and the ulti-
mate optimization goal is to maximize the cost sav-
ings.

3. Related Definitions and Model Formulation

3.1. RelatedDefinitions. Several related definitions are needed
and described as follows.

𝐼{𝑖 | 𝑖 = 1, 2, 3, . . . , 𝑚} denotes the set of distribution
centers; in addition, ℎ ∈ 𝐼, and ℎ represents a
distribution center that is different from 𝑖 and denoted
as ℎ ̸= 𝑖.
𝐽{𝑗 | 𝑗 = 1, 2, 3, . . . , 𝑛} denotes the set of distribution
units in a logistics distribution network.
𝑥𝑖𝑗 expresses the delivery quantity from the 𝑖th distri-
bution center to the 𝑗th distribution unit.
𝑞𝑗 denotes the demandquantity of the 𝑗th distribution
unit within one working period.
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Distribution center
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Small truck transport

(b) After joint distribution

Figure 1: Logistics joint distribution network diagram.

𝑄 expresses the total demand quantity of all distribu-
tion units and can be expressed as 𝑄 = ∑𝑗 𝑞𝑗, where
𝑗 ∈ 𝐽.
𝑑𝑖 denotes the delivery capacity of the 𝑖th distribution
center within one working period.
𝑑𝑖,ℎ expresses the delivery quality from distribution
center 𝑖 to ℎ.
𝐷 denotes the total delivery capacity of the distribu-
tion centers and can be expressed as𝐷 = ∑𝑖 𝑑𝑖, where
𝑖 ∈ 𝐼.
𝐵{𝐵𝑖 | 𝑖 = 1, 2, . . . , 𝑚} denotes the decision matrix,
and 𝐵𝑖 = 0 or 1, where 𝑖 ∈ 𝐼. 𝐵𝑖 = 1 denotes that the
distribution center 𝑖 agrees to cooperate in logistics
joint distribution network. 𝐵𝑖 = 0 denotes that the
distribution center 𝑖 refuses to cooperate in logistics
joint distribution network.
𝑟𝑖,𝑗 denotes the distribution relation betweenDCs and
distribution units, 𝑟𝑖,𝑗 = 0 or 1, where 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑟𝑖,𝑗 =
1 denotes that the distribution center 𝑖 will deliver
goods to the distribution unit 𝑗, and 𝑟𝑖,𝑗 = 0 indicates
that the distribution center 𝑖will not deliver goods to
the distribution unit 𝑗. In addition, ∑𝑖∈𝐼 𝑟𝑖,𝑗 = 1.

3.2. Model Formulation. The model formulation can be
considered as the objective function to minimize the total
cost when eachDC is assigned to serve a series of distribution
units. The notations used in the logistics joint distribution
network optimization formulation are listed as follows:

LCV: loading capacity of small truck,
LC𝑠: loading capacity of semitrailer truck,
𝐶V: fuel consumption rate of small truck (gallon/K
miles),

𝐶𝑠: fuel consumption rate of semitrailer truck (gal-
lon/K miles),
𝜌V: gasoline price (dollar/gallon),
𝜌𝑠: diesel price (dollar/gallon),
𝐹V: annual maintenance cost of small truck (dol-
lar/year),
𝐹𝑠: annual maintenance cost of semitrailer truck
(dollar/year),
𝐿 𝑖,ℎ: distance from the distribution center 𝑖 to ℎ,
𝐿 𝑖,𝑗: distance from the distribution center 𝑖 to the
distribution unit 𝑗,
𝜆: variable cost coefficient of each distribution center,
𝐾: distance unit for fuel consumption calculation,
𝑇: number of working period,
𝐺𝑖: fixed cost of the distribution center 𝑖 in a working
period,
𝜍𝑖: service cost (e.g., personnel cost, maintenance cost,
transportation cost, etc.) of the LSP for distribution
center 𝑖 when cooperation is achieved in a working
period.

The model formulation is composed of 𝐹1, 𝐹2, and 𝐹3; these
subformulations can be shown as follows.

𝐹1 denotes the sum of transportation cost and annual
maintenance cost for each pair of distribution centers in
LJDN within a working period, and it can be calculated as

𝐹1 = ∑

𝑖,ℎ∈𝐼,ℎ ̸=𝑖

(

𝑑𝑖,ℎ

LC𝑠
×

𝐶𝑠

𝐾

× 𝜌𝑠 × 𝐿 𝑖,ℎ +
𝑑𝑖,ℎ

LC𝑠
×

𝐹𝑠

𝑇

) . (1)

𝐹2 denotes the sum of transportation cost and annual main-
tenance cost from each distribution center assigned to each
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distribution unit by a fleet of small trucks within a working
period; it can be calculated as

𝐹2 = ∑

𝑖∈𝐼

∑

𝑗∈𝐽

(

𝑟𝑖,𝑗 × 𝑥𝑖,𝑗

LCV
×

𝐶V

𝐾

× 𝜌V × 2 × 𝐿 𝑖,𝑗)

+∑

𝑖∈𝐼

(

𝑑𝑖

LCV
×

𝐹𝑐

𝑇

) .

(2)

𝐹3 is fixed and variable costs of all distribution centers and
LSP:

𝐹3 = ∑

𝑖∈𝐼

(1 − 𝐵𝑖) 𝐺𝑖 + 𝐵𝑖𝑍𝑖 + 𝜆 × 𝑑𝑖. (3)

The objective function for logistics joint distribution network
optimization can be expressed as follows:

Min 𝐹 = 𝐹1 + 𝐹2 + 𝐹3 (4)

Subject to 𝑑𝑖 = ∑

𝑗∈𝐽

𝑟𝑖,𝑗 × 𝑥𝑖,𝑗, ∀𝑖 ∈ 𝐼 (5)

𝐵𝑖 ≤ 1, 𝐵𝑖 = {0, 1} , ∀𝑖 ∈ 𝐼 (6)

∑

𝑗∈𝐽

𝑞𝑗 = ∑

𝑖∈𝐼

𝑑𝑖, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (7)

𝑄 = 𝐷, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (8)

∑

𝑖∈𝐼

(𝑟𝑖,𝑗 × 𝑥𝑖,𝑗) = 𝑞𝑗, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (9)

∑

𝑖∈𝐼

𝑟𝑖,𝑗 = 1, ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽 (10)

𝑟𝑖,𝑗 = {0, 1} , ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽. (11)

The objective function (4) is to minimize the total cost of
a logistics joint distribution network. Constraint (5) ensures
that delivery capacity is equal to total delivery quantity at
distribution center 𝑖. Constraint (6) enumerates two scenarios
that the distribution centers either agree to cooperate or not.
Constraint (7) and constraint (8) guarantee that the total
demand quantity should equal the total delivery quantity.
Constraint (9) ensures that the total delivery quantity from
all distribution centers to the distribution unit 𝑗 equals the
demand at the distribution unit 𝑗. Constraint (10) assures that
a distribution unit can only be served by one distribution
center. In constraint (11), if the distribution center 𝑖 serves the
distribution unit 𝑗, then 𝑟𝑖,𝑗 is set to 1; otherwise, 𝑟𝑖,𝑗 is set to
0.

3.3. ShapleyValueModel. When cooperation amongmultiple
distribution centers in LJDN is achieved, each distribution
unit is adequately assigned to its adjacent distribution center
for VRP optimization. LSP is then required to allocate
the gained profit due to network structure adjustment to
each distribution center. To implement a fair and effective
profit allocation strategy, the Shapley value model can be
utilized in this study. The Shapley value model belongs to the

cooperative game theory, which studies cooperative behavior
by analyzing the negotiation process within a group of players
in setting up a joint plan or contract of activities, such as profit
allocation of collaboratively generated revenues. The Shapley
value model is a method that presents a unique solution to
the cost and profit allocation problem. Properly allocating
profit can generate the synergy savings and be critical to any
logistics cooperation [17, 39, 43, 44]. Several related notations
are needed and presented as follows:

𝑁: set of target players in a coalitional form and is
called grand coalition,

𝑆: set of coalitions from the collection of all subsets of
𝑁,

V(𝑆): values of all coalitions 𝑆,

𝜙(𝑁, V): Shapley value allocated to a certain player in
the coalitions,

𝑇: subset of coalitions belonging to 𝑆,

𝜎: the LSP’s synergy requirement,

𝐶0(𝑖): cost of player 𝑖 without coalition,

𝐶(𝑆): total cost in the 𝑆 by LSP,

Γ: set of possible sequential coalitions in grand coali-
tion𝑁,

𝜋(𝑖): rank of player 𝑖 in sequence 𝜋,

𝜂(𝑖, 𝜋, 𝑠): cost reduction percentages to player 𝑖 on step
𝑠 along sequence 𝜋.

When we set 𝑁 as a finite set of players, 2𝑁 − 1 can
denote the number of all subsets of𝑁 excluding the null set.
The elements of all subsets are called coalitions; 𝑁 is also
known as the grand coalition. The values of all coalitions in
𝑆 are mapped by a characteristic function denoted by V. The
Shapley value method is to construct a vector 𝜙(𝑁, V) that
allocates the value V(𝑁) of the grand coalition based on the
values V(𝑆) of all coalitions 𝑆 [45]. The Shapley value model
stated in (12) expresses the profit to be allocated for player 𝑖
and is on the basis of the hypothesis that the grand coalition
is formed by entering each player into this coalition at a time.
As the player 𝑖 enters the coalition, player 𝑖 can be assigned the
marginal contribution V(𝑆) − V(𝑆 − {𝑖}). The Shapley value is
the average expected payoff of players in a completely random
procedure:

𝜙𝑖 (𝑁, V) = ∑

𝑆⊂𝑁;𝑖∈𝑆

(|𝑆| − 1)! (|𝑁| − |𝑆|)!

|𝑁|!

[V (𝑆) − V (𝑆 − {𝑖})] ,

∀𝑖 ∈ 𝑁.

(12)

If 𝑆 is assumed as the grand coalition, the subgame (𝑆, V) is
given by the restriction of V to 2𝑆−1; for all𝑇 ⊂ 𝑆, themarginal
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contribution can be expressed as V(𝑇)−V(𝑇−{𝑖}).The Shapley
value model then becomes

𝜙𝑖 (𝑆, V) = ∑

𝑇⊂𝑆;𝑖∈𝑇

(|𝑇| − 1)! (|𝑆| − |𝑇|)!

|𝑆|!

[V (𝑇) − V (𝑇 − {𝑖})] ,

∀𝑖 ∈ 𝑆.

(13)

The Shapley value model is based on four fairness properties.
The calculated cost and profit allocation strategy should
satisfy the four properties including efficiency, symmetry,
dummy property, and additivity [7, 17, 39]. These four
properties exhibit several desirable features from a practical
perspective. Both the rationality and stability of allocation
can be guaranteed based on these properties.

The LSP in the current logistics network is responsible to
coordinate between multiple logistics entities by providing
services such as warehousing, transportation management,
and negotiation. Since the players in the form of coalition
are served by LSP and accumulate a certain amount of profit,
the LSP needs to extract a certain amount of gained profit as
a result of synergy service. This share of profit is also called
synergy requirement and is expressed as 𝜎 ∈ [0, 1]. When 𝜎
is set as a low value, the LSP will receive a lower prospected
profit, and the players in LJDN are more likely to cooperate.
The value V(𝑆) of a coalition 𝑆 in the synergy game can be
determined in

V (𝑆) = (1 − 𝜎)max{∑
𝑖∈𝑆

𝐶0 (𝑖) − 𝐶 (𝑆) , 0} . (14)

In (14), 𝐶0(𝑖) expresses the cost of player 𝑖 in the absence of
synergy, while 𝐶(𝑆) is the total cost of all players served by
LSP in a coalition 𝑆. In addition, the synergy group can be
only established when the total cost of all players in the form
of coalition 𝑆 is lower than the total cost of playerswithout any
coalition. Whenever ∑𝑖∈𝑆 𝐶0(𝑖) < 𝐶(𝑆) happens, the players
in 𝑆 will not accept the LSP’s service, and V(𝑆) will be set to 0.

We assume that Γ is the set of sequences in grand coalition
𝑁, and these sequences contain |𝑁|! different combinations
𝜋. 𝜋(𝑖) is used to express the rank of player 𝑖 in sequence 𝜋.
The cost reduction percentages 𝜂(𝑖, 𝜋, 𝑠) can be defined as

𝜂 (𝑖, 𝜋, 𝑠) =

𝜙𝑖 (⋃𝜋(𝜇)≤𝑠,𝜇∈𝑁 𝜇, V)
𝐶0 (𝑖)

, 𝑠 ≥ 𝜋 (𝑖) . (15)

In (15), the cost reduction percentages 𝜂(𝑖, 𝜋, 𝑠) are used to
explain the Strictly Monotonic Path (SMP) in the following
sections [7]. SMP is considered such a sequence where the
cost reduction percentages for all committed players are
monotonically increasing as each player joins the coalition.
The above procedure can be illustrated in Section 4.2.

4. The Method Solving Procedure

The method solving procedure is composed of two steps:
(1) improved particle swarm optimization (PSO) algorithm
is used to solve the logistics joint distribution network

optimizationmodel.The aim of this step is to assign each dis-
tribution unit into each corresponding distribution center by
optimizing the total cost calculated in (4); (2) Shapley value
model is then utilized to allocate the gained profit among
multiple distribution centers in logistics joint distribution
network, where the gained profit is calculated by comparing
the costs from the optimized logistics network and the initial
logistics network.

4.1. Improved PSO Algorithm Design. Particle swarm opti-
mization (PSO) is a swarm intelligence stochastic approach.
PSO is inspired by social behavior of bird flocking and
optimizes the local best solution according to the particle’s
position and velocity [46, 47]. PSOalgorithmcan be extended
to solve the combinational optimization problems [48–
50]. This paper presents an improved PSO algorithm with
crossover and mutation operations from genetic algorithm
(GA).The improved PSO algorithm can increase the reliabil-
ity of solving the optimization model. The relevant notations
can be predefined as follows:

V𝑡+1𝛾 : velocity of particle 𝛾 at iteration number 𝑡 + 1,
rand(⋅): a random fraction between 0 and 1,
𝑥
𝑡+1
𝛾 : a position of particle 𝛾 at iteration number 𝑡 + 1,

fix(⋅): integer the position of each particle,
𝑝
𝑡
𝛾: individual best known position of particle 𝛾 at

iteration number 𝑡,
𝑔
𝑡
𝛾: global best knownposition of particle 𝛾 at iteration

number 𝑡,
𝑐1 and 𝑐2: acceleration coefficients,
𝑤int and 𝑤end: inertia weights,
𝑉: maximum velocity,
𝑇
: total number of distribution centers,

rand int[1, 𝑇]: a random integer between 1 and 𝑇,
𝑝𝑐: crossover probability,
𝑝𝑚: mutation probability,
𝑆max: maximum number of iterations for improved
PSO algorithm,
Swarm size: size of particle swarm.

4.1.1. Particle Encoding Scheme andParticle StateUpdateOper-
ations. Particle encoding scheme and evaluation function
design are the key issues in the algorithm operations [48, 51–
55]. For the logistics joint distribution network optimization,
the number of distribution centers and the location and
delivery capacity of each distribution center are needed to
be taken into account. Therefore, a two-dimensional particle
encoding is presented in this study. The first dimension of
the particles can be expressed as 1, 2, 3, . . . , 𝑗, . . . , 𝐿, and 𝐿 is
the total number of distribution units.The second dimension
can be expressed as the sequence number of the distribution
center that is assigned to serve each distribution unit, and
the second dimension code will express the position of one
particle. 𝑦𝑘,𝑗 is the distribution center assigned to the 𝑗th
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Table 1: Two-dimensional particle encoding.

Distribution unit 1 2 ⋅ ⋅ ⋅ j ⋅ ⋅ ⋅ L
Distribution center number 𝑦𝑘,1 𝑦𝑘,2 ⋅ ⋅ ⋅ 𝑦𝑘,𝑗 ⋅ ⋅ ⋅ 𝑦𝑘,𝐿

distribution unit in the 𝑘th particle. For example,𝑦𝑘,𝑗 = 1, 2, 3
and 𝑗 = 1, 2, 3, . . . , 𝐿. The two-dimensional particle encoding
table is shown in Table 1. 𝑦4,2 = 3 expresses that the third
distribution center is assigned to the second distribution unit
in the fourth particle.

The above encoding method ensures that each distribu-
tion unit is served by a certain distribution center in the joint
distribution network. The initial population of particles can
be generated by using the particle encoding method. Then,
the initial fitness function value can be obtained based on
the objective function, and record the initial individual best
known position (𝑝) and best known fitness function value.
Meanwhile, the initial global best known position (𝑔) and
initial best known fitness function value also remained in
the calculation procedure. To evaluate the effectiveness of
improved PSO algorithm, the fitness function value should
be properly defined. If the objective function is 𝐹𝛾, the fitness
function value can be shown as

𝑍𝛾 =
1

𝐹𝛾

. (16)

Both the position and velocity information can be used to
express the state of a particular particle. The next state of
a particle depends on the current position and velocity. A
particle state update mechanism is presented in the improved
PSO algorithm procedure. The velocity and position can be
updated through the following equations:

V𝑡+1𝛾 =

{
{

{
{

{

𝑤 × V𝑡𝛾 + 𝑐1 × rand (𝑡) × (𝑝𝑡𝛾 − 𝑥
𝑡
𝛾)

+𝑐2 × rand (𝑡) × (𝑔𝑡𝛾 − 𝑥
𝑡
𝛾) −𝑉 ≤ V𝑡+1𝛾 ≤ 𝑉

−𝑉 + 2 × 𝑉 × rand (𝑡) others
(17)

𝑥
𝑡+1
𝛾 = {

fix (𝑥𝑡𝛾 + V𝑡+1𝛾 ) −𝑉 ≤ V𝑡+1𝛾 ≤ 𝑉

rand int [1, 𝑇] others.
(18)

In addition, the inertia weight of each particle 𝑤 can be
further described as follows:

𝑤 =

(𝑤int − 𝑤end) (𝑆max − 𝑡)

𝑆max
+ 𝑤end. (19)

𝑤 decreases with time in (19), and 𝑤 can be calculated with
feedback to (17) for obtaining the new velocity and position
of the particle.

4.1.2. Improved PSOAlgorithmProcedure. Based on the above
introduction of particle encoding scheme and particle state
update operations, the improved PSO algorithm is detailed
as follows.

Step 1. An integer is randomly generated as each dimension
of position vector in each particle within [1, 𝑇


], and the

Table 2: An assumptive 3-player example.

𝑆 ∑𝑖∈𝑆 𝐶0(𝑖) 𝐶(𝑆) V(𝑆) 𝜙(𝑆, V)
{A} 200 160 40 (40; ⋅; ⋅)
{B} 350 380 0 (⋅; 0; ⋅)
{C} 150 120 30 (⋅; ⋅; 30)
{A, B} 550 510 40 (40; 0; ⋅)
{A, C} 350 260 90 (50; ⋅; 40)
{B, C} 500 480 20 (⋅; −5; 25)
{A, B, C} 700 580 120 (63; 8; 49)

initial speed vector of each particle is randomly generated
within [−𝑉,𝑉].

Step 2. Find and regenerate the unqualified particles; calcu-
late the fitness function value𝑍𝑖 of each particle by using (16).

Step 3. The fitness function value can be used as the individ-
ual best known solution 𝑃𝛾, and the global optimal solution
𝑃𝑔 can also be found.

Step 4. Execute the crossover operation based on the 𝑝𝑐, and
calculate the fitness function of these particles; update the
relevant solutions 𝑃𝛾 and 𝑃𝑔.

Step 5. Execute themutation operations based on the𝑝𝑚, and
calculate the fitness function of these particles; update the
relevant solutions 𝑃𝛾 and 𝑃𝑔.

Step 6. Calculate the new velocity and position of each
particle based on (17), (18), and (19), and determine the
number of iterations; if it exceeds the maximum number of
iterations, the calculation procedure will be terminated, or
return to Step 2.

Step 7. Calculate and select the optimal solution (i.e., position
and fitness function value) from all feasible particles. This
optimal solution will be the final result for the joint distri-
bution network optimization.

In the course of above improved PSO algorithm, the par-
ticle swarm operations and genetic operations are reasonably
combined.Therefore, it enhances the search space, provides a
more robust global and local search capability, and improves
the optimization capability of the proposed algorithm.

4.2. Profit Allocation Application Based on Shapley Value
Model. Once the logistics joint distribution network opti-
mization is achieved by the improved PSO algorithm, the
optimal profit allocation strategy among distribution centers
from nonempty coalitions can be generated. In order to
understand the Shapley value model, the calculation proce-
dure with a 3-player example is presented in Table 2 based on
(13) and (14). We assume 𝜎 = 0 for calculation convenience.

All of the possible coalitions are listed in Table 2, and
all cost reduction percentages can be calculated and demon-
strated in Figure 2. In order to establish the grand coalition,
the LSP will have to select an effective cooperation strategy
for profit allocation. The order of each player joining into a
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Figure 2: Cost reduction percentages in the 3-player example.

Table 3: Possible sequential coalitions for grand coalition based on
SMP.

𝜋1 = ACB 𝜋2 = CAB
Player 𝑖 A C B Player i C A B
𝜂(𝑖, 𝜋, 1) 20.0% — — 𝜂(𝑖, 𝜋, 1) 20.0% — —
𝜂(𝑖, 𝜋, 2) 25.0% 26.7% — 𝜂(𝑖, 𝜋, 2) 26.7% 25.0% —
𝜂(𝑖, 𝜋, 3) 31.5% 32.7% 2.3% 𝜂(𝑖, 𝜋, 3) 32.7% 31.5% 2.3%

coalition affects the magnitude of distributed profit. Figure 2
presents the diagram for cost reduction percentage changes
when each player joins a coalition. A coalition can be
established through the sequence 𝜋 = ACB, indicating that
player A joins a coalition, followed by player C, and the final
coalition is formed among player A, player C, and player
B. According to the definition of Strictly Monotonic Path,
𝜋 = ACB and 𝜋 = CAB are the only two suitable sequences
satisfying the requirement of SMP, where their cost reduc-
tion percentages increase as each player joins the coalition.
The next step is to find the most favorable sequence from
these two SMPs as the optimal profit allocation strategy. The
coalition procedures with cost reduction percentage for 𝜋 =

ACB and 𝜋 = CAB are shown in Table 3. When only one
player (either player A or player C) exits in the logistics
network, the cost for this player A will be reduced from 200
to 160 and this player C will be reduced from 150 to 120 due
to the service provided by LSP, which is equivalent to a 20%
reduction. However, the cost reduction rate for 𝜋 = ACB
when player C joins reaches 26.7%, while this rate is only 25%
when player A joins for 𝜋 = CAB. This implied that player C
is more likely to form a coalition with player A because player
C can receive a higher cost reduction compared with another
scenario that player A joins the coalition with a less profit
gain (e.g., 25% cost reduction rate). Thus, the selected profit
allocation strategy should be to let player A enter the logistics
network, followed by player C, and player B finally joins the
coalition.This leads to the grand coalition constructed among
all the players.

Without loss of generality, the above illustration can be
summarized as below.

Step 1. Select the diagonal values from the cost reduction per-
centage matrix (e.g., Table 3) in possible sequential coalitions
based on SMP.

Figure 3: Distribution centers and units distribution diagram.

Step 2. Find the player with the maximum lowest cost
reduction percentage in the selected diagonal values. If the
cost reduction percentage remains the same for all possible
sequential coalitions, then seek for another player with the
maximal second lowest cost reduction rate. This process
continues until at least one player can be found or all players
have been searched.

Step 3. The selected sequential coalition will be considered
as the candidate profit allocation strategy. If all players have
been searched, select any sequential coalition as the candidate
profit allocation strategy.

5. Implementation and Analysis

5.1. Data Source. To illustrate the applicability of the pro-
posed methods in logistics joint distribution network opti-
mization, a practical example in Guiyang, China, is used for
the numerical study. Guiyang city is the capital of Guizhou
Province and is a critical transportation hub. The locations
of four DCs and 85 distribution units are demonstrated in
Figure 3. 85 distribution units are, respectively, expressed
as C1,C2,C3, . . . ,C85, and four distribution centers are,
respectively, expressed as D1, D2, D3, D4. The customer
units in square are assigned to D1, the customer units in
triangle are assigned to D2, the circular customer units are
assigned to D3, and the star-like customer units are assigned
to D4. The distribution networks composed by four DCs
have considerable geographical overlap shown in Figure 3,
so the cooperative transportation service provided by LSP is
necessary.

For the convenience of calculation, the delivery demand
of each distribution unit is converted into the standard roll
pallet quantity.The characteristics of four distribution centers
are summarized in Table 4 including the number of customer
units, periodic demand quantity (one week), and graphic
symbols.
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Table 4: Characteristics of four distribution centers.

DC
Number of
distribution

units

Periodic
demand

(roll pallets)

Distribution
unit

symbol in
Figure 3

D1 20 32600

D2 18 30000

D3 23 39500

D4 24 41500

5.2. Improved PSO Parameter Setting and Optimization
Results. In this case study, parameter settings can be deter-
mined based on previous discussion [49, 54, 55]. The param-
eters are given as follows.

(1) 𝑤int = 0.8 is the initial inertia weight and𝑤end = 0.3 is
the inertia weight of maximum evolution generation
used for PSO speed calculation.

(2) 𝑐1 = 𝑐2 = 2 are the acceleration coefficients used for
PSO speed calculation.

(3) 𝑉 = 4 denotes the maximum velocity.
(4) 𝑝𝑐 = 0.6 and 𝑝𝑚 = 0.01 express the crossover

probability and mutation probability, respectively.
(5) 𝑆max = 1000 is the maximum number of generations.
(6) 𝑇 = 4 denotes the maximal random integer.
(7) Swarm size = 100 is the number of particles used to

increase the diversity of initial particle swarm.
(8) Several other parameters used in the model formula-

tion can be set as 𝜆 = 1.5, LC𝑠 = 2000, LCV = 200,
𝐶𝑠 = 6.6, 𝐶V = 3.2, 𝜌V = 3.99, 𝜌𝑠 = 3.97, 𝐹𝑠 = 4800,
𝐹V = 1600, 𝐾 = 100, 𝑇 = 52, 𝐺1 = 1145, 𝐺2 = 1791,
𝐺3 = 1968,𝐺4 = 1408, 𝜍1 = 725, 𝜍2 = 1166, 𝜍3 = 1015,
and 𝜍4 = 1616.

Five working days is considered one planning period, and
there are 24 − 1 combinations of nonempty coalitions that
can be served by the LSP. The improved PSO algorithm is
implemented to adequately assign each distribution unit into
each distribution center by optimizing the total cost based on
empirical data.The generated profit will be then redistributed
among different distribution centers using the Shapleymodel.
The optimization result over a planning period from all
coalitions is shown in Table 5.

In addition, for explanatory purposes, all distribution
units affiliated with each distribution center for grand coali-
tion are listed in Table 6.

In the next section, the cost savings due to optimized
logistics joint distribution network will be allocated among
different distribution centers based on Shapley value model.

5.3. Shapley Value Model Application. As previously dis-
cussed, the gained profit benefited from network optimiza-
tion through LSP should be reallocated to each distribution

Table 5: Comparison between initial network and optimized
network over a planning period.

𝑆 Demand Total cost for
initial network

Total cost for
optimized
network

{D1} 32600 12639 12219
{D2} 30000 12668 12043
{D3} 39500 16475 15522
{D4} 41500 15721 15929
{D1, D2} 62600 25307 23024
{D1, D3} 72100 29114 25704
{D1, D4} 74100 28360 28136
{D2, D3} 69500 29143 25653
{D2, D4} 71500 28389 27737
{D3, D4} 81000 32196 30441
{D1, D2, D3} 102100 41782 35853
{D1, D2, D4} 104100 41028 37914
{D1, D3, D4} 113600 44835 40352
{D2, D3, D4} 111000 44864 40250
{D1, D2, D3, D4} 143600 57503 50374

Table 6: Distribution units assignment based on grand coalition.

DC Number of distribution units

D1 C1, C2, C3, C4, C5, C6, C7, C8, C9, C30, C31, C32,
C40, C41, C44, C45

D2
C10, C11, C12, C13, C14, C21, C22, C23, C24, C25,
C26, C27, C28, C29, C39, C42, C43, C46, C62, C63,

C66, C67

D3 C15, C16, C17, C19, C33, C34, C35, C47, C48, C49,
C50, C51, C52, C53, C54, C55, C64, C65, C68, C69

D4
C18, C20, C36, C37, C38, C56, C57, C58, C59, C60,
C61, C70, C71, C72, C73, C74, C75, C76, C77, C78,

C79, C80, C81, C82, C83, C84, C85

center. The Shapley model can be utilized to fulfill this goal.
For practical purposes, the synergy requirement is set to 𝜎 =
0.1 in the case. The appropriate synergy requirement value
reflects the negotiation power between the LSP and players
from coalitions.

All of the possible coalitions have been shown in Table 7,
and all cost reduction percentages and possible coalitional
sequences can be calculated and are shown in Figure 4. The
last column of Figure 4 shows that three coalitions have
a positive percentage gain except coalition {D4}. In other
words, if D1, D2, and D3 agree to accept the service provided
by LSP, then, the LSP can optimize the existing logistics
operations at a lower cost, compared with the scenario where
each distribution center manages its own distribution units
individually. In addition, the first column of Figure 4 shows
that the D1, D2, D3, and D4 can obtain a certain percentage
of benefits when the grand coalition is reached.This indicates
that all distribution centers collaborate with the service of
LSP.
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Figure 4: Cost reduction percentages for all coalitions.

Table 7: Profit allocation in joint logistics distribution network.

𝑆 ∑𝑖∈𝑆 𝐶0(𝑖) 𝐶(𝑆) V(𝑆) 𝜙(𝑆, V)
{D1} 12639 12219 378 (378; ⋅; ⋅; ⋅)
{D2} 12668 12043 563 (⋅; 563; ⋅; ⋅)
{D3} 16475 15522 858 (⋅; ⋅; 858; ⋅)
{D4} 15721 15929 0 (⋅; ⋅; ⋅; 0.0)
{D1, D2} 25307 23024 2055 (935; 1020; ⋅; ⋅)
{D1, D3} 29114 25704 3069 (1295; ⋅; 1774; ⋅)
{D1, D4} 28360 28136 202 (290; ⋅; ⋅; −88)
{D2, D3} 29143 25653 3141 (⋅; 1423; 1718; ⋅)
{D2, D4} 28389 27737 587 (⋅; 545; ⋅; 42)
{D3, D4} 32196 30441 1580 (⋅; ⋅; 1219; 361)
{D1, D2, D3} 41782 35853 5336 (1475; 1603; 2258; ⋅)
{D1, D2, D4} 41028 37914 2803 (1147; 1432; ⋅; 224)
{D1, D3, D4} 44835 40352 4035 (1347; ⋅; 2275; 413)
{D2, D3, D4} 44864 40250 4153 (⋅; 1524; 2168; 461)
{D1, D2, D3, D4} 57503 50374 6416 (1558; 1735; 2578; 545)

5.4. Sequential Coalition Selection. Based on the discussion in
Section 2, the willingness of each distribution center to join
a coalition depends on how the coalition is organized. It is
necessary to investigate how the sequential coalition impacts
the final profit allocation. Similar to the proposed approaches
in Section 4.2, we will introduce an effective approach to
select the optimal sequential coalition for grand coalition
establishment. The LSP will be used as the coordinator,
increasing the negotiation power for all distribution centers.

Possible sequential coalitions with calculated cost reduction
percentage matrices are presented in Figure 4.The sequential
coalitions that satisfy the condition of SMP are further
selected as shown in Tables 8–11.

The cost reduction percentages in each column from
Table 8 to Table 11 are strictly monotonically increasing. This
implies that these coalitions all conform to SMP provided
in Section 3.3. An interesting question arises on how to
select the optimal cooperation strategy from the 18 pos-
sible sequences from Tables 8–11. Based on the proposed
approaches in Section 4.2, we can select𝜋 = {D1,D3,D2,D4}
from Table 8, 𝜋 = {D2,D3,D1,D4} from Table 9, 𝜋 =

{D3,D2,D1,D4} from Table 10, and 𝜋 = {D4,D3,D2,D1}
from Table 11, as the best sequential coalitions for each table.
These sequential coalitions can be represented with cost
reduction percentage matrices as in Table 12.

Applying the same approach in Section 4.2 into Table 12
leads to the optimal sequential coalition as 𝜋3 = {D3,D2,
D1,D4}. The most feasible and beneficial cooperation strat-
egy is described as follows. The logistics operation of D3 is
initially optimized by LSP, and then a coalition is formed up
between D2 and D3, followed by D1 joining the coalition.
Finally, the grand coalition is established among all distri-
bution centers. As presented in Figure 5, the cost reduction
percentage is increasing for each distribution center when
the coalition is updated. In reality, this strategy is favorable
for both LSP and distribution centers since the high cost
savings and reasonable profit allocation encourage logistics
participants to cooperate with each other.
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Table 8: Sequential coalitions starting from D1 for grand coalition based on SMP.

𝜋1 = {D1, D2, D3, D4} 𝜋2 = {D1, D2, D4, D3}
Player 𝑖 D1 D2 D3 D4 Player 𝑖 D1 D2 D4 D3
𝜂(𝑖, 𝜋, 1) 3.0% — — — 𝜂(𝑖, 𝜋, 1) 3.0% — — —
𝜂(𝑖, 𝜋, 2) 7.4% 8.1% — — 𝜂(𝑖, 𝜋, 2) 7.4% 8.1% — —
𝜂(𝑖, 𝜋, 3) 11.7% 12.7% 13.7% — 𝜂(𝑖, 𝜋, 3) 9.1% 11.3% 1.4% —
𝜂(𝑖, 𝜋, 4) 12.3% 13.7% 15.6% 3.5% 𝜂(𝑖, 𝜋, 4) 12.3% 13.7% 3.5% 15.6%

𝜋3 = {D1, D3, D2, D4} 𝜋4 = {D1, D3, D4, D2}
Player 𝑖 D1 D3 D2 D4 Player 𝑖 D1 D3 D4 D2
𝜂(𝑖, 𝜋, 1) 3.0% — — — 𝜂(𝑖, 𝜋, 1) 3.0% — — —
𝜂(𝑖, 𝜋, 2) 10.2% 10.8% — — 𝜂(𝑖, 𝜋, 2) 10.2% 10.8% — —
𝜂(𝑖, 𝜋, 3) 11.7% 13.7% 12.7% — 𝜂(𝑖, 𝜋, 3) 10.7% 13.8% 2.6% —
𝜂(𝑖, 𝜋, 4) 12.3% 15.6% 13.7% 3.5% 𝜂(𝑖, 𝜋, 4) 12.3% 15.6% 3.5% 13.7%

Table 9: Sequential coalitions starting from D2 for grand coalition based on SMP.

𝜋1 = {D2, D1, D3, D4} 𝜋2 = {D2, D1, D4, D3}
Player 𝑖 D2 D1 D3 D4 Player 𝑖 D2 D1 D4 D3
𝜂(𝑖, 𝜋, 1) 4.4% — — — 𝜂(𝑖, 𝜋, 1) 4.4% — — —
𝜂(𝑖, 𝜋, 2) 8.1% 7.4% — — 𝜂(𝑖, 𝜋, 2) 8.1% 7.4% — —
𝜂(𝑖, 𝜋, 3) 12.7% 11.7% 13.7% — 𝜂(𝑖, 𝜋, 3) 11.3% 9.1% 1.4% —
𝜂(𝑖, 𝜋, 4) 13.7% 12.3% 15.6% 3.5% 𝜂(𝑖, 𝜋, 4) 13.7% 12.3% 3.5% 15.6%

𝜋3 = {D2, D3, D1, D4} 𝜋4 = {D2, D3, D4, D1}
Player 𝑖 D2 D3 D1 D4 Player 𝑖 D2 D3 D4 D1
𝜂(𝑖, 𝜋, 1) 4.4% — — — 𝜂(𝑖, 𝜋, 1) 4.4% — — —
𝜂(𝑖, 𝜋, 2) 11.2% 10.4% — — 𝜂(𝑖, 𝜋, 2) 11.2% 10.4% — —
𝜂(𝑖, 𝜋, 3) 12.7% 13.7% 11.7% — 𝜂(𝑖, 𝜋, 3) 12.0% 13.2% 2.9% —
𝜂(𝑖, 𝜋, 4) 13.7% 15.6% 12.3% 3.5% 𝜂(𝑖, 𝜋, 4) 13.7% 15.6% 3.5% 12.3%

Table 10: Sequential coalitions starting from D3 for grand coalition based on SMP.

𝜋1 = {D3, D1, D2, D4} 𝜋2 = {D3, D1, D4, D2}
Player 𝑖 D3 D1 D2 D4 Player 𝑖 D3 D1 D4 D2
𝜂(𝑖, 𝜋, 1) 5.2% — — — 𝜂(𝑖, 𝜋, 1) 5.2% — — —
𝜂(𝑖, 𝜋, 2) 10.8% 10.2% — — 𝜂(𝑖, 𝜋, 2) 10.8% 10.2% — —
𝜂(𝑖, 𝜋, 3) 13.7% 11.7% 12.7% — 𝜂(𝑖, 𝜋, 3) 13.8% 10.7% 2.6% —
𝜂(𝑖, 𝜋, 4) 15.6% 12.3% 13.7% 3.5% 𝜂(𝑖, 𝜋, 4) 15.6% 12.3% 3.5% 13.7%

𝜋3 = {D3, D2, D1, D4} 𝜋4 = {D3, D2, D4, D1}
Player 𝑖 D3 D2 D1 D4 Player 𝑖 D3 D2 D4 D1
𝜂(𝑖, 𝜋, 1) 5.2% — — — 𝜂(𝑖, 𝜋, 1) 5.2% — — —
𝜂(𝑖, 𝜋, 2) 10.4% 11.2% — — 𝜂(𝑖, 𝜋, 2) 10.4% 11.2% — —
𝜂(𝑖, 𝜋, 3) 13.7% 12.7% 11.7% — 𝜂(𝑖, 𝜋, 3) 13.2% 12.0% 2.9% —
𝜂(𝑖, 𝜋, 4) 15.6% 13.7% 12.3% 3.5% 𝜂(𝑖, 𝜋, 4) 15.6% 13.7% 3.5% 12.3%

𝜋5 = {D3, D4, D1, D2} 𝜋6 = {D3, D4, D2, D1}
Player 𝑖 D3 D4 D1 D2 Player 𝑖 D3 D4 D2 D1
𝜂(𝑖, 𝜋, 1) 5.2% — — — 𝜂(𝑖, 𝜋, 1) 5.2% — — —
𝜂(𝑖, 𝜋, 2) 7.4% 2.3% — — 𝜂(𝑖, 𝜋, 2) 7.4% 2.3% — —
𝜂(𝑖, 𝜋, 3) 13.8% 2.6% 10.7% — 𝜂(𝑖, 𝜋, 3) 13.2% 2.9% 12.0% —
𝜂(𝑖, 𝜋, 4) 15.6% 3.5% 12.3% 13.7% 𝜂(𝑖, 𝜋, 4) 15.6% 3.5% 13.7% 12.3%
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Table 11: Sequential coalitions starting from D4 for grand coalition based on SMP.

𝜋1 = {D4, D2, D1, D3} 𝜋2 = {D4, D2, D3, D1}
Player 𝑖 D4 D2 D1 D3 Player 𝑖 D4 D2 D3 D1
𝜂(𝑖, 𝜋, 1) 0.0% — — — 𝜂(𝑖, 𝜋, 1) 0.0% — — —
𝜂(𝑖, 𝜋, 2) 0.3% 4.3% — — 𝜂(𝑖, 𝜋, 2) 0.3% 4.3% — —
𝜂(𝑖, 𝜋, 3) 1.4% 11.3% 9.1% — 𝜂(𝑖, 𝜋, 3) 2.9% 12.0% 13.2% —
𝜂(𝑖, 𝜋, 4) 3.5% 13.7% 12.3% 15.6% 𝜂(𝑖, 𝜋, 4) 3.5% 13.7% 15.6% 12.3%

𝜋3 = {D4, D3, D1, D2} 𝜋4 = {D4, D3, D2, D1}
Player 𝑖 D4 D3 D1 D2 Player 𝑖 D4 D3 D2 D1
𝜂(𝑖, 𝜋, 1) 0.0% — — — 𝜂(𝑖, 𝜋, 1) 0.0% — — —
𝜂(𝑖, 𝜋, 2) 2.3% 7.4% — — 𝜂(𝑖, 𝜋, 2) 2.3% 7.4% — —
𝜂(𝑖, 𝜋, 3) 2.6% 13.8% 10.7% — 𝜂(𝑖, 𝜋, 3) 2.9% 13.2% 12.0% —
𝜂(𝑖, 𝜋, 4) 3.5% 15.6% 12.3% 13.7% 𝜂(𝑖, 𝜋, 4) 3.5% 15.6% 13.7% 12.3%

Table 12: Possible sequential coalitions for grand coalition based on SMP.

𝜋1 = {D1, D3, D2, D4} 𝜋2 = {D2, D3, D1, D4}
Player 𝑖 D1 D3 D2 D4 Player 𝑖 D2 D3 D1 D4
𝜂(𝑖, 𝜋, 1) 3.0% — — — 𝜂(𝑖, 𝜋, 1) 4.4% — — —
𝜂(𝑖, 𝜋, 2) 10.2% 10.8% — — 𝜂(𝑖, 𝜋, 2) 11.2% 10.4% — —
𝜂(𝑖, 𝜋, 3) 11.7% 13.7% 12.7% — 𝜂(𝑖, 𝜋, 3) 12.7% 13.7% 11.7% —
𝜂(𝑖, 𝜋, 4) 12.3% 15.6% 13.7% 3.5% 𝜂(𝑖, 𝜋, 4) 13.7% 15.6% 12.3% 3.5%

𝜋3 = {D3, D2, D1, D4} 𝜋4 = {D4, D3, D2, D1}
Player 𝑖 D3 D2 D1 D4 Player 𝑖 D4 D3 D2 D1
𝜂(𝑖, 𝜋, 1) 5.2% — — — 𝜂(𝑖, 𝜋, 1) 0.0% — — —
𝜂(𝑖, 𝜋, 2) 10.4% 11.2% — — 𝜂(𝑖, 𝜋, 2) 2.3% 7.4% — —
𝜂(𝑖, 𝜋, 3) 13.7% 12.7% 11.7% — 𝜂(𝑖, 𝜋, 3) 2.9% 13.2% 12.0% —
𝜂(𝑖, 𝜋, 4) 15.6% 13.7% 12.3% 3.5% 𝜂(𝑖, 𝜋, 4) 3.5% 15.6% 13.7% 12.3%
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Figure 5: The cost reduction percentage diagram for the optimal
sequential coalition.

The LSP receives 10% of the total savings (i.e., 713USD
per week) since the synergy requirement is set to 𝜎 = 0.1.
The remaining profit is required to distribute among D1,
D2, D3, and D4 by following the Shapley value model. The
distribution center D3 receives the highest cost reduction
percentage due to the high customer demand and unop-
timized logistics network structure. Nevertheless, the cost

reduction percentage for distribution center D4 is lowest.
This is probably because the surrounding traffic as well as
economic condition is ideal and thus leaves little room to
improve the existing logistics optimization plan. Moreover,
the LSP provides a higher service cost for D4 compared with
other distribution centers. Consequently, the gained profit for
D4 is reduced.

The synergy requirement 𝜎 varies depending on each
distribution center’s negotiation capability. LSP can decrease
its synergy requirement for a certain distribution center if this
distribution center is able to negotiate with other participants
independently. Similarly, it is possible that the LSP may
not able to persuade a certain distribution center (e.g., D4)
to join a coalition when a specific synergy requirement is
provided. In this case, the grand coalition will downgrade
to {D1,D2,D3}, and the optimal sequential coalition 𝜋 =

{D3,D2,D1} can be generated based on the similar calcu-
lation procedure in Section 4.2. If no distribution center is
willing to cooperate, the LSP should reconsider its synergy
plan by lowering the synergy requirement.

6. Conclusions

This paper studies the logistics joint distribution network
optimization problem, where multiple DCs and customers
exist and interact with each other. The LJDN can be
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constructed by either LSP or existing DCs in the logistics
network. A novel approach is proposed to optimize the
joint logistics network and allocate the gained profit among
DCs. The Logistics Service Provider (LSP) bridges both
the collaborative network optimization problem and profit
allocation problem and distributes the cost savings to each
DC from the nonempty coalition. This further reduces the
complexity and enhances the robustness of designing a large-
scale logistics network.

A joint distribution model formulation is initially built
to optimize the total cost of nonempty coalition logistics
systems. This model uses an improved PSO algorithm, and
then a Shapley value model is utilized to perform the profit
allocation amongDCs from nonempty coalitions. Finally, the
optimal sequential coalition can be obtained according to
Strictly Monotonic Path (SMP) theory—all DCs can receive
benefits when each DC joins the coalition. To evaluate the
effectiveness of the LJDN optimization methods, a compu-
tational experiment in Guiyang city, China, was conducted.
By properly adjusting the synergy requirement value 𝜎, the
results can be used to optimize the logistics distribution net-
work and determine the optimal profit allocation strategy in a
cooperative and effective fashion.

An interesting direction for further research is to opti-
mize the multilevel logistics distribution network (MLLDN).
In addition, multiple LSPs coexist in MLLDN, where each
DC may be competitively served by several LSPs. In this
case, the new profit allocation model needs to be established
by reconsidering the ownership of each DC. To prevent a
certain LSP from dominating the market, the heterogeneity
of synergy requirement values should be incorporated to
improve the profit allocation model.
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25-314 Kielce, Poland

Correspondence should be addressed to Paweł Sitek; sitek@tu.kielce.pl

Received 7 August 2014; Accepted 28 September 2014

Academic Editor: Kannan Govindan

Copyright © 2015 P. Sitek and J. Wikarek. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

In freight transportation there are two main distribution strategies: direct shipping and multiechelon distribution. In the direct
shipping, vehicles, starting from a depot, bring their freight directly to the destination, while in the multiechelon systems, freight
is delivered from the depot to the customers through an intermediate points. Multiechelon systems are particularly useful for
logistic issues in a competitive environment. The paper presents a concept and application of a hybrid approach to modeling
and optimization of the Multi-Echelon Capacitated Vehicle Routing Problem. Two ways of mathematical programming (MP) and
constraint logic programming (CLP) are integrated in one environment. The strengths of MP and CLP in which constraints are
treated in a different way and differentmethods are implemented and combined to use the strengths of both.The proposed approach
is particularly important for the discrete decision models with an objective function and many discrete decision variables added
up in multiple constraints. An implementation of hybrid approach in the ECLiPSe system using Eplex library is presented. The
Two-Echelon Capacitated Vehicle Routing Problem (2E-CVRP) and its variants are shown as an illustrative example of the hybrid
approach.The presented hybrid approach will be compared with classical mathematical programming on the same benchmark data
sets.

1. Introduction

In the modern freight transportation there are two main
distribution strategies: direct shipping and multiechelon
distribution. In the direct shipping, vehicles, starting from a
depot, bring their freight directly to the destination, while in
the multiechelon systems, freight is delivered from the depot
to the customers through an intermediate point.

The majority of multiechelon systems presented in the
literature usually explicitly consider the routing problem at
the last level of the transportation system, while a simplified
routing problem is considered at higher levels [1].

In recent years multiechelon systems have been intro-
duced in different areas:

(i) logistics enterprises and express delivery service com-
panies under competitions;

(ii) hypermarkets and supermarkets products distribu-
tion;

(iii) multimodal freight transportation;

(iv) supply chains;
(v) delivery in logistic competition;
(vi) E-commerce and home delivery services under com-

petitions;
(vii) city and public logistics.

The vast majority of models of optimization in freight
transportation and logistics industry have been formulated
as the mixed integer programming (MIP) or mixed integer
linear programming (MILP) problems and solved using the
operations research (OR) methods [2]. Their structures are
similar and proceed from the principles and requirements of
mathematical programming (MP) [2, 3].

Unfortunately, high complexity of decision-makingmod-
els and their integer nature contribute to the poor efficiency
of OR methods. Therefore a new approach to solving these
problems was proposed. As the best structure for the imple-
mentation of this approach, a declarative environment was
chosen [4, 5].

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 925675, 12 pages
http://dx.doi.org/10.1155/2015/925675

http://dx.doi.org/10.1155/2015/925675


2 Mathematical Problems in Engineering

It seems that better results will be obtained by the
use of the declarative constraint programming paradigms
(CP/CLP) especially in modeling. The CP-based environ-
ments have advantage over traditionalmethods ofmathemat-
ical modeling in that they work with a much broader variety
of interrelated constraints and allow producing “natural”
solutions for highly combinatorial problems.

The main contribution of this paper is hybrid approach
(mixed CP with MP paradigms) to modeling and opti-
mization of the Multi-Echelon Capacitated Vehicle Routing
Problems or the similar vehicle routing problems. In addition,
some extensions and modifications to the standard Two-
Echelon Capacitated Vehicle Routing Problems (2E-CVRP)
are presented.

The paper is organized as follows. In Section 2 the
literature related to Multi-Echelon Vehicle Routing Problems
has been reviewed. Next section is about our motivation and
contribution. In Section 4 the concept of hybrid approach
to modeling and solving and the solution hybrid framework
have been presented. Then, the general description of Multi-
Echelon Vehicle Routing Problems and mathematical model
of 2E-CVRP has been discussed. Finally test instances for
2E-CVRP with extension variants and some computational
results were discussed in Section 6.

2. Literature Review

The Vehicle Routing Problem (VRP) is used to design an
optimal route for a fleet of vehicles to serve a set of customers’
orders (known in advance), given a set of constraints. The
VRP is used in supply chain management in the physical
delivery of goods and services. The VRP is of the NP-hard
type.

Nowadays, the VRP literature offers a wealth of heuristic
and metaheuristic approaches, which are surveyed in the
papers of [6, 7] because exact VRP methods have a size limit
of 50–100 orders depending on the VRP variant and the time-
response requirements.

There are several variants and classes of VRP like
the capacitated VRP (CVRP), VRP with Time Windows
(VRPTW), andDynamicVehicle Routing Problems (DVRP),
sometimes referred to as Online Vehicle Routing Problems
and so forth [6].

Different distribution strategies are used in freight trans-
portation.Themost developed strategy is based on the direct
shipping: freight starts from a depot and arrives directly
to customers. In many applications and real situations, this
strategy is not the best one and the usage of a multiechelon
and particular two-echelon distribution system can optimize
several features as the number of the vehicles, the transporta-
tion costs, loading factor, and timing.

In the literature the multiechelon system and the two-
echelon system in particular refer mainly to supply chain and
inventory problems [1].These problems do not use an explicit
routing approach for the different levels, focusing more on
the production and supply chainmanagement issues.Thefirst
real application of a two-tier distribution network optimizing
the global transportation costs is due to [8] and is related
to the city logistics area. They developed a two-tier freight

distribution system for congested urban areas, using small
intermediate platforms, called satellites (intermediate points
for the freight distribution). This system is developed for a
specific situation and a generalization of such a systemhas not
already been formulated. The complete mathematic model
of The Two-Echelon Capacitated Vehicle Routing Problem
(2E-CVRP) with the solution for sample test data in the
classical approach has been proposed by [7], complemented
with the method for boosting the computing efficiency (see
Section 5).

The increasing role of supply chains and their urban
parts evokes a need to focus greater attention on this
issue in modeling and efficient optimization methods, in
particular.

3. Motivation and Contribution

Based on [2, 5–7, 9–11] and our previous work [3, 4, 12]
we observed some advantages and disadvantages of both
(CP/MP) paradigms.

An integrated approach of constraint programming/
constraint logic programming (CP/CLP) and mixed inte-
ger programming/mixed integer linear programming
(MIP/MILP) can help to solve optimization problems
that are intractable with either of the two methods alone
[13–15]. Although Operations Research (OR) and Constraint
Programming (CP) have different roots, the links between
the two environments have grown stronger in recent years.

Approaches known from the literature are based mostly
on the division of the main problem into sub-problems and
iteratively solving each of them in the proper CP/CLP or
MP/MILP technique.This is usually a collection ofmany local
optimization points of feasible solutions. Other approaches
are based on a “blind” transformation for the CLP to the
MILP model. In most cases, this results in an explosion
of the number of constraints and variables, which has a
negative impact on the effectiveness of optimization. In the
proposed hybrid approach, a very important element is the
transformation of the initial problem and its solution in the
field of domains, which takes place in CP/CLP environment.
Then the converted and “slimmed down” problem is solved
in the MILP environment, thus creating a global approach to
optimization [14, 16].

Both MIP/MILP and finite domain CP/CLP involve
variables and constraints. However, the types of the variables
and constraints that are used, and the way the constraints are
solved, are different in the two approaches [13, 15].

MIP/MILP relies completely on linear equations and
inequalities in integer variables; that is, there are only two
types of constraints: linear arithmetic (linear equations or
inequalities) and integer (stating that the variables have to
take their values in the integer numbers). In finite domain
CP/CLP, the constraint language is richer. In addition to
linear equations and inequalities, there are various other
constraints such disequalities, nonlinear and symbolic (alldif-
ferent, disjunctive, cumulative, etc.) constraints. In both MIP/
MILP and CP/CLP, there is a group of constraints that can be
solved with ease and a group of constraints that are difficult
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to solve.The easily solved constraints inMIP/MILP are linear
equations and inequalities over rational numbers.

Integer constraints are difficult to solve using mathemat-
ical programming methods and often the real problems of
MIP/MILP make them NP-hard.

In CP/CLP, domain constraints with integers and equa-
tions between two variables are easy to solve. The system
of such constraints can be solved over integer variables in
polynomial time. The inequalities between two variables,
general linear constraints (more than two variables), and
symbolic constraints are difficult to solve, which makes
real problems in CP/CLP NP-hard. This type of constraints
reduces the strength of constraint propagation. As a result,
CP/CLP is incapable of finding even the first feasible
solution.

Both environments use various layers of the problem
(methods, the structure of the problem, data) in different
ways. The approach based on mathematical programming
(MIP/MILP) focuses mainly on the methods of optimization
and, to a lesser degree, on the structure of the problem.
However, the data is completely outside the model. The
same model without any changes can be solved for multiple
instances of data. In the approach based on constraint
programming (CP/CLP), due to its declarative nature, the
methods are already built-in. The data and structure of the
problem are used for its modelling in a significantly greater
extent.

To use so much different environments and a variety of
functionalities such as modeling, optimization, and transfor-
mation, the declarative approach was adopted.

The motivation and contribution behind this work were
to create a hybrid method for constrained decision problems
modelling and optimization instead of using mathematical
programming or constraint programming separately.

It follows from the above that what is difficult to solve in
one environment can be easy to solve in the other.

Moreover, such a hybrid approach allows the use of all
layers of the problem to solve it. In our approach, tomodelling
and optimisation, we proposed the environment, where:

(i) knowledge related to the problem can be expressed as
linear, logical, and symbolic constraints;

(ii) the optimization models solved using the proposed
approach can be formulated as a pure model of
MIP/MILP or of CP/CLP, or it can also be a hybrid
model;

(iii) the problem is modelled in the constraint program-
ming environment by CLP-based predicates, which
is far more flexible than the mathematical pro-
gramming environment/very important for decision-
making problems under competitions;

(iv) transforming the decision model to explore its struc-
ture has been introduced by CLP-based predicates;

(v) constrained domains of decision variables, new con-
straints, and values for some variables are transferred
fromCP/CLP intoMILP/MIP/IP byCLP-based pred-
icates;

(vi) optimization is performed by MP-based environ-
ment.

As a result, a more effective hybrid solution environment for
a certain class of decision and optimization problems (2E-
CVRP or similar) was obtained.

4. A Hybrid Solution Framework for
Capacitated Vehicle Routing Problems
(HSFCVRP)

Both environments have advantages and disadvantages. Envi-
ronments based on the constraints such as CLPs are declara-
tive and ensure a very simple modeling of decision problems,
even those with poor structures if any. In the CLP a problem
is described by a set of logical predicates. The constraints
can be of different types (linear, nonlinear, logical, binary,
etc.). The CLP does not require any search algorithms. This
feature is characteristic of all declarative backgrounds, in
whichmodeling of the problem is also a solution, just as it is in
Prolog, SQL, and so on.The CLP seems perfect for modeling
any decision problem.

Numerous MP models of decision-making have been
developed and tested, particularly in the area of decision
optimization. Constantly improved methods and mathemat-
ical programming algorithms, such as the simplex algorithm,
branch and bound, and branch-and-cost, have become clas-
sics now [2].

The proposed method’s strength lies in high efficiency
of optimization algorithms and a substantial number of
tested models. Traditional methods when used alone to
solve complex problems provide unsatisfactory results. This
is related directly to different treatment of variables and
constraints in those approaches (Section 3).

This schema of the hybrid solution framework forCapaci-
tated Vehicle Routing Problems (HSFCVRP) and the concept
of this framework with its predicates (P1–P7) are presented in
Figure 1. The names and descriptions of the CLP predicates
and the implementation environment are shown in Table 1.

From a variety of tools for the implementation of
the CP/CLP, ECLiPSe software [4, 12] of constraint pro-
gramming applications. ECLiPSe contains several constraint
solver libraries, a high-level modelling and control language,
interfaces to third-party solvers, an integrated development
environment, and interfaces for embedding into host envi-
ronments. ECLiPSe was used to model the problem, trans-
form it, and search for a domain solution by constraint
propagation. This solution was then the basis for the final
MP model, developed in the Eplex library [9] of the ECLiPSe

environment. Since ECL𝑖PS𝑒 version 5.7, standalone Eplex
have become the standard. The previous lib(eplex), which
loads Eplex with the range bounds keeper and the IC variant
have now been phased out, so users of these old variants
must now move to using standalone Eplex. The Eplex library
allows MP/MIP/MILP problems to be modelled in ECLiPSe
and solved (optimized) by an external MP solver.
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Figure 1: The scheme of the hybrid solution framework for Capacitated Vehicle Routing Problems (HSFCVRP).

Table 1: Description of CLP predicates.

Predicate Description
P1
CLP environment

The implementation of the model in CLP, the term representation of the problem in the
form of predicates.

P2
CLP environment

The transformation of the original problem aimed at extending the scope of constraint
propagation. The transformation uses the structure of the problem.The most common effect
is a change in the representation of the problem by reducing the number of decision
variables and the introduction of additional constraints and variables, changing the nature
of the variables, and so forth.

P3
CLP environment

Constraint propagation for the model: constraint propagation is one of the basic methods of
CLP. As a result, the variable domains are narrowed, and in some cases, the values of
variables are set, or even the solution can be found.

P4
CLP environment

Generation by the AG:
(i) the model for mathematical programming: generation performed automatically using
CLP predicate;
(ii) additional constraints on the basis of the results obtained by predicate P3;
(iii) domains for different decision variables and other parameters based on the propagation
of constraints. Transmission of this information in the form of fixed value of certain
variables and/or additional constraints to the MP.
Merging files generated by predicate AG into one file. It is a model file format in MP format.

P5
EPLEX environment Finding the consistent area based on information from the CLP.

P6
EPLEX environment The solution of the model from the P4 by MP solver.

P7
EPLEX environment Solution transfer from EPLEX to CLP (predicate eplex get(vars,Zm))

5. Two-Echelon Capacitated Vehicle Routing
Problem as an Illustrative Example

The Two-Echelon Capacitated Vehicle Routing Problem (2E-
CVRP) is an extension of the classical Capacitated Vehicle
Routing Problem (CVRP) where the delivery depot-cust-
omers pass through intermediate depots (called satellites).
As in CVRP, the goal is to deliver goods to customers with
known demands, minimizing the total delivery cost in the
respect of vehicle capacity constraints. Multiechelon systems
presented in the literature usually explicitly consider the
routing problem at the last level of the transportation system,

while a simplified routing problem is considered at higher
levels [7, 8].

In 2E-CVRP, the freight delivery from the depot to
the customers is managed by shipping the freight through
intermediate depots. Thus, the transportation network is
decomposed into two levels (Figure 2): the 1st level connect-
ing the depot (d) to intermediate depots (s) and the 2nd one
connecting the intermediate depots (s) to the customers (c).
The objective is to minimize the total transportation cost of
the vehicles involved in both levels. Constraints on the maxi-
mum capacity of the vehicles and the intermediate depots are
considered, while the timing of the deliveries is ignored.
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Figure 2: Example of 2E-CVRP transportation network.

From a practical point of view, a 2E-CVRP system
operates as follows (Figure 2):

(i) freight arrives at an external/first/base zone, the
depot, where it is consolidated into the 1st-level
vehicles, unless it is already carried into a fully loaded
1st-level vehicles;

(ii) each 1st-level vehicle travels to a subset of satellites
that will be determined by the model and then it will
return to the depot;

(iii) at a satellite, freight is transferred from 1st-level
vehicles to 2nd-level vehicles.

5.1. Mathematical Model. The formal mathematical model
(MILP) was taken from [7]. Table 2 shows the parameters and
decision variables of 2E-CVRP. Figure 2 shows an example of
the 2E-CVRP transportation network for this model:

min ∑
𝑖,𝑗∈𝑉0∪𝑉𝑠

(𝑐
𝑖,𝑗
⋅ 𝑋
𝑖,𝑗
) + ∑
𝑘∈𝑉𝑠

∑
𝑖,𝑗∈𝑉𝑠∪𝑉𝑐

(𝑐
𝑖,𝑗
⋅ 𝑌
𝑘,𝑖,𝑗

)

+ ∑
𝑘∈𝑉𝑠

(𝑠
𝑘
⋅ 𝐷𝑠
𝑘
)

(1)

∑
𝑖∈𝑉𝑠

𝑋
0,𝑖
≤ 𝑀
1 (2)

∑
𝑗∈𝑉𝑠∪𝑉0 ,𝑗 ̸=𝑘

𝑋
𝑗,𝑘
= ∑
𝑖∈𝑉𝑠∪𝑉0 ,𝑖 ̸=𝑘

𝑋
𝑘,𝑖

for 𝑘 ∈ 𝑉
𝑠
∪ 𝑉
0 (3)

∑
𝑘∈𝑉𝑠

∑
𝑗∈𝑉c

𝑌
𝑘,𝑘,𝑗

≤ 𝑀
2 (4)

∑
𝑖∈𝑉𝑐,𝑗∈𝑉𝑐

𝑌
𝑘,𝑖,𝑗

= ∑
𝑖∈𝑉𝑐,𝑗∈𝑉𝑐

𝑌
𝑘,𝑗,𝑖

for 𝑘 ∈ 𝑉
𝑠 (5)

∑
𝑖∈𝑉0∪𝑉𝑠 ,𝑖 ̸=𝑗

𝑄1
𝑖,𝑗
− ∑
𝑖∈𝑉𝑠 ,𝑖 ̸=𝑗

𝑄1
𝑗,𝑖
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{{
{
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𝑗
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∑
𝑖∈𝑉𝑐

− 𝑑
𝑖
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for 𝑗 ∈ 𝑉
𝑠
∪ 𝑉
0

(6)
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1
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𝑠
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∑
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𝑄2
𝑘,𝑗,𝑘
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𝑌
𝑘,𝑖,𝑗

≤ 𝑍
𝑘,𝑗

for 𝑖 ∈ 𝑉
𝑠
∪ 𝑉
𝑐
, 𝑗 ∈ 𝑉

𝑐
, 𝑘 ∈ 𝑉

𝑠 (12)

𝑌
𝑘,𝑖,𝑗

≤ 𝑍
𝑘,𝑗
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𝑠
, 𝑗 ∈ 𝑉

𝑐
, 𝑘 ∈ 𝑉

𝑠 (13)

∑
𝑖∈𝑉𝑠∪𝑉𝑐

𝑌
𝑘,𝑖,𝑗

= 𝑍
𝑘,𝑗

for 𝑘 ∈ 𝑉
𝑠
, 𝑗 ∈ 𝑉

𝑐
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∑
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𝑠
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𝑐
, 𝑖 ̸= 𝑘 (15)

∑
𝑖∈𝑉𝑠

𝑍
𝑖,𝑗
= 1 for 𝑗 ∈ 𝑉

𝑐 (16)

𝑌
𝑘,𝑖,𝑗

≤ ∑
𝑙∈𝑉𝑠∪𝑉0

𝑋
𝑘,𝑙

for 𝑘 ∈ 𝑉
𝑠
, 𝑖, 𝑗 ∈ 𝑉

𝑐 (17)

𝑌
𝑘,𝑖,𝑗

∈ {0, 1} , 𝑍
𝑘,𝑙
∈ {0, 1}

for 𝑘 ∈ 𝑉
𝑠
, 𝑖, 𝑗 ∈ 𝑉

𝑠
∪ 𝑉
𝑐
, 𝑙 ∈ 𝑉

𝑐

(18)

𝑋
𝑘,𝑗
∈ Ζ+ for 𝑘, 𝑗 ∈ 𝑉

𝑠
∪ 𝑉
0 (19)

𝑄1
𝑖,𝑗
≥ 0 for 𝑖, 𝑗 ∈ 𝑉

𝑠
∪ 𝑉
0
;

𝑄2
𝑘,𝑖,𝑗

≥ 0 for 𝑖, 𝑗 ∈ 𝑉
𝑠
∪ 𝑉
𝑐
, 𝑘 ∈ 𝑉

𝑠

(20)

∑
𝑖,𝑗∈𝑆𝑐

𝑌
𝑘,𝑖,𝑗

≤ 𝑆𝑐
 − 1 for 𝑆

𝑐
⊂ 𝑉
𝑐
, 2 ≤ 𝑆𝑐

 ≤
𝑉𝑐
 − 2 (21)

𝑄2
𝑘,𝑖,𝑗

≤ (𝑘
2
− 𝑑
𝑗
) ⋅ 𝑌
𝑘,𝑖,𝑗

for 𝑖, 𝑗 ∈ 𝑉
𝑐
, 𝑘 ∈ 𝑉

𝑠 (22)

𝑄2
𝑘,𝑖,𝑗

− ∑
𝑙∈𝑉𝑠

𝑄2
𝑘,𝑗,𝑙

≤ (𝑘
2
− 𝑑
𝑗
) ⋅ 𝑌
𝑘,𝑖,𝑗

for 𝑖, 𝑗 ∈ 𝑉
𝑐
, 𝑘 ∈ 𝑉

𝑠

(23)

𝐷𝑠
𝑘
= ∑
𝑙∈𝑉𝑐

(𝑑
𝑗
⋅ 𝑍
𝑘,𝑗
) for 𝑘 ∈ 𝑉

𝑠
. (24)

The objective function minimizes the sum of the routing and
handling operations costs. Constraints (3) ensure, for 𝑘 = 𝑉

0
,

that each 1st-level route begins and ends at the depot, while
when 𝑘 is a satellite, impose the balance of vehicles entering
and leaving that satellite. Constraints (5) force each 2nd-level
route to begin and end to one satellite and the balance of
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Table 2: Summary indices, parameters, and decision variables.

Symbol Description
Indices

𝑛
𝑠 Number of satellites
𝑛
𝑐 Number of customers
𝑉
0
− [V
0
] Deport

𝑉
𝑠
= {V
𝑠1
, V
𝑠2
, . . . , Vsn} Set of satellites

𝑉
𝑐
= {V
𝑐1
, V
𝑐2
, . . . , Vcn} Set of customers

Parameters
𝑀
1 Number of the 1st-level vehicles

𝑀
2 Number of the 2nd-level vehicles

𝐾
1 Capacity of the vehicles for the 1st level

𝐾
2 Capacity of the vehicles for the 2nd level

𝑑
𝑖 Demand required by customer 𝑖
𝑐
𝑖,𝑗 Cost of the arc(𝑖, 𝑗)
𝑠
𝑘 Cost of loading/unloading operations of a unit of freight in satellite 𝑘

Decision variables
𝑋
𝑖,𝑗 An integer variable of the 1st-level routing is equal to the number of 1st-level vehicles using arc(𝑖, 𝑗)

𝑌
𝑘,𝑖,𝑗

A binary variable of the 2nd-level routing is equal to 1 if a 2nd-level vehicle makes a route start from
satellite 𝑘 and go from node 𝑖 to node 𝑗 and 0 otherwise

𝑄1
𝑖,𝑗

The freight flow arc(𝑖, 𝑗) for the first level
𝑄2
𝑘,𝑖,𝑗

The freight arc(𝑖, 𝑗) where 𝑘 represents the satellite where the freight is passing through.

𝑍
𝑘,𝑗

A binary variable that is equal to 1 if the freight to be delivered to customer 𝑗 is consolidated in
satellite 𝑘 and 0 otherwise

Table 3: Summary indices, parameters, and decision variables for transformed model.

Symbol Description
Indices

𝑛
𝑠 Number of satellites
𝑛
𝑐 Number of customers
𝑇𝑠 Number of possible routes from depot to satellites (CLP-determined)
𝑇𝑐 Number of possible routes from satellites to customers (CLP-determined)
𝑖 Satellite index
𝑙 Depot-satellite route index
𝑗 Customer index
𝑘 Satellite-customer route index
𝑀
1 Number of the 1st-level vehicles

𝑀
2 Number of the 2nd-level vehicles

Input parameters
𝑠
𝑠 Cost of loading/unloading operations of a unit of freight in satellite 𝑠
𝐷
𝑗 Demand required by customer 𝑗

𝑃𝑐
𝑘 Total demand for route 𝑘 (CLP-determined)

𝐾𝑠
𝑙 Route 𝑙 cost (CLP-determined)

𝐾𝑐
𝑘 Route 𝑘 cost (CLP-determined)

𝑈
𝑙,𝑖 If 𝑖 is located on route 𝑙 𝑈

𝑙,𝑖
= 1, otherwise 𝑈

𝑙,𝑖
= 0

𝑊
𝑘,𝑠 If satellite or receipient s is located on route 𝑘 𝑊

𝑘,𝑠
= 1, otherwise𝑊

𝑘,𝑠
= 0

𝐾
1 Capacity of the vehicles for the 1st level

Decision variables

𝑌
𝑙

If the tour takes place along the route 𝑙 from the route set generated for level 1, then 𝑌
𝑙
= 1, otherwise

𝑌
𝑙
= 0

𝑋
𝑘

If the tour takes place along the route 𝑘 from the route set generated for level 2, then𝑋
𝑘
= 1,

otherwise𝑋
𝑘
= 0

Computed quantities
𝑃𝑠
𝑙 Total demand for route 𝑙
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Table 4: Decision variables and constraints before 𝑖 after transformation.

Before transformation After transformation Description
Decision variables

𝑋
𝑖,𝑗 𝑋𝑇

𝑙

Transformation of decision variables level 1 from the arc model arc(𝑖, 𝑗) to the route
model (𝑙).𝑄1

𝑖,𝑗

𝑌
𝑘,𝑖,𝑗

𝑌𝑇
𝑘

Transformation of decision variables level 2 from the arc model arc(𝑖, 𝑗) to the route
model (𝑘).𝑄2

𝑘,𝑖,𝑗

𝑍
𝑘,𝑗

Constraints

(1) (T1) Objective function after transformation, different decision variables, the same in
terms of the essence and functionality.

(2) (T7) Number of 1-type resources (CLP-determined)

(3) — Supply balance equation for 1-level nodes is unnecessary after transformation. This
is a result of the route model to which particular vehicles are allocated.

(4) (T2) Number of 2-type resources (CLP-determined)

(5) — Vehicle balance equation for level 2 is unnecessary after transformation. This is a
result of the route model to which particular vehicles are allocated.

(6) (T4) Supply balance for satellites.
(7) (T6) Number of tours for level 1 resulting from the capacity of vehicles.

(8) — Supply balance constraint for recipients is not required. In the route model, the
supply volume is calculated for the route.

(9) — Supply volume constraint resulting from the vehicle capacity is unnecessary for
level 2. The routes are generated only for the allowable capacities.

(10) — No return loads from satellite to depot (10). The routes are generated so as to
automatically ensure this.

(11) — No return loads from the customer to satellite (11). The routes are generated so as to
automatically ensure this.

(12), (13) — No 𝑧
𝑘,𝑗

variable after transformation.
(14)–(16) (T3) No overlapping deliveries to customers.
(17) — This is ensured by the route model.
(18)–(20) (T8), (T9) Integer and binary
(21)–(23) — Additional constraints are not necessary in the model with routes.

vehicles entering and leaving each customer. The number
of the routes in each level must not exceed the number of
vehicles for that level, as imposed by constraints (2) and
(4). The flows balance on each network node is equal to
the demand of this node, except for the depot, where the
exit flow is equal to the total demand of the customers and
for the satellites at the 2nd-level, where the flow is equal
to the demand (unknown) assigned to the satellites which
provide constraints (6) and (8). Moreover, constraints (6)
and (8) forbid the presence of subtours not containing the
depot or a satellite, respectively. In fact, each node receives an
amount of flow equal to its demand, preventing the presence
of subtours. Consider, for example, that a subtour is present
between the nodes 𝑖,𝑗, and 𝑘 at the 1st level. It is easy to
check that, in such a case, any value does not exist for the
variables𝑄1

𝑖,𝑗
,𝑄1
𝑗,𝑘
, and𝑄1

𝑘,𝑖
, satisfying the constraints (6) and

(8). The capacity constraints are formulated in (7) and (9),
for the 1st-level and the 2nd-level, respectively. Constraints
(10) and (11) do not allow residual flows in the routes, making
the returning flow of each route to the depot (1st-level)

and to each satellite (2nd-level) equal to 0. Constraints (12)
and (13) indicate that a customer 𝑗 is served by a satellite
𝑘 (𝑍
𝑘,𝑗

= 1) only if it receives freight from that satellite
(𝑌
𝑘,𝑖,𝑗

= 1). Constraint (16) assigns each customer to one
and only one satellite, while constraints (14) and (15) indicate
that there is only one 2nd-level route passing through each
customer and connect the two levels. Constraint (17) allows
the start of a 2nd-level route from a satellite 𝑘 only if a
1st-level route has served it. Constraints from (17) to (20)
result from the character of the MILP-formulated problem.
Additional constraints were introduced by [7] to increase the
solution search efficiency. They strengthen the continuous
relaxation of the flowmodel. In particular, authors in [7] used
two families of cuts, one applied to the assignment variables
derived from the subtour elimination constraints (edge cuts)
and the other based on the flows. The edge-cuts explicitly
introduce the well-known subtours elimination constraints
derived from the TSP (Traveling Sales Problem). They can
be expressed as constraint (21). The inequalities explicitly
forbid the presence in the solution of subtours not containing
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Table 5: The results of numerical examples for 2E-CVRP.

E-n13-k4 HSFCVRP (P3) MP + Edge-Cuts (P2) MP (P1)
𝑇 Fc 𝑇 Fc 𝑇 Fc

E-n13-k4-01 17,36 280 600∗ 280 600∗ 280
E-n13-k4-02 17,22 286 600∗ 286 600∗ 286
E-n13-k4-03 15,39 284 600∗ 284 600∗ 284
E-n13-k4-04 10,09 218 44 218 65 218
E-n13-k4-05 9,58 218 48 218 108 218
E-n13-k4-06 11,05 230 78 230 154 230
E-n13-k4-07 9,16 224 39 224 64 224
E-n13-k4-08 13,03 236 46 236 75 236
E-n13-k4-09 13,22 244 67 244 93 244
E-n13-k4-10 14,08 268 107 268 183 268
E-n13-k4-11 18,91 276 159 276 600∗ 276
E-n13-k4-12 20,38 290 600∗ 290 600∗ 290
E-n13-k4-13 15,14 288 600∗ 288 600∗ 288
E-n13-k4-14 9,53 228 29 228 67 228
E-n13-k4-15 9,38 228 42 228 86 228
E-n13-k4-16 11,48 238 61 238 90 238
E-n13-k4-17 10,38 234 40 234 64 234
E-n13-k4-18 10,28 246 52 246 79 246
E-n13-k4-19 11,30 254 78 254 126 254
E-n13-k4-20 12,14 276 76 276 487 276
E-n13-k4-21 15,11 286 600∗ 286 600∗ 286
E-n13-k4-22 9,97 312 600∗ 312 600∗ 312
E-n13-k4-23 15,36 242 51 242 50 242
E-n13-k4-24 14,39 242 54 242 92 242
E-n13-k4-25 10,38 252 67 252 121 252
E-n13-k4-26 12,19 248 36 248 67 248
E-n13-k4-27 12,02 260 51 260 69 260
E-n13-k4-28 24,09 268 53 268 65 268
E-n13-k4-29 17,11 290 83 290 94 290
E-n13-k4-30 15,00 300 104 300 136 290
E-n13-k4-31 16,27 246 61 246 84 246
E-n13-k4-32 10,28 246 100 246 600∗ 246
E-n13-k4-33 15,17 258 93 258 123 258
E-n13-k4-34 11,00 252 48 252 55 252
E-n13-k4-35 8,92 264 40 264 52 264
E-n13-k4-36 11,11 272 97 272 138 272
E-n13-k4-37 16,06 296 109 296 213 296
E-n13-k4-38 16,69 304 124 304 600∗ 304
E-n13-k4-39 12,58 248 58 248 65 248
E-n13-k4-40 11,50 254 27 254 38 254
E-n13-k4-41 16,19 256 58 256 79 256
E-n13-k4-42 14,20 262 58 262 74 262
E-n13-k4-43 14,34 262 62 262 64 262
E-n13-k4-44 15,28 262 40 262 41 262
E-n13-k4-45 15,14 262 32 262 55 262
E-n13-k4-46 11,42 280 135 280 600∗ 280
E-n13-k4-47 12,20 274 95 274 142 274
E-n13-k4-48 13,17 280 76 280 257 280
E-n13-k4-49 11,16 280 79 280 117 280
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Table 5: Continued.

E-n13-k4 HSFCVRP (P3) MP + Edge-Cuts (P2) MP (P1)
𝑇 Fc 𝑇 Fc 𝑇 Fc

E-n13-k4-50 12,30 280 63 280 83 280
E-n13-k4-51 14,97 280 48 280 62 280
E-n13-k4-52 15,30 292 63 292 98 292
E-n13-k4-53 12,33 300 66 300 150 300
E-n13-k4-54 14,28 304 94 304 600∗ 304
E-n13-k4-55 14,19 310 216 310 600∗ 310
E-n13-k4-56 17,05 310 60 310 162 310
E-n13-k4-57 14,13 326 221 326 600∗ 326
E-n13-k4-58 9,17 326 78 326 600∗ 326
E-n13-k4-59 12,02 326 56 326 112 326
E-n13-k4-60 13,91 326 42 326 68 326
E-n13-k4-61 12,20 338 600∗ 338 600∗ 338
E-n13-k4-62 10,05 350 79 350 365 350
E-n13-k4-63 11,92 350 83 350 239 350
E-n13-k4-64 10,13 358 122 358 600∗ 358
E-n13-k4-65 12,94 358 219 358 600∗ 358
E-n13-k4-66 11,91 400 600∗ 400 600∗ 400
∗Calculations stopped after 600 s, the feasible value of the objective function.
Fc: the optimal value of the objective function.

Table 6: The results of numerical examples for 2E-CVRP with logical constraints.

E-n13-k4 Fc 𝑇 𝐶 𝑉 exCustomer∗

E-n13-k4-01 284 15,36 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-07 240 7,16 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-11 290 16,91 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-20 280 13,14 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-26 270 10,72 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-32 270 10,88 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-33 276 14,124 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-40 284 11,23 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-46 308 11,12 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
E-n13-k4-54 334 14,28 21 788 2,3; 2,4; 2,6; 2,7; 1,8; 1,9
∗Pairs of customers that cannot be served on one route.

the depot, already forbidden by constraint (8). The number
of potential valid inequalities are exponential, so that each
customer reduces the flow of an amount equal to its demand
𝑑
𝑖
-constraints (22) and (23).

5.2. Model Transformation. One of the most important fea-
tures that characterize the hybrid approach is the ease ofmod-
eling and transformation of the problem.The transformation
is usually used to reduce the size of the problem and increase
the efficiency of the search for a solution. In this case the
transformation is based on the transition fromarc to the route
notation. During the transformation in the CLP the TSP,
traveling salesman problem, is repeatedly solved and only the
best routes in terms of costs are generated. In the process of
transformation, the capacity vehicles constraints and those
resulting from the set of orders are taken into account at both

first and second level. For 2E-CVRP variants, time and logic
constraints are also included.

The obtained optimization model after the transforma-
tion (T1)–(T9) has different decision variables (Table 3) and
different constraints than those in the MILP (1)–(24). Some
of the decision variables are redundant; other variables are
subject to aggregation. This results in a very large reduction
in their number. Decision variables before and after the
transformation are shown in Table 4.The transformation also
reduces or eliminates some of the constraints of the model
(Table 4):

min
𝑇𝑐

∑
𝑘=1

(𝑌𝑇
𝑘
⋅ 𝐾𝑐
𝑘
) +
𝑇𝑠

∑
𝑙

𝑋𝑇
𝑙
⋅ 𝐾𝑠
𝑙 (T1)

𝑇𝑐

∑
𝑘=1

𝑌𝑇
𝑘
≤ 𝑀
2 (T2)
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Table 7: (a) The results of numerical examples for 2E-CVRP-TW (hard windows). (b) The results of numerical examples for 2E-CVRP-TW
(soft windows, penalty = 30).

(a)

E-n13-k4 𝑇
40 50 60 70 80 90 100 110 130 150 160

E-n13-k4-01 — — — — — — 280 280 280 280 280
E-n13-k4-07 — 224 224 224 224 224 224 224 224 224 224
E-n13-k4-11 — — 304 276 276 276 276 276 276 276 276
E-n13-k4-20 — 294 280 276 276 276 276 276 276 276 276
E-n13-k4-26 — 248 248 248 248 248 248 248 248 248 248
E-n13-k4-32 — — 262 246 246 246 246 246 246 246 246
E-n13-k4-33 — 258 258 258 258 258 258 258 258 258 258
E-n13-k4-40 — 284 284 254 254 254 254 254 254 254 254
E-n13-k4-46 — — 308 308 280 280 280 280 280 280 280
E-n13-k4-54 — — — 324 304 304 304 304 304 304 304

(b)

E-n13-k4 𝑇
40 50 60 70 80 90 100 110 130 150 160

E-n13-k4-01 358 354 346 346 310 310 280 280 280 280 280
E-n13-k4-07 270 224 224 224 224 224 224 224 224 224 224
E-n13-k4-11 306 306 304 276 276 276 276 276 276 276 276
E-n13-k4-20 366 294 280 276 276 276 276 276 276 276 276
E-n13-k4-26 292 248 248 248 248 248 248 248 248 248 248
E-n13-k4-32 322 278 262 246 246 246 246 246 246 246 246
E-n13-k4-33 336 258 258 258 258 258 258 258 258 258 258
E-n13-k4-40 344 284 284 254 254 254 254 254 254 254 254
E-n13-k4-46 344 310 308 308 280 280 280 280 280 280 280
E-n13-k4-54 342 334 334 324 304 304 304 304 304 304 304

𝑇𝑐

∑
𝑘=1

𝑌𝑇
𝑘
⋅ 𝑊
𝑘,𝑗
= 1 for 𝑗 = 1, . . . , 𝑛

𝑐 (T3)

𝑇𝑐

∑
𝑘=1

𝑋
𝑘
⋅ 𝑊
𝑘,𝑖
⋅ 𝑃𝑐
𝑘
=
𝑇𝑠

∑
𝑙

𝑃𝑠
𝑙
⋅ 𝑈
𝑙,𝑖

for 𝑖 = 1, . . . , 𝑛
𝑠 (T4)

𝑛𝑠

∑
𝑖=1

𝑇𝑐

∑
𝑘=1

𝑌𝑇
𝑘
⋅ 𝑊
𝑘,𝑖
⋅ 𝑃𝑐
𝑘
=
𝑇𝑠

∑
𝑙

𝑃𝑠
𝑙 (T5)

𝑋𝑇
𝑙
⋅ 𝐾
1
≥ 𝑃𝑠
𝑙

for 𝑙 = 1, . . . , 𝑇𝑠 (T6)

𝑇𝑠

∑
𝑙=1

𝑋𝑇
𝑙
≤ 𝑀
1 (T7)

𝑌𝑇
𝑘
∈ {0, 1} for 𝑘 = 1, . . . , 𝑇𝑐 (T8)

𝑋𝑇
𝑙
∈ 𝐶 for 𝑙 = 1, . . . , 𝑇𝑠. (T9)

6. Computational Tests: Two-Echelon
Capacitated Vehicle Routing Problem

For the final validation of the proposed hybrid approach, the
benchmark data for 2E-CVRP was selected. 2E-CVRP, a well

described andwidely discussed problem, corresponded to the
issues to which our approach was applied.

The instances for computational exampleswere built from
the existing instances for CVRP [17] denoted as E-n13-k4. All
the instance sets can be downloaded from the website [18].
The instance set was composed of 5 instances with 1 depot, 12
customers, and 2 satellites. The full instance consisted of 66
instances because the two satellites were placed over twelve
customers in all 66 possible ways (number of combinations:
2 out of 12). All the instances had the same position for depot
and customers, whose coordinates were the same as those
of instance E-n13-k4. The instances differed in the choice of
two customers who were also satellites (En13-k4-4, En13-k4-
5, En13-k4-6, En13-k4-12, etc.).

Numerical experiments were conducted for the same data
in three runs. The first run was a classical implementation
of models (1)–(20) and its solution in the MP-based envi-
ronment (P1). The second run used the same environment
for models (1)–(24) with additional edge-cuts (P2). In the
next run the models (1)–(20) were transformed (T1)–(T9)
and solved in the proposed hybrid solution framework (P3).
The calculations were performed using a computer with
the following specifications: Intel(R) Core(TM) 2, 2 × 2,
40GHZ RAM 2GB. The analysis of the results for the
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Figure 3: (a) Example of 2E-CVRP transportation network for E-n13-k4-20 instance. (b) Example of 2E-CVRP transportation network for
E-n13-k4-20 instance with logic constraints. (c) Example of 2E-CVRP-TW transportation network for E-n13-k4-20 instance.

benchmark instances demonstrates that the hybrid approach
may be a superior approach to the classical mathematical
programming. For all the examples, the solutions were found
4–40 times faster than they are in the classical approach
(Table 5). In many cases the calculations ended after 600 s
as they failed to indicate that the solution was optimal. The
number of constraints (𝐶) and decision variables/integer
(𝑉/int𝑉) was, for example, P1, P2, and P3, respectively, 𝐶 =
1262, 𝑉 = 744/368 for P1, 𝐶 = 1982, 𝑉 = 744/368 for P2, and
𝐶 = 21, 𝑉 = 1082/1079 for P3. Thus, the combinatorial spaces
(𝑉 × 𝐶) for illustrative examples were

(i) P1 ≈ 1 000 000;
(ii) P2 ≈ 1 400 000;
(iii) P3 ≈ 22 700.

The logical relationship between mutually exclusive vari-
ableswas taken into account, which in real-world distribution
systems means that the same vehicle cannot transport two
types of selected goods or two points cannot be handled at
the same time.

Those constraints result from technological, marketing,
sales safety or competitive reasons. Only declarative applica-
tion environments based on constraint satisfaction problem

(CSP)make it possible to implement of this type of constraint.
Table 6 presents the results of the numerical experiments
conducted for 2E-CVRPs with logical constraints relating to
the situation where two delivery points (customers) can be
handled separately but not together in one route.

The final stage of the research was to optimize Two-
Echelon Capacitated VRP with Time Windows (2E-CVRP-
TW). This problem is the extension of 2E-CVRP where time
windows on the arrival or departure time at the satellites
and/or at the customers are considered. The time windows
can be hard or soft.This variant of the 2E-CVRP is extremely
important in a competitive environment.

In the first case the time windows cannot be violated,
while in the second one if they are violated a penalty cost
is paid. 2E-CVRP-TW has been implemented in a hybrid
environment.This was followed by the optimization problem
under the time constraints (time windows). There have been
experiments with both windows hard and windows soft. The
results are shown in Table 7(a) and Table 7(b). The impact of
these constraints on the value of the objective function can be
clearly seen. For instance E-n13-k4-20 also shows graphically
the optimal way of delivery (see Figure 3(a)) as well as the
impact on the route of logical constraints (Figure 3(b)) and
the time window (Figure 3(c)).
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7. Conclusion and Discussion on
Possible Extension

The efficiency of the proposed approach is based on the
reduction of the combinatorial problem and using the
best properties of both environments. The hybrid approach
(Table 3) makes it possible to find solutions in the shorter
time.

In addition to solving larger problems faster, the proposed
approach provides virtually unlimitedmodeling options with
many types of constraints. Therefore, the proposed solution
is recommended for decision-making problems under com-
petitions and that has a structure similar to the presented
models (Section 5). This structure is characterized by the
constraints and objective function in which the decision
variables are added together.

Further work will focus on running the optimization
models with nonlinear and other logical constraints, multi-
objective, uncertainty, and so on, in the hybrid optimization
framework.The planned experiments will employHSFCVRP
for Two-Echelon Capacitated VRP with Satellites Synchro-
nization, 2E-CVRP with Pickup and Deliveries, and other
VRP issues in Supply Chain Sustainability [19] and other
routing problems [20].
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In a B2C scenario, the retailer is confronted with two kinds of demand. One requires an immediate delivery after placing an order,
while the other prefers a delayed shipment due to some personal reasons. Considering demands for different delivery time, we
explore a newsvendormodel with resalable returns and an additional order to optimize the procurement decision under a stochastic
demand distribution. The impact of the proportion of the instant delivery needs and the return rate on the order quantity and the
expected profit is illustrated through numerical tests. It is shown that the expected profit decreases as the ratios of immediate
delivery needs and returned products increase. Besides, if the sum of the percentage of the instant delivery needs and the return
rate is less than 1, the expected profit is always greater than the result if the sum of them is equal to or greater than 1. Management
implications are also discussed.

1. Introduction

Consider the following scenario. Kevin places an order for
a free-size navy-blue hoodie online on Monday. In order to
get the hoodie as soon as possible, he prefers the immediate
delivery. Meanwhile, Jason orders the same hoodie in the
same online shop.However, because of a business trip, he asks
for his hoodie being sent at least five days later. The next day,
Kevin receives his hoodie as scheduled, but it turns out that
the color seems so much darker than the one shown on the
Internet that he decides to return it instantly. Afterwards, the
online shop sends the hoodie that Kevin returned to Jason on
Saturday, and Jason is quite satisfied with the product and the
timing.

In this scenario, what Kevin and Jason experience is quite
prevalent nowadays. With the booming of E-commerce, the
number of consumers shopping online shoots up. Comparing
to the in-store shopping, however, online consumers aremore
likely to return products due to a lack of seeing, touching,
and trying the commodities, which results in the return
rate ranging from 18% to 74% [1]. Since consumers return
products due to their personal reasons, most of the returns

are in good condition and can be resold directly once received
by the e-tailer. In this sense, managing the returns becomes
an integral part of e-tailers’ supply chain management. For
instance, when deciding the procurement quantity at the very
beginning, the B2C retailermust take the quantity of resalable
returns into account. Additionally, as shown in the previous
example, another difference between the online shopping and
the in-store shopping is that, in traditional brick-and-mortar
shopping, consumers can get the product instantaneously
once it is paid. When consumers are shopping on the
Internet, they are free to choose an instant delivery or a
delayed delivery. In this case, the B2C retailer is confronted
with two kinds of demand, which complicate the process
of decision-making about the replenishment quantity. One
demand prefers the immediate delivery after placing an order,
while the other asks for the delayed shipment. Since the
sales in former case may be lost when there is a shortage,
the retailer needs to order and decide the procurement
quantity at the beginning of the sales period, which is used
to meet the instant delivery needs. As to the consumers
requiring the delayed delivery, the retailer can satisfy them
with the returns arriving before the end of the selling period,
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the remaining stocks of the initial replenishment (if any),
and a second order. Based on the abovementioned reasons,
both the quantity of resalable returns and the demands for
either immediate or delayed delivery have a great influence
on inventory management of B2C retailers. Thus, Internet
retailers’ flexibility in deciding the order quantity is of vital
importance, which aims at maximizing their profit as well as
achieving an optimal service level.

Since returns play such an important role in deciding
order quantity, much of the existing literature dealing with
procurement decisions considers the case with returns that
need recovery, remanufacture, or recycle [2, 3]. They mainly
analyze the impact of the quality and quantity of the returned
goods and the lead-time to refurbish them on the decision-
making about the order quantity. Generally, this kind of
problem focuses on the traditional business because when
shopping at the physical store, consumers can have a better
overall idea about the product’s size, texture, appearance, and
performance before purchasing. Hence, the ratio of returns
due to quality problems or the end of service life is much
larger than the ratio of returns due to personal preference
[4]. Besides, most of the former returns need refurbishing,
remanufacturing, or recovery. So, in the background of
traditional business, the research usually focuses on returned
products with quality problem, which is refurbished or
recovered before reselling to the market.

In contrast with consumers shopping at the physical store,
online consumers evaluate the commodity through pictures
displayed on the website. Therefore, they return products
mostly becausewhat they get eventually is different fromwhat
they saw on the Internet. The ratio of returns as good as
new constitutes a large amount of total returns [5]. When
deciding the order quantity, the quantity of the resalable
returns should be taken into account. So, another stream
of literature modeling procurement decisions has emerged,
analyzing the effect of the quantity of resalable returns [1, 5, 6]
and the return policy [7–10] on the order quantity of Internet
retailers.

In the context of E-commerce, not only do the returns
affect the replenishment decision, but also demands for
different delivery timehave influence on it.Online consumers
can choose between receiving the product as soon as possible
and delaying the delivery time, which is the unique feature
of online shopping differing from in-store shopping. To the
best of our knowledge, few literatures consider the different
delivery time. Hence, we extend existing research to the case
considering demands for different delivery options as well as
the returns.

Previous literature models a procurement decision with
returns from the perspectives of either the single period or the
multiperiod, depending on the properties of the products in
the research. In contrast with the products in themultiperiod
model, the goods in a single period model are highly
seasonal or more perishable [11]. In the context of e-business,
commodities with short period and seasonal characteristics
such as apparel and personal electronics account for most
of the sales [12], which leads us to formulate the problem
based on a single period model (also known as the newsboy
or newsvendor model).

Comparing to the classic newsvendormodel that only one
order is placed before the beginning of the sales period, a
recourse case is proposed where an additional replenishment
takes place during or at the end of the period [13–15].
Research on the single period problem with a second order
points out that an additional order chance can effectively
improve the accuracy of demand forecasting and increase
revenue. However, existing research dealing with a second
procurement ignores the effect of returns. Besides, research
considers returns without taking an additional order into
account. Thus, we extend the classic newsvendor model to
the one considering both resalable returns and an additional
order simultaneously.

For brevity, the following novel contributions differen-
tiate our model from the abovementioned literature. First
of all, in a B2C scenario, the delivery time uncertainty is
considered.We distinguish the demand asking for immediate
delivery from the demand requiring delayed shipment and
analyze their impact on the procurement decisions and the
expected profit of the B2C retailer. Additionally, we extend
the newsboy problem to themodel considering both resalable
returns and a second order simultaneously. Considering
demands for different delivery time, resalable returns, and an
additional replenishment, we formulate the problembased on
the newsvendor model to analyze the order quantity that not
only maximizes Internet retailers’ profit but also optimizes
their service level.

The remainder of the paper is organized as follows.
Section 2 reviews the relevant literature and points out the
characteristics of the paper. Section 3 delineates the problem
in detail. Section 4 introduces the notation and formulates
the expected profit function of the B2C retailer. In Section 5,
a brief numerical illustration is presented, from which some
observations andmanagement implications are deduced. Last
but not least, Section 6 summarizes the findings of the paper
and shows some extensions.

2. Literature Review

Research concentrating on procurement decisions has been
increasing rapidly.There are three streams of research related
to our problem.The first stream focuses on used returns that
need to be refurbished before reselling. Providing the demand
is known and returns are stochastic; Ferrer [16] presents
a remanufacturing procedure with only one collection site.
Robotis et al. [17] extend Ferrer’s system to two collection
sites storing two distinct returned products, respectively.
Based on the system proposed by Robotis et al., Webster
and Weng [11] examine a system with two collection sites
and one refurbishing site. Not only do they derive the
optimal production and procurement quantities maximizing
the profit of the entire supply chain, but also they figure
out under what condition it is better to use only one of the
collection sites. Additionally, since timely quality information
is of vital importance, Teng et al. [10] demonstrate a quality
classification scheme for the automotive industry. In a similar
vein, Ferguson et al. [4] further explore the value of classifi-
cation according to different quality levels. In order to timely
evaluate the quality of returns, Panagiotidou et al. [2] study
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the sampling inspection in a remanufacturing system, which
improves the procurement decision. The aforesaid literature
mainly concentrates on returns from offline consumers.
Because they can have a better understanding of products
before purchasing, offline consumers usually return products
because of quality problems. So, the quality and quantity
of returns and the lead-time to remanufacture them are
considered. In contrast, we concentrate on the intact returns,
the quality of which is as good as the new.There is no need to
recover the returned products and they can be resold after a
quick quality check.

Returns requiring refurbishing or recovery take the lion’s
share of total returns in the background of traditional
business. However, since online consumers make purchase
decisions mostly based on picture on the Internet, their
likelihood to return intact products is high due to the fact
that the item they receive is usually far from what they
expected. In most cases, the items they return have no
difference from brand new commodities. So a second group
of literature deals with this kind of returned products, which
can be resold instantly. According to the values of the cost
coefficients, Vlachos and Dekker [5] first study the optimal
replenishment strategies with uncontrollable return flows.
Under the condition of various return options, they derive
different optimal order quantities. Mostard and Teunter [1]
relax two hypotheses in the research of Vlachos and Dekker,
which assume that commodities can be returned only once
and the proportion of the returns is fixed. In the model of
Mostard and Teunter, products can be returned more than
once. Furthermore, in consideration of the variability in the
percentage of returns, they figure out a closed-form equation
determining the optimal order quantity. Last but not least,
using real data from a mail order enterprise, they compare
the procurement quantity deduced from their model to those
presented by Vlachos and Dekker and to the original order
quantity of the company. Most of the earlier research uses
historical data to forecast the mean and standard deviation
of demand. In practice, however, sales data of highly seasonal
products is difficult to obtain. Mostard et al. [6] extend the
newsvendor problem to a distribution-free one with resalable
returns. Even though the existing literature analyzes the
impact of resalable returns on procurement decisions, few
of them take an additional order into consideration at the
same time, which can significantly improve the accuracy of
demand forecast and increase profit.

Comparing to the classic newsvendor model, where the
order can only be placed once before the sales period,
Gallego and Moon [13] analyze a recourse case based on
the distribution-free newsvendor problem. The unsatisfied
demand is assumed to be deterministic and can be met
by an additional replenishment at the end of the season.
Kodama [18] discusses a sophisticated situation with returns
to manufacturer in the case of surplus and a second order
in the case of stock-out. Two cases are considered. One is
the demand that occurs once only at a particular point of
the period. The other is the demand that follows a general
demand pattern. Similarly, Khouja [14] extends the model
of Gallego and Moon to the case that a ratio of the unmet
demand is lost immediately and the remainder is satisfied

by an emergency order. In contrast, H. S. Lau and A. H. L.
Lau [15] introduce the additional order quantity as a second
decision variable, which is determined during the midseason
compared to the first order quantity determined at the start of
the sales period.The coordination between these twodecision
variables is of vital importance. Previous research considering
an additional order ignores the effect of returns. Also, as
mentioned, research dealing with returns does not analyze
the influence of a second order.

So far, few literatures consider both resalable returns and
a second order aswe do. Besides,most of the abovementioned
research explores the problem in the setting of offline business
and refers to the same method in the context of e-business.
But consumers are free to choose either an instant delivery or
a delayed delivery while shopping online, which differentiates
the e-shopping from the in-store shopping. The B2C retailer
should take the impact of different delivery time on inventory
into considerationwhen deciding the replenishment quantity
at the very beginning. Therefore, based on a newsvendor
model, we consider demands for different delivery options,
returns, and a second order simultaneously and formulate
and optimize the expected profit of the B2C retailer.

3. Problem Description

In the setting of E-commerce, the demand 𝑥 for a single
product is stochastic, which follows a distribution function
𝐹(𝑥) and a probability density function 𝑓(𝑥). Since the
delivery time can be customized to the needs of consumers,
demand is classified into two types by the different delivery
time that consumers require. Consumers preferring the
immediate delivery after placing an order account for 𝛼

percent (according to historical data, 𝛼 is a constant) of the
total demand, while the proportion of consumers asking for
a delayed delivery because of some personal reasons is (1−𝛼).
Before the sales period, the vendor needs to estimate the
demand asking for instant delivery and to decide the initial
order quantity 𝑄

1
, the only decision variable in the model.

The retailer purchases at the price 𝑐
𝑝
per unit ordered and sells

at the price 𝑝 per unit sold. All the commodities replenished
before the selling season are used to meet the instant delivery
needs. Due to forecast errors, this kind of demand is lost at the
cost 𝑐
𝑠
per shortage once there is a stock-out. Otherwise, the

remaining stocks are used to satisfy the demand, preferring
delayed delivery. Meanwhile, returns arriving before the end
of the selling season are assumed to be of the same quality
as new products and resold to meet the delayed delivery
needs at the same price. Consumers receive a full refund if
products are returned. Since the number of returned products
is uncontrollable, we assume that the returns comprise 𝛽

percent of total sales. The vendor pays at the unit cost 𝑐
𝑚
to

collect, inspect, repack, and restock the returned products.
Compared to the classic newsboy model, if the demand
requiring delayed delivery is higher than the remaining stocks
of the first procurement (if any) and the returned products,
according to the unmet needs, an additional order is allowed
in our model. Of course, the second order at the end leads
to higher purchase cost 𝑐

𝑝
. At the end of the season, unsold

products are disposed at the unit cost 𝑐
𝑑
without salvage value.
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4. Notation and Models

Notation

𝑥: Demand

𝑄
0
: First order quantity

𝑄
1
: Second order quantity

𝛼: Proportion of demand requiring instant delivery
(1 < 𝛼 < 0)

𝛽: Proportion of returns (1 < 𝛽 < 0)

𝑝: Unit selling price

𝑐
𝑝
: First order purchase cost per product

𝑐
𝑝
: Second order purchase cost per product

𝑐
𝑠
: Penalty cost per shortage

𝑐
𝑑
: Disposal cost per product

𝑐
𝑚
: Return management cost per returned product

𝜋: Profit

𝑄
0

∗: Optimal order quantity

𝐸𝜋(𝑄
0
): Expected profit for the order quantity 𝑄

0
.

The problem described in the former part has only one
decision variable: the first order quantity 𝑄

0
. 𝑄
1
is placed at

the end of the season after observing the unsatisfied demand.
Formulating the expected profit for the replenishment quan-
tity𝑄
0
, we derive the optimal order quantity𝑄

0

∗.We begin to
formulate and optimize the model from the situation without
returns, based on which the model considering returns is
formulated and optimized.

4.1. Model without Returns

Case A (𝛼𝑥 ≥ 𝑄
0
,𝑄
1
= (1−𝛼)𝑥).The profit of the B2C vendor

when the first order quantity is 𝑄
0
and the demand is 𝑥 is

𝜋 (𝑄
0
, 𝑥) = 𝑝𝑄

0
+ 𝑝 (1 − 𝛼) 𝑥 − 𝑐

𝑝
𝑄
0
− 𝑐
𝑝
𝑄
1
− 𝑐
𝑠
(𝛼𝑥 − 𝑄

0
) .

(1)

Case B (𝛼𝑥 < 𝑄
0
, 𝑄
1
= max{(1 − 𝛼)𝑥 − (𝑄

0
− 𝛼𝑥), 0}). The

profit of the B2C vendor when the first order quantity is 𝑄
0

and the demand is 𝑥 is

𝜋 (𝑄
0
, 𝑥) = 𝑝𝛼𝑥 + 𝑝 (1 − 𝛼) 𝑥 − 𝑐

𝑝
𝑄
0
− 𝑐
𝑝
𝑄
1

− 𝑐
𝑑
max {(𝑄

0
− 𝛼𝑥) − (1 − 𝛼) 𝑥, 0} .

(2)

Let

𝐻(𝑄
0
, 𝑥) = 𝑝min {𝛼𝑥, 𝑄

0
} + 𝑝 (1 − 𝛼) 𝑥 − 𝑐

𝑝
𝑄
0
, (3)

𝐺
1
(𝑄
0
, 𝑥) = 𝑐

𝑝
𝑄
1
+ 𝑐
𝑠
(𝛼𝑥 − 𝑄

0
) , (4)

𝐺
2
(𝑄
0
, 𝑥) = 𝑐

𝑝
𝑄
1
+ 𝑐
𝑑
max {(𝑄

0
− 𝛼𝑥) − (1 − 𝛼) 𝑥} . (5)

Combining (3), (4), and (5) gives

𝜋 (𝑄
0
, 𝑥) =

{

{

{

𝐻(𝑄
0
, 𝑥) − 𝐺

1
(𝑄
0
, 𝑥) 𝑥 ≥

𝑄
0

𝛼

𝐻 (𝑄
0
, 𝑥) − 𝐺

2
(𝑄
0
, 𝑥) otherwise.

(6)

The expected profit of the B2C retailer is

𝐸𝜋 (𝑄
0
, 𝑥) = ∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

− ∫

𝑄0/𝛼

0

𝐺
2
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

− ∫

∞

𝑄0/𝛼

𝐺
1
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥.

(7)

Taking the derivative of (3), (4), and (5),

𝑑

𝑑𝑄
0

∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

= ∫

𝑄0/𝛼

0

𝑑

𝑑𝑄
0

𝑝 (𝛼𝑥 − 𝑄
0
) 𝑓 (𝑥) 𝑑𝑥 + (𝑝 − 𝑐

𝑝
)

= −𝑝𝐹(

𝑄
0

𝛼

) + (𝑝 − 𝑐
𝑝
) ,

(8)

𝑑

𝑑𝑄
0

∫

∞

𝑄0/𝛼

𝐺
1
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

= ∫

∞

𝑄0/𝛼

𝑑

𝑑𝑄
0

𝑐
𝑠
(𝛼𝑥 − 𝑄

0
) 𝑓 (𝑥) 𝑑𝑥

− 𝑐
𝑝
(1 − 𝛼)

𝑄
0

𝛼

𝑓(

𝑄
0

𝛼

)

1

𝛼

= −𝑐
𝑠
[1 − 𝐹(

𝑄
0

𝛼

)] − 𝑐
𝑝
(1 − 𝛼)

𝑄
0

𝛼

𝑓(

𝑄
0

𝛼

)

1

𝛼

,

(9)

𝑑

𝑑𝑄
0

∫

𝑄0/𝛼

0

𝐺
2
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

=

𝑑

𝑑𝑄
0

∫

𝑄0/𝛼

0

[𝑐
𝑝
(𝑥 − 𝑄

0
)
+

+ 𝑐
𝑑
(𝑄
0
− 𝑥)
+

] 𝑓 (𝑥) 𝑑𝑥

= 𝑐
𝑝
(

𝑄
0

𝛼

− 𝑄
0
)𝑓(

𝑄
0

𝛼

)

1

𝛼

+ ∫

𝑄0

0

𝑑

𝑑𝑄
0

𝑐
𝑑
(𝑄
0
− 𝑥)𝑓 (𝑥) 𝑑𝑥

+ ∫

𝑄0/𝛼

𝑄0

𝑑

𝑑𝑄
0

𝑐
𝑝
(𝑥 − 𝑄

0
) 𝑓 (𝑥) 𝑑𝑥

= 𝑐
𝑝
(

𝑄
0

𝛼

− 𝑄
0
)𝑓(

𝑄
0

𝛼

)

1

𝛼

+ 𝑐
𝑑
𝐹 (𝑄
0
)

− 𝑐
𝑝
[𝐹 (

𝑄
0

𝛼

) − 𝐹 (𝑄
0
)] .

(10)
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Combining (8), (9), and (10) gives

𝑑

𝑑𝑄
0

𝐸𝜋 (𝑄
0
, 𝑥)

= −𝑝𝐹(

𝑄
0

𝛼

) + (𝑝 − 𝑐
𝑝
) + 𝑐
𝑠
[1 − 𝐹(

𝑄
0

𝛼

)]

− 𝑐
𝑑
𝐹 (𝑄
0
) + 𝑐
𝑝
[𝐹 (

𝑄
0

𝛼

) − 𝐹 (𝑄
0
)]

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
− 𝑐
𝑝
) 𝐹 (

𝑄
0

𝛼

)

− (𝑐
𝑑
+ 𝑐
𝑝
) 𝐹 (𝑄

0
) .

(11)

So (𝑑
2
/𝑑
2
𝑄
0
)𝐸𝜋(𝑄

0
, 𝑥) = −(𝑝 + 𝑐

𝑠
− 𝑐
𝑝
)𝑓(𝑄
0
/𝛼)(1/𝛼) − (𝑐

𝑑
+

𝑐
𝑝
)𝑓(𝑄
0
).

Because (𝑑
2
/𝑑
2
𝑄
0
)𝐸𝜋(𝑄

0
, 𝑥) < 0, 𝐸𝜋(𝑄

0
, 𝑥) is strictly

concave.
Let (𝑑/𝑑𝑄

0
)𝐸𝜋(𝑄

0
, 𝑥) = 0.

Denote 𝑟 = (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
)/(𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
) and 1 − 𝑟 = (𝑐

𝑑
+

𝑐
𝑝
)/(𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
).

Then, (𝑝+𝑐
𝑠
−𝑐
𝑝
)−(𝑝+𝑐

𝑠
+𝑐
𝑑
)[𝑟𝐹(𝑄

0
/𝛼)+(1−𝑟)𝐹(𝑄

0
)] = 0.

As 𝐹(𝑥) is a cumulative distribution function (of course
nondecreasing function), we can derive

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
)

× [𝑟𝐹 (

𝑄
0

𝛼

) + (1 − 𝑟) 𝐹 (

𝑄
0

𝛼

)] ≤ 0,

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
) [𝑟𝐹 (𝑄

0
) + (1 − 𝑟) 𝐹 (𝑄

0
)] ≥ 0.

(12)

The optimal order quantity 𝑄
0

∗ belongs to a closed interval

𝑄
0

∗
∈ [𝛼𝐹

−1
(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑

) , 𝐹
−1

(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑

)] . (13)

4.2. Model with Returns

Case A (𝛼𝑥 ≥ 𝑄
0
,𝑄
1
= max{(1 − 𝛼)𝑥 − 𝛽[𝑄

0
+ (1 − 𝛼)𝑥], 0}).

The profit of the B2C vendor when the first order quantity is
𝑄
0
and the demand is 𝑥 is

𝜋 (𝑄
0
, 𝑥) = 𝑝𝑄

0
+ 𝑝 (1 − 𝛼) 𝑥 − (𝑝 + 𝑐

𝑚
) 𝛽 [𝑄

0
+ (1 − 𝛼) 𝑥]

− 𝑐
𝑠
(𝛼𝑥 − 𝑄

0
) − 𝑐
𝑝
𝑄
0
− 𝑐
𝑝
𝑄
1

− 𝑐
𝑑
max {𝛽 [𝑄

0
+ (1 − 𝛼) 𝑥] − (1 − 𝛼) 𝑥, 0} .

(14)

Case B (𝛼𝑥 < 𝑄
0
, 𝑄
1
= max{(1 − 𝛼)𝑥 − 𝛽𝑥 − (𝑄

0
− 𝛼𝑥), 0}).

The profit of the B2C vendor when the first order quantity is
𝑄
0
and the demand is 𝑥 is

𝜋 (𝑄
0
, 𝑥) = 𝑝𝛼𝑥 + 𝑝 (1 − 𝛼) 𝑥 − (𝑝 + 𝑐

𝑚
) 𝛽𝑥 − 𝑐

𝑝
𝑄
0
− 𝑐
𝑝
𝑄
1

− 𝑐
𝑑
max {𝛽𝑥 + (𝑄

0
− 𝛼𝑥) − (1 − 𝛼) 𝑥, 0} .

(15)

Let

𝐻(𝑄
0
, 𝑥) = 𝑝min {𝛼𝑥 − 𝑄

0
, 0} + 𝑝 (1 − 𝛼) 𝑥 − (𝑝 + 𝑐

𝑚
) 𝛽𝑥

− 𝑐
𝑠
max {𝛼𝑥 − 𝑄

0
, 0} + (𝑝 − 𝑐

𝑝
)𝑄
0
,

(16)

𝐺
1
(𝑄
0
, 𝑥) = 𝑐

𝑝
𝑄
1
− (𝑝 + 𝑐

𝑚
) (𝑄
0
− 𝛼𝑥) 𝛽

+ 𝑐
𝑑
max {𝛽 [𝑄

0
+ (1 − 𝛼) 𝑥] − (1 − 𝛼) 𝑥, 0} ,

(17)

𝐺
2
(𝑄
0
, 𝑥) = 𝑐

𝑝
𝑄
1
+ 𝑐
𝑑
max {𝛽𝑥 + (𝑄

0
− 𝛼𝑥) − (1 − 𝛼) 𝑥, 0} .

(18)

Combining (16), (17), and (18) gives

𝜋 (𝑄
0
, 𝑥) =

{

{

{

𝐻(𝑄
0
, 𝑥) − 𝐺

1
(𝑄
0
, 𝑥) 𝑥 ≥

𝑄
0

𝛼

𝐻 (𝑄
0
, 𝑥) − 𝐺

2
(𝑄
0
, 𝑥) otherwise.

(19)

The expected profit of the B2C retailer is

𝐸𝜋 (𝑄
0
, 𝑥) = ∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

− ∫

𝑄0/𝛼

0

𝐺
2
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

− ∫

∞

𝑄0/𝛼

𝐺
1
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥.

(20)

Taking the derivative of (16), (17), and (18),

𝑑

𝑑𝑄
0

∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

= ∫

𝑄0/𝛼

0

𝑑

𝑑𝑄
0

𝑝 (𝛼𝑥 − 𝑄
0
) 𝑓 (𝑥) 𝑑𝑥

+ ∫

∞

𝑄0/𝛼

𝑑

𝑑𝑄
0

[−𝑐
𝑠
(𝛼𝑥 − 𝑄

0
)] + (𝑝 − 𝑐

𝑝
)

= ∫

𝑄0/𝛼

0

−𝑝𝑓 (𝑥) 𝑑𝑥 + ∫

∞

𝑄0/𝛼

𝑐
𝑠
𝑓 (𝑥) 𝑑𝑥 + (𝑝 − 𝑐

𝑝
)

= −𝑝𝐹(

𝑄
0

𝛼

) + 𝑐
𝑠
[1 − 𝐹(

𝑄
0

𝛼

)] + (𝑝 − 𝑐
𝑝
)

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
) 𝐹 (

𝑄
0

𝛼

) ,

(21)
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(∗) =

𝑑

𝑑𝑄
0

∫

∞

𝑄0/𝛼

𝐺
1
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

=

𝑑

𝑑𝑄
0

∫

∞

𝑄0/𝛼

{𝑐
𝑝
[(1 − 𝛼) 𝑥 − 𝛽 (𝑄

0
+ (1 − 𝛼) 𝑥)]

+

+ 𝑐
𝑑
[𝛽 (𝑄
0
+ (1 − 𝛼) 𝑥) − (1 − 𝛼) 𝑥]

+

−𝛽 (𝑝 + 𝑐
𝑚
) (𝑄
0
− 𝛼𝑥) } 𝑓 (𝑥) 𝑑𝑥

= 𝑔 (𝑄
0
) + ∫

∞

𝑄0/𝛼

𝑑

𝑑𝑄
0

× {𝑐
𝑝
[(1 − 𝛼) 𝑥 − 𝛽 (𝑄

0
+ (1 − 𝛼) 𝑥)]

+

+ 𝑐
𝑑
[𝛽 (𝑄
0
+ (1 − 𝛼) 𝑥) − (1 − 𝛼)𝑥]

+

−𝛽 (𝑝 + 𝑐
𝑚
) (𝑄
0
− 𝛼𝑥) } 𝑓 (𝑥) 𝑑𝑥

= 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
) [1 − 𝐹(

𝑄
0

𝛼

)]

+ ∫

∞

𝑄0/𝛼

𝑑

𝑑𝑄
0

{𝑐
𝑝
[(1 − 𝛼) (1 − 𝛽) 𝑥 − 𝛽𝑄

0
]
+

+ 𝑐
𝑑
[𝛽𝑄
0
− (1 − 𝛼) (1 − 𝛽)𝑥]

+

}𝑓(𝑥)𝑑𝑥,

(22)

where 𝑔(𝑄
0
) = −(1/𝛼)𝑓(𝑄

0
/𝛼){𝑐
𝑝
[(1 − 𝛼)(𝑄

0
/𝛼) − 𝛽(𝑄

0
/

𝛼)]
+
+ 𝑐
𝑑
[𝛽(𝑄
0
/𝛼) − (1 − 𝛼)(𝑄

0
/𝛼)]
+
} and

(∗∗) =

𝑑

𝑑𝑄
0

∫

∞

𝑄0/𝛼

𝐺
2
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥

= −𝑔 (𝑄
0
) + ∫

𝑄0/𝛼

0

𝐺
2
(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥.

(23)

(i) Consider 𝛼 < 1 − 𝛽 and then 𝛽/(1 − 𝛽)(1 − 𝛼) < 1/𝛼:

(∗) = 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
) [1 − 𝐹(

𝑄
0

𝛼

)]

+ ∫

∞

𝑄0/𝛼

𝑑

𝑑𝑄
0

𝑐
𝑝
[(1 − 𝛼) (1 − 𝛽) 𝑥 − 𝛽𝑄

0
] 𝑓 (𝑥) 𝑑𝑥

= 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
) [1 − 𝐹(

𝑄
0

𝛼

)]

− 𝛽𝑐
𝑝
[1 − 𝐹(

𝑄
0

𝛼

)]

= 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
) [1 − 𝐹(

𝑄
0

𝛼

)] ,

(24)

(∗∗) = −𝑔 (𝑄
0
) + ∫

𝑄0/𝛼

𝑄0/(1−𝛽)

𝑑

𝑑𝑄
0

𝑐
𝑝
[(1 − 𝛽) 𝑥 − 𝑄

0
] 𝑓 (𝑥) 𝑑𝑥

+ ∫

𝑄0/(1−𝛽)

0

𝑑

𝑑𝑄
0

𝑐
𝑑
[𝑄
0
− (1 − 𝛽) 𝑥] 𝑓 (𝑥) 𝑑𝑥

= −𝑔 (𝑄
0
) − 𝑐
𝑝
[𝐹(

𝑄
0

𝛼

) − 𝐹(

𝑄
0

1 − 𝛽

)] + 𝑐
𝑑
𝐹(

𝑄
0

1 − 𝛽

)

= −𝑔 (𝑄
0
) − 𝑐
𝑝
𝐹(

𝑄
0

𝛼

) + (𝑐
𝑝
+ 𝑐
𝑑
) 𝐹(

𝑄
0

1 − 𝛽

) .

(25)

Combining (21), (24), and (25) gives

𝑑

𝑑𝑄
0

𝐸𝜋 (𝑄
0
, 𝑥)

=

𝑑

𝑑𝑄
0

∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥 − (∗) − (∗∗)

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
) 𝐹 (

𝑄
0

𝛼

) + 𝛽 (𝑝 + 𝑐
𝑚

+ 𝑐
𝑝
)

− [𝛽 (𝑝 + 𝑐
𝑚

+ 𝑐
𝑝
) − 𝑐
𝑝
] 𝐹(

𝑄
0

1 − 𝛽

)

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
− 𝑐
𝑝
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)] 𝐹 (

𝑄
0

𝛼

)

− (𝑐
𝑝
+ 𝑐
𝑑
) 𝐹(

𝑄
0

1 − 𝛽

) .

(26)

Let (𝑑/𝑑𝑄
0
)𝐸𝜋(𝑄

0
, 𝑥) = 0.

Denote 𝑟 = (𝑝+𝑐
𝑠
−𝑐
𝑝
+𝛽(𝑝+𝑐

𝑚
+𝑐
𝑝
))/(𝑝+𝑐

𝑠
+𝑐
𝑑
+𝛽(𝑝+

𝑐
𝑚

+ 𝑐
𝑝
)) and 1 − 𝑟 = (𝑐

𝑝
+ 𝑐
𝑑
)/(𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
+ 𝛽(𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)).

Then, (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽(𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
) − [𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
+ 𝛽(𝑝 +

𝑐
𝑚

+ 𝑐
𝑝
)][𝑟𝐹(𝑄

0
/𝛼) + (1 − 𝑟)𝐹(𝑄

0
/(1 − 𝛽))] = 0.

As 𝐹(𝑥) is a cumulative distribution function (of course
nondecreasing function), we can derive

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)]

× [𝑟𝐹 (

𝑄
0

𝛼

) + (1 − 𝑟) 𝐹 (

𝑄
0

𝛼

)] ≤ 0,

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)]

× [𝑟𝐹(

𝑄
0

1 − 𝛽

) + (1 − 𝑟) 𝐹(

𝑄
0

1 − 𝛽

)] ≥ 0.

(27)
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The optimal order quantity 𝑄
0

∗ belongs to a closed interval

𝑄
0

∗
∈ [𝛼𝐹

−1
(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

) ,

(1 − 𝛽) 𝐹
−1

(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

)] .

(28)

(ii) Consider 𝛼 ≥ 1 − 𝛽 and then 𝛽/(1 − 𝛽)(1 − 𝛼) ≥ 1/𝛼:

(∗) = 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
) [1 − 𝐹(

𝑄
0

𝛼

)]

+ ∫

∞

𝛽𝑄0/(1−𝛽)(1−𝛼)

𝑑

𝑑𝑄
0

𝑐
𝑝
[(1 − 𝛼) (1 − 𝛽) 𝑥 − 𝛽𝑄

0
]

× 𝑓 (𝑥) 𝑑𝑥

+ ∫

𝛽𝑄0/(1−𝛽)(1−𝛼)

𝑄0/𝛼

𝑑

𝑑𝑄
0

𝑐
𝑑
[𝛽𝑄
0
− (1 − 𝛼) (1 − 𝛽) 𝑥]

× 𝑓 (𝑥) 𝑑𝑥

= 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
) [1 − 𝐹(

𝑄
0

𝛼

)]

− 𝛽𝑐
𝑝
[1 − 𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

)]

+ 𝛽𝑐
𝑑
𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

) − 𝐹(

𝑄
0

𝛼

)

= 𝑔 (𝑄
0
) − 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑑
) 𝐹 (

𝑄
0

𝛼

)

+ 𝛽 (𝑐
𝑝
+ 𝑐
𝑑
) 𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

) ,

(29)

(∗∗) = −𝑔 (𝑄
0
) + ∫

𝑄0/𝛼

0

𝑑

𝑑𝑄
0

𝑐
𝑑
[𝑄
0
− (1 − 𝛽) 𝑥] 𝑓 (𝑥) 𝑑𝑥

= −𝑔 (𝑄
0
) + ∫

𝑄0/𝛼

0

𝑐
𝑑
𝑓 (𝑥) 𝑑𝑥 = −𝑔 (𝑄

0
) + 𝑐
𝑑
𝐹(

𝑄
0

𝛼

) .

(30)

Combining (21), (29), and (30) gives

𝑑

𝑑𝑄
0

𝐸𝜋 (𝑄
0
, 𝑥)

=

𝑑

𝑑𝑄
0

∫

∞

0

𝐻(𝑄
0
, 𝑥) 𝑓 (𝑥) 𝑑𝑥 − (∗) − (∗∗)

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) − (𝑝 + 𝑐

𝑠
) 𝐹 (

𝑄
0

𝛼

) + 𝛽 (𝑝 + 𝑐
𝑚

− 𝑐
𝑝
)

− 𝛽 (𝑝 + 𝑐
𝑚

− 𝑐
𝑑
) 𝐹 (

𝑄
0

𝛼

)

− 𝛽 (𝑐
𝑝
+ 𝑐
𝑑
) 𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

) − 𝑐
𝑑
𝐹(

𝑄
0

𝛼

)

= (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑑
)] 𝐹 (

𝑄
0

𝛼

)

− 𝛽 (𝑐
𝑝
+ 𝑐
𝑑
) 𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

) .

(31)

Let (𝑑/𝑑𝑄
0
)𝐸𝜋(𝑄

0
, 𝑥) = 0.

Denote 𝑟 = (𝑝+𝑐
𝑠
+𝑐
𝑑
+𝛽(𝑝+𝑐

𝑚
−𝑐
𝑑
))/(𝑝+𝑐

𝑠
+𝑐
𝑑
+𝛽(𝑝+

𝑐
𝑚
+ 𝑐
𝑝
)) and 1 − 𝑟 = 𝛽(𝑐

𝑝
+ 𝑐
𝑑
)/(𝑝 + 𝑐

𝑠
+ 𝑐
𝑑
+ 𝛽(𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)).

Then, (𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽(𝑝+ 𝑐

𝑚
− 𝑐
𝑝
) − [𝑝+ 𝑐

𝑠
+ 𝑐
𝑑
+𝛽(𝑝+ 𝑐

𝑚

+ 𝑐
𝑝
)][𝑟𝐹(𝑄

0
/𝛼) + (1 − 𝑟)𝐹(𝛽𝑄

0
/(1 − 𝛽)(1 − 𝛼))] = 0.

As 𝐹(𝑥) is a cumulative distribution function (of course
nondecreasing function), we can derive

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)]

× [𝑟𝐹 (

𝑄
0

𝛼

) + (1 − 𝑟) 𝐹 (

𝑄
0

𝛼

)] ≥ 0,

(𝑝 + 𝑐
𝑠
− 𝑐
𝑝
) + 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑝
)

− [𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)]

× [𝑟𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

) + (1 − 𝑟) 𝐹(

𝛽𝑄
0

(1 − 𝛽) (1 − 𝛼)

)]

≤ 0.

(32)

The optimal order quantity 𝑄
0

∗ belongs to a closed interval

𝑄
0

∗
∈[

(1 − 𝛽) (1 − 𝛼)

𝛽

𝐹
−1

(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝
+ 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑝
)

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

),

𝛼𝐹
−1

(

𝑝 + 𝑐
𝑠
− 𝑐
𝑝
+ 𝛽 (𝑝 + 𝑐

𝑚
− 𝑐
𝑝
)

𝑝 + 𝑐
𝑠
+ 𝑐
𝑑
+ 𝛽 (𝑝 + 𝑐

𝑚
+ 𝑐
𝑝
)

)] .

(33)

5. Numerical Test

The purpose of the numerical illustration is twofold. The
primary objective is to numerically analyze the impact of 𝛼
and 𝛽 on the optimal order quantity 𝑄

0

∗ and the expected
profit 𝐸𝜋(𝑄

0
). The second purpose is to determine the

management implications of the models. Even though it is
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Table 1

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.1

0.1 72.354 9.508 85.576 0.294 516.528
0.2 64.302 9.442 75.532 0.270 448.543
0.3 56.238 9.367 65.569 0.245 380.628
0.4 48.173 9.283 55.697 0.218 312.724
0.5 40.118 9.186 45.932 0.188 244.755
0.6 32.092 9.073 36.292 0.156 176.621
0.7 24.118 8.935 26.805 0.122 108.174
0.8 16.045 8.758 17.516 0.085 40.316
0.9 8.506 8.506 8.506 0.140 −80.561

Table 2

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.2

0.1 72.187 19.017 85.576 0.294 517.516
0.2 64.136 18.883 75.532 0.270 449.523
0.3 56.147 18.734 65.569 0.245 381.169
0.4 48.227 18.566 55.697 0.218 312.401
0.5 40.172 18.373 45.932 0.188 244.436
0.6 32.110 18.146 36.292 0.156 176.516
0.7 24.188 17.870 26.805 0.122 103.911
0.8 17.516 17.516 17.516 0.268 −61.653
0.9 7.630 7.561 17.012 0.140 −82.703

Table 3

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.3

0.1 72.317 28.525 85.576 0.294 516.748
0.2 64.191 28.325 75.532 0.270 449.198
0.3 56.275 28.101 65.569 0.245 380.411
0.4 48.191 27.849 55.697 0.218 312.617
0.5 40.118 27.559 45.932 0.188 244.607
0.6 33.368 27.219 36.292 0.156 135.444
0.7 26.805 26.805 26.805 0.385 −43.170
0.8 15.658 15.327 26.274 0.268 −66.316
0.9 6.676 6.616 25.518 0.140 −84.865

impossible to derive an optimal solution to both the model
without returns and the model with returns, fortunately,
it is possible to do so through a numerical illustration.
Without losing generality, we assume that the demand follows
a normal distribution with mean 𝜇 = 100 and standard
deviation 𝜎 = 10. In all numerical tests in this section, the
selling price, the penalty cost, the first order purchase cost,
the second order purchase cost, the disposal cost, and the
return management cost per unit are 𝑝 = 4, 𝑐

𝑠
= 1, 𝑐

𝑝
= 3,

𝑐
𝑝
= 3.1, 𝑐

𝑑
= 1, and 𝑐

𝑚
= 1, respectively. MATLAB is used to

obtain the closed interval of 𝑄
0

∗ and the value of 𝑄
0

∗ with a
margin of error 𝛿 = 0.01. We consider different combinations
of 𝛼 and 𝛽, under which the optimal replenishment quantity
and the expect profit change correspondingly. Tables 1, 2, 3,
4, 5, 6, 7, 8, and 9 present the optimal procurement quantity
and the expected profit when 𝛼 and 𝛽 change from 0.1 to 0.9,
respectively.

Table 4

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.4

0.1 72.391 38.034 85.576 0.294 516.306
0.2 64.173 37.766 75.532 0.270 449.306
0.3 56.238 37.468 65.569 0.245 380.614
0.4 48.662 37.131 55.697 0.218 303.337
0.5 42.935 36.745 45.932 0.188 155.762
0.6 36.292 36.292 36.292 0.494 −25.047
0.7 23.836 22.976 35.741 0.385 −50.831
0.8 13.421 13.137 35.033 0.268 −71.128
0.9 5.723 5.671 34.024 0.140 −87.027

Table 5

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.5

0.1 72.354 47.542 85.576 0.294 516.525
0.2 64.357 47.208 75.532 0.270 446.975
0.3 57.921 46.835 65.569 0.245 343.753
0.4 52.597 46.414 55.697 0.218 174.256
0.5 45.932 45.932 45.932 0.594 −7.235
0.6 32.030 30.243 45.365 0.494 −36.370
0.7 19.863 19.147 44.676 0.385 −59.026
0.8 11.180 10.948 43.791 0.268 −75.940
0.9 4.767 4.726 42.530 0.140 −89.190

Table 6

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.6

0.1 73.208 57.051 85.576 0.294 502.487
0.2 67.676 56.649 75.532 0.270 374.505
0.3 62.330 56.202 65.569 0.245 192.663
0.4 55.697 55.697 55.697 0.687 10.301
0.5 40.101 36.745 55.118 0.594 −23.272
0.6 25.634 24.195 54.438 0.494 −49.095
0.7 15.888 15.317 53.611 0.385 −67.221
0.8 8.945 8.758 52.549 0.268 −80.752
0.9 3.818 3.780 51.037 0.140 −91.352

Observations from Tables 1–8 are as follows.

(a) Both 𝑄
0

∗ and 𝐸𝜋(𝑄
0
) decrease as 𝛽 increases.

(b) 𝐸𝜋(𝑄
0
) is small or negative when 𝛼 + 𝛽 ≥ 1, but it is

positive when 𝛼 + 𝛽 < 1. Namely, when 𝛼 + 𝛽 < 1,
the expected profit 𝐸𝜋(𝑄

0
) is always greater than the

expected profit under the circumstance of 𝛼 + 𝛽 ≥ 1.

6. Conclusion and Extensions

In this paper, we present a model for a single period problem
with resalable returns and an additional order. Moreover, two
kinds of demand, demand for instant delivery and demand
for delayed delivery, are considered. The model is resolved
with the purpose of maximizing the expected profit. The
closed interval of the optimal order quantity is derived, which
shows many interesting characteristics. The optimal order
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Table 7

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.7

0.1 77.516 66.559 85.576 0.294 400.373
0.2 72.194 66.091 75.532 0.270 211.836
0.3 65.569 65.569 65.569 0.773 27.590
0.4 48.096 41.773 64.980 0.687 −12.321
0.5 30.089 27.559 64.304 0.594 −42.452
0.6 19.226 18.146 63.511 0.494 −61.822
0.7 11.918 11.488 62.546 0.385 −75.416
0.8 6.712 6.569 61.307 0.268 −85.564
0.9 2.861 2.835 59.543 0.140 −93.514

Table 8

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.8

0.1 82.104 76.068 85.576 0.294 230.786
0.2 75.532 75.532 75.532 0.854 44.654
0.3 66.703 43.712 74.936 0.773 −3.333
0.4 32.087 27.849 74.263 0.687 −41.543
0.5 20.061 18.373 73.491 0.594 −61.635
0.6 12.817 12.097 72.584 0.494 −74.548
0.7 7.951 7.659 71.481 0.385 −83.610
0.8 4.473 4.379 70.065 0.268 −90.376
0.9 1.908 1.890 68.049 0.140 −95.676

Table 9

𝛼 𝛽 𝑄
0

∗
𝑄
𝑎

𝑄
𝑏

𝑟 𝐸𝜋(𝑄
0
)

0.9

0.1 85.576 85.576 85.576 0.929 61.513
0.2 81.309 37.766 84.974 0.854 9.206
0.3 74.972 21.856 84.303 0.773 −43.749
0.4 16.040 13.924 83.546 0.687 −70.771
0.5 10.034 9.186 82.677 0.594 −80.817
0.6 6.411 6.049 81.657 0.494 −87.274
0.7 3.972 3.829 80.416 0.385 −91.805
0.8 2.237 2.190 78.823 0.268 −95.188
0.9 0.954 0.945 76.555 0.140 −97.838

quantity is affected by the values of 𝛼 and 𝛽 mostly, which
in turn affect the expected profit of the B2C retailer.

In order to analyze the impact of the proportion of the
immediate delivery needs and the return rate on the optimal
order quantity and the expected profit, an approximate
method is also used to estimate the changes of the optimal
procurement quantity and the corresponding expected profit.
Even though it is impossible to derive an optimal solution
to both the model without returns and the model with
returns, fortunately, it is possible to do so through a numerical
illustration.

Through the numerical test, we find that when 𝛼 + 𝛽 < 1,
the expected profit𝐸𝜋(𝑄

0
) is always greater than the expected

profit under the circumstance of 𝛼 + 𝛽 ≥ 1. In this sense,
it is better to keep the sum of 𝛼 and 𝛽 under 1 so as to
profit. If the sum of 𝛼 and 𝛽 is equal to or more than 1, the
retailer can consider changing the return policy in order to

reduce the cost. For instance, the consumers only get partial
refund once they return the goods due to their personal
reasons. Additionally, the retailer can charge consumers some
management fees for the returned products. Furthermore, it
is better to keep the return rate under a specific level since
the expected profit 𝐸𝜋(𝑄

0
) increases as the return rate 𝛽

decreases. Provided that the return rate of some products
continues to be high, there must be some problem with the
product itself.Thus, the retailer can think about pulling them
off the shelves. Another interesting finding is that the optimal
order quantity 𝑄

0

∗ is more affected by the proportion of
returns 𝛽 than the ratio of the immediate delivery needs 𝛼.
Therefore, accurately estimating the return rate is important
when deciding the first order quantity.

According to the existing research, the expected demand
as well as its distribution function undoubtedly influences
the order quantity and inventory management [19–21]. On
the basis of the newsvendor model, however, instead of
the impact of the demand estimation, we mainly focus
on the impact of the proportion of the instant delivery
needs and the return rate on the order quantity and the
expected profit. Following the hypothesis of the newsvendor
model, we assume that the demand 𝑥 for a single product is
stochastic, which follows a distribution function 𝐹(𝑥) and a
probability density function 𝑓(𝑥). In the future, we will take
the demand forecasting into consideration by using data from
the beginning of the sales period.

Further research extensions include freeing the second
order quantity as a decision variable. When taking the timing
of returns into consideration, we can extend the single period
model to a multiperiod problem. For example, returned
products arriving after the end of the first selling season can
be resold at the next sales period.
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This paper studies impact of heterogeneous consumer behavior on optimal pricing decisions under dual channel supply chain
competition, which consists of one manufacturer and one retailer. The manufacturer is market leader with two sales channels:
one is direct channel facing consumers directly and the other is indirect channel facing the retailer. Consumers decide whether
to buy and from which channel to buy products. Purchasing decisions are based on considerations of prices posted on different
channels, preference or loyalty to specific channels, and degree of rationality in decision-making process. Due to the complexity of
heterogeneous consumer decision behavior, traditional mathematical analysis to the pricing problem becomes quite challenging.
An agent-based modeling and simulation approach is then proposed and implemented. Simulation results reveal that consumer
behavior influences both prices and profits. When consumers are increasingly loyal to the retailing channel, the retailer can make a
higher selling price andmore benefits. On the other hand, when consumers are increasingly loyal to the direct channel, the number
of purchases from the direct channel increases and the manufacturer is better off. It is also interesting to note that as rationality
level increases, selling prices for both channels slightly decrease.

1. Introduction

With rapid growth of e-commerce manufacturers have seen
online channel as an addition to the existing retailers with
brick-and-stone stores, which on one side can reduce their
operating costs and, on the other side, can potentially
increase market coverage and further enhance interactions
with ending consumers. Retailers, however, being aware of
the competition of the direct sales channel(s), start to com-
plain about those “stolen sales” to the manufacturers. Such
scenario is often called “channel conflict.” From consumers’
perspective, they are more than happy to welcome such dual
channel competition, so as to expect lower prices and better
service flexibility.

Under dual channel competition, consumers now make
their purchasing decisions in a sophisticated manner. First
they need to decide whether to buy and then decide from
which channel to buy products. Quite a few factors influence

their decisions: prices posted in different channels, preference
or loyalty to specific channels, degree of rationality in
decision-making process, and so forth. Our research interest
focuses on the following. What are the impacts of those
factors on consumer choice? How the manufacturer and
the retailer make their selling prices under dual channel
competition? Will the retailer and the manufacturer always
be better off if considering consumer behavior?

In specific, we consider impacts of consumer loyalty and
bounded rationality on consumers’ decision. Brand loyalty
means that people will purchase company A’s products or
services even if company B’s products or services are cheaper
and/or of a higher quality, if they have brand loyalty to
company A [1]. Similarly, we extend brand loyalty definition
to channel loyalty, based on observations that aged people
prefer to purchasing from brick-and-stone stores instead of
e-platforms while young people do on the contrary. Partial
rationality or irrationality in the other part of their actions
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is called bounded rationality [2]. People with bounded
rationality fail to find an optimal choice maybe because they
lack the ability and resources to arrive at the optimal solution.

This paper considers a dual channel supply chain con-
sisting of one manufacturer and one retailer. Manufacturer
is the market leader and makes his pricing decisions for
both direct-sales channel and indirect channel. Retailer is
the follower and then decides her retailing price accordingly.
Existing work has revealed that to deal with channel conflict,
manufacturer needs to carefully make pricing decisions
for different channels. However, with channel loyalty and
bounded rationality behavior considered, a simple numer-
ical example indicates that the concavity (unimodality) of
manufacturer’s profit is lost (see Figure 3), which becomes a
challenge to traditional mathematical modeling approach.

Facing the intrinsic complexity of the optimization prob-
lem, this paper proposes an agent-based simulation approach
to handle it. Agents are modeled to simulate heterogeneous
consumers’ decision-making process as well as decision-
making of the manufacturer and the retailer. Individual
consumer’s behavior is described as an intelligent agent’s
interaction and reaction to its environment. Two reasons
support our selection. One is that multiagent model provides
a natural description of the system. In the model, the manu-
facturer is represented as an agent who set the wholesale price
and online price; the retailer agent publishes its retail price;
and each potential consumer agent individually assesses the
market situation and makes purchase decision. The other
reason comes from that agent behavior is heterogeneous and
nonlinear, which matches the description of consumer who
differs in valuation and preference of channel selection.

Simulation results reveal that consumer behavior influ-
ences both prices and profits. With more consumers loyal
to retail channel, the retailer sets a higher price and gains a
higher profit. On the other side, when more consumers are
loyal to online channel, the number of purchases from online
channel increases and the manufacturer benefits from it. It is
also interesting to note as rationality level increases, selling
prices for both channels slightly decrease.

The remainder of this paper is organized as follows.
Section 2 discusses related work. Section 3 describes model
of the dual-channel supply chain system. Section 4 pro-
poses an agent-based simulation and optimization algorithm.
Section 5 conducts simulation and summarizes finding.
Section 6 concludes the whole paper.

2. Related Work

Two streams of work closely relate to our research problem:
one is study on dual channel supply chain system and the
other is consumer behavior which was studied intensively in
marketing field and extended to operationsmanagement area
recently.

There is growing literature in supply chain management
investigating channel conflicts. To name a few, Yan [3]
analyzes differentiated branding strategy and profit sharing
mechanism when manufacturer adds a direct channel to its
existing retailing channel. Hua et al. [4] analyze impacts

of delivery lead time and consumer acceptance of a direct
channel on the manufacturer’s and the retailer’s pricing
strategies. Chen et al. [5] discuss dual channel management
with service competition.

Consumer behavior has been studied intensively in mar-
keting literature and behavioral science, such as consumer
loyalty [1], loss aversion [6], long-tail phenomenon [7],
and decoy effect [8]. Recently researchers in operations
management have started to include the behavior of decision
making into operational models and study its impact on the
operational and supply chain decisions. Su [9] uses discrete
choice model to describe bounded rationality of decision-
maker in newsvendor models. The results are verified with
experimental observations which are not able to explain with
perfect rationality. Wang and Webster [10] use loss aver-
sion to model decision-maker’s behavior in a single-period
newsvendor problem. Their results show that if shortage
cost is not negligible, then a loss-averse newsvendor may
order more than a risk-neutral newsvendor. In a similar
newsvendor setting, Li [11] analyzes the impacts of reference
point in loss-aversion’s value function. Assuming that private
valuations of consumers are random distribution with heavy
tails, Ibragimov and Walden [7] analyze the optimal pricing
strategies for the monopolist producer.

Papers mentioned above mostly adopt analytical mod-
eling approach to mathematically find the optimal pricing
decisions. However, when complexity of the problem studied
is increasing it becomes quite challenging to achieve ana-
lytically results. Researchers turn to multiagent simulation
to handle supply chain problems. An agent-based approach
can effectively model and simulate complicated interactions
amongplayers in supply chain systems, for example, decisions
making, information sharing, competition and cooperation,
and so forth.

Long and Zhang [12] indicate the advantages of agent-
based approach in handling system dynamics, uncertainty,
and partial information sharing. They propose an inte-
grated framework for agent-based inventory-production-
transportationmodeling and distributed simulation of supply
chains. Hua et al. [13] investigate how bankruptcy occurs
and propagates in supply chain networks. They use agent-
based approach to model complicating decision-making
process such as horizontal competition among retailers, order
allocation strategies of retailers, and wholesale price of man-
ufacturers. Liang and Huang [14] model different inventory
systems in a supply chain, where agents are coordinated to
control inventory andminimize the total cost of supply chain
by sharing information and forecasting knowledge. Other
work includes T. Zhang and D. Zhang [8], which exhibit
the emergent decoy effect phenomenon in the market. Li
and Huang [15] study a dual-channel supply chain pricing
problem, in which the value the consumer derives from of the
product is assumed to be triangular distributed according to
different type of product.

However, studies addressing influence of consumer
behavior on a dual-channel supply chain are quite few. This
is because competition among channels in supply chain
system already makes the problem difficult to handle with
mathematical modeling approach; it is even challenging
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Figure 1: The dual-channel supply chain system.

with the consideration of nonlinear function of consumer
behavior. This paper contributes to the literature in two
aspects. First, we consider heterogeneous consumer behavior
in a dual-channel competition supply chain system. Second,
we propose an agent-based modeling approach to solve the
current problem and obtain inspiring insights.

3. The Dual-Channel Supply Chain Model

We consider a single-period, single product supply chain
system under dual channel competition. The supply chain
system consists of one manufacturer and one retailer. The
manufacturer has a traditional sales channel, that is, an
indirect channel facing the brick-and-stone retailer, as well
as a new direct channel facing the ending consumer, that is,
online channel. This is a very typical dual-channel supply
chain setting and has been studied widely in the literature
(e.g., [5, 15]).

Figure 1 illustrates the model setting. The manufacturer
sells the product to the retailer by the indirect channel at
wholesale price 𝑝

𝑤
and to the ending consumers by direct

online channel at price 𝑝
𝑜
. Unit cost for producing the

products is 𝑐
𝑚
. The retailer also faces the ending consumer

and decides retailing price 𝑝
𝑟
. To avoid the case in which the

retailer buy products from the direct channel instead from the
manufacturer, we assume 𝑝

𝑤
⩽ 𝑝
𝑜
.

Consumer decides whether to buy products or not. If he
decides to buy he also needs to choose from which channel
to buy: the online channel or the retailer. Denote by 𝑑

𝑟
the

aggregate demand at the retailer channel and 𝑑
𝑜
the aggregate

demand at the online channel. Both themanufacturer and the
retailer make their pricing decisions to maximize their own
profits.

Consider a Stackelberg game where the manufacturer
is the leader and the retailer is the follower. The sequence
of events is as follows. Before the selling season, the man-
ufacturer sets the prices of 𝑝

𝑤
and 𝑝

𝑜
. The retailer then

decides 𝑝
𝑟
based on the given wholesale price 𝑝

𝑤
. During

the selling season, consumer decides whether or not to buy
the product and from which channel to buy it. At the end
of the selling season, profits of both the manufacturer and
the retailer are calculated. Implicitly we assume there is no
capacity constraint of themanufacturer; that is, all orders will
be satisfied.

Given thewholesale price𝑝
𝑤
offered by themanufacturer,

the retailer determines the retailing price𝑝
𝑟
so as tomaximize

her profit, 𝜋
𝑟
:

𝜋
𝑟
= 𝑑
𝑟
⋅ (𝑝
𝑟
− 𝑝
𝑤
) . (1)

Projecting the retailer’s best response, the manufacturer
needs to carefully determine the pricing decisions so as to
maximize his own profit, 𝜋

𝑚
, which constitutes two parts: net

revenue from demand 𝑑
𝑟
and net revenue from demand 𝑑

𝑚
:

𝜋
𝑚
= 𝑑
𝑟
⋅ (𝑝
𝑤
− 𝑐
𝑚
) + 𝑑
𝑜
⋅ (𝑝
𝑜
− 𝑐
𝑚
) . (2)

3.1. Consumer Behavior. Facing the multiple sales channels,
each consumer needs to decide whether to buy the product
and from which channel to buy. This paper considers hetero-
geneous consumer in the following sense.

First, each consumer has his own valuation of the prod-
uct, denoting by V

𝑖
, with 𝑖 the index of consumer 𝑖, (𝑖 =

1, 2, . . . , 𝑁). Here 𝑁 is the market size. We assume that
V
𝑖
is uniformly distributed from 0 to 1. Normally to say,

consumer has willingness to buy the product only if the utility
is nonnegative; that is, 𝑢

𝑖
≥ 0. Further denote by 𝑢

𝑖,𝑟
the utility

of consumer 𝑖 if purchasing from retailer channel and 𝑢
𝑖,𝑜
the

utility of consumer 𝑖 if purchasing from online channel.
Second, different consumers have different preferences to

the sales channels, to which we refer channel loyalty. Assume
that 𝛼

𝑟
(0 < 𝛼

𝑟
< 1) proportion of consumers is loyal to

the retailer channel, which means that those consumers only
purchase from the retailer though the price posted on the
direct channel is even less. That is, purchasing occurs when
utility 𝑢

𝑖,𝑟
is larger than or equal to 0; that is, 𝑢

𝑖
= 𝑢
𝑖,𝑟

=

V
𝑖
−𝑝
𝑟
≥ 0, while𝑢

𝑖,𝑜
= 0. Similarly𝛼

𝑜
(0 < 𝛼

𝑜
< 1)proportion

of consumers is loyal to direct channel, who only purchase
from direct channel disregarding the price on the indirect
channel; that is, 𝑢

𝑖
= 𝑢
𝑖,𝑜
= V
𝑖
− 𝑝
𝑜
≥ 0, and 𝑢

𝑖,𝑟
= 0. The rest

1 − 𝛼
𝑟
− 𝛼
𝑜
proportion of consumers is so-called “switchers,”

who are flexible to purchase from either channel.
Among those switchers, consumers might also have

different valuations to different channels. Usually, we have
𝑢
𝑖,𝑟

= V
𝑖
− 𝑝
𝑟
. However, empirical studies indicate that

consumers perceive less utility for products purchased from
online channel, often at a discounted value [15]; that is, 𝑢

𝑖,𝑜
=

𝜃V
𝑖
− 𝑝
𝑜
, where 0 < 𝜃 < 1. The discounted ratio 𝜃 is different

for varied products. For example, books (𝜃 = 0.904) are more
acceptable as compared to food items (𝜃 = 0.784) [15].

Given 𝑢
𝑖,𝑟
and 𝑢

𝑖,𝑜
, switcher 𝑖 then needs to decide which

channel to purchase or not. General to say, consumer will
select the channel whichever provides the larger utility. Such
decision is based on so-called perfect rationality. However,
as indicated by [16] consumers make choice decisions with
bounded rationality because of lack of information, hassle
cost, access to resources, and so forth. Following [16] we
assume 𝛽 (0 < 𝛽 < 1) proportion of consumers is rational,
while the rest (1 − 𝛽) proportion of consumers is bounded
rational.

We employ multinomial logit (MNL) choice model to
describe channel selection choice under bounded rationality,
similar as in [9]. By bounded rationality, we only consider
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Table 1: Classification of consumer types.

Consumer
type

Loyalty Rationality
Fraction to the
total population

Indirect
channel
(𝛼
𝑟
)

Direct
channel
(𝛼
𝑜
)

Acceptable to
both channels
(1 − 𝛼

𝑟
− 𝛼
𝑜
)

Perfect
rationality

(𝛽)

Bounded
rationality
(1 − 𝛽)

Type-1 Y∗ —∗ — — — 𝛼
𝑟

Type-2 — Y — — — 𝛼
𝑜

Type-3 — — Y Y — (1 − 𝛼
𝑟
− 𝛼
𝑜
) ⋅ 𝛽

Type-4 — — Y — Y (1 − 𝛼
𝑟
− 𝛼
𝑜
)⋅(1−𝛽)

∗“Y” denotes “Yes”; “—”denotes “not applicable.”

consumers whose utility is positive. That is, if consumers’
utility is negative or zero, they are rational enough not
to purchase from either channel. Switcher 𝑖 then chooses
channel 𝑗 with probability 𝜑

𝑖𝑗
, 𝑗 = {𝑟, 𝑜}, with

𝜑
𝑖𝑗
=

exp (𝑢
𝑖,𝑗
)

exp (𝑢
𝑖,𝑟
) + exp (𝑢

𝑖,𝑜
)
. (3)

In addition,

𝜑
𝑖𝑜
=

exp (𝜃V
𝑖
− 𝑝
𝑜
)

[exp (𝜃V
𝑖
− 𝑝
𝑜
) + exp (V

𝑖
− 𝑝
𝑟
)]
. (4)

For each switcher 𝑖, 𝜑
𝑖𝑜
+𝜑
𝑖𝑟
= 1. Based on the description

of channel loyalty, channel valuation differences, and levels
of rationality, consumers can then be classified into six types,
as summarized in Table 1. Figure 2 depicts different decision-
making process for these six types of consumers.

3.2. Demand for Different Channels. From Table 1 and
Figure 2, we are now able to summarize probability of
demand at the retailer side, Prob(𝑑

𝑟
):

Prob (𝑑
𝑟
)

= 𝛼
𝑟
⋅ Prob (V

𝑖
≥ 𝑝
𝑟
) + (1 − 𝛼

𝑟
− 𝛼
𝑜
)

⋅ {𝛽 ⋅ [Prob (V
𝑖
− 𝑝
𝑟
≥ 0, 𝜃V

𝑖
≥ 𝑝
𝑜
, V
𝑖
− 𝑝
𝑟
> 𝜃V
𝑖
− 𝑝
𝑜
)

+ Prob (V
𝑖
− 𝑝
𝑟
≥ 0, 𝜃V

𝑖
< 𝑝
𝑜
)]

+ (1 − 𝛽) ⋅ [𝜑
𝑖𝑟
⋅ Prob (V

𝑖
≥ 𝑝
𝑟
, 𝜃V
𝑖
≥ 𝑝
𝑜
)

+Prob (V
𝑖
≥ 𝑝
𝑟
, 𝜃V
𝑖
< 𝑝
𝑜
)]} .

(5)

The first item comes from Type-1 consumers, who are
loyal to the retailer channel and purchase from the retailer
channel once their valuation is larger than posted price.There
are two parts in the second item, with the first one fromType-
3 consumers and the second one from Type-4 consumers.

Similarly, probability of demand at the online channel,
Prob(𝑑

𝑜
), can be calculated by

Prob (𝑑
𝑜
)

= 𝛼
𝑜
⋅ Prob (V

𝑖
≥ 𝑝
𝑜
) + (1 − 𝛼

𝑟
− 𝛼
𝑜
)

⋅ {𝛽 [Prob (V
𝑖
− 𝑝
𝑟
≥ 0, 𝜃V

𝑖
≥ 𝑝
𝑜
, 𝜃V
𝑖
− 𝑝
𝑜
≥ V
𝑖
− 𝑝
𝑟
)

+Prob (V
𝑖
< 𝑝
𝑟
, 𝜃V
𝑖
≥ 𝑝
𝑜
)]

+ (1 − 𝛽) [𝜑
𝑖𝑜
⋅ Prob (V

𝑖
≥ 𝑝
𝑟
, 𝜃V
𝑖
≥ 𝑝
𝑜
)

+Prob (V
𝑖
< 𝑝
𝑟
, 𝜃V
𝑖
≥ 𝑝
𝑜
)]} .

(6)

Probability of no purchase is then

Prob (no purchase)

= 𝛼
𝑟
⋅ Prob (V

𝑖
< 𝑝
𝑟
) + 𝛼
𝑜
⋅ Prob (V

𝑖
< 𝑝
𝑜
)

+ (1 − 𝛼
𝑟
− 𝛼
𝑜
) ⋅ Prob (V

𝑖
< 𝑝
𝑟
, 𝜃V
𝑖
< 𝑝
𝑜
) .

(7)

3.3. Objective Functions. Theretailer’s objective is then to find
the optimal retailing price 𝑝

𝑟
to maximize the expected net

revenue where 𝐸[𝜋
𝑟
] = 𝑁 ⋅ Prob(𝑑

𝑟
) ⋅ (𝑝
𝑟
− 𝑝
𝑤
). Similarly,

the manufacturer then needs to decide the optimal 𝑝
𝑤
and 𝑝

𝑜

to maximize the expected net revenue, where 𝐸[𝜋
𝑚
] = 𝑁 ⋅

Prob(𝑑
𝑟
) ⋅ (𝑝
𝑤
− 𝑐
𝑚
) +𝑁 ⋅ Prob(𝑑

𝑜
) ⋅ (𝑝
𝑜
− 𝑐
𝑚
). To clarify, this

paper uses net revenue and profit interchangeably hereafter.
Notice that even for a uniformly distributed valuation

V
𝑖
, the probability of demands at each sales channel is quite

complex due to the heterogeneity of consumer’s behavior.
This makes the maximization of net revenues of both the
retailer and the manufacturer quite challenging in terms of
mathematical approach. A simple example illustrates that
the net revenues of both manufacturer and retailer are
not concave or unimodal in their pricing decisions. This
motivates us to consider alternative optimization approach to
handle the current problem.

Example 1. Let 𝑝
𝑤
= 0.2, 𝛼

𝑟
= 0.3, 𝛼

𝑜
= 0.3, 𝛽 = 0.6, 𝜃 =

0.9. Figure 3(a) plots the net revenue of the retailer with 𝑝
𝑟

the horizontal axis (given 𝑝
𝑜
= 0.4). Figure 3(b) plots the

net revenue of the manufacturer with 𝑝
𝑜
the horizontal axis

(given 𝑝
𝑤
= 0.4).
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Figure 2: Decision trees for different types of consumers.

4. An Agent-Based Model and Simulation
Algorithm

4.1. An Agent-Based Model. Agent-based modeling has been
proved to be an effective pragmatic approach to analyze
supply chain design and management problems [6]. In the
dual-channel supply chain system we establish three types of
agents:

(i) manufacturer agent: the manufacturer is modeled as
an autonomous agent who sets his wholesale price 𝑝

𝑤

and online price 𝑝
𝑜
and calculates his profit based on

consumer purchasing behavior;
(ii) retailer agent: the retailer agent is modeled as an

autonomous agent who decides her retail price 𝑝
𝑟
to

maximize her revenue;
(iii) consumer agents: consumers are modeled as a collec-

tion of 𝑁 consumer agents. Each consumer agent 𝑖,
𝑖 ∈ [1, . . . , 𝑁], differs in channel loyalty, channel valu-
ations as well as levels of rationality. Agent 𝑖makes his
decision of purchase and channel of purchase based
on the net utility of 𝑢

𝑖,𝑟
and 𝑢

𝑖,𝑜
.

4.2. Simulation Algorithm. Simulation steps for the Stackel-
berg game are as follows.

(1) The manufacturer agent first announces 𝑝
𝑤
and 𝑝

𝑜
,

and the retailer agent announces 𝑝
𝑟
.

(2) Based on the prices posted, channel loyalty, utility
preference for different channels, and rationality lev-
els, each consumer agent makes his own purchasing
decision.

(3) The manufacturer agent and the retailer agent collect
profits from𝑁 consumer agents, separately.

Pricing decisions of the manufacturer (retailer) are made
based on the best response to the action of the retailer
(manufacturer) to maximize his own expected profit, that is,
(2) (or (1)). In game theory, the best response is the strategy

which produces themost favorable outcome for a player. Such
a process is so-called best response dynamics [17] and has
been widely used in solving gaming problems in computer-
based modeling setting [18]. Pseudocode of the algorithm
is developed and proposed in Algorithm 1. We enumerate
pricing decisions in their feasible value sets; that is, 𝑝

𝑤
∈

[0, 1.0), 𝑝
𝑜
∈ [𝑝
𝑤
, 1.0), 𝑝

𝑟
∈ [𝑝
𝑤
, 1.0). Parameter 𝜀 = 0.005

is the computing step which determines the precise of the
results.

5. Simulation Results and Analysis

5.1. Verification and Validation. Considering agent-based
modeling is “bottom-up” instead of “top-down” which tra-
ditional mathematical modeling approach often employs, we
need first to verify and validate the established agent model.

To do so, we establish a base scenario. If the simulation
results of the base scenario match theoretical results, we then
validate the agent model.

Base Scenario. Set market size 𝑁 = 10,000 and product cost
𝑐
𝑚
= 0.20. Suppose that all consumers are perfectly rational

and they are acceptable to both sales channels. In addition,
purchasing from online channels makes no difference from
retail channel. That is, 𝛼

𝑟
= 𝛼
𝑜
= 0, 𝛽 = 1, 𝜃 = 1. Based on

these assumptions theoretical results of optimal prices can be
easily achieved.

Figure 4 depicts the simulation results of the optimal
net revenue of both the manufacturer and the retailer with
respect to the wholesale price 𝑝

𝑤
. We observe that when

𝑝
𝑤
= 0.4 the manufacturer’s net revenue achieves maximum,

with 𝜋
𝑚
= 0.19764 and 𝜋

𝑟
= 0.04941. This is consistent with

theoretical results in [15], where 𝑝∗
𝑜
= 𝑝
∗

𝑤
= 0.40, 𝜋∗

𝑚
= 0.20,

and 𝜋∗
𝑟
= 0.05.

Repeat the simulation for 100 times, and we can depict in
Figure 5 the Quantile-quantile plot of 𝜋

𝑚
. It shows that the

simulation results of 100 replications (𝑀 = 100) are normally
distributed, which indicates that setting 𝑀 to 100 is fairly
enough.
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Figure 3: (a) Nonconcavity of retailer’s net revenue. (b) Nonconcavity of manufacturer’s net revenue.

FUNCTION StackelbergGame ()
(1) 𝜀 = 0.005;
(2) finalPw = finalPr = finalPo = 0.0;
(3) final𝜋m= final𝜋r = 0.0;
(4) FOR (𝑃

𝑤
= 0.0; 𝑃

𝑤
< 1.0; 𝑃

𝑤
+=𝜀) {

(5) bestPo = bestPr = 𝑃
𝑤
;

(6) best𝜋m= best𝜋r = 0.0;
(7) FOR (𝑃

𝑜
= 𝑃
𝑤
; 𝑃
𝑜
< 1.0; 𝑃

𝑜
+=𝜀) {

(8) max𝜋r = max𝜋m =maxPr = 0.0;
(9) FOR (𝑃

𝑟
= 𝑃
𝑤
; 𝑃
𝑟
< 1.0; 𝑃

𝑟
+=𝜀) {

(10) (𝜋m, 𝜋r) = simulation (𝑃
𝑤
, 𝑃
𝑟
, 𝑃
𝑜
);

(11) IF (max𝜋r< 𝜋r) {
(12) max𝜋r = 𝜋

𝑟
, max𝜋m = 𝜋

𝑚
;

(13) maxPo = 𝑃
𝑜
;

(14) }

(15) }

(16) IF (best𝜋m<max𝜋m) {
(17) best𝜋m =max𝜋m, best𝜋r = max𝜋r;
(18) bestPr = maxPr, bestPo = 𝑃

𝑜
;

(19) }

(20) }

(21) IF (final𝜋m < best𝜋m) {
(22) final𝜋m = best𝜋m, final𝜋r = best𝜋r;
(23) finalPw = 𝑃

𝑤
, finalPr = bestPr, finalPo = bestPo;

(24) }

(25) }
(26) RETURN (finalPw, finalPr, finalPo, final𝜋m, final𝜋r);

Algorithm 1: Pseudocode for the dual-channel Stackelberg game.

5.2. Simulation Results and Analysis. We are now ready to
run agent-based simulation to investigate the optimal pricing
decisions. We take particular interests in

(1) impact of channel loyalty on demands, pricing deci-
sions, and net revenues;

(2) impact of rationality (bounded rationality) on
demands, pricing decisions, and net revenues.

Set market size 𝑁 = 500,000, product cost 𝑐
𝑚
= 0.20.

We first establish a benchmark case (Scenario A) by setting

𝛼
𝑟
= 0.30, 𝛼

𝑜
= 0.30, 𝛽 = 0.60, 𝜃 = 0.90. Table 2 shows

the optimal solutions. The optimal pricing decisions for the
manufacturer is 𝑝∗

𝑤
= 0.60, and 𝑝

∗

𝑜
≈ 𝑝
∗

𝑤
. The optimal

retailing price is higher. There are about 43.2% consumers
that will buy from the direct online channel.

Next, we simulate three special scenarios and report
the results in Table 2. Scenario B changes 𝛽 = 1.00 while
keeping the other parameters unchanged, which means all
the consumers in the market are “perfectly rational”—Type-
1, Type-2, and Type-3. Scenario C sets 𝛼

𝑟
= 𝛼
𝑜
= 0, which
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Table 2: Optimal solutions under four scenarios.

𝑝
𝑤

𝑝
𝑜

𝑝
𝑟

𝑑
𝑟

𝑑
𝑜

𝜋
𝑚

𝜋
𝑟

Scenario A 0.60 0.61 0.68 97,461 74,159 69,389.59 7,796.88
Scenario B 0.55 0.55 0.61 136,053 67,692 71,310.75 8,163.18
Scenario C 0.57 0.57 0.63 148,635 36,615 68,542.50 8,918.10
Scenario D 0.57 0.57 0.63 185,197 0 68,522.89 11,111.82

implies all consumers are switchers and no channel loyalty—
Type-3 and Type-4. Scenario D further eliminates the impact
of bound rationality by setting 𝛼

𝑟
= 0.00, 𝛼

𝑜
= 0.00, 𝛽 = 1.00,

𝜃 = 0.90, whichmeans only Type-4 consumers in themarket.
Comparing results of Scenario B to Scenario A, we find

as consumers become more rational, both retailing price and
online price decrease while profits of both manufacturer and
retailer increase. Comparing Scenario C to Scenario A, we

find that when there is no channel loyalty, selling prices
for both channels decrease while demand from the retailing
channel increases much and the retailer enjoys a higher profit
level. Comparing Scenario D to Scenario C, we find that
when no behavior pattern exists, the retailer is happy because
all consumers approach her for purchasing. Although online
price is lower than retailing price, considering the discounted
value of online product, consumers still prefer to retail
channel. Such scenario is also observed in [13].

We change values of 𝛼
𝑟
, 𝛼
𝑜
, and 𝛽 separately, so as

to observe impacts of each parameter. Table 3 summarizes
optimal solutions for varying parameters, including optimal
pricing decisions, net revenues of the manufacturer, the
retailer, and the total supply chain, as well as the number of
purchases from each channel.

Based on Table 3, we summarize our observations as
follows.

Impact of Channel Loyalty. We observe that the impact of
loyalty to retail channel and online channel is quite different.
As 𝛼
𝑟
increases, 𝑝∗

𝑟
and 𝑝

∗

𝑜
exhibit an increasing trend;

however, 𝑝∗
𝑤
does not show clear pattern. The number of

purchases from online channel decreases, while the number
of retail channels does not change much. The total number
of purchases decreases as well. As a result, the profit of
the retailer increases while the profit of the manufacturer
decreases. The manufacturer should then adjust their mar-
keting strategy when the ratio of consumers who are loyal
to retail channel is large, for example, offering promotion or
deeper discounts at online channels, to prevent their profits
reduced.

As 𝛼
𝑜
increases, 𝑝∗

𝑟
, 𝑝∗
𝑤
, and 𝑝

∗

𝑜
do not change much.

The number of purchases from online channel increases,
while purchase from retail channel decreases significantly.
This explains the reason why sales at retail channel decrease
significantly when consumers get used to online shopping.
The manufacturer tends to get benefit from the increasing
online sales while the retailer may be harmed. For retailers,
they should then increase marketing promotion to drag
consumers back to the traditional retailing channel when
more consumers get used to online shopping.

Impact of Rationality. Notice that 𝛽 denotes the degree of
rationality. As 𝛽 increases, 𝑝∗

𝑟
, 𝑝∗
𝑤
, and 𝑝∗

𝑜
turn to be slightly

decreasing. As a result, the number of purchasing for both
channels increases. When rationality level is low, which
means consumers is possible to select the online channel
instead of retail channel no matter what the selling price
is. The retailer is then less motivated to lower the price
to attract consumers. When rationality level is high, the
retailer can use pricing decisions to attract consumers to
buy from her channel. The same argument goes for the
online channel pricing decisions. We further see that the
manufacturer benefits from higher rationality level; however,
the retailer does not turn to be obvious pattern of increasing
or decreasingwith respect to the rational level.This is because
the retailer’s profit comes from the price difference of 𝑝∗

𝑟
and

𝑝
∗

𝑤
and the number of purchases from the retail channel, with

one factor decreasing while the other factor increasing with
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Table 3: Optimal solutions for varying parameters.

𝛼
𝑟

𝑝
𝑤

∗

𝑝
𝑟

∗

𝑝
𝑜

∗

𝜋
𝑆

∗

𝜋
𝑟

∗

𝜋
𝑚

∗ # total1 # Retailer2 # Online3

0.2 0.57 0.64 0.57 77780.62 6921.18 70859.44 191512 98874 92638
0.25 0.6 0.67 0.6 77232.76 6749.96 70482.8 176207 96428 79779
0.3 0.6 0.68 0.61 77186.47 7796.88 69389.59 171620 97461 74159
0.35 0.62 0.7 0.63 75598.64 7568.88 68029.76 160409 94611 65798
0.4 0.59 0.69 0.62 76672.47 9823.5 66848.97 166181 98235 67946
0.45 0.58 0.69 0.62 76770.26 11061.82 65708.44 166026 100562 65464
0.5 0.58 0.7 0.63 76089.79 11914.44 64175.35 160790 99287 61503
𝛼
𝑜

𝑝
𝑤

∗

𝑝
𝑟

∗

𝑝
𝑜

∗

𝜋
𝑆

∗

𝜋
𝑟

∗

𝜋
𝑚

∗ # total # Retailer # Online
0.2 0.61 0.68 0.61 76234.88 7638.19 68596.69 167309 109117 58192
0.25 0.58 0.66 0.59 77817.58 8568.08 69249.5 180309 107101 73208
0.3 0.6 0.68 0.61 77186.47 7796.88 69389.59 171620 97461 74159
0.35 0.61 0.69 0.62 76608.14 7113.28 69494.86 167581 88916 78665
0.4 0.59 0.68 0.61 77324.73 7606.62 69718.11 174167 84518 89649
0.45 0.58 0.68 0.61 77846.11 7824.3 70021.81 176510 78243 98267
0.5 0.6 0.7 0.63 76783.22 6889.6 69893.62 167350 68896 98454
𝛽 𝑝

𝑤

∗

𝑝
𝑟

∗

𝑝
𝑜

∗

𝜋
𝑆

∗

𝜋
𝑟

∗

𝜋
𝑚

∗ # total # Retailer # Online
0.6 0.6 0.68 0.61 77186.47 7796.88 69389.59 171620 97461 74159
0.65 0.58 0.66 0.59 77584.35 8141.52 69442.83 180668 101769 78899
0.7 0.61 0.68 0.61 77269.64 6997.69 70271.95 171395 99967 71428
0.75 0.59 0.66 0.59 77962.76 7328.3 70634.46 181114 104690 76424
0.8 0.58 0.65 0.58 78466.33 7556.43 70909.9 186605 107949 78656
0.85 0.57 0.64 0.57 78652.51 7745.71 70906.8 191640 110653 80987
0.9 0.57 0.64 0.57 78730.87 7798.91 70931.96 191708 111413 80295
1“# total” means total number of purchases.
2“# Retailer” means number of purchases from retailer channel.
3“# Online” means number of purchases from online channel.

rationality level. However, the manufacturer can benefit by
adding an online channel, considering the total number of
purchases is increased much more than the slightly decrease
of online selling price and wholesale price.

As indicated in above discussion, in a Stackelberg game,
themanufacturer as a dominant takes advantage by introduc-
ing online channel to increase his profit. On the contrary, the
retailer could get benefit from cultivating consumer loyalty to
the retail channel.

6. Conclusions

This paper addresses impact of consumer behavior on pricing
decisions under dual-channel competition. Consumers are
heterogeneous and each of them makes his own purchas-
ing decision according to prices posted on both channels,
channel loyalty, utility preference for different channels, and
degree of rationality in decision-making process. Results
of agent-based simulation show that consumer behavior
influences both prices and profits. With more consumers
loyal to retail channel, the retailer set a higher price and
gains a higher profit. On the other side, whenmore consumer
loyal to online channel, the number of purchases from online
channel increases and the manufacturer benefits from it. It is
also interesting to note as rationality level increases, selling
prices for both channels slightly decrease.
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Customized transportation has received growing concerns by researchers and practitioners in recent years. Despite the fact that
one consignor often holds partial ownership of its carrier within a supply chain, the existing interpretations behind them remain
relatively unexplored. Based on the game models, we find that a simple take-or-pay contract is not likely to solve the low-
efficient customized production problem, and equity participation mechanism plus simple contract may improve the cooperation
performance of customized transportation. In the case of the owner-managed carrier, only when purchasing at par can it be
ensured to obtain the socially optimal customization investment, but when purchasing at premium or discount, the optimal partial
ownership selected by consignor cannotmotivate the carrier tomake themost efficient customization investment.With the optimal
solutions, we also provide a theoretic foundation for calculating the optimal partial ownership and for interpretingwhy the interfirm
share-holding ratios of the member-firms within the familial-type logistic supply chains are much larger than the ratios within the
public-type logistic supply chains. Finally, our results show that the familial-type logistic supply chains may choose more efficient
customized production level than public-type logistic supply chains.

1. Introduction

Customized production is a production strategy focused on
the broad provision of personalized products and services,
mostly through modularized product/service design, flexi-
ble processes, and integration between supply chain mem-
bers. Recent years have witnessed growing concerns about
customized transportation services within logistic supply
chains. The customization relationships among two or more
member-firms form a complex network, in which there exists
quite thorough and formal cooperation pointed out by Choi
[1]. Strategic cooperation usually occurs in the shape of
subcontracts, or manufacturing and marketing interfaces, so
that cooperative arrangement for technical sharing, technical
transfer, and customization service has become one of the
most important cooperation ways in the last two decades [2].

According to Richardson [3], since two parties must
not only take promised responsibilities for their future

cooperation behaviors, but also should be provided with
equivalent guarantee, then long-term contracts or equity
participation schemes become the quite formal cooperation
ways. Many of the interfirm research and development
(R&D) cooperation in theUnited States among small biotech-
nology firms and established pharmaceutical companies are
cemented by equity participation [4].

In China, it is well documented that many manufacturers
(consignor) hold minority equity ownership in their trans-
portation service suppliers (carrier), and, thereafter, these
transportation service providers make substantial invest-
ments, such as refrigerating equipment for retaining fresh-
ness, or integrated ERP systems used as tracking parcel
that Choi et al. suggested in [5], and provide customized
transportation service for their downstream consignor [5, 6],
just as the similar cases of Japanese auto industry described
by Aoki et al. [7, 8]. In fact, these features have been suggested
as some keys to the success of Chinese logistic industry. For
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the above mentioned cooperation transactions, why is equity
participation adopted rather than long-term contract? That
is exactly the paradox in transaction efficiency from different
cooperative arrangements that we want to investigate.

In reality, due to the complexity, and uncertainty of future
affairs and traders’ bound rationality, it is impossible or
implausible to list all the related details of contract when
taking transaction cost into consideration. Since incomplete
contracts cannot resolve the “hold-up” problem of oppor-
tunists and discounts its value [9], under the backgrounds
of opportunism [10], assets specificity [11], incomplete con-
tracts, and future’s uncertainty [12], various organizational
interventions, such as vertical integration, exchange hostages,
shifting property rights, and designing an authority relation-
ship, are proposed to solve the “hold-up” problem, which can
prevent two parties from breaking a contract.

Cooperative transaction among member-firms within
logistic supply chain may lose efficiency because of ex
post opportunistic behavior caused by specific investment
resulting likely from customized production or outside
options. Williamson [13], Klein et al. [14] believe that specific
investment does not likely acquire the optimal efficiency
with the anticipation of ex post opportunistic behaviors and
vertical integration instead of spotmarket can avoid or reduce
opportunistic behaviors caused by assets specificity. The final
choice is made based on the comparison of transaction costs
of two types of cooperative mechanisms.

However, integration (internal transaction) is not always
more outperformed than market transaction, which means
that it would lead to inefficiencywhen all productive activities
are arranged in one integrated organization. Why cannot
market relationship among independent entities be replaced
fully by integration? Williamson’s replacement model pro-
vides the following reasons for avoiding integration. That
is, if firms manufacture inputting products by themselves,
economies of scale and economies of scope may not be
achieved. Otherwise, when the degree of assets specificity is
low, governance cost of internal organizations will be larger
than that of market organizations [13]. When analyzing the
disadvantage of governance cost of internal organizations,
related interpretations of loss of control rights and malfunc-
tion of selective optimal intervention are convincing.

Based on the criticism and inheritance of existent theo-
ries, Milgrom and Roberts [15] propose that the cost of polit-
ical activities within one organization is also an important
obstacle for concentration of control rights, which interprets
that internal transaction within integration organizations is
not always better than market transaction among entities
in view of nonmarket transaction costs. The limitations of
integration organizations indicate that a single mode of
integration among parent firm and its member-firms is not
optimal, and the concurrence of various bonding relation-
ships within supply chains is a feasible choice of decision-
makers when constructing an up-down stream relationship.

With growing cooperation transactions within sup-
ply chains, share-holding arrangement (partial ownership)
becomes one of the most important cooperative schemes.
However, there are few theoretical explanations aiming at
equity participation phenomena, especially within logistic

supply chain [2, 16]. Conventional wisdom is that partial
ownership, by reducing opportunism, helps to promote
the bond between upstream firms and downstream firms
through inspiring greater specific investment and customized
production level [9–12]. So, without contractual remedies,
equity participation may perhaps play a role instead. How-
ever, under symmetric information, equity participation by
the downstream firm in an upstream supplier has no effect on
the payoffs when two parties bargain to allocate the benefits
of specific investment [11]. In view of this, it remains unclear
how partial ownership promotes the bond.

In the related models, Bolton and Whinston [17] and
Rajan and Zingales [18] discuss how to make optimal own-
ership allocation in details. However, they only make some
analyses about efficiency loss within integration organization,
but do not measure enhanced efficiency resulting from
cooperation mechanism of partial ownership. Different from
their works, this paper focuses on demonstrating what roles
partial ownership plays in customized production used to
motivate investors, and simultaneously, probing into why the
complete ownership is not possible to be optimal.

Dasgupta and Tao [19] provide some theoretical interpre-
tations for partial ownership phenomena, based on the mod-
els about selective investment decisionmade by the upstream
firms. They consider two types of investment, in which
specific investment levels differ. Given potential income of
investment to be random, when the downstream firm holds
partial ownership of the upstream firm, the upstream firm
would choose more efficient types of investment than the
simple contract.

Compared with innovative mechanism design theory of
ownership suggested by Aghion and Tirole [20], Dasgupta’s
theoretical interpretation on partial ownership is more pro-
found, as they not only agree on the viewpoint that the relative
bargaining power of the trade parties will affect the efficiency
of ownership allocation but also install the bargaining power
parameter into the models and obtain the relevance between
the related parameters and the magnitude of partial owner-
ship. When the downstream firm takes equity participation
ratio into account, the optimal partial ownership is not only
of the credible commitment that can boost the upstream firm
to choose a high specific investment level, but also of the
mechanism arrangement in order tomaximize the benefits of
the downstream firm.The equity participation ratio decision
must tradeoff these two mechanisms, which means that the
downstream firm maximizing its own benefits does not have
to choose equity participation ratio that can motivate the
upstream firm to make the complete specific investment.

Hence, viewing customization level as a variable chosen
by the upstream firmmay meet the realistic condition within
logistic supply chains better. In this paper, the potential
income of customization investment is assumed to increase
with customized production level, which accords with ratio-
nal principle and is our logic starting point of research.

In addition, the existence of partial ownership may
affect customization decision and the success probability of
obtaining outside opportunity income slightly. On the one
hand, partial ownership could lower the diligence expen-
diture of the upstream firm’s entrepreneurs. On the other
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hand, it has the supervisory effects on them imposed by the
downstream firm which was neglected by Dasgupta and Tao
[19], but is taken into account in our paper. Then, in fact,
partial ownership won’t change the diligence expenditure of
decision-makers evidently. Once investment and customized
production are made, both the investment income and the
outside option income are supposed to be realizable. This is
why we incorporate customization level, partial ownership,
and outside opportunity into the same analytical framework,
which become a key point that distinguishes our research
from other customization literatures.

In addition to analyzing the case of the owner-managed
upstream firms, our model also involves the case of public-
firms managed by professional managers. Obviously, the
decision-makers of these two kinds of firms have so many
differences between their customization decision behaviors
that we should probe into them separately. From this angle of
view, we can demonstrate why the familial-type logistic sup-
ply chains may choose more efficient customized production
level than public-type logistic supply chains.

The remaining portion of this paper is organized as
follows. Section 2 outlines the basic model and analyzes
the limitations of the simple contract. Section 3 probes into
the problem of equity participation of the owner-managed
carrier. Section 4 discusses the first-best partial ownership of
the publicly traded carrier. Section 5 analyses the effects of the
optimal ownership strategy on the efficiency of customized
transportation. Finally, conclusion is made in Section 6.

2. The Customized Transportation Models

2.1. Model Settings. Assuming that the member-firms within
the logistic supply chain are respectively one carrier and
one consignor in a transportation trade, the two parties can
make the specific investment for customized transportation
bilaterally or unilaterally. Without loss of generality, we
assume that the carrier can make the unilateral specific
investment and customized transportation for consignor,
which can increase the goods’ value of the consignor. For
example, if the carrier invests in refrigerating equipment or
ant-vibration appliance for consignor’s goods in the great risk
of decoy or brittleness, then this customized transportation
would increase the goods’ value and consignor would make a
larger profit.

The carrier can either be owner-managed firms or public-
firms run by professional managers. Here, we call the own-
ers of owner-managed firms as entrepreneur and call the
decision-maker of the publicly traded firm as the manager.
We assume that the consignor is run by professional man-
agers in the interest of the stockholders. To bementioned, the
owner-managed consignorwill not affect our analyses.Unless
specially pointed out, carrier is seen as an owner-managed
one in our analyses. In addition, all players are assumed to be
risk-neutral.

For simplicity of the analyses and the generalization of
models, three stages of game are considered; that is, 𝑡 = 0, 1, 2.
At 𝑡 = 0, the consignor offers to buy a fraction 𝑟 ∈ [0, 1] of
the transportation carrier at price 𝑃(𝑟), and the entrepreneur
can accept or reject the offer.

At 𝑡 = 1, the entrepreneur chooses the customization
level parameter 𝑎 based on the potential value 𝑉(𝑎) and
the cost function 𝐶(𝑎) of customized transportation, where
𝑎 ∈ [0, 1]. Larger 𝑎 means the higher customized trans-
portation level for carrier. In order to grasp the nature of
customization investment behavior, we assume, the value of
transportation service 𝑉(𝑎) and its investment in customized
transportation, for example, 𝐶(𝑎), are convexly increasing in
𝑎. For simplifying analyses and without loss of generality,
we adopt the following function shape: 𝑉(𝑎) = 𝑒

𝑎

𝑔 and
𝐶(𝑎) = 𝛽𝑎

2, where 𝑔 represents the general transportation
service value without customized investment (in the case of
𝑎 = 0) and 𝛽 is a constant expressing the needed investment
in the case of complete customization service. In addition,
we also suppose that the net revenue function of customized
production [𝑉(𝐴) − 𝐶(𝐴)] is concave, which ensures that
there exists the optimal 𝑎 in our analyses. That is, ∀𝑎 ∈ [0, 1]

and 𝑟 ∈ [0, 1], and inequalities 𝑒
𝑎

𝑔 > 2𝛽𝑎 and 𝑒
𝑎

𝑔 < 2𝛽 hold.
At 𝑡 = 2, 𝑉(𝑎) and 𝐶(𝑎) are realized. 𝑉(𝑎) and 𝐶(𝑎)

are common knowledge, but they cannot be verified, so the
contract cannot be consigned on it.

Then, we consider that at 𝑡 = 0, the carrier and the
consignor sign a simple take-or-pay contract, and (𝑃

𝑇
, 𝑃
𝑁

) is
the payoff portfolio the consignor will pay to the carrier in
two cases when trade in the contract occurs or not. At 𝑡 = 2,
the carriermakes renegotiationwith the consignor bilaterally.
If the renegotiation between them fails, carrier will trade with
other consignor, and the potential value of the customization
will be reduced to 𝑔(1 − 𝑎).

If the relative bargaining power of the consignor is
assumed to be 𝜆, then that of the upstream carrier is (1 −

𝜆), where 𝜆 ∈ [0, 1]. We incorporate the analyses of
surplus allocation in the cases of trade or nontrade into the
framework of the Nash bargaining solutions. By backward
deductivemethod, since (𝑃

𝑇
, 𝑃
𝑁

) can be renegotiated at 𝑡 = 2,
it means (𝑃

𝑇
, 𝑃
𝑁

) should obey the constraints of the Nash
bargaining solutions.

Under what condition could simple contract (𝑃
𝑇
, 𝑃
𝑁

)

acquire the optimal incentive outcome? And why can equity
participation arrangement enhancemore efficient customiza-
tion level? These paradoxes are what we are interested in.

2.2. Simple Contract and Customization Level Choice. Given
simple contract (𝑃

𝑇
, 𝑃
𝑁

) and the equity participation ratio
r of consignor, the payoff matrix of two trading parties
is expressed as in two cases when the negotiation either
triumphs (denoted by T) or fails (denoted byN) as following:

Carrier Consignor
𝑇 (1 − 𝑟) [𝑃

𝑇
− 𝐶 (𝑎)] 𝑉 (𝑎) − 𝑃

𝑇
+ 𝑟 [𝑃

𝑇
− 𝐶 (𝑎)]

𝑁 (1 − 𝑟) [𝑃
𝑁

+ 𝑔 (1 − 𝑎) − 𝐶 (𝑎)] 𝑟 [𝑃
𝑁

+ 𝑔 (1 − 𝑎) − 𝐶 (𝑎)] − 𝑃
𝑁

(1)

In the game model of the repeated bargains, the Nash
bargaining solutions require that contract (𝑃

𝑇
, 𝑃
𝑁

) satisfies

max {(1 − 𝑟) [𝑃
𝑇

− 𝐶 (𝑎)]

− (1 − 𝑟) [𝑃
𝑁

+ 𝑔 (1 − 𝑎) − 𝐶 (𝑎)]}
1−𝜆
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∗ {𝑉 (𝑎) − 𝑃
𝑇

+ 𝑟 [𝑃
𝑇

− 𝐶 (𝑎)]

− 𝑟 [𝑃
𝑁

+ 𝑔 (1 − 𝑎) − 𝐶 (𝑎)] + 𝑃
𝑁

}
𝜆

.

(2)

The first order condition of 𝑃
𝑇
demands

(1 − 𝜆) (1 − 𝑟)

(1 − 𝑟) [𝑃
𝑇

− 𝑃
𝑁

− 𝑔 (1 − 𝑎)]

+
𝜆 (𝑟 − 1)

𝑉 (𝑎) − 𝑃
𝑇

+ 𝑟 [𝑃
𝑇

− 𝑃
𝑁

− 𝑔 (1 − 𝑎)] + 𝑃
𝑁

= 0.

(3)

Then

𝑃
𝑇

=
[𝑒
𝑎

− 𝑟 (1 − 𝑎) + (1 − 𝑎 − 𝑒
𝑎

) 𝜆] 𝑔

1 − 𝑟
+ 𝑃
𝑁

. (4)

Using payoff matrix, we know that when transaction
occurs, the revenues of carrier and consignor are (1 − 𝑟)[𝑃

𝑇
−

𝐶(𝑎)] and (𝑉(𝑎) − 𝑃
𝑇

+ 𝑟[𝑃
𝑇

− 𝐶(𝑎)]) respectively, expressed
by 𝑆
𝑇
(𝑟, 𝑃
𝑁

) and 𝐵
𝑇
(𝑟, 𝑃
𝑁

). So we have

𝑆
𝑇

(𝑟, 𝑃
𝑁

) = [𝑒
𝑎

− 𝑟 (1 − 𝑎) + (1 − 𝑎 − 𝑒
𝑎

) 𝜆] 𝑔

+ (1 − 𝑟) [𝑃
𝑁

− 𝛽𝑎
2

] ,

𝐵
𝑇

(𝑟, 𝑃
𝑁

) = [𝑒
𝑎

𝜆 + (1 − 𝑎) (𝑟 − 𝜆)] 𝑔

− (1 − 𝑟) 𝑃
𝑁

− 𝑟𝛽𝑎
2

.

(5)

The socially optimal customization level choice must
satisfy

max
𝑎

[𝑉 (𝑎) − 𝐶 (𝑎)] . (6)

The first order condition demands
𝑒
𝑎

𝑎
=

2𝛽

𝑔
. (7)

That is, the first-best customization level parameter 𝑎fb =

arg[𝑒
𝑎

/𝑎 = 2𝛽/𝑔]. But, if 𝑟 = 0, can (𝑃
𝑇
, 𝑃
𝑁

) make sure that
the entrepreneur chooses 𝑎fb?

For simplicity of the analyses, let 𝑃
𝑁

= 0, and then it
demands that the manager chooses 𝑎

∗ to maximize carrier’s
revenue as follows:

𝑎
∗

= argmax
𝑎

𝑆
𝑇

(𝑟, 𝑃
𝑁

) . (8)

Then, we have

𝑎
∗

= argmax [
𝑒
𝑎

𝑎
=

𝜆 − 𝑟

(1 − 𝜆) 𝑎
+

2 (1 − 𝑟) 𝛽

(1 − 𝜆) 𝑔
] . (9)

When 𝑟 = 0, above equation can be changed into

𝑎
∗

= argmax [
𝑒
𝑎

𝑎
=

𝜆

(1 − 𝜆) 𝑎
+

2𝛽

(1 − 𝜆) 𝑔
] . (10)

Apparently, from 𝜆 ∈ [0, 1], we can deduce

𝜆

(1 − 𝜆) 𝑎
+

2𝛽

(1 − 𝜆) 𝑔
≥

2𝛽

𝑔
. (11)

The function [𝑉(𝑎) − 𝐶(𝑎)] is concave, so
𝑎
∗

≤ 𝑎fb. (12)
It means, when the entrepreneur of the upstream carrier

has the whole bargaining power (𝜆 = 0), simple contract
(𝑃
𝑇
, 𝑃
𝑁

) can induce the entrepreneur to choose the optimal
customization level. It is not difficult to understand that,
when the entrepreneur with an overwhelming bargaining
power can obtain all of investment surplus, he or she will
make the choice of the fist-best customization level. It is
consistent with the interpretation of Choi et al. [19–22] that
the incomplete contract can also lead to efficient outcomes
under some special conditions.

But when 𝜆 > 0, (𝑃
𝑇
, 𝑃
𝑁

) contract cannot ensure that
the entrepreneur would make the efficient customization
investment. Then, how many ration of equity participation
can result in efficient outcomes?

If 𝑎
∗

= 𝑎fb, then 𝑉


(𝑎
∗

) = 𝐶


(𝑎
∗

). This means
𝛽𝑙

𝑔
=

𝜆 − 𝑟

(1 − 𝜆) 𝑎
+

2 (1 − 𝑟) 𝛽

(1 − 𝜆) 𝑔
. (13)

Obviously, only when 𝑟 = 𝜆, may (14) hold. Since 𝑃
𝑇

=

𝑉(𝑎fb), then (𝑃
𝑇
, 𝑃
𝑁

) = (𝑉(𝑎fb), 0).
Integrating the above analyses, we can conclude the

following.

Proposition 1. (i) Only when the entrepreneur of carrier
occupies all of bargaining power (e.g., 𝜆 = 1) can simple
contract (𝑉(𝑎

𝑓𝑏
), 0) result in the socially optimal customization

level chosen by carrier; (ii) but if 0 < 𝜆 < 1, the
efficient customization investment outcome can be obtained
only through equity participation 𝑟 = 𝜆 plus simple contract
(𝑉(𝑎
𝑓𝑏

), 0).

Proposition 1 does not mean the consignor 𝑑 must make
the decision of equity participation 𝑟 = 𝜆 at 𝑡 = 0, because
as a rational entity, maximizing its benefit, the consignor
would not only consider the customization efficiency of the
upstream carrier but alsomake benefit-cost analyses of equity
participation. Hence, the optimal equity participation ratio
need not satisfy the condition under which the manager
would choose the socially optimal customization level. In
next section, we will discuss the problem about optimal
equity participation ratio.

3. Equity Participation by Consignor in
Owner-Managed Carrier

This section aims at obtaining the comparative static outcome
affecting the equity participation ratio factors, so we will
install the cost items related to the equity participation in
order to obtain the internal angle solution about the optimal
partial ownership.

3.1. Optimal Equity Participation Ratio. Given 𝑟, the
entrepreneur will choose 𝑎

∗ to maximize the customization
investment revenue; that is

𝑎
∗

= argmax
𝑎

𝑆
𝑇

(𝑟) . (14)
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Given 𝑎 chosen by carrier at 𝑡 = 1, the manager
of consignor would, at 𝑡 = 0, decide on optimal equity
participation ratio 𝑟 to maximize its total net income. As
we all know, under the mechanism of partial ownership
the consignor can get a lot of benefits from customized
transportation, but must pay for obtaining partial ownership
of carrier.The reason why complete vertical integration is not
always the optimal choice lies in the fact that the integration
cost is likely to exceed the added-value benefits of customized
transportation.

Assuming that other outside income of the upstream
carrier is 𝜋

0
, we express 𝑃(𝑟) that the consignor pays for

obtaining an equity ratio 𝑟 of the carrier in the following
equation:

𝑃 (𝑟) = (1 + 𝜃) [(𝑆
𝑇

(𝑜) + 𝜋
0
) − (𝑆

𝑇
(𝑟) + (1 − 𝑟) 𝜋

0
)] . (15)

In this equation, (𝑆
𝑇
(𝑜)+𝜋

0
) term represents total income

of entrepreneur when 𝑟 = 0, and (𝑆
𝑇
(𝑟) + (1 − 𝑟)𝜋

0
) is the

correspondent revenue that entrepreneur earns when equity
participation ratio is 𝑟. The surplus between these two terms
can be regarded as the real value of the equity fraction 𝑟

of the upstream carrier. Let 𝜃 denote the average premium
(discount) price coefficient at which the consignor acquires a
fraction 𝑟 of the carrier, where 𝜃 > 0 represents purchasing
at premium, 𝜃 = 0 represents purchasing at par, and 𝜃 < 0

represents purchasing at discount. In order to accord with the
actual scenarios of equity fight, we install 𝜃-coefficient into
the formula to calculate 𝑃(𝑟).

Let 𝜋
𝑑
denote net income of the downstream consignor;

then
𝜋
𝑑

= 𝐵
𝑇

(𝑟) + 𝑟𝜋
0

− 𝑃 (𝑟) . (16)

Substituting 𝐵
𝑇
(𝑟) and 𝑃(𝑟) into above equation, we get

𝜋
𝑑

= 𝑒
𝑎

𝑔 − 𝛽𝑎
2

+ 𝜃𝑆
𝑇

(𝑟) − 𝜃𝜋
0
𝑟 − (1 + 𝜃) 𝑆

𝑇
(0) . (17)

Anticipating that the entrepreneur chooses 𝑎
∗ based on

equity participation ratio 𝑟, that is, 𝑎
∗

= 𝑎
∗

(𝑟), the manager
of the downstream consignor will try to acquire optimal
equity ratio 𝑟

∗ for maximizing 𝜋
𝑑
; that is

𝑟
∗

= argmax
𝑟

𝜋
𝑑
. (18)

The first order condition demands
𝜕𝑎
∗

𝜕𝑟
[𝑉


(𝑎
∗

) − 𝐶


(𝑎
∗

)]

+ 𝜃 [𝐶 (𝑎
∗

) − 𝑔 (1 − 𝑎
∗

)] − 𝜃𝜋
0

= 0.

(19)

Without loss of generality, suppose 𝛽𝑎
2

fb − 𝑔(1 − 𝑎fb) ≤ 0;
we will discuss the results in the cases of different 𝜃-values.

3.2. The Effects of 𝜃 on 𝑎
∗ and 𝑟

∗

(1) 𝜃 > 0, which means purchasing at premium.
By (9), we know

𝜕
2

𝑆
𝑇

(𝑟)

𝜕(𝑎
∗
)
2

< 0. (20)

Moreover, 𝜕2𝑆
𝑇
(𝑟)/𝜕𝑎

∗

𝜕𝑟 = 2𝛽 > 0.

Thus, 𝜕𝑎
∗

/𝜕𝑟= (−𝜕
2

𝑆
𝑇
(𝑟)/𝜕𝑎

∗

𝜕𝑟)/(𝜕
2

𝑆
𝑇
(𝑟)/𝜕(𝑎

∗

)
2

) >

0.
Since 𝑉



(𝑎
∗

) − 𝐶


(𝑎
∗

) < 0, when 𝜃 is sufficiently
smaller, we have

𝜕𝜋
𝑑

𝜕𝑟|
𝑟=0

> 0,

𝜕𝜋
𝑑

𝜕𝑟|
𝑟=𝜆

= 𝜃 [𝐶 (𝑎fb) − (1 − 𝑎fb) 𝑔 − 𝜋
0
] < 0.

(21)

Thus, the optimal partial ownership 𝑟
∗

∈ (0, 𝜆), and
we can get 𝑎

∗

> 𝑎fb.
If 𝜃 is sufficiently larger, ∀𝑟 ∈ [0, 1], 𝜕𝜋

𝑑
/𝜕𝑟 < 0, then

𝑟
∗

= 0.

(2) 𝜃 = 0, which means purchasing at par.
Obviously, for (19) to hold, it requires

𝑉


(𝑎
∗

) − 𝐶


(𝑎
∗

) = 0. (22)

Then, 𝑟∗ = 𝜆 and 𝑎
∗

= 𝑎fb.
(3) 𝜃 < 0, which means purchasing at discount.

Evidently, when the value of the upstream fabric supplier
is underestimated, the consignor will buy as much equity as
possible to maximize its total net income. Although over-
incentive effects of equitymay lead to customized production
level exceeding the social optimality, and the increase of
the equity investment revenue renders the manager of the
consignor to purchase the share of 𝑟

∗ greatly exceeding
social optimal level; that is, 𝑟

∗

> 𝜆. Besides, when the
share-holding ratio of the downstream consignor exceeds the
entrepreneur’s, the customization level of carrier should equal
the social optimal one. So, we have

𝑎
∗

{{{

{{{

{

= 𝑎fb if 𝑟
∗

≥
1

2
,

< 𝑎fb if 𝑟
∗

<
1

2
.

(23)

If 𝜃 is sufficiently negative, then 𝑟
∗

= 1 and 𝑎
∗

= 𝑎fb.
Notably, we regard 𝜃 as a constant in this paper, which does
not affect our analyses about the optimal equity participation
ratio.

But what we must pay attention to is that, with 𝑟

vibrating, average discount (or premium) price parameter 𝜃

may also be changeable. The exact magnitude of the optimal
customization level 𝑎 and partial ownership 𝑟 will depend on
𝜃-value.

The three-dimension chart (see Figure 1) shows that,
when 𝜃 drops from 0.4 to −0.4, 𝜋

𝑑
(𝑎, 𝑟), the equilibrium

path demonstrates an increasing trend, and the optimal
customization level 𝑎 is increasing in 𝑟. With equity purchase
shifting from discount price to premium price, the drop of
optimal equity participation ratiowill result in the customiza-
tion transportation level and the net income of consignor
decreasing simultaneously.
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Figure 1: The relationship chart among 𝜋
𝑑
, 𝑎, and 𝑟, given 𝜆 = 0.5,

𝛽 = 2, and 𝑔 = 2.

Concluding the above analyses, we get the following.

Proposition 2. (i) If 𝜃 is a sufficiently small positive value,
𝐶(𝑎
𝑓𝑏

)−𝑔(1−𝑎
𝑓𝑏

) ≤ 0, the consignor holds the optimal partial
equity of the carrier 𝑟

∗

∈ (0, 𝜆), and the customization level
which the entrepreneur chooses is below social optimal level;
that is, 𝑎

∗

< 𝑎
𝑓𝑏
. If 𝜃 is sufficiently larger, choosing 𝑟

∗

= 0 will
be beneficial for the consignor.

(ii) In the case when purchasing at par (𝜃 = 0), 𝑟
∗

= 𝜆

and 𝑎
∗

= 𝑎
𝑓𝑏

hold, and the efficient customization level can be
obtained.

(iii) In the case when purchasing at discount, 𝑟
∗

> 𝜆 and
𝑎
∗

> 𝑎
𝑓𝑏

hold, and optimal partial ownership can motivate the
entrepreneur to choose the socially optimal customization type.

Proposition 2 demonstrates that only when purchasing at
par can optimal equity participation mechanism make sure
that themost efficient outcome is obtained.When purchasing
at premium or discount price, the distortion effects of wealth
transfer will make the customization outcome brought up
by optimal partial ownership deviate from social optimal
investment type.

According to Proposition 2, we can interpret why the
average equity ratios Chinese consignors hold of carriers’
equity ownership exceed the corresponding value of Amer-
ican firms, under the condition of the same technology
parameters. In China, majority equity ownership of the firms
is under the control of individual investors or institution
investors, the exchange ratio of the stock is very low, and the
exchange of stock is often solved by private negotiation [22].
Generally, in this case, 𝑃(𝑟) will not deviate seriously from its
real value, and 𝜃 is likely to be bigger than zero slightly. But
in the United States, whose capital markets are very mature,
equity ownership of firms is widely dispersed, the public
shareholders hold the majority equities, the ownership 𝑟 is
obtained by exchange in the stock market, and the bids of
many trade entities lead to 𝜃-value exceeding zero greatly
[23–25]. Therefore, when other technical parameters are
not changed, the mechanism that the greater 𝜃-value would
lead to the smaller 𝑟

∗ will result in the interfirm equity
participation ratio in China to be obviously higher than that
of the same industry in the United States.

4. Equity Participation by the Consignor in
the Public-Type Carrier

In this section, we will expand our analyses of the opti-
mal partial ownership to the public carrier operated by
professional managers. When the carrier is not owner-
managed but is a public-firm, the analyses of last section
do not apply, completely, in that professional managers in
the interest of the stockholders will not be affected directly
by the dispersive equities, when considering investment
income. Even so, our analyses belowdemonstrates that partial
ownership still affects the customization choice of managers,
and a conclusion similar to the last section will be obtained.

For simplicity of analyses, besides the assumption that the
manager of carrier is risk neutral, we also assume that there
exists nomanager’smoral hazard about reward compensating
mechanism and endeavor choice problem. Assume that
rewards of manager are a minority part of the whole profit of
carrier, which ensures that manager makes decisions in the
interest of the stockholders. Based on these assumptions, we
can attain the bargaining outcome below.

Lemma 3. Given r and 𝜆, let 𝑃
𝑁

= 0, then the consignor pays

�̂�
𝑇

=
(1 − 𝜆) 𝑒

𝑎

𝑔 + (𝜆 − 𝑟) 𝑔 (1 − 𝑎)

1 − 𝑟

(24)

to the public-type carrier.

And the incomes obtained by the two trade parties are,
respectively,

𝑆
𝑇

(𝑟) =
(1 − 𝜆) 𝑒

𝑎

𝑔 + (𝜆 − 𝑟) 𝑔 (1 − 𝑎)

1 − 𝑟
− 𝛽𝑎
2

,

𝐵
𝑇

(𝑟) = 𝜆𝑔𝑒
𝑎

− (𝜆 − 𝑟) 𝑔 (1 − 𝑎) − 𝑟𝛽𝑎
2

.

(25)

From the payoff matrix of two trade parties, we can
obtain �̂�

𝑇
= 𝑃
𝑇
; that is, no matter what type the carrier

belongs to, the payoffs of the consignor are the same. There
exist differences between two types of carrier’ trade income
function. But for the consignor, the function formof the trade
income remains unchanged.

Observing that the manager of the carrier will choose
the customization level 𝑎

∗ to maximize its utility, given the
manager’s risk neutrality, we know

𝑎
∗

= arg[
𝜕𝑆
𝑇

(𝑟)

𝜕𝑎
= 0] . (26)

Given 𝑟, the manager would choose 𝑎
∗

(𝑟) to maximize
the earnings of the carrier; then decision-makers of consignor
can decide on equity participation ratio to maximize its net
income �̂�

𝑑
. Here, we adopt the form below to describe �̂�

𝑑
:

�̂�
𝑑

= 𝐵
𝑇

(𝑟) + 𝑟𝜋
0

− �̂� (𝑟) , (27)

where �̂�(𝑟) denotes the price at which the consignor buys a
fraction 𝑟 of equity of the carrier. Assuming that the faction
𝑟 of equity is purchased through tender offers, the real value
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𝛿(𝑟) of the carrier based on the partial ownership 𝑟 can be
expressed as

𝛿 (𝑟) = 𝑆
𝑇

(𝑟) + 𝜋
0
. (28)

�̂�(𝑟) can be denoted as follows:

�̂� (𝑟) = (1 + 𝜃) 𝑟𝛿 (𝑟) . (29)

Therefore, the total net income of the consignor can be
described as

�̂�
𝑑

= 𝐵
𝑇

(𝑟) + 𝑟𝜋
0

− 𝑟 (1 + 𝜃) [𝑆
𝑇

(𝑟) + 𝜋
0
] . (30)

The optimal partial ownership 𝑟
∗ must satisfy the first-

order condition

𝜕�̂�
𝑑

𝜕𝑟 | 𝑟 = 𝑟
∗

= 0. (31)

We further have

(
𝜕𝑎
∗

𝜕𝑟
) [𝑉


(𝑎
∗

) − 𝐶


(𝑎
∗

)] − 𝜃𝑆
𝑇

(𝑟) − 𝜃𝜋
0

−
(1 + 𝜃𝑟) (1 − 𝑎) 𝑔

(1 − 𝑟)
2

= 0.

(32)

Obviously, when 𝜃 > 0 and is sufficiently small, 𝑟
∗

∈

(0, 𝜆). Similar to the conclusions of the last section, the values
of 𝑎
∗ and 𝑟

∗ will be adjusted to correspond to positive or
negative 𝜃-value. In this paper we will only analyze the case
of 𝜃 > 0.

By (32), we get

𝜕
2

�̂�
𝑑

𝜕𝑟𝜕𝜆
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𝜕𝑎
∗

𝜕𝑟
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(𝑎
∗

) − 𝐶


(𝑎
∗

)] [
𝜕𝑎
∗

𝜕𝜆
] −

1 + 𝛽𝑟

(1 − 𝑟)
2

∗ [− (1 − 𝑎
∗

) 𝑉 (𝑎
∗

) − (1 − 𝜆) 𝑉 (𝑎
∗

) (
𝜕𝑎
∗

𝜕𝜆
)

+ (1 − 𝑎) (1 − 𝜆) 𝑉 (𝑎
∗

) (
𝜕𝑎
∗

𝜕𝜆
)]

+ [
𝜕
2

𝑎
∗

𝜕𝑟𝜕𝜆
] [𝑉


(𝑎
∗

) − 𝐶


(𝑎
∗

)] +
𝛽 (1 − 𝑎

∗

) 𝑉 (𝑎
∗

)

1 − 𝑟
.

(33)

By 𝜕𝑆
𝑇
(𝑟)/(𝜕𝑎 | 𝑎 = 𝑎

∗

) = 0, we know

𝜕𝑎
∗

𝜕𝑟
> 0,

𝜕𝑎
∗

𝜕𝜆
< 0,

𝜕
2

𝑎
∗

𝜕𝑟𝜕𝜆
< 0. (34)

Then, in (33), all the right-hand terms exceed zero; thus,

𝜕
2

𝜋
𝑑

𝜕𝑟𝜕𝜆
> 0. (35)

Since Sign(𝜕𝑟
∗

/𝜕𝜆) = Sign(𝜕
2

�̂�
𝑑
/𝜕𝑟𝜕𝜆), we can get

𝜕𝑟
∗

𝜕𝜆
> 0,

𝜕𝑟
∗

𝜕𝜋
0

< 0. (36)
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Figure 2: The relationship chart between 𝑎 and 𝑟, given 𝛽 = 2, 𝑔 =

1.2.

Given the values of 𝜆, 𝛽, and 𝑔, we can find out the
relationship between 𝑎 and 𝑟 through numerical simulation,
in Figure 2.

Our numerical result shows that parameters 𝑎 and 𝑟 are
increasing function of 𝜆, and 𝑎 increases nonlinearly in r.

From the above analyses, we can conclude the following.

Proposition 4. Assuming that the carrier is a public-firm
managed by the manager in the interest of the share-holders,
when purchasing at premium price, the optimal equity partic-
ipation ratio 𝑟

∗ by the consignor increases in 𝜆, but decreases
in 𝜋
0
.

5. Discussions about Customized Production
Efficiency and Policy Implications

The theory of optimal ownership structure extracts the
distillate of two stream academic ideas, the financial structure
theory and the managerial motivation theory, which have
been agreed on in economic literature [19]. For example,
Jensen andMeckling [26] pointed out, that agent costs caused
by dilution of ownership are derived from the fact that
the incentive of inside controllers cannot keep track with
that of the owner’s. On the other hand, many academic
papers demonstrate that an outside artificial person who
holds a major part of ownership has a positive effect on
the firm’s value [10, 17, 26–28]. These papers emphasized
the supervising function of the outside artificial persons’
share-holders to the firm’s managers. Compared with these
existing articles, we provide a theoretical interpretation why
outside artificial persons hold partial ownership under the
circumstance of vertical transaction relationship. Our result
is if the downstream firm holds partial ownership of the
upstream firm, it may function as a bonding mechanism,
which improves the performance of twoparties. Itmeans that,
compared with 𝑟 = 0, the mechanism of partial ownership
improves the efficiency of customization service.

However, can the optimal partial ownership result in
social optimal customized transportation level?

As we know, no matter what type the carrier is, either
owner-managed one or a public-firm managed by managers,
𝑟
∗

= 𝜆 or 𝑟
∗

= 0.5 is the necessary condition bringing in
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social optimal customization level. If the carrier is an owner-
managed one, only when the purchasing of partial ownership
at par price occursmay choosing 𝑟

∗

= 𝜆 be a rational decision
for the consignor aiming at maximizing its total net income.
But purchasing at premium price is dominant in reality; if
calculated under general case of 𝜆 = 0.5, the optimal partial
ownership 𝑟

∗ is less than 𝜆, not large enough to motivate
the decision-maker of the carrier to choose the most efficient
customized production level. The marginal return obtained
by the consignor through enlarging equity participation ratio
will be offset by marginal costs of purchasing the equity
ownership, and premium price distorting effects lead to the
efficiency loss of the carrier’s customization investment (𝑟

∗

<

0.5).
On the opposite, when purchasing at discount, overmoti-

vation leads to 𝑟
∗

> 𝜆, and the customization efficiency loss
may still occur. Therefore, we hold that, the effect of wealth
transfer in the purchase of equity ownership is the main
reason that leads to efficiency loss of customized production,
which shows our theory about partial ownership different
from the entrepreneur endeavor choice interpretation by
Dasgupta and Tao, but similar to the conclusion of Aghion
and Tirole’s that partial ownership arrangement can motivate
special investment, but cannot solve the investors’ underin-
vestment problem totally.

However, when the carrier is public-managed, even if
there exist 𝜃 = 0 and the optimal partial ownership 𝑟

∗

<

𝜆, social optimal customization level cannot be obtained
because the benefit of the consignor does not keep consistent
with the trade parties’ common benefit. When 𝜃 > 0,
𝑟
∗ will become smaller and the higher loss degree of the
customization investment efficiency will occur. Obviously,
under the second-order condition constraint that we can get
the optimal solution satisfying (32), the larger the average
premium price parameter is, the smaller 𝑟

∗ is, the lower
customized production efficiency becomes, and the greater
social welfare loss will be, which holds true in the case
of owner-managed carrier. As for the case of 𝜃 < 0, it
accords with the aforementioned analyses, that is, the over-
motivation of equity ownership may lead to customized
production efficiency loss.

In China, the state-owned equity reform in logistic
industry just began, with unclear ownership partition, and
many social functions assumed by firms are not peeled off.
The high premium-price acquisitions may make carriers to
choose 𝑟

∗

= 0, which leads to the undermotivation of the
customization investment of consignors and the social opti-
mal customized transportation cannot be realized.Therefore,
in the developing process of logistic supply chains in China,
it is necessary that the logistic firms should become the
entities that can be self-managed, self-constricted, and self-
motivated, and the burden of the social functions will lead to
the loss of the transportation efficiency, which are all what we
must pay attention to.

In addition, when all technical parameters keep constant,
comparing optimal partial ownership in the cases of two
different types of carrier, we can discover that, in theory,
the ratio of optimal equity participation by the consignor in
the owner-managed carrier should exceed the ratio in the

public-managed firm; that is, 𝑟
∗

> 𝑟
∗. It provides a theoretic

foundation for us to interpret that the interfirmmutual share-
holding ratios of the member-firms within the familial-type
logistic supply chains aremuch larger than those ratioswithin
the public-type logistic supply chains. At the same time, it
also means that the customized production efficiency of the
former is higher than that of the latter. Although there is room
for improvement, we still firmly believe that the success of
Chinese logistic industry should be mainly attributed to the
advantage of owner-managed efficiency.

To be mentioned, the mechanism of partial ownership
undoubtedly improves the cooperative efficiency of two
trade parties. Although social welfare level this arrangement
provides is not optimal, the cooperative mechanism helps
to enhance Pareto improvement of the return of two trade
parties, compared with simple contract system.

6. Conclusions

The phenomena that one consignor holds equity ownership
of one carrier within logistic supply chain are often observed.
Despite its importance, the existing interpretations for inter-
firm partial ownership scheme remain relatively unexplored.
In this paper, a theoretical explanation for equity partici-
pation arrangement existing between member-firms within
logistic supply chain is provided under the background of
customized production.

Based on the models in which we view the parame-
ter for customization level as the selective variable of the
carrier, we figure out that the simple contract cannot solve
the low-efficient customized production problem. Equity
participation mechanism together with simple contract can
improve the efficiency of customized transportation. The
partial ownership mechanism supported by customized pro-
duction plays a role as a bond in keeping the relational
transactions among member-firms, but not a role as the
efficiency-enhancing mechanism resulting from outside arti-
ficial persons’ supervision in some literature about equity
ownership structure.

What is more, on the basis of keeping the logic deductive
consistency, we obtain the outcome of the optimal partial
ownership affected by the relative bargaining power 𝜆 of
the consignor and the other outside income 𝜋

0
of the

carrier, under two cases of owner-managed firm type and
public-firm type, respectively, and showwhy the familial-type
logistic supply chains may choose more efficient customized
production level than public-type logistic supply chains.

To be mentioned, our theory provides few cases in
which we can verify the interfirm equity participation ratio.
Although many important conclusions we obtain seem to be
consistent with some evidences, there is a need for further
study, such as analyzing bilateral cross-shareholding case and
considering the relationship between bargaining power and
equity participation ratio through extending our models.
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This paper investigates the impact of the retailer’s overconfident behavior on supply chain performance.We start with a basic model
on the rational newsvendor model and investigate the retailer’s optimal ordering decision and expected profit. Next, we extend
the basic model and introduce an overconfident retailer. We find that the retailer’s overconfident behavior does not necessarily
damage the supply chain compared with the basic model when the overconfident level does not exceed a threshold. We also design
the cooperation and buyback mechanism and conduct numerical analysis to compare the manufacturer’s and retailer’s expected
profits and real profits with those in the basic newsvendor model. It can achieve Pareto improvement in the supply chain when the
overconfident level is low. When the retailer’s overconfident level exceeds a threshold, the retailer’s ordering decision cannot make
the whole supply chain sustainable development.

1. Introduction

As a classical model inMS/OM, the newsvendor problem has
been deeply explored; however, in reality the actual ordering
of the newsvendor always deviates from the theoretically
optimal result, and the actual ordering fluctuates around the
theoretically optimal ordering quantity. Most scholars use
the classical economic assumption that the decision-maker
is a rational man, while he/she often has different decision-
making behavior, and it is also illustrated in psychology that
people cannot be entirely rational and often make irrational
decisions [1, 2].

In recent years, decision-making has been becoming
a hot issue along with the fact that consumer behavior
was introduced into operational management. Scholars have
proved the bias between cognitive reflection and decision-
making by experiment and the decision-makers are prone to
risk preferences, fairness preferences, eye tracking social pref-
erences, overconfidence, and other preferences (see [3–7]).
Among them, overconfident behavior becomes one of the hot
spots and affects the operation management of the enterprise

seriously. For instance, the high volume-trading problem
[8], the bankruptcy because of the crazy mergers made by
CEO [9], and the presence of oil or gas predicted by young
geologist too confidently led to loss of millions of dollars
[10]. Overconfidence has been explored deeply in the field
of behavioral psychology, behavioral finance, and behavioral
management but rarely in the field of management science
and operations management. Croson et al. [11] first introduce
overconfident behavior in supply chain management.

Based on the classical newsvendor model, we focus on
the order variance when the decision-makers are overconfi-
dent and rational, respectively. Considering the cooperation
and buyback mode, this paper illustrates how the retailer’s
overconfident behavior affects her ordering decision and the
profit of each member in the whole supply chain and how
the manufacturer responds to encourage the overconfident
retailer to decide the systematic optimal ordering quantity.
The remainder of this paper is organized as follows. Section 2
reviews the relevant literature, and Section 3 describes the
basic problem. Sections 4 and 5 discuss the basic model and
overconfident retailermodel, respectively. Section 6 discusses
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two kinds of decision-making mechanisms, the cooperation
mode and buyback mode, and reports the results of an
extensive numerical study, and Section 7 concludes this paper
with a discussion of the results.

2. Literature Review

There are two primary streams of research that relate to
our analysis: the literature on newsvendor problem and
overconfident behavior. The newsvendor problem is a classic
supply chain management issue which has been proposed in
the fifties of the last century and has received wide attention
in academia. Arrow et al. [12] analyzed the famous critical
fractile solution for the newsvendor problem; after that,
many scholars regard maximizing the expected profit as a
decision objective and use the expected utility theory and
mathematical model to explore the newsvendor problem.
For example, Whitin [13] develops the newsvendor model
where the demand is price dependent and follows a uniform
distribution; moreover, he finds the optimal order which
depends on the price variance under the objective of maxi-
mizing the expected profit.Thakkar et al. [14] investigated the
optimal ordering quantity under the objective of maximizing
the expected investment return and found wider application
comparedwith the expectedmaximum.Khouja [15] classified
the newsvendor problem into 11 categories, made a literature
review on the predecessors’ research, and provided recom-
mendations for future research. For recent reviews on the
newsvendor model, refer to Petruzzi and Dada [16] and Qin
et al. [17]. None of these papers consider the decision-makers’
decision behavior.

More recently, a stream of research has emerged that
explored decision-makers’ behavior. For example, Eeckhoudt
et al. [18] studied the risk-aversion behavioral decision-
makers and found that decision-makers’ ordering quantity is
always lower than the optimal ordering quantity.Many schol-
ars have used experimental evidence to verify the existence of
decision deviation. Schweitzer and Cachon [4] explain why
retailers’ order differs from the expected profit-maximizing
quantity and define the high (low) profit environment and
find that decision-makers’ ordering quantity is less than
(greater than) the optimal ordering quantity under the high
(low) profit environment by experiments. Benzion et al.
[19] test participants’ ordering decisions and show that the
decision-makers have behavior preferences. In these behav-
ioral preferences, the overconfident behavior is particularly
prevalent and potentially harmful behavior [20]. Although
many of these papers consider behavior preferences, few
papers address the overconfident behavior in supply chain
management.

Overconfident behavior is quite mature in psychology
and has progress in the field of behavioral finance and
behavioral management [21, 22]. But in the field of supply
chain inventorymanagement, the research onoverconfidence
is rare. Moore and Healy [23] define three types of overcon-
fidence: overestimation, overplacement, and overprecision.
People overestimate their actual capabilities, overplace their
position among their colleagues or peers, and believe they are

better than others. They believe that their predictions are
more accurate than they actually are. This paper is also based
on the third definition. Croson et al. [11] summarize the
previous experimental study on human behavior, citing the
third definition [23] overprecision, and use salvage costs and
price adjustments to revise the overconfident retailer’s order
decisions. Ren and Croson [24] and Proeger and Meub [25]
provide experiment evidence for overconfidence as social
bias. Unlike the present analysis, these papers do not analyze
that the retailer’s and manufacturer’s profits can or cannot
increase jointly after the implementation of the contract.

In this paper, we analyze the overconfident behavior in the
traditional supply chain. In this setting, we consider a two-
echelon supply chain that consists of one single manufacturer
and one single retailer who is overconfident on the market
demand. We discuss a basic model and then introduce an
overconfident retailer. In addition, we also design the coop-
eration and buyback mechanisms and conduct a numerical
analysis to compare themanufacturer’s and retailer’s expected
profits and real profits with those in the basic newsvendor
model.

3. Problem Descriptions

Consider a two-echelon supply chain, which is composed
of one single manufacturer and one single retailer who
has overconfident behavior on the market demand, and the
manufacturer is the leader and the retailer is the follower
in the supply chain. To be specific, the manufacturer is a
risk-neutral decision-maker and does not have overconfident
behavior, and the retailer is also a risk-neutral decision-maker
and has overconfident behavior. The chronology of the event
is that the manufacturer produces products and sells them to
the retailer in wholesale price 𝑤, and the retailer sells these
products to the market in selling price 𝑝. The manufacturer
can predict themarket demand𝑋 accurately, and the demand
𝑋 follows a distribution with mean 𝜇 and variance 𝜎

2 [11].
The market demand can be expressed as 𝑋 = 𝜎𝜀 + 𝜇, where 𝜀

is a random variable, whose mean is 0 and variance is 1, and
denote the CDF and PDF by 𝐹(𝑥) and𝑓(𝑥).

For the overconfident retailer, there is a deviation between
the forecast demand and the actual demand. Thus, the
cumulative distribution function is𝐹

𝑎
(𝑥
𝑎
) and the probability

density function is 𝑓
𝑎
(𝑥
𝑎
). Refer to the definition of over-

confidence defined by Moore and Healy [23], the forecast
demand mean 𝜇

𝑎
is not equal to the actual demand mean

𝜇 for the retailer overestimates the market environment and
her ability. On the other hand, the overconfident retailer’s
demand variance 𝜎

2

𝑎
is less than or equal to the actual demand

variance 𝜎
2. Without loss of generality, the overconfident

retailer’s forecast demand can be expressed as

𝑋
𝑎
= 𝜎
𝑎
𝜀 + 𝜇
𝑎
= (1 − 𝑎) 𝜎𝜀 + (1 + 𝑎) 𝜇, (1)

where 𝑎 indicates the retailer’s overconfident level, and 0 ≤

𝑎 ≤ 1. When 𝑎 = 0, the retailer has no overconfident
behavior; when 𝑎 = 1, we have 𝑋

𝑎
= 2𝜇 and the retailer

behaves in an extremely overconfident manner and believes
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that the demand is constant. The closer 𝑎 is to 1, the more
intense overconfidence the retailer behaves.

In the following discussion, let 𝑐 represent unit pro-
duction cost. For unsold products, 𝑠

𝑅
and 𝑠

𝑀
represent

unit salvage value that is disposed of by the retailer and
manufacturer, respectively.

It is assumed that the above distribution functions are
first-order differentiable and have strict monotone inverse
function; these parameters satisfy the following relationship:

𝑐 < 𝑤 < 𝑝, 𝑠
𝑅

< 𝑠
𝑀

< 𝑐, (2)

where the first constraint is to ensure the wholesale price
is higher than the manufacturer’s production cost and the
retail price is higher than the wholesale price, in order to
guarantee the retailer’s andmanufacturer’s profits.The second
constraint indicates that the residual value of the product
is lower than the manufacturer’s production cost, and the
residual value of the product in the retailer is less than that
in the manufacturer, which illustrates that the manufacturer
has the advantage in disposing the unsold products.

4. Basic Model

In this section, we first discuss a basic model where the man-
ufacturer and the retailer are risk-neutral and rational. We
assume the market demand of the product is 𝑋, the demand
distribution function 𝐹(𝑥) is continuous and differentiable
and is strictly increasing, the average demand is𝐸(𝑥) = 𝜇, and
the variance is Var(𝑥) = 𝜎

2. The retailer’s ordering quantity
is 𝑄. When the market demand satisfies 𝑋 < 𝑄, the sale
quantity is 𝑆(𝑄) = 𝑋; otherwise, the sale quantity is 𝑆(𝑄) = 𝑄.
Thus, the expected sale quantity is 𝑆(𝑄) = min{𝑄,𝑋} =

𝑄 − ∫

𝑄

0
𝐹(𝑥)𝑑𝑥, and the expected unsold quantity is 𝐼(𝑄) =

𝑄 − 𝑆(𝑄) = ∫

𝑄

0
𝐹(𝑥)𝑑𝑥.

The retailer’s and the manufacturer’s profits are given by

𝜋
𝑁

𝑅
= 𝑝𝑆 (𝑄) + 𝑠

𝑅
𝐼 (𝑄) − 𝑤𝑄

= (𝑝 − 𝑤)𝑄 − (𝑝 − 𝑠
𝑅
) ∫

𝑄

0

𝐹 (𝑥) 𝑑𝑥,

(3)

𝜋
𝑁

𝑀
= 𝑤𝑄 − 𝑐𝑄. (4)

The profit of the supply chain is given by

𝜋
𝑁

= 𝜋
𝑁

𝑅
+ 𝜋
𝑁

𝑀

= (𝑝 − 𝑐)𝑄 − (𝑝 − 𝑠
𝑅
) ∫

𝑄

0

𝐹 (𝑥) 𝑑𝑥.

(5)

The objective of the retailer is to choose 𝑄
∗ to maximize

her profit. Besides, the expected profit function 𝜋
𝑁

𝑅
has a

maximum because the second-order condition 𝜕
2
𝜋/𝜕𝑄
2
< 0.

Solving the first-order derivative of (3) with respect to 𝑄, we
can obtain

𝐹 (𝑄
𝑁
∗

) =

𝑝 − 𝑤

𝑝 − 𝑠
𝑅

. (6)

Thus, 𝑄𝑁
∗

= 𝐹
−1

((𝑝 − 𝑤)/(𝑝 − 𝑠
𝑅
)). 𝑄𝑁

∗

is the retailer’s
optimal ordering quantity in the newsvendormodel, which is
consistent with the results of Pasternack [26].

5. Overconfident Retailer Model

In this section, we consider an overconfident retailer who
has an overconfident behavior on the market demand. In this
case, the retailer’s ordering quantity is 𝑄

𝑎
. When the market

demand satisfies 𝑋
𝑎

< 𝑄
𝑎
, the sale quantity is 𝑆

𝑎
(𝑄
𝑎
) = 𝑋

𝑎
;

otherwise, 𝑆
𝑎
(𝑄
𝑎
) = 𝑄

𝑎
. Therefore, 𝑆

𝑎
(𝑄) = min{𝑄

𝑎
, 𝑋
𝑎
}. It

can be rewritten as

𝑆
𝑎
(𝑄
𝑎
) = ∫

𝑄
𝑎

0

𝑥
𝑎
𝑓
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎
+ 𝑄
𝑎
∫

∞

𝑄
𝑎

𝑓
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎

= 𝑄
𝑎
− ∫

𝑄
𝑎

0

𝐹
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎
.

(7)

The expected unsold quantity is 𝐼
𝑎
(𝑄
𝑎
) = 𝑄

𝑎
− 𝑆
𝑎
(𝑄
𝑎
) =

∫

𝑄
𝑎

0
𝐹
𝑎
(𝑥
𝑎
)𝑑𝑥.

In order to facilitate comparison with the expected profit
under the basic model, we examine the relationship on the
optimal ordering quantity between the rational retailer and
the overconfident retailer in Theorem 1.

Theorem 1. The overconfident retailer’s optimal ordering
quantity is

𝑄
∗

𝑎
= (1 − 𝑎)𝑄

𝑁
∗

+ 2𝑎𝜇. (8)

Proof. As discussed above, the rational retailer’s optimal
ordering quantity is 𝑄

𝑁
∗

= 𝐹
−1

[(𝑝 − 𝑤)/(𝑝 − 𝑠
𝑅
)], and we

define (𝑝 − 𝑤)/(𝑝 − 𝑠
𝑅
) = 𝜌; that is, 𝜌 = 𝐹(𝑄

𝑁
∗

).
Note that because 𝑋 = 𝜎𝜀 + 𝜇, 𝑋

𝑎
= 𝜎
𝑎
𝜀 + 𝜇
𝑎

= (1 −

𝑎)𝜎𝜀 + (1 + 𝑎)𝜇, and 𝑋 and 𝑋
𝑎
follow the relationship that

𝑋
𝑎
= (1 − 𝑎)𝑋 + 2𝑎𝜇, we have 𝐹

𝑎
(𝑥
𝑎
) = 𝑃((1 − 𝑎)𝑋 + 2𝑎𝜇 ≤

𝑥
𝑎
) = 𝐹[(𝑥

𝑎
− 2𝑎𝜇)/(1 − 𝑎)].

As a result, the overconfident retailer’s optimal ordering
quantity is 𝑄

∗

𝑎
= 𝐹
−1

𝑎
[(𝑝 − 𝑤)/(𝑝 − 𝑠

𝑅
)] = 𝐹

−1

𝑎
(𝜌).

And it can be rewritten as 𝜌 = 𝑃(𝑋
𝑎
≤ 𝑄
∗

𝑎
) = 𝑃((1−𝑎)𝑋+

2𝑎𝜇 ≤ 𝑄
∗

𝑎
) = 𝐹[(𝑄

∗

𝑎
− 2𝑎𝜇)/(1 − 𝑎)].

Finally, we have 𝐹(𝑄
𝑁
∗

) = 𝐹[(𝑄
∗

𝑎
− 2𝑎𝜇)/(1 − 𝑎)]; that is,

𝑄
∗

𝑎
= (1 − 𝑎)𝑄

𝑁∗
+ 2𝑎𝜇.

Theorem 1 presents the overconfident retailer’s optimal
ordering policy, and based on this result, we can derive some
properties of the optimal ordering policy as follows.

Corollary 2. When 𝑄
𝑁
∗

< 2𝜇, 𝑄∗
𝑎

> 𝑄
𝑁
∗

; otherwise, 𝑄∗
𝑎

≤

𝑄
𝑁
∗

.

Proof. According to the result of Theorem 1 that 𝑄
∗

𝑎
= (1 −

𝑎)𝑄
𝑁
∗

+ 2𝑎𝜇, we can obtain𝑄
∗

𝑎
−𝑄
𝑁
∗

= 𝑎(2𝜇 −𝑄
𝑁
∗

), so it is
easy to obtain the conclusion of Corollary 2.
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Subsequently, we consider the manufacturer’s and
retailer’s expected profits separately. When the overconfident
level is 𝑎, the retailer’s expected profit can be expressed as

𝜋
𝑎
∗

𝑅
= 𝐸 {−𝑤𝑄

𝑎
+ 𝑝𝑆
𝑎
(𝑄
𝑎
) + 𝑠
𝑅
𝐼
𝑎
(𝑄
𝑎
)}

= (𝑝 − 𝑤)𝑄
∗

𝑎
− (𝑝 − 𝑠

𝑅
) ∫

𝑄
∗

𝑎

0

𝐹
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎
,

(9)

where 𝑥
𝑎
= (1 − 𝑎)𝑥 + 2𝑎𝜇.

Making variable substitution to (9) according to (8), it is
easy to see

∫

𝑄
∗

𝑎

0

𝐹
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎

= ∫

𝑄
𝑁
∗

−2𝑎𝜇/(1−𝑎)

𝐹
𝑎
[(1 − 𝑎) 𝑥 + 2𝑎𝜇] 𝑑 [(1 − 𝑎) 𝑥 + 2𝑎𝜇]

= (1 − 𝑎) ∫

𝑄
𝑁
∗

0

𝐹 (𝑥) 𝑑𝑥.

(10)

Bringing (8) and (10) into (9), we can get

𝜋
𝑎
∗

𝑅
= (𝑝 − 𝑤) (1 − 𝑎)𝑄

𝑁
∗

− (𝑝 − 𝑠
𝑅
) (1 − 𝑎)

× ∫

𝑄
𝑁
∗

0

𝐹 (𝑥) 𝑑𝑥 + 2𝑎𝜇 (𝑝 − 𝑤) .

(11)

In the same logic, the manufacturer’s expected profit is

𝜋
𝑎
∗

𝑀
= 𝐸 {𝑤𝑄

𝑎
− 𝑐𝑄
𝑎
}

= (𝑤 − 𝑐) (1 − 𝑎)𝑄
𝑁
∗

+ 2𝑎𝜇 (𝑤 − 𝑐) .

(12)

Under the conditions where the retailer disposes of the
unsold products, the total profit of the supply chain is 𝜋

𝑎
∗

=

𝜋
𝑎
∗

𝑀
+ 𝜋
𝑎
∗

𝑅
.

After simplifying, we can easily obtain 𝜋
𝑎
∗

= (𝑝 − 𝑐)(1 −

𝑎)𝑄
𝑁
∗

− (𝑝 − 𝑠
𝑅
)(1 − 𝑎) ∫

𝑄
𝑁
∗

0
𝐹(𝑥)𝑑𝑥 + 2𝑎𝜇(𝑝 − 𝑐).

Based on the optimal profits of the rational and overcon-
fident retailers, we can derive the following results.

Corollary 3. When𝑄
𝑁
∗

> 2𝜇, the expected profit of the whole
supply chain in the overconfident newsvendormodel is less than
that in the basic newsvendor model, and the expected profit of
the whole supply chain decreases with 𝑎. When𝑄

𝑁
∗

< 2𝜇, with
𝑎 increasing, the expected profit of the whole supply chain in
the overconfident newsvendor model has two cases: it is either
higher or higher first and then lower than that in the basic
newsvendor model.

Proof. Compared with the basic newsvendor model, the real
profit difference is

Δ𝜋 = 𝜋
𝑁
∗

− 𝜋
𝑎
∗

= (𝑝 − 𝑐) (𝑄
𝑁
∗

− 𝑄
∗

𝑎
)

− (𝑝 − 𝑠
𝑅
) ∫

𝑄
𝑁
∗

𝑄
∗

𝑎

𝐹 (𝑥) 𝑑𝑥

= 𝑎 (𝑝 − 𝑐) (𝑄
𝑁
∗

− 2𝜇) − (𝑝 − 𝑠
𝑅
)

× ∫

𝑄
𝑁
∗

(1−𝑎)𝑄
𝑁
∗

+2𝑎𝜇

𝐹 (𝑥) 𝑑𝑥.

(13)

Therefore, solving the first-order derivative of Δ𝜋 with
respect to 𝑎, we can obtain

𝜕Δ𝜋

𝜕𝑎

= (𝑝 − 𝑐) (𝑄
𝑁
∗

− 2𝜇) + (𝑝 − 𝑠
𝑅
) (2𝜇 − 𝑄

𝑁
∗

)

× 𝐹 ((1 − 𝑎)𝑄
𝑁
∗

+ 2𝑎𝜇)

= (𝑝 − 𝑠
𝑅
) (𝑄
𝑁
∗

− 2𝜇) [

𝑝 − 𝑐

𝑝 − 𝑤

𝐹(𝑄
𝑁
∗

) − 𝐹 (𝑄
∗

𝑎
)] .

(14)

It is clear that 𝑝 − 𝑠
𝑅

> 0 and 1 < (𝑝 − 𝑐)/(𝑝 − 𝑤). When
𝑄
𝑁
∗

> 2𝜇, we have 𝑄
∗

𝑎
< 𝑄
𝑁
∗

. Since 𝐹(𝑄) is an increasing
function, this implies that 𝜕Δ𝜋/𝜕𝑎 is absolutely bigger than
0; that is, Δ𝜋 is increasing in 𝑎. In particular, when 𝑎 = 0, we
have Δ𝜋 = 0. Therefore, the profit difference is increasing in
𝑎.

When 𝑄
𝑁
∗

< 2𝜇, we have 𝑄
∗

𝑎
> 𝑄
𝑁
∗

and 𝜕Δ𝜋/𝜕𝑎 = (𝑝 −

𝑠
𝑅
)(𝑄
𝑁
∗

− 2𝜇)[((𝑝 − 𝑐)/(𝑝 − 𝑤))𝐹(𝑄
𝑁
∗

) − 𝐹(𝑄
𝑁
∗

+ (2𝜇 −

𝑄
𝑁
∗

)𝑎)] andwhen 𝑎 is low, there is 𝑟whichmade the equation
𝑟𝐹(𝑄
𝑁
∗

) = 𝐹(𝑄
𝑁
∗

+(2𝜇−𝑄
𝑁
∗

)𝑎) set-up and satisfied 1 < 𝑟 <

(𝑝− 𝑐)/(𝑝−𝑤); that is, 𝜕Δ𝜋/𝜕𝑎 is always less than zero; when
𝑎 = 1, 𝐹(𝑄

𝑁
∗

+ (2𝜇 − 𝑄
𝑁
∗

)𝑎) = 𝐹(2𝜇), and if (𝑝 − 𝑐)/(𝑝 −

𝑤)𝐹(𝑄
𝑁
∗

) > 𝐹(2𝜇), 𝜕Δ𝜋/𝜕𝑎 is less than zero, and the profit
difference decreases with 𝑎; if (𝑝−𝑐)/(𝑝−𝑤)𝐹(𝑄

𝑁
∗

) < 𝐹(2𝜇),
𝜕Δ𝜋/𝜕𝑎 is first less and then greater than zero and the profit
difference is first decreasing and then is increasing in 𝑎.

From Theorem 1 and Corollaries 2 and 3, we find that if
𝑄
𝑁
∗

< 2𝜇, then 𝑑𝑄
∗

𝑎
/𝑑𝑎 = 2𝜇 − 𝑄

𝑁
∗

> 0; thus, we have
𝜋
𝑎

𝑀
> 𝜋
𝑀

and 𝜋
𝑎

𝑅
< 𝜋
𝑅
, whereas if 𝑄

𝑁
∗

> 2𝜇, 𝑑𝑄
∗

𝑎
/𝑑𝑎 =

2𝜇 − 𝑄
𝑁
∗

< 0; thus, 𝜋𝑎
𝑀

< 𝜋
𝑀
, 𝜋𝑎
𝑅

< 𝜋
𝑅
. In other words, the

bigger 𝑎 is, the bigger the ordering quantity deviates from the
optimal one and results in lower profit.

Just as analyzed in Section 2, Gervais et al. [22], Glaser
and Weber [8], and Malmendier and Tate [9] have provided
enough evidences in financial field. We find that the over-
confident behavior does not necessarily damage the supply
chain, if the manufacturer can take advantage of the retailer’s
overconfident behavior properly, such as subsidy or profit
sharing mechanism which can improve the supply chain per-
formance effectively. However, in the decentralized decision,
both the retailer and the manufacturer maximize their own
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profits, and their decisions cause a double marginalization
effect. What is worse, the overconfident behavior inevitably
makes the retailer’s profit losses.

We know that 𝑄
∗

𝑎
< 𝑄
𝑁
∗

when 𝑄
𝑁
∗

> 2𝜇; besides, the
bigger 𝑤 is, the bigger 𝑄

∗

𝑎
deviates from 𝑄

𝑁
∗

and the lower
the retailer’s profit is; when 𝑄

𝑁
∗

< 2𝜇, then 𝑄
∗

𝑎
> 𝑄
𝑁
∗

, and
increasing𝑤 leads to 𝜋

𝑎
∗

𝑅
< 𝜋
𝑁
∗

𝑅
.Therefore, the manufacturer

should sell products to the retailer with low wholesale price,
which could reduce the retailer’s cost and then promote the
retailer’s ordering quantity and profit.

6. Disposing Mechanism on Salvage Products

Based on the analysis of the impact of the retailer’s overcon-
fident behavior on the supply chain, as a leader in the supply
chain, the manufacturer should take effective measures to
promote the retailer’s ordering decisions. Herz et al. [27],
Choi et al. [28], and Govindan et al. [29] have done relevant
research on supply chain coordination. Xu et al. [30] and
Huang et al. [31] also analyzed such practical problems. In
this section, we try to design and analyze two coordination
mechanisms: cooperation mode and buyback mode.

6.1. Cooperation Mode. In this mode, we consider the man-
ufacturer and retailer cooperate to dispose of the unsold
products to realize a “win-win” situation. It is assumed that
𝑠
𝑀

> 𝑠
𝑅
, which means that the manufacturer has the

advantage in the disposing of the unsold products; therefore,
the manufacturer disposes of the unsold products at the end
of selling season. We also assume that the allocation rate of
the residual value is𝜆. For unsold product, themanufacturer’s
benefit is 𝜆(𝑠

𝑀
−𝑠
𝑅
) and the retailer’s benefit is 𝑠

𝑅
+(1−𝜆)(𝑠

𝑀
−

𝑠
𝑅
).
We assume that the manufacturer knows the retailer’s

overconfident level, and to manufacturer, the cost of the
disposing of the unsold products is zero. Similar to the basic
newsvendor model, in the corporation mode, the retailer
believes her expected profit is

𝜋
𝑎𝑐

𝑅
= 𝐸 {𝑝𝑆 (𝑄) + [𝑠

𝑅
+ (1 − 𝜆) (𝑠

𝑀
− 𝑠
𝑅
)] 𝐼 (𝑄) − 𝑤𝑄}

= (𝑝 − 𝑤)𝑄
𝑎𝑐

− [𝑝 − 𝑠
𝑅
− (1 − 𝜆) (𝑠

𝑀
− 𝑠
𝑅
)]

× ∫

𝑄
𝑎𝑐

0

𝐹
𝑎
(𝑥
𝑎
) 𝑑𝑥
𝑎
.

(15)

Solving the first-order derivative of (15) with respect to
𝑄
𝑎𝑐, we can derive the optimal ordering quantity as follows

𝑄
𝑎𝑐
∗

= 𝐹
−1

𝑎
[

𝑝 − 𝑤

𝑝 − 𝑠
𝑅
− (1 − 𝜆) (𝑠

𝑀
− 𝑠
𝑅
)

] . (16)

From (16), the ordering quantity is increasing in 1 −

𝜆. Therefore, a proper incentive can instruct the retailer to
choose a proper ordering quantity.

The retailer believes that her profit is maximal when the
optimal ordering quantity is (16). However, it is up to the
actual market demand. Therefore, her real expected profit is

𝜋
𝑎𝑐
∗

𝑅
= (𝑝 − 𝑤)𝑄

𝑎𝑐
∗

− (𝑝 − 𝑠
𝑅
− (1 − 𝜆) (𝑠

𝑀
− 𝑠
𝑅
))

× ∫

𝑄
𝑎𝑐
∗

0

𝐹 (𝑥) 𝑑𝑥.

(17)

By the same logic, the manufacturer’s real expected profit
is

𝜋
𝑎𝑐
∗

𝑀
= (𝑤 − 𝑐)𝑄

𝑎𝑐
∗

+ 𝜆 (𝑠
𝑀

− 𝑠
𝑅
) ∫

𝑄
𝑎𝑐
∗

0

𝐹 (𝑥) 𝑑𝑥.
(18)

And the real expected profit of the whole supply chain is

𝜋
𝑎𝑐
∗

= (𝑝 − 𝑐)𝑄
𝑎𝑐
∗

− (𝑝 − 𝑠
𝑀

) ∫

𝑄
𝑎𝑐
∗

0

𝐹 (𝑥) 𝑑𝑥.
(19)

Since 𝜕𝜋𝑎𝑐
∗

/𝜕𝑄
𝑎𝑐
∗

= 0, we can obtain that𝑄𝑎𝑐
∗

= 𝐹
−1

[(𝑝−

𝑐)/(𝑝 − 𝑠
𝑀

)], which is not necessarily equal to (16). Here
we mark that 𝑄

𝑁𝑐
∗

= 𝐹
−1

[(𝑝 − 𝑐)/(𝑝 − 𝑠
𝑀

)]. When the
retailer chooses 𝑄

𝑁𝑐
∗

, the profit of the whole supply chain is
maximized. Furthermore, from (19), the bigger the ordering
quantity deviates from 𝑄

𝑁𝑐
∗

, the bigger the profit deviates
from the maximum profit.

Compared with the basic newsvendor model, the profit
difference is

Δ𝜋 = 𝜋
𝑁
∗

− 𝜋
𝑎𝑐
∗

= (𝑝 − 𝑐) (𝑄
𝑁
∗

− 𝑄
𝑎𝑐
∗

)

− (𝑝 − 𝑠
𝑅
) ∫

𝑄
𝑁
∗

0

𝐹 (𝑥) 𝑑𝑥 + (𝑝 − 𝑠
𝑀

)

× ∫

𝑄
𝑎𝑐
∗

0

𝐹 (𝑥) 𝑑𝑥.

(20)

Corollary 4. When 𝑄
𝑁
∗

> 2𝜇, then 𝑄
𝑁𝑐
∗

> 𝑄
𝑁
∗

> 𝑄
∗

𝑎
and

𝑄
𝑁𝑐
∗

> 𝑄
𝑎𝑐
∗

> 𝑄
∗

𝑎
; when 𝑄

𝑁
∗

< 2𝜇, then 𝑄
𝑎𝑐
∗

> 𝑄
∗

𝑎
> 𝑄
𝑁
∗

and 𝑄
𝑁𝑐
∗

> 𝑄
𝑁
∗

.

Proof. For any𝑄
𝑁
∗

, we have𝑄
𝑁𝑐
∗

= 𝐹
−1

[(𝑝−𝑤)/(𝑝− 𝑠
𝑀

)] >

𝐹
−1

[(𝑝−𝑤)/(𝑝−𝑠
𝑅
)] = 𝑄

𝑁
∗

and𝑄
𝑎𝑐
∗

> 𝑄
∗

𝑎
.When𝑄

𝑁
∗

> 2𝜇,
we can obtain 𝑄

𝑁
∗

> 𝑄
∗

𝑎
from Corollary 2 and then obtain

𝑄
𝑁𝑐
∗

> 𝑄
𝑁
∗

> 𝑄
∗

𝑎
.

Here we mark that 𝑄


= 𝐹
−1

𝑎
[(𝑝 − 𝑤)/(𝑝 − 𝑠

𝑀
)]; then,

𝑄

> 𝑄
𝑎𝑐
∗

. It is easy to see that𝑄 = (1−𝑎)𝑄
𝑁𝑐
∗

+2𝑎𝜇which is
similar to the proof of Theorem 1. When 𝑄

𝑁𝑐
∗

> 2𝜇, we have
𝑄
𝑁𝑐
∗

> 𝑄
and 𝑄

𝑁𝑐
∗

> 𝑄
𝑎𝑐
∗

, and then 𝑄
𝑁𝑐
∗

> 𝑄
𝑎𝑐
∗

> 𝑄
∗

𝑎
.

When 𝑄
𝑁
∗

< 2𝜇, we obtain 𝑄
∗

𝑎
> 𝑄
𝑁
∗

from Corollary 2;
therefore, 𝑄𝑎𝑐

∗

> 𝑄
∗

𝑎
> 𝑄
𝑁
∗

.

Corollary 5. When 𝑄
𝑁
∗

> 2𝜇, then 𝜋
𝑁𝑐
∗

> 𝜋
𝑎𝑐
∗

, and the
bigger 𝑎 is, the bigger the expected profit of the whole supply
chain deviates from the maximum profit.
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Proof. In the case of 𝑄
𝑁
∗

> 2𝜇, when the retailer chooses
𝑄
𝑁𝑐
∗

, the manufacturer can coordinate supply chain to
maximize his profit; therefore, we have 𝜋

𝑁𝑐
∗

> 𝜋
𝑎𝑐
∗

. Here
we mark that the rational optimal ordering quantity is 𝑄

𝑐
∗

=

𝐹
−1

((𝑝 − 𝑤)/(𝑝 − 𝑠
𝑅
− (1 − 𝜆)(𝑠

𝑀
− 𝑠
𝑅
))) and the profit is 𝜋𝑐

∗

;

thus, 𝜋𝑐
∗

−𝜋
𝑎𝑐
∗

= (𝑝− 𝑐)(𝑄
𝑐
∗

−𝑄
𝑎𝑐
∗

) − (𝑝− 𝑠
𝑀

) ∫

𝑄
𝑐
∗

𝑄
𝑎𝑐
∗ 𝐹(𝑥)𝑑𝑥.

According to the proof of Corollary 3, we concluded that the
profit of the whole supply chain decreases with 𝑎. Since 𝜋

𝑁𝑐
∗

and 𝜋
𝑐
∗

are fixed, we draw the conclusion that the bigger 𝑎

is, the bigger the expected profit of the whole supply chain
deviates from the maximum profit.

Compared with the basic newsvendormodel, the residual
value of the unit product in the manufacturer is more than
that in the retailer in the cooperation mode. Moreover, in
the specific market environment, the manufacturer canmake
𝑄
𝑎𝑐
∗

closer to 𝑄
𝑁𝑐
∗

through adjusting the size of 𝜆.
Apparently, the retailer’s ordering quantity is affected

mainly by the retailer’s overconfident level 𝑎, demandmean𝜇,
and the variance 𝜎

2. In this section, we provide a numerical
study to examine the impacts of the retailer’s overconfident
behavior on the optimal ordering quantity and profits. We
assume that themarket demand follows a normal distribution
𝑁 ∼ (60, 150

2
), 𝑝 = 24, 𝑤 = 9, 𝑐 = 6, 𝑠

𝑀
= 5,

and 𝑠
𝑅

= 4, and we calculate that the retailer’s optimal
ordering quantity is 161.1735, the retailer’s profit is 637.9868,
the manufacturer’s profit is 483.5204, and the profit of the
supply chain is 1121.5072 under the basic newsvendor model.
We first analyze the circumstance of 𝑄𝑁

∗

> 2𝜇, and then let
𝜆 = 0.5, and the specific dates are listed in Table 1.

From Table 1, the result that 𝑄∗
𝑎
and 𝑄

𝑎𝑐
∗

decrease with 𝑎

may be different from our expectations. Many psychologists
and scholars give explanations, such as Schweitzer and
Cachon [4] who found that when the market is in a high-
profit environment, decision-makers tend to order less and
when the market is in a low-profit environment, decision-
makers tend to order more. In addition, 𝜋

∗

𝑎
deviates from

𝜋
𝑁
∗

, which also examines the validity of Corollary 3. For a
fixed 𝑎, if 𝜆 decreases, then the retailer increases her ordering
quantity,making the profit of thewhole supply chain increase.
Therefore, increasing the incentive properly can improve the
performance of the supply chain, but it does not ensure that
profits of the retailer and the manufacturer increase jointly.

Figure 1 shows an illustration of how 𝜋
𝑎𝑐
∗

, 𝜋
𝑁
∗

, and
𝜋
∗

𝑎
vary with 𝜆 and 𝑎. In cooperation mode, when the

retailer’s overconfident level is low, we have 𝜋
𝑎𝑐
∗

> 𝜋
𝑁
∗

.
This can be explained as follows. The main reason is that
the manufacturer has the advantage in disposing of the
unsold products compared with the retailer, which made
the increased profit through cooperation larger than the
loss caused by the ordering quantity deviation, and the
retailer increases her ordering quantity when motivated by
the manufacturer which made the total profit increase.

The results of Figures 2 and 3 indicate the impact of the
overconfident level on expected profits of the retailer and
manufacturer under different allocation rate 𝜆. To be specific,

Table 1: The optimal quantity and expected profits under different
overconfident level.

𝑎 𝑄
∗

𝑎
𝜋
∗

𝑎
𝑄
𝑎𝑐
∗

𝜋
𝑎𝑐
∗

𝜋
𝑎𝑐
∗

𝑅
𝜋
𝑎𝑐
∗

𝑀

0 161 1121 170 1243 684 559
0.1 157 1108 165 1225 683 542
0.2 152 1095 160 1207 682 525
0.3 148 1081 155 1187 679 508
0.4 144 1066 150 1167 675 491
0.5 140 1050 145 1145 671 474
0.6 136 1034 140 1122 665 457
0.7 132 1016 135 1098 658 440
0.8 128 998 130 1073 649 423
0.9 124 979 125 1047 640 406
1 120 960 120 1020 630 390

Table 2: The optimal quantity and expected profits under different
overconfident level.

𝑎 𝑄
∗

𝑎
𝜋
∗

𝑎
𝑄
𝑎𝑐
∗

𝜋
𝑎𝑐
∗

𝜋
𝑎𝑐
∗

𝑅
𝜋
𝑎𝑐
∗

𝑀

0 73 993 74 1014 781 232
0.1 78 1004 79 1026 778 248
0.2 82 1009 83 1034 770 263
0.3 87 1009 88 1038 758 279
0.4 92 1006 92 1039 744 295
0.5 96 1001 97 1038 727 310
0.6 101 994 101 1035 709 326
0.7 106 986 106 1032 689 342
0.8 110 978 110 1028 670 358
0.9 115 969 115 1024 650 374
1 120 960 120 1020 630 390

when the overconfident level 𝑎 is low, for example, when
𝑎 < 0.4, the expected profits of the retailer and manufacturer
increase, which achieves the Pareto improvement, compared
with the basic newsvendor model. For a fixed 𝑎, 𝜋

𝑎𝑐
∗

𝑅
and

𝜋
𝑎𝑐
∗

increase with the allocation rate 1 − 𝜆, while 𝜋
𝑎𝑐
∗

𝑀

decreases with it. Besides, when 𝑎 exceeds a threshold, the
expected profits of the retailer and the manufacturer become
smaller; thus, the supply chain profit is less than that in the
basic newsvendor model. Therefore, from the manufacturer’s
perspective, when 𝑎 is low, he can offer incentives to the
retailer. However, when 𝑎 increases, he should reduce the
allocation proportion 1 − 𝜆 to the retailer to ensure that their
expected profit is no less than 𝜋

𝑁
∗

𝑀
.

Next, we use another example to illustrate the impact of
the overconfident behavior on the supply chain. We discuss
the scenario of 𝑄

𝑁
∗

< 2𝜇. In this example, the market
demand follows the normal distribution 𝑋 ∼ 𝑁(60, 20

2
) and

the values of other variables remain unchanged.The retailer’s
optimal quantity is 73.4898 and profit is 773.0422 and the
manufacturer’s profit is 220.4694 and the profit of the supply
chain is 993.5116 under the basic newsvendor model. Let 𝜆 =

0.5 and specific data values are listed in Table 2.
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Figure 1: The expected profit of the supply chain under different
allocation rate 𝜆.
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Figure 2: The retailer’s expected profit under different allocation
rate 𝜆.

From Table 2, the equation 𝜋
𝑎𝑐
∗

𝑀
> 𝜋
𝑁
∗

𝑀
implied that

the manufacturer can obtain more profits when the retailer
is overconfident. Besides, 𝑄

∗

𝑎
increases and 𝜋

∗

𝑎
increases

first and then decreases with 𝑎. These results mean that
the retailer’s overconfident behavior does not necessarily
damage the supply chain. Meanwhile, if the manufacturer
offers proper incentive to the retailer, the whole supply
chain can achieve Pareto improvement. For example, when
𝜆 = 0.5 and 𝑎 is in a reasonable range, 𝜋

𝑎𝑐
∗

𝑀
> 𝜋
𝑁
∗

𝑀
and

𝜋
𝑎𝑐
∗

𝑅
> 𝜋
𝑁
∗

𝑅
hold. However, when 𝑎 exceeds a threshold,

the manufacturer’s incentive has little impact on the retailer’s
ordering decision and the retailer’s overconfident behavior
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Figure 3:Themanufacturer’s expected profit under different alloca-
tion rate 𝜆.
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Figure 4: The expected profit of the supply chain under different
allocation rate 𝜆.

bringsmore losses to the supply chain. In particular, when 𝑎 =

1, the manufacturer’s incentive cannot impact the retailer’s
ordering decision.

In order to illustrate the profit variance, we take different
𝜆 as presented in Figures 4–6.

We can see from Figure 4 that when 𝜆 = 1, the
manufacturer does not provide any incentives, and with
the increase of 𝑎, the profit of the whole supply chain is
higher first and then lower than that in the basic newsvendor
model, which examines the validity of Corollary 3. When the
overconfident level 𝑎 is in a reasonable range, the profit of the
whole supply chain increases with the allocation rate 1 − 𝜆;
when 𝑎 exceeds a threshold, the profit of the whole supply
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Figure 5: The retailer’s expected profit under different allocation
rate 𝜆.
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Figure 6: The manufacturer’s expected profit under different allo-
cation rate 𝜆.

chain has a downward trend, and the change of 𝜆 has little
impact on the profit. From Figures 5 and 6, we have 𝜋

𝑎𝑐
∗

𝑀
>

𝜋
𝑁
∗

𝑀
, regardless of the change of 𝑎; that is, the manufacturer

can achieve Pareto improvement. We observe that a lower
allocation rate 𝜆 allows a higher overconfident level 𝑎. When
𝑎 is low, the incentive can make up for the losses caused by
more orders, so𝜋

𝑎𝑐
∗

𝑅
> 𝜋
𝑁
∗

𝑅
; when 𝑎 is high, the retailer’s order

deviates from the optimal order.
It is worth pointing that the demand variance has a

tremendous impact. For example, when the demand dis-
tribution follows 𝑋 ∼ 𝑁(60, 75

2
) and the other variables

remain unchanged, whatever 𝑎 is, the manufacturer’s profit is

higher than that in the basic newsvendor model, so when the
manufacturer transfers all the residual value to the retailer,
that is, 𝜆 = 0, we have calculated that the manufacturer’s and
retailer’s profit increase whatever 𝑎 is compared with basic
newsboy model, which can achieve the Pareto improvement
and examines the validity of Corollary 3.

6.2. Buyback Mode. In this mode, the manufacturer designs
a buyback contract to encourage the retailer to order more
products, the manufacturer buys back the unsold products
and the buyback price is 𝑏, and 𝑏 > 𝑠

𝑅
, which is to ensure

that the buyback price is higher than the value of the retailer’s
disposals. It is easy to see that, compared with the basic
newsvendormodel, the retailer can get more profits when the
ordering quantity is the same.

When 𝑏 = 0, the manufacturer does not take back unsold
products; when 𝑏 = 𝑠

𝑅
, the retailer’s expected profit is the

same no matter who deals with unsold products; when 𝑏 =

𝑠
𝑀
, themanufacturer transfers all the benefit from the unsold

products to the retailer; when 𝑏 = 𝑤, the retailer has no
ordering risk.

In the Stackelberg game, the manufacturer is the leader
and the retailer is the follower. The chronology of the game
event is given as follows. Firstly, before the selling season, the
manufacturer informs the retailer about the wholesale price
and the buyback price. Secondly, the retailer determines her
ordering quantity 𝑄 based on this information. At the end
of the selling season, the manufacturer pays 𝑏 for the unsold
products to the retailer.

Similar to the basic model, the retailer’s real expected
profit is 𝜋

𝑎𝑏

𝑅
= 𝐸{𝑝𝑆

𝑏
(𝑄
𝑎𝑏

) + 𝑏𝐼
𝑏
(𝑄
𝑎𝑏

) − 𝑤𝑄
𝑎𝑏

}.
It can be simplified as 𝜋

𝑎𝑏

𝑅
= (𝑝 − 𝑤)𝑄

𝑎𝑏
− (𝑝 −

𝑏) ∫

𝑄
𝑎𝑏

0
𝐹(𝑥)𝑑𝑥.

From the above equation, the optimal ordering quantity
is 𝑄
𝑎𝑏
∗

= 𝐹
−1

𝑎
[(𝑝 − 𝑤)/(𝑝 − 𝑏)]. 𝑄

𝑎𝑏
∗

is decreasing in 𝑤

and increasing in 𝑏. That is, the retailer hopes for a lower
wholesale price and a higher buyback price.

In the buyback mode, the manufacturer’s real expected

profit is𝜋𝑎𝑏
∗

𝑆
= (𝑤−𝑐)𝑄

𝑎𝑏
∗

+(𝑠
𝑀

−𝑏) ∫

𝑄
𝑎𝑏
∗

0
𝐹(𝑥)𝑑𝑥 and the real

expected profit of whole supply chain is 𝜋𝑎𝑏
∗

= (𝑝 − 𝑐)𝑄
𝑎𝑏
∗

−

(𝑝 − 𝑠
𝑀

) ∫

𝑄
𝑎𝑏
∗

0
𝐹(𝑥)𝑑𝑥.

Compared with the basic newsvendor model, the profit
difference is

Δ𝜋 = 𝜋
𝑁
∗

− 𝜋
𝑎𝑏
∗

= (𝑝 − 𝑐) (𝑄
𝑁
∗

− 𝑄
𝑎𝑏

V
)

− (𝑝 − 𝑠
𝑅
) ∫

𝑄
𝑁
∗

0

𝐹 (𝑥) 𝑑𝑥

+ (𝑝 − 𝑠
𝑀

) ∫

𝑄
𝑎𝑏
∗

0

𝐹 (𝑥) 𝑑𝑥.

(21)

Therefore, the manufacturer can adjust the wholesale
price𝑤 and the buyback price 𝑏 tomake the retailer’s ordering
decision closer to the optimal ordering quantity and then
make the whole supply chain more efficient. If 𝑏 < 𝑠

𝑅
,
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Figure 7: The expected profit of the supply chain under different 𝑤
and 𝑏.

the retailer does not sell unsold products to themanufacturer,
so the manufacturer must keep 𝑏 > 𝑠

𝑅
.

First, we discuss the scenario that𝑄𝑁
∗

> 2𝜇.The demand
follows the normal distribution 𝑋 ∼ 𝑁(60, 150

2
), and the

values of other variables remain the same except 𝑤 and
𝑏. Furthermore, the profits of the whole supply chain, the
retailer, and the manufacturer are shown in Figures 7–9,
respectively.

From Figure 7, the lower the wholesale price is and the
higher the buyback price is, the greater the total profit is.
This is because of the fact that a lower 𝑤 can encourage the
retailer to increase her ordering quantity. We find it difficult
to make the ordering quantity 𝐹

−1
[(𝑝 − 𝑤)/(𝑝 − 𝑏)] equal

to 𝐹
−1

[(𝑝 − 𝑐)/(𝑝 − 𝑠
𝑀

)]. Therefore, in order to increase the
profit of the whole supply chain, the manufacturer should
offer incentives (such as improving the buyback price and
reducing the wholesale price) on the premise that his profit
is higher than that in the basic model.

From Figures 8 and 9, when the incentives are larger, that
is, when 𝑤 is smaller and 𝑏 is bigger, apparently, the retailer’s
profit increases. As is shown in Figure 8, when 𝑤 = 8.5

and 𝑏 = 4.5, the retailer’s profit and the profit of the whole
supply chain are significantly higher than other cases, but the
manufacturer’s profit is lower than other cases.

Note that as long as 𝑎 is in a reasonable range, the
supply chain can be coordinated. However, when 𝑎 exceeds
a threshold, the whole supply chain cannot realize the Pareto
improvement, and the reason is that since the manufacturer’s
improvement measures have weaker impact on the retailer,
he considers his own profit and does not offer the retailer any
incentive for avoiding or reducing the loss.

Next, we discuss the scenario of 𝑄𝑁
∗

< 2𝜇. The demand
follows the normal distribution𝑁 ∼ (60, 20

2
), and the values

of other variables remain the same except𝑤 and 𝑏.The profits
of the whole supply chain, the retailer, and the manufacturer
are shown in Figures 10–12, respectively.
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Figure 8: The retailer’s expected profit under different 𝑤 and 𝑏.

Figure 10 illustrates when 𝑎 is low, increasing the incen-
tive can increase the profit of the whole supply chain, and
when 𝑎 is high, the incentive measure has little effect.
Therefore, the manufacturer does not need to take more
measures to support the retailer when 𝑎 is high.

The results of Figures 11 and 12 indicate the impact of
the overconfident level on expected profits of the retailer
and the manufacturer under different (𝑤, 𝑏). First of all, the
manufacturer’s profit increases with 𝑎, and this is because the
retailer’s ordering quantity increaseswith 𝑎. To achieve Pareto
improvement, when 𝑎 is low, the manufacturer does not need
to offer too many incentives; when 𝑎 is not very high, the
manufacturer should offer more incentives to ensure that the
retailer’s profit is higher than that in the basic model. When
𝑎 exceeds a threshold, if the manufacturer sets 1 − 𝜆 to a very
high value, then the manufacturer’s profit is less than that in
the basic model; on the other hand, if the manufacturer sets
1 − 𝜆 to a low value, the retailer’s profit is less than that in the
basic model.

We address the differences between this paper and Cro-
son et al. [11]. First, different from the buyback contract and
the wholesale price contract in Croson et al. [11], we analyze
the cooperation mode and buyback mode. In this paper, the
buyback price 𝑏 is larger than 0, and strictly speaking, 𝑏 is
larger than the salvage value 𝑠

𝑅
. However, in their paper, the

buyback price can be lower than 0. If it is negative, the retailer
does not sell unsold products to the manufacturer. Secondly,
in our paper, the manufacturer can make the retailer and
the manufacturer achieve Pareto improvement by adjusting
𝑏 and 𝑤. They do not consider the change of the retailer’s
and manufacturer’s profit after the implementation of the
contract.

6.3. Results Analysis. The comparison of the two modes: in
the cooperation mode, the manufacturer and retailer can
better exchange information and views;meanwhile, it enables
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Figure 9:The manufacturer’s expected profit under different𝑤 and
𝑏.
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Figure 10:The expected profit of the supply chain under different𝑤
and 𝑏.

the retailer to listen to the manufacturer’s recommendations,
which is useful for reaching the Pareto improvement by
reallocating the residual value of the unsold products; while
in the buyback mode, the manufacturer can adjust the
wholesale price and the buyback price, and the range of 𝑏 is
larger than 𝑠

𝑅
+ (1 − 𝜆)(𝑠

𝑀
− 𝑠
𝑅
). In the buyback mode, in the

scenario of 𝑄𝑁
∗

> 2𝜇, when 𝑎 is high, the manufacturer can
reduce the wholesale price 𝑤. In the scenario of 𝑄𝑁

∗

< 2𝜇,
when 𝑎 is high, the manufacturer can increase the wholesale
price 𝑤. In the cooperation mode, the manufacturer can do
little when 𝑎 is high.

In the wholesale price contract, only 𝑤 can be changed,
while in the buyback contract, not only 𝑤 but also 𝑏 can be
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Figure 11: The retailer’s expected profit under different 𝑤 and 𝑏.
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Figure 12:Themanufacturer’s expected profit under different𝑤 and
𝑏.

changed. In the wholesale price contract, the manufacturer
may realize Pareto improvement by reducing𝑤when 𝑎 is low.
In the buyback mode, 𝑤 can be increased or reduced, and
the supply chain can realize the Pareto improvement when
𝑎 is low, and the manufacturer can also gain more profits
by changing (𝑤, 𝑏), and it is difficult in the wholesale price
contract. As the retailer’s overconfident behavior may cause
more ordering, the retailer must dispose of them by herself
in the wholesale price contract; thus, we take the buyback
contract to share the supply chain risk. In short, compared
with the wholesale price contract and the cooperation mode,
the buybackmode is the optimal choice for themanufacturer.
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7. Conclusions

Overconfident behavior has largely been overlooked in the
supply chain management literature. This paper attempts to
fill the gap. Our premise is that the retailer has overconfident
behavior on the market demand. In this setting, we start
with a basic model and analyze the retailer’s optimal ordering
decision. In the model of overconfident newsvendor, we
analyze the overconfident retailer’s optimal ordering decision
and compare the optimal ordering decisions in the traditional
and overconfident newsvendor models. We find that when
𝑄
𝑁
∗

> 2𝜇, the expected profit of thewhole supply chain in the
overconfident newsvendormodel is less than that in the basic
newsvendor model, and with the retailer’s overconfidence
level increasing, the expected profit of the whole supply chain
decreases.When𝑄

𝑁
∗

< 2𝜇, with the retailer’s overconfidence
level increasing, the expected profit of the whole supply chain
in the overconfident newsvendor model has two cases: it
is either higher or higher first and then lower than that in
the basic newsvendor model. In other words, overconfident
behavior does not necessarily damage the supply chain.

In terms of ordering deviation and profit losses caused by
the retailer’s overconfident behavior, we discuss two mecha-
nisms: the cooperationmode and the buybackmode. Besides,
we reallocate the residual value of the unsold products in
them creatively in the cooperation mode and analyze the
ordering decision by the Stackelberg game in the two modes.
Moreover, we document the results of a numerical study
to further illustrate the effects of the overconfident level on
the ordering quantity and profits. We find that when 𝑎 is
low, the supply chain can achieve Pareto improvement by
reasonable incentive. When 𝑎 exceeds a threshold, the whole
supply chain cannot realize the Pareto improvement, and at
this time since the manufacturer’s improvement measures
have weaker impact on the retailer, the retailer’s ordering
decision cannot make the whole supply chain sustainable
development. Therefore, it is harmful for the supply chain
when the overconfident level is high.

There are several directions for future research. First,
the manufacturer needs to design contracts to manage the
retailer’s overconfident behavior and coordinate supply chain
and it would be an important topic in the future. Besides,
in practice, the manufacturer generally franchises more than
one retailer to sell their products; thus, considering two or
more retailers to compete in selling could present interesting
opportunities for future research.
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This paper develops two integrated optimization models of two-echelon inventory for imperfect production system under quality
competition environment, in which the vendor’s production process is assumed to be imperfect, and JIT delivery policy is
implemented to ship product from the vendor to the buyer. In the first model, product defect rate is fixed, and, in the second
model, quality improvement investment is function of defect rate. The optimal policies of ordering quantity of buyer and shipment
from vendor to buyer are obtained tominimize the expected annual total cost of vendor and buyer. Numerical examples are used to
demonstrate the effectiveness and feasibility of themodels. Sensitivity analysis is taken to analyze the impact of demand, production
rate, and defect rate on the solution. Implications are highlighted in that both the vendor and the buyer can benefit from the vendor’s
investing in quality improvement.

1. Introduction

Nowadays, quality is a very important competition weapon;
manufacturing firmsmust produce perfect goods in a perfect
production system to compete with rivals. However, imper-
fect production condition exists in reality, such as imperfect
supply system, imperfect machine maintenance, imperfect
process, and imperfect workforce. Facing this imperfect
production condition, firms on one hand need to carry out
continuous improvement strategy to improve the production
system and on the other hand need to make appropriate
operation decision considering the imperfect production
condition.This paper focuses on how tomake the appropriate
inventory decision for a two-echelon supply chain consisting
of single vendor and single buyer, currently considering
imperfect production condition of machine inspection and
quality improvement strategy.

The traditional economic production quantity (EPQ)
model assumes that the production process is perfect and
no imperfect items are produced. However, in practice, the
production facility is not failure-free and product quality is

also not always perfect. In practice, the imperfect itemswould
be rejected, repaired, and reworked, and thus extra costs are
incurred. Several researches have been undertaken to study
inventory models with imperfect quality. Rosenblatt and Lee
[1] studied an imperfect production process with optimizing
production cycle time. Their result shows that the optimal
production cycle is shorter than that of the classical economic
manufacturing quantity model. Salameh and Jaber [2] devel-
oped a classical economic order quantity model for items
with imperfect quality. Wee et al. [3] extended Salameh and
Jaber’s [2] model with the permission of shortage. Cárdenas-
Barrón [4] studied an economic production quantity model
with rework process at a single-stage manufacturing system
with planned backorders. Chung [5] revisited the work
of Cárdenas-Barrón [4] and developed the sufficient and
necessary condition for the existence of the solution.

Chang and Ho [6] revised Wee et al.’s [3] model and
derived the exact solution to the optimal inventory model
for items with imperfect quality and shortage backordering.
J.-T. Hsu and L.-F. Hsu [7] developed an economic order
quantity (EOQ) model with imperfect quality items,
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inspection errors, shortage backordering, and sales returns.
The model presented a closed form solution to the optimal
order size, the maximum shortage level, and the optimal
order/reorder point. Khouja and Mehrez [8] developed an
economic production lot size model with imperfect quality
and variable production rate. Sana [9] extended Khouja and
Mehrez’s [8] model and investigated an economic production
lot size model in an imperfect production system, in which
the production facility may shift from an “in-control” state
to an “out-of-control” state at any random time.

Besides the EPQ and EOQ models with imperfect items
and processes, in the past, vendor-buyer integrated inventory
management related to imperfect quality also has been
studied. Huang [10] presented an integrated vendor-buyer
inventory model for imperfect quality items. Goyal et al.
[11] developed a simple approach for determining an opti-
mal integrated vendor-buyer inventory policy for an item
with imperfect quality. Huang [12] developed a model to
determine an optimal integrated vendor-buyer inventory
policy for flawed items in a JIT manufacturing environment.
Ouyang et al. [13] proposed three methods to determine
defect rate (crisp, fuzzy, and mixture of statistic and fuzzy)
in an integrated vendor-buyer inventory model involving
defective items. J.-T. Hsu and L.-F. Hsu [14, 15] developed
a mathematical model to determine an integrated vendor-
buyer inventory policy, where the vendor’s production pro-
cess is imperfect and produces a certain number of defective
items.

In practice, product quality is usually related to the state
of the production process. When the production process is
in control state, the items would be in high quality level
(perfect). As time goes on, the process state may deteriorate
and imperfect items are produced. In recent years, some
authors have studied production-inventory models with
process inspection. Marek [16] considered the problem of
optimization of a quality inspection process and presented
a solution of optimal inspection operations in a production
process. However, the inspection process is not relevant to
the imperfect quality. Lee and Rosenblatt [17] developed an
EMQ (economic manufacturing quantity) model of joint
control of production cycles or manufacturing quantities and
maintenance by inspection. Giri and Dohi [18] considered
inspection process for imperfect production process where
the process state shifts randomly. During each production
run, the process is monitored through inspections to assess
its state. J. T. Hsu and L. F. Hsu [19] developed an integrated
vendor-buyer production-inventory model for items with
imperfect quality and inspection errors. The production pro-
cess is imperfect and produces a certain number of defective
items. At the same time, the buyer’s quality screening process
is not perfect either. This model derives the optimal solution
to integrated total annual cost. Khan et al. [20] adopted an
approach similar to Salameh and Jaber [2] to study an optimal
production/order quantitywith imperfect processes. J.-T.Hsu
and L.-F. Hsu [21] pointed out a contradiction between Lee’s
[22] model and their assumption and developed a modified
model. Yoo et al. [23] studied the imperfect production and
inspection processes in a stable production and inventory
system. They developed the imperfect quality inventory

models for various inspection options. Avinadav andPerlman
[24] considered a batch production process that can be
either stable or unstable, in which inspection is performed
offline after production of the batch is completed. Chung
[25] developed an integrated two-stage production-inventory
deteriorating model for replenishment policy and inspection
plan. Khan et al. [26] developed an integrated vendor-buyer
inventory model accounting for quality inspection errors at
the buyer’s end.

Additionally, some researchers have studied the inventory
models incorporating the issue of investment in product
quality improvement. Porteus [27] developed a model that
captured a relationship between quality and lot size and dis-
cussed three options for investing in quality improvements.
Hong [28] incorporated joint investment in setup reduction
and process quality improvement into a production system
with imperfect production processes, where he assumed that
setup reduction and process quality are functions of capital
expenditure. Lee [22] developed a cost/benefit model for
supporting investment strategies about inventory and pre-
ventivemaintenance in an imperfect production system. Hou
[29] considered an EPQ model with imperfect production
processes, in which the setup cost and process quality are
functions of capital expenditure. They studied the effects of
an imperfect production process on the optimal production
cycle time after capital investment strategies and process
quality improvements are adopted. Yoo et al. [30] examined
an imperfect production and inspection system and analyzed
the solutions for different investment strategies.

The purpose of this paper is to extend Huang’s [12]. First,
in this paper, we consider process inspections during produc-
tion run, while Huang’smodel does not consider this; second,
we extend Huang’s model to another model for consider
quality improvement investment. The main contributions of
this paper lie in the fact that we extended the previous study
on the vendor-buyer inventory model by considering the
imperfect production condition and quality improvement
investment and provided implications for practitioners in
inventory decision.

The rest of the paper is organized as follows. In Section 2,
notations and assumptions are first presented and then
the proposed model of single-vendor single-buyer inven-
tory for defect items is formulated; again, the proposed
model is extended to consider capital investment in quality
improvement. In Section 3, numerical examples and sensitiv-
ity analysis are given. Finally, conclusions and future research
directions are given in Section 4.

2. Formulation of the Model

In this paper, we assume a supply chain comprised of a vendor
(manufacturer) and buyer (retailer); the vendor produces
product and delivers it to a buyer (retailer). An equal lot
size policy is adopted. The vendor’s production process is
assumed to be imperfect and a fraction of defective items are
produced during a production run.Themachine always starts
in an in-control state but may shift to the out-of-control state
at any random time and produce some defective items. To
reduce the number of defective items, the vendor performs
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periodic machine inspections during a production run and
the 100% quality screening for defective items is conducted
by the buyer. Further, we extend themodel to consider capital
investment in quality improvement by vendor. The capital
investment is assumed to follow the Porteus [27] logarithmic
investment function.

The questions addressed in this paper are as follows: what
is the optimal inventory policy for the integrated single-
vendor single-buyer system with imperfect items? And what
is the optimal investment strategy for quality improvement?
In order to answer these questions, in this paper, we construct
two integrated production-inventory models. In the first
model, defect rate is assumed to be a fixed value, and, in
the second model, we extend the first model to consider the
vendor’s investment in quality improvement, and investment
is function of defect rate, and then the vendor’s cost will
include capital investment.

2.1. Assumptions and Notations. The following assumptions
are used throughout this paper for formulation of the prob-
lem.

(1) The supply chain system consists of a single vendor
and a single buyer for trading a single product.

(2) The vendor’s production rate is constant and greater
than the buyer’s demand rate.

(3) The vendor’s production system is imperfect. It always
starts in an in-control state but may shift to the out-
of-control state at any random time andproduce some
defective items.

(4) The vendor process performs periodic inspections
during a production run. At each inspection if the
machine is found in out-of-control state, then restora-
tion is done. Otherwise, preventive maintenance is
performed to enhance system reliability.

(5) The production process restoration cost is propor-
tional to the detection delay time.

(6) After process restoration, the machine becomes as
good as new.

(7) Process inspection and restoration times are negligi-
ble.

(8) The buyer performs a 100% quality screening for
delivered products.The screening rate is much higher
than the customer demand rate.

(9) In the second model, the vendor conducts a capital
investment to improve product quality; the invest-
ment cost is considered part of the total cost.

Notations

Parameters

𝑃: Production rate of the vendor
𝐷: Annual demand of the buyer
𝑆V: Vendor’s setup cost per production run

𝑆𝑏: Buyer’s ordering cost per order

ℎV: Vendor’s unit holding cost

ℎ𝑏: Buyer’s unit holding cost

𝐶0: Process inspection cost

𝐶1: Preventive maintenance cost

𝑟: Machine restoration cost per unit detection delay
time

𝑇𝑖: 𝑖th process inspection time, 𝑖 = 1, 2, . . . , 𝑚; (𝑇1, 𝑇2,
. . . , 𝑇𝑚) is the inspection time sequence

𝑇: Time interval between two successive deliveries to the
buyer

𝑇𝑚: Vendor’s production time in a cycle

𝑁𝑖: Number of defective items produced in the time
interval [𝑇𝑖−1, 𝑇𝑖], 𝑖 = 1, 2, . . . , 𝑚; 𝑇0 = 0

𝑅𝑖: Process restoration cost in the time interval
[𝑇𝑖−1, 𝑇𝑖], 𝑖 = 1, 2, . . . , 𝑚

𝜏: Elapsed time of a shift from the “in-control” state
to the “out-of-control” state in vendor production
process

𝑓(⋅): Probability density function of the time to process
shift from in-control state to out-of-control state

𝐹(⋅): Probability distribution function of the time to pro-
cess shift from in-control state to out-of-control state

𝑑: Unit screening cost for defective items

𝑘: Unit penalty cost for defective items

𝑥: Quality screening rate for defective items

𝐴: Buyer’s transportation cost per shipment

𝛼0: The original percentage of defective items before
investment

𝛼: Percentage of defective items produced when process
is in “out-of-control” state

𝜂: Fractional opportunity cost

𝛿: The percentage of decrease in defective items per
dollar increase in quality improvement investment.

Decision Variables

𝑡𝑖: 𝑖th inspection interval for process in the vendor; that
is, 𝑡𝑖 = 𝑇𝑖 − 𝑇𝑖−1 for all 𝑖 = 1, 2, . . . , 𝑚; 𝑇0 = 0

𝑛: Number of shipments per lot from the vendor to the
buyer, a positive integer

𝑚: Number of process inspections during each produc-
tion run

𝑄: Shipment size from the vendor to the buyer.
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Figure 1: Production inventory of vendor.

2.2. Mathematical Model. The vendor’s production-inven-
tory pattern is shown in Figure 1. Since the delivery of product
follows a JIT small lot size delivery policy, each time one
delivery quantity𝑄 is shipped to buyer, the production rate is
𝑃, and the number of deliveries during one production cycle
is 𝑛, the production cycle time is 𝑇, and we suppose that 𝑚
times process inspections are carried out during a production
run. Therefore, process inspections are performed at times
𝑇1, 𝑇2, . . . , 𝑇𝑚. At each process inspection if the machine
is found in out-of-control state, then restoration is done.
Otherwise, preventive maintenance is performed to enhance
system reliability.

Each time, a lot of size 𝑄 is delivered from the vendor to
the buyer, and it is assumed that each lot contains a percentage
of defective items,𝛼. After the items are delivered to the buyer,
the buyer performs a 100% quality screening to identify the
defective items with a screening rate of 𝑥 and discards the
defective items at the end of screening process. A typical
configuration of the buyer’s inventory level fluctuation is
shown in Figure 2, where𝑇 is the order cycle length, 𝛼𝑄 is the
number of defective items withdrawn from inventory, and 𝑡
is the total screening time of 𝑄 units.

2.2.1. The Integrated Decision of the Vendor and the Buyer

(1) The Vendor’s Cost per Unit Time. Figure 3 shows the accu-
mulation of vendor’s inventory in a cycle. The shaded rectan-
gles are the total inventory delivered to the buyer. Following
the method in Huang [12], the vendor’s holding inventory
area equals the sum of the areas of triangle and rectangle
minus shaded area.

Thus, the vendor’s inventory holding cost per unit time
can be obtained as

Holding cost

= ℎV {𝑛𝑄(
𝑄

𝑃
+ (𝑛 − 1) 𝑇) −

𝑛𝑄 (𝑛𝑄/𝑃)

2

− 𝑇 [𝑄 + 2𝑄 + ⋅ ⋅ ⋅ + (𝑛 − 1)𝑄]}

=
ℎV𝑛𝑄
2

2
{
2 − 𝑛

𝑃
+
(𝑛 − 1) (1 − 𝛼)

𝐷
} .

(1)

Time
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Figure 2: Inventory level variation of buyer in a cycle.
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Figure 3: Inventory accumulation of vendor in a cycle.

We define 𝜏 as the elapsed time of a shift from the “in-
control” state to “out-of-control” state, and 𝜏 is a random
variable. Inspections are undertaken at time 𝑇𝑖 and either
restoration or preventive maintenance is carried out at each
inspection; therefore, (𝑡𝑖 − 𝜏) is the detection delay time in
the time interval [𝑇𝑖−1, 𝑇𝑖], 𝑖 = 1, 2, . . . , 𝑚, and during this
delay period some defective items are produced.The vendor’s
restoration cost 𝑅𝑖 in [𝑇𝑖−1, 𝑇𝑖] is given by

𝑅𝑖 =

{

{

{

0, if 𝜏 ≥ 𝑡𝑖,

𝑟 (𝑡𝑖 − 𝜏) , if 𝜏 < 𝑡𝑖.

(2)

Thus, the vendor’s expectation restoration cost in the time
interval [𝑇𝑖−1, 𝑇𝑖] is 𝐸[𝑅𝑖] = ∫

𝑡𝑖

0
𝑟(𝑡𝑖 − 𝜏)𝑓(𝜏)𝑑𝜏, and the

vendor’s expected total restoration cost is

𝑚

∑

𝑖=1

𝐸 [𝑅𝑖] =

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏. (3)

The number of defective items (𝑁𝑖) produced in the time
interval [𝑇𝑖−1, 𝑇𝑖] is

𝑁𝑖 ≈

{

{

{

0, if 𝜏 ≥ 𝑡𝑖

𝛼𝑃 (𝑡𝑖 − 𝜏) , if 𝜏 < 𝑡𝑖

(4)

and the expected number of defective items produced in the
time interval [𝑇𝑖−1, 𝑇𝑖] is 𝐸(𝑁𝑖) = ∫

𝑡𝑖

0
𝛼𝑃(𝑡𝑖 − 𝜏)𝑓(𝜏)𝑑𝜏. The

vendor’s defective items production cost or penalty cost is
𝑘∑
𝑚

𝑖=1
𝐸(𝑁𝑖), total inspection cost is 𝑚𝐶0, and preventive

maintenance cost is ∑𝑚
𝑖=1

𝐶1𝐹(𝑡𝑖).
The vendor’s total cost in a cycle is the sum of the setup

cost, inspection cost, holding cost, defective items penalty
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cost, restoration cost, and preventive maintenance cost. We
can write the total cost of the vendor as

ETC𝑉 (𝑡𝑖, 𝑛, 𝑄)

=
1

𝑛𝑇
{𝑆V + 𝑚𝐶0 +

ℎV𝑛𝑄
2

2

× (
2 − 𝑛

𝑃
+
(𝑛 − 1) (1 − 𝛼)

𝐷
) + 𝑘

𝑚

∑

𝑖=1

𝐸 (𝑁𝑖)

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏 +

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖)} .

(5)

(2) The Buyer’s Cost per Unit Time.The buyer’s total cost in a
cycle is the sum of ordering cost, holding cost, transportation
cost, and quality screening cost. The buyer’s holding cost per
unit time is
ℎ𝑏

𝑇
(
𝑄 (1 − 𝛼) 𝑇

2
+
𝛼𝑄
2

𝑥
) = ℎ𝑏 [

𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
] .

(6)

The buyer’s ordering cost per unit time = 𝑆𝑏/𝑛𝑇 =

𝑆𝑏𝐷/𝑛(1 − 𝛼)𝑄. The buyer’s transportation cost per unit time
is 𝐴/𝑇 = 𝐴𝐷/(1 − 𝛼)𝑄. The buyer’s quality screening cost
per unit time is 𝑑𝑄/𝑇 = 𝑑𝐷/(1 − 𝛼). Thus, we can write the
expected total cost of the buyer per unit time as

ETC𝐵 (𝑛, 𝑄) = ℎ𝑏 [
𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
] +

𝑆𝑏𝐷

𝑛 (1 − 𝛼)𝑄

+
𝐴𝐷

(1 − 𝛼)𝑄
+

𝑑𝐷

(1 − 𝛼)
.

(7)

(3) The Integrated Vendor-Buyer Inventory Model. Using (5)
and (7), the expected total cost of the integrated inventory
system can be obtained as

ETC (𝑡𝑖, 𝑛, 𝑄)

= ETC𝑉 (𝑡𝑖, 𝑛, 𝑄) + ETC𝐵 (𝑛, 𝑄)

=
1

𝑛𝑇
{𝑆V + 𝑚𝐶0 +

ℎV𝑛𝑄
2

2

× (
2 − 𝑛

𝑃
+
(𝑛 − 1) (1 − 𝛼)

𝐷
)

+ 𝑘

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝛼𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖)} + ℎ𝑏 [
𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
]

+
𝑆𝑏𝐷

𝑛 (1 − 𝛼)𝑄
+

𝐴𝐷

(1 − 𝛼)𝑄
+

𝑑𝐷

(1 − 𝛼)
.

(8)

Putting 𝑇 = (1 − 𝛼)𝑄/𝐷 in (8), we obtain

ETC (𝑡𝑖, 𝑛, 𝑄)

=
𝐷

𝑛 (1 − 𝛼)𝑄

× {𝑆V + 𝑚𝐶0 +
ℎV𝑛𝑄
2

2

× (
2 − 𝑛

𝑃
+
(𝑛 − 1) (1 − 𝛼)

𝐷
)

+ 𝑘

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝛼𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏 +

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖)}

+ ℎ𝑏 [
𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
]

+
𝑆𝑏𝐷

𝑛 (1 − 𝛼)𝑄
+

𝐴𝐷

(1 − 𝛼)𝑄
+

𝑑𝐷

(1 − 𝛼)
.

(9)

In the above equation, although the decision variable 𝑛 is
an integer, we can slack it as continuous variable, and then we
take the derivate of the above equation to obtain the solution
which is shown in the following steps.

For convenience of formulation, we define

𝐺 (⋅) = 𝑘

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝛼𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏 +

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖) ,

(10)

and then, taking the first derivative of ETC with respect to 𝑛,
we have

𝜕ETC
𝜕𝑛

= −
𝐷

𝑛2 (1 − 𝛼)𝑄
{𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅)}

+
𝐷

(1 − 𝛼)

ℎV𝑄

2
(
1

𝐷
−
1

𝑃
) .

(11)

The total cost function ETC is convex in 𝑛, since it is easy
to see that

𝜕
2ETC
𝜕𝑛2

=
2𝐷

𝑛3 (1 − 𝛼)𝑄
{𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅)} > 0

∀𝑛 ≥ 1.

(12)

Taking the first derivative of ETC with respect to 𝑄, we
have
𝜕ETC
𝜕𝑄

= −
𝐷

𝑛 (1 − 𝛼)𝑄
2
{𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐴𝑛 + 𝐺 (⋅)}

+
(2 − 𝑛)𝐷ℎV

(1 − 𝛼) 𝑃
+
(𝑛 − 1) ℎV

2
+ ℎ𝑏 (

1

2
+

𝛼𝐷

𝑥 (1 − 𝛼)
) .

(13)
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For fixed values of 𝑛 and 𝑡𝑖, ETC can also be shown to be
convex in 𝑄, since

𝜕
2ETC
𝜕𝑄2

=
2𝐷

𝑛 (1 − 𝛼)𝑄
3
{𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐴𝑛 + 𝐺 (⋅)} > 0.

(14)

Taking the first derivative of ETC with respect to 𝑡𝑖, we
have
𝜕ETC
𝜕𝑡𝑖

=
𝐷

𝑛 (1 − 𝛼)𝑄

𝜕𝐺 (⋅)

𝜕𝑡𝑖

,

𝜕𝐺 (⋅)

𝜕𝑡𝑖

= 𝑘𝛼𝑃∫

𝑡𝑖

0

𝑓 (𝜏) 𝑑𝜏 + 𝑟∫

𝑡𝑖

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡𝑖) .

(15)

Therefore,
𝜕ETC
𝜕𝑡𝑖

=
𝐷

𝑛 (1 − 𝛼)𝑄
{(𝑘𝛼𝑃 + 𝑟) ∫

𝑡𝑖

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡𝑖)} ,

𝜕
2ETC
𝜕𝑡𝑖
2

=
𝐷

𝑛 (1 − 𝛼)𝑄
{(𝑘𝛼𝑃 + 𝑟) 𝑓 (𝑡𝑖) − 𝐶1𝑓


(𝑡𝑖)} ,

𝑖 = 1, . . . , 𝑚,

𝜕
2ETC
𝜕𝑛𝜕𝑄

=
𝐷

𝑛2 (1 − 𝛼)𝑄
2
{𝑆V + 𝑚𝐶0 + 𝑆𝑏

+ 𝑘

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝛼𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏}

+
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
) > 0,

𝜕
2ETC
𝜕𝑛2

⋅
𝜕
2ETC
𝜕𝑄2

− (
𝜕
2ETC
𝜕𝑛𝜕𝑄

)

2

= (4𝐷
2
(𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅))

× (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅) + 𝐴𝑛)) (𝑛
4
(1 − 𝛼)

2
𝑄
4
)
−1

−
𝐷
2

𝑛4 (1 − 𝛼)
2
𝑄4

× [𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅) +
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
)]

2

=
𝐷
2

𝑛4 (1 − 𝛼)
2
𝑄4

{4 (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅))

× (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅) + 𝐴𝑛)

− [𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅)

+
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
)]

2

}

>
𝐷
2

𝑛4 (1 − 𝛼)
2
𝑄4

× {[2 (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅))]

2

− [𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅) +
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
)]

2

}

=
𝐷
2

𝑛4 (1 − 𝛼)
2
𝑄4

× [3 (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅)) +
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
)]

⋅ [𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐺 (⋅) −
ℎV

2
(1 −

𝐷

𝑃 (1 − 𝛼)
)] > 0.

(16)

Note that if (𝑘𝛼𝑃 + 𝑟)𝑓(𝑡𝑖) − 𝐶1𝑓

(𝑡𝑖) > 0, then we have

𝜕
2ETC/𝜕𝑡2

𝑖
> 0, 𝜕2ETC/𝜕𝑛2 > 0, 𝜕2ETC/𝜕𝑄2 > 0, and

(𝜕
2ETC/𝜕𝑛2) ⋅ (𝜕2ETC/𝜕𝑄2) − (𝜕2ETC/𝜕𝑛𝜕𝑄)

2

> 0 implying
that, for any given value of 𝑛, the total cost function is convex.
Therefore, there exists a unique value of𝑄 thatminimizes (8).

The optimal lot size is given by

𝑄
∗
(𝑛) = √

𝐷 (𝑆V + 𝑚𝐶0 + 𝑆𝑏 + 𝐴𝑛 + 𝐺 (⋅))

𝑛 (1 − 𝛼)𝑀 (⋅)
, (17)

where

𝑀(⋅) =
(2 − 𝑛)𝐷ℎV

(1 − 𝛼) 𝑃
+
(𝑛 − 1) ℎV

2
+ ℎ𝑏 (

1

2
+

𝛼𝐷

𝑥 (1 − 𝛼)
) .

(18)

Note that the condition (𝑘𝛼𝑃 + 𝑟)𝑓(𝑡𝑖) − 𝐶1𝑓

(𝑡𝑖) > 0 is

clearly satisfied for uniform distribution, since (𝑘𝛼𝑃+ 𝑟) > 0,
𝑓(𝑡𝑖) > 0, 𝑓(𝑡𝑖) = 0.

From the optimality condition 𝜕ETC/𝜕𝑡𝑖 = 0, we can get

(𝑘𝛼𝑃 + 𝑟) ∫

𝑡𝑖

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡𝑖) = 0. (19)

Using (19), we find out the optimal value of 𝑡∗
𝑖
as follows.

Equation (19) can be extended as follows:

(𝑘𝛼𝑃 + 𝑟) ∫

𝑡1

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡1) = 0,

(𝑘𝛼𝑃 + 𝑟) ∫

𝑡2

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡2) = 0,

.

.

.

(𝑘𝛼𝑃 + 𝑟) ∫

𝑡𝑛

0

𝑓 (𝜏) 𝑑𝜏 − 𝐶1𝑓 (𝑡𝑛) = 0.

(20)

If 𝑓(𝑥) follows uniform probability distribution, that is,

𝑓 (𝑥) =

{

{

{

1

𝑏
, if 0 < 𝑥 < 𝑏

0, otherwise.
(21)
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From (19) we can obtain

𝑡
∗

1
= 𝑡
∗

2
= ⋅ ⋅ ⋅ = 𝑡

∗

𝑛
=

𝐶1

𝑘𝛼𝑃 + 𝑟
. (22)

This result shows that the optimal machine inspection
interval of each time is a fixed value, which is dependent on
the parameters of the machine maintenance and inspection.
In other words, when the inspection interval of each time is
constant, the total cost is minimum. Since production run is
𝑛𝑄/𝑃, we can obtain𝑚 = 𝑛𝑄/𝑃𝑡

∗

𝑖
.

In order to determine the optimal 𝑛 that minimizes
ETC(𝑛, 𝑄), the following procedure can be implemented.

Algorithm 1. Consider the following.

Step 1.For a range of values of 𝑛, determine the corresponding
𝑄
∗
(𝑛) using (17) and compute ETC(𝑛, 𝑄∗(𝑛)) by substituting

𝑄
∗
(𝑛) into (9).

Step 2.Derive the optimal value of 𝑛, denoted by 𝑛∗, such that
ETC(𝑛, 𝑄∗(𝑛)) ≤ ETC(𝑛− 1, 𝑄∗(𝑛− 1)) and ETC(𝑛, 𝑄∗(𝑛)) ≤
ETC(𝑛 + 1, 𝑄∗(𝑛 + 1)).

Once we derive out 𝑛∗, the optimal size of a production
batch can be obtained by 𝑛∗𝑄∗(𝑛).

2.2.2.The IntegratedModel withCapital Investment forQuality
Improvement. We now suppose that the vendor invests some
capital in order to reduce the number of defective items
produced. We assume a logarithmic investment function as
𝐼(𝛼) = (𝜂/𝛿) ln (𝛼0/𝛼) [27], where 𝛼0 is the defect rate before
quality improvement, 𝜂 means the fractional opportunity
cost, and 𝛿 means the percentage of decrease in defective
items per dollar increase in investment.

In this situation, the new expected total cost of the
integrated model equals the total cost of the system without
investment (i.e., the first model) plus the capital investment
by the vendor.

Then, the expected total cost of the integrated model can
be obtained as
ETC𝐼

=
𝐷

𝑛 (1 − 𝛼)𝑄
{𝑆V + 𝑚𝐶0 +

ℎV𝑛𝑄
2

2

× (
2 − 𝑛

𝑃
+
(𝑛 − 1) (1 − 𝛼)

𝐷
)

+ 𝑘

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝛼𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏 +

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖)}

+ ℎ𝑏 [
𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
]

+
𝑆𝑏𝐷

𝑛 (1 − 𝛼)𝑄
+

𝐴𝐷

(1 − 𝛼)𝑄
+

𝑑𝐷

(1 − 𝛼)
+
𝜂

𝛿
ln
𝛼0

𝛼
,

(23)

where𝛼0 is the original defect rate, a fixed value.𝛼 is the defect
rate after investment; in this model, it is a decision variable;
that is, we need to determine the optimal defect rate after
quality improvement investment.

In order to obtain the optimal investment, taking the first
derivative of ETC𝐼 with respect to 𝛼, we have

𝜕ETC𝐼
𝜕𝛼

=
𝐷

𝑛 (1 − 𝛼)
2
𝑄
{𝑆V + 𝑚𝐶0 +

ℎV𝑛𝑄
2

2

2 − 𝑛

𝑃

+

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑟 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

+

𝑚

∑

𝑖=1

𝐶1𝐹 (𝑡𝑖)}

+
𝐷𝑘

𝑛 (1 − 𝛼)
2
𝑄

𝑚

∑

𝑖=1

∫

𝑡𝑖

0

𝑃 (𝑡𝑖 − 𝜏) 𝑓 (𝜏) 𝑑𝜏

−
ℎ𝑏𝑄

2
+

ℎ𝑏𝐷𝑄

𝑥 (1 − 𝛼)
2
+

𝑆𝑏𝐷

𝑛 (1 − 𝛼)
2
𝑄

+
𝐴𝐷

(1 − 𝛼)
2
𝑄
+

𝑑𝐷

(1 − 𝛼)
2
−

𝜂

𝛿𝛼
.

(24)

Taking the second derivate of the total cost with respect
to𝑄, 𝑛, 𝑡𝑖, it is clear that the ETC𝐼 is still a convex function in
𝑄, 𝑛, 𝑡𝑖 (since these operations are similar to those operations
in the first model, we omit them).

To obtain the optimal solution, we adopt the iterative
algorithm proposed by Ben-Daya and Hariga [31]. Using this
algorithm, one can find the optimal solution in the following
procedure.

Algorithm 2. Consider the following.

Step 1. Set ETC∗
𝐼
= ∞, 𝑛 = 1.

Step 2. Set 𝛼 = 𝛼0 and compute 𝑄0 from (17).

Step 3. Compute 𝛼 from (24) to zero. If 𝛼 ≥ 𝛼0, set 𝛼 = 𝛼0.
Update 𝑡𝑖 with 𝛼 from (19).

Step 4. Compute 𝑄 from (17) using 𝛼, 𝑡𝑖. If |𝑄 − 𝑄0| = 0,
compute ETC𝐼 and go to Step 5. Otherwise, set 𝑄 = 𝑄0 and
go to Step 3.

Step 5. If ETC∗
𝐼
≥ ETC𝐼, set ETC

∗

𝐼
= ETC𝐼, 𝑄

∗
= 𝑄, 𝛼∗ = 𝛼,

and 𝑛 = 𝑛 + 1 and go to Step 2. Otherwise, 𝑛∗ = 𝑛 − 1 and
stop.

Note that 𝜕ETC𝐼/𝜕𝛿 < 0 and 𝜕ETC𝐼/𝜕𝛼0 > 0, which
indicate that an increase in 𝛿 leads to a more reduction in the
number of defective items per dollar increase in investment.
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Table 1: Optimal values of 𝑛 and 𝑚 for integrated vendor-buyer
model.

𝑛 𝑚 𝑄
∗
(𝑛) ETC(𝑛, 𝑄∗(𝑛))

1 14 147.08 950.84
2 22 109.14 829.69
3 27 91.12 793.71
4 32 79.73 781.86
5∗ 36∗ 71.57∗ 779.83∗

6 39 65.32 782.51
7 42 60.32 787.67
8 45 56.18 794.21
9 47 52.69 801.51
10 50 49.69 809.24
∗The optimal solution.

3. Numerical Examples and
Managerial Implications

For numerical study, we consider a single-vendor single-
buyer system; the following parameter values are set: pro-
duction rate 𝑃 = 320, demand rate 𝐷 = 100, setup cost of
vendor 𝑆V = 300, ordering cost of buyer 𝑆𝑏 = 100, inventory
holding cost of vendor ℎV = 2, inventory holding cost of buyer
ℎ𝑏 = 5, transportation cost per shipment from vendor to
buyer 𝐴 = 25, the screening rate for defective items in buyer
𝑥 = 215, per unit screening cost 𝑑 = 0.5, machine restoration
cost per unit detection delay time for vendor 𝑟 = 5, process
inspection cost and preventive maintenance cost 𝐶0 = 2 and
𝐶1 = 15, the per unit penalty cost for defective item 𝑘 = 30,
and the original percentage of defective items without quality
improvement investment 𝛼 = 0.05. We also suppose that
the time of the process shifts from in-control state to out-of-
control state follows uniform probability distribution; that is,

𝑓 (𝑥) =

{

{

{

1

𝑏
, if 0 < 𝑥 < 𝑏

0, otherwise.
(25)

3.1. Optimization Solution without Quality Improvement
Investment. In this case, when 𝑏 = 1, we obtain the
results as given in Table 1. Figure 4 shows that the total cost
function ETC is convex in 𝑛. We solve this problem by using
Algorithm 1. The optimal solution is 𝑛∗ = 5, 𝑄∗ = 71.5798,
𝑡
∗

𝑖
= 0.003, and 𝑚

∗
= 36, and the integrated average total cost

is 779.8304.The optimal size of a production batch is 357.899.

3.2. Optimization Solution with Quality Improvement Invest-
ment. Now, we consider the second one: integrated model
with capital investment for reduction of defective items. In
the firstmodel, we additionally consider the parameter values
𝛼0 = 0.05, 𝜂 = 2, and 𝛿 = 0.02. Table 2 shows that when
the original percentage of defective items is high, the effect
of investment in quality improvement will be more obvious.
This means that the total cost can be reduced more. This
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Figure 4: The behavior of ETC and 𝑛.

benefit will attract vendor to make an investment to reduce
the defective items and make more profit.

From the numerical studies, it is shown that the optimal
shipment size from the vendor to the buyer and the per-
centage of defective items decrease after quality investment.
However, which one is better for the buyer?

Consider

ETC𝐵 (𝑛, 𝛼, 𝑄) = ℎ𝑏 [
𝑄 (1 − 𝛼)

2
+

𝛼𝐷𝑄

𝑥 (1 − 𝛼)
] +

𝑆𝑏𝐷

𝑛 (1 − 𝛼)𝑄

+
𝐴𝐷

(1 − 𝛼)𝑄
+

𝑑𝐷

(1 − 𝛼)
.

(26)

Assume the difference between the total costs of buyer in
the integrated model without and with quality improvement
investment is ΔETC𝐵 = ETC1𝐵(𝛼, 𝑄) − ETC𝐵(𝛼, 𝑄).

When ΔETC𝐵(𝛼, 𝑄) < 0, the investment is better for
the buyer; otherwise there is no benefit for the buyer with
investment.

Table 3 shows the comparison of annual cost for the buyer
with andwithout investment.Thenumerical results show that
themore the vendor invests in quality improvement, themore
the benefit the buyer can obtain from the buyer’s investment.

3.3. Sensitivity Analysis. In this subsection, we conduct sen-
sitivity analysis for three important parameters: demand rate,
production rate, and defect rate of product. We analyze how
these three parameters impact the solution (in here, we take
the first model as analysis basis).

(1) The Effect of Demand on Optimization Solution. We set
the change range of demand rate from 100 to 200. Under
this change range, the total cost increases from 779.8304
to 1313.5496 and the optimal shipment size increases from
71.5798 to 163.4827.The optimal number of shipments per lot
from the vendor to the buyer decreases from 5 to 3; the opti-
mal number of machine inspections during each production
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Table 2: A comparison of the integrated model with and without investments.

Model without investment Model with investment
𝛼

Cost difference
𝛼0 𝑄

∗ ETC∗ 𝑄
∗ ETC∗

𝐼
ΔTC %TCa

0.15 189.06 1466.58 178.62 1224.23 0.093 242.35 16.52
0.20 237.14 1879.69 169.81 1201.90 0.081 677.78 36.05
0.25 318.91 2354.98 162.86 1186.33 0.072 1168.65 49.62
0.30 369.23 2871.18 157.33 1176.33 0.064 1694.85 59.02
0.35 421.13 3476.24 146.23 1243.30 0.100 2232.93 64.23
aNote:%TC = (ETC∗ − ETC∗

𝐼
)/ETC∗.

Table 3: A comparison for the buyer with and without investmentsa.

Model without investment Model with investment
𝛼

Cost difference
𝛼0 𝑄

∗ ETC∗
𝐵
(𝛼, 𝑄) 𝑄

∗ ETC1𝐵(𝛼, 𝑄) ΔTC %ETC∗
𝐵

0.15 189.06 559.96 178.62 524.36 0.093 35.60 6.35
0.20 237.14 693.11 169.81 501.79 0.081 191.31 27.60
0.25 318.91 926.47 162.86 484.26 0.072 442.20 47.73
0.30 369.23 1099.13 157.33 470.37 0.064 628.75 57.20
0.35 421.13 1301.41 146.23 448.96 0.100 852.45 65.50
aNote:%ETC∗

𝐵
= (ETC∗

𝐵
(𝛼,𝑄) − ETC1𝐵(𝛼,𝑄))/ETC

∗

𝐵
(𝛼,𝑄).

Table 4: Effect of demand rate on the optimal solution.

𝐷 𝑛
∗

𝑚
∗

𝑄
∗ ETC∗

100 5 36 71.57 779.83
120 4 37 93.93 889.78
140 4 44 109.24 997.26
160 4 50 126.00 1105.95
180 3 44 148.07 1211.13
200 3 49 163.48 1313.54

Table 5: Effect of production rate on the optimal solution.

𝑃 𝑛
∗

𝑚
∗

𝑄
∗ ETC∗

280 5 37 74.70 779.96
300 5 36 72.99 779.78
320 5 36 71.57 779.83
340 5 35 70.39 780.00
360 5 35 69.37 780.26

run increases first and then decreases. The result is shown in
Table 4. Summarily, demand increases will cause the increase
in total cost and ordering quantity.

(2) The Effect of Production Rate on Optimal Solution. For
analyzing the effect of production rate on optimal solution,
we set the production rate increases from 280 to 360. Table 5
shows the result.

From Table 5, we can see that, with the increase in pro-
duction rate, the integrated total cost increases; at the same
time, the optimal shipment size decreases, and the optimal
number of machine inspections during each production run

Table 6: Effect of 𝛼 on the optimal solution.

𝛼 𝑛
∗

𝑚
∗

𝑄
∗ ETC∗

0.01 6 5 46.55 573.46
0.03 6 20 55.20 670.02
0.05 5 36 71.57 779.83
0.07 4 52 92.49 900.95
0.10 3 76 126.91 1099.41

decreases. But the optimal number of shipments per lot from
the vendor to the buyer remains unchanged.

(3) The Effect of Defect Rate on Optimal Solution. We then
analyze the effect of defect rate on optimal solution. From
Table 6, one can see that, with an increase in the percentage of
defective items, there is an increase in the number of inspec-
tions during each production run. This is intuitively true
because when the vendor tries to reduce the defective items,
more process inspections are needed during a production
run. At the same time, the number of shipments per lot from
the vendor to the buyer becomes less and the shipment size
increases.

3.4. Managerial Implications. From the analytical model and
numerical examples demonstration, we can conclude the
following managerial implications for practitioners.

(1) Integration is a synchronization strategy in supply
chain management; this paper demonstrates the ben-
efit of integration optimization of production inven-
tory of single vendor and single buyer in the supply
chain. In practice, the vendor and the buyer should
take joint action to optimize their operations.
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(2) Our study reveals that quality improvement invest-
ment in the vendor not only benefits the vendor,
but also benefits the buyer. Investment can reduce
total cost of the vendor and the buyer; furthermore,
the more the investment of quality improvement of
the vendor is, the higher the benefit the buyer gains.
This implies that quality improvement has significant
impact on the vendor and the buyer inventory opti-
mization.Therefore, inventorymanager of the vendor
should pay attention to the quality issue of stocked
items.

4. Conclusions

This paper investigates two integrated single-vendor single-
buyer inventory models, in which the vendor’s production
process is assumed to be imperfect, and JIT delivery policy
is implemented to ship product from the vendor to the buyer.
We analyze the two cases: one case is that the vendor has no
quality improvement investment; the second case is that the
vendor invests to improve quality.

We obtain the optimal number of shipments per lot from
the vendor to the buyer and optimal machine inspections
interval during each production run. We also calculate the
optimal size of a production batch and the optimal shipment
size from the vendor to the buyer.

The sensitivity of the key model-parameters, demand,
production, and defect rate is examined. Analysis reveals that
an increase in demand rate causes increase in the number of
process inspections and decrease in the production lot size. It
is also shown that an increase in the production rate causes
an increase in shipment size but a decrease in the number
of machine inspections, while the production lot size does
not change. Further, we consider that the vendor carries out
a capital investment for reduction of defective items. After
investment, the percentage of defective items reduces. The
investment can cause both the optimal shipment size and the
integrated total cost decrease. Furthermore, the numerical
results show that when the original percentage of defective
items is high, the effect of investment becomes more obvious.

The future research of this paper can follow these direc-
tions. First, we can incorporate the machine reliability into
the models and analyze how it affects the integrated decision.
Second, the models can be extended to consider setup cost
reduction in production and variable shipment size. Third,
the models can also be extended to consider multiple buyers.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This research was supported by the National Natural Science
Foundation of China, under Grant no. 71372154.

References

[1] M. J. Rosenblatt and H. L. Lee, “Economic production cycles
with imperfect production processes,” IIE Transactions, vol. 18,
no. 1, pp. 48–55, 1986.

[2] M. K. Salameh andM. Y. Jaber, “Economic production quantity
model for items with imperfect quality,” International Journal of
Production Economics, vol. 64, no. 1, pp. 59–64, 2000.

[3] H. M. Wee, J. Yu, and M. C. Chen, “Optimal inventory model
for items with imperfect quality and shortage backordering,”
Omega, vol. 35, no. 1, pp. 7–11, 2007.

[4] L. E. Cárdenas-Barrón, “Economic production quantity with
rework process at a single-stage manufacturing system with
planned backorders,”Computers and Industrial Engineering, vol.
57, no. 3, pp. 1105–1113, 2009.

[5] K.-J. Chung, “The economic production quantity with rework
process in supply chainmanagement,”Computers &Mathemat-
ics with Applications, vol. 62, no. 6, pp. 2547–2550, 2011.

[6] H.-C. Chang and C.-H. Ho, “Exact closed-form solutions for
“optimal inventory model for items with imperfect quality and
shortage backordering”,” Omega, vol. 38, no. 3-4, pp. 233–237,
2010.

[7] J.-T. Hsu and L.-F. Hsu, “An EOQmodel with imperfect quality
items, inspection errors, shortage backordering, and sales
returns,” International Journal of Production Economics, vol. 143,
no. 1, pp. 162–170, 2013.

[8] M. Khouja and A. Mehrez, “An economic production lot size
model with imperfect quality and variable production rate,”
Journal of the Operational Research Society, vol. 45, no. 12, pp.
1405–1417, 1994.

[9] S. S. Sana, “An economic production lot size model in an
imperfect production system,” European Journal of Operational
Research, vol. 201, no. 1, pp. 158–170, 2010.

[10] C.-K. Huang, “An integrated vendor-buyer cooperative inven-
tory model for items with imperfect quality,” Production Plan-
ning and Control, vol. 13, no. 4, pp. 355–361, 2002.

[11] S. K. Goyal, C.-K. Huang, and K.-C. Chen, “A simple integrated
production policy of an imperfect item for vendor and buyer,”
Production Planning and Control, vol. 14, no. 7, pp. 596–602,
2003.

[12] C.-K. Huang, “An optimal policy for a single-vendor single-
buyer integrated production-inventory problem with process
unreliability consideration,” International Journal of Production
Economics, vol. 91, no. 1, pp. 91–98, 2004.

[13] L.-Y. Ouyang, K.-S. Wu, and C.-H. Ho, “Analysis of optimal
vendor-buyer integrated inventory policy involving defective
items,” International Journal of Advanced Manufacturing Tech-
nology, vol. 29, no. 11-12, pp. 1232–1245, 2006.

[14] J.-T. Hsu and L.-F. Hsu, “An integrated vendor-buyer inventory
model with imperfect items and planned back orders,” Interna-
tional Journal of Advanced Manufacturing Technology, vol. 68,
no. 9–12, pp. 2121–2132, 2013.

[15] J.-T. Hsu and L.-F. Hsu, “An integrated vendor-buyer coop-
erative inventory model in an imperfect production process
with shortage backordering,” International Journal of Advanced
Manufacturing Technology, vol. 65, no. 1–4, pp. 493–505, 2013.

[16] L. Marek, “On the problem of optimization of a quality inspec-
tion process structure,” International Journal of Production
Research, vol. 21, no. 3, pp. 369–381, 1983.

[17] H. L. Lee and M. J. Rosenblatt, “Simultaneous determination
of production cycle and inspection schedules in a production
system,”Management Science, vol. 33, no. 9, pp. 1125–1136, 1987.



Mathematical Problems in Engineering 11

[18] B. C. Giri and T. Dohi, “Inspection scheduling for imperfect
production processes under free repair warranty contract,”
European Journal of Operational Research, vol. 183, no. 1, pp.
238–252, 2007.

[19] J. T. Hsu and L. F. Hsu, “An integrated single-vendor single-
buyer production-inventory model for items with imperfect
quality and inspection errors,” International Journal of Indus-
trial Engineering Computations, vol. 3, no. 5, pp. 703–720, 2012.

[20] M. Khan, M. Y. Jaber, and M. Bonney, “An economic order
quantity (EOQ) for items with imperfect quality and inspection
errors,” International Journal of Production Economics, vol. 133,
no. 1, pp. 113–118, 2011.

[21] J.-T. Hsu and L.-F. Hsu, “A note on “optimal inventory model
for items with imperfect quality and shortage backordering”,”
International Journal of Industrial Engineering Computations,
vol. 3, no. 5, pp. 939–948, 2012.

[22] H.-H. Lee, “A cost/benefit model for investments in inventory
and preventive maintenance in an imperfect production sys-
tem,” Computers and Industrial Engineering, vol. 48, no. 1, pp.
55–68, 2005.

[23] S. H. Yoo, D. Kim, andM.-S. Park, “Inventorymodels for imper-
fect production and inspection processes with various inspec-
tion options under one-time and continuous improvement
investment,” Computers & Operations Research, vol. 39, no. 9,
pp. 2001–2015, 2012.

[24] T.Avinadav andY. Perlman, “Economic design of offline inspec-
tions for a batch production process,” International Journal of
Production Research, vol. 51, no. 11, pp. 3372–3384, 2013.

[25] C.-J. Chung, “Investigating imperfect process and demand
effects on inspection scheduling and supply chain replenish-
ment policy,” Computers and Industrial Engineering, vol. 64, no.
1, pp. 31–44, 2013.

[26] M. Khan, M. Y. Jaber, and A.-R. Ahmad, “An integrated supply
chain model with errors in quality inspection and learning in
production,” Omega, vol. 42, no. 1, pp. 16–24, 2014.

[27] E. L. Porteus, “Optimal lot sizing, process quality improvement
and setup cost reduction,”Operations Research, vol. 34, no. 1, pp.
137–144, 1986.

[28] J.-D. Hong, “Optimal production cycles, procurement sched-
ules, and joint investment in an imperfect production system,”
European Journal of Operational Research, vol. 100, no. 3, pp.
413–428, 1997.

[29] K.-L. Hou, “An EPQ model with setup cost and process quality
as functions of capital expenditure,” Applied Mathematical
Modelling, vol. 31, no. 1, pp. 10–17, 2007.

[30] S.H. Yoo,D.Kim, andM.-S. Park, “Lot sizing and quality invest-
ment with quality cost analyses for imperfect production and
inspection processes with commercial return,” International
Journal of Production Economics, vol. 140, no. 2, pp. 922–933,
2012.

[31] M. Ben-Daya and M. Hariga, “Integrated single vendor single
buyer model with stochastic demand and variable lead time,”
International Journal of Production Economics, vol. 92, no. 1, pp.
75–80, 2004.



Research Article
Multiple Objective Fuzzy Sourcing Problem with Multiple
Items in Discount Environments

Feyzan Arikan

Department of Industrial Engineering, Gazi University, Maltepe, 06570 Ankara, Turkey

Correspondence should be addressed to Feyzan Arikan; farikan@gazi.edu.tr

Received 23 July 2014; Revised 4 December 2014; Accepted 4 December 2014

Academic Editor: Tsan-Ming Choi

Copyright © 2015 Feyzan Arikan.This is an open access article distributed under theCreativeCommonsAttribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The selection of proper supply sources plays a vital role to maintain companies’ competitiveness. In this study a multiple criteria
fuzzy sourcing problem with multiple items in discount environment is considered as a multiple objective mixed integer linear
programming problem. Fuzzy parameters are demand level and/or aspiration levels of objectives. Three objective functions
are minimization of the total production and ordering costs, the total number of rejected units, and the total number of late
delivered units, respectively. The model is developed for the all-units discount scheme. For the incremental discount and volume
discount environment, modification requirements of themodel arementioned.The previously proposed interactive fuzzy approach
combined with three fuzzy mathematical models is employed to obtain most satisfactory solution which is also a nondominated
one. This study provides a realistic mathematical model and promising solution strategy to multiple item-single period sourcing
problem in discount environment. Consideration of fuzziness makes the obtained nondominated solution implementable for the
real cases.

1. Introduction

In many industries, raw material costs, components, and
parts purchased from suppliers constitute a major amount of
the overall production costs.The suppliers having the requir-
ed performance levels in price, delivery, quality, and service
strictly improve both cost and operating effectiveness of com-
panies. Hence, the selection of proper suppliers plays a vital
role to maintain companies’ competitiveness. Selection deci-
sion of suppliers determine “how many and which suppliers
are the best, sourcing,” and “how much should be purchased
from each selected supplier, the order allocation among the
suppliers.”The sourcing and order allocation is a multicriteria
decisionmaking problemwhich includes both qualitative and
quantitative factors some of which may conflict. Dickson [1]
identified 23 criteria that have been considered by purchasing
managers in various supplier selection problems. In addition
to multicriteria nature of the problem, informational vague-
ness because of the tangible and intangible factors of supplier
selection problems is another significant fact which must
be taken into account to reach effective and implementable
solutions.

Another important aspect related with the real world
supplier selection problems is to encounter price discounts
offered by suppliers in order to encourage the buyers to select
them and/or to buy larger quantities [2]. Although there are
various kinds of discount contracts in practical applications,
they can be investigated under two headings (Table 1) based
on the physical and the informational flows in a supply
chain [3]. According to the physical flow, the most common
discount schemes are business volume discount and quantity
discount depending on the volume being purchased and
depending on the order size, respectively. Based on the infor-
mational flow in a supply chain, Sirias and Mehra [3] men-
tioned that lead time-dependent discount scheme is a prom-
ising strategy.

Business volume discount is used when more than one
item is to be purchased. In this scheme supplier offers dis-
counts on the total price of sales volume, not on the quantity
or variety of the products purchased.

In the context of quantity discount, the sales volume of a
product does not affect the prices and discounts of the other
products [4]. In this scheme, single item or multiple items
can be considered.Three common types of quantity discount
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Table 1: Classification of discount schemes.

Discounts based on physical flows
in a supply chain Reference

Business volume discount [7, 8]

Quantity discount

(1) Linear quantity discount
[5, 6]
(2) Cumulative-all-units
quantity discount (AQD)
(3) Noncumulative-incremental
quantity discount (IQD)
Detailed literature see in [3]

Bundling [9–11]
Deferred rebates based on total
value of order
Deferred rebates based on the
order quantity
Marginal discounts based on the
total value of the order

[12]

Discounts based on informational
flows in a supply chain
Lead-time dependent discount Detailed literature see in [3]

strategies are linear quantity discount, all-units discount,
and incremental-units discounts [5, 6]. The linear quantity
discount strategy assumes that each supplier offers a linearly
declining per unit price within the capacity range. Related
with this strategy Burke et al. [5] mentioned that, for the case
where each supplier has adequate capacity to meet the aggre-
gate requirement of the customer, then the single sourcing
will be the best decision for the customer when the objective
function is tominimize the total costs. Hence in the literature
quantity discount strategy has been often considered as if
it can be either cumulative (all-units) or noncumulative
(incremental). In all-units quantity discount (AQD), once
an order size exceeds a predetermined quantity threshold,
the suppliers can offer a discount that lowers the wholesale
price on every unit purchased. There may be many such
intervals, defined by the threshold values which are called
price-break quantities. With a number of price breaks, the
unit discounted price decreases as the quantity level increases.
In incremental quantity discount (IQD), the discount rates
are incrementally applied over the volumes for each interval;
thus different prices are applied to the units belonging to
different price breaks.

According to the physical flow another discount scheme
is freight rate discount scheme offered by shippers [13, 14].
While quantity discount considers unit price, freight rate dis-
count considers unit shipment and it can be offered according
to all units (called all weights) or incremental strategies [15].

Apart from the business volume discount and quantity
discounts, in the lead time-dependent discount scheme, sup-
plier(s) offer a number of time intervals during the planning
horizon to fulfill orders where in each interval more lead
time corresponds to a price discount. A practical situation
of such lead time dependent discount schemes can be found
in chemical, semiconductor, and automotive industrieswhere
suppliers and customers engage in flexible quantity contracts

that envision different pricing and capacity availabilities dep-
ending on lead times [16].

In this study the sourcing and order allocation problem is
considered as a multiple objective decision making problem
with vague parameters in price discount environment. Three
objective functions are minimization of the total purchasing
and ordering costs, the total number of rejected units, and the
total number of late delivered units, respectively. Fuzziness
stems from the problem parameters which are demand level
and/or aspiration levels of objectives. Fuzzy parameters are
described with linear membership functions according to the
decisionmaker (DM)’s preference. All-units discount scheme
is considered in the mainmathematical model. For the incre-
mental discount and volume discount environment, modifi-
cation requirements of the model are mentioned.Three fuzzy
mathematical models are employed separately to obtainmost
satisfactory solution which is also a nondominated one. The
fuzzy decisions are defined by the add operator [17] in two of
the models and in the third fuzzy model it is defined by the
augmented max-min operator [18, 19].

The remainder of the paper is organized as follows. In
Section 2, literature is reviewed in detail and the contribution
of this study is revealed. In Section 3, the considered multiple
objective supplier selection model is explained in crisp form.
In Section 4, after preliminary definitions of fuzzy mathe-
matical programming, fuzzy additive model [17], augmented
max-minmodel [18, 19], andChen andTsai’s [20] fuzzymodel
for the considered supplier selection problem are defined. In
Section 5 the interactive solution methodology which com-
bines these three fuzzy mathematical models is summarized.
In Section 6, the solutions of each fuzzy model are presented
for an illustrative example problem based on the interactive
methodology. Conclusions and future directions appear in
the final section.

2. Literature Review

Supplier selection problem has been a focus area of research
since 1960. Reviews of supplier selection criteria andmethods
can be found in review studies which belong to Weber et al.
[21], Degraeve et al. [22], De Boer et al. [23], Aissaoui et al.
[4], and Ho et al. [24]. A detailed classification and review
of qualitative techniques for supply chain planning under
uncertainty can be found in Peidro et al.’s [25] review paper.
Recently, Chai et al. [26] reviewed the studies on the applica-
tion of the decision making techniques for supplier selection
from 2008 to 2012.

The quantitative techniques for supplier evaluation and
selection can be categorized into three classes [27]: (1)
multiple attribute decision making, (2) mathematical pro-
gramming models, and (3) intelligent approaches. Multiple
attribute techniques commonly employed to select and/or
rank suppliers (e.g., [28]) or to determine of the weights of
the objectives (e.g., [29, 30]). In the former case to allocate
orders among suppliers, mathematical programming has
been utilized additionally.

Among the quantitative techniques, mathematical prog-
ramming models have been extensively used for the sourcing
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and order allocation problem.Themodels can be either single
period that do not consider inventory management or multi-
period models which consider the inventory management by
lot-sizing and scheduling orders. Single period models come
handy in make-to-order manufacturing where custom parts
are critical meanwhile common parts are efficiently managed
bymaterial requirement planningmethods.The customparts
need to be requisitioned with each customer order and hence
the custom parts inventory needs not to be considered [31].

Since Weber and Current [32] introduced a multiobjec-
tive mixed integer programmingmodel for supplier selection
and order allocation among the selected suppliers, several
authors [29, 33–37] proposed multiple objective program-
ming models to this problem. Objective functions are con-
structed based on four basic supplier evaluation criteria as
price, quality, customer service, and delivery [38].

In literature a few of the studies have addressed both
multiple objectives and fuzziness in the problem. Arikan [38–
40] investigated and classified the fuzzy multiple objective
sourcing and order allocation studies based on mathematical
modelling in the literature, which have employed five solution
approacheswhich areZimmermann’s [41]max-min approach
[27, 42–44]; Tiwari et al.’s [17] additive model [27, 45–50];
fuzzy goal programming with weights [30]; fuzzy program-
ming with modified fuzzy or operator [51]; and sequential
quadratic programming [52]. Arikan [38] mentioned the
disadvantages of thesemethods in detail: sequential quadratic
programming does not consider objectives simultaneously.
Zimmermann’smax-min approach does not guarantee a non-
dominated solution. Although the rest of the approaches gua-
rantee a nondominated solution, none of them is interested in
a balanced solution. Tiwari et al.’s additive model maximizes
achievement levels in total and the solution may include
zero level achievement(s).Then an unbalanced fuzzy optimal
solution is obtained [53]. Fuzzy goal programming with
weights and fuzzy programming with modified fuzzy or
operator do not prohibit the unbalanced solution case either.
To handle all these criticisms, Arikan [38] employed Lai
and Hwang’s augmented max-min approach [18, 19] to fuzzy
multiple objective supplier selection problem to obtain a
solution which is both a nondominated and balanced one.
In multiple objective decision making problems, obtaining
“a best compromise solution” is an important matter of fact.
The best compromise solution is the most preferred solution
by the DM in the nondominated solution set [39]. For the
real cases, preferences of DM(s) can be various and they
may not point out a balanced solution. From this point of
view, Arikan [39] proposed a two-phased approach which
utilizes Chen and Tsai’s [20] fuzzy model to satisfy the DM’s
preferred achievement levels. Utilizing Chen and Tsai’s fuzzy
model solely may result in “no feasible solutions” when a
DM requires a very high desirable achievement degree for
each fuzzy goal. In the two-phased approach, in order to
prevent infeasible solution case the additive model solution
is represented to the DM during the selection process of the
minimum acceptable achievement levels. Afterwards Arikan
[40] combined the previous works [38, 39] to accommodate
an efficient interactive approach in which augmented max-
min model [18, 19], additive or weighted additive model [17],

and Chen and Tsai’s [20] fuzzy model are employed interac-
tively to obtain a nondominated solution to reach the DM’s
preferences [40]. Although this fuzzy interactive approach
was generated based on the fuzzy multiple objective supplier
selection problem requirements, it can be employed for any
type of multiple objective programming problems by consid-
ering four different cases based on the sources of fuzziness.

Among the above-mentioned studies which have addres-
sed both multiple objectives and fuzziness in the problem,
Amid et al.’s study [46] is the only one which considers price
discounts. However, it is concentrated on a single item sourc-
ing problem and utilized Tiwari et al.’s [17] weighted additive
model which may result in an unbalanced solution.

Discounts are fundamental pricing strategies in numer-
ous industries. Hence there is a substantial amount of liter-
ature related to the discount problem. One of the early cor-
nerstone papers in the area is Dolan’s [54] in which quantity
discounts schemes are classified and analyzed to provide a
guideline to managers. Benton and Park [55] classified the
literature on determining the lot size under quantity discount.
Recently Setak et al. [56] review the literature based on the
supplier selection and order allocation models for the period
2000–2010 years. They classified supplier selection models
with and without discount environments.

Three steams of literature which are related to this current
study are multiple criteria, fuzziness, and discount strategies.
Herein, the literature is restricted with the studies concen-
trated on fuzzy multiple objective sourcing and order allo-
cation problem in the presence of discount schemes as mixed
integer programmingmodel. Both single andmultiple period
models are investigated. In the literature the following seven
studies (Table 2) consider fuzzymultiobjective supplier selec-
tion problem in the presence of discount schemes as mixed
integer programming problem: Nazari-Shirkouhi et al.’s [57],
Kang and Lee’s [58], Razmi and Maghool’s [59], Amid et al.’s
[46], and Torabi andHassini’s [16, 60] studies andArikan’s [2]
study.

Razmi and Maghool [59] solved a multiple item-multiple
period multiple objective programming model by the lex-
icographic approach. In other words they considered each
objective one at a time. The models utilized in the other four
studies considered objectives simultaneously and generated
nondominated solutions: Kang and Lee [58] considered a sin-
gle item-multiple period model. Amid et al. [46] considered
a single item-single period model. Both Kang and Lee [58]
and Amid et al. [46] performed Tiwari et al.’s [17] weighted
additive model which may result in unbalanced solutions.
Torabi andHassini [16, 60] consideredmultiple item-multiple
periodmodels and suggested interactive approaches in which
augmented max-min model andWerner’s fuzzy or model are
utilized. Although augmented max-min model gives a bal-
anced solution, for some real cases DMmay not be interested
in a balanced solution, and reaching his/her preferred min-
imum achievement levels is more important for him/her as
long as the solution is a nondominated one. Fuzzymodel with
Werner’s fuzzy or operator has 𝛾 ∈ [0, 1] parameter which
represents the compensation level. When 𝛾 = 0, the model
becomes equivalent to the additive model; when 𝛾 = 1, then
the model becomes equivalent to Zimmermann’s max-min
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model [41]. Determination of gamma parameter makes the
model implementation harder [38]. Arikan [2] considered a
single item-single period multiple sourcing problem in the
presence of all-units discount scheme and solved it by the
two-phased approach proposed in [39]. In that study [2], a
mixed integer mathematical model based on Amid et al.’s
[46] study is solved to obtain the DM’s preferred achievement
levels.

In the literature there is no multiple item-single period
fuzzy model except for the Nazari-Shirkouhi et al.’s [57] to
our knowledge. In their study, fuzziness stems from the goals
attained to objectives whereas demand levels were considered
in crisp sense. They represented fuzzy goals mathematically
by piecewise linear membership functions. Nazari-Shirkouhi
et al. [57] utilized a two-phase fuzzy goal programming app-
roach. The detailed classification and criticism of the existed
fuzzy goal programming approaches in the literature can be
found in Arikan’s [62]. Nazari-Shirkouhi et al.’s [57] approach
is the goal programming version of Lee andLi’s [53] approach.
Lee and Li [53] developed a two-phase approach to improve
the feasible but dominated solution yielded by min operator.
In the first phase of the approach, Zimmerman’s max-min
approach is used. In the second phase of the approach a fuzzy
model by using arithmetical average aggregating operator for
the same problem is constructed with a lower bound restric-
tion which is the solution of the first fuzzy model. The app-
roach requires two phases to obtain a nondominated solution.
In the second phase fuzzy additive model utilizes with a
lower bound restrictionwhich is the solution of the first fuzzy
model. Although that lower bound restriction prevents the
occurrence of an unbalanced solution, the approach does not
satisfy the DM’s preferred achievement levels, surely if there
exist.

In this study, fuzzy sourcing and order allocation prob-
lem with multiple items and multiple suppliers in discount
environment is considered. The aim of the study is to
reach a nondominated solution to satisfy the DM’s preferred
achievement levels.The detailed investigation of the literature
shows that the studies were disregarded to satisfy the DM’s
preferred achievement levels for the mentioned problem.
In that case, previously proposed interactive approach [40]
comes handy not only to reach the aim of this study but
also to consider the different cases for the fuzzy parameter
occurrences and theDM’s different bias on the nondominated
solution. Another important fact related with the interactive
approach is that each fuzzy model utilized in the approach
guarantees a nondominated solution separately. Interactive
steps of the approach let theDM incorporate (modify) his/her
preferences during the solution process. The significantly
important traits of the DM such as experience, knowledge,
ability, and foresight can be included into the decision process
by interactivity even when the analyst and the DM are not
the same person. The mathematical model of the considered
problem is constructed as a linear 0-1mixed integer program-
ming model based on [57] with additional constraints and
variations for different discount schemes. Fuzziness stems
from fuzzy demand levels for each or someproduct(s). Objec-
tives’ aspirations can be fuzzy or crisp. Fuzziness is defined
mathematically by using linear membership functions. Fuzzy

demand(s) are assumed to be triangular number(s). Based on
the considered interactive solution procedure [40], the DM
preferred achievement levels are satisfied with a nondomi-
nated solution.

3. Multiobjective Supplier Selection
Model with Price Breaks

In this study a linear 0-1 mixed integer model based on [57]
is considered for supplier selection problems with multiple
products and the all-units discount scheme. The proposed
model restricts the number of suppliers employed by the
buyer with a maximum number quota for each product as
well. The model is as follows:

Min 𝑧
1
= ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑃
𝑖𝑗𝑘
𝑥
𝑖𝑗𝑘
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝐹
𝑖𝑗
𝑦
𝑗
, (1)

Min 𝑧
2
= ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑞
𝑖𝑗𝑘
𝑥
𝑖𝑗𝑘
, (2)

Min 𝑧
3
= ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑡
𝑖𝑗𝑘
𝑥
𝑖𝑗𝑘 (3)

subject to

∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑥
𝑖𝑗𝑘
= 𝐷
𝑖
, ∀𝑖; (4)

𝑦
𝑖𝑗𝑘
≤ 𝑥
𝑖𝑗𝑘
≤ 𝐶
𝑖𝑗
𝑦
𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘; (5)

𝑉
𝑖𝑗𝑘−1

𝑦
𝑖𝑗𝑘
≤ 𝑥
𝑖𝑗𝑘
≤ 𝑉
𝑖𝑗𝑘
𝑦
𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘, (6)

∑

𝑘∈𝐾

𝑦
𝑖𝑗𝑘
= 𝑤
𝑖𝑗
, ∀𝑖, ∀𝑗, (7)

∑

𝑗∈𝐽

𝑤
𝑖𝑗
≤ 𝑁
𝑖
, ∀𝑖, (8)

𝑦
𝑗
≤ ∑

𝑖

∑

𝑘

𝑦
𝑖𝑗𝑘
≤ 𝑚𝑦
𝑗

∀𝑗, (9)

∑

𝑘∈𝐽

𝑦
𝑖𝑗𝑘
≤ 1, ∀𝑖, 𝑗, (10)

∑

𝑗∈𝐽

𝑒
𝑖𝑗
∑

𝑘∈𝐾

𝑥
𝑖𝑗𝑘
≥ 𝐸
𝑖
𝐷 ̇𝐼, ∀𝑖; (11)

∑

𝑗∈𝐽

𝑠
𝑖𝑗
∑

𝑘∈𝐾

𝑥
𝑖𝑗𝑘
≥ 𝑆
𝑖
𝐷 ̇𝐼, ∀𝑖; (12)

∑

𝑗∈𝐽

𝑟
𝑖𝑗
∑

𝑘∈𝐾

𝑥
𝑖𝑗𝑘
≥ 𝑅
𝑖
𝐷 ̇𝐼, ∀𝑖; (13)

𝑥
𝑖𝑗𝑘
≥ 1 ∀𝑖, 𝑗, 𝑘 and integer, (14)

𝑦
𝑗
, 𝑦
𝑖𝑗𝑘
, 𝑤
𝑖𝑗
∈ {0, 1} , ∀𝑖, ∀𝑗, ∀𝑘, (15)

where 𝑖 is index for products, 𝑗 is index for suppliers, and 𝑘 is
index for quantity discount levels.

Decision variables:
𝑥
𝑖𝑗𝑘

is the number of units of product 𝑖 ordered from
the 𝑗th supplier at discount level 𝑘;
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𝑦
𝑖𝑗𝑘

is 1 if product 𝑖 is ordered from supplier 𝑗 at
discount level 𝑘; 0, otherwise;
𝑤
𝑖𝑗
is 1 if product 𝑖 is ordered from supplier 𝑗; 0,

otherwise;
𝑦
𝑗
is 1 if at least one product is provided from supplier

𝑗; 0, otherwise.

Parameters:

𝐷
𝑖
is the aggregate demand of the product 𝑖 from all

suppliers over a fixed planning period;
𝑃
𝑖𝑗𝑘

is the per unit net purchase cost of product 𝑖 from
supplier 𝑗 at discount level 𝑘;
𝐹
𝑖𝑗

is the fixed ordering cost for product 𝑖 from
supplier 𝑗;
𝑞
𝑖𝑗𝑘

is the percentage of the rejected units of product 𝑖
delivered by the supplier 𝑗, at discount level 𝑘;
𝑡
𝑖𝑗𝑘

is the percentage of the late units of product 𝑖
delivered by the supplier 𝑗, at discount level 𝑘;
𝐶
𝑖𝑗
is the capacity of 𝑗th supplier for product 𝑖;

𝑉
𝑖𝑗𝑘

is the maximum purchased volume of product 𝑖
from the 𝑗th supplier at 𝑘th discount level;
𝑁
𝑖
is the maximum number of suppliers that can be

selected for product 𝑖;
𝐸
𝑖
is the lower bound of quota flexibility required by

𝑖th product;
𝑆
𝑖
is the lower bound of service level required by 𝑖th

product;
𝑅
𝑖
is the lower bound of rating value required by 𝑖th

product;
𝑒
𝑖𝑗
is the flexibility of supplier quota allocation of 𝑗th

supplier for 𝑖th product;
𝑠
𝑖
is the service level required by 𝑖th product;

𝑟
𝑖
is the rating value required by 𝑖th product.

Objective function (1) minimizes total purchasing and fixed
ordering costs. Objective function (2) minimizes the total
number of rejected units, which serves in maximizing total
quality of purchased items. Objective function (3) minimizes
the total number of late delivered units, which serves in
maximizing the service level of purchased items. Constraint
(4) ensures that the overall demand is satisfied. Constraint (5)
means that order quantity of each supplier should be equal
to or less than its capacity. Constraint (6) ensures that the
number of units purchased from supplier 𝑗 is placed in the
appropriate discount interval for each item. Constraints (7)
and (8) restrict the number of suppliers employed by the
buyer with amaximumnumber quota for each product. Con-
straint (9) means all the products purchased from the same
supplier are placed in one order. It is calculated for the fixed
ordering cost in objective (1). Constraint (10) ensures only
one discount level is eventually used for the amount if product
𝑖 is purchased from supplier 𝑗. Constraints (11)–(13) represent
that the quota flexibility, service level, and rating values must

exceed a given level. Constraint (14) prohibits negative orders.
Constraint (15) presents binary integer variables.

The following twomodifications on the abovemodel ((1)–
(15)) are neededwhen suppliers offer incremental and volume
discount schemes, respectively. In both cases considering
suppliers’ offers, the buyer makes decision to minimize the
total purchase cost in addition to the other two objectives
defined formerly subject to the same constraint set.

When suppliers offer incremental discount scheme, the
above formulation can be modified with formulation (16)
instead of (1):

Min 𝑧
1
= ∑

𝑖

∑

𝑗

(

𝑘−1

∑

𝑚=1

𝑝
𝑖𝑗𝑚

(𝑉
𝑖𝑗𝑚

− 𝑉
𝑖𝑗,𝑚−1

)

+𝑝
𝑖𝑗𝑘
(𝑥
𝑖𝑗𝑘
− 𝑉
𝑖𝑗,𝑘−1

)) +∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝐹
𝑖𝑗
𝑦
𝑗
,

(16)

where 𝑉
𝑖𝑗𝑘−1

𝑦
𝑖𝑗𝑘
≤ 𝑥
𝑖𝑗𝑘
≤ 𝑉
𝑖𝑗𝑘
𝑦
𝑖𝑗𝑘
, ∀𝑖, ∀𝑗, ∀𝑘.

If the incremental discount scheme is offered by suppliers,
then the company may determine the lower bounds for pur-
chasing quantities with the following additional constraint
(17) which enforces the minimum purchasing quantities
assigned to each supplier for each product are greater than
or equal to the percentage (𝑢) of demand of the respective
product. The percentage reflects the DM’s preferences based
on the business relationship with suppliers and the company
[36]:

∑

𝑘∈𝐾

𝑥
𝑖𝑗𝑘
≥ 𝑢𝐷
𝑖
, ∀𝑖. (17)

When suppliers offer a volume discount schemes, the above
formulation can be modified with formulation (18) instead of
(1):

Min 𝑧
1
= ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑘∈𝐾

(1 − 𝑑
𝑖𝑗𝑘
) V
𝑖𝑗𝑘
+∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝐹
𝑖𝑗
𝑦
𝑗
, (18)

where ∑
𝑖
∑
𝑘
V
𝑖𝑗𝑘
= ∑
𝑖
∑
𝑘
𝑝
𝑖𝑗𝑘
𝑥
𝑖𝑗𝑘

∀𝑗.

4. Preliminary Definitions

Consider the fuzzy multiple objective programming problem
(19) with 𝑙 fuzzy objective functions and 𝑠 fuzzy constraints:

Find 𝑥

s.t. 𝑐
𝑘
𝑥 ≤̃ 𝑧
𝑘

𝑘 ∈ 𝐼

𝑎
𝑟
𝑥 ≅ 𝑏
𝑟

𝑟 ∈ 𝑇

𝑥 ∈ 𝑋,

(19)

where

(i) 𝑋 is a set of deterministic linear constraints and sign
restrictions;

(ii) 𝑐
𝑘
𝑥 = ∑

𝑛

𝑖=1
𝑐
𝑘𝑖
𝑥
𝑖
𝑘 = 1, . . . , 𝑙; 𝑎

𝑟
𝑥 = ∑

𝑛

𝑖=1
𝑎
𝑟𝑖
𝑥
𝑖
𝑟 =

1, . . . , 𝑠;
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(iii) for 𝑘 ∈ 𝐼, 𝑧
𝑘
is the imprecise aspiration level for the

𝑘th objective function;

(iv) 𝑧
𝑘
∈ [𝑧
𝐿

𝑘
, 𝑧
𝑈

𝑘
] denote the imprecise lower and upper,

respectively, bounds for the 𝑘th fuzzy objective func-
tion. 𝑏

𝑟
∈ [𝑏
𝑟
− Δ
𝑟𝐿
, 𝑏
𝑟
+ Δ
𝑟𝑈
] denote the imprecise

lower and upper, respectively, bounds for the 𝑟th
fuzzy constraints.

According to fuzzy mathematical programming, each fuzzy
objective and constraint are defined in terms of fuzzy subsets
with the appropriate membership functions denoted by
𝜇
𝑘
(𝑐
𝑘
𝑥) for 𝑘 ∈ 𝐼 and 𝜇

𝑟
(𝑎
𝑟
𝑥) for 𝑟 ∈ 𝑇, respectively. Assum-

ing that membership functions are linear, mathematical
definitions are given in (20) and (21). Equation (20) represents
linear monotone decreasing membership function 𝜇

𝑘
(𝑐
𝑘
𝑥)

for minimization type objectives with fuzzy aspiration levels
and expression (21) is a triangular membership function
𝜇
𝑟
(𝑎
𝑟
𝑥) for constraints:

𝜇
𝑘
(𝑐
𝑘
𝑥) =

{{{{

{{{{

{

1 if 𝑐
𝑘
𝑥 ≤ 𝑧
𝐿

𝑘

𝑧
𝑈

𝑘
− 𝑐
𝑘
𝑥

𝑧
𝑈

𝑘
− 𝑧𝐿
𝑘

if 𝑧𝐿
𝑘
≤ 𝑐
𝑘
𝑥 ≤ 𝑧
𝑈

𝑘

0 if 𝑐
𝑘
𝑥 ≥ 𝑧
𝑈

𝑘
,

∀𝑘 ∈ 𝐼,

(20)

𝜇
𝑟
(𝑎
𝑟
𝑥) =

{{{{{{{{

{{{{{{{{

{

0 if 𝑎
𝑟
𝑥 ≤ 𝑏
𝑟
− Δ
𝑟𝐿

𝑎
𝑟
𝑥 − (𝑏

𝑟
− Δ
𝑟𝐿
)

Δ
𝑟𝐿

if 𝑏
𝑟
− Δ
𝑟𝐿
≤ 𝑎
𝑟
𝑥 ≤ 𝑏
𝑟

𝑏
𝑟
+ Δ
𝑟𝑈
− 𝑎
𝑟
𝑥

Δ
𝑟𝑈

if 𝑏
𝑟
≤ 𝑎
𝑟
𝑥 ≤ 𝑏
𝑟
+ Δ
𝑟𝑈

0 if 𝑎
𝑟
𝑥 ≥ 𝑏
𝑟
+ Δ
𝑟𝑈
,

∀𝑟 ∈ 𝑇.

(21)

4.1. Fuzzy Additive Model. Fuzzy additive model based on
Tiwari et al.’s [17] study for the multiple objective program-
mingmodel (19) is given in (22). Variables denoted by 𝜆

𝑘
and

𝜆
𝑟
represent achievement levels of fuzzy objective functions

and fuzzy constraints, respectively:

max
(∑
𝑙

𝑘=1
𝜆
𝑘
+ ∑
𝑠

𝑟=1
𝜆
𝑟
)

(𝑙 + 𝑠)

s.t. 𝜆
𝑘
≤ 𝜇
𝑘
(𝑐
𝑘
𝑥) 𝑘 ∈ 𝐼

𝜆
𝑟
≤ 𝜇
𝑟
(𝑎
𝑟
𝑥) 𝑟 ∈ 𝑇

𝜆
𝑖
, 𝜆
𝑟
∈ [0, 1] 𝑘 = 1, . . . , 𝑙; 𝑟 = 1, . . . , 𝑠;

𝑥 ∈ 𝑋.

(22)

Fuzzy weighted additive model [17] has the same constraints
with the following objective function (23):

max 𝑤
𝑘

𝑙

∑

𝑘=1

𝜆
𝑘
+ 𝑤
𝑟

𝑠

∑

𝑟=1

𝜆
𝑟
, (23)

where𝑤
𝑘
and𝑤

𝑟
∈ [0, 1] and they denote relative weights for

each fuzzy criterion, and ∑
𝑘
𝑤
𝑘
+ ∑
𝑟
𝑤
𝑟
= 1 for 𝑘 = 1, . . . , 𝑙;

𝑟 = 1, . . . , 𝑠.

4.2. Augmented Max-Min Model. Augmented max-min
model (24) based on Lai and Hwang’s [18, 19] approach is
adapted for model (19) as follows:

max 𝜆 +
{∑
𝑙

𝑘=1
𝜇
𝑘
(𝑐
𝑘
𝑥) + ∑

𝑠

𝑟=1
𝜇
𝑟
(𝑎
𝑟
𝑥)}

(𝑙 + 𝑠)

s.t. 𝜆 ≤ 𝜇
𝑘
(𝑐
𝑘
𝑥) , 𝑘 = 1, 2, . . . , 𝑙

𝜆 ≤ 𝜇
𝑟
(𝑎
𝑟
𝑥) 𝑟 = 1, 2, . . . , 𝑠

𝑥 ∈ 𝑋

𝜆 ∈ [0, 1] .

(24)

Variable 𝜆 represents the minimum satisfaction degree
and is defined as in (25):

min
𝑘,𝑟

{𝜇
𝑘
(𝑐
𝑘
𝑥) , 𝜇
𝑟
(𝑎
𝑟
𝑥)} , for 𝑘 = 1, 2, . . . , 𝑙; 𝑟 = 1, 2, . . . , 𝑠.

(25)

4.3. Chen and Tsai’s Fuzzy Model. Chen and Tsai’s [20] fuzzy
model is adopted for model (19) in (26). Variables denoted
by 𝜆
𝑘
and 𝜆

𝑟
represent achievement levels of fuzzy objective

functions and fuzzy constraints, respectively, defined in
model (22). Parameters 𝛼

𝑘
and 𝛼

𝑟
represent the minimum

acceptable achievement levels for the 𝑘th objective, 𝑟th
constraint, respectively, determined by the DM. This model
allows the DM to assign explicitly a desirable achievement
degree for each fuzzy aspiration [20]:

max
(∑
𝑙

𝑘=1
𝜆
𝑘
+ ∑
𝑠

𝑟=1
𝜆
𝑟
)

(𝑙 + 𝑠)

s.t. 𝜆
𝑘
≤ 𝜇
𝑘
(𝑐
𝑘
𝑥) 𝑘 ∈ 𝐼

𝜆
𝑟
≤ 𝜇
𝑟
(𝑎
𝑟
𝑥) 𝑟 ∈ 𝑇

𝜆
𝑘
≥ 𝛼
𝑘
, 𝑘 = 1, . . . , 𝑙

𝜆
𝑟
≥ 𝛼
𝑟

𝑟 = 1, . . . , 𝑠

𝑥 ∈ 𝑋

𝛼
𝑘
, 𝛼
𝑟
, 𝛼
𝑝
, 𝜆
𝑖
, 𝜆
𝑟
, 𝜆
𝑝
∈ [0, 1]

𝑘 = 1, . . . , 𝑙; 𝑟 = 1, . . . , 𝑠;

𝑥 ∈ 𝑋.

(26)

5. Interactive Solution Methodology [40]

To solve the multiple objective sourcing problem with multi-
ple items in discount environment, previously proposed int-
eractive algorithm [40] is performed based on the assump-
tions of the problem. The flowchart of the interactive appr-
oach is modified for the current study and included in
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the appendix. Case (b) and case (c) mentioned in the flow-
chart are adequate for the assumptions of the problem in this
study. Surely, the other two cases can be considered based on
the problem requirements. In the current study it is assumed
that fuzzy demand level(s) are fuzzy triangular number(s).
The followed steps are summarized below.

(1) Construct the multiple objective model ((1) to (15)).
(2) Determine fuzzy parameters as aspiration levels of

objectives and/or fuzzy demand level(s).
(3) If both aspiration levels of objectives and/or demand

level(s) are fuzzy then construct the linear or piece-
wise linear membership functions for each fuzzy goal
(20) and/or each fuzzy demand (21).

(4) If the model has only fuzzy demand level(s) for each
or some product(s), considering 𝑏

𝑟
−Δ
𝑟𝐿
and 𝑏
𝑟
+Δ
𝑟𝑈

one at a time, solve the mathematical model defined
with (1) to (15) and find the ideal solutions for each
objective. Construct two payoff tables. Determine the
lower and upper bounds for each objective. Ask the
DM whether bounds are acceptable. Update bounds
as s(he) wishes. Construct linear/piecewise linear
membership function for each objective.

(5) If there are equal or numerically close relative weights
for fuzzy aspirations go to step (6); otherwise go to
step (7).

(6) Construct and solve augmentedmax-minmodel (24).
Present the fuzzy optimal solution(s) to theDM. If the
DM is satisfied then stop. Else, go to step (8).

(7) If there are unequal relative weights for fuzzy aspira-
tions then construct and solve fuzzyweighted additive
model (23). Present the fuzzy optimal solution(s) to
the DM. If the DM is satisfied then stop. Else go to
step (8).

(8) Ask the DM for the minimum acceptable aspiration
level for each fuzzy objective and/or fuzzy constraint.
During the determination process, the DM will take
aspiration levels obtained in step (6)/(7) as references
for minimum acceptable aspiration levels. Construct
and solve Chen and Tsai’s fuzzy model (26). Present
the fuzzy optimal solution(s) to the DM. If the DM is
satisfied then stop. Else if the fuzzy model parameters
are both fuzzy aspirations of objectives and fuzzy right
hand side constants go to step (3).

6. Illustrative Example

The following example problem is from Nazari-Shirkouhi
et al.’s study [57] for sourcing and order allocation problem
with multiple items and multiple suppliers. The aim of the
example problem is to select appropriate suppliers based on
three pur-chasing criteria which are price, quality, and service
level for supplying two products. Each supplier offers “all
units” price breaks. The prices are in the three price levels
for each supplier. The percentage of the rejected items and
late deliveries, suppliers’ capacities, and quantity levels with
offered prices are provided in Table 3. The original data

includes quota flexibility, service level, and rating values of
each supplier for each item (Table 4). To solve the model,
Nazari-Shirkouhi et al. [57] performed an experimentation
in which objectives are unified by using weighted sum of
normalized objectives.

In this current study we modified the data set with fuzzy
aspirations and fuzzy demand levels. The approach based
on the payoff tables proposed in [40] is utilized for the
determination of the lower and upper bound during the con-
struction of themembership functions.The fuzzymodel with
the obtained bounds maintains the solution occurring in the
feasible region of the main problem. Furthermore it gives a
Pareto optimal solution.

Step (1): multiple objective sourcing and order alloca-
tion model is constructed ((1) to (15)).
Step (2-3): fuzzy triangular number for fuzzy demand
of each product is defined with [𝑏

𝑟
−Δ
𝑟𝐿
, 𝑏
𝑟
, 𝑏
𝑟
+Δ
𝑟𝑈
].

Step (4): considering lower bounds and upper bounds
of demand levels, one at a time, the corresponding
mathematical model defined with (1) to (15) in Sec-
tion 3 is constructed and ideal solutions for each
objective are found. Constructed payoff tables are
Tables 5 and 6.
The lower and upper bounds for each objective accor-
ding to payoff tables are determined as (𝑧𝐿

1
, 𝑧
𝑈

1
) =

(21135, 28810), (𝑧𝐿
2
, 𝑧
𝑈

2
) = (41.60, 68.60), (𝑧𝐿

3
, 𝑧
𝑈

3
) =

(34.60, 57.40). Bounds are assumed as acceptable
for the DM. The related membership functions are
constructed by using (20) equations with the men-
tioned bounds of aspirations. Bounds are assumed as
acceptable for the DM. Go to step (5).
Step (5-6): it is assumed that there are equal or numer-
ically close relative weights for fuzzy aspirations, and
then the solution of the constructed augmented max-
minmodel (24) for the illustrative example is given in
Table 5. For this case it is assumed that the DM is not
satisfied with aspiration levels mentioned in Table 7
column 2 to go to step (8).
Step (7): assume that there are unequal weights for
fuzzy aspirations; then the solution of the constructed
fuzzy weighted additive model (23) for the illustrative
example is given in Table 8. Weight vector is defined
for three different cases as 𝑤1, 𝑤2, 𝑤3. Assume that
DM is not satisfied; then go to step (8).
Step (8): fuzzy additive model solution (22) in Table 7
column 3 can be presented to theDMas references for
his/her minimum acceptable aspiration levels which
are assumed as (0.5, 0.5, 0.5) for 𝛼

𝑘
, 𝑘 = 1, 2, 3, and

(0.5) for 𝛼
𝑟
𝑟 = 1, 2, 3, 4, 5 as the first case.Then Chen

and Tsai’s fuzzy model (24) is constructed and solved
(Table 7 columns four and five). Minimum acceptable
aspiration levels attained by the DM are assumed as
(0.7, 0.5, 0.5) for 𝛼

𝑘
, 𝑘 = 1, 2, 3, and (0.5, 0.7, 0.5, 0.5,

0.7) for 𝛼
𝑟
𝑟 = 1, 2, 3, 4, 5 as the second case. Then

Chen and Tsai’s fuzzy model (14) is constructed and
solved (Table 7 columns six and seven).
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Table 3: Data for the illustrative example (modified from [57]).

Product 𝑖 Fuzzy demand [𝑏
𝑟
− Δ
𝑟𝐿
, 𝑏
𝑟
, 𝑏
𝑟
+ Δ
𝑟𝑈
] Supplier 𝑗 𝐹

𝑖𝑗
𝑞
𝑖𝑗
(%) 𝑡

𝑖𝑗
(%) 𝐶

𝑖𝑗
𝑃
𝑖𝑗1
, 𝑃
𝑖𝑗2
, 𝑃
𝑖𝑗3

($) 𝑉
𝑖𝑗0
, 𝑉
𝑖𝑗2
, 𝑉
𝑖𝑗3

1 [750, 700, 650]

1 800 4 1 1300 18, 17.5, 17 0, 100, 200
2 750 3 2 1100 17, 16.5, 16 0, 120, 220
3 600 4 1 1000 15, 14.5, 14 0, 150, 300
4 650 3 2 900 16, 15.5, 15 0, 90, 180

2 [650, 600, 550]
1 800 4 2 1400 6.5, 6, 5.5 0, 80, 170
3 600 2 3 1400 4, 3.5, 3 0, 60, 190
4 650 1 2 1400 5, 4.5, 4 0, 90, 210

3 [500, 450, 400] 2 750 2 2 1300 10, 9.5, 9 0, 75, 180
3 600 5 1 1200 11, 10.5, 10 0, 60, 130

4 [450, 400, 350]

1 800 2 3 1000 8, 7.5, 7 0, 100, 180
2 750 1 3 1000 12, 11.5, 11 0, 150, 300
3 600 1 4 1100 10, 9.5, 9 0, 90, 160
4 650 0 2 800 13, 12.5, 12 0, 150, 240

5 [430, 380, 330] 1 800 2 1 1200 6, 5.5, 5 0, 120, 220
2 750 2 2 1300 5, 4.5, 4 0, 100, 200

Table 4: Quota flexibility, service level, and rating data for the
illustrative example [57].

Product
i

Supplier
j

𝐸
𝑖

(%)
𝑆
𝑖

(%)
𝑅
𝑖

(%)
𝑒
𝑖𝑗

(%)
𝑠
𝑖𝑗

(%)
𝑟
𝑖𝑗

(%)

1

1

2

4 1 3 94 92
2 3 2 2 90 95
3 4 1 2 94 90
4 3 2 5 94 96

2
1

2
4 2 3 91 95

3 2 3 3 95 96
4 1 2 4 96 96

3 2 2 2 2 5 95 91
3 5 1 4 95 92

4

1

3

2 3 4 92 93
2 1 3 4 92 93
3 1 4 1 95 92
4 0 2 1 94 93

5 1 2 2 1 4 91 90
2 2 2 4 96 91

The algorithm is terminatedwith the assumption that theDM
is satisfied with the current fuzzy optimal solution. If it is
assumed that DM is not satisfied, then we should go to step
(4). It will be carried on steps of the algorithm.

Models (23), (24), and (26) are utilized for the illustrative
example and fuzzy optimal solutions are obtained by GAMS
computer programming package.Their summaries which are
given in Tables 7 and 8 constitute nondominated solutions.
When fuzzy additive model solution is investigated, it is
observed that the third objective which minimizes the total
number of late delivered units and serves in maximizing the
service level of purchased items has the least achievement
level as 0.496. This is because the additive model maximizes

Table 5: Payoff table (demand level chosen as 𝑏
𝑟
− Δ
𝑟𝐿
).

𝑧
1
(𝑥
1

∗) 𝑧
2
(𝑥
2

∗) 𝑧
3
(𝑥
3

∗)
𝑥
1

∗ 21135† 23915 25100
𝑥
2

∗ 58.90 41.60‡ 57.60
𝑥
3

∗ 47 45.80 34.60#

Table 6: Payoff table (demand level chosen as 𝑏
𝑟
+ Δ
𝑟𝑈
).

𝑧
1
(𝑥
1

∗) 𝑧
2
(𝑥
2

∗) 𝑧
3
(𝑥
3

∗)
𝑥
1

∗ 25660 28623.5 28810†

𝑥
2

∗ 62.50 54.1 68.60‡

𝑥
3

∗ 57.40# 54.41 45.60

achievement levels in total. On the other hand augmented
max-min model solution maximizes the minimum achieve-
ment level as well and it gives more balanced solution. In
Table 8 weighted additive model solutions are presented.
To determine relative weights is another multiple attribute
decision making problem. In this example problem for three
different weight sets is considered. In a realistic point of view
the DM may not prefer achievement levels less than 0.5. In
that case the procedure will carry on with step (8). After
presenting additive (/weighted additive) or augmented max-
min model solutions to the DM, Chen and Tsai’s fuzzy model
provides a preferred solution.

7. Conclusions and Future Direction

In this study amultiple sourcing supplier selection problem is
considered as a multiple objective linear programming prob-
lem. The literature is reviewed for the studies which handle
supplier selection by fuzzy multiple objective mathematical
programming and they are investigated according to their
solution approaches. The detailed literature reviews in the
author’s previous studies [38–40] lead the construction of
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Table 7: Solution summaries to the illustrative example with linear membership functions.

Augmented max-min model Additive model Chen and Tsai’s fuzzy model
𝛼
𝑘
/𝛼
𝑟

𝛼
𝑘
/𝛼
𝑟

Min 𝑧
1

24778 24850 0.5 24860 0.7 23436
Min 𝑧

2
54.41 51.10 0.5 51.20 0.5 55.01

Min 𝑧
3

45.43 46.01 0.5 46.00 0.5 46.00
𝜇
1
(𝑐
1
𝑥) 0.525 0.510 0.515 0.700

𝜇
2
(𝑐
2
𝑥) 0.526 0.648 0.644 0.503

𝜇
3
(𝑐
3
𝑥) 0.525 0.496 0.500 0.500

𝜇
1
(𝑎
1
𝑥) 1.000 1.000 0.5 1.000 0.5 0.500

𝜇
2
(𝑎
1
𝑥) 1.000 1.000 0.5 1.000 0.7 1.000

𝜇
3
(𝑎
2
𝑥) 1.000 1.000 0.5 1.000 0.5 0.960

𝜇
4
(𝑎
3
𝑥) 1.000 1.000 0.5 1.000 0.5 0.500

𝜇
5
(𝑎
1
𝑥) 1.000 1.000 0.5 1.000 0.7 1.000

Table 8: Solution summaries to the illustrative example for fuzzy
weighted additive model.

Additive
model Case 1

Additive
model Case 2

Additive
model Case 3

Min 𝑧
1

23850 25500 26000
Min 𝑧

2
55.01 54.60 47.10

Min 𝑧
3

48.30 42.60 49.10
𝜇
1
(𝑐
1
𝑥) 0.646 0.431 0.366

𝜇
2
(𝑐
2
𝑥) 0.500 0.519 0.796

𝜇
3
(𝑐
3
𝑥) 0.399 0.649 0.364

𝜇
1
(𝑎
1
𝑥) 1.000 1.000 1.000

𝜇
2
(𝑎
1
𝑥) 1.000 1.000 1.000

𝜇
3
(𝑎
2
𝑥) 1.000 1.000 1.000

𝜇
4
(𝑎
3
𝑥) 1.000 1.000 1.000

𝜇
5
(𝑎
1
𝑥) 1.000 1.000 1.000

Case 1 𝑤1 (0.25, 0.10, 0.15, 0.10, 0.10, 0.10, 0.10, 0.10).
Case 2 𝑤2 (0.10, 0.10, 0.25, 0.10, 0.10, 0.10, 0.10, 0.10).
Case 3 𝑤3 (0.10, 0.25, 0.10, 0.10, 0.10, 0.10, 0.10, 0.10).

the current study’s literature. However they are not interested
in discount strategies. Herein the literature is also reviewed
for the discount strategies. A clear classification is constructed
for the discount schemesmentioned in the literature (Table 1)
with references. The studies which handle sourcing problem
by fuzzy multiple objective mathematical programming in
discount environment are also investigated and criticized
based on their solution approaches (Table 2).

Detailed review reveals that there is no multiple item-
single period fuzzy model for multiple objective sourcing
problem in discount environment except for the Nazari-
Shirkouhi et al.’s [57] in the literature. The current study pro-
poses an enhanced mathematical model by additional con-
straints for the quota flexibility, service level, and rating values
for each product, by addingmodification requirements of the
model for the different discount schemes and by considering
fuzziness not only of aspiration levels of objectives but
also of demand levels. Furthermore the interactive solution
approach utilized in the current study gives opportunities

which go beyond to all other approaches employed for the
problem, because it [40] comes handy not only to reach a
nondominated solution which satisfies the DM’s preferred
achievement levels but also to consider the different cases for
the fuzzy parameter occurrences and the DM’s different bias
on the nondominated solution.

This study provides a realistic multiple objective sourcing
and order allocation model which considers three objective
functions as minimization of costs, maximization of quality,
and maximization of on-time delivery with fuzzy aspiration
levels, respectively, and/or fuzzy demand. To keep the busi-
ness relationship with suppliers the model contains restric-
tions on the number of suppliers employed by the buyer with
a maximum number quota for each product. When suppliers
offer incremental and volume discount schemes, the required
modifications on the model are also investigated. The model
is employed to construct fuzzy mathematical models which
give nondominated solutions. Each possible fuzzy parameter
is represented mathematically by using a linear membership
function. For fuzzy demand levels, fuzziness is defined by
triangular membership functions which can be isosceles or
unbalanced. In the utilized interactive procedure three well
known fuzzy mathematical models are employed based on
the problem requirements. Both fuzzy additive and aug-
mentedmax-minmodels give nondominated solutions. Aug-
mented max-min model solution is balanced additionally.
Chen and Tsai’s fuzzy model with the interactive steps of the
solution approach gives an opportunity to the DM to obtain
her/his own preferred achievement levels for the objectives
and for demand levels. Consideration of fuzziness makes the
obtained nondominated solution implementable for the real
cases.

In the relatively scarce studies which try to deal with the
sourcing and order allocation problem with multiple items,
multiple criteria, and fuzzy parameters in discount environ-
ment simultaneously, this study provides a realistic mathe-
maticalmodel andpromising strategies to satisfy the purchas-
ing managers’ (DM’s) preferences which can be a balanced
solution or there can be preferred achievements for each of
the fuzzy aspirations to be satisfied, as long as the obtained
result is a nondominated solution.
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Construct the multiple objective model ((1) to (15))
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and fuzzy
demand
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Figure 1: Flowchart of the interactive approach from [40] with modifications for the current study.
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For the planned future work, fuzziness in each supplier’s
capacity is going to be considered. In that case sourcing and
order allocation problem will become a nonlinear program-
ming problem.

Appendix

See Figure 1.
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Through popular information technologies (e.g., call centers, web portal, ecommerce and social media, etc.), traditional shops
change their functions for servicing online demands while still providing offline sales and services, which expand the market and
the service capacity. In theHotellingmodel that formulates the demand effect by considering just offline demand, the shops in a line
city will locate at the center as a the result of competition by games. The online demands are met by the delivery logistics services
provided by the shops with additional cost; the consumers’ waiting time after their orders also affects their choices for shops. The
main purpose is to study the effects of the following aspects on the shops’ location competition: two logistics costs (consumers’
travelling cost for offline demands and the shops’ delivery logistics cost for online demands), the consumers’ waiting cost for online
orders, and the ratios of online demands to the whole demands. Therefore, this study primarily contributes to the literature on the
formulation of these aspects by extending the Hotelling model. These features and effects are demonstrated by experiments using
the extended Hotelling models.

1. Introduction

People usually visit and buy what they want in supermarkets,
shopping centers, and plaza, whereas, accompanied by the
information technology and Internet, online business has an
increasing tendency. In 2009, the online retail sales of USA
grew 11%, while all retail sales only grew 2.5% [1]. About
154 million people had the experiences of online shopping,
contributing to online retail sales of $155 billion or 6% of total
retail sales. It is forecasted that the online sales of USA will
keep growing at 10% as an annual rate through 2014 to $250
billion. In Western Europe, online retail sales are expected
to grow by 11% per year, going from C68 billion in 2009 to
C114.5 billion in 2014. The integration of online and offline
undoubtedly brings enterprises grand profits and provides
multichannels for consumers.

Under the merging of online business, there are more
and more people shopping on the Internet. Without going
outside, people can enjoy the service from shops or other
providers all over the city. Compared to the offline business,

shops may suffer an additional cost, delivering cost. Accord-
ing to the Hotelling model [2], competitive shops often locate
in the center of a line city, and they are closed to each other.
However, with the development of online business, orders
may come from people all over the city and should be met
in the shortest time. Obviously, the locations deduced by
the Hotelling model will impose great costs on the shops
for online orders. Concentrated distribution, which works
well in the past time, can no longer operate perfectly for
the following reasons. First, remote consumers will wait for
longer time to get the ordered goods because of long traveling
time, which may cause low satisfaction degrees; second, long
distance makes large delivery logistics cost, which carries
burdens on shops; third, shops may increase the price to
sustain a good profit, which may lose some consumers and
form a vicious cycle. This work extends the Hotelling model
for the offline and online demands.

This work extends the Hotelling model to study the
effects of combination of offline and online demands on
the competition of shops. The traditional Hotelling model
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has formulated the location game considering the pricing
problem and the consumers’ travelling logistics costs. For
online demands, the consumers may choose shops based on
the prices and the waiting time after orders, although the
consumers do not pay for the travelling costs by themselves.
However, the shops will pay for the delivery cost for servicing
the consumers that order goods online. Therefore, the shop’s
profit should be subtracted by the logistics cost that relates
to the orders and the distances between the shops and con-
sumers. Therefore, the indifferent location computed in the
side of consumers and the profit computed in the side of shops
challenge the extension of the Hotelling model. Following
these clues, new models are developed for analyzing the
effects of logistics cost deduced by online demands on the
shops’ location competition.

Considering the new situation that the combination of
online and offline business promotes great success, this
paper extends the Hotelling model. The logistics costs, the
shops’ delivery times, and the consumers’ waiting times are
incorporated into the extendedmodels. In the fields including
online sales and competition, this study contributes to the
literature in the following points. First, based on offline
business, this work considers the model combining offline
and online business. Second, the logistics costs and the online
demands are considered in assessing the location competition
game between shops. Third, the Hotelling model is extended
by simultaneously considering offline and online demands
and the shops’ logistics cost for delivery.

The rest of the study is organized as follows. In Section 2,
there are the studies related to online and offline business,
competition issues in logistics systems, and the applications
of the Hotelling model. Then, in Section 3 the problem is
described and the problem is formulated in Section 4. The
developed models are then demonstrated and analyzed in
Section 5. Finally, we conclude the study in Section 6.

2. Related Studies

2.1. Online and Offline Business. Since the early 1990s, many
manufacturers and retailers have incorporated the Internet
into their multichannel strategy and devoted considerable
resources to building the online channel. Chu et al. [1]
thought that the Internet substantially reduces search costs
and grants easy access to product and price information.
Online shopping involves no travel, product carrying, or
restrictions on shopping hours, offering great accessibility,
convenience, and time saving. In contrast, offline shopping
allows physical examination of the products, interpersonal
communication, and instant gratification but involves high
travel costs and search costs and often has restrictions on
shopping hours, especially in countries with strong labor
laws. Shankar et al. [3] claimed that the online business offers
more opportunities for interactive and personalized market-
ing than offline business.Moreover, the online consumers can
compare alternatives easily especially for functional products
and services. Kwon and Lennon [4] suggested the synergy
between online and offline operations generated by the
seamless integration between the two channels. Kwon and

Lennon believed that the synergy enriches the consumers’
experiences with the retailer, strengthens the brand image of
the retailer, and cultivates consumer loyalty in both channels.

The offline and online business impose complex effects
on the consumers’ loyalty. Loureiro and Roschk [5] devised a
model that compares the offline and online shops and regards
the consumers’ ages as a moderator. In the offline context,
positive emotions predict loyalty among younger consumers
but not among older ones; in the online context, the effect of
graphics design on loyalty is stronger for younger consumers
than for older ones. Kwon and Lennon [4] investigated the
effect of the interplay between amultichannel retailer’s offline
and online brand images on consumers’ online perceived
risk and online loyalty within the framework of a theory of
cognitive dissonance. Shankar et al. [3] proposed a conceptual
framework and developed hypotheses about the effects of
the online medium on consumer satisfaction and loyalty
and on the relationships between satisfaction and loyalty.
The results showed that loyalty to the shops is higher when
the service is chosen online than offline. Besides, loyalty
and satisfaction have a reciprocal relationship such that each
positively reinforces the other, and this relationship between
overall satisfaction and loyalty is further strengthened online.

The consumers’ behaviors in the online business con-
text are examined by many researchers. Kollmann et al. [6]
identified relevant shopping motives in multichannel envi-
ronments. The empirical analysis suggested that the degree
of consumers’ convenience orientation in contrast to the
degree of risk aversion and service orientation encourages
the online channel over the offline channel. Chu et al. [1]
studied the moderating effects of household (e.g., shopping
frequency) and product (e.g., sensory nature) characteristics
on household brand loyalty, size loyalty, and price sensitivity
across online and offline channels for grocery products.
Households are more brand-loyal, more size-loyal but less
price sensitive in the online channel than in the offline
channel. The differences between online and offline business
in brand loyalty and price sensitivity are large for light
online shoppers and smallest for heavy online shoppers.
The online and offline differences in brand loyalty, size
loyalty, and price sensitivity are large for food products and
for sensory products. Ahn et al. [7] explored some online
and offline features of Internet shopping malls and their
relationships with the acceptance behaviors of consumers,
and they provide a domain-specific, integrative approach in
evaluating the quality and antecedents of user acceptance
for Internet shopping malls. Technology acceptance model
[8] is valid in predicting the acceptance of the Internet
shopping malls and that online and offline features have
positive effects on the user acceptance. Both online and
offline features have greater effects on the usefulness, attitude,
and intention to use than either online or offline features
separately.

Grewal et al. [9] provided an overview of findings from
past research in both offline and online domains and presents
an organizing framework, as well as an agenda to advance
the research. The issues on the online and offline pricing
and promotional strategies, as well as coordinating these
strategies, are highlighted. This work also incorporated the
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pricing strategy in studying the location competition affected
by logistics costs.

2.2. Competition in Logistics. The competitions involved in
the operations and management of the supply chains are
extensively examined in literature. Farahani et al. [8] consid-
ered that the competitive supply chain network design affects
its cost as well as its performance and asserted that supply
chains compete to capture market shares for themselves.
Barney et al. [10] proposed a resource-based competition
method to assess and determine the important resources
and operations of a firm. In this strategic management
framework, firms are viewed as entities which possess and
control complex resources. The resources are scarce or
unique, substitutable, and durable, which are thought to
contribute to the firm’s competitive advantage. Moreover,
the logistic service can be regarded as a special resource so
that it is also important in the firms’ decisions. Papachristos
[11] concerned the market competitions between new and
remanufactured products and explored the environmental
impact of competition on the shift from products to services
with a system dynamics model. Rezapour and Farahani
[12] designed the network structure of a competitive supply
chain based on a bilevel model. The price and service
levels competition in market are considered in the model
of stochastic price and service demands with the presence
of existing and external rivals. The supply chain network is
assumed to be set at first and could be adjusted for new
prices and services. Nagurney et al. [13] developed a game
theory model for supply chain competition in time-sensitive
markets where consumers are sensitive to the delivery time.
An algorithm is devised to solve the model with equilibrium
conditions.

The location game is a typical kind of competition
between firms. Gao et al. [14] considered the location-then-
price game as a two-stage game of 𝑛 players on the graph
which is abstracted from the spread of the firms in the
real world. Based on the best response dynamics and the
multinomial logit model, the price and location equilibria
are built and shares of 𝑛 players are computed by price
equilibrium. The location and price equilibria are derived
for the competitive airlines in Russian and Chinese airline
market. Godinho and Dias [15] addressed a discrete com-
petitive location game in which two decision makers have to
decide simultaneously where to locate their services without
knowing the decisions of each other. Obviously, the decisions
made by one firm will affect the payoffs of another. A model
and algorithmic approach are designed to calculate the Nash
equilibria in both preferential rights overbidding consuming
patterns for franchisees and franchisers. The results are
advantageous for the franchiser if the overbidding is possible.
Fotakis and Tzamos [16] studied the facility location games
where a number of facilities are set in a metric space based
on the locations reported by the strategic agents. The agents
minimize their connection cost to the facilities; however,
the locations may be misreported by the agents. The model
based on the winner-imposing mechanisms is designed to
produce the mechanisms for the agents and facilities under

the presumption that no agent can benefit frommisreporting
his location. A continuous metric space is also considered
for the oblivious winner-imposingmechanisms. Some papers
consider the competitions in transportations during the
logistics’ activities. For example, Reyes [17] studied the
transshipment problem based on the Shapley value concept
from the cooperative game theory by considering logistics
cost and quality.

This work studied the location competition between
shops with offline and online demands by considering logis-
tics costs. The shops can gain competition advantage by
improving logistics services.

2.3. Hoteling Model. Since Hotelling [2] developed the two-
stage game of spatial competition model, a lot of relevant
literatures are gradually emerging. Considering that no equi-
librium price solution exists when both firms are not far
enough from each other, d’Aspremont et al. [18] replaced the
linear transportation cost function with quadratic function,
such that a price equilibrium solution exists everywhere.
d’Aspremont concluded that the two firms gathering in the
center will make the equilibrium price zero. Another way to
solve the equilibrium problem is to change the city’s shape to
circular [19] or square [20]. By introducing consumer differ-
entiation, increasing the number of firms, and relaxing the
assumption of demand elasticity and product differentiation,
the Hotelling model is extended by Tabuchi and Thiees [21],
Palma et al. [22], Eaton [23], and Shaked and Sutton [24].
The researches on the applications of the Hotelling model
can be divided into two classes. One solves the problem
of selecting location and pricing for the product. Wey and
Hong [25] extended the Hotelling model for determining
the locations and the optimal numbers of plants for the
purpose of using rice straws. Gao et al. [14] applied the
Hotelling model to the study of the competition in airline
market, where airlines first decide plane allocation and then
choose ticket prices. The existence of equilibrium in pure
strategies on the graph for the case of multiple plays is
extensively discussed. Using distance to measure product
features like quality, for firms, the Hotelling model is used
to decide the product quality and brand positioning and so
forth. Blosh and Manceau [26] added advertising investment
in the Hotelling model and asserted that advertising makes
consumers prefer products, while also decreasing the price.
Therefore, advertising investment is not always necessary for
firms. Based on the Hotelling model, Mariñoso [27] proved
that endogenous switching costs will increase the market
competition, so that the firms should produce compatible
brand products.

To investigate the effects of the business mode combining
offline and online demands on the location competition, the
Hotelling model is extended by the following ways. First,
in the consumer aspects, for online orders, the consumers’
waiting cost is formulated to determine the indifferent loca-
tion; second, the profit of a firm is subtracted by the delivery
logistics cost for the online demands; third, the offline and
online demands are considered in the integrated Hotelling
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model for studying the effect of the ratio of online demand
on the competition.

3. Problem Description

Hotelling’s linear city model was developed by Harold
Hotelling in his article “Stability in Competition” in 1929
[2]. In this model he introduced the notions of locational
equilibrium in a duopoly in which two firms have to choose
their location considering consumers’ distribution and trans-
portation costs. Initially, the model was developed as a game
in which firms first choose a location and after a selling
price for their products. To set their business in the best
location to maximize profits, the firms have to evaluate three
key variables: competitors’ location, consumers’ distribution,
and transportation costs. This model includes two different
approaches. First, the static approach consists of a single
stage, where firms choose their location and prices simulta-
neously; second, the dynamic one considers that the price is
set after determining the location. The model is based on a
linear city that consists of only a single straight street. For easy
comprehension, the Hotelling model is sometimes explained
by using the example of a beach where two ice cream stands
are trying to decide their best locations.

3.1. Static Approach. In a beach going from west to east,
of size [0, 1], where consumers are distributed evenly, two
identical ice cream stands (A and B) with a marginal cost
of production, 𝑐 > 0, try to determine their best location.
A is located at a distance 𝑎 from point 0, while B is located
at a distance 𝑏 from point 1. Both ice cream stands offer the
exact same ice creams, and therefore consumers’ utility will
be given only by the price of the ice cream and the distance
to the stand. Despite differences in prices (𝑃

1
and 𝑃

2
), the

stand with the lowest prices will not necessarily attract all
the demands since consumers consider the distance to the
stands. If both stands’ prices are equal, the differential factor
is how close consumers are to each stand. All consumers
located to the left of 𝑎would go to stand A, and all consumers
located to the right of (1 − 𝑏) would go to stand B. The
remaining consumers, located between both stands, would go
to whichever is the closest. Here, 𝑥 is the exact middle of that
beach, so consumers to its left would go to stand A, while
consumers to its right would go to stand B. Two conditions
are necessary for profits to be positive and maximized in
both stands: selling prices must be higher than marginal
costs; 𝑎 ̸= 1 − 𝑏. This second condition implies that both
stands cannot be located at the same point exactly in the
middle of the beach. If this position is indifferent for the
consumers, each stand would decrease its prices to attract
consumers, and thus they would enter into a price war. If
they had different marginal costs, the stand with the highest
marginal cost would be in a clear disadvantage andwould end
up exiting the market, as the other stand would be able to
push the prices further down and so attract all consumers.
Depending on how prices are set, the prices of both stands
are equal to their marginal costs. In this approach the key
factor for product differentiation is location. Each stand will

therefore set prices that will be higher than their marginal
costs and will choose a location other than the middle of the
beach.

3.2. Dynamic Approach. The dynamic approach has two
stages. At first, the stands choose their location and then
the prices are set. With regard to the previous approach
two additional assumptions are introduced: both stands have
equal marginal production cost; total cost for consumers
depends on the price of the goods and the distance to the
selected stands (the unit travelling cost is 𝑡). The point of
division between the areas served by these two stands is
determined by the condition that at a certain point it is
indifferent for consumers to choose either one of the stands.
After equating and equalizing, (1) is got. By solving it, the
demand functions of the two stands are (2):

𝑝
1
+ 𝑡 (𝑥 − 𝑎) = 𝑝

2
+ 𝑡 ((1 − 𝑏) − 𝑥) , (1)

𝐷
1
= 𝑥 =

𝑝
2
− 𝑝
1

2𝑡

+

(1 − 𝑏) + 𝑎

2

,

𝐷
2
= 1 − 𝑥.

(2)

By using backward induction the subgame perfect Nash
equilibrium can be found where both firms maximize their
profits.

The dynamic approach has two opposite effects. First, an
incentive for both stands to locate at the center of the beach
increases their market share by reaching out the greatest
amount of consumers, in what is known as the demand
effect. And, an incentive for both stands to locate at opposite
extremes exists, inwhat is considered to be the strategic effect.
While the first effect will reduce differentiation between the
stands, the second one will increase it.

This study considers the demand effect of two shops in a
line city on their locations. However, activated by the offline
and online sales patterns in the fast food industry, this work
considers additional online orders based on the Hotelling
model. The two shops sell goods at their locations when
consumers come to their shops while they also accept online
orders and deliver the goods to the consumers. However,
the shops will overtake the delivery logistics costs. In the
above static and dynamic approaches, when the consumers
order the goods offline by going to the shops, the consumers
themselves must undertake the travelling cost (𝑡). Therefore,
in the proposed problem in this study, as the main differ-
ence to the above Hotelling models, for online demands
the shops undertake the logistics cost (delivery), and for
offline demands the consumers undertake the logistics costs
(travelling). Under the demand effect, two shops will locate at
the center of the city.The effect of the consideration of online
demands and logistics on the models is focused on in this
work.
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4. Formulation

4.1. Baseline Model Only considering Offline Demands

4.1.1. Shops Locating at the Ends of the Line City. In this
analysis,𝑝

𝑖
represents the price of shop 𝑖, 𝑖 = 1, 2.The demand

of shop 𝑖 at 𝑝
𝑖
is denoted by 𝐷

𝑖
(𝑝
1
, 𝑝
2
). The point 𝑥 is the

indifferent location of the consumer to buy from shop 1 or
shop 2. And the unit travel cost for consumer is denoted by 𝑡.

Assumption 1. The commodities from both shops are homo-
geneous; that is, the commodity cost 𝑐 is the same for both
shops.

Assumption 2. Without loss of generality, assume that each
consumer purchases a single commodity at once.

Assumption 3. Shops in the line city are profit-oriented
sellers; that is, profits of the shops should be positive.

Based onAssumptions 1 and 2, the propositions below are
proposed.

Proposition 4. A consumer chooses the less cost shop in the
offline baseline situation; that is, the consumer on the left of 𝑥
chooses shop 1 and on the right chooses shop 2.

Proposition 4 suggests an economical consumer behavior
that consumer prefers the less cost commodity. In the offline
mode, consumers have to pay for the price of the commodity
and the travel cost to the shop (no matter shop 1 or 2).
Assuming that the travel cost is linear with the distance, 𝑥
is obtained by

𝑝
1
+ 𝑡𝑥 = 𝑝

2
+ 𝑡 (1 − 𝑥) . (3)

Proposition 5. In the offline baseline situation, the Nash
equilibrium exists in the profits of the shops and the equilibrium
profits are 𝜋𝑜𝑓𝑓

1
= 𝜋
𝑜𝑓𝑓

2
= 𝑡/2.

In the context of the line city model, 𝑥 is between
the positions 0 and 1. Hence, the demand 𝐷

𝑖
(𝑝
1
, 𝑝
2
) is

determined as

𝐷
1
(𝑝
1
, 𝑝
2
) = 𝑥 =

𝑝
2
− 𝑝
1
+ 𝑡

2𝑡

,

𝐷
2
(𝑝
1
, 𝑝
2
) = 1 − 𝑥 =

𝑝
1
− 𝑝
2
+ 𝑡

2𝑡

.

(4)

According to the price 𝑝
𝑖
and𝐷

𝑖
(𝑝
1
, 𝑝
2
), the profit 𝜋off

𝑖
of

shop 𝑖 is evaluated by

𝜋
off
1
(𝑝
1
, 𝑝
2
) = (𝑝

1
− 𝑐)𝐷

off
1
(𝑝
1
, 𝑝
2
)

=

1

2𝑡

(𝑝
1
− 𝑐) (𝑝

2
− 𝑝
1
+ 𝑡) ,

𝜋
off
2
(𝑝
1
, 𝑝
2
) = (𝑝

2
− 𝑐)𝐷

off
2
(𝑝
1
, 𝑝
2
)

=

1

2𝑡

(𝑝
2
− 𝑐) (𝑝

1
− 𝑝
2
+ 𝑡) .

(5)

To get a positive profit as defined in Assumption 3, 𝜋off
𝑖

is positive so that 𝑝
𝑖
is higher than 𝑐. We get the first order

conditions of (5) on the price in the pricing game between
shops 1 and 2 as

𝜕𝜋
off
1

𝜕𝑝
1

= 𝑝
2
+ 𝑐 + 𝑡 − 2𝑝

1
,

𝜕𝜋
off
1

𝜕𝑝
2

= 𝑝
1
+ 𝑐 + 𝑡 − 2𝑝

2
.

(6)

Moreover, the second order conditions of (5) are

𝜕
2
𝜋
off
1

𝜕𝑝
2

1

=

𝜕
2
𝜋
off
1

𝜕𝑝
2

2

= −2. (7)

So the Nash equilibrium profits exists where (8) is satisfied:

𝜕𝜋
off
1

𝜕𝑝
1

= 𝑝
2
+ 𝑐 + 𝑡 − 2𝑝

1
= 0,

𝜕𝜋
off
1

𝜕𝑝
2

= 𝑝
1
+ 𝑐 + 𝑡 − 2𝑝

2
= 0.

(8)

And the equilibrium prices and profits of both shops are

𝑝
∗

1
= 𝑝
∗

2
= 𝑐 + 𝑡,

𝜋
off
1
= 𝜋

off
2
=

𝑡

2

.

(9)

4.1.2. Shops Locating at the Arbitrary Positions of the Line
City. In the following, the shops can locate at any arbitrary
positions of the line city.The location of shop 1 is 𝑎 ≥ 0, while
the location of shop 2 is 1 − 𝑏.

Assumption 6. Without loss of generality, it is assumed that
1 − 𝑎 − 𝑏 ≥ 0 (the shop 1 is on the left of the shop 2).

Considering consumer’s quadratic travelling cost (the
traveling cost is 𝑡𝑑2, where 𝑑 is the traveling distance from
the consumer position to the shop stand), then the indifferent
position 𝑥 is obtained by

𝑝
∗

1
+ (𝑥 − 𝑎)

2
𝑡 = 𝑝
∗

2
+ (1 − 𝑥 − 𝑏)

2
𝑡. (10)

Proposition 7. In the arbitrary position situation, the Nash
equilibrium exists in the profits of the shops, where𝑝∗

1
= 𝑐+𝑡(1−

𝑎−𝑏)(1+((𝑎−𝑏)/3)) and𝑝∗
2
= 𝑐+𝑡(1−𝑎−𝑏)(1+((𝑏−𝑎)/3)).𝑝∗

1

and 𝑝∗
2
are the equilibrium prices of shops 1 and 2, respectively.

As the result of (10), we get the value of 𝑥 by

𝑥 = 𝑎 +

1 − 𝑎 − 𝑏

2

+

𝑝
2
− 𝑝
1

2𝑡 (1 − 𝑎 − 𝑏)

. (11)

Similar to the baseline city situation, the demands of both
shops are derived as

𝐷
1
(𝑝
1
, 𝑝
2
) = 𝑥 = 𝑎 +

1 − 𝑎 − 𝑏

2

+

𝑝
2
− 𝑝
1

2𝑡 (1 − 𝑎 − 𝑏)

,

𝐷
2
(𝑝
1
, 𝑝
2
) = 1 − 𝑥 = 𝑏 +

1 − 𝑎 − 𝑏

2

+

𝑝
1
− 𝑝
2

2𝑡 (1 − 𝑎 − 𝑏)

.

(12)
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Because the positions of the shops are flexible, (12) ismore
complex than (4). Demand in arbitrary position situation is
determined by five parameters, that is, positions 𝑎, 𝑏, prices
𝑝
1
, 𝑝
2
, and travel cost 𝑡. The profits are derived as

𝜋
1
(𝑝
1
, 𝑝
2
) = (𝑝

1
− 𝑐)𝐷

1
(𝑝
1
, 𝑝
2
)

= (𝑝
1
− 𝑐) (𝑎 +

1 − 𝑎 − 𝑏

2

+

𝑝
2
− 𝑝
1

2𝑡 (1 − 𝑎 − 𝑏)

) ,

𝜋
2
(𝑝
1
, 𝑝
2
) = (𝑝

2
− 𝑐)𝐷

2
(𝑝
1
, 𝑝
2
)

= (𝑝
2
− 𝑐) (𝑏 +

1 − 𝑎 − 𝑏

2

+

𝑝
1
− 𝑝
2

2𝑡 (1 − 𝑎 − 𝑏)

) .

(13)

Analyzing the first-order and second-order derivatives of
(13) on the prices, the results are presented as

𝜕𝜋
1

𝜕𝑝
1

= 𝑎 +

1 − 𝑎 − 𝑏

2

+

𝑝
2
− 2𝑝
1

2𝑡 (1 − 𝑎 − 𝑏)

+

𝑐

2𝑡 (1 − 𝑎 − 𝑏)

,

𝜕𝜋
2

𝜕𝑝
2

= 𝑏 +

1 − 𝑎 − 𝑏

2

+

𝑝
1
− 2𝑝
2

2𝑡 (1 − 𝑎 − 𝑏)

+

𝑐

2𝑡 (1 − 𝑎 − 𝑏)

,

(14)

𝜕
2
𝜋
1

𝜕𝑝
2

1

=

−2

2𝑡 (1 − 𝑎 − 𝑏)

,

𝜕
2
𝜋
2

𝜕𝑝
2

2

=

−2

2𝑡 (1 − 𝑎 − 𝑏)

,

(15)

According to Assumption 6, the values of the first-order
derivatives (see (14)) are varying from positive to negative
while the values of the second-order derivatives (see (15)) are
negative. So the Nash equilibrium exists (see (16)):

𝜕𝜋
1

𝜕𝑝
1

=

𝜕𝜋
2

𝜕𝑝
2

= 0. (16)

The prices at equilibrium are solved as

𝑝
∗

1
(𝑎, 𝑏) = 𝑐 + 𝑡 (1 − 𝑎 − 𝑏) (1 +

𝑎 − 𝑏

3

) ,

𝑝
∗

2
(𝑎, 𝑏) = 𝑐 + 𝑡 (1 − 𝑎 − 𝑏) (1 +

𝑏 − 𝑎

3

) .

(17)

In the above solution, when the first-order derivative is
derived for the profit to the price, the results will be different
for the conditions that 𝑝

1
, 𝑝
2
, 𝑎, 𝑏 are independent of each

other; namely,

𝜕𝑎

𝜕𝑝
1

=

𝜕𝑏

𝜕𝑝
1

=

𝜕𝑝
2

𝜕𝑝
1

= 0. (18)

When 𝑎 = 𝑏 = 0, the shop 1 locates at 0 while the shop
2 locates at 1; when 𝑎 = 1 − 𝑏, two shops locate at the same
position. The equilibrium prices under these two conditions
are (19) and (20) individually:

𝑝
∗

1
(0, 1) = 𝑝

∗

2
(0, 1) = 𝑐 + 𝑡, (19)

𝑝
∗

1
(𝑎, 1 − 𝑎) = 𝑝

∗

2
(𝑎, 1 − 𝑎) = 𝑐. (20)

4.2. Extension Model for Online Consumer Demands. Based
on the models in Section 4.1 for only considering offline
demands, this section develops models for the online
demands when considering the shops’ delivery logistics costs.
Similar to Section 4.1, two levels are considered, first for the
shops locating at the ends of the line city and second for
deciding locations for the shops. Two additional parameters
are introduced for the online demands and delivery logistics:
the cost of waiting for a unit of time is denoted by 𝑐𝑤; and the
distribution cost for travelling for a unit of time is denoted by
𝑐
𝑑.

4.2.1. Shops Locating at the Ends of the Line City

Proposition 8. In the online shopping situation, a consumer
prefers the less cost shop based on the commodity cost and
penalty costs of waiting; that is, if consumers are on the left of
the indifferent position 𝑥𝑜𝑛 = (𝑝

2
− 𝑝
1
)/𝑐
𝑤
+ 1/2, they choose

shop 1, while others choose shop 2.

In the perspective of consumers, they choose online shops
not according to their travelling costs to the shops, but
according to the penalty costs deduced by waiting times.
Therefore, the indifferent position 𝑥 should satisfy (21) and
is derived as

𝑝
1
+ 𝑐
𝑤
(𝑥

on
)
2

= 𝑝
2
+ 𝑐
𝑤
(1 − 𝑥

on
)
2

, (21)

𝑥
on
=

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

. (22)

Similar to (4), the demands for the shops are derived as

𝐷
on
1
=

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

,

𝐷
on
2
=

𝑝
1
− 𝑝
2

𝑐
𝑤
+

1

2

.

(23)

However, different from the offline mode, the travel cost
for the consumer is substituted by the delivery logistics costs
for the shops.Therefore, the profits functions of the shops are
different (comparing to (5)), as shown in

𝜋
on
1
= ∫

𝑥
on

0

(𝑝
1
− 𝑐 − 𝑐

𝑑
𝑥) 𝑑𝑥

= 𝑝
1
𝑥 − 𝑐𝑥 −

𝑐
𝑑
𝑥
2

2











(𝑝
2
−𝑝
1
)/𝑐
𝑤
+(1/2)

0
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1
(

𝑝
2
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1

𝑐
𝑤
+

1

2

) − 𝑐 (

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

)

−

𝑐
𝑑

2

(

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

)

2

,
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𝜋
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2
= ∫

1

𝑥
on
(𝑝
2
− 𝑐 − 𝑐

𝑑
(1 − 𝑥)) 𝑑𝑥

= 𝑝
2
𝑥 − 𝑐𝑥 − 𝑐

𝑑
𝑥 +

𝑐
𝑑
𝑥
2

2











1

(𝑝2−𝑝1)/𝑐
𝑤
+(1/2)

= (𝑝
2
− 𝑐 − 𝑐

𝑑
) (

𝑝
1
− 𝑝
2

𝑐
𝑤
+

1

2

)

+

𝑐
𝑑

2

(1 − (

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

)

2

) .

(24)

Proposition 9. In the online shopping situation, the Nash
equilibrium exists in the profits of the shops where equilibrium
prices are 𝑝∗

1
= 𝑝
∗

2
= 𝑐 + (𝑐

𝑤
/2) + (𝑐

𝑑
/2).

As seen in (24), the profits should be subtracted by the
delivery logistics cost (see 𝑐𝑑𝑥 and 𝑐𝑑(1−𝑥) in the equations).
When 𝑝

1
, 𝑝
2
, 𝑐, 𝑐
𝑑 are independent of each other, the first-

order derivatives of the profits on the prices are shown in

𝜕𝜋
on
1

𝜕𝑝
1

=

1

2

−

2𝑝
1

𝑐
𝑤
+

𝑝
2

𝑐
𝑤
+

𝑐

𝑐
𝑤
+

𝑐
𝑑

𝑐
𝑤
(

𝑝
2
− 𝑝
1

𝑐
𝑤
+

1

2

) ,

𝜕𝜋
on
2

𝜕𝑝
2

=

1

2

−

2𝑝
2

𝑐
𝑤
+

𝑝
1

𝑐
𝑤
+

𝑐

𝑐
𝑤
+

𝑐
𝑑

𝑐
𝑤
(

𝑝
1
− 𝑝
2

𝑐
𝑤
+

1

2

) .

(25)

It is found that the second-order derivatives of the profits
on the prices are negative, because 𝑐𝑤 and 𝑐𝑑 are both positive
in (26). So the optimal prices which are equilibriumprices for
both shops under the maximization of the profits are derived
as

𝜕
2
𝜋
on
1

𝜕𝑝
2

1

=

𝜕
2
𝜋
on
2

𝜕𝑝
2

2

= −

2

𝑐
𝑤
−

𝑐
𝑑

(𝑐
𝑤
)
2
, (26)

𝑝
∗

1
= 𝑐 +

𝑐
𝑤

2

+

𝑐
𝑑

2

,

𝑝
∗

2
= 𝑐 +

𝑐
𝑤

2

+

𝑐
𝑑

2

.

(27)

4.2.2. Shops Locating at Arbitrary Positions of the Line City

Proposition 10. In the online shopping situation where shops
are at arbitrary positions, the Nash equilibrium exists in the
profits of the shops.

In the following, the shop locations are decisions and
can locate at arbitrary positions of the line city. Then, the
indifferent position 𝑥 is derived by (28) and (29). The
derivation processes in (30)–(33) are similar to (11)–(17) but
the analytic expressions are more complex:

𝑝
1
+ 𝑐
𝑤
(𝑥
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− 𝑎)
2
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2
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, (28)
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(31)
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𝑝
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𝑑
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(33)

4.3. Model for Online and Offline Demands

Proposition 11. In the mixed mode of online and offline,
the profit is the combination of the online and offline profits
according to a rate of online consumers and offline consumers,
and the Nash equilibrium exists.

The shops finally considered simultaneously serve for
offline and online demands. A demand has the possibility of
𝑐
on to order goods by onlinemethods such that the possibility
of offline demand is (1 − 𝑐on). Here, the online and offline
demands are independent of each other; the introduction of
online channel will not increase the total demand. Based on
the models in Sections 4.1 and 4.2, the profit model for online
and offline demands is derived as

𝜋
1
= 𝑐
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𝜋
on
1
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on
) 𝜋
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1
,
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2
,

where,
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1

𝜋
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2
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off
) 𝑝
2
.

(34)

When 𝑐on is fixed, the equilibrium prices and profits can
be derived by combining the results in Sections 4.1 and 4.2.
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Figure 1: Relation between price and profit for shop 1 when shop 2
uses equilibrium price.
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Figure 2: Profit curves of two shops when shop 2 decides its price
following pricing of shop 1.

5. Experimental Results

In the following, the models in Sections 4.2.1, 4.2.2, and 4.3
are demonstrated.

5.1. Online Shops Locating at the Ends of the Line City. The
following experiments use the settings 𝑐 = 1, 𝑐𝑤 = 0.2,
and 𝑐𝑑 = 0.2. Figure 1 presents the fact that the shop 1’s
profit varies with the price when the shop 2’s price is the
equilibrium price. It is seen that when the shop 1 deviates
from the equilibrium price, its profit falls.

Figure 2 presents the profit curves for the two shops when
the shop 2 determines its price following the pricing decision
of shop 1. Changing the price from the equilibrium price by
the shop 1will incur the profit increase for shop 2when shop 2
undertakes the following pricing strategy. Under this strategy,
when shop 1 decreases its price to get competitive position in
the price interval (1.14 to 1.2), shop 1 can get minor advantage
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Figure 3: Relation between prices of two shops when shop 2 decides
its price following shop 1.
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Figure 4: Equilibrium profits varying with waiting cost and delivery
logistics cost.

comparing to shop 2 while its profit also decreases. In the
other intervals (from 1.1 to 1.14 and from 1.2 to infinite values),
shop 1 will lose its competitive capability. Figure 3 further
depicts the fact that the shop 2’s optimal price is linear to the
shop 1’s price under the above described conditions.

Figure 4 presents the result of sensitivity analysis when
the equilibrium profit varies with the cost parameters (𝑐𝑤

and 𝑐𝑑). In the experiment, one cost varies when the other
is set to 0.2. In this study, the delivery logistics cost is linear
to the travelling time from the shops to consumers, whereas
the waiting cost is linear to the quadric of the waiting time
(which is the time travelling from the shop to the consumer).
Therefore, the effect of varying unit delivery logistics cost on
the equilibrium profit is larger than that of varying the unit
waiting cost. The impacts of varying the unit waiting and
delivery logistics costs on the equilibrium profit are shown
in Figure 5.
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Figure 5: Impacts of varying unit waiting and delivery logistics costs
on equilibrium profit.
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Figure 6: Equilibrium profits varying with shop 1’s location when
shop 2 locates at 0.2 (𝑏 = 0.2).

5.2. Online Shops Locating at Arbitrary Positions of the Line
City. Under the demand effect, the two shops will locate at
the center of the line city. However, the delivery logistics cost
will “pull” the shops from the center. Figure 6 presents the
shops’ equilibriumprofits varyingwith shop 2’s locationwhen
shop 1 locates at 0.2 (𝑎 = 𝑏 = 0.2 indicates the equilibrium
locations for the two shops). When shop 1 moves to shop 2,
their profits all decrease, although it seems that shop 1 earns
more than shop 2. When shop 1 moves to shop 2, shop 2 with
the fixed location chooses to decrease its price for attracting
consumer demands, and the equilibrium price curves of the
two shops are presented in Figure 7.

The profit of shop 1 is shown in Figure 8 with variable
locations of shops 1 and 2. When the shop moves towards
the center, the profit decreases until the shop is close enough
to another shop. And there is an interesting phenomenon
revealed by the experiment that when the location of one
shop is fixed, the other shops moving toward the center
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Figure 7: Equilibrium prices varying with shop 1’s location when
shop 2 locates at 0.2 (𝑏 = 0.2).
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Figure 8: Shop 1’s equilibrium profit varying with locations of two
shops.

promote the profit of the fixed shop. When the shops move
close to each other, the prices arise because the shops do not
necessarily attract additional consumers by decreasing the
prices. This variety of price will also benefit another fixed
shop and leads to the peak point in the surface in Figure 8.
Furthermore, when the production cost changes and the
profit does not change, they can be the same as seen in
Figure 8, because both shops sell homogeneous products.

Figure 9 shows the profit surfaces of both shop 1 and shop
2 from two angles of view.The intersection of the two surfaces
is the Nash equilibrium profit line associated with the shops,
and it is formed when the distances of the shops to the two
ends of the city are equal. When the relative locations of the
shops are not equal, the shop at disadvantageous location
couldmove to the equilibrium location to get more profit and
simultaneously decrease the competitor’s profit.

Figure 10 depicts the equilibrium profit varying with the
shops’ locations and the unit waiting cost, while Figure 11
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Figure 9: Equilibrium profit varying with locations of two shops.
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Figure 10: Equilibrium profit varying with shop 1’s location (𝑎) and
unit waiting cost (𝑐𝑤).

presents the equilibrium profit varying with the shops’ loca-
tions and the unit delivery logistics cost. As a comparison
result, the effect of unit waiting cost on the profit is bigger
than the unit delivery logistics cost. The profit can be
improved by decreasing delivery logistics cost and increasing
the delivery service quality (which helps to decrease the
waiting cost).

5.3. Shops Locating at Arbitrary Positions for Mixed Online
and Offline Demands. In the following demonstration of the
model considering online and offline demands, the default
parameters are set as follows: the unit delivery logistics cost
for online demand, 𝑐𝑑 = 0.2; the unit waiting cost for online
demand, 𝑐𝑤 = 0.2; the unit production cost of goods, 𝑐 = 1;
the ratio of online demand, 𝑐on = 0.5; the unit travelling cost
of consumers for offline demand, 𝑡 = 0.2.

Figures 12, 13, and 14 reveal the effects of locations
and ratios of online demands or unit waiting costs on the
equilibrium profits. Increasing the ratio of online demand or
unit waiting cost improves the equilibrium profits.
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Figure 11: Equilibrium profit varying with shop 1’s location (𝑎) and
unit delivery logistics cost (𝑐𝑑).

0
0.2

0.4
0.6

0.8

00.20.40.60.8
0

0.04

0.08

Pr
ofi

t

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1
0.11

a

b

Figure 12: Equilibrium profit varying with shops’ locations (𝑐on =
0.5).

6. Conclusion

Traditional merchants are facing offline and online demands
that are challenging the business and service modes. Acti-
vated by the new business mode of combining offline and
online sales in the fast food industry, this study examines the
effects of themode on the competition based on theHotelling
model. Under the demand effect, the shop stands will locate
at the center in a line city in the Hotelling model that only
considers the consumers’ logistics cost traveling to the shops.
In the extended model for the offline and online demands,
the shops undertake the delivery logistics cost for the online
orders, whereas the consumers’ waiting cost will affect their
choices of shops called. Therefore, the main contributions
of this study involve the following features: considering
online and offline demands in an extended Hotelling model,
considering consumers’ travelling cost to shops for offline
demand and shops’ delivery logistics cost for online demand,
and considering the effect of consumers’ waiting cost for
online orders on the indifferent shop location. As for the
future research direction, first, the parameters used in the
study should be further verified by empirical studies. Second,
this study does not consider the demands dependent on the
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Figure 13: Equilibrium profit varying with shops’ locations for three
ratios of online demands (𝑐on = 0.2, 0.5, 0.8).
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Figure 14: Equilibrium profit varying with shops’ locations for three
unit waiting costs (𝑐𝑤 = 0.2, 0.5, 0.8).

online sales mode, which is a practical feature of online and
offline business. Third, the formulation for line city could be
extended for real urban scenarios.
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The paper aims to illustrate the use of fuzzy data envelopment analysis (DEA) in analyzing reverse supply chain (RSC) performance
from themanufacturer’s perspective. By using an alternative 𝛼-cut approach, the fuzzy DEAmodel was converted into a crisp linear
programming problem, thereby altering the problem to an interval programming one. The model is able to obtain precise and
robust efficiency values. An investigation was also made between the obtained efficiency scores and certain relevant background
information of the companies. The study revealed that while ISO 14001 certification usually ensures an environmentally friendly
supply chain network, companies which have implemented RSC techniques since a longer duration do not necessarily have a more
efficient supply chain in general.

1. Introduction

Individual companies are no longer in a position to compete
as distinct self-sufficient entities, thus forcing them to focus
their attention towards supply chains. In the current compet-
itive environment, the ability of a business to succeed will
depend on the ability of the manufacturer to integrate itself
into the intricate network of the supply chain. It is noted that
a supply chain is not a chain of companies with one-to-one,
business-to-business relationships but a network of multiple
companies and relationships.The operations in supply chains
and logistics are part of today’s most significant commercial
activities as they are pivotal for businesses to remain viable.
The two main goals of managing a supply chain are to realize
where a particular company stands among its competitors
and how it can be developed further.

To understand how proficiently a company is performing
in a supply chain, we measure its efficiency. Traditionally,
the efficiency of a supply chain was measured by taking

the ratio of revenue over the total supply chain operational
cost. Nonetheless, there are several additional objectives
of a business apart from monetary benefits. These objec-
tives depend on several factors, namely, societal factors,
environmental factors, technological factors, and so forth.
Incorporating all these multiple factors in the form of inputs
and outputs to determine efficiency is difficult without the
right tool. Therefore, finding the efficiency while incorporat-
ing multiple inputs and outputs for a reverse supply chain
(RSC) is even more challenging, as this is not something
traditionally done.

The aim of RSC is to help in collecting, recycling, reusing,
or disposing end-of-life products. It is crucial to recapture the
value of products and to providemethods for proper disposal
[1].The process is usually very complex, withmany individual
players involved in it (such as customers, collectors, recyclers,
etc.). Progress in RSC is slow as it is not usually considered as
a system which could return sufficient value for the resources
involved. Thus, it becomes very important to efficiently
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manage this chain. Efficiency measurement of RSC remains
to be a relatively underdeveloped and unexplored area [2].
Instead of focusing on the entire RSC, this paper intends
to measure the efficiency of RSC from a manufacturer’s
perspective. Thus, only data obtained from manufacturers
have been considered.

Themain contribution of this study is to pioneer the eval-
uation of RSC efficiency by primarily using data envelopment
analysis (DEA). DEA was first proposed by Charnes et al.
[3] and is a nonparametric method of efficiency analysis
for associating units relative to their best peers (efficient
frontier). Mathematically, it is a linear programming-based
methodology for evaluating the relative efficiencies of a set of
decision making units (DMUs). DEA accepts multiple inputs
and outputs, making it ideal for estimating the efficiency
of a complex structure like the supply chain which involves
many attributes. However, one major point of concern is that
observed values of the input and output data in real-world
RSC scenarios are often not precise. Imprecise evaluation
may be the result of incomplete and unavailable information.
Therefore, various fuzzymethods for dealing with this impre-
ciseness in DEA have been proposed. In this paper, a fuzzy
version of theCCRmodel (please refer to Section 3) is utilized
to obtain the RSC efficiencies of different companies from a
manufacturer’s point of view. Other background information
of the respective companies has been collected. A comparison
of this data has given greater insights into the reason why
certain companies have not performed well in implementing
an efficient RSC system.

In general, the paper is structured as follows. Section 2
reviews the efficiency measurement for RSC. Section 3 deals
with the explanation of the fuzzy DEA model used to
measure RSC efficiency. In Section 4, the overall model is
presented, carefully explaining the reasons behind selecting
its performance attributes. Next, Section 5 explains the data
collection process. Following this, Section 6 presents and
discusses the results obtained froma real-world application of
the model. Finally, in Section 7, conclusions are drawn from
the paper and future research directions are highlighted.

2. Literature Review

Prahinski and Kocabasoglu [4] defined RSC as the effective
and efficient management of the series of activities required
to retrieve a product from a customer and either dispose it or
recover its value. The importance of understanding RSC has
increased due to several reasons. Asmentioned by Trebilcock
[5], the amount of product returns has risen over 50% of sales
for many industries. End-of-life take-back laws and environ-
mental conscious consumers have pressured companies to
take responsibility for the disposal of their products which
could contain hazardous substances. Additionally, landfill
capacity has become more and more limited and expensive,
and thus recycling end-of-life products has become more
viable [6]. Despite its importance, RSC is usually not a firm’s
core business because getting top managers’ attention and
measuring its performance are a difficult task [7].

For measuring the efficiency of a supply chain, it is
essential to obtain the input and output data values. In the
case of the forward supply chain, the data required are usually
available as they have traditionally been used by companies
to keep track of their goods or services.These data are critical
as most businesses make use of them as a measure of growth
andmarket share.Thus, measuring the efficiencies of forward
supply chains can be done by normal DEA or other methods
as the data are normally available.

Now consider the case of RSC. The importance of RSC
has not reached the maturity level of forward supply chain.
Recycling or reusing of goods is not as commonas production
of goods. So it is difficult to find companies which have
recycled for more than 10 years, even though they could have
existed for thrice as long. Even in the case that recycling is a
very important aspect in an industry (say paper industry), the
informatics involved in RSC is not as high as that of forward
supply chain. In addition, for some cases like measuring the
impact of business activities on the environment, it may not
be possible to obtain all required data with the required
preciseness [8].

A literature review related to the performance measure-
ment of RSC has been performed by Taticchi et al. [9] and
they called for a more structured approach to evaluate its
performance. In addition, there are limited existing perfor-
mance measurement tools which have been applied in RSC
and they may not be adequate to fully assess its efficiency.
Some tools which have been utilized in applications related
to RSC performance evaluation are, for example, analytical
hierarchy process [10, 11], life cycle assessment [12], activity-
based costing [13], balanced scorecard [14], and fuzzy logic
[15].

There are very few papers published in which RSC
performance has been evaluated directly. It is observed that
the measurement of RSC efficiency by nonfuzzy methods is
difficult due to the lack of precise numerical data required.
Another observation on previous studies is the analyses
were done on a single supply chain instead of multiple
supply chains. Therefore, there is a need for a more robust
tool to handle the unavailability of precise data and to
benchmark multiple supply chains. One tested method in
case of unavailability of data is the use of linguistic data. So in
this condition, data are measured by qualitative values which
have ordinal relations. For example, words like “Excellent,”
“Good,” and “Average” could be used to describe certain
attributes, and from this we can conclude that “Excellent” is
better than “Good” which is in turn better than “Average.”

It is also observed that fuzzy DEA has been developed
over the past few years and has been proven to successfully
measure efficiencies [16–21]. One of the biggest advantages of
using fuzzy DEA to solve RSC models is the use of linguistic
data to achieve precise and robust efficiency values. Thus,
in this paper, a fuzzy version of the CCR model has been
applied to analyze RSC performance. This has also allowed
the researchers to obtain data from more companies as the
information requested is basically linguistic. In addition,
different types of companies can be approached, which could
differ by the type of product, the monetary scale, and other
factors.



Mathematical Problems in Engineering 3

3. Mathematical Model

This paper utilizesDEA as the basemodel for RSC evaluation.
The first DEA model is called CCR model which was devel-
oped by Charnes et al. [3]. DEA is amathematicalmodel used
to measure the relative efficiencies of a group of homogenous
organizations (commonly referred to as decision making
units or DMUs in the DEA literature) that convert multiple
inputs into multiple outputs. It is favorable for performing
benchmarking analysis because it does not need any prior
weight to be assigned to the measures and thus reducing
subjective or biased judgment on the results.

Assume that there are 𝑛 DMUs (DMU
1
,DMU

2
, . . . ,

DMU
𝑛
) to be evaluated. Varying amounts of 𝑚 different

inputs are consumed by each DMU to produce 𝑠 different
outputs. The 𝑗th DMU (DMU

𝑗
) consumes 𝑚 inputs 𝑥

𝑖𝑗
(𝑖 =

1, . . . , 𝑚) to produce 𝑠 outputs 𝑦
𝑟𝑗
(𝑟 = 1, . . . , 𝑠). In the

following model, the crisp vectors of input and output
values of the current DMU under evaluation, DMU

𝑝
, are

represented by 𝑥
𝑖𝑝
(𝑖 = 1, . . . , 𝑚) and 𝑦

𝑟𝑝
(𝑟 = 1, . . . , 𝑠),

respectively. The CCR model is defined as follows:

Max 𝑊
𝑝
=

𝑠

∑

𝑟=1

(𝑢
𝑟
𝑦
𝑟𝑝
)

s.t.
𝑚

∑

𝑖=1

(V
𝑖
𝑥
𝑖𝑝
) = 1

𝑠

∑

𝑟=1

(𝑢
𝑟
𝑦
𝑟𝑗
) −

𝑚

∑

𝑖=1

(V
𝑖
𝑥
𝑖𝑗
) ≤ 0 ∀𝑗

𝑢
𝑟
, V
𝑖
≥ 0 ∀𝑖, 𝑟.

(1)

Model (1) requires precise information and data, which
may not be available in all cases, but this does not end
the modeling of a complex system. Generally, the lack of
quantitative data required to solve model (1) is made up by
obtaining qualitative data. As it is not feasible to incorporate
qualitative data into this model directly, this model is to be
modified. In other words, a fuzzy approach seems ideal for
such a complex system. The method proposed by Saati et al.
[22] has been implemented to introduce fuzziness into the
CCR model. The CCR model with fuzzy data can be written
as follows:

Max 𝑊
𝑝
=

𝑠

∑

𝑟=1

(𝑢
𝑟
𝑦
𝑟𝑝
)

s.t.
𝑚

∑

𝑖=1

(V
𝑖
𝑥
𝑖𝑝
) = 1̃ ∀𝑖

𝑠

∑

𝑟=1

(𝑢
𝑟
𝑦
𝑟𝑗
) −

𝑚

∑

𝑖=1

(V
𝑖
𝑥
𝑖𝑗
) ≤ 0 ∀𝑗

𝑢
𝑟
, V
𝑖
≥ 0 ∀𝑖, 𝑟,

(2)

where ∼ is used to denote fuzziness.
Triangular fuzzy numbers are extensively used as fuzzy

inputs.Thus, the fuzzy input inmodel (2) is in the form of 𝑥 =
(𝑥
𝑚
, 𝑥
𝑙
, 𝑥
𝑢
) with 𝑥𝑙 ≤ 𝑥𝑚 ≤ 𝑥𝑢. Similarly, the fuzzy output is

in the form of 𝑦 = (𝑦𝑚, 𝑦𝑙, 𝑦𝑢) with 𝑦𝑙 ≤ 𝑦𝑚 ≤ 𝑦𝑢.

Let 𝑥
𝑖𝑗
= (𝑥

𝑚

𝑖𝑗
, 𝑥
𝑙

𝑖𝑗
, 𝑥
𝑢

𝑖𝑗
) and 𝑦

𝑟𝑗
= (𝑦

𝑚

𝑟𝑗
, 𝑦
𝑙
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, 𝑦
𝑢

𝑟𝑗
). The

previous model is updated as follows:
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𝑢
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𝑢
𝑟
, V
𝑖
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(3)
Model (3) represents a possibilistic linear programming
problem. One widely used method for solving this type of
problem is the 𝛼-cut approach.Thus, incorporating the 𝛼-cut
approach changes the model as follows:

Max 𝑊
𝑝
=

𝑠

∑
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𝑢
𝑟
[𝛼𝑦
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𝑟𝑝
, 𝛼𝑦
𝑚
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𝑢
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]
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𝑚
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V
𝑖
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𝑚
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(4)
Model (4) can be solved in an efficient and robust manner
by incorporating variables in the intervals which are capable
of satisfying the set of constraints and maximizing the
objective function at the same time. Thus, the final model is
transformed to:
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Figure 1: Conceptual framework for RSC evaluation.

Model (5) is now a parametric programming model with 𝛼
being a parameter between 0 and 1, thereby converting it into
a parametric linear programming problem. Now for each 𝛼
value, there exists an optimum solution. Thus, the efficiency
scores may change due to the value of 𝛼. It is quite noticeable
that lower 𝛼 values help in providing a greater range, thereby
helping in better optimization for any particular DMU in
general. So one could expect the value of the efficiency score
to decrease or remain constant with increasing 𝛼. This point
will be further discussed in Section 6.

Once the data are entered into the model, it generates
the efficiency score of the RSC. As the efficiency has been
evaluated from the manufacturer’s perspective, it gives an
idea of how well the manufacturer has adjusted into the
supply chain. Lower efficiency implies that the manufacturer
could focus more on recycling or reusing aspects of its
business. Higher efficiency implies that the manufacturer has
adjusted properly into the supply chain, and hence it is not
only performingwell individually but also helps in the overall
supply chain to be more efficient. The result of this model is
twofold. It helps in providing a reliable and robust efficiency
score from linguistic data which would otherwise be difficult
to calculate because of lacking numerical information. It also
helps in effective comparison of companies which are not of
similar production type, as the input of linguistic data has
ensured a similar comparison ratio as opposed to numerical
data.

4. Overall Model

Figure 1 shows the conceptual framework for evaluating RSC
efficiency. Firstly, the data are collected which represent the
input and output values of a particular DMU. The efficiency
is calculated from the manufacturer’s perspective. Hence,
it is of great importance that the inputs and outputs have
been formulated such that the manufacturer answers these
based on its performance in the field of interest. Following
the triple bottom-line framework in sustainability [23] and
a critical review on the literature, the developed input and
output measures cover themajor aspects of a company’s RSC,
namely, environmental, economic, societal, and operational
aspects, investment, and relationship between supply chain
parties. These aspects ensure that the study covers diverse
elements of RSC, thus making the study more relevant. It
is also important to note that most of these performance
attributes will not have been documented or measured
quantitatively by a manufacturer. Hence, linguistic data are

collected from each manufacturer. This proves to be very
useful as normally, attributes like societal measures do not
have anymeasuring yardstick.With the use of linguistic data,
the attributes have managed to accept many diverse factors
into one model, thus making it more realistic. Each of these
performance attributes is described below.

4.1. The Input Variables

x1: Operational and Technological Cost. This performance
attribute is mainly concerned with the cost required in
operating the recycling or reusing process. It also includes
the cost of acquiring the necessary technology. From the
manufacturer’s point of view, it shows how much capital
has been used to implement RSC, hence making it an input
variable [24].

x2: Investment in Environmental Initiatives and Certification.
Chien and Shih [25] evaluated environmental performance
by considering environmental policies and measures, among
other factors.This performance attribute ismainly concerned
with the amount ofmoney that themanufacturer has invested
to make the RSC more environmentally friendly by rolling
out pertinent initiatives and obtaining formal certification
such as ISO 14001. This is an input because it is the expen-
diture that has to be spent in order to have an efficient RSC.

x3: Relationship between RSC Parties. This performance
attribute is concerned with the smooth functioning of the
RSC as a whole [4]. The stronger the relationship between
parties is, the easier it is for the supply chain to function
properly. Thus, it is considered as an important performance
attribute for the model. It is chosen as an input variable
because it is an enabler for an efficient RSC.

4.2. The Output Variables

y1: Environmental—Reduction of Impact. It is the performance
attribute which measures the RSC “greenness.” This mainly
shows the supply chain’s ability to reduce energy consump-
tion, emission, pollution, and waste disposal as given in
Papadopoulos and Giama [26]. From the manufacturer’s
perspective, the impact on the environment is directly related
to the approaches adopted in manufacturing. Thus, it is
considered as an output variable, as it depends directly on the
manufacturer’s actions.

y2: Economic—Cost Saving and Profit Generation. Zhu and
Sarkis [27] mentioned that economic performance is the
most important factor for companies that wish to implement
environmental management practices. It is the most widely
used performance attribute to measure the efficiencies of
various profit-oriented organizations. Itmainly deals with the
money saved and profit generated by the manufacturer in
implementing RSC techniques. It is considered as an output
variable as it shows howwell the manufacturer has succeeded
in implementing RSC techniques.
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y3: Societal—Quality of Life. This performance attribute
mainly concerns the health and wellness of people involved
in the supply chain, namely, the customers, recyclers, man-
ufacturers, and so forth, as clearly emphasized by Wan and
Chan [28]. Apart from the aforementioned, the society at
large is affected by the actions of the company. This attribute
is considered as an output variable, mostly because it gives
an idea of how well the company has managed to function
smoothly without adversely affecting the society at large.

Once the data have been obtained, they are then struc-
tured and entered into the model (discussed in Section 3).
This model calculates precise and robust efficiency scores
based on the parameter 𝛼. It is able to accept different
linguistic data and is also able to give various values of
efficiency for different values of𝛼, thereby separating the truly
efficient RSCs from the rest.

5. Data Collection

Testing the model in a real-world environment is important
for the study. A survey was designed to collect input and out-
put variables data from different companies. The companies
were not pertinent to any particular industry. Apart from the
aforementioned data, information like product type, number
of employees in the company, duration (number of years) for
which RSC practices have been adopted, and environmental
certification received by the company was also collected. The
purpose of this information was to make more in-depth
insights as to how the efficiencies are affected by these factors,
thereby improving the value of the study. Normally, supply
chain efficiencies measured by DEA are more comparable for
similar companies, as it measures the relative performances
of DMUs which are similar units. However, the use of fuzzy
DEA has crossed this barrier, thereby improving the reach of
the study to more diverse types of companies, while keeping
the efficiencies comparable. As the survey aimed to provide
the manufacturer’s perspective on RSC, the data from diverse
companies helped in analyzing various supply chains from a
single perspective. Data collection was done by mailing.

A questionnairewas developed especially for this purpose
(please refer to the Appendix). It was evident at the beginning
of the study that exact values of the required datawould not be
easily accessible or in some cases not available. It also became
clear that asking for such data which were not accessible
might result in very few responses, thereby reducing the
response rate significantly. So questionswere accompanied by
check boxes with answers like “Very High,” “High,” “Normal,”
“Low,” and “Very Low.” Thus, the answers were completely
linguistic. In other words, the data collected were fuzzy.

The questionnaire survey was carried out between July
and August 2013. The companies were chosen from the
Federation of Malaysian Manufacturers Directory. It was
evident that not all companies have a functional RSC. Thus,
the authors contacted the companies via telephone to check
whether they have a proper RSC in place. A total of 70
companies in the Johor region were contacted. Only 44 of

these companies satisfied the criterion. Only then, question-
naires were sent to theManagingDirectors or PlantManagers
of these companies. It is noted that these companies were
not producing similar goods. We received responses from 21
companies, which made the response rate a commendable
47.7%. This is mainly due to the linguistic nature of the data
required, without which certainly the responses would be
lesser and the study would not have been possible. Of these 21
returned questionnaires, 20 were filled completely to the level
required for the study. Hence, 20 responses from different
types of companies were used in the study. The number of
DMUs satisfies the rules of thumb established by Golany
and Roll [29], Bowlin [30], and Dyson et al. [31], about the
minimum number of DMUs needed for a DEA analysis.

The answers were then assigned with values such as 10,
30, 50, 70, and 90. Specifically, 10 corresponds to the answer
for “Very Low” and 90 corresponds to “Very High,” with 50
being the moderate value. The (𝑥𝑚

𝑖𝑗
, 𝑥
𝑙

𝑖𝑗
, 𝑥
𝑢

𝑖𝑗
) and (𝑦𝑚

𝑟𝑗
, 𝑦
𝑙

𝑟𝑗
, 𝑦
𝑢

𝑟𝑗
)

values of every input and output for each DMU have been
determined. The maximum range of values was set to be ±5
of the original value. The reason for this is that it allows
a range which should provide enough variation for the
optimum value to exist but at the same time prevent any
overlap between any two neighboring values. For instance,
there is no chance for any permissible value of 𝛼 that the
values of Very Low and Low are the same. At most, Very
Low may reach the value of 15 and Low may reach the
value of 25, maintaining a minimum gap of 10 throughout.
Clearly, the real value of this range also depends on 𝛼, as
explained in the model in Section 3. As the value of the
parameter 𝛼 is chosen, the efficiency score is obtained. 𝛼 =
0 corresponds to the maximum range and 𝛼 = 1 corresponds
to the efficiencies being calculated by mean values of the data
without considering left or right spreads.

The data from the responses were put into the fuzzy CCR
model and solutions were obtained using a MATLAB pro-
gram written based on the model. The results are presented
in the next section.

6. Results and Discussion

Table 1 shows the efficiencies of different DMUs for different
𝛼 values. An efficiency value of 1 means a DMU is efficient
in its RSC, while a score less than 1 indicates a DMU is less
efficient. Of the 20 DMUs, 9 are efficient when 𝛼 = 0 and 𝛼 =
0.25, 8 are efficient when 𝛼 = 0.5, 7 are efficient when 𝛼 =
0.75, and only 3 are efficient when 𝛼 = 1. The number of
efficient DMUs decreases as 𝛼 increases. Generally, it can be
observed that the efficiency value for every DMU decreases
(or remains constant) with the increase of 𝛼. This point was
raised in Section 3. The explanation is very straightforward.
With a decrease in the spread of value when increasing 𝛼,
the value is confined to a smaller range till it finally becomes
one value (mean value) when 𝛼 = 1. Thus, by increasing the
𝛼 value, there is a good chance that the optimum data value
gets removed from the range, thereby causing the value to be
less optimum and consequently achieving a lower efficiency
score.
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Table 1: Efficiencies of different DMUs for different 𝛼 values.

DMU 𝛼

0 0.25 0.50 0.75 1
𝐷1 1.0000 1.0000 1.0000 1.0000 0.9600
𝐷2 1.0000 1.0000 1.0000 1.0000 1.0000
𝐷3 0.4720 0.3921 0.3261 0.2672 0.2171
𝐷4 0.5891 0.5062 0.4298 0.3630 0.3027
𝐷5 0.5666 0.4873 0.4148 0.3482 0.2867
𝐷6 0.6151 0.5204 0.4371 0.3625 0.2975
𝐷7 1.0000 1.0000 1.0000 1.0000 0.9400
𝐷8 0.6899 0.6054 0.5254 0.4494 0.3771
𝐷9 0.2667 0.2264 0.1874 0.1509 0.1160
𝐷10 1.0000 1.0000 1.0000 1.0000 1.0000
𝐷11 0.6220 0.5292 0.4466 0.3748 0.3111
𝐷12 1.0000 1.0000 1.0000 1.0000 0.9600
𝐷13 0.5560 0.4772 0.4051 0.3407 0.2800
𝐷14 1.0000 1.0000 0.7299 0.5257 0.3800
𝐷15 0.4418 0.3636 0.2980 0.2414 0.1924
𝐷16 0.9085 0.7425 0.5926 0.4635 0.3520
𝐷17 0.4117 0.3569 0.3045 0.2543 0.2064
𝐷18 1.0000 1.0000 1.0000 1.0000 0.8600
𝐷19 1.0000 1.0000 1.0000 1.0000 1.0000
𝐷20 1.0000 1.0000 1.0000 0.9672 0.7544

For D
2
, D
10
, and D

19
, their efficiency values remain as 1.

Thus, the efficiency values have not been affected for these
DMUs. For D

1
, D
7
, D
12
, D
18
, and D

20
, their efficiency values

start at 1 for 𝛼 = 0, but by around 𝛼 = 0.75 or so, their
efficiencies reduce. These DMUs represent the most efficient
ones in terms of their RSCs. There are also several DMUs
whose efficiencies lie around the 0.5 region. ForDMUswhose
efficiencies lie below this, their RSCs are highly inefficient.
It might be because these DMUs have not considered the
environmental, economic, societal, and other aspects of their
companies and have therefore performed in an inefficient
manner.

Table 2 shows the background information which was
also collected from the manufacturers. The average value of
efficiency was obtained for the different values of efficiency
obtained from different 𝛼 values. In addition, rankings have
been given by sorting the average efficiency scores (see the last
column of Table 2). Those DMUs which have low rankings
would need a radical change in their RSC in order to become
more efficient.

Based on Table 2, some additional insights linking the
background information of the companies with the average
efficiency scores can be attained. Firstly, it was expected
that ISO certification would provide a major edge to the
companies in terms of their superior RSC practices, thereby
significantly boosting their efficiency scores. Of the 20
companies, 9 of them have an ISO 14001 certification. The
average of the efficiencies of the ISO rated companies was
0.7057.The average of the efficiencies of the others was 0.6107.
Clearly, ISO rated companies have a better efficiency than

those not rated. However, if the companies are analyzed
individually, then one would notice that ISO certification
does not guarantee a company to be efficient in RSC. For
example,D

3
andD

4
perform below average even though they

are ISO certified. This could be because they have utilized
more inputs (cost and investment) rather than producing
more outputs, to attain the certification. Nevertheless, in
average, ISO certification helps to provide a better and more
efficient RSC.

The other factor taken into consideration was the dura-
tion for which the companies have implemented RSC tech-
niques to improvise their business model. It was thought that
the longer the duration, the higher the efficiency score in
general. However, apart from a few exceptions, companies
with lesser experience have had higher efficiency scores. This
was unexpected.

To explain this observation, it could be that the companies
which have started implementing RSC techniques recently
are bound to have superior technological machinery to
perform effective recycling or reusing and therefore have
had greater success in achieving more efficient supply chains.
It is possible that manufacturers which are old-timers in
the field have not managed to update their techniques and
machinery or have simply focused on some other aspects of
their businessmodel.Thismight indicate that RSC has lost its
momentum in the organizations which have long implemen-
tation history and thus they are not performing well. Hence,
it seems justifiable that the companies which have recently
started utilizing RSC techniques have performed efficiently.
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Table 2: Data for background information of each DMU and average efficiency (average of efficiencies obtained from various 𝛼 values).

DMU Average efficiency ISO certification Years since RSC was implemented Efficiency ranking
𝐷1 0.9920 No 2 4
𝐷2 1.0000 No 4 1
𝐷3 0.3349 Yes 3 17
𝐷4 0.4382 Yes 6 14
𝐷5 0.4207 No 10 15
𝐷6 0.4465 No 4 13
𝐷7 0.9880 Yes 12 6
𝐷8 0.5294 Yes 5 11
𝐷9 0.1895 No 9 20
𝐷10 1.0000 Yes 2 1
𝐷11 0.4567 Yes 6 12
𝐷12 0.9920 Yes 13 4
𝐷13 0.4118 No 5 16
𝐷14 0.7271 No 2 9
𝐷15 0.3074 No 9 18
𝐷16 0.6118 Yes 4 10
𝐷17 0.3068 No 5 19
𝐷18 0.9720 No 3 7
𝐷19 1.0000 Yes 3 1
𝐷20 0.9443 No 8 8

It is worth noting that in terms of other background infor-
mation of the companies (i.e., type of industry and number of
employees), no particular insight could be inferred between
these factors and the average efficiency scores.

In terms of managerial implications, the model is appli-
cable to evaluate RSC performance from a manufacturer’s
perspective. For each DMU and for every 𝛼 value, the model
is able to consolidate multiple input and output measures
into one efficiency score. The model does not need precise
data and it serves as a useful benchmarking tool to evaluate
the RSC performances of various organizations. The results
could help the DMUs under evaluation to have an overview
on how well their RSC is performing in relation to others.
Consequently, they could strategize and take appropriate
actions to improve their RSC efficiency which will enable
them to be more sustainable environmentally, economically,
and socially.

7. Conclusions

Supply chainmanagement is one of themost discussed topics
in the commercial literature. Measuring the efficiency of a
supply chain is a heavily researched topic. Despite this, there
are very few papers which have attempted to measure RSC
efficiency. This area remains to be one of the least developed
areas in supply chain studies. In this paper, DEA has been
used to measure RSC performance from a manufacturer’s
perspective. Since precise data would have been difficult to
obtain, a fuzzy version of theCCRmodelwas used to solve the
problem. It was converted into a parametric programming
model with 𝛼 being the parameter. A questionnaire survey
was conducted and data from 20 companies were collected.

The data were then analyzed using the fuzzy CCRmodel and
the efficiency scores for various 𝛼 values were obtained. It
was observed that the efficiency scores reduce with increasing
𝛼 values. This was expected as with increasing 𝛼 values, the
range of inputs reduces, thereby reducing the chance that the
optimized input is chosen. In addition, the efficiency scores
were used to allot efficiency ranks.

The paper then compared the organizational background
information with the rankings to get some additional
insights. It was observed that in average, the companies
certified with ISO 14001 performed slightly better than
those without the certification. This was expected as ISO
certification ensures a lesser impact on the environment,
which is one of the performance attributes of the model. In
addition, it was found that, in general, companies with lesser
years of RSC implementation could performbetter than those
which have implemented it for a longer period.

The model is applicable to evaluate RSC performance
from a manufacturer’s perspective. By providing different
efficiency scores for each 𝛼 value, managers can have an
overview on their RSC performance and have flexibility to
judge the results based on their experience. The next stage
of this research will be extending the evaluation to other
parties in the entire RSC. It would be more challenging as
the number of input and output measures will be higher, and
thus the amount of data to be collected will be greater and the
programming will be more complicated. Another avenue for
future research is to use the model in a longitudinal study to
measure RSC performance before and after certain initiatives
or interventions. Lastly, researchers can work on the model
tomeasure the performance of a complete closed-loop supply
chain that includes both the forward and reverse chains.
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Appendix

Questionnaire

Part A: Background Information

(1) Type of industry (with reference to product):

(2) Number of employees in your company:

(3) How long has your company implemented reverse
supply chain activities such as collecting end-of-
life products, recycling and reprocessing them?

Years
(4) What certification or award has your company

received in reverse supply chainmanagement (such as
ISO 14001 certification)?

Part B: Reverse Supply Chain Performance Evaluation
Measures

(1) How much operational and technological cost is
involved in your company’s reverse supply chain
activities (such as recycling and reprocessing)?
◻ Very High
◻High
◻ Normal
◻ Low
◻ Very Low

(2) How much financial investment is involved in your
company’s environmental initiatives (such as aware-
ness campaign, advertisement and certification)?
◻ Very High
◻High
◻ Normal
◻ Low
◻ Very Low

(3) How is the relationship between your company and
other parties that are involved in the reverse supply
chain?
◻ Very Strong
◻ Strong
◻ Normal
◻Weak
◻ Very Weak

(4) How much have the reverse supply chain activities
helped the environment (in terms of reducing pollu-
tion, carbon footprint and energy consumption)?
◻ Very Significant
◻ Significant
◻ Average

◻ Insignificant
◻ Very Insignificant

(5) How much have the reverse supply chain activities
helped the economy (in terms of cost saving and profit
generation)?
◻ Very Significant
◻ Significant
◻ Average
◻ Insignificant
◻ Very Insignificant

(6) How much have the reverse supply chain activities
contributed to the society (in terms of improving
quality of life, health and wellness)?
◻ Very Significant
◻ Significant
◻ Average
◻ Insignificant
◻ Very Insignificant
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We present a metaheuristic called the reactive guided tabu search (RGTS) to solve the heterogeneous fleet multicompartment
vehicle routing problem (MCVRP), where a single vehicle is required for cotransporting multiple customer orders. MCVRP is
commonly found in delivery of fashion apparel, petroleum distribution, food distribution, and waste collection. In searching
the optimum solution of MCVRP, we need to handle a large amount of local optima in the solution spaces. To overcome this
problem, we design three guiding mechanisms in which the search history is used to guide the search. The three mechanisms are
experimentally demonstrated to be more efficient than the ones which only apply the known distance information. Armed with
the guiding mechanisms and the well-known reactive mechanism, the RGTS can produce remarkable solutions in a reasonable
computation time.

1. Introduction

In areas such as delivery of fashion apparel, petroleum dis-
tribution, chemical transportation, food delivery, and waste
recycling, due to the characteristics of the products, vehicles
with multiple separated compartments are indispensable
for delivering to (or picking up from) clients who require
delivery (or pick-up) of more than one (incompatible) type
of product. Routing the vehicles in such multicompartments
environments has gained some attention in the vehicle
routing problem (VRP) circle [1–3] and it is called the
“multicompartment VRP” (MCVRP).

A fixed homogeneous fleet is often assumed in the classic
VRP, and also in the MCVRP. However, many researchers
(e.g., [4–9]) claim that the fleet should be assumed het-
erogeneous because of the following reasons. Firstly, even
though the fleet is very likely homogeneous in the inception
of a distribution company, after a long time in business, the
company tends to own heterogeneous vehicles as a result of
vehicle market changes (they would buy different vehicles
at different costs) and the different depreciation rates of

vehicles [10]. Secondly, it may be wiser for the company to
possess/operate a heterogeneous fleet for business flexibility
since it can meet different needs of clients.

Heterogeneous fleets are particularly common in mul-
ticommodity multicompartment transportation because the
physical structure of multicompartment vehicles is more
complex than ordinary ones. For example, in the trans-
portation of apparel products, products with different styles
and packaging are usually delivered at the same time in
one vehicle. Based on the product characteristics, some
products are hanged on flexible swing rods and some are
packed in boxes.Therefore, the vehicle is reorganized to form
multiple separated “compartments” for each type of product.
Moreover, products such as gas, chemical, and food require
not only separation in multiple compartments, but also
special treatments (e.g., temperature, pressure requirements,
etc.) during transportation, which imply potential technical
differences between vehicles. Therefore, it is natural to con-
sider multicompartment transportation under the setting of
heterogeneous fleet.
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We formalize the heterogeneous fixed fleet multi-
compartment vehicle routing problem (HFFMCVRP) in this
article and propose a tabu search-based algorithm called
the Reactive Guided Tabu Search (RGTS), which allows
a guiding mechanism to collaborate with the well-known
reactive mechanism [11], to tackle this problem. The guid-
ing mechanisms employ constantly-updated search history
of the appearance of arcs in solutions and the objective
values of those solutions in the search to overcome the
problem of a large amount of local optima and an induced
high diversification. We also change the ways of using the
information and compare the resulting different guiding
mechanisms to see the delicacy. Experiments on generated
HFFMCVRP instances show that (1) the collaboration of
guiding mechanism and reactive mechanism significantly
improves the efficiency of tabu search, (2) the guiding mech-
anisms utilizing search history in different ways have similar
efficiency, but they all overwhelm the guiding mechanisms
without utilizing history information.

In the rest of this paper, we review the literature on
two closely related topics, the MCVRP and the HFFVRP,
in Section 2. A formal description of the HFFMCVRP is
given in Section 3. The outline and details of our proposed
algorithm are provided in Section 4. In Section 5, we report
computational results and justify the algorithm. Section 6
gives conclusions.

2. Related Literature

Much of the literature regarding the MCVRP focuses on
dispatching different petroleum products using tank trucks
with isolated compartments (e.g., [12–15]). For environmen-
tal issues, multicompartment vehicles are also used in the
collection of source-separated waste streams (e.g., [16–18]).
Muyldermans and Pang [2] apply a guided local search
algorithm to evaluate the cost savings of cocollection over
single collection in waste collection. El-Fallahi et al. [1] point
out another application involving the distribution of cattle
food to farms, and they first use the term “multicompartment
VRP” to classify such problems. Believing that “the problem
is harder than the VRP and only very small instances can be
solved by commercial MIP solvers,” they develop a memetic
algorithm (MA) and a tabu search (TS) algorithm to tackle
the problem. The MA and TS are evaluated in instances
that were generated from the capacitated VRP benchmark
instances. We note that although very few MCVRP literature
directly focuses on the transportation of chemical and fashion
products, similar to other VRP, the MCVRP is a common
problem for these and many other areas (see, e.g., [19–
21]). Back to the MCVRP, Derigs et al. [3] comprehensively
introduce a solver suite of heuristic components covering a
broad range of alternative methods for construction, local
search, large neighborhood search, and metaheuristics to
solve the MCVRP. Comparisons between these components
are made in order to determine the best composition of
the solver suite. However, in the MCVRP instances gen-
erated by bisecting classic VRP instances, these heuristics
all failed to produce MCVRP solutions of negligible gaps

with respect to the corresponding best-known VRP solutions
(the instance-generating process guarantees that a feasible
VRP solution is also feasible to the MCVRP). This suggests
that the MCVRP is difficult and there is still room for
improvement. Besides, these papers are creditable in that
they are devoted to the problem commonly found in multi-
commodity distribution, but there is one thing missing, that
is, the heterogeneous fleet. Taillard [4] first addresses the
heterogeneous fleet routing issue; noticing that the feasibility
check and the cost evaluation of a move require more
additional effort in the HFFVRP than in the homogeneous
VPRs, he uses a column generation method combined with
adaptive memory programming (AMP) embedded in a TS,
called the heuristic column generation (HCG), to solve the
problem. Though coped with powerful solver CPLEX, the
HCG fails to produce most of the BKS (best-known solution)
unveiled later by other HFFVRP metaheuristics mentioned
below.

Tarantilis et al. [22] propose a list-based threshold
accepting algorithm (LBTA), and Tarantilis et al. [23]
develop a backtracking adaptive threshold accepting algo-
rithm (BATA). Both LBTA and BATA belong to the class
of threshold accepting (TA) algorithms [24]. TA explores
the solution search space by allowing uphill moves using a
threshold value in order to escape premature local optima.
In BATA, the threshold value is not only lowered, but it is
also raised—or backtracked—depending on failure to find
a new solution using the former value; while in LBTA,
a list of values is continually updated and the maximum
value is used to update the threshold during the search.
Tarantilis et al. [25] establish a guided TS (GTS) in which
“bone” (chain of nodes) operations rather than node or
edge operations are considered. The neighborhood search is
then guided by a mechanism that continually modifies the
objective function through penalty along undesired edges
chosen during iterations. Li et al. [5] propose a record-to-
record travel (RTR) algorithm, denoted as the HRTR, for the
HFFVRP. The HRTR alternately applies downhill moves and
record-to-record travel moves in the inner loop, while in the
outer loop the current solution is perturbed by a procedure
of removing and reinserting nodes in order to break through
the local traps. Li et al. [26] develop a heuristic in which a
multistart adaptive memory programming (MAMP) at each
iteration constructs multiple provisional solutions from the
elite pool. This pool is continuously upgraded by a modified
TS. Path relinking is also integrated as an intensification
strategy to enhance the performance of the MAMP. Brandão
[27] designs an elaborated TS that includes several techniques
such as shaking/perturbation, adaptive parameters updating,
postoptimization, and strategic oscillation in order to maxi-
mize the robustness.

Being the MCVRP or the HFFVRP, or other rich VRP,
the algorithms for them are designed to be more and
more complicated and specific to cope with the increasing
complexities of the rich VRP. Intrinsically, the HFFMCVRP
is more complex than the MCVRP and the HFFVRP since
it carries the characteristics of both of them, which leaves
one little choice but metaheuristics when trying to tackle the
HFFMCVRP. Therefore, we propose the RGTS for this task.
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3. Description of the HFFMCVRP

Before we present the algorithm, we describe the HFFM-
CVRP first.

The HFFMCVRP is defined on the undirected network
𝐺 = (𝐿, 𝐸). Vehicles of the same type share the same char-
acteristics. Customers may place several orders requesting
different products, and the orders can be served separately;
that is, the customers can be visited more than once. The
objective of the HFFMCVRP is to seek the routes with the
minimal total transportation cost to serve all the customer
orders by assigning the orders to compartments in different
vehicles such that all capacities and incompatibilities con-
straints are met. The HFFMCVRP can be formulated as an
integer program as follow:

min∑
V∈𝑉

∑

𝑖∈𝐿

∑

𝑗∈𝐿

costV𝑑
𝑖𝑗
𝑏
𝑖𝑗V (1)

s.t.

∑

𝑗∈𝐿
𝑐

𝑏
0𝑗V ⩽ 1, V ∈ 𝑉,

(2)

∑

𝑖∈𝐿

𝑏
𝑖𝑙V = ∑
𝑗∈𝐿

𝑏
𝑙𝑗V, V ∈ 𝑉, 𝑙 ∈ 𝐿, (3)

𝑢
0V = 1, V ∈ 𝑉, (4)

(𝑛 + 1)∑

𝑖∈𝐿

𝑏
𝑖𝑗V ⩾ 𝑢𝑗V, V ∈ 𝑉, 𝑗 ∈ 𝐿

𝑐
, (5)

𝑏
𝑖𝑗V (𝑢𝑖V − 𝑢𝑗V + 1) = 0, V ∈ 𝑉, 𝑖 ∈ 𝐿, 𝑗 ∈ 𝐿

𝑐
, (6)

∑

V∈𝑉
∑

𝑗∈𝐿
𝑐

𝑏
0𝑗V𝑓𝑚 (V) ⩽

𝑉𝑚
 , 𝑚 ∈ 𝑀, (7)

∑

𝑜∈𝑂

𝑞
𝑜
𝑥
𝑜V𝑐 ⩽ 𝑄𝑐, V ∈ 𝑉, 𝑐 ∈ 𝐶V, (8)

∑

V∈𝑉
∑

𝑐∈𝐶V

𝑥
𝑜V𝑐 ⩽ 1, 𝑜 ∈ 𝑂, (9)

∑

𝑜∈𝑆
𝑜

𝑗

∑

𝑐∈𝐶V

𝑥
𝑜V𝑐 ⩽ |𝑂|∑

𝑖∈𝐿

𝑏
𝑖𝑗V, V ∈ 𝑉, 𝑗 ∈ 𝐿

𝑐
, (10)

∑

𝑜∈𝑆
𝑜

𝑝

𝑥
𝑜V𝑐 ⩽ |𝑂| 𝑦𝑝V𝑐, 𝑝 ∈ 𝑃, V ∈ 𝑉, 𝑐 ∈ 𝐶V, (11)

𝑦
𝑝V𝑐 = 0, (𝑝, 𝑐) ∈ 𝐼

2
, V ∈ 𝑉, 𝑐 ∈ 𝐶V, (12)

𝑦
𝑝V𝑐 + 𝑦𝑞V𝑐 ⩽ 1, (𝑝, 𝑞) ∈ 𝐼

1
, V ∈ 𝑉, 𝑐 ∈ 𝐶V, (13)

𝑏
𝑖𝑗V ∈ {0, 1} , 𝑖 ∈ 𝐿, 𝑗 ∈ 𝐿, V ∈ 𝑉, (14)

𝑢
𝑖V ∈ {0, 1, . . . , 𝑛 + 1} , 𝑖 ∈ 𝐿, V ∈ 𝑉, (15)

𝑥
𝑜V𝑐 ∈ 𝑗 {0, 1} , 𝑜 ∈ 𝑂, V ∈ 𝑉, 𝑐 ∈ 𝐶V, (16)

𝑦
𝑝V𝑐 ∈ {0, 1} , 𝑝 ∈ 𝑃, V ∈ 𝑉, 𝑐 ∈ 𝐶V. (17)

Objective (1) aims at minimizing the total travel cost.
Constraint (2) ensures that all vehicles depart at most once
from depot 0. Constraint (3) ensures that if a vehicle arrives
at a location, then it must leave from this location afterward.
Constraints (2)-(3) make sure that a vehicle tour must always
start and end at depot 0. Constraint (4) enforces the location
of depot 0 at position 1. Constraint (5) makes sure that if
node 𝑗 is never visited by vehicle V, its position will be
𝑢
𝑗V = 0. Constraint (6) imposes the condition that the

position of node 𝑗 is just higher than the position of node 𝑖,
if vehicle V travels from 𝑖 to 𝑗. Constraints (4)–(6) complete
the subtour elimination. Constraint (7) sets a limit on the
number of vehicles available, where 𝑓

𝑚
(V) = 1 if vehicle

V is of type 𝑚, otherwise 0. Constraint (8) states that the
goods loaded into compartment 𝑐 on vehicle V must not
exceed the compartment capacity 𝑄

𝑐
. Constraint (9) ensures

that each order is assigned to exactly one compartment
of a vehicle. Constraint (10) imposes the restriction that
a vehicle must visit customer 𝑗 if any orders from 𝑗 are
assigned to the vehicle. Constraint (11) makes sure that the
total order number of a product in a compartment cannot
exceed the total order number of a product. Constraints (12)-
(13) describe the incompatibilities and (14)–(17) indicate the
decision variables.

4. The Proposed RGTS Algorithm

In our RGTS algorithm, we first obtain an initial feasible
solution through a simple procedure. This solution is subse-
quently improved by a number of well-known operators in
the TS framework. In order to seek better quality solutions,
we applied a reactive mechanism and a guided mechanism to
strengthen the TS.

4.1. Constructing the Initial Solution. First, a void route is
generated for each vehicle in the fleet (e.g., for a fleet
consisting of three type-A vehicles and two type-B vehicles,
five dedicated routes denoted as “A, A, A, B, B” will be
generated). Then, following Procedure 1, a feasible initial
solution can be generated (not necessarily, but for all our tests,
it happened to be so) (see Figure 1).

Procedure 1. Construction of the initial solution is as follows.

(1) Sort all the orders in ascending order according to the
demand.

(2) While there are unserved orders, find the closest one
𝑜 to the depot. According to the relationship 𝐼

2
, find

𝑐 = arg min{𝑄
𝑐
− 𝑞
𝑜
| 𝑄
𝑐
⩾ 𝑞
𝑜
}, and assign 𝑜 to 𝑐 (i.e.,

add 𝑜 to the end of route 𝑙
𝑐
of 𝑐).

(3) One by one, insert the sorted orders into route 𝑙
𝑐

using least-cost insertion while maintaining route
feasibility.

(4) Update𝑄
𝑐
and repeat steps (2)-(3) until all orders are

served.
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Using least-cost insertion to insert the ordered 

feasibility

Initial 

that is,

solutions Yes
No

ascending order according to qo

Update On

Sort all o ∈ On = O in

o = arg mino{d0j𝑜 | o ∈ On}

Assign o to c, route lc

On = On − {o}

orders o ∈ On into route lc while maintaining route

c = arg minc{Qc − qo | Qc ⩾ qo, (p
o, c) ∉ I2}

On = ∅

Figure 1: Flow chart of Procedure 1.

4.2. Operators and Neighborhood Reduction Strategy. Oper-
ators define the local search moves. We implement sev-
eral well-known operators. Specifically, for an interroute
operation, we use 2-opt∗, 1-0 move (interrelocate), 1-1 move
(interswap), and 2-1 move (three-point move), while for an
innerroute operation, we use swap, relocate, and 2-opt. Note
that the nodes in a route nowmean order nodes, not customer
nodes.

Due to the high complexity of theVRPs, evenmetaheuris-
tics may require a significant amount of computation when
solving medium/large-scale problems. Accordingly, there is
nearly a consensus (e.g., [5, 28]) that one should implement
the so-called neighborhood reduction strategy to focus on
desirable neighborhoods so as to reduce computation. In our
mechanism, a nontabu move is allowed only if it connects
edge (𝑜

𝑖
, 𝑜
𝑗
) such that the owner of 𝑜

𝑖
, customer 𝑖, is a

neighbor of the owner of 𝑜
𝑗
, customer 𝑗; that is,

𝑑
𝑖𝑗
⩽ 𝛿 ⋅ avg

𝑖
, 𝑑

𝑖𝑗
⩽ 𝛿 ⋅ avg

𝑗
, (18)

where 𝛿 is a small number used to define the limit of
neighborhoods and avg

𝑖
is the average distance of all edges

(of customer nodes) starting from 𝑖.

4.3. Guiding Mechanism. A guiding mechanism is a system-
atic method that continuously identifies low-quality features
and tries to reject them by penalizing them in the objective
function so as to guide the search into unexplored domains
of the solution space. In routing problems or shortest path
problems, it is common to define long edges as low-quality
features. A long edge is more likely to be selected according
to a utility function and then to be penalized by adding an
extra value to its original distance; as a result, this edge can
be highly possibly avoided in future search. Voudouris and
Tsang [29] first introduce a guiding mechanism into the local
search when solving the traveling salesman problem. Every
time the local search falls in a local optima 𝑆∗, the edge

𝜁 = (𝑖
∗
, 𝑗
∗
) in 𝑆

∗ corresponding to the maximum value
of utility function 𝑈(𝑖, 𝑗) = 𝑑

𝑖𝑗
/(1 + 𝑝

𝑖𝑗
) is penalized as

𝑑


𝜁
= 𝑑
𝜁
+ 𝑝
𝜁
⋅ 𝜆, where 𝑝

𝜁
indicates the times that

edge 𝜁 has been penalized and 𝜆 is an experimentally valued
parameter that defines the strength of penalties. Tarantilis
et al. [25] introduce another guiding mechanism into the
tabu search (the guided tabu search, GTS) and successfully
applied it to the HFFVRP. A parameter 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞 is used
to switch on/off the guiding mechanism; that is, during
every 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞 iterations, an edge in the current solution
is selected according to utility function 𝑈(𝑖, 𝑗) = 𝑑

𝑖𝑗
/[(1 +

𝑝
𝑖𝑗
) ⋅ AVG

𝑖𝑗
] and penalized as 𝑑

𝜁
= 𝑑
𝜁
+ 𝑝
𝜁
⋅ 𝜆 ⋅ AVG

𝜁
,

where AVG
𝑖𝑗
is the average length of all edges beginning

from locations 𝑖 and 𝑗 in the edge set 𝐸 and 𝑑


𝜁
is only

used for 2 × 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞 iterations, and the original one is
then substituted back.This allows some self-correction in the
algorithm because a “bad” edge can have a second chance to
become “good,” since “bad” and “good” are defined by the
somewhat näıve utility function. Tarantilis et al. [25] claim
that their utility function considers not only the distance 𝑑

𝑖𝑗
,

but also the relative positions of 𝑖 and 𝑗 according to the rest of
the customer population (i.e., AVG

𝑖𝑗
), which leads to a more

balanced edge selection.
Edge selection determined by utility function plays a

key role in the guiding mechanism because a poor selection
would turn guiding intomisleading. In the above two guiding
mechanisms, such misleading may be avoided by decreasing
the utility function values of edges that have been penalized
many times before. That is, the edges of higher values
of 𝑝
𝑖𝑗
have smaller values of 𝑈(𝑖, 𝑗), so the selection will

not be restricted on a small set of edges. However, except
for 𝑝
𝑖𝑗
, other factors in those utility functions (viz., AVG

𝑖𝑗

and 𝑑
𝑖𝑗
) are predetermined characteristics of the problems,

thus containing no information about the evolution of the
search that might serve as useful memories. To utilize such
renewable information about the evolution of the search, we
introduce a matrix 𝐴𝑝𝑝𝑟

(𝑛

+1)×(𝑛


+1)

to collect information
about the appearance of edges in sound solutions. At the
beginning, every𝐴𝑝𝑝𝑟

𝑖𝑗
is set to one and is updated each time

an operator returns a local optima 𝑠∗; that is, for every edge in
𝑠
∗, if𝑓(𝑠

𝑏
) < 𝑓(𝑠

∗
), renew𝐴𝑝𝑝𝑟

𝑖𝑗
= 𝐴𝑝𝑝𝑟

𝑖𝑗
+𝑓(𝑠
𝑏
)/𝑓(𝑠
∗
), oth-

erwise𝐴𝑝𝑝𝑟
𝑖𝑗
= min{𝐴𝑝𝑝𝑟

𝑖𝑗
−𝑓(𝑠
𝑏
)/𝑓(𝑠
∗
), 1}, where 𝑠

𝑏
is the

incumbent best-found solution. By applying𝐴𝑝𝑝𝑟
(𝑛

+1)×(𝑛


+1)

,
we are able to propose amore “just” utility functionwhich uti-
lizes historic search information to evaluate the edges better.
Note that in step (2) of Procedure 2, we reset𝐴𝑝𝑝𝑟

(𝑛

+1)×(𝑛


+1)

to its default state, a unit matrix, if the search is considered
to be in the chaos. Thus, it allows further self-correcting
opportunity. It also serves as an important link between the
guiding mechanism and the reactive mechanism.

Three utility functions are given in (19). They all contain
the matrix 𝐴𝑝𝑝𝑟 but differ in using other predetermined
characteristics of the problems, 𝑑

𝑖𝑗
and AVG

𝑖𝑗
(note that

distance between two orders is distance between their corre-
sponding customers). Function 𝑈

1
can be considered as the

most comprehensive function, while 𝑈
2
as the purest and 𝑈

3

as the modest. In all utility functions, the more often the edge
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(𝑖, 𝑗) appears in good solutions, the higher the value of𝐴𝑝𝑝𝑟
𝑖𝑗

is, leading to a smaller value of𝑈(𝑖, 𝑗), hence a less possibility
of edge (𝑖, 𝑗) being selected and penalized;

𝑈
1
(𝑖, 𝑗) =

𝑑
𝑖𝑗

(1 + 𝑝
𝑖𝑗
) ⋅ AVG

𝑖𝑗
⋅ 𝐴𝑝𝑝𝑟

𝑖𝑗

,

𝑈
2
(𝑖, 𝑗) =

1

(1 + 𝑝
𝑖𝑗
) ⋅ 𝐴𝑝𝑝𝑟

𝑖𝑗

,

𝑈
3
(𝑖, 𝑗) =

𝑑
𝑖𝑗

(1 + 𝑝
𝑖𝑗
) ⋅ 𝐴𝑝𝑝𝑟

𝑖𝑗

.

(19)

Note that we use the standard penalty term 𝑑


𝜁
= 𝑑
𝜁
+ 𝑝
𝜁
⋅ 𝜆

for all utility functions. Our proposed guiding mechanism is
sketched out in Procedure 2 (see Figure 2).

Procedure 2. The guiding mechanism is as follows.

𝑠
∗ is the local optima returned by an operator
(1) Update 𝐴𝑝𝑝𝑟

𝑛×𝑛

(2) If 𝑔𝑢𝑖𝑑 = 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞
select edge 𝜁 = (𝑖∗, 𝑗∗) = arg max

(𝑖,𝑗)∈𝑠
∗𝑈(𝑖, 𝑗),

penalize edge by 𝑑
𝜁
= 𝑑
𝜁
+ 𝑝
𝜁
⋅ 𝜆 for 2 × 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞

iterations
𝑔𝑢𝑖𝑑 = 0;
else
𝑔𝑢𝑖𝑑 = 𝑔𝑢𝑖𝑑 + 1.

4.4. Reactive Mechanism. The reactive TS (RTS) is first
proposed by Battiti and Tecchiolli [11]. The primary feature
of their RTS is the reactive mechanism for adapting the
tabu tenure, or tabu list size 𝑇𝐿, to the evolution of the
search in order to free the search trajectory from a limited
part of the search space, instead of entirely avoiding closed
search cycles or repetitions. The RTS has been successfully
applied to the VRP, with a few modifications (e.g., [30–32]).
They demonstrate the robustness of the RTS and the limiting
effect of parameter changes.Therefore, we apply the standard
routine of the RTS with an additional modification: turning
on/off the neighborhood reduction strategy and resetting a
matrix used in the guiding mechanism (step (2) of Procedure
3) to default state. The reactive mechanism is described in
Procedure 3 and the parameters are described in parameters
section (see Figure 3).

Procedure 3. The reactive mechanism is as follows.

𝑠
∗ is the local optima returned by an operator.
(1) 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ = 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ + 1; 𝑖𝑡𝑟 = 𝑖𝑡𝑟 + 1.

If 𝑓(𝑠∗) ∈ 𝐿𝑇𝐿,

𝑅𝑒𝑝𝑡𝑃 = 𝑖𝑡𝑟; 𝑖𝑡𝑟 = 0; 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟 = 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟 + 1;

else

Update Apprn×n

guid = guidFreq

𝜁 = (i∗, j∗) = arg max(i,j)∈s∗U(i, j)
For the next 2×guidFreq iterations,

use d𝜁 = d𝜁 + p𝜁 · 𝜆 instead;

guid = 0

guid = guid + 1

Yes
No

Figure 2: Flow chart of Procedure 2.

TLLastCh = TLLastCh + 1
itr = itr + 1

f(s∗) ∈ LTL
No

No

Yes

Yes

No
Yes

No
Yes

Yes

ReptP = itr, itr = 0

RCounter = RCounter + 1

RCounter > REP

Chaotic = Chaotic + 1, RCounter = 0

Chaotic > Chaos

Chaotic = 0, Turn𝛿 = false

Turn𝛿 = true

Appr(n+1)×(n+1) = 1(n+1)×(n+1)

ReptP < MaxP

TL = TL × Inc, TLLastCh = 0
MoeAg = 0.1 × ReptP + 0.9 × MoeAg

TLLastCh > MoeAg

TL = TL × Dec, TLLastCh = 0

Figure 3: Flow chart of Procedure 3.

𝑇𝑢𝑟𝑛𝛿 = 𝑡𝑟𝑢𝑒; go to (4).

(2) If 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟 > 𝑅𝐸𝑃,

𝐶ℎ𝑎𝑜𝑡𝑖𝑐 = 𝐶ℎ𝑎𝑜𝑡𝑖𝑐 + 1; 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟 = 0;

if 𝐶ℎ𝑎𝑜𝑡𝑖𝑐 > 𝐶ℎ𝑎𝑜𝑠,
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𝐶ℎ𝑎𝑜𝑡𝑖𝑐 = 0; 𝑇𝑢𝑟𝑛𝛿 = 𝑓𝑎𝑙𝑠𝑒; 𝐴𝑝𝑝𝑟
(𝑛

+1)×(𝑛


+1)

=

1
(𝑛

+1)×(𝑛


+1)

.
(3) If 𝑅𝑒𝑝𝑡𝑃 < 𝑀𝑎𝑥𝑃,
𝑇𝐿 = 𝑇𝐿 × 𝐼𝑛𝑐; 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ = 0;
𝑀𝑜V𝑒𝐴V𝑔 = 0.1 × 𝑅𝑒𝑝𝑡𝑃 + 0.9 ×𝑀𝑜V𝑒𝐴V𝑔.
(4) If 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ > 𝑀𝑜V𝑒𝐴V𝑔,
𝑇𝐿 = 𝑇𝐿 × 𝐷𝑒𝑐; 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ = 0.

In Procedure 3, note that 𝑓(𝑠) ∈ 𝐿𝑇𝐿 implies that we use
another list 𝐿𝑇𝐿 containing the objective values of former
best-found solutions to help detect repetition; namely, a
repetition is detected if 𝑓(𝑠∗) has been reached before, even
if 𝑠∗ is a new solutionwith different structure. In other words,
the “repetition” is a harsh one here. In addition to the dynamic
change of tabu tenure, the second feature of RTS is the “escape
procedure,” which is activated when the search is considered
to be drowning in chaos, that is, when 𝐶ℎ𝑎𝑜𝑡𝑖𝑐 > 𝐶ℎ𝑎𝑜𝑠.
Unlike the escape procedure of Battiti and Tecchiolli [11],
which consists of a series of random moves, we use 𝑇𝑢𝑟𝑛𝛿
as a switch to turn off the neighborhood reduction strategy
in order to free the search from a restricted area of solution
space; the neighborhood reduction strategy is turned back
on itself if the repetition is not detected in the next iteration.
Moreover, the matrix used in the guiding mechanism is set to
the default state; that is, 𝐴𝑝𝑝𝑟

(𝑛

+1)×(𝑛


+1)

= 1
(𝑛

+1)×(𝑛


+1)

, so as
to provide more opportunities of self-correction mentioned
in last subsection. Now we present the framework of our
algorithm in Figure 4.

5. Computational Results

Our proposed algorithm was programmed in Visual Studio
2008 C# and executed on a laptop with Intel (R) Pentium
(R) Dual CPU at 1.32GHz, 1 GB of RAM in Windows XP. To
the best of our knowledge, no instances are publicly available
for the HFFMCVRP; therefore, we generate test instances
based on the existing HFFVRP instances, which themselves
are generated from classic VRP instances.

5.1. The HFFMCVRP Instances Sets. The well-known
HFFVRP benchmark instances set, the “T-8” set, in Taillard
[4], numbered from 13 to 20, is modified to generate our
instances. The generating procedure is basically the same
as the ones used in El-Fallahi et al. [1] and Muyldermans
and Pang [2], which can be summarized as creating two
compartments of same capacity or bisecting the capacity
of each vehicle and the demand of each customer. As
a result, there are two products; each client orders the
same amounts of them (consider complementary or
correlated products, e.g., two types of petroleum); each
vehicle has two compartments; product 𝑖 = 1, 2 must be
delivered in compartment 𝑖 = 1, 2 of whichever vehicle. The
characteristics of the generated instances (called TC-8) are
summarized in Table 1.

The benefit of such generating procedure is that the
BKSs of T-8 can serve as benchmarks or target solutions for

Input

Procedure 1

Procedure 2

Procedure 3

Itr = guid = itr = 0

2-1 move

1-1 move

1-0 move

2-opt∗

Swap

Relocate

2-opt

Yes

Yes

No

No

s∗ local best solution returned by an operator

sc ←− s∗

If f(s∗) < f(sb), ←− s∗

f(sc) < f(sb)

Itr = Itr + 1

Itr ⩽ MaxNoImp

i

Go to next operator

Check all the non-tabu
moves of operator

1

2

3

4

5

6

7

Output sb

si initial solution

sc current solution

sb best-found solution

sc = si; sb = si

sb

Figure 4: Framework of the RGTS.

algorithms solving TC-8 since feasible T-8 solutions are also
feasible TC-8 solutions (the two orders of every customer
are shipped together). Besides, the TC-8, though not real
life instances, may be representative of them to some extent.
For example, in medium sized cities such as Dalian in
China, a major oil company typically has around 100 regular
customers and 10–20 vehicles, which may be represented by
instances 17–20, while the number of customers and number
of vehicles in apparel products delivery, food delivery, and
waste recycling can be small or big, dependent on the size
of the related company/sector (e.g., supermarket or store,
common solid waste, or toxic waste). In such cases, instances
13–16 are somewhat representative.

Intuitively, the bisection of a T-8 instance with 𝑛 customer
nodes results in a TC-8 instance with 𝑛 = 2𝑛 order nodes—
in other words, 2𝑛2 + 𝑛 edges in its corresponding graph
while there are only (𝑛2 + 𝑛)/2 edges in the graph of the T-
8 instance. This fact indicates that a TC-8 instance should
have a much larger search space and more local traps than
its corresponding T-8 instance.

5.2. Parameter Tuning. Like many other metaheuristics, the
RGTS employs a variety of parameters that require a tuning
procedure in order to achieve the optimum balance between
computational effort and solution quality. Observing the
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Table 1: Characteristics of TC-8 derived from T-8.

TC-8 𝑛
 Type A Type B Type C Type D Type E Type F

Property A Property B Property C Property D Property E Property F
13 100 10, 1.0, 4 15, 1.1, 2 20, 1.2, 4 35, 1.7, 4 120, 2.5, 2 200, 3.2, 1
14 100 60, 1.0, 4 80, 1.1, 2 150, 1.4, 1 — — —
15 100 25, 1.0, 4 50, 1.6, 3 80, 2, 2 — — —
16 100 20, 1.0, 2 40, 1.6, 4 70, 2.1, 3 — — —
17 150 25, 1.0, 4 60, 1.2, 4 100, 1.5, 2 175, 1.8, 1 — —
18 150 10, 1.0, 4 25, 1.3, 4 50, 1.9, 2 75, 2.4, 2 250, 2.9, 1 400, 3.2, 1
19 200 50, 1.0, 4 100, 1.4, 3 150, 1.7, 3 — — —
20 200 30, 1.0, 6 70, 1.7, 4 100, 2, 3 — — —
𝑛
: number of orders; Type A–F: vehicle types; Property A–F: capacity of each compartment, variable cost per unit of vehicles, and number of vehicles available.

success of RTS in several cases [30–33], we boldly follow the
similar parameter settings regarding the reactive mechanism
as found in literature. To be prudent, we also carried out
extensive tests and finally reached the ones in Table 2. Note
that the initial value of 𝑇𝐿 is set to be 𝑛/2 rather than “1”
in standard RTS to avoid meaningless adjustment of tabu
list size during early-stage iterations. As for the parameters
regarding the guiding mechanism, we varied them within
relatively wide ranges and tested RGTS’s performance on
five randomly generated instances. More specifically, the
candidate values of 𝑔𝑢𝑖𝑑𝐹𝑟𝑒𝑞 are {1, 2, . . . , 10}, and the can-
didate values of 𝜆 are {0.1, 0.2, . . . , 1}. Other parameters, after
intensive tests, are summarized in Table 2.

5.3. Results on TC-8. We have defined three different utility
functions above, and now we want to see how they affect
the efficiency of the guiding mechanism before we test the
RGTS. We conduct comparisons between algorithms with
different guiding mechanisms (i.e., different utility functions
and penalty terms) and without reactive mechanisms, and
the results are shown in Table 3. The first row lists different
guidingmechanisms,where “VT” represents themechanisms
using the utility function and penalty term proposed by
Voudouris and Tsang [29] and “T” represents the one
proposed by Tarantilis et al. [25], while “U1,” “U2,” and
“U3” are mechanisms with utility functions 𝑈

1
, 𝑈
2
, and 𝑈

3
,

respectively, and the standard penalty term. Other aspects
such as the construction procedure, the operators, and the
algorithmic routines are defined in Section 4. “OV” stands
for the best objective values reached by the algorithms and
“CPU” indicates the required running times in seconds.

Table 3 shows that mechanisms “VT” and “T” are out-
performed by “U1,” “U2,” and “U3,” which all take 𝐴𝑝𝑝𝑟
into account. This suggests that utilizing the search history
information does improve a guiding mechanism’s efficiency.
However, the results obtained by “U1,” “U2,” and“U3” are
quite close, indicating that once search history information
is used to help select undesired edges, edge distance does
not matter that much. In fact, it is the “U2” without taking
account of any distance information but only search history
information returns the best results. After all, edges with long
distance are not necessarily undesirable. Fromnowon,we use
“U2” without further statements.

Table 2: Parameter settings of RGTS.

Parameters Value
REP 3
Chaos 3
Inc 1.1
Dec 0.9
Max𝑃 50
𝛿 1.0
MaxNoImp 50
GuidFreq 5
𝜆 0.1
TL 𝑛

/2

To visualize the diversification effect and the effectiveness
of the guiding mechanism, we provide Figure 5 to demon-
strate the progress of TS with (black line) and without (grey
line) the use of the guidingmechanism for Problem 19 of TC-
8. It is obvious that without the guidingmechanism, the basic
TS (to keep it running longer, the𝑀𝑎𝑥𝑁𝑜𝐼𝑚𝑝 is set to 100)
is trapped after a few iterations and is unable to escape. In
contrast, with the guiding mechanism the algorithm seems
to be skillful in avoiding local optima and finally leads to a
better solution. Similar results are observed in tests of other
problems.

The HFFMCVRP is so complex that even the algorithm
with “U2” is unable to unveil TC-8 solutions very close to
the best-known solutions of the HFFVRP benchmark T-8.
So we allow the guiding mechanisms to collaborate with
the well-known reactive mechanism (RGTS) and see if such
collaboration results in repulse or intimacy between these
two mechanisms. In Table 4, we compare RGTS with its
reduced versions, that is, TSwithout either guiding or reactive
mechanisms (TS), TS with only reactive mechanism (TS-R),
and TS with only guiding mechanism (TS-G).

Table 4 clearly supports that the two mechanisms can
coexist and supplement each other. The collaboration of two
mechanisms yields the most (average 4.86%) improvement
over the basic TS. Note that compared to the BKS of T-8
(see Table 5), the RGTS produces solutions to TC-8 with an
average gap 4.06%. Though it is not a small gap, we content
with it since TC-8 has quite different structure from T-8
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Table 3: Comparisons of guiding mechanisms on TC-8.

TC-8 VT T U1 U2 U3
OV CPU OV CPU OV CPU OV CPU OV CPU

13 1711.68 44 1637.85 58 1588.97 93 1588.97 99 1588.97 85
14 735.16 52 650.91 77 713.75 95 718.90 73 713.75 106
15 1059.11 62 1054.19 65 1043.57 89 1076.14 95 1043.57 91
16 1248.98 41 1207.07 56 1175.01 64 1173.31 82 1263.66 41
17 1170.58 255 1145.69 572 1169.44 166 1169.44 241 1169.44 237
18 2033.98 538 2085.99 452 2036.12 248 1972.22 612 2007.50 610
19 1220.33 1018 1224.31 1170 1197.53 2167 1200.56 1095 1197.53 1746
20 1675.80 359 1711.13 837 1711.00 573 1651.32 1116 1662.58 605
Average 1356.95 296 1339.64 410 1329.42 436 1318.86 426 1330.88 440

Table 4: Comparison of RGTS and its reduced versions on TC-8.

TC-8 TS TS-R TS-G RGTS
OV CPU OV Gap CPU OV Gap CPU OV Gap CPU

13 1588.97 81 1686.08 6.11 45 1588.97 0.00 99 1560.97 −1.76 155
14 730.07 103 652.13 −10.68 206 718.9 −1.53 73 625.06 −14.38 148
15 1076.15 118 1077.11 0.09 84 1076.14 0.00 95 1025.76 −4.68 168
16 1225.80 82 1203.39 −1.83 68 1173.31 −4.28 82 1168.25 −4.69 80
17 1169.44 304 1156.89 −1.07 475 1169.44 0.00 241 1114.63 −4.69 725
18 2036.12 329 2013.31 −1.12 421 1972.22 −3.14 612 1939.85 −4.73 908
19 1197.53 1978 1212.17 1.22 790 1200.56 0.25 1095 1186.70 −0.90 2001
20 1680.11 589 1666.95 −0.78 964 1651.32 −1.71 1116 1628.49 −3.07 1345
Average 1338.02 448 1333.50 −1.01 381 1318.86 −1.30 426 1281.21 −4.86 691
Gap (%): gap with respect to the solutions found by the basic TS without reactive and guided mechanisms.
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Figure 5: Diversification effect of the guiding mechanism.

and is far more complex than T-8; moreover, the BKSs of T-
8 are found by several specifically designed algorithms and
parameter settings. However, incontestably, there is room for
further improvement on the algorithm for the HFFMCVRP.

Since our HFFMCVRP instance set TC-8 is generated
from the HFFVRP benchmark set T-8, we wonder how well
does our HFFMCVRP algorithm perform in solving T-8.
Hence, we apply the RGTS to T-8 with little modification
and the same parameter settings, even though it is not
intentionally designed for theHFFVRP. According to Table 5,
it is fair to say that RGTS is robust, because it unveiled
solutions of an average 2.06% gap with regard to the BKSs of
T-8 found by four remarkable algorithms. Note that similar

gaps can be observed in the MCVRP literature (see [1–3]);
that is, the designed-for-MCVRP algorithms can produce
VRP solutions of above 1% gap with respect to the BKSs of
the classic VRP in relatively long running times. El Fallahi et
al. [1] claimed that the VRP solution is hard to find because
of its special structure in aMCVRP context: the two products
for each customer must be regrouped in the same trip. Since
the HFFVRP is more difficult than the classic VRP because
of the heterogeneous fleet, we reckon that 2.06% is expected
and acceptable.

6. Conclusions

In this paper, we studied the HFFMCVRP, which is a rich
vehicle routing problem commonly found in the practice
of multicommodities (e.g., oil, food, fashion, and waste col-
lection) distribution where multicompartment vehicles are
indispensable due to safety and health issues. Heterogeneous
fleet is almost universal in realistic logistic, andmore so when
it comes to multicompartment vehicle as the vehicles may
have more technical differences. Hence, the HFFMCVRP
successfully captures the essence of real life multicommodi-
ties distribution. However, not enough attention, which it
deserves, has been paid to it.

We propose a hybrid algorithmRGTS to solve theHFFM-
CVRP. The RGTS systematically integrates a reactive mech-
anism and a guiding mechanism within the TS framework.
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Table 5: Comparison of RGTS with HFFVRP algorithms on T-8.

T-8 BKS of T-8 HCGa HRTRb Guided TSc TSAd RGTS Gap
Gap CPU Gap CPU Gap CPU Gap CPU OV CPU

13 1517.84 0.014 473 0 358 0 116 0 56 1534.72 26 1.11
14 607.53 1.335 575 0 141 0 92 0 55 630.38 57 3.76
15 1015.29 0.155 335 0 166 0 79 0 59 1025.87 48 1.04
16 1144.94 0.796 350 0 188 0 130 0 94 1146.38 61 0.10
17 1061.96 0.926 2245 0 216 0 153 0 206 1071.82 102 0.93
18 1823.58 2.554 2876 0 366 0 252 0 198 1860.01 111 2.00
19 1117.51 0 5833 0.253 404 0.253 327 0.253 243 1172.40 301 4.91
20 1534.17 1.669 3402 0 447 0 479 0 302 1574.24 220 2.61
Average 1227.85 2.614 2011 1228.21 286 1228.21 203 1228.21 152 1251.98 115 2.06
Average Gap 0.000 0.931 — 0.032 — 0.032 — 0.032 — 2.060 — —
aHCG: heuristic column generation by Taillard [4] (SucnSparc workstation 50MHz).
bHRTR: record-to-record travel algorithm for HFFVRP by Li et al. [5] (Athlon 1GHz).
cGuided TS: guided tabu search by Tarantilis et al. [25] (Pentium IV 2.4GHz).
dTSA: tabu search algorithm by Brandão [27] (PentiumM 1.4GHz).

The guiding mechanism is capable of utilizing historic infor-
mation continuously fed from the search evolution to help
more impartially select edges for penalization. Experiments
have shown that compared to classic guiding mechanisms
employing only predetermined information (i.e., edge dis-
tance), our mechanism provided the best results on all
generated instances. Moreover, once search history informa-
tion is used to help select undesired edges, edge distance
information may not matter that much. After all, edges with
long distance are not necessarily undesirable. To enhance
its efficiency, the well-known reactive mechanism is also
incorporated in RGTS, and experiments supported that two
mechanisms can coexist and supplement each other. The
collaboration of two mechanisms yielded an average 4.86%
improvement over the basic TS.

For the future research, except for algorithmic issues such
as further improvements in the RGTS and designing exact
algorithms, one may consider a loading subproblem in the
distribution of multiple products in multiple compartments,
especially when the compartments are flexible and the prod-
ucts are special (e.g., in shape, form, etc.).

Notations

𝐿: Node set {0, 1, . . . , 𝑛} including one depot
(node 0)

𝐿
𝑐
: Client set, that is, 𝐿 \ {0}

𝐸: Edge set, that is, {(𝑖, 𝑗) | 𝑖, 𝑗 ∈ 𝐿}
𝑑
𝑖𝑗
: Distance of edge

(𝑖, 𝑗) ∈ 𝐸, 𝑑
𝑖𝑖
= 0, 𝑑

𝑖𝑗
= 𝑑
𝑗𝑖
, 𝑑
𝑖𝑗
+ 𝑑
𝑗𝑙
⩾ 𝑑
𝑖𝑙

𝑉: Vehicle set
𝑀: Vehicle type set
𝑉
𝑚
: Subset of 𝑉 containing only vehicles of

type𝑚 ∈ 𝑀

costV: Variable cost per unit distance of vehicle
V ∈ 𝑉

𝐶V: Compartment set of vehicle V ∈ 𝑉
𝑄
𝑐
: Capacity of compartment 𝑐 ∈ 𝐶V, V ∈ 𝑉

𝑃: Product set
𝑂: Order set
𝑗
𝑜: Customer who places order 𝑜 ∈ 𝑂, 𝑗𝑜 ∈ 𝐿

𝑐

𝑝
𝑜: Product type of order 𝑜 ∈ 𝑂, 𝑝𝑜 ∈ 𝑃
𝑞
𝑜
: Quantity of order 𝑜 ∈ 𝑂, 𝑞

𝑜
> 0

𝑆
𝑜

𝑗
: Orders placed by customer 𝑗 ∈ 𝐿

𝑐
, that is,

{𝑜 ∈ 𝑂 | 𝑗
𝑜
= 𝑗}

𝑆
𝑜

𝑝
: Orders for product 𝑝 ∈ 𝑃, that is, {𝑜 ∈ 𝑂 |

𝑝
𝑜
= 𝑝}

𝐼
1
: Set of products incompatibilities, 𝐼

1
⊆

𝑃 × 𝑃, that is, (𝑝, 𝑞) ∈ 𝐼
1
, indicates that

products 𝑝 and 𝑞 must not be delivered
together in the same compartment

𝐼
2
: Set of incompatibilities between products

and compartments, 𝐼
2
⊆ 𝑃 × 𝐶, that is,

(𝑝, 𝑐) ∈ 𝐼
2
, means that products 𝑝must not

be delivered in compartment 𝑐
𝑏
𝑖𝑗V: = 1 if vehicle V travels from node 𝑖 to 𝑗,

otherwise = 0
𝑥
𝑜V𝑐: = 1 if order 𝑜 is assigned to compartment

𝑐 ∈ 𝐶V, otherwise = 0
𝑦
𝑝V𝑐: = 1 if product 𝑝 is assigned to compartment

𝑐 ∈ 𝐶V, otherwise = 0
𝑢
𝑖V: The position of node 𝑖 in the tour of vehicle

V, 𝑢
𝑖V = 0 indicates that node 𝑖 is never

visited by vehicle V.

Parameters

𝑇𝐿: Tabu list
𝐿𝑇𝐿: Long tabu list for detecting repetition
𝑇𝑢𝑟𝑛𝛿: Switch of the neighborhood reduction

strategy
𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟: Counter for repetitions
𝑅𝐸𝑃: Constant threshold for 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟
𝐶ℎ𝑎𝑜𝑡𝑖𝑐: Counter for 𝑅𝐶𝑜𝑢𝑛𝑡𝑒𝑟 > 𝑅𝐸𝑃
𝐶ℎ𝑎𝑜𝑠: Constant threshold for 𝐶ℎ𝑎𝑜𝑡𝑖𝑐
𝐼𝑛𝑐: Percentage increase for 𝑇𝐿
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𝐷𝑒𝑐: Percentage decrease for 𝑇𝐿
𝑅𝑒𝑝𝑡𝑃: Number of iterations between two consec-

utive repetitions
𝑀𝑎𝑥𝑃: Constant threshold for 𝑅𝑒𝑝𝑡𝑃
𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ: Number of iterations since the last change

of 𝑇𝐿
𝑀𝑜V𝑒𝐴V𝑔: Changing threshold for 𝑇𝐿𝐿𝑎𝑠𝑡𝐶ℎ
𝑖𝑡𝑟: Counter used to calculate 𝑅𝑒𝑝𝑡𝑃
𝐺𝑢𝑖𝑑𝐹𝑟𝑒𝑞: Frequency of guiding mechanism
𝑀𝑎𝑥𝑁𝑜𝐼𝑚𝑝: Maximum number of consecutive itera-

tions allowedwhen the best-found solution
has not been improved.
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