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Cracks are the progenitors of material failure. The success
of devising better, lighter, and stronger materials relies also
on how much we understand and how well we can predict
and control fracture. Therefore, the modelling of fracture
has always been a ubiquitous and foundational topic across
engineering and sciences. From the early study of welding
fracture of steel structures in the 1930s to nowadays the design
and development of novel nanomaterials, researchers and
engineers cannot emphasize more the power of simulation
in assisting the improvement of materials performance.
The rapid advances in computational methods for fracture,
especially in the past two decades, have enhanced such power
to the level where the prediction of complex fractures can be
realized with multifields andmodels at different length scales
being considered at the same time.This special issue is, as we
hoped to share with readers, a showcase on the state-of-the-
art in the modelling of fractures.

The two key ingredients in the simulations of fractures are
suitable physical models and computational methods. With
the contributions from colleagues, we are glad to present
this special issue addressing certain aspects of the above-
mentioned key ingredients: from the fundamental stress
interaction analysis ofmultiple 3D cracks using complex vari-
able functions to meshfree numerical methods for fracture
propagation, from fractures in composites and piezoelectric
materials to fractures in rocks and concrete, from static
fracture modelling to dynamic fractures, and from pure
mechanical problems to coupled field problems.

Multifield models for fracture propagation are an appeal-
ing topic in computational mechanics. In this special issue,
models have been developed with special emphasis on
rock mechanics and multifield problems in fracture with
applications, for example, to coupled thermohydromechan-
ical problems for compressed air energy storage and rock
failure. Besides, the influence of fractures in functionally
graded piezoelectric materials is investigated using mesh-
free methods. Special electromechanical-coupling enriched
approximation near crack tip is devised. A review focusing
on the state-of-the-art on developments in multiscale and
multiphase modelling of hydraulic fracturing is carried out
as well.

Composite structures are investigated including fractures
inmultilayered concrete/steel composite structures.The eval-
uation of fracture and delamination of the structure subjected
to various jacking forces and ground conditions is studied and
compared to the full-scale experimental results.

Dynamic fracture is in itself a wide field of study. Paper
in this issue focuses on explicit dynamics and tackles, in
particular, stochastic material parameter distribution and
stabilized nodal integrated element-free Galerkin method for
dynamic and implosive or explosive loading.

Fundamental solutions to curved and inclined 3D crack
surfaces using complex stress functions are studied.Thework
features the curved length coordinate method and suitable
quadrature rule is used to solve the integral equations which
are compared with numerical examples.
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Through these studies, the issue presents a fair reflection
of the current state-of-the-art, with a focus on modeling and
simulation methods. It should inspire our colleagues with
new ideas and trends for future research in the area.

Timon Rabczuk
Xiaoying Zhuang

Trung Nguyen-Thoi
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We present simulations on the resistance of concrete structures due to impact loading. Therefore, a mesh-free method is exploited
in combination with a viscous damage model that accounts for strain rate effects and high pressures that commonly occur in those
events. In contrast to many other studies in the literature, we account for uncertainties in the material parameters by subjecting
them to a probability distribution function. Furthermore, we also consider the geometric correlation inside the concrete and show
that this geometric correlation has a minor influence on the predicted results. All numerical results are compared to the impact
experiments performed by Hanchak and coworkers as well as our own impact experiments.

1. Introduction

Predicting the impact resistance of concrete and reinforced
concrete structures has been of interest for many years.
Constitutive models that account for strain rate effects,
high pressure, and the associated dynamic strength increase
are the key to successful predictions. Constitutive models
accounting for strain rate effects can be classified into damage
models, plasticity models, and damage-plasticity models [1–
6]. Damage models for concrete accounting for high strain
rates were developed, for instance, by [7–10]. A popular plas-
ticity model for concrete was proposed by [11] as an extension
of the Johnson-Cook [12] model originally developed for
metals. In this model, the dynamic strength increase was
related to the current strain rate. However, memory effects
were not accounted for. Furthermore, discontinuities in the
stress-strain response are allowed which are physically not
meaningful. In [13], the dynamic buckling strengthwas there-
fore dependent on the strain rate history and an average strain
rate. A viscous damage-plasticity model accounting for high
strain rates and high pressures was proposed by [14]. There-
fore, a dynamic damage variable was introduced that decayed
the static damage evolution. The decaying function depends
on previous damage-rates or damage increments. The scalar
damage was later on extended to a damage tensor accounting
for the anisotropy for concrete under tensile loading [15]
while a scalar damage was maintained in compression.

Most of the studies on the impact resistance of concrete
were done with the finite element method [16–24]. Com-
monly, element-deletion techniques [25, 26] were applied to
allow for large deformations and perforations. A strong com-
petitor to finite elements is mesh-free methods [27–37] that
allow for a more robust and accurate prediction of dynamic
fracture and fragmentation; see [38] for a recent overview
of mesh-free methods and their applications. Reference [39],
for instance, was able to predict the impact resistance of the
experiments carried out by [40] with mesh-free methods
quite accurately, while the FE simulations done in [40] led
always to an underestimation of the impact resistance. Also,
penetration was not predicted correctly in those simulations.
Dynamic fracture in early mesh-free methods was treated
by simple separation of particles [41–47]. However, [30, 48]
showed that care needs to be taken as the fracture often is
caused by numerical artefacts. More advanced methods such
as the extended finite element method [49, 50], extended
mesh-free methods [34, 51–59], the phantom node method
[60–64], or efficient remeshing techniques [65–70] have been
applied to dynamic fracture of concrete as well [71, 72].
However, they do not seem suitable tomodel the impact resis-
tance of concrete with large deformations and an enormous
number of cracks. A simpler and more efficient pathway is
the Cracking Particles Method (CPM) [73, 74] which models
the crack as set of crack segments. Similarmethods were used
by [75–80]. Other researchers try to combine the advantages

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 494617, 8 pages
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of mesh-free methods and finite elements. Therefore, only
the area around the perforation was modelled by a mesh-
free method whereas a finite element discretization was
employed elsewhere reducing computational cost [31, 80].
Most simulations were based on pure deterministic models
that can lead to unrealistic crack patterns as the ones shown
in [39]. In these simulations, the radial main cracks appear
too close to each other. In order to achieve unsymmetrical
crack patterns, [81] introduced randomness in the strength
to avoid the unrealistic symmetric patterns they modelled
before in [82–84]. However, all other parameters remained
deterministic.

Several benchmark experiments have also been con-
ducted to test the influence of the thickness of the specimen
or the speed of the impactor on the impact resistance
of concrete or reinforced concrete structures [85–91]. One
classical experiment was done by [92] who subjected concrete

structures to impact with different speeds of the impactor.
They measured the residual velocity of the impactor. The
recent experiments by [40] also report penetration depth.

This paper presents one of the first studies on stochastic
modelling of dynamic fracture of concrete. Our constitutive
model is based on the model described in [14] and combined
with a Lagrangian mesh-free method for the computational
studies. Fracture will be modelled by a simple particle split-
ting as described in [77].This methodology will be described
in the first sections before we present computational results
that will be compared to the experiments of Hanchak et al.
[92]. We also carried out our own experiments that will serve
as validation.

2. Governing Equations and Discretization

The governing equation to be solved is the balance of linear
momentum that is given in weak form of the updated
description of motion by

𝛿𝑊int − 𝛿𝑊ext = 𝛿𝑊kin, 𝛿𝑊int = ∫
Ω

𝛿𝜖
𝑖𝑗
: 𝜎
𝑖𝑗
𝑑Ω, 𝛿𝑊ext = ∫

Γ
𝑡

𝛿𝑢
𝑖
𝑡
𝑖
𝑑Γ + ∫

Ω

𝛿𝑢
𝑖
𝑏
𝑖
𝑑Ω, 𝛿𝑊kin = ∫

Ω

𝑢
𝑖
�̈�
𝑖
𝑑Ω, (1)

where 𝛿𝑊int, 𝛿𝑊ext, and 𝛿𝑊kin denote the internal, external,
and kinetic energy, respectively. The domain is denoted by
Ω whereas Γ

𝑡
∪ Γ
𝑢

= Γ with Γ
𝑡
∩ Γ
𝑢

= 0 denotes the
Lipschitz continuous boundary; 𝜖

𝑖𝑗
and 𝜎
𝑖𝑗
indicate the strain

tensor and Cauchy stress tensor, 𝑏
𝑖
and 𝑡

𝑖
are the body

forces and tractions, respectively, 𝑢
𝑖
is the displacement field,

and  is the density while 𝛿 denotes the first variation and
the superimposed dote material time derivatives which are
identical to the partial derivatives in an updated Lagrangian
framework.

We have employed a stabilised [48] nodally regularised
[30] element-free Galerkin method [93]. Therefore, the dis-
cretization of the displacement field is given by

u (x, 𝑡) = ∑

𝐼∈S

𝑁
𝐼 (x) u𝐼 (𝑡) , (2)

where u
𝐼
denote the nodal parameters, which are not equal to

the physical displacement value at that point, that is, u(x
𝐼
) ̸=

u
𝐼
, and𝑁

𝐼
(x) indicate the shape functions. They are derived

from minimising a discrete weighted norm as explained in
detail, for example, in [93]:

N (x) = p𝑇 (x)A−1 (x)B (x) , (3)

where A(x) = ∑
𝑛

𝐼=1
𝑤(X − X

𝐼
)p(X
𝐼
)p𝑇(X

𝐼
) is called the

moment-matrix and the matrix B(x) is obtained by

B (x)

= [𝑤 (x − x
1
) p (x
1
) 𝑤 (x − x

2
) p (x
2
) ⋅ ⋅ ⋅ 𝑤 (x − x

𝑛
) p (x
𝑛
)]

(4)

𝑤(X − X
𝐼
) denoting the kernel function and p𝑇(X) the

polynomial basis. To ensure Galilean invariance, we opted

to choose a linear basis p𝑇(x) = [1 𝑥 𝑦]. The exponential
weighting function has been employed in all our simulations.

Substituting the discretization of the displacement field
and virtual displacement field into the weak form yields the
well-known equation of motion that is solved for the nodal
parameter u

𝐼
(𝑡) that is stored in the global vectorD:

MD̈ = Fext − Fint (5)

with the mass matrix M = ∫
Ω
N𝑇N 𝑑Ω and the vector of

external and internal forces

Fext = ∫
Ω

N𝑇b 𝑑Ω + ∫
Γ
𝑡

N𝑇t 𝑑Γ

Fint = ∫
Ω

B̃𝑇𝜎𝑑Ω,
(6)

where N and B̃ are matrices containing the mesh-free shape
functions and their spatial derivatives, respectively. The
integrals are evaluated by stabilised nodal integration which
ensures bending exactness in a Galerkin method. The use of
an updated Lagrangian kernel formulation as suggested in
[39] ensures the stability of the method while maintaining
the applicability to extremely large deformations needed for
dynamic fracture and fragmentation.

3. Constitutive Model

We have used a modified version of the constitutive model
presented in [14]. Instead of using a viscous damage-plasticity
model, we removed the plasticity part of this model as
it adds material parameters that are difficult to calibrate.
Furthermore, preliminary studies indicated that the plastic
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Figure 1: Hanchak impact experiment.

response is of minor importance as the results in the next
sectionwill show.The basic idea of the damagemodel is given
subsequently. For more detailed information, the reader is
referred to [14].

4. Results

Two types of experiments are employed in order to validate
the proposed computational framework:

(i) the impact experiments carried out by Hanchak [92],
(ii) contact explosion experiments done at the laboratory

of our university.

Hanchak tested the impact resistance of concrete struc-
tures of different concrete strength. The main goal of the
experiments of Hanchak studies was to test their high per-
formance concrete compared to standard concrete. The high
performance concrete had a compressive strength of 140MPA
while the standard concrete’s compressive strengthwas nearly
50MPA. Therefore, concrete specimens were subjected to
impacts of different projectile velocities. The experimental
set-up is illustrated in Figure 1. As our focus is not on high
performance concrete but rather on validation of our frame-
work, we present only the results of the impact simulations
on standard concrete. In the results, all plates were perforated
and the residual impact velocity was measured. We will focus
on experiments with penetration later.

A full three-dimensional discretization has been uti-
lized. Preliminary studies showed substantial differences in
results obtained from 2D simulations based on plane strain
assumptions. Around 2 million nodes were needed in order
to get convergence in the residual impact velocity and
simultaneously in the damage pattern. The (deterministic)
parameters of the constitutive model are listed in Table 1.
They are classified in different categories as indicated by the
different lines: (1) bulk parameters, that is, Young’s modulus,
Poisson’s ratio, and density; (2) damage parameters 𝑒

0
, 𝑒
𝑑
, and

𝑔
𝑑
determining the “static” damage evolution: the key param-

eters are 𝑒
𝑑
and 𝑔

𝑑
controlling the ductility and maximum

strength of the concrete and the parameters determining
the dynamic part of the damage responses 𝑐

𝑡1
and 𝑐
𝑡2
: they

determine how the dynamic damage is decaying over time;

Table 1: Parameters of the constitutive model.

Young’s
modulus 𝐸
[GPa]
52

Poisson ratio
0.22

Density [g/mm3]
2700

𝑒
0

𝑒
𝑑

𝑔
𝑑

𝑐
𝑡1

𝑐
𝑡2

0.0001 0.0003 2.3 0.032 0.55
𝑐
1

𝑐
2

𝑐
3

𝑐
4

0.01234 0.0252 0.7821 0.3464
𝑟
𝑡

𝑟
𝑐

1.2 18.8
𝑎V 𝑏V 𝑒V 𝑒V,𝑡ℎ

0.7 3.4 0.02 0.007

(3) the parameters of the damage surface 𝑐
1
to 𝑐
4
; (4) the

reduction factors 𝑟
𝑐
and 𝑟
𝑡
controlling howmuch compressive

damage can be done by tensile loading and vice versa;
and (5) the parameters of the Hugoniot-curve accounting
for the pressure dependence of concrete under high strain
rates and high volumetric strains. All parameters, except the
ones associated with the damage surface, are assumed to
be stochastic in our computations and are subjected to a
uniform probability distribution function with a scatter of
5% and 10%, respectively. In order to identify the influence
of each physical mechanism, we modified only parameters
associated with this physical mechanism according to the
probability distribution function while keeping all other
parameters constant. We are aware that a global sensitivity
analysis as proposed, for example, by [94–97] in the context of
studies on polymeric composites or by [98] in the context of
optimizationwill providemore quantitative results. However,
such studies are out of the scope of this paper and left for the
future.

Before discussing the results presented in Table 2, let us
discuss the different physical phenomena and the related
input parameters:

(1) The parameters related to the first line of 1 govern the
initial elastic response of the material in the bulk.

(2) The parameters 𝑒
0
, 𝑒
𝑑
, and 𝑔

𝑑
determine the stress-

strain response under static conditions. The first
parameter determines the transition to nonlinear
material behaviour while the other two parameters
determine the tensile/compressive strength and fail-
ure strain.

(3) The parameters 𝑐
𝑡1
, 𝑐
𝑡2
govern the dynamic damage

evolution and are responsible for the strength increase
under high strain rates.

(4) The parameters 𝑟
𝑡
, 𝑟
𝑐
are responsible for the amount

of compressive damage caused under tensile loading
and vice versa.

(5) The last set of parameters in Table 1 account for the
pressure dependence of the concrete.

The results in Table 2 show the lower and upper bounds of
the residual impact velocity for the different input parameters
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Table 2: Residual velocity ([m/s]) of the impactor in dependence of the impact velocity ([m/s]) and the scatter in the input parameters: the
first line of the same impact velocity refers to a 5% scatter while the second line refers to the 10%.

Impact speed Determ. Set 1 Set 2 Set 3 Set 4 Set 5 Experiment
360 75 74-75 73–76 74–76 75-76 74–76 67
360 74-75 73–77 72–77 75-76 73–76
430 223 222-223 220–229 219–231 221–224 221–230 214
430 222–224 215–230 213–234 221–225 215–232
750 628 625–631 618–634 615–635 623–632 619–631 615
750 624–632 610–639 601–645 621–633 611–641
1060 957 952–961 942–971 938–974 950–962 943–973 947
1060 951–961 934–980 928–989 949–963 932–984

Table 3: Penetration depth and damage diameter for the explosion experiment: the first line refers to a scatter of 5% while the second line
refers to the 10% scatter in the input.

Deterministic Set 1 Set 2 Set 3 Set 4 Set 5 Experiment
Diameter [cm] 57 56.7–57 56–57.2 55.6–57.5 56.5–57 56.4–57.3 56
Diameter [cm] 56.7–57 55.5–57.3 55–57.8 56.1–57.3 56.3–57.3
Penetr. depth [cm] 28 27.8–28 27.3–28.2 27–28.4 27.5–28.1 27.7–28 26
Penetr. depth [cm] 27.8–28 27.0–28.5 26.3–28.8 27.0–28.3 27.6–28

for different impact velocities.The values of the deterministic
simulation are depicted in Table 2 as well. As can be seen,
uncertainties in the input substantially influence the residual
velocity of the impactor. While parameter sets 1 (parameters
related to the initial elastic response) and 4 barely have
an effect on the residual velocity (the scatter in the output
is much smaller than the scatter in the input), the static
damage evolution (parameter set 2) and pressure dependence
(parameter set 5) have a substantial influence in the order
of the scatter in the input. This is observed consistently for
both 5% and 10% scatter. The biggest influence is achieved
by the parameters related to the dynamic strength increase
which is more pronounced for increasing scatter. Finally, we
remark that we also varied two sets of input parameters while
keeping the other parameters constant. Since parameter sets
3 and 5 had the biggest influence on the output, we varied
those parameters. However, the upper and lower bounds
of the residual velocity barely changed. The scatter in the
output is slightly higher than the scatter in the input. Note
that the effect gets more pronounced with increasing impact
velocity. Overall, one can see an excellent agreement between
computational and experimental results.

The second test example is a concrete slab under con-
tact explosion as depicted in Figure 2. The explosion was
modelled by a (JWL) John-Wilkonson-Lee equation of state.
The explosive is also modelled with a mesh-free Lagrangian
method, which is one of the advantages of the proposed
method: the fluid-structure interaction remains fairly simple
compared to a coupled Lagrangian-Eulerian coupling such as
(ALE) which is required for finite elements, for instance.

In the experiment, a penetration was observed and the
penetration depth as well as the diameter of the crater at
the top surface was measured. We used the same concrete
as in the experiments performed by Hanchak and therefore
the same material parameters of the constitutive model were

5
0
0
m
m

Thickness 1200mm

1200mm

Figure 2: Explosion experiment.

used. Figure 3 shows the damage shape towards the end of
the simulation; the damage is indicated by the red color.
The full deformation has not been reached, yet. However,
the damage evolution is fully completed already. Table 3
summarizes the key results of the simulation.We tested again
the influence of uncertain input parameters for the same
probability distribution function and scatter as discussed
previously.The observations are somewhat similar compared
to the observations for the Hanchak experiments. However,
the uncertainties in the input parameters seem to be less
pronounced here.The largest effect is attributed to parameter
set 3 related to the dynamic damage evolution followed by
parameter sets 2 and 5. Parameter sets 1 and 4 have nearly
a negligible influence on the penetration depth and damage
diameter.

5. Discussions

We presented a computational framework for predicting
the impact resistance of reinforced concrete structure. This
framework is based on a mesh-free Lagrangian method
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Figure 3: Concrete under explosive loading.

which guarantees the applicability to large deformations as
they occur under high velocity impact, explosion, dynamic
fracture, and fragmentation. A viscous dynamic damage
model is exploited which accounts for the strength increase
of concrete at high strain rates and the pressure dependent
response of concrete. Furthermore, we consider the influence
of stochastic input parameters.

The framework is validated by comparison of numerical
predictions to experimental data: (1) the famous Hanchak
impact experiments which measure the residual velocity and
(2) our own explosion experiment comparing the penetra-
tion depth and damage diameter at the top surface. Our
results show excellent results with the experimental results.
Furthermore, we account for stochastic influence. Therefore,
we classify the parameters of the constitutive model into 5
categories related to (1) the initial mechanical properties in
the bulk, (2) static damage evolution, (3) dynamic damage
evolution, (4) reduction factor of compressive damage at
tensile load and vice versa, and (5) pressure dependence.
By varying each set of parameters while keeping the others
constant, we show that the key factor influencing our output
is related to parameter set 3. We also reveal that the scatter in
the output is not small.
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[3] Z. P. Bažant andM. Jirásek, “Non-local integral formulations of
plasticity and damage: survey of progress,” Journal of Engineer-
ing Mechanics, vol. 128, no. 11, pp. 1119–1149, 2002.

[4] W. F. Chen, Constitutive Equations for Engineering Materials,
vol. 2 of Plasticity and Modeling, Elsevier, New York, NY, USA,
1994.
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Prestressed composite concrete pipe (PCCP) has been widely used in water-transmission line and has been proven with many
advantages over pure concrete or steel pipes, such as high performance with relatively low cost for materials as well as simplified
installation and construction process. Recent efforts have beenmade to enable the PCCP structure suitable for pipe jackingmethod
so as to replace the conventional cut and covermethod. In this way, the construction time, disturbance to nearby structures, and the
cost can be greatly reduced. In this paper, we present the full-scale experimental and numerical studies of PCCP and the evaluation
of fracture and delamination behaviour of the structure when it is used with pipe jacking construction method subjected to various
jacking forces and ground conditions.

1. Introduction

Prestressed concrete cylinder pipe (PCCP) has been widely
used in water-transmission line and has proven to have
many advantages such as high performance price ratio and
convenient installation process. PCCP also provides high
bearing capacity, long durability, and resistance to corrosion
and leakage.The total length of PCCP lines installed in North
America is estimated to be 35,150 km [1]. And two types of
PCCP, Embedded Cylinder Pipe and Lined Cylinder Pipe,
have been applied since the first application in US in the
1940s [1, 2]. Research has been carried out on the operational
condition assessment of PCCP with statistical analysis [1, 3–
5], experiments [6, 7], and numerical modeling [8, 9]. These
studies have shown that PCCP have low levels of damage and
low distress rate as compared to conventional concrete pipes.

The cut and cover method is mostly used in PCCP con-
struction. Recently, PCCP structure has been attempted to
be used with pipe-jacking constructionmethod, for example,
the water-intake project at LangshanMountain, Nantong city,
China. In that project, the pipe has an internal diameter of
2200mm and the total jacking length was 340m. Compared
with steel pipe or other jacking pipes, PCCP used as a

jacking pipe structure has many advantages, namely, (a)
lower cost that PCCP has a much lower steel consumption
than steel pipe; (b) faster construction that the spigot and
socket structure as well as the flexible docking simplify the
construction process; (c) better corrosion resistance since the
steel cylinder and wire are protected inside the concrete; (d)
improved leakage protection due to the fact that the steel
cylinder and rubber gasket installed at the pipe joint under
pressure will ensure good resistance to leakage.

The few projects using PCCP for pipe-jacking only use
small diameter cross section and for short distance jacking.
And the PCCP have been proven to be safe and feasible to be
used in pipe jacking method. However, the question rises as
to whether the structure remains safe and reliable when the
pipe diameter is increased to 3600mm and for long jacking
distance. In this paper, we aim to study the mechanical
behavior of the PCCP under such condition and possible
failure mechanism subject to axial and lateral compressive
loading conditions.

The present mapper will model the PCCP failure by
employing materials models suitable for concrete and steel.
The interface failure between layers of the structure will
also be taken into account. The numerical methods for the
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Figure 1: Cross section of the pipe.
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Figure 2: Longitudinal cross section of the pipe.

modelling of concrete component/structure failure as well
as concrete material include the conventional finite element
method and other novel methods for capturing fracture
propagation such as meshless methods [10–16], phantom-
nodemethod [17], multiscale approach [18, 19], and isometric
analysis for fiber optimization [20, 21] and among partition of
unity based methods [22–27]. In this paper, we will employ
the smeared crack model. Note that that stress-strain curve
for quasi-brittle materials, for example, concrete, ceramics,
and rock typically, goes under a curve with a drop of the stress
after the peak stress is reached [28–30]. This phenomenon
is termed as softening and can be explained by damage
mechanics due to the initiation, growth, and coalescences of
micro cracks that reduce the effective cross-sectional area. For
more details, the readers are referred to previous works on
damage mechanics [22, 31–33] and gradient based methods
[34–36].

2. Full Scale Experimental Tests and Results

The pipe tested in the experiment is shown in Figures 1 and
2. The external and internal diameters of the pipe are 4.32m
and 3.60m, respectively. It comprises two main components,
namely, concrete external cover and pipe core. The external
concrete cover thickness and length were 80mm and 2.98m,
respectively. It was reinforced by some configurational steel
bar and serves as protect of pipe core. From outside to inside,
the pipe core consisted of prestressing wire, intermediate

concrete core, steel cylinder, and internal concrete cover. The
prestressing wire was spirally wrapped on the intermediate
concrete core at close spacing.The stretching control stress of
prestressing wire was 1177.5MPa.The steel cylinder thickness
was 1.5mm.

2.1. Loading Conditions and Experiment Process. In order to
test the bearing capacity of the pipe and verify the numerical
model, a three-edge bearing external load test subjected to
ASTM C497 was performed firstly. Then several other tests
involving two pipes were conducted with different relative
initial angles between the two pipes and different acting oil
cylinders in the axial direction. Three types of angle were
applied in these tests: no deflection, small deflection (0.3∘),
and large deflection (0.5∘).

In each of the axial loading tests, all of the acting
cylinders including the lateral cylinders and axial cylinders
were controlled by one loading system, to keep the deflection
of two pipes constant during the whole loading process.

3. The Setup of the Finite Element Model

3.1. Model Description. To better understand the mechanical
characteristics of the pipes and to predict the possible
failure modes, we built a 3-dimensional finite element model
using commercial software ABAQUS to help us analyze this
experiment. The mesh is shown in Figure 3. The model used
for three-edge bearing test has finer mesh since it can verify
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Figure 3: 3D FE model of the experiment.

the material model adopted in our simulationmore precisely.
In our model of axial loading, two pipes of the same size are
used both in experiments and in simulations. For the pipe,
the external concrete cover, prestressing wire, intermediate
concrete core, steel cylinder, and internal concrete cover were
considered. Besides, the iron band and guide rail of pipes
were also modeled to reproduce the experiment as real as
possible. Concrete damage constitutive model was applied in
this model as described in Section 3.2 and other materials
were considered as elastic material.

The loading process and boundary condition in our
numerical model were applied as similar as possible to that
of experiment. In the three-edge bearing test, the pressure at
the top of pipe exerted by steel beam above was applied by
surface traction, and the batten bracing the pipe wasmodeled
by elastic foundation. In the axial loading tests, the axial
forces and lateral forces were applied by concentrated force
and pressure, respectively, and the guide rail was simulated
by solid model.

In our finite element analysis, to avoid hourglass modes
brought by reduced integration, volumetric locking brought
by quadratic fully integration and shear locking brought by
linear integration, we finally choose 8-node linear solid ele-
ments in incompatiblemodes (C3D8I) tomodel the concrete,
wood cushion, and other solid materials. Prestressing steel
was modeled using 2-node linear 3D truss element (T3D2),
and the steel cylinder was modeled using the 4-node doubly
curved shell element in reduced integration (S4R).

The interfaces between two pipes were considered as
follows: the interface between the middle cushion and rear
pipe was completely tied together, and the interface between
the front pipe and middle cushion was modeled by surface-
to-surface contact in the ABAQUS. There were some other
interfaces using the same method to deal with as listed in
Table 1. The other interfaces not mentioned were assumed to
have no slide and tied or embedded together, such as the steel
cylinder and the concrete surrounding it.

As to the boundary conditions, the base surfaces of two
guide rails were fixed in the vertical direction. The rear
surface of rear cushion was fixed in the axial direction.

3.2. Mechanical Properties of Materials. The uniaxial stress
(𝜎)-strain (𝜀) relationship of concrete can be depicted as in

Table 1: The interfaces using surface-to-surface contact.

The location of interface Sliding formulation
The front pipe and front cushion Small sliding
The front pipe and middle cushion Finite sliding
Two pipes and their guide rail Small sliding

Figure 4 [37].The evolution of the damage component 𝑑
𝑐
and

𝑑
𝑡
was determined according to Birtel and Mark [38]. The

value of 𝑏
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and 𝑏
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where 𝑑
𝑐
is the compressive damage component, 𝑑

𝑡
is the

tensile damage component, 𝜀pl
𝑐

is the plastic compressive
strain, 𝜀pl

𝑡

is the plastic tensile strain, 𝜀in
𝑐

denotes the inelastic
compressive strain, and 𝜀in

𝑡

is the inelastic tensile strain.
A summary of the mechanism properties of the material

used in the FE model is listed in Table 2. Concrete used
in each layer of the pipe is the same material and its
properties have been tested in laboratory, including Young’s
modulus, characteristic value of uniaxial compressive, and
tensile strength.
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Table 2: Material parameters.

Material Young’s modulus (GPa) Yield stress (MPa) Density (kg/m3)
Concrete 35.5 32.4 (compressive)/2.64 (tensile) 2500
Steel cylinder 206 300 7800
Prestressing wire 205 1570 7800
Configurational steel bar 190 500 7800
Wood cushion 0.4 — —
Guide rail 200 — —
Iron band 1000 — —
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Figure 4: Concrete uniaxial strain-stress relationship subjected to
tension and compression.

4. Numerical Modelling and
Validation with Experiments

The numerical model is set up corresponding to the exper-
iments. Some local output parameters which cannot be
measured accurately such as strain and stress can therefore
be obtained from the FE modelling and can be used for the
reference of design and construction.

4.1. Initial Stress State. The prestressing of the pipe is applied
using equivalent temperature descent method [40]. The steel
wire was given a thermal expansion 𝛼

𝑠
of 1𝑒−5 and its elastic

modulus 𝐸
𝑠
is 205GPa. Thus, the stress of wire in our model

can be adjusted by changing the temperature descent whose
initial value can be calculated as

Δ𝑇 =

𝜎sw
𝛼
𝑠
𝐸
𝑠

. (5)

The effective prestressing force 𝜎sw considering all kinds of
prestressing loss by design is 1003MPa, which is also the
target value of the wire’s stress. The initial stress of steel
wire after the temperature descent as shown in Figure 5 is
precise enough for our analysis. Figure 6 depicts the initial
axial stress of concrete of the pipe.The initial condition takes
into account the prestressing and gravity. It is noticed that the
maximum tensile axial stress exists at the inner wall near the
spigot and the value is about 2.1MPa. Actually, some micro
cracks were found at the inner wall near the spigot in axial
loading tests, but when and how these cracks formed and
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Figure 5: Initial stress of prestressing wire.

developed cannot be confirmed because they were noticed
after all the tests.

4.2. Analysis on the Three-Edge Bearing Test. The three-edge
bearing test, which aimed at determining the strength of pipe
withstanding the vertical crushing loads, also established the
load-strain curve of many parts of the pipe and verified our
numerical models. The maximum vertical loading amount
was 2600 kN in our model. Figure 7 shows the load-strain
(circumferential) curve of several points of the inner wall at
section 1 from test and numerical results. It is evident that
the numerical model for three-edge bearing test matches well
with test.

Figure 8 depicts the final damage distribution of the pipe.
The damage area is mainly located at the concrete interior
of pipe top and bottom and the exterior of pipe waist.
These areas were exactly where cracks propagated. Since the
concrete damage plastic model would not reflect cracks on
concrete directly, we suggest taking 11 times the tensile strain
of concrete as the criterion for crack initiation, which works
out 818𝜇𝜀 in our model, because this is when we first saw
cracks in the test.

A remarkable phenomenon during the test was the
delamination of exterior concrete and intermediate concrete
core. To analyze this phenomenon, the radial stress and
circumferential shear stress were illustrated in Figure 9. It
can be seen that the maximum radial stress is rather low
(0.40MPa) but the maximum shear stress is at a high level
(4.47MPa). We can conclude that this delamination resulted
from the shear failure in the three-edge bearing test. More
experiments are needed to determine the shear strength
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Figure 7: Circumferential strain of inner wall.

of separately pouring concrete with prestressing steel wire
between them.

4.3. Analysis on the Axial Loading Test. In this section the
axial loading test was analyzed in four aspects: the concrete,
the interface between external cover and intermediate con-
crete core, the prestressing wire, and the influence of wood
cushion. These numerical analyses were verified by monitor
data.

4.3.1. The Concrete Assessment of Pipes. Figure 10 shows the
comparison of axial strain of 3 concrete parts at 90∘ of section
1 of the front pipe from the FE results and monitoring in test

2. It can be seen from the figure that relationship between the
axial strain and axial loading force is approximately linear.
And the FE results are well consistent with the monitoring
data. The final errors of three concrete parts are 0.8% for
internal concrete cover, 1.4% for intermediate concrete core,
and 5.6% for external concrete cover. The FE model is
confirmed by the experimental results.

The axial stress contour plot of tests 1, 2, and 5 was
shown in Figures 11, 12, and 13.Themaximum axial compress
stress in tests 1, 2, and 5 is 8.3MPa, 8.9MPa, and 25.7MPa,
respectively. The maximum axial tensile stresses in test 1,
2, and 5 are 1.70MPa, 1.74MPa, and 2.35MPa, respectively.
It is apparent that when two pipes are loaded axially with
even very little deflection angle (close to 0.3∘ in test 5),
the maximum axial compressive stress and tensile stress
would significantly increase compared with when the pipes
connected without deflection angle.

For the axial tensile stress, the initial value at the inner
wall of the spigot of the pipe is 2.10MPa, which is close to
the limit tensile strength of the concrete. And the tensile
stress decreases when loadedwithout angle whereas increases
to 2.35MPa when loaded with angle. The deflection angle
does not have impact on the maximum tensile stress (see
Figure 14). The prestressing force makes the pipe core con-
tract except the spigot, inducing the tensile stress concentra-
tion at the spigot.The axial eccentric force increases the stress
and may cause local structure damage.

For the axial compress stress, in tests 1 and 2, the
maximum axial compress stresses occur at the intermediate
concrete core near the socket. In test 5 the maximum
compress stress is located at the concrete external surface near
the spigot at the left side, the same side where the center of
axial eccentric force is located. Other tests where pipes were
loadedwith certain angle have similar axial stress distribution
like test 5.



6 Mathematical Problems in Engineering

6.254e − 03

1.463e − 03
1.995e − 03
2.528e − 03
3.060e − 03
3.592e − 03
4.124e − 03
4.657e − 03
5.189e − 03
5.721e − 03

930.958e − 06
398.703e − 06
−133.552e − 06

PE, max. principal
(avg.: 75%)

6.254e − 03

1.463e − 03
1.995e − 03
2.528e − 03
3.060e − 03
3.592e − 03
4.124e − 03
4.657e − 03
5.189e − 03
5.721e − 03

930.958e − 06
398.703e − 06
−133.552e − 06

PE, max. principal
(avg.:75%)

Figure 8: Damage distribution of concrete in three-edge bearing test.

S, (CSYS-1)
(avg.: 75%)

403.360e + 03
59.740e + 03
−283.879e + 03

−971.119e + 03
−627.499e + 03

−3.720e + 06
−3.376e + 06
−3.033e + 06
−2.689e + 06
−2.346e + 06
−2.002e + 06
−1.658e + 06
−1.315e + 06

S11

(a) Radial stress

(CSYS-1)
(avg.: 75%)

−745.513e + 03
−500.000e − 03
745.512e + 03

−4.473e + 06
−3.728e + 06
−2.982e + 06
−2.237e + 06
−1.491e + 06

4.473e + 06
3.728e + 06
2.982e + 06
2.237e + 06
1.491e + 06

S, S12

(b) Circumferential shear stress

Figure 9: Stress at the interface of exterior concrete and intermediate concrete core.
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Figure 14 shows the maximum stress in concrete for tests
7 to 10. It can be seen that themaximum axial compress stress
grows with the deflection angle. The largest value appears in
test 10 and is 31.8MPa, close to the characteristic value of
concrete compressive strength (32.4MPa).

The circumferential stress contour of test 5 is depicted in
Figure 15.Themaximum tensile stress is 2.46MPa, fairly close
to the characteristic tensile strength of concrete (2.64MPa).
It is localized at external concrete cover near the socket.
The concentrated circumferential tensile stress is due to the
distortion and inhomogeneous deformation of the pipe as
shown in Figure 16. Other tests that are loaded with angle
have similar circumferential stress distribution like test 5.
From Figure 14, the maximum circumferential tensile stress
grows slightlywith the deflection angle.The largestmaximum
circumferential tensile stress occurs in test 10 and the value
is 2.84MPa, over the characteristic value of concrete tensile
strength. Protectivemeasures are needed such as a steel collar
wrapped on the stress concentration area.

4.3.2. The Delamination between External Cover and Inter-
mediate Concrete Core. This section presents the analyses on
the surface between external concrete cover and intermediate
concrete core. This interface is important because that is also
where the prestressing wire is located. Once the interface
delaminates, the prestressing wire might be damaged due to
corrosion. Zarghamee et al. [6] conducted experiments to
analyze the parameters influencing the radial tensile strength
of mortar coating. In their tests, the specimens consisted of
the mortar and weldment reinforced by prestressing wire.
In our experiments, the covering layer is concrete instead
of mortar, and the prestressed part is concrete instead of
weldment. Besides, the measured parameter is radial strain
instead of radial stress. Figure 17 compares the radial strain
on the surface at 270∘, section 1 in test 5. The radial strain
in FE model is slightly larger than that monitored in our
experiment. The final error is about 5.0%.

Figure 18 illustrates the radial strain from FE model near
the surface between concrete external surface and interme-
diate concrete core of the front pipe in test 5. The maximum
radial strain is about 140 𝜇𝜀 located at 270∘ near the spigot.
Large radial strain also exists near the socket. That is because
the socket end of the pipe, which is connected to the spigot
end, only consists layers of intermediate concrete core and
external concrete cover.Therefore, the internal concrete cover
does not belong to the prestressed part of the pipe.

Other tests on deflection angle show similar strain results
as in test 5. The maximum radial strain grows significantly
with the deflection angle. And the highest value of maximum
radial strain is approximately 247 𝜇𝜀 in test 10, which is almost
1.8 times as much as in test 5.

The ultimate tensile strain of the concrete material used
in the experiment is 76.5𝜇𝜀, and the maximum radial strains
from FE model are much larger than that of about 1.6 times
in test 5 and 3.25 times in test 10. No obvious delamination
phenomena appeared in all tests. However, cracks cannot be
detected if they initiated inside.The bond force at the surface
can be strengthened like embedding ribbed steel bars to link
two concrete layers.This is due to the limitation in the present
model considering the normal contact and slips between steel
and concrete.

4.3.3. Analysis on the Prestressing Wire. Figure 19 depicts
the stress increment of prestressing wire in test 5 from FE
model. The stress increment was calculated from the time
the axial eccentric load was exerted. In this figure, positive
stress increment which means stress growth, appears at the
same side where the eccentric load was applied, and negative
stress increment which means prestress loss occurs at the
other side. The maximum stress growth is 22.2MPa, and the
maximumprestress loss is 20.7MPa. Other tests show similar
stress distribution like test 5.The extreme values are scattered
due to its high sensitivity to the lateral loads, nonetheless the
values are still relatively low to induce prestress loss of the
pipe.

From the results it can be seen that the damage of
prestressing wire should not occur during substantial pipe-
jacking process, since the load conditions in experiment are
way more critical than the actual jacking conditions.

4.3.4. Analysis on the Influence of Elastic Modulus of Wood
Cushion. Only few literatures have been devoted to the study
of the influence of cushion on the mechanical characteristics
of the jacking pipes. Wang [41] indicates that the minimum
radius of curve in pipe-jacking is inversely proportional to
the thickness of wood cushions. The configuration of curved
pipe-jacking is shown schematically in Figure 20. However,
in his study cushions have not been considered in the model.

A new FE model is established in which the elastic
modulus of wood cushion is set as 200MPa, half as large as
before. Other parameters and conditions are the same as the
FE model simulating test 5.

After Young’s modulus of the wood cushion has been
changed, the stress distribution of concrete is almost the
same as the previous modelling results. The maximum axial
compressive stress reaches 23.2MPa, about 10% less than
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Figure 15: Circumferential stress of the front pipe in test 5.

Figure 16: Distortion of the front pipe in test 5 (deformation scale
factor: 100).
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Figure 17: Radial strain on the surface at 270∘, cross section 1.
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Figure 18: Radial strain at the surface of the front pipe.

the previous result. The maximum axial tensile stress is
2.35MPa, remaining constant compared to the previous
result. The maximum radial strain at the surface between
external concrete cover and intermediate concrete core drops
to 128𝜇𝜀, about 9% smaller. The maximum stress growth of
prestressingwire turns into 20.7MPa,which is around 7% less
and the maximum prestress loss remains unchanged value of
20.7MPa. The safety of the structure of pipe increases when
the stiffness of the wood cushion decreases. The quantitative
analysis of the relation between the wood cushion and
the mechanical performance of the pipe considering the
material hardening properties and randomness remains to be
investigated.

5. Conclusions

In this paper, a study on the mechanical performance of
PCCPused as a pipe-jacking structured by both experimental
tests and FE modelling is presented. A three-dimensional
FE model is established for the fracture and delamination
analysis of PCCP in a three-edge bearing test and several axial
loading tests. The results are verified by experimental data.
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Figure 19: Stress increment of prestressing wire in test 5.
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Figure 20: Schematic diagram of curved pipe jacking.

A number of structural problems are highlighted and sug-
gestions are given accordingly. Firstly, the initial axial tensile
stress at the inner wall of the spigot of the pipe is high and
may cause circumferential cracks during pipe-jacking, which
has been reproduced in full scale experiments. The axial
eccentric force increases the tensile stress and results in the
local structure damage. Secondly, the deflection angle in pipe-
jacking project for this pipe should not exceed 0.5∘ during
the piping process. Thirdly, the prestressing wire exhibits low
stress growth and low prestress loss during the loading. And
it will not be damaged due to pipe-jacking process. Finally,
softer wood cushion will improve the structure safety of the
pipe. Further study is needed to determine the relationship
between material property of cushion and the mechanical
characteristics of pipe, providing suggestions on the design
of cushion.
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Recently hydraulic fracturing of rocks has received much attention not only for its economic importance but also for its potential
environmental impact. The hydraulically fracturing technique has been widely used in the oil (EOR) and gas (EGR) industries,
especially in theUSA, to extractmore oil/gas through the deep rock formations. Also there have been increasing interests in utilising
the hydraulic fracturing technique in geological storage of CO

2
in recent years. In all cases, the design and implementation of

the hydraulic fracturing process play a central role, highlighting the significance of research and development of this technique.
However, the uncertainty behind the frackingmechanismhas triggered public debates regarding the possible effect of this technique
on human health and the environment. This has presented new challenges in the study of the hydraulic fracturing process. This
paper describes the hydraulic fracturing mechanism and provides an overview of past and recent developments of the research
performed towards better understandings of the hydraulic fracturing and its potential impacts, with particular emphasis on the
development of modelling techniques and their implementation on the hydraulic fracturing.

1. Introduction

Hydraulic fracturing, or fracking, is a technique used in
the mining industry and involves the controlled cracking
of the rock formation with the use of high pressure liquid
fluids [1]. The technique of hydraulically fracturing the rocks
has been well known since it has been widely used for
Enhanced Oil Recovery (EOR) and Enhanced Gas Recovery
(EGR) in the oil and gas industries, especially in the USA,
to extract more oil/gas through the deep rock formations
[2, 3]. Hydraulic fracturing is a combination of processes,
such as the deformation of the formation due to an external
mechanical load (i.e., fluid pressure), the fluid flow through
preexisting cracks of the formation, and the propagation of
cracks [4, 5]. While the technology behind these processes
has been used for more than 30 years in the name of energy
exploitation, underground formations constitute a complex
system of variables (both rock and well properties) that are
not fully understood and thus are still under investigation
[6, 7].

Scientists over the years have concluded that there is a
clear relationship between the increase of CO

2
and human

activities [8–10]. Overpopulation and therefore extensive
industrial activities contribute greatly to the increase of
greenhouse gas emissions and countries have agreed to
a common mitigation plan in order to reduce the CO

2

emissions to acceptable levels and achieve a low carbon
energy future [9, 11–14]. CarbonCapture and Storage (CCS) is
a promisingmethod that plays a central role as part of themit-
igation plan [10, 15–18]. CCS is a five-step procedure which
embraces all stages of industrial production [19]. Specifically,
it involves the capture of high amounts of CO

2
produced

from industrial facilities before they are released into the
atmosphere, its liquefaction and pipeline transport into the
site (oil and gas reservoirs, saline formations), injection under
high pressure, and storage in deep underground formations
[20]. Figure 1 illustrates all stages of the CCS technology from
capture until storage. The hydraulic fracturing technique
on porous media has become part of the injection and
storage stage of CCS [1, 21] and therefore it is essential to
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Figure 1: Schematic of CCS infrastructure showing the five steps of the technology and the geological media of storage [137].

understand the mechanisms that involve permanent storage
and reduction of CO

2
.

The economic benefits from energy exploitation and
especially the extraction of natural gas from shale gas for-
mations through hydraulic fracturing methods are estimated
to be considerable. The USA has already moved towards
extensive shale gas exploitation, making Europe the next one
to follow in the search of energy production and economy
growth. Specifically, in the UK there are some promising
estimations of the amount of shale gas from numerous
formations throughout the nation. According to the British
Geological Survey (BGS) and the Department of Energy and
Climate Change (DECC), the Bowland Shale formation is
estimated to contain about 1300 trillion cubic feet of shale
gas, with about 10 per cent recoverable [22]. The scenario
for UK shale gas production looks to be more encouraging,
according to the Institute of Directors (IoD), suggesting
high investments and numerous jobs [23], while suggesting
considerable reductions of imported gas (around 37 per cent)
in terms of consumption until 2030, which may lead to
further reductions of the import costs, assisting towards a
more balanced economy and energy security [24]. However,
it is important to add that the economic implications are
under speculation since they are basedmostly on estimations,
inferred from the US experience, and not on actual produc-
tion.

2. Enhanced Oil and Gas Recovery

Enhanced Oil Recovery (EOR) and/or Enhanced Gas Recov-
ery (EGR) is regarded as the most effective schemes for a
low carbon energy future, since CO

2
injection and oil/gas

extraction from hydrocarbon reservoirs can be performed
concurrently [25]. During this process, fluids are injected

under high pressure into porous formations, with the aim of
storing the liquefiedCO

2
under an impermeable caprock, and

cause controlled cracking to improve reservoir productivity
[7]. Figure 2 illustrates a hydraulic fracturing technique in
a shale gas formation, where the fracturing fluid is injected
within the shale under high injection pressure to reactivate
or open new fractures into the formation. The fractures stay
open with the use of shale proppants (sand or ceramics) so
that the shale gas can travel towards the well [26].

Between the two methods, EGR is relatively new and is
still under investigation. The main reason is the concerns for
degrading gas production due to the mixture between the
initial gas in place and the injected CO

2
[27]. Furthermore,

ongoing research aims to provide further insight into such
matters, focusing on investigating the factors that affect
the process of EGR and storage. Such an example is the
work by Khan et al. [28], who replicated a 3-dimensional
reservoir sandstone model using actual experimental data
and simulated an EGR process, while sequestrating CO

2
.

Their findings refer to that one specific reservoir and can
confirm that the CO

2
injection is applicable in increasing

natural gas recovery and storing high amounts of CO
2
at

the same time. The conventional procedure of oil extraction
involves the injection of water; however, a large amount of oil
stays trapped within the pores of the formation (about 50 per
cent) after the primary production, and further recovery can
be achieved by injecting liquefied carbon dioxide [29]. The
latter exists in a supercritical state (dense phase fluid), with
reduced viscosity (0.04–0.08Cp) and surface tension, which
means that the vapour and liquid forms of the CO

2
coexist.

The component acts like a gas and a compressible fluid at
the same time and can take the shape of its vessel, while
having a density (about 600–800 kg/m3) like a fluid [27].This
supercritical state is achieved at depths above 800–850m,
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Figure 2: Schematic of the hydraulic fracturing technique in a shale gas formation [138].

pressures beyond 7.38MPa, and temperatures higher than
31∘C, respectively [25]. Due to the dense phase and the fact
that it is easily miscible with other oils, it gives the CO

2
great

potential to dissolve and relocate the oil in the reservoir. This
technique is a key technology to reduce the anthropogenic
emissions produced from overpopulated regions, such as
China, while satisfying the extensive demands on electricity
[30]. Although hydraulic fracturing is part of the technology
used for gas/oil extraction, and thus widely used, it is
still lacking the development of appropriate regulations for
environmental safety and sustainability.

3. Hazards in Hydraulic Fracturing

Regardless of the choice of liquid (water or liquefiedCO
2
), the

hydraulic fracturing process requires the use of a considerable
fluid pressure in order to introduce the liquid into the
rock formation, until it exceeds the overall strength of the
rock (both compressive and tensile) [31]. Therefore, valid
estimates of the mechanical behaviour of the rock material
under intense injection conditions are crucial to the efficient
planning and operation of hydrocarbon reservoirs. This
constant increase in the fluid pressure during injection causes
redistribution of the in situ effective stresses within the
reservoir. Although in this process the controlled fracturing
of the reservoir is desirable, such stress changes may induce
irreversible effects into the rock strata, thus causing possible
reactivation of the existing faults. Moreover, the effects of

active faults on the process of leakage are an area where more
research has to be performed; scientists generally suggest that
the existence of seismogenic faults affects the permeability
structure of the zone enhancing fluid transport [32]. In
the process of hydraulic fracturing, the latter may lead to
possible leakage of liquefied CO

2
[33] or flowback water,

thus resulting in potential hazards. Moving towards a bigger
picture, the major effects are the possible contamination of
shallow groundwater layers by the migration of the toxic
components of the flowback fluids as well as the leakage of
methane, which acts as a greenhouse gas, into the atmosphere
[34].

3.1. Flowback Fluid. Flowback fluid is the recovered fractur-
ing fluid after the pressure release and the extraction phase
and it mainly consists of a formation fluid and hydraulic
fracturing fluid (fluid, proppants, and chemical additives).
The key point is that the flowback fluid differs from the initial
fracking fluid that was used during injection, with respect
of composition. The majority of the volume of sand and
proppants stays trapped within the pores of the formation,
while the chemical additives react due to intense injection
conditions, such as high temperature, resulting in reaction
products.Therefore there is a potential risk of contamination
of freshwater resources if flowback fluid is allowed to flow
uninhibitedly. The exposure of the chemicals of the fracking
fluid and the risk to groundwater reserves are linked to
factors including underground or aboveground accidents
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during transport and the concentration/handling of the
possible hazardous substances [35]. Currently, the issue of
potential implications on the quality of water is a matter of
debate. This is due to lack of available information on the
composition of the chemicals used in hydraulic fracturing
procedures, and therefore scientists focus on this part of
research aiming to shedmore light. Recent studies are dealing
with the ecotoxicological assessment of undiluted fracturing
fluids, which indicate a hazardous effect on aquatic life.
These studies are based on component-based prognostic
models rather than measuring the ecotoxicological effect of a
fracturing fluid as a whole [36].This provides better accuracy
of the overall results, allowing the prognosis of the effect
of the mixture components individually. Generally, flowback
fluids contain a mixture of hydraulic fracturing fluid and
formation water. The potency of flowback fluid depends on
the mix ratio of the formation water and fracturing fluid
and although a high proportion of the fracturing fluid may
be retained in the formation there is a high tendency for
flowback to take place as a result of imposed fracturing
operations [37]. At present, very limited studies have dealt
with the chemical composition of flowback or its potential
pollutants, and there are no studies investigating the differ-
ence in fracturing fluid from formationwater that contains no
fracturing fluid in flowback. The work performed by Olsson
et al. [37] aims to bridge the knowledge gap by analysing
the composition and volumes of flowback from different
sites in Germany. This research has revealed that no single
technology can meet the criteria for the overall treatment of
flowback; thus they categorized the flowback fluid into groups
and suggested some treatment methods. Furthermore, the
accidental penetration of the fracturing and flowback fluids
into the water aquifers and their impact on the human-health
becomes critical and has been addressed recently. Such an
example is the work by Gordalla et al. [35] who focused on
the assessment of the ingredients of the fracturing fluids on
the human-toxicological point of view, the influence of the
flowback, and the possible hazards of freshwater reserves
and suggested methods for minimising the environmental
impact. Moreover, apart from the importance of extending
the available information on the chemical composition of
fracturing fluids or the environmental impact of the flowback
and its proposed treatingmethods, it is of equal importance to
investigate the underground formations and their interaction
with the potential migrating fracturing fluids or methane.
Such an example is the work by Lange et al. [38] who aimed to
identify fault zones as preferential pathways that facilitate the
movement of fracturing fluids/methane in unconventional
gas reservoirs and analysed the effectiveness of the different
layers of overburden.

3.2. Risk of Contaminated Aquifers. The extensive use of
unconventional fracking (horizontal drilling and high vol-
ume hydraulic fracturing), especially in the USA, has trig-
gered a public debate regarding possible health issues related
to drinking water. Although industry claims that shale gas
fracking is safe with minimum environmental impacts, the
European Commission states that the extraction of uncon-
ventional hydrocarbons (shale gas) generally imposes a larger

environmental footprint than conventional gas extraction
[39]. Risks from ongoing operations may include surface
and groundwater contamination, water resource depletion,
air and noise emissions, land take, disturbance to bio-
diversity, and impacts related to traffic. People’s concern,
especially in European countries where groundwater is their
main resource of drinking water, has forced countries to
seek expert opinion. A typical example is Germany and
the ExxonMobil initiative [40]. The latter has formed a
multidisciplinary working group in order to identify the
possible environmental risks for the Lower Saxony Basin.
Their main task is to assess the available technology (drilling
and technical processes) and develop a strategy that fits the
requirements for safe hydraulic fracturing operations. Part of
this assessment is the “information and dialogue process on
hydraulic fracturing,” focusing on the characterization of the
hydrogeological system, the chemical reactions under which
leakage may occur, the possible leakage pathways, and the
development of suitable models and their results [34, 38].

4. Modelling of Rock Fragmentation and
Fluid Flow Problems

Moreover, the rapid growth in computer power and mod-
elling has resulted in the development of a large number
of software packages used for the numerical analysis of
complex engineering problems, such as the identification
of problematic (low bond strength) material parameters in
masonry structures [41]. The reason for this is that it is
very difficult for the analytical modelling to measure and
describe accurately the complicated problems associatedwith
fracturing. In subsurface investigations in particular, where
heterogeneity and awide range of complex innermechanisms
coexist, numerical modelling is necessary to represent real
life scenarios. Numerous mathematical solutions have been
applied to look, for example, into the critical mechanical
parameters, such as the stress envelope, the porosity and
permeability of the material and the effect of layering within
the rock, or the way that these are influenced by the
external mechanical load [42]. However, studies that employ
modelling and simulation of rocks at the microscale [43–
45] are fewer and their focus on the complex interplay
between the microproperties and their corresponding effect
on the material’s behaviour during the calibration procedure
provides at best a general guidance.Therefore, a review on the
micro-meso-level modelling using Discrete Element Method
is first provided in this section to highlight the research
progress in recent years in this area, followed by the broader
overview of multiscale and multiphase coupling models.

4.1. Discrete ElementMethodology. TheDEM is an alternative
approach, to the Finite Element Method (FEM), which aims
to describe the macroscopic mechanical behaviour of mate-
rials as a result of the interaction of its constitutive individual
elements. Specifically, in DEM the material is described as
a discontinuum, consisting of numerous distinct particles
which represents the inhomogeneities within the material
(joints and/or fractures) in the particle scale [45, 46]. Initially
particle scale models were developed in order to simulate the
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behaviour of soils and sands (noncohesive materials) [47].
The transition from the aforementionedmodelling to the one
that simulates the micromechanical behaviour of solid rocks
is commonly known as the bonded particle model (BPM)
for rock [45]. In a BPM, the breakage of interparticle bonds
simulates the nucleation of a microcrack, while microcrack-
ing is achieved by coalescence of multiple bond breakages.
The DEM methodology and the particle-based models have
been employed in several computer packages in the field of
rock mechanics, such as the particle flow code (PFC), the
YADE, the universal distinct element code (UDEC), and the
discontinuous deformation analysis (DDA).

The advantages of the DEM methods over other tra-
ditional techniques, such as the Finite Element Method
(FEM), are the simpler representation of the geometries of
real rocks, which contain discontinuities, the easier sim-
ulation of complex engineering problems without the use
of complicated constitutive equations, and thus provide
statistically more accurate results. Conversely, the increased
simplification requires extensive experimental validation to
verify the numerical results of the method and proves that
the microscopic models can produce equivalent macroscopic
behaviour of real rocks. Finally, the increased computational
time due to the nature of the DEM approach (solving the
governing equations for a large volume of particles) is another
limitation that researchers have to tackle.

4.1.1. Particle Flow Code (PFC). Each of these approaches is
based on the DEMs governing formulations, which include
the calculation of the relativemotion of the discrete elements,
such as slip, rotation, or even complete detachment. More
specifically in PFC each particle’s motion is calculated by the
equation of motion, given by
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For the cases where the virtual particles are connected

with bonds (reproducing the cementation between grains in
real rocks), the updated body forces andmoments, due to the
presence of bonds, are calculated via the force displacement
law:
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with respect to the contact plane, respectively. Details on
the PFC calculation cycle based on the DEM can be found
in Sousani et al. [48]. However each approach has its
own limitations. The PFC utilises the BPM model, since
the parallel bond rock modelling has been widely used

to simulate the fracturing mechanism in brittle rocks, but
previous versions had the disadvantage of unrealistic ratios
between the obtained tensile and unconfined compressive
strength, to low nonlinear failure envelopes in terms of
triaxial tests, or the problematic modelling of the interfaces
due to the inherent roughness of the interface surfaces [49].
To tackle these limitations of PFC, a number of enhancement
measures have been developed with the aim of providing
a more accurate nonlinear mechanical behaviour, strength
ratios, and friction coefficients. The basic concepts include
the “cluster logic” (bonded particles packed together to form
angular shapes or blocks that resemble natural grain struc-
tures, Figure 3(a)), performed by Potyondy and Cundall [45],
the “clump logic” (bonded particles that behave collectively
as a single unbreakable rigid body, Figure 3(b)) from Cho et
al. [50], the flat-joint contact model (a more efficient contact
formulation, where disk-shaped particle contacts simulate a
finite-length interface that has relative rotation, even upon
bond breakage, Figure 3(c)) from Potyondy [51], and finally
the smooth-joint contact model (SJM) and the synthetic rock
mass approach (SRM), respectively, fromMas Ivars [52, 53].

The SJM model simulates the behaviour of an interface
disregarding the particle contact orientations locally along-
side the interface, while the SRM model is a combination
between the BPM and the SJM models that describes the
mechanical behaviour of jointed rock masses, including
anisotropy, brittleness, and scaling effects which cannot be
achieved by empirical methods.

4.1.2. Open-Source Software YADE. Recently, another par-
ticle-based code has been developed, called YADE, as an
alternative approach to the well-known commercial PFC
code as previously described [54, 55]. YADE aims to be
more flexible by adding new modelling capabilities, several
simulation methods (e.g., DEM, FEM, and Lattice Geo-
metrical Model (LGM)) can be coupled within the same
framework and also the scientific community can provide
direct feedback for improvement of the code with the use
of an open-source platform. The fundamental principles of
YADE are similar to those of PFCwith respect to small defor-
mations and fracturing (linear elastic interparticle forces
and bond breakage, resp.) but new features, simulating rock
discontinuities and ensuring frictional behaviour regardless
of the inherent roughness, have been implemented as an
alternative approach to the SJM and SRM models [56]. In
addition, the use of YADE in studying the failure of brittle
rocks has led to the creation of additional features, such as
the interaction range coefficient, which helps to accurately
simulate high ratios of compressive to tensile strengths as well
as nonlinear failure envelopes [57]. However, YADE as well
as many of the open-source software packages appear to be
inefficient when compared to commercial software such as
PFC, mainly due to the complexity of the user’s interface and
the lack of user defined functions. Moreover, open-source
software solutions tend to developmainly in line with specific
purposes and also rely on the pool of open resources to
help to discover errors and bugs. Some applications of the
YADE code include three-dimensional simulations of the
progressive damage in fractured rock masses [56], or the
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Figure 3: Developments on the BPMmodel for better representation of the nonlinear behaviour of hard rock andmore realistic values of the
ratio between tensile and unconfined compressive strengths. (a) The “cluster” logic [45], (b) the “clump” logic versus the “cluster” logic [50],
(c) the flat-joint contact model [51], and smooth-joint contact model (SJM) [139].

effect of preexisting fractures of the brittle materials, under
triaxial loading, on their mechanical behaviour [58, 59]. In
the aforementioned simulations the open-source code YADE
has been collaborated with the Discrete Fracture Network
(DFN) in order to model the three-dimensional structure of
the discrete features.

4.1.3. Universal Distinct Element Code (UDEC). Another type
of modelling, which is based on the DEM equations, is
the UDEC, employed to study rock masses that contain
numerous fractures [60, 61]. The computational domain in
UDEC is quantized into blocks using a finite number of
intersecting discontinuities and each block is discretized with
the use of a finite difference scheme in order to calculate
stresses, strains, and deformation.The basic limitation of this
technique was the fact that the failure mechanism in rocks
was described either through plastic yielding or through
deformation of preexisting fractures.Therefore new fractures
could not be modelled and hence fracturing of intact rocks
was impossible. This limitation was addressed by Lorig and
Cundall [62] who introduced a polygonal block pattern into
the modelling and enhanced UDEC’s simulation capability.
UDEC is a relatively new approach to rock failure and thus
verifications and improvements of the code are some of the

required tasks of experts in the field. Applications of the
code can be found on modelling of the triaxial tests of the
lithophysal rock samples, where the laboratory triaxial testing
is considered almost impossible [63]. Extended results of this
study on the same rock material, with the use of the UDEC,
are presented by Damjanac et al. [64] who focused on the
mechanical degradation of the behaviour of the material.
An upscaled version of the developed model was employed
to investigate the stability of the drifts from the region
(YuccaMountain) considering the in situ thermal and seismic
loading as well as the time-dependent degradation.

4.1.4. Discontinuous Deformation Analysis (DDA). Finally,
theDDA is amethod also based onDEMbut with similarities
with the Finite Element Method (FEM) and was originally
introduced by Shi and Goodman [65]. DDA is employed to
simulate the stress, strain, sliding, and detachment/rejoining
of systems containing rock blocks. Similarly to the FEM,
the basic structure of the method, in terms of formulations,
contains linear equations which results from differentiating
and minimizing each energy contribution to the system.
Improvements of the method have been employed over the
years with the latest work being performed by Tang and Lu
[66].They combined the DDAmethod with the Rock Failure
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Process Analysis (RFPA) software, the latter based on contin-
uum mechanics [67], to investigate large scale deformations
of discontinuous rock systems using the capability of RFPA to
capture small deformation, crack initiation/propagation, and
coalescence in intact rocks.

4.2. Combined FEM/DEM and Other Hybrid Techniques.
The FEM and its improved approaches are considered a
standard technique that can be successfully applied to numer-
ous problems, such as the modelling and evaluation of
rock materials or rock failure with internal discontinuities
[68–70]. An example of a FEM is the two-dimensional
finite difference programme FLAC [71]. This programme is
employed to investigate the behaviour of materials such as
soil and rocks and more specifically it simulates soil and
rock structures that may undergo plastic deformation once
their maximum yield limits have been reached. FLAC users
create a grid, which consists of elements and zones, which
fits the shape of the sample to be modelled. However, due
to its geometric limitations, more discretization methods
have been developed to address its difficulties, such as the
extended Finite ElementMethod (XFEM) [72] for computing
the three-dimensional crack propagation [73, 74], specifi-
cally focusing on the improvement of meshing sensitivity
employed to compute the fragmentation problems [75]. A
number of hybrid techniques have been developed based on
the FEM with DEM implementations. This combination is
called the hybrid continuum-discontinuum method or the
combined FDEM and includes models such as the ELFEN
(Finite Element/Discrete Element System) [76] or the Y-Geo
software [77, 78] which are based on the Finite Element
Method to describe the solid part of interest but also adopt
the theory of the Discrete Element Method. The concept
in FDEM is the transfer from continuum to discontinuum
through fragmentation. Specifically, the sample’s matrix is
modelled with the use of continuum mechanics and as
the test progresses the equations of motion are integrated.
Then the initiation of cracks/fragmentations is such that it
satisfies suitable fracture criteria, which therefore leads to
the formation of new individual discrete bodies. Comparing
the FDEM with the FEM and the DEM, respectively, we
can claim that it is more capable of capturing the behaviour
of postrock fragmentation and also it is more flexible in
modelling deformable and unique-shaped particles. Further-
more, between the two modelling techniques, the Y-Geo
approach resembles more a discrete method. Specifically, the
representation of a sample with the use of Y-Geo is closer to
a particle-based model, where the particles and their bonds
are replaced by deformable triangle elements and four-noded
cohesive elements [77], whereas in ELFEN a transfer between
a continuous elastoplastic sample and a sample with discrete
fractures is achieved by importing cracks into the sample [79].

4.3. Modelling of Fluid Flow in Hydraulic Fracturing. A
wide range of engineering problems could utilise the DEM
approach coupled with fluid models to analyse the fracking
process within the rock specimen [21] or the influence of the
significant parameters, such as the injection pressure, to a
successful injection/storage application [80]. Also it is used

to simulate the behaviour of materials such as sandstone and
limestone and the fluid-solid interactions among them [45,
81]. Initially, the fluid-solid interactions were described by
the lattice Boltzmannmethod, which computes the fluid flow
and solves the discretised form of the Boltzmann equation,
based on the Navier-Stokes equation [82]. Other methods for
computing the fluid flow include Direct Numerical Simula-
tion (DNS) [83, 84], where the flow variables (e.g., pressure
and velocity) exist as a function of space and time and can be
obtained from the numerical solutions of the Navier-Stokes
formulations, and Computational Fluid Dynamics (CFD).
However, the need to provide linkages between the coexisting
fluid and the solid phases necessitates a coupling of these
techniques with the modelling of the solid phase, such as
the DEM.The lattice Boltzmann and the DEM coupling have
been described in detail by Boutt et al. [85], while approaches
that incorporate CFD with the DEM have been presented in
the work by Tsuji et al. [86] and Xu and Yu [87]. In their
work, the interaction between the solid and gas phases in a
fluidized bed has been modelled by solving Newton’s second
law of motion, with respect to the motion of particles, and
the Navier-Stokes equation with respect to the motion of the
gas. Most of these coupling schemes are applied to granular
or uncohesive materials and in cases where the domain is
dominated by fluid phases. Therefore, phenomena such as
the deformation of the solid material and fracturing are
not captured due to either the limitations in the coupling
technique or the delineation of the study.

5. Developments on Modelling of Hydraulic
Fracturing and Engineering Applications

Understanding the behaviour of the underground rock for-
mations is itself a complex subject and it has been investigated
by several researchers in the past [88–90]. The complexity
of the hydraulic fracturing technique has resulted in more
challenges in this area.There was extended ongoing research,
both theoretical and experimental, in an attempt to under-
stand the phenomena involved [45, 85, 89, 91–94]. Several
models have been developed focusing on rockmechanics and
the modelling of fractures; such an example can be seen in
Zhuang et al. [95, 96], where 2D and 3D modelling of a frac-
ture using a meshless method have been developed in order
to provide stress analysis and describe the crack evolution
or the study of cohesive crack models [97]. The motivation
behind the extended modelling researches is that they can
be applied to solve some large scale engineering problems;
such an example is the investigation of rock stability and rock
failure (joints in rock masses) near hydropower stations [98].

Recent developments also focused on the behaviour
of hydraulically pressurized intact rocks in the micro or
mesoscale [44, 99–101]. Such an example is the work by
Marina et al. [43], who replicated a hydraulic fracturing
test in a laboratory, and was performed on a thick-walled
hollow cylinder limestone rock sample. The work studied
the mechanical behaviour of the limestone sample under
fluid pressure differential and the comparison between the
fracturing pattern of the virtual model and the laboratory
rock sample. The modelling of the rock and the analysis
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Figure 4: (a) Schematic of the virtual limestone model with the use of the DEM approach, (b) application of the fluid cell grid around a slice
of the sample, and (c) fluid velocity vectors indicating the horizontal fluid movement from the outside surface towards the hollow core [43].

(a) (b)
Figure 5: (a) Scan image of the limestone specimen inside the test tube at the moment of collapse (35MPa) of the cavity wall and (b)
microcracking of the virtual assembly at the moment of collapse (32.3MPa) [43].

of the fracturing mechanism were performed with the use
of the DEM approach (Figure 4(a)). The particles were
bonded together with parallel bonds (adopting a spring-
like behaviour), where each contact point has a maximum
tensile strength in the normal direction and maximum shear
contact-force strength due to the contact bond. Therefore,
every time either the calculated maximum tensile or shear
force exceeds the tensile or shear strength (𝜎max ≥ 𝜎, 𝜏max ≥
𝜏) of the spring (bond), the parallel bond breaks and this
results in a microcrack. Furthermore, the simulation of the
fluid flow was performed with the use of fluid cells that
encapsulate the region of interest and providemeasurements,
as shown in Figures 4(b) and 4(c).

The numerical results were validated by Lame’s theory
and were also found to be in very good agreement with
the experimental results. They also captured the fracturing
pattern within the rock samples induced by the hydraulic
pressure (Figure 5).

A similar study in the particle scale has been conducted
by Al-Busaidi et al. [102], who investigated the initiation and
propagation of hydrofractures as well as the resulting seismic

output and compared these results with experimental data
produced from other scientists. Generally, their approach can
replicate most of the observations from the hydrofracturing
experiments. More specifically, the numerical modelling was
two-dimensional and part of the study used a number of
homogeneous samples. The numerical results demonstrated
some consistencies with the experimental results, showing
a damage pattern along the potential macrocrack track.
Another example is the work by Wang et al. [103], who
simulated a hydraulic fracturing process of a coal seam
and analysed the relation between the macroscopic and the
mesoscopic mechanical parameters of the material. They
focused on the influence of the mechanical properties in
the macroscale to the initiation and the size of cracks,
the empirical calculation of the breakdown pressure, and
the analysis of the crack propagation due to the injection
conditions. They compared their results with data derived
from field observations.

The basic intention of the fracking process is to max-
imise the reservoir’s permeability, but the permeability of
a fractured formation is highly affected by the openings of
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the fractures. However, the fractures tend to close after a
hydraulic fracturing operation and thus suitable proppants
have to be selected, blend in a certain ratio with the fracturing
fluid, fill the fractures, and keep them open after fluid
injection [2]. Therefore estimation of the residual openings
[46, 104, 105] or the permeability of the fracture openings
[106], which are filled with proppants, as well as the opti-
misation of the used proppants [107] is of great significance
for EGR/EOR applications. A number of studies have focused
on the transport of suspended proppant particles within the
fracture and the interaction between the formation and the
proppant. Specifically Deng et al. [26] investigated the shale-
proppant interactions and evaluated the fracture aperture
under the influence of different pressure levels, proppant
sizes, and Young’s modulus of the shale. According to their
findings, the softer is the shale particle; then the larger is the
pressure and the proppant suggesting a smaller crack opening
and larger plastic zone for other given conditions.

5.1. Direct Applications of Hydraulic Fracturing Studies. Other
studies have focused on large scale numerical modelling and
the observation of the behaviour of substantial formations.
The work by Mas Ivars et al. [53] is an example of a large
scale 3D modelling approach (10 up to 100m), obtaining a
qualitative and quantitative understanding of the mechanical
behaviour of the rock formation both before peak and after
peak. They used the synthetic rock mass (SRM) approach
which is based on the bonded particle model (BPM) for
rock and the smooth-joint contact model (SJIM) in order
to replicate the intact rock and the in situ join network,
respectively. However, due to the nature of their study, factors
that affect the behaviour of the formation in the particle
scale, such as the grain size, the porosity, and the pore
structure, were not considered. Other studies have dealt
with the simulation of seismic events, produced from fluid
pressure distributions, on large scale reservoirs (2 × 2 km)
with the use of discrete particle joints models [108]. Fur-
thermore, many rock engineering projects, such as mining
or exploitation of geothermal energy resources, are directly
related to drilling and thus fracturing, which drives research
towards the investigation of the wellbore instability for hard
and low porosity sedimentary rocks [109]. Fundamental and
numerical analysis, such as the work performed by Zhang et
al. [110] andMarina et al. [43], were developed to deal with the
effect of rock geometry and various pressure differentials on
the wellbore instability. Comparisons of the numerical results
towards analytical solutions and experimental data provide
a better understanding of the behaviour of the material and
the propagation of cracks in both mesoscopic and large scale
rocks. Furthermore, factors such as measurements of the
minimum in situ stress and permeability are significant for
the design of hydraulic fractures, which affect several engi-
neering applications, and therefore extended research has
been conducted relating the changes in the rock permeability
with in situ stresses [111–115] as well as the influence of the in
situ stresses to the fracturing pattern (propagation and clo-
sure) on pressure sensitive materials [104]. It is significant to
observe how individual studies, such as the aforementioned
or others related to the influence of stress and deformation

on the propagation of hydraulic fractures [116–118], become
part of the bigger picture of hydraulic fracturing and can
be connected with more recent studies focusing on the use
and stability of the proppants in the fractures (as previously
discussed). Recently more engineering applications have
emerged where the fracking procedure is the dominant part.
Examples of such projects are the waste disposal by the
injection of slurries, in depths between 600 and 830m, into
appropriate sandstone and shale formations [119] and the
production of heat from the hot dry rocks within geothermal
reservoirs [120]. Therefore understanding the mechanisms
involved in fracking, in order to control and ameliorate the
process and maximise its benefits, is essential.

Furthermore, the investigation of groundwater flow
under high water pressures and possible groundwater inrush
incidents is of high significance especially for the ongoing
operations on hydropower stations [121] and in coal mining
[122]. The effect of high external water mechanical load and
pore pressure is a key issue to the overall stability of the
groundwater cavities and thus numerical analysis is essential
in order to prevent possible leakage and help assist towards
efficient design. The selection of an appropriate method to
investigate groundwater flow and simulate pore pressure in
fractured masses depends on several parameters, such as
the boundary conditions, the scale of the reservoir, and
the geological conditions of the area. However, the most
popular methods for such analysis include the continuum
medium approach [123], the Discrete Fracture Network
(DFN), and methods coupling both continuum and discrete
media [121, 124]. However, each individual approach has
its own limitations. The continuum medium approach has
proven to be inadequate in describing large scale regions
since it has to oversimplify the fractured formation as a
homogeneous zone [125].TheDFN approach cannot produce
the detailed set of the geometrical parameters for individual
fractures, while requiring extensive computational time for
large scale simulations [126, 127]. The third approach can be
considered more efficient since it combines the advantages of
both continuum and discrete methods.

5.2. Critical Parameters Which Affect the Hydraulic Fractur-
ing Mechanism. The complexity of analysing the hydraulic
fracturing further increased by a large number of variables
in the process, such as varying material properties (compres-
sive/tensile strength, elastic constants, properties of particles
and bonds, etc.), stress boundary conditions, the viscosity of
the fracturing fluid, the grain size and permeability of the
rock, and the preexisting fractures within the rock’s matrix.
The majority of the aforementioned variables are currently
under investigation; such an example is the work by Sousani
and Ingham [48, 128] who investigated the effect of the orien-
tation and the number of the samples’ preexisting fractures to
the cracking mechanism. Some of the observations indicate
that in samples containing fractures below 45∘ horizontal
expansion of the microcracks is gaining ground (along the
max compressive stress), whereas for fractures above 45∘
microcracking is observed to extend perpendicular to the
max compressive stress. It was also observed that the effect
of the confining stress combined with the heterogeneity of
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the material, due to fracture, affects the orientation of the
microcracking; finally, it was validated that extensive cracking
is directly related to energy release, resulting in an increase of
the kinetic energy within the sample.

Another example is the work performed by Martinez
[129] who investigated the influence of varying material
properties and boundary conditions in the microscale on the
fracturingmechanismof poorly consolidated rock formation.
Based on his overall results, he suggests that conventional
theory ignores the mechanisms, such as shear cracking,
which control the propagation of fractures with respect to
poorly consolidated rocks and that the assumption of linear
elastic behaviour of the material is not always dominant
in Discrete Element Method (DEM) simulations. More
examples are the work by Shimizu et al. [130–132], who
dealt with the effect of the fluid viscosity and the grain
size, to the behaviour of the hard rock. They observed
that in the case of a homogeneous material and the use
of a high viscous fluid the breakdown pressure was much
higher than in the case of heterogeneous material. Their
findings can be attributed to the defects between grains,
due to differences of grain size, which therefore trigger the
initiation of fracking. Their results were in agreement with
laboratory results [93, 133, 134] which show a decrease of
breakdown pressure with increasing grain size. Also they
concluded that when low fluid viscosity was used, the fracture
propagated along the direction of maximum compressive
stress and the fluid penetrated directly into the fracture. The
opposite occurred in the case of high viscosity, where the fluid
cannot penetrate into the fracture unless the latter propagates
first.

Other researchers have produced similar studies, such
as Ishida et al. [135, 136], who performed a set of similar
hydraulic experiments (the same in situ stress and flow
rate) in the laboratory, using low and high viscous fluids
(water/oil and supercritical/liquid CO

2
, resp.). The aim of

their study was to investigate the effect of fluid viscosity to
the breakdown pressure and compare the results from both
studies. According to their findings they suggest that the
supercritical CO

2
(sc-CO

2
) tends to initiate cracks which

extend more three-dimensionally compared to the liquid
CO
2
(l-CO

2
) which generates cracks that extend in a fat

plane. The comparison between the aforementioned results
and the acoustic emissions from the use of water and
oil were observed to be distributed in a narrower region.
Furthermore, they concluded that the breakdown pressures
were lower for the sc-CO

2
than for the l-CO

2
, while the

breakdown pressures produced from water and oil were
significantly higher in comparison. Furthermore, Bruno [114]
investigated the damage and the stress-induced permeability
anisotropy in weakly cemented geological materials in the
microscopic level. His results are well compared with the
acoustic emissions of experimental data, with the reduction
scale of the stress-induced permeability being dependent
on the relationship between the amount of intergranular
bonds and the stress levels. Specifically, the fluid permeability
is reduced for both low and near hydrostatic stress levels,
whereas for high deviatoric stress levels the flow channels
increase affecting the induced permeability reduction. An

overall anisotropy of the permeability is observed in the
macroscopic level.

6. Conclusions

This paper provides a synopsis and an overview of the
past and recent developments of hydraulic fracturing, its
applications, its possible hazards, and the available compu-
tational methods for analysing this technique. Even though
hydraulic fracturing has been extensively used for several
decades as a method of exploiting energy sources, there is
still requirement for further research developments due to
the difficulty of understanding the complex underground
mechanisms and the limitations of the availablemathematical
models.

A number of studies have focused on the possible haz-
ardous behaviour of the fracking mechanism, both experi-
mentally and numerically, with some of the topics includ-
ing the contamination of shallow aquifers from flowback
fluids, poor well integrity, the effect of active faults and
leakage pathways, and induced seismicity. The outcome of
these works has resulted in the development of advanced
mathematical models that can be successfully applied in
real world operations. The FEM has been widely used for
numerous engineering problems. However, its limitations
have led to other improved techniques, such as the DEM.
The latter is an alternative approach that has become well
recognized in this field since it is free from mesh sensitiv-
ity compared to the FEM and can provide more accurate
reproductions of materials in terms of inhomogeneities and
discontinuities.

Modelling the failure mechanism of hard rocks is a
challenging task and the presence of preexisting discon-
tinuities (fractures, faults) makes the problem even more
complex. This paper presents a review on the available
mathematical and computational models for simulating the
mechanical behaviour of rock formations and fluid flow, as
well as some critical studies and their fundamental outcome.
Following the references provided in this paper, the readers
can access the detailed discussion and formulation of a
specific modelling approach. Even though scientists have
developed advancedmodelling techniques, such as the DEM,
the XFEM, or the FDEM approaches, more research is
required to fully understand the fracking mechanism. Areas
such as the modelling of rocks with preexisting fractures
under injection conditions in the microscale and the effect
of fracture orientation and different injection and reservoir
conditions, the transition between the models in different
scales to improve the accuracy of modelling the field scale
hydraulic fracturing process with the considerations and
benefits of the microscopic mechanisms, and the influ-
ences of the chemical composition of the fracturing fluids
are some of the topics that need to be addressed in the
future.
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A coupled nonisothermal gas flow and geomechanical numerical modeling is conducted to study the influence of fractures (joints)
on the complex thermohydromechanical (THM) performance of underground compressed air energy storage (CAES) in hard rock
caverns. The air-filled chamber is modeled as porous media with high porosity, high permeability, and high thermal conductivity.
The present analysis focuses on the CAES in hard rock caverns at relatively shallow depth, that is,≤100m, and the pressure in carven
is significantly higher than ambient pore pressure. The influence of one discrete crack and multiple crackson energy loss analysis
of cavern in hard rock media are carried out. Two conditions are considered during each storage and release cycle, namely, gas
injection and production mass being equal and additional gas injection supplemented after each cycle. The influence of the crack
location, the crack length, and the crack open width on the energy loss is studied.

1. Introduction

Large-scale energy storage is the key technique to solve the
energy regulation and distribution for the future renew-
able energy development. It also contributes to the wider
application and regulation applications of renewable energy
being accessible to the utility grid. Compressed air energy
storage (CAES) is an energy storage technique that converts
electricity or heat to the potential energy by storing highly
pressurized air in underground caves. The pressurized air is
released and reconverted to electricity through gas turbines
when needed [1] as shown in Figure 1. CAES is among
the most efficient energy storage methods which is capable
of meeting huge energy demand within a short period of
responding time. Comparedwith hydropower stations, CAES
is more economical and requires shorter construction period
[2].

The storage of high pressure air in subsurface rock cavern
brings new geological challenge to the site location. Suitable
formation is not only to provide adequate cavity stability
but also to meet the requirements of air tightness. Different
location decisions have been proposed including salt rock

caverns formed by dissolving, hard rock caverns, natural
fractured porous aquifers, and the shallow buried caverns
with lining [3, 4]. Salt rock caverns are formed by economical
dissolving method and tend to be relatively homogeneous
and dense [3]. To date, the only two CAES plants in operation
at utility scales are all built in salt formation. The first one is
the Huntorf plant in Germany built in 1978 and the second
is the ACE plant built in McIntosh, in 1991 [5]. Caverns
built in salt rock are generally high and narrow, such as
the Huntorf and Mclntosh, which go against the stability of
large caverns. Furthermore, the existence of weak interlayer
restricts the scale of plants built in salt rock [6]. When
CAES plants are built in porous aquifer, high pressure air
displaces groundwater and gets balance with groundwater
head during the process of air compressing. Then the gas
pressure decreases and groundwater flows back during the
process of air releasing.The adequate porous aquifers require
impervious layer, enough water supply, sufficient permeabil-
ity, and porosity. However, periodic large-scale groundwa-
ter seepage and complex groundwater chemical corrosion
deteriorate the structure of the porous aquifer during the
process of CAES plant operation [3]. CAES plants built in
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hard rock could providemore air storage space but the cost of
excavating new caverns in hard rock is very expensive (about
$30 per kWh) [7]. The use of depleted mines of the oil and
gas fields saves the cost of constructing underground space
for gas storage. Subsurface hard rock can withstand higher
pressure fluctuations than the salt rock which has a typical
tensile strength of about 7-8MPa. An appropriate site to build
gas storage cavern in hard rock requires low permeability,
good integrity, and less developed joint fissures to meet the
requirements of air tightness [3].

As hard rock has better mechanical properties and is
able to support higher gas pressure, plants built in hard
rock formation have higher output power than those in salt
rock. As a result, the research of utilizing hard rock is very
important and in this paperwe carried out the energy analysis
of utilizing hard rock cavern for CAES through a coupled
thermalhydromechanical modelling for physical quantities.

Numerical methods for the THM modelling have been
advanced in the past few decades, especially in the application
for geothermal energy exploitation and waste disposal [8].
Conventional methods for THMmodelling are mainly based
on continuum theory with focus of damage or smeared crack
model [9].Thefinite elementmethod (FEM) ismostly used as
the numerical discretization for the field variables. However,
the crack energy release and crack kinematics cannot be
correctly modeled in a damage or smeared crackmodel. Such
type of method is commonly noted as “weak discontinuity.”
To remove the limit of “weak discontinuity,” there have been
growing interests of modelling propagating crack where the
discontinuous displacement and stress concentration take
place in the vicinity of crack, including themeshless methods
[10, 11], phantom node method [12], edge rotation finite
element method [13], extended isogeometric analysis [14, 15],
and finite cover method [16, 17]. Multiscale methods [18, 19]
have also been devised to study the interaction between
different fields.

There are several advanced methods to model the frac-
ture. In the cracking particles method [20, 21], the crack
can be arbitrarily oriented and no representation of the
crack topology is needed. The crack is modelled in three
dimensions by a local enrichment of the test and trial
functions with a sign function, so that the discontinuities
of displacement across the crack can be captured. A coarse-
graining technique [22] is proposed to reduce a given atom-
istic model into an equivalent coarse grained continuum
model. The developed technique is tailored for problems of
involving complex crack patterns in 2D and 3D including
crack branching and coalescence. In the adaptive multiscale
method [23], the phantom node method is used to model
the crack in the continuum region and a molecular statics
model is used near the crack tip. However, themethod is only
implemented in a two-dimensional code. A concurrent cou-
pling scheme [24] is proposed to model three-dimensional
cracks and dislocations at the atomistic level. Moreover, a
method to couple a three-dimensional continuum domain
to a molecular dynamics domain [25] for dynamic crack
propagation is proposed.The continuumdomain is treated by
an extended finite elementmethod to handle the discontinui-
ties.

Renewable
energy

Compressor Recuperator

Cavern

Air in Air out

Turbine

Figure 1: Compressed air energy storage plant.

2. THM Modelling for CASE

Since the 1980s, due to the deep resources exploitation, oil and
gas field development, and nuclear waste storage, the coupled
thermalhydromechanicalmodelling in rock became the focus
of research. The basic coupled thermalhydromechanical
equations in the saturated rockmediumwere proposed based
on the extension of Biot consolidation theory in 1984 [26].
Based on continuum theory and pore elasticity theory, the
coupling coefficients were studied quantitatively, and it was
revealed that the influence of temperature on the stress
field should not be neglected [27]. For unsaturated porous
media, the THM coupling model and the finite element
equations of the coupling problem were established based
on the Galerkin method [28]. For the saturated-unsaturated
media and fractured rock mass, systematic research on the
coupling problem was conducted [29, 30].

The cavern of CASE plants is subjected to the coupled
thermalhydromechanical (THM) effects. During the process
of gas compressing and releasing, the temperature in cavern
changes periodically and the heat is transferred from cavern
to surrounding rock through thermal conduction and con-
vection so that the thermal field of formation changes accord-
ingly. As surrounding rock belongs to the porous medium,
high pressure air seeps outside through joints and pores in
the rock and changes the pore pressure field in rock strata.
The change of temperature field and pore pressure also leads
to the change of stress field in surrounding rock. Besides,
the air has higher compressibility than liquid, which cannot
be handled as incompressible fluid simply. The gas viscosity
also changes with temperature and pressure. Furthermore,
the CAES cavern suffers periodic THM coupling effects due
to periodic air compressing and releasing in operation.

Given these features of the CAES cavern mentioned
above, researches aimed at modelling the coupled THM pro-
cess for CAES plant. Raju and Kumar Khaitan [31] deduced
mass and energy balance equations for the gas storage cavern.
They simulated the CAES plants operation and found that
high pressure air and heat transfer between caverns and
rocks had significant influence on the thermodynamics state
of the air in cavern. However, the simulation assumed that
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the rock temperature was constant and did not consider gas
seepage into rock mass so as to restrict the application of the
result. Kushnir et al. [32] studied parameters that affected the
temperature and pressure fluctuations and the volume of gas
storage. The heat transfer between the rock and air reduced
the pressure and temperature fluctuations during the process
of air compressing and releasing and increased effective
energy storage capacity. They have also found that operating
pressure ratio (maximumpressure\minimal pressure) was an
important factor to decide gas storage volume. However, the
study only focused on the gas thermodynamic status inside
the cavern and did not involve the response of surrounding
rock under the complicated coupled THM condition. Kim
et al. [4] explored the possibility of the construction of CAES
power station in lined shallow buried cavern. They analyzed
the time and space distribution of gas seepage and energy
loss in the cavern (100 meters in depth and diameter of 5
meters) employing TOUGH and FLAC. The permeability of
concrete lining and surrounding rock was the main factor
that influenced the tightness of gas storage in the short and
long term. At the same time, energy loss due to heat transfer
would be minimal if the injected air temperature was similar
to the rock temperature. However, the study did not involve
stress field and could not analyze the stability of caverns
directly. Zhuang et al. [33] conducted coupled nonisothermal
gas flow and geomechanical numerical modeling to study the
complex thermohydromechanical (THM) performance of
CAES built in hard rock. Governing equations were deducted
from basic energy balance law, mass balance law, and the
static equilibriumequation.They explored theTHMcoupling
performance of cavern in intact rockmedia and in rockmedia
with one discrete crack. However, the study did not involve
multiple cracks. In this paper, we aim to figure out energy loss
induced by the existence of multiple cracks and the influence
of the crack location, the crack length, and the crack open
width on the energy loss.

3. Energy Analysis of the CAES System in
Hard Rock

In this paper, the complete coupling model of mechanical,
thermal, and hydro fields was employed. In this complete
model, rock temperature fluctuation causes the rock volumet-
ric strain and the rock strain leads to the change of rock defor-
mation and fluid seepage. At the same time, porous media
deformation and fluid seepage affect the temperature field.
The seepage influences temperature field through the fluid
convectionwhile stress field affects temperature field through
mechanical work and volume strain. As the temperature
fluctuation is small in operation, the influence of temperature
on the viscosity of the air was ignored. At the same time, we
also did not consider the influence of temperature on the rock
mass mechanics parameters. We adopted the assumptions
and governing equations described in [33] to study the energy
loss for CAES in subsurface hard rock.

The diameter of the underground cavern embedded with
100m depth is 5m. Table 1 shows the parameters employed
in this case study. At the beginning, the air is injected at

Table 1: Material parameters used in example.

Parameters Value in cavern Value in formation
Young’s modulus 𝐸
(GPa) — 35

Poisson’s ratio 𝜐 — 0.3
Density (kg/m3) Determined by 𝑇 and 𝑃 2800
Pore ratio 𝜙 1.0 0.01
Permeability
coefficient 𝑘 (m2) 1 × 10−9 1 × 10−20

Permeability
coefficient along
crack 𝑘

𝑓

(m2)
— 1 × 10−17

Crack width 𝑑
𝑓

(m) — 0.1
Viscosity of air 𝜂
(Pa⋅s) 1.86 × 10−5 1.86 × 10−5

Biot’s consolidation
coefficient 𝑏 0.95 0.95

Heat conduction of
rock 𝛼

𝑠

(W/m⋅K) 3 3

Heat conduction of
air 𝛼
𝑠

(W/m⋅K) 1000 0.56

Specific heat of air
under constant
pressure 𝐶

𝑝,gas
(J/kg⋅K)

1000 1000

Specific heat of rock
𝐶
𝑝,𝑠

(J/kg⋅K) 900 900

Expansion coefficient
𝛽 (1/K) 1.0 × 10−5 1.0 × 10−5

Initial pressure 𝑃0
(atm) 1 1

Initial temperature 𝑇
0

(K) 286.15 286.15

Air injection
temperature 𝑇in (K)

296.65 —

the rate of 1.12 × 10−3 kg/(s ⋅ m3
) for 16 hours to reach

5.5MPa and stored for 8 hours to start daily circulation. In
the stage of daily air compressing, the air at temperature of
296.65 K (23.5∘C) is injected into the cavern at the rate of
1.12 × 10−3 kg/(s ⋅m3

). In the energy recuperation stage, the
air is released at the rate of 2.24 × 10−3 kg/(s ⋅m3

).
According to the first law of thermodynamics, the change

in total energy (Δ) stored in the CASE underground cavern
can be expressed as the summation of the change in internal
energy (Δ𝐸), thework done by injected compressed air (Δ𝑊),
and the sum of outflows by production, air leakage, and heat
transfer (Δ𝑄) [4]

Δ = Δ𝐸+Δ𝑊+Δ𝑄,

Δ𝐸 = 𝐶air ⋅ 𝑇 ⋅ Δ𝑚,

Δ𝑊 = Δ𝑃 ⋅𝑉 = 𝑅air ⋅ 𝑇 ⋅ Δ𝑚,

(1)
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where Δ𝑚 (kg/s) is the air mass flow, 𝐶air (J/kg ⋅ K) is the
specific heat of air, 𝑇 (K) is the temperature in cavern, 𝑃 (Pa)
is the pressure in cavern, and𝑉 (m3) is volume of the cavern.

The total injected energy (𝐸in) consists of the internal
energy of injected air and the work done during compression.
The output energy (𝐸out) consists of the internal energy of
released air and the work done during air releasing stage.The
difference between injected energy and output energy is the
energy loss (𝑄) caused by heat conduction, advection, and air
leakage

𝐸in = (𝐶air +𝑅air) ⋅ 𝑇 ⋅𝑚in,

𝐸out = ∫
𝑡

2

𝑡

1

(𝐶air +𝑅air) ⋅ 𝑇𝑖 ⋅ 𝑚out ⋅ 𝑑𝑡,

𝑄 = 𝐸in −𝐸out,

(2)

where 𝑇 (K) is the temperature of injected air, 𝑚in (kg/s) is
the injected rate of air, 𝑡 (s) is the compression time, 𝑇

𝑖

(K) is
the temperature of released air,𝑚out (kg/s) is the released rate
of air, 𝑡1 (s) is the start time of the air releasing stage, and 𝑡2
(s) is the end time of the air releasing stage.

The study explored the energy loss analysis of the cavern
in intact rock and in rock with multiple cracks. Without
water concealing, supplementary air injection is necessary
to maintain operational pressure due to air seepage [33].
Evaluation was carried out in two cases. Case one is with
equal gas injection and production during each compression
and decompression cycle, namely, the mass conservation
control. Case two is with additional gas injection, namely, the
air supplement control. With the mass conservation control,
189.1MJ of energy was injected each day while 195.25MJ of
energy was injected each day with the air supplement control.

3.1. Energy Analysis in Rock with Single Crack. The energy
output and energy loss in intact hard rock are shown in
Figures 2 and 3. Due to the air leakage and with no supple-
ment, the output energy declined over time with the mass
conservation control, which did not conform to the industry
requirements. Energy loss grew up quickly in the first 10 days
and then the growth became slow. With the air supplement
control, the output energy was more stable and higher than
that with mass control. The difference was more and more
significant over time, which proves that the supplementary
air can guarantee stable output power of CAES plant in hard
rock. Besides, the energy loss with air supplement control
reached 12MJ, whichwas higher than 7MJwithmass control.
Thermodynamic analysis showed that 3.4%of energy injected
was lost to the surrounding media in intact rock in the 25th
day with mass control while 6.14% of energy injected was lost
in the 25th day with air supplement control. However, the
energy loss with air supplement control remained stable over
time but that with mass control grew continually.

To study the impact of single crack on energy loss, we set
the crack width as 0.1m and length as 9.5m and the location
is on the top of the carven. In hard rock with single crack, the
changing trend was similar to that in intact rock as shown
in Figures 4 and 5. With air supplement control, the CASE
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Figure 2: Energy output in intact hard rock.
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Figure 3: Energy loss in intact hard rock.

plant still had stable output energy and energy loss stood at
12MJ in the long term. Due to the existence of crack, the
output energy with mass control was considerably below that
with air supplement control at the beginning and the gap
expanded over time. For the hard rockwith cracks, additional
gas injection is a necessary method to ensure the normal
operation of the plant at the expense of higher energy loss.

As shown in Tables 2 and 3, the efficiency comparison
has been conducted in the 12th and 20th day. In intact
rock, thermodynamic analysis showed that 3.41% of energy
injected was lost to the surrounding rock in the 20th day
with mass control while 6.14% of energy injected was lost
with air supplement control. In rock with single crack, the
efficiency reached 95.35% with mass control and 93.71% with
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Table 2: Efficiency comparison under different conditions in the 12th day.

The 12th day Input energy (MJ) Output energy (MJ) Energy loss (MJ) Efficiency

Intact rock Mass control 189.10 183.01 6.09 96.78%
Air supplement control 195.25 183.48 11.77 93.97%

Rock with single crack Mass control 189.10 182.46 6.64 96.49%
Air supplement control 195.25 183.28 11.97 93.87%

Table 3: Efficiency comparison under different conditions in the 20th day.

The 20th day Input energy (MJ) Output energy (MJ) Energy loss (MJ) Efficiency

Intact rock Mass control 189.10 182.65 6.45 96.59%
Air supplement control 195.25 183.26 11.99 93.86%

Rock with single crack Mass control 189.10 180.31 8.79 95.35%
Air supplement control 195.25 182.96 12.29 93.71%
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Figure 4: Energy output in rock with single crack.

air supplement control in the 20th day.The existence of cracks
increased the energy loss and the efficiency withmass control
is higher than that with air supplement control. However,
compared to the 12th day, the efficiency in the 20th day
withmass control declined obviously, from 96.49% to 95.35%
in rock with single crack. It can be speculated that the air
supplement control costs more thanmass control but it could
maintain relatively stable output energy.

3.2. Energy Analysis in Rock with Multiple Cracks. To study
the temperature and pressure fluctuations and energy loss
of the CASE plant in hard rock with multiple cracks, we set
the location of cracks as shown in Figure 6. In this section,
we calculated the model reaction in two cases, namely, the
mass control and air supplement control. At the same time,
multiple cracks were divided into connected cracks and
disconnected cracks.
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Figure 5: Energy loss in rock with single crack.
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Figure 7: Comparison of pressure between caverns with connected
and disconnected cracks.

With air supplement control, the cavern pressure in hard
rock with connected and disconnected cracks both fluctu-
ated between 5.5MPa and 8.5MPa as shown in Figure 7.
In the long term, the cavern pressure with disconnected
cracks was higher than that with connected cracks. With
mass control, the cavern pressure with disconnected cracks
gradually declined while that with connected cracks dropped
rapidly, especially after 400 hours of operation. As shown
in Figure 8, the temperature of cracked rock cavern with
air supplement control fluctuated between 284K and 292K
while that without additional injection dropped gradually.
Connected cracks led to a more significant temperature
decrease, which reached 3 degrees at 600 h and 7 degrees at
800 h, while disconnected cracks only resulted in 1 degree loss
at 600 h and 3 degrees at 800 h.

As shown in Figure 9, the output energy stayed around
1.84 × 108 J with air supplement control. Without additional
air injection, theCASEplant could notmaintain stable energy
output especially after 400 h. After 800 hours of operation,
the energy output of cavern with connected cracks fell to
1.79×108 J while that with disconnected cracks only dropped
to 1.81×108 J. As shown in Figure 10, the energy loss remained
around 1.17× 107 J with supplementary injection. With mass
control, the energy loss was 5.6 × 106 J at 200 h but reached
1.01×107 J at 800 h with connected cracks and 7.8×106 J with
disconnected cracks. It can be seen that connected cracks
resulted in faster growth of energy loss than disconnected
cracks.

4. Sensitivity Analysis of Single Crack

4.1. The Influence of Crack Length. To study the impact of
crack length on energy loss, we set the initial crack length
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Figure 8: Comparison of temperature between caverns with con-
nected and disconnected cracks.
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Figure 9: The energy output in caverns with multiple cracks.

as 3.8m and then increased it by 1.9m. The crack width is
0.1m and the location is on the top of carven. As shown in
Figure 11, the pressure with air supplement control fluctuated
between 5.5MPa and 8.5MPa and the change of crack length
did not have significant influence on it. Without additional
injection, longer crack resulted in faster drop of pressure. It
can be seen that crack of 3.8m in length led to the pressure
loss of about 1.5MPa while 9.5m resulted in about 3.5MPa
after 500 hours of operation. As shown in Figure 12, without



Mathematical Problems in Engineering 7

0

2

4

6

8

10

12

Connected cracks with air supplement control
Connected cracks with mass control
Disconnected cracks with air supplement control
Disconnected cracks with mass control

En
er

gy
 lo

ss
 (M

J)

Time (h)
0 200 400 600 800 1000

Figure 10: The energy loss in caverns with multiple cracks.

0

2

4

6

8

10

P
 (M

Pa
)

Time (h)
0 200100 300 400 500 600

3.8m in length under air supplement control

5.7m in length under air supplement control
5.7m in length under mass control
7.6m in length under air supplement control
7.6m in length under mass control
9.5m in length under air supplement control
9.5m in length under mass control

3.8m in length under mass control

Figure 11: Comparison of pressure between caverns with different
length of crack.

supplementary injection, the temperature gradually declined.
Longer crack length resulted in more significant decline of
temperature. After 600 hours of operation, the cavern with
3.8m crack has lost about 2.3 degrees of temperature while
that with 9.5m crack was 3.2 degrees.
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Figure 12: Comparison of temperature between caverns with
different length of crack.

It can be seen in Figures 13 and 14 that the length of crack
had little influence on the output energy and energy loss with
additional air injection which maintained about 1.83 × 108 J
and 1.2×107 J, respectively.Without supplementary injection,
the output energy dropped and energy loss rose over time.
After 600 h of operation, the energy loss of cavern with 3.8m
crack was 7.9 × 106 J while that with 9.5m was 8.0 × 106 J. It
can be speculated that the energy loss is not sensitive to the
change of fracture length.

4.2. The Influence of the Crack Open Width. We set three
different crack widths, namely, 0.001m, 0.01m, and 0.1m.
The crack length is 9.5m and the location is on the top
of carven. With air supplement control, the pressure and
temperature remained stable as shown in Figures 15 and
16. Without additional air injection, the temperature and
pressure declined obviously due to the existence of crack. It
can be seen that the single fracture of 0.1m in width resulted
in the pressure loss of about 4MPa while that of 0.001m
only led to the pressure loss of about 2MPa.The temperature
in 0.1m width cracked cavern decreased by 3.22 degrees,
which wasmore than that in 0.001 width cracked cavern (2.65
degrees).

As shown in Figures 17 and 18, the energy output and
energy loss can be both kept stable with air supplement
control. Without additional air injection, the energy output
declined over time and the wider crack led to lower output
energy. At the same time, the energy loss increased and the
wider crack resulted in higher energy loss. After 600 h of
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Figure 13: Energy output in caverns with different length of crack.
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Figure 14: Energy losses in caverns with different length of crack.
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Figure 16: Comparison of temperature between caverns with differ-
ent width of crack.

operation, the energy loss of cavern with 0.001m width crack
was 6.8 × 106 J while that with 0.1m was 8.9 × 106 J. It can be
speculated that the energy loss is sensitive to the change of
fracture open width.
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Figure 17: Energy output in caverns with different open width of
crack.

0

2

4

6

8

10

12

14

En
er

gy
 lo

ss
 (M

J)

Time (h)
0 200 400 600

0.001m in width under air supplement control
0.001m in width under mass control
0.01m in width under air supplement control
0.01m in width under mass control
0.1m in width under air supplement control
0.1m in width under mass control

Figure 18: Energy losses in caverns with different open width of
crack.

4.3. The Influence of the Crack Position. To study how the
crack position influences the energy loss, we place a single
crack close to the top of the cavern, at the side and bot-
tom of cavern. The crack width is 0.1m and the length is
9.5m. With air supplement control, the pressure fluctuated
between 5.5MPa and 8.5MPa as shown in Figure 19 and the
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Figure 19: Comparison of pressure between caverns with different
location of crack.
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Figure 20: Comparison of temperature between caverns with
different location of crack.

temperature fluctuated between 284K and 294K as shown
in Figure 20. Without additional injection, the pressure and
temperature declined gradually. Interestingly, the pressure
and temperature in cavern with crack on the top dropped
faster than that on the bottom and side.
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Figure 21: Energy output in caverns with different location of crack.
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Figure 22: Energy losses in caverns with different location of crack.

As shown in Figures 21 and 22, the energy output and
energy loss remained stable with air supplement control.
Without additional injection, the energy output of top
cracked cavern decreased faster than that of bottom or side
cracked cavern. It also can be seen that the energy loss in
top cracked cavern had reached 9.09 × 106 J after 600 hours

of operation while that in bottom cracked cavern only came
to 7.62 × 106 J. The cracks on the top should be paid more
attention in the process of CAES plants maintenance.

5. Discussions

In this paper, we conducted the energy analysis of CASE
plants built in hard rock. The energy output and energy loss
in intact rock and in rock with multiple cracks were studied.
We also analyzed the influence of crack length, crack open
width, and crack location on the CASE plant operation. It
was found that supplementary air injection was an effective
way tomaintain the normal operation of the CASE plant. Due
to the additional injection, the influence of crack on energy
output and energy loss was limited. Without supplementary
air injection, we found that connected cracks had a greater
negative impact on plant operation than disconnected cracks.
Furthermore, the output energy and energy loss were sen-
sitive to the change of fracture open width and location. In
the process of CAES plants maintenance, we suggest that the
cracks on the top should be paidmore attention and the open
width of cracks should be the key parameter to bemonitored.
The crack propagation and stress field of rock under different
crack conditions are not considered. These can be the topics
for further study.
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A new method using the enriched element-free Galerkin method (EEFGM) to model functionally graded piezoelectric materials
(FGPMs) with cracks was presented. To improve the solution accuracy, extended terms were introduced into the approximation
function of the conventional element-free Galerkin method (EFGM) to describe the displacement and electric fields near the
crack. Compared with the conventional EFGM, the new approach requires smaller domain to describe the crack-tip singular field.
Additionally, the domain of the nodes was not affected by the crack. Therefore, the visibility method and the diffraction method
were no longer needed. The mechanical response of FGPM was discussed, when its material parameters changed exponentially
in a certain direction. The modified 𝐽-integrals for FGPM were deduced, whose results were compared with the results of the
conventional EFGM and the analytical solution. Numerical example results illustrated that this method is feasible and precise.

1. Introduction

Functionally gradedmaterials (FGMs) are composite materi-
als formed of two or more constituent phases with a continu-
ously variable composition. During design, the requirements
of structural strength, reliability, and lifetime of piezoelec-
tric structures/components call for enhanced mechanical
performance, including stress and deformation distribution
under multifield loading. In recent years, the emergence
of FGMs has demonstrated that they have the potential to
reduce stress concentration and to provide improved residual
stress distribution, enhanced thermal properties, and higher
fracture toughness. Consequently, a new kind of material,
functionally graded piezoelectric materials (FGPMs), has
been developed to improve the reliability of piezoelectric
structures by introducing the concept of the well-known
FGM to piezoelectric materials [1].

At present, FGPMs are usually associated with particulate
composites where the volume fraction of particles varies
in one or several directions. One of the advantages of a
monotonous variation of volume fraction of constituent
phases is elimination of the stress discontinuities that are
often encountered in laminated composites and accordingly

avoidance of delamination-related problems. How all these
aspects can be improved and what the mechanisms might be
are popular topics which have received much attention from
researchers. Wang and Noda [2] investigated the thermally
induced fracture of a functionally graded piezoelectric layer
bonded to a metal. Ueda studied the fracture of an FGPM
strip with a normal crack [3, 4], a symmetrical FGPM
strip with a center crack [5], and an FGPM strip with a
two-dimensional crack [6, 7]. Li and Weng [8] solved the
problem of an FGPM strip containing a finite crack normal
to boundary surfaces. Hu et al. [9] studied the problem
of a crack located in a functionally graded piezoelectric
interlayer between two dissimilar homogenous piezoelectric
half planes. Rao and Kuna [10] presented an interaction
integral method for computing stress intensity factors (SIFs)
and the electric displacement intensity factor (EDIF) in
FGPM under thermoelectromechanical loading. Borrelli et
al. [11] used the energy-decay inequality technique to analyze
the decay behavior of end effects in antiplane shear deforma-
tion in piezoelectric solids and FGPMs. Zhong and Shang
[12] developed an exact solution for a functionally graded
piezothermoelectric rectangular plate. Dai et al. [13] con-
ducted a theoretical study of electromagnetoelastic behavior
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for an FGPM cylinder and sphere. They then extended
their solutions to include thermal effects [14]. Zhong and
Yu [15] analyzed the FGPM beam with arbitrarily graded
material properties along the beam thickness direction.
Based on the layerwise finite element model, Shakeri and
Mirzaeifar [16] performed a static and dynamic analysis of
a thick FGM plate with piezoelectric layers. Wang et al.
[17] analytically investigated the axisymmetric bending of
circular plates whose material properties varied with the
thickness. Using the Fourier transform technique, Chue and
Yeh [18] developed a system of singular integral equations
for angle cracks in two bonded FGPMs under antiplane
shear. Chen and Bian [19] studied the wave propagation
characteristics of an axially polarized, functionally graded,
piezoceramic cylindrical transducer submerged in an infinite
fluid medium. Ueda [20] addressed the problem of two
coplanar cracks in an FGPM strip under transient thermal
loading. Ben Salah et al. [21] examined the propagation of
ultrasonic guided waves in FGPMs. Wang et al. [22] studied
the singularity behavior of electroelastic fields in a wedge
with angularly graded piezoelectric material (AGPM) under
antiplane deformation. Chue and Yeh [23] extended the
results of the case of two arbitrarily oriented cracks in two
bonded FGM strips.

In the field of engineering technology, accurate solu-
tions computed with analytic methods are only available
in problems with relatively simple equations and regular
geometry. As for most problems, especially in the case of
complex engineering, analytic solutions cannot be computed.
Therefore, research has been going on formany years that has
led to the development of another approach—the numerical
method.With the rapid development and wide application of
computers, numerical analysis and theoretical investigation
and experimental investigation are considered as the three
major research approaches. As one of the most effective
tools for the study of mechanics, the finite element and
other numerical methods have been widely used in scientific
research and engineering practice. FEManalysis of piezoelec-
tric structures with a crack under dynamic electromechanical
loading was presented by Enderlein et al. [24]. A survey
on numerical algorithms for crack analyses in piezoelectric
structures to be used with FEM for determining fracture
parameters was presented by Kuna [25]. Béchet et al. [26]
presented an application of XFEM to the analysis of fracture
in piezoelectric materials. Nanthakumar et al. [27] analyzed
the multiple flaws in piezoelectric structures using XFEM
and level sets. Sharma et al. [28] analyzed a subinterface
crack in piezoelectric bimaterials with XFEM. Bouvier et
al. [29] studied the inverse problems in structural analysis:
application to atherosclerotic plaque elasticity reconstruction
by using the XFEM.

Compared with the extended finite element method,
however, element-freemethod has a unique feature in solving
the problems of crack growth, plastic flow of materials,
geometric distortion and phase transition, and singularity.
The notable feature of this method is that, in establishing
the discrete equation, it does not need mesh but only needs
to arrange discrete points in the global domain. Thus, it
not only avoids the complicated process of mesh formation,

but also greatly reduces the influence of mesh distortion.
Various meshless methods have been applied to the analysis
of smart materials and structures such as the meshless point
collocation method (PCM) [30], the point interpolation
meshfree method (PIM) [31], a novel truly hybrid meshless-
differential order reduction method (hM-DOR) [32], and
the local Petrov-Galerkin method (MLPG) [33]. Among
these meshless methods, the element-free Galerkin method
(EFGM) [34], developed by Belytschko et al., has good
compatibility and stability and will not have the problem
of shear locking of volume even in adopting linear primary
function. And fast convergence speed and high accuracy
can be achieved. EFGM was widely applied in fracture
mechanics. Rabczuk and Belytschko analyzed the problem
of a three-dimensional large deformation meshfree method
for arbitrary evolving cracks [35]. Rabczuk et al. deduced a
simplified meshfree method for shear bands with cohesive
surfaces [36].

In this study, a type of electromechanical-coupling
enriched element-free Galerkin method based on the
enriched EFGmethods [37, 38] is developed. Enriched terms
were introduced into the approximation function of the
conventional EFGM to describe the displacement and elec-
tric fields near the crack. Compared with the conventional
EFGM, this method only needs a small domain to describe
the crack-tip singular field. Furthermore, the domain of the
node is not affected by the crack without using the visibility
method and diffraction methods.

2. Basic Equations for
Two-Dimensional FGPM

The governing equations and the boundary conditions of
FGPM are briefly given.

Constitutive Equations. Consider

𝜎
𝑖𝑗
= C
𝑖𝑗𝑘𝑙
𝜀
𝑘𝑙
− e
𝑘𝑖𝑗
E
𝑘
,

D
𝑖
= e
𝑖𝑘𝑙
𝜀
𝑘𝑙
+𝜆
𝑖𝑘
E
𝑘

(1)

in which C
𝑖𝑗𝑘𝑙

, e
𝑘𝑖𝑗
, and 𝜆

𝑖𝑘
are the elastic, piezoelectric,

and dielectric constants, respectively. 𝜎
𝑖𝑗
, 𝜀
𝑘𝑙
, E
𝑘
, and D

𝑖
are

the stress tensor, strain tensor, electric field, and electrical
displacements.

Strains are related to displacements by the expression

𝜀
𝑖𝑗
=
1
2
(
𝜕u
𝑖

𝜕x
𝑗

+
𝜕u
𝑗

𝜕x
𝑖

) , (2)

𝜀1 =
𝜕u1
𝜕x1
, (3)

𝜀3 =
𝜕u3
𝜕x3
, (4)

𝛾13 =
𝜕u1
𝜕x3

+
𝜕u3
𝜕x1
, (5)

where u
𝑥
and u
𝑧
are, respectively, the displacements in 𝑥- and

𝑧-directions.
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The electric field is related to the electric potential by the
expression

E
𝑖
= −

𝜕𝜑

𝜕x
𝑖

. (6)

Types of Gradation. The properties of FGM are usually
assumed to have the same functions of certain space coor-
dinates. Exponential material gradation is commonly used
graded forms.

All the material constants including elastic constants,
piezoelectric parameters, and dielectric constants follow the
exponential law:

M
𝑖𝑗
= M0
𝑖𝑗
𝑒
𝛼𝑥
, (7)

whereM
𝑖𝑗
represents material constants such asC

𝑖𝑗𝑘𝑙
, e
𝑘𝑖𝑗
, or

𝜆
𝑖𝑘
,M0
𝑖𝑗
is the corresponding value at the plane 𝑥

3
= 0, and 𝛼

denotes a material graded parameter.
The field equations of electroelasticity are reduced to

two-dimensional form in the special cases: plane strain.
Considering a transversely isotropic FGPM, according to (1),
the𝑥-𝑦 plane is the isotropic plane, and one can employ either
the 𝑥-𝑧 or 𝑦-𝑧 plane for the study of plane electromechanical
phenomena. The plane strain conditions require that

𝜀22 = 𝜀23 = 𝜀12 = E2 = 0. (8)

By substitution of (10) into (1), we have

{{{{{{{{

{{{{{{{{

{

𝜎1

𝜎3

𝜎13

D1

D3

}}}}}}}}

}}}}}}}}

}

=

[
[
[
[
[
[
[
[

[

c11 c13 0 0 e31
c13 c33 0 0 e33
0 0 c55 e15 0
0 0 e15 −𝜆11 0
e31 e33 0 0 −𝜆33

]
]
]
]
]
]
]
]

]

{{{{{{{{

{{{{{{{{

{

𝜀11

𝜀33

𝛾13

−E1

−E3

}}}}}}}}

}}}}}}}}

}

(9)

or inversely

{{{{{{{{

{{{{{{{{

{

𝜀11

𝜀33

𝛾13

−E1

−E3

}}}}}}}}

}}}}}}}}

}

=

[
[
[
[
[
[
[
[

[

𝑎11 𝑎13 0 0 𝑏31

𝑎13 𝑎33 0 0 𝑏33

0 0 𝑎55 𝑏15 0
0 0 𝑏15 −𝛿11 0
𝑏31 𝑏33 0 0 −𝛿33

]
]
]
]
]
]
]
]

]

{{{{{{{{

{{{{{{{{

{

𝜎1

𝜎3

𝜎13

D1

D3

}}}}}}}}

}}}}}}}}

}

, (10)

where 𝑎
𝑖𝑗
, 𝑏
𝑖𝑗
, and 𝛿

𝑖𝑗
are the reduced material constants.

They are related to the elastic compliance tensor 𝑓
𝑖𝑗
, the

piezoelectric tensor 𝑔
𝑖𝑗
, and the dielectric impermeability

tensor 𝛽
𝑖𝑗
by the following relations [39]:

𝑎11 = 𝑓11 −
𝑓
2
12
𝑓11
,

𝑎13 = 𝑓13 −
𝑓12𝑓13
𝑓11

,

𝑎33 = 𝑓33 −
𝑓
2
13
𝑓11
,

𝑎55 = 𝑓55,

𝑏15 = 𝑔15,

𝑏31 = 𝑔31 −
𝑔31𝑓12
𝑓11

,

𝑏33 = 𝑔33 −
𝑔31𝑓13
𝑓11

,

𝛿11 = 𝛽11,

𝛿33 = 𝛽33 −
𝑔
2
31
𝑓11
.

(11)

Boundary Conditions. In electroelasticity theory, mechanical
boundary conditions are formulated just as in classical elas-
ticity theory. The electric boundary conditions are, however,
still controversial. The first attempt to define the electric
boundary conditions over crack faces was done by Parton
[40]. He assumed that although the magnitude of the normal
electrical displacement component at the crack face was
very small, the electrical displacement was continuous across
the crack faces. He used the following electric boundary
conditions:

𝜙
+
= 𝜙
−
,

𝐷
+

𝑛
= 𝐷
−

𝑛
.

(12)

Later, Hao and Shen [41] improved the above assumption by
taking the electric permeability of air in the crack gap into
consideration. In addition to (14), they presented an equation
for the boundary condition at crack faces:

𝐷
+

𝑛
= 𝐷
−

𝑛
,

𝐷
+

𝑛
(𝑢
+

𝑛
−𝑢
−

𝑛
) = − 𝜅

𝛼
(𝜙
+
−𝜙
−
) ,

(13)

where 𝜅
𝛼
is the permittivity of air. However, (15) has remained

disregarded for a long time due to its complex mathematical
treatment.

As pointed out by Suo et al. [42], the above assumption
is not physically practical as there will clearly be a potential
drop across the lower capacitance crack. This is particularly
true for those piezoelectric ceramics with permittivity 103
times higher than that in the air. For this reason, Deeg [43]
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H(x) = +1

H(x) = −1

Figure 1: The nodes of sets Ω
Γ
and Ω

𝐴
.

proposed another set of electric boundary conditions over
crack faces:

𝐷
+

𝑛
= 𝐷
−

𝑛
= 0. (14)

Equation (16) is derived from the constitutive equation 𝐷
𝑛
=

𝜅
𝛼
𝐸
𝑛
.
This is equivalent to having the crack surfaces free of

surface charge which is the electrical boundary condition.
Thus the electric displacement vanishes in the environment.

3. Electromechanical-Coupling Enriched
Element-Free Galerkin Method

Displacement u and electric potential𝜙were adopted as basic
field quantities for the solution of the enriched element-free
Galerkinmethod, and the displacement and electric potential
interpolation of a typical point x were conducted as follows:

u
𝑖𝐼 (x) = ∑

𝐼∈Ω

𝑁
𝐼 (x) u𝑖𝐼 + ∑

𝐼∈ΩΓ

𝑁
𝐼 (x)𝐻 (x) 𝑎𝑖𝐼

+ ∑

𝐼∈Ω𝐴

𝑁
𝐼 (x)

4
∑

𝑚=1
𝑇
𝑚 (𝑥) 𝑏𝑚𝐼,

(15)

𝜙
𝐼
(x) = ∑

𝐼∈Ω

𝑁
𝐼 (x)𝜙𝐼 + ∑

𝐼∈ΩΓ

𝑁
𝐼 (x)𝐻 (x)𝛼𝐼

+ ∑

𝐼∈Ω𝐴

𝑁
𝐼 (x)

4
∑

𝑚=1
𝑇
𝑚 (𝑥)𝛽𝑚𝐼 ,

(16)

where 𝑁
𝐼
(x) is the MLS shape function at the point x. Ω is

the support domain. Ω
Γ
is a set of all nodes whose support

is cut by the crack. The set Ω
𝐴
is a set of all nodes that lie

within a fixed region around the crack tip. 𝑎
𝑖𝐼
and 𝑏

𝑚𝐼
are

the additional degrees of freedom of the displacement. 𝛼
𝐼

and 𝛽
𝑚𝐼

are the additional degrees of freedom of the electric
potential.

The first terms of (15) and (16) are the conventional
EFGM approximation which simulates the displacement and
electric potential fields. The second term is the displacement
and electric potential approximation function of the nodes in
Ω
Γ
.𝐻(x) is the Heaviside function:

𝐻(x) =
{

{

{

+1 if (x − x∗) ⋅ n ≥ 0

−1 if (x − x∗) ⋅ n < 0,
(17)

where x∗ is the projection of point x on the crack.

The last term in (15) and (16) is the displacement and
electric potential approximation function of the nodes inΩ

𝐴
.

𝑇(𝑥) is the branch functions given by

𝑇 (𝑥)

= [𝑇1 (𝑥) 𝑇2 (𝑥) 𝑇3 (𝑥) 𝑇4 (𝑥)]

= [√𝑟 sin 𝜃
2
√𝑟 cos 𝜃

2
√𝑟 sin 𝜃

2
cos 𝜃 √𝑟 cos 𝜃

2
cos 𝜃] ,

(18)

where 𝑟 and 𝜃 are polar coordinates in the local coordinate
system.

The set Ω
Γ
includes the nodes whose support contains

point x or is cut by the crack. The set Ω
𝐴
is nodes whose

support contains point x and crack tip xtip (see Figure 1).
The expression for the potential energy in the domain Ω

is given by

Π = ∫
Ω

1

2
𝜀
𝑇G𝜀𝑑Ω−∫

Ω

fu𝑑Ω−∫
Γ
𝜎

Tu𝑑Γ

+∫
Γ
𝑢

1

2
𝛼

(u − u) 𝑑Γ,

(19)

where f = { f
q }, T = {T/q}, u = {u/𝜙}, and 𝛼 =

{ 𝛼
𝑢

𝛼
𝜙 } are the generalized volume force vector, the given

generalized boundary force vector, the generalized boundary
displacement vector, and the generalized penalty function
coefficient vector, respectively.

In the expressions above,

𝜀

=

{{{{{{{{

{{{{{{{{

{

𝜀
11

𝜀
33

𝛾
13

𝐸
1

𝐸
3

}}}}}}}}

}}}}}}}}

}

,

G =

[
[
[
[
[
[
[
[

[

c11 c13 0 0 e31
c13 c33 0 0 e33
0 0 c44 e15 0
0 0 e15 𝜆11 0
e31 e33 0 0 𝜆33

]
]
]
]
]
]
]
]

]

(20)

are the generalized strain matrix and generalized elastic
matrices.
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When the system reaches equilibrium, the potential
energy of the system is minimized. The use of the variation
principle on (9) and (10) leads to the equilibrium equation:

Ku = f. (21)

The standard discrete equations is obtained,

[
K
𝑢𝑢

K
𝑢𝜙

K𝑇
𝑢𝜙

K
𝜙𝜙

]{
u

𝜙
} = {

f
q
} . (22)

For the enriched terms,

(

K𝑢𝑢
𝑖𝑗

K𝑢𝑎
𝑖𝑗

K𝑢𝑏
𝑖𝑗

K𝑎𝑢
𝑖𝑗

K𝑎𝑎
𝑖𝑗

K𝑎𝑏
𝑖𝑗

K𝑏𝑢
𝑖𝑗

K𝑏𝑎
𝑖𝑗

K𝑏𝑏
𝑖𝑗

)

{{

{{

{

u
a
b

}}

}}

}

+(

K𝑢𝜙
𝑖𝑗

K𝑢𝛼
𝑖𝑗

K𝑢𝛽
𝑖𝑗

K𝑎𝜙
𝑖𝑗

K𝑎𝛼
𝑖𝑗

K𝑎𝛽
𝑖𝑗

K𝑏𝜙
𝑖𝑗

K𝑏𝛼
𝑖𝑗

K𝑏𝛽
𝑖𝑗

)

{{

{{

{

𝜙

𝛼

𝛽

}}

}}

}

=

{{{

{{{

{

f
f𝑎

f𝑏

}}}

}}}

}

,

(

K𝜙𝑢
𝑖𝑗

K𝜙𝑎
𝑖𝑗

K𝜙𝑏
𝑖𝑗

K𝛼𝑢
𝑖𝑗

K𝛼𝑎
𝑖𝑗

K𝛼𝑏
𝑖𝑗

K𝛽𝑢
𝑖𝑗

K𝛽𝑎
𝑖𝑗

K𝛽𝑏
𝑖𝑗

)

{{

{{

{

u
a
b

}}

}}

}

−(

K𝜙𝜙
𝑖𝑗

K𝜙𝛼
𝑖𝑗

K𝜙𝛽
𝑖𝑗

K𝛼𝜙
𝑖𝑗

K𝛼𝛼
𝑖𝑗

K𝛼𝛽
𝑖𝑗

K𝛽𝜙
𝑖𝑗

K𝛽𝛼
𝑖𝑗

K𝛽𝛽
𝑖𝑗

)

{{

{{

{

𝜙

𝛼

𝛽

}}

}}

}

=

{{{

{{{

{

q
q𝛼

q𝛽

}}}

}}}

}

,

K𝑢𝑢
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇CB𝑢
𝑗
𝑑Ω+∫

Ω

N
𝑖

𝑇
𝛼
𝑢N
𝑗
𝑑Ω,

K𝑢𝑎
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇CB𝑎
𝑗
𝑑Ω,

K𝑢𝑏
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇CB𝑏
𝑗
𝑑Ω,

K𝑎𝑎
𝑖𝑗
= ∫
Ω

(B𝑎
𝑖
)
𝑇CB𝑎
𝑗
𝑑Ω+∫

Ω

(N
𝑖
𝐻
𝑖
)
𝑇
𝛼
𝑢N
𝑗
𝐻
𝑗
𝑑Ω,

K𝑎𝑏
𝑖𝑗
= ∫
Ω

(B𝑎
𝑖
)
𝑇CB𝑏
𝑗
𝑑Ω,

K𝑏𝑏
𝑖𝑗
= ∫
Ω

(B𝑏
𝑖
)
𝑇

CB𝑏
𝑗
𝑑Ω+∫

Ω

(N
𝑖
𝑇
𝑖
)
𝑇
𝛼
𝑢N
𝑗
𝑇
𝑗
𝑑Ω,

K𝑢𝜙
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇 eB𝜙
𝑗
𝑑Ω,

K𝑢𝛼
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇 eB𝛼
𝑗
𝑑Ω,

K𝑢𝛽
𝑖𝑗
= ∫
Ω

(B𝑢
𝑖
)
𝑇 eB𝛽
𝑗
𝑑Ω,

K𝑎𝜙
𝑖𝑗
= ∫
Ω

(B𝑎
𝑖
)
𝑇 eB𝜙
𝑗
𝑑Ω,

K𝑎𝛼
𝑖𝑗
= ∫
Ω

(B𝑎
𝑖
)
𝑇 eB𝛼
𝑗
𝑑Ω,

K𝑎𝛽
𝑖𝑗
= ∫
Ω

(B𝑎
𝑖
)
𝑇 eB𝛽
𝑗
𝑑Ω,

K𝑏𝜙
𝑖𝑗
= ∫
Ω

(B𝑏
𝑖
)
𝑇

eB𝜙
𝑗
𝑑Ω,

K𝑏𝛼
𝑖𝑗
= ∫
Ω

(B𝑏
𝑖
)
𝑇

eB𝛼
𝑗
𝑑Ω,
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K𝑏𝛽
𝑖𝑗
= ∫
Ω

(B𝑏
𝑖
)
𝑇

eB𝛽
𝑗
𝑑Ω,

K𝜙𝜙
𝑖𝑗
= ∫
Ω

(B𝜙
𝑖
)
𝑇

𝜆B𝜙
𝑗
𝑑Ω+∫

Ω

N
𝑖

𝑇
𝛼
𝜙N
𝑗
𝑑Ω,

K𝜙𝛼
𝑖𝑗
= ∫
Ω

(B𝜙
𝑖
)
𝑇

𝜆B𝛼
𝑗
𝑑Ω,

K𝜙𝛽
𝑖𝑗
= ∫
Ω

(B𝜙
𝑖
)
𝑇

𝜆B𝛽
𝑗
𝑑Ω,

K𝛼𝛼
𝑖𝑗
= ∫
Ω

(B𝛼
𝑖
)
𝑇
𝜆B𝛼
𝑗
𝑑Ω+∫

Ω

(N
𝑖
𝐻
𝑖
)
𝑇
𝛼
𝜙N
𝑗
𝐻
𝑗
𝑑Ω,

K𝛼𝛽
𝑖𝑗
= ∫
Ω

(B𝛼
𝑖
)
𝑇
𝜆B𝛽
𝑗
𝑑Ω,

K𝛽𝛽
𝑖𝑗
= ∫
Ω

(B𝛽
𝑖
)
𝑇

𝜆B𝛽
𝑗
𝑑Ω+∫

Ω

(N
𝑖
𝑇
𝑖
)
𝑇
𝛼
𝜙N
𝑗
𝑇
𝑗
𝑑Ω,

B𝑢 =
[
[
[

[

N
1,𝑥

0 ⋅ ⋅ ⋅ N
𝑛,𝑥

0

0 N
1,𝑦

⋅ ⋅ ⋅ 0 N
𝑛,𝑦

N
1,𝑦

N
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑦

N
𝑛,𝑥

]
]
]

]

,

B𝑎 =
[
[
[

[

N
1,𝑥
𝐻
1
+ N
1
𝐻
1,𝑥

0 ⋅ ⋅ ⋅ N
𝑛,𝑥
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑥

0

0 N
1,𝑦
𝐻
1
+ N
1
𝐻
1,𝑦

⋅ ⋅ ⋅ 0 N
𝑛,𝑦
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑦

N
1,𝑦
𝐻
1
+ N
1
𝐻
1,𝑦

N
1,𝑥
𝐻
1
+ N
1
𝐻
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑦
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑦

N
𝑛,𝑥
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑥

]
]
]

]

,

B𝑏 =
[
[
[

[

N
1,𝑥
𝑇
1
+ N
1
𝑇
1,𝑥

0 ⋅ ⋅ ⋅ N
𝑛,𝑥
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑥

0

0 N
1,𝑦
𝑇
1
+ N
1
𝑇
1,𝑦

⋅ ⋅ ⋅ 0 N
𝑛,𝑦
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑦

N
1,𝑦
𝑇
1
+ N
1
𝑇
1,𝑦

N
1,𝑥
𝑇
1
+ N
1
𝑇
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑦
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑦

N
𝑛,𝑥
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑥

]
]
]

]

,

B𝜙 = [
N
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑥

N
1,𝑦

⋅ ⋅ ⋅ N
𝑛,𝑦

] ,

B𝛼 = [
N
1,𝑥
𝐻
1
+ N
1
𝐻
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑥
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑥

N
1,𝑦
𝐻
1
+ N
1
𝐻
1,𝑦

⋅ ⋅ ⋅ N
𝑛,𝑦
𝐻
𝑛
+ N
𝑛
𝐻
𝑛,𝑦

] ,

B𝛽 = [
N
1,𝑥
𝑇
1
+ N
1
𝑇
1,𝑥

⋅ ⋅ ⋅ N
𝑛,𝑥
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑥

N
1,𝑦
𝑇
1
+ N
1
𝑇
1,𝑦

⋅ ⋅ ⋅ N
𝑛,𝑦
𝑇
𝑛
+ N
𝑛
𝑇
𝑛,𝑦

] ,

(23)

and K𝑆𝑇
𝑖𝑗
= (K𝑆𝑇
𝑖𝑗
)
𝑇, 𝑆, 𝑇 = 𝑢, 𝑎, 𝑏, 𝜙, 𝛼, 𝛽.

4. A Modified 𝐽-Integral for Functionally
Graded Piezoelectric Materials

Owing to the influence of material inhomogeneity in func-
tionally graded piezoelectric materials, the standard 𝐽-
integral loses the path-independence. This section presents
a modified 𝐽-integral, which retains the features of the path-
independence.

The 𝐽-integral for piezoelectric material was deduced by
Pak [44] as

𝐽 = ∫
Γ

(ℎ𝑛
1
−𝜎
𝑖𝑗
𝑛
𝑗
𝑢
𝑖,1
+𝐷
𝑖
𝑛
𝑖
𝐸
1
) 𝑑𝑠, (24)

where ℎ is the electric enthalpy, Γ is an arbitrary contour
around the crack, and 𝑛

𝑖
is the unit outward normal compo-

nent along path Γ as shown in Figure 2:

ℎ =
1

2
𝐶
𝑖𝑗𝑘𝑙
𝜀
𝑖𝑗
𝜀
𝑘𝑙
−
1

2
𝜆
𝑖𝑗
𝐸
𝑖
𝐸
𝑗
− 𝑒
𝑖𝑘𝑙
𝜀
𝑘𝑙
𝐸
𝑖
, (25)

𝜎
𝑖𝑗
=
𝜕𝐻

𝜕𝜀
𝑖𝑗

= 𝐶
𝑖𝑗𝑘𝑙
𝜀
𝑘𝑙
− 𝑒
𝑘𝑖𝑗
𝐸
𝑘
, (26)

𝐷
𝑖
= −

𝜕𝐻

𝜕𝐸
𝑖

= 𝑒
𝑖𝑘𝑙
𝜀
𝑘𝑙
+𝜆
𝑖𝑘
𝐸
𝑘
. (27)
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Figure 2: 𝐽-integral path around a crack tip.
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Figure 3: Equivalent domain 𝐽-integral.

Note that the crack is considered to be impermeable and
traction-free.

Numerical determination of the 𝐽-integral is very difficult
because the contour, surface, and volume integrals should
be defined precisely in the grid. The closed integration path
is transformed into an equivalent domain integral (EDI) by
applying Gauss’s integral theorem, as can be seen in Figure 3.
According to the path independence, (24) could be written as

𝐽 = ∫
𝐴

(𝜎
11

𝜕𝑢
1

𝜕𝑥
+ 𝜏
12

𝜕𝑢
2

𝜕𝑥
−𝐷
1
𝐸
1
− ℎ)

𝜕𝑞

𝜕𝑥

+(𝜎
22

𝜕𝑢
2

𝜕𝑥
+ 𝜏
12

𝜕𝑢
1

𝜕𝑥
−𝐷
2
𝐸
1
)
𝜕𝑞

𝜕𝑦
,

(28)

where 𝑆 = Γ + Γ+ + Γ− − Γ
𝜀
, 𝑛
𝑖
is an outward normal vector,

and 𝑞 is a weighting function which must be continuous and
meet the following conditions:

𝑞 =
{

{

{

0, on Γ,

1, on Γ
𝜀
.

(29)

For the functionally graded piezoelectric material, the
influence of material inhomogeneity causes the standard 𝐽-
integral to lose the characteristic of the path-independence.
A modified 𝐽-integral for calculating the energy release rates
of functionally graded piezoelectric material was presented.

Substitute (7) into (17),

K0
𝑒
𝛼𝑥u = f. (30)

Let 𝑒𝛼𝑥u = u0, and (30) is found that

K0u0 = f, (31)

where (33) represents the equilibrium equation of the piezo-
electric plate whose material constants are the corresponding
values at the plane 𝑥 = 0 in FGPMs.

From (32) and (33), it can be observed that u0/u

= 𝑒
𝛼𝑥.

Equations (3)–(6) could be rewritten into

𝜀
1
= 𝑒
𝛼𝑥 𝜕𝑢1

𝜕𝑥
1

, (32)

𝜀
3
= 𝑒
𝛼𝑥 𝜕𝑢3

𝜕𝑥
3

, (33)

𝛾
13
= 𝑒
𝛼𝑥
(
𝜕𝑢
1

𝜕𝑥
3

+
𝜕𝑢
3

𝜕𝑥
1

) , (34)

𝐸
𝑖
= − 𝑒
𝛼𝑥 𝜕𝜑

𝜕𝑥
𝑖

. (35)

Substituting (32)–(35) into (28), it is found that

𝐽FGPM = (𝑒
𝛼𝑥
)
2
⋅ 𝐽

0
𝑃

= (𝑒
𝛼𝑥
)
2

⋅ ∫
𝐴

(𝜎11
𝜕𝑢1
𝜕𝑥
+ 𝜏12

𝜕𝑢2
𝜕𝑥
−𝐷1𝐸1 − ℎ)

𝜕𝑞

𝜕𝑥

+(𝜎22
𝜕𝑢2
𝜕𝑥
+ 𝜏12

𝜕𝑢1
𝜕𝑥
−𝐷2𝐸1)

𝜕𝑞

𝜕𝑦
,

(36)

where 𝐽0
𝑃
denotes the 𝐽-integral of the piezoelectric plate

whose material constants are the corresponding values at the
plane 𝑥

3
= 0 in FGPMs. The standard 𝐽-integral has the

characteristic of the path-independence. So does the 𝐽FGPM.

5. Numerical Example

Case 1. The centrally cracked infinite FGPM plate is shown
in Figure 4. The height (2ℎ) and width (2𝑤) are both 0.4m
and the crack length (2𝑎) is 0.02m. The width of the plate
is 20 times the crack length which can be considered to be
large enough to simulate an infinite plate with a crack. The
positive 𝑥

3
direction is defined as the polarization direction.

The remote uniform distributed stress load is 𝜎∞ = 106 Pa.
The remote uniform distributed electric field intensity is
E∞ = −10

5 V/m. The crack is considered to be permeable
and traction-free. The positive 𝑥

3
direction is defined as the

gradient direction of FGPM.The electronmicrograph picture
of the crack is shown in Figure 5. The material gradation
function:𝑀

𝑖𝑗
= 𝑀
0

𝑖𝑗
𝑒
𝛼𝑥, 𝛼 = −1, −0.5, 0, 0.5, 1.
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Figure 4: FGPM plate with central crack.

The material properties at 𝑥
3
= 0 were as follows:

𝑐
11
= 13.9 × 10

10N/m, 𝑐
12
= 7.78 × 10

10N/m, 𝑐
13
=

7.43 × 10
10N/m, 𝑐

33
= 11.3 × 10

10N/m, 𝑐
44
= 2.56 ×

10
10N/m, 𝑒

31
= −6.98C/m2, 𝑒

33
= 13.84C/m2, 𝑒

15
=

13.44C/m2, 𝜀
11
= 6.00×10

−9 C/V⋅m, and 𝜀
33
= 5.47×

10
−9 C/V⋅m.

As the consequence of the symmetry of the problem,
symmetric boundary conditions are imposed; only half of the
plate needs to be modeled. In this process, 41 × 81 nodes
are uniformly distributed in the computational domain, using
40×80 background grids. In each grid, 4×4Gaussian integral
and cubic splineweight function are adopted. If a background
mesh is present, nodes and the vertices of the integration
usually coincide (as in conventional FEMmeshes).When cell
structures are utilized, a regular array of domains is created,
independently of the particle position. It is worth noting that
the 𝐵 matrix at a Gauss point is composed of two parts: the
standard and the enriched part, where the standard part is
always computed and the enriched part is only computed if,
in the nodes whose supports cover Gauss point, there exist
enriched nodes.

Owing to the existence of additional degrees of freedom,
the assembly procedure of stiffness matrix should be revised.
Virtual nodes are used to deal with these additional degrees
of freedom.One virtual node is added at aHeaviside function
enriched node and four virtual nodes are added at a tip
enriched node, as depicted in Figure 6. The number of these
virtual nodes starts from the total number of true nodes. For
example, if there are six nodes numbered from one to six, the
third node and fifth node are near tip enriched nodes, and the
second node, fourth node, and sixth node are enriched with
the Heaviside function. Then, we have 6 + 3 × 1 + 2 × 4 = 17
nodes. And then we add a virtual node numbered 7 at the
second node, add four virtual nodes numbered 8, 9, 10, and
11 at the third node, add a virtual node numbered 12 at the

fourth node, add four virtual nodes numbered 13, 14, 15, and
16 at the fifth node, and add a virtual node numbered 17 at the
sixth node.

The variation of displacements, 𝑢
1
and 𝑢

3
, electric poten-

tial, 𝜙, stresses, 𝜎
1
and 𝜎

3
, electric fields, 𝐸

1
and 𝐸

3
, and

electric displacements, 𝐷
1
and 𝐷

3
, are shown in Figure 7.

The material property gradient index 𝛼 takes five values:
−1, −0.5, 0, 0.5, and 1. As shown in Figure 7, Figure 7(a)
presents the displacement 𝑢

3
of𝑂𝐶 line. Figure 7(b) presents

the displacement 𝑢
1
of 𝐴𝐵 line. Figure 7(c) presents electric

potential 𝜙 of 𝑂𝐶 line. Figure 7(d) presents normal stress
𝜎
3
of 𝑂𝐶. Figure 7(e) presents normal stress 𝜎

1
of 𝐴𝐵.

Figure 7(f) presents electric field 𝐸
3
of 𝑂𝐶 line. Figure 7(g)

presents electric field 𝐸
3
of 𝐴𝐵 line. Figure 7(h) presents

electric displacement 𝐷
3
of 𝑂𝐶 line. Figure 7(i) presents

electric displacement𝐷
1
of 𝐴𝐵 line.

For different Gauss integral, the modified 𝐽-integral for
FGPM has been computed. The results are listed in Table 1.
The largest difference is only 2.08% when compared with
the analytical solution which had been obtained from (36).
Table 3 illustrates the accuracy of EFGM and EEFGM for
calculating the crack of different lengths instead of the
different gauss integral.

For a different number of nodes, the modified J-integrals
for FGPM have been computed. 21 × 41, 41 × 81, and 81 ×
161 nodes are uniformly distributed in the computational
domain, using 20×40, 40×80, and 80×160 background grids.
In each grid, 4× 4Gaussian integrals are adopted.The results
are listed in Table 2. From Table 2, it can be observed that the
accuracy of the results by EEFGM has been greatly improved
compared with the results by the conventional EFGM.

Case 2. The edge-cracked FGPM plate is shown in Figure 8.
The height (2ℎ) is 0.4 and the width (𝑤) is 0.2m. The crack
length (𝑎) is 0.02m, 0.04m, 0.06m, 0.08m, and 0.10m,
respectively. The positive 𝑥

3
direction is defined as the

polarization direction. The uniform distributed stress load is
𝜎
∞
= 10
6 Pa. The uniform electric field intensity is E∞ =

−10
5 V/m.The positive 𝑥

3
direction is defined as the gradient

direction of FGPM. The electron micrograph picture of the
crack is shown in Figure 5. The material gradation function:
𝑀
𝑖𝑗
= 𝑀
0

𝑖𝑗
𝑒
𝛼𝑥, 𝛼 = 0.5.

The material properties for PZT-5H are as follows:

𝑐
11
= 12.6×10

10N/m, 𝑐
12
= 5×10

10N/m, 𝑐
13
= 8.41×

10
10N/m, 𝑐

33
= 11.7 × 10

10N/m, and 𝑐
44
= 2.30 ×

10
10N/m;

𝑒
31
= −6.50C/m2, 𝑒

33
= 23.3C/m2, 𝑒

15
= 17.44C/m2,

𝜀
11

= 150.3 × 10
−10 C/V⋅m, and 𝜀

33
= 130 ×

10
−10 C/V⋅m.

In this process, 41×81 nodes are uniformly distributed in
the computational domain, using 40 × 80 background grids.
In each grid, 4 × 4 Gauss integral and cubic spline weight
function are adopted.

The modified 𝐽-integral for FGPM has been computed
as the crack is under different length. The results are listed
in Table 2. The largest difference is only 3% when compared
with the analytical solution. From the results listed in Table 2,
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Figure 5: The electron micrograph of the 𝑥
3
direction and the crack.
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Figure 6: Enriched nodes around the crack.

it can be observed that the J-integral results obtained by
EEFGM have higher accuracy than those calculated by the
conventional EFGM.

It is important to note that it can approximately simulate
quasi-static crack propagation processwith the increase of the
crack length.

6. Conclusions

An alternative electromechanical-coupling enriched
element-free Galerkin method is proposed by introducing
extended terms into the approximation function of
conventional element-free Galerkin method to describe

the displacement and electric fields near the crack. The
major advantage of the present method is that it only needs a
small domain to describe the crack-tip singular field, and the
domain of the node is not affected by the crack. It can improve
the computational efficiency without the introduction of
the visibility and the diffraction methods, compared with
the conventional EFGM. A series of numerical examples for
infinite square plate with central cracks of FGPM is solved,
and the J-integrals are calculated. EEFGM has high precision
compared with the conventional EFGM with the material
property gradient index 𝛼 taking five values. The values of
𝐽-integrals agree well with the analytical solutions. EEFGM
can be considered as an alternative numerical method for
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Figure 7: Variation of physical quantities of 𝐴𝐵 and 𝑂𝐶 line.

Table 1: The modified 𝐽-integral under different Gauss integral (N/m).

𝛼 Analytical solution EFGM EEFGM
2 × 2 4 × 4 8 × 8 2 × 2 4 × 4 8 × 8

−1 −0.1431 −0.1387 −0.1402 −0.1408 −0.1401 −0.1409 −0.1416
−0.5 −0.3890 −0.3804 −0.3829 −0.3844 −0.3825 −0.3847 −0.3871
0 −1.0574 −1.0485 −1.0520 −1.0530 −1.0513 −1.0531 −1.0554
0.5 −2.8743 −2.8634 −2.8670 −2.8682 −2.8664 −2.8689 −2.8722
1 −7.8132 −7.8010 −7.8066 −7.8085 −7.8054 −7.8091 −7.8105
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Table 2: The modified 𝐽-integral under different number of nodes (N/m).

𝛼 Analytical solution EFGM EEFGM
21 × 41 41 × 81 81 × 161 21 × 41 41 × 81 81 × 161

−1 −0.1431 −0.1312 −0.1385 −0.1402 −0.1386 −0.1401 −0.1410
−0.5 −0.3890 −0.3768 −0.3815 −0.3832 −0.3820 −0.3835 −0.3860
0 −1.0574 −1.0432 −1.0502 −1.0524 −1.0502 −1.0519 −1.0538
0.5 −2.8743 −2.8587 −2.8594 −2.8637 −2.8591 −2.8613 −2.8720
1 −7.8132 −7.8006 −7.8058 −7.8081 −7.8023 −7.8088 −7.8114

Table 3: The modified 𝐽-integral under different Gauss integral (N/m).

Crack length/m Analytical solution EFGM Error EEFGM Error
0.02 −11.6700 −11.0545 5.27% −11.2731 3.40%
0.04 −23.3401 −22.3714 4.15% −22.5783 3.26%
0.06 −35.0101 −33.4458 4.47% −34.1697 2.40%
0.08 −46.6802 −44.6503 4.35% −45.3592 2.83%
0.10 −58.3502 −55.3427 5.15% −56.3740 3.39%

Po
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E∞3
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Figure 8: FGPM plate with edge crack.

electromechanical-coupling problems. It may be potentially
attractive for extensions to dynamic fracture analysis of
piezoelectric materials.
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The interaction between the inclined and curved cracks is studied. Using the complex variable functionmethod, the formulation in
hypersingular integral equations is obtained. The curved length coordinate method and suitable quadrature rule are used to solve
the integral equations numerically for the unknown function, which are later used to evaluate the stress intensity factor. There are
four cases of the mode stresses; Mode I, Mode II, Mode III, and Mix Mode are presented as the numerical examples.

1. Introduction

For two-dimensional crack, Panasyuk et al. [1], Cotterell and
Rice [2], Shen [3], and Martin [4] used perturbation method
to obtain the elastic stress intensity factor for a variety of crack
positions. Formulation in terms of singular, hypersingular, or
Fredholm integral equations for solving single [5] and multi-
ple cracks problems [6] in various sets of cracks positions was
proposed later. These integral equations are solved numeri-
cally. Numerical solution of the curved crack problem using
polynomial approximation of the dislocation distributionwas
achieved by taking the crack opening displacement (COD) as
the unknown and the resultant forces as the right term in the
equations [7].

The curved length coordinatemethod [8] where the crack
is mapped on a real axis provides an effective way to solve the
integral equations for the curved crack. Boundary element
method, which avoids singularities of the resulting algebraic
system of equation [9], and the dual boundary element
method [10] have also been considered successfully.

In this paper, the interaction between inclined and curved
cracks is formulated into the hypersingular integral equations
using the complex potential method.This approach has been
considered by Guo and Lu [11]. Then, by the curved length

coordinatemethod, the cracks aremapped into a straight line,
which require less collocation points, and hence give faster
convergence. In order to solve the equations numerically, the
quadrature rules are applied and we obtained a system of
algebraic equations for solving the unknown coefficients.The
obtained unknown coefficients will later be used in calcula-
ting the SIF.

2. Complex Variable Function Method

The complex variable function method is used to formu-
late the hypersingular integral equation for the interaction
between an inclined crack and a curved crack. Let Φ(𝑧) =
𝜙

(𝑧) and Ψ(𝑧) = 𝜓


(𝑧) be two complex potentials. Then

the stress (𝜎
𝑥
, 𝜎
𝑦
, 𝜎
𝑧
), the resultant function (𝑋, 𝑌), and the

displacement (𝑢, V) are related toΦ(𝑧) and Ψ(𝑧) as [12]

𝜎
𝑥
+ 𝜎
𝑦
= 4ReΦ (𝑧) , (1)

𝜎
𝑦
− 𝜎
𝑥
+ 2𝑖𝜎
𝑥𝑦
= 2 [𝑧Φ



(𝑧) + Ψ (𝑧)] , (2)

𝑓 = −𝑌 + 𝑖𝑋 = 𝜙 (𝑧) + 𝑧𝜙

(𝑧) + 𝜓 (𝑧) + 𝑐, (3)

2𝐺 (𝑢 + 𝑖V) = 𝐾𝜙 (𝑧) − 𝑧𝜙 (𝑧) + 𝜓 (𝑧) , (4)
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where 𝐺 is shear modulus of elasticity, 𝐾 = 3 − V for plane
strain, and 𝐾 = (3 − V)/(1 + V) for plane stress; V is Poisson’s
ratio and 𝑧 = 𝑥 + 𝑖𝑦. The derivative in a specified direction
(DISD) is defined as

𝐽 (𝑧, 𝑧,
𝑑𝑧

𝑑𝑧
) =

𝑑

𝑑𝑧
{−𝑌 + 𝑖𝑋}

= Φ (𝑧) + Φ (𝑧) +
𝑑𝑧

𝑑𝑧
(𝑧Φ (𝑧) + Ψ (𝑧))

= 𝑁 + 𝑖𝑇,

(5)

where 𝐽 denotes the normal and tangential tractions along the
segment 𝑧, 𝑧 + 𝑑𝑡. Note that the value of 𝐽 depends not only
on the position of point 𝑧, but also on the direction of the
segment 𝑑𝑧/𝑑𝑧 [5].

The complex potential in plane elasticity is obtained by
placing two point dislocations with intensities 𝐻 and −𝐻 at
points 𝑧 = 𝑡 and 𝑧 = 𝑡 + 𝑑𝑡, yielding

𝜙 (𝑧) = −𝐻
𝑑𝑡

𝑧 − 𝑡
,

𝜓 (𝑧) = −𝐻
𝑑𝑡

𝑧 − 𝑡
− 𝐻

𝑑𝑡

𝑡 − 𝑧
+ 𝐻

𝑡𝑑𝑡

(𝑡 − 𝑧)
2
.

(6)

Making substitutions𝐻 and𝐻 by −𝑔(𝑡)/2𝜋 and −𝑔(𝑡)/2𝜋 in
(6) and performing integration on the right side of (6) give

𝜙 (𝑧) =
1

2𝜋
∫
𝐿

𝑔 (𝑡) 𝑑𝑡

𝑡 − 𝑧
,

𝜓 (𝑧) =
1

2𝜋
[∫
𝐿

𝑔 (𝑡) 𝑑𝑡

𝑡 − 𝑧
+ ∫
𝐿

𝑔 (𝑡)𝑑𝑡

𝑡 − 𝑧
− ∫
𝐿

𝑡𝑔 (𝑡) 𝑑𝑡

(𝑡 − 𝑧)
2
] ,

(7)

where 𝐿 denotes the crack configuration. Substituting (7) into
(4) and letting 𝑧 approach 𝑡+

0
and 𝑡−
0
, which are located on

the upper and lower sides of the crack faces, then using the
Plemelj equations, and rewriting 𝑡

0
as 𝑡, the following result

is obtained [5]:

2𝐺 (𝑢 (𝑡) + 𝑖V (𝑡)) = 𝑖 (𝑘 + 1) 𝑔 (𝑡) , (𝑡 ∈ 𝐿) , (8)

where (𝑢(𝑡) + 𝑖V(𝑡)) = (𝑢(𝑡) + 𝑖V(𝑡))+ − (𝑢(𝑡) + 𝑖V(𝑡))− denotes
the crack opening displacement (COD) for both cracks. It is
well known that the COD possesses the following properties:

𝑔 (𝑡) = 𝑂 [(𝑡 − 𝑡
𝐵
1

)
1/2

] at the crack tip 𝐵
1
,

𝑔 (𝑡) = 𝑂 [(𝑡 − 𝑡
𝐵
2

)
1/2

] at the crack tip 𝐵
2
.

(9)
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Figure 1: Inclined and curved cracks in plane elasticity with config-
urations on a real axis 𝑠. Cracks with lengths 2𝑎 (inclined) and 2𝑏
(curved) are known as crack-1 and crack-2, respectively.

3. Hypersingular Integral Equation

The hypersingular integral equation for an inclined or a
curved crack problem is obtained by placing two point dis-
locations at points 𝑧 = 𝑡 and 𝑧 = 𝑡 + 𝑑𝑡. It is given by [5]

1

𝜋
h.p. ∫
𝐿

𝑔 (𝑡) 𝑑𝑡

(𝑡 − 𝑡
0
)
2
+
1

2𝜋
∫
𝐿

𝐾
1
(𝑡, 𝑡
0
) 𝑔 (𝑡) 𝑑𝑡

+
1

2𝜋
∫
𝐿

𝐾
2
(𝑡, 𝑡
0
) 𝑔 (𝑡)𝑑𝑡 = 𝑁 (𝑡

0
) + 𝑖𝑇 (𝑡

0
) , 𝑡

0
∈ 𝐿,

(10)

where

𝐾
1
(𝑡, 𝑡
0
) =

−1

(𝑡 − 𝑡
0
)
2
+

1

(𝑡 − 𝑡
0
)
2

𝑑𝑡
0

𝑑𝑡
0

𝑑𝑡

𝑑𝑡
,

𝐾
2
(𝑡, 𝑡
0
) =

−1

(𝑡 − 𝑡
0
)
2
(
𝑑𝑡

𝑑𝑡
+
𝑑𝑡
0

𝑑𝑡
0

) −
2 (𝑡 − 𝑡

0
)

(𝑡 − 𝑡
0
)
3

𝑑𝑡
0

𝑑𝑡
0

𝑑𝑡

𝑑𝑡

(11)

and 𝑔(𝑡) is the dislocation distribution along the curved
crack. In (10), the first integral with h.p. denotes the hypersin-
gular integral and it must be interpreted in Hadamart sense
[8].

Now consider the interaction between inclined and
curved cracks problem (see Figure 1). For the crack-1, if the
point dislocation is placed at points 𝑧 = 𝑡

10
and 𝑧 = 𝑑𝑡

10
,

𝑔
1
(𝑡
1
) is the dislocation doublet distribution along crack-1,

and the traction is applied on the 𝑡
10
, then the hypersingular

integral equation for crack-1 is

1

𝜋
h.p. ∫
𝐿
1

𝑔
1
(𝑡
1
) 𝑑𝑡
1

(𝑡
1
− 𝑡
10
)
2
+
1

2𝜋
∫
𝐿
1

𝐾
1
(𝑡
1
, 𝑡
10
) 𝑔
1
(𝑡
1
) 𝑑𝑡
1

+
1

2𝜋
∫
𝐿
1

𝐾
2
(𝑡
1
, 𝑡
10
) 𝑔
1
(𝑡
1
)𝑑𝑡
1
= 𝑁
11
(𝑡
10
) + 𝑖𝑇

11
(𝑡
10
) ,

(12)
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where 𝑁
11
(𝑡
10
) + 𝑖𝑇

11
(𝑡
10
) denotes the traction influence on

crack-1 caused by dislocation doublet distribution, 𝑔
1
(𝑡
1
), on

crack-1 and

𝐾
1
(𝑡
1
, 𝑡
10
) =

−1

(𝑡
1
− 𝑡
10
)
2
+

1

(𝑡
1
− 𝑡
10
)
2

𝑑𝑡
10

𝑑𝑡
10

𝑑𝑡
1

𝑑𝑡
1

,

𝐾
2
(𝑡
1
, 𝑡
10
) =

−1

(𝑡
1
− 𝑡
10
)
2
(
𝑑𝑡
1

𝑑𝑡
1

+
𝑑𝑡
10

𝑑𝑡
10

)

−
2 (𝑡
1
− 𝑡
10
)

(𝑡
1
− 𝑡
10
)
3

𝑑𝑡
10

𝑑𝑡
10

𝑑𝑡
1

𝑑𝑡
1

.

(13)

The influence from the dislocation doublet distribution on
crack-2 gives

1

𝜋
∫
𝐿
2

𝑔
2
(𝑡
2
) 𝑑𝑡
2

(𝑡
2
− 𝑡
10
)
2
+
1

2𝜋
∫
𝐿
2

𝐾
1
(𝑡
2
, 𝑡
10
) 𝑔
2
(𝑡
2
) 𝑑𝑡
2

+
1

2𝜋
∫
𝐿
2

𝐾
2
(𝑡
2
, 𝑡
10
) 𝑔
2
(𝑡
2
)𝑑𝑡
2
= 𝑁
12
(𝑡
10
) + 𝑖𝑇

12
(𝑡
10
) ,

(14)

where 𝑁
12
(𝑡
10
) + 𝑖𝑇

12
(𝑡
10
) denotes the traction influence on

crack-1 caused by dislocation doublet distribution, 𝑔
2
(𝑡
2
), on

crack-2 and

𝐾
1
(𝑡
2
, 𝑡
10
) =

−1

(𝑡
2
− 𝑡
10
)
2
+

1

(𝑡
2
− 𝑡
10
)
2

𝑑𝑡
10

𝑑𝑡
10

𝑑𝑡
2

𝑑𝑡
2

,

𝐾
2
(𝑡
2
, 𝑡
10
) =

−1

(𝑡
2
− 𝑡
10
)
2
(
𝑑𝑡
2

𝑑𝑡
2

+
𝑑𝑡
10

𝑑𝑡
10

)

−
2 (𝑡
2
− 𝑡
10
)

(𝑡
2
− 𝑡
10
)
3

𝑑𝑡
10

𝑑𝑡
10

𝑑𝑡
2

𝑑𝑡
2

.

(15)

Note that since 𝑡
2
− 𝑡
10

̸= 0, all three integrals in (14) are
regular and note that 𝑔

1
(𝑡
1
) and 𝑔

2
(𝑡
2
) satisfy (9). By super-

position of the dislocation doublet distribution, 𝑔
1
(𝑡
1
), along

crack-1 (12) and the dislocation doublet distribution, 𝑔
2
(𝑡
2
),

along crack-2 (14), we obtained the following hypersingular
integral equation for crack-1 which is as follows:

1

𝜋
h.p. ∫
𝐿
1

𝑔
1
(𝑡
1
) 𝑑𝑡
1

(𝑡
1
− 𝑡
10
)
2
+
1

2𝜋
∫
𝐿
1

𝐾
1
(𝑡
1
, 𝑡
10
) 𝑔
1
(𝑡
1
) 𝑑𝑡
1

+
1

2𝜋
∫
𝐿
1

𝐾
2
(𝑡
1
, 𝑡
10
) 𝑔
1
(𝑡
1
)𝑑𝑡
1
+
1

𝜋
∫
𝐿
2

𝑔
2
(𝑡
2
) 𝑑𝑡
2

(𝑡
2
− 𝑡
10
)
2

+
1

2𝜋
[∫
𝐿
2

(𝐾
1
(𝑡
2
, 𝑡
10
) 𝑔
2
(𝑡
2
) + 𝐾
2
(𝑡
2
, 𝑡
10
) 𝑔
2
(𝑡
2
)) 𝑑𝑡
2
]

= 𝑁
1
(𝑡
10
) + 𝑖𝑇

1
(𝑡
10
) ,

(16)

where𝑁
1
(𝑡
10
) + 𝑖𝑇

1
(𝑡
10
) = 𝑁

11
(𝑡
10
) + 𝑁
12
(𝑡
10
) + 𝑖(𝑇

11
(𝑡
10
) +

𝑖𝑇
12
(𝑡
10
)) is the traction applied at point 𝑡

10
of crack-1, which

is derived from the boundary condition. The first three
integrals in (16) represent the effect on crack-1 caused by
the dislocation on crack-1 itself, whereas the second three
integrals represent the effect of the dislocations on crack-2.

Similarly, the hypersingular integral equation for crack-2
is

1

𝜋
h.p. ∫
𝐿
2

𝑔
2
(𝑡
2
) 𝑑𝑡
2

(𝑡
2
− 𝑡
20
)
2
+
1

2𝜋
∫
𝐿
2

𝐾
1
(𝑡
2
, 𝑡
20
) 𝑔
2
(𝑡
2
) 𝑑𝑡
2

+
1

2𝜋
∫
𝐿
2

𝐾
2
(𝑡
2
, 𝑡
20
) 𝑔
2
(𝑡
2
)𝑑𝑡
2
+
1

𝜋
∫
𝐿
1

𝑔
1
(𝑡
1
) 𝑑𝑡
1

(𝑡
1
− 𝑡
20
)
2

+
1

2𝜋
[∫
𝐿
1

(𝐾
1
(𝑡
1
, 𝑡
20
) 𝑔
1
(𝑡
1
) + 𝐾
2
(𝑡
1
, 𝑡
20
) 𝑔
1
(𝑡
1
)) 𝑑𝑡
1
]

= 𝑁
2
(𝑡
20
) + 𝑖𝑇

2
(𝑡
20
) ,

(17)

where𝑁
2
(𝑡
20
) + 𝑖𝑇

2
(𝑡
20
) = 𝑁

21
(𝑡
20
) + 𝑁
22
(𝑡
20
) + 𝑖(𝑇

21
(𝑡
20
) +

𝑖𝑇
22
(𝑡
20
)) is the traction applied at point 𝑡

20
of crack-2 and

𝐾
1
(𝑡
2
, 𝑡
20
) =

−1

(𝑡
2
− 𝑡
20
)
2
+

1

(𝑡
2
− 𝑡
20
)
2

𝑑𝑡
20

𝑑𝑡
20

𝑑𝑡
2

𝑑𝑡
2

,

𝐾
2
(𝑡
2
, 𝑡
20
) =

−1

(𝑡
2
− 𝑡
20
)
2
(
𝑑𝑡
2

𝑑𝑡
2

+
𝑑𝑡
20

𝑑𝑡
20

)

−
2 (𝑡
2
− 𝑡
20
)

(𝑡
2
− 𝑡
20
)
3

𝑑𝑡
20

𝑑𝑡
20

𝑑𝑡
2

𝑑𝑡
2

,

𝐾
1
(𝑡
1
, 𝑡
20
) =

−1

(𝑡
1
− 𝑡
20
)
2
+

1

(𝑡
1
− 𝑡
20
)
2

𝑑𝑡
20

𝑑𝑡
20

𝑑𝑡
1

𝑑𝑡
1

,

𝐾
2
(𝑡
1
, 𝑡
20
) =

−1

(𝑡
1
− 𝑡
20
)
2
(
𝑑𝑡
1

𝑑𝑡
1

+
𝑑𝑡
20

𝑑𝑡
20

)

−
2 (𝑡
1
− 𝑡
20
)

(𝑡
1
− 𝑡
20
)
3

𝑑𝑡
20

𝑑𝑡
20

𝑑𝑡
1

𝑑𝑡
1

.

(18)

In (17), the first three integrals represent the effect on crack-
2 caused by the dislocation on crack-2 itself, and the second
three integrals represent the effect of the dislocation on crack-
1. Equations (16) and (17) are to be solved for𝑔

1
(𝑡
1
) and𝑔

2
(𝑡
2
).

Mapping the two cracks configurations on a real axis 𝑠
with intervals 2𝑎 and 2𝑏, respectively, the mapping functions
𝑡
1
(𝑠
1
) and 𝑡

2
(𝑠
2
) are expressed as

𝑔
1
(𝑡
1
)
𝑡
1
=𝑡
1
(𝑠
1
)
= √𝑎2 − 𝑠

2

1
𝐻
1
(𝑠
1
) , (19)

𝑔
2
(𝑡
2
)
𝑡
2
=𝑡
2
(𝑠
2
)
= √𝑏2 − 𝑠

2

2
𝐻
2
(𝑠
2
) , (20)
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Figure 2: (a) An inclined crack in upper position of a curved crack (Mode I). (b) An inclined crack in upper position of a curved crack (Mode
II). (c) An inclined crack in upper position of a curved crack (Mode III). (d) An inclined crack is located below the curved crack (MixMode).
(e) An inclined crack is located on the right position of the curved crack (Mix Mode).

where 𝐻
1
(𝑠
1
) = 𝐻

11
(𝑠
1
) + 𝑖𝐻

12
(𝑠
1
) and 𝐻

2
(𝑠
2
) = 𝐻

21
(𝑠
2
) +

𝑖𝐻
22
(𝑠
2
). In solving the integral equations, we used the fol-

lowing integration rules [13] for the hypersingular and regular
integrals, respectively;

1

𝜋
h.p. ∫

𝑎

−𝑎

√𝑎2 − 𝑠2𝐺 (𝑠)

(𝑠 − 𝑠
0
)
2

𝑑𝑠 =

𝑀+1

∑

𝑗=1

𝑊
𝑗
(𝑠
0
) 𝐺 (𝑠
𝑗
) ,

(
𝑠0
 < 𝑎) ,

(21)

1

𝜋
∫

𝑎

−𝑎

√𝑎2 − 𝑠2𝐺 (𝑠) 𝑑𝑠 =
1

𝑀 + 2

𝑀+1

∑

𝑗=1

(𝑎
2
− 𝑠
𝑗

2
)𝐺 (𝑠

𝑗
) ,

(
𝑠0
 < 𝑎) ,

(22)

where 𝐺(𝑠) is a given regular function,𝑀 ∈ Z,

𝑠
𝑗
= 𝑠
0𝑗
= 𝑎 cos(

𝑗𝜋

𝑀 + 2
) , 𝑗 = 1, 2, 3, . . . ,𝑀 + 1,

𝑊
𝑗
(𝑠
0
) = −

2

𝑀 + 2

𝑀

∑

𝑛=0

(𝑛 + 1)𝑉
𝑛

𝑗
𝑈
𝑛
(
𝑠
0

𝑎
) ,

(23)

where

𝑉
𝑛

𝑗
= sin(

𝑗𝜋

𝑀 + 2
) sin(

(𝑛 + 1) 𝑗𝜋

𝑀 + 2
) . (24)
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Figure 3: Nondimensional SIF for the interaction between an inclined and a curved crack subject to normal loading (Mode I) (see
Figure 2(a)).

Here 𝑈
𝑛
(𝑡) is a Chebyshev polynomial of the second kind,

defined by

𝑈
𝑛
(𝑡) = sin((𝑛 + 1) 𝜃

sin 𝜃
) , 𝑡 = cos 𝜃. (25)

𝐻
1
(𝑠) and𝐻

2
(𝑠) can be evaluated using

𝐻
1
(𝑠) =

𝑀

∑

𝑛=0

𝑐
1𝑛
𝑈
𝑛
(
𝑠

𝑎
) ,

𝑠0
 < 𝑎,

𝐻
2
(𝑠) =

𝑀

∑

𝑛=0

𝑐
2𝑛
𝑈
𝑛
(
𝑠

𝑏
) ,

𝑠0
 < 𝑏,

(26)

where

𝑐
1𝑛
=

2

𝑀 + 2

𝑀+1

∑

𝑗=1

𝑉
𝑛

𝑗
𝐻
1
(𝑠
1
) ,

𝑐
2𝑛
=

2

𝑀 + 2

𝑀+1

∑

𝑗=1

𝑉
𝑛

𝑗
𝐻
2
(𝑠
2
) ,

(27)

and𝐻
1
(𝑠
1
) and𝐻

1
(𝑠
2
) are defined from (19) and (20), respec-

tively.
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Figure 4: Nondimensional SIF for the interaction between an inclined and a curved crack subject to shear loading (Mode II) (see Figure 2(b)).

4. Stress Intensity Factor

The stress intensity factor (SIF) for the two cracks can be
calculated, respectively, as follows:

𝐾
𝐴
𝑗

= (𝐾
1
− 𝑖𝐾
2
)
𝐴
𝑗

= √2𝜋 lim
𝑡→ 𝑡
𝐴𝑗

√

𝑡 − 𝑡
𝐴
𝑗


𝑔


1
(𝑡) ,

𝑗 = 1, 2,

𝐾
𝐵
𝑗

= (𝐾
1
− 𝑖𝐾
2
)
𝐵
𝑗

= √2𝜋 lim
𝑡→ 𝑡
𝐵𝑗

√

𝑡 − 𝑡
𝐵
𝑗


𝑔


2
(𝑡) ,

𝑗 = 1, 2,

(28)

where 𝑔
1
(𝑡) and 𝑔

2
(𝑡) are obtained by solving (19) and (20),

simultaneously.

In order to show that the suggested method can be used
for solvingmore complicated curved cracks problems, several
numerical examples are presented. For verification purposes,
we observe that if the two cracks are far apart, we have |𝑡

2
−𝑡
10
|

and |𝑡
1
−𝑡
20
| approach infinity.These lead to the second three

integrals vanish in (16) and (17).Then (16) and (17) become an
equation for an inclined and a curved crack, respectively. For
the curved crack with the length 2𝑏, we compare the result
with the exact solution with the remote traction 𝜎∞

𝑥
= 𝜎
∞

𝑦
=

1, given by Cotterell and Rice [2]:

𝐾
1
=
(𝜋𝑏)
1/2 cos (𝛿/2)

1 + sin2 (𝛿/2)
, 𝐾

2
=
(𝜋𝑏)
1/2 sin (𝛿/2)

1 + sin2 (𝛿/2)
, (29)

where 𝛿 is the tangent angle at the direction of crack tip.
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Figure 5: Nondimensional SIF for the interaction between an inclined and a curved crack subject to tearing loading (Mode III) (see
Figure 2(c)).

Table 1: The SIF for single curved crack: a comparison between
exact and numerical results.

𝜃 𝐾
1𝐴1

𝐾
1𝐴1

(exact) 𝐾
2𝐴1

𝐾
2𝐴1

(exact)
15 0.9980 0.9989 0.0174 0.0174
30 0.9956 0.9967 0.0466 0.0465
45 0.9913 0.9927 0.0694 0.0693
60 0.9826 0.9871 0.0928 0.0924
75 0.9714 0.9748 0.1117 0.1145
90 0.9611 0.9713 0.1382 0.1369

The numerical results are tabulated in Table 1. It can be
seen that maximum error is less than 1.0%.

4.1. Example 1: Mode I. Consider an inclined crack in upper
position of a curved crack (Figure 2(a)); the traction applied
is 𝜎∞
𝑦
= 𝑝
1
and the calculated results for SIF at the crack tips

𝐴
1
, 𝐴
2
, 𝐵
1
, and 𝐵

2
are, respectively, expressed as

𝐾
𝑖𝐴
𝑗

= 𝐹
𝑖𝐴
𝑗

(
𝑎

𝑏
, 𝜃) 𝑝
1
√𝜋𝑎, 𝑖, 𝑗 = 1, 2,

𝐾
𝑖𝐵
𝑗

= 𝐹
𝑖𝐵
𝑗

(
𝑎

𝑏
, 𝛿) 𝑝
1
√𝜋𝑏, 𝑖, 𝑗 = 1, 2.

(30)

Figure 3(a) shows the nondimensional SIF for an inclined
crack when 𝜃 is changing for 𝛿 = 45∘. It can be seen that as 𝜃
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Figure 6: Nondimensional SIF at the crack tips when 𝜃 is changing subject to mix loading (see Figure 2(d)).

varies within the range 0∘ ≤ 𝛿 ≤ 90∘, the values of 𝐹
1𝐴
1

, 𝐹
2𝐴
1

,
𝐹
1𝐴
2

, and 𝐹
2𝐴
2

are varied significantly due to shielding effect.
Whereas Figure 3(b) shows the nondimensional SIF for a
curved crack when 𝛿 is changing for 𝜃 = 45

∘, the values of
𝐹
1𝐵
1

, 𝐹
2𝐵
1

, 𝐹
1𝐵
2

, and 𝐹
2𝐵
2

are varied significantly for the consi-
dered domain.

The effect of the distance between both cracks, 𝑎/𝑏, is also
studied by taking 𝜃 = 45∘ and the results are shown in Figures
3(c) and 3(d) for 𝛿 = 90∘ and 𝛿 = 45∘, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.2. Example 2: Mode II. Consider the problem in
Figure 2(b); the traction applied is 𝜎∞

𝑥
= 𝑝
2
and the

calculated results for SIF at the crack tips 𝐴
1
, 𝐴
2
, 𝐵
1
, and 𝐵

2

are, respectively, expressed as

𝐾
𝑖𝐴
𝑗

= 𝐹
𝑖𝐴
𝑗

(
𝑎

𝑏
, 𝜃) 𝑝
2
√𝜋𝑎, 𝑖, 𝑗 = 1, 2,

𝐾
𝑖𝐵
𝑗

= 𝐹
𝑖𝐵
𝑗

(
𝑎

𝑏
, 𝛿) 𝑝
2
√𝜋𝑏, 𝑖, 𝑗 = 1, 2.

(31)

Figures 4(a) and 4(b) show the nondimensional SIF for an
inclined crack when 𝜃 is changing for 𝛿 = 45∘ and the nondi-
mensional SIF for a curved crack when 𝛿 is changing for
𝜃 = 45

∘, respectively. It can be seen that as 𝜃 and 𝛿 vary
within the range 0∘ ≤ 𝛿 ≤ 90∘, the values of 𝐹

1𝐴
1

, 𝐹
2𝐴
1

, 𝐹
1𝐴
2

,
𝐹
2𝐴
2

, 𝐹
1𝐵
1

, 𝐹
2𝐵
1

, 𝐹
1𝐵
2

, and 𝐹
2𝐵
2

are varied significantly for the
considered domain.
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Figure 7: Nondimensional SIF at the crack tips when 𝜃 is changing subject to mix loading (see Figure 2(e)).

The effect of the distance between both cracks, 𝑎/𝑏, is also
studied by taking 𝜃 = 45∘ and the results are shown in Figures
4(c) and 4(d) for 𝛿 = 90∘ and 𝛿 = 45∘, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.3. Example 3: Mode III. Consider the problem in
Figure 2(c); the traction applied is 𝜎∞

𝑥𝑦
= 𝑞 and the

calculated results for SIF at the crack tips 𝐴
1
, 𝐴
2
, 𝐵
1
, and 𝐵

2

are, respectively, expressed as

𝐾
𝑖𝐴
𝑗

= 𝐹
𝑖𝐴
𝑗

(
𝑎

𝑏
, 𝜃) 𝑞√𝜋𝑎, 𝑖, 𝑗 = 1, 2,

𝐾
𝑖𝐵
𝑗

= 𝐹
𝑖𝐵
𝑗

(
𝑎

𝑏
, 𝛿) 𝑞√𝜋𝑏, 𝑖, 𝑗 = 1, 2.

(32)

Figures 5(a) and 5(b) show the nondimensional SIF for an
inclined crack when 𝜃 is changing for 𝛿 = 45∘ and the nondi-
mensional SIF for a curved crack when 𝛿 is changing for
𝜃 = 45

∘, respectively. It can be seen that as 𝜃 and 𝛿 vary
within the range 0∘ ≤ 𝛿 ≤ 90∘, the values of 𝐹

1𝐴
1

, 𝐹
2𝐴
1

, 𝐹
1𝐴
2

,
𝐹
2𝐴
2

, 𝐹
1𝐵
1

, 𝐹
2𝐵
1

, 𝐹
1𝐵
2

, and 𝐹
2𝐵
2

are varied significantly for the
considered domain.

The effect of the distance between both cracks, 𝑎/𝑏, is also
studied by taking 𝜃 = 45∘ and the results are shown in Figures
5(c) and 5(d) for 𝛿 = 90∘ and 𝛿 = 45∘, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.4. Example 4: Mix Mode. Consider that the inclined
crack is located at the lower position of the curved crack
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(Figure 2(d)). The traction applied is 𝜎∞
𝑦
= 𝜎
∞

𝑥
= 𝑝 and the

calculated results for SIF at the crack tips 𝐴
1
, 𝐴
2
, 𝐵
1
, and 𝐵

2

are, respectively, expressed as

𝐾
𝑖𝐴
𝑗

= 𝐹
𝑖𝐴
𝑗

(
𝑐

𝑎
, 𝜃) 𝑝√𝜋𝑎, 𝑖, 𝑗 = 1, 2,

𝐾
𝑖𝐵
𝑗

= 𝐹
𝑖𝐵
𝑗

(
𝑐

𝑎
, 𝜃) 𝑝√𝜋𝑏, 𝑖, 𝑗 = 1, 2.

(33)

Figures 6(a) and 6(b) show the interaction of both cracks
by evaluating the nondimensional SIF at the crack tips 𝐴

1

and 𝐴
2
when 𝑐/𝑎 = 1.5, 2.0, 2.5 for 𝐹

1
and 𝐹

2
, respectively,

whereas Figures 6(c) and 6(d) show the interaction of both
cracks by evaluating the nondimensional SIF at the crack tips
𝐵
1
and 𝐵

2
when 𝑐/𝑎 = 1.5, 2.0, 2.5 for 𝐹

1
and 𝐹

2
, respectively.

From these results, we see that 𝐹
1
and 𝐹

2
at the crack tip 𝐴

2

are higher than 𝐴
1
.

4.5. Example 5. Consider that the inclined crack is located
at the right position of the curved crack (Figure 2(e)). The
traction applied is 𝜎∞

𝑦
= 𝜎
∞

𝑥
= 𝑝 and the calculated results

for SIF at the crack tips 𝐴
1
, 𝐴
2
, 𝐵
1
, and 𝐵

2
are, respectively,

expressed as

𝐾
𝑖𝐴
𝑗

= 𝐹
𝑖𝐴
𝑗

(
𝑐

𝑎
, 𝜃) 𝑝√𝜋𝑎, 𝑖, 𝑗 = 1, 2,

𝐾
𝑖𝐵
𝑗

= 𝐹
𝑖𝐵
𝑗

(
𝑐

𝑎
, 𝜃) 𝑝√𝜋𝑏, 𝑖, 𝑗 = 1, 2.

(34)

Figures 7(a) and 7(b) show the interaction of both cracks by
evaluating the nondimensional SIF at the crack tips 𝐴

1
and

𝐴
2
when 𝑐/𝑎 = 1.5, 2.0, 2.5 for 𝐹

1
and 𝐹
2
, respectively, where-

as Figures 7(c) and 7(d) show the interaction of both cracks
by evaluating the nondimensional SIF at the crack tips𝐵

1
and

𝐵
2
when 𝑐/𝑎 = 1.5, 2.0, 2.5 for 𝐹

1
and 𝐹

2
, respectively. As the

𝑐/𝑎 decreases, the nondimensional SIF becomes higher.

5. Conclusion

In this paper, the different types of loading modes have been
applied to the inclined and curved cracks in plane elasticity.
We obtained different results of nondimensional SIF due to
the different loading modes. We also observed that the SIF
increases as both cracks become closer.
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