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The heart is a robust and reliable organ that, approximately
once per second, pumps the blood to the whole body. This
activity involves the fine coupling of numerous components
involving a large variety of physical processes and covering
a wide range of scales. For instance, heart function depends
on cell metabolism, electrophysiology, and mechanics; ion
channels, ion concentrations, and gap junction distribution;
material and electrical properties of cardiac tissue and the
anatomical organization of this tissue in fibers and sheets; and
material properties and organization of the heart’s vascular
tree and their relation to cardiac perfusion. Understand-
ing the details of these complex systems, as well as the
interactions among them, is crucial for understanding heart
function in health and disease.

This special issue focuses on cardiac modeling and simu-
lations that can contribute to improving the understanding
of this multifaceted system under normal conditions and
different cardiac pathologies.Multiple types of computational
andmathematical models are used to describe heart function
at different levels of details. For instance, relatively simple
models have been employed to characterize the main prop-
erties of action potential propagation and wave dynamics
in cardiac tissue, and detailed physiological models have
been employed to improve our understanding of arrhythmia
generation, fibrillation, and defibrillation. Coupledmodels of
cardiac electromechanics that involve multiple scales, from
intracellular to whole-organ, have been developed to describe
the relation between electric signals and heart contraction.

In summary, cardiac modeling has advanced over several
decades to become a valuable tool for studying heart function.

The articles in this issue span a broad range of topics
related to simulating heart function. On the modeling side,
a detailed mathematical description of the heart’s function
involves the combination of different models, such as the
electrophysiology of membrane potential of cardiac cells, the
mechanics of the contracting tissue, and the fluid dynamics
of the blood inside the chambers of the heart. Such combi-
nation requires integrating descriptions of different physical
mechanisms, via multiphysics models, and the consideration
of processes at different scales, from individual ion channels
to the motion of the heart inside the human body, via
multiscale models. Mathematical models are required for all
these processes and scales. For example, in this special issue,
A. Jalali et al. apply mathematical modeling to the pressure
changes controlling the flow dynamics in the heart and in
particular the effects in the case of a pathological size of
the left ventricle. The coupling of the electrical signal with
mechanics is modeled by B. M. Rocha et al. to study changes
in mechanoelectric feedback due to heart failure and by P.
Brocklehurst et al. to study human atrial tissue and atrial
fibrillation using discrete approaches.

Several articles include findings with the potential for
clinical relevance. The results presented by B. M. Rocha
et al. suggest that, in both normal andheart failure conditions,
the information carried by the T-wave is highly related
to cardiac contraction—that is, electrocardiogram (ECG)
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waveforms carry not only information of cardiac electric
activity but also information of cardiac contraction.However,
the interpretation of ECGs taking contraction into account is
not straightforward for clinicians to perform using currently
available tools. Translation to clinical practice will require
the use of modern models of cardiac electromechanics
that consider nonlinear relations between contraction and
electrical excitation of the heart.

In another ECG study, A. Loewe et al. simulated 12-
lead ECGs to investigate the detection of early myocardial
ischemia. To this end, several simulations were performed to
represent different locations and sizes of ischemic regions in
the left ventricle. With these data, the authors tested different
setups and locations of ECG leads to optimize the detection
of early ischemic episodes. Improvementswere reported from
adding a single extra electrode, and these findings suggest the
need for further study of the setup of ECG leads in clinical
practice.

P. Ganesan et al. focus on the use of electrograms acquired
by invasive multipolar diagnostic catheters during clinical
electrophysiology studies of atrial arrhythmias. P. Ganesan et
al. use both simulated and clinically acquired electrograms
to study how these waveforms are related to the location
of the region in the atria that can be targeted for ablation,
that is, a region that sustains the arrhythmia. They present
an algorithm that uses electrogram information to guide the
catheter toward these arrhythmia-sustaining regions, which
in the case of atrial fibrillation then can be targets of ablation
during the same clinical electrophysiological studies.

The characterization and study of different types of
arrhythmias are the focus of a number of other papers in
this special issue. For instance, one of the main explanations
for the formation of reentrant waves is cardiac alternans.
K. Kulkarni et al. use an alternate pacing protocol to show
that the bifurcation to alternans for isolated whole rabbit
hearts occurs via a smooth bifurcation rather than a border-
collision mechanism. For the case of reentry in three-
dimensional tissue, the dynamics of the filaments govern-
ing such reentries may determine the persistence of the
arrhythmia. Filaments and waves resulting from numerical
simulations are studied by P. Pathmanathan and R. A. Gray
for rabbit and by S. Pravdin et al. and S. R. Kharche et al.
for human hearts. P. Pathmanthan and R. A. Gray use a
high-resolution biventricular anatomical model to show that
fine-scale anatomical details can affect scroll-wave dynamics
through behavior such as filament breakup, reattachment,
anchoring, and lengthening. In another study focusing on
the effects of ventricular anatomy, S. Pravdin et al. study how
filament tension (positive versus negative), ventricular shape,
and strength of anisotropy determine filament location. S.
R. Kharche et al. show that anatomical structures can affect
scroll-wave dynamics in atria; variations in tissue thickness,
such as at pectinate muscle bridges, can cause breakthrough
patterns and transiently anchor waves. Characterizations of
wave dynamics in these ways can be useful for the study of
the influence of pathological conditions on the dynamics of
the waves. For example, A. Bueno-Orovio et al. study the
conditions needed for phase-2 reentry to give rise to tissue-
level arrhythmias in the form of spiral and scroll waves in

the context of electrophysiological changes associated with
Brugada syndrome.

At the mesoscopic scale, the network formed by the
Purkinje fibers, which propagates the electrical signal from
the atria to the ventricles, becomes relevant. Two articles
address ways to model and simulate the Purkinje system. W.
Ying and C. S. Henriquez propose and test a new adaptive
method to improve the efficiency of simulations of electrical
activity in Purkinje fibers while retaining accuracy. Because
the topological features of the Purkinje network may vary
significantly from one individual to another, B. R. Liu and
E. M. Cherry propose a new method for generating three-
dimensional Purkinje networks based on imaging data, that
is, on histological data. This approach was used to create
models of the combined ventricle-Purkinje system, which
have the potential to help elucidate the role of Purkinje
network during ventricular arrhythmias.

The continuous approach in the macroscopic limit nor-
mally used by mathematical models is clearly broken when
the microscopic details of single cells are to be taken into
account. P. Brocklehurst et al. use a discrete approach in
modeling human atrial tissue. Another interesting question
that is difficult to address via continuum models is why
fibrotic regions of the heart are usually associatedwith ectopic
beats or triggers of arrhythmia. One possible mechanism
suggests that fibroblasts promote arrhythmogenesis through
direct electrical interactions with cardiomyocytes via gap
junctions. T. R. Brown et al. present a review on this specific
topic as well as new results on how voltage-dependent gap
junctions affect fibroblast-myocyte interactions.

Another suggested mechanism is that fibroblasts pro-
duce excess extracellular matrix that slows and fractionates
propagation, causing zig-zag conduction paths that may act
as a substrate for arrhythmia. This mechanism is studied
extensively by B. G. de Barros et al. who present results
obtained using two different models: one is heterogeneous
with subcellular discretization and the other is a discrete
model. Both noncontinuum models show the initiation of
reentry inside fibrotic tissue through generation of an ectopic
pacemaker using a mixture of excitable and nonexcitable
regions.The resulting fractionation of propagation combined
with the topology of the mixed region allows an electric wave
to reexcite the fibrotic tissue before leaving it. These results
may explain previous work suggesting a connection between
ectopic pacemakers (or arrhythmia triggers) and complex
fractionated electrograms.

Another topic addressed in this special issue is improving
the computational performance of algorithms and numerical
methods, which is key for simulations of cardiac function
that involve large, complex, multiscale, and multiphysics
phenomena such as those described above. The use of finite
elements for the integration of the continuous cable equations
has become very popular because of the freedom it gives in
defining the integration domain and the ability to simulate
wedges of tissue or the whole heart. G. Cuccuru et al. go a
step farther by considering all-hexahedra spectral elements,
which result in a more efficient method for 3D monodomain
and bidomain representations. Modeling the structure of
individual cells and the effects on propagation through the
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tissue demands efficient microscopic and discrete model rep-
resentations, as considered in the papers by P. Brocklehurst
et al. and B. G. de Barros et al. Adaptation of the spatial
and temporal discretization can also increase computational
efficiency, as discussed by W. Ying and C. S. Henriquez.

In summary, this special issue addresses some of the
most challenging areas of research currently associated with
cardiac modeling. We are confident that researchers will find
this collection of papers interesting and useful.

Rodrigo Weber dos Santos
Sergio Alonso

Elizabeth M. Cherry
Joakim Sundnes
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In case of chest pain, immediate diagnosis of myocardial ischemia is required to respond with an appropriate treatment. The
diagnostic capability of the electrocardiogram (ECG), however, is strongly limited for ischemic events that do not lead to ST
elevation.This computational study investigates the potential of different electrode setups in detecting early ischemia at 10 minutes
after onset: standard 3-channel and 12-lead ECG as well as body surface potential maps (BSPMs). Further, it was assessed if an
additional ECG electrode with optimized position or the right-sided Wilson leads can improve sensitivity of the standard 12-
lead ECG. To this end, a simulation study was performed for 765 different locations and sizes of ischemia in the left ventricle.
Improvements by adding a single, subject specifically optimized electrode were similar to those of the BSPM: 2–11% increased
detection rate depending on the desired specificity. Adding right-sidedWilson leads had negligible effect. Absence of ST deviation
could not be related to specific locations of the ischemic region or its transmurality. As alternative to the ST time integral as a feature
of ST deviation, the K point deviation was introduced: the baseline deviation at the minimum of the ST-segment envelope signal,
which increased 12-lead detection rate by 7% for a reasonable threshold.

1. Introduction

The detection of ST deviations in patient electrocardiograms
is an essential method for the diagnosis of myocardial
ischemia. Both clinical studies [1–6] and simulations [7, 8]
have shown that some forms of ischemia are visible neither
in the standard ECG (see Table 1; sensitivity varies between
45% and 73% for detection of ST segment elevation) nor in
body surface potential maps (BSPMs) [2, 4–6]. Such “electri-
cally silent” ischemia results in non-ST elevation myocardial
infarction (NSTEMI). Some studies suggest that sensitivity
can reach 80% or even 100% (see Table 1) leveraging regional-
specific ST elevation thresholds or computer-generated fea-
tures including the QRS complex and the T wave. However,
application of electrodes for BSPM comes at logistical cost;

that is, it is usually not applicable for acute diagnosis. Muscle-
brain (MB) type creatine kinase [9] and troponin tests [10]
would be a gold standard but come at the expense of a time
delay of several hours [4].

The intention of this work is to test the hypothesis that
single or few additional ECG leads improve the sensitivity of
the 12-lead ECG regarding the detection of early myocardial
ischemia. While 80-channel BSPM naturally has a better
ability to detect signal deviations, it is not well known where
to place single additional electrodes in an emergency situa-
tion. Additional right precordial Wilson leads may improve
sensitivity, yet with limited studies on the quality of evidence
[11]. Kornreich et al. proposed an optimal placement for six
electrodes [12], which differs completely from the standard
precordial leads.
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Table 1: Clinical studies concerning the detection of acutemyocardial ischemia. Ranges for [4] represent validation against troponin/creatine
kinase MB.

Sensitivity Specificity Detection method
12-lead ECG

45% 92% Physician, ST elevation [1]
45% 92% Physician, modified AHA/ESC guidelines [41], in [5]
45% 94% Physician, ST elevation [2]
65.9% 86.3% Artificial neural network, six ST-T features [3]
60.7–72.7% 96.4–97.1% Physician, ST elevation [4]

80-channel BSPM
64% 94% Rule-based, QRST features [2]
76% 92% Physician, computed QRST features [5]
80% 92% Physician, computed ST features [6]
92.9–100% 94.9–96.5% Physician, computed QRST features [4]

In this study, we start from the 3-lead and the 12-lead ECG
and investigate the increase in detection rate when adding
the right-sided Wilson leads compared to that of adding
an optimally positioned electrode at any one in roughly
600 potential positions on the body. That is, we study what
detection rates could ideally be achieved with an optimally
placed electrode.

Detection rates are compared to those of a complete
BSPM. It is also assessed if themagnitude of ST deviation and
therefore the noise level in the signals play a role in whether
additional leads result in improvements. Further, detection
rates for different sizes, transmural extents, and locations of
ischemia are presented.

The motivation of this work to be performed in silico
arises from the difficulties in a clinical setting: 600-leadBSPM
systems are not available and would be hard to apply for
cases of acute ischemia. Moreover, ischemia locations and
sizes cannot be characterized precisely, even with gadolin-
ium delayed enhancement MRI. Computational modeling
on the other hand facilitates a clear analytical approach
here, producing statistics for different AHA segments and
ischemia radii. Probably most important, ECGs of myocar-
dial ischemia as early as 10 minutes after onset are typically
not available in the clinical setting but will become more
important in the coming years thanks to the advent of
portable monitoring devices.

Large-scale simulation of ischemic events has previously
not been feasible for a number of setups as high as in this
study (765 constellations) as reaction-diffusion simulations
take several hours for a single beat [7]. As in [13], to facilitate
this work, a cellular automaton has been parameterized
using the ischemia-adapted ten Tusscher model [14] and the
monodomain solver acCELLerate [15]. Compared to other
works from our group and others on electrode optimiza-
tion [16–18] that used amplitude-based infarction models,
the presented approach models acute myocardial ischemia
and considers heterogeneities in resting membrane voltage
(RMV), action potential (AP) amplitude, AP duration, and
conduction velocity (CV) [13].

A variety of features in the ECG may be used to
detect myocardial ischemia. Whether features other than ST

deviation have negligible impact on 12-lead ECG sensitivity
[19] or whether they improve sensitivity while reducing
specificity [5] is under discussion. Nevertheless, the most
prominent effects of myocardial ischemia are seen in the ST
segment, and, in most emergency cases, assessment of ST
deviationwill dominate the diagnosis, as it does inmost of the
studies. Guidelines recommend an assessment of ST elevation
at the J point [20]. However, it is in many cases very difficult
to detect the J point reliably. The ST segment is therefore
often localized at a certain number of milliseconds after the
easy-to-detect R peak [21]. For this reason, we designed our
analysis for a very simple feature, the ST deviation measured
during 25 samples (∧=48ms) after the QRS. Motivated by
the difficulty of detecting the J point and then assured by
its superior performance over the aforementioned 48ms ST
deviation, we propose a new feature for ECG analysis, which
we call the K point deviation (KPD): the baseline deviation at
the minimum of the ST-segment envelope signal.

2. Materials and Methods

2.1. Electrophysiological Simulations. Electrophysiological
simulations were carried out on three different datasets. We
aimed atminimizing the impact of interindividual differences
by spanning a large variability. While the anatomical model
for subject VM was obtained by segmenting the Visible Man
dataset, two models were produced by segmentation of MR
images. Resolution was 2.27 × 2.27 × 4mm3 (heart), 4 × 4 ×
4mm3 (thorax) for subject K (male; age: 61; posterior and
posterolateral infarctions) and 1 × 1 × 1mm3 (heart), 1 × 1 ×
2mm3 (thorax) for subject D (male; age: 27; healthy). The
two models D and K comprised distinct tissue classes for
the ventricles, skeletal muscle, fat, blood, lungs, kidneys,
liver, and spleen (with only subject D having an atrial model
and only subject K having a stomach model), whereas VM
included 31 different tissue classes. However, the imaging
data for the Visible Man dataset was not taken in vivo.

Fiber orientation was introduced for the ventricular
myocardium using a rule-based approach [22]. For simula-
tions of cardiac source signals, the anatomical datasets of
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the heart were interpolated to an isotropic voxel size of
0.4mm (subjects VM and D) or 0.5mm (subject K).

A cellular automaton (CA) was utilized to carry out
ischemia simulations. Each voxel of the left and right ventricle
can be activated by either adjacent voxels or an external
stimulus. Once a voxel is excited, its transmembrane voltage
(TMV) follows a predefined course, the AP. The TMV
courses for physiological, nonischemic voxels were extracted
from monodomain simulations using the reaction-diffusion
system acCELLerate [15, 23] and the tenTusscher electrophys-
iologicalmodel [24].The approach described in [13] provided
for transmural heterogeneity as well as differences in the AP
duration at 90% repolarization (APD

90
) for each ventricular

voxel. Anisotropic tissue conductivities inside the ventricular
walls as well as the endocardial stimulation system were set
according to [25].

The level of ischemia for each individual voxel was
considered by assigning a so-called zone factor (ZF). A ZF
of 0 represented healthy tissue, whereas voxels within the
central ischemic zone (CIZ) were assigned a ZF of 1. Values in
between represented voxels within the border zone (BZ).The
effect of myocardial ischemia was modeled by modulating
the TMV courses for the CA regarding four electrophysi-
ological parameters: RMV, AP amplitude, APD

90
, and CV.

The course of these parameters as a function of the ZF and
the position within the ventricular wall was determined by
conducting acCELLerate simulations as described in [13]. To
this end, Weiss’s extensions [7, 14, 26] to the ten Tusscher cell
model that account for the three main biochemical effects of
ischemia (extracellular hyperkalemia, acidosis, and hypoxia)
were utilized.Themodel represents ischemic conditions at 10
minutes after onset (phase Ia, stage 2).

The left ventricular wall of all three datasets was divided
using the 17-segment AHA scheme [27]. To run the study,
hemispheric ischemic regions were placed at the center of
each AHA segment.Their radii, comprising both the CIZ and
the BZ, varied from 5mm to 25mm for two of the anatomical
models. The upper limit for the Visible Man dataset was set
to 30mm due to the thicker ventricular wall. The center of
the hemispheres was located at the endocardial surface of the
myocardium as subendocardial myocytes need more oxygen
due to stronger contraction and are therefore perfused more
intensely [28]. Owing to this circumstance and because of the
greater distance to the coronary arteries, electrophysiological
changes can be first observed in the subendocardial layer after
the onset of ischemia [29]. This situation is called subendo-
cardial ischemia. If the occlusion lingers, ischemia spreads
transmurally towards the subepicardium [30]. As soon as the
entire wall is affected, the term transmural ischemia is used.

As the values for the extent of the BZ that can be found
in the literature vary significantly [31, 32], three series of
simulations were carried out using different BZ radii: 2.8mm,
4.8mm, and 9.6mm.The time increment for the CA simula-
tions was set to 0.1ms and the results were saved every 2ms.

TMVs obtained through the CA simulations were inter-
polated on tetrahedral meshes in order to carry out electri-
cal field finite element calculations. Extracellular potentials
on the body surface of the respective anatomies (BSPMs)
were computed using the bidomain model as in [25].

The conductivity tensors 𝜎
𝑒
and 𝜎

𝑖
were set according to

[33]. From these BSPMs, electrode signals were extracted at
593–815 equally distributed positions on each torso with an
average distance of 4 cm between electrodes.

To validate the ischemia implementation for the CA,
20 ischemic ECGs were compared to reference simulations
carried out using the full monodomain solver acCELLerate.
The root mean square error in the ST segment (ranging from
120ms to 250ms) was smaller than 0.02mV for more than
50% of the 180 computed lead signals. Aberrations larger
than 0.2mV were observed in 12 signals.The reason for these
deviations was broadened QRS complexes ranging beyond
120ms due to ischemia effects.

2.2. Features of ST Elevation. The ST segment deviation
(STSD) for a specific channel was defined as the absolute
value of the mean of the 25 samples between 110ms and
158ms:

STSD = max
𝑒

(

1

25
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∑

𝑡=1
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) , (1)

where 𝑏 is the ECG signal, 𝑒 is the electrode channel, and 𝑡 is
the time step.

As pointed out in the introduction, it is challenging to
detect the ST segment and especially the J point in ECG
analysis. Also, the previously defined ST deviation is sensitive
towards interference with the QRS or T wave in case of
even slight errors in the timing of annotations. We therefore
propose the definition of a 𝐾 point as substitute for the
J point. For a given set of lead signals, the lead with the
maximum absolute value is determined individually for each
time step between the R peak (40ms) and the T peak (320ms)
(envelope of absolute values). The K point is then defined as
the time step for which this envelope signal is minimal (see
Figure 1).The corresponding K point deviation (KPD) is thus

KPD = min
𝑡

(max
𝑒
|𝑏 (𝑒, 𝑡)|) . (2)

Using this definition, alternating ST deviation (e.g., elevation
at the beginning of the ST segment followed by depression)
can still be detected as opposed to the STSD.

2.3. Study Setup and Lead Systems. This work investigates
the limitations of different electrode setups in representing
ST deviations caused by myocardial ischemia. To this end,
standard 3-channel ECGs (I, II, III, aVR, aVL, and aVF),
12-lead ECGs, and body surface potential maps (BSPMs) of
593–815 electrodes were acquired from the thoraces of the
simulation datasets. All unipolar leads and the BSPMs were
measured against Wilson central terminal (WCT).

It was then assessed if additional ECG leads can improve
sensitivity of the 3-channel or 12-lead ECG.The improvement
by adding the four right-sided Wilson leads 𝑉

3𝑅
through 𝑉

6𝑅

(“12 + 𝑅”) was investigated. Moreover, we looked at all the
593–815 electrodes with respect to WCT “BSPM”. Consider-
ing the whole BSPM improved detection rates significantly
when looking at KPD, the optimum position of a 10th
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Figure 1: 593 electrode signals of the physiological simulation for
subject D.The arrow points to the K point being defined as the time
step between 40ms (R peak) and 320ms (T peak) (dashed lines)
for which the maximum absolute value over all observed leads is
minimal.

electrode was determined considering all ischemic setups for
a given subject and threshold “12 + 1”. This scenario will
be more feasible than BSPM during emergencies; however,
it assumes that the location for this additional electrode
is known for a specific subject. We investigated if such an
optimal position can exist, that is, if it is consistent across
subjects by mapping the individually optimal positions to the
other 2 thoraces. The 12 + 1 scenario was not considered for
the STSD as the improvement by looking at the whole BSPM
as compared to the 12-lead ECGwas already limited; thus, the
benefit of just one additional electrode was negligible.

3. Results

3.1. Acute Diagnosis Using ST Deviation. ST segment devia-
tion in the physiological ECGs without any ischemic tissue
was nonzero and amounted to 96/99/149 𝜇V for VM/K/D
considering all electrodes (dashed line at 149 𝜇V in Figure 2).
The electrode showing the highest STSDwith respect toWCT
in the physiological simulation was the one being used to
compute lead 𝑉

2
for subjects VM/K and 𝑉

3
for subject D.

Thus, the highest physiological deviation was the same in all
scenarios including at least the 12-lead electrodes.

Figure 2 shows the detection rates obtained for certain
STSD thresholds when looking at different sets of lead signals
spanning all subjects. The threshold defines the minimum
STSD according to (1) which needs to be observed for a
given set of leads to classify an ECG as ischemic. Compared
to 3-channel ECG, the 12-lead ECG improved the detection
rate by between 48% (threshold = 76𝜇V) and 8% (threshold
= 240𝜇V). Further improvement by considering the right-
sided Wilson leads was limited to a maximum of 3 ischemic
setups (∧=0.4%). Leveraging STSDs from the whole BSPM
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Figure 2: Ischemia detection rates based on STSD for different
thresholds and ECG lead systems.The dashed line shows the largest
STSD seen in physiological simulations without any ischemic tissue
considering all electrodes. The improvement by considering the
right-sidedWilson leads “12+𝑅” was limited and can hardly be seen
in the stacks.

improved the detection rate by a maximum of 3.3% and less
than 2% for thresholds <176 𝜇V.

To facilitate statistics that are independent of the thresh-
old, detection rates were averaged for 54 threshold steps
equidistantly distributed between 24𝜇V and 240 𝜇V in the
following. This approach was chosen as the question of
finding the optimum threshold balancing sensitivity and
specificity cannot be answered by this study.

Looking at different sizes of the ischemic regions, detec-
tion rates increased with increasing ischemia size ranging
from 41% for a total radius 𝑟 = 5mm to 95% for 𝑟 =
30mm when looking at the 12-lead ECG. The improvement
by considering STSDs in all BSPM leads was limited; how-
ever, it was the biggest for medium-sized ischemic regions
(0%/0.9%/2.81%/2.99%/0.94%/0.39% improvement of detec-
tion rate for 𝑟 = 5/10/15/20/25/30mm).

In general, subendocardial ischemia was harder to detect
than transmural ischemia. Detection rates for transmural
setups were higher by 1.6%–10.2% for small to medium-sized
ischemic setups (𝑟 = 5–15mm) and better by 20.8% for
𝑟 = 20mm. The case of 25mm radius was an exception:
here, the detection rate was better by 8.2% for subendocardial
setups of which all were detected. Findings for transmural
ischemia are not biased by the volume of the ischemic region.
The fraction of ischemic voxels (CIZ+BZ) in the left ventricle
was very similar for transmural and subendocardial ischemic
setups of a specific radius (e.g., 3.7% for transmural ischemia
versus 4.1% for subendocardial ischemia for 𝑟 = 15mm and
8.2%/10.1% for 𝑟 = 20mm).
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Different BZ sizes had only little effect on detection rates.
However, the smaller the BZ, the easier the detection of
ischemia. Rates for small/medium/large BZs in the BSPM
scenario were 68.4%/65.0%/63.4%. Looking at the 3 different
subject models, detection was the easiest for subject D,
followed by K and VM in all lead systems. Rates for VM,
K, and D were 33.2%/52.9%/53.5%, 46.4%/64.4%/67.2%, and
46.4%/77.8%/79.2% for 3-channel/12-lead/BSPM.

3.2. K Point Deviation for Acute Diagnosis. The KPD
observed in ECGs obtained from physiological reference
simulations without any ischemic tissue ranged from 3.4 𝜇V
for subject D in the 3-lead system to 66 𝜇V for subject K
in the BSPM lead system (dashed line in Figure 3). Details
are shown in Table 2. Regarding the ischemic ECGs, the
temporal position of the K point showed variations, which
were more pronounced for scenarios covering fewer leads
(mean ± standard deviation 83 ± 139/76 ± 132/71 ± 126ms
for 3-channel/12-lead/BSPM). For small ischemia radii, the
position did not differ significantly from the one in the
physiological signal. For setups with 𝑟 ≥ 10mm, the K point
moved towards the T wave in most cases. Sometimes, the K
point was located within the QRS complex due to massive
ST segment deviations in some leads especially in the 12 + 1
and BSPM scenarios. For 𝑟 = 5/10/15/20/25/30mm, the
temporal position of the K point was 27±3/27±3/32±16/53±
40/78 ± 49/80 ± 43ms in the 12-lead scenario.

Figure 3 shows the KPD-based detection rates for the
different lead systems. The extension from 3 channels to 12
leads accounted for an improvement of around 15% which
was almost constant for all threshold values. Adding further
leads brought about most improvement for threshold values
between 40 𝜇V and 70 𝜇V. In this region, a detection rate
of around 65% could almost be sustained by adding an
additional electrode when raising the threshold. Adding
right-sided Wilson leads helped to detect ischemia mainly
for thresholds between 40𝜇V and 50 𝜇V. However, the gain
in detection rate by adding these four additional electrodes
was always less compared to adding one additional electrode
whose position had been optimized for a given subject. Please
note that this electrode position was the same for all ischemia
radii, locations, and BZ extents. The additional improvement
by looking at the remaining several hundred electrodes of the
BSPM was limited to less than 2.5%. It was most beneficial
for higher threshold values, though. Using a subject-specific
location for the 10th electrode (Figure 3: 12 + 1 individual)
yielded an average increase in detection rates by 0.8% com-
pared to one common location for all 3 subject models (12+1
common). Figure 4 shows the position of the individually best
electrode locations and the best common position.

As the aim of this work is to evaluate the sensitivity
capability of different lead systems, the presented results focus
on KPD. In brief, Figure S1 in the Supplementary Material
available online at http://dx.doi.org/10.1155/2015/530352 indi-
cates that basing ischemia detection on pureKpoint elevation
reduces detection rates in all electrode scenarios. However,
additional electrodes can compensate for the disproportion-
ate decrease in the 12-lead scenario (−4.4%/−8.9%/−5.2%
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Figure 3: Ischemia detection rates based on KPD for different
thresholds and ECG lead systems. The dashed line represents the
largest KPD observed in physiological simulations without any
ischemic tissue considering all electrodes.

Table 2: Maximum KPD in 𝜇V observed in different lead systems
of ECGs from physiological reference simulations without any
ischemic myocardium. The maximum deviation was observed in
the lead given in parentheses where 𝑜 stands for any nonstandard
electrode in the BSPM case.

Subject 3-channel 12-lead 12 + R BSPM
VM 7.6 (II) 15.2 (𝑉

2
) 15.2 (𝑉

2
) 15.5 (𝑜)

K 26.3 (I) 42.9 (𝑉
4
) 42.9 (𝑉

4
) 66.1 (𝑜)

D 3.4 (II) 31.7 (𝑉
5
) 31.7 (𝑉

5
) 31.7 (𝑉

5
)

for 3-channel/12-lead/BSPM at the greatest physiological
threshold).

Below, detection rate statistics were again averaged over
36 threshold steps linearly spaced between 9𝜇Vand 150 𝜇V in
order to minimize the uncertainty associated with threshold
selection. Figure 5 shows that adding further electrodes to
the 12-lead ECG achieved higher detection rates mostly for
small and medium ischemia radii. Larger ischemic regions
were easier to detect than smaller ones using KPD as well.

Compared to subendocardial setups, detection rates for
transmural setups were higher by 3.2% for small ischemic
regions (𝑟 = 5mm) and better by 28.9% for medium-sized
ischemic regions, which almost doubled the detection rate in
that case. For 𝑟 = 25mm, detection rate was better by 5.9%
for subendocardial setups of which all were detected as was
the case for STSD.

The effect of the BZ size was, again, small. Average detec-
tion rates were 59.1%/54.9%/53.2% for small/medium/large
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Figure 4: Optimum positions for 10th electrode considering KPD (green spheres) together with 12-lead electrodes (blue spheres) and right-
sided Wilson leads (red spheres). For VM, all 5 indicated locations yielded the same detection rate. The position yielding the best combined
detection rate for all subjects was the same as found for D individually.
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Figure 5: Ischemia detection rates based on KPD for different ECG
lead systems and different total radii of the ischemic region averaged
over the aforementioned set of thresholds.

BZs. The BZ dependencies of additional electrode related
improvements were insignificant.

Considering the different subjects, ischemia was the
hardest to detect in VM. However, using KPD, it was easier
to detect in K than in D (see Figure 6) as opposed to using
STSD where it was the other way round. Adding additional
electrodes increased detection rates the most in subject K.
The 12 + 1 scenario yielded a detection rate increase of
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Figure 6: Ischemia detection rates based on KPD for different ECG
lead systems and different subjects averaged over the aforemen-
tioned set of thresholds.

0.7%/8.8%/1.2% for subjects VM/K/D compared to the 12-
lead ECG.

Figure 7 shows the average detection rates considering
the KPD in only a single lead at a time. The temporal
position of the K point was determined using all 12 leads for
this analysis. For Figure S2 in the supplementary material,
only K point elevation was considered. The sensitivity focus
pivoted towards lateral AHA segments in themidapical layers
for more lateral Wilson leads (𝑉

4
through 𝑉

6
) for pure K

point elevation. This elevation analysis furthermore revealed
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Figure 7: Ischemia detection rates based on KPD for single 12-lead channels per AHA segment averaged over the aforementioned set of
thresholds. The temporal position of the K point was determined using all 12 leads.

the importance of the limb leads III, aVR, and aVL for
the detection of basal ischemia. When also considering K
point depression (Figure 7), additional sensitivity in opposite
segments, particularly in themidbasal layers, resulted in a less
distinct pattern (compare, e.g., 𝑉

6
). While apical detection

rate was high in all leads when considering KPD, it was
significantly above average only for the contiguous limb leads
II, aVF, and III, as well as 𝑉

1
and 𝑉

5
when only considering K

point elevation.
Additionally, the maximum threshold to detect ≥80% of

all ischemic setups for a given subject in a specific AHA
segment was determined to gain insight whether ischemia
translates to smaller ST deviations in some regions than in
others. Looking at the detection rates subdivided by AHA
segment did not reveal a significant pattern considering abso-
lute detection rates as well as improvements by introducing
additional leads. The maximum threshold to detect at least
80% of all ischemic setups in a given segment is shown in
Figure 8. Segments 8 and 14 were calling for lower thresholds,
hence harder to detect, and segments 4, 16, and 17 were easier
to detect than average. However, the curves for different sub-
jects did not intersect, thus showing comparatively constant
interindividual differences. Maximum thresholds to detect at
least 80% of all ischemic events in a particular segment were
greater than the greatest physiological deviation (dashed lines
in Figure 8) more often than not when considering subjects
individually. However, only segment 17 would meet the 80%
requirement when choosing the greatest physiological KPD
across all subjects as threshold.

4. Discussion

In this work, a comprehensive in silico study was performed
to test the sensitivity of BSPMs against the 12-lead and the
3-channel ECG in detecting acute myocardial ischemia at 10
minutes after onset (phase Ia, stage 2). Also, the question
was investigated whether right-sidedWilson leads or a single
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Figure 8: Threshold to detect at least 80% of all ischemic setups
in a specific AHA segment based on KPD in the 12-lead scenario.
Besides subject-individual curves, the overall threshold to detect at
least 80% in the whole 3-subject population (combined) is shown.
Dashed lines represent the largest physiological KPD observed in
the individual subjects.

additional electrode would improve sensitivity for the 12-lead
ECG, assuming the ideal case that its position can be known.
It was then studied if such an ideal position can be found that
is valid across subjects.

For the ST segment deviation, the standard 12-lead ECG
could detectmore ischemic setups (64.2%± 24.9% for thresh-
old values between 24 𝜇V and 240 𝜇V) than a 3-channel ECG
(41.4% ± 11.8%) while right-sided Wilson leads in addition
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hardly improved detection rates at all. Our results regarding
the right-sidedWilson leads underline the results in [34] and
may explain why little clinical validation exists on their effect
[11]. The supplementary information gained by covering
STSDs on the whole torso increased detection rates by 2-3%
but was not a game changer.Thus, the benefit of using BSPMs
with respect to ST segment integrals was limited in our study
compared to 12-lead ECG. This also implies that a single
additional electrode with ideal placement could not possibly
improve detection rates significantly. The improvements in
sensitivity reported in the literature for BSPMs over the 12-
lead ECG are, however, much larger: Ornato et al. [4] found
a relevant additional sensitivity compared to the 12-lead ECG
when using the BSPM (100% versus 72.7% for kinase MB and
92.9% versus 60.7% for troponin tests). Shifts were also larger
in [2], where sensitivity improved from 45% for the 12-lead
ECG to 64% for BSPMs, or in [5] where sensitivity increased
from 45% to 92%. One potential reason for these differences
is that, in contrast to clinical works, detection rates in this
study were computed with respect to the possible variants of
the studied ischemic events at an equal distribution, not with
respect to their occurrence in the presenting patient cohort.
More importantly, we were looking at early ischemia at 10
minutes after onset in this study which differs significantly
from the time when clinical ECGs are typically acquired.

Larger ischemic regions were easier to detect (95%)
for the 12-lead ECG than small ones (41%). On the one
hand, this is not surprising due to their larger heart surface
and thus signal. On the other hand, this finding seems to
contradict the results by Wilhelms et al. [7, 26, 35] at first
sight. In their studies, subendocardial ischemia caused ST
depression, which changed into pronounced ST elevation
for larger transmural ischemic regions. For intermediate
sizes, ischemia became “electrically silent.” Our simulations
based on the phenomenological ischemia model showed the
same behavior when investigating a single ischemic event. A
comparable scenario (AHA segment 4; BZ: 4.8mm; subject
D) yielded STSD of 94/33/123/264 𝜇V for 𝑟 = 10/15/20/25mm
(∧=1.2%/2.8%/5.3%/8.6% ischemic tissue). The reason for this
transition not being visible in Figure 5 is that always a whole
set of ischemic events is investigated. Due to inhomogeneous
wall thickness, thus different minimum radii to gain trans-
murality, this effect of “intermediate silence” is buried under
the influence of stronger signal deviations caused by larger
ischemic regions.

The extent of the border zone had little impact on the
detection rates, which suggests that this parameter may not
need to be varied in future studies of ischemia simulations,
despite its large span of literature reporting.

As alternative to the STSD, the KPD was proposed in
this work as a favorable method to measure ST deviation.
For comparison of these features, detection rates have to
be evaluated for an appropriate threshold. As variations in
the physiological ECG due to various effects are beyond the
scope of this study, the threshold was naturally best set above
the greatest STSD or KPD found in the three physiological,
nonischemic simulations. Specificity turns from 0 here to 1
for greater thresholds. As there will be a smoother fading

in a real patient population, a slightly greater threshold is
assumed to correspond to a practically reasonable balance
between sensitivity and specificity.The ST segment deviation
and K point deviation features were therefore compared at 1
and 1.5 times their greatest physiological threshold.

The proposed KPD feature produced a detection rate of
52.4%/64.8% (12-lead/BSPM) compared to 52.0%/53.5% for
the STSD feature at the greatest physiological threshold. At
1.5 times the threshold, detection rates were 44.6%/48.3% for
the KPD and 37.5%/40.5% for the STSD. The KPD feature
can therefore be assigned a better sensitivity for evaluation
at the greatest physiological threshold when using BSPMs
and a considerably better sensitivity for an evaluation at
1.5 times the physiological threshold also in the 12-lead
scenario. This implies a gain in detection rates for BSPMs
compared to the 12-lead ECG that is closer to the reported
gains in [2, 4, 5]. For very low thresholds, the STSD feature
delivered greater sensitivity than theKPD feature, yet without
practical implications, as these thresholds cannot be used
for diagnosis. Compared to the vector magnitude, which is
proposed in [6] as the maximumminus the minimum signal
at the J point, theKPD includes a definition onhow to identify
the time point of evaluation. While no significant changes
in sensitivity or specificity were found in [6] for BSPMs
when using the vector magnitude compared to using the ST
elevation at the J point, the KPD deviation feature in the
present study leads to improved detection rates.

Considering pure K point elevation instead of deviation
comprising both elevation and depression decreased detec-
tion rates as expected (see Figures S1 and S2). Interestingly,
the loss of sensitivity was particularly pronounced in the
12-lead scenario. The additional loss compared to the 3-
channel scenario could be almost compensated by adding
additional leads. This result can be explained by the fact
that ischemia causing elevation in a particular lead translates
to depression in opposite leads and advises against solely
considering elevation, particularly in situation with limited
lead coverage.

For the KPD as measure of ST deviation, the initial ques-
tions addressed in this work can be asked again. Detection
rates for the 12-lead ECGwere again considerably better than
for the 3-lead ECG. Larger ischemia was easier to detect
than small ischemia, yet with the surprising difference that
detection rates for KPD were lower than those for STSD for
radii ≤15mm.

Compared to STSD, some significant qualitative differ-
ences were found, though. Just below the largest physiological
deviation, detection rates gained significantly from adding
right-sidedWilson leads, which is unfortunately of no use for
diagnosis. For a single additional electrode with optimized
position though, this gain can be appreciated, even if a
common optimum position is chosen for all subjects. Here,
just as the entire BSPM, the single electrode extension
literally brought about the benefit of using the KPD feature,
whereas it contributed less to higher detection rates of the
feature when considering higher thresholds. Interestingly, the
detection rate could be increased significantly stronger by
additional electrodes for subject K compared to the other two
subjects.
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The optimum positions for a single additional electrode
(Figure 4) were relatively close to the standard leads (𝑉

1
/𝑉
2

for subject K, 𝑉
3
/𝑉
4
for subject D, and 𝑉

4
/𝑉
5
for positions in

subject VM). This suggests that a denser spatial sampling in
the area of the breast is more beneficial than additional elec-
trodes on the back or to the right. The positions correspond
approximately to the six optimum anterior positions found
in [12, Figures 4–6] (2 for anterior ischemia, 2 for inferior
ischemia, and 2 for posterior ischemia). The missing concor-
dance regarding the posterior positions can be attributed to
the different study designs. In [12], the ECGs were computed
with respect to a second electrode on the patients’ back, thus
aiming at optimized pairs of two electrodes, whereas the
present study optimized the position of a single additional
electrode to the 12-lead ECG. Another study by Finlay et al.
also found precordial leads to be best-suited for the detection
of myocardial infarction in a 6-channel system [36].

NSTEMI did not differ in general from STEMI regarding
their location in the heart. Our findings of minor differences
between regions are surprising as they contradict suggestions
that myocardial ischemia is particularly difficult to detect
in the posterior segments (AHA segments 4, 10, and 15)
[37]. A possible reason for this difference is the later phase
of ischemia in [37]. Sensitivity of particular leads towards
ischemia in specific regions of the left ventricle corresponded
with earlier studies as reviewed in [38] when considering
pure K point elevation (see Figure S2 in SupplementaryMate-
rial). Comparing these results with KPD-based detection
revealed that taking depression into account as well renders
detection in opposite segments possible in many cases. Thus,
depression is particularly important to consider in scenarios
with limited electrode coverage of the thorax. In line with
[37], improvements with BSPMs over the 12-lead ECG in [2]
were mostly due to posterior or right-sided ischemia being
detected. In our study, however, the septal segments 8 and
14 showed signs of being especially difficult to detect. Taking
into account the absolute threshold values in Figure 8 with
respect to the KPD seen in the physiological simulations
(Table 2), the results of our analyses should not be considered
as suggestions for KPD thresholds in clinical practice as
they would translate to unacceptable specificity. The aim of
this analysis is rather to point out the theoretical limit. In
practice, the threshold would need to be traded off against
sensitivity. Even in combination with further symptoms,
sensitivity might thus be relatively low for ischemia as early
as 10 minutes after onset.

For both ST deviation features, results for detection rates
are at the lower end of the reported values in the literature.
For the 12-lead ECG, average detection rates with STSD
and KPD were 52.0% and 52.4%, which is within the lower
end of the reported 45%–73% sensitivity range [1, 2, 4]. For
BSPMs, detection rates were 53.5% and 64.8%, which is at
the lowermost end of the reported results, which range from
64% to 100% [2, 4]. Hence, it must be concluded that ST
deviations in our physiological reference simulations were
relatively high and those of simulated ischemiawere relatively
low. This may well be attributed to the great portion of small
and therefore early ischemic events that do not present in the
clinic at the same proportion.

The largest STSD in ECGs from physiological reference
simulations was observed for subject D, who is the youngest
of our study population. This result corresponds to [39],
where the prevalence of ST segment elevation seen in 12-
lead ECGs of healthy men declined with increasing age.
However, it has to be stressed that in our study only the
geometrical model and not the electrophysiological model is
subject-individual, thus age-dependent. In [39], criteria for
ST segment elevation were met by 95% of young men in at
least one of leads 𝑉

1
through 𝑉

4
. Yet for KPD, the youngest

subject Dwas somewhere in themiddle between subjects VM
and K; that is, the KPD feature has different characteristics
compared to the STSD, which has to be taken into account
for comparison with clinical literature.

4.1. Limitations. The present study is based on models and
simulations which can only approximate real anatomy and
physiology to a certain degree. Conclusions from the study
are dedicated to serving a better understanding of the
underlying effects.

While providing valuable insight into sensitivity charac-
teristics of different lead systems and features of ST deviation,
this study does not allow for an assessment of the specificity.
False-positive rates cannot be given as variations of the ECG
due to the fact that other causes than ischemia are beyond
the scope of this work.Therefore, the threshold values used in
this study are not to be considered as a suggestion for clinical
practice. This should be kept in mind when interpreting
the presented detection rates. Another aspect that should
be stressed again is that the distribution of ischemia sizes
and locations is uniform as opposed to patient cohorts in
clinical studies. However, this allows for statistics regarding
the coverage of the whole left ventricle.

Animal studies have demonstrated that during the evo-
lution of myocardial ischemia the affected zones may have
distributed geometric shapes [40], and they may obviously
extend into multiple AHA segments. We decided to base this
study on a rather simple model of isolated hemispherical
ischemic zones which are typical for distal vessel occlusion
allowing to unveil the characteristics regarding location,
total, and border zone size without being obscured by other
factors. Future work could take into account ischemic regions
computed using coronary artery tree diffusion models which
may also affect the right ventricle.

Moreover, the study may be extended to later phases
of ischemia [7] aiming at clinical rather than preclinical
diagnosis in a follow-up work.

5. Conclusion

In this work, we addressed the question which kind of
early left ventricular ischemia can be detected using ECG
features of different lead systems. The main goal was to
unravel common characteristics of NSTEMI and to propose
a better-suited feature to detect ST deviation. Moreover,
we aimed to identify a good tradeoff between the cost of
additional electrodes and the gain in sensitivity. By these
means, we are confident to contribute to the improvement of
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the sensitivity of ECG-based diagnosis of acute myocardial
ischemia. Towards this end, a computational study of the
ECG changes due to left ventricular ischemia of various sizes,
locations, and border zone extents was conducted for a virtual
population of 3 subjects. Using an in silico approach allowed
to investigate changes in the ECGdue towell-defined changes
of the properties of the ischemic region.

Regarding the different lead systems, around 20% addi-
tional ischemic events could be detected using the 12-lead
ECG compared to 3-channel ECG. The right-sided Wilson
leads did not improve sensitivity significantly for relevant
thresholds. Covering the whole torso by analyzing a BSPM
formed by several hundred electrodes improved detection
rates by only 2-3% using the STSD, while it yielded an addi-
tional improvement of up to 12.5% using the newly proposed
KPD feature. The latter was defined as the baseline deviation
at the minimum of the ST-segment envelope signal. For
the KPD feature, the improvement using just one additional
electrode to the 12-lead ECG was almost as large as consid-
ering a complete BSPM even when optimizing its position
across all 3 subjects. Altogether, the KPD resulted in a higher
sensitivity compared to the STSD.These results highlight the
importance of a good feature to detect ischemia induced ECG
change. They also suggest focusing future research on such
features using high spatial resolution regarding the precordial
wall while considering both signal elevation and depression
rather than covering the right side of the thorax or the back.

Looking at the characteristics of the ischemic regions, the
BZ extent and transmurality did play a minor role and thus
might not be needed to be investigated in detail in future
studies. Larger ischemic regions were easier to detect than
small ones and the location did not translate to a distinct
sensitivity pattern. In fact, global interindividual differences
outweighed intraindividual changes in ischemia location.

Our results add to the knowledge concerning ischemia
induced ECG changes and our findings may aid in eventually
reducing the share of NSTEMI in acute diagnosis, thus
increasing the number of patients benefiting from immediate
treatment.
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Themechanisms underlying ventricular fibrillation (VF) are not well understood.The electrical activity on the heart surface during
VF has been recorded extensively in the experimental setting and in some cases clinically; however, corresponding transmural
activation patterns are prohibitively difficult to measure. In this paper, we use a high-resolution biventricular heart model to study
three-dimensional electrical activity during fibrillation, focusing on the driving sources of VF: “filaments,” the organising centres
of unstable reentrant scroll waves. We show, for the first time, specific 3D filament dynamics during simulated VF in a whole heart
geometry that includes fine-scale anatomical structures. Our results suggest that transmural activity is much more complex than
what would be expected from surface observations alone. We present examples of complex intramural activity, including filament
breakup and reattachment, anchoring to the thin right ventricular apex; rapid transitions among various filament shapes; and
filament lengths much greater than wall thickness. We also present evidence for anatomy playing a major role in VF development
and coronary vessels and trabeculae influencing filament dynamics. Overall, our results indicate that intramural activity during
simulated VF is extraordinarily complex and suggest that further investigation of 3D filaments is necessary to fully comprehend
recorded surface patterns.

1. Introduction and Background

Atrial and ventricular fibrillation are highly complex pro-
cesses, whosemechanisms are still not well understood. Since
the structures of the atria and ventricles are very different—
for example, the atria contain many orifices capable of sup-
porting anatomical reentry—the effects of geometrical fac-
tors on fibrillation are expected to be quite different [1]. In this
paper, we focus on ventricular fibrillation (VF) exclusively.
There are immense technical challenges in experimentally
measuring the electrical activity during VF, due to its com-
plexity and spatially distributed nature. Regarding surface
activity, experimental techniques such as opticalmapping [2],
epicardial socks/plaques [3], and endocardial balloon/basket
electrode arrays [4] are used to record electrical activity from
the heart surface. In contrast, while some investigators have
measured transmural activation patterns during VF [5, 6],
much remains unknown regarding intramural activity and
its role in maintaining VF. Understanding the intramural

wave dynamics is vital to the development and refinement
of preventative and therapeutic measures for VF, an event
which causes death withinminutes without intervention, and
a significant contributor to sudden cardiac death being the
leading cause of fatality in the western world.

Computational modelling enables visualisation and anal-
ysis of electrical activity throughout the full 3D heart at
nearly cellular resolution and also the specification and
control of factors (e.g., geometry or cell dynamics) that
would be impossible in the experimental and clinical settings.
As such, computational modelling of cardiac electrophys-
iological activity is a thriving field, which has its roots
in Nobel Prize winning work, namely, the development of
the Hodgkin-Huxley model governing neuronal electrical
activity [7]. Much research has been devoted to developing a
complete model of the isolated cardiomyocyte, and there are
currently over a hundred of these “cell models” [8]. They can
be used to reproduce action potentials and other cellular and
subcellular phenomena or used in whole-organ simulations
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by being coupled to equations governing spatial propagation
of electrical waves and solved on a suitable geometrical
representation of the heart. Unfortunately, these cell models
have not been rigorously validated and in some cases similar
models produce dissimilar predictions [9–12]. Developing
a credible organ-level model of ventricular fibrillation, in
particular for the diseased human heart, is one of the greatest
challenges in cardiac modelling. This will include a compre-
hensive understanding of the underlying mechanisms of VF,
as well as identifying contributing factors, and their relative
roles. Due to the complexity and variability of the human
disease state and the difficulty in obtaining data frompatients,
many believe that integrating animal experiments with com-
puter simulations and theoretical analysis is necessary to
develop the required comprehensive understanding.Here, we
develop and analyse a model of rabbit VF. Fibrillation in the
human heart is thought to be more similar to that in the
rabbit than other large mammals ([13, 14], discussed further
below). This choice enables us to study the impact of fine-
scale structure, which would not be possible with current
computational meshes of the human heart.

Ventricular fibrillation is generally believed to be the
result of multiple unstable reentrant waves moving through
the entire heart. Unlike anatomical reentry, in which the
electrical wave continuously rotates around a fixed obstacle
(e.g., the mitral valve) in a stable manner (resulting in rapid
periodic activity in which the period is related to the perime-
ter of the obstacle), the activity during VF is aperiodic and
results from multiple unstable functional reentrant circuits
within the heart muscle. The similarity of reentry in thin
2D slices of cardiac tissue [15] to “spiral waves,” which have
been studied analytically by mathematicians [16–20], stim-
ulated much cross-disciplinary investigation and led to new
methods for analysing the complex spatiotemporal patterns
observed during VF and new insights into VF mechanisms.
For example, Gray et al. [21] introduced the concept of a
“state-space encoded phase variable,” 𝜃, which is an angular
representation of the action potential. This representation
provided a means to identify the number and location of
unstable reentrant waves on the heart surface during VF,
via the identification of phase singularities (PSs), the point
in 2D space around which a spiral wave rotates, computed
from the spatial maps of 𝜃. It also provided a formal link to
mathematical theory, and hence the general and qualitative
notion that VF results from “random meandering wavelets”
has been largely replaced in the scientific communitywith the
idea that “multiple unstable spiral waves” are the underlying
mechanism of VF.

In 3D, reentrant waves are actually “scroll waves,” which
rotate around a 1D curve in 3D space, called a filament.
Filaments follow some topological constraints [22, 23]; for
example, a filament must either end on a boundary or form
a closed curve. As opposed to surface phase singularities,
the behaviour (and number) of filaments in the whole heart
duringVF is largely unknown, and therefore simulations have
the potential to help elucidate filament dynamics.

Simulations of scroll waves in 3D tissue slabs have
increased our understanding of filament behaviour [24–28].
Certain simple filament shapes have been observed with

various cellular models (many noncardiac). These include
linear (or near-linear) transmural filaments, associated with
one epi- and one endocardial phase singularity; U-shaped
filaments, in which the two PSs at the filament ends reside on
the same heart surface (either epi- or endo-); and O-shaped
filaments, inwhich the filament is comprised of a closed curve
(i.e., a ring) residing completely within the heart (no surface
PSs). One very important, uniquely 3D, characteristic of
reentry is a feature called filament tension [29]. According to
theory [30], tension determines the fundamental behaviour
of whether a filament grows or shrinks. It was originally
believed that because of the “high excitability” of cardiac
tissue, filament tension in healthy tissue should be positive
(corresponding to shrinking of filaments). For ischemia, in
which excitability is drastically decreased, negative filament
tension could be explained. Under positive tension, O-
shaped filaments will shrink and self-annihilate, and curved
filaments will evolve to minimise filament curvature. More
recent evidence [31], however, suggests that this initial view
regarding filament tension may have been too simplistic.
Another uniquely 3D mechanism of scroll wave instability
involves the high wavefront curvature resulting from the
twisting of fibre rotation across the ventricular wall. Fenton
and Karma [25] described how phase shifts of spiral wave
rotation across the wall can lead to significant transmural
gradients of transmembrane potential resulting in twistons
that propagate along the filament and sometimes break off
forming new filaments.

Filament analyses have also been performed using whole
heart geometries, for example, [14, 28, 32–36].However, while
detailed quantification of global metrics has been performed
at the whole heart level, as far as we are aware, very little
information is available on filament dynamics in simulations
using physiological cell models and realistic heart geometries
and none with detailed heart structure. For example, ten
Tusscher et al. [14, 32] quantified the number of filaments
in various computational models of mammalian VF. Their
work supports the theory that VF in the human heart is more
closely related to VF in the rabbit heart, in terms of spatial
organisation, than other large mammals (e.g., dog/pig) [13].
Clayton [28] presents a detailed analysis on how numerous
metrics (including number of filaments, lifetimes, number
of births, deaths, and divisions) are affected by membrane
kinetics and geometry. Arevalo et al. [35] and Trayanova
et al. [34] present postshock filament distributions, and some
filament dynamics are described, although not in detail. All of
the above studies use representations of the heart that do not
include fine-scale structure. Bishop et al. [37] have developed a
high-resolution, anatomically detailed computational model
of the rabbit heart that includes structures such as large
intramural vessels, papillary muscles, and trabeculae. Bishop
and Plank [36] then studied the role of this structure in
rabbit ventricular tachycardia (VT) and fibrillation, with
comprehensive analyses using metrics such as number of
surface PSs, number of filaments, and spatial distribution of
cumulative filament count. They conclude that structure has
little effect on rabbit arrhythmia maintenance, although this
is in contradiction to some experimental findings with larger
mammals [38–41].
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As far as we are aware, there has never been a detailed
presentation of filament dynamics in whole heart simulations
with highly anatomically detailed computation meshes. In
this paper, we present a model of VF composed of a novel
cellular model and the Bishop et al. anatomically detailed
mesh of the rabbit heart [37] and fill this gap in the research
literature by describing various filament dynamics during
simulatedVF.Where appropriate, we show the corresponding
surface patterns, and in particular we will see that the activity
in the interior of the heartmay be farmore complex thanwhat
would be assumed given the surface patterns alone.

2. Simulating Ventricular Fibrillation

To simulate VF we used a recently developed cell model of
electrophysiological activity of the cardiomyocyte [42] and
coupled this to established equations governing propagation
of electrical waves through cardiac tissue and computed
electrophysiological activity on a highly anatomically detailed
computational mesh of the rabbit ventricles, as described
below.

A “natural” choice of cell model would be a recent physi-
ological rabbit cell model, for example, theMahajan et al. [43]
cell model; however, Bishop and Plank [36] had to alter ion
channel kinetics and tissue conductivities in order to simulate
VF with this model. Similarly, both Bishop and Plank [36]
and Pathmanathan and Gray [44] had to decrease tissue
conductivities (effectively reducing the wavelength) with this
cell model to simulate VT. As far as we are aware, there are no
published studies of simulated VF in the rabbit heart using an
unaltered ionicmodel and realistic tissue conductivity values.
In contrast to previous studies in which VF was simulated
using phenomenological [28] cell models, cell models from
other species [45], or altered cell models/tissue parameters
[36], we made use of a realistic rabbit fast sodium current
(𝐼Na) model and realistic tissue parameters and obtained VF
by controlling repolarisation dynamics. Specifically, we used
a three-variable (voltage𝑉, activation variable𝑚, inactivation
variable ℎ) Hodgkin-Huxley (HH) 𝐼Na model which we have
recently developed using multiscale data [42], for which
the 𝐼Na current matches that measured experimentally in
the whole rabbit heart during propagation while pacing at
300ms. The total ionic current is then taken to be the sum
of this 𝐼Na and a simple phenomenological repolarisation
current [46], as follows:

𝐼ion = 𝐼Na + 𝑔 (𝑉 − 𝑉rest) 𝑒
−𝛽(𝑉−𝑉rest), (1)

where 𝑔 = 0.5 𝜇A/(cm2⋅mV), 𝑉rest = −83mV, and 𝛽 =
0.035/mV. It is important to note that this hybrid HH-
phenomenological model cannot be used to study all cellular
phenomena. For example, since the repolarisation current
contains no gating variables, it does not exhibit rate depen-
dence of repolarisation and in particular cannot reproduce
action potential duration (APD) restitution. However, its
simplicity does provide a straightforward means to study
the interactions of the wavefronts and wavetails, through
control of the parameter 𝛽 which determines APD without
altering 𝐼Na kinetics. VF was obtained through reduction

of APD; this approach is similar in philosophy (but not
implementation) to others who have adjusted both cell model
dynamics and/or conductivities as described above and has
the advantages of realisticwavefront dynamics. Like previous
work, our simulated VF exhibits a shorter wavelength than
that observed experimentally (see Section 3), but we believe
this does not affect the overall inferences of this paper, as
discussed in Section 5.

Spatiotemporal electrophysiological activity in the whole
heart can be modelled using the bidomain equations [47]:
two partial differential equations (PDEs) coupled to a choice
of cell model, governing transmembrane and extracellular
potentials. Alternatively, the monodomain equations [47], a
simplification of the bidomain equations to a single PDE,may
be used and typically provides a reasonable approximation in
the absence of extracellular phenomena such as defibrillation
shocks. For this paper we used the monodomain equations,
coupled to the cell model (1):

𝜒(C
𝑚

𝜕𝑉

𝜕𝑡
+ 𝐼ion (u, 𝑉)) − ∇ ⋅ (𝜎∇𝑉) = 0, (2)

where u = (𝑚, ℎ) are the state variables of the cell model,
𝜒 = 1400 cm−1 is the surface-area-to-volume ratio, and
C
𝑚

= 1.0 𝜇F ⋅ cm−2 is the capacitance per unit area. The
conductivity tensor 𝜎 was taken to be transversely isotropic,
with values 𝜒C

𝑚

𝐷
𝐿

in the fibre direction and 𝜒C
𝑚

𝐷
𝑇

in
the cross-fibre directions, where 𝐷

𝐿

= 0.001 cm2 ⋅ ms−1 and
𝐷
𝑇

= 𝐷
𝐿

/9, chosen tomatch fibre and cross-fibre conduction
velocities on the epicardial surface of the rabbit heart [48].
The equations were solved using the finite element method,
using the software package “Chaste” (Cancer, Heart and Soft
Tissue Environment) [49]. The cardiac electrophysiological
component in Chaste is a powerful, highly optimised suite
of libraries for computing electrophysiological activity under
various formulations. The accuracy and reliability of Chaste
have been very heavily tested, and as part of a recent
work on verification (defined as confirmation that a com-
putational model (software) correctly solves an underlying
mathematical model), we have developed monodomain and
bidomain problems with exact solutions in 1D, 2D, and 3D
and confirmed that Chaste correctly solves these problems,
with convergence rates predicted by theory [44].

The monodomain equations and cell model (1) were
solved on the high-resolution, highly anatomically detailed,
computational mesh of the rabbit ventricles [37], which is
comprised of 4.1 million nodes and 24 million elements, and
have an average edge length of 125 micrometres. As stated
above, this mesh includes structure such as large transmural
vessels, papillary muscles, and trabeculae and is illustrated in
Figure 1.

To obtain VF, an initial stimulus was applied near the
apex which generated a wave that propagated upward toward
the base, followed by an S2 stimulus applied in a large
ellipsoidal region on the lateral posterior wall of the left
ventricle, timed to overlay the apex-to-base repolarisation
wave. (Stimuli were applied by clamping transmembrane
voltage rather than addition of a stimulus current; this is
necessary to prevent unphysiologically long action potentials
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Figure 1: (a) High-resolution (21 million tetrahedral elements), anatomically detailed computational mesh. (b) Optical mapping recordings
showing snapshots of VF in isolated rabbit heart. (c) Surface snapshots of simulated VF, with colour representing transmembrane voltage.

given the simple phenomenological repolarisation current
used.) This induced two counter-rotating waves that evolved
into ventricular fibrillation. Insulating boundary conditions
were enforced. The monodomain partial differential equa-
tions (PDEs) were discretised using a PDE timestep of
0.1ms. In each 0.1ms time increment, the voltage is constant,
and, due to the simplicity of the cell model—as mentioned

above the only other variables in the cell model are the 𝐼Na
gating variables 𝑚 and ℎ—the differential equations for 𝑚
and ℎ can be solved analytically in each time increment.
Therefore, no ordinary differential equation (ODE) solver
is required. Due to the high resolution of the mesh and
the long duration of the simulation (2 seconds), simulations
are computationally demanding. They were performed on
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an FDA cluster comprised of more than 3,000CPU-cores
and a 40Gbps InfiniBand fabric for internode communica-
tions and required approximately 40 minutes computation
time per second of fibrillatory activity using 128 processes.
It should be noted that simulations were limited not by
computational cost but by the large datasets (e.g., 32GB) that
required postprocessing.

Filaments were identified at each time instant via a two-
stage procedure. First, phase was computed at each node
of the mesh as done previously [21], using the state-space
encoded phase variable 𝜃 defined as

𝜃 (x, 𝑡) = arctan(𝑉 (x, 𝑡 + 𝜏/2) − 𝑉ref
𝑉 (x, 𝑡 − 𝜏/2) − 𝑉ref

) (3)

(using the arctan function that takes quadrant into account,
i.e. “atan2”), where 𝑉ref = −30mV and 𝜏 = 4ms. Second,
every face of every element in the computational mesh (the
mesh is comprised of tetrahedral elements and each element
therefore has four triangular faces) was analysed to determine
if a phase singularity was present within the face. This was
done by summing the differences Δ𝜃 in phase across each
of the three sides of the triangle, with all Δ𝜃 converted to
a value in the range [−𝜋, 𝜋) before contributing the sum.
The sum is equal to zero if no PS is present; otherwise, it is
equal to ±2𝜋. Each tetrahedral element was found to have
exactly zero or two triangular faces with phase singularities,
as expected. When two faces with phase singularities were
detected, the centroids of the two faces were computed, and
the filament segment was defined to be the line connecting
the two centroids.

3. Surface Electrical Activity

Snapshots of the electrical patterns during VF on the anterior
and posterior surfaces of the heart are shown in Figure 1, both
for simulations and for experiments in the isolated rabbit
heart, and the latter obtained using a dual-camera fluorescent
imaging system [21]. In both experiments and simulations,
the epicardial surface patterns were characterised as never-
repeating complex patterns with short-lived reentrant waves
(evident as PSs) and target patterns. Reentrant waves that
lasted for more than one rotation (i.e., rotors) were evident
but relatively infrequent. Due to the decreased repolarisation
dynamics in the model as discussed in Section 2, the fre-
quency of activity in the simulation (about 28Hz) is greater
than that recorded in optical mapping experiments (about
10Hz [21]). However, it is important to note that drugs used in
optical mapping experiments to eliminate the contractions of
the heart, which would interfere with high spatial-resolution
imaging [2, 21], affect important electrophysiological prop-
erties such as APD and the dynamics of arrhythmias [50].
Samie et al. [51] have measured the frequency during VF
in the isolated rabbit heart without anticontractile drugs
to be 13–16Hz, which is somewhat closer to the simulated
frequency, although of course, it is still quite different. The
use of decreased cycle lengths andwavelengths in simulations
of VF will be discussed further in Section 5, together with
evidence that the cycle length does not affect the inferences
drawn in this paper.

4. Subsurface Electrical Activity

As far as we are aware, the specific behaviour of filaments
during VF in biventricular simulations utilising anatomically
detailed computational meshes has never been published. In
this section, we present several examples of such filament
dynamics. In general, filament dynamics were quite complex;
multiple unstable 3D reentrant waves continuously broke up
and self-terminated. We have chosen several examples which
we believe are representative of the simulations.

We begin with a simple example in Figure 2. Here, the
filaments shortly after the S2 stimulus are shown, when
two large epicardial spiral waves are present (cf. Figure 1,
simulation at 120ms) but before VF has developed. (The
mesh is shown as translucent, which allows some of the fine-
scale structure to be observed, such as coronary vessels in
the lateral left ventricular wall). In this example, only two
filaments are present.

Figure 3 is a snapshot of filaments after VF has developed,
when spatial organisation is more complex. We show this
example to illustrate that the length of filaments can be quite
long—much longer than the wall thicknesses of the RV, LV,
and septum. One end of the filament labelled F1 is on the
epicardial LV free wall and thus will be seen as a PS on
the LV free wall surface, while its other end is on the LV
endocardium but near the septum; hence, the filament spans
the entire posterior LV transmurally. Filament F2 spans the
septumwith one end on theRV side (aboutmidway frombase
to apex) and the other end on the LV side closer to the apex.
Obviously, this filament does not exhibit any surface PSs; as
a reentrant wave it contributes to sustaining VF, but it is not
observable as reentry on the surface. Filament F3 exhibits one
surface PS, with one end on the endocardium of the LV free
wall and the other on the LV epicardium near the apex.

Filaments during simulated VF were not static but con-
tinuously evolved by changing shape, interacting, and self-
terminating. Figure 4 illustrates an example of such transient
behaviour. Initially, an extremely long single filament winds
from the LV epi- to endocardium. As this filament evolves, it
“intersects” itself giving rise to a ring filament and a shorter
epi-to-endo filament. The ring begins to shrink but then
reattaches to the transmural filament, once again resulting in
a single long epi-to-endo filament.

To illustrate how complex filament shapesmanifest on the
epicardial surface, we nowpresent exampleswhich showboth
surface activity and the corresponding underlying filament
dynamics. Figure 5 illustrates that complex subepicardial
behaviour is not always apparent from the surface patterns.
For the first five surface snapshots, two phase singularities
are observed which move across the surface and might be
expected to correspond to one U-shaped epi-to-epi filament
or two roughly linear epi-to-endo filaments. At the time
of the first snapshot, the PS on the right is due to one
epi-to-endo filament, while the PS on the left is due to a
spatially distant second filament (mostly obscured in the
image). There is also an endo-to-endo filament underneath
the surface. Six milliseconds later, the filament configuration
is completely different, with two closely spaced transmural
epi-to-endo filaments (corresponding to the two PSs) and
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Figure 2: Two filaments following the S2 stimulus in which two counter-rotating reentrant waves were present, before VF has developed.
(a) Anterior, inclined toward apex, view of the computational mesh (translucent so that fine-scale structure such as coronary vessels can be
seen), with two filaments shown in gold. (b) Apical view (apex-to-base view). (c) Schematic of the biventricular geometry and approximate
location of the filaments.
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Figure 3: Various views ((a) anterior; (b) posterior; (c) base-to-apex; (d) schematic) of the heart at a moment in time (686ms) after VF has
developed when multiple long filaments are present. Three filaments are highlighted.

one large U-shaped endo-to-endo filament. Despite its close
proximity to the surface, there is no evidence of reentry
on the surface corresponding to the endo-to-endo filament
(perhaps due the wavefront orientation along the filament).
The two epi-to-endo filaments reform into one epi-to-epi and
one endo-to-endo filament (𝑡 = 320ms); then, the large
endo-to-endo filament becomes a scroll ring (𝑡 = 328ms)

which shrinks and self-annihilates (𝑡 = 334ms). After further
transient activity (not shown), no filaments intersect with the
epicardial surface and no epicardial PSs are observed (𝑡 =
364ms).

The simulations did not exhibit any sustained anchoring
to any fine-scale structures; however, some episodes in
which structure seemed to influence filament dynamics were
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Figure 4: Close-up of intramural filament dynamics. Initially (𝑡 = 964ms), a single long convoluted epi-to-endo filament is present. It then
breaks up into a shorter epi-to-endo filament and a ring (𝑡 = 968ms; note that the ring is partially obscured). The ring begins to shrink
(𝑡 = 972ms) but then reconnects to the epi-to-endo filament (𝑡 = 978ms).

observed. Figure 6 displays the time evolution of a small
transmural filament spanning the right ventricular wall near
the apex. This filament is particularly stable, lasting about
280ms; we consider this as anchoring to the right ventricular
apex. A movie is also provided in the supplementary
material (see Supplementary Material available online
at http://dx.doi.org/10.1155/2015/720575). In addition, we
observed various possible incidences of vessels affecting
filament dynamics, as opposed to filaments travelling
straight through vessels without being affected by the
obstacle. In a movie provided in the supplementary material
(see Figure 7 for a snapshot from this movie), we show a
filament that travels through the myocardium and appears to
linger on coronary vessels. While this evidence is anecdotal
and has not been rigorously analysed, it may be indicative
of structure affecting VF in a more subtle way than the very
long timescale anchoring to arteries that has been observed
in the experimental setting with larger mammals (see e.g.,
[38]).

To search for evidence of anchoring or regions of
increased filament clustering, we computed the filament
density over the entire 2-second episode (computed by
summing the number of times when any element in the
mesh contained a filament). This is plotted in Figure 8.
While no clear evidence of anchoring or clustering around
vessels was found, the figure does show numerous regions
of high filament density between endocardial trabeculae as
indicated by the arrows. (Similar clustering, though perhaps
slightly less pronounced, can be seen in the VF simulations
of Bishop and Plank [36].) These results are consistent with
the following experimental findings: (i) PS clustering related
to trabeculae in swine [41] and (ii) filament anchoring to
thinnest regions in sheep atria [52].

Finally, to investigate the role of our choice of ionic
model on the observed filament dynamics presented here,
we varied model parameters in the neighbourhood of the
original parameter set, as shown in Figure 9. As mentioned
in Section 2, the simulation of VF was performed with the
parameter 𝛽 in (1), which controls APD, taking the value
0.035/mV. This value was chosen because it exhibited spiral

wave break-up in 2D simulations (Figure 9). To investigate
the role of 2D instability (i.e., spiral wave break-up) on
fibrillatory dynamics in the whole heart, we chose alternative
parameter values that did not give rise to break-up but
instead exhibited rigidly rotating (𝛽 = 0.03) and meandering
(𝛽 = 0.04) spiral waves. However, in 3D whole heart
simulations, spiral wave break-up (i.e., VF) occurred with
all three parameter choices. Surprisingly, the complexity of
simulated VF was similar for all three parameter choices, as
quantified by counting the number of distinct filaments as a
function of time. These results will be discussed in detail in
Section 5.

5. Discussion

Much remains unknown about intramural electrical activity
during ventricular fibrillation. In this paper, we have shown
for the first time examples of filament dynamics during
simulated VF in a realistic biventricular heart geometry with
fine anatomical detail, such as vessels and trabeculae. One of
the reasons for the lack of such examples in the literature is the
technical difficulty in computing, analysing, visualising, and
presenting such data. Overall, and as shown in Figure 9, we
observed a large number of filaments (∼30) during simulated
VF. The filaments were highly dynamic in that their shapes
and numbers rapidly varied. As shown in Figures 4 and 5,
filaments tended to be fairly long and highly curved, leading
to a variety of complex dynamics.This included the formation
of closed filaments (i.e., scroll rings), residing completely
within the heart walls.The length of filaments was oftenmuch
greater than the thickness of the heart walls, as illustrated in
Figure 3. Although we did observe filament rings pinch off
from long filaments attached to the surface and rings merge
with other filaments, we never observed linked rings. While
similar filament dynamics have been observed in slabs, due to
negative filament tension [53, 54] and twistons [25], it is not
straightforward and perhaps impossible to translate results
from 3D slab to the whole heart, especially with complex
anatomical structures.
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Figure 5: Surface manifestation of filament dynamics.Upper: surface patterns of transmembrane voltage. Lower: corresponding side-on view
of filaments below the surface. Bottom right: schematic showing location of interest in the heart, with arrows showing the angle of view for
the surface and filament panels. In the first pair of figures, lines connect the phase singularities in the surface plots with the corresponding
filament ends in the 3D view (note that the filament corresponding to the left phase singularity is mostly obscured). The filaments exhibit
complex behaviour that is not evident from the surface patterns—see text for discussion.

Although the number of filaments in our simulations
is higher than reported by Bishop and Plank [36], there
are several factors to be considered in the interpretation of
our results. First and foremost, it should be noted that, as
in experiments [21], the reentrant sources (filaments here,
surface phase singularities in [21]) were mostly short-lived.
Gray et al. [21] found that only about 20% of singularities
lasted more than one rotation and hence formed rotors

that actually sustain VF. We cautiously estimate the total
number of rotors (i.e., sources) maintaining the simulated
VF as approximately 4–8 (after 1 second), although the 𝛽 =
0.04 simulation did exhibit a transient period (from 1 to 1.5
seconds) in which only ∼10 filaments were present. We doubt
that the majority of the short-lived filaments in our simula-
tions (resulting from either intrinsic dynamics or anatomical
heterogeneities) play a role in VFmaintenance; however, it is
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Figure 6: A small filament anchored to the right ventricular apex. (a) Surface potential at 𝑡 = 210ms, with an apex-to-base view.The surface
phase singularity persists in this neighbourhood for 270ms; the blue line plots its trajectory. (c)The spatial distribution of phase 𝜃 at 𝑡 = 210ms
(values ranging from −𝜋 to 𝜋). The PS, identified by the arrow, is clearly visible. (d) Snapshots of the small stable transmural filament that
corresponds to this phase singularity (movie also provided in supplementary material).

Figure 7: A snapshot showing a filament interacting with two
coronary vessels, taken from amovie provided in the supplementary
material. See text for discussion.

extraordinarily difficult to discern the “symptoms” (filaments
that do not form rotors) from the “cause” (rotors). Second,
filaments necessarily break into “separate” filaments as they
pass “through” vessels, increasing filament count. Supporting
this notion is the fact that Bishop and Plank [36] found

Figure 8: Filament density—the number of times when any element
in the mesh contained a filament, over the course of the 2-second
simulation. Colour scale ranges from blue (element never contained
filaments) through white to red (element contained filaments for
50–75ms). Multiple regions between endocardial trabeculae with
higher filament density are indicated by arrows.

an approximately 40% decrease in the number of filaments
as a result of removing the fine structure, with no change
in the number of surface PSs (using the same heart mesh
used here).Third, the APD in our model is unphysiologically
short, which directly affects the wavelength and possibly
the number of filaments. However, we believe that CV in
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Figure 9: Relationship between 2D spiral wave dynamics and VF. (a) Results from 2D simulations (voltage snapshots in grayscale, tip
trajectories in yellow). A rigidly rotating spiral wave (circular tip trajectory) is observed for 𝛽 = 0.03; a meandering tip for 𝛽 = 0.04, however
for 𝛽 = 0.035 break-up occurs. (b) Example of snapshots of filaments from corresponding 3D simulations (𝑡 = 1800ms). Break-up occurs for
all three parameter choices. (c) Number of filaments as a function of time. (Note: the relationship between number of filaments and number
of rotors is discussed in Section 5.)
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Figure 10: Number of filaments and snapshots at 𝑡 = 1000ms, using isotropic conductivities.

our (and others’) simulations of VF may be significantly
greater than what is observed in experiments [46], so that
the differences in wavelength in Figure 1 are smaller than
expected.

The spatiotemporal patterns on the heart surface during
our simulated VF qualitatively resemble those recorded from
the surface of isolated rabbit hearts as shown in Figure 1,
except for a difference in cycle length arising from the
unphysiologically short APD in our model. Reducing APD
was necessary because our model, like others, does not
adequately represent the actual rate adaptation of wavelength
that occurs during the transition to VF, although it is also
possible that wave dynamics during VF are fundamentally
different compared to during pacing or VT [55]. The VF
cycle length in our simulations is approximately 35ms ver-
sus approximately 100ms in optical mapping recordings;
however, it is important to note that the majority of high-
resolution experimental recordings of VF (including those
in Figure 1) have been carried out using uncoupling agents

that affect action potential characteristics and arrhythmia
dynamics [50]. In fact, the VF cycle length in isolated
rabbit hearts is approximately 60–80ms [51], significantly
shorter than that observed in optical mapping experiments
with uncoupling agents. We have performed an additional
simulation of VF for which the cycle length matches optical
mapping experiments but inactivation of the 𝐼Na model was
altered in order to obtain VF (results not presented), and
the total number and dynamics of the resulting filaments
during VF was found to be qualitatively similar to those
presented here, suggesting that cycle length does not strongly
impact the inferences drawn in this paper.

Rigorous validation and verification of cardiac electro-
physiological simulations and VF, in particular, is extraor-
dinarily difficult [56]. For example, in addition to the fact
that uncoupling agents influence electrophysiology, opti-
cal mapping systems record fluorescence (not transmem-
brane potential), which has been shown to be significantly
affected by intramural light scattering (although this effect
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can be included into simulations [57]). Somewhat akin to
Heisenberg’s uncertainty principle, it is prohibitively difficult
to make high-resolution measurements during VF with-
out disturbing the natural behaviour. As another example,
Valderrábano et al. [41] implicated anatomical structure as
anchoring points for filaments, but the majority of the data
that this conclusion is based on are from recordings from the
cut edges of transmural wedges in which the surface layer
closest to the camera is severely disrupted. Verification (as
defined in Section 2) of whole heart VF simulations intro-
duces further challenges.While the computationalmesh used
is very high resolution (125 𝜇m) and is much finer than those
used in most other cardiac modelling studies (typically 200–
400 𝜇m), the mesh resolution is still in the range at which
discretisation errors influence simulation results [44, 58, 59].
Simulation (and postprocessing) is currently infeasible using
a finer mesh of the same geometry, and it remains to be
proven that the discretisation is not affecting the observed
filament dynamics.

Interestingly, simulations for model parameters which
gave rise to stable andmeandering spiral waves in 2D resulted
inVF in the whole heart.The specificmechanisms of filament
dynamics in our simulations is difficult to ascertain. The fact
that we observed many filaments which grew and many fila-
ments that were longer than the wall thickness suggests that
negative tension may be involved. However, another possible
cause of break-up is heterogeneous conductivity including
rotational anisotropy, which may give rise to twistons. Here
we discuss these possible mechanisms individually.

To determine the sign of filament tension, we performed
scroll ring simulations in a cylindrical geometry, utilising
rotational symmetry and a cylindrical coordinate system,
and with isotropic conductivities. We found that positive
filament tension (scroll wave shrinking) resulted from 𝛽 =
0.03 and 0.04 (results not presented). It was not possible
to determine the tension for the case 𝛽 = 0.035 due to
spiral wave break-up. Thus, although we cannot rule out
the role of negative filament tension for 𝛽 = 0.035, we
demonstrate that filament tension is not the primary cause
of scroll wave break-up in 3D in our simulations. Therefore,
our results suggest that either the biventricular geometry
and/or heterogeneous conductivity, including both those as
a result of internal structures and rotational anisotropy, act
to destabilise reentrant waves and sustain VF. An important
previous result that we believe warrants further investigation
was carried out by Alonso et al. [53] who showed that
heterogeneity in cell-to-cell coupling can cause break-up in
3D in models exhibiting positive filament tension.

To study the role of rotational anisotropy, we repeated
the whole heart simulations using an isotropic conductiv-
ity tensor. The best choice of conductivity value is not a
straightforward decision. We chose a value of 𝜎 = 𝜒C

𝑚

𝐷

in all directions, where 𝐷 = √𝐷
𝐿

𝐷
𝑇

, which corresponds
to a local scaling of the microstructural coordinate system
that preserves surface area in any plane parallel to the fibre
direction. Effectively, the heart surface area is conserved,
but transmural thickness is decreased. As partial justification
for this choice, we note that the surface transmembrane

voltage profiles just before the S2 stimulus were similar for
the isotropic compared to anisotropic simulations.The results
from the anisotropic (Figure 9) and isotropic simulations
(Figure 10) illustrate similar qualitative behaviour in regard
to the number of filaments and VF wave dynamics. However,
the average number of filaments between 𝑡 = 1 s and 𝑡 = 2 s
was decreased by 32% (𝛽 = 0.03), 50% (𝛽 = 0.035), and 55%
(𝛽 = 0.04) in the isotropic simulations. These results suggest
that twistons alone are not the primary destabilising factor
during VF.

Overall, our study suggests that VF dynamics in the
whole heart can be extremely complex and needs to be
understood in relation to cell dynamics and heart struc-
ture. The biventricular anatomy alone gives rise to epi-
cardial breakthrough patterns over the septum and many
“hidden” filaments in the septum (as illustrated), as well
as highly curved fibres at the septum wall junctions. The
fact that VF occurred for parameter sets 𝛽 = 0.03 and
0.04 implies that the heart structure (biventricular geom-
etry and/or heterogeneous conductivity) acts to destabilise
reentrant waves and thus may play a large role in VF
dynamics. Surprisingly, the filament dynamics were similar
for parameter sets that did and did not exhibit break-up in
2D. Our results also suggest a role of fine-scale structure
in VF, which requires further investigation. We observed
filament anchoring to the thin RV apex, although we did
not observe any other direct evidence of anchoring. We also
found a high density of filaments in the valleys between
endocardial trabeculae (Figure 8) and evidence of vessels
affecting filament dynamics (Figure 7 and supplementary
movie).

In conclusion, we want to emphasise that both functional
instabilities (resulting from cell dynamics) and anatomical
structure may play important roles in the initiation and
maintenance of VF. For example, the choice of the specific
cell model will determine not only the period andwavelength
of reentrant waves, but also the sign of filament tension and
whether spiral wave break-up occurs in uniform 2D sheets.
While Bishop and Plank [36] concluded that fine structure
does not play a role in VF dynamics, it should be noted
that they came to this conclusion by correlating filament
locations during arrhythmias with geometrical structures
and they did not study the mechanism(s) of break-up in the
two ionic models they studied. It is unknown whether these
models exhibited spiral wave break-up in 2D or negative
filament tension. Our results suggest that further study of
how fine-scale structure specifically affects wave propagation
in the heart is warranted, including the assessment of mesh
convergence. We believe that the relationship of the size
of anatomical structures to such functional quantities as
wavefront width, spiral wave core size, critical curvature
for propagation, and liminal length holds the keys to
understanding VF dynamics in the whole heart.
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The interaction of spiral waves of excitation with atrial anatomy remains unclear. This simulation study isolates the role of atrial
anatomical structures on spiral wave spontaneous drift in the human atrium. We implemented realistic and idealised 3D human
atria models to investigate the functional impact of anatomical structures on the long-term (∼40 s) behaviour of spiral waves. The
drift of a spiral wave was quantified by tracing its tip trajectory, which was correlated to atrial anatomical features. The interaction
of spiral waves with the following idealised geometries was investigated: (a) a wedge-like structure with a continuously varying
atrial wall thickness; (b) a ridge-like structure with a sudden change in atrial wall thickness; (c) multiple bridge-like structures
consisting of a bridge connected to the atrial wall. Spiral waves drifted from thicker to thinner regions and along ridge-like
structures. Breakthrough patterns caused by pectinate muscles (PM) bridges were also observed, albeit infrequently. Apparent
anchoring close to PM-atrial wall junctions was observed. These observations were similar in both the realistic and the idealised
models. We conclude that spatially altering atrial wall thickness is a significant cause of drift of spiral waves. PM bridges cause
breakthrough patterns and induce transient anchoring of spiral waves.

1. Introduction

Atrial arrhythmias are complex phenomena involving a
combination of electrophysiological [1, 2], structural [3],
and anatomical [4, 5] factors. Persistent atrial arrhythmias
are associated with ectopic beats [6], shortened action
potentials [1, 7], and high rates of tissue excitation [8].
Due to the complex atrial electrophysiology and anatomy,
complex rhythms arise as evidenced by multiple clinical and
experimental studies [9, 10]. However, there is experimental
evidence that spiral and scroll waves (SWs) play a prominent
role in promoting atrial arrhythmia [11, 12] as reflected in
recent experimental, computational, and theoretical studies
[13–17].

SWs have been linked to subcellular electrophysiological
ion channel remodelling [18–20] and the increasing stability

of SWs studied extensively in multiple modelling studies in
2D tissue preparations [19, 20]. Fibre orientation structure in
cardiac tissue has been shown to cause distortion, anchoring,
and breakup of stable SWs according to Majumder et al.
[21] and others. Other important mechanisms affecting SWs
are breakthrough patterns associated with pectinate muscle
(PM) bridges and are predominantly thought to be due to the
complex arrangement of PMs on the atrial endocardial wall as
observed in the sheep atria [17]. In extensive optical mapping
studies, the Allessie group has shown atrial arrhythmia to be
sustained by epicardial-endocardial dissociation leading the
breakthrough patterns [22, 23]. The uneven cardiac anatomy
also plays an important role in the dynamical behaviour of
SWs [16, 17, 24–26]. The junctions of PM bridges and the
atrial wall have been hypothesised to be anchoring locations
for SWs by Yamazaki et al. [16].Thus, the SWsmay be drifting
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or pinned depending onheterogeneities in atrial anatomy and
electrophysiology [16, 17, 26].

In contrast to studies exploring mechanisms of SW
persistence, the drifting and pinning of SWs during an
arrhythmia remain underexplored. Here, we explore the drift
and pinning mechanisms of SWs induced by anatomy. The
role of anatomy alone on atrial arrhythmia has not been
extensively quantified to date, and therefore such an investi-
gation is warranted. A general theory of perturbation induced
SW drift in cardiac tissue has been discussed by Biktasheva et
al. [27]. A nonuniform diffusive coupling has been shown to
cause a spontaneous drift of SWs [28].The genesis and drift of
SWs in ischemic tissue involving gap junctional gradients and
spatially heterogeneous cellular electrophysiology in cardiac
tissue have been demonstrated by Biktashev et al. [29].

In the present study, the ideas of the theory of per-
turbation induced SW drifts are applied to the 3D atrial
organ.Themotivation for this computermodelling study is at
the interface of theoretical mathematical developments and
experimental atrial arrhythmia research. Based on idealisa-
tions of tissue homogeneity and simulation of stable SWs, we
hypothesized that SWs are affected by anatomical perturba-
tions giving rise to SW spontaneous drift. We interpreted the
simulations in the realistic 3D model of the human atrium
from the viewpoint of the previously developedmathematical
theory [27, 30].The theory states that a stationary scroll wave
may spontaneously drift in response to small perturbations
arising from electrophysiological, structural, or anatomical
properties. Using both anatomically realistic 3Dmodel of the
human atrium and simplified 3D models, we demonstrate
the role of atrial anatomy on the drift of SWs and identify
individual causes of such drift.

2. Methods

Computational cardiology allows the systematic dissection of
causal mechanisms of observed effects in the heart. As the
aims of this study were to isolate the influence of anatomy on
atrial SWs, the following assumptions were implemented:

(a) the electrophysiological model of ion current alter-
ations was chosen that gave a stationary, nonmean-
dering SW;

(b) a constant diffusive intercellular coupling throughout
the anatomy was assumed;

(c) the 3D atrium was assumed to be structurally
isotropic without effects of fibre orientation.

These assumptions are justified by our focus on the specific
effects of anatomical geometry on the evolution of SWs.
Hence the complicating factors, such as meander of SWs,
multiple wavelets, fibrosis, gap junctional heterogeneity, and
fibre orientation, are excluded from consideration. All these
factors are important, but they deserve their separate studies
and hence are left beyond the scope of this paper.

2.1. Atrial Excitation Model. The established human atrial
action potential (AP) cell model by Courtemanche et al. [31]
(CRN) was used in this study. The use of CRN model is

justified while striking a balance in the use of a biophysically
detailed cell model to simulate stable SWs and to maintain
a reasonable cellmodel complexity. It is the singlemostwidely
used cell model [19, 32] shown to have similar AP properties
to the more recent cell models [7] as far as this study is
concerned. Electrophysiological changes to the CRN model
were implemented as in previous studies [33, 34] to give
stationary rotating reentry.This was achieved by reducing the
maximumconductance of the L-type calciumcurrent by 65%,
along with a ninefold increase of slow delayed and the rapid
delayed outward potassium currents. In addition, a simplified
formulation of an acetylcholine-dependent potassium (𝐼KAch)
current was added according to the formulas:

𝑂Ach =
10

(1 + 9.13/[Ach]0.47)
,

𝐶Ach = 0.052 +
0.45

(1 + e(𝑉+59.53)/17.18)
,

𝐼KAch = 𝐶𝑚 × 𝑂Ach × 𝐶Ach × (𝑉 − 𝐸𝑘) ,

(1)

where 𝑂Ach is the acetylcholine-dependent activation gating
variable, 𝐶Ach is the voltage dependent inactivation gating
variable, [Ach] is the acetylcholine concentration taken to
be 0.0035 𝜇mol/L in this study [33–35], 𝑉 is the membrane
potential, and 𝐸

𝑘
is the reversal potential associated with

potassium currents.This defines an electrophysiological con-
dition giving stationary spiral SWs in isotropic homogeneous
sheets of atrial tissue (Figure 1).

The time stepping in all simulations was using Rush-
Larsen technique for gating variables and forward Euler for
all other variables, with a fixed time step of 0.01ms.This time
step was sufficiently small that further decrease did not affect
simulation results.

2.2. Tissue Modeling. Amonodomain formulation of cardiac
tissue was used in this study. The formulation can be written
as

𝐶

𝑚

𝜕𝑉

𝜕𝑡

= −𝐼ion + 𝐷∇
2
𝑉,

𝑛 ⋅ ∇𝑉 = 0,

(2)

where 𝐶
𝑚
is cell capacitance, 𝐼ion is the total current, and𝐷 is

the diffusive coupling that represents intercellular gap junc-
tional coupling.The value of𝐷 was taken to be 0.07mm2/ms
to give a solitary wave conduction velocity of 0.4mm/ms in
the atria.

2.3. 3DHumanAtrial AnatomicalModel and IdealisedGeome-
tries. The human atrial anatomical model [25] used in this
study is based on the Virtual Human Female data based on
cryosection photographic images [36] and was assumed to
be isotropic. To dissect the effects of anatomy, idealisations of
the gross anatomical features were developed. All anatomical
geometries considered in this study are illustrated in Figure 2.
The gross anatomical features that were considered are (a)
a varying wall thickness; (b) ridge-like formations made by
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Figure 1: 2D simulation of AF with stationary reentry. (a) Spiral wave reentry (left) with spiral wave tip trace (right). The diameter of the
spiral wave core (8mm) is indicated in the right hand side panel. (b) Analysis of representative AP profile (top panel) from the 2D simulation.
PSD of the representative AP profile (bottom left) showing a peak frequency of around 9.2Hz. Recurrence map (bottom right) of consecutive
cycle length durations of AP profile indicates the monomorphic nature of the reentry.

PMs attached to the endocardial atrial wall or by the CT
attached to the endocardial atrial wall; and (c)multiple bridge
geometries to simulate PMs that are joined to the atrial
walls only at their ends. The locations where the bridges join
the atrial wall are referred to as junctions. Based on these
observations, the following idealised anatomical models were
developed: (a) wedge, where the atrial wall has a varying
thickness; (b) ridge, where a central strip is thicker than the
underlying atrial wall; and (c) multiple bridge geometries
where a PM forms a bridge on the endocardial surface of
the atrial wall. The first bridge geometry (PM1) was a flat-
walled bridge forming the base of a curved PM. Such a
geometry has been considered previously by Gray et al. [17],
though they assigned a higher value of conduction velocity
to propagations in the PM as well as considering a longer PM
bridge. In the second bridge geometry, a curved atrial wall

was taken with a PM bridge that formed a shorter connection
between the two junctions of the atrial wall and the bridge
(PM2). This geometry was then extended to include a ridge
that went from one junction to the next but along the curved
atrial wall (PM3).

The 3D anatomical model is formulated on a Cartesian
grid enclosed in a box of dimensions of 77.55mm (x) ×
88.77mm (y) × 98.34mm (z) with an internode distance of
0.33mm in each direction.The right atrial wall was estimated
to have approximately 3mm in thickness. The surface of the
right atrium was estimated to have a size of approximately
25mm × 25mm.The maximum thickness of the PM and CT
structures was estimated to be 2mm. Therefore, in all the
idealised geometry models, the atrial wall was taken to be
3mm thick while the ridge and cylindrical bridge formations
had a thickness (i.e., diameter) of 2mm. The flat square
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PM1 PM3PM2
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Figure 2: 3D human atrium anatomical model and idealised geometries. In all geometries, the atrial wall is shown as translucent gray while
the endocardial structures and their idealizations are shown as solid (yellow online). (a) 3D human atrial geometry showing uniform atrial
tissue and anatomically variable tissue consisting of the conduction pathways, including CT and PMs. (b) The idealised geometries with
wedge (variable wall thickness), ridge (constant thickness atrial wall with a ridge on it), a flat atrial wall with a curved PM bridge (PM1), a
hemispherical atrial wall with a shorter pectinate muscle bridge (PM2), and a hemispherical atrial wall with a shorter PM bridge as well as a
PM ridge that goes along the atrial wall between the junctions (PM3).

surfaces representing the atrial wall in the wedge, ridge,
and PM1 were taken to be 25mm × 25mm. The length of
the curved PM bridge in PM1 geometry was taken to be
14mm. In the PM2 and PM3 geometries, the curved atrial
wall was formedof a hemispherewith diameter of 30mm.The
straight PM bridges in PM2 and PM3 were given a length of
8mmcorresponding to the length of the PMbridge estimated
in the 3D atrial anatomical model.

In the wedge model, the thickness was gradually reduced
from the maximum at the left end till zero thickness at the
right end. An SW close to the thick end of the wedge was
initiated and allowed to evolve. In the ridge and the bridge
models, SWs were initiated at multiple locations far away,
close to, or at the location of ridges, bridges, or bridge-atrial
wall junctions. In all idealised geometry simulations, the
space stepwas 0.33mm.Test simulations performed at amore
refined space step of 0.1mm produced similar results.

The space discretization in all cases was on a Cartesian
grid with constant space step and 7-point stencil for the
Laplacian of (2), with the no-flux boundary conditions imple-
mented using the methods of weights as in Clayton and
Panfilov [37] and in ten Tusscher and Panfilov [38], both for
the anatomically realistic geometry and for the idealized
geometries.

2.4. Simulation of SWs, 3D Data Analysis, and Visualization.
SWswere initiated at multiple locations in the right atrium or
the idealised geometries by means of the phase distribution
method [39]. Briefly, the phase distribution method of scroll
wave initiation involves pacing of the cell model rapidly
till steady APs as well as oscillations in all other state
variables are obtained.The state variables over the span of one
oscillation are then used to pace a 1D tissue to produce steady

propagations in the strand.The state variables recorded from
the middle of the strand during one steady propagating
pulse are then used to distribute the phase of the electrical
excitation to induce an SW according to a three-dimensional
extension of a formula that gives Archimedean spiral shape
of the lines of equal phases if applied on a 2D plane. Using
such a protocol ensures the initiation of an SWat a prescribed
location in themodel. In the 3D anatomicalmodel, a uniform
grid of a total of 100 initiation sites was prescribed. At each
location of this grid, rotors with either chirality, that is,
clockwise and anticlockwise, were initiated in consecutive
simulations. Chirality of a rotating wave is illustrated in
Figure 3. Thus a total of 100 clockwise and 100 anticlockwise
simulations in the 3D atrium were conducted. The SWs were
allowed to evolve for a total duration of 40 s. The 3D voltage
distribution was recorded at every 10ms during the simula-
tion. Further, a representative AP was also recorded at a site
as shown in Figure 3.The evolution of the SWwas quantified
by computing the filament trace using the Montani et al. [40]
version of the Marching Cube algorithm, implemented by
Barkley et al. in EZ-SCROLL [41, 42], which is a broken-
line approximation of the line of intersection of isosurfaces of
the voltage variable, V = −50mV, and the transient outward
current inactivation gate variable 𝑜

𝑖
= 0.5. As the atrial wall is

thin, the filaments at any time instant in our simulations were
short and transmural. Therefore, only the epicardial ends of
the filaments (hereafter termed as tips) were visualised for
clarity. As the rotor core is circular, the averaged tip trace is
shown in all results. The averaged tip trace was obtained by
averaging the tip data over the course of one rotation of the
SW. An SW was deemed to be drifting if its movement was
more than 10mm during a 40 s simulation, and if the move-
ment of the tip was not interpretable in terms of continuous
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Figure 3: Summary of the anatomical model simulations. Column (a) shows data for clockwise and column (b) shows data for anticlockwise
SW simulations. Top row shows nine selected tip traces of the spontaneously drifting scroll waves in different colours. On each trace, the red
dot is the earliest point and the black dot is the latest point of the tip trace. The traces are also enumerated, and the numbers are referred
to in the text. The initiation location of traces with the same numeric labelling is the same in the left and right panels. Bottom row shows
typical snapshots of spiral waves seen on the surface nearest to the viewer. Left panel shows a clockwise rotating spiral while the right panel
anticlockwise rotating spirals.The cross in the top right (left panel) designates the position of the registration electrode where a representative
AP was recorded.

drift the simulation was not taken into account in this study.
This allowed exclusion of transient initial conditions effects as
well as overly complex drifting behaviourwhich is beyond the
scope of the present study. Power density spectrum (PSD) of
the registered AP profiles was computed to obtain the domi-
nant pacing rates [18]. Recurrencemaps were computed from
the registeredAPprofiles to elucidate the formof the apparent
arrhythmia, that is, monomorphic or polymorphic [43].

The visualisation was carried out using a combination
of in-house software and VTK [44]. The 3D output files
from Beatox cardiac simulation environment consisted of
binary files which contained discretised data for three chosen
dynamical variables from each location in the spatial model.
These data were converted to binary VTK files and thereafter
visualised using VTK pipelines. As the data were large (a total
of 2.5 TB data were visualised), the visualisation was carried
out noninteractively using the UK EPCC service as well as

the University of Exeter HPC service. The tips were tracked
noninteractively using the Marching Cubes algorithm as
described above, and the resulting data converted to VTK
files to allow superimposition of data.

2.5. The Simulation Environment, BeatBox. BeatBox is
a multifunctional high performance computing cardiac
simulation environment [45]. It incorporates biophysically
detailed cell models and anatomical heart models to facilitate
multiscale in silico cardiac simulation studies. The package
implements explicit and implicit finite difference solvers.
The file 𝐼/𝑂 functionality is also parallel in BeatBox. The
output from BeatBox can be directly analysed by in-house
developed algorithms for filament detection and tracking. It
can simulate electrical propagation in idealised and realistic
geometries. An easy-to-use inbuilt script interpreter allowed
rapid construction of simulation projects without recourse
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to low level code manipulation. In the 3D human atrium
simulations of this study, 256 processors yielded the 40 s of
simulated electrical activity within 38 hours. The numerical
efficiency of BeatBox is reflected in its highly scalable nature
as shown previously [46]. This in silico study demonstrates
the functionality of the BeatBox package in conducting large
scale computational investigations that potentially impact
clinical practice. The simulation environment is freely
distributed under GNU license and can be obtained from
http://empslocal.ex.ac.uk/people/staff/vnb262/software/Beat-
Box/index.html.

3. Results

3.1. Persistence of 2D Spiral Waves. Under the electrophysio-
logically remodelled conditions, the AP is drastically abbre-
viated with an AP duration (APD

90
) of 106ms as compared

to control conditions where APD
90

is 302ms [31]. Upon
simulating spiral waves in a 2D homogeneous sheet of atrial
tissue, the reentry is stable and persistent (Figure 1). The
spiral wave tip trace shows no meander and is about 8mm in
diameter. Analysis of an AP recording from a representative
location in the 2D model can be seen to have a dominant
frequency of 9.2Hz with minimum contributions from other
pacing rates indicating a monomorphic atrial tachycardia.
The recurrencemap also shows a stablemonomorphic period
of 106ms throughout the simulated interval of 40 s.

3.2. Observation of Spontaneous Drift in the Human Atrium.
Selected tip trajectories of SWs in the 3D atrium simulations
are shown in Figure 3. In parts of the atrium devoid of signif-
icant anatomical features, the SWs were stationary (Figure 3,
tip trace 0 of both chiralities). A closer examination of the
local atrial anatomy revealed that there are no appreciable
alterations in atrial wall thickness and those regions were also
devoid of ridge-like and bridge-like structures. Stationary
SWs without drift, apart from aminor initial transient move-
ment within a small area, were observed also in regions of
large anatomical heterogeneity (Figure 3, tip trace 1, both chi-
ralities). In several simulations, a significant drift of the SWs
was observed (Figure 3, tip traces 2 to 9 of both chiralities,
except for trace 4 in the anticlockwise simulation which has
no drift although it is close to a ridge). Typical features of such
drift were (a) a rapid initial transient; (b) a continuing drift
along anatomical structures; (c) eventual apparent anchoring
of the SW. When the chirality of the SWs was reversed from
clockwise to anticlockwise, the behaviour of SWs starting
at the same location was changed; see Figures 3 and 4. In
Figure 4, the drift is illustrated by plotting the 𝑥, 𝑦, and 𝑧
coordinates of the tip with respect to time. In tip traces 3, 4,
and 5 of both chiralities in Figure 3, a drift of the rotors from
thicker regions to the closest thinner regionswas observed. In
case of tips 3 and 4 (both chiralities), the drift was from the
thicker CT region into the thinner adjoining atrial wall. In
case of tip trace 5, the drift was from the thicker right atrial
appendage region to relatively thinner regions. The online
supplementary videos show the time course of the drift of
trajectory 5 in the clockwise (Online Supplement, S1 available
at http://dx.doi.org/10.1155/2015/731386) and anticlockwise

(Online Supplement, S2) cases. Apart from a varying wall
thickness, ridge-like formations were also found to influence
the evolution of the SW tip trajectories in their own way. In
case of tip traces 6, 7, and 8, the drift proceeded along such
ridges. In case of tip trace 6, the driftwas along a ridge formed
due to a sudden change in atrial wall thickness from right
atrium to left atrium. In case of tip traces 7 and 8, the drift
was along the CT ridge with the atrial wall. Tip trajectory 9
is near not only ridge-like formations made by PMs that are
connected with the atrial wall along all of their lengths but
also a bridge-like formation made by one of the PMs that is
connected to the atrial wall only at its ends. This is illustrated
in the endocardial surface view of the right atrial wall
region as shown in Figure 5. In previous experiments and in
simulations, breakthrough patterns were observed to emerge
from the junctions of this bridge-like PMwith the atrial wall,
and the SW drifted towards the junctions [17, 18, 47–49].
Indeed, as trajectory 9 of the anticlockwise case shows, there
is a definite drift of the SWs towards the junction of the PM.
The online supplementary videos show the time course of
the drift of trajectory 9 in the clockwise (Online Supplement,
S3) and anticlockwise (Online Supplement, S4) cases. Having
identified some specific behaviour of SW that is influenced by
atrial anatomy,we conducted idealised geometry simulations.

3.3. Exploring the Mechanism for Spontaneous Drift in the
Atrium Using Idealised Geometries. Based on the observa-
tions of SW drift in 3D atrial geometry and theoretical
knowledge of spiral and SW drift available from previous
literature, we identified the following possible “elementary”
mechanisms responsible for the observed drift:

(a) a “wedge” that is a gradual alteration of atrial wall
thickness, which can cause the SWs to drift at a certain
angle with respect to the thickness gradient [30];

(b) a “ridge” that is a sudden change in atrial wall thick-
ness which can cause the SWs to migrate along the
ridge [27];

(c) a “bridge” made by a PM which may cause break-
through patterns that affect the rotors. We explored
three variants of the bridge geometry to elucidate the
role of the PM bridge.

We tested the feasibility of these mechanisms by reproducing
them in idealized geometries where only one feature was
present in each simulation to explain the SW behaviour as
seen in our 3D simulations with the anatomically realistic
atrial model. A composite bridge-ridge geometry was also
used to explore a more realistic structure of the bridge
formation as observed in the 3D model (Figure 5(b)). Due to
the simplicity and symmetry of the idealised geometries, SW
simulations with only one chirality were conducted.

3.3.1. Wedge. In the anatomically realistic model, the drift
of SWs from thicker to thinner regions of the atrial wall
was observed as shown by tip traces numbers 3 and 5 (both
chiralities) in Figure 3. The idealised wedge simulation is
illustrated in Figure 6. An online supplementary video shows
the time course of the drift in a wedge (Online Supplement,
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Figure 4: Plots of the scroll tip coordinates (𝑥, 𝑦, and 𝑧) with respect to time for selected stationary (left column) and drifting (right column)
trajectories. Clockwise spirals are shown in top row while anticlockwise spirals in bottom row.The stationary plots are from trace 0 as shown
in Figure 3 in both clockwise (top) and anticlockwise (bottom) cases.The drifting plots are from trace 9 as shown in Figure 3 in both clockwise
(top) and anticlockwise (bottom) cases. In the drifting cases, data for the first 8 s is shown after which the SWs became stationary.

S5). The SW that was initiated in one corner of the thick end
of the wedge spontaneously drifted to the thin end. This is
consistent with the drift of scrolls in 3D atrial simulations
through smooth parts of the atrial walls towards thinner loci
and is an evidence that the SW filament tension in this model
is positive, so that the filament length tends to get shorter as
the SW drifts. The theoretical basis for the filament tension
concept stems from Biktashev et al. [30].

3.3.2. Ridge. In the anatomically realistic model, there are
several ridge-like formations, that is, sudden increases of
atrial wall thickness protruding on the endocardial side.
In our anatomically realistic simulations, the tips numbers
6, 7, 8, and 9 drift along ridges. SWs were simulated in
an idealised 3D ridge model as shown in Figure 7. When
SWs were initiated sufficiently far away from the ridge,
there was no drift. However, when SWs were initiated close

to the ridge, the SWs first underwent a transient motion
into the thinner region of the model. Thereafter, the SWs
drifted rapidly along the ridge, predominantly through the
thin regions, until eventually reaching the boundary of the
model. It should be noted that the movement along the ridge
was much faster than in the wedge model case. Depending
on which side of the ridge the SW was initiated, it was
observed to travel in opposite directions. This was verified in
the idealised geometry and is consistent with the symmetry
of the idealized geometry with respect to rotation by 180
degrees. Also, it follows from the 𝑥 → −𝑥 (where 𝑥 is
the horizontal coordinate in Figure 7(b)) symmetry of the
model that the opposite direction of the drift would be
observed for an SW on the same side of the ridge but of
opposite chirality. This can be correlated to trajectory 9 in
Figure 3, where the clockwise and anticlockwise SWs drift
in opposite directions to each other. Online supplementary
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Figure 6: Wedge simulation. (a) A snapshot of a surface spiral wave during an early stage of the simulation. (b) Trajectory of the tip. The
direction of the drift is from thick to thin part of the wedge as indicated by the arrow.

videos show the time course of the drift in the ridge when
initiated at various locations (Online Supplements, S6, S7, and
S8). Some theoretical insight into this phenomenon can be
obtained by comparisonwith simulations illustrated in Figure
4(g) in [27]. In that simulation, an attachment of a spiral
wave to a stepwise parametric inhomogeneity and subsequent
stable drift along it was described and explained theoretically.
This is a phenomenon separate from filament tension and is
related to nonmonotonic behaviour of the so-called response

functions of spiral waves. With that behaviour of response
functions, a spiral wave can be attracted to or repelled from
the same inhomogeneity depending on the distance to it and
hence existence of stable distances at which repulsion changes
to attraction. Dynamics of excitation waves in thin layers
with variable thickness can be described asymptotically by
a two-dimensional model, in which thickness variation is a
perturbation (this theory is deferred to another forthcoming
publication). This makes our present case similar to the
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representative simulations where the scroll wave was initiated on the ridge (traces 1 and 3) or in the middle of the ridge (trace 2).
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Figure 8: Flat wall bridge simulation. (a) Representative snapshot. (b) Tip traces from simulations where scroll waves were initiated close to
the bridge (trace 1) or far away from the bridge (trace 3) or at intermediate locations (2 and 4).

parametric inhomogeneity considered in [27]. So, although
we have not calculated the response functions for the current
model, the observed drift along a ridge is an empirical
evidence of their nonmonotonic behaviour.

3.3.3. Bridges. In the anatomically realistic simulations, the
PMs are finger-like structures, typically running along the
endocardial side of the right atrial wall and making ridge
formations. However, as shown in Figure 5, there are also
PMs which form junctions with the atrial walls with the
muscle body being unconnected to the atrial wall. We shall
call the junctions of such a bridge J1 and J2. We have
considered the following idealized bridge geometries.
(1) In a configuration such as flat atrial wall with a

semicircular bridge (PM1 geometry in Figure 2(b)), the dis-
tance between J1 and J2 along the atrial wall is noticeably
shorter than along the bridge. Therefore, regardless of where

the SW was initiated, activation wave fronts always entered
through both J1 and J2 in opposite directions into the bridge.
The bridge, unsurprisingly, had no effect on the SW and it
remained stationary. Tip traces from a few simulations that
illustrate the stationary nature of the SWs when initiation
sites were close to or far away from J2 are illustrated in
Figure 8. An online supplementary video illustrates the time
course of the drift in such a flat-walled bridge (Online
Supplement, S9).
(2) In the actual 3D anatomical model, the PM bridge is

short and the atrial wall is curved. We therefore simulated
SWs in the model with curved wall (PM2 geometry in
Figure 2(b)). Even though the PM bridge length between J1
and J2 is shorter than the distance along the wall, infrequent
wave-break patterns were observed during the 40 s simu-
lation. Irrespective of where the SW was initiated, the SW
arm gave rise to colliding propagations to go through the
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PM bridge. The location of collision progressively moved
gradually from one junction to the other. This affected the
SW and caused a slow but definite drift closer to the junction
where the collision location was moving towards. Eventually
in case of trajectory 1 (Figure 9(b)), the SW core was almost
coincidental with J2 and breakthrough patterns also occurred
at the same junction. The direction of propagations through
the bridge was observed to be reversed when the SW reached
J2. The breakthrough patterns emerging at J2 then promoted
the SW to move away from that junction. The movement of
the tip was faster when the SW was at J2 and when the wave-
break patterns started to emerge at J2. Depending on where
the SWwas initiated, it eventually settled at a certain distance
(as shown in Figure 9) from the junctions. Such equilibrium
was achieved due to the SW arm allowing propagations
through J1 and J2 which collided exactly in the middle and
therefore did not offer any perturbations (small or large) to
cause further drift of the rotor. An online supplementary
video shows the time course of the drift in this geometry
(Online Supplement, S10).
(3) In the final idealised bridge geometry (PM3 geometry

in Figure 2(b)), one PM formed a bridge between J1 and
J2, while another formed a ridge along the atrial walls.
This is shown in Figure 10. An online supplementary video
further illustrates the time course of the drift in the PM3
geometry (Online Supplement, S11). Irrespective of where
the SW was initiated, it rapidly drifted towards and then
along the ridge forming PM. Such a swift drift was accom-
panied by an increased breakthrough pattern occurrence
from J1 and J2 due to accompanying propagations through
the PM bridge. In such a situation, the SW meandered
rapidly between the two junctions along the ridge, while
the bridge assisted in causing breakthrough patterns. The
SW was also observed to spend prolonged durations at J1
and J2 (see Online Supplement Video S11). This complex
propagation pattern is reflected in the representative recorded
AP profiles (Figure 10(e)) where the AP amplitude was seen
to periodically increase and reduce. In a marked difference
to all other simulations presented in this study, several
peaks were observed in the PSD of the AP profiles as
shown in Figure 10(f) indicating the polymorphic nature
of the excitation pattern. This was further confirmed in
the recurrence map where consecutive cycle lengths had a
periodic long/short variation. Such excitation patterns are
known to be associated with Torsade de Pointes (TdP) where
a periodically varying ECG is observed [50, 51].

Existence of a bridge is not a small perturbation in any
sense, and therefore the asymptotic theory [27, 30] cannot
explain its effect. Previous numerical studies have explored
some of the effects of bridges [16, 17].They however combined
the effects of anatomy and inhomogeneity of diffusion coef-
ficient (i.e., conduction velocity was considered to be higher
in the bridge) or considered truncated PM structures.

4. Conclusions and Discussion

In this paper, we have studied the spontaneous evolution of
a persistent single SW in the human atrium. The behaviour
of SWs was simulated and quantified in terms of the SW

drift and apparent anchoring. Further, the hypothesised
mechanisms that lead to such spontaneous drift have been
examined in idealised geometries which helped to separate
and highlight the individual causes of the drift. The hypoth-
esis that a variable wall thickness leads to drift of an SW
was verified in this study. Another important feature of the
atria is ridge-like formations in the PMs and the CT which
form parts of the main conduction pathways in the organ.
Even as the fibre orientation heterogeneity in the CT was
not considered, we have seen that SWs tend to migrate
along these ridges (Figure 3). This behaviour of the SWs was
confirmed in the idealised ridge simulations. Thus one of the
causes of SW migration is possibly due to sudden change in
atrial wall thickness, as seen at the ridges formed by CT and
atrial wall, and those of the PM and atrial wall (Figure 5).

Apart from the CT and PMs forming ridges, the PMs
also form an intricate network of conduction pathways
with bridge-like structures in the atrium. A typical effect of
such bridges in the atria was seen to be an emergence of
breakthrough patterns. These patterns interact with the SW
causing it to migrate. Gray et al. [17] have demonstrated this
in numerical simulations. In those simulations, the PM had
a higher conductivity, thereby supporting the emergence of
breakthrough patterns through the PM bridge and the SW
location was selected close to a PM-atrial wall junction so
as to allow a unidirectional propagation in the bridge. Such
precise initial location is unlikely, and our present results
indicate that breakthrough patterns can be observed even
as SWs are initiated at not such specific locations. Further,
no assumption of higher conductivity in the PM bridge was
required to demonstrate that a bridge is capable of supporting
breakthrough patterns. If we were to include fibre orientation
induced rapid conduction in the PM bridge, it is possible that
we would produce breakthrough patterns with an increased
likelihood. In another study, Wu et al. [49] have seen erratic
propagations in canine atria, evolving into high pacing rate
excitations, thus indicating anchoring to PM junctions, where
PM bridges formed parts of reentry circuits. They demon-
strated, using experimental data as well as idealised geometry
based numerical data, that the base of the PM can be an
anchoring site and that PM bridge can be a substrate for reen-
try. Wu et al. [49] as well as Yamazaki et al. [16] argue that the
junction of PM and atrial wall can be an anchoring site due to
the varying thickness of atrial wall in its vicinity.ThePM itself
is an elongated structure capable of conducting excitations by
pathways alternative to the atrial wall. Thus, if a PM forms
a bridge, then it most likely causes breakthrough patterns,
thereby affecting an SW and not always causing anchoring.
In our simulations, in both the anatomical and the idealised
geometries, we have considered this aspect and showed that
the junctions of PM bridges with the atrial wall can be
apparent sites of transient anchoring as well as breakthrough
patterns which cause drift of SWs in the atrial wall. Previous
studies [16, 17, 49] did not take into account the shorter
length of the PM bridge as compared to the curved atrial
wall or considered a PM bridge junction in isolation. In this
study, we isolated and explored the role of the uneven atrial
anatomy in the context of stable SWs. As the PM3 simulations
in this study show, an increasing amount of complexity in the
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Figure 9: Curved wall bridge simulations. (a) Representative snapshot. The reentry looks distorted as it is on the steep part of the
hemispherical wall, at a large angle to the presented view. (b) Two tip traces from simulations where scroll waves were initiated on either
side of the bridge junctions. J1 and J2 indicate junctions of the PM bridge with the atrial wall on the endocardial side of the model.

anatomy leads to increasingly complex excitation patterns.
Apart from the PM3 simulations, all SW simulations are
essentially monomorphic characterised by a single dominant
frequency of approximately 10Hz and a highly localised
recurrence map. In case of the PM3 simulations, a simple
addition of a PM ridge in addition to a PM bridge gave TdP
type of excitation patterns. The ridge also assisted in tempo-
rary anchoring of the SW to the junctions, although it was not
persistent.We see that relatively simple geometries (i.e., PM3)
can to certain extent explain the movement of SWs as well as
providing a plausible mechanism for apparent anchoring of
SWs. The PM3 simulation results may provide evidence for
anatomy based evolution of the SWs, which may manifest as
large/small amplitude modulation of the ECG signal [52, 53].

4.1. Discussion. Pandit and Jalife [32] have recently reviewed
themathematicalmodelling as well as experimental literature
on SWs and rotors. Reentry has been shown to be generated
and sustained by means of focal activity in AF patients [54].
Our in silico study allowed the elucidation of the effects of
atrial anatomy on such atrial reentrant SWs, albeit without
the focal activity. Simulations presented in this study show
that SWs tend to spontaneously drift due to anatomical
features. The SW becomes localised or anchors to locations
where it does not experience further perturbations or when
multiple perturbations cancel out each other’s effects. Unlike
previous studies, in our simulations a PM bridge on its own
did not form an SW anchoring location. It does however pro-
vide a conduction pathway thatmay give rise to complexwave
patterns. The understanding provided by this study has sev-
eral clinical implications. Firstly, it will assist in further devel-
oping efficient, low-amplitude defibrillation schemes [33, 55–
57]. Secondly, clinical MRI based patient specific evaluation

of gross anatomy can be used in predicting the eventual loca-
tions of the arrhythmic substrate, thereby personalising ther-
apy. Results from this study can contribute to prediction of
SWs in the proximity of such surgical remnants of anatomical
deformities. Indeed, the presented computational framework
can be used to predict the evolution of atrial arrhythmia given
a reasonable patient specific atrial anatomy alone.

4.2. Limitations and Future Work. A single case of AF
induced electrophysiological changes was considered in this
study that gave stationary rotors using the CRN human atrial
cell model. The stationary rotors were simulated using three
electrophysiological alterations: (1) the 𝐼KAch repolarising
current was included, with an acetylcholine concentration
of 0.0035 𝜇mol/L; (2) a 65% reduction of the L-type Ca2+
depolarising current was implemented; and (3) a 9-fold
increase of the major repolarising potassium currents was
implemented. This leads to a significant reduction of APD
which may be considered nonphysiological; however the
same or similar alterations of the CRN human atrial cell
model were used in previous modelling studies for the
purposes of theoretical analysis [33–35]. In our present case,
these alterations allowed us to minimize any movement of
SW purely due to the underlying electrophysiology and thus
to isolate the effects of the anatomy on SW dynamics. Unlike
some previous studies [58–60], the SWs in the atria in our
model were largely stable and persistent without giving rise
to wave breakup. The persistence of the SW was observed
even as the arm of the rotor gave rise to complex electrical
propagations in the uneven geometry.This is probably related
to the choice of the CRNmodel and its specificmodifications.
In future studies, meandering SWs based on experimental
electrophysiological data [7, 61–63] will improve our under-
standing of the behaviour of rotors in the atria. Conclusions
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drawn in this study rely on one anatomical model of the
human atria which may be considered a limitation. Although
it is known that human atrial anatomy is highly irregular,
MRI data from AF patients and multiple anatomies may
improve our evaluation of SW behaviour. Recent studies
indicate that fibre orientation heterogeneity may be a key
factor [64, 65], potentially superseding the uneven anatomy,
in the genesis of complex dynamics during episodes of AF.
In future studies, the role of such anisotropy will be taken
into account, which will make the simulation results more
realistic. In addition to AF induced ionic remodelling and the
existence of fibre orientation, AF patients are known to have
atrial diffusion inhomogeneity as well as advanced fibrosis
[66]. SW interaction with such inhomogeneity is expected to
give rise to SWbreakup and erratic propagations and requires
further investigation.
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V. Kühlkamp, “Ionic mechanisms of electrical remodeling in
human atrial fibrillation,” Cardiovascular Research, vol. 44, no.
1, pp. 121–131, 1999.

[64] H. Dierckx, A. P. Benson, S. H. Gilbert et al., “Intravoxel fibre
structure of the left ventricular free wall and posterior left-right
ventricular insertion site in canine myocardium using q-ball
imaging,” in Functional Imaging and Modeling of the Heart, N.
Ayache, Ed., vol. 5528 of Lecture Notes in Computer Science, pp.
495–504, Springer, Berlin, Germany, 2009.

[65] H. Verschelde, H. Dierckx, andO. Bernus, “Covariant stringlike
dynamics of scroll wave filaments in anisotropic cardiac tissue,”
Physical Review Letters, vol. 99, no. 16, Article ID 168104, 2007.

[66] B. Avitall, J. Bi, A. Mykytsey, and A. Chicos, “Atrial and
ventricular fibrosis induced by atrial fibrillation: evidence to
support early rhythm control,” Heart Rhythm, vol. 5, no. 6, pp.
839–845, 2008.



Research Article
Application of Mathematical Modeling for Simulation
and Analysis of Hypoplastic Left Heart Syndrome (HLHS) in
Pre- and Postsurgery Conditions

Ali Jalali,1 Gerard F. Jones,1 Daniel J. Licht,2 and C. Nataraj1

1Department of Mechanical Engineering, Villanova University, Villanova, PA 19085, USA
2Neurovascular Imaging Lab, University of Pennsylvania School of Medicine, Philadelphia, PA 19104, USA

Correspondence should be addressed to Ali Jalali; ali.jalali@villanova.edu

Received 4 September 2014; Accepted 19 February 2015

Academic Editor: Joakim Sundnes

Copyright © 2015 Ali Jalali et al.This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is concerned with the mathematical modeling of a severe and common congenital defect called hypoplastic left heart
syndrome (HLHS). Surgical approaches are utilized for palliating this heart condition; however, a brain white matter injury called
periventricular leukomalacia (PVL) occurs with high prevalence at or around the time of surgery, the exact cause of which is
not known presently. Our main goal in this paper is to study the hemodynamic conditions under which HLHS physiology may
lead to the occurrence of PVL. A lumped parameter model of the HLHS circulation has been developed integrating diffusion
modeling of oxygen and carbon dioxide concentrations in order to study hemodynamic variables such as pressure, flow, and blood
gas concentration. Results presented include calculations of blood pressures and flow rates in different parts of the circulation.
Simulations also show changes in the ratio of pulmonary to systemic blood flow rates when the sizes of the patent ductus arteriosus
and atrial septal defect are varied. These changes lead to unbalanced blood circulations and, when combined with low oxygen and
carbondioxide concentrations in arteries, result in poor oxygen delivery to the brain.We stipulate that PVLoccurs as a consequence.

1. Introduction

Hypoplastic left heart syndrome (HLHS) is a congenital heart
defect (CHD) in which the left side of the heart is severely
underdeveloped. Without early surgical palliation HLHS is
universally fatal [1]. HLHS results from a failure of the aortic
or mitral valve to form. Lack of antegrade flow through the
valves causes insufficient growth of both the left ventricle and
the ascending aortic arch. A typical HLHS heart is compared
with a normal heart in Figure 1.

Underdevelopment of the left ventricle-aorta complex
resulting in critical aortic valve stenosis or aortic valve atresia
with an intact ventricular septum is themost recognized form
of HLHS. There are corresponding changes in the right side
of the heart in the case of HLHS. All right sided cardiac
structures are larger than normal including the right atrium,
pulmonary artery, and pulmonary valve [2].

As blood returns from the lungs to the left atrium, it
must pass through an atrial septal defect to the right side of

the heart. In cases of HLHS, the right side of the heart must
pump blood to the body through a patent ductus arteriosus
(PDA). This maintains fetal parallel circulation where the
right ventricle is the only active pump [3]. But, since the
ductus arteriosus (DA) usually closes within eleven days after
birth, for an HLHS baby, blood flow is severely compromised
leading to very low circulation and possible death. Hence,
the management of neonates with HLHS is very complex.
Treatment generally commences with vigorous infusion of
prostaglandin to prevent the PDA from closing. However,
reduction in pulmonary resistance after birth results in an
unbalanced circulation where most of the blood goes into the
pulmonary circulation thereby compromising the systemic
oxygen supply. A typical way to treat this disease is shunt
surgery. A shunt is a surgically created connection between
the systemic arterial circulation and the pulmonary arteries.
Authors in [4] present a good survey of shunt modeling and
its application in planning the surgery.
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Figure 1: Comparison between normal heart on the left and HLHS heart on the right. (A) is atrial septal defect, (B) is hypoplastic heart, and
(C) is patent ductus arteriosus.The left ventricle is very small.The aortic arch is extremely hypoplastic and flow is retrograde. Systemic output
is ductal dependent. Adapted from wikipedia.

The need for a detailed study of the problem of HLHS
stems from our recent studies [5–7] to predict the occurrence
and extent of periventricular leukomalacia (PVL) after Nor-
wood surgery in neonates. The PVL is a form of white matter
brain injury, characterized by necrosis (more often coagula-
tion) of white matter near the lateral cerebral ventricles. It
can affect newborns and (less commonly) fetuses; premature
infants are at the greatest risk of the disorder. Affected
individuals generally exhibitmotor control problems or other
developmental delays, and they often develop cerebral palsy
or epilepsy later in life [8]. Despite being full-term infants,
PVL is found in more than 50% of the neonates after cardiac
surgery [1, 9]. As there has been a dramatic reduction in
mortality rates following surgery for complex CHDs, there
has been an increasing recognition of adverse neurodevel-
opmental sequelae in some survivors. Evaluation of children
following neonatal repair of CHD demonstrates long term
neurodevelopmentalmorbidity and learning disability in sur-
vivors of these infant heart surgeries. Management strategies
before, during, and after surgery including the type of support
during operation have been implicated as factors in postoper-
ative neurodevelopmental dysfunction. Deficiency in oxygen
circulation and low carbon dioxide concentrations (𝑃CO

2

)
have also been considered as important factors affecting the
morbidity rates of neurodevelopmental dysfunction [6].

In our previous work in the field of PVL prediction, we
have applied computational intelligence techniques to the
data obtained from 59 patients which were collected at the
Children’s Hospital of Philadelphia (CHOP). Computational
intelligence (CI) is a set of nature-inspired computational

methodologies, examples of which include Fuzzy Logic sys-
tems, Neural Networks, and Evolutionary Computation. The
decision trees that we have developed suggest some ranges for
critical hemodynamic parameters, such as oxygen concentra-
tion and blood pressure, which predict a high probability for
the occurrence of PVL [5, 10, 11]. But since these numbers
have been obtained from a retrospective review of limited
set of subjects, they cannot be used as a general applicable
criterion for all neonates. Hence, it is important to carry out
physiological modeling of the cardiovascular system to begin
to understand the underlying causal relationships between a
particular set of parameters with the occurrence of PVL.

In this paper a lumped parameter model of the HLHS
circulation has been developed to study blood pressure and
flow in different parts of the cardiopulmonary circulation
system. The diffusion modeling of oxygen (O

2
) and carbon

dioxide (CO
2
) is also included in themodel. Changes induced

in O
2
and CO

2
concentrations and variation of blood flow

rates in different parts of the body due to changes in some
important model parameters have also been studied.

2. Pressure Flow Model

Several lumped parameter models of the cardiovascular sys-
tem have been developed in past research, for instance, [12–
14].This paper differs frompreviously developed cardiovascu-
lar models in that this model is tailored to the unique
physiology of the HLHS heart in comparison to the abundant
literaturewhich dealswith the simulation of the normal heart.
Furthermore, this model combines blood gas modeling with



BioMed Research International 3

PVB

PDA

PABPA

Hypoplastic heart

RV

PV

LA

ASD

RA

Pulmonary circulation

Systemic circulation

DASABSVBSLV

Figure 2: Lumped parameter model of HLHS. Model is made up of three parts: (a) hypoplastic left heart, (b) pulmonary circulation, and (c)
systemic circulation. Direction of blood flow is shown by arrows. ASD: atrial septal defect; RA: right atrium; LA: left atrium; TV: tricuspid
valve; RV: right ventricle; PV: pulmonary valve; PA: pulmonary artery; PAB: pulmonary arterial bed; PVB: pulmonary venous bed; PDA:
patent ductus arteriosus; DA: descending aorta; SAB: systemic arterial bed; SVB: systemic venous bed; SLV: systemic large veins.

the circulation model to represent a more comprehensive
model of the HLHS physiology. Moreover, by using para-
metric analysis in this study we have been able to track the
changes in the heart for before and after surgery conditions.
Like all other lumped parametermodels, thismodel is limited
by simplification assumption that it makes, for example,
overlooking solid fluid interactions of arteries and blood flow
and Newtonian flow assumption. For this work the lumped-
parameter approach used to model the HLHS circulation is
shown in Figure 2. Each box represents a lumped parameter
model for a complex system of blood vessels and heart
components. This model is built based on methodologies
previously published for the fetal [15] and neonatal cerebral
circulation [16–19] and the Norwood procedure [20, 21]. The
complete model is composed of threemain parts: a hypoplas-
tic left heart, systemic circulation, and pulmonary circulation.
Each compartment is made of resistances, capacitances, and
inductances. Resistances are used to model the flow in the
arteries and veins, and capacitors are used to represent the
elasticity of these vessels. Inductors are not typically used for
modeling the flow in the veins because veins do not function
primarily in a contractile manner and so their inductance

values are considered to be negligible in comparisonwith that
of the arteries.

2.1. Hypoplastic Heart. The heart has been assumed to be
composed of three parts: right atrium (RA), left atrium (LA),
and right ventricle (RV). Here, as mentioned earlier, we have
considered the most severe case of the hypoplastic heart
in which the left ventricle is completely blocked (the most
common form of HLHS ismitral atresia/aortic atresia; atresia
implies no flow through the valve). Hence the left ventricle is
not taken into consideration in the model.

The activity of the heart is modeled following the treat-
ment in [22]. For both the atria and the ventricle, the total
pressure is expressed as a nonlinear function of the volume
and cycle-time:

𝑃 (𝑡) = 𝑃
𝑠
(𝑡) + 𝑃

𝑑
(𝑡) , (1)

where
𝑃
𝑠
= 𝛼 (𝑡) 𝐸max (𝑉 (𝑡) − 𝑉

𝑢
) ,

𝑃
𝑑
= (1 − 𝛼 (𝑡)) 𝑃

0
(𝑒
𝐾
𝑒
⋅𝑉(𝑡)

− 1) .

(2)
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𝑃 is the pressure, 𝑉 is volume, 𝑉
𝑢
is the unstressed volume,

and 𝐸max is the maximum elasticity of the heart wall during
the heart cycle. The activation function 𝛼 is the driving force
of the heart andmodels the release of Ca2+ which initiates the
contraction of the heart muscle [23].

Since the heart muscle’s contraction is different for systole
and diastole cycles, the activity function is defined by differ-
ent differential equations in the systole and diastole. During
diastole, the activation function is defined by the following:

𝑑𝛼

𝑑𝑡
= −𝐾
𝑟
𝛼, (3)

where 𝐾
𝑟
is the relaxation rate. For the systole period it is

defined by the following:

𝑑
2
𝛼

𝑑2𝑡
+ 2𝐾
𝑒

𝑑𝛼

𝑑𝑡
+ 𝐾
2

𝑒
𝛼 = 𝐾

2

𝑒
𝛼max, (4)

where 𝐾
𝑒
is the excitation rate and 𝛼max is the limiting value

of the activation function. The solutions to the above linear
differential equations yield the following:

𝛼 (𝑡) = 𝛼 (𝑡
𝑑
) 𝑒
−𝐾
𝑟
(𝑡−𝑡
𝑑
)
,

𝛼 (𝑡) = 𝛼max − (𝛼max − 𝛼 (𝑡
𝑠
)) (1 + 𝐾

𝑒
(𝑡 − 𝑡
𝑠
))

⋅ 𝑒
−𝐾
𝑒
(𝑡−𝑡
𝑠
)
,

(5)

where 𝑡
𝑠
is the systole time and 𝑡

𝑑
is the onset of diastolewhich

we set equal to zero assuming the heart cycle starts fromonset
of diastole. This assumption is just for convenience and does
not impact generalization of themodel.The parameter values
of 𝑡
𝑠
, 𝐾
𝑒
, 𝐾
𝑟
, and 𝛼max are different for ventricles and atria

and are shown in Table 1 [23]. The activation functions are
functions of time for the ventricle and the atrium and are
shown in Figure 3.

The 𝐸max is a function of volume of the ventricle to
account for the decreasing elastance with increasing volume
[20]. Consider

𝐸max = 𝐸
1
+ 𝐸
2
(𝑉 (𝑡) − 𝑉

𝑢
) , (6)

where 𝐸
1
is constant; 𝐸

2
is a negative-valued constant to

account for decreasing elastance of the ventricle. 𝐸
2
is zero

for the atria resulting in a constant 𝐸max, consistent with the
literature. Again, 𝑉

𝑢
is the unstressed volume of the chamber

which is the volume at zero pressure.
This is the 𝑥-intercept of the tangent at the end-systolic

point for the pressure-volume (𝑃-𝑉) curve. For the diastole,
the ventricle and atria fill through an exponential 𝑃-𝑉
function reflected in the equations below.

Hence, for maximum isometric pressure, we have [22]

𝑃isomax,RA (𝑡) = 𝛼
𝑛RA (𝑡) 𝐸1,RA (𝑉RA (𝑡) − 𝑉

𝑢,RA)

+ (1 − 𝛼
𝑛RA (𝑡)) 𝑃0,RA (𝑒

𝐾
𝑒
⋅𝑉RA(𝑡) − 1) ,

𝑃isomax,LA (𝑡) = 𝛼
𝑛LA (𝑡) 𝐸1,LA (𝑉LA (𝑡) − 𝑉

𝑢,LA)

+ (1 − 𝛼
𝑛LA (𝑡)) 𝑃0,LA (𝑒

𝐾
𝑒
⋅𝑉LA(𝑡) − 1) ,

Table 1: Heart model parameters.

Parameters Values
Right atrium

𝐸
1
, RA 7.35mmHg/mL

𝑃
0
, RA 0.17mmHg

𝐾
𝑒
, RA 0.484mL−1

𝑉
𝑢
, RA 1mL

Left atrium
𝐸
1
, LA 7.35mmHg/mL

𝑃
0
, LA 0.17mmHg

𝐾
𝑒
, LA 0.484mL−1

𝑉
𝑢
, LA 1mL

Right ventricle
𝐸
1
, RV 8.5mmHg/mL

𝐸
2
, RV −0.042mmHg/mL2

𝑃
0
, RV 0.9mmHg

𝐾
𝑒
, RV 0.062mL−1

𝑉
𝑢
, RV 4mL

ASD
𝑅ASD 0.1mmHg⋅s⋅mL−1

Tricuspid valve
𝐾Tric 0.0006mmHg⋅s2⋅mL−1

Pulmonary valve
𝐾PV 0.0008mmHg⋅s2⋅mL−1

Activation function
𝐾
𝑒
(ventricle) 51

𝐾
𝑒
(atrium) 75

𝐾
𝑟

55
𝑡
𝑠
(ventricle) 0.193 s

𝑡
𝑠
(atrium) 0.173 s

𝛼max (ventricle) 150
𝛼max (atrium) 130

𝑃isomax,RV (𝑡) = 𝛼
𝑛RV (𝑡) (𝐸1,RV + 𝐸

2,RV (𝑉RV (𝑡) − 𝑉
𝑢,RV))

⋅ (𝑉RV (𝑡) − 𝑉
𝑢,RV) + (1 − 𝛼

𝑛RV (𝑡)) 𝑃0,RV

⋅ (𝑒
𝐾
𝑒
⋅𝑉RV(𝑡) − 1) ,

(7)

where 𝛼
𝑛
is normalized 𝛼. The atria and ventricles are

modeled with variable capacitors to account for the time-
dependent relationship of pressure with volume and also
viscous losses. A flow resistance has been introduced between
the right and left atria to account for the defect in the walls
of the heart permitting a mixing of blood flow between the
atria. In the present work, this mixing has been modeled
as an orifice unlike [24] where it was modeled as a simple
resistor.The reason for modeling ASD as a variable nonlinear
resistor instead of as a simple linear resistor is because of its
very small diameter in comparison with other compartments
which leads to a nonnegligible nonlinearity. A nonlinear
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Figure 3: Ventricular and atrial activation functions.

pressure flow relationship (Darcy-Weisbach equation) is used
as follows:

Δ𝑃 (𝑡) = 𝐾ASD ⋅ 𝑄 (𝑡)
2
. (8)

The tricuspid and the pulmonary valves are also modeled
as unidirectional orifices (diodes) and a similar pressure flow
relationship has been used for them. This model represents
an idealized situation since, in reality, the tricuspid valve does
leak sometimes and the flow is not completely unidirectional.

2.2. Pulmonary Circulation. The pulmonary circulation is
divided into three compartments: proximal pulmonary arter-
ies (PA), pulmonary arterial bed (PAB), and pulmonary
venous bed (PVB). The PA and PAB are modeled using 𝑅𝐿𝐶
and PVB by 𝑅𝐶 circuits. All these circuit elements have
constant values. Flow enters into the PA from the pulmonary
valve and the blood flows out to the left atrium (LA). It
should be noted that the PDA is present in the newbornwhich
normally closes after 5–10 days. To model it, a nonlinear
resistor is added between the pulmonary artery and the
aorta. The addition of the PDA to the model is another
major difference between this model and other previously
developed models; this is especially important in the current
study because of our focus on HLHS.

2.3. Systemic Circulation. The systemic circulation is divided
into four compartments: descending aorta (DA), systemic
arterial bed (SAB), systemic venous bed (SVB), and systemic
large veins (SLV). The DA and SAB are modeled by 𝑅𝐿𝐶 and
SVB and SLV are modeled by 𝑅𝐶 circuits. Blood comes in
from the PDA and flows to the right atrium.

2.4. Fluid Flow. For each compartment, time-dependent
variables, such as pressure in the capacitance, are expressed
as differential equations and since these equations cannot

R
L

C

QoutQin P1 P2

Figure 4: Simple RLC compartment to describe model. 𝑃 is
pressure; 𝐿 (inductance) accounts for blood inertance;𝑅 (resistance)
accounts for resistance to blood flow; 𝐶 (capacitance) accounts for
compliance.

be solved analytically, numerical integration is used. This
approach calculates solutions with variable time steps to
avoid mathematical instability that would lead to divergence
of the solution. For every RLC compartment shown in
Figure 4, analysis has been carried out as shown.

The relationship between pressure and volume in the
capacitor leg in Figure 4 can be calculated using the following:

𝑑𝑃 (𝑡) =
𝑑𝑉 (𝑡)

𝐶
, (9)

where 𝑑𝑉(𝑡) is the change in the compartment volume
calculated from the pressure differential.The pressure change
𝑃
1
− 𝑃
2
in Figure 4 is given by the following:

𝑃
1
(𝑡) − 𝑃

2
(𝑡) = 𝑅 × 𝑄out + 𝐿

𝑑𝑄out
𝑑𝑡

. (10)

Hence, for every compartment, the change in the output flow
rate is expressed using the following equation:

𝑑𝑄out
𝑑𝑡

=
𝑃
1
(𝑡) − 𝑃

2
(𝑡) − 𝑄out × 𝑅

𝐿
. (11)

ASD is assumed to be a variable nonlinear resistor; therefore,
we can write the relationship between𝑄 and pressure change
through Darcy-Weisbach equation:

𝑄ASD =

{{{{{{

{{{{{{

{

√
𝑃RA − 𝑃LA
𝐾ASD

𝑃RA > 𝑃LA

√
𝑃LA − 𝑃RA
𝐾ASD

𝑃LA > 𝑃RA,

(12)

where 𝑃RA and 𝑃LA are the right and left atrial pressures,
respectively. By assuming realistic initial values, numerical
integration is carried out for a sufficient number of heart
cycles to achieve steady-periodic values for every parameter.
The PDA flow rate is estimated from the following:

𝑄PDA =
𝑃PA − 𝑃Aorta

𝑅PDA
, (13)

where 𝑃PA and 𝑃Aorta are the pulmonary artery and descend-
ing aorta pressures, respectively.
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2.5. Oxygen and Carbon Dioxide Diffusion Modeling in the
Vascular System. Theoxygen diffusion takes place from lungs
to the alveolar capillaries and then from the blood capillaries
to the body tissues. At steady state, the oxygen release and
uptake will be equal, and hence we need to model only one
diffusion process to find the partial pressures. The process
of oxygen diffusion modeling is the same as what has been
done in [20] but carbon dioxide calculation is added in
our model. The reason for including CO

2
diffusion to the

model is that our previous findings have suggested bloodCO
2

concentration to be an important parameter in prediction of
the PVL occurrence.

On the whole, the oxygen uptake and release equations
can be written as was done in [25]. Consider

𝑄
𝑝
(𝐶pvO

2

− 𝐶
𝑎O
2

) = ̇SVO
2
,

𝑄
𝑠
(𝐶
𝑎O
2

− 𝐶VO
2

) = ̇CVO
2
,

̇SVO
2
= ̇CVO

2
,

(14)

where ̇SVO
2
is the oxygen uptake rate in the lungs expressed

in mL/min, and it is specified as an input to the system,
CVO
2
is the whole body oxygen consumption, 𝐶pvO

2

is
oxygen concentration in the pulmonary vein, 𝐶

𝑎O
2

is oxygen
concentration in the aorta, and 𝐶VO

2

is oxygen concentration
in the veins. Since the PDA concentration of oxygen in aorta
and pulmonary artery is equal, we simply replace oxygen
content in the pulmonary artery with its value in the aorta in
the second equation. It should be noted that this assumption
is only true for the MA (atresia) patients.

The term 𝑄
𝑝
is the average pulmonary flow obtained by

taking an average of 𝑄ASD (atrial septal defect flows) over
multiple cardiac cycles. There are two reasons. Firstly, under
steady state conditions, all the pulmonary venous return flow
passes through the ASD and pulmonary venous flow is equal
to pulmonary flow. Hence, on average atrial septal defect flow
and pulmonary flow are equal. Secondly, a large fraction of
(ideally half) the pulmonary artery flow goes to aorta, and
hence, to find the average pulmonary flow, it is more reliable
to calculate 𝑄ASD. Similarly, 𝑄

𝑆
is the average systemic flow

obtained by taking an average of PDA over the heart cycles.
Oxygen exchange in alveoli can be modeled using Hill’s

approach [26]. Oxygen in the blood is determined by the
amount of oxygenated hemoglobin (98%) and the oxygen
dissolved in blood (2%). So, the total volume of blood oxygen
concentration (𝐶

𝑏O
2

) depends on the saturated blood oxygen
(𝑆
𝑏O
2

) and the partial pressure of blood oxygen (𝑃
𝑏O
2

) by
the model from [16]; this is shown in (15). The term 𝛽 is
the concentration of O

2
in the blood hemoglobin at 100%

saturation and the term 𝛾 is concentration of dissolved O
2
.

𝛽 and 𝛾 have units of mL⋅mL−1mmHg−1 and the unit of
concentration is mL/mL. One has

𝐶
𝑏O
2

= 𝛽 ⋅ 𝑆
𝑏O
2

+ 𝛾 ⋅ 𝑃
𝑏O
2

. (15)

Differentiating (15), we get the following:
𝜕𝐶
𝑏O
2

𝜕𝑡
= 𝛽 ⋅

𝜕𝑆
𝑏O
2

𝜕𝑡
+ 𝛾 ⋅

𝜕𝑃
𝑏O
2

𝜕𝑡
. (16)

The relationship between oxygenized hemoglobin and
dissolved oxygen is given by the oxygen dissociation curve:

HbO
2
= 𝑆
𝑏O
2

=

(𝑃
𝑏O
2

/𝑝50)
𝑛

1 + (𝑃
𝑏O
2

/𝑝50)
𝑛
, (17)

where HbO
2
is the oxygenized hemoglobin, 𝑝50 is the partial

pressure of oxygen at 50% saturation (𝑆
𝑏O
2

= 0.5), and 𝑛

is a constant. Differentiating the above equation, we get the
following:

𝜕𝑆
𝑏O
2

𝜕𝑡
= (

𝜕𝑆
𝑏O
2

𝜕𝑃
𝑏O
2

)(

𝜕𝑃
𝑏O
2

𝜕𝑡
) , (18)

where

(

𝜕𝑆
𝑏O
2

𝜕𝑃
𝑏O
2

) =
1

𝑝50

𝑛 × (𝑃
𝑏O
2

/𝑝50)
𝑛−1

(1 + (𝑃
𝑏O
2

/𝑝50)
𝑛

)
2
. (19)

By combining the above equations, we have the following:

𝜕𝐶
𝑏O
2

𝜕𝑡
=

𝜕𝑃
𝑏O
2

𝜕𝑡
(𝛾 + 𝛽(

𝜕𝑆
𝑏O
2

𝜕𝑃
𝑏O
2

)) . (20)

Assuming that oxygen in the capillaries of the lungs is at a
constant partial pressure of 150mmHg and that there is a
continuous oxygen transfer from the lungs to the pulmonary
blood capillaries, if we take the volume in the capillaries as
a single unit with a volume 𝑉cap, then the time available for
the transfer of oxygen to blood capillaries can be assumed to
be the time taken for the pulmonary flow to fill the capillary
volume, 𝑉cap. One has

𝑡 = (

𝑉cap

𝑄
𝑝

) , (21)

where𝑄
𝑝
is the pulmonary flow rate. At any point of time, the

diffusion flux from the lungs to the blood capillaries is given
by the following:

𝐷O
2

= 𝐷
𝐿O
2

(𝑃alv𝑂
2

− 𝑃
𝑏𝑂
2

) , (22)

where 𝐷
𝐿O
2

is the total lung diffusion capacity for oxygen.
The diffusion flux of oxygen 𝐷O

2

will lead to a change in
the concentration of the volume in the blood capillaries, and
hence we could write

𝐷O
2

= 𝑉cap
𝜕𝐶
𝑏O
2

𝜕𝑡
. (23)

Thus, we have the following:

𝑉cap
𝜕𝐶
𝑏O
2

𝜕𝑡
= 𝐷
𝐿O
2

(𝑃alvO
2

− 𝑃
𝑏O
2

) . (24)

Substituting for 𝜕𝐶
𝑏O
2

/𝜕𝑡 we get

𝑉cap
𝜕𝑃
𝑏O
2

𝜕𝑡
(𝛾 + 𝛽(

𝜕𝑆
𝑏O
2

𝜕𝑃
𝑏O
2

)) = 𝐷
𝐿O
2

(𝑃alvO
2

− 𝑃
𝑏O
2

) . (25)
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Hence, at any instant, the change in the partial pressure
of oxygen in blood capillaries by diffusion is given by the
following:

𝜕𝑃
𝑏O
2

𝜕𝑡
=

𝐷
𝐿O
2

(𝑃alvO
2

− 𝑃
𝑏O
2

)

𝑉cap (𝛾 + 𝛽 (𝜕𝑆
𝑏O
2

/𝜕𝑃
𝑏O
2

))

. (26)

Integrating this equation over the limits, by using the numer-
ical trapezoidal integration method with a time step of 0.01 s,

∫

𝑃pvO2

𝑃
𝑎O2

(𝛾 + 𝛽 (𝜕𝑆
𝑏O
2

/𝜕𝑃
𝑏O
2

))

(𝑃alvO
2

− 𝑃
𝑏O
2

)

𝜕𝑃
𝑏O
2

=

𝐷
𝐿O
2

𝑉cap
∫

𝑉cap/𝑄𝑝

0

𝜕𝑡,

(27)

where𝑃pvO
2

is the partial pressure of oxygen in the pulmonary
veins. Since this is a complex function of 𝑃

𝑏𝑂
2

, integration is
carried out numerically. An estimated value of 𝑃

𝑎𝑂
2

is used
as an initial guess and the value of 𝑃pvO

2

is calculated from
the integral. If (27) is not satisfied, an improved value of
𝑃
𝑎O
2

is chosen and integration is repeated. This procedure
is continued until (27) is satisfied to the required level of
accuracy. The values of 𝑃

𝑎O
2

and 𝑃pvO
2

are checked to satisfy
the integral equation and if the left hand side of (27) turns
out to be less (or more) than the right hand side, then the
integration is carried out again with a lower (or higher) value.
This process is repeated until the equation is satisfied to the
required level of accuracy. Using the final value of 𝑃

𝑎O
2

and
oxygen release equation, the value of 𝑃VO

2

is calculated.
The exchange modeling for CO

2
has been implemented

using the same approach as we used for oxygen. The only
difference is that the CO

2
is released in the lungs and it is

taken up by the blood from the body tissues. Hence, we have

𝑄
𝑝
(𝐶
𝑎CO
2

− 𝐶pvCO
2

) = ̇SVCO
2
,

𝑄
𝑠
(𝐶VCO

2

− 𝐶
𝑎CO
2

) = ̇CVCO
2
,

̇SVCO
2
= ̇CVCO

2
,

(28)

where ̇SVCO
2
is the CO

2
release rate in the lungs expressed in

mL/min, and it is specified as an input to the system, ̇CVCO
2

is the whole body CO
2
release rate, 𝐶pvCO

2

is CO
2
con-

centration in the pulmonary vein, 𝐶
𝑎CO
2

is CO
2
concentra-

tion in the aorta, and𝐶VCO
2

is CO
2
concentration in the veins.

Referring to [17, 18] for the relationship of concentration
of CO

2
to its partial pressure at a temperature of 37∘C and

pH =7.4 andneglecting the effect of oxygen saturation (which
is reasonable), we get

𝐶
𝑏CO
2

= 0.009083𝑃
𝑏CO
2

, (29)

𝜕𝐶
𝑏CO
2

𝜕𝑡
= 0.009083

𝜕𝑃
𝑏CO
2

𝜕𝑡
, (30)

where 𝐶
𝑏CO
2

is the blood CO
2
concentration in mL/mL. The

diffusion equation for CO
2
becomes

𝑉cap
𝜕𝐶
𝑏CO
2

𝜕𝑡
= 𝐷
𝐿CO
2

(𝑃alvCO
2

− 𝑃
𝑏CO
2

) , (31)

where 𝐷
𝐿CO
2

is diffusion capacity of lung for CO
2
which is

known and 𝑃alvCO
2

is alveolar pressure of CO
2
, which is set to

41mmHg. Using (30) and (31), and after integration, we have

∫

𝑃pvCO2

𝑃
𝑎CO2

0.009083

(𝑃alvCO
2

− 𝑃
𝑏CO
2

)

𝜕𝑃
𝑏O
2

=

𝐷
𝐿CO
2

𝑉cap
∫

𝑉cap/𝑄𝑝

0

𝜕𝑡. (32)

Equation (32) is numerically integrated with an initial value
of 𝑃
𝑎CO
2

such that the value of 𝑃pvCO
2

satisfies carbon dioxide
release equation in the lungs. It is iterated until the equation
is satisfied with a certain level of accuracy. Again, using the
value of𝑃

𝑎CO
2

and using the equation of carbon dioxide taken
up by the blood, we get a solution for 𝑃pvCO

2

.

2.6. Parameter Values. The parameter values for the case
of a newborn HLHS patient were taken from a child after
stage 1 circulation with a neoaorta and a Blalock-Taussig
shunt replacing the PDA [20]. Since the first step Norwood
procedure is applied for a child in his/her early few weeks,
the parameter values for these infants would be comparable;
these values are listed in Tables 1–3. It should be noted that
𝑅ASD,𝑅PDA, and𝑅PA are the only variableswhich change post-
operatively; we performan analysis by varying the parameters
to include a wide range of patients.

The value of the resistance for the pulmonary arteries is
almost a hundred times that which is used in [20]. This is
an estimated value to show very severe conditions. This is
because, for a newborn baby, it is well known that pulmonary
resistance is very high, falls precipitously after the first breath,
and continues to fall over the first few weeks of his life.
The average body surface area (BSA) for an adult male is
around 1.5m2 and the average surface area for a newborn
child is 0.30m2. Hence a scaling factor of five can be assumed
while estimating some of the parameters for a child from
the parameters of an adult. Although this method is widely
used by clinicians in estimating the parameters, it brings some
uncertainty to the model; hence, a parametric analysis has
been carried out in order to understand the effect of those
variables on the outputs.

The oxygen consumption rate in an average adult is
300mL/min [24] and hence the average oxygen consump-
tion rate in a child can be assumed to be approximately
60mL/min. The total lung diffusion capacities for O

2
and

CO
2
are 62mL/min (mmHg)−1 and 478mL/min (mmHg)−1,

respectively, for an adult. Considering the scaling factor of 5
and the fact that the diffusion capacity is inversely propor-
tional to the square of the surface area, we have a diffusion
capacity for a child for O

2
and CO

2
as 2.5mL/min (mmHg)−1

and 19mL/min (mmHg)−1, respectively. Average CO
2
release

rate by an average adult is 400mL/min, and hence the average
release rate for a child is 80mL/min.

2.7. Numerical Methods and Algorithms. The simulations and
modeling presented in this paper have been done using
Matlab. We used the trapezoidal integration method with a
time step of 0.01 s for numerical integration. The numerical
differentiation for solving ordinary differential equations
presenting the HLHS model has been done using explicit
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Table 2: Circulation parameters.

Parameters Values
Pulmonary circulation

PA
𝑅 2mmHg⋅s⋅mL−1

𝐿 0.00412mmHg⋅s2⋅mL−1

𝐶 0.27410mL/mmHg
PAB

𝑅 0.41688mmHg⋅s⋅mL−1

𝐶 0.04078mL/mmHg
PVB

𝑅 0.01097mmHg⋅s⋅mL−1

𝐿 0.00218mmHg⋅s2⋅mL−1

𝐶 0.88750mL/mmHg
Systemic circulation

DA
𝑅 0.19883mmHg⋅s⋅mL−1

𝐿 0.00287mmHg⋅s2⋅mL−1

𝐶 0.06118mL/mmHg
SAB

𝑅 3.51120mmHg⋅s⋅mL−1

𝐿 0.00535mmHg⋅s2⋅mL−1

𝐶 0.44296mL/mmHg
SVB

𝑅 0.32255mmHg⋅s⋅mL−1

𝐶 0.31030mL/mmHg
SLV

𝑅 0.08265mmHg⋅s⋅mL−1

𝐶 4.07890mL/mmHg
Patent ductus arteriosus

𝑅 1mmHg⋅s⋅mL−1

Table 3: Blood gas diffusion parameters.

Parameters Values
Oxygen

𝐷
𝐿O2

180mL/min
Γ 0.00003 (mL⋅mL−1mmHg−1)
𝐵 0.2213 (mL⋅mL−1mmHg−1)
𝑁 2.7
𝑃avO2

100mmHg
Carbon dioxide

𝐷
𝐿CO2

450mL/min
𝑉cap 3.5mL
𝑃avCO2

41mmHg

fourth-order Runge-Kutta method [27]. In our simulations
we have set the time step and time span to 0.01 s and 10 s,
respectively. We have then ignored the first few cycles to
drop the transients and to achieve steady-state solution. The
initial condition has been set to 0.1 of the respective units
for the pressures and flows. The computer used to run the
simulations has a 32GB of RAM and an Intel Xeon X5680
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Figure 5: Pressures in right atrium, pulmonary artery, and pul-
monary venous bed. As it is expected in the case of HLHS babies,
since blood is pumped from right ventricle to the whole body,
pressures in pulmonary arterial bed for the HLHS babies are higher
than those for normal babies.
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Figure 6: Pressures in right ventricle, descending aorta, and
pulmonary artery. The heart rate is assumed to be 160 bpm based
on the average HLHS patient data.

processor. The computation time to run the simulations for
10 s was 6.19 s.

3. Results

Numerical results were obtained using the parameter values
as discussed above. Typical important pressure curves for
various points of the body are shown in Figures 5 and 6.
The pressures depicted by the model in Figures 5 and 6
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Figure 7: Flow rates in aorta and pulmonary artery. The plots are
shown for 𝑅ASD and 𝑅PDA equal to 1mmHg⋅s⋅mL−1. The neonatal
situation shown in this figure is dangerous, because most of the flow
goes to the pulmonary artery and there is not enough flow going to
the vital organs.
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Figure 8: Pressure-volume loop. 𝑅ASD and 𝑅PDA are set to
0.1mmHg⋅s⋅mL−1 and HR is 160 bpm.

are consistent with the atrial, ventricular, and pulmonary
pressures of the HLHS heart. The pressure values of the
different sections of the heart through the two contraction
cycles are consistent with a heart that has a blockage/defect
of the left ventricle as in patients with hypoplastic left
heart syndrome, where the right ventricle is responsible for
circulating blood to the lungs as well as throughout the body.

The variations of flow rate in the aorta and the pulmonary
artery are shown in Figure 7. Another very important curve
is the 𝑃-𝑉 loop for the right ventricle, which is shown in
Figure 8. There are no discontinuities or nonsmoothness
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Figure 9: Flow rate in PDA for 𝑅PDA is equal to 10mmHg⋅s⋅mL−1.

in the figure since all the relationships that are used for
calculating the pressures and the volumes are exponential.
Note that the heart rate in this paper is assumed to be 160 bpm
which is calculated from the mean values of patient data.The
end-diastolic and systolic volumes for the right ventricle are
49.9 and 18.2 cm3, respectively, with an ejection fraction of
63.5%.

Figure 9 displays the PDA flow rate. Increasing the
resistance decreases the flow rate as might be expected.

3.1. Parametric Analysis. Weperformed a parametric analysis
to investigate the effect of some clinically important param-
eters on the model performance and also to provide a way
to compare different stages in the HLHS baby’s life. When
a baby is born, the PDA is fully open; hence 𝑅PDA is low.
When the baby takes his first breath, pulmonary resistance
falls sharply in the first few hours but still remains at a high
value for the first few days of life as it slowly drops down to
normal. To model this phenomenon, we assume 𝑅PDA = 0.1

and 𝑅PA = 2mmHg⋅s⋅mL−1; the resulting pressure curves for
the different parts are as shown in Figure 10.

As can be seen in Figure 10, aortic pressures are in the
normal range of 75–115mmHg and the pulmonary pressures
are also normal. But as the baby ages by 5–10 days, the PDA
begins to close and hence 𝑅PDA increases.

As the pulmonary resistance further drops to 𝑅PA =

0.2mmHg⋅s⋅mL−1, less flow crosses PDA to aorta. In this
situation, since the pulmonary pressure is higher than the
aortic pressure, there would be more systemic flow than
pulmonary flow. The pressure curves for this stage are
shown in Figure 11. In this situation, the condition becomes
extremely dangerous. All the flow goes to the lungs and there
is a reverse pressure gradient across the PDA such that the
pressure in the PA is less than the pressure in the aortic arch
and there is no flow going to the vital organs. Pressure builds
in the RA because of the extra small pulmonary flow and
death ensues.

Norwood procedure is performed to create a neoaorta
from the common pulmonary artery as the cardiac outflow
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Figure 10: Pulmonary artery and aorta pressure just after birth in
HLHS baby with 𝑅PDA = 0.1 and 𝑅PA = 2mmHg⋅s⋅mL−1.
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Figure 11: Pulmonary artery and aorta and right ventricle pressure
before Norwood circulation procedure.

track. A synthetic shunt of constant diameter is placed to
stabilize the pulmonary blood flow and the PDA is legated.

The constant diameter of the shunt limits the amount of
flow to the low resistance PA, thereby stabilizing 𝑄𝑝/𝑄𝑠, a
model which has been presented in [20].

Three parameters,𝑅ASD, 𝑅PA, and 𝑅PDA, were chosen and
were varied over a range of physiological resistance, and the
resulting changes in the hemodynamic parameters were ana-
lyzed. Varying ASD resistance (𝑅ASD) corresponds to varying
magnitudes of the septal defect. Varying the pulmonary
artery resistance (𝑅PA) corresponds to the increasing age of
the baby. Finally, the last parameter varied is the resistance
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Figure 12: Systemic oxygen delivery. Oxygen delivery is calculated
by multiplication of system flow and arterial oxygen concentration.
The results are consistent with what is presented in [20].

within the PDA (𝑅PDA). This parameter can be controlled by
an infusion of prostaglandin to prevent PDA closure.

Two parameters are varied in each plot to study the effects
of the parametric variation on systemic hemodynamics.
The graphs of important hemodynamic parameters such as
cardiac output, pulmonary to systemic flow ratio, and oxygen
and carbon dioxide partial pressures are presented (Figures
12–15). Systemic oxygen delivery as a function of increasing
𝑅PDA is shown in Figure 12.We can observe from this plot that
oxygen delivery will decrease with increase of both 𝑅ASD and
𝑅PDA.Although this is a fairly obvious fact, the interesting find-
ing is that in the case of very high 𝑅ASD the oxygen delivery
is not monotonically decreasing, and it has a maximum for
some intermediate values of 𝑅PDA. We can infer that in the
case of neonates with very high 𝑅ASD an increase in 𝑅PDA to
some extent could be helpful.

As can be observed from Figures 13(a) and 13(b), the
pulmonary-to-systemic flow ratio (𝑄𝑝/𝑄𝑠) changes with the
change in the model parameters. As 𝑅ASD increases, this ratio
decreases because the pulmonary flow keeps on decreasing;
this is because, at steady state, all the pulmonary flow passes
through the ASD, and an increase of 𝑅ASD leads to a decrease
in the flow. As 𝑅PDA increases, the systemic flow decreases
since all the systemic flow passes through ductus arteriosus
which leads to an increase in the 𝑄𝑝/𝑄𝑠 ratio.

A 𝑄𝑝/𝑄𝑠 ratio around one is optimal for the body [28]
and hence a suitable area for the flow can be selected from
these graphs accordingly. Considering the parameters that
have to be changed, such a point can be reached.Thedirection
of blood flow depends upon the resistance, and hence, in the
case of HLHS, blood follows the path of least resistance. In
high 𝑅PA resistances in constant 𝑅PDA, the ratio decreases
because, due to high pulmonary resistance, the amount
of pulmonary flow decreases and systemic flow increases
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Figure 13: Variation of 𝑄𝑝/𝑄𝑠 by changing the most important model parameters. Values around one are normal.
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Figure 14: Variation of arterial oxygen saturation by changing the most important model parameters.

leading to a decrease in the 𝑄𝑝/𝑄𝑠 ratio. Plots show that
in some combination of PA, ASD, and PDA resistances the
optimal 𝑄𝑝/𝑄𝑠 can never be achieved. For example, if 𝑅PA =

0.1mmHg⋅s⋅mL−1, the optimal 𝑄𝑝/𝑄𝑠 ratio is unreachable.
As shown in Figures 14(a) and 14(b), as 𝑅PDA increases,

the arterial O
2
saturation also increases and becomes nearly

constant at high values of the resistance; however, it decreases
monotonously with 𝑅ASD. The decrease with 𝑅ASD becomes
more profound at lower values of 𝑅PDA. This trend is also
observed with 𝑅PA. For constant 𝑅PA, systemic arterial O

2

concentration increases with increasing 𝑅PDA.

As𝑅PDA increases, cardiac output (sumof pulmonary and
systemic flows) decreases slowly as the systemic flow keeps
on decreasing and this counters the effect of the increasing
pulmonary flow as shown in Figures 15(a) and 15(b). As 𝑅ASD
increases, cardiac output decreases significantly due to a rapid
reduction in the pulmonary flow. Hence, it can be deduced
that the sensitivity of the pulmonary flow to𝑅ASD is very high.
A similar trend can be observed with 𝑅PA playing the same
role as that of 𝑅ASD.

Figure 16 shows a plot of 𝑃CO
2

(partial pressure of carbon
dioxide) for constant 𝑅PA = 0.1mmHg⋅s⋅mL−1 and varying
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Figure 15: Variation of cardiac output by changing the 𝑅ASD, 𝑅PA, and 𝑅PDA.
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Figure 16: Variation of 𝑃CO2 for constant 𝑅PA = 0.1mmHg⋅s⋅mL−1
and changing 𝑅PDA and 𝑅ASD. Previous finding underlined the
importance of 𝑃CO2 as a risk factor for the occurrence of PVL.

values of𝑅PDA and𝑅ASD.We focus on𝑃CO
2

since our previous
studies based on computational intelligence (CI) techniques
have shown that 43mmHg𝑃CO

2

is an important threshold for
predicting PVL. By inclusion of𝑃CO

2

in ourmodel we attempt
to find a reason for this interesting but somewhat inexplicable
result of the CI technique. Our results show that all values of
𝑃CO
2

are less than 43mmHg for 𝑅PA = 0.1mmHg⋅s⋅mL−1 and
𝑅ASD ≥ 4mmHg⋅s⋅mL−1. Considering the fact that 𝑃CO

2

to
some extent is measureable and controllable post- and pre-
operatively, this finding could well lead to a valuable insight.

4. Conclusion

The goal of this paper has been to develop a lumped
parameter model of HLHS, a fairly common congenital heart
disease. The need for this physical modeling comes from our
ultimate goal to predict and prevent one of the consequences
of this abnormal circulation, namely, a form of brain injury
called periventricular leukomalacia (PVL).

The exact causes of PVL are not well understood and in
this paper our focus has been on understanding how some
critical parameters such as flow resistances at the atrial septal
defect or patent ductus arteriosus might alter systemic flow
and systemic oxygen delivery, which could be reasonably
expected to have a causal relationship to PVL occurrence.

In this paper, we have compared the results of HLHS
circulation (preoperative condition) to Norwood circulation
(postoperative condition). Results show the manner and
extent of changes in the pressure and blood flow in different
parts of the body. In reporting the modeling results, we have
mostly focused on the pulmonary to systemic flow ratio
(𝑄𝑝/𝑄𝑠), O

2
delivery, and O

2
saturation because we believe

that these parameters are important risk parameters of the
PVL occurrence. By use of the model, the following points
were demonstrated or confirmed.

Different sizes of the PDA and the ASD and different
resistances of the PDA and the ASD will result in changing
the regulation of pulmonary and systemic flow and hence
these resistances play a critical part in our goal to predict the
occurrence of the PVL.

The direction of blood flow depends upon the PA resis-
tance and that of the PDA resistance. Increase in the PDA
resistance leads to blood flowing where the resistance is
the least. This results in an increased 𝑄𝑝/𝑄𝑠 ratio. With
an increase in the PDA resistance a greater portion of the
cardiac output goes into the lungs.This will lead to a systemic
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hypoperfusion and poor O
2
delivery. This result is consistent

with the results presented in [29].
By comparing the slope in cardiac output and pulmonary

to systemic flow variation plots, one could observe that the
rates of change (slopes) are higher for variation of PA resist-
ance in comparisonwith the variation of ASD resistance.This
means that the PA resistance is more influential on the CO
and pulmonary to systemic flow ratio than the ASD resist-
ance. This suggests that the PA resistance is more directly
involved in the determination of the 𝑄𝑝/𝑄𝑠 ratio and the
cardiac output.

The optimal O
2
delivery is achieved when balanced

pulmonary and systemic perfusion is established, namely,
when 𝑄𝑝/𝑄𝑠 is around 1. Our results show that, for some
values of 𝑅PA and 𝑅ASD, the optimal 𝑄𝑝/𝑄𝑠 can never be
achieved. Since insufficient O

2
delivery is considered to be a

potential cause for PVL, it seems reasonable to infer that these
values of 𝑅ASD and 𝑅PA lead to high risks of PVL.

It is known that the correlation between venous O
2

saturation and O
2
delivery is better than the correlation

between arterial O
2
saturation and O

2
delivery. However,

since measurement of the mixed venous saturation in clinical
practice remains difficult, we just considered the case of
arterial oxygen saturation [30] in this study.

The developed model also has some other interesting
applications. For example, with some minor modifications
to cover the partly underdeveloped left heart, the proposed
model could form a good foundation for the analysis of
newborns with underdeveloped left ventricles and model
based design of left ventricular assist devices.

Given that the exact causes of PVL are still not clearly
understood, the main goal of this paper has been to develop
a sound mathematical model to investigate HLHS, a severe
congenital deformation which has the highest correlation
with the occurrence of PVL as suggested by preliminary
postoperative data collected from Children’s Hospital of
Philadelphia (CHOP). Also, the paper aims to provide a
tool to better understand the main factors that drive the
HLHS physiology by a suitable variation of physiological
parameters.

Our previous computational intelligence based findings
[5, 7, 10] suggest some important factors in the occurrence
of PVL; however, since the exact physiological reasons and
causes of those findings are not clear, the current model has
been developed to discover cases that will lead to the PVL
situation and to analyze them. We hope that the developed
model could open the door for further investigation of the
HLHS syndrome and also to its connection with PVL. The
postoperative results are consistent with what is reported in
[20] which makes this model potentially valuable for clinical
use.

Some of the limitations of the current work are as follows.

(i) The effect of respiration and regulatory mechanisms
such as HR baroreflex and total peripheral resistance
baroreflex on the cardiopulmonary performance is
not considered in building the model.

(ii) The values of the components of the analog electrical
circuit are estimated and there is still no direct,

reliable, and safe way to measure them with high
confidence.

(iii) The results of themodel should be validated clinically.
A parameter adaptation algorithm for patient specific
modeling should be developed and implemented on
the patient specific data. The correlation between the
PVL occurrence and different values for ASD, PA, and
PDA resistances should be calculated for the aim of
PVL occurrence prediction.

To improve the model further and to add more verisimil-
itude with reality, it is important to include other factors into
the system such as autoregulation and to investigate its effects.
Our current work is continuing on this important problem
and will focus on addressing some of the above limitations.

Finally we would like to comment about the general
utility of the procedures developed in this paper. With
all the obvious limitations, the method of constructing a
mathematical model pursued in this paper is still appealing
because it permits the change of parameters very easily to
understand their influence on the usual key clinical outputs
such as 𝑄𝑝/𝑄𝑠. Such models exist for other conditions
but none exist for PVL based on preoperative conditions.
By use of a parametric analysis on computer models we
start to acquire the very useful ability to predict pre- and
postoperative conditions for specific patients and also to
develop patient specific models to investigate physiological
states of individual patients. That said, we would like to
reiterate the limitations of the current model and hope to
develop and inspire development of improved models with
appropriate corroboration.
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The inclusion of nonconducting media, mimicking cardiac fibrosis, in two models of cardiac tissue produces the formation of
ectopic beats. The fraction of nonconducting media in comparison with the fraction of healthy myocytes and the topological
distribution of cells determines the probability of ectopic beat generation. First, a detailed subcellular microscopic model that
accounts for the microstructure of the cardiac tissue is constructed and employed for the numerical simulation of action potential
propagation. Next, an equivalent discrete model is implemented, which permits a faster integration of the equations. This discrete
model is a simplified version of the microscopic model that maintains the distribution of connections between cells. Both models
produce similar results when describing action potential propagation in homogeneous tissue; however, they slightly differ in the
generation of ectopic beats in heterogeneous tissue. Nevertheless, both models present the generation of reentry inside fibrotic
tissues. This kind of reentry restricted to microfibrosis regions can result in the formation of ectopic pacemakers, that is, regions
that will generate a series of ectopic stimulus at a fast pacing rate. In turn, such activity has been related to trigger fibrillation in the
atria and in the ventricles in clinical and animal studies.

1. Introduction

Cardiac arrhythmias are malfunctions of the coordinated
dynamics of heart electric activity. In the extreme case when
many cardiac myocytes are strongly desynchronized, con-
traction is impaired.This underlying complex spatiotemporal
dynamics is called fibrillation and can take place in the
atria or ventricles. Reentry that is the reappearance of the
action potential wave after its first passage or spiral wave is
believed to be a necessary but not sufficient condition for
fibrillation. Once one or more spiral waves exist, they can
interact or a single one can become unstable and in either
situation this may lead to fibrillation. Spiral generation, spiral
breakup, instabilities, and fibrillation have been extensively
studied by the use of computational models [1–3], clinical
data, or animal models [4–7]. One of the most common
protocols to generate a spiral wave is via an ectopic beat:
an additional stimulus generates a second wave that will

interact with the sinus wave and lead to the genesis of a spiral
wave or reentry. This process is well understood and many
known situations lead to the appearance of an ectopic beat in
pathological or physiological conditions. Just to name two of
them, in a healthy heart, an external impactmay stretch some
region of the heart and via stretch-activated ion channels,
cardiacmyocytesmay coordinately generate action potentials
that may initiate a second wave [8]. In an infarct region, gap
junctional remodeling, fibroblast to myocyte coupling, and
fibrosis can significantly slow down wave propagation when
it enters the infarct region, so that the wave leaves the region
detached from the sinus wave, that is, when a second wave or
ectopic beat appears [9].

There are many different protocols for the generation
of fibrillation. Fast pacing is a common protocol used in
both computational and animal models and experiments
[5, 6, 10]. We can refer to a recent work [11] where atrial
fibrillation was studied in an accurate model of human atria.
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In the mentioned work, it was only possible to induce atrial
fibrillation by using a burst of at least six consecutive ectopic
beats separated by 130ms or via continuous fast periodic
pacing (also with an ectopic beat period of 130ms). Unfor-
tunately, differently from the case of a single ectopic beat,
there are notmanywell-understood examples or explanations
for ectopic pacemakers that is a region that would generate
multiple ectopic beats at a frequency much higher (near an
order of magnitude) than the sinus rhythm. In particular,
new evidences suggest that two mechanisms (combined or
not) may play a very important role in the generation of
ectopic pacemakers: abnormal intracellular calcium (Ca2+)
signalling and microreentry (reentry inside a fibrotic region)
[12].

In this work we were able to generate an ectopic pace-
maker in computer simulations of cardiac electrophysiology
by assuming a single hypothesis for substrate: the existence of
a region with a mixture of excitable (healthy myocytes) and
nonexcitable (fibrosis, for instance) areas, where each area
has a minimum size of a single myocyte. This fibrotic region
has been named before as microfibrosis [13–15], not mainly
because of its whole size, but rather due to the microscopic
separation of these two phases, myocytes and fibrosis, which
as mentioned before is at the scale of a single myocyte.

The mechanism of this ectopic pacemaker is simple. The
two different phases (excitable and nonexcitable) form amaze
or labyrinth for wave propagation. Propagation becomes
fractionated by the zig-zag like or tortuous pathways it has
to follow. Macroscopic propagation is considerably slowed
down. Microscopically, the topology of the maze allows the
electric wave to reexcite the fibrotic tissue before the wave
leaves it.Therefore, reentry and spiral waves are formed inside
the fibrotic region.This spiral-like wave will continuously try
to generate ectopic beats whenever it touches the border of
the fibrotic region.

Evidences that support this thesis can be found in previ-
ous computational, animal, and clinical studies. Many animal
studies have associated regions near fibrosis as triggers for
ventricular tachycardia, fibrillation [9], or atrial fibrillation
[16]. Macroscopically, it has been shown that propagation
velocity in the border zone of infarct may drop from 0.51m/s
to 0.09m/s [9].Microscopically, propagation near fibrosis has
been associated with fractionated electrograms, or complex
fractionated atrial electrograms (CFAE), in both animal [17]
and clinical studies [18]. These findings have remarkably
changed the management and prognostics of patients with
atrial fibrillation via a new procedure of catheter ablation of
atrial fibrillation that is guided byCFAEmapping [19]. Recent
clinical studies of guided CFAE ablation revisited the benefits
and risks of this procedure and clearly suggest that further
investigation on this topic is required [20–22].

Computer simulations gave valuable insights into how the
microstructure of cardiac tissue, specifically microfibrosis,
and CFAEs are related [13, 15]. These previous studies have
used realist electrophysiology single myocyte models and
detailed microscopic description to quantitatively represent
the fine structure of cardiac tissue; that is, the models were
based on subcellular discretizations of cardiac tissue.

Figure 1: In the center of this figure we present the fibrotic region
that is simulated in this work. The presence of reentry inside the
fibrotic region may constantly reexcite the surrounding tissue and
therefore act as an ectopic pacemaker.

However, up to now, a clear link between the microstruc-
ture remodeling of cardiac tissue (microfibrosis) and a the-
oretical substrate for cardiac arrhythmia (fibrillation) is still
missing. Evidences of the importance of tissue heterogeneity,
specifically of nonconductive cells, on spiral genesis and
breakup were already presented in a theoretical study using
simple models based on cellular automata [23]. Recently,
Alonso and Bär [24] have presented, for the first time,
simulations based on simple discrete and isotropic models
of cardiac tissue that could generate ectopic pacemakers.
The mechanism was the one explained before: reentry was
generated inside a heterogeneous tissue (composed of active
or nonactive discrete cells). In addition, Alonso and Bär [24]
have described how the probability of reentry depends on a
specific feature of the topology of the discrete network that
was used to model cardiac tissue: the percentage of nonactive
cells phi.

The focus of this work is on bridging the gap between
the quantitative and more complex models used to simu-
late microfibrosis and CFAEs [13] and the qualitative and
simplified models used to relate microfibrosis and ectopic
pacemaker [24]. For this purpose two different models were
used, and both are as complex and realistic as those used
before in [13]; that is, both use realistic description of single
myocyte electrophysiology and account for the microstruc-
ture of cardiac tissue such as gap junction distribution and
tissue anisotropy: (1) a microscopic model with subcellular
discretization of 8 𝜇m as described before in [25] and (2) a
discrete equivalent model that, to the best of our knowledge,
has never been presented before. It is important to highlight
that in this paper our models focus on the electric dynamics
inside the ectopic pacemaker or microfibrosis region (see
Figure 1). In the near future we will study how this activity
propagates to the outside of this fibrotic region and ultimately
influence the surrounding (nonfibrotic) regions of the heart.

Our simulation results support the thesis that the
microstructure of a fibrotic tissue may indeed generate per se
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Combined plicate gap junction

(c)

Figure 2: (a) Six basic units being combined to form a larger tissue. (b) Basic unit of cardiac myocyte distribution based on a total of 32
cells. (c) This figure presents an example of how different gap junctions are distributed in three neighboring myocytes that belong to the
basic unit.There are only 5 possible types of connections between neighboring volumes that are membrane, which indicated no-flux between
neighboring volumes; cytoplasm, which indicates the neighboring volumes are within the same cell; three possible types of gap junctions,
plicate, intriplicate, and combined plicate.

an ectopic pacemaker via reentry inside the microfibrosis.
Also, as in [24], the probability of a fibrotic region to become
an ectopic pacemaker depends on the percentage of fibrosis
in the tissue. Using our realistic models we could quantify
that ectopic pacemakers were easier to be generated with 𝜙
between 42% and 50%. Our results also gave new insights
and suggest that, in addition to the percentage of fibrosis,
𝜙, the probability of a fibrotic region to become an ectopic
pacemaker also depends on the direction of the approaching
plane wave. This is in agreement with the recent results
presented in [15] where it was shown that the waveforms
of CFAEs depend on both the structure or topology of the
fibrosis and the direction of the approaching propagating
wave.

2. Methods

2.1. A Detailed Microscopic Model of Mouse Ventricular Tissue

2.1.1. Modeling Cardiac Microstructure. We developed a two-
dimensional model that is based on the previous work
of Spach and collaborators [26, 27] that accounts for the
microstructure of cardiac tissue, gap junction heterogeneous
distribution, and discretizations of 8 𝜇m × 8 𝜇m. A basic
template for myocyte connections was developed and is
presented in Figure 2(b). This basic unit accounts for the
connection of a total of 32 cardiac myocytes with different
shapes and numbers of neighboring cells.

In the previous model of Spach and collaborators [26,
27] the basic template consisted of 33 myocytes with

a discretization of 10 𝜇m × 10 𝜇m whereas in our template
we have 32 myocytes with a discretization of 8 𝜇m × 8 𝜇m.
These small modifications to the original model proposed
in [26, 27] were adopted to better describe the values for
cell length and width reported in the recent literature. The
mean and SD (standard deviation) values for cell length and
width are 120.9 ± 27.8 𝜇m and 18.3 ± 3.5 𝜇m, respectively.
These values are close to those reported in the literature:
[28] (length = 140 𝜇m and width = 19𝜇m), [29] (length =
134 𝜇m and width = 18 𝜇m), and [30] (length = 100 𝜇m and
width = 17.32 𝜇m). On average each cell connects to the
other 6 neighboring myocytes. Our two-dimensional model
considers a homogeneous depth 𝑑 = 10 𝜇m [26, 27].

This basic unit was created in such a way that it allows the
generation of larger tissue preparations via the connections
of multiples instances of it. Figure 2(a) presents how this can
be achieved.

Figure 2(c) presents an example of how the connections
between different myocytes can be arranged. The code was
developed in a flexible way, so that it allows the user to set
up for each discretized volume Vol

𝑖,𝑗
(with area = ℎ × ℎ)

conductivity or conductance values for the north (𝜎
𝑥𝑖,𝑗+1/2

),
south (𝜎

𝑥𝑖,𝑗−1/2
), west (𝜎

𝑥𝑖−1/2,𝑗
), and east (𝜎

𝑥𝑖+1/2,𝑗
) volume

faces. These can be any nonnegative values. In this work,
we set the discretization ℎ to 8𝜇m. In addition, based on
the work of Spach and collaborators [26, 27], we chose
only 5 possible types of connections between neighboring
volumes that are membrane (𝜎

𝑚
= 0.0), cytoplasm (𝜎

𝑐
=

0.4 𝜇S/𝜇m), gap junction plicate (𝐺
𝑝
= 0.5 𝜇S), intriplicate
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(𝐺
𝑖
= 0.33 𝜇S), and combined plicate (𝐺

𝑐
= 0.062 𝜇S), where

we use 𝜎 for conductivity and 𝐺 for conductance. For the
simulations presented in this work, the distribution of the
different gap junctions within the 32 myocytes was not
randomly generated. Instead, the gap junction distribution
of the basic template unit was manually chosen to reproduce
the distribution presented before in [26, 27]. With this
setup and conductivity values we found that conduction
velocity along the fibers was around 410 𝜇m/ms (LP) and was
130 𝜇m/ms transversal to fiber direction (TP). This results in
a ratio LP/TP of 0.32, which is close to the conduction ratio
reported in [26]. It is worth mentioning that the values of
longitudinal and transversal conduction velocities observed
in experiments vary significantly (longitudinal conduction
velocity is between 30 and 70 cm/s under normal or control
conditions). Indeed, this large variation of measurements are
due tomany factors, such as the experimental technique used,
temperature, pacing protocol, species, and heart region. Our
value for LP conduction velocity (41 cm/s) is within the range
of those reported in the literature: rat left atria [31] (42 ±
17 cm/s), dog left ventricle [32] (63 ± 10 cm/s), mouse left and
right ventricle [33] (35 ± 3 cm/s), and guinea pig left and right
ventricle [34] (52 ± 2 cm/s).

2.1.2. The Heterogeneous Monodomain Model. Action poten-
tials propagate through the cardiac tissue because the intra-
cellular space of cardiac cells is electrically coupled by gap
junctions. In this work, we do not consider the effects of
the extracellular matrix. Therefore, the phenomenon can be
describedmathematically by a reaction-diffusion type partial
differential equation (PDE) calledmonodomainmodel, given
by

𝛽𝐶
𝑚

𝜕𝑉 (𝑥, 𝑦, 𝑡)

𝜕𝑡
+ 𝛽𝐼ion (𝑉 (𝑥, 𝑦, 𝑡) , 𝜂 (𝑥, 𝑦, 𝑡))

= ∇ ⋅ (𝜎 (𝑥, 𝑦) ∇𝑉 (𝑥, 𝑦, 𝑡)) + 𝐼stim (𝑥, 𝑦, 𝑡) ,

𝜕𝜂 (𝑥, 𝑦, 𝑡)

𝜕𝑡
= f (𝑉 (𝑥, 𝑦, 𝑡) , 𝜂 (𝑥, 𝑦, 𝑡)) ,

(1)

where 𝑉 is the variable of interest and represents the trans-
membrane voltage, that is, the difference between intracellu-
lar to extracellular potential; 𝜂 is a vector of state variables,
which also influence the generation and propagation of the
electric wave, and usually includes the intracellular concen-
tration of different ions (K+, Na+, Ca2+) and the permeability
of different membrane ion channels; 𝛽 is the surface-volume
ratio of heart cells; 𝐶

𝑚
is the membrane capacitance; 𝐼ion the

total ionic current, which is a function of 𝑉 and a vector
of state variables 𝜂; 𝐼stim is the current due to an external
stimulus; 𝜎 is the monodomain conductivity tensor. We
assume that the boundary of the tissue is isolated; that is, no-
flux boundary conditions were imposed (n ⋅𝜎∇𝑉 = 0 on 𝜕Ω).

In this work, the Bondarenko et al. model [35] that
describes the electrical activity of left ventricular cells of
mice was considered to simulate the kinetics of 𝐼ion in (1).
The Bondarenko et al. model (BDK) was the first model
presented for mouse ventricular myocytes [35]. The ionic
current term 𝐼ion in this model consists of the sum of 15

transmembrane currents. In short, Bondarenko’s model is
based on an ordinary differential equation (ODE) with 41
differential variables that control ionic currents and cellular
homeostasis. In this model most of the ion channels are
represented by Markov chains (MCs).

2.1.3. Numerical Discretization in Space and Time. The finite
volume method (FVM) is a mathematical method used to
obtain a discrete version of partial differential equations.This
method is suitable for numerical simulations of various types
of conservation laws (elliptical, parabolic, or hyperbolic) [36].
Like the finite element method (FEM), the FVM can be used
in several types of geometry, using structured or unstructured
meshes and generates robust numerical schemes.

The development of the method is intrinsically linked to
the concept of flow between regions or adjacent volumes;
that is, it is based on the numerical calculation of net fluxes
into or out of a control volume. For some isotropic problems
discretized with regular spatial meshes, the discretization
obtained with the FVM is very similar to the one obtained
with the standard finite difference method (FDM). Detailed
information about the FVM applied to the solution of
monodomain can be found in [37, 38].

The reaction and diffusion parts of the monodomain
equations were split by employing the Godunov operator
splitting [39]. Therefore, each time step involves the solution
of two different problems: a nonlinear system of ODEs

𝜕𝑉

𝜕𝑡
=

1
𝐶
𝑚

[−𝐼ion (𝑉, 𝜂) + 𝐼stim] ,

𝜕𝜂

𝜕𝑡
= f (𝑉, 𝜂) ;

(2)

and a parabolic PDE

𝛽(𝐶
𝑚

𝜕𝑉

𝜕𝑡
) = ∇ ⋅ (𝜎∇𝑉) . (3)

For the discretization of the nonlinear system of ODEs
we note that its stiffness demands very small time steps. For
simple models based on Hodgkin-Huxley formulation this
problem is normally overcomeby using theRush-Larsen (RL)
method [40]. However, for the most modern and complex
models that are highly based on MCs, the RL method
seems to be ineffective in terms of allowing larger time
steps during the numerical integration. For the case of the
Bondarenko et al. model, we tested both methods, Euler and
RL, and both demanded the same time step, Δ𝑡

𝑜
= 0.0001ms

due to stability issues. Since the RLmethod is more expensive
per time step than the Euler method, in this work, we used
the simple explicit Euler method for the discretization of the
nonlinear ODEs.

Since the spatial discretization of our model, ℎ, is
extremely small, the CFL [41] condition that assures numeri-
cal stability is very restrictive.Therefore, for the PDE we used
the unconditionally stable implicit Euler scheme. In addition
this allowed us to use a longer time step for the numerical
solution of the PDE (Δ𝑡

𝑝
> Δ𝑡

𝑜
). The time derivative
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Figure 3: Elementary tissue unit in the microscopic (a) and the discrete (b) model. The same color code of each cell is employed in both
meshes. Lines in the discrete model represent the connection between the linked cells.

presented in (3), which operates on 𝑉, is approximated by a
first order implicit Euler scheme.

The diffusion term in (3) must be discretized in space.
For the space discretizationwe considered a two-dimensional
uniform mesh, consisting of regular quadrilaterals (called
“volumes”). Located in the center of each volume is a node.
The quantity of interest 𝑉

𝑖,𝑗
is associated with each node of

the mesh (𝑖ℎ, 𝑗ℎ), where ℎ is the spatial discretization.
After defining the mesh geometry and dividing the

domain in control volumes, the specific equations of the FVM
can be presented. Equation (3) can be integrated spatially
over an individual volume Vol

𝑖,𝑗
of size ℎ2𝑑. Substituting

the discretizations of the equations and decomposing the
operators as described by (2) and (3) yield

𝐶
𝑚

𝑉
∗

𝑖,𝑗
− 𝑉
𝑛

𝑖,𝑗

Δ𝑡
𝑜

= − 𝐼ion (𝑉
𝑛

𝑖,𝑗
, 𝜂
𝑛
) ,

𝜂
𝑛+1

− 𝜂
𝑛

Δ𝑡
𝑜

= f (𝜂𝑛, 𝑉𝑛, 𝑡) ,

(4)

(𝜎
𝑖+1/2,𝑗 +𝜎𝑖−1/2,𝑗 +𝜎𝑖,𝑗+1/2 +𝜎𝑖,𝑗−1/2 +𝛼)𝑉

𝑛+1
𝑖,𝑗

−𝜎
𝑖,𝑗−1/2𝑉

𝑛+1
𝑖,𝑗−1 −𝜎𝑖+1/2,𝑗𝑉

𝑛+1
𝑖+1,𝑗 −𝜎𝑖,𝑗+1/2𝑉

𝑛+1
𝑖,𝑗+1

−𝜎
𝑖−1/2,𝑗𝑉

𝑛+1
𝑖−1,𝑗 = 𝛼𝑉

∗

𝑖,𝑗
,

(5)

where 𝛼 = (𝛽𝐶
𝑚
ℎ
2
)/Δ𝑡
𝑝
, 𝑛 is the current step, ∗ is an

intermediate step, and 𝑛+1 is the next time step. In addition 𝜎
can stand for any of the gap junction conductance (𝐺

𝑝
,𝐺
𝑖
,𝐺
𝑐
)

divided by the depth 𝑑 or for any conductivity value (𝜎
𝑐
, 𝜎
𝑚
)

defined for each volume face as described in Section 2.1.1.This
defines the equations for each finite volume Vol

𝑖,𝑗
. First we

solve the nonlinear system of ODEs associated with (4) 𝑁
𝑜

times until we have 𝑁
𝑜
Δ𝑡
𝑜
= Δ𝑡
𝑝
; then we solve the linear

system associated with (5) to advance time by Δ𝑡
𝑝
.

2.2. An Equivalent Discrete Model of Mouse Ventricular Tissue

2.2.1. A Discrete Model. Recent studies on discrete or dis-
continuous nature of propagation of the action potential
have avoided the computational challenges that arise from
microscopic models, through the development and use of
discrete models, where each cardiac myocyte is represented
by a single point (cell) contact with neighboring myocytes

via discrete conductivities [24, 42]. This description has
enabled the study of the effects that random distributions
of conductivities have on conduction velocity and on the
formation of patterns of reentry in cardiac tissue.

Discrete models were introduced by Keener in [43] to
describe the electrical propagation in a 1D cable with nc cells
connected to the case of low coupling of gap junctions. In this
model, cells are considered isopotentials. Recently, in a work
of Costa and Dos Santos [44], a comparison between discrete
and microscopic models of a 1D cable of cells was presented.

In this work, an equivalent discrete model to the 2D
microscopic model presented in Section 2.1 was developed.
For this, using the cardiac microstructure presented in
Section 2.1 and identifying the neighbors (links) of each cell,
the conductance between each link was calculated and a new
equivalent discrete model was generated.

In the microscopic model we had a uniform two-
dimensional mesh consisting of regular quadrilaterals (called
volumes). For the discrete model, each myocyte is repre-
sented by a single node or cell of a network, and each cell has
different geometry (Vol

𝑖
= 𝐴
𝑖
∗ 𝑑) and a different number of

neighboring cells (nn
𝑖
). Figure 3 shows the resulting discrete

topology for a basic unit of our microscopic mesh.
The equations that govern the propagation of action

potentials in the cardiac tissue are similar to those used in
the microscopic model presented in Section 2.1:

Vol
𝑖
𝛽(𝐶
𝑚

𝜕𝑉
𝑖

𝜕𝑡
+ 𝐼ion (𝑉𝑖, 𝜂𝑖))

= (

nn𝑖
∑

𝑗=1
𝐺
𝑖,𝑗
∗ (𝑉
𝑗
−𝑉
𝑖
))+ 𝐼

stim
𝑖

,

𝜕𝜂
𝑖

𝜕𝑡
= f (𝑉

𝑖
, 𝜂
𝑖
) ,

(6)

for each node 𝑖 of the discrete topology, where 𝐺
𝑖,𝑗

is the
equivalent conductance between cell 𝑖 and cell 𝑗.

The time discretization is done in the same way as in
the microscopic model (Section 2.1). As before, the reaction
and diffusion parts of the monodomain equations were split
by employing the Godunov operator splitting [39]. There-
fore, each time step involves the solution of two different
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problems: a nonlinear system of ODEs and a coupled linear
system for the discrete diffusion equation:

𝐶
𝑚

𝑉
∗

𝑖
− 𝑉
𝑛

𝑖

Δ𝑡
𝑜

= − 𝐼ion (𝑉
𝑛

𝑖
, 𝜂
𝑛
) ,

𝜂
𝑛+1

− 𝜂
𝑛

Δ𝑡
𝑜

= f (𝜂𝑛, 𝑉𝑛, 𝑡) ,
(7)

(

nn𝑖
∑

𝑗=1
𝐺
𝑖,𝑗
+𝛼)𝑉

𝑛+1
𝑖

−

nn𝑖
∑

𝑗=1
(𝐺
𝑖,𝑗
𝑉
𝑛+1
𝑗

) = 𝛼𝑉
∗

𝑖
, (8)

where 𝛼 = (𝛽𝐶
𝑚
𝐴
𝑖
𝑑)/Δ𝑡

𝑝
, 𝑛 is the current step, ∗ is an

intermediate step, and 𝑛+ 1 is the next time step.This defines
the equations for each cell 𝑖.

2.2.2. Calculation of the Conductance between Neighbor-
ing Cells. To close the description of the discrete model
presented in the previous section, we need to define the
conductance values of the connections; that is, we need the
values for 𝐺

𝑖,𝑗
in (8).

This is done by applying the concept of combination
of resistors in parallel to the microstructure defined in
Section 2.1.1 for each pair of neighboring cells. From the
association of resistors we have

1
𝑅
𝑖,𝑗

=

ng

∑

𝑘=1
(

1
𝑅
𝑖,𝑗,𝑘

) , (9)

where 𝑅
𝑖,𝑗

is the equivalent resistance and ng is the amount
of gap junctions that connects cell 𝑖 to cell 𝑗. The term 𝑅

𝑖,𝑗,𝑘
is

calculated as a combination of resistors in series:

𝑅
𝑖,𝑗,𝑘

= dist
𝑖,𝑗,𝑘

∗
1

(𝜎ℎ)
+

1
𝐺
𝑘

, (10)

where dist
𝑖,𝑗,𝑘

is the amount of volumes connected by cyto-
plasm that the current need to cross to go from cell 𝑖 to cell
𝑗 passing through gap junction 𝑘, which is calculated by the
equation:

dist
𝑖,𝑗,𝑘

= (

pr
𝑖,𝑥
− gp
𝑖,𝑘,𝑥


+

pr
𝑖,𝑦
− gp
𝑖,𝑘,𝑦


)

+ (

pr
𝑗,𝑥
− gp
𝑗,𝑘,𝑥


+

pr
𝑗,𝑦
− gp
𝑗,𝑘,𝑦


) ,

(11)

where pr
𝑖
is a two-dimensional coordinate that represents

the volume of the reference point of the cell 𝑖 and gp
𝑖,𝑘

is a
two-dimensional coordinate that represents the volume that
contains the gap junction connection 𝑘 in cell 𝑖. It should
be noted that these coordinates are index integers of the
volumes in the mesh, so they do not have unit length. Thus
each volume connected by the cytoplasm or gap junction
represents a resistor.

In a simpleway the termdist∗(1/(𝜎ℎ)) represents the total
cytoplasmic resistance that the current faces to go from cell 𝑖
to cell 𝑗 or vice versa.The term 1/𝐺

𝑘
represents the resistance

of the gap junction.The conductivity values cytoplasm 𝜎 and
conductance 𝐺 for each type of gap junction are the same as
defined in Section 2.1.1.

...

𝜙 = 0.15

Figure 4: Process for the generation of one hundred of different
tissue models with the same fraction, 𝜙, of fibrosis.

Thuswe can now calculate the conductance𝐺
𝑖,𝑗
that is the

inverse of the resistance:

𝐺
𝑖,𝑗
=

1
𝑅
𝑖,𝑗

. (12)

2.3. Modeling Thousands of Fibrotic Regions. The sophisti-
cated method presented in [15] to model fibrosis involves
a huge pipeline based on histology acquisition, image pro-
cessing, segmentation, and mesh generation. The purpose
of our work is to assess the probability of a certain fibrotic
tissue to become an ectopic pacemaker and to study how this
depends on the fraction of fibrosis, 𝜙. To achieve this goal it
is necessary to perform thousands of simulations of different
microfibrosismodels.Therefore, themethodpresented in [15]
does not fit to our purpose. We could, however, proceed with
our study by using a similar method as presented in [13].

For a given value of 𝜙, we randomly generate a microfi-
brosis tissue by transforming some of the myocytes of our
model in fibrosis, that is, nonconducting material. This was
performed by removing all the gap junctions of the chosen
myocytes, so that any propagation into or out of this myocyte
is blocked. One hundred of realizations of different microfi-
brosis but with the same percentage of nonactive cells, 𝜙,
were simulated. This process is represented by Figure 4. The
value of 𝜙 was varied from 40% to 55%, in steps of 1%. After
each microfibrosis model is created using the microscopic
model the equivalent discrete model is generated following
the procedure explained in Section 2.2. For all the results
presented in the next section the modeled cardiac tissues had
dimensions of 1 cm × 1 cm.

3. Results

We employ numerical simulations to compare the two mod-
els described in Section 2 under two different situations:
completely homogeneous distribution of healthy cells and
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Table 1: Average of execution times (in seconds) for simulations of
a 1.0 cm × 1.0 cm tissue for 10ms. Each case (line of table) was run
three times.

Implementation model Computing
cores

Total
execution
time (s)

Sequential-microscopic 1 546507
Multi-GPU-microscopic 64 + 16GPUs 1302
Multi-GPU-discrete 64 + 16GPUs 65

the randomly inclusion of nonconducting cells. First we
compare the dynamics of wave propagation and functional
reentry in both models under homogeneous conditions.
Then, we employ both models to study the problem of
anatomical reentry in heterogeneous cardiac tissue.

The main advantage of the discrete model is the fast
execution times when compared to those of the microscopic
model. As we will present in the next sections this will be
of extreme importance since we will present the simulations
of over three thousands of different microfibrosis models.
Table 1 compares the execution times of the parallel imple-
mentations of the microscopic versus the discrete models.
The simulations were executed on a parallel environment
composed of 64 CPU cores and 16 GPUs as previously
described in [25]. The parallel implementation and envi-
ronment were able to reduce the execution time of the
microscopic model from more than 6 days to 22 minutes. In
addition, the parallel implementation of the discrete model
takes only near one minute for the execution of the same
simulation.

3.1. Wave Propagation in HomogeneousModels of Cardiac Tis-
sue. In order to compare bothmodels, we performnumerical
simulations under homogeneous conditions and compare the
spatiotemporal dynamics of the action potential waves.

3.1.1. TravelingWaves inHomogeneousModels. The twomod-
els described in the previous section gives rise to equivalent
waves of action potential under the same conditions. For
a quantitative comparison see Figure 5. An initial centered
perturbation produces a concentric wave which propagates
to the border of the medium. Its elliptic shape is due to the
anisotropy of the tissue, which allows the wave to propagate
faster in the longitudinal direction (to the left or to the
right, see Figure 5) than in the vertical direction (bottom-
up). The good agreement in the qualitative comparison
between the snapshots at the same time shown at the top
of Figure 5 is confirmed by the quantitative measurement of
the action potential in a single cell of the tissue; see bottom
of Figure 5. Under homogeneous conditions both models
produce quantitatively the same types of waves because the
connectivities among cells are equivalent (see Section 2.2.2)
and, therefore, velocity of propagation is the same.

3.1.2. Functional Reentry in Homogeneous Models. The activ-
ity of the membrane action potential wave can remain in
the tissue if there is a reentry. This can be produced by

the S1-S2 protocol which consists in the reexcitation of the
tissue (ectopic beat) after the pass of a normal traveling wave
[25]. In Figure 6 an example of rotating spiral wave of action
potential in the microscopic model of the tissue is shown.
There is a repeated reexcitation of the tissue due to the reentry
of the spiral wave and its rotation around a free end.

The action potential measured in a single cell (marked
with a black square in the snapshots of the simulations)
is shown in the bottom part of Figure 6 and compared
with the equivalent simulation with the discrete model. The
agreement is remarkable taking into account the different
levels of approximation used by the two models. Thus,
complex dynamics is well captured by the discrete model in
comparison with the microscopic model.

3.2. Wave Propagation in Heterogeneous Models of Cardiac
Tissue. Further comparisons between both models for het-
erogeneous conditions at the tissue level are shown in the
next sections. Following, we remove a fraction of cells; that
is, we randomly choose some cells which are then completely
isolated from the rest of the tissue and cannot be excited
anymore. Such cells represent the effect of the different types
of heterogeneities in the tissue: damaged cells, damaged
connections, fibrosis, extracellular matrix, or dead cells. We
define as control parameter the fraction of isolated cells
𝜙; that is, 𝜙 = 0 corresponds to the homogeneous limit
discussed in the previous section and 𝜙 = 1 to a completely
inert piece of tissue.

3.2.1. Anatomical Reentry in the Discrete Model. In the dis-
crete model, for small fraction 𝜙 propagation is possible and
a wave can travel with a reduced velocity from one side of the
tissue to the other. For large value of 𝜙 there are no pathways
for the wave to propagate and the excitation disappears
without the activation of the tissue. For intermediate values
of 𝜙 the propagation looks fractionated but it is usually
still coherent and travels to the other side of the tissue.
However, depending on the random realization of the process
of isolation of cells, waves can be broken and it produces
the appearance of reentry into the already excited tissue;
see Figure 7. A wave of action potential propagates from
the left to the right in a tissue with a large fraction of
removed cells following the diverse open pathways in the
tissue. The propagation is highly fractionated but the wave
arrives to the end of the tissue. However, after the left-to-
right propagation, a piece of the wave reenters again into the
tissue already excited and produces the formation of repeated
reentry, equivalent to a spiral wave. The dynamics is stable
and the reentry persists for large times, although it could
eventually disappear depending on the random realization
[24]. Similar patterns of microscopic reentry can be found
also by initiating the propagation from the bottom of the
tissue; see Figure 8.

We have done a systematic study for the evaluation of
the optimal fraction 𝜙 where the probability of reentry is
maximal. We run 100 numerical simulations with different
random realization for each value of the fraction 𝜙. The value
of 𝜙was varied from 40% to 55%, in steps of 1%.This allowed
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Figure 5: Comparison of the dynamics of a traveling wave of action potential generated by an initial centered perturbation in the discrete
and in the microscopic models. (a) Evolution of the wave in the discrete model for 𝑡 = 10ms and 𝑡 = 190ms. (b) Evolution of the wave in
the microscopic model for 𝑡 = 10ms and 𝑡 = 190ms. (c) Comparison of the time evolution of a single point between the wave in the discrete
model and the wave in the microscopic model. The point is marked in the snapshots with a black square.
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Figure 6: Dynamics of the transmembrane potential showing a spiral wave generated by a S1-S2 protocol using the microscopic model. A
sustained, single, and stable spiral wave is generated using a S1-S2 protocol. (a) Four snapshots showing the spiral rotation corresponding to
times: 𝑡 = 60ms (A), 𝑡 = 80ms (B), 𝑡 = 110ms (C), and 𝑡 = 120ms (D). (b) Comparison of the time evolution of AP at a single point between
the microscopic model (see previous panel) and the discrete model (not shown). The point is marked in the snapshots with a black square.
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Figure 7: Reentry of action potential generated by the heterogeneous structure of the tissue in the discrete model. (a) Generation of the
traveling wave in the left part of the tissue (𝑡 = 2ms). (b)Wave rapidly propagates to the right following the direction of the fibers (𝑡 = 44ms).
(c) A piece of thewave reenters into the tissue (𝑡 = 82ms). (d)Newwaves are generated and eventually a repeated reentry is formedmimicking
a spiral wave (𝑡 = 122ms).

us to estimate for each value of 𝜙 the probability of reentry,
that is, the ratio of simulations with reentry to the total
number of simulations.

The results of these simulations are shown in Figure 9.
A reentry was identified whenever there was still activity
(depolarization) at 120ms after the initial stimulus for the
case of longitudinal propagation, or at 300ms for the case
of transversal propagation. Therefore, here we did not make
any difference between sustained or nonsustained reentries.
The values of 120 and 300ms were chosen by checking that
a plane wave reaches the end of the tissue for the case of
𝜙 = 0.45 after 60ms (240ms) for longitudinal (transverse)
propagation. Therefore, in both cases, we checked whether
there was still activity 60ms after the wave was already
supposed to be extinguished.

Figure 9 shows a systematic difference of the results
depending on the directions of propagation of the waves.
In the LP direction the probability of reentry concentrates
around 𝜙 = 0.48; however, when waves propagate trans-
versely to the fiber direction (TP) the domain of reentry
is broader and the distribution is flatter and above 10% for

𝜙 between 0.42 and 0.48. Nevertheless, in both cases, the
probability of reentry goes to zero shortly after 𝜙 ∼ 0.5; see
Figure 9.

3.2.2. Anatomical Reentry in the Microscopic Model. The
numerical simulations using the microscopic model take
much longer execution times than those based on the discrete
model. The realization of good statistics with such model
becomes a very hard task. For this reason, we have chosen
the topologies from some selected simulations in the discrete
model and implemented them in the microscopic model to
compare the results of both models.

We first chose 30 topologies that did not generate reentry
in the discrete model, but those were under values of the
fraction 𝜙 of high probability of reentry. We observed that
none of these simulations using the fine microscopic model
gave rise to the appearance of any reentry. Therefore, in this
case there was a 100% of match between the two models.

We have also performed 30 (15 TP plus 15 LP simulations)
realizations selecting topologies which produced reentry in
the discrete model. For the LP case, 15 simulations were
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Figure 8: Reentry of action potential generated by the heterogeneous structure of the tissue in the discrete model. (a) Generation of the
traveling wave in the bottom part of the tissue (𝑡 = 10ms). (b) Wave rapidly propagates to the upper part of the tissue transversely to the
fibers direction (𝑡 = 80ms). (c) A piece of the wave reenters into the tissue (𝑡 = 150ms). (d) New waves are generated and eventually a
repeated reentry is formed mimicking a spiral wave (𝑡 = 220ms).

executed, five for each value of 𝜙 = {0.45, 0.48, 0.51}. For the
TP case, 15 simulations were also executed, five for each value
of 𝜙 = {0.42, 0.45, 0.48}. Therefore, for both cases we took
the value of 𝜙 that maximizes the probability of reentry, and
two values of 𝜙 around this value but with low probability of
reentry; see Figure 9.

While 19 realizations out of 30 gave rise to reentry, 11
realizations did not show any reentry. It produces a 63%
of agreement between the two models in the prediction of
reentries once the reentry appears in the discrete model.
These results are shown in Figure 10.The five cases of reentry
in the discrete model for each value of 𝜙 reduce to 2–4
reentries in the microscopic model.

An example for a case of agreement between the two
models is shown in Figure 11. The comparison between
the microscopic ((a)-(c)) and the discrete ((b)-(d)) model
produces a qualitative agreement in the propagation of the
wave and in the localization of the reentry, although the
reentrant waves are different in shape.

On the other hand, some realizations using the same
topologies for bothmodels gave rise to different final dynam-
ics. Figure 12 shows the comparison between two simulations

with the two models. While we observe a reentry in the
discrete model no reentry is observed in the simulation with
the microscopic model. The wave initially propagates in the
two models following a very similar dynamics; however,
later on the simulation, propagation stops in the microscopic
model, whereas in the discrete model it persists as a reentry
wave.

To further investigate these differences between micro-
scopic and discrete results, we have performed another set of
simulations.We have simulated two different fibrotic regions,
both with 𝜙 = 0.48, with longitudinal stimulation (left-right)
for the duration of 400ms, and another two different fibrotic
regions, both with 𝜙 = 0.45, with transversal stimulation
(bottom-up) for the duration of 800ms. These four new
scenarios were simulated with both discrete and microscopic
models, that is, a total of 8 simulations. Tables 2 and 3 present
the results of this comparison. For each cell (discrete model)
or discretized volume (microscopic model) we classified
the electrical activity observed during the simulations as
NA (no activity), A (a single AP, no reentry), S (sustained
reentry, multiple APs until the end of the simulation), or NS
(nonsustained reentry, multiple APs, but activity stops, dies
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Table 2: Left-right, 𝜙 = 0.48. Each cell (discrete model) or discretized volume (microscopic model) was classified as NA (no activity), A (a
single AP, no reentry), S (sustained reentry, multiple APs until the end of the simulation), or NS (nonsustained reentry, multiple APs, but
activity stops, dies out, before the end of the simulation).The table presents the percentage of area of the tissue for each category. In addition,
for the category NS we present the time the reentry dies out or stops.

Type Run 1 Run 2
Microscopic Discrete Microscopic Discrete

NA 54.1% 51.7% 55% 53.5%
OA 18.3% 16.2% 15.6% 14.4%
S 19.2% 32.1% 17.3% 20.9%

NS 8.4% (stops at
216ms) 0% 12.1% (stops

at 223ms)
11.2% (stops
at 217ms)

Table 3: Top-down, 𝜙 = 0.45. Each cell (discrete model) or discretized volume (microscopic model) was classified as NA (no activity), A
(a single AP, no reentry), S (sustained reentry, multiple APs until the end of the simulation), or NS (nonsustained reentry, multiple APs, but
activity stops, dies out, before the end of the simulation).The table presents the percentage of area of the tissue for each category. In addition,
for the category NS we present the time the reentry dies out or stops.

Type Run 3 Run 4
Microscopic Discrete Microscopic Discrete

NA 60.9% 59.8% 62.7% 61.1%
OA 14.3% 13.8% 21.2% 20.6%
S 17.6% 19.9% 7.1% 9.9%
NS 7.2% (stops at 391ms) 6.5% (stops at 389ms) 9% (stops at 368ms) 8.4% (stops at 365ms)
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Figure 9: Dependence of the probability of reentry 𝑃(𝜙) of action
potential generated by the heterogeneous structure of the tissue
in the discrete model on the fraction of nonconnected cells 𝜙.
Comparison between propagation along the fibers (left-right) and
perpendicularly to the fibers (top-down).

out, before the end of the simulation). In addition, for the
case ofNS activity we have alsomeasured the time the reentry
died out. Table 2 (left-right simulations) andTable 3 (bottom-
up simulations) present the percentage of tissue classified as
NA, A, S, and NS. We observe a very good match between
the results of the discrete and the microscopic models for
three out of the four cases studied (both in terms of the
classification and the duration of the reentry for the NS case).

However, for one particular case (Run 1, Table 2) the discrete
model overestimates the area of the tissue that sustains
reentry (near one third of the tissue) in comparison to the
area where reentry is sustained using the microscopic model
(only one fifth of the tissue).

4. Discussion

4.1. Bridging the Gap between Ectopic Pacemakers Formation
and CFAEs in Microfibrosis. Our simulation results present
the generation of reentry inside fibrotic tissues. This kind of
reentry restricted to microfibrosis regions can result in the
formation of ectopic pacemakers, that is, regions that will
generate a series of ectopic stimulus at a fast pacing rate. In
turn, such activity has been related to trigger fibrillation, both
in the atria and in the ventricles in clinical and animal studies
[5, 6, 10].

In addition, our results quantitatively described how the
percentage of fibrosis (𝜙) influences the probability of a
region to become an ectopic pacemaker. Reentry activity
inside a fibrotic region was identified in cardiac tissues with
a percentage of fibrosis (or nonconductingmaterial) between
41% and 52%; see Figure 9. It is interesting to mention that
[45] reports that in postmortem atrial tissues from patients
who died of cardiovascular causes, the extent of fibrosis was
strongly correlated with the history of atrial fibrilation (AF).
The mentioned work highlights this correlation presenting
three histologies: (1) with a fibrosis extent of 51% of the
tissue from a patient with a history of permanent AF; (2)
with a fibrosis extent of 14% from a patient with a history
of paroxysmal AF; (3) with a fibrosis extent of 5% from
a patient with no history of AF. These numbers are in
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Figure 11: Reentry of action potential generated by the heterogeneous structure of the tissue in the microscopic ((a)-(c)) and the discrete
((b)-(d)) model. ((a)-(b)) Wave rapidly propagates to the right following the direction of the fibers in the microscopic (a) and in the discrete
model (b), for 𝑡 = 50ms. ((c)-(d)) A piece of the wave reenters into the tissue in the microscopic (c) and in the discrete model (d), for
𝑡 = 160ms.

agreement with our findings. Our results suggests that with
less than 40% of fibrosis the conduction velocity of the prop-
agating wave can be substantially reduced but without the
generation of reentry inside the fibrotic region. This pattern
could potentially generate a single ectopic beat, enough for
paroxysmal AF. For permanent or sustained AF, the work of

[11] suggest the need for an ectopic pacemaker. And indeed
the fibrosis extent of 51% reported in [45] and associated with
permanent AF is within our predicted values of 𝜙 (between
41% and 52%) that has led to the generation of reentry inside
the fibrotic region, that is to the formation of an ectopic
pacemaker.
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Figure 12: Reentry ((b)-(d)) and nonreentry ((a)-(c)) of action potential generated by the heterogeneous structure of the tissue in the
microscopic ((a)-(c)) and the discrete ((b)-(d)) model. ((a)-(b)) Wave rapidly propagates to the right following the direction of the fibers
in the microscopic (a) and in the discrete model (b), for 𝑡 = 40ms. The wave does not reenter into the tissue in the microscopic model (c),
for 𝑡 = 100ms. A piece of the wave reenters into the tissue in the discrete model (d), for 𝑡 = 100ms.

Finally, the computational models used here are very
similar to those used in [13] that also simulated microfibrosis
with the focus on the study of CFAEs [13]. In [13] it was
shown that decoupling of myocytes or increase of fibrosis
extent was associated with complex pattern of propagation,
discrete propagation, and CFAEs. Since we have studied
the generation of ectopic pacemakers with a very similar
formalism as used in [13], we have a clear theoretical evidence
that brings together ectopic pacemakers and CFAEs for the
case of propagation in fibrotic tissues. The results presented
here and the new models developed in this work may help in
the translational and extremely complex task of relating basic
electrophysiological and structural features of cardiac tissue
to clinical and relevant procedures such as catheter ablation
of atrial fibrillation guided by CFAE mapping [19].

4.2. Extending the Percolation Threshold for Anisotropic Car-
diac Tissue. The maximum in the probability of reentry has
been previously associated with the percolation threshold
of the network or topology of the tissue [24]. Here, as
already mentioned, the average number of first neighbors of

the network (see Figure 3(b)) is around 6 and the topological
structure of the cell network is similar to an hexagonal
network, whose percolation threshold is 𝜙 = 0.5. However,
the network used here is not exactly hexagonal and represents
an anisotropic tissue. The anisotropic conduction does not
only elongates the symmetric view in one direction but also
modifies the distribution of the first neighbors. As a result,
the percolation threshold changes. In addition, as suggested
by the results of Figure 9, it is likely that the percolation
threshold not only depends on the topology of the network
or tissue but also on the direction of the propagating wave.
To verify this hypothesis, we have numerically calculated the
probability of connection between two opposing sides of the
tissue, 𝐶(𝜙), using the same method as proposed in [24], for
the two different propagating directions, TP and LP. Figure 13
presents the results for the probability of connection, 𝐶(𝜙),
for the two cases, TP and LP. From these two distributions we
can obtain that in the LP direction the percolation threshold
is 𝜙 = 0.527, whereas for the TP direction it is 𝜙 = 0.47.

Therefore, we conclude that the percolation threshold for
anisotropic cardiac tissue depends not only on the topology



BioMed Research International 15

0

20

40

60

80

100

LP direction
TP direction

0,4 0,42 0,44 0,46 0,48 0,5 0,52 0,54 0,56 0,58
𝜙

C
(𝜙
)

Figure 13: Dependence of the probability of connection between
two sides𝐶(𝜙) in the discretemodel on the fraction of nonconnected
cells 𝜙. Comparison between propagation along the fibers (left-
right) and perpendicularly to the fibers (top-down).The percolation
threshold is determined by the cross of the fitting line with the value
𝐶(𝜙) = 50% with 𝜙

𝑐
= 0.466 and 𝜙

𝑐
= 0.527 for TP and LP

directions, respectively.

0
50
100
150
200
250
300
350
400
450

Sp
ee

d 
(𝜇

m
/m

s)

0.00 0.1 0.20 0.30 0.40 0.600.50

𝜙

Left-right
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of the connection between the myocytes but also on the
direction of propagation with respect to the cardiac fiber
orientation. Nevertheless, as presented in Figure 9, the range
of values for percolation threshold, a pure topological or
anatomical metric, is still very important. Even in the case of
tissue anisotropy, this range of values for percolation thresh-
old (0.47–0.52) marked the percentage of fibrotic tissue, 𝜙,
needed for a tissue to have a high probability to generate
reentry and become an ectopic pacemaker.

In addition, similar to Figure 9, Figures 14 and 15 present
how the conduction velocity (CV) depends on 𝜙 for the case
of LP and TP propagation directions, respectively.The figures
present the results of average and STD of the calculated
values of CV. We can observe the existence of extremely slow
propagating waves for 𝜙 near the percolation threshold.

4.3. A New Discrete Model for Cardiac Tissue. We developed
and tested a new discrete model which is a reduced and
simplified version of a complexmicroscopicmodel. To obtain
the same physiological conditions, we carefully tuned the
parameters of the connectivities. As a result of the fitting,
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Figure 15: Dependence of the conduction velocity on the fraction
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(bottom-up). Average and STD values.

traveling and spiral waves propagate with very similar pattern
and velocities in both models, discrete and microscopic,
under homogeneous conditions; that is, we have observed
a quantitative match of the two models. Therefore, we can
conclude that the new developed discrete model is a good
alternative for the microscopic one under homogeneous
conditions, since it offers simulations that are much faster, in
terms of execution times, than those using the microscopic
model.

We have also compared the microscopic and the discrete
models under heterogeneous conditions. Both models have
shown the same qualitative behavior when the probability of
reentry was studied on fibrotic tissues. However, quantitative
differences were also clearly present. Out of the 60 simula-
tions that we have chosen to compare the two models, in 49
the two models matched (in terms of reentry generation),
that is, 82% of agreement. However, within the cases where
reentries were observed using the discrete model, 30 cases,
only 19 also generated reentry when using the microscopic
model, which drops the matches to 63%.

Therefore, our preliminary results suggest that the dis-
cretemodel overestimates the probability of reentry, if we take
the microscopic model as our gold standard. We have taken
a close look at the simulations where the two models did not
match. Figure 16 presents an example of these comparisons.
In panels (a), (b), and (c), we observe a successful reentry
propagation (from right to left in the tissue) using the
discrete model. In panels (d), (e), and (f), we observe the
corresponding situation using the microscopic model, where
reentry dies out. Comparing panels (a) and (d) we observe
that current spreads outmore easily in themicroscopicmodel
(panel (d)) than in the discrete model (panel (a)). This is
due to the continuous nature of the microscopic model. As
a result, current sink is larger in the microscopic model than
in the discrete model. This classical source-sink mismatch
[46] blocks the propagation of the reentry in the microscopic
model. On the other hand, the lumped nature of the discrete
model seems to help propagation by reducing the sink area.

Nevertheless, we reinforce that, even in these cases of
microfibrosis simulation, we can claim that the results of the
discretemodelmatched qualitatively those of themicroscopic
model, with accuracy between 60% and 80%. Since this study
involved the simulations of more than three thousands of
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Figure 16: Reentry in the microscopic model in comparison with the discrete model. Panels (a) (𝑡 = 75ms), (b) (𝑡 = 80ms), and (c)
(𝑡 = 90ms), successful reentry propagation (from right to left of the tissue) using the discrete model. Panels (d) (𝑡 = 75ms), (e) (𝑡 = 80ms),
and (f) (𝑡 = 90ms), reentry dies out using the microscopic model due to source-sink mismatch.

different fibrotic tissues, we note that these statistics would
not be possible to generate in a timely fashion without the aid
of the new discrete model.

4.4. Limitations and Future Work. All the simulations shown
in this study were carried out in a completely damaged area.
Fibrosis is typically localized in the heart and the damaged
area coexists with healthy surrounding. In [24], two different
simulations were performed: one considered a completely
damaged area, that is, a fibrotic region as performed here
in this work, and another larger setup considered a fibrotic
region surrounded by healthy tissue. In [24] it was shown
that most of the reentries generated inside the fibrotic region,
but not all of them, could propagate to the healthy tissue.
In future studies we will use the same methods presented
here to simulate the setup of a fibrotic region surrounded by
healthy tissue and quantify, as performed here, how features
of fibrosis are related to the generation of ectopic pacemakers.

We have fixed the size of the simulation area to 1 ×
1 cm2. However, the probability to find an ectopic beat is
proportional to the probability to have locally the adequate
conditions for a source-link mismatch [46]. Such probability
depends on the size of the system, the larger the system, the
higher the probability to obtain an ectopic beat. In future
studies on a systematic variation of the domain of integration
will help to identify a minimum size for the generation of
reentry.

Two different dynamics have been previously obtained
in [24], sustained and nonsustained reentries. The last case
produce a single ectopic beat without any repetition and

with a mild effect in the cardiac muscle. The first one is
associates with ectopic pacemakers. In this work, we did
not quantitatively differentiate between sustained and non-
sustained reentries. In future works, longer simulations will
be performed to better classify how many of the simulated
reentries are sustained and how many are not.

We have employed the Bondarenkomodel [35] formouse
ventricle. A natural next step in terms of translational science
is to replace this model with a human atrial or ventricular
model. In addition, other important electrophysiological
changes should be taken into account by the models in
order to simulate fibrosis. In future works, a more complete
description of fibrosis may include, for example, gap junction
remodeling as well as myocyte-fibroblast coupling [47].

Finally, we want to note that we considered two dimen-
sional slabs of tissue. It is usually a strong simplification of
the geometry of the tissue. In the near future we will consider
three-dimensional simulations. In this case, the introduction
of an additional dimension will probably change the topolog-
ical conditions of the grid (percolation threshold will change
from 0.5% to larger values) but not the phenomenology
around the percolation threshold as it was anticipated in [24].

5. Conclusions

We developed and tested a new discrete model which is
a reduced and simplified version of a detailed subcellular
microscopic model that accounts for the microstructure of
the cardiac tissue including distribution of cells and gap
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junctions. Our preliminary results suggest a very good agree-
ment between the simulations of the new discrete model and
those obtained by the detailed and subcellular microscopic
model. The new discrete model was used for the simulation
of fibrotic regions. Our results quantitatively described how
the percentage of fibrosis (𝜙) influences the probability of
a region to become an ectopic pacemaker. Reentry activity
inside a fibrotic region was identified in cardiac tissues
with a percentage of fibrosis (or nonconducting material)
between 41% and 52%. In addition, our results suggest that
the probability of reentry inside a fibrotic region not only
depends on 𝜙 but also on the direction of propagation
with respect to the cardiac fiber orientation; that is, tissue
anisotropy also plays an important role.

In summary, our simulation results present the genera-
tion of reentry inside fibrotic tissues. Therefore, we were able
to generate an ectopic pacemaker in computer simulations of
cardiac electrophysiology by assuming a single microstruc-
tural or anatomical hypothesis for substrate: the existence
of a mixture of excitable and nonexcitable regions. The two
different phases (excitable and nonexcitable) form a maze
or labyrinth for wave propagation. Propagation becomes
fractioned and the topology of the maze allows the electric
wave to reexcite the fibrotic tissue before the wave leaves it.
Our results can be combined with previous works that used a
very similar computationalmodel to study CFAEs.Therefore,
we present a clear theoretical evidence that brings together
ectopic pacemakers and complex fractionated electrograms
for the case of propagation in fibrotic tissues thatmay become
triggers of fibrillation.
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[25] B. Gouvêa de Barros, R. Sachetto Oliveira, W. Meira, M.
Lobosco, and R. Weber dos Santos, “Simulations of complex
and microscopic models of cardiac electrophysiology powered
by Multi-GPU platforms,” Computational and Mathematical
Methods inMedicine, vol. 2012, Article ID 824569, 13 pages, 2012.

[26] M. S. Spach and J. F. Heidlage, “The stochastic nature of cardiac
propagation at a microscopic level: electrical description of
myocardial architecture and its application to conduction,”
Circulation Research, vol. 76, no. 3, pp. 366–380, 1995.

[27] M. S. Spach and R. C. Barr, “Effects of cardiac microstructure
on propagating electrical waveforms,” Circulation Research, vol.
86, no. 2, pp. e23–e28, 2000.

[28] A. M. Gerdes, S. E. Kellerman, J. A. Moore et al., “Structural
remodeling of cardiac myocytes in patients with ischemic
cardiomyopathy,” Circulation, vol. 86, no. 2, pp. 426–430, 1992.

[29] R. E. Tracy and G. E. Sander, “Histologically measured car-
diomyocyte hypertrophy correlates with body height as strongly
as with bodymass index,”Cardiology Research and Practice, vol.
2011, Article ID 658958, 9 pages, 2011.

[30] S. F. Roberts, J. G. Stinstra, and C. S. Henriquez, “Effect of
nonuniform interstitial space properties on impulse propaga-
tion: a discretemultidomainmodel,”Biophysical Journal, vol. 95,
no. 8, pp. 3724–3737, 2008.

[31] T.-A. Matsuyama, H. Tanaka, T. Adachi, Y. Jiang, H. Ishibashi-
Ueda, and T. Takamatsu, “Intrinsic left atrial histoanatomy
as the basis for reentrant excitation causing atrial fibrilla-
tion/flutter in rats,” Heart Rhythm, vol. 10, no. 9, pp. 1342–1348,
2013.

[32] B. Taccardi, B. B. Punske, E. Macchi, R. S. MacLeod, and P. R.
Ershler, “Epicardial and intramural excitation during ventricu-
lar pacing: Effect ofmyocardial structure,”TheAmerican Journal
of Physiology: Heart and Circulatory Physiology, vol. 294, no. 4,
pp. H1753–H1766, 2008.

[33] M. Stein, T. A. B. van Veen, R. N. W. Hauer, J. M. T. de Bakker,
and H. V. M. van Rijen, “A 50% reduction of excitability but not
of intercellular coupling affects conduction velocity restitution
and activation delay in the mouse heart,” PLoS ONE, vol. 6, no.
6, Article ID e20310, 2011.

[34] R. Veeraraghavan, M. E. Salama, and S. Poelzing, “Intersti-
tial volume modulates the conduction velocity-gap junction
relationship,” The American Journal of Physiology—Heart and
Circulatory Physiology, vol. 302, no. 1, pp. H278–H286, 2012.

[35] V. E. Bondarenko, G. P. Szigeti, G. C. L. Bett, S.-J. Kim, and R.
L. Rasmusson, “Computer model of action potential of mouse

ventricular myocytes,” American Journal of Physiology—Heart
and Circulatory Physiology, vol. 287, no. 3, pp. H1378–H1403,
2004.
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We discuss the application of the spectral element method to the monodomain and bidomain equations describing propagation
of cardiac action potential. Models of cardiac electrophysiology consist of a system of partial differential equations coupled with a
system of ordinary differential equations representing cell membrane dynamics. The solution of these equations requires solving
multiple length scales due to the ratio of advection to diffusion that varies among the different equations. High order approximation
of spectral elements provides greater flexibility in resolving multiple length scales. Furthermore, spectral elements are extremely
efficient to model propagation phenomena on complex shapes using fewer degrees of freedom than its finite element equivalent
(for the same level of accuracy). We illustrate a fully unstructured all-hexahedra approach implementation of the method and we
apply it to the solution of full 3D monodomain and bidomain test cases. We discuss some key elements of the proposed approach
on some selected benchmarks and on an anatomically based whole heart human computational model.

1. Introduction

Mechanistic models of heart physiology are emerging as an
important paradigm able to complement the insight and
exploit the information provided by genetics and biological
experiments. Very recent years have seen the first attempts to
define models for the numerical simulation of the individual
response of real cardiology patients. For instance, in [1] the
clinical study of a 65-year-old male with ischemic cardiomy-
opathy was addressed by means of a workflow consisting
of detailed anatomic reconstruction and effective modelling
of electrical activity, biomechanics, and hemodynamics. The
modelling steps are challenging because they require per-
forming (i) multiple simulations to estimate parameters and
test outcomes of different treatment options and (ii) many
large scale computer analyses in a clinically useful time-
frame. These are strong motivations in favour of effective,
anatomy-compliant high performance computer methods.

In particular, current software to handle the forward
problem of the electrocardiology, that is, modelling the elec-
trical activity of the heart, largely fails to deliver the perfor-
mance needed for clinical applications. Typical discretization

techniques applied to this problem have an average nodal
spacing of 0.2mm or less, resulting in approximately 30
million grid points for an average-size human heart. This
possibly gives rise to large scale computational problems
which are difficult to solve in real-time. The most common
approach relies on the use of large high performance com-
puter systems featuring 103 to 104 cores [2, 3], a choice
often beyond the possibility of typical end-users. Several
strategies have been suggested for facing this hindrance,
including simplifying/optimizing the cardiac cell models
[4], code optimization for run on next-generation hardware
devices [5], and adoption of more effective solutions for the
approximations of the differential equations at hand. This
work is based on the latter approach.

2. Related Work

The bidomain equations [6] are a commonly used model for
the propagation of depolarization wavefronts across cardiac
tissue.They are often solved numerically using finite elements
(FE), finite volumes or finite differences, and a variety of
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algorithms based on these techniques have been proposed
[7–14]. However, each of these methods suffers from a well-
known limit affecting the numerical simulation of propaga-
tion phenomena: to prevent the onset of nonphysical, spu-
rious effects commonly referred to as numerical dispersion
it is necessary to properly fix the accuracy of the method. In
cardiac simulation this hasmost commonly been achieved by
using grid refinement, that is, choosing a node spacing that is
sufficiently fine that numerical dispersion is not a problem.

Alternatively, one can improve the quality of numerical
simulations by using a relatively coarse mesh, increasing
the polynomial degree of the basis functions used in the
numerical scheme. This is the case of high order methods,
examples of which are the 𝑝-version of the finite element
method and the spectral element method. High order meth-
ods possess many advantages over standard techniques,
such as considerably higher convergence rates, and, in our
experience, the possibility of using elements with large aspect
ratios without significant deterioration in accuracy. Designed
to combine the good accuracy properties of pseudospectral
techniques such as Legendre or Chebyshev methods with
the geometrical flexibility of classical low order FE methods,
spectral element methods were first introduced in 1984
[15], combining spectral methods with domain decomposi-
tion approaches. During the last decades, spectral elements
have firmly established as an effective tool to treat diverse
compute-intensive physical problems on complex geome-
tries in fluid dynamics, continuum mechanics, geophysics,
and electromagnetics; see, for example, [16] and references
therein.

As for our knowledge, few attempts have been done to
exploit spectral elements in electrocardiology. An interesting
idea is provided by the so-called spectral smoothed boundary
method [17], which tries to merge the excellent conver-
gence property of Fourier-type spectral methods (which,
on the other hand, are not able to accommodate irregular
geometries) with the phase-field method, an embedding
approach capable of dealing with complex domains when
no-flux boundary conditions are present. In [18], high order
spectral/hp elements on curvilinear triangles are used to
model electrical propagation in the heart surface, addressing
the monodomain problem and including anisotropic hetero-
geneous propagation in presence of fibre orientation. In [19],
which in the authors’ words “should be seen as a proof-of-
concept,” high order finite elements based on triangles have
been applied to the solution of the monodomain problem
in 1D and 2D reference geometries: furthermore, authors
provide rigorous analysis and numerical experiments on
theoretical error convergence rates and suggest the possibility
to extend their method to spatial adaptivity.

When solving numerically the electrocardiology prob-
lem, extremely high accuracy is not a valuable goal. To be
realistic, none of the numerous parameters involved in the
mono-/bidomain model is known with a precision higher
than 10%. On a logical ground, there is no use in solving with
outstanding accuracy a problem based on a model which is
only a partial approximation of a real patient cardiovascular
system. In this frame, the rationale behind the use of spectral

elements is the possibility to achieve an a priori fixed,
reasonable accuracy using less degrees of freedom (DOF)
with respect to low order methods. Matrices resulting from
space discretization aremore dense but have a smaller overall
number of nonzero entries: this is important for decreasing
both memory footprints and execution times. On the other
hand, a reduced number of DOFsmean smaller ODE systems
describing cell models, possibly shrinking the CPU-time for
the in silico analysis.

Based on our experience in several fields of engineering,
we propose to use straightforward, fully unstructured all-
hexahedra spectral elements (SEM in the sequel). Differently
from high order methods based on triangular elements,
the SEM rely on a plain, standard, consolidated, widely
acceptedmathematical formulation based on tensor product,
which brings tangible advantages in practical algorithm
implementation. Comparison with triangular spectral ele-
ments is a difficult task as the latter came up in many
different algorithm implementations and most of the works
on theory and numerical experiments concern the 2D case.
For instance, in [20] Koornwinder-Dubiner polynomials and
Fekete points were chosen as orthogonal basis and approxi-
mation points, respectively.This choice brings differentiation
matrices greater in sizewith respect to their SEMcounterpart,
thus raising the computational effort for matrix-vector prod-
ucts and, consequently, the overall CPU-time. Remarkably,
numerical experiments suggest that the condition number
of triangular spectral matrices is worse than the SEM ones,
with clear advantage for the latter in terms of convergence of
iterative methods and error propagation. Furthermore, pre-
conditioners for SEM have been long studied and developed;
see, for instance [21] and references therein. Apart from these
good mathematical properties, simplicity of SEM results in
easy to implement, readable computer codes enjoying good
portability to high performance platforms and new hardware
devices like GPGPUs (as, for instance, there is no need for
complex data-structures). Also, since they share a common
philosophywith traditional finite elements, they could benefit
from several existing and well-consolidated tools (pre- and
postprocessing routines, mesh partitioning, iterative solvers,
preconditioners, etc.).

The other side of the picture is that all-hexahedral grids
are more difficult to generate than simplicial tetrahedral
grids. While automatic (or semiautomatic) hex-only mesh
generation for complex geometries is an active subject of
research, generation of an all hexahedral mesh for appli-
cations in electrophysiology requires nowadays more effort
than hybrid or all-tet grids. This is particularly true for those
studies where anatomical properties should be resolved at
a very fine anatomical detail. Clearly, the extent to which
a study requires representation of structural detail is deter-
mined by the particular application and there might be
some cases where this is not a serious limitation. Finally,
the spectral element method implementation we propose
is restricted to 8-node hexahedra. Extension to (curved)
isoparametric elements is currently being addresses and
will allow mapping curved boundaries of irregularly shaped
anatomical details and represent geometries more closely.
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3. Materials and Methods

3.1. The Bidomain Model. For a 3D domain Ω the bidomain
equations in parabolic-parabolic form read [22]

𝜒𝐶
𝜕𝑉

𝜕𝑡
−∇ ⋅ (𝜎

𝑖
∇𝜙
𝑖
) = −𝜒𝐼ion + 𝐼stim,𝑖, (1a)

−𝜒𝐶
𝜕𝑉

𝜕𝑡
−∇ ⋅ (𝜎

𝑒
∇𝜙
𝑒
) = 𝜒𝐼ion + 𝐼stim,𝑒, (1b)

𝜕w
𝜕𝑡

−R (𝑉,w) = 0, (1c)

𝜕c
𝜕𝑡

− S (𝑉,w, c) = 0, (1d)

where 𝜙
𝑖
(x, 𝑡) and 𝜙

𝑒
(x, 𝑡) are the intracellular and extracel-

lular potentials, 𝑉(x, 𝑡) = 𝜙
𝑖
− 𝜙
𝑒
is the transmembrane

potential,𝐶 is themembrane capacitance per unit area,𝜎
𝑖
and

𝜎
𝑒
are the intracellular and extracellular conductivity tensors

modeling the anisotropy of the cardiac tissue, and 𝜒 is the
cell surface area to volume ratio. Here, w and c are arrays of
ionic gating variables and ionic concentrations, respectively
[22], and 𝐼stim,𝑖 and 𝐼stim,𝑒 are externally applied intracellu-
lar and extracellular stimulus currents. Suitable boundary
conditions on either 𝜙

𝑖,𝑒
or the current flux n𝑇𝜎

𝑖,𝑒
∇𝜙
𝑖,𝑒
, and

initial conditions for 𝑉, w, and c are set. Functions R, S
and the transmembrane current 𝐼ion ≡ 𝐼ion(w, c, 𝑉) are
determined by parameters and data fitting and represent an
electrophysiological cell model. Many of such cells models
of variable complexity exist; see, for example, [23] for a
recent review. In this work we model the ionic current using
the phase-I Luo-Rudy (LR1) cell model [24]. However, the
derivation of the SEM formulation of the bidomain model
follows analogously for any ordinary differential equation
(ODE) based cell model. The LR1 model relies on six gating
variables {𝑤1, . . . , 𝑤6} along with the intracellular calcium
concentration 𝑐1. The compatibility condition

∫
Ω

(𝐼stim,𝑖 + 𝐼stim,𝑒) 𝑑Ω = 0 (2)

on 𝐼stim,𝑖 and 𝐼stim,𝑒 should hold for the system to be solvable.
Note that the transmembrane potential 𝑉 is uniquely deter-
mined, while the intra- and extracellular potentials 𝜙

𝑖
and

𝜙
𝑒
are determined up to the same additive time-dependent

constant, whose value is usually obtained by imposing a
normalization condition on 𝜙

𝑒
, for example, zero average on

Ω.
We remark that a form alternative to (1a)-(1b), the

parabolic-elliptic formulation of the bidomain equations,
exists, with unknowns (𝜙

𝑒
, 𝑉). Such formulation is quite

popular, even because it allows dealing with the parabolic
and elliptic blocks at different steps by Gauss-Seidel method.
Nevertheless, (i) recent studies show that decoupling the
bidomain equations can be less efficient than solving them
as a global system (for the same level of accuracy [25]),
and (ii) evidence exists that formulation (𝜙

𝑒
, 𝜙
𝑖
) provides

a significantly more efficient numerical framework [26].
Our SEM implementation addresses the coupled parabolic-
parabolic problem, even because, being the SEMmass matrix

diagonal, this allows a significant save in memory allocation
and, quite likely, a reduced computational effort. This is
because the number of nonzero entries of the global matrix
(hence the cost for sparse matrix-vector products) is greatly
reduced with respect to the parabolic-elliptic formulation.

3.2. Variational Formulation of the BidomainModel. The var-
iational form of the bidomain equations is as follows: given
𝐼ion and 𝐼stim,𝑖,𝑒 fulfilling the compatibility condition (2), for
all 𝑡 > 0, find 𝜙

𝑖,𝑒
∈ 𝐻

1
(Ω) ×𝐻

1
(Ω)/{(𝑐, 𝑐) : 𝑐 ∈ R} satisfying

given initial and boundary conditions such that

𝜒𝐶(
𝜕𝑉

𝜕𝑡
, 𝜓
𝑖
)+ 𝑎
𝑖
(𝜙
𝑖
, 𝜓
𝑖
) + 𝜒 (𝐼ion, 𝜓𝑖) = (𝐼stim,𝑖, 𝜓𝑖) , (3a)

−𝜒𝐶(
𝜕𝑉

𝜕𝑡
, 𝜓
𝑒
)+ 𝑎
𝑒
(𝜙
𝑒
, 𝜓
𝑒
) − 𝜒 (𝐼ion, 𝜓𝑒)

= (𝐼stim,𝑒, 𝜓𝑒)

(3b)

for all admissible test functions 𝜓
𝑖,𝑒

from a suitable test
space, where 𝑎

𝑖,𝑒
(𝑢, V) = ∫

Ω
∇𝑢
𝑇
𝜎
𝑖,𝑒
∇V 𝑑Ω. See [27] for a

mathematical analysis of the bidomain model. Existence and
uniqueness for a solution of the bidomain problem for a wide
class of cell models, including LR1, are discussed in [28].

3.3. Spatial Discretization. LetT
ℎ
be a decomposition of the

model volume Ω into a family of nonoverlapping hexahedra
Ω
𝑘
with typical size ℎ. Each element Ω

𝑘
is obtained by a

transformation 𝐹
𝑘
from a reference (or parent) element Ω̂ =

[−1, 1]3. On the reference element, we consider the spaceQ
𝑝

of polynomial functions with degree less than or equal to 𝑝
in each variable 𝑥

𝑖
, 𝑖 = 1, 2, 3. Then, for eachΩ

𝑘
let

𝑈
𝑝,𝑘

(Ω
𝑘
) = {𝑢 = �̂� ∘ 𝐹

−1
𝑘
, for some �̂� ∈Q

𝑝
(Ω̂)} (4)

be the space of the functions that are images through 𝐹
𝑘
of

polynomials functions �̂� ∈ Q̂
𝑝
in Ω̂. Hence, 𝑢(x) = �̂�(𝐹

−1
𝑘
(x))

for all x inΩ
𝑘
. Finally, we define the spectral element space as

𝑋
ℎ,𝑝 (Ω)

:= {𝑢 ∈C
0
(Ω) : 𝑢|Ω𝑘

∈𝑈
𝑝,𝑘

(Ω
𝑘
) , ∀Ω

𝑘
∈T
ℎ
} .

(5)

In our implementation 𝐹
𝑘
∈ Q1; thus, when 𝑝 > 1 the

mapping is subparametric, meaning that its degree is lower
than the spectral degree. This choice is essentially motivated
by practical considerations: mesh generators produce 8-point
hexahedra, while 𝑝-order hexahedra need (𝑝 + 1)3 total
points (and produce different grids for analyses with different
spectral degree). The subparametric mapping is known to
enjoy good mathematical properties (see, for instance, [29]).
Nevertheless, if high order hexahedra are desirable (for
instance, when dealing with domains with curved boundary
which can be described in terms of geometrical primitives),
they can be incorporated in the spectral element frame with
small additional effort.
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3.4. Construction of SEM Basis Functions. First, the Gauss-
Lobatto (LGL) points in the reference element Ω̂ are obtained
via tensor product of the one-dimensional LGL nodes in
[−1, +1]. The full spectral grid {a

𝑝
}
𝑁

𝑝=1 is then built mapping
the LGLnodes over the hexahedra and eliminating duplicated
points: as for finite elements, a global numbering is associated
with the𝑁 grid points. In Ω̂we consider the (𝑝+1)3 Lagrange
polynomials of degree 𝑝 corresponding to the LGL nodes
and, inΩ

𝑘
, the elemental basis functions for𝑈

𝑝,𝑘
obtained by

mapping such nodal basis functions according to 𝐹
𝑘
. Finally,

a basis for the whole space 𝑋
ℎ,𝑝

is obtained as a patchwork
of these elemental functions on each element Ω

𝑘
. More

precisely, we choose as a basis for𝑋
ℎ,𝑝

the set {𝑁
𝑝
(x)}𝑁
𝑝=1, that

is, the transformation of polynomials of order 𝑝 from Ω̂ to
each Ω

𝑘
, such that

𝑁
𝑝
∈ 𝑋
ℎ,𝑝
, 𝑁
𝑝
(a
𝑞
) = 𝛿
𝑝𝑞
, (6)

where 𝛿
𝑝𝑞

is the Kronecker delta. It is easy to see that the
restriction of such spectral shape functions to Ω

𝑘
either

coincides with a Lagrange polynomial or vanishes. It is
easily verified that the above choice of nodal basis functions
assures that the corresponding global bases enjoy as much
localization as possible.

3.5. SEM Formulation. Taking the test space equal to 𝑋
ℎ,𝑝

,
the SEM approximation of (3a)-(3b) consists in finding 𝜙

𝛿𝑖,𝑒
∈

𝑋
ℎ,𝑝

such that for all 𝜓
𝑖,𝑒
∈ 𝑋
ℎ,𝑝

and for every 𝑘

𝜒𝐶∑

𝑘

(
𝜕𝑉
𝛿

𝜕𝑡
, 𝜓
𝑖
)
𝑘

+∑

𝑘

𝑎
𝑖𝑘
(𝜙
𝑖𝛿
, 𝜓
𝑖
)

= −∑

𝑘

𝜒 (𝐼ion, 𝜓𝑖)𝑘 +∑
𝑘

(𝐼stim,𝑖, 𝜓𝑖)𝑘 ,

(7a)

−𝜒𝐶∑

𝑘

(
𝜕𝑉
𝛿

𝜕𝑡
, 𝜓
𝑒
)
𝑘

+∑

𝑘

𝑎
𝑒𝑘
(𝜙
𝑒𝛿
, 𝜓
𝑒
)

= ∑

𝑘

+ 𝜒 (𝐼ion, 𝜓𝑒)𝑘 +∑
𝑘

(𝐼stim,𝑒, 𝜓𝑒)𝑘 ,

(7b)

where 𝑉
𝛿
= 𝜙
𝑖𝛿
− 𝜙
𝑒𝛿
, while 𝑎

𝑖,𝑒𝑘
(𝑢, V) = ∫

Ω𝑘

∇𝑢
𝑇
𝜎
𝑖,𝑒
∇V 𝑑Ω

𝑘

and (⋅, ⋅)
𝑘
denotes the inner product inΩ

𝑘
. For the numerical

realization of the SEM we resort to the so-called GNI
approach (see, e.g., [16]), which consists in exploiting numer-
ical integration for computing integrals. With this choice,
the semidiscrete form of the bidomain equations becomes
the following: find 𝜙

𝛿𝑖,𝑒
∈ 𝑋
ℎ,𝑝

satisfying given initial and
boundary conditions and such that for all 𝜓

𝑖,𝑒
∈ 𝑋
ℎ,𝑝

𝜒𝐶∑

𝑘

(
𝜕𝑉
𝛿

𝜕𝑡
, 𝜓
𝑖
)
𝑝,𝑘

+∑

𝑘

𝑎
𝑖
(𝜙
𝑖𝛿
, 𝜓
𝑖
)
𝑝,𝑘

= −∑

𝑘

𝜒 (𝐼ion, 𝜓𝑖)𝑝,𝑘 +∑
𝑘

(𝐼stim,𝑖, 𝜓𝑖)𝑝,𝑘 ,

(8a)

−𝜒𝐶∑

𝑘

(
𝜕𝑉
𝛿

𝜕𝑡
, 𝜓
𝑒
)
𝑝,𝑘

+∑

𝑘

𝑎
𝑒
(𝜙
𝑒𝛿
, 𝜓
𝑒
)
𝑝,𝑘

= +∑

𝑘

𝜒 (𝐼ion, 𝜓𝑒)𝑝,𝑘 +∑
𝑘

(𝐼stim,𝑒, 𝜓𝑒)𝑝,𝑘 ,

(8b)

where the notation (⋅, ⋅)
𝑝,𝑘

indicates that the integrals on
Ω
𝑘
are computed using Gauss-Lobatto numerical integration

formulas on the corresponding reference element Ω̂.

3.5.1. Semidiscrete Form of the Bidomain Equation. In terms
of the SEM basis, the spectral element solution is 𝜙

𝛿𝑖,𝑒
(x, 𝑡) =

∑
𝑁

𝑙=1Φ
(𝑖,𝑒)

𝑙
(𝑡)𝑁
𝑙
(x) where Φ(𝑖,𝑒) represent the unknown nodal

value. If we denote by 𝑀 = {𝑚
𝑙𝑚
} the diagonal spectral

element mass matrix and with 𝐾
𝑖,𝑒
the symmetric intra and

extracellular stiffness matrices; with elements

𝑘
𝑖,𝑒

𝑙𝑚
= ∫
Ω

𝜎
𝑖,𝑒
∇𝑁
𝑙
∇𝑁
𝑚
𝑑Ω (9)

we may write the semidiscrete form of the bidomain equa-
tions in compact matrix form as follows:

𝜒𝐶M
𝜕

𝜕𝑡
[
Φ
(𝑖)

Φ
(𝑒)
]+K[

Φ
(𝑖)

Φ
(𝑒)
]

= [
𝑀Istim,𝑖
−𝑀Istim,𝑒

]−𝜒[
𝑀Iion (w, c,V)
−𝑀Iion (w, c,V)

]

(10)

or

𝜒𝐶M
𝜕

𝜕𝑡
[
Φ
(𝑖)

Φ
(𝑒)
]+K[

Φ
(𝑖)

Φ
(𝑒)
] = [

F(𝑖)

F(𝑒)
] , (11)

where the bidomainmass and stiffness matricesM andA are
defined as

M = [
𝑀 −𝑀

−𝑀 𝑀
] ,

K = [
𝐾
𝑖

0
0 𝐾
𝑒

] .

(12)

In a similar, but easier way, one can show that the SEM
formulation of the monodomain problem reads

𝜒𝐶𝑀
𝜕V
𝜕𝑡

+𝐾V = 𝑀Istim −𝜒𝑀Iion (w, c,V) = F (13)

along with given cell model, boundary and initial conditions.

3.6. Semi-Implicit Time Discretization. We use a mixed time-
marching scheme which is implicit for the intracellular
concentration variables while it is explicit forV andw.This is
motivated by the fact that the components 𝑤

1
, . . . , 𝑤

6
of w in

(1c) are fully decoupled and each depends only on itself and
𝑉, whereas the component 𝑐

1
of c has complex, non-linear

dependencies on 𝑉, on one another and on w, making an
implicit time-step much more expensive to compute.
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Figure 1: (a) The Niederer benchmark. (a) Domain dimensions with the 0.15 × 0.15 × 0.15 cm cubic stimulus region. (b) Activation times
were evaluated at points P1 and P9 as well as along the line from P1 to P8. Plots of the activation along the plane shown are provided in two
dimensions.

Step 1. Given the potential V𝑛 at the previous time 𝑡
𝑛
, solve

w𝑛+1 −Δ𝑡𝑅 (V𝑛,w𝑛+1) = w𝑛,

c𝑛+1 = c𝑛 +Δ𝑡𝑆 (V𝑛,w𝑛+1, c𝑛) ,
(14)

where Δ𝑡 denotes the time step size.

Step 2. FindΦ𝑛+1
𝑖

andΦ𝑛+1
𝑒

by solving the linear system

A𝜉
𝑛+1

= b, (15)

where

A = [
𝐴
𝑡
𝑀+𝐾

𝑖
−𝐴
𝑡
𝑀

−𝐴
𝑡
𝑀 𝐴

𝑡
𝑀+𝐾

𝑒

] ,

𝜉
𝑛+1

= [
Φ
𝑛+1

𝑖

Φ
𝑛+1
𝑒

] ,

b

= [

[

𝐴
𝑡
𝑀V𝑛 − 𝜒𝑀Iion (V𝑛,w𝑛+1, c𝑛+1) +𝑀Istim,𝑖

−𝐴
𝑡
𝑀V𝑛 + 𝜒𝑀Iion (V𝑛,w𝑛+1,w𝑛+1) −𝑀Istim,𝑒

]

]

(16)

with 𝐴
𝑡
= 𝜒𝐶

𝑚
/Δ𝑡 and V𝑛 = Φ𝑛

𝑖
− Φ
𝑛

𝑒
. For the solution of

(15) we exploit classical Krylov methods, taking into account
the linear system consistency: see, for instance, [30,Theorem
2].

Clearly, the effective solution of (15) requires the choice of
an optimal preconditioner, especially for the bidomain case.
This is a difficult task which truly deserves a dedicated inves-
tigation. In particular, algebraic multigrid preconditioners
(AMG) have been applied to the bidomain equations, often
outperforming standard methods like the ILU or the block
Jacobi preconditioner adopted in this work [31]. Quite often,
AMG preconditioners are applied to the parabolic-elliptic
formulation of the bidomain equations, while our SEM
implementation stems from the coupled parabolic-parabolic
problem (see Section 3.1). Analysis of AMG preconditioning
for the SEM discretization of the coupled parabolic-parabolic

problem (3a)-(3b) will be the object of a future paper, along
with a study on the condition numbers of SEM matrices,
both unpreconditioned and preconditioned with different
methods.

4. Results and Discussion

In order to validate the proposed spectral element scheme
we start analyzing its performance for monodomain and
bidomain simulations using a well know benchmark on
a simplified geometry. Then, to further assess the ability
of the method to cope with the additional complexities
associated with organ scale cardiac electrophysiology models
we present the results of simulating monodomain activity
on a realistic human heart geometry. Numerical experiments
were performed at the CRS4 High Performance Computing
centre comprising more than 3000 processors, grouped into
382 nodes of 8 Intel Xeon (2.8GHz) cores, connected through
a low latency Infiniband network.

4.1. The Monodomain Niederer Benchmark. We use the
benchmark proposed in [32]: it is a consensus cardiac tissue
electrophysiology model problem that is used for evaluating
and verifying cardiac tissue electrophysiology simulators.The
problem geometry is defined as a parallelepipedal portion
of cardiac tissue (cuboid or slab) with dimensions of 0.3 ×
0.7 × 2.0 cm (see Figure 1), characterized by transversely
isotropic conductivity with fibres aligned to the long axis of
the computational domain.

Intralongitudinal, intratransversal, extralongitudinal,
and extratransversal conductivities are assumed as 0.17,
0.019, 0.62, and 0.24 S/m. The stimulus current is applied to
a cubic region of 0.15 × 0.15 × 0.15 cm located at one corner
of the computational domain. The monodomain equations
coupled with ten Tusscher and Panfilov model cell model
[33] are solved for all simulations. We set a simple diagonal
preconditioner, using a tolerance 10−6 for the Conjugate
Gradient iterative algorithm. Activation times at the points
shown in Figure 1 are evaluated at spatial resolution of
0.05, 0.02, and 0.01 cm and varying temporal discretisation
for PDE (Δ𝑡 = 0.05, 0.01 and 0.005ms). In the present
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Table 1: Monodomain activation times at the corner P8 and the centroid P9 on the domain shown in Figure 1 using various ℎ and 𝑝 values.
Percentage relative errors on activation times computed assuming as a reference the solution provided by ℎ = 0.01 cm and 𝑝 = 5. Details
on the degrees of freedom (DOF) and the numbers of nonzero entries of the solution matrices (NNZ) for the various meshes used in the
simulations; percentage of DOFs and NNZs are computed with respect to those of the reference solution.

ℎ 𝑝 P8 P9 % error @ P8 % error @ P9 Elements DOF NNZ % DOF % NNZ

0.05 4 44,53 20,46 4.420 3.398 3,360 229,425 20,079,265 0.84 0.30
5 43,42 20,04 1.822 1.286 3,360 442,401 54,425,001 1.62 0.81

0.02

2 43,84 20,36 2.798 2.916 52,500 442,401 15,894,801 1.62 0.24
3 42,70 19,65 0.138 −0.685 52,500 1.467,676 87,712,876 5.39 1.31
4 42,73 19,85 0.209 0.314 52,500 3,449,001 308,946,001 12.66 4.61
5 42,52 19,62 −0.285 −0.846 52,500 6,701,376 840,210,876 24.61 12.55

0.01

2 42,68 19,77 0.085 −0.072 420,000 3,449,001 125,736,801 12.66 1.88
3 42,56 19,71 −0.204 −0.409 420,000 11,539,801 696,717,001 42.37 10.41
4 42,67 19,81 0.056 0.126 420,000 27,234,801 2,147,483,648 51.33 32.08
5 42,64 19,79 0.000 0.000 420,000 53,054,001 6,694,583,001 100.00 100.00
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Figure 2: Activation times at cubic centroid P9 (a) and at point P8 (b) for monodomain solutions with varying spatial resolution and degree
𝑝.

case, activation time is defined as the unique time when
the membrane potential passes through 0mV upon first
activation. In the following, we focus on the effect of varying
the spectral degree 𝑝 for the transmembrane potential 𝑉.
Due to space constraints, we will present only data obtained
using a temporal time step for PDE Δ𝑡 = 0.01ms. Selected
quantitative data for the simulations described above are
presented in Table 1. Figure 2(a) illustrates the measured
activation times at the centroid with 𝑝 = 1 to 5 for the three
levels of spatial refinement, displaying the difference that
high order methods brings. While inaccuracy is present
with 𝑝 = 1 for all spatial discretisations, we can see that
𝑝 = 2 on the finest mesh and 𝑝 = 3 on the intermediate
mesh resolution are sufficient to get a practically converged
solution. Note that using 𝑝 = 4 and 𝑝 = 5 we can mitigate
the adverse coarsest mesh effects on the measured centroid
activation times. In fact (see Table 1) the computed relative
error with respect to the finest mesh solution with 𝑝 = 5
is 3.398% and 1.286% for 𝑝 = 4 and 𝑝 = 5, respectively.

The activation times at point P8 are showed in Figure 2(b)
for varying degree 𝑝 and different mesh resolutions. Due
to error accumulation as the wave propagates across the
computational domain, the effect of using higher degree
𝑝 at lowest space resolution is slightly less favourable. The
relative error with respect to the finest mesh solution with
𝑝 = 5 is equal to 4.420% when 𝑝 = 4 and 1.822% when 𝑝 = 5.
However, as the mesh is refined, the conduction velocity
of the activation wave is again well represented with 𝑝 = 2
and 𝑝 = 3, on the finest and intermediate mesh resolution,
respectively.

To test if these results were converged at these spa-
tial scales we performed highly refined simulations with a
0.005 cm spatial resolution. Results for the cuboid centroid
and for point P8 with 𝑝 = 2 and 𝑝 = 3 are illustrated
in Figure 3. The degrees of freedom and the numbers of
nonzero entries of the solution matrices (NNZ) for the
various meshes in the simulations give some insight into
the computational workload associated with the solution
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Figure 3: Activation times at slab centre P9 (a) and point P8 (b) for monodomain solution with 𝑝 = 2 and 𝑝 = 3 on meshes with ℎ = 0.05 to
ℎ = 0.005 cm.

of the monodomain problem using spectral elements for
a given degree of accuracy. In this case relative accuracy
is measured by relative error on the activation time at a
specific point in the computational domain with respect
with a reference solution. In fact, we may consider that
for a given cellular and electrophysiology model at a given
spatial and temporal resolution the overall computational
burden is essentially related to the one required for the
iterative solution of the sparse linear system arising from
PDEs discretization. Using iterative methods, computational
effort is driven by matrix-vector multiplication whose cost,
in turn, is essentially determined by NNZ, the number of
nonzero entries of the solution matrix. In the case of spectral
element method the latter are the most sensible parameter,
as it is shown in Table 1 where it is apparent that they grow
more than linearly for higher degrees 𝑝. If, for the moment,
we disregard any optimisation issue of the solution of the
linear system, we can assume NNZ as a rough estimate of
the computational workload required to solve the problem
for a given iterative algorithm and preconditioner. It is worth
observing that assuming as a reference the solution generated
using ℎ = 0.01 cm and𝑝 = 5 these data show that a practically
converged solutionwith𝑝 = 2with ℎ = 0.01 cmor𝑝 = 3with
ℎ = 0.02 or 0.01 cm requires about 10% of the effort required
for the reference solution in the worst case.

To showhow errors are distributed in space, we computed
the activation times on the diagonal from points P1 to P8 for
𝑝 = 3 for varying mesh resolutions. Results are shown in
Figure 4. The graph represents the activation times of points
distributed along a line of roughly 21.4mm in length. Ten
points at equal intervals are selected along this line, and
the activation time for each point is interpolated from the
hexahedron which contains it. These curves highlight that
for this choice of 𝑝 there is essentially no dependence on
spatial resolution except for the lowest one. All curves share
a common morphology with the activation velocity slightly
increasing as the mesh resolution improves. Note that in
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Figure 4: Activation times on the diagonal from P1 to P8 for 𝑝 = 3

for monodomain solutions with Δ𝑥 = 0.01 cm (red line), 0.02 cm
(green line), and 0.05 cm (blue line). Note that data for ℎ = 0.01 cm
and ℎ = 0.02 cm are indistinguishable.

Figure 4 the solution with ℎ = 0.02 cm (green line) cm
is virtually not distinguishable from the solution with ℎ =

0.01 cm (red line). Furthermore, boundary effects are not
seen for intermediate to high spatial resolutions and remain
limited for ℎ = 0.05 cm.

To determine the impact of conduction velocity error
in directions perpendicular to the fibres due to the lower
conductivity, we show in Figure 5 the isosurfaces of activation
times on the ℎ = 0.02 cm mesh with 𝑝 = 3. For the sake of
comparison with the data published in [32] we also provide
the plots of the activation along the plane shown in Figure 1.
Note that, for this choice of 𝑝 and ℎ, propagation along
and across the preferential fibre direction does not affect
activation wave curvature. These data also show the ability of
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(a) (b)

Figure 5: Isosurfaces of the monodomain activation times on the ℎ = 0.02 cm mesh with 𝑝 = 3. The activation times are represented by the
colour map from dark blue (0ms) to dark brown (45ms) with contour bands at 3ms intervals (a). Coloured contour map of the activation
times on the plane depicted in Figure 1 for the same combination of 𝑝 and ℎ (b).
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Figure 6: Monodomain action potential time history at point P9
along the cuboid diagonal for a 350ms simulation.

the proposed method to capture off-fibre conduction veloc-
ities at relatively coarse spatial resolution and demonstrate
visually that no boundary effects are present.

To complete this test case, Figure 6 shows the activation
potential time history at the cuboid centroid for a 350ms
simulation. It can be seen how for the transmembrane
potential 𝑉 depolarization, plateau and recovery phases are
well reproduced.

4.2. The Bidomain Niederer Benchmark. We studied
bidomain simulation with the same benchmark used in
Section 4.1 for the monodomain case. As before, we consider
a simulation domain of size 0.3 × 0.7 × 2.0 cm at mesh
discretisations of 0.05, 0.02, and 0.01 cm and anisotropic
conductivity. The domain was presented in Figure 1 and
further details were given in Section 4.1.

The measured activation times at the cuboid centroid are
shown for a range of spectral degrees 𝑝 and varying spatial
resolutions in Figure 7. Note how cubic and quartic degrees
display superior accuracy to lower degrees by the second
coarsest level. Furthermore, on the finest mesh resolution,
the solution with 𝑝 = 2 is undistinguishable from the other
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Figure 7: Activation times at cubic centroid P9 for bidomain
solutions with varying spatial resolution and degree 𝑝.

solutions showing that with ℎ = 0.01 cm roughly equivalent
accuracy can be attained by 𝑝 = 2.

These data suggest that 𝑝 = 3 on the second coarsest
mesh or alternatively 𝑝 = 2 on the finest spatial resolution is
practical 𝑝 and ℎ combinations also for the bidomain model.
This is further illustrated from the results of computing
activation times along the cuboid diagonal. Figure 8 shows
how errors are distributed in space for selected combinations
of 𝑝 and ℎ. Essentially, at the suggested mesh discretisation
the solutions for 𝑝 = 2 and 𝑝 = 3 are practically undis-
tinguishable. Furthermore, in all cases, the boundary effects
are minimal. Note that the effect of using 𝑝 = 2 on the sec-
ond coarsest mesh reduces to slightly underestimate the con-
duction velocity with no apparent effects on the morphology
of the resulting curve. Data for point P8, not shown here due
to space constraints, confirm the findings the monodomain
case we discussed in Section 4.1.

Further investigations on the shape of the wave produced
with the simulations quantify the differences one might
expect in using one or the other combination of 𝑝 and ℎ.
This is visually illustrated in Figure 9 which shows the action
potential time history at the centroid of the cuboid diagonal
for a 60ms simulation. Results shown in the right panel
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Figure 8: (a) Activation times on the cuboid diagonal for bidomain solutions with degrees 𝑝 = 3 (continuous line) and mesh resolution
ℎ = 0.01 cm (red), 0.02 cm (green), and 0.05 cm (blue) and 𝑝 = 2 (dotted line). Solutions for 𝑝 = 2 are shown only for the two finest mesh
resolutions. (b) Details of (a) solution are shown for 𝑝 = 2 and 𝑝 = 3 for ℎ = 0.01 cm (red), 0.02 cm (green).
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Figure 9: The bidomain action potential at the slab centre (point P9) for 𝑝 = 2 (dotted line) and 𝑝 = 3 (continuos line) and with mesh mesh
resolution 0.01 cm (red line), 0.02 cm (green line). The action potentials for the full duration of the simulation are shown on the left. On the
right the differences between 𝑝 = 2 and 𝑝 = 3 are shown by zooming in on the AP upstroke (15–25ms).

confirm that with 𝑝 = 2 there is still a minimal overestimate
of the conduction velocity with no practical effects when
compared with the converged solution with 𝑝 = 3.

These data show that 𝑝 = 2 on the finer mesh or 𝑝 = 3 on
the second coarsestmesh ought to be preferred over any other
combination of 𝑝 and ℎ given that this produces equivalent
accuracy. However, details on the degrees of freedom and
on the number of nonzero entries of the solution matrix,
6, 898, 002 and 258, 371, 604 for 𝑝 = 2 and 2, 935, 352 and
178, 361, 104 for 𝑝 = 3, indicate that this latter combination
produces a fully converged solution at roughly 69% of the
effort required to solve the problem in the former case.

Finally, Figure 10 confirms the ability of the proposed
method to capture off-fibre lower conduction velocities when

solving the bidomain problem. Note how the wave activation
pattern propagates for all times with no relevant boundary
effects.

4.3. High-Resolution Anatomically Realistic Heart. We con-
tinue the assessment of the method presenting the results of
simulatingmonodomain activity on an anatomically realistic,
high-resolution cardiac computationalmesh.At present, fully
automatic all-hex mesh generation of complex solids, such
as a whole heart, is not yet possible, and most volumes
require some measure of decomposition before they can
be meshed with a hexahedral meshing scheme. To tackle
this problem, we developed a computational pipeline based
upon CUBIT (Sandia Laboratory, http://cubit.sandia.gov),
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Figure 10: Isosurfaces of activation times on the ℎ = 0.02 cmmesh with 𝑝 = 3 for the bidomain solution.The activation times are represented
by the colour map from dark blue (0ms) to dark brown (45ms) with contour bands at 3ms intervals (a). Coloured contour map of the
bidomain activation times on the plane depicted in Figure 1 for the same combination of 𝑝 and ℎ (b).

(a) (b)

Figure 11: Full scale three-dimensional geometrical model of a human heart generated from a ventricular surface definition obtained from
computed tomography (CT) images. Panels (a) and (b) show anterior and posterior views of the model. White lines indicate the subvolume
partition used for unstructured all-hexahedra mesh generation.

an advanced and robust solid modeler and 3D unstructured
hexahedral mesh generator that offers state-of-the-art capa-
bilities to design, assess, and improve the quality of a mesh in
terms of both geometrical and numerical accuracy. Starting
from a ventricular surface obtained from CT images and
represented bymeans of triangular elements, a volumemodel
is generated from which a decomposition into automatically
meshable subvolumes can be constructed. A conforming
unstructured all-hexahedra mesh is then semiautomatically
generated and quality checks andmesh validation are carried
out on each subvolume. At the end of the process the quality
of resulting mesh with respect to standard finite element
metrics is assessed and the mesh is finally validated for use
in simulation studies. The surface definition we used was
derived from the statistical shape model constructed from
a training set comprising 100 asymptomatic and pathologic
subjects described in [34]. Data were originally provided by
the CISTIB at the Universitat Pompeu Fabra, Spain. Figure 11
shows an anterior and a posterior viewof the complete human
heart model after subvolume partition.

Using the pipeline outlined above we are currently able
to generate whole human heart meshes with very fine
average edge length equal to 0.018 cm (35, 021, 521 nodes
and 34, 269, 632 elements). Due to hardware constraints the
version of the mesh used in the simulation study presented

below has an average edge length of 0.036 cm and con-
sists of 4, 471, 781 nodes and 4, 283, 704 elements. Figure 12
shows some detailed views of the all-hexahedral mesh we
used in our simulations. In the present benchmark the
cellular membrane dynamics were defined by the phase-I
Luo-Rudy cell model [24], although any other ionic model
could have been used. Spatial variation in fibre direction is
not accounted for and homogenous membrane properties
are assumed throughout all volume. The isotropic baseline
conductivities were 𝜎

𝑖
= diag(0.175, 0.175, 0.175) S/m and

𝜎
𝑒
= diag(0.7, 0.7, 0.7) S/m, where diag(𝑥, 𝑦, 𝑧) is a 3 × 3

diagonal matrix with values 𝑥, 𝑦, 𝑧 along the diagonal. Other
parameters were 𝜒 = 1400 cm−1 and 𝐶 = 1.0 𝜇F/cm2. A
stimulus of magnitude 4.0 × 103 𝜇A/cm2 and duration of
2.0ms was applied to surface nodes within the apical region
of the mesh (𝑧 < 5.0 cm) which elicited the propagation
of a quasi-planar wavefront in approximately an apicobasal
direction.

Figures 13–15 show the results of simulating 250ms
of monodomain activity on the heart geometry described
above. Simulations were run with spectral degree 𝑝 = 3
and time steps of 0.005ms and 0.01ms were used for the
ODE and PDE solves, respectively. The simulations were
run on 128 cores. Our FORTRAN90/MPI parallel spectral
element code is based on the parallel library PETSc from
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(a) (b)

Figure 12: Full scale complete human heart mesh derived fromCT images. Panels (a) and (b) show two enlarged views of the high-resolution
unstructured all-hexahedral mesh used to solve the monodomain equations.
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Figure 13: Activation potential time history for a 250ms human
heart bidomain simulation at various points located at human heart
internal septum. The insert shows the location of the points where
the time history is registered.

the Argonne National Laboratory (http://goo.gl/LGvZKZ)
and embeds METIS for partitioning spectral element meshes
(http://glaros.dtc.umn.edu/gkhome/views/metis). The itera-
tive linear solver used was Conjugate Gradient with an ILU
preconditioner. The total number of degrees of freedom of
the problems is equal to 117, 351, 445 with 7, 097, 533, 909

nonzero matrix entries.
We do not have a reference solution in this case, but we

should expect to achieve a degree of accuracy similar to the
ℎ = 0.02 cm or, in the worst case, to the ℎ = 0.05 cmNiederer
benchmark with 𝑝 = 3. Note that the quality of numerical
simulations can be improved at runtime simply by increasing
the polynomial degree of the basis functions used in the
numerical schemewithout the need of generating a newmesh
as it would be the case for standard finite elements. Figure 13
shows the action potential time history for three points
located in the heart internal septum.These plots demonstrate
the ability of the proposed method of capturing the shape of
a travelling steep front at this spatial resolution. The absence
of oscillations at the end of the depolarization phase further
corroborates this observation.

Panels from 𝑡 = 85ms to 𝑡 = 105ms in Figure 14
show the resulting electrical activation sequence of an action
potential cycle. Note how the wavefront is well represented
and propagates without distortion at this mesh resolution.
Convergence studies using finite elements as a comparison,
discussed below, demonstrate that this is definitively not
attainable at the present spatial resolution with standard
low order methods. Finally, to better appreciate the quality
of the wavefront resolution some zoomed snapshots of the
transmembrane potential at 95ms and 105ms after activation
are presented in Figure 15.

The analysis of parallel performance of the SEM algo-
rithm deserves a dedicated study and is not included in
this work. As a matter of fact, SEM bring overall matrices
which are more dense and smaller in size with respect
to low order methods: this, in principle, may allow good
computational efficiency. Without going into details, this
depends on (i) the way matrices are split between parallel
tasks, (ii) the low number of interface nodes (i.e., nodes
shared by different tasks) typical of SEM, as they need less
grid points to provide the same accuracy, and (iii) the fact
that parallel efficiency roughly depends on the ratio between
computational effort of each task and amount of message
passing. Improvements in parallel efficiency for increasing
value of the spectral degree have been measured in other
fields of application long time ago; see for example, [35]. Last,
the choice of the preconditioner may significantly affect the
parallel performance.

4.4. Computational Effort: A Comparison with Finite Ele-
ments. We exploit the previous example to assess the accu-
racy and computational cost of our code in comparison with
standard finite elements. Because of the time-consuming
nature of performing such investigation across a range of
different parameters in three dimensions, we used a very
small test domain. To this scope, we extracted from the
right ventricle wall of the human heart geometry described
above a rectangular cuboid spanning from to epicardial to
endocardial wall surface with a volume of approximately
0.365 cm3. We then solved an isotropic monodomain prob-
lem on this subvolume, using linear finite elements on a series
of progressively uniformly refined computational meshes.
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(a) (b)

(c) (d)

Figure 14: Spectral element approximation (𝑝 = 3) of the transmembrane potential at (a) 𝑡 = 75ms, (b) 𝑡 = 85ms, (c) 𝑡 = 95ms, and (d)
𝑡 = 105ms on a realistic heart geometry. Potential distribution ranges from blue (resting value) to red (depolarization). Transparency of the
geometrical model exposes epicardial and endocardial activity.

(a) (b)

Figure 15: Enlarged snapshot of the transmembrane potential at (a) 𝑡 = 95ms and (b) 𝑡 = 105ms. Here we focus on resolution of the
activation wavefront in organ scale complex electrophysiology computational models.

The meshes we used have an average spatial resolution of ℎ
approximately equal to 0.02, 0.01, 0.005, and 0.0025 cm.

The parameters used for the simulation were the same
used for the heart-scale problem. A stimulus of magnitude
4.0 × 103 𝜇A/cm2 and duration of 2.0ms was applied to
the bottom surface nodes of the cuboid. The resulting time
histories at a receiver located in the external surface of

the subvolume at a distance from the stimulation face approx-
imately equal to 80% of its maximum vertical dimension are
shown in Figure 16 where they are compared with a SEM
solution obtained with 𝑝 = 2 and average ℎ approximately
equal to 0.01 cm.

These curves highlight that finite elements progressively
converge to the SEM solution as the mesh resolution
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Table 2: Details on the degrees of freedom (DOF) and the numbers of nonzero entries of the solution matrices (NNZ) for the human heart
subvolume benchmark. Details for CPU-times for PDEs, ODEs, and PDEs + ODEs. Percentages are computed with respect to those of the
FEM solution.

Method ℎ (cm) 𝑝 DOF NNZ Mean PCG CPU-time CPU-time Total CPU-time
iterations PDEs (s) ODEs (s) (PDEs + ODEs) (s)

SEM 0.0100 2 1,215,825 44,221,761 9.0 2.57 2.62 5.19
FEM 0.0025 — 6,290,417 93,516,241 10.2 7.19 9.12 16.31
SEM/FEM 400% — 19.3% 47.4% 88.5% 35.7% 28.7% 31.8%

6 8 10 12
Time (ms)

0

50

Ac
tio

n 
po

te
nt

ia
l (

m
V

)

−50

−100

FEM: h ∼ 0.0200

FEM: h ∼ 0.0100

FEM: h ∼ 0.0050

FEM: h ∼ 0.0025SEM: p = 2, h ∼ 0.0100

(a)

8 9 10 11
Time (ms)

12

16

20

24

Ac
tio

n 
po

te
nt

ia
l (

m
V

)

FEM: h ∼ 0.0200

FEM: h ∼ 0.0100
FEM: h ∼ 0.0050
FEM: h ∼ 0.0025SEM: p = 2, h ∼ 0.0100

(b)

Figure 16: Space-refinement convergence experiments for monodomain action potential in the human heart subvolume. Continuos lines
indicate FEM solution with mesh resolution 0.02 cm (black), 0.01 cm (orange), 0.005 cm (green), and 0.0025 cm (red). Dotted line denote
SEM solutions with 𝑝 = 2 and spatial resolution 0.01 cm (blue). The action potentials for the full duration of the simulation are shown on the
left. On the right the AP upstroke (8–11ms) is shown for the same range of mesh refinements.

improves. In particular the FEM solution with ℎ = 0.0025 cm
(continuous red line) is virtually not distinguishable from the
solution obtained with SEM using 𝑝 = 2 and ℎ = 0.01 cm
(dotted blue line).

Table 2 shows a comparison between FEM and SEM
analyses in terms of DOFs, nonzero entries, and CPU-time
to time-advance the monodomain equation. The SEM are
able to provide the same accuracy of the FEM solver using
approximately 20% of DOFs: this is not too far from our
findings in different fields of applications. The DOFs ratio
drives quite well the CPU-time for time-advancing the ODE
system associated with the cell model (28%). While the SEM
NNZ are roughly half of their FEM counterpart, the CPU-
time for time-marching themonodomain equationwith SEM
is about 1/3 of that required by FEM. There are several
reasons for such deviation, including the number of iterations
needed to solve the linear system at each time-step (slightly
in favour of SEM), the additional cost of the preconditioner
when solving the linear system (15), the fact that in modern
computer architectures memory access and data movement
are at least as expensive as number crunching.

These results are, in our opinion, quite promising; we
understand that the potential of method we are presenting
to reduce the amount of time required to perform large scale

electrophysiology simulations has to be further confirmed
with a thorough comparison of the spectral element and
the finite element methods on both the monodomain and
bidomain equations.This will be the subject of a forthcoming
contribution.

5. Conclusions

In this paper we presented an effective high order dis-
cretisation technique based on the spectral element method
for the study of electrophysiological wave propagation. A
fully unstructured all-hexahedra approach implementation
of the method has been illustrated and applied to the
solution of full 3D monodomain and bidomain models.
A careful validation of the implementation was performed
on a consensus monodomain benchmark with anisotropic
conductivities which was also extended to the bidomain case.
At the organ level, a full scale simulation model of the heart
was used to assess the ability of the proposed method to cope
with the additional complexities associated with large scale
cardiac electrophysiology models. As for our knowledge,
few attempts have been done to exploit spectral elements in
electrocardiology; our work represents an extension to these
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studies, which were typically treating with over-simplified
computational domains. The approach here proposed enjoys
many advantages over standard techniques, such as con-
siderably higher convergence rates, geometrical flexibility,
and, in our experience, the possibility of using elements
with large aspect ratios without significant deterioration
in accuracy. Furthermore, the flexibility and robustness of
the method, as demonstrated in solving complex three-
dimensional problems at organ scale, are quite appealing
and promising and will be further explored in combination
with the development of advanced approaches to maximise
code performance. We are aware that there are a number
of aspects that deserve further investigation. For example
we have not covered the experimental evaluation of the
parallel performance of the method at hand. This will be
subject of a forthcoming contribution. Further improvements
of this work may include the exploitation of new hardware
devices like GPGPUs as well as the investigation of efficient
and scalable preconditioners that would allow an increased
performance.
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Sudden cardiac death instigated by ventricular fibrillation (VF) is the largest cause of natural death in the USA. Alternans, a beat-
to-beat alternation in the action potential duration, has been implicated as being proarrhythmic.The onset of alternans is mediated
via a bifurcation, which may occur through either a smooth or a border-collision mechanism. The objective of this study was
to characterize the mechanism of bifurcation to alternans based on experiments in isolated whole rabbit hearts. High resolution
optical mapping was performed and the electrical activity was recorded from the left ventricle (LV) epicardial surface of the heart.
Each heart was paced using an “alternate pacing protocol,” where the basic cycle length (BCL) was alternatively perturbed by ±𝛿.
Local onset of alternans in the heart, BCLstart, was measured in the absence of perturbations (𝛿 = 0) and was defined as the BCL
at which 10% of LV exhibited alternans. The influences of perturbation size were investigated at two BCLs: one prior to BCLstart
(BCLprior = BCLstart + 20ms) and one preceding BCLprior (BCLfar = BCLstart + 40ms). Our results demonstrate significant spatial
correlation of the region exhibiting alternans with smooth bifurcation characteristics, indicating that transition to alternans in
isolated rabbit hearts occurs predominantly through smooth bifurcation.

1. Introduction

Ventricular fibrillation (VF), manifesting as chaotic unsyn-
chronized electrical activity in the heart, is known to cause
sudden cardiac death (SCD). SCD is one of the largest
natural causes of death, killing more than 300,000 people
annually in the United States [1, 2]. Alternans, which is
a beat-to-beat alternation in the action potential duration
(APD), has been implicated as being proarrhythmic and a
potential source of cardiac instability [3–6].When the heart is
paced at progressively increasing rates, electrical restitution,
which is a fundamental property of cardiac myocytes, causes
the heart to bifurcate from a constant APD response at
lower frequencies to an alternating long-short APD pattern
(alternans) at higher frequencies [7–11]. Characterizing this
bifurcation can provide useful insights into understanding
the dynamics of the cardiac system. In particular, knowledge
of the bifurcation type that governs the transition to alternans

can potentially be used as a means to predict the formation
of alternans prior to their onset [12], which may be useful in
preventing arrhythmias.

Previous research has implicated both smooth and bor-
der-collision bifurcations when trying to characterize the tra-
nsition to alternans in small cardiac tissue. Initially, Nolasco
and Dahlen modeled transition to alternans as a smooth
bifurcation [7]; however, later studies reported a border-
collision type of bifurcation to alternans [13].More recently, it
was shown that a more complex bifurcation model involving
the coexistence of both smooth and border-collision charac-
teristicsmay exist in the heart. Based on experiments on adult
bullfrog ventricular tissue samples, Berger et al. suggested the
existence of a smooth-like behavior close to the bifurcation
point and a border-collision type behavior further away from
the bifurcation point [14]. Although the presence of different
bifurcation characteristics in small tissue samples suggests
very interesting dynamical behavior, their study was limited
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by the use of glass microelectrode recordings taken at single
point locations. Therefore, the spatial distribution of the
bifurcation characteristics and their correlation to alternans
remains to be validated.

The main objective of this study was to experimentally
investigate the spatial dynamics of bifurcations that governs
the transition to alternans in isolated whole rabbit hearts.
For this purpose, we applied an “alternate pacing protocol,”
originally introduced by Heldstab et al. [15] and further
experimentally investigated by Berger et al. [14]. Theoretical
studies by Zhao et al. [16, 17] show that smooth and border-
collision bifurcations to alternans demonstrate qualitatively
different trends in their response to this alternate pacing
protocol. We aimed to use this protocol to characterize
the type of bifurcation to alternans and study its spatial
distribution across the left ventricular (LV) surface of the
heart. We also aimed to investigate the spatial correlation
between the regions of the heart exhibiting alternans and the
different bifurcation characteristics.

2. Methods

2.1. Optical Mapping. All experiments were performed in
accordance with the guidelines of the Institutional Animal
Care and Use Committee at the University of Minnesota.
New Zealand White rabbits (Bakkom Rabbitry, 1.3–2.0 kg,
𝑛 = 4) were injected with heparin sulfate (550U/100 g)
and anesthetized with ketamine and xylazine (35mg/kg and
5mg/kg, resp.), as described previously [18, 19]. After a
thoracotomy was performed, the heart was quickly removed
and immersed in cardioplegic solution (in mM: glucose 280,
KCl 13.44, NaHCO

3
12.6, and mannitol 34). The aorta was

quickly cannulated and retrogradely perfused with warm
(37 ± 1∘C) oxygenated Tyrode’s solution (in mM: NaCl 130,
CaCl
2
1.8, KCl 4, MgCl

2
1.0, NaH

2
PO
4
1.2, NaHCO

3
24,

glucose 5.5, and pH 7.4) under constant pressure. The heart
was immersed in a chamber and superfused with the same
Tyrode’s solution. Blebbistatin (10 𝜇M) was added to Tyrode’s
solution to reduce motion artifacts.

A bolus of 4mL of the voltage-sensitive dye di-4-ANEPPS
(10 𝜇M) was injected and excited with the use of a diode-
pumped, continuous-excitation green laser (532 nm, 1W;
Shanghai Dream Lasers Technology, Shanghai, China). Opti-
cal movies corresponding to the fluorescence signal were
recorded from the epicardial surface of the LV by fast (1000
frames per second) 14-bit resolution, 80 × 80-pixel resolution
camera (Little Joe, RedShirt Imaging, SciMeasure) after a
period of stabilization (∼30 minutes).

2.2. Alternate Pacing Protocol. External stimuli (5ms dura-
tion, twice the threshold) were applied to the base of the
LV surface of the isolated Langendorff-perfused rabbit hearts
and the following alternate pacing protocol [14] was applied
(see Figure 1).

(1) Forty stimuli at a constant BCL (denoted by 𝐵
0
) value

were applied to achieve steady state (SS).

B0 ms

𝛿 = 5ms
𝛿 = 10ms

𝛿 = 15ms
𝛿 = 20ms

Step (1)

Step (2)

SS

Figure 1: Schematic of the alternate pacing protocol for a specific
BCL 𝐵

0
. Grey boxes indicate responses that have been captured

during optical mapping experiments. Local onset of alternans
was calculated based on steady state (SS) responses at 𝛿 = 0,
while alternans induced by perturbations was calculated based on
responses captured at increasing 𝛿 values.

(2) Forty alternating stimuli were applied at BCL
𝑛
= 𝐵
0
+

(−1)
𝑛
𝛿, where 𝛿 = 5ms is the perturbation ampli-

tude.
(3) Steps (1) and (2) were repeated for 𝛿 values of 10, 15,

and 20ms, respectively.

The baseline BCL 𝐵
0
was progressively reduced from

300ms down to 160ms in steps of 20ms. Optical movies were
acquired to capture the responses to last ten stimuli during
Steps (1) and (2) for each BCL.The alternate pacing protocol
was repeated twice for each heart, so a total of 8 protocols
were analyzed across all hearts.

2.3. Data Analysis. At each baseline BCL 𝐵
0
, APD was

measured at 80% repolarization for each pixel. The APD
responses for the last ten stimuli captured were divided in
pairs and the amplitude of alternans was calculated as the
absolute difference between even and odd APD responses:
ΔAPD = |APDeven − APDodd|. The average amplitude of
alternans was calculated across all five pairs, and the tem-
poral threshold for APD alternans was set at 5ms. Two-
dimensional (2D) alternans maps corresponding to SS
responses (see Figure 2) were generated for the LV surface
for each baseline BCL and were used to identify the local
spatial onset of alternans (BCLstart) in the heart as described
previously [18]. Specifically, BCLstart was identified as the
SS 𝐵
0
at which at least 10% of the LV surface exhibited

alternans. The baseline BCL 𝐵
0
just prior to BCLstart was

denoted by BCLprior, and the BCL preceding BCLprior was
denoted by BCLfar. Furthermore, the alternans was identified
as either spatially discordant or spatially concordant based on
the presence or absence of alternans with opposite phases,
respectively [20]. Alternans was considered as spatially dis-
cordant if at least 5% of the alternans exhibited had opposite
phases. Table 1 shows the total number of either type of steady
state alternans for BCLstart, as well as alternans induced by
𝛿 = 5ms perturbations for BCLprior and BCLfar.

At each pixel, an amplification Gain was calculated as
described previously [14]:

Gain = |ΔAPD|
2𝛿

. (1)



BioMed Research International 3

𝛿 = 5ms 𝛿 = 10ms 𝛿 = 15ms 𝛿 = 20msSS

𝛿 = 5ms 𝛿 = 10ms 𝛿 = 15ms 𝛿 = 20msSS

BCLprior

BCLfar

160 180 200 220 240 260 280 300

BCL (ms)BCLstart BCLprior BCLfar

SS

(a)

ΔAPD (ms)
21 12 5 0 −5 −12 −21

(b)

Figure 2: (a) Representative 2D alternans maps for SS BCLs showing the local onset of alternans at BCLstart (red box). Two prior BCLs,
BCLprior and BCLfar, are also shown (green and blue boxes). (b) 2D alternans maps induced by perturbations 𝛿 at BCLprior and BCLfar. Color
bar represents the amplitude of alternans.

Table 1: Classification of spatial pattern of alternans as concordant
or discordant alternans for BCLstart, BCLprior, and BCLfar for all
experiments.

BCL
Total protocols
(4 rabbits, 8

protocols total)

# of spatially
concordant
alternans

# of spatially
discordant
alternans

BCLstart 8 3 5
BCLprior
(𝛿 = 5ms) 8 6 2

BCLfar
(𝛿 = 5ms) 8 6 2

Theoretical investigations in [16] demonstrate that the
Gain versus 𝛿 relation exhibits a decreasing trend as 𝛿
increases for smooth bifurcation, whereas the Gain versus 𝛿
relation exhibits an increasing trend as 𝛿 increases for border-
collision bifurcation. At each pixel, Gain was calculated
for each 𝛿 at BCLprior and BCLfar, respectively. Then, the
dependence of Gain on 𝛿 was fitted using a linear curve at
BCLprior and BCLfar, respectively. The correlation coefficient
R-square was then calculated to evaluate the quality of fitting.
For R-square > 0.4, a decrease or increase in Gain with
𝛿 was identified as smooth or border-collision bifurcation,
respectively. To account for experimental noise, a threshold
of 0.07 (or smaller) between consecutive Gain values was
considered acceptable while determining the trend. The
bifurcation was considered as undetermined if the R-square
< 0.4 or if the consecutive Gain difference > 0.07.

2.4. Statistics. All data are presented as mean ± standard
error. Statistical comparisons between the three bifurcation
types were performed using ANOVA (Origin Software,
Northampton, MA, USA). Values of 𝑃 < 0.05 were consid-
ered statistically significant.

3. Results

3.1. Spatial Distribution of Bifurcation Characteristics. First,
we studied the local onset of SS alternans (Step (1) of
alternate pacing protocol) and alternans that are induced
by small perturbations 𝛿 (Step (2) of the alternate pacing
protocol). Figure 2(a) shows a representative example of the
2D alternans maps generated for different baseline BCLs 𝐵

0

at SS. Here, blue and red regions indicate the presence of
spatially discordant alternans (see color bar for alternans
phases) while the white regions indicate the absence of alter-
nans. In this example, the local onset of alternans, BCLstart
(red box), occurred at 160ms since more than 10% of the
LV was occupied by alternans at this BCL. Consequently,
BCLprior and BCLfar (green and blue boxes) were identified as
180ms and 200ms, respectively. Figure 2(b) shows 2D maps
illustrating the development of alternans induced by small
perturbations 𝛿 that were applied at BCLprior and BCLfar.
Note that alternans is spatially discordant for BCLprior and
spatially concordant for BCLfar. At both BCLprior and BCLfar,
we observed that the heart was more prone to the formation
of alternans as the perturbation size 𝛿was increased, which is
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indicated by the progressive increase in the red and blue color
as 𝛿 increases.

It has been previously demonstrated, using numerical
simulations [16], that bifurcation to alternans can be iden-
tified by looking at the changes in the amplification Gain
as a function of 𝛿. Therefore, for each 𝛿 we constructed
2D Gain maps to investigate the spatial distribution of the
changes in Gain. Figure 3(a) shows a representative example
of 2D Gain maps that were generated for BCLprior from
Figure 2(b), showing the spatial distribution of Gain for
various 𝛿. Figure 3(b) illustrates three representative single-
pixel examples from Figure 3(a) (#, Φ, and ∗) indicating the
presence of different trends in Gain as a function of 𝛿. It has
been shown previously that a decrease in Gain with increase
in 𝛿 indicates the presence of smooth bifurcation (see pixel
# in Figure 3(b)), while an increase in Gain with an increase
in 𝛿 characterizes border-collision bifurcation (see pixelΦ in
Figure 3(b)) [14, 16]. We also found that at some pixels the
type of bifurcation could not be determined (see pixel ∗ in
Figure 3(b)).

Figure 3(c) shows a representative 2D bifurcation map
demonstrating the spatial distribution of different bifurca-
tions for panel (a). Here, the region in black corresponds to
the area of the heart (60.7%) that went to alternans through
smooth bifurcation, the region in blue indicates border-
collision bifurcation (16.8%), and bifurcation type could not
be determined for the region in red (22.5%). Therefore,
our analysis suggests that the heart transitions to alternans
predominantly through smooth bifurcation.

Finally, we quantified the percentage of LV area of
the heart with smooth, border-collision and undetermined
bifurcations. Figure 4 shows the average percentage of LV
area for each type of bifurcation separately for BCLprior
(Figure 4(a)) and BCLfar (Figure 4(b)) calculated across all
our experiments. As seen from Figure 4, at BCLprior, for both
spatially concordant and discordant alternans, the percentage
of LV area of the heart that exhibited smooth bifurcation
was significantly larger in comparison to the one with
border-collision and undetermined bifurcations. At BCLfar,
this result was valid for the case of spatially concordant
alternans but not for the spatially discordant alternans. Our
results suggest that, just prior to the onset of alternans, we
predominantly observe smooth bifurcation characteristics in
the heart, irrespective of the spatial pattern of alternans.

3.2. Spatial Correlation of Local Onset of Alternans with
Bifurcation Characteristics. We also investigated the spatial
correlation of the regions exhibiting alternans with the
different bifurcation characteristics.

First, we studied the spatial correlation between the
regions of SS alternans and the bifurcation characteristics.
Figures 5(a) and 5(b) show representative examples of 2D
bifurcation map generated at BCLprior (see Figure 3(c)) and
the SS alternans map generated at BCLstart (see Figure 2(a)),
respectively. The spatial superposition of these two maps is
shown in Figure 5(c).Therefore, in Figure 5(c) the bifurcation
characteristics (calculated at BCLprior) are only shown for
spatial regions that exhibited alternans at the next BCL

(i.e., BCLstart). The white regions in Figures 5(b) and 5(c)
were excluded from the analysis, since no alternans was
present there at BCLstart. Figures 5(d) and 5(e) show the
average percentage of LV area that developed SS alternans
with the bifurcation characteristics calculated across all
our experiments at BCLprior and BCLfar, respectively. Since
the spatial pattern of alternans developed at BCLstart did
not always coincide with the spatial pattern of alternans
induced by perturbation, it was difficult to categorize the
bifurcation characteristics in relation to spatially concordant
or discordant alternans. However, as seen from the figure,
the overall regions of SS alternans that coincided with
smooth bifurcation characteristics were significantly higher
than those coinciding with border-collision bifurcation, both
at BCLprior and BCLfar. The data suggests that the regions
of the LV that eventually develop alternans at SS show
predominantly smooth bifurcation characteristics prior to
the onset of alternans.

Similar analysis was performed to investigate the spatial
correlation between bifurcation characteristics and alternans
induced by alternate pacing. Figures 6(a) and 6(b) show a rep-
resentative example of 2D bifurcation map (see Figure 3(c))
and 2D alternans map at 𝛿 = 5ms (see Figure 2(b)),
respectively. Note that both maps were calculated at BCLprior.
Figure 6(c) shows the spatial correlation between these two
maps. Figures 6(d) and 6(e) show the average data across
all experiments for BCLprior and BCLfar, for both spatially
concordant and discordant alternans. As seen from the figure,
the region of induced alternans coincided predominantly
with smooth bifurcation characteristics, both at BCLprior and
BCLfar, irrespective of the type of alternans. Note that the per-
centage of border-collision bifurcation is negligible. The data
suggests that alternans that is induced by small perturbations
is formed predominantly through smooth bifurcation.

Comparison of data across Figures 5 and 6 suggests a
higher spatial correlation between smooth bifurcation char-
acteristics and alternans induced by perturbation as opposed
to SS alternans. The induced alternans showed lower border-
collision and undetermined characteristics than SS alternans
at both BCLprior and BCLfar.

4. Discussion

Characterizing the type of bifurcation to alternans holds
promise as a possible method for the prediction of alternans
prior to its onset and may shed light for the prevention of
arrhythmias. In this study, we experimentally investigated the
spatial dynamics of bifurcation that governs the transition
to alternans in isolated whole rabbit hearts. We identified
the local onset of alternans, characterized the bifurcation
type prior to its onset, and studied the spatial distribution of
bifurcation characteristics across the LV surface of the heart.
In addition, we also investigated the spatial correlation of
the regions of the LV exhibiting alternans with the type of
bifurcation. To the authors’ best knowledge, this is the first
study to investigate the bifurcation type of alternans based
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Figure 3: (a) Representative 2D Gain maps as a function of 𝛿 calculated at BCLprior for example shown in Figure 2(b). (b) Single-pixel trends
in Gain as a function of 𝛿 for the three representative pixels marked in panel (a). Note that # suggests the presence of smooth bifurcation, and
Φ suggests the presence of border-collision bifurcation. However, the type of bifurcation in pixel ∗ cannot be identified. (c) 2D bifurcation
map showing the spatial distribution of different bifurcations for panel (a).

on spatial dynamics and quantify the spatial correlation of
alternans with the type of bifurcation exhibited.

Our main results are as follows. First, the bifurcation
to alternans in the heart occurs predominantly through
smooth bifurcation. Second, the region of the heart eventually
exhibiting alternans shows a significantly higher spatial
correlation to the region exhibiting smooth bifurcation char-
acteristics.

Previous studies attempted to characterize the bifurca-
tion to alternans based on theoretical models of the atri-
oventricular nodes [13] or microelectrode recordings from
ventricular tissue samples [14]. Here, we aimed to investigate
the spatial distribution of the bifurcation characteristics by

performing high resolution optical mapping experiments on
isolated whole rabbit hearts. Although initially described as a
period doubling smooth bifurcation, later studies of alternans
showed the existence of border-collision bifurcation char-
acteristics and a more complex behavior that governed the
transition to alternans. Our results indicated a spatial pre-
dominance to smooth bifurcation when transitioning from
constant APD response to alternans in the LV region of the
heart. Although the presence of border-collision bifurcation
was seen, the region of the LV exhibiting smooth bifurcation
was significantly higher.

We also investigated the spatial correlation of the regions
of the LV exhibiting alternans with the type of bifurcation in
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Figure 5: Spatial correlation of the local onset of SS alternans with bifurcation characteristics. (a) 2D bifurcation map calculated at BCLprior
(see Figure 3(c)). (b) 2D SS alternans map calculated at BCLstart (see Figure 2(a)). (c) Correlation between bifurcation and SS alternans maps.
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the case of both spatially concordant and spatially discordant
alternans. Aswas seen from the results, therewas significantly
higher spatial correlation between alternans induced by
perturbation with smooth bifurcation characteristics. For
the purpose of this study, we only considered alternans

induced by a perturbation of 5ms when investigating the
spatial correlation between the induced alternans and the
type of bifurcation. Since, as shown in the results, increasing
the perturbation resulted in an increase in the area of the
LV exhibiting alternans, a perturbation of 5ms was a good
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Figure 6: Spatial correlation of alternans induced by perturbation (at 𝛿 = 5ms) with bifurcation characteristics. (a) 2D bifurcation map
calculated at BCLprior (see Figure 3(c)). (b) 2D alternans map at 𝛿 = 5ms calculated at BCLprior (see Figure 2(b)). (c) Spatial correlation
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BCLprior and (e) BCLfar. ∗ indicates significance of 𝑃 < 0.05 between smooth and border-collision bifurcations. # indicates significance of
𝑃 < 0.05 between smooth and undetermined bifurcations.

representation of the onset of induced alternans. An inter-
esting finding was that the regions of the LV that exhibited
alternans at SS did not exactly coincide with the regions
of the LV in which alternans was induced by perturbation.
The phenomenon of spatial concordance or discordance of
alternans also differed between SS and induced alternans.
This can be attributed to the possibility that the alternate pac-
ing protocol leads to altered dynamical activity of the heart
compared to SS pacing. However, in both cases irrespective
of the spatial pattern of alternans, just prior to the onset
we see a significantly higher spatial correlation of alternans
with smooth bifurcation characteristics as compared with
either the border-collision bifurcation or the undetermined
bifurcation characteristics.

Our results indicated that the region of the LV exhibiting
border-collision bifurcation was significantly low while a
definite portion of the LV exhibited undetermined char-
acteristics. This indicates the possibility of the presence
of other bifurcation characteristics in the heart with more
complex behavior. However, in comparison to smooth bifur-
cation, the region with undetermined characteristics was

still significantly smaller just prior to the onset of alternans,
which supports the result that the transition to alternans
predominantly occurs through a smooth bifurcation.

5. Conclusion

We observed that the transition from constant APD response
to alternans in isolated whole rabbit hearts occurred pri-
marily through a smooth bifurcation. There was significant
spatial correlation of the region exhibiting alternans with
smooth bifurcation characteristics.The correlation of smooth
bifurcation with alternans induced by perturbation was sig-
nificantly higher than with SS alternans. As we moved away
from the onset of alternans, the percentage of the heart
exhibiting smooth bifurcation characteristics decreased as
the region with undetermined bifurcation characteristics
increased.The region of the heart exhibiting border-collision
bifurcation characteristics was significantly smaller than both
the smooth bifurcation and the undetermined bifurcation
regions.
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The adult heart is composed of a dense network of cardiomyocytes surrounded by nonmyocytes, the most abundant of which
are cardiac fibroblasts. Several cardiac diseases, such as myocardial infarction or dilated cardiomyopathy, are associated with
an increased density of fibroblasts, that is, fibrosis. Fibroblasts play a significant role in the development of electrical and
mechanical dysfunction of the heart; however the underlying mechanisms are only partially understood. One widely studied
mechanism suggests that fibroblasts produce excess extracellular matrix, resulting in collagenous septa. These collagenous
septa slow propagation, cause zig-zag conduction paths, and decouple cardiomyocytes resulting in a substrate for arrhythmia.
Another emerging mechanism suggests that fibroblasts promote arrhythmogenesis through direct electrical interactions with
cardiomyocytes via gap junctions. Due to the challenges of investigating fibroblast-myocyte coupling in native cardiac tissue,
computational modeling and in vitro experiments have facilitated the investigation into the mechanisms underlying fibroblast-
mediated changes in cardiomyocyte action potential morphology, conduction velocity, spontaneous excitability, and vulnerability
to reentry. In this paper, we summarize the major findings of the existing computational studies investigating the implications of
fibroblast-myocyte interactions in the normal and diseased heart. We then present investigations from our group into the potential
role of voltage-dependent gap junctions in fibroblast-myocyte interactions.

1. Introduction

One of the hallmarks of aging and heart disease is the
structural remodeling of the heart by an increased density
of cardiac fibroblasts (fibrosis). Fibroblasts are flat, spindle-
shaped cells with long processes that form a network of cells
surrounding cardiomyocytes. Fibroblasts are a phenotypi-
cally heterogeneous population of cells [1] and their phe-
notype varies in response to the pathological conditions of
the heart. Only activated fibroblasts, termed myofibroblasts,
express 𝛼-smooth muscle actin and display levels of contrac-
tility, proliferation, and collagen synthesis that are enhanced
compared to nonactivated fibroblast. This differentiation is
promoted by cytokines such as TGF-𝛽1 which are released in
response to cardiac injury and mechanical stress and can be
induced experimentally by certain cell culture conditions [2].

Fibroblasts play a significant role in the development
of electrical dysfunction of the heart during disease states
such as myocardial infarction and various cardiomyopathies;
however the mechanisms are only partially understood. One
widely studied mechanism suggests that fibroblasts produce
excess extracellular matrix, resulting in collagenous septa.
These collagenous septa slow propagation, cause zig-zag
conduction paths, and decouple cardiomyocytes resulting
in a substrate for arrhythmogenic activity [3]. Another
emerging and somewhat controversial mechanism suggests
that fibroblasts promote arrhythmogenesis through direct
electrical interactions with cardiomyocytes via gap junction
(GJ) channels.

Several in vitro experiments using normal and diseased
heart models have demonstrated that fibroblasts make direct
electrical interactions with cardiomyocytes via GJ channels
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[4–7]. For example, using a dye transfer assay, Baudino
et al. [7] showed in a three-dimensional cell culture model
of neonatal rat cardiomyocytes and fibroblasts that cell-cell
interactions exist between fibroblasts and cardiomyocytes.
Furthermore,Vasquez et al. [6] used a gap fluorescence recov-
ery after photobleaching technique to show that intercellular
coupling was enhanced between cardiomyocyte monolayers
cocultured with cardiac fibroblasts derived from infarcted rat
hearts compared to cardiac fibroblasts derived from normal
hearts.

However, a major challenge in the field has been to trans-
late such cell culture discoveries into native cardiac tissue
and the whole heart. Camelliti et al. used immunolabeling
and a scrape-loading dye transfer method to demonstrate
that fibroblasts and cardiomyocytes are functionally coupled
in the rabbit sinoatrial node [8]. However, Baum et al.,
using a similar method, found no fibroblast-myocyte (F-M)
coupling in a canine model of myocardial infarction [9]. To
date, it is unsettled whether F-M coupling exists in vivo and
whether such discrepancies are due to regional differences
(sinoatrial node versus ventricle), species related differences
(rabbit versus canine), or disease related modifications in F-
M coupling (see [10, 11] for two recent reviews on this topic).

The intermingled structure of cardiomyocytes and fibrob-
lasts in native cardiac tissue hasmade it difficult to study their
interactions in vivo; thus computationalmodeling and in vitro
experimental approaches have been themainmethod used to
investigate the arrhythmogenic implications of their potential
interactions. In this review, we summarize the characteristics
and major findings of the existing multiscale computational
models of F-M interactions in normal and diseased heart
models and highlight their utility in providing mechanistic
insights into experimental investigations.

In the next section, we review the existing computational
models of the electrophysiological properties of ventricular
and atrial fibroblasts and discuss some of the experimental
basis of their development.

2. Mathematical Models of Cardiac Fibroblasts

A major advancement in our understanding of F-M interac-
tions was the discovery that cardiac fibroblasts express time-
and voltage-dependent and inward rectifying K+ currents
[12, 13]. Computational models incorporating the electro-
physiological properties of these conductances are described
as “active” models. Prior to this discovery, cardiac fibroblasts
were modeled as purely “passive” electrical loads.

2.1. Ventricular Fibroblast Model

2.1.1. Passive Model. In the passive fibroblast model, the
membrane capacitance is connected in parallel to an ohmic
resistance. Therefore, the membrane potential can be repre-
sented by the ordinary differential equation: 𝐶f (𝑑𝑉f/𝑑𝑡) =
−𝐺f (𝑉f − 𝐸f ), where 𝐶f is the fibroblast membrane capaci-
tance,𝑉f is the membrane potential of the fibroblast, 𝐸f is the
fibroblast restingmembrane potential, and𝐺f is the fibroblast
membrane conductance [14]. This model does not accurately

represent all of the electrophysiological properties of cardiac
fibroblasts. However, due to the ability to independently
modify 𝐸f and 𝐺f , this model has been extensively used to
systematically investigate these basic fibroblast electrophys-
iological parameters in multiscale computational models of
F-M interactions (see Section 3.1.1).

2.1.2. ActiveModel. Active fibroblastmodels have been devel-
oped by Sachse et al. [15], Jacquemet and Henriquez [16],
andMacCannell et al. [17], with theMacCannell model being
the most widely used. The MacCannell et al. model includes
four membrane currents: an inwardly rectifying K+ current,
a time- and voltage-dependent delayed-rectifier K+ current,
an electrogenic Na+/K+-ATPase, and a time-independent
backgroundNa+ conductance.Themagnitude and kinetics of
the inwardly rectifying and delayed-rectifier K+ currents are
based on experimentalmeasurements [12, 13] fromfibroblasts
isolated from the adult rat ventricle.TheNa+/K+-ATPase and
the background Na+ current were introduced to enable K+
and Na+ ion homeostasis.The resting membrane potential of
the uncoupled fibroblast is set to−49.6mVand themembrane
capacitance is 6.3 pF.

The Sachse model is based on the same experimental
data as the MacCannell model and therefore also includes
an inwardly rectifying current 𝐼Kir and a time- and voltage-
dependent outward current 𝐼Shkr (i.e., the𝐾V family) but with
different mathematical formulations. They also incorporated
a nonspecific background current 𝐼

𝑏
to maintain the resting

membrane potential of −58mV and they modeled a smaller
membrane capacitance of 4.5 pF. The Jacquemet model is
a simplified active model developed by fitting a three-
dimensional polynomial to the recorded current-voltage
relationship of the cardiac fibroblast and incorporating a
delayed current activation. The resting membrane potential
was set to −58mV.

2.2. Atrial Fibroblast Model. Recent experimental studies
implicate potentially important differences between cardiac
fibroblasts derived from ventricular versus atrial tissue [18–
20]. This has led to a subset of models representing the atrial
fibroblast phenotype. Chatelier et al. have shown that the
differentiation of human atrial fibroblasts intomyofibroblasts
is associated with de novo expression of voltage gated Na+
currents [19, 20]. Koivumäki et al. [20] integrated these
electrophysiological findings into a mathematical model of
human atrial myofibroblasts [21]. However, the introduction
of Na+ currents into the model did not result in significant
changes in the fibroblast electrophysiology nor any action
potential-like responses on stimulation. This may be due to
the inactivation of the Na+ current by the relatively depolar-
ized resting membrane potential of the cardiac fibroblast.

There are still significant gaps in our understanding of
fibroblast electrophysiological properties due to the limited
availability of electrophysiological data and the difficulty
of accurately recording from such small cells [22]. In an
attempt to overcome such limitations, computational studies
have explored the contribution of a wide range of fibroblast
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properties by varying parameters such as membrane capac-
itance, 𝐶f , membrane conductance, 𝐺f , resting membrane
potential, 𝐸f , gap junctional conductance, 𝐺j, and F-M ratio
and quantifying their effects on F-M coupling.

3. Simulations of Fibroblast-Myocyte Coupling

Cardiac fibroblasts have been described as a “leaky capacitor”:
charging during the diastolic and upstroke phase of the action
potential (AP) and then leaking current during the systolic
phase when the voltage-dependent currents of the cardiac
fibroblast are activated by depolarization [23]. This in turn
can cause modifications in the cardiomyocyte AP morphol-
ogy when/if coupled to a fibroblast. Three hypothetical types
of F-M coupling configurations in the intact heart have been
proposed [24]. First, “zero-sided” coupling in which fibrob-
lasts do not interact directly with cardiomyocytes but instead
create obstacles similar to collagenous septa leading to
discontinuous conduction. Second, “single-sided” coupling
in which fibroblasts are connected to groups of myocytes
and can act as current sources or sinks. Third, “double-
sided coupling” in which fibroblast-fibroblast connections
interlink myocytes resulting in new conduction pathways
or conduction bridges between uncoupled myocytes. In this
section, we review the existing computational models of F-
M coupling in the form of cell pairs/clusters (i.e., a single
cardiomyocyte coupled to one or more cardiac fibroblasts),
one-dimensional (1D) cables, two-dimensional (2D) sheets,
and three-dimensional (3D) models, and discuss their con-
tribution to our understanding of the mechanism of F-M
interactions.

3.1. Ventricular Tissue Models

3.1.1. Effects on AP Morphology. MacCannell et al. [17] used
computationalmodels of cell pairs using the Tusscher-Noble-
Noble-Panfilov (TNNP)model of the human ventricular car-
diomyocyte [25] and their active model of an adult ventricu-
lar fibroblast (Section 2.1) to show that F-Mcouplingmodifies
the cardiomyocyte AP morphology. F-M coupling resulted
in a hyperpolarized AP plateau, shortened AP duration
(APD), depolarizations of the resting membrane potential,
and corresponding AP waveform-dependent changes in the
ionic currents of the cardiomyocyte. They found that the
magnitude of these changes in AP was dependent on the
membrane properties of the cardiac fibroblasts, the gap
junction conductance, and the number of fibroblasts. The
dependency of these AP changes on fibroblast membrane
properties were further explored by Xie et al. [26] who
described such changes as a function of the two components
of the F-M gap junctional current: (1) an early transient
outward (𝐼to)-like component and (2) a late background
current component. They performed simulations using a
modified version of the Luo and Rudy (LR1) model [27] and
the passive fibroblast model (Section 2.1.1) and systematically
modified the fibroblast membrane conductance, 𝐺f , and
resting membrane potential, 𝐸f , and observed its effects on
the two components of the gap junctional current and on

APmorphology during F-M coupling.They found that when
𝐺f is small, the early component of the the gap junctional
current behaves similar to 𝐼to (i.e., it is activated rapidly
during the early phase 1 of the AP and can influence AP
amplitude and APD) and results in prolongation of the APD.
When 𝐺f is large, the late component of the gap junctional
current plays a more prominent role in modifying the APD.
The parameter 𝐸f affects the crossing voltage in which the
fibroblast voltage ismore depolarized than the cardiomyocyte
membrane potential. Therefore, when 𝐺f is large and 𝐸f is
more depolarized, the late component of the gap junctional
current is mainly an inward current for the cardiomyocyte
resulting in the prolongation of its APD. However, when 𝐺f
is large and 𝐸f is more hyperpolarized (i.e., −80mV) the late
component is mainly an outward current and thus shortens
APD.

As will be discussed in the next section, F-M coupling can
also have significant effects on cardiac impulse propagations
and cardiomyocyte excitability as demonstrated by in vitro
experiments and simulations using 1D cables and 2D tissue
sheets.

3.1.2. Effects on CV and Excitability

CV and Fibroblast Density. Experimental investigations in
vitro have demonstrated that myofibroblasts can directly
modify conduction velocity (CV) by direct electrical inter-
actions with cardiomyocytes. For example, Miragoli et al.
[28] measured CV and upstroke velocity (𝑑𝑉/𝑑𝑡max) from
optical mapping recordings of stimulated strands of cultured
neonatal rat cardiomyocytes coated with myofibroblasts.
Interestingly, they found a biphasic dependence of CV and
𝑑𝑉/𝑑𝑡max on myofibroblast density. Using microelectrode
recordings, they demonstrated that these fibroblast-mediated
changeswere associatedwith cardiomyocytes strands becom-
ing depolarized from −78mV to −50mV.

To help explain these findings, Xie et al. [23] developed
various 2D tissue sheet models based on native cardiac tissue
structure in order to investigate the effects of F-M ratio
on CV. In their cell-attached model, in which a layer of
cardiac fibroblasts were modeled on top of a monolayer of
cardiomyocytes, they observed a similar biphasic relationship
between CV and F-M ratio as seen in in vitro experiments.
They suggested that CV first increased by the fibroblast
bringing the cardiomyocyte membrane potential closer to
the threshold for 𝐼Na but then decreased as the increasing
fibroblast density resulted in a shift in the cardiomyocyte
membrane potential and 𝐼Na inactivation. However, using
their random fibroblast insertion model, which represents
the coculture of cardiomyocytes interspersed with cardiac
fibroblasts, they found a monotonic decrease in CV with
increasing F-M ratio. They also found that the membrane
potential of the fibroblast, 𝐸f , also has an effect on CV:
when 𝐸f was set to a more hyperpolarized value of −80mV
the fibroblast had no effect on the cardiomyocyte resting
membrane potential and there was a more linear relationship
between CV and the F-M ratio.
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However, these results were the opposite of the exper-
imental findings of Miragoli et al., who found a biphasic
relationship with endogenous/interspersed F-M cocultures,
but a monotonic relationship when cardiac fibroblasts were
plated on top of a cardiomyocyte monolayer. One suggested
explanation of this discrepancy is that in experimental
conditions where cardiac fibroblasts were plated on top of
a cardiomyocyte monolayer, the latter may have still had
significant endogenous/interspersed fibroblast content which
might be high enough to obscure the increasing CV phase.
Other yet to be explored mechanisms may also exist.

It has been shown that cardiac tissue microstructure
consists of laminar clefts or cleavage planes with fibroblasts
often localize in the cleft spaces. Surprisingly, their 2D
model of fibroblasts inserted into laminar clefts between
cardiomyocytes resulted in a monotonic increase in CV with
increasing fibroblast density [23]. This behavior is thought to
be due to cardiac fibroblasts forming bridge-like pathways or
due to the downstream depolarization of a cardiomyocyte by
a depolarized cardiac fibroblast within the cleft.

In order to further explore howfibroblastsmay contribute
to cardiac electrophysiology, Sachse et al. [29] extended the
bidomain by describing both myocytes and fibroblasts and
the surrounding extracellular space.Thismodel allowed them
to explore how fibroblasts affect extracellular potentials and
to represent the spatial substitution ofmyocytes by fibroblasts
during cardiac fibrosis. Interestingly, their simulations of
conduction in a thin tissue slice showed that interfibroblast
coupling had a greater effect on transverse than longitudinal
CV. High fibroblast-fibroblast coupling resulted in a higher
transverse CV compared to no fibroblast-fibroblast coupling,
which indicates that the fibroblast domain can contribute
to conduction. However, due to the lack of experimentally
measured values, several modeling parameters were esti-
mated or were varied over a broad range such as the volume
fraction of myocytes, fibroblast, and extracellular space and
the intrafibroblast conductivities.

CVandGap Junctional Conductance. Zlochiver et al. [30] used
a combination of in vitro optical mapping experiments and
computational modeling studies to investigate the effects of
F-M gap junctional conductance on CV. Gap junctional con-
ductance was modified experimentally using gene expression
level modification of connexin 43 (Cx43) channels, in which,
Cx43 RNA interference resulted in a 90% reduction inmyofi-
broblast Cx43 expression, and Cx43 overexpression resulted
in 99% overexpression of Cx43. Their 2D computational
model, designed to mimic the cell cultures experiments, used
a ventricular cardiomyocyte model and the cardiac fibrob-
last model that included the outward rectifying current-
voltage relationship (Section 2.1.2). In both simulations and
experiments, there was a biphasic relationship between CV
and gap junctional conductance, with an initial decrease in
CV followed by an increase as gap junctional conductance
increased. One hypothesis for the biphasic nature of this
relationship is that insufficient charge is being transmitted to
downstream cardiomyocytes during low levels of coupling,
resulting in alternative conduction pathways and conduction
slowing. However, above a certain threshold of gap junction

conductance there is enough charge transmitted through
the myofibroblasts to excite downstream cardiomyocytes and
thus increase CV.

Spontaneous Activity. Miragoli et al. [31] used strands of
cultured neonatal rat ventricular cardiomyocytes coated
with myofibroblasts to demonstrate that F-M coupling can
result in depolarization-induced ectopic activity. The per-
centage of preparations with spontaneous activity increased
with increasing myofibroblast density. Such activity was not
observed in control cardiomyocyte strands without direct
myofibroblast contact. They demonstrated that changes in
membrane polarization can affect the rate of occurrence of
spontaneous activity by using current clamp injections of
constant current pulses in individual cardiac myocytes in the
range of membrane depolarizations seen in fibroblast coated
cardiomyocyte cultures.

Greisas and Zlochiver [32] used a 2D monolayer tissue
model, including human ventricular cardiomyocytes rep-
resented by the TNNP model [25] and the MacCannell
cardiac fibroblast model and added support to the hypothesis
that spontaneous activity occurs as a result of fibroblast-
mediated depolarization of the cardiomyocyte resting mem-
brane potential. In their monolayer tissue model, cardiac
fibroblasts were embedded between ventricular cardiomy-
ocytes in a single layer. In this configuration, spontaneous
excitations were observed frequently. For example, sponta-
neous activity occurred with low F-M ratios from 0.5 to
1.75 with gap junctional conductances of 0.02 nS to 0.08 nS.
The spontaneous excitation occurred in clusters when the
coupled fibroblast modified the membrane potential of the
neighboring cardiomyocytes to their excitation threshold. At
low coupling the fibroblast effect was not strong enough to
depolarize the cardiomyocyte, while at very high coupling
the large depolarization and inactivation of sodium channel
activity prevented the cardiomyocytes from recovering from
inactivation after the AP was elicited. Similarly, automaticity
was suppressed by very high fibroblast density due to the
inability of the cardiomyocytes to recover from the large
depolarization imposed by the coupled cardiac fibroblasts.
Thus, the spontaneous activity only occurred at intermediate
values of gap junctional conductance and when the fibroblast
density was low.

3.1.3. Effects on Vulnerability to Reentry. Majumder et al. [33]
developed a computational model of 2D tissue of human
ventricular cardiomyocytes using the TNNP model with
randomly inserted passive cardiac fibroblast models. They
investigated the effects of F-M coupling on spiral-wave
dynamics and found multiple dynamical states as a function
of initial conditions, boundary effects, and fibroblast density.

Heart failure (HF) can arise from numerous cardiac
pathologies and can result in various degrees of electrical and
structural remodeling depending on the particular etiology.
Ionic remodeling and fibrosis have been identified as key
players in the mechanisms for arrhythmogenesis associated
with HF. Gomez et al. modeled ionic and structural remodel-
ing in HF using 1D cables and 2D computational models [34,
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35].They used the Grandi et al. [36] and the O’Hara et al. [37]
human ventricular AP model with HF ionic remodeling and
the MacCannell fibroblast model for structural remodeling.
When clusters of fibroblasts were inserted randomly into a
cardiomyocyte strand APD dispersion increased to 70ms
from 24ms with 10% fibrosis. Such regional dispersion of
repolarization can create a substrate for the development of
reentry. Moreover, transmural dispersion of repolarization
(TDR) was also enhanced. Both APD dispersion and TDR
showed a biphasic relationship with fibroblast density, with
both APD dispersion and TDR first increasing with 10%
fibrosis but then decreasing when fibroblast density was
increased to 20%.

Furthermore, they investigated the role of fibrosis in
reentry generation in several degrees of fibrosis [35]. They
found that spontaneous activity occurred as a result of the
depolarization of the cardiomyocyte membrane potential
by the surrounding fibroblasts. In their HF remodeling
simulations they found that low fibrosis (4%) could not
induce reentrant activity, but at 14.5% there was a vulnerable
window for reentry initiation of 20ms. Thus, when enough
fibrosis is present, the APD and effective refractory period
of some cardiomyocytes are shortened so that when a pre-
mature stimulus is applied, part of the ventricular tissue has
recovered enough to become excited, generating wave break
and spiral waves. However, at even higher fibrosis (40%)
reentrant activity was not observed because the depolarizing
wave front reached very low potentials, leading to only
small electronic voltage changes. They also observed a slight
decrease in the rotation frequency of the spiral wave with
increased fibrosis.This decrease in spiral wave frequency was
also observed in experimental studies by Zlochiver et al. [30]
and is consistent with fibroblast-loading induced conduction
slowing (Section 3.1.2).

Realistic 3D Computational Models. Using a 3D computa-
tional model based on diffusion tensor magnetic resonance
images of the rabbit heart, McDowell et al. [38] investigated
the role of F-M coupling in the mechanism of arrhythmia
generation during myocardial infarction. The peri-infarct
zone was modeled as having a fibroblast density ranging
from 10–30%, while the scar was model as 80% or 0%
fibroblast density. Using the Mahajan et al. [39] model of
the rabbit ventricular AP and the MacCannell fibroblast
model, they showed that susceptibility to arrhythmia in the
infarcted heart depends on myofibroblast density. At low
densities myofibroblasts did not alter arrhythmia propensity,
at intermediate densities myofibroblasts caused additional
APD shortening and increased arrhythmia propensity, at
high densities myofibroblasts protected against arrhythmia
by causing resting depolarization and blocking propagation.
The underlying mechanism was shown to be F-M coupling
results in depolarization of the resting membrane potential
of the cardiomyocyte, which causes a partial inactivation of
𝐼Na and contributes to conduction failure.

3.1.4. Effects on EADs and Cardiac Alternans. Since it is dif-
ficult to modify gap junctional conductance systematically

in an in vitro experiment, Nguyen et al. [40] used a hy-
brid computational modeling and dynamic patch-clamp
approach to investigate F-M coupling between a real rabbit
ventricular cardiomyocyte and a virtual cardiac fibroblast.
They showed that F-M coupling increased susceptibility
to both oxidative stress-induced and hypokalemia-induced
early afterdepolarizations (EADs) [40]. They deduce that
these effects where dependent on the early 𝐼to-like component
of the gap junctional current by performing experiments
in which they selectively eliminated the early component
and observed suppression of EADs. The 𝐼to-like component
results in lowering of the AP plateau into the range that
allows for reactivation of L-type calcium current. They also
found that the increased EAD susceptibility was especially
enhancedwhen the restingmembrane potential of the cardiac
fibroblast, 𝐸f , was more depolarized (−25mV). It is worth
noting that much smaller changes in F-M coupling were
needed to result in EAD formation compared to effects on
CV.

Xie et al. [26] used a computational model of F-M pairs
and a 2D tissue modeled with random fibroblast insertions
representing diffuse fibrosis to investigate the effects of F-
M coupling on cardiac alternans, which have been linked to
cardiac arrhythmogenesis. Using the LR1 model, they found
that depending on the relative magnitude of the early and late
components of the gap junctional current, F-M coupling can
promote or suppress voltage-driven alternans and provide a
novel mechanism for APD alternans at slow heart rates. The
gap junctional current has been shown to be similar to the
fast 𝐼to, and thus the mechanism of alternans is thought to
be similar.This mechanism of alternans involves an interplay
between the L-type calcium current and 𝐼to current [41].

Furthermore, they showed with the Mahajan model [39]
that F-M coupling can also promote calcium-driven alternans
and spatially discordant alternans [26]. They found that
spatially discordant alternans can occur by two mechanisms
during F-M coupling, due to spatial variations in CV and
due to spatial heterogeneity in fibroblast density resulting in
regions that are electromechanical concordant (i.e., a long
APD was associated with a large calcium transient) and
regions that are electromechanically discordant (i.e., a long
APD is associated with a small calcium transient).

3.2. Atrial Tissue Models. Atrial fibrosis is associated with
pathological conditions such as persistent and permanent
atrial fibrillation (AF). Ashihara et al. [42] hypothesized that
electronic interactions between atrial myocytes and fibrob-
lasts may play a role in the genesis of complex fractionated
atrial electrograms (CFAE) and proposed that targeting these
fibroblast-associated CFAE sites could terminate induced
AF. Using a 2D sheet computational model of human atrial
tissuewith cardiomyocytes represented by theCourtemanche
model [43] and the MacCannell fibroblast model, they
showed that the incorporation of high-density fibroblasts
(50% fibrotic area) resulted in more spiral wave meandering
within or around the fibrotic areas and these meandering
waves were sustained longer than controls without fibrotic
areas. Moreover, computed bipolar electrogram recordings
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from the fibrotic areas showed CFAEs. Simulations of CFAE-
targeted ablation resulted in spiral wave reentry termina-
tion shortly after ablation. This suggests that the fibroblast-
mediated decrease in APD, CV, and myocardial excitability
is required for CFAEs. In contrast, simulated collagen accu-
mulation (i.e., low density (18.8%) or high density (37.5%)
replacement of fibrotic area by nonexcitable and nonconduc-
tive tissue) showed less frequent wave breakups and no CFAE
sites in the bipolar electrogram. However, the manifestation
of suchCFAEs could be related to the direction of the incident
waveform relative to the underlying spatial organization of
the fibrosis as demonstrated in a 2D computational model
study by Campos et al. [44]. Catheter ablation targeting these
collagen accumulation regions could not terminate spiral
waves.

Realistic 3D Computational Models. McDowell et al. [45]
developed a three-dimensional computational model of
human left atrial tissue with specific geometry from a patient
with persistent AF including models with combinations of
GJ remodeling, collagen deposition, and myofibroblast pro-
liferationwith electronic or paracrine effects.They found that
GJ remodeling was the primary contributor to conduction
block and inclusion of other fibrotic lesions did not suppress
it. Furthermore, all simulations which incorporated both GJ
remodeling and myofibroblast coupling resulted in reentry
after conduction block, thus indicating myofibroblasts are
critical for reentry formation.

4. Mathematical Models of Gap Junctions

Given the arrhythmogenic implications of F-M coupling
discussed above, a thorough understanding of F-M coupling
could provide insights into the mechanisms of electrical
dysfunction during cardiac fibrosis. Previous, computational
studies exploring F-M coupling used a simplified “static”
model of gap junction coupling, in which the conductance is
represented as a constant value resistor.However, GJ channels
are a diverse population of channels that vary in conductance
and gating properties.

GJ channels are unique members of the ion channel
family in that they span two lipid bilayer membranes. A
single GJ channel is composed of two hemichannels (hC)
docked head-to-head. Each hC is composed of six protein
subunits, termed connexins (Cx), which are arranged in a
hexagonal pattern around a central pore. This pore allows
for direct communication between two neighboring cells.
The extent of the electrical and metabolic transfer depends
on the connexin isoform composition of the GJ channel.
The adult heart predominantly expresses four Cx isoforms:
mCx30.2, Cx40, Cx45, and Cx43. Each isoform exhibits
unique static properties (i.e., channel number and con-
ductance) and dynamic properties (voltage-sensitive gating
and inactivation kinetics). These general time- and voltage-
dependent behaviors of GJ channels have been incorporated
into several computational models discussed below. In gen-
eral, GJ channels are described as homotypic if both hCs are
composed of the sameCx isoform, or heterotypic if the Cxs of
the two hCs differ. Moreover, a given hC can be homomeric

(composed of a single Cx isoform) or heteromeric (composed
of multiple Cx isoforms).

4.1. Transjunctional-Voltage-Dependent Models

4.1.1. Four-State Models. Recent models have described tran-
sjunctional voltage (𝑉j)-gating of GJ channels using a four-
state model. This representation describes each hC as having
one voltage gate and thus two gates in series control the gating
of the GJ channel. Each voltage gate can exist in an open or
closed residual state. This results in four possible states: (1)
OO, in which both gates are open, (2) CO, in which the left
gate is close and the right gate is open, (3) OC, in which the
left gate is open and the right gate is closed, and (4) CC, in
which both gates are closed. This four-state scheme for 𝑉j-
gating was used to develop a general mathematical model by
Vogel et al., a steady-state model by Chen-Izu et al., and a
stochastic model by Paulaskas et al.

Vogel andWeingart [46] mathematical model is based on
single channel data and consists of two hCmodels connected
in series with each hC containing a voltage gate; each hC
transitions between two nonzero states, a high (H) and low
(L) conductance state gated by the transjunctional voltage,
𝑉j, across each hC.The gates function independently, leading
to four conformation states of the combined channel, HH,
HL, LH, and LL. This is different from ionic channels which
typically have zero conductance at the closed state. Simula-
tions of homotypic Cx45, Cx43, and heterotypic Cx43/Cx45
GJs using different formulations of the Vogel model are
shown in Figure 1. Parameters were determined using least
squares curve fitting of the model to experimental data
extracted from Desplantez et al. [47]. The model reproduces
key features of the dynamic properties of GJ channels. The
gap junctional conductance (𝐺j) of the homotypic Cx43 and
Cx45 GJs is maximal at 𝑉j = 0 and decreases symmetrically
with increased 𝑉j. Comparison of the 𝐺j versus 𝑉j graphs
of Cx43 Figure 1(a) and Cx45 Figure 1(b) shows that Cx45
has greater 𝑉j sensitivity. This is in accordance with experi-
mental data; the half-maximal inactivation voltage for Cx45
ranges from 23 to 30mV, while that of Cx43 is 55–60mV
[48]. Cx43/Cx45 GJs Figure 1(c) show asymmetric voltage
sensitivity, with enhanced 𝑉j sensitivity at negative 𝑉j. This
asymmetry facilitates current flow from the Cx45 expressing
cell to the Cx43 expressing cell but impedes flow in the
opposite direction, which may have important implications
in arrhythmogenesis.

The Chen-Izu et al. [49] mathematical model focused on
the steady state behavior of𝑉j-gating.They developed amod-
ified Boltzmann equation that allowed for the simultaneous
fitting of positive and negative polarities of 𝑉j. The Chen-Izu
model assumes that an intact gap junction channel has one
open channel conductance and one residual conductance,
as opposed to the Vogel model which has four possible
conductances. Two models were developed, a contingent
gating model in which the gating of one channel depends on
the state of the opposed channel and an independent gating
model which assumes that the two voltage gates in the model
do not interact other than through the distribution of 𝑉j.
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Figure 1: Simulations of homotypic Cx43, Cx45, and heterotypic Cx43/Cx45 GJ using the Vogel model. Parameters of the Vogel model were
modified using least-squares curve fitting to experimental data.Themodels reproduce key features of the dynamic properties of GJ channels.
The conductance (𝐺j) of the homotypic Cx43 and Cx45 GJs is maximal at 𝑉j = 0 and decreases symmetrically with increased𝑉j. Comparison
of the 𝐺j versus 𝑉j graphs of Cx43 (a) and Cx45 (b) shows that Cx45 has greater 𝑉j sensitivity. This is in accordance with experimental data.
Cx43/Cx45 GJs (c) show asymmetric voltage sensitivity, with enhanced 𝑉j sensitivity at negative 𝑉j.

A four-state stochastic model of contingent gating of GJ
channels containing two fast gates and𝑉j sensitive gating was
developed by Paulaskas et al. [50]. The model assumes that
each channel has an open state and a residual state and that
both states rectify. Gates can have the same or different gating
polarities. Each hC gate can be in the open or closed states
which correspond to the open state and the residual state of
the hC, respectively. The unitary conductances of the open
and residual state rectify and thus depend on 𝑉j. The model
defines for a given time whether individual channels stay in
the same state or change their state. This model has also been
extended into a stochastic 16-state model of voltage gating of
GJ channels by incorporating the slowgatingmechanism [51].

4.1.2. Data-Based Model. Lin et al. [52] developed a model to
describe the unique features of 𝑉j gating between cardiomy-
ocyte cells. This gating is thought to occur when CV is very
slow (≤10 cm/s) and the intercellular conduction delay is large
enough to produce 𝑉j gradients equal to the magnitude of
a ventricular AP. The major component of the model is the
two inactivation components and two recovery components
based directly from data obtained by applying a ventricular
AP to paired neonatal murine ventricular myocytes in dual
whole cell voltage clamp experiments. Inactivation is induced
when 𝑉j increases above a certain threshold value and is

removed when 𝑉j is in the resting state. They incorporated
a behavior described as facilitation which occurs only in
ventricular cardiomyocyte cell pairs. Facilitation is observed
as an increase in 𝐺j above the initial peak values during the
final repolarization phase of the AP.

5. Simulations of Dynamic GJ Coupling

5.1. Effects on Myocyte-Myocyte Coupling. Henriquez et al.
[53] used the Vogel model of dynamic GJ channels to couple
300 cells in a linear strand using the LR1 model. As stated
above, the Vogel model represents the voltage- and time-
dependent conductance of the GJ channels; the effects of
this model were compared to a static GJ model with a
constant value conductance. The results showed that when
cells were tightly coupled (6700 GJ channels) little change
was observed in the gap junctional conductance during
propagation. However, for poor coupling (85 GJ channels),
the gap junction conductance inactivates during propagation.
This transient change in conductance resulted in increased
transjunctional conduction delays, slowing of AP upstroke,
and conduction block.

Lin et al. [54] simulated ventricular AP propagation
using a 100-cell 1D cable model using the Faber and Rudy
model of ventricular AP [55] and dynamic GJ coupling
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was modeled using their dynamic model for ventricular
junctional conductance [52]. During normal conduction of
64 cm/s and 𝐺j of 2500 nS there is very little change in CV
by the introduction of the 𝑉j-dependent gating. However,
the model predicted changes to be seen only when CV
was below 10 cm/s when the 𝑉j would mimic an AP. In
this scenario, differences in CV between the static and the
dynamic model were observed. For example, compared with
the static model, the dynamic GJ model reduces CV by
approximately a third (i.e., from 1.0 cm/s to <0.8 cm/s) at
6 nS of 𝐺j. Furthermore, modeling the effects of 100 nM
dose of rotigaptide, a gap junctional conductance enhancer,
resulted in a 60% prevention of the conduction slowing, thus
preventing the formation of unidirectional block.

Casaleggio et al. [56] incorporated the rectification be-
havior often seen in heterotypic GJ channels by modeling a
small 2D tissue sheet using the Beeler-Reuter model. They
investigated the hypothesis that ischemia alters the properties
of GJs inside the ischemic area by reducing the average gap
junctional conductance, incorporating random fluctuations
with time and by modifying the GJ rectifying properties
along the edges of the ischemic area. These alterations
alone resulted in the development of the main types of
nonfatal arrhythmia behavior observed in experimental ECG
recordings: single premature ventricular beats, trigeminy
complexes, bigeminy complexes, couplets, triplets, and short
runs of tachyarrhythmias. In the case of single prema-
ture ventricular beats, the main mechanism of arrhythmia
formation is that in the presence of a lesion the signal
propagation around the scar generates a secondary wave
inside the ischemic region, once this wave reaches the normal
region it causes a premature beat which then propagates
backwards. Further simulations using different values for
the average and variance of the gap junctional conductance
inside the ischemic area found that for an average gap
junctional conductance of 4.7 nS a higher variance results
in a shift from isolated premature beats to other forms of
arrhythmias. These results suggest that random fluctuations
in the gap conductance inside an ischemic area can promote
andmodulate the development of specific types of arrhythmic
behavior.

In summary, 𝑉j-dependent inactivation of GJs can alter
myocyte-myocyte interactions and modify cardiac arrhyth-
mia behavior under pathological conditions of decreased
coupling as found in ischemic regions and border zones.
However, to the best of our knowledge no previous attempts
have been made to characterize the contribution of the
dynamic GJ channel properties on F-M interactions. In the
following section, we present investigations from our group
into the potential role of 𝑉j-dependent gap junctions in F-M
interactions.

5.2. Effects on Fibroblast-Myocyte Coupling. To provide
mechanistic insight into which parameters play a key role in
modifying the cardiomyocyte APD and morphology during
GJ mediated F-M coupling, we performed simulations using
a modified version of the Livshitz and Rudy guinea pig

cardiomyocyte model [57] and coupled it to the MacCan-
nell fibroblast model. The Vogel et al. mathematical model
was chosen to represent the dynamic properties of the GJ
channels because it can be modified to represent heterotypic
GJs and it reproduces the key features of 𝑉j-gating of GJs
(Figure 1):

𝑑𝑉myo

𝑑𝑡

= −

1
𝐶myo
[𝐼myo (𝑉myo, 𝑡) + 𝐼stim + ∑

𝑖=𝑁

(𝐼gap)] ,

𝑑𝑉fib
𝑑𝑡

= −

1
𝐶fib
[𝐼fib (𝑉fib, 𝑡) + 𝐼gap] ,

(1)

𝐼gap = 𝐺j (𝑉f − 𝑉m) , (2)

𝐺j = 𝑁C ⋅ [𝐺HH ⋅ 𝑁HH + 𝐺LH ⋅ 𝑁LH + 𝐺HL ⋅ 𝑁HL + 𝐺LL ⋅ 𝑁LL] . (3)

To simulate F-Mcoupling, themyocyte (𝑉myo) and the fibrob-
last (𝑉fib) membrane voltage are derived from (1). 𝐶myo and
𝐶fib are the membrane capacitance and 𝐼myo and 𝐼fib are the
total ionic current flowing through the ion channels, pumps,
and exchangers. 𝑁 is the number of fibroblasts coupled
to the cardiomyocyte. The gap junctional current, 𝐼gap, is
calculated using (2), where the gap junctional conductance,
𝐺j, is dependent on themodel used (“static” or “dynamic”). In
the static model,𝐺j is a constant value equal to the maximum
value of the dynamic model. In the dynamic model the
conductance is dependent on the fraction of GJs in a given
state and their corresponding conductance where 𝑁C is the
number of GJ channels between the F-M pair (3).

Figure 2(a) demonstrates that F-M coupling including𝑉j-
gating of GJs results in a decrease in the AP plateau and
APD as discussed in (Section 3.1.1). In addition, dynamic GJ
gating during F-M coupling results in a novel mechanism
to modulate the magnitude of the gap junctional current.
Compared to static coupling, dynamic coupling and thus the
dynamic properties of GJs reduce the early component of
the gap junctional current. This is due to the inactivation
of 𝐺j at large negative 𝑉j during the AP upstroke. The
Cx45 GJ phenotype results in a larger reduction in the early
component of gap junctional current compared to the Cx43
GJ phenotype.

In order to determine for which levels of fibrosis and
magnitude of gap junctional conductance would 𝑉j-gating of
GJs play a significant role, wemodeled a single cardiomyocyte
coupled to a varying number of fibroblasts representing
normal (F-M ratio≤2) to diseased levels of fibrosis (F-M ratio
>2) [58]. In addition, we varied the magnitude of the gap
junctional conductance across the range of experimentally
measured values in cultured cells [59]. For each F-M coupling
simulation, we then calculated themagnitude of the first peak
of the gap junctional current when coupling was mediated
by the three dynamic GJ models and when coupling was
mediated by a staticmodel.Δ𝐼gap,peak is the difference between
themagnitudes of the peaks during dynamic GJ coupling and
static coupling. Figure 2(b) showsΔ𝐼gap,peak as a function of F-
M ratio and gap junctional conductance. The largest changes
in the difference current occur at high levels of fibrosis and
intermediate values of gap junctional conductance (2–4 nS).



BioMed Research International 9

Uncoupled
Static

Uncoupled
Static
Dynamic Cx43/Cx45

0 100 200 300
Time (ms)

20 22 24
2

3

4

0 100 200 300
Time (ms)

20 22 24
2

3

4

Dynamic Cx43

Uncoupled
Static
Dynamic Cx45

0

50

100

−50

−100

V
m

yo
(m

V
)

0

50

−50

−100

V
fib

(m
V

)

0

50

−50

−100

Time (ms)
0 100 200 300

0

1

2

3

4

20 22 24
2

3

4

I g
ap

(p
A

/p
F)

V
j(

m
V

)

(a)

Cx45

0 1 2 3 4 5 6 7 8

Cx43

0 1 2 3 4 5 6 7 8

2

4

6

8

F-
M

 ra
tio

Cx43/Cx45

0 1 2 3 4 5 6 7 8

0

−0.5

−1

−1.5

−2

Δ
I g

ap
,p

ea
k

(p
A

/p
F)

Gap junctional conductance (nS) Gap junctional conductance (nS) Gap junctional conductance (nS)

(b)

Figure 2: Simulations of F-M coupling pairs comparing coupling via dynamic Cx43, Cx45, and Cx43/Cx45GJs to a static model. (a) Dynamic
GJ models were used to couple the MacCannell fibroblast model to the modified Livshitz and Rudy model [57] and compared it to the static
model and an uncoupled cardiomyocyte model. From top to bottom: membrane voltage of cardiomyocyte model 𝑉myo, membrane voltage of
the fibroblast model (𝑉fib), transjunctional voltage between the cardiomyocyte and fibroblast models (𝑉j), and gap junction current injected
into the cardiomyocyte (𝐼gap). Uncoupled: control condition [black trace], no fibroblast coupled to cardiomyocyte. Static: constant value
conductance [orange trace]. Dynamic: representing the Cx43 [left: red trace], Cx45 [center: blue trace], or Cx43/Cx45 [right: purple trace]
dynamic GJ model. Parameters of the models were altered to represent a maximal 3 nS conductance and coupling to one fibroblast model.
There is significant overlap between the static model and the dynamic model results. (b) The dependence of the gap junctional current on
the gap junction phenotype is illustrated using pseudocolor plots of the difference in the peak gap junctional current (Δ𝐼gap,peak) between the
dynamic (Cx43, Cx45, or Cx43/Cx45) and the static model as a function of the F-M ratio and the gap junctional conductance.
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Therefore, dynamic GJ coupling can modify the relative
magnitude of the early 𝐼to-like component of the gap junc-
tional current as discussed in Section 3.1.1. Thus, dynamic GJ
coupling may modify susceptibility to EADs and slow-rate
alternans, which has been shown to be dependent on the early
𝐼to-like component of the gap junctional current as discussed
in Section 3.1.4.

6. Conclusions

In conclusion, multiscale computational studies in combi-
nation with in vitro experiments have demonstrated that
cardiac fibroblasts can modify action potential duration, in-
duce spontaneous activity, modify conduction velocity, and
increase susceptibility to early afterdepolarizations and car-
diac alternans. The extent of these fibroblast-mediated chan-
ges depends on the density of fibrosis, the magnitude of the
gap junctional conductance, and the underlying electrophys-
iology of cardiac fibroblasts.

We developedmathematicalmodels of dynamic gap junc-
tional channels that reproduce key features of the time- and
voltage-dependent properties of Cx43, Cx45, and Cx43/Cx45
gap junctional channels and compared simulations of static
and dynamic fibroblast-myocyte coupling. We showed that
the early component of the gap junctional current was
reduced during dynamic fibroblast-myocyte coupling and the
magnitude of this reduction depends on the phenotype of the
gap junctional channel, the magnitude of the gap junctional
conductance, and the fibroblast-myocyte ratio.

However, many questions remain and require further
investigation. First, more detailed experimental data and
more refined computationalmodels of cardiac fibroblasts and
myofibroblast are needed to further characterize fibroblast-
myocyte electronic interactions. Second, additional organ
level computational studies of atrial and ventricular tissue
will provide insight into how cellular and tissue level changes
during fibroblast-myocyte coupling translates into organ level
arrhythmogenesis. Finally, whether fibroblast-myocyte cou-
pling occurs in the normal or diseased heart in vivo remains
to be determined and is important to the understanding of the
implications of fibroblast-myocyte interactions in the whole
heart.
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Cardiac tissue is a syncytium of coupled cells with pronounced intrinsic discrete nature. Previousmodels of cardiac electromechan-
ics often ignore such discrete properties and treat cardiac tissue as a continuousmedium, which has fundamental limitations. In the
present study, we introduce a 2D electromechanical model for human atrial tissue based on the discrete element method (DEM).
In the model, single-cell dynamics are governed by strongly coupling the electrophysiological model of Courtemanche et al. to the
myofilament model of Rice et al. with two-way feedbacks. Each cell is treated as a viscoelastic body, which is physically represented
by a clump of nine particles. Cell aggregations are arranged so that the anisotropic nature of cardiac tissue due to fibre orientations
can be modelled. Each cell is electrically coupled to neighbouring cells, allowing excitation waves to propagate through the tissue.
Cell-to-cellmechanical interactions aremodelled using a linear contact bondmodel inDEM. By coupling cardiac electrophysiology
withmechanics via the intracellular Ca2+ concentration, the DEMmodel successfully simulates the conduction of cardiac electrical
waves and the tissue’s corresponding mechanical contractions. The developed DEM model is numerically stable and provides a
powerful method for studying the electromechanical coupling problem in the heart.

1. Introduction

Atrial fibrillation (AF) is characterised by rapid and irregular
conduction of cardiac electrical excitation waves, impairing
the ability of the heart to pump blood via mechanical
contraction. AF is the most common cardiac arrhythmia [1],
affecting∼1.5%of theUKpopulation, a figurewhich increases
with age (rising to 5% beyond the age of 65 and 10% beyond
the age of 75 [2]). It can cause cerebral stroke, incapacitation,
and loss of life [3, 4]. Despite this, the underlying processes
governing the generation and maintenance of AF are not yet
fully understood [5] and current clinical treatments are sig-
nificantly unsatisfactory [6]. Computational models provide
a powerful tool for studying these phenomena and would
provide a means of quantitatively predicting the underlying
molecular and ionic mechanisms that facilitate the genesis

and perpetuation of AF. They also provide a level of control
that would not be possible in an experimental setting.
Therefore, there is an urgent need to develop biophysically
detailed computational models that are capable of capturing
various complex mechanisms in the atria, which may then be
used to study AF and test potential treatments.

Understanding AF requires thorough analysis of the
electrical behaviour of the atria. Highly detailed models of
individual cardiac cells have been developed, building on
the earlier pioneering work of Hodgkin and Huxley [7] and
Noble [8]. These models include the Courtemanche et al. [9]
and Nygren et al. [10] models, both of which reproduce the
action potential of human atrial myocytes as recorded exper-
imentally. Each model features stiffly nonlinear differential
equations simulating the flux of ionic currents to provide
the membrane potential of a single cell. Many larger-scale
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electrophysiological studies exist, which investigate excita-
tion conduction from cell to cell. This presents a challenge
to researchers owing to the large computational cost, high
speed of the electrical wave, and complex anatomy of the
atria [11, 12]. Typically researchers use experimental datasets
such as [13] constructing the various atrial regions (pectinate
muscle, crista terminalis, Bachmann’s bundle, etc.), each of
which has different electrical properties. In order to handle
such difficulties numerically, a very fine spatial resolution is
required in computational models [5, 14, 15]. Full reviews of
electrophysiological progress may be found in [16, 17].

The inclusion of mechanical dynamics is vital for a
model to address how cardiac arrhythmias or a proposed
treatment can affect the mechanical contraction of the heart,
especially, since there is strong coupling between electrical
and mechanical activities in the atria [18, 19]. Sophisticated
models exist at the myocyte/myofilament level [20, 21], cap-
turing the complex force-calcium relationship and sarcomere
dynamics. On a larger scale, cardiac tissue may be mechan-
ically idealized as transversely isotropic, hyperelastic, and
incompressible [22]. Tissue-/organ-scalemodels typically use
a traditional continuum mechanics approach through mate-
rials homogenization, modelling the tension development
and deformation by using stress-strain relationships [23–
25]. However, a simply idealized continuum approximation
of cardiac tissue ignores the pronounced discrete nature
of cardiac tissue and cell arrangement and therefore has
fundamental limitations.

In this study, we used the discrete element method
(DEM) rather than a continuum approach to physically and
mechanically represent atrial tissue. DEM belongs to a family
of discrete methods originally proposed by Cundall in 1971 in
application to the behaviour of discontinuous materials [26].
The method was refined in [27, 28] and describes the motion
of circular “particles.” Recently, researchers have shown that
particles may be bonded together to accurately model fibre-
reinforced materials [29–31].

DEM is therefore well suited in application to atrial
tissue, due to the discrete cellular arrangement, the dis-
continuous tissue’s electrophysiological properties, and the
complex geometry of the atria. The aforementioned contin-
uum mechanics approaches assume a smooth and homoge-
neous tissue, neglecting consideration of the discontinuous
microstructure and irregular arrangement of cells. In this
study, we develop a multiscale DEM model that accurately
captures electrical and mechanical processes at both the cell
and tissue scales in the atria. We build the groundwork
for future model development at the organ scale and show
that DEM has the potential to be a powerful approach for
representing the anisotropic and inhomogeneous nature of
the human heart.

The paper is arranged as follows. Section 2 provides
an overview of DEM theory used by the model, and the
atrial single-cell model is presented. The method for elec-
trical propagation is described as well as the coupling with
mechanical contraction. Some simulation results are shown
in Section 3. A discussion of the method and conclusions are
given in Section 4 and some future work is proposed.

2. Method

2.1. Model for Excitation and Contraction of a Single Cell. The
developed biophysically detailedmodel for the atria considers
two physics scales: cellular and tissue. At the cellular level,
we simulated the electrical and mechanical behaviour of a
single atrial myocyte by coupling two well-known models.
For the electrical behaviour, we used the Courtemanche et al.
model [9]. Each cell was considered equipotential, with the
time derivative of the cell’s membrane potential 𝑉 (in mV)
given by

𝑑𝑉

𝑑𝑡

= −

(𝐼ion + 𝐼st)

𝐶

𝑚

, (1)

where 𝐼ion is the total ionic current (pA), 𝐼st is an external
stimulus (pA), and 𝐶

𝑚
is the membrane capacitance (pF).

Various ionic and pump currents are represented in the
model:

𝐼ion = 𝐼Na + 𝐼K1 + 𝐼to + 𝐼Kur + 𝐼Kr + 𝐼Ks + 𝐼Ca,𝐿

+ 𝐼

𝑝,Ca + 𝐼NaK + 𝐼NaCa + 𝐼

𝑏,Na + 𝐼

𝑏,Ca,
(2)

where 𝐼Na and 𝐼𝑏,Na are the fast and backgroundNa
+ currents,

respectively; 𝐼K1, 𝐼to, 𝐼Kur, 𝐼Kr, and 𝐼Ks are the inward rectifier,
transient outward, ultrarapid rectifier, and rapid and slow
delayed rectifier K+ currents, respectively; 𝐼Ca,𝐿, 𝐼𝑝,Ca, and
𝐼

𝑏,Ca are the L-type, pump, and background Ca2+ currents,
respectively; 𝐼NaK is the Na+ − K+ pump current; and 𝐼NaCa is
theNa+−Ca2+ exchanger current. Each ion channel current is
modelled by the Huxley-Hodgkin formulation which is fitted
to experimental data. For example, the fast sodium current is
implemented as

𝐼Na = 𝑔Na𝑚
3
ℎ𝑗 (𝑉 − 𝐸Na) , (3)

where 𝑔Na is maximal Na+ conductance and 𝐸Na is the
equilibrium potential for sodium.The voltage dependency of
ion channels is modelled by gating variables𝑚 (activation), ℎ
(inactivation), and 𝑗 (slow activation), each governed by

𝑑𝑦

𝑑𝑡

=

𝑦

∞
− 𝑦

𝜏

𝑦

. (4)

For any gate variable 𝑦, 𝑦
∞

is its steady state value and
𝜏

𝑦
its time constant, both of which are functions of 𝑉 that

are algebraically defined based on data from atrial cells.
Differential equations also exist to keep track of intracellular
concentrations of Ca2+, Na+, and K+.

For the mechanical behaviour of the cell, we used the
Rice et al. myofilament model [20]. This model defines
a system of nonlinear ordinary differential equations to
simulate the interaction between force, the intracellular Ca2+
handling, and sarcomere length. This is achieved through
mathematically modelling the complex process of Ca2+ bind-
ing to regulatory proteins at cross-bridges. Other realistic
elements such as viscoelasticity are included in the model,
which is verified against experimental data for cardiacmuscle
response.The author’s implementation defines Integralforce as
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a sum of normalized forces within the cell integrated over
time:

Integralforce

= ∫ (−𝐹active − 𝐹passive + 𝐹preload + 𝐹afterload) 𝑑𝑡,
(5)

with terms representing the contribution of various forces
from themodel formulation.The sarcomere length SL is then
computed by

𝑑SL
𝑑𝑡

=

Integralforce + (SL
0
− SL) ∗ viscosity

mass
,

(6)

where SL
0
is initial sarcomere length. Here viscosity and

mass are constants which help describe the muscle response
[20]. The model is formulated with close attention to experi-
mental data for rat and rabbit myofilaments. Due to lack of
experimental data for human contracting cells, we use the
rat species modifying parameters of the original paper and
a physiological temperature of 37∘C. The initial sarcomere
length is chosen as SL

0
= 2.2 𝜇m to reflect possible stretching

at end-diastole.
We coupled the Courtemanche et al. and Rice et al.

models by a two-way feedback method. The definition for
calcium concentration [Ca2+]i from the Courtemanche et al.
model [9] is modified slightly to give

𝑑 [Ca2+]
i

𝑑𝑡

=

𝐵

1

𝐵

2

,

(7)

where 𝐵
1
and 𝐵

2
are defined by

𝐵

1
=

2𝐼NaCa − 𝐼

𝑝,Ca − 𝐼CaL − 𝐼

𝑏,Ca

2𝐹

𝑎
𝑉

𝑖

+

𝑉up (𝐼up,leak − 𝐼up) + 𝐼rel𝑉rel

𝑉

𝑖

− 2

𝑑Trop
𝐴
Ca

𝑑𝑡

,

𝐵

2
= 1 +

[𝐶𝑚𝑑𝑛]max 𝐾𝑚,𝐶𝑚𝑑𝑛

([Ca2+]i + 𝐾

𝑚,𝐶𝑚𝑑𝑛
)

2
,

(8)

and other variables are defined as in [9]. Here, we have
inserted 𝑑Trop

𝐴
Ca/𝑑𝑡 as calculated in the Rice et al. model

[20]. Values of [Ca2+]i are fed into the Rice et al. model,
completing the feedback cycle. In this manner, we obtain
a system of nonlinear equations which accurately predicts
the membrane potential, calcium concentration, and length
of a single cell throughout its excitation-contraction cycle.
The system consists of nonlinear differential equations for
the 32 time-dependent variables. In total, we monitor 182
variables for each cell at each time step, providing diagnostic
information on all aspects of single-cell dynamics.

2.2. DEM Theory. The mechanical interaction of cells in
this study is analysed using DEM theory. The theory in full

may be found in the two-part paper [27, 28]. The particular
implementation and computational engine utilized in this
paper is the Particle Flow Code (PFC) by Itasca Consulting
Group Inc. [32].

DEM tracks the dynamic interaction of “particles,” where
in this two-dimensional context a particle is defined as a
rigid disc of unit thickness occupying a finite space. Each
particle’s position and velocity are tracked throughout the
simulation, which is solved by an explicit time-stepping
algorithm. Newton’s second law is used to determine the
motion of each particle arising from contact/body forces
upon it. A force-displacement law is used to update the
contact forces arising from the relativemotion at each contact
[26, 29, 32].

For this two-dimensional study, the degrees of freedomof
the particles are the 𝑥- and 𝑦-directions and rotation about
the 𝑧-axis. The equation for a single particle’s translational
motion may be written [31, 32] as follows:

𝐹

𝑖
= 𝑚 (�̈�

𝑖
− 𝑔

𝑖
) , (9)

where 𝑖 = 1, 2, 3 denotes the coordinate directions (𝑥, 𝑦, 𝑧), 𝐹
𝑖

is the resultant force (the sum of all externally applied forces
acting on the particle), �̈�

𝑖
is the particle acceleration,𝑚 is the

mass of the particle, and 𝑔
𝑖
is a body force acceleration vector

(e.g., gravity). The equation for rotational motion is given by
[31, 32]

𝑀

3
= 𝐼�̇�

3
, (10)

where𝑀
3
is the resultantmoment referred to the 𝑧-axis,𝑤

3
is

the rotational velocity about the 𝑧-axis, and 𝐼 is the rotational
inertia of the particle.

A solid material may be modelled using DEM by bond-
ing particles together using contact models, and a force-
displacement law is solved at the contacts. Two particles may
be bonded by a pair of elastic springs with constant normal
and shear stiffness (see Figure 1). The bond is retained if
the two particles overlap slightly, causing a resistive force,
or become slightly separated, causing an attractive force. The
springs have specified tensile and shear strength under force,
and the contact breaks if these strengths are exceeded. In this
study, they are taken high enough for the contacts to persist
indefinitely. We use a contact model similar to that described
in [33], providing the behaviour of an infinitesimal, linear
elastic bonded interface which carries a force. In addition,
dashpots are present in the normal and shear direction to
provide damping [32].

In order to obtain the spring and dashpot forces acting at
a contact, we first define a contact plane between particles 𝐴
and 𝐵 as shown in Figure 1, with location xc [32].The contact
plane is centredwithin the interaction area (gap or overlap) of
the two particles, with location xc, normal n̂c directed from 𝐵

to 𝐴, and tangential direction ̂tc. The contact model consists
of a dashpot and spring in the normal and shear directions.
Here 𝛽

𝑛
and 𝛽

𝑠
are the dashpot normal and shear critical

damping ratios, 𝑘
𝑛
and 𝑘

𝑠
are the normal and shear spring

stiffness, and 𝑇

𝐹
and 𝑆

𝐹
are the tensile and shear strengths
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Figure 1: An illustration of the linear contact bond model used in
the DEM model, connecting two particles 𝐴 and 𝐵. Here xc is the
location of the contact plane centred between the two particles, n̂c
is the normal directed towards particle 𝐵, and ̂tc is the tangential
direction. 𝑘

𝑛
and 𝑘

𝑠
are the normal and shear spring stiffness, 𝛽

𝑛
and

𝛽

𝑠
are the dashpot normal and shear critical damping ratios, and 𝑇

𝐹

and 𝑆
𝐹
are the tensile and shear strengths of the contact under force.

of the contact under force. We may thendescribe the relative
translational motion of particle surfaces at a contact by

̇𝛿 = ẋ(𝐴)c − ẋ(𝐵)c ,

̇𝜃 = w(𝐴) − w(𝐵),
(11)

where ẋ(𝑁)c is the translational velocity of particle 𝑁 at the
contact location:

ẋ(𝑁)c = ẋ(𝑁) + w(𝑁) × (xc − x(𝑁)) . (12)

Here, ẋ(𝑁) and w(𝑁) are the respective translational and
rotational velocities of particle 𝑁, and x(𝑁) is the location
of particle 𝑁 [32]. The relative translation motion ̇𝛿 may be
decomposed further into its normal and shear parts:

̇𝛿 = ̇

𝛿

𝑛
n̂c +

̇

𝛿

𝑠
̂tc. (13)

Now, we denote the total contact force as Fc, with linear and
dashpot components:

Fc = Fl + Fd, (14)

and each may be resolved into normal and shear parts:

Fl = −𝐹

𝑙

𝑛
n̂c + 𝐹

𝑙

𝑠
̂tc,

Fd = −𝐹

𝑑

𝑛
n̂c + 𝐹

𝑑

𝑠
̂tc.

(15)

Finally, the normal contact force is updated at each time step:

𝐹

𝑙

𝑛
= 𝑘

𝑛
𝑔

𝑠
, (16)

where 𝑔

𝑠
is the surface gap between the two contacting

particles. The shear contact force is updated incrementally,
starting from zero and subtracting at each time step:

Δ𝐹

𝑙

𝑠
= −𝑘

𝑠
̇

𝛿

𝑠
Δ𝑡. (17)

The update of the dashpot normal force is given by

𝐹

𝑑

𝑛
= 2𝛽

𝑛
√
𝑚

𝑐
𝑘

𝑛
̇

𝛿

𝑛
,

(18)

where𝑚
𝑐
relates the mass of each particle [32]:

𝑚

𝑐
=

𝑚

𝐴
𝑚

𝐵

𝑚

𝐴
+ 𝑚

𝐵
.

(19)

The update of the dashpot shear force is

𝐹

𝑑

𝑠
= 2𝛽

𝑠
√
𝑚

𝑐
𝑘

𝑠
̇

𝛿

𝑠
.

(20)

The contacts transmit only a force and no moment, and
slippage does not occur in this model because contacts are
always present for any given particle.

Particles in DEM can be grouped to form a “clump”
that behaves as one body. The contacts between particles
within a clump are skipped to reduce the computational cost,
whereas contacts between a clump and any particle external
to that clump are treated normally. The particles within a
clump may overlap to any extent and will never break apart.
Hence, a clump may be used to approximate the shape of any
nonspherical body (e.g., cylindrical cells in atrial tissue), by
using an arbitrary number of particles.

2.3. Applying DEM to Human Atrial Tissue. When choosing
how to apply DEM to model human atrial tissue, several
considerations must be made. For example, we must first
decide how many particles to use in representing one cell
(and how to arrange the particles), seeking a balance between
realism and computational expense. We must also choose
how to introduce force into the system to allow muscle
contraction.

DEM gives the option to apply a body force to each
particle. For a distribution of particles representing a cell,
force could be applied to particles at either end, causing
contraction. However, using this approach, it is very difficult
to correctly balance the forces within a cell and avoid
affecting the neighbouring cells.This leads to unrealistic force
accumulation throughout the tissue and an uneven contrac-
tile response from each cell. Further, balancing the spring
stiffness and particle overlap to satisfy the incompressibility
condition of atrial tissue is troublesome. In reality, the protein
binding process which results in sarcomere contraction (see,
e.g., [34]) causes symmetric cell shortening, which is an
independent process for each cell and cells interact mechan-
ically in mostly a supportive context. Therefore, it seems
appropriate to instead use one DEM clump to represent one
cell. Clumps are rigid with respect to one another and are
only able to influence each other’s positions, not their size or
shape. In order to accurately model contraction of the cell,
we manually change the position and size of each clump’s
particles to match the amount of contraction predicted by
the single-cell model in Section 2.1. In this manner, we
ensure that each individual cell responds in a mechanically
correct way to the electrical stimulus. Also, this approach
helps alleviate the computational expense caused by the large
number of cells required.

Atrial cells have a roughly cylindrical shape, and our two-
dimensional representation of a cell is a rectangle with initial
length 100 𝜇m and width 16 𝜇m as used in the model of
Courtemanche et al. [9].Thedensity of each particle is chosen
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Figure 2: Geometry of one clump/cell in the DEM model. Here,
𝑝

1
, . . . 𝑝

𝑛
are the 𝑛 particles, 𝑟 is their radius, 𝑑 is the distance

between particle centres, 𝐿 is the total length of the clump, and 𝑆

is the area of the overlap region between particles.

as 𝜌 = 1.053 g/mL, taken from values calculated in [35] for
rat myocardial tissue regional densities. In our DEM model,
𝑛 particles are arranged end to end as shown in Figure 2, using
a radius of 𝑟 = 8 𝜇m.The number and amount of overlapping
of the particles are chosen such that the length of the clump
𝐿 = 100 𝜇m. The amount of overlap is the same for each
particle; hence, the equation for the length of the clump is

𝐿 = (𝑛 − 1) 𝑑 + 2𝑟, (21)

where 𝑑 is the distance from the centre of one particle to the
next. In this case we use 𝑛 = 9, giving 𝑑 = 10.5 𝜇m when the
cell is at rest. Using simple geometry, the total area 𝐴 of the
clump is given by

𝐴 = 𝑛𝜋𝑟

2
− (𝑛 − 1) 𝑆, (22)

where the area 𝑆 is

𝑆 = 2𝑟

2 arccos( 𝑑

2𝑟

) −

𝑑

2

√

4𝑟

2
− 𝑑

2
. (23)

At every time step, the single-cellmodel of Section 2.1 outputs
a sarcomere length for each cell. Since each cell consists of
sarcomeres arranged end to end, we assume the total cell
length is equal to a linear scaling of the sarcomere length.The
area 𝐴 is always held constant to satisfy the incompressibility
condition of atrial tissue. Solving (21) and (22) simultaneously
gives the two unknowns 𝑟 and 𝑑, and the clump particle radii
and positions are then modified to satisfy these new values.
In thismanner, the cell/clumpmay contract/expand in length
while conserving 2D area.

2.4. Cell-Cell Coupling. Cells need to be coupled both elec-
trically (to allow the electrical excitation waves to propa-
gate through the tissue) and mechanically (to capture the
tissue’s elastic response to cell contraction). Using DEM, it
is simple to construct the mechanical tissue model: clumps
are placed in the model where required and aligned with
the desired fibre orientation. Mechanical contacts are then
formed between clumps/cells and their nearest neighbours.
A generous contact detection threshold is set, to ensure a
dense arrangement of particles. The DEM distribution is
computationally cycled until it reaches a stable equilibrium.

Figure 3: A region of tissue made up of several DEM clumps. Each
clump is colored individually, and black circles denote a contact
between particles.

Mechanical boundary conditions may be applied to any
clump, fixing them in either the 𝑥- or 𝑦-directions or
both. Figure 3 displays a DEM model of a region of tissue
comprising several cells.

Physically, the DEM contacts in our model represent
connective material between individual cells. This includes
the cell-binding protein structures desmosomes and other
connective tissue. In this study, we seek to capture the
qualitative behaviour of these materials, which is primarily to
prevent the separation and overlap of cells and facilitate force
transmission between cells. Therefore, the DEM parameters
are chosen to satisfy the following criteria.

(i) The spring stiffness values 𝑘
𝑛
and 𝑘

𝑠
and their ratio

are selected such that the mechanical response to cell
contraction is prompt and that cells are not separated
throughout the contraction process.

(ii) The spring stiffness values are selected high enough
that particles resist overlapping, and thus the incom-
pressibility of the tissue is satisfied as closely as
possible.

(iii) The spring stiffness and dashpot damping parameters
𝛽

𝑛
and 𝛽

𝑠
are selected to minimize elastic oscillation

and ensure smooth contraction and expansion of the
tissue.

Obtaining the desired behaviour is undertaken through a
trial and error process, as the system behaviour is somewhat
sensitive to the spring parameters 𝑘

𝑛
and 𝑘

𝑠
(and the ratio

between them). In general, higher normal contact stiffness 𝑘
𝑛

causes the above criteria to be satisfied but requires a smaller
time step to maintain the stability of the system’s solution.
However, a critical maximum mechanical time step can be
estimated based on parameters [32]. Table 1 shows the full
set of DEM parameter values used in this paper. Note that
gravity is neglected in this study as the atria are assumed to
be supported by the surrounding anatomy.

Recall that clumps are rigid bodies during eachDEM step.
That is, clumps are able to influence each other’s position
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Table 1: DEM parameter value used in the model.

Parameter Description Value
𝜌 Density of particles 1.053 g/mL
𝑔 Acceleration due to gravity 0m/s2

𝑘

𝑛
Normal contact stiffness 10N/m

𝑘

𝑠
Shear contact stiffness 0.1 N/m

𝛽

𝑛
Normal critical dashpot damping ratio 0.1

𝛽

𝑠
Shear critical dashpot damping ratio 0.1

𝑇

𝐹
Contact tensile strength 1 × 10

200

𝑆

𝐹
Contact shear strength 1 × 10

200

𝑟 Initial radius of particles 8𝜇m
𝐿 Length of cell 100𝜇m
𝑛 Number of particles per cell 9
𝐷 Electrical conductivity 1000 nS

and velocity but not each other’s size and shape. Instead, the
length and width of each clump are manipulated manually
prior to each time step, based on the single-cell model output.
Then, the DEM calculations give the positional response
of the total clump distribution by solving the equations of
motion and contact forces.The only force introduced into the
system is contact forces between cells, which arises as a result
of the contraction/expansion of each cell.

The electrical coupling of cells is performed once the
DEM particle distribution is constructed. Two cells are con-
sidered electrically coupled whenever a DEM contact exists
between them, and we define two such cells as “neighbours.”
Equation (1), which governs the membrane potential of each
cell, contains a term 𝐼st which represents an external stimulus.
Cells are assumed to stimulate their neighbours, representing
electricity flowing from cell to cell. If a cell labelled 𝐻

with membrane potential 𝑉
𝐻
has𝑁 neighbours, the external

stimulus for cell𝐻 is given by

𝐼st = 𝐷

𝑁

∑

𝑖=1

(𝑉

𝑖
− 𝑉

𝐻
) , (24)

where 𝐷 is an electrical conductance parameter and 𝑉

𝑖
is

the membrane potential of the neighbour numbered 𝑖. The
conductivity𝐷 governs the velocity of the electrical wave and
has a value of 1000 nS as listed in Table 1. This procedure is
repeated for each cell in the tissue, creating one large network
of coupled ODEs for the electrical behaviour of all cells in the
model.

Physically, electrical propagation from cell to cell is
largely due to the presence of gap junctions, a specialized
intercellular connection allowing ions and electrical impulses
to pass through a regulated gate between cells [36, 37]. Gap
junctions are predominantly localized at the cell ends in the
fibre direction [38]. However, in our model, the physical con-
nections between cells are the DEM contacts, which naturally
are more numerous in the transverse direction than the fibre
direction (e.g., see Figure 3).Our approach reflects an attempt
to balance this discrepancy by assuming that even if multiple
DEM contacts exist between two cells, the electrical flow
between them is divided equally amongst these contacts.That

is, the number of DEM contacts between two cells does not
affect the strength of electrical conduction between them, as
long as one contact is present. In Section 3.2, we show that this
approach is able to accurately mimic electrical propagation
through cells and replicate the anisotropic behaviour of atrial
tissue.

Figure 4 shows a schematic of the full electromechanical
computational cycle for each time step of the model. The
DEM equations are solved explicitly by a centred finite-
difference scheme, and a time step of Δ𝑡 = 0.004ms is
required owing to the relatively stiff contact springs. For the
coupled single-cell equations, the same fixed time step of
Δ𝑡 = 0.004ms is used, to guarantee the stable solution of
the coupled system of nonlinear single-cell equations using
the explicit Euler method and to handle the high wave speed
of the electrical propagation. Each box in Figure 4 must be
completed before proceeding to the next; however, they may
be computed efficiently in parallel to speed up calculation
times. All calculations are performed using an Intel Xeon
3.6GHz CPU and multithreaded using all 8 threads and
double precision.DEMcalculations are performed using PFC
version 5.0 [32], and all other calculations are performed
using a custom C++ library interfacing with PFC. Further
computational savings are made by disabling the contact
detection phase of DEM during cycling, which is usually
present. The particles in this model are densely packed and
tightly bonded to their immediate neighbours, meaning no
new contacts will be formed throughout the contraction
phase.

3. Results

3.1. Single-Cell Model. In this section, we present results from
the single-cell model described in Section 2.1. These reflect
the electrical and mechanical behaviour of an isolated single
cell. At 𝑡 = 50ms, a 2 nA external stimulus was applied to
the cell for a duration of 2ms. Initial conditions in the cell are
obtained by pacing at 1Hz for 200 beats. Figure 5 shows the
evolution of several variables over time within the cell.

Figure 5(a) shows the action potential, beginning at a
resting membrane potential close to −82mV and reaching
20mV in response to the external stimulus.The classic spike-
and-dome morphology of the Courtemanche et al. model
was altered slightly by the mechanical coupling; the dome
was less prominent dome and the action potential duration
was slightly shorter in the coupled single-cell model (blue)
compared to an uncoupled purely electrical model (red) [9].
The abrupt response to the electrical stimulus is evidence
of the stiffness inherent in the equations, which must be
carefully accounted for numerically.

The Ca2+ concentration time course for the coupled
model plotted in Figure 5(b) (blue) was affected by the
mechanical feedback described in (7)-(8), which caused a
sharper and higher peak in Ca2+ than in the default electrical
model (red) [9]. The influx of Ca2+ led to active force
development within the cell (Figure 5(c)).This in turn caused
a reduction in sarcomere length, which we scaled up to give
the expected cell length 𝐿 as shown in Figure 5(d). The cell
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t = t + Δt

For each particle, apply the law
of motion, updating the particle
position and velocity based on
the resultant force and motion
due to contact forces

For each cell, loop over cell

neighbours and calculate the

total external voltage
contribution Ist

For each cell, solve the single-
cell equations and update time-
dependent variables using an
explicit timestep

For each cell, scale the sarcomere
length output from single-cell
equations to give predicted cell
length; calculate new values of
particle radius and overlap; update
particle radius and position

For each contact between
particles, solve the force-
displacement law, updating the
contact forces based on relative
motion and contact constitutive
model

Figure 4: The computational cycle for the full electromechanical model.
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Figure 5: Results from the single-cell model of Section 2.1 (blue curves). The time evolution of several variables is plotted in response to an
external stimulus. (a) Membrane potential 𝑉, (b) intracellular calcium concentration [Ca2+]i, (c) active force 𝐹active, and (d) cell length 𝐿. For
graphs (a) and (b), the red curves reflect the default Courtemanche model [9].
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Figure 6: Electrical propagation through a region of connected DEM cells. (a) 𝑡 = 3.92ms, (b) 𝑡 = 9.12ms, (c) 𝑡 = 13.52ms, and (d)
𝑡 = 21.52ms. Cells are colored according to their membrane potential 𝑉.

contracted by around 10% of its original length and was fully
contracted 50ms after receiving a stimulus.

3.2. Electrical Conduction. In this section, we demonstrate
the method for the electrical coupling of cells, allowing
the excitation wave to propagate through the DEM model
domain. We construct a rectangular region of tissue, with
all cells oriented vertically, such that the fibre direction is in
the 𝑦 plane. The tissue consists of 90 k particles (10 k cells),
representing a region of tissue which is 5mm in length and
3.2mm in width.The top-left corner of cells receives external
stimulus of 2 nA at 𝑡 = 1ms with a duration of 2ms. The
progress of the electrical wave is shown in Figure 6.

Several cavities are opened in the tissue to demonstrate
that the method can handle discontinuous tissue geometry.
In addition, the anisotropy of atrial tissue conduction is
naturally accounted for by the formulation; that is, electrical
propagation along fibres is faster than that in the transverse
direction. This is due to the larger spatial step in the fibre
direction, owing to the clump shape. Here, we have chosen
a value for the conduction parameter (𝐷 = 1000 nS), leading
to a conduction velocity of approximately 55 cm/s in the fibre
direction, in agreement with experimental measurements
[16]. The model exhibits a conduction anisotropy ratio of
roughly 6 : 1 between the fibre and transverse directions. The
literature estimates for the anisotropy ratio of atrial tissue
vary between 4.76 : 1 and 8 : 1 [16] with little experimental data
available.

3.3. Mechanical Contraction. In this section, we present re-
sults from the full electromechanical tissue model described
in Section 2.1. A region of tissue 5mm in length and 3.2mm
inwidthwas constructedwith the fibre direction alignedwith
the 𝑦-axis, comprised of 10 k cells and 90 k particles. The full
simulation took approximately 4 hours to complete 600ms
of simulated time. The computational time is approximately

consumed as 50% on DEM calculations, 20% on electrical
wave propagation, 20% applying contraction to each cell, and
10% solving the single-cell equations. A boundary condition
was applied to the lowermost cells along the 𝑥-axis, fixing
their movement in the 𝑦-direction. The top portion of tissue
received a stimulus of 2 nA at 𝑡 = 1ms lasting for 2ms. Sev-
eral snapshots are presented in Figure 7 as the electrical wave
propagates throughout the tissue and contraction occurs.

In Figure 7(a), the rapid electrical wave spreads through-
out the cells; by 𝑡 = 37.12ms (Figure 7(b)), contraction is
underway in the cells near the top of the tissue. At 𝑡 =

55.92ms (Figure 7(c)), the tissue is fully contracted, and the
tissue width has expanded to account for its loss in height due
to the tissue incompressibility. Gradually, the tissue relaxes to
its resting shape (Figure 7(d)).

To calculate the area of the tissue, we need to account for
the area of the physical particles as well as the voids between
particles and any particle overlap. We form a polygon with
vertices at the centre points of clumps which are on the
boundary of the tissue and then calculate the area of the
polygon. Figure 8(a) shows the normalised tissue area (tissue
area divided by initial resting area) and Figure 8(b) shows
normalised length (distance from the top to bottom through
the central fibre divided by the resting length) throughout the
contraction.

Figure 8(a) shows that tissue incompressibility is achieved
to within acceptable accuracy, with only negligible variation
in tissue area throughout the simulation. Recall that the
individual cells themselves are exactly incompressible by
formulation (see (21)-(22)), but minor changes in tissue area
are unavoidable and caused by the clumps and surrounding
voids rearranging throughout the contraction. In Figure 8(b),
the tissue length curve follows that of each individual cell’s
length (see Figure 5(d)), showing that cells along a fibre
remain unseparated and the stiff springs connecting clumps
ensure a prompt response and smooth tissue contraction.
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Figure 7: Full electromechanical model for a rectangular region of tissue. (a) 𝑡 = 7.12ms, (b) 𝑡 = 37.12ms, (c) 𝑡 = 55.92ms, and (d)
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Figure 8: Normalised tissue area (a) and normalised tissue length (b) against time.

4. Discussion

4.1. Summary. In this study, we have developed a novel
multiscale electromechanicalmodel for the human atria from
single cell to tissue level usingDEM.Ourmajor contributions
are (i) a new cellularmodel for atrial electromechanical activ-
ity that couples the Courtemanche et al. electrophysiology
model [9] to the Rice et al. myofilament model [20]. The
developed cell model is implemented in DEM by using a
clump of nine particles, representing atrial cellular geometry;
(ii) a 2D DEM tissue model of atrial tissue was developed
with consideration of atrial anisotropic and discrete natures.
Using the tissue model, the conduction of cardiac electrical
waves and the corresponding mechanical contraction were

simulated; and (iii) a numerically stable algorithm was
developed to solve the DEMmodel of atrial tissue.

The developed DEM model presents several advantages
over continuum mechanics methods for cardiac tissue mod-
elling, such as the finite element method (FEM). It is well
known that cardiac tissue is fundamentally discrete [17],
anisotropic, and inhomogeneous in its electrophysiology
[39]. Such properties play important roles in ensuring normal
electrical wave propagation in the heart and genesis of
cardiac arrhythmias [40]. Spatial electrical heterogeneities
are also found to be crucial for successful defibrillation [41].
These intrinsic natures of cardiac tissue are more appropri-
ately modelled by DEM than the conventional continuum
approaches. Further, the atria are anatomically complex,
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comprising many regions of different geometrical structures
[16], which form a challenge for an accurate reconstruction of
these regions and numerical treatment of the nodes by FEM.
However, the use of DEM allows any possible arrangement
and configuration of individual cells.

The numerical method we presented here was stable and
efficient, capable of handling over half a million cells on a
single desktop computer. Both the single-cell equations and
DEMequationsmay be solved by explicit numericalmethods.
Continuum models for electrical propagation frequently use
reaction-diffusion type equations [16]: such an approach
often requires the iterative solution of a large system of
equations [17], slowing down computation times. In addition,
the centred finite difference approach to solving the DEM
equations used here allows calculation of a critical time step
[32], ensuring that the mechanical solution remains stable.
Further, in our model there is ample opportunity for par-
allelism throughout the distinct steps of the computational
cycle.

4.2. Limitations and Future Work. The present model has
several limitations and aspects which may be improved in
later model development. First, the single-cell model is not
verified against human experimental data, and the Rice
et al. [20] model is formulated for nonhuman species. Some
authors have attempted to update the Courtemanche and
Rice models for use in human models, such as [42, 43].
However, the development of complete electromechanical
single-cell models for various regions of the human atria
warrants further study as more experimental data becomes
available.

Themethod for electrical conduction between cells needs
further improving, though it performs reasonably well. A
more sophisticated method could be used, such as track-
ing the diffusion of electricity through individual particles
or direct incorporation of gap junctions. However, these
approaches may inhibit the choice of using an equipotential
single-cell model. The present method provides a good
balance between realism and numerical efficacy.

The focus of the present paper was to introduce the
DEM methodology for simulating atrial electromechanics,
and there is therefore room for improvement in the future.
The DEM bond stiffness and damping parameters can be
adapted in different directions to more accurately capture the
behaviour of the connective material between cells. A more
sophisticated contact model than the linear bondmodel used
here can be developed, possibly including nonlinear effects
and viscoelasticity. In addition, to complete the electrome-
chanical coupling, feedback frommechanical contraction can
be incorporated into the electrical formulation by introduc-
ing a term representing stretch-activated currents [44].

In future, DEM could be used for organ-scale simulations
where millions of cells are required.The explicit nature of the
numerical methods means the method should scale well to
massively parallel systems, using CPU or GPU processors.
Construction of an anatomically accurate 3D configuration
of cells should be possible. Clumps could be packed into a
desired geometry while dynamically modifying their align-
ment based on experimental data sets defining the atria’s

fibre orientations. To ensure a dense packing of particles,
additional smaller particles could be added, representing
connective tissue. In this manner, one could “build” a DEM
system of cells to accurately model an atrial region. Though
the present paper deals with cells which are aligned in
a parallel manner, preliminary tests of our DEM method
indicate it is suitable to model abrupt or gradual changes in
fibre direction, such as those found in the atria.

4.3. Conclusion. We conclude that DEM is a powerful
method for modelling electromechanical behaviour in the
human atria.The ability to consider discrete cell arrangement
means that DEM is well suited to simulate the dynamic
behaviour of atrial tissue, which is anisotropic and discon-
tinuous by nature.The multiscale model established here can
be used in the future to study the effect of heterogeneity
in atrial tissue, which is necessary to fully understand the
mechanisms behind AF and other phenomena. The method
shows potential to be used for construction of a full 3Dmodel
of the human atria, which would provide a valuable computer
modelling platform for testing antiarrhythmic drugs and
other AF treatments.
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Aims. Human action potentials in the Brugada syndrome have been characterized by delayed or even complete loss of dome
formation, especially in the right ventricular epicardial layers. Such a repolarization pattern is believed to trigger phase-2 reentry
(P2R); however, little is known about the conditions necessary for its initiation. This study aims to determine the specific
mechanisms that facilitate P2R induction in Brugada-affected cardiac tissue in humans. Methods. Ionic models for Brugada
syndrome in human epicardial cells were developed and used to study the induction of P2R in cables, sheets, and a three-
dimensionalmodel of the right ventricular free wall.Results. In one-dimensional cables, P2R can be induced by adjoining lost-dome
and delayed-dome regions, as mediated by tissue excitability and transmembrane voltage profiles, and reduced coupling facilitates
its induction. In two and three dimensions, sustained reentry can arise when three regions (delayed-dome, lost-dome, and normal
epicardium) are present. Conclusions. Not only does P2R induction by Brugada syndrome require regions of action potential with
delayed-dome and lost-dome, but in order to generate a sustained reentry from a triggered wavebackmultiple factors are necessary,
including heterogeneity in action potential distribution, tissue coupling, direction of stimulation, the shape of the late plateau, the
duration of lost-dome action potentials, and recovery of tissue excitability, which is predominantly modulated by tissue coupling.

1. Introduction

The Brugada syndrome (BrS), first described as a new
clinical entity in 1992 [1], constitutes a distinct subtype of
idiopathic ventricular fibrillation with unique electrocardio-
graphic (ECG) manifestations characterized by right bundle
branch block, ST-segment elevation of coved or saddle-back
type, and T-wave inversion in the right precordial ECG leads
𝑉
1
to 𝑉
3
, together with a high incidence of sudden death

from ventricular tachyarrhythmia [1–3]. It is believed that it
causes 4–12% of all sudden cardiac deaths and up to 20%
among patients without identifiable structural abnormalities
[4]. A landmark in the characterization of the disease was the
identification in 1998 by Chen and coworkers [5] of the first

mutation in BrS patients in the SCN5A gene, which encodes
the 𝛼-subunit of the cardiac sodium channel. Since then, a
total of 14 BrS subtypes have been detected according to their
genetic basis, linked to either a loss of function in sodium
or L-type calcium currents or increased capacity of transient
outward, delayed rectifier, or ATP-sensitive potassium chan-
nels [6]. Despite substantial progress in the identification and
characterization of the syndrome over the past two decades,
implantation of a cardioverter defibrillator is still the only
established effective treatment for the disease [7].

Two main mechanisms have been postulated to explain
the ECG features and the arrhythmogenic nature of BrS:
the repolarization disorder and the depolarization disor-
der hypotheses [8]. The repolarization disorder hypothesis
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focuses on the unequal expression of the transient outward
current (𝐼to) in the right ventricular epicardium, leading to
a heterogeneous reduction of the epicardial action potential
(AP) dome, marked dispersion of repolarization, and vulner-
ability to arrhythmia induction in the formof phase-2 reentry
(P2R) [9–11]. On the other hand, reductions of sodium
current availability or other factors affecting conduction
reserve (such as the presence of abundant adipose tissue or
fibrosis) are believed in the depolarization disorder hypoth-
esis to amplify conduction delays in the right ventricular
outflow tract, constituting the substrate for arrhythmia [8,
12, 13]. In close connection with the depolarization disorder
hypothesis, discontinuous conduction of theAPhas also been
suggested as a possible trigger of P2R in BrS [14, 15]. The
repolarization hypothesis has experimental confirmation in
canine right ventricular wedge preparations [11, 16], in the
recording of more prolonged activation-recovery intervals
in epicardial tissue than in the endocardium of BrS patients
after administration of pilsicainide [17], and in repolarization
heterogeneity maps in BrS patients [18]. On the other hand,
recent ex vivo [19] and in vivo [20] studies have revealed
significant conduction delays in the right ventricular outflow
tract of BrS subjects, but not epicardial reduction of the AP
dome, giving support to the depolarization hypothesis.

Although not neglecting the likely contribution of depo-
larization and conduction abnormalities in explaining the
manifestations of the disease, the aim of the present study
is to use mathematical modeling and computer simulation
to determine the conditions necessary for P2R reentry to
occur at the tissue level in the context of the BrS as a
repolarization disorder. Testing of our hypotheses requires
a human ventricular AP model that is in agreement with
experimental recordings and that allows the independent
alteration of AP morphology by varying specific parameters.
This ismade possible in our study by using an extension of our
previous human ventricular myocyte model [21]. Despite not
incorporating a detailed description of themain sarcolemmal
ionic currents that may be affected by the disease, the model
provides an accurate representation of the human ventricular
AP in terms of itsmorphology and rate-dependent properties
[21]. In this regard, ourmodeling approach can be considered
independent of a specific genetic basis of BrS, since different
mutations may result in similar alterations of the AP at
the tissue level [6, 7]. Reentry patterns induced by BrS are
simulated in one-dimensional cables, two-dimensional tis-
sue layers, and reconstructed three-dimensional ventricular
geometries.The contributions of multiple factors in initiating
P2R, includingAPmorphology, tissue coupling, and recovery
of excitability, are analyzed.

2. Materials and Methods

2.1. Mathematical Model. The computational model used
in the present work is based on the human ventricular
myocyte model of [21]. The model accounts for the sum
of all transmembrane currents into three main categories
(𝐽fi, fast inward current; 𝐽si, slow inward current; and 𝐽so,
slow-outward currents), representing an integrated flux of

sodium, calcium, and potassium currents into the ventricular
myocyte, respectively. To facilitate reproduction of the pro-
longed AP domes associated with BrS, several minor modi-
fications were made. Specifically, five independent threshold
parameters (𝜃V∞, 𝜃𝑤∞, 𝜃so, 𝜃si, and 𝜃𝑠) were used in the
Heaviside functions for V

∞
, 𝑤
∞
, 𝐽so, 𝐽si, and 𝜏𝑠 (resp.), rather

than requiring these threshold parameters to be the same
as parameters used in other equations (𝜃−V , 𝜃0, 𝜃𝑤, 𝜃𝑤, and
𝜃
𝑤
, resp.). In addition, the following time constants were

reformulated to be dependent on their associated gating
variables:

𝜏
+

𝑤
= 𝜏
+

𝑤1
+
(𝜏
+

𝑤2
− 𝜏
+

𝑤1
) (1 + tanh [𝑘+

𝑤
(𝑤 − 𝑤

+

𝑐
)])

2
,

𝜏si = 𝜏si1 +
(𝜏si2 − 𝜏si1) (1 + tanh [𝑘si (𝑠 − 𝑠𝑐)])

2
.

(1)

The modified equations can be used in conjunction with the
previous model by setting 𝜃V∞ = 𝜃

−

V , 𝜃𝑤∞ = 𝜃0, 𝜃so = 𝜃si =
𝜃
𝑠
= 𝜃
𝑤
, 𝜏+
𝑤2
= 𝜏
+

𝑤1
, and 𝜏si2 = 𝜏si1. In the equations, the

voltage variable 𝑢 varies between 0 and 1.4 and is rescaled
to its physiological range in mV as 𝑉mV = 85.7𝑢–84 for
comparison with experimental data [21].

Model parameter values were selected to replicate the
observed morphological AP characteristics associated with
BrS, including decreased phase 0 amplitude [22], slower
upstroke [22], and prolonged dome [23]. A second model
was also developed to reproduce the in vivo human BrS
epicardial monophasic APs observed by Kurita et al. [24].
Table 1 lists parameter values for the two models of Brugada-
affected epicardial cells used throughout the paper, except
where noted otherwise. To produce lost-dome regions with
significantly shorter APs, the initial component of the slow-
outward (potassium-like) current was increased by reducing
𝜏so1 30% in Model 1 and 50% in Model 2. Parameter values
for normal human epicardium, endocardium and midmy-
ocardium were taken from [21].

2.2. Computational Methods. In one-, two-, and three-
dimensional simulations, the cable equation:

𝜕
𝑡
𝑉 = ∇ ⋅ (𝐷∇𝑉) − 𝐼ion + 𝐼stim (2)

was integrated in time using an explicit Euler scheme with
a time step of Δ𝑡 = 0.02ms and a spatial resolution of
Δ𝑥 = 150 𝜇m. Spatial derivatives were approximated using
standard second-order finite differences and the diffusion
coefficient was set to 1.171 cm2/s for human ventricular
tissue [21]. No-flux boundary conditions were used. In the
realistic right ventricular wedge geometry, no-flux boundary
conditions were implemented using the phase-field method
[25, 26].

Reconstructed transmural pseudo-ECGs were obtained
by assuming an infinite volume conductor and calculating the
dipole source density of themembrane potential𝑉 at all node
points of the medium using the following equation [27]:

ECG = ∫ 𝐷∇𝑉 ⋅ ⃗𝑟
‖ ⃗𝑟‖
3
𝑑𝑥, (3)
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Table 1: Parameter values used in the ionic model to produce
Brugada syndrome action potentials. Values marked n/a are not
applicable for the parameter set specified and can be set to any value.

Parameter Normal Epi Model 1 Model 2
𝜏
+

V1 1.4506 1.4506 3.33
𝜏
−

V1 60 60 60
𝜏
−

V2 1150 100 50
𝜏
+

𝑤1
200 25 25

𝜏
+

𝑤2
200 125 230

𝜏
−

𝑤1
60 60 595

𝜏
−

𝑤2
15 15 25

𝜏
𝑠1

2.7342 2.7342 2.7342
𝜏
𝑠2

16 35 25.212
𝜏fi 0.11 0.04 0.05
𝜏
𝑜1

400 400 8.8543
𝜏
𝑜2

6 6 8.8543
𝜏so1 30.0181 30.0181 193.9115
𝜏so2 0.9957 0.9957 0.564
𝜏si1 1.8875 7.5476 5.8343
𝜏si2 1.8875 1.8875 0.1567
𝜏V∞ 0.006 0.13 0.12
𝜃V 0.3 0.3 0.13
𝜃
−

V 0.006 0.006 0.006
𝜃V∞ 0.006 2 2
𝜃
𝑤

0.13 0.13 0.13
𝜃
𝑤∞

0.13 0.13 0.12
𝜃so 0.13 0.13 0.2564
𝜃si 0.13 0.13 0.13
𝜃
𝑜

0.006 0.006 0.006
𝜃
𝑠

0.13 0.13 0.36
𝑘
+

𝑤
n/a 5.7 6.2

𝑘
−

𝑤
65 65 65

𝑘
𝑠

2.0994 5.8 4.825
𝑘so 2.0458 2.0458 3.1353
𝑘si n/a 97.8 4.7317
𝑢
−

𝑤
0.03 0.03 0.03

𝑢
𝑠

0.9087 0.35 0.4363
𝑢
𝑜

0 0 0
𝑢
𝑢

1.55 1.0 0.6
𝑢so 0.65 0.65 0.11
𝑠
𝑐

n/a 0.7175 0.642
𝑤
+

𝑐
n/a 0.15 0.464

𝑤
∗

∞
0.94 0.94 0.94

where ⃗𝑟 is the vector from the recording electrode to a point
in the tissue. A 0.6 cm cable, comparable to the thickness of
the right human ventricle, with a distribution of epicardial,
endocardial, and midmyocardial cells similar to that of [28],
was used in these calculations. The recording electrode was
placed 0.25 cm from the epicardial end of the cable.

3. Results

3.1. Brugada Syndrome Action Potential Morphologies and
Electrocardiograms. Through the modifications to the
human epicardial cell model described above, we are able
to reproduce Brugada-affected APs. Figure 1(a) shows
the normal epicardial AP and the two different BrS AP
morphologies produced by Model 1 and Model 2. Both cases
are characterized by a stunted upstroke, after which the
prominent epicardial notch produces a strong repolarization.
If the AP notch is especially strong or the AP upstroke
is especially weak, the cell can be repolarized beyond the
threshold for activation of the AP dome and produce a very
short AP (dashed). In other cases (solid), the cell repolarizes
to a more modest voltage, and the development of the AP
dome during phase 2 is delayed, leading to a prolonged
AP. Our models reproduce two types of Brugada-affected
AP morphologies. Model 1 exhibits a long delay in the
development of the AP plateau, after which a fairly rapid
second depolarization phase occurs, followed by a later,
more pronounced dome [29]. This type of AP morphology
is similar to experimentally observed canine APs in the
presence of terfenadine (Figure 1(a), central panel of bottom
row). A second Brugada-affected morphology is replicated
by BrS Model 2. In this case, the delay in the development
of the plateau is not nearly so pronounced. This type of
morphology, which has been observed in monophasic
AP recordings from the right ventricular outflow tract in
humans [24], may be more likely when the sodium current is
especially small but 𝐼to is not large enough to delay activation
of calcium channels.

The BrS AP models, used in combination with nor-
mal endocardial and midmyocardial cells [21], are able to
reproduce ECG characteristics associated with the syndrome
(Figure 1(b)). Compared to the normal ECG, Brugada-
affected ECGs are characterized by ST-segment (J-point)
elevation [30] and can exist in two different morpholo-
gies: saddleback and coved. The coved-type morphology is
required for diagnosis, while the saddleback-type morphol-
ogy requires confirmation using pharmacological challenge
(conversion into coved-type) or genetic analysis. To account
for the negative T wave in coved-type ST elevation, prolon-
gation of the epicardial AP dome is needed [24, 30]. We are
able to reproduce both types of morphologies.

3.2. Mechanism of Phase-2 Reentry. On its own, the delay
in dome formation leads to AP prolongation and creates
a dispersion of repolarization and refractoriness. In com-
bination with regions where the AP dome is lost entirely,
an ideal substrate for the development of P2R is provided.
The diffusive effects produced by the large voltage gradients
between lost-dome and delayed-dome sites can produce
a very closely coupled extrasystole via P2R, which arises
from phase 2 of the AP where the dome is maintained and
propagates into the region where the dome is lost [11, 16, 22,
31, 32]. In this way, the ionic mechanism underlying BrS as
a repolarization disorder not only provides the substrate for
reentry in the form of epicardial and transmural dispersion of
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Normal Brugada model 1 Brugada model 2

100ms
(a)

100ms

Normal Brugada saddleback Brugada coved

(b)

Figure 1: Validation of themathematical model of Brugada syndrome (BrS). (a) Ventricular epicardial action potentials (APs). Top row shows
simulated normal and BrS types 1 and 2 human epicardial models, with delayed dome (solid) and lost dome (dashed) in the latter. Bottom
row shows experimental AP recordings (healthy human epicardial AP, adapted from [33], microelectrode recordings in a male dog using
5 𝜇M terfenadine, data courtesy of J. Fish and C. Antzelevitch, and in vivo human BrS epicardial monophasic APs, adapted from [24], resp.).
(b) Reconstructed transmural pseudo-ECGs under normal and BrS conditions, together with epicardial (solid), endocardial (dashed), and
midmyocardial (dash-dotted) APs. To obtain the two different morphologies of ST-segment elevation, Model 1 was used with 𝑘si = 6 for the
saddleback type and with 𝑘si = 6 and 𝜏

+

𝑤2
= 180 for the coved type.

repolarization but also provides its own extrasystole to trigger
the arrhythmia.

Using the formulations for prolonged and abbreviated
APs, P2R can be induced in our BrS models in a one-
dimensional cable (see Figure 2) containing a region where
the dome is lost adjoining a region where the dome is
delayed. In Figure 2(a), the cable is stimulated from the lost-
dome region. Because the APs in this region are partic-
ularly short, large voltage gradients arise in the interface
between lost-dome and delayed-dome regions. If the lost-
dome region recovers from its AP while the delayed-dome
region remains depolarized, diffusive currents can bring the
recovered delayed-dome region above threshold and initiate
a second propagating pulse, which is the P2R. In this case the
P2R is antidromic, with propagation in the lost-dome region
occurring in the opposite direction of the initial activation.
P2R also can be orthodromic, as shown in Figure 2(b). In this
case, the cable is stimulated from the delayed-dome region.
The APs in the lost-dome region are short enough that the
delayed-dome region is still sufficiently depolarized to initiate
a second pulse after the lost-dome region has recovered.
Model 2 is able to produce P2R in the samemanner, as shown
in the antidromic example in Figure 2(c).

3.3. Factors Affecting Inducibility of Phase-2 Reentry. The
development of P2R requires a balance of multiple factors
as we describe below. Otherwise, P2R cannot be induced
even when pronounced changes in AP by the BrS are
present. For example, Figure 3(a) shows a case where APs
in the lost-dome region are slightly longer than those in
Figure 2(a) (𝜏so1 is reduced only by 20%). In this case, the APs

in the lost-dome region have not recovered sufficiently for the
delayed-dome sites to initiate a propagating pulse, although
locations near the delayed-dome region still experience
significant depolarization from diffusive currents. However,
P2R can be recovered even under these circumstances by
decreasing cellular coupling. Figure 3(b) demonstrates suc-
cessful generation of P2R using the same parameter values as
in Figure 3(a) but with the diffusion coefficient decreased by
40%. As a result, propagation slows, and there is more time
for the lost-dome region to recover while the delayed-dome
region is still capable of producing diffusive currents that
bring the lost-dome region above the threshold of excitation,
resulting in P2R.

It is also possible to recover P2R by othermeans involving
the voltage profile of Brugada-affected APs. In Figure 3(c),
P2R occurs using the same parameters as Figure 3(a) but
with an increase in the time constant of the slow inward
gate (−10% 𝜏

𝑠1
). This change affects the AP dome in the

delayed-dome region by further delaying the formation of
the dome slightly, with little effect on the lost-dome region.
The additional delay provides enough time for the lost-dome
region to recover excitability, so that P2R occurs.

In all these cases, the primary mechanism by which P2R
arises can be explained in a straightforwardway, independent
of the model description used. For P2R to arise, three events
must occur in succession. First, part of the lost-dome region
close to the interface between the lost-dome and delayed-
dome regions must repolarize fully (or nearly so). Second,
the inactivation gate of the fast inward current must recover
above its recovery threshold, a process driven by membrane
potential repolarization. Third, the delayed-dome region
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Figure 2: Space-time plots and wave profiles for three cases of phase-2 reentry (P2R) in one-dimensional epicardial cables. (a) Antidromic
(retrograde) P2R generated by a propagating wave initiated from the lost-dome region (red) using Model 1. (b) Orthodromic (forward) P2R
generated by a propagating wave initiated from the delayed-dome region (blue) usingModel 1. (c) Antidromic P2R generated by a propagating
wave initiated from the lost-dome region (red) using Model 2. In all cases, P2R originates slightly away from the interface between the lost-
dome and delayed-dome regions (horizontal scale bar, 1 cm).

must produce enough diffusive current to reach this area
in the lost-dome region and elevate again the membrane
potential above the excitation threshold. Then, because the
fast inward current is no longer inactivated, a full AP can be
produced and can propagate unidirectionally to neighboring
tissue. The right panels of Figure 3 show the generation of
P2R in these terms, by presenting expanded views of the
interface between the lost-dome and delayed-dome regions
(1 cm scale bar in Figure 2). In these panels, black indicates

excited regions during the initial AP, light blue indicates
areas that have repolarized fully with recovery from fast
inward current inactivation, and green indicates areas where
diffusive currents have brought the membrane potential
above threshold with a recovered fast inward inactivation
gate, whereas the red dashed line indicates the fast inward
current inactivation gate. For the induction of P2R in Figures
3(b) and 3(c), the three conditions of repolarization, recovery
from inactivation, and excitation via diffusive currents are
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Figure 3: Dependence of the induction of phase-2 reentry (P2R) on different factors. (a) Unsuccessful attempt to initiate P2R. In this case,
the action potential was prolonged, and sodium availability in the lost-dome region (red) has not recovered sufficiently for P2R to occur. (b)
Successful P2R facilitated by reduced electrical coupling: other parameters remain as in (a). (c) Successful P2R under the same conditions
as (a) except for a slight increase in the delay before formation of the dome in the delayed-dome region (blue). Wave profiles show details
in the 1 cm region around the lost-dome and delayed-dome interface. Black indicates excited areas, light blue areas with fast inward channel
availability, and green areas where fast inward channels are available and voltage has been brought above activation threshold.The red dashed
line shows the fast inward current inactivation gate. For P2R to occur, part of the lost-dome region must repolarize, recover from fast inward
channel inactivation, and then be brought above the excitation threshold through diffusive currents generated by the delayed-dome region.

met. In Figure 3(a), P2R fails. Although recovered tissue is
present, diffusive currents are not able to bring the recovered
region above threshold of excitation.

The expanded views in Figure 3 also illustrate another
important point: P2R does not originate exactly at the
interface between the lost-dome and delayed-dome regions.

Diffusive currents keep the membrane potential elevated
in the lost-dome region close to the interface (with the
precise extent determined by the diffusion coefficient), so
that voltage-dependent recovery from fast inward current
inactivation cannot be achieved. Thus, P2R of necessity must
be initiated at a small distance from the interface, so that
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Figure 4: Induction of reentrant activity by phase-2 reentry (P2R) in epicardial tissue layers. The upper part of the 6 × 6 cm tissue represents
normal epicardium, whereas the bottom part represents Brugada-affected epicardial tissue (left: lost-dome Brugada; right: delayed-dome
Brugada). (a) Under stimulation from the lost-dome region, an antidromic P2R originates from the delayed-dome region, re-exciting the
lost-dome epicardium and forming a stable reentry when the normal epicardial region recovers. (b) Under stimulation from the delayed-
dome region, the orthodromic P2R is unable to find excitable normal epicardial tissue, and sustained reentry is not induced for this tissue
size. (c) Under homogeneous epicardial activation, P2R develops analogously to the antidromic reentry case. Tissue coupling was decreased
by 20% in order to accommodate the reentrant wave in the 6 × 6 cm domain. Color bar denotes transmembrane potential.

the membrane potential can recover initially to allow for
recovery from inactivation and then subsequently be brought
above the excitation threshold via diffusion from the delayed-
dome region.

3.4. Generation of Phase-2 Reentry in Epicardial Tissue Sheets.
Under similar conditions in two-dimensional epicardial lay-
ers, P2R can be produced and can lead to sustained reentry. In
this case, normal epicardial cells were also included in addi-
tion to lost- and delayed-dome BrS epicardial regions. This
is consistent with experimentally observed spatial gradients
in protein expression and AP characteristics, which make

the BrS phenotype more predominant in regions such as the
region near the right ventricular outflow tract [24, 34].

Figure 4 shows an example of a 6 × 6 cm domain with
a fixed distribution of the three types of cells using Model
1, similar to experimental preparations of P2R in canine
epicardium [9]. The influence of stimulation site in the
successful generation of sustained reentry is demonstrated.
In the case of antidromic P2R (Figure 4(a)), the initial
wave propagates from the lost-dome to the delayed-dome
region.The lost-dome region recovers quickly from this wave,
whereas the normal epicardial region takes longer. After P2R
generation, this dispersion of refractoriness facilitates forma-
tion of a stable reentry by delaying propagation of the P2R in
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Figure 5: Induction of reentrant activity by phase-2 reentry (P2R) in the right ventricular free wall. Under endocardial stimulation, the
Brugada epicardial delayed-dome region is able to initiate P2R in the lost-dome region (𝑡 = 135ms). The P2R wavefront propagates from
apex to base (𝑡 = 175ms), where it reexcites the recovered endocardial layer (𝑡 = 240ms). Afterwards, reentry develops transmurally (𝑡 =
300–440ms). Epicardial and endocardial views of the right ventricular free wall are provided. Color bar denotes transmembrane potential.
Epicardial regions are as follows: lost-dome Brugada, upper left; late-dome Brugada, lower left; and normal, right.

the normal epicardial region. Once the normal region recov-
ers, the wave curves, yielding a reentrant wave that continues
to propagate back into the quickly recovering lost-dome
region. In contrast, sustained reentry is not induced in
the case of orthodromic P2R (Figure 4(b)), because, in a
domain of this size, even when P2R occurs, it is unable
to find excitable tissue into which the wavefront can turn
and develop. If instead the entire epicardium is activated
simultaneously (Figure 4(c)), simulating homogeneous acti-
vation from the Purkinje system, P2R remains inducible and
proceeds to develop analogously to the antidromic reentry
case.

3.5. Phase-2 Reentry in Reconstructed Ventricular Geometries.
P2R can also initiate reentrant activity in reconstructed
three-dimensional ventricular wall preparations, as shown in
Figure 5. A distribution of normal and BrS epicardial regions,
similar to that of the two-dimensional case, was used together
with normal endocardial and midmyocardial cells and was
incorporated into a model of the canine right ventricular free
wall extracted from a full ventricular model [35]. Following
endocardial stimulation of the ventricular wall, the entire
epicardium is excited nearly simultaneously. However, the
shorter APs in the lost-dome region recover quickly, and the
delayed-dome region is able to initiate P2R, which propagates
within the lost-dome region. The P2R wavefront is then able
to reexcite the recovered endocardial tissue at the base of the
ventricle, and reentry develops transmurally, newly activating
the entire midmyocardial and epicardial ventricular layers.

4. Discussion

In this study, we unravel the key action potential and tissue
coupling mechanisms underlying the induction of P2R in
BrS. Beyond a marked dispersion of repolarization due to

adjacent regions of lost-dome and delayed-dome Brugada-
affected APs, our findings highlight that the successful
achievement of P2R in BrS requires a specific balance of
multiple additional factors. These include, at the level of the
voltage profile of Brugada-affectedAPs, both themorphology
of the delayed phase 2 of the AP and the relative duration
of lost-dome and delayed-dome regions. Importantly, our
results show for the first time the crucial role of cell-to-
cell coupling strength in the triggering of P2R, through the
modulation by diffusive currents of the recovery of tissue
excitability. In addition, our investigations constitute the first
simulation study of sustained reentry by P2R mechanisms in
BrS, both in two-dimensional tissue layers and reconstructed
three-dimensional ventricular wall preparations. These find-
ings suggest the need of unaffected epicardial BrS regions
for the successful establishment of reentrant circuits and
that although both antidromic and orthodromic P2R can
arise in one-dimensional cables, sustained reentrant activity
is facilitated by the antidromic patterns in two-dimensional
tissue layers. Finally, our results provide the first illustration
of transmural reentry by P2R mechanisms in reconstructed
ventricular geometries, where P2R is capable of reexciting a
recovered basal endocardium and then developing through
the rest of the ventricular wall.

Due to the increasing number of different mutations
and ionic channels implicated in BrS, the evaluation of the
morphological characteristics of Brugada-affected APs on
the onset of P2R is achieved in the present contribution
through the use of a minimal human AP model. Our model,
in agreement with experimental recordings, allows among
other characteristics for the alteration of the spike-and-
dome configuration of the human epicardial AP, enabling
the isolation of the role of the AP voltage profile without
further assumptions on specific ionic currents. However,
previous computational efforts have been directed at the
understanding of BrS. The first simulation study at the ionic
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level using a biophysically detailed model was presented by
Clancy and Rudy [29]. In their work, the authors showed that
their simulated current reduction inmutant 1795insD sodium
channels was able to produce a marked notch configuration
of the AP in a single cell at fast pacing rates. Their mutant
channel models were later extended by Bébarová et al. for the
study of F2004L mutations in the SCN5A gene [15], showing
discontinuous conduction in one-dimensional cables, but
not P2R. In an approach different from that of Clancy and
Rudy, the role of the L-type calcium current in BrS was
studied by Miyoshi et al. [23], where a modified version of
the Luo-Rudy model was also successfully used to replicate
the features of BrS, including P2R in one-dimensional cables.
Their approach was followed by the same group [36], as by
Maoz et al. [37], to evaluate the propensity of P2R to arise
from different sodium and transient potassium current den-
sity distributions. However, none of these studies addressed
the investigation of sustained reentry by P2R mechanisms
in either two- or three-dimensional preparations of BrS.
Simulation of the Brugada ECG at the whole-heart level,
again in the absence of P2R, was yet considered by Xia and
coauthors [38].

In agreement with the aforementioned one-dimensional
cable studies [23, 36, 37], our simulation results highlight
the careful balance between the duration of the lost-dome
and the voltage profile of the delayed-dome BrS AP regions
for the successful initiation of P2R. Gradients in protein
expression and AP characteristics have been extensively
reported throughout the ventricles of many different species
of mammals [11, 39, 40], including human [33, 41], that can
be enhanced during cardiac alternans [42]. The existence
of these gradients may be sufficient to obtain a particular
distribution of APmorphologies in BrS in the right ventricu-
lar epicardial surface (delayed-dome and lost-dome regions),
which is able to elicit reentrant activity in the form of P2R.
As a result, the relative duration of APs between the lost-
dome and delayed-dome regions is key for P2R generation,
as the shorter the APs in the lost-dome region, the sooner the
tissue can recover for a reexcitation. However, our results also
show that a rapid delayed-dome activation (Model 1) is not
an essential requirement for the onset of P2R but that APs of
smoother dome activation (Model 2), as those experimentally
recorded in vivo in the right ventricular outflow tract of BrS
patients [24], can also successfully induce P2R when adjacent
to BrS lost-dome regions.

Our findings indicate that P2R in BrS is mainly due to
diffusive effects between epicardial regions of delayed-dome
and lost-dome in the tissue. These results also indicate that
two different stages have to be present in these diffusive
effects. Initially, they must be relatively moderate in order
to have little influence in the repolarization of the lost-dome
region, allowing the tissue to recover excitability. However,
immediately afterwards they must provide sufficient current
injection in the lost-dome region of the tissue. Regardless of
the AP upstroke amplitude, the only means to obtain such a
distribution of diffusive effects in the interface between both
regions is by the presence of a marked notch in the delayed-
dome BrS AP. This notch must be not only deep, but also as

wide as possible to yield themoderate effects of the first stage,
and then followed by a delayed second upstroke as those in
the APs of Figure 1, so that the delayed-dome region is able to
bring the recovered region above the threshold of excitation.

Importantly, our work is the first simulation study ana-
lyzing the primal role of cell coupling in the triggering of
P2R. Cell coupling is an important determinant of the voltage
profile, which indicates whether it is possible to bring the
membrane potential of a cell above the threshold of excitation
by diffusive currents. Our simulation results illustrate that
reduced electrical coupling facilitates initiation of P2R in BrS.
Even though diffusive effects must be large in the second
part of the reexcitation process, the most important stage of
the mechanism is the recovery of tissue excitability. Diffusive
effects between the lost-dome and delayed-dome regions
initially must be as small as possible to promote this recovery,
which is facilitated under conditions of decreased coupling,
since larger portions of the lost-dome region can stay at
their resting membrane potential without being pulled by
the voltage profile of adjacent regions. Other geometrical
[43, 44] and electrotonic [45] factors that are known to affect
electrotonic coupling could play also a role.

Even though one-dimensional cables represent the sim-
plest cellular arrangement for the theoretical investigation of
P2R, diffusive mechanisms can be substantially different in
the presence of transverse and transmural tissue coupling,
where the injection of current fromdelayed-domeAP regions
needs to be spread into an increasing bulk of surrounding
myocytes. Moreover, the induction of a P2R wavefront
does not necessarily guarantee the successful generation of
sustained reentry, as highlighted in this contribution in the
differences in reentry between antidromic/endocardial and
orthodromic P2R activation patterns in epicardial layers
(Figure 4).

In these simulated preparations, our results also show
that P2R can only originate sustained reentrant activity when
an appropriate distribution of AP morphologies is given in
the tissue. Our configuration of AP morphologies (delayed-
dome, lost-dome, and normal tissue) is similar to those
investigated experimentally by Lukas and Antzelevitch in
canine epicardium [9]. A delayed-dome configuration of
the AP (in regions of the right ventricular outflow tract of
approximately 4 cm in diameter) adjacent to areas of normal
epicardial sites was first experimentally recorded in vivo in
BrS patients by Kurita et al. [24]. Very recently, Zhang et al.
[46] have also reported steep repolarization gradients in
these areas through noninvasive ECG imaging in BrS patients
compared to controls (105 ± 24 versus 7 ± 5ms/cm). Our
results, in agreement with previous modelling studies [23,
36, 37], show as well that even small variations in model
parameters can easily produce the loss of dome in Brugada-
affectedAPs. Circadian fluctuations in serum concentrations,
together with spatially heterogeneous ionic and/or mutation
expressions, might therefore yield transient distributions of
AP morphologies like those hypothesized in this study for
the successful generation of sustained reentry in this group
of patients.

In addition, reduced coupling is also needed to justify the
presence of the aforementioned large repolarization gradients
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reported in BrS patients [24, 46], which in principle would
not be possible if electrical coupling was normal [47, 48].
These observations further support our findings on the role
of a reduced electrical coupling as a precursor of P2R in BrS.
Although traditionally BrS patients have been reported to
have structurally normal hearts [1–3], significant structural
modifications related to tissue uncoupling have been reported
in some others, including interstitial fibrosis, right ventric-
ular enlargement, myocyte disorganization, and abundant
adipose tissue [19, 49–51], which are usually not detected
using routine clinical diagnostic tests. Hence, although our
analysis aimed to understand the mechanisms producing the
successful initiation of P2R in BrS as a repolarization disorder
(marked epicardial heterogeneity due to adjacent lost-dome
and delayed-dome regions), our results also support the
depolarization hypothesis in the form of a combined role of
conduction and repolarization abnormalities in explaining
the arrhythmogenesis of the disease [8, 20, 46].

From a modeling perspective, our work also illustrates
the adaptation of a phenomenological human AP model for
the study of genetic cardiomyopathies. Our model does not
give independent descriptions for specific ion channels but
rather focuses on the general properties of fast inward, slow
inward, and slow-outward currents. Thus, it is difficult for
this model to predict the role of specific currents. How-
ever, this conceptual framework is helpful in determining
the physiological conditions necessary to produce Brugada-
affected APs and P2R. It is possible for different ionic
current alterations to combine to produce similarmesoscopic
phenomena, and indeed our analysis of P2R is independent
of specific mutations, which can be an advantage given that
there may be multiple underlying genetic causes of BrS [6].

Finally, the role of structural abnormalities in the devel-
opment of arrhythmias in BrS has yet to be unraveled.
Both dispersion of repolarization and conduction delays
could be maximized if local fibrosis or other mechanisms of
myocyte uncoupling were present in tissue. Future work will
investigate how ion channelopathies interact with structural
derangements to promote arrhythmogenesis in the disease,
for which novel modeling approaches aimed at incorporating
into tissue simulations the macroscopic effects of structural
heterogeneity [52], as well as descriptions of intersubject vari-
ability in both healthy and diseased conditions [53, 54], might
greatly help in advancing our still limited understanding of
the proarrhythmic mechanisms of the disease.
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A both space and time adaptive algorithm is presented for simulating electrical wave propagation in the Purkinje system of the
heart. The equations governing the distribution of electric potential over the system are solved in time with the method of lines.
At each timestep, by an operator splitting technique, the space-dependent but linear diffusion part and the nonlinear but space-
independent reactions part in the partial differential equations are integrated separately with implicit schemes, which have better
stability and allow larger timesteps than explicit ones.The linear diffusion equation on each edge of the system is spatially discretized
with the continuous piecewise linear finite element method. The adaptive algorithm can automatically recognize when and where
the electrical wave starts to leave or enter the computational domain due to external current/voltage stimulation, self-excitation,
or local change of membrane properties. Numerical examples demonstrating efficiency and accuracy of the adaptive algorithm are
presented.

1. Introduction

One of the long-recognized challenges in modeling cardiac
dynamics [1–4] is developing efficient and accurate algo-
rithms that can accommodate the widely varying scales in
both space and time [5]. The electrical wave fronts typically
occupy only a small fraction of the domain, are very sharp (in
space), and change very rapidly (in time) while the electrical
potential, in the region away from the wave fronts, is spatially
broad and changes more slowly. With standard numerical
methods on uniform grids, very small mesh parameters and
very small timesteps must be used to correctly resolve the
fine details of the sharp and rapidly changing wave fronts.
These discretization parameters are often chosen heuristically
and are fixed throughout the simulation, even if conditions
change. Adaptive mesh refinement (AMR) methods have
been proposed as a solution, in which coarse grids and large
timesteps are used in the area where the electrical potential
is changing slowly and fine grids and small timesteps are
applied only in the regionwhere the sharp electrical waves are

located and the action potential changes very rapidly. Using
this approach, the numbers of grid nodes and timesteps used
with the adaptive algorithm are to some extent optimized.
Theoriginal AMRalgorithmwas first proposed byBerger and
Oliger for hyperbolic equations [6] and shock hydrodynamics
[7].Themethods have been applied to cardiac simulations by
Cherry et al. [8, 9] and Trangenstein and Kim [10].

The Berger-Oliger AMR algorithm is a hierarchical and
recursive integration method for time-dependent partial
differential equations. It starts time integration on a relatively
coarse grid with a large timestep. The coarse grid is locally
refined further if the computed solution at part of the domain
is estimated to have large errors. Better solutions are obtained
by continuing time integration on the fine grid with a smaller
timestep until both coarse and fine grids reach the same time,
called synchronization of levels. The fine grid may be locally
refined further and is dynamically changing, which leads to
both space and time adaptive algorithm.

The standard implementation of Berger-Oliger’s AMR
algorithm uses block-structured grids and assumes that
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the underlying grids are logically rectangular and can be
mapped onto a single index space.While themethodhas been
shown to provide computation and accuracy advantages, it is
challenging to apply to domains with complex geometry.

In this paper, we present an AMR algorithm that can
be used for unstructured grids. The method is applied in
both idealized and realistic tree-like domains similar to that
found in the His-Purkinje system. The algorithm is based on
that proposed by Trangenstein and Kim [10] where operator
splitting technique is used to separate the space-independent
reactions part from the linear diffusion part during time
integration. Both the reactions and the diffusion parts are
integrated with an implicit scheme. This allows larger and
adaptive timesteps. As the AMR algorithm naturally provides
a hierarchy of multilevel grids, the linear systems resulting
from space discretization of the linear diffusion on the
adaptively refined grids are solved by a standard geomet-
ric multigrid solver. The results show that uniform coarse
discretization can lead to conduction failure or changes in
dynamics in some parts of the branching network when
compared to a uniform fine grid. The results also show that
AMR scheme with adaptive time integration (AMR-ATI) can
yield results as accurate as the uniform fine grid but with a
speedup of 15 times.

The remainder of the work is organized as follows. Sec-
tion 2 describes the partial differential equations, which
model electrical wave propagation on the Purkinje system.
Sections 3 and 4, respectively, present the time integration
and space discretization for the reaction-diffusion equations.
The adaptive mesh refinement and adaptive time integration
procedures are outlined in Sections 5 and 6. In Section 7,
some simulation results are presented with the AMR-ATI
algorithm.

2. Differential Equations

Suppose that we are given a fiber network of the Purkinje
system with 𝑁

𝑉
vertices and 𝑁

𝐸
edges. See Figure 1 for an

idealized branch of the Purkinje system. Let 𝑑
𝑖
be the number

of edges connected to vertices 𝑉
𝑖
, for each 𝑖 = 1, 2, . . . , 𝑁

𝑉
.

We call 𝑑
𝑖
the degree of the vertex 𝑉

𝑖
. A vertex 𝑉

𝑖
with 𝑑

𝑖
= 1

is called a leaf-vertex. Otherwise, it is called a nonleaf-vertex.
Denote the 𝑗th edge 𝐸

𝑗
in the fiber network by 𝐸

𝑗
= [𝑥
(𝑗)

0
,

𝑥
(𝑗)

1
]. Denote the edges that have vertex 𝑉
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as the common
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𝑖
1
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2

, . . . , 𝐸
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the endpoints of the adjacent edges, which overlapwith vertex
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𝑖
. The subscript 𝑏

𝑖
𝑟

is either 0 or 1 for 𝑟 = 1, 2, . . . , 𝑑
𝑖
.

On each edge 𝐸
𝑗
of the fiber network, the distribution

of the electric/action potential is determined by the con-
servation of electric currents and could be described by a
partial differential equation coupled with a set of ordinary
differential equations. Consider
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Figure 1: An idealized branch of the Purkinje system.

with

𝐽 (𝑡, 𝑥) = −
1

𝑅

𝜕𝑢 (𝑡, 𝑥)

𝜕𝑥
(2)

as the flux. Here, 𝑎 (units: cm) denotes a typical radius of
the fiber; 𝐶

𝑚
(units: 𝜇F/cm2) is the membrane capacitance

constant; 𝑅 (units: kΩ⋅cm) is the electrical resistivity. The
vector q denotes a vector of dimensionless gating variables.
The functions 𝐼ion(𝑢, q) and M(𝑢, q) are typically nonlinear,
describing the membrane dynamics of the fiber. One specific
model is the Hodgkin-Huxley equations [11].

We assume the electric potential 𝑢(𝑡, 𝑥) is continuous,
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and the electric flux is conserved,
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at each vertex 𝑉
𝑖
at any time 𝑡 > 0. At a leaf-vertex 𝑉

𝑖
, as we

have 𝑑
𝑖
= 1, the assumption (4) means the no-flux boundary

condition is imposed.
Combined with some appropriate initial conditions for

the potential function 𝑢(𝑡, 𝑥) and the gating variables q(𝑡, 𝑥),
the differential equations above can be uniquely solved.

3. Time Integration and Operator Splitting

We will adapt the method of lines to temporally integrate the
differential equations (1). Let 𝑡𝑛 be the discrete times, at which
the equations will be discretized. At each timestep from 𝑡

𝑛 to
𝑡
𝑛+1, we use an operator splitting technique to advance the
space-dependent part,

𝑎

2

𝜕𝐽 (𝑡, 𝑥)

𝜕𝑥
+ 𝐶
𝑚

𝜕𝑢 (𝑡, 𝑥)

𝜕𝑡
= 0 for 𝑥(𝑗)

0
< 𝑥 < 𝑥

(𝑗)

1
, (5)

separately from the space-independent part,

𝐶
𝑚

𝜕𝑢 (𝑡, 𝑥)

𝜕𝑡
+ 𝐼ion (𝑢, q) = 𝐼stim (𝑡, 𝑥) , (6a)

𝑑q (𝑡, 𝑥)
𝑑𝑡

= M (𝑢, q) , (6b)
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in the differential equations (1). Note that the space-depend-
ent part (5) is simply a linear diffusion equation. The space-
independent part (6a) and (6b) is simply a set of ordinary
differential equations (ODEs).

With respect to time integration, both the linear diffu-
sion and the nonlinear reaction parts can be in principle inte-
grated with any standard ODE solver. In this work, we adapt
implicit time integration schemes to integrate both the linear
diffusion equation and the nonlinear ODEs or so-called reac-
tion equations. An implicit scheme allows relatively larger
timesteps than those imposed by the stability restriction
associated with an explicit scheme.

In the next section, we will focus on the space discret-
ization of the linear diffusion equation. For simplicity, we
assume the linear diffusion equation (5) is discretized in time
with the backward Euler method,

𝑎

2

𝜕𝐽 (𝑡
𝑛+1

, 𝑥)

𝜕𝑥
+ 𝐶
𝑚

𝑢 (𝑡
𝑛+1

, 𝑥) − 𝑢 (𝑡
𝑛
, 𝑥)

Δ𝑡
= 0

for 𝑥(𝑗)
0
< 𝑥 < 𝑥

(𝑗)

1
,

(7)

with

𝐽 (𝑡
𝑛+1

, 𝑥) = −
1

𝑅

𝜕𝑢 (𝑡
𝑛+1

, 𝑥)

𝜕𝑥
. (8)

Here, Δ𝑡 = 𝑡𝑛+1 − 𝑡𝑛.

4. Space Discretization with the Finite
Element Method

For conciseness, we will omit the time-dependency of the
electric potential 𝑢(𝑡𝑛+1, 𝑥) and the electric flux 𝐽(𝑡𝑛+1, 𝑥). Let

𝑢 (𝑥) ≡ 𝑢 (𝑡
𝑛+1

, 𝑥) , 𝐽 (𝑥) ≡ 𝐽 (𝑡
𝑛+1

, 𝑥) ,

𝑏 (𝑥) ≡ 𝜅𝑢 (𝑡
𝑛
, 𝑥)

(9)

with 𝜅 = 2𝐶
𝑚
/(𝑎Δ𝑡). Note that 𝑏(𝑥) is known in the timestep

from 𝑡
𝑛 to 𝑡

𝑛+1. The semidiscrete equation (7) can then be
rewritten as

−
𝑑

𝑑𝑥
[
1

𝑅
𝑢

(𝑥)] + 𝜅𝑢 (𝑥) = 𝐽


(𝑥) + 𝜅𝑢 (𝑥) = 𝑏 (𝑥)

for 𝑥(𝑗)
0
< 𝑥 < 𝑥

(𝑗)

1
.

(10)

In this work, we further discretize (10) with the continuous
piecewise linear finite element method.

For simplicity, in this section, we only illustrate the
discretization of the ODE (10) with the finite elementmethod
for the case of uniform mesh refinement.

Suppose the 𝑗th edge𝐸
𝑗
in the fiber network is partitioned

into a uniform grid, denoted by G
𝑗
. Assume the grid G

𝑗
has

(𝑚
𝑗
+1) nodes, denoted by {𝜉(𝑗)

𝑖
}
𝑚
𝑗

𝑖=0
with 𝜉(𝑗)

𝑖
= 𝑥
(𝑗)

0
+ 𝑖ℎ
(𝑗) and

ℎ
(𝑗)
= (𝑥
(𝑗)

1
− 𝑥
(𝑗)

0
)/𝑚
𝑗
.

Let 𝑢(𝑗)
𝑖

be the unknownpotential variable associatedwith
the grid node 𝜉(𝑗)

𝑖
and u(𝑗)

ℎ
= (𝑢
(𝑗)

0
, 𝑢
(𝑗)

1
, . . . , 𝑢

(𝑗)

𝑚
𝑗

)
𝑇 the vector of

unknown potential variables. Let

𝜑
(𝑗)

𝑖
(𝜉) =

{{{{{{{{

{{{{{{{{

{

𝜉 − 𝜉
(𝑗)

𝑖−1

ℎ(𝑗)
if 𝜉(𝑗)
𝑖−1

< 𝜉 < 𝜉
(𝑗)

𝑖

𝜉
(𝑗)

𝑖+1
− 𝜉

ℎ(𝑗)
if 𝜉(𝑗)
𝑖
< 𝜉 < 𝜉

(𝑗)

𝑖+1

0 otherwise

(11)

be the continuous piecewise linear finite element basis func-
tion associated with the grid node 𝜉(𝑗)

𝑖
for each 𝑖 = 1, . . . , 𝑚

𝑗
−

1. At the endpoints 𝜉(𝑗)
0

= 𝑥
(𝑗)

0
and 𝜉(𝑗)
𝑚
𝑗

= 𝑥
(𝑗)

1
, the associated

basis functions read

𝜑
(𝑗)

0
(𝜉) =

{{

{{

{

𝜉
(𝑗)

1
− 𝜉

ℎ(𝑗)
if 𝜉(𝑗)
0
< 𝜉 < 𝜉

(𝑗)

1

0 otherwise,

𝜑
(𝑗)

𝑚
𝑗

(𝜉) =

{{{

{{{

{

𝜉 − 𝜉
(𝑗)

𝑚
𝑗
−1

ℎ(𝑗)
if 𝜉(𝑗)
𝑚
𝑗
−1
< 𝜉 < 𝜉

(𝑗)

𝑚
𝑗

0 otherwise.

(12)

Assume the finite element solution takes the form 𝑢
(𝑗)

ℎ
(𝑥) =

∑
𝑚
𝑗

𝑖=0
𝑢
(𝑗)

𝑖
𝜑
(𝑗)

𝑖
(𝑥), which is a linear combination of the basis

functions.
We introduce the electric flux 𝐽(𝑥) = −𝑅

−1
𝑢

(𝑥) at the

edge endpoints 𝜉(𝑗)
0

= 𝑥
(𝑗)

0
and 𝜉

(𝑗)

𝑚
𝑗

= 𝑥
(𝑗)

1
as two extra

unknowns. In terms of the basis functions {𝜑(𝑗)
𝑖
(𝑥)}
𝑚
𝑗

𝑖=0
, the

finite element equations equivalent to the second-order ODE
(10) are given by

∫

1

0

[
1

𝑅

𝑑

𝑑𝑥
𝑢
(𝑗)

ℎ
(𝑥)

𝑑

𝑑𝑥
𝜑
(𝑗)

𝑖
(𝑥) + 𝜅𝑢

(𝑗)

ℎ
(𝑥) 𝜑
(𝑗)

𝑖
(𝑥)] 𝑑𝑥

+ 𝐽 (𝑥
(𝑗)

1
) 𝜑
𝑖
(𝑥
(𝑗)

1
) − 𝐽 (𝑥

(𝑗)

0
) 𝜑
𝑖
(𝑥
(𝑗)

0
)

= ∫

1

0

𝑏 (𝑥) 𝜑
(𝑗)

𝑖
(𝑥) 𝑑𝑥

(13)

for 𝑖 = 0, 1, . . . , 𝑚
𝑗
. At individual grid nodes, they explicitly

read

∫

𝜉
(𝑗)

1

𝜉
(𝑗)

0

[
1

𝑅

𝑑

𝑑𝑥
𝑢
(𝑗)

ℎ
(𝑥)

𝑑

𝑑𝑥
𝜑
(𝑗)

0
(𝑥) + 𝜅𝑢

(𝑗)

ℎ
(𝑥) 𝜑
(𝑗)

0
(𝑥)] 𝑑𝑥

− 𝐽 (𝑥
(𝑗)

0
) 𝜑
(𝑗)

0
(𝑥
(𝑗)

0
) = ∫

𝜉
(𝑗)

1

𝜉
(𝑗)

0

𝑏 (𝑥) 𝜑
(𝑗)

0
(𝑥) 𝑑𝑥,

(14)
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∫

𝜉
(𝑗)

𝑖+1

𝜉
(𝑗)

𝑖−1

[
1

𝑅

𝑑

𝑑𝑥
𝑢
(𝑗)

ℎ
(𝑥)

𝑑

𝑑𝑥
𝜑
(𝑗)

𝑖
(𝑥) + 𝜅𝑢

(𝑗)

ℎ
(𝑥) 𝜑
(𝑗)

𝑖
(𝑥)] 𝑑𝑥

= ∫

𝜉
(𝑗)

𝑖+1

𝜉
(𝑗)

𝑖−1

𝑏 (𝑥) 𝜑
(𝑗)

𝑖
(𝑥) 𝑑𝑥 for 𝑖 = 1, 2, . . . , 𝑚

𝑗
− 1,

(15)

∫

𝜉
(𝑗)

𝑚𝑗

𝜉
(𝑗)

𝑚𝑗−1

[
1

𝑅

𝑑

𝑑𝑥
𝑢
(𝑗)

ℎ
(𝑥)

𝑑

𝑑𝑥
𝜑
(𝑗)

𝑚
𝑗

(𝑥) + 𝜅𝑢
(𝑗)

ℎ
(𝑥) 𝜑
(𝑗)

𝑚
𝑗

(𝑥)] 𝑑𝑥

+ 𝐽 (𝑥
(𝑗)

1
) 𝜑
(𝑗)

𝑚
𝑗

(𝑥
(𝑗)

1
) = ∫

𝜉
(𝑗)

𝑚𝑗

𝜉
(𝑗)

𝑚𝑗−1

𝑏 (𝑥) 𝜑
(𝑗)

𝑚
𝑗

(𝑥) 𝑑𝑥.

(16)

By further discretizing each integral in the finite element
system above with the composite trapezoidal rule, we can get
a set of linear equations in the following form:

A(𝑗)u(𝑗)
ℎ
+ J(𝑗) = ℎ(𝑗)b(𝑗), (17)

with A(𝑗) = (𝑎
(𝑗)

𝑟,𝑠
)
(𝑚
𝑗
+1)×(𝑚

𝑗
+1)

as the finite element stiffness
matrix,b(𝑗) = (𝑏𝑗

𝑟
)
𝑚
𝑗
+1
as the current vector, and J(𝑗) as the flux

vector. The stiffness matrix A(𝑗) is tridiagonal and symmetric
positive definite. In each row, at most three entries right on
the diagonal (𝑎(𝑗)

𝑟,𝑟−1
, 𝑎(𝑗)
𝑟,𝑟
, and 𝑎

(𝑗)

𝑟,𝑟+1
) are nonzero. The flux

vector J(𝑗) has the following form:

J(𝑗) = (−𝐽 (𝑥(𝑗)
0
) , 0, . . . , 0, 𝐽 (𝑥

(𝑗)

1
))
𝑇

, (18)

where most entries are zeros except the first and the last ones.
As the fluxes 𝐽(𝑥(𝑗)

0
) and 𝐽(𝑥

(𝑗)

1
) through the endpoints

of each edge 𝐸
𝑗
are unknown, the tridiagonal system (17)

involves two more unknowns than equations. So, for the
global system to be uniquely solvable, we need totally 2𝑁

𝐸

extra equations/conditions.
Fortunately, at a nonleaf-vertex 𝑉

𝑖
, which has degree 𝑑

𝑖
>

1, we have (𝑑
𝑖
−1) equations by the continuity (3) of potentials

plus one more equation by the conservation (4) of electric
fluxes. At a leaf-vertex 𝑉

𝑖
, which has 𝑑

𝑖
= 1, the electric flux

conservation (4) provides exactly one boundary condition.
Totally we have ∑𝑁𝑉

𝑖=1
𝑑
𝑖
= 2𝑁

𝐸
additional equations. The

number of equations in the final system is thus the same as
that of unknowns. Normally, the system is well-determined.

The overall system on the fiber network involves both
the potentials at the grid nodes and the electric fluxes at
the fiber vertices as unknowns. In practical computation, we
eliminate the electric fluxes to get a linear system with the
discrete potentials as the only unknowns. As a matter of fact,
noting that 𝜑(𝑗)

0
(𝑥
(𝑗)

0
) = 1 and 𝜑(𝑗)

𝑚
𝑗

(𝑥
(𝑗)

1
) = 1, from (14) and

(16), we see the electric flux 𝐽(𝑥(𝑗)
0
) can be simply written out

in terms of 𝑢(𝑗)
0

and 𝑢(𝑗)
1

and the electric flux 𝐽(𝑥(𝑗)
1
) can be

simply written out in terms of 𝑢(𝑗)
𝑚
𝑗
−1

and 𝑢(𝑗)
𝑚
𝑗

. Plugging the
explicit expressions of the electric fluxes into the conservation
condition (4), we get an equation involving the unknown

potentials only. After eliminating the electric fluxes, we
have a well-determined system, which has 𝑁

𝑉
+ ∑
𝑁
𝐸

𝑗=1
(𝑚
𝑗
−

1) equations and unknowns. It can be easily verified that
the coefficient matrix of the resulting system is a strictly
diagonally dominant and symmetric positive definite M-
matrix [12].

In the case when the edge 𝐸
𝑗
is partitioned into a locally

refined grid or a composite grid, the ODE (10) can be sim-
ilarly discretized with the continuous piecewise linear finite
element method. The coefficient matrix A(𝑗) of the resulting
system associated with each edge 𝐸

𝑗
is also a tridiagonal,

strictly diagonally dominant, and symmetric positive definite
M-matrix. The overall system of discrete equations on the
fiber network is well-determined too. The electric fluxes at
the fiber vertices can also be eliminated so that the resulting
system has the discrete potentials as the only unknowns and
the coefficient matrix is a diagonally dominant M-matrix.

In this work, the grids for the space discretization are
generated by local and adaptive mesh refinement (see Sec-
tion 5 for details). The discrete finite element equations on
the fiber network are solved with a V-cyclemultigridmethod.
Basic components of the V-cycle iteration on the fiber
network, including presmoothing, residual restriction, coarse
grid correction, correction prolongation, and postsmooth-
ing, are essentially the same as those of the V-cycle iteration
for the composite grid equations on a single interval. We
refer the readers to Ying’s thesis work [13] for details of the
multilevel/multigrid iteration.

5. Adaptive Mesh Refinement

The adaptive mesh refinement (AMR) algorithm applied for
this study discretizes the fiber network into a hierarchy of
dynamically, locally, and adaptively refined grids. See Figure 2
for a few composite grids, each ofwhich consists of five locally
refined grids, at different times.

The AMR algorithm follows Berger-Oliger’s approach
in timestepping [6–10]. It uses a multilevel approach to
recursively integrate the reaction-diffusion system on the
composite grids. It first integrates the system with a large
timestep on a coarse level grid. Next a locally refined fine grid
is generated based on available coarse data. Then the algo-
rithm integrates the system on the fine level grid with a small
timestep. Error estimation is achieved by the Richardson
extrapolation [14]. By the recursive nature of the algorithm,
fine grids are dynamically and locally created based on the
data on coarse grids. On fine grids, smaller timesteps are
used for time integration. The AMR algorithm synchronizes
adjacent coarse and fine levels from time to time. At the
moment of synchronization, typical routines such as mesh
regridding and data up-/downscaling are performed.

Let𝐾 be themaximumnumber ofmesh refinement levels
and let ℓ

𝑘
with 𝑘 ∈ {1, 2, . . . , 𝐾} be the 𝑘th level of mesh

refinement. Algorithm 1 below gives a brief description of
the central part of the adaptive mesh refinement procedure,
which recursively advances the data at the current level ℓ

𝑘
and

its finer levels.
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Figure 2: Adaptively refined grids from a simulation, which use five
refinement levels.

Algorithm 1 (advance(level ℓ
𝑘
, timestep Δ𝑡

𝑘
)).

Step 1. Integrate the differential equation at the level ℓ
𝑘
by its

timestep Δ𝑡
𝑘
with the Strang operator splitting technique.

(a) Integrate the split reaction equation by a half timestep
Δ𝑡
𝑘
/2.

(b) Integrate the split diffusion equation by a full timestep
Δ𝑡
𝑘
.

(c) Integrate the split reaction equation by a half timestep
Δ𝑡
𝑘
/2.

Step 2. If the level ℓ
𝑘
has not been refined with 𝑘 < 𝐾 or

it is time to regrid the grid on the finer level ℓ
𝑘+1

, refine
the current level ℓ

𝑘
or regrid the finer level ℓ

𝑘+1
after error

estimation. Scale data down from the current level ℓ
𝑘
to the

finer level ℓ
𝑘+1

.

Step 3. Set the timestep Δ𝑡
𝑘+1

= Δ𝑡
𝑘
/2 and integrate the finer

level ℓ
𝑘+1

by two timesteps by recursively calling the function
itself “advance(level ℓ

𝑘+1
, timestep Δ𝑡

𝑘+1
).”

Step 4. If the finer level ℓ
𝑘+1

and the current level ℓ
𝑘
are

synchronized, reaching the same time, scale data up from the
finer level ℓ

𝑘+1
to the current level ℓ

𝑘
.

Figure 3 illustrates the recursive advancing or integration
of three different mesh refinement levels. Coarse levels are
advanced/integrated before fine levels. Each level has its own
timestep of different size: a coarser level has a larger timestep
size and a finer level has a smaller timestep. The algorithm
first advances level ℓ

0
byΔ𝑡
0
(indicated by “1”), next advances

level ℓ
1
by Δ𝑡
1
= Δ𝑡
0
/2 (indicated by “2”), and then advances

level ℓ
2
by two steps with Δ𝑡

2
= Δ𝑡
1
/2 (indicated by “3” and

“4”). Upon the synchronization of levels ℓ
1
and ℓ
2
, data on the

fine level ℓ
2
are upscaled to the coarser level ℓ

1
. The recursive

integration continues with Steps “5,” “6,” “7,” and so forth.
The design of the AMR algorithm used in this work was

based on a few assumptions proposed by Trangenstein and
Kim [10].

(i) First we assume the number of elements in the base
grid, which describes the computational domain and
is provided by the user and is relatively small. This
will allow linear systems on the grid to be solved very
quickly in the middle of a multilevel (composite grid)

Time

UpscaleDownscale Upscale

1

3

2 5 9

4 6 7 10 11

12

13 14

8

𝓁1

𝓁2

𝓁0

Figure 3: Recursive advancing of three mesh refinement levels.

iteration andwill also improve the performance of the
adaptive algorithm. The base grid is fixed during the
process of adaptive mesh refinement. Other grids on
fine levels are in general dynamically and recursively
generated by local or uniform refinement of those on
coarse levels.

(ii) Second, we assume that the region covered by the grid
on a fine level is contained in the interior of that on
the coarser level unless both coarse and fine grids
coincide with physical boundary of the computa-
tional domain.This assumption can prevent recursive
searching for element neighbors. This assumption is
called proper level nesting.

(iii) Third, we assume that if an element of a coarse grid
is refined in any part of its physical space, it must be
refined everywhere. As a result, the boundary of the
main grid on a fine level aligns with the boundary of
a subgrid of that on the previous coarser level. By a
subgrid of a grid, we mean the union of a subset of its
elements. This assumption is called alignment of level
grids.

(iv) Fourth, after the data on a coarse level grid are
advanced by some time, we assume that the data on
its finer level are advanced by as several timesteps as
required by stability and accuracy to reach exactly
the same time as the coarse level. This assumption
implies that a coarse level is integrated before its finer
levels and the timestep on a coarse level is an integer
multiple of that on the next finer level. It also implies
that the time stepping algorithm must be applied
recursively within each timestep on all but the finest
level. This assumption is called synchronization of
advancement.

(v) Fifth, by the time a fine level and its coarser level are
synchronized, we assume that data on the fine level
is more accurate than that on the coarse level. So, the
data on a fine levelmust be upscaled to its coarser level
before the coarse level is further advanced by another
coarse timestep. This assumption is called fine data
preference.
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(vi) Sixth, as stated, all grids except the coarsest one in
the AMR algorithm are changing dynamically. It is
necessary for a coarse level to regrid its finer level
from time to time. But it will be extremely costly to
tag elements and regrid levels every coarse timestep.
So, we would rather make regridding infrequently. At
a coarse level, the number of timesteps between times
of regridding its finer level is called regrid interval.
In the AMR algorithm, the regrid interval may be
chosen to be an integer divisor of the refinement ratio
[13], which could be any even integer number in the
implementation. This assumption is called infrequent
regridding.

(vii) Finally, there is one more assumption on the adaptive
algorithm, called finite termination. This means that
the user shall specify a maximum number of refine-
ment levels. Once the refinement reaches the maxi-
mum level, no further mesh refinement is performed.

As determined by the nature of the Purkinje system, the
grids resulting from space discretization of the computational
domain are essentially unstructured. This restricts direct
application of Berger-Oliger’s originalAMRalgorithm,which
requires the underlying grid to be Cartesian or logically
rectangular. The AMR algorithm adapted here for the Purk-
inje system works with unstructured grids. It represents an
unstructured grid by lists of edges and nodes. A grid node
is allowed to have multiple connected edges and the degree
of a node could be greater than two. The unstructured grid
representation can naturally describe the Purkinje system,
which primarily is a tree-like structure but has some loops
inside.

Finally, it is worthmentioning that in theAMRalgorithm,
there is a critical parameter, called AMR tolerance and
denoted by tolAMR, which is used by the Richardson extrap-
olation process for tagging coarse grid elements. The AMR
tolerance closely influences efficiency and accuracy of the
algorithm. The larger the tolerance is, the more efficient the
algorithm is but the less accurate the solution is. The smaller
the tolerance is, the more accurate the solution is but the
less efficient the algorithm is. Due to the limitation of space,
the detailed explanation of the Richardson extrapolation,
the AMR tolerance, and other components of the AMR
algorithm, such as tagging and buffering of coarse grid
elements, implementation of the V-cycle multigrid iteration
on the adaptively refined grids, and the data up-/downscaling
between coarse and fine grids, are all omitted. We refer
interested readers to Ying’s dissertation [13].

6. Adaptive Time Integration

The AMR algorithm can automatically recognize when and
where the wave fronts start to leave or enter the computa-
tional domain due to external current/voltage stimulation or
self-excitation. Once the algorithm finds that the wave fronts
have left the computational domain and determines that there
is no need to make any further mesh refinement, it will turn
it off and work with adaptive time integration (ATI) only.The
implementation of timestep size control for the adaptive time

integration is standard. In each timestep, the ODEs/reactions
are integrated with a full timestep once and independently
integrated with a half timestep twice. Then the two solutions
are compared and an estimation of relative numerical error is
obtained by the standard Richardson extrapolation technique
[13]. If the estimated (maximum) relative error, denoted by
‖𝐸‖max, is greater than amaximum relative tolerance rtol(max)

ATI ,
the timestep size was rejected and a new timestep will be
estimated by

Δ𝑡
(new)

= 𝛾 ⋅ (
rtol(max)

ATI
‖𝐸‖max

)

1/(𝑝+1)

⋅ Δ𝑡
(old)

, (19)

and the Richardson extrapolation process is repeated. Other-
wise, the solution with two half timesteps is simply accepted
(actually an extrapolated solution could be used for better
accuracy). Here, the coefficient 𝛾 = 0.8 is called a safety
factor, which ensures that the new timestep size will be
strictly smaller than the old one to avoid repeated rejection
of timesteps. The constant 𝑝 in the exponent of (19) is the
accuracy order of the overall scheme.

If the suggested timestep size is less than a threshold
timestep, which usually indicates that there is an abrupt/quick
change of solution states, a local change of membrane
properties or arrival of an external stimulus, the adaptive
mesh refinement process, is then automatically turned back
on again. In the implementation, the threshold timestep is not
explicitly specified by the user. It is set as the timestep that is
used on the base grid.

In addition, during the ATI period, if the estimated
relative error ‖𝐸‖max is less than aminimum relative tolerance
rtol(min)

ATI , a slightly larger timestep,

Δ𝑡
(new)

= 1.1Δ𝑡
(old)

, (20)

is suggested for integration in the next step. The adaptive
time integration does not like timestep size to be significantly
increased within two consecutive steps for the implicit solver
to have a good initial guess. For the same reason, a maximum
timestep size Δ𝑡(max) is imposed during the adaptive time
integration. This usually guarantees that the Newton solver
used converges within a few iterations.

7. Results

The AMR algorithm proposed in the work was implemented
in custom codes written in C++. The simulations presented
in this section were all performed in double precision on a
dual Xeon 3.6GHz computer. No data was output when the
programs were run for timing studies.

In all of the numerical studies, the electrical resistivity 𝑅
and the membrane capacitance 𝐶

𝑚
are fixed to be constant,

0.5 kΩ⋅cm and 1𝜇F/cm2, respectively.Themembrane dynam-
ics are described by the Beeler-Reuter model [15]. No-flux
(homogeneous Neumann-type) boundary conditions were
applied at the leaf-nodes of the fiber network.
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During the time integration for the time-dependent
PDEs, a second-order operator splitting technique, the Strang
splitting, is applied in each timestep. The ODEs resulting
from operator splitting are integrated with a second-order
singly diagonally implicit Runge-Kutta (SDIRK2) scheme.
The linear diffusion equation is temporally integrated with
the Crank-Nicolson scheme and spatially discretizedwith the
continuous piecewise linear finite element method.The finite
element system on locally refined grids is solved with a V-
cycle multigrid/multilevel iterative method in each timestep
at each refinement level. (In the V-cycle composite grid
iteration, the multigrid prolongation is done by the piecewise
linear interpolation.Themultigrid restriction is implemented
in a way so that the restriction matrix is the transpose of the
prolongation matrix. At the coarsest level, as the coefficient
matrix of the discrete system is a symmetric and positive
definiteM-matrix, the linear equations are solvedwith a sym-
metric successive overrelaxation preconditioned conjugate
gradient method.) The resulting scheme has second-order
global accuracy if the tolerances in each component of the
adaptive algorithm are consistently selected [13].

In the adaptive simulations, the mesh refinement ratio is
fixed to be two and the critical AMR tolerance tolAMR is set as
0.02.Themaximum andminimum relative tolerances, which
are used in the ATI period, are chosen to be rtol(max)

ATI = 10
−2

and rtol(min)
ATI = 10

−4, respectively. We restrict the timestep
sizes used in the adaptive time integration so that they are
not greater than one millisecond, that is, Δ𝑡(max)

= 1msec.
The value of 𝑝 in the exponent of (19) is equal to two as the
scheme has second-order accuracy.

Example 2. Simulations on a two-dimensional branch with
thickness/radius-variable and nonuniform branch segments.
Voltage stimulation is applied from right.

The two-dimensional branch shown in Figure 4 has a
dimension of 4 cm× 2 cm, which is bounded by the rectangu-
lar domain [0, 4] × [1, 3] cm2. This two-dimensional branch
has variable (piecewise constant) radius. Branch segments
“6” and “7” have the smallest radius, equal to 20 𝜇m. Branch
segment “1” has the largest radius, equal to 160𝜇m and
eight times that of branch segment “6.” The radius of branch
segment “2” is six times that of “6.” Branch segments “3” and
“4” have the same radius, four times that of “6.”The radius of
branch segment “5” is twice that of branch segment “6.”

A voltage stimulation is applied from the right end of
branch segment “1” through a discontinuous initial action
potential, which is given as follows:

𝑉
𝑚
(𝑥, 𝑦) =

{

{

{

25.4mvolts if 𝑥 > 3.5

−84.6mvolts otherwise.
(21)

The base grid used by the simulation with adaptive mesh
refinement is a coarse partition of the branch structure (Fig-
ure 4) and has 240 edges with minimum element size equal
to 0.0078 cm and maximum element size equal to 0.078 cm.
Note that this is a highly nonuniform grid as the ratio of the
maximum to theminimum element size is much greater than

1

2

3

4
5

6

7

Figure 4: A typical branch in the heart conduction system is highly
nonuniform in the sense that the lengths of branch segments, each
of which is bounded by two adjacent leaves or branching vertices,
may vary significantly. In this figure, branch segments “1” and “4”
are not directly connected. Instead, they are connected through a
very short branch segment. Similarly, branch segments “4” and “6”
are also connected through a very short segment.

one. Actually, in the simulation, the base grid was generated
by three times uniform bisection from a much coarser grid,
which only has 30 edges. This makes the multigrid iterations
for linear systems more efficient even though its contribution
to the speedup of the overall algorithm is marginal as most
(>90%) of the computer time used by the simulation was
spent integrating nonlinear ODEs/reactions. The adaptive
simulation effectively uses three refinement levels. To apply
the Richardson extrapolation technique, the second level grid
was created from uniform bisection of the base grid. In fact,
only the grids at the third level were dynamically changing.
They are regridded every other timestep.

In the adaptive simulation, the timestep sizes vary from
Δ𝑡 = 0.0098msecs to Δ𝑡 = 1.0msec. The AMR process was
automatically turned off at time 𝑡 = 42.85msecs as the algo-
rithm determines there is no need to make spatially local
refinement. After that, the ATI process is activated. The
simulation on the time interval [0, 400]msecs totally used
99.1 secs in computer time.

The two-dimensional branch is also partitioned into a
fine, quasi-uniform grid, which has 726 edges withminimum
element size equal to 0.0104 cm and maximum element size
equal to 0.0127 cm. The simulation with this fine, quasi-
uniform grid and timestep Δ𝑡 = 0.00635msecs on the same
time interval as the adaptive one used about 1406.0 secs in
computer time. We call this one “uniform” simulation.

Another simulation simply working with the coarse grid,
which is used as the base grid for the AMR one, is also
performed. We call this as “no-refinement” simulation. The
timestep is fixed to be Δ𝑡 = 0.039msecs. This one used
76.7 secs in computer time.

In each of the simulations above, the action potential
is initiated at the right end of branch segment “1” and
propagates across the whole computational domain. We
collected action potentials at those seven marked points (see
Figure 4) during the simulations. See Figures 5 and 6 for
traces of action potentials at the marked points “4” and “7,”
respectively. The action potentials from the adaptive and
uniform mesh refinement simulations match very well, and
their difference at the peak of the upstroke phase is uniformly
bounded by 0.1mV. The action potential from the “no-
refinement” simulation has least accurate results. Potential
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Figure 5: Traces of action potentials during the simulation period
[0, 400]msecs at marked point “4” in the two-dimensional branch
shown in Figure 4. The solid curves were from the adaptive simu-
lation. The dotted curves were from the uniform simulation. The
dashed curves were from the “no-refinement” simulation. In these
simulations, a voltage stimulation is applied from the right side of
the radius-variable branch structure. The right plot is a close-up of
the left plot.

oscillation is even observed at point “7” (see Figure 6) in the
“no-refinement” simulation.

Example 3. Simulations on a two-dimensional branch whose
segments have piecewise constant radii. Voltage stimulation
is applied from top.

We once again run three simulations, respectively, with
adaptive, uniform mesh refinement and no-refinement. The
computational domain and parameters are all the same as
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Figure 6: Traces of action potentials during the simulation period
[0, 400]msecs at the point marked as “7” in the two-dimensional
branch shown in Figure 4. The solid curves were from the adaptive
simulation. The dotted curves were from the uniform simulation.
The dashed curves were from the “no-refinement” simulation. In
these simulations, a voltage stimulation is applied from the right side
of the thickness/radius-variable branch structure. The right plot is a
close-up of the left plot.

those used previously.The only difference now is to stimulate
the tissue from top instead of from right.

The voltage stimulation is applied from the upper part of
branch “7” through a discontinuous initial action potential,
which is given as follows:

𝑉
𝑚
(𝑥, 𝑦) =

{

{

{

25.4mvolts if 𝑦 > 2.8

−84.6mvolts otherwise.
(22)
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Figure 7: Traces of action potentials during the simulation period
[0, 400]msecs at marked points “7” and “6” in the two-dimensional
branch shown in Figure 4. The solid curves were from the adaptive
simulation. The dotted curves were from the uniform simulation.
The dashed curves were from the “no-refinement” simulation. In
these simulations, a voltage stimulation is applied from the top of
the radius-variable branch structure.The left plot corresponds to the
marked point “7” and the right plot corresponds to themarked point
“6.”

The action potential successfully propagates across the
whole computational domain in each of the adaptive and
uniform refinement simulations while it fails to pass across
branching points where the fiber radius changes from small
to large in the “no-refinement” simulation (see Figure 7).

To verify accuracy of the solution from the adaptive
simulation, action potentials at the seven marked points (see
Figure 4) are also collected and compared with those from
the simulation with the fine and quasi-uniform grid. It is
observed that the adaptive and uniform results match very

3

20

76
109

Figure 8: The idealized Purkinje system of the heart.

well too, and their difference at the peak of the upstroke phase
is bounded by 0.15mvolts.

The simulation with adaptive mesh refinement used
100.4msecs in computer time. The timestep sizes used in the
adaptive simulation vary from Δ𝑡 = 0.0098msecs to Δ𝑡 =
1.0msec. The adaptive mesh refinement was automatically
turned off at time 𝑡 = 44.02msecs.

The one with the uniform grid and timestep Δ𝑡 =

0.00635msecs used 1405.0msecs in computer time.

Example 4. Simulations on a three-dimensional branch
whose segments have piecewise constant radii.

The three-dimensional Purkinje system used in the fol-
lowing simulations was originally from 3Dscience.com. The
fiber radius of the system was modified to be piecewise
constant for simplicity. The radius of each branch segment
takes one of the five values as the two-dimensional case.
The minimum and the maximum radius of the fiber are,
respectively, 20 𝜇m and 160 𝜇m. Intermediate values are
40, 80, and 120 cm. See Figure 8 for an illustration of the
topological structure, where the ratios of variable radii are not
courteously shown.

The idealized Purkinje system has a dimension 2.04 ×

2.16 × 2.98 cm3. It is bounded by the rectangular domain,
[−0.39, 1.65]×[4.05, 6.21]×[−1.31, 1.67] cm3.Themaximum
of the shortest paths from the top-most vertex to other leaf-
vertices, computed by Dijkstra’s algorithm is about 5.29 cm.

As in the two-dimensional examples, in each of the
simulations with the idealized Purkinje system, a voltage
stimulation is applied from the top branch through a discon-
tinuous initial action potential, given as follows:

𝑉
𝑚
(𝑥, 𝑦, 𝑧) = {

25.4mvolts if 𝑧 > 1.372
−84.6mvolts otherwise.

(23)
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The base grid used by the adaptive simulation is a coarse
partition of the Purkinje system and has 1412 edges/elements
withminimum element size equal to 0.006 cm andmaximum
element size equal to 0.075 cm. This is also a highly nonuni-
form grid as the ratio of the maximum to the minimum
element size is up to 12.5. Once again, in this simulation, the
base grid was actually generated from uniform bisection of a
coarser grid, which has 706 edges/elements as this will make
the multigrid iterations for linear systems more efficient. The
adaptive simulation effectively uses three refinement levels.
Similar to the two-dimensional case, the second level gridwas
created from uniform bisection of the base grid and only the
grids at the third level were dynamically changing, regridded
every other timestep.

The timestep sizes used in the adaptive simulation vary
from 0.00935msecs to 1.0msec. The adaptive mesh refine-
ment was automatically turned off at time 𝑡 = 42.74msecs.
The simulation on the time interval [0, 400]msecs totally
used 626.7 secs in computer time.

The three-dimensional Purkinje system is also par-
titioned into a fine and quasi-uniform grid, which has
6311 edges/elements with minimum element size equal to
0.0095 cm and maximum element size equal to 0.016 cm.
The simulation with this fine quasi-uniform grid and time-
step Δ𝑡 = 0.0082msecs used about 9696.0 secs in computer
time.

We also run a simulation with timestep Δ𝑡 =

0.0374msecs on the coarse grid that is used as the base
grid for the adaptive simulation. This “no-refinement”
simulation used 458.0 secs in computer time.

It is observed that, in each of the adaptive, uniform refine-
ment and no-refinement simulations, the action potential
successfully propagates and goes through the whole domain.
The solution from the adaptive simulation is in very good
agreement with that from the uniform simulation. We col-
lected action potentials at sixteen points located in different
regions of the domain and found that the corresponding
potential traces almost overlap. Their difference at the peak
of the upstroke phases is uniformly bounded by 0.4mvolts.
See Figures 9, 10, 11, and 12 for some visualized results, which
correspond to action potentials at the four marked points
shown in Figure 8. Figure 13 shows four plots of the action
potential at different times by the AMR-ATI simulation. The
adaptive simulation roughly uses the same computer time
as the “no-refinement” one but yields much more accurate
results and gains about 15.5 times speedup over the uniform
one.

8. Discussion

This paper demonstrates the promising application of a
both space and time adaptive algorithm for simulating wave
propagation on the His-Purkinje system.

In this work, only the numerical results with membrane
dynamics described by Beeler-Reuter model are presented.
The adaptive algorithm, however, is by no means restricted
to the simple model. In fact, in our implementation, the
algorithm successfully works with other physically realistic
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Figure 9: Traces of action potentials during the simulation period
[0, 400]msecs at the point marked as “3” in Figure 8. The right plot
is a close-up of the left one.

models, such as Luo-Rudy dynamic model and DiFrancesco-
Noble model. As the advantage of the algorithm due to
application of the operator splitting technique, principally
any standard cardiac model of reaction-diffusion type for
modeling wave propagation can be easily incorporated into
the adaptive algorithm.

In addition, the adaptive algorithm can also be straight-
forwardly applied to modeling signal propagation on the
neural system of the body or even the brain.

Other than its advantages, admittedly the algorithm has
its own limitations. For example, efficiency of the adaptive
algorithm heavily relies on the existence of a relatively coarse
base grid, which describes the computational domain. As the
speedup of an adaptivemesh refinement algorithm is roughly
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Figure 10: Traces of action potentials during the simulation period [0, 400]msecs at the point marked as “20” in Figure 8. The right plot is a
close-up of the left one.
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Figure 11: Traces of action potentials during the simulation period [0, 400]msecs at the point marked as “76” in Figure 8. The right plot is a
close-up of the left one.

bounded by the ratio of the maximum degree of freedoms
(DOFs) of the grid with the highest resolution to the mean
DOFs of all grids that have ever been created during the
adaptive process, the existence of a coarse base grid makes
the ratio as large as possible and hence its speedup over a
simulation on the grid with highest resolution. The use of a
relatively coarse base grid alsomakes themultigrid/multilevel
solver for linear systems more efficient. It is noticeable that in
our simulations the base grids were all selected to have the
number of edges/elements as small as possible.

In the AMR algorithm [10, 13] designed for uniform or
quasi-uniform grids, the timestep size is typically selected to
be proportional to the minimum of element sizes (multiplied
by an estimated wave speed) in a grid in order that the
numerical waves or discontinuities will never propagatemore
than one element within a single timestep. As this strategy
guarantees that the fronts of traveling waves are always
bounded and tracked by fine grids, the ODEs resulting from
operator splitting applied to the reaction-diffusion systems
are only integrated on the fine grids while the solution in
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Figure 12: Traces of action potentials during the simulation period [0, 400]msecs at the point marked as “109” in Figure 8. The right plot is
a close-up of the left one.
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Beeler-Reuter model with Strang splittingBeeler-Reuter model with Strang splitting

Figure 13: Four plots of the action potential at different times by the AMR-ATI simulation (red denotes activated potential and blue denotes
inactivated potential).
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other regions covered by coarser level grids is simply obtained
by time interpolation.

However, a typical branch in the heart conduction system
or the whole system on its own is highly nonuniform in the
sense that the lengths of branch segments, each of which is
bounded by two adjacent leaves or branching vertices, may
vary significantly (see Figure 4), which determines that the
coarse partition of the domain is also highly nonuniform
since the algorithm requires the number of edges/elements
as small as possible for the efficiency considerations. On
this kind of computational domain, the determination of
timesteps based onminimum element sizes is found to be less
efficient. Here, in the proposed adaptive algorithm, timestep
sizes are instead chosen to be proportional to the maximum
of the element sizes in a grid. This alternative strategy is
experimentally proved to be efficient and accurate enough
in simulating electric waves that travel moderately fast even
though its rigidity needs further investigation, in particular
when the fiber radius is much larger than those currently
used.

In the simulations presented in this work, error estima-
tions in both the AMR and ATI processes were all based
on the Richardson extrapolation process, which is in general
more expensive but more rigorous and reliable than other
simpler ones such as the gradient detector. If the gradient
detector is used, the second coarsest grid in the AMR process
does not need to be uniformly bisected and can also be
changing dynamically, and the ATI period can use less
computer time.The potential gain in algorithm efficiency and
the possible loss in solution accuracy with the alternative use
of a gradient detector can be studied and compared in a future
work.

Finally, we make a remark about the parallelization of
the space-time adaptive mesh refinement and adaptive time
integration algorithm on the Purkinje system. Our numerical
experiments in this work indicate that a large fraction (about
80%) of the computer time in the simulation is spent in
the time integration for the reaction part while the V-cycle
multigrid iteration as well as the mesh refinement part uses
only a small fraction (less than 20%). The dominance of the
computer time in the split reaction part is partially due to
the one-dimensional nature of the Purkinje network system
(mesh refinement and grid generation on one-dimensional
structures are much easier than the ones with multiple
dimensions). It is obvious that this dominance will be ben-
eficial for the parallelization of the algorithm since the split
reaction part (ODEs) is spatially independent, highly par-
allelizable, and can even be massively parallelized. Of course,
the time consumption on different parts of the operator
splitting depends on the specific cardiac models. With a
more complicated cardiac model, the reaction part will
consume more computer time than the diffusion part and
the corresponding parallel algorithm is expected to have
better efficiency. Admittedly, with the reaction part fully
parallelized, further improvement in parallel efficiency will
depend on the parallelization of the V-cycle multigrid itera-
tion, which solves linear systems over thewhole fiber network
and needs time in data communication between different

CPUs or multicores. The parallel performance of the AMR-
ATI algorithm deserves further investigation.
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Atrial fibrillation (AF) is the most common arrhythmia in USA with more than 2.3 million people affected annually. Catheter
ablation procedure is a method for treatment of AF, which involves 3D electroanatomic mapping of the patient’s left atrium (LA)
by maneuvering a conventional multipolar diagnostic catheter (MPDC) along the LA endocardial surface after which pulmonary
vein (PV) isolation is performed, thus eliminating the AF triggers originating from the PVs. However, it remains unclear how to
effectively utilize the information provided by the MPDC to locate the AF-sustaining sites, known as sustained rotor-like activities
(RotAs). In this study, we use computer modeling to investigate the variations in the characteristics of the MPDC electrograms,
namely, total conduction delay (TCD) and average cycle length (CL), as the MPDC moves towards a RotA source. Subsequently,
a study with a human subject was performed in order to verify the predictions of the simulation study. The conclusions from this
study may be used to iteratively direct an MPDC towards RotA sources thus allowing the RotAs to be localized for customized and
improved AF ablation.

1. Introduction

Cardiovascular disease continues to be a major cause of
mortality in USA that results in approximately 2,200 deaths
a day and an approximate annual cost of $300 billion [1].
Atrial fibrillation (AF), being the most common arrhythmia
among all the cardiovascular diseases and a primary cause
of stroke [2, 3], results in frequent health care utilization,
hospitalizations, and increased risks of heart failure and
mortality. Several methods have been developed to treat
AF, such as pacemaker surgery and antiarrhythmic drugs.
However, an important step forward in the treatment of
AF was based on the studies by Häıssaguerre et al. [4],
which demonstrated that ectopic beats from the pulmonary
veins (PVs) play an important role in triggering AF. This
study gave rise to the development of a nonpharmacological
ablation therapy called PV isolation, where the atrial tissue
in the PV junction is cauterized using radiofrequency energy
focused by the ablation catheter. Similar anatomic abalation

methods may include additional lesion lines at the roof of
the left atrium and along the mitral isthmus. Unfortunately,
this procedure has a long-term success rate of only 40% to
60%, primarily because it targets only the abnormal electrical
activities originating from PVs and fails to count the sources
present outside the PVs.

Previous studies on animal AF have shown that the rotor-
like activities (RotAs) that exist outside the PVs contribute
to sustaining the AF and hence the ablation procedure
should focus on these sites as well [5]. Narayan et al. [6]
performed ablation of these sites using unipolar electrograms
obtained from a basket catheter, which showed that targeting
sites outside the PVs (predominantly the LA region) during
ablation provides better results than performing PV isolation
exclusively [7]. However, basket is associated with some
limitations such as low resolution, bad precision in mapping
of anatomical sites, and limited torque capabilities. These
limitations can be overcome by using a conventional MPDC
instead of a basket catheter and it would still be possible
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to detect RotAs in humans [8]. Although these studies
demonstrate that the RotAs in the LA could be detected,
there is no well-defined algorithm to localize them so that
the MPDC could be guided towards the RotAs. Unlike PV
isolation, where the knowledge of precise location of the
AF source is not required because the PV junctions can be
anatomically identified and isolated, the cardiac chamber sur-
face is complex and the RotAs cannot be visualized directly.
Hence, some knowledge of the location of the RotA source
would be beneficial, and it could in turn expedite patient-
specific catheter ablation through the use of a RotA localiza-
tion algorithm.

In recent years, several methods have been developed
to determine the location of the RotA source by examining
the characteristics of electrograms obtained from catheter.
The algorithm developed by Roney et al. [9], which demon-
strates a mathematical approach for quantification of the
propagation velocity of an action potential and measurement
of direction and distance of the RotA using a multipolar
catheter, is one such approach to confronting the challenges
of localization, along with many other existing mathematical
approaches like polynomial surface-fitting algorithms, finite-
difference methods, and triangulation techniques [9]. How-
ever, detailed information on the variations in characteristics
associated with MPDC electrograms, such as conduction
delay and cycle length, depending on the distance from
the RotA source, is still obscure. If such variations were
understood, it is likely that progress in addressing the current
challenges in AF, such as achieving improved identification
of ablation targets and permanent treatment via AF ablation
[10], would be faster. Hence, the major goal of the present
study is to investigate the variations in characteristics of the
electrograms obtained from the MPDC as the MPDC moves
towards the RotA source. The result of this study is expected
to facilitate addressing the current challenges in AF ablation.

2. Methods

We performed the investigation through a computer sim-
ulation, which facilitates positioning a simulated MPDC at
any desired location and recording the electrogram. Subse-
quently, we performed a clinical study in order to confirm
the outcome of the simulation study, that is, the inference
of the variations in characteristics of the electrograms, as
the simulated MPDC moves towards the RotA. A detailed
explanation of our study methodology is provided in the
following sections.

2.1. Simulation. We studied the variations in simulated
MPDC electrogram characteristics as the MPDC moves
towards the RotA source.

The propagation of activations or action potentials within
cardiac tissue involves complex interactions between cellular
electrical activity, electrical cell-to-cell communication, and
cardiac tissue structure [11]. The action potentials themselves
are generated due to transmembrane currents through ion
channels, pumps, and exchangers and can be formulated
using various mathematical models that are often specific

to individual species and specific regions of the heart [12].
Atrial models have been developed for different species such
as canine [13] and rabbit [14]. Since our investigation is based
on human AF, we considered human atrial models. Previous
studies on the simulation of various mathematical models of
human atrial cells and tissue have shown that the Cherry and
Evans model produces stable spiral waves [12] which serve
as a sustained RotA source in our simulation study. Hence,
we performed the simulation study by developing a computer
simulation of the Nygren et al. human atrial cell model.

2.1.1. Nygren Human Atrial Electrophysiology Model. Nygren
et al. [15] published a mathematical model of the human
atrial cell myocyte which was based on average voltage-clamp
data recorded from the isolated single myocytes. It consists of
an assembly of Hodgkin-Huxley-type equivalent circuits for
the sarcolemma and a fluid compartment model. This atrial
model can reproduce the action potentials produced by the
atrial cells that are characterized primarily by ionic currents.

A 10 cm × 10 cm 2D atrial tissue with a spatial resolution
of 0.025 cm was simulated using the Nygren atrial cell model.
A stable RotA was generated (Figure 1(a)) for a duration
of 2 seconds, which led to approximately six rotations.
We also implemented a variant of the Nygren et al. atrial
model with the following concentrations held constant: [K+]

𝑖
,

[K+]
𝑐
, [Na+]

𝑖
, [Na+]

𝑐
, and [Ca2+]

𝑐
[12]. This model creates a

larger gyration around a virtual center and a more dynamic
meandering at the center of the rotor.

2.1.2. Simulation of MPDC Electrograms. The simulation was
programmed to store the output needed to generate pseudo-
ECGs (axial current) obtained from specific locations of
the 2D tissue (Figure 1(b)). This feature was utilized for
simulating an MPDC by providing the program with these
location values determined according to the orientation of the
electrodes of an MPDC. Using this method, a 20-pole (i.e.,
10-bipole) MPDC (replication of Lasso catheter, Biosense
Webster, Diamond Bar, CA) with a diameter of 15mm was
simulated and the pseudo-ECG values at those locations were
obtained. A detailed description of these MPDC locations
and their movement towards the RotA, which constitutes the
objective of our simulation study, is provided in the section
that discusses the simulation results. The activations of a
10-bipole simulated MPDC are shown in Figure 1(b), where
the numbers 1 through 10 indicate the 10-bipole simulated
electrodes.

2.2. Clinical Study. The primary objective of performing the
clinical study is to investigate if the results obtained from
the analysis of the variations in the MPDC electrogram char-
acteristics in the simulation studies conform to a practical
AF circumstance. This is basically an approach to check
the reliability and fidelity of the inference of our simulation
study during heterogeneous situations such as AF in a real
human atrium. The clinical AF data was collected from a
persistent-AF patient (age 59, male) who was undergoing
the first AF catheter ablation. The study was approved by
the Institutional Review Board at Toronto General Hospital,
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Figure 1: Computer simulation study: (a) RotA wave with the MPDC at location L1 which has the first activated bipole at bipole 6 indicated
with the arrow pointing towards it. (b) The electrograms at location L1. The numbers at the left corner indicate the lead number of the
corresponding bipole electrode and the asterisk denotes the first activated bipole (FAB). The conduction delay between bipole 5 and the FAB
and the cycle length are indicated.

and the patient provided written informed research con-
sent. Transthoracic echocardiography and transesophageal
echocardiography were performed 1 day before ablation in
order to evaluate left ventricular ejection fraction and LA size
and exclude intra-atrial thrombus. The patient underwent
ablation in the postabsorptive state after antiarrhythmic
drugs were discontinued for 5 half-lives, with the exception
of amiodarone, which was continued. Vascular access was
achieved using the femoral vein. A 20-pole catheter (Live-
wire, St. Jude Medical, St. Paul, MN) was placed in the
coronary sinus. After interatrial septal puncture, a 20-pole
variable curve circular mappingMPDC (15–25mmdiameter,
1mm interelectrode distance, Lasso, Biosense Webster, Dia-
mond Bar, CA) was placed in the LA through a guide sheath.
The circular catheter was maintained at maximum diameter
whenever possible and maneuvered to the following LA
regions in sequence: left PV ostia/antrum, posterior/inferior
wall, roof/appendage, right PV ostia/antrum, septum, and
anterior wall. At each location, 10 bipolar electrograms (30–
500Hz) were simultaneously recorded for 2.5 seconds at a
sampling frequency of 1000Hz only after catheter stability
was achieved.

2.3. Signal Processing

2.3.1. Preprocessing of MPDC Electrograms. The preprocess-
ing of the simulated and clinically obtained MPDC elec-
trograms was performed separately using custom software
written in MATLAB as explained below.

Simulated Electrograms.The activation times of the simulated
MPDC electrograms were first annotated at the locations of
the maximum negative deflections [16, 17].

Clinically Obtained Electrograms. After the ablation proce-
dure was completed, the analysis of clinical data was per-
formed offline. MPDC recordings were excluded if positional

stability was poor during the recording or if there are some
missing bipoles. The data that is required by the developed
algorithm is readily available in the existing electroanatom-
ical mapping systems. The xyz coordinates of each bipole
as well as the 3D structure of the left atrium were obtained
from the clinical mapping system so identification of the
unstable catheter recordings, catheter deformities, or poor
contact bipoles was easily done in our custom program.
Local activation of the remaining bipolar electrograms was
defined automatically from the maximum peak positive or
negative deflection with reference to the isoelectric baseline
after which far-field ventricular activation was identified and
excluded from the analysis of local activation. The electro-
grams obtained from the various locations of recording in
the LA were first investigated by a clinical electrophysiologist
to look for RotA sources. A RotA was clinically defined
if the time interval between consecutive local activations
around the circular catheter encompassed the local AF cycle
length such that the head of the advancing wavefront met
the tail of the subsequent wavefront [8]. To ensure that the
arrhythmias analyzedwere stable, only theMPDC recordings
with electrograms consisting of≥3 cycles of similar activation
pattern and bipolar electrogram morphology were retained
for further analysis.

2.3.2. Characterization of MPDC Electrograms. In order to
accomplish the goal of our study, which is to investigate
the variations in the characteristics of MPDC electrograms,
the following three characteristics were determined at each
recording site: (1) first activated bipole (FAB), (2) total
conduction delay (TCD), and (3) average cycle length (CL)
at the FAB.

FAB was determined as the first bipole that encounters
the wavefront (i.e, the bipole with the earliest activation time
(AT)). The AT of each bipole is calculated with respect to
the beginning of the recordings. For example, in Figure 1(b),
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the FAB denoted by the asterisk implies that at location L1
the earliest activation occurred at bipole electrode number 6
(bipole 6) of the MPDC.The FAB is shown as the head of the
arrow in Figure 1(a).

The conduction delay (CD) of a particular bipole is
calculated as the interval from each local activation to that of
the neighboring bipole with respect to its FAB. For example,
in Figure 1(b), the conduction delay of bipole 5 (CD

5
) is

calculated as the time interval between the activations of
bipole 6 (i.e., FAB) and bipole 5, as illustrated in the figure.
CD
4
will be calculated with respect to bipole 5 and so forth as

follows:

CD
𝑖
=




AT
𝑖
− AT
𝑖+1






𝑖 = FAB − 1 to 1.
(1)

The calculation of CD
6
to CD

9
will be continued with respect

to the subsequent bipole as shown as follows:

CD
𝑖
=




AT
𝑖+1
− AT
𝑖






𝑖 = FAB to 9.
(2)

Additionally, CD
10
is calculated as the time interval between

bipole 1 and bipole 10 as given as follows:

CD
10
=




AT
1
− AT
10





. (3)

Figure 2 illustrates how our CD and TCD calculations are
performed for the MPDC in Figure 1(b). Bipole 6 is the FAB
with the earliest activated time of 580ms. CD

1
to CD

10
are

calculated as explained above and shown for each bipole.This
procedure is continued for all cycles of the electrogram and
theCD for every bipole electrode is averaged over the number
of cycles to obtain a single value of CD for each electrode.
Finally, the summation of the average CD of every electrode
is calculated to obtain the TCD at each recording site.

Themathematical expression for TCD at anyMPDC location
𝑙 is given by

TCD
𝑙
=

10

∑

𝑖=1

CD
𝑖
. (4)

The cycle length is the time delay between two successive
activations in the same electrode during consecutive cycles
(Figure 1(b)). Here, we calculate CL using only the FAB to
have a single CL for a givenMPDC location.The cycle length
of the FAB is calculated for different cycles and averaged over
the number of cycles to obtain an average cycle length (i.e.,
CL) for the FAB.

3. Results and Discussion

3.1. Simulation Study. Figure 3 illustrates the simulation
study. For investigating the variations in characteristics of
MPDC electrograms as the MPDC moves towards a RotA
source (L4 in Figure 3), the locations of theMPDC recordings
in the simulation were selected as shown in Figure 3. Initially
we started by selecting a random location farther from the
RotA (i.e., L1). The MPDC was then advanced to a random
location towards the direction of the RotA source (i.e., L2) as
assessed visually.This procedure was repeated to L3 and then
L4 until the MPDC reached the RotA source (i.e., L4). This
guidance procedure was repeated starting the MPDC from
5 different locations forming 5 paths (Path A to Path E in
Figure 3(a)). The MPDC electrograms obtained from Path A
are shown in Figure 3(b). We calculated the FAB, TCD, and
CL at each location using the procedure discussed previously
in Section 2.

While moving the MPDC towards the RotA source
(moving from L1 to L2, L3, and L4) and determining the
electrogram characteristics at each location along the move-
ment path, the variations in TCD and CL were examined.
Figure 4(a) shows the TCD values of the five paths as the
MPDC was moved from L1 to the RotA source at L4. As
can be seen in this figure, TCD increased along all the
paths. For example, as can be seen in Figure 3(b) the TCD
value increased from 106ms to 112ms, 166ms, and 228ms
as the MPDC moved from L1 to L2, L3, and L4 (the RotA
location). We also observed that, at each location, the FAB
was the bipole closest to the RotA source. Additionally,
we generally observed a decreasing pattern in the CL of
the FAB as the MPDC moved towards the RotA; however,
the pattern was not consistent in some cases, as shown in
Figure 5(a). We repeated the experiment using the modified
Nygren model as explained in Section 2.1. The steady-state
spiral wave trajectories found using this model created a
larger gyration on a circle with a radius of greater than 1 cm.
Our calculation resulted in a similar behavior showing that
the TCD increased along all the paths even in the presence of
a meandering rotor. These observations from the simulation
study led to the following predictions:

(i) Moving the MPDC in the direction of the FAB with
respect to the center of the catheter will guide the
MPDC towards the RotA source.
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Figure 3: Simulation results: (a) L4 is the location of the known RotA source. The circles show the MPDC at the start point (L1) of each
of Paths A to E; in every step of each path, the MPDC moves forward towards the RotA source; (b) the electrograms show the conduction
pattern of path A from L1 to L4. The TCD increases from 106ms to 228ms, as reported on the top of each MPDC electrogram.The numbers
at the left corner indicate the lead number of the corresponding bipole electrode of the MPDC.

(ii) A decreasing (increasing) TCD as the MPDC moves
from one location to a neighboring location indicates
that the MPDC is moving away from (towards) the
RotA source.

3.1.1. Clinical Study. One RotA source was located along the
posterior wall as confirmed by the clinical electrophysiologist
(LRotA in Figures 6(a) and 7(a)). The RotA was reported
for 0.5ms, leading to 4 rotations. Our objective was to
use the MPDC electrogram characteristics and verify if the
predictions of the simulation study (i.e., the increasing TCD
and the direction of FAB as the MPDC moves towards the
RotA source) can be verified in a clinical AF case.

In order to accomplish this objective, from the locations
of MPDC recordings, we selected a random location and
looked for an immediate neighboring location that satisfied
the following criteria: (1) the MPDC location was in the
direction given by the FAB of the current location, and (2)
the TCD at this location was greater than that of the current
location. We continued following such locations successively
until we could not find a neighboring MPDC location with

such criteria or we reached the RotA source. In cases where
we could not find a neighboring MPDC location with our
criteria, we started with any of the neighboring locations and
reset the algorithm until we found a location that satisfied
the criteria. We repeated this exhaustive procedure for all
the MPDC locations that were recorded in the clinical study
and found all the paths that consisted of successive MPDC
locations and started fromone location farther from theRotA
source and ended up in the location of the RotA source, thus
forming a path always directed towards the RotA. Four such
paths were found; the two longest paths along with their elec-
trograms are shown in Figures 6 and 7. In these figures, each
arrow indicates the direction of the FAB of its corresponding
MPDCand the TCD is calculatedwith respect to the FAB. For
the path shown in Figure 6(a), it can be seen that the value
of the TCD represents an increasing pattern which is from
35ms through 64ms to 100ms until theMPDC converges on
the RotA where the TCD is observed to be 165ms. The path
shown in Figure 7 presents the same behavior. The overall
TCD increases for all the four paths from the clinical study
as shown in Figure 4(b). However, the CL corresponding
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to the FAB of these four paths did not show consistent
variations, similar to our simulation study (Figure 5(b)).
Our observations suggest that the results obtained from our
simulation study are valid for a case of cinical human AF
as well, thereby suggesting that when the MPDC was at a
location far from the RotA, it could have been guided to the
location of the RotA source by monitoring the FAB and the
variations in TCD.

In addition to calculating the TCDandCL characteristics,
we studied the relationship between TCD and CL when the
MPDC is exactly converging on the RotA source (i.e., L4).
At this location, the MPDC encircles the RotA source and
any cycle of the RotA wave is completed at the same MPDC
electrode where the cycle started. Hence, the TCD (i.e.,
TCDRotA) is almost equal to the CL (i.e., CLRotA): TCDRotA ≃
CLRotA.

3.1.2. Clinical Implications. Current AF ablation procedures
construct the 3D electroanatomic mapping of the LA by
maneuvering a conventional MPDC along the LA endo-
cardial surface. However, the procedures are limited to
pulmonary vein isolation and other linear ablation (i.e., roof
and mitral isthmus) performed on various regions of the LA
where the regions are decided based on the atrial anatomy.
Hence it remains unclear how to utilize the information
provided by the MPDC to locate RotAs. Based on our
previous study, which supports the ability of an MPDC to
detect sustained RotAs in human AF [8], we believe that
utilizing the information recorded during MPDC move-
ments can significantly improve AF target detection over
the current practice, while remaining economically attractive
and safe for patients (no basket catheters). The results from
our simulation and human AF study suggest that it is
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Figure 7: Clinical study, Path B: (a) The dashed rings (L1, L2 and L3) are the location of MPDCs moving towards the RotA represented by
a solid ring (LRotA); the first activated bipole is denoted by the corresponding bipole number and an arrow pointing to it. The solid ring
indicates the location of the MPDC recording that encompasses the rotor source. ∗ represents bipole 1 of each MPDC. (b) A single cycle
from the electrograms obtained at each of L1, L2, L3, and LRotA is shown along with the corresponding TCD reported at the top of each
electrogram; the first activated bipole is indicated by the asterisks; the corresponding bipole electrode numbers 1 through 10 are indicated
beside every bipole. RPVs: right pulmonary veins; LPVs: left pulmonary veins. ◼ Voltage scaling decreased 2×. † Voltage scaling decreased
4×. ‡ Voltage scaling decreased 5×. × Voltage scaling decreased 6×.

possible to guide an MPDC towards a RotA source by
monitoring the characteristics of the MPDC recordings.
Previous electrogram characterization studies mainly use a
single bipole to characterize the electrograms, such as CL
or dominant frequency from the time or frequency domain
to look for the RotAs. In this study, we investigated the
collective information froma 10-bipoleMPDC todetermine a
technique to guide a catheter towards the RotA source using
the FAB and TCD. Therefore, the results of both simulation
and clinical studies demonstrate that moving an MPDC in
the direction of the FAB while an increasing gradient in the
TCD is observed could potentially guide the catheter towards
the RotA source.

3.1.3. Study Limitations. Only a small number of all possible
paths to the RotA that could have been formed were used in
the simulation study. Hence, it is possible that other MPDC
electrogramcharacteristics could exist thatwere not observed
in this study. The clinical AF study was limited to offline
analysis of the recorded MPDC sites. Hence, there could
be multiple simultaneous RotA sources, but only one was
recorded during the 3D electroanatomy mapping. This study
can be further improved by performing a real-time data
analysis during the 3D electroanatomy mapping. Additional
clinical study can also be performed in future in order to
consider common variations in persistent AF.The simulation
study can also be further developed by simulating multiple
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RotA sources in the human atrial anatomy in order to investi-
gate the changes to the MPDC characteristics in the presence
of multiple RotAs and also possibly ectopic sources in order
to replicate the effect of the ectopic beats from PVs.

4. Conclusion

In this study, we investigated the variations in characteristics
such as the TCD and CL from the MPDC electrograms as
the MPDC moved towards a RotA source. We used two
approaches for the investigation: a computer simulation study
was developed using an existing well-known mathematical
model of human atrial cell and the second approach was
performing studies with a human subject. As a result of the
simulation study, we observed a consistent increase in the
TCD as the MPDC moved towards a RotA source. We also
observed that the MPDC electrode that encounters the earli-
est activationwas always directed towards theRotA source. In
a clinical AF case, the phenomenon of the increasing gradient
of TCD and the significance of the direction of FAB, if fol-
lowed, have the potential to guide the MPDC to the location
of RotA source; however, we did not observe any similar con-
sistent pattern from the CL. Our findings may be used to iter-
atively direct an MPDC towards RotAs and allow the RotAs
to be successfully localized for customized and improved AF
ablation.
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The Purkinje network is a specialized conduction system within the heart that ensures the proper activation of the ventricles to
produce effective contraction. Its role during ventricular arrhythmias is less clear, but some experimental studies have suggested that
the Purkinje network may significantly affect the genesis and maintenance of ventricular arrhythmias. Despite its importance, few
structuralmodels of the Purkinje network have been developed, primarily because current physical limitations prevent examination
of the intact Purkinje network. In previousmodeling efforts Purkinje-like structures have been developed through either automated
or hand-drawnprocedures, but these networks have been created according to general principles rather than based on real networks.
To allow for greater realism in Purkinje structural models, we present a method for creating three-dimensional Purkinje networks
based directly on imaging data. Our approach uses Purkinje network structures extracted from photographs of dissected ventricles
and projects these flat networks onto realistic endocardial surfaces. Using thismethod, we createmodels for the combined ventricle-
Purkinje system that can fully activate the ventricles through a stimulus delivered to the Purkinje network and can produce
simulated activation sequences that match experimental observations. The combined models have the potential to help elucidate
Purkinje network contributions during ventricular arrhythmias.

1. Introduction

Cardiac arrhythmias are disruptions in the normal electrical
activity of the heart. The heart functions through mechanical
contraction, which is a byproduct of electrical excitation
of cardiac tissue. Disruptions in this electrical activity can
therefore compromise the contraction of the cardiac muscle,
leading to ineffective pumping of blood. While some types
of arrhythmias have little noticeable effect, others are poten-
tially lethal. Ventricular arrhythmias are especially dangerous
because of the critical role the ventricles play in normal
heart rhythm. The ventricles are thick, muscular chambers
that actively pump blood out of the heart and throughout
the body. Ventricular arrhythmias can rapidly become life-
threatening if normal electrical activity is not restored, which
usually requires the use of aggressive techniques such as
defibrillation.

Within the ventricles, a specialized conduction system
called the Purkinje network serves to facilitate the timely and

correct sequence of activation of the ventricles. The Purkinje
network functions to distribute a stimulus throughout the
entire ventricles, leading to a much faster total activation
of the ventricles than could be achieved by the spread of
excitation solely through the ventricular muscle. The role
of the Purkinje network is crucial during normal heart
rhythm, butmuch less is known regarding its function during
ventricular arrhythmias. It is known that electrophysiological
characteristics of Purkinje cells, such as enhanced normal
automaticity, abnormal automaticity, triggered activity, and
electrical alternans, may be proarrhythmic [1–4]. Here, we
are motivated by experiments that have shown that the
Purkinje network itself may be important to the genesis and
maintenance of certain types of arrhythmias [5–7] and that
the absence of the network can alter arrhythmia dynamics [8],
but further study is needed to improve our understanding of
the effect of the Purkinje network during such events.

Anumber of previousmodeling efforts have beenmade to
incorporate Purkinje-like networks into ventricular models.
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Although many methodologies have been employed in the
creation of these networks, for almost all modeling efforts
so far, the Purkinje network has been manually or artificially
generated rather than being based directly on anatomical
data. In several studies, relatively simple Purkinje networks
have been constructed to mimic known anatomical features
of the Purkinje network, such as its position and coverage
of the endocardial surfaces. Berenfeld and Jalife [9] created
a Purkinje structural model by manually drawing a Purkinje
network and projecting it onto the endocardial surface. The
exact procedure by which this was accomplished was not
detailed extensively, nor was it the focus of their work; rather,
their goal was the creation of a structure having Purkinje-
like characteristics, such as extent and area of the endocardial
surface covered by the network. Clements and Vigmond [10,
11] developed a procedure by which a ventricular anatomical
structure in the form of a triangulated mesh could be used to
develop a Purkinje structural model. They began by isolating
the portion of the model mesh constituting the endocardial
surfaces. A sophisticated flattening algorithm then was used
to map the faces in the endocardial meshes to the plane.
Next, a manually drawn Purkinje network was laid onto
the endocardial surfaces and the flattening transformation
was inverted, yielding a three-dimensional Purkinje structure
compatible with the initial cardiac structure.

Some studies have focused on modeling the Purkinje
network structure to reproduce experimental observations
regarding the normal activation sequence of the heart. Siregar
et al. [12] constructed a combined model for both the
ventricles and the Purkinje system in which the Purkinje
network was generated primarily to activate regions of
the ventricles observed experimentally to be sites of first
activation. Simelius et al. [13] used a similar approach to
design a model of the ventricular system that produced
activations consistent with observed activation sequences
and timings of the human heart, as well as with ECG data.
Ten Tusscher and Panfilov [14] created a ventricular model
incorporating a conduction system to investigate the role of
the Purkinje network in normal and abnormal conduction.
Their approach to generating a Purkinje network relied on
user-specified terminal Purkinje fiber sites, which were then
used to generate the full network. In all of these studies, the
Purkinje network was generated to produce ventricular acti-
vation sequences consistent with experimental observations
and with limited focus on anatomical realism.

The branching structure of the Purkinje network has been
modeled using fractals in a number of studies. Abboud et al.
[15] modeled the Purkinje network for use in reproducing
ECG data through simulation as a self-similar branching tree
structure, in which the initial His bundle connection of the
network divided symmetrically into two smaller branches,
which each further divided into smaller branches. Ijiri et al.
[16] developed an algorithm based on the L-system for
generating Purkinje networks given a cardiac structure and
limited user input. Originally developed for modeling plant
cells and structures, the L-system is a formal grammar that
can be used in the implementation of a system for generating
fractal-like structures based on simple rules. In this work, the
L-system was used to generate a branching mesh structure

that was confined to the endocardial surface starting from a
number of user-defined terminal locations.

A key feature of current Purkinje structural models
is that their construction was designed or guided by the
modeler; all current methods have used either hand-drawn
or computer-generated networks that were created to follow
general principles characteristic of Purkinje networks. This
shortcoming could be avoided by basing Purkinje structural
models directly on anatomical data; unfortunately, it is not
currently possible to capture the intact three-dimensional
Purkinje network structure, and very little work has been
done on using experimental data to directly create Purkinje
structures. One recent study [17] has attempted to overcome
this limitation by making use of imaging data of the Purkinje
network in the form of photographs. Exposure to Lugol’s
solution preferentially darkens Purkinje fibers, thereby allow-
ing the use of photographs to digitize the network. Such
photographs were used to create two-dimensional Purkinje
structural models that were incorporated into a model of the
ventricles.

Our goal is to extend this recent approach to develop
a method for accurate modeling of the three-dimensional
Purkinje network structure. We will then incorporate these
structures into anatomically realistic three-dimensional ven-
tricle models, yielding a model for the ventricle-Purkinje
conduction system. In contrast with existingwork in the field,
we seek to model the Purkinje structure through the direct
use of imaging data taken from experimental photographs.
Ourmodeling approach is to couple a ventricularmodel and a
compatible Purkinjemodel. Since it currently is impossible to
directly recover the full physical three-dimensional Purkinje
structure, our first step is the development of a method for
reconstructing this structure from photographs and anatom-
ical data.We use thismethod to create the Purkinje structural
models and then couple them with ventricular geometries to
producemodels for the entire ventricular conduction system.

An anatomically based model of the ventricle-Purkinje
system should reproduce important features of the normal
activation sequence of the ventricles. Specifically, the time
and sequence of ventricular depolarization is fairly well
known [18]. The goals we pursue in the development of our
models are to achieve full activation of ventricles through a
stimulus delivered by the Purkinje network and to chrono-
logically activate the same regions within the ventricles as
observed experimentally within the correct amount of time.

2. Methods

The first step in our development of ventricle-Purkinje mod-
els is the creation of anatomically realistic Purkinje structural
models. We developed a technique to project the Purkinje
network structures digitized from photographs onto the
endocardial surfaces of three-dimensional anatomically real-
istic ventriclemodels. In doing so, the two-dimensional Purk-
inje structure is embedded in three-dimensional space super-
ficial to the endocardium, yielding the three-dimensional
Purkinje structural model. The original ventricular model
along with the new Purkinje structural model then can be
used as a domain in which cardiac model equations may be
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Figure 1: Top: photographs from experiments in which the left ventricle (left) and right ventricle (right) were dissected and treated with
Lugol’s solution, which stained the Purkinje network darker than surrounding tissue. The Purkinje network is visible to the eye. The left
bundle branch is visible in the center at the top of the photograph, which corresponds to the septum wall. Middle: visible Purkinje fibers are
manually traced in an image-editing program; the resulting network structure is overlaid for comparison onto the photograph from which it
was extracted. Left: left ventricle. Right: right ventricle. Bottom: the resulting digitized Purkinje structures for the left (left) and right (right)
ventricles. Coupling sites, located at the ends of the fibers, are indicated by orange circles.

solved, yielding models for isolated excitable ventricular and
Purkinje systems.The addition of two-way electrical coupling
between the two models produces a combined model for the
ventricle-Purkinje system.

2.1. Purkinje Structural Modeling. Our method begins with a
technique we developed for projecting the two-dimensional
Purkinje structure onto the endocardial surfaces of the ven-
tricular data sets. Our strategy consists of two steps: first, map
the texture image onto a surface that approximates the target
surface; second, map from the approximating surface to the
target surface. We use right cylinders as our approximating
surfaces and extract the endocardial surfaces of the ventricle
models as thin shells. The anatomical morphology of the
endocardial surfaces and their orientation in the data sets
used lend themselves quite well to this cylindrical approxi-
mation.

2.1.1. Purkinje Network Photographs. The two-dimensional
Purkinje structures were extracted from digital photographs
of canine Purkinje networks after the ventricles had been dis-
sected and treated with Lugol’s solution, which preferentially
stains Purkinje fibers darker than the surrounding cardiac

muscle. In our work we use Purkinje networks recovered
from left and right canine ventricles.The top panel of Figure 1
shows photographs of the dissected ventricles facing the
endocardium. Following the collection of the photographs,
the networkswere digitizedmanually by tracing the darkened
fibers in an image-editing program. Finally, coupling sites
were added at the apparent end of each Purkinje fiber. The
Purkinje network digitization used in our work for the left
ventricle is the same as that used in [17]. The left network
had a total of 130 coupling sites and the right network had
100 coupling sites. Due to the dissection method of the right
ventricle, network connections were severed, and we did not
attempt tomatch severed fibers across the dissection incision.
Figure 1 (middle) shows the digitized Purkinje networks
overlaid onto the experimental photographs fromwhich they
were extracted, and the bottom panel shows the isolated
digitized Purkinje networks.

2.1.2. Texture-Mapping Procedure. The procedure by which
the two-dimensional Purkinje network structure is projected
onto the endocardium begins with the selection of a curve
𝐶 and associated cylinder to approximate the endocardial
surface. Let 𝐶 : [0, 𝐿] → R2 be a curve parameterized by arc
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Solution trajectory
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Figure 2: (a) The endocardial surface (green) shown with the curve 𝐶 (orange) and associated cylinder that approximates the surface. (b)
The curve 𝐶 (orange) and a discrete sampling of the outward-pointing unit normal vector (black) to the curve shown alongside the induced
vector field �⃗� (blue). (c) The induced curvilinear coordinate system. Plot shows lines of constant 𝑠 (solid black), lines of constant 𝑡 (dashed
black), an individual solution trajectory for −∞ < 𝑡 < ∞ (dashed blue), and the original curve 𝐶 (orange).

length, where 𝐿 is the total length of the curve. If𝐶 is a closed
curve that is oriented in the counterclockwise direction, then
taking the space 𝐶 × R we obtain a surface—a cylinder with
base 𝐶. It is this cylinder that, in the context of the texture-
mapping problem, is selected to approximate the surface to
be textured. Figure 2(a) shows an example cylinder chosen to
approximate a given endocardial surface.

Define �⃗�(𝑠), the outward-pointing unit normal vector to
the curve 𝐶 at �⃗�(𝑠), by

�⃗� (𝑠) = [

0 1

−1 0
] �⃗�

(𝑠) . (1)

Define the vector field �⃗� : R2 → R2 by

�⃗� (�⃗�) =

∫
𝐿

0
�⃗� (𝑠) 𝑑 (�⃗�, �⃗� (𝑠))

−1

𝑑𝑠

∫
𝐿

0
𝑑 (�⃗�, �⃗� (𝑠))

−1

𝑑𝑠

, (2)

where 𝑑 is the distance function. �⃗�(�⃗�) forms a weighted
average of �⃗�(𝑠) at every point along �⃗�(𝑠), where the weights
are given by the inverse of the distance from �⃗�(𝑠) to the point
�⃗�. As a consequence of this weighting scheme, we have that
�⃗�(𝑝) → �⃗�(𝑝) as 𝑝 → 𝑝 for all 𝑝 ∈ 𝐶; that is, �⃗� converges
to �⃗� near points on𝐶.The reason for this convergence is that
at a point �⃗�(𝑠

0
) on the curve the two integrals in (2) diverge

at 𝑠
0
. Figure 2(b) shows an example approximating curve 𝐶,

the outward-pointing unit normal vector �⃗�, and a sampling
of the resulting vector field �⃗�.

Next, we introduce an artificial time parameter 𝑡 for
the purpose of obtaining solution trajectories of a particle

moving through the vector field �⃗�, according to the following
system:

𝑑�⃗�

𝑑𝑡
= �⃗� (�⃗�) . (3)

In particular, for initial conditions �⃗�(0) = �⃗�(𝑠), we are
interested in the solution �⃗�(𝑡) for −∞ < 𝑡 < ∞. Note that
�⃗�(𝑡) is normal to 𝐶 at 𝐶 because of the construction of 𝑉. We
adopt the notation (𝑠, 𝑡)

𝐶
= �⃗�
𝑠
(𝑡), where �⃗�

𝑠
(𝑡) is the solution

to the initial value problem given by (3) with initial condition
�⃗�
𝑠
(0) = �⃗�(𝑠) for some 𝑠 ∈ [0, 𝐿), for −∞ < 𝑡 < ∞.
For curves 𝐶 of interest, taking the family of solutions to

(3) establishes a curvilinear coordinate system such that any
point (𝑥, 𝑦) ∈ R can be given in curvilinear coordinates (𝑠, 𝑡)

𝐶

for some 𝑠 ∈ [0, 𝐿) and 𝑡 ∈ R. Note that (𝑠, 0)
𝐶
= �⃗�(𝑠). The

curvilinear coordinate system induced by an example curve
𝐶 is shown in Figure 2(c).

We extend this curvilinear coordinate system in much
the same way that cylindrical coordinates extend polar
coordinates. Any point (𝑥, 𝑦, 𝑧) ∈ R3 can be represented by
(𝑥, 𝑦, 𝑧) = (𝑠, 𝑡, 𝑧)

𝐶
for some 𝑠 ∈ [0, 𝐿), 𝑡 ∈ R. Now consider

the surface

{(𝑠, 0, 𝑧)
𝐶
: 𝑠 ∈ [0, 𝐿) , 𝑧 ∈ R} ≅ 𝐶 ×R. (4)

This surface is the cylinder chosen to approximate the surface
to be textured.

We now introduce the texture image that will be applied
to the surface of interest. Let 𝑇 : [0,𝑊] × [0,𝐻] → P be the
texture image with width 𝑊 and height 𝐻. Here P simply
denotes the palette of which the texture imagemakes use. For



BioMed Research International 5

a binary image we could have simply P = {0, 1}, or an 8-bit
RGB image could be represented by a palette P = [0, 255]

3

for the red, green, and blue components of the colors of the
image.

We next position the texture image on this cylinder. We
select some subset [𝑎, 𝑏] × [𝑐, 𝑑] ⊆ [0, 𝐿] × R, a rectangular
portion of the cylinder in which the texture image will reside.
If the aspect ratio of the texture image should be preserved,
we ensure that (𝑏 − 𝑎)/(𝑑 − 𝑐) = 𝑊/𝐻. A point (𝑠, 0, 𝑧)

𝐶
is

assigned the texture value of the point (𝑢
1
, 𝑢
2
), where

𝑢
1
= (

𝑠 − 𝑎

𝑏 − 𝑎
)𝑊,

𝑢
2
= (

𝑧 − 𝑐

𝑑 − 𝑐
)𝐻.

(5)

That is, 𝑇(𝑢
1
, 𝑢
2
) is the texture value of the point (𝑠, 0, 𝑧)

𝐶
.

This defines the texture value of a part of the cylinder.
Using the curvilinear coordinate system we have established,
we can extend this texture value definition along curves of
constant 𝑠 to define texture values for all points in R3. We
now define an extension of our embedded two-dimensional
texture image to three dimensions by constructing a function
𝐹 : R3 → P. Consider

𝐹 (𝑥, 𝑦, 𝑧) = 𝑇 (𝑠, 𝑡, 𝑧)
𝐶
= 𝑇 (𝑠, 0, 𝑧)

𝐶

= 𝐹((
𝑠 − 𝑎

𝑏 − 𝑎
)𝑊, (

𝑧 − 𝑐

𝑑 − 𝑐
)𝐻) .

(6)

Here 𝐹 represents the two-dimensional Purkinje net-
work structure projected onto the endocardial surface and
extended perpendicular to the surface into three dimensions.
Evaluating 𝐹 within the domain of the endocardial surface
yields the portion that lies within the thin-shell endocardial
layer and thus the three-dimensional Purkinje network struc-
ture.

2.1.3. Implementation Considerations for Purkinje Structural
Modeling. Careful selection of the approximating curve 𝐶
is important to achieve good results. In our work, we used
closed Bezier splines as our approximating curves. Bezier
curves are defined by a series of control points that control
which points the curve passes through and the general shape
of the curve; a Bezier spline is a piecewise-defined spline
composed of multiple Bezier curves, which allows for a great
deal of fine-tuning of the curve.

Evaluating �⃗�(𝑝) involves evaluating three line integrals
along 𝐶 and so is computationally expensive. In order to
reduce the computational cost and runtime of the algorithm,
we first evaluated �⃗� on a numerical grid of evenly spaced
points. To evaluate �⃗� at an arbitrary point, we interpolated
this known grid of �⃗� values using the MATLAB func-
tion interp2.

Although any point (𝑥, 𝑦) ∈ R should have a cor-
responding coordinate (𝑠, 𝑡)

𝐶
in the curvilinear coordinate

system induced by𝐶, closed-form expressions for converting
between the two coordinate systems would be difficult or
impossible to find. In practicewhatwewish to do is to find the

(𝑠, 𝑡)
𝐶
coordinates of many points (𝑥, 𝑦). We solved system

(3) with initial condition �⃗�(0) = �⃗�(𝑠) for many values of 𝑠 to
produce many solutions starting from evenly spaced points
along 𝐶. We solved the system both forwards and backwards
in time to sufficiently cover the domain of interest and then
concatenated the solutions, resulting in solutions of (3) over
−∞ < 𝑡 < ∞. We then interpolated these solutions over the
domain of interest to assign to every point (𝑥, 𝑦) the value of
𝑠 such that (𝑥, 𝑦) = (𝑠, 𝑡)

𝐶
for some 𝑡.

2.2. Coupled Ventricle-Purkinje Models. We next form mod-
els for the combined ventricle-Purkinje system by coupling a
model of the ventricles and a Purkinje structural model.

2.2.1. Ventricular Geometries. The goal of this study was
the development of a method for reconstructing the
three-dimensional Purkinje network structure from two-
dimensional photographs and full ventricular models.
Although we had access to only canine Purkinje network
photographs, we incorporated these network branches
into both rabbit [19] and canine [20] ventricle models to
demonstrate and test the generality of our methods. The
rabbit ventricles are embedded in a rectangular numerical
grid of size 138 × 130 × 152 with a uniform grid spacing
of 0.025 cm. Vetter and McCulloch [19] also obtained
fiber orientation data, which we used in our model. The
ventricles are embedded in a rectangular numerical grid
of size 400 × 320 × 320 with a uniform grid spacing of
0.025 cm. Figure 3 shows isosurface plots of the rabbit and
canine ventricle models, with the epicardial and endocardial
surfaces highlighted in several views.

2.2.2. Model Development. We developed two models for the
coupled ventricle-Purkinje system. The first, which we have
termed the 3D-3Dmodel, represents both the ventricular and
Purkinje systems in three dimensions. The 3D-3D model is
the natural extension of the ventricle-Purkinje model devel-
oped in [17]. Figure 4 shows a schematic visualization of how
coupling is implemented in the 3D-3Dmodel; it illustrates the
constituentmodels andwhere electrical coupling between the
models occurs. Whereas the model of [17] coupled to a two-
dimensional ventricular and a two-dimensional Purkinje
model, themodel presented here couples a three-dimensional
ventricular and a three-dimensional Purkinje model. The
key similarity between these two approaches is that both
constituentmodels are computed on the samenumerical grid.
This leads to a straightforward means of achieving electrical
coupling: defining a number of grid points as being two-way
coupled, thereby allowing the two models to influence each
other at a number of discrete sites.

The secondmodel, which we refer to as the 3D-2Dmodel,
represents the ventricles in three dimensions and the Purkinje
network in two dimensions. Figure 5 shows a schematic of the
components of the 3D-2D model and shows how the models
are electrically coupled.This modeling approach differs in an
important way from that of [17] and the previously discussed
3D-3D model in that the ventricular and Purkinje models do
not occupy the same coordinate space. The implementation
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Figure 3: Isosurface plots of the rabbit (top) and canine (bottom) ventricular structures we used in our work. Left: posterior views of the
ventricular structures. Center: transparent overlays of the epicardial surfaces, shown in green, aligned with the corresponding endocardial
surfaces, shown for comparison and orientation. The left endocardial surfaces are shown in orange and the right endocardial surfaces are
shown in blue. Right: alternate viewing angle of the isolated endocardial surfaces of the left and right ventricles.
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Figure 4: Schematic visualization of a 3D-3D model. The structure is a simplified contrived structure used for illustrative purposes only
and is not anatomically realistic; the conduction system shown is highly simplified and the number of coupling sites depicted here is much
lower than in real networks to facilitate visualization and testing. Orange dashed lines show several of the electrical coupling sites between
the Purkinje network branches and the ventricle.

for both constituent models remains largely the same as
that of the 3D-3D model, but the means by which the
two models are coupled together is significantly different.
Whereas, in the previous approach, both the ventricles and
the Purkinje network were represented in the same space
and solved on the same numerical grid, here they are not.

Thus, the straightforwardmeans of defining some grid points
as being two-way coupled cannot be applied to couple
the models together. In our implementation, coupling is
implemented between a list of locations of each coupling site
in the 2D Purkinje network and the corresponding locations
on the ventricular surface of that point under the texturemap.
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Figure 5: Schematic visualization of a 3D-2Dmodel.The structure is a simplified contrived structure used for illustrative and testing purposes
only and is not anatomically realistic. To aid in visualization, the number of electrical coupling sites shown ismuch lower than in real networks.
Orange dashed lines show several of the electrical coupling sites between the Purkinje network branches and the ventricle.

Programmatically, model variables at grid points in the list
are updated in a second phase after updating all grid points
under whichever numerical method is chosen to implement
the cardiac reaction-diffusion equations.

The development of the 3D-2D model was motivated
by the fact that the Purkinje network is largely confined to
the endocardial surface and therefore is effectively a two-
dimensional structure embedded in three dimensions. We
hypothesized that a model that represented the Purkinje net-
work as being two-dimensional would reproduce all impor-
tant dynamics observed in an analogous three-dimensional
Purkinje network and that the former model could provide
several benefits. One such benefit is computational cost:
representing the sparse Purkinje network structure in two
rather than three spatial dimensions greatly reduces the
number of node points in the numerical grid and thus reduces
the runtime of the model. Second, numerical solution of the
Purkinje model on a numerical grid that is independent of
the grid used for the ventricularmodel allows for the Purkinje
network to be represented at a different resolution than that
of the ventricular model. The fine detail of the Purkinje
structure thus can be represented more accurately without
having to refine the resolution of the ventricular model.

2.2.3. Implementation Considerations for Coupled Models.
In data sets containing the full ventricular structure, it is
necessary to isolate a thin shell (the endocardial layer) before
proceeding with texture-mapping. We use a phase field
representation of the ventricles [21] as part of this process.
To isolate a thin shell, we begin by isolating the ventricular
chamber, based on taking that volume of the phase field below
a given threshold (such as 𝜙 = .5) within the chamber. This
results in a Boolean matrix of grid points that lie within
the chamber.We then apply a three-dimensional convolution
with a spherical kernel and take all entries with a value greater
than 1, resulting in a matrix of the same size. This resulting
matrix represents a volume expanded from that of the ven-
tricular chamber; it overlaps the ventricular tissue by a width
of approximately the radius of the spherical kernel. A thin
shell is obtained by taking the nonzero entries in this matrix
that also satisfy some threshold value in the phase field.

2.3. Cardiac Cell Electrophysiology Model. The models we
have developed are structural rather than electrophysiolog-
ical. In order to study the effect of the Purkinje structure on
ventricular activation and arrhythmia, a cardiac electrophys-
iological model must be selected to represent the excitability
of the cardiac tissue. In our work we model the excitability of
tissue by the monodomain equation

𝜕𝑉

𝜕𝑡
= −𝐼ion + ∇ ⋅ (D (𝑥) ∇𝑉) . (7)

Here 𝑉 represents the cell membrane potential or voltage, D
is a tensor defining the local orientation of the muscle fibers
as well as the diffusivity along and against the fiber direction,
and 𝐼ion is the sum of the various transmembrane ion
currents, dictated by a single-cell cardiac electrophysiology
model.

Many cardiac electrophysiologymodels of greatly varying
complexities have been developed [22]. The selection of the
appropriate model depends on a number of factors, such
as the aim of the study and computing resources available.
The model choice can affect many dynamics relating to
electrical wave behavior and arrhythmias, such as conduction
velocity, alternans, and spiral- and scroll-wave dynamics.
Our goal is the validation of our work as a suitable model
for the ventricular conduction system, and so we sought to
synchronize activation times of the ventricular tissue with
those found experimentally. To represent activation times
realistically, only a simple cardiac model is needed to capture
the key aspects of the depolarization wavefront. For this
reason, we used the two-variable Mitchell-Shaeffer model
[23] to represent both cardiac muscle cell and Purkinje
fiber cell dynamics. To represent the significantly faster
propagation of excitation in Purkinje cells as compared to
cardiacmuscle cells, the diffusivity in the Purkinje model was
made 20 times greater than in the ventricular model.

2.4. Numerical Parameters. In the 3D-3D model, all con-
stituent models are computed on the same numerical grid,
with the same uniform grid spacing used in each model. In
the 3D-2Dmodel, models are computed on potentially differ-
ent and sometimes nonuniform grids, and so consideration
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Figure 6: The left and right rabbit ventricular endocardial surfaces and associated curve and cylinder chosen to approximate the surface.
(a, c) The left and right, respectively, endocardial surfaces (grey), the associated approximating cylinder (transparent), and surface contour
lines taken at various levels of the surface. Both views of the surfaces are facing the septum wall. (b) The approximating curves and the
resulting curvilinear coordinate system plotted against the same contour lines taken from the endocardial surfaces.

must be given to ensure that grid spacing is chosen to
accurately represent the physical situation.

In cases where the aspect ratio of the digitized Purkinje
network was not preserved, we implemented the 2D model
with nonuniform grid spacing.Where a subset of the approx-
imating cylinder given in the curvilinear coordinate system
by [𝑎, 𝑏] × [𝑐, 𝑑] was selected as the portion of the cylinder
on which the texture image was to reside, we defined the grid
spacing Δ

𝑃
𝑥 and Δ

𝑃
𝑦 of the Purkinje network by

Δ
𝑃
𝑥 =

𝑏 − 𝑎

𝑊
Δ
𝑉
𝑥,

Δ
𝑃
𝑦 =

𝑑 − 𝑐

𝐻
Δ
𝑉
𝑥,

(8)

where Δ
𝑉
𝑥 is the grid spacing used in the ventricular model

(which we always took to be uniform) and𝑊 and 𝐻 are the
width and height of the digitized Purkinje network image,
respectively.

3. Results and Discussion

3.1. Texture-Mapping. By applying our texture-mapping
techniques using the digitized Purkinje structures and ven-
tricular models, we were able to produce three-dimensional
Purkinje structural models.

The curves and associated cylinders chosen to approxi-
mate the ventricular endocardial surfaces are shown in Fig-
ures 6 and 7 for the rabbit and canine ventricles, respectively.
From the plots, it can be seen at various cross sections
perpendicular to the cylinder axis that the surfaces are
well approximated. Particularly near the septum wall, the
cylinders closely approximate the true endocardial surface.
Near the apex, the cylindrical approximations do not match
as well, especially for the right ventricles. In practice, we

found this not to be a limitation, because the Purkinje
network structure did not extend into these regions.

We developed the texture-mapping technique with the
goal of creating anatomically realistic Purkinje network
structures; as part of our validation of the network struc-
tures we obtained, we compared them to the experimental
photographs from which the Purkinje network structures
were extracted. The position and extent of coverage on the
endocardial surfaces are important features of the network,
particularly in the context of our goal of anatomical realism,
but also for achieving realistic activation sequences of the
ventricles. Figure 1 shows the original experimental pho-
tographs and digitized Purkinje networks.The positioning of
each branch of the Purkinje network is most easily described
in reference to the His bundle connection, or bundle branch.
Physiologically, the bundle branch is the source of all Purkinje
fibers and begins within the septum wall.

In the left ventricle photographs, the bundle branch
connection is located near the center of the endocardium.
The means by which the left ventricle was dissected involved
a cut in the free wall opposite the septum, which is why the
bundle branch is in the center of the resulting photograph.
The Purkinje network spreads outward from the bundle
branch, and fibers evenly cover most of the endocardial
surface. The network is quite symmetric in its coverage, with
fibers reaching the free wall (along which the dissection
was made) from both directions. When texture-mapping the
left ventricle endocardial surfaces, we aimed to reproduce
these physiological features. The networks were positioned
to cover the entire endocardium, and the bundle branch was
positioned at the center of the septum wall.

Figure 8 shows the Purkinje structure models generated
with texture-mapping of the left Purkinje branch and left
ventricle for the rabbit ventricles. The aspect ratio of the
digitized network was altered significantly so that the extent
of the texture-mapped network would cover nearly all of
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Figure 7: The left and right canine ventricular endocardial surfaces and associated curve and cylinder chosen to approximate the surface.
(a, c) The left and right, respectively, endocardial surfaces (grey), the associated approximating cylinder (transparent), and surface contour
lines taken at various levels of the surface. Both views of the surfaces are facing the septumwall.The views of the surfaces are inverted vertically
for better viewing. (b)The approximating curves and the resulting curvilinear coordinate system plotted against the same contour lines taken
from the endocardial surfaces.

(a)

(b)

Figure 8: Visualizations of the three-dimensional Purkinje structures (red) and corresponding endocardial surfaces (blue) for the rabbit
ventricles. (a) The left endocardial surface and Purkinje network branch. The Purkinje network covers almost all of the endocardial surface,
which coincides with observations from dissections. (b) The right endocardial surface and Purkinje network branch. The Purkinje network
is oriented on the endocardial surface such that the His bundle connection is aligned with the septum-free wall seam, as observed in the
dissected network.
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Figure 9: Visualizations of the three-dimensional Purkinje structures (red) and corresponding endocardial surfaces (blue) for the canine
ventricles. Here the view is vertically inverted formore convenient viewing. (a)The left endocardial surface and Purkinje network branch.The
Purkinje network covers almost all of the endocardial surface, which coincides with observations from dissections. (b)The right endocardial
surface and Purkinje network branch. The Purkinje network is oriented on the endocardial surface such that the His bundle connection is
aligned with the septum-free wall seam, as observed in the dissected network.

the endocardial surface, so as to coincide with experimental
observations of Purkinje networks, as in Figure 1. The net-
work was positioned so that the bundle branch originated
near the center of the septum wall, and the network wrapped
around the entire endocardial surface. Figure 9 shows the
texture-mapping-generated Purkinje structure models for
the canine left Purkinje branch and left ventricle; here the
aspect ratio of the digitized network was able to be preserved
while still achieving coverage of nearly all of the endocardial
surface. As in the rabbit left ventricle, the network was
positioned so that the bundle branch connection coincided
with the center of the septum wall.

The dissection method used for the right ventricle dif-
fered significantly from that used for the left ventricle: the
right ventriclewas cut along a “seam” between the septumand
free wall. Figure 1 shows the endocardial surface correspond-
ing to the septum on the left and the free-wall endocardial
surface on the right.The overall network structure of the right
branch is much less symmetric than that of the left branch,
both visually and from a physiological perspective. The right
network branch still begins at the bundle branch, but in this
case the bundle branch is not positioned at the middle of
the septum wall. Instead, it is positioned at the other seam
between the septum and free wall. The network coverage of
the septum endocardial surface is limited, with fibers only

appearing near the apex. The free wall is covered extensively
in network fibers much like the left ventricle.

Figures 8 and 9 show the Purkinje structure models gen-
erated with texture-mapping for the right ventricle-Purkinje
branch of the rabbit and canine ventricles, respectively. In
both networks, the Purkinje network was aligned and the
aspect ratio altered so that the extent and placement of the
Purkinje network coincided with experimental observation:
the bundle branch connection was aligned with the septum-
free wall seam; the portion of the network on the septum
wall extended across the entire lower septumwall and did not
encroach on the other side of the free wall; and the portion of
the network on the free wall wrapped around the entire free
wall without encroaching on the septum wall.

Thus, based on visual inspection alone, the texture-
mapped Purkinje networks provide a reasonable represen-
tation of the Purkinje network with respect to apparent
anatomical realism. Key features of the Purkinje network as
observed from experiments are closely reproduced in our
models.

3.2. Validation of Coupled Ventricle-Purkinje Models. As our
next validation step, we aimed to compare simulated acti-
vation times in a combined ventricle-Purkinje model with
activation times observed in experiments. Toward this end,
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3D-3D rabbit isochronal maps 3D-2D rabbit isochronal maps

Figure 10: Isochronal plots showing activation times of the rabbit ventricles in the 3D-3D and 3D-2D models. Colors indicate the time at
which each point in the tissue experienced depolarization, with zero corresponding to the first activation within the entire ventricles.
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Figure 11: Isochronal plots showing activation times of the canine ventricles in the 3D-3D and 3D-2D models. Colors indicate the time at
which each point in the tissue experienced depolarization, with zero corresponding to the first activation within the entire ventricles.

the three-dimensional Purkinje structures recovered through
texture-mapping were used as the conduction system in the
development of models of the combined ventricle-Purkinje
system. Our goal was to create a model that reproduced
key features of the real cardiac conduction system. In par-
ticular, we aimed to ensure that our model reproduced the
overall progression of the total depolarization (activation)
of the ventricles, termed the activation sequence, which has
been well characterized [18]. Key features of the activation
sequence are those areas that are the first to depolarize:
activation begins in the left ventricular endocardial surface,
particularly in several isolated spots, in the middle of the
septum wall and in the upper portion of the free wall.
The last region to depolarize is the right ventricular free
wall. Figure 10 shows isochronal plots of the activation times
achieved in our models. Importantly, the left ventricular
endocardium contains some of the sites of earliest activation,
particularly on the septum. The right ventricular free wall is
also the last region to depolarize,matchingwith experimental
observations. In addition to achieving a realistic activation
sequence, the entire activation of the ventricles occurs in
realistic time [18, 24].

We conclude that the ventricular activation sequences
produced by the 3D-3D and 3D-2D models match well with
experimental observations. The overall activation time, as
well as sequences of primary activation sites produced by our
models, coincides well with experimental observations.

Figure 10 shows isochrone plots of the activation of the
rabbit ventricles in the 3D-3D and 3D-2D models, and
Figure 11 shows results for the canine ventricles. In all of the
models, the first sites to depolarize were located on the endo-
cardium, corresponding to ventricle-Purkinje coupling sites.
Further depolarizations induced by the Purkinje network

occurred as activation spread from these sites throughout the
entire ventricles.

It is apparent from the plots that activation in the 3D-
3D and 3D-2D models for the same ventricles is qualitatively
very similar, with some minor differences. Quantitatively we
found in the rabbit models that in relation to the start of
the stimulus protocol the 3D-3D model was faster to activate
than the 3D-2D one by about 4ms overall, mainly due to
the Purkinje network activating more quickly in the 3D-
3D model. The 3D-3D model exhibited a first ventricular
depolarization after 9ms, whereas the 3D-2D model took
13ms to achieve its first depolarization. In the caninemodels,
first ventricular activations occurred at the same time, at
11ms after the start of the stimulus protocol.

Visualization of differences in ventricular activation
between the two models is desirable to understand impli-
cations of the distinct model constructions. Because the
ventricular structures are identical in both models, we can
visualize differences in activation by plotting the difference
in activation times at each point in the ventricles.

Differences in activation sequences and timings between
the two models can be measured in several ways. Since the
two models were subjected to the same stimulus procedure,
the difference in activation times between the two models
at every point in the ventricles can be directly compared to
measure the activation time differences from the beginning
of the stimulus procedure applied to both models. Taking
𝐴
3
(�⃗�) and 𝐴

2
(�⃗�) to be the activation times in the 3D-

3D and 3D-2D models, respectively, of a given point �⃗�
in the ventricles measured from the start of the stimulus
protocol, this measure is given by 𝐴

3
(�⃗�) − 𝐴

2
(�⃗�). It is also

possible tomeasure differences in activation based on the first
activation within the ventricles. Calling 𝑓

3
and 𝑓

2
the time
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Table 1: Summary of differences in activation times between the 3D-3D and 3D-2D rabbit and canine models according to three different
schemes: measured with respect to the start of the stimulation protocols, first ventricular activation, or to minimize the root mean square
difference. Measurements are given in milliseconds. For signed quantities, the 3D-2D activations times were subtracted from the 3D-3D
activations times.

Rabbit models Stimulus start First ventricular activation Minimizing RMS
Root mean square difference 4.4 0.9 0.7
Standard deviation of differences 0.7 0.7 0.7
Minimum difference −7.2 −3.3 −2.7
Maximum difference −2.0 +1.9 +2.4
Canine models Stimulus start First ventricular activation Minimizing RMS
Root mean square difference 1.4 1.4 1.4
Standard deviation of differences 1.4 1.4 1.4
Minimum difference −6.8 −6.8 −6.5
Maximum difference +2.8 +2.8 +3.1

Activation time differences Activation time differences
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Figure 12: Comparison of activation times in the rabbit ventricles in the 3D-3D and 3D-2Dmodel implementations. Plots show the difference
in activation times of the ventricles between the 3D-3D and 3D-2D models, with a positive difference indicating the 3D-2D model activated
earlier than the 3D-3D model.

from the beginning of the stimulus protocols to the first
activations in the 3D-3D and 3D-2Dmodels, respectively, this
difference is given by (𝐴

3
(�⃗�) −𝑓

3
) − (𝐴

2
(�⃗�) −𝑓

2
). Finally, the

activation of the ventricles in both models can be compared
by attempting to minimize differences in activation times at
each point in the tissue according to a criterion such as least
squares—that is, by attempting to minimize

∑

⃗𝑥∈𝑉

(𝐴
3
(�⃗�) − 𝐴

2
(�⃗�) + 𝑐)

2

(9)

by choice of 𝑐, where 𝑉 is the entire ventricular domain
and 𝐴

3
and 𝐴

2
are evaluated over 𝑉. Here 𝑐 is an offset

parameter tuned tominimize discrepancy in activation times
between the two models. Table 1 summarizes these com-
parative schemes, with differences taking 3D-3D activation
times minus 3D-2D activation times. Note that because
first activations in the two canine models occurred at the
same time relative to the start of the stimulus protocol,
the measures given according to stimulus start and first
ventricular activation are the same.

Figures 12 and 13 show differences in activation times
between the 3D-3D and 3D-2D models for the rabbit and
canine systems, respectively; in the plots, activation times
are offset to minimize the root mean square difference.
The well-defined regions of earlier and later activation of
the models indicate that the two- and three-dimensional

Purkinje network structures in the two models have a degree
of nonuniform distortion.There are several reasons why such
differencesmay be expected.The three-dimensional Purkinje
structure in the 3D-3D model will be a distorted version
of the original two-dimensional Purkinje structure, due to
deviations in the endocardial surface from the cylindrical
approximating surface. Distances perpendicular to the axis
of the cylinder will shorten in regions of the surface that lie
within the cylinder and lengthen in regions outside of the
cylinder. Distances parallel to the axis of the cylinder will
lengthen only. Despite the differences in construction, the
two models show very similar activation sequences.

In our program implementations, the 3D-2D models ran
significantly faster than the corresponding 3D-3D models.
Specifically, the 3D-2D model was about 2.5 times faster
than the 3D-3D model for the canine geometry and about
4.5 times faster for the rabbit geometry. The overall faster
speed of the 3D-2Dmodel implementations ismost likely due
to the reduced number of computational nodes in the two-
dimensional Purkinje representation; grid points excluded
from the computational domain because of a sufficiently
low phase field value may be skipped, providing significant
speedup.The difference in observed speedup factors between
the canine and rabbit geometries arises from differences
in the canine and rabbit ventricular structure sizes and
morphologies.
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Figure 13: Comparison of activation times in the canine ventricles in the 3D-3D and 3D-2Dmodel implementations. Plots show the difference
in activation times of the ventricles between the 3D-3D and 3D-2D models, with a positive difference indicating the 3D-2D model activated
earlier than the 3D-3D model.

3.3. Limitations. There are several important limitations
regarding our method and results. First, we assume that
the Purkinje network is superficial, which is likely to be a
reasonable assumption in species like canines and humans
but not for other species, such as ungulates, in which the
Purkinje network is known to penetrate more deeply into
the myocardial wall [6]. Our method makes use of this
assumption in twoways. First, themeans bywhichwe retrieve
the two-dimensional network structure relies on the anatom-
ical fact that the Purkinje network is superficial. Second,
the means of reconstructing the three-dimensional network
structure through texture-mapping necessarily projects the
network structure onto the endocardial surface. Little is
known about the detailed intramural structure of Purkinje
fibers in species with more fully three-dimensional network
structures. However, our technique could be extended in
a straightforward manner to account for the presence of
Purkinje fibers in the wall by extending fibers from their
coupling sites in a direction normal to the endocardial
surface, for example.

The full extent of the Purkinje network is not well known;
our work dealt with the network structure that was readily
captured in high-resolution photographs obtained through
experimental dissection, but small Purkinje fibers may not
be captured in such photographs or may be too fine to
adequately represent using finite-difference methods. In our
work with macroscopic Purkinje structures we faced issues
with representing structures with fine detail on compar-
atively coarse grids, and so representing even finer-detail
networks may pose a problem to advancing these methods.
This limitation is somewhat lessened in the 3D-2D model,
where the ventricular and Purkinje structural models may be
represented at different resolutions.

Several limitations stem from the fact that our texture-
mapping procedure relies heavily on the approximation of
the endocardium by a cylinder. In our work with a rabbit
ventricular structure, we found this approximation to be
reasonable and were able to apply our texture-mapping
procedure successfully. The approximation was more robust
in the left ventricle than the right ventricle, where it was
acceptable overall, but regions of the surface that were
poorly approximated by the chosen cylinderwere present.We
were able to apply the texture-mapping procedure to obtain
networks that agreed well with experimental observations;
for other data sets, this approximation may be unsuitable.
It is also the case that the cylindrical approximation of

the ventricles requires the alignment of the cylinder axis with
one of the main coordinate axes of the computational box
in which the anatomical structure is embedded. Some data
sets may not be oriented appropriately to readily allow the
approximation of the ventricles by cylinders. One possible
means of overcoming this problem is the resampling of the
anatomical structure through a rotational transformation.

While aligning the flat Purkinje network images with
the approximating cylinders, we did not seek to preserve
aspect ratios; rather, we selected the area for the image to
lie within to match key physical characteristics observed
from dissection. There are several reasons why changing the
aspect ratio as we did might result in a more realistic three-
dimensional Purkinje network structure. First, the Purkinje
network images and ventricular structures we used were
obtained in separate studies from different hearts and, in
some cases, different species. Structural differences in size
and shape between the endocardial surfaces will naturally
lead to distortion. Second, the dissection method used on
the ventricles did not allow for the endocardial surfaces to be
laid perfectly flat.This means that the photographs, which we
assumed to capture the flattened endocardial surface, actually
represented stretched, compressed, and curved tissue, which
led to distortions in distances and areas in the Purkinje
network structure.

To assess the robustness of the modeling technique, we
performed a preliminary sensitivity analysis on the rabbit
models by generating perturbed models and comparing
activation sequences. The perturbed models utilized the
same ventricular geometries but slightly adjusted Purkinje
structural models; these models were created by applying the
texture-mapping procedure with the texture images at a slight
offset from the original models. For our analysis, we offset
each network image by approximately 1mm rotationally
around the approximating cylinder in each direction to pro-
duce four perturbed networks. We found that total activation
time within the ventricles was within about 5ms, with the
most noticeable differences occurring near the coupling sites
and on the endocardium.

3.4. Future Work. Our work can be extended in several ways
to provide greater realism, robustness, and efficiency.

To obtain two-dimensional Purkinje structures from
experimental photographs, we manually traced visible Purk-
inje fibers in an image-editing program. Algorithms for
isolating features in images from the field of computer vision
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may be adapted to automate this task and could possibly
capture more of the full network structure.

The method by which the ventricles were dissected can
potentially sever fiber connections, altering the perceived
structure of the Purkinje network when photographed. In
our work we did not attempt to make use of this fact,
but in principle fiber connections could be matched across
the incision, potentially leading to better digitization of
the Purkinje network. A further step could be the use of
nonlinear image stitching to associate fiber connections from
one side of the incision with the other and to potentially
reconstruct more of the connected Purkinje network.

In the texture-mapping procedure, we begin by approx-
imating the target surface with an approximating cylinder.
In principle, our method should be extensible to arbitrary
approximating surfaces. This would require a significant
change inmethods; specifically, the projection of the flat two-
dimensional Purkinje network structure onto the approx-
imating surface would no longer be a straightforward 𝐶

1

isometric embedding.
In our study we had access to a limited number of Purk-

inje network images: one dataset each for canine left and right
network branches. We used these canine Purkinje network
structures to construct Purkinje structural models for both
rabbit and canine ventricles and subsequently achieved realis-
tic activation times in our ventricle-Purkinje models. To cre-
atemore realistic structuralmodels, Purkinje network images
and ventricularmodels from the same species should be used.

In the future, it will be important to assess differences
in Purkinje structures across different hearts and different
species along with how these differences affect normal ven-
tricular activation and ventricular arrhythmias. The method
we developed can be applied to produce Purkinje network
structures for any species with superficial Purkinje networks,
which will facilitate this work.

4. Conclusions

We presented a novel method for reconstructing the Purkinje
network structure in three dimensions. The method directly
uses imaging data taken from experiments and is the first
such effort to model the three-dimensional Purkinje network
structure. Previous studies that involved the construction of a
Purkinje network either did so as a component of other work
and did not focus on the construction procedure, were not
based directly on experimental data, or generated artificial
networks.

Our method makes the recovery of Purkinje network
structures that are compatible with real anatomical ventric-
ular structures possible, enabling the creation of models for
the combined system.We have presented the first ventricular-
Purkinje structural models where both the ventricles and
Purkinje network were based directly on data taken from
experiments. We implemented two of these models and were
able to reproduce simulated ventricular activation sequences
that closely match experimental observations.

Our model implementations depolarize the ventricles
solely through the Purkinje network and achieve realistic
activation times and an activation sequence that agrees

well with experimental observations. This suggests that our
models and modeling approach accurately capture essential
characteristics of the ventricular conduction system.

The development of these models is an important step
forward in the investigation of cardiac arrhythmias. These
model formulations can facilitate future studies of the con-
tributions of the Purkinje network to the maintenance and
initiation of ventricular arrhythmias, as well as investigations
of arrhythmias related to the cardiac conduction system such
as bundle branch block.
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Heart failure is a major and costly problem in public health, which, in certain cases, may lead to death. The failing heart undergo
a series of electrical and structural changes that provide the underlying basis for disturbances like arrhythmias. Computer models
of coupled electrical and mechanical activities of the heart can be used to advance our understanding of the complex feedback
mechanisms involved. In this context, there is a lack of studies that consider heart failure remodeling using strongly coupled
electromechanics. We present a strongly coupled electromechanical model to study the effects of deformation on a human left
ventricle wedge considering normal and hypertrophic heart failure conditions. We demonstrate through a series of simulations
that when a strongly coupled electromechanical model is used, deformation results in the thickening of the ventricular wall that
in turn increases transmural dispersion of repolarization. These effects were analyzed in both normal and failing heart conditions.
We also present transmural electrograms obtained from these simulations. Our results suggest that the waveform of electrograms,
particularly the T-wave, is influenced by cardiac contraction on both normal and pathological conditions.

1. Introduction

The failing heart undergoes a series of changes, from elec-
trophysiological alterations in ion channels, exchangers, and
pumps to structural modifications of tissue properties, that
provide the underlying basis for arrhythmias. Some notable
characteristics of the failing heart include the prolonged
action potential and alterations in the intracellular calcium
handling, which alter the contractile function of myocytes
[1]. This leads to a reduced ability of the left ventricle (LV) to
efficiently pump blood and thus compromises normal heart
function.

Electrophysiology in nonfailing (NF) and heart failure
(HF) conditions is well described (see [2] for a review), but
the coupled electromechanics of the heart is not. Cardiac
contraction affects electrical activity of the heart through a
series of complex interactions. For instance, at the myocyte
level, the binding rate of Ca2+ to troponin-C depends on
sarcomere length and some ion channels depend on the

sarcomere stretch [3, 4]. At the tissue level, cardiacmechanics
significantly contributes to the dynamics of complex reen-
trant waves [5] and also affects effective electrical tissue
conductivities [6].

In [7], we presented a coupled electromechanical com-
puter model of human left ventricle wedge preparation. This
model was used to study how electrical activity triggers the
contraction of the wedge and how its deformation affected
repolarization and action potential duration (APD). We
showed that, with deformation, the LV wedge stretches in the
transmural direction, reduces the electrotonic effect, and thus
increases the transmural dispersion of repolarization (TDR)
and APD. These effects resulted in an increased T-wave
amplitude on transmural electrograms computed from the
simulations.This previouswork has clearly showed a complex
interaction between mechanics and electrophysiology.

In this work, we extended the strongly coupled elec-
tromechanical model used in [7] to represent HF changes at
cellular and tissue level and then carried out simulations to
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analyze the effects of cardiac deformation on some important
electrophysiology parameters. With this approach, using a
left ventricular wedge in silico preparation, we investigated
the effects of deformation on transmural dispersion of
repolarization and action potential duration in NF and HF
conditions. In addition, we also studied how deformation and
HF influence the morphology of transmural electrograms
obtained from the simulations of the LV wedge.

2. Physiological Models

To understand the effects of deformation on the transmural
dispersion of repolarization in a normal and in a failing
tissue we used a previously developed computer model of
the human left ventricle wedge preparation [7, 10]. Here we
present the models used to describe electrophysiology and
mechanics. We also discuss how we modified our coupled
electromechanical cell model for heart failure remodeling.

2.1. CardiacMechanics. Cardiac biomechanicswas computed
by solving the quasistatic equilibrium equations

div (FS) = 0, (1)

where S is the second Piola-Kirchhoff stress tensor. The
second Piola-Kirchhoff stress tensor is twice the derivative
of the strain energy function Ψ with respect to C = F𝑇F,
the left Cauchy-Green strain tensor. In this paper, a reduced
transversally isotropic version of the orthotropicmodel of the
cardiac tissue proposed by Holzapfel and Ogden (HO) [11]
was used. Its strain energy function Ψ is given by

Ψ(𝐼
1
, 𝐼
4𝑓
) =

𝑎

2𝑏
{exp [𝑏 (𝐼

1
− 3)] − 1}

+
𝑎
𝑓

2𝑏
𝑓

{exp [𝑏
𝑓
(𝐼
4𝑓
− 1)
2

] − 1} ,

(2)

where 𝑎, 𝑎
𝑓
, 𝑏, and 𝑏

𝑓
are material parameters. This reduced

version can be derived from the original model by simply
setting 𝑎

𝑠
= 𝑎
𝑓𝑠
= 0. We note that a similar approach was

used in [12].
The fiber direction in the undeformed configuration is

denoted here by f
0
. This version of the model has only 4

parameters and is defined in terms of the C tensor and the
following invariants:

𝐼
1
(C) = tr (C) ,

𝐼
4𝑘
(C) = k ⋅ Ck,

𝐼
8𝑓𝑠
= f
0
⋅ Cs
0
,

with k = {f
0
, s
0
} .

(3)

The term containing the fiber invariant 𝐼
4𝑓

is not considered
during compression, that is, when 𝐼

4𝑓
< 1, the contribution

of the corresponding term to the strain energy function is
neglected.

We used the active stress approach that splits the second
Piola-Kirchhoff stress in passive and active stress parts.

The passive part is given by the Holzapfel-Ogden model,
described by (2), whereas the active stress contribution is
given by

S𝑎 = 𝑇max
𝑎
𝑇
𝑎

f
0
⊗ f
0

Ff0

2
, (4)

where 𝑇
𝑎
is the normalized active force generated by the

myocyte contraction model and 𝑇max
𝑎

is a scaling factor to
achieve the active stress found in cardiac myocytes [7].

2.2. Cardiac Electrophysiology. The electrophysiology of car-
diac tissue, considering the effects of deformation, can be
described by the bidomain model, which in this case is given
by

𝜒(𝐶
𝑚

𝜕 (𝐽V)
𝜕𝑡

+ 𝐽𝐼ion) − Div (𝐽F
−1D
𝑖
F−𝑇GradV)

= Div (𝐽F−1D
𝑖
F−𝑇Grad𝑢

𝑒
) ,

(5)

− Div (𝐽F−1DF−𝑇Grad𝑢
𝑒
) = Div (𝐽F−1D

𝑖
F−𝑇GradV) , (6)

𝑑s
𝑑𝑡
= g (V, s) , (7)

where V is the transmembrane voltage, 𝑢
𝑒
is the extracellular

potential, 𝐼ion is the ion current of the cell model, 𝜒 is the
surface to volume ratio, 𝐶

𝑚
is the membrane capacitance,

F is the deformation gradient tensor, and 𝐽 = det(F). The
conductivity tensor is defined as D = D

𝑖
+ D
𝑒
, where

D
𝑖
is the intracellular tissue conductivity tensor and D

𝑒
is

the extracellular tissue conductivity tensor. The function g,
the components of the state variable vector s, and 𝐼ion are
determined by an ODE model of a cardiac cell, which will
be described next.

Note that, in (5) and (6), the spatial derivatives are taken
with respect to the original (undeformed) configuration, as
described in [13]. Here, we used the modified bidomain
model that takes into account the effects of deformation.
In [7], we extended the monodomain model that considers
deformation to this version of the bidomain model.

2.3. Human Ventricular Electromechanical Cell Model. Dy-
namics of human ventricular myocyte was described using
a cell model that couples the electrophysiology model pro-
posed by ten Tusscher et al. [14] and the myofilament model
proposed by Rice et al. [15] for active force generation. Here
this coupled electromechanical cell model will be referred
to as TNNP + Rice model. A detailed description of the
procedure used for coupling and model parameters can be
found in [7, 16].

The main variables of the TNNP + Rice cell model
are the transmembrane potential, the intracellular calcium
concentration Ca

𝑖
, and the active force. Figure 1(a) shows

the normalized active force and transmembrane potential,
whereas Figure 1(b) shows the intracellular calcium concen-
tration of the coupled model.
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Figure 1: Coupled electromechanical TNNP +Rice cell model: (a) normalized transmembrane potential and active force and (b) intracellular
calcium concentration.

2.4. Heart FailureModeling at theMyocyte. Cardiacmyocytes
from failing hearts experience a series of changes; among
them the most prominent changes are action potential
prolongation and alterations in the intracellular calcium and
sodium. Here we limit ourselves to describe the changes that
were applied to our specific coupled electromechanical cell
model; for more details about HF remodeling see [1, 17].

In this work, we modified the cell model by (i) adding the
late sodium current, (ii) modifying some ion currents in a
homogeneous way (same change for all cell types), and (iii)
heterogeneous changes to ion currents and exchangers, that
is, different changes for endocardial (endo),M, and epicardial
(epi) cells.

The 𝐼Na𝐿 current wasmodeled using the Hodgkin-Huxley
formalism. Thus, as proposed in [17–19], the following equa-
tions were used for the late sodium current:

𝐼Na𝐿 = 𝑔Na,𝐿𝑚
3

𝐿
ℎ
𝐿
(V − 𝐸Na) , (8)

𝑑𝑚
𝐿

𝑑𝑡
= 𝛼
𝑚𝐿
(1 − 𝑚
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𝑚
𝐿
, (9)
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are given by
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,

𝛽
𝑚𝐿
= 0.08𝑒

(−V/11)
,

ℎ
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1

1 + 𝑒((V+91)/6.1)
,

𝜏
ℎ,𝐿
= 233ms.

(11)

Then, (9) and (10) were incorporated into the system of
ODEs of the coupled TNNP + Rice model and the current

Table 1: Homogeneous heart failure remodeling in cardiac
myocytes.

Current Parameter Change (%)
𝐼
𝐾1

𝑔
𝐾1

↓ 33

𝐼Na𝐾 𝑃Na𝐾 ↓ 10

𝐼
𝑏Ca 𝑔

𝑏Ca ↑ 153

𝐼leak 𝑉leak ↑ 500

𝐼Na𝐿 𝑔Na𝐿 ↑ 200

Table 2: Heterogeneous heart failure remodeling in cardiac
myocytes.

Parameter Epi (%) M (%) Endo (%) Reference
SERCA2a 𝑉maxup ↓ 30 ↓ 40 ↓ 45 [8]
NCX 𝐾NaCa ↑ 200 ↑ 165 ↑ 165 [8]
𝐼Ca𝐿 𝑔Ca,𝐿 ↔ ↓ 20 ↓ 35 [9]
𝐼to 𝑔to ↓ 70 ↓ 70 ↔ [9]

𝐼Na𝐿, given by (8), was added to the total ion current 𝐼ion of
the model, which has the following form:

𝐼ion = 𝐼Na + 𝐼Na𝐿 + 𝐼𝐾1 + 𝐼to + 𝐼𝐾𝑟 + 𝐼𝐾𝑠 + 𝐼Ca𝐿 + 𝐼NaCa

+ 𝐼Na𝐾 + 𝐼𝑝Ca + 𝐼𝑝𝐾 + 𝐼𝑏Ca + 𝐼𝑏Na.
(12)

In [17], several modifications in the electrophysiological
properties (ion currents and exchangers) are presented in
order to describe heart failure using a human LV cell model.
These modifications were incorporated in a homogeneous
way (same change for endo, M, and epi cells) and are
presented with respect to the original model in Table 1.
A detailed discussion about the implications in the action
potential profile of each change can be found on the original
publication [17].

Table 2 presents the heterogeneous electrical remodel-
ing of the failing cardiac myocytes incorporated into the
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coupled electromechanical cell model used in this work.
NCX and SERCA denote the fluxes associated with Na+-Ca2+
exchanger and sarcoplasmic reticulum Ca2+ activity, respec-
tively. The table also describes heterogeneous remodeling of
the 𝐼to and 𝐼Ca𝐿 currents, as reported in [9]. We note that
the changes in the 𝐼Ca𝐿 current were slightly adapted from
[9], whereas the other changes were applied with the values
reported in [8, 9].

2.4.1. Electrical and Mechanical Properties of the Failing
Heart Tissue. DuringHF the cardiac tissue undergoes several
changes in its properties; among them the changes in elec-
trical conductivity and stiffness of the material are the most
prominent. Experimental studies have shown alterations in
Cx43 gap junctions, as well as a reduction in the conduction
velocity of the electrical wave propagation in the cardiac
tissue [20]. To account for these changes in our simulations,
we reduced the values of electrical conductivity by 30%, based
on values reported in [21].

To take into account the mechanical alterations in the
failing heart, the constants of theHO constitutivemodel were
modified as proposed in [21]: the model parameters were
increased 5-fold. This resulted in an increase of the stiffness
of the material, as observed in heart failure conditions.

3. Numerical Experiments

3.1. Numerical Methods. The electrophysiology models were
spatially discretized using the finite element method (FEM)
using trilinear hexahedral elements, whereas the time
discretization was performed using the Crank-Nicolson
method. For the bidomain system, we used the (V, 𝑢

𝑒
) for-

mulation which, after discretization, led to a system with a
parabolic and an elliptic equations. We solved the bidomain
equations using a decoupled approach where each equation
is solved sequentially, one after the other.The preconditioned
conjugate gradient method was used for the solution of the
linear systems. For the elliptic part, a multigrid precon-
ditioner was employed, whereas for the parabolic part an
incomplete LU factorization was used as a preconditioner.
The numerical integration of the system of ODEs that govern
the dynamics of myocytes was performed using the standard
Rush-Larsen method [22].

The numerical solution of cardiac biomechanics is more
complex and requires a robust numerical treatment for
incompressibility in order to avoid locking phenomena. In
this work we used amixed three-field variational formulation
proposed by Simo et al. [23] for the solution of (1) using the
HO constitutive model. The resulting nonlinear system of
equations was solved using an incremental Newton-Raphson
approach, which requires consistent linearization of all non-
linear involved quantities. More details about the numerical
scheme for cardiac biomechanics and also electrophysiology
can be found in [7, 10, 24] and the references therein.

The coupled electromechanical problem is solved sequen-
tially using the same finite element mesh for both problems.
Although the spatial scales of the electrical and mechanical
problems are quite different, we adopted this approach due
to its simplicity. First, we solve the bidomain model using an

operator splitting approach: first, we advance the system of
ODEs (TNNP + Rice model) at each node in time using the
Rush-Larsen method [22] and then we solve the discretized
parabolic and elliptic equations of the bidomain model. At
every 1ms of the coupled simulation, we compute the active
stress (4) at the Gauss points and use it as the load in order
to solve the equations of cardiac mechanics. Then, we obtain
the deformation gradient tensor Fwhich is used to introduce
the effects of deformation in bidomain model (5) and (6)
for the subsequent steps. More details about the numerical
framework used for the solution of the electromechanical
model can be found in [7, 24].

3.2. Simulation Setup. In this work, we considered simula-
tions of the electromechanical activity of a left ventriclewedge
under normal and heart failure conditions. The coupled
electromechanical cell model TNNP + Rice was embedded
in tissue simulations using bidomain and nonlinear elasticity
equations. In both cases, we carried simulations without
coupling themechanics andwith coupledmechanics to assess
the effects of tissue deformation on electrophysiological
metrics.

Under normal conditions, we considered a cubic domain
of 9 × 9 × 9mm3, whereas for the failing heart conditions
we considered a slab of 13 × 9 × 9mm3, both representing a
transmural block of the human left ventricle. The transmural
size of the LV wedge was based on data reported in [25].
The block was then subdivided into 3 regions to describe the
endocardial, M, and epicardial regions. We used a distribu-
tion of 12% of endocardial cells, 60% of M-cells, and 28% of
epicardial cells, since in a previous work [10] this distribution
was able to reproduce a positive T-wave electrogram.

To simplify the simulations and the mechanical response,
the behavior of the constitutive model and the conductivity
tensor were assumed to be transversely isotropic. The fiber
direction was assumed to be parallel to the 𝑦-axis, whereas
the transmural direction was aligned with the 𝑥-axis. Since
cardiac tissue contracts along the fiber direction, due to
its incompressible behavior, we observe a stretch in the
transmural direction, which is physiologically consistent.

An electrical stimulus was applied on the endocardial
face of the mesh to initiate the electrical activity, which
was simulated for 𝑇 = 1000ms. Boundary conditions for
the mechanical equations were chosen in order to avoid
rigid body motion and allow wall-thickening: the three faces
contained in the planes 𝑥 = 𝑦 = 𝑧 = 0 and the plane
𝑧 = 9mm for the NF case and 𝑧 = 13mm for the HF
case were prescribed with zero normal displacement. For
the electrophysiology part of the problem, no-flux boundary
conditions were applied.

For each simulation, the activation time (ACT), repo-
larization time (REP), and action potential duration (APD)
were computed for the nodes. Dispersion of ACT, REP, and
APDwere measured as the difference between the maximum
and minimum values, that is, dispAPD = max(APD) −
min(APD). Transmural electrogramswere obtained using the
bidomain simulations by computing the difference between
the extracellular potential 𝑢

𝑒
from nodes positioned at the

epicardial and endocardial surfaces.



BioMed Research International 5

Normal
Modified

10000 20000 300000
Time (ms)

1.0

0.8

0.6

0.4

0.2

0.0

Ca
i

(𝜇
M

)

(a)

Endo
Mid
Epi

−80

−60

−40

−20

0

20

40

Tr
an

sm
em

br
an

e p
ot

en
tia

l (
m

V
)

200 400 600 800 10000
Time (ms)

(b)

Figure 2: HF changes: (a) steady state calcium transient; (b) transmembrane potential for endo, M, and epi myocytes.

Table 3: Parameters used in the numerical experiments.

Parameter Value (unit)
Active stress 𝑇

max
ref = 50 kPa

Capacitance 𝐶
𝑚
= 1.0 𝜇F/cm2

Surface-to-volume 𝜒 = 2000 cm−1

Conductivities 𝜎
𝑓

𝑖
= 3.0mS/cm, 𝜎𝑠

𝑖
= 1.0mS/cm

𝜎𝑓
𝑒
= 2.0mS/cm, 𝜎𝑠

𝑒
= 1.65mS/cm

Discretization
Δ𝑥 = 500 𝜇m,
Δ𝑡ode = Δ𝑡pde = 0.05ms
Δ𝑡mec = 1.0ms

Solution 𝑁inc = 10, Δ𝐸𝑘+1 ≤ 10
−6Δ𝐸
1

In Table 3, an overview of the main parameters used
for the simulations is presented. The values of electrical
conductivities for the bidomain model were extracted from
the literature [26]. The solution of the nonlinear elasticity
problem used 10 load increments (𝑁inc) and convergence
was defined in terms of the energy norm. The values of the
parameters of the HO constitutive model are reported in
[27].

4. Results

4.1. Single Cell: Coupled Electromechanical Myocyte Model for
Heart Failure. The results of incorporating the heart failure
electrical remodeling changes, described in Tables 1 and 2,
into the coupled electromechanical TNNP + Rice cell model
are presented here.

After the modifications for heart failure for each cell type
(endo, M, and epi), a simulation was carried out applying
an electrical stimulus with a frequency of 1Hz until the
model reached the steady state. Figure 2(a) compares the
calcium transient for the normal and modified (heart failure)
cases. When the model reaches the steady state, all the

values of its state variables are recorded and used as initial
conditions. Note that, after the HF changes, the diastolic
calcium increases and the peak of the calcium transient
reduces significantly.

Figure 2(b) presents the action potential for the endo,
M, and epi cells after the heart failure remodeling changes.
A prolonged APD was obtained for all cell types; however,
a greatly prolonged APD was observed for the M-cells,
whereas for endo and epi cells only a modest prolongation
was observed. Note that the APD of the endocardial cell was
shorter than the epicardial cell, while in normal conditions
the epicardial APD is shorter than the endocardial APD.

The results of the HF changes in the TNNP + Rice model
in terms of transmembrane potential, intracellular calcium
concentration, and active force are shown in Figure 3 for each
cell type. As already mentioned, the prolongation of APD,
which is a hallmark of failing heart [1], was observed for each
cell type.

The intracellular calcium concentration in normal and
HF conditions is shown in the middle of Figure 3. We
observed that the peak was reduced by approximately 50%
and also a reduction in the rate of decay when compared
to the normal case was observed. In comparison with the
normal case, the modified model was able to reproduce an
important characteristic of HF which is the increase in the
diastolic calcium.

In the coupled electromechanical TNNP + Rice cell
model, the intracellular calcium concentration is used as
input for generation of the active force, which is described
by the Rice et al. model. Since, in the HF conditions, the
intracellular calcium concentration changes, the resulting
active force will change accordingly. The modified active
forces for all the cell types are shown in the bottom of
Figure 3. The changes were similar to the calcium transient,
that is, a reduction in the peak and a longer duration of the
active force. We note that the HF active force profile obtained
here is consistent with other works [21, 28].
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Figure 3: Action potential, calcium transient, and active force for cell types under normal (solid line) and failing heart (dashed line)
conditions.

4.2. Control Wedge: Coupled Electromechanical Tissue Model.
Beforewe discuss howdeformation affects transmural disper-
sion of repolarization in HF conditions, we analyze first the
interplay of mechanics and electrophysiology under normal
or control condition. Thus, simulations of the cubic domain
considering the transmural distribution of the cell types, with
and without deformation, were carried out.

Figure 4 presents the results of the coupled electrome-
chanics simulation (with deformation). The main mode of

deformation is compression in the fiber direction and stretch-
ing in the transmural direction, that is, wall thickening. Note
that, during the repolarization phase of the M-region, in
Figures 4(g) and 4(h), the tissue is stretched.

The measures of ACT, REP, and APD are reported in
Table 4. The dispersion of activation time is only slightly
affected by deformation, since contraction starts when the
tissue is already electrically activated. On the other hand,
a significant increase in dispersion of repolarization time
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Figure 4: Spatial distribution of the transmembrane potential V in the coupled electromechanical simulation. Panels (e) to (h) show the
transmural stretch of the LV wedge. V varies from −90mV (blue) to 20mV (red).

Table 4: Minimum (min), maximum (max), and dispersion (disp)
of ACT, REP, and APD computed from the simulations with and
without considering deformation.

Without deformation With deformation
min max disp min max disp

ACT (ms) 2.5 31.6 29.1 2.6 33.4 30.8
REP (ms) 309.3 322.8 13.5 303.5 327.7 24.2
APD (ms) 281.1 309.1 28.0 277.9 311.9 34.0

and action potential duration was observed between the
simulations with and without deformation, with a differ-
ence of 10.7ms and 6ms for dispersion of REP and APD,
respectively. We note that the profiles of ACT, REP, and
APD obtained in this work, for both pure electrophysiology
and electromechanics simulations, are similar to other works
[29, 30].

Figure 5 shows a plot of the repolarization time and action
potential duration taken from the the center of endocardial
surface to the epicardial surface. It is clear that both REP and
APD were affected by the deformation of the tissue, when
compared to the simulation without deformation.This figure
shows that, due to the stretch of the wall in the transmural
direction, a reduction in the electrical coupling of the cells
(or electrotonic effect) was observed, which was caused due
to the fact that the wall thickening makes cells more distant
from each other. In turn, this reduction in the electrotonic
effect changed the APD of the cells such that they approached
their intrinsic (single cell) APD, as shown in Figure 5(b) by
the dashed red line.

The electrograms obtained from the extracellular poten-
tial 𝑢

𝑒
, from simulations with and without deformation,

are shown in Figure 5(c). Since depolarization is a fast

phenomenon, the entire tissue is electrically activated before
the onset of contraction. Therefore, as the figure shows, the
QRS complex is not affected by mechanics. On the other
hand, since the repolarization occurs after contraction and
during the relaxation, the T-wave is affected by contraction,
as shown by the inset in Figure 5(c).

An increase in the T-wave amplitude was observed in
the coupled electromechanics simulation with respect to the
simulation without deformation.The deformation causes the
LV wall to stretch in the transmural direction, which reduces
the electrotonic effect and therefore increases the transmural
dispersion of repolarization, that results in an increase in the
amplitude of the T-wave.This effect was studied previously in
[7].

4.3. HFWedge: Coupled Electromechanical Tissue Model. The
coupled electromechanical model with heart failure is now
studied using the same simulation setup already described
but now considering the heart failure remodeling of the cell
model and also the changes in tissue properties.

In the complete HFmodel, due to the reduced conductiv-
ity and increased size of the slab, we observed that the entire
block of tissue is electrically activated after 36ms, whereas in
the normal case it took 25ms to activate the tissue.

We observed that, in comparison with the normal case
without heart failure, the LV wall thickening was reduced
due to increased stiffness of the material and also due to the
reduced active stress. In the simulations of the normal case,
a maximum of 39% was obtained for the wall thickening,
whereas in the hypertrophic heart failure case a maximum
of 18% was achieved.

Figure 6 shows the transmural electrogram computed
from the results of the simulations using the complete
HF model with a hypertrophic LV wedge. First, note that
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Figure 5: Comparisons of simulations with and without deformation (pure electrophysiology). (a) Repolarization time and (b) action
potential duration in a transmural line of the domain. The dashed red line in (b) represents the single cell APD. (c) Simulated electrogram
obtained with the extracellular potential 𝑢

𝑒
from the bidomain model.

the electrogram is different from the normal case, shown
in Figure 5(c), due to the negative T-wave. This occurred
because, in the HF model, the APD of the endocardial cells
is smaller than that of the epicardial cells and, therefore, they
repolarize before the epicardial and M-cells.

As before, an increase in the T-wave amplitude (but
now towards a more negative value) was observed in the
simulations with deformation; see Figure 6(b). In the simu-
lation without deformation a dispersion of REP of 46.2ms
was obtained, while in the simulation with deformation
it increased to 55.7ms, which means an increase of 6ms.
Again, the T-wave amplitude increase was associated with the
increase in the transmural dispersion of repolarization.

It was shown in [7] that the more the LV wall stretches,
the bigger the transmural dispersion of repolarization is. The
increase in transmural dispersion of repolarization in turn
affects the amplitude of the T-wave.

4.4. Discussion

4.4.1. A Strongly Coupled Electromechanical Model of Heart
Failure. Our HF wedge model that includes a strong cou-
ple between mechanics and electrophysiology was able to
reproduce many known features of this particular pathol-
ogy. Important changes in myocyte electromechanics were
observed. Electrophysiological remodeling resulted in a pro-
longation of APD, in agreement with clinical and exper-
imental observations [1]. In particular, the APD of the
endocardial cell was shorter than the epicardial cell, while
in normal conditions the epicardial APD is shorter than the
endocardial APD. This is in agreement with the data and
numerical experiments reported by [9] for dogs. However,
in [9] the endocardial cell APD reduced when compared
to normal case, whereas in the present work, we observed
an increase of the endocardial APD in HF conditions when
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Figure 6: Transmural electrograms computed from simulations with and without (w/o) deformation for the HF case considering a
hypertrophic LV wedge. On the right panel, the graph shows a zoom on the T-wave region.

compared to the normal case, as suggested in other works
[31].

In comparison with the normal case, the HF model was
able to reproduce another important characteristic which
is the increase in the diastolic calcium. It is important to
note that the calcium concentration profile obtained in the
simulation is similar to experimental [1, 9] and computational
[8, 9, 17, 32] works. Since, in the HF conditions, the intra-
cellular calcium concentration changes, the resulting active
force changed accordingly; that is, the changes were similar
to the calcium transient: a reduction in the peak and a longer
duration of the active force. Once again, we note that the
HF active force profile obtained here is consistent with other
works [21, 28].

In the complete HF wedge model, LV wall thickening
was reduced from 39% (control) to 18% (HF). Finally, from
the computed transmural electrogram a negative T-wave was
observed. This occurred because, in the HF model, the APD
of the endocardial cells is smaller than that of the epicardial
cells and, therefore, they repolarize before the epicardial
and M-cells. This negative T-wave for the HF is in agree-
ment with experimental, clinical, and computational works
[9].

4.4.2. The Impact of Tissue Stiffness. In the single cell sim-
ulations we have observed that both intracellular calcium
and active force peaks were reduced in average by 50%
(see Figure 3). Surprisingly, in the tissue model LV wall
thickening decreased from 39% (control) to 18% (HF) (again
50%). Naively, one could interpret this results by linearly
extrapolating single cell metrics to tissue ones. However, we
highlight here that this is a coincidence and that the relation
between the single cell active force and tissue contraction is
nonlinear and very complex in general. First of all, we remind
the reader that the result from the HF wedge simulation

considered also that the tissue stiffness was greatly increased,
a common feature of HF at its late stage. Therefore, both the
decrease of myocyte’s peak active force and increase of tissue
stiffness contributed to the observed reduction of cardiac
contraction in the HF wedge simulation.

To highlight how each of these changes influences cardiac
contraction, we also simulated a second case of HF wedge
(case 2) where tissue stiffness was unaltered; that is, the
parameters that model it were set to the control ones. For
this case, the LV wall stretched more than in the previous
case, achieving 33% of wall thickening. Therefore, by only
considering changes at the myocyte level, LV wall thickening
decreased from 39% (control) to 33% (HF); that is, cardiac
contraction was impaired but not as significantly as in
the case that considers an increase of tissue stiffness. For
completeness, Figure 7 shows the transmural electrogram
for this case, including the electrograms computed for the
previous cases for comparisons. The graphs clearly show the
increase in the T-wave amplitude in both cases (1 and 2) with
respect to the case without deformation. Here, it is clear that
in case 2 (which considers normal values for tissue stiffness)
the T-wave amplitude increased even more.These results can
be explained again by the interplay of mechanics and APD
dispersion.

4.4.3. Information of Cardiac Mechanics in the T-Wave. It is
clear from Figures 5(c), 6, and 7 that the repolarization phase
of transmural electrograms is affected by cardiac contraction
under normal and pathological conditions. Under normal
conditions (see Figure 5(c)), the peak of normal T-wave is
twice the one computed with a nondeforming wedge. For
completeness, LVwall thickening was 39% and, asmentioned
before, this dynamic contraction increased transmural APD
dispersion by 6ms, which resulted in the increase of T-wave
peak.
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Under the pathological condition of HF (see Figure 6),
the peak of T-wave (which is now negative) is near twice the
one computed with a nondeforming wedge. For complete-
ness, LV wall thickening was 18% and this dynamic contrac-
tion also increased transmuralAPDdispersion by 6ms (when
compared to the same simulation without contraction).

Finally, under the pathological condition of HF without
changes on tissue stiffness (case 2, see Figure 7), the peak of
T-wave (which is negative) is near three times the one com-
putedwith a nondeformingwedge. For completeness, LVwall
thickening was 33% and the dynamic contraction increased
transmural APD dispersion by 10ms (when compared to the
same simulation without contraction).

Therefore, our results suggest that half of the informa-
tion carried by the T-wave is somehow related to cardiac
contraction. Both LV wall thickening and T-wave amplitude
are metrics that can be clinically obtained in a noninvasive
way by cardiac imaging techniques and electrocardiogra-
phy, respectively. However, the relation between these two
metrics is nonlinear and as the numbers above suggest,
one can not make a straight forward relation between LV
wall thickening and T-wave amplitude. T-wave peak can be
more easily associated with APD or repolarization disper-
sion. But dispersion of repolarization is affected by myocyte
electrophysiology, myocyte phenotype distributions, tissue
properties, and contraction in a very nonlinear and complex
fashion.

4.5. Limitations

4.5.1. Apex-Base Heterogeneity. In this work the transmural
heterogeneity of action potential duration of endocardial, M,
and epicardial ventricular myocytes was considered. How-
ever, the apex-to-base gradient of action potential duration

was neglected. Further studies should consider the apex-
base gradient, which is an important electrophysiological
characteristic of the left ventricle as demonstrated in [33].

4.5.2. Wedge versus LV Geometry. Another strong limitation
of this work consists in the fact that only a transmural slab of
the LV was used in the simulations. Simulations of the entire
left ventricle geometry, including both transmural and apex-
base action potential duration gradient, are the next steps of
this work.

The contraction of the LV is composed of three dif-
ferent mechanisms: circumferential shortening, longitudi-
nal shortening, and wall thickening [34]. Circumferential
shortening is the result of the contraction of the midwall
fibers, while the longitudinal shortening is mainly caused by
the contraction of oblique epi- and endocardial fibers. Wall
thickening, however, is more complex and is both influenced
by circumferential shortening and the interaction between
oblique epi- and endocardial fibers.

Our current, simplified, wedge model achieved 39% of
wall thickening in the NF case, which is very close to the
physiological values which ranges between 40% and 50%,
as reported in the literature [25]. However, it is important
to note that the model we used is limited since the fiber
distribution does not account the transmural rotation of
the fiber and boundary conditions neglect the effect of
blood pressure on the endocardium surface. In addition, the
constitutive model reduces to an isotropic case due to the
compression in fiber direction.

A wedge model with a physiological fiber distribution
(transmural rotation of the fibers from endo- to epicardial
surface) might also be able to reach the physiological range
values of wall thickening of the LV. However, since WT is the
combined result of a circumferential shortening and endo-
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and epicardial fiber contraction, it would probably provide
smaller values for wall thickening.

It is important to remark that our focus was on the rela-
tionship between wall thickening and electrophysiological
properties. Therefore, with this in mind, we decided to use
a simplified fiber distribution for the wedge model which
resulted in the moderate but physiological wall thickening of
39%, as mentioned before.

4.5.3. Electrophysiology and Deformation. In general, each of
the constitutive properties of the electrophysiological model
(monodomain or bidomain) may depend on the state of
deformation. For the monodomain model, this results in

∇ ⋅ (D (F) ∇V) = 𝜒 (F) (𝐶
𝑚
(F) 𝜕V
𝜕𝑡
+ 𝐼ion (F)) , (13)

where F is the deformation gradient tensor. This equation
shows that the electrical properties of cardiac tissue, namely,
the membrane capacitance 𝐶

𝑚
, the ionic current 𝐼ion, the

conduction tensorD, and also the surface-to-volume ratio 𝜒,
depend on the deformation.The influence of deformation on
𝐼ion is through the stretch-activated channels (SACs), which
is a component of the total ionic current 𝐼ion.

In this work, we have neglected the capacitive, the
ionic, and also the surface-to-volume ratio dependencies on
deformation, as presented in [5]. Instead, we have simply
focused on the effects of tissue deformation on diffusion,
which is described by the first term of (13). To the best
of our knowledge, the relationship between the surface-to-
volume ratio and deformation in cardiac tissue has not been
addressed so far. For details about stretch-activated channels
see [35], whereas details about the capacitive dependency can
be found in [36].

4.5.4. Parallel Solver for Coupled Electromechanics. Our cur-
rent implementation is limited and would not support an
entire human left ventricle. To consider such geometry, we
need to parallelize our code using a distributed memory
approach with MPI. Another possibility, which has been
shown to improve significantly the performance [37], is to
exploit the computational power of modern GPUs to carry
out the electromechanical simulations.

5. Conclusion

In this work, we presented a strongly coupled electrome-
chanical model of a human left ventricle wedge preparation
suitable for analyzing the effects of cardiac tissue deformation
on electrophysiologicalmetrics.We adapted our cellmodel to
reproduce heart failure conditions and embedded this model
in tissue simulations. Within this framework, we observed
that also in HF conditions the deformation of the tissue
reduces the electrotonic effect and consequently increases
TDR and APD dispersion. The computed transmural elec-
trograms presented a negative T-wave due to HF remodeling.
Nevertheless, even in HF conditions with a negative T-wave,
the wall thickening of the LV resulted in an increase of the
T-wave amplitude.

Therefore, our results suggest that in both normal andHF
conditions half of the information carried by the T-wave is
related to cardiac contraction. Both LV wall thickening and
T-wave amplitude are metrics that can be clinically obtained
in a noninvasive way by cardiac imaging techniques and
electrocardiography, respectively. However, we have shown
that the relation between these two metrics is complex and
nonlinear, which prevents a direct correlation of these two
important clinical metrics. Only using a sophisticated and
strongly coupled electromechanical model, we were able to
correlate cardiac contraction and T-wave. This work high-
lights how important it is to further improve cardiac models
so that they can be used as another important complementary
tool in clinical cardiology.
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Scroll waves are three-dimensional vortices which occur in excitable media. Their formation in the heart results in the onset of
cardiac arrhythmias, and the dynamics of their filaments determine the arrhythmia type. Most studies of filament dynamics were
performed in domains with simple geometries and generic description of the anisotropy of cardiac tissue. Recently, we developed
an analytical model of fibre structure and anatomy of the left ventricle (LV) of the human heart. Here, we perform a systematic
study of the dynamics of scroll wave filaments for the cases of positive and negative tension in this anatomical model. We study
the various possible shapes of LV and different degree of anisotropy of cardiac tissue. We show that, for positive filament tension,
the final position of scroll wave filament is mainly determined by the thickness of the myocardial wall but, however, anisotropy
attracts the filament to the LV apex. For negative filament tension, the filament buckles, and for most cases, tends to the apex of the
heart with no or slight dependency on the thickness of the LV. We discuss the mechanisms of the observed phenomena and their
implications for cardiac arrhythmias.

1. Introduction

Spiral and scroll waves are rotating patterns of activity in
excitable media [1]. They are found in physical and chemical
systems such as oscillating chemical reactions [2, 3] and het-
erogeneous catalysis [4]. Biological examples of such patterns
include populations of Dictyostelium discoideum amoebae
[5], retina [6], and xenopus oocytes [7]. Some of the most
important applications are scroll waves occurring in cardiac
tissue [8], as they underlie the onset of dangerous cardiac
arrhythmias [9, 10]. It is extremely important to understand
the factors affecting the dynamics of scroll waves in the heart,
as they determine the type of cardiac arrhythmia [11]. For
example, it has been shown that the drift of scroll waves
underlies the onset of polymorphic ventricular tachycardia
[12].

Several factors can induce drift of scroll waves in the
heart. Among them are the anisotropy of cardiac tissue
and the shape of the cardiac wall. It was shown for two-
dimensional spiral waves on curved anisotropic surfaces [13]

that the combination of shape and anisotropy factors results
in a drift at a fixed angle with respect to the gradient of the
intrinsic curvature of the surface.

For scroll waves, there are additional purely three-
dimensional effects which are also likely to contribute to their
dynamics in the heart. In particular, it has been shown that
the scroll waves drift if their filaments are curved in space
and, moreover, the filament length changes monotonically
[14], yielding two distinct regimes [15]. Inmedia with positive
filament tension, filament shortens and guarantees the linear
stability of the filament shape, whereas inmediawith negative
filament tension, filament length increases [14]. Such dynam-
ics of filaments are very important, as they can potentially
lead to the onset of turbulence [16]. Theoretical approaches
have also demonstrated that the three-dimensional filament
shape is an important determinant of its drift [17]. However,
the drift of a scroll wave filament has so far only been
studied in simple rectangular geometries. The only studied
complex dynamical effect of anisotropy on three-dimensional
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dynamics is the possible break-up of scroll waves in a discrete
[18] or continuous case [19].

Recently, we have developed a model of the human
heart LV. This model correctly describes the shape and
myofibre rotation of the LV [20]. The model is formulated
analytically, allowing researchers to modify the LV shape and
fibre orientation in a continuous and controlled way. Using
it, we can study the effects of shape and anisotropy and
the thickness of the cardiac wall on various types of wave
dynamics in the heart.

In this paper, we apply our anatomical LV for the
study of scroll wave dynamics. We investigate how scroll
wave filament dynamics is affected by the anisotropy ratio,
thickness of myocardial wall, LV shape, and filament tension.
We identify the attractors of filament motion and discuss
the possible mechanisms which can account for the observed
phenomena.

2. Methods

2.1. Reaction Kinetics. We used the APmodel [21] for cardiac
cells and a monodomain description for three-dimensional
cardiac tissue:

�̇� = −𝑘𝑢 (𝑢 − 𝑎) (𝑢 − 1) − 𝑢V + div (𝐷 grad 𝑢) , (1)

V̇ = 𝜂 (𝑢) (8𝑢 − V) , (2)

where 𝜂(𝑢) = 0.1 if 𝑢 > 𝑎 and 𝜂(𝑢) = 1; otherwise, 𝑘 = 8. To
model anisotropic conduction along the cardiac myofibres,
a uniaxially anisotropic diffusion tensor 𝐷 is included, with
Cartesian components𝐷𝑖𝑗( ⃗𝑟) = 𝐷

𝑎
𝛿

𝑖𝑗
+ (𝐷

𝑓
− 𝐷

𝑎
)V𝑖( ⃗𝑟)V𝑗( ⃗𝑟),

𝑖, 𝑗 = 1, 2, 3. Thereby, the diffusion is maximal and equal to
𝐷

𝑓
= 12 along themyofibre directionwith unit tangent V⃗, and

equal to𝐷
𝑎
< 𝐷

𝑓
in the transverse direction. At the medium

boundaries, no-flux conditions ⃗𝑛⋅𝐷⋅grad 𝑢 = 0were imposed
with the local normal vector ⃗𝑛.

To investigate the effect of filament tension 𝛾

1
, the value

of the parameter 𝑎 was varied. Note that 𝛾
1
can be easily

measured in silico by adding the small convection term ⃗

𝐸 ⋅

grad(𝑢) to (1) in two dimensions and measuring the spiral
wave drift. For the values of 𝑎 = 0.03 and 𝑎 = 0.08 (see
Figure 1 for action potential plots), we, respectively, found
𝛾

1
= 0.29 and 𝛾

1
= −0.49, corresponding to the positive and

negative filament tension regimes.

2.2. Geometrical Model. Our anatomical LV model exhibits
axisymmetry and uses a variant of spherical coordinates,
where 𝜙 ∈ [0, 2𝜋] indicates longitude and 𝜓 ∈ [0, 𝜋/2]

is the downward inclination angle (latitude) with respect to
the equatorial plane. The cardiac apex lies at 𝜓 = 𝜋/2. The
transmural position is parameterized by 𝛾 ∈ [𝛾endo, 𝛾epi] ⊂

[0, 1]. Explicitly, the curvilinear coordinates (𝛾, 𝜓, 𝜙) relate to
the cylindrical coordinates (𝜌, 𝜑, 𝑧) as [20]

𝜌 (𝛾, 𝜓) = (𝑟

𝑏
+ 𝛾𝑙) (𝜖 cos𝜓 + (1 − 𝜖) (1 − sin𝜓)) ,

𝜑 = 𝜙,

𝑧 (𝛾, 𝜓) = (𝑧

𝑏
+ 𝛾ℎ) (1 − sin𝜓) ,

(3)
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Figure 1: The time course of a variable 𝑢 representing the scaled
transmembrane voltage for 𝑎 = 0.03 (the solid line) and 𝑎 = 0.08

(the dashed line). Simulations for a periodical stimulationwith a fre-
quency of 1Hz. Time is represented in the dimensionless time units.

where 𝑟
𝑏
is the LV internal (endocardial) radius at the cardiac

base, 𝑙 is the basal ring thickness, 𝑧
𝑏
is the LV cavity depth, and

ℎ is the wall thickness at the apex (Figure 2). The dimension-
less 𝜖 ∈ [0, 1] determines the LV sphericity between conical
(𝜖 = 0) and ellipsoidal (𝜖 = 1). Further details of the geometry
and the construction of myofibre direction can be found in
[22]. The geometrical model includes rotation of the fibre
directions from the endocardium to the epicardium with the
angle 170∘ at the base and 100∘ at the apex.

2.3. Parameter Sets. Every time unit in our model corre-
sponds to 20ms, and diffusion coefficients are chosen such
that one space unit in our model corresponds to 1mm.
Throughout the simulations, the following geometry param-
eters were kept constant: longitudinal diffusion𝐷

𝑓
= 12, full

LV height 𝑧
𝑏
+ ℎ = 60mm, and equatorial wall thickness

𝑙 = 12mm. We used two forms of the LV: sphere-like with
𝜖 = 0.99, 𝑟

𝑏
+ 𝑙 = 𝑧

𝑏
+ ℎ = 60mm, and the normal form with

𝜖 = 0.85, 𝑟
𝑏
= 21mm (see Figure 3).

In different simulations, we varied apical thickness ℎ

between 6 and 18mm in steps of 2mm. The transverse
diffusion𝐷

𝑎
was chosen from {1.33, 4, 12}, such that the ratio

of longitudinal and transverse wave velocities varied between
3 : 1 and 1 : 1.

To initiate a spiral wave, we set the potential 𝑢 equal to 1 in
nodes with𝜓 ≤ 𝜓

0
, 0 ≤ 𝜙 ≤ 0.7, and we set the conductivity V

equal to 𝑘 in nodes with𝜓 ≤ 𝜓

0
, 0.7 < 𝜙 ≤ 1.4.We considered

two cases of the initial conditions, namely, when𝜓
0
was equal

to 0.4𝜋/2 (the case “𝜓4”) and when 𝜓

0
was equal to 0.8𝜋/2

(the case “𝜓8”).

2.4. Numerical Methods. The mesh used was a rectan-
gular lattice in the coordinates (𝛾, 𝜓, 𝜙) with the size
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Figure 2: A meridional section of the geometrical LV model. The
case of the normal LV shape. Parameter values are ℎ = 10mm and
𝜖 = 0.85. The red line shows the endocardial and the blue line shows
the epicardial surfaces of the heart. An oblique solid line illustrates
the 𝜓 coordinate (𝜓 = 45

∘
).

𝑁

𝛾
× 𝑁

𝜓
× 𝑁

𝜙
= 13 × 94 × 256. Time integration was

implemented using the Euler method [22] with time step
𝑑𝑡 = 1.666 × 10

−3 ms. Since the mesh is highly nonuniform
in Cartesian coordinates, we gradually decreased the number
𝑁

𝜙
of circumferential grid points when approaching the apex

as detailed in [22]. Therefore, the mesh we used had non-
constant distances between adjacent nodes. We numerically
integrated the system until time 𝑇 = 80 s or longer, until we
saw the established dynamics of the filament.

The program was written in C language, with OpenMP
parallelization, compiled with GCC. Simulations were per-
formed on two supercomputers under Scientific Linux 6.

During the simulations, the position of the scroll wave tip
was recorded by finding the intersections of the iso-surfaces
𝑢 = 0.5, V = 0.5 in every layer of constant 𝛾 using the method
of [19]. To obtain a 2D representation of a filament for 2D
figures and to calculate the drift velocity, we found a mean
filament position using averaged value over 𝛾. To represent
average filament position, we calculated a sliding average
over two rotations of a scroll wave. Then, we computed the
velocity using V = 𝑑𝑥/𝑑𝑡 in finite differences, converted V
from Cartesian to the special coordinates and assigned phase
𝜙 = atan2(V

𝜓
/V
𝜙
). Finally, to find position for phase 𝜙

0
, we

averaged positions between phases 𝜙
0
− 2𝜋 and 𝜙

0
+ 2𝜋.

Visualization of the results was done in Paraview, Sharp-
Eye, and Matlab.

3. Results

We generated heart geometries of two shapes: elliptical (𝜖 =
0.85), based on themeasurement of the humanheart [23], and

spherical (𝜖 = 0.99), which mimics the change of heart shape
in the case of eccentric and concentric cardiac hypertrophy
(see chapter 8 in [24]). We have also varied the thickness
at the apex of the heart and the degree of anisotropy and
excitability. We studied how each of these factors affected the
dynamics of a scroll wave.

Figure 4 shows typical examples of the dynamics of a
scroll wave in our model. The scroll wave was initiated at
a central location slightly closer to the apex of the heart
(Figure 4(a)). Depending on the geometry of our model and
the anisotropy of cardiac tissue, we observed drift of the
scroll wave either towards the base of the heart (Figure 4(b),
left) or towards the apical region (Figure 4(b), right). In both
cases, the vertical motion stabilizes at some distance from the
base (apex) and the scroll wave continues a circumferential
rotation.

In the next section, we discuss in detail the type of this
motion and its dependency on themodel geometry and tissue
anisotropy.

3.1. Filament Attractors and Their Relation to the Geometry
and Anisotropy. We will characterize the position of the
filament by a thickness-averaged (i.e., mean) position and
represent it as a point in𝜓, 𝜙 coordinates. Furthermore, since
our LV model is axisymmetric, we deal with a system

̇
𝜓 = V

𝜓
(𝜓) ,

̇

𝜙 = V
𝜙
(𝜓) . (4)

Therefore, the zeros of V
𝜓
(𝜓) determine vertical positions

𝜓

∗
(latitude) where filaments stabilize. In our simulations,

we found that filaments after stabilization of their 𝜓 coor-
dinate exhibit residual circumferential drift, since generally
V
𝜙
(𝜓

∗
) ̸= 0.

3.1.1. Drift for Positive Filament Tension. Figure 5 shows the
mean filament position after stabilization for the case of
positive filament tension (𝑎 = 0.03). In all cases, we saw that
the filament stabilized at some distance from the apex (or
base), after which it continued to drift circumferentially.

The vertical axis of Figure 5 shows the latitude of this
attractor, with 𝜓 = 0 corresponding to the base of the heart
and 𝜓 = 𝜋/2 ≈ 1.57, to the apex of the heart. We performed
simulations for a heart of a spherical shape (panel a) and
normal LV form (panel b) for two initial conditions. The
apical thickness ℎ is shown on the horizontal axis. The basal
thickness is always 12mm; thus, when ℎ < 12mm, the base
is thicker than the apex, and when ℎ > 12mm, the apex is
thicker than the base.

General theoretical considerations predict that, in the
case of positive filament tension, which we have for 𝑎 = 0.03,
the filament tends to approach the region with the smallest
wall thickness [14].

From Figure 5, we indeed see that, for almost all param-
eter values, the filaments tend to approach the region of
smaller thickness: when ℎ < 12mm, it moves towards the
apex, and if ℎ > 12mm, it drifts towards the base. However,
in all cases, the filament does not approach the thinnest
region and stops at some distance from it. We also see a large
transition zone around ℎ = 12mm. Here, the filament stops
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Figure 3: Meridional sections of the geometrical LV model for various values of the parameters. The cases of the normal ((a), (c)) and the
spherical LV shape ((b), (d)). ((a), (b)) shows the geometry for the cases with the minimal apical thickness (ℎ = 6mm); ((c), (d)) shows the
geometry for the cases with the maximal apical thickness (ℎ = 18mm).The axes are marked in cm.The abscissa axis is 𝜌; the ordinate axis is
𝑧.

at a substantial distance from the region with the minimal
thickness.

Figure 5 also shows the dependency of the final position
of the filament on the initial position of the scroll: the red lines
show results for a scroll initially located close to the apex and
blue lines for a scroll initially located close to the base.We see
that, in most of the cases, the final position of the scroll wave
does not depend on the initial conditions; however, for ℎ = 16

or 18mm and 𝐷
𝑎
= 1.33, we have a substantial change of the

position: in those cases, if the scroll is initiated close to the
apex, it stays near the apex, independently on its thickness,

and this result holds for both a spherical and normal shape
of the LV. We performed additional studies for this case and
found that scroll waves initially located at latitude 𝜓 < 0.7

were drifting to the base, and for 𝜓 > 0.9, they stayed near
the apex (not shown).

Now, let us try to separate the effects of different compo-
nents of filament dynamics. First, we characterize the effect of
the shape of the ventricle on the final position of the filament.
If we compare the final position of the filament for both
geometries, we find that, in a spherical shape, the filament is
closer to the region of smaller thickness; for example, for ℎ =
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(a)

(b)

Figure 4: Drift of a scroll wave in a model of human ventricles
represented by trajectories of filament on a midmyocardial surface.
(a) Initial position of a scroll wave at the midmyocardial surface.
Different colors represent different values of the transmembrane
voltage (variable 𝑢) with the red color corresponding to 𝑢 = 1 and
the blue color corresponding to 𝑢 = 0. (b) instantaneous (black)
and averaged (yellow) filament positions. The arrows show the drift
direction. The left panel shows the drift for the geometry with an
apical thickness of ℎ = 6mm; the right panel shows the same for
ℎ = 18mm. Simulations for the normal LV shape (𝜖 = 0.85), with
anisotropy𝐷

𝑎
= 4 and high excitability (𝑎 = 0.03).

16mm for all anisotropy ratios, the filament for a spherical
LV shape is located closer to the base than for a normal shape
(𝜓 = 0.35 versus 𝜓 = 0.4), and for ℎ = 6mm, the filament for
the spherical LV shape is located closer to the apex than for a
normal shape (𝜓 = 1.45 versus 𝜓 = 1.2). We also see that the
transition from the apical to basal location was more gradual
for the normal shape than for the spherical shape.

Secondly, let us consider the effect of anisotropy. We see
that, for both shapes and all anisotropy ratios, an increase in
the anisotropy ratio results in shifts of the filament towards
the apex. Once again, the effect is more substantial for a
normal shape, especially for 8mm ≤ ℎ ≤ 12mm. For a
spherical shape, we also see a shift of the position to the apex,
but the effect here is minimal. Thus, anisotropy in our case
tends to move the filament towards the apex.

Next, we characterize the trajectory of a scroll wave
after approaching the attractor. In all cases, the scroll wave
stabilizes at some latitude 𝜓 = 𝜓

∗
and then performs a rota-

tional motion around the axisymmetric LV. Figure 6 shows
the velocity of this motion for a spherical (Figure 6(a)) and
normal shape (Figure 6(b)) with negative velocity accounting
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Figure 5: Final position 𝜓

∗
of the filament for the spherical and

normal LV shape in the case of positive filament tension (𝑎 =

0.03). The blue line shows the results of simulations for initial scroll
location at the centre of the LV and the red line for the initial location
close to the apex.The𝑋-axis shows the apical thickness ℎ, the𝑌-axis
is the 𝜓 coordinate. The LV base has 𝜓 = 0, the apex has 𝜓 = 𝜋/2.
Different lines styles correspond to different anisotropy ratios.

for a counterclockwise direction. Note that, in all simulations,
the rotation of scroll wave itself was always counterclockwise
(as shown in Figure 4), and if the rotation direction of the
scroll was changed, all velocities shown in Figure 6 would
also change their signs. We see that, for a thick apex ℎ >

14mm (i.e., when the scroll approaches the base of the
heart) in both cases, the rotation is counterclockwise and its
velocity increases with the increase in the anisotropy. For a
thin apex ℎ < 8mm (i.e., when the scroll approaches the
apex of the heart), the velocity is slower and it exhibits a
more complex dependency on the anisotropy. For the normal
shape, we see that, in the isotropic case, the scroll wave rotates
clockwise around the LV. When the anisotropy increases, the
velocity of motion decreases and becomes negative for strong
anisotropy; that is, the drift motion of a spiral wave around
the LV changes to counterclockwise. For the spherical shape
in most of the cases, rotation is always clockwise and the
dependency on the anisotropy is much smaller.
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Figure 6: Residual circumferential speed of the drifting filament
after stabilization at the attractors 𝜓 = 𝜓

∗
shown in Figure 5 for the

cases of the spherical (a) and the normal LV shape (b).The𝑋-axis is
the apical thickness ℎ, the 𝑌-axis is the speed, mm/s. Different lines
correspond to different anisotropy ratios.

3.1.2. Drift for Negative Filament Tension. Figure 7 shows
the mean filament position after stabilization for the case of
negative filament tension (𝑎 = 0.08). General theoretical
considerations predict that, in the case of negative filament
tension, the length of the filament grows and it may lead to
the onset of a spatio-temporal chaos [16].

From Figure 7, we see that we almost never obtain a
break-up of the scrolls for these parameter values, and inmost
cases, the filament stabilizes either at the apex or base. Let
us consider first the results for the spherical geometry. We
see that the filament drifts to the regions with the thicker
wall, and the situation here is somewhat opposite from that
for Figure 5. Indeed, for the apical thickness ℎ > 14mm,
the scroll for most of the cases approaches the apex, and for
ℎ > 8mm, it most often approaches the base. However, we
note a substantial dependency on the initial conditions. If the
initial position of the scroll wave is close to the apex (red
lines), they aremore likely to drift to the apex. If, however, the
initial scroll wave is closer to the base (blue lines), the filament
may drift to the base even if the base is thinner (see, e.g., the
case ℎ = 14mm,𝐷

𝑎
= 12, blue line).
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Figure 7: Final position𝜓
∗
of the filament for the spherical LV shape

(a) and normal LV shape (b) in the case of negative filament tension
(𝑎 = 0.08). The blue line shows the results of simulations for initial
scroll location at the centre of the LV and the red line for the initial
location close to the apex. The 𝑋-axis shows the apical thickness ℎ,
and the 𝑌-axis is the 𝜓 coordinate. The LV base has 𝜓 = 0, and the
apex has 𝜓 = 𝜋/2. The different line styles correspond to different
anisotropy ratios.

Secondly, for the normal shape, we see almost no depen-
dency on the LV thickness. For most parameter values, the
scroll wave approaches the apex. However, for 𝐷

𝑎
= 12 (blue

line), it stays at the base for all values of ℎ. It is also difficult
to find a clear dependency of the attractor location on the
shape of the ventricle. Overall, in most of the cases shown in
Figure 7, the scroll wave tends to approach the apex.However,
in few cases, as for example, ℎ = 18mm, 𝐷

𝑎
= 12, we

observe that, in the spherical geometry, the filaments tend
to move towards the apex, while for the normal geometry, it
approaches the base (blue line). As we have never seen the
opposite situation,we can conclude that, for a spherical shape,
there is a slight preference for the scroll wave to move to the
apex compared to the normal shape.

We, however, observe a clear effect of anisotropy. In all
cases, an increase in the anisotropy ratio resulted in a shift
of the attractor to the apex. Thus, as for the positive filament
tension, increased anisotropy tends to push the filament
towards the apex.
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Figure 8: Residual circumferential speed of the drifting filament
after stabilization at the attractors𝜓 = 𝜓

∗
(see Figure 7) for the cases

of the spherical (a) and the normal LV shape (b). The 𝑋-axis is the
apical thickness ℎ, and the 𝑌-axis is the speed, mm/s. Different lines
correspond to different anisotropy ratios.

The velocities of a scroll wave after approaching the
attractor for negative filament tension shown in Figure 8
substantially differ from the case of the positive tension. We
see that velocities here are 50–100 time smaller; that is, the
circumferential motion of the filament is almost absent. In
most cases, the direction of this motion is counterclockwise.

We have also observed filament break-up for large
anisotropy ratio and large apical thickness; that is, 𝐷

𝑎
=

1.33 and ℎ = 16 or 18mm. (For these parameters, data are
absent in Figure 7(a).) A typical excitation pattern is shown
in Figure 9. We see a break-up pattern, which in this case
comprises 4–8 wavelets on the surface of the LV. In some
cases, the break-up was transient.

3.2. Mechanisms of Filament Dynamics. To understand the
mechanisms of the observed phenomena, we performed a
series of two-dimensional simulations in which we studied
the drift of a spiral wave on a two-dimensional surface for
the following cases: (a) a paraboloidal surface 𝑧 = (𝑥

2
+

𝑦

2
)/120mm close to the endocardial shape of the normal

model without anisotropy, (b) a two-dimensional square
resembling the anisotropy of the mid-wall endocardium, and

(c) the paraboloidal surface of case (a) with the anisotropy
of case (b). The initial condition for 2D simulations was a
spiral with the same reaction kinetics in an isotropic domain
of size 800mm × 800mm created by evolving a rectangular
stimulus in 𝑢 and V for 100 time units (2000ms). The results
of these simulations are shown in Figure 10. We see that, for
the case of 𝑎 = 0.03, the spiral is attracted to the apex for
all three situations, and its characteristic velocity of motion
at a distance 𝜌 = 45mm from the cardiac apex for the
isotropic paraboloid is V

𝜌
= −1mm/s, 𝜌V

𝜑
= −1mm/s and

V
𝜌
= −0.3mm/s, and 𝜌V

𝜑
= −0.2mm/s for an anisotropic

plane with circumferential fibres.
For 𝑎 = 0.08, both surface shape and anisotropy repel the

spiral from the apex, and its characteristic velocity of motion
at 𝜌 = 70mm for the isotropic paraboloid is V

𝜌
= 2mm/s,

and 𝜌V
𝜑
= −4mm/s and V

𝜌
= 2mm/s, 𝜌V

𝜑
= −3mm/s for an

anisotropic plane with circumferential fibres. Let us consider
how these results can be used to explain the observed filament
dynamics.

The drift of the filaments studied in the previous section
is a combination of three factors which can potentially
contribute to the filament dynamics: the thickness of the
medium, the anisotropy and the shape of the LV.

First, we consider the effect of wall thickness. From [14],
it is known that filaments with positive tension 𝛾

1
(𝑎 = 0.03

in our case) tend to decrease their length. In such a case,
the filaments are expected to stabilize in a region where a
local minimum of wall thickness is reached. To compute
wall thickness for the given parameters of the shape, we
took 10𝑁

𝜓
= 940 points on the epicardial and endocardial

surfaces. For each𝜓
1
value on the endocardium, we found the

closest point on the epicardium, occurring at latitude 𝜓
2
. The

Euclidean distance between these two points was then logged
as the wall thickness at latitude 𝜓 = (𝜓

1
+ 𝜓

2
)/2. Figure 11

shows the resulting wall thickness as a function of latitude 𝜓,
together with the stable loci 𝜓 = 𝜓

∗
of filaments for different

anisotropy ratios.
For the spherical LV model (𝜖 = 0.99, panel a), wall

thickness is monotonous and exhibits a minimum at the
apex when ℎ < 12mm and at the base when ℎ > 12mm.
In the isotropic case, the final filament state comes close to
these expected values. For the normal LV shape (𝜖 = 0.85),
however, wall thickness exhibits a local minimum in the
mid-wall region when ℎ > 6mm. Therefore, if the filament
moves to the position with minimal length, it is expected to
equilibrate at moderate values of latitude 𝜓. The numerical
results in Figures 11(b) and 7(b) confirm this view, since we
observe that when ℎ is increased, the stable filament position
gradually changes from basal to apical.

Next, we turn to the effect of LV shape and anisotropy. It
was previously shown [13] that on two-dimensional surfaces
(i.e., thin layers with constant thickness), spiral waves drift
according to the gradient of the Ricci curvature, which
encompasses both anisotropy and shape. With finite thick-
ness, it can be hypothesized that scroll waves behave like a
spiral wave in each layer of constant depth and are therefore
sensitive to the anisotropy and curvature in these layers. From
our two-dimensional observations in Figure 10, we know
that, for 𝑎 = 0.03, positive curvature attracts spiral waves.
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(a) (b)

(c) (d)

Figure 9: Break-up of a scroll wave due to negative filament tension. Simulations are for ℎ = 18mm, 𝜖 = 0.99, 𝐷
𝑎
= 1.33, and 𝑎 = 0.08.

Snapshots times are (a) 100ms, (b) 1800ms, (c) 1880ms, and (d) 1940ms.

Moreover, when circumferential fibres are present in the LV
wall, they effectively reduce the circumference of the LV at
a fixed latitude 𝜓 if distance is measured according to the
arrival time of the excitation waves. Therefore, increasing the
anisotropy ratio of circumferential fibres makes a spherical
or ellipsoidal shape effectively more elongated. Since such a
shape has the increased Ricci curvature close to the apex,
it has an attracting effect on spiral waves for 𝑎 = 0.03,
based on our two-dimensional observations in Figure 10. In
conclusion, we expect that circumferential fibres around the
apex will push the spiral towards the apex. In Figure 11(b), we
see that, for an increasing anisotropy ratio, the equilibrium
position for filaments indeed shifts closer to the apex.

Now let us consider the case of the negative filament
tension. The absence of a break-up for the negative filament
tension can be explained by the dependency of this effect
on the thickness of the tissue. In [25], it was shown that if
the thickness of cardiac tissue is small, the break-up of a
scroll wave due to negative filament tension disappears. This
phenomenon was further studied in [26], where it was shown
that filament rigidity increases the effective filament tension
in thin media. Although the study [25] uses a different model
for cardiac tissue (i.e., the LuoRudy-1 ionic model), it shows
that the critical thickness for the onset of instability there is

around 1 cm. In our case, we see a break-up only in the case of
a spherical LV shape and when its maximal thickness is above
14mm. Given the big differences between the models used in
our simulations, this value can be considered reasonably close
to that obtained in that study [25].

When the break-up is absent, we observe a drift of
transmural filaments. However, in most of the cases, its final
position is at the cardiac apex, and for stronger anisotropy,
this tendency to go to the apex becomes stronger. Those
results are opposite to the results of our two-dimensional
simulations, which indicate that, in this case, both geometry
and anisotropy repel two-dimensional spiral waves from the
apex.This discrepancy can be understood by the observation
that, for moderate wall thickness and negative filament
tension, filaments will “buckle” and deform into an S-shape,
after which they undergo precession [26]. We noted in our
simulations that, for 𝑎 = 0.08, the (Euclidean) length
of the filament is always bigger than the wall thickness
(see Figure 12), and a visual inspection of the end-state
shows that the resulting filament is buckled (see Figure 13).
During one rotation period (depicted in Figure 13(b)), the
vector connecting the filament endpoints at epicardial and
endocardial boundaries also performs a full rotation, albeit
in the opposite sense.Therefore, the precession of buckling is
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Figure 10: Spiral wave drift on two-dimensional surfaces of different shape and anisotropy. Simulations in the Aliev-Panfilov model with
parameter 𝑎 = 0.03 (left column) and 𝑎 = 0.08 (right column). Top row represents the results for the paraboloidal shape 𝑧 = (𝑥

2
+𝑦

2
)/120mm.

The middle row shows drift on an anisotropic plane with circumferential fibres: →𝑒
𝑓
=

→

𝑒

𝜑
, 𝐷
𝑓
= 12, and 𝐷

𝑎
= 4. The bottom row combines

circumferential fibres with paraboloid shape. Simulations run on a domain of size 200mm for 30 s. The red line indicates tip positions close
to the end of the simulation. Numerical methods are described in [13].

phase-locked to scroll wave rotation. This, however, does not
explain the tendency of filaments towards the apex. Another
factor may be the full three-dimensional anisotropy effects,
which deserve further study.

4. Discussion

In this chapter, we have presented results on the drift of scroll
wave filaments in an anatomical model of human ventricles
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Figure 11: Stable filament positions 𝜓
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in the case of positive filament tension (𝑎 = 0.03) compared to LV wall thickness, for spherical LV

shape (a) and normal LV shape (b). Results are shown for one initial condition; different symbols indicate different anisotropy ratios. Open
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and have studied the effect of shape, thickness and anisotropy
of the ventricle on the drift pattern. We found that the results
are substantially affected by the filament tension of the scroll
wave.

In the case of the positive filament tension, one of the
main determinants of the drift was the thickness of the
myocardial wall and the filament tended to drift to the region
of minimal thickness. However, in all cases, it never arrived

to the point of minimal thickness and rotated at some small
distance from it.

Another important determinant of filament drift was the
anisotropy of the tissue. Its main effect in our simulations was
the attraction of the scroll wave to the apex. The LV shape
had a small effect on the results in terms of the direction of
the drift. However, it affected the location of the attractor,
especially when the gradient in the thickness was not large.
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Figure 13: Buckled filament state after 60 s for ℎ = 12mm, 𝜖 = 0.85, and 𝐷
𝑎
= 4. (a) Three-dimensional view of the buckled filament. (b)

Top view of the endocardial and epicardial tip trajectories between 62.16 s and 62.84 s (3108 and 3142 time units of the AP model). The arrow
indicates drift direction, and the cross marks the cardiac apex.

As cardiac tissue has a high excitability in normal con-
ditions, one would expect that in normal conditions, the
filament would be located close to the region of minimal
thickness with a slight preference towards the apex, due to
anisotropy effects. This information might be important for
identifying sources of arrhythmias in the heart, with applica-
tions in the planning of successive clinical intervention.

Wehave also studied the case of negative filament tension.
In that case, filaments generally behave chaotically, and this
normally results in the break-up of scroll waves [16]. In
our case, we find that such a break-up can only occur in
a small parameter range. In most other cases, the filament
was drifting to a stable attractor, and its location was close
to the region of maximal thickness in a few cases. However,
we observed that scroll waves were much more likely to
approach the apex of the ventricle than its base. We again
found that the anisotropy of the heart substantially affects
the motion by attracting the scroll to the apex; this effect
cannot be explained by simple two-dimensional simulations
and theory. The LV shape also had a small affect on the scroll
wave motion, but for the normal shape, we saw more motion
to the apex than for a spherical shape. Thus, in this case, we
can say that the elliptic shape induced some attraction force
towards the apex of the heart.

The mechanisms underlying the observed phenomena
in the regime of positive filament tension can be partially
explained by the existing theories of filament dynamics. As
such filaments strive to minimize their length, they move
to regions of minimal wall thickness. However, we found in

our simulations that even in the isotropic case, the filaments
did not exactly reach that minimum. Possible disturbing
factors are filament twist [19], curvature of the endocardial
and epicardial boundaries, and discretization effects. In two-
dimensional simulations, it was seen that spiral waves in the
high excitability regime are attracted to regions of positive
curvature, such as the cardiac apex, in contrast to a previous
study in Barkley’s model [13]. Since positive curvature is
amplified by the anisotropy of circumferential myofibres, we
understand that an increased anisotropy ratio pushes the
filaments closer to the cardiac apex.

In the regime of negative tension, the wall thickness
proved in most cases to be insufficient for the development
of a full three-dimensional break-up. Instead, we identified
buckled filaments which also equilibrate at a given latitude,
due to the axial symmetry of our LV model. A further the-
oretical consideration of the effects of shape and anisotropy
on scroll wave dynamics would be nontrivial. Possible ways
to approach this problem are to consider shapes with a small
thickness and to use averaging methods as in [27]. For thick
shapes, one can use the equations of filament dynamics in
a general anisotropic medium derived in [28]. However,
incorporating the effect of curved domain boundaries on the
filament and reconciling those with bulk motion remains a
difficult task.

We performed our simulations using the AP model,
which provides a simplified description of cardiac tissue.
Two-variable models allow researchers to easily obtain var-
ious regimes of filament tension, and they are much more
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efficient for large-scale numerical simulations. Therefore,
two-variable models of cardiac tissue are widely used in
studies of two-dimensional and three-dimensional dynamics
of spiral waves in the heart (see, e.g., [29]). The next logical
step would be to extend these simulations to an ionic model
for human cardiac tissue and to find out how the present
results are affected.

We have studied only filaments extending from the epi-
cardial to the endocardial surface. It would also be interesting
to study the dynamics of the intramural filaments. Such
filaments can occur during the normal excitation of cardiac
tissue and may have a complex shape and therefore complex
dynamics [30].

In this chapter, we have studied themotion of scroll waves
in a homogeneous model of cardiac tissue. It was shown that
the heterogeneity of cardiac tissue substantially affects the
motion of vortices and their dynamics [31]. The presence of
heterogeneity can shift the locations of found attractors and
can also result in the onset of new vortices [32]. It would be
interesting to study the effect of the transmural heterogeneity
and apex base heterogeneity [33, 34] on the results obtained in
this chapter. In addition, the presence of the Purkinje network
and pectinate muscles may also affect filament dynamics and
should be studied in the future.
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